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Preface

This compendium emerged from my lecture notes at the Physics Department of the
Johann Wolfgang Goethe University in Frankfurt am Main till 2004 and does not
include recent progresses in the field. It is less than a textbook, but rather more than
a German “Skript”. It does not include a bibliography or comparison with exper-
iments. Mathematical proofs are often only sketched. Nevertheless, it may be useful
to graduate students as a concise presentation of the basics of solid-state theory.

Oberursel, Germany Ladislaus Alexander Banyai
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Chapter 1 ®)
Introduction Check for

A short presentation is given about how we conceive theoretically the solid
state of matter, namely about its constituents and their interactions. The
starting point is of course an oversimplified one, which afterwards one tries
to improve and even redefine it. In the opposite sense, one tries later to sim-
plify it in order to allow for theoretical calculations. In spite of all these
problems, one gets predictions, that often may be successfully confronted
with experiments. The different Chapters of this Compendium are however
intended only to introduce the reader into the basic concepts of solid state
theory, without the usual detours about specific materials and without com-
parison with experiments.

Under Solid State we understand a stable macroscopic cluster of atoms. The sta-
bility of this system relies on the interaction between its constituents. We know today,
that molecules and atoms are built up of protons, neutrons and electrons. According
to the modern fundamental concepts of matter at their turn these particles are made
up however of some other more elementary ones we do not need to list here. The sim-
plest starting point of Solid State theory and still the only useful one is, that we have
a quantum mechanical system of ions and valence electrons with Coulomb interac-
tions between these particles. This non-relativistic picture of a system of charged
particles however is valid only up to effects of order clz (c-being the light velocity in
vacuum). Actually, the charged particles are themselves sources of an electromag-
netic field, which on its turn is quantized (photons). Fields and particles have to be
treated consequently together as a single system. Nevertheless, most of the properties
of solid state are successfully described by a non-relativistic quantum mechanical
Hamiltonian

H=H,+ H; + H,e + H;; + H,; .
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2 1 Introduction

The electron and ion Hamiltonians H, and H; include also the interaction with
external (given) electromagnetic fields, while the interaction parts (electron-electron
H,., ion-ion H;; and electron-ion H,;) are understood as pure Coulomb ones.

Of course, one cannot ignore the spin as a supplementary degree of motion.
Sometimes, it is nevertheless compelling to include other effects of higher order in
the inverse light velocity % Even more, in the treatment of magnetic properties one
has to redefine the model by including also the localized electrons of atomic cores.
Furthermore, it is plausible, that for the understanding of some important phenomena
one reaches the limitations of today’s solid state theory.

An essential role in the mathematical treatment of this system plays the thermo-
dynamic limit i.e. letting the number of particles and the volume of the system tend
to infinity, while keeping the density of particles constant. The very existence of this
limit for interacting quantum mechanical particles is not at all obvious, but necessary
for the stability of matter.

To treat such a still extremely complicated system it is necessary to make further
simplifications. Since most solids are crystals, one admits that only the valence
electrons are allowed to move over the whole crystal, while the ions at most oscillate
around their equilibrium positions in the given lattice. In a first step, one starts from the
model of rigid ions (their mass is thousands of times heavier than the electron mass!)
in a given periodical lattice and considers the motion of the electrons in a periodic
field. Actually the characteristics of the lattice should be also determined by the
above Hamiltonian, but one springs over this step. The task is still too complicated,
and one treats not the many electron system, but just one electron in the field of
ions and the self-consistent field of the other electrons. In a first step, one considers
this potential as a given one. This oversimplified picture is already able to describe
qualitatively the fundamental properties of solids. This is the one-electron theory of
solid state, which will be described in Chap. 2 of this compendium. We make here also
a first step toward the many-body treatment by considering many, but non-interacting
electrons within the second quantization scheme in metals and semiconductors. In
Chap. 3 we consider electron-electron interactions and many-body approximation
schemes. Lattice oscillations and their interaction with the electron are discussed
in Chap.4. An important part of traditional solid-state theory concerns transport
and optical properties. These will be presented respectively in Chaps.5 and 6. We
describe there also some new aspects related to the interaction with strong ultra-
short laser pulses. Phase transformation, however important they are, we shall touch
only in a few simple examples in Chap.7. As a single modern subject we discuss
in Chap. 8 some exotic properties of two-dimensional semiconductor structures. The
Compendium ends with two Appendices. In Chap.9 we give an overview of the
concepts of theoretical physics we use. It is only a reminder and it is supposed that
the reader is familiar with all of them. Further, in Chap. 10 some home-works are
proposed for the interested reader.



Chapter 2 ®)
Non-interacting Electrons oo

Most properties of a crystal may be interpreted as the quantum mechanical
motion of a single electron in a given potential. After the simplest cases of
motion in homogeneous electric and magnetic fields with emphasis on the
thermodynamic limit, an extended treatment of the motion in a periodical
potentialis given. The Bloch oscillations observed in periodical semiconduc-
tor layers are also included. The ground state occupation of the one-electron
states leads to the understanding of the different classes of materials, as met-
als, insulators and semiconductors. The properties of the latter are strongly
influenced by the presence of impurities. The controlled presence of donors
and acceptors determine the properties of semiconductor contacts discussed
on the example of a p-n contact.

2.1 Free Electrons

In the frame of quantum mechanics, the stationary state (wave function) of a free
electron in the whole space is described by a plane wave

Y (x) =™
having a continuous energy spectrum (kinetic energy) depending only on k = K|

h2
e(k) = —Kk> (0 <k <o0) .
2m
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4 2 Non-interacting Electrons

This state is not normalized
fdx|w(x)|2 =00

i.e. it is not a true eigenfunction.

Since we want to deal with true eigenfunctions and to consider systems with a
definite volume (for simplicity a cube of size L*) we may look for eigenfunctions in
the product form ¥ (x) = ¢ (x1)d2(x2)¢3(x3) with two possible choices of boundary
conditions in each dimension.

We may impose on the wave function ¢ (x) either to

(a) vanish at the boundary (Dirichlet): ¢(:I:%) = 0, then one gets symmetrical
and anti-symmetrical eigenfuntions

s 2 _ 7[. _
D (x) —\/;cos(kx) (k_(2n+1)z, n_0,1,2,~~~>

Pr(x)° ,/2’(k) k=n" 1.2.3
X) = — SIn(kx =n—,; n=1,2,3,---
k L L

or

(b) to be periodical: ¢ (x + L) = ¢ (x), then the eigenfunctions are

or(x) = —¢' k=n— n==l1,42
X * ; , AR I
k f

The energy in both cases is givenby g, = %kz however, with the above given discrete

eigenvalues. The wave-functions ¢y (x) are normalized in the interval [—%, %].
It is convenient to work with variant (b), since these eigenfunctions are also

eigenfunctions of the momentum operator

d
—lha—¢k(x) = hkep(x) .
X

One has orthonormality (with the “bra” and “ket” symbols of Dirac)

[REEREE

2

< klk' >

1

L
1 2 , 2 ’
7 /:L dxe® =% = /4 dye¥ " = § 1

2

as well as the completeness of Fourier series.
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The electrons are fermions with spin % The spin projection on the arbitrary chosen
z-axis o has two eigenstates with eigenvalues :l:% and therefore the electron states
(“kets”) we have to consider are

k,o >,

with the quantum numbers k = (k, k>, k3), 0 = :I:%. However, the energy of the
free electron is spin-independent.

If one wants to consider states with many electrons, then according to the Pauli
principle for fermions one must build up anti-symmetrized products of one-electron
wave functions. It is however advantageous to use the formalism of occupation
numbers characterizing a many electron state by the occupation numbers of the
one-electron states k, o. Due to the same Pauli principle these occupation numbers
ng,, may take only the values 0, and 1. This follows automatically from the anti-
symmetry of the wave function in the configuration space. The total energy and total
momentum of such a many electron state are

E = an,ogk,a 5 P = an,ahk
k,o k.o

with the occupation numbers and one-electron energies

hZ
nko =0,1;  exo = %kz ,

while the total number of electrons is
N = Zl’lk,g .
k,o

If one wants to study bulk properties of macroscopic matter (independent of the
surface!), one has to perform the thermodynamic limit, that means in this case

L — oo, N — o0,

while keeping constant the average density of electrons

N

By this infinite volume limit procedure, the discrete sums go over into Riemann
integrals. With Ak; = ZT” one has

ZAk—>/dk,
k
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or otherwise stated

3
E — L—/dk
2m)?

k

Since the one-electron energy is monotonously increasing with k = |Kk|, the ground
state of a many-electron system is obviously the one with the one-electron states
completely occupied up to a certain wave vector kg

ngo = 0(kp — [K[) .

The energy of an electron with this wave-vector ep = %k% is called the Fermi
energy.

In thermodynamic equilibrium at a given temperature and chemical potential,
described by the macro-canonical distribution the probability of a many electron

state specified by the set of occupation numbers v = nk, 4,, ik, .0, - - - 18 given by
@ e BE,—1Ny)
VTN e BE N
where 8 = 1<,+T* kp is the Boltzmann constant, 7 is the absolute temperature and @

is the chemical potential. The average occupation number of an one-electron state
Kk, o is then

(nk6>=:§:é?%nka

2
—BZ K —pn
Zn:(),l ne 2

2
2 =01 e PGk

= ! = f( "’ k)
CaepERow T 2m
where 1
fe) = 1 + efe—1)

is the Fermi function giving the average number of electrons in a state with energy
¢. The total average number of particles is

2
> FEER) = )
- 2m

—4l
o=%3

and in the thermodynamic limit (after dividing with the volume L3 of the system)
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Fig. 2.1 Free one-electron state density z(g)

2 R

This equation determines the chemical potential  at a given temperature 7 and
average density (n). By introducing the one-electron state density

[N

/dka(e h2k2)— : Qm)e
)T e

o B
o) = lim -5 ga(g k)= Gy

(shown in Fig.2.1) it may be rewritten as

/ dez(e) f(e) = (n) .

The average electron energy is

1

=

/dez(a)f(s)s .

One distinguishes two regimes:

(1) degenerate, with abig positive chemical potential B >> 1, which in the extreme
case at T = 0 gives rise to a step-like Fermi function

f©)|r=0 =0(eF — &),

the Fermi energy ey being defined by u|r—ox = €r > 0 and the average one-
electron energy is
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0.8 |
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f@©

041
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Fig. 2.2 Degenerate with S« = 8 (magenta) and non-degenerate with S = 1 (blue) Fermi func-
tions

(e)lr=0 = SEr -

(i) non-degenerate, with B < 1, which in the extreme case of a negative chemical
potential with Su < —1 leads to the Boltzmann distribution

fle) ~ ehar

and the average one-electron energy

 3kgT

(e) >

An illustration of the shape of degenerate and non-degenerate Fermi functions
is given in Fig.2.2.

2.2 Electron in Electric and Magnetic Fields

The non-relativistic Hamiltonian of an electron in the presence of given (external)
electromagnetic fields is

1 e \2
H=o—(p+=A) —ev.
2m c
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The scalar and vector-potentials V, A arerelated to the electric and magnetic fields by
1.
E=-VV--A ; B=VxA.
c

It is important to remark, that the first term in the Hamiltonian is actually the usual
kinetic energy since ¥ = % (p+ <A).

2.2.1 Homogeneous, Constant Electric Field

A homogeneous, constant electric field may be described by different choices of the
potentials, for example,

Vo)=—rE and A=0

or
Vir)=0 and A= —cEr .

In the second choice one gets a time-dependent Hamiltonian. Due to gauge invariance,

the physical results are independent of the choice, but it is rather convenient to work
in the first gauge with the time-independent Hamiltonian

hZ
H=——V?+erE .
2m
Then, with E = (E, 0, 0) only the motion along the x-axis is affected by the electric

field while the transverse motion is still described by plane waves. The solutions of
the stationary Schroedinger equation with the energy —oo < ¢ < 00

R d>
< +eEx—s>¢8(x)=O

2mdx?

are the Airy functions (seen in Fig.2.3)

1 * 1 e 2mE 3
o= | dq“”(iq”"é); e= (- p) (h_) |

Although in this gauge we found stationary states it makes no sense to look for
equilibrium since the energy spectrum is unbounded from below and these states are
not eigenfunctions in the usual sense since they are not normalized

foo dx|és (O = 0o
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Fig. 2.3 Airy function

and the energy spectrum is continuous. This is related to the fact, that already a clas-
sical electron is accelerated in a homogeneous, constant electric field. This aspect we
may recover also in the quantum mechanical theory if we write the above Hamiltonian
in the momentum representation:

p?
H(pp) = om lehE—p

Then the Heisenberg equation of motion for the momentum
p=¢cE

follows.

2.2.2 Homogeneous, Constant Magnetic Field

Let us choose the homogeneous, constant magnetic field along the z -axis
=(0,0,B)

and the vector potential in the Landau gauge A = (0, Bx, 0). Then the Hamiltonian
of the electron looks as
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N E | 3 e\ B
H=-——+—|—-th— —-Bx) — ——
2m 9x2  2m dy ¢ 2m 372

One looks for the stationary solution of the Schroedinger equation in the form

ol kaztkyy)

Vi, k. () = Q’(X)ﬁ .
Ly

Then @ (x) has to satisfy the equation

i a2+1 2(x — X)? +h2k? P(x)=0
oamax? 2 o [T T

As usual, one chooses periodical boundary conditions along the y and z -axes. There-

2rn, 27ny C1 .
fore, k, = er , k, = = with integer n, n,. Here

L,

le|B
W, = ——
me

is the frequency of the cyclotron oscillation,
X = sign(e)Z%ky

is the x coordinate of the center of the cyclotron motion, while

n— he
7\ jelB

is the “magnetic length”. As it may be seen, the problem is not completely sepa-
rable, in the sense, that the motion along the x-axis depends also on the quantum
numbers of the motion along the other axes. The normalized (on the whole x-axis!)
eigenfunctions of this Schroedinger equation are given by

B (¥) = ——e P H (x — X) /)
Vig

where H, (x) are the Hermite polynomials and the corresponding eigenenergies are
quantized (oscillator values), but degenerate with respect to X

27,2 1

2mz + how(n + E) n=0,1,2,..).

En Xk, =

The oscillator ground-state eigenfunction @ (x) with £ taken as unit length is
shown in Fig.2.4. In the x-direction the boundary is not fixed. One might however
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—4 -2 4

Fig. 2.4 The ground-state Landau function @g o(x)

restrict the coordinate X to a certain domain —L,/2 < X < L, /2 in order to get
approximate boundaries in the sense, that at distances much bigger than the magnetic
length far away the wave function is very small. Typical for these Landau-functions
is, that the energy does not depend either on the quantum number X nor on k.
However, if one imposes Dirichlet (vanishing) boundary conditions at +L, /2, the
first degeneracy is lifted.

Another convenient way to impose a “confinement” along the x axis is to introduce
an oscillator potential barrier

Vix) = %wéx2 .

The solution is again the usual Landau function, however the cyclotron frequency
gets replaced by

In this way, the degeneracy with respect to X is lifted and the eigenenergies are
given by

21,2 1

2
En.X k, =2_n;+hd)(n+§)+%xz n=0,1,2,..).
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Nevertheless, whenever effects at the boundaries do not play an essential role, it is
mostly convenient to work with the Landau functions.

In the presence of the magnetic field it is also very important to take into account
that one has an additional spin-dependent energy —2o g B where g = % is the
Bohr magneton and the projection of the spin on the z axis may take two values
o= :I:%.

2.2.2.1 Magnetization

Since in the case of the magnetic field, by restricting the cyclotron center as we men-
tioned before, we may construct normalized eigenfunctions with discrete spectrum
bounded from below and we may look for equilibrium properties. For this sake let
us consider the one-electron state density, where we took into account that the spin
of the electron along the magnetic field may take two possible values o = :t%:

27,2

1 h
Ey=—— 5(E —
B =1L 2 ME-S

1
— hw(n + 5) +s:2upB)

k;.ky,n,o

By performing the thermodynamic limit we have to take into account that by limiting
the range of the center of the cyclotronic motion X implicitly |k,| < 2% Then we

B
get in the thermodynamic limit

1 2m N O(E — howe(n + 1) + 02upB)
B = o Y,
( ﬂ) B n,o \/E—hwc(n—i-%)—i-UZ,uBB

Obviously, one has a singular behavior at certain discrete periodical values of the
energy E (see Fig.2.5, where the unit of energy was taken to be hw, and a red line
shows the state density in the absence of the magnetic field). For sake of simplicity,
the spin is ignored in the figure. Anyway, at very low temperatures all the spins
are oriented along the magnetic field. This gives rise to typical oscillations of the
equilibrium magnetization as function of % (de Haas van Alfven effect).

Let us consider now a many-electron system in equilibrium. The equilibrium
magnetization is defined as the derivative of the free energy F with respect to the
magnetic field

1 OF

M=—-——— .
L.L,L. 3B

The free energy is related on its turn to the thermodynamic potential .# and the
average number of particles (N) by

F =%+ u(N).



14 2 Non-interacting Electrons

Fig. 2.5 State density z(E)
in magnetic field

In the macro-canonical equilibrium, we have
F = —kpT In {Sp (e_ﬁ(H_“N))} .

With the short-hand notation i for the one-electron Landau state quantum numbers
and n; = 0, 1 for this occupation number we get

—kpT In ! Z e~ B Lilei—mn; ]

ny,ny,...

F

—kBT In {H, [1 + 675(8"7“)]}
—kpT Y In[1+ e Pe]

1

—kBTLxLyLZ/dsz(a) In[1+e 7],

The average electron density () onits turn is defined by the one-electron state density
and the average occupation number of the states given by the Fermi function

1

@ =1gen

k]

(n) = / dez(e) f(e)

and

1
_ _ —Ble—w)
F_/dsz(g)( kT In[1+e ]+M1+eﬁ(5—“)> .

Thus, the magnetic field dependence of the one-particle state density (at a fixed
chemical potential 1) determines the magnetization.
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2.2.3 Motion in An One-Dimensional Potential Well

Let us consider here a simple one-dimensional problem of quantum-mechanical
motion in a static potential well. We have discussed already, how the energy spectrum
of the free propagating particle can be conveniently discretized by Dirichlet boundary
conditions at x = :I:%. Actually, this corresponds to the motion in an infinitely high
potential well, that does not allow the penetration inside the potential barrier. The
purpose was, to recuperate later the thermodynamic limit at L — oo while keeping
the average particle density constant. Now we shall consider here a potential well
of finite height Uy and in order to avoid confusions with the previous problem we
denote here the finite width of the well with a.
The stationary Schroedinger equation we consider is

2 d?
{ ——eV(x)}llf(X) = Ey(x),

" 2m dx?

with the potential
0 for x| =

—eV(x):{U0>O for x| >

[STISTSTINY

shown in Fig.2.6.

The solutions inside the well are trigonometric functions sin(kx) and cos(kx) with
k2 = %E while outside the well, choosing vanishing conditions at x — 300 these
are respectively e** for x < 0 and e ** for x > 0, with k> = zh—’g‘on — E|. Imposing
the continuity of the wave function ¥ (x) and its derivative ¥'(x) at x = +7, as
well as the normalization condition ffooo [ (x)|2dx = 1 one gets the transcendent
equations for the eigenvalues of the even and odd solutions

tan(ka) = k ,
a

Fig. 2.6 Potential well
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Fig. 2.7 Energy levels in the
well for C? = 38

respectively
k
tan(ka) = ————o |
VC? — (ka)?
where
2 a’2m
C = 7 Uy .

The resulting energy spectrum consists of a finite number of discrete energies below
Up. For C? = 38 they are illustrated in Fig.2.7. The shown levels correspond alter-
nately to symmetric and anti-symmetric states. Of course, one has always a continuum
above the barrier.

2.3 Electrons in a Periodical Potential

Periodical potentials in a crystal play a central role. The main properties of solids
may be understood starting from the peculiarities of the quantum mechanical
electron motion in a periodical potential.

2.3.1 Crystal Lattice

Most of the solid-state devices are made out of crystals and a theoretical treatment
of periodical structures is much easier, than that of disordered structures. In what
follows we shall discuss only such solids with a periodical structure.

A crystal is characterized first of all by a translation symmetry of the (average)
positions R of the atoms. Such a symmetry is defined by a 3D Bravais lattice

R = n1a; + nya, + nias; (ny,ny,n3 =0,£1,£2,...) .
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The three vectors aj, a;, a3 define the elementary cell, whose repetition covers all
the atoms. Its choice is not unique, but should contain the minimal possible number
of atoms. An illustration of a Bravais lattice with a single atom in the elementary cell
is shown in Fig. 2.8, for sake of simplicity in 2D. An example of a more complicated
elementary cell with two atoms is given on Fig.2.9. One illustrates other possible
choices of the elementary cell (see the arrows!). The volume of the elementary cell
is given by

v=ajp-(a x az)

Fig. 2.8 Tllustration of a crystal lattice in 2D, with two different choices of the elementary cell
(indicated by the green, respectively blue arrows)

Fig. 2.9 Illustration of a Bravais lattice with an elementary cell of two atoms in 2D
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and does not depend on the choice of the elementary cell. The elementary cell may
contain different atoms and there are also crystals with elementary cells containing
hundreds of atoms.

The discrete translational symmetry is not the only possible symmetry of a crys-
tal. It may be symmetric also with respect to certain rotations or mirrorings. In what
follows we shall consider only the periodicity, which determines the basic prop-
erties of any crystal. The unit vectors a;, a,, a3 are not orthogonal to each other
(except in a cubic crystal), therefore it is useful to introduce also a dual basis (called
“reciprocal’’) by

2

bl = —ap X as
v
2w

bz = —asz X aj
14
2w

b3 = —a; Xap.
Vv

Then we have the orthogonality of the two dual unit vector sets:
b,‘ -a; = 27‘[5,‘,]‘ .

One may define also a reciprocal lattice created by the new basis vectors. A vector
K of this reciprocal lattice is defined by

K = mb; + myby + msbs; (my,my,m3 =0,£1,%£2,...).

The volume of the elementary cell of this lattice v called Brillouin Zone (BZ) is
related to that of the elementary cell of the original lattice v by

@r}  _ @n)

vgz = by - (b2 X b3) = =
a; - (ap x az) %

The following relations also hold

R-K =2x(nim; + nymy + nyms)

etR-K =1

1
— /dre”'K = (SK,() .
1%

v

Any periodical function f on the lattice (f(r) = f(r + R)) may be expanded in
Fourier series

o) =) fxe™
K
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with the Fourier coefficients

fk = %fdrf(r)e’”'K )

2.3.2 Bloch Functions

Let us now consider the Hamiltonian of an electron
h2
H=——V>4+U(r)
2m

in a periodical potential
Ur)=U(r+R).

Here we want to exploit just those general features that emerge from the periodicity.
The stationary states are solutions of the equation

Hy = Evy .

Since a perfectly periodical crystal has an infinite extension, the stationary solutions
(like the plane waves in free space) cannot be normalized, and in this sense, they are
not true eigenstates. From the periodicity it follows, that the shifted wave function
¥ (r + R) must be a stationary state with the same energy E and (in the absence of
degeneracy) it may differ from the unshifted one only by a phase factor

Ye(r+R) = Yp(r).
It follows immediately the additivity of the phase
R +R, = PR, + PR,
and therefore one may write
Ve +R) = Ryp(r)
with a real vector k. According to the previous definition of the reciprocal lattice, k

and k + K are equivalent, since the scalar product RK is a multiple of 2r. One may
thus write the wave function in the form

Yi(r) = My (r)
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where u(r) is periodical
ug(r + R) = uy(r)

and the wave vector k belongs to the elementary cell of the reciprocal lattice. We
choose it as the cell at the origin (BZ) defined as the domain

k* < (k — K)?

of k-vectors closer to the origin as any non-vanishing vector K of the reciprocal
lattice. Even in the case of degeneracy one may choose the wave functions in this
Bloch form. (This stems from the fact that the translations are an abelian group with
one-dimensional irreducible representations.)

Thus, beside the energy we have the wave vector k for the characterization of the
Bloch states. Of course, other quantum numbers must be considered, which we shall
denote by n. These quantum numbers are discrete and are called—band indices.

2.3.3 Periodical Boundary Conditions

Just like in the case of the free electrons it is comfortable to impose some boundary
conditions to get a discrete spectrum. In the case of a crystal lattice one chooses a
periodical boundary condition compatible with the lattice periodicity

Y (r+ Aa;) = y(r).

with some integer .4/ (i = 1, 2, 3). The parallelepiped with the edges . #;a; is called
basic volume §2. From the definition, it follows that the condition

Na; - K=2mm ; (m=0,=xl1,%2,...)

has to be satisfied in order to recover the same phase factor of the Bloch function
and therefore the wave vector k may take only discrete values

np

nj
k="lp
it

b2+”733b3 . (n,nan3=0,%1, %2, ...

