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Introduction

The importance of probability theory in several fields of pure and applied science
can hardly be overrated. In particular, it is a cornerstone in which several branches
of physics and mathematics have their roots.

Probability theory is the theoretical framework underlying statistics, and thus
enables to rigorously extract information from experimental data with enormous
implications in all fields of science. The language of several branches of modern
theoretical physics, from quantum mechanics to quantum field theory and statistical
physics, is formulated in terms of random variables and processes. One could think
that celebrated Gibbs ensembles of classical statistical mechanics, for example
Q�1 expð�bHÞ, are, in the classical case, nothing but probability densities. In
quantum mechanics, the wave function of a physical system, the quantum state, say
WðxÞ, allows one to compute probability densities for any observable. Even
quantum field theory, when formulated using euclidean Feynman path integrals, is a
probability theory on the space of configurations of the quantum fields.

The ubiquitous presence of probability theory in modern science and the advent
of more and more powerful computational resources have conferred a role of
increasing relevance to computational methods in ductile and powerful techniques
for investigating reality. Actually, computational physics lies somehow in the
middle between theoretical and experimental physics: experiments are performed
on a computer relying on theoretical models. One creates his/her own virtual lab-
oratory and performs his/her own experiments inside it by sampling a random
variable whose expected value is the solution of the physical problem under study.
The mathematical foundation of most of the methodologies in computational
physics lies, again, in probability theory. Just to give an example, the very famous
Metropolis algorithm, which enabled the quantitative study of all Gibbs ensembles,
ranging from classical fluids to biological molecules, has its roots in an advanced
topic in probability theory, the theory of Markov chains.

Finally, the study of complex systems, with plenty of applications in biology,
physics, chemistry, economy, computer science, and many other fields, has become
during last decades an extremely attractive research field. Probability theory is
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naturally essential for the mathematical modeling, and simulation is a crucial tool to
understand the behavior of such systems.

A robust background in probability theory is thus arguably a mandatory requisite
for graduate students in physics or related disciplines. This book is meant to guide a
student from the very foundations to more advanced topics, like stochastic pro-
cesses and stochastic differential equations. This material is typically dealt with in
advanced textbooks about mathematics, which, due to the volume and the high
level of sophistication of the formalism, are sometimes hard to read for a reader
with a non-strictly mathematical background. We present the material in such a way
to provide a link between basic undergraduate level textbooks and such advanced
books. In doing this, we will keep extreme attention to the mathematical rigor and,
contemporarily, we add simple intuitive explanations that help understanding the
“physical meaning” of advanced mathematical objects.

In addition, we describe the applications of the formalism and the connections
with other branches of physics. For example, we will explore the deep connection
between the Brownian motion, originally introduced to describe the motion of
pollen grains inside water, and quantum mechanics in Feynman’s path integral
formulation.

Furthermore, we describe selected important applications of the formalism of
stochastic processes to various branches of modern physics, namely partial differ-
ential equations, quantum mechanics of interacting particles, and econophysics. The
proposed applications are remarkable examples of complex systems, as they model
a large number of strongly interacting constituents. Their study requires and applies
the same mathematical notions and instruments, ranging from the Itô integral to the
Feynman–Kac and Fokker–Planck equations, on which this flourishing branch of
applied mathematics is based.

We also provide fully solved exercises meant to allow the reader to deepen his
knowledge of the several topics; sometimes, in the exercises we take the oppor-
tunity to present material that is not covered in the main text.

While reading this book, a reader with basic knowledge of a programming
language like C++ or Fortran will become able to implement his/her own simulation
algorithms in computational physics, thus having the possibility to address the
study of models in statistical physics and quantum mechanics. Moreover, and
maybe even more importantly, the reader will develop the background necessary to
consciously and critically use already existing computational physics codes.

The book is organized as follows: in Chap. 1, we will review the basic formalism
of probability theorem, putting emphasis on the topics that will be more useful for
the following chapters. The material in this chapter is naturally standard, but we
find it useful to make the book self-contained, and, moreover, to fix the basic
notations and set up the basis of the formalism in a somehow familiar context. We
take the opportunity to introduce in this chapter also topic that are very interesting
for a physicist, like quantum statistics, Gaussian integration, and Wick’s theorem.

In Chap. 2, we will provide a brief but self-contained and rigorous review of the
basic notions and results of mathematical statistics: this is a large field that deserves
a full book for a comprehensive review. In our context, we find essential to present

xii Introduction



what is needed to be able to analyze experimental data or numerical data on a fully
rigorous basis. Particular emphasis is put on the definition and the properties of
estimators, and on hypothesis tests.

Chapter 3 deals with conditional expectation: this is a crucial ingredient of the
theory of stochastic processes. Since it is quite a difficult notion, we try to add
explanations and elementary constructions that allow the reader to capture the
essential interpretation. After the first three chapters, which somehow provide the
foundation of the book, we start dealing with stochastic processes, which are the
most natural models of phenomena whose time dependence is, to a certain degree,
non-deterministic.

In Chap. 4, we introduce the Markov chains, which are the simplest stochastic
processes. Although simple, those processes, defined by the very intuitive picture
that the state at present time is enough to study the future state, allowing to “forget
the past,” are extremely important in several areas of applied sciences. We focus our
attention on the thermalization process of the Markov chains, that is, on the infinite
time limit. This has deep connection with the thermalization of real physical sys-
tems. We will also prove the Metropolis theorem, which, as mentioned above,
provides the mathematical foundation of a vast number of numerical simulations in
computational physics.

Chapter 5 is meant to teach the reader how to use a computer to design his own
simulations relying on what he learned till now. He/She will learn how to sample a
random variable and a Markov chain, thus learning the basics of Monte Carlo
simulations. This will allow him/her to numerically study a huge variety of physical
models like, just to mention a couple of examples, the Ising model or the model of a
simple liquid in thermal equilibrium.

Chapter 6 deals with the celebrated Brownian motion, starting from the historical
approach invented by Einstein, up to the modern formulation in the context of the
theory of stochastic processes. We stress that the Brownian motion is a meeting
point of several branches of physics, ranging from quantum mechanics in the path
integral formulation to the theory of partial differential equations.

The two final chapters will be devoted to more advanced topics, that is,
stochastic calculus and stochastic differential equations, with physical applications.
Attention will be devoted both to the formal development and to the applications, in
the attempt of justifying the mathematical objects with their interpretation in the
realm of models of physical systems. We will arrive at the Feynman–Kac and
Fokker–Planck equations, which play a crucial role in several branches of physics.

Introduction xiii



Chapter 1
Review of Probability Theory

Abstract This chapter provides a self-contained review of the foundations of proba-
bility theory, in order to fix notations and introducemathematical objects employed in
the remaining chapters. In particular we stress the notions of measurability, related to
what it is actually possible to observe when performing an experiment, and statistical
independence. We present several tools to deal with random variables; in particular
we focus on the normal random variables, a cornerstone in the theory of random
phenomena. We conclude presenting the law of large numbers and the central limit
theorem.

Keywords Probability theory · Probability spaces · Random variables
Probability laws · Law of large numbers · Central limit theorem

1.1 Probability Spaces and Random Variables

Let us begin by introducing the natural environment to deal with random phenomena,
relying on the axiomatic formulation due to Kolmogorov [1]. The first ingredient we
need is provided by the following

Definition 1.1 A probability space is a triplet of the form:

(Ω,F, P) (1.1)

where:

1. Ω is a non–empty set, called sample space;

2. F is a σ -field of subsets of Ω , called the set of events;
3. P is a measure F satisfying the condition P(Ω) = 1, called probability

measure.

© Springer International Publishing AG, part of Springer Nature 2018
E. Vitali et al., Theory and Simulation of Random Phenomena, UNITEXT
for Physics, https://doi.org/10.1007/978-3-319-90515-0_1
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2 1 Review of Probability Theory

The elements of Ω are interpreted as all the possible outcomes of an experiment
modelled by the probability space (Ω,F, P). Once observed the outcomeof the given
experiment, we know whether some events have happened or not: the collection of
such events isF. The probabilitymeasure describes how likely is the outcoming of the
events. The mathematical requirement of F being a σ -field means, by definition, that
F is closed under countable unions and intersections, and under complementations;
moreover, Ω itself and the empty set ∅ belongs to F by definition. The measure P is
σ -additive, i.e., for any countable family of events {A1, . . . , An, . . . } ⊂ F such that
Ai ∩ A j = ∅ if i �= j :

P

⎛
⎝

+∞⋃
j=1

A j

⎞
⎠ =

+∞∑
j=1

P(A j ) (1.2)

In general, the sample space can be any non-empty set, finite, infinite countable
or uncountable. Whenever Ω is finite or countably infinite, the σ -field is always
taken to be the whole power set of Ω , F = P(Ω), containing all the subsets of Ω .
Whenever Ω is uncountable, the power set is in general too large, giving rise to
pathological situations in which a probability measure cannot be defined (the reader
may remember that this is the case in Lebesgue measure theory). In such cases one
has to restrict the σ -field. WheneverΩ is a topological space, we will always choose
theBorel σ -field,B(Ω), which is the smallest σ -field containing all the open subsets
of Ω .

The second basic ingredient is the definition of random variable.

Definition 1.2 Let (E,E) be a measurable space, that is a non-empty set
E together with a σ -field of subsets E. A random variable is a function
X : Ω → E which ismeasurable, that is:

∀B ∈ E, {ω ∈ Ω : X (ω) ∈ B} ∈ F (1.3)

When we want to make explicit the σ -fields, we will use the transparent nota-
tion:

X : (Ω,F, P) → (E,E) (1.4)

Remark 1.1 Wewill use simple notation of the form {X ∈ B} instead of themore pre-
cise one {ω ∈ Ω : X (ω) ∈ B}, or, in case of real valued random variables, {X ≤ x}
instead of {ω ∈ Ω : X (ω) ≤ x} and so on.

Random variables are thus the functions naturally related to the mathematical
structure of measurable spaces, just like continuous functions between topological
spaces and linear applications between vector spaces.

The map:

B ∈ E → μ(B)
de f= P(X ∈ B) (1.5)



1.1 Probability Spaces and Random Variables 3

is a probability measure on E and is called the law or distribution of the random
variable X . The notation X ∼ μ is commonly use to denote the fact that μ is the
law of X . The measurable space (E,E), equipped with the measure μ, becomes a
probability space (E,E, μ).

Remark 1.2 We note that the identity map on (Ω,F):

ω ∈ Ω → idΩ(ω) = ω (1.6)

is naturally a random variable and its law is precisely P . This simple observation
allows to conclude that, whenever a probabilitymeasure P is defined on ameasurable
set, there always exist a random variable taking values in the given set whose law
is P . This could appear trivial at first sight, but it is useful: we will always work
directly with laws, forgetting to explicitly define the random variables.

We stress that the notion of measurability is very important: from the point of
view of the interpretation, the fact that a random variable X is measurable means
that, once observed the outcome of an experiment modelled by (Ω,F, P), the value
of X is known. This will turn out to be a key point in future chapters, when our
knowledge will depend on time.

Besides measurability, an extremely important notion is that of independence,
translating in mathematical language the intuitive idea the term suggests.

Definition 1.3 A collection
{
F j
}
j∈J (not necessarily finite) of sub-σ -fields

of F are said to be independent if, for any finite subset I ⊂ J the following
equality holds:

P

(⋂
i∈I

Ai

)
=
∏
i∈I

P(Ai ) (1.7)

for any choice of events Ai ∈ Fi .
A collection

{
A j
}
j∈J of events belonging to F are said to be independent

if the sub-σ -fields
{
FA j

}
j∈J, FA j = {∅, A j , AC

j ,Ω}, are independent.
A collection

{
X j
}
j∈J of random variables, X j : (Ω,F, P) → (

E j ,E j
)
,

are said to be independent if the generated sub-σ -fields
{
σ(X j )

}
j∈J, σ(X j )

being, by definition, the smallest σ -field containing all the events {X j ∈ B}
for all B ∈ E j , are independent.

Remark 1.3 The definition of a σ -field σ(X) generated by a random variable X , will
be useful in the following chapters. It is the smallest σ -field making X a measurable
function. This means that it contains the minimal information needed to know the
value of X , once an experiment is performed.
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1.2 First Examples: Binomial Law, Poisson Law,
and Geometric Law

Now that we have introduced themost important ingredients, we are ready to build up
our first examples of probability spaces and random variables. We consider an exper-
iment consisting in tossing a (non necessarily balanced) coin n times and counting
the number of heads obtained. How can we describe such situation in the language
of probability theory? It is quite natural to build up a probability space (Ω,F, P) in
the following way; let’s choose:

Ω = {0, 1}n (1.8)

This means that the possible outcomes have the form Ω � ω = (ω1, . . . , ωn) where,
using a simple convention, ωi = 0 if at the i-th toss we get tail and ωi = 1 if we get
head. We may consider as σ -field the whole power set of Ω , F = P(Ω), containing
all the subsets of Ω .

The definition of the probability measure requires some more work. We introduce
a parameter p ∈ [0, 1], which would be equal to 1/2 if the coin were perfectly
balanced, with the interpretation of how likely is the outcome of head in a single
toss. Rigorously, this means we are defining:

P(Ai ) = p, ∀i = 1, . . . , n, Ai = {ω = (ω1, . . . , ωn) ∈ Ω| ωi = 1} (1.9)

assuming that all tosses are equivalent, i.e. P(Ai ) does not depend on i . We observe
now that the event “the first x tosses (x = 0, . . . , n) give head and the other (n − x)
tail”, contains only the element of Ω:

ω = (1, 1, . . . , 1, 0, . . . , 0) = A1 ∩ · · · ∩ Ax ∩ AC
x+1 ∩ · · · ∩ AC

n (1.10)

If we assume that the tosses are independent we have necessarily:

P ({ω = (1, 1, . . . , 1, 0, . . . , 0)}) = px (1 − p)n−x (1.11)

Moreover any element of ω in which the value 1 appears x times and the value 0
(n − x) times has the same probability by construction.We have thus defined P({ω})
for all ω ∈ Ω and thus:

P(A) =
∑
ω∈A

P({ω}) (1.12)

for any event A ∈ F = P(Ω).
The definition of the probability space (Ω,F, P) is now completed.



1.2 First Examples: Binomial Law, Poisson Law, and Geometric Law 5

Let’s define now the random variable X : Ω → {0, 1, . . . , n}:

ω = (ω1, . . . , ωn) → X (ω) =
n∑

i=1

ωi (1.13)

where the set {0, 1, . . . , n} is trivially measurable once endowed with its power set
σ -field P ({0, 1, . . . , n}). The random variable X simply counts the number of heads
in n independent coin tosses. The law of X can be obtained very simply starting from
the probabilities:

P(X = x), x ∈ {0, 1, . . . , n} (1.14)

that can be obtained counting the number of different ω ∈ Ω in which the value 1
appears x times and the value 0 (n − x) times: the event

{X = x} = {ω ∈ Ω |
n∑

i=1

ωi = x} (1.15)

contains indeed all such elements, whose number is given by the binomial coefficient:

(
n
x

)
= n!

x !(n − x)! , n! = n(n − 1)(n − 2) . . . 1 (1.16)

The result is:

P(X = x) =
(
n
x

)
px (1 − p)n−x , x = 0, . . . , n (1.17)

From the knowledge of P(X = x) we immediately obtain the law of X :

B ∈ P ({0, 1, . . . , n}) → μ(B) =
∑
x∈B

(
n
x

)
px (1 − p)n−x (1.18)

This law is very famous and it is called binomial law with parameters (n, p): we
will write X ∼ B(n, p). In the particular case n = 1, B(1, p) is calledBernoulli law
with parameter p.

In order to make the notations more compact, it is useful to define a function
p : IR → IR as follows:

x ∈ IR → p(x) =
⎧⎨
⎩

(
n
x

)
px (1 − p)n−x i f x = 0, . . . , n

0 otherwise
(1.19)
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Such function is called discrete density of X , it is different from zero only in a
countable subset of IR and satisfies:

p(x) ≥ 0,
∑
x∈IR

p(x) = 1 (1.20)

where the sum is meant in the language of infinite summations theory. The law can
be extended naturally to the measurable set made by real numbers equipped with the
Borel σ -fieldB(IR), the smallest σ -field containing the open subset of IR, (IR,B(IR))

B ∈ B(IR) → μ(B) =
∑
x∈B

p(x) (1.21)

In this example we have built up explicitly a probability space (Ω,F, P) and a
discrete randomvariable X (i.e. it assumes only a countable set of values). The law of
such random variable turned out to be completely determined by the discrete density
p(x). The reader will imediately realize that the precise details of the definition of the
space (Ω,F, P) and of X can be completely forgotten once the law of X is known:
they actually have no impact on the probabilistic description of the experiment.

Starting from the binomial law, it is possible to build up other very important laws.
We consider a law B(n, λ

n ), where λ > 0 is a fixed parameter, and we investigate the
asymptotic behavior as n → +∞:

P(X = x) =
(
n
x

) (
λ
n

)x
(1 − λ

n )
n−x = n!

x !(n−x)!
λx

nx (1 − λ
n )

n−x = (1.22)

= λx

x ! (1 − λ
n )

n n(n−1)...(n−x+1)
nx (1 − λ

n )
−x n→+∞→ λx

x ! e
−λ

The last expression provides the definition of the Poisson law with parameter λ,
related to the discrete density:

x ∈ IR → p(x) =
{

λx

x ! e
−λ x = 0, 1, 2, . . .
0 otherwise

(1.23)

It is simple to check that the above function actually defines a discrete density:

∑
x∈IR

p(x) =
+∞∑
x=0

λx

x ! e
−λ = eλe−λ = 1 (1.24)

A Poisson law is often used to model experiments in which a system of many objects
is observed (for example a collection of nuclei), each having a very low probability
to undergo a certain phenomenon (for example radioactive decay).

Another interesting question is the following: what is the probability that the first
head appears precisely at the x-th toss? Let T be the random variable providing the
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toss inwhichwe obtain the first head. To evaluate P(T = x)we can use the following
simple identity:

{T = x} ∪ {T > x} = {T > x − 1} (1.25)

implying, since naturally {T = x} ∩ {T > x} = ∅:

P(T = x) + P(T > x) = P(T > x − 1) (1.26)

The key point is that the event {T > x} corresponds to no heads in the first x tosses,
so that the probability is:

P(T > x) =
(
x
0

)
p0 (1 − p)x−0 = (1 − p)x (1.27)

It follows that:

P(T = x) = P(T > x − 1) − P(T > x) = (1 − p)x−1 − (1 − p)x = p(1 − p)x−1 (1.28)

We call geometric law of parameter p ∈ [0, 1] the law associated with the discrete
density:

x ∈ IR → p(x) =
{
p (1 − p)x x = 0, 1, 2, . . .

0 otherwise
(1.29)

In our example, T − 1 has a geometric law.

1.3 Probability and Counting

Within probability theory, quite often it is necessary to be able to count the elements of
a finite set. Whenever the sample spaceΩ is finite,Ω = {ω1, . . . , ωN }, one uniquely
defines the probability measure P assigning the numbers:

pi = P ({ωi }) , i = 1, . . . , N (1.30)

For any event A ∈ P (Ω), its probability is given by:

P(A) =
∑
ωi∈A

pi (1.31)

In the particular case of uniform probability (we use the symbol card(X) to denote
the number of elements of a set X ):

pi = 1

card(Ω)
= 1

N
(1.32)
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we have:

P(A) = card(A)

card(Ω)
(1.33)

This relation should be familiar to all readers and reminds the intuitive idea of prob-
ability as the ratio between the number of favorable events and the total number of
possible events.

Moreover, the above relation indicates that, when facing probability problems, a
good skill in counting is desirable. The field of mathematics that deals with counting
the number of elements of a set is combinatorics. We won’t enter the details of such
highly non trivial branch of mathematics. We just summarize a few commonly used
notations. The factorial of a non-negative integer n is defined as:

n! = n (n − 1) . . . 1 =
n∏

i=1

i, 0! = 1 (1.34)

and is the number of bijective functions f : {1, . . . , n} → {1, . . . , n}, that is the
number of permutations of n objects. Another very important object is the binomial
coefficient, we have already encountered in the previous section:

(
n

k

)
= n!

k!(n − k)! (1.35)

which can be defined as the coefficient of xk in the expansion of (1 + x)n .
(n
k

)
is the

number of subsets containing k elements that can be extracted from the set {1, . . . , n}.

1.3.1 A Bit of Quantum Statistics

We find interesting to present a counting exercise that deserves strong attention from
an historical point of view, in connection with the origins of quantum mechanics.
Let’s introduce the problem step by step.

Suppose a single particle energy level ε has degeneracy g (thismeans that there are
g energy levels sharing the same energy ε) and, in an ideal quantum gas, n particles
can occupy any of the degenerate states. We wish to count the number of different
ways we can distribute the n particles within the g degenerate states.

Actually the solution depends on a crucial point in quantum mechanics and sta-
tistical physics: distinguishability and indistinguishability.

If the particles are assumed to be distinguishable, naturally, starting with the first
particle we have g possibilities to place it inside a single particle state, and so on with
the other particles. The desired number is thus (Maxwell-Boltzmann counting):

N = gn (1.36)
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On the other hand, if the particles are indistinguishable, the counting is strongly
different. When the particles are bosons, there are no restrictions on the number of
particles that can occupy a single particle state, and thus we can proceed as follows:
let’s consider n particles and g − 1 separating walls among the levels (the reader
may think of the levels as boxes and of the particles as balls to be distributed among
the boxes). We have thus n + g − 1 objects, and the number of ways we are looking
for is simply the number of ways we can choose n of these objects to be the particles,
that is (Bose-Einstein counting):

N =
(
n + g − 1

n

)
= (n + g − 1)!

(g − 1)!n! (1.37)

Finally, if the particles are fermions, Pauli principle imposes a severe restriction:
in each single-particle state there can be at most one particle. Assuming g > n, we
can perform the counting as follows. We have to decide which single particle states
contain one particle and which are empty. The number of choices is (Fermi-Dirac
counting):

N =
(
g
n

)
= g!

(g − n)!n! (1.38)

Suppose now we have a collection, possibly infinite, of single particle energy
levels {εα}α , with degeneracies gα . We would like to evaluate the number of ways
we can distribute N particles inside the levels in such a way that nα particles have
energy εα . Naturally N = ∑

α nα .
Let’s use the notation t ({nα}) for the desired number ofmicrostates correspond-

ing to the desired partition of the particles among the energy levels. In what follows,
we will deal with bosons and fermions, forgetting about distinguishable particles.
Relying on the previous results, for bosons we have:

t ({nα}) =
∏
α

(nα + gα − 1)!
(gα − 1)!nα! (1.39)

while, for fermions, we have:

t ({nα}) =
∏
α

gα!
(gα − nα)!nα! (1.40)

As usual in statistical physics, we claim that, in thermal equilibrium, the particles
populate the levels, on average, in such a way that, given an average energy E =∑

α nαεα and an average particles number N = ∑
α nα , the number of microstates

corresponding to the given average distribution is maximum.
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Let’s perform in detail the calculations in the bosonic case, the fermionic one
being very similar. We will assume high degenaracy and let:

t ({nα}) �
∏
α

(nα + gα)!
gα!nα! (1.41)

Moreover, we (brutally!) assume that (a simplified form of the) Stirling formula can
be applied and write:

log (t ({nα})) �
∑

α

(nα + gα) log(nα + gα) − gα log(gα) − nα log(nα) (1.42)

To find the optimal partition, we find the stationary point of the function:

log (t ({nα})) + a
∑

α

nα + b
∑

α

nαεα (1.43)

where a, b are Lagrange multipliers, fixing the average particle number and the
average total energy. We thus find the equation:

log(nα + gα) + 1 − log(nα) − 1 + a + bεα = 0 (1.44)

that is:
nα + gα

nα

= exp (−a − bεα) (1.45)

or:
nα = gα

exp (−a − bεα) − 1
(1.46)

where a, b are determined by the constraints:

N =
∑

α

nα, E =
∑

α

nαεα (1.47)

Typically the optimal partition is written in terms of temperature β = 1
kBT

and
chemical potential μ in the following way: (Bose-Einstein distribution):

nα = gα

exp (β(εα − μ)) − 1
(1.48)

In the fermionic case, the same procedure leads to the following optimal partition
(Fermi-Dirac distribution):

nα = gα

exp (β(εα − μ)) + 1
(1.49)
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These distributions are very famous in statistical physics. For example, Bose-Einstein
distribution is the key to understand the black-body radiation and Bose-Einstein
condensation, while the Fermi-Dirac distribution puts light into the description of
the behavior of electrons in metals.

1.4 Absolutely Continuous Random Variables

In the preceding examples we have presented our first examples of random variables.
All such examples involved real valued discrete random variables, taking values in
a countable subset of IR; their law is univocally determined by the discrete density
p(x), non-zero only inside a countable set, non-negative and normalized to one. The
law has the form:

B ∈ B(IR) → μ(B) =
∑
x∈B

p(x) (1.50)

The generalization tomultidimensionaldiscrete randomvariables is straightforward:
one simply defines discrete densities p(x) on IRd , related to the laws of random
variables of the form X = (X1, . . . , Xd) where, naturally, the Xi are real valued
discrete random variables.

In general, we will very often meet random variables which are not discrete. The
simplest example is provided by the uniform law in (0, 1): we will say that a random
variable is uniform in (0, 1) if its law has the form:

μ(B) =
∫
B
dx p(x) (1.51)

where:

p(x) =
{
1 x ∈ (0, 1)
0 x /∈ (0, 1)

(1.52)

The values of X cover uniformly the interval (0, 1). Random variables uniform in
(0, 1)will be very important in the definition of sampling techniques in the following
chapters: the key point is that, with a computer, we can generate the values of X , in
a sense which will be later clarified.

It is evident that, in (1.52), the discrete density has been replaced by a continuous
density and the summation has been replaced by an integral. The random variable
X belongs to a very important class of random variables, defined in the following
definition.

Definition 1.4 Wesay that a randomvariables takingvalues in IRd , X : (Ω,F, P) →
(IRd ,B(IRd)) is absolutely continuous if the law μ of X is absolutely continuous
with respect to the Lebesgue measure, that is μ(B) = 0 whenever B has Lebesgue
measure equal to zero.
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If X is absolutely continuous, the Radon–Nicodym theorem, from measure theory,
ensures the existence of the density of X , i.e. a function p : IRd → IR non-negative,
Borel-measurable, Lebesgue-integrable with

∫
IRd dx p(x) = 1, and such that:

μ(B) =
∫
B
dx p(x) =

∫
IRd

dx 1B(x) p(x) ∀B ∈ B(IRd) (1.53)

The density of a random variable is unique almost everywhere with respect to
Lebesgue measure: if p e p′ are two densities of a random variable X , then nec-
essarily they coincide everywhere but inside a set of zero Lebesgue measure.

Remark 1.4 We invite the reader to observe the similarity between the discrete and
the absolutely continuous case. If a random variable has discrete density pd(x), then:

μ(B) =
∑
x∈B

pd(x) (1.54)

while, if it is absolutely continuous, there exist a density pc(x) such that:

μ(B) =
∫
B
dx pc(x) (1.55)

Several authors unify the two cases using the integral notation defining pd(x) as a
sum of Dirac’s deltas. We prefer not to use such a notation. We observe, on the other
hand, that there exist random variables which are neither discrete nor absolutely
continuous.

In the case of real valued random variables, it is always possible to define the
cumulative distribution function, F : IR → IR as follows:

x ∈ IR → F(x)
de f= μ ((−∞, x]) = P(X ≤ x) (1.56)

By construction, F is increasing, right-continuous, and satisfies:

lim
x→−∞ F(x) = 0, lim

x→+∞ F(x) = 1 (1.57)

It is possible to show that there is a one to one correspondence between the cumulative
distribution function and the law of a random variable. Moreover, for any function
F possessing the above mentioned properties, there exists a random variable having
F as the cumulative distribution function.

In particular useful relations are:

μ ((x, y]) = F(y) − F(x), μ ((x, y)) = F(y−) − F(x−), . . . (1.58)
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and:
μ({x}) = F(x) − F(x−) (1.59)

where we use the notation F(x−) = limt→x− F(t).
If X is absolutely continuous we have:

F(x) =
∫ x

−∞
dy p(y) (1.60)

Moreover, if the density is continuous on IR, the cumulative distribution function is
differentiable on IR and we have:

p(x) = dF(x)

dx
(1.61)

In general (1.61) is not true for any absolutely continuous random variable, since the
density can happen not to be continuous; however, it can be shown that the cumulative
distribution function is always differentiable almost everywhere with respect to the
Lebesgue measure, and it is always possible to modify the density in such a way that
it coincides with the derivative of F in all points where such derivative exists.

Example 1.1 Our first examples of absolutely continuous random variables are the
following:

1. If the density is:

p(x) =
{
1, x ∈ (0, 1)
0, x /∈ (0, 1)

(1.62)

we will say that X is Uniform in (0, 1). The cumulative distribution function of
X is:

F(x) =
⎧⎨
⎩

0, x ≤ 0
x, x ∈ (0, 1)
1, x ≥ 1

(1.63)

2. If the density is:

p(x) = 1√
2π

exp

(
− x2

2

)
(1.64)

we will say that X is Standard Normal and we will write X ∼ N (0, 1). Its
cumulative distribution function is:

F(x) = 1√
2π

∫ x

−∞
dy exp

(
− x2

2

)
(1.65)

This integral cannot be worked out analytically, but many tables and softwares
are available to perform the calculation. Typically the cumulative distribution
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function of a standard normal random variable is expressed in terms of the
famous error function:

erf(x) = 2√
π

∫ x

0
du exp

(−u2
)

(1.66)

as:

F(x) = 1

2

(
1 + erf

(
x√
2

))
(1.67)

From this relation, it simply follows that:

P (−x < X ≤ x) = P (|X | < x) = erf

(
x√
2

)
(1.68)

Important values are P (|X | < 1) � 0.68 and P (|X | < 2) � 0.95.

Example 1.2 In quantum mechanics, the ground state wave function of a one-
dimensional harmonic oscillator of mass m = 1 and elastic constant k = 1 is:

ψ(x) =
(
1

π

)1/4

exp(−1

2
x2) (1.69)

According to Born interpretation of quantum mechanics, the square modulus of the
wave function is the probability density for the position of the oscillator. The position
of the oscillator is thus interpreted as an absolutely continuous random variable X
with probability density:

p(x) = |ψ(x)|2 =
(
1

π

)1/2

exp(−x2) (1.70)

This has again the form of a normal. We will learn to write X ∼ N (0, 1
2 ).

1.5 Integration of Random Variables

We are going now to introduce key notions to work with random variables: the
expectation, the variance, and so on. We prefer to use the unifying formalism of
abstract integration with respect to probability measures to introduce such notions,
in order to avoid the necessity of dealing separately with discrete and continuous
random variables. If a reader is not interested in abstract integration, he/she can skip
directly to the formulae expressing abstract integrals in terms of ordinary integrals
or summations involving the probability density.

As usual in abstract integration theories, one works with extended functions, that
is random variables X : Ω → R = IR ∪ {±∞}, endowing R with the Borel σ -field.
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Such extension is completely innocuous, and simply meant to work with limits,
superiors or inferiors extrema. The construction is very simple, and will be sketched
here starting from the class of randomvariables introduced in the followingdefinition.

Definition 1.5 We say that a random variable X is simple if it can be written as:

X (ω) =
n∑

i=1

ai 1Ai (ω) (1.71)

where n is an integer number, ai ∈ IR, Ai ∈ F, i = 1, . . . , n.

The integral of simple random variables is defined as follows:

Definition 1.6 If X is simple we define expectation or abstract integral of X with
respect to the probability measure P , denoted

∫
Ω
X (ω)P(dω):

∫
Ω

X (ω)P(dω)
de f=

n∑
i=1

ai P(Ai ) (1.72)

If X is a non-negative random variable, we define expectation or abstract integral
of X with respect to the probabilitymeasure P , denoted

∫
Ω
X (ω)P(dω) the extended

real number:
∫

Ω

X (ω)P(dω)
de f= sup

{∫
Ω

Y (ω)P(dω) : Y simple, 0 ≤ Y ≤ X

}
(1.73)

which can be equal to +∞.

In the most general case, we let X+ = max(X, 0) e X− = −min(X, 0) and intro-
duce the following definition:

Definition 1.7 We say that X : Ω → R is integrable if
∫
Ω
X+(ω)P(dω) < +∞

and
∫
Ω
X−(ω)P(dω) < +∞. In such case we define expectation or abstract inte-

gral of X with respect to the probability measure P , and denote
∫
Ω
X (ω)P(dω), the

real number:
∫

Ω

X (ω)P(dω)
de f=

∫
Ω

X+(ω)P(dω) −
∫

Ω

X−(ω)P(dω) (1.74)

We stress the important identity:

∫
Ω

1A(ω)P(dω) = P(A), ∀A ∈ F (1.75)

Definition 1.8 The set of integrable random variables X : Ω → R = IR ∪ {±∞}
will be denoted L(Ω,F, P)
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Readers familiar with Lebesgue theory of integration will certainly not be surprised
by the following elementary properties of the abstract integral, which will be stated
without proof. The interested reader may refer to [5].

1. If X,Y are integrable random variables, αX + βY is integrable for all α, β ∈ IR
and:

∫
Ω

(αX + βY )(ω)P(dω) = α

∫
Ω

X (ω)P(dω) + β

∫
Ω

Y (ω)P(dω) (1.76)

2. If X ≥ 0, then
∫
Ω
X (ω)P(dω) ≥ 0. If moreover Y ≥ 0 is integrable and 0 ≤

X ≤ Y , then X is integrable and
∫
Ω
X (ω)P(dω) ≤ ∫

Ω
Y (ω)P(dω).

3. X ∈ L(Ω,F, P) if and only if |X | ∈ L(Ω,F, P), and, in such case, we have
| ∫

Ω
X (ω)P(dω)| ≤ ∫

Ω
|X (ω)|P(dω)

4. If X = Y almost surely (a.s), i.e. if there exists an event N , P(N ) = 0, such that
X (ω) = Y (ω), ∀ω ∈ Nc, then

∫
Ω
X (ω)P(dω) = ∫

Ω
Y (ω)P(dω)

The following properties concern limits and approximations. A proof can be found
in [5].

Theorem 1.1 If X is non-negative, there exists a sequence {Xn}n of simple, non-
negative random variables, such that Xn(ω) ≤ Xn+1(ω) for each ω and pointwise
converging to X, that is:

lim
n→+∞ Xn(ω) = X (ω), ∀ω ∈ Ω (1.77)

Theorem 1.2 (Monotone convergence theorem) If a sequence {Xn}n of non-negative
random variables, such that Xn(ω) ≤ Xn+1(ω), converges pointwise almost surely
to a (non-negative) random variable X, that is:

lim
n→+∞ Xn(ω) = X (ω) a.s. (1.78)

then:

lim
n→+∞

∫
Ω

Xn(ω)P(dω) =
∫

Ω

X (ω)P(dω) (1.79)

even if
∫
Ω
X (ω)P(dω) = +∞. In particular, if limn→+∞

∫
Ω
Xn(ω)P(dω) < +∞,

then X ∈ L(Ω,F, P).

Theorem 1.3 (Dominated convergence theorem) If a sequence {Xn}n of random
variables converges almost surely to a random variable X:

lim
n→+∞ Xn(ω) = X (ω), a.s. (1.80)
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and |Xn| ≤ Y , for all n, where Y ∈ L(Ω,F, P), then Xn ∈ L(Ω,F, P), X ∈
L(Ω,F, P) and:

lim
n→+∞

∫
Ω

Xn(ω)P(dω) =
∫

Ω

X (ω)P(dω) (1.81)

Definition 1.9 We say that two random variables X and Y are equivalent if X =
Y almost surely. We denote L1(Ω,F, P) the set made of equivalence classes of
integrable random variables:

∫
Ω

|X (ω)|P(dω) < +∞ (1.82)

We denote L2(Ω,F, P) the set made of equivalence classes of square-integrable
random variables: ∫

Ω

|X (ω)|2P(dω) < +∞ (1.83)

Inmathematics textbooks, the difference between a random variable and an equiv-
alence class of random variables is often ignored, when this cannot give rise to
confusion.

We mention the following result:

Theorem 1.4 L1(Ω,F, P) and L2(Ω,F, P) are linear vector spaces, satisfying
L2(Ω,F, P) ⊂ L1(Ω,F, P); if X ∈ L2(Ω,F, P) then:

(∫
Ω

X (ω)P(dω)

)2

≤
∫

Ω

X (ω)2P(dω) (1.84)

Moreover, if X,Y ∈ L2(Ω,F, P), their product is integrable XY ∈ L1(Ω,F, P)

and the (Cauchy-Schwarz inequality) holds:

∣∣∣∣
∫

Ω

X (ω)Y (ω)P(dω)

∣∣∣∣ ≤
√∫

Ω

X (ω)2P(dω)

∫
Ω

Y (ω)2P(dω) (1.85)

Let’s turn to a useful consequence of the properties of abstract integrals:

Theorem 1.5 (Chebyshev inequality) If X ∈ L2(Ω,F, P), for all a > 0 the follow-
ing inequality holds:

P (|X | ≥ a) ≤
∫
Ω
X (ω)2P(dω)

a2
(1.86)
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Proof From the obvious inequality X2(ω) ≥ a21|X |≥a(ω), it follows that:

∫
Ω

X (ω)2P(dω) ≥
∫

Ω

a21|X |≥a(ω)P(dω) = a2 P (|X | ≥ a) (1.87)

which is just the statement of the theorem.

We will often use the notation:

E [X ]
de f=

∫
Ω

X (ω)P(dω) (1.88)

when no confusion can rise about the probability space overwhichwe are integrating.
We stress the identity:

E[1A] = P(A), ∀A ∈ F (1.89)

which will be frequently used.

Definition 1.10 If X ∈ L2(Ω,F, P), we call variance of X and denote Var(X)

the non-negative real number:

Var(X)
de f= E

[
(X − E[X ])2] (1.90)

The Chebyshev inequality implies the following:

P (|X − E[X ]| ≥ a) ≤ Var(X)

a2
(1.91)

which provides an interpretation of the variance: Var(X) controls the dispersion of
the values of X around the expectation E[X ].

1.5.1 Integration with Respect to the Law of a Random
Variable

Let X : (Ω,F, P) → (E,E) be a random variable, and μ its law, i.e. X ∼ μ. We
know that (E,E, μ) is a probability space. Let now h : (E,E, μ) → (IR,B(IR)) be
a measurable function. Then h ◦ X is a composition of measurable functions and
therefore a real random variable. We are going to prove now the following very
important theorem:

Theorem 1.6 If h ≥ 0 the following equality holds:

∫
Ω

(h ◦ X)(ω)P(dω) =
∫
E
h(x)μ(dx) (1.92)
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evenwhenbothmembers are equal to+∞.Moreover, for any h, h ◦ X ∈ L1(Ω,F, P)

if and only if h ∈ L1(E,E, μ) and, in such case, the above written equality holds.

Proof Wepreliminarly observe that both themembersmake sense, being two abstract
integrals on two different probability spaces. Now, we fix B ∈ E and we remind the
reader the definition of the law of X :

μ(B) = P(X ∈ B) (1.93)

On the other hand, we have:

P(X ∈ B) =
∫

Ω

1X∈B(ω)P(dω) =
∫

Ω

1B(X (ω))P(dω) (1.94)

and:

μ(B) =
∫
E
1B(x)μ(dx) (1.95)

so that the statement of the theorem is true if h(x) = 1B(x). By linearity, the equality
holds also when h is a simple function.

Let now h ≥ 0; we know that there exists a sequence {hn}n of non-negative sim-
ple functions, satisfying hn(x) ≤ hn+1(x), and pointwise converging to h. Then,
the monotone convergence theorem, applied twice, justifies the following chain of
equalities:

∫
E h(x)μ(dx) = ∫

E limn→∞ hn(x)μ(dx) = (1.96)

= limn→∞
∫
E hn(x)μ(dx) = limn→∞

∫
Ω

(hn ◦ X)(ω)P(dω) =
= ∫

Ω
limn→∞ hn ◦ X P(dω) = ∫

Ω
(h ◦ X)(ω)P(dω)

proving the theorem in the case h ≥ 0. Finally, if we consider |h|, we immediately
conclude that h ◦ X ∈ L1(Ω,F, P) if and only if h ∈ L1(E,E, μ), and the equality
between the abstract integrals follows writing h = h+ + h−.

Now, we focus on the particular case (E,E) = (IRd ,B(IRd)); moreover, we
assume X absolutely continuous. If h = 1B we have:

P(X ∈ B) =
∫

Ω

1B(X (ω))P(dω) = μ(B) =
∫
B
dx p(x) =

∫
IRd

dx 1B(x) p(x)

(1.97)
where the last integrals are ordinary Lebesgue integrals. We can extend the above
result to simple h exploiting linearity and to generic h using the monotone conver-
gence theorem, obtaining the useful identity:

∫
Ω

(h ◦ X)(ω)P(dω) =
∫
IRd

dx h(x) p(x) (1.98)

which holds for any h ≥ 0 and for any h such that the two integrals exist.
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If in particular d = 1, h(x) = x and X ∈ L1(Ω,F, P), we have:

E[X ] =
∫

Ω

X (ω)P(dω) =
∫ +∞

−∞
dx x p(x) (1.99)

Moreover, if X ∈ L2(Ω,F, P), we have:

Var(X) =
∫ +∞

−∞
dx (x − E[X ])2 p(x) (1.100)

If the random variable X is discrete and p(x) is its discrete density, we have:

P(X ∈ B) =
∫

Ω

1B(X (ω))P(dω) = μ(B) =
∑
x∈B

p(x) =
∑

x∈IRd

1B(x)p(x)

(1.101)
and thus: ∫

Ω

(h ◦ X)(ω)P(dω) =
∑

x∈IRd

h(x)p(x) (1.102)

if h ≥ 0 or if the abstract integral and the finite or infinite sum are finite. If X ∈
L1(Ω,F, P), we have:

E[X ] =
∫

Ω

X (ω)P(dω) =
∑
x∈IR

x p(x) (1.103)

and if X ∈ L2(Ω,F, P), we have:

Var(X) =
∑
x∈IR

(x − E[X ])2 p(x) (1.104)

1.6 Transformations Between Random Variables

Let now X be a real valued random variable defined on a probability space
(Ω,F, P), absolutely continuous with density pX (x). Let also g : IR → IR be a
Borel-measurable function. Y = g(X) is naturally a random variable. It would be
useful to express its law, or its density (if it exists), in terms of the law of X . We start
from the cumulative distribution function:

FY (y) = P(Y ≤ y) = P(g(X) ≤ y) = P(X ∈ By) =
∫
By

dx pX (x) (1.105)
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where:
By = {x ∈ IR : g(x) ≤ y} (1.106)

Let us examine first the simple case in which g : IR → IR is bijective, differentiable
with continuous derivativewith dg

dx �= 0; in particular,we assume g strictly increasing.
Then g is invertible on IR with inverse g−1 which is differentiable with continuous
non-vanishing derivative; thus:

By = {x ∈ IR : g(x) ≤ y} = {x ∈ IR : x ≤ g−1(y)} (1.107)

which implies that:

FY (y) = P(Y ≤ y) = P(g(X) ≤ y) = P(X ≤ g−1(y)) = FX (g−1(y)) (1.108)

where FX is the cumulative distribution function of X . Under the hypotheses we
have fixed about the function g, if FX is everywhere differentiable (this happens if
pX (x) is continuous), also FY is differentiable, ensuring the existence of the density
of Y = g(X):

pY (y) = dFY (y)

dy
= d

dy
(FX ◦ g−1)(y) = pX (g−1(y))

dg−1(y)

dy
(1.109)

If, on the other hand, g is strictly decreasing, we have:

FY (y) = P(g(X) ≤ y) = P(X > g−1(y)) = 1 − FX (g−1(y)) (1.110)

and thus:

pY (y) = dFY (y)

dy
= − d

dy
(FX ◦ g−1)(y) = pX (g−1(y))

(
−dg−1(y)

dy

)
(1.111)

Combining the above results, we have proved the following:

Theorem 1.7 If a real random variable X has continuous density pX (x) and g :
IR → IR is a bijective function, differentiable with continuous derivate never equal
to zero, then the random variable Y = g(X) has density given by:

pY (y) = pX (g−1(y))

∣∣∣∣
dg−1(y)

dy

∣∣∣∣ (1.112)

As a simple application we consider affine transformations g(x) = σ x + μ,
σ,μ ∈ IR, σ �= 0. Since g−1(y) = y−μ

σ
, the theorem above provides the density of

Y = σ X + μ:

pY (y) = pX

(
y − μ

σ

)
1

|σ | (1.113)
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In particular, if X ∼ N (0, 1) is a standard normal random variable, Y = σ X + μ,
with μ ∈ IR, σ ∈ (0,+∞), has density:

pY (y) = 1√
2πσ

exp

(
− (y − μ)2

2σ 2

)
(1.114)

We will say that Y = σ X + μ is a normal with parameters μ and σ 2 and we will
write Y ∼ N (μ, σ 2).

When the hypotheses of the above proved theorem do not hold, we have to work
directly with the equality:

FY (y) = P(Y ≤ y) = P(g(X) ≤ y) = P(X ∈ By) =
∫
By

dx pX (x) (1.115)

where:
By = {x ∈ IR : g(x) ≤ y} (1.116)

Example 1.3 Let X ∼ N (0, 1) be a standard normal and g(x) = x2; we wish to
evaluate the density of Y = g(X) = X2. Naturally FY (y) is zero if y ≤ 0. On the
other hand, if y > 0, we have:

FY (y) = P(Y ≤ y) = P(X2 ≤ y) = P(−√
y ≤ X ≤ √

y) = (1.117)

= FX (
√
y) − FX (−√

y)

with:

FX (±√
y) =

∫ ±√
y

−∞
dx

1√
2π

exp

(
− x2

2

)
(1.118)

We see that FY (y) is almost everywhere differentiable (except at the origin), and thus
we can obtain the density by differentiation, obtaining:

pY (y) = 1√
2π

exp(−y/2)√
y

1(0,+∞)(y) (1.119)

We say that Y = X2 is chi-square with one degree of freedom, and we write
Y ∼ χ2(1).

1.7 Multi-dimensional Random Variables

Nowwe consider random variables taking values in IRd . For simplicity of exposition,
we work with d = 2, but the results can be readily generalized to higher dimensions,
with less transparent notations.



1.7 Multi-dimensional Random Variables 23

Let therefore X = (Y, Z) be a two-dimensional random variable, absolutely con-
tinuous with density p(y, z). An interesting result is the following, which we just
state without proof:

Theorem 1.8 Y and Z are real random variables absolutely continuous, with den-
sities pY (y) e pZ (z) given by:

pY (y) =
∫ +∞

−∞
dz p(y, z), pZ (z) =

∫ +∞

−∞
dy p(y, z) (1.120)

Moreover, Y and Z are independent if and only if:

p(y, z) = pY (y)pZ (z) (1.121)

almost everywhere with respect to Lebesgue measure.

The densities pY (y) and pZ (z) are calledmarginal densities of p. We observe that,
once p is known, the marginal densities can be obtained, but the converse is not true:
if we know pY (y) and pZ (z), we can obtain p only if Y and Z are independent.

If Y, Z ∈ L2(Ω,F, P), then the product Y Z is integrable: Y Z ∈ L1(Ω,F, P).
We call covariance of Y and Z , and we denote Cov(Y, Z), the real number:

Cov(Y, Z) = E [(Y − E[Y ])(Z − E[Z ])] = E [Y Z ] − E[Y ]E[Z ] (1.122)

From the theorem of integration with respect to the law of a random variable, in the
special case X = (Y, Z), (E,E) = (IR2,B(IR2)) and h(y, z) = yz, we obtain the
following identity:

E [Y Z ] =
∫
IR2

dydz yz p(y, z) (1.123)

If Y and Z are independent, then:

E [Y Z ] =
∫
IR2

dydz yz pY (y)pZ (z) = E[Y ]E[Z ] (1.124)

thanks to Fubini theorem from Lebesgue integral theory, and thus:

Cov(Y, Z) = 0 (1.125)

The property of having null covariance is called non-correlation.We have proved
that two independent random variables are non-correlated; the converse, in general is
not true. A simple example of two non-correlated, non independent random variables
is provided by a standard normal random variable X ∼ N (0, 1) and its square X2.
Obviously X , X2 are not independent, but

E[XX2] − E[X ]E[X2] = 0 (1.126)

and thus they are also non-correlated.
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We call correlation coefficient of Y and Z the real number:

ρY Z = Cov(Y Z)√
Var(Y )

√
Var(Z)

(1.127)

This is zero if Y and Z are non-correlated, and, in general, satifies the following
property:

− 1 ≤ ρY Z ≤ 1 (1.128)

which is a simple consequence of Cauchy-Schwarz inequality.

1.7.1 Evaluation of Laws

Let X = (Y, Z), as before, a two–dimensional random variable absolutely contin-
uous, with density p(y, z). We wish to evaluate the law of Y + Z , a real random
variable.

Let’s evaluate the cumulative distribution function:

F(u) = P(Y + Z ≤ u) = P(X ∈ Au) =
∫
Au

dydz p(y, z) (1.129)

where:
Au = {(y, z) ∈ IR2 : y + z ≤ u} (1.130)

Then:

F(u) =
∫ +∞

−∞
dy
∫ u−y

−∞
dz p(y, z) (1.131)

With a change of variables z → z′ = z + y we have:

F(u) =
∫ u

−∞
dz′

∫ +∞

−∞
dy p(y, z′ − y) (1.132)

which provides the expression for the density of the sum of two random variables:

pY+Z (u) =
∫ +∞

−∞
dy p(y, u − y) (1.133)

The calculation we have made is a special case of a general procedure, that can be
described as follows: let X be ad-dimensional randomvariable absolutely continuous
with density pX (x); moreover, let g : IRd → IRk be a Borel-measurable function.
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W = g(X) is a k-dimensional random variable. If pW (y) were the density of W ,
then, for any Borel set A ⊂ IRk , the following equality would hold:

∫
IRk

dy 1A(y)pW (y) = P(W ∈ A) = P(X ∈ g−1(A)) =
∫
IRd

dx 1A(g(x))pX (x)

(1.134)
where g−1(A) = {x ∈ IRd : g(x) ∈ A}. The above relation is very general and, in
some cases, allows to evaluate the density pW (y). Let’s consider the case d = k;
we assume that pX is null outside an open set D ⊂ IRd and that g : D → V is a
diffeomorphism between D and an open set V ⊂ IRd . Naturally pW (y) will be zero
outside V . Then, if A ⊂ V , a basic theorem from mathematical analysis guarantees
the validity of the following change of variables:

∫
D
dx 1A(g(x))pX (x) =

∫
V
dy 1A(y)pX (g−1(y))

∣∣det(Jg−1(y))
∣∣ (1.135)

which implies the following expression for the density of W = g(X):

pW (y) = pX (g−1(y))
∣∣det(Jg−1(y))

∣∣ (1.136)

where Jg−1(y) is the Jacobian matrix of g−1 evaluated in y.

1.8 Characteristic Functions

Let X be a d-dimensional random variable, X = (X1, . . . , Xd), X ∼ μ.

