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Preface

The combination of the concept of asymmetry of the wave-vector space of charge
carriers in semiconductors with modern techniques of fabricating nanostructured
materials such as MBE, MOCVD and FLL in one, two and three dimensions (such
as quantum wells (QWs), doping superlattices, accumulation and inversion layers,
quantum well superlattices, carbon nanotubes, quantum wires, quantum wire
superlattices, magnetic quantization, magneto size quantization, quantum dots,
magneto accumulation and inversion layers, magneto NIPIs, magneto quantum
well superlattices, quantum dot superlattices and other field aided low-dimensional
systems) spawns not only useful quantum effect devices but also unearths new
concepts in the realm of low-dimensional solid-state science and related
disciplines. These semiconductor nanostructures occupy a central position in the
entire arena of condensed matter science in general, by their own right and find
extensive applications in quantum registers, quantum switches, quantum sensors,
quantum logic gates, quantum well and quantum wire transistors, quantum cascade
lasers, heterojunction field-effect transistors, high-speed digital networks,
high-frequency microwave circuits, high-resolution terahertz spectroscopy,
superlattice photo-oscillator, advanced integrated circuits, superlattice photocath-
odes, resonant tunneling diodes and transistors, thermoelectric devices, superlat-
tice coolers, thin film transistors, intermediate-band solar cells, micro-optical
systems, high performance infrared imaging systems, band-pass filters, thermal
sensors, optical modulators, optical switching systems, single electron electronics,
molecular electronics, nanotube-based diodes and other nanoelectronic devices.
Knowledge regarding these quantized structures may be gained from original
research contributions in scientific journals, various patents, personal communi-
cations, proceedings of the conferences/seminars, review articles and different
research monographs [1] respectively. In this context, it may be noted that the
available reports on the said areas cannot afford to cover even an entire chapter
regarding the Einstein Relation (ER) for the diffusivity-mobility ratio of carriers in
heavily doped (HD) two-dimensional (2D) quantized structures and the single first
book on ER [2] does not contain even a paragraph regarding this important
specialized topic of research and, after 30 years of continuous effort, we see that
the complete investigations of the ER comprising the whole set of materials and
allied sciences is really a sea and is a permanent member of the domain of
impossibility theorems.
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It is well known that the ER occupies a central position in the whole field of
solid-state device electronics and the related sciences since the diffusion constant
(a quantity very useful for device analysis where exact experimental determination
is rather difficult) can be obtained from this ratio by knowing the experimental
values of the mobility. The classical value of the ER is equal to ðkBT=jejÞ, (kB, T and
jej are Boltzmann’s constant, temperature and the magnitude of the carrier charge
respectively). This relation in this form was first introduced by Einstein to studythe
diffusion of gas particles and is known as the Einstein relation [2, 3]. It appears that
the ER increases linearly with increasing T and is independent of electron con-
centration. This relation is applicable for both types of charge carriers only under
nondegenerate carrier concentration although its validity has been suggested
erroneously for degenerate materials [4]. Landsberg first pointed out that the ER for
degenerate semiconductors is essentially determined by their energy band struc-
tures [5, 6]. This relation is useful for semiconductor homostructures [7, 8],
semiconductor–semiconductor heterostructures [9, 10], metals–semiconductor
heterostructures [11–19] and insulator–semiconductor heterostructures [20–23].
The nature of the variations of the ER under different physical conditions has been
studied in the literature [1–3, 5, 6, 24–49]. Incidentally, A. N. Chakravarti
(a recognized leading expert of ER in general) and his research group are still
contributing significantly under his able leadership regarding this pinpointed
research topic on ER from 1972 [2, 24, 25–28, 34, 39–49] and some of the
significant features, which have emerged from these studies, are:

(a) The ER increases monotonically with increasing carrier concentration in bulk
semiconductors and the nature of these variations is significantly influenced by
the band structures of different materials.

(b) The ER increases with the increasing quantizing electric field as in inversion
layers.

(c) The ER oscillates with the inverse quantizing magnetic field under magnetic
quantization due to the Shubnikov-de Haas effect.

(d) The ER shows composite oscillations with the various controlled quantities of
semiconductor superlattices.

(e) In ultrathin films, quantum wires and other field assisted low-dimensional
systems, the value of the ER changes appreciably with the external variables
depending on the nature of quantum confinements of different materials.

The ER depends on the density-of-states (DOS) function, which, in turn, is
significantly affected by the different carrier energy spectra of different semicon-
ductors having various band structures. In recent years, various energy wave-
vector dispersion relations of carriers of different materials have been proposed
[50], which have created interest in studying the ER in HD 2D-quantized struc-
tures. It is well known that heavy doping and carrier degeneracy are the keys to
unlock the important properties of semiconductors and they are especially
instrumental in dictating the characteristics of Ohmic and Schottky contacts
respectively [11–19, 51]. It is an amazing fact that although heavily doped
semiconductors (HDS) have been investigated in the literature the study of carrier

viii Preface



transport in such materials through proper formulation of the Boltzmann transport
equation which needs, in turn, the corresponding HD carrier energy spectra is still
one of the open research problems.

It is well known that band tails are being formed in the forbidden zone of the
HDS and can be explained by the overlapping of the impurity band with the
conduction and valence bands [52]. Kane [53] and Bonch Bruevich [54] have
independently derived the theory of band tailing for semiconductors having
unperturbed parabolic energy bands. Kane’s model [53] was used to explain the
experimental results on tunneling [55] and the optical absorption edges [56, 57] in
this context. Halperin and Lax [58] developed a model for band tailing applicable
only to the deep tailing states. Although Kane’s concept is often used in the
literature for the investigation of band tailing [59, 60], it may be noted that this
model [53, 61] suffers from serious assumptions in the sense that the local impurity
potential is assumed to be small and slowly varying in space coordinates [60]. In
this respect, the local impurity potential may be assumed to be a constant. In order
to avoid these approximations, we have developed in this book, the electron energy
spectra for HDS for studying the ER based on the concept of the variation of the
kinetic energy [52, 60] of the electron with the local point in space coordinates.
This kinetic energy is then averaged over the entire region of variation using a
Gaussian-type potential energy. On the basis of the E-k dispersion relation, we
have obtained the electron statistics for different HDS for the purpose of numerical
computation of the respective ERs. It may be noted that a more general treatment
of many-body theory for the DOS of HDS merges with one-electron theory under
macroscopic conditions [52]. Also, the experimental results for the Fermi energy
and others are the average effect of this macroscopic case. So, the present treat-
ment of the one-electron system is more applicable to the experimental point of
view and it is also easy to understand the overall effect in such a case [62]. In a
HDS, each impurity atom is surrounded by electrons, assuming a regular distri-
bution of atoms and it is screened independently [59, 61, 63]. The interaction
energy between electrons and impurities is known as the impurity screening
potential. This energy is determined by the inter-impurity distance and the
screening radius (popularly known as the Debye screening length). The screening
length changes with the band structure. Furthermore, these entities are important
for HDS in characterizing the semiconductor properties [64, 65] and the modern
electronic devices [59, 66]. The works on Fermi energy and the screening length in
an n-type GaAs have already been initiated in the literature [67], based on Kane’s
model. Incidentally, the limitations of Kane’s model [53, 60], as mentioned above,
are also present in their studies.

At this point, it may be noted that many band tail models are proposed using
Gaussian distribution of the impurity potential variation [53, 60]. From the very
start, we have used Gaussian band tails to obtain the exact E-k dispersion relations
for HD nonlinear optical, III–V, II–VI, IV–VI, stressed Kane-type semiconductors,
Te, GaP, PtSb2, Bi2Te3, Ge and GaSb respectively. Our method is not related with
the DOS technique as used in the aforementioned works. From the electron energy
spectrum, one can obtain the DOS but the DOS technique, as used in the literature
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cannot provide the E-k dispersion relation. Therefore, our study is more funda-
mental than those in the existing literature, because the Boltzmann transport
equation, which controls the study of the charge transport properties of the
semiconductor devices, can be solved if and only if the E-k dispersion relation is
known. We wish to note that many authors have used the Gaussian function for the
impurity potential distribution. It has been widely used since 1963 when Kane first
proposed it and we will use the Gaussian distribution for the present study.

This book contains ten chapters where the Appendices A to E are placed
chronologically in chapters five to ten respectively, is partially based on our
ongoing researches on the ER of HDS from 1990, and an attempt has been made to
present a cross section of the ER for wide range of HDS and their quantized-
structures with varying carrier energy spectra under various physical conditions.
The first chapter deals with the influence of quantum confinement on the ER in
non-parabolic HDS. First, we study the ER in QWs of HD nonlinear optical
materials on the basis of a generalized electron dispersion law introducing the
anisotropies of the effective masses and the spin orbit splitting constants,
respectively, together with the inclusion of the crystal field splitting within the
framework of the k.p formalism. We observe that the appearance of the complex
electron dispersion law in HDS instead of real one occurs from the existence of the
poles in the finite complex plane of the corresponding electron energy spectrum in
the absence of band tails. It may be noted that the complex band structures have
already been studied for bulk semiconductors and superlattices without heavy
doping [69] and bears no relationship to the complex electron dispersion law as
formulated in this book. The physical picture behind the existence of the complex
energy spectrum in HD nonlinear optical semiconductors is the interaction of the
impurity atoms in the tails with the splitting constants of the valance bands. The
more the interaction, the more the prominence of the complex part than the other
case. In the absence of band tails, there is no interaction of impurity atoms in the
tails with the spin orbit constants and, consequently, the complex part vanishes.
Besides, the complex spectra are not related to same evanescent modes in the band
tails and the conduction bands. In this context it is worth remarking that the
concept of effective electron mass (EEM) is one of the basic pillars in the whole
set of materials science in general [68]. One important consequence of the HDS
forming band tails is that the EEM exists in the forbidden zone, which is impossible
without the effect of band tailing. In the absence of band tails, the effective mass in
the band gap of semiconductors is infinity. Besides, depending on the type of the
unperturbed carrier energy spectrum, the new forbidden zone will appear within
the normal energy band gap for HDS. The results of HD III–V (e.g., InAs, InSb,
GaAs etc.), ternary (e.g., Hg1-xCdxTe, etc.), quaternary (e.g., In1-xGaxAs1-yPy

lattice matched to InP, etc.) compounds form a special case of our generalized
analysis under certain limiting conditions. The ER in HD QWs of II–VI, IV–VI,
stressed Kane-type semiconductors, Te, GaP, PtSb2, Bi2Te3, Ge and GaSb has
been investigated by formulating the respective appropriate HD energy band
structure. The importance of the aforementioned semiconductors has been
described in the same chapter. As a collateral study we shall observe that the EEM
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in such QWs becomes a function of size quantum number, the Fermi energy, the
scattering potential and other constants of the system which is the intrinsic
property of such 2D electrons.

With the advent of modern experimental techniques of fabricating nanomate-
rials, it is possible to grow semiconductor superlattices (SLs) composed of alter-
native layers of two different degenerate layers with controlled thickness [70].
These structures have found wide applications in many new devices such as
photodiodes [71], photo-resistors [72], transistors [73], light emitters [74], tun-
neling devices [75], etc. [76–87]. The investigations of the physical properties of
narrow gap SLs have increased extensively since they are important for opto-
electronic devices and because of the quality of heterostructures involving narrow
gap materials have been improved. It may be noted in this context that the doping
superlattices are crystals with a periodic sequence of ultrathin film layers [88, 89]
of the same semiconductor with the intrinsic layer in-between together with the
opposite sign of doping. All the donors are positively charged and all the acceptors
negatively. This periodic space charge causes a periodic space charge potential
which quantizes the motions of the carriers in the z-direction together with the
formation of the subband energies. The electronic structures of the doping su-
perlattices differ radically from the corresponding bulk semiconductors as stated
below:

(a) Each band is split into mini-bands;
(b) The magnitude and the spacing of these mini-bands may be designed by the

choice of the superlattices parameters; and
(c) The electron energy spectrum of the nippy crystal becomes two-dimensional

leading to the step functional dependence of the DOS function.

In the second chapter, the ER in doping superlattices of HD nonlinear optical,
III–V, II–VI, IV–VI and stressed Kane-type semiconductors has been investigated.
In this case we note that the EEM in such doping supper-lattices becomes a
function of nipi subband index, surface electron concentration, Fermi energy, the
scattering potential and other constants of the system which is the intrinsic
property of such 2D-quantized systems.

In recent years, there has been considerable interest in the study of the inversion
layers, which are formed at the surfaces of semiconductors in metal-oxide-semi-
conductor field-effect transistors (MOSFET) under the influence of a sufficiently
strong electric field applied perpendicular to the surface by means of a large gate
bias. In such layers, the carriers form a two-dimensional gas and are free to move
parallel to the surface while their motion is quantized in the direction perpen-
dicular to it leading to the formation of electric subbands [90]. Although consid-
erable work has already been done regarding the various physical properties of
different types of inversion layers having various band structures, nevertheless, it
appears from the literature that there lies scopes in the investigations made while
the interest for studying different other features of accumulation layers is
becoming increasingly important. In the third chapter, the ER in accumulation
layers of HD nonlinear optical, III–V, II–VI, IV–VI, stressed Kane-type
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semiconductors and Ge, have been investigated. For the purpose of relative
comparisons, we have also studied the ER in inversion layers of the aforemen-
tioned materials. It is interesting to note that the EEM in such layers is a function
of electric subband index, surface electric field, Fermi energy, the scattering
potential and other constants of the system which is the intrinsic property of such
2D electrons.

Chapter four suggests the experimental determinations of 2D and 3D ERs for
HDS and contains six related applications of the content of this book. Our sug-
gestion for the experimental determination of the ERs and the theoretical formula
for degenerate tetragonal compunds (e.g., Cd3As2) based on our generalized
analysis incorporating all types of anisotropies of the energy band structure agree
well with each other and are discussed in this chapter. Chapter five contains the
conclusion and the scope for future research.

It may be noted that the effects of quantizing magnetic field (B) on the band
structures of compound semiconductors are more striking than the parabolic one
and are easily observed in experiments. A number of interesting physical features
originate from the significant changes in the basic energy wave-vector relation of
the carriers caused by the magnetic field. The valuable information could be
obtained from experiments under magnetic quantization regarding the important
physical properties such as Fermi energy and effective masses of the carriers,
which affect almost all the transport properties of the electron devices [91] of
various materials having different carrier dispersion relations [92]. The ER in the
presence of magnetic quantization is a tensor quantity and we take that particular
element of the ER which is in the direction of magnetic field only ðD=lÞzz.
Appendix A studies the ER in HD nonlinear optical, III–V, IV–VI, stressed com-
pounds, n-Te, n-GaP, PtSb2, n-Ge, II–V semiconductors and Lead Germanium
Telluride under magnetic quantization respectively. In this appendix weobserve
that the EEM depends on Landau quantum number in addition to Fermi energy
and the other system constants due to the specific band structures of the HD
materials together with the fact that EEM exists in the band gap due to the
presence of finite scattering potential as noted already.

It is well known that Keldysh [93] first suggested the fundamental concept of a
superlattice (SL), although it was successfully experimental realized by Esaki and
Tsu [94]. The importance of SLs in the field of nanoelectronics has already been
described in [95–97]. The most extensively studied III–V SL is that consisting of
alternate layers of GaAs and Ga1-xAlxAs owing to the relative ease of fabrication.
The GaAs layers form quantum wells and Ga1-xAlxAs form potential barriers. The
III–V SLs are attractive for the realization of high speed electronic and opto-
electronic devices [98]. In addition to SLs with usual structure, SLs with more
complex structures such as II–VI [99], IV–VI [100] and HgTe/CdTe [101] SLs
have also been proposed. The IV–VI SLs exhibit quite different properties com-
pared to the III–V SL due to the peculiar band structure of the constituent materials
[102]. The epitaxial growth of II–VI SL is a relatively recent development and the
primary motivation for studying the mentioned SLs made of materials with large
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band gap is in their potential for optoelectronic operation in the blue [102].
HgTe/CdTe SLs have aroused a great deal of attention since 1979 as promising
new materials for long wavelength infrared detectors and other electro-optical
applications [103]. Interest in Hg-based SLs has been further increased as new
properties with potential device applications were revealed [103, 104]. These
features arise from the unique zero band gap material HgTe [105] and the direct
band gap semiconductor CdTe that can be described by the three-band mode of
Kane [106]. The combination of the aforementioned materials with specified
dispersion relation makes HgTe/CdTe SL very attractive, especially because of the
possibility to tailor the material properties for various applications by varying the
energy band constants of the SLs. In addition, for effective mass SLs, the elec-
tronic subbands appear continually in real space [107].

We note that all the aforementioned SLs have been proposed with the
assumption that the interfaces between the layers are sharply defined, of zero
thickness, i.e., devoid of any interface effects. The SL potential distribution may be
then considered as a one-dimensional array of rectangular potential wells. The
aforementioned advanced experimental techniques may produce SLs with physical
interfaces between the two materials crystallographically abrupt; adjoining their
interface will change at least on an atomic scale. As the potential form changes
from a well (barrier) to a barrier (well), an intermediate potential region exists for
the electrons. The influence of finite thickness of the interfaces on the electron
dispersion law is very important, since the electron energy spectrum governs the
electron transport in SLs.

In Appendix B, we study the ER under magnetic quantization in III–V, II–VI,
IV–VI, HgTe/CdTe and strained layer HD SLs with graded interfaces. We also
investigate the ER in III–V, II–VI, IV–VI, HgTe/CdTe and strained layer effective
mass HD SLs in the presence of quantizing magnetic field respectively. This
appendix explores the fact that the EEM becomes a function of the Fermi energy,
Landau quantum number, scattering potential and the magnetic field in all the
cases which are the characteristic features of such superlattices. We present a
simplified analysis of the ER in superlattices of HD nonparabolic semiconductors
under magnetic quantization, which is a huge topic of research by its own right.

It is worth remarking that the influence of crossed electric and quantizing
magnetic fields on the transport properties of semiconductors having various band
structures are relatively less investigated compared with the corresponding mag-
netic quantization, although the crossfields are fundamental with respect to the
addition of new physics and the related experimental findings. It is well known that
in the presence of electric field ðEoÞ along x-axis and the quantizing magnetic field
(B) along z-axis, the dispersion relations of the conduction electrons in semicon-
ductors become modified and for which the electron moves in both z and y
directions. The motion along y-direction is purely due to the presence of E0 along x-
axis and in the absence of electric field, the effective electron mass along y-axis
tends to infinity which indicates the fact that the electron motion along y-axis is
forbidden. The effective electron mass of the isotropic, bulk semiconductors having
parabolic energy bands exhibits mass anisotropy in the presence of crossfields and
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this anisotropy depends on the electron energy, the magnetic quantum number, the
electric and the magnetic fields, respectively, although the effective electron mass
along z- axis is a constant quantity. In 1966, Zawadzki and Lax [108] formulated
the electron dispersion law for III–V semiconductors in accordance with the two-
band model of Kane under crossfields configuration which generates the interest to
study this particular topic of solid-state science in general [109]. Appendix C
investigates the ER under crossfield configuration in HD nonlinear optical, III–V,
II–VI, IV–VI, stressed Kane-type semiconductors and their ultrathin films coun-
terparts. This appendix tells us that the EEM in all the cases is a function of the size
quantum number, the finite scattering potential, the magnetic quantum number and
the Fermi energy even for HD semiconductors whose bulk electrons in the absence
of band tails are defined by the parabolic energy bands.

With the advent of nano-devices, the build-in electric field becomes so large
that the electron energy spectrum changes fundamentally instead of being
invariant and Appendix D investigates the ER under intense electric field in bulk
specimens of HD III–V, ternary and quaternary semiconductors. This appendix
also explores the influence of electric field on the ER based on HD new dispersion
law under magnetic quantization, size quantization, accumulation layers, HD
doping superlattices and effective mass HD superlattices under magnetic quanti-
zation. It is interesting to note that the EEM depends on the strong electric field
(which is not observed elsewhere) together with the fact that the EEM in accu-
mulation layers, HD doping superlattices and effective mass HD superlattices
depend on the respective quantum numbers in addition to the Fermi energy, the
scattering potential and other system constants which are the characteristics fea-
tures of such heterostructures.

With the advent of nano-photonics, there has been considerable interest in
studying the optical processes in semiconductors and their nanostructures in the
presence of intense light waves [110]. It appears from the literature that investi-
gations in the presence of external intense photo-excitation have been carried out
on the assumption that the carrier energy spectra are invariant quantities under
strong external light waves, which is not fundamentally true. The physical prop-
erties of semiconductors in the presence of strong light waves which alter the basic
dispersion relations have relatively been much less investigated in [111, 112] as
compared with the cases of other external fields needed for the characterization of
low-dimensional semiconductors. Appendix E of this book studies the influence of
light waves on the ER in HD opto-electronic semiconductors by formulating new
electron dispersion relation within the framework of k.p formalism. The same
appendix explores the opto ER for HD opto-electronic materials under magnetic
quantization, crossfields configuration, size quantization, doping superlattices and
effective mass superlattices respectively. It is interesting to note that the EEM is a
function of incident light intensity and wave length (not observed elsewhere)
together with the fact that the EEM in superlattices and crossfields configuration
depend on quantum numbers, Fermi energy, scattering potential and other system
constants which are the characteristic features in this case. In these appendices, no
graphs together with results and discussions are presented since we strongly feel
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that the readers should not lose a chance to enjoy the complex computer algorithm
to investigate the ER in the respective cases generating new physics and thereby
transforming each Appendix into a monograph by considering various materials
having different dispersion relations.

It is needless to say that this monograph is based on the ‘iceberg principle’
[113] and the rest of which will be explored by researchers from different
appropriate fields. Since there is no existing report devoted solely to the study of
ER for HD 2D-quantized structures to the best of our knowledge, we hope that this
book will be a useful reference source for the present and the next generation of
readers and researchers of solid-state and allied sciences in general. Since the
production of an error-free first edition of any book from every point of view is a
permanent member in the domain of impossibility theorems, therefore in spite of
our joint concentrated efforts for a couple of years together with the seasoned team
of Springer, the same stands very true for this monograph also. Various expres-
sions and a few chapters of this book appear for the first time in printed
form.Suggestions from readers for the development of the book will be highly
appreciated for the purpose of inclusion in future editions, if any. In this book,
from chapter one till the end, we have presented 200 open research problems for
graduate students, Ph.D. aspirants, researchers and engineers in this pinpointed
research topic. We strongly hope that alert readers of this monograph will not only
solve the said problems by removing all the mathematical approximations and
establishing the appropriate uniqueness conditions, but will also generate new
research problems both theoretical and experimental and, thereby, transform this
bried monograph into a solid book. Incidentally, our readers after reading this book
will easily understand how little is presented and how much more is yet to be
investigated in this exciting topic which is the signature of coexistence of new
physics, advanced mathematics combined with the inner fire for performing cre-
ative research in this context from young scientists, since like Kikoin [114] we feel
that A young scientist is no good if his teacher learns nothing from him and gives
his teacher nothing to be proud of. We emphatically stress that the problems
presented here form an integral part of this book and will be useful for readers to
initiate their own contributions on the ER in HDS and their quantized counterparts,
since like Sakurai [115] we firmly believe The reader who has read the book but
cannot do the exercise has learned nothing. It is nice to note that if we assign the
alphabets A to Z, the positive integers from 1 to 26, chronologically, then the word
ATTITUDE receives the perfect score 100 and is the vital quality needed from the
readers since attitude is the ladder on which all the other virtues mount.

In this monograph, we have investigated various dispersion relations of dif-
ferent HD quantized structures and the corresponding carrier statistics to study the
concentration dependence of the ER in HD quantum confined materials. Besides,
the expressions of effective electron mass and the subband energy have been
formulated throughout this monograph as a collateral study, for the purpose of in-
depth investigations of the said important pinpointed research topics. Thus, in this
book, readers will get much information regarding the influence of quantization in
HD low-dimensional materials having different band structures. For the
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enhancement of the materials aspect, we have considered various materials having
the same dispersion relation to study the influence of energy band constants of the
different HDS on ER. Although the name of the book is extremely specific, from
the content one can easily infer that it should be useful in graduate courses on
condensed matter physics, materials science, modern physics of materials, solid-
state electronics, nano-science and technology and solid-state sciences and devices
in many universities and institutions in addition to both Ph.D. students and
researchers in the aforementioned fields. Last but not the least, we do hope that our
humble effort will kindle the desire to delve deeper into this fascinating and deep
topic by anyone engaged in materials research and device development either in
academics or in industry.
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Symbols

a Band nonparabolicity parameter
a The lattice constant
a0; b0 The widths of the barrier and the well for super-lattice

structures
A0 The amplitude of the light wave
~A The vector potential

AðE; nzÞ The area of the constant energy 2D wave vector space for
ultrathin films

B Quantizing magnetic field
B2 The momentum matrix element
b Bandwidth
c Velocity of light
C1 Conduction band deformation potential
C2 A constant which describes the strain interaction between the
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Ĥ0 Perturbed Hamiltonian
HðE � EnÞ Heaviside step function
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Chapter 1
The ER in Quantum Wells of HD
Non-parabolic Semiconductors

1.1 Introduction

In recent years, with the advent of fine lithographical methods [1, 2] molecular beam
epitaxy [3], organometallic vapor-phase epitaxy [4], and other experimental tech-
niques, the restriction of the motion of the carriers of bulk materials in one (QWs,
doping super-lattices, accumulation, and inversion layers), two (nanowires) and
three (quantum dots, magneto-size quantized systems, magneto inversion layers,
magneto accumulation layers, quantum dot super-lattices, magneto QW super-lat-
tices, and magneto doping superlattices) dimensions have in the last few years,
attracted much attention not only for their potential in uncovering new phenomena
in nano-science but also for their interesting quantum device applications [5–8]. In
QWs, the restriction of the motion of the carriers in the direction normal to the film
(say, the z direction) may be viewed as carrier confinement in an infinitely deep 1D
rectangular potential well, leading to quantization [known as quantum size effect
(QSE)] of the wave vector of the carriers along the direction of the potential well,
allowing 2D carrier transport parallel to the surface of the film representing new
physical features not exhibited in bulk semiconductors [9–13]. The low-dimen-
sional hetero-structures based on various materials are widely investigated because
of the enhancement of carrier mobility [14].These properties make such structures
suitable for applications in QWs lasers [15], hetero-junction FETs [16, 17], high-
speed digital networks [18–21], high-frequency microwave circuits [22], optical
modulators [23], optical switching systems [24], and other devices. The constant
energy 3D wave-vector space of bulk semiconductors becomes 2D wave-vector
surface in QWs due to dimensional quantization. Thus, the concept of reduction of
symmetry of the wave-vector space and its consequence can unlock the physics of
low-dimensional structures. In this chapter, we study the ER in QWs of HD non-
parabolic semiconductors having different band structures in the presence of
Gaussian band tails. At first we shall investigate the ER in QWs of HD nonlinear
optical compounds which are being used in nonlinear optics and light emitting
diodes [25]. The quasi-cubic model can be used to investigate the symmetric
properties of both the bands at the zone center of wave vector space of the same
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compound. Including the anisotropic crystal potential in the Hamiltonian, and
special features of the nonlinear optical compounds, Kildal [26] formulated the
electron dispersion law under the assumptions of isotropic momentum matrix ele-
ment and the isotropic spin-orbit splitting constant, respectively, although the
anisotropies in the two aforementioned band constants are the significant physical
features of the said materials [27–29]. In Sect. 1.2.1, the ER in QWs of HD non-
linear optical semiconductors has been investigated on the basis of newly formu-
lated HD dispersion relation of the said compound by considering the combined
influence of the anisotropies of the said energy band constants together with the

inclusion of the crystal field splitting respectively within the framework of ~k �~p
formalism. The III-V compounds find applications in infrared detectors [30],
quantum dot light emitting diodes [31], quantum cascade lasers [32], QWs wires
[33], optoelectronic sensors [34], high electron mobility transistors [35], etc. The
electron energy spectrum of III-V semiconductors can be described by the three- and
two-band models of Kane [36–38], together with the models of Stillman et al. [39],
Newson and Kurobe [40] and, Palik et al. [41] respectively. In this context it may be
noted that the ternary and quaternary compounds enjoy the singular position in the
entire spectrum of optoelectronic materials. The ternary alloy Hg1-xCdxTe is a
classic narrow gap compound. The band gap of this ternary alloy can be varied to
cover the spectral range from 0.8 to over 30 lm [42] by adjusting the alloy com-
position. Hg1-xCdxTe finds extensive applications in infrared detector materials and
photovoltaic detector arrays in the 8–12 lm wave bands [43]. The above uses have
generated the Hg1-xCdxTe technology for the experimental realization of high
mobility single crystal with specially prepared surfaces. The same compound has
emerged to be the optimum choice for illuminating the narrow sub-band physics
because the relevant material constants can easily be experimentally measured [44].
Besides, the quaternary alloy In1-xGaxAsyP1-y lattice matched to InP, also finds wide
use in the fabrication of avalanche photo-detectors [45], hetero-junction lasers [46],
light emitting diodes [47] and avalanche photodiodes [48], field effect transistors,
detectors, switches, modulators, solar cells, filters, and new types of integrated
optical devices are made from the quaternary systems [49]. It may be noted that all
types of band models as discussed for III-V semiconductors are also applicable for
ternary and quaternary compounds. In Sect. 1.2.2, the ER in QWs of HD III-V,
ternary and quaternary semiconductors has been studied in accordance with the
corresponding HD formulation of the band structure and the simplified results for
wide gap materials having parabolic energy bands under certain limiting conditions
have further been demonstrated as a special case in the absence of heavy doping and
thus confirming the compatibility test. The II-VI semiconductors are being used in
nano-ribbons, blue green diode lasers, photosensitive thin films, infrared detectors,
ultra-high-speed bipolar transistors, fiber optic communications, microwave
devices, solar cells, semiconductor gamma-ray detector arrays, semiconductor
detector gamma camera and allow for a greater density of data storage on optically
addressed compact discs [50–57]. The carrier energy spectra in II-VI compounds are
defined by the Hopfield model [58] where the splitting of the two-spin states by the
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spin-orbit coupling and the crystalline field has been taken into account.
Section 1.2.3 contains the investigation of the ER in QWs of HD II-VI compounds.

Lead Chalcogenides (PbTe, PbSe, and PbS) are IV-VI non-parabolic semi-
conductors whose studies over several decades have been motivated by their
importance in infrared IR detectors, lasers, light-emitting devices, photo-voltaic,
and high temperature thermo-electrics [59–63]. PbTe, in particular, is the end
compound of several ternary and quaternary high performance high temperature
thermoelectric materials [64–68]. It has been used not only as bulk but also as
films [69–72], QWs [73] super-lattices [74, 75] nanowires [76] and colloidal and
embedded nano-crystals [77–80], and PbTe films doped with various impurities
have also been investigated [81–88]. These studies revealed some of the inter-
esting features that had been seen in bulk PbTe, such as Fermi level pinning and, in
the case of superconductivity [89]. In Sect. 1.2.4, the 2D ER in QWs of HD IV-VI
semiconductors has been studied taking PbTe, PbSe, and PbS as examples. The
stressed semiconductors are being investigated for strained silicon transistors,
quantum cascade lasers, semiconductor strain gages, thermal detectors, and
strained-layer structures [90–93]. The ER in QWs of HD stressed compounds
(taking stressed n-InSb as an example) has been investigated in Sect. 1.2.5. The
vacuum deposited Tellurium (Te) has been used as the semiconductor layer in
thin-film transistors (TFT) [94] which is being used in CO2 laser detectors [95],
electronic imaging, strain sensitive devices [96, 97], and multichannel Bragg cell
[98]. Section 1.2.6 contains the investigation of ER in QWs of HD Tellurium. The
n-Gallium Phosphide (n-GaP) is being used in quantum dot light emitting diode
[99], high efficiency yellow solid state lamps, light sources, high peak current
pulse for high gain tubes. The green and yellow light emitting diodes made of
nitrogen-doped n-GaP possess a longer device life at high drive currents [100–
102]. In Sect. 1.2.7, the ER in QWs of HD n-GaP has been studied. The Platinum
Antimonide (PtSb2) finds application in device miniaturization, colloidal nano-
particle synthesis, sensors and detector materials and thermo-photovoltaic devices
[103–105]. Section 1.2.8 explores the ER in QWs of HD PtSb2.Bismuth telluride
(Bi2Te3) was first identified as a material for thermoelectric refrigeration in 1954
[106] and its physical properties were later improved by the addition of bismuth
selenide and antimony telluride to form solid solutions. The alloys of Bi2Te3 are
useful compounds for the thermoelectric industry and have been investigated in the
literature [107–111]. In Sect. 1.2.9, the ER in QWs of HD Bi2Te3 has been con-
sidered. The usefulness of elemental semiconductor Germanium is already well
known since the inception of transistor technology and, it is also being used in
memory circuits, single photon detectors, single photon avalanche diode, ultrafast
optical switch, THz lasers and THz spectrometers [112–115]. In Sect. 1.2.10, the
ER has been studied in QWs of HD Ge. Gallium Antimonide (GaSb) finds
applications in the fiber optic transmission window, hetero-junctions, and QWs.
A complementary hetero-junction field effect transistor in which the channels for
the p-FET device and the n-FET device forming the complementary FET are
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formed from GaSb. The band gap energy of GaSb makes it suitable for low power
operation [116–121]. In Sect. 1.2.11, the ER in QWs of HD GaSb has been
studied. Section 1.3 contains the result and discussions pertaining to this chapter.
The last Sect. 1.4 contains open research problems.

1.2 Theoretical Background

1.2.1 The ER in QWs of HD Non-Linear Optical
Semiconductors

The form of k.p matrix for nonlinear optical compounds can be expressed
extending Bodnar [27] as

H ¼ H1 H2

Hþ2 H1

� �
ð1:1Þ

where,

H1 �

Eg0 0 Pkkz 0
0 �2Djj=3

� � ffiffiffi
2
p

D?=3
� �

0
Pkkz

ffiffiffi
2
p

D?=3
� �

�ðdþ 1
3 DkÞ 0

0 0 0 0

2

664

3

775; H2 �

0 �f;þ 0 f;�
f;þ 0 0 0
0 0 0 0
f;þ 0 0 0

2

664

3

775

in which Eg0 is the band gap in the absence of any field, P and P? are the
momentum matrix elements parallel and perpendicular to the direction of crystal
axis respectively, d is the crystal field splitting constant, Dk and D? are the spin-
orbit splitting constants parallel and perpendicular to the C-axis respectively,
f;� � ðP?=

ffiffiffi
2
p
Þðkx � ikyÞ and i ¼

ffiffiffiffiffiffiffi
�1
p

. Thus, neglecting the contribution of the
higher bands and the free electron term, the diagonalization of the above matrix
leads to the dispersion relation of the conduction electrons in bulk specimens of
nonlinear optical semiconductors as

cðEÞ ¼ f1ðEÞk2
s þ f2ðEÞk2

z ð1:2Þ

where

cðEÞ � EðE þ Eg0Þ ðE þ Eg0ÞðE þ Eg0 þ DkÞ þ dðE þ Eg0 þ
2
3
DkÞ þ

2
9
ðD2
k � D2

?Þ
� �

E is the total energy of the electron as measured from the edge of the conduction
band in the vertically upward direction in the absence of any quantization,
k2

s ¼ k2
x þ k2

y ,
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f1ðEÞ �
�h2Eg0 Eg0 þ D?

� �

2m�? Eg0 þ 2
3 D?

� �� � d E þ Eg0 þ
1
3

Dk

	 

þ E þ Eg0

� �
E þ Eg0 þ

2
3

Dk

	 

þ 1

9
D2
k � D2

k

� �� �
;

f2ðEÞ �
�h2Eg0 Eg0 þ Dk

� �

2m�k Eg0 þ 2
3 Dk

� �h i E þ Eg0

� �
E þ Eg0 þ

2
3

Dk

	 
� �
; �h ¼ h/2p;

h is Planck’s constant and m�k and m�? are the longitudinal and transverse effective

electron masses at the edge of the conduction band respectively.
Thus the generalized unperturbed electron energy spectrum for the bulk spec-

imens of the nonlinear optical materials in the absence of band tails can be
expressed following (1.2) as

�h2k2
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�h2k2

s
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� �� �
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� �
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"(
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( ) !
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where, bk � 1= Eg þ Dk
� �

; c? � 1= Eg þ 2
3 D?

� �
; b? � 1= Eg þ D?

� �
; ck � 1= Eg

�

þ 2
3 DkÞ and a � 1=Eg

The Gaussian distribution F(V) of the impurity potential is given by [122, 123]

FðVÞ ¼ pg2
g

� ��1=2
exp �V2=g2

g

� �
ð1:4Þ

where, gg is the impurity scattering potential. It appears from (1.4) that the vari-
ance parameter gg is not equal to zero, but the mean value is zero. Further, the
impurities are assumed to be uncorrelated and the band mixing effect has been
neglected in this simplified theoretical formalism.

We have to average the kinetic energy in the order to obtain the E-k dispersion
relation in nonlinear optical materials in the presence of band tails. Using the (1.3)
and (1.4), we get
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The (1.5) can be rewritten as [124–128]
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�h2k2
z

2m�?

	 

Ið1Þ þ
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where,

Ið1Þ �
ZE

�1

FðVÞdV ð1:7Þ

I3 ck
� �

�
ZE

�1

ðE � VÞ½aðE � VÞ þ 1�½bkðE � VÞ þ 1�
½ckðE � VÞ þ 1� FðVÞdV ð1:8Þ

Ið4Þ �
ZE

�1

ðE � VÞFðVÞdV ð1:9Þ

IðaÞ �
ZE

�1

FðVÞdV

½aðE � VÞ þ 1� ð1:10Þ

Substituting E � V � x and x=gg � t0 we get from (1.7)

Ið1Þ ¼ expð�E2=g2
gÞ=

ffiffiffi
p
p� �Z1

0

exp �t2
0 þ 2Et0=gg

� �� �
dt0

Thus,

Ið1Þ ¼
1þ Erf ðE=ggÞ

2

� �
ð1:11Þ

where, Erf ðE=ggÞ is the error function of ðE=ggÞ.
From (1.9), one can write
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Ið4Þ ¼ 1=gg

ffiffiffi
p
p� � Z

E

�1

ðE � VÞ expð�V2=g2
gÞdV

¼ E

2
½1þ Erf ðE=ggÞ� �

1
ffiffiffiffiffiffiffi
pg2

g

q
ZE

�1

V expð�V2=g2
gÞdV

8
><

>:

9
>=

>;

ð1:12Þ

After computing this simple integration, one obtains
Thus,

Ið4Þ ¼ gg expð�E2=g2
gÞ 2

ffiffiffi
p
p� ��1þE

2
ð1þ Erf ðE=ggÞÞ ¼ c0ðE; ggÞ ð1:13Þ

From (1.10), we can write

IðaÞ ¼ 1
ffiffiffiffiffiffiffi
pg2

g

q
ZE

�1

exp �V2=g2
g

� �
dV

a E � Vð Þ þ 1½ � ð1:14Þ

When, V ! �1; 1
½a E�Vð Þþ1� ! 0 and exp �V2=g2

g

� �
! 0

Thus (1.14) can be expressed as

IðaÞ ¼ 1=agg

ffiffiffi
p
p� � Z

1

�1

exp �t2
� �

u� tð Þ�1dt ð1:15Þ

where, V
gg
� t and u � 1þaE

ag

� �
.

It is well known that [129, 130]

WðZÞ ¼ ði=pÞ
Z1

�1

ðZ � tÞ�1
exp ð�t2Þdt ð1:16Þ

In which i ¼
ffiffiffiffiffiffiffi
�1
p

and Z, in general, is a complex number. We also know [129,
130],

WðZÞ ¼ expð�Z2ÞErfcð�iZÞ ð1:17Þ

where, ErfcðZÞ � 1� Erf ðZÞ.
Thus, Erfcð�iuÞ ¼ 1� Erf ð�iuÞ
Since, Erfcð�iuÞ ¼ �Erf ðiuÞ
Therefore, Erfcð�iuÞ ¼ 1þ Erf ðiuÞ.
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Thus,

IðaÞ ¼ �i
ffiffiffi
p
p

=agg

� �
exp �u2

� �
½1þ Erf ðiuÞ� ð1:18Þ

We also know that [129, 130]

Erf ðxþ iyÞ ¼ Erf ðxÞ þ e�x2

2px

 !

1� cos 2xyð Þð Þ þ i sinð2xyÞ þ 2
p

e�x2
X1

p¼1

expð�p2=4Þ
½p2 þ 4x2�

" #

fpðx; yÞ þ igpðx; yÞ þ eðx; yÞ
� �

ð1:19Þ

where,

fpðx; yÞ � 2x� 2x coshðpyÞ cosð2xyÞ þ p sinhðpyÞ sinð2xyÞ½ �;
gpðx; yÞ � 2x coshðpyÞ sinð2xyÞ þ p sinhðpyÞ cos ð2xyÞ½ �; eðx; yÞj j � 10�16 Erf ðxþ iyÞj j

Substituting x = 0 and y = u in (1.19), one obtains,

Erf ðiuÞ ¼ 2i

p

	 
X1

p¼1

exp �p2=4ð Þ
p

sinhðpuÞ
 �

ð1:20Þ

Therefore, one can write

IðaÞ ¼ C21 a; E; gg

� �
� iD21 a; E; gg

� �
ð1:21Þ

where,

c21 a; E; gg

� �
� 2

agg

ffiffiffi
p
p

" #

expð�u2Þ
X1

p¼1

exp �p2=4ð Þ
p

sinhðpuÞ
 �" #

and D21 a; E; gg

� �
�

ffiffiffi
p
p

agg
exp �u2
� �

" #

:

The (1.21) consists of both real and imaginary parts and therefore, I(a) is
complex, which can also be proved by using the method of analytic continuation
of the subject Complex Analysis.

The integral I3 ck
� �

in (1.8) can be written as
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I3 ck
� �

¼
abk
ck

	 

Ið5Þ þ

ack þ bkck � abk
c2
k

 !

Ið4Þ þ 1
ck

1� a
ck

	 

1�

bk
ck

	 

Ið1Þ

� 1
ck

1� a
ck

	 

1�

bk
ck

	 

I ck
� � �

ð1:22Þ

where

Ið5Þ �
ZE

�1

ðE � VÞ2FðVÞdV ð1:23Þ

From (1.23) one can write

Ið5Þ ¼ 1
ffiffiffiffiffiffiffi
pg2

g

q E2
ZE

�1

exp
�V2

g2
g

 !

dV � 2E

ZE

�1

V exp
�V2

g2
g

 !

dV þ
ZE

�1

V2 exp
�V2

g2
g

 !

dV

#2

4

The evaluations of the component integrals lead us to write

Ið5Þ ¼
ggE

2
ffiffiffi
p
p exp

�E2

g2
g

 !

þ 1
4

g2
g þ 2E2

� �
1þ Erf

E

gg

 !" #

¼ h0 E; gg

� �
ð1:24Þ

Thus combining the aforementioned equations, I3 ck
� �

can be expressed as

I3 ck
� �

¼ A21 E; gg

� �
þ iB21 E; gg

� �
ð1:25Þ

where,

A21 E; gg

� �
�

abk
ck

ggE

2
ffiffiffi
p
p exp

�E2

g2
g

 !

þ 1
4

g2
g þ 2E2

� �
1þ Erf

E

gg

 !( )" #"

þ
ack þ bkck � abk

c2
k

" #
E

2
1þ Erf ðE=ggÞ
� �

þ
gg exp �E2=g2

g

� �

2
ffiffiffi
p
p

8
<

:

9
=

;

þ 1
ck

1� a
ck

	 

1�

bk
ck

	 

1
2

1þ Erf ðE=ggÞ
� �

� 2

c2
kgg

ffiffiffi
p
p 1� a

ck

	 

1�

bk
ck

	 

exp �u2

1

� �
( )

X1

p¼1

exp �p2=4ð Þ
p

sinh pu1ð Þ
 �" #

;

u1 �
1þ ckE

ckgg

" #

and B21 E; gg

� �
�

ffiffiffi
p
p

c2
kgg

1� a
ck

	 

1�

bk
ck

	 

exp �u2

1

� �
#

:
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Therefore, the combination of all the appropriate integrals together with
algebraic manipulations leads to the expression of the dispersion relation of the
conduction electrons of HD nonlinear optical materials forming Gaussian band
tails as

�h2k2
z

2m�kT21ðE; ggÞ
þ �h2k2

s

2m�?T22ðE; ggÞ
¼ 1 ð1:26Þ

where, T21ðE; ggÞ and T22ðE; ggÞ have both real and complex parts and are given
by

T21ðE; ggÞ � T27ðE; ggÞ þ iT28ðE; ggÞ
� �

; T27ðE; ggÞ �
T23ðE; ggÞ
T5ðE; ggÞ

" #

;

T23ðE; ggÞ � A21ðE; ggÞ þ
abk
ck

dc0ðE; ggÞ þ
1
9

D2
k � D2

?

� �
½1þ Erf ðE=ggÞ�

� ��

� 2
9

abk
ck

	 

D2
k � D2

?