Of course, to obtain physically relevant results for a bulk crystal one has to remove
the dependence on these artificial boundary conditions by taking the infinite volume
limit. One sees, that as .4/ (i = 1, 2, 3) increases, the elementary step of the wave
vectors Kk goes to zero, therefore in the limit of infinite basic volume in all directions

one has |
ey (2m)° Jpz

1
MM N3V
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The introduction of the periodical boundary conditions allows the orthonormalization
of the Bloch functions

/ dr‘/fk,n(r)*wk’,n’(r) = Sk,k’an,n’ .
2

Now, the integration over the basic volume §2 is equivalent to a summation over all
the elementary cells and the integration over each cell. With

Vi (r) = Mug, s N = MM

1
AN

the orthonormality may be written also as

1 / ,
— 2R / dre' S (1) g (1) = S / Xty (1)t e (1)

ReQ v v

where we used the periodicity of the Bloch part and the relation

% Z elkR — 5]{.0

Re@
stemming from the identity

Ljiln_il—xﬁ_ 0if m#0
A= T A=y T\ lifm=0"

n=|

2m

withx =¢''7 ;

(m=0,...,.# —1). Thus,

fdruk.il(r)*uk,n’(r) = 8n,n’.

v

and therefore the Bloch parts uy , (r) form for each k an orthonormalized set and at
any fixed k one has a discrete spectrum.
2.3.4 The Approximation of Quasi-Free Electrons

Let us write the Schroedinger eigenvalue equation in the periodical potential U (r)
in Fourier components
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w(r) =Y i ge'™
K
Ur) =Y Uge®" .
K

where Ug = f]fK follows from reality of the potential and the wave vector k here is
restricted to the Brillouin zone. After multiplication with e "% and integration of r
over the elementary cell the equation looks as

K2 - ~ -
[%(k +K)* — EK(k)] UK + Z Ux_xigg =0.
©

Let us consider first an empty lattice U (r) = 0. The corresponding states and
eigenenergies are

1 1
0) elkl‘ 0) (I'), 0) (I') — _elKl‘

k,K(r) = \/7 uk,K uk,K ﬁ ’
respectively

h2
EQ (k) = %(k—i—K)z; ke BZ .

The “bands” indicated by the vectors K of the reciprocal lattice are shown in Fig.2.10
for K = —2m, 0, 27, (with lattice constant @ = 1) in the case of an one-dimensional
lattice.

20

\

-3 -2 -1 1 2 3

Fig. 2.10 The first folded free electron bands in 1D
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It is important to remark again, that at fixed k the spectrum is discrete. One
sees the degeneracy of the “bands” at k = 7 and at k = 0. The main role of the
perturbation by a small periodical potential U (r) will be in lifting these degeneracies.
As we shall see on an exactly soluble one-dimensional example, after the lifting of
the degeneracy the top of the lowest band and the bottom of the upper band get
extrema with vanishing derivative.

2.3.5 The Kronig-Penney Model

We consider here explicitly the solvable one-dimensional periodical potential model
(see Fig.2.11)

Vix) = 0 n(a+b) <x <n(a+>b)+a; n=0,=%xI1,+£2,...
r) = Uy n(a+b)—b<x<n(a+b).

Actually one has to solve the problem in the elementary cell (0 < x <[, =a + b)
and thereafter extend it overall by the Bloch condition. For E < U, the solution is

¥(x) = cf’e”‘” + cé’e”“z)‘; O<x<a
W(x) = cle 4 che™%; a<x<l
,  2m 5, 2m
Kl_ﬁE’ K2_ﬁ|U0—E|

At first one must ensure the continuity of the wave function and its derivative at
X=a

Va—-0)=¥@+0)
Y'(a—0)=¥'(a+0).

Fig. 2.11 The
Kronig-Penney periodic
potential
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Further one has still to fulfill the Bloch condition

v (0)e'M = w ()
w'(0)e'M = w'(l).

These conditions lead to a system of four linear homogeneous equations for the
. 1 1 11 . . . .

four coefficients |, ¢!/, ¢,, ¢, . The existence of a solution implies a transcendent

equation for the energy as function of the wave vector k (energy bands). For £ < Uy

it looks as

2 2

Ky —Ki . .
cosh kab coskyja + % sinh kob sinkja = cosk(a + b) .
K1K2

Fig. 2.12 The lowest four
energy bands (here %’;—?ZE )
of the Kronig-Penney model
with R

b =025a, 24Uy = 38
forO <k(a+0b) <m

=
=2
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Fig. 2.13 The lowest four

energy bands (here 2252 E)
of the Kronig-Penney model

with b = a, 24 = 38
for0 < k(a+0b) <.

(Bands below Uy here in red)

For E > Uy trigonometric functions are the solution and the above discussed
boundary conditions lead then to the transcendent equation
K12 + IC22
K1k2

cos k1b cos kra — sin kb sin koa = cosk(a + b)

where however
,  2m
—ﬁE, K2=ﬁ|E—U0|.
These equations may be easily solved numerically. The lowest four bands are shown
in Fig. 2.12 by the choice of the parameters Uy = 38, b = 0.254.
One sees here the scenario described in the previous section. The bands of the
empty lattice are split, and one gets extrema with vanishing derivatives.
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It is instructive to remark here, that as the distance between the wells b increases
the bands under U flatten (in our case the lowest two) and get close to the energy
levels of the isolated well, while the upper bands get closer to those of the empty
lattice. This is illustrated in Fig.2.13 with the increased distance b = a between
the wells. (The range of the wave vector is limited here for sake of convenience to
0 < k(a 4+ b) < m.) This result corresponds to the known fact that far away atoms
have the spectrum of the isolated atoms, however, with a degeneracy equaling the
total number of atoms.

2.3.6 Band Extrema, kp—Perturbation Theory and Effective
Mass

The stationary Schroedinger equation for the Bloch functions describing the energy
bands (indexed by some quantum numbers 7)

2
|:—h—V2 =+ U(r) — En(k):| wn,k(r) =0
2m

after inserting
Yk () = eu i (0);

gives rise to the Bloch equation

K2 ) 12 K2 )
——V 4+U@x)— —kV+ —k" — E,(K) |ux,(r) =0.
2m m 2m ’

For any fixed k this is a true eigenvalue equation with discrete eigenvalues. The
eigenfunctions uy , (r) due to the Bloch property

Unk(r +R) = 1y (1)

may be considered just in the elementary cell with periodical boundary conditions.
Therefore, they may form a complete orthonormalized set in the cell

/drun,k(r)*un’,k(r) = an,n’

v

Dt (D) i ()" = 8(r, ')

Let us assume, that for a given k¢ the eigenfunctions u, ,(r) and eigenenergies
E, (ko) are known.
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For a small deviation |k — ko| — 0, one may consider —%(k — Kko)V as a small
perturbation. In the absence of degeneration, standard perturbation theory gives

2
<, Ko| P&V | kg >
un,k(r) = Up K, (I') + o Un' K (I') +---
0 r; En (kO) - En’ (kO) !
and
h? ) h? 2 h(k — Kkq)
E,(K) — —k" = E, (ko) — ~—kg+ <n kol— n, ko >
2m 2m m

2

)< n, Ko |—h (k kO)V|n ko >

>

0 Euko) — En(ko)

with the “bra-ket” notation
<n,ko|V|n', kg >= /drun,ko(r)*Vunr,ko(r) .
v

It follows then for the derivative of the energy at k = K¢

DEND), . |h2V| .
k. =< n,ko|—V]|n, kg > .
gk R m 0

Since K for the time being is arbitrary, the relation holds for any k and we get for
the average velocity

I 3En (k)

h
(v) = /dl’%k(r) oy Y nk(r) = 7 — —

Now let us assume, that the point K¢ is a band extremum. Then the linear terms in
the energy vanish and

1
En(k) = En(kO) + 7 (Z)lw (k - k())u(k - kO)v +

where

1 2 Z < n,0lAV,In',0 ><n’, 0|AV,|n, 0 >
M Y 2 n'#n En (0) - En’ (O)

is the inverse effective mass tensor. In the case of the cubic symmetry with the
extremum at kg = O this looks as
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2

2m*
and one has an isotropic effective mass m*. This effective mass may be positive
or negative, depending on the nature of the extremum (maximum or minimum).
Therefore, depending on the sign of the effective mass, the average velocity

h
<V> = —*k
m

may be either in the direction of the wave vector k or opposite to it.

We have seen on the example of the one-dimensional Kronig-Penney model, that
band extrema occur at k = 0, £7.. Most of the important properties of crystals are
determined by the extrema of some of the energy bands we shall discuss later.

2.3.7 Wannier Functions and Tight-Binding Approximation

A useful concept in the treatment of motion in a periodical potential are the Wannier
functions defined through the Bloch functions of a given band n by

1 1
waRr(r) = —— n, (r)eilkR = —— Up, (r)elk(riR) .
=TT & T = T e

They constitute a a complete orthonormalized system of functions

1 R
f drwm(r) wy () = — Y ! KRAEO f dr 1 (0) Y 1o (1)
2 v

k. k’'eBZ

1 ,
E : k(R—R
= —t/V el ( )(Sn,n’ = 5n,n’5R,R’
keBZ

and
D wur) wr(r)) =8(r,r').

n,R
The inverse transformation is

KRy g (F)

1
u, k(r) = 7 Ze
R

The Wannier functions however are not eigenfunctions of the Hamiltonian. If u,, i (r)
is a smooth function of k, then w,gr (r) vanishes rapidly for [r — R| — oo. Therefore,
while the Bloch eigenfunctions are delocalized, the Wannier functions are localized
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on the lattice nodes. Since the Wannier functions are constructed only from the Bloch
functions of a single band and considering also the discrete translational invariance
on the lattice, the matrix elements of the Hamiltonian between the Wannier functions
depend only on the vector R — R’

<n,RIHI7,R">=§, vt,(R—-R").

Therefore,
1 ,
<nm,RIH|n,k>= — <n,R|H[n,R' > 7R
V7 3
1 ,
- tn(R_R/)eth
V7 %
l !
kR kR
=" — t,(R"e .
7 %
On the other hand

<n,R|H|n,k > = E, (k) <n,Rjn, k >
1 ,
=E,k)—— Y <n, Rn, R’ > ¢},
c/;

1
zelkREn k -
W7

and therefore, inverting the relation we get

E (k) =)™, (R).
R

As an illustration, let us assume that in a cubic lattice of lattice constant a the
only non-vanishing #, (R) are those to the nearest neighbors

1,(0) =c,, ty(Fay) =t,(Fay) =1,(*a,) = —d, .
Then it follows,
E,(k) = ¢, — 2d,(cos(kca) + cos(kya) + cos(k;a))
and in the vicinity of the origin
E,.(K) = ¢, — 6d, +d,a*k* + ...

This defines the effective mass by % =d,a’.
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One approximates often the Wannier functions by the eigenfunctions of the iso-
lated atom ¢, (r) (“tight-binding approximation”)

war(r) ¥ ¢u(r —R).

Within this approximation

Yk (¥) = \/—_; ~kRg, (r — R)

or

1y k (¥) = J#W Y e g, (r —R).
R

It is however important to remark that the orthonormalization of these functions
is not fulfilled since f o dre, (r)* ¢, (r — R), however small, it does not vanish for
R # 0. By this connection to the atomic wave functions one may speak about a
given band as characterized by a given symmetry of the underlying atomic states.
For example, s or p-like states, with their respective degeneracies.

2.3.8 Bloch Electron in a Homogeneous Electric Field

Let us consider a homogeneous electric field superimposed on the periodical poten-
tial. Thus, we have a supplementary term H = —eEr in the Hamiltonian. The result-
ing potential looks like in Fig.2.14. Let us choose the normalization of the Bloch
functions as

<k’ n'[k,n>=vg 8k —k)S, ..

Since in the infinite volume limit .4 8k x — vgz3(k — k'), this normalization cor-
responds in the discretized version to < k', n'|k, n >= N8k x/8,.. Then

Jdvyne (@) vy () = [ dre' e (0) g, (r)
= —t5 [ dryne () Y, (1) + 1 [ dre' T (0)* S (1)
~ 1758 (K — k8 +1 Yo @ 6T [ dre &K w4 (6)* Lui (1)
lVBZak(S(k K8, +1vpz8(k — k/)f druk,,(r)*akuk”(r)

If one ignores inter-band matrix elements as well as the intra-band energy correction
we get the approximate expression for the matrix elements of H':

k',n'|H |kn >~ szZeE 8(k | S
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/

— _

Fig. 2.14 A periodic potential and its modification due to a homogeneous electric field

Consequently, we obtain in the k space an effective one-band Hamiltonian (in each
band)

, 0
Heff = EKk) — leEB_k
and in the same representation the following Heisenberg equation of motion for the
k-vector )

hk = ¢E

results.

Due to the periodicity of the band energy E (k), after a time . = % the electron
crosses the whole Brillouin zone and will be reflected at its boundary. Therefore,
unlike the accelerated motion of a free electron, the electron in a crystal performs
Bloch oscillations with the frequency w = 27” However, these oscillations in a real
crystal are not observable since due to the smallness of the lattice constant the Bloch
period .7 is much bigger than the relaxation time due to the interaction with other
perturbations of the lattice (phonons, impurities). The Bloch period itself cannot
be shortened by the increase of the field strength due to the here neglected inter-
band transitions, which may become important in strong electric fields. Nevertheless,
Bloch oscillation may be observed in artificial periodical semiconductor structures
with large lattice constants.

As in the case of the free electrons in a homogeneous field we may reinterpret these
results in terms of stationary states (Wannier-Ladders). The stationary Schroedinger
equation within our approximations looks as

[E(k) — leE% - g} v(k) =0
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2

ALV A

Fig. 2.15 Stationary state of the Wannier ladder

or B
Edlny®k
e ok et E®D.

Choosing the field along the x-axis we get

ke
¥ (k) =90, kL)eXp{é'/(; dqx (8_E(%c»ki))} .

We must still implement the periodic boundary condition for the wave function in
the k space. Taking into account the periodicity of the band energy E (k) (implying
the vanishing of its integral over the Brillouin zone). This is achieved by fixing the
eigenenergies

enk)) =eaém +const. (m=0,x1,£2, ...).
Then the difference between two successive energy levels is

emy1(k1) —en (k) = ead .
It corresponds to the energy associated to the Bloch frequency w = 27”
As an example, let us consider a simple one-dimensional Bloch spectrum E (k) =
A(1 — cos(ka)). Then ¢,, = ea&m + A and the wave function in real space (illus-
trated in Fig.2.15 form = 0) is
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Y (x) = const. /; dk exp {—zk(x —ma) — % sin(ka)} .
T e

2.4 Electronic Occupation of States in a Crystal

The occupation of the one-electron states in the periodical potential by as many
electrons as ions at low temperatures determines the nature of the solid.

2.4.1 Ground State Occupation of Bands. Conductors and
Insulators

We have discussed until now the nature of states of an electron in a crystal. However,
the properties of the material are essentially determined by the occupation of these
states. According to their electric conductance one classifies the crystals as metals
or insulators. On the basis of the discussed one-electron spectra of crystals one may
already understand the basic difference. The ground state of the electrons (T = 0)
in a crystal results from the successive occupation of the lowest one-electron states
in the bands. In this ground state corresponding to zero temperature, the highest
band may be either partially or completely filled. In the first case, a small external
perturbation can excite the electrons, while in the latter case, due to the forbidden
states above them (band gap), only a strong perturbation may excite them. The
partially filled band is called conduction band, while the last completely filled band
is called valence band. The first case defines a conductor (metal), while the second
defines an insulator (dielectric). The two situations are illustrated in the simple case
of a direct band gap, when both the maximum of the valence band and the minimum
of the conduction band lie at k = 0 on Fig.2.16. The red color indicates the occupied
states in the bands.

Fig. 2.16 Band filling in metals and insulators
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However, there is a very important sort of dielectrics, the semiconductors. They
behave as insulators at very low temperatures, while at higher temperatures they
behave as conductors. In this case the band gap is so small, that at room temperatures
already a lot of electrons are thermally excited into the conduction band. In the
presence of impurity states in the band gap, we shall discuss later, the number of
excited electrons in the conduction band is even more important, and the conductivity
may be relevant even at low temperatures.

Beside the above discussed cases, by crystals with indirect gaps, where the maxi-
mum of the valence band and the minimum of the conduction band occur at different
values of K, it may happen, that the later lies higher than the former. This band
occupation at 7 = 0 of a semi-metal is schematically shown in Fig.2.17.

2.4.2 Spin-Orbit Coupling and Valence Band Splitting

The discussion of the band-structure of crystals is treated usually within the frame
of the non-relativistic Schroedinger equation. However, there are often important
corrections to be made due to relativistic effects. Most of the so called direct gap
semiconductors, having the maximum of the valence band and the minimum of the
conduction band at k = 0, within this frame get a non-degenerate conduction band
and a threefold degenerate valence band. In a tight-binding approximation these may
be considered as made up of s, respectively p atomic states. Of course, one has to take
into account also the spin degeneracy. However, actually the valence band states are
split due to relativistic effect of the spin-orbit interaction. This interaction is invariant
against simultaneous rotation of the orbital angular momentum I and of the spin o.
Therefore, one has to classify the valence -band states according to the states of the
total angular momentum J =14 o. From the m = 0, £1 orbital angular momentum
states and the o, = :I:% spin states one has to construct the eigenstates of the total
angular momentum J = %, J, = :I:%, :I:% and J = %, J, = :t%

Fig. 2.17 Band filling in a semi-metal
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Fig. 2.18 Split valence
bands
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5oks >=F \/Lg(u,ﬂ >4l s FV211,0 > |1 4L >)
1 1
|§,i§ >=F %(«/ﬁu,il > 3. F5 > £[1,0 > |3, £1 >) .

The phenomenological effective-mass Luttinger Hamiltonian for the valence
bands used in applications for crystals having the cubic symmetry

2

h 2 2 5
H=——(p" +mPphH +AJJ +1) -~
2my 4

describes three double degenerate valence bands around k = 0. In Fig.2.18 such a
split valence-band structure is shown schematically.

2.5 Electron States Due to Deviations from Periodicity

2.5.1 Effective Mass Approximation

Let us consider a deviation from the crystalline periodicity due to a non-periodical
potential V (r) that varies slowly on the scale of the lattice constants. It may be due
to a defect in the lattice or a foreign atom. Then we may approximate

<n,RV|n,R" >= /danR(r)*V(r)wn’R’(r) ~ V(R)S,woRr R -
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We may look for the eigenstates in the presence of both the periodical potential U (r)
and this potential V (r) in terms of Wannier functions

1
A% D X Rwr(r).
R

The eigenvalue equation then looks as
S (ER-R)+ (VR) = e)br) x(R) =0
R/

with !
I _ _ 1kR
En(R) = 1,(R) = — ij E,(k)e'*R .

On the other hand, if we introduce the interpolating function

xm= Y i)

keBZ

for all r, then

Y ER-R)XR) =) E,K)7Ke""
k

RI
=Y AR E (=1 V)e  r—r = En(—1V)x (1) |e—r -
k

Assuming that x (k) vanishes rapidly far away from the band extremum at k¢, where

the expansion
2

I
E,(k) ~ E, (ko) + — (k — ko)> + ...
2m*

is valid and defining x (r) = e'*T(r) we get the Schroedinger equation with the
effective mass m*

2

{En(kO)_ V2+V(l‘)—8}<ﬂ(l‘)=0~

2m*
Under the above assumptions we have also

S Ry ~ o)
N/;;; - X nR % \K;;;

Z MRy (1) = @)1y 1, (1) .
R
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2.5.2 Intrinsic Semiconductors at Finite Temperatures

Since the importance of semiconductors in modern technological applications is
overwhelming we devote more space to their discussion. Pure semiconductor mate-
rials, without impurities are called intrinsic. Here the last two relevant bands (valence
and conduction bands) are neither completely filled or empty at ordinary tempera-
tures. The electronic occupation of the Bloch-states with wave vector k and spin o
in equilibrium at inverse temperature g is described by the Fermi distribution

1

Jako = (ko) = B 1

It is meaningful to define the conduction band electrons as “true” electrons

1
ePlecko—1) 4 1

fkg,(r = fc,k,a = ,
while in the valence band it is useful to define the population by the holes (absence
of valence band electrons). With these definitions at 7 = 0 we have no holes and
no electrons i.e. an electron-hole vacuum. As we shall see later, this terminology is
extremely useful.

At the band edges of a direct gap semiconductor we have in the effective mass
approximation the electron energy (in the conduction band) as

, 1 R
fk = ko = 7 Ee+ s

K’ 50
3 . (m,; >0),

while we may define the energy of a hole (in the valence band) as

1 h?
elh( = —&, k-0 = EEg + Y k?
h

(m;, = —m} >0).

This last definition corresponds to the fact that removing an electron of charge e < 0,
spin o, wave vector k and energy ¢, i  is equivalent to adding a particle with charge
—e > 0, spin —o, wave vector —k and energy —¢, _x _,. Thus, holes may be looked
at as positively charged particles with positive effective mass. In a homogeneous
electric field, they would be accelerated accordingly.

The average number of conduction electrons and holes is the same i.e. the system

is electrically neutral
/
D fie =2 Ho-
k,o k,o

If the electron-hole occupation of states far away of the band extrema is negligible
one may extrapolate the effective mass approximation overall and we have in the
thermodynamic limit
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1 1 1
@2m)? /d [ PEE B | B LE } =0
e’V e T27s +1 el oy T2 +1

Since the band gap is still much bigger than the thermal energy (8E, <« 1) one may
approximate the Fermi distribution through its non-degenerate limit and therefore

1 212 _g(iA2 1
(z_ﬁfdk [e—mzmt B B +éEg+u>} o
—

These integrals may be solved exactly and give rise to a chemical potential sitting in

the gap at u© = %kBT In (Z’%’) and the average number of each of the newly defined

e

particles (carrier density) is

(no) = V27 (memy)* (BR2) 3¢~ PEs

2.5.3 Ionic Impurities

Let us see now what kind of modifications are introduced in the spectrum by putting
an extra positive or negative ion in the crystal. Obviously, a minor modification of
the continuous bands is not relevant. However, extra discrete states in the forbidden
gap may be very important. Therefore, vicinities of band extrema must be looked up.
Let us consider a positive ion in the origin. The stationary Schroedinger equation for
an electron in the effective mass approximation in the neighborhood of a conduction
band minimum is

K2 e?
E, — Ve — —etopm =0 (m*>0),
2m* elr|

where ¢ is the dielectric constant of the crystal and E. denotes the energetic position of
the band minimum. The ground state energy of this hydrogen-like Coulomb problem
is well-known to be given by the Rydberg energy, here modified by the replacement of
the electron mass by his effective mass m™* and the presence of the dielectric constant
¢ of the semiconductor. The binding energy here is the distance of the discrete level
from the conduction band

E E E n? eh?
e—Ekc=— =75 4B = :
. . 2m*ay BT mee?

The energy of this localized state therefore lies below the band minimum, also in
the gap.

In the case of a negative ion placed at the origin we may expect analogously a
new state in the band gap near a band maximum described by the equation



2.5 Electron States Due to Deviations from Periodicity 39

S N~
/
\

Energy
&
T
Il

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
Wave vector

Fig. 2.19 Localized states in the energy gap of a semiconductor

K2 &?
Ey — Vg — —etopr)=0 (m*<0).
2m* elr|

with a negative effective mass m*. This may be rewritten as

K2 2 e?
—Ey — Vi—— +etor)=0
2|m|* elr|

giving rise to the ground state energy
e—F v = +E R

lying in the gap above the band maximum. These states in the forbidden energy zone
as they are illustrated in Fig.2.19 are extremely important in the case of semicon-
ductors.

In most of the semi-conducting crystals the dielectric constant is much greater
than unity and the effective mass is much smaller than the true electron mass and,
as a consequence, the Bohr Radius ap is much bigger than the lattice constant.
Thus, the assumption about the smoothness of the potential, as well as the use of
the macroscopic dielectric constant ¢ of the material are justified. On the other hand,
in a semiconductor the Rydberg energy is much smaller than the energy gap and of
course even much smaller than the hydrogenic Rydberg energy.
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2.5.4 Extrinsic Semiconductors at Finite Temperatures.
Acceptors and Donors

As we already discussed, foreign ions in a semiconductor crystal lattice give rise
to localized states in the band gap. On the other hand, one includes not ions, but
neutral atoms. The question is, what happens if the atom gets ionized and losses
or gains an electron in favor of the collectivized band electrons? A foreign atom
may create a localized state just below the conduction band and remain neutral in
the ground state. This would be interpreted as a positive ion state occupied by an
electron. Another possibility is to create a localized state just above the valence band.
Then in the ground state it will lose its electron in favor of the lower lying valence
band continuum. This would be interpreted as a positive unoccupied ion. In the first
case we speak about donors, while in the second about acceptors.

Bloch states with a given wave vector k may be occupied by two electrons of
opposite spin. Double occupation of localized states however, may be forbidden.
Indeed, the average Coulomb repulsion energy for two electrons on the same site is

_ _/ /d N )Pl )
r—r]

In the case of the Coulomb ground state { =0, n =1)

Yy (r) =¥ (r) =

ndl
the integral may be solved analytically giving rise to

5 €2 5
= = lFEg.
88(13 4

Therefore, the energy of the double occupied state may differ essentially from twice
the energy of the single occupation. In this case one may write the energy of the
donor state as in terms of its occupation by electrons as

ED(nT,ni)=£D(n¢+n¢)+UnTn¢ 5 (nT,m:O, 1)
The average occupation at a finite temperature is given by

—BLED(ny.ny)—p(ny+
Y ony=0.1 Lony—0,1 e PER )T
SIS S L

(ny) =(n)) =

and
e~ Blep—1) + e~ PlREp—)+U]

N

(n) = (1) + {n)) = >

21 + 2e=BEp—1) 4 e=Bl2(ep—)+U] =
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Fig. 2.20 The electron occupation .%p of a donor state

instead twice of the Fermi function one would have without repulsion. This new
distribution is illustrated in Fig.2.20
In the extreme case of very low temperatures kELT — 00 it gives

e Blep—1) 1

(n) =2

)

1+ 2¢Pep—1) — gBlen—n—ksThn2) | |
which looks like a Fermi function with a shifted chemical potential
uw—>u+kpTIn2 .
Analogously we have for the positively charged holes on an acceptor level
Ea(my,m)) =ea(my +my) +Umqym ; (my,my =0,1)

with m4, m being the hole occupations. On has still to take into account that the
chemical potential for the holes is —p is and ¢4 = %Eg — Ex.