Definition 1.11 The function φX :

φX : IRd → C (1.137)

θ ∈ IRd → φX (θ)
de f= E

[
exp

(
i

d∑
k=1

θk Xk

)]
(1.138)

is called characteristic function of X .

The complex-valued integral (1.138) is defined as:

E

[
exp

(
i

d∑
k=1

θk Xk

)]
= E

[
cos

(
i

d∑
k=1

θk Xk

)]
+ i E

[
sin

(
d∑

k=1

θk Xk

)]

(1.139)
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Since trigonometric functions are measurable and limited, the abstract integrals
always exist, implying that the characteristic function is well defined for every ran-
dom variable. Moreover, applying the theorem of integration with respect to the law
of X , we obtain:

φX (θ)=
∫
IRd

exp(iθ · x) μ(dx) (1.140)

which, if X is absolutely continuous, becomes:

φX (θ) =
∫
IRd

dx exp(iθ · x) p(x) (1.141)

If X is discrete, on the other hand, we have:

φX (θ) =
∑

x∈IRd

exp(iθ · x) p(x) (1.142)

There is a one to one correspondence between characteristic functions and laws of
random variables: φX (θ) uniquely determines the law of X .

We present now some properties of characteristic functions. The first trivial obser-
vation is the equality:

φX (0) = 1 (1.143)

Moreover, extending to complex valued functions an inequality from abstract inte-
gration theory, we have:

|φX (θ)| ≤ E

[
| exp

(
i

d∑
k=1

θk Xk

)
|
]

= 1,∀θ ∈ IRd (1.144)

that is the characteristic function is limited.Moreover, the constant function 1 (which
is integrable!), dominates any sequence of functions exp(iθn · x), in the sense of
dominated convergence theorem; if θn → θ for n → +∞, then exp(iθn · x) →
exp(iθ · x) and, by dominated convergence theorem, φX (θn) → φX (θ). Thus the
characteristic function is continuous over IRd .

Let’s turn to smoothness. We state the following theorem, which is a plain appli-
cation of dominated convergence theorem in the realm of integration theory [7]:

Theorem 1.9 If E[|X |m] < +∞ for some integerm, then the characteristic function
of X has continuous partial derivatives till order m and the following equality holds:

∂m

∂θ j1 . . . ∂θ jm

φX (θ) = im E

[
X j1 . . . X jm exp

(
i

d∑
k=1

θk Xk

)]
(1.145)
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In the case of real random variables it follows that, if X ∈ L1(Ω,F, P):

E[X ] = −i
dφX (0)

dθ
(1.146)

and, if X ∈ L2(Ω,F, P), we have also:

E[X2] = −d2φX (0)

dθ2
(1.147)

We now present some examples:

Example 1.4 If X is uniform in (0, 1) we have:

φX (θ) =
∫ 1

0
dx eiθx =

{
eiθ −1
iθ , θ �= 0

1, θ = 0
(1.148)

Example 1.5 If X is standard normal we have:

φX (θ) = 1√
2π

∫ +∞

−∞
dx exp

(
iθx − x2

2

)
(1.149)

Since the density is an even function, we can write:

φX (θ) = 1√
2π

∫ +∞

−∞
dx cos(θx) exp

(
− x2

2

)
(1.150)

We know that X is integrable and square-integrable, and thus we can apply the above
theorem to evaluate the derivative of the characteristic function:

dφX (θ)

dθ
= − 1√

2π

∫ +∞

−∞
dx x sin(θx) exp

(
− x2

2

)
(1.151)

We observe that the identity:

−
∫ +∞

−∞
dx x sin(θx) exp

(
− x2

2

)
=
∫ +∞

−∞
dx sin(θx)

(
d

dx
exp

(
− x2

2

))

(1.152)
allows us to perform integration by part, providing the following result:

dφX (θ)

dθ
= − 1√

2π

∫ +∞

−∞
dx θ cos(θx) exp

(
− x2

2

)
= −θφX (θ) (1.153)
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We have tus obtained an ordinary differential equationwhich, together with the initial
condition φX (0) = 1, has the unique solution:

φX (θ) = exp

(
−θ2

2

)
(1.154)

Example 1.6 If X is binomial, X ∼ B(n, p), we have:

φX (θ) =
n∑

x=0

eiθx
(
n
x

)
px (1 − p)n−x = (

peiθ + 1 − p
)n

(1.155)

where Newton’s binomial theorem has been employed.

Example 1.7 If X is Poisson with parameter λ, then:

φX (θ) =
+∞∑
x=0

eiθx
λx

x ! e
−λ = e−λ ee

iθ λ = exp(λ(eiθ − 1)) (1.156)

We turn to independence. If X = (Y, Z) is a 2-dimensional random variable abso-
lutely continuous, with Y and Z independent, then, writing θ = (θ1, θ2), we have:

φX (θ1, θ2) =
∫
IR2

dydz eiθ1 y+θ2z pY (y)pZ (z) = φY (θ1)φZ (θ2) (1.157)

Naturally the above equality can be trivially extended to d-dimensional random
variables. In particular, if Y and Z are independent, we have:

φY+Z (θ) = φY (θ)φZ (θ) (1.158)

It is possible to prove that, if the equality:

φX (θ1, θ2) = φY (θ1)φZ (θ2) (1.159)

holds over the whole IR2, then Y and Z are independent.

1.8.1 Moments and Cumulants

The characteristic function is related to the important notions of moments and cumu-
lants, which we now introduce.

Let X be a real-valued random variable. The moments of X , {mk}k , are defined
as follows:

mk = E
[
Xk
]
, k = 0, 1, 2, . . . (1.160)
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The cumulants of X , {Kn}n are defined by the following identity:

log (φX (θ)) =
+∞∑
n=1

Kn
(iθ)n

n! (1.161)

It is useful to express the first cumulants, K1,K2,K3, in terms of the first three
moments.

To do this, we proceed formally, starting from the definition given above, written
in the form:

E
[
exp (t X)

] = exp

(+∞∑
n=1

Kn
tn

n!

)
(1.162)

where t = iθ , and Taylor expanding both sizes up to t3:

1 + m1 t + 1

2!m2 t
2 + 1

3!m3 t
3 + · · · =

1 +
(
K1 t + 1

2!K2 t
2 + 1

3!K3 t
3 + . . .

)
+ 1

2!
(
K2

1 t
2 + K1K2t

3 + . . .
)

+ 1

3!
(
K3

1 t
3 + . . .

)

(1.163)
and comparing the terms corresponding to the same power of t . We obtain:

K1 = m1 = E [X ] , K2 = m2 − m2
1 = Var(X) (1.164)

and, finally:
K3 = m3 − 3m1m2 + 2m3

1 (1.165)

1.9 Normal Laws

We have already defined the standard normal law N (0, 1), related to the density:

p(x) = 1√
2π

exp

(
− x2

2

)
(1.166)

We have also evaluated the characteristic function of a randomvariable X ∼ N (0, 1):

φX (θ) = exp

(
−θ2

2

)
(1.167)

Moreover, we have presented the law N (μ, σ 2), related to the density:

p(x) = 1√
2πσ

exp

(
− (x − μ)2

2σ 2

)
(1.168)
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We already know that, if X ∼ N (0, 1), then Y = σ X + μ ∼ N (μ, σ 2). The charac-
terictic function of Y can thus be readily evaluated:

φY (θ) = E
[
eiθY

] = E
[
eiθ(σ X+μ)

] = eiθμφX (σθ) = exp

(
iθμ − σ 2θ2

2

)
(1.169)

and the expected value and the variance are:

E[Y ] = μ, Var(X) = σ 2 (1.170)

It is useful to extend the definition of a normal law to the d-dimensional case:

Definition 1.12 We say that a d-dimensional random variable X is normal if
its characteristic function has the form:

φX (θ) = exp

(
iθ · μ − 1

2
θ · Cθ

)
(1.171)

whereμ ∈ IRd and C is a symmetric, positive semidefinite real d × d-matrix.
We will write X ∼ N (μ,C).

From linear algebrawe learn that, wheneverC is a a symmetric, positive semidef-
inite real d × d-matrix, there exists a symmetric real d × d-matrix A such that:

A2 = C (1.172)

Now, if Z = (Z1, . . . , Zd) is a random variable such that Zi ∼ N (0, 1), i = 1, . . . , d
and the Zi are independent, we have:

φZ (θ) =
d∏

i=1

exp

(
−θ2

i

2

)
= exp

(
−|θ |2

2

)
(1.173)

Let’s define:
X = AZ + μ (1.174)

We have:

φX (θ) = E[eiθ ·X ] = eiθ ·μ φZ (AT θ) = exp

(
iθ · μ − 1

2
θ · Cθ

)
(1.175)

where we have used the fact that A is symmetric and that A2 = C. We have thus
shown that, for any choice of the vector μ ∈ IRd and of the real, symmetric and
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positive semidefinite matrix C, there exists a random variable X ∼ N (μ,C). Now,
the random variable Z has density:

pZ (z) = 1

(2π)d/2
exp

(
−|z|2

2

)
(1.176)

and it is straightforward to check that:

E[Zi ] = 0, Cov(Zi Z j ) = δi j (1.177)

Hence follows that:

E[Xi ] =
d∑
j=1

Ai j E[Z j ] + μi = μi (1.178)

e:

Cov(Xi X j ) = E[(Xi − μi )(X j − μ j )] = (1.179)

= E
[
(
∑d

k=1 Aik Zk)(
∑d

l=1 A jl Zl)
]

= ∑d
k,l=1 AikA jlδkl =

= Ci j

where we have used the symmetry of A.
If C is invertible, and thus positive definite, than also A is positive definite and

X has density which is given by:

pX (x) = 1

| det(A)| pZ (A−1(x − μ)) (1.180)

that is:

pX (x) = 1

(2π)d/2
√
det(C)

exp

⎛
⎝−1

2

d∑
i, j=1

(xi − μi )C
−1
i j (x j − μ j )

⎞
⎠ (1.181)

We conclude this paragraph with some important observations about normal laws.
The first is that linear-affine transformations map normal random variables into nor-
mal random variables. In fact, if X ∼ N (μ,C) and Y = BX + d we have:

φY (θ) = E[exp(iθ · Y )] = exp(iθ · d)φX (TBθ) = (1.182)

= exp(iθ · d) exp
(
i(TB)θ · μ − 1

2 (
TB)θ · C(TB)θ

) =
= exp(iθ · (d + Bμ) − 1

2 (
TB)θ · C(TB)θ) =

= exp(iθ · (d + Bμ) − 1
2θ · (BC (TB))θ)

that is Y ∼ N
(
d + Bμ,BC (TB)

)
.
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We consider now a real random variable of the form Y = a · X = ∑d
i=1 ai Xi ,

where a ∈ IRd is a vector. The following calculation:

φY (θ) = E[exp(iθY )] = E[exp(θa · X)] = φX (θa) = (1.183)

= exp
(
iθa · μ − θ2

2 a · Ca
)

show thatY ∼ N (a · μ, a · Ca). In particular the components of a normal are normal.
Another important observation concerns independence and non correlation. If

X1, . . . , Xn are independent real random variables, Xi ∼ N (μi , σ
2
i ), then the

multi-dimensional randomvariable X = (X1, . . . , Xn) is normal, X ∼ N (μ,C)with
Ci j = σ 2

i δi j , as one can trivially check writing the characteristic function. On the
other hand, if X = (X1, . . . , Xn) is normal, X ∼ N (μ,C), with diagonal covari-
ance matrix Ci j = σ 2

i δi j , then X1, . . . , Xn are independent real random variables,
Xi ∼ N (μi , σ

2
i ), since the characteristic function is factorized. Thus, if the joint law

is normal, independence and non correlation are equivalent properties.

1.10 Convergence of Random Variables

Before introducing the very important law of large numbers and the celebrated central
limit theorem, the cornerstone of probability and statistics, we summarize the basic
definitions of convergence of random variables.

Definition 1.13 (Almost sure convergence) A sequence {Xn}∞n=0 of d-dimensional
random variables converges almost surely to a d-dimensional random variable X if:

P
(
ω : lim

n→∞ Xn(ω) = X (ω)
)

= 1 (1.184)

Definition 1.14 (convergence in probability) A sequence {Xn}∞n=0 of d-dimensional
random variables converges in probability to a d-dimensional random variable X if:

lim
n→∞ P (ω : |Xn(ω) − X (ω)| > ε) = 0 (1.185)

for all ε > 0.

Definition 1.15 (weak convergence or convergence in law or convergence in distri-
bution) A sequence {Xn}∞n=0 of d-dimensional random variables converges in law or
weakly or in distribution to a d-dimensional random variable X if:

lim
n→∞ φXn (θ) = φX (θ) (1.186)

where φXn (θ) and φX (θ) are the characteristic functions of Xn and X respectively.

We proof now the following useful result:
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Theorem 1.10 Almost sure convergence implies convergence in probability; con-
vergence in probability implies convergence in law.

Proof Let’s fix ε > 0 and consider the sequence of events {An}∞n=0:

An =
∞⋃

m=n

{ω : |Xn(ω) − X (ω)| > ε} (1.187)

Such sequence is decreasing, that is A1 ⊃ A2 ⊃ . . . . We let A∞ = ⋂∞
n=0 An . From

the very definition of probabilitymeasure it follows that: P(A∞) = limn→+∞ P(An).
Since the sequence is decreasing, A∞ = limn→∞ An = ⋂∞

n=0 An . Moreover we
have:

P (|Xn − X | > ε) ≤ P(An) → lim
n→∞ P (|Xn − X | > ε) ≤ P(A∞) (1.188)

It is simple to realize that, for any ω ∈ A∞, limn→∞ Xn(ω) �= X (ω), and thus:

A∞ ⊆ {ω : lim
n→∞ Xn(ω) �= X (ω)} (1.189)

If {Xn}∞n=0 converges almost surely to X , the r.h.s. of the above inclusion relation
has zero probability, and thus also A∞ has zero probability. We have thus:

lim
n→∞ P (|Xn − X | > ε) = 0 (1.190)

and the first part of the theorem is proved.
Let’s consider now:

∣∣φXn (θ) − φX (θ)
∣∣ = ∣∣E[eiθXn ] − E[eiθX ]∣∣ ≤ E

[∣∣eiθ(Xn−X) − 1
∣∣] (1.191)

Since the function x → eiθx is continuous, for all ε > 0 there exists δ > 0 such that
|x | < δ and |eiθx − 1| < ε. We can rewrite the last member of the above inequality
as:

E
[∣∣eiθ(Xn−X) − 1

∣∣Θ(|Xn − X | < δ)
]+ E

[∣∣eiθ(Xn−X) − 1
∣∣Θ(|Xn − X | ≥ δ)

]
(1.192)

so that the following inequality is at hand:

∣∣φXn (θ) − φX (θ)
∣∣ ≤ ε + 2 P(|Xn − X | ≥ δ) (1.193)

So, if {Xn}∞n=0 converges in probability to X :

lim
n→∞

∣∣φXn (θ) − φX (θ)
∣∣ ≤ ε (1.194)

for any ε > 0, and thus limn→∞ φXn (θ) = φX (θ).
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Simple examples show that other implications do not hold in general.

1. Suppose {Ω,F, P} be the probability space with ([0, 1],B([0, 1]), μ), where μ

is the uniform probability. Let also:

X1(ω) = ω + χ[0,1](ω)

X2(ω) = ω + χ[0,1/2](ω)

X3(ω) = ω + χ[1/2,1](ω)

X4(ω) = ω + χ[0,1/3](ω)

X5(ω) = ω + χ[1/3,2/3](ω)

X6(ω) = ω + χ[2/3,1](ω)

...

Xn(ω) = ω + χIn (ω)

(1.195)

and X (ω) = ω. Since:

P(ω : |Xn(ω) − X (ω)| > ε) = P(ω ∈ In) (1.196)

the sequence {Xn}∞n=0 converges in probability to X . Nevertheless, since limn→∞
Xn(ω) does not exist for any ω ∈ Ω , it does not converge almost surely to X .

2. Suppose {Ω,F, P} be the probability space with ({0, 1},P({0, 1}), μ) , where μ

is the uniform probability. Let also:

Xn(ω) = ω (1.197)

and X (ω) = 1 − ω. Since:

φXn (θ) = E[eiθXn ] = 1

2
eiθφX (θ) = E[eiθX ] = 1

2
eiθ (1.198)

the sequence {Xn}∞n=0 converges in law to X . On the other hand, since Xn − X =
1, it does not converge in probability to X .

1.11 The Law of Large Numbers and the Central Limit
Theorem

We conclude our review of probability theorywith two key results about convergence
and approximation.

Let {Xk}k≥1 be a sequence of real valued random variables, independent and
identically distributed (iid): this means that all the Xk have the same law. We also
assume that all the Xk are square-integrable, and we introduce the notation:

μ = E[Xk], σ 2 = Var(Xk) (1.199)
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μ and σ 2 are finite by construction, and do not depend on k because we have assumed
the random variables identically distributed. Let’s define the empirical mean:

Sn = 1

n

n∑
k=1

Xn (1.200)

We perform now some calculations:

E[Sn] = 1

n

n∑
k=1

E[Xn] = μ , (1.201)

Var(Sn) = E[(Sn − μ)2] = E[S2n ] − μ2 = (1.202)

= 1
n2
∑n

i, j=1 E[Xi X j ] − μ2 =
= 1

n2
∑n

i=1 E[X2
i ] + 1

n2
∑n

i �= j=1 E[Xi X j ] − μ2 =
= 1

n2
∑n

i=1

(
Var(Xi ) + E[Xi ]2

)+ 1
n2
∑n

i �= j=1 E[Xi ]E[X j ] − μ2 =
= σ 2

n + μ2

n + n(n−1)
n2 μ2 − μ2 = σ 2

n

We use now the Chebyshev inequality:

P (|Sn − μ| ≥ η) ≤ Var(Sn)

η2
= σ 2

nη2

n→+∞→ 0 (1.203)

We have proved in this way a very important result:

Theorem 1.11 (Weak lawof large numbers)The sequence of empiricalmeans
{Sn}n≥1 of independent and indentically distributed real square-integrable ran-
dom variables {Xk}k≥1 with expected value μ, converges in probability to μ:

lim
n→+∞ P (|Sn − μ| ≥ η) = 0, ∀η > 0 (1.204)

It can be shown that this convergence result can be proved also under weakened
hypotheses, removing the assumption of finite variance, and with a stronger notion
of convergence:

Theorem 1.12 (Strong law of large numbers) The sequence of empirical means
{Sn}n≥1 of independent and indentically distributed real integrable random variables
{Xk}k≥1 with expected value μ, converges almost surely to μ.

We omit the proof of such result.
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Now, let’s introduce:

S�
n = Sn − μ

σ/
√
n

(1.205)

We may write:

S�
n = 1√

n

n∑
k=1

Yk, Yk = Xk − μ

σ
(1.206)

where the random variables Yk are clearly independent and identically distributed,
and satisfy:

E[Yk] = 0, Var(Yk) = 1 (1.207)

We observe that the expression:

S�
n = Y1√

n
+ · · · + Yn√

n
(1.208)

suggests the idea of a sum of many small independent non systematic (zero mean)
effects. This could remind the reader the theory of errors which he/she has learned
in university courses.

Since the Yk are identically distributed, they have the same characteristic function,
which we will denote simply φ. We evaluate now the characteristic function of S�

n :

φS�
n
(θ) = E[exp(iθ S�

n)] = E[exp(iθ 1√
n

∑n
k=1 Yk)] = (1.209)

=
(
φ( θ√

n
)
)n = exp

(
n log(φ( θ√

n
))
)

= exp
(
n log

(
1 + φ( θ√

n
) − 1

))

Since the characteristic functions are always continuous, we have φ( θ√
n
) → φ(0) =

1 if n → +∞ for any fixed θ ; this implies the asymptotic behavior:

n log

(
1 + φ(

θ√
n
) − 1

)
n→+∞∼ n

(
φ(

θ√
n
) − 1

)
(1.210)

The Yk are by construction square-integrable, and thus:

dφ(0)

dθ
= i E[Yk] = 0,

d2φ(0)

dθ2
= −Var(Yk) = −1 (1.211)

so that:

φ(
θ√
n
) − 1 = − θ2

2n
+ o(

1

n
) (1.212)
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which implies:

n log

(
1 + φ(

θ√
n
) − 1

)
n→+∞∼ n

(
φ(

θ√
n
) − 1

)
n→+∞∼ −θ2

2
(1.213)

We have thus found the following very important result:

lim
n→+∞ φS�

n
(θ) = exp

(
−θ2

2

)
(1.214)

where in the right hand side we have the characteristic function of a standard normal
random variable Z ∼ N (0, 1).

We summarize what we have found in the following central result in probability
theory, the cornerstone of mathematical statistics:

Theorem 1.13 (Central Limit theorem) If {Xk}k≥1 is a sequence of real val-
ued square integrable random variables, independent and identically dis-
tributed, letting μ = E[Xk] and σ 2 = Var(Xk), the sequence:

S�
n =

1
n

∑n
k=1 Xk − μ

σ/
√
n

(1.215)

converges in law to a standard normal random variable Z ∼ N (0, 1).

We use the notation:
S�
n

D→ Z ∼ N (0, 1), n → +∞ (1.216)

where the arrow indicate convergence in law.

1.12 Further Readings

This chapter contains all the notions that are needed to understand the remainder of
the book, but it does not aim to provide a thorough exposition of probability theory.
Readers wishing to deepen their knowledge about basic probability theory can refer
to many excellent introductory textbooks, like, e.g., [2–6].

Readers interested in abstract integration theory can in turn refer, for example,
to [7].

Finally, for application to statistical and quantum mechanics, possible further
readings are [8, 9].
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Problems

1.1 Expected values and variances
Evaluate E[X ] and Var(X) when:

1. X is uniform in (0, 1).

2. X is standard normal, X ∼ N (0, 1).

3. X is binomial, X ∼ B(n, p).

4. X is Poisson with parameter λ.

1.2 Useful formulas
Let T be a random variable taking values in IN = {1, 2, 3, . . . , }. Prove that

E[T ] =
∞∑
n=1

P(T ≥ n) (1.217)

Let X be an absolutely continuous random variable, such that X ≥ 0 and suppose
F(x) is its cumulative distribution function. Prove that:

E[X ] =
∫ +∞

0
dy P (X ≥ y) =

∫ +∞

0
dy (1 − F(y)) (1.218)

1.3 Random point on a circumference
Consider a circumference Γ of unitary radius, fix a point A ∈ Γ and suppose that we
select another point B ∈ Γ , defined by an angle θ chosenwith uniform distribution in
[0, 2π ] .What is the probability distribution of the length LAB of the chord connecting
A and B? What are its expectation and variance? What is the probability that LAB is
longer than the side

√
3 of an equilater triangle inscribed in Γ ?

1.4 Bertrand paradox
The previous exercise is useful to introduce a very interesting historical paradox,
which makes evident the importance of the choice of the probability space for the
description of a phenomenon. Suppose we face quite the same problem but with a
slightly less precise formulation. Given a circumference Γ of unitary radius, suppose
that a chord of the circumference is chosen randomly.What is the probability that the
chord is longer than the side of an equilater triangle inscribed in the circumference
L = √

3? The key point is how we model the randomness of the choice of the chord.
In the previous problem we have chosen a model for describing the way we pick

up the chord. Different choices lead to different results! Statistics is the discipline
which can tell us which is more reliable! Evaluate the requested probability using
the following other two different models:
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1. Suppose that, fixed a point A on the circumference a point x is chosen in the
radius ending on A with uniform probability. The random chord is the one pass-
ing through x and perpendicular to the radius ending on A.

2. Suppose that a point x is chosen randomly anywhere within the circle having Γ

as its boundary. The random chord is the one having such point as its midpoint.

1.5 Gaussian integration
Verify explicitly that the probability density:

pX (x) = 1

(2π)d/2
√
det(C)

exp

⎛
⎝−1

2

d∑
i, j=1

(xi − μi )C
−1
i j (x j − μ j )

⎞
⎠ (1.219)

satisfies the normalization condition
∫
IRd dx pX (x) = 1, whenever the covariance

matrix is positive definite.
Find out an explicit expression for the gaussian integral:

I =
∫
IRd

dx exp

⎛
⎝−1

2

d∑
i, j=1

xiOi j x j +
d∑

i=1

Ji xi

⎞
⎠ (1.220)

when the matrix O is real, symmetric and positive definite, and for the derivative:

∂2 I

∂Ji∂J j
|J=0 (1.221)

Do you see any relation between this expression and covariance matrix of multidi-
mensional normal random variables?

1.6 Isserlis identity and Wick theorem
Let Z = (Z1 . . . Z2n) be a normal 2n-dimensional random variable Z ∼ N (0,C).
Prove Isserlis Identity:

E[Z1 . . . Z2n] = 1

2nn!
∑
σ∈S2n

E[Zσ(1)Zσ(2)] . . . E[Zσ(2n−1)Zσ(2n)] (1.222)

where S2n contains all the 2n! permutations of the 2n labels. Rearrange the above
expression to obtain the very famous Wick theorem (for bosons):

E[Z1 . . . Z2n] =
∑

all pairings

Ci1 j1 . . .Cin jn (1.223)

where the summation involves all the (2n)!/(2nn!) possible ways to build up ordered
pairs (il , jl), il < jl , l = 1, . . . , n from the set (1, . . . , 2n).
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1.7 χ2(n) random variable: chi-square law with n degrees of freedom.
Let X1 . . . Xn be iid (independent and identically distributed) standard normal ran-
dom variables. Compute the probability density and the moments of the random
variable Y ∼ χ2(n):

Y = X2
1 + . . . X2

n (1.224)

1.8 t (n) random variable: Student law with n degrees of freedom.
Let X andY be independent randomvariables such that X ∼ N (0, 1) andY ∼ χ2(n).
Compute the probability density and the moments of the random variable T ∼ t (n):

T = X√
Y
n

(1.225)
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Chapter 2
Applications to Mathematical Statistics

Abstract In this chapter we present applications of probability theory within the
science of extracting information from data: mathematical statistics. We present, on
a rigorous basis, the theory of statistical estimators and some of the most widely
employed hypothesis tests. Finally, we briefly discuss linear regression, a mandatory
topic for physicists.

Keywords Statistical models · Estimators · Cochran theorem
Cramer-Rao theorem · Maximum likelihood estimators · Hypothesis tests · Linear
regression

2.1 Statistical Models

One very important environment in which the formalism of probability theory plays
a leading role is the science of extracting information from data: mathematical statis-
tics. We review the key results of mathematical statistics, since they are a mandatory
requisite for any scientist working on data, either coming from experiments or from
numerical simulations.

Observations, that is measured data, are used to infer the values of some parame-
ters necessary to complete amathematical description of an experiment. The simplest
situation we can imagine is to measure n-times the same quantity (or the same set
of quantities), performing all the measurements under the same experimental condi-
tions and in such a way that the result of any measure does not affect the results of
the others. The outcome of the experiment is thus a collection of data:

(x1 . . . xn) (2.1)

where xi ∈ R
k is the result of the i-th measure.

Naturally, even if we are very careful in the preparation of the experimental setup,
we cannot expect that, if we repeated the whole set of nmeasures, we would find the
same data (2.1): some randomness unavoidably exists.
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It is thus natural to use the language of probability theory to describe the exper-
iment. The i-th measure can be modeled by a random variable Xi, defined on some
probability space (Ω,F,P) and the whole outcome of the experiment, the data
(x1 . . . xn), can be viewed as realizations of a collection (X1, . . . ,Xn) of random
variables, independent and identically distributed. The requirement of indepen-
dence is suggested by the assumption that the result of any measure does not affect
the results of the others while the one of identical distribution translates the idea that
the measurements are performed under the same experimental conditions.

Sometimes, depending on the measurement procedure, one has an idea about the
law of the random variables Xi: in could be Binomial, Poisson, Exponential, Normal,
Uniform and so on. However, in general, the actual parameters characterizing the
law are not known but can be inferred from the data (x1 . . . xn).

This typical situation justifies the following definition:

Definition 2.1 A statistical model is a family:

{(Ω,F,Pθ )}θ∈Θ

of probability spaces sharing the same sample space and the same collection
of events. The probability measure Pθ : F → [0, 1] depends on a parameter θ

taking values in a set Θ ⊆ R
m.

A statistical model describes the preparation procedure of the experiment; the
results of the experiment, as anticipated above, are realizations of amultidimensional
random variable:

X = (X1 . . .Xn) (2.2)

where the components Xi : Ω → E ⊂ R
k are independent and identically

distributed. Such a random variable X is called a sample of rank n.
Within a statistical model, the law of Xi, describing the measurement procedure:

B ∈ B(Rk) → μθ (B) = Pθ (Xi ∈ B) (2.3)

naturally depends on θ and can be related to a density pθ (x), discrete of continuous.
As usual in probability theory, the actual precise definition of the triplet (Ω,F,Pθ )

is in general omitted once the law of the sample is specified.
Some examples of models that are frequently employed are summarized in the

following table, in which we indicate the range of the measurements E, the set Θ

and the density pθ (x).
All such models are examples of a wide class of models, called s-parameters

exponential models, characterized by densities of the form:

pθ (x) = e−f1(θ)·f2(x) e−f3(θ)f4(x) (2.4)
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Model E Θ pθ

Bernoulli {0, 1} (0, 1) θ1−x(1 − θ)x

Gaussian R R × (0,∞) 1√
2πθ1

e
− (x−θ0)2

2θ1

Exponential (0,∞) (0,∞) θ0 e−θ0x

where f1 : Θ → R
s, f2 : Rk → R

s, f3 : Θ → R ed f4 : Rk → [0,∞).

2.2 Estimators

One of the main goals of mathematical statistics is to use the data (x1 . . . xn) to
estimate functions τ(θ) of the parameter θ , useful to complete the probabilistic
description of the experiment. For this purpose, suitable functions have to be applied
to the data; keeping in mind that the data are viewed as realizations of a sample, the
following definition is quite natural:

Definition 2.2 A statistic T is an s-dimensional random variable of the form:

ω ∈ Ω → T(ω) = t(X1(ω), . . . ,Xn(ω))

where t : Rk × · · · × R
k → R

s is a measurable function which does not
depend on the parameter θ and (X1 . . .Xn) is a sample of rank n.

The Definition (2.2) of a statistic describes the manipulations we make to
the data. When a statistic T is used to infer a value for a given function of the
parameter θ , τ(θ), we say that T is an estimator of τ(θ), while t(x1 . . . xn) is
called pointwise estimation of τ(θ).

2.3 The Empiric Mean

The most natural statistic one considers when dealing with a set of data is themean.
Inside our formalism, we build the estimator M:

M = m(X1 . . .Xn) =
∑n

i=1 Xi

n
(2.5)

for the unknown quantity:
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μ(θ) = Eθ (Xi) =
∫

dx x pθ (x)

Westart our presentation ofmathematical statistics from the analysis of this estimator,
which will help us to introduce some basic notions.

Intuitively, given the set of data (x1, . . . , xn), one would like to write something
like μ(θ) �

∑n
i=1 xi
n .

Let’s give a precise meaning to such an operative procedure.
M is a random variable, with a law depending on the law of the sample; in

particular the expected value is readily computed:

Eθ (M) =
∑n

i=1 Eθ (Xi)

n
= μ(θ)

and coincides with μ(θ). SoM has expected value equal to the quantity we wish to
infer. This is an important property of the estimator, called unbiasedness, defined in
the following:

Definition 2.3 An estimator T of a function τ(θ) is called unbiased if:

Eθ (T) = τ(θ), ∀θ (2.6)

What about the “error”? In other words, what do we expect about the spreading
of the realizations of M around the expected value μ(θ)? This is controlled by the
variance ofM, whichwe have already computed in the chapter of probability. Letting:

σ 2(θ) = Varθ (Xi) =
∫

dx(x − μ(θ))2pθ (x)

we have:

Varθ (M) = σ 2(θ)

n

As we have already learnt when studying the law of large numbers, the following
inequality holds:

Pθ (|M − μ(θ)| > η) ≤ σ 2(θ)

nη2

for any η > 0. This means that, provided that the σ 2(θ) < +∞ for all θ , increasing
the number of data, i.e. the rank of the sample, the spreading of M around the
expected value μ(θ) becomes smaller and smaller, making the number

∑n
i=1 xi
n nearer

and nearer to μ(θ) for any realization of the sample.
This is another useful property of an estimator, consistency, expressed in general

in the following:



2.3 The Empiric Mean 45

Definition 2.4 An estimator T of a function τ(θ) is called consistent if it
converges in probability to τ(θ) if the rank of the sample tends to +∞.

In order to proceed further, we need some assumption about the law of the Xi.
A typical situation, quite always presented in textbooks, is the case when the Xi are
normal with known variance σ 2. This can be a good model if we know a priori the
sensibility of a given instrument, and is given by:

θ → μθ(B) = P(Xi ∈ B) =
∫

B
dx

exp
(
− (x−θ)2

2σ 2

)

√
2πσ 2

(2.7)

where the parameter θ ≡ μ(θ) is to be inferred from the data, while σ 2 is a fixed
parameter, which we assume to know a priori. In such case, M is normal, being a
linear combination of normal random variables. In particular, we have:

Z = M − θ
√

σ 2

n

∼ N (0, 1) (2.8)

This means that the statistic M is normally distributed around the unknown mean θ

with a known variance, decreasing with the rank of the sample.
Before proceeding, we need the very important definition of quantiles.

Definition 2.5 If X is a real valued absolutely continuous random variable,
the quantile of order α ∈ (0, 1), qα , is defined by the following:

P(X ≤ qα) = α (2.9)

Introducing the quantiles φα of a standard normal law, we can write the exact
result:

Pθ

(−φ1− α
2

≤ Z ≤ φ1− α
2

) = 1 − α (2.10)

or, equivalently:

Pθ

(

M − φ1− α
2

√
σ 2

n
≤ θ ≤ M + φ1− α

2

√
σ 2

n

)

= 1 − α (2.11)

It is important to understand the meaning of this equality: let’s fix 1 − α = 0.95 =
95%, the confidence level; in such case, we have to use the quantile φ1− α

2
= φ0.975

= 1.96. The random interval:
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[

M − 1.96

√
σ 2

n
,M + 1.96

√
σ 2

n

]

(2.12)

contains the unknown expected value θ , with probability 1 − α = 95%: for that
reason, it is called confidence interval at the level 1 − α = 95% for the parameter
θ . This is a particular example of the following very general definition:

Definition 2.6 Given two real valued statistics A,B, the random interval
[A,B] is called confidence interval at the level 1 − α ∈ (0, 1) of a function
τ(θ) if:

Pθ (τ (θ) ∈ [A,B]) ≥ 1 − α ∀ θ ∈ Θ

To summarize, if our data (x1, . . . , xn) can be modelled with normal random
variables with unknown expected value θ and known variance σ 2, the real number:

x =
∑n

i=1 xi
n

(2.13)

is a pointwise estimation of θ . Moreover, letting:

δx =
√

σ 2

n
(2.14)

the interval:
[x − 1.96δx, x + 1.96δx] (2.15)

is an estimation of a confidence interval at the level 95% for the unknown θ .

2.4 Cochran Theorem and Estimation of the Variance

A far more general situation emerges in the case that the sample components are
normal with both expectation and variance unknown.

θ = (θ0, θ1) → μθ (B) = P(Xi ∈ B) =
∫

B
dx

exp
(
− (x−θ0)

2

2θ1

)

√
2πθ1

(2.16)

We show now how to use the data to estimate the unknown functionsμ(θ) and σ 2(θ),
and to obtain two intervals inR containing respectively the two functionswith a given
confidence level.
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Besides the statistic M introduced above, which is an unbiased and consistent
estimator of μ(θ) = θ0, we introduce the following estimator:

S2 = s2(X1 . . .Xn) =
∑n

i=1 (Xi − M)2

n − 1
(2.17)

of σ 2(θ) = θ1. The presence of n − 1 in the denominator makes S2 unbiased, as
follows from the following calculation:

Eθ (S
2) = Eθ

⎡

⎢
⎣

∑n
i=1 X

2
i − n

(∑n
j=1 Xj

n

)2

n − 1

⎤

⎥
⎦ =

=
nEθ (X 2

i ) − 1
nEθ

((∑n
j=1 Xj

)2
)

n − 1
=

=
nEθ (X 2

i ) − 1
n

(

Varθ
(∑n

j=1 Xj

)
+
(
Eθ

(∑n
j=1 Xj

))2
)

n − 1
=

= nEθ (X 2
i ) − Varθ (Xi) − n (Eθ (Xi))

2

n − 1
= Varθ (Xi) = σ 2(θ)

S2 is also consistent, as can be easily verified using the law of large numbers. The
pointwise estimation of σ 2(θ) is thus:

s2(x1 . . . xn) =
∑n

i=1

(
xi −

∑n
j=1 xj
n

)2

n − 1
(2.18)

Let’s turn to confidence intervals.

The central result is that the random variable:

R = M − θ0
√

S2

n

(2.19)

follows a Student law t(n − 1)with n − 1 degrees of freedom, and this allows
to build confidence intervals for the mean, θ0. Moreover, it turns out that the
random variable:

n − 1

θ1
S2 (2.20)

follows a chi-square law χ2(n − 1) with n − 1 degrees of freedom, allowing
to compute confidence intervals for the variance, θ1.
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We let t1−α/2(n − 1) be the quantile of order 1 − α/2 of the Student law t(n − 1),
defined, as we have already seen before, by the following:

Pθ (R ≤ t1−α/2(n − 1)) = 1 − α/2 (2.21)

Since the Student law is even (R and −R have the same law), we have tα/2(n − 1) =
−t1−α/2(n − 1) and thus we can write:

Pθ (−t1−α/2(n − 1) ≤ R ≤ t1−α/2(n − 1)) = 1 − α (2.22)

We conclude that the random interval:

[M − t1−α/2(n − 1)

√
S2

n
,M + t1−α/2(n − 1)

√
S2

n
] (2.23)

is a confidence interval at the level 1 − α for the mean μ(θ) = θ0. If we replace the
estimators with the pointwise estimations, we provide an estimation for the confi-
dence interval which, letting:

m =
∑n

i=1 xi
n

, s2 = 1

n − 1

n∑

i=1

(xi − m)2

is:

[m − t1−α/2(n − 1)

√
s2

n
,m + t1−α/2(n − 1)

√
s2

n
]

The most typical choice is the level 95%, which means 1 − α = 0.95, that is α =
0.05: we have to use the quantile t1−α/2(n − 1) = t0.975(n − 1), which, for example
in the case n = 100, is nearly 1.985.

Remark 2.1 Quite often, when the rank of the sample in large, in the expression of
confidence intervals one replaces the quantile t1−α/2(n − 1) of the Student law with
the ones of standard normal law φ1−α/2 (naturally strictly independent on n). In the
case n = 100, for example, such substitution would give a slightly smaller interval,
being φ0.975 = 1.96.

For the variance, the result:

(n − 1)S2

θ1
∼ χ2(n − 1) (2.24)

implies that:

Pθ

(

χ2
α/2(n − 1) ≤ (n − 1)S2

θ1
≤ χ2

1−α/2(n − 1)

)

= 1 − α (2.25)
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where we have introduced the quantiles of the χ2(n − 1). We can rewrite the above
expression in the following way:

Pθ

(
(n − 1)S2

χ2
1−α/2(n − 1)

≤ θ1 ≤ (n − 1)S2

χ2
α/2(n − 1)

)

= 1 − α (2.26)

which shows that: [
(n − 1)S2

χ2
1−α/2(n − 1)

,
(n − 1)S2

χ2
α/2(n − 1)

]

(2.27)

is a confidence interval at the level 1 − α for σ 2(θ) = θ1.
Typically, when a sample has rank n > 30, the following approximation turns out

to be very accurate:

χ2
1−α/2(n − 1) � 1

2

(
φ1−α/2 + √

2(n − 1) − 1
)2

(2.28)

where φ1−α/2 is the quantile of the standard normal law. In the case n = 100, at the
level 95%, α = 0.05, we have:

χ2
1−α/2(n − 1) � 129.07, χ2

α/2(n − 1) � 73.77 (2.29)

so that the confidence interval is
[
0.77S2, 1.36S2

]
.

2.4.1 The Cochran Theorem

The rigorous justification of the results of this paragraph relies on the following:

Theorem 2.1 (Cochran) Let Y = (Y1 . . . Yn) be an n-dimensional normal random
variable, Y ∼ N (0, I). Moreover, let E1 . . .Es be orthogonal vector subspaces of
R

n, such that
⊕s

j=1 Ej = R
n. We denote Π1 . . . Πs the linear projectors onto such

subspaces. Then:

1. the random variables ΠjX , j = 1 . . . s, are independent.
2. the random variables |ΠjX |2, j = 1 . . . s, has a chi-square law χ2(dj), where

dj = dim(Ej) is the dimension of Ej.

Proof Let B = {e1 . . . en} be the canonical base ofRn, and let’s write Y = ∑n
i=1 Yiei.

Moreover, if B̃1 . . . B̃s are orthonormal basis of the subspaces E1 . . .Es, the set of
vectors B̃ = B̃1 ∪ · · · ∪ B̃s = {ẽ1 . . . ẽn} is an orthonormal basis of Rn and we may
write Y = ∑n

j=1 Ỹj ẽj where:
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⎛

⎝
Ỹ1
. . .

Ỹn

⎞

⎠ =
⎛

⎝
(ẽ1|e1) . . . (ẽ1|en)

. . . . . . . . .

(ẽn|e1) . . . (ẽn|en)

⎞

⎠

⎛

⎝
Y1
. . .

Yn

⎞

⎠

the matrix Γ with matrix elements Γij = (ẽi|ej) being orthogonal. It follows that the
random variable (Ỹ1 . . . Ỹn) is normalN (Γ 0 = 0, Γ IΓ τ = I). Thus, the components
Ỹi are standard normal and independent.

ΠjY =
n∑

i=1

(ẽi|ΠjY )ẽi =
∑

ẽi∈B̃j

Ỹi ẽi

implies that the ΠjY are independent. Finally:

|ΠjY |2 =
∑

ẽi∈B̃j

Ỹ 2
i ∼ χ2(dj)

since the Ỹi are standard normal and independent.

2.5 Estimation of a Proportion

Let’s assume now that the sample X = (X1, . . . ,Xn) is made of Bernoulli random
variables B(1, θ) with parameter θ ∈ (0, 1). We know that:

Eθ (Xi) = θ, Varθ (Xi) = θ(1 − θ)

so that the random variable:

M = m(X1 . . .Xn) =
∑n

i=1 Xi

n
(2.30)

is an unbiased estimator for θ , that is:

Eθ (M) = θ

Moreover, for large n, the law of:

M − θ√
θ(1 − θ)/n

(2.31)
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can be approximated by a law N (0, 1), for the central limit theorem. We can thus
write:

Pθ

(

−φ1− α
2

≤ M − θ√
θ(1 − θ)/n

≤ φ1− α
2

)

� 1 − α (2.32)

where, as before, φ1− α
2
are the quantiles of the standard normal N (0, 1). We can

rewrite the above formula as:

Pθ

(

M − q1− α
2

√
θ(1 − θ)√

n
≤ θ ≤ M + q1− α

2

√
θ(1 − θ)√

n

)

� 1 − α

In order to build up a confidence interval at the level 1 − α for the parameter θ we
should solve the inequality:

−φ1− α
2

≤ M − θ√
θ(1 − θ)/n

≤ φ1− α
2

with respect to θ , which is a simple exercise which we leave to the reader. In gen-
eral, when n is large enough, the resulting confidence interval can be accurately
approximated as:

[

M − φ1− α
2

√
M(1 − M)√

n
,M + φ1− α

2

√
M(1 − M)√

n

]

(2.33)

2.6 Cramer-Rao Theorem

We have learnt till now to build up estimators T for functions τ(θ), in particular
for the mean and the variance, inside a given statistical model. We have seen that
some nice properties of an estimator are unbiasedness and consistence. We are going
now to explore more deeply the quality of an estimator. Naturally, the precision of
our estimation will depend on the variance of T, or, in higher dimensions, on its
covariance matrix.

We start limiting our attention to real valued estimators and to a one dimensional
parameter θ . Later we will generalize to higher dimensions.

We fix some working hypothesis, which are satisfied by a wide class of statistical
models, including the exponential ones. First of all, we aussume that the real valued
components Xi of the sample (X1 . . .Xn) have density pθ (x), which we ask to be
differentiable with respect to the parameter θ . Moreover, we assume that, for any
statistic T = t(X1 . . .Xn), integrable with respect to the density pθ (x1) . . . pθ (xn), we
can exchange integration and differentiation:

∂

∂θ

[
Eθ [T]

]
=
∫

dx1 . . . dxn t(x1 . . . xn)
∂

∂θ

[
pθ (x1) . . . pθ (xn)

]
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A simple manipulation of the above identity leads to the following:

∂

∂θ

[
Eθ [T]

]
= Eθ [T S] (2.34)

where we have introduced the score function:

S = 1

pθ (X1) . . . pθ (Xn)

∂

∂θ

[
pθ (X1) . . . pθ (Xn)

]
= ∂

∂θ
log

[
pθ (X1) . . . pθ (Xn)

]

which measures the sensibility of the density pθ (x) with respect to the parameter θ .
The score function statistic has zero mean, as can be proved by using T = 1 in

the identity (2.34):
∂

∂θ

[
Eθ [1]

]
= 0 = Eθ [ S] (2.35)

The average sensibility is thus measured by the variance of the score function,
which is called Fisher Information number:

I(θ) = Eθ

[
S2
] = Eθ

[(
∂

∂θ
log

[
pθ (X1) . . . pθ (Xn)

])2
]

≥ 0

We will show now that such Fisher information number is related to the maximum
precision we can expect for one estimator.

We consider now an estimator T = t(X1, . . . ,Xn) of a quantity τ(θ). If the esti-
mator is unbiased, we have:

τ(θ) = Eθ [T] =
∫

dx1 . . . dxn t(x1 . . . xn)
[
pθ (x1) . . . pθ (xn)

]
(2.36)

and, by construction:

dτ(θ)

dθ
= Eθ [T S] = Eθ [(T − τ(θ)) S] = Cov [T, S] (2.37)

where we have use the fact that the score function has zero mean.
We can use now Cauchy-Schwartz inequality, which implies the following very

interesting result:

∣
∣
∣
∣
dτ(θ)

dθ

∣
∣
∣
∣

2

= |Cov [T, S] |2 ≤ Var(T)Var(S) (2.38)
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This is the very important Cramer-Rao inequality:

Varθ (T) ≥ | dτ(θ)

dθ
|2

I(θ)
(2.39)

I(θ) being the Fisher Information number:

I(θ) = Eθ

[(
∂

∂θ
log

[
pθ (X1) . . . pθ (Xn)

])2
]

We stress that the Fisher information number is a property of the statistical model,
and not of the estimator: nevertheless, it imposes a lower bound to the variance of
estimators that can be built up. Naturally, the smallest is the variance, the highest is
the precision of the estimation: I(θ) controls the precision of the estimators.

Definition 2.7 An estimator T of a quantity τ(θ) is called efficient if:

Varθ (T) = | dτ(θ)

dθ
|2

I(θ)
(2.40)

Let’s consider an instructive example: let’s assume that the components of the
sample Xi are normal with unknown mean θ and known variance σ 2. We have:

(
∂

∂θ
log

[
pθ (X1) . . . pθ (Xn)

])2

=
⎛

⎝
n∑

i=1

∂

∂θ
log

⎛

⎝
exp

(
− (Xi−θ)2

2σ 2

)

√
2π σ

⎞

⎠

⎞

⎠

2

=

=
(

n∑

i=1

∂

∂θ

(

− (Xi − θ)2

2σ 2
− log(

√
2π σ)

))2

=
(

n∑

i=1

Xi − θ

σ 2

)2

We get thus, exploiting independence, the following result for the Fisher infor-
mation:

I(θ) = Eθ

⎡

⎣

(
n∑

i=1

Xi − θ

σ 2

)2
⎤

⎦ = nVarθ

(
Xi − θ

σ 2

)

= nEθ

[(
Xi − θ

σ 2

)2
]

= n

σ 2

(2.41)
independent on θ . On the other hand, if we consider the estimator:

M = m(X1 . . .Xn) =
∑n

i=1 Xi

n
(2.42)
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of τ(θ) = θ (whose derivative is one!), we already know that:

Var(M) = σ 2

n
= 1

I(θ)
(2.43)

so thatM is an efficient estimator of the mean: keeping fixed the statistical model, it
is not possible to build up an estimator for the mean with variance lower than σ 2

n .
We present now the general statement of the Cramer-Rao theorem.

Theorem 2.2 (Cramer, Rao) Let {(Ω,F,Pθ )}θ∈Θ a statistical model and X =
(X1 . . .Xn) a sample of rank n such that the following hypothesis hold:

1. the law of the components Xi of the sample (X1 . . .Xn) has density pθ (x)
2. pθ (x) is differentiable with respect to θ

3. for any s-dimensional statistic T = t(X1 . . .Xn) we can write:

∂

∂θ

[
Eθ (Ti)

]
=
∫

dx1 . . . dxn ti(x1 . . . xn)
∂

∂θ

[
pθ (x1) . . . pθ (xn)

]

If T is an estimator of the quantity τ(θ) with finite expectation Eθ (T), then the
following matrix inequality holds:

Covθ (T) ≥ J (θ)I−1(θ)J (θ)T (2.44)

where J (θ) is the Jacobian of Eθ (T):

Jik(θ) = ∂Eθ (Ti)

∂θk
(2.45)

and I(θ) is the Fisher Information matrix:

Iij(θ) = Eθ

(
Si(X1 . . .Xn)Sj(X1 . . .Xn)

)

the score vector being defined by:

S(X1 . . .Xn) = ∂

∂θ
log

[
pθ (X1) . . . pθ (Xn)

]

Proof Using the constant statistic T = 1, we see that the components of the score
vector have zero mean. We introduce the matrix:

Aik = Eθ

((
Ti − Eθ (Ti)

)
Sk
)

= Eθ

(
Ti Sk

)
(2.46)

Moreover, by inspection we see that:

Eθ

(
Ti Sk

)
= ∂Eθ (Ti)

∂θk
= Jik(θ) (2.47)
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This implies that, for each couple of vectors a ∈ R
s, b ∈ R

m:

a · Ab = a · J (θ)b (2.48)

The left hand side has the explicit form:

a · Ab =
s∑

i=1

m∑

j=1

aiAijbj = Eθ

[
(a · (T − Eθ (T))) (S · b))

]

Cauchy-Schwartz inequality implies:

|a · Ab|2 ≤ Eθ

(
(a · (T − Eθ (T)))2

)
Eθ

(
(S · b))2

)

that is:
|a · Ab|2 ≤ (a · Covθ (T) a) (b · I(θ)b) (2.49)

Finally:
|a · J (θ)b|2 = |a · Ab|2 ≤ (a · Covθ (T) a) (b · I(θ)b)

Choosing b = I(θ)−1J (θ)Ta and using the symmetry of Fisher information matrix
(and of its inverse), we find:

(a · J (θ)b)
(
a · J (θ)I(θ)−1J (θ)T a

) ≤ (a · covθ (T) a) (a · J (θ) · b)

that is:
(a · covθ (T) a) ≥ (

a · J (θ)I(θ)−1J (θ)T a
)

This completes the proof.