� �
G21 ck; E; gg

� � ��
;

G21 E; gg

� �
� 2

ckgg

ffiffiffi
p
p exp �u2

1

� �X/

p¼1

exp �p2=4ð Þ
p

sinh pu1ð Þ
 �

; T5 E; gg

� �
� 1

2
1þ Erf E=gg

� �� �
;

T28ðE; ggÞ �
T24ðE; ggÞ
T5ðE; ggÞ

" #

; T24ðE; ggÞ � B21 E; gg

� �
þ 2

9

abk
ck

D2
k � D2

?

� �
H21 ck; E; gg

� �
� �

;

H21 ck; E; gg

� �
�

ffiffiffi
p
p

ggck
exp �u2

1

� �
" #

; T22 E; gg

� �
� T29ðE; ggÞ þ iT30 E; gg

� �� �
;

T29ðE; ggÞ �
T23 E; gg

� �
T25 E; gg

� �
� T24 E; gg

� �
T26 E; gg

� �

T25 E; gg

� �� �2þ T26 E; gg

� �� �2
h i

T25ðE; ggÞ �
bk
b?

c?
ck

	 

1
2

1þ Erf
E

gg

 !" #

þ
bk
b?

c?
ck

	 

d
2
þ

D2
k � D2

?
6Dk

" # !

akC21 ak; E; gg

� �
"

þ
bkc?
b?

	 

d
2
þ

D2
k � D2

?
6Dk

" # !

G21 ak; E; gg

� �
#

;

C21ða;E; ggÞ �
2

a ffiffiffiffiffiffiffipgg
p exp �u2

� � X/

p¼1

exp �p2=4ð Þ
p

sinh puð Þ
" #" #

;

T26 E; gg

� �
�

bk
b?

c?
ck

	 

d
2
�

D2
k � D2

?
6Dk

 !

aD21 a;E; gg

� �
þ

bkc?
b?

d
2
�

D2
k � D2

?
6Dk

 !

H21 ck; E; gg

� �

And T30 E; gg

� �
�

T24 E; gg

� �
T25 E; gg

� �
þ T23 E; gg

� �
T26 E; gg

� �

T25 E; gg

� �� �2þ T26 E; gg

� �� �2
h i

From (1.26), it appears that the energy spectrum in HD nonlinear optical
semiconductors is complex. The complex nature of the electron dispersion law
in HD semiconductors occurs from the existence of the essential poles in the
corresponding electron energy spectrum in the absence of band tails. It may be
noted that the complex band structures have already been studied for bulk
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semiconductors and super lattices without heavy doping [131, 132] and bears no
relationship with the complex electron dispersion law as indicated by (1.26). The
physical picture behind the formulation of the complex energy spectrum in HDS is
the interaction of the impurity atoms in the tails with the splitting constants of the
valance bands. More is the interaction; more is the prominence of the complex part
than the other case. In the absence of band tails, gg ! 0, and there is no interaction
of the impurity atoms in the tails with the spin orbit constants. As a result, there
exist no complex energy spectrum and (1.26) gets converted into (1.2) when
gg ! 0. Besides, the complex spectra are not related to same evanescent modes in
the band tails and the conduction bands.

It is interesting to note that the single important concept in the whole spectra of
materials and allied sciences is the effective electron mass which is in disguise in
the apparently simple (1.26), and can, briefly be described as follows:

Effective electron mass: The effective mass of the carriers in semiconductors,
being connected with the mobility, is known to be one of the most important
physical quantities, used for the analysis of electron devices under different
operating conditions [133]. The carrier degeneracy in semiconductors influences
the effective mass when it is energy dependent. Under degenerate conditions, only
the electrons at the Fermi surface of n-type semiconductors participate in the
conduction process and hence, the effective mass of the electrons corresponding to
the Fermi level (EEM) would be of interest in electron transport under such
conditions. The Fermi energy is again determined by the electron energy spectrum
and the carrier statistics and therefore, these two features would determine the
dependence of the effective electron mass in degenerate n-type semiconductors
under the degree of carrier degeneracy. In recent years, various energy wave vector
dispersion relations have been proposed [134–151] which have created the interest
in studying the effective mass in such materials under external conditions. It has,
therefore, different values in different materials and varies with electron concen-
tration, with the magnitude of the reciprocal quantizing magnetic field under
magnetic quantization, with the quantizing electric field as in inversion layers,
with the nano-thickness as in UFs and nano wires and with superlattice period as in
the quantum confined superlattices of small gap semiconductors with graded
interfaces having various carrier energy spectra [152–184].

The transverse and the longitudinal EEMs at the Fermi energy EFhð Þ of HD
nonlinear optical materials can, respectively, be expressed as

m�? EFh ; gg

� �
¼ m�? T29 E; gg

� �� �0���
E¼EFh

ð1:27Þ
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and

m�k EFh ; gg

� �
¼ m�k T27 E; gg

� �� �0���
E¼EFh

ð1:28Þ

where EFh is the Fermi energy of HDS in the presence of band tails as measured
from the edge of the conduction band in the vertically upward direction in the
absence of band tails and the primes denote the differentiations of the differen-
tiable functions with respect to Fermi energy in the appropriate case.

In the absence of band tails gg ! 0 and we get

m�? EF ; 0ð Þ ¼ �h2

2
w2ðEÞ w1ðEÞf g0�w1ðEÞ w2ðEÞf g0

w2ðEÞf g2

" #�����
E¼EF

ð1:29Þ

and

m�k EF ; 0ð Þ ¼ �h2

2
w3ðEÞ w1ðEÞf g0� w1ðEÞf g w3ðEÞf g0

w3ðEÞf g2

" #�����
E¼EF

ð1:30Þ

where EF is the Fermi energy as measured from the edge of the conduction band in
the vertically upward direction in the absence of any perturbation, w1ðEÞ ¼
cðEÞ; w2ðEÞ ¼ f1ðEÞ and w3ðEÞ ¼ f2ðEÞ,

Comparing the aforementioned equations, one can infer that the effective
masses exist in the forbidden zone, which is impossible without the effect of
band tailing. For semiconductors, in the absence of band tails the effective
mass in the band gap is infinity .

The DOS function is given by

NHD E; gg

� �
¼

2gvm�?
ffiffiffiffiffiffiffiffi
2m�k

q

3p2�h3 R11 E; gg

� �
cos w11 E; gg

� �� �
ð1:31aÞ

where,

R11 E; gg

� �
� T29 E; gg

� �� �0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xðE; ggÞ

q
þ

T29 E; gg

� �
x E; gg

� �� �0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xðE; ggÞ

q � T30 E; gg

� �� �0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y E; gg

� �q
�

T30 E; gg

� �
y E; gg

� �� �0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y E; gg

� �q

2

64

3

75

2

64

2

þ T29 E; gg

� �� �0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y E; gg

� �q
þ

T29 E; gg

� �
y E; gg

� �� �0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y E; gg

� �q þ T30 E; gg

� �� �0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x E; gg

� �q
�

T30 E; gg

� �
x E; gg

� �� �0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x E; gg

� �q

2

64

3

75

23

75

1=2

;

x E; gg

� �
� 1

2
T27 E; gg

� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T27 E; gg

� �� �2þ T28 E; gg

� �� �2
q� �

;

y E; gg

� �
� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T27 E; gg

� �� �2þ T28 E; gg

� �� �2
q

� T27 E; gg

� �
� �

and
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w11 E; gg

� �
� tan�1 T29 E; gg

� �� �0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y E; gg

� �q
þ

T29 E; gg

� �

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y E; gg

� �q þ T30 E; gg

� �� �0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x E; gg

� �q
þ

T30 x E; gg

� �� �0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x E; gg

� �q

2

64

3

75

2

64

T29 E; gg

� �� �0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xðE; ggÞ

q
þ

T29 E; gg

� �
x E; gg

� �� �0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xðE; ggÞ

q � T30 E; gg

� �� �0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y E; gg

� �q
þ

T30 y E; gg

� �� �0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y E; gg

� �q

2

64

3

75

�13

75:

The oscillatory nature of the DOS for HD nonlinear optical materials is
apparent from (1.31a). For,w11 E; gg

� �
	 p, the cosine function becomes negative

leading to the negative values of the DOS. The electrons cannot exist for the
negative values of the DOS and therefore, this region is forbidden for electrons,
which indicates that in the band tail, there appears a new forbidden zone in
addition to the normal band gap of the semiconductor.

The use of (1.31a) leads to the expression of the electron concentration as

n0 ¼
2gvm�?

ffiffiffiffiffiffiffiffi
2m�k

q

3p2�h3 I11 EFk ; gg

� �
þ
Xs

r¼1

LðrÞ I11ðEFh ; ggÞ
� �

" #

ð1:31bÞ

where, I11 EFk ; gg

� �
� T29 EFh ; gg

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x EFh ; gg

� �q
� T30 EFh ; gg

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y EFh ; gg

� �q� �
,

LðrÞ ¼ 2 kBTð Þ2r 1� 21�2rð Þnð2rÞ o2r

oðFermi energyÞ2r, r is the set of real positive integers

whose upper s and nð2rÞ is the Zeta function of order 2r [129, 130].
The ER for HD semiconductors is given by

D

l
¼ n0

ej jReal part of [
on0

oðEFh � �EhdÞ
��1 ð1:31cÞ

where, �Ehd is the electron energy within the band gap, as measured from k = 0 and
should be obtained from the dispersion relation of the HD semiconductors under
the conditions E ¼ �Ehd when k = 0.

For HD non-linear optical semiconductors, �Ehd is the smallest negative root of
the equation.

T27 �Ehd; gg

� �
T29 �Ehd; gg

� �
� T28 �Ehd; gg

� �
T30 �Ehd; gg

� �� �
¼ 0 ð1:31dÞ

Therefore, the ER can be numerically evaluated by using (1.31b), (1.31c),
(1.31d) and the allied definitions.

For dimensional quantization along z- direction, the dispersion relation of the
2D electrons in this case can be written following (1.26) as

�h2ðnzp=dzÞ2

2m�kT21 E; gg

� �þ �h2k2
s

2m�?T22 E; gg

� � ¼ 1 ð1:32Þ
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where, nzð¼ 1; 2; 3; . . .Þ and dz are the size quantum number and the nano-thick-
ness along the z-direction respectively.

The general expression of the total 2D DOS ðN2DTðEÞÞ can, in general, be
expressed as

N2DTðEÞ ¼
2gv

ð2pÞ2
Xnzmax

nz¼1

oAðE; nzÞ
oE

HðE � EnzÞ ð1:33Þ

where, gv is the valley degeneracy, AðE; nzÞ is the area of the constant energy 2D
wave vector space and in this case it is for QWs, HðE � EnzÞ is the Heaviside step
function and Enz is the corresponding sub-band energy. Using (1.32) and (1.33),
the expression of the N2DTðEÞ for QWs of HD nonlinear optical semiconductors
can be written as

N2DTðEÞ ¼
m�?gv

p�h2

Xnzmax

nz¼1

T 01DðE; gg; nzÞHðE � EnzD1Þ ð1:34Þ

where, T1DðE; gg; nzÞ ¼ 1� �h2ðnzp=dzÞ2

2m�kT21 E; ggð Þ

� �
T22 E; gg

� �
and the sub band energies

EnzD1 in this case is given by the following equation

�h2ðnzp=dzÞ2

2m�kT21 EnzD1; gg

� � ¼ 1 ð1:35Þ

Thus we observe that both the total DOS and sub-band energies of QWs of HD
nonlinear optical semiconductors are complex due to the presence of the pole in
energy axis of the corresponding materials in the absence of band tails.

The EEM in this case is given by

m� EF1HD; gg; nz

� �
¼ m�?½Real part of T 01DðEF1HD; gg; nzÞ� ð1:36Þ

Thus, we observe that the EEM is the function of size quantum number and the
Fermi energy due to the combined influence of the crystal filed splitting constant and
the anisotropic spin-orbit splitting constants respectively. Besides it is a function of
gg due to which the EEM exists in the band gap, which is otherwise impossible.

Combining (1.34) with the Fermi-Dirac occupation probability factor, inte-
grating between EgzD1 to infinity and applying the generalized Sommerfeld’s
lemma [185], the 2D carrier statistics in this case assumes the form

n2D ¼
m�?gv

p�h2

Xnz max

r¼1

½Real Part of ½T1DðEF1HD; gg; nzÞ þ T2DðEF1HD; gg; nzÞ�� ð1:37Þ

where, T2DðEF1HD; gg; nzÞ ¼
Ps

r¼1
LðrÞ½T1DðEF1HD; gg; nzÞ�; EF1HD is the Fermi

energy in the presence of size quantization of the QWs of HD non-linear optical
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materials as measured from the edge of the conduction band in the vertically
upward direction in the absence of any perturbation.

The ER of QWs of HDS can, in general, be expressed as

D

l
¼ n2D

ej j Real part of
on2D

oðEFHD � EnzDÞ

� ��1

ð1:38Þ

where, EFHD is the Fermi energy in HD sized quantized 2-D materials as measured
from the edge of the conduction band in the vertically upward direction in the
absence of any perturbation and EnzD is the corresponding sub-band energy.

Therefore combining (1.37) and (1.38) we can study the ER in this case.
In the absence of heavy doping, the 2D dispersion relation the EEM in the x-y

plane at the Fermi level, the total 2D DOS, the electron concentration and the ER
for QWs of non-linear optical materials in the absence of band tails can, respec-
tively, be written as

w1ðEÞ ¼ w2ðEÞk2
s þ w3ðEÞðnzp=dzÞ2 ð1:39Þ

m�ðEFs; nzÞ ¼
�h2

2

	 

w2ðEFsÞ½ ��2 w2ðEFsÞf g w1ðEFsÞf g0� w3ðEFsÞf g0 nzp

dz

	 
2
( )"

� w1ðEFsÞ � w3ðEFsÞ
nzp
dz

	 
2
( )

w2ðEFsÞf g0
#

ð1:40Þ

N2DTðEÞ ¼
gv

2p

� �Xnzmax

nz¼1

w2ðEÞ½ �2 w2ðEÞ w1ðEÞf g0� w3ðEÞf g0 nzp
dz

	 
2
( )"

� w1ðEÞ � w3ðEÞ
nzp
dz

	 
2
( )

w2ðEÞf g0
#

HðE � Enz1Þ ð1:41Þ

w1 Enz1

� �
¼ w2 Enz1

� �
ðn2p=dzÞ2 ð1:42Þ

n2D ¼
gv

2p

Xnxmax

nx¼1

T51 EFs; nzð Þ þ T52 EFs; nzð Þ½ � ð1:43Þ

D

l
¼ 1
jej

Pnzmax

nz¼1 T51 EFs; nzð Þ þ T52 EFs; nzð Þ½ �
Pnzmax

nz¼1 T51 EFs; nzð Þf g0þ T52 EFs; nzð Þf g0
� � ð1:44Þ

where, w1ðEÞ ¼ cðEÞ;w2ðEÞ ¼ f1ðEÞ;w3ðEÞ ¼ f2ðEÞ, Enz1 are the sub band ener-
gies, EFs is the Fermi energy in the 2-D sized quantized material in the presence of
size quantization and in the absence of heavy doping as measured from the edge of
the conduction band in the vertically upward direction in the absence of any
quantization,
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T51 EFs; nzð Þ � w1 EFsð Þ � w3 EFsð Þ nzp=dzð Þ2

w2 EFsð Þ

" #

and

T52 EFs; nzð Þ �
Xs

r¼1

LðrÞ T51ðEFs; nzÞ½ �:

It may be noted that the expanded form of (1.44) was derived for the first time
by A.N. Chakravarti et al. [122, 123].

In the absence of heavy doping, the DOS for bulk specimens of non-linear
optical semiconductors is given by

D0ðEÞ ¼ gvð3p2Þ�1w4ðEÞ ð1:45Þ

w4ðEÞ �
3
2

ffiffiffiffiffiffiffiffiffiffiffiffi
w1ðEÞ

p
w1ðEÞ½ �0

w2ðEÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
w3ðEÞ

p � w2ðEÞ½ �0 w1ðEÞ½ �3=2

w2ðEÞ½ �2
ffiffiffiffiffiffiffiffiffiffiffiffi
w3ðEÞ

p � 1
2

w3ðEÞ½ �0 w1ðEÞ½ �3=2

w2ðEÞ w3ðEÞ½ �3=2

" #

;

w1ðEÞ½ �0 � 2E þ Eg

� �
w1ðEÞ EðE þ EgÞ

� ��1þEðE þ EgÞ 2E þ 2Eg þ dþ Dk
� �h i

;

w2ðEÞ½ �0 � 2m�? Eg þ
2
3

D?

	 
� ��1

�h2Eg Eg þ D?
� �� �

dþ 2E þ 2Eg þ
2
3

Dk

� �

and w3ðEÞ½ �0 � 2m�k Eg þ
2
3
Dk

	 
� ��1

�h2Eg Eg þ Dk
� �� �

2E þ 2Eg þ
2
3

Dk

� �

Combining (1.45) with the Fermi-Dirac occupation probability factor and using
the generalized Sommerfeld’s lemma, the electron concentration can be written as

n0 ¼ gv 3p2
� ��1

MðEFÞ þ NðEFÞ½ � ð1:46aÞ

where, MðEFÞ � w1ðEFÞ½ �
3
2

w2ðEFÞ
ffiffiffiffiffiffiffiffiffiffiffi
w3ðEFÞ
p

� �
; EF is the Fermi energy of the bulk specimen in

the absence of band tails as measured from the edge of the conduction band in the
vertically upward direction and

NðEFÞ �
Xs

r¼1

LðrÞMðEFÞ

The ER in this case can, in general, be expressed as

D

l
¼ n0

ej j
on0

oEF

� ��1

ð1:46bÞ

Thus using (1.46a) and (1.46b), the ER assumes the form
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D

l
¼ 1
jej

MðEFÞ þ NðEFÞ½ �
MðEFÞf g0þ NðEFÞf g0

� � ð1:47Þ

It may be noted that the expanded form of (1.47) was derived for the first time
by A.N. Chakravarti et al. [152–154].

1.2.2 The ER in QWs of HD III-V Semiconductors

The dispersion relation of the conduction electrons of III-V compounds are
described by the models of Kane (both three and two bands) [37, 38, 161–163],
Stillman et al. [39] and Palik et al. [41] respectively. For the purpose of complete
and coherent presentation and relative comparison, the ER in QWs of HD III-V
semiconductors have also been investigated in accordance with the aforemen-
tioned different dispersion relations as follows:

(a) The Three Band Model of Kane

Under the conditions, d ¼ 0; Dk ¼ D? ¼ D (isotropic spin orbit splitting constant)
and m�k ¼ m�? ¼ mc (isotropic effective electron mass at the edge of the conduction

band), (1.2) gets simplified as

�h2k2

2mc
¼ I11ðEÞ; I11ðEÞ �

EðE þ Eg0ÞðE þ Eg0 þ DÞðEg0 þ 2
3 DÞ

Eg0 Eg0 þ D
� �

E þ Eg0 þ 2
3 D

� � ð1:48Þ

which is known as the three band model of Kane [37, 38] and is often used to
investigate the physical properties of III-V materials.

Under the said conditions, the HD electron dispersion law in this case can be
written from (1.26) as

�h2k2

2mc
¼ T31 E; gg

� �
þ iT32 E; gg

� �
ð1:49Þ

where,

T31ðE; ggÞ �
2

1þ Erf ðE=ggÞ

 !
ab

c
h0ðE; ggÞ þ

acþ bc� ab

c2

� �
c0ðE; ggÞ þ

1
c

1� a
c

� �
1� b

c

	 

1
2

1þ Erf
E

gg

 !" #"

� 1
c

1� a
c

� �
1� b

c

	 

2

cgg

ffiffiffi
p
p expð�u2

2Þ
X/

p¼1

exp �p2=4ð Þ
p

sinh ðpu2Þ
" ##

; b � Eg þ D
� ��1

; c � Eg þ
2
3

D

	 
�1

;

u2 �
1þ cE

cgg
and T32ðE; ggÞ �

2

1þ Erf E=gg

� �

 !
1
c

1� a
c

� �
1� b

c

	 
 ffiffiffi
p
p

cgg
exp �u2

2

� �
:

Thus, the complex energy spectrum occurs due to the term T32(E, gg) and this
imaginary band is quite different from the forbidden energy band.
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The EEM at the Fermi level is given by

m� EFh ; gg

� �
¼ mc T31 E; gg

� �� �0���
E¼EFh

ð1:50Þ

Thus, the EEM in HD III-V, ternary and quaternary materials exists in the band
gap, which is the new attribute of the theory of band tailing.

In the absence of band tails, gg ? 0 and the EEM assumes the form

m� EFð Þ ¼ mc I11 Eð Þf g0
��
E¼EF

ð1:51Þ

The DOS function in this case can be written as

NHD E; gg

� �
¼ gv

3p2

2mc

�h2

	 
3=2

R21 E; gg

� �
cos #21 E; gg

� �� �
ð1:52Þ

where,

R21 E; gg

� �
�

a11 E; gg

� �� �0h i2

4a11 E; gg

� � þ
b11 E; gg

� �� �0h i

4b11 E; gg

� �

22

64

3

75

1=2

a11 E; gg

� �
� 1

2
T33 E; gg

� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T33 E; gg

� �� �2þ T34 E; gg

� �� �2
q� �

;

T33 E; gg

� �
� T31 E; gg

� �� �3�3T31 E; gg

� �
T32 E; gg

� �� �2
h i

;

T34 E; gg

� �
� 3T32 E; gg

� �
T31 E; gg

� �� �2� T32 E; gg

� �� �3
h i

;

b11 E; gg

� �
� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T33 E; gg

� �� �2þ T34 E; gg

� �� �2
q

� T33 E; gg

� �
� �

and

#21 E; gg

� �
� tan�1 b11 E; gg

� �� �0

a11 E; gg

� �� �0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a11 E; gg

� �

b11 E; gg

� �

s" #

:

:

Thus, the oscillatory DOS function becomes negative for #21 E; gg

� �
	 p and a

new forbidden zone will appear in addition to the normal band gap.
The electron concentration can be expressed as

n0 ¼ gv

3p2
2mc

�h2

� �3=2
�I111e EFh ; gg

� �
þ
Ps

r¼1
LðrÞ½�I111e EFh ; gg

� �
�

� �
ð1:53Þ

where

�I111e EFh ; gg

� �
¼ c2 EFh ; gg

� �� �3=2
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In this case, �Ehd is given by

T31 �Ehd; gg

� �
¼ 0 ð1:54Þ

The numerical evaluation of the ER has been done by using (1.53), (1.31c),
(1.54) and the allied definitions.

For dimensional quantization along z-direction, the dispersion relation of the
2D electrons in this case can be written following (1.49) as

�h2 nzp=dzð Þ2

2mc
þ �h2 ksð Þ2

2mc
¼ T31ðE; ggÞ þ iT32ðE; ggÞ ð1:55Þ

The expression of the N2DTðEÞ in this case assumes the form

N2DTðEÞ ¼
mcgv

p�h2

Xnz max

nz¼1

T 05DðE; gg; nzÞHðE � EnzD5Þ ð1:56Þ

where, T5DðE; gg; nzÞ ¼ ½T31ðE; ggÞ þ iT32ðE; ggÞ � �h2 nzp=dzð Þ2ð2mcÞ�1� and the
sub band energies EnzD5 in this case given by

f�h2ðnz=dzÞ2gð2mcÞ�1 ¼ T31ðEnzD5; ggÞ ð1:57Þ

Thus we observe that both the total DOS in QWs of HD III-V compounds and
the sub band energies are complex due to the presence of the pole in energy axis of
the corresponding materials in the absence of band tails.

The EEM in this case is given by

m� EF1HD; gg; nz

� �
¼ mc T 031ðEF1HD; gg; nzÞ

� �
ð1:58Þ

Therefore under the same conditions as used in obtaining (1.48) from (1.2), the
2D carrier statistics in this case can be written by using the same conditions from
(1.37) as

n2D ¼
mcgv

p�h2

Xnz max

nz¼1

½Real part of [T5D EF1HD; gg; nz

� �
þ T6D EF1HD; gg; nz

� �
�� ð1:59Þ

where, T6D EF1HD; gg; nz

� �
¼
Ps

r¼1
LðrÞ½T5D EF1HD; gg; nz

� �
�;

Therefore combining (1.38) and (1.59) we can study the ER in this case.
In the absence of band tails, the 2D dispersion relation, EEM in the x-y plane at

the Fermi level, the total 2D DOS, the sub-band energy, the electron concentration
and the ER for QWs of III-V materials assume the following forms
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�h2k2
s

2mc
þ �h2

2mc
nzp=dzð Þ2¼ I11ðEÞ ð1:60Þ

m�ðEFsÞ ¼ m I11ðEFsÞf g0 ð1:61Þ

It is worth noting that the EEM in this case is a function of Fermi energy alone
and is independent of size quantum number.

N2DTðEÞ ¼
mcgv

p�h2

	 
Xnz max

nz¼1

I11ðEÞ½ �0HðE � Enz2
Þ

n o
ð1:62Þ

where, the sub-band energies Enz2
can be expressed as

I11 Enz2

� �
¼ �h2

2mc
nzp=dzð Þ2 ð1:63Þ

n2D ¼
mcgv

p�h2

Xnz max

nz¼1

T53 EFs; nzð Þ þ T54 EFs; nzð Þ½ � ð1:64Þ

D

l
¼ 1
jej

Pnzmax

nz¼1 T53 EFs; nzð Þ þ T54 EFs; nzð Þ½ �
Pnzmax

nz¼1 T53 EFs; nzð Þf g0þ T54 EFs; nzð Þf g0
� � ð1:65Þ

where T53 EFs; nzð Þ � I11ðEFsÞ � �h2

2mc

nzp
dz

� �2
� �

and T54 EFs; nzð Þ �
Ps

r¼1
LðrÞT53 EFs; nzð Þ.

The expanded form of (1.65) was formulated for the first time by Chakravarti
et al. [157, 158].

In the absence of band tails, the DOS function, the electron concentration, and
the ER in bulk III-V, ternary and quaternary materials in accordance with the
unperturbed three band model of Kane assume the following forms

D0ðEÞ ¼ 4pgv
2mc

h2

	 
3=2 ffiffiffiffiffiffiffiffiffiffiffiffi
I11ðEÞ

p
I011ðEÞ
� �

ð1:66Þ

n0 ¼
gv

3p2

2mc

�h2

	 
3=2

M1ðEFÞ þ N1ðEFÞ½ � ð1:67Þ

and
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D

l
¼ 1

e
½M1ðEFÞ þ N1ðEFÞ� M1ðEFÞf g0þ N1ðEFÞf g0

� ��1 ð1:68Þ

where,

I011ðEÞ � I11ðEÞ
1
E
þ 1

E þ Eg0

þ 1
E þ Eg0 þ D

þ 1

E þ Eg0 þ 2
3 D

" #

;

M1ðEFÞ � I11ðEFÞ½ �3=2

and N1ðEFÞ �
Ps

r¼1
LðrÞM1ðEFÞ

The expanded form of (1.68) was formulated for the first time by Chakravarti
et al. [152–154].

Under the inequalities D
 Eg0 or D� Eg0 , (1.48) can be expressed as

Eð1þ aEÞ ¼ �h2k2

2mc
ð1:69Þ

where a � Eg0

� ��1
and is known as band non-parabolicity.

It may be noted that (1.69) is the well-known two band model of Kane and is
used in the literature to study the physical properties of those III-V and opto-
electronic materials whose energy band structures obey the aforementioned
inequalities.

The dispersion relation in HD III-V, ternary and quaternary materials whose
energy spectrum in the absence of band tails obeys the two band model of Kane as
defined by (1.69), can be written as

�h2k2

2mc
¼ c2ðE; ggÞ ð1:70Þ

where, c2ðE; ggÞ � 2
1þErf ðE=ggÞ

h i
c0ðE; ggÞ þ ah0ðE; ggÞ
� �

.

The EEM in this case can be written as

m� EFh ; gg

� �
¼ mc c2 E; gg

� �� �0���
E¼EFh

ð1:71Þ

Thus, one again observes that the EEM in this case exists in the band gap.
In the absence of band tails, gg ! 0and the EEM assumes the well-known form

m�ðEFÞ ¼ mc 1þ 2aEf gjE¼EF
ð1:72Þ
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The DOS function in this case can be written as

NHDðE; ggÞ ¼
gv

2p2

2mc

�h2

	 
3=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 E; gg

� �q
c2 E; gg

� �� �0 ð1:73Þ

Since, the original two band Kane model is an all zero and no pole function
with respect to energy, therefore the HD counterpart will be totally real and the
complex band vanishes.

The electron concentration at low temperatures is given by

n0 ¼
gv

3p2

2mc

�h2

	 
3=2
�I111 EFh ; gg

� �
þ
Xs

r¼1

LðrÞ �I111ðEFh ; ggÞ
� �

" #

ð1:74Þ

where,

�I111ðEFh ; ggÞ ¼ c2ðEFh ; ggÞ
� �3=2

In this case, �Ehd is given by

c2
�Ehd; gg

� �
¼ 0 ð1:75Þ

One can numerically compute the ER by using (1.74), (1.75), (1.31c) and the
allied definitions in this case.

For dimensional quantization along z-direction, the dispersion relation of the
2D electrons in this case can be written following (1.70) as

�h2ðnzp=dzÞ2

2mc
þ �h2ðksÞ2

2mc
¼ c2ðE; ggÞ ð1:76Þ

the expression of the N2DTðEÞ in this case can be written as

N2DTðEÞ ¼
mcgv

p�h2

Xnz max

nz¼1

T 07DðE; gg; nzÞHðE� EnzD7Þ ð1:77Þ

where, T7DðE; gg; nzÞ ¼ ½c2 E; gg

� �
� �h2 nzp=dzð Þ2ð2mcÞ�1�,

The sub-band energies EnzD7 in this case given by

�h2ðnzp=dzÞ2
n o

ð2mcÞ�1 ¼ c2 EnzD7; gg

� �
ð1:78Þ

Thus, we observe that both the total DOS and sub-band energies of QWs of HD
III-V compounds in accordance with two band model of Kane are not at all
complex since the dispersion relation in accordance with the said model is an all
zero function with no pole in the finite complex plane.
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The EEM in this case is given by

m�ðEF1HD; gg; nzÞ ¼ mc½c02 EF1HD; gg; nz

� �
� ð1:79Þ

Therefore under the same conditions as used in obtaining (1.48) from (1.2), the
2D carrier statistics in this case can be written by using the same conditions from
(1.77) as

n2D ¼
mcgv

p�h2

Xnz max

nz¼1

T7D EF1HD; gg; nz

� �
þ T8D EF1HD; gg; nz

� �� �
ð1:80Þ

where, T8D EF1HD; gg; nz

� �
¼
Ps

r¼1
LðrÞ T7D EF1HD; gg; nz

� �� �
,

Therefore, combining (1.38) and (1.80) we can get the ER in this case.
Under the inequalities D
Eg0 or D�Eg0 , (1.60) assumes the form

Eð1þ aEÞ ¼ �h2k2
s

2mc
þ �h2

2mc

nzp
dz

	 
2

ð1:81aÞ

The EEM can be written from (1.81a) as

m�ðEFSÞ ¼ mcð1þ 2aEFSÞ ð1:81bÞ

The total 2D DOS function assumes the form

N2DTðEÞ ¼
mcgv

p�h2

Xnzmax

nz¼1

ð1þ 2aEÞHðE � Enz3
Þ ð1:82Þ

where, the sub-band energy (Enz3
) can be expressed as

�h2

2mc
ðnzp=dzÞ2 ¼ Enz3

ð1þ aEnz3
Þ ð1:83Þ

The 2D electron statistics can be written as

n2D ¼
mcgv

p�h2

Xnzmax

nz¼1

Z/

Enz3

ð1þ 2aEÞdE

1þ exp E�EFs
kBT

� �

¼ mckBTgv

p�h2

Xnzmax

nz¼1

ð1þ 2aEnz3
ÞF0ðgn1

Þ þ 2akBTF1ðgn1
Þ

h i
ð1:84Þ

where, gn1
� ðEFs � Enx3

Þ=kBT and FjðgÞ is the one parameter Fermi-Dirac inte-
gral of order j which can be written [186] as
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FjðgÞ ¼
1

Cðj + 1)

	 
Z/

0

x j dx

1þ exp x� gð Þ; j [ � 1 ð1:85Þ

or for all j, analytically continued as a complex contour integral around the
negative x-axis

FjðgÞ ¼
Cð�j)

2p
ffiffiffiffiffiffiffi
�1
p

	 
 Zþ0

�/

x j dx

1þ exp �x� gð Þ ð1:86Þ

where g is the dimensionless parameter and x is independent variable,
Therefore in this case the ER can be written as

D

l
¼ kBT

jej

Pnzmax

nz¼1 1þ 2aEnz3

� �
F0 gn1

� �
þ 2akBTF1 gn1

� �h i

Pnzmax

nz¼1 1þ 2aEnz3

� �
F�1 gn1

� �
þ 2akBTF0 gn1

� �h i ð1:87Þ

The (1.87) was formulated for the first time by Chakravarti et al. [157, 158].
The forms of the DOS, the electron statistics and the ER for bulk specimens of

III-V materials in the absence of band tails whose energy band structures are
defined by the two-band model of Kane can, respectively, be written as

D0ðEÞ ¼ 4pgv
2mc

h2

	 
3=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I11eðEÞ

p
I011eðEÞ
� �

ð1:88Þ

n0 ¼
gv

3p2

2mc

�h2

	 
3=2

M2 EFð Þ þ N2ðEFÞ½ � ð1:89Þ

and

D

l
¼ 1
jej M2 EFð Þ þ N2ðEFÞ½ � M2 EFð Þf g0þ N2ðEFÞf g

0
h i�1

ð1:90Þ

where, I11eðEÞ � Eð1þ aEÞ; I011eðEÞ � ð1þ 2aEÞ; M2ðEFÞ � I11eðEFÞ½ �3=2 and

N2ðEFÞ �
Ps

r¼1
LðrÞM2ðEFÞ

(c) Under the constraints D
 Eg0 or D� Eg0 together with the inequality
aEF� 1, the (1.89) and (1.90) assumes the forms as

n0 ¼ gvNc F1=2ðgÞ þ
15akBT

4

	 

F3=2ðgÞ

� �
ð1:91Þ

and
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D

l
¼ kBT

jej

� �
F1=2ðgÞ þ 15akBT

4

� �
F3=2ðgÞ

F�1=2ðgÞ þ 15akBT
4

� �
F1=2ðgÞ

" #

ð1:92Þ

where, Nc � 2 2pmckBT
h2

� �3=2
and g � EF

kBT

It may be noted that (1.91) and (1.92) were derived for the first time by Nag and
Chakravarti [187, 188].

The dispersion relation in HDS whose energy spectrum in the absence of band
tails obeys the parabolic energy bands is given by

�h2k2

2mc
¼ c3ðE; ggÞ ð1:93Þ

where, c3ðE; ggÞ � 2
1þErf ðE=ggÞð Þ

� �
c0ðE; ggÞ.

Since the dispersion relation in accordance with the said model is an all zero
function with no pole in the finite complex plane, therefore the HD counterpart
will be totally real, which is also apparent form the expression (1.93).

The EEM in this case can be written as

m� EFh ; gg

� �
¼ mc c3 EFh ; gg

� �� �0 ð1:94Þ

In the absence of band tails, ng ! 0 and the EEM assumes the form

m�ðEFÞ ¼ mc ð1:95Þ

It is well-known that the EEM in unperturbed parabolic energy bands is a
constant quantity in general excluding cross-fields configuration. However, the
same mass in the corresponding HD bulk counterpart becomes a complicated
function of Fermi energy and the impurity potential together with the fact that
the EEM also exists in the band gap solely due to the presence of finite gg:

The DOS function in this case can be written as

NHDðE; ggÞ ¼
gv

2p2

2mc

�h2

	 
3=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c3ðE; ggÞ

q
c3 E; gg

� �� �0 ð1:96Þ

The electron concentration is given by

n0 ¼
gv

3p2

2mc

�h2

	 
3=2
�I113 EFh ; gg

� �
þ
Xs

r¼1

LðrÞ½�I113ðEFh ; ggÞ�
" #

ð1:97Þ

where
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�I113ðEFh ; ggÞ ¼ c3ðEFh ; ggÞ
� �3=2

In this case, �Ehd is given by

c3
�Ehd; gg

� �
¼ 0 ð1:98Þ

One can numerically compute the ER by using (1.97), (1.98), (1.31c) and the
allied definitions in this case.

For dimensional quantization along z-direction, the dispersion relation of the
2D electrons in this case can be written following (1.93) as

�h2ðnzp=dzÞ
2mc

2

þ �h2ðksÞ2

2mc
¼ c3ðE; ggÞ ð1:99Þ

the expression of the N2DTðEÞ in this case can be written as

N2DTðEÞ ¼
mcgv

p�h2

Xnzmax

nz¼1

T 09DðE; gg; nzÞHðE � EnzD9Þ ð1:100Þ

where, T9D E; gg; nz

� �
¼ ½c3 E; gg

� �
� �h2ðnzp=dzÞ2ð2mcÞ�1�:

The sub band energies EnzD9 in this case given by

f�hðnzp=dzÞ2gð2mcÞ�1 ¼ c3ðEnzD9; ggÞ ð1:101Þ

The EEM in this case can be written as

m�ðEF1HD; gg; nzÞ ¼ mc½c03ðEF1HD; ggÞ� ð1:102Þ

Therefore under the same conditions as used in obtaining (1.48) from (1.2), the
2D carrier statistics in this case can be written by using the same conditions from
(1.77) as

n2D ¼
mcgv

p�h2

Xnz max

nz¼1

T9D EF1HD; gg; nz

� �
þ T10D EF1HD; gg; nz

� �� �
ð1:103Þ

where, T10D EF1HD; gg; nz

� �
¼
Ps

r¼1
LðrÞ T9D EF1HD; gg; nz

� �� �
,

Therefore combining (1.38) and (1.80) we can get the ER in this case.
Under the condition a! 0, the expressions of total 2D DOS, for semicon-

ductors without forming band tails whose bulk electrons are defined by the
isotropic parabolic energy bands can, be written from (1.82) as
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N2DTðEÞ ¼
mcgv

p�h2

Xnzmax

nz¼1

HðE � Enzp
Þ ð1:104Þ

The sub-band energy Enzp

� �
, the n2D and the ER can, respectively, be expressed

as

Enzp
¼ �h2

2mc

nzp
dz

	 
2

ð1:105Þ

n2D ¼
mckBTgv

p�h2

Xnzmax

nz¼1

F0ðgn2
Þ ð1:106aÞ

D

l
¼ kBT

jej
Xnzmax

nz¼1

F0ðgn2
Þ

 !
Xnzmax

nz¼1

F�1ðgn2
Þ

 !�1

;where,

gn2
� 1

kBT
EFs �

�h2

2mc

nzp
dz

	 
2
" # ð1:106bÞ

It may be noted that (1.106b) was derived for the first time by Chakravarti et al.
[37, 38].

Converting the summation over nz to the integration over nz, (1.106b) gets
transformed to the well-known relation as [37, 38]

D

l
¼ kBT

jej ½F1=2ðgÞ=F�1=2ðgÞ� ð1:106cÞ

This indirect test not only exhibits the mathematical compatibility of our for-
mulation but also shows the fact that our simple analysis is a more generalized one,
since one can obtain the corresponding results for relatively wide gap 2D materials
having parabolic energy bands under certain limiting conditions from our present
derivation.

(b) The Model of Stillman et al.

In accordance with the model of Stillman et al. [39], The dispersion relation of
III-V materials assumes the form

E ¼ �t11k2 ��t12k4 ð1:107Þ

where, �t11 � �h2

2mc
; �t12 � 1� mc

m0

� �2
�h2

2mc

� �2
3Eg0 þ 4Dþ 2D2

Eg0

� �
Eg0 þ D
� �

2Dð
�h

þ3Eg0Þg
�1� and m0 is the free electron mass

In the presence of band tails, (1.107) gets transformed as
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�h2k2

2mc
¼ I12ðE; ggÞ ð1:108Þ

where, I12 E; gg

� �
¼ a11½1� ð1� a12c3ðE; ggÞÞ

1
2�; a11 � �h2�t11

4mc �t12

� �
and a12 � 4�t12

�t11
2

The EEM can be written as

m�ðEFh ; ggÞ ¼ mc I12 EFh ; gg

� �� �0 ð1:109Þ

The DOS function in this case can be written as

NHDðE; ggÞ ¼
gv

2p2

2mc

�h2

	 
3=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I12 E; gg

� �q
I12 E; gg

� �� �0 ð1:110Þ

The electron concentration is given by

n0 ¼
gv

3p2

2mc

�h2

	 
3=2
�I121 EFh ; gg

� �
þ
Xs

r¼1

LðrÞ½�I121ðEFh ; ggÞ�
" #

ð1:111Þ

where

�I121ðEFh ; ggÞ ¼ I12ðEFh ; ggÞ
� �3=2

In this case, �Ehd is expressed through the equation

c3
�Ehd; gg

� �
¼ 0 ð1:112Þ

One can numerically compute the ER by using (1.111), (1.112), (1.31c) and the
allied definitions in this case.

For dimensional quantization along z-direction, the dispersion relation of the
2D electrons in this case can be written following (1.108) as

�h2ðnzp=dzÞ2

2mc
þ �h2ðksÞ2

2mc
¼ I12ðE; ggÞ ð1:113Þ

the expression of the N2DT(E) in this case can be written as

N2DTðEÞ ¼
mcgv

p�h2

Xnzmax

nz¼1

T 011 DðE; gg; nzÞHðE� EnzD11Þ ð1:114Þ

where, T11 D E; gg; nz

� �
¼ ½I12 E; gg

� �
� �h2ðnzp=dzÞ2ð2mcÞ�1�,
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The sub band energies EnzD11 in this case given by

fð�hnzp=dzÞ2gð2mcÞ�1 ¼ I12ðEnzD11; ggÞ ð1:115Þ

The EEM in this case assumes the form

m�ðEF1HD; gg; nzÞ ¼ mc½I012ðEF1HD; gg; nzÞ� ð1:116Þ

The 2-D electron statistics in this case can be written as

n2D ¼
mcgv

p�h2

Xnz max

nz¼1

T11D EF1HD; gg; nz

� �
þ T12D EF1HD; gg; nz

� �� �
ð1:117Þ

where, T12D EF1HD; gg; nz

� �
¼
Ps

r¼1
LðrÞ T11D EF1HD; gg; nz

� �� �
,

Therefore combining (1.117) and (1.38) we can get the ER in this case.
For unperturbed material, the 2-D EEM can be expressed as

m�ðEFsÞ ¼ mc I12 EFsð Þf g0 ð1:118Þ

where I12ðEÞ � a11½1� ð1� a12ðEÞÞ
1
2�

It appears that the EEM in this case is a function of Fermi energy alone and is
independent of size quantum number.

The total 2D DOS function in the absence of band tails in this case can be
written as

N2DTðEÞ ¼
mcgv

p�h2

	 
Xnzmax

nz¼1

I12ðEÞ½ �0HðE � Enz3
Þ

n o
ð1:119Þ

where, the sub band energies Enz3
can be expressed as

I12 Enz3

� �
¼ �h2

2mc
nzp=dzð Þ2 ð1:120Þ

The 2D electron concentration assumes the form

n2D ¼
mcgv

p�h2

Xnz max

nz¼1

T55 EFs; nzð Þ þ T56 EFs; nzð Þ½ � ð1:121Þ

where T55 EFs; nzð Þ � I12ðEFsÞ � �h2

2mc

nzp
dz

� �2
� �

and T56 EFs; nzð Þ �
Ps

r¼1
LðrÞT55 EFs; nzð Þ

Using (1.121), the ER in this case is given by
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D

l
¼ 1
jej

Pnzmax

nz¼1 T55 EFs; nzð Þ þ T56 EFs; nzð Þ½ �
Pnzmax

nz¼1 T55 EFs; nzð Þf g0þ T56 EFs; nzð Þf g0
� � ð1:122aÞ

The expression of electron concentration for bulk specimens of III-V semi-
conductors (in the absence of band tails) can be written in accordance with the
model of Stillman et al. as

n0 ¼
gv

3p2

2mc

�h2

	 
3=2

MA10ðEFÞ þ NA10ðEFÞ½ � ð1:122bÞ

where, MA10ðEFÞ ¼ ½I12ðEFÞ�3=2 and NA10ðEFÞ ¼
Ps

r¼1
LðrÞ ðMA10 EFÞ½ �

The ER in this case can be expressed as

D

l
¼ 1

e
½M0A10

ðEFÞ þ N 0A10
ðEFÞ��1 MA10ðEFÞ þ NA10ðEFÞ½ � ð1:122cÞ

(c) Model of Palik et al.