The equation for the electro-neutrality in an extrinsic semiconductor looks there-
fore as
Zka"—{—Zﬂ‘D — Np :22](1? +Z§5A — Ny .
k D K A

This equation may be solved for the chemical potential only numerically. As illus-
tration, we show on Fig.2.21 the one electron state density and its occupation in an
n-type semiconductor with more donors (D) as acceptors (A) at T = 0. The green
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Fig. 2.21 State density in a compensated n-type semiconductor at 77 = 0

filling shows the (simple or double) occupation of the states. The donor states lying
higher in energy lose some of their electrons in favor of the acceptor sates.

2.6 Semiconductor Contacts

Until now we discussed only bulk properties of solids, however phenomena at the
interfaces play an overwhelming role in all solid-state devices. We describe in the
following two such simple cases: the penetration of a static electric field in a semi-
conductor and the contact between an n-type extrinsic semiconductor and a p-type
extrinsic semiconductor of the same crystal. In both cases thermal equilibrium is
assumed.

A consequent quantum-mechanical discussion of these problems would be
extremely difficult. A finite semiconductor is not a periodical crystal and the eigen-
states and eigenenergies differ from that of the infinite one. A simplified quasi-
classical approach however has proved to be very successful. We need to describe a
situation in which the quantum-mechanical nature of the crystals, as well as macro-
scopic inhomogeneities must be reconciled. The basic object here to consider is the
Wigner function depending on the momentum p and coordinate x. It is defined as

py 1 1
f(pv X, t) = \/dy€T<1/j(X + EY7 t)er(X - Ey’ t)) )

where ¥/ (X, t) is the second quantized wave function and (. . .) means averaging over
a given ensemble. This implies the normalization

dp .
f dx / g X0 = (V).

where N is the operator of the total number of particles. It may be shown, that all the
averages of operators which are a sum of two operators O (X, lEV) = Ax) + B(?V)
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depending on the coordinate respectively on the momentum, may be expressed as
the integrals

ox v —/d/ dp o
( (le_ )> - X (Zﬂ'h)?’f(p’ X, ) (Xv p)

However, generally speaking f(p, x) is neither real, nor positive. Nevertheless, in
the quasi-classical limit (A — 0) it may be shown, that it will be real and positive.
The Hamiltonian of a particle in the presence of a potential U (x)

2v72

H=—
2m

+ U(x)

has the above described structure.
One assumes tacitly, that the corresponding Wigner function in this quasi-classical
limit, in thermal equilibrium is given again by the Fermi distribution
1

S5 +Uw-n)

fp.x) = )
+1

in the phase space (x, p).

2.6.1 Electric Field Penetration into a Semiconductor

In a previous discussion we have admitted implicitly, that a homogeneous constant
electric field may be created in an infinite crystal. This is an extreme idealization. It
is well-known, that metals screen out static electric fields, while in a semiconductor
it may still penetrate at a finite macroscopic depth. We shall discuss here this last
case within the quasi-classical approach. Let us consider the surface of an intrinsic
semiconductor characterized by a dielectric constant ¢ and an equal number N of
electrons and holes in the macroscopic volume £2. Their density in equilibrium ng
is determined by the band gap E, and the temperature T and for £, > kpT it is

_ e
nOEN/QNe %pT |

Let us consider, that the semiconductor occupies the half space x > 0. The static
electric potential V(x) satisfies he Poisson equation outside

VIV(Ex) =0 (x <0)
respectively inside the semiconductor

eV2V(x) = —4np(x) (x > 0).
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where p(r) is the charge density of carriers (electrons and holes). In the presence of
an external electric field & the potential outside the semiconductor is

V(X) = —&x +const. (x <0).

While in the absence of the field the charge density vanishes, in the presence of the
field in equilibrium at a finite temperature it is determined self-consistently by the
potential itself. In a quasi-classical approach (at high temperatures) the Maxwell-
Boltzmann distribution gives the probability density of a state r, v in the phase space

B eV )

S, x) =

2
my'%

[dv [ dx'e P FeVx) .

This defines the equilibrium charge density of electrons and holes as

eV(x)
kpT

pes(X) = EeN

evixh C

[drieT T

Under the assumption, that the potential vanishes deep in the semiconductor, the
integral in the denominator is proportional to the volume §2 and for a macroscopic
volume we get approximately

$eV(X_)
Pe.n (X) = Eenge™ 57

and for eV < kpT we have the charge density

eV (x)
P (X) = p.(X) + pp(x) = —2enyg .
kgT
Therefore, we get the self-consistent equation
eV2V (x) = 8’”2"0‘/(;()
~ kgT

for the determination of the potential inside the semiconductor. By introducing the

Debye length
kgT
Lp= B¢
8melng

the equation looks as
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Fig. 2.22 Penetration of the potential into the semiconductor

VIV (x) — L V(x)=0
2
L3

Now we must still consider the electromagnetic boundary condition

aV(x) aV(x)

lx=—0 = 6——|x=10 -

0x 0x

to connect the solutions inside and outside. This gives rise to

for x > 0 and it is illustrated in Fig.2.22.

45

To conclude: Due to the screening by the carriers, the field penetrates at a depth
L p into the semiconductor. At room temperatures, this Debye length may be of order

of centimeters and therefore our macroscopic treatment, as well as the existence of
a more or less homogeneous electric field inside a semiconductor gets justified.

2.6.2 p-n Contact

Let us now consider the contact of two semiconductors of the same material, but one
of them is p-doped (i.e. with acceptors), while the other one is n-doped (i.e. with
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donors). Again, we consider the contact surface to be a plane transverse to the x-axis
at x = 0. On the left side is the p -type semiconductor, while on the right side the n
-type.

Since we want to discuss here both non-degenerate as well as degenerate cases,
we must use the quasi-classical Fermi distribution for fermions defined above.

So long the two semiconductors are kept apart, we have for the bulk materials a
homogeneous situation with the electro-neutrality condition for the electrons, holes
in the bands and the negative, respectively positive ionized acceptors and donors.

/ P o) fi) +nfh =0
(27Th)3 (P n(P E—

in the p-material and

dp
[ s () = o) = 2 =0

in the n-material. (Here f,, f, and f4, f f are the Fermi distributions of electrons
and holes in the bands, respectively on the donors and acceptors.) The chemical
potentials in these two equations ), and ., are of course different and p, < ft,.
Now let us consider the simplest case of zero temperature (see Fig.2.23). In the
ground state of the p-type semiconductor the valence band (edge - red line) is full
occupied, while the acceptor level (dotted blue line) and the conduction band (edge -
blue line) are empty, the chemical potential (green line) lies somewhere between the
valence band and the acceptor level. In the ground state of the n-type semiconductor

-5

-10|

Fig. 2.23 Separated p and n semiconductors at 7 = 0
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Fig. 2.24 p and n semiconductors in contact at 7 = 0

the valence band (red) and the donor level (dotted red line) are occupied and the
chemical potential (green line) lies between the donor level and the conduction band.

When the contact between the semiconductors is established in thermal equilib-
rium at T = 0 one has a single system where the chemical potential x must be the
same overall (green line). This is possible only if at the contact surface a potential
jump occurs as it is shown on Fig.2.24.

Assuming the contact is defined by a plane transverse to the x -axis at x = 0, at
any finite temperature 7 one has an in-homogeneous charge density of electrons and
holes:

d
p(x) =e f ﬁ (fo(Psx) — fu(Pyx)) — enpf(x) 2 (x) + enad(—x) fA(x)

with :
fe(P, )C) = 2 v 'z
eﬁ(mwte (x)+3 g—u) +1
fup, 1) :
5 (P, X) = ——
eﬁ(mh 7eV(x)+%Eg+//.> 41
and
4 _ 1
F20) = FEramw 11
1 1
fPxy=1-

PErteV@ ) 11 P Ep—eVitm 4 1
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Here the reference energy choice was the middle of the gap and therefore E4 and
Ep are the distances to the center of the gap.
The potential V (x) has to be determined self-consistently from the Poisson equa-

tion
2

edd7 V(x) = —4np(x)

with the condition of continuity of the derivative of the potential at x = +0:

d d

aV(X)Ix?o = EV(X)IX=+0
(since the dielectric constants of the two materials were assumed to be the same). The
potential energy has to be assumed also to be continuous and therefore V (—0) =
V(40). To solve the Poisson equation (a second order differential equation) one
still needs two initial conditions. Usually one gives the initial value of the function
and its derivative in the initial point. Here the peculiarity of the physics defines two
different conditions to impose, namely the values at 00, that should correspond to
the situation in the separated semiconductors. These two conditions define uniquely
the solution, however these equations are not solvable analytically and the numerical
method to solve it must be correspondingly adapted.

We have seen before the solution for 7 = 0. For higher temperatures (in the
physically relevant situations this is just the room temperature) one may consider the
non-degenerate case, that simplifies essentially the equations.

Indeed in the non-degenerate case the charge density is given by

p(x) e/ dp <e—ﬁ(2”m2€ +eV(@+y Eg—n) _ e—ﬁ(szh—eV(x)ﬂEgm))

2mh)3

+ 0(x)enpef EvreV =1 _ g(_x\on e P ERV @10

The integrals over the momenta may be performed and we get

—BeV(x)—p) BeV(x)—p)

p(x) = eng.e — engpe
_ g(x)en%eﬁ(é‘V(X)*M) + 9(_x)en%e*ﬁ(€v(ﬂfu)

(SIS

—-BLE 0 _ BEp ,0 _
e P17 andny =npeftP ny =

3
2 2 _pl 2
Wheren()e = (%) e ﬁzEﬁ’ nop, = (kf:;j;lne>
nae PEs (Actually, only the non-degeneracy of the distribution in the bands is essen-
tial for this step!)
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&

Fig. 2.25 BeV (x) in the non-degenerate case (with ¢ = 3)

We may require a total charge neutrality on both sides (no macroscopic polariza-
tion!). Taking into account that the potential differs from constants V (+00) only in
a finite domain in the vicinity of the contact, we may write

€ (nope PV _ gni PV (=001=1) | 0 p=BleV(=00)-1)) = (

P (n()ee—mevwoo)—m — enefteV o _ n%[mewﬂo)w)) =0

So long the semiconductors were separated both equations were satisfied with
V(Zo00) = 0 and the chemical potentials 1, respectively p, of the two materials
respectively.

After the contact has been established one may still choose V (—o0) = 0 and
therefore, since far away from the contact the position of the chemical potential
relative to the bands has to be the same as before, one must take y = u,. On the
other hand, the same must be true at x — o0 for the other semiconductor. It follows,
that simultaneously u = u, + eV (0c0). Therefore eV (00) = u, — w,. Then, not
only the electro-neutrality is overall satisfied, but the charge density vanishes at
x — =00 and all the parameters are well defined.

The non-degenerate solution, obtained numerically for the simplified symmetrical
case of ny = np shows, on a convenient length scale a smoothing of the potential
drop at the contact as in Fig.2.25 with the choice ¢ = %ﬂ(un — p) =3.

To conclude, the p-n contact in equilibrium creates a potential barrier for the
carriers. An application of an external electric potential either lowers or increases
this barrier and therefore the current flow depends on the applied polarity. The p-n
contact acts as a rectifier.



Chapter 3 ®)
Electron-Electron Interaction Geda

The potential a valence electron feels in a crystal is not a predetermined
one. The electrons interact with each other by Coulomb forces and the one-
electron theory is to be understood at most in the sense of a self-consistent
approximation. Diagrammatic perturbation theory may lead to higher many-
body corrections. In a semiconductor an electron in the conduction band
may move “freely”, while in the valence band the same is true for the holes
(absent electrons). This leads to the picture of an electron-hole plasma. A
single electron-hole pair by Coulomb attraction may be bound to an exciton
with hydrogen-like spectrum.

3.1 The Exciton

3.1.1 Wannier Exciton

Until now we discussed the electron states and their occupation in a periodical lat-
tice under the assumption of no interaction between the electrons. We nevertheless
made an exception to correct the double occupation of the localized states. In this
chapter, we shall discuss other many-electron aspects. The next simplest problem is
the Coulomb attraction between a conduction band electron and a valence band hole
in a semiconductor. Obviously these two may form a bound state, called exciton. As
in the description of the impurity states we use the effective mass approximation in
the neighborhood of the band extrema. By separating the center of mass motion

Y(r,,r;) = ¢@cm) X (Xrer)
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_ myr,+myry, _
Yrem = ————— Frep =T — T
m, +mh

6 (Fen) = —efkenten
JV ’

the relative motion is described by the Wannier equation

h? e?
——V — — 4+ E,—E{x(r)=0
21 elr|
where the reduced mass is given by <= mL + == 5 . As it is well known from the

hydrogen atom problem, the elgenstates are characterized by the quantum numbers
n=12,...,1=0,1...,m=0=1, ..., while the eigenenergies depend only on
the main quantum number n. The ground state wave function is

Vio = 5
Vrag

with the ground state energy
E, =E, — Eg,

where the Bohr radius and the Rydberg energy are

h*e E e’ n*
ap = —, = = —.
B e TR T 2eag 2pay

However, as we already discussed by the ionic impurity states, the scales of
energy and radius are essentially different from that of the hydrogen atom due to
the difference in the masses and the dielectric constant.

This state may not be represented in the one particle state density (it does not
belong to the one-electron states), but may be seen in the absorption spectrum. For
higher lying states of the pair the above described approximation is however not
appropriate.

3.1.2 Exciton Beyond the Effective Mass Approximation

We shall describe here an alternative way to treat the exciton states without using the
effective mass approximation. The Hamiltonian of the conduction band electrons and
valence band holes of spin o in the second quantization formalism may be defined
either through the creation/annihilation operators of the Bloch or of the Wannier
states
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HO = Z Z Z Sa(k)aot(;'kaa,a,k

o=x1a=e,h keBZ

= Z Z Z T (R - R/)a;,a,Raa,a,R’ 5 (05 =ée, I’l) .

o=+l a=e,h R,R’

Here ¢,(k) (o = e, h) are the band energies of electrons respectively, holes. The
Hamiltonian of the Coulomb attraction between the electrons and holes, while being
defined through the charge densities, is easily expressed in terms of the second
quantized wave functions

2
Ho = — Z / dx / dx’ww(x)ﬂpe,g(x)|Xi—x,| o )0 (X)

The second quantized wave functions of conduction band electrons or valence band
holes of spin o may be again defined through the annihilation/creation operators
either of Bloch states or Wannier states

Voo ) =Y e ug(daox = Y (X, Ragor; (@ =e,h).

k R

In the Wannier version one may use the fact, that the Wannier functions are strongly
localized on the lattice nodes in order to introduce a simplifying approximation.
Namely, to retain in the charge density operator only the terms corresponding to the
local densities on the nodes i.e.

2

2 ¢ 2
Ha ~—ZZ/dx Jax'tw.cx v O ROP, i e

0,0’ R R

Furthermore, since the Coulomb potential varies slowly on the scale of the elementary
cell we may even write

+
E E E a, o, Rae o Ry o Rho' R

o=+10/=%1 R;éR

- E E Ceh E ae o.R%e.0, Rah o' R%.,0' R -

o=*lo'=%1

Here we have separated the on-site terms R = R’ since in that case one has still to
compute the finite integral

Con _/dx/dx lwe (X, R)|2| ¢ ||wh(X R)|*.

One may encounter two extreme cases:



54 3 Electron-Electron Interaction

(1) either the on-site term Ceh dominates, and one may ignore the inter-site terms
yig
(Frenkel exciton) with the lattice Hamiltonian

HFrenkel = Z Z Zta(R - R/)a;':o"Raa,”,R/

o=+1a=e,h R,R’

+
- E E Ceh§ aggRaeszahor R9h0' R,

o==*1o0'==%I

(ii) or the inter-site term dominates and we get the Wannier Hamiltonian

HWannier = Z Z Z M (R - R/)aDtUYRaa,U,R’

o=+x1a=e,h R,R’

+
- E E E egRae(rR’ahg/R/ah(r R

o=+lo' :i:lR;tR’

Accordingly, in the Wannier case we get for the energy of a single electron hole
pair the Hamiltonian matrix

2

e
hgr =t (R—TR th(R—R) — ——— (1 — Sgpr
RR = le( ) + i ( ) |R—R/|( RR')

or after a discrete Fourier transformation (implying that the wave vectors belong
to the Brillouin Zone)

hi i = (ee(K) + &, (k) — V(k — k)

with

What we have gained is that now we included all the band states and therefore,
we may compute also, higher lying pair states influenced by the Coulomb attraction.
This is illustrated for the Wannier case in Fig. 3.1 showing the calculated exciton state
density (electron-hole pair states) with and without Coulomb interaction in a cubic
crystal, within the simplified tight binding model with nearest neighbor coupling
(see Sect.2.3.7). In the absence of Coulomb forces, one may remark in the middle
of the spectrum the sharp flat top (Van Hove singularity), which is a consequence of
the discontinuous jumps of the Brillouin zone.
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Fig. 3.1 Exciton state density in the whole band calculated within the Wannier model. (black—
without Coulomb interaction, blue-with Coulomb interaction)

3.2 Many-Body Approach to the Solid State

3.2.1 Self-consistent Approximations

Until now we have tried to describe the properties of crystals only within the frame of
one particle (or at most two-) particle states in the presence of a periodical potential.
This potential however may not be identified with the potential created by the lattice
of the bare ions, since the electrons at their turn screen the ions. Each electron sees
not only the ions, but also the other electrons. To apply the one-particle treatment
we need a way to define the periodical potential to be used for the calculation of the
band structure.

The most important schemes for the treatment of quantum mechanical many-body
systems are the self-consistent approximations we describe here. Within this frame it
is possible also to precise the definition of the periodic potential. (In what follows, for
the simplicity of notations, we include the coordinate r as well as the spin o = :t%
in the generalized coordinate x, whenever it is meaningful.)

We consider here a system of electrons interacting through repulsive Coulomb
forces in the presence of an external potential U(x). The later one includes the
attractive Coulomb potential of the positive ions, supposed to stay on a periodical
lattice. The dynamics of the ions will be treated later in the chapter about phonons.
Within the second quantized formalism (see Chap.9) the Hamilton operator of this
system 18
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H = /dxlﬂ(xﬁ[ "’ V2+U(X)} ¥ (x)

+ —/dx/dx%/f(x)w(x/ﬁ ¢
2 [x — x|

The purpose is to reduce the problem in a first approximation to an effective one-
particle one (consisting only of products of two creation-annihilation operators) in
order to be tractable and close to the previous discussion of the quantum-mechanical
motion one-particle in a periodical potential.

The simplest scheme consists in “developing” the product of two operators A and
B around their averages. Let us consider the identity

AB = A(B) + (A)B — (A)(B) + (A — (A))(B — (B)) .
Or, ignoring the “fluctuation” around the average values
(A —(A)(B —(B))

we have
AB =~ A(B) + (A)B — (A)(B)

Using this approximation for the choice A = ¥ (x) "y (x) and B = ¥ (x") "¢ (x') in
the interaction term we get the one-electron type Hartree Hamiltonian

2
H” E/dxw(x){—h—v2+ eff(x)}w(x)Jrconszf
2m

with the effective Hartree potential
U0 =+ / 4l (6 ()

and the Hartree constant

const” = 1 / dx / ' e () W () i 5 i ()

This constant ensures that (H”* ) = (H).
Until now we did not specify the meaning of the averages themselves. They may
be defined by their equilibrium values i.e.

1

W Wl = ey T ey @ty
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and computed from this definition self-consistently. The resultis a temperature depen-
dent effective one-particle spectrum with Hartree eigenfunctions and eigenvalues

52
{—%vz + Uj;f(x)} () = £ (x) .

The resulting effective Bloch spectrum in the presence of only a periodical poten-
tial due to the fixed ions is therefore relevant for a given temperature. The potential
to be used in calculations of the Bloch functions and band spectrum in a real crystal
is this self-consistent one. One uses mostly the zero temperature (ground state) as
reference state.

However, on may tackle also a time dependent problem within a s.c. approx-
imation, with time dependent averages (v (x)* (x)); with initial conditions and
additional non-periodical external potentials. In this case the Hartree Hamiltonian
is implicitly time dependent. Nevertheless, if the external potential does not depend
on time, the average energy is conserved (again due to the special role of the time-
dependent Hartree constant!)

3
a7 (H” (1)) =

The choice of the operators A and B in our former reasoning was arbitrary.
The proper argument is, that as it may be shown, the Hartree choice gives the best
one-particle approximation for the grand canonical distribution conserving the total
number of fermions and being diagonal in the coordinates and spin.

An ever better one particle approximation for the grand canonical distribution is
the Hartree-Fock one, allowing also for terms non-diagonal in the coordinates and
spins. The former simple arguing however cannot provide for it, The Hartree-Fock
approximation implies a non-diagonal effective potential

HYF = —/ dmp(x)—v Vo (X) +/dx /dx Y TUSE X)W () + const”F

defined as

W) Y )

2
gy (x x) = 8(x —x )/dy< <w(y)+x0(y)))

yl lx — x'|

with the Hartree Fock constant

const®F = fdxfdx
—x |

[P OTY Y)Y D) — ()T @)W DY)
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Again, it may be shown, that (H”* ¥') = (H) and its time-dependent variant conserves
the average energy in the absence of time dependent external potential. The new
Coulomb term containing the non-local average (¥ (x")*(x)) is called Coulomb
exchange energy.

In both schemes, one has reduced the many-body problem to a self-consistent
one particle problem. However, for the treatment of some phase transitions with
spontaneous symmetry breaking of the particle number conservation (like in the
case of Bose condensation or superconductivity we shall discuss in Chap.7) one
needs generalizations of the Hartree-Fock scheme in keeping also particle number
non-conserving averages as (¥ (x") (x)).

3.2.2 Electron Gas with Coulomb Interactions

As a simple illustration of the Hartree-Fock approximation we consider here a gas of
electrons that interact through Coulomb forces, without any periodical potential at
zero temperature (ground state). To stabilize the system without losing translational
invariance one needs however to consider a uniform positive background to replace
the positive ions. In the absence of a magnetic field we have spin independence and
therefore,

<¢a (r)+1/fa’ (I‘ /)> = 80,(7/ 7’}(1‘ r /)
while from the homogeneity it follows
n(r,r’)=n(r—r').

Then the Hartree-Fock Hamiltonian is

HYF = Zfdr/dr/%(r)hfff(r,r/)%f(r/)

2 2
hF (e x) = 8o {ho(r,r/) +8(r—r/)/dr//|r(n>i//| - ¢ r/|,7(,._,./)}
with
h2
ho(r,r) =68 —1) <—%V2 + V+) )
The term

V, = —(n)ezfdr’ !

|

represents the Coulomb potential energy due to the uniform positive background
charge and (n) is the average density of electrons ((n) = 21(0)).
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Of course, all the homogeneity assumptions are true only in an infinite system and
this constant potential energy V. is divergent. However, we keep for a wile the volume
finite and as we shall see, this diverging entity will compensate other inherently
diverging entities. Without the positive background contribution, the positive energy
the Coulomb repulsion between the electrons would push them far away, without
reaching a stable state.

Due to the homogeneity, the Hartree-Fock eigenfunctions have to be plane waves

i) = — e
K = 7e

and therefore with the step-like Fermi function 6 (kr — |K|) at T = 0 the average
density is
1 ,
+ Y — ik(r—r’)
(Yo (1) Yo (r)) = 8”’0/_9 E e )

Ikl <kr

Then the Hartree-Fock eigenvalue equation

h? Nt
vy, + 1 Z / _el(k—k)(r—r)] e = Fekr
2m |k s |r —r’'|

just defines the energy eigenvalues Ej as

h2k2 e? , 1
Ek _ v Z fdr/ k'K (r—r")__ -
Y
2 W Ir—ril’

Using the (improper) definition of the Fourier transform of the Coulomb potential
by the limit procedure

Zeflcr 2
lim | dr et =
k—0 r q2

dre

one gets finally

R ek Kk |k+k
L In |~ X
Kk r

E, = -
T om T an k—kp

).

The total average energy of an electron of the Coulomb electron gas (per spin)
differs from that of the free electron gas in the ground state %E F

. E 3 3¢’k
(E>Ez‘k‘ kr k:_EF_ €°KFp
Z\k\<k,—1 5 8w
36 k[-‘.

by the “exchange energy”
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10 T 14
Fig. 3.2 Exchange correlation function
The “exchange correlation function” given by
Lm=1 > < Yo (0) g (r) N D e =— S (kprcoskpr — sinker)
n n 4 7 7 Q|k|<k 2(kpr)?
F

defines the probability amplitude to find an electron at the distance r = |r| as function
of the variable krr and it looks as in Fig.3.2.

