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Preface

This book is aimed at presenting some recent results on global wellposedness of
nonlinear evolutionary fluid equations.

Most of the material of this book is based on the research carried out by
the authors and their collaborators in recent years. Some of the material has
been previously published only in original papers, while some of it has never been
published until now.

There are 8 chapters in this book. Chapter 1 concerns the global existence
and asymptotic behavior of solutions to a 1D magnetohydrodynamics (MHD) fluid
system. Chapter 2 concerns the global existence and exponential stability of so-
lutions to a 1D compressible and radiative MHD flow model. In Chapter 3 we
study the global existence and exponential stability of solutions to a 1D thermally
radiative MHD with self-gravitation. Chapter 4 investigates the global existence
of solutions for a 1D self-gravitating viscous radiative and reactive gas model.
Chapter 5 deals with the global existence and exponential stability of solutions to
a compressible viscous micropolar fluid model. Chapter 6 will deal with the global
existence and exponential stability of solutions to a compressible viscous microp-
olar fluid model. In Chapter 7 we establish the global existence and exponential
stability of solutions to a full non-Newtonian fluid model (p > 2), which is very
different from those Newtonian fluid models (p = 2) discussed in Chapters 3–5 in
Qin and Huang [102]. Moreover, Chapter 5 in Qin and Huang [102] mainly deals
with a model of Newtonian radiative fluids where the radiative effect is accounted
for with different constitutive relations from those in Chapter 7 in this book, where
only the non-Newtonian fluid without radiative effect is considered. To deal with
such a non-Newtonian model, we need to design more delicate and more compli-
cated estimates than those for the Newtonian model in Chapters 3–5 in Qin and
Huang [102]. Chapter 8 is a continuation of Chapter 1 in Qin and Huang [102],
in which the global existence of solutions in Hi (i = 1, 2, 4) has been obtained. In
this chapter, we further establish the exponential stability of spherically symmet-
ric solutions for nonlinear non-autonomous compressible Navier-Stokes equations
based on the uniform estimates derived in Chapter 1 of Qin and Huang [102].

We sincerely hope that the reader will become familiar with the main ideas
and essence of the basic theories and methods for establishing the global well-
posedness and the asymptotic behavior of solutions for the models considered in
this book. We also hope that the reader can be stimulated by some ideas from

ix
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this book and undertake further study and research after having read the related
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Chapter 1

Global Existence and Asymptotic
Behavior of Solutions to the Cauchy
Problem for the 1D Compressible
Magnetohydrodynamic Fluid System

1.1 Main Results

In this chapter, we shall study the global existence and large-time behavior of
Hi-global solutions (i = 1, 2, 4) to the 1D MHD compressible system. The MHD
system describes the interaction between intense magnetic fields and fluid conduc-
tors of electricity (see, e.g., [70]). The appearance of the electrically conducting
fields grants this system with physically theoretic background of astrophysics,
plasma physics, etc. In Lagrangian coordinates, the system can be written

ηt = vx, (1.1.1)

vt =

(
λvx
η

− P − 1

2
|b|2
)

x

, (1.1.2)

wt =

(
μwx

η

)
x

+ bx, (1.1.3)

(ηb)t =

(
νb

η

)
x

+wx, (1.1.4)

et =

(
κ̂θx
η

)
x

− Pvx +
λv2x + μ|wx|2 + ν|bx|2

η
, (1.1.5)

where for (x, t) ∈ R × R+ = (−∞,+∞) × [0,+∞) is the Lagrangian mass co-
ordinate. The unknown quantities η, v, w ∈ R

2, b ∈ R
2, and e are the specific

volume, the longitudinal velocity, the transverse velocity, the transverse magnetic

© Springer Basel 2015 
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2 Chapter 1. 1D Compressible Magnetohydrodynamic Fluid System

field and the internal energy, respectively. Moreover, the absolute temperature θ
appears as a variable in the pressure function P = P (η, θ) and e = e(η, θ).

We consider (1.1.1)–(1.1.5) subject to the initial condition

(η(x, 0), v(x, 0),w(x, 0),b(x, 0), θ(x, 0))

= (η0(x), v0(x),w0(x),b0(x), θ0(x)), ∀x ∈ R.
(1.1.6)

Also, κ̂(x, t) is the heat conductivity and λ, μ, ν, etc., are also physical con-
stants, representing the various viscosity coefficients. In this chapter, we also ar-
range Hi = W i,2 (i = 1, 2, 4), ‖ · ‖ and Ck,α(R) to denote the norm in L2(R), and
the space of functions whose derivatives are Hölder continuous with exponent α
and order of differentials from 0 to k, respectively.

Generally the Stefan-Bolzmann law (the radiative gas model) holds as follows:

P (η, θ) = Rθ/η + aθ4/3, e(η, θ) = CV θ + aηθ4, (1.1.7)

where R, a and CV are physical constants.

We also assume the physical constant CV = 1, that κ̂(x, t) is a positive
constant κ̂ for simplicity and that for i = 1, 2, 3, 4 the positive constants Ci are
dependent respectively on generic constants and the initial data’s Hi norms, but
independent of time t > 0.

We now state our main results in this chapter.

Theorem 1.1.1. Assume that η0 − η, v0, w0, b0 − b, θ0 − θ ∈ H1(R) with
η0(x), θ0(x) > 0 on R. Define

e20 := ‖η0 − η‖2L∞ +

∫
R

(1 + x2)α
[
(η0(x)− η)2 + v20(x) + |w0(x)|2

+ |b0(x)− b|2 + |b0(x)− b|4 + (θ0(x)− θ)2 + v40(x)
]
dx

where α > 1
2 is an arbitrary, but fixed parameter. Then if e0 ≤ ε0, where ε0 ∈ (0, 1],

the problem (1.1.1)–(1.1.7) has a unique H1-global solution (η(t), v(t), w(t), b(t),
θ(t)) ∈ L∞(R+, H

1(R)) and the following estimates hold:

0 < C−1
1 ≤ η(t, x) ≤ C−1

1 on R× R+, (1.1.8)

0 < C−1
1 ≤ θ(t, x) ≤ C−1

1 on R× R+, (1.1.9)

‖η(t)− η‖2H1 + ‖v(t)‖2H1 + ‖θ(t)− θ‖2H1 + ‖w(t)‖2H1 + ‖b(t)− b‖2H1

+

∫ t

0

[
‖ηx‖2 + ‖vx‖2 + ‖θx‖2 + ‖wx‖2 + ‖bx‖2 + ‖vxx‖2 + ‖θxx‖2

+ ‖wxx‖2 + ‖bxx‖2 + ‖vt‖2 + ‖θt‖2 + ‖wt‖2 + ‖bt‖2
]
(s)ds ≤ C1. (1.1.10)

Moreover, as t → +∞,

‖(η − η, v, w, b− b, θ − θ)(t)‖L∞ + ‖(ηx, vx, wx, bx, θx)(t)‖ → 0. (1.1.11)
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Theorem 1.1.2. Assume that η0 − η, v0, w0, b0 − b, θ0 − θ ∈ H2(R) and η0(x) >
0, θ0(x) > 0 on R and other assumptions, same as those of Theorem 1.1.1, hold.
Then for any t > 0, the Cauchy problem (1.1.1)–(1.1.7) has a unique H2-global
solution (η(t), v(t), w(t), b(t), θ(t)) ∈ L∞(R+, H

2(R)) and the following estimate
holds:

‖η(t)− η‖2H2 + ‖η(t)− η‖2W 1,∞ + ‖ηt(t)‖2H1 + ‖v(t)‖2H2 + ‖v(t)‖2W 1,∞

+ ‖vt(t)‖2 + ‖w(t)‖2H2 + ‖w(t)‖2W 1,∞ + ‖wt(t)‖2 + ‖b(t)− b‖2W 1,∞

+ ‖b(t)− b‖2H2 + ‖bt(t)‖+ ‖θ(t)− θ‖2H2 + ‖θ(t)− θ‖2W 1,∞ + ‖θt(t)‖2

+

∫ t

0

[
‖ηx‖2H1 + ‖ηx‖2L∞ + ‖ηt‖2H2 + ‖vx‖2H2 + ‖vx‖2W 1,∞ + ‖vt‖2H1 + ‖wx‖2H2

+ ‖wx‖2W 1,∞ + ‖wt‖2H1 + ‖bx‖2H2 + ‖bx‖2W 1,∞ + ‖bt‖2H1 + ‖θx‖2H2

+ ‖θx‖2W 1,∞ + ‖θt‖2H1

]
(s)ds ≤ C2. (1.1.12)

Moreover, as t → +∞,

‖ηt(t)‖H1 + ‖ηt(t)‖L∞ + ‖vt(t)‖+ ‖wt(t)‖ + ‖bt(t)‖ + ‖θt(t)‖ → 0,
(1.1.13)

‖(η − η, v, w, b− b, θ − θ)(t)‖W 1, ∞ + ‖(ηx, vx, wx, bx, θx)(t)‖H1 → 0.
(1.1.14)

Theorem 1.1.3. Assume that η0 − η0, v0, w0, b0 −b, θ0 − θ ∈ H4(R) and η0(x) >
0, θ0(x) > 0 on R and that the other assumptions of Theorem 1.1.2 hold. Then for
any t > 0, the Cauchy problem (1.1.1)–(1.1.7) admits a unique H4-global solution
(η(t), v(t), w(t), b(t), θ(t)) ∈ L∞(R+, H

4(R)) and the following estimates hold:

‖η(t)− η‖2H4 + ‖η(t)− η‖2W 3,∞ + ‖ηt(t)‖2H3 + ‖ηtt(t)‖2H1 + ‖v(t)‖2H4

+ ‖v(t)‖2W 3,∞ + ‖vt(t)‖2H2 + ‖vtt(t)‖2 + ‖w(t)‖2H4 + ‖w(t)‖2W 3,∞ + ‖wt(t)‖2H2

+ ‖wtt(t)‖2 + ‖b(t)− b‖2H4 + ‖b(t)− b‖2W 3,∞ + ‖bt(t)‖2H2 + ‖btt(t)‖2
+ ‖θ(t)− θ‖2H4 + ‖θ(t)− θ‖2W 3,∞ + ‖θt(t)‖2H2 + ‖θtt(t)‖2 ≤ C4, (1.1.15)∫ t

0

[
‖ηx‖2H3 + ‖ηt‖2H4 + ‖ηtt‖2H2 + ‖ηttt‖2 + ‖ηx‖2W 2,∞ + ‖vx‖2H4 + ‖vt‖2H3

+ ‖vtt‖2H1 + ‖vx‖2W 3,∞ + ‖wx‖2H4 + ‖wt‖2H3 + ‖wtt‖2H1 + ‖wx‖2W 3,∞

+ ‖bx‖2H4 + ‖bt‖2H3 + ‖btt‖2H1 + ‖bx‖2W 3,∞ + ‖θx‖2H4 + ‖θt‖2H3

+ ‖θtt‖2H1 + ‖θx‖2W 3,∞

]
(s)ds ≤ C4. (1.1.16)

Moreover, as t → +∞,

‖(ηx, vx, wx, bx, θx)(t)‖H3 + ‖ηt(t)‖H3 + ‖ηt(t)‖W 2,∞

+ ‖vt(t)‖H2 + ‖vt(t)‖W 1,∞ + ‖wt(t)‖H2 + ‖wt(t)‖W 1,∞

+ ‖bt(t)‖H2 + ‖bt(t)‖W 1,∞ + ‖θt(t)‖H2 + ‖θt(t)‖W 1,∞ → 0, (1.1.17)
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‖ηtt‖H1 + ‖vtt(t)‖ + ‖wtt(t)‖+ ‖btt(t)‖+ ‖θtt(t)‖
+ ‖(ηx, vx, wx, bx, θx)(t)‖W 2,∞ → 0. (1.1.18)

Corollary 1.1.1 The H4-global solution (η(t), v(t), w(t), b(t), θ(t)) obtained in
Theorem 1.1.3 is actually a classical solution. Precisely, (η(t), v(t), w(t), b(t),

θ(t)) ∈ C3, 12 (R) and, as t → +∞,

‖(ηx(t), vx(t), wx(t), bx(t), θx(t))‖
C2, 1

2
+ ‖ηt(t)‖

C2, 1
2

+ ‖(vt(t), wt(t), bt(t), θt(t))‖
C1, 1

2
+ ‖ηtt(t)‖

C
1
2
→ 0.

(1.1.19)

1.2 Global Existence and Asymptotic Behavior in H1(R)

In this section, we shall establish global H1 estimates for solutions (η, v, w, b, θ)

to the system. Here C and C̃ will stand for some generic constants (≥ 1) which
might depend on systematic constants such as R, etc., for the most.

At first, we suppose that

|η(x, t)− η|+ |b(x, t)− b|+ φ(t)|θ(x, t) − θ| ≤ min{η, |b|, θ}/2, (1.2.1)

for all (x, t) ∈ R×R+, where φ(t) = min{t, 1}. It is obvious that |b(x, t)−b| ≤ C.

Lemma 1.2.1. For all t > 0,

1

2

∫
R

v2dx+
1

2

∫
R

|w|2dx+
1

2

∫
R

η|b|2dx+ θ̄

∫
R

(
θ

θ̄
− log

θ

θ̄
− 1

)
dx (1.2.2)

+Rη̄

∫
R

(
η

η̄
− log

η

η̄
− 1

)
dx+

∫ t

0

∫
R

(
λv2x + μ|w|2x + ν|bx|2

θη
+ κ̂

θ2x
ηθ2

)
dxds ≤ C.

Proof. Multiplying equations (1.1.1) to (1.1.5) by R(1 − η̄/η), v, w, b, 1 − θ̄/θ
respectively, integrating the results on R × R+ and summing them together, we
get (1.2.2) directly. �

We then estimate the L2 norms of v, w, η− η, b−b, θ− θ, using a weighted
L2-norm as ‖ ·‖w = (

∫
R
(1+x2)α| · |2dx)1/2, which is basic for H1-global estimates.

Let us introduce

ψ(x) = (1 + x2)α
(
α >

1

2

)
as a weight function.

Lemma 1.2.2. Under the hypotheses of Theorem 1.1.1 except, for the moment, for
the condition e0, we have the following estimate for all t > 0:

‖v(t)‖2 + ‖η(t)− η‖2 + ‖w(t)‖2 + ‖b(t)− b‖2 + ‖θ(t)− θ‖2

+

∫ t

0

[
‖vx‖2 + ‖wx‖2 + ‖bx‖2 + ‖θx‖2

]
(s)ds ≤ Ce20, (1.2.3)

where e0 ≤ 1/(2C).
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Proof. Multiplying (1.1.2) by ψ(x)v and integrating over R we can see, using
integration by parts that

1

2

∂

∂t

∫
R

ψv2dx = −
∫
R

vx
η
(ψv)xdx−

∫
R

(
Rθ

η
+

|b|2
2

)
x

(ψv)dx

= −
∫
R

vx
η
(ψxv + ψvx)dx+

∫
R

(
Rθ

η
− Rθ

η

)
(ψxv + ψvx)dx

+
1

2

∫
R

|b− b|2(ψxv + ψvx)dx+ b·
∫
R

(b− b)(ψxv + ψvx)dx.

Next, using the inequality |ψx| ≤ C|ψ| with (1.2.1) and the mean value theorem
for the function f(η, θ) = Rθ/η − Rθ̄/η̄, and then integrating this equation over
(0, t), t ∈ [0, 1] and employing Young’s inequality, we get∫

R

ψv2(x, t)dx +

∫ t

0

∫
R

ψv2x dxds (1.2.4)

≤ Ce20 + C

∫ t

0

∫
R

[
ψ((η − η)2 + v2 + |b− b|4 + |b− b|2 + (θ − θ)2)

]
dxds,

for all t ∈ [0, 1]. Multiplying (1.1.1) by ψ(x)(η − η) and integrating in the same
way, we can see that∫

R

ψ(η − η)2(x, t)dx

≤ Ce20 + C

∫ t

0

∫
R

ψ
(
(η − η)2 + v2 + (θ − θ)2

)
dxds, ∀t ∈ [0, 1]. (1.2.5)

Adding (1.2.4) to (1.2.5) gives∫
R

ψ
(
(η − η)2 + v2

)
(x, t)dx +

∫ t

0

∫
R

ψv2x dxds (1.2.6)

≤ Ce20 + C

∫ t

0

∫
R

ψ
(
(η − η)2 + v2 + |b− b|4 + |b− b|2 + (θ − θ)2

)
dxds,

for all t ∈ [0, 1]. In the same way, we dot-multiply (1.1.3) and (1.1.4) by the vectors
ψ(x)w and ψ(x)(b − b), respectively, and use (1.2.6) to obtain∫

R

ψ|w|2(x, t)dx +

∫ t

0

∫
R

ψ|wx|2dxds

≤ Ce20 + C

∫ t

0

∫
R

ψ(|w|2 + |b− b|2)dxds, (1.2.7)
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∫
R

ψη|b− b|2(x, t)dx +

∫ t

0

∫
R

ψ|bx|2dxds

≤ Ce20 + C

∫ t

0

∫
R

ψ
[
(η − η)2 + v2 + |w|2 + |b− b|4

+ |b− b|2 + (θ − θ)2
]
dxds, ∀t ∈ [0, 1]. (1.2.8)

Using (1.2.1), we also derive from (1.1.2), (1.1.4) and (1.1.5) for t ∈ [0, 1] and
sufficiently small δ > 0 that∫

R

ψv4(x, t)dx +

∫ t

0

∫
R

ψv2v2xdxds (1.2.9)

≤ Ce20 +

(
C + max

s∈[0,t]

∫
R

ψv2dx

)∫ t

0

∫
R

ψ
[
v2 + (η − η)2

+ |b− b|2 + |b− b|4 + (θ − θ)2
]
dxds,

∫
R

ψη|b− b|4(x, t)dx +

∫ t

0

∫
R

ψ|bx|2|b− b|2dxds

≤ Ce20 +

∫ t

0

∫
R

ψ(|vx||b− b|4 + |vx||b− b|3 + |wx||b− b|3)dxds

≤ Ce20 + δ

∫ t

0

∫
R

v2xdxds+ δ

∫ t

0

∫
R

w2
xdxds (1.2.10)

+ C

∫ t

0

∫
R

ψ
[
v2 + (η − η)2 + |w|2 + |b− b|2 + |b− b|4 + (θ − θ)2

]
dxds,

and∫
R

ψ((θ − θ)2 + v4)(x, t)dx +

∫ t

0

∫
R

ψ(θ2x + v2v2x)dxds

≤ Ce20 +

(
C + max

s∈[0,t]

∫
R

ψv2dx

)∫ t

0

∫
R

ψ
[
v2 + (η − η)2 + |w|2 (1.2.11)

+ |b− b|2 + |b− b|4 + (θ − θ)2
]
dxds + C

∫
R

ψ(θ − θ)2dx

∫ t

0

max
R

(θ − θ)2ds.

Set

h(t) = sup
s∈[0,t]

∫
R

ψ(x)
[
v2 + (θ − θ)2

]
(x, s)dx. (1.2.12)

Now using the interpolation inequality maxR(θ − θ)2 ≤ C‖θ − θ‖‖θx‖ in (1.2.11),
summing (1.2.6)–(1.2.11) together and applying the generalized Gronwall inequal-
ity we have that, for all t ∈ [0, 1],∫

R

ψ
(
(η − η)2 + (θ − θ)2 + v2 + v4 + |w|2 + |b− b|2 + |b− b|4

)
(x, t)dx
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+

∫ t

0

∫
R

ψ
(
θ2x + v2x + v2v2x + |wx|2 + |bx|2 + |bx|2|b− b|2

)
dxds

≤ C(e20 + h3(t)) exp(h(t)). (1.2.13)

By the definition of h(t), h(t) > 0 and exp(h(t)) > 1. Assuming

h(t) ≤ min{log(4/3), 1/(2
√
C)},

we derive 1/ exp(h(t)) − Ch2(t) ≥ 1/2, we have h(t) ≤ 2Ce20, and so h(t) ≤ e0 if
e0 ≤ 1/(2C). As a result, (1.2.13) can be improved under e0 ≤ 1/(2C) to

h(t) ≤ min

{
log

4

3
, 1/2

√
C, Ce20

}
≤ Ce20, for t ∈ [0, 1]. (1.2.14)

Repeating what we have done in (1.2.13), we arrive at∫
R

ψ
(
(η − η)2 + (θ − θ)2 + v2 + v4 + |w|2 + |b− b|2 + |b− b|4

)
(x, t)dx

+

∫ t

0

∫
R

ψ
(
θ2x + v2x + v2v2x + |wx|2 + |bx|2 + |bx|2|b− b|2

)
dxds

≤ Ce20, t ∈ [0,+∞), (1.2.15)

provided that e0 ≤ 1/(2C), i.e., (1.2.3). This completes the proof. �

We shall now obtain the global H1 estimates for (η, v, w, b, θ). We define

H(t) := sup
0≤s≤t

{
‖η − η‖2L∞ + φ2

[
‖vx‖2 + ‖wx‖2

+ ‖bx‖2 + ‖(b− b)bx‖2
]
+ φ4‖θx‖2

}
(s) +

∫ t

0

[
φ2‖vt‖2 + φ4‖θt‖2

+ ‖vx‖2 + φ2‖wt‖2 + φ2‖bt‖2 + φ2‖bt · (b− b)‖2
]
(s)ds. (1.2.16)

Lemma 1.2.3. Under the hypotheses of Lemma 1.2.2, we have the estimate

H(t) ≤ e0, (1.2.17)

where e0 < min{1/(2C), 1/(2c̃)}, and c̃ ≥ 1 depends on some physical constants.

Proof. Multiplying (1.1.2) by φ2vt and integrating the result over R × R+, we
arrive at∫ t

0

∫
R

φ2v2t dxds+

∫ t

0

∫
R

(
φ2v2x
η

)
t

dxds = −
∫ t

0

∫
R

(
Rθ

η

)
x

φ2vt dxds

−
∫ t

0

∫
R

φ2b · bxvt dxds+

∫ t

0

∫
R

2φφt · v2x
η

dxds−
∫ t

0

∫
R

φ2v3x
η

dxds.



8 Chapter 1. 1D Compressible Magnetohydrodynamic Fluid System

From the definition of φ(t), we derive that |φ| ≤ 1, |φt| ≤ 1. If we now use (1.2.1)
and (1.2.15) and apply Young’s inequality, we obtain

φ2

∫
R

v2x dx+

∫ t

0

∫
R

φ2v2t dxds ≤ Ce20 + C

∫ t

0

∫
R

φ4v4x dxds+ CH2(t), t ≥ 0.

(1.2.18)
Thanks to (1.2.1), we see∫ t

0

∫
R

φ4v4x dxds ≤ C

∫ t

0

φ4

[
max
R

v2x

∫
R

v2x dx

]
ds

≤ Ce20 + C

∫ t

0

[
φ4 max

R

(
vx
η

−R
θ

η
+R

θ

η
− |b|2

2

)2 ∫
R

v2x dx

]
ds

≤ Ce20 + C

∫ t

0

φ4(‖vx‖2 + ‖η − η‖2 + ‖θ − θ‖2 + ‖b− b‖2 + ‖vt‖2)‖vx‖2ds

+ C

∫ t

0

φ4‖vx‖2ds

≤ C(e20 +H2(t)), (1.2.19)

whence

φ2(t)

∫
R

v2x dx+

∫ t

0

∫
R

φ2v2t dxds ≤ C(e20 +H2(t)), ∀t ≥ 0. (1.2.20)

Similarly, we can get from (1.1.3) by multiplying (1.2.15) with φ2wt, that

φ2(t)‖wx(t)‖2 +
∫ t

0

φ2(s)‖w(s)‖2ds ≤ Ce20 + CH2(t), ∀t ≥ 0. (1.2.21)

In an analogous manner we infer from (1.1.4), that∫
R

φ2η|bx|2dx+

∫ t

0

∫
R

φ2|bt|2dxds

≤ Ce20 +

∫ t

0

∫
R

φ2|bt|2|b− b|2dxds+
∫ t

0

φ2
(‖bt‖2 + ‖vx‖2 + ‖wx‖2

) ‖bx‖2ds

≤ Ce20 + CH2(t), ∀t ≥ 0, (1.2.22)

and∫
R

φ2|bx|2|b− b|2dx+

∫ t

0

∫
R

φ2|bt|2|b− b|2dxds ≤ Ce20 + CH2(t), ∀t ≥ 0.

(1.2.23)
Further, it follows from (1.1.5) that

φ4(t)‖θx(t)‖2 +
∫ t

0

‖θt(s)‖2φ4(s)ds
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≤ Ce20 + C

∫ t

0

∫
R

φ4
(
v4x + |wx|4 + |bx|4 + |vx|θ2x

)
dxds +

1

2

∫ t

0

∫
R

φ4θ2t dxds

≤ Ce20 + CH2(t) + C

∫ t

0

[
φ8 max

R

v2x

∫
R

θ2x dxds

]
+

1

2

∫ t

0

∫
R

φ4θ2t dxds

≤ Ce20 + CH2(t) +
1

2

∫ t

0

∫
R

φ4θ2t dxds, ∀t ≥ 0,

i.e.,

φ4(t)‖θx(t)‖2 +
∫ t

0

‖θt(s)‖2φ4(s)ds ≤ Ce20 + CH2(t), (1.2.24)

for all t ≥ 0.

We now estimate the bounds for η − η. Using (1.1.1), we rewrite (1.1.2) as

(log η)xt = vt +R

(
θ

η
− θ

η

)
x

+

[ |b− b|2
2

+ b · (b− b)

]
x

. (1.2.25)

Integrating (1.2.25) over (−∞, x)× (0, t) (t ∈ [0, 1]) and then taking the absolute
value and using (1.2.1), (1.2.15) and the weight α > 1/2, we obtain

|η − η| ≤ C| log η/η|

≤ C|η0 − η|+ C

∫ x

−∞
(|v|+ |v0|)dy + C

∫ t

0

(|η − η|+ |θ − θ|)ds

+ C

∫ t

0

|b− b|2ds+ C

∫ t

0

|b− b|ds

≤ Ce0 + C‖ψ 1
2 v‖ ‖ψ− 1

2 ‖+ C

∫ t

0

|η − η|ds+ C

∫ t

0

‖θ − θ‖H1ds

+ C

∫ t

0

‖b− b‖2ds+ C

(∫ t

0

‖b− b‖2H1ds

) 1
2

≤ Ce0 + C

∫ t

0

|η − η|ds+ C

(∫ t

0

‖θ − θ‖2H1ds

) 1
2

+ C

∫ t

0

‖b− b‖2ds+ C

(∫ t

0

‖b− b‖2H1ds

) 1
2

≤ Ce0 + C

∫ t

0

|η − η|ds, ∀t ∈ [0, 1]. (1.2.26)

Applying the Gronwall inequality to (1.2.26), we get

|η(x, t)− η| ≤ Ce0, x ∈ R, ∀t ∈ [0, 1]. (1.2.27)

When t ≥ 1, we denote F := (vx/η) − R(η/θ) + R(η/θ). Obviously [1/η −
1/η]t + Rθ/η · [1/η − 1/η] = −F/η − R(θ − θ)/η. Multiplying this equality by
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1/η − 1/η, using (1.2.1), (1.1.2), (1.2.15), and the interpolation inequality, we
obtain[

1

η
− 1

η

]2
t

+ C−1

[
1

η
− 1

η

]2
≤ C

(‖F‖2L∞ + ‖θ − θ‖2L∞
)

≤ C
(‖F‖2H1 + ‖θ − θ‖2H1

)
≤ Ce20 + C‖(vx, vt, bx, θx)‖2, ∀t ≥ 1,

which, combined with (1.2.15) and (1.2.18), yields for x ∈ R, t ≥ 1,

|η(x, t) − η̄|2 (1.2.28)

≤ Ce20 + C|η(x, 1) − η̄|2 + C

∫ t

1

‖(vx, vt, bx, θx)‖2(s)ds ≤ C(e20 +H2(t)).

Combining the definition of H(t), (1.2.20)–(1.2.24), (1.2.27) and (1.2.28), we ob-
tain H(t) ≤ c̃[e20 + H2(t)] for t ∈ [0,+∞), where c̃ ≥ 1 depends on C and
other physical constants. Similarly to the estimate for h(t), we still assume H(t)
so small that 1 − c̃H(t) ≥ 1/2, and then H(t) ≤ 2c̃e20 ≤ e0 provided that
e0 < min{1/(2C), 1/(2c̃)}. The proof is complete. �

Proof of Theorem 1.1.1. From Lemmas 1.2.2–1.2.3, we derive immediately that for
x ∈ R, t ≥ 0,

|η(x, t) − η|+ |b(t)− b|+ φ(t)|θ(x, t) − θ|
≤ H1/2(t) + C‖b− b̄‖1/2‖bx‖1/2 + C‖θ − θ‖1/2‖θx‖1/2

≤ H1/2(t) + Ce0H
1/4(t) ≤

√
2c̃ e0(1 + C̃

√
e0) <

1

3
min{η̄, |b|, θ̄}. (1.2.29)

Actually, we assume that e0 is small enough to ensure that 1 + C̃
√
e0 < 4/3, and

then e0 < 1/(4
√
2). So we set e0 < min{1/(6√c̃), 1/(3C̃)2, 1/(2c̃), 1/(2C̃)} := ε0,

under the hypotheses discussed in Lemmas 1.2.2–1.2.3.

We can see that the upper bound of |η − η| + |b − b| + φ(t)|θ − θ| in the
verification is strictly smaller than that in condition (1.2.1). We conclude that

‖η − η‖2L∞ + ‖vx‖2 + ‖wx‖2 + ‖bx‖2 + ‖θx‖2

+

∫ t

0

(
‖vt‖2 + ‖θt‖2 + ‖wt‖2 + ‖bt‖2

)
(s)ds ≤ ε20 ≤ C1.

(1.2.30)

Further, from (1.2.29) with arguments similar to those used in [112], we can
get (1.1.12) and (1.1.13). From (η − η̄, v, w, b − b̄, θ − θ̄) ∈ H1(R), we rewrite
(1.2.25) again as (

ηx
η

)
t

= vt +

(
Rθ

η

)
x

+

( |b− b|2
2

+ b · b
)

x

, (1.2.31)
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multiply it by ηx/η, integrate the result over R× [0, t] and use (1.1.13) to get

‖ηx(t)‖2 +
∫ t

0

∫
R

θη2x dxds (1.2.32)

≤ C1 +
1

2

∫ t

0

∫
R

θη2x dxds+ C

∫ t

0

(
‖vt‖2 + ‖θx‖2 + ‖b− b‖2

)
ds ≤ C1.

Using again from (1.1.13), we get

‖ηx(t)‖2 +
∫ t

0

‖ηx(s)‖2ds ≤ C1. (1.2.33)

We can rewrite (1.1.2) as

vt =
vxx
η

− vxηx
η2

− Rθx
η

+
Rθηx
η2

− b · bx,

then we infer that

‖vxx(t)‖2 ≤ C1

(
‖vt(t)‖2 + ‖vx(t)‖2L∞ + ‖θx(t)‖2 + ‖ηx(t)‖2 + ‖bx(t)‖2

)
,

and conclude immediately from (1.1.13), Lemmas 1.2.2–1.2.3 and the interpolation
inequalities that∫ t

0

‖vxx(s)‖2ds ≤ C1, ‖vxx(t)‖ ≤ C1‖vt(t)‖+ C1.

Similarly, one can also verify that∫ t

0

(
‖wxx‖2 + ‖bxx‖2 + ‖θxx‖2

)
(s)ds ≤ C1,

‖wxx(t)‖ ≤ C1‖wt(t)‖+ C1,

‖bxx(t)‖ ≤ C1‖bt(t)‖ + C1,

‖θxx(t)‖ ≤ C1‖θt(t)‖+ C1.

Combining with (1.2.30), (1.1.12) and (1.1.13), we complete the proof of (1.1.14)
of Theorem 1.1.1.

Integrating by parts, we have

1

2

d

dt

∫
R

v2x dx =

∫
R

vxvxt dx, (1.2.34)

1

2

d

dt

∫
R

|wx|2dx =

∫
R

wx ·wxt dx, (1.2.35)

1

2

d

dt

∫
R

|bx|2dx =

∫
R

bx · bxt dx, (1.2.36)
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1

2

d

dt

∫
R

θ2x dx =

∫
R

θxθxt dx, (1.2.37)

and then (1.1.1) and (1.1.15) yield∫ +∞

0

∣∣∣ d
dt

(
‖(ηx, vx, wx, bx, θx)‖2

)
(t)
∣∣∣dt ≤ C1. (1.2.38)

Combining this with (1.2.34)–(1.2.38), we immediately conclude that

‖(ηx, vx, wx, bx, θx)(t)‖ → 0, as t → +∞. (1.2.39)

Finally, employing the interpolation inequality, we also arrive at

‖(η − η, v, w, b− b̄, θ − θ)(t)‖L∞ → 0, as t → +∞. (1.2.40)

This completes the proof of Theorem 1.1.1. �

1.3 Global Existence and Asymptotic Behavior in H2(R)

In this section, we shall complete the proof of Theorem 1.1.2. We begin with the
following lemma to summarize the estimates in H1(R).

Lemma 1.3.1. If the assumptions of Theorem 1.1.1 are valid, then the H1-general-
ized global solution (η(t), v(t), w(t), b(t), θ(t)) to the Cauchy problem (1.1.1)–
(1.1.7) verifies (1.1.12)–(1.1.15) for any t > 0,

‖η(t)− η‖2H1 + ‖v(t)‖2H1 + ‖w(t)‖2H1 + ‖b(t)‖2H1 + ‖θ(t)− θ̄‖2H1 + ‖ηt(t)‖2

+

∫ t

0

(
‖vx‖2H1 + ‖wx‖2H1 + ‖bx‖2H1 + ‖θx‖2H1 + ‖ηx‖2 + ‖vt‖2

+ ‖wt‖2 + ‖bt‖2 + ‖θt‖2
)
(s)ds ≤ C1, (1.3.1)

‖η(t)− η‖2L∞ + ‖v(t)‖2L∞ + ‖w(t)‖2L∞ + ‖b(t)‖2L∞ + ‖θ(t)− θ̄‖2L∞

+

∫ t

0

(
‖ηt‖2H1 + ‖vx‖2L∞ + ‖wx‖2L∞ + ‖bx‖2L∞ + ‖θx‖2L∞

)
(s)ds ≤ C1. (1.3.2)

Proof. Estimate (1.3.1) is just (1.1.10). By interpolation theory, we get

‖v(t)‖L∞ ≤ C‖v(t)‖H1 , ‖w(t)‖L∞ ≤ C‖w(t)‖H1 , (1.3.3)

‖b(t)‖L∞ ≤ C‖b(t)‖H1 , ‖θ(t)− θ̄‖L∞ ≤ C‖θ(t)− θ̄‖H1 , (1.3.4)

‖vx(t)‖L∞ ≤ C‖vx(t)‖H1 , ‖wx(t)‖L∞ ≤ C‖wx(t)‖H1 , (1.3.5)

‖bx(t)‖L∞ ≤ C‖bx(t)‖H1 , ‖θx(t)‖L∞ ≤ C‖θx(t)‖H1 . (1.3.6)

Also yields (1.1.1),
‖ηt(t)‖H1 = ‖vx(t)‖H1 . (1.3.7)

Thus estimate (1.3.2) follows from Theorem 1.1.1, (1.3.1) and (1.3.3)–(1.3.7). The
proof is complete. �
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Lemma 1.3.2. Under the assumptions of Theorem 1.1.2, the following estimates
hold for any t > 0:

‖θt(t)‖2 + ‖vt(t)‖2 + ‖wt(t)‖2 + ‖bt(t)‖2

+

∫ t

0

(‖vxt‖2 + ‖wxt‖2 + ‖bxt‖2 + ‖θxt‖2)(s)ds ≤ C2, (1.3.8)

‖vx(t)‖2L∞ + ‖vxx(t)‖2 + ‖wx(t)‖2L∞ + ‖wxx(t)‖2 + ‖bx(t)‖2L∞

+ ‖bxx(t)‖2 + ‖θx(t)‖2L∞ + ‖θxx(t)‖2 ≤ C2, (1.3.9)

‖v(t)‖2H2 + ‖w(t)‖2H2 + ‖b(t)‖2H2 + ‖θ(t)− θ‖2H2 + ‖ηt(t)‖2H1 ≤ C2. (1.3.10)

Proof. Differentiating (1.1.2) with respect to t, then multiplying the resulting
equation by vt in L2(R) and using Lemma 1.3.1, we get

d

dt
‖vt(t)‖2 + C−1

1 ‖vxt(t)‖2

≤ 1

2C1
‖vxt(t)‖2 + C2(‖vx(t)‖3‖vxx(t)‖+ ‖θt(t)‖2 + ‖bt(t)‖2 + ‖vx(t)‖2)

≤ 1

2C1
‖vxt(t)‖2 + C2(‖vx(t)‖2 + ‖θt(t)‖2 + ‖bt(t)‖2 + ‖vxx(t)‖2) (1.3.11)

which in turn yields

‖vt(t)‖2 +
∫ t

0

‖vxt(s)‖2ds ≤ C2 + C1

∫ t

0

(‖vx‖2 + ‖θt‖2 + ‖bt‖2 + ‖vxx‖2
)
(s)ds

≤ C2. (1.3.12)

Hence, by (1.1.2), Lemma 1.3.1, the interpolation inequalities and Young’s in-
equality, we have

‖vxx(t)‖ ≤ C1

(
‖vt(t)‖+ ‖vx(t)‖ + ‖ηx(t)‖ + ‖bx(t)‖+ ‖vx(t)‖1/2‖vxx(t)‖

)
≤ 1

2
‖vxx(t)‖+ C1 (‖vt(t)‖+ ‖vx(t)‖+ ‖bx(t)‖+ ‖ηx(t)‖)

which combined with (1.3.12), (1.3.1) and (1.3.2) leads to

‖vxx(t)‖ ≤ C1 (‖vt(t)‖ + ‖vx(t)‖+ ‖bx(t)‖ + ‖ηx(t)‖) ≤ C2, ∀t > 0, (1.3.13)

‖vx(t)‖2L∞ ≤ C1‖vx(t)‖ ‖vxx(t)‖ ≤ C2, ∀t > 0. (1.3.14)

Similarly, we derive from (1.1.3) the bound

d

dt
‖wt(t)‖2+C−1

1 ‖wxt(t)‖2 ≤ 1

2C1
‖wxt(t)‖2+C2

(‖vx(t)‖2 + ‖bt(t)‖2
)
(1.3.15)

which, combined with Lemma 1.3.1, gives

‖wt(t)‖2 +
∫ t

0

‖wxt(s)‖2ds ≤ C2, ∀t > 0. (1.3.16)
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Further, from (1.1.3), the interpolation inequalities and Young’s inequality yield

‖wxx(t)‖ ≤ C1 (‖wt(t)‖+ ‖wx(t)‖‖ηx(t)‖ + ‖bx(t)‖) ,
whence

‖wxx(t)‖ ≤ C2, ∀t > 0, (1.3.17)

‖wx(t)‖L∞ ≤ C1‖wx(t)‖‖wxx(t)‖ ≤ C2, ∀t > 0. (1.3.18)

Similarly, (1.1.4) yields

d

dt
‖bt(t)‖2 + C−1

1 ‖bxt(t)‖2

≤ 1

2C1
‖bxt(t)‖2 + C2

(‖vx(t)‖2 + ‖bt(t)‖2 + ‖wt(t)‖2
)

(1.3.19)

whence

‖bt(t)‖2 +
∫ t

0

‖bxt(s)‖2ds ≤ C2, ∀t > 0, (1.3.20)

and also
‖bxx(t)‖+ ‖bx(t)‖L∞ ≤ C2, ∀t > 0. (1.3.21)

Finally from (1.1.5) it follows that

d

dt
‖θt(t)‖2 + C−1

1 ‖θxt(t)‖2 ≤ 1

2C1
‖θxt(t)‖2 + C2

(‖θx(t)‖2 + ‖vx(t)‖2 + ‖θt(t)‖2

+ ‖vtx(t)‖2 + ‖wxt(t)‖2 + ‖bxt(t)‖2
)
, (1.3.22)

which, combined with Lemma 1.3.1, gives

‖θt(t)‖2 +
∫ t

0

‖θxt(s)‖2ds ≤ C2, ∀t > 0, (1.3.23)

and
‖θxx(t)‖+ ‖θx(t)‖L∞ ≤ C2. (1.3.24)

Thus estimates (1.3.8)–(1.3.10) follow from (1.1.1), (1.3.12)–(1.3.14), (1.3.16)–
(1.3.18), (1.3.20)–(1.3.21), (1.3.23)–(1.3.24) and Lemma 1.3.1. The proof is com-
plete. �
Lemma 1.3.3. Under the assumptions of Theorem 1.1.2, the following estimates
hold for any t > 0

‖ηxx(t)‖2 + ‖ηx(t)‖2L∞ +

∫ t

0

(‖ηxx‖2 + ‖ηx‖2L∞
)
(s)ds ≤ C2, (1.3.25)∫ t

0

(‖vxxx‖2 + ‖wxxx‖2 + ‖bxxx‖2 + ‖θxxx‖2
)
(s)ds ≤ C2. (1.3.26)
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Proof. Differentiating (1.1.2) with respect to x and using equation (1.1.1), we get

∂

∂t

(
ηxx
η

)
+

Rθηxx
η2

= vtx +
Rθxx
η

+
2vxxηx − 2Rθxηx

η2

+
(2Rθ − 2μvx)η

2
x

η3
+ |bx|2 + b · bxx. (1.3.27)

Multiplying (1.3.27) by ηxx/η in L2(R), and using Lemmas 1.3.1–1.3.2, we deduce
that

d

dt

∥∥∥∥ηxxη (t)

∥∥∥∥2 + C−1
1 ‖ηxx(t)‖2 ≤ 1

2C1
‖ηxx(t)‖2 + C2(‖θx(t)‖2 + ‖ηx(t)‖2

+ ‖vxx(t)‖2 + ‖θxx(t)‖2 + ‖vtx(t)‖2
+ ‖bx(t)‖2L∞‖bx(t)‖2 + ‖bxx(t)‖2) (1.3.28)

which, together with Lemma 1.3.2, implies that, for any t > 0,

‖ηxx(t)‖2 +
∫ t

0

‖ηxx(s)‖2ds ≤ C2, (1.3.29)

‖ηx(t)‖2L∞ ≤ C‖ηx(t)‖‖ηxx(t)‖ ≤ C2, (1.3.30)∫ t

0

‖ηx(s)‖2L∞(s)ds ≤ C

∫ t

0

(‖ηx(s)‖2 + ‖ηxx(s)‖2
)
(s)ds ≤ C2. (1.3.31)

Differentiating (1.1.2), (1.1.3), (1.1.4) and (1.1.5) with respect to x and using
Lemmas 1.3.1–1.3.2, we deduce that, for any t > 0,

‖vxxx(t)‖ ≤ C2(‖vt(t)‖+ ‖vtx(t)‖+ ‖vxx(t)‖+ ‖ηxx(t)‖ + ‖vx(t)‖
+ ‖θxx(t)‖ + ‖θx(t)‖ + ‖ηx(t)‖ + ‖bx(t)‖ + ‖bxx(t)‖), (1.3.32)

‖wxxx(t)‖ ≤ C2(‖wtx(t)‖ + ‖ηxx(t)‖+ ‖bxx(t)‖), (1.3.33)

‖bxxx(t)‖ ≤ C2(‖btx(t)‖ + ‖bt(t)‖ + ‖ηxx(t)‖ + ‖wxx(t)‖), (1.3.34)

‖θxxx(t)‖ ≤ C2(‖θt(t)‖ + ‖θtx(t)‖ + ‖θxx(t)‖+ ‖ηxx(t)‖+ ‖vxx(t)‖
+ ‖θx(t)‖+ ‖wxx(t)‖ + ‖bxx(t)‖). (1.3.35)

Thus estimates (1.3.25)–(1.3.26) follow from (1.3.29)–(1.3.35) and Lemmas 1.3.1–
1.3.2. �

In order to obtain the asymptotic behavior of global solutions, we will need
the following lemma:

Lemma 1.3.4. (The Shen-Zheng Inequality) Suppose y and h are nonnegative func-
tions on [0,+∞), y′ is locally integrable, and y, h satisfy

∀t > 0 : y′(t) ≤ A1y
2(t) +A2 + h(t),
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∀T > 0 :

∫ T

0

y(s)ds ≤ A3,

∫ T

0

h(s)ds ≤ A4,

with A1, A2, A3, A4 being positive constants independent of t and T. Then for any
r > 0

∀t ≥ 0 : y(t+ r) ≤
(
A3

r
+A2r +A4

)
eA1A2 .

Moreover,
lim

t→+∞ y(t) = 0.

Proof. See, e.g., [120] and also [101], p. 21, Theorem 1.2.4. �
Lemma 1.3.5. Under the assumptions of Theorem 1.1.2, the H2-generalized global
solution (η(t), v(t), w(t), b(t), θ(t)) obtained in Lemmas 1.3.1–1.3.3 to the Cauchy
problem (1.1.1)–(1.1.7) satisfies (1.1.18) and (1.1.19).

Proof. We start arguing as in Lemma 1.3.1, by differentiating the equations
(1.1.2)–(1.1.5) with respect to t, then multiplying the results with vt, wt, bt,
θt, respectively, resulting in

d

dt
‖vt(t)‖2 + (2C1)

−1‖vtx(t)‖2 ≤ C2

(‖vx(t)‖2+ ‖vxx(t)‖2+ ‖θt(t)‖2+ ‖bt(t)‖2
)
,

(1.3.36)

d

dt
‖wt(t)‖2 + (2C1)

−1‖wtx(t)‖2 ≤ C2

(‖ηx(t)‖2 + ‖bt(t)‖2
)
, (1.3.37)

d

dt
‖bt(t)‖2 + (2C1)

−1‖btx(t)‖2 ≤ C2

(‖bx(t)‖2+ ‖bt(t)‖2+ ‖wt(t)‖2
)
, (1.3.38)

d

dt
‖θt(t)‖2 + (2C1)

−1‖θtx(t)‖2 ≤ C2

(‖vx(t)‖2 + ‖θx(t)‖2 + ‖θt(t)‖2 + ‖vtx(t)‖2

+ ‖wtx(t)‖2 + ‖btx(t)‖2
)
. (1.3.39)

From (1.3.28), we also derive

d

dt

∥∥∥∥ηxxη (t)

∥∥∥∥2+ (2C1)
−1‖ηxx(t)‖2 ≤ C2

(‖θx(t)‖2+ ‖ηx(t)‖2+ ‖vxx(t)‖2+ ‖θxx(t)‖2

+ ‖vtx(t)‖2+ ‖bx(t)‖2+ ‖bxx(t)‖2
)
. (1.3.40)

Meanwhile,

‖vxx(t)‖ ≤ C1 (‖vt(t)‖+ ‖vx(t)‖+ ‖ηx(t)‖+ ‖bx(t)‖) ≤ C2, (1.3.41)

‖wxx(t)‖ ≤ C1 (‖wt(t)‖ + ‖ηx(t)‖ + ‖bx(t)‖) ≤ C2, (1.3.42)

‖bxx(t)‖ ≤ C1 (‖bt(t)‖ + ‖ηx(t)‖ + ‖wx(t)‖) ≤ C2, (1.3.43)

‖θxx(t)‖ ≤ C1

(‖θt(t)‖ + ‖θx(t)‖ + ‖vx(t)‖
+ ‖wx(t)‖+ ‖bx(t)‖+ ‖vxx(t)‖

) ≤ C2, (1.3.44)
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‖vx(t)‖2L∞ ≤ C‖vx(t)‖ ‖vxx(t)‖ ≤ C2, ‖wx(t)‖2L∞ ≤ C‖wx(t)‖ ‖wxx(t)‖ ≤ C2,
(1.3.45)

‖bx(t)‖2L∞ ≤C‖bx(t)‖ ‖bxx(t)‖ ≤ C2, ‖θx(t)‖2L∞ ≤ C‖θx(t)‖ ‖θxx(t)‖ ≤ C2,
(1.3.46)

‖ηx(t)‖2L∞ ≤ C‖ηx(t)‖ ‖ηxx(t)‖ ≤ C2. (1.3.47)

Applying Lemma 1.3.4 to (1.3.36)–(1.3.40) and using Lemmas 1.3.1–1.3.3, we ob-
tain that, as t → +∞,

‖vt(t)‖ → 0, ‖wt(t)‖ → 0, ‖bt(t)‖ → 0, ‖θt(t)‖ → 0, ‖ηxx(t)‖ → 0 (1.3.48)

which together with (1.1.1), (1.1.9) and (1.3.41)–(1.3.47) implies that, as t → +∞,

‖vxx(t)‖+ ‖wxx(t)‖ + ‖bxx(t)‖+ ‖θxx(t)‖ + ‖ηt(t)‖H1 → 0, (1.3.49)

‖ηt(t)‖L∞ + ‖(ηx(t), vx(t), wx(t), bx(t), θx(t))‖L∞ → 0. (1.3.50)

Thus (1.1.13)–(1.1.14) follows from (1.1.1) and (1.3.48)–(1.3.50). The proof is com-
plete. �

Proof of Theorem 1.1.2. Combining Lemmas 1.3.1–1.3.3 with Lemma 1.3.5, we
can complete the proof of Theorem 1.1.2. �

1.4 Global Existence and Asymptotic Behavior in H4(R)

In this section, we shall derive estimates in H4(R) and complete the proof of
Theorem 1.1.3.

Lemma 1.4.1. Under the assumptions of Theorem 1.1.3, the following estimates
hold for any t > 0:

‖vtx(x, 0)‖ + ‖wtx(x, 0)‖+ ‖btx(x, 0)‖+ ‖θtx(x, 0)‖ ≤ C3, (1.4.1)

‖vtt(x, 0)‖+ ‖θtt(x, 0)‖+ ‖wtt(x, 0) + ‖btt(x, 0)‖+ ‖vtxx(x, 0)‖
+ ‖θtxx(x, 0)‖+ ‖wtxx(x, 0)‖ + ‖btxx(x, 0)‖ ≤ C4, (1.4.2)

‖vtt(t)‖2 +
∫ t

0

‖vttx(s)‖2ds ≤ C4 + C4

∫ t

0

(‖θtxx‖2 + ‖btxx‖2
)
(s)ds, (1.4.3)

‖wtt(t)‖2 +
∫ t

0

‖wttx(s)‖2ds ≤ C4 + C4

∫ t

0

‖btxx(s)‖2ds, (1.4.4)

‖btt(t)‖2 +
∫ t

0

‖bttx(s)‖2ds ≤ C4 + C4

∫ t

0

‖wtxx(s)‖2ds, (1.4.5)

‖θtt(t)‖2 +
∫ t

0

‖θttx(s)‖2ds

≤ C4 + C4

∫ t

0

(‖θtxx‖2 + ‖vtxx‖2 + ‖wtxx‖2 + ‖btxx‖2
)
(s)ds. (1.4.6)
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Proof. We easily infer from (1.1.2) and Lemmas 1.3.1–1.3.3 that

‖vt(t)‖ ≤ C2‖vx(t)‖H1 + ‖ηx(t)‖ + ‖θx(t)‖ + ‖bx(t)‖). (1.4.7)

Differentiating (1.1.2) with respect to x and employing Lemmas 1.3.1–1.2.3, we
have

‖vtx(t)‖ ≤ C2 (‖vx(t)‖+ ‖vxxx(t)‖ + ‖θx(t)‖H1 + ‖ηx(t)‖H1 + ‖bx(t)‖H1)
(1.4.8)

or

‖vxxx(t)‖ ≤ C2 (‖vx(t)‖+ ‖ηx(t)‖H1 + ‖θx(t)‖H1 + ‖vtx(t)‖+ ‖bx(t)‖H1 ) .
(1.4.9)

Differentiating (1.1.2) with respect to x twice and using Lemmas 1.3.1–1.3.3 and
the interpolation inequalities, we have

‖vtxx(t)‖ ≤ C2 (‖ηx(t)‖H2 + ‖vx(t)‖H3 + ‖θx(t)‖H2 + ‖bx(t)‖H2) (1.4.10)

or

‖vxxxx(t)‖ ≤ C2 (‖ηx(t)‖H2 + ‖vx(t)‖H2 + ‖θx(t)‖H2 + ‖vtxx(t)‖+ ‖bx(t)‖H2 ) .
(1.4.11)

In the same manner, we deduce from (1.1.3) and (1.1.4) that

‖wt(t)‖ ≤ C2 (‖ηx(t)‖ + ‖w(t)‖H2 + ‖bx(t)‖) , (1.4.12)

‖wtx(t)‖ ≤ C2 (‖ηx(t)‖H1 + ‖wx(t)‖H2 + ‖bx(t)‖H1) , (1.4.13)

‖bt(t)‖ ≤ C2 (‖ηx(t)‖ + ‖b(t)‖H2 + ‖wx(t)‖) , (1.4.14)

‖btx(t)‖ ≤ C2 (‖ηx(t)‖H1 + ‖bx(t)‖H2 + ‖wx(t)‖H1) , (1.4.15)

‖θt(t)‖ ≤ C2

(‖θx(t)‖H1 + ‖vx(t)‖ + ‖ηx(t)‖
+ ‖wx(t)‖ + ‖bx(t)‖

)
, (1.4.16)

‖θtx(t)‖ ≤ C2

(‖θx(t)‖H2 + ‖vx(t)‖H1 + ‖ηxx(t)‖
+ ‖wx(t)‖H1 + ‖bx(t)‖H1

)
, (1.4.17)

or

‖wxxx(t)‖ ≤ C2 (‖wtx(t)‖+ ‖ηx(t)‖H1 + ‖bx(t)‖H1 ) , (1.4.18)

‖bxxx(t)‖ ≤ C2 (‖btx(t)‖ + ‖ηx(t)‖H1 + ‖wx(t)‖H1 ) , (1.4.19)

‖θxxx(t)‖ ≤ C2

(‖θx(t)‖H1 + ‖vx(t)‖H1 + ‖ηxx(t)‖
+ ‖θtx(t)‖ + ‖wx(t)‖H1 + ‖bx(t)‖H1

)
(1.4.20)

and

‖wtxx(t)‖ ≤ C2 (‖wxxxx(t)‖+ ‖ηx(t)‖H2 + ‖bx(t)‖H2 ) , (1.4.21)

‖btxx(t)‖ ≤ C2 (‖bxxxx(t)‖+ ‖ηx(t)‖H2 + ‖wx(t)‖H2 ) , (1.4.22)

‖θtxx(t)‖ ≤ C2

(‖ηx(t)‖H2 + ‖vx(t)‖H2 + ‖θx(t)‖H3
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+ ‖wx(t)‖H2 + ‖bx(t)‖H2

)
, (1.4.23)

or

‖wxxxx(t)‖ ≤ C2 (‖wtxx(t)‖+ ‖ηx(t)‖H2 + ‖bx(t)‖H2) , (1.4.24)

‖bxxxx(t)‖ ≤ C2 (‖btxx(t)‖+ ‖ηx(t)‖H2 + ‖wx(t)‖H2) , (1.4.25)

‖θxxxx(t)‖ ≤ C2

(‖ηx(t)‖H2 + ‖vx(t)‖H2 + ‖θx(t)‖H2

+ ‖θtxx(t)‖+ ‖wx(t)‖H2 + ‖bx(t)‖H2

)
. (1.4.26)

Differentiating (1.1.2) with respect to t, and using Lemmas 1.3.1–1.3.3 and (1.1.1),
we deduce that

‖vtt(t)‖ ≤ C2

(‖θx(t)‖+ ‖ηx(t)‖+ ‖vxx(t)‖+ ‖vtx(t)‖H1

+ ‖θt(t)‖H1 + ‖bt(t)‖H1

)
(1.4.27)

which, together with (1.4.8), (1.4.10), (1.4.13), (1.4.15) and (1.4.17), implies

‖vtt(t)‖ ≤ C2 (‖θx(t)‖H2 + ‖vx(t)‖H3 + ‖ηx(t)‖H2 + ‖wx(t)‖H2 + ‖bx(t)‖H2) .
(1.4.28)

Analogously, we derive from (1.1.3)–(1.1.5) that

‖wtt(t)‖ ≤ C2 (‖wtxx(t)‖+ ‖vx(t)‖H2 + ‖ηx(t)‖ + ‖bx(t)‖H2 ) , (1.4.29)

‖btt(t)‖ ≤ C2 (‖btxx(t)‖+ ‖vx(t)‖H2 + ‖ηx(t)‖ + ‖wx(t)‖H2 ) , (1.4.30)

‖θtt(t)‖ ≤ C2

(‖θtxx(t)‖+ ‖vx(t)‖H2 + ‖ηx(t)‖H2

+ ‖wx(t)‖H2 + ‖bx(t)‖H2

)
, (1.4.31)

or

‖wtt(t)‖ ≤ C2 (‖wx(t)‖H3 + ‖vx(t)‖H2 + ‖ηx(t)‖+ ‖bx(t)‖H2) , (1.4.32)

‖btt(t)‖ ≤ C2 (‖bx(t)‖H3 + ‖vx(t)‖H2 + ‖ηx(t)‖+ ‖wx(t)‖H2) , (1.4.33)

‖θtt(t)‖ ≤ C2

(‖θx(t)‖H3 + ‖vx(t)‖H2 + ‖ηx(t)‖H2

+ ‖wx(t)‖H2 + ‖bx(t)‖H2

)
. (1.4.34)

Thus estimates (1.4.1)–(1.4.2) follow from (1.4.8), (1.4.10), (1.4.13), (1.4.15),
(1.4.17), (1.4.21)–(1.4.23) and (1.4.28)–(1.4.34).

Now differentiating (1.1.2) with respect to t twice, multiplying the resulting
equation by vtt in L2(R), and using (1.1.1) and Lemmas 1.3.1–1.3.3, we deduce

1

2

d

dt
‖vtt(t)‖2 ≤ −(2C1)

−1‖vttx(t)‖2 + C2

(‖θtt(t)‖2 + ‖vtx(t)‖2

+ ‖θt(t)‖2 + ‖vx(t)‖2 + ‖bt(t)‖2H1 + ‖btt(t)‖2
)

which, along with (1.4.33)–(1.4.34), implies

d

dt
‖vtt(t)‖2 + (2C1)

−1‖vttx(t)‖2
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≤ C2

(‖θtxx(t)‖2 + ‖θxx(t)‖2 + ‖θtx(t)‖2 + ‖vx(t)‖2H1

+ ‖vtx(t)‖2 + ‖θt(t)‖2 + ‖ηx(t)‖2 + ‖bt(t)‖2H1 + ‖btxx(t)‖2
)
. (1.4.35)

Thus estimate (1.4.3) follows from Lemmas 1.3.1–1.3.3 and (1.4.2).

Analogously, we obtain from (1.1.3) that

‖wtt(t)‖2 + (2C1)
−1

∫ t

0

‖wttx(s)‖2ds

≤ C4 + C4

∫ t

0

(‖vtx(s)‖2 + ‖wtx(t)‖2 + ‖wx‖2 + ‖btxx(s)‖2
)
ds. (1.4.36)

Hence,

‖wtt(t)‖2 + (2C1)
−1

∫ t

0

‖wttx(s)‖2ds ≤ C4 + C4

∫ t

0

‖btxx(s)‖2ds, (1.4.37)

which gives (1.4.4). In the same way, we obtain from (1.1.4) that

‖btt(t)‖2 + (2C1)
−1

∫ t

0

‖bttx(s)‖2ds ≤ C4 + C4

∫ t

0

‖wtxx(s)‖2ds, (1.4.38)

and from (1.1.5), upon combining with (1.4.32), (1.4.34) and (1.4.35) that

‖θtt(t)‖2 + (2C1)
−1

∫ t

0

‖θttx(s)‖2ds

≤ C4 + C4

∫ t

0

(‖vtxx‖2 + ‖θtxx‖2 + ‖wtxx‖2 + ‖btxx‖2
)
(s)ds. (1.4.39)

Therefore, estimates (1.4.5)–(1.4.6) follow from (1.4.35)–(1.4.36). The proof is
complete. �
Lemma 1.4.2. Under the assumptions of Theorem 1.1.3, the following estimates
hold for any t > 0:

‖vtx(t)‖2 +
∫ t

0

‖vtxx(s)‖2ds ≤ C3, (1.4.40)

‖wtx(t)‖2 +
∫ t

0

‖wtxx(s)‖2ds ≤ C3, (1.4.41)

‖btx(t)‖2 +
∫ t

0

‖btxx(s)‖2ds ≤ C3, (1.4.42)

‖θtx(t)‖2 +
∫ t

0

‖θtxx(s)‖2ds ≤ C3, (1.4.43)

‖θtt(t)‖2 + ‖vtt(t)‖2 + ‖wtt(t)‖2 + ‖wtt(t)‖2

+

∫ t

0

(‖vttx‖2 + ‖wttx‖2 + ‖bttx‖2 + ‖θttx‖2
)
(s)ds ≤ C4. (1.4.44)
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Proof. Differentiating (1.1.2) with respect to x and t, multiplying the resulting
equation by vtx in L2(R), and integrating by parts, we deduce that

1

2

d

dt
‖vtx(t)‖2 ≤ − C−1

1

∫
R

v2txx
η

dx+ C2‖vtxx(t)‖
(‖bt(t)‖H1 + ‖θtx(t)‖ + ‖vtx(t)‖

+ ‖θt(t)‖+ ‖vxx(t)‖+ ‖θx(t)‖+ ‖ηx(t)‖
)

≤ − (2C1)
−1‖vtxx(t)‖2 + C2

(‖btx(t)‖2 + ‖θtx(t)‖2 + ‖vtx(t)‖2
+ ‖θt(t)‖2 + ‖vxx(t)‖2 + ‖θx(t)‖2 + ‖ηx(t)‖2

)
, (1.4.45)

which, combined with Lemmas 1.3.1–1.3.3 and (1.4.2), gives estimate (1.4.40).

In the same way, we infer from (1.1.3) that for any δ > 0,

1

2

d

dt
‖wtx(t)‖2 ≤ − C−1

1

∫
R

w2
txx

η
dx+ δ‖wtxx(t)‖2 + C2

(‖btx(t)‖2

+ ‖vx(t)‖2H1 + ‖wt(t)‖2H1 + ‖wx(t)‖2 + ‖ηx(t)‖2
)
, (1.4.46)

which leads to (1.4.41).

In the same manner, we can prove (4.42)–(4.43). Inserting (1.4.40)–(1.4.43)
into (1.4.3)–(1.4.6) yields estimate (1.4.44). The proof is now complete. �

Lemma 1.4.3. Under the assumptions of Theorem 1.1.3, the following estimates
hold for any t > 0:

‖ηxxx(t)‖2H1 + ‖ηxx(t)‖2W 1,∞ +

∫ t

0

(‖ηxxx‖2H1 + ‖ηxx‖2W 1,∞
)
(s)ds ≤ C4, (1.4.47)

‖vxxx(t)‖2H1 + ‖vxx(t)‖2W 1,∞ + ‖wxxx(t)‖2H1 + ‖wxx(t)‖2W 1,∞ + ‖bxxx(t)‖2H1

+ ‖bxx(t)‖2W 1,∞ + ‖θxxx(t)‖2H1 + ‖θxx(t)‖2W 1,∞ + ‖ηtxxx(t)‖2 + ‖vtxx(t)‖2

+ ‖wtxx(t)‖2 + ‖btxx‖2 + ‖θtxx(t)‖2 +
∫ t

0

(‖vtt‖2 + ‖wtt‖2 + ‖btt‖2 + ‖θtt‖2

+ ‖vxx‖2W 2,∞ + ‖wxx‖2W 2,∞ + ‖bxx‖2W 2,∞ + ‖θxx‖2W 2,∞ + ‖vtxx‖2H1

+ ‖wtxx‖2H1 + ‖btxx‖2H1 + ‖θtxx‖2H1 + ‖θtx‖2W 1,∞ + ‖wtx‖2W 1,∞

+ ‖btx‖2W 1,∞ + ‖vtx‖2W 1,∞ + ‖ηtxxx‖2H1

)
(s)ds ≤ C4, (1.4.48)∫ t

0

(‖vxxxx‖2H1 + ‖wxxxx‖2H1 + ‖bxxxx‖2H1 + ‖θxxxx‖2H1

)
(s)ds ≤ C4. (1.4.49)

Proof. Differentiating (1.3.29) with respect to x, using (1.1.1), we arrive at

∂

∂t

(
ηxxx
η

)
+

Rθηxxx
η2

= E1(x, t) (1.4.50)
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with

E1(x, t) =

[
vxxxηx + ηxxvxx

η2
− 2ηxηxxvx

η3

]
− θxηxx

η2
+

2Rθηxηxx
η3

+ vtxx + 2bx · bxx + b · bxxx + bx · bxx + Ex(x, t),

E(x, t) =
Rθxx
η

+
2μvxxηx − 2Rθxηx

η2
+

2Rθη2x − 2vxη
2
x

η3
.