The energy spectrum of the conduction electrons in III-V semiconductors up to the
fourth order in effective mass theory, taking into account the interactions of heavy
hole, light hole and the split-off holes can be expressed in accordance with the
model of Palik et al. [41] as

E ¼ �h2k2

2mc
� �B11k4 ð1:123Þ

where �B11 ¼ �h4

4Eg0 ðmcÞ2

� �
1þ

x2
11
2

1þx11
2

" #

ð1� y11Þ2; x11 ¼ 1þ D
Eg0

� �h i�1
and y11 ¼ mc

mo

The (1.123) gets simplified as

�h2k2

2mc
¼ I13ðEÞ ð1:124Þ

where I13ðEÞ ¼ �b12 �a12 � �a12ð Þ2�4E�B11

� �1=2
� �

; �a12 ¼ �h2

2mc

� �
and �b12

�a12
2�B11

h i

Under the condition of heavy doping forming Gaussian band tails, (1.124)
assumes the form

�h2k2

2mc
¼ I13ðE; ggÞ ð1:125Þ
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where, I13ðE; ggÞ ¼ �b12½�a12 � ðð�a12Þ2 � 4�B11c3ðE; ggÞÞ
1=2�

The EEM can be written as

m� EFh ; gg

� �
¼ mc I13 EFh; gg

� �n o0
ð1:126Þ

The DOS function in this case can be expressed as

NHDðE; ggÞ ¼
gv

2p2

2mc

�h2

	 
3=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I13 E; gg

� �q
I13 E; gg

� �� �0 ð1:127Þ

Since, the original band model in this case is a no pole function, in the finite
complex plane therefore, the HD counterpart will be totally real and the complex
band vanishes.

The electron concentration is given by

n0 ¼
gv

3p2

2mc

�h2

	 
3=2
�I123 EFh ; gg

� �
þ
Xs

r¼1

LðrÞ½�I123ðEFh ; ggÞ�
" #

ð1:128Þ

where,

�I123ðEFh ; ggÞ ¼ I13ðEFh ; ggÞ
� �3=2

In this case, �Ehd is given by

c3
�Ehd; gg

� �
¼ 0 ð1:129Þ

One can numerically compute the ER by using (1.128), (1.129), (1.31c) and the
allied definitions in this case.

For dimensional quantization along z-direction, the dispersion relation of the
2D electrons in this case can be written following (1.108) as

�h2ðnzp=dzÞ2

2mc
þ �h2ðksÞ2

2mc
¼ I13ðE; ggÞ ð1:130Þ

the expression of the N2DTðEÞ in this case can be written as

N2DTðEÞ ¼
mcgv

p�h2

Xnzmax

nz

T 013DðE; gg; nzÞHðE � EnzD13Þ ð1:131Þ

where, T13DðE; gg; nzÞ ¼ ½I13 E; gg

� �
� �h2 nzp=dzð Þ2ð2mcÞ�1�,

The sub band energies EnzD13 in this case given by
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f�hðnzp=dzÞ2gð2mcÞ�1 ¼ I13ðEnzD13; ggÞ ð1:132Þ

The EEM in this case can be expressed as

m�ðEF1HD; gg; nzÞ ¼ mc½I013ðEF1HD; gg; nzÞ� ð1:133Þ

The 2-D electron statistics in this case can be written as

n2D ¼
mcgv

p�h2

Xnz max

nz¼1

T13D EF1HD; gg; nz

� �
þ T14D EF1HD; gg; nz

� �� �
ð1:134Þ

where, T14D EF1HD; gg; nz

� �
¼
Ps

r¼1
LðrÞ T13D EF1HD; gg; nz

� �� �
,

Therefore combining (1.134) and (1.38) we can get the ER in this case.
The 2D electron dispersion relation in the absence of band tails this case

assumes the form

�h2k2
s

2mc
þ �h2

2mc
nzp=dzð Þ2¼ I13ðEÞ ð1:135aÞ

The EEM in this case can be written from (1.135a) as

m�ðEFSÞ ¼ mc½I13ðEFSÞ�
0 ð1:135bÞ

The total 2D DOS function can be written as

N2DTðEÞ ¼
mcgv

p�h2

	 
Xnz max

nz¼1

I13ðEÞ½ �0HðE � Enz4Þ
� �

ð1:136Þ

where, the sub band energiesEnz4
can be expressed as

I13 Enz4

� �
¼ �h2

2mc
nzp=dzð Þ2 ð1:137Þ

The 2D electron concentration assumes the form

n2D ¼
mcgv

p�h2

Xnz max

nz¼1

T57 EFs; nzð Þ þ T58 EFs; nzð Þ½ � ð1:138Þ

where T57 EFs; nzð Þ � I13ðEFsÞ � �h2

2mc

nzp
dz

� �2
� �

and T58 EFs; nzð Þ �
Ps

r¼1
LðrÞT57 EFs; nzð Þ
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Using the appropriate equations, the ER in this case can be written as

D

l
¼ 1
jej

Pnzmax

nz¼1
T37 EFs; nzð Þ þ T38 EFs; nzð Þ½ �

Pnzmax

nz¼1
T37 EFs; nzð Þf g0þ T38 EFs; nzð Þf g0

� � ð1:139Þ

1.2.3 The ER in QWs of HD II-VI Semiconductors

The carrier energy spectra in bulk specimens of II-VI compounds in accordance
with Hopfield model [58] can be written as

E ¼ a0ok2
s þ b0ok2

z � �koks ð1:140Þ

where a0o � �h2=2m�?; b0o � �h2=2m�k, and �ko represents the splitting of the two-spin

states by the spin orbit coupling and the crystalline field.
Therefore the dispersion relation of the carriers in HD II-VI materials in the

presence of Gaussian band tails can be expressed as

c3 E; gg

� �
¼ a0ok2

s þ b0ok2
z � �koks ð1:141Þ

Thus, the energy spectrum in this case is real since the corresponding E-k
relation in the absence of band tails as given by (1.141) is a no pole function in the
finite complex plane.

The transverse and the longitudinal EEMs masses are, respectively, given by

m�? EFh ; gg

� �
¼ m�? c3 E; gg

� �� �0
1�

�koffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ko

� �
þ 4a0oc3ðE; ggÞ

q

0

B@

1

CA

2

64

3

75

�������
E¼EFh

ð1:142Þ

and

m�k EFh ; gg

� �
¼ m�k c3 E; gg

� �� �0���
E¼EFh

ð1:143Þ

Thus the transverse EEM in HD II-VI semiconductors is a function of electron
energy and is double valued due to the presence of �ko and due to heavy doping the
same mass exists in the band gap.

In the absence of band tails, ng ! 0, we get
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m�? EFhð Þ ¼ m�? 1�
�koffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�ko

� �2þ4a0oE
q

0

B@

1

CA

2

64

3

75

�������
E¼EF

ð1:144Þ

and

m�k EFð Þ ¼ m�k ð1:145Þ

The volume in k-space as enclosed (1.141) can be expressed as

VðE; ggÞ ¼
4p

3a00
ffiffiffiffiffi
b00

p c3ðE; ggÞ
� �3=2þ 3

8

ð�k0Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c3ðE; ggÞ

q

a00
� 3

4

�k0ffiffiffiffiffi
a00

p

 ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c3ðE; ggÞ þ
ð�k0Þ2

4a00

s

sin�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c3ðE; ggÞ

q

c3ðE; ggÞ þ
ð�k0Þ2
4a00

2

4

3

5

2

4

3

5

ð1:146Þ

Therefore, the electron concentration can be written as

n0 ¼
gv

3p2a00
ffiffiffiffiffi
b00

p �I124 EFh ; gg

� �
þ
Xs

r¼1

LðrÞ �I124 EFh ; gg

� �� �
" #

ð1:147Þ

where,

�I124 EFh ; gg

� �
¼ c3 EFk ; gg

� �� �3=2þ 3
8

ð�k0Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c3 EFk ; gg

� �q

a00

2

4

3

5

In this case, �Ehd is given by

c3
�Ehd; gg

� �� �
¼ 0 ð1:148Þ

Thus, one can numerically evaluate the ER by using (1.147), (1.31c), (1.148)
and the allied definitions in this case.

The dispersion relation of the conduction electrons of QWs of HD II-VI
materials for dimensional quantization along z-direction can be written following
(1.141) as

c3 E; gg

� �
¼ a00k2

s þ b00
pnz

dz

	 
2

� �k0ks ð1:149Þ

The EEM can be expressed following (1.149) as
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m� EF1HD; nz; gg

� �
¼ m�?½1�

ð�k0Þc03 EF1HD; gg

� �

½ð�k0Þ2 � 4a00b00
nzp
dz

� �2
þ4a00c3 EF1HD; gg

� �
�1=2

ð1:150Þ

Thus we observe that the doubled valued effective mass in 2-D QWs of HD
II-VI materials is a function of Fermi energy, size quantum number and the
screening potential respectively together with the fact that the same mass exists in
the band gap due to the sole presence of the splitting of the two-spin states by the
spin orbit coupling and the crystalline field.

The sub-band energy in this case is given by

c3 EnzD14; gg

� �
¼ b00

pnz

dz

	 
2

ð1:151Þ

The surface electron concentration at low temperatures assumes the form

n2D ¼
gvm�?
p�h2

Xnzmax

nz¼1

c3 EF1HD; gg

� �
� EnzD14 þ �k0

� �2
m�?�h�2

� �
ð1:152Þ

Therefore combining (1.152) and (1.38) we can get the ER in this case.
The dispersion relation of the conduction electrons of QWs of II-VI materials

for dimensional quantization along z-direction in the absence of band tails can be
written following (1.140) as

E ¼ a00k2
s þ b00

nzk

dz

	 
2

��k0ks ð1:153Þ

Using (1.153), the EEM in this case can be written as

m�ðEFs; nzÞ ¼ m�? 1�
�k0
� �

ð�k0Þ2 � 4a00b00
nzp
dz

� �2
þ4a00EFs

� �1=2

2

6664

3

7775
ð1:154Þ

The sub-band energy Enz4
assumes the form

Enz4
¼ b00 nzp=dzð Þ2 ð1:155Þ

The area of constant energy 2D quantized surface in this case is given by
where

A�ðE; nzÞ ¼ p
2ða00Þ

2 ð�k0Þ2 þ 2a00 E � Enz5

� �
� �k0 ð�k0Þ2 þ 4a00 E � Enz5

� �h i1
2

� �� �
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The surface electron concentration can be expressed in this case as

n2D ¼
�2gv

2 2pð Þ2
Xnzmax

nz¼1

Z/

Enz5

Aþ EFs; nzð Þ þ A EFs; nzð Þ½ � o

oE
f0ðEÞf gdE ð1:156Þ

where f0ðEÞ is the Fermi-Dirac occupation probability factor.
From (1.156) we get

n2D ¼
gvm�?kBT

p�h2

Xnzmax

nz¼1

F0ðgnz8
Þ ð1:157Þ

where gnz8
¼ EFs � EFz5

þ �k0

� �2
m�?�h�2

� �
ðkBTÞ�1

Therefore the ER is given by

D

l
¼ kBT

e

Xnz max

nz¼1

F0 gnz8

� �
 !

Xnz max

nz¼1

F�1 gnz8

� �
 !�1

ð1:158Þ

1.2.4 The ER from QWs of HD IV-VI Semiconductors

The dispersion relation of the conduction electrons in IV-VI semiconductors can
be expressed in accordance with Dimmock [189] as

�e� Eg0

2
� �h2k2

s

2m�t
� �h2k2

s

2m�l

� �
�eþ Eg0

2
þ �h2k2

s

2m�t
þ �h2k2

s

2m�l

� �
¼ P2

?k2
s þ P2

kk
2
z ð1:159Þ

where, �e is the energy as measured from the center of the band gap Eg0 ; m�t and m�l
represent the contributions to the transverse and longitudinal effective masses of

the external Lþ6 and L�6 bands arising from the ~k:~p perturbations with the other
bands taken to the second order.

Substituting, P2
? � �h2Eg=2m�t

� �
; P2
k �

�h2Eg

2m�l

� �
and �e � ½E þ ðEg

2 Þ� (where, m�t
and m�l are the transverse and the longitudinal effective masses at k = 0), (1.159)
gets transformed as

E � �h2k2
s

2m�t
�

�h2k2
z

2m�l

� �
1þ aE þ a

�h2k2
s

2mþt
þ a

�h2k2
z

2mþl

� �
¼ �h2k2

s

2m�t
þ

�h2k2
z

2m�l
ð1:160Þ

From (1.160), we can write
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a�h4k4
s

4mþt m�t
þ �h2k2

s

1
2m�t
� 1

2m�t

	 

þ aE

1
2m�t

� 1
2mþt

	 

þ

a�h2k2
z

4m�l mþt

� �

þ �h2k2
z

2m�l
þ

�h2k2
z

2m�l

	 

þ aE

2
�h2k2

z

1
m�l
� 1

mþl

	 

þ a�h4k4

s

4mþl m�l
� E 1þ aEð Þ

� �
¼ 0

ð1:161Þ

Using (1.161), the dispersion relation of the conduction electrons in HD IV-VI
materials can be expressed as

a�h4k4
s

4mþt m�t
Z0 E; gg

� �
þ �h2k2

s k71ðE; ggÞk2
z þ k72ðE; ggÞ

� �

þ k73ðE; ggÞk2
z þ k74ðE; ggÞk2

z � k75ðE; ggÞ
� �

¼ 0

ð1:162Þ

where, Z0 E; gg

� �
� 1

2 1þ Erf E
gg

� �h i
; k70ðE; ggÞ � a

4mþt m�t
Z0 E; gg

� �

k71ðE; ggÞ �
a�h2

4m�t mþl
Z0 E; gg

� �
þ a�h2

4m�l mþt
Z0 E; gg

� �� �
;

k72ðE; ggÞ �
1

2m�t
� 1

2m�t

	 

Z0 E; gg

� �
þ a

1
2m�t

� 1
2mþt

	 

c0 E; gg

� �� �
;

k73ðE; ggÞ �
�h2

2m�l
þ �h2

2m�l

	 

Z0 E; gg

� �
þ a�h2

2
1

m�l
� 1

2mþl

	 

c0 E; gg

� �� �
;

k74ðE; ggÞ �
a�h4Z0 E; gg

� �

4mþl m�l
and k75ðE; ggÞ � c0ðE; ggÞ þ ahðE; ggÞ

� �

Thus, the energy spectrum in this case is real since the corresponding dispersion
relation in the absence of band tails as given by (1.162) is a pole-less function with
respect to energy axis in the finite complex plane.

The respective transverse and the longitudinal EEMs’ in this case can be written as

m�? EFh ; gg

� �
¼ 2Z0 E; gg

� �� ��2
Z0 E; gg

� �
� k72ðE; ggÞ
� �0þ

k78ðE; ggÞ
� �0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k78ðE; ggÞ

q

2

64

3

75� Z0 E; gg

� �� �0 �k72ðE; ggÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k78ðE; ggÞ

qh i
2

64

3

75

�������
E¼EFh

ð1:163Þ

where,

k78ðE; ggÞ � ½4k70ðE; ggÞ k75ðE; ggÞ�

and
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m�k EFh ; gg

� �
¼ �h2

4
� k84ðE; ggÞ
� �0þ

k84ðE; ggÞ
� �0

k84ðE; ggÞ þ 2 k85ðE; ggÞ
� �0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k84ðE; ggÞ
� �2þ4k85ðE; ggÞ

q

2

64

3

75

�������
E¼EFh

ð1:164Þ

in which, k84ðE; ggÞ �
k73ðE; ggÞ
k74ðE;ggÞ and k85ðE; ggÞ �

k75ðE; ggÞ
k74ðE; ggÞ

Thus, we can see that the both the EEMs’ in this case exist in the band gap.
In the absence of band tails, gg ! 0, we get

m�? EFð Þ ¼ �h2

2
� a11ðEÞf g0þ a511 T311ðEÞf g0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T311ðEÞ

p

" #�����
E¼EF

ð1:165Þ

where

a11ðEÞ �
2mþt m�t

a�h2 a211ðEÞ; a211ðEÞ �
1

2m�t
� aE

2mþt
þ 1þ aE

2m�t

� �
; a511 �

2mþt m�t
a�h2 x11

ðx11Þ �
a2

16
1

m�t mþt
þ 1

m�l mþt

� �2

� a2

4m�t mþt m�l mþl

" #1=2

; T311ðEÞ �
x311ðEÞ

x11ð Þ2
;

x311ðEÞ �
aEð1þ aEÞ

mþt m�t
þ 1

2m�t
� aE

2mþt

	 

þ ð1þ aEÞ

2m�t

� �2
" #

and

m�kðEFÞ ¼
mþt m�l

a

	 

a

2mþl
� a

2m�l

	 

þ 1

2

2 1
2m�l
þ 1þaE

2m�l
� aE

2mþl

h i
a

2m�l
� a

2mþl

� �
þ a 1þ2aEð Þ

m�l mþl

1
2m�l
þ 1þaE

2m�l
� aE

2mþl

h i2
þ aE 1þaEð Þ

m�l mþl

� �1=2

8
>>><

>>>:

9
>>>=

>>>;

2

6664

3

7775

���������
E¼EF

ð1:166Þ

The volume in k-space as enclosed by Eq. (1.162) can be written through the
integral as

VðE; ggÞ ¼ 2p
Zk86ðE; ggÞ

0

� k79ðE; ggÞk2
z þ k80ðE; ggÞ

� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k81ðE; ggÞk4

z þ k82ðE; ggÞk2
z þ k83ðE; ggÞ

qh i
dkz

ð1:167Þ
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where,

k86ðE; ggÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k84ðE; ggÞ
� �2þ4k85ðE; ggÞ

q
� k84ðE; ggÞ

2

2

4

3

5

1=2

; k79ðE; ggÞ �
k71ðE; ggÞ

2�h2Z0ðE; ggÞ

k81ðE; ggÞ �
k76ðE; ggÞ

4�h4 Z0ðE; ggÞ
� �2 ; k76ðE; ggÞ � k71ðE; ggÞ

� �2
; k76ðE; ggÞ � k71ðE; ggÞ

� �2

k77ðE; ggÞ � 2k71ðE; ggÞk72ðE; ggÞ � 4k70ðE; ggÞk73ðE; ggÞ � 4k70ðE; ggÞk74ðE; ggÞ
� �

;

k83ðE; ggÞ �
k78ðE; ggÞ

9�h4 Z0ðE; ggÞ
� �2 and k78ðE; ggÞ � 4k70ðE; ggÞk75ðE; ggÞ

� �

Thus,

VðE; ggÞ ¼ k87ðE; ggÞ
� � Zk86ðE; ggÞ

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k4

z þ k88ðE; ggÞk2
z þ k89ðE; ggÞ

q
� k90ðE; ggÞ

h i
dkz

ð1:168Þ

where,

k87ðE; ggÞ � 2p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k81ðE; ggÞ

q
;

k88ðE; ggÞ �
k82ðE; ggÞ
k81ðE; ggÞ

;

k89ðE; ggÞ �
k83ðE; ggÞ
k81ðE; ggÞ

and

k90ðE; ggÞ � 2p
k79ðE; ggÞ k86ðE; ggÞ

� �3

3
þ k80ðE; ggÞk89ðE; ggÞ

" #

:

The (1.168) can be written as

VðE; ggÞ ¼ k87ðE; ggÞk95ðE; ggÞ � k90ðE; ggÞ
� �

ð1:169Þ

in which,
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k95ðE; ggÞ �
k91ðE; ggÞ

3
�Ei k93ðE; ggÞ; k94ðE; ggÞ

� ���

fk91ðE; ggÞg2 þ fk92ðE; ggÞg2 þ 2fk92ðE; ggÞg2Fi k93ðE; ggÞ; k94ðE; ggÞ
� �h i

þ
fk86ðE; ggÞg

3

	 

fk86ðE; ggÞg2 þ fk91ðE; ggÞg2 þ 2fk92ðE; ggÞg2
h i

fk91ðE; ggÞg2 þ fk86ðE; ggÞg2
h i1=2

fk92ðE; ggÞg2 þ fk86ðE; ggÞg2
h i�1=2

� ��
;

k91ðE; ggÞ
� �2� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k88ðE; ggÞ
� �2�4k89ðE; ggÞ

q
þ k88ðE; ggÞ

� �
; Ei k93ðE; ggÞ; k94ðE; ggÞ

� �

is the incomplete elliptic integral of the 2nd kind and is given by Abramowitz and
Stegun [129] and Gradshteyn and Ryzhik [130],

Ei k93ðE; ggÞ; k94ðE; ggÞ
� �

�
Zk93ðE; ggÞ

0

1� fk94ðE; ggÞg2
sin2 n

n o1=2
� �

dn;

n is the variable of integration in this case,

k93ðE; ggÞ � tan�1 k86ðE; ggÞ
k92ðE; ggÞ

" #

; k92ðE; ggÞ
� �2� 1

2
k88ðE; ggÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k88ðE; ggÞ
� �2�4k89ðE; ggÞ

q� �
;

k94ðE; ggÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k91ðE; ggÞ
� �2� k92ðE; ggÞ

� �2
q

k91ðE; ggÞ
; Fi k93ðE; ggÞ; k94ðE; ggÞ
� �

is the incomplete elliptic integral of the 1st kind and is given by Abramowitz and
Stegun [129] and Gradshteyn and Ryzhik [130],

Fi k93ðE; ggÞ; k94ðE; ggÞ
� �

�
Zk93ðE;ggÞ

0

1� k94ðE; ggÞ
� �2

sin2 n
n o�1=2
� �

dn:

The DOS function in this case is given by

NHDðE; ggÞ ¼
gv

4p3
k87ðE; ggÞ
� �0

k95ðE; ggÞ þ k95ðE; ggÞ
� �0

k87ðE; ggÞ � k90ðE; ggÞ
� �0h i

ð1:170Þ

Therefore the electron concentration can be expressed as
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n0 ¼
gv

4p3
I125 EFh

;gg

� �
þ
Xs

r¼1

L(r)[I125 EFh
;gg

� �
�

" #

ð1:171Þ

where,

I125 EFh
;gg

� �
¼ k87 EFh

;gg

� �� �
k95 EFh

;gg

� �
� k90 EFh

;gg

� �� �� �

In this case, Ehd is given by

k75 Ehd; gg

� �� �
¼ 0 ð1:172Þ

Thus, one can numerically evaluate the ER by using (1.31c), (1.171) and
(1.172) and the allied definitions in this case.

The 2D dispersion relation of the conduction electrons in QWs of IV-VI
materials in the absence of band tails for the dimensional quantization along z
direction can be expressed as

Eð1þ aEÞ þ aE
�h2k2

x

2x4
þ

�h2k2
y

2x5

 !

þ aE
�h2

2x6

nzp
dz

	 
2

�ð1þ aEÞ �h2k2
x

2x1
þ

�h2k2
y

2x2

 !

� a
�h2k2

x

2x1
þ

�h2k2
y

2x2

 !
�h2k2

x

2x4
þ

�h2k2
y

2x5

 !

� a
�h2k2

x

2x1
þ

�h2k2
y

2x2

 !
�h2

2x6

nzp
dz

	 
2

�ð1þ aEÞ �h2

2x3

nzp
dz

	 
2

� a
�h2

2x3

nzp
dz

	 
2 �h2k2
x

2x4
þ

�h2k2
y

2x5

 !

� a
�h2

2x3

nzp
dz

	 
2 �h2

2x6

nzp
dz

	 
2

¼ �h2k2
x

2m1
þ

�h2k2
y

2m2
þ �h2

2m3

nzp
dz

	 
2

ð1:173Þ

where x4 ¼ mþt ; x5 ¼
mþt þ2mþl

3 ; x6 ¼
3mþt mþl

2mþl þmþt
, x1 ¼ m�t ; x2 ¼ m�t þ2m�l

3 ; x3 ¼ 3m�t m�l
2m�l þm�t

,

m1 ¼ m�t ;m2 ¼ m�tþ2m�l
3 and m3 ¼ 3m�l m�t

m�tþ2m�l
.

Therefore, the HD 2-D dispersion relation In this case assumes the form

c2ðE; ggÞ þ ac3ðE; ggÞ
�h2k2

x

2x4
þ

�h2k2
y

2x5

 !

þ ac3ðE; ggÞ
�h2

2x6

nzp
dz

	 
2

�ð1þ ac3ðE; ggÞÞ
�h2k2

x

2x1
þ

�h2k2
y

2x2

 !

� a
�h2k2

x

2x1
þ

�h2k2
y

2x2

 !
�h2k2

x

2x4
þ

�h2k2
y

2x5

 !

� a
�h2k2

x

2x1
þ

�h2k2
y

2x2

 !
�h2

2x6

nzp
dz

	 
2

�ð1þ ac3ðE; ggÞÞ
�h2

2x3

nzp
dz

	 
2

� a
�h2

2x3

nzp
dz

	 
2 �h2k2
x

2x4
þ

�h2k2
y

2x5

 !

� a
�h2

2x3

nzp
dz

	 
2 �h2

2x6

nzp
dz

	 
2

¼ �h2k2
x

2m1
þ

�h2k2
y

2m1
þ �h2

2m3

nzp
dz

	 
2

;

ð1:174Þ

Substituting, kx ¼ rCos h and ky ¼ rSinh (where r and h are 2D polar coordinates
in 2D wave vector space) in (1.174), we can write
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r4 a
1
4

�h2Cos2h
x1

þ �h2Sin2h
x2

	 

�h2Cos2h

x4
þ �h2Sin2h

x5

	 
� �
þ r2 1

2
�h2Cos2h

m1
þ �h2Sin2h

m2

	 
�

þ a
�h2

2x3

nzp
dz

	 
2 �h2Cos2h
x4

þ �h2Sin2h
x5

	 

þ a

�h2Cos2h
x1

þ �h2Sin2h
x2

	 

�h2

2x6

nzp
dz

	 
2

þ �h2ð1þ ac3ðE; ggÞÞ
Cos2h

x1
þ Sin2h

x2

	 

� �h2ac3ðE; ggÞ

Cos2h
x4
þ Sin2h

x5

	 
�
:

� c2ðE; ggÞþ ac3ðE; ggÞ
�h2

2x6

nzp
dz

	 
2

�ð1þ ac3ðE; ggÞÞ
�h2

2x3

nzp
dz

	 
2

�a
�h2

4x3x6

nzp
dz

	 
4
 !" #

¼ 0

ð1:175Þ

The area AðE; nzÞ of the 2D wave vector space can be expressed as

A E; nzð Þ ¼ J1 � J2 ð1:176Þ

where

J1 � 2
Zp=2

0

c1

b1
dh ð1:177Þ

and

J2 � 2
Zp=2

0

ac2
1

b3
1

dh ð1:178Þ

in which

a � a
�h4

4

	 

Cos2h

x1
þ Sin2h

x2

	 

Cos2h

x4
þ Sin2h

x5

	 
� �
;

b1 �
�h2

4

	 

Cos2h

m1
þ Sin2h

m2

	 

þ a

�h4

2x3

	 

nzp
dz

	 
2 Cos2h
x4
þ Sin2h

x5

	 
"

þ a
�h4

2x6

	 

nzp
dz

	 
2 Cos2h
m1

þ Sin2h
x2

	 


þð1þ ac3ðE; ggÞÞ
Cos2h

x1
þ Sin2h

x2

	 

� ac3ðE; ggÞ

Cos2h
x4
þ Sin2h

x5

	 
#

and
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c1 � c2ðE; ggÞ þ ac3ðE; ggÞ
�h2

2x6

	 

nzp
dz

	 
2
"

�ð1þ ac3ðE; ggÞÞ
�h2

2x3

	 

nzp
dz

	 
2

�a
�h4

4x3x6

	 

nzp
dz

	 
4
#

The (1.177) can be expressed as

J1 � 2
Zp=2

0

t31ðE; nzÞdh

A11ðE; nzÞ cos2 hþ B11ðE; nzÞ sin2 h

where,

t31ðE; nzÞ � c1; A11ðE; nzÞ �
�h2

2m1
t11ðE; nzÞ;

t11ðE; nzÞ � 1þ m1
1
x4

a�h2

2x3

nzp
dz

	 
2

þ a�h2

2x1x6

nzp
dz

	 
2

þ
1þ ac2ðE; ggÞ

x1
�

ac3ðE; ggÞ
x4

" #" #

B11ðE; nzÞ �
�h2

2m2
t21ðE; nzÞ and

t21ðE; nzÞ � 1þ m2
a�h2

2x3x5

nzp
dz

	 
2

þ a�h2

2x2x6

nzp
dz

	 
2

þ
1þ ac3ðE; ggÞ

x2
�

ac3ðE; ggÞ
x5

" #" #

:

Performing the integration, we get

J1 ¼ pt31ðE; nzÞ½A11ðE; nzÞB11ðE; nzÞ��1=2 ð1:179Þ

From (1.178) we can write

J2 ¼
at2

31ðE; nzÞ�h4

2B3
11ðE; nzÞ

I ð1:180Þ

where,

I �
Z/

0

ða1 þ a2z2Þða3 þ a4z2Þdz

½ðaÞ2 þ z2�3
; ðaÞ2 ¼ A11ðE; nzÞ

B11ðE; nzÞ

	 

; ð1:181Þ

in which a1 � 1
x1
; a2 � 1

x2
, z ¼ tan h; h is a new variable, a3 � 1

x4
; a4 � 1

x5
and

ð�aÞ2 � A1ðE;nzÞ
B1ðE;nzÞ

� �
.

The use of the Residue theorem leads to the evaluation of the integral in (1.181) as
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I ¼ p
4a
½a1a4 þ 3a2a4�; ð1:182Þ

Therefore, the 2D area of the 2D wave vector space can be written as

AHDðE; nzÞ ¼
pt31ðE; nzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A11ðE; nzÞB11ðE; nzÞ
p 1� 1

x5

1
x1
þ 3

x2

	 

at31ðE; nzÞ�h4

8B2
11ðE; nzÞ

� �
ð1:183Þ

The EEM for the HD QWs of IV-VI materials can thus be written as

m�ðE; nzÞ ¼
�h2

2
½h5HDðE; nzÞ�

����
E¼EF1HD

ð1:184Þ

where,

h5HDðE; nzÞ � 1� 1
x5

1
x1
þ 3

x2

	 

at31ðE; nzÞ�h4

8 B11ðE; nzÞ½ �2

" #

½A11ðE; nzÞB11ðE; nzÞ��1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A11ðE; nzÞB11ðE; nzÞ

p
t31ðE; nzÞf g0�t31ðE; nzÞ

1
2

A11ðE; nzÞf g0 B11ðE; nzÞ
A11ðE; nzÞ

� �1=2
("

þ 1
2

B11ðE; nzÞf g0 A11ðE; nzÞ
B11ðE; nzÞ

� �1=2
)#

� 1
8

t31ðE; nzÞa�h4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A11ðE; nzÞB11ðE; nzÞ

p
1
x5

1
x1
þ 3

x2

	 

½B11ðE; nzÞ��4

B11ðE; nzÞf g2 t31ðE; nzÞf g0�2B11ðE; nzÞ B11ðE; nzÞf g0t31ðE; nzÞ
h i

:

Thus, the EEM is a function of Fermi energy and the quantum number due to
the band non-parabolicity.

The total DOS function can be written as

N2DTðEÞ ¼
gv

2p

� �Xnzmax

nz¼1

h5HDðE; nzÞHðE � Enz7HD
Þ ð1:185Þ

where the sub-band energy Enz7

� �
in this case can be written as

c2 Enz7 HD
; gg

� �
þ ac3 Enz7 HD

; gg

� � �h2

2x6

nzp
dz

	 
2

� 1þ ac3 Enz7 HD
; gg

� �� � �h2

2x3

nzp
dz

	 
2

� a
�h2

2x3

nzp
dz

	 
2 �h2

2x6

nzp
dz

	 
2

� �h2

2m3

nzp
dz

	 
2
" #

¼ 0

ð1:186Þ
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The use (5.61) leads to the expression of 2D electron statistics as

n2D ¼
gv

2p

Xnz max

nz¼1

T55 HD EF1HD; nzð Þ þ T56 HD EF1HD; nzð Þ½ � ð1:187Þ

where T55 HD EF1HD; nzð Þ � AHD EF1 HD;nzð Þ
p and

T56 HD EF1HD; nzð Þ �
Ps

r¼1
LðrÞT55 HD EF1 HD; nzð Þ.

In the absence of heavy doping the EEM in QWs of IV-VI materials can be
written as

m�ðE; nzÞ ¼
�h2

2
h5ðE; nzÞ½ �

����
E¼EFs

ð1:188Þ

where,

h5ðE; nzÞ � 1� 1
x5

1
x1
þ 3

x2

	 

at30ðE; nzÞ�h4

8 B10ðE; nzÞ½ �2

" #

½A10ðE; nzÞB10ðE; nzÞ��1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A10ðE; nzÞB10ðE; nzÞ

p
t30ðE; nzÞf g0�t30ðE; nzÞ

1
2
fA10ðE; nzÞg0

B10ðE; nzÞ
A10ðE; nzÞ

� �1=2
("

þ 1
2

B10ðE; nzÞf g0 A10ðE; nzÞ
B10ðE; nzÞ

� �1=2
)#

� 1
8

t30ðE; nzÞa�h4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A10ðE; nzÞB10ðE; nzÞ

p
1
x5

1
x1
þ 3

x2

	 

½B10ðE; nzÞ��4

B10ðE; nzÞf g2ft30ðE; nzÞg0 � 2B10ðE; nzÞ B10ðE; nzÞf g0t30ðE; nzÞ
h i

where

t30ðE; nzÞ � c0;

c0 � E 1þ aEð Þ þ aE
�h2

2x6

	 

nzp
dz

	 
2
"

�ð1þ aEÞ �h2

2x3

	 

nzp
dz

	 
2

�a
�h4

4x3x6

	 

nzp
dz

	 
4
#

;

A10ðE; nzÞ �
�h2

2m1
t10ðE; nzÞ; t10ðE; nzÞ

� 1þ m1
1
x4

a�h2

2x3

nzp
dz

	 
2

þ a�h2

2x1x6

nzp
dz

	 
2

þ 1þ aE

x1
� aE

x4

" #" #

;

1.2 Theoretical Background 45

http://dx.doi.org/10.1007/978-3-319-08380-3_5


B10ðE; nzÞ �
�h2

2m2
t20ðE; nzÞ and t20ðE; nzÞ

� 1þ m2
a�h2

2x3x5

nzp
dz

	 
2

þ a�h2

2x2x6

nzp
dz

	 
2

þ 1þ aE

x2
� aE

x5

" #" #

Thus, the EEM is a function of Fermi energy and the quantum number due to
the band non-parabolicity.

The total DOS function can be written as

N2DTðEÞ ¼
gv

2p

� �Xnz max

nz¼1

h5ðE; nzÞHðE� Enz7
Þ ð1:189Þ

where the sub-band energy Enz7

� �
in this case can be written as

Enz7
1þ aEnz7

� �
þ aEnz7

�h2

2x6

nzp
dz

	 
2

� 1þ aEnz7

� � �h2

2x3

nzp
dz

	 
2

� a
�h2

2x3

nzp
dz

	 
2 �h2

2x6

nzp
dz

	 
2

� �h2

2m3

nzp
dz

	 
2
" #

¼ 0

ð1:190Þ

In the absence of heavy doping, the expression of 2D electron statistics can be
written as

n2D ¼
gv

2p

Xnz max

nz¼1

T550 EFs; nzð Þ þ T560 EFs; nzð Þ½ � ð1:191Þ

where, T550 EFs; nzð Þ � A0 EFs; nzð Þ
p , A0 EF ; nzð Þ ¼ pt30ðE;nzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A10ðE; nzÞB10ðE; nzÞ
p 1� 1

x5

1
x1
þ 3

x2

� �h

at30ðE;nzÞ�h4

8B2
10ðE; nzÞ � , and T560 EFs; nzð Þ ¼

Ps

r¼1
LðrÞT550 EFs; nzð Þ

Thus, the expression for the 2D DMR in QWs of IV-VI compounds assumes the
form

D

l
¼ 1
jej

Pnzmax

nz¼1
T55 EFs; nzð Þ þ T56 EFs; nzð Þ½ �

Pnzmax

nz¼1
T55 EFs; nzð Þð Þ0þ T56 EFs; nzð Þð Þ0

� � ð1:192Þ

For bulk specimens of IV-VI materials, the expressions of electron concen-
tration and the ER assume the forms
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n0 ¼
gv

2p2

� �
MA4ðEFbÞ þ NA4ðEFbÞ½ � ð1:193Þ

D

l
¼ 1

e
MA4ðEFbÞ þ NA4ðEFbÞ½ � M0A4

ðEFbÞ þ N 0A4
ðEFbÞ

h i�1
ð1:194Þ

where

MA4ðEFbÞ ¼ a5JA1ðEFbÞ � a3ðEFbÞsA1ðEFbÞ �
a4

3
sA1ðEFbÞ½ �3

h i
;

a5 ¼
2mþt m�t

a�h2 xA1

� �
;

xA1 ¼
a2

16
1

m�t mþl
þ 1

m�l mþt

� �2

� a2

4mþl m�t m�l mþt

" #

;

JA1 EFbð Þ ¼AAðEFbÞ
3

� A2
AðEFbÞ þ B2

AðEFbÞ
� �

E k; qð Þ þ 2B2
A EFbð ÞFðk; qÞ

� �

þ �sA1ðEFbÞ
3

�sA1ðEFbÞð Þ2þA2
AðEFbÞ þ 2B2

AðEFbÞ
h i

A2
AðEFbÞ þ �s2

A1
ðEFbÞ

h i1=2
B2

AðEFbÞ þ �s2
A1
ðEFbÞ

h i�1=2

k ¼ tan�1 �sA1ðEFbÞ
BAðEFbÞ

; q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

AðEFbÞ � B2
AðEFbÞ

p

AAðEFbÞ

" #

;AA EFbð Þ ¼ sA2ðEFbÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

A2
ðEFbÞ � 4s2

A3
ðEFbÞ

qh i1=2

=
ffiffiffi
2
p

;

BAðEFbÞ ¼ sA2ðEFbÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

A2
ðEFbÞ � 4sA3ðEFbÞ

qh i1=2

=
ffiffiffi
2
p

; sA2ðEFbÞ ¼
xA2ðEFbÞ

x2
A1

; sA3ðEFbÞ ¼
xA3ðEFbÞ

x2
A1

;

xA2ðEFbÞ ¼
a
2

1
2m�t
� a:EFb

2mþt
þ 1þ a:EFb

2m�t

� �
:

1
m�t mþl

þ 1
m�l mþt

� ��
� a

mþt m�t

1
2m�l
þ a:EFb

2mþl
þ 1þ a:EFb

2m�l

� ��

xA3ðEFbÞ ¼
aEFb 1þ aEFbð Þ

mþt m�t
þ 1

2m�t
� aEFb

2mþt
þ 1þ aEFb

2m�t

� �2
" #

; a2 EFbð Þ ¼ 1
2m�t
� aEFb

2mþt
þ 1þ aEFb

2m�t

� �
;

a3 ¼
a�h2

4
1

m�t mþl
þ 1

m�l mþt

� �
;

sA1ðEFbÞ ¼
2mþl m�l

a�h2

� �1
2

� 1
2m�l
þ 1þ aEFb

m�l
� aEFb

2mþl

� ��
þ 1

2m�l
þ 1þ aEFb

m�l
� aEFb

2mþl

� �2

þ aEFb 1þ aEFbð Þ
mþl m�l

" #1=2
3

5

1=2

E(k, q) is the in complete Elliptic integral of second kind, F(k, q) is the
incomplete Elliptic integral of first kind and NA4ðEFbÞ ¼

Ps
r¼1 LðrÞ½MA4ðEFbÞ�.
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1.2.5 The ER from QWs of HD Stressed Kane Type
Semiconductors

The electron energy spectrum in stressed Kane type semiconductors can be written
[190–192] as

kx

�a0ðEÞ

	 
2

þ ky

�b0ðEÞ

	 
2

þ kz

�c0ðEÞ

	 
2

¼ 1 ð1:195Þ

where, �a0ðEÞ½ �2 � �K0ðEÞ
�A0ðEÞþ1

2
�D0ðEÞ

, �K0ðEÞ � E � C1e�
2C2

2e
2
xy

3E0g

h i
3E0g
2B2

2

� �
, C1 is the

conduction band deformation potential, e is the trace of the strain tensor ê which
can be written as

ê ¼
exx exy 0
exy eyy 0
0 0 ezz

2

4

3

5;

C2 is a constant which describes the strain interaction between the conduction and
valance bands, E0g � Eg þ E � C1e;B2 is the momentum matrix element,

�A0ðEÞ � 1� ð�a0 þ C1Þ
E0g

þ 3�b0exx

2E0g
�

�b0e
2E0g

" #

;

�a0 � �
1
3

�b0 þ 2�mð Þ; �b0 �
1
3

�l� �mð Þ; �d0 �
2�n
ffiffiffi
3
p ;

�l; �m; �n are the matrix elements of the strain perturbation operator,
�D0 Eð Þ � �d0

ffiffiffi
3
p exy

E0g

� �
, �b0ðEÞ½ �2� �K0ðEÞ

�A0ðEÞ�1
2
�D0ðEÞ, �c0ðEÞ½ �2� �K0ðEÞ

�L0ðEÞ and �L0ðEÞ �

1� �a0þC1ð Þ
E0g

h
þ 3�b0ezz

E0g
� �b0e

2E0g

i
.

The use of (1.195) can be written as

E � a1ð Þk2
x þ E � a2ð Þk2

y þ E � a3ð Þk2
z ¼ t1E3 � t2E2 þ t3E þ t4 ð1:196aÞ

where
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a1 � Eg � C1e� �a0 þ C1ð Þeþ 3
2

�b0exx �
�b0

2
eþ

ffiffiffi
3
p .

2

� �
exy

�d0

� �
;

a2 � Eg � C1e� ð�a0 þ C1Þeþ
3
2

�b0exx �
�b0

2
e�

ffiffiffi
3
p .

2

� �
exy

�d0

� �
;

a3 � Eg � C1e� ð�a0 þ C1Þeþ
3
2

�b0ezz �
�b0

2
e

� �
;

t1 � 3�
2B2

2

� �
; t2 � 1�

2B2
2

� �
½6ðEg � C1eÞ þ 3C1e�;

t3 � 1�
2B2

2

� �
½3ðEg � C1eÞ2 þ 6C1eðEg � C1eÞ � 2C2

2e
2
xy� and

t4 � 1�
2B2

2

� �
½�3C1eðEg � C1eÞ2 þ 2C2

2e
2
xy�:

The (1.196a) can be written as

Ek2 � T17k2
x � T27k2

y � T37k2
z ¼ ½q67E3 � R67E2 þ V67E þ q67� ð1:196bÞ

where, T17 = a1, T27 = a2, T37 = a3, t1 = q67, t2 = R67, t3 = V67 and t4 = q67

Under the condition of heavy doping, (1.196b) can be written as

Ið4Þk2 � T17Ið1Þk2
x � T27Ið1Þk2

y � T37k2
z Ið1Þ

¼ ½q67Ið6Þ � R67Ið5Þ þ V67Ið4Þ þ q67Ið1Þ� ð1:196cÞ

where,

Ið6Þ ¼
ZE

�1

E � Vð Þ3FðVÞdV ð1:197Þ

The (1.197) can be written as

Ið6Þ ¼ E3Ið1Þ � 3E2Ið7Þ þ 3EIð8Þ � Ið9Þ ð1:198Þ

In which,

Ið7Þ ¼
ZE

�1

VFðVÞdV ð1:199Þ

Ið8Þ ¼
ZE

�1

V2FðVÞdV ð1:200Þ

Ið9Þ ¼
ZE

�1

V3FðVÞdV ð1:201Þ
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Using (1.4), together with simple algebraic manipulations, one obtains

Ið7Þ ¼
�gg

2
ffiffiffi
p
p exp

�E2

g2
g

 !

ð1:202Þ

Ið8Þ ¼
g2

g

4
1þ Erf

E

gg

 !" #

ð1:203Þ

and

Ið9Þ ¼
�g3

g

2
ffiffiffi
p
p exp

�E2

g2
g

 !

1þ E2

g2
g

" #

ð1:204Þ

Thus (1.197) can be written as

Ið6Þ ¼ E

2
1þ Erf

E

gg

 !" #

E2 þ 3
2
g2

g

� �
þ

gg

2
ffiffiffi
p
p exp

�E2

g2
g

 !

½4E2 þ g2
g�

" #

ð1:205Þ

Thus, combining the appropriate equations, the dispersion relations of the
conduction electrons in HD stressed materials can be expressed as

P11ðE; ggÞk2
x þ Q11ðE; ggÞk2

y þ S11ðE; ggÞk2
z ¼ 1 ð1:206Þ

where,

P11ðE; ggÞ �
c0ðE; ggÞ � ðT17=2Þ 1þ Erf ðE=ggÞ

� �

D14ðE; ggÞ

" #

;

D14ðE; ggÞ � q67
E

2
1þ Erf

E

gg

 !" #

E2 þ 3
2
g2

g

� �
þ

gg

2
ffiffiffi
p
p exp

�E2

g2
g

 !