3.2.3 The Electron-Hole Plasma

While the previously described model is used with reference to metals, the model
of a Coulomb interacting electron-hole plasma we describe here tries to catch the
main many-body aspects in a semiconductor. We have seen, that unoccupied elec-
tron states in a valence band with negative effective mass act as positively charged
particles (holes) with positive effective mass. The negatively charged electrons in the
conduction band (from now on just called—electrons, if not otherwise specified) and
the positively charged holes interact by Coulomb forces. The Hamiltonian of such a
plasma in terms of the second quantized wave functions of elections and holes

wem—z g, ; wha()—Z\/_ "o
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is given by

H = Z(—k2+ E)aek[,aekg+2<—k2+ SEQ)ay snxo + Eo

T Zfdr/dr o 1o O Y ) Y O 0 )

+ I;[/h,<7(r)+‘hha’(r )+who’(r )whn(r)
= 2Ye0 () Yoo (DY, (0 ) no ()}

Here one ignores the Bloch character of the wave functions. The electrons and holes
are considered just as free propagating particles. This Hamiltonian conserves the
number of electrons N, as well as of the holes N, while the original Coulomb
interaction of the conduction and valence band electrons

2

)
r—r]

%/dedX'lﬁ(rﬁW(r’)*

conserves the total number of electrons in both bands, or otherwise stated it only con-
serves the difference between the number of electrons and holes N, — N,,. Indeed, the
second quantized wave function of conduction and valence band electrons is by def-
inition ¥y (X) = Ye.» (X) + V.o (X)* and therefore, the Coulomb interaction term
contains not only conduction band electron and valence band hole charge densities,
but also mixed (“exchange”) terms.

However, since the Coulomb potential varies slowly within the elementary cell,
these terms are small. The matrix element of a function F (r) between Bloch states
may be written as a sum of integrals over the elementary cell v

/ druf (0)"ul, (F(r) = Y / drug ()" ul () F(r)
R v

If the function F(r) varies slowly within the elementary cell, then we may replace
it by its value in the cell (v) i.e. we get

~ Y FR) /druﬁ(r)*uﬁ,(r)
R v
and further at small wave vectors

~y F(R)/dmg(r)*ug(r) =8up Yy F(R).
R v R

In the electron-hole plasma model ignored “exchange” terms contain such integrals
with @ # B and therefore may be neglected.
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Nevertheless, as we shall see later, the interaction with electromagnetic fields
(photons) may create or annihilate electron-hole pairs and this is the basic process
in the optics of semiconductors.

3.2.4 Many-Body Perturbation Theory of Solid State

Beyond the Hartree-Fock approximation one has at disposal just the diagrammatic
perturbation theory to improve it. Of course, within this frame one has developed
sophisticated methods, but the first question is how to start. In solid state theory, it
seems not too clever to consider the motion of the electrons in the field of the rigid ions
as the unperturbed problem and to treat the Coulomb interaction as a perturbation. A
better way is to start from the Hartree-Fock approximation and treat the difference
to the true Hamiltonian as perturbation. According Sect.3.2.1

Ho—H - g"F - fdx/dx @ Y@

= 2T DY NPT )Y () + 2(\#*()6 ACHIANESTACY:
+ W @YY@ ED) — T @Y NPT )Y )}

In terms of the Hartree-Fock one-electron eigenstates ¢, (x) the second quantized
wave function of the electron in the crystal is

Yx) = Apy(x)

with A, being the annihilation operator of the electron state with quantum number
v. This quantum number may be the band index and wave vector of a Bloch state,
but we do not need to specify it here. In terms of these operators the Hartree-Fock

Hamiltonian is
H7F = Z 2:5\,A:FUA‘,,(7 + const.”*F
o v

We choose the Hartree-Fock ground state (7 = 0) for the averages. also all the states
with energy below the Fermi energy ¢, < er being occupied, while above it are all
empty. The averages themselves are then

W @YD) =) ¢rx)e,()0(er — &)

Now it is useful to introduce new electron-hole annihilation (and creation) oper-
ators a, , (for ¢, > er) and a; ,, (for e, < ep) by
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A = e,y (&v > &F)
v — +
a5 (v < eF)

For the Blochindices, if v =n, k, o the conjugate quantum numberisv = n, —Kk, —o.
Within the new description the many-body ground state |0 > is the electron-hole vac-
uum

a, |0 >=0; a,,|0>=0.

If one expresses the perturbation H’ in terms of the electron-hole creation-
annihilation operators and performs all the necessary commutations such, that all
the electron-hole annihilation operators a, are on the right side, while the creation
operators a;" are on the left side, then one may see that all the supplementary terms
disappear. In other words, the Coulomb terms are equivalent to the “normal ordered”
Coulomb interaction

2
H =1 / dx / dx' — N [y ) Y ) Y (D )]
2 |x — x|

Besides the simplicity of the formulation, the normal ordering helps within the
many body perturbation theory to simplify the Feynman diagram technique bor-
rowed from the relativistic quantum field theory. We do not develop here this rather
sophisticated technique, although it has broad and successful applications.

However, we have to stress that the similarity of the two theories is rather lim-
ited and from the strict mathematical point of view both stay on a shaky ground.
Besides the questions about convergence, both are plagued by diverging integrals at
high momenta (“ultraviolet divergences”) as well as at very low momenta (“infrared
divergences”).

The ultraviolet problems are tackled in quite a different way. In the non-relativistic
many body theories one restricts the integration domains by physically relevant
momenta appropriate for the system one is modeling. In the case of the electrons in a
crystal this is the Brillouin zone. Such kind of theories are called “cut-off” theories.
Here the “bare” (unrenormalized i.e. in the absence of the interaction) electron and
hole masses m,, my, as well as the electron charge e are the experimental ones.
On the contrary, in the quantum electrodynamics the divergences are eliminated by
the so-called renormalization procedure admitting that actually the “bare” (input)
parameters are infinite and the renormalized ones are fixed to give the finite physical
electron charge and mass.

In what concerns the infrared divergences the problem has no simple solution due
to the fact that in quantum electrodynamics one cannot differentiate the case without
photon emission from the case of emission of several photons of zero momentum.
Anyway, in the non-relativistic theory one has to take into account, that the Coulomb
potential has no true Fourier transform, but only in the sense of the x — 0 limit of
a Yukawa potential }e””.



Chapter 4 )
Phonons Gy

The ions forming the attractively acting lattice are not rigid. At least their
oscillations around the rigid lattice positions have to be taken into account.
These oscillation may be quantized and interpreted as bosonic particles
called acoustical or optical phonons with typical spectra. Even a classi-
cal description of the phonons gives rise to important predictions as the
Lyddane-Sachs-Teller formula. In a quantum mechanical approach to opti-
cal transitions assisted by phonons one may understand the Franck-Condon

effect.

4.1 Lattice Oscillations

Until now we considered the ions as fixed positive point-like charges, positioned at the
sites R+ &; (s = 1...5), where R is a vector of the Bravais lattice, while &, shows
the position of a given ion within the elementary cell containing S ions. Actually, the
ions are free to move away from their equilibrium positions with deviations u(R, s)
(here still classical !). For small deviations one may develop the potential energy
7 of the lattice in a power series of these deviations. Up to a constant defining
the ground state energy, the lowest term in this series must be quadratic, since the
equilibrium corresponds to a stable minimum. Thus

] v ’ v !
%:zzztpﬁ/(R—R)u”(R,S)u R's)+...

R.s R'.s'
where @7/ (R — R”) is a real symmetric
(Dét,],) R) = (P:f:(—R)
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positive defined matrix (@ > 0 means non-negative eigenvalues).
Since a constant shift does not change the energy

Y LR =) LR =0.

R,s R,s

One gets the classical Lagrange function L = .77 — U of the lattice by considering
also the kinetic energy of the lattice

1
=32 MR, ),
R,s

where m; is the mass of the ion designed with the index s.
In terms of discrete Fourier transforms

ulR, s) =

/ dge'®ig(q); DM (q) = / dqe' R (R)
BZ BZ

A%
(2m)3 (2m)3

retaining only the quadratic terms of the potential energy we have

S
= 2(2;)3 deq{Zstﬁwq)*ﬁf(q) Z PRI (q)}

s=1 n s,8'=1 p,v

with 3
D@L =d(),); D@L =d(—ql); D(@=0.

Absorbing the mass factor by

Q) = ymyit(q) ; M@Y= ()

mgmy

we get

2(277)3 / {ZZné‘(q) i (q) — Z > AN @ M (@) 7 (@)

s=1 nu s,s'=1 p,v

where the new matrix M has the same properties of symmetry, realness and posi-
tiveness as &.

This whole quadratic form may be brought to a diagonal one with the transfor-
mation, that diagonalizes the potential energy, with positive eigenvalues w; (q)* and
one may see that the Lagrangian describes a sum of oscillators of unit mass with
eigenfrequencies w; (q) = w;(—q).

The quantization of the lattice corresponds therefore to the quantization of these
oscillators. As it is well known, this leads to a quantum mechanical Hamiltonian
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that may be formulated in terms of the creation and annihilation operators b;q, byq

and the respective oscillator frequencies w; (q). It is convenient to impose cyclical
boundary conditions in order to deal with a discrete spectrum having the proper

number of degrees of freedom. Then the quantized lattice Hamiltonian is

H = Z Zhw,\qb:{qu

qeBZ A
with the bosonic commutation relations
[b1g- bivg] =0
T _
(B0 bl | = 8180

The quantized deviations from the equilibrium positions at their turn are

1 h T
u(R, s) = Xq: ; o9R mxix)(q) (bx.q + bx,—q) ,

where x*)(q) are the orthonormalized eigenfunctions of the Matrix M

> M@ xy M (@ = 0f P @ 0o=1,...35).

v,s’

Due to the invariance against a common translation discussed before it follows,
that

S
> M) Jmy =0
s'=1

and

N
> JmM0)l) =0.

s=1

While the first equation shows that there are at least 3 eigenfrequencies that vanish
at q = 0, called acoustical modes, the second equation shows, that if an eigenvalue
does not vanish in the origin, then the eigenstate must fulfill he relation

N
N VmaPO) =0, (.=4,...35—3)

s=1
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or

N
> ma®0) =0  (=4,...35-3).

s=1

This means that the center of mass by these oscillations, called optical modes,
remains unchanged.

4.2 Classical Continuum Phonon-Model

In applications, it is useful to use a simplified continuum-model for phonons with a
simple phonon spectrum. The local deviations u(r) are defined then in every space
point r.

The prototype classical Lagrange function for acoustical phonons is

1 . g
Ly = g / drm ; {Mu(l')z + C2 ;(av”u(r))z}

or in Fourier transforms
1 3. )
Luee =5 [ dam Y- | (@@ + 0, @@
n=l1

Obviously, here a linear acoustical phonon spectrum w,.(q) = cg was assumed
(with ¢ being here the sound velocity in the medium).
To model optical phonons, one considers the classical Lagrange function

1 (. i
Lopt = 5 f drm ; {u”(r)z - a)(z)u,t(r))z}

or in Fourier transforms

1 3. )
Lop =5 [ dam 3 {iu(@" (@ - ofit, (@)

n=1

Here the optical phonon spectrum was taken just to be constant @, (q) = wy. In
both cases one must take into account, that the total number of degrees of freedom
(per volume!) should corresponds to that of the crystal and therefore one cuts of the
wave vectors by the Debye wave vector (¢ < gpepy.) defined by
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4713

1
3 qDeb)e = ;

with v being the volume of the elementary cell.

4.2.1 Optical Phonons in Polar Semiconductors

The optical lattice deviations lead to local electric dipoles. This local polarization in
the classical continuum model is given by

P(r) = Tu(r)

where k is the polarisability of the elementary cell. The corresponding polarization
charge density is
Ke
Ppor(r) = =V - P(r) = —TV -u(r)

and the Poisson equation in the presence of a stationary external charge density
Pexr (r) lOOks as
800V2V(r) = —4rx (ppol (r) + Pext (I'))

with e, being the dielectric constant due to the electronic background.
Alternatively, for low frequencies it shall look as

goV2V (r) = —47per, (1)

where gy is the total dielectric constant. The notation stems from the assumption,
that at high frequencies only the light electrons contribute to the dielectric properties,
while for low frequencies both the electrons and ions contribute. As we shall see,
relating the polarization charge density to the potential allows for the identification
of the total dielectric constant.

In the inhomogeneous situation due to the presence of an external charge density
the Lagrange function contains supplementary Coulomb terms

3
L J—V [ oo 3 i o]

/ dr f dr’ <2VP(r)V’P(r ) — VP(r) pey: (T )) .
Now let us split the local deviations u(r) into longitudinal and transverse modes

u(r) = w(r) + u,(r)
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Va(r')

_— Vu, =0; Vu = Vu.
4|r —r’| ! !

w(r) = —V/dr’

One gets the equations of motion for these modes through the Euler-Lagrange
equations by using the identity

21 _
\Y = —476(r)

|r|
and they look as
32
0, = —wl,u
N W — 1
atz TO
92 2 Ke
wul = —wio + ;Eext
with .
dmk“e
2 _ 2. 2 2
Wro = Wy, Wrp =Wy + ———

EooVI

In a stationary regime (thermal equilibrium) in the presence of a stationary external
charge density it follows

Ke

w = —zEext
mwy o
and
K2e? 4 ic?e?
Ppol = _—ZVEext = _Tpext; (800VEext = 4npext) .
Vw7 VW] o Eoo

If one inserts this result into the Poisson equation one may identify

Eoo 47’ e? 1 ,  dnile?
— =1 5 — 5 a)LO -
€0 VIMW? pEse W7o EooVim

and one gets the Lyddane-Sachs-Teller relationship

wLo €0

wro €0

Now let us introduce an arbitrary external time dependent electromagnetic field
Eext (7). Then the equation of motion looks as

92 Ke
2700 = —ogu®) + —E@)
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whereby the electric field E(¢) includes also the longitudinal field produced by the
dipoles
V' P(XX, 1)
Ex,t)=E.,,(x,t)+V [ dxX'—— .
Ix —x'|

Above we took into account that the interaction energy of our dipoles with the total
electric field may be brought to the form — %= f dxu(x)E(x, r). After a Fourier trans-
formation in the time variable # it follows for the frequency dependent susceptibility

for both modes

a?e? 1

Ktk o) = —————
vm Wy — @

or for the frequency dependent dielectric function

2 2

dra’e? 1 o, — w?
_ Lo
5 | = € > -
EcuVI W — @ wry —

e(WLr = éx (1 +

4.2.2 Optical Eigenmodes

Starting from the above dielectric function we look now for possible electromagnetic
eigenoscillations in such a medium. Since the system is homogeneous and isotropic,
by using Fourier transforms it is useful to split the electromagnetic fields in their
longitudinal, respectively transverse parts. The Maxwell equations for the magnetic
B, respectively electric field E and the polarization P look in their components as

B(k,a))L =0
k

Bk, w)r = —E(k, )7
w

tkeso E(k, w); = —4mikP(k, w); + 4mp™ (k, w)
2

4 w? 4
(K — e D) Ek, 0)7 = e
C

C2 P(kv CL))T - C2 jexr(k3 CU)T .

With |
Pk, w) = — (e(k, ) — e) E(k, ®)
47

and the previously deduced dielectric function it follows, that in the absence of exter-
nal sources the homogeneous Maxwell equations still have non-vanishing solutions.
For w = wy ¢ there is a non-trivial longitudinal solution for any £ = |k|, while non-
trivial transverse solutions exist only for w, k pairs that are solutions of the equation
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Fig. 4.1 Optical eigenmodes
8
6
4
2
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shown in Fig.4.1. Such transverse fields are propagating mixed photon and LO-
phonon modes.

4.2.3 The Electron-Phonon Interaction

4.2.3.1 The Franck-Condon Effect

Let us suppose, that one has two localized electronic states of energies €, and &; on
the same site and one of them is electrically neutral while the other one is electrically
charged. In a polar semiconductor, this local charge density is coupled to the optical
phonons. The energy of the system of electron and phonons (seen as a classical
oscillator with coordinate Q) may be characterized schematically by the potential
energies of the two states

1 .
Ei(Q) =& + Em(Qz + w7 o 0%

Lo 20 5 0
E>(Q) =82+§m(Q +w; o0 —380.

The energy of the second state may be rewritten as
1 .
Ex(Q) = &2+ 5m (0% + 05(Q = 00)* + w0 0)

where minQo = g. This means that the potential energy of the phonons gets
shifted.



4.2 Classical Continuum Phonon-Model 73

Fig. 4.2 Stokes shift

Now by photon absorption the system may undergo a transition from the minimum
of the lower lying state on the higher branch outside the minimum of that branch.
(The photon momentum may be neglected by these optical transitions!) Thereafter,
follows a thermal relaxation (by emission of acoustical phonons) into the minimum
of the upper branch and only later may follow a slower photon emission onto the
lower branch again outside the minimum. This is the essence of the Franck-Condon
effect showing a difference between the absorption and emission spectra (Stokes
shift). It is illustrated in Fig.4.2.

4.2.3.2 The Quantized Interaction of Electrons with Phonons

The interaction Hamiltonian of the electrons with the phonons is considered to be
linear in the quantized lattice deviations, conserving the number of electrons and in
the continuum model conserving also the momenta

Hine = Z gqaliraqu(bq + btq)

1
VE2 5
Here 2 is the volume and the discretized wave vector q is assumed to be smaller
than the Debye wave vector g < ¢gp.
In the case of the optical phonons, analogously to the discussion in the frame of
the classical continuum model one starts from the Coulomb interaction between the
electron (or hole) charge density

p(x) = £ey " ()Y (x)

and the polarization charge density due to the optical deformation

/ / e VPP
x — x|
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Inserting the expression of the polarization in terms of the quantized lattice devi-
ations one gets
2
) 47 h (hag)™

8, =0 ————7 >
e 2m,)'* ¢*

. . 2,2 . . .
where instead the coefficient V:;;i—’; one has introduced the dimensionless constant
LO“%©

&2 m, 12 7 1
o= — — - .
h 250)() €00 &0
The presence of the electron mass here is spurious. The coupling constant g, itself
does not depend on the electron mass.
In the case of the acoustic phonons one considers mostly the deformation potential

model. This starts from the assumption, that a slowly varying deformation in an
isotropic medium causes a local variation of the band gap

SE,(x) ~ Vu(x).

This leads to

8q = G/ hogq ,

where wq = c|q| and G is a constant specific for the considered crystal. Of course,
both models are highly idealized, but nevertheless, quite successful in predicting
experimental phenomena.
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Transport Theory Shecter

The understanding of transport phenomena transcends the quantum-
mechanical treatment of isolated systems. Irreversibility and dissipation due
to the interaction with another macroscopic system (bath) play here a cen-
tral role. For their understanding a simple classical, but exactly solvable
polaron model is helpful. On the other hand, for all practical purposes an
intuitive, however mathematically less sound treatment serves by introduc-
ing irreversibility “by hand” in the Boltzmann, Master or rate equations.
In this frame the conductivity of electrons scattered on a thermal bath is
discussed. Two basic arts of conduction are discussed. That of scattering of
Jfreely moving band electrons, typical for metals and semiconductors, as well
as that of localized electrons hopping from site to site, typical for disordered
systems, like impurity states or amorphous semiconductors. The transverse
magneto-resistance in ultra-high magnetic fields also may be understood
within this last model.

5.1 Non-equilibrium Phenomena

Most experiments on solid materials concern their electrical, optical, thermal and
mechanical properties. Here we shall discuss only the first two topics, that imply
interaction with external electromagnetic fields. Under such an external influence the
solid system is brought into a non-equilibrium state. This may be a stationary state
or a transitory time dependent evolution towards equilibrium. Classical or quantum
mechanics of finite closed systems being time-reversal invariant cannot properly
describe such irreversible processes. The origin of the irreversibility of real physical
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systems lies in the fact, that they are actually open systems connected with some
thermostat to which they transfer (dissipate) energy. In other words, they are parts of
abigger system. The reversibility even of isolated systems may be however pushed far
away in time due to the macroscopic size of the system. Therefore, the thermodynamic
limit plays an essential role in the treatment of non-equilibrium phenomena.

The traditional theoretical treatment of non-equilibrium phenomena starts how-
ever directly by assuming some simple, intuitive assumptions leaving their proof apart.
In the classical non-quantum-mechanical treatment such a useful tool is the Boltz-
mann equation for the statistical evolution of classical particles having a given veloc-
ity and position. We have already discussed, that electrons in a periodical lattice maybe
also assimilated with free electrons having an effective mass. In this sense, one may
use this model. On the other hand, one may encounter situations, where the quantum-
mechanical properties are essential. In that case Master and rate equations are used to
describe the evolution due to transitions between quantum mechanical states.

5.2 Classical Polaron in Electric Field

For a better understanding of the origin of irreversibility we describe here a classi-
cal solvable model of an electron interacting with classical continuum LO-phonons
(polaron). The Froehlich coupling of a classical electron to a continuum of LO-
phonons

e Jx VP(x)
€00 [ x—r() |

is just the ordinary Coulomb interaction between the electron of coordinate r(¢) and
the polarization charge caused by the lattice deviation field u(x). This polarization
is proportional to u(x) (see Chap.4)

P(x) = <u(x).
v

However, before further proceeding, one is compelled to regularize the continuum
phonon model in such a way as to accommodate its degrees of freedom with those of
a discrete lattice, as we discussed earlier. Otherwise the model is mathematically not
well-defined (contains diverging entities). This may be achieved also by choosing
instead the Coulomb potential ¢ another one V (r), whose Fourier transform V(q)
vanishes above the Debye wave vector gp.

The coupled Euler-Lagrange equations for the electron coordinate r(¢) in the pres-
ence of a longitudinal, homogeneous, constant electric field E (for sake of simplicity
acting only on the electron) and the longitudinal phonon mode d (x, ) = Vu(x, ) are
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Ke?
mer(t) = eE — o / dxd(x,t)VV(x —r(t))

dx, 1) + 0 pd(x, 1) = —%WV(X —r(1)).

o0

These equations are describing a classical mechanical system and are perfectly invari-
ant against time reversal. We shall study the motion of this entire system, but looking
in detail only on what happens to the electron.

Let us consider that at some initial time instant # = 0 the phonons and the electron
were in rest

dx,00=0; dx,0=0;, ¥F=0

and under the influence of the applied electric field they both start to move.
The phonon equation may be solved formally

2

dx, 1) = ——~¢

MExso

t
/ dt'sinwpo(t — )V V(x — r(t'))
0

and inserting it in the equation motion of the electron we get a non-linear, non-local
in time and coordinate, but closed equation for the electron coordinate

r(t) = L + C/ dt' sinwy o (t — t/)i”//(r(t) —r(t)),
e 0 or(r)

where the kernel 7#'(r) is defined by
1 2
V)= —— [ dxV(r —x)VV(x)
4

and the constant is
4rric2et
C

mm,e%,

It is convenient to consider a simple Debye regularization of the potential by the
choice

1 —e~9or

Vr) =

47'[q,2)
?(>+43) "
q > qp, but other possible choices do not modify qualitatively the results. With this
choice the kernel looks explicitly as

having the Fourier transform V (¢) = This implies a smooth vanishing at
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1 —e 90" 1 .
Horman (L L),
qpr 2

In order to further simplify the problem, we consider just a co-linear motion of the
electron r(0) || E. Then we have a scalar equation

d’x(1) Lo N9 '
i _£+C/0 dt sm(t—t)m”f/(lx(t)—x(l) )

to solve. Here we have chosen qu as length unit and a)zlo as time unit, while
&=492F,
me . . . .
As simple as this equation may look, one must use a computer to solve it numeri-
cally. Nevertheless, we may see analytically the asymptotic behavior of the solution.

Let us find out whether an expected asymptotic uniform motion in the field
(according to Ohm’s law for weak fields)

x(t) ~ vt (t > )
may result. Obviously, for this sake one has to fulfill the condition
o0 a
Ozé"—C/ dtsint—"¥ (vt)
0 avt
or explicitly the transcendent equation

?:%(V)

with

1 1
Jf(v)zz—vz{ln(l—i-vz)— 1+v—2}'

Since the function % (v) is positive, but bounded from above
0 <7 (v) <1.08108,
steady asymptotical motion may occur only below the critical field strength
&. = 1.08108 x C.

A numerical solution of the equation of motion shows in Fig. 5.1 the velocity v(t)
for two field strengths, one below and another above the critical one. In the first case,
a steady motion sets in (Ohm’s law), while in the second case the motion gets accel-
erated (break-through). The accelerated motion in the presence of the electric field
agrees with the requirement of time-reversal for the electron-field system (ignoring
the phonons), but the steady one is not. It may result only due to “non-mechanical”
friction (damping).
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Fig. 5.1 The velocity v(¢) for E < E. (red) and E. > E. (green)

Unfortunately, besides this simple classical model, even by numerical methods,
no solutions may be found for realistic classical or quantum mechanical evolution of
electrons coupled to another macroscopic system (“thermal bath”). Therefore, one
uses instead certain assumptions about irreversible terms in the equations describing
the evolution. While no consistent mathematical proof of those assumptions is avail-
able, they proved themselves by very good qualitative and quantitative predictions.
In what follows we shall describe these approaches.