An easy calculation with Lemmas 1.3.1–1.3.3 and Lemmas 1.4.1–1.4.2 gives

‖E1(t)‖ ≤ C2 (‖ηx(t)‖H1 + ‖vx(t)‖H2 + ‖θx(t)‖H2 + ‖vtx(t)‖H1 + ‖bx(t)‖H2)
(1.4.51)

and ∫ t

0

‖E1(s)‖2ds ≤ C4. (1.4.52)

Now multiplying (1.4.50) by ηxxx/η in L2(R), we derive

d

dt

∥∥∥∥ηxxxη
(t)

∥∥∥∥2 + C−1
1

∥∥∥∥ηxxxη
(t)‖2 ≤ C1‖E1(t)

∥∥∥∥2 (1.4.53)

which, combined with (1.4.52), Lemmas 1.3.1–1.3.3 and Lemmas 1.4.1–1.4.2,
yields, for any t > 0,

‖ηxxx(t)‖2 +
∫ t

0

‖ηxxx(s)‖2ds ≤ C4. (1.4.54)

In view of (1.4.9), (1.4.11), (1.4.18)–(1.4.20), (1.4.24)–(1.4.26), Lemmas 1.3.1–
1.3.3, and Lemmas 1.4.1–1.4.2, we get that for any t > 0,

‖vxxx(t)‖2 + ‖wxxx(t)‖2 + ‖bxxx(t)‖2 + ‖θxxx(t)‖2 (1.4.55)

+

∫ t

0

(‖vxxx‖2H1 + ‖wxxx‖2H1 + ‖bxxx‖2H1 + ‖θxxx‖2H1

)
(s)ds ≤ C4,

‖vxx(t)‖2L∞ + ‖wxx(t)‖2L∞ + ‖bxx(t)‖2L∞ + ‖θxx(t)‖2L∞ (1.4.56)

+

∫ t

0

(‖vxx‖2W 1,∞ + ‖wxx‖2W 1,∞ + ‖bxx‖2W 1,∞ + ‖θxx‖2W 1,∞
)
(s)ds ≤ C4.

Differentiating (1.1.2) with respect to t, we infer that for any t > 0,

‖vtxx(t)‖ ≤ C1‖vtt(t)‖ + C2

(‖ηx(t)‖+ ‖vxx(t)‖+ ‖vtx(t)‖+ ‖θx(t)‖
+ ‖θt(t)‖+ ‖θtx(t)‖+ ‖btx(t)‖

) ≤ C4, (1.4.57)

which, together with (1.4.11), gives

‖vxxxx(t)‖2 +
∫ t

0

(‖vtxx‖2 + ‖vxxxx‖2
)
(s)ds ≤ C4. (1.4.58)
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Similarly, we can infer from (1.4.21)–(1.4.26) and (1.4.55)–(1.4.56) that

‖wtxx(t)‖2 + ‖wxxxx(t)‖2 +
∫ t

0

(‖wtxx‖2 + ‖wxxxx‖2
)
(s)ds ≤ C4, (1.4.59)

‖btxx(t)‖2 + ‖bxxxx(t)‖2 +
∫ t

0

(‖btxx‖2 + ‖bxxxx‖2
)
(s)ds ≤ C4, (1.4.60)

‖θtxx(t)‖2 + ‖θxxxx(t)‖2 +
∫ t

0

(‖θtxx‖2 + ‖θxxxx‖2
)
(s)ds ≤ C4, (1.4.61)

which, combined with (1.4.55), (1.4.56) and (4.59)–(4.61), implies

‖vxxx(t)‖2L∞ + ‖wxxx(t)‖2L∞ + ‖bxxx(t)‖2L∞ + ‖θxxx(t)‖2L∞

+

∫ t

0

(‖vxxx‖2L∞ + ‖wxxx‖2L∞ + ‖bxxx‖2L∞ + ‖θxxx‖2L∞
)
(s)ds ≤ C4. (1.4.62)

Differentiating (1.4.50) with respect to x, we see that

∂

∂t

(
ηxxxx
η

)
+

Rθηxxxx
η2

= E2(x, t) (1.4.63)

with

E2(x, t) =

[
vxxηxxx + ηxvxxxx

η2
− 2ηxvxηxxx

η3

]
+

2Rθηxηxxx
η3

− Rθxηxxx
η2

+ 3 |bxx|2 + 4bx · bxxx + b · bxxxx + E1x(x, t). (1.4.64)

Using Lemmas 1.3.1–1.3.3 and Lemmas 1.4.1–1.4.2, we can deduce that

‖Exx(t)‖ ≤ C4

(‖θx(t)‖H3 + ‖ηx(t)‖H2 + ‖vx(t)‖H3

)
, (1.4.65)

‖E1x(t)‖ ≤ C4

(‖vx(t)‖H3 + ‖ηx(t)‖H2 + ‖vtx(t)‖H2

+ ‖θx(t)‖H3 + ‖bx(t)‖H3

)
, (1.4.66)

‖E2(t)‖ ≤ C4

(‖vx(t)‖H3 + ‖ηx(t)‖H2 + ‖vtx(t)‖H2

+ ‖θx(t)‖H3 + ‖bx(t)‖H3

)
. (1.4.67)

On the other hand, differentiating (1.1.2) with respect to t and x, we infer that

‖vtxxx(t)‖ ≤ C1‖vttx(t)‖ + C2

(‖vxx‖H1 + ‖θx(t)‖H1 + ‖ηx(t)‖H1

+ ‖θtx(t)‖H1 + ‖θt(t)‖ + ‖vtx(t)‖H1 + ‖btxx(t)‖
)
. (1.4.68)

Similarly, we have

‖wtxxx(t)‖ ≤ C1‖wttx(t)‖ + C2 (‖wtx(t)‖H1 + ‖btxx(t)‖+ ‖vx(t)‖H2) , (1.4.69)

‖btxxx(t)‖ ≤ C1‖bttx(t)‖ + C2 (‖btx(t)‖H1 + ‖wtxx(t)‖ + ‖vx(t)‖H2 ) , (1.4.70)
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‖θtxxx(t)‖ ≤ C1‖θttx(t)‖ + C2

(‖ηx(t)‖ + ‖vx(t)‖H2 + ‖θx(t)‖H2 + ‖θtx(t)‖H1

+ ‖θt(t)‖+ ‖vtx(t)‖H1 + ‖wtx(t)‖H1 + ‖btx(t)‖H1

)
. (1.4.71)

Thus it follows from Lemmas 1.3.1–1.3.3, Lemmas 1.4.1–1.4.2 and (1.4.69)–(1.4.72)
that∫ t

0

(‖vtxxx‖2 + ‖wtxxx‖2 + ‖btxxx‖2 + ‖θtxxx‖2
)
(s)ds ≤ C4, ∀t > 0. (1.4.72)

Then we have ∫ t

0

‖E2(s)‖2ds ≤ C4, ∀t > 0. (1.4.73)

Multiplying (1.4.63) by ηxxxx/η in L2(R), we get

d

dt

∥∥∥∥ηxxxxη
(t)

∥∥∥∥2 + C−1
1

∥∥∥∥ηxxxxη
(t)

∥∥∥∥2 ≤ C1‖E2(t)‖2 (1.4.74)

which, combined with (1.4.73), implies

‖ηxxxx(t)‖2 +
∫ t

0

‖ηxxxx(s)‖2ds ≤ C4, ∀t > 0. (1.4.75)

From (1.4.28)–(1.4.34), Lemmas 1.3.1–1.3.3, Lemmas 1.4.1–1.4.2 and (1.4.55)–
(1.4.61), we derive∫ t

0

(‖vtt‖2 + ‖wtt‖2 + ‖btt‖2 + ‖θtt‖2
)
(s)ds ≤ C4, ∀t > 0. (1.4.76)

Differentiating (1.1.2) with respect to x three times, we deduce

‖vxxxxx(t)‖ ≤ C1‖vtxxx(t)‖
+ C2

(‖ηx(t)‖H3 + ‖vx(t)‖H3 + ‖θx(t)‖H3 + ‖bx(t)‖H3

)
. (1.4.77)

Thus we conclude from (1.1.1), (1.4.58)–(1.4.61), and Lemmas 1.3.1–1.3.2 and
Lemmas 1.4.1–1.4.2 that∫ t

0

(‖vxxxxx‖2 + ‖ηtxxx‖2H1

)
(s)ds ≤ C4, ∀t > 0. (1.4.78)

Similarly, we can deduce that, for any t > 0,∫ t

0

(‖wxxxxx‖2 + ‖bxxxxx(s)‖2 + ‖θxxxxx‖2
)
(s)ds ≤ C4, (1.4.79)∫ t

0

(‖vxx‖2W 2,∞ + ‖wxx‖2W 2,∞ + ‖bxx‖2W 2,∞ + ‖θxx‖2W 2,∞
)
(s)ds ≤ C4. (1.4.80)

Thus employing (1.1.1), (1.4.54)–(1.4.62), (1.4.73), (1.4.76), (1.4.77), (1.4.79)–
(1.4.81) and the interpolation inequality, we derive the desired estimates (1.4.47)–
(1.4.49). The proof is complete. �
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Lemma 1.4.4. Under the assumptions of Theorem 1.1.3, the following estimates
hold for any t > 0:

‖η(t)− η‖2H4 + ‖ηt(t)‖2H3 + ‖ηtt(t)‖2H1 + ‖v(t)‖2H4 + ‖vt(t)‖2H2 + ‖vtt(t)‖2
+ ‖w(t)‖2H4 + ‖wt(t)‖2H2 + ‖wtt(t)‖2 + ‖b(t)‖2H4 + ‖bt(t)‖2H2 + ‖btt(t)‖2

+ ‖θ(t)− θ̄‖2H4 + ‖θt(t)‖2H2 + ‖θtt(t)‖2 +
∫ t

0

(‖ηx‖2H3 + ‖vx‖2H4 + ‖vt‖2H3

+ ‖vtt‖2H1 + ‖wx‖2H4 + ‖wt‖2H3 + ‖wtt‖2H1 + ‖bx‖2H4 + ‖bt‖2H3 + ‖btt‖2H1

+ ‖θx‖2H4 + ‖θt‖2H3 + ‖θtt‖2H1

)
(s)ds ≤ C4, (1.4.81)∫ t

0

(‖ηt‖2H4 + ‖ηtt‖2H2 + ‖ηttt‖2
)
(s)ds ≤ C4. (1.4.82)

Proof. These estimates follow from (1.1.1), Lemmas 1.3.1–1.3.3 and Lemmas 1.4.1–
1.4.3. �

We now prove the large-time behavior of the H4-global solution

(η(t), v(t), w(t), b(t), θ(t)).

Lemma 1.4.5. Under the assumptions in Theorem 1.1.3, the H4-global solution
(η(t), v(t), w(t), b(t), θ(t)) obtained in Lemmas 1.4.1–1.4.4 to the Cauchy problem
(1.1.1)–(1.1.7) satisfies (1.1.22)–(1.1.23).

Proof. Similarly to the reasoning in Lemmas 1.4.1 and 1.4.2, we derive

d

dt
‖vtt(t)‖2 + (2C1)

−1‖vttx(t)‖2

≤ C2

(‖θxx(t)‖2 + ‖θtx(t)‖2H1 + ‖vx(t)‖2H1 + ‖vtx(t)‖2 + ‖θt(t)‖2
+ ‖ηx(t)‖2 + ‖bt(t)‖2H2

)
, (1.4.83)

d

dt
‖wtt(t)‖2 + (2C1)

−1‖wttx(t)‖2

≤ C4

(‖vtx(t)‖2 + ‖wtx(t)‖2 + ‖wx(t)‖2 + ‖btxx(t)‖2
)
, (1.4.84)

d

dt
‖btt(t)‖2 + (2C1)

−1‖bttx(t)‖2

≤ C4

(‖vtx(t)‖2 + ‖btx(t)‖2 + ‖bx(t)‖2 + ‖wtxx(t)‖2
)
, (1.4.85)

d

dt
‖θtt(t)‖2 + (2C1)

−1‖θttx(t)‖2

≤ C4

(‖θtx(t)‖2 + ‖vtx(t)‖2H1 + ‖vx(t)‖2 + ‖θt(t)‖2 + ‖vttx(t)‖2
+ ‖θtt(t)‖2 + ‖wtx(t)‖2H1 + ‖btx(t)‖2H1 + ‖vtx(t)‖2 + ‖vx(t)‖2

)
, (1.4.86)

d

dt
‖vtx(t)‖2 + (2C1)

−1‖vtxx(t)‖2

≤ C2

(‖θtx(t)‖2 + ‖vtx(t)‖2 + ‖θt(t)‖2 + ‖vxx(t)‖2 + ‖θx(t)‖2
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+ ‖ηx(t)‖2 + ‖btx(t)‖2
)
, (1.4.87)

d

dt
‖wtx(t)‖2 + (2C1)

−1‖wtxx(t)‖2

≤ C2

(‖btx(t)‖2 + ‖vx(t)‖2H1 + ‖wt(t)‖2H1 + ‖wx(t)‖2 + ‖ηx(t)‖2
)
, (1.4.88)

d

dt
‖btx(t)‖2 + (2C1)

−1‖btxx(t)‖2

≤ C2

(‖wtx(t)‖2 + ‖vx(t)‖2H1 + ‖bt(t)‖2H1 + ‖bx(t)‖2 + ‖ηx(t)‖2
)
, (1.4.89)

d

dt
‖θtx(t)‖2 + (2C1)

−1‖θtxx(t)‖2

≤ C2

(‖θtx(t)‖2 + ‖θxx(t)‖2 + ‖vxx(t)‖2 + ‖ηx(t)‖2 + ‖vtxx(t)‖2
+ ‖wtxx(t)‖2 + ‖btxx(t)‖2

)
, (1.4.90)

d

dt

∥∥∥∥ηxxxη
(t)

∥∥∥∥2 + (2C1)
−1

∥∥∥∥ηxxxη
(t)

∥∥∥∥2 ≤ C1‖E1(t)‖2, (1.4.91)

d

dt

∥∥∥∥ηxxxxη
(t)

∥∥∥∥2 + (2C1)
−1

∥∥∥∥ηxxxxη
(t)

∥∥∥∥2 ≤ C1‖E2(t)‖2 (1.4.92)

where, by (1.1.20), (1.4.52) and (1.4.74),∫ t

0

(‖E1‖2 + ‖E2‖2
)
(s)ds ≤ C4, ∀t > 0. (1.4.93)

Applying Lemma 1.3.4 to (1.4.84)–(1.4.93) and using estimates (1.1.20) and
(1.4.94), we infer that as t → +∞,

‖vtt(t)‖ → 0, ‖wtt(t)‖ → 0, ‖btt(t)‖ → 0, ‖θtt(t)‖ → 0, (1.4.94)

‖vtx(t)‖ → 0, ‖wtx(t)‖ → 0, ‖btx(t)‖ → 0, ‖θtx(t)‖ → 0, (1.4.95)

‖ηxxx(t)‖ → 0, ‖ηxxxx(t)‖ → 0. (1.4.96)

In the same manner as for (1.4.8), (1.4.10), (1.4.55) and using the interpolation
inequality, we deduce that

‖vxxx(t)‖ ≤ C2

(‖vx(t)‖ + ‖ηx(t)‖H1 + ‖θx(t)‖H1 + ‖vtx(t)‖
+ ‖bx(t)‖H1

)
, (1.4.97)

‖vtxx(t)‖ ≤ C1‖vtt(t)‖+ C2

(‖vxx(t)‖+ ‖ux(t)‖ + ‖vtx(t)‖+ ‖θx(t)‖
+ ‖θt(t)‖ + ‖θtx‖+ ‖btx(t)‖

)
, (1.4.98)

‖vxxxx(t)‖ ≤ C2

(‖vx(t)‖H2 + ‖ηx(t)‖H2 + ‖θx(t)‖H2 + ‖vtxx(t)‖
+ ‖bxx(t)‖H1

)
, (1.4.99)

‖vtx(t)‖2L∞ ≤ C‖vtx(t)‖‖vtxx(t)‖, ‖vt(t)‖2L∞ ≤ C‖vt(t)‖‖vtx(t)‖, (1.4.100)

‖vxx(t)‖2L∞ ≤ C‖vxx(t)‖‖vxxx(t)‖, ‖vxxx(t)‖2L∞ ≤ C‖vxxx(t)‖‖vxxxx(t)‖,
(1.4.101)



1.5. Bibliographic Comments 27

‖ηxx(t)‖2L∞ ≤ C‖ηxx(t)‖‖ηxxx(t)‖, ‖ηxxx(t)‖2L∞ ≤ C‖ηxxx(t)‖‖ηxxxx(t)‖.
(1.4.102)

Thus, it follows from (1.1.1), (1.4.98)–(1.4.103) and Lemma 1.3.5 that, as t → +∞,

‖(ηx(t), vx(t))‖H3 + ‖vt(t)‖H2 + ‖ηt(t)‖H3 + ‖ηt(t)‖W 2,∞

+ ‖ηtt(t)‖H1 + ‖(ηx(t), vx(t))‖W 2,∞ → 0. (1.4.103)

In the same manner, we can conclude as t → +∞

‖wx(t)‖H3 + ‖wt(t)‖H2 + ‖wt(t)‖W 1,∞ + ‖wx(t)‖W 2,∞ → 0, (1.4.104)

‖bx(t)‖H3 + ‖bt(t)‖H2 + ‖bt(t)‖W 1,∞ + ‖bx(t)‖W 2,∞ → 0, (1.4.105)

‖θx(t)‖H3 + ‖θt(t)‖H2 + ‖θt(t)‖W 1,∞ + ‖θx(t)‖W 2,∞ → 0, (1.4.106)

which, together with Lemma 1.3.5 and (1.4.104), imply (1.1.22)–(1.1.23). The
proof is complete. �

Proof of Theorem 1.1.3. Lemmas 1.4.1–1.4.5 establish the global existence of H4-
solutions to problem (1.1.1)–(1.1.7). �

Proof of Corollary 1.1.1. Employing the Sobolev embedding theorem together
with the estimates (1.1.17)–(1.1.18) yield the desired conclusion immediately. �

1.5 Bibliographic Comments

Assuming the dependencies P = P (η, θ) and e = e(η, θ), the ideal gas with
P = Rθ/η and e = CV θ was treated earlier, with many good results on global
solutions and their exponential stability for various problems (see, e.g., [1, 8, 9, 43,
53–55, 93, 96, 98, 138, 140]). If the Stefan-Bolzmann law, i.e., (1.1.7) is considered,
the radiative gas model, of a more general type, was derived and related results
were obtained, e.g., in [22, 30, 105, 129]. Ducomet and Zlotnik [30] studied a
selfgravitating gas with the mass force g involving only the space variable x in
(1.1.2). The subtle introduction of the entropy S = R log η + CV log θ + 4aηθ4/3
leads to the energy-type Lyapunov functional, which is crucial for establishing
the global existence and exponential stability of the solutions. Moreover, they
employed the technique for estimating Θ := sup0≤s≤t ‖θ(s)‖L∞ for otherH1 norms
of the unknown variables in [96, 98]. For the MHD models, this case has been
studied in [10, 11, 25, 58, 132] and [145]. Specifically, in Kawashima and Okada [58],
assuming b is an arbitrary but fixed two-dimensional vector and letting S denote
the entropy, the energy type E = e−e+P (1/η−1/ η)−θ(S−S)+v2/2+ |w|2/2+
|b − b|2/2, where the steady-state expressions N = N(η, θ), N = e, P or S are
used, plays an important role in the estimates for |b−b|’s certain uniform spatial
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norms. In Zhang and Xie [145], another kind of gravitational force is presented as
Ψx/η

2 where the relation of Ψ and η is governed by Poisson’s equation:

ΔΨ = −G

η
, (1.5.1)

in which G > 0 is the Newtonian gravitational constant. However, the estimates of
the lower and upper bounds of η are not uniform in the whole time interval (0,+∞)
and no large-time behavior was obtained when the self-gravitation is present. On
the other hand, when the domain is unbounded and the Poincaré inequality is
not available, the properties of the initial data for the unknown variables must be
specified via some appropriate stationary state data like η0 − η, etc., understood
as small initial data in [45, 54, 56].

Under the small initial data hypothesis, the global existence and large-time
behavior of smooth solutions have been obtained for the Cauchy problem, including
the two- or three-dimensional case (see, e.g., [46, 53–55, 58, 74–77, 93]). Although
these results are based on the same assumption namely, small initial data, the
specifics are quite different. In [54], the small data hypothesis in the 1D case
appears in weighted form,

e0 := ‖η0 − η‖2L∞ +

∫
R

(1+ x2)γ
{
(η0 − η)2 + v20 + (θ0 − θ)2 + v40

}
dx ≤ ε, (1.5.2)

where (1 + x2)γ (γ > 1
2 ) is a weight function and ε is a sufficiently small positive

constant. In contrast, in Okada and Kawashima [93], the hypothesis takes on the
form

E0E1 ≤ ε, (1.5.3)

where
Ei =

∥∥ (log(η0/η), log(v0), log(θ0/θ)) ∥∥Hi (i = 0, 1). (1.5.4)

As another example, Kawashima and Okada [58] use a simpler condition:

‖(1/η0 − 1/η0, v0, w0, b0 − b, θ0 − θ)‖ ≤ ε. (1.5.5)

In Qin et al.’s work [110, 112], the former two cases (1.1.9)–(1.1.11) have been
summarized together for higher regularity of H2 and H4 global solutions. This
chapter is ti employ the basic ideas in [54, 110] to obtain the global solutions in
H1 for a 1D ideal gas MHD system (1.1.1)–(1.1.6) similar to that of [58] and then
obtain the regularity and asymptotic behavior of H2 and H4 global solutions.



Chapter 2

Global Existence and Exponential
Stability of 1D Compressible
and Radiative
Magnetohydrodynamic Flows

2.1 Main Results

In this chapter, we shall study the global existence and exponential stability of
solutions to the one-dimensional thermally-radiative magnetohydrodynamic equa-
tions.

Magnetohydrodynamics (MHD) is concerned with the study of the interac-
tion between magnetic fields and fluid conductors of electricity. The applications
of magnetohydrodynamics covers a very wide range of physical areas, from liquid
metals to cosmic plasmas, for example, the intensely heated and ionized fluids in
an electromagnetic field in astrophysics, geophysics, high-speed aerodynamics and
plasma physics. In addition to these situations, we also take into account effect
of the radiation field. The flows mentioned above are described by the following
equations in the Lagrangian coordinate system:

τt − ux = 0, (2.1.1)

ut +

(
p+

1

2
|b|2
)

x

=

(
λux

τ

)
x

, (2.1.2)

wt − bx =
(μwx

τ

)
x
, (2.1.3)

(τb)t − wx =

(
νbx
τ

)
x

, (2.1.4)

Et +

(
u

(
p+

1

2
|b|2
)
− w · b

)
x

=

(
λuux + μw · wx + νb · bx + κθx

τ

)
x

. (2.1.5)
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Here τ = 1
ρ denotes the specific volume, u ∈ R the longitudinal velocity, w ∈ R

2 the

transverse velocity, b ∈ R
2 the transverse magnetic field, and θ the temperature,

p = p(τ, θ) the pressure, and e = e(τ, θ) the internal energy; λ and μ are the
bulk and the shear viscosity coefficients, respectively, ν is the magnetic diffusivity
acting as a magnetic diffusion coefficient of the magnetic field, k = k(τ, θ) is the
heat conductivity, and E is given by

E = e+
1

2
(u2 + |w|2) + 1

2
τ |b|2.

For the constitutive relations, we consider (see, e.g., [22]) the Stefan–Boltz-
mann model, i.e., the pressure p(τ, θ), internal energy e(τ, θ) and the thermo-
radiative flux Q(τ, θ) take the following respective forms,

p(τ, θ) =
Rθ

τ
+
a

3
θ4, e(τ, θ) = Cvθ+aτθ4, Q(τ, θ) = QF+QR = −κθx, (2.1.6)

where R > 0 is the ideal gas constant, Cv > 0 is the specific heat at constant
volume, a > 0 is a constant and the heat conductivity κ(τ, θ) > 0 is a function of
τ and θ. As initial and boundary conditions, we consider

(τ, u,w, b, θ)|t=0 = (τ0, u0,w0, b0, θ)(x), x ∈ Ω = [0, 1], (2.1.7)

(u,w, b, θx)|∂Ω = 0. (2.1.8)

In this chapter we shall establish the global existence and exponential stabil-
ity of solutions in the spaces Hi

+ (i = 1, 2, 4) (see below for their definitions) to
problem (2.1.1)–(2.1.8). The main difficulty arises from the higher-order nonlinear
dependence on the temperature θ of p(τ, θ), e(τ, θ) and κ(τ, θ), which makes the
upper bound for θ become more complicated. In order to overcome this difficulty,
we make use of Corollaries 2.2.1–2.2.2 and interpolation techniques to reduce the

higher-order dependence on θ. The estimate
∫ 1

0
τθ4dx ≤ C1 in (2.2.3) plays an

important part. This will be done by a careful analysis. Another difficulty is that
we have to establish uniform estimates independent of time in order to study the
large-time behavior.

We define three function classes as follows:

H1
+ =

{
(τ, u,w, b, θ) ∈ (H1[0, 1])7 : τ(x) > 0, θ(x) > 0, x ∈ [0, 1],

u(0) = u(1) = 0,w(0) = w(1) = b(0) = b(1) = 0
}
,

Hi
+ =

{
(τ, u,w, b, θ) ∈ (Hi[0, 1])7 : τ(x) > 0, θ(x) > 0, x ∈ [0, 1],

u(0) = u(1) = 0,w(0) = w(1) = b(0) = b(1) = 0,

θ′(0) = θ′(1) = 0
}
, i = 2, 4.

In this chapter we will use the following notations:

Lp, 1 ≤ p ≤ +∞, Wm,p, m ∈ N, H1 = W 1,2, H1
0 = W 1,2

0 denote the
usual (Sobolev) spaces on [0,1]. In addition, ‖ · ‖B denotes the norm in the space
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B; we also put ‖ · ‖ = ‖ · ‖L2[0,1]. Constants Ci (i = 1, 2, 3, 4) are generic con-
stants depending only on the Hi

+ norm of the initial data (τ0, u0,w0, b0, θ0), but
independent of time.

Now we are in a position to state our main results.

Theorem 2.1.1. Assume that the initial data (τ0, u0,w0, b0, θ0) ∈ H1
+ and compat-

ibility conditions are satisfied. Assume also that the heat conductivity κ is a C2

function on 0 < τ < +∞ and 0 ≤ θ < +∞ and satisfies the growth condition

k1(1 + θq) ≤ κ(τ, θ) ≤ k2(1 + θq), |κτ |+ |κττ | ≤ k2(1 + θq), q > 2, (2.1.9)

with positive constants k1 ≤ k2, and there exists a constant ε0 > 0 such that

τ =
∫ 1

0 τ0 dx ≤ ε0. Then the problem (2.1.1)–(2.1.8) admits a unique global solution
(τ, u,w, b, θ) ∈ H1

+ verifying

0 < C−1
1 ≤ τ(x, t) ≤ C1, 0 < C−1

1 ≤ θ(x, t) ≤ C1, ∀(x, t) ∈ [0, 1]× [0,+∞)
(2.1.10)

and for any t > 0,

‖τ(t)− τ‖2H1 + ‖u(t)‖2H1 + ‖w(t)‖2H1 + ‖b(t)‖2H1 + ‖θ(t)− θ‖2H1

+

∫ t

0

(
‖τ − τ‖2H1 + ‖u‖2H2 + ‖w‖2H2 + ‖b‖2H2 + ‖θ − θ‖2H2

+ ‖ut‖2 + ‖wt‖2 + ‖bt‖2 + ‖θt‖2
)
(s)ds ≤ C1, (2.1.11)

where τ =
∫ 1

0 τ dx =
∫ 1

0 τ0 dx and the constant θ > 0 is determined by

e(τ, θ) = E0 ≡
∫ 1

0

(
1

2
(u2

0 + |w0|2 + τ0|b0|2) + e(τ0, θ0)

)
dx.

Moreover, there are constants C1 > 0 and γ1 = γ1(C1) > 0 such that, for
any fixed γ ∈ (0, γ1], the following estimate holds for any t > 0:

eγt
(‖τ(t)− τ‖2H1 + ‖u(t)‖2H1 + ‖w(t)‖2H1 + ‖b(t)‖2H1 + ‖θ(t)− θ‖2H1

)
+

∫ t

0

eγs
(
‖τ − τ‖2H1 + ‖u‖2H2 + ‖w‖2H2 + ‖b‖2H2 + ‖θ − θ‖2H2

+ ‖ut‖2 + ‖wt‖2 + ‖bt‖2 + ‖θt‖2
)
(s)ds ≤ C1. (2.1.12)

Theorem 2.1.2. Assume that the initial data (τ0, u0,w0, b0, θ0) ∈ H2
+ and compat-

ibility conditions are satisfied. Assume also that the heat conductivity κ is a C3

function satisfying (2.1.13) on 0 < τ < +∞ and 0 ≤ θ < +∞, and there exists

a constant ε0 > 0 such that τ =
∫ 1

0 τ0 dx ≤ ε0. Then the problem (2.1.1)–(2.1.8)
admits a unique global solution (τ, u,w, b, θ) ∈ H2

+ verifying that, for any t > 0,

‖τ(t)− τ‖2H2 + ‖u(t)‖2H2 + ‖w(t)‖2H2 + ‖b(t)‖2H2 + ‖θ(t)− θ‖2H2



32 Chapter 2. 1D Compressible and Radiative MHD Flows

+ ‖ut(t)‖2 + ‖wt(t)‖2 + ‖bt(t)‖2 + ‖θt(t)‖2 +
∫ t

0

(
‖τ − τ‖2H2

+ ‖u‖2H3 + ‖w‖2H3 + ‖b‖2H3 + ‖θ − θ‖2H3 + ‖utx‖2 + ‖wtx‖2

+ ‖btx‖2 + ‖θtx‖2
)
(s)ds ≤ C2. (2.1.13)

Moreover, there are constants C2 > 0 and γ2 = γ2(C2) > 0 such that, for
any fixed γ ∈ (0, γ2], the following estimate holds for any t > 0:

eγt
(
‖τ(t)− τ‖2H2 + ‖u(t)‖2H2 + ‖w(t)‖2H2 + ‖b(t)‖2H2 + ‖θ(t)− θ‖2H2

+ ‖ut(t)‖2 + ‖wt(t)‖2 + ‖bt(t)‖2 + ‖θt(t)‖2
)
+

∫ t

0

eγs
(
‖τ − τ‖2H2

+ ‖u‖2H3 + ‖w‖2H3 + ‖b‖2H3 + ‖θ − θ‖2H3 + ‖utx‖2 + ‖wtx‖2

+ ‖btx‖2 + ‖θtx‖2
)
(s)ds ≤ C2. (2.1.14)

Theorem 2.1.3. Assume that the initial data (τ0, u0,w0, b0, θ0) ∈ H4
+ and compati-

bility conditions are satisfied. Assume that the heat conductivity κ is a C5 function
satisfying (2.1.13) on 0 < τ < +∞ and 0 ≤ θ < +∞, and there exists a constant

ε0 > 0 such that τ =
∫ 1

0
τ0 dx ≤ ε0. Then the problem (2.1.1)–(2.1.8) admits a

unique global solution (τ, u,w, b, θ) ∈ H4
+ verifying that, for any t > 0,

‖τ(t)− τ‖2H4 + ‖u(t)‖2H4 + ‖w(t)‖2H4 + ‖b(t)‖2H4 + ‖θ(t)− θ‖2H4 + ‖utt(t)‖2
+ ‖wtt(t)‖2 + ‖btt(t)‖2 + ‖ut(t)‖2H2 + ‖wt(t)‖2H2 + ‖bt(t)‖2H2 + ‖θt(t)‖2H2

+ ‖θtt(t)‖2 +
∫ t

0

(
‖τ − τ‖2H4 + ‖u‖2H5 + ‖w‖2H5 + ‖b‖2H5 + ‖θ − θ‖2H5

+ ‖ut‖2H3 + ‖wt‖2H3 + ‖bt‖2H3 + ‖θt‖2H3 + ‖utt‖2H1 + ‖wtt‖2H1

+ ‖btt‖2H1 + ‖θtt‖2H1

)
(s)ds ≤ C4. (2.1.15)

Moreover, there are constants C4 > 0 and γ4 = γ4(C4) > 0 such that, for
any fixed γ ∈ (0, γ4], the following estimate holds for any t > 0:

eγt
(
‖τ(t)− τ‖2H4 + ‖u(t)‖2H4 + ‖w(t)‖2H4 + ‖b(t)‖2H4 + ‖θ(t)− θ‖2H4

+ ‖utt(t)‖2 + ‖wtt(t)‖2 + ‖btt(t)‖2 + ‖ut(t)‖2H2 + ‖wt(t)‖2H2 + ‖bt(t)‖2H2

+ ‖θt(t)‖2H2 + ‖θtt(t)‖2
)
+

∫ t

0

eγs
(
‖τ − τ‖2H4 + ‖u‖2H5 + ‖w‖2H5 + ‖b‖2H5

+ ‖θ − θ‖2H5 + ‖ut‖2H3 + ‖wt‖2H3 + ‖bt‖2H3 + ‖θt‖2H3 + ‖utt‖2H1 + ‖wtt‖2H1

+ ‖btt‖2H1 + ‖θtt‖2H1

)
(s)ds ≤ C4. (2.1.16)
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Corollary 2.1.1. The global solution in Theorem 2.1.3 is in fact a classical solution

(τ, u,w, b, θ) ∈ (C3+1/2(Ω)
)7

that obeys for any γ ∈ (0, γ4] the estimate∥∥∥(τ(t)− τ , u(t),w(t), b(t), θ(t) − θ
)∥∥∥

(C3+1/2(Ω))7
≤ C4e

−γt.

2.2 Global Existence and Exponential Stability in H1

In this section, we shall study the global existence and exponential stability of
problem solutions to (2.1.1)–(2.1.8) in H1 under the assumptions of Theorem
2.1.1. We begin with the following lemmas.

Lemma 2.2.1. Under the assumptions of Theorem 2.1.1, the following relations
and estimates hold for any t > 0,∫ 1

0

τ(x, t)dx =

∫ 1

0

τ0(x)dx, (2.2.1)∫ 1

0

E(x, t)dx =

∫ 1

0

E(x, 0)dx ≡ E0, (2.2.2)∫ 1

0

(
θ + τθ4 + u2 + |w|2 + τ |b|2) (x, t)dx ≤ C1, (2.2.3)

Φ(t) +

∫ t

0

V (s)ds ≤ C1, (2.2.4)

where

Φ(t) =

∫ 1

0

[
Cv(θ − log θ − 1) +R(τ − log τ − 1)

]
(x, t)dx,

V (t) =

∫ 1

0

(
κθ2x
τθ2

+
λu2

x + μ|wx|2 + ν|bx|2
τθ

)
(x, t)dx,

E(x, t) = e(τ, θ) +
1

2
(u2 + |w|2) + 1

2
τ |b|2

= Cvθ + aτθ4 +
1

2
(u2 + |w|2) + 1

2
τ |b|2.

Proof. By (2.1.1) and (2.1.8), we get (2.2.1). Integrating (2.1.5) over Qt := (0, 1)×
(0, t) and using (2.1.8), we get (2.2.2), the conservation law of total energy. Esti-
mate (2.2.3) follows directly from (2.2.2) and (2.1.6).

Equation (2.1.5) can be rewritten as

et + pux =

(
κθx
τ

)
x

+
λu2

x + μ|wx|2 + ν|bx|2
τ

, (2.2.5)
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i.e.,

Cvθt + 4aτθ3θt +
Rθτt
τ

+
4a

3
τtθ

4 =

(
κθx
τ

)
x

+
λu2

x + μ|wx|2 + ν|bx|2
τ

. (2.2.6)

Multiplying (2.2.6) by θ−1 and integrating the resulting equation over Qt, we get
(2.2.4). �
Lemma 2.2.2. For any t ≥ 0, there exists a point x1 = x1(t) ∈ [0, 1] such that
specific volume τ(x, t) in problem (2.1.1)–(2.1.8) can be expressed for any δ ≥ 0 as

τ(x, t) = D(x, t)Z(t)

{
1 + λ−1

∫ t

0

D−1(x, s)Z−1(s)τ(x, s)
[
σ1(x, s)− δ

]
ds

}
,

(2.2.7)
where

D(x, t) = τ0(x) exp

{
λ−1

(∫ x

x1(t)

u(y, t)dy

−
∫ x

0

u0(y)dy + τ0
−1

∫ 1

0

τ0

∫ x

0

u0 dydx

)}
,

Z(t) = exp

{
−(λτ0)

−1

∫ t

0

∫ 1

0

(u2 + τσ1)dyds+
δt

λ

}
,

σ1 = p+
1

2
|b|2, τ0 =

∫ 1

0

τ0dx.

Proof. For any δ ≥ 0, we can rewrite (2.1.1) as

τt = ux =
1

λ
(δ + σ)τ +

1

λ
(σ1 − δ)τ,

i.e.,

τt − 1

λ
(δ + σ)τ =

1

λ
(σ1 − δ)τ, (2.2.8)

where σ = λux

τ − σ1.

Multiplying (2.2.8) by exp
{
− 1

λ

∫ t

0
(σ + δ)ds

}
, we obtain the expression

τ(x, t) = exp

(
1

λ

∫ t

0

(σ + δ)ds

)(
τ0 +

1

λ

∫ t

0

τ(σ1 − δ) exp

(
− 1

λ

∫ s

0

(σ + δ)dr

)
ds

)
.

(2.2.9)

Let

h(x, t) =

∫ t

0

σ(x, s)ds +

∫ x

0

u0(y)dy.

Then from (2.1.2) it follows that h(x, t) satisfies

hx = u, ht = σ =
λux

τ
− σ1. (2.2.10)
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Hence, we have

(τh)t = τth+ τht = (uh)x − u2 + λux − τ

(
p+

1

2
|b|2
)
. (2.2.11)

Integrating (2.2.11) over Qt, we get∫ 1

0

τh dx =

∫ 1

0

τ0h0 dx−
∫ t

0

∫ 1

0

(
u2 + τ(p +

1

2
|b|2)

)
dxds

=

∫ 1

0

τ0

(∫ x

0

u0 dy

)
dx−

∫ t

0

∫ 1

0

(u2 + τσ1) dxds ≡ Γ(t). (2.2.12)

Then for any t ≥ 0, there exists a point x1 = x1(t) ∈ [0, 1] such that

Γ(t) =

∫ 1

0

τh dx =

∫ 1

0

τdx · h(x1(t), t) = τ0 · h(x1(t), t),

i.e.,

h(x1(t), t) =
1

τ0
Γ(t). (2.2.13)

Thus from (2.2.10)–(2.2.13) we deduce that∫ t

0

σ(x1(t), s)ds = h(x1(t), t)−
∫ x1(t)

0

u0 dy =
1

τ0
Γ(t)−

∫ x1(t)

0

u0 dy. (2.2.14)

Integrating (2.1.2) over [x1(t), x] × [0, t], we get∫ t

0

σ(x, s)ds =

∫ t

0

σ(x1(t), s)ds+

∫ x

x1(t)

(u− u0)dy. (2.2.15)

Then we infer from (2.2.14) and (2.2.15) that∫ t

0

σ(x, s)ds =
1

τ0
Γ(t)−

∫ x1(t)

0

u0 dy +

∫ x

x1(t)

(u− u0)dy

=
1

τ0
Γ(t)−

∫ x

0

u0 dy +

∫ x

x1(t)

u(y, t)dy,

which, together with (2.2.9), gives (2.2.7). The proof is complete. �

Lemma 2.2.3. Under the assumptions of Theorem 2.1.1, the following estimate
holds:

0 < C−1
1 ≤ τ(x, t) ≤ C1, ∀(x, t) ∈ [0, 1]× [0,+∞). (2.2.16)
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Proof. It follows from (2.2.4) and the convexity of the function − log y that∫ 1

0

θ dx− log

∫ 1

0

θ dx− 1 ≤
∫ 1

0

(θ − log θ − 1)dx ≤ C1/Cv,

which implies that there exist a point b(t) ∈ [0, 1] and two positive constants r1, r2
such that

0 < r1 ≤
∫ 1

0

θ dx = θ(b(t), t) ≤ r2,

with r1, r2 being the two positive roots of the equation y − log y − 1 = C1/Cv. It
follows that ∫ 1

0

τp dx ≤ max(R, a/3)

∫ 1

0

(θ + τθ4)dx

≤ max(R, a/3)

min(Cv, a)

∫ 1

0

e dx ≤ max(R, a/3)

min(Cv, a)
E0

and ∫ 1

0

(
u2 +

τ

2
|b|2
)
dx ≤ 2E0,

whence

0 < a1 ≤ 1

λτ0

∫ 1

0

(
u2 + τ(p+

1

2
|b|2)

)
(x, s)dx ≤ a2 (2.2.17)

with

a1 =
Rr1
λτ0

, a2 =
1

λτ0

[
Rr2 +

(
2 +

max(R, a/3)

min(Cv, a)

)
E0

]
.

By Lemmas 2.2.1 and 2.2.2, we derive

0 < C−1
1 ≤ D(x, t) ≤ C1, ∀(x, t) ∈ [0, 1]× [0,+∞). (2.2.18)

On the other hand, for 0 ≤ m ≤ (q + 4)/2, we infer from Lemma 2.2.1 that

|θm(x, t)− θm(b(t), t)| ≤ C1

∣∣∣∣∣
∫ x

b(t)

θm−1θy dy

∣∣∣∣∣
≤ C1

(∫ 1

0

κθ2y
τθ2

dy

) 1
2 (∫ 1

0

τθ2m

κ
dy

) 1
2

≤ C1V (t)
1
2

(∫ 1

0

τ(1 + θ)2m−qdy

) 1
2

≤ C1V (t)
1
2 .
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Thus,

1

2
r2m1 − C1V (t) ≤ θ2m(x, t) ≤ 2r2m2 + C1V (t), 0 ≤ m ≤ q + 4

2
. (2.2.19)

Obviously, from Lemmas 2.2.1–2.2.2 and (2.2.17), for δ ≥ 0 and 0 ≤ s ≤ t,
we get

e−(a2−δ/λ)(t−s) ≤ Z(t)Z−1(s) ≤ e−(a1−δ/λ)(t−s), 0 ≤ s ≤ t, 0 < a1 < a2.
(2.2.20)

Noting that σ1τ = τp + τ
2 |b|2 = Rθ + a

3 τθ
4 + τ

2 |b|2 ≥ Rθ, we use (2.2.17)–
(2.2.20) to derive that there exists a large time t0 > 0 such that as t ≥ t0 > 0, for
δ = 0 in Lemma 2.2.2,

τ(x, t) ≥ λ−1

∫ t

0

D(x, t)Z(t)D−1(x, s)Z−1(s)σ1(x, s)τ(x, s)ds

≥ C−1
1

∫ t

0

θ(x, s)e−a2(t−s)ds ≥ C−1
1

∫ t

0

(
1

2
r21 − C1V (s)

)
e−a2(t−s)ds

≥ r21
2a2C1

(1− e−a2t)− C−1
1

∫ t

0

V (s)e−a2(t−s)ds

≥ r21
4a2C1

> 0, (2.2.21)

where we have used the fact that, as t → +∞,∫ t

0

V (s)e−a2(t−s)ds ≤ e−a2t/2

∫ +∞

0

V (s)ds+

∫ t

t
2

V (s)ds → 0.

On the other hand, we can also derive from Lemma 2.2.2 with δ = 0 and
(2.2.20) that for any t ∈ [0, t0],

τ(x, t) ≥ D(x, t)

Z(t)
≥ C−1

1 e−a2t ≥ C−1
1 e−a2t0 > 0,

which, together with (2.2.21), gives

τ(x, t) ≥ C−1
1 > 0, ∀(x, t) ∈ [0, 1]× [0,+∞). (2.2.22)

Now let us prove that τ(x, t) ≤ C1. If we choose 0 < ε0 < 3Rr1
ar42

, then as

τ0 ≤ ε0, we get
Rr1
τ0

≥ Rr1
ε0

>
ar42
3

≥ aθ41
3

. (2.2.23)

Thanks to (2.2.23), we can pick δ > 0 such that

Rr1
τ0

≥ Rr1
ε0

> δ >
ar42
3

≥ aθ41
3

,
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which gives

ζ ≡ a1 − δ

λ
=

1

λ
[λa1 − δ] =

1

λ

[
Rr1
τ0

− δ

]
> 0, (2.2.24)

δ1 ≡ 3

a
θ−4
1 δ − 1 ≥ 3

a
r−4
2 δ − 1 ≡ δ0 > 0. (2.2.25)

Noting that for any ε, c1, c2 > 0, c ∈ R, we have, by the Young inequality,
that c1c2 ≤ εc21 + c22/(2ε) and also inequality c4 − 1 − ε ≤ (c2 − 1)2(1 + ε−1), we
derive from (2.2.24)–(2.2.25) that

τ(σ1 − δ) = Rθ +
τ

2
|b|2 + τ

(a
3
θ4 − δ

)
, (2.2.26)

and

τ
(a
3
θ4 − δ

)
=

a

3
θ41τ

(
θ̃4 − 3

a
θ−4
1 δ

)
≤ a

3
θ41τ max[θ̃4 − 1− δ1, 0]

≤ a

3
θ41τ max[θ̃4 − 1− δ0, 0]

≤ a

3
θ41τ(θ̃

2 − 1)2(1 + δ−1
0 )

≤ C1τ(θ̃
2 − 1)2, (2.2.27)

where

θ̃ = θ(x, t)/θ1, θ1 ≡ θ(b(t), t) =

∫ 1

0

θ(x, t)dx ∈ [r1, r2].

Noting that θ̃(b(t), t) and using the Poincaré inequality, we have

(θ̃2 − 1)2 ≤
(∫ 1

0

2|θ̃θ̃x|dx
)2

≤ C1

(∫ 1

0

|θθx|dx
)2

≤ C1

(∫ 1

0

κθ2x
τθ2

dx

)(∫ 1

0

τθ4

κ
dx

)
≤ C1V (t)

∫ 1

0

τ(1 + θ4)dx ≤ C1V (t). (2.2.28)

By Lemma 2.2.1, we get

‖b(t)‖2L∞ ≤ C1

(∫ 1

0

|bx|dx
)2

≤ C1

(∫ 1

0

|bx|2
τθ

dx

)(∫ 1

0

τθdx

)
≤ C1V (t)

∫ 1

0

τ(1 + θ4)dx ≤ C1V (t),
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which, together with (2.2.26)–(2.2.28), yields

τ(σ1 − δ) ≤ Rθ + C1V (t)τ,

∫ +∞

0

‖b(t)‖2L∞dt ≤ C1. (2.2.29)

Thus it follows from Lemma 2.2.2 that

τ(x, t) ≤ C1 + C1

∫ t

0

[1 + V (s) + τV (s)] exp[−ζ(t− s)]ds

≤ C1 + C1

∫ t

0

τV (s) exp[−ζ(t− s)]ds,

i.e.,

M(t) ≤ C1 exp(ζt) + C1

∫ t

0

V (s)M(s)ds, (2.2.30)

with M(t) = eζt maxx∈[0,1] τ(x, t) ≡ eζtMτ (t). Thus, by Gronwall’s inequality,

M(t) ≤ C1 exp(ζt) exp

[
C1

∫ t

0

V (s)ds

]
≤ C1 exp(ζt),

i.e.,
Mτ (t) ≤ C1,

which, together with (2.2.22), gives (2.2.16). �
Corollary 2.2.1. Under the assumptions of Theorem 2.1.1, the following estimate
holds:

C−1
1 −C1V (t) ≤ θ2m(x, t) ≤ C1+C1V (t), 0 ≤ m ≤ q + 4

2
, ∀(x, t) ∈ [0, 1]×[0,+∞).

(2.2.31)

Lemma 2.2.4. Under the assumptions in Theorem 2.1.1, the following estimate
holds for any t > 0:

‖w(t)‖2H1 + ‖b(t)‖2H1 +

∫ t

0

(
‖wx‖2 + ‖bx‖2

+ ‖wt‖2 + ‖bt‖2 + ‖b‖2L∞ + ‖w‖2L∞

)
(s)ds ≤ C1. (2.2.32)

Proof. Multiplying (2.1.3) by w, wt and (2.1.4) by b, bt, respectively, and then
adding the resulting equalities, integrating over Qt, and using Lemmas 2.2.1–2.2.3,
we get

‖w(t)‖2H1 + ‖b(t)‖2H1 + C1

∫ t

0

(
‖wx‖2 + ‖bx‖2 + ‖wt‖2 + ‖bt‖2

)
(s)ds

≤ C1

∫ t

0

∫ 1

0

∣∣∣(w · b)x + wx · bt + bx · wt +
(
b · bx + bt · bx + b · btx

)
u
∣∣∣ (x, s)dxds
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≤ C1

4

∫ t

0

(
‖wx‖2 + ‖bx‖2 + ‖wt‖2 + ‖bt‖2

)
(s)ds

+ C1

∫ t

0

‖u(s)‖L∞

∣∣∣∣∫ 1

0

(
b · bx + bt · bx + b · btx

)
dx

∣∣∣∣ ds
=

C1

4

∫ t

0

(
‖wx‖2 + ‖bx‖2 + ‖wt‖2 + ‖bt‖2

)
(s)ds

+ C1

∫ t

0

‖u(s)‖L∞

∣∣∣∣∫ 1

0

(
b · bx + bt · bx − bt · bx

)
dx

∣∣∣∣ ds
≤ C1

2

∫ t

0

(
‖wx‖2 + ‖bx‖2 + ‖wt‖2 + ‖bt‖2

)
(s)ds

+ C1

∫ t

0

‖u(s)‖L∞

∣∣∣∣∫ 1

0

b · bxdx
∣∣∣∣ ds

≤ C1

2

∫ t

0

(
‖wx‖2 + ‖bx‖2 + ‖wt‖2 + ‖bt‖2

)
(s)ds

+ C1

∫ t

0

‖b(s)‖2L∞

(
‖w‖2H1 + ‖b‖2H1

)
(s)ds,

i.e.,

‖w(t)‖2H1 + ‖b(t)‖2H1 +

∫ t

0

(
‖wx‖2 + ‖bx‖2 + ‖wt‖2 + ‖bt‖2

)
(s)ds

≤ C1 + C1

∫ t

0

‖b(s)‖2L∞

(
‖w‖2H1 + ‖b‖2H1

)
(s)ds. (2.2.33)

Applying the Gronwall inequality to (2.2.33) and using (2.2.29) and the Poincaré
inequality, we get (2.2.32). �
Lemma 2.2.5. Under the assumptions of Theorem 2.1.1, the following estimate
holds for any t > 0:

‖τx(t)‖2 +
∫ t

0

∫ 1

0

(
τ2x + θτ2x

)
(x, s)dxds ≤ C1 + C1A

q0 , (2.2.34)

with A = sup
0≤s≤t

‖θ(s)‖L∞ and q0 = max(4− q, 0).

Proof. Equation (2.1.2) can be rewritten as(
u− λτx

τ

)
t

=
Rθτx
τ2

− Rτx
τ

− 4a

3
θ3θx − b · bx. (2.2.35)

Multiplying (2.2.35) by u− λτx
τ , and integrating the resulting equation over

Qt, we have

1

2

∥∥∥∥u(t)− λτx
τ

(t)

∥∥∥∥2 +Rλ

∫ t

0

∫ 1

0

θτ2x
τ3

(x, s)dxds =
1

2

∥∥∥∥u0 − λτ0x
τ0

∥∥∥∥2 (2.2.36)
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+

∫ t

0

∫ 1

0

{
R
θτ2xu

τ2
−
[(

R

τ
+

4a

3
θ3
)
θx − b · bx

](
u− λτx

τ

)}
(x, s)dxds,

which gives

‖τx(t)‖2 +
∫ t

0

∫ 1

0

θτ2x(x, s)dxds

≤ C1 + C1

∫ t

0

∫ 1

0

[
|θτxu|+ |uθx|+ |θ3θxu|+ |θxτx|+ |θ3θxτx|

+ |b · bxu|+ |b · bxτx|
]
(x, s)dxds. (2.2.37)

Using Lemmas 2.2.1–2.2.4, we easily derive that for any ε > 0,∫ t

0

∫ 1

0

|θτxu|dxds ≤ ε

∫ t

0

∫ 1

0

θτ2x dxds+ C1(ε)

∫ t

0

‖u(s)‖2L∞

(∫ 1

0

θdx

)
ds

≤ C1(ε) + ε

∫ t

0

∫ 1

0

θτ2x dxds, (2.2.38)

∫ t

0

∫ 1

0

|θxu|dxds ≤
(∫ t

0

∫ 1

0

κθ2x
τθ2

dxds

) 1
2
(∫ t

0

∫ 1

0

τθ2u2

κ
dxds

) 1
2

≤ C1

(∫ t

0

‖u(s)‖2L∞

(∫ 1

0

τ(1 + θ)2−qdx

)
ds

) 1
2

≤ C1, (2.2.39)

∫ t

0

∫ 1

0

|θ3θxu|dxds ≤
(∫ t

0

∫ 1

0

κθ2x
τθ2

dxds

) 1
2
(∫ t

0

∫ 1

0

τθ8u2

κ
dxds

) 1
2

≤ C1 +Aq0 , (2.2.40)

∫ t

0

∫ 1

0

|θxτx|dxds ≤
(∫ t

0

V (s)ds

) 1
2
(∫ t

0

∫ 1

0

τθ2τ2x
κ

dxds

) 1
2

≤ C1 sup
0≤s≤t

∥∥∥∥ τθκ (s)

∥∥∥∥ 1
2

L∞

(∫ t

0

∫ 1

0

θτ2x dxds

) 1
2

≤ ε

∫ t

0

∫ 1

0

θτ2x dxds+ C1(ε) + C1(ε)A
max(1−q,0), (2.2.41)

∫ t

0

∫ 1

0

|(θ2 − θ21)θθxτx|dxds ≤ C1

∫ t

0

∫ 1

0

|θθx|dxds
∫ t

0

∫ 1

0

|θθxτx|dxds
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≤ C1 sup
0≤s≤t

[(∫ 1

0

τθ4

κ
dx

) 1
2
(∫ 1

0

τθ4τ2x
κ

dx

) 1
2

] ∫ t

0

V (s) ds

≤ C1 + C1 sup
0≤s≤t

[(∫ 1

0

(1 + θ4)τdx

) 1
2
(∥∥∥∥τθ4κ (s)‖ 1

2

L∞‖τx(s)
∥∥∥∥)
]

≤ ε sup
0≤s≤t

‖τx(s)‖2 + C1(ε) + C1(ε)A
q0 , (2.2.42)

which gives∫ t

0

∫ 1

0

|θ3θxτx|dxds ≤
∫ t

0

∫ 1

0

∣∣(θ2 − θ21)θθxτx
∣∣ dxds+ ∫ t

0

∫ 1

0

|θ21θθxτx|dxds

≤ ε sup
0≤s≤t

‖τx(s)‖2 + C1 + C1A
q0 + C1

(∫ t

0

V (s) ds

) 1
2
(∫ t

0

∫ 1

0

τθ4τ2x
κ

dxds

) 1
2

≤ ε sup
0≤s≤t

‖τx(s)‖2 + C1 + C1A
q0 + C1 sup

0≤s≤t

∥∥∥∥τθ3κ (s)

∥∥∥∥
1
2

L∞

(∫ t

0

∫ 1

0

θτ2x dxds

) 1
2

≤ ε sup
0≤s≤t

‖τx(s)‖2 + C1(ε) + C1(ε)A
q0 + ε

∫ t

0

∫ 1

0

θτ2x dxds, (2.2.43)

∫ t

0

∫ 1

0

|b · bxu|dxds ≤
∫ t

0

‖u(s)‖L∞

(∫ 1

0

|b · bx|dx
)
ds

≤ C1 + C1

∫ t

0

∫ 1

0

|b|2|bx|2dxds

≤ C1 + C1

∫ t

0

‖b(s)‖2L∞‖bx(s)‖2ds ≤ C1, (2.2.44)

∫ t

0

∫ 1

0

|b · bxτx|dxds ≤ C1(ε) + ε

∫ t

0

∫ 1

0

τ2x dxds. (2.2.45)

Inserting (2.2.38)–(2.2.45) into (2.2.37), we easily obtain (2.2.34). �
Lemma 2.2.6. Under the assumptions of Theorem 2.1.1, the following estimates
hold for any t > 0: ∫ t

0

∫ 1

0

(1 + θ)2mτ2x dxds ≤ C1 + C1A
q0 , (2.2.46)∫ t

0

∫ 1

0

(1 + θ)2mu2dxds ≤ C1, (2.2.47)∫ t

0

∫ 1

0

(1 + θ)2m
(
|wx|2 + |bx|2

)
dxds ≤ C1, (2.2.48)

where 0 ≤ m ≤ q+4
2 .
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Proof. It follows from (2.2.33) and Lemma 2.2.5 that∫ t

0

∫ 1

0

(1+θ)2mτ2x dxds ≤ C1

∫ t

0

‖τx(s)‖2ds+C1

∫ t

0

V (s)‖τx(s)‖2ds ≤ C1+C1A
q0 .

The proof of (2.2.47) and (2.2.48) is similar to that of (2.2.46). �
Lemma 2.2.7. Under the assumptions of Theorem 2.1.1, the following estimates
hold for any t > 0: ∫ t

0

‖ux(s)‖2ds ≤ C1 + C1A
q0 , (2.2.49)

‖ux(t)‖2 +
∫ t

0

‖ut(s)‖2ds ≤ C1 + C1A
q1 , (2.2.50)∫ t

0

‖uxx(s)‖2ds ≤ C1 + C1A
q2 , (2.2.51)

where q1 = max(8 − q, 0), q2 = max(3q0, q1).

Proof. Multiplying (2.1.2) by u, ut, uxx, respectively, and then integrating the
result over Qt and using Lemmas 2.2.1–2.2.6, we get

‖u(t)‖2 +
∫ t

0

‖ux(s)‖2ds ≤ C1 + C1

∣∣∣∣∫ t

0

∫ 1

0

(
τxθu+ (1 + θ3)θxu+ |b · bxu|

)
dxds

∣∣∣∣
≤ C1 + C1

∫ t

0

V (s)ds+ C1

∫ t

0

∫ 1

0

[
θu2 + θτ2x +

τ(1 + θ3)2θ2u2

κ
+ b · bxu

]
dxds

≤ C1 + C1A
q0 ,

‖ux(t)‖2 +
∫ t

0

‖ut(s)‖2ds ≤ C1

∫ t

0

∫ 1

0

(|pxut|+ |b · bxut|) dxds

≤ 1

2

∫ t

0

‖ut(s)‖2ds+ C1

∫ t

0

∫ 1

0

[
(1 + θ3)2θ2x + θ2τ2x + |b|2|bx|2

]
dxds

≤ 1

2

∫ t

0

‖ut(s)‖2ds+ C1 + C1A
q1 + C1A

q0

≤ 1

2

∫ t

0

‖ut(s)‖2ds+ C1 + C1A
q1 ,

which gives

‖ux(t)‖2 +
∫ t

0

‖ut(s)‖2ds ≤ C1 + C1A
q1 ,

‖ux(t)‖2 +
∫ t

0

‖uxx(s)‖2ds
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≤ C1

∫ t

0

∫ 1

0

(|(1 + θ3)θxuxx|+ |θτxuxx|+ |uxτxuxx|+ |b · bxuxx|
)
dxds

≤ C1(ε) + ε

∫ t

0

‖uxx(s)‖2ds+ C1(ε)A
q1 + C1(ε)A

q0

+ C1A
q0

(∫ t

0

‖ux(s)‖2ds
) 1

2
(∫ t

0

‖uxx(s)‖2ds
) 1

2

≤ C1(ε) + ε

∫ t

0

‖uxx(s)‖2ds+ C1(ε)A
q1 + C1(ε)A

3q0

≤ εC1(ε) +

∫ t

0

‖uxx(s)‖2ds+ C1(ε)A
q2 ,

i.e., for ε small enough,

‖ux(t)‖2 +
∫ t

0

‖uxx(s)‖2ds ≤ C1 + C1A
q2 . �

Corollary 2.2.2. Under the assumptions of Theorem 2.1.1, the following estimate
holds:∫ t

0

∫ 1

0

(1 + θ)2mu2
x dxds ≤ C1(1 +A)q1 , ∀t > 0, 0 ≤ m ≤ q + 4

2
. (2.2.52)

Proof. We easily derive from (2.2.33), (2.2.49) and (2.2.50) that∫ t

0

∫ 1

0

(1 + θ)2mu2
x dxds ≤ C1

∫ t

0

∫ 1

0

u2
x dxds + C1

∫ t

0

∫ 1

0

V (s)u2
x dxds

≤ C1 + C1A
q0 + C1A

q1 ≤ C1 + C1A
q1 ,

which gives (2.2.52). �
Lemma 2.2.8. Under the assumptions of Theorem 2.1.1, the following estimates
hold for any t > 0:∫ t

0

(
‖wxx‖2 + ‖bxx‖2

)
(s)ds ≤ C1 + C1A

q1 . (2.2.53)

Proof. Multiplying (2.1.3), (2.1.4) by wxx, bxx, respectively, and then integrating
the results over Qt and using Lemmas 2.2.1–2.2.7, we get for any ε > 0

‖wx(t)‖2 + ‖bx(t)‖2 +
∫ t

0

(
‖wxx‖2 + bxx‖2

)
(s)ds

≤ C1 + C1

∣∣∣∫ t

0

∫ 1

0

(
wxx · bx + wxx · wxτx + bxx · wx

+ bxx · bxτx + uxbxx · b
)
dxds

∣∣∣
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≤ C1 + ε

∫ t

0

(
‖wxx‖2 + ‖bxx‖2

)
(s)ds+ C1(ε)

∫ t

0

(
‖wx‖2 + ‖bx‖2

)
(s)ds

+ C1(ε)

∫ t

0

(
‖τxwx‖2 + ‖τxbx‖2 + ‖uxb‖2

)
(s)ds

≤ C1 + ε

∫ t

0

(
‖wxx‖2 + ‖bxx‖2

)
(s)ds

+ C1(ε)

∫ t

0

([
‖wx‖2L∞ + ‖bx‖2L∞

]
‖τx‖2 + ‖b‖2L∞‖ux‖2

)
(s)ds

≤ C1 + ε

∫ t

0

(
‖wxx‖2 + ‖bxx‖2

)
(s)ds+ C1(ε)A

2q0

+ C1(ε)(1 +Aq1)

∫ t

0

‖b‖2L∞(s)ds

≤ C1 + ε

∫ t

0

(
‖wxx‖2 + ‖bxx‖2

)
(s)ds+ C1(ε)A

2q0 + C1(ε)A
q1

≤ C1 + ε

∫ t

0

(
‖wxx‖2 + ‖bxx‖2

)
(s)ds+ C1(ε)A

q1 .

Therefore, for ε > 0 small enough,∫ t

0

(
‖wxx‖2 + ‖wxx‖2

)
(s)ds ≤ C1 + C1A

q1 . �

Lemma 2.2.9. Under the assumptions of Theorem 2.1.1, the following estimate
holds for any t > 0:

‖θ + θ4‖2 +
∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds ≤ C1 + C1A
q4 , (2.2.54)

where q4 = max (q3, 2q0, q1) and q3 = max(7− 2q, 0).

Proof. Multiplying (2.2.5) by e and integrating the resulting equation over Qt, we
have

‖θ + θ4‖2 +
∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds

≤ C1

∫ t

0

∫ 1

0

∣∣(pe)xu+ (u2
x + |wx|2 + |bx|2)e

∣∣ dxds (2.2.55)

≤ C1

∫ t

0

∫ 1

0

{
(1 + θ7)|θxu|+ (1 + θ8)|τxu|+ (1 + θ4)

[
u2
x + |wx|2 + |bx|2

]}
dxds.