½4E2 þ g2
g�

( )"

�R67h0ðE; ggÞ þ V67c0ðE; ggÞ þ
q67

2
½1þ Erf ðE=ggÞ�

#

;

Q11ðE; ggÞ �
c0ðE; ggÞ � ðT27=2Þ½1þ Erf ðE=ggÞ�

D14ðE; ggÞ

" #

and

S11ðE; ggÞ �
c0ðE; ggÞ � ðT37=2Þ½1þ Erf ðE=ggÞ�

D14ðE; ggÞ

" #

:

Thus, the energy spectrum in this case is real since the dispersion relation of the
corresponding materials in the absence of band tails as given by (1.195) is a pole-
less function in the finite complex plane.
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The EEMs along x, y and z directions in this case can be written as

m�xxðEFh ; ggÞ ¼
�h2

2

"

c0ðEFh ; ggÞ � ðT17=2Þ 1þ Erf ðEFh=ggÞ
� �� ��2

:

D14ðEFh ; ggÞ
� �0

c0ðEFh ; ggÞ � ðT17=2Þ 1þ Erf ðEFh=ggÞ
� �� �h i

�D14ðEFh ; ggÞ
1
2

1þ Erf
EFh

gg

 !" #

� T17

gg

ffiffiffi
p
p exp

�E2
Fh

g2
g

 !( )" ##

ð1:207Þ

m�yyðEFh ; ggÞ ¼
�h2

2

"

c0ðEFh ; ggÞ � ðT27=2Þ 1þ Erf ðEFh=ggÞ
� �� ��2

D14ðEFh ; ggÞ
� �0

c0ðEFh ; ggÞ � ðT27=2Þ 1þ Erf ðEFh=ggÞ
� �� �h i

�D14ðEFh ; ggÞ
1
2

1þ Erf
EFh

gg

 !" #

� T27

gg

ffiffiffi
p
p exp

�E2
Fh

g2
g

 !( )" ##

ð1:208Þ

and

m�zzðEFh ; ggÞ ¼
�h2

2

"

c0ðEFh ; ggÞ � ðT37=2Þ 1þ Erf ðEFh=ggÞ
� �� ��2

:

D14ðEFh ; ggÞ
� �0

c0ðEFh ; ggÞ � ðT37=2Þ 1þ Erf ðEFh=ggÞ
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 !" #
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ffiffiffi
p
p exp

�E2
Fh

g2
g

 !( )" ##

ð1:209Þ

Thus, we can see that the EEMs in this case exist within the band gap.
In the absence of band tails, gg ! 0 we get

m�xxðEFÞ ¼ �h2�a0ðEFÞf�a0ðEFÞg0 ð1:210Þ

m�xxðEFÞ ¼ �h2�b0ðEFÞf�b0ðEFÞg0 ð1:211Þ

and

m�xxðEFÞ ¼ �h2�c0ðEFÞf�c0ðEFÞg0 ð1:212Þ

The DOS function in this case can be written as
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NHDðE; ggÞ ¼
gv

3p2
D15ðE; ggÞ
� ��2 3

2
D15ðE; ggÞ
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D14ðE; ggÞ
q

D14ðE; ggÞ
� �0� D14ðE; ggÞ

� �3=2
D15ðE; ggÞ
� �0

� �

ð1:213Þ

where,

D15ðE; ggÞ � c0ðE; ggÞ � ðT17=2Þ 1þ Erf ðE=ggÞ
� �� �

c0ðE; ggÞ � ðT27=2Þ 1þ Erf ðE=ggÞ
� �� ��

c0ðE; ggÞ � ðT37=2Þ 1þ Erf ðE=ggÞ
� �� ��1=2

:

Using (1.213), the electron concentration at can be written as

n0 ¼
gv

3p2
�I126ðEFk ; ggÞ þ

Xs

r¼1

LðrÞ �I126ðEFk ; ggÞ
� �

" #

ð1:214Þ

where,

�I126ðEFk ; ggÞ ¼
D14ðEFk ; ggÞ
� �3=2

D15ðEFk ; ggÞ

" #

In this case, �Ehd is given by

D14 �Ehd; gg

� �� �
¼ 0 ð1:215Þ

Thus, one can numerically evaluate the ER by using (1.214), (1.215), (1.31c)
and the allied definitions in this case.

The dispersion relation of the conduction electrons in HD QWs of stressed
Kane type semiconductors can be written as

P11ðE; ggÞk2
x þ Q11ðE; ggÞk2

y þ S11ðE; ggÞðpnz=dzÞ2 ¼ 1 ð1:216Þ

The EEM can be expressed as

m� EF1HD; gg; nz

� �
¼ �h2

2
A056 EF1HD; gg; nz

� �

where,

A56 E; gg; nz

� �
¼

p 1� S11ðE; ggÞðgzp=dzÞ2
h i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P11ðE; ggÞQ11ðE; ggÞ

q ð1:217Þ

From (1.217), it appears that the EEM is a function of Fermi energy, and size
quantum number and the same mass exists in the band gap.

52 1 The ER in Quantum Wells of HD Non-parabolic Semiconductors



Thus, the total 2D DOS function can be expressed as

N2DTðEÞ ¼
gv

2p

� �Xnzmax

nz¼1

A056 EF1HD; gg; nz

� �
ð1:218Þ

The sub band energies (Enz8HD) are given by

S11ðEnz8HD; ggÞðpnz=dzÞ2 ¼ 1 ð1:219Þ

The 2D surface electron concentration per unit area for QWs of stressed HD
Kane type compounds can be written as

n2D ¼
gv

2p

Xnzmax

nz¼1

T57HD EFs1HD; gg; nz

� �
þ T58HD EFs1HD; gg; nz

� �� �
ð1:220Þ

where,

T57 EF1HD; gg; nz

� �
� A56 EF1HD; gg; nz

� �

and

T58HD EF1HD; gg; nz

� �
�
Xs

r¼1

LðrÞT57HD EF1HD; gg; nz

� �
:

In the absence of band tails, the 2D electron energy spectrum in QWs of
stressed materials assumes the form

k2
x

½�a0ðEÞ�2
þ

k2
y

½�b0ðEÞ�2
þ 1

½�c0ðEÞ�2
ðnzp=dzÞ2 ¼ 1 ð1:221Þ

The area of 2D wave vector space enclosed by (1.221) can be written as

AðE; nzÞ ¼ pP2ðE; nzÞ�a0ðEÞ�b0ðEÞ

where P2ðE; nzÞ ¼ 1� ½nzp=dz�c0ðEÞ�2
h i

:

From (1.221), the EEM can be written as

m�ðEFs ; nzÞ ¼
�h2

2
½P2ðEFs ; nzÞ�a0ðEFsÞ�b0ðEFsÞ�

0 ð1:222Þ

Thus, the total 2D DOS function can be expressed as

N2DTðEÞ ¼
gv

2p

� �Xnzmax

nz¼1

h6ðE; nzÞHðE � Enz11Þ ð1:223Þ
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in which, h6ðE; nzÞ ¼
�

2PðE; nzÞfPðE; nzÞg0�a0ðEÞ�b0ðEÞ þ fPðE; nzÞg2f�a0ðEÞg0�b0

ðEÞ þ fPðE; nzÞg2f�b0ðEÞg0�a0ðEÞ
�

The sub band energies (Enz11 ) are given by

�c0ðEnz11Þ ¼ nzp=dz ð1:224Þ

The 2D surface electron concentration per unit area for QWs of stressed Kane
type compounds can be written as

n2D ¼
gv

2p

Xnzmax

nz¼1

T61 EFs; nzð Þ þ T62 EFs; nzð Þ½ � ð1:225Þ

where

T61 EFs; nzð Þ � ½P2 EFs; nzð Þ�a0ðEFsÞ�b0ðEFsÞ�

and

T62 EFs; nzð Þ �
Xs

r¼1
LðrÞT61 EFs; nzð Þ

.
The ER in this case assumes the form

D

l
¼ 1

ej j

Pnzmax

nz¼1 T61 EFs; nzð Þ þ T62 EFs; nzð Þ½ �
Pnzmax

nz¼1 T61 EFs; nzð Þð Þ0þ T62 EFs; nzð Þð Þ0
� � ð1:226Þ

The DOS function for bulk specimens of stressed Kane type semiconductors in
the absence of band tail can be written as

D0ðEÞ ¼ gvð3p2Þ�1 �a0ðEÞ�b0ðEÞ½�c0ðEÞ�0 þ �a0ðEÞ½�b0ðEÞ�0�c0ðEÞ þ ½�a0ðEÞ�0�b0ðEÞ�c0ðEÞ
� �

ð1:227Þ

Combining (1.227) with the Fermi-Dirac occupation probability factor and
using the generalized Sommerfeld lemma the electron concentration in this case
can be expressed as

n0 ¼ gvð3p2Þ�1½M4ðEFÞ þ N4ðEFÞ� ð1:228Þ

where, M4ðEFÞ � ½�a0ðEFÞ�b0ðEFÞ�c0ðEFÞ� and N4ðEFÞ �
Ps

r¼1 LðrÞM4ðEFÞ.
The ER in this case is given by

D

l
¼ 1

ej j
M4ðEFÞ þ N4ðEFÞ½ �

fM4ðEFÞg0 þ fN4ðEFÞg0
� � ð1:229Þ
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1.2.6 The ER from QWs of HD Te

The dispersion relation of the conduction electrons in Te can be expressed as [193]

E ¼ w1k2
z þ w2k2

s � ½w
2
3k2

z þ w2
4k2

s �
1=2 ð1:230Þ

where, the values of the system constants are given in Table 1.1.
The carrier energy spectrum in HD Te can be written as

c3ðE; ggÞ ¼ w1k2
z þ w2k2

s � ½w
2
3k2

z þ w2
4k2

s �
1=2 ð1:231Þ

The EEMs along kz and ks directions assume the forms

m�z ðEFh ; ggÞ ¼
�h2

2w1
1� w3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w2
3 þ 4w1c3ðEFh ; ggÞ

q

2

64

3

75c03ðEFh ; ggÞ ð1:232Þ

and

m�s ðEFh ; ggÞ ¼
�h2

2w2
1� w4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w2
4 þ 4w2c3ðEFh ; ggÞ

q

2

64

3

75c03ðEFh ; ggÞ ð1:233Þ

The investigations of EEMs require the expression of electron concentration,
which can be written from (1.231) as

n0 ¼
gv

3p2
½t1HDðEFh ; ggÞ þ t2HDðEFh ; ggÞ� ð1:234aÞ

where, t1HDðEFh ; ggÞ ¼ 3w5HDðEFh ; ggÞC3HDðEFh ; ggÞ � w6C
3
3HDðEFh ; ggÞ

� �
, w5HD

ðEFh ; ggÞ ¼
c3ðEFh ;ggÞ

w2
þ w2

4

2w2
2

h i
, C3HDðEFh ; ggÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2

3þ4w1c3ðEFh ; ggÞ
p

2w1
, w6 ¼

w1
w2

and

t2HDðEFh ; ggÞ ¼
Ps

r¼1 LðrÞt1HDðEFh ; ggÞ
In this case �Ehd is given by

c3ð�Ehd; ggÞ
� �

¼ 0 ð1:234bÞ

Therefore by using (1.38), (1.234a) and (1.234b) we can study the ER in this case
The 2D electron energy spectrum in HD QW of Te can be written using (1.230) as

k2
s ¼ w5HDðE; ggÞ � w6

pnz

dz

	 
2

�w7 w2
8HDðE; ggÞ �

pnz

dz

	 
2
" #1=2

ð1:235Þ
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where, w7 ¼
w4

ffiffiffiffi
w1

p

w3=2
2

and w2
8HDðE; ggÞ ¼

w4
4þ4c3ðE;ggÞw2w

2
4þ4w2

2w
2
3

4w1w2w
2
4

h i

The EEM in this case is given by

m�ðEF1HD; gg; nzÞ ¼
�h2

2
w05HDðEF1HD; ggÞ �

w8HDðEF1HD; ggÞw08HDðEF1HD; ggÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2

8HDðEF1HD; ggÞ � ðpnz=dzÞ2
q

2

64

3

75

ð1:236Þ

The total DOS function in this case can be expressed as

N2DTðEÞ ¼
gv

p

Xnz max

nz¼1

w05HDðE; ggÞHðE � Enz59HDÞ ð1:237Þ

where Enz59HD is the lowest positive root of the equation

w5HDðEnz59HD ; ggÞ � w6
pnz

dz

	 
2

� w7 w2
8HDðEnz59HD ; ggÞ �

pnz

dz

	 
2
" #1=2

¼ 0

ð1:238Þ

The surface electron concentration is given by

n2D ¼
gv

p

Xnz max

nz¼1

t1HDTeðEF1HD; gg; nzÞ þ t2HDTeðEF1HD; gg; nzÞ
� �

ð1:239Þ

where,

t1HDTeðEF1HD; gg; nzÞ ¼ w5HDðEF1HD; gg; nzÞ � w6
pnz

dz

	 
2
" #

and

t2HDTeðEF1HD; gg; nzÞ ¼
Xs

r¼1
LðrÞ½t1HDTeðEF1HD; gg; nzÞ�

Thus using (1.239) and (1.38) we can study the ER in this case.
The 2D electron energy spectrum in QWs of Te in the absence of band tails

assumes the form

k2
s ¼ w5ðEÞ � w6

pnz

dz

	 
2

� w7 w2
8ðEÞ �

pnz

dz

	 
2
" #1=2

ð1:240Þ
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where, w5ðEÞ ¼ E
w2
þ w2

4

2w2
2

h i
and w2

8ðEÞ ¼
w4

4þ4Ew2w
2
4þ4w2

2w
2
3

4w1w2w
2
4

h i

Thus, the total 2D DOS function can be expressed as

N2DTðEÞ ¼
gv

p

� �Xnzmax

nz¼1

t040ðE; nzÞHðE � Enz12Þ ð1:241Þ

where, t40ðE; nzÞ ¼ w5ðEÞ � w6
pnz

dz

� �2
� w7 w2

8ðEÞ �
pnz

dz

� �2
� �1=2

" #1=2

The sub-band energiesðEnz12Þ are given by

Enz12 ¼ w1ðnzp=dzÞ2 � w3ðnzp=dzÞ ð1:242aÞ

Using (1.240) the EEM can be expressed as

m�ðEFs ; nzÞ ¼
�h2

2
t040ðEFs ; nzÞ ð1:242bÞ

The 2D surface electron concentration per unit area for QWs of Te can be
written as

n2D ¼
gv

p

Xnzmax

nz¼1

t40ðEFs; nzÞ þ t41ðEFs; nzÞ½ � ð1:243Þ

where t41ðEFs; nzÞ �
Ps

r¼1 LðrÞt40ðEFs; nzÞ.
The ER in this case is given by

D

l
¼ 1

e

Xnz max

nz¼1

t40ðEFs ; nzÞ þ t41ðEFs ; nzÞ½ �
" #

Xnz max

nz¼1

t040ðEFs ; nzÞ þ t041ðEFs ; nzÞ
� �

" #�1

ð1:244Þ

The electron concentration and the ER for bulk specimens of Te in the absence
of band tails can, respectively, be expressed as

n0 ¼
1

3p2
½M9ðEFÞ þ N9ðEFÞ� ð1:245Þ

and

D

l
¼ 1

e

M9ðEFÞ þ N9ðEFÞ
M09ðEFÞ þ N 09ðEFÞ

� �
ð1:246Þ
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where, M9ðEFÞ ¼ 3w5ðEFÞC3ðEFÞ � w6C
3
3ðEFÞ

� �
;w5ðEFÞ ¼ EF

w2
þ w2

4

2w2
2

h i
and

C3ðEFÞ ¼ ½2w1�
�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2

3 þ 4w1EF

q
� w3

� �
and N9ðEFÞ �

Ps
r¼1 LðrÞM9ðEFÞ

1.2.7 The ER from QWs of HD Gallium Phosphide

The energy spectrum of the conduction electrons in n-GaP can be written as [194]

E ¼ �h2k2
s

2m�?
þ �h2

2m�k
�A0k2

s þ k2
z

� �
� �h4k2

0

m�2k
ðk2

s þ k2
z Þ þ VGj j2

" #1=2

þ VGj j ð1:247Þ

where, k0 and VGj j are constants of the energy spectrum and �A0 ¼ 1.
The dispersion relation of the conduction electrons in HD n-GaP can be

expressed as

c3ðE; ggÞ ¼
�h2k2

s

2m�?
þ �h2

2m�k
�A0k2

s þ k2
z

� �
� �h4k2

0

m�2k
ðk2

s þ k2
z Þ þ VGj j2

" #1=2

� VGj j

ð1:248Þ

The EEMs assume the forms as

m�z ðEFh ; ggÞ ¼
�h2c03ðEFh ; ggÞ

b
½1� ðC þ bDÞ½C2 þ 4bD2 þ 4bCc3ðEFh ; ggÞ

� 4bCDþ 4b2c3ðEFh ; ggÞD��1=2�
ð1:249Þ

and

m�s ðEFh ; ggÞ ¼
�h2

2
½t11c

0
3ðEFh ; ggÞ � t41t05ðEFh ; ggÞ� ð1:250Þ

where, b ¼ �h2

2m�k
; C ¼ ð�h2k0=m�kÞ

2; D ¼ VGj j; t11 ¼ 1
a ; a ¼ �h2

2m�?
þ �A0b; t41 ¼

ffiffiffiffi
g3
p

2a2 ,

g3 ¼ ð4abcþ 4a2cÞ; t2
5ðEFh ; ggÞ ¼ ½g2 � 4aCc3ðEFh ; ggÞ�ðg3Þ�1; g2 ¼ ð4a2b2þ

C2 þ 4aCDÞ
The electron concentration can be expressed as
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n0 ¼
gv

4p2
�I127ðEFh ; ggÞ þ

Xs

r¼1

LðrÞ½�I127ðEFh ; ggÞ�
" #

ð1:251Þ

where,

�I127ðEFh ; ggÞ ¼ ½M1HDðEFh ; ggÞ�;

M1HDðEFh ; ggÞ ¼ 2ðt11c3ðEFh ; ggÞ þ t21Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t81 þ t91c3ðEFh ; ggÞ

qh

þ ðt31=3Þh3
;�ðEFh ; ggÞ þ ðt41=2Þ h;�ðEFh ; ggÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2
�ðEFh ; ggÞ þ t5ðEFh ; ggÞ

q�

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t5ðEFh ; ggÞ

q i
þ t41t5ðEFh ; ggÞ=2
� �

ln
h;�ðEFh ; ggÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2
�ðEFh ; ggÞ þ t5ðEFh ; ggÞ

q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t5ðEFh ; ggÞ

q

�������

�������

3

75

3

75;

t21 ¼ g1
2a2 ; g1 ¼ �ðC þ 2aDÞ; t81 ¼ ½t4

41 þ 4t2
41t21t31 þ ð4t2

31t2
41g2Þðg3Þ�1�; t31 ¼ b

a ;

t91 ¼ ½4t11t31t2
41 þ 8t11t21t2

31 � ð16t2
31t2

41aCÞðg3Þ�1�; h�ðEFh ; ggÞ ¼ ðt31

ffiffiffi
2
p
Þ�1 ½t61 þ

t71c3ðEFh ; ggÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t81 þ t91c3ðEFh ; ggÞ

q
�; t61 ¼ ðt2

41 þ 2t21t31Þ and t71 ¼ ð2t11t31Þ
The �Ehd in this case is given by the equation

c3ð�Ehd; ggÞ ¼ 0 ð1:252Þ

Therefore using (1.251), (1.252), and (1.31c) we can study the ER in this case.
The 2D dispersion relation in QW of HD GaP can be expressed following

(1.248) as

k2
s ¼ t11c3ðE; ggÞ þ t21 � t31

pnz

dz

	 
2

� t41
pnz

dz

	 
2

þt2
5ðE; ggÞ

" #1=2

ð1:253Þ

The EEM in this case can be written following (1.253) as

m�ðEF1HD; gg; nzÞ ¼
�h2

2

"

t11c
0
3ðEF1HD; ggÞ

� t41t5ðEF1HD; ggÞt05ðEF1HD; ggÞ
pnz

dz

	 
2

þ t2
5ðEF1HD; ggÞ

" #�1=2
3

5

ð1:254Þ

The total DOS function assumes the form
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N2DTðE; ggÞ ¼
gv

2p

Xnz max

nz¼1

t11c
0
3ðE; ggÞ � t41t5ðE; ggÞt05ðE; ggÞ

�

pnz

dz

	 
2

þt2
5ðE; ggÞ

" #�1=2

�HðE � Enz8THDÞ
ð1:255Þ

where, Enz8THD is given by the equation

t11c3ðEnz8THD ; ggÞ þ t21 � t31
pnz

dz

	 
2

� t41
pnz

dz

	 
2

þ t2
5ðEnz8THD ; ggÞ

" #1=2

¼ 0

ð1:256Þ

The surface electron concentration in QW of HD n-GaP can be written as

ns ¼
gv

p

Xnz max

nz¼1

t3HDGaPðEF1HD; gg; nzÞ þ t4HDGaPðEF1HD; gg; nzÞ
� �

ð1:257Þ

where, t1HDGaPðEF1HD; gg; nzÞ ¼ t11c3ðEF1HD; gg; nzÞ þ t21 � t31
pnz

dz

� �2
�t41

pnz

dz

� �2
þ t2

5ðEF1HD;

�
gg; nzÞ

�1=2

and t4HDGaPðEF1HD; gg; nzÞ ¼
Ps

r¼1 LðrÞ½t3HDGaP

ðEF1HD; gg; nzÞ�
Thus using (1.257) and (1.38) we can study the ER in this case.
The 2D electron dispersion relation in size-quantized n-GaP in the absence of

band tails assumes the form

E ¼ ak2
s þ Cðnzp=dzÞ2 þ VGj j � Dk2

s þ VGj j2þDðnzp=dzÞ2
h i1=2

ð1:258Þ

The sub-band energy ðEnz13Þ are given by

Enz13 ¼ Cðpnz=dzÞ2 þ VGj j � VGj j2þDðpnz=dzÞ2
h i1=2

ð1:259Þ

The (1.258) can be expressed as

k2
s ¼ t42ðE; nzÞ ð1:260Þ

in which, t42ðE; nzÞ � f2aðE � t1Þ þ Dg � f½2aðE � t1Þ þ D�2 � 4a2½ðE � t1Þ2�
h

t2�g1=2
i
, t1 � VGj j þ Cðpnz=dzÞ2 and t2 � VGj j2þDðpnz=dzÞ2:

The total DOS function is given by
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N2DTðEÞ ¼
gv

4pa2

Xnzmax

nz¼1

t042ðE; nzÞ
� �

HðE � Enz13Þ ð1:261aÞ

Using (1.260) the EEM can be expressed as

m�ðEFs ; nzÞ ¼
�h2

2
t042ðEFs ; nzÞ ð1:261bÞ

The electron statistics in QWs in n-GaP assumes the form

n2D ¼
gv

4pa2

� �Xnzmax

nz¼1

t42ðEFs; nzÞ þ t43ðEFs; nzÞ½ �
" #

t43ðEFs; nzÞ ¼
Xs

r¼1

LðrÞ½t42ðEFs; nzÞ�
ð1:262Þ

where, t43ðEFs; nzÞ ¼
Ps

r¼1 LðrÞ½t42ðEFs; nzÞ�
The ER in this case is given by

D

l
¼ 1

e

	 
 Xnzmax

nz¼1

t042ðEFs; nzÞ þ t043ðEFs; nzÞ
� �

" #�1 Xnzmax

nz¼1

t42ðEFs; nzÞ þ t43ðEFs; nzÞð Þ
" #

ð1:263Þ

The EEMs in bulk specimens of n-GaP in the absence of band tails can be
written as

m�s ðEFÞ ¼
�h2

2
½t11 � t41t05ðEFÞ� ð1:264Þ

and

m�z ðEFÞ ¼
�h2

b
½1� C½4bCEF þ 4b2D2 þ C2 � 4bCD��1=2� ð1:265Þ

where t5ðEFÞ ¼ g2�4aCEF

g3

h i1=2

The electron concentration and the ER in this case assume the forms

n0 ¼
gv

4p2
½M1ðEFÞ þ N1ðEFÞ� ð1:266Þ

D

l
¼ 1

e
½M1ðEFÞ þ N1ðEFÞ�½M01ðEFÞ þ N 01ðEFÞ��1 ð1:267Þ
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where M1ðEFÞ ¼ ½2ðt11EF þ t21Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t91EF þ t81
p

þ t31
3 /3ðEFÞ þ t41

2 ½/ðEFÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
/2ðEFÞ þ t5ðEFÞ

q

þ t41t5ðEFÞ
2 ½ln /ðEFÞþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
/2ðEFÞþt5ðEFÞ
p
ffiffiffiffiffiffiffiffiffi
t5ðEFÞ
p

����

������, /ðEFÞ ¼ ðt31

ffiffiffi
2
p
Þ�1½t61 þ EFt71 � ½t81 þ t91

EF �1=2� and N1ðEFÞ ¼
Ps0

r¼1 ½LðrÞM1ðEFÞ�

1.2.8 The ER in QWs of HD Platinum Antimonide

The dispersion relation for the n-type PtSb2 can be written as [195]

E þ k0
a2

4
k2 � lk2

s

a2

4

� �
E þ d0 � m

a2

4
k2 � n0k2

s

a2

4

� �
¼ I

a4

16

	 

k4 ð1:268Þ

The (1.268) assumes the form

E þ x1k2
s þ x2k2

z

� �
E þ d0 þ x3k2

s � x4k2
z

� �
¼ I1 k2

s þ k2
z

� �2 ð1:269Þ

where x1 ¼ ½k0
a2

4 þ l a2

4 �; x2 ¼ k0
a2

4 ;x3 ¼ ½n0 a2

4 � t a2

4 �;x4 ¼ t a2

4 ; I1 ¼ Iða2

4 Þ
2;

k0; l; d0; m; n0 and a are the band constants.
The carrier dispersion law in HD PtSb2 can be written as

T11k4
s � k2

s ½T21ðE; ggÞ � T31k2
z � þ ½T41k4

z � T51ðE; ggÞk2
z � T61ðE; ggÞ� ¼ 0

ð1:270Þ

where, T11 ¼ ðI1 � x2x3Þ; T21ðE; ggÞ ¼ ½x1d0 þ x1c3ðE; ggÞ þ x3c3ðE; ggÞ�,
T31 ¼ ½2I1 þ x2x4 � x2x3�; T41 ¼ ½2I1 þ x2x4�, T51ðE; ggÞ ¼ ½x2c0ðE; ggÞ �
x4c3 ðE; ggÞ þ x2c3ðE; ggÞ�, T61ðE; ggÞ ¼ ½c8ðE; ggÞ þ c0ðE; ggÞc3ðE; ggÞ� and

c8ðE; ggÞ ¼ 2h0 ðE; ggÞ½1þ Erf ðE=ggÞ��1

The EEMs are given by

m�s ðEFh ; ggÞ ¼
�h2

2T11
T 021ðEFh ; ggÞ þ

ðT21ðEFh ; ggÞT 021ðEFh ; ggÞ þ 2T11T 061ðEFh ; ggÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2

21ðEFh ; ggÞ þ 4T11T61ðEFh ; ggÞ
q

2

64

3

75

ð1:271Þ

and

m�z ðEFh ; ggÞ ¼ ð
�h2

2T41
Þ½T 051ðEFh ; ggÞ þ ½T51ðEFh ; ggÞT 051ðEFh ; ggÞ

þ 2T41T 061ðEFh ; ggÞ�½T2
51ðEFh ; ggÞ þ 4T41T61ðEFh ; ggÞ�

�1=2�
ð1:272Þ
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The electron concentration assumes the form

n0 ¼
gv

3p2
�I128 EFh ; gg

� �
þ
Xs

r¼1

LðrÞ½�I128 EFh ; gg

� �
�

" #

ð1:273aÞ

where, �I128 EFh ; gg

� �
¼ ½M6HDðEFh ; ggÞ�;

M6HDðEFh ; ggÞ ¼ ½T91HDðEFh ; ggÞq2HDðEFh ; ggÞ � T101
q3

2HDðEFh ; ggÞ
3

� T11J3ðEFh ; ggÞ�;

T91HDðEFh ; ggÞ ¼
T21ðEFh ; ggÞ

2T11
;

q2HDðEFh ; ggÞ ¼ ½ð2T41Þ�1½T51ðEFh ; ggÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2

51ðEFh ; ggÞ þ 4T41T61ðEFh ; ggÞ
q

��1=2

T101 ¼ ½T31=2T11�;

J3ðEFh ; ggÞ ¼
q2HDðEFh ; ggÞ

3
½½A2

3HDðEFh ; ggÞ þ B2
3HDðEFh ; ggÞ�E0ðgðEFh ; ggÞ;

tðEFh ; ggÞÞ � ½A2
3HDðEFh ; ggÞ � B2

3HDðEFh ; ggÞ�F0ðgðEFh ; ggÞ; tðEFh ; ggÞÞ�

þ
q2HDðEFh ; ggÞ

3
½ðA2

3HDðEFh ; ggÞ � q2
2HDðEFh ; ggÞÞðB2

3HDðEFh ; ggÞ

� q2
2HDðEFh ; ggÞÞ�1=2;

E0ðgðEFh ; ggÞ; tðEFh ; ggÞÞ and F0ðgðEFh ; ggÞ; tðEFh ; ggÞÞ are the incomplete elliptic
integrals of second and first respectively,

A2
3HDðEFh ; ggÞ ¼

1
2
½T12ðEFh ; ggÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2

12ðEFh ; ggÞ � 4T13ðEFh ; ggÞ
q

�; T12ðEFh ; ggÞ ¼ ½T7ðEFh ; ggÞ=�T61�
�T61 ¼ ½T2

31 � 4T11T41�; T7ðEFh ; ggÞ ¼ ½2T31T21ðEFh ; ggÞ � 4T11T51ðEFh ; ggÞ�;
T13ðEFh ; ggÞ ¼ ðT8ðEFh ; ggÞ=�T8Þ;
T8ðEFh ; ggÞ ¼ ½T2

21ðEFh ; ggÞ þ 4T11T61ðEFh ; ggÞ�;

B2
3HDðEFh ; ggÞ ¼

1
2
½T12ðEFh ; ggÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2

12ðEFh ; ggÞ � 4T13ðEFh ; ggÞ
q

�; �T11 ¼ ½
ffiffiffiffiffiffiffi
�T61

p
=2T11�

tðEFh ; ggÞ ¼ ½B3ðEFh ; ggÞ=A3ðEFh ; ggÞ�gðEFhggÞ ¼ sin�1½
q2ðEFh ; ggÞ
B3ðEFh ; ggÞ

�

The �Ehd in this case is given by the equation

T61ð�Ehd; ggÞ ¼ 0 ð1:273bÞ

Using (1.273a), (1.273b), and (1.38), we can study the ER in this case.
From (1.270) the dispersion relation in QWs of HD PtSb2 can be expressed as
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T11k4
s � P1HDðE; gg; nzÞk2

s þ P2HDðE; gg; nzÞ ¼ 0 ð1:274Þ

where,

P1HDðE; gg; nzÞ ¼ ½T21ðEFh ; ggÞ � T31ðpnz=dzÞ2�
P2HDðE; gg; nzÞ ¼ ½T41ðpnz=dzÞ4 � T51ðEFh ; ggÞðpnz=dzÞ2 � T61ðEFh ; ggÞ�

(1.274) can be written as

k2
s ¼ A60ðE; gg; nzÞ ð1:275Þ

where,

A60ðE; gg; nzÞ ¼ ½P1HDðE; gg; nzÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2

1HDðE; gg; nzÞ � 4T11P2HDðE; gg; nzÞ
q

�

The EEM assumes the form

m�ðEF1HD; gg; nzÞ ¼
�h2

2
A060ðEF1HD; gg; nzÞ ð1:276Þ

The surface electron concentration is given by

n0 ¼
gv

2p

Xnz max

nz¼1

½A60ðEF1HD; gg; nzÞ þ B60ðEF1HD; gg; nzÞ� ð1:277Þ

where,

B60ðEF1HD; gg; nzÞ ¼
Xs0

r¼1

LðrÞ½A60ðEF1HD; gg; nzÞ�

From (1.269), we can write the expression of the 2D dispersion law in QWs of
n-PtSb2 in the absence of band tails as

k2
s ¼ t44ðE; nzÞ ð1:278Þ

where,

t44ðE; nzÞ ¼ ½2A9��1½�A10ðE; nzÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

10ðE; nzÞ þ 4A9A11ðE; nzÞ
q

�

A9 � ½I1 þ x1x3�; A10ðE; nzÞ � x3E þ x1 E þ d0 � x4
pnz

dz

	 
2
( )"

þ x2x3
pnz

dz

� �2
þ2I1

pnz

dz

� �4
#
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and

A11ðE; nzÞ � E E þ d0 � x4
pnz

dz

	 
2
" #

þ x2
pnz

dz

	 
2

E þ d0 � x4
pnz

dz

	 
2
" #

� I1
pnz

dz

	 
4
" #

The area of ks space can be expressed as

AðE; nzÞ ¼ pt44ðE; nzÞ ð1:279Þ

The total DOS function assumes the form

N2DTðEÞ ¼
gv

2p

Xnzmax

nz¼1

½t044ðE; nzÞ�HðE � Enz14Þ ð1:280Þ

where the quantized levels Enz14 can be expressed through the equation

Enz14 ¼ ð2Þ
�1 � x2

pnz

dz

	 
2

þ d0 � x4
pnz

dz

	 
2
" #

þ x2
pnz

dz

	 
2

þ d0 � x4
pnz

dz

	 
2
" #2

8
<

:

2

4

þ 4 I1
pnz

dz

	 
4

þ x2x4
pnz

dz

	 
4

� x2d0
pnz

dz

	 
2
" #)1=2

3

5

ð1:281aÞ

Using (1.278), the EEM in this case can be written as

m�ðEFs ; nzÞ ¼
�h2

2
t044ðEFs ; nzÞ ð1:281bÞ

The electron statistics can be written as

n2D ¼
gv

2p

Xnzmax

nz¼1

½t44ðEFS ; nzÞ þ t45ðEFS ; nzÞ� ð1:282Þ

where t45ðEFs; nzÞ �
PS

r¼1 LðrÞ½t44ðEFs; nzÞ�
The ER in this case is given by

D

l
¼ 1

e

Xnzmax

nz¼1

½t044ðEFs; nzÞ þ t045ðEFs; nzÞ�
" #�1

�
Xnzmax

nz¼1

½t44ðEFs; nzÞ þ t45ðEFs; nzÞ�
" #

ð1:283Þ
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1.2.9 The ER from QWs of HD Bismuth Telluride

The dispersion relation of the conduction electrons in Bi2Te3 can be written as
[196–198]

Eð1þ aEÞ ¼ �x1k2
x þ �x2k2

y þ �x3k2
z þ 2�x4kzky ð1:284Þ

where x1 ¼ �h2

2m0
a11;x2 ¼ �h2

2m0
a22;x3 ¼ �h2

2m0
a33;x4 ¼ �h2

2m0
a23 in which a11; a22; a33

and a23 are system constants.
The dispersion relation in HD Bi2Te3 assumes the form

c2ðE; ggÞ ¼ �x1k2
x þ �x2k2

y þ �x3k2
z þ 2�x4kzky ð1:285Þ

The EEMs can, respectively, be expressed as

m�xðEFh ; ggÞ ¼
�h2

2�w1
c02ðEFh ; ggÞ ð1:286Þ

m�yðEFh ; ggÞ ¼
�h2

2�w2
c02ðEFh ; ggÞ ð1:287Þ

m�z ðEFh ; ggÞ ¼
�h2

2�w3
c02ðEFh ; ggÞ ð1:288Þ

The DOS function in this case is given by

NðEÞ ¼ 4pgvð
2m0

h2
Þ3=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðE; ggÞ

q
c02ðE; ggÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a11a22a33 � 4a11a2

23

p ð1:289Þ

Thus combining (1.289) with the Fermi Dirac occupation probability factor, the
electron concentration can be written as

n0 ¼
gv

3p2
ð2m0

�h2 Þ
3=2ða11a22a33 � 4a11a

2
23Þ
�1=2½U1HDðEFh ; ggÞ þ U2HDðEFh ; ggÞ�

ð1:290aÞ

where,

U1HDðEFh ; ggÞ ¼ ½c2ðEFh ; ggÞ�3=2;U2HDðEFh ; ggÞ ¼
Ps

r¼1 LðrÞ½U1HDðEFh ; ggÞ�
The �Ehd in this case is given by the equation

c2ð�Ehd; ggÞ ¼ 0 ð1:290bÞ

Using (1.290a), (1.290b), and (1.38), we can study the ER in this case.
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The dispersion relation in QWs of HD Bi2Te3 can be expressed as

c2ðE; ggÞ ¼ �x1ð
pnx

dx
Þ2 þ �x2k2

y þ �x3k2
z þ 2�x4kzky ð1:291Þ

The EEM can be expressed as

m�ðEF1HD; ggÞ ¼
m0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a11a33 � 4a2
23

p c02ðEF1HD; ggÞ ð1:292Þ

The surface electron concentration can be written as

n2D ¼
gv

2p

Xnz max

nz¼1

R60ðEF1HD; gg; nzÞ þ R61ðEF1HD; gg; nzÞ
" #

ð1:293Þ

R60ðEF1HD; gg; nzÞ ¼
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a11a33 � 4a2

23

p ½
2m0c2ðEF1HD; ggÞ

�h2 � 2m0

�h2 ð
pnx

dx
Þ2�a11�

and

R61ðEF1HD; gg; nzÞ ¼
Xs

r¼1

LðrÞ½R60ðEF1HD; gg; nzÞ�

Using (1.293) and (1.38) we can study the ER in this case.
The 2D electron dispersion law in QWs of Bi2Te3 in the absence of band tails

assumes the form

Eð1þ aEÞ ¼ x1ð
nxp
dx
Þ2 þ x2k2

y þ x3k2
z þ 2x4kzky ð1:294Þ

The area of the ellipse is given by

AnðE; nxÞ ¼
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�a22�a33 � 4�a2

23

p
2m0Eð1þ aEÞ

�h2 � �x1ð
nxp
dx
Þ2

� �
ð1:295Þ

The total DOS function assumes the form

N2DTðEÞ ¼
gvm0

p�h2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a22a33 � 4a2

23

q
Xnx max

nx¼1

ð1þ 2aEÞHðE � Enz15Þ ð1:296Þ

where, (Enz15 ) can be expressed through the equation

Enz15ð1þ aEnz15Þ ¼ x1ð
nxp
dx
Þ2 ð1:297aÞ
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The EEM in this case assumes the form as

m�ðEFsÞ ¼
m0ð1þ 2aðEFsÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�a22�a33 � 4�a2
23

p ð1:297bÞ

The electron concentration can be written as

n2D ¼
kBTgv

p�h2

m0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a22a33 � 4a2

23

q

0

B@

1

CA
Xnx max

nx¼1

ð1þ 2aEnz15ÞF0ðgn15
Þ þ 2akBTF1ðgn15

Þ
� �

ð1:298Þ

Using (1.298) the ER in this case is given by

D

l
¼

Xnzmax

nz¼1

kBT

e

	 

1þ 2nz15

� �
F�1ðgn15

Þ þ 2BTF0ðgn15
Þ

� �" #�1

½
Xnzmax

nz¼1

1þ 2aEnz15

� �
F0ðgn15

Þ þ 2akBTF1ðgn15
Þ

h i
�

ð1:299Þ

where, gn15
¼ EFs�Enz15

kBT

1.2.10 The ER from QWs of HD Germanium

It is well known that the conduction electrons of n-Ge obey two different types of
dispersion laws since band non-parabolicity has been included in two different
ways as given in the literature [199–201].

(a) The energy spectrum of the conduction electrons in bulk specimens of n-Ge
can be expressed in accordance with Cardona et al. [199], Gibson [200] as

E ¼ �Eg0

2
þ

�h2k2
z

2m�k
þ

Eg2
0

4
þ Eg0 k2

s

�h2

2m�?

	 
� �1=2

ð1:300Þ

where in this case m�k and m�? are the longitudinal and transverse effective masses

along \111[ direction at the edge of the conduction band respectively
The (1.300) can be written as
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�h2k2
s

2m�?
¼ Eð1þ aEÞ þ a

�h2k2
z

2m�k

 !2

�ð1þ 2aEÞ
�h2k2

z

2m�k

 !

ð1:301Þ

The dispersion relation under the condition of heavy doping can be expressed
from (1.301) as

�h2k2
s

2m�?
¼ c2ðE; ggÞ þ a

�h2k2
z

2m�k

 !2

�ð1þ 2ac3ðE; ggÞÞ
�h2k2

z

2m�k
ð1:302Þ

The EEMs can be written as

m�s ðEFh; ggÞ ¼ m�?c02ðEFh; ggÞ ð1:303Þ

and

m�z ðEFh; ggÞ ¼ m�k½c03ðEFh; ggÞ �
½c03ðEFh; ggÞ½1þ 2ac3ðEFh; ggÞ� � c02ðEFh; ggÞ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½1þ 2ac3ðEFh; ggÞ�2 � 4ac2ðEFh; ggÞ
q �

ð1:304Þ

The electron concentration can be written as

n0 ¼
8pgvm�?

ffiffiffiffiffiffiffiffi
2m�k

q

h3
�I129 EFh ; gg

� �
þ
Xs

r¼1

LðrÞ½�I129 EFh ; gg

� �
�

" #

ð1:305aÞ

where,
�I129 EFh ; gg

� �
¼ ½M8HDðEFh ; ggÞ�;

M8HDðEFh ; ggÞ ¼ ½c3ðEFh ; ggÞ�1=2½c2ðEFh ; ggÞ þ
a
5
c2

3ðEFh ; ggÞ�

�
c3ðEFh ; ggÞ

3
½1þ 2ac3ðEFh ; ggÞ��

The �Ehd in this case is given by the equation

c2ð�Ehd; ggÞ ¼ 0 ð1:305bÞ

Thus by using (1.305a), (1.305b) and (1.38), we can study the ER in this case.
In the presence of size quantization, the dispersion law in QW of HD Ge can be

written following (1.302) as
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�h2k2
s

2m�?
¼ c2ðE; ggÞ þ a

�h2ðnzp=dzÞ2

2m�k

 !2

� ð1þ 2ac3ðE; ggÞÞ
�h2ðnzp=dzÞ2

2m�k
ð1:306aÞ

The EEM assumes the form

m�s ðEF1HD; gg; nzÞ ¼ m�?½c02ðEF1HD; ggÞ �
a�h2

m�k
ðnzp

dz
Þ2c03ðEFh ; ggÞ� ð1:306bÞ

The surface electron concentration per unit area is given by

n2D ¼
gvm�?
p�h2

Xnzmax

nz¼1

½R1ðEF1HD; gg; nzÞ þ S1ðEF1HD; gg; nzÞ� ð1:307Þ

where, R1ðEF1HD; gg; nzÞ ¼ ½c2ðEF1HD; ggÞ þ a �h2ðnzp=dzÞ2
2m�k

	 
2

�ð1þ 2ac3ðEF1HD; ggÞÞ

�h2ðnzp=dzÞ2
2m�k

� and S1ðEF1HD; gg; nzÞ ¼
PS

r¼1 LðrÞ½R1ðEF1HD; gg; nzÞ�
Thus using (1.307) and (1.38) we can study the ER in this case.
In the presence of size quantization along kz direction, the 2D dispersion

relation of the conduction relations in QWs of n-Ge in the absence of band tails
can be written by extending the method as given in [193] as

�h2k2
x

2m�1
þ

�h2k2
y

2m�2
¼ cðE; nzÞ ð1:308Þ

where, m�1 � m�?; m�2 ¼
m�?þ2m�k

3 , cðE; nzÞ � Eð1þ aEÞ � ð1þ 2aEÞ �h2

2m�3

nzp
dz

� �2
þ

�

a �h2

2m�3

nzp
dz

� �2
� �2

#

and m�3 ¼
3m�km

�
?

2m�kþm�?
.

The area of ellipse of the 2D surface as given by (1.308) can be written as

AðE; nzÞ ¼
2p

ffiffiffiffiffiffiffiffiffiffiffi
m�1m�2

p

�h2 cðE; nzÞ ð1:309aÞ

The EEM in this case can be written as

m�ðEFs ; nzÞ ¼ ð
ffiffiffiffiffiffiffiffiffiffiffi
m�1m�2

p
Þ½cðEFs ; nzÞ�0 ð1:309bÞ

The DOS function per sub-band can be expressed as
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N2DðEÞ ¼
4
ffiffiffiffiffiffiffiffiffiffiffi
m�1m�2

p

p�h2 1þ 2aE � 2a
�h2

2m�3

pnz

dz

	 
2
 !" #

ð1:310Þ

The total DOS function is given by

N2DTðEÞ ¼
4

p�h2

ffiffiffiffiffiffiffiffiffiffiffi
m�1m�2

p Xnzmax

nz¼1

1þ 2aE � 2a
�h2

2m�3

pnz

dz

	 
2
 !" #

HðE � Enz16Þ

ð1:311Þ

where, Enz16 is the positive root of the following equation

Enz16 1þ aEnz16

� �
� 1þ 2aEnz16

� � �h2

2m�3

pnz

dz

	 
2
 !