5.3 The Boltzmann Equation

In the frame of the classical statistical mechanics a system of point-like particles
(inside a Volume £2) is characterized by the probability density p(v, X,t) to find at
time instant ¢ a particle with velocity v at the space-point x, normalized as

/dv/ dxp(v,x,t) =1.
2

The classical Liouville equation for the motion in the presence of electric E(x, t)
and magnetic fields B(x, 7) is

a—i—va—i-lF(xt)a k,x,1) =0
ot ax om o Vgy ) PR D=1

where F = ¢(E + %v x B) is the Lorenz force. The meaning of this equation is that
along the trajectory the probability density is conserved. Since the charged particles
themselves are sources of fields, one must include their contribution. If the velocity
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of the particles is very low one may ignore their contribution to the magnetic field
and for sake of simplicity we ignore for instant any magnetic field. For the electric
field, in a self-consistent manner, one considers the Poisson equation

eoVE(X, 1) = 41 (p(X, 1) + pex: (X, 1)) ,

where the particle charge density is

1
p(x, 1) =eN (/ dvp(v,x,t) — 5)

and p,,; is the external charge density. Here we have included also the contribution
of a compensating uniform positive charge in the volume §2, that keeps the system
stable.

Up to this point we are still in the frame of a reversible mechanical description,
however, we may introduce a term describing collisions either on some disordered
potential, on phonons in equilibrium, or between the particles themselves, which
gives rise to irreversibility.

5 4 1 9 PV, X, 1)
v - —F(x,1)— y X, 1) = ——— o
(8t+V8X+m & )av)p(vx ) or ot

In solids, at relatively low particle densities (semiconductors) one considers mostly
the scattering on external disturbances (disorder, phonons) and the collision term is
obtained from statistical loss-gain considerations

Wk‘oll =— / dv' [wv, vV)p(v.x, 1) —w(¥', v)p(v', x, 1)]

with transition rates w(v, v') characterizing the abrupt velocity changes due to col-
lisions. In solid-state theory, these transition rates are borrowed from the “golden
rule” of quantum-mechanics and therefore, we can speak about it as a quasi-classical
description. The transition rates are supposed to satisfy the detailed balance relation
(its justification will be discussed later)

=Dy y)

wv,vV)=e
implying the kinetic energy e(v) = "“T"Z before and after the collision. In the peculiar
case of elastic scattering, of course, the energy is conserved, while by scattering on
phonons it changes due to phonon absorption or emission.
The phonon system at the inverse temperature § acts as a thermal reservoir and (if
the external sources are not time dependent and with vanishing boundary conditions!)
obviously the stable stationary solution is the Maxwell equilibrium distribution
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1 /YH'2
— —B(*-+U(x))
po(V,X, 1) = e 2 ,
o ) 27

with U (x) being the s.c. equilibrium potential.
These equations conserve the total number of particles i.e. the normalization

ad
—/dv/ dxdxp(v,x,t) =0.
ot o

In the elastic case, also the total average energy is conserved.

%I:N/dvdxp(v, X, 1) (e(V) + Upy: (X)) +%/dx/dx’w} _o.

golx — x|

However, one may conceive also flow situations by considering appropriate
boundary conditions.

5.3.1 Classical Conductivity

Let us now consider a simple choice of the transition rates (“instant relaxation”) by

1
w(v',v) = ~ Jolew)

where T is a constant “relaxation time” and

fole) = Eef’ge; e(V) =—; Z= /dve’ﬁT ,

4 .

>

which obviously satisfies the balance relation. We shall look now for a spacial homo-
geneous flow situation in an infinite medium with a constant, homogeneous mag-
netic field B and an alternating homogeneous electric field E¢'*. (Since the uniform
charge density of the particles is supposed to be compensated by a background posi-
tive charge, in this configuration the external field coincides with the real field in the
system!)

In this case for the velocity distribution

fv, 1) = /dxp(v, X, t)

the Boltzmann equation takes a simplified form

<a +£(E61wt+lVXB) i) f(V,[):—f(V’t)_fO(e(v)) .
c av

at m T
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The right hand side is just an ideal relaxation term with the relaxation time 7. In the
stationary flow state, the deviation of the solution from equilibrium one

FO0 = fole®) +gi(we'” + ...

should be at least of first order in the electric field. Retaining only terms of first order
in the field we get

dfole(v))
V———— .

1 e 9
<1w+ - + %(V X B)a) 81(V) = —eE de(v)

To solve this equation, we have to inverse the operator
A 1 e a
A=1wo+—-—+—WVxB)—.
T mc av

This may be easily done by knowing its eigenfunctions and eigenvalues. Let us
choose the magnetic field along the z axis B = (B, 0, 0). Then we have the following
eigenstates:

(exv) witheigenvalue 1w+ % + wevy

(ey,v) witheigenvalue 1w+ % — WeVy

(e,v) witheigenvalue 1w+ %

where o, = ;—li is the cyclotron frequency. Now one may compute the average electric
current density

() = e(n) f dvv f(v)

(here (n) = :,ZL) is the average particle density) to get the conductivity tensor o, (@)

(defined by (j,,) = o, Ey):

0z:(@, ) = m 1w+ %
( ) ( ) (n)62 1 n 1
Oxx W, W¢) = Oxx (W, W) =
2m \tw—w)+1  (w+w)+1
( ) ( ) (n)e2 1 1
Oy, W) = —0y (W, W) = —
! ’ 2m \iw—w)+1 1Hwt+w)+1

0y (0, ) = 0 (0, W) = 0y (0, ©;) = 0y (w, ;) =0

Of course, this is an oversimplified model, but nevertheless it shows the role of the
relaxation time t, the phenomenon of cyclotron resonance at w = ., as well as the
vanishing of some components of the conductivity tensor.
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5.4 Master and Rate Equations

5.4.1 Master Equations

Obviously, a quasi-classical description as in the previous subsection is of very
limited validity. From a quantum-mechanical point of view, simultaneous coordinate
and momentum are not the proper characterization of a particle. Actually, some
quantum numbers characterize the state. Therefore within the same statistical gain-
loss philosophy one uses the so called Master and rate equations.

The statistical state (“mixed state”) of a quantum mechanical system may be defined
by the probability P,(¢) to find the system at instant ¢ in the eigenstate |z > of an
“unperturbed” Hamilton operator Hy. The time evolution of this statistical system is
due to some interaction H' causing transitions between the unperturbed states |[n >
and one assumes, that the transition rates W, are given by the “golden rule” of
adiabatic perturbation theory:

1
Wy = lim — |< n'|U(ADIn >|*
At—00 At
with U (Ar) being the unitary evolution operator during the time interval At.
The Master equation looks then as

d
o Pt == Z (Pa(O) Wy — Pur(0) Wy = — Z A Py (1) .

The general properties of the transitions rates emerge from the “golden rule” def-
inition. The transition rates are obviously non-negative and satisfy the generalized
balance property emerging from the unitarity of U:

Waw 2 0; Y (W — Won) =0.

In virtue of these properties for the solution of the Master equation it follows that:

(i) normalization is conserved % > Pr(@®) =0,

(ii) positivity is conserved i.e. P,(t) > O for any ¢ > 0if it P,(0) > 0. (it emerges
from the fact that P,(z) = 0 implies %PH () =0).

(iii) the energy is conserved due to the admitted adiabatic coupling-decoupling of
the interaction,

(iv) the evolution leads to a stable equilibrium state (irreversibility).
The formal solution is

P(t) = e " P(0)

and the operator A has non-negative eigenvalues.
Indeed, if &, = x,, + 1y, is a complex number, then
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»n {Z“E,TAnnfn'} =% {Z W&y (60 — sno}

n,n’

1
- 5 Z W [(xn - xn’)z + (e — y”/)z] >0,

n,n’

where we used also the balance property. If a general connectivity occurs, i.e. any
state may be achieved from any state through successive transitions, then there is a
single eigenstate withe eigenvalue 0 and its components are all equal (£ = const.).
It follows therefore

lim P(r) = P°

=00

where P? = const. and
P(t)=e (PO — P°) + P°.

Such an evolution is called a Markowian process.

Let us now assume, that we have a system in contact with a macroscopic ther-
mostat, whose state may be admitted remaining unchanged in thermal equilibrium
Then the probability of the total state (system plus thermostat) may be admitted to
be

e—BE

Za’ e Pl ’

where the quantum numbers « characterize the states of the thermostat.
From the Master equation for P, (¢) it follows

Pna(t)=<@n(t)gzg; @22

a
—7 =-—od7 5 ,!ann/ = Snn’ Wnn’ - Wn’n
20 () >

”

n

From the energy conservation (E, + E, = E,» + E,/) and the balance property of
the total system follows the balance property of the averaged transition rates %,

— § 0
Wrm’ = f@a Wna,n’a’
oo’

3" Wi — P EEH ) = 0.

n

The operator .27 again hat (under a similar connectivity condition) only eigenvalues
with non-negative real part, whereas the only eigenstate corresponding to the zero
eigenvalue is
e—PEs
P =

U PP
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5.4.2 Rate Equations

Let us consider the case, where the index n = {ny, ny, ...) corresponds to the set of
occupation numbers of some one-electron states |i >, (i =1,2,...). The energy
(without any interaction between the electrons!) is

E, = E ein;
i

and let us consider that through interaction with some thermal bath (for example,
phonons) transitions occur. In lowest order of adiabatic perturbation theory the tran-
sition rate %}, is the sum of one-electron transition rates

/
Wow = E wijni (1 = n )iz j6n, ) -
i,j

Within this lowest order perturbation approximation even a “detailed balance rela-
tion”

Wij = Wjieﬂ(eiie")

occurs. Then the evolution of the average occupation number (n;(¢)) of a state i

(ni() =Y niPy()

n

looks as

(i (0) ==Y Waw (i = n))Pu(t) = = Y [wij(ni(1 = n)) = wji(n; (1 = ni))]

n.n' i,J

a

at
As we see the equation is not closed, it includes the next average (n;n ;). However,
if one admits the approximation

(ninj) ~ (n;)(nj)
one gets a closed non-linear rate equation for the fermions
d
E(ni(t» == Z [wij (ni () (1 = (n;(©))) — wi(n; () (1 = (i ()] -
ij

Here obviously the Pauli principle is respected only on average. The average occu-
pation numbers remain in the interval [0, 1] if they were in this interval and under
the previously discussed connectivity condition the stable asymptotic solution is the
Fermi function
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1

fle) = prEEm—

The new constant u here is the chemical potential fixed by the average total number
of the fermions, which is conserved by the transitions.

5.4.3 Hopping Transport

A peculiar transport mechanism may occur in solids, when conduction occurs through
jumping between localized states. This is a typical situation in disordered semicon-
ductors or, as we shall see later, even in crystalline semiconductors under ultra-strong
magnetic fields.

Letus consider here a system of neutral fermions on localized states on an arbitrary
disordered or ordered lattice points r;. The state of the fermion system is therefore
described by the set of occupation numbers n; = 0, 1 of the localized states having
the one-particle energies ¢;. The total energy is

E,, = E Ein; .
i

We shall describe the time-evolution of this system again by a rate equation

The transition rates w;; are assumed to obey the balance property of the preceding
Subsection. The only global observable we may consider beside the total energy, is
the average particle density

(n(x, ) =Y (i (1)8(x — x;) .

1

In the case of charged particles (electrons) the particle density would define also the
electric potential created by them.

Let us assume, that we want to describe the evolution of a state which is not far
away from equilibrium described by the Fermi function f; = f(¢;) i.e.

(ni () = fi +8(ni (1))

with 6 (n;(#)) very small. Then we may linearize the rate equation as

%«sm(r)) — _Is(n(n)



5.4 Master and Rate Equations 87

with

1
Iij = <5ij Z%z - %j) A=)

l

and

Wiy = fi(l = fpwi; = Wi .
The real matrix I” is hermitian in the scalar product

1

W, ¢) = ,Z% ¢im

and non-negative since

1 vi Y ’
2 ;}fi(l =f) =)

. I'y) = Vi = 0.

Assuming connectivity of the lattice, there is just one null-eigenvector

Jill = fi)

5 = D

Therefore, the deviation from the equilibrium solution
3(n(1) = e ""5(n(0))

always vanishes asymptotically, §(n(t)) — 0 ast — oo. The null-eigenvector plays
no role here, since the total particle number conservation implies

> sin(1) =0

i.e. 8(n(¢)) has no components in the direction of &

(§,8(n(®)) =0.

5.4.4 Hopping Diffusion on a Periodic Cubic Lattice

One can find a simple explicit solution for the hopping on a periodical cubic Bravais
lattice of states of equal energies with translation invariant transition rates w(R, R) =
w(R — R’) > 0 of finite range. The detailed balance here looks as
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wR -R) =w® —R).

The discrete Fourier transformation éi(k) = ) ¢ 8 (ng)e'*R

get the simple scalar equation

is helpful here and we

%gﬁ(k, 1 = —F &8k, 1)

with
I'k) = w(0) — w(K) .

From the reality of /" it follows I'(k) = I'(—=k)*,while from the detailed balance
follows that I" (k) is real. On the other hand, the inequality

D wR)eM <Y jwR)eE
R R

implies I" (k) > 0 fork # 0. The total particle number conservation in Fourier trans-
forms looks as §72(0) = 0. The assumed finite range of the transition rates implies,
that one may develop I"(k) around k = 0 and the lowest term is a quadratic one
I’ (k) ~ Dk, with

1 2
D= EXR:W(R)R > 0.

Asymptotically for t — oo the behavior of the particle density is dominated by the
small k values of the Fourier transform for which

sii(k, t) ~ e~ P57k, 0)

and this corresponds exactly to the behavior predicted by the diffusion equation
9 2
gn(x, t) = —DV*n(x,1).

Therefore, we may identify the constant D with the diffusion constant of this hopping
model.

5.4.5 Transverse Magneto-Resistance in Ultra-Strong
Magnetic Field

As we have earlier discussed in Sect.2.2.2, the Landau states of an electron in a
constant magnetic field are characterized by a discrete quantum number n, a wave
vector k. in the field direction and the coordinate X of the center of cyclotron motion
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in the plane perpendicular to the magnetic field. The extension of the wave-function

in the x direction is determined by the magnetic length £z = I:%’ therefore in
a very strong magnetic field B one might expect, that at least along the x axis the
— lelB

state is strongly localized, and the rapidly, with the frequency w, = - =, oscillating
relative coordinate is irrelevant for transport phenomena. In this sense, one might
conceive the transport in the x direction as a hopping problem in continuum from
one X to another one X’ due to the interaction with phonons or lattice defects.

In the presence of an electric field E = (E, 0, 0) in the x direction the degeneracy
of the Landau state is lifted. Intuitively one may expect a potential energy contribution

2k2 1
L+ hw.(n+ =) +eEX n=0,1,2,..).
2m 2

Sn,X,kz_ =

(More precisely, one may show that there is also a constant non-relevant energy shift
f;f:, that we may ignore.)

However, if hopping between states of different coordinates X is is allowed,
the contribution of the field produced by the non-homogeneous distribution of the
electron charge modifies in time the effective on-site field and finally a self-consistent
in-homogeneous equilibrium distribution arises which screens the electric field inside
far away from the surface. We shall not discuss here this kind of evolution, but
consider another situation in which we admit that a steady flow state with constant
electric field is achieved by attaching some external electron sources at the ends of
the system along the x axis.

The average X coordinate is

(X) =) X(n)

with the simplifying notation v = n, k., X.
The average velocity by hopping (omitting the contribution of the contacts on the
boundaries!) is

(X) = XV:X%W ==Y X {Wo(n,)(1 = (ny) = W () (1 = (n,))}

v,V

where the transition rates due to phonons or random potentials (impurities) satisfy
the detailed balance

W, = Wv,veﬁ(arav') .
We assume now, that a steady flow state occurs in which the charge density is

unchanged i.e. the average occupation numbers are the same as in equilibrium in the
absence of the electric field
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212
(ke X>:f(€ok); 80k :i"i_hwc(n"i_l)
Rz n,Kk; n,K; 2m 2

with f(e) being the Fermi function. (Later we shall check the consistency of this
assumption.) ~
Introducing a symmetrical matrix W, by

~ B _E,
Wy = Wvu’ez(EU E, ); Wi = Wy,

we may then write
. ~ B _E,
(X) = — ZXWW {ez(E., B0 fed ) (1 — f(sg/yké)>

e BETEf (el ) (1= £ ))) -

Now, if one is interested only in the electric conductivity one may retain only the first
order terms in the electric field. Since the terms inside the big bracket are vanishing
in the absence of the field we may replace WW by its equilibrium value wy, x., x’ in
the absence of the electric field (here we introduced the notation « for the subset of
quantum numbers 7, k,) and retain only the term of first order in the field from the
exponentials in the big bracket

(X) ~ —eBE Doax 2w x XX — X')Wa.x;a/,X/f(Sg,kz) (1 - f(ggf,k;))
= _%EIBE Za,X Za’,X’(X - X,)ZWa,X;a’,X/f(Sg) (1 o f(ag,)).

Then we get the current density along the x axis as

. 1
SUX) = =55 @BE Y Y (X = X Wi f (60 (1= £(e50)

Jx = 296
o, X o', X'

and we may identify the transverse conductivity (Titeica formula)

1
O = 5=BEY Y (X = X e x () (1= f(e))

o, X o, X'

where 2 is the volume of the system. Of course, as usual the thermodynamic limit
has still to be performed.

Let us now check the validity of our assumption about the stationary flow solution.
That means f (¢2) should be a stationary solution of the rate equation, at least to first
order in the electric field. Under the same kind of expansion, we get the requirement
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DX = XYW xax [(e0) (1= f(62)) =0

o, X!

If the transition rates depend only on the distance |X — X’| and fall rapidly with
it, then far away from the boundaries this condition is obviously satisfied. At the
boundaries one might suppose the presence of some external sources to feed the
current flow.
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Optical Properties oo

The linear response to a time dependent adiabatic external perturbation
as well as the equilibrium linear response are presented. The specific rela-
tionships of the longitudinal dielectric response of an electron-hole plasma
to the density-density correlation function depending on the explicit inclu-
sion of the Coulomb interaction between the charged particles is explained.
The dielectric function is explicitly calculated within the Hartree approx-
imation. The response to a transverse (propagating) electric field within a
simple model of a semiconductor with s-type conduction and p-type valence
bands including the Coulomb attraction between the created electron-hole
pair leads to the Elliot-formula containing the exciton peak, as well as the
Coulomb-enhancement. Some discussion is devoted also to a modern branch
of optical experiments with ultra-short and intense laser beams. The so-
called semiconductor Bloch equations are derived and a third order non-
linear approach to differential transmission (DTS) and four wave mixing
(FWM) is developed.

6.1 Linear Response to a Time Dependent External
Perturbation

In this Chapter we shall discuss the interaction of quantum mechanical charged
particle systems with external electromagnetic fields in optical domain (light). The
treatment first will be restricted to phenomena in the linear domain and we shall
develop the conventional formalism for this purpose. Later we shall treat also some
topics of nonlinear optics related to the interaction of matter with intense laser pulses.
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Let us consider a quantum-mechanical system defined by the Hamilton operator
H . We want to look for the response of this system to a weak time-dependent external
perturbation H'(¢). The total Hamiltonian we consider is

Hip(t) = H + H/(t) .

The state of a quantum mechanical statistical ensemble is described by the density
operator R(t) and the average (A) of an observable A is given by Tr{R(¢t)A}. The
density operator is hermitian, positive definite R(#) > O (its eigenvalues are non-
negative) and is normalized Tr {R(¢)} = 1. The time evolution is governed by the
Liouville equation
OR(1)
ot

1h

= [Hlot(t)’ R(f)] .

In the interaction picture defined by the transformation

1H(t 1H(t—1g)

R(t)=e " R(t)e 7"

the Liouville equation looks as

— 1H(t—1g) 1H(t—1p)

dR - - , g
lh§=[H(t),R] ; H()y=e » H()e =

Let us consider that at some time #, before the introduction of the perturbation the
system was in thermal equilibrium
e~ BH—LN)

R([()) = R() = m

Then for the deviation from the equilibrium

R =Ry+ R

we have B
dSR(1) .

th r =[H'(t),Ro]+... .

where the unspecified terms must be of higher order in the perturbation. The formal
solution with the initial condition

SR(19) =0
is.

1 [ -
Sp(t) = E/ di' [H'(1), po] + ...

to
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or

(H(t' —1) —tH('—1)

[H'(t'), Ro]e™ *

1 t
R(t) = Ry + —/ dt'e
th J,,

We are interested here only in terms linear in the perturbation and consequently, omit
all higher order terms. Then the average of an observable A is given by

1 ! tH(t' —t —tH({t' —t
— | dt'Tr {e o [H/(t,), Ro] e )A}
th Jy,

(A@®) = (Ao

1 t
- / di'([Ag(t = 1), H'()])o

where we used cyclical permutability under the trace and (. ..)y denotes the equi-
librium average. This defines the linear response of the system to a time dependent
perturbation.

6.2 Equilibrium Linear Response

There is another kind of linear response problem, that we describe now. Let us
suppose, that the system is in equilibrium in the presence of a time-independent
external perturbation. An example of such a situation we considered earlier was
the penetration of a static electric field into a semiconductor. Here we treat the
general case in order to underline the difference to the previous time-dependent
non-equilibrium problem.

Thus, we consider a system described by a time-independent Hamiltonian, con-
taining a small perturbation H’

Htot:H+H/

in a state described by the macro-canonical equilibrium density operator

e PHi—pN)

R= Tr {e P10} °

‘We want to find out the deviation of the equilibrium average of a certain observable
A in the presence of the perturbation from its equilibrium average in the absence of
the perturbation

8(A) = (A) — (A)o =Tr {RA} = Tr{RoA} ,
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where
e—B(Hiy—pN) e—BH—1N)

R = Ry = —Tr {e—ﬁ(H—MN)} .

= T fe PN}

We develop the exponential operator in powers of the perturbation H’ using

g
o BUHFH —uN) :e—ﬁ(H—uN){l_/ dMA(H—umH/e—MH—uN)+“_}
0

to get the equilibrium linear response

B
5(A) = /0 d)([H'(—thi) — (H')o] (A = (A)o))o

There are two important remarks to be made here:

(1) We admitted implicitly that the chemical potential & and the inverse tempera-
ture B remain unchanged by the introduction of the perturbation, however this
implies, that the average energy and the average number of particles is not the
same. Alternatively, we could have fixed the average particle and energy den-
sities and include the corresponding variation of the chemical potential and
temperature.

(ii) Itis not at all obvious, that the zero-frequency limit of the adiabatic time depen-
dent linear response coincides with the equilibrium linear response result.

The origin of this discrepancy lies in the delicate problem of irreversibility. Only
irreversible processes can bring a system to equilibrium and these are not included
in the quantum-mechanical evolution. See the previous discussion of irreversibility
in Chap.5.

6.3 Dielectric Response of a Coulomb Interacting
Electron Plasma

Letus now consider the perturbation of a Coulomb interacting electron plasma (with a
uniform compensating positive background) by an external longitudinal electric field
defined by an external potential V¢* (x, t). In equilibrium the average charge density
< p(x) > is supposed to be vanishing everywhere, while due to the perturbation

H'(t) = / dxp(x)Ve (x, 1)

it will be different from zero. By pushing 7y — —oo, the linear response to this
perturbation is
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oo
(p(x,1)) = / dt’/dx "K(x,x";t =tV (', 1)
—00

with the kernel being the charge density correlation function

0
x50 = "ot 0 " 0]

In our homogeneous system, this function may depend only on the difference of the
coordinates « (X, x’; ) = k(x — x'; t). While extending the integration in time to
—00, one has to consider the introduction of the perturbation in an adiabatic manner

Vext (X, [) — el(erlO)t Vext (X) ,

in order to have well defined Fourier transforms. The symbol +:0 here means, that
one considers a small positive adiabatic parameter that after the performed integration
goes to zero.

After a Fourier transformation in the time and space variables we get

(p(k, ®)) =k (k, @)V (K, w)

with -
ik, @) = / dt / dxe X! @H0 e (x 1),
0

Now, it is very important to realize, that in a Coulomb system the local charge
density at its turn is the source of an internal potential. We are interested in the
relation between the internal charge density and the total potential V = V¢ 4 Vinf
that is defined by the Poisson equation (here in Fourier transforms)

KV (K, 0) = 47 (5 (K, ®)) + 470 (K, )

while i
KV (k, w) = 4 p (K, ).

From these equations and the linear response of the charge density to the external
potential we get ~
e(k, @)k*V (k, w) = 4wp*' (K, w)

with the dielectric function

1

ek, )= —— .
&, @) 1+ %k (k, 0)

The situation is quite different if one treats the Coulomb interacting electron
plasma in the s.c. Hartree approximation. Then the perturbation is the self-consistent



98 6 Optical Properties

potential itself and not the external one. Therefore, from the Poisson equation one
gets
4

e ) =1~ 3

K, w) .

However, the two density correlation functions would be quite different!