2.7 Maximum Likelihood Estimators (MLE)

We have till now learnt some useful properties of estimators, determining their pre-
cision in inferring τ(θ) from a set of data. A natural question is whether there exists a
tool to invent an estimator for a particular τ(θ). In the case of mean and variance the
actual definition of the estimator is very natural, but there can be situations in which
the choice is not so simple. We limit our attention to the case when the quantity τ(θ)

to be estimated is the parameter θ itself. We assume moreover that the components
of the sample (X1 . . .Xn) have density pθ (x).

Given the data (x1 . . . xn) let’s consider the likelihood function:

L(θ; x1 . . . xn)
def= pθ (x1) . . . pθ (xn) (2.50)
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Intuitively, “L(θ; x1 . . . xn)dx1 . . . dxn” is the probability to obtain precisely themea-
sured data for the value θ of the parameter. We are naturally induced to estimate the
unknown parameter as the value θ whichmaximizes such probability. This justifies
the following:

Definition 2.8 We callmaximum likelihood estimator (MLE) of the param-
eter θ the statistic:

TML(X1 . . .Xn) = arg max
θ∈Θ

L(θ;X1 . . .Xn) = arg max
θ∈Θ

pθ (X1) . . . pθ (Xn)

(2.51)

We observe that such estimator is well defined whenever, for the given data, the
function θ → L(θ; x1 . . . xn) has a unique maximum.

In order to give a first example, let’s consider again the normal sample with
unknown mean θ and known variance σ 2. In such case:

L(θ;X1 . . .Xn) = 1

(2πσ 2)n/2
exp

(

−
n∑

i=1

(Xi − θ)2

2σ 2

)

(2.52)

The maximization of such function with respect to θ leads to the following equation:

0 = ∂

∂θ

(

−
n∑

i=1

(Xi − θ)2

)

= 2
n∑

i=1

(Xi − θ)

which implies:

TML(X1 . . .Xn) =
∑n

i=1 Xi

n

which is exactly the empirical mean.
The MLE for some important models are summarized in the following table:

Model TML Eθ (TML) Varθ (TML) I(θ)

Bernoulli
∑n

i=1 Xi
n θ

θ(1−θ)
n

n
θ(1−θ)

Gaussian

⎛

⎝

∑n
i=1 Xi
n∑n

i=1 X
2
i

n −
(∑n

i=1 Xi
n

)2

⎞

⎠
(

θ0
n−1
n θ1

) ( θ1
n 0
0 n−1

n2
2θ21

) (
n
θ1

0
0 n

2θ21

)

Exonential n∑n
i=1 Xi

n
n−1 θ n2

(n−1)2(n−2)
θ2 n

θ2

We observe that the MLE may be not unbiased nor efficient, but they asyntotically
have these properties in the limit of large samples.
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The following theorems, which we state without proof, provide general results
about MLEs. The first result concernes existence of MLEs. For a proof we defer
to [2].

Theorem 2.3 (Wald) If:

1. Θ is compact.
2. for each x the density pθ (x) is a continuous function of θ .
3. pθ (x) = pθ ′(x) if and only if θ = θ ′
4. there exists a positive function K : Rk → R, such that the random variable K(Xi)

has finite expectation and such that, for each x and θ :

∣
∣
∣
∣log

[
pθ (x)
pθ ′(x)

]∣
∣
∣
∣ ≤ K(x) (2.53)

Then there exist a maximum likelihood estimator TML(X1 . . .Xn) that converges
almost surely to θ as the rank of the sample increases to +∞.

A stronger result is the following:

Theorem 2.4 (Cramer) If:

1. Θ is open.
2. for each x, pθ (x) ∈ C2(Θ), and it is possible to exchange derivative and expec-

tation.
3. pθ (x) = pθ ′(x) if and only if θ = θ ′
4. there exists a function K(x) such that K(Xi) has finite expectation and:

‖∇θ log
(
pθ (x)

)‖ ≤ K(x) (2.54)

for each x ∈ R
k .

Then there exists a maximum likelihood estimator TML(X1 . . .Xn) that converges
almost surely to θ as the rank of the sample increases to+∞, and that is asyntotically
normal and efficient:

TML(X1 . . .Xn)
a.s.−−−→

n→∞ θ

lim
n→∞

√
n [TML(X1 . . .Xn) − θ ]

L→ Z ∼ N
[
0, I(θ)−1

] (2.55)

2.8 Hypothesis Tests

A typical problem in mathematical statistics is to use the data to confirm or reject
an hypothesis relying on a set of data. Once fixed a statistical model, an hypothesis
is a statement about the parameter θ . In practice, the statistical hypothesis to be
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tested, called the null hypothesis H0 (that in general the tester tries to reject) can be
expressed as:

H0 : θ ∈ Θ0 (2.56)

while the alternative hypothesisH1, (that in general the tester tries to establish) can
be expressed as:

H1 : θ ∈ Θ1 = Θ − Θ0 (2.57)

We start from the data (x1 . . . xn). Performing a statistical test means choosing a
subset ΩR ⊂ R

k × · · · × R
k , called critical region, such that we reject the null

hypothesis if (x1 . . . xn) ∈ ΩR:

(x1 . . . xn) ∈ ΩR ⇒ reject H0 (2.58)

In such case the conclusion is that H0 is not consistent with the data. Naturally, the
randomness in the experiment can lead to errors: if we reject H0 when H0 is true,
we say we do a type I error; on the other hand, if we do not reject H0 when H0 is
false, we say that we do a type II error.

In most cases, the critical region is expressed in term of a statistic T = t(X1, . . . ,

Xn), in the form:
ΩR = {(x1 . . . xn) : t(x1 . . . xn) > T0}

for a given treshold value T0.

2.8.1 Student Test

One very common experimental situation is the comparison between the mean of a
measured quantity and a reference value, maybe coming from a theoretical study.We
assume that the data (x1 . . . xn) can be modeled as realization of a sample (X1 . . .Xn),
with one dimensional normal components. Introducing the statistics M and S2,
respectively estimators of mean μ(θ) and variance σ 2(θ), we already know that:

R = r(X1, . . . ,Xn) = M − μ(θ)
√

S2

n

(2.59)

follows a Student law with n − 1 degrees of freedom.
We denote μ0 the reference value. We test the hypothesis:

H0 : μ(θ) = μ0 (2.60)
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against:
H1 : μ(θ) �= μ0 (2.61)

Naturallywewill rejectH0 if the estimatedmean is far fromμ0. If thenull hypothesis
H0 is true, we can calculate:

Pθ

⎛

⎝

∣
∣
∣
∣
∣
∣

M − μ0
√

S2

n

∣
∣
∣
∣
∣
∣
> t1− α

2
(n − 1)

⎞

⎠ = α

for any α ∈ (0, 1). At the significance level α, we can define the critical region as:

ΩR = {(x1 . . . xn) : |r(x1 . . . xn)| > t1− α
2
(n − 1)}

Typically chosen values are α = 0.10, 0.05, 0.01, corresponding, for large samples,
to the quantiles 1.645, 1.96, 2.58. We note that α is precisely the probability of type
I error.

Given the data (x1 . . . xn), we can thus immediately calculate the standardized
discrepancy with respect to the reference value: r(x1 . . . xn). We can also, using the
Student law or the normal if the sample is large enough, compute the p value:

p value = Pθ

⎛

⎝

∣
∣
∣
∣
∣
∣

M − μ0
√

S2

n

∣
∣
∣
∣
∣
∣
> r(x1 . . . xn)

⎞

⎠ (2.62)

under the assumption that H0 is true. If the p value is less than or equal to the
significance level α, H0 is rejected at the significance level α; the p value is the
probability to find data worse than the ones we have measured if H0 is true. A small
p value means that is very unlikely that H0 is consistent with the data.

Another important class of hypothesis that are often tested have the form:

H0 : μ(θ) ≤ μ0 (2.63)

Naturally, the alternative is:
H1 : μ(θ) > μ0 (2.64)

It is clear that we will reject the null hypothesis if we get a mean much bigger than
μ0. In order to be quantitative, we observe that:

R = M − μ0
√

S2

n

= M − μ(θ)
√

S2

n

+ μ(θ) − μ0
√

S2

n

(2.65)
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is the sum of a Student random variable t(n − 1) and a term which is always negative
if H0 is true. Thus:

Pθ (R > t1−α(n − 1)) ≤ Pθ

⎛

⎝M − μ(θ)
√

S2

n

> t1−α(n − 1)

⎞

⎠ = α

and we may set the critical region:

ΩR = {(x1 . . . xn) : r(x1 . . . xn) > t1−α(n − 1)}

defines a statistical test of the hypothesis (2.63) whose probability of I type error
is α.

In several situations two different estimations of averages of independent nor-
mal samples X = (X1 . . .Xn) and Y = (Y1 . . . Ym) are compared. We will limit our
attention to the situation in which the two independent samples share the same value
for the variance.

In the simplest case, the hypothesis that the two means are equal:

H0 : μX (θ) = μY (θ) (2.66)

is tested against the alternative:

H1 : μX (θ) �= μY (θ) (2.67)

Using Cochran theorem, it is simple to show that, if H0 is true, the random variable:

T = MX − MY
√

1
n + 1

m

√
(n−1)S2

X +(m−1)S2
Y

n+m−2

follows a Student law with n + m − 2 degrees of freedom t(n + m − 2). The above
notation is precisely the same we have used throughout this chapter a part from a
label to distinguish the two samples:MX = 1

n

∑n
i=1 Xi and so on. We have thus:

Pθ

(|T| > t1− α
2
(n + m − 2)

) = α (2.68)

providing a critical region at the significance level α of the form:

ΩR = {(x1 . . . xn; y1 . . . ym) : |t| > t1− α
2
(n + m − 2)}

where t = T(x1 . . . xn; y1 . . . ym). Intuitively, if the two estimations of the means turn
out to be “too different”, we reject the hypothesis.
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If we have to test the hypothesis:

H0 : μX (θ) ≤ μY (θ) (2.69)

we rely on the observation that:

T = MX − MY
√

1
n + 1

m

√
(n−1)S2

X +(m−1)S2
Y

n+m−2

=

= (MX − θ0X ) − (MY − θ0Y )
√

1
n + 1

m

√
(n−1)S2

X +(m−1)S2
Y

n+m−2

+ θ0X − θ0Y
√

1
n + 1

m

√
(n−1)S2

X +(m−1)S2
Y

n+m−2

is the sum of a random variable with law t(n + m − 2) and a term which, if H0 is
true, is always negative or equal to zero. Therefore:

Pθ (T > t1−α(n + m − 2)) = α (2.70)

and the critival region for a test at the significance level α is:

ΩR = {(x1 . . . xn; y1 . . . ym) : t > t1−α(n + m − 2)}

where t = T(x1 . . . xn; y1 . . . ym).

2.8.2 Chi-Squared Test

The Chi-Squared test, or Goodness-of-Fit test, due to Pearson, is a test of the
hypothesis:

H0 : θ = θ0

aiming to verify whether the probability density pθ0(x), specified by the value θ0 of
the parameter, is a good description of the experiment we have made, given a set of
data (x1 . . . xn). The starting point is a partition of the range of the measurements,
R

k , in a finite family {Ej}rj=1 of outcomes, mutually disjoint such that
⋃r

j=1 Ej = R
k .

The basic idea of the test is to compare the theoretical frequencies:

pj(θ0) = Pθ0(Xi ∈ Ej) =
∫

Ej

dx pθ0(x)

with the empirical frequencies:

fj =
∑n

i=1 1Ej (xi)

n

giving the number of measurements fallen in the set Ej.



62 2 Applications to Mathematical Statistics

As usual, we interpret the numbers fj as realizations of the statistics:

Nj = nj(X1 . . .Xn) =
∑n

i=1 1Ej (Xi)

n

The discrepancy between theoretical and empirical frequencies builds up thePearson
random variable:

P = p(X1, . . . ,Xn) =
r∑

j=1

n

(
Nj − pj(θ0)

)2

pj(θ0)
(2.71)

The key result is the following, which we will prove in the problems section:

Theorem 2.5 If the hypothesis:

H0 : θ = θ0

is true, the Pearson random variable converges in distribution to a random variable
χ2(r − 1), as the rank of the sample tends to +∞.

Thus, assuming H0 true, if the sample is large enough, we have:

Pθ0

(
P ≥ χ2

1−α(r − 1)
) = α (2.72)

so that we can define the critical region for the test of H0 at the significance level α.

ΩR = {
(x1 . . . xn) : p(x1 . . . xn) > χ2

1−α(r − 1)
}

(2.73)

2.8.3 Kolmogorov-Smirnov Test

The weak point of the Pearson χ2 test is the necessity of introducing the partition
{Ej}rj=1 of the outcomes, which is quite arbitrary. In this section we will describe
a different approach due to Kolmogorov and Smirnov. The aim is again to test the
hypothesis:

H0 : θ = θ0

We will assume to deal with a sample (X1 . . .Xn) made of one-dimensional random
variables with cumulative distribution function Fθ : R → [0, 1] that is continuous
and strictly increasing for all θ .
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We introduce now the empirical cumulative distribution function of the sample:

F̃n(x) = 1

n

n∑

i=1

Θ(x − Xi)

where Θ is the Heaviside distribution, Θ(x) = 1 if x > 0 and Θ(x) = 0 if x < 0.
F̃n(x), for all x ∈ R, is a random variable counting the number of outcomes smaller or
equal to x. The following calculation shows that F̃n(x) is an unbiased and consistent
estimator of the “true” cumulative distribution function Fθ :

Eθ [F̃n(x)] = 1

n

n∑

i=1

Eθ [Θ(x − Xi)] = Pθ (X ≤ x) = Fθ (x)

varθ [F̃n(x)] = 1

n2

n∑

ij=1

Eθ [Θ(x − Xi)Θ(x − Xj)] − Fθ (x)
2 = Fθ (x)(1 − Fθ (x))

n

Moreover, we are going now to show the following important result:

Theorem 2.6 (Glivenko-Cantelli) The Kolmogorov-Smirnov random variable:

sup
x∈R

|F̃n(x) − Fθ (x)|

converges in probability to zero, that is:

lim
n→∞ Pθ

(
sup
x∈R

|F̃n(x) − Fθ (x)| ≤ ε
)

= 1

∀ ε > 0.

Proof Let’s fix ε > 0, choose k ∈ N, k ≥ 1
2ε and consider the points xj = F−1

θ

(
j
k

)

with j = 0 . . . k. Then:

Fθ (xj+1) − Fθ (xj) = j + 1

k
− j

k
= 1

k
≤ ε

As we have observed above, in each point xj the empirical cumulative distribution
function F̃n(xj) converges in probability to Fθ (xj). Then the random variable:

Δk = max
j=0...k

|F̃n(xj) − Fθ (xj)|

converges in probability to zero. Since ∀ x ∈ R there exists one and only one j such
that x ∈ [xj−1, xj) we can write:
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F̃n(x) − Fθ (x) ≤ F̃n(xj) − Fθ (xj−1) = F̃n(xj) − Fθ (xj) + Fθ (xj) − Fθ (xj−1)

|F̃n(x) − Fθ (x)| ≤ |F̃n(xj) − Fθ (xj)| + |Fθ (xj) − Fθ (xj−1)| ≤ Δk + ε

The fact that the last member is independent of x allows to write:

sup
R

|F̃n(x) − Fθ (x)| ≤ Δk + ε

which implies:

Pθ

(
sup
x∈R

|F̃n(x) − Fθ (x)| ≤ 2ε
)

≥ Pθ

(
Δk + ε ≤ 2ε

) = Pθ

(
Δk ≤ ε

)

This completes the proof since Δk converger in probability to zero:

lim
n→∞ Pθ

(

sup
R

|F̃n(x) − Fθ (x)| ≤ 2ε

)

≥ 1

Let’s consider now the random variable:

√
n sup

x∈R
|F̃n(x) − Fθ (x)| = √

n sup
x∈R

|1
n

n∑

i=1

Θ(x − Xi) − Fθ (x)|

for the given sample. Since Fθ is invertible by construction, we can write:

√
n sup

R

|F̃n(x) − Fθ (x)| = √
n sup

[0,1]

∣
∣
∣F̃n(F

−1
θ (t)) − t

∣
∣
∣ = sup

[0,1]

∣
∣
∣
∣
∣

1√
n

n∑

i=1

Θ(t − Fθ (Xi)) − √
nt

∣
∣
∣
∣
∣

Now, let’s define:

B̃(n)
t = 1√

n

n∑

i=1

Θ(t − Fθ (Xi)) − √
nt

The key point is that Fθ (X1), . . . ,Fθ (Xn) are independent and uniform in (0, 1), as
we have shown in the first chapter. It is immediate to see that:

B̃(n)
0 = B̃(n)

1 = 0

Moreover:

E
[
B̃(n)
t

]
= 1√

n

n∑

i=1

∫ 1

0
duΘ(t − u) − √

nt = 0
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and, if s < t:

E
[
B̃(n)
t B̃(n)

s

]
= 1

n

∑

i

∫ 1

0
duΘ(t − u)Θ(s − v)du+

+ 1

n

n∑

i �=j=1

∫ 1

0
du

∫ 1

0
dvΘ(t − u)Θ(s − v) + nts+

− s
n∑

i=1

∫ 1

0
duΘ(t − u) − t

n∑

i=1

∫ 1

0
dvΘ(s − v) =

= s + (n − 1)ts + nts − nts − nts =
= s(1 − t)

Finally, the central limit theorem guarantees that B̃t , in the limit n → +∞ becomes
normal. When we will introduce the theory of stochastic processes, we will call the
process:

B̃t = lim
n→+∞ B̃(n)

t

brownian bridge. We have thus shown that:

lim
n→∞

√
n sup

R

|F̃n(x) − Fθ (x)| = sup
[0,1]

|B̃(t)| (2.74)

where B̃(t) is a brownian bridge. This is very useful since the following technical
result, of which we will omit the proof, holds:

P
(
sup
[0,1]

|B̃(t)| ≤ x
) = 1 − 2

∞∑

k=1

(−1)k−1e−2k2x2 (2.75)

The reader may refer to the following table of the quantiles of the random variable
sup[0,1] |B̃(t)| (Table2.1):

Table 2.1 Quantiles D1−α of
the random variable
sup[0,1] |B̃(t)|

1 − α D1−α

0.99 1.627

0.98 1.518

0.95 1.358

0.90 1.222

0.85 1.138

0.80 1.073
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The critical region of the Kolmogorov-Smirnov test is:

ΩR =
{

(x1 . . . xn) : √
n sup

R

|F̃n(x) − Fθ0(x)| > D1−α

}

(2.76)

Given the data, the tester, assuming that θ = θ0 evaluates the empirical cumulative
distribution function F̃n(x) and finds the real number

√
n sup

R
|F̃n(x) − Fθ0(x)|; if

such positive number is bigger than D1−α , the tester rejects the hypothesis at the
significance level α.

2.9 Estimators of Covariance and Correlation

During experiments a very important issue is the existence of correlations among
different quantities that are measured. Let’s consider the the simplest situation, when
only two quantities are measured: this results into two sets of data, (x1 . . . xn) and
(y1 . . . yn), which we view as realizations of two samples (X1 . . .Xn) e (Y1 . . . Yn).

We wish to estimate the covariance:

Covθ (XiYi) = Eθ (XiYi) − Eθ (Xi)Eθ (Yi) = μXY (θ) − μX (θ)μY (θ) (2.77)

Let’s define the estimator:

C = n

n − 1
MXY (X1Y1 . . .XnYn) − n

n − 1
MX (X1 . . .Xn)MY (Y1 . . . Yn) =

= 1

n − 1

n∑

i=1

XiYi − 1

n(n − 1)

(
n∑

i=1

Xi

) (
n∑

i=1

Yi

) (2.78)

This is an unbiased estimator for μXY (θ) − μX (θ)μY (θ), as can be seen from the
following calculation:

Eθ (C) =
∑n

i=1 Eθ (XiYi)

n − 1
−

∑n
ij=1 Eθ (XiYj)

n(n − 1)
=

= Eθ (XiYi) − Eθ (Xi)Eθ (Yi) = μXY (θ) − μX (θ)μY (θ)

Moreover, the law of large numbers guarantees that C is also consistent.
A very interesting quantitative information about correlation, very often used in

data analysis, is the Pearson correlation coefficient:

ρ(θ) = μXY (θ) − μX (θ)μY (θ)
√

σ 2
X (θ) σ 2

Y (θ)



2.9 Estimators of Covariance and Correlation 67

which is a real number, −1 ≤ ρ(θ) ≤ 1, is zero if the quantities are non correlated
and reaches the value ±1 when there exists a linear relationship between the two
quantities.

A typical estimator for ρ(θ) is:

R = MXY − MXMY
√
S2X S2Y

(2.79)

This natural estimator is a quite complicated function of the samples: it is highly
non trivial to evaluate its expectation or to build up confidence intervals. It is useful
to introduce here a well established technique, the propagation of errors, which will
help us to study the estimator R. The first observation is that:

R = g (MX ,MY ,MX 2 ,MY 2 ,MXY )

where:
g(x1, x2, x3, x4, x5) = x5 − x1x2

√
(x3 − x21)(x4 − x22)

and we know the properties of the statistics MX ,MY ,MX 2 ,MY 2 ,MXY . What can
we learn about R?

The approach we will follow relies on the important theorem:

Theorem 2.7 (Propagation of errors) Let {Zn}∞n=0 be a sequence of k dimensional
random variables converging almost surely to a constant vector z ∈ R

k and such as
the sequence:

Zn − z

1/
√
n

(2.80)

converges in distribution to a normal random variable N (0,Σ) for a givenmatrixΣ .
If g : Rk → R is a function of class C1 in a neighborhood of z, then the sequence:

g(Zn) − g(z)

1/
√
n

(2.81)

converges in distribution to a normal random variable N (0,∇g(z)Σ ∇g(z)T ).

Proof The proof relies on a first order Taylor expansion with Lagrange rest:

g(Zn(ω)) = g(z) + ∇g(Z�
n (ω))(Zn(ω) − z)

where Z�
n (ω) lies, for all ω, between z and Zn(ω). Exploiting the continuity of ∇g (g

is of class C1 by construction), we have thus:

lim
n→∞

√
n (g(Zn) − g(z)) = ∇g(z) lim

n→∞
√
n (Zn − z)
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and the thesis follows from the fact that the right hand side has law N (0,∇g(z)Σ

∇g(z)T ).

Now, the sequence (MX ,MY ,MX 2 ,MY 2 ,MXY ) converges almost surely to the
limit (μX (θ), μY (θ), μX 2(θ), μY 2(θ), μXY (θ)) when the rank of the samples tends
to +∞. Since:

R = g (MX ,MY ,MX 2 ,MY 2 ,MXY )

where:
g(x1, x2, x3, x4, x5) = x5 − x1x2

√
(x3 − x21)(x4 − x22)

is continuous (μX (θ), μY (θ), μX 2(θ), μY 2(θ), μXY (θ)), then R converges almost
surely to ρ(θ) (the interested reader can try to show this intuitive continuous map-
ping theorem). This guarantees the consistency of the estimator, since almost sure
convergence implies convergence in probability. Moreover, since:

lim
n→∞Eθ (R) = ρ(θ)

R is also an asyntotically unbiased estimator.
If the components (Xi,Yi) follow a normal law, we can also use the propagation

of errors to find the law of R and to provide confidence intervals for ρ(θ). In order
to simplify the notations, we let μX (θ) = 0 and μY (θ) = 0.

For the central limit theorem, the random variable:

lim
n→∞

√
n

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

MX

MY

MX 2

MY 2

MXY

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

−

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

0

0

σ 2
X (θ)

σ 2
Y (θ)

ρ(θ)σX (θ)σY (θ)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

follows a normal law with covariance matrix Σ whose explicit form is:

Σ =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

σ 2
X 2ρσX σY 0 0 0

ρσX σY σ 2
Y 0 0 0

0 0 2σ 4
X 2ρ2σ 2

X σ 2
Y 2ρσ 3

X σY

0 0 2ρ2σ 2
X σ 2

Y 2σ 4
Y 2ρσ 3

YσX

0 0 2ρσ 3
X σY 2ρσ 3

YσX (1 + ρ2)σ 2
X σ 2

Y

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠
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Moreover:

∇g(0, 0, σ 2
X (θ), σ 2

Y (θ), ρ(θ)σX (θ)σY (θ)) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0

0

− ρ(θ)

σ 2
X (θ)

− ρ(θ)

σ 2
Y (θ)

1
σX (θ)σY (θ)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

Since ∇gΣ∇g = (1 − ρ(θ)2)2, the propagation of errors theorem guarantees that:

lim
n→∞

√
n (R − ρ(θ)) ∼ N

(
0,
(
1 − ρ(θ)2

)2)
(2.82)

The reader can verify that the same result can be obtained also when μX (θ) and
μY (θ) do not vanish.

We have thus:

Pθ

(

−φ1− α
2

≤ √
n
R − ρ(θ)

1 − ρ(θ)2
≤ φ1− α

2

)

� 1 − α (2.83)

and a confidence interval at the level 1 − α for ρ(θ) turns out to be:

[
1 − √

1 − 4zR + 4z2

2z
,

√
1 + 4zR + 4z2 − 1

2z

]

(2.84)

where z = φ1− α
2√
n
.

2.10 Linear Regression

We conclude this chapter with a brief review of the well known linear regression,
which is widely used in applied science, data analysis and machine learning. It is
very common, in several applications, to guess an affine-linear relation between
two quantities, say X and Y . The quantity X is usually called the input variable,
and can be controlled by the experimentalist, who chooses n-values, (x1, . . . , xn)
and, correspondingly, performes n measurements of the response variable, Y . The
response variable is random and the experimentalist will obtain n data (y1, . . . , yn).
If we expect a linear-affine relation between X and Y , the simplest way to describe
the experiment using the language of probability theory is to model (y1, . . . , yn) as
realizations of n random variables of the form:

Yi = a + bxi + σεi (2.85)
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where the xi enter simply as real parameters, while εi ∼ N (0, 1) are standard normal
independent random variables; the coefficients a and b of the linear-affine relation,
and the measurement error σ , are to be inferred from the data.

We are going now to show how to build up estimations of a, b, and σ , using as
starting point the input parameters (x1, . . . , xn) and the data (y1, . . . , yn).

If we organize the data in couples (x1, y1) . . . (xn, yn), the most natural strategy is
to find the values of a and b minimizing the quantity:

F(a, b) =
n∑

i=1

|yi − a − bxi|2 (2.86)

We can write the above function in a more geometrical way as follows:

F(a, b) =
∣
∣
∣y − M

(
a
b

) ∣
∣
∣
2

(2.87)

where y = (y1, . . . , yn) and M ∈ Mn×2(R) is the matrix:

⎛

⎝
1 x1
. . . . . .

1 xn

⎞

⎠ (2.88)

whose columns are linearly independent provided that (x1 . . . xn) are not all equals.

As (a, b) vary, the set of pointsM

(
a
b

)

is the plane E1 inRn spanned by the columns

of M . Thus:
min

(a,b)∈R2
F(a, b) = min

p∈E1

|y − p|2 (2.89)

so that elementary geometry implies that the minimum is reached when p = Π1y,
Π1 being the projector onto the plane E1, whose explicit form is the following:

Π1 = M (MTM )−1MT (2.90)

We have thus:
p = Π1y = M (MTM )−1MTy (2.91)

which, keeping in mind that p = M

(
a
b

)

, leads to the estimator:

(
A

B

)

(Y1 . . . Yn) = (MTM )−1MTY (2.92)

or, more explicitly:
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A(Y1 . . . Yn) = MX 2MY − MXMXY

MX 2 − M2
X

B(Y1 . . . Yn) = MXY − MXMY

MX 2 − M2
X

(2.93)

We stress that the quantities MX and MX 2 are not random, depending only on the
input data. The random variables (2.93) are unbiased estimators of the parameters
(a, b); in fact:

E

[(
A

B

)]

= (MTM )−1MTE[Y ] = (MTM )−1MTM

(
a
b

)

=
(
a
b

)

(2.94)

We have still to build up an estimator for σ 2. The idea is that such parameter deter-
mines the discrepancy between the data (y1, . . . , yn) and the points of the regression
line (a + bx1, . . . , a + bxn). It is thus natural to interrelate such parameter to the
minimum of the function:

min
p∈E1

|y − p|2 = |Π2y|2 (2.95)

Π2 being the projector onto the n − 2-dimensional orthogonal complement of the
plane E1. Such quantity can be interpreted as a realization of the random variable:

S2(Y1 . . . Yn) = |Π2Y |2
n − 2

=
∑

i |Yi − A − BXi|2
n − 2

(2.96)

which is an unbiased estimator for σ 2 since:

E
[|Π2Y |2] = σ 2 E

[|Π2ε|2
] = σ 2 (n − 2) (2.97)

We can also estimate confidence intervals for the parameters a, b, σ 2 relying on
the following result:

Theorem 2.8 The random variables A and B are independent from S2. Moreover:

S2

σ 2
∼ χ2(n − 2)

n − 2
A − a√
ma S

∼ t(n − 2)

B − b√
mb S

∼ t(n − 2)

(2.98)

where:

ma = MX 2

n(MX 2 − M2
X )

, mb = 1

n(MX 2 − M2
X )

(2.99)
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Proof Since the random variable ε and the linear projectors Π1,Π2 satisfy the
hyphothesis ofCochran theorem, the randomvariablesΠ1ε andΠ2ε are independent.
Moreover, Cochran theorem guarantees that:

|Π2ε|2 ∼ χ2(n − 2) (2.100)

since the subspace onto which Π2 projects has dimension n − 2. Thus S2

σ 2
|Π2ε|2
n−2 ∼

χ2(n−2)
n−2 . Since the covariance matrix of the random variable (MTM )−1MTY is:

= Cov[(MTM )−1MTY ] = (MTM )−1MTCov[Y ]M (MTM )−1 = σ 2 (MTM )−1

(2.101)

we conclude thatA ∼ N (a,ma σ 2),B ∼ N (b,mb σ 2)wherema = [
(MTM )−1

]
11=

MX 2

n(MX 2−M2
X )

and mb = [
(MTM )−1

]
22 = 1

n(MX 2−M2
X )
. The definition of the Student

law together with the independence of A and B of S completes the proof.

We are now able to provide confidence intervals of level 1 − α for σ 2:

[
n − 2

χ2
1− α

2
(n − 2)

S2,
n − 2

χ2
α
2
(n − 2)

S2

]

(2.102)

and for a and b:
[
A − √

ma S t1− α
2
(n − 2),A + √

ma S t1− α
2
(n − 2)

]

[
B − √

mb S t1− α
2
(n − 2),B + √

mb S t1− α
2
(n − 2)

] (2.103)

2.11 Further Readings

This chapter contains all the notions necessary to perform standard statistical data
analysis. Further topics in Statistics are covered in many excellent textbooks, like,
for example [1–3].

Problems

2.1 An estimator
Consider a sample (X1 . . .Xn) with iid components following the law pθ (x) =
1
θ
χ[0,θ](x). The statistics T(X1 . . .Xn) = max(X1 . . .Xn) can be used to estimate θ . Is

it an unbiased estimator? Is it consistent?
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2.2 Mean squared error
Given an integrable and square-integrable estimator T of a quantity τ(θ). Provide an
expression for theMean Squared Error of the estimator:

MSE(T) = E
[
(T − τ(θ))2

]
(2.104)

in terms of the variance of the estimator itself. What is the role of bias?

2.3 Cochran theorem
Use Cochran theorem to show that, if the sample is made of normal random variables
Xi ∼ N (θ0, θ1), then, given the estimatorsM = 1

n

∑n
i=1 Xi and S2 = 1

n−1

∑n
i=1(Xi −

M)2, they are independent, and that:

M − θ0
√

S2

n

∼ t(n − 1),
(n − 1)S2

θ1
∼ χ2(n − 1) (2.105)

2.4 Chi-squared test
Prove the basic result about the chi-squared test, that is that the Pearson random
variable converges in distribution to a random variable χ2(r − 1), r being the number
of intervals, as the rank of the sample tends to +∞.

2.5 Velocity of light in the air
The Table2.2 contains n = 100 measurements of the velocity of light in air by A.
Michelson (1879): each value plus 299000 is a measure of c in km/s.

Estimate the mean and the variance, under the assumption that Xi ∼ N (θ0, θ1).
Estimate confidence intervals for the mean and for the variance at the level 1 − α =
95%. Use the Student test to test the hypothesis that the mean is equal to the exact
value c = 299792.458 km/s.

Table 2.2 The 100 measurements of the velocity of light in air by A. Michelson (1879), from [4];
the given values plus 299000 re the original measurements in km/s

850 740 900 1070 930 850 950 980 980 880

1000 980 930 650 760 810 1000 1000 960 960

960 940 960 940 880 800 850 880 900 840

830 790 810 880 880 830 800 790 760 800

880 880 880 860 720 720 620 860 970 950

880 910 850 870 840 840 850 840 840 840

890 810 810 820 800 477 760 740 750 760

910 920 890 860 880 720 840 850 850 780

890 840 780 810 760 810 790 810 820 850

870 870 810 740 810 940 950 800 810 870
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Table 2.3 Are these numbers drawn from a uniform distribution?

0.676636 0.231011 0.613735 0.055805

0.924277 0.335412 0.289339 0.927961

0.250062 0.809011 0.056113 0.661863

0.939963 0.966387 0.079119 0.759914

0.891149 0.554386 0.583501 0.912486

2.6 Kolmogorov-Smirnov and chi-squared test
Consider the set of data in Table2.3:

Use Chi-squared with 5 bins of equal length and Kolmogorov-Smirnov tests to
test the hypothesis at the confidence level 90% that such data can be modeled by a
uniform law in (0, 1).

2.7 Estimators for sums and products
Let X1 . . .Xn and Y1 . . . Yn be independent samples with normally distributed com-
ponents, such that Xi ∼ N (μX , σ 2

X ) and Yi ∼ N (μY , σ 2
Y ). Construct estimators for

μX + μY and μXμY .
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Chapter 3
Conditional Probability and Conditional
Expectation

Abstract In this chapter we deal with conditional probability. After having sketched
the elementary definitions, we introduce the advanced notion of conditional expec-
tation of a random variable with respect to a given σ -field. The intuitive meaning of
the conditional expectation is the best prediction we can do about the values taken by
the random variable, once we have observed the family of events inside the σ -field.
The conditional expectation is widely used in the theory of stochastic processes we
will present in the following chapters.

Keywords Conditional probability · Conditional expectation · Measurability
Independence · Bayes theorem

3.1 Introduction

So far we have focused on independent random variables, which are well suitable to
deal with statistical inference, allowing us to exploit the very powerful central limit
theorem. However, for the purpose of studying time dependent random phenomena,
it is necessary to consider a much wider class of random variables.

The treatment of mutually dependent random variables is based on the funda-
mental notion of conditional probability and on the more sophisticated conditional
expectation which we will present in this chapter.

The conditional probability is presented in every textbook about probability; we
sketch this topic briefly in the following section and then we turn to the condi-
tional expectation, which will provide a very important tool to deal with stochastic
processes.

3.2 Conditional Probability

Definition 3.1 Let (Ω,F, P) be a probability space and B ∈ F an event with non-
zero probability; the conditional probability of A with respect to B is:
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P(A|B) = P(A ∩ B)

P(B)
(3.1)

Intuitively, P(A|B) is the probability that the event A occurs when we know that the
event B has occurred. It is very simple to show that the map:

A ∈ F, A → P(A|B) (3.2)

defines a new probability measure on (Ω,F). If the events A and B are independent,
P(A|B) = P(A): the occurring of the event B does not provide any information
about the occurring of A.

From the Definition (3.1) of conditional probability the following important the-
orems easily follow:

Theorem 3.1 (Bayes) Let (Ω,F, P) a probability space and A, B ∈ F events,
P(A) �= 0, P(B) �= 0; then:

P(A|B) P(B) = P(B|A) P(A) (3.3)

Proof Both members are equal to P(A ∩ B).

Theorem 3.2 (Law of Total Probability) Let (Ω,F, P) a probability space and A ∈
F an event and {Bi }ni=1 mutually disjoint events, P(Bi ) �= 0, such that ∪i Bi = Ω;
then:

P(A) =
n∑

i=1

P(A|Bi )P(Bi ) (3.4)

Proof

P(A) =
n∑

i=1

P(A ∩ Bi ) =
n∑

i=1

P(A|Bi )P(Bi )

3.3 Conditional Expectation

The remainder of the chapter is devoted to the presentation of the conditional expecta-
tion, which can be thought as a generalization of the concept of conditional probabil-
ity: the idea of conditional expectation rises from the observation that the knowledge
of one or more events, represented by a sub-σ -field G ⊂ F, allows to “predict” values
taken by a random variable X through another random variable E[X |G], the so-called
conditional expectation of X with respect to G.

Before giving the rigorous definition of E[X |G], we discuss a useful example.
Consider a sequence of random variables, taking values in Rn , defined as:
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ζn =
n∑

i=1

ξi , ζ0 = 0 (3.5)

The label n could represent a time instant and ζn the position of a particle, resulting
from the accumulation of n steps ξi . We will assume that {ξi } are independent and
identically distributed, with mean μ. We observe that, while {ξi } are i.i.d, the ran-
dom variables ζn and ζm , for m �= n, are correlated. This correlation is crucial for
describing time dependent phenomena, as it will become very clear in the following
chapter.

Let us now denote Y = ζn and X = ζn+k , for k > 0. Imagine that we can measure
the position at time n, that is Y, while the time instant n + k is in the future. Can we
predict the position at time n + k, that is X, relying on our measurement of Y?

It is natural to proceed as follows: we try to build a function of Y, say f(Y),
that minimizes the intuitive figure of merit E[(X − f (Y ))2]. For simplicity, we will
assume that the random variables {ξi } are discrete, implying that Y and X are discrete.
We can thus parametrize:

f (Y ) =
∑

i

αi1Y=yi (3.6)

where αi is f (yi ). Differentiating E[(X − f (Y ))2] with respect to αi we obtain the
minimization condition:

αi = E[X 1Y=yi ]
E[1Y=yi ]

=
∑

j

x j P(X = x j |Y = yi ) (3.7)

Now, we observe that:

P(X = x j |Y = yi ) = P(X = x j ,Y = yi )

P(Y = yi )
= P(

n+k∑

l=n+1

ξl = x j − yi ) (3.8)

so that:

αi =
∑

j

x j P(

n+k∑

l=n+1

ξl = x j − yi ) =
∑

u

(yi + u)P(

n+k∑

l=n+1

ξl = u) = yi + kμ

(3.9)
We conclude thus that:

f (Y ) = Y + kμ (3.10)

The interpretation is very simple: if we observe the position of the molecule at time
n, the best prediction for the position of the particle at time n + k is obtained drifting
the current position by kμ, μ being the average step.

In the rest of this chapter we will learn to call f(Y) the conditional expectation of
X given Y, E[X|Y], which we will now define rigorously.
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Let X be a real integrable random variable on a probability space (Ω,F, P), and
G a sub-σ -field of F. Consider the map:

B ∈ G, B → QX,G(B)
de f=

∫

B
X (ω)P(dω) (3.11)

If X ≥ 0, (3.11) defines a positive measure on (Ω,G), absolutely continuous with
respect to P; by virtue of the Radon-Nikodym theorem [1], there exists a real random
variable Z, G-measurable, a.s. unique and such that:

QX,G(B) =
∫

B
Z(ω)P(dω) ∀ B ∈ G (3.12)

Such random variable will be denoted:

Z = E [X |G] (3.13)

and called conditional expectation of X given G. If X is not positive, it can be
represented as difference of two positive random variables X = X+ − X− and its
conditional expectation given G can be defined as follows:

Z = E [X |G] = E
[
X+|G] − E

[
X−|G]

(3.14)

The conditional expectation E [X |G] is defined by the two conditions:
1. E [X |G] is G-measurable
2. E [1B E [X |G]] = E [1B X ] , ∀B ∈ G

With measure theory arguments it can be proved that the second condition
is equivalent to:

E [W E [X |G]] = E [W X ] (3.15)

for all bounded and G-measurable random variables W.

The key point is the G-measurability: if G represents the amount of information
available, in general we cannot access all information about X; on the other hand, we
can construct E [X |G], whose distribution is known, and use it to replace Xwhenever
events belonging to G are considered.

We will often use the notation:

P (A|G)
de f= E [1A|G] (3.16)
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and call (3.16) the conditional probability of A given G; we stress that (3.16), in
contrast to (3.1), is a random variable. Moreover, it is G-measurable and such that:

∫

B
P (A|G) (ω) P(dω) =

∫

B
1A(ω)P(dω) = P(A ∩ B), ∀ B ∈ G (3.17)

3.4 An Elementary Construction

We will now provide some intuitive and practical insight into the formal definition
of conditional expectation, giving an elementary construction of (3.12) under some
simplifying hypotheses. Let Y : Ω → R be a random variable and, as usual:

σ(Y )
de f= {

A ⊂ Ω|A = Y−1(B), B ∈ B(R)
}

(3.18)

the σ -field generated by Y, i.e. the smallest sub-σ -field of F with respect to which
Y is measurable. Intuitively, if our amount of information is σ(Y ), this means that,
after an experiment, we know only the value of Y: we do not have access to other
information.

Let us assume that Y be discrete, i.e. that it can assume at most countably infinite
values {y1, . . . , yn, . . . }. For all events A ∈ F, let us define:

P (A|Y = yi )
de f=

⎧
⎨

⎩

P(A∩{Y=yi })
P(Y=yi )

if P (Y = yi ) > 0

0 otherwise
(3.19)

Equation (3.19) is nothing but the familiar conditional probability of A given the
event {Y = yi }. Due to the law of total probability:

P(A) =
∑

i

P (A|Y = yi ) P (Y = yi ) (3.20)

Let now X : Ω → R be an integrable random variable, which we assume discrete
for simplicity, and consider the map:

B(R) 
 H → P (X ∈ H |Y = yi ) (3.21)

Equation (3.21) is a probability measure on R, with expectation:

E [X |Y = yi ]
de f=

∑

j

x j P
(
X = x j |Y = yi

)
(3.22)

Consider now the function h : R → R:
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y ∈ R → h(y)
de f=

{
E [X |Y = yi ] , if y = yi , P (Y = yi ) > 0

0 otherwise
(3.23)

h is clearly measurable, so that it makes perfectly sense to construct the random
variable Z : Ω → R

ω ∈ Ω �→ Z(ω)
de f= h (Y (ω)) (3.24)

that is, recalling (3.22):

Z(ω) =
{
E [X |Y = yi ] , if Y (ω) = yi , P (Y = yi ) > 0

arbitrary value otherwise
(3.25)

Equation (3.25) has a straightforward interpretation: given a realization of Y, the
expectation of the possible outcomes of X can be computed; this expectation is
random, like Y. At a first sight, the arbitrary constant in (3.25) could seem disturbing:
nevertheless, the subset ofΩ onwhichZ takes an arbitrary value has probability equal
to 0.

Incidentally, we remark that, for all A ∈ F:

E [1A|Y = yi ] =
∑

a=0,1

a P (1A = a|Y = yi ) = P (A|Y = yi ) (3.26)

It remains to show that:

Z(ω) = E [X |σ(Y )] (ω) a.s. (3.27)

First, we show that Z : Ω → R is σ(Y )-measurable; to this purpose, consider H ∈
B(R):

Z−1(H) = (h ◦ Y )−1 (H) = Y−1
(
h−1(H)

) ∈ σ(Y ) (3.28)

since h−1(H) ∈ B(R). Therefore, Z is σ(Y )-measurable. Let now be W a bounded
and σ(Y )-measurable random variable (this includes the case W = 1B , with B ∈
σ(Y )). By virtue of a theorem by J. L. Doob, which we state without proof reminding
the interesting reader to [2], there exists a measurable function w : R → R such that
W = w(Y ). Recalling that Z = h(Y ), we therefore have:

E [WZ ] = ∑
i w(yi )E [X |Y = yi ] P(Y = yi ) =

= ∑
i w(yi )

∑
j x j P

(
X = x j |Y = yi

)
P(Y = yi ) =

= ∑
i, j w(yi )x j P

({
X = x j

} ∩ {Y = yi }
) = E [WX ]

(3.29)

which is exactly the second condition defining E [X |σ(Y )].
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3.5 Computing Conditional Expectations from Probability
Densities

The notion of conditional expectation E [X |σ(Y )] is well defined also for continuous
random variables X,Y. Several authors write, for the sake of simplicity, E [X |Y ]
instead of E [X |σ(Y )]. Remarkably, since E [X |σ(Y )] isσ(Y )-measurable, by virtue
of Doob’s theorem [2] there exists a measurable function g such that:

E[X |Y ] = g(Y ) (3.30)

Equation (3.30) has the intuitive interpretation that to predict X given Y it is sufficient
to apply a measurable “deterministic” function to Y. In the remainder of this section,
we will present a practical way to compute explicitly g(Y) in some special situations.
The following discussion will be based on the simplifying assumptions:

1. that the random variables X,Y take values in R.
2. that X and Y have joint law absolutely continuous with respect to the Lebesgue

measure, and therefore admit joint probability density p(x,y).
3. that the joint probability density p(x,y) is a.e. non-zero.

Under these hypotheses, the marginal probability densities and the conditional prob-
ability density of X given Y can be defined with the formulas:

pX (x) =
∫

dy p(x, y) pY (y) =
∫

dx p(x, y) p(x |y) = p(x, y)

pY (y)
(3.31)

By virtue of these definitions, and of Fubini’s theorem [1],wefind that for all bounded
measurable functions h : R → R one has:

E[Xh(Y )] =
∫

dx
∫

dy p(x, y) x h(y) =

=
∫

dy pY (y) h(y)
∫

dx x p(x |y) = E[g(Y )h(Y )]

where the measurable function:

g(y) =
∫

dx x p(x |y)

has appeared. Since, on the other hand:

E[Xh(Y )] = E[E[X |Y ]h(Y )]

we conclude that E[X |Y ] = g(Y ). As an example of remarkable importance, con-
sider a bivariate normal random variable (X,Y ) ∼ N (μ,Σ) with joint density:
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p(x, y) = e
− (x−μx )2

2σ2x (1−ρ2)
+ ρ(x−μx )(y−μy )

σx σy (1−ρ2)
− (y−μy )2

2σ2y (1−ρ2)

2πσxσy

√
1 − ρ2

A straightforward calculation shows that:

pY (y) = e
− (y−μy )2

2σ2y

√
2πσ 2

y

which allows us to obtain p(x|y) and to compute explicitly g(y). The result is:

g(y) = μx + ρ σx

σy
(y − μy)

The conditional expectation ofX given Y is therefore, in this special situation, a linear
function of Y, explicitly depending on the elements of the covariance matrix Σ .

3.6 Properties of Conditional Expectation

The following theorem contains some important properties of the conditional expec-
tation.

Theorem 3.3 Let X be a real integrable random variable, defined on a probability
space (Ω,F, P), and G a sub-σ -field of F. Then:

1. the map X → E [X |G] is a.s. linear
2. if X ≥ 0 a.s., then E [X |G] ≥ 0 a.s.
3. E [E [X |G]] = E [X ].
4. if X is G-measurable, then E [X |G] = X a.s.
5. if X is independent on G, i.e. is if σ(X) and G are independent, then E [X |G] =

E [X ] a.s.
6. ifH ⊂ G is a σ -field, then E [E [X |G] |H] = E [X |H] a.s.
7. if Y is bounded and G-measurable, then E [Y X |G] = Y E [X |G] a.s.
Proof The first two points are obvious. To prove the third one, it is sufficient to recall
that:

E [1B E [X |G]] = E [1B X ] , ∀B ∈ G (3.32)

and choose B = Ω . To prove the fourth point, it is sufficient to observe that, in such
case, X itself satisfies the two conditions defining the conditional expectation.

To prove the fifth point, we observe that, since the random variable ω �→ E [X ]
is constant and therefore G-measurable, and since for all B ∈ G the random variable
1B is clearly G-measurable and independent on X:
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E [1B X ] = E [1B] E [X ] = E [1B E [X ]] (3.33)

so that ω �→ E [X ] satisfies the two conditions defining the conditional expectation.
To prove the sixth point, we observe that by definition E [E [X |G] |H] is H-

measurable; moreover, since B ∈ H, 1B is H-measurable and also G-measurable
(since G contains H). Therefore:

E [1B E [E [X |G] |H]] = E [1B E [X |G]] = E [1B X ] (3.34)

where the definition of conditional expectation has been applied twice.
To prove the last point we observe that, as a product of G-measurable random vari-

ables, Y E [X |G] is G-measurable. For all bounded, G-measurable random variables
Z, therefore:

E [Z Y E [X |G]] = E [Z Y X ] = E [Z E[Y X |G]] (3.35)

since also ZY is bounded and G-measurable.

3.7 Conditional Expectation as Prediction

We are going now to put on a firm ground the intuitive idea of the conditional
expectation as prediction: E [X |G] “predicts” X when the amount of information is
G. To this purpouse, we need a geometrical interpretation: let L2 (Ω,F, P) be the
Hilbert space of (complex valued) square-integrable randomvariables, endowedwith
the inner product:

〈X |Y 〉 de f= E
[
XY

]
(3.36)

Moreover, as usualG is sub-σ -field ofF. The space L2 (Ω,G, P) is a closed subspace
L2 (Ω,F, P). Let us define the mapping:

X ∈ L2 (Ω,F, P) , X → Q̂X
de f= E [X |G] (3.37)

We leave to the reader the simple proof of the fact that Q̂ is a linear operator from
L2 (Ω,F, P) to L2 (Ω,G, P).

Let us prove that Q̂ is idempotent, that is Q̂2 = Q̂:

Q̂2X = Q̂E [X |G] = E [E [X |G] |G] =
= E [X |G] = Q̂X

(3.38)

Moreover Q̂ is self-adjoint, since:
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〈X |Q̂Y 〉 = E
[
XE [Y |G]] = E

[
E

[
XE [Y |G] |G]] =

= E
[
E [Y |G] E [

X |G]] = E
[
E

[
Y E

[
X |G] |G]] =

= E
[
Y E

[
X |G]] = E

[
E

[
X |G]

Y
]

= 〈Q̂X |Y 〉
(3.39)

Therefore Q̂ is an orthogonal projector onto the subspace L2 (Ω,G, P).
Let now be X ∈ L2 (Ω,F, P) a real random variable; let us look for the element

Y ∈ L2 (Ω,G, P) such that ||X − Y ||2 is minimum. The minimum is reached for
Y = E [X |G]. The key point is that Y = Q̂Y , in fact:

E
[
(X − Y )2

] = ||X − Y ||2 = ||Q̂X + (1 − Q̂)X − Q̂Y ||2 =
= ||Q̂(X − Y )||2 + ||(1 − Q̂)X ||2 = ||Y − Q̂X ||2 + ||(1 − Q̂)X ||2 (3.40)

and the minimum is achieved precisely at Y = Q̂X .
In the sense of L2, thus, Y = E [X |G] is the best approximation of X among

the class of G-measurable functions. This is the justification of the interpretation
of Y = E [X |G] as a prediction: within the set of square-integrable G-measurable
random variables, Y = E [X |G] is the closest one to X in the topology of L2.