þ a
�h2

2m�3

pnz

dz

	 
2
 !2

¼ 0

ð1:312Þ

Thus combining (1.311) with the Fermi Dirac occupation probability factor, the
2D electron statistics in this case can be written as

n2D ¼
4
ffiffiffiffiffiffiffiffiffiffiffi
m�1m�2

p
kBT

p�h2

Xnzmax

nz¼1

½ðA1ðnzÞ þ 2aEnz16ÞF0ðEnz16Þ þ 2akBTF1ðEnz16Þ� ð1:313Þ

where A1ðnzÞ � 1þ 2a �h=2m�3
� �

ðpnz=dzÞ2
h i

and gnz16
� 1

kBT EFs � Enz16

� �
:

The ER in this case is given by

D

l
¼ kBT

e

Xnz¼max

nz¼1

½ðA1ðnzÞ þ 2aEnz16
ÞF�1ðEnz16

Þ þ 2akBTF0ðEnz16
Þ�

" #�1

Xnz¼max

nz¼1

½ðA1ðnzÞ þ 2aEnz16
ÞF0ðEnz16

Þ þ 2akBTF1ðEnz16
Þ�

" # ð1:314Þ

The expressions of EEMs’ in bulk specimens of Ge in the absence of band tails
can be written following (1.301) as

m�z ðEFÞ ¼ m�k ð1:315Þ

m�s ðEFÞ ¼ m�?ð1þ 2aEFÞ ð1:316Þ

The DOS function for bulk specimens of Ge in the absence of band tails can be
written following (1.301) as
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NðEÞ ¼ 4pgv
2m�D
h2

	 
3
2

E
1
2 � 5

6
aE

3
2 þ 18a

5
m�11

�h2

	 
2

E
7
2

" #

; mD ¼ m�2? � m�k
� �1

3

ð1:317Þ

Using (1.317), the electron concentration in bulk specimens of Ge can be
written as

n0 ¼ Nc1 F1
2
ðgÞ � 5

4
akBTF3

2
ðgÞ þ 189

4
akBT

m�11kBT

�h2

	 
2

F7
2
ðgÞ

" #

;

Nc1 ¼ 2gv
2pm�DkBT

h2

	 
3
2

ð1:318Þ

The use of (1.318) leads to the expression of ER in this case as

D

l
¼ kBT

e

½F1
2
ðgÞ � 5

4 akBTF3
2
ðgÞ þ 189

4 akBT
m�11kBT

�h2

� �2
F7

2
ðgÞ�

½F�1
2
ðgÞ � 5

4 akBTF1
2
ðgÞ þ 189

4 akBT
m�11kBT

�h2

� �2
F5

2
ðgÞ�

2

64

3

75 ð1:319Þ

(b) The dispersion relation of the conduction electron in bulk specimens of n-Ge
can be expressed in accordance with the model of Wang and Ressler [201]
can be written as

E ¼ �h2k2
z

2m�k
þ �h2k2

s

2m�?
� �a4

�h2k2
s

2m�?

	 
2

��a5
�h2k2

s

2m�?

	 

�h2k2

z

2m�k

 !

� �a6
�h2k2

z

2m�k

 !2

ð1:320Þ

where, �a4 ¼ b4ð
2m�?
�h2 Þ; b4 ¼ 1:4b5;

b5 ¼
a�h4

4
½ðm�?Þ

�1 � ðm0Þ�1�2; �a5 ¼ �a7ð
4m�?m�k

�h4 Þ; �a7 ¼ 0:8b5

and �a6 ¼ ð0:005b5Þð
2m�k
�h2 Þ

2

The energy spectrum under the condition of heavy doping can be written as

c3ðE; ggÞ ¼
�h2k2

z

2m�k
þ �h2k2

s

2m�?
� �a4

�h2k2
s

2m�?

	 
2

��a5
�h2k2

s

2m�?

	 

�h2k2

z

2m�k

 !

� �a6
�h2k2

z

2m�k

 !2

ð1:321aÞ
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The (1.321) can be expressed as

�h2k2
s

2m�?
¼ �a8 � �a9k2

z � �a10 k4
z þ �a11k2

z þ �a12ðE; ggÞ
� �1=2 ð1:321bÞ

where

�a8 ¼ 1
2�a4
; �a9 ¼ �a5

2�a4
ð �h2

2m�k
Þ; �a10 ¼ 1

2�a4
ð �h2

2m�k
Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�a2

5 � 4�a4�a6

q
;

�a11 ¼
2m�k

�h
4�a4�2�a5
�a2

5�4�a4�a6

h i
and �a12ðE; ggÞ ¼ ð

2m�k
�h2 Þ2

1�4�a4c3ðE; ggÞð Þ
�a2

5�4�a4�a6

� �

The EEMs’ can be written as

m�ðEFh; ggÞ ¼ ½
m�kc

0
3ðEFh; ggÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4�a6c3ðEFh; ggÞ

q � ð1:322Þ

m�?ðEFh; ggÞ ¼
m�?c

0
3ðEFh; ggÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 4�a4c3ðEFh; ggÞ
q

2

64

3

75 ð1:323Þ

The electron concentration in HD Ge in accordance with the model of Wang
and Ressler can be expressed as

n0 ¼
m�?gv

p2�h2 I3ðEFh ; gsÞ þ I4ðEFh ; gsÞ½ � ð1:324aÞ

where

I3ðEFh ; gsÞ ¼ �a8q10ðEFh ; ggÞ �
�a9

3
q3

10ðEFh ; gsÞ � �a10J10ðEFh ; gsÞ
� �

;

q10ðEFh ; ggÞ ¼
1
�h

m�k
�a6

� �1
2

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4a6c3ðEFh ; ggÞ

qh i1
2

J10ðEFh ; ggÞ ¼
A1ðEFh ; ggÞ

3
½�E0ðkðEFh ; ggÞ; qðEFh ; ggÞÞ�

½A2
1ðEFh ; ggÞ þ B

2
1ðEFh ; ggÞ� þ 2�B2

1ðEFh ; ggÞF0ðkðEFh ; ggÞ; qðEFh ; ggÞÞ�

þ
A1ðEFh ; ggÞ

3
½q2

10ðEFh ; ggÞ þ A
2
1ðEFh ; ggÞ þ 2�B2

1ðEFh ; ggÞ�

A
2
1ðEFh ; ggÞ þ q2

10ðEFh ; ggÞ
B

2
1ðEFh ; ggÞ þ q2

10ðEFh ; ggÞ

" #1
2
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�A2
1ðEFh ; ggÞ ¼

1
2
½�a11 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�a2

11 � 4�a2
12ðEFh ; ggÞ

q
�; �B2

1ðEFh ; ggÞ ¼
1
2
½�a11 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�a2

11 � 4�a2
12ðEFh ; ggÞ

q
�;

kðEFh ; ggÞ ¼ tan�1½
q10ðEFh ; ggÞ
�B1ðEFh ; ggÞ

�; qðEFh ; ggÞ ¼
�A2

1ðEFh ; ggÞ � �B2
1ðEFh ;ggÞ

�A2
1ðEFh ;ggÞ

" #

and I4ðEFh ; ggÞ ¼
Ps

r¼1
LðrÞ½I3ðEFh ; ggÞ�

The �Ehd in this case is given by the equation

c2ð�Ehd; ggÞ ¼ 0 ð1:324bÞ

Thus using (1.324a), (1.324b), and (1.38) we can study the ER in this case.
The dispersion relation in QW of HD Ge can be written as

�h2k2
s

2m�?
¼ �a8 � �a9ð

nzp
dz
Þ2 � �a10 ð

nzp
dz
Þ4 þ �a11ð

nzp
dz
Þ2 þ �a12ðE; ggÞ

� �1=2
; ð1:325Þ

The (1.325) can be expressed as

�h2k2
s

2m�?
¼ A75ðE; gg; nzÞ ð1:326Þ

where, A75ðE; gg; nzÞ ¼ ½�a8 � �a9ðpnz

dz
Þ2 � �a10½ðpnz

dz
Þ4 þ �a11ðpnz

dz
Þ2 þ �a12ðE; ggÞ�1=2�

The EEM is given by

m�s ðEF1HD; gg; nzÞ ¼ m�?A075ðEF1HD; gg; nzÞ ð1:327Þ

The electron concentration per unit area assumes the form

n2D ¼
m�?gv

p�h2

Xnz max

nz¼1

½A75ðEF1HD; gg; nzÞ þ A76ðEF1HD; gg; nzÞ� ð1:328Þ

where, A76ðEF1HD; gg; nzÞ ¼
Ps

r¼1
LðrÞ½A75ðEF1HD; gg; nzÞ�

Using (1.328) and (1.38) we can study the ER in this case
The 2D dispersion law in the absence of band tails can be expressed as

E ¼ A5ðnzÞ þ A6ðnzÞb� �a4b
2 ð1:329Þ

where, A5ðnzÞ ¼ �h2

2m�3

pnz

dz

� �2
½1� �a6ð �h2

2m�3
Þðpnz

dz
Þ2�; A6ðnzÞ ¼ 1� �a5ð �h2

2m�3
Þðpnz

dz
Þ2

h i
and
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b � �h2k2
x

2m�1
þ

�h2k2
y

2m�2
:

The (1.329) can be written as

�h2k2
x

2m�1
þ

�h2k2
y

2m�2
¼ I1ðE; nzÞ ð1:330Þ

where, I1ðE; nzÞ ¼ ð2�a4Þ�1½A6ðnzÞ � ½A2
6ðnzÞ � 4�a4E þ 4�a4A5ðnzÞ�1=2�

From (1.330), the area of the 2D ks-space is given by

AðE; nzÞ ¼
2p

ffiffiffiffiffiffiffiffiffiffiffi
m�1m�2

p

�h2 I1ðE; nzÞ ð1:331aÞ

Using (1.331a) in this case can be expressed as

m�ðEFs ; nzÞ ¼ ð
ffiffiffiffiffiffiffiffiffiffiffi
m�1m�2

p
Þ½I1ðEFs ; nzÞ�0 ð1:331bÞ

The DOS function per sub-band can be written as

N2DðEÞ ¼
4
p

ffiffiffiffiffiffiffiffiffiffiffi
m�1m�2

p

�h2 fI1ðE; nzÞg0 ð1:332Þ

where fI1ðE; nzÞg0 � o
oE I1ðE; nzÞ½ �

The total DOS function assumes the form

N2DðEÞ ¼
4
ffiffiffiffiffiffiffiffiffiffiffi
m�1m�2

p

p�h2

Xnzmax

nz¼1

fI1ðE; nzÞg0HðE � Enz17Þ ð1:333Þ

where, the sub-band energy Enz17

� �
are given by

Enz17 ¼
�h2

2m�3

	 

pnz

dz

	 
2

1� �a6ð
�h2

2m�3
Þðpnz

dz
Þ2

� �
ð1:334Þ

The electron statistics can be written as

n2D ¼
4
ffiffiffiffiffiffiffiffiffiffiffi
m�1m�2

p

p�h2

Xnzmax

nz¼1

t46ðEFs; nzÞ þ t47ðEFs; nzÞ½ � ð1:335Þ

where t46ðEFs; nzÞ � I1ðEFs; nzÞ; t47ðEFs; nzÞ �
Ps

r¼1
LðrÞ t46ðEFs; nzÞð Þ
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Using (1.335), the ER in this case is given by

D

l
¼ 1

e

Xnz¼max

nz¼1

½t055ðEFs; nzÞ þ t056ðEFs; nzÞ�
" #�1 Xnz¼max

nz¼1

½t55ðEFs; nzÞ þ t56ðEFs; nzÞ�
" #

ð1:336Þ

1.2.11 The ER from QWs of HD Gallium Antimonide

The dispersion relation of the conduction electrons in n-GaSb can be written as
[202]

E ¼ �h2k2

2m0
�

�E0go

2
þ

�E0go

2
1þ 2�h2k2

�E0go

1
mc
� 1

m0

	 
" #1
2

ð1:337Þ

where �E0go ¼ ½Ego þ 5:10�5T2

2ð112þTÞ�eV

The (1.337) can be expressed as

�h2k2

2mc
¼ I36ðEÞ ð1:338Þ

where

I36ðEÞ ¼ ½E þ �E0g0 � ðmc=m0Þð�E0g0=2Þ � ½ð�E0g0=2Þ2

þ ½ðð�E0g0Þ
2=2Þð1� ðmc=m0ÞÞ� þ ½ð�E0g0=2Þð1� ðmc=m0ÞÞ�2 þ E�E0g0ð1� ðmc=m0ÞÞ�1=2�

Under the condition of heavy doping (1.338) assumes the form

�h2k2

2mc
¼ I36ðE; ggÞ ð1:339Þ

where,

I36ðE; ggÞ ¼ ½c3ðE; ggÞ þ E0g �
mc

m0
�
E0g
2

� ½ð
E0g
2
Þ2 þ ½

E0g
2
ð1� mc

m0
Þ�2 þ ð

E0g
2
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m0
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The EEM can be written as

m�ðEFh ; ggÞ ¼ mc I36ðEFh ; ggÞ
� �0 ð1:340Þ

The DOS function in this case can be written as

NHDðE; ggÞ ¼
gv

2p2

2mc

�h2

	 
3=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I36ðE; ggÞ

q
I36ðE; ggÞ
� �0 ð1:341Þ

Since, the original band model in this case is a no pole function, therefore, the
HD counterpart will be totally real, and the complex band vanishes.

The electron concentration is given by

n0 ¼
gv

3p2

2mc

�h2

	 
3=2

I36ðEFh ; ggÞ
� �3=2 ð1:342Þ

In this case, �Ehd is given by

I36ð�Ehd; ggÞ ¼ 0 ð1:343Þ

One can numerically compute the ER by using (1.342), (1.343) and (1.31c) and
the allied definitions in this case.

For dimensional quantization along z-direction, the dispersion relation of the
2D electrons in QWs of HD GaSb can be written following (1.339) as

�h2ðnzp=dzÞ2

2mc
þ �h2ðksÞ2

2mc
¼ I36ðE; ggÞ ð1:344Þ

The expression of the N2DT(E) in this case can be written as

N2DTðEÞ ¼
mcgv

p�h2

Xnz max

nz¼1

T 0119D E; gg; nz

� �
HðE� EnzD119Þ ð1:345Þ

where, T119DðE; gg; nzÞ ¼ ½I36ðE; ggÞ � �h2ðnzp=dzÞ2ð2mcÞ�1�,
The sub band energies EnzD119 in this case given by

�h2ðnzp=dzÞ2
n o

ð2mcÞ�1¼I36ðEnzD119; ggÞ ð1:346Þ

The EEM in this case assumes the form

m�ðEF1HD; gg; nzÞ ¼ mc½I036ðEF1HD; gg; nzÞ� ð1:347Þ
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The 2-D electron statistics in this case can be written as

n2D ¼
mcgv

p�h2

Xnz max

nz¼1

½T119DðEF1HD; gg; nzÞ þ T129DðEF1HD; gg; nzÞ� ð1:348Þ

where, T129DðEF1HD; gg; nzÞ ¼
Ps

r¼1
LðrÞ½T119DðEF1HD; gg; nzÞ�,

Therefore combining (1.348) and (1.38) we can get the ER in this case.
The total 2D DOS function in the absence of band tails in this case can be

written as

N2DTðEÞ ¼
mcgv

p�h2

	 
Xnmax

nz¼1

f½I36ðEÞ�0HðE � Enz44Þg ð1:349Þ

where, the sub-band energies Enz3
can be expressed as

I36ðEnz44
Þ ¼ �h2

2mc
ðpnz=dzÞ2 ð1:350aÞ

The EEM in this case can be written as

m�ðEFsÞ ¼ ðmcÞ½I36ðEFsÞ�
0 ð1:350bÞ

The 2D carrier concentration assumes the form

n2D ¼
mcgv

p�h2

	 
Xnmax

nz¼1

½�T55ðEFs; nzÞ þ �T56ðEFs; nzÞ� ð1:351Þ

where

�T55ðEFs; nzÞ ¼ ½I36ðEFsÞ � �h2

2mc
ðpnz=dzÞ2� and �T56ðEFs; nzÞ ¼

Ps

r¼1
LðrÞ½�T55ðEFs; nzÞ�

Using (1.351), the ER in this case is given by

D

l
¼ 1

ej j

Pnzmax

nz¼1 ½�T55ðEFs; nzÞ þ �T56ðEFs; nzÞ�
Pnzmax

nz¼1
�T55ðEFs; nzÞf g0þ �T56ðEFs; nzÞf g0

� � ð1:352Þ

The expression of electron concentration for bulk specimens of GaSb (in the
absence of band tails) can be expressed as

n0 ¼
gv

3p2

2mc

�h2

	 
3=2

½ �MA10ðEFÞ þ �NA10ðEFÞ� ð1:353Þ
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where, MA10ðEFÞ ¼ ½I36ðEFÞ�3=2 and �NA10ðEFÞ ¼
Ps

r¼1
LðrÞ½ �MA10ðEFÞ�

The ER in this case can be expressed as

D

l
¼ 1

e
½ �M0A10

ðEFÞ þ �N 0A10
ðEFÞ��1 ½ �MA10ðEFÞ þ �NA10ðEFÞ� ð1:354Þ

Thus, we can summarize the whole mathematical background in the following way.
In this chapter, we have investigated the 3D and 2D ERs in HD bulk and QWs of

non-linear optical materials on the basis of a newly formulated electron dispersion
law considering the anisotropies of the effective electron masses, the spin orbit
splitting constants and the influence of crystal field splitting within the framework of
k.p formalism. The results for 3D and 2D ERs for HD bulk and QWs of III-V, ternary
and quaternary compounds in accordance with the three and two band models of
Kane form a special case of our generalized analysis. We have also studied the ER in
accordance with the models of Stillman et al. and Palik et al. respectively since these
models find use to describe the electron energy spectrum of the aforesaid materials.
The 3D and 2D ERs has also been derived for HD bulk and QWs of II-VI, IV-VI,
stressed materials, Te, n-GaP, p-PtSb2, Bi2Te3, n-Ge and n-GaSb compounds by
using the models of Hopfield, Dimmock, Seiler, Bouat and Thuillier, Rees, Emtage,
Kohler, Cardona, Wang et al. and Mathur et al. respectively on the basis of the
appropriate carrier energy spectra. The well-known expressions of the ERs in the
absence of band tails for wide gap materials have been obtained as special cases of
our generalized analysis under certain limiting conditions. This indirect test not only
exhibits the mathematical compatibility of our formulation but also shows the fact
that our simple analysis is a more generalized one, since one can obtain the corre-
sponding results for relatively wide gap materials having parabolic energy bands
under certain limiting conditions from our present derivation.

1.3 Result and Discussions

Using the appropriate equations and taking the values of the energy band constants
from Table 1.1, we have plotted, in Figs. 1.1 and 1.2, the normalized 2D ER at low
temperatures, where the quantum effects become prominent for the QWs of HD n-
Cd3As2 and n-CdGeAs2 as functions of nano-thickness. The curves (a) and (b)
corresponds to d 6¼ 0 and d = 0 respectively for the purpose of assessing the
influence of crystal field splitting on the 2D ER in HD QWs of tetragonal and
nonlinear optical materials. We have plotted the curve (c) in accordance with the
HD three band model of Kane. The curve (d) and (e) have been in accordance with
the HD two band model of Kane and that of the parabolic energy band models
respectively.

The influence of quantum confinement is immediately apparent from all the
curves of Figs. 1.1 and 1.2, since, the 2D ER in HD QWs depends strongly on the
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nano-thickness, which is in direct contrast with the corresponding bulk specimens
(graphs for bulk HD materials have also been drawn for the purpose of relative
comparison) and exibits the signature of quantum confinement. It appears from the
said Figs. that the 2D ER decreases with the increasing film thickness in a step like

Fig. 1.1 Plot of the normalized 2D ER as a function of film thickness for the QWs of HD
n-Cd3As2 in accordance with a the generalized HD band model with d 6¼ 0, b the generalized HD
band model with d ¼ 0, c the simplified HD three band model of Kane, d the HD two band model
of Kane and e the HD parabolic energy bands

Fig. 1.2 Plot of the normalized 2D ER as a function of film thickness for the QWs of HD
n-CdGeAs2 for all cases of Fig. 1.1
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manner as considered here although the numerical values vary widely and deter-
mined by the constants of the energy spectra. The oscillatory dependence is due to
the crossing over of the Fermi level by the size quantized levels. For each coin-
cidence of a size quantized level with the Fermi level, there would be a discon-
tinuity in the DOS function resulting in a peak of oscillations. With large values of
film thickness, the height of the steps decreases and the ER decreases with
increasing film thickness in non-oscillatory manner and exhibit monotonic
decreasing dependence.

The height of step size and the rate of decrement are totally dependent on the band
structure. The influence of crystal field splitting is immediately apparent by the
comparing the curves (a) and (b) of Figs. 1.1 and 1.2. The crystal field splitting
enhances the numerical values of the 2D ER in both the cases. The numerical values
of the 2D ER in accordance with the three band model of Kane are different as
compared with the corresponding two band model, which reflects that fact that the
presence of the spin orbit splitting constant changes the magnitude of the 2D ER. It
may be noted that the presence of the band non-parabolicity in accordance with the
two-band model of Kane further changes the peaks of the oscillatory 2D ER for all
cases of quantum confinements. The appearance of the humps of the respective
curves is due to the redistribution of the electrons among the quantized energy levels
when the quantum numbers corresponding to the highest occupied level changes
from one fixed value to the others. With varying electron concentration, a change is
reflected in the 2D ER through the redistribution of the electrons among the quantized
levels. Although the 2D ER varies in various manners with all the variables in all the
limiting cases as evident from all the curves of Figs. 1.1 and 1.2, the rates of vari-
ations are totally band-structure dependent.

In Figs. 1.3 and 1.4, we have plotted the HD 2D ER as a function of surface
electron concentration per unit area for all cases of Figs. 1.1 and 1.2 respectively.
It appears that the HD 2D ER increases with increasing carrier degeneracy and also
reflects the signature of the 1D confinement through the step like dependence with
the HD 2D electron statistics. This oscillatory dependence will be less and less
prominent with increasing carrier concentration and ultimately, for bulk specimens
of the same material, the ER will be found to increase continuously with increasing
electron concentration in a non-oscillatory manner. We have plotted the normal-
ized HD 2D ER as functions of nano-thickness for QWs of HD GaAs, InAs and
InSb in Figs. 1.5, 1.6 and 1.7, where, the curve (a), (b) and (c) correspond to the
HD three and the two band models of Kane together with the parabolic energy
band respectively. The dependence of the 2D ER on the surface electron con-
centration per unit area for all the said cases is shown in Figs. 1.8, 1.9, and 1.10
respectively.

Using the same set of equations as for III-V materials, we have plotted the
normalized 2D ER for QWs of HD Hg1-x-CdxTe and In1-xGaxAsyP1-y as a function
of nano-thickness and 2D electron statistics as shown by Figs. 1.11, 1.12, 1.13 and
1.14 respectively in which, the curve (a), (b) and (c) corresponds to the HD three
and the two band models of Kane together with the parabolic energy bands
respectively. The numerical values of the HD 2D ER depend on the energy band
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constants of different materials. The Figs. 1.15 and 1.16 exhibit the dependence of
the 2D ER as a function of alloy composition for all the cases of the QWs of HD
ternary and quaternary materials as considered above. The ER decreases with
increasing alloy composition. We have investigated the normalized 2D ER, for

Fig. 1.4 Plot of the normalized HD 2D ER as a function of surface electron concentration per
unit area for the QWs of HD n-CdGeAs2 for all cases of Fig. 1.3

Fig. 1.3 Plot of the normalized HD 2D ER as a function of surface electron concentration per
unit area for the QWs of HD n-Cd3As2 in accordance with a the HD generalized band model with
d 6¼ 0, b the generalized HD band model with d ¼ 0, c the simplified HD three band model of
Kane, d the HD two band model of Kane and e the HD parabolic energy bands
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QWs of HD p-CdS materials as functions of nano-thickness and surface electron
concentration in Figs. 1.17 and 1.18 respectively, where, the curve (a) refers to
�k0 6¼ 0 and the curve (b) refers to �k0 ¼ 0, which has been used for the purpose of
assessing the influence of the splitting of the two-spin states by the spin orbit
coupling and the crystalline field in this case.

It appears from Figs. 1.17 and 1.18, that the influence of the term �k0 is the
reduction of the quantum jumps of the oscillatory 2D ER in QWs of HD II-VI

Fig. 1.5 Plot of the normalized HD 2D ER as a function of film thickness for the QWs of HD
n-GaAs in accordance with a the simplified HD three band model of Kane, b the HD two band
model of Kane and c the HD parabolic energy bands

Fig. 1.6 Plot of the normalized HD 2D ER as a function of film thickness for the QWs of HD
n-InAs for all cases of Fig. 1.5
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materials for both the variables. Using the appropriate equations we have plotted in
Figs. 1.19 and 1.20, the normalized 2D ER for the QWs of HD Te, GaP, PtSb2 and
Bi2Te3 as functions of nano-thickness and surface electron concentration per unit
area as shown by the curves (a), (b), (c) and (d) respectively. It appears from both
the Figs. 1.19 and 1.20 that the numerical magnitudes of the 2D E R are due to the

Fig. 1.7 Plot of the normalized HD 2D ER as a function of film thickness for the QWs of HD
n-InAs for all cases of Fig. 1.5

Fig. 1.8 Plot of the normalized HD 2D ER as a function of surface electron concentration per
unit area for the QWs of HD GaAs in accordance with a the simplified HD three band model of
Kane, b the HD two band model of Kane and c the HD parabolic energy bands
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influences of the energy band constants of the respective material as considered
here. The Figs. 1.21 and 1.22 exhibit the normalized 2D ER for the QWs of HD
IV-VI materials as functions of nano-thickness and surface electron concentration
respectively. The curves (a), (b) and (c) correspond to PbTe, n-PbSnTe and n-Pb1-

xSnxSe respectively.
The influence of the energy band constants on the ER in both the cases is

apparent for all the three different materials as considered here. The normalized 2D
ER for QWs of HD stressed Kane type n- InSb has been plotted in Figs. 1.23 and
1.24 as functions of nano-thickness and surface electron concentration respectively

Fig. 1.9 Plot of the normalized HD 2D ER as a function of surface electron concentration per
unit area for the QWs of HD n-InAs for all cases of Fig. 1.8

Fig. 1.10 Plot of the normalized HD 2D ER as a function of surface electron concentration per
unit area for the QWs of HD n-InSb for all cases of Fig. 1.8
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as shown in plot (a) in the presence of stress while the plot (b) exhibits the same in
the absence of stress for the purpose of assessing the influence of stress on the 2D
ER in QWs of HD of stressed n-InSb. In the presence of stress, the magnitude of
the 2D ER is being increased as compared with the same under stress free

Fig. 1.11 Plot of the normalized HD 2D ER as a function of film thickness for the QWs of HD
n-Hg1-xCdxTe in accordance with a the simplified HD three band model of Kane, b the HD two
band model of Kane and c the HD parabolic energy bands

Fig. 1.12 Plot of the normalized HD 2D ER as a function of film thickness for the QWs of HD
n-In1-xAsxGayP1-y for all cases of Fig. 1.11
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condition. It may be noted that with the advent of modern experimental tech-
niques, it is possible to fabricate quantum-confined structures with an almost
defect-free surface. If the direction normal to the film was taken differently
from that as assumed in this work, the expressions for the 2D ER in quasi
two-dimensional structures would be different analytically, since the basic
dispersion laws of many important materials are anisotropic.

Fig. 1.13 Plot of the normalized HD 2D ER as a function of surface electron concentration for
the QWs of HD n-Hg1-xCdxTe in accordance with a the simplified HD three band model of Kane,
b the HD two band model of Kane and c the HD parabolic energy bands

Fig. 1.14 Plot of the normalized HD 2D ER as a function of surface electron concentration for
the QWs of HD n-In1-xAsxGayP1-y for all cases of Fig. 1.13
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It may be noted that under certain limiting conditions, all the results for all the
models as derived here get simplified to have transformed into the well-known
expressions of 3D and 2D ERs. This indirect test not only exhibits the mathe-
matical compatibility of the present formulation but also shows the fact that our
simple analysis is a more generalized one, since one can obtain the corresponding
results for relatively wide gap 2D materials having parabolic energy bands under
certain limiting conditions from the present generalized analysis. Thus, the present

Fig. 1.15 Plot of the normalized HD 2D ER as a function of alloy composition (x) for the QWs
of HD n-Hg1-xCdxTe in accordance with a the simplified HD three band model of Kane, b the HD
two band model of Kane and c the HD parabolic energy bands

Fig. 1.16 Plot of the normalized HD 2D ER as a function of alloy composition (x) for the QWs
of HD n-In1-xAsxGayP1-y for all cases of Fig. 1.15
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investigations cover the study of 2D ER for QWs of HD nonlinear optical, III-V,
ternaries, quaternaries, II-VI, IV-VI, stressed compounds, Te, GaP, PtSb2, Bi2Te3,
Ge and GaSb having different band structures.

One striking understanding as a collateral study as considered here, is that, the
EEM becomes a function of the size quantum number, the Fermi energy and other

Fig. 1.17 Plot of the normalized HD 2D ER for as a function of film thickness for QWs of HD
p- CdS in accordance with a Hopfield model with b Hopfield model with �k0 ¼ 0

Fig. 1.18 Plot of the normalized HD 2D ER for as a function of surface electron concentration
for QWs of HD p-CdS in accordance with a Hopfield model with �k0 6¼ 0 b Hopfield model with
�k0 ¼ 0
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energy band constants depending on the respective HD 2D dispersion laws as
formulated already in the respective theoretical background of this chapter toge-
ther with the fact that the EEMs exists in the band gap, a phenomena which is
impossible without the concept of band tailing. It must be mentioned that a direct
research application of the quantized materials is in the area of band structure. The

Fig. 1.19 Plot of the normalized HD 2D ER for QWs of HD a Te, b GaP, c PtSb2, and d Bi2Te3

as a function of film thickness

Fig. 1.20 Plot of the normalized HD 2D ER for QWs of HD a Te, b GaP, c PtSb2, and d Bi2Te3

as a function of electron concentration per unit area
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theoretical results as derived in this chapter can be used to determine the 2D
diffusivity and the 3D diffusivity of the constituent HD bulk materials in the
absence of quantum effects and this simplified formulation exhibits the basic
qualitative features of 2D ER for different quantum confined materials.

Fig. 1.21 Plot of the normalized HD 2D ER as a function of film thickness for QWs of HD
a n-PbTe, b n-PbSnTe and c n-Pb1-xSnxSe

Fig. 1.22 Plot of the normalized HD 2D ER as a function of surface electron concentration for
the QWs of HD a PbTe, b n-PbSnTe and c n-Pb1-xSnxSeN-Pb1-xSnxSe
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For the purpose of relative comparison, the 3D ER has been numerically
computed for HD n-Cd3As2 as a function of electron concentration as shown in
curve (a) of Fig. 1.25. The curve (b) corresponds to d ¼ 0 and the curve
(c) exhibits the dependence of the ER on n0 in accordance with the HD three-band
model of Kane, respectively. The plots (d) and (e) correspond to the HD two-band
model of Kane and that of parabolic energy bands respectively. By comparing the
curves (a) and (b) of Fig. 1.25, one can assess the influence of crystal field splitting
of the ER in HD nonlinear optical compounds. The Fig. 1.26 represents all cases
of Fig. 1.25 for heavily n-CdGeAs2. It appears from Figs. 1.25 and 1.26 that, the
ER in HD n-Cd3As2 and n-CdGeAs2 increases with increasing carrier degeneracy
as expected for degenerate materials without band tails.

Fig. 1.23 Plot of the normalized HD 2D ER as a function of film thickness for the QWs of HD
stressed n- InSb in which the curve a shows the 2D ER in the presence of stress while the curve
b is applicable in the absence of the stress

Fig. 1.24 Plot of the normalized HD 2D ER as a function of surface electron concentration for
the QWs of HD stressed n-InSb in which the curve a shows the 2D ER in the presence of stress
while the curve b is applicable in the absence of the stress
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One can numerically evaluate the ER as a function of electron concentration in
HD III-V compounds by using n-InAs, and n-InSb as examples as shown in
Figs. 1.27 and 1.28 by curves (a), (b) and (c) respectively, in accordance with the
HD three and two band models of Kane together with the model of parabolic
energy bands . Using n-Hg1-xCdxTe as an example of HD ternary compounds, the
ER has been numerically plotted for all the band models as a function of electron

Fig. 1.25 The plot of the normalized ER in the HD n-Cd3As2 as function of electron
concentration in accordance with a the generalized band model, b d ¼ 0, c the three band model
of Kane, d the two band model of Kane and e the parabolic energy bands

Fig. 1.26 The plot of the normalized ER in the HD n-CdGeAs2 as function of electron
concentration in accordance with a the generalized band model, b d ¼ 0, c the three band model
of Kane, d the two band model of Kane and e the parabolic energy bands
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concentration as shown in Fig. 1.29. It appears from the Fig. 1.29 that the ER
in both cases of HD ternary compounds increases with increasing electron
concentration as usual for the degenerate compounds without band tails. Taking

Fig. 1.27 The plot of the normalized ER in HD n-InAs as function of electron concentration in
accordance with a the three band model of Kane, b the two band model of Kane and c the
parabolic energy bands

Fig. 1.28 The plot of the normalized ER in HD n-InSb as function of electron concentration in
accordance with a the three band model of Kane, b the two band model of Kane and c the
parabolic energy bands
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n-In1-xGaxAsyP1-y lattice matched to InP as an example of HD quaternary com-
pounds, the ER has been further been plotted as a function of electron concentration
as shown in Fig. 1.30 in accordance with the three and two band models of Kane
together with the isotropic parabolic energy band model for both the cases. It appears
that the ER increases with increasing carrier degeneracy as usual. From Figs. 1.29
and 1.30, one can assess the influence of energy band constants on the ER for HD
ternary and quaternary materials respectively. The ER has been plotted for the HD p-
CdS, as a function of hole concentration p0 as shown by curves (a) and (b) in Fig. 1.31
for which �k0 6¼ 0 and �k0 ¼ 0 respectively. This has been presented for the purpose of
assessing the influence of the splitting of the two spin states by the spin-orbit coupling
and the crystalline field on the ER.

In Fig. 1.32, the ER has been plotted for the HD (a) n-PbTe, (b) n-PbSnTe and
(c) n-Pb1-xSnxSe as a function of electron concentration in accordance with the HD
Dimmock model. For relatively low values of electron concentration, the values of
the ER for the three materials exhibit convergence behavior where as for relatively
large values of n0, the numerical values differ widely from each other. Our present
analysis is also valid for p-type IV-VI compounds with the proper change in the
energy band constants.

In Fig. 1.33, the ER has been plotted for the HD stressed n-InSb as a function of
electron concentration. For the purpose of assessing the influence of stress on the
ER in bulk specimens of stressed HD n-InSb, the plot (a) exhibits the ER in the
presence of the stress while the plot (b) shows the same in the absence of the stress.

Fig. 1.29 The plot of the normalized ER in HD n-Hg1-xCdx Te as function of electron
concentration in accordance with a the three band model of Kane, b the two band model of Kane
and c the parabolic energy bands
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Fig. 1.30 The plot of the normalized ER in HD n-In1-xGaxAsyP1-y lattice matched to InP as
function of electron concentration in accordance with a the three band model of Kane, b the two
band model of Kane and c the parabolic energy bands

Fig. 1.31 The plot of the normalized ER in HD p-CdS as function of as function of hole
concentration in accordance with a �k0 6¼ 0 and b �k0 ¼ 0
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Fig. 1.32 The plot of the normalized ER in HD a n-PbTe, b PbSnTe and c Pb1-xSnxSe as
function of electron concentration

Fig. 1.33 The plot of the normalized ER in HD stressed n-InSb as a function of electron
concentration in which the curve a is in the presence of stress and curve b is under absence of
stress
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In the presence of the stress, the magnitude of the ER is being increased as
compared with the same under stress free condition for both the cases. One
important concept of this chapter is the presence of poles in the finite complex
plane in the dispersion relation of the materials in the absence of band tails creates
the complex energy spectrum in the corresponding HD samples. Besides, from the
DOS function in this case, it appears that a new forbidden zone has been created in
addition to the normal band gap of the semiconductor. If the basic dispersion
relation in the absence of band tails contains no poles in the finite complex plane,
the corresponding HD energy band spectrum will be real, although it may be the
complicated functions of exponential and error functions and deviate considerably
from that in the absence of band tailing.

Another important point in this context is the existence of the effective mass
within the forbidden zone, which is impossible without the formation of band tails.
It is an amazing fact that the study of the carrier transport in HD quantized
materials through proper formulation of the Boltzmann transport equation which
needs in turn, the corresponding HD carrier energy spectra is still one of the open
research problems.

It is already noted that with the advent of MBE and other experimental tech-
niques, it is possible to fabricate quantum-confined structures with an almost
defect-free surface. In formulating the generalized electron energy spectrum for
non-linear optical materials, we have considered the crystal-field splitting
parameter, the anisotropies in the momentum-matrix elements, and the spin-orbit
splitting parameters, respectively. In the absence of the crystal field splitting
parameter together with the assumptions of isotropic effective electron mass and
isotropic spin orbit splitting, our basic relation as given by (1.2) converts into
(1.48). The (1.48) is the well-known three-band Kane model and is valid for III-V
compounds, in general. It should be used as such for studying the electronic
properties of n-InAs where the spin-orbit splitting parameter (D) is of the order of
band gap (Eg). For many important materials D 
 Eg and under this inequality,
(1.48) assumes the form Eð1þ EE�1

g Þ ¼ �h2k2=2mc which is the well-known two-
band Kane model. Also under the condition, Eg ? ?, the above equation gets
simplified to the well-known form of parabolic energy bands as E ¼ �h2k2=2mc. It
is important to note that under certain limiting conditions, all the results for all the
models as derived here have transformed into the well-known expression of the 2D
ER for size quantized materials having parabolic bands. We have not considered
other types of compounds or external physical variables for numerical computa-
tions in order to keep the presentation brief. With different sets of energy band
constants, we shall get different numerical values of the 2D ER though the nature
of variations of the 2D ER as shown here would be similar for the other types of
materials and the simplified analysis of this chapter exhibits the basic qualitative
features of the 2D ER for such compounds.

By mapping, the discrete quantum state energies as a function of film thickness
is a given crystal direction, information about the effective masses and the dis-
persion relations may be derived. We must note that the study of transport
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phenomena and the formulation of the electronic properties of HD nano-com-
pounds are based on the dispersion relations in such materials. The theoretical
results of our chapter can be used to determine the 2D ER and the constituent
heavily-doped bulk materials in the absence of size effects It is worth remarking
that this simplified formulation exhibits the basic qualitative features of 2D ER for
nano-materials. The basic objective of this chapter is not solely to demonstrate the
influence of quantum confinement on the 2D ER for QWs of non-parabolic
materials but also to formulate the appropriate electron statistics in the most
generalized form, since the transport and other phenomena in HD nano-materials
having different band structures and the derivation of the expressions of many
important electronic properties are based on the temperature-dependent electron
statistics in such compounds.

Our method is not at all related to the DOS technique as used in the literature.
From the E-k dispersion relation, we can obtain the DOS, but the DOS technique
as used in the literature cannot provide the E-k dispersion relation. Therefore, our
study is more fundamental than those of the existing literature because the
Boltzmann transport equation, which controls the study of the charge transport
properties of semiconductor devices, can be solved if and only if the E-k disper-
sion relation is known. We wish to note that we have not considered the many
body effects in this simplified theoretical formalism due to the lack of availability
in the literature of proper analytical techniques for including them for the gen-
eralized systems as considered in this chapter. Our simplified approach will be
useful for the purpose of comparison when methods of tackling the formidable
problem after inclusion of the many body effects for the present generalized
systems appear. It is worth remarking in this context that from our simple theory
under certain limiting conditions we get the well-known result of the DSL for wide
gap materials having parabolic energy bands. The inclusion of the said effects
would certainly increase the accuracy of the results, although the qualitative
features of the 2D ER in QWs of HD materials discussed in this chapter would not
change in the presence of the aforementioned effects. The influence of energy band
models and the various band constants on the ER for different materials can also be
studied from all the figures of this chapter.

The numerical results presented in this chapter would be different for other
materials but the nature of variation would be unaltered. The theoretical results as
given here would be useful in analyzing various other experimental data related to
this phenomenon. Finally, we can write that the analysis as presented in this
chapter can be used to investigate, the Burstein Moss shift, the carrier contribution
to the elastic constants, the specific heat, screening length, activity coefficient,
reflection coefficient, Hall coefficient, plasma frequency, various scattering
mechanisms and other different transport coefficients of modern HD non-parabolic
quantum confined HD devices operated under different external conditions having
varying band structures.
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1.4 Open Research Problems

The problems under these sections of this monograph are by far the most
important part for the readers and few open research problems are presented
from this chapter till end. The numerical values of the energy band constants for
various semiconductors are given in Table 1.1 for the related computer
simulations.

(R.1.1) Investigate the ER for the HD bulk semiconductors whose respective
dispersion relations of the carriers in the absence of band tails and any
externally applied field are given below:

(a) The electron dispersion law in n-GaP can be written as [203]

E ¼ �h2k2
z

2m�k
þ �h2k2

s

2m�?
�

�D
2
�

�D
2

	 
2

þP1k2
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x k2
y

" #1=2

ðR1:1Þ

where, �D ¼ 335meV , P1 = 2 9 10-10 eVm, D1 = P1a1 and
a1 = 5.4 9 10-10 m.

(b) The dispersion relation for the conduction electrons for IV-VI
semiconductors can also be described by the models of Cohen
[204], McClure and Choi [205], Bangert et al. [206] and Foley
et al. [207] respectively.

(i) In accordance with Cohen [204], the dispersion law of the
carriers is given by
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where m1, m2 and m3 are the effective carrier masses at the
band-edge along x, y and z directions respectively and m02 is
the effective- mass tensor component at the top of the valence
band (for electrons) or at the bottom of the conduction band
(for holes).

(ii) The carrier energy spectra can be written, following McClure
and Choi, [205] as
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(iii) In accordance with Bangert and Kastner [206], the dispersion
relation is given by

CðEÞ ¼ F1ðEÞk2
s þ F2ðEÞk2

z ðR1:4Þ

where, CðEÞ � 2E; F1ðEÞ � R2
1
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which is the simplified Lax model.

(iv) The carrier energy spectrum of IV–VI semiconductors in
accordance with Foley et al. [207] can be written as
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For n-PbTe

P? ¼ 4:61 10�10 eVm; Pk ¼ 4:61 10�10 eVm;
m0

mtv
¼ 10:36;

m0
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¼ 0:75;

m0
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¼ 11:36;
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¼ 1:20; and gv ¼ 4

(c) The hole energy spectrum of p-type zero-gap semiconductors
(e.g. HgTe) is given by [208]
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where m�v is the effective mass of the hole at the top of the valence

band, EB ¼ m0e2
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1

and k0 ¼ m0e2

�h2e1
.
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(d) The conduction electrons of n-GaSb obey the following two dis-
persion relations:

1. In accordance with the model of Seiler et al. [209]

E ¼ �Eg
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1=2k�1� represents the inversion asym-
metry splitting of the conduction bandand �10;�v0 and �x0 represent
the constants of the electron spectrum in this case.

2. In accordance with the model of Zhang et al. [210]
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105�, the coefficients are in eV, the values of
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times those of k in atomic units (a is the lattice

constant), Eð1Þ2 ¼ 1:0239620, Eð2Þ2 ¼ 0, Eð1Þ4 ¼ �1:1320772,

Eð2Þ4 ¼ 0:05658, Eð1Þ6 ¼ 1:1072073, Eð2Þ6 ¼ �0:1134024 and

Eð3Þ6 ¼ �0:0072275.

(e) In addition to the well-known band models of III-V semiconduc-
tors as discussed in this monograph, the conduction electrons of
such compounds obey the following three dispersion relations:

1. In accordance with the model of Rossler [211]

E ¼ �h2k2
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where, �a10 ¼ �a11 þ �a12k; �b10 ¼ �b11 þ �b12k and �c10 ¼ �c11þ
�c12k, in which, �a11 ¼ �2,132 10�40eVm4, �a12 ¼ 9,030
10�50 eVm5, �b11 ¼ �2,493 10�40 eVm4, �b12 ¼ 12,594
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10�50 eVm5, �c11 ¼ 30 10�30 eVm3 and �c12 ¼ �154
10�42 eVm4.

2. In accordance with Johnson and Dickey [212], the electron
energy spectrum assumes the form

E ¼ � Eg
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3. In accordance with Agafonov et al. [213], the electron energy
spectrum can be written as
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(f) The dispersion relation of the carriers in n-type Pb1-xGaxTe with
x = 0.01 can be written following Vassilev [214] as

½E � 0:606k2
s � 0:0722k2

z �½E þ �Eg þ 0:411k2
s þ 0:0377k2

z �
¼ 0:23k2

s þ 0:02k2
z � ½0:06�Eg þ 0:061k2

s þ 0:0066k2
z �ks

ðR1:11Þ

where, �Egð¼ 0:21eVÞ is the energy gap for the transition point, the
zero of the energy E is at the edge of the conduction band of the C
point of the Brillouin zone and is measured positively upwards, kx,

ky and kz are in the units of 109 m-1.
(g) The energy spectrum of the carriers in the two higher valance

bands and the single lower valance band of Te can, respectively, be
expressed as [215]

E ¼ A10k2
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10 þ ðb10kzÞ2

h i1=2
and �E

¼ Dk þ A10k2
z þ B10k2

s � b10kz ðR1:12Þ

where, �E is the energy of the hole as measured from the top of the
valance and within it, A10 ¼ 3:77 10�19 eVm2, B10 ¼ 3:57
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10�19 eVm2, D10 ¼ 0:628 eV, ðb10Þ2 ¼ 6 10�20 ðeVmÞ2 and
Dk ¼ 1,004 10�5 eV are the spectrum constants.