By Lemmas 2.2.1–2.2.8 and Corollaries 2.2.1–2.2.2, it holds that for any ε > 0,∫ t

0

∫ 1

0

(1 + θ7)|θxu|dxds
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≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2x dxds+ C1(ε)

∫ t

0

∫ 1

0

(1 + θ)11−qu2dxds

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2x dxds+ C1(ε) + C1(ε)A
q3 , (2.2.56)

∫ t

0

∫ 1

0

(1 + θ8)|τxu|dxds

≤ C1

∫ t

0

∫ 1

0

(1 + θ)8τ2x dxds+ C1

∫ t

0

∫ 1

0

(1 + θ)8u2dxds

≤ C1A
q0

∫ t

0

∫ 1

0

(1 + θ)q+4τ2x dxds + C1A
q0

∫ t

0

∫ 1

0

(1 + θ)q+4u2dxds

≤ C1 + C1A
2q0 , (2.2.57)∫ t

0

∫ 1

0

(1 + θ4)
∣∣u2

x + |wx|2 + |bx|2
∣∣ dxds

≤
∫ t

0

∫ 1

0

(1 + θ)4u2
x dxds+

∫ t

0

∫ 1

0

(1 + θ)4
(|wx|2 + |bx|2

)
dxds

≤ C1 + C1A
q1 . (2.2.58)

Substituting the estimates (2.2.56) to (2.2.58) into (2.2.55), we get (2.2.54). �

Lemma 2.2.10. Under the assumptions of Theorem 2.1.1, the following estimates
hold for any t > 0:∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds+

∫ 1

0

(1 + θ)2qθ2x dx ≤ C1 + C1A
q12 , (2.2.59)

where

q5 = max(3q − 1, 0), q6 = max(3− q, 0),

q7 = max(q − 3, 0), q9 = max(q − 2, 0),

q8 = max

{
q0 +

3q7 + q4
2

+
q0 + 2q1 + q2

4
,

q0 +
3q7 + q4

2
+

q0 + q1
2

, 2q0 + 3q7 + q4 + q6

}
,

q10 = max

{
q1, q9 +

q0 + 2q1 + q2
2

, q9 + q1

}
,

q11 = max

{
q7 +

q0 + 2q1 + q2
2

, q7 + q1

}
,

q12 = max

{
q1 + 1,

q2 + q4 + q5
2

,
q4 + q5

2
+

q1 + 3q0
4

, q8, q10, q11

}
.
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Proof. Let

H(x, t) = H(τ, θ) =

∫ θ

0

κ(τ, s)

τ
ds.

Then it is easy to verify that

Ht = Hτux +
κ(x, θ)θt

τ
,

Hxt =

[
κ(x, θ)θx

τ

]
t

+Hτuxx +Hττuxτx +
(κ
τ

)
τ
τxθt,

|Hτ |+ |Hττ | ≤ C1(1 + θ)q+1. (2.2.60)

We rewrite (2.1.5) as

eθθt + θpθux =

(
κθx
τ

)
x

+
λu2

x + μ|wx|2 + ν|bx|2
τ

. (2.2.61)

Multiplying (2.2.61) by Ht and integrating the resulting equation over Qt,
we obtain ∫ t

0

∫ 1

0

(eθθt + θpθux)Htdxds+

∫ t

0

∫ 1

0

(
κθx
τ

)
Htxdxds

=

∫ t

0

∫ 1

0

(
λu2

x + μ|wx|2 + ν|bx|2
τ

)
Htdxds. (2.2.62)

Now we estimate each term in (2.2.62) by using Lemmas 2.2.1–2.2.9.

First we have, for any ε > 0, that∫ t

0

∫ 1

0

eθθtHτuxdxds ≤ C1

∫ t

0

∫ 1

0

(1 + θ)q+4|θtux|dxds

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds+ C1

∫ t

0

∫ 1

0

(1 + θ)q+5u2
xdxds

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds+ C1(ε) + C1(ε)A
q1+1, (2.2.63)

∫ t

0

∫ 1

0

eθθt
κθt
τ

dxds ≥ C0

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds, (2.2.64)

∫ t

0

∫ 1

0

θpθuxHτuxdxds ≤ C1

∫ t

0

∫ 1

0

(1 + θ)q+5u2
xdxds

≤ C1 + C1A
q1+1, (2.2.65)

∫ t

0

∫ 1

0

θpθux
κθt
τ

dxds ≤ C1

∫ t

0

∫ 1

0

(1 + θ)q+4|θtux|dxds (2.2.66)
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≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds+ C1(ε) + C1(ε)A
q1+1,

∫ t

0

∫ 1

0

κθx
τ

(
κθx
τ

)
t

dxds =
1

2

∫ 1

0

(
κθx
τ

)2

dx

∣∣∣∣t
0

≥ C−1
1

∫ 1

0

(1 + θ)2qθ2xdx− C1,

(2.2.67)∫ t

0

∫ 1

0

κθt
τ

Hτuxxdxds ≤ C1

∫ t

0

∫ 1

0

(1 + θ)2q+1|θxuxx|dxds

≤ C1

(∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds

) 1
2
(∫ t

0

∫ 1

0

(1 + θ)3q−1u2
xxdxds

) 1
2

≤ C1 + C1A
q2+q4+q5

2 , (2.2.68)

∫ t

0

∫ 1

0

κθx
τ

Hττuxτxdxds ≤ C1

∫ t

0

∫ 1

0

(1 + θ)2q+1|θxuxτx|dxds

≤ C1

(∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds

) 1
2
(∫ t

0

∫ 1

0

(1 + θ)3q−1u2
xτ

2
xdxds

) 1
2

≤ C1A
q4+q5

2

(∫ t

0

‖ux(s)‖2L∞‖τx(s)‖2ds
) 1

2

≤ C1A
q4+q5

2 +
3q0+q2

4 , (2.2.69)

∫ t

0

‖
(
κθx
τ

)
x

‖2ds ≤ C1

∫ t

0

(‖eθθt‖2 + ‖θpθux‖2 + ‖u2
x + |wx|2 + |bx|2‖2

)
ds

≤ C1

∫ t

0

∫ 1

0

[
(1 + θ)6θ2t + (1 + θ)8u2

x + u4
x + |wx|4 + |bx|4

]
dxds

≤ C1(1 +A)3−q

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds+ (1 +A)q0
∫ t

0

∫ 1

0

(1 + θ)q+4u2
xdxds

+

∫ t

0

‖ux(s)‖3‖uxx(s)‖ds+
∫ t

0

‖wx(s)‖3‖wxx(s)‖ds

+

∫ t

0

‖bx(s)‖3‖bxx(s)‖ds

≤ C1(1 +A)q6
∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds+ C1(1 +A)q0+q1

+ C1(1 +A)
q0+2q1+q2

2 + C1(1 +A)q1 , (2.2.70)

∫ t

0

∫ 1

0

κθx
τ

(κ
τ

)
τ
τxθtdxds ≤ C1

∫ t

0

∫ 1

0

(1 + θ)2q |θxθtτx|dxds
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≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds+ C1

∫ t

0

∫ 1

0

(1 + θ)3q−3

κ2

(
κθx
τ

)2

τ2xdxds

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds+ C1(1 +A)q7
∫ t

0

∥∥∥∥κθxτ (s)

∥∥∥∥2
L∞

‖τx(s)‖2ds

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds+ C1(1 +A)q0+q7

∫ t

0

∥∥∥∥κθxτ (s)

∥∥∥∥ ∥∥∥∥(κθx
τ

)
x

(s)

∥∥∥∥ ds
≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds+ C1(1 +A)q0+q7

(∫ t

0

∥∥∥∥κθxτ (s)

∥∥∥∥2 ds
) 1

2

×
(∫ t

0

∥∥∥∥(κθx
τ

)
x

(s)

∥∥∥∥2 ds
) 1

2

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds+ C1(1 +A)q0+
3q7
2

(∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds

) 1
2

×
(∫ t

0

∥∥∥∥(κθx
τ

)
x

(s)

∥∥∥∥2 ds
) 1

2

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds+ C1 + C1A
q0+

3q7+q4
2 +

q0+2q1+q2
4

+ C1A
q0+

3q7+q4
2 +

q1+q0
2 + C1A

2q0+3q7+q4+q6

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds+ C1(ε) + C1A
q8 , (2.2.71)

∫ t

0

∫ 1

0

λu2
x + μ|wx|2 + ν|bx|2

τ
Hτuxdxds

≤ C1

∫ t

0

∫ 1

0

(1 + θ)q+1 |ux| λu
2
x + μ|wx|2 + ν|bx|2

τ
dxds

≤ C1

∫ t

0

∫ 1

0

(1 + θ)q+4u2
xdxds

+ C1

∫ t

0

∫ 1

0

(1 + θ)q−2
(
λu4

x + μ|wx|4 + ν|wx|4
)
dxds

≤ C1(1 +A)q1 + C1(1 +A)q9+
q0+2q1+q2

2 + C1(1 +A)q9+q1

≤ C1 + C1(1 +A)q10 , (2.2.72)∫ t

0

∫ 1

0

λu2
x + μ|wx|2 + ν|bx|2

τ

κθt
τ

dxds

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds
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+ C1

∫ t

0

∫ 1

0

(1 + θ)q−3
(
λu4

x + μ|wx|4 + ν|bx|4
)
dxds

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds + C1(1 +A)q7+
q0+2q1+q2

2 + C1(1 +A)q7+q1

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds + C1(ε) + C1(ε)(1 +A)q11 . (2.2.73)

Therefore estimate (2.2.59) follows from (2.2.62)–(2.2.73) for ε > 0 small enough.
�

Lemma 2.2.11. Under the assumptions of Theorem 2.1.1, the following estimate
holds for any t > 0:

‖θ(t)‖L∞ ≤ C1. (2.2.74)

Proof. By Lemmas 2.2.1–2.2.10,

|θq+3 − θq+3
1 | ≤ C1

∫ 1

0

|θq+2θx|dx

≤ C1

(∫ 1

0

|θ2qθ2x|dx
) 1

2
(∫ 1

0

|θ4|dx
) 1

2

≤ C1(1 +A)
q12
2 ,

which gives
Aq+3 ≤ C1 + C1A

q12
2 .

It is easy to verify that q12 < 2q + 6 if q > 2. Therefore, by the Young inequality,
we obtain A ≤ C1, i.e., ‖θ(t)‖L∞ ≤ C1. �

Lemma 2.2.12. Under the assumptions of Theorem 2.1.1, the following estimates
hold for any t > 0:

d

dt
‖τx(t)‖2 ≤ C1

(
‖τx(t)‖2 + ‖uxx(t)‖2

)
, (2.2.75)

d

dt
‖ux(t)‖2 ≤ C1

(
‖θx(t)‖2 + ‖τx(t)‖2 + ‖b(t) · bx(t)‖2 + ‖ux(t)‖2 + ‖uxx(t)‖2

)
,

(2.2.76)

d

dt
‖wx(t)‖2 ≤ C1

(
‖τx(t)‖2 + ‖bx(t)‖2 + ‖wxx(t)‖2

)
, (2.2.77)

d

dt
‖bx(t)‖2 ≤ C1

(
‖τx(t)‖2 + ‖wx(t)‖2 + ‖bxx(t)‖2

)
, (2.2.78)

d

dt
‖θx(t)‖2 +

∫ 1

0

(1 + θ)q+3θ2xxdx

≤ C1

(
‖θx(t)‖2 + ‖uxx(t)‖2 + ‖wxx(t)‖2 + ‖bxx(t)‖2

)
. (2.2.79)
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Proof. Differentiating (2.1.1) with respect to x and multiplying the resulting equa-
tion by τx, we obtain (2.2.75).

Similarly, multiplying (2.1.2)–(2.1.4) by uxx, wxx, bxx, respectively, and then
integrating the resulting equation over [0, 1], we get estimates (2.2.76)–(2.2.78).

Multiplying (2.2.61) by e−1
θ θxx and integrating the resulting equation on

[0, 1], we deduce

d

dt
‖θx(t)‖2 + 2

∫ 1

0

κθ2xx
τeθ

dx

=

∫ 1

0

(
θpθux

eθ
− λu2

x

τeθ
− κxθx

τeθ
+

κθxτxθxx
τ2eθ

− μw2
x

τeθ
− νb2x

τeθ

)
θxxdx

≤ ε‖θxx(t)‖2 + C1(ε)
(
‖ux(t)‖2 + ‖ux(t)‖4L4 + ‖θx(t)‖4L4 + ‖wx(t)‖4L4

+ ‖bx(t)‖4L4 + ‖τxθx(t)‖2
)

≤ 2ε‖θxx(t)‖2 + C1(ε)
(
‖ux(t)‖2 + ‖uxx(t)‖2 + ‖θx(t)‖2

+ ‖wxx(t)‖2 + ‖bxx(t)‖2
)
,

which, by taking ε > 0 small enough, gives (2.2.79). �

Lemma 2.2.13. Under the assumptions of Theorem 2.1.1, the following estimates
hold as t → +∞:

‖τ(t)− τ‖H1 → 0, ‖u(t)‖ → 0, ‖u(t)‖L∞ → 0, (2.2.80)

‖w(t)‖ → 0, ‖w(t)‖L∞ → 0, ‖b(t)‖ → 0, ‖b(t)‖L∞ → 0, (2.2.81)

‖θ(t)− θ‖H1 → 0, ‖θx(t)‖ → 0, ‖θ(t)− θ‖L∞ → 0, (2.2.82)

0 < C−1
1 ≤ θ(x, t) ≤ C1, ∀(x, t) ∈ [0, 1]× [0,+∞). (2.2.83)

Proof. By using Lemmas 2.2.1–2.2.12, we have∫ t

0

(‖ux‖2 + ‖wx‖2 + ‖bx‖2 + ‖τx‖2 + ‖θx‖2
)
(s)ds ≤ C1 (2.2.84)

and∫ t

0

(
| d
dt
‖ux‖2|+ | d

dt
‖wx‖2|+ | d

dt
‖bx‖2|+ | d

dt
‖τx‖2|+ | d

dt
‖θx‖2|

)
(s)ds ≤ C1

(2.2.85)
which yield (2.2.80)–(2.2.82).

We derive from (2.2.82) that there exists a large time t0 > 0 such that

θ(x, t) ≥ 1

2
θ > 0, ∀t ≥ t0. (2.2.86)
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On the other hand, if we put ω := 1
θ , (2.2.61) becomes

eθωt =
(κωx

τ

)
x
+

τp2θ
4λ

−
[
2κω2

x

τω
+

ω2

τ

(
μ|wx|2 + ν|bx|2

)
+

λω2

τ

(
ux − τpθ

2λω

)2]
which, along with (2.2.16) and (2.2.74), implies that there exists a positive constant
C1 such that

ωt ≤ 1

eθ

(κωx

τ

)
x
+ C1.

Defining ω̃(x, t) := C1t+max[0,1]
1

θ0(x)
−ω(x, t) and introducing the parabolic

operator L := − ∂
∂t +

1
eθ

∂
∂x

(
κ
τ

∂
∂x

)
, we have a system

Lω̃ ≤ 0, on QT = [0, 1]× [0, t0 + 1],

ω̃|t=0 ≥ 0, on [0, 1],

ω̃x|x=0,1 = 0, on [0, t0 + 1].

The standard comparison argument implies

min
(x,t)∈QT

ω̃(x, t) ≥ 0

which gives for any (x, t) ∈ QT ,

θ(x, t) ≥
(
C1t+ max

x∈[0,1]

1

θ0(x)

)−1

.

Thus,

θ(x, t) ≥
(
C1t0 + max

x∈[0,1]

1

θ0(x)

)−1

≥ C−1
1 , 0 ≤ t ≤ t0

which together with (2.2.86) and (2.2.74) gives (2.2.83). �

In what follows we shall prove the exponential stability of the solution in H1
+.

If we now introduce the flow density ρ = 1
τ , then we easily get that the specific

entropy

η = η(τ, θ) = η(ρ, θ) = R log τ +
4a

3
τθ3 + Cv log θ, (2.2.87)

satisfies
∂η

∂ρ
= −pθ

ρ2
,

∂η

∂θ
=

eθ
θ
, (2.2.88)

with p = Rρθ + a
3 θ

4 and e = Cvθ +
aθ4

ρ .

We consider the transform

A : Dρ,θ = {(ρ, θ) : ρ > 0, θ > 0} → ADρ,θ, (ρ, θ) �→ (τ, η),
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where τ = 1/ρ and η = η(1/ρ, θ). Since the Jacobian

∂(τ, η)

∂(ρ, θ)
= − eθ

ρ2θ
= − 1

ρ2

(
Cvθ

−1 + 4aρ−1θ2
)
< 0,

there is a unique inverse function (τ, η) �→ (ρ, θ). Thus e and p can be regarded as
the smooth functions of (τ, η). We denote by

e = e(τ, η) :≡ e(τ, θ(τ, η)) = e(ρ−1, θ),

p = p(τ, η) :≡ p(τ, θ(τ, η)) = p(ρ−1, θ).

Let

E =
1

2
(u2 + |w|2 + τ |b|2) + e(τ, η)− e(τ, η)− ∂e

∂τ
(τ , η)(τ − τ )− ∂e

∂η
(τ , η)(η − η),

(2.2.89)

where τ =
∫ 1

0
τ0 dx and θ > 0 is determined by

e(τ , θ) = e(τ, η) =

∫ 1

0

(
1

2
(u2

0 + |w0|2 + τ0|b0|2) + e(τ0, θ0)

)
dx ≡ E0, (2.2.90)

and
η = η(τ , θ).

Lemma 2.2.14. Under the assumptions of Theorem 2.1.1, the following estimate
holds:

1

2
(u2 + |w|2 + τ |b|2) + C−1

1 (|τ − τ |2 + |η − η|2) ≤ E(τ, u,w, b, θ)

≤ 1

2
(u2 + |w|2 + τ |b|2) + C1(|τ − τ |2 + |η − η|2). (2.2.91)

Proof. By the mean value theorem, there exists a point (τ̃ , η̃) between (τ, η) and
(τ, η) such that

E(τ, u,w, b, θ) = 1

2
(u2 + |w|2 + τ |b|2) + 1

2

[
∂2e

∂2τ
(τ̃ , η̃)(τ − τ )2 +

∂2e

∂2η
(τ̃ , η̃)(η − η)2

+
∂2e

∂τ∂η
(τ̃ , η̃)(τ − τ )(η − η)

]
, (2.2.92)

where τ̃ = λ0τ + (1− λ0)τ, η̃ = λ0η + (1 − λ0)η, 0 ≤ λ0 ≤ 1.

It follows from Lemmas 2.2.1–2.2.13 that∣∣∣∣ ∂2e

∂2τ
(τ̃ , η̃)

∣∣∣∣2 + ∣∣∣∣ ∂2e

∂τ∂η
(τ̃ , η̃)

∣∣∣∣2 + ∣∣∣∣∂2e

∂2η
(τ̃ , η̃)

∣∣∣∣2 ≤ C1. (2.2.93)

Thus, by (2.2.92), (2.2.93) and the Cauchy inequality, we get

E(τ, u,w, b, θ) ≤ 1

2
(u2 + |w|2 + τ |b|2) + C1(|τ − τ |2 + |η − η|2). (2.2.94)
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On the other hand, from (2.1.6) it follows that

eττ = −pτ = ρ2pρ +
θp2θ
eθ

, eτη = −pη = θτ =
θpθ
eθ

, eηη = θη =
θ

eθ
,

which implies that the Hessian of e(τ, θ) is positive definite for any τ > 0 and
θ > 0. Thus we infer from (2.2.93) that

E(τ, u,w, b, θ) ≥ 1

2
(u2 + |w|2 + τ |b|2) + C−1

1 (|τ − τ |2 + |η − η|2),

which together with (2.2.94) gives (2.2.91). �

The next lemma is crucial in proving the exponential stability of solutions in
Hi

+ (i = 1, 2, 4).

Lemma 2.2.15. Under assumptions of Theorem 2.1.1, there are positive constants
C1 > 0 and γ′

1 = γ′
1(C1) < γ0/2 such that, for any fixed γ ∈ (0, γ′

1], there holds
for any t > 0,

eγt
(‖τ(t)−τ‖2+‖u(t)‖2+‖w(t)‖2+‖b(t)‖2+‖θ(t)−θ‖2+‖τx(t)‖2+‖ρx(t)‖2

)
+

∫ t

0

eγs
(‖ρx‖2+‖ux‖2+‖wx‖2+‖bx‖2+‖θx‖2+‖τx‖2

)
(s)ds≤C1.

(2.2.95)

Proof. Using equations (2.1.1)–(2.1.5), it is easy to verify that the following rela-
tions:(

e +
1

2
(u2 + |w|2 + τ |b|2)

)
t

=

(
λρuux + μρw · wx + νρb · bx + w · b− u

(
p+

1

2
|b|2
))

x

, (2.2.96)

ηt =

(
κρθx
θ

)
x

+ κρ

(
θx
θ

)
x

+
λρu2

x + μρ|wx|2 + νρ|bx|2
θ

. (2.2.97)

Since τ t = 0, θt = 0, we infer from (2.2.96) and (2.2.97) that

Et + θ

θ

[
λρu2

x + μρ|wx|2 + νρ|bx|2 + κρθ2x/θ
]

(2.2.98)

=

[
λρuux + μρw · wx + νρb · bx + κ

(
1− θ

θ

)
ρθx + w · b− u(p− p)− 1

2
|b|2
]
x

,

[
λ2

2

(
ρx
ρ

)2

+
λρxu

ρ
− |w|2

2
− τ

2
|b|2
]
t

+
λρ2xpρ

ρ
+ (w · b)x
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= −λ(ρuux)x + λρu2
x − μ(ρw · wx)x + μρ|wx|2 − ν(ρ b · bx)x + νρ|bx|2

− λpθρxθx
ρ

− λρx b · bx
ρ

+
1

2
ux|b|2. (2.2.99)

Let

G(t) = eγt
[
E(t) + β

(
λ2ρ2x
2ρ2

+
λρxu

ρ
− |w|2

2
− τ

2
|b|2
)]

.

Multiplying (2.2.98) and (2.2.99) by eγt and βeγt, respectively, and adding
the results, we get

∂

∂t
G(t) + eγt

[
θ

θ
(λρu2

x + μρ|wx|2 + νρ|bx|2 + κρθ2x/θ)

+ β

(
λρ2xpρ

ρ
− λρu2

x − μρ|wx|2 − νρ|bx|2+ λpθρxθx
ρ

− 1

2
ux|b|2 + λρxb · bx

ρ

)]
= γeγt

[
E +

β

2

(
λ2ρ2x
ρ2

− |w|2 − τ |b|2
)
+

βλuρx
ρ

]
+ eγt

[
(1− β)(λρuux + μρw · wx + νρb · bx)

+ κ

(
1− θ

θ

)
ρθx − u(p− p)− 1

2
|b|2 + (1− β)w · b

]
x

. (2.2.100)

For the boundary conditions (2.1.8), integrating (2.1.5) over (0, 1), we have∫ 1

0

[
e(τ, θ) +

1

2
(u2 + |w|2 + τ |b|2)

]
dx

=

∫ 1

0

[
e0(τ0, θ0) +

1

2
(u2

0 + |w0|2 + τ0|b0|2)
]
dx :≡ e(τ , θ),

which, together with the Poincaré inequality and the mean value theorem, implies

‖e(τ, θ)− e(τ , θ)‖ ≤ ‖e(τ, θ)−
∫ 1

0

e(τ, θ)dx‖ + ‖u(t)‖2 + ‖w(t)‖2 + ‖√τb(t)‖2
2

≤ C1(‖ex(t)‖+ ‖ux(t)‖+ ‖wx(t)‖+ ‖bx(t)‖)
≤ C1(‖θx(t)‖+ ‖ux(t)‖ + ‖wx(t)‖ + ‖bx(t)‖ + ‖ρx(t)‖). (2.2.101)

On the other hand, by (2.1.1), Lemmas 2.2.1–2.2.14, the mean value theorem
and the Poincaré inequality, we have

‖τ(t) − τ‖ ≤ C1‖τx(t)‖,
‖θ(t)− θ‖ ≤ C1(‖e(τ, θ)− e(τ , θ)‖+ ‖τ(t)− τ‖),
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≤ C1(‖e(τ, θ)− e(τ , θ)‖+ ‖τx(t)‖),

which combined with (2.2.101) gives

‖θ(t)−θ‖ ≤ C1(‖θx(t)‖+‖ux(t)‖+‖wx(t)‖+‖bx(t)‖+‖ρx(t)‖+‖τx(t)‖). (2.2.102)

By the mean value theorem, Lemmas 2.2.1–2.2.14 and (2.2.102), we get

‖η(t)− η‖ = C1‖η(τ, θ)− η(τ , θ)‖ ≤ C1(‖τ(t)− τ‖+ ‖θ(t)− θ‖)
≤ C1(‖θ(t)− θ‖+ ‖τx(t)‖)
≤ C1(‖θx(t)‖ + ‖ux(t)‖+ ‖wx(t)‖ + ‖bx(t)‖ + ‖ρx(t)‖ + ‖τx(t)‖). (2.2.103)

Integrating (2.2.100) over Qt and using Lemmas 2.2.1–2.2.14, the Cauchy
and Poincaré inequalities and (2.2.102), we deduce that for small β > 0 and for
any γ > 0,∫ 1

0

G(t)dx +

∫ t

0

∫ 1

0

eγs
[
θ

θ
(λρu2

x + μρ|wx|2 + νρ|bx|2 + κρθ2x/θ)

]
(x, s)dxds

+ β

∫ t

0

∫ 1

0

eγs
(
λρ2xpρ

ρ
− λρu2

x − μρ|wx|2 − νρ|bx|2

+
λpθρxθx

ρ
− 1

2
ux|b|2 + λρxb · bx

ρ

)
dxds

=

∫ 1

0

G(0)dx

+ C1γ

∫ t

0

∫ 1

0

eγs
(
E +

β

2

(
λ2ρ2x
ρ2

− |w|2 − τ |b|2
)
+

βλuρx
ρ

)
(x, s)dxds

≤ C1 + C1γ

∫ t

0

eγs
(
‖τ − τ‖2 + ‖η − η‖2 + ‖u‖2 + ‖w‖2 + ‖b‖2 + ‖ρx‖2

)
(s)ds

≤ C1 + C1γ

∫ t

0

eγs
(
‖ux‖2 + ‖wx‖2 + ‖bx‖2 + ‖θx‖2 + ‖ρx‖2 + ‖τx‖2

)
(s)ds.

(2.2.104)

Using Lemmas 2.2.1–2.2.14 we easily infer that the following estimate holds
for small β > 0:∫ 1

0

G(t)dx ≥ eγt
{
C−1

1 (‖τ(t)− τ‖2 + ‖η(t)− η‖2 + ‖u(t)‖2 + ‖w(t)‖2 + ‖b(t)‖2)

+ β

∫ 1

0

(
λ2

2

(
ρx
ρ

)2

+
λρxu

ρ

)
dx

}
≥ eγt

{
C−1

1 (‖τ(t)− τ‖2 + ‖η(t)− η‖2 + ‖u(t)‖2 + ‖w(t)‖2 + ‖b(t)‖2)
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+ βC−1
1 ‖ρx(t)‖2 − C1β‖u(t)‖2

}
≥ C−1

1 eγt
(
‖τ(t)− τ‖2 + ‖η(t)− η‖2 + ‖u(t)‖2

+ ‖w(t)‖2 + ‖b(t)‖2 + β‖ρx(t)‖2
)
. (2.2.105)

Finally, the Young inequality gives

λpθρxθx
ρ

≥ −1

2

λρ2xpρ
ρ

− C1θ
2
x (2.2.106)

with pρ = Rθ > 0. It follows from (2.2.104)–(2.2.106) that there exists a constant
γ′
1 = γ′

1(C1) > 0 such that for any fixed γ ∈ (0, γ′
1], (2.2.95) holds. �

Lemma 2.2.16. There exists a positive constant γ1 = γ1(C1) ≤ γ′
1 such that for

any fixed γ ∈ (0, γ′
1], the following estimate holds for any t > 0:

eγt
(
‖ux(t)‖2 + ‖wx(t)‖2 + ‖bx(t)‖2 + ‖θx(t)‖2

)
+

∫ t

0

eγs
(
‖uxx‖2 + ‖wxx‖2

+ ‖bxx‖2 + ‖θxx‖2 + ‖ut‖2 + ‖wt‖2 + ‖bt‖2 + ‖θt‖2
)
(s)ds ≤ C1. (2.2.107)

Proof. By (2.1.2)–(2.1.5), Lemmas 2.2.1–2.2.15 and the Poincaré inequality, we
have

‖ut(t)‖ ≤ C1(‖τx(t)‖+ ‖bx(t)‖+ ‖θx(t)‖+ ‖uxx(t)‖), ‖ux(t)‖ ≤ C1‖uxx(t)‖,
(2.2.108)

‖wt(t)‖ ≤ C1(‖τx(t)‖+ ‖bx(t)‖+ ‖wxx(t)‖), ‖wx(t)‖ ≤ C1‖wxx(t)‖, (2.2.109)

‖bt(t)‖ ≤ C1(‖τx(t)‖+ ‖wx(t)‖+ ‖bxx(t)‖), ‖bx(t)‖ ≤ C1‖bxx(t)‖, (2.2.110)

‖θt(t)‖ ≤ C1(‖wxx(t)‖ + ‖bxx(t)‖+ ‖θxx(t)‖ + ‖uxx(t)‖), ‖θx(t)‖ ≤ C1‖θxx(t)‖.
(2.2.111)

Multiplying (2.1.2) by −eγtuxx, integrating the result over (0, 1), using Young’s
inequality, the embedding theorem, Lemmas 2.2.1–2.2.15, we deduce for any ε > 0,

1

2

d

dt
(eγt‖ux(t)‖2) + λeγt

∫ 1

0

uxx2

τ
dx

= eγt
∫ 1

0

[(
p+

1

2
|b|2
)

x

+
λuxτx
τ2

]
uxxdx+

γ

2
eγt‖ux(t)‖2

≤ γ

2
eγt‖ux(t)‖2 + εeγt‖uxx(t)‖2 + C1(ε)e

γt
(
‖τx(t)‖2 + ‖θx(t)‖2 + ‖b(t) · bx(t)‖2

+ ‖τx(t)‖‖ux(t)‖L∞
)

≤ γ

2
eγt‖ux(t)‖2 + εeγt‖uxx(t)‖2 + C1(ε)e

γt
(
‖τx(t)‖2 + ‖θx(t)‖2 + ‖b(t) · bx(t)‖2
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+ ‖ux‖1/2‖uxx(t)‖1/2‖τx(t)‖
)

≤ C1γe
γt‖uxx(t)‖2 + C1(ε)e

γt
(
‖τx(t)‖2 + ‖θx(t)‖2 + ‖b(t) · bx(t)‖2 + ‖ux(t)‖2

)
,

(2.2.112)

i.e., for γ > 0 small enough,

1

2

d

dt
(eγt‖ux(t)‖2) + 1

2C1
eγt‖uxx(t)‖2

≤ C1γ
−1eγt(‖τx(t)‖2 + ‖θx(t)‖2 + ‖b(t) · bx(t)‖2 + ‖ux(t)‖2). (2.2.113)

Similarly, we can get

1

2

d

dt

(
eγt‖wx(t)‖2

)
+

1

2C1
eγt‖wxx(t)‖2

≤ C1γ
−1eγt

(
‖τx(t)‖2 + ‖bx(t)‖2 + ‖wx(t)‖2

)
, (2.2.114)

1

2

d

dt

(
eγt‖bx(t)‖2

)
+

1

2C1
eγt‖bxx(t)‖2

≤ C1γ
−1eγt

(
‖τx(t)‖2 + ‖bx(t)‖2 + ‖wx(t)‖2

)
, (2.2.115)

1

2

d

dt

(
eγt‖θx(t)‖2

)
+

1

2C1
eγt‖θxx(t)‖2

≤ γeγt
(
‖θxx(t)‖2 + ‖wxx(t)‖2 + ‖bxx(t)‖2 + ‖uxx(t)‖2

)
. (2.2.116)

Adding the relations (2.2.113) through(2.2.116), integrating the result with
respect to t and using Lemma 2.2.15, we obtain (2.2.107) for γ ∈ (0, γ′

1] small
enough. �

Thus now we have completed the proof of Theorem 2.1.1. �

2.3 Global Existence and Exponential Stability in H2

In this section, we shall study the global existence and exponential stability of
solutions to problem (2.1.1)–(2.1.8) in H2

+. We begin with the following lemma.

Lemma 2.3.1. Under the assumptions of Theorem 2.1.2, the following estimate
holds for any t > 0:

‖ut(t)‖2 + ‖wt(t)‖2 + ‖bt(t)‖2 + ‖θt(t)‖2

+

∫ t

0

(
‖utx‖2 + ‖wtx‖2 + ‖btx‖2 + ‖θtx‖2

)
(s)ds ≤ C2. (2.3.1)
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Proof. Differentiating (2.1.2) with respect to t, multiplying the result by ut, and
integrating over (0, 1), we infer that

d

dt
‖ut(t)‖2 + ‖utx(t)‖2

≤ 1

2
‖utx(t)‖2 + C1

(
‖ux(t)‖2 + ‖b(t)‖2L∞‖bt(t)‖2 + ‖(1 + θ3)θt(t)‖2 + ‖ux(t)‖4L4

)
≤ 1

2
‖utx(t)‖2 + C2

(
‖uxx(t)‖2 + ‖θt(t)‖2 + ‖τx(t)‖2 + ‖wx(t)‖2 + ‖bxx(t)‖2

)
,

which, together with Theorem 2.1.1, gives

‖ut(t)‖2 +
∫ t

0

‖utx(s)‖2ds ≤ C2. (2.3.2)

Analogously, we have

‖θt(t)‖2 +
∫ t

0

‖θtx(s)‖2ds ≤ C2, (2.3.3)

‖wt(t)‖2 +
∫ t

0

‖wtx(s)‖2ds ≤ C2, (2.3.4)

‖bt(t)‖2 +
∫ t

0

‖btx(s)‖2ds ≤ C2. (2.3.5)

Thus (2.3.1) follows from (2.3.2)–(2.3.5). �
Lemma 2.3.2. Under the assumptions of Theorem 2.1.2, the following estimate
holds for any t > 0:

‖uxx(t)‖2 + ‖wxx(t)‖2 + ‖bxx(t)‖2 + ‖θxx(t)‖2
+ ‖ux(t)‖2L∞ + ‖wx(t)‖2L∞ + ‖bx(t)‖2L∞ + ‖θx(t)‖2L∞

+

∫ t

0

(
‖uxxx‖2 + ‖wxxx‖2 + ‖bxxx‖2 + ‖θxxx‖2

)
(s)ds ≤ C2. (2.3.6)

Proof. Equation (2.1.2) can be rewritten as

ut = −
(
p+

1

2
|b|2
)

x

+

(
λux

τ

)
x

=
Rθτx − λuxτx

τ2
+

λuxx −Rθx
τ

− b · bx. (2.3.7)

Using (2.3.7), Theorem 2.1.1, Lemma 2.3.1, the Sobolev embedding theorem and
Young’s inequality, we have

‖uxx(t)‖ ≤ C2

(‖ut(t)‖+ ‖θx(t)‖ + ‖τx(t)θ(t)‖ + ‖b(t) · bx(t)‖
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+ ‖τx(t)‖+ ‖τx(t)ux(t)‖
)

≤ C2(‖ut(t)‖+ ‖θx(t)‖+ ‖τx(t)‖+ ‖bx(t)‖2 + ‖ux(t)‖ 1
2 ‖uxx(t)‖ 1

2 )

≤ 1

2
‖uxx(t)‖+ C2(‖ut(t)‖ + 1), (2.3.8)∫ t

0

‖uxxx(s)‖2ds ≤ C2 + C2

∫ t

0

‖utx(s)‖2ds ≤ C2, (2.3.9)

which leads to
‖uxx(t)‖ ≤ C2, ‖ux(t)‖L∞ ≤ C2.

Similarly, we have∫ t

0

(‖wxxx‖2 + ‖bxxx‖2 + ‖θxxx‖2
)
(s)ds ≤ C2, (2.3.10)

‖wxx(t)‖ + ‖bxx(t)‖+ ‖θxx(t)‖
≤ C2(‖wt(t)‖ + ‖bt(t)‖+ ‖θt(t)‖ + 1) ≤ C2, (2.3.11)

‖wx(t)‖L∞ + ‖bx(t)‖L∞ + ‖θx(t)‖L∞ ≤ C2. (2.3.12)

Thus (2.3.6) follows from (2.3.8)–(2.3.12). �
Lemma 2.3.3. Under the assumptions of Theorem 2.1.2, the following estimate
holds for any t > 0:

‖τxx(t)‖2 +
∫ t

0

‖τxx(s)‖2ds ≤ C2. (2.3.13)

Proof. Differentiating (2.1.2) with respect to x, we obtain

λ
d

dt

(τxx
τ

)
+

Rθ

τ

τxx
τ

= utx + E(x, t), (2.3.14)

where

E(x, t) =

(
R

τ
+

4a

3
θ3
)
θxx − 2τx(Rθx − λuxx)

τ2
+

2τ2x(Rθ − λux)

τ3

+ 4aθ2θx + b · bxx + |bx|2.

Multiplying (2.3.14) by τxx

τ and using the Young inequality and Theorem
2.1.1, we conclude that, for any ε > 0,

d

dt

∥∥∥τxx
τ

(t)
∥∥∥2 + C1

∥∥∥τxx
τ

(t)
∥∥∥2 ≤ ε

∥∥∥τxx
τ

(t)
∥∥∥2 + C2

(
‖utx(t)‖2 + ‖θxx(t)‖2

+ ‖bx(t)‖4L4 + ‖θx(t)‖4L4 + ‖τx(t)‖4L4 + ‖ux(t)τ
2
x(t)‖2 + ‖θ(t)τ2x(t)‖2

)
≤ ε
∥∥∥τxx

τ
(t)
∥∥∥2 + C2(ε)

(
‖utx(t)‖2 + ‖θxx(t)‖2 + ‖bxx(t)‖2 + ‖τx(t)‖2

)
,
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which, combined with Lemma 2.3.1 and Theorem 2.1.1 gives, for ε > 0 small
enough,

‖τxx(t)‖2 +
∫ t

0

‖τxx(s)‖2ds ≤ C2. (2.3.15)

Thus (2.3.13) follows from Theorem 2.1.1 and (2.3.15). �
Lemma 2.3.4. Under assumptions of Theorem 2.1.2, for any (τ0, u0, θ0,w0, b0) ∈
H2

+, there exists a positive constant γ′
2 = γ′

2(C2) ≤ γ1 such that, for any fixed
γ ∈ (0, γ′

2], the following estimate holds for any t > 0:

eγt
(
‖ut(t)‖2 + ‖wt(t)‖2 + ‖bt(t)‖2 + ‖θt(t)‖2 + ‖uxx(t)‖2

+ ‖wxx(t)‖2 + ‖bxx(t)‖2 + ‖θxx(t)‖2
)

+

∫ t

0

eγs
(
‖utx‖2 + ‖wtx‖2 + ‖btx‖2 + ‖θtx‖2

)
(s)ds ≤ C2. (2.3.16)

Proof. Differentiating (2.1.2) with respect to t, multiplying the result by ute
γt and

integrating the resulting equation, we conclude that

1

2
eγt‖ut(t)‖2 + λ

∫ t

0

eγs
∥∥∥∥utx√

τ
(s)

∥∥∥∥2 ds
≤ C2 +

γ

2

∫ t

0

eγs

(
‖ut‖2 +

∥∥∥∥utx√
τ

∥∥∥∥2
)
(s)dτ

+ C2

∫ t

0

eγs
(
‖ux‖2 + ‖θt‖2 + ‖bt‖2 + ‖bx‖2 + ‖ux‖4L4

)
(s)ds

≤ C2 +
(
C2γ +

γ

2

)∫ t

0

eγs
∥∥∥∥utx√

τ
(s)

∥∥∥∥2 ds
+ C2

∫ t

0

eγs
(‖θt‖2 + ‖bt‖2 + ‖bx‖2 + ‖uxx‖2

)
(s)ds. (2.3.17)

Integrating (2.3.17) over (0, t) and using Lemmas 2.3.1–2.3.3 and (2.3.2),
we get

eγt(‖ut(t)‖2 + ‖uxx(t)‖2) +
∫ t

0

eγs‖utx‖2ds ≤ C2, ∀t > 0. (2.3.18)

Analogously, we have

eγt
(
‖wt(t)‖2 + ‖wxx(t)‖2 + ‖bt(t)‖2 + ‖bxx(t)‖2 + ‖θt(t)‖2 + ‖θxx(t)‖2

)
+

∫ t

0

eγs(‖wtx‖2 + ‖btx‖2 + ‖θtx‖2)ds ≤ C2, ∀t > 0. (2.3.19)

By (2.3.18) and (2.3.19), we get (2.3.16). �
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Lemma 2.3.5. There exists a positive constant γ2 = γ2(C2) ≤ γ′
2 such that, for

any fixed γ ∈ (0, γ2], the following estimate holds:

‖τ(t)− τ‖H2 ≤ C2e
−γt, ∀t > 0. (2.3.20)

Proof. Multiplying (2.1.1) by et/2C1 , choosing γ so small that γ ≤ γ2(C2), and
using Lemma 2.3.4, we have

‖τxx(t)‖2 ≤ C2e
−t/2C1 + C2e

−γt ≤ C2e
−γt, (2.3.21)

which, together with Lemmas 2.1.14 and 2.1.15, gives (2.3.20). �

Thus we have completed the proof of Theorem 2.1.2. �

2.4 Global Existence and Exponential Stability in H4

In this section, we shall study the global existence and exponential stability of
solutions to problem (2.1.1)–(2.1.8) in H4

+. We begin with the following lemma.

Lemma 2.4.1. Under the assumptions of Theorem 2.1.3, the following estimates
hold:

‖utx(x, 0)‖+ ‖wtx(x, 0)‖ + ‖btx(x, 0)‖ + ‖θtx(x, 0)‖ ≤ C3, (2.4.1)

‖utt(x, 0)‖+ ‖wtt(x, 0)‖ + ‖btt(x, 0)‖+ ‖θtt(x, 0)‖
+ ‖utxx(x, 0)‖+ ‖wtxx(x, 0)‖+ ‖btxx(x, 0)‖+ ‖θtxx(x, 0)‖ ≤ C3. (2.4.2)

Proof. We easily infer from (2.1.2) and Theorems 2.1.1–2.1.2 that

‖ut(t)‖≤C3

(
‖τx(t)‖+‖θx(t)‖+‖uxx(t)‖+‖ux(t)‖L∞‖τx(t)‖+‖b(t)‖L∞‖bx(t)‖

)
≤C3

(
‖τx(t)‖+‖θx(t)‖+‖uxx(t)‖+‖bx(t)‖

)
.

Differentiating (2.1.2) with respect to x and using Theorems 2.1.1–2.1.2
we get

‖utx(t)‖ ≤ C3

(
‖τx(t)‖H1 + ‖θx(t)‖H1 + ‖ux(t)‖H2 + ‖bx(t)‖H1

)
, (2.4.3)

and

‖uxxx(t)‖ ≤ C3

(
‖τx(t)‖H1+‖θx(t)‖H1+‖u(t)‖H2+‖bx(t)‖H1+‖utx(t)‖

)
. (2.4.4)

Differentiating (2.1.2) with respect to x twice, using the embedding theorem
and Theorems 2.1.1–2.1.2, we conclude that

‖utxx(t)‖ ≤ C3

(
‖τx(t)‖H2 + ‖θx(t)‖H2 + ‖ux(t)‖H3 + ‖bx(t)‖H2

)
, (2.4.5)
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and

‖uxxxx(t)‖ ≤ C3

(
‖τx(t)‖H2 + ‖θx(t)‖H2 + ‖u(t)‖H3 + ‖bx(t)‖H2 + ‖utxx(t)‖

)
.

(2.4.6)

Similarly, we have

‖wt(t)‖ ≤ C3

(
‖wx(t)‖H1 + ‖bx(t)‖+ ‖τx(t)‖

)
,

‖wtx(t)‖ ≤ C3

(
‖wx(t)‖H2 + ‖bx(t)‖H1 + ‖τx(t)‖H1

)
, (2.4.7)

‖wxxx(t)‖ ≤ C3

(
‖wx(t)‖H1 + ‖bx(t)‖H1 + ‖τx(t)‖H1 + ‖wtx(t)‖

)
, (2.4.8)

‖wtxx(t)‖ ≤ C3

(
‖wx(t)‖H3 + ‖bx(t)‖H2 + ‖τx(t)‖H2

)
, (2.4.9)

‖wxxxx(t)‖ ≤ C3

(
‖wx(t)‖H2 + ‖bx(t)‖H2 + ‖τx(t)‖H2 + ‖wtxx(t)‖

)
, (2.4.10)

‖bt(t)‖ ≤ C3

(
‖bx(t)‖H1 + ‖wx(t)‖+ ‖τx(t)‖

)
,

‖btx(t)‖ ≤ C3

(
‖bx(t)‖H2 + ‖wx(t)‖H1 + ‖τx(t)‖H1

)
, (2.4.11)

‖bxxx(t)‖ ≤ C3

(
‖bx(t)‖H1 + ‖wx(t)‖H1 + ‖τx(t)‖H1 + ‖btx(t)‖

)
, (2.4.12)

‖btxx(t)‖ ≤ C3

(
‖bx(t)‖H3 + ‖wx(t)‖H2 + ‖τx(t)‖H2

)
, (2.4.13)

‖bxxxx(t)‖ ≤ C3

(
‖bx(t)‖H2 + ‖wx(t)‖H2 + ‖τx(t)‖H2 + ‖btxx(t)‖

)
, (2.4.14)

‖θt(t)‖ ≤ C3

(
‖ux(t)‖+ ‖τx(t)‖ + ‖θxx(t)‖+ ‖ux(t)‖L∞‖ux(t)‖

+ ‖wx(t)‖L∞‖wx(t)‖ + ‖bx(t)‖L∞‖bx(t)‖ + ‖θx(t)‖L∞‖θx(t)‖
)
,

≤ C3

(
‖θxx(t)‖ + ‖uxx(t)‖ + ‖wxx(t)‖+ ‖bxx(t)‖

)
(2.4.15)

‖θtx(t)‖ ≤ C3

(
‖θt(t)‖+ ‖θx(t)‖H2 + ‖τx(t)‖H1 + ‖ux(t)‖H1

+ ‖wx(t)‖H1 + ‖bx(t)‖H1

)
, (2.4.16)

‖θxxx(t)‖ ≤ C3

(
‖θx(t)‖H1 + ‖τx(t)‖H1 + ‖ux(t)‖H1 + ‖wx(t)‖H1

+ ‖bx(t)‖H1 + ‖θtx(t)‖
)
, (2.4.17)

‖θtxx(t)‖ ≤ C3

(
‖θx(t)‖H3 + ‖τx(t)‖H2 + ‖ux(t)‖H2 + ‖wx(t)‖H2 + ‖bx(t)‖H2

)
,

(2.4.18)

‖θxxxx(t)‖ ≤ C3

(
‖θx(t)‖H2 + ‖τx(t)‖H2 + ‖ux(t)‖H2 + ‖wx(t)‖H2

+ ‖bx(t)‖H2 + ‖θtxx(t)‖
)
. (2.4.19)



64 Chapter 2. 1D Compressible and Radiative MHD Flows

Differentiating (2.1.2) with respect to t, and using Theorems 2.1.1–2.1.2 and
relations (2.4.3), (2.4.5), (2.4.11)–(2.4.12) and (2.4.16), we derive that

‖utt(t)‖ ≤ C3

(
‖τx(t)‖H2 + ‖ux(t)‖H3 + ‖bx(t)‖H2 + ‖wx(t)‖H1 + ‖θx(t)‖H2

)
.

(2.4.20)

Similarly, we obtain

‖wtt(t)‖ ≤ C3

(
‖τx(t)‖H2 + ‖bx(t)‖H2 + ‖wx(t)‖H3 + ‖ux(t)‖H1

)
, (2.4.21)

‖btt(t)‖ ≤ C3

(
‖τx(t)‖H2 + ‖bx(t)‖H3 + ‖wx(t)‖H2 + ‖ux(t)‖H1

)
, (2.4.22)

‖θtt(t)‖ ≤ C3

(
‖τx(t)‖H2 + ‖ux(t)‖H2 + ‖bx(t)‖H2 + ‖wx(t)‖H2 + ‖θx(t)‖H3

)
.

(2.4.23)

Thus (2.4.1) and (2.4.2) follow from (2.4.3), (2.4.7), (2.4.11), (2.4.16) and from
(2.4.5), (2.4.9), (2.4.13), (2.4.18) and (2.4.20)–(2.4.23), respectively. �

Lemma 2.4.2. Under the assumptions of Theorem 2.1.3, the following estimates
hold for any t > 0 and ε > 0:

‖utt(t)‖2 +
∫ t

0

‖uttx(s)‖2ds ≤ C3 + C3

∫ t

0

(‖btxx‖2 + ‖θtxx‖2)(s)ds, (2.4.24)

‖wtt(t)‖2 +
∫ t

0

‖wttx(s)‖2ds ≤ C3 + C3

∫ t

0

‖btxx(s)‖2ds, (2.4.25)

‖btt(t)‖2 +
∫ t

0

‖bttx(s)‖2ds ≤ C3 + C3

∫ t

0

‖wtxx(s)‖2ds, (2.4.26)

‖θtt(t)‖2 +
∫ t

0

‖uttx(s)‖2ds ≤ C3 + C2ε
−1

∫ t

0

‖θtxx(s)‖2ds (2.4.27)

+ C1ε

∫ t

0

(
‖utxx‖2 + ‖uttx‖2 + ‖wtxx‖2 + ‖wttx‖2 + ‖btxx‖2 + ‖bttx‖2

)
(s)ds.

Proof. Differentiating (2.1.2) with respect to t twice, multiplying the resulting
equation by utt, performing an integration by parts, and using Theorems 2.1.1–
2.1.2 and Lemma 2.4.1, we have

1

2

d

dt

∫ 1

0

u2
ttdx = −

∫ 1

0

[
−(p+

1

2
|b|2) + λux

τ

]
tt

uttxdx

≤ −C−1
1 ‖uttx(t)‖2 + C2

(
‖θtt(t)‖2 + ‖btt(t)‖2 + ‖utt(t)‖2 + ‖bt(t)‖4

)
+ C1

(
‖ux(t)‖2 + ‖utx(t)‖2

)
. (2.4.28)
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Thus, using Theorems 2.1.1–2.1.2 and Lemma 2.4.1, we get

‖utt(t)‖2 +
∫ t

0

‖uttx(s)‖2ds ≤ C3 + C3

∫ t

0

(
‖btxx‖2 + ‖θtxx‖2

)
(s)ds.

Analogously, we can obtain (2.4.25)–(2.4.27). The proof is now complete. �
Lemma 2.4.3. Under the assumptions of Theorem 2.1.3, the following estimates
hold for any t > 0 and ε > 0:

‖utx(t)‖2 +
∫ t

0

‖utxx‖2(s)ds

≤ C3ε
−6 + C2ε

2

∫ t

0

(
‖btxx‖2 + ‖θtxx‖2 + ‖uttx‖2

)
(s)ds, (2.4.29)

‖wtx(t)‖2 +
∫ t

0

‖wtxx‖2(s)ds

≤ C3ε
−6 + C2ε

2

∫ t

0

(
‖wtxx‖2 + ‖bttx‖2

)
(s)ds, (2.4.30)

‖btx(t)‖2 +
∫ t

0

‖btxx‖2(s)ds

≤ C3ε
−6 + C2ε

2

∫ t

0

(
‖btxx‖2 + ‖wttx‖2

)
(s)ds, (2.4.31)

‖θtx(t)‖2 +
∫ t

0

‖θtxx‖2(s)ds

≤ C3ε
−6 + C2ε

2

∫ t

0

(
‖btxx‖2 + ‖utxx‖2 + ‖wtxx‖2

+ ‖θttx‖2 + ‖θxxx‖‖θtx‖
)
(s)ds. (2.4.32)

Proof. Differentiating (2.1.2) with respect to x and t, multiplying the resulting
equation by utx, and integrating by parts, we arrive at

1

2

d

dt
‖utx(t)‖2 = B0(x, t) +B1(t), (2.4.33)

where

B0(x, t) = σtxutx

∣∣∣x=1

x=0
, B1(t) = −

∫ 1

0

σtxutxxdx.

Using Theorems 2.1.1 and 2.1.2, the interpolation inequality and Poincaré’s
inequality, we obtain

B0≤C1

[
(‖ux(t)‖L∞ +‖θt(t)‖L∞)(‖τx(t)‖L∞ +‖θx(t)‖L∞)+‖bt(t)‖L∞‖bx(t)‖L∞

+‖btx(t)‖L∞‖b(t)‖L∞ +‖θtx(t)‖L∞ +‖θ(t)‖L∞‖τtx(t)‖L∞
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+‖ux(t)‖L∞‖uxx(t)‖L∞ +‖utx(t)‖L∞‖τx(t)‖L∞ +‖utxx(t)‖L∞
]
‖utx(t)‖L∞

≤C3(B01+B01)‖utx(t)‖ 1
2 ‖utxx(t)‖ 1

2 (2.4.34)

where

B01 = ‖ux(t)‖H2 + ‖θt(t)‖+ ‖θtx(t)‖+ ‖bt(t)‖ + ‖btx(t)‖,
B02 = ‖θtx(t)‖ 1

2 ‖θtxx(t)‖ 1
2 + ‖utxx(t)‖ 1

2 ‖utxxx(t)‖ 1
2 + ‖utxx(t)‖

+ ‖utx(t)‖ 1
2 ‖utxx(t)‖ 1

2 + ‖btx(t)‖ 1
2 ‖btxx(t)‖ 1

2 .

Now, using the Young inequality several times, we see that, for any ε > 0,

C3B01‖utx(t)‖ 1
2 ‖utxx(t)‖ 1

2 ≤ C3

(
21/4ε1/2‖utxx(t)‖ 1

2

)(B01‖utx(t)‖ 1
2

21/4ε1/2

)

≤ ε2

2
‖utxx(t)‖2 + C3ε

− 2
3B

− 4
3

01 ‖utx(t)‖− 2
3

≤ ε2

2
‖utxx(t)‖2 + C3ε

− 2
3 (B2

01 + ‖utx(t)‖2)

≤ ε2

2
‖utxx(t)‖2 + C3ε

− 2
3

(
‖utx(t)‖2 + ‖ux(t)‖2H2 + ‖θt(t)‖2

+ ‖θtx(t)‖2 + ‖bt(t)‖2 + ‖btx(t)‖2
)
, (2.4.35)

and

C3B02‖utx(t)‖ 1
2 ‖utxx(t)‖ 1

2

≤ ε2

2
‖utxx(t)‖2 + ε2

(
‖utxxx(t)‖2 + ‖btxx(t)‖2 + ‖θtxx(t)‖2

)
+ C3ε

−6
(
‖utx(t)‖2 + ‖θtx(t)‖2 + ‖btx(t)‖2

)
. (2.4.36)

Thus we infer from (2.4.34)–(2.4.36) that

B0 ≤ ε2
(
‖utxxx(t)‖2 + ‖utxx(t)‖2 + ‖btxx(t)‖2 + ‖θtxx(t)‖2

)
+ C3ε

−6
(
‖utx(t)‖2 + ‖θtx(t)‖2 + ‖btx(t)‖2 + ‖θt(t)‖2

+ ‖ux(t)‖2H2 + ‖bt(t)‖2
)
,

which, together with Theorems 2.1.1–2.1.2 and Lemmas 2.4.1–2.4.2, yields∫ t

0

B0ds ≤ ε2
∫ t

0

(
‖utxxx‖2+‖utxx‖2+‖btxx‖2+‖θtxx‖2

)
(s)ds+C3ε

−6. (2.4.37)
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Similarly, by Theorems 2.1.1–2.1.2, Lemmas 2.4.1–2.4.2 and the embedding
theorem, we have

B1 ≤ (2C3)
−1‖utxx(t)‖2 (2.4.38)

+ C3

(
‖utx(t)‖2 + ‖btx(t)‖2 + ‖θt(t)‖2H1 + ‖ux(t)‖2 + ‖ux(t)‖2H1

)
,

which, combined with (2.4.33), (2.4.37), (2.4.38), Theorems 2.1.1–2.1.2 and Lem-
mas 2.4.1–2.4.2, gives that for ε ∈ (0, 1) small enough,

‖utx(t)‖2+
∫ t

0

‖utxx(s)‖2ds ≤ C3ε
−6+C2ε

2

∫ t

0

(
‖btxx‖2+‖θtxx‖2+‖utxxx‖2

)
(s)ds.

(2.4.39)

On the other hand, differentiating (2.1.2) with respect to x and t and using
again Theorems 2.1.1–2.1.2 and Lemmas 2.4.1–2.4.2, we have

‖utxxx(t)‖ ≤ C1‖uttx(t)‖+ C2

(
‖uxx(t)‖2H2 + ‖θx(t)‖2H1 + ‖τx(t)‖2H1

+ ‖bx(t)‖2H1 + ‖θt(t)‖2H2 + ‖bt(t)‖2H2

)
. (2.4.40)

Thus inserting (2.4.40) into (2.4.39) yields estimate (2.4.29).

Analogously, we can obtain estimates (2.4.30)–(2.4.32). �
Lemma 2.4.4. Under the assumptions of Theorem 2.1.3, the following estimates
hold for any t > 0:

‖utt(t)‖2 + ‖utx(t)‖2 + ‖wtt(t)‖2 + ‖wtx(t)‖2 + ‖btt(t)‖2 + ‖btx(t)‖2 + ‖θtt(t)‖2

+ ‖θtx(t)‖2 +
∫ t

0

(
‖uttx‖2 + ‖utxx‖2 + ‖wttx‖2 + ‖wtxx‖2 + ‖bttx‖2

+ ‖btxx‖2 + ‖θttx‖2 + ‖θtxx‖2
)
(s)ds ≤ C4, (2.4.41)

‖τxxx(t)‖2H1 + ‖τxx(t)‖2W 1,∞ +

∫ t

0

(
‖τxxx‖2H1 + ‖τxx‖2W 1,∞

)
(s)ds ≤ C4, (2.4.42)

‖uxxx(t)‖2H1 + ‖uxx(t)‖2W 1,∞ + ‖wxxx(t)‖2H1 + ‖wxx(t)‖2W 1,∞ + ‖bxxx(t)‖2H1

+ ‖bxx(t)‖2W 1,∞ + ‖θxxx(t)‖2H1 + ‖θxx(t)‖2W 1,∞ + ‖τtxxx(t)‖2 + ‖utxx(t)‖2

+ ‖wtxx(t)‖2 + ‖btxx(t)‖2 + ‖θtxx(t)‖2 +
∫ t

0

(
‖utt‖2 + ‖wtt‖2 + ‖btt‖2

+ ‖θtt‖2 + ‖uxx‖2W 2,∞ + ‖wxx‖2W 2,∞ + ‖bxx‖2W 2,∞ + ‖θxx‖2W 2,∞ + ‖θtxx‖2H1

+ ‖utxx‖2H1 + ‖wtxx‖2H1 + ‖btxx‖2H1 + ‖θtx‖2W 1,∞ + ‖utx‖2W 1,∞ + ‖wtx‖2W 1,∞

+ ‖btx‖2W 1,∞ + ‖τtxxx‖2H1

)
(s)ds ≤ C4, (2.4.43)∫ t

0

(
‖uxxxx‖2H1 + ‖wxxxx‖2H1 + ‖bxxxx‖2H1 + ‖θxxxx‖2H1

)
(s)ds ≤ C4. (2.4.44)
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Proof. Adding up (2.4.29) through(2.4.32), taking ε ∈ (0, 1) enough small, and
using Lemmas 2.4.1–2.4.3 and Gronwall’s inequality, we get

‖utx(t)‖2 + ‖wtx(t)‖2 + ‖btx(t)‖2 + ‖θtx(t)‖2

+

∫ t

0

(
‖utxx‖2 + ‖wtxx‖2 + ‖btxx‖2 + ‖θtxx‖2

)
(s)ds

≤ C3ε
−6 + C2ε

2

∫ t

0

(
‖uttx‖2 + ‖wttx‖2 + ‖bttx‖2

+ ‖θttx‖2 + ‖θtx‖‖θxxx‖
)
(s)ds, (2.4.45)

which, combined with (2.4.24)–(2.4.27), yields (2.4.41).

Differentiating (2.1.2) with respect to x, and using τtxx = uxxx, we have

λ
∂

∂t

(τxx
τ

)
+

Rθ

τ

τxx
τ

= utx + E(x, t), (2.4.46)

where

E(x, t) =

(
R

τ
+

4a

3
θ3
)
θxx − 2Rτxθx

τ2
+

2τ2xRθ

τ3
+ 4aθ2θ2x + b · bxx + |bx|2

+
2λτxuxx

τ2
− 2λτ2xux

τ3
.

Differentiating equation (2.4.46) with respect to x, we obtain

λ
∂

∂t

(τxxx
τ

)
+

Rθ

τ

τxxx
τ

= utxx + Ex(x, t) +
2θτxτxx

τ3
− θxτxx

τ2
+ λ
(τxτxx

τ2

)
t

≡ E1(x, t). (2.4.47)

Obviously, we can infer from Lemmas 2.4.1–2.4.3 that

‖E1(t)‖ ≤ C2

(
‖utxx(t)‖ + ‖θx(t)‖H2 + ‖ux(t)‖H2 + ‖bx(t)‖H2 + ‖τx(t)‖H1

)
,

(2.4.48)
whence ∫ t

0

‖E1(s)‖2ds ≤ C4. (2.4.49)

Multiplying (2.4.47) by τxxx

τ , we get

d

dt

∥∥∥τxxx
τ

(t)
∥∥∥2 + C−1

1

∥∥∥τxxx
τ

(t)
∥∥∥2 ≤ C1‖E1(t)‖2. (2.4.50)

Combining this with (2.4.49) and using Lemmas 2.4.1–2.4.3, we have

‖τxxx(t)‖2 +
∫ t

0

‖τxxx(s)‖2ds ≤ C4. (2.4.51)
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Using (2.4.4), (2.4.6), (2.4.8), (2.4.10), (2.4.12), (2.4.14), (2.4.17), (2.4.19),
(2.4.41), (2.4.51), Lemmas 2.4.1–2.4.3, and the embedding theorem, we have

‖uxxx(t)‖2 + ‖uxx(t)‖2L∞ + ‖wxxx(t)‖2 + ‖wxx(t)‖2L∞ + ‖bxxx(t)‖2 + ‖bxx(t)‖2L∞

+ ‖θxxx(t)‖2 + ‖θxx(t)‖2L∞ +

∫ 1

0

(
‖uxx‖2W 1,∞ + ‖wxx‖2W 1,∞ + ‖bxx‖2W 1,∞

+ ‖θxx‖2W 1,∞ + ‖θxxx‖2H1 + ‖uxxx‖2H1 + ‖wxxx‖2H1 + ‖bxxx‖2H1

)
(s)ds ≤ C4.

(2.4.52)

Differentiating equations (2.1.2)–(2.1.5) with respect to t and using (2.4.41)
and Lemmas 2.4.1–2.4.3, we get

‖utxx(t)‖ ≤ C1‖utt(t)‖ + C1(‖utx(t)‖ + ‖btx(t)‖+ ‖θtx(t)‖) ≤ C4, (2.4.53)

‖wtxx(t)‖ ≤ C1‖wtt(t)‖+ C1(‖wtx(t)‖ + ‖btx(t)‖) ≤ C4, (2.4.54)

‖btxx(t)‖ ≤ C1‖btt(t)‖+ C1(‖wtx(t)‖ + ‖btx(t)‖) ≤ C4, (2.4.55)

‖θtxx(t)‖ ≤ C1‖θtt‖+ C1(‖utx‖+ ‖wtx(t)‖+ ‖btx(t)‖+ ‖θtx(t)‖) ≤ C4,
(2.4.56)

which, combined with (2.4.6), (2.4.10), (2.4.14) and (2.4.19), implies

‖uxxxx(t)‖+ ‖wxxxx(t)‖ + ‖bxxxx(t)‖ + ‖θxxxx(t)‖

+

∫ t

0

(‖utxx‖2 + ‖wtxx‖2 + ‖btxx‖2 + ‖θtxx‖2

+ ‖uxxxx‖2 + ‖wxxxx‖2 + ‖bxxxx‖2 + ‖θxxxx‖2)(s)ds ≤ C4. (2.4.57)

Next, using (2.4.52), (2.4.57) and the embedding theorem, we obtain

‖uxxx(t)‖L∞ + ‖wxxx(t)‖L∞ + ‖bxxx(t)‖L∞ + ‖θxxx(t)‖L∞

+

∫ t

0

(‖uxxx‖2L∞ + ‖wxxx‖2L∞ + ‖bxxx‖2L∞ + ‖θxxx‖2L∞
)
(s)ds ≤ C4. (2.4.58)

Further, differentiating equation (2.4.47) with respect to x we obtain

λ
∂

∂t

(τxxxx
τ

)
+

Rθ

τ

τxxxx
τ

= E2(x, t) (2.4.59)

where

E2(x, t) = E1x(x, t) + λ
∂

∂t

(τxτxxx
τ2

)
+

Rθτxτxxx
τ3

−
(
Rθ

τ

)
x

τxxx
τ

.