6.4 Dielectric Function of an Electron Plasma
in the Hartree Approximation

As we have seen before, in the self-consistent Hartree approximation one has free
electrons with modified s.c. one-particle energies. In what follows we ignore this
modification and therefore our electrons in the absence of the electric field are treated
just to be free. The charge density operator in terms of the second quantized wave
functions is

p(X) = ey () Y (x) .
Here we ignored the positive uniform compensating charge, that plays no role in

the following discussion. In terms of the creation annihilation operators of the one-
particle states of wave-vector k, in the Heisenberg picture

e ’ '
_ + 1(k'=K)r |+ (ex—ey /)t
r,Hy = — E E cp ckre ehr
p(r, 1) I?) L k

h%k?

2m

2
K(r, t) = _,7;(22 Z ZZ Zeﬁ(e“_”k’)’e’(k;k)r([c{ ks C; ep'])o
k k' p p’

with the kinetic energies ex = . The density correlation function is

The average ([ ¢k, ¢ ¢p])o may be easily performed by knowing the commutator

— o +
cp'] = Bkrp ey cpr = e

+ +
[ck k', C »

P k!

and retaining the only surviving average
(¢ epo = Skp’ f s
with fix =< cf{ ck >¢ being the Fermi function. One gets finally

4e? Sirq — Jfx

2q? ex+q — ek — hw —10

e(q ) =1-—
k
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In the evaluation of this formula one has to take into account the identity

1 1
=P <—> + 1S (x)
x —10 X

with the first term being the principal value, while the second one contains Dirac’s
delta function. Then

47'[62 2fk(ek — ek+q)
Ne ( s a)) =1
L{q _QqZ - (ex — €k+q)2 + (hw)?
and
472e?
Ser(q, w) = _qu (fk - fk+q) §(how + ex — exiq)
k
471’262
= o Xk: (f (ex) — f(ex + hw)) §(hw + ex — ek+q)
cn [ oo — 52
= e 3/ de(f(e) — fle+hw)6 [ 1— -
q- Jo 5 ehz;’l
At T = 0°K we get
e2m? [Er ‘hw _ h;rZZ
Jer(q @) = deo |1-— 21
Sep(q, o) g /EFhw e e

2m
and the imaginary part of the dielectric function vanishes for

B2 2 21242
<hw__‘f) LA
2m m

At any temperature asymptotically for @ — oo
Jer(q, w) ~ 0

and

Sﬁ“;L(qs CO) ~1 -

4me?(n) - (%)2

maw? w

and
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is the plasma frequency. Since the dielectric constant vanishes for big @ = w,; (pro-
vided w,,; is also big !), eigenoscillations of the plasma may occur in the absence of
an external field at this frequency.

Peculiar properties has also the static longitudinal dielectric function

SL(q7O)—1_4S;TeZ P(fk+q fk) _

€k+q — €k
Forq — 0
8L(q,o)%1_‘g;2 ) Bg(eik)zl_4zzez/d ()Bf(e) 1+:—2
with (n) (T )
9 (6) 2T (n — o0
K254ne2/de<)f { ET(n) (T = 0)

This last result shows, that if one puts an external point-like charge ¢ inside the
plasma (V<'(r) = Lie. V<'(q) = ‘;—’2’), then the resulting potential V (g) for small
q looks as 3

Verl(q) 4 e?

eL(q,0)  ¢* +«?

V(g =

and in real space at big distances in the real space it will look as a Yukawa potential

2
e
V() ~ me—“ .

It is important to remark, that in the whole discussion here no interaction with
any thermal bath was considered and therefore there were no irreversible effects
incorporated.

6.5 The Transverse, Inter-band Dielectric Response
of an Electron-Hole Plasma

A transverse propagating electric field E(x, #) (photon) may be defined by the
choice of a vanishing scalar potential (V (x, r) = 0) and a transverse vector potential
(VA(x, t) = 0). The interaction of charged particles with this electromagnetic field
(ignoring the A” term ) is given by

—/dxj(x)A(x, 1) .
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In a direct gap semiconductor, due to its vector character, this interaction may couple
mainly s-like states of the conduction band with p-like states of the degenerate valence
band.

In an electron-hole plasma model therefore one describes such an electromagnetic
interaction with a dipole Hamiltonian

Hop (1) —dZ > /dxwe o) Vhus ()T EL(X, 1) + hec.

n=lg= il

The second quantized wave functions of the holes v, ,, - (X) correspond to the three
p-type valence bands of spin 0. Here d is a phenomenological dipole constant and the
spiniso = =+ % The above Hamiltonian containing pairs of creation and annihilation
operators indicates, that a photon having an energy iiw above the band gap may create
an electron-hole pair.

We want to take into account here, that the newly created electron and hole interact
through Coulomb forces. As we shall see, this fact has important consequences for the
absorption spectrum. The Coulomb interaction we shall treat within the intra-band
s.c. Fock approximation by retaining the non-local average (at instant ¢)

(Ye.o )V, p,—0 (X))1 -

Such an average vanishes in the absence of the electric field, but appears after the
introduction of the field.
Within this approximation one has an s.c. Coulomb energy

Z > fdx[dx 7 (Ver OWin—o ) Vo (Y=o (O + hc)

,U-lazl:l

Obviously, this term has the same operator structure as H,,,(¢) and is at least of first
order in the field. Therefore, the effective perturbation consists of H,,, (f) plus an
induced perturbation of the same structure

3
H'(t) = dZ/dx@u(x,x)é"u(x, 1)

+Z/dx/dx @(xx)(@(xx))—i—hc

where the notation

‘@lt(x7 X ,)

D Ve Yo (x)

4!
o==%;

was introduced.
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Let us consider now the Heisenberg equations of motion for the operator
Z,(x,x"). Using the commutation relation

[Veo W, o X Yh, o (V) Vs )] = 8,08(x —y)8(x" —¥)
_S(X - y)Wh,—d (y/)JFWh,—a (X /) - S(X/ - y/)S;wwe,a (y)Jr‘/fe,tr(X)

we get

AL S - S
B2 L _°
ot 2m, ¢ 2my " % — Xy

} gzu(xe’ X;) =

3
ay / dy&,(y, 1) (808X, — y)8 (x4 —y)

v=1l o

_Suva(xh - Y)l/fe,a (Xh)+we,a (Xe) - S(Xe - Y)wh#,fa (Xe)+wh\,,fo(xh))

3 2
—ZZ/dx/dx’ (P X)) (B (X — X )8 —x;) =

v=l o |X_X,|

_Suva(xh - X/)d/e,a (X)+I/fe,o’ (Xe) - S(Xe - X)wh#,fa (X /)+1/fh.,,7(f (Xh)) .

Now, we perform the average (. ..), by taking into account, that in the absence of the
field there were no electrons and holes. The initial state is the electron-hole vacuum
and even thereafter the population appears only in second order in the field. Therefore
we may consider

<1/fa,o(x)+wa,o(x/)>t ~ O; (Ol =e, h)

In the linear approximation in the external field we get therefore the equation of
motion

72 2 e?
2 . 2
Vo+ — Vi, + ——+ Eg}(r@/x(xes Xp))r =d&y (X, 1)8(Xe — Xp)

h 0 +
A
at ' 2m, 2my " [xe — Xy
where E, is the band gap energy.
The solution of this non-homogeneous equation one gets by using the Green
function
G (X, X X, X 1)

of the electron-hole Schroedinger equation

ha + i V2 4+ " V24 < G( LX) 1)
1th— — e — Xe, Xps X, X0 1) =
ar  2m, ¢ 2my M x, — x| T e T

(X, — X,)8(x; —x,)3(1) .
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On his turn it may be built up from the eigenfunctions @, (x., x;,) of the Coulomb
interacting electron-hole Schroedinger equation

2
2mg ¢ 2y
Ne np |Xe - Xh|

R, R &
- v, — @a(xesxh)=8a¢a(xmxh)

as
1 o
G (Re X X, X3 1) = —0(1) ) Pr(Xe, X ) Pr(X [, X)) H
o

Here we considered the retarded Green function relevant for our physical problem.
One may separate the center of mass motion

X meXe + mpXp

m, +m

from the relative motion and

1
Dy rmeXe, Xp) = ——=e "Xy (X)

Ni7

where ¢ . (X) are the well-known Coulomb wave functions characterized by their
angular momentum [/, m and energy ¢ while §2 is the volume of the system. These
states may belong to the discrete spectrum or to the continuum.

Using the Green function G(X,, X;; X, X,; 1) one finds

t
((@M(Xe,xh))[:/ dz//dx;/dx/heﬁ@(’*’ )G (Xe, Xp3 Xy X5t — 11)d &, (X1, 1) (X, — X))
—00

or

Pux 00 = i 3 [ areiies

qlms

x / AX e XX 06 (0) EX 1)

The transverse, inter-band dielectric function is defined by the relation of the
inter-band polarization P(x, 1) = d(Z?(0, X)), to the electric field

1
P(q. 0) = —(er(q, @) — DE:(q, )

and we get
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er(q, @) =1 —4md> Y " |¢oo. ()

1 1
X —
thZ h2q2 ) N
(hw_Eg—E_—z(mﬁmh) +10 M+Eg+8+—2(my+mh) +10
Here we took into account that in x = 0 only the s-wave functions contribute.
The imaginary part, that describes the absorption spectrum is given then explicitly
by the Elliott -formula

442 | X1 1 1 1
Ser(q, @) = —8(A+ —) + —0(A) ———
7(q, ) 2 Ex [;n3 (At =)+ 20( >1_e_%}

with 2o
_ _ q
ha Eg 2(me+my)
Eg

A

]

where E is the excitonic Rydberg energy.
In the absence of the Coulomb interaction (e = 0) we have had the simple inter-
band absorption spectrum

d2
Ser(q, )’ = O(AVA .
Eg

3
Tag

Fig. 6.1 Absorption spectra as function of the detuning A at the band edge (A = 0) with Coulomb
(blue) and without Coulomb effects (red)
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In order to represent graphically in Fig. 6.1 the expected absorption spectrum we
had to introduce by hand an element of irreversibility through an arbitrary line-width
for the discrete exciton lines of which we retained only the two lowest states, but only
the ground state may be actually seen. The Coulomb interaction between the electron
and the hole created by photon absorption introduces the exciton resonance as well
as a Coulomb enhancement of the continuum at the threshold as to be compared with
the red line of absorption without Coulomb effects. See also the comparison with the
exciton state density Fig.3.1 calculated within the tight binding Wannier scheme.

6.6 Ultra-Short-Time Spectroscopy of Semiconductors

In the last decades interesting experiments were performed with very intense and
ultra-short (on femtosecond scale!), laser beams on semiconductors. Their purpose
is to obtain information about ultra-short time processes. These experiments are
theoretically treated by the extension of the linear response including higher order
terms in the development. However, drastic simplifications are needed. First of all,
we shall ignore the coordinate dependence of the electric field E (negligible photon
momentum!) and consider

E(t) = &) cos(wpt) ,

where wy is the carrier frequency in the optical domain and &'(¢) is the pulse envelope.
This may be justified by the fact, that for photon energy in the neighborhood of the
energy gap the photon wave length X in the most interesting semiconductors is much
bigger than the exciton radius ag.

The system we consider is again an electron-hole plasma as in Sect. 6.5 with an
s-like conduction band and a p-like valence band. The phenomenological coupling to
the transverse electromagnetic field one uses is that of an electric dipole in analogy
to the similar atomic coupling. We chose the quantization direction of the valence
band states so, that only one of the p bands couples to the field and therefore we may
ignore the vector notation.

Hen (1) = Teog (1) cos(wot) Y / A% (Ve ) Yo (X + hoc)

= hwg(t) cos(wpt) Z (aeyo'ykah_'_g’_k + hC) ,
ok

where wg(t) = %d & (1) is the so called (here, time dependent!) Rabi frequency.
Obviously, higher order terms in the development of the system response would

produce also oscillations with multiples of the frequency wy. Such terms may be less

important if already 2hwy is far away from the band gap, and we are eager to discard
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them. An elegant way to do this is to ignore some of the terms in the perturbation
and consider the “rotating wave” Hamiltonian

1
He(’rnw) = Eha)R(l‘)elwot Zag’o"kah’fo"fk + h.c. .

k,o
The total Hamiltonian we start with will be

H(t) = HeI;IIF(t) + HOw ,

em

where the electron-hole part is taken in the Hartree Fock approximation
Rk 1 R2kr 1
He[;le(t)=Za Zk ((_+ ~E )aeakaeak+( +2E )ah(,kahak)

47te +
+ E E egk+qaeak< ea"yk’fqae,o-,,k/>t

0,0 kK.q

az(”k‘ﬂlae'a/k/ (aZG/,k/—an,U,k>t

+ a;g,k+qah,o'k <ah+,a’,k/—qah,a’,k’>t
B a;‘L’U’kJrqah’U/k/ <a;0’,k’*qah,o,k>t
N a::cr,kJrqae,ok(a;taf’k,iqah,g/’k/)t

+ +
- ae,o,k+qah,a’,k’—q<ah,a’,k’ae.n,k>t

+ +
- Ap,ok'le,o’ k (aeyg/_k_kqahﬁ'k /_q>t]

Here we took into account all the anomalous averages that will be induced only by
the electromagnetic field.

We may take into account also momentum conservation, spin independence as
well as the charge neutrality of the total system. Then

<a;’:o"7k’ae,(7,k)t - 6k,k’8d,a’fe,k(t)

(@) 5 @hox)i = Sk So.or frk (1)
(Ge,o' k' Ano k)t = Ok, —k'80,—o' PK (1)

Y fex® =" fix®)
k k

and the Hartree terms disappear. Then the following equations of motion emerge for
the electron-hole populations f, x(¢), fik(¢) and the “inter-band polarization” pg
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i)
o Jea (D) = {2 e )
9
th,k(t) = 3 {25 @) pe(t)e' ™}

ad 1 L ot

5 PR+ (Eex(®) + enk(®) pr(t) = 52O (1= fox(®) = frx()

Here ¢, k(¢) and g, x(¢) are the"renormalized" electron and hole energies

(t) h2k2+1E —i—IZV A0)
& = — 4+ — — x| fox
Kk 2m, 78 v [k—=K'| Jek
K £k
h2k>
1) = E, V /(t
epx(t) = oy +2 + = l; kK| frt (?)

while £2x(¢) is the generalized Rabi-frequency

(1) = wr(1) + Z— Z Vi pre (e s Vy = ——
k #k 4

The rapidly oscillating factor e *“0' may be eliminated from the equation by a redef-
inition of the inter-band polarization

pr(0) = pr(t)e™
and we obtain the “Semiconductor Bloch Equations” for the slowly varying entities
Jexs fnxs Px

—fek { kpk}

—fh k= —3 {25 o}

0 Pk
A ) e =~ 2 (1= foxe — fur) — X
(8t+h k) 5 k(1= fex — fax) T

with the detuning
Ag = ok + enk — hay .

We have introduced here by hand also a phenomenological term with a “relaxation
time” 7, in order to take into account symbolically other interactions. This is a
standard approach in the treatment of the non-linear optics of two level atoms in the
frame of the Bloch Equations on a quite different time scale. In semiconductors, the
chosen time scale is such, that the here ignored processes are still coherent and only
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on a longer time scale they destroy the coherence. The ultra-short-time experiments
are performed precisely to study the kinetics of the electron-hole plasma on this
time scale, where coherent quantum-mechanical features play still an essential role.
The many-body treatment, of these rapid processes, taking into account Coulomb
interactions as well as the interaction with LO-phonons is called “quantum kinetics”.
This theory is rather complicated and we do not touch it.

Since the populations of electrons and holes in the absence of scattering are equal
fe = fn = f, one of these equations is superfluous. The above equations may be
solved either numerically or by a systematic development of the solution in powers
of the field i.e. of wg (¢).

6.7 Third Order Non-linear Response

We outline here the scheme of the third order nonlinear response. Since different k
values in the Semiconductor Bloch Equations are not coupled we may omit the k
index. Further, we simplify the discussion by omitting here the Hartree-Fock terms.
The solution we look for is a systematic development in the powers of the electro-
magnetic perturbation

fo =Y+ 20+ 20...
@) =pP )+ pP )+ V0 +...

To first order we have

0 =0

t
_ l (L Iy —1
p(l)(t) — _/ dt’ e (FA+7)0 l)a)R(t’) ’
2 J
while to third order

20 =0

t
(L Lyi—t
p_(3)(t) — _l/ dt/e (h,A+T2 )t l)wR(t/)f(Z)(t/)

[e.¢]

Inserting in the last step, the result of the previous approximation we get the only
non-vanishing terms

1 t t L TR
0 =3 / dﬂf dr”ﬂt(w;;(z’) wp(t") e FATE ”)
—00 —00
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and

. . P

_ l (L =t

PP = _E/ a’t/f dt"/ dt"e” AT G n (1)
—0Q —0Q —00

o A Ngr
x m(w’,;(t”) wr(t") e FATHI ’) .

In what follows we shall consider that the optical field (laser) consists of a stronger
pump pulse and a weaker, much shorter test-pulse, both having the same carrier
frequency wy, also

wr(t) = ok () + wk(t)

Since the test-pulse is assumed to be very weak, we will retain only terms of first
order in wk(t). (This restriction is however not compulsory in the analysis of the
four-wave-mixing.) Then

/ p p

_ 1 (L Ly—t

p(3)(t)%_§/ dt,/ dt/// dt///e (hA+,.2)(t [)C()Z;(t,)
—o0 —00 —00

(L LNt g
x ;R(wllg*(t//) w}fe’(t///)e (FLA+T2)([ t ))

1 (L Lyii—r
) / d/f dr”/ dr" e AR o (1
—oQ —0o0 —0oQ0

L BN
< R [(0)1};*(//) C()ITQ(I”/) +w£*(l//) wl};(t///))e (FA+3)" 1 )] )

As one may see, there are two different structures, either

~ T P2
P X wp-|ogl
or
- T P2
P o wp® - (wR)”.

To interpret the significance of these structures we must return to the ignored prop-
agation properties of the laser beams given by the phase factors ¢'K™" respectively
¢'*r* While by the interaction within the semiconductor, these may be neglected, now
their importance is very important in analyzing non-linear experiments. Since the
excited inter-band polarization is itself a source of emerging electromagnetic waves,
we expect that the first structure will cause an emerging beam in the ky -direction,
while the second in the (2kp — K7 )-direction. The first is responsible for the dif-
ferential transmission (DTS), while the second for the four wave mixing (FWM).
The configuration of a DTS experiment is shown in Fig. 6.2, while that of an FWM
experiment in Fig.6.3. Here the pink arrows show the test and pump propagation.
The pulses themselves are shown in violet, while the new signal in the 2kp — k7)
direction is shown with a red arrow.
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Fig. 6.3 Four-wave-mixing experiment

6.8 Differential Transmission

In this experiment, one uses two laser pulses of different widths with a retardation

time t between them. By the stronger pump pulse electron hole pairs are excited, and

the test pulse sees a prepared state, different from that in the absence of the pump.

To identify the transmitted test pulse from the pump pulse one chooses a small angle

between the pulses. By varying the retardation time t one may obtain informations

about the evolution of the interacting electron-hole pairs created by the pump pulse.
Within the x3 theory outlined before we have
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If the pulses do not overlap one may retain only the term

2
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—0o0

—00
If the test pulse is very short, one gets further

T 2
/ dt" ok (t")en

o0

L (L Iyg— e
ﬁ(S)DTS(t) ~ _ge (hAk+72)(f 'L')e(t _ T)/ dt’a)ITe(t/)
—00
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PUPTS0) & =20 — e PR TR O)lag )P

where d),}; (A) and cD,TQ (0) are the Fourier transformed pulse and test Rabi frequencies
at the detuning A, respectively at ¢ = 0.

The total DTS polarization P®P75(¢) results after summation over all the wave
vectors and re-multiplication with e~'®*. The Fourier analysis of the resulting time
dependent signal shows the modification of the test pulse absorption due to the
presence of the pump pulse. This DTS signal (differential transmission) is defined as
the difference between the absorption of the test pulse in the presence of the pump-
pulse and that in the absence of the pump. Now, it may be shown further that this
difference reaches its maximal negative value again at the carrier frequency wy, if
the test pump retardation time t is much bigger than the width of the pulses. The
meaning of this result is, that one cannot excite electron-hole pairs in a domain,
that already was emptied by the pump. This phenomenon is called “hole burning”.
However, during the time 7 the electron-hole system, due to the Coulomb interaction
as well as the interaction with phonons, the electron-hole system changes its state.
By measuring the DTS signal at different retardations t one may get information
about this evolution and compare it with theoretical predictions. Since in this simple
description we did not include such an evolution, we do not follow further the explicit
calculus.
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6.9 Four Wave Mixing

The FWM signal within the x3 theory is contained in the terms proportional to

; p o

_ 1 (L Lyei—t

p(3)VWM(t) — _Z/ dt// dt/// dt" e (ﬁAJrTz)(t t)a)lie)(t,)
— 0 —00 —o0
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+ wﬁ(t”) CL)R*(IW) e( A— )(f —t )) )

Unlike in the case of the DTS experiment, one chooses here two pulses with a large
retardation time t. Under this condition only the second term of the previous equation
contributes

—(3)VWM(t) _ __/ dt/ dt/// dt”

=t """

LA 11" —1") e = wf (l )CUR (l )w£ (t///)

X en

If one considers, that the two pulses do not overlap at all, one gets
P(S)VWM([) — _lge*%éz)k (0)2&')%(0) / dke'ﬁAk(t—Zf)

The integral over k diverges and one must restrict it to the Brillouin zone. Due to
the oscillating factor, the integral reaches its maximum at ¢ = 2t and therefore one

may observe a “photon echo” in the 2k p — ky-direction after a delay time 27, its
_ 2t

height decreasing as e” 2.

The outlined theory of these experiments is oversimplified, illustrating only the
essential idea. The deviations from the simple one-particle treatment due to the
Coulomb interaction and phonon emission/absorption are the main informations
one follows, and the height of the photon echo is not given by the above simple
exponential decay. Actually, this kind of optical experiments (due to the retardation
time parameter) deliver a sort of motion picture of the evolution of the electron-hole
plasma.



Chapter 7 ®)
Phase Transitions Check for

A few examples of phase transitions allow an insight into the fine aspects of
the thermodynamic limit. Spontaneous symmetry breaking at critical tem-
peratures or densities leads to unexpected stable states characterized by order
parameters. We describe at the beginning the ferromagnetic transition within
the frame of the Heisenberg model of localized spins. The mathematical sub-
tlety of the Bose-Einstein condensation is discussed in some more details. We
devote more place to superconductivity by describing first the phenomeno-
logical theory of London, followed by a quantum-mechanical treatment in
real space, within the frame of a simple model of an effective interaction
between the electrons suggested by the BCS theory.

An important aspect of the physics of condensed matter is the possibility of phase
transitions. Their theoretical treatment is essentially based on the thermodynamic
limit. We do not intend to describe the multitude of the phase transitions, but just
want to take a glimpse at the basic ideas within some specific models. Some of the
most spectacular new phenomena although subject of abundant literature are still not
ripe for a simple presentation.

7.1 The Heisenberg Model of Ferro-Magnetism

Ferro-magnetism is thought to originate from the spin-dependent exchange interac-
tion of the core electrons of neighboring ions. A simple model is due to Heisenberg
that considers N interacting spins S on a periodic lattice R. The Hamiltonian in the
presence of a magnetic field B = (0, 0, B) oriented along the z axis is
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1
H=—- JR —RDSgSr’ —210B Se
21§ ( )SrSr Mo ;

where (10 is the magneton and the spin-operators S obey the commutation rules

[Sk. Se] = 2Sk
[S- Sz ] = £5&

with Sg = S =+ Sg. The commutators of spin-operators on different sites vanish.
The coupling J(R) > 0 is supposed to vanish rapidly with the distance R. One
may write the Hamiltonian also in the form

1 v s s -SSR + Sk Sw/ :
H:—Elg/J(R—R)<S§S§,+f —2MOB;S§

to realize, that the total spin S;,; in the z-direction
St = D 5%
R

is conserved
(S5

tH]=0.
< > as well as of Sgr” due
to rotation invariance. A simple basis in the spin space may be built up from products
of eigenstates of each spin |S, m > with m being its projection on the z axis.

The state with the maximum of total spin is the one with all the spins aligned in
the z-direction

Therefore, the energy eigenstates are also eigenstates of S?

|¢Q >= |S, S >R, |S, S >R, |S, S >Ry
This state is an eigenstate of H
1 2 ’
H|®y >= (_ES RZR:/J(R—R )—ZMOBNS) |® >

since
S;{|S, S >g=0.

Consider now the average of the Hamiltonian over an arbitrary state |@ > of our
basis

|@ >=|S,m; > |S,mr > ...|S,my >N .

Since the terms non-commuting with S vanish in the average, one gets
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1
O H|P >=—— J(R—R’ r—2u0B
<®H|® > 2%/ ( YmRmg o ;mR

and this is obviously greater than the eigenenergy of the state |®@y >. Therefore,
|®y > is the ground state of the system with the ground state energy

1 2 /
Ey=—3$ RXR:,J(R—R ) —2uoBNS.

In this state the total spin in the z direction is N S and the per node magnetic moment
(magnetization) is
M = 2/,L()S .