(h) The dispersion relation in graphite can be written following Brandt
[216] as
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�D; �c0; �c1; �c2; �c4; �c5; a6 and c6 respectively.
(i) The dispersion relation of the conduction electrons in Antimony in

accordance with Ketterson [217] can be written as
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and

2m0E ¼ a1p2
x þ a2p2

y þ a3p2
z þ a4pypz � a5pxpz � a6pxpy

ðR1:15Þ

where, a1 ¼ 1
4 ða11 þ 3a22Þ; a2 ¼ 1

4 ða22 þ 3a11Þ; a3 ¼ a33; a4 ¼
a33; a5 ¼

ffiffiffi
3
p

and a6 ¼
ffiffiffi
3
p
ða22 � a11Þ in which a11; a22;

a33 and a23 are the system constants.
(j) The dispersion relation of the holes in p-InSb can be written in

accordance with Cunningham [218] as

�E ¼ c4ð1þ c4f4Þk2 � 1
3
½2

ffiffiffi
2
p ffiffiffiffiffi

c4
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

16þ 5c4

p ffiffiffiffiffi
E4
p

g4k� ðR1:16Þ

where, c4 � �h2

2m0
þ h4, h4 � 4:7 �h2

2m0
, c4 � b4

c4
, b4 � 3

2 b5 þ 2h4,

b5 � 2:4 �h2

2m0
, f4 � 1

4 ½sin2 2hþ sin4 h sin2 2/�, h is measured from

the positive z-axis, / is measured from positive x-axis, g4 �
sin h cos2 hþ 1

4 sin4 h sin2 2/
� �

and E4 ¼ 5 10�4 eV.
(k) The energy spectrum of the valance bands of CuCl in accordance

with Yekimov et al. [219] can be written as

Eh ¼ ðc6 � 2c7Þ
�h2k2

2m0
ðR1:17Þ

and
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El;s ¼ ðc6 þ c7Þ
�h2k2

2m0
� D1

2
� D2

1

2
þ c7D1

�h2k2

2m0
þ 9

c7�h2k2

2m0

	 
2
" #1=2

ðR1:18Þ
where, c6 ¼ 0:53; c7 ¼ 0:07; D1 ¼ 70 meV.

(l) In the presence of stress, v6 along \001[ and \111[ directions,
the energy spectra of the holes in semiconductors having diamond
structure valance bands can be respectively expressed following
Roman et al. [220] as

E ¼ A6k2 � �B2
7k4 þ d2

6 þ B7d6ð2k2
z � k2

s Þ
� �1=2 ðR1:19Þ

and

E ¼ A6k2 � �B2
7 þ d2

7 þ
D6ffiffiffi

3
p d7ð2k2

z � k2
s Þ

� �1=2

ðR1:20Þ

where, A6, B7, D6 and C6 are inverse mass band parameters in
which d6 � l7ð�S11 � �S12Þv6; �Sij are the usual elastic compliance

constants, �B2
7 � B2

7 þ
c2

6
5

� �
and d7 � dgS44

2
ffiffi
3
p

� �
v6. For gray tin,

d8 = -4.1 eV, l7 = -2.3 eV, A6 ¼ 19:2 �h2

2m0
, B7 ¼ 26:3 �h2

2m0
, D6 ¼

31 �h2

2m0
and c2

6 ¼ �1112 �h2

2m0
.

(m) The dispersion relation of the carriers of cadmium and zinc di-
phosphides are given by [221]

E ¼ b1 þ
b2b3ðkÞ

8b4

� �
k2 � b4b3ðkÞx b5 �

b2b3ðkÞ
8b4

	 

k2

� �

þ8b2
4 1� b2

3ðkÞ
4

� �
� b2 1� b2

3ðkÞ
4

� �
k2g1=2

where b1, b2, b4 and b5 are system constants and b3ðkÞ ¼
k2

xþk2
y�2k2

z

k2

(R.1.2) Investigate the ER for bulk specimens of the heavily-doped semicon-
ductors in the presences of Gaussian, exponential, Kane, Halperian, Lax
and Bonch-Burevich types of band tails [37, 38] for all systems whose
unperturbed carrier energy spectra are defined in R1.1.

(R.1.3) Investigate the ER for QWs of all the HD semiconductors as considered
in R1.2.

(R.1.4) Investigate the ER for HD bulk specimens of the negative refractive
index, organic, magnetic and other advanced optical materials in the
presence of an arbitrarily oriented alternating electric field.

(R.1.5) Investigate the ER for the QWs of HD negative refractive index,
organic, magnetic and other advanced optical materials in the presence
of an arbitrarily oriented alternating electric field.
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(R.1.6) Investigate the ER for the multiple QWs of HD materials whose
unperturbed carrier energy spectra are defined in R1.1

(R.1.7) Investigate the ER for all the appropriate HD low dimensional systems
of this chapter in the presence of finite potential wells.

(R.1.8) Investigate the ER for all the appropriate HD low dimensional systems
of this chapter in the presence of parabolic potential wells.

(R.1.9) Investigate the ER for all the appropriate HD systems of this chapter
forming quantum rings.

(R.1.10) Investigate the ER for all the above appropriate problems in the pres-
ence of elliptical Hill and quantum square rings.

(R.1.11) Investigate the ER for parabolic cylindrical HD low dimensional sys-
tems in the presence of an arbitrarily oriented alternating electric field
for all the HD materials whose unperturbed carrier energy spectra are
defined in R1.1.

(R.1.12) Investigate the ER for HD low dimensional systems of the negative
refractive index and other advanced optical materials in the presence of an
arbitrarily oriented alternating electric field and non-uniform light waves.

(R.1.13) Investigate the ER for triangular HD low dimensional systems of the
negative refractive index, organic, magnetic and other advanced optical
materials in the presence of an arbitrarily oriented alternating electric
field in the presence of strain.

(R.1.14) Investigate the ER in HD quantum wires of non-parabolic semicon-
ductors as discussed in this chapter.

(R.1.15) Investigate the ER for all the problems of (R1.14) in the presence of
arbitrarily oriented magnetic field.

(R.1.16) Investigate the ER for all the problems of (R1.14) in the presence of
alternating electric field.

(R.1.17) Investigate the ER for all the problems of (R1.14) in the presence of
alternating magnetic field.

(R.1.18) Investigate the ER for all the problems of (R1.14) in the presence of
crossed electric field and quantizing magnetic fields.

(R.1.19) Investigate the ER for all the problems of (R1.14) in the presence of crossed
alternating electric field and alternating quantizing magnetic fields.

(R.1.20) Investigate the ER for HD quantum wires of the negative refractive
index, organic and magnetic materials.

(R.1.21) Investigate the ER for HD quantum wires of the negative refractive
index, organic and magnetic materials in the presence of alternating
time dependent magnetic field.

(R.1.22) Investigate the ER for HD quantum wires of the negative refractive
index, organic and magnetic materials in the presence of in the presence
of crossed alternating electric field and alternating quantizing magnetic
fields.

(R.1.23) (a) Investigate the ER for HD low dimensional systems of the negative
refractive index, organic, magnetic and other advanced optical materials
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in the presence of an arbitrarily oriented alternating electric field con-
sidering many body effects.

(b) Investigate all the appropriate problems of this chapter for a Dirac
electron.

(R.1.24) Investigate all the appropriate problems of this chapter by including the
many body, image force, broadening and hot carrier effects respectively.

(R.1.25) Investigate all the appropriate problems of this chapter by removing all
the mathematical approximations and establishing the respective
appropriate uniqueness conditions.
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Chapter 2
The ER in Doping Super Lattices of HD
Non-parabolic Semiconductors

2.1 Introduction

The technological importance of super-lattices in general, and specifically doping
super-lattices [1–51] has already been stated in the preface and also in the refer-
ences of this chapter. In Sect. 2.2.1, of the theoretical background, the ER in
doping superlattices of HD non-linear optical semiconductors has been investi-
gated. The Sect. 2.2.2 contains the results for doping superlattices of HD III-V,
ternary and quaternary semiconductors in accordance with the three and the two
band models of Kane together with parabolic energy bands and they form the
special cases of Sect. 2.2.1. Sections 2.2.3, 2.2.4 and 2.2.5 contain the study of the
ER for doping superlattices of HD II-VI, IV-VI and stressed Kane type semi-
conductors respectively. Sections 2.3 and 2.4 contain the results and discussion
and the open research problems for this chapter.

2.2 Theoretical Background

2.2.1 The ER in Doping Superlattices of HD Non-linear
Optical Semiconductors

The dispersion relation of the conduction electrons in doping superlattices of HD
nonlinear optical materials can be expressed by using (1.2) and following the
method as given in [19–51] as

ni þ 1
2

� �

�hT21 E; gg

� �x8HD E; gg

� �
þ �h2k2

s

2m�?T22 E; gg

� � ¼ 1 ð2:1Þ

K. P. Ghatak and S. Bhattacharya, Heavily-Doped 2D-Quantized Structures
and the Einstein Relation, Springer Tracts in Modern Physics 260,
DOI 10.1007/978-3-319-08380-3_2, � Springer International Publishing Switzerland 2015
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where x8HD E; gg

� �
� Real part of n0 ej j2

d0esc m�jjT
0
21 E;ggð Þ

h i

0

@

1

A

1=2

, ni ð¼ 0; 1, 2. . .) is the

mini-band index for nipi structures and d0 is the mini-band index for nipi structures
and d0 is the superlattice period.

The EEM in this case assumes the form

m�ðEFnHD; niggÞ ¼ Real part of
�h2

2

� �
G021HDðEFnHD; niggÞ ð2:2Þ

where, G21HDðE; gg; niÞ ¼
2m�?T22 E;ggð Þ

�h2 1� ðniþ1
2Þ

�hT21 E;ggð Þx8HD E; gg

� �� �
and EFnHD is the

Fermi energy in the present case as measured from the edge of the conduction
band in vertically upward direction in the absence of any quantization.

From (2.2), we observe that the EEM is a function of the Fermi energy, nipi
subband index, scattering potential and the other material constants which is the
characteristic feature of doping superlattices of HD non-linear optical materials.

The subband energy ðE1niHDÞ can be written as

ni þ 1
2

� �

�hT21 E1niHD; gg

� �x8HD E1niHD; gg

� �
¼ 1 ð2:3Þ

The DOS function for doping superlattices of HD non-linear optical materials
can be expressed as

NnipiHD E; gg

� �
¼ gv

2p

Xnimax

ni¼0

G021HDðE; gg; niÞHðE � E1niHDÞ ð2:4Þ

The electron concentration, can be written as

n2DN ¼
gv

2p
Real part of

Xnzmax

nz¼1

½G21HDðEFnHD; gg; niÞ þ G22HDðEFnHD; gg; niÞ� ð2:5Þ

where, G22HDðEFnHD; gg; niÞ ¼
Ps

r¼1
LðrÞG21HDðEFnHD; gg; niÞ

The ER of doping superlattices of HDS can, in general, be expressed as

D

l
¼ n2DNO

ej j Real part of
on2DNO

oð�EF0HD � EF10HDÞ

� �
�1 ð2:6Þ

where, the aforementioned physical variables are applicable only for electric
quantum limit. Thus by combining (2.5) and (2.6) we can study the ER in this case.
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The dispersion relation of the conduction electrons in doping superlattices of
nonlinear optical materials in the absence of band tails assumes the form

w1ðEÞ ¼ w2ðEÞk2
s þ w3ðEÞ ni þ

1
2

� � 2m�jj
�h

x8ðEÞ ð2:7Þ

where x8 Eð Þ � n0 ej j2
d0esc h1 Eð Þ½ �

� 	1=2
and h1ðEÞ � �h

2
w3ðEÞ w1ðEÞ½ �0�w1ðEÞ w3ðEÞ½ �0

w3ðEÞ½ �2
n o

The EEM in this case can be written as

m�ðEFn; niÞ ¼
�h2

2

� �
R81ðE; niÞ






E¼EFn

ð2:8Þ

where,

R81ðE; niÞ � w2ðEÞ½ �2 w2ðEÞ w1ðEÞ½ �0�
2m�jj

�h

� �
w3ðEÞ½ �0 ni þ

1
2

� �
x8ðEÞ½ � �

2m�jj
�h

� �
w3ðEÞ½ � ni þ

1
2

� �
x8ðEÞ½ �0

� ��

� w1ðEÞ½ � �
2m�jj

�h

� �
w3ðEÞ½ � ni þ

1
2

� �
x8ðEÞ½ �

� �
w2ðEÞ½ �0

�

and EFn is the Fermi energy in the present case as measured from the edge of the
conduction band in vertically upward direction in the absence of any quantization.

The subband energy ðE1niÞ can be written as

w1ðE1niÞ ¼ w3ðE1niÞ ni þ
1
2

� � 2m�jj
�h

x8ðE1niÞ ð2:9Þ

The DOS function for doping superlattices of nonlinear optical materials can be
expressed as

NnipiðEÞ ¼
gv

2p

Xnimax

ni¼0

R81ðE; niÞHðE � E1niÞ ð2:10Þ

the electron concentration, can be written as

n0 ¼
gv

2p

Xnimax

ni¼0

T81ðEFn; niÞ þ T82ðEFn; niÞ
 �

ð2:11Þ

where, T81ðEFn; niÞ � w1ðEFnÞ � w3ðEFnÞ ni þ 1
2

� � 2m�jj
�h x8ðEFnÞ

h i
w2ðEFnÞ
 ��1

and

T82ðEFn; niÞ �
Xs

r¼1

LðrÞT81ðEFn; niÞ:
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The electron concentration for the doping superlattices in quantum limit can be
expressed as

n0 ¼
gv

2p

h i
w1ðEF0Þ � w3ðEF0Þ

m�jj
�h

x8ðEF0Þ
� �

w2ðEF0Þ
 ��1 ð2:12Þ

where, EF0 is the Fermi energy in the present case in the quantum limit and

x8ðEF0Þ �
n0 ej j2

d0esc h1ðEF0Þ
 �

 !1=2

:

The ER at the electric quantum limit for doping superlattices in the absence of
band tails can be written as

D

l
¼ n0

e

on0

oðEF0 � E10Þ

� ��1

ð2:13Þ

where, n0 is the electron concentration, EF0 is the Fermi energy and E10 is the sub-
band energy at the electric quantum limit respectively.

In this case, E10 can be determined from the equation as given by

w1ðE10Þ ¼ w3ðE10Þ
m�jj
�h

x8ðE10Þ ð2:14Þ

Thus using (2.12), (2.13) and (2.14) we can study the ER in doping superlattices
of non-linear optical materials in the absence of band tails.

2.2.2 The ER in Doping Superlattices of HD III-V, Ternary
and Quaternary Semiconductors

(a) The electron energy spectrum in doping superlattices of HD III-V, ternary
and quaternary materials can be expressed from (2.1) under the conditions
Djj ¼ D? ¼ D; d ¼ 0 and m�jj ¼ m�? ¼ mc, as

�h2k2
s

2mc
¼ T31ðE; ggÞ þ iT32ðE; ggÞ � ni þ

1
2

� �
�hx9HD E; gg

� �� �
ð2:15Þ

where x9HDðE; ggÞ �
n0 ej j2

d0escT 031ðE; ggÞmc

 !1=2
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The EEM in this case assumes the form

m�ðEFnHD; ni; ggÞ ¼ Real Part of
�h2

2

� �
G023HDðEFnHD; gg; niÞ ð2:16Þ

where G23HDðEFnHD; gg; niÞ ¼ 2mc

�h2 ½T31 ðEFnHD; ggÞ þ iT32ðEFnHD; ggÞ � ni þ 1
2

� �

�hx9HDðEFnHD; ggÞ�
The subband energy E2niHD can be written as

½T31ðE2niHD; ggÞ þ iT32ðE2niHD; ggÞ � ni þ
1
2

� �
�hx9HDðE2niHD; ggÞ� ¼ 0 ð2:17Þ

The DOS function for doping superlattics of HD III-V, ternary and quaternary
materials can be expressed as

NnipiHDðE; ggÞ ¼
gvmc

p�h2

Xnimax

ni¼0

G023HDðE; gg; niÞHðE � E2niHDÞ ð2:18Þ

The electron concentration, can be written as

n2DN ¼
gvmc

p�h2 Real part of
Xnimax

ni¼0

½G23HDðEFnHD; gg; niÞ þ G24HDðEFnHD; gg; niÞ�

ð2:19Þ

where, G24HDðEFnHD; gg; niÞ ¼
Ps

r¼1
LðrÞG23HDðEFnHD; gg; niÞ

Using (2.6) and (2.19) at the electric quantum limit, we can study the ER in this
case.

In the absence of band tails, the dispersion relation in this case assumes the
form

I11ðEÞ ¼ ni þ
1
2

� �
�hx19ðEÞ þ

�h2k2
s

2mc
ð2:20Þ

where x19ðEÞ � n0 ej j2
d0escI011ðEÞmc

� 	
.

The EEM in this case can be written as

m�ðEFn; niÞ ¼ mcR82ðE; niÞjE¼EFn
ð2:21Þ

in which, R82ðE; niÞ � I11ðEÞ½ �0� ni þ 1
2

� �
�h x19ðEÞ½ �0

� �
.

2.2 Theoretical Background 121



From (2.21), we observe that the EEM in this case is a function of the Fermi
energy, nipi subband index and the other material constants which is the charac-
teristic feature of doping superlattices of III-V, ternary and quaternary compounds
whose bulk dispersion relations is defined by the three band model of Kane.

The subband energies ðE2niÞ can be written as

I11ðE2niÞ ¼ ni þ
1
2

� �
�hx19ðE2niÞ ð2:22Þ

The DOS function in this case can be expressed as

NnipiðEÞ ¼
mcgv

p�h2

Xnimax

ni¼0

R82ðE; niÞHðE � E2niÞ ð2:23Þ

The use of (2.23) leads to the expression of the electron concentration as

n0 ¼
mcgv

p�h2

Xnimax

ni¼0

T83ðEFn; niÞ þ T84ðEFn; niÞ
 �

ð2:24Þ

where T83ðEFn; niÞ � I11ðEFnÞ � ni þ 1
2

� �
�hx19ðEFnÞ

 �
and T84ðEFn; niÞ �

Ps

r¼1
LðrÞ

T83ðEFn; niÞ.
Using (2.24), the electron concentration in the electric quantum limit for doping

superlattices of III-V, ternary and quaternary materials can be written as

n0 ¼
mcgv

p�h2

� �
I11ðE20Þ � fð1=2Þ�hx19ðE20Þg½ � ð2:25Þ

where, E20 is determined from the equation

I11ðE20Þ ¼
1
2

�hx19ðE20Þ ð2:26Þ

Using (2.13) and (2.26) we can study, the ER in this case.

(b) The electron energy spectrum in doping superlattics of HD III-V, ternary and
quaternary materials whose energy band structures in the absence of band
tails are described by the two band model of Kane can be expressed from
(2.15) under the conditions D� Eg or D� Eg, as

�h2k2
s

2mc
¼ ½c2ðE; ggÞ � ni þ

1
2

� �
�hx10HDðE; ggÞ� ð2:27Þ

where x10HDðEÞ � n0 ej j2
d0escc02ðE;ggÞmc

� 	1=2
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The EEM in this case assumes the form

m� EFnHD; ni; gg

� �
¼ �h2

2

� �
G025HD EFnHD; gg; ni

� �
ð2:28Þ

where G25HDðEFnHD; gg; niÞ ¼ 2mc

�h2 c2ðEFnHD; ggÞ � ni þ 1
2

� �
�hx10HDðEFnHD; ggÞ

 �

The subband energy E3niHD can be written as

½c2ðE3niHD; ggÞ � ni þ
1
2

� �
�hx9HDðE3niHD; ggÞ� ¼ 0 ð2:29Þ

The DOS function in this case is given by

NnipiHDðE; ggÞ ¼
gvmc

p�h2

Xnimax

ni¼0

G025HDðE; gg; niÞHðE � E3niHDÞ ð2:30Þ

The electron concentration, can be written as

n2DN ¼
gvmc

p�h2

Xnimax

ni¼0

½G25HDðEFnHD; gg; niÞ þ G26HDðEFnHD; gg; niÞ� ð2:31Þ

where, G26HDðEFnHD; gg; niÞ ¼
Ps

r¼1
LðrÞG25HDðEFnHD; gg; niÞ

Using (2.31) and (2.6) at the electric quantum limit, we can study the ER in this
case.

In the absence of band tails, the dispersion relation in this case assumes the
form

Eð1þ aEÞ ¼ ni þ
1
2

� �
�hx20ðEÞ þ

�h2k2
s

2mc
ð2:32Þ

where x20ðEÞ � n0 ej j2
d0escð1þ2aEÞmc

� 	1=2
.

The EEM in this case can be written as

m�ðEFn; niÞ ¼ mcR182ðE; niÞjE¼EFn
ð2:33Þ

in which, R182ðE; niÞ � 1þ 2aE½ � � ni þ 1
2

� �
�h x19ðEÞ½ �0

� �
.

From (2.33), we observe that the EEM in this case is a function of the Fermi
energy, nipi subband index and the other material constants which is the charac-
teristic feature of doping superlattices of III-V, ternary and quaternary compounds
whose bulk dispersion relations is defined by the three band model of Kane.
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The subband energies ðE3niÞ can be written as

E3nið1þ aE3niÞ ¼ ni þ
1
2

� �
�hx20ðE3niÞ ð2:34Þ

The DOS function in this case can be expressed as

NnipiðEÞ ¼
mcgv

p�h2

Xnimax

ni¼0

R182ðE; niÞHðE � E3niÞ ð2:35Þ

The use of (2.35) leads to the expression of the electron concentration as

n0 ¼
mcgv

p�h2

Xnimax

ni¼0

T85ðEFn; niÞ þ T86ðEFn; niÞ
 �

ð2:36Þ

where T85ðEFn; niÞ � EFnð1þ aEFnÞ � ni þ 1
2

� �
�hx20ðEFnÞ

 �
and

T86ðEFn; niÞ �
Ps

r¼1
LðrÞT85ðEFn; niÞ.

Thus using (2.36) in the electric quantum limit, we can study the ER in this
case.

(c) The electron energy spectrum in nipi structures of HD III-V, ternary and
quaternary materials whose energy band structures in the absence of band
tails are described by the parabolic energy bands can be expressed as

�h2k2
s

2mc
¼ c3ðE; ggÞ � ni þ

1
2

� �
�hx11HD E; gg

� �
� �

ð2:37Þ

where x11HDðEÞ � n0 ej j2
d0escc03ðE;ggÞmc

� 	1=2

The EEM in this case assumes the form

m� EFnHD; ni; ggÞ ¼ ð
�h2

2
ÞG027HDðEFnHD; gg; ni

� �
ð2:38Þ

where G27HDðEFnHD; gg; niÞ ¼ 2mc

�h2 ¼ c3ðEFnHD; ggÞ � ni þ 1
2

� �
�hx11HD EFnHD; gg

� � �

The subband energy E4niHD can be expressed as

c3ðE4niHD; ggÞ � ni þ
1
2

� �
�hx11HD E4niHD; gg

� �� �
¼ 0 ð2:39Þ
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The DOS function in this case is given by

NnipiHDðE; ggÞ ¼
gvmc

p�h2

Xnimax

ni¼0

G027HDðE; gg; niÞHðE � E4niHDÞ ð2:40Þ

The electron concentration, can be written as

n2DN ¼
gvmc

p�h2

Xnimax

ni¼0

½G27HDðEFnHD; gg; niÞ þ G28HDðEFnHD; gg; niÞ ð2:41Þ

where, G28HDðEFnHD; gg; niÞ ¼
Ps

r¼1
LðrÞG27HDðEFnHD; gg; niÞ

Using (2.41) and (2.6) at the electric quantum limit, we can study the ER in this
case.

In the absence of band tails, the dispersion relation in this case assumes the form

E ¼ ni þ
1
2

� �
�hx21 þ

�h2k2
s

2mc
ð2:42Þ

where x21 � n0 ej j2
d0escmc

� 	1=2
.

The EEM in this case can be written as

m�ðEFn; niÞ ¼ mc ð2:43Þ

Thus the EEM in this case is a constant quantity.
The subband energies ðE4niÞ can be written as

E4ni ¼ ni þ
1
2

� �
�hx21 ð2:44Þ

The DOS function in this case can be expressed as

NnipiðEÞ ¼
mcgv

p�h2

Xnimax

ni¼0

HðE � E4niÞ ð2:45Þ

The use of (2.45) leads to the expression of the surface electron concentration as

n0 ¼
mcgvkBT

p�h2

Xnimax

ni¼0

F0ðg4iÞ ð2:46Þ

where g4i ¼ ðEFn � E4niÞ=ðkBTÞ
Thus using (2.46) in the electric quantum limit, we can study the ER in this case.
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2.2.3 The ER in Doping Superlattices of HD II-VI
Semiconductors

The 2D electron dispersion law in doping superlattices of HD II-VI semicon-
ductors can be expressed as

c3ðE; ggÞ ¼ a00k2
s þ ni þ

1
2

� �
�hx20ðE; ggÞ � k0ks;x30ðE; ggÞ

� n0 ej j2

d0c03ðE; ggÞescm�jj

 !1=2

ð2:47Þ

The EEM in this case assumes the form as

m�ðEFnHD; ni; ggÞ ¼ m�? 1� k0 k0
� �2þ4a00c3ðEFnHD; ggÞ � 4a00 ni þ

1
2

� �
�hx30ðEFnHD; ggÞ

� �1=2
( )

c03ðEFnHD; ggÞ

ð2:48Þ

The subband energy can be written as

c3ðE6niHD; ggÞ ¼ ni þ
1
2

� �
�hx30ðE6niHD; ggÞ ð2:49Þ

The surface electron concentration per unit area in this case is given by

n2DN ¼
gv

4pa020

Xnimax

ni¼0

G30HDðEFnHD; gg; niÞ þ G31HDðEFnHD; gg; niÞ
 �

ð2:50Þ

where

G30HDðEFnHD; gg; niÞ ¼ ðk0Þ2 � 2a00 ni þ
1
2

� �
�hx30ðEFnHD; gg; niÞ � c3ðEFnHD; gg; niÞ

� �� �

and G31HDðEFnHD; gg; niÞ ¼
Ps

r¼1
LðrÞG30HDðEFnHD; gg; niÞ

Using (2.50) and (2.6) at the electric quantum limit, we can study the ER in this
case.

In the absence of band-tails, the carrier dispersion law in doping superlattices of
II-VI compounds can be expressed as

E ¼ a00k2
s þ ni þ

1
2

� �
�hx10 � k0ks; x10 ¼

n0 ej j2

d0escm�k

 !1
2

ð2:51Þ
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Using (2.51), the EEM in this case can be written as

m�ðEFn; niÞ ¼ m�? 1� k0 k0
� �2þ4a00EFn � 4a00 ni þ

1
2

� �
�hx10

� ��1=2
( )

ð2:52Þ

Thus, the EEM in this case is a function of the Fermi energy, the nipi subband
index number and the energy spectrum constants due to the only presence of k0.

The subband energies ðE8niÞ assume the form as

E8ni ¼ ni þ
1
2

� �
�hx10 ð2:53Þ

The DOS function in this case can be expressed as

NnipiðEÞ ¼
m�?gv

p�h2

Xnimax

ni¼0

1� a81ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E þ b81ðniÞ

p

" #

HðE � E8niÞ ð2:54Þ

in which, a81 � k0

2
ffiffiffiffi
a00
p and b81ðniÞ � 1

4a00
k0

� �2�4a00 ni þ 1
2

� �
�hx10

h ih i
.

The use of the (2.54) leads to the electron concentration as

n0 ¼
m�?gvkBT

p�h2

Xnimax

ni¼0

F0ðg81Þ �
a81ffiffiffiffiffiffiffiffi
kBT
p 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g81 þ c81ðniÞ

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c81ðniÞ

p� 	h i� �
þ
Xs

r¼1

2 1� 21�2r
� �

fð2rÞ �1ð Þ2r�1ð2r � 1Þ!
g81 þ c81 nið Þð Þ2r

" #

ð2:55Þ

where, g81 � EFn�E8ni
kBT and c81ðniÞ � b81ðniÞþE8ni

kBT .

Using (2.55) in the electric quantum limit we can study the ER in this case.

2.2.4 The ER in Doping Superlattices of HD IV-VI
Semiconductors

The 2D electron dispersion law in this case is given by

k2
s ¼ d15ðE; gg; niÞ ð2:56Þ

where d15ðE; gg; niÞ ¼ ½2d12ðE; ggÞ��1½�d13ðE; gg; niÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2

13ðE; gg; niÞ � 4d12ðE; ggÞd14ðE; gg; niÞ
q

�;

d12ðE; ggÞ ¼
a�h4Z0ðE;ggÞ

4mþt m�l
; d13ðE; gg; niÞ ¼ �h2½k71ðE; ggÞd11ðE; gg; niÞ þ k12ðE; ggÞ�;

d14ðE; gg; niÞ ¼ ½k73ðE; ggÞd2
11ðE; gg; niÞ þ k74ðE; ggÞd4

11ðE; gg; niÞ � k74ðE; ggÞ�;

d11ðE; gg; niÞ ¼ 2
�h m�HDð0; ggÞ ni þ 1

2

� �
e2n0

d0escm�HDðE;ggÞ

h i1=2
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and m�HDðE; ggÞ ¼
�h2

4k2
76ðE; ggÞ

½2k74ðE; ggÞf�k073ðE; ggÞ

þ
k73ðE; ggÞk073ðE; ggÞ þ 2k074ðE; ggÞk75ðE; ggÞ þ 2k74ðE; ggÞk075ðE; ggÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2
73ðE; ggÞ þ 4k74ðE; ggÞk75ðE; ggÞ

q g

� 2k074ðE; ggÞf�k73ðE; ggÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

73ðE; ggÞ þ 4k74ðE; ggÞk75ðE; ggÞ
q

g�
The EEM in this case assumes the form

m�ðEFnHD; ni; ggÞ ¼
�h2

2

� �
d015ðEFnHD; gg; niÞ ð2:57Þ

The sub-band energy E9niHD can be expressed as in this case as

0 ¼ d15ðE9niHD; gg; niÞ ð2:58Þ

The surface electron concentration in this case is given by

n2DN ¼
gv

2p

Xnimax

ni¼0

½G32HDðEFnHD; gg; niÞ þ G33HDðEFnHD; gg; niÞ� ð2:59Þ

where

G32HDðEFnHD; gg; niÞ ¼ d15ðEFnHD; gg; niÞ and G33HDðEFnHD; gg; niÞ

¼
Xs

r¼1

LðrÞG32HDðEFnHD; gg; niÞ

Using (2.59) and (2.6) at the electric quantum limit, we can study the ER in this
case.

The carrier energy spectrum in doping superlattices of IV-VI compounds in the
absence of band tails can be written as

k2
s ¼ �h2S19

� ��1 �S20ðE; niÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2

20ðE; niÞ þ 4S19S21ðE; niÞ
q� �

ð2:60Þ

in which, S19 � a
mþt m�t

� 	
; S20ðE; niÞ � 1

mþt
� aE

mþt

� 	
þ 1þaE

m�t
þ

n
a�h2

2mþl m�t
ni þ 1

2

� �
TðEÞþ

a�h2

2m�l mþt
ni þ 1

2

� �
TðEÞg
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TðEÞ � 2m�ð0Þ
�h

x11ðEÞ;m�ð0Þ �
m�l m�l

m�l þ m�l

� �
; x11ðEÞ �

n0 ej j2

d0escm�ðEÞ

 !1
2

;

m�ðEÞ � 1
4t1
� t2ðEÞð Þ0þ t2ðEÞ t2ðEÞð Þ0þ2t1ð1þ 2aEÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2
2ðEÞ þ 4Et1ð1þ aEÞ

p

" #

;

t1 �
a

4mþl m�l

� �
; t2ðEÞ �

1
2

1
m�l

� �
� aE

mþl

� �
þ 1þ aE

m�l

� �� �
; t2ðEÞð Þ0� a

2
1

m�l
� 1

mþl

� �� �

and

S21ðE; niÞ � Eð1þ aEÞ þ aE�h2

2mþl
ni þ

1
2

� �
TðEÞ þ �h2

2m�l
ni þ

1
2

� �
TðEÞð1þ aEÞ

�

þ �h4

4m�l mþl
ni þ

1
2

� �
TðEÞ þ �h2

2m�l

� �
TðEÞ ni þ

1
2

� ��
:

Using (2.60) the EEM in this case can be written as

m�ðEFn; niÞ ¼ R84ðE; niÞjE¼EFn
ð2:61Þ

where,

R84ðE; niÞ � ð2S19Þ�1 � S20ðE; niÞð Þ0þ S20ðE; niÞ S20ðE; niÞ½ �0þ 2S19 S21ðE; niÞ½ �0

S20ðE; niÞ½ �0
� �2þ 4S19S21ðE; niÞ
h i1=2

2

64

3

75:

Thus, one can observe that the EEM in this case is a function of both the Fermi
energy and the nipi subband index number together with the spectrum constants of
the system due to the presence of band non-parabolicity.

The subband energies ðE10niÞ can be written as

E10ni �
�h2

2m�l
TðE10niÞ ni þ

1
2

� �� �
1þ aE10ni þþa

�h2

2mþl
TðE10niÞ ni þ

1
2

� �� �

¼ �h2

2m�l
TðE10niÞ ni þ

1
2

� �� �

ð2:62Þ

The DOS function in this case assumes the form as

NnipiðEÞ ¼
gv

p�h2

Xnimax

ni¼0

R84ðE; niÞHðE � E10niÞ ð2:63Þ
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The use of (2.63) leads to the expression of the electron concentration as

n0 ¼
gv

2p�h2S19

Xnimax

ni¼0

T85ðEFn; niÞ þ T86ðEFn; niÞ ð2:64Þ

where, T85ðEFn; niÞ � �S20ðEFn; niÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S20ðEFn; niÞ½ �2þ4S19S21ðEFn; niÞ

q� �
and

T86ðEFn; niÞ �
Ps

r¼1
LðrÞT85ðEFn; niÞ.

The electron concentration at the quantum limit can be defined through the
equation

n0 ¼
gv

2p�h2S19
�S20 EF0; 0

� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S20 EF0; 0
� � �2þ4S19S21 EF0; 0

� �q� �
ð2:65Þ

2.2.5 The ER in Doping Superlattices of HD Kane Type
Semiconductors

The 2D dispersion relation in this case is given by

P11ðE; ggÞk2
x þ Q11ðE; ggÞk2

y þ S11ðE; ggÞd19ðE; gg; niÞ ¼ 1 ð2:66Þ

where

d19ðE; gg; niÞ ¼
2
�h

m�zzð0; ggÞ ni þ
1
2

� �
n0e2

d0escmzzðE; ggÞ

" #1=2

and the expression for mzzðE; ggÞ has already been given in (1.209) of Chap. 1.
The EEM in this case assumes the form

m�ðEFnHD; ni; ggÞ ¼
�h2

2

� �
d020ðEFnHD; gg; niÞ ð2:67Þ

where d20ðEFnHD; gg; niÞ ¼
½1� S11ðEFnHD; ggÞd19ðEFnHD; gg; niÞ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

P11ðEFnHD; ggÞQ11ðEFnHD; ggÞ
q

The sub-band energy E15niHD can be expressed as in this case as

S11ðE15niHD; ggÞd19ðE15niHD; gg; niÞ ¼ 1 ð2:68Þ
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The surface electron concentration in this case is given by

n2DN ¼
gv

2p

Xnimax

ni¼0

½G34HDðEFnHD; gg; niÞ þ G35HDðEFnHD; gg; niÞ� ð2:69Þ

where G34HDðEFnHD; gg; niÞ ¼ d20ðEFnHD; gg; niÞ and G35HDðEFnHD; gg; niÞ ¼
Ps

r¼1
LðrÞG34HDðEFnHD; gg; niÞ:

Using (2.69) and (2.6) at the electric quantum limit, we can study the ER in this
case.

The electron dispersion law in the doping superlattices of stressed Kane type
semiconductors can be written as

k2
x

a0ðEÞ½ �2
þ

k2
y

b0ðEÞ
 �2 þ

1

c0ðEÞ½ �2
2m�z ð0Þ

�h
ni þ

1
2

� �
x12ðEÞ ¼ 1 ð2:70Þ

where x12ðEÞ � n0 ej j2
d0escm�z ðEÞ

� 	1
2

and m�z ðEÞ � �h2c0ðEÞ o
oE c0ðEÞ½ �.

The use of (2.70) leads to the expression of the EEM as

m�ðEFn; niÞ ¼
�h2

2

� �
R85ðE; niÞ






E¼EFn

ð2:71Þ

where,

R85ðE; niÞ � a0ðEÞð Þ0b0ðEÞ þ b0ðEÞ
� �0

a0ðEÞ
h i

1� 1

c0ðEÞ½ �2
2m�z ð0Þ

�h
ni þ

1
2

� �
x12ðEÞ

" #"

� a0ðEÞb0ðEÞ
c0ðEÞ½ �2

2m�z ð0Þ
�h

ni þ
1
2

� �
x12ðEÞ½ �0

" #

þ a0ðEÞb0ðEÞ c0ðEÞ½ �0

c0ðEÞ½ �3
4m�z ð0Þ

�h
ni þ

1
2

� �
x12ðEÞ½ �

" ##

ð2:72Þ

Thus, the EEM is a function of the Fermi energy and the nipi subband index due
to the presence of stress and band non-parabolicity only.

The subband energies ðE25niÞ can be written as

1

c0ðE25niÞ½ �2
2m�z ð0Þ

�h
ni þ

1
2

� �
x12ðE25niÞ ¼ 1 ð2:73Þ

The DOS function can be written as

NnipiðEÞ ¼
gv

p�h2

Xnimax

ni¼0

R85ðE; niÞHðE � E25niÞ ð2:74Þ
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Thus, using (2.74), the electron concentration in doping superlattices of stressed
compounds can be expressed as

n0 ¼
gv

2p

Xnimax

ni¼0

C3ðEFn; niÞ þ C4ðEFn; niÞ ð2:75Þ

where C3ðEFn; niÞ � a0 EFn

� �
b0 EFnð Þ 1� 2m�z ð0Þ

�h ni þ 1
2

� � x12 EFnð Þ
c0 EFnð Þð Þ2

� �
and C4ðEFn; niÞ

�
Ps

r¼1
LðrÞC3ðEFn; niÞ

The use of (2.75) leads to the expression of the electron statistics at the electric
quantum limit and at low temperatures as

n0 ¼
gv

2p
a0 EF0

� �
b0 EF0

� �
1�

m�z ð0Þ
c0 EF0

� �� �2
�h
x12 EF0

� �
" #

ð2:76Þ

Using (2.76), we can study the ER in this case.

2.3 Result and Discussions

Using the appropriate equations together with the energy band constants as given
in Table 1.1, the ER in the quantum limit has been plotted for the doping
superlattices of HD tetragonal compounds (taking HD Cd3As2 as an example) as a
function of electron concentration as shown in curve (a) of Fig. 2.1. The curve (b)
corresponds to d ¼ 0 and the curve (c) exhibits the dependence of the ER on n0 in
accordance with the HD three-band model of Kane, respectively. The plots (d) and
(e) correspond to the HD two-band model of Kane and that of HD parabolic energy
bands. By comparing the curves (a) and (b) of Fig. 2.1, one can assess the influ-
ence of crystal field splitting of the ER in doping superlattices of HD Cd3As2.
Figure 2.2 represents all cases of Fig. 2.1 for doping superlattices of HD nonlinear
optical materials taking HD CdGeAs2 as an example. It appears from Figs. 2.1 and
2.2 that, the ER in doping superlattices of HD nonlinear optical materials increases
with increasing carrier degeneracy as expected for degenerate materials.

Using the appropriate equations one can numerically evaluate the ER in the
quantum limit as a function of electron concentration in doping superlattices of
HD III-V compounds by using the HD InAs, and InSb as shown in Figs. 2.3 and
2.4 by curves (a), (b) and (c) respectively, in accordance with three and two band
models of Kane together with the model of parabolic energy bands.

Taking doping superlattices of HD Hg1-xCdxTe as an example of HD ternary
compounds, the ER has been plotted for both the structures as a function of
electron concentration as shown in Fig. 2.5 for all cases of the Fig. 2.3. It appears
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from the Fig. 2.5 that the ER in the quantum limit in both cases of doping
superlattices of ternary compounds increases with increasing electron concentra-
tion as usual for the degenerate compounds. Taking doping superlattices of HD

Fig. 2.1 The plot of the ER in the quantum limit for doping superlattices of HD Cd3As2 as a
function of electron concentration in accordance with a the generalized band model, b d ¼ 0,
c the three band model of Kane, d the two band model of Kane and e the parabolic energy bands

Fig. 2.2 The plot of the ER in the quantum limit for doping superlattices of HD CdGeAs2 as a
function of electron concentration in accordance with a the generalized band model, b d ¼ 0,
c the three band model of Kane, d the two band model of Kane and e the parabolic energy bands
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In1-xGaxAsyP1-y lattice matched to HD InP as an example of quaternary com-
pounds the ER in the quantum limit has been further been plotted as a function of
electron concentration as shown in Fig. 2.6 in accordance with the three and two
band models of Kane together with the isotropic parabolic energy band model for
both the cases. It appears that the ER increases with increasing n0 as usual. From
Figs. 2.5 and 2.6, one can assess the influence of energy band constants on the ER
for doping superlattices of ternary and quaternary materials respectively. Using the
appropriate equations, the ER in the quantum limit has been plotted for the doping

Fig. 2.3 The plot of the ER in the quantum limit for doping superlattices of HD InAs as a
function of electron concentration in accordance with a the three band model of Kane, b the two
band model of Kane and c the parabolic energy bands

Fig. 2.4 The plot of the ER in the quantum limit for doping superlattices of HD InSb as a
function of electron concentration in accordance with a the three band model of Kane, b the two
band model of Kane and c the parabolic energy bands
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superlattices of CdS, as a function of carrier concentration as shown by curves (a)
and (b) in Fig. 2.7 for both k0 6¼ 0 and k0 ¼ 0 respectively. This has been pre-
sented for the purpose of assessing the influence of the splitting of the two spin
states by the spin-orbit coupling and the crystalline field on the ER for doping
superlattices of II-VI materials. In Fig. 2.8, the ER in the quantum limit has been
plotted for the HD doping superlattices of (a) PbTe, (b) PbSnTe and (c) Pb1-xSnxSe

Fig. 2.5 The plot of the ER in the quantum limit for doping superlattices of HD Hg1-xCdxTe as a
function of electron concentration in accordance with a the three band model of Kane, b the two
band model of Kane and c the parabolic energy bands

Fig. 2.6 The plot of the ER in the quantum limit for doping superlattices of HD In1-xGaxAsyP1-y

lattice matched to InP as a function of electron concentration in accordance with a the three band
model of Kane, b the two band model of Kane and c the parabolic energy bands
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as a function of electron concentration in accordance with the Dimmock model.
For relatively low values of electron concentration, the values of the ER for the
three materials exhibit convergence behavior whereas for relatively large values of
n0, the numerical values differ widely from each other in this case. In Fig. 2.9, the
ER in the quantum limit has been plotted for the doping superlattices of stressed
HD InSb as a function of electron concentration.

Fig. 2.7 The plot of the ER in the quantum limit for doping superlattices of HD CdS as a
function of carrier concentration in accordance with a k0 6¼ 0 and b k0 ¼ 0

Fig. 2.8 The plot of the ER in the quantum limit as a function of electron concentration for the
doping superlattices of HD a PbTe, b PbSnTe and c Pb1-xSnxSe
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The plot (a) of Fig. 2.9 exhibits the ER for the doping superlattices of stressed
HD InSb in the presence of the stress while the plot (b) shows the same in the
absence of the stress. In the presence of the stress, the magnitude of the ER is
being increased as compared with the same under stress free condition.

2.4 Open Research Problems

R.2.1 Investigate the ER in the presence of an arbitrarily oriented non-quan-
tizing magnetic field for nipi structures of HD nonlinear optical semi-
conductors by including the electron spin. Study all the special cases for
HD III-V, ternary and quaternary materials in this context.

R.2.2 Investigate the ERs in nipi structures of HD IV-VI, II-VI and stressed
Kane type compounds in the presence of an arbitrarily oriented non-
quantizing magnetic field by including the electron spin.