Using the embedding theorem and Lemmas 2.4.1–2.4.3, we conclude that

‖E2(t)‖ ≤ C2 (‖utxxx(t)‖ + ‖θx(t)‖H3 + ‖ux(t)‖H3 + ‖bx(t)‖H3 + ‖τx(t)‖H2 ) .
(2.4.60)
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We infer from (2.4.20)–(2.4.23) that∫ t

0

(‖utt‖2 + ‖wtt‖2 + ‖btt‖2 + ‖θtt‖2
)
(s)ds ≤ C4, (2.4.61)

which, together with Lemma 2.4.3 and (2.4.41), gives∫ t

0

(‖utxxx‖2 + ‖wtxxx‖2 + ‖btxxx‖2 + ‖θtxxx‖2
)
(s)ds ≤ C4. (2.4.62)

Thus it follows from (2.4.41), (2.4.60) (2.4.62) and Lemmas 2.4.1–2.4.3 that∫ t

0

‖E2(s)‖2ds ≤ C4. (2.4.63)

Multiplying (2.4.59) by τxxxx

τ , we get

d

dt

∥∥∥τxxxx
τ

(t)
∥∥∥2 + C1

∥∥∥τxxxx
τ

(t)
∥∥∥2 ≤ C1‖E2(t)‖2, (2.4.64)

and so, by (2.4.63),

‖τxxxx(t)‖2 +
∫ t

0

‖τxxxx(s)‖2ds ≤ C4. (2.4.65)

Differentiating (2.1.2) with respect to x three times and using Lemmas 2.4.1–
2.4.3 and the Poincaré inequality, we have

‖uxxxxx(t)‖ ≤ C3‖utxxx(t)‖
+ C3

(
‖τx(t)‖H3 + ‖ux(t)‖H3 + ‖θx(t)‖H3 + ‖bx(t)‖H3

)
. (2.4.66)

Thus we conclude from (2.1.1), (2.4.57), (2.4.62), (2.4.65) and (2.4.66) that∫ t

0

(‖uxxxxx‖2 + ‖τtxxx‖2H1

)
(s)ds ≤ C4. (2.4.67)

Similarly, we can deduce from (2.1.3)–(2.1.5) that∫ t

0

(‖bxxxxx‖2 + ‖wxxxxx‖2 + ‖θxxxxx‖2
)
(s)ds ≤ C4, (2.4.68)

which together with (2.4.52) and (2.4.67) gives∫ t

0

(‖uxx‖2W 2,∞ + ‖wxx‖2W 2,∞ + ‖bxx‖2W 2,∞ + ‖θxx‖2W 2,∞
)
(s)ds ≤ C4. (2.4.69)

Finally, using (2.1.1), (2.4.51)–(2.4.57), (2.4.65), (2.4.67)–(2.4.69) and Sobolev’s
interpolation inequality, we get the desired estimates (2.4.42)–(2.4.44). �
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Lemma 2.4.5. Under assumptions of Theorem 2.1.3, for any (τ0, u0,w0, b0, θ0) ∈
H4

+, there exists a positive constant γ
(1)
4 = γ

(1)
4 (C4) ≤ γ2(C2) such that, for any

fixed γ ∈ (0, γ
(1)
4 ], the following estimates hold for any t > 0 and ε ∈ (0, 1) small

enough:

eγt‖utt(t)‖2 +
∫ t

0

eγs‖uttx‖2(s)ds

≤ C3 + C3

∫ t

0

eγs(‖btxx‖2 + ‖θtxx‖2)(s)ds, (2.4.70)

eγt‖wtt(t)‖2 +
∫ t

0

eγs‖wttx(s)‖2ds

≤ C3 + C3

∫ t

0

eγs‖btxx(s)‖2ds, (2.4.71)

eγt‖btt(t)‖2 +
∫ t

0

eγs‖bttx(s)‖2ds

≤ C3 + C3

∫ t

0

eγs‖wtxx‖2(s)ds, (2.4.72)

eγt‖θtt(t)‖2 +
∫ t

0

eγs‖θttx(s)‖2ds

≤ C3 + C2ε
−1

∫ t

0

eγs‖θtxx‖2(s)ds+ C1ε

∫ t

0

eγs
(
‖utxx‖2 + ‖uttx‖2

+ ‖wtxx‖2 + ‖wttx‖2 + ‖btxx‖2 + ‖bttx‖2
)
(s)ds. (2.4.73)

Proof. The proofs of estimates (2.4.70)–(2.4.73) are basically same as those of
(2.4.24)–(2.4.27). The difference here is that one estimates (2.4.70)–(2.4.73) with
the exponential weight function eγt. Multiplying (2.4.28) by eγt and using (2.4.20)
and Theorem 2.1.2, we have

1

2
eγt‖utt(t)‖2 (2.4.74)

≤ C4 − (C−1
1 − C1γ)

∫ t

0

eγs‖uttx(s)‖2ds+ C2

∫ t

0

eγs
(
‖btt‖2 + ‖θtt‖2

)
(s)ds

≤ C4 − (C−1
1 − C1γ)

∫ t

0

eγs‖uttx(s)‖2ds+ C2

∫ t

0

eγs
(
‖btxx‖2 + ‖θtxx‖2

)
(s)ds,

which gives (2.4.70) if we take γ > 0 so small that 0 < γ ≤ min
[

1
4C2

1
, γ2(C2)

]
.

Similarly, we can get (2.4.71)–(2.4.73). The proof is now complete. �
Lemma 2.4.6. Under assumptions of Theorem 2.1.3, for any (τ0, u0,w0, b0, θ0) ∈
H4

+, there exists a positive constant γ
(2)
4 ≤ γ

(1)
4 such that, for any fixed γ ∈ (0, γ

(2)
4 ],
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the following estimates hold for any t > 0 and ε ∈ (0, 1) small enough:

eγt‖utx(t)‖2 +
∫ t

0

eγs‖utxx(s)‖2ds

≤ C3ε
−6 + C2ε

2

∫ t

0

eγs
(
‖btxx‖2 + ‖θtxx‖2 + ‖uttx‖2

)
(s)ds, (2.4.75)

eγt‖wtx(t)‖2 +
∫ t

0

eγs‖wtxx(s)‖2ds

≤ C3ε
−6 + C2ε

2

∫ t

0

eγs
(
‖wtxx‖2 + ‖bttx‖2

)
(s)ds, (2.4.76)

eγt‖btx(t)‖2 +
∫ t

0

eγs‖btxx(s)‖2ds

≤ C3ε
−6 + C2ε

2

∫ t

0

eγs
(
‖btxx‖2 + ‖wttx‖2

)
(s)ds, (2.4.77)

eγt‖θtx(t)‖2 +
∫ t

0

eγs‖θtxx(s)‖2ds

≤ C3ε
−6 + C2ε

2

∫ t

0

eγs
(
‖btxx‖2 + ‖utxx‖2 + ‖wtxx‖2

+ ‖θttx‖2 + ‖θxxx‖‖θtx‖
)
(s)ds. (2.4.78)

Proof. Multiplying (2.4.33) by eγt and using (2.4.34), (2.4.38) and Theorem 2.1.2,
we infer that for any ε ∈ (0, 1) small enough,

eγt‖utx(t)‖2 ≤ C3ε
−6 −

[
(2C1)

−1 − ε2 − C1γ
] ∫ t

0

eγs‖utxx(s)‖2ds

+ ε2
∫ t

0

eγs
(
‖btxx‖2 + ‖θtxx‖2 + ‖utxxx‖2

)
(s)ds, (2.4.79)

which, combined with (2.4.40), gives (2.4.75) if we take γ > 0 and ε ∈ (0, 1) so

small that 0 < ε < min[1, 1/(8C1)] and 0 < γ ≤ min[γ
(1)
4 , 1/(8C2

1)] ≡ γ
(2)
4 . In the

same manner, we easily derive (2.4.76)–(2.4.78). �
Lemma 2.4.7. Under assumptions of Theorem 2.1.3, for any (τ0, u0,w0, b0, θ0) ∈
H4

+, there exists a positive constant γ4 ≤ γ
(2)
4 such that, for any fixed γ ∈ (0, γ4],

the following estimates hold for any t > 0:

eγt
(
‖utt(t)‖2 + ‖utx(t)‖2 + ‖wtt(t)‖2 + ‖wtx(t)‖2 + ‖btt(t)‖2 + ‖btx(t)‖2

+ ‖θtt(t)‖2 + ‖θtx(t)‖2
)
+

∫ t

0

eγs
(
‖uttx‖2 + ‖utxx‖2 + ‖wttx‖2 + ‖wtxx‖2

+ ‖bttx‖2 + ‖btxx‖2 + ‖θttx‖2 + ‖θtxx‖2
)
(s)ds ≤ C4, (2.4.80)



2.4. Global Existence and Exponential Stability in H4 73

eγt
(
‖τxxx(t)‖2H1 + ‖τxx(t)‖2W 1,∞

)
+

∫ t

0

eγs
(‖τxxx‖2H1 + ‖τxx‖2W 1,∞

)
(s)ds ≤ C4,

(2.4.81)

eγt
(
‖uxxx(t)‖2H1 + ‖uxx(t)‖2W 1,∞ + ‖wxxx(t)‖2H1 + ‖wxx(t)‖2W 1,∞ + ‖bxxx(t)‖2H1

+ ‖bxx(t)‖2W 1,∞ + ‖θxxx(t)‖2H1 + ‖θxx(t)‖2W 1,∞ + ‖τtxxx(t)‖2 + ‖utxx(t)‖2

+ ‖wtxx(t)‖2 + ‖btxx(t)‖2 + ‖θtxx(t)‖2
)
+

∫ t

0

eγs
(
‖utt‖2 + ‖wtt‖2 + ‖btt‖2

+ ‖θtt‖2 + ‖uxx‖2W 2,∞ + ‖wxx‖2W 2,∞ + ‖bxx‖2W 2,∞ + ‖θxx‖2W 2,∞ + ‖θtxx‖2H1

+ ‖utxx‖2H1 + ‖wtxx‖2H1 + ‖btxx‖2H1 + ‖θtx‖2W 1,∞ + ‖utx‖2W 1,∞ + ‖wtx‖2W 1,∞

+ ‖btx‖2W 1,∞ + ‖τtxxx‖2H1

)
(s)ds ≤ C4, (2.4.82)

∫ t

0

eγs
(‖uxxxx‖2H1 + ‖wxxxx‖2H1 + ‖bxxxx‖2H1 + ‖θxxxx‖2H1

)
(s)ds ≤ C4.

(2.4.83)

Proof. Multiplying (2.4.70) through (2.4.73) by ε, ε, ε and ε3/2, respectively,
adding the resulting inequalities, and then taking ε > 0 small enough, we can
obtain the desired estimate (2.4.80).

Next, multiplying (2.4.50) by eγt, using (2.4.48), (2.4.80) and Theorem 2.1.2,

and choosing γ > 0 so small that 0 < γ ≤ γ4 ≡ min[1/(2C1), γ
(2)
4 ], we conclude

that for any t > 0,

eγt
∥∥∥τxxx

τ
(t)
∥∥∥2 + 1

2C1

∫ t

0

eγs
∥∥∥τxxx

τ
(s)
∥∥∥2 ds ≤ C3 + C1

∫ t

0

eγs‖E1(s)‖2ds ≤ C4,

whence

eγt‖τxxx(t)‖2 +
∫ t

0

eγs‖τxxx(s)‖2ds ≤ C4. (2.4.84)

Similarly to (2.4.52), (2.4.57)–(2.4.58), (2.4.61)–(2.4.62), using (2.4.80), (2.4.84)
and Theorem 2.1.2, we have that for any fixed γ ∈ (0, γ4] and for any t > 0,

eγt
(
‖uxxx(t)‖2H1 + ‖uxx(t)‖2W 1,∞ + ‖wxxx(t)‖2H1 + ‖wxx(t)‖2W 1,∞ + ‖bxxx(t)‖2H1

+ ‖bxx(t)‖2W 1,∞ + ‖θxxx(t)‖2H1 + ‖θxx(t)‖2W 1,∞ + ‖utxx(t)‖2 + ‖wtxx(t)‖2

+ ‖btxx(t)‖2
)
+

∫ t

0

eγs
(
‖uxx‖2W 2,∞ + ‖wxx‖2W 2,∞ + ‖bxx‖2W 2,∞ + ‖θxx‖2W 2,∞

+ ‖θtxx‖2H1 + ‖utxx‖2H1 + ‖wtxx‖2H1 + ‖btxx‖2H1 + ‖θtx‖2W 1,∞ + ‖utx‖2W 1,∞

+ ‖wtx‖2W 1,∞ + ‖btx‖2W 1,∞

)
(s)ds ≤ C4 (2.4.85)
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and ∫ t

0

eγs
(
‖utt‖2 + ‖wtt‖2 + ‖btt‖2 + ‖θtt‖2 + ‖θtxx‖2

+ ‖utxx‖2 + ‖wtxx‖2 + ‖btxx‖2
)
(s)ds ≤ C4. (2.4.86)

Multiplying (2.4.64) by eγt and using (2.4.60), (2.4.80), (2.4.84)–(2.4.86) and
Theorem 2.1.2, we get that, for any fixed γ ∈ (0, γ4],

eγt
∥∥∥τxxxx

τ
(t)
∥∥∥2+ 1

2C−1
1

∫ t

0

eγs
∥∥∥τxxxx

τ
(s)
∥∥∥2 ds ≤ C4+C1

∫ t

0

eγs‖E2(s)‖2ds ≤ C4,

that is,

eγt‖τxxxx(t)‖2 +
∫ t

0

eγs‖τxxxx(s)‖2ds ≤ C4, ∀t > 0. (2.4.87)

Similarly to (2.4.67)–(2.4.69), we easily derive that for any fixed γ ∈ (0, γ4],∫ t

0

eγs
(
‖uxxxxx‖2 + ‖wxxxxx‖2 + ‖bxxxxx‖2 + ‖θxxxxx‖2 + ‖τtxxx‖2H1 (2.4.88)

+ ‖uxx‖2W 2,∞ + ‖θxx‖2W 2,∞ + ‖wxx‖2W 2,∞ + ‖bxx‖2W 2,∞

)
(s)ds ≤ C4, ∀t > 0.

Finally, we combine estimates (2.4.80), (2.4.84)–(2.4.88) with the interpola-
tion inequality to derive the required estimates (2.4.81)–(2.4.83). The proof is now
complete. �

Thus we have completed the proof of Theorem 2.1.3. �

2.5 Bibliographic Comments

Let us mention a number of previous works in this direction. For the one-dimen-
sional ideal gas, i.e.,

e = Cvθ, σ = −Rθ

τ
+

μ

τ
ux, Q = −κ

θx
τ
, w = b ≡ 0, (2.5.1)

with suitable positive constants Cv, R, Kazhikhov [60, 61], Kazhikhov and She-
lukhin [63], and Kawashima and Nishida [57] established the existence of global
smooth solutions. Zheng and Qin [150] proved the existence of maximal attractors
in Hi (i = 1, 2). However, for very high temperatures and densities, the constitu-
tive relations (2.5.1) become inadequate. Thus a more realistic model would be a
linearly viscous gas (or Newtonian fluid) with

σ(τ, θ, ux) = −p(τ, θ) +
μ(τ, θ)

τ
ux, (2.5.2)



2.5. Bibliographic Comments 75

satisfying Fourier’s law of heat flux

Q(τ, θ, θx) = −κ(τ, θ)

τ
θx, (2.5.3)

whose internal energy e and pressure p are coupled by the standard thermody-
namical relation

eτ (τ, θ) = −p(τ, θ) + θpθ(τ, θ). (2.5.4)

In this case, Kawohl [59] and Jiang [50] obtained the existence of global solutions
to 1D viscous heat-conductive real gas under different growth assumptions on the
pressure p, internal energy e and heat conductivity κ in terms of temperature. Qin
[97, 99–101] established the regularity and asymptotic behavior of global solutions
under more general growth assumptions on p, e, κ than those in [50, 59].

For the radiative and reactive gas, Ducomet [22] established the global ex-
istence and exponential decay in H1 of smooth solutions, and Qin et al. [105]
extended the results in [22], further establishing the global existence and expo-
nential stability of solutions in Hi (i = 1, 2, 4). Umehara and Tani [129], Qin et al.
[103] and Qin, Hu and Wang [104] proved the global existence of smooth solutions
for a self-gravitating radiative and reactive gas.

For non-radiative MHD flows (i.e., a ≡ 0 in (2.1.6)), there have been a
number of studies by several authors, under various conditions (see, e.g., [10, 11],
[33, 34, 47], [131, 132]). The existence and uniqueness of local smooth solutions
were first obtained in [131], and the existence of global smooth solutions with small
smooth initial data was shown in [125]. Under the technical condition that κ(ρ, θ)
satisfies

0 < C−1(1 + θq) ≤ κ(ρ, θ) ≤ C(1 + θq)

for q ≥ 2, Chen and Wang [10] proved the existence and continuous dependence
of global strong solutions with large initial data satisfying

0 < inf ρ0 ≤ ρ0(x) ≤ sup ρ0 < +∞, ρ0, u0,w0, b0, θ0 ∈ H1(Ω), θ0(x) > 0.

Chen and Wang [11] also investigated a free boundary problem with general large
initial data. Wang [132] established the existence of large solutions to the initial-
boundary value problem for planar magnetohydrodynamics. Under a technical
condition upon κ(ρ), namely

κ(ρ, θ) ≡ κ(ρ) >
C

ρ
,

Fan, Jiang and Nakamura [33] investigated the uniqueness of the weak solutions
of MHD with initial data in Lebesgue spaces. Fan, Jiang and Nakamura [34] also
considered one-dimensional plane MHD compressible flows, and proved that as
the shear viscosity goes to zero, global weak solutions converge to a solution of
the original equations with zero shear viscosity. The uniqueness and continuous
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dependence of weak solutions for the Cauchy problem have been proved by Hoff
and Tsyganov [47].

For compressible and radiative MHD flows (i.e., a > 0 in (2.1.6)) with self-
gravitation, Ducomet and Feireisl [25] proved the existence of global-in-time solu-
tions with arbitrarily large initial data and conservative boundary conditions on a
bounded spatial domain in R

3. Under the technical condition that κ(ρ, θ) satisfies

k1(1 + θq) ≤ κ(ρ, θ), |κρ(ρ, θ)| ≤ k2(1 + θq),

for some q > 5
2 , Zhang and Xie [145] investigated the existence of global smooth

solutions to problem (2.1.1)–(2.1.8). In this chapter, we established the global
existence and exponential stability of solutions in Hi (i = 1, 2, 4) to problem
(2.1.1)–(2.1.8). However, the large-time behavior is still open even for the non-
self-gravitating case, i.e., (2.1.1)–(2.1.8).



Chapter 3

Global Smooth Solutions
for 1D Thermally Radiative
Magnetohydrodynamics
with Self-gravitation

3.1 Introduction

In this chapter, we shall consider the one-dimensional motion of a compressible,
thermally radiative fluid with magnetic diffusion. This motion is described in the
Euler coordinates by the following equations, corresponding to the conservation
laws of mass, momentum and energy:

ρt + (ρu)x = 0, (3.1.1)

(ρu)t +

(
ρu2 + p+

1

2
|b|2
)

x

= (λux)x + ρψx, (3.1.2)

(ρw)t + (ρuw− b)x = (μwx)x, (3.1.3)

bt + (ub− w)x = (νbx)x, (3.1.4)

Et +
(
u

(
E + p+

1

2
|b|2
)
− w · b

)
x

+Qx

= (λuux + μw · wx + νb · bx)x + ρψxu (3.1.5)

where ρ is the density, u ∈ R the longitudinal velocity, w = (w1, w2) ∈ R
2 the

transverse velocity, b = (b1, b2) ∈ R
2 the transverse magnetic field, and θ the

temperature, p = p(ρ, θ) the total pressure and e = e(ρ, θ) the internal energy.
Further, ρψx represents the gravitational force, where the function ψ is determined
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by the boundary value problem{
−ψxx = Gρ, (x, t) ∈ Ω× (0, T ),

ψ|∂Ω = 0,
(3.1.6)

where Ω ⊂ R is a bounded domain. The total energy E is given by

E = ρ

(
e+

1

2
(u2 + |w|2)

)
+

1

2
|b|2, (3.1.7)

where ρ(u2 + |w|2)/2 is the kinetic energy and |b|2/2 is the magnetic energy. The
heat flux Q takes the form

Q = QF +QR = −kθx, (3.1.8)

where k = k(ρ, θ) is the heat conductivity coefficient, QF is given by the Fourier’s
law, and QR is the radiation heat flux.

In agreement with the classical Boyle’s law that applies in the non-degenerate
area of high temperatures and low densities, we may assume that p(ρ, θ) and e(ρ, θ)
take the forms

p(ρ, θ) = Rρθ +
a

3
θ4, e(ρ, θ) = CV θ +

a

ρ
θ4, (3.1.9)

and the heat conductivity κ = κ(ρ, θ) satisfies the growth condition

κ1(1 + θq) ≤ k(ρ, θ), |κρ(ρ, θ)| ≤ κ2(1 + θq) for any q > (2 +
√
211)/9
(3.1.10)

where R > 0 is the perfect gas constant and CV > 0 is the specific heat at constant
volume, respectively.

We shall consider the initial-boundary value problem (3.1.1)–(3.1.6) in a
bounded spatial domain Ω = (0, 1) subject to the following initial and bound-
ary conditions: {

(ρ, u,w, b, θ)|t=0 = (ρ0, u0,w0, b0, θ0)(x),

(u,w, b, θx)|x=0 = (u,w, b, θx)|x=1 = 0,
(3.1.11)

where the initial data satisfy certain compatibility conditions as usual. Note that
the boundary conditions in (3.1.11)2 imply that the boundary is non-slip, imper-
meable, and thermally insulated.

In this chapter, we shall consider problems (3.1.1)–(3.1.11), which is similar
to a model in ideal MHD considered for specially physical interests by Ojha and
Singh [92], where the effects of radiation and magnetic fields were discussed in the
cases of plane, cylindrical and spherical flows.

We shall prove the global existence of a unique classical solution of system
(3.1.1)–(3.1.6) with initial-boundary conditions (3.1.11) for q > (2 +

√
211)/9,

improving the result in [145] for q > 5
2 .
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For the sake of simplicity, we assume that the viscosity coefficients λ, μ
and the magnetic diffusivity ν are constants, and assume the heat conductivity
κ = κ(ρ, θ) is strictly positive and continuously differentiable on R+ × R+, R+ =
[0,+∞).

Our main result in this chapter is as follows.

Theorem 3.1.1. Assume that the total pressure p = p(ρ, θ), the internal energy e =
e(ρ, θ) and the heat conductivity κ = κ(ρ, θ) satisfy (3.1.9) and (3.1.10). Assume
also that the initial data (ρ0, u0,w0, b0, θ0) satisfy the compatibility conditions and,
for some α ∈ (0, 1),

(ρ0, u0,w0, b0, θ0) ∈ C1+α(Ω)× (C2+α(Ω)
)6

,

and there exists a constant C0 > 0 such that, for any x ∈ (0, 1),

0 < C−1
0 ≤ ρ0(x) ≤ C0, 0 < C−1

0 ≤ θ0(x) ≤ C0.

Then there exists a unique classical solution (ρ, u,w, b, θ) of the initial-boundary
value problem (3.1.1)–(3.1.11) such that, for any T > 0,

ρ(x, t) > 0 and θ(x, t) > 0 for any (x, t) ∈ QT = Ω× (0, T ), (3.1.12)

(ρ, ρx, ρt) ∈
(
C

α,α/2
x,t (QT )

)3
, (u,w, b, θ) ∈

(
C

2+α,1+α/2
x,t (QT )

)6
, (3.1.13)

and ψ ≥ 0 satisfying that ψxx ∈ C
1+α,1+α/2
x,t (QT ) is determined by the boundary

value problem (3.1.6).

The existence of global-in-time solutions will be proved by continuing the
local solutions with respect to time based on global a priori estimates. The exis-
tence and uniqueness of the local solution to the initial-boundary value problem
(3.1.1)–(3.1.10) can be proved by the standard method based on the Banach fixed-
point theorem. We omit the details of the proof of local existence here. Note that
ψ can be solved from (3.1.6) in terms of ρ. To prove the global existence, it is
thus sufficient to establish global a priori estimates for the solutions. The main
difficulty is caused by the high-temperature radiation terms appearing in (3.1.2)
and (3.1.5), which makes the upper bound for θ more complicated than that in
the works mentioned above. This will be done by proper inequalities to reduce the
higher order of θ in the equations (3.1.1)–(3.1.5).

Throughout this chapter we denote by Cm+α(Ω) and C2m+α,m+α/2(QT ) with
m ∈ Z+, 0 < α < 1, the standard Hölder spaces, and by Wm,p(Ω) (W 0,p(Ω) ≡
Lp(Ω),Wm,2(Ω) ≡ Hm(Ω)) with 1 ≤ p ∈ R, m ∈ Z+ the usual Sobolev space. For
simplicity, we also use the following abbreviations:

‖ · ‖Hm = ‖ · ‖Hm(Ω), ‖ · ‖Lp = ‖ · ‖Lp(Ω), ‖ · ‖Lp(0,T ;Hm) = ‖ · ‖Lp(0,T ;Hm(Ω)).

Moreover, the same letter C denotes various generic positive constants appearing
in the estimates, which may depend on T .
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3.2 A Priori Estimates

In order to establish the global existence of solutions, we need some a priori es-
timates for the solution and its derivatives on (0, 1)× (0, T ) for any fixed T > 0,
which will be derived by detailed analysis of the equations. As was mentioned
above, the main difficulty, caused by the effect of high-temperature radiation in
momentum and energy equations, lies in obtaining a global uniform upper bound
for θ which then plays an important role in the derivation of a priori estimates on
the second derivatives of the quantities (u,w, b, θ).

To prove Theorem 3.1.1, we shall establish several lemmas concerning esti-
mates of the solution and its derivatives. Our methods are mainly based on the
techniques in Qin [101, 103–105], that is, we carefully estimate the solution and
its higher derivatives in terms of functions A,X, Y and Z (see their definitions
below) and resort to delicate interpolation techniques.

Lemma 3.2.1. For any t ∈ [0, T ], it holds that

m(t) :=

∫ 1

0

ρ(x, t)dx =

∫ 1

0

ρ0(x)dx := m0, (3.2.1)

sup
t∈(0,T )

∫ 1

0

ψ2
x(x, t)dx ≤ C, (3.2.2)

0 ≤ ψ(x, t) ≤ C, ∀(x, t) ∈ QT , (3.2.3)

‖ψxx‖2L2 ≤ C, ‖ψx‖2L∞ ≤ C, (3.2.4)∫ 1

0

(
ρ(θ + u2 + |w|2) + θ4 + |b|2) (x, t)dx ≤ C, (3.2.5)∫ 1

0

ρ(ln ρ+ | ln θ|)(x, t)dx

+

∫ t

0

∫ 1

0

(
κθ2x
θ2

+
λu2

x + μ|wx|2 + ν|bx|2
θ

)
dxds ≤ C, (3.2.6)

0 < C−1 ≤ ρ(x, t) ≤ C, ∀(x, t) ∈ [0, 1]× [0, T ], (3.2.7)∫ T

0

‖θ(t)‖q+4
L∞ dt ≤ C, (3.2.8)∫ T

0

(‖θ‖L∞ + ‖b‖2L∞ + ‖θ‖4L∞
)
dt ≤ C, (3.2.9)∫ T

0

∫ 1

0

(u2
x + |wx|2 + |bx|2)(x, t)dxdt ≤ C, (3.2.10)∫ 1

0

ρ2xdx+

∫ t

0

∫ 1

0

θρ2xdxds ≤ C, (3.2.11)
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sup
t∈(0,T )

∫ 1

0

(|w|4 + |b|4)(x, t)dx

+

∫ T

0

∫ 1

0

(|w|2|wx|2 + |b|2|bx|2)dxdt ≤ C, (3.2.12)

sup
t∈(0,T )

∫ 1

0

|(wx, bx)|2dx+

∫ T

0

∫ 1

0

|(wt,wxx, bt, bxx)|2dxds ≤ C. (3.2.13)

Proof. See, e.g., [145]. �

Now we define the following functions:

|u|(0) := sup
(x,t)∈QT

|u(x, t)|, A = A(t) := sup
0≤s≤t

‖θ(s)‖L∞(Ω),

X = X(t) :=

∫ t

0

∫ 1

0

(1 + θq+3)θ2t dxds, Y = Y (T ) := max
t∈[0,T ]

∫ 1

0

(1 + θ2q)θ2xdx,

Z = Z(T ) := max
t∈[0,T ]

‖uxx(t)‖2.

From these definitions, we can obtain the following estimates.

Lemma 3.2.2. For any t ∈ [0, T ], it holds that

A ≤ |θ|(0) ≤ C + CY
1

2q+6 , (3.2.14)

max
t∈[0,T ]

‖ux‖2 ≤ C + CZ
1
2 , (3.2.15)

|ux|(0) ≤ C + CZ
3
8 . (3.2.16)

Proof. Firstly, from (3.2.5) and (3.2.7), we have∫ 1

0

u2(x, t)dx ≤ C,

∫ 1

0

θ(x, t)dx ≤ C. (3.2.17)

By using the mean value theorem, we find that, for each t ∈ [0, T ] there exists a
point ξ∗(t) ∈ [0, 1] such that

θ(ξ∗, t) =
∫ 1

0

θ(ξ, t)dξ ≤ C,

which, combined with (3.2.5), yields that for any x ∈ [0, 1], and for any ε > 0,

θ2q+6(x, t) = θ2q+6(ξ∗, t) + (2q + 6)

∫ x

ξ∗
θ2q+5θη(η, t)dη

≤ C + C

∫ 1

0

θ2q+5|θη|dη
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≤ C + C

(∫ 1

0

(1 + θ2q)θ2ηdη

) 1
2
(∫ 1

0

(1 + θ)2q+10dη

) 1
2

≤ C + ε

∫ 1

0

(1 + θ)2q+10dη + C(ε)

∫ 1

0

(1 + θ2q)θ2ηdη

≤ C + ε
(
|θ|(0)

)2q+6
∫ 1

0

θ4dη + C(ε)

∫ 1

0

(1 + θ2q)θ2ηdη

≤ C + Cε
(
|θ|(0)

)2q+6

+ CY. (3.2.18)

Taking ε > 0 sufficiently small and taking the supremum over QT of the
left-hand of inequality (3.2.18), we obtain(

|θ|(0)
)2q+6

≤ C + CY,

which implies

A ≤ |θ|(0) ≤ C + CY
1

2q+6 .

Secondly, using (3.2.17) and the Gagliardo-Nirenberg interpolation inequality, we
get

‖ux‖2L2 ≤ ‖ux‖2L∞ ≤ C‖u‖L2‖uxx‖L2 + C‖u‖2L2

≤ C‖uxx‖L2 + C,

from which we can derive the inequality (3.2.14).
Finally, by (3.2.14) and the Gagliardo-Nirenberg interpolation inequality, we also
get

‖ux‖L∞ ≤ C‖ux‖
1
2

L2‖uxx‖
1
2

L2 + C‖ux‖L2

≤
(
CZ

1
4 + C

)
CZ

1
8 + CZ

1
4 + C,

which implies

‖ux‖L∞ ≤ C + CZ
3
8 ,

that is,

|ux|(0) ≤ C + CZ
3
8 .

This completes the proof of Lemma 3.2.2. �
Lemma 3.2.3. For any t ∈ (0, T ), the following inequalities hold:∫ 1

0

u4dx +

∫ t

0

∫ 1

0

u2u2
xdxds ≤ C + CAγ1 , (3.2.19)∫ 1

0

u2
xdx+

∫ t

0

∫ 1

0

(u2
t + u2

xx)dxds ≤ C + CAγ2 , (3.2.20)

where γ1 = max(0, 4− q), and γ2 = max(0, 8− q).
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Proof. Multiplying (3.1.2) by 4u3 and integrating by parts over (0, 1)× (0, t), we
get ∫ 1

0

ρu4dx+ 12λ

∫ t

0

∫ 1

0

u2u2
xdxds (3.2.21)

=

∫ 1

0

ρ0u
4
0dx+ 12

∫ t

0

∫ 1

0

(
p+

1

2
|b|2
)
u2uxdxds+ 4

∫ t

0

∫ 1

0

ρψxu
3dxds

which implies∫ 1

0

ρu4dx+ 12λ

∫ t

0

∫ 1

0

u2u2
xdxds

≤ C + C

∣∣∣∣∫ t

0

∫ 1

0

(p+
1

2
|b|2)u2uxdxds

∣∣∣∣+ C

∣∣∣∣∫ t

0

∫ 1

0

ρψxu
3dxds

∣∣∣∣
where the terms on the right-hand side are estimated as follows.

Firstly, by Lemmas 3.2.1 and 3.2.2 and the Gagliardo-Nirenberg interpolation
inequality, we get∣∣∣∣∫ t

0

∫ 1

0

ρψxu
3dxds

∣∣∣∣ ≤ C

∣∣∣∣∫ t

0

∫ 1

0

u3dxds

∣∣∣∣ ≤ C

∫ t

0

‖u‖L∞

(∫ 1

0

u2dx

)
ds

≤ C

∫ t

0

‖u‖L∞ds ≤ C

∫ t

0

‖ux‖2L2ds+ C

≤ C.

On the other hand, since ‖(b, θ)‖L∞(0,T ;L4) ≤ C, recalling the definition of the
total pressure p and using Lemmas 3.2.1 and 3.2.2 again, we find that, for any
ε > 0,∣∣∣∣∫ t

0

∫ 1

0

(
p+

1

2
|b|2
)
u2dxds

∣∣∣∣
≤ ε

∫ t

0

∫ 1

0

u2u2
xdxds+ C(ε)

∫ t

0

∫ 1

0

(
p+

1

2
|b|2
)2

u2dxds

≤ ε

∫ t

0

∫ 1

0

u2u2
xdxds+ C(ε)

∫ t

0

(
‖p+ 1

2
|b|2‖2L∞

)(∫ 1

0

u2dx

)
ds

≤ ε

∫ t

0

∫ 1

0

u2u2
xdxds+ C(ε)

∫ t

0

(
‖p+ 1

2
|b|2‖2L∞

)
ds

≤ ε

∫ t

0

∫ 1

0

u2u2
xdxds+ C(ε) + C(ε)

∫ t

0

(
‖1 + θ‖8L∞ + ‖1

2
|b|2‖2L∞

)
ds

≤ ε

∫ t

0

∫ 1

0

u2u2
xdxds+ C(ε) + C(ε)

∫ t

0

(
‖1 + θ‖q+4

L∞ ‖1 + θ‖4−q
L∞

)
ds
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≤ ε

∫ t

0

∫ 1

0

u2u2
xdxds+ C(ε) + C(1 +Aγ1)

≤ ε

∫ t

0

∫ 1

0

u2u2
xdxds+ C(ε) + CAγ1 .

Thus we obtain the inequality (3.2.19) by taking ε > 0 sufficiently small.

Noting that the total pressure is given by p(ρ, θ) = Rρθ+ a
3 θ

4, we infer from
(3.1.2) that

ρu2
t +

λ2

ρ
u2
xx− 2λutuxx = ρ−1

(
ρuux +Rρxθ +Rρθx +

4

3
aθ3θx + b · bx − ρψx

)2

,

which, together with Lemmas 3.2.1 and 3.2.2, leads to

λ

∫ 1

0

u2
xdx+

∫ t

0

∫ 1

0

(
ρu2

t +
λ2

ρ
u2
xx

)
dxds

≤ C + C

∫ t

0

∫ 1

0

(u2u2
x + ρ2xθ

2 + ρ2θ2x + θ6θ2x + |b|2|bx|2 + ρ2ψ2
x)dxds

≤ C + CAγ1 + C

∫ t

0

‖θ(s)‖2L∞

(∫ 1

0

ρ2xdx

)
ds

+ C max
t∈(0,T )

‖θ(t)‖γ0

L∞

∫ t

0

∫ 1

0

κθ2x
θ2

dxds+ C max
t∈(0,T )

‖θ(t)‖γ2

L∞

∫ t

0

∫ 1

0

κθ2x
θ2

dxds

≤ C + CAγ1 + CAγ2

≤ C + CAγ2 ,

here γ0 = max(0, 2− q).

The proof of Lemma 3.2.3 is complete. �

Lemma 3.2.4. For q > 1, there exists a constant δ ∈ [0, 1) such that

X + Y ≤ C + CZδ. (3.2.22)

Proof. In view of the equations of state (3.1.9), equation (3.1.5) can be rewritten
as

ρeθθt + ρueθθx + θpθux = (κθx)x + λu2
x + μ|wx|2 + ν|bx|2, (3.2.23)

which, multiplied by κθt and integrated over (0, 1)× (0, t), yields∫ t

0

∫ 1

0

ρeθκθ
2
t dxds+

∫ t

0

∫ 1

0

κθx(κθt)xdxds

=

∫ t

0

∫ 1

0

(
λu2

x + μ|wx|2 + ν|bx|2 − ρueθθx − θpθux

)
κθtdxds. (3.2.24)
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Note that (3.1.1) also implies

(κθt)x = (κθx)t + κxθt − κtθx

= (κθx)t + κρρxθt − κρρtθx

= (κθx)t + κρρxθt + κρθx(ρxu+ ρux),

and so we can rewrite (3.2.24) as∫ t

0

ρeθκθ
2
t dxds+

1

2

∫ 1

0

(κθx)
2dx− 1

2

∫ 1

0

(κθx)
2dx

∣∣∣∣
t=0

=

∫ t

0

∫ 1

0

(λu2
x + μ|wx|2 + ν|bx|2 − ρueθθx − θpθux)κθtdxds

−
∫ t

0

∫ 1

0

κρκθx(ρxθt + ρuxθx + uρxθx)dxds :=

5∑
i=1

Li. (3.2.25)

As for the terms on the left-hand side, recalling that C−1 ≤ eθ(ρ, θ)/(1+θ)3 ≤
C (because of (3.1.9) and Lemma 3.2.2) and using Lemma 3.2.2 and (3.1.11), we
have ∫ t

0

∫ 1

0

ρκeθθ
2
t dxds+

1

2

∫ 1

0

(κθx)
2dx− 1

2

∫ 1

0

(κθx)
2dx

∣∣∣∣
t=0

≥ C−1

(∫ 1

0

(1 + θ)2qθ2xdx+

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds

)
− C

≥ C−1(X + Y )− C.

To bound the right-hand side of (3.2.25), we firstly use the Cauchy-Schwarz
inequality and Lemma 3.2.3 to deduce that, for 1 < q ≤ 8 and for any ε > 0,

|L1| :=
∣∣∣∣∫ t

0

∫ 1

0

(λu2
x + μ|wx|2 + ν|bx|2)κθtdxds

∣∣∣∣
≤ C

∣∣∣∣∫ t

0

∫ 1

0

(λu2
x + μ|wx|2 + ν|bx|2)(1 + θ)qθtdxds

∣∣∣∣
≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds + C

∫ t

0

∫ 1

0

(1 + θ)q−3(u4
x + |wx|4 + |bx|4)dxds

≤ εX + C(1 +Aγ3)

∫ t

0

∫ 1

0

(u4
x + |wx|4 + |bx|4)dxds

≤ εX + C(1 +Aγ3)|u2
x|(0)

∫ t

0

∫ 1

0

u2
xdxds + C

≤ εX + C(1 +Aγ3)(C + CZ
3
4 ) + C

≤ εX + C + CAγ3 + CAγ3Z
3
4 + CZ

3
4
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≤ ε(X + Y ) + C + CZδ1 .

Here γ3 = max(0, q − 3), δ1 = 3
2 · q+3

2q+6−γ3
, and we have used the following facts

∫ T

0

∫ 1

0

|(wx, bx)|4dxdt ≤ C

(
1 +

∫ T

0

‖(wx, bx)(t)‖2L∞

∫ 1

0

|(wx, bx)|2 dxdt
)

≤ C

(
1 +

∫ T

0

‖(wxx, bxx)(t)‖2L2dt

)
≤ C

and, since γ3 < 2q + 6, by Lemma 3.2.1,

CAγ3 ≤ 1

2
εY + C and CAγ3Z

3
4 ≤ 1

2
εY + CZδ1 .

For q ≥ 8, we have and for any ε > 0,

|L1| ≤ εX + C

∫ t

0

∫ 1

0

(1 + θ)q−3(u4
x + |wx|4 + |bx|4)dxds

≤ εX + C(1 +Aq−3) + C

≤ ε(X + Y ) + C,

where we used the facts that q − 3 < 2q + 6, and

CAq−3 ≤ εY + C.

Secondly, using the Cauchy-Schwarz inequality and the Gagliardo-Nirenberg
interpolation inequality, we can easily deduce from Lemmas 3.2.1–3.2.3 that, for
q > 1, and for any ε > 0,

|L2| :=
∣∣∣∣∫ t

0

∫ 1

0

(ρueθθx + θpθux)κθtdxds

∣∣∣∣
≤ C

∫ t

0

∫ 1

0

|(ρuθx + θux)(1 + θ)q+3θt|dxds

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds+ C

∫ t

0

∫ 1

0

(1 + θ)q+3(ρ2u2θ2x + θ2u2
x)dxds

≤ εX + C

∫ t

0

∫ 1

0

(1 + θ)q+3u2θ2xdxds+ C

∫ t

0

∫ 1

0

(1 + θ)q+5u2
xdxds

≤ εX + C(1 +A5)

∫ t

0

‖u‖L2‖ux‖L2

(∫ 1

0

κθ2x
θ2

dx

)
ds+ C(1 +Aq+5)

≤ εX + C(1 +A5)|ux|(0)
∫ t

0

∫ 1

0

κθ2x
θ2

dxds+ C(1 +Aq+5)

≤ εX + C(1 +A5)(C + CZ
3
8 ) + C + CAq+5
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≤ ε(X + Y ) + CZδ2 ,

where δ2 = 3
4 · q+3

2q+1 < 1 and here we know that, since 5 < 2q + 6,

CA5 ≤ 1

2
εY + C, and CA5Z

3
8 ≤ 1

2
εY + CZδ2 .

Thirdly, in view of Lemma 3.2.2, by the Hölder and the Cauchy-Schwarz inequal-
ities we have that, for any ε > 0,

|L3| :=
∣∣∣∣∫ t

0

∫ 1

0

κθxκρθtρxdxds

∣∣∣∣
≤ C

∫ t

0

∫ 1

0

|κθx(1 + θ)qθtρx| dxds

≤ C

∫ t

0

max
x∈(0,1)

(
(1 + θ)

q−3
2 |κθx|

)∫ 1

0

∣∣∣(1 + θ)
q+3
2 θtρx

∣∣∣ dxds
≤ C

∫ t

0

max
x∈(0,1)

(
(1 + θ)

q−3
2 |κθx|

)(∫ 1

0

(1 + θ)q+3θ2t dx

) 1
2
(∫ 1

0

ρ2xdx

) 1
2

ds

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds + C

∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|2

)
ds

≤ εX + C

∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|2

)
ds.

In a similar manner, by Lemmas 3.2.1–3.2.3, we find that, for 1 < q ≤ 8, and for
any ε > 0,

|L4| :=
∣∣∣∣∫ t

0

∫ 1

0

ρκρκθ
2
xuxdxds

∣∣∣∣
≤ C

∫ t

0

∫ 1

0

∣∣κθ2x(1 + θ)qux

∣∣ dxds
≤ C

∫ t

0

max
x∈(0,1)

(
(1 + θ)

q−3
2 |κθx|

) [∫ 1

0

∣∣∣θx(1 + θ)
q+3
2 ux

∣∣∣ dx] ds
≤ C

∫ t

0

max
x∈(0,1)

(
(1 + θ)

q−3
2 |κθx|

)(∫ 1

0

(1 + θ)q+3θ2xdx

) 1
2
(∫ 1

0

u2
xdx

) 1
2

ds

≤ C max
t∈(0,T )

‖ux‖L2

∫ t

0

max
x∈(0,1)

(
(1 + θ)

q−3
2 |κθx|

)(∫ 1

0

(1 + θ)q+3θ2xdx

) 1
2

ds

≤ (C + CZ
1
4 )

[∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|2

)
ds+

∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds

]
≤ (C + CZ

1
4 )(C + CA5) + (C + CZ

1
4 )

∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|2

)
ds
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≤ C + CZ
1
4 + CA5Z

1
4 + CA5 + (C + CZ

1
4 )

∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|2

)
ds

≤ εY + CZ
1
2 · q+3

2q+1 + (C + CZ
1
4 )

∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|2

)
ds

≤ εY + CZ2δ2/3 + (C + CZ
1
4 )

∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|2

)
ds,

while for q ≥ 8, and for any ε > 0, it holds that

|L4| ≤ C max
t∈(0,T )

‖ux‖L2

∫ t

0

max
x∈(0,1)

(
(1 + θ)

q−3
2 |κθx|

)(∫ 1

0

(1 + θ)q+3θ2xdx

) 1
2

ds

≤ C

∫ t

0

max
x∈(0,1)

(
(1 + θ)

q−3
2 |κθx|

)(∫ 1

0

(1 + θ)q+3θ2xdx

) 1
2

ds

≤ εY + C + C

∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|2

)
ds.

Finally, by virtue of Lemmas 3.2.1–3.2.3 and the Gagliardo-Nirenberg inter-
polation inequality, we derive, for any ε > 0, the estimates

|L5| :=
∣∣∣∣∫ t

0

∫ 1

0

κρuρxκθ
2
xdxds

∣∣∣∣ ≤ C

∫ t

0

∫ 1

0

∣∣(1 + θ)quρxκθ
2
x

∣∣ dxds
≤ C max

t∈(0,T )
‖u‖L∞

∫ t

0

max
x∈(0,1)

(
(1 + θ)

q−3
2 |κθx|

)(∫ 1

0

(1 + θ)
q+3
2 ρxθxdx

)
ds

≤ C max
t∈(0,T )

‖u‖L∞

∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|

)
×
(∫ 1

0

(1 + θ)q+3θ2xdx

) 1
2
(∫ 1

0

ρ2xdx

) 1
2

ds

≤ C max
t∈(0,T )

‖u‖L∞

(∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|2

)
ds

) 1
2

×
(∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds

) 1
2

≤ C max
t∈(0,T )

‖u‖2L∞

∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds

+ C

∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|2

)
ds

≤ C max
t∈(0,T )

‖ux‖L2‖u‖L2(C + CA5) + C

∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|2

)
ds

≤ (C + CZ
1
4 )(C + CA5) + C

∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|2

)
ds
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≤ C + CZ
1
4 + CA5Z

1
4 + CA5 + C

∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|2

)
ds

≤ εY + CZ
1
2 · q+3

2q+1 + C + C

∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|2

)
ds

≤ εY + CZ2δ2/3 + C + C

∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|2

)
ds.

By the estimates of L, (i = 1, 2, 3, 4, 5), and choosing ε appropriately small, we
conclude that for any t ∈ (0, T ), for 1 < q ≤ 8,

X+Y ≤ C+CZδ1 +CZδ2 +(C+CZ
1
4 )

∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|2

)
ds, (3.2.26)

and for q ≥ 8,

X + Y ≤ C + CZδ2 + C

∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|2

)
ds. (3.2.27)

It is clear from (3.2.26) and (3.2.27) that we still need to deal with the term
(1 + θ)q−3|κθx|2. To this end, we observe from (3.2.23) that

|(κθx)x|2 =
(
ρeθθt + ρueθθx + θpθux − λu2

x − μ|wx|2 − ν|bx|2
)2

. (3.2.28)

Multiplying (3.2.28) by (1 + θ)q−3 and integrating the resulting equation over
(0, 1)× (0, t), we deduce that∫ t

0

∫ 1

0

(1 + θ)q−3 |(κθx)x|2 dxds

=

∫ t

0

∫ 1

0

(1 + θ)q−3
(
ρeθθt + ρueθθx + θpθux − λu2

x − μ|wx|2 − ν|bx|2
)2

dxds

≤ C

∫ t

0

∫ 1

0

[
(1 + θ)q−3(θ2t + θ2xu

2) + (1 + θ)q+5u2
x

]
+ C

∫ t

0

∫ 1

0

(1 + θ)q−3(u4
x + |wx|4 + |bx|4)dxds. (3.2.29)

By the Sobolev inequality and Lemmas 3.2.1–3.2.3, we can easily see that,
for any ε > 0,∫ t

0

∫ 1

0

(1 + θ)q+3θ2xu
2dxds ≤

∫ t

0

‖u‖2L∞

∫ 1

0

(1 + θ)q+3 θ
2

k
· κθ

2
x

θ2
dxds

≤ C

∫ t

0

‖u‖L2‖ux‖L2

∫ 1

0

(1 + θ5)
κθ2x
θ2

dxds ≤ C

∫ t

0

‖ux‖L2

∫ 1

0

(1 + θ5)
κθ2x
θ2

dxds

≤ C sup
t∈(0,T )

‖ux‖L2(1 +A5)

∫ t

0

∫ 1

0

κθ2x
θ2

dxds ≤ (C + CZ
1
4 )(1 +A5)

≤ εY + C + CZ
1
2 · q+3

2q+1 ≤ εY + C + CZδ2 ,



90 Chapter 3. Solutions for 1D Thermally Radiative Magnetohydrodynamics

∫ t

0

∫ 1

0

(1 + θ)q+5u2
xdxds ≤ (C + CAq+5)

∫ t

0

∫ 1

0

u2
xdxds

≤ C + CAq+5 ≤ εY + C,

and from the derivation of the estimate for L1, we also find that for 1 < q ≤ 8,∫ t

0

∫ 1

0

(1 + θ)q−3(u4
x + |wx|4 + |bx|4)dxds ≤ ε(X + Y ) + CZδ1 + C,

and for q ≥ 8,∫ t

0

∫ 1

0

(1 + θ)q−3(u4
x + |wx|4 + |bx|4)dxds ≤ ε(X + Y ) + C.

Hence, inserting these estimates into (3.2.29), we get for 1 < q ≤ 8,∫ t

0

∫ 1

0

(1 + θ)q−3 |(κθx)x|2 dxds

≤ C

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds + C + ε(X + Y ) + CZδ1 + CZδ2 , (3.2.30)

and for q ≥ 8,∫ t

0

∫ 1

0

(1 + θ)q−3 |(κθx)x|2 dxds

≤ C

∫ t

0

∫ 1

0

(1 + θ)q+3θ2t dxds + C + ε(X + Y ) + CZδ2 . (3.2.31)

Multiplying (3.2.26) and (3.2.27) by C+1 and adding to (3.2.30) and (3.2.31),
we conclude that for 1 < q ≤ 8,

X + Y +

∫ t

0

∫ 1

0

(1 + θ)q−3 |(κθx)x|2 dxds (3.2.32)

≤ C + CZδ1 + CZδ2 + (C + CZ
1
4 )

∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|2

)
ds,

and for q ≥ 8,

X + Y +

∫ t

0

∫ 1

0

(1 + θ)q−3 |(κθx)x|2 dxds

≤ C ++CZδ2 + C

∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|2

)
ds. (3.2.33)

On the other hand, since

max
x∈(0,1)

|κθx|2 ≤ C

∫ 1

0

|κθx||(κθx)x|dx
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the last term on the right-hand side of (3.2.32) and (3.2.33) can be bounded as
follows, using the Cauchy-Schwarz inequality and Lemmas 3.2.1–3.2.3, for 1 < q ≤
8, and for any ε > 0:∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|2

)
ds ≤ C(1 +Aγ3)

∫ t

0

∫ 1

0

|κθx| |(κθx)x| dxds

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q−3 |(κθx)x|2 dxds+ Cε−1(1 +A2γ3)

∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q−3 |(κθx)x|2 dxds+ Cε−1(1 +A2γ3)(1 +A5)

∫ t

0

∫ 1

0

κθ2x
θ2

dxds

≤ ε

∫ t

0

∫ 1

0

(1 + θ)q−3 |(κθx)x|2 dxds+ Cε−1(1 +A2γ3+5).

If we set here ε = 1
2 (C + CZ

1
4 )−1, we get

(C + CZ
1
4 )

∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3 |κθx|2

)
ds

≤ 1

2

∫ t

0

∫ 1

0

(1 + θ)q−3 |(κθx)x|2 dxds + C(1 + Z
1
4 )(1 +A2γ3+5), (3.2.34)

and for q ≥ 8, and for any ε > 0,

C

∫ t

0

max
x∈(0,1)

(
(1 + θ)q−3|κθx|2

)
ds

≤ C(1 +A)q−3

∫ t

0

∫ 1

0

|κθx| |(κθx)x| dxds

≤ 1

2

∫ t

0

∫ 1

0

(1 + θ)q−3 |(κθx)x|2 dxds + C(1 +A2q−6)

∫ t

0

∫ 1

0

(1 + θ)q+3θ2xdxds

≤ 1

2

∫ t

0

∫ 1

0

(1 + θ)q−3 |(κθx)x|2 dxds + C + CA2q−1

≤ 1

2

∫ t

0

∫ 1

0

(1 + θ)q−3 |(κθx)x|2 dxds + εY + C. (3.2.35)

Inserting the inequalities (3.2.34) and (3.2.35) into (3.2.32) and (3.2.33), we can
deduce that, for 1 < q ≤ 8,

X + Y +

∫ t

0

∫ 1

0

(1 + θ)q−3 |(κθx)x|2 dxds

≤ C + CZδ1 + CZδ2 + (C + CZ
1
4 )(1 +A2γ3+5)

≤ C + CZδ1 + CZδ2 + CZ
1
4A2γ3+5 + CZ2γ3+5 + CZ

1
4

≤ εY + C + CZ
1
4 + CZδ1 + CZδ2 + CZ

1
2 · q+3

2q+1−2γ3 ,
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and for q ≥ 8,

X + Y +

∫ t

0

∫ 1

0

(1 + θ)q−3 |(κθx)x|2 dxds ≤ C + CZδ2 .

Hence, we can easily get that, for 1 < q ≤ 8,

X + Y ≤ C + CZδ, (3.2.36)

where δ = max(δ1, δ2,
1
4 ,

1
2 · q+3

2q+1−2γ3
), and for q ≥ 8,

X + Y ≤ C + CZδ, (3.2.37)

where δ = δ2.

Thus the proof of Lemma 3.2.4 is complete. �

Applying the previous lemmas, we can get the boundedness of Z.

Lemma 3.2.5. For q > (2 +
√
211)/9, we have

Z ≤ C. (3.2.38)

Proof. Since

ρu2
t +

λ2

ρ
u2
xx− 2λutuxx = ρ−1

(
ρuux +Rρxθ +Rρθx +

4

3
aθ3θx + b · bx − ρψx

)2

,

we derive

λ2

ρ
u2
xx = 2λutuxx−ρu2

x+ρ−1

(
ρuux +Rρxθ +Rρθx +

4

3
aθ3θx + b · bx − ρψx

)2

.

(3.2.39)
Integrating the equality (3.2.39) on (0, 1) with respect to x, we get∫ 1

0

u2
xxdx ≤ C

∫ 1

0

(u2u2
x + ρ2xθ

2 + θ2x + θ6θ2x + |b|2|bx|2 + ψ2
x)dx + C

∫ 1

0

u2
tdx

≤ C + CZ
3
4 + CA2 + CZδ + CAγ4 + CAγ4Zδ + C‖ut‖2L2 . (3.2.40)

Here we have used the inequalities∫ 1

0

u2u2
xdx ≤ |u2

x|(0)
∫ 1

0

u2dx ≤ C|u2
x|(0) ≤ C + CZ

3
4 ,∫ 1

0

ρ2xθ
2dx ≤ CA2

∫ 1

0

ρ2xdx ≤ CA2,∫ 1

0

θ2xdx ≤ C + CZδ,
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∫ 1

0

θ6θ2xdx ≤ Aγ4

∫ 1

0

θ2qθ2xdx ≤ (C + CZδ)Aγ4 ≤ CAγ4 + CAγ4Zδ,

where γ4 = max(6− 2q, 0), and∫ 1

0

ψ2
xdx ≤ C,∫ 1

0

|b|2|bx|2dx ≤ ‖b‖2L∞

∫ 1

0

|bx|2dx ≤ C

∫ 1

0

|bx|2dx ≤ C. (3.2.41)

By (3.1.2), we can derive

ρut + ρuxu+

(
p+

1

2
|b|2
)

x

= λuxx + ρψx. (3.2.42)

Differentiating (3.2.42) with respect to t, we deduce

ρutt − (ρu)xuux + ρuuxt +

(
p+

1

2
|b|2
)

xt

= λuxxt + (ρψx)t. (3.2.43)

Multiplying (3.2.43) by 2ut and integrating with respect to x, t on (0, 1) × (0, t),
we arrive at∫ 1

0

ρu2
tdx + 2λ

∫ t

0

∫ 1

0

u2
xtdxds

= −2

∫ t

0

∫ 1

0

ρu(uuxut)xdxds+ 2

∫ t

0

∫ 1

0

(
p+

1

2
|b|2
)

t

uxtdxds

+ 2

∫ t

0

∫ 1

0

ρu(ψxut)xdxds + 2

∫ t

0

∫ 1

0

ρψxtutdxds. (3.2.44)

Using the Young inequality and the Gagliardo-Nirenberg interpolation inequality,
we can obtain the following estimates for any ε > 0:∫ t

0

∫ 1

0

ρu(uuxut)xdxds =

∫ t

0

∫ 1

0

(
ρuu2

xut + ρu2uxxut + ρu2uxuxt

)
dxds,

(3.2.45)∫ t

0

∫ 1

0

ρuu2
xxdds ≤ ε

∫ t

0

∫ 1

0

ρu2
tdxds+ C

∫ t

0

∫ 1

0

u2u4
xdxds

≤ ε

∫ t

0

∫ 1

0

ρu2
tdxds+ C|u2

x|(0)
∫ t

0

∫ 1

0

u2u2
xdxds

≤ ε

∫ t

0

∫ 1

0

ρu2
tdxds+ (C + CZ

3
4 )(C + CAγ1)

≤ ε

∫ t

0

∫ 1

0

ρu2
tdxds+ C + CAγ1 + CAγ1Z

3
4 + CZ

3
4 , (3.2.46)
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∫ t

0

∫ 1

0

ρu2uxxutdxds ≤ ε

T

∫ t

0

∫ 1

0

u2
xxdxds+ C

∫ t

0

∫ 1

0

u4u2
tdxds

≤ εZ + C sup
t∈(0,T )

‖u‖4L∞

∫ t

0

∫ 1

0

ρu2
tdxds

≤ εZ + C sup
t∈(0,T )

‖u‖2L2‖ux‖2L2

∫ t

0

∫ 1

0

ρu2
tdxds

≤ εZ + C sup
t∈(0,T )

‖ux‖2L2

∫ t

0

∫ 1

0

ρu2
tdxds

≤ εZ + (C + CAγ2)

∫ t

0

∫ 1

0

ρu2
tdxds, (3.2.47)

∫ t

0

∫ 1

0

ρu2uxuxtdxds ≤ ε

∫ t

0

∫ 1

0

u2
xtdxds+ C

∫ t

0

∫ 1

0

u4u2
xdxds

≤ ε

∫ t

0

∫ 1

0

u2
xtdxds+ C sup

t∈(0,T )

‖u‖4L∞

∫ t

0

∫ 1

0

u2
xdxds

≤ ε

∫ t

0

∫ 1

0

u2
xtdxds+ C sup

t∈(0,T )

‖u‖2L2‖ux‖2L2

≤ ε

∫ t

0

∫ 1

0

u2
xtdxds+ C sup

t∈(0,T )

‖ux‖2L2

≤ ε

∫ t

0

∫ 1

0

u2
xtdxds+ C + CAγ2 . (3.2.48)

Inserting the inequalities (3.2.46)–(3.2.48) into (3.2.45), we deduce that for any
ε > 0,∫ t

0

∫ 1

0

ρu(uuxut)xdxds ≤ ε

∫ t

0

∫ 1

0

u2
xtdxds+ (C + CAγ2)

∫ t

0

∫ 1

0

ρu2
tdxds

+ CAγ2 + CAγ1 + CAγ1Z
3
4 + CZ

3
4 + εZ + C.

(3.2.49)

Similarly, we can also show that, for any ε > 0,∫ t

0

∫ 1

0

ρu(ψxut)xdxds =

∫ t

0

∫ 1

0

ρu(ψxxut + ψxuxt)dxds

≤ ε

∫ t

0

∫ 1

0

ρu2
tdxds+ ε

∫ t

0

∫ 1

0

u2
xtdxds

+ C

∫ t

0

u2ψ2
xxdxds+ C

∫ t

0

∫ 1

0

u2ψ2
xdxds
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≤ ε

∫ t

0

∫ 1

0

ρu2
tdxds+ ε

∫ t

0

∫ 1

0

u2
xtdxds+ C

∫ t

0

‖u‖2L∞

∫ 1

0

ψ2
xxdxds+ C

≤ ε

∫ t

0

∫ 1

0

ρu2
tdxds+ ε

∫ t

0

∫ 1

0

u2
xtdxds+ C

∫ t

0

‖u‖2L∞ds+ C

≤ ε

∫ t

0

∫ 1

0

ρu2
tdxds+ ε

∫ t

0

∫ 1

0

u2
xtdxds+ C

∫ t

0

‖ux‖2L2ds+ C

≤ ε

∫ t

0

∫ 1

0

ρu2
tdxds+ ε

∫ t

0

∫ 1

0

u2
xtdxds+ C, (3.2.50)

and ∫ t

0

∫ 1

0

ρψxtutdxds ≤ ε

∫ t

0

∫ 1

0

ρu2
tdxds+ C

∫ t

0

∫ 1

0

ψ2
xtdxds. (3.2.51)

By (3.1.6), we know that

−ψx =

∫ x

0

Gρdξ − ψx(x, t)
∣∣∣
x=0

, and − ψxt = −Gρu− ψxt(x, t)
∣∣∣
x=0

.

By the Sobolev inequality, we have that, for any ε > 0,∫ 1

0

ψ2
xtdx ≤ C

∫ 1

0

(Gρu)2dx + C

∫ 1

0

ψ2
xt |x=0 dx

≤ C

∫ 1

0

ρ2u2dx+ C‖ψxt‖2L∞

≤ C

∫ 1

0

ρ2u2dx+ C‖ψxt‖L2‖ψxxt‖L2

≤ ε‖ψxt‖2L2 + C‖ψxxt‖2L2 + C

∫ 1

0

ρ2u2dx

≤ ε‖ψxt‖2L2 + C‖ψxxt‖2L2 + C, (3.2.52)

and ∫ 1

0

ψ2
xxtdx =

∫ 1

0

(−Gρ)2tdx =

∫ 1

0

G2(ρu)2xdx

≤ C

∫ 1

0

(ρ2xu
2 + ρ2u2

x)dx ≤ C‖u‖2L2

∫ 1

0

ρ2xdx+ C

∫ 1

0

u2
xdx

≤ C

∫ 1

0

u2
xdx+ C ≤ CZ

1
2 + C. (3.2.53)

Inserting (3.2.53) into (3.2.52), we get∫ 1

0

ψ2
xtdx ≤ CZ

1
2 + C. (3.2.54)
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Next, combining (3.2.51) and (3.2.54), the inequality (3.2.51) can be estimated,
for any ε > 0, by∫ t

0

∫ 1

0

ρψxtutdxds ≤ ε

∫ t

0

∫ 1

0

ρu2
tdxds + CZ

1
2 + C. (3.2.55)

By the Young inequality, we have for any ε > 0,∣∣∣∣∫ t

0

∫ 1

0

(
p+

1

2
|b|2
)

t

uxtdxds

∣∣∣∣ ≤ ε

∫ t

0

∫ 1

0

u2
xtdxds + C

∫ t

0

∫ 1

0

(
p+

1

2
|b|2
)2

t

dxds

≤ ε

∫ t

0

∫ 1

0

u2
xtdxds + C

∫ t

0

∫ 1

0

(ρtθ + ρθt + θ3θt + b · bt)2dxds

≤ ε

∫ t

0

∫ 1

0

u2
xtdxds + C + CA2 + CZδ + CAγ5 + CAγ5Zδ

+ CZδ· 2q+6
2q+6−γ5 + CZδ· 2q+6

2q+6−γ5 , (3.2.56)

where γ5 = max(3− q, 0), and we used the following facts:∫ t

0

∫ 1

0

(ρtθ + ρθt + θ3θt + |b · bt|)2dxds

≤ C

∫ t

0

∫ 1

0

(ρ2t θ
2 + ρ2θ2t + θ6θ2t + |b|2|bt|2)dxds,∫ t

0

∫ 1

0

ρ2t θ
2dxds =

∫ t

0

∫ 1

0

(ρu)2xθ
2dxds

≤ C

∫ t

0

∫ 1

0

(
ρ2xu

2θ2 + ρ2u2
xθ

2
)
dxds ≤ CA2

∫ t

0

∫ 1

0

(
ρ2xu

2 + ρ2u2
x

)
dxds

≤ CA2

∫ t

0

‖u‖2L∞

∫ 1

0

ρ2xdxds+ CA2

∫ t

0

∫ 1

0

ρu2
xdxds

≤ CA2 + CA2

∫ t

0

‖u‖2L∞ds+ C ≤ CA2 + C,∫ t

0

∫ 1

0

ρ2θ2t dxds ≤ C

∫ t

0

∫ 1

0

θ2t dxds ≤ C + CZδ,∫ t

0

∫ 1

0

θ6θ2t dxds =

∫ t

0

∫ 1

0

θ6θq+3θ2t θ
−3−qdxds

≤ (C + CAγ5)

∫ t

0

∫ 1

0

θq+3θ2t dxds

≤ (C + CAγ5)
(
C + CZδ

)
≤ (C + CAγ5)

(
C + CZδ

)
≤ C + CAγ5 + CAγ5Zδ + CZδ,
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and ∫ t

0

∫ 1

0

|b|2|bt|2dxds ≤ sup
t∈(0,T )

‖b‖2L∞

∫ t

0

∫ 1

0

|bt|2dxds

≤ C sup
t∈(0,T )

‖b‖2L∞ ≤ C sup
t∈(0,T )

‖bx‖2L∞ ≤ C.