3.8 Linear Regression and Conditional Expectation

There is a very interesting connection between conditional expectation and linear
regression which we are going now to explore. Let’s consider two real random
variables Y and Z, representing two properties one wishes to measure during an
experiment. Quite often it happens that the quantity Z can be measured with an high
accuracy, while Y, a “response”, contains a signal and a noise difficult to disentangle.
In such situations, from a mathematical point of view, the experimentalist would like
to work with σ(Z)-measurable random variables: such quantities, in fact, have a well
defined value once the outcome of Z is known. The key point is that E[Y|Z] is the
best prediction for Z within the set of σ(Z)-measurable random variables.

Since the conditional expectation is a linear projector, we can always write the
unique decomposition:

Y = E[Y |Z ] + ε (3.41)

where ε is a real random variable. It is immediate to show that:

E[ε] = E[ε|Z ] = 0 (3.42)

Moreover, since Y − E[Y |Z ] is orthogonal to all the random variables σ(Z)-
measurable:

E[(Y − E[Y |Z ])h(Z)] = 0 (3.43)
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in particular the following orthogonality property holds:

E[εZ ] = 0 (3.44)

In order to proceed further, let’s assume that the two-dimensional random vari-
able (Z,X) is normal. In such case we know that the conditional expectation depends
linearly on Z:

E[Y |Z ] = a + bZ (3.45)

with:

a = Var(Z)E[Y ] − E[Z ]Cov(Z ,Y )

Var(Z)

b = Cov(Z ,Y )

Var(Z)

(3.46)

The “error” ε = Y − (a + bZ) is also normal being a linear function of (X,Z) of zero
mean. Moreover, since E[εZ ] = 0, ε is independent of Z. The variance is:

σ 2 = Var(ε) = E
[
(Y − (a + bZ))2

]
(3.47)

and, from the geometrical interpretation of the conditional expectatio, we know that
the parameters in (3.46) minimize such quantity.

To summarize, we have found that, whenever two quantities Z and Y have a
joint normal law, the best prediction we can do for Y once we know the value
of Z is a linear function of such value. The experimentalist collects a set of data
{(z1, y1), . . . , (zn, yn)}, interprets such data as realization of two-dimensional ran-
dom variables (Zi , Yi ) independent and identically distributed as (Z,Y), and uses
such data to infer the values of a,b and σ 2, the last one providing the “accuracy” of
the linear approximation.

For the statistical analysis, we refer to the previous chapter.

3.9 Conditional Expectation, Measurability
and Independence

The conclusion of the present chapter is devoted to the presentation of a useful result,
whichwill be used later. For clarity, let us think about a particlemoving from an initial
position X to a final position X + Y . We assume that X is G-measurable, meaning
that G contains all the necessary information to know the initial position, and that
Y is independent from G. What the best prediction for the final position, given the
initial one? We learnt in this chapter that the best prediction is:

E [X + Y |G] = X + E[Y ] (3.48)
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where we have used the properties of conditional expectation. The result is a random
variable, function of X.

More generally, what is the best prediction for a function (let’s imagine for exam-
ple the value of a field), evaluated in the final position, or any function of both the
initial and the final position (imagine the calculation of the velocity)? That is, we
wish to compute E [g(X,Y )|G] for a given function g. Intuitively, we expect that the
result will be a random variable function of X. We will now show how to make the
explicit calculation.

In the simple case g(X,Y ) = XY , we have:

E [XY |G] = XE [Y |G] = XE [Y ] (3.49)

This can be immediately generalized to linear combinations of factorized functions
g(X,Y ) = f (X)h(Y ), f,h being measurable functions (and integrability conditions
have naturally to be fulfilled).

E [ f (X)h(Y )|G] = f (X)E [h(Y )|G] = f (X)E [h(Y )] (3.50)

The key point is that the result is a random variable depending on X, whose explicit
form is obtained performing an expectation over Y. Formally, we can summarize this
result in the following theorem [3], where we introduce a functionψ(x, ω) such that:

g(X (ω), Y (ω)) = ψ(x, ω)|x=X (ω) (3.51)

Theorem 3.4 Let (Ω,F, P) be a probability space, G and H mutually indepen-
dent sub-σ -fields of F. let X : Ω → E be a G-measurable random variable taking
values in the measurable space (E,E) and ψ a function ψ : E × Ω → R E ⊗ H-
measurable, such that ω �→ ψ(X (ω), ω) is integrable. Then:

E [ψ(X, ·)|G] = Φ(X), Φ(x)
de f= E [ψ(x, ·)] (3.52)

3.10 Further Readings

Readers wishing to deepen their knowledge about conditional probability and con-
ditional expectation can refer to many excellent textbooks, like, e.g., [4, 5].

Problems

3.1 Random summations
Let {X}i be a sequence of independent and identically distributed, taking valued in
N. Let, moreover, N be another random variable taking values in N, independent
from the Xi . Define the random summation:

SN = X1 + · · · + XN (3.53)
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Evaluate the discrete density P(SN = k) and the generating function:

ψSN (z) = E[zSN ] (3.54)

Deduce the useful relation:

E[SN ] = E[N ]E[Xi ] (3.55)

which holds provided that N and Xi are integrable.

3.2 Lack of memory
Let X be a geometric random variable with parameter p, i.e. with density

p(x) =
{
p (1 − p)x x = 0, 1, 2, . . .

0 otherwise
(3.56)

Show that:
P (X ≥ j + k |X ≥ j) = P (X ≥ k) (3.57)

Show that the same is true if X is exponential with parameter λ, i.e. with density:

p(x) = λ exp(−λx) 1(0,+∞)(x) (3.58)

Precisely, show that:

P (X ≥ t + s |X ≥ t) = P (X ≥ s) (3.59)

3.3 Diagnostic test
In medicine, a diagnostic test is any kind of medical test to aid in the diagnosis of
a disease. Suppose that, if the patient has the disease, the probability that the test is
positive is 99% and, contemporarily, the probability that the test if negative assuming
that the patient does not have the disease is the same 99%. Now, assuming that the
incidence of the given disease is 0.2%, what is the probability that any individual
whose test has turned out to be positive actually has the disease?

3.4 A simple conditional expectation
Show that, in the special case G = {∅,Ω, A, AC } where A ∈ F has non-zero proba-
bility, we have:

E[X |G](ω) =
{

1
P(A)

∫
A P(dω)X (ω), ω ∈ A

1
P(AC )

∫
AC P(dω)X (ω), ω ∈ AC

(3.60)
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3.5 Calculation of conditional expectation
Consider a random variable (X,Y) uniform inside the unit circle, with density:

p(X,Y )(x) =
{

1
π
, |x| ≤ 1

0, otherwise
(3.61)

Find E[X|Y].

3.6 A simple situation
Suppose a random variable X is used to model the measurement of a quantity which
is assumed to be normal with meanM and variance 1; the meanM is random too and
is assumed to follow an exponential law with parameter λ. Evaluate E[X]. What is
the joint probability density p(x,m) of (X,M)?

3.7 Gamma and negative binomial law
We say that a random variable X follows a Gamma law with parameters α, β, α > 0
and β > 0, and write X ∼ Γ (α, β), if its density is:

pX (x) = βα

Γ (α)
xα−1 exp(−βx) 1(0,+∞)(x) (3.62)

We observe that Γ (1, β) is the exponential law with parameter β, while Γ
(
n
2 ,

1
2

) =
χ2(n).

Now, suppose a random variable N represents a quantity that is modeled by a
Poisson distribution with a random parameter Λ ∼ Γ (α, β). Show that N follows a
negative binomial law with parameters α > 0 and 0 ≤ p = β

β+1 ≤ 1, that is:

pN (n) =
{

(α+n−1)(α+n−2)...α
n! pα (1 − p)n, n = 0, 1, 2, . . .

0, otherwise
(3.63)

Evaluate E[N].
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Chapter 4
Markov Chains

Abstract In this chapter we will start dealing with stochastic processes, which are
the mathematical models for phenomena whose temporal evolution contains some
randomness. Starting from the celebrated example of the random walk, we will
introduce the central definition of Markov chains, which, although simple, provide
extremely important models for physical systems. The description of Markov chains
will allow us to introduce the central topic of thermalization and approach to equilib-
rium of randommotions, that is the existence of asymptotic laws towhich theMarkov
chains converge, in a sense that will be made rigorous. Finally, we will introduce
Metropolis theorem, a cornerstone of numerical simulations, as will be discussed in
the following chapter.

Keywords Markov chains · Random walk · Transition matrix · Invariant laws
Metropolis theorem

4.1 Basic Definitions

In the present chapter we will introduce the mathematical description of time-
dependent random phenomena. We will begin treating the simple case in which
the time evolution can be represented as a sequence of steps in discrete time, and the
random variables describing the quantities evolving randomly in discrete time take
values in a discrete space.

In the following, we will consider a probability space (Ω,F, P) and a set E at
most countable, which we will call state space.

All the random variables X which will be dealt with are measurable functions
X : Ω → E with discrete density:

k ∈ E → vk
de f= P(X = k), vk ≥ 0,

∑

k∈E
vk = 1 (4.1)

As discussed in the first chapter, a discrete density uniquely defines a law: having
in mind (4.1), for the sake of simplicity, we will call v the law of X with innocuous
abuse of notation.
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Random processes with discrete time and discrete state space can be interpreted
as random walks on the points of E . To the purpose of describing such processes
we must know the transition probability from a generic point k ∈ E to another one.
Therefore, a central ingredient in our treatment is represented by the following:

Definition 4.1 A transition matrix P on E is a real matrix, satisfying the
following properties:

1. ∀ i, j ∈ E 0 ≤ Pi→ j ≤ 1
2. ∀ i ∈ E

∑
j∈E Pi→ j = 1

where the symbol Pi→ j , i, j ∈ E denotes the matrix elements of P.

The above requirements enable us to interpret Pi→ j as the probability of moving
from i ∈ E to j ∈ E in one time step: the second one, in particular, simply means
that the probability of transitioning from i to any state in E is equal to one. We now
give the fundamental:

Definition 4.2 Given a law v on E and a transition matrix P on E , we call
homogeneous Markov chain with sample space E , with initial law v and
transition matrix P, a family: {Xn}n≥0 of random variables Xn : Ω → E such
that:

1. X0 has law v
2. whenever conditional probabilities make sense:

P(Xn+1 = j |Xn = i, Xn−1 = in−1, . . . , X0 = i0) = (4.2)

= P(Xn+1 = j |Xn = i) = Pi→ j

We stress that P(Xn+1 = j |Xn = i) is assumed independent of n, whence the adjec-
tive homogeneous in definition (4.2).

4.2 RandomWalk in d Dimensions

We begin our exposition of the theory of Markov chains with a remarkable example,
the random walk on a lattice, which is the mathematical model of a path that consists
of a succession of random steps. The reader can think of a drunk man, or a particle
randomly moving, who, at each time, chooses a random direction, and makes a step
accordingly.
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In order to introduce the model, we let {eμ}dμ=1 be the canonical basis of R
d ,

{eμ}μ = {(1, 0, . . . , 0), (0, 1, . . . , 0), . . . , (0, 0, . . . , 1)} (4.3)

andwe consider a family of independent and identically distributed randomvariables,
{ξm}m∈N taking values in the set of the 2d unit vectors (the directions) {±eμ}μ. We
assume that there is no preferred direction, that is:

P(ξm = ±eμ) = 1

2d
(4.4)

Finally, we define:
X0 = 0, Xn = ξ1 + ξ2 + · · · + ξn (4.5)

Xn has the natural interpretation of position, at time n, of the walker starting from
the origin 0 and moving, at each time step, choosing randomly a direction leading
him/her to one of the nearest neighbors of its actual position in Z

d .
With this position, we have defined an homogeneous Markov chain with initial

law v, x → vx = δx,0 and transition matrix:

Px→y =
{

1
2d , |x − y| = 1
0, otherwise

(4.6)

In fact, choosing by construction x0 = 0 and x, xn−1, . . . , x1 nearest neighbors, we
have:

P(Xn+1 = y|Xn = x, Xn−1 = xn−1, . . . , X0 = 0) =
= P(Xn + ξn+1 = y|Xn = x, Xn−1 = xn−1, . . . , X0 = 0) =

= P(Xn + ξn+1 = y, Xn = x, Xn−1 = xn−1, . . . , X0 = 0)

P(Xn = x, Xn−1 = xn−1, . . . , X0 = 0)
=

= P(ξn+1 = y − x, ξn = x − xn−1 . . . , X0 = 0)

P(ξn = x − xn−1 . . . , X0 = 0)
=

= P(ξn+1 = y − x) = Px→y

(4.7)

where the fact that ξn+1 is independent on all ξm with m ≤ n has been used.

4.2.1 An Exact Expression for the Law

We start from the basic relation:

P (Xn = x) =
∑

y∈Zd

P (Xn−1 = y) Py→x = 1

2d

∑

y∈Zd , |y−x|=1

P (Xn−1 = y) (4.8)
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Since the law at time n, x → P (Xn = x), is defined on the lattice Z
d , we can always

turn in Fourier space, writing:

P (Xn = x) = 1

(2π)d

∫

[−π,π]d
dk C(n,k) exp (−ik · x) (4.9)

We already know that:
C(n = 0,k) = 1 (4.10)

If we plug (4.9) into (4.8) we obtain:

∫

[−π,π]d
dk C(n,k) exp (−ik · x) =

= 1

2d

∫

[−π,π]d
dk C(n − 1,k)

d∑

μ=1

(
exp

(−ik · (x + eμ)
) + exp

(−ik · (x − eμ)
))

(4.11)
Implying that:

C(n,k) = C(n − 1,k)

⎛

⎝ 1

d

d∑

μ=1

cos(kμ)

⎞

⎠ (4.12)

Iterating we readily obtain:

C(n,k) =
⎛

⎝ 1

d

d∑

μ=1

cos(kμ)

⎞

⎠
n

(4.13)

implying that:

P (Xn = x) = 1

(2π)d

∫

[−π,π]d
dk

⎛

⎝ 1

d

d∑

μ=1

cos(kμ)

⎞

⎠
n

exp (−ik · x) (4.14)

This is an exact expression for the law of the random walk at the time instant n.

4.2.2 Explicit Expression in One Dimension and Heat
Equation

In the special case of the randomwalk in one dimension, we can perform the integral
analytically:
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P (Xn = x) = 1

(2π)

∫ π

−π

dk (cos(k))n exp (−ik · x) =

= 1

(2π)

∫ π

−π

dk

(
exp(ik) + exp(−ik)

2

)n

exp (−ik · x) =

= 1

2n
1

(2π)

∫ π

−π

dk
n∑

p=1

(
n

p

)
exp(ikp) exp(−ik(n − p)) exp (−ik · x) =

= 1

2n

(
n

1
2 (n + x)

)

(4.15)

provided that 1
2 (n + x) ∈ {0, 1, . . . , n}.

We take the opportunity to observe that:

P(Xn+1 = j) = P

(
⋃

h∈Z
{Xn+1 = j, Xn = h}

)
=

=
∑

h∈Z
P(Xn+1 = j, Xn = h) =

∑

h∈Z
P(Xn+1 = j |Xn = h)P(Xn = h) =

= 1

2
(P(Xn = j − 1) + P(Xn = j + 1))

(4.16)
Subtracting P(Xn = j) from both members yields:

P(Xn+1 = j) − P(Xn = j) = 1

2
(P(Xn = j − 1) + P(Xn = j + 1) − 2P(Xn = j)) (4.17)

Equation has the form of a partial differential equation with time and space finite
differences instead of derivatives, closely resembling the celebrated heat equation,
which plays a central role in the study of diffusive processes like, for example, the
flow of heat through a material:

∂p

∂t
= D

∂2 p

∂x2
(4.18)

We stress that the analogy is not limited to one dimension, but is valid in arbitrary
dimension.

Another similarity between the randomwalk and the heat equation ismake evident
by the following equalities, resulting from easy calculations:

E[Xn] =
n∑

i=0

E[ξi ] = 0

Var(Xn) =
n∑

i=0

Var(ξi ) = n

(4.19)
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Themean distance covered by thewalker scaleswith the square root of the number
of steps, a typical property of diffusion processes.

The connection between a stochastic process and a partial differential equation
is not a coincidence, but the first appearence of a general relationship between two
apparently disconnected fields of Mathematics, which we will explore in detail in
the next chapters.

4.2.3 The Asymptotic Behavior for n → +∞ and Recurrence

We observe that: ∣∣∣∣∣∣
1

d

d∑

μ=1

cos(kμ)

∣∣∣∣∣∣
≤ 1, k ∈ [−π, π ]d (4.20)

the left hand side taking the value 1 only if k = 0. This implies that the behavior of
the integral when n → +∞ is governed by a small region near k = 0, where we can
make the expansion:

1

d

d∑

μ=1

cos(kμ) = 1 − 1

2d
|k|2 + · · · (4.21)

yielding the approximation:

P (Xn = x) � 1

(2π)d

∫

Rd

dk exp
(
ik · x − n

2d
|k|2

)
(4.22)

where we have extended the integration to the whole R
d since the exponential term

guarantees that only vectors k near the origin play a significant role. This integral
can be performed analytically, giving the result:

P (Xn = x) �
(

d

2πn

)d/2

exp

(
−2d

|x|2
4n

)
(4.23)

The above expression is very interesting. It shows that, for large time n, the law of
the random walk becomes normal N (0, n/d). Moreover, let’s consider the number
of times, say N , the walker comes back to visit the origin x = 0. We write:

N =
+∞∑

n=1

In (4.24)

where In = 1 if Xn = 0 while In = 0 otherwise. We have:
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E[N ] =
+∞∑

n=1

E[In] =
+∞∑

n=1

P (Xn = 0) (4.25)

We have found that:

P (Xn = 0) ∼ 1

nd/2
(4.26)

This implies that, when d = 1, 2, E[N ] = +∞, while, when d ≥ 3, E[N ] ≤ ∞.
This is a very interesting feature: when d = 1, 2 we have an infinite expected number
of returns to the origin, while this is not true in higher dimensions. Typically a random
walk giving an infinite expected number of returns to the origin is called recurrent,
while, when E[N ] < +∞, the random walk is called transient.

4.3 Recursive Markov Chains

The random walk on Z
d exemplifies a general procedure for constructing explicitly

Markov chains. Let X0 be a given random variable, and {Um}m∈N a sequence of inde-
pendent and identically distributed uniform random variables in (0, 1). Let moreover
h : E × (0, 1) → E be a function, until now arbitrary. We define:

Xn+1 = h (Xn,Un+1) (4.27)

whereUn+1 is assumed to be independent from Xn . Repeating the calculation of the
previous paragraph it is easily concluded that {Xn}n is a Markov chain. Its transition
matrix is readily obtained:

P(Xn+1 = j |Xn = i) = P(h (Xn,Un+1) = j, Xn = i)

P(Xn = i)
= (4.28)

= P(h (i,Un+1) = j, Xn = i)

P(Xn = i)
= P(h (i,Un+1) = j) = Pi→ j

This result is very useful since, as we will explain in the next chapter, having at
our disposal a random number generator, the problem of simulating a Markov chain
with initial law v and transition matrix P is solved sampling the initial state with
probability v and iteratively applying Xn+1 = h (Xn,Un+1)where h : E × (0, 1) →
E is a function such that P(h (i,U ) = j) = Pi→ j if U is uniform in (0, 1).

Remark 4.1 From now on we will always assume that set E is finite. For the sake of
simplicity, we will write E = {1, . . . , N }. Probabilities on the set E , when useful,
will be identified with row vectors v = (v1, . . . , vN ) ∈ R

N , vi ≥ 0,
∑N

i=1 vi = 1.
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4.4 Transition Matrix and Initial Law

Wewill now showhow initial law and transitionmatrix give an exhaustive knowledge
of the corresponding homogeneous Markov chain. We begin computing the law v(1)

of X1:

P(X1 = k) =
N∑

h=1

P(X0 = h)P(X1 = k|X0 = h) =
N∑

h=1

vh Ph→k (4.29)

which can be written in matrix form recalling that laws can be represented through
row vectors in R

N :
v(1) = vP (4.30)

At the subsequent instant:

P(X2 = k) = ∑N
l=1 P(X1 = l)P(X2 = k|X1 = l) =

= ∑N
l=1 P(X1 = l)Pl→k = ∑N

l=1

∑N
h=1 vh Ph→l Pl→k =

= ∑N
h=1 vh

∑N
l=1 Ph→l Pl→k

(4.31)

that is:
v(2) = vP2 (4.32)

Iterating this reasoning we easily conclude that the law at instant n is obtained
applying to the row vector representing the initial law the n-th power of the transition
matrix:

v(n) = vPn (4.33)

It is interesting to observe that, denoting with P(m)
i→ j the matrix elements of the m-th

power Pm of the transition matrix, one obtains the m-step transition probabilities.

P
(m)
i→ j = P(Xn+m = j |Xn = i) (4.34)

This can be shown iterating the following calculation:

P(Xn+m = j |Xn = i) = P(Xn+m= j,Xn=i)
P(Xn=i) =

= ∑
h

P(Xn+m= j,Xn+m−1=h,Xn=i)
P(Xn=i) =

= ∑
h

P(Xn+m= j,Xn+m−1=h,Xn=i)
P(Xn+m−1=h,Xn=i)

P(Xn+m−1=h,Xn=i)
P(Xn=i) =

= ∑
h P(Xn+m = j |Xn+m−1 = h, Xn = i)P(Xn+m−1 = h|Xn = i) =

= ∑
h Ph→ j P(Xn+m−1 = h|Xn = i)

(4.35)

We eventually compute the joint laws ot the process in terms of the initial law v and
of the transition matrix P, that is P

(
Xn1 = i1, . . . , Xnk = ik

)
, 0 ≤ n1 < · · · < nk :
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P
(
Xn1 = i1, . . . , Xnk = ik

) =
= P

(
Xn1 = i1, . . . , Xnk−1 = ik−1

)
P

(
Xnk = ik |Xn1 = i1, . . . , Xnk−1 = ik−1

) =
= P

(
Xn1 = i1, . . . , Xnk−1 = ik−1

)
P

(nk−nk−1)

ik−1→ik
= · · · =

= P
(
Xn1 = i1

)
P

(n2−n1)
i1→i2

· · ·P(nk−nk−1)

ik−1→ik
=

= ∑
j v jP

(n1)
j→ii

P
(n2−n1)
i1→i2

· · ·P(nk−nk−1)

ik−1→ik

(4.36)

Remark 4.2 Rewriting the 2- and 3- times joint laws in the form:

P
(
Xn1 = i1, Xn3 = i3

) = P
(
Xn1 = i1

)
P

(n3−n1)
i1→i3

(4.37)

P
(
Xn1 = i1, Xn2 = i2, Xn3 = i3

) = P
(
Xn1 = i1

)
P

(n2−n1)
i1→i2

P
(n3−n2)
i2→3 (4.38)

the relation:

P
(
Xn1 = i1, Xn3 = i3

) =
N∑

i2=1

P
(
Xn1 = i1, Xn2 = i2, Xn3 = i3

)
(4.39)

is equivalent to the followig Chapman-Kolmogorov equation for the m-step tran-
sition probability:

P
(n3−n1)
i1→i3

=
N∑

i2=1

P
(n2−n1)
i1→i2

P
(n3−n2)
i2→3 , 0 ≤ n1 < n2 < n3 (4.40)

The property (4.40), quite natural in the present context since it is known that the
m-step transition probability is obtained computing the m-th power of the transition
matrix, will turn out of great importance when dealing with continous-time Markov
processes taking values in R

d .

4.5 Invariant Laws

Given a probability distribution π on E , which as seen before can be repre-
sentedwith a rowvectorπ = (π1, . . . , πN ) ∈ R

N , and ahomogeneousMarkov
chain with transition matrix P = {

Pi→ j
}
i, j and initial law v, we will say that

π is invariant provided that:

π = π P, i.e. πk =
∑

h∈E
πh Ph→k (4.41)
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We stress that if the initial law v is invariant, Xn has law v for all n: all the Xn have
the same law, giving rise to a stationary Markov process.

We now prove an important result:

Theorem 4.1 (Markov-Kakutani) Any transition matrix P admits has at least an
invariant law.

Proof We first observe that there is a one-to-one correspondence between probabil-
ities on E ad points in the following set, the simplex:

S =
{
x ∈ R

N : 0 ≤ xi ≤ 1,
N∑

i=1

xi = 1

}
(4.42)

S is a closed and limited set in R
N , and therefore compact: by virtue of Bolzano-

Weierstrass theorem of classical Mathematical Analysis [1], any sequence in S has
a convergent subsequence. Given a generic point x ∈ S, consider the sequence:

xn = 1

n

n−1∑

k=0

xPk (4.43)

Obviously xn has non-negative components. Moreover, xn ∈ S as the following sim-
ple calculation shows:

∑

i

xn,i = 1

n

n−1∑

k=0

∑

h

∑

i

xhP
(k)
h→i = 1

n

n−1∑

k=0

∑

h

xh = 1 (4.44)

where we have taken into account the fact that P(k)
h→i is the probability of moving

from h to i in k steps, and therefore
∑

i P
(k)
h→i = 1.

Since {xn}n ⊂ S it has a subsequence:
{
xnk

}
nk

converging to a point π ∈ S. We
observe that:

xnk − xnk P = 1

nk

(
nk−1∑

h=0

xPh −
nk−1∑

h=0

xPh+1

)
= 1

nk

(
x − xPnk

)
(4.45)

and since the quantity x − xPnk is limited by construction:

π − π P = lim
k→+∞

(
xnk − xnk P

) = lim
k→+∞

1

nk

(
x − xPnk

) = 0 (4.46)

which completes the proof.
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We observe that the proof of Markov-Kakutani’s theorem is constructive: any
sequence xn , once thinned out, converges to an invariant law, which may be not
unique. Since the point x = x0 is completely arbitrary, it can be chosen xh = δh,i ,
corresponding to a probability distribution concentrated at the point i . Were that the
case:

xn, j = 1

n

n−1∑

k=0

P
(k)
i→ j (4.47)

If {Xn} is the Markov chain with initial law x, concentrated at the point i with
transition matrix P, we know that:

P
(k)
i→ j = P(Xk = j) (4.48)

Therefore:

xn, j = 1

n

n−1∑

k=0

P
(k)
i→ j = 1

n

n−1∑

k=0

P(Xk = j) = E

[
1

n

n−1∑

k=0

1{Xk= j}

]
(4.49)

and xn, j coincides with the expectation of the random variable:

1

n

n−1∑

k=0

1{Xk= j} (4.50)

representing the fraction of time the process has spent in the state j before the
n-th time step. Remarkably, for large n the expectation of such random variable
approximates the j-th component of one invariant law.

To compute the invariant law(s), the following problem must be solved:

π j =
n∑

i=1

πi Pi→ j (4.51)

To this purpose, the following interesting result holds, which represent a sufficient
condition for a law π to be invariant:

Theorem 4.2 If a law π satisfies the detailed balance equation:

πi Pi→ j = π j P j→i , ∀i, j ∈ E (4.52)

then it is invariant.
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Proof The proof is simple:

n∑

i=1

πi Pi→ j =
n∑

i=1

π j P j→i = π j (4.53)

A transitionmatrixmay have, in general, infinite invariant laws: in fact, as a simple
calculation shows, if π and π ′ are distinct stationary laws for P, any convex linear
combination of π and π ′ is still a stationary law for P.

It is therefore very interesting to investigate conditions for the uniqueness of the
invariant law. To this purpose, we introduce the following definitions:

Definition 4.3 LetP = {
Pi→ j

}
i, j be the transitionmatrix of a homogeneousMarkov

chain.

1. a state j ∈ E is accessible from i ∈ E , denoted i → j if there exists an integer
m ≥ 0 such that P(m)

i→ j > 0. Conversely, if P(m)
i→ j = 0 for all m ≥ 0, then the state

j is not accessible from i , denoted i � j .
2. the states j, i ∈ E communicate if j is accessible from i and viceversa, denoted

i � j .

Remark 4.3 It is useful to include in the exposition the zeroth power P(0)
i→ j = δi, j ,

which is actually a trivial zero steps transition matrix, to deal with communications
among states.

The communication relation � satisfies the following conditions:

1. reflexivity: ∀ i ∈ E , i � i since P(0)
i→i = 1

2. symmetry: ∀ i, j ∈ E , i � j if and only if j � i
3. transitivity: ∀ i, j, k ∈ E , if i � j and j � k then i � k

To prove the transitivity condition, let us observe that if i � j and j � k there exists
two integer numbers m, n such that P(m)

i→ j > 0 and P
(n)
j→k > 0. Therefore:

P
(m+n)
i→k =

∑

l

P
(m)
i→lP

(n)
l→k ≥ P

(m)
i→ jP

(n)
j→k > 0 (4.54)

The above conditions imply that communication is an equivalence relation. The state
space E can be uniquely decomposed into mutually disjoint subsets {Ei }i whose
union equals E , the equivalence classes of the homogeneous Markov chain.

Definition 4.4 LetP = {
Pi→ j

}
i, j be the transitionmatrix of a homogeneousMarkov

chain.

1. P = {
Pi→ j

}
is irreducibile if all states in E communicate with each other.

2. P = {
Pi→ j

}
is regular if there exists a number m > 0 such that P(m)

i→ j > 0 for
all i, j ∈ E .
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A regular trasition matrix is always irreducible, but the converse is not true in
general. Nevertheless, the following result holds:

Lemma 4.1 If a transition matrix is irreducible, and there exists h ∈ E such that
Ph→h > 0, it is regular.

Proof If for all i, j ∈ E there exists m = m(i, j) ≥ 0 such that P(m)
i→ j > 0, chosen

s = maxi, j∈E m(i, j) we have P(2s)
l→k > 0 for all l, k ∈ E , as the following inequality

makes clear:
P

(2s)
l→k ≥ P

(n(l,h))
l→h Ph→h · · ·Ph→hP

(n(h,k))
h→k > 0 (4.55)

in which the term Ph→h appears 2s − n(l, h) − n(h, k) times.

Remark 4.4 At a first glance, it might seem very difficult to verify whether a chain
is irreducible or not, but there exist observations that can considerably simplify
the calculations involved. Chosen two states i, j , i �= j , if the chain is irreducible
there exists m > 0, in general depending on the couple (i, j) of interest, such that
P

(m)
i→ j > 0; since the transition matrix has non-negative elements, this corresponds

to the existence of at least one (m − 1)-tuple of states k1, . . . , km−1 such that:

0 < Pi→k1Pk1→k2 · · ·Pkm−1→ j ≤ P
(m)
i→ j (4.56)

Intuitively, it is necessary to move from i to j passing through points in E making
steps with non-zero transition probability. At least for Markov chains with small
state space, this can be checked representing the Markov chain as a directed graph
Γ = (E, V ) with links (i, j) ∈ V ⊆ E × E connecting states i, j ∈ E for which
Pi→ j > 0.

This pictorial representation permits to quickly verify whether a state j is acces-
sible from another state i . In the following example:

P=

⎛
⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 0
0 P2→2 0 0 P2→5 0
0 0 0 0 1 0
0 P4→2 0 0 P4→5 0

P5→1 P5→2 0 0 0 0
0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎠

6

1

5

2

3

4

the simple observation of the graph Γ shows that P is not irreducible. The equiv-
alence classes into which E is split by the communication equivalence relation are
{1, 2, 5}, {3}, {4}, {6}.
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We are going now to present the most important result, involving regular tran-
sition matrices, which is the Markov theorem, which states that the Markov chain
thermalizes, in the sense that, for every initial law, the law of Xn , for n → +∞,
converges to the unique equilibrium invariant law.

We need first the following preliminary version of Markov theorem:

Theorem 4.3 If a transition matrix P has all strictly positive entries, it admits a
unique invariant law π∗ and, for all initial laws v:

π∗
j = lim

n→+∞
(
vPn

)
j (4.57)

Proof By virtue of Markov-Kakutani theorem, P admits an invariant law π∗. By
definition, it is a fixed point of the map:

C : S → S, v �→ C(v) = vP (4.58)

where, as before:

S =
{
x ∈ R

N : 0 ≤ xi ≤ 1,
N∑

i=1

xi = 1

}
(4.59)

It will now be shown that C is a strict contraction on S relative to the following
distance:

d(v, w) = 1

2

∑

i∈E
|vi − wi | (4.60)

First, since all the entries of P are strictly positive, there exists some number ε such
that ε < 1

N and Pi→ j ≥ ε ∀ i, j ∈ E . It is simple to show that Qi→ j = Pi→ j−ε

1−Nε
is

a transition matrix on E . The distance d (C(v),C(w)) between the images of two
generic laws v, w ∈ S through the map C can be expressed as:

1

2

∑

j

∣∣(vP) j − (wP) j
∣∣ = 1

2

∑

j

∣∣∣∣∣
∑

i

(vi − wi ) (1 − Nε)Qi→ j

∣∣∣∣∣ (4.61)

and since:
∣∣∣∣∣
∑

i

(vi − wi ) (1 − Nε)Qi→ j

∣∣∣∣∣ ≤ (1 − Nε)
∑

i

|vi − wi | Qi→ j (4.62)

and Q is a transition matrix, the distance Eq. (4.61) is bounded by:
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d (C(v),C(w)) ≤ (1 − Nε)
∑

i

|vi − wi |
∑

j

Qi→ j =

= (1 − Nε)
∑

i

|vi − wi | = (1 − Nε) d(v, w)
(4.63)

Equation (4.63) ensures that C is a contraction. Hence the uniqueness of the invariant
law π∗ and its expression Eq. (4.64) follow from Banach’s fixed point theorem [1].

The Theorem 4.3 has been proved under the strict requirement that all the entries
ofP are positive. Such condition can be relaxed, leading to the following fundamental
result:

Theorem 4.4 (Markov) If a transition matrix P is regular, it admits a unique
invariant law π∗ and, for all initial laws v:

π∗
j = lim

n→+∞
(
vPn

)
j (4.64)

Proof The regularity condition implies the existence of an integer m > 0 such that
Pm has all entries strictly positive. Hence, by Banach’s fixed point theorem there
exists a unique law π∗ such that:

π∗ = π∗Pm lim
n→∞ vPmn = π∗ ∀ v ∈ S (4.65)

the second of eqs. (4.65) still holds if we change v → vPk with k < m − 1. Now, if a
sequence {vn}n has the property that all the subsequences {vk+mn}n , with k < m − 1,
converge to the same limit v∗, then it converges to v∗. Therefore:

lim
n→∞ vPn = π∗ ∀ v ∈ SE (4.66)

π∗ is also invariant since:

π∗P =
(
lim
n→∞ vPn

)
P = lim

n→∞ vPn+1 = π∗ (4.67)

by the continuity of the matrix product.

Markov’s Theorem 4.4 ensures that if a homogeneous Markov chain with regular
transition matrix starts at a generic initial law v, it converges exponentially fast to a
unique law π∗.
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4.6 Metropolis Theorem

Consider a given probability distribution π on E . We are going to somehow reverse
the point of view: we wonder whether there exists a transition matrix P such that,
for all initial laws v

π j = lim
n→+∞

(
vPn

)
j (4.68)

Were that the case, we could construct a Markov chain {Xn}n with law converging,
as n tends to infinity, to π in the sense precised by (4.68).

As the reader might have guessed, this possibility has deep implications in the
field of simulations.

To this purpose, it turns out to be necessary to assume that π j > 0 for all the states
j ∈ E and that π is not the uniform distribution.

Let now T = {
Ti→ j

}
be a symmetric and irreducible transition matrix, Ti→ j =

T j→i , subject to no other restrictions, and define:

Pi→ j =
⎧
⎨

⎩

Ti→ j , i �= j, π j ≥ πi

Ti→ j
π j

πi
, i �= j, π j < πi

1 − ∑
j �=i Pi→ j , i = j

(4.69)

We have the following [2]:

Theorem 4.5 If π j > 0 for all the states j ∈ E and π is not uniform, for all the
initial laws v the Markov chain {Xn}n with initial law v and transition matrix P is
regular, and has π as unique invariant distribution. Consequently:

π j = lim
n→+∞

(
vPn

)
j = lim

n→+∞ P(Xn = j) (4.70)

Proof We start showing that the detailed balance condition is satisfied. We choose
two states (i, j) such that, without loss of generality, π j ≤ πi , Pi→ j = Ti→ j

π j

πi

whereas P j→i = T j→i and thus:

πiPi→ j = πiTi→ j
π j

πi
= Ti→ jπ j = π jP j→i (4.71)

where the hypothesis that T is symmetric has been used. As a consequence of (4.71)
π is invariant.

It remains to show that the Markov chain (4.69) is regular; first, we show that it
is irreducible. In fact, if i �= j and Ti→ j > 0, then, by construction Pi→ j > 0; this
means that, ifT makes two states communicate, the same doesP, and this guarantees
that P is irreducible.

To prove that (4.69) is regular, by virtue of lemma (4.1) it is sufficient to show
that there exists i0 ∈ E such that Pi0→i0 > 0. Since π is not uniform, there exists
a proper subset M ⊂ E, M �= E of E on which π takes maximum value; due to
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the irreducibility of T the chain can move outside M , and therefore there exist
i0 ∈ M and j0 ∈ Mc such that Ti0→ j0 > 0 and, by construction, πi0 > π j0 . Moreover,
Pi→ j ≤ Ti→ j if i �= j . These intermediate results imply:

Pi0→i0 = 1 − ∑
j �=i0

Pi0→ j = 1 − ∑
j �=i0, j0

Pi0→ j − Pi0→ j0 ≥
≥ 1 − ∑

j �=i0, j0
Ti0→ j − Ti0→ j0

π j0
πi0

=
= 1 − ∑

j �=i0
Ti0→ j + Ti0→ j0

(
1 − π j0

πi0

)
= Ti0→i0 + Ti0→ j0

(
1 − π j0

πi0

)
≥

≥ Ti0→ j0

(
1 − π j0

πi0

)
> 0

(4.72)

that is, the chain is regular by virtue of Lemma (4.1) and admits a unique stationary
law by virtue of Markov’s theorem.

Metropolis’ theorem is widely used in Physics, where it provides a technique for
simulating random variables with law given by:

πi = e−βH(i)

Z(β)
, H : E → R, Z(β) =

∑

i∈E
e−βH(i) (4.73)

E being the configuration space of the classical system under study andH its Hamil-
tonian. Notice that the knowledge of Z(β) (resulting from an integration procedure
which, for large systems of interacting particles, cannot be preformed neither ana-
lytically nor numerically) is not necessary for applying (4.69). We will discuss the
application in some detail in the next chapter.

Usually (4.69) is written, for i �= j , in the form:

Pi→ j = Ti→ j Ai→ j , Ai→ j = min

(
1,

π j

πi

)
(4.74)

Ti→ j is a trial move that is accepted or refused depending on the outcome of a

Metropolis test controlled by the term min
(
1, π j

πi

)
.

We remind the reader that the hypothesis Ti→ j = T j→i was framed in the proof
of Metropolis’ theorem. This hypothesis can be removed, provided that T j→i > 0
wheneverTi→ j > 0; in such situation,Metropolis’ theorem still holds for theMarkov
chain:

Pi→ j = Ti→ j Ai→ j , Ai→ j = min

(
1,

π j T j→i

πi Ti→ j

)
i �= j (4.75)

where it is meant that Pi→ j = 0 if Ti→ j = 0, whereas Pi→i is defined as in (4.69).
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4.7 Further Readings

The topic of Markov chains and their application is extremely vast, and dealt with
with many textbooks. Readers interested in deepening their knowledge of the math-
ematical background can see, for example, [2]. For applications in simulation of
physical systems, we refer to the bibliography of the following chapter.

Problems

4.1 Ehrenfest model
Suppose there are N particles in two containers. At time n = 0, all the particles are
in the first container and, subsequently, they can diffuse changing container. Let Xn

the number of particles in the first container at time instant n. Assume that the time
evolution is markovian, driven by a transition matrix of the form:

Pi→ j =

⎧
⎪⎨

⎪⎩

qi = i/N if j = i − 1

pi = (N − i)/N if j = i + 1

0, otherwise

Find the invariant law of the Markov chain.

4.2 Random walk on a triangle
Study a random walk on the vertices of an equilater triangle, with transition matrix:

P =
⎛

⎝
0 p 1 − p

1 − p 0 p
p 1 − p 0

⎞

⎠

4.3 Galton-Watson process
The Galton-Watson process is a branching stochastic process describing the extinc-
tion of family names. Let the time n enumerate the generations and Zn be the number
of individuals with a given family name at generation n.

We model the situation as follows: if ξ (n)
m denote the number of descendants of

the i-th individual at generation n, we will have:

Zn+1 =
Zn∑

i=1

ξ
(n)
i (4.76)

We have:

P (Zn+1 = m|Zn = k) =
{
P

(∑k
i=1 ξ

(n)
i = m

)
, k > 0

δm,0, k = 0
(4.77)
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Assuming {ξ (n)
i }i independent and identically distributed with density p, assumed to

be independent from n, we will have: Pk→m = (p ∗ · · · ∗ p), where:

(p ∗ p)i =
∑

j∈E
p j pi− j (4.78)

Study the Markov chain Zn with state space E = {0, 1, 2, 3, . . . , } and compute
E[Zn+1|Zn] and E[Z2

n+1|Zn], as well as the extinction probability starting from a
single individual, defined as

P

(
{ω ∈ Ω | lim

n→+∞ Zn(ω) = 0, Z0(ω) = 1}
)

(4.79)

In particular consider the Lotka probability density:

pk =
{
0.4825, k = 0

0.2126 (0.5893)k, k �= 0
(4.80)

4.4 Gambler’s Ruin problem
Consider a gambler (player A) whose initial fortune is a coins, who plays against
another player, say B, having an initial fortune of b coins: a + b = N . The rules of
the game are as follows: at each time step player A either gives one coin to player b
with probability p or he/she receives a coin from B with probability q = 1 − p. If,
at a time instant, player A possesses N coins (win) or he/she runs out of coins (ruin),
the game finishes. Write down a transition matrix describing the game, compute the
probability that player A wins.

4.5 An explicit calculation
Consider the following transition matrix for a Markov chain with two accessible
states:

P =
(
1 − a a
b 1 − b

)
, 0 < a, b < 1 (4.81)

Show that:

Pn = 1

a + b

{(
b a
b a

)
+ (1 − a − b)n

(
a −a

−b b

)}
(4.82)

Evaluate explicitly limn→+∞ Pn .

4.6 A monkey inside a labyrinth
A monkey is inside a labyrinth containing 9 cells. Assuming that the labyrinth is a
square, at any time instant, the monkey changes cell with a probability proportional
to the number of nearest neighboring cells. Write down the transition matrix and find
the invariant law.
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7 8 9

4 5 6

1 2 3

4.7 Monkey run
Suppose now that the monkey is allowed to escape from cell 9 of the labyrinth.
Estimate the time that will take for the monkey to leave the labyrinth.
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Chapter 5
Sampling of Random Variables
and Simulation

Abstract In this chapter we introduce the art of sampling of random variables.
Sampling a random variable X , for example real valued, means using a random
number generator to generate n real numbers (x1, . . . , xn), realizations of a sample
(X1, . . . , Xn) of independent and identically distributed random variables sharing
the same law as X . The ability of sampling is crucial to deal with integrals in high
dimensions, appearing in quantummechanics and in statistical physics, and gives the
possibility to simulate physical systems. We first introduce simple tools to sample
random variables, that can be used only in quite special situations. In the last part of
the chapter, we will introduce and discuss a very general sampling technique, relying
on the Metropolis theorem.

Keywords Sampling of random variables · Monte carlo integration
Random number generators · Metropolis algorithm · Simulation

5.1 Introduction

In our study of mathematical statistics, we have learnt to use data to infer the values
of some parameters specifying the law of a random variable modeling the outcomes
of the considered experiment. A set of data:

(x1, . . . , xn) (5.1)

are interpreted as realizations of a sample (X1, . . . , Xn), that is:

(x1, . . . , xn) = (X1(ω), . . . , Xn(ω)) (5.2)

for a particular ω in some abstract probability space (�,F , P) where the random
variables are defined. This interpretation allows then to define estimators and confi-
dence intervals, and to test some hypothesis regarding the outcome of the experiment.

In this chapter we will take the opposite point of view: given the law of a random
variable X , or, equivalently, its probability density p(x) (if it exists), is it possible to
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generate possible realizations of X? This is a central topic in the realm of simulations,
and is usually called the sampling of randomvariables, or, equivalently, the sampling
of probability densities.

Remark 5.1 In what follows we will use interchangeably the expressions sampling
of a random variable, sampling of a law, and sampling of a probability density.

5.2 Monte Carlo Integration

One very important application of the sampling of probability densities is Monte
Carlo integration. It is an extremely useful tool to evaluate integrals arising, for
example, from statistical physics and quantum mechanics. It becomes quite the
unique way to face multi-dimensional integrals, when typical strategies of numerical
quadrature would require a huge number of operations, beyond the possibility of any
computer.

Remark 5.2 Suppose to evaluate an integral in d = 300 dimensions, arising, for
example, from classical statistical mechanics, where equilibrium physical properties
of a system of 100 classical particles are expressed as integrals over the configuration
space. A numerical quadrature scheme unavoidably requires a grid: if one chooses
10 points per dimension, then it is necessary to evaluate a function on 10300 points,
which is enormous. The rule of thumb is that numerical quadrature methods hardly
serve purpose when d ≥ 10

To state the problem, let’s consider an integral of the very general form:

I =
∫
D
dx f (x) p(x) (5.3)

where D ⊂ R
d , f is any (measurable) function and p is a probability density on D:

p(x) ≥ 0,
∫
D
dx p(x) = 1 (5.4)

The key observation is that, if X is a random variable having p(x) as its probability
density, the following equalities holds:

I = E [ f (X)] (5.5)
∫
D
dx ( f (x) − I )2 p(x) = Var ( f (X)) (5.6)

The law of large numbers and the central limit theorem, provided that E [ f (X)] and
Var ( f (X)) are finite, guarantee that, if {Xi }+∞

i=1 is a sequence of independent and
identically distributed random variables with density p(x), we have:
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I = lim
n→+∞

1

n

n∑
i=1

f (Xi ) (5.7)

and:
1
n

∑n
i=1 f (Xi ) − I√
Var( f (X))

n

(5.8)

converges in distribution to a standard normal random variable N (0, 1). Thus, if we
are able to sample p(x), i.e., in practice, to generate n points in D:

(x1, . . . , xn) (5.9)

realizations of {Xi }ni=1:

(x1, . . . , xn) = (X1(ω), . . . , Xn(ω)) (5.10)

for a ω in some abstract probability space (�,F , P) where the random variables are
defined, then we can evaluate:

I � 1

n

n∑
i=1

f (xi ) (5.11)

and use mathematical statistics to estimate confidence intervals for the exact value
of the integral.

Precisely in the same way, finite or infinite summations:

I =
∑
x

f (x) p(x) (5.12)

can be dealt with, whenever p(x) is a discrete probability density.
To summarize, the problemof evaluating an integral is transferred into the problem

of building up a (possibly large) number of points (x1, . . . , xn) starting from the
knowledge of a probability density p(x). Such problem is in general highly not
trivial. The first necessary ingredient is an algorithm for the basic generation of
random numbers.

5.3 Random Number Generators

Our starting point is the existence of the random number generators, which are
algorithms able to sample a sequence of independent uniform in (0, 1) random
variables. The output of such an algorithm is a sequence:

(u1, . . . , un) (5.13)
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0 < ui < 1, realizations of n independent uniform in (0, 1) random variables:

(U1, . . . ,Un) (5.14)

Remark 5.3 Sometimes, the generated random numbers lie in [0, 1) or in (0, 1],
depending on the particular algorithm. It is important to be aware of this when
applying functions to the random numbers, as we will see below.

We are not going now to enter the details of the theory of random number genera-
tion, requiring complex notions of numbers theory beyond the scope of this book.We
simply mention the simplest algorithm, the linear congruential generator (LCG),
introduced byD.H. Lehmer in 1949, which builds up the sequence (u1, . . . , un) using
the integers:

i j+1 = (ai j + c) (mod m), j = 0, . . . , n (5.15)

wherem, a, c ∈ N are positive integer numbers, calledmodulus, multiplicator and
increment, while the starting term, i0, is a non-negative integer called the seed of
the generator; finally the u j are obatined as u j = i j/(m − 1). In the Table5.1 we
report typical values for the parameters m, a, c.

The reader could feel a bit confused now, since we have claimed independence
while actually obtaining the sequence applying a deterministic (and very simple!)
function to a given number to obtain the following one. This is the reason for the
choices of the parameters in the given table, providing the conditions for the data
(u1, . . . , un) to bemodeled by independent random variables. Statistical and numeri-
cal studies have shown that such choices of parametersmake themodel very accurate,
in the sense discussed in the chapter about statistics.

The other important point is the seed i0: it can be chosen to be equal to any
non-negative integer number. If a program is used twice with the same seed, it gives
exactly the same output. Actually the seed can be thought as the pointω ∈ � in some
abstract probability space (�,F , P) determining the output of the “experiment”:

(u1, . . . , un) = (U1(ω), . . . ,Un(ω)) (5.16)

Table 5.1 parameters m, a, c of the LCG

Source m a c

gclib 231 1103515245 12345

Numerical Recipes 232 1664525 1013904223

java.util.Random 248 25214903917 11
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5.4 Simulation of Normal Random Variables

We have thus learned that, with a very simple algorithm, we can sample the uniform
distribution in (0, 1).What about other probability densities? In general, this problem
is highly non trivial. Nevertheless, there are some situations allowing to solve the
problem in a simple and elegant way, relying on transformations between random
variables. Due to the outstanding importance of normal random variables, our first
example is the sampling the density N (0, 1):

p(x) = 1√
2π

exp

(
− x2

2

)
(5.17)

We will exploit the transformation law for densities:

pY (y) = pX (g−1(y))
∣∣det(Jg−1(y))

∣∣ (5.18)

valid whenever Y = g(X), g being a diffeomorphism between open subsets of Rd .
Jg−1(y) is the Jacobian matrix of the inverse g−1.

We specialize the transformation law to the special case in two dimensions X =
(U1,U2), U1,U2 being independent uniform in (0, 1) and:

g(u1, u2) =
(√−2 log(u1) cos(2πu2),

√−2 log(u1) sin(2πu2)
)

(5.19)

We let Y = (Y1,Y2) and evaluate its density. The inverse if g is simply checked to
be:

g−1(y1, y2) =
(
exp

(
− y21 + y22

2

)
,
1

2π
arctan

(
y2
y1

))
(5.20)

while its Jacobian is given by:

Jg−1(y1, y2) =
⎛
⎝−y1 exp

(
− y21+y22

2

)
−y2 exp

(
− y21+y22

2

)

− y2/y21
2π(1+y22/y

2
1)

1/y1
2π(1+y22/y

2
1)

⎞
⎠ (5.21)

The determinant is:

det
(
Jg−1(y1, y2)

) = −
(
1 + y22/y

2
1

)
2π

(
1 + y22/y

2
1

) exp
(

− y21 + y22
2

)
(5.22)

implying that Y = (Y1,Y2) = g(U1,U2) has density:

pY (y1, y2) = 1

2π
exp

(
− y21 + y22

2

)
(5.23)

which means that Y1 and Y2 are independent standard normal random variables.
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Thus, in practice, it is possible to use a random number generator twice, obtaining
two numbers (u1, u2), and to apply the following Box-Muller formula:

y = √−2 log(u1) cos(2πu2) (5.24)

to obtain a number sampling a standard normal random variable.