In the absence of the magnetic field B the choice of the quantization axis is arbitrary,
and this state would have had a2N S + 1 fold degeneracy. The average over all these
states of the same energy would give rise to no magnetization. Thus, with a finite
number of spins the Heisenberg model would not lead to a stable ferromagnetic state
in the absence of an external magnetic field. However, the situation changes drasti-
cally if one considers the thermodynamic limit. Indeed, one sees thatby N, £2 — oo
by % = n (constant spin density) even an infinitesimal magnetic field may determine
the direction of the magnetization, while its magnitude is the same M = 2uS. This
is the spontaneous symmetry breaking.

Let us treat the thermodynamics of this model in the absence of a magnetic field B
in the mean field (self-consistent) approximation in which one of the spin operators
we replace by its average

Hup == 2uo(B)Sr
R
with the effective (s.c.) magnetic field being
B) = > T(R)(Sg)
=5 R
20 F

and we look for a solution with the average on site spin (Sg) as being site independent
and oriented along the z direction. Then

1
Hyp=— ) 2u0BSg; B =—(§° JR) .
f ;‘ o 7! >; (R)

The statistical sum is

N
Z — Spe_ﬁH/nf — (Z e—2ﬁ/.l.0/j€s‘”> ,

Sz
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while the free energy and the equilibrium magnetization are given by

_ 1 —2Buo 2 S
Fzﬁln(%:e Ho

and
oF

M= =22 =2Bpuols?)

For spin § = % one gets
M = B tanh(B 0 %)

that has to be considered together with the self-consistency equation

I tanh(Buo%) »_ J(R).
4o R0

tanh(x)

Since < 1, over the critical temperature

T. 4k3 Z J(R)

R#£0

one has only a vanishing solution for the effective magnetic field 4.

However for T < T, there is a non-vanishing solution and consequently, a finite
magnetization in the absence of any external magnetic field. At 7 = T, a ferromag-
netic phase transition occurs.

7.2 Bose Condensation

Another good example of a phase transition is the Bose condensation. In condensed
matter, such a transition may occur for the excitons as massive bosons. Let us con-
sider a system of free massive bosons in a finite volume (with periodical boundary
conditions) described by the second quantized Hamiltonian

H = E ekal'fak
N

having the one-particle energies
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The macro-canonical statistical distribution gives the average number of bosons in
the state of wave-vector k to be the Bose distribution
1
eBlex—) _ ’

Obviously, the chemical potential must be negative u < 0, otherwise the expression
is negative below k = 0. The average total number of bosons fixes u

N1 1
<”>_?_§2k:eﬁ<ek—m_1’

or in the thermodynamic limit

d’k 1

() = (27)3 ePa—m — 1

This integral however reaches its possible maximum value at a critical density n, for

n=0
B S S WPE N N i)i
=] Gpera —1 - e 26N\ )

Seemingly the system cannot accommodate any higher average density! As one may
see, the problem lies by the application of the often used rule

I &k
2 ; - / Qr)3

Indeed, one may show, that at the critical density 7., as the volume £2 increases the
chemical potential goes to zero from negative values as é
const.

2

WA —

and therefore, the contribution of the k = 0 state to the sum is not infinitesimal

1 1
Em ~ Bconst.

This contribution has to be added independently. Therefore, the correct equation for
n>n.is
d*k 1

Quyiebe —1 "

Neond +
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Above the critical density the chemical potential remains zero but the condensate
density n.,,4 increases.

The critical situation may be achieved either by increasing the density at a fixed
temperature (n — n., at fixed §), or by lowering the temperature at a fixed density
(B — B at fixed density n).

Like the ferromagnetic phase transition, the Bose condensation shows a sponta-
neous symmetry breaking. This may be seen within the Bogolyubov approach. In
this approach, one introduces an infinitesimal symmetry breaking term in the Hamil-
tonian before the thermodynamic limit and let it vanish after the limit is already
performed.

Bogolyubov introduces terms that break invariance against a multiplication of the
creation/annihilation operators by a phase factor, therefore particle number conser-
vation is violated. In the macro-canonical statistical sum

Z = Tr{e PH-1N)
one considers

H — uN = Z(ek - M)a;ak + AV Rag + A/ .Qaa'
k

with a small parameter A. A simple c-number shift

AN 82
Apg=ap— ——
n

defines the new bosonic annihilation operators for the state k = 0 and helps to bring
the expression again to a quadratic form

A]*$2

H—pN =) (e — may ax — pAg Ao +
K£0

The free energy is then

F = L Zln{l — e Py 4 ﬁ
B2 4 2

leading to the average boson density

v 1 1 |Al?
=g =gl gt e
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Now we may apply without hesitating the limit rule for getting integrals out of sums,
since the chemical potential remains always negative and get

s d*k 1

) = ur (27)3 efle—m) — 1 °

At the critical density n. the chemical potential vanishes in the |A| — 0 limit as

]
v/ Peond

w—

and we get the former result.

A new aspect of this approach is that here we explicitly recognize an order parame-
ter A that is the analog of the magnetization with the surviving phase of the symmetry
breaking parameter (A = |A|e'?) and the average value (ag) of the original annihi-
lation operator of the k = 0 state becomes macroscopic (proportional to the square
root of the total number of condensate bosons N.pnd = Heona$2)

([10> = e[¢\/ Neonda -

A characteristic property of the condensed state is the existence of long range space
correlations. The Riemann sum in the correlation function

1

1 1
(YY) = o ; 'Ky (af ax) = e ; e Kx=y)

Pl — |

above the critical temperature 7, goes over into the integral

d3k ezk(x—y)
/ (2m)3 ePex — 1
that vanishes as a power law for |x — y| — oo, while below the critical temperature

one gets
d3k elk(xfy)

(YEOYT () = neona + / @7)} ebex — 1

and there is a term surviving over infinite distances.

7.3 Superconductivity

A phase transition of special art is superconductivity of some materials below a certain
critical temperature. Its peculiarity is, that it reveals not only spectacular equilibrium
properties like the Meissner effect (ideal diamagnetism expelling magnetic fields),
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but also non-usual non-equilibrium properties as the flow of electric current without
resistance. Besides, connectivity properties of the material, by allowing circulating
permanent currents also play a decisive role. We shall describe in what follows the
phenomenological theory of London which succeeds in a simple mathematical for-
mulation to reflect the essentials of the phenomena. Thereafter we discuss a quantum
mechanical model in real space, suggested by the BCS (Bardeen, Cooper, Schrieffer)
theory of an effective electron-electron attraction mediated by phonons.

7.3.1 The Phenomenological Theory of London

The macroscopic Maxwell equations for the electric and magnetic fields and their
sources (charge and current densities) are

VB =0
10
VxE=—--—B
c dt
4 10
VxB=—j+-—E
x c']+68t
VE = 47p

The charges and currents obviously have to satisfy the conservation rule

0
Vj+ —p=0.
J Y P
These equations alone do not determine the macroscopic electromagnetic fields. They
have to be supplemented by “matter relations” for the current- and charge- densities
characteristic for the given material, which relates these entities again to the fields.
The simplest examples are:

e normal conductors (metals), with no charge density inside and Ohms law for the
current density
Jonm =0E, p=0.

e insulators (dielectrics), with polarization charges and polarization currents char-
acterized by a dielectric constant

1 9 1
‘uz_ _1_E, = —— —1VE
Jpol 471(8 )E)t 0 471(8 )

e semiconductors, which beside the ohmic and polarization currents also have a
diffusion current induced by the “free” charge density o e,

Jairf = =DV Pfree.
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The diffusion constant D is related to the conductivity by the Einstein relation
defined by the carrier density n and the temperature

o =ne’kgTD .

e magnetic materials with the specific magnetization current density we do not
mention explicitly here.

To describe the basic aspects of a superconductor, London proposed two simple
phenomenological “matter relations”, that indeed successfully describe the main
properties of these materials.

The stipulated equations that relate the current density to the electromagnetic field
are characterized by a phenomenological constant A

E—Aa'
T
) 1
AV x j=—-B.
c

The first London equation was suggested by the behavior of free electrons, that are
accelerated by an electric field. If one takes the curl of this equation and uses the
Maxwell equations, one gets

a 1
— AV Xxj+-B)=0.
ot < )+ ¢ >
Therefore, the second London equation states only, that not just the time derivative

of the expression under the bracket is vanishing, but the expression itself.
Now, taking the curl of the third Maxwell equation

4 . 1o
VXxVxB=—Vxj+-—VXE
c c ot
and using this second London equation, as well as the identity
V x VxB=V(VB)— V’B
one gets

VZB——B—- —-—B=
c2A c? 912

In a stationary regime with constant fields it looks as

V’B— —B=0
c2A
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The length: £ = c\/g obviously defines the penetration depth of a magnetic field
inside a superconductor in equilibrium (Meissner effect). (Compare with the pene-
tration of a static electric field into a semiconductor.)

After integrating the second London equation on a surface §

1
/dstj:——/dsB
s Ac Jg

and using (Stokes theorem) we get

1
dlj=——¢
‘¢A J Ac

also, a circulation of the current around a loop may be sustained by a magnetic flux
inside the loop. Since in equilibrium there is no magnetic field inside the super-
conductor only the multi-connectivity of the sample allows for permanent circular
currents.

These two main properties characterize the equilibrium properties of a super-
conductor. In what concerns the first London equation it concerns non-equilibrium
phenomena. These are much difficult to treat. The microscopical theories of super-
conductivity concentrate mostly on the equilibrium properties: the existence of a
phase transition and the Meissner effect.

7.4 Superconducting Phase Transition in a Simple Model
of Electron-Electron Interaction

The fundamental idea for a microscopical explanation of superconductivity stems
from Bardeen-Cooper-Schrieffer (BCS) about the effective interaction between the
electrons of opposite spins that might become attractive, at least in a limited range
of momenta (in the neighborhood of the Fermi energy), due to exchange of opti-
cal phonons. This attraction produces no bound states, but a correlation between
electrons of opposite spins and momenta, with anomalous electron number non-
conserving averages analogously to the former description of the Bose condensation.
This BCS-theory offers a correct interpretation of the properties of the superconduct-
ing phase transition.

On the other hand, the theory of the electromagnetic properties must be formulated
in the real space. Here we want to explore the possibilities to implement the BCS
model into a model based on an electron-electron interaction by a fictitious potential
without any claim for a realistic theory of superconductivity. We shall treat within
this approach also the explanation of the Meissner effect.
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We consider instead of the Hamilton operator H, the operator 7 =H — uN,
which is more appropriate in tackling problems where only the average number of
electrons (N) is fixed

H

H—uN

> /dxmx){im( Y~ CAM) —u}%(x)

a:i:l

+ 3 / dx/dx’V(x - X'){l//;(x)lﬁj—% (X,)lﬂ‘% (X’)l/f_%(x) +h.c.}

with some “attractive” potential V (x) in the presence of a constant magnetic field
described by the vector potential A (x) in the Coulomb gauge VA (x) = 0. The chosen
interaction does not lead to bound states, like an attractive Coulomb potential would
do, but, as we shall see, it gives rise to BCS—type correlations.

We approximate the problem within the Hartree-Fock-Bogolyubov scheme by
retaining only the anomalous (electron number non-conserving) averages with oppo-
site spins

1 2
Hirrs =3 [ axv {% (—1hv - A) - u} Yo (%)

/ dx / ax'vx = x) { (W v, )y 6wy ()
(Y_1 Xy (X))lV(X)lﬂ+ x) — Wy (X)Iﬁ+ N Y_1 (XD (X))}
Here the average is defined over the macro-canonical distribution

Tr {e’ﬂ%f’” .. }

(h = Tr {e*ﬂ«%ﬁyﬁk}

In the absence of the magnetic field (A = 0), in a finite volume 2 with discrete
wave vectors we get the unperturbed “Hamiltonian” in terms of the creation and
annihilation operators of the k, o states

0 Z + +
= ex (a a1 +a a1
HHFB { k( k1%L Fal 7k,7§>
k

+Aka_y _1ay 1 + A;’;alrlai'k i+ ‘g(k)}
2 2 T2
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with
h2k?
e(k) = 2— — M,
m

_ | Neat o+
M=o ; Vk—K)a) @’ 1)

and
V() = / dxe™V (x) .
2

This “Hamiltonian” may be diagonalized with the Bogolyubov-Valatin canonical

transformation
ay 1 Cy 1
< +k7§ ) (uk Vi +k,§
a 1 —vE uy 4 1 ’
—k,— 1 k Uk —k,— 1

where the coefficients must satisfy the relation
2 2
luge]” + vel” = 1.

In terms of the new creation annihilation operators, we get

°2

‘%ﬂljFB = Z [Ek (Cljlck,% +C;_%Ck,f%> +<5(k)} ;
k

where

Ek) = ve®k)? +[AK),

and (in the infinite volume limit)

AK) = dkV (k — K’ Adk') 1—2F(EX
00 =~ [ kP k=130 [1 =2 (E06))]
with the Fermi function
T =G
The HFB constant is
_ | A|? ,
Ck) =ex — Ex+ — [l —2f (EX))] .

2Ex
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The chemical potential 1 has to be determined from the equation for the average
density of electrons, that in the new variables looks as

B o ey ) |
(2n)3/ [ -2 )]}—<n>.

The grand-canonical potential is

1 0 1 2
[ —Byrs — _ —
F=g ln{Tr [e ]] = Gy /dk{ﬁ In[1 f(E(k)]+<€(k)}

and the solution of the gap equation ensures also the extremum condition

8F

=0,
SA(K)

while the stability of the phase transition depends on the sign of its second derivative.

The gap equation obviously has a vanishing solution A(k) = 0 and possibly
another one with A(k) # 0. If the solution with A(k) # O gives rise to a smaller
grand-canonical potential, the anomalous solution is preferred, and we have a phase
transition. In this case the new ground state is the new vacuum, with energy %' (k),
while the next excited state with a quasi-particle of wave-vector k has the energy
%' (k) + E (k). The minimal distance between the two states may be finite and we
have an energy gap for excitations. (Due to the rotational invariance, not only the
unperturbed energies ¢ but also the new ones E, as well as A are functions only of
k = |k| and we may omit the vector notation.)

We have avoided to define the potential V (x) itself and it is not at all clear if the
BCS theory may be formulated explicitly as an attraction through a local potential
in real space. Therefore, the above discussion serves only as a sketch of a possible
scenario for a phase transition with a BCS-type electron correlation. For any given
potential one may check (numerically) the expected properties.

Whether the above described theory or any similar one describes indeed a super-
conductor may be checked only by understanding its electromagnetic properties. A
theory of the resistance-less flow of currents is beyond any hope. Indeed, transport
theory introduces elements of irreversibility (mostly by hand!) in order to get a finite
conductivity. If one omits this step, then any model allows free flow of electric cur-
rent. Then remains the question, what would impede dissipation? A vague idea about
is the hope, that the existence of a gap above the Fermi energy might offer stability
against weak perturbations. The only well defined possibility remains to look at least
at magnetic properties in equilibrium.
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7.4.1 Meissner Effect Within Equilibrium Linear Response

The simplest test of superconducting features in the above described model is to see
whether it gives rise to the Meissner effect i.e. to expulsion of magnetic fields from
the bulk? Since the Meissner effect occurs in equilibrium, one my use the equilibrium
linear response theory (see Sect. 6.2).

The basic hamiltonian used in solid state theory omits terms of order (iz and this
means not only omitting relativistic corrections, but also ignoring velocity-velocity
couplings between the electrons dictated by electrodynamics. Thus, the magnetic
field produced by the electrons is completely absent. Therefore, we are compelled to
interpret here the magnetic field as the “true” one being the sum of the external and the
average internal magnetic fields in analogy to the treatment of longitudinal electric
fields in a system of electrons without explicit Coulomb interaction. Nevertheless it
was possible to compute the average s.c. longitudinal field produced by the electrons.
An analogous possibility for the average electron current also is available.

We treat an infinite system and therefore the source of the magnetic field has to be
a fictitious external current placed in the bulk. Let us consider a weak magnetic field
that may be considered as a small perturbation. The peculiarity of the self-consistent
approach here is, that the vector potential A(x) contained explicitly in the kinetic
energy is not the only perturbation due to the magnetic field. The anomalous averages
in the s.c. “Hamiltonian” J#% rp are also modified by the magnetic field. Therefore,
the perturbation to consider for the linear response is

H = —%/dxj(x)A(x) +/dx/dx/\/(x —x)) [n(x, X/)I//_%(X/)I//% (x) + h.c.] ,

where

n(x,x) = W;(X)lﬁfé x)) — W;(X)lﬁf% x))o

is (the first order in the magnetic field) deviation of the averages from their unper-
turbed values. These must be simultaneously calculated self-consistently. We still
must take into account also, that in then presence of a magnetic field the current
density contains also a diamagnetic term

e e
i) = vt (—lhv + —A(x)) Y (x) + hc. .
2m c
One may use the equilibrium linear response formula of Sect. 6.2 with the previous
results for the chosen model of attracting electrons to get the linear relationship

between the average current and the vector potential.
From the current conservation it follows, that

8 kuk, .
(Ju(k)) = (5,” - MT) k() Ay (K) .
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Due to the transversality of the vector potential in the Coulomb gauge this is equiv-
alent to

(Ju(K)) = i (k) A, (K).

The coefficient k (k) given by the equilibrium linear response theory has a rather
complicated expression in terms of the previously defined parameters and we omit
it. Actually, we are interested in this relationship only for small wave vectors (slowly
varying behavior in the coordinate space!). In the anomalous stable superconducting
phase having a non-vanishing gap A(k) at k = 0 we get

0 — 1
K ( )__J
with 1 B 4 1 f (E(p))
_¢ T4 9] (EP)
A= m [<n>+ 3 (2n)3 /dp(e(p)ﬂt) 9E (D) } .

It may be shown, that under the condition of the stability of the superconducting phase
A isindeed positive and the contribution produced by consideration of n(x, x’) to this
result vanishes. Therefore, the above described model seems to produce a Meissner
effect, since in the Coulomb gauge the second London equation reads as

1
1= cAA '

However, a word of caution is compulsory. The prospect of a correct understanding
of the Meissner effect in the frame of any hamiltonian theory of electrons is still
not convincing. Such a theory, as we already mentioned, ignores the magnetic field
produced by the electrons themselves. This approximation is not dangerous whenever
this magnetic field is negligible as compared to the external field. However, this is
not the case by the Meissner effect. Since in equilibrium, with a stationary average
current the retardation dictated by electromagnetic theory may be omitted, we have
an internal vector potential produced by the average internal transverse current

A" (x) = /dX/L(X/))

clx —x/|

However we cannot compare this field to the external one (absent in this formulation)
in order to check that indeed the diamagnetic currents screen the external magnetic
field. Here we might be confronted with the limits of today’s solid state theory.



Chapter 8 ®)
Low Dimensional Semiconductors Check for

Quasi two-dimensional semiconductor layers offer a lot of spectacular prop-
erties of which the most famous is the Quantum Hall Effect. We limit
ourselves, however only to the presentation of the simplest, well under-
stood, but nevertheless surprising peculiarities of the classical and quantum-
mechanical two-dimensional motion of Coulomb interacting electrons in the
presence of a strong transverse magnetic field.

In the last decades progresses in semiconductor technology produced ultra-thin
semiconductor layer systems in which by a suitable choice of the layers, the elec-
trons and holes are restricted to a two dimensional motion. An ultra-thin layer of a
semiconductor is inserted between two thick layers of another semiconductor with
a larger band-gap and therefore, both the electrons and holes in the ultra-thin layer
are in a quantum well and their lowest states are discrete as it is shown in Fig.8.1.

At sufficiently low temperatures the electrons and holes sit on their lowest levels
(shown here in red and green). It means, the transverse motion at low temperatures is
“frozen” in its lowest lying state ¢ (z) in the potential well created by the adjoining
layers and the wave function of an electron, in a good approximation is given by

llf(x, Vs Z) = W(xs Y)d)O(Z) P

with the coordinates x, y lying in the plane and z being the transverse coordinate.
This is the experimental realization of a two dimensional (2D) electron-hole system,
which has a lot of very interesting properties.

Already the free motion in 2D has a peculiarity, namely the one-electron state
density is constant above ¢ = 0

() = — /dk6< i . T
2(8) = —= e———)=—=0(¢).
(2m)? 2m 27 h?
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Fig. 8.1 A semiconductor
quantum well

Such systems show above all spectacular properties in the presence of a strong
magnetic field transverse to the plane. The most famous one is the Quantum Hall
Effect. We will not try to describe here the different, sometimes contradicting theories
of this effect. Nevertheless, we want to bring the attention to the kind of strange
physics we encounter in two dimensions (2D).

8.1 Exciton in 2D

Let us consider an electron-hole pair with Coulomb attraction in a 2D semiconductor.
In the effective mass approximation, the relative motion in cylindrical coordinates is
described by the Hamiltonian

- R 19 d 1 32 n e’
T ompap \"p) 02002 T ep”
where m is the reduced mass of the pair and ¢ is the dielectric constant (supposed
here as being the same in the 2D layer as in the surrounding semiconductor). The

eigenstates of this Hamiltonian are characterized by two quantum numbers n =
0,1,2...and u = £0, £1, £2, .. .. The lowest eigenstate (n = 0, u = 0) is

Yo,0 =

while the ground state energy is

Eoo = —4Eg .
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where we used as parameter the Bohr radius ap and the Rydberg energy Ey of the
3D exciton. A comparison with the ground state exciton wave function in 3D (see
Sect.3.1.1) shows that the exciton radius in 2D is twice larger than in 3D and its
binding energy is four times bigger. Contrary to any expectations, the transversely
compressed exciton shrinks also in the still allowed two dimensions.

8.2 Motion of a 2D Electron in a Strong Magnetic Field

According to the discussed 3D motion of an electron in a homogeneous magnetic
field (see Sect.2.2.2) the stationary states in the Landau gauge are given by a plane-
wave in the field direction (along the z axis) and in the transverse plane by the Landau
states of discrete energies. If one restricts the motion to the plane x,y, then the energy
of such a Landau state is just

1
en.x. = hw.(n + 5) n=0,1,2,...).

Since these energies do not depend on the quantum number X (the x-coordinate of
the center of the cyclotron motion), they are (in the absence of boundary conditions!)
infinitely degenerate.

In what follows we consider very strong magnetic fields at very low temperatures
and therefore we may consider, that all the spins are aligned along the magnetic
field. We shall consider the motion of such a 2D electron in a strong magnetic field
perpendicular to the plane of motion in the presence of an external potential U (r).

The simplest approach to consider is to ignore the higher lying Landau levels and,
if the potential is weak, to consider its projection on the lowest lying Landau state
(n = 0) within first order perturbation for the energy

1
E(X) = Eﬁwo + (0, X|U (x, )10, X) .

Kubo’s more profound approach considers the limit of ultra-strong magnetic fields
for arbitrary potentials and an arbitrary kinetic energy 7. The 2D Hamilton operator
is

H=T(m)+U(r),

where the generalized momenta = in the presence of the vector potential A are

nzp~|—§A(r); p=:hV.
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Within the set of operators (i, r) the only non-vanishing commutators are

he h
[y, my] = —B;  [m,x]=[m,,y] =~
ic 1
Defining new operators
C C
ST T

and
X=x-§ Y=y—n

it results, that

g = 2 2 s

=B T
A 12

X, ¥]=——— = -
1eB 1

while the other commutators of the new operators vanish. The kinetic energy T
depends only on the new operators & and 1. Also, in the absence of the potential
U the operators X and Y do not change in time. They are assimilated with the
coordinates of the cyclotron motion, while the operators £ and n are the relative
coordinates.

In the presence of the external potential, either in the frame of Quantum Mechanics
or within classical mechanics, the center of the cyclotron motion moves according

to
c U . c U

eB W ’ "~ eB dx
According to the above canonical commutation rules one has the uncertainty relations
AXAY =2nl3

and since ultra-strong magnetic fields imply /p — 0, a classical description with
classical coordinates X, Y is appropriate. On the other hand, if the potential is slowly
varying on the scale of the magnetic length, one may ignore the relative motion and
to a very good approximation one could use the classical equations of motion

¢ AU(X,Y) g ¢ AU (X,Y)
" eB 3y T eB 39X
It follows, that
Yy Y WED

— v T awuxy)
0X X e
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However, this corresponds to the motion on a curve defined by U (x, y) = Uj.
Indeed, by using the definition of the implicit derivative one gets

aU(x,y)
a_y _ ax
8_x - AU (x,y) :
dy

To conclude, in the limit of ultra-strong magnetic fields the motion of the cyclotron
center of electrons in 2D with arbitrary kinetic energy in the presence of an external
potential is just a classical one along the equipotential curves of the potential.

8.3 Coulomb Interaction in 2D in a Strong Magnetic Field

8.3.1 Classical Motion

A stranger aspect of the 2D motion in a strong magnetic field is how Coulomb forces
act. Let us consider first the classical problem of the motion of two particles of
opposite charges (electron and hole). We are interested only in the relative motion,
therefore one of the particles we may keep fixed in the origin. A numerical solution
of the corresponding Newton equations shows the trajectory in Fig.8.2. This is a
somewhat complicated picture, but the particles, as expected seem to attract each
other and stick together.

To big surprise, even two identically charged particles in 2D, having repulsive
Coulomb forces, stick together, showing an effective attraction, as it is illustrated on
Fig.8.3. Of course, the Coulomb force tries to accelerate the electrons in the repulsive
manner, but the accelerated electron is returned by the bending in the magnetic field.
The only escape would have been in the now forbidden transverse direction.