R.2.3 Investigate the ER for nipi structures of all the materials as stated in R.2.1.
R.2.4 Investigate the ER for all the problems from R.2.1 to R.2.3 in the presence

of an additional arbitrarily oriented electric field.
R.2.5 Investigate the ER for all the problems from R.2.1 to R.2.3 in the presence

of arbitrarily oriented crossed electric and magnetic fields.

Fig. 2.9 The plot of the ER in the quantum limit as a function of electron concentration for the
doping superlattices of stressed HD InSb in which the curve a is in the presence of stress and
curve b is under absence of stress
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Chapter 3
The ER in Accumulation and Inversion
Layers of Non-parabolic Semiconductors

3.1 Introduction

It is well known that the electrons in bulk semiconductors in general, have three
dimensional freedom of motion. When, these electrons are confined in a one
dimensional potential well whose width is of the order of the carrier wavelength,
the motion in that particular direction gets quantized while that along the other two
directions remains as free. Thus, the energy spectrum appears in the shape of
discrete levels for the one dimensional quantization, each of which has a contin-
uum for the two dimensional free motion. The transport phenomena of such one
dimensional confined carriers have recently studied [1–34] with great interest. For
the metal-oxide-semiconductor (MOS) structures, the work functions of the metal
and the semiconductor substrate are different and the application of an external
voltage at the metal-gate causes the change in the charge density at the oxide
semiconductor interface leading to a bending of the energy bands of the semi-
conductor near the surface. As a result, a one dimensional potential well is formed
at the semiconductor interface. The spatial variation of the potential profile is so
sharp that for considerable large values of the electric field, the width of the
potential well becomes of the order of the de Broglie wavelength of the carriers.
The Fermi energy, which is near the edge of the conduction band in the bulk,
becomes nearer to the edge of the valance band at the surface creating accumu-
lation layers. The energy levels of the carriers bound within the potential well get
quantized and form electric subbands. Each of the subband corresponds to a
quantized level in a plane perpendicular to the surface leading to a quasi two
dimensional electron gas. Thus, the extreme band bending at low temperature
allows us to observe the quantum effects at the surface. Though considerable work
has already been done, nevertheless it appears from the literature that the ER in
accumulation layers of non-parabolic semiconductors has yet to be investigated in
details. For the purpose of comparison we shall also study the ER for inversion
layers of non-parabolic compounds.

In what follows in Sect. 3.2.1, of the theoretical background, the ER in accu-
mulation and Inversion layers of nonlinear optical semiconductors has been

K. P. Ghatak and S. Bhattacharya, Heavily-Doped 2D-Quantized Structures
and the Einstein Relation, Springer Tracts in Modern Physics 260,
DOI 10.1007/978-3-319-08380-3_3, � Springer International Publishing Switzerland 2015
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studied under weak electric field limit. The Sect. 3.2.2 contains the results for
accumulation and Inversion layers of III–V, ternary and quaternary semiconduc-
tors for the weak electric field limit whose bulk electrons obey the three and the
two band models of Kane together with parabolic energy bands and they form the
special cases of Sect. 3.2.1. The Sect. 3.2.3 contains the study of the ER for
accumulation and Inversion layers of II–VI semiconductors, which is valid for all
values of electric field. The Sects. 3.2.4 and 3.2.5 contain the study of the ER in
accumulation and Inversion layers of IV–VI and stressed semiconductors
respectively. The Sect. 3.2.6 contains the study of the ER in accumulation and
Inversion layers of Ge. The Sect. 3.3 contains the results and discussion of this
chapter. The last Sect. 3.4 contains open research problems of this chapter.

3.2 Theoretical Background

3.2.1 The ER in Accumulation and Inversion Layers
of Non-linear Optical Semiconductors

In the presence of a surface electric field Fs along z direction and perpendicular to
the surface, (1.26) assumes the form

�h2k2
z

2m�jj
þ �h2k2

s

2m�?

T21ðE� jejFsz,ggÞ
T22ðE� jejFsz,ggÞ

¼ T21ðE� jejFsz; ggÞ ð3:1Þ

where, for this chapter, E represents the electron energy as measured from the edge
of the conduction band at the surface in the vertically upward direction.

The quantization rule for 2D carriers in this case, is given by [5]

Zzt

0

kzdz ¼ 2
3
ðSiÞ3=2 ð3:2Þ

where, zt is the classical turning point and Si is the zeros of the Airy function
ðAi ð�SiÞ ¼ 0Þ.

Using (3.1) and (3.2) leads to the dispersion relation of the 2D electrons in
accumulation layers of HD non-linear optical materials under the condition of
weak electric field limit as

�h2k2
s

2m�jj
¼ L6ðE; i; ggÞ ð3:3aÞ
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where L6ðE; i; ggÞ ¼
T21ðE; ggÞ � L3ðE; i; ggÞ

L4ðE; i; ggÞ
; L3ðE; i; ggÞ ¼ Si T 021ðE,ggÞ

� �2=3 �hjejFsffiffiffiffiffiffiffiffi
2m�jj

q

2

64

3

75

2=3

and

L4ðE; i; ggÞ ¼
T21ðE;ggÞ
T22ðE;ggÞ

þ L3ðE; i; ggÞ
T21ðE;ggÞ

T 021ðE;ggÞT22ðE;ggÞ
� 2

3
T 021ðE;ggÞ
T21ðE;ggÞ

� T 022ðE;ggÞ
T22ðE;ggÞ

n oh i

The EEM in this case can be written as

m�ðE0f ; i; ggÞ ¼ m�jj Real part of ½L06ðE0f ; i; ggÞ� ð3:3bÞ

The sub-band energy Ei can be determined from the equation

0 ¼ Real part of L6ðEi; i; ggÞ ð3:3cÞ

The surface electron concentration in the regime of very low temperatures
where the quantum effects become prominent can be written as

ns ¼ 2gv Real part of the
Ximax

i¼0

m�?
2p�h2 L6 E0f ; i; gg

� �� ��
þ 1

ð2pÞ3
2m�?

ffiffiffiffiffiffiffiffi
2m�jj

q

�h3 ti

T22ðEFB; ggÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T21ðEFB; ggÞ

qh ii

ð3:4Þ

where ti ¼ Ei max

eFsð1þimaxÞ ;Ei max is the root of the Real part of the equation

T21ðEi max; ggÞ � L3ðEimax; imax; ggÞ ¼ 0 ð3:5Þ

E0f ¼ eVg � e2nsdox
eox
þ EFB;Vg is the gate voltage, ns is the surface electron con-

centration, dox is the thickness of the oxide layer, eox is the permittivity of the oxide
layer, Fs ¼ ens

esc
; esc is the semiconductor permittivity and EFB should be determined

from the equation

nB ¼
2gv

ð2pÞ3
2m�?

ffiffiffiffiffiffiffiffi
2m�jj

q

�h3 Real part of T22ðEFB; ggÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T21ðEFB; ggÞ

qh i
ð3:6Þ

where nB is the bulk electron concentration.
The ER in this case is given by

D

l
¼ Real part of

ns

ej j
ons

oðE0F � E0Þ

� ��1
" #

ð3:7Þ
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where, E0F is the Fermi energy and E0 is the sub-band energy at the electric
quantum limit respectively.

Thus using (3.4), (3.7) and the allied definitions in the electric quantum limit,
we can study the ER in this case.

In what follows, we shall discuss the ER in accumulation layers of non-linear
optical materials for the purpose of relative comparison. In the presence of a
surface electric field Fs along z direction and perpendicular to the surface, the (1.2)
assumes the form

w1ðE � ej jFszÞ ¼ w2ðE � ej jFszÞk2
s þ w3ðE � ej jFszÞk2

z ð3:8Þ

where w1ðEÞ ¼ cðEÞ;w2ðEÞ ¼ f1ðEÞ and w3ðEÞ ¼ f2ðEÞ.
Using (3.2) and (3.8), under the weak electric field limit, one can write,

Zzt

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A7ðEÞ � ej jFszD7ðEÞ

p
dz ¼ 2

3
ðSiÞ3=2 ð3:9Þ

in which, A7ðEÞ � w1ðEÞ�w2ðEÞk2
s

w3ðEÞ

h i
D7ðEÞ � ½B7ðEÞ � A7ðEÞC7ðEÞ�;

B7ðEÞ � ðw1ðEÞÞ
0�ðw2ðEÞÞ

0k2
s

w3ðEÞ

h i
and C7ðEÞ � ðw3ðEÞÞ0

w3ðEÞ

h i
.

Thus, the 2D electron dispersion law in inversion layers of nonlinear optical
materials under the weak electric field limit can approximately be written as

w1ðEÞ ¼ P7ðE; iÞk2
s þ Q7ðE; iÞ ð3:10Þ

where,

P7ðE; iÞ � w2ðEÞ �
2t2ðEÞ

3½t1ðEÞ�1=3

 !

w3ðEÞSiðjejFsÞ2=3

" #

;

t2ðEÞ �
w2ðEÞ½ �0

w3ðEÞ
� w2ðEÞ w3ðEÞ½ �0

½w3ðEÞ�
2

 !" #

;

t1ðEÞ �
w1ðEÞ½ �0

w3ðEÞ
� w1ðEÞ w3ðEÞ½ �0

½w3ðEÞ�
2

 !" #

and Q7ðE; iÞ � Siw3ðEÞ jejFst1ðEÞ½ �2=3:

The EEM in the x–y plane can be expressed as

m�ðEFiw; iÞ ¼
�h2

2

	 

G7ðE; iÞ

����
E¼EFiw

ð3:11Þ
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where, G7ðE; iÞ � ½P7ðE; iÞ��2 P7ðE; iÞ ðw1ðEÞÞ
0 � ðQ7ðE; iÞÞ0

� 
� w1ðEÞ � ðQ7ðE; iÞÞf g

�

ðP7ðE; iÞÞ0� and EFiw is the Fermi energy under the weak electric field limit as
measured from the edge of the conduction band at the surface in the vertically
upward direction. Thus, we observe that the EEM is the function of subband index,
the Fermi energy and other band constants due to the combined influence of the
crystal filed splitting constant and the anisotropic spin-orbit splitting constants
respectively.

The subband energy Eniw1ð Þ in this case can be obtained from (3.10) as

w1 Eniw1ð Þ ¼ Q7 Eniw1 ; ið Þ ð3:12Þ

The general expression of the 2D total DOS density-of-states function in this
case can be written as

N2DiðEÞ ¼
2gv

ð2pÞ2
Ximax

i¼0

o

oE
AðE; iÞHðE � EniÞ½ � ð3:13Þ

where, AðE; iÞ is the area of the constant energy 2D wave vector space for
inversion layers and Eni is the corresponding subband energy.

Using (3.10) and (3.13), the total 2D DOS function under the weak electric
field limit weak electric field limit can be expressed as

N2DiðEÞ ¼
gv

ð2pÞ
Ximax

i¼0

G7ðE; iÞHðE � Eniw1Þ½ � ð3:14Þ

Using (3.14) and the Fermi-Dirac occupation probability factor, the 2D surface
electron concentration in inversion of tetragonal materials under the weak electric
field limit ðn2DwÞ can be written as

n2Dw ¼ gvð2pÞ�1
Ximax

i¼0

P7wðEFiw; iÞ þ Q7wðEFiw; iÞ½ � ð3:15Þ

where, P7wðEFiw; iÞ � w1ðEFiw; iÞ � Q7ðEFiw; iÞ½ � P7ðEFiw; iÞf g�1 and Q7wðEFiw; iÞ �Ps
r¼1 LðrÞ P7ðEFiw; iÞ½ �f g and

Fs �
jejn2Dw

esc

Thus the surface electron concentration under the weak electric field quantum
limit assumes the form

n2Dw ¼ gvð2pÞ�1 P7wðEFw; 0Þ
� �

ð3:16Þ

where, EFw is the Fermi energy under the weak electric field quantum limit as
measured from the edge of the conduction band at the surface.
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The ER in this case can be written as

D

l
¼ n2Dw

ej j
on2Dw

oðE0Fw � En0wÞ

� ��1

ð3:17Þ

where En0w is the electric sub-band energy at the electric quantum limit by using
(3.16), (3.17) and the allied definitions, we can study ER in inversion layers of
non-linear optical materials at the electric quantum limit and extreme degeneracy.

3.2.2 The ER in Accumulation and Inversion Layers
of III–V, Ternary and Quaternary Semiconductors

(a) Using the substitutions d ¼ 0;Djj ¼ D? ¼ D and m�jj ¼ m�? ¼ mc, (3.3a)

under the condition of weak electric field limit, assumes the form

T90ðE; ggÞ ¼
�h2k2

s

2mc
þ Si

�hjejFs T90ðE; ggÞ
� �0
ffiffiffiffiffiffiffiffi
2mc
p

" #2=3

ð3:18Þ

where, T90ðE; ggÞ ¼ T31ðE; ggÞ þ iT32ðE; ggÞ.
(3.18) represents the dispersion relation of the 2D electrons in accumulation layers
of HD III–V, ternary and quaternary materials under the weak electric field limit
limit whose bulk electrons obey the HD three band model of Kane. Since the
electron energy spectrum in accordance with the HD three-band model of Kane is
complex in nature, the (3.18) will also be complex. The both complexities occur
due to the presence of poles in the finite complex plane of the dispersion relation of
the materials in the absence of band tails.

The EEM can be expressed as

m�ðE0f ; i; ggÞ ¼ mc Real part of P03HDðE0f ; i; ggÞ ð3:19Þ

where, P3HDðE0f ; i; ggÞ ¼ T90ðE0f ; ggÞ � Si
�hjejFs½T90ðE0f ;ggÞ�0ffiffiffiffiffiffi

2mc
p

h i2=3
� �

Thus, one can observe that the EEM is a function of the sub-band index, surface
electric field, the Fermi energy and the other spectrum constants due to the
combined influence of Eg and D.

The sub-band energy Ei1 is given by

0 ¼ Real part of T90ðEi1; ggÞ � Si½�hjejFs½T90ðEi1; ggÞ�0:ð2mcÞ�1=2�2=3
h i

ð3:20Þ
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The DOS function can be written as

N2DiðEÞ ¼
mcgv

p�h2

Ximax

i¼0

P3HDðE; i; ggÞHðE � Ei1Þ
� �

ð3:21Þ

Thus the DOS function is complex in nature.
The surface electron concentration is given by

ns ¼ gv Real part of the
Ximax

i¼0

mc

p�h2 P3HDðE0f ; i; ggÞ
� �

þ 1
3p2

2mc

�h2

	 
3=2

ti T90ðEFB; ggÞ
� �3=2

" #

ð3:22aÞ

where EFB should be determined from the following equation

nB ¼
gv

3p2

2mc

�h2

	 
3=2

Real part of ½T90ðEFB; ggÞ�3=2 ð3:22bÞ

Thus using (3.7), (3.22b) and the allied definitions, we can study the ER in this
case in the electric quantum limit.

Using the substitutions d ¼ 0; Dk ¼ D? ¼ D and m�jj ¼ m�? ¼ mc, (3.10) under

the condition of weak electric field limit, assumes the form

I11ðEÞ ¼
�h2k2

s

2mc
þ Si

�hjejFs½I11ðEÞ�0ffiffiffiffiffiffiffiffi
2mc
p

� �2=3

ð3:23Þ

(3.23) represents the dispersion relation of the 2D electrons in inversion layers of
III–V, ternary and quaternary materials under the weak electric field limit whose
bulk electrons obey the three band model of Kane.

The EEM can be expressed as

m�ðEFiw; iÞ ¼ mc½P3ðE; iÞ�jE¼EFiw
ð3:24Þ

where, P3ðE; iÞ � I11ðEÞ½ �0� 2
3 Si

�hjejFsffiffiffiffiffiffi
2mc
p
h i2=3

½I11ðEÞ�0
� �1=3½I11ðEÞ�00

� �� �
.

Thus, one can observe that the EEM is a function of the subband index, surface
electric field, the Fermi energy and the other spectrum constants due to the
combined influence of Eg and D.

The subband energy ðEniw2Þ in this case can be obtained from the (3.23) as

I11ðEniw2Þ ¼ Si
�hjejFs½I11ðEniw2Þ�

0
ffiffiffiffiffiffiffiffi
2mc
p

� �2=3

ð3:25Þ
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Thus the 2D total DOS function in weak electric field limit can be expressed as

N2DiðEÞ ¼
mcgv

p�h2

Ximax

i¼0

P3ðE; iÞHðE � Eniw2Þ½ � ð3:26Þ

Using (3.26) and the occupation probability, the n2Dw in the present case can be
written as

n2Dw ¼
gvmc

p�h2

Ximax

i¼0

½P4wðEFiw; iÞ þ Q4wðEFiw; iÞ� ð3:27Þ

where, P4wðEFiw; iÞ � I11ðEFiwÞ � Si
�heFs½I11ðEFiwÞ�0ffiffiffiffiffiffi

2mc
p

h i2=3
� �

and Q4ðEFiw; iÞ �
Ps

r¼1 LðrÞf

½P4wðEFiw; iÞ�g.
The surface electron concentration under the weak electric field quantum limit

assumes the form

n2Dw ¼
gvmc

p�h2 P4wðEFw; 0Þ
� �

ð3:28Þ

Using (3.17), (3.28) and the allied definitions, we can study the ER in this case.

(b) Using the constraints D� Eg or D� Eg, the (3.18) under the low electric
field limit assumes the form

c2ðE; ggÞ ¼
�h2k2

s

2mc
þ Si

�hjejFs½c2ðE; ggÞ�0ffiffiffiffiffiffiffiffi
2mc
p

" #2=3

ð3:29Þ

The (3.29) represents the dispersion relation of the 2D electrons in accumula-
tion layers of HD III–V, ternary and quaternary materials under the weak electric
field limit whose bulk electrons obey the HD two band model of Kane.

The EEM can be expressed as

m�ðE0f ; i; ggÞ ¼ mcP03HD1ðE0f ; i; ggÞ ð3:30Þ

where, P3HD1ðE0f ; i; ggÞ ¼ c2ðE0f ; ggÞ � Si
�hjejFs½c2ðE0f ;ggÞ�0ffiffiffiffiffiffi

2mc
p

h i2=3
� �

.

Thus, one can observe that the EEM is a function of the sub-band index, surface
electric field, the Fermi energy and the other spectrum constants due to the
combined influence of Eg and D.
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The sub-band energy Ei1 is given by

0 ¼ c2ðEi2; ggÞ � Si �hjejFs c2ðEi2; ggÞ
� �0

:ð2mcÞ�1=2
h i2=3

� �
ð3:31Þ

The DOS function can be written as

N2DiðEÞ ¼
mcgv

p�h2

Ximax

i¼0

P03HD1ðE; i; ggÞHðE � Ei2Þ
� �

ð3:32Þ

Thus the DOS function is complex in nature.
The surface electron concentration is given by

nS ¼ gv

Ximax

i¼0

mc

p�h2 P3HD1ðE0f ; i; ggÞ
� �

þ 1
3p2

2mc

�h2

	 
3=2

ti c2ðEFB; ggÞ
� �3=2

" #

ð3:33aÞ

where EFB should be determined from the following equation

nB ¼
gv

3p2

2m

�h2

	 
3=2

c2ðEFB; ggÞ
� �3=2 ð3:33bÞ

Thus using (3.7), (3.33b) and the allied definitions, we can study the ER in this
case in the electric quantum limit.

Using the constraints D� Eg or D� Eg, the (3.23) under the low electric field
limit assumes the form

Eð1þ aEÞ ¼ �h2k2
s

2mc
þ Si

�h ej jFsð1þ 2aEÞ
ffiffiffiffiffiffiffiffi
2mc
p

� �2=3

ð3:34Þ

For large values of i, Si ! 3p
2 iþ 3

4

� �� �2=3
[5], and the (3.34) gets simplified as

Eð1þ aEÞ ¼ �h2k2
s

2mc
þ 3p�h ej jFs

2
iþ 3

4

	 

ð1þ 2aEÞ

ffiffiffiffiffiffiffiffi
2mc
p

� �2=3

ð3:35Þ

The (3.35) was derived for the first time by Antcliffe et al. [3].
The EEM in this case is given by

m�ðEFiw; iÞ ¼ mc½P6ðE; iÞ�jE¼EFiw
ð3:36Þ

where, P6ðE; iÞ � 1þ 2aE � 4a
3

Si
�hjejFsffiffiffiffiffiffiffiffi

2mc
p
� �2=3

f1þ 2aEg�1=3

( )

.
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Thus, one can observe that the EEM is a function of the subband index, surface
electric field and the Fermi energy due to the presence of band non-parabolicity only.

The subband energies ðEniw3Þ are given by

Eniw3ð1þ aEniw3Þ ¼ Si
�h ej jFsð1þ 2aEniw3Þffiffiffiffiffiffiffiffi

2mc
p

� �2=3

ð3:37Þ

The total 2D DOS function can be written as

N2DðEÞ ¼
mcgv

p�h2

Ximax

i¼0

1þ 2aE � 4a
3

Si
�hjejFsffiffiffiffiffiffiffiffi

2mc
p
� �2=3

ð1þ 2aEÞ�1=3

" #

HðE � Eniw3Þ
( )

ð3:38Þ

Under the condition aE � 1, the use of (3.38) and the Fermi-Dirac integral
leads to the expression of n2Dw as

n2Dw ¼
gvmckBT

p�h2

	 
Ximax

i¼0

1þ Di þ 2aEniw3½ �F0ðgiwÞ þ 2akBTF1ðgiwÞf g ð3:39Þ

where, Di � 4aSi
3

�h ej jFsffiffiffiffiffiffi
2mc
p
� �2=3

and giw �
EFiw�Eniw3

kBT

h i
.

For all values of aEFiw, the n2Dw can be written by using (3.39) as

n2Dw ¼
gvmc

p�h2

	 
Ximax

i¼0

P5wðEFiw; iÞ þ Q5wðEFiw; iÞ½ � ð3:40Þ

where, P5wðEFiw; iÞ � EFiwð1þ aEFiwÞ � Si
�h ej jFsffiffiffiffiffiffi

2mc
p ð1þ 2aEFiwÞ
h i2=3

� �

and Q5wðEFiw; iÞ �
Ps

r¼1 LðrÞP5wðEFiw; iÞ.
The electron concentration under the weak electric field quantum limit assumes

the form

n2Dw ¼
gvmc

p�h2 EFwð1þ aEFwÞ � S0
�h ej jFsffiffiffiffiffiffiffiffi

2mc
p
	 
2=3

ð1þ 2aEFwÞ2=3

( )

ð3:41Þ

Using (3.17), (3.41) and the allied definitions, we can study the ER in this case.

(c) Using the constraints a! 0, the (3.29) under the low electric field limit
assumes the form

c3ðE; ggÞ ¼
�h2k2

s

2mc
þ Si

�h ej jFs c3ðE; ggÞ
� �0
ffiffiffiffiffiffiffiffi
2mc
p

" #2=3

ð3:42Þ

150 3 The ER in Accumulation and Inversion Layers



The (3.42) represents the dispersion relation of the 2D electrons in accumula-
tion layers of HD III–V, ternary and quaternary materials under the weak electric
field limit whose bulk electrons obey the HD parabolic band model.

The EEM can be expressed as

m�ðE0f ; i; ggÞ ¼ mcP03HD2ðE0f ; i; ggÞ ð3:43Þ

where, P3HD2 E0f ; i; gg

� �
¼ c3ðE0f ; ggÞ � Si

�hjejFs c3 E0f ;ggð Þ½ �0ffiffiffiffiffiffi
2mc
p

� �2=3
" #

Thus, one can observe that the EEM is a function of the sub-band index, surface
electric field, the Fermi energy and the other spectrum constants due to the
combined influence of Eg and D.

The sub-band energy Ei1 is given by

0 ¼ c3 Ei2; gg

� �
� Si �h ej jFs c3ðEi2; ggÞ

� �0�ð2mcÞ�1=2
h i2=3

� �
ð3:44Þ

The DOS function can be written as

N2DiðEÞ ¼
mcgv

p�h2

Ximax

i¼0

P03HD2ðE; i; ggÞHðE � Ei3Þ
� �

ð3:45Þ

The surface electron concentration is given by

ns ¼ gv

Ximax

i¼0

mc

p�h2 P3HD2ðE0f ; i; ggÞ
� �

þ 1
3p2

2mc

�h2

	 
3=2

ti c3ðEFB; ggÞ
� �3=2

" #

ð3:46aÞ

where EFB should be determined from the following equation

nB ¼
gv

3p2

2mc

�h2

	 
3=2

c3ðEFB; ggÞ
� �3=2 ð3:46bÞ

Thus using (3.7), (3.46a) and the allied definitions, we can study the ER in this
case.

For a! 0, as for inversion layers, whose bulk electrons are defined by the
parabolic energy bands, from (3.34), we can write,

E ¼ �h2k2
s

2mc
þ Si

�h ej jFsffiffiffiffiffiffiffiffi
2mc
p
� �2=3

ð3:47Þ

The (3.47) is valid for all values of the surface electric field [1].
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The electric subband energy ðEni4Þ assumes the form, from (3.47) as

Eni4 ¼ Si
�h ej jFsffiffiffiffiffiffiffiffi

2mc
p
� �2=3

ð3:48Þ

The total DOS function can be written using (3.48) as

N2DðEÞ ¼
mcgv

p�h2

Ximax

i¼0

HðE � Eni4Þ ð3:49Þ

The use of (3.49) leads to the expression of n2Di as [1]

n2Di ¼
gvmckBT

p�h2

Ximax

i¼0

F0ðgiÞ ð3:50Þ

where, gi � ðkBTÞ�1 EFi � Si
�h ej jFsffiffiffiffiffiffi

2mc
p
h i2=3

� �
, EFi is the Fermi energy as measured

from the edge of the conduction band at the surface.
Thus by using (3.50), (3.17) and the allied definitions at the electric quantum

limit we can study the ER in this case.

3.2.3 The ER in Accumulation and Inversion Layers
of II–VI Semiconductors

The use of (1.140) and (3.2) leads to the expression of the quantization integral as

ffiffiffiffiffiffiffiffi
2m�jj

q

�h

Zzt

0

c3ðE, ggÞ � ej jFszc
0
3ðE, ggÞ � a00k2

s 	 ðk0Þks

� �1=2
dz ¼ 2

3
ðSiÞ3=2 ð3:51Þ

where, zt � ej jFsc03ðE, ggÞ
� ��1

c3ðE, ggÞ � a00k2
s 	 ðk0Þks

� �
.

Therefore, the 2D electron dispersion law for accumulation layers of HD II–VI
semiconductors can be expressed as

c3ðE, ggÞ ¼ a00k2
s 
 ðk0Þks þ Si

�h ej jFsc03ðE, ggÞffiffiffiffiffiffiffiffi
2m�jj

q

0

B@

1

CA

2=3

ð3:52Þ
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The area of the 2D surface as enclosed by the (3.52) can be expressed as

AðE; gg; iÞ ¼
p

a020
D10ðE; gg; iÞ

where

D10ðE; gg; iÞ ¼ ðk0Þ2 � 2a00 �c3ðE; ggÞ þ Si
�heFsc03ðE; ggÞffiffiffiffiffiffiffiffi

2m�jj
q

0

B@

1

CA

2=38
><

>:

9
>=

>;

2

64

3

75 ð3:53Þ

The EEM in this case assumed the form

m�ðE0f ; gg; iÞ ¼ m�?D010ðE0f ; gg; iÞ ð3:54Þ

The sub-band energy Ei2 can be written as

c3ðEi2; ggÞ ¼ Si
�h ej jFsc03ðEi2; ggÞffiffiffiffiffiffiffiffi

2m�jj
q

0

B@

1

CA

2=3

ð3:55Þ

The surface electron concentration can be written as

ns ¼ gv

Ximax

i¼0

m�?
p�h2

	 

D10ðE0f ; i; ggÞ þ D11ðE0f ; i; ggÞ
h i� ��

þ ti

2
kBT

pb00

	 
3
2 b00

a00

	 

F1

2
ðEFB

kBT
Þ þ ðk0Þ2

2a00kBT
F�1

2

EFB

kBT

	 
" ## ð3:56Þ

The EFB can be determined from the following equation

nB ¼
gv

2
kBT

pb00

	 
3
2 b00

a00

	 

F1

2

EFB

kBT

	 

þ ðk0Þ2

2a00kBT
F�1

2

EFB

kBT

	 
" #

ð3:57Þ

D11 E0f ; i; gg

� �
¼
Xs

r¼1

LðrÞ D10 E0f ; i; gg

� �h i

Thus using (3.7), (3.56) and the allied definitions, we can study the ER in this
case.

The use of (1.140) and (3.2) leads to the expression of the quantization integral
in this case as
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ffiffiffiffiffiffiffiffi
2m�jj

q

�h

Zzt

0

E � ej jFsz� a00k2
s 	 ðk0Þks

� �1=2
dz ¼ 2

3
ðSiÞ3=2 ð3:58Þ

where, zt � ej jFsð Þ�1 E � a00k2
s 	 ðk0Þks

� �
.

Therefore, the 2D electron dispersion law for inversion layers of II–VI semi-
conductors can be expressed for all values of Fs as

E ¼ a00k2
s 
 ðk0Þks þ Si

�hjejFsffiffiffiffiffiffiffiffi
2m�jj

q

0

B@

1

CA

2=3

ð3:59Þ

The area of the 2D surface as enclosed by the (3.59) can be expressed as

AðE; iÞ ¼ pðm�?Þ
2

�h4 2ðk0Þ2 �
2�h2

m�?
Si

�h ej jFsffiffiffiffiffiffiffiffi
2m�jj

q

0

B@

1

CA

2=3

þ 2�h2E

m�?

8
><

>:

9
>=

>;

2

64

� 2ðk0Þ ðk0Þ2 �
2�h2

m�?
Si

�h ej jFsffiffiffiffiffiffiffiffi
2m�jj

q

0

B@

1

CA

2=3

þ 2�h2E

m�?

2

64

3

75

1=23

775

ð3:60Þ

The EEM is given by

m�ðEFi; iÞ ¼ m�? 1� q71ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EFi þ q72
p

� �
ð3:61Þ

where, EFi is the Fermi energy in this case, q71 � k0

2
ffiffiffiffi
a00
p and q72 � ðq71Þ2�

"

�hjejFsffiffiffiffiffiffi
2m�jj
p
	 
2=3

#

.

Thus, the EEM depends on both the Fermi energy and the subband index due to
the presence of the term k0.

The subband energy ðEni6Þ can be written as

Eni6 ¼ Si
�h ej jFsffiffiffiffiffiffiffiffi

2m�jj
q

0

B@

1

CA

2=3

ð3:62Þ
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The total 2D DOS function can be written as

N2DiðEÞ ¼
m�?gv

p�h2

Ximax

i¼0

1� q71ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E þ q72
p

� �
HðE � Eni6Þ

� �
ð3:63Þ

The surface electron concentration assumes the form

n2Di
gvm�?kBT

p�h2

Ximax

i¼0

F0ðgiÞ �
k0f7ðEFi; iÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffi
a00kBT

p

( )" #( )

ð3:64Þ

where, gi �
EFi �Eni6

kBT

h i
, f7ðEFi; iÞ �

�
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gi þ d72

p
�

ffiffiffiffiffiffi
d72
p� �

þ
Ps

r¼1 2ð1� 21�2rÞ
�

fð2rÞ ð�1Þ2r�1ð2r�1Þ!
ðgiþd72Þ2r g

�

and d72 � ðk0Þ2
4a00kBT :

The electron concentration in the electric field quantum limit can be obtained by

n2Di ¼
gv

2a00
EF0 þ

ðk0Þ2

4a00
� E0 �

k0

2
ffiffiffiffiffi
a00

p EF0 þ
ðk0Þ2

4a00
� E0

" #1=2
8
<

:

9
=

;

2

4

3

5 ð3:65Þ

Using (3.65), (3.17) and the allied definitions at the electric quantum limit we
can study the ER in inversion layers of II–VI semiconductors.

3.2.4 The ER in Accumulation and Inversion Layers
of IV–VI Semiconductors

The dispersion relation of the conduction electrons in bulk specimens of IV–VI
semiconductors in accordance with the model of Bangert and Kastner is given by

2E ¼ k2
s

ðRÞ2

Eg0ð1þ a1EÞ þ
ðSÞ2

D0cð1þ a2EÞ þ
ðQÞ2

D00gc
ð1þ a3EÞ

" #

þ k2
z

ðAÞ2

Eg0ð1þ a1EÞ þ
ðSþ QÞ2

D00c ð1þ a3EÞ

" #

ð3:66Þ

where ðRÞ2 ¼ 2:3� 10�10ðevmÞ2; ðSÞ2 ¼ 4:6ðRÞ2; a1 ¼ 1
Eg0
; a2 ¼ 1

D0c
; a3 ¼ 1

D00c

D00c ¼ 3:28ev; D0c ¼ 3:07ev; ðQÞ2 ¼ 1:3ðRÞ2; ðAÞ2 ¼ 0:8� 10�4ðevmÞ2.
The electron energy spectrum in heavily doped IV–VI materials in accordance

with this model can be expressed by using the methods as given in Chap. 1 as
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2Ið4Þ ¼ k2
s c1ða1;E;EgÞ � iD1ða1;E;EgÞ
�  ðRÞ2

Eg0

þ c2ða2;E;EgÞ � iD2ða2;E;EÞ
�  ðSÞ2

D0c

"

þ c3ða3;E;EgÞ � iD3ða3;E;EgÞ
�  ðQÞ2

D00c

#

þ k2
z

2ðAÞ2

Eg0

c1ða1;E;EgÞ � iD1ða1;E;EgÞ
� 

"

þ ðSþ QÞ2

D00c
c3ða3;E;EgÞ � iD3ða3;E;EgÞ
� 

#

ð3:67Þ

where

a1 ¼
1

Eg
; a2 ¼

1

D0c
; a3 ¼

1

D00c
; ui ¼

1þ aiE

ggai
;

ciðai;E; ggÞ ¼
2

aigg

ffiffiffi
p
p

" #

expð�u2
i Þ �

X1

p¼1

expð�p2=4ÞðsinhðpuiÞÞ
� 

p�1

" #

i ¼ 1; 2; 3 Diðai;E; ggÞ ¼
ffiffiffi
p
p

aigg

" #

expð�u2
i Þ;

Therefore (3.67) can be written as,

F1ðE; ggÞk2
s þ F2ðE; ggÞk2

z ¼ 1 ð3:68Þ

where,

F1ðE; ggÞ ¼ 2c0ðE; ggÞ
� ��1 ðRÞ2

Eg
C1ða1;E;EgÞ � iD1ða1;E;EgÞ
� 

þ ðSÞ
2

D0c
C2ða2;E;EgÞ � iD2ða2;E;EgÞ
� 

"

þ ðQÞ
2

D00c
C3ða3;E;EgÞ � iD3ða3;E;EgÞ
� 

#

and

F2ðE; ggÞ ¼ 2c0ðE; ggÞ
� ��1 2ðAÞ2

Eg
C1ða1;E; ggÞ � iD1ða1;E; ggÞ
� 

"

þ ðSþ QÞ2

D00c
C3ða3;E; ggÞ � iD3ða3;E; ggÞ
� 

#

Since F1ðE; ggÞ and F2ðE; ggÞ are complex, the energy spectrum is also com-
plex in the presence of Gaussian band tails.

The 2D electron dispersion relation in accumulation layers of IV–VI semi-
conductors can be written as

h1ðE; i; ggÞk2
x þ h2ðE; i; ggÞk2

y ¼ h3ðE; i; ggÞ ð3:69Þ
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where

h1ðE; i; ggÞ ¼ ½F1ðE; ggÞ þ SiðeFsa1ðE; ggÞÞ2=3F2ðE; ggÞ�

a1ðE; ggÞ ¼
1

F2ðE; ggÞ
F02ðE; ggÞ
F2ðE; ggÞ

F1ðE; ggÞ � F01ðE; ggÞ
" #

h2ðE; i; ggÞ ¼ F1ðE; ggÞ þ
2
3

a2ðE; ggÞ
a1ðE; ggÞ

eFsa1ðE; ggÞ
� �2=3

SiF1ðE; ggÞ
" #" #

a2ðE; ggÞ ¼
1

F2ðE; ggÞ
F02ðE; ggÞ
F2ðE; ggÞ

F1ðE; ggÞ � F01ðE; ggÞ
" #

h3ðE; i; ggÞ ¼ 1þ 2
3

CðE; ggÞ
a1ðE; ggÞ

SiðeFsa1ðE; ggÞÞ2=3F2ðE; ggÞ
" #

and C(E, ggÞ ¼
F02ðE; ggÞ
F2

2ðE; ggÞ

" #

The EEM can be expressed as

m�ðE0f ; i; ggÞ ¼
�h2

2
h04ðE0f ; i; ggÞ ð3:70Þ

where h4ðE0f ; i; ggÞ ¼
h3ðE0f ; i; ggÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h1ðE0f ; i; ggÞh2ðE0f ; i; ggÞ
q .

The subband energy Ei3 is given by

h3ðEi3; i; ggÞ ¼ 0 ð3:71Þ

The 2D electron concentration in accumulation layer of IV–VI materials under
the condition of extreme degeneracy and low electric field limit can be written as

ns ¼ gv Real part of
Ximax

i¼0

h4ðE0f ; i; ggÞ þ
ti

3p2
F1ðEFB; ggÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2ðEFB; ggÞ

qh i�1
� �

ð3:72Þ

where EFB can be determined from the equation

nB ¼ gv Real part of
1

3p2
F1ðEFB; ggÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2ðEFB; ggÞ

qh i�1
� �

ð3:73Þ

Thus using (3.7), (3.72) and the allied definitions in the electric quantum limit,
we can study the ER in this case.

The 2D electron dispersion relation of the inversion layers of IV–VI semi-
conductors in the low electric field limit can be written using (3.2) and (3.66) as

k2
s ¼ b3ðE; iÞ ð3:74Þ

where b3ðE; iÞ ¼
b1ðE; iÞ
b2ðE; iÞ

;
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b1ðE; iÞ ¼ 1� eFsV 02ðEÞ
V2

2 ðEÞ

� �2
3

SiV2ðEÞ;V2ðEÞ ¼
2ðAÞ2

Eg0ð1þ a1EÞ þ
ðSþ QÞ2

D00c ð1þ a3EÞ

" #

ð2EÞ�1;

b2ðE; iÞ ¼ V1ðEÞ þ
eFsV 02ðEÞ

V2
2 ðEÞ

� �2
3

SiV2ðEÞ
2
3

V2
2 ðEÞ

V 02ðEÞ
V1ðEÞV 02ðEÞ

V2
2 ðEÞ

� V 01ðEÞ
V2ðEÞ

� �" #

and

V1ðEÞ ¼
ðRÞ2

Eg0ð1þ a1EÞ þ
ðSÞ2

D0cð1þ a2EÞ þ
ðQ2Þ

D00cð1þ a3EÞ

" #

ð2EÞ�1

The EEM can be expressed as

m�ðEFi; iÞ ¼
�h2

2
b03ðEFi; iÞ ð3:75Þ

The subband energy ðEi4Þ can be written as

0 ¼ b3ðEi4; iÞ ð3:76Þ

The surface electron concentration under the condition of extreme degeneracy
assumes the form

n2Di ¼
gv

2p

Ximax

i¼0

b3ðEF0; iÞ ð3:77Þ

Using (3.17), (3.77) and the allied definitions we can study the ER in this case
in the electric quantum limit.

3.2.5 The ER in Accumulation and Inversion Layers
of Stressed III–V Semiconductors

The 2D electron dispersion relation in accumulation layers of stressed III–V
semiconductors can be written as

h13ðE; i; ggÞk2
x þ h23ðE; i; ggÞk2

y ¼ h33ðE; i; ggÞ ð3:78Þ
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where

h13ðE; i; ggÞ ¼ f1ðE; ggÞ þ SiðeFsa13ðE; ggÞÞ2=3f3ðE; ggÞ
h i

a13ðE; ggÞ ¼
1

f3ðE; ggÞ
f 03ðE; ggÞ
f3ðE; ggÞ

f1ðE; ggÞ � f 01ðE; ggÞ
" #

h23ðE; i; ggÞ ¼ f2ðE; ggÞ þ
2
3

a23ðE; ggÞ
a13ðE; ggÞ

eFsa13ðE; ggÞ
� �2=3

Sif2ðE; ggÞ
" #" #

a23ðE; ggÞ ¼
1

f3ðE; ggÞ
f 03ðE; ggÞ
f3ðE; ggÞ

f2ðE; ggÞ � f 01ðE; ggÞ
" #

h33ðE; i; ggÞ ¼ 1þ 2
3

C3ðE; ggÞ
a13ðE; ggÞ

Si eFsa13ðE; ggÞ
� �2=3

f3ðE; ggÞ
" #

C3ðE; ggÞ ¼
f 03ðE; ggÞ
f 2
3 ðE; ggÞ

" #

;

and

f1ðE; ggÞ; f2ðE; ggÞ; f3ðE; ggÞ;P11ðE; ggÞ;Q11ðE; ggÞ and S11ðE; ggÞ are defined in
(1.206) respectively.

The EEM can be expressed as

m�ðE0f ; i; ggÞ ¼
�h2

2
h043ðE0f ; i; ggÞ ð3:79Þ

where h43ðE0f ; i; ggÞ ¼
h33ðE0f ;i;ggÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h13ðE0f ;i;ggÞh23ðE0f ;i;ggÞ
p .

The subband energy Ei33 is given by

h33ðEi33; i; ggÞ ¼ 0 ð3:80Þ

The 2D electron concentration in accumulation layers of stressed III–V mate-
rials under the condition of extreme degeneracy and low electric field limit can be
written as

ns ¼ gv Real part of
Ximax

i¼0

h43ðE0f ; i; ggÞ þ
ti

3p2
f1ðEFB; ggÞf2ðEFB; ggÞf3ðEFB; ggÞ
� ��1=2

h i

ð3:81Þ
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The EFB can be determined from the following equation

nB ¼
gv

3p2
f1ðEFB; ggÞf2ðEFB; ggÞf3ðEFB; ggÞ
� ��1=2 ð3:82Þ

Thus using (3.7), (3.81) and the allied definitions in the electric quantum limit,
we can study the ER in this case.

The (1.195) can be written as

ðE � a1Þk2
x þ ðE � a2Þk2

y þ ðE � a3Þk2
z ¼ t1E3 � t2E2 þ t3E þ t4 ð3:83Þ

where

a1 � Eg � C1e� ða0 þ C1Þeþ
3
2

b0exx �
b0

2
eþ

ffiffiffi
3
p .

2

� �
exyd0

� �
;

a2 � Eg � C1e� ða0 þ C1Þeþ
3
2

b0exx �
b0

2
e�

ffiffiffi
3
p .

2

� �
exyd0

� �
;

a3 � Eg � C1e� ða0 þ C1Þeþ
3
2

b0ezz �
b0

2
e

� �
;

t1 � 3�
2B2

2

� �
;

t2 � 1�
2B2

2

� �
6ðEg � C1eÞ þ 3C1e
� �

;

t3 � 1�
2B2

2

� �
3ðEg � C1eÞ2 þ 6C1eðEg � C1eÞ � 2C2

2e
2
xy

h i
and

t4 � 1�
2B2

2

� �
�3C1eðEg � C1eÞ2 þ 2C2

2e
2
xy

h i
:

The use of (3.69) and (3.2) leads to the expression of the dispersion relation of
the 2D electrons in inversion layers of stressed III–V materials under the low
electric field limit as

½T57ðE; iÞ�k2
x þ ½T67ðE; iÞ�k2

y ¼ T77ðE; iÞ ð3:84Þ
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where,

T57ðE; iÞ ¼ E � a1 þ
2
3

Si
jej2

esc

 !2=3

ðn2DwÞ2=3L17ðEÞ

2

4

3

5;

L17ðEÞ ¼
ðE � a1Þ

ðE � a3Þ2=3½T47ðEÞ�1=3
� ðE � a3Þ1=3½T47ðEÞ��1=3

" #

;

½T47ðEÞ� ¼ fq5ðEÞg0 �
q5ðEÞ
E � a3

	 
� �
;

T67ðE; iÞ ¼ E � T2 þ
2
3

Si
jej2

esc

 !2=3

ðn2DwÞ2=3L27ðEÞ

2

4

3

5;

L27ðEÞ ¼
ðE � a2Þ

ðE � a3Þ2=3½T47ðEÞ�1=3
� ðE � a3Þ1=3

½T47ðEÞ�1=3

 !" #

;

T77ðE; iÞ ¼ q5ðEÞ � Si
jej2

esc

 !2=3

ðn2DwÞ2=3L37ðEÞ

2

4

3

5;

L37ðEÞ � ðE � a3Þ1=3½T47ðEÞ�2=3

and

q5ðEÞ � t1E3 � t2E2 þ t3E þ t4
� �

The area of the 2D surface under the weak electric field limit can be written as

AðE; iÞ ¼ pT77ðE; iÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T57ðE; iÞT67ðE; iÞ

p ð3:85Þ

The sub-band energies ðEniw8Þ in this case are defined by

T47ðEniw8Þ ¼ Si
jej2

esc

 !2=3

ðn2DwÞ2=3L37ðEniw8Þ ð3:86Þ

The expression of the EEM in this case can be written as

m�ðEFiw; iÞ ¼
�h2

2
L47ðE; iÞjE¼EFiw

ð3:87Þ
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where,

L47ðE; iÞ �
1

T57ðE; iÞT67ðE; iÞ

� �
T77ðE; iÞf g0 T57ðE; iÞT67ðE; iÞ½ �1=2� T77ðE; iÞ

2

	 
�

T57ðE; iÞf g0 T67ðE; iÞ
T57ðE; iÞ

� �1=2

þ T67ðE; iÞf g0 T57ðE; iÞ
T67ðE; iÞ

� �1=2
( )#

:

The total 2D DOS function can be expressed as

N2DðEÞ ¼
gv

2p

Ximax

i¼0

L47ðE; iÞHðE � Eniw8Þf g ð3:88Þ

The surface electron concentration under the weak electric field quantum limit
assumes the form

n2Dw ¼
gv

ð2pÞ
Xtmax

i¼0

P8w EFwi; ið Þ þ Q8w EFwi; ið Þ½ �
( )

ð3:89Þ

where, P8wðEFwi; iÞ � T77ðEFwi; iÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T57ðEFwi;iÞT67ðEFwi;iÞ
p and Q8wðEFiw; iÞ �

Ps

r¼1
LðrÞP8wðEFiw; iÞ.