Remark 5.4 If the employed random number generator yields numbers in [0, 1), the
Box-Muller formula has to be modified by changing u1 � 1 − u1.

5.5 The Inverse Cumulative Distribution Function

We present now another very important example of the possibility of sampling one-
dimensional random variables given a random number generator. Let’s consider a
given probability density p(x) on R and let F(x) = ∫ x

−∞ dy p(y), the cumulative
distribution function of a random variable having p(x) as probability density. We
work under the hypothesis that there exists an interval (α, β), −∞ ≤ α < β ≤ +∞
such that p(x) > 0 for x ∈ (α, β) and p(x) = 0 outside that interval. F(x) is thus
strictly increasing on (α, β) and its values lie in [0,1]. We define now Y = F−1(U )

where U is uniform in (0, 1). The key point is that the cumulative distribution of Y
coincides with F(x), in fact:

FY (y) = P(Y ≤ y) = P(F−1(U ) ≤ y) = P(U ≤ F(y)) = F(y) (5.25)

and thus:
pY (y) = p(y) (5.26)

This means that we can sample any one-dimensional probability density p(x) using
a random number generator if we are able to evaluate F−1: the generator provides
a realization of a uniform random variable U , and, if we apply F−1, we obtain a
realization of a random variable with density p(x).

ω � U (ω) � F−1(U (ω)) (5.27)

Example 5.1 If we wish to sample the lorentzian probability density:

p(x) = 1

π

Γ

Γ 2 + x2
(5.28)

we evaluate:

F(x) =
∫ x

−∞
dy p(y) = 1

π
arctan

( x

Γ

)
+ 1

2
(5.29)
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We know that, if U is uniform in (0, 1):

Y = F−1(U ) = Γ tan

(
π

(
U − 1

2

))
(5.30)

has density p(x).

Example 5.2 If p(x) is the exponential density with parameter λ:

p(x) = λ exp(−λx) 1(0,+∞)(x), λ > 0 (5.31)

we evaluate:

F(x) =
∫ x

−∞
dy p(y) = (1 − exp(−λx)) 1(0,+∞)(x) (5.32)

so that, if U is uniform in (0, 1):

Y = F−1(U ) = −1

λ
log(1 −U ) (5.33)

has density p(x).

5.6 Discrete Random Variables

We discuss now the typical situation of the sampling a discrete probability den-
sity p(x), non-zero only in the discrete set {x1, . . . , xn}, which we assume to be
finite. The typical tool we can use is the following: we define q0 = 0, q1 = p(x1),
q2 = p(x1) + p(x2), qm−1 = p(x1) + p(x2) + · · · + p(xm−1) and, finally, qn = 1.
We have naturally 0 = q0 < · · · < qn = 1. If U is uniform in (0, 1), we define:

Y = x j , i f q j−1 ≤ U < q j (5.34)

Y is clearly a discrete random variable and has precisely the discrete density p(x),
as follows from the following simple calculation:

P(Y = x j ) = P(q j−1 ≤ U < q j ) = q j − q j−1 = p(x j ) (5.35)

In practice, this result yields a very simple algorithm: we generate a random number
u and find out:

j = min{n |
n∑

i=1

p(xi ) > u} (5.36)
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Intuitively, this sampling scheme resembles an unfair roulette: the idea is to divide
the interval (0, 1) into n sub-intervals, the j-th having length equal to p(x j ); then
we sample p(x) choosing x j if a random number u falls inside the j-th sub-interval.

5.7 The Metropolis Algorithm

In the previous sections we have presented some tools to sample random variables,
once a random number generator is available. Unfortunately, these tools are, in gen-
eral, not useful in the multidimensional case, which is the most common field of
application of Monte Carlo methods.

For example, in classical statistical mechanics, an extremely interesting topic
is the possibility of sampling the Boltzmann weight of a classical fluid in thermal
equilibrium at temperature T = 1/KBβ:

p(r1, . . . , rN ) =
exp

(
−β

∑
i< j v

(∣∣ri − r j

∣∣))

Z (5.37)

v(r) being the interatomic potential. Another example is the celebrated Ising model,
describing a collection of magnetic moments, spins (σ1, . . . , σN ), σi = ±1 on a
lattice. The equilibrium properties, at temperature T = 1/β and at the presence of a
magnetic field B, are described by the probability density:

p(σ1, . . . , σN ) =
exp

(
−β

(
−∑

〈i, j〉 Jσiσ j − B
∑

i σi

))

Z
(5.38)

J > 0 describing a ferromagnetic coupling between the nearest neighbours spins
(the symbol 〈i, j〉 indicates that the summation is restricted to nearest neighbours).

Such probability densities can be sampled using theMetropolis algorithm, relying
on the Metropolis theorem we have proved in the chapter about Markov chains. The
basic idea is to build up aMarkov chain, or more precisely a regular transitionmatrix,
that has the desired probability density as its invariant law. It is then possible to choose
any initial state and the Markov chain will converge to the desired law, in the sense
discussed in the chapter about Markov chains.

Wefind useful to present the algorithmusing the Isingmodel as a guiding example.

5.7.1 Monte Carlo Simulation of the Ising Model

The Ising model is certainly the most thoroughly studied model in statistical physics.
It is a model of a magnet. The essential premise behind it is that the magnetism of a
bulk material is made up of the combined magnetic dipole moments of many atomic
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spins within the material. The model postulates a lattice, typically an hyper cubic
lattice Zd , with a magnetic dipole or spin on each site. In the Ising model these spins
assume the simplest form possible, which consists of scalar variables σi which can
take only two values ±1, representing up-pointing or down-pointing dipoles of unit
magnitude.

In a real, magnetic material the spins interact, and the Ising model mimics this
by including terms in the Hamiltonian proportional to products σiσ j of the spins. In
the simplest case, the interactions involves only nearest-neighbors spins and are all
of the same strength, denoted by J (which has the dimensions of an energy), and the
Hamiltonian is defined by:

H(σ1 . . . σN ) = −J
∑
〈i j〉

σiσ j − B
∑
i

σi (5.39)

where the notation 〈i j〉 indicates that the sum runs over nearest neighbours. The
minus signs here are conventional. They merely dictate the choice of sign for the
interaction parameter J and the external magnetic field B. A positive value for J
signals a ferromagnetic coupling.

We want to study the equilibrium distribution of the model for N spins at tem-
perature T = 1/β, that is the probability density:

π(σ1 . . . σN ) = 1

Z(β, B, N )
exp (−βH(σ1 . . . σN )) (5.40)

defined on the state space E = {(σ1 . . . σN ), σi = ±1} containing 2N possible con-
figurations of spins. The denominator Z(β, B, N ) is the partition function of the
model:

Z(β, B, N ) =
∑

(σ1...σN )∈E
exp (−βH(σ1 . . . σN )) (5.41)

We focus our attention on the simplest situation: the one-dimensional case. We
adopt also periodic boundary conditions, defining:

H(σ1 . . . σN ) = −J
N∑
i=1

σiσi+1 − B
N∑
i=1

σi , σN+1 ≡ σ1 (5.42)

We will learn now how to implement the Metropolis algorithm to sample π . We
will use the notation σ ≡ (σ1 . . . σN ) for the states, i.e. the configurations of the spins.

5.7.1.1 The Algorithm

The algorithm consists in the iteration of some steps, translating into a practical
algorithm the choice of an initial law and the sampling the law of a Markov chain



118 5 Sampling of Random Variables and Simulation

{
n}n , with a transition matrix of the form:

Pσ→σ ′ = Tσ→σ ′ Aσ→σ ′ (5.43)

where T is any symmetric and irreducible transition matrix, while, as we learned in
the previous chapter, the acceptance probability, is:

Aσ→σ ′ = min

(
1,

π(σ ′)
π(σ )

)
(5.44)

Metropolis theorem ensures that:

lim
n→+∞ P (
n = σ ) = π(σ) (5.45)

The steps are the following:

1. Inizialization. We start choosing an arbitrary initial state, that is an initial
configuration for the spins σ 0. For example, we can make all spins up-
pointing.

2. Trial move. We propose a move σ 0 � σ tr ial , randomly choosing a spin
and flipping it.

3. Acceptation. If we have flipped, say, the j th spin, we have σ 0 = (σ1, . . . ,

σ j , . . . , σN ) and σ tr ial = (σ1, . . . ,−σ j , . . . , σN ).
We evaluate the number:

w = π(σ tr ial)

π(σ 0)
= exp (−β [H(σ tr ial) − H(σ 0))[) (5.46)

that is:
w = exp

(−2βBσ j − 2β Jσ j (σ j−1 + σ j+1)
)

(5.47)

Then, we generate a uniform random number r ∈ (0, 1) and:

a. if r ≤ w, we accept the move, defining σ 1 = σ tr ial ;

b. if r > w, we reject the move, defining σ 1 = σ 0.

4. Iteration. Then,we useσ 1 as the new starting point, and go back to point 2.

We proceed with the process for, at least, M � 105 − 106 Monte Carlo steps.
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Remark 5.5 We stress a very important point: the implementation of the Metropolis
algorithm does not require the evaluation of the partition function

Z(β, B, N ) =
∑

(σ1...σN )∈E
exp (−βH(σ1 . . . σN )) (5.48)

since it involves only the ratio of values of the probability density. In the special case of
the one-dimensional Ising model the partition function can be evaluated analytically,
but this is an exception: there is only an handful of problems in statistical physics
that allow for an analytical solution.

The Metropolis algorithm builds up a realization of a Markov chain with state
space made of all the possible configurations of the spins:

σ 0 � σ 1 � · · · � σ n � . . . (5.49)

From the theory of Markov chains we know that, for n large enough, the {σ n} sample
the probability π .

As the spins “move” exploring the state space, we can perform measurements
on the system, actually like an experimentalist. For example, suppose we wish to
evaluate the average magnetization:

M(B, β) =
∑

σ

m(σ ) π(σ ) (5.50)

where:

m(σ ) = 1

N

N∑
i=1

σi (5.51)

The basic idea is to estimate it computing an empirical mean over the random
walk:

M(B, β) � 1

M

M∑
n=0

mn, mn = m(σ n) (5.52)

Incidentally, we stress that it is neither mandatory nor in general advisable to use
all the steps of the Markov chain to perform the measurements; on the contrary, in
the realm of Monte Carlo simulations, the evaluation of a quantity on a configuration
happens to be much more computationally expensive than producing a new config-
uration (actually this is not the case of the magnetization in Ising model), making
more convenient to wait some time before measuring again the same quantity. This
procedure is called sparse averaging; we will come back to this point in a while.
By now it is enough to say that the summation (5.52) involves a set of samples of
the magnetization, mn , measured at evenly-spaced “times” n, while the spins are
moving.
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Although the estimation (5.52) can be justified relying on ergodic theorems, in
practice one wishes to employ the central limit theorem, in order to provide an
estimation of the magnetization of the system together with a statistical uncertainty.

In principle this is not allowed, since the σ n sample the desired probability
density only asymptotically, for large n and, moreover, they are neither inde-
pendent nor identically distributed, being realizations of the steps of a Markov
chain.

Some empirical strategies are commonly adopted to recover the conditions to
apply, at least approximately, the central limit theorem.

The first is equilibration: the first steps of the randomwalk, when the distribution
of the sampled Markov chain has not yet reached its limit law π , are discarded.
This is done empirically, monitoring, for example, the instantaneous value of the
magnetization itself as a function of the number of steps. It can be useful to perform
more than one simulation, changing the initial configuration: after a transient, the
values of the magnetization begin to fluctuate around a value independent of the
initial condition. This transient corresponds to the steps we have to neglect for our
calculations. It is interesting to observe that such equilibration transient resembles the
typical thermalization of physical systems approaching a steady equilibrium state.

Let’s consider now the correlations among the measurements. The summation
(5.52) is a realization of the random variable:

SM = 1

M

M∑
n=1

Mn (5.53)

where, after the equilibration transient, theMn havedensityπ but are not independent.
Naturally E[SM ] = M(B, β). Let’s look at the variance:

Var(SM) = E
[
(SM − M(B, β))2

] =

= 1

M2
E

[
M∑

n,l=1

(Mn − M(B, β)) (Ml − M(B, β))

]
=

= 1

M2

M∑
n,l=1

Cov(Mn, Ml)

(5.54)

As a consequence of the homogeneity of the Markov chain, the covariance Cov(Mn,

Ml) depends only on the time t = n − l. We define the autocorrelation function of
the magnetization:

CM(t) = Cov(Mn, Mn+t ) (5.55)
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We thus write:

Var(SM) = 1

M2

M∑
n,l=1

Cov(Mn, Ml) =

� CM(0)

M
+ 1

M2

M∑
n=1

∑
t �=0

CM(t)

(5.56)

where the last member is approximate since the summation over t is extended to the
whole Z − {0}. To be consistent with such approximation, which somehow forgets
the initial time and the finite number of measurements, we assume that CM(t) =
CM(|t |). We find the approximate result:

Var(SM) � CM(0)

M
+ 1

M2

M∑
n=1

∑
t �=0

CM(t) =

= CM(0)

M

⎛
⎝1 + 2

∑
t �=0

CM(t)

CM(0)

⎞
⎠

(5.57)

The number: ⎛
⎝1 + 2

∑
t �=0

CM(t)

CM(0)

⎞
⎠ de f= 2τM (5.58)

defines the autocorrelation time of the magnetization. The name derives from the
expected large time behavior:

CM(t)

CM(0)
� exp

(
− t

τM

)
(5.59)

We observe that:

Var(SM) � CM(0)

Mef f
(5.60)

where the effective number of data is:

Mef f = M

2τM
(5.61)

Comparing this result with the one about independent and identically distributed
random variables we have presented when dealing with the central limit theorem,
the following procedure is quite natural: we use all the measured data to estimate the
autocorrelation function CM(t), using the formula:



122 5 Sampling of Random Variables and Simulation

1

M − t

M−t∑
i=1

mimi+t − 1

M − t

M−t∑
i=1

mi
1

M − t

M−t∑
i=0

mi+t (5.62)

and subsequently estimating the autocorrelation time. Finally, it is advisable to keep,
in the summation (5.52), only measurements obtained every 2τM measurements
(sparse averaging). In this way, we can safely deal with the measurements as if they
were independent.

As we have learned in the chapter about statistics, it is desirable to have normal
samples, in order to estimate confidence intervals on a rigorous basis. This is achieved
performing data blocking, which actually corresponds to perform many different
independent simulations. The simulation is divided in large (several autocorrelation
times) blocks; for each block an estimation ofM(B, β) is provided. If the blocks are
large enough, we may rely on the central limit theorem and interpret each estimation
as a realization of a normal random variable; we can thus use mathematical statistics
to provide a confidence interval for the average magnetization of the system.

5.7.1.2 Analytic Results

A reader wishing to implement a Monte Carlo simulation can find useful to compare
his/her results with the analytic results for the Ising model in one-dimension. The
explicit solution relies on the observation that the partition function can be written
as:

Z(β, B, N ) = Tr
(
T N

)
(5.63)

where:

T =
(
eβ(J+B) e−β J

e−β J eβ(J−B)

)
(5.64)

Thus, we have:
Z(β, B, N ) = τ N

+ + τ N
− (5.65)

τ± being the eigenvalues of the matrix T . explicitly:

τ± = eβ J
(
Ch(βB) ±

√
Sh(βB)2 + e−4β J

)
(5.66)

It is to possible use this expressions to evaluate analytically the magnetization:

M(β, B) = 〈σi 〉 = 1

Nβ

∂ log(Z(β, B, N ))

∂B
(5.67)

The expression for finite N is quite cumbersome, but becomes simple in the
thermodynamic limit N → +∞:
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M(β, B) = 〈σi 〉 =
Sh(βB) + Sh(βB)Ch(βB)√

Sh2(βB)+e−4β J

Ch(βB) +
√
Sh2(βB) + e−4β J

(5.68)

5.7.2 Monte Carlo Simulation of a Classical Simple Liquid

Another very important example of application of Monte Carlo simulations is the
study of a classical fluid in thermal equilibrium at temperature T = 1/KBβ. A typical
model of the two-body interaction among the particle in the fluid, very accurate in
the case of noble gases, is the following Lennard-Jones potential, depending only on
the inter particle distance:

v(r) = 4ε

{(σ

r

)12 −
(σ

r

)6
}

(5.69)

The r−12 termdescribes hard-core interaction,while the attractive r−6 term represents
Van der Waals weak induced dipole attraction. The phenomenological parameters ε

and σ depend on the particular noble gas one wishes to study.
We are interested in the bulk physics of the system: we fix the particles density ρ

and consider a cubic region, say B ⊂ R
3, of volume V = L3 with ρ = N

V . Further-
more, we imagine that the wholeR3 is covered by identical replicas of the simulation
box B.

In order to be consistent with such a picture, we let R = (r1, . . . , rN ) denote
the configuration of the fluid inside B and we write the potential energy of the N
particles moving inside B and interacting with all the images of the particles in the
replicas of B, in the form:

V(R) =
∑

1≤i< j≤N

ṽ
(
ri, j

)
, ri, j = ri − r j (5.70)

with:

ṽ (r) =
{
v
(|r − L nint

( r
L

) |) − v(rc), |r − L nint
( r
L

) | ≤ rc
0, |r − L nint

( r
L

) | > rc
(5.71)

where rc ≤ L
2 is a cutoff radius, larger than the interaction range. The redefinition of

the distances ri j = |ri − r j | → ∣∣ri j − L nint
( ri j

L

)∣∣, where nint denotes the nearest
integer, is meant to be consistent with the picture of infinite replicas of the simu-
lation box, where the images of the particles reproduce the motion of the particles
themselves. The number

∣∣ri j − L nint
( ri j

L

)∣∣ is the distance between particle i and
the particle j in the box whenever the cartesian components of ri j are smaller than
L/2, otherwise it is the distance between particle i and the image of particle j in
neighboring boxes closest to the particle i . We stress that it is important that the
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potential (5.71) is short range, making only the images in the nearest replicas inter-
act with the particles in the box B (minimum image convention). This is the reason
why the potential is cut at rc. Moreover, the potential is shifted by a quantity v(rc),
in order to avoid a discontinuity at the point rc. Although this shift does not have any
effect in Monte Carlo simulations, it is a common practice to introduce it. The poten-
tial (5.71) is usually called the cut and shifted Lennard-Jones potential. We will
not present here the implications of such choice in the definition of the interatomic
potential: an interested reader see, for example, the excellent textbook [3, 4].

Now, oncefixed themechanicalmodel of the classical fluid, in thermal equilibrium
the configurational probability density has the form:

p(R) = exp (−βV(R))∫
BN dR′ exp (−βV(R′))

(5.72)

Once again, it is possible to use the Metropolis algorithm to sample the Gibbs
weight (5.72). To do this, we have to build up a Markov chain whose state space
is BN :

{Rn}n=0,1,2,... (5.73)

starting from a given initial configuration Rn=0 = R0, typically chosen sitting the
particles on the sites of a crystalline lattice. According to Metropolis theorem, we
choose the transition matrix of the form:

PS→R = TS→R AS→R, AS→R = min

(
1,

p(R)

p(S)

)
(5.74)

where TS→R is a symmetric and irreducible transitionmatrix. In general the particles
are moved one at the time; this means that TS→R is chosen to be non zero only ifR
and S differ only in the position vector of one particle. In such case, we choose to
move a particle randomly uniformly inside a cube centered on the actual position,
that is:

T(s1,...,si ,...sN )→(s1,...,ri ,...sN ) = 1

N

1

Δ3
(5.75)

if ri lies inside a cube of edge 2Δ centered in si ; otherwise, the transition matrix will
be identically zero. The free parameterΔ is typically chosen a posteriori, monitoring
the acceptation rate of the Metropolis moves, and fixing it in such a way that nearly
the 50% of the moves are accepted.

In practice, it is very simple to build up the simulation: starting from the initial
configuration, we propose a random displacement of a particle, and accept/reject the
move according to the ration p(R)

p(S)
, exactly in the same way as in the case of the Ising

model. Iterating this for a suitable number of Monte Carlo steps we can perform
measurements on the fluid, evaluating average properties.
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The simplest quantities that can be computed are the average potential energy:

〈
V

N

〉
= 1

N

∫
BN

dRV(R) p(R) (5.76)

and the virial:

〈W 〉 =
∫
BN

dR
(

N∑
i=1

ri · ∇iV(R)

)
p(R) (5.77)

giving access to the pressure of the fluid through the virial relation, which can be
found in any textbook about Statistical Mechanics:

P = ρkBT − 1

3V
〈W 〉 (5.78)

Other very important properties that can be evaluated in aMonte Carlo simulation
are the correlation functions among the positions of the particles. In standard text-
books on statistical mechanics, the reduced two-body density matrix is introduced:

ρ(2)(r, r ′) = N (N − 1)
∫

dr3 . . . drN p
(
r, r ′, r3, . . . , rN

)
(5.79)

The interpretation of this quantity is given by the joint probability density for two-
particles, that is: ∫

A×A′
drdr ′ρ(2)(r, r ′) (5.80)

is the probability to find a particle in the region A and another particle in the region
A′. Let’s now evaluate the probability to find two particles with a relative distance
between r and r + Δr :

∫
r≤|r−r ′|≤r+Δr

drdr ′ρ(2)(r, r ′) =
∫
r≤|r|≤r+Δr

drdr ′ρ(2)(r + r ′, r ′) (5.81)

where we have simply changed variable r → r − r ′. In the liquid phase, we expect
that the reduced two-body density matrix ρ(2)(r, r ′) depends only on |r − r ′|, so
that we can write:

∫
r≤|r−r ′|≤r+Δr

drdr ′ρ(2)(r, r ′) = V
∫
r≤|r|≤r+Δr

drρ(2)(r) =

= V
∫ π

0
dθ sin θ

∫ 2π

0
dϕ

∫ r+Δr

r
dss2 ρ2 g(s)

(5.82)
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where we have introduced the radial distribution function:

g(r) = ρ(2)(r)

ρ2
(5.83)

In we choose Δr small enough so that we can neglect the variations of g(r) in the
interval [r, r + Δr ], we may write:

∫
r≤|r−r ′|≤r+Δr

drdr ′ρ(2)(r, r ′) � g(r)
4πρN

3

(
(r + Δr)3 − r3

)
(5.84)

We can rewrite the above relation in the following way, keeping into account also
our model of the system in periodic boundary conditions:

g(r) = N (r,Δr)
∫

dR

⎛
⎝ N∑

i �= j=1

1[r,r+Δr ]
(
|ri j − L nint

(ri j
L

)
|
)⎞
⎠ p (R) (5.85)

where the normalization is:

N (r,Δr) = 1
4πρN

3

(
(r + Δr)3 − r3

) (5.86)

From the expression (5.85) it is evident that we can evaluate g(r) during the simu-
lation: we have simply to build up an histogram of the distances among particles.

5.8 Further Readings

Thefield ofMonteCarlo integration andnumerical simulations is very vast.Our focus
is on applications within statistical mechanics. Readers interested in the foundations
of statistical mechanics can see, for example, [1, 2]. For readers more interested in
the applications of numerical simulations, we recommend the classical textbooks
[3, 4]. Finally, more information about random number generation and Monte Carlo
simulation can be found, for example, in [5].

Problems

5.1 Buffon needle
Perhaps the earliest documented use of random sampling to find the solution to an
integral is that of Comte de Buffon. In 1777 he described the following experiment:
a needle of length L is thrown at random onto a horizontal plane ruled with straight
lines a distance d apart ( d > L). What is the probability P that the needle will
intersect one of these lines? Describe an algorithm to evaluate π starting from this
experiment.
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5.2 Uniform law inside the unit circle
Consider a random variable X uniform inside the unit circle, with density:

pX (x) =
{

1
π
, |x| ≤ 1

0, otherwise
(5.87)

Show that X can be sampled in the following way: using a random number genera-
tor, we continue generating points within the square {x = (x, y) ∈ R

2 | − 1 ≤ x ≤
1, −1 ≤ y ≤ 1}, and keep only the ones falling inside the circle.

5.3 Another way to sample the normal distribution
Consider the random variable X of the previous exercise, and define the two dimen-
sional random variable Y = g(X), where:

g(x) = x

√
−2 log

(|x|2)
|x|2 (5.88)

show that Y = (Y1,Y2) where Y1 and Y2 are independent standard normal random
variables.

5.4 Simulation of a poisson process
Supposewewish simulate a radioactive decay process. Imaginewe switch up a timer,
and we let T1 be the instant of the first decay, T2 of the second, and so on. The number
of decays in the interval [0, t] is given by:

Nt = sup{n | Tn ≤ t} (5.89)

In this problem we will learn the law of Nt under quite natural assumptions and how
to sample it.

We will write:
Tn = ΔT1 + ΔT2 + · · · + ΔTn (5.90)

whereΔTi = Ti − Ti−1 is the inter-arrival time.We assume that the randomvariables
ΔTi are independent, identically distributed, and follow an exponental law with
parameter λ, that is:

pΔT (x) =
{

λ exp(−λx), x > 0

0, x ≤ 0
(5.91)
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Show that Nt follows a Poisson law with parameter λt , that is:

P(Nt = k) = (λt)k

k! exp(−λt) (5.92)

Using this result, describe an algorithm to sample Nt for any t , that is to simulate the
Poisson process.

5.5 Methods to reduce the variance
Suppose we wish to evaluate the integral:

I =
∫ 1

0
dx exp(x) (= e − 1) (5.93)

using a Monte Carlo method.
First, we use a random number generator to generate x1, . . . , xn sampling a uni-

form random variable U and estimate I as I = E[ f (U )] where f (u) = exp(u).
Compute Var( f (U )), controlling the precision of the estimation.

Then we use an importance sampling technique, rewriting:

I =
∫ 1

0
dx exp(x) =

∫ 1

0
dx

(
3

2

exp(x)

1 + x

)
2

3
(1 + x) (5.94)

and generating x1, . . . , xn sampling a random variable X with density pX (x) =
2
3 (1 + x) 1(0,1)(x) to estimate I as I = E[g(X)] where g(x) = 3

2
exp(x)
1+x . Compute

Var(g(X)).
Now, we adopt another strategy, the Antithetic Variates technique, writing:

I =
∫ 1

0
dx exp(x) =

∫ 1

0
dx

1

2
(exp(x) + exp(1 − x)) (5.95)

and we use again a random number generator to generate x1, . . . , xn sampling a
uniform random variable U , but now we estimate I as I = E[h(U )] where h(u) =
1
2 (exp(u) + exp(1 − u)). Compute Var(h(U )).

Finally, we combine the two strategies writing:

I =
∫ 1

0
dx exp(x) =

∫ 1

0
dx

1

2

(
exp(x) + exp(1 − x)

π(x)

)
π(x) (5.96)

where π(x) = 24
25

(
1 + 1

2

(
x − 1

2

)2)
1(0,1)(x). We generate x1, . . . , xn sampling a

random variable X with density π(x) and we estimate I as I = E[h(X)] where
h(X) = 1

2

(
exp(x)+exp(1−x)

π(x)

)
. Compute Var(h(X)).
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5.6 A delicate situation
Suppose we wish to evaluate the integral:

I =
∫ 1

0
dx

1√
x

(= 2) (5.97)

using a Monte Carlo method.
Show that, if we use a random number generator to generate x1, . . . , xn sampling

a uniform random variableU and estimate I as I = E[ f (U )]where f (u) = 1√
u
, we

have Var( f (U )) = +∞.
On the other hand, show that, if we use importance sampling, writing:

I =
∫ 1

0
dx

1√
x

=
∫ 1

0
dx

x−1/2

π(x)
π(x) (5.98)

with, for example, π(x) = (1 − r) x−r 1(0,1)(x), for 0 < r < 1, makes the variance
finite allowing to perform the calculation sampling the density π(x).
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Chapter 6
Brownian Motion

Abstract In this chapter we will introduce the celebrated brownian motion.
Starting from the study of the randomly-drivenmotion of a pollen grain, first observed
by the botanist Robert Brown, the brownian motion has become the cornerstone of
the theory of stochastic processes in the continuum. The brownian motion is a sort
of meeting point of several aspects of abstract mathematics, theoretical physics and
real-world applications.We present first an heuristic description of it due to Einstein’s
genius, and then we provide a rigorous definition, taking the opportunity to intro-
duce important definitions of stochastic processes theory. Afterwards, we define the
transition probability, the generalization of the transition matrix of Markov chains.
We also present the intriguing connection with Feynman’s path integral and Quan-
tum Mechanics: the brownian motion is the free particlemotion in (imaginary time)
quantum mechanics. Finally, we start exploring a deep connection existing between
the theory of stochastic processes and the theory of partial differential equations: the
brownian motion is related to the celebrated heat equation.

Keywords Brownian motion · Stochastic processes · Martingale property
Markov property · Heat equation

6.1 Introduction

Markov chains, presented in Chap. 4, belong to a wide class of mathematical objects,
the stochastic processes, which we will introduce in the present chapter. Stochastic
processes form the basis for the mathematical modeling of non deterministic time-
dependent phenomena.Wewill begin focussing our attention on the randomly-driven
motion of a pollen grain, thewell-known brownianmotion. Suchmotion, historically,
has been the first stochastic process to be stated in rigorous mathematical terms. The
brownian motion will represent our starting point for introducing the fundamental
notions of stochastic processes. It will be introduced retracing the pioneering work
of A. Einstein.
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6.2 Brownian Motion: A Heuristic Introduction

For the sake of simplicity, the one-dimensional case will be considered first, the
generalization to higher dimensionality being straightforward.Wewill assume that in
a given time interval τ a pollen grain, due to random collisions with water molecules,
undergoes a random variation ζ in its position. We will denote through

Φ(τ, ζ ) (6.1)

the probability density for the “jump” of the pollen grain, in such a way that

∫ b

a
Φ(τ, ζ ) dζ (6.2)

can be interpreted as the probability that the particle, being in any given position x
at time t , is found in the interval [x + a, x + b] at time s = t + τ ; we are assuming
in particular that the transition probability density Φ(τ, ζ ) depends only on the
quantities τ = t − s and ζ = y − x (Fig. 6.1).

The function Φ(τ, ζ ) remarkably resembles the transition matrix of a Markov
chain, except for the fact that, in the present context, time and state space are con-
tinuous. We will assume that the following property:

Φ(τ, ζ ) = Φ(τ,−ζ ) (6.3)

Fig. 6.1 The pollen grain (large sphere) moves inside the water, making random collisions with
water molecules (small spheres)
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holds, which expresses the fact that moving rightwards of leftwards is equally prob-
able, and implies that the “mean jump” vanishes:

∫
R

dζ ζ Φ(τ, ζ ) = 0 (6.4)

Let now p(x, t) denote the probability density for the position of the pollen grain at
time t . We will assume that the following very natural continuity equation holds:

p(x, t + τ) =
∫
R

dζ Φ(τ, ζ ) p(x − ζ, t) (6.5)

expressing the fact that the position at time s = t + τ is the sum of the position at
time t and of the transition occurred between times t and s. If τ is small, provided that
Φ(τ, ζ ) tends to 0 rapidly enough as |ζ | → +∞, we can make Taylor expansions:

p(x, t + τ) = p(x, t) + τ
∂p

∂t
(x, t) + . . . , (6.6)

p(x − ζ, t) = p(x, t) − ζ
∂Φ

∂x
(x, t) + 1

2
ζ 2 ∂2Φ

∂2x
(x, t) + . . . (6.7)

Substituting the above expressions into the continuity equation (6.5) and retaining
non vanishing low-order terms only we get:

p(x, t) + τ
∂p

∂t
(x, t) + · · · = p(x, t) + 1

2

∂2 p

∂2x
(x, t)

∫
R

dζ ζ 2Φ(τ, ζ ) + . . . (6.8)

where we have taken into account the fact (6.4) that the mean transition is vanishing,
enabling us to retain terms of at most first order in τ and second in ζ , and that the
transition probability density is normalized to 1. Inspired by the microscopic theory
of diffusion, we are induced to interpret the quantity:

D = 1

2τ

∫
R

dζ ζ 2Φ(τ, ζ ) = σ 2(τ )

2τ
(6.9)

as the macroscopic diffusion coefficient; for this quantity to be constant, it is neces-
sary to assume that σ 2(τ ) is proportional to τ . Under this additionally hypothesis,
one arrives to the diffusion equation:

∂p

∂t
(x, t) = D

∂2 p

∂2x
(x, t) (6.10)
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To complete the description, it is necessary to equip the diffusion equation (6.10)
with an initial condition. A possible choice is:

p(x, 0) = δ(x) (6.11)

representing a particle at the origin of a suitable reference frame. Were that the case,
the solution of (6.10) would be a gaussian probability density:

p(x, t) = 1√
4πDt

exp

(
− x2

4Dt

)
(6.12)

which coincides, by virtue of the continuity equation (6.5), with the transition prob-
ability density:

Φ(τ, ζ ) = 1√
4πDτ

exp

(
− ζ 2

4Dt

)
(6.13)

This expression will represent a natural starting point for the rigorous mathematical
treatment of the brownian motion.

6.3 Stochastic Processes: Basic Definitions

The heuristic discussion of the preceding paragraph has put in evidence several
remarkable aspects: first, the motion of the pollen grain is treated with probabilistic
arguments. This implies that a probability space (Ω,F, P) has to be introduced, on
which it must be possible to define the random variables:

Xt : (Ω,F, P) → (
R

d ,B
(
R

d
))

(6.14)

with the interpretation of position of the pollen grain at time t . The time parameter t
takes values on a suitable time interval T ⊆ [0,+∞). The movement of the pollen
grain will be therefore described by the family:

{Xt }t∈T (6.15)

of random variables. For all ω ∈ Ω , one obtains the trajectory:

t � Xt (ω) (6.16)

corresponding to a possible motion of the system. Moreover, in the above outlined
formalism it makes sense to compute expressions of the form:

P
(
Xt1 ∈ A1, . . . , Xtn ∈ An

)
, A1, . . . , An ∈ B

(
R

d
)

(6.17)
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As it is well known, the σ -field F contains all possible events, corresponding to
all the possible statements one can formulate once an outcome of the experiment
is registered; in the present context, however, the information obtained through an
observation increases with time: at time t one has gained knowledge of the position
of the particle for past times s ≤ t , but not for future times s > t . This means that a
key ingredient for the probabilistic description of the brownian motion is represented
by the following definition:

Definition 6.1 We call filtration {Ft }t∈T , T ⊂ R
+, a family of sub-σ -fields of F

increasingwith t , i.e. such thatFs ⊂ Ft if s ≤ t .We call stochastic basis a probability
space endowed with a filtration, i.e. an object of the form:

(
Ω,F, {Ft }t∈T , P

)
(6.18)

Intuitively,Ft contains all events that it is possible to discriminate, that is to conclude
whether have occurred or not, once the system has been observed up to the instant t .
In other words, it represents all the information available up to time t and including
time t .

We can now give the following general definition:

Definition 6.2 A stochastic process is an object of the form:

X = (
Ω,F, {Ft }t∈T , {Xt }t∈T , P

)
(6.19)

where:

1.
(
Ω,F, {Ft }t∈T , P

)
is a stochastic basis

2. {Xt }t∈T is a family of random variables taking values in a measurable space
(E,E):

Xt : Ω → E (6.20)

and such that, for all t , Xt is Ft -measurable. To express this circumstance, we
say that {Xt }t∈T is adapted to the filtration.

The set E is called state space of the process: for the purpose of our applications,
it will coincide with R

d , endowed with the σ -field of Borel sets. Given ω ∈ Ω , the
map:

T 	 t � Xt (ω) ∈ E (6.21)

is called a trajectory of the process, which is called (almost certainly) continu-
ous if the set of points ω such that the corresponding trajectory is continuous has
probability 1.
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6.3.1 Finite-Dimensional Laws

Let X = (
Ω,F, {Ft }t∈T , {Xt }t∈T , P

)
be a stochastic process and π = (t1, . . . , tn)

a finite set of instants in T , such that t1 < · · · < tn . The map:

Ω 	 ω �
(
Xt1(ω), . . . , Xtn (ω)

) ∈ En (6.22)

is clearly a random variable; let μπ be its law:

μπ (A1 × · · · × An) = P
(
Xt1 ∈ A1, . . . , Xtn ∈ An

)
, A1, . . . , An ∈ E. (6.23)

μπ is called a finite-dimensional law of X . Two processes sharing the same finite-
dimensional laws are said equivalent.

Given π , μπ is a probability measure on (En,⊗nE), ⊗nE being the smallest σ -
field containing all the sets of the form A1 × · · · × An , A j ∈ E. Finite-dimensional
laws, by construction, satisfy a simple consistency property:

μπ (A1 × ..Ai−1 × E × Ai+1.. × An) = μπ ′ (A1 × ..Ai−1 × Ai+1.. × An) (6.24)

for all t and π = (t1, . . . , tn), provided that π ′ = (t1, . . . ti−1, ti+1, . . . , tn). On the
contrary, we will say that a family of probability measures {μπ }π is consistent if
it satisfies the property (6.24). We state without proof the following fundamental
result:

Theorem 6.1 (Kolmogorov) Let E be a complete and separable metric space, E the
σ -field of Borel sets and {μπ }π a family of consistent probability measures. Let:

Ω
de f= ET = {ω : T → E} (6.25)

be the set of all functions ω from T to E, and:

F
de f= B(E)T (6.26)

the smallest σ -field containing the cylindrical sets:

{ω ∈ Ω | ω(t1) ∈ A1, . . . , ω(tn) ∈ An} (6.27)

Let finally:

Xt (ω)
de f= ω(t) (6.28)

and Ft = σ (Xs, s ≤ t), be the natural filtration.
Then there exists a unique probability measure P on (Ω,F) such that the

measures {μπ }π are the finite-dimensional laws of the stochastic process X =(
Ω,F, {Ft }t∈T , {Xt }t∈T , P

)
.
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Despite its complexity, themeaning of Kolmogorov’s theorem is clear: for any family
of consistent probability distributions there exists a unique stochastic process having
precisely that probability distributions as finite-dimensional laws.

In many contexts, it is interesting to draw some conclusions about the reg-
ularity of the trajectories of a stochastic process. To this purpose, we prelimi-
nary mention that two stochastic processes X = (

Ω,F, {Ft }t∈T , {Xt }t∈T , P
)
and

X ′ = (
Ω ′,F′,

{
F′
t

}
t∈T ,

{
X ′
t

}
t∈T , P ′) are called modifications of each other if

(Ω,F, P) = (
Ω ′,F′, P ′) and if, for all t ∈ T , Xt = X ′

t almost surely.
Again we state without proof the following second Kolmogorov theorem:

Theorem 6.2 (Kolmogorov) Let X be a process taking values in R
d , and such that

for suitable α > 0, β > 0, c > 0 and for all instants s, t:

E
[|Xt − Xs |β

] ≤ c|t − s|1+α (6.29)

Then there exists a modification X ′ of X which is continuous.

6.4 Construction of Brownian Motion

We now have all the instruments for giving a precise definition of the brownian
motion, starting from Einstein’s discussion.We consider

(
R

d ,B
(
R

d
))
as state space

of the process.We recall that in the historical description of the brownianmotion a key
role was played by the transition probability density, which turned out to be normal.
Moreover, in Einstein’s discussion, the assumption that the transition of the pollen
grain is independent on its position at current and past time was implicit. Summing
up these observations and completing the description of the brownian motion with a
suitable initial condition we formulate the following:

Definition 6.3 A process B = (
Ω,F, {Ft }t≥0 , {Bt }t≥0 , P

)
is called brown-

ian motion if:

1. B0 = 0 almost certainly
2. for all 0 ≤ s ≤ t the random variable Bt − Bs is independent of Bu for all

u ≤ s, and in particular it is independent of Fs ;
3. for all 0 ≤ s ≤ t the random variable Bt − Bs has law N (0, (t − s)I),

where I is the d × d identity matrix.

The first property corresponds to the requirement that the particle starts its motion
at the origin of a suitable reference frame. The second property is commonly resumed
saying that the increments of the brownian motion are independent of the past,
and is strongly related to the memoryless condition for Markov chains, as it will be
soon explained in detail. The third property makes the introduction of a gaussian
transition probability density rigorous.
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As the reader might have observed, so far the stochastic basis of the brownian
motion has not been defined. In fact, no arguments have been presented to guarantee
the existence of a brownian motion: in the previous Definition 6.3 the requirements
formulated in the heuristic introduction to the brownian motion have just been for-
mulated in the language of stochastic processes.

To the purpose of proving the existence of the brownian motion, we first observe
that the Definition 6.3 of brownian motion corresponds to assigning the finite-
dimensional laws of the process. We will limit our treatment to the one-dimensional
case d = 1, as the multidimensional case results from a straightforward generaliza-
tion left to the reader.

First, we prove that the n-dimensional random variable (Bt1 , . . . , Btn ) is normal.
By virtue of the second and third property of the brownian motion the vector random
variable (Yt1 , . . . ,Ytn ) given by:

Yt1 = Bt1 Ytk = Btk − Btk−1 k = 2 . . . n (6.30)

has independent and normally distributed componentswith zeromean and covariance
matrix:

Δ =

⎛
⎜⎜⎝

t1 0 . . . 0
0 t2 − t1 . . . 0
. . . . . . . . . . . .

0 0 . . . tn − tn−1

⎞
⎟⎟⎠ (6.31)

Since it is related to the vector random variable (Bt1 , . . . , Btn ) by the linear transfor-
mation: ⎛

⎜⎜⎝
Bt1
Bt2
. . .

Btn

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

1 0 . . . 0
1 1 . . . 0
. . . . . . . . . . . .

1 1 . . . 1

⎞
⎟⎟⎠

⎛
⎜⎜⎝
Yt1
Yt2
. . .

Ytn

⎞
⎟⎟⎠ = A

⎛
⎜⎜⎝
Yt1
Yt2
. . .

Ytn

⎞
⎟⎟⎠ (6.32)

the former is also normally distributed with covariance matrix:

Γ = AΔ AT (6.33)

Explicitly:
Γi j = E

[
Bti Bt j

] = min(ti , t j ) (6.34)

This can be verified also with the following simple calculation, assuming, for exam-
ple, ti < t j :

E
[
Bti Bt j

] = E
[
Bti

(
Bt j − Bti

)] + E
[
B2
ti

] =
= E

[
Bti

]
E

[
Bt j − Bti

] + ti = ti
(6.35)

Since the covariance matrix Γ is invertible with inverse Γ −1 = A−1 Δ−1
(
A−1

)T
where, as a simple calculation shows:
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A−1 =

⎛
⎜⎜⎝

1 0 0 . . . 0 0
−1 1 0 . . . 0 0
. . . . . . . . . . . . . . . . . .

0 0 0 . . . −1 1

⎞
⎟⎟⎠ (6.36)

we can write the finite-dimensional laws of the brownian motion:

μπ (A1 × · · · × An) =
∫
A1

dx1 . . .

∫
An

dxn
exp

(
− 1

2

(∑n
i, j=1 xiΓ

−1
i j x j

))

(2π)n/2 det(Γ )1/2
(6.37)

The above expression can be given a more transparent form since, due to Eqs. (6.33)
and (6.36), the following simplifications occur:

n∑
i, j=1

xiΓ
−1
i j x j = x21

t1
+

n∑
k=2

(xk − xk−1)
2

(tk − tk−1)

det(Γ ) = t1(t2 − t1) . . . (tn − tn−1)

(6.38)

leading to the identity:

μπ (A1 × · · · × An) = (6.39)

=
∫
A1

dx1 p(x1, t1|0, 0)
∫
A2

dx2 p(x2, t2|x1, t1) . . .

∫
An

dxn p(xn, tn|xn−1, tn−1)

where the transition probability density is given by:

p(y, t |x, s) = 1√
2π(t − s)

exp

(
− (y − x)2

2(t − s)

)
, s < t (6.40)

In the multidimensional case one has:

p(y, t |x, s) = 1

[2π(t − s)]d/2 exp

(
−|y − x|2
2(t − s)

)
, s < t (6.41)

It is also immediate to realize that the expression (6.39) implies the three properties
in theDefinition 6.3 of the brownianmotion. The first property is obvious. The second
and third are retrieved choosing n = 2 and A1 = R (Fig. 6.2):

μπ (A2) =
∫
R

dx1 p(x1, t1|0, 0)
∫
A2

dx2 p(x2, t2|x1, t1) (6.42)

which shows that Bt2 = Bt1 + Bt2 − Bt1 , with the increment Bt2 − Bt1 independent
on Bt1 and normally distributed with mean 0 and variance t2 − t1.
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Fig. 6.2 Probability density
of Bt , p(x, t), as a function
of the position and of time

x

t

p(
x,
t)

6.5 Transition Probability and Existence of the Brownian
Motion

TheDefinition 6.3 of brownianmotion given above is equivalent to the assignment of
the finite-dimensional laws. The latter present an interesting structure, and involve an
object closely recalling the transition matrices introduced in the context of Markov
chains. Consider in fact the following map, called markovian transition function
of the brownian motion:

p(A, t |x, s) de f= 1

[2π(t − s)]d/2

∫
A
dy exp

(
−|y − x|2
2(t − s)

)
(6.43)

where s, t ∈ T , s < t , x ∈ R
d and A ∈ B

(
R

d
)
. If s = t , we put instead:

p(A, s |x, s) de f= δx(A) (6.44)

Intuitively, we interpret p(A, t |x, s) as the probability that the pollen grain is in the
Borel set A at time t , given the fact that it was at the point x at time s. Incidentally
we observe that the probability of finding a particle at a precise point vanishes at any
instant s > 0, so that the map (6.44) cannot be properly interpreted as conditional
probability. On the other hand, we realize that, by definition, Bt − B0 ∼ N (0, t), and
therefore:

P(Bt ∈ A) = p(A, t |0, 0) = 1

(2π t)d/2

∫
A
dy exp

(
−|y|2

2t

)
(6.45)
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recalling that, by definition, B0 = 0 almost surely. In general:

P(x + Bt − Bs ∈ A) = p(A, t |x, s) (6.46)

We now introduce some observations, that will turn out to be useful later in the
discussion:

1. for fixed s, t, A the function x �→ p (A, t | x, s) is Borel-measurable
2. for fixed s, t, x, the function A �→ p (A, t | x, s) is a probability measure on(

R
d ,B

(
R

d
))
;

3. p satisfies the following Chapman-Kolmogorov equation:

p (A, t | x, s) =
∫
Rd

p (A, t | y, u) p (dy, u | x, s) (6.47)

for all s < u < t , x ∈ R
dand A ∈ B

(
R

d
)
.

The reader is invited to derive the last Eq. (6.47) through a direct calculation, which
is a simple exercise on gaussian integrals.

As proved earlier, the finite-dimensional laws of the brownian motion are given
by:

μπ (A1 × · · · × An) =
∫
A1

p(dx1, t1 |0, 0)
∫
A2

. . .

∫
An

p(dxn, tn |xn−1, tn−1)

(6.48)
where π = (t1, . . . , tn), 0 ≤ t1 < · · · < tn . The consistence of these finite-
dimensional laws is an immediate consequence of the Chapman-Kolmogorov
equation.

Kolmogorov’s Theorem 6.1 ensures the existence of a stochastic process:

B = (
Ω,F, {Ft }t≥0 , {Bt }t≥0 , P

)
(6.49)

having (6.48) as finite-dimensional laws, and makes it possible to construct the
stochastic basis for such process. Ω is the set of trajectories:

Ω = {ω : [0,+∞) → R
d} (6.50)

F the σ -field B
(
R

d
)[0,+∞)

, appearing in Kolmogorov’s theorem, and Ft = σ (Xs,

s ≤ t) the natural filtration. The process is defined by:

ω ∈ Ω, ω → Bt (ω)
de f= ω(t) (6.51)

The second Kolmogorov’s theorem guarantees that a large class of stochastic pro-
cesses can be modified in such a way as to be turned into a continuous process. To
prove that the second Kolmogorov’s theorem applies to the brownian motion, we
consider β = 2n for some integer n ≥ 2 and t > s:
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E
[
|Bt − Bs |β

]
= 1√

2π(t − s)

∫
R

dx x2n exp

(
− x2

2(t − s)

)
=

= 2n√
4π

(t − s)n
∫ ∞
0

du un+ 1
2 exp (−u) =

2n Γ
(
n + 1

2

)
√
4π

(t − s)n = c (t − s)1+α

(6.52)

From now on, we will always assume to work with a continuous brownian motion.
We conclude this section with a technical observation. It is often useful, in par-

ticular to prove some theorems on stochastic calculus, to choose a filtration which is
larger than the natural one, so that the stochastic basis:(

Ω,F, {Ft }t≥0 , P
)

(6.53)

satisfies the so-called usual hypotheses, that is:

1. the filtration is right continuous, i.e. Ft = Ft+
de f= ⋂

s>t Fs

2. each sub-σ -field Ft contains all the events of F with vanishing probability

A simple way to satisfy the usual hypotheses is add to all the σ -fields Ft =
σ (Xs, s ≤ t) all the events of F with vanishing probability. The so-obtained fil-
tration is referred to as completed natural filtration.

6.6 The Martingale Property and the Markov Property

Due to the fact that the increments of the brownian motion are independent of the
past, the stochastic process exhibits the following remarkable property:

E [Bt |Fs] = E [Bt − Bs + Bs |Fs] =
= E [Bt − Bs |Fs] + E [Bs |Fs] =
= E [Bt − Bs] + Bs = Bs

(6.54)

where the independence property and the fact that Bs is Fs-measurable have been
used. The above equation means that Bs is the best prediction for Bt given the
information obtained observing the system up to time s. In the language of stochastic
processes, this property is expressed saying that the brownianmotion is amartingale.

The problem of determining E [ f (Bt )|Fs], if f : R
d → R is a limited Borel

function f : R
d → R, has great interest. To this purpose, we will refer to a useful

theorem we have presented in Chap.3, and which we recall here for the sake of
clarity:

Theorem 6.3 Let (Ω,F, P) be a probability space, G andH mutually independent
sub-σ -fields ofF. Let X : Ω → E be a G-measurable random variable taking values
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in ameasurable space (E,E) andψ a functionψ : E × Ω → RE ⊗ H-measurable
and such that ω �→ ψ(X (ω), ω) is integrable. Then:

E [ψ(X, ·)|G] = Φ(X), Φ(x)
de f= E [ψ(x, ·)] (6.55)

We know that G ≡ Fs and H ≡ σ(Bt − Bs) are mutually independent, and that the
random variable X ≡ Bs is G-measurable. Moreover the function ψ : R

d × Ω → R

given by ψ(x, ω) ≡ f (x + Bt (ω) − Bs(ω)) is H-measurable. The function Φ(x)
appearing in the above theorem is therefore:

Φ(x) = E [ f (x + Bt − Bs)] (6.56)

and since the random variable ω �→ x + Bt (ω) − Bs(ω) has law N (x, (t − s) I):

Φ(x) = 1

[2π(t − s)]d/2

∫
Rd

dy f (y) exp
(

−|y − x|2
2(t − s)

)
(6.57)

we conclude that:

E [ f (Bt )|Fs] = E [ f (Bs + Bt − Bs)|Fs] = E [ψ(Bs, ·)|Fs] = Φ(Bs) (6.58)

and:

E [ f (Bt )|Fs] = 1

[2π(t − s)]d/2

∫
Rd

dy f (y) exp
(

−|y − Bs |2
2(t − s)

)
(6.59)

This result is extremely important: the observation of the system up to time s corre-
sponds to the knowledge of Bs , a circumstance already reported in Markov chains.
In particular, if f = 1A for some A ∈ B(Rd), the above expression becomes:

P (Bt ∈ A|Fs) = p(A, t | Bs, s) (6.60)

(6.60) is referred to as Markov property of the brownian motion.