Inserting the estimates (3.2.49), (3.2.50), (3.2.55) and (3.2.56) into (3.2.44), we
get, for any ε > 0,∫ 1

0

ρu2
tdx+ 2λ

∫ t

0

∫ 1

0

u2
xtdxds ≤ (C + CAγ2)

∫ t

0

∫ 1

0

ρu2
tdxds + CAγ2 + CAγ1

+ CAγ1Z
3
4 + CZ

3
4 + εZ + CZδ· 2q+6

2q+6−γ5 + C,
(3.2.57)

where γ2 < 2q + 6, γ1 < 2q + 6. Further,

CAγ2 ≤ CZδ + C, CAγ1 ≤ CZδ + C. (3.2.58)

Inserting (3.2.58) into (3.2.57), we get∫ 1

0

ρu2
tdx+

∫ t

0

∫ 1

0

u2
xtdxds

≤ (C + CZδ
) ∫ t

0

∫ 1

0

ρu2
tdxds+ C + CZδ + CZ

3
4 · 2q+6

2q+6−γ1

+ CZ
3
4 + εZ + CZδ· 2q+6

2q+6−γ5

≤ (C + CZδ
) ∫ t

0

∫ 1

0

ρu2
tdxds+ C + CZ

3
4 · 2q+6

2q+6−γ1 + εZ + CZδ· 2q+6
2q+6−γ5

.

By the Gronwall inequality, we conclude from the above inequality that, for
any t ∈ (0, T ),∫ 1

0

ρu2
tdx+

∫ t

0

∫ 1

0

u2
xtdxds ≤ C + εZ + CZ

3
4 · 2q+6

2q+6−γ1 + CZδ· 2q+6
2q+6−γ5 . (3.2.59)

Combining (3.2.59) and (3.2.40), we obtain

‖uxx‖2L2 ≤ C + CZ
3
4 + CZδ + CZδ· 2q+6

2q+6−γ4 + CZ
3
4 · 2q+6

2q+6−γ1 + CZδ· 2q+6
2q+6−γ5 + εZ,

whence

Z ≤ C + CZ
δ· 2q+6

2q+6−γ4 + CZ
δ· 2q+6

2q+6−γ5 + CZ
δ· 2q+6

2q+6−γ1 . (3.2.60)

In order to get the estimate Z ≤ C, we must require that⎧⎪⎪⎨⎪⎪⎩
0 ≤ δ · 2q+6

2q+6−γ1
< 1,

0 ≤ δ · 2q+6
2q+6−γ4

< 1,

0 ≤ δ · 2q+6
2q+6−γ5

< 1,

(3.2.61)
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that is, ⎧⎪⎪⎨⎪⎪⎩
q > 2+

√
211

9 ,

q > 9
5 ,

q >
√
21
3

which implies
q > (2 +

√
211)/9.

This completes the proof of Lemma 3.2.5. �

Applying the previous lemmas, we can further obtain estimates on (u,w, b).

Lemma 3.2.6. For any t ∈ (0, T ), we have

θ(x, t) ≥ C, for any (x, t) ∈ (0, 1)× (0, T ), (3.2.62)∫ 1

0

(
|(ut,wt, bt)|2 + |(uxx,wxx, bxx)|2

)
dx

+

∫ t

0

∫ 1

0

|(uxt,wxt, bxt)|2 dxdt ≤ C,

(3.2.63)

sup
t∈(0,T )

∫ 1

0

(
θ2xx + θ2t

)
dx +

∫ T

0

∫ 1

0

θ2xtdxds ≤ C. (3.2.64)

Proof. See, e.g., [130]. �

By using the global a priori estimates established in Lemmas 3.2.1–3.2.6, we
can prove the main theorem in a standard way. Indeed, by Lemmas 3.2.5–3.2.6,

(u,w, b, θ) ∈ (C1,0(QT )
)6

.

To show that (u,w, b, θ) ∈ (C1,1/2(QT )
)6
, that (ux,wx, bx, θx) ∈

(
C1/2,1/4(QT )

)6
and that (ρ, ψx) ∈ (C1/2,1/4(QT )

)2
, we can refer to [130]. By applying the clas-

sical theory on parabolic equations in [69] and the results in [68], we obtain the
desired Hölder continuity of the solutions asserted in Theorem 3.1.1, and thus, the
existence of classical solutions to problem (3.1.1)–(3.1.5), (3.1.12) and (3.1.13) is
proved. The uniqueness and stability of the solution in the class in Theorem 3.1.1
can be established in a quite standard way. This completes the proof of Theorem
3.1.1.

3.3 Bibliographic Comments

One-dimensional problems for compressible fluids have been extensively studied
under various conditions by a number of authors(see, e.g., [8, 16, 50, 59, 63, 87,
103–105, 119, 124, 129, 130, 145]). Qin [103, 104] and Umehara and Tani [129, 130]
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proved the global existence of a unique classical solution to the following free-
boundary problem for governing the flows of the one-dimensional system for self-
gravitating viscous radiative and reactive gases (see also Chapter 4):

vt = ux, (3.3.1)

ut =
(− p+ μ

ux

v

)
x
−G

(
x− 1

2

)
, (3.3.2)

et =
(
−p+ μ

ux

v

)
ux +

(
κ
θx
v

)
x

+ λφz, (3.3.3)

zt = d
(zx
v2

)
x
− φz (3.3.4)

in Ω× (0,+∞), with Ω = (0, 1). Here the specific volume v = v(x, t), the velocity
u = u(x, t), the absolute temperature θ = θ(x, t) and mass fraction of the reactant
z = z(x, t) are the unknown quantities, and the positive constants μ,G, d and λ
are the bulk viscosity, the Newtonian gravitational constant, the species diffusion
coefficient and the difference in heat between the reactant and the product, re-
spectively. The pressure p and the internal energy per unit mass e are defined by
(3.1.9), and the thermal conductivity κ = κ(v, θ) takes the form

κ(v, θ) = κ1 + κ2vθ
q, (3.3.5)

with positive constants κ1, κ2 and q. Furthermore, the reaction rate function φ =
φ(θ) is defined, from the Arrhenius law, by

φ(θ) = Kθβe−A/θ, (3.3.6)

where the positive constants K and A are the coefficient of rate of the reactant
and the activation energy, respectively, and β is a non-negative real number.

In [129], Umehara and Tani proved the global existence of a unique classical
solutions to (3.3.1)–(3.1.6) with the same state equations (3.1.9) when 4 ≤ q ≤
16, 0 ≤ β ≤ 13/2. In [130], in the case when q ≥ 3 and 0 ≤ β < q + 9, they
also proved the existence of global smooth solutions, which improved the results
in [129]. Qin et al. [103, 104] improved the results of Umehara and Tani [129, 130],
that is, when 9

4 < q < 3, 0 ≤ β < q + 9, Qin et al. [103] proved the existence of
global solutions, and later on, Qin [104] also proved the existence of global smooth
solutions when q ≥ 2, 0 ≤ β < 2q+6 or q ≥ 3, 0 ≤ β < q+9. Chen and Wang [10]
and Wang [132] considered a 1D model problem for plane magnetohydrodynamics
flows, where the effect of self-gravitation and the influence of high temperature
radiation were not taken into account (i.e., G = a = 0 in (3.1.1)–(3.1.9)). In [10],
they established the existence, uniqueness, and regularity of global solutions with
large initial data in H1, and also established an existence theorem of global solu-
tions with large discontinuous initial data under certain assumptions on e, p and
κ, in the case where r ∈ [0, 1], q ≥ 2+2r. Recently, Zhang and Xie [145] considered
an initial-boundary value problem for nonlinear planar magnetohydrodynamics in
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the case where the effect of self-gravitation and the influence of radiation on the
dynamics at high temperature regimes are taken into account, i.e., when q > 5

2 ,
and proved the global existence of a unique classical solution with large initial
data to the problem under quite general assumptions on the heat and conductiv-
ity. Ducomet and Feireisl [25] considered a three-dimensional mathematical model
derived from the classical principles of continuum mechanics and electrodynamics,
and proved the existence of global-in-time solutions of considered the correspond-
ing problem.



Chapter 4

Global Smooth Solutions to a
1D Self-gravitating Viscous
Radiative and Reactive Gas

4.1 Introduction

In this chapter we are concerned with the free-boundary problem describing the
motion of a compressible, viscous and heat-conducting gas which is self-gravitating,
radiative and chemically reactive. The motion of such a gas, especially in the case
of unimolecular reactions with first-order kinetics, is described in Lagrangian mass
coordinates by the following equations:

vt = ux, (4.1.1)

ut =
(
−p+ μ

ux

v

)
x
−G

(
x− 1

2

)
, (4.1.2)

et =
(
−p+ μ

ux

v

)
ux +

(
κ
θx
v

)
x

+ λφz, (4.1.3)

zt = d
(zx
v2

)
x
− φz, (4.1.4)

in Ω× (0,+∞), with Ω = (0, 1). Here the specific volume v = v(x, t), the velocity
u = u(x, t), the absolute temperature θ = θ(x, t) and mass fraction of the reac-
tant z = z(x, t) are the unknown quantities, and the positive constants μ,G, d
and λ are the bulk viscosity, the Newtonian gravitational constant, the species
diffusion coefficient and the difference in heat between the reactant and the prod-
uct, respectively. The pressure p and the internal energy per unit mass of e are
defined by

p = p(v, θ) =
Rθ

v
+

a

3
θ4, e = e(v, θ) = cV θ + avθ4 (4.1.5)
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where the positive constants R, cV and a are the perfect gas constant, the specific
heat capacity at constant volume and the radiation-density constant, respectively.
The second terms on the right-hand side of both relations in (4.1.5) stand for
the effect of radiation phenomena, whose forms are given by the famous Stefan-
Boltzmann law. In the radiating regime, we naturally take into account the heat
flux from the radiative contribution, and not only the one from the heat-conductive
contribution. To simplify (see, e.g., [22, 129, 130]), we assume here that the thermal
conductivity κ = κ(v, θ) takes the form

κ(v, θ) = κ1 + κ2vθ
q (4.1.6)

with positive constants κ1, κ2 and q. Furthermore, we assume that the reaction
rate function φ = φ(θ) is defined, from the Arrhenius law, by

φ(θ) = Kθβe−A/θ, (4.1.7)

where the positive constants K and A are the coefficient of rate of the reactant
and the activation energy, respectively, and β is a non-negative real number.

We consider (4.1.1)–(4.1.4) subject to the following boundary condition

(σ, θx, zx) |x=0,1= (−Pe, 0, 0), t > 0, (4.1.8)

with the stress σ = −p+ μux

v and the external pressure Pe (a positive constant),
and the initial condition

(v, u, θ, z) |t=0= (v0(x), u0(x), θ0(x), z0(x)), x ∈ [0, 1]. (4.1.9)

Without loss of generality, we may assume that (see, e.g., [129, 130])∫ 1

0

u0(x)dx = 0. (4.1.10)

The notation in this chapter will be as follows:

Let m be a non-negative integer and 0 < α,α′ < 1. By Cm+α(Ω) we denote
the spaces of functions u = u(x) which have bounded derivatives up to order
m and dmu/dxm is uniformly Hölder continuous with exponent α. Let T be a
positive constant and QT = Ω × (0, T ). For a function u defined on QT , we say

that u ∈ Cα,α′
x,t (QT ) if

|u|(0) = sup
(x,t)∈QT

|u(x, t)| < +∞ (4.1.11)

and u is uniformly Hölder continuous in x and t with exponents α and α′, respec-
tively. Its norm is denoted by | · |α,α′ . We also say that u ∈ C

2+α,1+α/2
x,t (QT ) if u is

bounded, has bounded derivative ux, and (uxx, ut) ∈
(
C

α,α/2
x,t (QT )

)2
. Its norm is
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denoted by | · |2+α,1+α/2. L
p, 1 ≤ p ≤ +∞,Wm,p,m ∈ N, H1 = W 1,2, H1

0 = W 1,2
0

denote the usual (Sobolev) spaces on [0, 1]. In addition, ‖ · ‖B denotes the norm
in the space B; we also put ‖ · ‖ = ‖ · ‖L2(0,1). We use C0 to denote the generic
positive constant depending on the initial data, but independent of t. Constant
C > 0 stands for the generic positive constant depending only on the initial data
and T > 0. Without danger of confusion, we shall use the same symbol to de-
note the state functions as well as their values along a dynamic process, e. g.,
p(v, θ), p(v(x, t), θ(x, t)) and p(x, t).

Let E = E1 ∪ E2 be a set in the (q, β)-plane in R
2, where

E1 =

{
(q, β) ∈ R

2 :
9

4
< q < 3, 0 ≤ β < 2q + 6

}
,

E2 =
{
(q, β) ∈ R

2 : 3 ≤ q, 0 ≤ β < q + 9
}
.

Our results read as follows:

Theorem 4.1.1. Let (q, β) ∈ E and α ∈ (0, 1). Assume that the initial data

(v0, u0, θ0, z0) ∈ C1+α(Ω)× (C2+α(Ω))3 (4.1.12)

satisfies the compatibility conditions, (4.1.10) and v0(x) > 0, θ0(x) > 0, 0 ≤
z0(x) ≤ 1 for any x ∈ [0, 1]. Then there exists a unique solution (v, u, θ, z) of
the initial boundary value problem (4.1.1)–(4.1.4), (4.1.8)–(4.1.9) such that for
any T > 0,

(v(t), vx(t), vt(t)) ∈
(
C

α,α/2
x,t (QT )

)3
, (v(t), θ(t), z(t)) ∈

(
C

2+α,1+α/2
x,t (QT )

)3
.

(4.1.13)
Moreover, for any (x, t) ∈ QT ,

v(x, t) > 0, θ(x, t) > 0, 0 ≤ z(x, t) ≤ 1. (4.1.14)

The aim of this chapter is to further improve upon those results in [129, 130]
by providing a larger range of (q, β) ∈ E = E1 ∪E2 than those in [129, 130]. This
means that our results have improved those in [105, 127].

The main mathematical difficulty arises from the higher-order nonlinear de-
pendence on the temperature θ of p(v, θ), e(v, θ) and κ(v, θ) in (4.1.5) and (4.1.6).
To overcome this one, we shall first use delicate interpolation techniques to reduce
the order in θ, then bound the norms of (v(t), u(t), θ(t), z(t)) and their derivatives
in terms of expression of the from

AΛ ≡
(

sup
0≤s≤t

‖θ(s)‖L∞

)Λ

(4.1.15)

with Λ being a positive constant depending only on q and β.

The local existence of solutions can be established by the standard method
(see, e.g., [126, 127]). Therefore to prove our results, it suffices to continue the
local solutions based on the following a priori estimates.
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Theorem 4.1.2. Let T > 0 be an arbitrarily given constant. Under assumptions
of Theorem 4.1.1, assume that problem (4.1.1)–(4.1.4), (4.1.8)–(4.1.9) possesses a
global smooth solution (v(t), u(t), θ(t), z(t)) such that

(v(t), vx(t), vt(t)) ∈
(
C

α,α/2
x,t (QT )

)3
, (u(t), θ(t), z(t)) ∈

(
C

2+α,1+α/2
x,t (QT )

)3
.

(4.1.16)
Then there exists a positive constant C depending on the initial data and T > 0,
such that

|(v, vx, vt)|α,α/2 + |(u, θ, z)|2+α,1+α/2 ≤ C (4.1.17)

and for any (x, t) ∈ QT ,

v(x, t), θ(x, t) ≥ C−1 > 0, 0 ≤ z(x, t) ≤ 1. (4.1.18)

4.2 Proof of the Main Results

In this section, we shall finish the proof of Theorem 4.1.1. We begin with the
following lemma.

Lemma 4.2.1. Under the assumptions of Theorem 4.1.1, the following estimates
hold for any t ∈ [0, T ]:∫ 1

0

[
1

2
u2 + e + λz + f(x)v

]
dx ≡ E0, (4.2.1)

U(t) +

∫ t

0

V (s) ds ≤ C0, (4.2.2)∫ 1

0

z(x, t) dx+

∫ t

0

∫ 1

0

φz dxds =

∫ 1

0

z0(x) dx, (4.2.3)

1

2

∫ 1

0

z2(x, t) dx +

∫ t

0

∫ 1

0

(
d

v2
z2x + φz2

)
dxds =

1

2

∫ 1

0

z20 dx, (4.2.4)∫ t

0

(
max
x∈Ω

θ(x, s)
)γ

ds ≤ C, for 0 ≤ γ ≤ q + 4 q ≥ 0, (4.2.5)∫ t

0

‖ux(s)‖2 ds ≤ C, (4.2.6)

‖vx(t)‖2 +
∫ t

0

∫ 1

0

(θv2x + v2x)(x, s)dxds ≤ C, for q ≥ 2, (4.2.7)∫ t

0

‖ux(s)‖3L3(0,1)ds ≤ C, for q ≥ 4, (4.2.8)

and, for any (x, t) ∈ QT ,

0 ≤ z(x, t) ≤ 1, 0 < C−1 ≤ v(x, t) ≤ C, (4.2.9)
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where

E0 =

∫ 1

0

[
1

2
u2
0 + e0 + λz0 + f(x)v0

]
dx, (4.2.10)

U(t) =

∫ 1

0

[R(v − log v − 1) + cV (θ − log θ − 1)] dx, (4.2.11)

V (t) =

∫ 1

0

(
μu2

x

vθ
+

κθ2x
vθ2

+ λ
φz

θ

)
dx (4.2.12)

and

e0 = cV θ + av0θ
4
0, f(x) = Pe+

1

2
Gx(1 − x). (4.2.13)

Proof. See, e.g., [129, 130]. �

Now we begin to derive higher-order estimates. To this end, we define

X =

∫ t

0

∫ 1

0

(1 + θq+3)θ2xdxds,

Y = max
t∈[0,T ]

∫ 1

0

(1 + θ2q)θ2xdx,

Z = max
t∈[0,T ]

‖uxx‖2.

Then by Lemma 4.2.1 and standard interpolation techniques, we can derive
the following result.

Lemma 4.2.2. For any t ∈ [0, T ], we have

A ≤ |θ|(0) ≤ C + CY 1/(2q+6), (4.2.14)

max
t∈[0,T ]

‖ux‖2 ≤ C + CZ1/2, (4.2.15)

|ux|(0) ≤ C + CZ3/8, (4.2.16)

where A = sup
0≤s≤t

‖θ(s)‖L∞.

Proof. See, e.g., [130]. �

Lemma 4.2.3. For (q, β) ∈ E, we have

X + Y ≤ C + CZ7/8 + CZδ0 , (4.2.17)

where δ0 = δ ≡ 3
4p

′ ∈ (0, 1), (q − 3)p/(2q + 6) < 1 with 1 < p, p′ < +∞ for
3 < q < 4, and δ0 = 3/4 for 2 ≤ q ≤ 3 or 4 ≤ q.
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Proof. Let

H(x, t) = H(v, θ) =

∫ θ

0

κ(v, ξ)

v
dξ =

κ1θ

v
+

κ2θ
q+1

q + 1
.

Then it is easy to verify that

Ht = Hvux +
κ(v, θ)θt

v
,

Hxt =

[
κθx
v

]
t

+Hvuxx +Hvvvxux +
(κ
v

)
v
vxθt,

|Hv|+ |Hvv| ≤ Cθ.

Multiplying (4.1.3) by Ht and integrating the resulting equation over Qt =
(0, 1)× (0, t), we obtain∫ t

0

∫ 1

0

(
eθθt + θpθux − μ

u2
x

v

)
Ht dxds+

∫ t

0

∫ 1

0

κ(v, θ)

v
θxHtx dxds

=

∫ t

0

∫ 1

0

λφzHt dxds. (4.2.18)

Now let us estimate each term in (4.2.19) by using Lemmas 4.2.1 and 4.2.2.

We have first ∫ t

0

∫ 1

0

eθθ
2
tκ(v, θ)

v
dxds ≥ CX, (4.2.19)∫ t

0

∫ 1

0

κθx
v

(
κθx
v

)
t

dxds ≥ CY − C, (4.2.20)

with κ0 = κ1 + κ2v0θ
q
0, and for any ε > 0,∣∣∣ ∫ t

0

∫ 1

0

eθθtHuux dxds
∣∣∣ ≤ εX + C(ε)

∫ t

0

∫ 1

0

(1 + θ)5−qu2
x dxds

≤ εX + C(ε)|u2
x|(0)

∫ t

0

(1 + ‖θ‖max(1−q,0)
L∞ )

∫ 1

0

(1 + θ)4dxds

≤ εX + C(ε)(1 + Z3/4), (4.2.21)∣∣∣ ∫ t

0

∫ 1

0

κ

v
θxHvuxx dxds

∣∣∣ ≤ εX + C(ε)(1 + Z3/4), (4.2.22)∣∣∣ ∫ t

0

∫ 1

0

κ

v
θxHvvvxux dxds

∣∣∣ ≤ εY + C(ε)(1 + Z3/4), (4.2.23)∣∣∣ ∫ t

0

∫ 1

0

θpθux
κ

v
θt dxds

∣∣∣ ≤ εX + C(ε)|1 + θq+5|(0)
∫ t

0

‖ux‖2 ds
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≤ ε(X + Y ) + C(ε), (4.2.24)∣∣∣ ∫ t

0

∫ 1

0

θpθuxHvux dxds
∣∣∣ ≤ C|1 + θ5|(0)

∫ t

0

‖ux‖2 ds
≤ εY + C(ε), (4.2.25)∣∣∣ ∫ t

0

∫ 1

0

μu2
x

v
Hvux dxds

∣∣∣ ≤ C|ux|(0) max
t∈[0,T ]

‖ux‖2
∫ t

0

max
x∈[0,1]

θ ds

≤ C(1 + Z7/8), (4.2.26)∣∣∣ ∫ t

0

∫ 1

0

λφzHvux dxds
∣∣∣ ≤ C|θux|(0)

∫ t

0

∫ 1

0

φz dxds

≤ εY + C(ε)(1 + Z3/4). (4.2.27)

The next estimate improves the one in [130]: for any ε > 0,∣∣∣ ∫ t

0

∫ 1

0

κθx
v

(
κ

v
)vvxθt dxds

∣∣∣ ≤ εX + C(ε)

∫ t

0

‖κθx
v

‖2L∞‖vx‖ ds+ C(ε)

≤ εX + C(ε) + C(ε)

(∫ t

0

‖κθx
v

‖2 ds
)1/2(∫ t

0

‖(κθx
v

)x‖2 ds
)1/2

. (4.2.28)

Further, we can estimate∫ t

0

‖κθx
v

‖2 ds ≤ C(1 +A)q+2

∫ t

0

V1(s) ds

≤ C(1 + Y (q+2)/(2q+6)) (4.2.29)

with V1(t) =
∫ 1

0
κθ2

x

vθ2 dx, and∫ t

0

∥∥∥∥(κθx
v

)
x

∥∥∥∥2 ds ≤ C

∫ t

0

(
‖eθθt‖2 + ‖θpθvx‖2 + ‖u2

x‖2 + ‖φ‖2
)
ds

≤ C

∫ t

0

∫ 1

0

[
(1 + θ6)θ2t + (1 + θ8)u2

x + u4
x + zθβφ

]
dxds

≤ C(1 +A)q1X + C

∫ t

0

|u2
x|(0)(1 + ‖θ‖L∞)4

∫ 1

0

(1 + θ)4 dxds

+ C

∫ t

0

|ux|(0)‖ux‖2 ds+ CAβ

∫ t

0

∫ 1

0

zφ dxds

≤ CX + CY q1/(2q+6)X + C + CZ3/4 + CY β/(2q+6),

which, together with (4.2.30) and (4.2.31), implies that, for any ε > 0,∣∣∣ ∫ t

0

∫ 1

0

κθx
v

(
κ

v
)vvxθt dxds

∣∣∣
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≤ εX + C(ε)(1 + Y (q/2+1)/(2q+6))
{
X1/2 + Y q1/[2(2q+6)]X1/2 + 1

+ Z3/8 + Y β/(2q+6)
}

≤ 2εX + C(ε)
{
1 + Y (q/2+1+q1/2)/(2q+6)X1/2 + Y (q/2+1)/(2q+6)Z3/8

+ Z3/8 + Y (β/2+q/2+1)/(2q+6)
}

≤ 3εX + εY + C(ε) + C(ε)Z3(q+3)/[2(4q+11)], (4.2.30)

if 2 ≤ q and 0 ≤ β < 3q + 10.

Moreover, by Lemmas 4.2.1 and 4.2.2, we easily deduce that, for any ε > 0,∣∣∣ ∫ t

0

∫ 1

0

λφz
κθt
v

dxds
∣∣∣ ≤ εX + C(ε)(1 + Y )(q2+β)/(2q+6)

∫ t

0

∫ 1

0

φz2 dxds

≤ ε(X + Y ) + C(ε) (4.2.31)

for 2 ≤ q ≤ 3 and 0 ≤ β < 2q+6 or 3 ≤ q and 0 ≤ β < q+9 with q2 = max(q−3, 0),
which is an improved estimate;∣∣∣ ∫ t

0

∫ 1

0

μu2
x

v

κθt
v

dxds
∣∣∣ ≤ εX + C(ε)

∫ t

0

∫ 1

0

(1 + θ)q−3)u4
x dxds

≤ εX + C(ε)|u2
x|(0)

∫ t

0

‖ux‖2 ds

≤ εX + C(ε)(1 + Z3/4) (4.2.32)

for 2 ≤ q ≤ 3,∣∣∣ ∫ t

0

∫ 1

0

μu2
x

v

κθt
v

dxds
∣∣∣ ≤ εX + C(ε)|(1 + θ)q−3|(0)|u2

x|(0)
∫ t

0

‖ux‖2 ds

≤ εX + C(ε)
(
1 + Y (q−3)/(2q+6) + Y (q−3)/(2q+6)Z3/4 + Z3/4

)
≤ ε(X + Y ) + C(ε)(1 + Zδ) (4.2.33)

for 3 < q < 4 with δ = 3
4p

′ ∈ (0, 1), (q − 3)p/(2q + 6) < 1, p−1 + p′−1 = 1, 1 <
p, p′ < +∞;∣∣∣ ∫ t

0

∫ 1

0

μu2
x

v

κθt
v

dxds
∣∣∣ ≤ εX + C(ε)|(1 + θ)q−3|(0)|ux|(0)

∫ t

0

‖ux‖3L3(Ω) ds

≤ εX + C(ε)
(
1 + Y (q−3)/(2q+6) + Y (q−3)/(2q+6)Z3/8 + Z3/8

)
≤ ε(X + Y ) + C(ε)(1 + Z3/4)

for 4 ≤ q, which, together with (4.2.34) and (4.2.35), gives, for any ε > 0,∣∣∣ ∫ t

0

∫ 1

0

μu2
x

v

κθt
v

dxds
∣∣∣ ≤ ε(X + Y ) + C(ε)(1 + Zδ0). (4.2.34)
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Therefore it follows from (4.2.19)–(4.2.36) that

X + Y ≤ Cε(X + Y ) + C(ε)(Z7/8 + Zδ0) (4.2.35)

which gives (4.2.18) by choosing ε > 0 small enough. �
Lemma 4.2.4. If (q, β) ∈ E, then for any t ∈ [0, T ], there holds that

‖(ux, uxx, ut, θx, θxx, θt, zx, zxx, zt)‖2 +
∫ t

0

‖(uxt, θxt, zxt)‖2 ds ≤ C, (4.2.36)

|ux|(0) + |u|(0) + |θ|(0) ≤ C, (4.2.37)

θ(x, t) ≥ C−1 > 0 for any (x, t) ∈ QT . (4.2.38)

Proof. Differentiating (4.1.2) with respect to t, multiplying the result by ut, and
then integrating with respect to x, we arrive at

1

2

d

dt
‖ut‖2 +

∫ 1

0

μu2
xt

v
dx =

∫ 1

0

(
ptuxt +

μu2
xuxt

v2

)
dx. (4.2.39)

Noting that pt =
(
R
v + 4

3aθ
3
)
θt − Rθux

v2 and using Lemmas 4.2.1–4.2.3, we deduce
from (4.2.41) that

‖ut‖2 +
∫ t

0

‖uxt‖2 ds ≤ C

{
1 +

∫ t

0

∫ 1

0

[p2t + u4
x] dxds

}
≤ C

{
1 + (1 +A)q1X + Z3/4

}
≤ C

{
1 +X +XY q1/(2q+6) + Z3/4

}
, (4.2.40)

with q1 = max(3− q, 0).

Noting that px = (Rv + 4
3aθ

3)θx − Rθvx
v2 and using (4.1.2) and Lemma 4.2.3,

we conclude from (4.2.42) that, for any t ∈ [0, T ] and for (q, β) ∈ E,

‖uxx‖2 ≤ C

{
1 + ‖ut‖2 +

∫ 1

0

(1 + θ)6θ2x dx+

∫ 1

0

(θ2 + u2
x)v

2
x dx

}
≤ C

{
1 + ‖ut‖2 + (1 +A)2q1Y + (A2 + |u2

x|(0))‖vx‖
}

≤ C
{
1 +X +XY 2q1/(2q+6) + Z3/4 + Y + Y q1/(q+3)+1

}
≤ C

{
1 + Z7/8 + Zδ0 + (1 + Z7/8 + Zδ0)q1/(2q+6)+1

+ (1 + Z7/8 + Zδ0)q1/(q+3)+1
}

≤ C
{
1 + Z7(q1+q+3)/[8(q+3)] + Zδ0[q1/(q+3)+1]

}
which, by the Young inequality, gives

Z ≤ C (4.2.41)
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if q > 9/4 (i.e., 7(q1 + q + 3)/[8(q + 3)] < 1, and δ0[q1/(q + 3) + 1] < 1 is satisfied
automatically). Hence from (4.2.37), we have

X + Y ≤ C. (4.2.42)

The other quantities in (4.2.38)–(4.2.40) can be estimated in the same way as in
[129, 130]. The Hölder estimates can be also derived from the classical Schauder
estimates by using Lemmas 4.2.1–4.2.4. We omit here the details (see, e.g., [129]
for details). The proofs of Theorem 4.1.2 and Theorem 4.1.1 are complete. �

4.3 Bibliographic Comments

Radiation hydrodynamics [78, 95, 134] describes the propagation of thermal radi-
ation through a fluid or gas. Similarly to ordinary fluid mechanics, the equations
of motion are derived from conservation laws for macroscopic quantities. However,
when radiation is present, the classical “material” flow has to be coupled with
the radiation, which is an assembly of photons and needs a priori a relativistic
treatment (the photons are massless particles travelling at the speed of light).
The whole problem under consideration when the matter is in local thermody-
namical equilibrium is thus a coupling between standard hydrodynamics for the
matter and a radiative transfer equation for the photon distribution. Through a
suitable description, like in plasma when the radiation is in local thermodynam-
ical equilibrium with matter and velocities are not too large, a non-relativistic
one LTE temperature description is possible [78, 134]. Moreover, if the matter
is extremely radiatively opaque, so that the matter free-path of photons is much
smaller than the typical length of the flow, we obtain a simplified description (radi-
ation hydrodynamics in the diffusion limit), which amounts to solving a standard
hydrodynamical (compressible Navier-Stokes) system with additional correction
terms in the pressure, the internal energy and the thermal conduction. To describe
richer physical processes, for simplicity we may consider the fluid as reactive and
couple the dynamics with the first-order chemical kinetics of combustion type,
namely the first-order Arrhenius kinetics. Although it is simplified, this model
can be proved to describe correctly some astrophysical situations of interest, such
as stellar evolution or interstellar medium dynamics (see, e.g., [21]). In recent
years, the heat-conducting radiative viscous gas system has drawn attention of
mathematicians (see, e.g., [19, 21–30, 115, 118, 129, 130]). For the compressible
viscous and heat-conducting model in one space dimension, the global existence
and large-time behavior of smooth (strong, weak) solutions have been established
by many authors. Among them, Antontsev, Kazhikhov and Monakhov [1], Chen
[8], Kazhikhov and Shelukhin [63], Ducomet [21], and Ducomet and Zlotnik [29, 30]
studied one-dimensional gaseous models similar to ours, i.e., radiative and reactive
models with free boundary in an external force field. However, in a series of papers
[21, 29, 30], they adopted a special form of self-gravitation that does not depend
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on the time variable explicitly in Lagrangian mass coordinate system, not the ex-
act form (see (1.8) in [130]) these are called “pancakes model” and are relevant to
some large-scale structure of the universe (see, e.g., [118]). Qin [101] established
the global existence, exponential stability and the existence of global attractors for
a 1D viscous heat-conducting real gas. Moreover, we note that the global existence
of solutions to some initial-boundary value problem (4.1.1)–(4.1.4) without pure
free-boundary case (4.1.8), but with partially Dirichlet boundary conditions. For
q ≥ 4, β > 0, Ducomet [22] proved the global existence and exponential decay in
H1 of solutions to (4.1.1)–(4.1.4) with the boundary conditions

(u, θx, zx) |x=0,1= 0. (4.3.1)

However, there exists some defects in the proofs of the main results in [22]. Re-
cently, Qin et al. [105] corrected these defects and established the global existence
and exponential stability of solutions in Hi (i = 1, 2, 4) to (4.1.1)–(4.1.4) with
boundary condition (4.1.15), which has improved the range of (q, β) considered
in [22]. For our problem, Umehara and Tani [129] proved the global solvability
of smooth solutions for 4 ≤ q ≤ 16 and 0 ≤ β ≤ 13/2. Later on, they further
improved their results in [130] with the larger range of (q, β) ∈ E2 compared with
that in [129].



Chapter 5

The Cauchy Problem for a
1D Compressible Viscous
Micropolar Fluid Model

5.1 Main Results

In this chapter, we shall study the global existence and large-time behavior of
Hi-global solutions (i = 1, 2, 4) to a kind of Navier-Stokes equations for a one-
dimensional compressible viscous heat-conducting micropolar fluid, which is as-
sumed to be thermodynamically perfect and polytropic. In Lagrangian coordi-
nates, the system studied her can be written as follows:

ηt = vx, (5.1.1)

vt = σx, (5.1.2)

wt = A

(
wx

η

)
x

−Aηw, (5.1.3)

et = πx + σvx +
w2

x

η
+ ηw2, (5.1.4)

where (x, t) ∈ R× R+ are the Lagrangian mass and time coordinates and

σ =
νvx
η

− P, π =
κ̂θx
η

, P (η, θ) =
Rθ

η
, e(η, θ) = θ (5.1.5)

denote stress, heat flux, pressure and internal energy, respectively.

We consider (5.1.1)–(5.1.5) subject to the initial condition

(η(x, 0), v(x, 0), w(x, 0), θ(x, 0)) = (η0(x), v0(x), w0(x), θ0(x)), for all x ∈ R.
(5.1.6)

The unknown quantities η, v, w, θ denote the specific volume, the velocity,
the microrotation velocity and the absolute temperature, respectively. Finally,
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κ̂(x, t) is the heat conductivity; however, in this chapter, the heat conductivity is
simply assumed to be a positive constant κ. Moreover, the total mass of the fluid
is taken equal to 1 in our article. The residual ones like ν, R, etc., are also physical
constants, representing the viscosity and the Boltzmann constants, etc. and we
take ν = 1 in this chapter.

In this chapter, we shall adopt the notation in Chapter 1.

Based on the method in [54] and [112], we can establish the global exis-
tence in Hi (i = 1, 2, 4) and large-time behavior in Hi (i = 1, 2, 4). Correspond-
ingly, Ci (i = 1, 2, 3, 4) denote universal constants depending on minx∈R η0(x),
minx∈R θ0(x), the Hi(R) (i = 1, 2, 3, 4) norm of (η0 − 1, v0, w0, θ0 − 1) and the
number ε0, which is defined in Theorem 5.1.1.

We now state our main results in this chapter.

Theorem 5.1.1. Assume that η0 − 1, v0, w0, θ0 − 1 ∈ H1(R) with η0(x), θ0(x) > 0
on R. Define

e20 := ‖η0 − 1‖2L∞ +

∫
R

(1 + x2)α
[
(η0(x)− 1)2 + v20(x)

+ w2
0(x) + (θ0(x)− 1)2 + v40(x)

]
dx

with α > 1
2 being an arbitrary but fixed parameter. Then if e0 ≤ ε0 where ε0 ∈ (0, 1],

the problem (5.1.1)–(5.1.6) has a unique H1-global solution (η(t), v(t), w(t), θ(t))
and the following inequalities hold:

0 < C−1
1 ≤ η(t, x) ≤ C−1

1 on R× R+, (5.1.7)

0 < C−1
1 ≤ θ(t, x) ≤ C−1

1 on R× R+, (5.1.8)

‖η(t)− 1‖2H1 + ‖v(t)‖2H1 + ‖θ(t)− 1‖2H1 + ‖w(t)‖2H1

+

∫ t

0

[
‖ηx‖2 + ‖vx‖2 + ‖θx‖2 + ‖wx‖2 + ‖vxx‖2 + ‖θxx‖2

+ ‖wxx‖2 + ‖vt‖2 + ‖θt‖2 + ‖wt‖2
]
(s)ds ≤ C1.

(5.1.9)

Moreover, as t → +∞,

‖(η − 1, v, w, θ − 1)(t)‖L∞ + ‖(ηx, vx, wx, θx)(t)‖ → 0. (5.1.10)

Theorem 5.1.2. Assume that η0 − 1, v0, w0, θ0 − 1 ∈ H2(R) and η0(x) > 0,
θ0(x) > 0 on R, and that the other conditions of Theorem 5.1.1 hold. Then for
any t > 0, the Cauchy problem (5.1.1)–(5.1.6) has a unique H2-global solution
(η(t), v(t), w(t), θ(t)) and the following estimate holds:

‖η(t)− 1‖2H2 + ‖η(t)− 1‖2W 1,∞ + ‖ηt(t)‖2H1 + ‖v(t)‖2H2 + ‖v(t)‖2W 1,∞ + ‖vt(t)‖2
+ ‖w(t)‖2H2 + ‖w(t)‖2W 1,∞ + ‖wt(t)‖2 + ‖θ(t)− 1‖2H2 + ‖θ(t)− 1‖2W 1,∞
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+ ‖θt(t)‖2 +
∫ t

0

[
‖ηx‖2H1 + ‖ηx‖2L∞ + ‖ηt‖2H2 + ‖vx‖2H2 + ‖vx‖2W 1,∞

+ ‖vt‖2H1 + ‖wx‖2H2 + ‖wx‖2W 1,∞ + ‖wt‖2H1 + ‖θx‖2H2

+ ‖θx‖2W 1,∞ + ‖θt‖2H1

]
(s)ds ≤ C2. (5.1.11)

Moreover, as t → +∞,

‖ηt(t)‖H1 + ‖ηt(t)‖L∞ + ‖vt(t)‖ + ‖wt(t)‖+ ‖θt(t)‖ → 0, (5.1.12)

‖(η − 1, v, w, θ − 1)(t)‖W 1, ∞ + ‖(ηx, vx, wx, θx)(t)‖H1 → 0. (5.1.13)

Theorem 5.1.3. Assume that η0 − 1, v0, w0, θ0 − 1 ∈ H4(R) and η0(x) > 0,
θ0(x) > 0 on R, and that the other conditions of Theorem 5.1.2 hold. Then for
any t > 0, the Cauchy problem (5.1.1)–(5.1.6) admits a unique H4-global solution
(η(t), v(t), w(t), θ(t)) and the following estimates hold:

‖η(t)− 1‖2H4 + ‖η(t)− 1‖2W 3,∞ + ‖ηt(t)‖2H3 + ‖ηtt(t)‖2H1 + ‖v(t)‖2H4 + ‖v(t)‖2W 3,∞

+ ‖vt(t)‖2H2 + ‖vtt(t)‖2 + ‖w(t)‖2H4 + ‖w(t)‖2W 3,∞ + ‖wt(t)‖2H2 + ‖wtt(t)‖2
+ ‖θ(t)− 1‖2H4 + ‖θ(t)− 1‖2W 3,∞ + ‖θt(t)‖2H2 + ‖θtt(t)‖2 ≤ C4, (5.1.14)∫ t

0

[
‖ηx‖2H3 + ‖ηt‖2H4 + ‖ηtt‖2H2 + ‖ηttt‖2 + ‖ηx‖2W 2,∞ + ‖vx‖2H4 + ‖vt‖2H3

+ ‖vtt‖2H1 + ‖vx‖2W 3,∞ + ‖wx‖2H4 + ‖wt‖2H3 + ‖wtt‖2H1 + ‖wx‖2W 3,∞

+ ‖θx‖2H4 + ‖θt‖2H3 + ‖θtt‖2H1 + ‖θx‖2W 3,∞

]
(s)ds ≤ C4. (5.1.15)

Moreover, as t → +∞,

‖(ηx, vx, wx, θx)(t)‖H3 + ‖ηt(t)‖H3 + ‖ηt(t)‖W 2,∞

+ ‖vt(t)‖H2 + ‖vt(t)‖W 1,∞ + ‖wt(t)‖H2 + ‖wt(t)‖W 1,∞ + ‖θt(t)‖H2

+ ‖θt(t)‖W 1,∞ → 0, (5.1.16)

‖ηtt‖H1 + ‖vtt(t)‖+ ‖wtt(t)‖+ ‖θtt(t)‖
+ ‖(ηx, vx, wx, θx)(t)‖W 2,∞ → 0. (5.1.17)

Corollary 5.1.1. The H4-global solution (η(t), v(t), w(t), θ(t)) obtained in Theorem

5.1.3 is actually classical one. Precisely, (η(t), v(t), w(t), θ(t)) ∈ C3, 12 (R) and as
t → +∞:

‖(ηx(t), vx(t), wx(t), θx(t))‖
C2, 1

2
+ ‖ηt(t)‖

C2, 1
2
+ ‖(vt(t), wt(t), θt(t))‖

C1, 1
2

+ ‖ηtt(t)‖
C

1
2
→ 0. (5.1.18)

Finally, we combine a result of Mujaković [82] together with our present
results to obtain a more general statement.
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We assume that there exist constants m, M ∈ R+ such that

m ≤ η0(x) ≤ M, m ≤ θ0(x) ≤ M, x ∈ R, (5.1.19)

and also constants I1, I2, I3, I4, M1 ∈ R+, M1 > 1, such that

1

2
‖v0‖2 + 1

2A
‖w0‖2 +R

∫
R

(η0 − log η0 − 1)dx

+

∫
R

(θ0 − log θ0 − 1)dx := I1,

(5.1.20)

1

2

(
‖v0x‖2 + 1

A
‖w0x‖2 + ‖θ0x‖2

)
:= I2, (5.1.21)

1

2

∥∥∥∥η0xη0
∥∥∥∥2 + ∫

R

v0x log η0dx ≤ I3, (5.1.22)

sup
|x|<+∞

θ0(x) < M1, (5.1.23)

I4 = 2max

{
R

2κ̂
, 1

}
I1

(
1 +M1 +

I3
I1

)
, (5.1.24)

I5 = 2

(
I1I4
R

)1/2

. (5.1.25)

According to [82], we can find real numbers ξ and ξ, ξ < 0 < ξ such that

∫ 0

ξ

√
eξ − 1− ξdξ =

∫ ξ

0

√
eξ − 1− ξdξ = I5, (5.1.26)

and u = exp ξ, u = exp ξ. We combine our results with [82] as follows.

Theorem 5.1.4. Assume that η0 − 1, v0, w0, θ0 − 1 ∈ Hi(R) (i = 1, 2, 4).

Case I. Assume that η0 > 0, θ0 > 0 and e0 ≤ ε0, where e0, ε0 are as in Theorem
5.1.1.

Case II. Assume that (5.1.22) is valid and the following conditions are satisfied:

I1‖v0x‖2 <

(
κ̂u

24u

)2

, (5.1.27)

I1A‖w0x‖2 <

(
κ̂u

12u

)2

, (5.1.28)

2I1

{
48I24M1I1

(
u

u

)2

(8 + 9M1) + 2RM1I4 +
I1R

2M2
1

κ̂

(
u

u
+

3M1

2

)
+ I1M1u

2

(
1 +

3AI1
R

(
u

u
+ u2

))
+ I2

}
< min

{(
κ̂u

12Au

)2

,

(
κ̂u

24u

)2

,
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(∫ M1

1

√
s− 1− log sds

)2

,

(∫ 1

0

√
s− 1− log sds

)2}
. (5.1.29)

Then in Case I and Case II, for i = 1, the estimates (5.1.7)–(5.1.10) hold; for
i = 2, the estimates (5.1.11)–(5.1.13) hold and for i = 4, the estimates (5.1.14)–
(5.1.17) hold.

In fact, from η0 − 1, v0, w0, θ0 − 1 ∈ Hi(R) (i = 1, 2, 4) and η0(x), θ0(x) > 0,
we can derive (5.1.19) using the embedding of Hi(R) into C(R).

5.2 Global Existence and Asymptotic Behavior in H1(R)

In this section, we shall follow Jiang’s subtle idea in [54] to establish global H1

estimates for solutions (η, v, w, θ) to our system. In what follows C and C̃ stand
for some generic constants (≥ 1) which might depend on physical constants such
as R, etc.

At first, we suppose that

|η(x, t) − 1|+ φ(t)|θ(x, t) − 1| ≤ 1

2
, (5.2.1)

for all (x, t) ∈ R× R+ where φ(t) = min{t, 1}.
Lemma 5.2.1. For all t > 0, there holds

1

2

∫
R

v2dx+
1

2A

∫
R

w2dx+

∫
R

(θ − log θ − 1)dx+ R

∫
R

(η − log η − 1)dx

+

∫ t

0

∫
R

(
v2x
θη

+
w2

x

θη
+

ηw2

θ
+ κ̂

θ2x
ηθ2

)
dxds = E0, (5.2.2)

where

E0 :=
1

2

∫
R

v20dx+
1

2A

∫
R

w2
0dx+

∫
R

(θ0 − log θ0 − 1)dx+R

∫
R

(η0 − log η0 − 1)dx.

(5.2.3)
Also, as |x| → +∞ and t > 0,

θ(x, t) → 1, η(x, t) → 1. (5.2.4)

Moreover,

1

2

∫
R

v2dx+
1

2A

∫
R

w2dx+

∫
R

(θ − log θ − 1)dx+ R

∫
R

(η − log η − 1)dx

+

∫ t

1

∫
R

(
v2x
θη

+
w2

x

θη
+

ηw2

θ
+ κ̂

θ2x
ηθ2

)
dxds = E1
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≤ C

∫
R

{
v2 + w2 + (η − 1)2 + (θ − 1)2

}
(x, 1)dx, for t ≥ 1, (5.2.5)

where,

E1 :=
1

2

∫
R

v2(x, 1)dx +
1

2A

∫
R

w2(x, 1)dx +

∫
R

(θ − log θ − 1)(x, 1)dx

+R

∫
R

(η − log η − 1)(x, 1)dx. (5.2.6)

Proof. Estimate (5.2.2) can be borrowed directly from Lemma 3.1 of [82] and
(5.2.4) can be derived from (5.6.2)–(5.6.3). Similarly as for (5.2.2) and applying
the mean value theorem to the functions θ − log θ, η − log η, we can immediately
get (5.2.5). The proof is complete. �

Now let us estimate the L2 norms of v, w, η − 1, θ − 1 by using a weighted

L2-norm given by ‖ · ‖w =
( ∫

R
(1 + x2)α| · |2dx

)1/2
, which is basic for H1-global

estimates. Here we use the weight function ψ(x) = (1 + x2)α (α > 1
2 ) known as a

weighted function.

Lemma 5.2.2. Under the assumptions of Theorem 5.1.1 except, for the moment,
the condition on e0, the following estimate holds, for any t > 0:

‖v(t)‖2 + ‖η(t)− 1‖2 + ‖w‖2 + ‖θ(t)− 1‖2

+

∫ t

0

[
‖vx(s)‖2 + ‖wx(s)‖2 + ‖w(s)‖2 + ‖θx(s)‖2

]
ds ≤ Ce20 (5.2.7)

where e0 ≤ 1/(2C).

Proof. Multiplying (5.1.2) by ψ(x)v, integrating over R, and using integration by
parts we get

1

2

∂

∂t

∫
R

ψv2dx = −
∫
R

vx
η
(ψv)xdx+

∫
R

(
Rθ

η
− 1

)
(ψv)xdx

= −
∫
R

vx
η
(ψxv + ψvx)dx+

∫
R

(
Rθ

η
− 1

)
(ψxv + ψvx)dx.

Then, using |ψx| ≤ C|ψ| with (5.2.1) and the mean value theorem for the function
f(η, θ) = Rθ/η−R, we arrive, after integrating over (0, t), t ∈ [0, 1] and employing
Young’s inequality, at the inequality∫

R

ψv2(x, t)dx +

∫ t

0

∫
R

ψv2xdxds

≤ Ce20 + C

∫ t

0

∫
R

[
ψ((η − 1)2 + v2 + (θ − 1)2)

]
dxds, ∀t ∈ [0, 1]. (5.2.8)
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Multiplying (5.1.1) by ψ(x)(η − 1) and integrating in the same way, we can see
that∫
R

ψ(η−1)2(x, t)dx ≤ Ce20+C

∫ t

0

∫
R

ψ
(
(η − 1)2 + v2 + (θ − 1)2

)
dxds, ∀t ∈ [0, 1].

(5.2.9)
Adding (5.2.9) to (5.2.8) gives∫

R

ψ
(
(η − 1)2 + v2

)
(x, t)dx +

∫ t

0

∫
R

ψv2xdxds

≤ Ce20 + C

∫ t

0

∫
R

ψ
(
(η − 1)2 + v2 + (θ − 1)2

)
dxds, (5.2.10)

for all t ∈ [0, 1].

In the same way, we multiply (5.1.3) by ψ(x)w to get

1

2

d

dx

∫
R

ψw2dx+A

∫
R

ψηw2dx = −A

∫
R

φw2
x

η
dx−A

∫
R

wxwψx

η
dx,

whence∫
R

ψw2(x, t)dx +

∫ t

0

∫
R

ψ
(
w2 + w2

x

)
dxds ≤ Ce20, ∀t ∈ [0, 1]. (5.2.11)

Let us introduce h(t) = sups∈[0,t]

∫
R
ψ(x)[v2 + (θ − 1)2](x, s)dx. We derive

from (5.1.2) and (5.1.4) immediately that

1

2

d

dt

∫
R

ψ(θ − 1)2(x, t)dx +

∫
R

ψκ̂
θ2x
η
dxds

= −
∫
R

κ̂
θx
η
ψx(θ − 1)dx+

∫
R

(
vx
η

− Rθ

η

)
vxψ(θ − 1)dx

+

∫ t

0

∫
R

(
w2

x

η
+ ηw2

)
ψ(θ − 1)dxds, (5.2.12)

1

4

d

dt

∫
R

ψv4(x, t)dx +

∫
R

3ψv2xv2
η

dx =

∫
R

(
3Rθv2ψvx

η
− vxv

3ψx

η
+

Rθv3ψx

η

)
dx,

(5.2.13)

for all t ∈ [0, 1]. Adding (5.2.12) to (5.2.13), integrating with respect to t over
(0, t), and employing (5.2.1) and (5.2.11), we obtain∫

R

ψ
(
(θ − 1)2 + v4

)
(x, t)dx +

∫ t

0

∫
R

ψ
(
θ2x + v2v2x

)
dxds

≤ Ce20 + C

∫ t

0

∫
R

ψ
[
(θ − 1)4 + (θ − 1)2v2

]
dxds
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+ C

∫ t

0

∫
R

ψv4dxds+ C

∫ t

0

∫
R

v2xdxds+ C

∫ t

0

∫
R

ψ
(
(θ − 1)2 + v2

)
dxds

≤ Ce20 + Ch(t)

∫ t

0

max
R

(θ − 1)2(·, s)ds+ C

∫ t

0

∫
R

ψ
(
(θ − 1)2 + v4 + v2

)
dxds

≤ Ce20 + Ch3(t) +
1

2

∫ t

0

∫
R

ψθ2xdxds

+ C

∫ t

0

∫
R

ψ
(
(θ − 1)2 + v4 + v2

)
dxds, ∀t ∈ [0, 1]. (5.2.14)

To get (5.2.14) we have used the estimate

max
R

(θ − 1)2 ≤ max
x∈R

∫ x

−∞
2|θ − 1||θx|dx

≤ C

∫
R

|θ − 1||θx|dx,

and then employed Young’s inequality to the term Ch(t)
∫ t

0
maxR(θ − 1)2ds and

the definition of h(t).

From (5.2.10)–(5.2.14), we find that for all t ∈ [0, 1]∫
R

ψ
(
(η − 1)2 + (θ − 1)2 + v2 + v4 + w2

)
(x, t)dx

+

∫ t

0

∫
R

ψ
(
θ2x + v2x + v2v2x + w2

x + w2
)
dxds ≤ C(e20 + h3(t)). (5.2.15)

With the definition of h(t), we derive that h(t) ≤ C(e20 + h3(t)) for t ∈ [0, 1].
Actually, we can assume 1 − Ch2(t) ≥ 1/2 and get at once h(t) ≤ 2Ce20, then
h(t) ≤ e0 if e0 ≤ 1/(2C). As a result, (5.2.15) can be improved under the condition
e0 ≤ 1/(2C) to∫

R

ψ
(
(η − 1)2 + (θ − 1)2 + v2 + v4 + w2

)
(x, t)dx

+

∫ t

0

∫
R

ψ
(
θ2x + v2x + v2v2x + w2

x + w2
)
dxds ≤ Ce20, ∀t ∈ [0, 1]. (5.2.16)

Repeating what we have done when t ∈ [0, 1] using (5.2.1), we can derive from
(5.2.16) and (5.2.5) that∫

R

(
(η − 1)2 + (θ − 1)2 + v2 + w2

)
(x, t)dx +

∫ t

0

∫
R

(
θ2x + v2x + w2

x + w2
)
dxds

≤ Ce20, ∀t ∈ [0,+∞), (5.2.17)

provided that e0 ≤ 1/(2C), i.e., (5.2.7). This completes the proof. �
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Next let us obtain a global H1 estimate for (η, v, w, θ). We define here

H(t) := sup
0≤s≤t

{
‖η − 1‖2L∞ + φ2‖vx‖2 + φ2‖wx‖2 + φ2‖w‖2 + φ4‖θx‖2

}
+

∫ t

0

[
φ2‖vt‖2 + φ4‖θt‖2 + ‖vx‖2 + φ2‖wt‖2 + ‖wx‖2

]
(s)ds. (5.2.18)

Lemma 5.2.3. Under the assumptions of Lemma 5.2.2, we have the estimate

H(t) ≤ e0, (5.2.19)

where e0 < min{1/(2C), 1/(2c̃)}, and c̃ ≥ 1 depends on some physical constants.

Proof. Multiplying (5.1.2) by φ2vt, and integrating over R× R+, we arrive at∫ t

0

∫
R

φ2v2t dxds+

∫ t

0

∫
R

(
φ2v2x
η

)
t

dxds

= −
∫ t

0

∫
R

(
Rθ

η

)
x

φ2vtdxds +

∫ t

0

∫
R

2φφt · v2x
η

dxds −
∫ t

0

∫
R

φ2v3x
η

dxds.

From the definition of φ(t), we derive that |φ| ≤ 1, |φt| ≤ 1, and then utilizing
(5.2.1) and (5.2.15) and applying Young’s inequality, we obtain

φ2(t)

∫
R

v2xdx+

∫ t

0

∫
R

φ2v2t dxds

≤ Ce20 + C

∫ t

0

∫
R

φ2|vx|3dxds+ C
∣∣∣ ∫ t

0

∫
R

φ2

[(
1

η − 1

)
θ

]
x

vtdxds
∣∣∣

≤ Ce20 + C

∫ t

0

∫
R

φ4v4xdxds

+

∣∣∣∣− ∫
R

η + 1

η
θφ2vxdx+

∫
R

(1− η)θ0φ
2v0xdx+

∫ t

0

∫
R

2φφt

(
1

η
− 1

)
θvx

+ φ2

[(
1

η
− 1

)
θ

]
t

vxdxds

∣∣∣∣
≤ Ce20 + C

∫ t

0

∫
R

φ4v4xdxds + C

∫ t

0

|η − 1|φ|vx|dx

+ C

∫ t

0

∫
R

φ|η − 1|θ|vx|dxds + C

∫ t

0

∫
R

φ2

∣∣∣∣[(1

η
− 1

)
θ

]
t

vx

∣∣∣∣ dxds
≤ Ce20 + C

∫ t

0

∫
R

φ2v2t dxds+ C

∫ t

0

∫
R

|η − 1|φ4θ2t dxds+
1

2
φ2

∫
R

v2xdx,

i.e.,

φ2

∫
R

v2xdx+

∫ t

0

∫
R

φ2v2t dxds ≤ Ce20 + C

∫ t

0

∫
R

φ4v4xdxds+H2(t), ∀t ≥ 0.

(5.2.20)
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Actually the term
∫ t

0

∫
R
φ4v2xdxds in (5.2.20) can be estimated with (5.2.1),

(5.2.17), and by applying the interpolation inequality ‖ · ‖L∞ ≤ C‖ · ‖H1 to the
function vx/η−Rθ/η+R and the mean value theorem to the function Rθ/η−R:∫ t

0

∫
R

φ4v2xdxds ≤ C

∫ t

0

φ4 max
R

v2x

∫
R

v2xdxds

≤ Ce20 + C

∫ t

0

φ4 max
R

(
vx
η

−R
θ

η
+R

)2(∫
R

v2xdx

)
ds

≤ Ce20 + C

∫ t

0

φ4(‖σ +R‖2 + ‖σx‖2)‖vx‖2ds

≤ Ce20 + C

∫ t

0

φ4(‖vx‖2 + ‖η − 1‖2 + ‖θ − 1‖2 + ‖vt‖2)‖vx‖2ds
≤ C(e20 +H2(t)). (5.2.21)

Combining (5.2.20) and (5.2.21), we infer that

φ2(t)

∫
R

v2xdx+

∫ t

0

∫
R

φ2v2t dxds ≤ C(e20 +H2(t)), ∀t ≥ 0. (5.2.22)

Similarly, we can get from (5.1.3), upon multiplying (5.2.17) with φ2wt, that

φ2(t)‖wx(t)‖2 + φ2(t)‖w(t)‖2 +
∫ t

0

φ2(s)‖wt(s)‖2ds ≤ C(e20 +H2(t)), ∀t ≥ 0.

(5.2.23)
Also analogously, we infer from (5.1.4), upon multiplying with φ4θt, that

φ4(t)‖θx(t)‖2 +
∫ t

0

‖θt(s)‖2φ4ds

≤ Ce20 + C

∫ t

0

∫
R

(φ4v4x + φ4|vx|θ2x)dxds+
1

2

∫ t

0

∫
R

φ4θ2t dxds+ CH2(t)

≤ Ce20 + CH2(t) + C

∫ t

0

φ8 max
R

v2x

∫
R

θ2xdxds+
1

2

∫ t

0

∫
R

φ4θ2t dxds

≤ Ce20 + CH2(t) +
1

2

∫ t

0

∫
R

φ4θ2t dxds, ∀t ≥ 0,

i.e.,

φ4(t)‖θx(t)‖2 +
∫ t

0

‖θt(s)‖2φ4ds ≤ Ce20 + CH2(t), (5.2.24)

for all t ≥ 0.

Now let us estimate η − 1. Rewrite (5.1.2) using (5.1.1) as

(log η)xt = vt +R

(
θ

η
− 1

)
x

. (5.2.25)
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Integrating (5.2.25) over (−∞, x) × (0, t) (∀t ∈ [0, 1]), taking the absolute value
and using (5.2.1), (5.2.16)–(5.2.17) and the weight α > 1/2, we obtain

|η − 1| ≤ C| log η| ≤ C|η − 1|+ C

∫ x

−∞
(|v|+ |v0|)dy + C

∫ t

0

(|η − 1|+ |θ − 1|)ds

≤ Ce0 + C‖ψ 1
2 v‖‖ψ− 1

2 ‖+ C

∫ t

0

|η − 1|ds+ C

∫ t

0

‖θ − 1‖H1ds

≤ Ce0 + C

∫ t

0

|η − 1|ds+ C

(∫ t

0

‖θ − 1‖2H1ds

) 1
2

≤ Ce0 + C

∫ t

0

|η − 1|ds, ∀t ∈ [0, 1]. (5.2.26)

Applying the Gronwall inequality to (5.2.26), we get

|η(x, t) − 1| ≤ Ce0, x ∈ R, t ∈ [0, 1]. (5.2.27)

For t ≥ 1, we denote F := (vx/η) − R(η/θ) + R. Obviously, [1/η − 1]t +
(Rθ/η) · [1/η−1] = −F/η−R(θ−1)/η. Multiplying this equality by 1/η−1, using
(5.2.1), (5.1.2), (5.2.15) and the interpolation inequality, we obtain[

1

η
− 1

]2
t

+ C−1

[
1

η
− 1

]2
≤ C(‖F‖2L∞ + ‖θ − 1‖2L∞)

≤ C(‖F‖2H1 + ‖θ − 1‖2H1)

≤ Ce20 + C‖(vx, vt, θx)‖2, ∀t ≥ 1,

which, combined with (5.2.17) and (5.2.22), yields for x ∈ R, t ≥ 1,

|η(x, t)− 1|2 ≤ Ce20 +C|η(x, t)− 1|2 +C

∫ t

1

‖(vx, vt, θx)(s)‖2ds ≤ C(e20 +H2(t)).

(5.2.28)
Combining the definition of H(t), (5.2.22)–(5.2.24), (5.2.27) and (5.2.28), we ob-
tain H(t) ≤ c̃[e20 + H2(t)] for t ∈ [0,+∞), where c̃ ≥ 1 depends on C and
other systematic constants. Hence similar to the estimate for h(t), we still as-
sume H(t) so small that 1 − c̃H(t) ≥ 1/2, and then H(t) ≤ 2c̃e20 ≤ e0 provided
that e0 ≤ min{1/2C, 1/2c̃}. The proof is complete. �

Proof of Theorem 5.1.1. From Lemmas 5.2.2 and 5.2.3, we immediately derive
that

|η(x, t) − 1|+ φ(t)|θ(x, t) − 1| ≤ A1/2(t) + C‖θ − 1‖1/2‖θx‖1/2
≤ A1/2(t) + Ce0A

1/4(t) (5.2.29)

≤
√
2c̃e0

(
1 + C̃

√
e0

)
<

1

3
, x ∈ R, t ≥ 0.
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Actually, we assume that e0 is small enough to assure that 1 + C̃
√
e0 < 4/3, and

then e0 < 1/(4
√
2). So we set e0 < min{1/(6√c̃), 1/(3C̃)2, 1/(2c̃), 1/(2C̃)} := ε0,

with the hypothesis discussed in Lemmas 5.2.2 and 5.2.3.