If one considers a whole cluster of electrons these are sticking together in a cluster,
as it is shown in Fig. 8.4.

8.3.2 Quantum Mechanical States

The quantum-mechanical analysis of the motion of two Coulomb repulsive particles
confirms also the existence of bound electron-electron states in 2D.

The quantum-mechanical Hamiltonian for the 3D relative motion of two electrons
in the presence of a magnetic field B is

&2 &2
A+ — .
2mc? ®7+ r

2 h 1
H? = v _ 2 [A@) .V + =VA®) ) +
2m mc 2
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Fig. 8.2 Classical relative motion of opposite charged particles in 2D in the presence of a transverse

magnetic field

If one chooses the divergence-less vector potential (with the magnetic field in the

z-direction)

1
A(r) = (—EBy, 5

1
—Bx, 0)

one may write the 2D Hamiltonian describing the in-plane motion in cylinder coor-

dinates p, ¢ as

2D 19 Gl 1 92 ehB 0 e’B?* , &
H =————p— |- —— 1 —— —
2m p dp " dp p2opr  2mcdp  8mc? 0
One looks, as usual, for the eigenfunctions as
Yo, ) =u(e”®  (u=0,1,2,...) .
Then the eigenvalue problem for the radial part is:
P19 ou + h* u*  ehB e?B? 2 e? £
—— = —— 4+ — — |u=E,u .
2m p 0p P ap 2m p? = 2mc 8mc2'0 o "
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-2 -1 0 1 2

Fig. 8.3 Classical relative motion of identically charged particles in 2D electron in the presence of
a transverse magnetic field

This Schroedinger equation differs (up to a shift in the energy with gh—lzu) from

m
that of a radial 2D oscillator just due to the Coulomb term ¢ Sinceina very strong

. . . P .
magnetic field the spins are supposed to be aligned along the magnetic field and the
wave functions must be anti-symmetrical for fermions, only odd angular momenta
w are of interest. In terms of the dimensionless parameter

£ = eB R\’
"~ 2ch \2me?
an ultra-strong magnetic field corresponds to & >> 1. The radial wave function of the
lowest u = 1 state of the 2D oscillator is

o0
Rio(p) = %pe‘i‘fﬂz; 27 / PIR(p)2dp =1,
0

. . . . . 2
where for convenience the radius p is measured in units of the length A = 22—62
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Fig. 8.4 Classical motion of 4 electrons (one is kept fixed in the origin) in 2D in the presence of
the magnetic field

A numerical solution of the lowest eigenfunction including Coulomb repulsion
for £ =1 and & = 10 is shown red in Fig.8.5, while the corresponding oscillator
function is shown in blue.
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Fig. 8.5 The lowest i = 1 eigenfunction with and without Coulomb repulsion
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The two wave functions are surprisingly close to each other. The contribution of
the Coulomb potential to the energy may be approximated by first order perturbation
theory as its average over the oscillator function. The result again lies surprisingly
close to the exact value (in our example, up to four digits).

On the other hand, without the Coulomb potential the wave function would have
been centered at any arbitrary position in the plane. The existence of the repulsive
center however fixes its position ! This suggested the construction of the so called
Laughlin-wave functions for many electrons out of oscillator wave functions.

It is worth to remark also, that the lowest s-wave (u = 0) state shows in concor-
dance with the formerly discussed theory of Kubo a motion concentrated on a circle
(equipotential line for the Coulomb potential).



Chapter 9 ®)
Shortcut of Theoretical Physics oo

Here we offer a list of definitions and formulas, that may help the reader to
refresh his knowledge of theoretical physics.

9.1 Classical Mechanics

Lagrange function of a point-like particle in the presence of a potential U (X, t):
L(x,%) = %;‘8 —UX 1)

Euler equations:

0 0L 0L _
ar 9x X
Hamilton function:
oL
q=Xx; p

e

H(p,q) = —-L+pq

Poisson brackets:

df dg  dg df
(fig)=ooo — 22
dqdp dqap
© Springer International Publishing AG, part of Springer Nature 2018 139

L. A. Banyai, A Compendium of Solid State Theory,
https://doi.org/10.1007/978-3-319-78613-1_9


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-78613-1_9&domain=pdf

140 9 Shortcut of Theoretical Physics

Equations of motion:
q=1{H.q}; p={H, p}

The Hamiltonian formulation may be extended to include the interaction with
a magnetic field, leading to the velocity dependent Lorentz force! In this case the
velocity is related to the canonical momentum by

mx =p+ AKX, 1) .
C

9.2 One-Particle Quantum Mechanics

State of the particle (wave function):

V(x, 1)

Time evolution by the Schroedinger equation:

3
the- ¥ = HOY

Hamilton operator in a classical electromagnetic field described by the scalar and
vector potentials V (x, ¢), A(X.t):

HU)—-l—(—hV—FEA( n)2+ Vix, 1)
=5 1 - X, eVix,

Scalar product:

W1, ¥n) = [d)”h(x)*%(x)

Matrix elements of an operator <7 are defined by

W1, FY) = /dXW(x)*éZflﬂz(x) = fdx(%/ﬂ//l ()" Y2 (x)
Here o/ is the adjoint of </ . Observables are self-adjoint:
o ="

Averages:

(o) = / dxy (x) /Y ()
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Stationary problem in the presence of a potential:

h2
H=——V>+eU(x)
2m

Eigenvalue problem:
H¢; = Ei¢;

Orthonormalization and completeness:

(@i, ) = &)
D hi(0)$i(x)* = 8(x, x)

9.2.1 Dirac’s “bra/ket” Formalism

States are represented by

bra:

<y
ket:

v >
Scalar product (bracket):

<Yl >
Eigenstates and eigenvalues:
Hl|i >= E;|i >
Projectors on an eigenstate:
li ><i

l
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9.3 Perturbation Theory

9.3.1 Stationary Perturbation

Perturbation proportional to a small A:
H = Hy + AH'
Expansion in A:

Hop," = E"¢,”; He, = E¢,
bn =V + 2oV + 2202 ...
E,=E9 +1ED +2E@ + ...

H,, =@, Ho\")

Without degeneracy:

¢(l) _ Z Hl’ll’lﬂ
no = EO _ O
m(£n) o0 m
g
En - Hnn
H/ |2
2) _ | mn
E~ = Z EO _ FO
m(£n) o0 m

With degeneracy:
Efloz =E9; (s=1,...5)

to zeroth order for the eigenstate and first order in the eigenenergy

S
> Htnn = EV
s'=1 , i ,
9.3.2 Time Dependent Adiabatic Perturbation
H(1) = Hy + AH'(t)

Schroedinger equation
0
lﬁgll/f(l) >=H@®)|y @) >
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Interaction picture

[ () > = en™ |y @) >
0 , .
th Y (1) > 1= ren U H (1) e n Y (1) > = AH (1) 1Y (1) >

Unitary evolution in the interaction picture
— Sy H()pdl
U(t,to)zT{e pen e }

T{...} indicates that the operators H'(t); in the expansion of the exponential should
be ordered according to chronology.
S-Matrix
S=1lim lim U(t, 1)

t— 00 thy—>—00

Asymptotic transition rate between the unperturbed eigenstates |[n >and |m > of Hy

d
#p, = lim  lim E' < n|U(t, t)|m > |?

100 fh—>—00

The “golden rule” to second order in A, with an adiabatic, but oscillating in time
perturbation (light absorption)

H'(t) = (H' e + h.c)e™

2
W = 7x2|1t1;m|25(E,<l°> — EY £ ho)

9.4 Many-Body Quantum Mechanics

9.4.1 Configuration Space

Hamilton operator and wave function of Coulomb interacting particles in configura-

tion space:
N 2

N

h? 1 e
HY =Y <_—v,.2 + U(xi)> +5Y ——
o1 2m 2i : |Xi —X,'fl

HM®(xy,---xy) = Ex®(x1, -~ xy)

D(x1, - - - xy) antysymmetrical for fermions and symmetrical for bosons!
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9.4.2 Fock Space (Second Quantization)

9.4.2.1 Fermions

Vacuum state:

|0 >
Creation and annihilation operators:
ct0>=11 > ct1>=0
c|]l >=10 > cl0>=0

Occupation number operator:

ctel0>=0; ctell >=|1 >

To every one-particle state |k > corresponds a creation operator: c;f.

Anti-commutation:
+1 _
[cx, ¢ ]+ = Sk

Many fermion state:
|& >=cfcf - cfl0 >

oo >=E=D%1—ng |- +1--0 >,

ckl...nk...>=(_1)vk\/a |nk_1>

UkZE n;

i<k

Second quantized wave function:
Y =) ¢k
k

[ ).y ()], =8 —x)
[W (). p(h], =0

Vacuum state (ground state):
0 >
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Basis:
XN, X >= 10()(])Jr s w(xN)+|0 >

< Xp, L XN e Xy >= det|8(x,- —x})|

Hamilton operator and state of Coulomb interacting fermions in Fock space:

6’2
S (DY)
x|

2
H= dxw(xﬁ[—h—vz + U(x)]w) 45 [axfaxtpeortvent
2m 2 [x —
The relationship to the configuration space description:

H|@N >= EN|¢N >

1
|Py >E/dX1~' dxy —=®(x1, - xn)|x1, -, Xy >

VN!

Particle density:

n(x) = Y@ P(x

Current density:
. 1h
Jx) = —2—¢(X)+V¢(X) + h.c.
m

Continuity equation.
on(x)

at

+Vj(x) =0

9.4.2.2 Bosons
Creation and annihilation operators:
al0 >=0
atin>=vn+1n+1>
aln >=/njn —1 >
atin>=vn+1n+1>
aln >=/njn -1 >

Occupation number operator:

a+an>=nn>
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Commutation:
+
[aw, af ] = dcw

Many boson state:

1
d=—oo(aD".. (@)™ > nj=N
n1!...nN!(1) (@)™ Z

Second quantized wave function:

Y =) pe)a
k

[V (), y(x)T] =8(x —x)
[v(). v(x)H] =0

Xy, - x >= Y ) ()10 >

<Xp, XN Xy >=28(x1 —x}])...8(xN—x}N)
P

9.5 Density Matrix (Statistical Operator)
Pure quantum mechanical ensemble defined by the state .
() =< @A |P >
Mixed ensemble:
|®y > with probability p, O<ps <1, Z Po=1)

()= pa < Pu| | Py >

Density matrix (Statistical operator):

R=Y"pal®y >< @y

o

Tr{R}=1; R=>0
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zh% = [H, R]
(o/) = Tr {«/R}
Micro-canonical equilibrium:
Ro=8(H™ — Ey)

Grand-canonical equilibrium.

e BH—1LN)
Ro= Tr (e=PUH-1N))
Grand-canonical potential:
FV,T,p) == —kgTlnZ; Z=TrlePH 1V}
free fermions:
oy 1
g ar) = =05 1
free bosons:
oy 1
lacan) = e =51

9.6 Charged Particles and Electromagnetic Fields

Classical Maxwell-Lorenz equations

Y xb 471,+ 10
xb=—j+-—e
c ! c ot
190
Vxe=———b
c ot
Vb =0
Ve =4mp
Continuity equation:
d
Vi+—p=0

at
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Sources (including external ones without dynamics):
p(r, 1) =Y eid(r —ri(1) + p' (r, 1)

i = evi()s(r — (1) + N (x, 1)

ext

dp

V'ext — O
LR P
Electromagnetic potentials:
b=Vxa
10
e=—-Vv——-——a
c dt
Gauge invariance:
190
v—o>v4+-——A
c ot

Equations of the potentials:

5 19 4w, 1_3
—V?a 4 V(Va) +

——a=—j—-V—
c? 9t c J c 8tv
v? ! v 9 a=4
—Vyv— —=V—a=4n
¢z ot P
Coulomb gauge:
Va=20
—V2y =4mp
Va 4+ 2 _ 4 1_0 _ 4
c? 912 AT T e
Transverse current:
Vj. =0

Vi, 1)

1
Joe, ) =jr, 1) + —V/dl'
4 r —r/|
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Solution (with Va**! = 0):

int l'/,t
v(r,t) = /a’r/M + V(L 1)
[r —r'|

ol 1 /
et —<r—r')
a(r,t) = /dr’ L | < 7 +a“(r, 1)
clr—r

Newton’s equation of motion with Lorentz forces:

d / 1 /
mi—v; =¢; (e, 1)+ —-v; xb(r;,1)
dt c
Here € and b are the fields without self-action!

For & — 0, one ignores the magnetic field created by the particles themselves a
and the particle motion may be separated:

int

1 e; 1 ee;
H = —(Pi Za®! r,t 2 iV”’ r,t - ) .
,Z(zm,»(p+c (ri. 1) + ¢V ))+2;|ri_rj|

In this standard approximation used in solid state theory, the magnetic field created
by the charged particles is ignored!
Macroscopic fields as averages:

E=(e); B=(b)

Macroscopic Maxwell equations.

4 190
VxB= (i) +j +-—FE
c c dt
19
VxE=—--—B
c dt

VB =0
VE = 47 ((p) + p*')

The classical macroscopic theory of electromagnetism relates the average sources
(p), () to the fields (E , B) by certain phenomenological relationships and leaves
the foundation of these relationships to the microscopical theories.

The non-relativistic quantum-mechanical Hamiltonian of charged particles in
external electric and magnetic fields:
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1 €y, oy 2
H = ZZ/drl‘llaﬁ(rﬁ {M (—th ++?A t(l’, [)) 8(7,0/

o0 A

+ea Vext (I‘, t)aa,a’ + MBU(IG’B(rv t)lpa,o’ (l')}

1 / + 4 Cala’ /
+§ZZ/dr/dr a,a(r) lIjoz’,a’(r) lr_r/|lllar,(,/(r)l11aqg(r)

oo’ a,a

Here the index o runs over the different sorts of charged particles, while o runs over
the spin projections (preferentially on the magnetic field direction).
The charge and current density operators:

PX) = oW (1) W0 ()

=3 %"‘wm(r)+ (-:hv + %“A”’(r, r)) Wy o (r) + hoc. .

The magnetic moment of the spins has to be included separately! It is sometimes
useful to consider the quantum mechanical nature of the electromagnetic field (pho-
tons), while leaving the description of the charged particles in the former described
quantum-mechanical, but non-relativistic description.

However, a consistent relativistic and quantum-mechanical formulation of the
electrodynamics of particles and fields may be formulated only in the frame of the
quantum electrodynamics. That is much beyond the frame of today’s solid state
theory.



Chapter 10 )
Home-Work i

For all readers it is a useful exercise to perform the omitted details of the
proofs. Them interested reader I recommend some lengthy but useful home-
works an ambitious graduate student should nevertheless be able to perform
successfully. I would like to encourage the reader also to write their own
programs and play through different funny scenarios around the examples
given in the Sects.2.6.2,5.2 and 8.3.1.

10.1 The Kubo Formula

Start from the linear response formula of Sect. 6.1 with the perturbation caused by
coupling to (time dependent) electromagnetic potentials

H'(t) =/dx{p(X)V(X, N —Jj®AX, 1)},

where the A? term of the non-relativistic theory was ignored, since it is of second
order in the field. Prove the Kubo formula for the induced average current density

3 t B
(Ju(x, 1)) = Zf dt’f di / dx'(j,(x', —thA) j (X, t — ")) E, (X, 1').
=] Y00 0
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using the Kubo identity

B
[A, e PH] =:e—5Hl/‘ dre* [H, Ale .
0

(Check it by taking its matrix element between eigenstates of the Hamiltonian H.)
Consider the case of a homogeneous field in a homogeneous system introduced
adiabatically at t = —oo as e*’ with s — +0 to get the conductivity tensor

0 B
ow(@) = lim lim £ dte”‘”e”/ dr{j,(t —1hr)j,.(0))o, (10.1)
0

s—>+0 2—o00 —00

where j, = & [ dxj,(x) and the infinite volume limit is to be understood in the
thermodynamic sense, i.e. at a fixed average carrier density. (It is understood, that
the Kubo formula is valid only for Coulomb non-interacting electrons i.e. the electric
field is the total one.)

10.2 Ideal Relaxation

Remake the above derivation by adding an ideal relaxation term

R— R,
T

—th

to the Liouville equation. However, now starting in equilibrium at time r = 0 and
measuring at t = oo without any adiabaticity. You shall see, that you get the same
formula, with the adiabatic parameter s replaced by %

Now, consider that the unperturbed Hamiltonian H is just the one describing the
motion in a constant magnetic field in the Landau gauge i.e. compute the matrix
elements with the Landau states and perform all the integrals. Do not forget, that the
velocity in the presence of the magnetic field is x = %(p — fA(x))!

You shall obtain the same expression for the conductivity tensor as we derived in
Sect.5.3 from the Boltzmann equation under an analogous ideal relaxation assump-

tion.

10.3 Rate Equation for Bosons

Derive the transition rates for massive bosons interacting with acoustic phonons
using the many-body “golden rule”. Show the detailed balance relation. Within the
approximation

(ninj) ~ (n;)(nj)
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formulate the corresponding rate equation with discrete wave vectors kK. Analyze
its properties. Perform the thermodynamic limit and remark the problem with the
particle conservation if the concentration of bosons exceeds the critical one.

10.4 Bose Condensation in Time

Try to repair the above derived rate equation for massive bosons by implementing
the idea of a macroscopic number of bosons in the k = 0 state we discussed in
the equilibrium theory of Bose condensation Sect.7.2. Also consider an indepen-
dent macroscopic degree of freedom (n() proportional to the volume and separate
from the discrete sums this contribution. Admit that only the rest converges to a
Riemann integral in the thermodynamic limit. Analyze the properties of the new
system of equations. Show, that it has an equilibrium attractor for + — oo with or
without condensate, depending on the total density. Remark the need for an arbitrary
small condensate at ¢ = 0 (“condensation kernel”) to get a solution above the critical
density.

10.5 Bose Condensation in a Finite Potential Well

The standard theory of Bose condensation implies the thermodynamic limit and
describes an infinite homogeneous system. On the other hand, experimental evidence
occurs in finite (confined) systems. One may try a quasi-classical approach to bosons
in a finite (but not quantizing !) potential well to understand this aspect.

Consider the motion in the presence of a finite in depth and width, spherically
symmetric, attractive (v > 0) potential well

Uo(r) = —v (1 - (%)2> O(R —r)

(r = |x|) embedded in an infinite volume.
The corresponding equilibrium distribution is

1

SEAU-) _

fp.x) =

with the chemical potential determined by the total number of bosons

dp .
/ dx / G /0 = (V).
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However, since one expects, that at low temperatures many bosons drop in the
well, one has to take into consideration, that being close to each other they will
interact. Usually this interaction is repulsive. Consider just a contact interaction
potential v(x) = wd(x) (w > 0), that one may treat in a self-consistent manner by
the effective potential

dp
(27 h)3

UKX) = Uo(x)—i-/dx’v(x—x/)/ f(p,x) .

This potential is just a constant outside the well
Ux)=w(n) (for r>R)
where (n) is the average density of bosons

dp 1
(n) = N .
(2mh) P twi—) _

(A finite number of bosons in the well do not contribute to this equation.) A solution
exists only for u© < wn,, where n. is the critical density

. dp 1

) o@rn? o sr

ne

Above this density an overall condensate should appear.

Now, it is most interesting to follow the scenario before this overall condensation
occurs. For r < R one gets a radius dependent density and the self-consistency
equation

dp 1
U@r) = Uy(r —i—w/ ; r<R
(r) = tlr) Qrh)3 s +Ue - _ q ( )

So long U(r) — n > 0, this equation has a solution, but afterwards, obviously not.
Therefore, it is reasonable to correct this equation by admitting the possibility of a
local condensate density n¢(r) not included in the Bose distribution

dp 1
(2 h)? eﬁ(%+U(r)fu) —1

U@r)=Uy(r)+w (no(r) + ) (for r<R).

The potential U (r) varies monotonously and coming down from the top of the
potential one might reach a radius o < R, by which indeed

U(ro) =n
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and the integral over the Bose function reaches its maximal value. Due to the condition
U(r) — n > 0 also for the points r < ry, it must belong to the minimum of U (r) and
a condensate n(r) must emerge

1
no(r) = " (U(rog) — Up(r)) (for 0<r <rg).

Solve numerically the self-consistency equation for ryp < r < R (before the
apparition of the condensate) to confirm this scenario. Since the transcendental self-
consistency equation is local, for a numerical solution it is convenient to solve it in
favor of Uy at a given U, thus performing a simple integration over the momenta p.
The association to a certain radius r is given then by the explicit definition of Uy (r).



	Preface
	Contents
	1 Introduction
	2 Non-interacting Electrons
	2.1 Free Electrons
	2.2 Electron in Electric and Magnetic Fields
	2.2.1 Homogeneous, Constant Electric Field
	2.2.2 Homogeneous, Constant Magnetic Field
	2.2.3 Motion in An One-Dimensional Potential Well

	2.3 Electrons in a Periodical Potential
	2.3.1 Crystal Lattice
	2.3.2 Bloch Functions
	2.3.3 Periodical Boundary Conditions
	2.3.4 The Approximation of Quasi-Free Electrons
	2.3.5 The Kronig-Penney Model
	2.3.6 Band Extrema, kp–Perturbation Theory and Effective Mass
	2.3.7 Wannier Functions and Tight-Binding Approximation
	2.3.8 Bloch Electron in a Homogeneous Electric Field

	2.4 Electronic Occupation of States in a Crystal
	2.4.1 Ground State Occupation of Bands. Conductors and Insulators
	2.4.2 Spin–Orbit Coupling and Valence Band Splitting

	2.5 Electron States Due to Deviations from Periodicity
	2.5.1 Effective Mass Approximation
	2.5.2 Intrinsic Semiconductors at Finite Temperatures
	2.5.3 Ionic Impurities
	2.5.4 Extrinsic Semiconductors at Finite Temperatures. Acceptors and Donors

	2.6 Semiconductor Contacts
	2.6.1 Electric Field Penetration into a Semiconductor
	2.6.2 p-n Contact


	3 Electron-Electron Interaction
	3.1 The Exciton
	3.1.1 Wannier Exciton
	3.1.2 Exciton Beyond the Effective Mass Approximation

	3.2 Many-Body Approach to the Solid State
	3.2.1 Self-consistent Approximations
	3.2.2 Electron Gas with Coulomb Interactions
	3.2.3 The Electron-Hole Plasma
	3.2.4 Many-Body Perturbation Theory of Solid State


	4 Phonons
	4.1 Lattice Oscillations
	4.2 Classical Continuum Phonon-Model
	4.2.1 Optical Phonons in Polar Semiconductors
	4.2.2 Optical Eigenmodes
	4.2.3 The Electron-Phonon Interaction


	5 Transport Theory
	5.1 Non-equilibrium Phenomena
	5.2 Classical Polaron in Electric Field
	5.3 The Boltzmann Equation
	5.3.1 Classical Conductivity

	5.4 Master and Rate Equations
	5.4.1 Master Equations
	5.4.2 Rate Equations
	5.4.3 Hopping Transport
	5.4.4 Hopping Diffusion on a Periodic Cubic Lattice
	5.4.5 Transverse Magneto-Resistance in Ultra-Strong Magnetic Field


	6 Optical Properties
	6.1 Linear Response to a Time Dependent External Perturbation
	6.2 Equilibrium Linear Response
	6.3 Dielectric Response of a Coulomb Interacting  Electron Plasma
	6.4 Dielectric Function of an Electron Plasma  in the Hartree Approximation
	6.5 The Transverse, Inter-band Dielectric Response  of an Electron-Hole Plasma
	6.6 Ultra-Short-Time Spectroscopy of Semiconductors
	6.7 Third Order Non-linear Response
	6.8 Differential Transmission
	6.9 Four Wave Mixing

	7 Phase Transitions
	7.1 The Heisenberg Model of Ferro-Magnetism
	7.2 Bose Condensation 
	7.3 Superconductivity
	7.3.1 The Phenomenological Theory of London

	7.4 Superconducting Phase Transition in a Simple Model  of Electron-Electron Interaction
	7.4.1 Meissner Effect Within Equilibrium Linear Response


	8 Low Dimensional Semiconductors 
	8.1 Exciton in 2D
	8.2 Motion of a 2D Electron in a Strong Magnetic Field
	8.3 Coulomb Interaction in 2D in a Strong Magnetic Field
	8.3.1 Classical Motion
	8.3.2 Quantum Mechanical States


	9 Shortcut of Theoretical Physics
	9.1 Classical Mechanics
	9.2 One-Particle Quantum Mechanics
	9.2.1 Dirac's ``bra/ket'' Formalism

	9.3 Perturbation Theory
	9.3.1 Stationary Perturbation
	9.3.2 Time Dependent Adiabatic Perturbation

	9.4 Many-Body Quantum Mechanics
	9.4.1 Configuration Space
	9.4.2 Fock Space (Second Quantization)

	9.5 Density Matrix (Statistical Operator)
	9.6 Charged Particles and Electromagnetic Fields

	10 Home-Work
	10.1 The Kubo Formula
	10.2 Ideal Relaxation
	10.3 Rate Equation for Bosons
	10.4 Bose Condensation in Time
	10.5 Bose Condensation in a Finite Potential Well