6.7 Wiener Measure and Feynman Path Integral

Let’s consider again the transition probability density:

p (y, t | x, s) = 1

[2π(t − s)]d/2 exp

(
−|y − x|2
2(t − s)

)
(6.61)
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The Chapman-Kolmogorov property can be written in the form:

p (y, t | x, s) =
∫
Rd

dx1 p (y, t | x1, t1) p (x1, t1 | x, s) (6.62)

Suppose we iterate, introducing a partition t0 = s < t1 < · · · < tn = t and letting
x0 = x, xn = y. We get:

p (y, t | x, s) =
∫ n−1∏

i=1

dxi
n−1∏
i=0

p (xi+1, ti+1 | xi , ti ) (6.63)

that is:

p (y, t | x, s) =
∫ n−1∏

i=1

dxi
n−1∏
i=0

1[
2π(ti+1 − ti )

]d/2 exp

(
−|xi+1 − xi |2
2(ti+1 − ti )

)
(6.64)

We observe that the result is independent from the particular choice of the partition
of the time interval.We can thus arbitrarily increase the number n, eventually making
n → +∞. For example, if we choose a uniform partition, ti+1 − ti = Δt , we observe
that:

n−1∏
i=0

exp

(
−|xi+1 − xi |2

2Δt

)
= exp

(
−

n−1∑
i=0

|xi+1 − xi |2
2Δt2

Δt

)
(6.65)

and, for small Δt , we are induced to formally write:

exp

(
−

n−1∑
i=0

|xi+1 − xi |2
2Δt2

Δt

)
� exp

(
−

∫ t

s
dτ

1

2

∣∣∣∣dx(τ )

dτ

∣∣∣∣
2
)

(6.66)

where the sequence of points xi has become a motion x(τ ).

Motivated by this observation we define the Path-Integral:

∫
x(s)=x, x(t)=y

Dx(τ ) exp

(
−

∫ t

s
dτ

1

2

∣∣∣∣dx(τ )

dτ

∣∣∣∣
2
)

(6.67)

as:

lim
ti+1−ti→0

∫ n−1∏
i=1

dxi
n−1∏
i=0

1[
2π(ti+1 − ti )

]d/2 exp

(
−|xi+1 − xi |2
2(ti+1 − ti )

)
(6.68)

where the limit is meant by considering partitions of arbitrarily small width
and arbitrarily large number of points.
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The Chapman-Kolmogorov property guarantees that such definition is well
posed and we know that:

p (y, t | x, s) =
∫
x(s)=x, x(t)=y

Dx(τ ) exp

(
−

∫ t

s
dτ

1

2

∣∣∣∣dx(τ )

dτ

∣∣∣∣
2
)

(6.69)

The interpretation of this identity is strongly related to Feynman approach to
Quantum Mechanics: the transition probability for the brownian particle to move
from x to y in the time interval [s, t] is obtained by summing all the possible trajecto-
ries joining x and y, each path being weighted by the exponential of the free-particle
action functional (Fig. 6.3):

S [x( •)] =
∫ t

s
dτ

1

2

∣∣∣∣dx(τ )

dτ

∣∣∣∣
2

(6.70)

We note that a classical limit is transparent: only the trajectory with minimal action
contributes to the summation, making the free particle follow a straight line. The
measure Dx(τ ), called the Wiener measure, is actually a well defined measure on
the Wiener space Wd of continuous functions:

x : [s, t] → R
d , τ → x(τ ) (6.71)

Fig. 6.3 Representation of possible trajectories joining x and y, each one being weighted by the
exponential of the free-particle action functional
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x(s) ≡ x

x(t) ≡ y

p[x(·)] = e−S[x(·)]

Historically, Feynman introduced this formalism of path integrals in quantum
mechanics during the year 1948. His path integral uses real time, the weight being
the imaginary number:

exp

(
− i

�
S [x( •)]

)
(6.72)

It is not possible to rigorously define the path integral of the above imaginary valued
function, since the defining sequence does not converge in the limit of partitions
of arbitrarily small width and arbitrarily large number of points. Nevertheless, this
difficulty can however be overcome via a Wick rotation, t → τ = −i�t , driving the
quantum free particle into the brownian particle!

We observe that, in principle, it is very interesting to go beyond the free particle,
introducing an action containing a potential energy: the stochastic motion will not be
a brownian motion, but still a Markov process, as we will learn in the next chapter.
We will come back to this point when we will have developed the foundations of the
stochastic calculus.

6.8 Markov Processes

Moving from the discussion of the previous paragraphs, we will now abstract the
general definition of Markov process, which extends to continuous time and state
space the notion ofMarkov chain, introduced in the previous chapters. The discussion
will begin with the following:
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Definition 6.4 A markovian transition function on a measurable space
(E,E) is a real-valued function p (A, t | x, s), where s, t ∈ R

+, s ≤ t , x ∈ E
and A ∈ E is such that:

1. for fixed s, t, A the function x �→ p (A, t | x, s) is E-measurable
2. for fixed s, t, x the function A �→ p (A, t | x, s) is a probability measure

on (E,E)

3. p satisfies the following Chapman-Kolmogorov equation:

p (A, t | x, s) =
∫
E
p (A, t | y, u) p (dy, u | x, s) (6.73)

for all s < u < t , x ∈ E and A ∈ E;

4. if s = t , p (A, s | x, s) = δx (A) for all x ∈ E .

The reader is invited to observe that p generalizes the n-step transition matrices
of Markov chains.

Definition 6.5 Let (E,E) be a measurable space. Given a markovian tran-
sition function p on (E,E) and a probability law μ, we call Markov pro-
cess associated to p, starting at time u with initial law μ, a process X =(
Ω,F, {Ft }t∈T , {Xt }t∈T , P

)
, with time domain T = [u,+∞) and state space

(E,E), such that:

1. Xu has law μ;
2. the following Markov property holds:

P (Xt ∈ A|Fs) = p(A, t | Xs, s) (6.74)

almost surely for all A ∈ E and t > s ≥ u.

The brownian motion is our first example of Markov process.
A fascinating and surprising relationship between theory of stochastic processes

and theory of partial differential equation exists. In the remainder of the present
chapter a first discussion providing an insight into this topic will be raised, and
deepened once the formalism of stochastic differential equations will have been
introduced.
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6.9 Semigroup Associated to a Markovian Transition
Function

Let p be a markovian transition function on
(
R

d ,B(Rd)
)
, which for the moment will

be assumed time homogeneous, i.e. depending only on t − s. If f is a real-valued
and bounded Borel function, we can define the time dependent family of operators:

(Tt f ) (x)
de f=

∫
Rd

dy f (y) p(dy, t | x, 0) (6.75)

Intuitively this operator, which we will meet again in the future chapters, represents
a time dependent average of a given function of a Markov process, for example
the energy of a system which evolves in time under the action of random external
fields. We immediately see that T0 is the identity, and that the following composition
property holds:

Ts ◦ Tt = Ts+t (6.76)

To prove (6.76), let us compute:

((Ts ◦ Tt ) f ) x) = ∫
Rd dy (Tt f ) (y) p(dy, s | x, 0) = (6.77)

= ∫
Rd dy

∫
Rd dz f (z)p(dz, t | y, 0)p(dy, s | x, 0) =

= ∫
Rd dz f (z)

∫
Rd dyp(dz, s + t | y, s) p(dy, s | x, 0) =

= ∫
Rd dz f (z) p(dz, s + t | x, 0) = (Ts+t f ) (x)

where the homogeneity of the markovian transition function and the Chapman-
Kolmogorov equation have been recalled. Hence {Tt }t≥0 is a semigroup of linear
operators acting on the space of real-valued and bounded Borel functions.

If, for all x ∈ R
d , the following limit exists:

lim
t→0+

1

t
[(Tt f )(x) − f (x)] (6.78)

we can define the infinitesimal generator L of the semigroup {Tt }t≥0:

(L f )(x)
de f= lim

t→0+

1

t
[(Tt f )(x) − f (x)] (6.79)

which, intuitively, is the time derivative, at t = 0, of the time dependent average.
More generally, if the markovian transition function is not time homogeneous,

the same reasoning leads to a family of operators
{
Ts,t

}
s≤t , defined through:

(
Ts,t f

)
(x)

de f=
∫
Rd

dy f (y) p(dy, t | x, s) (6.80)
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Ts,s is the identity, and:

Ts,u ◦ Tu,t = Ts,t , s ≤ u ≤ t (6.81)

Instead of the operator L a family of infinitesimal generators {Lt }t appears, defined
through the expression:

(Lt f )(x)
de f= lim

h→0+

1

h

[
(Tt,t+h f )(x) − f (x)

]
(6.82)

whenever it makes sense.
If f is smooth, more precisely if f ∈ C2(Rd), the explicit expression:

1

h

[
(Tt,t+h f )(x) − f (x)

] = 1

h

∫
Rd

dy ( f (y) − f (x)) p(dy, t + h | x, t) (6.83)

can be combined with a Taylor expansion:

f (y) − f (x) =
∑
α

∂ f (x)
∂xα

(yα − xα) + 1

2

∑
α,β

∂2 f (x)
∂xα∂xβ

(yα − xα)(yβ − xβ) + o(|y − x|2)

(6.84)
which immediately suggests a very interesting relation:

(Lt f )(x) = 1

2

d∑
α,β=1

aαβ(x, t)
∂2 f

∂xα∂xβ

(x) +
d∑

α=1

bα(x, t)
∂ f

∂xα

(x) (6.85)

with aαβ(x, t) and bα(x, t) uniquely determined by the transition probability p:

aαβ(x, t) = lim
h→0+

1

h

∫
Rd

dy (yα − xα)(yβ − xβ) p(dy, t + h | x, t)

bα(x, t) = lim
h→0+

1

h

∫
Rd

dy (yα − xα) p(dy, t + h | x, t)
(6.86)

provided that the two limits make sense. The expression (6.85) can be shown [3] to
hold under suitable hypotheses involving the behavior of the transition probability p
for small h, which has to ensure us that higher order terms in the Taylor expansion
can be neglected. For completeness, we mention also that the matrix

{
aαβ(x, t)

}
αβ

can be shown to be always positive-semidefinite [3].
The relation (6.85) is very important since in provides a bridge between two

apparently independent branches of Mathematics: the theory of partial differential
equations and the theory of stochastic processes. We will come back to this crucial
point in the following chapters.
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6.10 The Heat Equation

As shown in the previous paragraph, under suitable condition, to each Markov pro-
cess, or equivalently to each markovian transition function, a differential operator
can be associated. In the time-homogeneous case, which we consider only for the
sake of simplicity, we know that the function u(x, t) = Tt f (x) satisfies:

∂u

∂t
(x, 0) = lim

h→0

1

h
(Th f (x) − f (x)) = L f (x) (6.87)

and that:

∂u

∂t
(x, t) = lim

h→0

1

h
(Tt+h f (x) − Tt f (x)) = TtL f (x) (6.88)

If it happens that Tt and L commute, the following heat equation associated to
the markovian transition function is found:

{
∂u
∂t (x, t) = (Lu) (x, t)

u(x, 0) = f (x)
(6.89)

On the other hand, let q(t, x, y) be the fundamental solution of the heat equation, i.e.
the function satisfying:

{
∂q
∂t (t, x, y) = (Lq) (t, x, y)
q(0, x, y) = δ(x − y)

(6.90)

then, from the theory of partial differential equations, it is known that:

u(x, t) =
∫
Rd

dy q(t, x, y) f (y) (6.91)

But since u(x, t) = Tt f (x), the markovian transition function must be:

p(dy, s + t |x, s) = q(t, x, y) dy (6.92)

This observation sheds light on the possibility of inverting this process: given a
partial differential equation with fundamental solution q, we might ask ourselves
whether it is possible to construct a Markov process having a markovian transition
function p related to q by (6.92). As pointed out before, for this issue to be faced
adequately, the formalism of stochastic differential equations is required.
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6.11 Further Readings

Brownian motion is the cornerstone of the theory of stochastic processes and is
presented in many excellent books. The presentation in this chapter is self-contained.
A few books that readers may see to deepen their study are [1–3]. Readers interested
in Feynman path integral can see the original book [4]. For the connection with the
theory of partial differential equations we refer to the bibliography of the following
chapters.

Problems

6.1 Invariances of the brownian motion
Given a one-dimensional brownian motion continuous with increments independent
from the past Bt , show that Xt = −Bt and Yt = 1√

u
But are brownian motions.

6.2 Drifted brownian motion
Given a one-dimensional brownian motion continuous with increments independent
from the past Bt , consider the process Xt = Bt + vt , v ∈ R. Computem(t) = E[Xt ],
the probability density of Xt , and C(t, s) = E[Xt Xs].
6.3 Distance from the origin
Given two independent brownian motions continuous with increments independent
from the past B1,t and B2,t , let:

Rt =
√
B2
1,t + B2

2,t (6.93)

Compute the probability density, the mean and the variance of Rt .

6.4 Brownian motion on the unit circle
Given a one-dimensional brownian motion continuous with increments independent
from the past Bt , the stochastic process:

Rt =
(
cos(Bt )

sin(Bt )

)
(6.94)

is called brownian motion on the unit circle. Find the law of the random variables
cos(Bt ), sin(Bt ) and Btmod2π . The first two random variables correspond to the
projections of Rt onto the x and y axis, and the latter to the angle of the particle

6.5 Brownian bridge
Given a one-dimensional brownian motion continuous with increments independent
from the past Bt , define the brownian bridge:

Xt = Bt − t B1, t ∈ [0, 1] (6.95)

Show that Xt is normal, compute mean and variance. Show also that (Xt1 , . . . , Xtn )

is normal. Compute mean and covariance matrix.
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6.6 Correlated brownian motion
Given two independent brownian motions continuous with increments independent
from the past B1,t and B2,t , let:

Xt = ρB1,t +
√
1 − ρ2 B2,t (6.96)

Show that Xt is a brownian motion. Evaluate E[Xt B1,t ].
6.7 Brownian bomb
Given a one-dimensional brownian motion continuous with increments independent
from the past Bt and a random variable T exponential with parameter λ, find the
probability density of the random variable ω → Z(ω) = BT (ω)(ω).
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Chapter 7
Stochastic Calculus and Introduction
to Stochastic Differential Equations

Abstract In this chapter we introduce the basic notions of stochastic calculus, start-
ing from theBrownianmotion. Stochastic processes describe time-dependent random
phenomena, generalizing the usual deterministic evolution. The description of the
latter requires the notions of differential and integral, which need to be properly
extended to stochastic properties. Stochastic calculus is the branch of mathematics
dealing with this important topic. The reason why traditional calculus is not suitable
for stochastic processes is revealed by the Brownian motion. Since Var(Bt ) = t ,
implying that Bt “scales” as

√
t , its trajectories are not differentiable in the usual

sense. The stochastic calculus allows us to introduce generalized notions of dif-
ferential and integral, notwithstanding this difficulty. Moreover, it allows to write
differential equations involving stochastic processes, providing thus a powerful gen-
eralization of ordinary differential equations to study phenomena evolving in time
in a non deterministic way.

Keywords Stochastic calculus · Itô integral · Wiener integral
Approach to equilibrium · Langevin equation

7.1 Introduction

In this chapter we pursue the exploration of stochastic processes begun in Chap.6
with the study of the Brownian motion. In order to deal with stochastic processes,
which describe random phenomena depending on time, we need to introduce several
basic notions and mathematical instruments. To understand the reason of this need,
let us consider a system whose state at time t is described by a set of variables xt .
Let us suppose that xt undergoes a deterministic time evolution, i.e. an evolution in
which no randomness is involved. This evolution, in most situations, is governed by
an ordinary differential equation of the form:

{
dxt = F (xt , t) dt

x0 = x∗ (7.1)
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whose formal solution is readily obtained integrating both sides of (7.1) with respect
to time:

xt = x∗ +
∫ t

0
F (xs, s) ds (7.2)

The solution of (7.2) defines a family {xt }t of states of the system. In the realm of
stochastic processes, this family is replaced by a family of random variables {Xt }t .
The time evolution of the family {Xt }t is now governed by a stochastic differen-
tial equation: the latter should include a term introducing randomness in the time
evolution.

This observation suggests that we should be able to rigorously define a notion
of differential for a stochastic process {Xt }t . Traditional calculus is not suitable
for stochastic processes. The reason lies in the behavior of the trajectories of the
Brownian motion: informally speaking, since Var(Bt ) = t the Brownian motion
scales as

√
t and thus has non-differentiable trajectories.

Equivalently, we should be able to rigorously define a notion of integral generalis-
ing (7.2) to stochastic processes: this crucial instrument is called the Itô integral after
the work of Kiyoshi Itô. It is a generalisation of the ordinary concept of Riemann
integral, which takes into account two important circumstances: (i) the integrand is
a random variable and not an ordinary function and (ii) if randomness is present in
the time evolution, integration is not only performed with respect to time but also
with respect to the Brownian motion.

In order to properly fix the mathematical framework, for the time being we assign
a stochastic basis in the usual hypothesis (defined in Sect. 6.5 in Chap. 6):

(
Ω,F, {Ft }t≥0 , P

)
(7.3)

where we suppose a continuous Brownian motion is defined, with increments inde-
pendent of the past. For simplicity, we now consider only the one-dimensional case:

B = (
Ω,F, {Ft }t≥0 , {Bt }t≥0 , P

)
(7.4)

Remark 7.1 Having fixed the stochastic basis, we will use the simple notation X =
{Xt }t≥0 to indicate processes. Naturally, we will be careful to verify that all processes
are adapted, i.e. that Xt is Ft -measurable.

We start from the observation that a stochastic process X = {Xt }t≥0 can be viewed
as a function of two variables:

X : [0,+∞) × Ω → R, (t, ω) → Xt (ω) (7.5)

where each ω determines a random trajectory t → Xt (ω) and t is a time instant.
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We will deal with stochastic processes whose time evolution is governed by the
following integral equation, generalizing the deterministic one (7.2):

Xt = X0 +
∫ t

0
F (Xs, s) ds +

∫ t

0
G (Xs, s) dBs (7.6)

where the last term, introducing randomness, is constructed from the Brownian
motion.

In this chapter, we will learn to define the two kinds of integration of stochastic
processes appearing in (7.6), one with respect to time, and the other with respect to
the Brownian motion: ∫ β

α

Fsds,
∫ β

α

GsdBs (7.7)

and to give a precise meaning to expressions of the form:

dXt = Ftdt + GtdBt (7.8)

whichwill turn out to be a very important tool to build newprocesses starting from the
Brownian motion and will be the cornerstone of the theory of stochastic differential
equations.

In this chapter we will provide rigorous definitions and results about stochas-
tic calculus, together with examples and applications. We will omit the proofs of
several theorems, which would require more advanced tools and can be found in
excellent textbooks on this subject. The Fig. 7.1 provides an illustration of the dif-
ference between integration with respect to time and integration with respect to the
brownian motion.

Fig. 7.1 Illustration of the two kinds of integration we will define in this chapter
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7.2 Integration of Processes with Respect to Time

Let us consider a process X , interpreted as a function of two variables:

X : [0,+∞) × Ω → R, (t, ω) → Xt (ω) (7.9)

From the very definition of stochastic process we know that, for fixed t , the function:
ω → Xt (ω) is F-measurable and in particular Ft -measurable. On the other hand, for
fixed ω, the real-valued function t → Xt (ω) defined on [0,+∞) has no assumed
measurability properties.

We will focus our attention to progressively measurable processes, that is,
by definition, processes such that, for all t > 0, the function (t, ω) → Xt (ω) is(
B([0, t ]) ⊗ Ft

)
-measurable. It is possible to show [1] that such technical hypoth-

esis holds if the given process is continuous, i.e. it has continuous trajectories.
For such processes, the function:

t → Xt (ω) (7.10)

is measurable and thus we can define its Lebesgue integral
∫ β

α
Xsds, one for each

trajectory, which can be finite, infinite or even non existent:

(∫ β

α

Xsds

)
(ω)

de f=
∫ β

α

Xs(ω)ds (7.11)

where we have fixed a time interval [α, β], 0 ≤ α < β < +∞.
If the integral in (7.11) exists and is finite, owing to the hypothesis of progressive

measurability, it is a random variable. It is thus natural to introduce the following:

Definition 7.1 Let X and Y two progressively measurable processes such that:

P

(∫ β

α

|Xs |ds < +∞
)

= 1 (7.12)

We say that X and Y are equivalent if:

P

(∫ β

α

|Xt − Yt |dt = 0

)
= 1 (7.13)

We call Λ1(α, β) the set made of equivalence classes of progressively measurable
processes satisfying (7.12), the equivalence relation being defined by (7.13).

As usual, often the difference between a process and an equivalence class of
processes is neglected.



7.2 Integration of Processes with Respect to Time 157

Since we have chosen to work under the usual hypothesis, in every equivalence
class in Λ1(α, β) we can always find a representative X such that the integral:

(∫ β

α

Xsds

)
(ω) (7.14)

exists for any ω. Such integral defines a real random variable Fβ-measurable and, if:

∫ β

α

E [|Xs |] ds < +∞ (7.15)

then, by the classical Fubini’s [2] theorem:

E

[∫ β

α

Xsds

]
=

∫ β

α

E [Xs] ds (7.16)

Moreover, if X ∈ Λ1(0, T ), then the function:

(t, ω) →
∫ t

0
Xsds, t ∈ [0, T ] (7.17)

defines a stochastic process: {∫ t

0
Xsds

}
t

(7.18)

which is continuous, since any integral is continuous with respect to the extremum,
and thus progressively measurable.

To summarize, a stochastic process, under some quite natural hypothesis, can
be integrated with respect to time: this is a simple Lebesgue integral of the single
trajectories. In order to familiarize with this notion, we invite the reader to solve
Problem 7.1.

7.3 The Itô Integral

We have defined the integral of a stochastic process with respect to time. We now
define a different kind of integration, with respect to theBrownianmotion. The reader
could find useful to review the definition of the abstract integral with respect to the
probability measure in the first chapter, Sect. 1.5, as the two constructions share some
common features: the definition of Itô integral is first given within a particular class
of stochastic processes, and then extended to a wider class of processes that cover
most of the practical applications.
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7.3.1 Itô Integral Integral of Simple Processes

Let us fix, as before, a time interval [α, β], 0 ≤ α < β < +∞ and start with the
following:

Definition 7.2 We say that a stochastic process X is simple if:

Xt (ω) =
n−1∑
i=0

ei (ω)1[ti ,ti+1)(t) + en(ω)1{β}(t) (7.19)

for some choice of the integer n and of the times α = t0 < · · · < tn = β. The random
variables ei are Fti -measurable.

For every ω, an simple process remains equal to a constant ei (ω) over finite intervals
of time [ti , ti+1) . By construction, such a process is progressively measurable. We
give now the first basic:

Definition 7.3 If X is an simple process, we call Itô integral or stochastic integral
of X , and we denote it

∫ β

α
XsdBs , the random variable:

(∫ β

α

XsdBs

)
(ω)

de f=
n−1∑
i=0

ei (ω)
(
Bti+1(ω) − Bti (ω)

)
(7.20)

We denote S(α, β) the set of simple processes, and S2(α, β) the set of square-
integrable simple processes, i.e. E

[|Xt |2
]

< +∞.
Naturally, X ∈ S2(α, β) if and only if E[e2i ] < +∞ for all i . Let us study now

the map:

X ∈ S(α, β), X → I (X)
de f=

∫ β

α

XsdBs (7.21)

in more detail. It has some important properties:

1. it is linear;
2. since theBrownianmotion is adapted, I (X) isFβ -measurablebecause it depends

only of random variables at times preceding β;
3. it satisfies the following additivity property:

∫ β

α

XsdBs =
∫ γ

α

XsdBs +
∫ β

γ

XsdBs, α < γ < β (7.22)

4. If X ∈ S2(α, β), then I (X) is square integrable:

E

[(∫ β

α

XsdBs

)2
]

< +∞ (7.23)
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Toverify this property,wehave to show that ei e j
(
Bti+1 − Bti

) (
Bt j+1 − Bti

)
is inte-

grable. If i = j , we know that e2i is integrable since X ∈ S2(α, β);
(
Bti+1 − Bti

)2
is naturally integrable (since it is a Brownian motion) and independent of e2i ,

which is Fti -measurable. Thus e2i
(
Bti+1 − Bti

)2
is integrable, being the product

of integrable independent random variables. This implies that ei
(
Bti+1 − Bti

)
is

square-integrable, and thus ei e j
(
Bti+1 − Bti

) (
Bt j+1 − Bti

)
is integrable, being a

product of square-integrable random variables.

We have thus defined a linear map:

I : S2(α, β) → L2(Ω,Fβ, P), X → I (X)
de f=

∫ β

α

XsdBs (7.24)

Since I (X) is square-integrable, it is also integrable because the probability P is a
finite measure. The expectation E[I (X)] is thus well defined and can be computed
as follows:

E
[∫ β

α XsdBs |Fα

]
= E

[∑n−1
i=0 ei

(
Bti+1 − Bti

) |Fα

]
=

= ∑n−1
i=0 E

[
E

[
ei

(
Bti+1 − Bti

) |Fti
] |Fα

] = ∑n−1
i=0 E

[
ei E

[(
Bti+1 − Bti

) |Fti
] |Fα

] =
= ∑n−1

i=0 E
[
ei E

[(
Bti+1 − Bti

)] |Fα

] = 0 (7.25)

where we have used the fact that ei is Fti -measurable and that
(
Bti+1 − Bti

)
is inde-

pendent of Fti , together with the properties of conditional expectation detailed in
Sect. 3.6.

Thus we have found that:

E

[∫ β

α

XsdBs |Fα

]
= 0 (7.26)

which implies, taking the expectation of both members, that:

E

[∫ β

α

XsdBs

]
= 0 (7.27)

Let us now evaluate:

E

[(∫ β

α
XsdBs

)2 |Fα

]
=

= ∑
i E

[
e2i

(
Bti+1 − Bti

)2 |Fα

]
+ ∑

i 
= j E
[
ei e j

(
Bti+1 − Bti

) (
Bt j+1 − Bt j

) |Fα

]
(7.28)

If i < j , we have:
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E
[
ei e j

(
Bti+1 − Bti

) (
Bt j+1 − Bt j

) |Fα

] =
= E

[
E

[
ei e j

(
Bti+1 − Bti

) (
Bt j+1 − Bt j

) |Ft j

] |Fα

] =
= E

[
ei e j

(
Bti+1 − Bti

)
E

[(
Bt j+1 − Bt j

) |Ft j

] |Fα

] = 0 (7.29)

so that no contribution arises from non-diagonal terms of (7.28). We have thus:

E

[(∫ β

α
XsdBs

)2 |Fα

]
=

= ∑
i E

[
e2i

(
Bti+1 − Bti

)2 |Fα

]
=

= ∑
i E

[
E

[
e2i

(
Bti+1 − Bti

)2 |Fti

]
|Fα

]
=

= ∑
i E

[
e2i E

[(
Bti+1 − Bti

)2 |Fti

]
|Fα

]
=

= ∑
i E

[
e2i E

[(
Bti+1 − Bti

)2] |Fα

]
=

= E
[∑

i e
2
i (ti+1 − ti ) |Fα

] = E
[∫ β

α
X2
s ds|Fα

]
(7.30)

We conclude that:

E

[(∫ β

α

XsdBs

)2

|Fα

]
= E

[∫ β

α

X2
s ds|Fα

]
(7.31)

which implies the following very important equality:

E

[(∫ β

α

XsdBs

)2
]

= E

[∫ β

α

X2
s ds

]
(7.32)

having a profound geometrical meaning, as we will see in a moment. The linear map:

I : S2(α, β) → L2(Ω,Fβ, P), X → I (X)
de f=

∫ β

α

XsdBs (7.33)

satisfies the following:

||I (X)||2L2(Ω,Fβ ,P) = E

[∫ β

α

X2
s ds

]
(7.34)

The right hand side of this equality is a double integral in dt and P(dω) of the
function

(t, ω) → X2
t (ω) (7.35)
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so that it has the form of a square norm in a L2-like space which we define in the
following:

Definition 7.4 We denote M2(α, β) the set of equivalence classes of progressively
measurable processes such that:

E

[∫ β

α

X2
s ds

]
< +∞ (7.36)

where, as before, we say that two processes X and Y are equivalent if:

P

(∫ β

α

|Xt − Yt |dt = 0

)
= 1 (7.37)

M2(α, β) is a Hilbert space, subspace of L2
(
(α, β) × Ω,B(α, β) ⊗ Fβ, λ ⊗ P

)
,

where λ is the Lebesgue measure.
We have thus built an isometry, called Itô isometry:

||I (X)||2L2(Ω,Fβ ,P) = ||X ||2M2(α,β) (7.38)

Itô isometry is not only a beautiful geometric identity, but it is the cornerstone of the
extension of the Itô integral to more general processes.

7.3.2 First Extension of the Itô Integral

So far, we have defined the Itô integral for simple processes, through Eq. (7.20). In
this section, we extend it to processes in M2(α, β). We have learned the the map:

I : S2(α, β) ⊂ M2(α, β) → L2(Ω,Fβ, P), X → I (X)
de f=

∫ β

α

XsdBs (7.39)

is linear and isometric:

||I (X)||2L2(Ω,Fβ ,P) = ||X ||2M2(α,β) (7.40)

and thus it is bounded. The intuitive idea is to extend the Itô integral to more general
processes using approximating sequences of simple processes. This is possible since
it canbe shown [1] thatS2(α, β) is adense subset ofM2(α, β), that is, for eachprocess
X ∈ M2(α, β), there exists a sequence

{
Y (n)

}
n of simple processes in S2(α, β) such

that:
X = lim

n→+∞ Y (n) (7.41)

where the above limit is in L2-sense, that is:
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E

[∫ β

α

|Y (n)
s − Xs |2ds

]
n→+∞→ 0 (7.42)

Thanks to the well-known Hahn-Banach bounded extension theorem [2, 3], the
bounded linear functional (7.39) can be extended from square-integral simple pro-
cesses to general square-integrable processes, leading to the following:

Definition 7.5 We call stochastic integral of a process X ∈ M2(α, β), and we
denote

∫ β

α
XsdBs , the element of L2(Ω,Fβ, P):

∫ β

α

XsdBs
de f= lim

n→∞

∫ β

α

Y (n)
s d Bs (7.43)

where
{
Y (n)

}
n ⊂ S2(α, β) is any sequence of simple square-integrable processes

converging to X in M2(α, β). The above written limit is meant in the topology of
L2(Ω,Fβ, P).

The map I becomes thus an isometry between Hilbert spaces:

I : M2(α, β) → L2(Ω,Fβ, P), X → I (X)
de f=

∫ β

α

XsdBs (7.44)

The properties of the restriction to S2(α, β) guarantee that all the properties of I (X)

discussed above, including the ones about expectations and conditional expectations,
hold for each X ∈ M2(α, β).

7.3.3 Second Extension of the Itô Integral

In this section, we extend the Itô integral beyond M2(α, β). We limit ourselves to
outlining the extension procedure, which relies on suitable approximating sequences.
Technical details can be found in [1].

Definition 7.6 We let Λ2(α, β) be the set of equivalence classes of progressively
measurable processes such that:

P

(∫ β

α

|Xs |2ds < +∞
)

= 1 (7.45)

where we identify two processes X and Y if:

P

(∫ β

α

|Xt − Yt |dt = 0

)
= 1 (7.46)

Naturally M2(α, β) ⊂ Λ2(α, β).
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It is possible to show [1] that for eachprocess X ∈ Λ2(α, β) there exists a sequence
of simple processes

{
Y (n)

}
n in Λ2(α, β), such that:

∫ β

α

|Y (n)
s − Xs |2ds n→+∞→ 0 (7.47)

where the limit is meant in probability. It can then be proved [1] that the sequence:

{∫ β

α

Y (n)
s d Bs

}
n

(7.48)

converges in probability to a random variable which depends on X but not on the
approximating sequence. Such random variable is the Itô integral of the process X :

∫ β

α

XsdBs
de f= lim

n→+∞

∫ β

α

Y (n)
s d Bs (7.49)

where again the convergence is in probability. It is quite simple to show that, if
X ∈ M2(α, β) this definition coincides to the one given above. When dealing with
processes outside M2(α, β), care has to be taken since properties involving expec-
tations and conditional expectations are no longer valid.

So far, our discussion has been concernedwith proving the existence of the Itô inte-
gral. Of course, practical applications require its evaluation, which will be explored
in the reminder of the chapter. It can be shown [4] that, whenever a process X is
continuous, its Itô integral is the limit in probability of the following sequence of
Riemann sums:

n−1∑
i=0

Xti (Bti+1 − Bti ) (7.50)

as the width |ti+1 − ti | of the partition tends to 0. An application of this formula is
proposed in Problem 7.2.

7.3.4 The Itô Integral as a Function of Time

So far we have defined the Itô integral of a process X over an interval with fixed
extrema α and β as a map producing a random variable

∫ β

α
XsdBs . Allowing β to

vary, such random variable is promoted to a stochastic process.
A central object of stochastic calculus is the following process:

I (t)
de f=

∫ t

0
XsdBs (7.51)

where X ∈ Λ2(0, T ), and the instant t is the interval [0, T ].
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The following very simple but important property holds for s < t :

I (t) = I (s) +
∫ t

s
XsdBs (7.52)

Moreover, I (t) is Ft -measurable for all t ; we already know that this is the case if X
is a simple process. In the general case, if

{
Y (n)

}
n is a sequence of simple processes

approximating in probability X in Λ2(0, T ), and In(t) =
{∫ t

0 Y
(n)
s d Bs

}
n
, then In(t)

is Ft -measurable. Since In(t) converges to I (t) in probability, it is possible to extract
a subsequence converging almost surely to I (t), which is thus Ft -measurable.

It is possible to show [1] that each equivalence class X ∈ Λ2(0, T ) contains a
representative such that I (t) is continuous.

In the particular case X ∈ M2(0, T ), we already know that I (t) is square-
integrable and:

E [I (t)|Fs] = I (s) + E

[∫ t

s
XsdBs |Fs

]
= I (s) (7.53)

so that I (t) is a square-integrable martingale.
Despite its somewhat abstract appearance, the Itô integral can be evaluated exactly

for a broad class of processes. One extremely important exact computation of a Itô
integral is the Wiener integral, widely used in physics and finance, as well as in the
theory of complex systems [5].

7.3.5 The Wiener Integral

A special case happens when the integrand is a deterministic function of time. Let f :
[0, T ] → R be a square-integrable real valued function f ∈ L2(0, T ). The process:

(t, ω) → f (t) (7.54)

independent of ω, is in M2(0, T ). In such case:

I (t) =
∫ t

0
f (s)dBs (7.55)

is calledWiener integral of f on [0, t]. We know, from Eqs. (7.27) and (7.32) that:

E[I (t)] = 0, E[I (t)2] =
∫ t

0
f 2(s)ds (7.56)
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If f is piecewise constant:

f (s) =
n−1∑
i=0

ci 1[ti ,ti+1)(s) (7.57)

then:

I (t) =
n−1∑

i=0;ti<t,ti+1<t

ci
(
Bti+1 − Bti

)
(7.58)

and thus I (t) is normal, being a linear combination of normal random variables.
This holds also for (I (t1), . . . , I (tn)), which turns out to be normal. This property
continues to hold in the limit in M2(0, T ), since the convergence in the sense of L2

preserves the normal character of laws of random variables. We conclude that:

I (t) =
∫ t

0
f (s)dBs ∼ N

(
0,

∫ t

0
f 2(s)ds

)
(7.59)

It is possible to exactly compute the covariance function of a Wiener integral, as
discussed in Problem 7.6.

7.4 Stochastic Differential and Itô’s Lemma

So far we have learned to define integrals of stochastic processes, both with respect
to time and with respect to the Brownian motion. Before proceeding, let us pause for
a second and briefly summarize the results we obtained. We have fixed the mathe-
matical environment assigning a stochastic basis:

(
Ω,F, {Ft }t≥0 , P

)
(7.60)

in the usual hypothesis, that is with a right-continuous filtration such that Ft contains
all the elements of F whose probability is zero. Then we have started from a one-
dimensional continuous Brownian motion {Bt }t with increments independent of the
past. Given a time interval [0, T ],
1. for all F ∈ Λ1(0, T ) we have built a process

∫ t
0 Fsds, for t ∈ [0, T ], continuous,

and thus progressively measurable. Moreover the trajectories of such process are
integrable and also square-integrable being continuous on the compact interval
[0, T ], so that:

{∫ t

0
Fsds

}
0≤t≤T

∈ Λ1(0, T ) ∩ Λ2(0, T ) = Λ2(0, T ) (7.61)
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2. for allG ∈ Λ2(0, T )wehave built a process
∫ t
0 GsdBs , for t ∈ [0, T ], continuous,

and thus progressively measurable. Moreover the trajectories of such process are
integrable and also square-integrable being continuous on the compact interval
[0, T ], so that:

{∫ t

0
GsdBs

}
0≤t≤T

∈ Λ1(0, T ) ∩ Λ2(0, T ) = Λ2(0, T ) (7.62)

Definition 7.7 Let {Xt }t≥0 be a process such that,∀t ∈ [0, T ], the following equality
holds:

Xt = X0 +
∫ t

0
Fsds +

∫ t

0
GsdBs (7.63)

X0 being aF0-measurable random variable, F ∈ Λ1(0, T ) andG ∈ Λ2(0, T ). Then,
we say that {Xt }t≥0 is an Itô process or, equivalently, that {Xt }t≥0 has stochastic
differential:

dXt = Ftdt + GtdBt (7.64)

We stress that the stochastic differential is not a new mathematical object, but it
provides a mere rewriting of a stochastic integral. However, the differential formal-
ism is much easier to deal with, due to an extremely important result which is the
cornerstone of stochastic calculus, the Itô formula or Itô’s lemma. For a proof we
refer to [6].

Theorem 7.1 (Itô’s lemma) Let X (i), i = 1, . . . ,m be a collection of Itô processes
with differentials:

dX (i)
t = F (i)

t dt + G(i)
t d Bt (7.65)

with F (i) ∈ Λ1(0, T ) andG(i) ∈ Λ2(0, T ). Let also f : Rm × R
+ → R be ameasur-

able function, continuous at every point (x, t), x = (x1, . . . , xm), twice continuously

differentiable in x, and once in t. Then, writing Xt
de f= (X (1)

t , . . . , X (m)
t ), the process

Yt
de f= f (Xt , t) is an Itô process with differential:

dYt = ft (Xt , t)dt +
m∑
i=1

fxi (Xt , t)dX
(i)
t + 1

2

m∑
i, j=1

fxi x j (Xt , t)G
(i)
t G( j)

t dt (7.66)

where the subscripts t and xi denote derivatives with respect to t and xi .

that is:

dYt =
=

(
ft (Xt , t) + ∑m

i=1 fxi (Xt , t)F
(i)
t + 1

2

∑m
i, j=1 fxi x j (Xt , t)G

(i)
t G( j)

t

)
dt +

+
(∑m

i=1 fxi (Xt , t)G
(i)
t

)
dBt (7.67)
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7.5 Extension to the Multidimensional Case

Weconclude this section sketching the extension of the stochastic calculus formalism
to the multidimensional case. The generalization is straightforward: nothing actually
changes but a slight modification of the notations.

The starting point is, as usual, a stochastic basis in the usual hypothesis where
a continuous d-dimensional Brownian motion with increments independent of the
past is assigned.

The processes Ft of the previous paragraphs take now values in R
m while the

processes Gt take values inRm×d . We say that Ft belongs to Λ1
m(0, T ), T > 0 if Fi,t

belongs to Λ1(0, T ) for all i = 1, . . . ,m. In the same way. we say that Gt belongs
to Λ2

m,d(0, T ) (respectively M2
m,d(0, T )) if Gi j,t belongs to Λ2(0, T ) (respectively

M2(0, T )) for all i = 1, . . . ,m, j = 1, . . . d.
The time integral

∫ t
0 Fsds is defined as the vector of components

∫ t
0 Fi,sds, while∫ t

0 GsdBs is defined as the vector of components
∑d

j=1

∫ t
0 Gi j,sd B j,s . Itô isometry

becomes:

E

[∣∣∣∣
∫ t

0
GsdBs

∣∣∣∣
2
]

=
∫ t

0
E

[|Gs |2
]
ds (7.68)

andholdswheneverGt ∈ M2
m,d(0, T ).Weobserve that | | in the left hand side denotes

the norm in Rm , while in the right hand side it denotes the norm in Rm×d .
If we can write:

Xt = X0 +
∫ t

0
Fsds +

∫ t

0
GsdBs (7.69)

with X0 F0-measurable we say that X is an Itô process, or, equivalently, that X has
stochastic differential:

dXt = Ftdt + GtdBt (7.70)

The Itô’s formula can be generalized as follows (see [6]):

Theorem 7.2 (Multidimensional Itô formula) Let X be a process taking values in
R

m with stochastic differential:

dXt = Ftdt + GtdBt (7.71)

with Ft ∈ Λ1
m(0, T ) and G ∈ Λ2

m,d(0, T ). We let also f : Rm × R
+ → R be a mea-

surable function, continuous in every point (x, t), x = (x1, . . . , xm), continuously

differentiable twice in x and once in t. Then the process Yt
de f= f (Xt , t) admits

stochastic differential:

dYt = ft (Xt , t)dt +
m∑
i=1

fxi (Xt , t)dXi,t + 1

2

m∑
i, j=1

fxi x j (Xt , t)
d∑

h=1

Gih,tG jh,t dt

(7.72)
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Itô’s lemma has a vast breadth of application and use in many branches of applied
mathematics and physics and underlies the formalism of stochastic differential equa-
tions, forming the subject of the next chapter. Stochastic differential equations are
powerful generalizations of ordinary differential equations, that include randomness
in the modeling of physical processes.

Problems 7.3–7.6 propose applications of Itô’s lemma, that can help the reader
familiarizing with this powerful tool of stochastic calculus.

Before tackling the theory of SDEs, we conclude the chapter presenting the his-
torically important Langevin equation.

7.6 The Langevin Equation

We consider again the motion of a pollen grain inside a glass of water, already
introduced in Chap. 6.We can use the formalism of the stochastic calculus to provide
a more general description of this kind of random motion. We would like to write
down a Newton equation of motion for the pollen grain which takes into account, at a
phenomenological level, the interaction between the grain and the water molecules.
The presence of the water gives rise both to a velocity-dependent drag force of the
form −ζv(t), arising from the viscosity of the water, described through a friction
coefficient ζ > 0, and to a random force, say f(t), representing the collisions with
water molecules surrounding the grain at a given instant t .

The simplest model of these collisions uses the famous white noise, usually
heuristically introduced requiring f(t) to have Gaussian distribution, zero mean and
no memory of the past:

E[ fi (t)] = 0, Cov( fi (t), f j (s)) ∝ δi jδ(t − s), i, j = 1, . . . , 3 (7.73)

Physically, this means that the correlations decay faster than any time scale important
in the physical description of the motion.

At a rigorous level, since the covariance is a Dirac delta distribution, some care
has to be taken in defining f(t). We are going to show now that the properties (7.73)
could characterize the time derivative, if existing, of the Brownian motion. To this
aim, let us define:

wt,h = Bt+h − Bt

h
(7.74)

for a finite increment h. By inspection we see that wt,h ∼ N (0, 1
h ). Moreover, for

s < t :

Cov
(
wt,hws,h

) = 1

h2
(s + h − min(t, s + h)) (7.75)

Letting h → 0, the above expression tends to 0 whenever s 
= t and to ∞ in the
special case s = t , justifying δ(t − s). The problem is that the trajectories of the
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Brownian motion are not differentiable: this circumstance prevents to rigorously
define f(t). The formalism of stochastic calculus permits to circumvent difficulties
related with the ill-definition of f(t) by rigorously introducing a white noise term:

dt f(t) → dBt (7.76)

Using the notations xt and vt , which are two stochastic processes with state space
R

3, to indicate the position and the velocity of the pollen grain at the instant t , we
write the Newton equation in the form of a Langevin equation:

{
dxt = vt dt

dvt = −ζvt dt + σdBt
(7.77)

The above equation, from a formal point of view, is simply a stochastic differential
for a process Xt = (xt , vt ) with state space R6, having assigned a three-dimensional
Brownian motion:

dXt = −AXtdt + SdBt (7.78)

where A is a constant 6 × 6-matrix and S a constant 6 × 3 matrix.
Turning to the integral form, we have:

Xt = X0 −
∫ t

0
AXsds +

∫ t

0
SdBs (7.79)

We observe that the above formula is not a solution, but an equation, since the
unknown process X also appears in the right hand side, and still has to be determined.
In order to build up an explicit solution, we use the Ansatz:

Xt = e−AtUt (7.80)

and apply the Itô formula to the function f (x, t) = e−Atx (observing that the second
derivatives with respect to xi x j vanish). We get:

dXt = d
(
e−AtUt

) = −Ae−AtUtdt + e−At dUt = −AXtdt + e−At dUt (7.81)

and thus, from a comparison with the equation of motion for X :

dUt = eAtSdBt (7.82)

introducing a deterministic initial condition:

X0 = U0 = (x0, v0) (7.83)
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we have the explicit solution of the Langevin equation:

Xt = e−At X0 +
∫ t

0
e−A(t−s)SdBs (7.84)

describing the random motion of the pollen grain. In order to keep the notations
simple, we turn now to the one-dimensional case, where:

A =
(
0 −1
0 ζ

)
, S =

(
0
σ

)
(7.85)

It is simple to show, by a direct calculation, that:

An =
(
0 −ζ n−1

0 ζ n

)
(7.86)

whence the exponential e−At is:

e−At =
(
1 (1 − e−ζ t )/ζ

0 e−ζ t

)
(7.87)

The solution takes the form:
(
xt
vt

)
=

(
1 (1 − e−ζ t )/ζ

0 e−ζ t

)(
x0
v0

)
+

∫ t

0

(
1 (1 − e−ζ(t−s))/ζ

0 e−ζ(t−s)

) (
0
σ

)
dBs

(7.88)
that is: {

xt = x0 + (1−e−ζ t )

ζ
v0 + ∫ t

0
(1−e−ζ(t−s))

ζ
σdBs

vt = e−ζ t v0 + ∫ t
0 e

−ζ(t−s)σdBs
(7.89)

Both position and velocity are a sum of a deterministic contribution, on a time scale
1/ζ related to the viscous drag, and of a random contribution, arising from the colli-
sions with water molecules. These random terms have the form of Wiener integrals
of functions of the variable s, square-integrable on the interval (0, t), for each value
of t .We know from (7.59) that one-dimensionalWiener integrals are normal random
variables with zero expectation and variance equal to the time integral of the square
of the deterministic integrand. Thus:

E[xt ] = x0 + (1 − e−ζ t )

ζ
v0, Var(xt ) = σ 2

ζ 2

∫ t

0

(
1 − e−ζ(t−s)

)2
ds (7.90)

Explicitly:

Var(xt ) = σ 2t
ζ 2 + σ 2

2ζ 3 (−3 + 4e−ζ t − e−2ζ t ) (7.91)
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and:

E[vt ] = e−ζ t v0, Var(vt ) = σ 2
∫ t

0

(
e−ζ(t−s)

)2
ds = σ 2 1 − e−2ζ t

2ζ
(7.92)

Let us write explicitly the probability density for the velocity of the pollen grain at
the instant t :

p(v, t) =
(

2ζ

2πσ 2(1 − e−2ζ t )

)1/2

exp

(
−2ζ

(
v − e−ζ t v0

)2
2σ 2(1 − e−2ζ t )

)
(7.93)

In the realm of liquid state theory, a very important object is the autocorrelation of
velocity:

Cv(τ ) = E
[
vt+τ vt

]
(7.94)

For an explicit calculation of this dynamic correlation functionwe need the following
important property of Wiener integrals:

{
It =

∫ t

0
f (s)dBs

}
t

, f ∈ L2(0, T ), 0 ≤ t ≤ T (7.95)

namely:

E[It It ′ ] =
∫ min(t,t ′)

0
f 2(s)ds (7.96)

The proof is left as an exercise (Problem 7.6).
Putting all together, using (7.96) for the Wiener integral in vt , we have:

E[vtvt ′ ] = v20e
−ζ(t+t ′) + e−ζ(t+t ′)σ 2

∫ min(t,t ′)

0
e2ζ sds (7.97)

that is:

E[vtvt ′ ] = v20e
−ζ(t+t ′) + e−ζ(t+t ′) σ

2

2ζ

(
e2ζ min(t,t ′) − 1

)
(7.98)

or, equivalently:

E[vtvt ′ ] = σ 2

2ζ
e−ζ |t−t ′ | +

(
v20 − σ 2

2ζ

)
e−ζ(t+t ′) (7.99)

so that, for τ > 0:

Cv(τ ) = E
[
vt+τ vt

] = σ 2

2ζ
e−ζ τ +

(
v20 − σ 2

2ζ

)
e−ζ(2t+τ) (7.100)
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Since we have an analytic solution, we can investigate the limit t → +∞. From a
physical point of view, thismeans that we study the randomprocesseswhen t � 1/ζ ,
the latter playing the role of a relaxation time. We have:

E[vt ] = e−ζ t v0
t→+∞−→ 0, Var(vt ) = σ 2 1 − e−2ζ t

2ζ
t→+∞−→ σ 2

2ζ
(7.101)

so that, as can be checked by considering the characteristic function, vt converges in
law to a random variable N (0, σ 2

2ζ ), with density:

p∞(v) =
(

2ζ

2πσ 2

)1/2

exp

(
−2ζv2

2σ 2

)
(7.102)

If the glass of water is kept at a temperature T , the above mentioned convergence in
law corresponds to a thermalization of the pollen grain, suggesting to postulate the
relation:

2ζ

σ 2
= m

kBT
(7.103)

m being the mass of the grain. In this way, the equilibrium density has the typical
Maxwell-Boltzmann form (in one dimension):

p∞(v) =
(

m

2πkBT

)1/2

exp

(
− mv2

2kBT

)
(7.104)

Moreover, for t � 1/ζ , the autocorrelation of the velocity has the exponential form:

Cv(τ ) = E
[
vt+τ vt

] t�1/ζ� kBT

m
e−ζ τ , τ ≥ 0 (7.105)

As far as the position is concerned, we have, in one dimension, the important result:

E[xt ] = x0 + (1 − e−ζ t )

ζ
v0

t→+∞−→ x0 + ζ−1v0 (7.106)

which supports the interpretation of ζ−1 as relaxation time. The variance provides
information about the quadratic mean displacement:

Var(xt )
t→+∞� σ 2

ζ 2
t = 2

kBT

ζm
t (7.107)

growing linearly with time.
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7.6.1 Ohm’s Law

The Langevin equation can be easily generalized to study the motion of a particle
subject to a constant external force, that can be of gravitational or electrostatic origin,
leading to a suggestive derivation of Ohm’s law. The Langevin equation for the
velocity becomes: {

dvt = F
m dt − ζ vt dt + σ dBt

v0 = v0 a.s.
(7.108)

To solve this equation, we introduce an auxiliary process:

wt = f (vt , t) = eζ t vt + F

mζ

(
1 − eζ t

)
(7.109)

Applying the Itô formula, we find that:

dwt = σeζ t d Bt → wt = v0 +
∫ t

0
ds σ eζ s d Bs (7.110)

Inverting Eq. (7.109) we obtain:

vt = v0e
−ζ t + F

mζ
(1 − e−ζ t ) +

∫ t

0
ds σ eζ(s−t) dBs (7.111)

whence:

vt ∼ N

(
v0e

−ζ t + F

mζ

(
1 − e−ζ t

)
,
σ 2

2ζ

(
1 − e−2ζ t)) (7.112)

In particular:

E[vt ] = v0e
−ζ t + F

mζ

(
1 − e−ζ t

) t→+∞−→ F

mζ
(7.113)

The most noticeable aspect of Eq. (7.113) is that the asymptotic drift velocity is
proportional to the external force.