We can see thus that |η−1|+φ(t)|θ−1| can be smaller than in the hypothesis
(5.2.1). As a result, we find

‖η − 1‖2L∞ + ‖vx‖2 + ‖wx‖2 + ‖θx‖2 +
∫ t

0

(
‖vt‖2 + ‖θt‖2 + ‖wt‖2

)
ds ≤ ε20 ≤ C1.

(5.2.30)

Also from (5.2.29) with arguments similar to those used in [112], we can
get (5.1.10) and (5.1.11). Under the assumption (η − 1, v, w, θ − 1) ∈ H1(R), we
rewrite (5.2.25) again as (

ηx
η

)
t

= vt +
Rθ

η
, (5.2.31)

multiply it by ηx/η, and integrate over R× [0, t] to get, using (5.1.11), the estimate

‖ηx‖2 +
∫ t

0

∫
R

θη2xdxds ≤ C1 +
1

2

∫ t

0

∫
R

θη2xdxds+C

∫ t

0

(
‖vt‖2 + ‖θx‖2

)
ds ≤ C1.

(5.2.32)
From (5.1.11), it follows that

‖ηx(t)‖2 +
∫ t

0

‖ηx(s)‖2ds ≤ C1. (5.2.33)

Upon rewriting (5.1.2) as

vt =
vxx
η

− vxηx
η2

− Rθx
η

+
Rθηx
η2

we infer that

‖vxx‖2 ≤ C1

(
‖vt‖2 + ‖vx‖2L∞ + ‖θx‖2 + ‖ηx‖2

)
,

and conclude immediately from (5.1.11), Lemmas 5.2.2–5.2.3 and the interpolation
inequalities that ∫ t

0

‖vxx(s)‖2ds ≤ C1, ‖vxx‖ ≤ C1‖vt‖+ C1.

Similarly, we get ∫ t

0

(
‖wxx‖2 + ‖θxx‖2

)
(s)ds ≤ C1,

‖wxx‖ ≤ C1‖wt‖+ C1,

‖θxx‖ ≤ C1‖θt‖+ C1. (5.2.34)
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Combining with (5.2.30), (5.1.10) and (5.1.11), we complete the proof of (5.1.12)
of Theorem 5.1.1.

By integrating by parts, we can conclude further that

1

2

d

dt

∫
R

v2xdx =

∫
R

vxvxtdx, (5.2.35)

1

2

d

dt

∫
R

w2
xdx =

∫
R

wxwxtdx, (5.2.36)

1

2

d

dt

∫
R

θ2xdx =

∫
R

θxθxtdx, (5.2.37)

and then using (5.1.1) and (5.1.12) we get∫ +∞

0

∣∣∣ d
dt

(
‖(ηx, vx, wx, θx)‖

)
(s)
∣∣∣ds ≤ C1. (5.2.38)

Combining this with (5.2.35)–(5.2.38), we can immediately derive that

‖(ηx, vx, wx, θx)(t)‖ → 0, as t → +∞. (5.2.39)

Finally, employing the interpolation inequality, we can also see that

‖(η − 1, v, w, θ − 1)(t)‖L∞ → 0, as t → +∞. (5.2.40)

This ends the proof of Theorem 5.1.1. �

5.3 Global Existence and Asymptotic Behavior in H2(R)

In this section, we shall complete the proof of Theorem 5.1.2. We begin with the
following lemma on the estimates in H1(R) obtained just now.

Lemma 5.3.1. Under the assumptions of Theorem 5.1.1, the H1-generalized global
solution (η(t), v(t), w(t), θ(t)) to the Cauchy problem (5.1.1)–(5.1.6) verifying
(5.1.7)–(5.1.9) obeys for any t > 0 the bounds

‖η(t)− 1‖2H1 + ‖v(t)‖2H1 + ‖w(t)‖2H1 + ‖θ(t)− 1‖2H1 + ‖ηt(t)‖2

+

∫ t

0

(
‖vx‖2H1 + ‖wx‖2H1 + ‖θx‖2H1 + ‖ηx‖2 + ‖vt‖2 + ‖wt‖2 + ‖θt‖2

)
(s)ds

≤ C1, (5.3.1)

‖η(t)− 1‖2L∞ + ‖v(t)‖2L∞ + ‖w(t)‖2L∞ + ‖θ(t)− θ̄‖2L∞

+

∫ t

0

(
‖ηt‖2H1 + ‖vx‖2L∞ + ‖wx‖2L∞ + ‖θx‖2L∞

)
(s)ds ≤ C1. (5.3.2)
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Proof. Estimate (5.3.1) is just (5.1.9). Next, by Theorem 5.1.1, we get

‖v(t)‖L∞ ≤ C‖v(t)‖H1 , ‖w(t)‖L∞ ≤ C‖w(t)‖H1 ,

‖θ(t)− 1‖L∞ ≤ C‖θ(t) − 1‖H1 , (5.3.3)

‖vx(t)‖L∞ ≤ C‖vx(t)‖H1 , ‖θx(t)‖L∞ ≤ C‖θx(t)‖H1 . (5.3.4)

Moreover, (5.1.1) yields
‖ηt(t)‖H1 = ‖vx(t)‖H1 . (5.3.5)

Thus estimate (5.3.2) follows from (5.3.1) and (5.3.3)–(5.3.5). The proof is com-
plete. �
Lemma 5.3.2. Under the assumptions of Theorem 5.1.2, the following estimates
hold for any t > 0:

‖θt(t)‖2 + ‖vt(t)‖2 + ‖wt(t)‖2 +
∫ t

0

(‖vxt‖2 + ‖wxt‖2 + ‖θxt‖2)(s)ds ≤ C2,

(5.3.6)

‖vx(t)‖2L∞ + ‖vxx(t)‖2 + ‖wx(t)‖2L∞ + ‖wxx(t)‖2 + ‖θx(t)‖2L∞ + ‖θxx(t)‖2 ≤ C2,
(5.3.7)

‖v(t)‖2H2 + ‖w(t)‖2H2 + ‖θ(t)− 1‖2H2 + ‖ηt(t)‖2H1 ≤ C2. (5.3.8)

Proof. Differentiating (5.1.2) with respect to t, then multiplying the resulting
equation by vt in L2(R) and using Lemma 5.3.1, we get

d

dt
‖vt(t)‖2 + C−1

1 ‖vxt(t)‖2

≤ 1

2C1
‖vxt(t)‖2 + C2(‖vx(t)‖3‖vxx(t)‖+ ‖θt(t)‖2 + ‖vx(t)‖2)

≤ 1

2C1
‖vxt(t)‖2 + C2(‖vx(t)‖2 + ‖θt(t)‖2 + ‖vxx(t)‖2) (5.3.9)

whence

‖vt(t)‖2 +
∫ t

0

‖vxt(s)‖2ds ≤ C2 + C1

∫ t

0

(‖vx‖2 + ‖θt‖2 + ‖vxx‖2)(s)ds ≤ C2.

(5.3.10)
Hence, by (5.1.2), Lemma 5.3.1, the interpolation inequalities and Young’s in-
equality, we have

‖vxx(t)‖ ≤ C1(‖vt(t)‖+ ‖vx(t)‖+ ‖ux(t)‖ + ‖vx(t)‖1/2‖vxx(t)‖)
≤ 1

2
‖vxx(t)‖+ C1(‖vt(t)‖+ ‖vx(t)‖ + ‖ux(t)‖)

which, combined with (5.3.10), (5.3.1) and (5.3.2), leads to

‖vxx(t)‖ ≤ C1(‖vt(t)‖ + ‖vx(t)‖ + ‖ux(t)‖) ≤ C2, ∀t > 0, (5.3.11)
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‖vx(t)‖2L∞ ≤ C1‖vx(t)‖‖vxx(t)‖ ≤ C2, ∀t > 0. (5.3.12)

Similarly, we derive from (5.1.3) that

d

dt
‖wt(t)‖2 + C−1

1 ‖wxt(t)‖2 + C−1
1 ‖wt(t)‖2

≤ 1

2C1
(‖wxt(t)‖2 + ‖wt(t)‖2) + C2(‖vx(t)‖2 + ‖vxx(t)‖2) (5.3.13)

which, combined with Lemma 5.3.1, gives

‖wt(t)‖2 +
∫ t

0

(‖wxt‖2 + ‖wt‖2)(s)ds ≤ C2, ∀t > 0. (5.3.14)

Next, from (5.1.3), the interpolation inequalities and Young’s inequality it follows
that

‖wxx(t)‖ ≤ C1

(
‖wt(t)‖ + ‖w(t)‖ + ‖wx(t)‖‖ηx(t)‖2

)
+

1

2
‖wxx(t)‖,

whence

‖wxx(t)‖ ≤ C2, ∀t > 0, (5.3.15)

‖wx(t)‖2L∞ ≤ C1‖wx(t)‖‖wxx(t)‖ ≤ C2, ∀t > 0. (5.3.16)

Similarly, from (5.1.4) and (5.3.12) it follows that

d

dt
‖θt(t)‖2 + C−1

1 ‖θxt(t)‖2

≤ 1

2C1
‖θxt(t)‖2 + C2(‖θx(t)‖2 + ‖vx(t)‖2 + ‖θt(t)‖2 + ‖vtx(t)‖2

+ ‖wx(t)‖2L∞‖θt(t)‖2 + ‖wx(t)‖2L∞‖wx(t)‖2 + ‖w(t)‖2L∞‖w(t)‖2
+ ‖wxt(t)‖2), (5.3.17)

which, combined with Lemma 5.3.1, gives

‖θt(t)‖2 +
∫ t

0

‖θxt(s)‖2ds ≤ C2, ∀t > 0. (5.3.18)

Similarly to (5.3.11), equation (5.1.4), Lemma 5.3.1, (5.3.16) and the interpolation
inequalities yield

‖θxx(t)‖ ≤ C1

(
‖θt(t)‖ + ‖θx(t)‖1/2‖θxx(t)‖1/2‖ux(t)‖+ ‖vx(t)‖3/2‖vxx(t)‖1/2

+ ‖vx(t)‖ + ‖wx(t)‖ 1
2 ‖wxx(t)‖ 1

2 ‖wx(t)‖+ ‖wxt(t)‖+ ‖w(t)‖
+ ‖θ(t)‖‖wx(t)‖ 1

2 ‖wxx(t)‖ 1
2

)
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≤ C1

(
‖θt(t)‖ + ‖θx(t)‖+ ‖vx(t)‖ + ‖vxx(t)‖

+ ‖w(t)‖+ ‖wx(t)‖ + ‖wxt(t)‖
)
+

1

2
‖θxx(t)‖

whence

‖θxx(t)‖ ≤ C1(‖θt(t)‖+ ‖θx(t)‖ + ‖vx(t)‖ + ‖vxx(t)‖ + ‖w(t)‖
+ ‖wx(t)‖ + ‖wtx(t)‖) ≤ C2, (5.3.19)

‖θx(t)‖2L∞ ≤ C1‖θx(t)‖‖θxx(t)‖ ≤ C2. (5.3.20)

Thus estimates (5.3.6)–(5.3.8) follow from (5.1.1), (5.3.10)–(5.3.12), (5.3.14)–
(5.3.16), (5.3.18)–(5.3.20) and Lemma 3.5.1. The proof is complete. �
Lemma 5.3.3. Under the assumptions of Theorem 5.1.2, the following estimates
hold for any t > 0:

‖ηxx(t)‖2 + ‖ηx(t)‖2L∞ +

∫ t

0

(‖ηxx‖2 + ‖ηx‖2L∞)(s)ds ≤ C2, (5.3.21)∫ t

0

(‖vxxx‖2 + ‖wxxx‖2 + ‖θxxx‖2)(s)ds ≤ C2. (5.3.22)

Proof. Differentiating (5.1.2) with respect to x and using equation (5.1.1), we get

∂

∂t

(
ηxx
η

)
+
Rθηxx
η2

= vtx+
Rθxx
η

+
2vxxηx − 2Rθxηx

η2
+
(2Rθ − 2μvx)η

2
x

η3
. (5.3.23)

Next, multiplying (5.3.23) by ηxx/η in L2(R), and using Lemmas 5.3.1–5.3.2, we
deduce that

d

dt
‖ηxx

η
(t)‖2 + C−1

1 ‖ηxx(t)‖2 (5.3.24)

≤ 1

2C1
‖ηxx(t)‖2 + C2(‖θx(t)‖2 + ‖ηx(t)‖2 + ‖vxx(t)‖2 + ‖θxx(t)‖2 + ‖vtx(t)‖2)

which, together with Lemma 5.3.2, implies that for any t > 0,

‖ηxx(t)‖2 +
∫ t

0

‖ηxx(s)‖2ds ≤ C2, (5.3.25)

‖ηx(t)‖2L∞ ≤ C‖ηx(t)‖‖ηxx(t)‖ ≤ C2, (5.3.26)∫ t

0

‖ηx(s)‖2L∞ds ≤ C

∫ t

0

(‖ηx‖2 + ‖ηxx‖2)(s)ds ≤ C2. (5.3.27)

Differentiating (5.1.2), (5.1.3) and (5.1.4) with respect to x and using Lemmas
5.3.1–5.3.2 and (5.3.26), we deduce that for any t > 0,

‖vxxx(t)‖ ≤ C2

(‖vt(t)‖ + ‖vtx(t)‖+ ‖vxx(t)‖ + ‖ηxx(t)‖ + ‖vx(t)‖ + ‖θxx(t)‖
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+ ‖θx(t)‖+ ‖ηx(t)‖
)
, (5.3.28)

‖wxxx(t)‖ ≤ C2

(‖wtx‖+ ‖wxx‖+ ‖ηxx‖+ ‖wx‖
)
,

‖θxxx(t)‖ ≤ C2

(‖θt(t)‖ + ‖θtx(t)‖ + ‖θxx(t)‖+ ‖uxx(t)‖+ ‖vxx(t)‖ + ‖θx(t)‖
+ ‖wxx(t)‖+ ‖wx(t)‖

)
. (5.3.29)

Thus estimates (5.3.21)–(5.3.22) follow from (5.3.25)–(5.3.29) and Lemmas 5.3.1–
5.3.2. �
Lemma 5.3.4. Under the assumptions of Theorem 5.1.2, the H2-generalized global
solution

(
η(t), v(t), w(t), θ(t)

)
obtained in Lemmas 5.3.1– 5.3.3 to the Cauchy

problem (5.1.1)–(5.1.6) satisfies the estimates (5.1.12)–(5.1.13).

Proof. We start from Lemma 5.3.1 and repeat the same reasoning as in the de-
rivation of (5.3.9), (5.3.11)–(5.3.12), (5.3.13), (5.3.15)–(5.3.16), (5.3.17), (5.3.19)–
(5.3.20), (5.3.24) and (5.3.26)–(5.3.27) in Lemmas 5.3.2–5.3.3 to obtain

d

dt
‖vt(t)‖2 + (2C1)

−1‖vtx(t)‖2 ≤ C2(‖vx(t)‖2 + ‖vxx(t)‖2 + ‖θt(t)‖2), (5.3.30)

d

dt
‖wt(t)‖2 + (2C1)

−1‖wtx(t)‖2 + (2C1)
−1‖wt(t)‖2 ≤ C2(‖wx(t)‖2 + ‖w(t)‖2),

(5.3.31)

d

dt
‖θt(t)‖2 + (2C1)

−1‖θtx(t)‖2 ≤ C2(‖vx(t)‖2 + ‖θx(t)‖2 + ‖θt(t)‖2 + ‖vtx(t)‖2

+ ‖wt(t)‖2 + ‖wtx(t)‖2 + ‖wx(t)‖2), (5.3.32)

d

dt

∥∥∥∥ηxxη (t)

∥∥∥∥2 + (2C1)
−1‖ηxx(t)‖2 ≤ C2(‖θx(t)‖2 + ‖ηx(t)‖2 + ‖vxx(t)‖2

+ ‖θxx(t)‖2 + ‖vtx(t)‖2), (5.3.33)

‖vxx(t)‖ ≤ C1(‖vt(t)‖ + ‖vx(t)‖ + ‖ux(t)‖) ≤ C2, (5.3.34)

‖wxx(t)‖ ≤ C1(‖wt(t)‖+ ‖w(t)‖ + ‖wx(t)‖) ≤ C2, (5.3.35)

‖θxx(t)‖ ≤ C1(‖θt(t)‖+ ‖θx(t)‖ + ‖vx(t)‖+ ‖vxx(t)‖) ≤ C2, (5.3.36)

‖vx(t)‖2L∞ ≤ C‖vx(t)‖‖vxx(t)‖ ≤ C2, ‖wx(t)‖2L∞ ≤ C‖wx(t)‖‖wxx(t)‖ ≤ C2,
(5.3.37)

‖θx(t)‖2L∞ ≤ C‖θx(t)‖‖θxx(t)‖ ≤ C2, (5.3.38)

‖ηx(t)‖2L∞ ≤ C‖ηx(t)‖‖ηxx(t)‖ ≤ C2. (5.3.39)

Applying Lemma 5.3.4 to (5.3.30)–(5.3.33) and using Lemmas 5.3.1–5.3.3, we ob-
tain that, as t → +∞,

‖vt(t)‖ → 0, ‖wt(t)‖ → 0, ‖θt(t)‖ → 0, ‖ηxx(t)‖ → 0 (5.3.40)

which, together with (5.1.1), (5.1.7) and (5.3.34)–(5.3.39), implies that as t → +∞,

‖vxx(t)‖+ ‖wxx(t)‖+ ‖θxx(t)‖ + ‖ηt(t)‖H1 → 0, (5.3.41)
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‖ηt(t)‖L∞ + ‖(ηx(t), vx(t), wx(t), θx(t))‖L∞ → 0. (5.3.42)

Thus (5.1.12)–(5.1.13) follows from (5.1.1) and (5.3.40)–(5.3.42). The proof is com-
plete. �

Proof of Theorem 5.1.2. The theorem is an immediate consequence of Lemmas
5.3.1–5.3.4 and Lemma 5.3.5. �

5.4 Global Existence and Asymptotic Behavior in H4(R)

In this section, we derive estimates in H4(R) and complete the proof of Theorem
5.1.3. The following several lemmas concern the estimates in H4(R).

Lemma 5.4.1. Under the assumptions of Theorem 5.1.3, the following estimates
hold for any t > 0:

‖vtx(x, 0)‖+ ‖wtx(x, 0)‖+ ‖θtx(x, 0)‖ ≤ C3, (5.4.1)

‖vtt(x, 0)‖+ ‖θtt(x, 0)‖ + ‖wtt(x, 0)‖
+ ‖vtxx(x, 0)‖+ ‖wtxx(x, 0)‖ + ‖θtxx(x, 0)‖ ≤ C4, (5.4.2)

‖vtt(t)‖2 +
∫ t

0

‖vttx(s)‖2ds ≤ C4 + C4

∫ t

0

‖θtxx(s)‖2ds, (5.4.3)

‖wtt(t)‖2 +
∫ t

0

(‖wttx‖2 + ‖wtt‖2)(s)ds ≤ C4, (5.4.4)

‖θtt(t)‖2 +
∫ t

0

‖θttx(s)‖2ds ≤ C4 + C4

∫ t

0

(‖θtxx‖2 + ‖vtxx‖2

+ ‖wxt‖3‖wtxx‖)(s)ds. (5.4.5)

Here C3 > 0 is a constant depending on C1, C2 and the H3 norm of the initial
data

(
η0(x), v0(x), w0(x), θ0(x)

)
.

Proof. We easily infer from (5.1.2) and Lemmas 5.3.1–5.3.3 that

‖vt(t)‖ ≤ C2‖vx(t)‖H1 + ‖ηx(t)‖ + ‖θx(t)‖). (5.4.6)

Differentiating (5.1.2) with respect to x and using Lemmas 5.3.1–5.3.2, we have

‖vtx(t)‖ ≤ C2(‖vx(t)‖+ ‖vxxx(t)‖ + ‖θx(t)‖H1 + ‖ηx(t)‖H1) (5.4.7)

and

‖vxxx(t)‖ ≤ C2(‖vx(t)‖+ ‖ηx(t)‖H1 + ‖θx(t)‖H1 + ‖vtx(t)‖). (5.4.8)

Next, differentiating (5.1.2) with respect to x twice and using Lemmas 5.3.1–5.3.3
and the interpolation inequalities, we have

‖vtxx(t)‖ ≤ C2(‖ηx(t)‖H2 + ‖vx(t)‖H3 + ‖θx(t)‖H2) (5.4.9)
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or

‖vxxxx(t)‖ ≤ C2(‖ηx(t)‖H2 + ‖vx(t)‖H2 + ‖θx(t)‖H2 + ‖vtxx(t)‖). (5.4.10)

In the same manner, we deduce from (5.1.3) and (5.1.4) that

‖wt(t)‖ ≤ C2(‖ηx(t)‖ + ‖w(t)‖H2), (5.4.11)

‖wtx(t)‖ ≤ C2(‖ηx(t)‖H1 + ‖wx(t)‖H2), (5.4.12)

‖θt(t)‖ ≤ C2(‖θx(t)‖H1 + ‖vx(t)‖ + ‖ηx(t)‖ + ‖w(t)‖H2 ), (5.4.13)

‖θtx(t)‖ ≤ C2(‖θx(t)‖H2 + ‖vx(t)‖H1 + ‖ηxx(t)‖ + ‖wx(t)‖H1) (5.4.14)

or

‖wxxx(t)‖ ≤ C2(‖wtx(t)‖ + ‖ηx(t)‖H1 + ‖wx(t)‖H1), (5.4.15)

‖θxxx(t)‖ ≤ C2(‖θx(t)‖H1 + ‖vx(t)‖H1 + ‖ηxx(t)‖ + ‖θtx(t)‖+ ‖wx(t)‖H1 )
(5.4.16)

and

‖wtxx(t)‖ ≤ C2(‖wxxxx(t)‖+ ‖ηx(t)‖H2 + ‖wx(t)‖H2), (5.4.17)

‖θtxx(t)‖ ≤ C2(‖ηx(t)‖H2 + ‖vx(t)‖H2 + ‖θx(t)‖H3 + ‖wx(t)‖H2) (5.4.18)

or

‖wxxxx(t)‖ ≤ C2(‖wtxx(t)‖+ ‖ηx(t)‖H2 + ‖wx(t)‖H2 + ‖wx(t)‖H2 ), (5.4.19)

‖θxxxx(t)‖ ≤ C2(‖ηx(t)‖H2 + ‖vx(t)‖H2 + ‖θx(t)‖H2 + ‖θtxx(t)‖ + ‖wx(t)‖H2).
(5.4.20)

Now differentiating (5.1.2) with respect to t, and using Lemmas 5.3.1–5.3.3 and
(5.1.1), we have

‖vtt(t)‖ ≤ C2

(‖θx(t)‖+ ‖ηx(t)‖+ ‖vxx(t)‖ + ‖vtx(t)‖H1

+ ‖θxt(t)‖+ ‖θt(t)‖+ ‖wx(t)‖H2

)
(5.4.21)

which, together with (5.4.7), (5.4.9) and (5.4.12), implies

‖vtt(t)‖ ≤ C2(‖θx(t)‖H2 + ‖vx(t)‖H3 + ‖ηx(t)‖H2 + ‖wx(t)‖H2 ). (5.4.22)

Analogously, we derive from (5.1.3), (5.1.4) and Lemmas 5.3.1–5.3.3 that

‖wtt(t)‖ ≤ C2(‖wtxx(t)‖ + ‖wxt(t)‖+ ‖wxx(t)‖ + ‖wx(t)‖+ ‖vxx(t)‖
+ ‖ηx(t)‖ + ‖vx(t)‖), (5.4.23)

‖θtt(t)‖ ≤ C2(‖θt(t)‖ + ‖θx(t)‖ + ‖θtx(t)‖H1 + ‖θtxx(t)‖ + ‖vx(t)‖
+ ‖vxt(t)‖ + ‖wx(t)‖H2) (5.4.24)

which, combined with (5.4.11)–(5.4.14), (5.4.17), (5.4.18) and (5.4.7), gives

‖wtt(t)‖ ≤ C2(‖wx(t)‖H3 + ‖vx(t)‖H2 + ‖ηx‖), (5.4.25)
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‖θtt(t)‖ ≤ C2(‖θx(t)‖H3 + ‖vx(t)‖H2 + ‖ηx‖H2 + ‖wx(t)‖H2 ). (5.4.26)

Thus estimates (5.4.1)–(5.4.2) follow from (5.4.7), (5.4.9), (5.4.12), (5.4.14),
(5.4.17), (5.4.18), (5.4.22), (5.4.25) and (5.4.26).

Further, differentiating (5.1.2) with respect to t twice, multiplying the re-
sulting equation by vtt in L2(R), and using (5.1.1) and Lemmas 5.3.1–5.3.3, we
deduce that

1

2

d

dt
‖vtt(t)‖2 = −

∫
R

σttvttxdx−
∫
R

v2ttx
η

dx

+ C2‖vttx(t)‖(‖θtt(t)‖ + ‖vtx(t)‖+ ‖θt(t)‖+ ‖vx(t)‖)
≤ − (2C1)

−1‖vttx(t)‖2
+ C2(‖θtt(t)‖2 + ‖vtx(t)‖2 + ‖θt(t)‖2 + ‖vx(t)‖2)

which, along with (5.4.24), implies

d

dt
‖vtt(t)‖2 + C−1

1 ‖vttx(t)‖2 ≤ C2(‖θtxx(t)‖2 + ‖θxx(t)‖2 + ‖θtx(t)‖2 + ‖vx(t)‖2H1

+ ‖vtx(t)‖2 + ‖θt(t)‖2 + ‖ηx(t)‖2). (5.4.27)

Thus estimate (5.4.3) follows from Lemmas 5.3.1–5.3.3, (5.4.2) and (5.4.27).
Analogously, we obtain from (5.1.3) that

1

2

d

dt
‖wtt(t)‖2 = −A

∫
R

w2
ttx

η
dx−A

∫
R

w2
ttηdx −A

∫
R

(wtvxwtt + wvtxwtt)dx,

(5.4.28)
which, integrated over (0, t), t > 0, implies

‖wtt(t)‖2 + C−1
1

∫ t

0

‖wttx(s)‖2ds+ C−1
1

∫ t

0

‖wtt(s)‖2ds

≤ C4 + 2C−1
1

∫ t

0

‖wtt(s)‖2ds+ C1

∫ t

0

(
‖vtx(s)‖2 + ‖wt(s)‖2

)
ds.

Hence

‖wtt(t)‖2 +
∫ t

0

(
‖wttx‖2 + ‖wtt‖2

)
(s)ds ≤ C4, (5.4.29)

which gives (5.4.4). In the same way, we obtain from (5.1.4)

1

2

d

dt
‖θtt(t)‖2 ≤ −

∫
R

θ2ttxdx+ C2‖θttx(t)‖(‖θtx(t)‖+ ‖vtx(t)‖ + ‖vx(t)‖
+ C2‖θtt(t)‖(‖σtt(t)‖+ ‖σt(t)‖‖vtx(t)‖L∞ + ‖vttx(t)‖)
+ C2(‖θtt‖2 + ‖wttx‖2 + ‖wxt‖4L4 + ‖wtt‖2
+ ‖wtx‖2 + ‖vxt‖2) + C2. (5.4.30)
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By Lemmas 5.3.1–5.3.3 and the interpolation inequality, we derive

‖σt(t)‖ ≤ C2(‖vtx(t)‖+ ‖θt(t)‖+ ‖vx(t)‖), (5.4.31)

‖σtt(t)‖ ≤ C2(‖vttx(t)‖+ ‖θtt(t)‖ + ‖vtx(t)‖ + ‖θt(t)‖+ ‖vx(t)‖), (5.4.32)

‖vtx(t)‖2L∞ ≤ C‖vtx(t)‖‖vtxx(t)‖, (5.4.33)

and
‖wtx(t)‖4L4 ≤ ‖wtxx(t)‖‖wtx(t)‖3. (5.4.34)

By virtue of (5.4.31)–(5.4.34), we infer from (5.4.30) that

d

dt
‖θtt(t)‖2 + C−1

1 ‖θttx(t)‖2

≤ C2 + C2(‖θtx(t)‖2 + ‖vx(t)‖2 + ‖vtx(t)‖2 + ‖θt(t)‖2 + ‖vttx(t)‖2 + ‖θtt(t)‖2)
+ C2‖θtt(t)‖(‖vtx(t)‖ + ‖θt(t)‖ + ‖vx(t)‖)(‖vtx(t)‖+ ‖vtxx‖)
+ C2(‖wtt‖2 + ‖wtx‖2 + ‖vxt‖2 + ‖wxt‖3‖wtxx‖), (5.4.35)

which, together with (5.4.2)–(5.4.3), (5.4.24) and Lemmas 5.3.1–5.3.3, yields

‖θtt(t)‖2 + C−1
1

∫ t

0

‖θttx(s)‖2ds

≤ C4 + C4

∫ t

0

(‖θtt‖2 + ‖vttx‖2)(s)ds

+ C2

[∫ t

0

(‖θtt‖2(‖vtx‖2 + ‖θt‖2 + ‖vx‖2)(s)ds)
]1/2

×
[∫ t

0

(‖vtx‖2 + ‖vtxx‖2)(s)ds
]1/2

+ C4

∫ t

0

‖wxt(s)‖3‖wtxx(s)‖ds

≤ C4 + C4

∫ t

0

‖θtxx(s)‖2ds+ C2 sup
0≤s≤t

‖θtt(s)‖
[
1 +

(∫ t

0

‖vtxx(s)‖2ds
)1/2

]

+ C4

∫ t

0

‖wxt(s)‖3‖wtxx(s)‖ds

≤ 1

2
sup

0≤s≤t
‖θtt(s)‖2 + C4 + C4

∫ t

0

(‖vtxx‖2 + ‖θtxx‖2)(s)ds

+ C4

∫ t

0

‖wxt(s)‖3‖wtxx(s)‖ds. (5.4.36)

Hence, taking the supremum on the right-hand side of (5.4.36) gives the required
estimate (5.4.5). The proof is complete. �
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Lemma 5.4.2. Under the assumptions of Theorem 5.1.3, the following estimates
hold for any t > 0:

‖vtx(t)‖2 +
∫ t

0

‖vtxx(s)‖2ds ≤ C3, (5.4.37)

‖wtx(t)‖2 +
∫ t

0

(‖wtxx‖2 + ‖wtx‖2)(s)ds ≤ C3, (5.4.38)

‖θtx(t)‖2 +
∫ t

0

‖θtxx(s)‖2ds ≤ C3, (5.4.39)

‖θtt(t)‖2 + ‖vtt(t)‖2 +
∫ t

0

(‖vttx‖2 + ‖θttx‖2)(s)ds ≤ C4. (5.4.40)

Proof. Differentiating (5.1.2) with respect to x and t, multiplying the resulting
equation by vtx in L2(R), and integrating by parts, we deduce that

1

2

d

dt
‖vtx(t)‖2 ≤ −

∫
R

v2txx
η

dx+ C2‖vtxx(t)‖(‖θtx(t)‖+ ‖vtx(t)‖+ ‖θt(t)‖
+ ‖vxx(t)‖+ ‖θx(t)‖ + ‖ηx(t)‖)

≤ − (2C1)
−1‖vtxx(t)‖2 + C2(‖θtx(t)‖2 + ‖vtx(t)‖2 + ‖θt(t)‖2

+ ‖vxx(t)‖2 + ‖θx(t)‖2 + ‖ηx(t)‖2) (5.4.41)

which, combined with Lemmas 5.3.1–5.3.3 and (5.4.2), gives estimate (5.4.37).
In the same way, we infer from (5.1.3) that

1

2

d

dt
‖wtx(t)‖2 ≤ − C−1

1

∫
R

w2
txx

η
dx− C−1

1

∫
R

ηw2
txdx+

1

2C1
‖wtxx(t)‖2 (5.4.42)

+ C2(‖wxx(t)‖2 + ‖wtx(t)‖2 + ‖wx(t)‖2 + ‖vxx(t)‖2 + ‖wt(t)‖2),

which leads to (5.4.38).

Analogously, from (5.1.4) and (5.4.38) we obtain

1

2

d

dt
‖θtx(t)‖2 ≤ − 1

C1

∫
R

θ2txx
η

dx + C2‖θtxx(t)‖
(‖θtx(t)‖+ ‖θxx(t)‖ + ‖ηx(t)‖

+ ‖vxx(t)‖
)
+ C2‖θtx(t)‖

(‖wxx(t)wtx(t)‖+ ‖wtxx(t)‖+ ‖wtx(t)‖
+ ‖wt(t)‖+ ‖wtx(t)‖ + ‖wx(t)‖2L4(R) + ‖wx(t)‖+ ‖vxx‖

)
≤ − (2C1)

−1‖θtxx(t)‖2 + C2

(‖θtx(t)‖2 + ‖θxx(t)‖2 + ‖vxx(t)‖2
+ ‖ηx(t)‖2 + ‖wtxx‖2 + ‖wtx‖2 + ‖wt‖2

)
, (5.4.43)

which, combined with Lemmas 5.3.1–5.3.3 and (5.4.38), implies estimate (5.4.39).
Inserting (5.4.37)–(5.4.39) into (5.4.3) and (5.4.5) yields estimate (5.4.40). The
proof is now complete. �
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Lemma 5.4.3. Under the assumptions of Theorem 5.1.3, the following estimates
hold for any t > 0:

‖ηxxx(t)‖2H1 + ‖ηxx(t)‖2W 1,∞ +

∫ t

0

(‖ηxxx‖2H1 + ‖ηxx‖2W 1,∞)(s)ds ≤ C4, (5.4.44)

‖vxxx(t)‖2H1 + ‖vxx(t)‖2W 1,∞ + ‖wxxx(t)‖2H1 + ‖wxx(t)‖2W 1,∞ + ‖θxxx(t)‖2H1

+ ‖θxx(t)‖2W 1,∞ + ‖ηtxxx(t)‖2 + ‖vtxx(t)‖2 + ‖wtxx(t)‖2 + ‖θtxx(t)‖2

+

∫ t

0

(‖vtt‖2 + ‖wtt‖2 + ‖θtt‖2 + ‖vxx‖2W 2,∞ + ‖wxx‖2W 2,∞ + ‖θxx‖2W 2,∞

+ ‖vtxx‖2H1 + ‖wtxx‖2H1 + ‖θtxx‖2H1 + ‖θtx‖2W 1,∞ + ‖wtx‖2W 1,∞

+ ‖vtx‖2W 1,∞ + ‖ηtxxx‖2H1

)
(s)ds ≤ C4, (5.4.45)∫ t

0

(‖vxxxx‖2H1 + ‖wxxxx‖2H1 + ‖θxxxx‖2H1)(s)ds ≤ C4. (5.4.46)

Proof. Differentiating (5.3.23) with respect to x and using (5.1.1) we arrive at

∂

∂t

(
ηxxx
η

)
+

Rθηxxx
η2

= E1(x, t) (5.4.47)

with

E1(x,t)=

[
vxxxηx+ηxxvxx

η2
− 2ηxηxxvx

η3

]
− θxηxx

η2
+

2Rθηxηxx
η3

+vtxx+Ex(x,t),

E(x,t)=
Rθxx
η

+
2μvxxηx−2Rθxηx

η2
+

2Rθη2x−2vxη
2
x

η3
.

An easy calculation based on Lemmas 5.3.1–5.3.3 and Lemmas 5.4.1–5.4.2 gives

‖E1(t)‖ ≤ C2(‖ηx(t)‖H1 + ‖vx(t)‖H2 + ‖θx(t)‖H2 + ‖vtx(t)‖H1) (5.4.48)

and ∫ t

0

‖E1(s)‖2ds ≤ C4. (5.4.49)

Now multiplying (5.4.47) by ηxxx/η in L2(R), we derive

d

dt

∥∥∥∥ηxxxη
(t)

∥∥∥∥2 + C−1
1

∥∥∥∥ηxxxη
(t)

∥∥∥∥2 ≤ C1‖E1(t)‖2 (5.4.50)

which, combined with (5.4.49) and Lemmas 5.3.1–5.3.3 and Lemmas 5.4.1–5.4.2,
yields, for t > 0,

‖ηxxx(t)‖2 +
∫ t

0

‖ηxxx(s)‖2ds ≤ C4. (5.4.51)
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In view of (5.4.8), (5.4.10), (5.4.16), (5.4.20) and Lemmas 5.3.1–5.3.3 and Lemmas
5.4.1–5.4.2, we get that, for any t > 0,

‖vxxx(t)‖2 + ‖wxxx(t)‖2 + ‖θxxx(t)‖2

+

∫ t

0

(‖vxxx‖2H1 + ‖wxxx‖2H1 + ‖θxxx‖2H1)(s)ds ≤ C4, (5.4.52)

‖vxx(t)‖2L∞ + ‖wxx(t)‖2L∞ + ‖θxx(t)‖2L∞

+

∫ t

0

(‖vxx‖2W 1,∞ + ‖wxx‖2W 1,∞ + ‖θxx‖2W 1,∞)(s)ds ≤ C4. (5.4.53)

Differentiating (5.1.2) with respect to t, we infer that for any t > 0,

‖vtxx(t)‖ ≤ C1‖vtt(t)‖ + C2(‖ηx(t)‖ + ‖vxx(t)‖+ ‖vtx(t)‖+ ‖θx(t)‖
+ ‖θt(t)‖+ ‖θtx(t)‖) ≤ C4, (5.4.54)

which, together with (5.4.10), gives

‖vxxxx(t)‖2 +
∫ t

0

(‖vtxx‖2 + ‖vxxxx‖2)(s)ds ≤ C4. (5.4.55)

Similarly, (5.4.17)–(5.4.20) and (5.4.52)–(5.4.53) yield

‖wtxx(t)‖2 + ‖wxxxx(t)‖2 +
∫ t

0

(‖wtxx‖2 + ‖wxxxx‖2)(s)ds ≤ C4, (5.4.56)

‖θtxx(t)‖2 + ‖θxxxx(t)‖2 +
∫ t

0

(‖θtxx‖2 + ‖θxxxx‖2)(s)ds ≤ C4, (5.4.57)

which, combined with (5.4.52) and (5.4.55)–(5.4.56), implies

‖vxxx(t)‖2L∞ + ‖wxxx(t)‖2L∞ + ‖θxxx(t)‖2L∞

+

∫ t

0

(‖vxxx‖2L∞ + ‖wxxx‖2L∞ + ‖θxxx‖2L∞)(s)ds ≤ C4. (5.4.58)

Differentiating (5.4.47) with respect to x, we see that

∂

∂t

(
ηxxxx
η

)
+

Rθηxxxx
η2

= E2(x, t) (5.4.59)

with

E2(x, t) =
vxxηxxx + ηxvxxxx

η2
− 2ηxvxηxxx

η3
+

2Rθηxηxxx
η3

− Rθxηxxx
η2

+ E1x(x, t).

Using Lemmas 5.3.1–5.3.3 and Lemmas 5.4.1–5.4.2, we can deduce that

‖Exx(t)‖ ≤ C4(‖θx(t)‖H3 + ‖ηx(t)‖H2 + ‖vx(t)‖H3), (5.4.60)
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‖E1x(t)‖ ≤ C4(‖vx(t)‖H3 + ‖ηx(t)‖H2 + ‖vtx(t)‖H2 + ‖θx(t)‖H3 ), (5.4.61)

‖E2(t)‖ ≤ C4(‖vx(t)‖H3 + ‖ηx(t)‖H2 + ‖vtx(t)‖H2 + ‖θx(t)‖H3 ). (5.4.62)

On the other hand, differentiating (5.1.2) with respect to t and x, we infer

‖vtxxx(t)‖ ≤ C1‖vttx(t)‖ + C2(‖vxx‖H1 + ‖θx(t)‖H1 + ‖ηx(t)‖H1

+ ‖θtx(t)‖H1 + ‖θt(t)‖ + ‖vtx(t)‖H1 ). (5.4.63)

Similarly, we have

‖wtxxx(t)‖ ≤ C1‖wttx(t)‖ + C2(‖wtx(t)‖H1 + ‖wx‖H1

+ ‖vx‖H1 + ‖ηx(t)‖H1 ), (5.4.64)

‖θtxxx(t)‖ ≤ C1‖θttx(t)‖+ C2(‖ηx(t)‖+ ‖vxx‖H1 + ‖θx(t)‖H2 + ‖θtx(t)‖H1

+ ‖θt(t)‖+ ‖vtx(t)‖H1 + ‖wtx‖H1 + ‖wx‖H1). (5.4.65)

Thus it follows from Lemmas 5.3.1–5.3.3, Lemmas 5.4.1–5.4.2 and (5.4.63)–(5.4.65)
that ∫ t

0

(‖vtxxx‖2 + ‖wtxxx‖2 + ‖θtxxx‖2)(s)ds ≤ C4, ∀t > 0. (5.4.66)

By virtue of (5.4.51), (5.4.55)–(5.4.57), (5.4.62)–(5.4.63), Lemmas 5.3.1–5.3.3 and
Lemmas 5.4.1–5.4.2, we have∫ t

0

‖E2(s)‖2ds ≤ C4, ∀t > 0. (5.4.67)

Next, multiplying (5.4.59) by ηxxxx/η in L2(R), we get

d

dt

∥∥∥∥ηxxxxη
(t)

∥∥∥∥2 + C−1
1

∥∥∥∥ηxxxxη
(t)

∥∥∥∥2 ≤ C1‖E2(t)‖2 (5.4.68)

which, combined with (5.4.67), implies

‖ηxxxx(t)‖2 +
∫ t

0

‖ηxxxx(s)‖2ds ≤ C4, ∀t > 0. (5.4.69)

From (5.4.21)–(5.4.26), Lemmas 5.3.1–5.3.3, Lemmas 5.4.1–5.4.2 and (5.4.51)–
(5.4.58), we obtain∫ t

0

(‖vtt‖2 + ‖wtt‖2 + ‖θtt‖2)(s)ds ≤ C4, ∀t > 0. (5.4.70)

Differentiating (5.1.2) with respect to x three times and using the following esti-
mates

‖σx(t)‖ ≤ C2(‖vxx(t)‖+ ‖θx(t)‖+ ‖ηx(t)‖),
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‖σxx(t)‖ ≤ C2(‖vx(t)‖H2 + ‖θx(t)‖H1 + ‖ηx(t)‖H1),

‖σxxx(t)‖ ≤ C2(‖vx(t)‖H3 + ‖θx(t)‖H2 + ‖ηx(t)‖H2),

we deduce that

‖vxxxxx(t)‖ ≤ C1‖vtxxx(t)‖+ C2(‖ηx(t)‖H3 + ‖vx(t)‖H3 + ‖θx(t)‖H3 ). (5.4.71)

Thus we conclude from (5.1.1), (5.4.55), (5.4.57), (5.4.66), (5.4.69), (5.4.71), Lem-
mas 5.3.1–5.3.2 and Lemmas 5.4.1–5.4.2 that∫ t

0

(‖vxxxxx‖2 + ‖ηtxxx‖2H1)(s)ds ≤ C4, ∀t > 0. (5.4.72)

Similarly, we can deduce that for any t > 0,∫ t

0

‖wxxxxx(s)‖2ds ≤ C4, (5.4.73)∫ t

0

‖θxxxxx(s)‖2ds ≤ C4, (5.4.74)∫ t

0

(‖vxx‖2W 2,∞ + ‖wxx‖2W 2,∞ + ‖θxx‖2W 2,∞)(s)ds ≤ C4. (5.4.75)

Thus employing (5.1.1), (5.4.51)–(5.4.58), (5.4.66), (5.4.69)–(5.4.70), (5.4.73)–
(5.4.74) and the interpolation inequality, we can derive the desired estimates
(5.4.44)–(5.4.46). The proof is complete. �
Lemma 5.4.4. Under the assumptions of Theorem 5.1.3, the following estimates
hold for any t > 0:

‖η(t)− 1‖2H4 + ‖ηt(t)‖2H3 + ‖ηtt(t)‖2H1 + ‖v(t)‖2H4 + ‖vt(t)‖2H2 + ‖vtt(t)‖2
+ ‖w(t)‖2H4 + ‖wt(t)‖2H2 + ‖wtt(t)‖2 + ‖θ(t)− 1‖2H4 + ‖θt(t)‖2H2 + ‖θtt(t)‖2

+

∫ t

0

(
‖ηx‖2H3 + ‖vx‖2H4 + ‖vt‖2H3 + ‖vtt‖2H1 + ‖wx‖2H4 + ‖wt‖2H3 + ‖wtt‖2H1

+ ‖θx‖2H4 + ‖θt‖2H3 + ‖θtt‖2H1

)
(s)ds ≤ C4, (5.4.76)∫ t

0

(‖ηt‖2H4 + ‖ηtt‖2H2 + ‖ηttt‖2)(s)ds ≤ C4. (5.4.77)

Proof. Using (5.1.1), Lemmas 5.3.1–5.3.3 and Lemmas 5.4.1–5.4.3, we can derive
estimates (5.4.76)–(5.4.77). The proof is complete. �

We now prove the large-time behavior ofH4-global solution
(
η(t), v(t), w(t), θ(t)

)
.

Lemma 5.4.5. Under the assumptions of Theorem 5.1.3, the H4-global solution
(η(t), v(t), w(t), θ(t)) obtained in Lemmas 5.4.1–5.4.4 to the Cauchy problem
(5.1.1)–(5.1.6) satisfies the relations (5.1.19) and (5.1.20).
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Proof. Similarly to (5.4.27)–(5.4.28), (5.4.35), (5.4.41)–(5.4.43), (5.4.50), (5.4.68)
and using (5.1.18), we obtain

d

dt
‖vtt(t)‖2 + (2C1)

−1‖vttx(t)‖2 ≤ C2(‖θxx(t)‖2 + ‖θtx(t)‖2H1 + ‖vx(t)‖2H1

+ ‖vtx(t)‖2 + ‖θt(t)‖2 + ‖ηx(t)‖2), (5.4.78)

d

dt
‖wtt(t)‖2 + C−1

1 ‖wttx(t)‖2 + (2C1)
−1‖wtt(t)‖2 ≤ C4(‖vtx‖2 + ‖wt(t)‖2),

(5.4.79)

d

dt
‖θtt(t)‖2 + C−1

1 ‖θttx(t)‖2 ≤ C4(‖θtx(t)‖2 + ‖vtx(t)‖2H1 + ‖vx(t)‖2 + ‖vtx(t)‖2

+ ‖θt(t)‖2 + ‖vttx(t)‖2 + ‖θtt(t)‖2 + ‖wtx(t)‖2 + ‖wtxx(t)‖2
+ ‖wtt(t)‖2 + ‖vx(t)‖2 + ‖wt(t)‖2), (5.4.80)

d

dt
‖vtx(t)‖2 + C−1

1 ‖vtxx(t)‖2 ≤ C2(‖θtx(t)‖2 + ‖vtx(t)‖2 + ‖θt(t)‖2

+ ‖vxx(t)‖2 + ‖θx(t)‖2 + ‖ηx(t)‖2), (5.4.81)

d

dt
‖wtx(t)‖2 + C−1

1 ‖wtxx(t)‖+ C−1
1 ‖wtx‖2 ≤ C2(‖wtxx(t)‖2 + ‖wtx(t)‖2

+ ‖wx(t)‖2 + ‖vxx(t)‖2 + ‖wt(t)‖2), (5.4.82)

d

dt
‖θtx(t)‖2 + C−1

1 ‖θtxx(t)‖2 ≤ C2(‖θtx(t)‖2 + ‖θxx(t)‖2 + ‖vxx(t)‖2 + ‖ηx(t)‖2

+ ‖wtx(t)‖2 + ‖wtxx(t)‖2 + ‖wxx(t)‖2 + ‖vxx(t)‖2 + ‖wt(t)‖2
+ ‖wtx(t)‖2 + ‖wx(t)‖2), (5.4.83)

d

dt
‖ηxxx

η
(t)‖2 + C−1

1 ‖ηxxx
η

(t)‖2 ≤ C1‖E1(t)‖2, (5.4.84)

d

dt
‖ηxxxx

η
(t)‖2 + C−1

1 ‖ηxxxx
η

(t)‖2 ≤ C1‖E2(t)‖2 (5.4.85)

where, by (5.1.18), (5.4.49) and (5.4.67),∫ t

0

(‖E1‖2 + ‖E2‖2)(s)ds ≤ C4, ∀t > 0. (5.4.86)

Applying Lemma 5.3.4 to (5.4.78)–(5.4.89) and using estimates (5.1.15) and
(5.4.86), we infer that, as t → +∞,

‖vtt(t)‖ → 0, ‖wtt(t)‖ → 0, ‖θtt(t)‖ → 0, ‖vtx(t)‖ → 0, (5.4.87)

‖wtx(t)‖ → 0, ‖θtx(t)‖ → 0, ‖ηxxx(t)‖ → 0, ‖ηxxxx(t)‖ → 0. (5.4.88)

In the same manner as for (5.4.8), (5.4.10), (5.4.54) and using the interpolation
inequality, we obtain

‖vxxx(t)‖ ≤ C2(‖vx(t)‖ + ‖ηx(t)‖H1 + ‖θx(t)‖H1 + ‖vtx(t)‖), (5.4.89)
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‖vtxx(t)‖ ≤ C1‖vtt(t)‖ + C2(‖vxx(t)‖+ ‖ux(t)‖ + ‖vtx(t)‖ + ‖θx(t)‖
+ ‖θt(t)‖+ ‖θtx(t)‖), (5.4.90)

‖vxxxx(t)‖ ≤ C2(‖vx(t)‖H2 + ‖ux(t)‖H2 + ‖θx(t)‖H2 + ‖vtxx(t)‖), (5.4.91)

‖vtx(t)‖2L∞ ≤ C‖vtx(t)‖‖vtxx(t)‖, ‖vt(t)‖2L∞ ≤ C‖vt(t)‖‖vtx(t)‖, (5.4.92)

‖vxx(t)‖2L∞ ≤ C‖vxx(t)‖‖vxxx(t)‖, ‖vxxx(t)‖2L∞ ≤ C‖vxxx(t)‖‖vxxxx(t)‖,
(5.4.93)

‖uxx(t)‖2L∞ ≤ C‖uxx(t)‖‖uxxx(t)‖, ‖uxxx(t)‖2L∞ ≤ C‖uxxx(t)‖‖uxxxx(t)‖.
(5.4.94)

Thus it follows from (5.1.1), (5.4.87)–(5.4.94) and Lemma 5.3.5 that, as t → +∞,

‖(ηx(t), vx(t))‖H3 + ‖vt(t)‖H2 + ‖ηt(t)‖H3 + ‖ηt(t)‖W 2,∞

+‖ηtt(t)‖H1 + ‖(ηx(t), vx(t))‖W 2,∞ → 0. (5.4.95)

Analogously, we can show that, as t → +∞,

‖wx(t)‖H3 + ‖wt(t)‖H2 + ‖wt(t)‖W 1,∞ + ‖wx(t)‖W 2,∞ → 0, (5.4.96)

‖θx(t)‖H3 + ‖θt(t)‖H2 + ‖θt(t)‖W 1,∞ + ‖θx(t)‖W 2,∞ → 0, (5.4.97)

which, together with Lemma 5.3.5 and (5.4.95), implies estimates (5.1.16) and
(5.1.17). The proof is complete. �

Proof of Theorem 5.1.3. Lemmas 5.4.1–5.4.5 establish the global existence of the
H4-solution to problem (5.1.1)–(5.1.6). �

Proof of Corollary 5.1.1. Employing the Sobolev embedding theorem with the es-
timates (5.1.16) and (5.1.17), we can get the desired conclusion immediately. �

Proof of Theorem 5.1.4.
Case I. The proof proceeds as in the verification of Theorems 5.1.1–5.1.3.

Case II. The proof of global the existence and asymptotic behavior of H1 solutions
to the problem (5.1.1)–(5.1.6) can be found in [82] and the proof for Hi (i = 2, 4)
is actually the same as Theorems 5.1.2 and 5.1.3. �

5.5 Bibliographic Comments

The 1D compressible Navier-Stokes system has attracted the interest of physicists
and mathematicians for a relatively long time. A crucial observation in the research
of this field is that in the 1D case treated in Lagrangian coordinates, the specific
volume η can be expressed in terms of other unknown variable, and so positive
upper and lower bounds can be obtained. This fact was used in significant manner,
in particular, in the results by Kazhikhov and Shelukhin [61, 63]. For initial-
boundary value problems, there are numerous works concerning global existence,
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regularity and asymptotic behavior of solutions, etc., in various cases (see, e.g.,
[1, 8, 9, 30, 43, 100, 101, 105, 138, 140, 149, 152]). Recently, Feireisl [37, 38]
has studied the stabilizability of weak solutions besides global energy of viscous,
compressible, and heat conducting fluid in the 3D case, which is more general
than the 1D case. Concerning the Cauchy problem, Kazhikhov and Shelukhin
[62, 63] also proved that given η0η̄, ν0, and θ0θ̄ with some positive constants η̄, θ̄
and initial data η0, θ0 > 0, there exist a there exists a unique global H1 solution
(η(t), ν(t), θ(t)) on [0, T ) (T > 0). Actually, in their work the domain is unbounded
and hence the Poincaré inequality is not available, and consequently the properties
of the initial data (η0, ν0, θ0) must be given with the help of some stationary state
data like η0 − η̄, etc., which is known as the small initial data proposed in Kanel’s
paper [56].

Under the small initial data hypothesis, the global existence and large-time
behavior of smooth solutions have been obtained for the Cauchy problem, includ-
ing the 2D- or 3D-dimensional cases (see, e.g., [1, 46, 53–55, 74–77, 93, 150]).
Although these results are based on the same assumption, namely, small initial
data, the specific hypotheses are quite different. For instance, in [54] the small
data hypothesis in the 1D case is expressed in the weighted form weighted

e20 := ‖η − η0‖2L∞ +

∫
R

(1 + x)γ
{
(η0 − η̄)2 + ν20 + (θ0 − θ̄)2 + ν40

}
dx ≤ ε

where (1 + x)γ (γ > 1/2) is a weight function, ε is a sufficiently small positive
constant. In another work, by Okada et al. [93], the corresponding condition takes
on the form E0E1 ≤ ε, where Ei := ‖(log(η0/η̄), log(ν0), log(θ0/θ̄)‖Hi (i = 0, 1).
Then, in Qin et al.’s work [112], the two cases have been treated together to
establish further regularity properties. Moreover, Mujakovic recently considered
the Cauchy problem in the latter case for micropolar fluid dynamics (see, e.g.,
[80–83]). In the present chapter we only begin to utilize Jiang’s approach to prove
the existence of global solutions in H1 for the 1D micropolar fluid system (5.1.1)–
(5.1.6) and then obtain the regularity of H2 and H4 global solutions. Since we are
dealing with a system that has one extra equation compared to that considered in
[54], we need more precise estimates to treat the more complex terms. Interpolation
inequalities are our powerful tools for establishing the desired estimates. In [80, 81]
it was shown that, for any length of time T > 0, the solution η, ν, w, θ) enjoys the
following properties:

1/η − 1 ∈ L∞(0, T ;H1(R)) ∩H1(R× (0, T )), (5.5.1)

ν, w, θ − 1 ∈ L∞((0, T );H1(R)) ∩H1(R× (0, T )) ∩ L2(0, T ;H2(R)), (5.5.2)

and
1/η, θ > 0. (5.5.3)



Chapter 6

Global Existence and Exponential
Stability for a 1D Compressible
Viscous Micropolar Fluid Model

6.1 Introduction

In this chapter, we shall study the global existence and exponential stability of
Hi-global solutions (i = 1, 2, 4) to a classical kind of Navier-Stokes equations
describing the motion of a one-dimensional compressible viscous heat-conducting
micropolar fluids, which belong to a class of fluids with nonsymmetric stress tensor
called polar fluids (see, e.g., [32], [73]). Precisely, in Lagrangian coordinates, such
a system can be represented as follows:

ηt = vx, (6.1.1)

vt = σx, (6.1.2)

wt = A

(
wx

η

)
x

−Aηw, (6.1.3)

et = πx + σvx +
w2

x

η
+ ηw2, (6.1.4)

where (x, t) ∈ [0, 1]× R+ are the Lagrangian mass and time coordinates and

σ =
νvx
η

− P, π =
κ̂θx
η

, P (η, θ) =
Rθ

η
, e(η, θ) = θ (6.1.5)

denote stress, heat flux, pressure and internal energy, respectively, and A > 0 is a
constant. In addition,

ρ =
1

η
(6.1.6)

denotes the density of the fluid.
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Here we consider (6.1.1)–(6.1.5) subject to the initial conditions

(η(x, 0), v(x, 0), w(x, 0), θ(x, 0)) = (η0(x), v0(x), w0(x), θ0(x)), for all x ∈ [0, 1],
(6.1.7)

and the boundary conditions

v(0, t) = v(1, t) = 0, w(0, t) = w(1, t) = 0, θx(0, t) = θx(1, t) = 0, ∀t ≥ 0,
(6.1.8)

or

v(0, t) = v(1, t) = 0, w(0, t) = w(1, t) = 0, θ(0, t) = θ(1, t) = 1, ∀t ≥ 0.
(6.1.9)

The unknown quantities η, v, w, θ denote the specific volume, velocity, an-
gular momentum and absolute temperature, respectively. The function κ̂(x, t) is
the heat conductivity, satisfying the Fourier law for heat flux −π

−π(η, θ, θx) = − κ̂(η, θ)

η
θx. (6.1.10)

For simplicity, in the present chapter, the heat conductivity is assumed to be as a
positive constant κ and the total mass of the fluid is taken to be 1. The remaining
symbols like ν, R, etc., denote physical constants, representing the viscosity and
the Boltzmann constants, etc., with ν simplified as ν = 1 in this chapter as in
[110].

In this chapter, Ω = (0, 1), R+ = [0,+∞), Hi = W i,2 (i = 1, 2, 4) and we use
‖ · ‖ and Ck,α(Ω) to denote the norm in L2(Ω), and the space of functions whose
derivatives are Hölder continuous with exponent α and order of differentiability
from 0 to k, respectively. Ci (i = 1, 2, 3, 4) denote universal constants depend-
ing on minx∈Ω η0(x), minx∈Ω θ0(x), the Hi(Ω) (i = 1, 2, 3, 4) spatial norms of
(η0, v0, w0, θ0), but independent of time T > 0. To facilitate our analysis, we also
define three function classes:

H1
+ =

{
(η, v, w, θ) ∈ (H1(Ω)

)4
: η(x) > 0, θ(x) > 0,

x ∈ Ω, v(0) = v(1) = 0, w(0) = w(1) = 0, θ(0) = θ(1) = 1 for (6.1.9)
}
,

and

Hi
+ =

{
(η, v, w, θ) ∈ (Hi(Ω)

)4
: η(x) > 0, θ(x) > 0,

x ∈ Ω, v(0) = v(1) = 0, w(0) = w(1) = 0,

θ′(0) = θ′(1) = 0 for (6.1.8), or θ(0) = θ(1) = 1 for (6.1.9)
}
, i = 2, 4.

The Cauchy problem for (6.1.1)–(6.1.6) was considered in Chapter 5. In this
chapter, we shall consider the initial-boundary value problem (6.1.1)–(6.1.9).

We now state our main results in this chapter.
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Theorem 6.1.1. Assume that (η0, v0, w0, θ0) ∈ H1
+. Then the problem (6.1.1)–

(6.1.8) or the problem (6.1.1)–(6.1.7), (6.1.9) have a unique H1-global solution
(η(t), v(t), w(t), θ(t)) and the following inequalities hold:

0 < C−1
1 ≤ η(t, x) ≤ C−1

1 , on Ω× R+, (6.1.11)

0 < C−1
1 ≤ θ(t, x) ≤ C−1

1 , on Ω× R+, (6.1.12)

‖v(t)‖2 + ‖θ(t)‖2 + ‖w(t)‖2 + ‖ηx‖2 + ‖vx(t)‖2 + ‖θx(t)‖2

+ ‖wx(t)‖2 +
∫ t

0

[
‖ηx‖2 + ‖vx‖2 + ‖θx‖2 + ‖wx‖2 + ‖vxx‖2 + ‖θxx‖2

+ ‖wxx‖2 + ‖vt‖2 + ‖θt‖2 + ‖wt‖2
]
(s)ds ≤ C1, ∀t > 0. (6.1.13)

Moreover, there exists a positive constant γ1 = γ1(C1) such that, for any fixed
constant γ ∈ (0, γ1], the following estimate holds for any t > 0:∥∥∥(η(t)− η, v(t), w(t), θ(t)− θ

)∥∥∥2
H1

+

≤ C1e
−γt, (6.1.14)

where

η =

∫
Ω

η0(x)dx, θ = 1 for (6.1.9), (6.1.15)

or, for (6.1.8), θ > 0 is uniquely determined by the energy form

e(η, θ) :=

∫
Ω

(
v20
2

+
w2

0

2A
+ θ0

)
(x)dx. (6.1.16)

Theorem 6.1.2. Assume that (η0, v0, w0, θ0) ∈ H2
+. Then the problem (6.1.1)–

(6.1.8) or the problem (6.1.1)–(6.1.7), (6.1.9) has a unique H2-global solution
(η(t), v(t), w(t), θ(t)) ∈ H2

+ for any t > 0, and the following estimates hold:

‖η(t)‖2H2 + ‖η(t)‖2W 1,∞ + ‖ηt(t)‖2H1 + ‖v(t)‖2H2 + ‖v(t)‖2W 1,∞ + ‖w(t)‖2H2

+ ‖w(t)‖2W 1,∞ + ‖vt(t)‖2 + ‖θ(t)‖2H2 + ‖θ(t)‖2W 1,∞ + ‖θt(t)‖2 +
∫ t

0

[
‖ηx‖2H1

+ ‖ηx‖2L∞ + ‖ηt‖2H2 + ‖vx‖2H2 + ‖vx‖2W 1,∞ + ‖vt‖2H1 + ‖wx‖2H2 + ‖wx‖2W 1,∞

+ ‖wt‖2H1 + ‖θx‖2H2 + ‖θx‖2W 1,∞ + ‖θt‖2H1

]
(s)ds ≤ C2. (6.1.17)

Moreover, there exists a positive constant γ2 = γ2(C2) ≤ γ1(C1) such that, for any
fixed γ ∈ (0, γ2], the following estimate holds for any t > 0:∥∥∥(η(t)− η, v(t), w(t), θ(t)− θ

)∥∥∥
H2

+

≤ C2e
−γt. (6.1.18)
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Theorem 6.1.3. Assume that (η0, v0, w0, θ0) ∈ H4
+. Then the problem (6.1.1)–

(6.1.8) or the problem (6.1.1)–(6.1.7), (6.1.9) admits a unique H4-global solution
(η(t), v(t), w(t), θ(t)) ∈ H4

+ for any t > 0 and the following estimates hold:

‖η(t)‖2H4 + ‖η(t)‖2W 3,∞ + ‖ηt(t)‖2H3 + ‖ηtt(t)‖2H1 + ‖v(t)‖2H4 + ‖v(t)‖2W 3,∞

+ ‖w(t)‖2H4 + ‖w(t)‖2W 3,∞ + ‖wt(t)‖2H2 + ‖wtt(t)‖2 + ‖wt(t)‖2H2 + ‖wtt(t)‖2
+ ‖θ(t)− 1‖2H4 + ‖θ(t)− 1‖2W 3,∞ + ‖θt(t)‖2H2 + ‖θtt(t)‖2 ≤ C4, (6.1.19)∫ t

0

[
‖ηx‖2H3 + ‖ηt‖2H4 + ‖ηtt‖2H2 + ‖ηttt‖2 + ‖ηx‖2W 2,∞ + ‖vx‖2H4 + ‖vt‖2H3

+ ‖vtt‖2H1 + ‖vx‖2W 3,∞ + ‖wx‖2H4 + ‖wt‖2H3 + ‖wtt‖2H1 + ‖wx‖2W 3,∞

+ ‖θx‖2H4 + ‖θt‖2H3 + ‖θtt‖2H1 + ‖θx‖2W 3,∞

]
(s)ds ≤ C4. (6.1.20)

Moreover, there exists a positive constant γ4 = γ4(C4) ≤ γ2(C2) such that, for any
fixed γ ∈ (0, γ4], the following estimate holds for any t > 0,:∥∥∥(η(t)− η, v(t), w(t), θ(t)− θ

)∥∥∥2
H4

+

≤ C4e
−γt. (6.1.21)

Corollary 6.1.1. The H4-global solution (η(t), v(t), w(t), θ(t)) obtained in Theo-
rem 6.1.3 is actually a classical one when the compatibility conditions hold. Pre-
cisely, (η(t), v(t), w(t), θ(t)) ∈ C3, 12 (Ω). Moreover, for any t > 0,∥∥∥(η(t)− η, v(t), w(t), θ(t)− θ

)∥∥∥2
C3, 1

2 (Ω)
≤ C4e

−γt, (6.1.22)

for any γ ∈ (0, γ4].