In particular, for a collection of N non-interacting particles obeying this Langevin
equation with an electrostatic force F = qE one finds:

E[vt ] → q

mγ
E J = 1

V

N∑
i=1

E[vt ] = q2 n

mγ
E (7.114)

where n = N/V is the electron density.
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7.7 Further Readings

Readers interested in deepening their knowledge about themathematical foundations
of the stochastic integration can see, for example [1, 5–7]. Readers more interested
in applications can refer, just to quote a few examples, to [5, 7]. Applications within
statistical mechanics can be found, for example, in [8]. Finally, stochastic calculus
in the realm of statistical field theory are presented in [9, 10].

Problems

7.1 Time integral of the Brownian motion
Given a one-dimensional Brownian motion continuous with increments independent
from the past Bt , define:

Xt =
∫ t

0
Bsds (7.115)

Find E[Xt ] and Var(Xt ). What can we say about the average XT
T .

7.2 Itô integral of the Brownian motion
Given a one-dimensional Brownian motion continuous with increments independent
from the past Bt , compute: ∫ t

0
BsdBs (7.116)

starting from the definition of the Itô integral.

7.3 Integration by parts
Given a one-dimensional Brownian motion continuous with increments independent
from the past Bt , consider two Itô processes Xt , Yt with stochastic differentials:

Xt = f1(Xt )dt + g1(Xt )dBt Yt = f2(Yt )dt + g2(Yt )dBt

Show that:
d(XtYt ) = XtdYt + YtdXt + g1(Xt )g2(Yt )dt

7.4 Stochastic differentials
Given a one-dimensional Brownian motion continuous with increments indepen-
dent from the past Bt , compute the stochastic differentials of the processes B2

t and
sin(t + Bt ).

7.5 Stochastic differential equations
Show that the equation:

dXt = f (t)Xtdt + g(t)dBt X0 = x0
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has the solution:

Xt = x0F(t) + F(t)
∫ t

0
F(−s)g(s)dBs, F(t) = exp

(∫ t

0
f (s)ds

)

7.6 Correlation functions of Wiener processes
Show that:

E[It It ′ ] =
∫ min(t,t ′)

0
f 2(s)ds (7.117)

holds for Wiener integrals:

{
It =

∫ t

0
f (s)dBs

}
t

, f ∈ L2(0, T ), 0 ≤ t ≤ T (7.118)
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Chapter 8
Stochastic Differential Equations

Abstract In this chapter we introduce the formalism of stochastic differential equa-
tions (SDE). After an introduction stressing their importance as generalizations of
ordinary differential equations (ODE), we discuss existence and uniqueness of their
solutions and we prove the Markov property. This leads us to a deep connection
with the theory of partial differential equations (PDE), which will emerge naturally
when computing time derivatives of averages of the processes. In particular we will
introduce the generalized heat equation, as well as the more general Feynman-Kac
equation, underlying the path integral formalism and the Schrödinger equation in
imaginary time. Moreover, studying the time evolution of the transition probability
of the processes will lead us to the Kolmogorov equations. A special case is provided
by the Liouville equation, the cornerstone of classical statistical mechanics.

Keywords Stochastic differential equations · Chapman-Kolmogorov equation
Fokker-Planck equation · Geometric brownian motion · Brownian bridge
Feynman-Kac equation · Kakutani representation

8.1 General Introduction to Stochastic Differential
Equations

Let us briefly summarize where do we stand: in the previous chapter we have learnt
to define integrals of given processes with respect to time and with respect to the
brownian motion and we have introduced the notation of stochastic differential:

dXt = Ftdt + GtdBt (8.1)

in which the coefficients Ft andGt are given stochastic processes. On the other hand,
while studying the generalization of Newton equation in presence of random forces,
we have brought into stage a differential in which the coefficients were functions of
the unknown solution itself. This drives us into the formalismof stochastic differential
equations. In this chapter we define on a rigorous mathematical basis a class of
stochastic differential equations generalizing the Langevin equation and we present,
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without proof, the theorems about existence and unicity of solutions. The proofs
involve sophisticated mathematical instruments, the presentation of which is beyond
the aim of this book.

Let’s fix a time interval [0, T ]: any instant of time that will appear from now on
lies in this interval. Let moreover b and σ be measurable functions:

b : R
m × [0, T ] → R

m, σ : R
m × [0, T ] → R

m×d (8.2)

that we call drift and diffusion coefficient respectively. We use b and σ to write
a formal stochastic differential equation for an unknown process Xt taking values
in R

m : {
dXt = b(Xt , t)dt + σ(Xt , t)dBt

Xu = η, u ≤ t
(8.3)

η being a m-dimensional random variable.
The Eq. (8.3) is a powerful generalization of the Cauchy problem in the realm

of ordinary differential equations (ODE), for which σ ≡ 0 and Xu non random. As
the reader may remember from courses about basic calculus, the approach to the
Cauchy problem starts from the definition of its solution. Then, properties of the
function b ensuring existence and uniqueness of the solutions are identified and,
finally, specific techniques to solve the problem are investigated in a well defined
mathematical framework. We will follow the same path in the realm of SDE. We
also comment that, as in the Cauchy problem, the differential dXt is given in terms
of functions evaluated at the precise instant t , i.e. no memory effects are included in
the time evolution equation. Introducing memory effects, although very important,
lies beyond the purpose of this book. Interested readers are deferred, for example, to
the book [1], where a thorough discussion of the Langevin equation with memory is
presented.

At this point we have written only a formal equality: we have not fixed a stochastic
basis yet. Let us therefore rigorously define what do we mean when talking about a
solution of (8.3).

Definition 8.1 We say that a process:

X = (�,F, {Ft }t∈[0,T ] , {Xt }t∈[0,T ] , P
)

(8.4)

is a solution of the stochastic differential equation (8.3) if:

1. (�,F, {Ft }t , {Bt }t , P) is a continuous d-dimensional brownian motion with
increments independent of the past defined inside a stochastic basis satisfying
the usual hypotheses;

2. η is Fu-measurable;
3. for all t ∈ [u, T ], we have:

Xt = η +
∫ t

u
b(Xs, s)ds +

∫ t

u
σ(Xs, s)dBs (8.5)
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We stress that it is implicitly assumed that the two integrals in the above equation
are well defined.

The existence and themain properties of solutions of (8.3) will be discussed under
the following working hypotheses, closely resembling the ones required in the realm
of ordinary differential equations:

Definition 8.2 (hypotheses (A)) We say that b and σ satisfy the hypotheses (A)
if they are measurable in (x, t) and if there exist L > 0 and M > 0 such that, for
each x, y ∈ R

d , and t ∈ [0, T ]], the following sublinear growth and global Lipschitz
conditions holds:

|b(x, t)| ≤ M(1 + |x|), |σ(x, t)| ≤ M(1 + |x|) (8.6)

|b(x, t) − b(y, t)| ≤ L|x − y|, |σ(x, t) − σ(y, t)| ≤ L|x − y| (8.7)

Remark 8.1 The above hypotheses (A) are quite natural: in the special case σ = 0
we expect to recover the formalism of ordinary differential equations.

Under such hypotheses the following global existence and uniqueness theorem can
be proved [2–5]:

Theorem 8.1 Given a stochastic basis in the usual hypotheses (defined in Sect.6.5
in Chap.6), where a continuous d-dimensional brownian motion with increments
independent of the past is defined, if η is a m-dimensional random variable Fu-
measurable square-integrable, E[|η|2] < +∞ and if the hypotheses (A) hold, there
exists a process X ∈ M2(u, T ) such that:

Xt = η +
∫ t

u
b(Xs, s)ds +

∫ t

u
σ(Xs, s)dBs (8.8)

Moreover, if another process X ′ satisfies Eq. (8.8), then:

P
(
Xt = X ′

t , ∀t ∈ [u, T ]) = 1 (8.9)

Along with existence and uniqueness, in this context it is possible to study con-
tinuous dependence on initial data, by focussing on the situation when (8.3) has a
deterministic initial condition η = x almost surely. We denote Xx,s

t the solution of:

{
dXt = b(Xt , t)dt + σ(Xt , t)dBt

Xs = x, x ∈ R
m (8.10)

We state without proof this result [4], concerning continuous dependence on initial
data:
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Theorem 8.2 Under hypotheses (A) there exists a collection of m-dimensional ran-
dom variables

{
Zx,s(t)

}
x,s,t , with x ∈ R

m, 0 ≤ s ≤ t ≤ T such that.

1. the map (x, s, t) → Zx,s(t) is continuous for each ω;
2. Zx,s(t) = Xx,s

t almost surely for all (x, s, t).

The family of processes (t, ω) → Xx,s
t (ω), thus, almost surely depends continuously

on the initial position x, on the initial instant s, and on the time variable t .

8.2 Stochastic Differential Equations and Markov
Processes

The importance of the family of processes Xx,s
t , introduced at the end of the last

paragraph, is manifold. On one hand, they allow to build up the solution also in the
general case of random starting point. Indeed, it is possible to prove [4] that the
process

(t, ω) → Xt (ω) = Xη(ω),s
t (ω), t ≥ s (8.11)

is a solution of: {
dXt = b(Xt , t)dt + σ(Xt , t)dBt

Xs = η, s ≤ t
(8.12)

if η is Fu-measurable and square integrable.

Remark 8.2 The notation Xη(ω),s
t (ω), widely used in the literature about SDE, rep-

resents simply a composition of measurable functions:

ω → η(ω) → Xη(ω),s
t (ω) (8.13)

As the processes Xx,s
t allow to easily build the solution for a generic random

variable η, they will be the focus of our attention from now on.
In particular, a corollary of the result (8.11) is the following composition property:

Xx,s
t (ω) = X

Xx,s
u (ω),u

t (ω), s ≤ u ≤ t (8.14)

whose meaning is clarified in Fig. 8.1: Xx,s
t (ω) starts from x at time s and visits the

random point Xx,s
u (ω) at intermediate time u.

Starting from (8.14), we will show that the processes Xx,s
t are Markov processes,

satisfying the celebrated Chapman-Kolmogorov equation:

p( A, t | x, s ) = ∫
Rd p( A, t | y, u ) p( dy, u | x, s ) (8.15)
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where:
p( A, t | x, s ) = P

(
Xx,s
t ∈ A

)
(8.16)

denotes the probability that the process Xx,s
t , which started in x at time s, lies inside

the set A at time t .

8.2.1 The Chapman-Kolmogorov Equation

Let Xx,s
t be the solution of:

{
dXt = b(Xt , t)dt + σ(Xt , t)dBt

Xs = x, x ∈ R
m (8.17)

If A is a Borel subset of R
m we can define the real valued function:

p( A, t | x, s )
de f= P(Xx,s

t ∈ A) = E
[
1A(X

x,s
t )
]

(8.18)

The dependence on x is measurable as a consequence of the continuity in (x, s, t),
and the dependence on A provides a probability measure, the law of the random
variable ω → Xx,s

t (ω).
We are going to show now that p satisfies the Markov property for the process

Xx,s
t :

P
(
Xx,s
t ∈ A|Fu

) = p(A, t | Xx,s
u , u) (8.19)

To this aim, we need the relation (8.14), which we remind here:

Xx,s
t (ω) = X

Xx,s
u (ω),u

t (ω), s ≤ u ≤ t (8.20)

Let’s define the x-dependent random variable:

ψ(x, ω) = 1A(X
x,u
t (ω)) (8.21)

We observe that:

P
(
Xx,s
t ∈ A|Fu

) = E
[
1A
(
Xx,s
t

) |Fu
] = (8.22)

= E
[
1A

(
X

Xx,s
u ,u

t

)
|Fu

]
= E

[
ψ(Xx,s

u , ·)|Fu
]

Now, the random variable:
ω → Xx,s

u (ω) (8.23)
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Fig. 8.1 Pictorial representation of the rationale behind Eq. (8.14). The process (t, ω) → Xx,s
t (ω)

starts, at time s, from the point x. At a given intermediate time u, any position acts as the starting
point for the future evolution

is Fu-measurable, while the random variable:

ω → ψ(x, ω) = 1A(X
x,u
t (ω)) (8.24)

is independent of Fu , since, intuitively, whatever happens before u doesn’t matter
having fixed the process in x at the time u. We can thus use Theorem 3.4 in Chap.3
about conditional expectations:

E
[
ψ(Xx,s

u , ·)|Fu
] = �

(
Xx,s
u

)
, � (y) = E

[
ψ(y, ·)] (8.25)

We have:

�(y) = E
[
ψ(y, ·)] = E

[
1A
(
Xy,u
t

)] = p( A, t | y, u ) (8.26)

Putting all together, we have proved the Markov property:

P
(
Xx,s
t ∈ A|Fu

) = p(A, t | Xx,s
u , u) (8.27)

We need to show now that Chapman-Kolmogorov property holds, which is quite
simple:

p( A, t | x, s ) = E
[
1A(X

x,s
t )
] = E

[
E
[
1A(X

x,s
t )|Fu

]] = (8.28)

= E
[
p( A, t | Xx,s

u , u )
] = ∫

Rd p( A, t | y, u ) p( dy, u | x, s )
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We have thus learned that
{
Xx,s
t

}
is a Markov process with initial instant s, initial

law δx and transition function p. We already know that such process is continuous;
moreover, since Xx,s

t is continuous in (x, s, t), the map:

(x, t) →
∫
Rd

dy f (y) p( dy, t + h | x, t ) = E
[
Xx,t
t+h

]
(8.29)

is continuous for any function f continuous and bounded. In the language ofMarkov
processes theory, this is called Feller property, which, together with the continuity
of the process, makes

{
Xx,s
t

}
a strong Markov process.

8.3 Kolmogorov Equations

As we learnt in Sect. 6.9, every Markov process can be associated to an infinitesimal
generator. Building over the result that the solutions of SDE are indeed Markov
processes, we will now construct the infinitesimal generator for solutions of SDEs.
This will deepen our exploration of the connection between two different branches of
Mathematics: the theory of stochastic processes and the theory of partial differential
equations. As anticipated in Sect. 6.9, we will learn how to build a Markov process
starting from a partial differential equation. This will provide an extremely useful
tool for numeric solutions of PDEs.

The central result is the correspondence between a stochastic differential equa-
tion:

dXt = b(Xt , t)dt + σ(Xt , t)dBt (8.30)

and a differential operator:

Lt = 1

2

d∑
i, j=1

ai, j (x, t)
∂2

∂xi∂x j
+
∑
i

bi (x, t)
∂

∂xi
(8.31)

where the matrix a(x, t) = σ(x, t) (σ (x, t))T is positive semidefinite. Under
some conditions, in fact, the solution of a differential equation of the form:

∂

∂t
φ(x, t) = (Ltφ) (x, t), φ(x, 0) = f (x) (8.32)

can be expressed as:
φ(x, t) = E[ f (Xt )] (8.33)

where:
dXt = b(Xt , t)dt + σ(Xt , t)dBt , X0 = x (8.34)
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Remark 8.3 The special case f (x) = δ(x − x0) leads to the so-called fundamen-
tal solution of the PDE. Under the natural hypothesis that transition function is
absolutely continuous:

p( dy, t | x, s ) = dy q(y, t | x, s ) (8.35)

we have:
E
[
δ
(
Xx,s
t − x0

)] = q(x0, t | x, s ) (8.36)

meaning that the transition probability density q, for the backward transition:

(x, s) → (x0, t) (8.37)

We use the term backward since x0 is the starting point for the PDE.

For example, consider the case of the m-dimensionsl brownian motion: a simple
calculation shows that, if Xt = x + Bt , then the function

φ(x, t) = E[ f (Xt )] =
∫

dy f (y)
1

(2π t)m/2
exp

(
−|y − x|2

2t

)
(8.38)

is the solution of the heat equation:

∂

∂t
φ(x, t) =

(
1

2
∇2φ

)
(x, t), φ(x, 0) = f (x) (8.39)

This result is usually expressed saying that the differential operator Lt = 1
2∇2 is the

infinitesimal generator of the brownian motion.
Now, more generally, we consider a measurable real-valued function f limited

and smooth, more presicely C2(Rm) with bounded derivatives, and define the map:

(
Ts,t f

)
(x)

de f= E
[
f
(
Xx,s
t

)] =
∫
Rd

f (y) p( dy, t | x, s ) (8.40)

where, as in the previous paragraph, {Xx,s
t } satisfies the equation:

{
dXt = b(Xt , t)dt + σ(Xt , t)dBt

Xs = x, x ∈ R
m (8.41)

We assume moreover that hypotheses (A) hold.
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We apply now Itô formula to the process f
(
Xx,s
t

)
, obtaining:

d f
(
Xx,s
t
) =

m∑
i=1

∂ f
(
Xx,s
t
)

∂xi

(
dXx,s

t
)
i + 1

2

m∑
i, j=1

∂2 f
(
Xx,s
t
)

∂xi ∂x j
ai, j (X

x,s
t , t)dt (8.42)

where:
a = σ σ T (8.43)

We define now:

(Lt f )(x) = 1

2

m∑
i, j=1

ai, j (x, t)
∂2 f

∂xi∂x j
(x) +

m∑
i=1

bi (x, t)
∂ f

∂xi
(x) (8.44)

so that:

d f
(
Xx,s
t

) = (Lt f )(X
x,s
t )dt +

m∑
i=1

d∑
j=1

∂ f
(
Xx,s
t

)
∂xi

σi, j
(
Xx,s
t , t

)
dBj,t (8.45)

By construction, the derivatives of f are limited and σ has a sublinear growth;
moreover we know that Xx,s

t belongs to M2(s, T ), which implies that the coefficient
of the differential of the brownian motion belongs to M2(s, T ). We can thus be sure
that the Itô integral has zero mean. We can thus write:

E
[
f
(
Xx,s
t

)] = f (x) +
∫ t

s
duE

[
(Lu f )(X

x,s
u )
]

(8.46)

that is: (
Ts,t f

)
(x) = f (x) +

∫ t

s
du
(
Ts,u ◦ Lu f

)
(x) (8.47)

We observe that, in (8.47), if Ts,t commutes with Lu , we are lead to a differential
equation for the function:

(x, t, s) → (
Ts,t f

)
(x) (8.48)

which is precisely the central result of this paragraph. The investigation of the con-
ditions making Ts,t commute with Lu , is beyond the scope of this book.

Interestingly, it is found that differentiation with respect to the initial time s
allows to weaken the hypothesis. The following important result in fact can be shown
[3, 4]:
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Theorem 8.3 (Backward Kolmogorov equation) If the hypotheses (A) hold
and ∀R > 0, there exists λR > 0 such that:

(a(x, t) z) · z ≥ λR|z|2 (8.49)

for all (x, t), |x| < R, 0 ≤ t ≤ T and z ∈ R
m, then, defining ut (x, s)

de f=(
Ts,t f

)
(x) for f limited and continuous, ut (x, s) is the unique solution with

polynomial growth on [0, t) of the Backward Kolmogorov equation:

{
∂u
∂s = −Lsu

lims→t− u(x, t) = f (x)
(8.50)

8.3.1 The Fokker-Planck Equation

Another very interesting point is to write down the equation of motion for the tran-
sition probability of the stochastic process Xx,s

t . For example, in the particular case
of the brownian motion, the transition probability density:

p( y, t | x, s ) = 1

(2π(t − s))m/2
exp

(
−|y − x|2
2(t − s)

)
(8.51)

satisfies the heat equation:

∂

∂t
p( y, t | x, s ) = 1

2
∇2 p( y, t | x, s ) (8.52)

where the laplacian operator is meant with respect to the variable y.
In general, let’s assume that there exists a time dependent transition probability

density:

p( A, t | x, s ) =
∫
A
dy q( y, t | x, s ), t > s (8.53)

We start from the basic expression:

E
[
f
(
Xx,s
t

)] = f (x) +
∫ t

s
duE

[
(Lu f )(X

x,s
u )
]

(8.54)

where, as before, the function f is assumed to bemeasurable and limited, andC2(Rd)

with limited derivatives. Explicitly we have:
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∫
Rd dy f (y)q( y, t | x, s ) = f (x) + (8.55)∫ t

s du
∫
Rd dy q( y, u | x, s )

(
1
2

∑d
i, j=1 ai, j (y, u)∂2

i, j f (y) +∑i bi (y, u)∂i f (y)
)

If the transition probability density is differentiable with respect to t for t > s and if
we can integrate by parts, we get:

∫
Rd

dy f (y)

⎛
⎝ ∂

∂t
− 1

2

d∑
i, j=1

∂2
i, j ai, j (y, t) +

∑
i

∂i bi (y, t)

⎞
⎠ q( y, t | x, s ) = 0

(8.56)
Since such equation holds for any f under regularity assumptions discussed in [3],
we are driven to the celebrated Fokker-Planck equation or forward Kolmogorov
equation, providing the equation of motion of the transition probability density:

∂

∂t
q( y, t | x, s ) =

= 1

2

∑
i, j

∂2

∂yi∂y j

(
ai, j (y, t)q( y, t | x, s )

)−
∑
i

∂

∂yi
(bi (y, t)q( y, t | x, s ))

(8.57)

Remark 8.4 In the deterministic case a ≡ 0, the Fokker-Planck equation reduces to
the celebrated Liouville equation

∂

∂t
q = −

∑
i

∂

∂yi
(bi q) (8.58)

which is a cornerstone of classical statistical mechanics, in the special case when b
is the vector field defined by the Hamiltonian of a physical system. In Problem 8.5
we will expand the formalism.

8.4 Important Examples

Before completing our exploration of the theory of SDEs, and in particular on their
connection to PDEs, let us now pause for a moment, and take the opportunity to
present some examples taken from applied science.
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8.4.1 Geometric Brownian Motion

Let’s consider the following equation in one dimension:

{
dXt = bXtdt + σ XtdBt

X0 = x, t ≥ 0
(8.59)

where b, σ and x are non-negative constants.
We will show now that the solution is the famous geometric brownian motion:

Xt = x · exp
((

b − σ 2

2

)
t + σ Bt

)
(8.60)

The parameter x is the initial value of the quantity Xt which always remains positive.
In general such process is used to model the temporal evolution of prices in financial
markets. In the case σ = 0, the evolution is risk-less, the constant b playing the
role of rate of increase. The constant σ , usually called volatility, introduce risk in
the temporal evolution, the term σ Bt governing fluctuations in a price typical of a
financial market.

Let’s show that the above process actually satisfies the differential equation (8.73).
To do this, we write Xt = f (t, Bt ) where:

f (t, y) = x · exp
((

b − σ 2

2

)
t + σ y

)
(8.61)

and apply Itô formula, obtaining:

dXt = ∂ f
∂t dt + ∂ f

∂y dBt + 1
2

∂2 f
∂y2 dt = (8.62)

=
(
b − σ 2

2

)
Xtdt + σ XtdBt + 1

2σ
2Xtdt =

= bXtdt + σ XtdBt

which is what we wanted to show.

8.4.2 Brownian Bridge

Let’s now consider the following equation:

{
dXt = − Xt

1−t dt + dBt

X0 = 0, 0 ≤ t < 1
(8.63)
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We will show that the solution is:

Xt = (1 − t)
∫ t

0

dBs

1 − s
(8.64)

Before doing this, let’s discuss some general properties of this process. The first
observation is that:

X0 = X1 = 0 (8.65)

Moreover, the process is the product of a function depending only on time and a
Wiener integral. This means that:

E[Xt ] = 0 (8.66)

and:

Var(Xt ) = (1 − t)2
∫ t

0
ds

1

(1 − s)2
= t (1 − t) (8.67)

so that:
Xt ∼ N (0, t (1 − t)) (8.68)

This process is called brownian bridge.
We are going now to verify that the brownian bridge Xt actually satisfies the above

written stochastic differential equations. For this purpose, we write:

Xt = f (t,Yt ), f (t, x) = (1 − t)x, Yt =
∫ t

0

dBs

1 − s
(8.69)

Itô formula implies that:

dXt = −Ytdt + (1 − t)dYt = − Xt

1 − t
dt + (1 − t)

dBt

1 − t
(8.70)

which is precisely what we wanted to show.
It is straightforward to generalize the brownian bridge to a process starting at a

and arriving in b. The stochastic differential equation is the following:

{
dXt = b−Xt

1−t dt + dBt

X0 = a, 0 ≤ t < 1
(8.71)

and the solution is:

Xt = (1 − t)a + tb + (1 − t)
∫ t

0

dBs

1 − s
(8.72)
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8.4.3 Langevin Equation in a Force Field

In this section we will discuss the Langevin equation at the presence of a force field
[6, 7]. Apart from its intrinsic interest, this equation in indeed very important: on
one hand, it offers a model of approach to equilibrium in a very natural way. On the
other hand, it is the foundation of Smart Monte Carlo sampling, which is a powerful
generalization of theMetropolis technique that we have introduced in Chaps. 4 and 5.

Let us consider the following equation, again in one dimension for simplicity:

{
dXt = φ(Xt )dt + σdBt

X0 = x, 0 ≤ t
(8.73)

whereφ : R → R is a function satisfying the conditions given in the previous chapter
about existence and uniqueness of solutions of stochastic differential equations. On
the other hand, σ > 0 is a constant.

Analytical solutions of this equations are, in general, unknown. Nevertheless,
we can learn something about the process by studying the related Fokker-Planck
equation, assuming that the transition probability density exists:

∂

∂t
q(y, t | x, 0 ) = σ 2 1

2

∂2

∂y2
q(y, t | x, 0 ) − ∂

∂y
(φ(y)q(y, t | x, 0 )) (8.74)

Let’s first look for a time-independent solution of the form:

q(y, t | x, 0 ) ∝ exp (−�(y)) (8.75)

A solution of this form actually exists provided that:

φ(y) = −σ 2

2

∂

∂y
�(y) (8.76)

Let’s thus define:

q0(y) = exp (−�(y))∫
R
dy′ exp (−�(y′))

(8.77)

and look for time-dependent solutions of the Fokker-Planck equation, whichwewrite
in the form:

q(y, t | x, 0 ) = √q0(y) ψ̃(y, t) ≡ ψ0(y) ψ̃(y, t) (8.78)

If we substitute the above Ansatz in the Fokker-Planck equation
we obtain:

−∂t ψ̃(y, t) = −1

2
σ 2∂2

yyψ̃(y, t) + 1

2
σ 2

(
∂2
yyψ0(y)

ψ0(y)

)
ψ̃(y, t) (8.79)
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We define:

1

2
σ 2 = λ = �

2

2m
(8.80)

and the above equation takes the form of an imaginary time Schrödinger equation
related to a Fokker-Planck hamiltonian with a local potential, of the form:

ĤFP = −λ∂2
yy +

(
λ∂2

yyψ0(y)

ψ0(y)

)
= −λ∂2

yy +
(
1

4
(∂y�(y))2 − 1

2
∂2
y�(y)

)
(8.81)

It is immediate to observe that:

ĤFPψ0 = 0 (8.82)

that is ψ0 is an eigenfunction of ĤFP relative to the eigenvalue 0. Moreover, ψ0 is
strictly positive, which means that it has to be the ground state of the Fokker-Planck
hamiltonian, with zero energy [8].

The Schrödinger-like equation:

−∂t ψ̃(y, t) =
(
ĤFP ψ̃

)
(y, t) (8.83)

has general solution:

ψ̃(y, t) =
(
exp

(
−tĤFP

)
f
)

(y, t) (8.84)

f being any initial condition.
Since the ground state has zero energy, the excited states energies have to be

positive, guaranteeing that, for any choice of the initial condition f , not orthogonal
to ψ0:

ψ̃(y, t) =
(
exp

(
−tĤFP

)
f
)

(y, t)
t→+∞−→ ψ0(y) (8.85)

a part from an unessential multiplicative constant.
Putting all together, we see that any solution of the Fokker-Planck equation related

to the Langevin equation in a force field converges, in the limit t → +∞ to the
equilibrium probability density:

q0(y) = exp (−�(y))∫
R
dy′ exp (−�(y′))

(8.86)
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This is a very interestingmodel in which the phenomenon of approach to equilibrium
appears: the stochastic motion described by the equation

dXt = φ(Xt )dt + σdBt (8.87)

approaches a stationary asymptotic probability density independent of the initial
condition: a Boltzmann weight related to the potential energy �(y) where:

φ(y) = −σ 2

2

∂

∂y
�(y) (8.88)

This result is very useful also in the realm of numerical simulations, yielding the
foundations of the so-called smartMonteCarlo orLangevinMonteCarlomethod.
Suppose we wish to sample the probability density:

p0(y) = exp (−�(y))∫
R
dy′ exp (−�(y′))

(8.89)

If we were able to generate realizations of the solution of the stochastic differential
equation: {

dXt = φ(Xt )dt + σdBt

X0 = x, 0 ≤ t
(8.90)

then, after an equilibration transient, our simulationwould yield the desired sampling.
Although the solution cannot be found exactly, we can introduce an integration time
step 
t and simulate the approximated solution:

Xt+
t = Xt + φ(Xt )
t + σ (Bt+
t − Bt ) (8.91)

Given Xt = x�, the random variable Xt+
t follows a law N (x� + φ(x�)
t, σ 2
t).
This is also an example of Euler-Maruyama method for the numerical solution of
SDEs [9].

8.5 Feynman-Kac Equation

We are going now to explore further the connection between stochastic differential
equations and partial differential equations. We have learned in previous chapters to
relate the equation:

dXt = b(Xt , t)dt + σ(Xt , t)dBt (8.92)

to the differential operator:
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Lt = 1

2

∑
i j

ai j (x, t)
∂2

∂xi∂x j
+
∑
i

bi (x, t)
∂

∂xi

where a = σ σ T . In this section we will deal with a more general class of PDEs of
the form:

{
−∂t u(x, t) + Lt u(x, t) − V (x)u(x, t) = f (x, t) (x, t) ∈ R

n × (0, T )

u(x, 0) = φ(x) x ∈ R
n

(8.93)
A reader familiar with Quantum Mechanics immediately realize the importance of
such a generalization. The function V (x) will have the interpretation of a time inde-
pendent external potential in the particular case of the Schrödinger equation in imag-
inary time, V (x) playing the role of the potential energy:

− ∂t�(x, t) = −1

2
��(x, t) + V (x)�(x, t) (8.94)

Moreover, the term f (x, t) appears, for example, in the heat equation with the role
of a source term.

We will learn that also in this case the solution of the PDE can be represented as
an average of a suitable functional of the process Xt . This connection will introduce
naturally the path integral of the function V (x) on the process Xt .

Let’s fix some working hypotheses:

Definition 8.3 (hypotheses B) We will say that the operator Lt :

Lt = 1

2

∑
i j

ai j (x, t)
∂2

∂xi∂x j
+
∑
i

bi (x, t)
∂

∂xi

satisfies hypothesis B if the functions ai j (x, t) and bi (x, t):

1. have sub-linear growth, that is there ∃ M such that:

|bi (x, t)| ≤ M(1 + |x |)
|ai j (x, t)| ≤ M(1 + |x |)

∀ x ∈ R
n, t ∈ (0, T ).

2. satisfy Lipschitz condition, that is there ∃ L such that:

|bi (x, t) − bi (y, t)| ≤ L|x − y|
|ai j (x, t) − ai j (y, t)| ≤ L|x − y|

∀ x, y ∈ R
n, t ∈ (0, T ).
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In the realm of the theory of partial differential equations, the following existence
and uniqueness theorem can be proved [10]:

Theorem 8.4 Let V : R
n → R, f : R

n × (0, T ) → R and φ : R
n → R continuous

functions and Lt the above mentioned differential operator statisfying hypothesis B
and elliptic, that is there ∃ � such that:

∑
i j

xi ai j (x, t) x j ≥ �|x|2 ∀(x, t) ∈ R
n × (0, T )

Then the parabolic partial differential equation:

{
−∂t u(x, t) + Lt u(x, t) − V (x)u(x, t) = f (x, t) (x, t) ∈ R

n × (0, T )

u(x, 0) = φ(x) x ∈ R
n

(8.95)

has a unique solution u(x, t) ∈ C2(Rn × (0, T ))

Theorem 8.5 (Feynman-Kac representation formula) The solution u(x, t) of the
parabolic partial differential equation:

{
−∂t u(x, t) + Lt u(x, t) − V (x)u(x, t) = f (x, t) (x, t) ∈ R

n × (0, T )

u(x, 0) = φ(x) x ∈ R
n

(8.96)

can be written as expectation of stochastic processes in the Feynman-Kac formula:

u(x, T ) = E[φ(XT ) ZT ] − E

[∫ T

0
f (Xt , T − t) Ztdt

]
(8.97)

where Xt is the solution of the stochastic differential equation:

dXt = b(Xt , t) dt + σ(Xt , t) dBt

X0 = x (8.98)

where a(x, t) = σ(x, t) σ (x, t)T , and:

Zt = e− ∫ t
0 V (Xs )ds (8.99)

is the path integral of the function V (x).

Proof Let’s define the stochastic process:

t → �t = Zt u(Xt , T − t) (8.100)

where u(x, t) is the unique solution of (8.96).
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The first observation is that:

�0 = u(x, T ), �T = ZT u(XT , 0) = ZTφ(XT ) (8.101)

We are going now to evaluate d�t observing that �t = F(Zt , Xt , t) where:

F(z, x, t) = z u(x, T − t) (8.102)

and using Itô formula. We observe that:

dZt = −Zt V (Xt ) dt (8.103)

as can be immediately verified from the very definition of Zt . We have thus:

d�t = −Zt∂t u(Xt , T − t)dt + u(Xt , T − t)dZt+
+ Zt

∑
i

bi (Xt , T − t)∂xi u(Xt , T − t)dt+

+ Zt

∑
i j

∂xi u(Xt , T − t)σi j (Xt , T − t)dBjt+ (8.104)

+ 1

2
Zt

∑
i j

ai j (Xt , t)∂xi x j u(Xt , T − t)

that is:

d�t = Zt (−∂t + Lt ) u(Xt , T − t)dt + u(Xt , T − t)dZt+
+
∑
i j

∂xi u(Xt , T − t)σi j (Xt , T − t)dBjt (8.105)

We stress that the terms with ∂zz F and ∂xz F vanishes because the function F is linear
in z and the Itô differential dZt does not contain dBt .

Since, by construction, u is a solution of the partial differential equation (8.96),
we get:

d�t = Zt (V (Xt )u(Xt , T − t) + f (Xt , T − t)) dt + u(Xt , T − t)dZt+∑
i j

∂xi u(Xt , T − t)σi j (Xt , T − t)dBjt = (8.106)

= Zt f (Xt , T − t)dt +
∑
i j

∂xi u(Xt , T − t)σi j (Xt , T − t)dBjt

where we have used the explicit expression for dZt .
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We have thus:

�T − �0 =
∫ T

0
Zt f (Xt , T − t)dt +

∫ T

0

∑
i j

∂xi u(Xt , T − t)σi j (Xt , T − t)dBjt

(8.107)
so that, taking the expectation of both members:

E [ZTφ(XT )] − E [u(x, T )] = E

[∫ T

0
Zt f (Xt , T − t)dt

]
(8.108)

which gives the Feynmann-Kack representation:

u(x, T ) = E [ZTφ(XT )] − E

[∫ T

0
Zt f (Xt , T − t)dt

]
(8.109)

Let’s specialize the Feynmann-Kac representation in the case of imaginary
time Schrödinger equation:

− ∂t�(x, t) = −1

2
��(x, t) + V (x)�(x, t)

�(x, 0) = φ(x)
(8.110)

We have:
u(x, T ) = E

[
e− ∫ T

0 V (x+Bt )dtφ(x + BT )
]

(8.111)

where we have observed that, in such simple case Xt = x + Bt .

8.6 Kakutani Representation

We conclude our adventure with a very important application, which makes evident
that the stochastic formalism is extremely powerful and can reach beyond the domain
of partial differential equations describing some form of diffusion (Fig. 8.2).

Let’s focus on the Poisson problem with Dirichlet boundary conditions:

{
1
2�u(x) = f (x) x ∈ �

u(x) = φ(x) x ∈ ∂�
(8.112)
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Fig. 8.2 Pictorial representation of the connection among Ordinary Differential Equations (ODE),
Partial Differential Equations (PDE) and Stochastic Differential Equations (SDE)

where � ⊂ R
n is a bounded open set. In one-dimension, the equation is:

⎧⎪⎨
⎪⎩

1
2u

′′(x) = f (x) x ∈ (a, b)

u(a) = φa

u(b) = φb

(8.113)

and the solution has the simple form:

u(x) = φa + x − a

b − a
(φb − φa) + G(x) − x − a

b − a
G(b) (8.114)

where G(x) = 2
∫ x
a dx ′ ∫ x ′

a dx ′′ f (x ′′). On the other hand, when n > 1, the problem
is much more difficult, and an analytical solution can be found only in a few special
cases.

We already know that the differential operatorL = 1
2� is related to the stochastic

differential equation: {
dXt = dBt

X0 = x
(8.115)

with solution Xt = Bt + x . For t > 0 the process Xt takes values outside the set �

with probability P(Xt /∈ �) �= 0, so that the process Yt = u(Xt ) is well defined only
if f (x) and u(x) can be extended to functions of class C2(Rn). From now on we will
assume that this is the case. Itô formula provides the following equality:

{
dYt = ∇u(Xt ) dBt + 1

2�u(Xt , t)dt

Y0 = u(x)
(8.116)
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that is u(Xt ) = u(x) + ∫ t
0 f (Xs) ds + ∫ t

0 ∇u(Xs) dBs . Taking the expectations of
both members, provided that ∇u(Xs) is in M2(0, t), we get:

E[u(Xt )] = u(x) + E

[∫ t

0
f (Xs) ds

]
(8.117)

Weknow the value of E[u(Xt )] only if Xt lies on the boundary ∂�, thanks toDirichlet
boundary conditions. We thus introduce the following:

Definition 8.4 (first-pass instant) If {Xt }t≥0 is a stochastic process taking values
inside a measurable space (E,E), and A ∈ E is a measurable subset, the random
variable:

τA(ω) = inf{t : Xt (ω) ∈ A} (8.118)

is called first-pass instant of the process Xt in the set A.

and specialize (8.117) obtaining:

u(x) = E[φ(Xτ∂�
)] − E

[∫ τ∂�

0
f (Xs) ds

]
(8.119)

The interpretation of this result is simple: we can express the solution of the Poisson-
Dirichlet problem as expectation of a suitable function of the process Xt .

The procedure we have followed is somehow euristic, since, in general, we cannot
guarantee that f (x) and u(x) can be extended to functions of class C2(Rn) and,
moreover, we have introduced a substitution t → τ∂� in a non-rigorous way. Finally,
we are not sure that E[τ∂�] < ∞.

A fully rigorous treatment, which goes beyond the aim of this book, relies on the
the following two basic theorems, which we state without proof [10, 11]:

Theorem 8.6 (existence and uniqueness) Let � ⊂ R
n be a bounded open set, c :

� → [0,∞) and φ : ∂� → R functions satisfying lipschitz property and L a “time
independent” differential operator of the form:

L = 1

2

∑
i j

ai j (x)
∂2

∂xi∂x j
+
∑
i

bi (x)
∂

∂xi

satisfying hypothesis (B) and elliptic. The equation:

{
Lu(x) − c(x)u(x) = f (x) x ∈ �

u(x) = φ(x) x ∈ ∂�
(8.120)

has a unique solution u(x) ∈ C2(�).
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Theorem 8.7 (Kakutani formula)Under the hypothesis of the previous theorem, the
solution of the elliptic partial differential equation:

{
Lu(x) − c(x)u(x) = f (x) x ∈ �

u(x) = φ(x) x ∈ ∂�
(8.121)

can be represented in the Kakutani form:

u(x) = E[Zτ∂�
φ(Xτ∂�

)] − E

[∫ τ∂�

0
f (Xs) Zs ds

]
(8.122)

where Xt is the solution of the stochastic differential equation:

{
dXt = b(Xt )dt + σ(Xt )dBt

X0 = x
(8.123)

with a(x) = σ(x) σ T (x), τ∂� is the first-pass instant of the process Xt in the boundary
∂� of the set � and:

Zs = e− ∫ s
0 c(Xr )dr (8.124)

is the path integral of the function c.

8.7 Further Readings

The literature about stochastic differential equations and their applications is very
vast. We defer the readers to the books cited in the main text of this chapter and
references therein.

Problems

8.1 Population growth is a stochastic environment
Consider the following the equation for the size Xt of a population growing in a
crowded and stochastic environment:

dXt = r Xt (K − Xt )dt + βXtdBt

X0 = x > 0
(8.125)

where r ∈ R represents the quality of the environment, K > 0 represents the carrying
capacity of the environment and β ∈ R is a measure of the noise.

Show that the solution is:
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Xt =
exp

((
r K − β2

2

)
t + βBt

)

x−1 + r
∫ t
0 exp

((
r K − β2

2

)
s + βBs

)
dt

(8.126)

8.2 RLC circuit with noise
Consider the following formal equation for a RLC circuit, without a generator, but
subject to noise.

L
d2

dt2
Q(t) + R

d

dt
Q(t) + 1

C
Q(t) = α f (t) (8.127)

where f (t) is a white noise term. Let’s introduce a two-dimensional process Xt =
(X1,t , X2,t ) where X1,t = Q(t) and X2,t = d

dt Q(t). The problem becomes:

dX1,t = X2,t dt

dX2,t = − R

L
X2,t dt − 1

LC
X1,t dt + α

L
dBt

(8.128)

or, in matrix notation:

dXt = AXtdt + σdBt , A =
(

0 1
− 1

LC − R
L

)
, σ =

(
0
α
L

)
(8.129)

Find the solution of this equation.

8.3 A function of the brownian motion
Find a function f : R → R

2 such that Yt = f (Bt ) satisfies the equation:

dY1,t = −1

2
Y1,t dt − Y2,t d Bt

dY2,t = −1

2
Y2,t dt + Y1,t d Bt

(8.130)

8.4 A calculation of the infinitesimal generator
Find the infinitesimal generator for the brownian bridge, starting from the equation:

dYt = b − Yt
1 − t

dt + dBt , Y0 = a (8.131)

8.5 Liouville equation
Starting from classic 6N -dimensional Hamilton equation:

d

dt
x(t) = ∂H

∂p
(x(t),p(t))

d

dt
p(t) = −∂H

∂x
(x(t),p(t))

(8.132)

write the Liouville equation for the probability density ρ(x,p, t).
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8.6 Cox-Ingersoll-Ross (CIR) model
In mathematical finance, the Cox-Ingersoll-Ross model describes the evolution of
interest rates: the instantaneous interest rate Xt is assumed to satisfy the following
stochastic differential equation:

dXt = a(b − Xt )dt + σ
√
XtdBt , X0 = x0 (8.133)

Show that, if we choose a = 2β, b = 1
8β , and σ = 1, it is possible to write Xt = Y 2

t ,
where Yt satisfies the Langevin equation:

dYt = −βYtdt + 1

2
dBt (8.134)

Write down the explicit solution in such case.

8.7 Wright-Fisher (WF) model
Consider the equation:

dXt = (a + bXt )dt +√Xt (1 − Xt ) dBt X0 = x0

with a, b, x0 ∈ [0, 1]. Show that, in the special case a = 1
4 and b = − 1

2 , the solution
is:

Xt = sin2
(
Bt

2
+ arcsin

√
x0

)
(8.135)
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Solutions

Problems of Chap.1

1.1 If X is uniform in (0, 1), we have:

E[X ] =
∫ 1

0
dx x = 1

2
(1)

and:

Var(X) =
∫ 1

0
dx

(
x − 1

2

)2

= 1

12
(2)

If X ∼ N (0, 1), we have:

E[X ] =
∫ +∞

−∞
dx x

1√
2π

exp

(
− x2

2

)
= 0 (3)

and:

Var(X) =
∫ +∞

−∞
dx x2

1√
2π

exp

(
− x2

2

)
= 1 (4)

If X ∼ B(n, p), we have:

E[X ] =
n∑

x=0

x
n!

(n − x)!x ! p
x (1 − p)n−x =

= np
n∑

x=1

(n − 1)!
(n − x)!(x − 1)! p

x−1(1 − p)(n−1)−(x−1) =

= np (p + (1 − p))n−1 = np

(5)

© Springer International Publishing AG, part of Springer Nature 2018
E. Vitali et al., Theory and Simulation of Random Phenomena, UNITEXT
for Physics, https://doi.org/10.1007/978-3-319-90515-0
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In order to evaluate the variance, let’s start with:

E[X2] =
n∑

x=0

x2
n!

(n − x)!x ! p
x (1 − p)n−x =

np
n∑

x=1

x
(n − 1)!

(n − x)!(x − 1)! p
x−1(1 − p)(n−1)−(x−1) =

= np
n∑

x=1

(x − 1)
(n − 1)!

(n − x)!(x − 1)! p
x−1(1 − p)(n−1)−(x−1) + np =

= np(n − 1)p
n∑

x=2

(n − 2)!
(n − x)!(x − 2)! p

x−2(1 − p)(n−2)−(x−2) + np =

= np(n − 1)p + np = n2 p2 + np(1 − p)

(6)

We can now evaluate:

Var(X) = E[X2] − (E[X ])2 = np(1 − p) (7)

There is also another approach in the case of the binomial distribution: let’s con-
sider the case n = 1 (the Bernoulli distribution). If Y ∼ B(1, p) we have:

E[Y ] = 1 × p + 0 × (1 − p) = p, (8)

and:

Var(Y ) = (1 − p)2 × p + (0 − p)2 × (1 − p) = (1 − p)(p − p2 + p2) = p(1 − p) (9)

Now, if X ∼ B(n, p), we can write X = Y1 + Y2 + · · · + Yn , where Yi ∼ B(1, p)
and the Y are independent. We thus find:

E[X ] =
n∑

i=1

E[Yi ] = np (10)

Var(X) =
n∑

i=1

Var [Yi ] = np(1 − p) (11)

If X is Poisson with parameter λ we have:

E[X ] =
+∞∑
x=0

x exp(−λ)
λx

x ! =

= exp(−λ) λ

+∞∑
x=1

λx−1

(x − 1)! = λ

(12)
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In order to evaluate the variance, let’s start with:

E[X2] =
+∞∑
x=0

x2 exp(−λ)
λx

x ! =

= exp(−λ) λ

+∞∑
x=1

x
λx−1

(x − 1)! =

= λ exp(−λ)

(+∞∑
x=1

(x − 1)
λx−1

(x − 1)! +
+∞∑
x=1

λx−1

(x − 1)!

)
=

= λ exp(−λ)

(
λ

+∞∑
x=1

λx−2

(x − 2)! +
+∞∑
x=1

λx−1

(x − 1)!

)
=

= λ (λ + 1) = λ2 + λ

(13)

We can now evaluate:

Var(X) = E[X2] − (E[X ])2 = λ (14)

1.2 First observe that E[T ] = limN→∞
∑N

n=1 n P(T = n). Then, since:

N∑
n=1

n P(T = n) =

=P(T = 1) + P(T = 2) + P(T = 2) + P(T = 3) + P(T = 3) + P(T = 3) + · · · =
= (P(T = 1) + · · · + P(T = N )) + (P(T = 2) + · · · + P(T = N ))+

+ · · · + (P(T = N − 1) + P(T = N )) + P(T = N ) =
∞∑
n=1

P(N ≥ T ≥ n)

(15)

one has:

E[T ] = lim
N→∞

∞∑
n=1

P(N ≥ T ≥ n) =
∞∑
n=1

P(T ≥ n) (16)

The second point is a simple application of multi-dimensional integration tech-
niques.

E[X ] =
∫ +∞

0
dxx p(x) =

∫ +∞

0
dxp(x)

∫ x

0
dy =

=
∫ +∞

0
dx
∫ x

0
dy p(x) =

=
∫ +∞

0
dy
∫ +∞

y
dx p(x) =

=
∫ +∞

0
dy P (X ≥ y) =

∫ +∞

0
dy (1 − F(y))

(17)
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1.3 The angle θ between A and B is a random variable uniformly distributed on the
interval [−π, π ]. The length L(θ) of the chord connecting A and B is:

L(θ) = √
2
√
1 − cos(θ) (18)

The cumulative distribution function is, for l ∈ (0, 2):

F(l) = P(L(θ) ≤ l) = P(−θ0 ≤ θ ≤ θ0) = θ0

π
= arccos(1 − l2/2)

π
(19)

The probability density is 1 − F(
√
3) = 1

3 .

pL(l) = dF(l)

dl
= 1

π

1√
1 − l2/4

(20)

So that E[L] = ∫ 2
0 dl l pL(l) = 4

π
and var(L) = E[L2] − E[L]2 = 2 − 16

π2 .

1.4 1. Suppose that, fixed a point A on the circumference a point x is chosen in
the radius ending on A with uniform probability; the length of the chord passing
through x and perpendicular to the radius ending on A is:

L(x) = 2
√
1 − x2 (21)

the chord is longer than
√
3 if x ≤ 1

2 , then P = 1
2 .

2. Suppose that a point x with polar coordinates (r, θ) is chosen randomly anywhere
within the circle having the circumference as its boundary; the length of the chord
having such point as midpoint is L(r, θ) = 2

√
1 − r2, and it is longer than

√
3

if the point falls within a circle of radius 1
2 ; since the area of such small circle is

π
4 then P = 1

4 .

1.5 Let’s face the calculation of:

I0 =
∫
IRd

dx exp

⎛
⎝−1

2

d∑
i, j=1

xiOi j x j

⎞
⎠ (22)

since the first part of the exercise is a simple corollary of this result.
Since the matrix O is real, symmetric and positive definite, it can be diagonalized

through an orthogonal matrix R:

RT OR =

⎛
⎜⎜⎝

λ1 0 . . . 0
0 λ2 . . . 0
. . . . . . . . . . . .

0 0 . . . λd

⎞
⎟⎟⎠ (23)
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We then perform a change of variables inside the integral x = R y and keep in mind
that the orthogonal matrix has unit jacobian. We obtain:

I0 =
∫
IRd

dy exp

(
−1

2

d∑
i=1

yi λi yi

)
=

d∏
i=1

∫ +∞

−∞
dyi exp

(
−1

2
λi y

2
i

)
(24)

that is:

I0 =
d∏

i=1

√
2π

λi
= (2π)d/2

√
det(O)

(25)

We have thus found that:

∫
IRd

dx exp

⎛
⎝−1

2

d∑
i, j=1

xiOi j x j

⎞
⎠ = (2π)d/2

√
det(O)

(26)

Now let’s turn to:

I =
∫
IRd

dx exp

⎛
⎝−1

2

d∑
i, j=1

xiOi j x j +
d∑

i=1

Ji xi

⎞
⎠ (27)

Using the same change of variables as before we find:

I =
∫
IRd

dy exp

(
−1

2

d∑
i

λi y
2
i +

d∑
i=1

(
RT J

)
i
yi

)
(28)

that is:

I =
d∏

i=1

∫ +∞

−∞
dyi exp

(
−1

2
λi y

2
i + (

RT J
)
i yi

)
(29)

If we write:

1

2
λi y

2
i − (

RT J
)
i yi = λi

2

(
yi −

(
RT J

)2
i

λi

)2

− 1

2

(
RT J

)2
i

λi
(30)

and shift the integration variable we get:

I =
d∏

i=1

exp

(
1

2

(
RT J

)2
i

λi

)∫ +∞

−∞
dyi exp

(
−1

2
λi y

2
i

)
=

=
d∏

i=1

exp

(
1

2

(
RT J

)2
i

λi

)√
2π

λi
= (2π)d/2

√
det(O)

exp

(
d∑

i=1

1

2

(
RT J

)2
i

λi

) (31)
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Let’s conclude now observing that:

d∑
i=1

(
RT J

)2
i

λi
=

d∑
i, j,k=1

(
RT

i j J j

) (
RT

ik Jk
)

λi
=

d∑
j,k=1

J j Jk

d∑
i=1

R j i
1

λi
RT

ik (32)

and that:
d∑

i=1

R j i
1

λi
RT

ik = O−1
jk (33)

We have thus the following expression:

I = (2π)d/2

√
det(O)

exp

⎛
⎝1

2

d∑
j,k=1

J j O
−1
jk Jk

⎞
⎠ (34)

It is thus immediate to obtain:

∂2 I

∂Ji∂J j
|J=0 = O−1

i j

(2π)d/2

√
det(O)

(35)

On the other hand we observe that:

∂2 I

∂Ji∂J j
|J=0 =

∫
IRd

dx xi x j exp

⎛
⎝−1

2

d∑
i, j=1

xiOi j x j

⎞
⎠ (36)

Putting all together, we have the result:

√
det(O)

(2π)d/2

∫
IRd

dx xi x j exp

⎛
⎝−1

2

d∑
i, j=1

xiOi j x j

⎞
⎠ = O−1

i j (37)

In the language of quantum field theory this result states that, in a free (gaussian)
theory, the two point function E[Xi X j ] ≡ 〈xi x j 〉 is equal to the inverse of the prop-
agator (the matrix O).

1.6 The characteristic function of a random variable X ∼ N (0, σ 2) is:

φX (t) = E[eit X ] = e− E[X2 ]t2
2 (38)

Choosing t = 1 and expanding both members of the previous equality in series:

∞∑
r=0

(−1)r

(2r)! E[X2r ] =
∞∑
s=0

(−1)s

2ss! E[X2]s (39)
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Applying the previous identity to X = c1Z1 + · · · + c2n Z2n , one obtains two analytic
functions in the c1 . . . c2n coefficients. The left member reads:

∞∑
r=0

(−1)r

(2r)!
∞∑

k1...k2r=0

(
2r

k1 . . . k2r

)
ck11 . . . ck2r2r E[Zr1

1 . . . Zr2r
2r ] (40)

with the constraint k1 + · · · + k2r = 2r . The only term proportional to c1 . . . c2n in
the above series corresponds to r = n, k1 = · · · = k2r = 1:

(−1)n

(2n)! (2n)!c1 . . . c2r E[Z1 . . . Z2n] (41)

The right member of (39) reads:

∞∑
s=0

(−1)s

2s s!

⎛
⎝ 2n∑

i j=1

ci c j E[Zi Z j ]
⎞
⎠

s

=
∞∑
s=0

(−1)s

2s s!
2n∑

i1 j1...is js=1

ci1c j1 E[Zi1 Z j1 ] . . . cis c js E[Zis Z js ]

(42)
The only terms proportional to c1 . . . c2n correspond to s = n, i1 j1 . . . is js permuta-
tion of 1 . . . 2n:

(−1)n

2nn!
∑
σ∈S2n

E[Zσ(1)Zσ(2)] . . . E[Zσ(2n−1)Zσ(2n)] c1 . . . c2n (43)

Putting all together we find the identity:

E[Z1 . . . Z2n] = 1

2nn!
∑
σ∈S2n

E[Zσ(1)σ (2)] . . . E[Zσ(2n−1)σ (2n)] (44)

The rearrangement necessary to write down Wick formula simply follows from
the observation that several terms in the above summation are redundant.

1.7 For all y ∈ [0,∞) the probability P(Y ≤ y) is given by:

P(Y ≤ y) =
∫

{x:|x|≤√
y}
dx1 . . . dxn p(x1) . . . p(xn) (45)

Moving to spherical coordinates:

P(Y ≤ y) = Ωn

∫ √
y

0
dx xn−1 e− x2

2

(2π)
n
2

(46)
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where Ωn = 2π
n
2

Γ ( n
2 )
. Differentiation with respect to y yields the desired probability

density:

p(y) = 1

2
n
2 Γ
(
n
2

) y n
2 −1 e− y

2 (47)

Moments of Y can be computed using the formula:

E[Ym] =
∫ ∞

0
dy ym p(y) = 1

2
n
2 Γ
(
n
2

)
∫ ∞

0
dy y

n
2 +m−1e− y

2 = 2m
Γ
(
m + n

2

)
Γ
(
n
2

)
(48)

In particular, E[Y ] = n and var(Y ) = 2n.

1.8 For all t ≥ 0 the event T ≤ t coincides with Y ≥ n
t2 X

2, which has probability:

P(T ≤ t) =
∫ 0

−∞
dx

∫ ∞

0
dy pX (x) pY (y) +

∫ ∞

0
dx

∫ ∞

nx2

t2

dy pX (x) pY (y) =

= 1

2
+
∫ ∞

0
dx

∫ ∞

nx2

t2

dy pX (x) pY (y)

(49)
Derivation with respect to t yields:

p(t) = 2n

t3

∫ ∞

0
dx x2 pX (x) pY

(
nx2

t2

)
=

= 2n

t3

∫ ∞

0
dx x2

e− x2

2√
2π

(
nx2

t2

) n
2 −1

e− nx2

2t2

2
n
2 Γ

(
n
2

) =

=
√
2

2
n
2 t3

( n
t2

) n
2 −1 n

Γ
(
1
2

)
Γ
(
n
2

)
∫ ∞

0
dx xn e

− x2

2

(
1+ n

t2

)

(50)

and since
∫∞
0 dx xn e

− x2

2

(
1+ n

t2

)
= Γ ( n+1

2 ) 2
n−1
2

(
1+ n

t2

) n+1
2

one readily obtains:

p(t) = 1√
n

1

B
(
1
2 ,

n
2

)
(
1 + t2

n

)− n+1
2

(51)

Since T is an even random variable, its odd moments vanish. Moreover:

E(T 2k) =
∫ ∞

−∞
dt

t2k√
nB

(
1
2 ,

n
2

) (1 + n

t2

) n+1
2

(52)
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this integral converges if and only if k < n+1
2 . Were that the case, the change of

coordinate r = t2

n(1+ t2
n )

yields:

E(T 2k) = nk

B
(
1
2 ,

n
2

)
∫ 1

0
dr (1 − r)

n
2 −k−1rk−

1
2 = nk

B
(
1
2 ,

n
2

) B
(
k + 1

2
,
n

2
− k

)

(53)
In particular, var(T ) = E[T 2] = n

n−2 provided that n > 2.

Problems of Chap.2

2.1

Pθ (T ≤ t) = Pθ (X1 ≤ t, . . . , Xn ≤ t) = tn

θn
χ[0,θ](t) (54)

therefore the statistics T has distribution:

pθ (t) = ntn−1

θn
χ[0,θ](t) (55)

As a consequence:

Eθ [T ] =
∫ θ

0
t,

ntn−1

θn
= n

n + 1
θ (56)

T and the estimator is only asymptotically unbiased. Moreover, since:

Eθ [T 2] =
∫ θ

0
t2

ntn−1

θn
= n

n + 2
θ2 (57)

we have:
var(T ) = n

(n + 1)(n + 2)
θ2 (58)

so that T is consistent. Notice that T remains consistent even when multiplied by
the factor n+1

n , which turns it into an unbiased estimator.

2.2

MSE(T ) = E
[
(T − τ(θ))2

] = E
[
T 2
]+ τ(θ)2 − 2τ(θ)E [T ] (59)

Writing E
[
(T − τ(θ))2

] = Var [T ] + E[T 2] we find

MSE(T ) = Var [T ] + (τ (θ) − E [T ])2 (60)

The bias τ(θ) − E [T ] increases MSE(T ) beyond the minimum value Var [T ].
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2.3 Let’s apply the Cochran theorem to the statisticsM and S2. We let:

ẽ1 =
⎛
⎜⎝

1√
n

. . .
1√
n

⎞
⎟⎠

and define Ẽ1 as the one-dimensional subspace ofRn spanned by ẽ1.Moreover, we let
Ẽ2 be the orthogonal complement of Ẽ1. Starting from the sample X = (X1, . . . , Xn),
we define the n-dimensional random variable:

Y = X − θ0
√
n ẽ1√

θ1
(61)

which, by construction, follows the law Y ∼ N (0, I). Using the notations of Cochran
theorem, we have:

Π1 Y = M − θ0√
θ1/n

ẽ1 Π2 Y = X − √
nM ẽ1√
θ1

We know that Π1 Y and Π2 Y are independent. Moreover:

|Π2 Y |2 = 1

θ1

n∑
i=1

(Xi − M)2 = (n − 1)S2

θ1
(62)

has a law χ2(n − 1) and is independent on Π1 Y . It follows (see problem 1.7) that
the random variable:

R =
(

M−θ0√
θ1/

√
n

)
√|Π2 Y |2/(n − 1)

= M − θ0√
S2/n

(63)

has a Student law R ∼ t (n − 1) with n − 1 degrees of freedom.

2.4 Keeping in mind the idea of dealing with samples with arbitrary size, We con-
sider the sequence of r -dimensional random variables:

Zn = √
n
(
N − p(θ0)

)

where:

N =
⎛
⎝ n1(X1 . . . Xn)

. . .

nr (X1 . . . Xn)

⎞
⎠ p(θ0) =

⎛
⎝ p1(θ0)

. . .

pr (θ0)

⎞
⎠
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The definition:

N = 1

n

n∑
i=1

⎛
⎝1E1(Xi )

. . .

1Er (Xi )

⎞
⎠

guarantees that N is the empirical mean of n random variables independent and
identically distributed with mean:

Eθ

⎛
⎝
⎛
⎝1E1(Xi )

. . .

1Er (Xi )

⎞
⎠
⎞
⎠ = p(θ0)

and covariance matrix:

Σ jk = Eθ0

(
1E j (Xi )1Ek (Xi )

)− Eθ0

(
1E j (Xi )

)
Eθ0

(
1Ek (Xi )

) =
= δ jk p j (θ0) − p j (θ0) pk(θ0)

The multidimensional central limit theorem guarantees thus that:

lim
n→∞ Zn = Z ∼ N (0,Σ)

where the convergence is meant in law. We observe now that the Pearson random
variable may be expressed as an inner product in R

r :

P = (AZn|AZn)

where A ∈ Mr×r (R) is the diagonal matrix:

A = diag

(
1√

p1(θ0)
. . .

1√
pr (θ0)

)
(64)

Using the identities:

Eθ0(AZn) = AEθ (Zn) = 0 Cov(AZn) = ACov(Zn) A
T

we conclude that:
lim
n→∞ A Zn = N (0, AΣ AT )

Performing the product of matrices we get:

(AΣ AT ) jk = δ jk −√
p j (θ0)

√
pk(θ0)
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By inspection we see that AΣ AT is a projection matrix of rank:

rg(AΣ AT ) = tr(AΣ AT ) =
∑
k

(AΣ AT )kk = r − 1

There exists thus an orthogonal matrix U ∈ Mr×r (R) such that:

AΣ AT = U diag(1 . . . 10)UT ≡ U ΔUT

The sequence U AZn converges thus in distribution to a random variable N (0,Δ),
whose components are independent: the first r − 1 follow a standard normal, the last
one is the constant 0.

The sequence (U AZn|U AZn) converges thus in law to a χ2(r − 1) and:

lim
n→∞P = lim

n→∞(AZn|AZn) = lim
n→∞(U AZn|U AZn) ∼ χ2(r − 1) (65)

This completes the proof.

2.5
M = 852.4 (66)

S 2 = 6242.7 (67)

A level 0.95 confidence interval for the mean is:

[A ,B] = [836.7, 868.0] (68)

c = 299852.4 ± 15.67km/s.
Stephen M Stigler, Ann. Stat. 5, 1055 (1977)

2.6 The observed numbers of samples in the bins Bi = [(i − 1)Δx, iΔx), i =
1 . . . 5, Δx = 1

5 , are Oi = 3, 4, 2, 4, 7 respectively. The expected numbers are

Ei ≡ 4. So χ2 = ∑5
i=1

(Oi−Ei )
2

Ei
= 3.5. For r = 5, the 1 − α = 0.9 critical value is

χ1−α(r − 1) = 7.78. Since χ2 < χ1−α(r − 1) the hypothesis that Xi ∼ U (0, 1) is
accepted with confidence level 0.9.

The maximum deviation D = √
n sup[0,1] |F̃n(x) − F(x)| between the empirical

Fn(x) = 1

n

n∑
i=1

χ(−∞,x](xi ) (69)

and exact F(x) = x cumulative distribution function is D = 0.9140. In the limit
of large sample (that we assume for simplicity), the 1 − α = 0.9 critical value is
D1−α = 1.222. Since D < D1−α , the hypothesis that Xi ∼ U (0, 1) is accepted with
confidence level 0.9.
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2.7 Consider the statistics:

MX + MY and MXMY (70)

since MX
a.s.−−−→

n→∞ μX and MX
a.s.−−−→

n→∞ μY , due to the continuous mapping theorem

they represent asymptotically unbiased and consistent estimators for μX + μY and
μXμY .

For the purpose of constructing confidence intervals for μX + μY , we observe
that: √

n (MX + MY − μX − μY )
L−−−→

n→∞ N (0, σ 2
X + σ 2

Y ) (71)

and that since S 2
X + S 2

Y
a.s.−−−→

n→∞ σ 2
X + σ 2

Y , by virtue of Slutsky’s Theorem:

√
n

(MX + MY − μX − μY )√
S 2

X + S 2
Y

L−−−→
n→∞ N (0, 1) (72)

Therefore

[
MX + MY −

√
S 2

X+S 2
Y√

n
φ1− α

2
,MX + MY +

√
S 2

X+S 2
Y√

n
φ1− α

2

]
is an

approximate confidence interval for μX + μY of level 1 − α.
Analogous calculations show that:

√
n (MXMY − μXμY )

L−−−→
n→∞ N

(
0, (μXμY )2

(
σ 2
X

μ2
X

+ σ 2
Y

μ2
Y

))
(73)

and that

⎡
⎢⎣MXMY −

M XM Y

√
S 2

X
M 2

X
+ S 2

Y
M 2

Y√
n

φ1− α
2
,MXMY +

M XM Y

√
S 2

X
M 2

X
+ S 2

Y
M 2

Y√
n

φ1− α
2

⎤
⎥⎦ is

an approximate confidence interval for μXμY of level 1 − α.

Problems of Chap.3

3.1 We proceed as follows:

P(SN = k) = P

(⋃
n∈N

({SN = k} ∩ {N = n})
)

=
∑
n∈N

P(Sn = k, N = n) (74)

where we used the fact that if N = n then SN = Sn . Now, using independence, we
have:

P(SN = k) =
∑
n∈N

P(Sn = k) P(N = n) (75)
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We have:

ψSN (z) = E[zSN ] =
∑
k

zk P(SN = k) =
∑
k,n

zk P(Sn = k) P(N = n) =
∑
n

P(N = n)ψSn (z)

(76)
We have also:

ψSn (z) = (
ψXi (z)

)n
(77)

so that:
ψSN (z) =

∑
n

P(N = n)
(
ψXi (z)

)n = ψN
(
ψXi (z)

)
(78)

Finally, differentiating, we have:

E [SN ] = ψ
(1)
SN

(z = 1) = ψ
(1)
N

(
ψXi (z = 1)

)
ψ

(1)
Xi

(z = 1) = E[N ]E[Xi ] (79)

since any generating function is equal to 1 if z = 1.

3.2 We compute:

P (X ≥ j + k |X ≥ j) = P (X ≥ j + k , X ≥ j)

P(X ≥ j)

= P (X ≥ j + k)

P(X ≥ j)

(80)

Now, the identity:

P(X ≥ j) =
+∞∑
x= j

p(1 − p)x = (1 − p) j (81)

implies that:

P (X ≥ j + k |X ≥ j) = P (X ≥ j + k)

P(X ≥ j)
= (1 − p) j+k

(1 − p) j
= (1 − p)k = P(X ≥ k)

(82)
In the case of the exponential distribution, the same result can be obtained following
the same procedure, using the fact that:

P(X ≥ t) =
∫ +∞

t
dx λe−λx = e−λt (83)

3.3 We denote M the event that the individual has the disease and A the event that
the test turns out positive. We have, P(A|M) = P(A|Mc) = 0.99, P(M) = 0.002
We apply Bayes theorem to find:
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P(M |A) = P(A|M)P(M)

P(A)
= P(A|M)P(M)

P(A|M)P(M) + P(A|Mc)(1 − P(M))
(84)

3.4 The result is immediately proved observing that, if we let:

W =
{

1
P(A)

∫
A P(dω)X (ω), ω ∈ A

1
P(AC )

∫
AC P(dω)X (ω), ω ∈ AC

(85)

then:

E [1AW ] = P(A) × 1

P(A)

∫
A
P(dω)X (ω) = E [1AX ] (86)

and the same holds for AC ,∅,Ω . This implies that:

W = E[X |G ] (87)

being manifestly G -measurable.

3.5 Let us start computing the marginal probability density:

pY (y) =
⎧⎨
⎩
0, |y| > 1

1
π

∫√
1−y2

−
√

1−y2
dx, |y| ≤ 1

= 2

π

√
1 − y21(−1,1)(y) (88)

We have thus:

p(x |y) = p(X,Y )(x, y)

pY (y)
= 1

2

1√
1 − y2

1{x2+y2<1}(x, y) (89)

We know that:

E[X |Y ] = g(Y ), g(y) =
∫ +∞

−∞
dxxp(x |y) = 0 (90)

3.6 We can model the situation as follows:

p(x |m) = 1√
2π

e− 1
2 (x−m)2 (91)

while:
p(m) = λe−λm 1(0,+∞)(m) (92)

We observe that: ∫ +∞

−∞
dxxp(x |m) = m (93)
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which means that E[X |M] = M , whence we find:

E[X ] = E [E[X |M]] = E[M] = 1

λ
(94)

We finally have:

p(x,m) = p(x |m)p(m) = λ√
2π

e− 1
2 (x−m)2−λm1(0,+∞)(m) (95)

3.7 We have:

p(n|λ) = λn

n! e
−λ (96)

We have thus:

pN (n) =
∫ +∞

0
dλ

λn

n! e
−λ βα

Γ (α)
λα−1 exp(−βλ)

= 1

Γ (α) n!β
α

∫ +∞

0
dλ λn+α−1 exp(−(β + 1)λ)

1

Γ (α) n!β
α 1

(β + 1)n+α

∫ +∞

0
dx xn+α−1 exp(−x) = Γ (n + α)

Γ (α) n! βα 1

(β + 1)n+α

(97)
which is the desired result.

A simple calculation shows that:

E[N ] = α
1 − p

p
(98)

Problems of Chap.4

4.1 The two random variables Xn , number of molecules in the first container at time
instant n, and Yn , number of molecules in the second container at time instant n, are
related by the constraint Xn + Yn = N . The law of X0 is (1, 0, . . . , 0).

This chain is irreducible, since all the states communicate. Studying the equation
π P = π :

π0 = q1π1

π1 = p0π0 + q2π2

. . .

πk = πk−1 pk−1 + πk+1 pk+1

. . .

πN = πN−1 pN−1
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we find a unique invariant law, whose entries satisfy the following:

πi = pi−1 . . . p0
qi . . . q1

π0 =
(
N

i

)
π0

Observing that
∑

i πi = 2Nπ0 we get π0 = 2−N , so that we have finally:

πi =
(
N

i

)
2−N

The expectation of the law of the random variable whose density is π is N /2,
while its variance is N /4.

4.2 A general property of transition matrices ensures us that (1, 1, 1) is a right
eigenvalue of the matrix P; we observe that it is also a left eigenvalue. The similarity
transformation UT PU with the orthogonal matrix:

U =
⎛
⎜⎝

1√
3

− 1√
6

− 1√
2

1√
3

2√
6

0
1√
3

− 1√
6

1√
2

⎞
⎟⎠

leads to:

UT PU =
⎛
⎜⎝
1 0 0

0 − 1
2

√
3
2 (2p − 1)

0 −
√
3
2 (2p − 1) − 1

2

⎞
⎟⎠

The eigenvalues of the 2 × 2 block are− 1
2 ±

√
3
2 i

√
4p2 + 1 − 4p and their mod-

ulus is
√
1 + 3p2 − 3p, strictly less than 1 if p ∈ (0, 1).

If p ∈ (0, 1) the n-th power of the modulus of those eigenvalues tends to zero,
and thus:

UT PnU →
⎛
⎝ 1 0 0
0 0 0
0 0 0

⎞
⎠ ⇐⇒ Pn → 1

3

⎛
⎝1 1 1
1 1 1
1 1 1

⎞
⎠

implying that P has a unique stationary distribution, ( 13 ,
1
3 ,

1
3 ). If p = 0 or p = 1,

the randomwalk is simply a rotation, clockwise or counterclockwise. The eigenvalues
of P in such case are the three complex square roots of 1. The limit of the matrix P
for n → ∞ does not exist, and there are no invariant laws.

4.3 The first calculation is very simple

E[Zn+1|Zn = k] = E[ξ n
1 + · · · + ξ n

k ] = kμ

where μ is the expectation of ξ n
k , assumed independent from n and k. Then

E[Zn+1|Zn] = μZn .
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Similarly:

E[Z2
n+1|Zn = k] = E[(ξ n

1 + · · · + ξ n
k )2] = k2μ2 + kσ

where σ is the variance of ξ n
k .

We have thus E[Z2
n+1|Zn] = μ2Z2

n + σ Zn .
Using properties of conditional expectation we conclude that:

E[Zn+1] = E[E[Zn+1|Zn]] = μE[Zn]

E[Z2
n+1] = E[E[Z2

n+1|Zn]] = μ2E[Z2
n] + σμn

V ar [Zn+1] = μ2Var [Zn] + σμn

The recursion relation for the expectations implies that:

E[Zn] = μn (99)

while the one for the variances is satisfied by

Var [Zn] =
{

σ
μn

μ

1−μn

1−μ
, μ �= 1

nσ, μ = 1
(100)

If μ < 1 the average of the population goes to zero, together with its variance. If
μ = 1 (μ > 1) the average of the population remains constant (diverges).

Now let’s turn to the extinction problem. We will need a few definitions:

ϕ(t) = E
[
t ξ

(n)
i

]
=

+∞∑
k=0

pkt
k (101)

and:

ϕn(t) = E
[
t Zn
] =

+∞∑
k=0

P(Zn = k) t k (102)

The following is very important:

ϕn+1(t) = E
[
t Zn+1

] =
+∞∑
k=0

E
[
t Zn+1 |Zn = k

]
P(Zn = k)

=
+∞∑
k=0

E
[
t
∑k

i=0 ξ
(n)
i

]
P(Zn = k)

=
+∞∑
k=0

E
[
t ξ

(n)
i

]k
P(Zn = k) = ϕn (ϕ(t))

(103)
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We will prove now by induction that also:

ϕn+1(t) = ϕ(ϕn(t)) (104)

Since Z0 = 1, ϕ0(t) = t so that the above is verified if n = 0. Now we assume (104)
true for n, and we observe that:

ϕn+2(t) = ϕn+1(ϕ(t)) = ϕ(ϕn(ϕ(t))) = ϕ(ϕn+1(t)) (105)

where we used twice (103).
Also:

ϕn(0)
de f= lim

t→0
ϕn(t) = lim

t→0

+∞∑
k=0

P(Zn = k) t k = P(Zn = 0) (106)

We observe now that:
E =

⋃
n≥1

{Zn = 0} (107)

Since the events are encapsulated, that is {Zn = 0} ⊂ {Zn+1 = 0}, we have, for the
extinction probability:

pext
de f= P(E ) = lim

n→+∞ P(Zn = 0) = lim
n→+∞ ϕn(0) (108)

Now we observe that:

ϕ(pext ) = ϕ( lim
n→+∞ ϕn(0)) = lim

n→+∞ ϕ(ϕn(0))

= lim
n→+∞ ϕn(ϕ(0)) = lim

n→+∞ ϕn+1(0) = pext
(109)

We have thus found that pext satisfies the fixed-point equation:

pext = ϕ(pext ) =
+∞∑
k=0

pk p
k
ext (110)

For Lotka distribution, we get pext ∼ 0.598271.

4.4 Denote the probability that the first gambler is ruined having startedwith a coins
through P(Ra), that is:

Ra = {ω ∈ Ω | lim
n→+∞ Xn(ω) = 0, X0 = a} (111)

Xn being the amount of coins after n rounds.
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Obviously P(R0) = 1 and P(RN ) = 0; otherwise:

P(Ra ) = P(Ra |X1 = a + 1)p(X1 = a + 1) + P(Ra |X1 = a − 1)p(X1 = a − 1) = P(Ra+1)p + P(Ra−1)q
(112)

it is easily shown that such recursion relation is solved, together with the boundary
conditions P(R0) = 1 and P(RN ) = 0, by:

P(Ra) = N − a

N
if p = 1/2

P(Rn) =
(

p
q

)a −
(

p
q

)N

1 −
(

p
q

)N otherwise
(113)

Observe that if p
q → 1 the probability P(Ra) converges, by l’Hopital’s Rule, to

N−a
N .

4.5 This is a simple algebraic exercise.

4.6
7 8 9

4 5 6

1 2 3

Let the state space of the random walk be the set E = {1, 2, 3, 4, 5, 6, 7, 8, 9}. Since
a room i with i even is connected only to rooms j with j odd and viceversa (for
instance, room 2 is connected to rooms 1, 3, 5 and thus P2→ j = 1

3 for j = 1, 3, 5 and
0 otherwise). It is therefore convenient to order the elements of E separating odd and
even numbers, for instance E = {1, 3, 7, 9, 5, 2, 4, 6, 8} and writing the transition
matrix of the process as:

Pi j = Pi→ j =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 1/2 1/2 0 0
0 0 0 0 0 1/2 0 1/2 0
0 0 0 0 0 0 1/2 0 1/2
0 0 0 0 0 0 0 1/2 1/2
0 0 0 0 0 1/4 1/4 1/4 1/4
1/3 1/3 0 0 1/3 0 0 0 0
1/3 0 1/3 0 1/3 0 0 0 0
0 1/3 0 1/3 1/3 0 0 0 0
0 0 1/3 1/3 1/3 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(114)

for instance, the only nonzero elements of the i = 2 row correspond to the columns
j = 1, 3, 5. If the monkey is in a state i with i even (odd), it can return to i in at least
2 steps. This matrix is irreducible (in fact any two rooms i, j communicate). To find
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the invariant distribution, we solve:

π = π Pi j (115)

and find:

π = 1

24
(2, 2, 2, 2, 4, 3, 3, 3) (116)

We observe that this invariant distribution carries an intuitive meaning: the element
i is proportional to the number of doors leading to the cell i .

4.7 This exercise allows to discuss an interesting feature of Markov chains, that is
the concepts of transient and absorbing states. We start at a more general level.

Suppose a Markov chain has state space E and transition probability P such that
Pa→i = 0 for all i < k, a ≥ k and Pa→b = δa,b for all a, b ≥ k for a given integer
k. The states a, b ≥ k are called absorbing. All the other states i, j < k are called
transient and we will keep consistent notations throughout this solution.

The transition matrix of the chain thus takes the form

P =
(
Q R
0 I

)
(117)

where Q, R describe transitions between transient states and from transient to absorb-
ing states respectively. We assume that R is a non-zero matrix.

With a simple proof by induction over n ≥ 1,

Pn =
(
Qn

(∑n
k=0 Q

k
)
R

0 I

)
(118)

The entry (Qn)i j of Qn gives the probability for being in a transient state j after
n step, starting from a transient state i .

In the limit n → ∞, provided that the limit exists, one has

lim
n→+∞ Pn =

(
0 (1 − Q)−1 R
0 I

)
(119)

The ia-entry of (1 − Q)−1 R gives the probability that chain is absorbed to a state
a, having started from the state i .

Assuming moreover X0 = i , the expected number of times the chain is in the
transient state j reads:

Ni j = E

[+∞∑
n=0

1{Xn= j}

]
=

+∞∑
n=0

(
Qn
)
i j = (1 − Q)−1

i j (120)

The expected total number ti of steps before the chain is absorbed, having started
from i , is therefore
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ti =
∑
j

Ni j =
∑
j

(1 − Q)−1
i j . (121)

This quantity is the average duration of the absorption process, assuming the chain
started in i .

Now we come back to the monkey. We add a cell, say 10, accessible only starting

from cell 9:
7 8 9 10

4 5 6

1 2 3

We will have a transition matrix of the form:

Pi j = Pi→ j =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 1/2 1/2 0 0 0
0 0 0 0 0 1/2 0 1/2 0 0
0 0 0 0 0 0 1/2 0 1/2 0
0 0 0 0 0 0 0 1/3 1/3 1/3
0 0 0 0 0 1/4 1/4 1/4 1/4 0
1/3 1/3 0 0 1/3 0 0 0 0 0
1/3 0 1/3 0 1/3 0 0 0 0 0
0 1/3 0 1/3 1/3 0 0 0 0 0
0 0 1/3 1/3 1/3 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(122)

where the new state space is E ′ = {1, 3, 7, 9, 5, 2, 4, 6, 8, 10}. Assuming that the
monkey starts in cell 1, using formula (121), we obtain an average of 43 steps.

Problems of Chap.5

5.1 For simplicity, without loosing generality, we consider only two parallel lines at
distance d and we allow the center of mass of the needle to fall at any point within the
area included between the lines. Let Θ be a random variable representing the slope
of the needle; more precisely, Θ will be the angle formed by the needle measured
with respect to the lines. Considering symmetry, we can assume that Θ follows a
uniform law on [0, π

2 ]. We introduce another random variable X , representing the
distance between the center of mass of the needle and one straight line. X will be
uniform in [0, d]. Finally, we will assume X and Θ to be independent.

An instant of reflection allows us to compute the desired probability, which we
denote p:

p = P

(
X ≤ L

2
sinΘ

)
+ P

(
X + L

2
sinΘ ≥ d

)
(123)

Under the assumptions we made, we will have:
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P

(
X ≤ L

2
sinΘ

)
=
∫

{x≤ L
2 sin(θ)}

dxdθpX (x)pΘ(θ)

= 2

πd

∫ π
2

0
dθ

∫ L
2 sin(θ)

0
dx =

= 2

πd

∫ π
2

0
dθ

L

2
sin(θ) = L

πd

(124)

Performing a similar calculation for P
(
X + L

2 sinΘ ≥ d
)
, we can conclude that:

p = 2L

πd
(125)

If we sample X and Θ we can thus estimate π .

5.2 We can model the situation as follows. Let Y is uniform in the square [−1, 1] ×
[−1, 1]. Let C be the unit circle. Consider the probability law:

A ∈ R
2 → P(Y ∈ A | Y ∈ C ) (126)

which is the law we are sampling if we reject the realizations of Y that fall outside
the circle.

We need to show that this is the law of a random variable, say X , uniform in C .
If px (x) denotes the probability density of X , we will have:

∫
A
dxpX (x) = P(X ∈ A) = P(Y ∈ A | Y ∈ C ) = P(Y ∈ A ∩ Y ∈ C )

P(Y ∈ C )

= 4

π
P(Y ∈ A ∩ Y ∈ C ) = 4

π

∫
A dx1C (x)

4

(127)

so that we have:

pX (x) = 1

π
1C (x) (128)

5.3 This exercise is a direct application of the transformation law of probability
densities. In order to simplify the algebra, we can solve the problem in two-steps.

We start from X = (X1, X2) uniform in the unit circle, and we first investigate
the probability density for the polar coordinates (R,Θ) = φ(X1, X2), where:

φ(x1, x2) =
(√

x21 + x22 , arctan

(
x2
x1

))
(129)

The inverse is naturally:

φ−1(r, θ) = (r cos θ , r sin θ) (130)
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and the jacobian is:

Jφ−1(r, θ) =
(
cos θ −r sin θ

sin θ r cos θ

)
, det

(
Jφ−1(r, θ)

) = r (131)

So that:

p(R,Θ)(r, θ) = pX (φ−1(r, θ))
∣∣det (Jφ−1(r, θ)

)∣∣ = r

π
1[0,1](r) (132)

Now, we consider Y = (Y1,Y2) = ψ(R,Θ) where:

ψ(r, θ) =
(
r cos θ

√
−2 log r2

r2
, r sin θ

√
−2 log r2

r2

)
(133)

It is easy tho check that:

ψ−1(y1, y2) =
(
e− 1

4 (y
2
1+y22) , arctan

(
y2
y1

))
(134)

and:

Jψ−1(y1, y2) =
⎛
⎝− y1

2 e− 1
4 (y

2
1+y22) − y2

2 e− 1
4 (y

2
1+y22)

− y2
y21

1

1+ y22
y21

1
y1

1

1+ y22
y21

⎞
⎠

det
(
Jψ−1(y1, y2)

) = −1

2
e− 1

4 (y
2
1+y22)

(135)

so that, finally:

pY (y1, y2) = p(R,Θ)

(
ψ−1(y1, y2)

) ∣∣det (Jψ−1(y1, y2)
)∣∣ = 1

2π
e− 1

2 (y
2
1+y22) (136)

which is the desired result.

5.4 The randomvariable Tn represents the time instantswhen then-th event happens.
Under the assumptions of this exercise we can easily compute its characteristic
function. As a preliminary step, we observe that, since ΔTi is exponential, we have:

φΔTi (θ) = λ

λ − iθ
(137)

so that:

φTn (θ) =
(

λ

λ − iθ

)n

(138)

It is not difficult to show that this characteristic function corresponds to the probability
density:
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pTn (x) = χ(0,+∞(x)
λn

(n − 1)! x
n−1 e−λx (139)

which defines the gamma law Γ (n, λ).
Now, the key observation is the following:

{Nt ≥ n} = {Tn ≤ t} (140)

The interpretation is as follows: n events or more have happened by time t if an only
if the n-th event happened no later than t . So, in order to solve the problem, we need
to show that: +∞∑

i=n

(λt)i

i ! e−λt =
∫ t

0
dx

λn

(n − 1)! x
n−1 e−λx (141)

A simple way to verify this identity is to notice that, at t = 0, both sides vanish, so
that we should only check the the derivatives with respect to t coincide. We have:

d

dt

(+∞∑
i=n

(λt)i

i ! e−λt

)
=

+∞∑
i=n

{
λi i (t)i−1

i ! e−λt − λ
(λt)i

i ! e−λt

}

= λn n (t)n−1

n! e−λt − λ
(λt)n

n! e−λt

+ λn+1 (n + 1) (t)n

(n + 1)! e−λt − λ
(λt)n+1

(n + 1)! e
−λt + λn+2 (n + 2) (t)n+1

(n + 2)! e−λt + . . .

= λn tn−1

(n − 1)! e
−λt

(142)
since all the other terms cancel. By inspection this result coincide with the derivative
of the right hand side of (141).

5.5 This problem just requires evaluations of one-dimensional elementary integrals.

5.6 This problem just requires evaluations of one-dimensional elementary integrals.

Problems of Chap.6

6.1 Xt = −Bt is a continuous process, with X0 = −B0 = 0 and its increments
Xt − Xs are independent of the past because they are the negatives of the increments
of the Brownian motion. The distribution of Xt − Xs = −(Bt − Bs) is normal with
mean 0 and variance t − s, by the parity of the normal distribution. Therefore, Xt is
a Brownian motion.

The process Xt = 1√
u
But has continuous paths and X0 = 0. The increment Xt −

Xs = 1√
u

(But − Bus) is independent of the history of B before us, which is exactly
the history of X before s. The distribution of the increment Xt − Xs is normal
with mean 0 and variance Var [ 1√

u
(But − Bus)] = tu−ts

u = t − s. Therefore, Xt is a
Brownian motion.



228 Solutions

6.2 We have:
m(t) = E [Bt + vt] = vt (143)

Moreover:
C(t, s) = E [(Bt + vt) (Bs + vs)] = min(t, s) + v2ts (144)

Finally, the probability density is:

p(x, t) = 1√
2π t

exp

(
−1

2

(x − vt)2

2t

)
(145)

6.3 To compute FRt (x) = P[Rt ≤ x] we write R2
t = B2

1,t + B2
2,t and:

FRt (x) = P[R2
t ≤ x2] = P[(B1,t , B2,t ) ∈ B1(x)] (146)

where B1(x) is the disk of radius x centered at 0. Then:

FRt (x) =
∫
B1(x)

e− x21+x22
2t

2π t
(147)

moving to radial coordinates we find FRt (x) = x
t e

− x2

2t . The mean value and vari-
ance are

√
π
2 and 2t respectively.

6.4 Let Bt be a brownian motion on the real axis. The stochastic process:

Rt =
(
cos(Bt )

sin(Bt )

)
(148)

is called brownian motion on the unit circle. Find the law of the random variables
cos(Bt ), sin(Bt ) and Btmod2π . The first two random variables correspond to the
projections of Rt onto the x and y axis, and the latter to the angle of the particle.

The event −1 ≤ sin(x) ≤ y, where y ∈ [−1, 1], is realized if and only if x ∈[
2kπ − π

2 − arcsin(y), 2kπ − π
2 + arcsin(y)

]
, where k is an integer number.

p(sin(Bt ) ≤ y) =
∞∑

k=−∞
p
(
2kπ − π

2
− arcsin(y) ≤ Bt ≤ 2kπ − π

2
+ arcsin(y)

)

(149)
the right member of this equation is a known quantity, since Bt is a normal random

variable with mean 0 and variance t . The probability distribution of sin(Bt ) is found
differentiating p(sin(Bt ) ≤ y) with respect to y:

p(y) =
∞∑

k=−∞
∂y arcsin(y)pt

(
2kπ − π

2
+ arcsin(y)

)
+ ∂y arcsin(y)pt

(
2kπ − π

2
− arcsin(y)

)

(150)
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where pt (x) is the probability distribution of Bt . This series can be summed exactly,
the result being:

pt (y) = 1

2π
θ3

(
arcsin(y)

2
− π

4
, e− t

2

)
+ 1

2π
θ3

(
−arcsin(y)

2
− π

4
, e− t

2

)
(151)

where θ3(x, y) is Jacobi’s theta function:

θ3(x, e
−y) =

∞∑
n=−∞

e−n2 yei2nπx (152)

Therefore:

pt (y) = 1

2π

1√
1 − y2

(
θ3

(
arcsin(y)

2
− π

4
, e− t

2

)
+ θ3

(
− arcsin(y)

2
− π

4
, e− t

2

))

(153)
We can find the probability distribution of sin(Bt ) at long time t using the following
property:

lim
y→∞ θ3(x, e

−y) = 1 (154)

We obtain:

pt (y) = 1

π

1√
1 − y2

(155)

The event 0 ≤ xmod2π ≤ α, where α ∈ [0, 2π ], is realized if and only if x ∈
[2kπ, 2kπ + α] where k is an integer number. Therefore:

p(Btmod2π ≤ α) =
∞∑

k=−∞
p (2kπ ≤ Bt ≤ 2kπ + α) (156)

and the probability distribution of Btmod2π is readily found differentiating this
quantity with respect to α:

pt (α) =
∞∑

k=−∞
pt (2kπ + α) = 1

2π
θ3

(α

2
, e− t

2

)
(157)

for long time, pt (α) → 1
2π : in this sense, we can say that the particle spreads

uniformly on the unit circle.

6.5 The brownian bridge is a gaussian process, being the difference of two gaussian
processes. Moreover:

E[Xt ] = 0

E[Xt Xs ] = E[Bt Bs − sBt B1 − t B1Bs + tsB2
1 ] = min(t, s) − ts = min(t, s) − min(t, s)max(t, s)
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so that, if s < t , we have E[Xt Xs] = s(1 − t).

6.6 This is a special case of the following situation:

Xt =
N∑

k=1

pk Bk,t (158)

where {Bk,t } is a family of independent Brownian motions with increments indepen-
dent from the past, and

∑N
k=1 p

2
k = 1. We have:

Xt+Δt − Xt =
N∑

k=1

pk
(
Bk,t+Δt − Bk,t

)
(159)

which shows that the increments are independent from the past.
We have also:

E [Xt ] = 0 (160)

and:

E [Xt Xs] = 0 =
N∑

k,l=1

pk pl E
[
Bk,t Bl,s

] =
N∑

k=1

p2k min(t, s) = min(t, s) (161)

Finally, we have:
E
[
Xt B1,t

] = p1t (162)

6.7 We can write:

pZ (z) =
∫ ∞

0
dt pZ (z|T = t) pT (t) =

∫ ∞

0
dt pBt (z)

e− t
τ

τ
=
∫ ∞

0
dt

e− z2
2t√

2π t

e− t
τ

τ
= e

−√
2 |z|√

τ

√
2τ

which is the density of a Laplace random variable with mean 0 and variance τ .

Problems of Chap.7

7.1 E[Xt ] = ∫ t
0 E[Bs]ds = 0.

E[X2
t ] =

∫ t

0
ds
∫ t

0
ds ′ E[Bs B

′
s] =

∫ t

0
ds
∫ t

0
ds ′ min(s, s ′) = t3/3

Since Xt ∼ N (0, t3/3), we have XT /T ∼ N (0, T/3).

7.2 Let ti = i tn , i = 0 . . . n be a partition of the interval [0, t]. We know that:
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Y (n)
t =

n−1∑
i=0

Bti

(
Bti+1 − Bti

)
(163)

converges to Xt as n → ∞. Since:

Y (n)
t =

n−1∑
i=0

B2
ti+1

− B2
ti

2
−

n−1∑
i=0

(
Bti+1 − Bti

)2
2

(164)

The first sum is readily computed observing that
∑n−1

i=0 B2
ti+1

− B2
ti = B2

t . Moreover,
Bti+1 − Bti ∼ N

(
0, t

n

)
and since the increments of the brownian motion are inde-

pendent on the past, then
∑n−1

i=0

(
Bti+1 − Bti

)2 ∼ t
nχ

2(n) This random variable has

mean t and variance 2 t2

n . Taking the n → ∞ limit we find:

Y (n)
t → B2

t − t (165)

Consider now the process Yt = f (Bt ) = B2
t . The Itô formula leads to the following

expression for dYt :
dYt = dt + 2BtdBt (166)

whence, recalling the linearity of the stochastic differential, we immediately find:

BtdBt = d

(
B(t)2 − t

2

)
(167)

whose solution is:

Xt =
∫ t

0
BsdBs = B2

t − t

2
(168)

7.3 Consider the function Φ(t, x, y) = xy. Due to the Itô formula:

dΦ = ∂tΦ + ∂xΦdXt + ∂yΦdYt + 1

2

[
∂xxΦg21(Xt ) + 2∂xyΦg1(Xt )g2(Yt ) + ∂yyΦg22(Yt )

]
dt

explicit calculation of the derivatives of Φ yields:

d(XtYt ) = XtdYt + YtdXt + g1(Xt )g2(Yt )dt

that is, by definition:

XTYT − X0Y0 =
∫ T

0
XtdYt +

∫ T

0
YtdXt +

∫ T

0
g1(Xt )g2(Yt )dt

or:
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∫ T

0
XtdYt = [XtYt ]

T
0 −

∫ T

0
YtdXt −

∫ T

0
g1(Xt )g2(Yt )dt

similar to the typical integration by parts formula, with a correction of the form∫ T
0 g1(Xt )g2(Yt )dt . In the special case Yt = h(t), dYt = h′(t)dt we have:

∫ T

0
h′(t) Xt dt = [h(t) Xt ]

T
0 −

∫ T

0
h(t) dXt

if moreover Xt = Bt :

∫ T

0
h′(t) Bt dt = h(T )BT −

∫ T

0
h(t) dBt

7.4 We apply the Itô formula:

dXt = f (Xt )dt + g(Xt )dBt → dΦt = ∂tΦt dt + ∂xΦt d Xt + 1

2
∂xxΦt g

2(Xt )

to the functions Φ(x, t) = x2 and Φ(x, t) = sin(t + x). We get:

dΦt = 2BtdBt + dt dΦt =
(

Φt+ π
2

− Φt

2

)
dt + Φt+ π

2
dBt

7.5 We consider the function Φ(x, t) = xF(−t). We use Itô’s Lemma, together
with F ′(t) = F(t) f (t) to get:

dΦt = −F ′(−t)Xtdt + F(−t)dXt = F(−t)g(t)dBt

or:

Φt = Φ0 +
∫ t

0
F(−s)g(s)dBt → F(−t)Xt = x0

∫ t

0
F(−s)g(s)dBt

Xt = x0F(t) + F(t)
∫ t

0
F(−s)g(s)dBt

7.6 If f is piecewise constant:

f (t) =
K∑
i=1

ck1[ti−1,ti )(t), t0 = 0 (169)

It is a linear combination of increments of the brownian motion:

It = c1(Bt1 − B0) + c2(Bt2 − Bt1) + · · · + cn(Bt − Btn−1), n ≤ K (170)
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and it is thus normal, as we already know. Given another instant t ′, we have:

It ′ = c1(Bt1 − B0) + c2(Bt2 − Bt1) + · · · + cm(Bt ′ − Btm−1), m ≤ K (171)

where the time instants coincide with the ones in the expression for It . Let’s evaluate:

E[It It ′ ] =
n∑

i=1

m∑
j=1

ci c j E[(Bti − Bti−1)(Bt j − Bt j−1)] (172)

If i or j are larger that min(m, n), and whenever i > j or i < j , the two random
variables in the expectation are independent, so that the contribution to the sum
vanishes. We thus conclude that:

E[It It ′ ] =
min(n,m)∑

i=1

c2i (ti+1 − ti ) =
∫ min(t,t ′)

0
f 2(s)ds (173)

This results holds also for any f ∈ L2(0, T ), as can be shown by approximating f
with piecewise constant functions.

Problems of Chap.8

8.1 Let’s consider first the process:

Yt = x−1 + r
∫ t

0
exp

((
r K − β2

2

)
s + βBs

)
dt (174)

we have:

dYt = r exp

((
r K − β2

2

)
t + βBt

)
dt (175)

We have thus:

Xt = φ(t, Bt ,Yt ), φ(t, x1, x2) =
exp

((
r K − β2

2

)
t + βx1

)

x2
(176)

We can apply multidimensional Itô formula:

dXt =
(
r K − β2

2

)
Xtdt + βXtdBt

− 1

Y 2
t
exp

((
r K − β2

2

)
t + βBt

)
dYt + 1

2
β2Xtdt

=
(
r K − β2

2

)
Xtdt + βXtdBt − r X2

t dt + 1

2
β2Xtdt

= r Xt (K − Xt )dt + βXtdBt

(177)
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8.2 We introduce the auxiliary process:

Ut = exp (−At) Xt (178)

We have:
dUt = −A exp (−At) Xtdt + exp (−At) dXt (179)

Using the equation we have:

dUt = −A exp (−At) Xtdt + exp (−At) (AXtdt + σdBt ) = exp (−At) σdBt

(180)
which immediately implies:

Ut = U0 +
∫ t

0
exp (−As) σdBs (181)

or:

Xt = X0 exp (−At) +
∫ t

0
exp (−A(t − s)) σdBs (182)

8.3 Consider f = ( f1, f2) : R → R
2, and the process ( f1(Bt ), f2(Bt )). We apply

Itô formula to the two components:

d f1,t = f (1)
1 dBt + 1

2
f (2)
1 dt

d f2,t = f (1)
2 dBt + 1

2
f (2)
2 dt

(183)

where f (k)
1 denotes the k-th derivative. Comparing the above Itô differential with the

considered equation, we have the conditions:

f (2)
1 = − f1, f (1)

1 = − f2, f (2)
2 = − f (2)

2 , f (1)
2 = f1 (184)

It is simple to check that:

f (Bt ) = (cos(Bt ), sin(Bt )) (185)

is a solution.

8.4 This is a simple example of a Kolmogorov equation, the generator being given
by:

Lt = 1

2

d2

dx2
+ b − x

1 − t

d

dx
(186)

8.5 We consider the process (deterministic):
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Yt = (Xt , Pt ) (187)

satisfying the differential equation:

{
dXt = ∂H

∂p (Xt , Pt )dt

d Pt = − ∂H
∂x (Xt , Pt )dt

(188)

which can be seen as a special case of a SDE with zero diffusion and drift:

b =
(

∂H

∂p
,−∂H

∂x

)
(189)

The related Fokker-Planck equation, that is the Liouville equation:

∂

∂t
ρ = − ∂

∂yi
(biρ) = −

N∑
i=1

∂H

∂xi

(
∂H

∂pi
ρ

)
−

N∑
i=1

∂H

∂pi

(
−∂H

∂xi
ρ

)

=
[
∂H

∂xi

∂

∂pi
− ∂H

∂pi

∂

∂xi

]
ρ

(190)

where we have used Schwarz theorem from classic analysis. Remembering the def-
inition of the Poisson brackets, we have the celebrated Liouville equation:

∂

∂t
ρ = −{ρ , H } (191)

8.6 This is a simple application of Itô formula to the process:

Xt = Y 2
t , dYt = −βYt + 1

2
dBt (192)

The details of the algebra are left to the reader.

8.7 This is a simple application of Itô formula to the process:

Yt = 2arcsin(
√
Xt ) (193)

where Xt is the Wright-Fisher process. After some algebra, it turns out that:

Yt = 2arcsin(
√
Xt ) = Bt + a (194)

where the constant a is obtained imposing the initial condition X0 = x0 almost
everywhere.
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