6.2 Global Existence and Exponential Stability in H1
+

In this section, we mainly follow Mujakoć’s basic idea in [84] to establish global
H1 estimates for (η, v, w, θ) and Qin’s method to obtain the exponential stability
of solutions in [99].

Lemma 6.2.1. For all t > 0,∫ 1

0

η(x)dx =

∫ 1

0

η0(x)dx ≡ η, (6.2.1)

1

2

∫ 1

0

v2dx+
1

2A

∫ 1

0

w2dx+

∫ 1

0

(θ − log θ − 1)dx+R

∫ 1

0

(η − log η − 1)dx

+

∫ t

0

∫ 1

0

(
v2x
θη

+
w2

x

θη
+

ηw2

θ
+ k̂

θ2x
ηθ2

)
dxds := E1, (6.2.2)
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0 < α ≤
∫ 1

0

θ(x)dx ≤ β, (6.2.3)

where α and β are constants, and

E1 :=

∫ 1

0

(
v20dx+

1

2A
w2

0 + (θ0 − log θ0 − 1) +R(η0 − log η0 − 1)
)
dx. (6.2.4)

Proof. See, e.g., [84], Lemmas 3.1–3.2. �

Now we borrow the related results for the upper and lower bounds of η from
[101]; the version we use here is just a simpler case of [101]. In fact, these results
are the improved ones of [63].

Lemma 6.2.2. There holds that

0 < C−1
1 ≤ η(x, t) ≤ C1, for all (x, t) ∈ [0, 1]× R+, (6.2.5)

0 ≤ C−1
1 ≤ ρ(x, t) ≤ C1, for all (x, t) ∈ [0, 1]× R+. (6.2.6)

Proof. See, e.g., [101], pp. 53–55, Lemma 2.1.5. �

As it stands in [84] combined with Lemmas 6.2.1–6.2.2, we can immediately
obtain (6.1.11)–(6.1.13). �

Now let us establish the verification of the exponential stability of the solution
(η(t), v(t), w(t), θ(t)). We introduce some thermodynamic quantities and describe
their properties. First, the entropy S(ρ, θ) satisfies

∂S

∂ρ
= −Pθ

ρ2
,

∂S

∂θ
=

eθ
θ
. (6.2.7)

Now we take η and S as the basic independent variables and make the coordinate
transformation

T : (ρ, θ) ∈ Dρ, θ = {(ρ, θ) : ρ, θ > 0} � (ρ, θ) �→ (η, S) ∈ TDρ, θ. (6.2.8)

Since the Jacobian |∂(η, S)/∂(ρ, θ)| = −eθη
2/θ < 0 on Dρ, θ, the transfor-

mation T has a unique inverse and there exist θ = θ(η, S), e(η, S) and P (η, S)
which are smooth functions of (η, S). Note that e = e(η, S) :≡ e(η, θ(η, S)) =
e(η, θ), P = P (η, S) :≡ P (η, θ(η, S)) = P (η, θ), and

eη = −P, eS = θ, Pη = −
(
Pρ

η2
+

θP 2
θ

eθ

)
, PS =

θPθ

eθ
, θη = −θPθ

eθ
, θS =

θ

eθ
.

(6.2.9)
We define the energy form

E(η, v, w, S) :=
v2

2
+

w2

2A
+e(η, S)−e(η, S)− ∂e

∂η
(η, S)(η−η)− ∂e

∂S
(η, S)(S−S),

(6.2.10)
where S = S(η, θ).
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Lemma 6.2.3. The following estimate holds for any t > 0:

v2

2
+

w2

2A
+ C−1

1

(
|η − η|2 + |S − S|2

)
≤ E(η, v, w, S) (6.2.11)

≤ v2

2
+

w2

2A
+ C1

(
|η − η|2 + |S − S|2

)
.

Proof. By the mean value theorem, there exists a point (ξ, ζ) between (η, S) and
(η, S) such that

E(η, v, w, S) :=
v2

2
+

w2

2A
+

1

2

[∂2e

∂η2
(ξ, ζ)(η − η)2 + 2

∂2e

∂η∂S
(ξ, ζ)(η − η)(S − S)

+
∂2e

∂η2
(ξ, ζ)(S − S)2

]
, (6.2.12)

where ξ = λη+(1−λ)η, ζ = λS+(1−λ)S, with a constant λ ∈ [0, 1]. (6.2.5) and
(6.1.12) yield ∣∣∣∂2e

∂η2
(ξ, ζ)

∣∣∣+ ∣∣∣ ∂2e

∂η∂S
(ξ, ζ)

∣∣∣+ ∣∣∣∂2e

∂η2
(ξ, ζ)

∣∣∣ ≤ C1, (6.2.13)

which, combined with (6.2.12), gives

E(η, v, w, S) ≤ v2

2
+

w2

2A
+ C1

[
(η − η)2 + (S − S)2

]
. (6.2.14)

On the other hand, it follows from (6.2.9) that

eηη =
Pρ

η2
+

θP 2
θ

eθ
, eηS =

−θPθ

eθ
, eSS =

θ

eθ
,

and so the Hessian of e is positive definite for η, θ > 0. Therefore,

E(η, v, w, S) ≥ v2

2
+

w2

2A
+ C−1

1

[
(η − η)2 + (S − S)2

]
. (6.2.15)

Combining with (6.2.14)–(6.2.15), we arrive at (6.2.11). �

Lemma 6.2.4. There exists a positive constant γ
(1)
1 = γ

(1)
1 (C1) > 0 such that, for

any fixed γ ∈ (0, γ
(1)
1 ], the following estimate holds for any t > 0:

eγt
(
‖η(t)− η‖2 + ‖v(t)‖2 + ‖w(t)‖2 + ‖θ(t)− θ‖2 + ‖ηx(t)‖2

)
+

∫ t

0

eγs
(
‖ηx‖2 + ‖vx‖2 + ‖wx‖2 + ‖θx‖2

)
(s)ds ≤ C1. (6.2.16)
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Proof. We can see from (6.1.1)–(6.1.4) that(
v2

2
+

w2

2A
+ e

)
t

=

[
σv +

κθx
η

]
x

+
w2

x

η
+

(
wx

η

)
x

w, (6.2.17)

St = −Pθρtη
2 +

eθ
θ
θt =

(
κηθx
θ

)
x

+ κ
1

η

(
θx
θ

)2

+
v2x
ηθ

+
w2

x

ηθ
+

ηw2

θ
. (6.2.18)

Since ηt ≡ 0, θt ≡ 0, we infer from (6.2.20), (6.2.21), (6.1.1) and (6.1.2) that

Et(η, v, w, S) +

(
θ

θ

)[
v2x
η

+
w2

x

η
+ ηw2 +

κθ2x
ηθ

]
=

[
vvx
η

+ κ

(
1− θ

θ

)
θx
η

− (P − P (η, S))v

]
x

+
w2

x

η
+

(
wx

η

)
x

w, (6.2.19)[
1

2

(
ρx
ρ

)2

+ ρxvη

]
t

+ Pρρ
2
xη = −Pθρxθxη −

(
vvx
η

)
x

+
v2x
η
. (6.2.20)

Multiplying (6.2.19) and (6.2.20) by eγt and δeγt, integrating over [0, 1] × [0, t]
(∀t > 0), and using the Young inequality and the Poincaré inequality, we derive
that for small δ > 0,

eγt
[
‖η(t)− η‖2 + ‖v(t)‖2 + ‖w(t)‖2 + ‖ηx(t)‖2

]
+

∫ t

0

eγs
[
‖ηx‖2 + ‖vx‖2 + ‖wx‖2 + ‖w‖2 + ‖θx‖2

]
(s)ds ≤ C1. (6.2.21)

By virtue of (6.1.8) and the Poincaré inequality,

‖θ − θ‖L∞ ≤ ‖
∫ x

0

θy(y, t)dy‖L∞ ≤ ‖θx(t)‖, (6.2.22)

‖η(t)− η‖ ≤ C1‖ηx(t)‖, ‖v(t)‖ ≤ C1‖vx(t)‖, ‖w(t)‖ ≤ C1‖wx(t)‖.

By (6.1.9), ∫ 1

0

(
v2

2
+

w2

2A
+ e(η, θ)

)
dx ≡ e(η, θ),

whence

‖e(η, θ)− e(η, θ)‖ ≤ ‖e(η, θ)−
∫ 1

0

e(η, θ)dx‖ + 1

2
‖v(t)‖2 + 1

2A
‖w(t)‖2

≤ C1(‖ηx(t)‖ + ‖vx(t)‖ + ‖wx(t)‖+ ‖θx(t)‖).

By the mean value theorem, we get

‖θ − θ‖ ≤ C1(‖e(η, θ)− e(η, θ)‖+ ‖η(t)− η‖)
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≤ C1(‖ηx(t)‖ + ‖vx(t)‖ + ‖wx(t)‖ + ‖θx(t)‖). (6.2.23)

As a result, (6.2.22) and (6.2.23) lead to

eγt‖θ(t)− θ‖2 ≤ C1.

This completes the proof of (6.2.16). �

Lemma 6.2.5. There is a positive constant γ1 = γ1(C1) ≤ γ
(1)
1 such that, for any

fixed γ ∈ (0, γ1], the following estimate holds for any t > 0:

eγt
(
‖vx(t)‖2 + ‖wx(t)‖2 + ‖θx(t)‖2

)
(6.2.24)

+

∫ t

0

eγs
(
‖vxx‖2 + ‖wxx‖2 + ‖θxx‖2 + ‖vt‖2 + ‖wt‖2 + ‖θt‖2

)
(s)ds ≤ C1.

Proof. Multiplying (6.1.2) by −eγtvxx, integrating over [0, 1]× [0, t] for any t > 0
and using the Poincaré inequality, the interpolation inequalities, the Young in-
equality and Lemma 6.2.4, we derive that

eγt‖vx(t)‖2 +
∫ t

0

eγs‖vxx(s)‖2ds ≤ C1 + C1

∫ t

0

eγs(‖ηx‖2 + ‖vx‖2 + ‖θx‖2)(s)ds
≤ C1, (6.2.25)

which, combined with (6.1.2), gives∫ t

0

eγs‖vt(s)‖2ds ≤ C1 + C1

∫ t

0

eγs‖vxx(s)‖2ds ≤ C1. (6.2.26)

Similarly to (6.1.3) and (6.1.4), we can derive (6.2.24). �

Proof of Theorem 6.1.1. The global existence and the exponential stability of so-
lution (η(t), v(t), w(t), θ(t)) asserted in Theorem 6.1.1 follow from the preceding
lemmas. �

6.3 Global Existence and Exponential Stability in H2
+

In this section, we shall complete the proof of Theorem 6.1.2. We begin to prove
the global existence of H2 solutions with the following lemma on estimates in
H1(Ω).

Lemma 6.3.1. Under the assumptions of Theorem 6.1.1, the H1 global solution
(η(t), v(t), w(t), θ(t)) to the problem (6.1.1)–(6.1.8) or problem (6.1.1)–(6.1.7),
(6.1.9) exists, and, for any t > 0,

‖η(t)− η‖2H1 + ‖v(t)‖2H1 + ‖w(t)‖2H1 + ‖θ(t)− θ‖2H1 + ‖ηt(t)‖2
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+

∫ t

0

(
‖vx‖2H1 + ‖wx‖2H1 + ‖θx‖2H1 + ‖ηx‖2 + ‖vt‖2 + ‖wt‖2 + ‖θt‖2

)
(s)ds

≤ C1, (6.3.1)

‖η(t)− η‖2L∞ + ‖v(t)‖2L∞ + ‖w(t)‖2L∞ + ‖θ(t)− θ̄‖2L∞

+

∫ t

0

(
‖ηt‖2H1 + ‖vx‖2L∞ + ‖wx‖2L∞ + ‖θx‖2L∞

)
(s)ds ≤ C1. (6.3.2)

Proof. The proof is identical to that of Lemma 5.3.1. �
Lemma 6.3.2. Under the assumptions of Theorem 6.1.2, the following estimates
hold for any t > 0:

‖θt(t)‖2 + ‖vt(t)‖2 + ‖wt(t)‖2 +
∫ t

0

(‖vxt‖2 + ‖wxt‖2 + ‖θxt‖2)(s)ds ≤ C2,

(6.3.3)

‖vx(t)‖2L∞ + ‖vxx(t)‖2 + ‖wx(t)‖2L∞ + ‖wxx(t)‖2 + ‖θx(t)‖2L∞ + ‖θxx(t)‖2 ≤ C2,
(6.3.4)

‖v(t)‖2H2 + ‖w(t)‖2H2 + ‖θ(t)− θ‖2H2 + ‖ηt(t)‖2H1 ≤ C2. (6.3.5)

Proof. The proof is identical to that of Lemma 5.3.2. �
Lemma 6.3.3. Under the assumptions of Theorem 6.1.2, the following estimates
hold for any t > 0:

‖ηxx(t)‖2 + ‖ηx(t)‖2L∞ +

∫ t

0

(‖ηxx‖2 + ‖ηx‖2L∞)(s)ds ≤ C2, (6.3.6)∫ t

0

(‖vxxx‖2 + ‖wxxx‖2 + ‖θxxx‖2)(s)ds ≤ C2. (6.3.7)

Proof. The proof is identical to that of Lemma 5.3.3. �

Next, we shall deal with the exponential stability of the global H2 solution.
In fact, the argument is similar to that for the global existence, with the difference
that the weight function exp(γt) accompanies in the estimates.

Lemma 6.3.4. There exists a positive constant γ
(1)
2 = γ

(1)
2 (C2) such that, for any

fixed γ ∈ (0, γ
(1)
2 ], the following estimate holds for any t > 0:

eγt(‖v(t)‖2H2 + ‖w(t)‖2H2 + ‖θ(t)− θ‖2H2) (6.3.8)

+

∫ t

0

eγs
(
‖vxxx‖2 + ‖vtx‖2 + ‖wxxx‖2 + ‖wtx‖2 + ‖θxxx‖2 + ‖θtx‖2

)
(s)ds ≤ C2.

Proof. By Lemma 3.5 in [99], one can show that

eγt‖v(t)‖2H2 +

∫ t

0

eγs(‖vxxx‖2 + ‖vxt‖2)(s)ds ≤ C2.
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Similarly, multiplying (6.1.3) and (6.1.4) by wte
γt and θte

γt, respectively, then
integrating the results over [0, 1]× [0, t], one can obtain the remaining estimates.
This completes the proof. �

Lemma 6.3.5. There exists a positive constant γ2 = γ2(C2) ≤ γ
(1)
2 (C2) such that,

for any fixed γ ∈ (0, γ2], the following estimate holds for any t > 0:

eγt‖η(t)− η‖2H2 +

∫ t

0

eγs‖ηxx(s)‖2ds ≤ C2. (6.3.9)

Proof. See, e.g., Lemma 3.6 in [99]. �

Proof of Theorem 6.1.2. Combining with Lemmas 6.3.1–6.3.5, we complete the
proof of Theorem 6.1.2 with no difficulty. �

6.4 Global Existence and Exponential Stability in H4
+

Proof of Theorem 6.1.3. Similarly to [112] and similarly to the proof of Theorem
2.1.3, we differentiate the system of equations more than twice to get the result of
Theorem 6.1.3. �

Proof of Corollary 6.1.1. Employing the Sobolev embedding theorem, the desired
conclusion follows immediately. �

6.5 Bibliographic Comments

The mathematical research of the 1D compressible Navier-Stokes system has made
great steps since the original breakthrough work by Kazhikhov et al. [1, 61, 63].
A crucial specific feature in this research is that in the 1D case, treated in La-
grangian coordinates, the specific volume can be expressed in terms of other un-
known variables, and positive upper and lower bounds can be derived in the re-
spective initial-boundary value problems. Moreover, this feature was exploited
and improved further, with slight differences, in [30, 43], etc. For the Cauchy
problem, since one is dealing with an unbounded domain, the Poincaré inequality
is not available. To overcome this we consider the problem in the case of small
initial data, as advocated in [56, 93] and done in [112]. A similar situation for
the micropolar model has been studied in recent years (see, e.g., [82, 110]). For
initial-boundary value problems, there are numerous works concerning global ex-
istence, regularity and asymptotic behavior, etc., in various cases, etc. (see, e.g.,
[1, 8, 9, 15, 16, 30, 43, 54, 55, 84, 86–89, 96, 97, 99, 100, 113, 138, 140]) and many
cases are rigorously investigated under various conditions on the pressure P and
the heat conductivity κ̃ (see, e.g., [53, 54]). Actually Okada’s work [93] provides us
with the main significant ideas for attacking the problem. On the contrary, in the
case of the Cauchy problem, considering a bounded underlying domain enables the
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application of Poincaré’s inequality and consequently exponential decay rates can
be obtained, which differ considerably from those on the unbounded domain. Qin
[99] has flexibly modified Okada’s subtle method and obtained a series of prop-
erties concerning global existence, regularity, exponential stability and existence
of attractors. Recently, in the case of micropolar fluids, Mujaković has extended
the study to case of non-homogeneous boundary value problems (see, e.g., [85]).
Earlier also in [84] and [79], she derived similar results, including results on the
large-time behavior of solutions. However, exponential stability has not been es-
tablished (see, e.g., [79]) till the results in the present chapter. In fact, here we
improve such results and in particular establish the exponential stability under
less restrictive boundary conditions.

Note that in Chapter 5 we have proved the global existence and large-time
behavior of solutions in Hi (i = 1, 2, 4) for the Cauchy problem corresponding to
problem (6.1.1)–(6.1.8) (or problem (6.1.1)–(6.1.7), (6.1.9)).



Chapter 7

Global Existence and Exponential
Stability of Solutions to the Equations
of 1D Full Non-Newtonian Fluids

7.1 Introduction

In this chapter, we shall prove the global existence and exponential stability of
solutions to the following full non-Newtonian fluid model:

ρt + (ρu)x = 0, (7.1.1)

(ρu)t + (ρu2)x − uxx + (Rρθ)x = 0, (7.1.2)(
ρθ +

1

2
ρu2

)
t

+

[(
ρθ +

1

2
ρu2

)
+ (Rρθ)u − uux

]
x

−
[
(θ2x + μ0)

p−2
2 θx

]
x
= 0.

(7.1.3)

Here subscripts indicate partial differentiations, ρ, u and θ denote the un-
known density, velocity and absolute temperature, respectively. R, p > 2, μ0 > 0
are given constants. The initial and boundary conditions are given by

(ρ, u, θ)|t=0 = (ρ0, u0, θ0), (7.1.4)

(u, θx)|x=0 = (u, θx)|x=1 = 0. (7.1.5)

This full non-Newtonian fluid model (p > 2) is more complicated than the models
considered in Chapters 3–5 in Qin and Huang [102], which are Newtonian fluid
models (p = 2). Therefore, we need to more delicate estimates to deal with this
non-Newtonian model. For convenience, we introduce the Lagrangian coordinates
(y, t), defined by

y =

∫ x

0

ρ(ξ, t)dξ.
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By (7.1.1) and (7.1.5), we get∫ 1

0

ρ(x, t)dx =

∫ 1

0

ρ0(x)dx,

and without loss of generality we assume
∫ 1

0
ρ0(x)dx = 1.

Thus problem (7.1.1)–(7.1.5) in Euler coordinates (x, t) is transformed into
the following problem in Lagrangian coordinates (y, t) for y ∈ Ω = [0, 1], t > 0:

vt − uy = 0, (7.1.6)

ut − σy = 0, (7.1.7)(
e+

u2

2

)
t

− (σu)y +Qy = 0 (7.1.8)

with initial and boundary data

(v, u, θ)|t=0 = (v0, u0, θ0)(y), y ∈ Ω, (7.1.9)

(u, θy)|∂Ω = 0, t > 0, (7.1.10)

where v = 1/ρ is the specific volume, P, e, σ and Q are the pressure, internal
energy, stress and heat flux, respectively, which have the following expressions

P =
Rθ

v
, e = θ, σ = −P +

uy

v
, Q = −

((
θy
v

)2

+ μ0

) p−2
2

θy
v
.

In this chapter, we study the non-Newtonian models (7.1.6)–(7.1.10) to es-
tablish the global existence and exponential stability of solutions in Hi (i = 1, 2, 4)
for one-dimensional full compressible non-Newtonian fluids with large initial data,
which were not studied in [3–5, 20, 44, 90, 94, 114, 122, 133, 141, 142, 146, 147].

We define three function classes as follows:

H1
+ =

{
(v, u, θ) ∈ (H1[0, 1])3 : v(y) > 0, θ(y) > 0, y ∈ [0, 1],

u|y=0 = u|y=1 = 0, θy|y=0 = θy|y=1 = 0
}
,

Hi
+ =

{
(v, u, θ) ∈ (Hi[0, 1])3 : v(y) > 0, θ(y) > 0, y ∈ [0, 1],

u|y=0 = u|y=1 = 0, θy|y=0 = θy|y=1 = 0
}
, i = 2, 4.

We will use the following notations:

Lp, 1 ≤ p ≤ +∞, Wm,p, m ∈ N, H1 = W 1,2, H1
0 = W 1,2

0 denote
the usual (Sobolev) spaces on [0,1]. In addition, ‖ · ‖B denotes the norm in

the space B, we also put ‖ · ‖ = ‖ · ‖L2[0,1]. f(t) =
∫ 1

0 f(y, t)dy, f∗(y, t) =



7.1. Introduction 157

f(y, t) − f(t), (f(y, t), g(y, t)) =
∫ 1

0
f(y, t)g(y, t)dy. Letters Ci (i = 1, 2, 3, 4) will

denote universal constants not depending on t, but possibly on the norm of the
initial data in Hi (i = 1, 2, 3, 4).

Now we can state our main result.

Theorem 7.1.1. Assume that the initial data (v0, u0, θ0) ∈ H1
+ and compatibility

conditions are satisfied. Then the problem (7.1.6)–(7.1.10) admits a unique global
solution (v(t), u(t), θ(t)) ∈ H1

+ verifying

0 < C−1
1 ≤ v(x, t) ≤ C1, 0 < C−1

1 ≤ θ(x, t) ≤ C1, ∀(x, t) ∈ [0, 1]× [0,+∞)
(7.1.11)

and

‖v(t)− v‖2H1 + ‖u(t)‖2H1 + ‖θ(t)− θ‖2H1 + ‖θy(t)‖pLp

+

∫ t

0

(
‖v − v‖2H1 + ‖θy(t)‖pLp + ‖u‖2H2 + ‖θ − θ‖2H2 + ‖ut‖2 + ‖θt‖2

)
(s)ds

+

∫ t

0

‖(|θy|
p−2
2 + θy)θyy(s)‖2ds ≤ C1, ∀t > 0, (7.1.12)

where v =
∫ 1

0
vdy =

∫ 1

0
v0dy and θ > 0 is determined by e(v, θ) =

∫ 1

0
(
u2
0

2 +
e(v0, θ0))dy.

Moreover, there are constants C1 > 0 and γ1 = γ1(C1) > 0 such that, for
any fixed γ ∈ (0, γ1], the following estimate holds for any t > 0:

eγt(‖v(t)− v‖2H1 + ‖u(t)‖2H1 + ‖θ(t)− θ‖2H1 + ‖θy(t)‖pLp)

+

∫ t

0

eγs
(
‖v − v‖2H1 + ‖θy(t)‖pLp + ‖u‖2H2 + ‖θ − θ‖2H2 + ‖ut‖2 + ‖θt‖2

)
(s)ds

+

∫ t

0

eγs‖(|θy|
p−2
2 + θy)θyy(s)‖2ds ≤ C1. (7.1.13)

Theorem 7.1.2. Assume that the initial data (v0, u0, θ0) ∈ H2
+ and compatibility

conditions are satisfied. Then the problem (7.1.6)–(7.1.10) admits a unique global
solution (v(t), u(t), θ(t)) ∈ H2

+ verifying

‖v(t)− v‖2H2 + ‖u(t)‖2H2 + ‖θ(t)− θ‖2H2 + ‖ut(t)‖2 + ‖θt(t)− θ‖2 (7.1.14)

+

∫ t

0

(
‖v − v‖2H2 + ‖u‖2H3 + ‖θ − θ‖2H3 + ‖uty‖2 + ‖θty‖2

)
(s)ds ≤ C2, ∀t > 0.

Moreover, there are constants C2 > 0 and γ2 = γ2(C2) > 0 such that, for
any fixed γ ∈ (0, γ2], the following estimate holds for any t > 0:

eγt(‖v(t)− v‖2H2 + ‖u(t)‖2H2 + ‖θ(t)− θ‖2H2 + ‖ut(t)‖2 + ‖θt(t)− θ‖2) (7.1.15)

+

∫ t

0

eγs
(
‖v − v‖2H2 + ‖u‖2H3 + ‖θ − θ‖2H3 + ‖uty‖2 + ‖θty‖2

)
(s)ds ≤ C2.
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Theorem 7.1.3. Assume that the initial data (v0, u0, θ0) ∈ H4
+ and compatibility

conditions are satisfied. Then the problem (7.1.6)–(7.1.10) admits a unique global
solution (v(t), u(t), θ(t)) ∈ H4

+ verifying

‖v(t)− v‖2H4 + ‖u(t)‖2H4 + ‖θ(t)− θ‖2H4 + ‖vt(t)‖2H3 + ‖vtt(t)‖2H1 + ‖ut(t)‖2H2

+ ‖θt(t)‖2H2 + ‖utt(t)‖2 + ‖θtt(t)‖2 +
∫ t

0

(
‖v − v‖2H4 + ‖u‖2H5 + ‖θ − θ‖2H5

+ ‖ut‖2H3 + ‖θt‖2H3 + ‖vt‖2H4 + ‖vtt‖2H2 + ‖vttt‖2H4

)
(s)ds ≤ C4, ∀t > 0.

(7.1.16)

Moreover, there are constants C4 > 0 and γ4 = γ1(C4) > 0 such that, for
any fixed γ ∈ (0, γ4], the following estimate holds for any t > 0:

eγt(‖v(t)− v‖2H4 + ‖u(t)‖2H4 + ‖θ(t)− θ‖2H4 + ‖vt(t)‖2H3 + ‖vtt(t)‖2H1 + ‖ut(t)‖2H2

+ ‖θt(t)‖2H2 + ‖utt(t)‖2 + ‖θtt(t)‖2) +
∫ t

0

eγs
(
‖v − v‖2H4 + ‖u‖2H5 + ‖θ − θ‖2H5

+ ‖ut‖2H3 + ‖θt‖2H3 + ‖vt‖2H4 + ‖vtt‖2H2 + ‖vttt‖2H4

)
(s)ds ≤ C4. (7.1.17)

Remark 7.1.1. If we replace (7.1.10) by the conditions

u(y, t)|y=0 = u(y, t)|y=1 = 0, θ(y, t)|y=0 = θ(y, t)|y=1 = T0, t > 0

with T0 = const . > 0, then estimates (7.1.11)–(7.1.17) also hold with θ = T0.

Corollary 7.1.1. The H4-global solution (v(t), u(t), θ(t)) ∈ H4
+ obtained in The-

orem 7.1.3 is actually a classical solution (v(t), u(t), θ(t)) ∈ C3,/2(0, 1) and as
t → +∞,

‖(vx(t), ux(t), θx(t))‖
C2, 1

2
(0,1) + ‖vt(t)‖

C2, 1
2 (0,1)

(7.1.18)

+ ‖(ut(t), θt(t))‖
C1, 1

2
+ ‖vtt(t)‖

C
1
2 (0,1)

→ 0.

7.2 Proof of Theorem 7.1.1

In this section, we shall give the proof of Theorem 7.1.1. We assume throughout
that its hypotheses hold.

Lemma 7.2.1. The following estimates hold:

θ(y, t) > 0, ∀(y, t) ∈ [0, 1]× [0,+∞), (7.2.1)∫ 1

0

v(y, t)dy =

∫ 1

0

v0(y)dy = v0, ∀t > 0, (7.2.2)
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∫ 1

0

(
e+

u2

2

)
(y, t)dy =

∫ 1

0

(
e0 +

u2
0

2

)
(y)dy = E0, ∀t > 0, (7.2.3)∫ 1

0

[
(θ − log θ − 1) + (v − log v − 1)

]
(y, t)dy

+

∫ t

0

∫ 1

0

[
u2
y

vθ
+

|θy|p
vp−1θ2

+
θ2y
vθ2

]
(y, t)dyds ≤ C1, ∀t > 0. (7.2.4)

Proof. Equation (7.1.8) can be rewritten as

θt − Rθuy

v
=

u2
y

v
+

⎡⎣((θy
v

)2

+ μ0

) p−2
2

θy
v

⎤⎦
y

. (7.2.5)

Applying the compatibility conditions, the positivity of θ0 and a generalized
maximum principle to (7.2.5), we can get (7.2.1). Estimate (7.2.2) is a direct
consequence of (7.1.6) and (7.1.10).

Integrating (7.1.8) overQt := [0, 1]×[0, t] and noting (7.1.10), we have (7.2.3),
the conservation law of total energy.

Multiplying (7.2.5) by θ−1, and integrating the resulting equation over Qt,
we can get∫ 1

0

(log θ + log v)(y, t)dy +

∫ t

0

∫ 1

0

[
u2
y

vθ
+

θ2y((
θy
v )2 + μ0)

p−2
2

vθ2

]
(y, s)dyds ≤ C1,

which, along with (7.2.2) and (7.2.3), gives (7.2.4). �
Lemma 7.2.2. For any t ≥ 0, there exist a point y1 = y1(t) ∈ [0, 1] such that the
specific volume v(y, t) in problem (7.1.6)–(7.1.10) can be expressed as

v(y, t) = D(y, t)Z(t)

[
1 +

∫ t

0

D−1(y, s)Z−1(s)v(y, s)P (y, s)ds

]
, (7.2.6)

where

D(y, t) = v0(y) exp

[∫ y

y1(t)

u(x, t)dx −
∫ y

0

u0(x)dx + v0
−1

∫ 1

0

v0(y)

∫ y

0

u0dxdy)

]
,

Z(t) = exp

[
− 1

v0

∫ t

0

∫ 1

0

(u2 + vP )dyds

]
.

Proof. The proof is identical to that of Lemma 2.1.3 in Qin [101], pp. 51–52. �
Lemma 7.2.3. It holds that

0 < C−1
1 ≤ v(y, t) ≤ C1, ∀(y, t) ∈ [0, 1]× [0,+∞). (7.2.7)
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Proof. The proof is identical to that of Lemma 2.1.5 in Qin [101], pp. 53–54. �

Corollary 7.2.1. It holds that for any (y, t) ∈ [0, 1]× [0,+∞),

C−1
1 − C1V (t) ≤ θ2m(y, t) ≤ C1 + C1V (t) (7.2.8)

with 0 ≤ 2m ≤ 1 and V (t) =
∫ 1

0

θ2
y

vθ2 dy satisfying
∫ +∞
0 V (s)ds < +∞.

Lemma 7.2.4. The following estimates hold for any t > 0:∫ t

0

‖u(s)‖2L∞ds ≤ C1, (7.2.9)∫ t

0

∫ 1

0

(1 + θ)2mu2(y, s)dyds ≤ C1, (7.2.10)

‖vy(t)‖2 +
∫ t

0

∫ 1

0

θv2y(y, s)dyds ≤ C1 + C1A (7.2.11)

with A(t) = sup0≤s≤t ‖θ(s)‖L∞.

Proof. The proof is the same as that of Lemma 2.1.6 in Qin [101], pp. 56–57. �

Corollary 7.2.2. It holds that, for any t > 0,∫ t

0

∫ 1

0

(1 + θ)2mv2y(y, s)dyds ≤ C1 + C1A. (7.2.12)

with 0 ≤ 2m ≤ 1.

Lemma 7.2.5. The following estimates hold for any t > 0:∫ t

0

‖uy(s)‖2ds ≤ C1 + C1A
1
2 , (7.2.13)

‖uy(t)‖2 +
∫ t

0

‖ut(s)‖2ds ≤ C1 + C1A
2, (7.2.14)∫ t

0

‖uyy(s)‖2ds ≤ C1 + C1A
5
2 . (7.2.15)

Proof. Multiplying (7.1.7) by u, ut, and uyy, respectively, and then integrating
the results over Qt, using Lemmas 7.2.3–7.2.4 and Corollary 7.2.2, we get, for any
ε > 0, that

‖u(t)‖2 +
∫ t

0

∫ 1

0

u2
y

v
dyds

≤ C1 + C1

∣∣∣∣∫ t

0

∫ 1

0

(vyθ + θy)udyds

∣∣∣∣
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≤ C1 + C1

(∫ t

0

∫ 1

0

v2yθdyds

) 1
2
(∫ t

0

∫ 1

0

u2θdyds

) 1
2

+ C1

(∫ t

0

∫ 1

0

θ2y
θ2

dyds

) 1
2 (∫ t

0

∫ 1

0

u2θ2dyds

) 1
2

≤ C1 + C1A
1
2 , (7.2.16)

‖uy(t)‖2 +
∫ t

0

‖ut(s)‖2ds

≤ C1 + C1

∣∣∣∣∫ t

0

∫ 1

0

(vyθ + θy)utdyds

∣∣∣∣
≤ C1 + C1ε

∫ t

0

‖ut(s)‖2ds+ C1A

∫ t

0

∫ 1

0

θv2ydyds

+ C1A
2

∫ t

0

∫ 1

0

θ2y
θ2

dyds

≤ C1 + C1A
2 + Cε

∫ t

0

‖ut(s)‖2ds, (7.2.17)

‖uy(t)‖2 +
∫ t

0

‖uyy(s)‖2ds

≤ C1 + C1ε

∫ t

0

‖uyy(s)‖2ds+ C1

∫ t

0

∫ 1

0

(v2yu
2
y + v2yθ

2 + θ2y)dyds

≤ C1 + C1ε

∫ t

0

‖uyy(s)‖2ds+ C1A
2 + C1

∫ t

0

‖uy‖2L∞

∫ 1

0

v2ydyds

≤ C1 + C1A
2 + C1ε

∫ t

0

‖uyy(s)‖2ds+ C1A

∫ t

0

‖uy(s)‖2L∞ds

≤ C1 + C1A
2 + C1ε

∫ t

0

‖uyy(s)‖2ds

+ C1A

(∫ t

0

‖uy(s)‖2ds
) 1

2
(∫ t

0

‖uyy(s)‖2ds
) 1

2

≤ C1 + C1A
2 + C1ε

∫ t

0

‖uyy(s)‖2ds+ C1A
2

∫ t

0

‖uy(s)‖2ds

≤ C1 + C1A
5
2 + C1ε

∫ t

0

‖uyy(s)‖2ds. (7.2.18)

Now (7.2.13) follows from (7.2.16), and (7.2.14)–(7.2.15) from (7.2.17)–(7.2.18) for
ε > 0 small enough. �
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Corollary 7.2.3. It holds that, for any t > 0,∫ t

0

∫ 1

0

(1 + θ)2mu2
y(y, s)dyds ≤ C1 + C1A

2 (7.2.19)

with 0 ≤ 2m ≤ 1.

Lemma 7.2.6. It holds that, for any t > 0,∫ t

0

∫ 1

0

(|θy|p + θ2y)(y, s)dyds ≤ C1 + C1A
3
2 . (7.2.20)

Proof. Multiplying (7.2.5) by θ, integrating the resulting equation over Qt, and
using (7.1.10) and Lemmas 7.2.1–7.2.5, we derive that

‖θ(t)‖2 +
∫ t

0

∫ 1

0

(θ2y + |θy|p)(y, s)dyds

≤ C1 + C1

∣∣∣∣∫ t

0

∫ 1

0

(u2
yθ + vyθ

2u+ θθyu)(y, s)dyds

∣∣∣∣
≤ C1 + C1

∫ t

0

‖uy‖2L∞

∫ 1

0

θdyds+ C1

(∫ t

0

∫ 1

0

θv2ydyds

) 1
2
(∫ t

0

∫ 1

0

θ3u2dyds

) 1
2

+ C1

(∫ t

0

∫ 1

0

θ2y
θ2

dyds

) 1
2 (∫ t

0

∫ 1

0

u2θ4dyds

) 1
2

≤ C1 + C1A
3
2 + C1

(∫ t

0

‖uy‖2ds
) 1

2
(∫ t

0

‖uyy‖2ds
) 1

2

+ C1A
3
2

(∫ t

0

‖u‖2L∞

∫ 1

0

θdyds

) 1
2

≤ C1 + C1A
3
2 . �

Lemma 7.2.7. It holds that, for any t > 0,

‖θy(t)‖2 + ‖θy(t)‖pLp +

∫ t

0

‖θt(s)‖2ds ≤ C1 + C1A
5
2 . (7.2.21)

Proof. Multiplying (7.2.5) by θt and integrating the resulting equation over Qt,
we derive that

‖θy(t)‖2 + ‖θy(t)‖pLp +

∫ t

0

‖θt(s)‖2ds

≤ C1 + C1

∫ t

0

∫ 1

0

(|u2
yθt|+ |θuyθt|

)
(y, s)dyds. (7.2.22)
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Using Lemmas 7.2.5–7.2.6, we get for any ε > 0,∫ t

0

∫ 1

0

u2
yθt(y, s)dyds ≤

∫ t

0

‖uy(s)‖L∞‖uy(s)‖‖θt(s)‖ds

≤ C1 sup
0≤s≤t

‖uy(s)‖L∞

(∫ t

0

‖uy(s)‖2ds
) 1

2
(∫ t

0

‖θt(s)‖2ds
) 1

2

≤ C1A
5
4

(∫ t

0

‖θt(s)‖2ds
) 1

2

≤ C1A
5
2 + Cε

∫ t

0

‖θt(s)‖2ds, (7.2.23)∫ t

0

∫ 1

0

θuyθt(y, s)dyds ≤ A

∫ t

0

‖uy(s)‖‖θt(s)‖ds

≤ A

(∫ t

0

‖uy(s)‖2ds
) 1

2
(∫ t

0

‖θt(s)‖2ds
) 1

2

≤ C1A
5
2 + C1ε

∫ t

0

‖θt(s)‖2ds. (7.2.24)

Taking ε > 0 small enough and inserting (7.2.23)–(7.2.24) into (7.2.22), we obtain
(7.2.21). �

Lemma 7.2.8. It holds that, for any t > 0,

‖θ(t)‖L∞ ≤ C1, (7.2.25)∫ 1

0

(
θ2y + v2y + u2

y

)
dy +

∫ t

0

∫ 1

0

(
v2y + u2

y + u2
t + u2

yy + θ2t + θ2y

)
dyds ≤ C1.

(7.2.26)

Proof. By the Nirenberg interpolation inequality, we have

‖θ(t)‖L∞ ≤ C1‖θy(t)‖ 2
3 ‖θ(t)‖ 1

3

L1 + C‖θ(t)‖L1 ≤ C1 + C1‖θy(t)‖ 2
3 . (7.2.27)

From (7.2.21), (7.2.27) and Young’s inequality, we derive that, for any ε > 0,

‖θy(t)‖2 + ‖θy(t)‖pLp +

∫ t

0

‖θt(s)‖2ds ≤ C1 + C1ε‖θy(t)‖2,

i.e., for ε > 0 small enough,

‖θy(t)‖2 + ‖θy(t)‖pLp +

∫ t

0

‖θt(s)‖2ds ≤ C1. (7.2.28)

Estimate (7.2.25) follows from (7.2.27)–(7.2.28), and estimate (7.2.26) from
(7.2.25) and Lemmas 7.2.1–7.2.7. �
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Lemma 7.2.9. It holds that, for any t > 0,∫ t

0

(‖P ∗‖2 + ‖σ∗‖2)(s)ds ≤ C1, ∀t > 0, (7.2.29)

d

dt
‖P ∗(t)‖2 ≤ C1(‖ut(t)‖2 + ‖θt(t)‖2 + 1), ∀t > 0, (7.2.30)

d

dt
‖σ∗(t)‖2 ≤ C1(‖ut(t)‖2 + ‖θt(t)‖2 + 1), ∀t > 0. (7.2.31)

Proof. The proof is the same as that of Lemma 2.1.12 in Qin [101], pp. 66–68. �
Lemma 7.2.10. It holds that for any t > 0,

d

dt
‖vy(t)‖2 ≤ C1

(‖uyy(t)‖2 + ‖vy(t)‖2
)
, ∀t > 0, (7.2.32)

d

dt
‖θy(t)‖2 +

∫ 1

0

(
|θy|p−2 + θ2y + 1

)
θ2yydy ≤ C1

(‖uyy(t)‖2 + 1
)
, ∀t > 0, (7.2.33)

‖θy(t)‖2 +
∫ t

0

∫ 1

0

(
|θy|p−2 + θ2y + 1

)
θ2yydyds ≤ C1, ∀t > 0. (7.2.34)

Proof. The proof is the same as that of Lemma 2.1.13 in Qin [101], pp. 68–69. �
Lemma 7.2.11. As t → +∞, we have

‖v(t)− v0‖2H1 → 0, ‖vy(t)‖2 → 0, (7.2.35)

‖u(t)‖2H1 → 0, (7.2.36)

‖P ∗(t)‖2 → 0, ‖σ∗(t)‖2 → 0, ‖θy(t)‖2 → 0, (7.2.37)

‖θ(t)− θ‖2H1 → 0, ‖θ(t)− θ‖2L∞ → 0. (7.2.38)

Proof. The proof is identical to that of Lemma 2.1.14 in Qin [101], pp. 69–70. �
Lemma 7.2.12. The following estimate holds:

θ(y, t) ≥ C−1
1 > 0, ∀(y, t) ∈ [0, 1]× [0,+∞). (7.2.39)

Proof. We prove (7.2.39) by contradiction. If (7.2.39) is not true, that is,

inf
(y,t)∈[0,1]×[0,+∞)

θ(y, t) = 0,

then there exists a sequence (yn, tn) ∈ [0, 1]× [0,+∞) such that, as n → +∞,

θ(yn, tn) → 0. (7.2.40)

If the sequence {tn} has a subsequence, denoted also by tn, converging to +∞, then
by the asymptotic behavior results in Lemma 7.2.12, we know that as n → +∞,

θ(yn, tn) → θ > 0
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which contradicts (7.2.40). If the sequence {tn} is bounded, i.e., there exists a
constant M > 0, independent of n, such that for any n = 1, 2, . . . , 0 < tn ≤ M .
Thus there exists a point (y∗, t∗) ∈ [0, 1] × [0,M ] such that (yn, tn) → (y∗, t∗)
as n → +∞. On the other hand, by (7.2.40) and the continuity of solutions in
Lemmas 7.2.1–7.2.12, we conclude that θ(yn, tn) → θ(y∗, t∗) = 0 as n → +∞,
which contradicts (7.2.1). Thus the proof is complete. �

In what follows, we shall establish the exponential stability of the solution in
H1. Let us introduce the flow density ρ = 1

v . Then we easily get that the specific
entropy

η = η(v, θ) = η(ρ, θ) = R log v + log θ, (7.2.41)

satisfies
∂η

∂ρ
= −R

ρ2
,

∂η

∂θ
=

1

θ
. (7.2.42)

We consider the transform

A :∈ Dρ,θ =
{
(ρ, θ) : ρ > 0, θ > 0

} � (ρ, θ)) �→ (v, η) ∈ ADρ,θ,

where v = 1/ρ and η = η(1/ρ, θ). Since the Jacobian

∂(v, η)

∂(ρ, θ)
= −1

ρ
< 0 on Dρ,θ,

there exists a unique inverse function θ = θ(v, η), which is a smooth function of
(v, η) ∈ ADρ,θ. Thus the functions e, p can be regarded as smooth functions of
(v, η). Denote

e = e(v, η) :≡ e(v, θ(v, η)) = e(ρ−1, θ), p = p(v, η) :≡ p(v, θ(v, η)) = p(ρ−1, θ).

Thus we derive that e, p satisfy

ev = −Rθ

v
, eη = θ, Pv = −Rθ +R2θ

v2
, Pη =

Rθ

v
. (7.2.43)

Let

E(v, u, η) = u2

2
+ e(v, η)− e(v, η)− ∂e

∂v
(v, η)(v − v)− ∂e

∂η
(v, η)(η − η), (7.2.44)

where v =
∫ 1

0
v0dx and η = η(v, θ).

Lemma 7.2.13. The unique generalized global solution (v(t), u(t), θ(t)) to problem
(7.1.6)–(7.1.10) satisfies the estimate

u2

2
+C−1

1 (|v− v|2 + |η− η|2) ≤ E(v, u, η) ≤ u2

2
+C1(|v− v|2 + |η− η|2). (7.2.45)
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Proof. The proof is the same as that of Lemma 2.3.4 in Qin [101], pp. 86–87. �

Lemma 7.2.14. Under the assumptions of Theorem 7.1.1, there are positive con-
stants C1 > 0 and γ′

1 = γ′
1(C1) > 0 such that for any fixed γ ∈ (0, γ′

1] and for any
t > 0, there holds

eγt
(‖v(t)− v‖2 + ‖u(t)‖2 + ‖θ(t)− θ‖2 + ‖vy‖2 + ‖ρy‖2

)
+

∫ t

0

eγs(‖ρy‖2 + ‖uy‖2 + ‖θy‖2 + ‖vy‖2)(s)ds ≤ C1. (7.2.46)

Proof. By equations (7.1.6)–(7.1.8), it is easy to verify the following(
e+

u2

2

)
t

=
[
−Pu+ ρuuy + ρθy(ρ

2θ2y + μ0)
p−2
2

]
y
, (7.2.47)

ηt =

(
(ρ2θ2y + μ0)

p−2
2 ρθy

θ

)
y

+ (ρ2θ2y + μ0)
p−2
2 ρ

(
θy
θ

)2

+
ρu2

y

θ
.

(7.2.48)

Since vt = 0, θt = 0, we infer from (7.2.47) and (7.2.48) that

Et(1/ρ, u, η) + θ

θ

[
ρu2

y + (ρ2θ2y + μ0)
p−2
2 ρθ2y/θ

]
=

[
ρuuy + (1− θ

θ
)(ρ2θ2y + μ0)

p−2
2 ρθy − (p− p)u

]
y

, (7.2.49)[
(ρy/ρ)

2/2 + ρyu/ρ
]
t
+Rθρ2y/ρ = −Rρyθy − (ρuuy)y + ρu2

y. (7.2.50)

Multiplying (7.2.49), (7.2.50) by eγt, βeγt, respectively, and adding the re-
sults, we get

∂

∂t
G(t) + eγt

[
θ

θ

(
ρu2

y + (ρ2θ2y + μ0)
p−2
2 ρθ2y/θ

)
+ β

(
Rθρ2y/ρ+Rρyθy − ρu2

y

)]
= γeγt

[E(1/ρ, u, η) + β
(
(ρy/ρ)

2/2 + ρyu/ρ
)]

+ eγt
[
(1− β)ρuuy − (p− p)u+ (ρ2θ2y + μ0)

p−2
2

(
1− θ

θ

)
ρθy

]
y

, (7.2.51)

where G(t) = eγt
[E(1/ρ, u, η) + β

(
(ρy/ρ)

2/2 + ρyu/ρ
)]
.

Next, integrating (7.2.51) over Qt and using Lemmas 7.2.1–7.2.12, Cauchy’s
inequality and Poincaré’s inequality, we deduce that for small β > 0 and for any
γ > 0,

eγt
[
‖ρ(t)− ρ‖2 + ‖η(t)− η‖2 + ‖u(t)‖2 + ‖ρy(t)‖2

]
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+

∫ t

0

eγs
[
‖ρy‖2 + ‖uy‖2 + ‖θy‖2

]
(s)ds

≤ C1 + C1γ

∫ t

0

eγs
[
‖ρ− ρ‖2 + ‖θ − θ‖2 + ‖u‖2 + ‖ρy‖2

]
(s)ds. (7.2.52)

By Lemmas 7.2.1–7.2.12, the mean value theorem and the Poincaré inequal-
ity, we have

‖v(t)− v‖ ≤ C1‖vy(t)‖,
‖θ(t)− θ‖ ≤ C1(‖e(v, θ)− e(v, θ)‖+ ‖v(t)− v‖),

≤ C1(‖e(v, θ)− e(v, θ)‖+ ‖vy(t)‖),
≤ C1(‖θy(t)‖ + ‖uy(t)‖+ ‖vy(t)‖). (7.2.53)

Similarly, we infer that

C−1
1 ‖v(t)− v‖ ≤ ‖ρ(t)− ρ‖ ≤ C1‖v(t)− v‖, (7.2.54)

‖θ(t)− θ‖ ≤ C1(‖η(t)− η‖+ ‖v(t)− v‖). (7.2.55)

It follows from (7.2.53)–(7.2.55) that there exists a constant γ′
1 = γ′

1(C1) > 0
such that, for any fixed γ ∈ (0, γ′

1], (7.2.46) holds. The proof is complete. �

Lemma 7.2.15. There exists a positive constant γ1 = γ1(C1) ≤ γ′
1 such that for

any t > 0 and any fixed γ ∈ (0, γ′
1], the following estimate holds

eγt
(
‖uy(t)‖2 + ‖θy(t)‖2 + ‖θy(t)‖pLp

)
+

∫ t

0

eγs
(
‖uyy‖2 + ‖θyy‖2 + ‖ut‖2 + ‖θt‖2

)
(s)ds

+

∫ t

0

∫ 1

0

eγs
(
|θy|p−2 + θ2y

)
θ2yydyds ≤ C1. (7.2.56)

Proof. By (7.1.6)–(7.1.8), Lemmas 7.2.1–7.2.12 and the Poincaré inequality, we
have

‖ut‖ ≤ C1 (‖vy‖+ ‖θy‖+ ‖uyy‖) , ‖uy‖ ≤ C1‖uyy‖, (7.2.57)

‖θt‖ ≤ C1

(
‖(|θy|

p−2
2 + θy + 1)θyy‖+ ‖uyy‖

)
, ‖θy‖ ≤ C1‖θyy‖. (7.2.58)

Multiplying (7.1.7), (7.1.8) by −eγtuyy, −eγtθyy, respectively, integrating
the results over Qt, and adding them, and then using Young’s inequality, the
embedding theorem, Lemmas 7.2.1–7.2.12 and Lemma 7.2.14, we obtain

eγt
(‖uy(t)‖2 + ‖θy(t)‖2

)
+

∫ t

0

∫ 1

0

eγs
(
(|θy |p−2 + θ2y + 1)θ2yy + u2

yy

)
(s)ds
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≤ C1 + C1

∫ t

0

eγs
{
(‖θy‖+ ‖vy‖+ ‖vy‖‖uy‖1/2‖uy‖1/2)‖uyy‖+ (‖θy‖+ ‖uy‖

+ ‖uy‖3/2‖uyy‖1/2) + (‖θy‖p−1
L∞ + ‖θy‖3L∞ + ‖θy‖L∞)‖θyy‖(s)

}
ds

+ C1

∫ t

0

eγs
{
‖θy‖2 + ‖vy‖2 + ‖uy‖2 + (‖θt‖+ ‖uy‖)‖θy‖1/2‖θyy‖1/2

}
(s)ds

≤ C1 + 1/(2C)

∫ t

0

∫ 1

0

eγs
(
(|θy|p−2 + θ2y + 1)θ2yy + u2

yy

)
(s)ds, (7.2.59)

which, together with Lemmas 7.2.1–7.2.12 and equations (7.1.6)–(7.1.8), gives
(7.2.56). �

This completes the proof of Theorem 7.1.1. �

7.3 Proof of Theorem 7.1.2

In this section, we shall study the global existence and exponential stability of
solutions to problem (7.1.6)–(7.1.10) in H2

+. We begin with the following lemmas.

Lemma 7.3.1. Under the assumptions of Theorem 7.1.2, the following estimate
holds:

‖ut(t)‖2+ ‖θt(t)‖2+
∫ t

0

(
‖uty‖2 + ‖|θy|

p−2
2 θty‖2 + ‖θyθty‖2 + ‖θty‖2

)
(s)ds ≤ C2.

(7.3.1)

Proof. Differentiating (7.1.7) with respect to t, multiplying the resulting equation
by ut, and integrating over (0, 1), we infer that

d

dt
‖ut(t)‖2 + ‖uty(t)‖2 ≤ 1

2
‖uty(t)‖2 + C1(‖uy(t)‖2 + ‖θt(t)‖2 + ‖uy(t)‖4L4)

≤ 1

2
‖uty(t)‖2 + C2(‖uyy(t)‖2 + ‖θt(t)‖2),

which, together with Theorem 7.1.1, gives

‖ut(t)‖2 +
∫ t

0

‖uty(s)‖2ds ≤ C2. (7.3.2)

Analogously, we have for any ε > 0,

d

dt
‖θt(t)‖2 + C−1

1

(
‖|θy|

p−2
2 θty(t)‖2 + ‖θyθty(t)‖2 + ‖θty(t)‖2

)
≤ ε
(
|θy|

p−2
2 θty(t)‖2 + ‖θyθty(t)‖2

)
+ C1

(
‖θt(t)‖2 + ‖uty(t)‖2 + ‖uyy(t)‖2 + ‖θy(t)‖2 + ‖θy(t)‖pLp

)
. (7.3.3)
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Integrating (7.3.3) over [0, t] and applying Gronwall’s inequality, we get for ε > 0
small enough,

‖θt(t)‖2 +
∫ t

0

(
‖|θy|

p−2
2 θty‖2 + ‖θyθty‖2 + ‖θty‖2

)
(s)ds ≤ C2

which, together with (7.3.2), gives (7.3.1). �

Lemma 7.3.2. Under the assumptions of Theorem 7.1.2, the following estimate
holds:

‖uyy(t)‖2 + ‖θyy(t)‖2 +
∫ t

0

(
‖uyyy‖2 + ‖θyyy‖2

)
(s)ds ≤ C2. (7.3.4)

Proof. The proof is identical to that of Lemma 2.3.8 in Qin [101], pp. 90–91. �

Lemma 7.3.3. Under the assumptions of Theorem 7.1.2, the following estimate
holds:

‖vyy(t)‖2 +
∫ t

0

‖vyy(s)‖2ds ≤ C2. (7.3.5)

Proof. The proof is identical to that of Lemma 2.3.9 in Qin [101], pp. 91–92. �

Lemma 7.3.4. Under the assumptions of Theorem 7.1.2, for any (v0, u0, θ0) ∈ H2
+,

there exists a positive constant γ′
2 = γ′

2(C2) ≤ γ1 such that, for any fixed γ ∈
(0, γ′

2], the following estimate holds for any t > 0:

eγt
(‖ut(t)‖2 + ‖θt(t)‖2 + ‖uyy(t)‖2 + ‖θyy(t)‖2

)
+

∫ t

0

eγs(‖uty‖2 + ‖θty‖2)(s)ds ≤ C2. (7.3.6)

Proof. The proof is identical to that of Lemma 2.3.11 in Qin [101], p. 96. �

Lemma 7.3.5. There exists a positive constant γ2 = γ2(C2) ≤ γ′
2 such that, for

any fixed γ ∈ (0, γ2], the following estimate holds:

‖v(t)− v‖ ≤ C2e
−γt, ∀t > 0. (7.3.7)

Proof. The proof is identical to that of Lemma 2.1.12 in Qin [101], pp. 69–70. �

This completes the proof of Theorem 7.1.2. �

7.4 Proof of Theorem 7.1.3

In this section, we shall study the global existence and exponential stability of
solutions to problem (7.1.6)–(7.1.10) in H4

+. We begin with the following lemmas.
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Lemma 7.4.1. Under the assumptions of Theorem 7.1.3, the following estimates
hold:

‖uty(y, 0)‖+ ‖θty(y, 0)‖ ≤ C3, (7.4.1)

‖utt(y, 0)‖+ ‖θtt(y, 0)‖+ ‖utyy(y, 0)‖+ ‖θtyy(y, 0)‖ ≤ C4, (7.4.2)

‖utt(t)‖2 +
∫ t

0

‖utty‖2(s)ds ≤ C3 + C3

∫ t

0

‖θtyy(s)‖2ds, (7.4.3)

‖θtt(t)‖2 +
∫ t

0

‖θtty(s)‖2ds

≤ C3 + C2ε
−1

∫ t

0

‖θtyy‖2(s)ds+ C1ε

∫ t

0

(‖utyy‖2 + ‖utty‖2)(s)ds. (7.4.4)

Proof. The proof is the same as that of Lemma 2.4.1 in Qin [101], pp. 100–104. �
Lemma 7.4.2. Under the assumptions of Theorem 7.1.3, the following estimates
hold for any ε > 0:

‖uty(t)‖2 +
∫ t

0

‖utyy(s)‖2ds ≤ C3ε
−6 + C1ε

2

∫ t

0

(‖θtyy‖2 + ‖utty‖2)(s)ds,
(7.4.5)

‖θty(t)‖2 +
∫ t

0

‖θtyy(s)‖2ds ≤ C3ε
−6 + C2ε

2

∫ t

0

(‖utyy‖2 + ‖θtty‖2

+ ‖θyyy‖2‖θtyy‖2)(s)ds. (7.4.6)

Proof. The proof is the same as that of Lemma 2.4.2 in Qin [101], pp. 104–107. �
Lemma 7.4.3. Under the assumptions of Theorem 7.1.3, the following estimates
hold:

‖utt(t)‖2 + ‖uty(t)‖2 + ‖θtt(t)‖2 + ‖θty(t)‖2 +
∫ t

0

(
‖utty‖2 + ‖utyy‖2

+ ‖θtty‖2 + ‖θtyy‖2
)
(s)ds ≤ C4, (7.4.7)

‖vyyy(t)‖2H1 + ‖vyy(t)‖2W 1,∞ +

∫ t

0

(‖vyyy‖2H1 + ‖vyy‖2W 1,∞
)
(s)ds ≤ C4, (7.4.8)

‖uyyy(t)‖2H1 + ‖uyy(t)‖2W 1,∞ + ‖θyyy(t)‖2H1 + ‖θyy(t)‖2W 1,∞ + ‖vtyyy(t)‖2

+ ‖utyy(t)‖2 + ‖θtyy(t)‖2 +
∫ 1

0

(
‖utt‖2 + ‖θtt‖2 + ‖uyy‖2W 2,∞ + ‖θyy‖2W 2,∞

+ ‖θtyy‖2H1 + ‖utyy‖2H1 + ‖θty‖2W 1,∞ + ‖uty‖2W 1,∞ + ‖vtyyy‖2H1

)
(s)ds ≤ C4,

(7.4.9)∫ t

0

(‖uyyyy‖2H1 + ‖θyyyy‖2H1

)
(s)ds ≤ C4. (7.4.10)
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Proof. The proof is identical to that of Lemma 2.4.3 in Qin [101], pp. 107–110. �

Lemma 7.4.4. Under the assumptions of Theorem 7.1.3, for any (v0, u0, θ0) ∈ H4
+,

there exists a positive constant γ
(1)
4 = γ

(1)
4 (C4) ≤ γ2(C2) such that, for any fixed

γ ∈ (0, γ
(1)
4 ], the following estimates hold ε ∈ (0, 1) small enough:

eγt‖utt(t)‖2 +
∫ t

0

eγs‖utty(s)‖2ds ≤ C3 + C3

∫ t

0

eγs‖θtyy(s)‖2ds, (7.4.11)

eγt‖θtt(t)‖2 +
∫ t

0

eγs‖θtty(s)‖2ds ≤ C3 + C2ε
−1

∫ t

0

eγs‖θtyy(s)‖2ds

+ C1ε

∫ t

0

eγs
(
‖utyy‖2 + ‖utty‖2

)
(s)ds, ∀t > 0. (7.4.12)

Proof. The proof is identical to that of Lemma 2.4.6 in Qin [101], pp. 119–120. �

Lemma 7.4.5. Under the assumptions of Theorem 7.1.3, for any (v0, u0, θ0) ∈ H4
+,

there exists a positive constant γ
(2)
4 ≤ γ

(1)
4 such that, for any fixed γ ∈ (0, γ

(2)
4 ],

the following estimates hold ε ∈ (0, 1) small enough:

eγt‖uty(t)‖2 +
∫ t

0

eγs‖utyy(s)‖2ds

≤ C3ε
−6 + C2ε

2

∫ t

0

eγs
(
‖θtyy‖2 + ‖utty‖2

)
(s)ds, ∀t > 0, (7.4.13)

eγt‖θty(t)‖2 +
∫ t

0

eγs‖θtyy(s)‖2ds

≤ C3ε
−6 + C2ε

2

∫ t

0

eγs
(
‖utyy‖2 + ‖θtty‖2

)
(s)ds, ∀t > 0. (7.4.14)

Proof. The proof is the same as that of Lemma 2.4.7 in Qin [101], pp. 120–121. �

Lemma 7.4.6. Under the assumptions of Theorem 7.1.3, for any (v0, u0, θ0) ∈ H4
+,

there exists a positive constant γ4 ≤ γ
(2)
4 such that, for any fixed γ ∈ (0, γ4], the

following estimates hold for any t > 0:

eγt
(
‖utt(t)‖2 + ‖uty(t)‖2 + ‖θtt(t)‖2 + ‖θty(t)‖2

)
+

∫ t

0

eγs
(
‖utty‖2 + ‖utyy‖2

+ ‖θtty‖2 + ‖θtyy‖2
)
(s)ds ≤ C4, (7.4.15)

eγt
(
‖vyyy(t)‖2H1 + ‖vyy(t)‖2W 1,∞

)
+

∫ t

0

eγs
(‖vyyy‖2H1 + ‖vyy‖2W 1,∞

)
(s)ds ≤ C4,

(7.4.16)

eγt
(
‖uyyy(t)‖2H1 + ‖uyy(t)‖2W 1,∞ + ‖θyyy(t)‖2H1 + ‖θyy(t)‖2W 1,∞ + ‖vtyyy(t)‖2
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+ ‖utyy(t)‖2 + ‖θtyy(t)‖2
)
+

∫ t

0

eγs
(
‖utt‖2 + ‖θtt‖2 + ‖uyy‖2W 2,∞ + ‖θyy‖2W 2,∞

+ ‖θtyy‖2H1 + ‖utyy‖2H1 + ‖θty‖2W 1,∞ + ‖uty‖2W 1,∞ + ‖vtyyy‖2H1

)
(s)ds ≤ C4,

(7.4.17)∫ t

0

eγs
(‖uyyyy‖2H1 + ‖θyyyy‖2H1

)
(s)ds ≤ C4. (7.4.18)

Proof. The proof is identical to that of Lemma 2.4.8 in Qin [101], pp. 121–123. �

This completes the proof of Theorem 7.1.3. �

7.5 Bibliographic Comments

The motion of a viscous, heat-conducting fluid in a domain Ω ⊆ R
3 can be de-

scribed by the system of equations, in the Newtonian form, known as the Navier-
Stokes equations. These fundamental equations in fluid mechanics have been stud-
ied by many mathematicians and a lot of results have been obtained (the interested
reader is referred to the monographs [35, 36, 71, 91, 101] and the references cited
therein). In the following we only recall results in the literature that are closely
related to ours. For the one-dimensional linearly viscous gas (or Newtonian fluid)
satisfying Fourier’s law of heat flux and standard thermodynamical relations, Ka-
wohl [59] and Jiang [50] obtained the existence of global solutions for 1D viscous
heat-conductive real gas with different growth assumptions on the pressure p, in-
ternal energy e and heat conductivity κ in terms of temperature. Qin [97, 99–101]
established the regularity and asymptotic behavior of global solutions under more
general growth assumptions on p, e, κ than those in [50, 59].

Ladyzhenskaya [66, 67] proposed a new model to study some kinds of non-
Newtonian fluids which is of interest to us. Since then there has been a remarkable
research in the field of non-Newtonian flows, both theoretically and experimentally
(cf. [3–5, 20, 44, 90, 94, 114, 122, 133, 141, 142, 146, 147] and references therein).
Let us briefly recall related results in the literature. Bellout, Bloom and Nec̆as
[4] studied the non-Newtonian fluids for space periodic problems and showed that
there exist Young measure-valued solutions under some conditions. Dong and Li
[20] established the large time behavior for weak solutions for a certain class of
incompressible non-Newtonian fluids in R

2. Guo and Zhu [44] investigated the
partial regularity of the generalized solutions (which are called suitable weak so-
lutions) to the modified Navier-Stokes equations which describe the dynamics of
incompressible monopolar non-Newtonian fluids. Nećasová and Penel [90] proved
the L2 decay for weak solution to the equations of non-Newtonian incompressible
fluids in whole space under some assumptions. Zhao and Li [146] studied the long-
time behavior of a non-Newtonian system in two-dimensional unbounded domains
and proved the existence of H2-compact attractor for the system by showing the
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corresponding semigroup is asymptotically compact. Zhao, Zhou and Li [147] con-
structed the trajectory attractor and global attractor for the case of autonomous
two-dimensional non-Newtonian fluid flows. Recently, Yuan andWang [142] proved
the local existence and uniqueness of strong solutions for (7.1.1)–(7.1.3) in one
space dimension under the boundary conditions

u(0, t) = u(1, t) = 0, θ(0, t) = θ(1, t) = 0.

Wang and Yuan [133] established the global (in time) existence and uniqueness of
strong solutions under the assumptions 4/3 < p, q < 2 for the following problem:

ρt + (ρu)x = 0,

(ρu)t + (ρu2)x − (|ux|q−2ux)x + (Rρθ)x = 0,

(ρθ)t + (ρuθ)x − (|θx|p−2θx)x +Rρθux = (ux)
2.



Chapter 8

Exponential Stability of Spherically
Symmetric Solutions to Nonlinear
Non-autonomous Compressible
Navier-Stokes Equations

8.1 Main Results

This chapter is a continuation of Chapter 1 in Qin and Huang [102]. Here we
establish the exponential stability of spherically symmetric solutions to an initial-
boundary value problem for nonlinear non-autonomous compressible Navier-
Stokes equations with an external force and a heat source in bounded annular
domains Gn = {x ∈ R

n : 0 < a ≤ |x| ≤ b} in R
n (1 ≤ n ≤ 3), based on the

uniform estimates obtained in Chapter 1 of Qin and Huang [102]. In Eulerian
coordinates, the equations under consideration read

∂tρ+ ∂r(ρv) +
(n− 1)

r
ρv = 0, (8.1.1)

Cvρ(∂tv + v∂rv)− (λ+ 2μ)

[
∂2
rv +

(n− 1)

r
∂rv − (n− 1)

r2
v

]
+R∂r(ρv) = f(r, t),

(8.1.2)

Cvρ(∂tθ + v∂rθ)− κ∂2
rθ − k

(n− 1)

r
∂rθ +Rρθ

[
∂rv +

(n− 1)

r
v

]
− λ

[
∂rv +

(n− 1)

r
v

]2
− 2μ(∂rv)

2 − 2μ
(n− 1)

r2
v2 = g(r, t), (8.1.3)

subject to the initial and boundary conditions

ρ(r, 0) = ρ0(r), v(r, 0) = v0(r), θ(r, 0) = θ0(r), r ∈ Gn, 1 ≤ n ≤ 3, (8.1.4)
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176 Chapter 8. Exponential Stability of Spherically Symmetric Solutions

v(a, t) = v(b, t) = 0, θr(a, t) = θr(b, t) = 0, 1 ≤ n ≤ 3. (8.1.5)

When n = 2, 3, equations (8.1.1)–(8.1.3) describe the spherically symmetric
motion of a viscous polytropic ideal gas with a non-autonomous external force f
and a heat source g. The unknown functions ρ, v, θ are the density, velocity, and
absolute temperature, respectively, λ and μ are the constant viscosity coefficients,
R,Cv, and κ are the gas constant, specific heat capacity and thermal conductivity,
respectively, where one assumes constant R,Cv, κ, μ > 0 and β = λ+ 2μ.

It is convenient to rewrite system (8.1.1)–(8.1.3) in Lagrangian coordinates.
The Eulerian coordinates (r, t) are connected to the Lagrangian coordinates (ζ, t)
by the relation

r(ζ, t) = r0(ζ) +

∫ t

0

ṽ(ζ, τ)dτ, (8.1.6)

where

ṽ(ζ, t) := v(r(ζ, t), t), r0(ζ) := η−1(ζ), η(r) :=

∫ r

dn

sn−1ρ0(s)ds,

r ∈ Gn, dn = 0 (n = 1), dn = a (n = 2, 3).

Suppose that ρ0(s) > 0, s ∈ Gn. Denote L =

∫ b

a

sn−1ρ0(s)ds > 0. Using equations

(8.1.1), (8.1.5) and (8.1.6), we obtain

∂t

∫ r(ζ,t)

dn

sn−1ρ(s, t)ds = δn1v(0, t)ρ(0, t), δij = 1 if i = j, δij = 0 if i �= j.

By integration, we derive∫ r(ζ,t)

dn

sn−1ρ(s, t)ds =

∫ r0(ζ)

dn

sn−1ρ0(s)ds+ δn1

∫ t

0

(vρ)(0, τ)dτ

= ζ + δn1

∫ t

0

(vρ)(0, τ)dτ.

Thus under the assumption inf{ρ(s, t) : s ∈ Gn, t ≥ 0} > 0, Gn is transformed to
Ωn, with Ωn = (0, L), (n = 1, 2, 3). Moreover, we have

∂ζr(ζ, t) = [r(ζ, t)n−1ρ(r(ζ, t), t)]−1. (8.1.7)

For a function ϕ(r, t), we write ϕ̃(ζ, t) := ϕ(r(ζ, t), t). By virtue of (8.1.6) and
(8.1.7), we have

∂tϕ̃(ζ, t) = ∂tϕ(r, t) + v∂rϕ(r, t),

∂ζ ϕ̃(ζ, t) = ∂rϕ(r, t)∂ζr(ζ, t) =
1

rn−1ρ(r, t)
∂rϕ(r, t). (8.1.8)
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If we denote (ρ̃, ṽ, θ̃) still by (ρ, v, θ) and (ζ, t) by (x, t). We use u := 1
ρ to denote

the specific volume. Therefore, by (8.1.7)–(8.1.8), equations (8.1.1)–(8.1.5) in the
new variables (x, t) are

ut − (rn−1v)x = 0, (8.1.9)

vt − rn−1

(
β
(rn−1v)x

u
−R

θ

u

)
x

= f(r(x, t), t), (8.1.10)

Cvθt − k

(
r2n−2θx

u

)
x

− 1

u

(
β(rn−1v)x −Rθ

)
(rn−1v)x

+ 2μ(n− 1)(rn−2v2)x = g(r(x, t), t), (8.1.11)

together with

u(x, 0) = u0(x), v(x, 0) = v0(x), θ(x, 0) = θ0(x), x ∈ Ωn, 1 ≤ n ≤ 3,
(8.1.12)

v(0, t) = v(L, t) = 0, θx(0, t) = θx(L, t) = 0, t ≥ 0, 1 ≤ n ≤ 3 (8.1.13)

where β = λ+ 2μ. By (8.1.6), we have

r(x, t) = r0(x) +

∫ t

0

v(x, τ)dτ, r0(x) :=

{
(dn)

n + n

∫ x

0

u0(y)dy

} 1
n

i.e.,
rt = v, rn−1rx = u, r|x=0 = a, r|x=L = b. (8.1.14)

When n = 2, 3, for constants λ and μ, we assume that

nλ+ 2μ > 0. (8.1.15)

The aim of this chapter is, based on the uniform estimates established in
Chapter 1 of [102], to investigate the asymptotic behavior of solutions in Hi (i =
1, 2, 4), including the exponential stability of solutions in Hi (i = 1, 2, 4). Assume
that

u0(x) > 0, θ0(x) > 0 on [0, L]. (8.1.16)

Assume that f(r, t), g(r, t) satisfy the following conditions which will be used
in various theorems.

f(r, ·) ∈ L1(R+, L
∞[a, b]) ∩ L2(R+, L

2[a, b]), (8.1.17)

g(r, ·) ∈ L1(R+, L
∞[a, b]) ∩ L2(R+, L

2[a, b]), g(r, t) ≥ 0, (8.1.18)

f(r, ·) ∈ L∞(R+, L
2[a, b]), fr(r, ·) ∈ L2(R+, L

2[a, b]),

ft(r, ·) ∈ L2(R+, L
2[a, b]), (8.1.19)

g(r, ·) ∈ L∞(R+, L
2[a, b]), gr(r, ·) ∈ L2(R+, L

2[a, b]),



178 Chapter 8. Exponential Stability of Spherically Symmetric Solutions

gt(r, ·) ∈ L2(R+, L
2[a, b]), (8.1.20)

frr(r, ·), frt(r, ·), ftt(r, ·), frrr(r, ·) ∈ L2(R+, L
2[a, b]),

fr(r, ·), ft(r, ·), frr(r, ·) ∈ L∞(R+, L
2[a, b]), (8.1.21)

grr(r, ·), grt(r, ·), gtt(r, ·), grrr(r, ·) ∈ L2(R+, L
2[a, b]),

gr(r, ·), gt(r, ·), grr(r, ·) ∈ L∞(R+, L
2[a, b]). (8.1.22)

We will use the following notations: ‖·‖B denotes norm of the space B, ‖·‖ =
‖ · ‖L2. C1 stands for a generic positive constant depending only on the H1 norm
of initial data (u0, v0, θ0), ‖f‖L1(R+,L∞[a,b]), ‖f‖L2(R+,L2[a,b]), ‖g‖L1(R+,L∞[a,b]),
‖g‖L2(R+,L2[a,b]). C2 stands for a generic positive constant depending only on the
H2 norm of initial data (u0, v0, θ0), i.e., on

‖f‖L∞(R+,L2[a,b]), ‖fr‖L2(R+,L2[a,b]), ‖ft‖L2(R+,L2[a,b]),

‖g‖L∞(R+,L2[a,b]), ‖gr‖L2(R+,L2[a,b]), ‖gt‖L2(R+,L2[a,b])

and the constant C1. Finally, C4 denotes a generic positive constant depending
only on the H4 norm of the initial data (u0, v0, θ0), i.e., on

‖frr‖L2(R+,L2[a,b]), ‖frt‖L2(R+,L2[a,b]), ‖ftt‖L2(R+,L2[a,b]), ‖frrr‖L2(R+,L2[a,b]),

‖grr‖L2(R+,L2[a,b]), ‖grt‖L2(R+,L2[a,b]), ‖gtt‖L2(R+,L2[a,b]), ‖grrr‖L2(R+,L2[a,b]),

and the constants C1, C2.

The next theorem concerns the asymptotic behavior of global solutions in
Hi (i = 1, 2, 4).

Theorem 8.1.1.

(1) Assume that (u0, v0, θ0) ∈ H1[0, L]×H1
0 [0, L]×H1[0, L] and (8.1.16)–(8.1.18)

hold. Then the problem (8.1.9)–(8.1.15) admits a unique global solution

(u(t), v(t), θ(t)) ∈ C([0,+∞), H1[0, L]×H1
0 [0, L]×H1[0, L])

such that

u(t) ≡ u(x, t) > 0, θ(t) ≡ θ(x, t) > 0 on [0, L]× R+ (8.1.23)

and, as t → +∞,

‖(u(t)− u, v(t), θ(t) − θ)‖H1×H1×H1 → 0, (8.1.24)

where

u =
1

L

∫ L

0

u0(x)dx, θ =
1

CvL

∫ L

0

(
Cvθ0 +

v20
2

)
(x)dx.
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(2) Assume that (u0, v0, θ0) ∈ H2[0, L]×H2
0 [0, L]×H2[0, L] and (8.1.16)–(8.1.20)

hold, then the problem (8.1.9)–(8.1.15) admits a unique global solution

(u(t), v(t), θ(t)) ∈ C([0,+∞), H2[0, L]×H2
0 [0, L]×H2[0, L])

such that (8.1.23) holds and, as t → +∞,

‖(u(t)− u, v(t), θ(t) − θ)‖H2×H2×H2 → 0. (8.1.25)

(3) Assume that (u0, v0, θ0) ∈ H4[0, L]×H4
0 [0, L]×H4[0, L] and (8.1.16)–(8.1.22)

hold. Then the problem (8.1.9)–(8.1.15) admits a unique global solution

(u(t), v(t), θ(t)) ∈ C([0,+∞), H4[0, L]×H4
0 [0, L]×H4[0, L])

such that (8.1.23) holds and, as t → +∞,

‖(u(t)− u, v(t), θ(t) − θ)‖H4×H4×H4 → 0. (8.1.26)

The following three theorems concern the exponential stability of global so-
lutions in Hi (i = 1, 2, 4).

Theorem 8.1.2. Under assumptions (1) of Theorem 8.1.1, suppose that there exist
positive constants α1 and C0 such that

‖f(r(x, t), t)‖2L2[0,L] + ‖g(r(x, t), t)‖2L2[0,L] ≤ C0e
−α1t. (8.1.27)

Then there are constants C1 > 0 and γ1 = γ1(C1) > 0 such that, for any fixed
γ ∈ (0, γ1], the global solution (u(t), v(t), θ(t)) obtained in (1) of Theorem 8.1.1
satisfies for any t > 0,

eγt
(
‖u(t)− ū‖2H1 + ‖v(t)‖2H1 + ‖θ(t)− θ̄‖2H1 + ‖ut(t)‖2

)
(8.1.28)

+

∫ t

0

eγs
(
‖v‖2H2 + ‖u− ū‖2H1 + ‖θ − θ̄‖2H2 + ‖ut‖2H1 + ‖vt‖2 + ‖θt‖2

)
(s)ds ≤ C1.

Theorem 8.1.3. Under assumptions (2) of Theorem 8.1.1, if there exist positive
constants α2 and C̄0 such that

‖f(r(x, t), t)‖2L2[0,L] + ‖fr(r(x, t), t)‖2L2 [0,L] + ‖ft(r(x, t), t)‖2L2 [0,L]

+ ‖gr(r(x, t), t)‖2L2 [0,L] + ‖gt(r(x, t), t)‖2L2 [0,L] ≤ C̄0e
−α2t, (8.1.29)

then there are constants C2 > 0 and γ2 = γ2(C2) > 0 such that for any fixed
γ ∈ (0, γ2], the global solution (u(t), v(t), θ(t)) obtained in (2) of Theorem 8.1.1
satisfies for all t > 0,

eγt
(
‖u(t)− ū‖2H2 + ‖v(t)‖2H2 + ‖θ(t)− θ̄‖2H2 + ‖vt(t)‖2 + ‖θt(t)‖2

)
(8.1.30)

+

∫ t

0

eγs
(
‖v‖2H3 + ‖u− ū‖2H2 + ‖θ − θ̄‖2H3 + ‖vtx‖2 + ‖θtx‖2

)
(s)ds ≤ C2.
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Theorem 8.1.4. Under assumptions (3) of Theorem 8.1.1, if there exist positive
constants α4 and C̃0 such that

‖fr(r(x, t), t)‖2L2[0,L] + ‖ft(r(x, t), t)‖2L2 [0,L] + ‖frr(r(x, t), t)‖2L2[0,L]

+ ‖frt(r(x, t), t)‖2L2 [0,L] + ‖ftt(r(x, t), t)‖2L2[0,L] + ‖frrr(r(x, t), t)‖2L2 [0,L]

+ ‖gr(r(x, t), t)‖2L2[0,L] + ‖gt(r(x, t), t)‖2L2 [0,L] + ‖grr(r(x, t), t)‖2L2 [0,L]

+ ‖grt(r(x, t), t)‖2L2 [0,L] + ‖gtt(r(x, t), t)‖2L2[0,L]

+ ‖grrr(r(x, t), t)‖2L2 [0,L] ≤ C̃0e
−α4t, (8.1.31)

then there are constants C4 > 0 and γ4 = γ4(C4) > 0 such that, for any fixed
γ ∈ (0, γ4], the global solution (u(t), v(t), θ(t)) obtained in (3) of Theorem 8.1.1
satisfies for any t > 0,

eγt
(
‖u(t)− ū‖2H4 + ‖v(t)‖2H4 + ‖θ(t)− θ̄‖2H4 + ‖vt(t)‖2H2 + ‖θt(t)‖2H2 + ‖ut(t)‖2H3

+ ‖vtt(t)‖2 + ‖θtt(t)‖2
)
+

∫ t

0

eγs
(
‖v‖2H5 + ‖u− ū‖2H4 + ‖θ − θ̄‖2H5 + ‖ut‖2H4

+ ‖vt‖2H3 + ‖θt‖2H3 + ‖vtt‖2H2 + ‖θtt‖2H2

)
(s)ds ≤ C4. (8.1.32)

8.2 Asymptotic Behavior of Global Solutions

In this section, we shall establish the asymptotic behavior of global solutions in
Hi (i = 1, 2, 4). We begin with the following lemma.

Lemma 8.2.1. Assume that (8.1.16)–(8.1.18) hold, if (u0, v0, θ0) ∈ H1[0, L] ×
H1

0 [0, L]×H1[0, L], then problem (8.1.9)–(8.1.15) admits a unique global solution
(u(t), v(t), θ(t)) ∈ C([0,+∞), H1[0, L]×H1

0 [0, L]×H1[0, L]) satisfying

0 < a ≤ r(x, t) ≤ b, ∀(x, t) ∈ [0, L]× [0,+∞), (8.2.1)

0 < C−1
1 ≤ u(x, t) ≤ C1, ∀(x, t) ∈ [0, L]× [0,+∞), (8.2.2)

‖r(t)− r̄‖2H2 + ‖rt(t)‖2H1 + ‖u(t)− u‖2H1 + ‖v(t)‖2H1 + ‖θ(t)− θ‖2H1 + ‖ut(t)‖2

+

∫ t

0

(
‖u− u‖2H1 + ‖v‖2H2 + ‖θ − θ‖2H2 + ‖ut‖2H1 + ‖vt‖2 + ‖θt‖2

+ ‖r − r̄‖2H2 + ‖rt‖2H2

)
(τ)dτ ≤ C1, ∀t ≥ 0, (8.2.3)

where r̄ = (an + nux)1/n.

Proof. See, e.g., [102] and [111]. �
Lemma 8.2.2. Under assumptions (1) of Theorem 8.1.1, it holds that

lim
t→+∞ ‖u(t)− u‖H1 = 0. (8.2.4)
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Proof. Differentiating (8.1.9) with respect to x, multiplying the result by ux, and
then integrating it over [0, L] and applying Young’s inequality, we obtain

1

2

d

dt
‖ux‖2 ≤ ‖(rn−1v)xx‖2 + ‖ux‖2

≤ 1

2
‖ux‖4 + C1(‖vxx‖2 + 1),

which, together with Lemmas 1.3.4 and 8.2.1, yields

lim
t→+∞ ‖ux(t)‖ = 0. (8.2.5)

On the other hand, by the embedding theorem, we can deduce

‖u(t)− u‖ ≤ C1‖ux‖,

which, together with (8.2.5), gives (8.2.4). �

Lemma 8.2.3. Under assumptions (1) of Theorem 8.1.1, it holds that

lim
t→+∞ ‖v(t)‖H1 = 0, lim

t→+∞ ‖θ(t)− θ‖H1 = 0. (8.2.6)

Proof. Multiplying the result by vxx, then integrating it over [0, L], by Young’s
inequality, we can deduce

1

2

d

dt
‖vx‖2 ≤ C1‖vxx‖2 + C1

(‖ux‖2 + ‖θx‖2 + ‖f‖2 + ‖vxux‖2
)

≤ C1‖vx‖4 + C1

(‖vxx‖2 + ‖f‖2 + 1
)
,

which, together with Lemma 1.3.4 and Lemmas 8.2.1 and 8.2.2, yields

lim
t→+∞ ‖vx(t)‖ = 0. (8.2.7)

Similarly, we can obtain the second relation in (8.2.6). �

Proof of Theorem 8.1.1. Combining Lemma 8.2.2 with Lemma 8.2.3, we complete
the proof of (1) of Theorem 8.1.1. Similarly, we can derive (8.1.25)–(8.1.26). Till
now we have completed the proof of Theorem 8.1.1. �

8.3 Exponential Stability of Solutions in H1

Under the assumptions of Theorem 8.1.2, the global existence of solutions was
obtained in [102] and [111], which has been stated in Lemma 8.2.1. In this section,
we shall establish the exponential stability of solutions in H1.
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To this end, we introduce the flow density ρ = 1
v , and then we easily get that

the specific entropy

η = η(u, θ) = η(ρ, θ) = R log u+ Cv log θ, (8.3.1)

satisfies
∂η

∂ρ
= −R

ρ
,

∂η

∂θ
=

Cv

θ
. (8.3.2)

We consider the transform

A : Dρ,θ = {(ρ, θ) : ρ > 0, θ > 0} � (ρ, θ) �→ (u, η) ∈ ADρ,θ,

where u = 1/ρ and η = η(1/ρ, θ). Since the Jacobian

∂(u, η)

∂(ρ, θ)
= −Cv

ρ2
< 0 on Dρ,θ,

there is a unique inverse function θ = θ(u, η), which is a smooth function of
(u, η) ∈ ADρ,θ.

Thus the function e, p can be regarded as the smooth functions of (u, η). We
denote by

e = e(u, η) :≡ e(u, θ(u, η)) = e(ρ−1, θ), p = p(u, η) :≡ p(u, θ(v, η)) = p(ρ−1, θ).

Thus we derive that e, p satisfy

eu = −Rθ

u
, eη = θ, Pu = −Rθ + R2

Cv
θ

u2
, Pη =

Rθ

Cvu
. (8.3.3)

Let

E(u, u, η) = v2

2
+ e(u, η)− e(u, η)− ∂e

∂u
(u, η)(u− u)− ∂e

∂η
(u, η)(η − η), (8.3.4)

where η = η(u, θ).

Lemma 8.3.1. The global solution (v(t), u(t), θ(t)) obtained in (1) of Theorem 8.1.1
to problem (8.1.6)–(8.1.10) satisfies the estimate

v2

2
+C−1

1 (|u− u|2 + |η− η|2) ≤ E(v, u, η) ≤ v2

2
+C1(|u− u|2 + |η− η|2). (8.3.5)

Proof. By the mean value theorem, there exists a point (ũ, η̃) between (u, η) and
(u, η) such that

E(v, u, η) = 1

2
v2 +

1

2

[
∂2e

∂2u
(ũ, η̃)(u− u)2 +

∂2e

∂2η
(ũ, η̃)(η − η)2
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+
∂2e

∂u∂η
(ũ, η̃)(u − u)(η − η)

]
, (8.3.6)

where ũ = λ0u+ (1 − λ0)u, η̃ = λ0η + (1 − λ0)η, 0 ≤ λ0 ≤ 1.

It follows from Lemma 8.2.1 that

0 < C−1
1 ≤ ũ ≤ C1, |η̃| ≤ C1

which implies ∣∣∣∣ ∂2e

∂2u
(ũ, η̃)

∣∣∣∣2 + ∣∣∣∣ ∂2e

∂u∂η
(ũ, η̃)

∣∣∣∣2 + ∣∣∣∣∂2e

∂2η
(ũ, η̃)

∣∣∣∣2 ≤ C1. (8.3.7)

Thus, by (8.3.6)–(8.3.7) and the Cauchy inequality, we get

E(v, u, η) ≤ 1

2
v2 + C1(|u− u|2 + |η − η|2). (8.3.8)

On the other hand, we infer from (8.3.3) that

euu =
R2

Cv
θ +Rθ

u2
, euη = − Rθ

Cvu
, eηη =

θ

Cv
,

which implies that the Hessian of e(u, θ) is positive definite for any u > 0 and
θ > 0. It then follows from (8.3.6) that

E(v, u, η) ≥ 1

2
v2 + C−1

1 (|u− u|2 + |η − η|2),

which, together with (8.3.8), gives (8.3.5). �

Lemma 8.3.2. Under the assumptions of Theorem 8.1.2, there are positive con-
stants C1 > 0 and γ1 = γ1(C1) > 0 such that, for any fixed γ ∈ (0, γ1], it holds for
any t > 0

eγt
(
‖u(t)− u‖2 + ‖v(t)‖2 + ‖θ(t)− θ‖2 + ‖ux‖2 + ‖ρx‖2

)
+

∫ t

0

eγs
(
‖ρx‖2 + ‖vx‖2 + ‖θx‖2 + ‖ux‖2

)
(s)ds ≤ C1. (8.3.9)

Proof. Using equations (8.1.9)–(8.1.11), it is easy to verify that(
e+

v2

2

)
t

=
[
rn−1vσ + kρr2n−2θx − 2μ(n− 1)(rn−2v2)

]
x
+ fv + g, (8.3.10)

ηt =

(
kρr2n−2θx − 2μ(n− 1)(rn−2v)2

θ

)
x

+
βρ(rn−1v)2x

θ
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+
kr2n−2θ2x

θ2
+

g

θ
− 2μ(n− 1)rn−2v2θx

θ2
, (8.3.11)

where σ = p−R θ
u , p = β(rn−1v)x

u .

Since ut = 0, θt = 0, we infer from (8.3.10) and (8.3.11) that

Et(1/ρ, u, η) + θ

θ

[
βρ(rn−1v)2x +

kρr2n−2θ2x
θ

]
=

[
βρ(rn−1v)(rn−1v)x

+ k

(
1− θ

θ

)
ρr2n−2θ2x − (p− p)(rn−1v)− 2μ(n− 1)rn−2v2

]
x

, (8.3.12)[
β2(ρx/ρ)

2/2 + ρxr
1−nv/ρ

]
t
+Rβθρ2x/ρ = −βRρxθx + βr1−nfρx/ρ

− βr2−2n(ρ(rn−1v)(rn−1v)x)x + βr2−2nρ(rn−1v)2x + β(1 − n)r−nvρx/ρ.
(8.3.13)

Multiplying (8.3.12), (8.3.13) by eγt, λeγt, respectively, and then adding the
results up, we get

∂

∂t
G(t) + eγt

[
θ

θ

(
βρ(rn−1v)2x +

kρr2n−2θ2x
θ

)
+ λ
(
Rβθρ2x/ρ+ βRρxθx − βr2−2nρ(rn−1v)2x − β(1 − n)r−nvρx/ρ

)]
= γeγt

[
E(1/ρ, u, η) + λβ2(ρx/ρ)

2/2 + ρxr
1−nv/ρ

]
+ eγt

[
k

(
1− θ

θ

)
ρr2n−2θx

+ (1− λr2−2n)βρ(rn−1v)(rn−1v)x − (p− p)(rn−1v)− 2μ(n− 1)rn−2v2
]
x

+ eγt
[
fv + g + λβr1−nfρx/ρ

]
, (8.3.14)

where G(t) = eγt
[
E(1/ρ, u, η) + λβ

(
(ρx/ρ)

2/2 + ρxr
1−nv/ρ

)]
.

Integrating (8.3.14) over Qt, and using Lemmas 8.2.1 and 8.3.1, Cauchy’s
inequality and Poincaré’s inequality, we deduce that for small β > 0 and for any
γ > 0,

eγt
[
‖ρ(t)− ρ‖2 + ‖η(t)− η‖2 + ‖v(t)‖2 + ‖ρx(t)‖2

]
+

∫ t

0

eγs
[
‖ρx‖2 + ‖vx‖2 + ‖θx‖2 + ‖ux‖2

]
(s)ds

≤ C1 + C1γ

∫ t

0

eγs
[
‖ρ− ρ‖2 + ‖θ − θ‖2 + ‖u‖2 + ‖ρx‖2

]
(s)ds

+ C1

∫ t

0

eγs
[
‖f‖2L2[0,L] + ‖g‖2L2[0,L]

]
(s)ds. (8.3.15)
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By Lemmas 8.2.1 and 8.3.1, the mean value theorem, and the Poincaré in-
equality, we have

‖u(t)− u‖ ≤ C1‖ux(t)‖,
‖θ(t)− θ‖ ≤ C1(‖e(v, θ)− e(u, θ)‖ + ‖u(t)− u‖)

≤ C1(‖e(u, θ)− e(u, θ)‖+ ‖ux(t)‖)
≤ C1(‖θx(t)‖ + ‖ux(t)‖+ ‖vx(t)‖). (8.3.16)

Similarly, we infer that

C−1
1 ‖u(t)− u‖ ≤ ‖ρ(t)− ρ‖ ≤ C1‖u(t)− u‖, (8.3.17)

‖θ(t)− θ‖ ≤ C1(‖η(t)− η‖+ ‖u(t)− u‖). (8.3.18)

It follows from (8.1.25), (8.3.15)–(8.3.18) that there exists a constant γ1 =
γ1(C1) > 0 such that, for any fixed γ ∈ (0, γ1], (8.3.9) holds. Then the proof is
complete. �

Lemma 8.3.3. Under the assumptions of Theorem 8.1.2, there are positive con-
stants C1 > 0 and γ1 = γ1(C1) > 0 such that, for any fixed γ ∈ (0, γ1], i holds for
any t > 0,

eγt
(
‖vx(t)‖2 + ‖θx(t)‖2

)
+

∫ t

0

eγs
(
‖vt‖2 + ‖vxx‖2 + ‖θt‖2 + ‖θxx‖2

)
(s)ds ≤ C1.

(8.3.19)

Proof. By (8.1.9)–(8.1.11), Lemma 8.2.1 and the Poincaré inequality, we have

‖vx(t)‖2 ≤ C1‖vxx(t)‖2,
‖vt(t)‖2 ≤ C1

(
‖vxx(t)‖2 + ‖θx(t)‖2 + ‖ux(t)‖2 + ‖f(t)‖2

)
, (8.3.20)

‖θx(t)‖2 ≤ C1‖θxx(t)‖2, ‖θt(t)‖2 ≤ C1

(
‖θxx(t)‖2 + ‖vxx(t)‖2 + ‖g(t)‖2

)
.

(8.3.21)

Multiplying (8.1.10)–(8.1.11) by −eγtvxx, −eγtθxx, respectively, integrating
the results over [0, 1] × [0, t], and adding them up, using Young’s inequality, the
embedding theorem, Lemmas 8.2.1 and 8.3.1–8.3.2, we finally deduce that

eγt
(
‖vx(t)‖2 + ‖θx(t)‖2

)
+

∫ t

0

eγs
(
‖vxx‖2 + ‖θxx‖2

)
(s)ds

≤ C1 + C1

∫ t

0

eγs
{(‖vx‖+ ‖ux‖+ ‖θx‖+ ‖vxux‖

)‖vxx‖
+
(‖v2x‖+ ‖uxθx‖+ ‖θx‖+ ‖θvx‖

)‖θxx‖}(s)ds
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≤ C1 +
1

2

∫ t

0

eγs
(
‖vxx‖2 + ‖θxx‖2

)
(s)ds

+ C1

∫ t

0

eγs
(
‖f‖2L2[0,L] + ‖g‖2L2[0,L]

)
(s)ds. (8.3.22)

It follows from (8.1.27) that there exists a positive constant γ1 = γ1(C1) < α1

such that for any fixed γ ∈ (0, γ1],∫ t

0

eγs
(
‖f‖2L2[0,L] + ‖g‖2L2[0,L]

)
(s)ds ≤ C1

which, together with (8.3.22), gives (8.3.19). �

This completes the proof of Theorem 8.1.2. �

8.4 Exponential Stability of Solutions in H2

In this section, we shall establish the exponential stability of solutions in H2. The
proof of Theorem 8.1.3 can be divided into the following several lemmas.

Lemma 8.4.1. Under the conditions (8.1.16)–(8.1.20), if (u0, v0, θ0) ∈ H2[0, L] ×
H2

0 [0, L]×H2[0, L], problem (8.1.9)–(8.1.15) admits a unique global solution

(u(t), v(t), θ(t)) ∈ C([0,+∞), H2[0, L]×H2
0 [0, L]×H2[0, L])

satisfying (8.1.23) and for any t > 0,

‖r(t)− r̄‖2H3 + ‖rt(t)‖2H2 + ‖u(t)− u‖2H2 + ‖v(t)‖2H2 + ‖θ(t)− θ‖2H2 + ‖ut(t)‖2H1

+ ‖vt(t)‖2 + ‖θt(t)‖2 +
∫ t

0

(
‖u− u‖2H2 + ‖ut‖2H2 + ‖v‖2H3 + ‖θ − θ‖2H3

+ ‖vt‖2H1 + ‖θt‖2H1 + ‖r − r̄‖2H3 + ‖rt‖2H3

)
(s)ds ≤ C2.

Proof. See, e.g., [102] and [111]. �

Lemma 8.4.2. Under the assumptions of Theorem 8.1.3, there are positive con-
stants C2 > 0 and γ′′

2 = γ′′
2 (C2) > 0 such that, for any fixed γ ∈ (0, γ2], it holds

that, for any t > 0,

eγt
(
‖vt(t)‖2 + ‖vxx(t)‖2

)
+

∫ t

0

eγs‖vtx(s)‖2ds ≤ C2, (8.4.1)

eγt
(
‖θt(t)‖2 + ‖θxx(t)‖2

)
+

∫ t

0

eγs‖θtx(s)‖2ds ≤ C2. (8.4.2)
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Proof. Differentiating (8.1.10) with respect to t, we have

vtt = (n− 1)rn−2rt

(
β
(rn−1v)x

u
−R

θ

u

)
x

+ rn−1

(
β
(rn−1v)x

u
−R

θ

u

)
tx

+
df

dt
.

(8.4.3)

Multiplying (8.4.3) by eγtvt, then integrating the result over [0, L], using

(8.1.9) and Theorem 8.1.1, and noting that
df

dt
= frv + ft, we derive

∫ L

0

eγtvtvttdx =
1

2
eγt‖vt‖2 = 1

2

d

dt

(
eγt‖vt‖2

)− γ

2
eγt‖vt‖2, (8.4.4)∫ L

0

eγtvtr
n−1

(
β
(rn−1v)x

u
−R

θ

u

)
tx

dx

= eγt
∫ L

0

vtr
n−1

(
β
(rn−1v)tx

u
− (rn−1v)xut

u2
−R

θt
u

+R
θut

u2

)
x

dx

≤ −C−1
2 eγt‖vtx‖2 + C2e

γt
(
‖vx‖4L4 + ‖θt‖2 + ‖vx‖2

)
≤ −C−1

2 eγt‖vtx‖2 + C2e
γt
(
‖vxx‖2 + ‖θt‖2 + ‖vx‖2

)
, (8.4.5)∫ L

0

eγt(n− 1)rn−2vvt

(
β
(rn−1v)x

u
−R

θ

u

)
x

dx

≤ C2e
γt
(‖vt‖2 + ‖vxux‖2 + ‖vxx‖2 + ‖θxux‖2 + ‖θx‖2

)
≤ C2e

γt
(‖vx‖2 + ‖vxx‖2 + ‖θx‖2 + ‖θxx‖2 + ‖ux‖2

)
(8.4.6)∣∣∣∣∣

∫ L

0

eγt
df

dt
vtdx

∣∣∣∣∣ ≤ C2e
γt‖vt‖2 + C2e

γt
(
‖fr‖2L2[0,L] + ‖ft‖2L2[0,L]

)
. (8.4.7)

Combining (8.4.3)–(8.4.7) and making use of (8.1.29), we derive that there
exists a positive constant γ′

2 = γ′
2(C2) ≤ min(γ1, α2) such that, for any fixed

γ ∈ (0, γ′
2],

eγt‖vt(t)‖2 +
∫ t

0

eγs‖vtx(s)‖2ds ≤ C2, (8.4.8)

which, together with (8.1.10), gives for any fixed γ ∈ (0, γ′
2] that

eγt‖vxx(t)‖2 ≤ C2e
γt
(
‖vt(t)‖2 + ‖ux(t)‖2 + ‖vx(t)‖2H1 + ‖θ(t)‖2H1 + ‖f‖2L2[0,L]

)
≤ C2. (8.4.9)

Hence (8.4.1) follows from (8.4.8) by using the embedding theorem.

Similarly, differentiating (8.1.11) with respect to t, we get

Cvθtt = k

(
r2n−2θx

u

)
tx

+

(
β
(rn−1v)x

u
−R

θ

u

)
t

(rn−1v)x (8.4.10)
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+

(
β
(rn−1v)x

u
−R

θ

u

)(
rn−1v

)
tx

− 2μ(n− 1)
(
rn−2v2

)
tx

+
dg

dt
.

Multiplying (8.4.10) by θt, then integrating the result over [0, L], and noting
that

dg

dt
= grv + gt,

we have ∫ L

0

eγtCvθtθttdx =
Cv

2

d

dt

(
eγt‖θ‖2t

)− Cv

2
γeγt‖θ‖2t , (8.4.11)∫ L

0

keγtθt

(
r2n−2θx

u

)
tx

dx = −eγt
∫ L

0

kθtx

(
r2n−2θx

u

)
t

dx

≤ −C−1
2 eγt‖θtx‖2 + C2e

γt
(‖ut‖2 + ‖θx‖2

)
≤ −C−1

2 eγt‖θtx‖2 + C2e
γt
(‖vx‖2 + ‖θx‖2

)
, (8.4.12)∫ L

0

eγt
(
β
(rn−1v)x

u
− R

θ

u

)
t

(
rn−1v

)
x
θtdx

≤ C2e
γt
(‖vtx‖2 + ‖vx‖4L4 + ‖θt‖2 + ‖θvx‖2 + ‖vxθt‖2

)
≤ C2e

γt
(‖vtx‖2 + ‖vxx‖2 + ‖θt‖2 + ‖vx‖2

)
. (8.4.13)

Next, it follows from (8.1.14) and Lemmas 8.2.1 and 8.3.1 that∥∥∥∥β (rn−1v)x
u

−R
θ

u

∥∥∥∥
L∞

≤ C2, (8.4.14)

‖(rn−1v)tx‖ ≤ C2

(‖vx‖+ ‖vtx‖
)
, (8.4.15)∣∣∣∣∫ L

0

θtdx

∣∣∣∣ ≤ C1

∣∣∣∣∫ L

0

1

u

(
β(rn−1x)x −Rθ

)
(rn−1v)x

∣∣∣∣
≤ C2‖vx‖ (8.4.16)

which, in conjunction with the Poincaré inequality, gives

‖θt‖ ≤
∣∣∣∣∫ L

0

θtdx

∣∣∣∣+ C‖θtx‖ ≤ C2

(‖vx‖+ ‖θtx‖
)
. (8.4.17)

Thus, from (8.4.14)–(8.4.17) we derive, for ε > 0 small enough, that∫ L

0

eγt
(
β
(rn−1v)x

u
−R

θ

u

)
(rn−1v)txθtdx

≤ C2e
γt‖(rn−1v)tx‖‖θt‖

≤ C2e
γt(‖vx‖+ ‖vtx‖)(‖vx‖+ ‖θtx‖)

≤ εeγt‖θtx‖2 + C2e
γt(‖vx‖2 + ‖vtx‖2), (8.4.18)
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∣∣∣∣ ∫ L

0

−2μ(n− 1)(rn−2v2)txe
γtθtdx

∣∣∣∣
≤ C2e

γt
(
‖θt‖2 + ‖vxvt‖2 + ‖vvtx‖2

)
≤ C2e

γt
(
‖θt‖2 + ‖vt‖2L∞ + ‖vtx‖2

)
≤ C2e

γt
(
‖θt‖2 + ‖vtx‖2

)
, (8.4.19)∣∣∣∣ ∫ L

0

eγt
dg

dt
θtdx

∣∣∣∣ ≤ C2

(
‖gr‖2L2[0,L] + ‖gt‖2L2[0,L] + ‖θt‖2

)
. (8.4.20)

From (8.4.11)–(8.4.20), it follows that, for ε > 0 small enough,

eγt‖θt(t)‖2 +
∫ t

0

eγs‖θtx(s)‖2ds

≤ C2 + C2

∫ t

0

eγs
(
‖vx‖2L∞‖θt‖2 + ‖gt‖2L2[0,L] + ‖gr‖2L2[0,L]

)
(s)ds.

Next, by (8.1.29) and the Gronwall inequality there exists a positive constant
γ′′
2 ≤ γ′

2 such that, for any fixed γ ∈ (0, γ′′
2 ],

eγt‖θt(t)‖2 +
∫ t

0

eγs‖θtx(s)‖2ds ≤ C2. (8.4.21)

Finally, from (8.1.11), we get, for any fixed γ ∈ (0, γ′′
2 ], that

eγt‖θxx(t)‖2

≤ C2e
γt
(
‖θt(t)‖2 + ‖θ(t)‖2H1 + ‖u(t)‖2H1 + ‖v(t)‖2H1 + ‖g(t)‖2L2[0,L]

)
≤ C2,

which, together with (8.4.21), yields (8.4.2). �
Lemma 8.4.3. Under the assumptions of Theorem 8.1.3, there are positive con-
stants C2 > 0 and γ′′′

2 = γ′′′
2 (C2) > 0 such that, for any fixed γ ∈ (0, γ′′′

2 ], it holds
that

eγt‖uxx(t)‖2 +
∫ t

0

eγs‖uxx(s)‖2ds ≤ C2, ∀t > 0. (8.4.22)

Proof. Differentiating (8.1.10) with respect to x, we have

β
d

dt

(uxx

u

)
+

Rθuxx

u2
= r1−nvtx + (1− n)r1−2nuvt + 2β

(rn−1v)xxux

u2

− 2β
(rn−1v)xu

2
x

u3
+R

θxx
u

− 2R
θxux

u2

+ 2R
θu2

x

u3
− r1−nfru− (1− n)r1−2nuf
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:= M (8.4.23)

where

‖M‖ ≤ C2(‖vtx‖+ ‖vt‖+ ‖ux‖+ ‖vx‖H1 + ‖θ‖H2 + ‖fr‖L2[0,L] + ‖f‖L2[0,L]).

By Theorem 8.1.2, condition (8.1.19), (8.1.29), (8.3.22), (8.4.7) and Lemma
8.4.2, we get, for any fixed γ ∈ (0, γ′′

2 ],∫ t

0

eγs‖M(s)‖2ds ≤ C2, ∀t > 0. (8.4.24)

Multiplying (8.4.23) by eγt
uxx

u
, then integrating the result over [0, L], we

arrive at

β
d

dt

(
eγt‖uxx

u
‖2
)
+ C−1

2 eγt‖uxx

u
‖2 ≤ γeγt‖uxx

u
‖2 + C2e

γt‖M‖2. (8.4.25)

Integrating (8.4.25) over [0, t] and using (8.4.24), we conclude that there exists
a positive constant γ′′′

2 ≤ γ′′
2 such that (8.4.22) holds for any fixed γ ∈ (0, γ′′′

2 ]. �

Lemma 8.4.4. Under the assumptions of Theorem 8.1.3, there are positive con-
stants C2 > 0 and γ2 = γ2(C2) > 0 such that, for any fixed γ ∈ (0, γ2],∫ t

0

eγs
(‖vxxx‖2 + ‖θxxx‖2

)
(s)ds ≤ C2, ∀t > 0. (8.4.26)

Proof. Differentiating (8.1.10) with respect to x, we get

‖vxxx(t)‖2 ≤ C2

(
‖vtx‖2 + ‖vx‖2H1 + ‖ux‖2H1 + ‖θ‖2H2 + ‖fr‖2L2[0,L]

)
.

By (8.1.29), Theorem 8.1.2, and Lemmas 8.4.1 and 8.4.2, we have for any
fixed γ ∈ (0, γ′′′

2 ], ∫ t

0

eγs‖vxxx(s)‖2ds ≤ C2, ∀t > 0. (8.4.27)

Similarly, we can show that there exists a positive constant γ2 ≤ γ′′′
2 such

that, for any fixed γ ∈ (0, γ2],∫ t

0

eγs‖θxxx(s)‖2ds ≤ C2, ∀t > 0,

which, together with (8.4.26), yields (8.4.25). �

Proof of Theorem 8.1.3. Combining Lemmas 8.4.1–8.4.4, we can obtain (8.1.30).
�
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8.5 Exponential Stability of Solutions in H4

In this section, we shall establish the exponential stability of solutions in H4. We
begin with the following lemma.

Lemma 8.5.1. Under conditions (8.1.16)–(8.1.22), if

(u0, v0, θ0) ∈ H4[0, L]×H4
0 [0, L]×H4[0, L],

problem (8.1.9)–(8.1.15) admits a unique global solution

(u(t), v(t), θ(t)) ∈ C([0,+∞), H4[0, L]×H4
0 [0, L]×H4[0, L])

satisfying for any t > 0,

‖u(t)− ū‖2H4 + ‖ut(t)‖2H3 + ‖utt(t)‖2H1 + ‖v(t)‖2H4 + ‖vt(t)‖2H2 + ‖vtt(t)‖2
+ ‖θ(t)− θ̄‖2H4 + ‖θt(t)‖2H2 + ‖θtt(t)‖2 ≤ C4, (8.5.1)∫ t

0

{
‖u− ū‖2H4 + ‖ut‖2H4 + ‖utt‖2H2 + ‖uttt‖2 + ‖v‖2H5 + ‖vt‖2H3 + ‖vtt‖2H1

+ ‖θ − θ̄‖2H5 + ‖θt‖2H3 + ‖θtt‖2H1

}
(τ)dτ ≤ C4. (8.5.2)

Proof. See, e.g., [102] and [111]. �
Lemma 8.5.2. Under the assumptions of Theorem 8.1.4, there are positive con-

stants C4 > 0 and γ
(2)
4 = γ

(2)
4 (C4) > 0 such that, for any fixed γ ∈ (0, γ

(2)
4 ], it

holds that for any t > 0,

eγt‖vtt(t)‖2 +
∫ t

0

eγτ‖vttx(τ)‖2dτ ≤ C4 + C4

∫ t

0

eγs
(‖vtxx‖2 + ε‖θttx‖2

)
(τ)dτ,

(8.5.3)

eγt‖θtt(t)‖2 +
∫ t

0

eγτ‖θttx(τ)‖dτ ≤ C4 + C4

∫ t

0

eγτ
(‖θtxx‖2 + ε‖vttx‖2

)
(τ)dτ

+ C4

∫ t

0

eγτ
(‖vx‖2 + ‖vtx‖2 + ‖θ‖2 + ‖θt‖2

) ‖θtt‖2(τ)dτ. (8.5.4)

Proof. Differentiating (8.1.10)–(8.1.11) with respect to t, we can get

‖vtt(t)‖ ≤ C4(‖θx‖+ ‖ux‖+ ‖vtxx‖+ ‖θt‖H1 + ‖fr‖L2[0,L] + ‖ft‖L2[0,L]),
(8.5.5)

‖θtt(t)‖ ≤ C4(‖θt‖H2 + ‖vx‖+ ‖vtx‖+ ‖θx‖H1 + ‖gr‖L2[0,L] + ‖gt‖L2[0,L]).
(8.5.6)

Next, differentiating (8.1.10) twice with respect to t, multiplying the result
by eγtvtt, integrating over [0, L], and using Young’s inequality, we obtain

d

dt

(
eγt‖vtt(t)‖2

)
+ (C−1

1 − C1γ)e
γt‖vttx(t)‖2 (8.5.7)



192 Chapter 8. Exponential Stability of Spherically Symmetric Solutions

≤ C4e
γt

(
‖vxx‖2 + ‖θx‖2 + ‖vtt‖2 + ‖vtxx‖2 + ‖θtx‖2 + ‖θttx‖2 +

∥∥∥∥d2fdt2

∥∥∥∥2
)
.

Now let us integrate (8.5.7) with respect to t, noting that

d2f

dt2
= frrv

2 + frtv + frvt + ftt.

Then it follows from (8.1.31) that there exists a positive constant γ
(1)
4 = γ

(1)
4 (C4) ≤

min
(

1
2C2

1
, γ2, α4

)
such that, for any fixed γ ∈ (0, γ

(1)
4 ],

∫ t

0

eγs
(
‖fr‖2L2[0,L] + ‖frr‖2L2[0,L] + ‖frt‖2L2[0,L] + ‖ftt‖2L2[0,L]

)
(s)ds ≤ C4

which, together with (8.5.5) and Theorems 8.1.2–8.1.3, yields (8.5.3).

By the same method, differentiating (8.1.11) twice with respect to t, multi-
plying the resultant by eγtθtt, integrating the result over [0, L], and using Young’s
inequality, we have

d

dt

(
eγt‖θtt(t)‖2

)
≤ C4e

γt

{
− ‖θttx‖2 + ε‖vttx‖2 + ‖θtt‖2 + ‖vtx‖2

+ ‖θt‖2 + ‖vx‖2 + ‖θ‖2 +
∥∥∥∥d2gdt2

∥∥∥∥2}
+ C4e

γt
(‖vx‖2 + ‖vtx‖2 + ‖θ‖2 + ‖θt‖2

) ‖θtt‖2. (8.5.8)

Finally, integrating (8.5.8) with respect to t and noting that

d2g

dt2
= grrv

2 + 2grtv + grvt + gtt,

we can derive there exists a positive constant γ
(2)
4 = γ

(2)
4 (C4) ≤ γ

(1)
4 such that, for

any fixed γ ∈ (0, γ
(2)
4 ],∫ t

0

eγs
(
‖gr‖2L2[0,L] + ‖grr‖2L2[0,L] + ‖grt‖2L2[0,L] + ‖gtt‖2L2[0,L]

)
(s)ds ≤ C4

which, together with (8.5.6) and Theorems 8.1.2–8.1.3, gives (8.5.4). �
Lemma 8.5.3. Under the assumptions of Theorem 8.1.4, there are positive con-

stants C4 > 0 and γ
(4)
4 = γ

(4)
4 (C4) > 0 such that, for any fixed γ ∈ (0, γ

(4)
4 ], it

holds for any t > 0 that

eγt‖vtx(t)‖2 +
∫ t

0

eγτ‖vtxx(τ)‖2dτ ≤ C4 + C4ε

∫ t

0

eγτ‖θtxx‖2(τ)dτ, (8.5.9)
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eγt‖θtx(t)‖2 +
∫ t

0

eγτ‖θtxx(τ)‖2dτ (8.5.10)

≤ C4 + C4

∫ t

0

eγτ
[
ε‖vtxx‖2 + (‖vx‖2 + ‖θ‖2H1 + ‖vxx‖2)‖θtx‖2

]
(τ)dτ.

Proof. Differentiating (8.1.10) with respect to t and x, multiplying by eγtvtx, in-
tegrating with respect to x by parts, and using Young’s inequality, we have, for
any ε > 0,

d

dt

(
eγt‖vtx(t)‖2

)
+(C−1

1 −C1γ−ε)eγt‖vtxx(t)‖2 (8.5.11)

≤C4e
γt

(
‖vxx‖2+‖θx‖2H1 +ε‖vtxx‖2+‖vtx‖2+‖vx‖2H2 +ε‖θtxx‖2+

∥∥∥∥ d2f

dtdx

∥∥∥∥2).
Integrating (8.5.11) with respect to t and noting that

d2f

dtdx
= frrur

1−nv + frtr
1−nu+ frvx,

it follows from (8.1.31) that there exists a positive constant γ
(1)
4 such that, for any

fixed γ ∈ (0, γ
(1)
4 ],∫ t

0

eγs
(
‖fr‖2L2[0,L] + ‖frr‖2L2[0,L] + ‖frt‖2L2[0,L]

)
(s)ds ≤ C4

which, together with Theorems 8.1.2–8.1.3, yields (8.5.9) if we take ε ∈ (0, 1) so

small that 0 < ε ≤ min(1, 1/(4C1)) and 0 < γ < min(γ
(2)
4 , 1/(4C2

1)) ≡ γ
(3)
4 . In the

same manner, we can easily show that there exists a positive constant γ
(4)
4 ≤ γ

(2)
4

such that for any fixed γ ∈ (0, γ
(4)
4 ], (8.5.10) holds. �

Lemma 8.5.4. Under the assumptions of Theorem 8.1.4, there are positive con-

stants C4 > 0 and γ
(4)
4 = γ

(4)
4 (C4) > 0 such that, for any fixed γ ∈ (0, γ

(4)
4 ], it

holds for any t > 0 that

eγt
(
‖vtt(t)‖2 + ‖θtt(t)‖2 + ‖vtx(t)‖2 + ‖θtx(t)‖2

)
+

∫ t

0

eγτ
(
‖vtxx‖2 + ‖θtxx‖2 + ‖vttx‖2 + ‖θttx‖2

)
(τ)dτ ≤ C4. (8.5.12)

Proof. Adding (8.5.9) to (8.5.10), we have

eγt
(
‖vtx(t)‖2 + ‖θtx(t)‖2

)
+

∫ t

0

eγτ
(
‖vtxx‖2 + ‖θtxx‖2

)
(τ)dτ

≤ C4 + C4

∫ t

0

eγτ
(
‖vx‖2 + ‖θx‖2H1 + ‖vxx‖2

)
‖θtx‖2(τ)dτ. (8.5.13)
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Using Gronwall’s inequality and Theorems 8.1.2–8.1.3, we can show that, for

γ ∈ (0, γ
(4)
4 ],

eγt
(
‖vtx(t)‖2 + ‖θtx(t)‖2

)
+

∫ t

0

eγτ
(
‖vtxx‖2 + ‖θtxx‖2

)
(τ)dτ ≤ C4. (8.5.14)

Multiplying (8.5.3) and (8.5.4) by ε, and then adding the results to (8.5.14),
we obtain

eγt
(
‖vtt(t)‖2 + ‖θtt(t)‖2 + ‖vtx(t)‖2 + ‖θtx(t)‖2

)
+

∫ t

0

eγτ
(
‖vtxx‖2 + ‖θtxx‖2 + ‖vttx‖2 + ‖θttx‖2

)
(τ)dτ

≤ C4 + C4(ε)

∫ t

0

eγτ
(
‖vx‖2 + ‖vtx‖2 + ‖θx‖2 + ‖θt‖2

)
‖θtt‖2(τ)dτ. (8.5.15)

Applying Gronwall’s inequality to (8.5.15), and using Theorems 8.1.2–8.1.3,
we get (8.5.12). �
Lemma 8.5.5. Under the assumptions of Theorem 8.1.4, there are positive con-

stants C4 > 0 and γ4 < γ
(4)
4 such that for any fixed γ ∈ (0, γ4], it holds that, for

any t > 0,

eγt‖uxxx(t)‖2H1 +

∫ t

0

eγτ‖uxxx(τ)‖2H1dτ ≤ C4, (8.5.16)

eγt
(
‖vxxx(t)‖2H1 + ‖θxxx(t)‖2H1 + ‖utxxx(t)‖2 + ‖vtxx(t)‖2 + ‖θtxx(t)‖2

)
+

∫ t

0

eγτ
(
‖vtt‖2 + ‖θtt‖2 + ‖θtxx‖2H1 + ‖vtxx‖2H1 + ‖utxxx‖2H1

)
(τ)dτ ≤ C4,

(8.5.17)∫ t

0

eγτ
(
‖vxxxx‖2H1 + ‖θxxxx‖2H1

)
(τ)dτ ≤ C4. (8.5.18)

Proof. Differentiating (8.1.10) with respect to x, and using equation (8.1.9), we
get

β
d

dt
(
uxxx

u
) +R

θuxxx

u2

= (r1−n)xxvt + 2(r1−n)xvtx + r1−nvtxx + β

{
3
(rn−1v)xxxux

u2
+ 3

(rn−1v)xxuxx

u2

+ 6
(rn−1v)xu

3
x

u4
− 6

(rn−1v)xxu
2
x

u3
− 6

(rn−1v)xuxxu
2
x

u3

}
+R

{
θxxx
u

− 3
θxxux

u2

− 3
θxuxx

u2
+ 4

θxu
2
x

u3
+ 2

θuxxux

u3
+ 2

θxu
2
x

u3
+ 4

θuxuxx

u3
− 6

u3
xθ

u4

}
− (frru

2+ frux)
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:= E(x, t) (8.5.19)

with

‖E(t)‖ ≤ C4

(‖vt‖H2 + ‖ux‖H1 + ‖vx‖H2 + ‖θx‖H2 + ‖frr‖L2[0,L] + ‖fr‖L2[0,L]

)
.

It follows from Theorem 8.1.3, Lemma 8.5.4 and conditions (8.1.20) and

(8.1.29) that for any fixed γ ∈ (0, γ
(4)
4 ],∫ t

0

eγτ‖E(τ)‖2dτ ≤ C4, ∀t > 0. (8.5.20)

Multiplying (8.5.19) by eγt
uxxx

u
and integrating the result over [0, L]× [0, t],

we obtain

eγt‖uxxx(t)‖2 +
∫ t

0

(C−1
2 − C2γ)e

γτ‖uxxx(τ)‖2dτ ≤ C4 + C4

∫ t

0

eγτ‖E(τ)‖2dτ,

so if we take γ
(5)
4 = min( 1

4C2
2
, γ

(4)
4 ) > 0, then for any fixed γ ∈ (0, γ

(5)
4 ], we get

eγt‖uxxx(t)‖2 +
∫ t

0

eγτ‖uxxx(τ)‖2dτ ≤ C4. (8.5.21)

Differentiating (8.1.10) with respect to x, we can deduce that

‖vxxx(t)‖ ≤ C4

(‖vtx‖+ ‖θ‖H2 + ‖v‖H2 + ‖u‖H2 + ‖fr‖L2[0,L]

) ≤ C4. (8.5.22)

Next, differentiating (8.1.10) with respect to x twice, we have

‖vxxxx(t)‖ ≤ C4

(‖vtxx‖+ ‖θ‖H3 + ‖v‖H3 + ‖u‖H3 + ‖frr‖L2[0,L] + ‖fr‖L2[0,L]

)
.

(8.5.23)

By the same method, differentiating (8.1.11) with respect to x once and twice,
respectively, we get

‖θxxx(t)‖ ≤ C4(‖θtx‖+ ‖v‖H2 + ‖θ‖H2 + ‖u‖H2 + ‖gr‖L2[0,L]) ≤ C4, (8.5.24)

‖θxxxx(t)‖ ≤ C4(‖θtxx‖+ ‖v‖H3 + ‖θ‖H3 + ‖u‖H3

+ ‖grr‖L2[0,L] + ‖gr‖L2[0,L]). (8.5.25)

By Theorem 8.1.3 and (8.5.13), we have for γ ∈ (0, γ
(4)
4 ],

eγt
(
‖vxxx(t)‖2 + ‖θxxx(t)‖2

)
+

∫ t

0

eγτ
(‖vxxx‖2H1 + ‖θxxx‖2H1

)
(τ)dτ ≤ C4.

(8.5.26)
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Differentiating (8.1.10) and (8.1.11) with respect to t and using Theorem
8.1.2 and Lemma 8.4.1, we can show that

‖vtxx(t)‖ ≤ C4

(‖vtt‖+ ‖θtx‖+ ‖utx‖+ ‖fr‖L2[0,L] + ‖ft‖L2[0,L]

)
≤ C4, (8.5.27)

‖θtxx(t)‖ ≤ C4

(‖θtt‖+ ‖vtx‖+ ‖utx‖+ ‖gr‖L2[0,L] + ‖gt‖L2[0,L]

)
≤ C4. (8.5.28)

By (8.5.23), (8.5.25)–(8.5.28), Theorems 8.1.2–8.1.3 and conditions (8.1.21)–

(8.1.22), we have, for γ ∈ (0, γ
(5)
4 ],

eγt
(
‖vxxxx(t)‖2+‖θxxxx(t)‖2

)
+

∫ t

0

eγτ (‖vxxxx‖2+‖θxxxx‖2)(τ)dτ ≤ C4. (8.5.29)

Further, differentiating (8.5.19) with respect to x, we get

β
d

dt

(uxxxx

u

)
+R

θuxxxx

u2

=
(rn−1v)xxxxux

u2
+

uxxx(r
n−1v)xx
u2

− 2
uxxxu

2
x

u3
+ 2

θuxxxux

u3
− θxuxxx

u2
+ Ex

= E1(x, t), (8.5.30)

with

‖E1(t)‖ ≤ C4

(
‖u‖H3 + ‖v‖H4 + ‖θ‖H4 + ‖vt‖H3 +

∥∥∥∥d3fdx3

∥∥∥∥) . (8.5.31)

It follows from Theorem 8.1.3, Lemma 8.5.4 and conditions (8.1.21) and

(8.1.30) that there exists a positive constant γ
(6)
4 = γ

(6)
4 (C4) ≤ γ

(5)
4 such that, for

any fixed γ ∈ (0, γ
(6)
4 ], ∫ t

0

eγτ‖E1(τ)‖2dτ ≤ C4, ∀t > 0. (8.5.32)

Differentiating (8.1.10) with respect to t and x, we can derive

‖vtxxx(t)‖ ≤ C4

(
‖vttx‖+ ‖θtxx‖+ ‖fr‖L2[0,L] + ‖frt‖L2[0,L] + ‖frr‖L2[0,L]

+ ‖vt‖H2 + ‖v‖H3 + ‖θ‖H2

)
. (8.5.33)

Multiplying (8.5.30) by eγt
uxxxx

u
, integrating the resultant over [0, L]× [0, t],

and using Theorem 8.1.3, Lemma 8.5.4, (8.5.21), (8.5.29), (8.5.32) and (8.1.21)–

(8.1.22), we obtain, for γ ∈ (0, γ
(6)
4 ],

eγt‖uxxxx(t)‖2 +
∫ t

0

eγτ‖uxxxx(τ)‖2dτ ≤ C4, ∀t > 0. (8.5.34)
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Differentiating (8.1.10) and (8.1.11) three times with respect to x respectively,
we get

‖vxxxxx(t)‖ ≤ C4

(
‖vt‖H3 + ‖v‖H4 + ‖θ‖H4 + ‖u‖H4 +

∥∥∥∥d3fdx3

∥∥∥∥) , (8.5.35)

‖θxxxxx(t)‖ ≤ C4

(
‖θt‖H3 + ‖v‖H4 + ‖θ‖H4 + ‖u‖H3 +

∥∥∥∥d3gdx3

∥∥∥∥) . (8.5.36)

Differentiating (8.1.11) with respect to t and x, we get

‖θtxxx(t)‖ ≤ C4

(
‖θttx‖+ ‖θ‖H3 + ‖θt‖H2 + ‖vt‖H2 + ‖v‖H2 + ‖utx‖+

∥∥∥∥ d2g

dtdx

∥∥∥∥).
(8.5.37)

By (8.1.9), we obtain

‖utxxx(t)‖ ≤ C4‖v(t)‖H4 , ‖utxxx(t)‖H1 ≤ C4‖v(t)‖H5 . (8.5.38)

Similarly to (8.4.26), we conclude that there exists a positive constant γ4 ≤
γ
(6)
4 such that, for any fixed γ ∈ (0, γ4], (8.5.18) holds.

Finally, combining (8.5.5)–(8.5.6), (8.5.29), (8.5.32), (8.5.35)–(8.5.38) and the
embedding theorem, for any fixed γ ∈ (0, γ4], we obtain (8.5.17). �

This completes the proof of Theorem 8.1.4. �

8.6 Bibliographic Comments

In the case when f = g ≡ 0, Fujita-Yashima and Benabidallah [138, 139] es-
tablished the global existence of solutions to problem (8.1.9)–(8.1.15), Jiang [54]
proved the large-time behavior of global solutions in H1, Zheng and Qin [150]
obtained the global existence of universal attractors in H1 and H2, and Qin et al.
[108] established the exponential stability of global solutions in H4.

In the case when f �= 0, g �= 0, Qin and Huang [102], and Qin and Wen [111]
proved the global existence of solutions in Hi (i = 1, 2, 4) to problem (8.1.9)–
(8.1.15), but the asymptotic behavior remained open. In this chapter, we estab-
lished the asymptotic behavior and the exponential stability of solutions to prob-
lem (8.1.9)–(8.1.15).

We also refer the reader to the related results in Cho, Choe and Kim [12],
Qin and Muñoz Rivera [109], Xu and Yang [136], Yanagi [137], Zheng [148], Zheng
and Qin [149], and Zimmer [151].
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ger, Basel-Boston-Berlin, 2012.

[103] Y. Qin, G. Hu, T. Wang, L. Huang and Z. Ma, Remarks on global smooth
solutions to a 1D self-gravitating viscous radiative and reactive gas, J. Math.
Anal. Appl., 408 (2013), 19–26.

[104] Y. Qin, G. Hu and T. Wang, Global smooth solutions for the compressible
viscous and heat-conductive gas, Quart. Appl. Math., 62 (2011), 509–528.



206 Bibliography

[105] Y. Qin, L. Huang, S. Deng, Z. Ma, X. Su and X. Yang, On the 1D viscous
reactive and radiative gas with the one-order Arrhenius kinetics, preprint.

[106] Y. Qin, X. Liu and X. Yang, Global existence and exponential stability of
solutions to the 1D full non-Newtonian fluids, Nonlinear Anal., Real World
Appl., 13 (2012), 607–633.

[107] Y. Qin, X. Liu and X. Yang, Global existence and exponential stability for
a 1D compressible and radiative MHD flow, J. Differential Equations, 253
(2012), 1439–1488.

[108] Y. Qin, T.F. Ma, M.M. Cavalcanti and D. Andrade, Exponential stability
in H4 for the Navier-Stokes equations of viscous and heat-conductive fluid,
Commun. Pure Appl. Anal., 4 (2005), 635–664.
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