Using (3.75), the expression of the 2D surface electron concentration under the
weak electric field quantum limit can be written as

n2Dw ¼
gv

2p
T77ðEFw; 0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T57ðEFw; 0ÞT67ðEFw; 0Þ
p ð3:90Þ

3.2.6 The ER in Accumulation and Inversion Layers of Ge

The 2D dispersion relation in accumulation layers of Ge can be written as

�h2k2
x

2m�1
þ

�h2k2
y

2m�2
¼ c10ðE; i; ggÞ ð3:91Þ

162 3 The ER in Accumulation and Inversion Layers



where

c10ðE; i; ggÞ ¼ c3ðE; ggÞ 1þ ac3ðE; ggÞ
� �

� Si
�heFsc0sðE; ggÞffiffiffiffiffiffiffiffi

2m�3
p

" #2
3

1þ 2ac3ðE; ggÞ
� �

2

4

þa Si
�heFsc03ðE; ggÞffiffiffiffiffiffiffiffi

2m�3
p

" #2
3

2

4

3

5

2
3

75

The EEM can be expressed as

m�ðE0f ; i; ggÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
m�1m�2

p
½c010ðE; i; ggÞ� ð3:92Þ

The band non-parabolicity and heavy doping makes the mass quantum number
dependent.

The sub band energy Ei14 can be written as

c10ðEi14; i; ggÞ ¼ 0 ð3:93Þ

The surface electron concentration in accumulation layers can be written as

ns ¼ gv

Ximax

i¼0

ffiffiffiffiffiffiffiffiffiffiffi
m�1m�2

p

p�h2 c10ðE0f ; i; ggÞ
h i

"

þ ti

8pm�?
ffiffiffiffiffiffi
m�jj

q

h3
2c3ðEFB; ggÞ
� �3

2 1þ 4a
5

c3ðEFB; ggÞ
� �3

5

ð3:94Þ

where EFB can be determined from the following equation

nB ¼ gv

8pm�?
ffiffiffiffiffiffi
m�jj

q

h3
2c3ðEFB; ggÞ
� �3

2 1þ 4a
5

c3ðEFB; ggÞ
� �2

4

3

5 ð3:95Þ

Using (3.7), (3.94) and the allied definitions at the electric quantum limit and
under the condition of extreme carrier degeneracy we can study the ER in this
case.

The 2D electron dispersion law in inversion layers of Ge can be expressed as

�h2k2
x

2m1
þ

�h2k2
y

2m2
¼ Eð1þ aEÞ þ aE2

i20 � Ei20ð1þ 2aEÞ
� �

ð3:96Þ

where, Ei20 ¼ Si
�heFsffiffiffiffiffiffi

2m3
p
� �2=3

.
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The area of 2D space is

A ¼ 2p
ffiffiffiffiffiffiffiffiffiffiffi
m1m2
p

�h2 Eð1þ aEÞ þ aE2
i20 � Ei20ð1þ 2aEÞ

� �
ð3:97Þ

The EEM assumes the form

m�ðEFiw; iÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
m1m2
p ½1þ 2aEFiw � Ei202a� ð3:98Þ

Thus the EEM is the function of both Fermi energy and quantum number due to
band nonparabolicity.

The DOS function is given by

N2DðEÞ ¼
2gv

ð2pÞ2
� 2p

ffiffiffiffiffiffiffiffiffiffiffi
m1m2
p

�h

Ximax

i¼0

½1þ 2aE � 2aEi20�HðE � Ei20Þ ð3:99Þ

The surface electron concentration is given by

nDs ¼
gvkBT

p
�
ffiffiffiffiffiffiffiffiffiffiffi
m1m2
p

�h2

Ximax

i¼0

½F0ðg4Þ þ 2akBTF1ðg4Þ� ð3:100Þ

where, g4 ¼ ðkBTÞ�1½EFw � Ei20�
Using (3.17), (3.100) and the allied definitions under the conditions of extreme

degeneracy and electric quantum limit, we can study the ER in this case.

Fig. 3.1 The plot of the
normalized ER in the
accumulation layers of
Cd3As2 under weak electric
field quantum limit as a
function of surface electric
field in accordance with
(a) the generalized band
model, (b) d ¼ 0, (c) the three
band model of Kane, (d) the
two band model of Kane and
(e) the parabolic energy
bands
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3.3 Result and Discussions

Using the appropriate equations and the numerical values of the energy band
constants as given in Table 1.1, the plot for the normalized ER for n-channel
accumulation layers of Cd3As2 under weak electric field limit as a function of
surface electric field has been shown in curve (a) of Fig. 3.1. The curve (b)
corresponds to d ¼ 0 and the curve (c) exhibits the dependence of the ER on the
surface electric field in accordance with the three-band model of Kane,
respectively.

The plots (d) and (e) correspond to the two-band model of Kane and that of
parabolic energy bands respectively. By comparing the curves (a) and (b) of
Fig. 3.1, one can assess the influence of crystal field splitting of the ER in accu-
mulation layers of tetragonal compounds. It appears from Fig. 3.1 that, the ER
increases with increasing surface electric field and the numerical values of the ER
are totally band structure dependent. In Fig. 3.2 the ER for accumulation layers of
CdGeAs2 have been drawn as function of surface electric field for weak electric
field limit respectively for all the cases of Fig. 3.1

Fig. 3.2 The plot of the
normalized ER in the
accumulation layers of
CdGeAs2 under weak electric
field quantum limit as a
function of surface electric
field in accordance with
(a) the generalized band
model, (b) d ¼ 0, (c) the three
band model of Kane, (d) the
two band model of Kane and
(e) the parabolic energy
bands

Fig. 3.3 The plot of the
normalized ER in the
accumulation layers of InAs
under weak electric field
quantum limit as a function of
surface electric field in
accordance with (a) the three
band model of Kane, (b) the
two band model of Kane and
(c) the parabolic energy
bands
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The trend of variation of the ER for accumulation layers of CdGeAs2 is more or
less the same with different numerical magnitudes as compared with accumulation
layers of Cd3As2 for both the limits.

Using the appropriate equations the Fig. 3.3 exhibits the normalized ER in
accumulation layers of InAs for weak electric field quantum limit and the curves
have been drawn as function of surface electric field in accordance with (a) the
three band model of Kane, (b) the two band model of Kane and (c) the parabolic
energy bands respectively. In Fig. 3.4 all cases of Fig. 3.3 have been drawn as
function of surface electric field for accumulation layers of InSb for weak electric

Fig. 3.4 The plot of the
normalized ER in the
accumulation layers of InSb
under weak electric field
quantum limit as a function of
surface electric field in
accordance with (a) the three
band model of Kane, (b) the
two band model of Kane and
(c) the parabolic energy
bands

Fig. 3.5 The plot of the
normalized ER in the
accumulation layers of Hg1-x

CdxTe under weak electric
field quantum limit as a
function of surface electric
field in accordance with
(a) the three band model of
Kane, (b) the two band model
of Kane and (c) the parabolic
energy bands

Fig. 3.6 The plot of the
normalized ER in the
accumulation layers of In1-

xGaxAsyP1-y lattice matched
to InP under weak electric
field quantum limit as a
function of surface electric
field in accordance with
(a) the three band model of
Kane, (b) the two band model
of Kane and (c) the parabolic
energy bands
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field limit. In Fig. 3.5, the normalized ER in accumulation layers of Hg1-xCdxTe
have been drawn for both the weak electric field limits as functions of surface
electric field for all the cases of Fig. 3.4. In Fig. 3.6 the normalized ER in accu-
mulation layers of In1-xGaxAsyP1-y lattice matched to InP have been drawn for
low electric field limit as functions of surface electric field for all the cases of
Fig. 3.5. It appears from Figs. 3.3, 3.4, 3.5 and 3.6 that the ER for accumulation
layers of InAs, InSb, Hg1-xCdxTe and In1-xGaxAsyP1-y lattice matched to InP
increases with increase in surface electric field with different numerical values and
the influence of the energy band constants can also be assessed from the said Figs.
In Figs. 3.7 and 3.8, the normalized ER for accumulation layers of Hg1-xCdxTe
and In1-xGaxAsyP1-y lattice matched to InP have been drawn as a function of alloy
composition under weak electric field limit in accordance with the three and two

Fig. 3.7 The plot of the normalized ER in the accumulation layers of Hg1-x CdxTe under weak
electric field quantum limit as a function of alloy composition in accordance with (a) the three
band model of Kane, (b) the two band model of Kane and (c) the parabolic energy bands

Fig. 3.8 The plot of the normalized ER in the accumulation layers of In1-xGaxAsyP1-y lattice
matched to InP under weak electric field quantum limit as a function of alloy composition in
accordance with (a) the three band model of Kane, (b) the two band model of Kane and (c) the
parabolic energy bands
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band models of Kane together with parabolic energy bands respectively. It appears
from Figs. 3.7 and 3.8 that the ER decreases with increasing alloy composition
although the rate of decrease is determined by the respective energy band con-
stants of the ternary and quaternary materials.

Using appropriate equations, the Fig. 3.9 exhibits the plot of the ER in
p-channel accumulation layers of CdS as function of surface electric field in
accordance with (a) k0 6¼ 0 and (b) k0 ¼ 0. The presence of the crystal field
splitting enhances the numerical values of the ER for relatively large values of the

Fig. 3.9 The plot of the
normalized ER in the
p-channel accumulation
layers of CdS as function of
surface electric field in
accordance with (a) k0 6¼ 0
and (b) k0 ¼ 0

Fig. 3.10 The plot of the
normalized ER in
accumulation layers of
(a) PbTe, (b) PbSnTe and
(c) Pb1-xSnxSe under weak
electric field quantum limit as
a function of surface electric
field

Fig. 3.11 The plot of the
normalized ER in
accumulation layers of
stressed InSb under weak
electric field quantum limit as
a function of surface electric
field in which the curve (a) is
in the presence of stress and
curve (b) is under absence of
stress
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surface electric field. Using appropriate equations, the Fig. 3.10 exhibits the plots
of the normalized ER in the accumulation layers of PbTe, PbSnTe and Pb1-xSnxSe
for weak electric field limits as a function of surface electric field respectively. It
appears that the ER increases with increasing surface electric field with a diverging
nature for relatively large values of the electric field. The numerical values of the
ER are greatest for accumulation layers of PbTe and least for the corresponding
Pb1-xSnxSe.

Using the appropriate equations, Fig. 3.11 exhibits the ER in accumulation
layers of stressed n-InSb for weak electric field limit as a function of surface
electric field, in which the curve (a) is valid in the presence of stress whereas the
curve (b) shows the stress free condition respectively. It appears from Fig. 3.11
that the ER exhibits the increasing dependence with increasing surface electric
field and the stress enhances the value of the ER for relatively large value of the
electric field.

In this chapter, we have investigated the ER in accumulation layers of tetrag-
onal materials for under weak electric field limit on the basis of the generalized
electron energy spectrum as given by (1.2). The results for the accumulation layers
of III–V, ternary and quaternary materials whose bulk electrons obey the three and
two band models of Kane together with parabolic energy bands form a special case
of our generalized analysis. The ER for accumulation layers of II–VI has been
studied on the basis of Hopfield model for all values of surface electric field. The
ER has been investigated in accumulation layers of IV–VI and stressed materials
on the basis of the model of Bangert and Kastner for weak electric field limit. For
the purpose of relative comparison we have also discussed the ERs in the inversion
layers of the aforementioned semiconductors.

It may be noted that if the direction of application of the surface electric field
applied perpendicular to the surface be taken as either kx or ky and not as kz as
assumed in the present work, the ER would be different analytically for both the
limits. Nevertheless, the arbitrary choice of the direction normal to the surface
would not result in a change of the basic qualitative feature of the ER in accu-
mulation layers of semiconductors. The approximation of the potential well at the
surface by a triangular well introduces some errors, as for instance the omission of
the free charge contribution to the potential. This kind of approach is reasonable if
there are only few charge carriers in the accumulation layer, but is responsible for
an overestimation of the splitting when the accumulation carrier density exceeds
that of the depletion layer. It has been observed that the maximum error due to the
triangular potential well is tolerable in the practical sense because for actual
calculations, one need a self consistent solution which is a formidable problem, for
the present generalized systems due to the non availability of the proper analytical
techniques, without exhibiting a widely different qualitative behavior [1, 3]. The
second assumption of electric quantum limit in the numerical calculation is valid
in the range of low temperatures, where the quantum effects become prominent.
The errors which are being introduced for these assumptions are found not to be
serious enough at low temperatures [3, 4]. Thus, whenever the condition of the
electric quantum limit has been applied, the temperature has been assumed to be
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low enough so that the assumption becomes well grounded because at low tem-
perature, one can assume that nearly all electrons are at the lowest electric subband
[3, 4]. We wish to note that the many body effects, the hot electron effects, the
formation of band tails, arbitrary orientation of the direction of the electric
quantization and the effects of surface of states have been neglected in our sim-
plified theoretical formalism due to the lack of availability in the literature of the
proper analytical techniques for including them for the generalized systems as
considered in this paper. Our simplified approach will be useful for the purpose of
comparison, when, the methods of tackling of the aforementioned formidable
problems for the present generalized system appear. The inclusion of the said
effects would certainly increase the accuracy of our results, and the qualitative
features of the ER as discussed in this chapter would not change in the presence of
the aforementioned influences.

3.4 Open Research Problems

R.3.1 Investigate the ER in the presence of an arbitrarily oriented electric
quantization for accumulation layers of tetragonal semiconductors.
Study all the special cases for III–V, ternary and quaternary materials
in this context.

R.3.2 Investigate the ER in accumulation layers of IV–VI, II–VI and
stressed Kane type compounds in the presence of an arbitrarily ori-
ented quantizing electric field.

R.3.3 Investigate the ER in accumulation layers of all the materials as stated
in R.2.1 of Chap. 2 in the presence of an arbitrarily oriented quan-
tizing electric field.

R.3.4 Investigate the ER in the presence of an arbitrarily oriented non-
quantizing magnetic field in accumulation layers of tetragonal
semiconductors by including the electron spin. Study all the special
cases for III–V, ternary and quaternary materials in this context.

R.3.5 Investigate the ER in accumulation layers of IV–VI, II–VI and
stressed Kane type compounds in the presence of an arbitrarily ori-
ented non-quantizing magnetic field by including the electron spin.

R.3.6 Investigate the ER in accumulation layers of all the materials as stated
in R.2.1 of Chap. 2 in the presence of an arbitrarily oriented
non-quantizing magnetic field by including electron spin.

R.3.7 Investigate the ER in accumulation layers for all the problems from
R.3.1 to R.3.6 in the presence of an additional arbitrarily oriented
electric field.

R.3.8 Investigate the ER in accumulation layers for all the problems from
R.3.1 to R.3.3 in the presence of arbitrarily oriented crossed electric
and magnetic fields.
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R.3.9 Investigate the ER in accumulation layers for all the problems from
R.3.1 to R.3.8 in the presence of surface states.

R.3.10 Investigate the ER in accumulation layers for all the problems from
R.3.1 to R.3.8 in the presence of hot electron effects.

R.3.11 Investigate the ER in accumulation layers for all the problems from
R.3.1 to R.3.6 by including the occupancy of the electrons in various
electric subbands.

R.3.12 Investigate the problems from R.3.1 to R.3.11 for the appropriate p-
channel accumulation layers.
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Chapter 4
Suggestion for Experimental
Determinations of 2D and 3D ERs
and Few Related Applications

4.1 Introduction

In this book we have discussed many aspects of ER based on the dispersion
relations of different technologically important semiconductors. In this chapter we
discuss regarding the suggestions for the experimental determinations of 3D and
2D ERs in Sect. 4.2. We shall also discuss few applications on the basis of the
content of this monograph in this context in Sect. 4.3.

4.2 Suggestion for the Experimental Determinations
of the 3D and 2D ERs for HDS Having Arbitrary
Dispersion Laws

It is well-known that the thermoelectric power of the carriers in HDS in the
presence of a classically large magnetic field is independent of scattering mech-
anisms and is determined only by their energy band spectra [1–9]. The magnitude
of the thermoelectric power G can be written as [1–9]

G ¼ 1
ej jTn0

Z1

�1

ðE � EFhÞRðEÞ �
of0

oE

� �
dE ð4:1Þ

where R(E) is the total number of states. The (4.1) can be written under the
condition of carrier degeneracy [10–23] as

G ¼ ðp
2k2

BT

3 ej jn0
ÞReal part of (

on0

oðEFh � �EhdÞ
Þ ð4:2Þ

K. P. Ghatak and S. Bhattacharya, Heavily-Doped 2D-Quantized Structures
and the Einstein Relation, Springer Tracts in Modern Physics 260,
DOI 10.1007/978-3-319-08380-3_4, � Springer International Publishing Switzerland 2015

173



The use of (1.31c) and (4.2) leads to the result

D

l
¼ p2k2

BT

3 ej j2G

 !

ð4:3Þ

Thus, the ER for degenerate materials can be determined by knowing the
experimental values of G.

(a) The suggestion for the experimental determination of the ER for degenerate
semiconductors having arbitrary dispersion laws as given by (4.3) does not contain
any energy band constants. For a fixed temperature, the ER varies inversely as
G. Only the experimental values of G for any material as a function of electron
concentration will generate the experimental values of the ER for that range of n0

for that system. Since G decreases with increasing n0, from (4.3) one can infer that
the ER will increase with increase in n0. Besides, under magnetic quantization,
crossed fields configuration, and super-lattices under quantizing magnetic field,
the same (4.3) holds good. This statement is the compatibility test so far as the
suggestion for the experimental determination of ER for HDS and degenerate
materials are concerned.

(b) For quantized 2D systems under the condition of electric quantum limit, it
can be proved that same (4.3) is again true. For quantum wires and heterostructures
with small charge densities, the relation between D/l and G is thus given by the (4.3)
[24]. Thus (4.3) is independent of the dimensions of quantum confinement. We
should note that the present analysis is not valid for totally k-space quantized systems
such as quantum dots, magneto-inversion and accumulation layers, magneto size
quantization, magneto nipis, quantum dot superlattices and quantum well superlat-
tices under magnetic quantization. Under the said conditions, the electron motion is
possible in the broadened levels. The experimental results of G for degenerate
materials will provide an experimental check on the ER and a technique for probing
the band structure of degenerate compounds having arbitrary dispersion laws.

Using n� Cd3As2 as an example of A2
IIIB

5
II compounds for the purpose of

numerical computations and using the (1.46a) and (1.47) together with the energy
band constants at T = 4.2 K, as given in Table 1.1, the variation of the ER as a
function of electron concentration has been shown in curve (a) of Fig. 4.1. The
circular points exhibit the same dependence and have been obtained by using (4.3)
and taking the experimental values of the thermoelectric power in n� Cd3As2 in
the presence of a classically large magnetic field [25]. The curve (b) corresponds to
d = 0. The curve (c) shows the dependence of the ER on n0 in accordance with the
three-band model of Kane using the energy band constants as Eg = 0.095 eV
m� ¼ ðm�k þ m�?Þ=2 and D ¼ ðDk þ D?Þ=2. The curves (d) and (e) correspond to

two-band model of Kane and that of the parabolic energy bands. By comparing the
curves (a) and (b) of Fig. 4.1, one can easily assess the influence of crystal field
splitting on the ER in nonlinear optical compounds.

It appears from Fig. 4.1 that, the ER in nonlinear optical compounds increases
with increasing carrier degeneracy as expected for degenerate semiconductors and
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agrees well with the suggested experimental method of determining the same ratio
for materials having arbitrary carrier energy spectra. It has been observed that the
nonlinear optical crystal field affects the ER of the electrons quite significantly in
this case. The dependence of the ER is directly determined by the band structure
because of its immediate connection with the Fermi energy. The ER increases non-
linearly with the electron concentration in other limiting cases and the rates of
increase are different from that in the generalized band model.

4.3 Different Related Applications

The content of this book finds six applications in the field of materials science and
related disciplines in general.

1. Carrier contribution to the elastic constants: The knowledge of the carrier
contribution to the elastic constants is important in studying the mechanical
properties of the materials and has been investigated in the literature [26–35].
The electronic contribution to the second and third order elastic constants can
be written as [26–35]

Fig. 4.1 The plot of the ER in the bulk specimens of n-Cd3As2 as a function of electron
concentration in accordance with a the generalized band model; b d = 0; c the three band model
of Kane; d the two band model of Kane and e the parabolic energy bands. The dotted circular
points show the same dependence which have been obtained by using (4.3) and taking the
experimental values of the thermoelectric power of the electrons in bulk n-Cd3As2 in the presence
of a classically large magnetic field [25]

4.2 Suggestion for the Experimental Determinations 175



DC44 ¼ �
G2

0

9
on0

oðEFh � �EhdÞ
; ð4:4Þ

and

DC456 ¼
G3

0

27
o2n0

oðEFh � �EhdÞ2
; ð4:5Þ

where G0 is the deformation potential constant. Thus, using (4.2), (4.4) and
(4.5), we can write

DC44 ¼ �n0G2
0 ej jG= 3p2k2

BT
� �� �

ð4:6Þ
and

DC456 ¼ n0 ej jG3
0G2= 3p4k3

BT
� �� �

1þ n0

G

oG

on0

� 	
: ð4:7Þ

Thus, again the experimental graph of G versus n0 allows us to determine the
electronic contribution to the elastic constants for materials having arbitrary
spectra.

2. Measurement of Band-gap in the presence of Light Waves: With the advent
of nano-photonics, there has been considerable interest in studying the optical
processes in semiconductors and their nanostructures in the presence of intense
light waves [36–44]. It appears from the literature, that the investigations in
the presence of external intense photo-excitation have been carried out on the
assumption that the carrier energy spectra are invariant quantities under
strong external light waves, which is not fundamentally true. The physical
properties of semiconductors in the presence of strong light waves which alter
the basic dispersion relations have relatively been much less investigated in
[45] as compared with the cases of other external fields needed for the char-
acterization of the low dimensional semiconductors.

With the radical change in the dispersion relation, it is evident that the band gap
will also change and in this section we study the normalized incremental band gap
(DEg) as functions of incident light intensity and the wave length respectively in
the presence of strong light excitation.

Using (10.41–10.43), the DEg has been plotted as a function of normalized I0 (for a
given wavelength and considering red light for which k = 660 nm) at T = 4.2 K in
Figs. 4.2 and 4.3 for n-Hg1-xCdxTe and n-In1-xGaxAsyP1-y lattice matched to InP in
accordance with the perturbed three and two band models of Kane and that of
perturbed parabolic energy bands respectively. In Figs. 4.4 and 4.5, the normalized
incremental band gap has been plotted for the aforementioned optoelectronic com-
pounds as a function of k. It is worth remarking that the influence of an external
photo-excitation is to change radically the original band structure of the material.
Because of this change, the photon field causes to increase the band gap of
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Fig. 4.2 Plots of the normalized incremental band gap (DEg) for n-Hg1-xCdxTe as a function of
normalized light intensity in which the curves a and b represent the perturbed three and two band
models of Kane respectively. The curve c represents the same variation in n-Hg1-xCdxTe in
accordance with the perturbed parabolic energy bands

Fig. 4.3 Plots of the normalized incremental band gap (DEg) for In1-xGaxAsyP1-y lattice matched
to InP as a function of normalized light intensity for all cases of Fig. 4.2
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semiconductors. We propose the following two experiments for the measurement of
band gap of semiconductors under photo-excitation.

(a) A white light with colour filter is allowed to fall on a semiconductor and the
optical absorption coefficient �a0ð Þ is being measured experimentally. For
different colours of light, �a0ð Þ is measured and �a0ð Þ versus �hx (the incident
photon energy) is plotted and we extrapolate the curve such that �a0 ! 0 at a
particular value �hx1. This �hx1 is the I0 unperturbed band gap of the

Fig. 4.4 Plots of the normalized incremental band gap (DEg) for Hg1-xCdxTe as a function
of wavelength for all cases of Fig. 4.2

Fig. 4.5 Plots of the normalized incremental band gap (DEg) for In-1-xGsxAsyP1-y lattice
matched to InP as a function of wavelength for all cases of Fig. 4.2
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semiconductor. During this process, we vary the wavelength with fixed. From
our present study, we have observed that the band gap of the semiconductor
increases for various values of k when I0 is fixed (from Figs. 4.4 and 4.5).
This implies that the band gap of the semiconductor measured (i.e. �hx1 ¼ Eg)
is not the unperturbed band gap Eg0

but the perturbed band gap Eg; where
Eg = Eg0

+ DE, DEg is the increased band gap at �hx1. Conventionally, we
consider this Eg as the unperturbed band gap of the semiconductor and this
particular concept needs modification. Furthermore, if we vary I0 for a
monochromatic light (when k is fixed) the band gap of the semiconductor will
also change consequently (Figs. 4.2 and 4.3). Consequently, the absorption
coefficient will change with the intensity of light [45]. For the overall
understanding, the detailed theoretical and experimental investigations are
needed in this context for various materials having different band structures.

(b) The conventional idea for the measurement of the band gap of the semi-
conductors is the fact that the minimum photon energy hv (v is the frequency
of the monochromatic light) should be equal to the band gap Eg0

(unper-
turbed) of the semiconductor, i.e.,

hv ¼ Eg0
ð4:8Þ

In this case, k is fixed for a given monochromatic light and the semiconductor is
exposed to a light of wavelength k. Also the intensity of the light is fixed. From
Figs. 4.4 and 4.5, we observe that the band gap of the semiconductor is not
hv ¼ Eg0

(for a minimum value of hv) but Eg, the perturbed band gap. Thus, we
can rewrite the above equality as

hv ¼ Eg ð4:9Þ

Furthermore, if we vary the intensity of light (Figs. 4.2 and 4.3) for the study of
photoemission, the minimum photon energy should be

hv1 ¼ Eg1
ð4:10Þ

where Eg1
is the perturbed band gap of the semiconductor due to various intensity

of light when v and v1 are different.
Thus, we arrive at the following conclusions:

(a) Under different intensity of light, keeping k fixed, the condition of band gap
measurement is given by

hv1 ¼ Eg1
¼ Eg0

þ DEg1
ð4:11Þ
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(b) Under different colour of light, keeping the intensity fixed, the condition of
band gap measurement assumes the form

hv ¼ Eg ¼ Eg0 þ DEg ð4:12Þ

and not the conventional result as given by (4.8).

3. Diffusion Coefficient of the Minority Carriers:
This particular coefficient in quantum confined lasers can be expressed as

Di=D0 ¼ dEFi=dEF ð4:13Þ

where Di and D0 are the diffusion coefficients of the minority carriers both in
the presence and absence of quantum confinements and EFi and EF are the
Fermi energies in the respective cases. It appears then that, the formulation of
the above ratio requires a relation between EFi and EF, which, in turn, is
determined by the appropriate carrier statistics. Thus, our present study
plays an important role in determining the diffusion coefficients of the
minority carriers of HD quantum-confined lasers with materials having
arbitrary band structures. Therefore in the investigation of the optical
excitation of the HD optoelectronic materials which lead to the study of the
ambipolar diffusion coefficients the present results contribute significantly.

4. Nonlinear Optical Response: The nonlinear response from the optical exci-
tation of the free carriers is given by [46]

Z0 ¼
�e2

x2�h2

Z1

0

kx
okx

oE

� 	�1

f0 NðEÞdE ð4:14Þ

where x is the optical angular frequency, N(E) is the DOS function. From
the various E-k relations of different HD materials under different physical
conditions, we can formulate the expression of N(E) and from band

structure we can derive the term kx
okx
oE

� �
and thus by using the DOS

function as formulated, we can study the Z0 for all types of materials as
considered in this monograph.

5. Third Order Nonlinear Optical Susceptibility: This particular susceptibility
can be written as [47]

vNP x1;x2;x3ð Þ ¼
n0e4 e4


 �

24 x1x2x3 x1 þ x2 þ x3ð Þ�h4 ð4:15Þ
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where n0 e4

 �

¼
R1

0
o4E
ok4

z
NðEÞ f0 dE and the other notations are defined in

[47]. The term o4E
ok4

z

� 
can be formulated by using the dispersion relations of

different HD materials as given in appropriate sections of this monograph.
Thus one can investigate the vNP x1;x2;x3ð Þ for all materials as considered
in this monograph.

6. Generalized Raman Gain: The generalized Raman gain in optoelectronic
materials can be expressed as [48]

RG ¼ �I
16p2c2

�hxqgx2
s nsnp

� 	
Cq

C

� 	
e2

mc2

� 	2

m2R2

 !

ð4:16Þ

where,�I ¼
P

n:tz

f0ðn; kz "Þ � f0ðn; kz #Þ½ �; f0ðn; kz "Þ is the Fermi factor for spin-

upLandau levels, f0 ðn; kz #Þ is the Fermi factor for spin downLandau levels,
n is the Landau quantum number and the other notations are defined in [48].
It appears then the formulation of RG is determined by the appropriate
derivation of the magneto-dispersion relations. By using the different
appropriate formulas as formulated in various HD materials in different
chapters of this monograph RG can, in general, be investigated.

4.4 Open Research Problem

R.4.1 Investigate experimentally the diffusivity for all the HD systems as dis-
cussed in this monograph in the presence of arbitrarily oriented strain.
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Chapter 5
Conclusion and Scope for Future
Research

This monograph deals with the ER in various types of low dimensional HD
materials. The external photo excitation, quantization and strong electric field alter
profoundly the basic band structures, which, in turn, generate pinpointed knowl-
edge regarding ER in various HDS and their nanostructures having different carrier
energy spectra. The in-depth experimental investigations covering the whole
spectrum of solid state and allied science in general, are extremely important to
uncover the underlying physics and the related mathematics. The ER is basically
the motion dependent phenomena and we have formulated the simplified
expressions of ER for few HD quantized structures together with the fact that our
investigations are based on the simplified k.p formalism of solid-state science
without incorporating the advanced field theoretic techniques. In spite of such
constraints, the role of band structure behind the curtain, which generates, in turn,
new concepts are truly amazing and discussed throughout the text.

We present the set of few open research problems in this pin pointed topic of
research of modern physics.

(R5.1) Investigate the ER in the presence of a quantizing magnetic field under
exponential, Kane, Halperin, Lax and Bonch-Bruevich band tails [1] for
all the problems of this monograph of all the whose unperturbed carrier
energy spectra are defined in Chap. 1 by including spin and broadening
effects.

(R5.2) Investigate all the appropriate problems after proper modifications
introducing new theoretical formalisms for the problems as defined in
(R5.1) for HD negative refractive index, macro molecular, nitride and
organic materials.

(R5.3) Investigate all the appropriate problems of this monograph for all types of
HD quantum confined p-InSb, p-CuCl and semiconductors having dia-
mond structure valence bands whose dispersion relations of the carriers in
bulk materials are given by Cunningham [2], Yekimov et al. [3] and
Roman et al. [4] respectively.
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(R5.4) Investigate the influence of defect traps and surface states separately on
the ER of the for all the appropriate problems of all the chapters after
proper modifications.

(R5.5) Investigate the ER of the under the condition of non-equilibrium of the
carrier states for all the appropriate problems of this monograph.

(R5.6) Investigate the ER for all the appropriate problems of this monograph for
the corresponding HD p-type semiconductors and their nanostructures.

(R5.7) Investigate the ER for all the appropriate problems of this monograph for
all types of HD semiconductors and their nanostructures under mixed
conduction in the presence of strain.

(R5.8) Investigate the ER for all the appropriate problems of this monograph for
all types of HD semiconductors and their nanostructures in the presence of
hot electron effects.

(R5.9) Investigate the ER for all the appropriate problems of this monograph for
all types of HD semiconductors and their nanostructures for nonlinear
charge transport.

(R5.10) Investigate the ER for all the appropriate problems of this monograph for
all types of HD semiconductors and their nanostructures in the presence of
strain in an arbitrary direction.

(R5.11) Investigate all the appropriate problems of this monograph for strongly
correlated electronic HD systems in the presence of strain.

(R5.12) Investigate all the appropriate problems of this chapter in the presence of
arbitrarily oriented photon field and strain.

(R5.13) Investigate all the appropriate problems of this monograph for all types of
HD nanotubes in the presence of strain.

(R5.14) Investigate all the appropriate problems of this monograph for various
types of pentatellurides in the presence of strain.

(R5.15) Investigate all the appropriate problems of this monograph for HD
Bi2Te3–Sb2Te3 super-lattices in the presence of strain.

(R5.16) Investigate the influence of temperature-dependent energy band constants
for all the appropriate problems of this monograph.

(R5.17) Investigate the influence of the localization of carriers on the ER in HDS
for all the appropriate problems of this monograph.

(R5.18) Investigate ER for HD p-type SiGe under different appropriate physical
conditions as discussed in this monograph in the presence of strain.

(R5.19) Investigate ER for different metallic alloys under different appropriate
physical conditions as discussed in this monograph in the presence of
strain.

(R5.20) Investigate ER for different intermetallic compounds under different
appropriate physical conditions as discussed in this monograph in the
presence of strain.

(R5.21) Investigate ER for HD GaN under different appropriate physical condi-
tions as discussed in this monograph in the presence of strain.
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(R5.22) Investigate ER for different disordered HD conductors under different
appropriate physical conditions as discussed in this monograph in the
presence of strain.

(R5.23) Investigate ER for various semi metals under different appropriate
physical conditions as discussed in this monograph in the presence of
strain.

(R5.24) Investigate all the appropriate problems of this monograph for HD
Bi2Te3-xSex and Bi2-xSbxTe3 respectively in the presence of strain.

(R5.25) Investigate all the appropriate problems of this monograph for all types of
skutterudites in the presence of strain.

(R5.26) Investigate all the appropriate problems of this monograph in the presence
of crossed electric and quantizing magnetic fields.

(R5.27) Investigate all the appropriate problems of this monograph in the presence
of crossed alternating electric and quantizing magnetic fields.

(R5.28) Investigate all the appropriate problems of this monograph in the presence
of crossed electric and alternating quantizing magnetic fields.

(R5.29) Investigate all the appropriate problems of this monograph in the presence
of alternating crossed electric and alternating quantizing magnetic fields.

(R5.30) Investigate all the appropriate problems of this monograph in the presence
of arbitrarily oriented pulsed electric and quantizing magnetic fields.

(R5.31) Investigate all the appropriate problems of this monograph in the presence
of arbitrarily oriented alternating electric and quantizing magnetic fields.

(R5.32) Investigate all the appropriate problems of this monograph in the presence
of crossed in homogeneous electric and alternating quantizing magnetic
fields.

(R5.33) Investigate all the appropriate problems of this monograph in the presence
of arbitrarily oriented electric and alternating quantizing magnetic fields
under strain.

(R5.34) Investigate all the appropriate problems of this monograph in the presence
of arbitrarily oriented electric and alternating quantizing magnetic fields
under light waves.

(R5.35) Investigate all the appropriate problems of this monograph in the presence
of arbitrarily oriented pulsed electric and alternating quantizing magnetic
fields under light waves.

(R5.36) Investigate all the appropriate problems of this monograph in the presence
of arbitrarily oriented inhomogeneous electric and pulsed quantizing
magnetic fields in the presence of strain and light waves.

(R5.37) (a) Investigate the ER for all types of of this monograph in the presence
of many body effects strain and arbitrarily oriented respectively.
(b) Investigate all the appropriate problems of this chapter for the Dirac
electron.
(c) Investigate all the problems of this monograph by removing all the
physical and mathematical approximations and establishing the
respective appropriate uniqueness conditions.
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The ER is the consequence of motion induced phenomena of solid state science
and all the assumptions behind the said phenomena are also applicable to ER. The
formulation of ER for all types of and their quantum confined counter parts
considering the influence of all the bands created due to all types of quantiza-
tions after removing all the assumptions and establishing the respective appro-
priate uniqueness conditions is, in general, an extremely difficult problem. 200
open research problems have been presented in this monograph and we hope that
the readers will not only solve them but also will generate new concepts, both
theoretical and experimental. Incidentally, we can easily infer how little is pre-
sented and how much more is yet to be investigated in this exciting topic which is
the signature of coexistence of new physics, advanced mathematics combined with
the inner fire for performing creative researches in this context from the young
scientists since like Kikoin [5] we firmly believe that ‘‘A young scientist is no
good if his teacher learns nothing from him and gives his teacher nothing to be
proud of’’. In the mean time our research interest has been shifted and we are
leaving this particular beautiful topic with the hope that (R5.37) alone is sufficient
to draw the attention of the researchers from diverse fields and our readers are
surely in tune with the fact that ‘‘Exposition, criticism, appreciation is the work
for second-rate minds’’ [6].
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Chapter 6
Appendix A: The ER in HDS Under
Magnetic Quantization

6.1 Introduction

It is well known that the band structure of semiconductors can be dramatically
changed by applying the external fields. The effects of the quantizing magnetic
field on the band structure of compound semiconductors are more striking and can
be observed easily in experiments [1–67]. Under magnetic quantization, the
motion of the electron parallel to the magnetic field remains unaltered while the
area of the wave vector space perpendicular to the direction of the magnetic field
gets quantized in accordance with the Landau’s rule of area quantization in the
wave-vector space [39–67]. The energy levels of the carriers in a magnetic field
(with the component of the wave-vector parallel to the direction of magnetic field
be equated with zero) are termed as the Landau levels and the quantized energies
are known as the Landau sub-bands. It is important to note that the same con-
clusion may be arrived either by solving the single-particle time independent
Schrödinger differential equation in the presence of a quantizing magnetic field or
by using the operator method. The quantizing magnetic field tends to remove the
degeneracy and increases the band gap. A semiconductor, placed in a magnetic
field B, can absorb radiative energy with the frequency x0 ¼ ej jB=mcð Þð Þ. This
phenomenon is known as cyclotron or diamagnetic resonance. The effect of energy
quantization is experimentally noticeable when the separation between any two
consecutive Landau levels is greater than kBT. A number of interesting transport
phenomena originate from the change in the basic band structure of the semi-
conductor in the presence of quantizing magnetic field. These have been widely
been investigated and also served as diagnostic tools for characterizing the dif-
ferent materials having various band structures [68–72]. The discreteness in the
Landau levels leads to a whole crop of magneto-oscillatory phenomena, important
among which are (i) Shubnikov-de Haas oscillations in magneto-resistance; (ii) De
Haas-van Alphen oscillations in magnetic susceptibility; (iii) magneto-phonon
oscillations in thermoelectric power, etc.
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In Sect. 6.2.1 of the theoretical background, the ER has been investigated in
HD non linear optical semiconductors in the presence of a quantizing magnetic
field. Section 6.2.2 contains the results for HD III-V, ternary and quaternary
compounds in accordance with the three and the two band models of Kane. In the
same section the ER in accordance with the models of Stillman et al. and Palik
et al. have also been studied for the purpose of relative comparison. Section 6.2.3
contains the study of the ER for HD II-VI semiconductors under magnetic
quantization. In Sect. 6.2.4, the ER in HD IV-VI materials has been discussed in
accordance with the models of Cohen, Lax, Dimmock, Bangert and Kastner and
Foley and Landenberg respectively. In Sect. 6.2.5, the magneto-ER for the stressed
HD Kane type semiconductors has been investigated. In Sect. 6.2.6, the ER in HD
Te has been studied under magnetic quantization. In Sect. 6.2.7, the magneto-ER
in n-GaP has been studied. In Sect. 6.2.8, the ER in HD PtSb2 has been explored
under magnetic quantization. In Sect. 6.2.9, the magneto-ER in HD Bi2Te3 has
been studied. In Sect. 6.2.10, the ER in HD Ge has been studied under magnetic
quantization in accordance with the models of Cardona et al. and Wang and
Ressler respectively. In Sects. 6.2.11 and 6.2.12, the magneto-ER in HD n-GaSb
and II-V compounds has respectively been studied. In Sects. 6.2.13 the magneto
ER in HD Pb1-xGexTe has been discussed. The last Sect. 6.3 contains 52 open
research problems for this chapter.

6.2 Theoretical Background

6.2.1 The ER in HD Nonlinear Optical Semiconductors
Under Magnetic Quantization

The dispersion relation under magnetic quantization in non-linear optical materials
can be written as
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and
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Therefore, the dispersion relation of the conduction electrons in heavily doped
non-linear optical semiconductors in the presence of a quantizing magnetic field B
can be written following the methods as developed in Chap. 1 as
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The EEM at the Fermi Level can be written from (6.3a) as

m��ðEFBHD; n; ggÞ ¼ m�kU
0
1;�ðEFBHD; n; ggÞ ð6:3bÞ

where EFBHD is the Fermi energy in this case.
Therefore the double valued EEM in this case is a function of Fermi energy,

magnetic field, quantum number and the scattering potential together with the fact
that the EEM exists in the band gap which is the general characterstics of HD
materials.

The complex density of states function under magnetic quantization is given by
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The electron concentration under the condition of extreme carrier degeneracy is
given by
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The ER in this case can be written as

ðD
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where EnHD is the complex Landau sub-band energy which can be obtained from
(6.3a) by substituting kz ¼ 0 and E ¼ EnHD.

Thus using (6.6), (6.5) and (6.3a) we can study the ER in this case.

6.2.2 The ER in HD Kane Type III-V, Ternary
and Quaternary Semiconductors Under
Magnetic Quantization

(a) The electron energy spectrum in III-V semiconductors under magnetic
quantizaion is given by
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The (6.7) can be written as
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abþ bc� ab

c2



Ið4Þ þ

�
1
c
ð1� a

c
Þð1� b

c
Þ � ðnþ 1

2
Þ�hx0

�
Ið1Þ

� g�

�
GðC;E; ggÞ � iHðC;E; ggÞ

�
¼

�h2k2
z

2mc
Ið1Þ ð6:8Þ

where g� ¼
�

1
c ð1� a

cÞð1� b
cÞ � eB�hD

6mcðEgþ2
3DÞ

�
;

GðC;E; ggÞ ¼
�

2
Cgg

ffiffiffi
p
p
�

expð�u2Þ �
�X1

p¼1

f
expð�p2

4 Þ
p

�
sinhðpuÞ

�
; u ¼ 1þ CE

Cgg
;
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HðC;E; ggÞ ¼
� ffiffiffi

p
p

Cgg
expð�u2Þ

�

Therefore

�h2k2
z

2mc
¼
�

ab

c

�
h0ðE; ggÞ

�
1þ Erf ðE=ggÞ

2

��1

þ
	

acþ bc� ab

c2



c0ðE; ggÞ

�
1þ Erf ðE=ggÞ

2

��1

þ
�

1
c
ð1� a

c
Þð1� b

c
Þ � ðnþ 1

2
Þ�hx0

�
� g�

�
1þ Erf ðE=ggÞ

2

��1�
GðC;E; ggÞ � iHðC;E; ggÞ

�

ð6:9Þ

Therefore the dispersion relation is given by

�h2k2
z

2mc
¼ U3;�ðE; n; ggÞ þ iU4;�ðE; ggÞ ð6:10aÞ

where

U3;�ðE; n; ggÞ ¼
�

ab

c
h0ðE; ggÞ �

�
1þ Erf ðE=ggÞ

2

��1

þ
	

acþ bc� ab

c2



c0ðE; ggÞ �

�
1þ Erf ðE=ggÞ

2

��1

þ 1
c
ð1� a

c
Þð1� b

c
Þ � ðnþ 1

2
Þ�hx0 þ g�

�
1þ Erf ðE=ggÞ

2

��1

GðC;E; ggÞ
�

and

U4;�ðE; ggÞ ¼ g�
1þ Erf ðE=ggÞ

2

� ��1

HðC;E; ggÞ

The complex Landau energy EnHD1 in this case can be obtained by substituting
kz ¼ 0 and E ¼ EnHD in (6.10a).

The EEM at the Fermi Level can be written from (6.10a) as

m��ðEFBHD; n; ggÞ ¼ m�kU
0
3;�ðEFBHD; n; ggÞ ð6:10bÞ

Thus the EEM is a function of Fermi energy, Landau quantum number and
scattering potential together with the fact it is double valued due to spin.

The complex density of states function under magnetic quantization is given by

NBðEÞ ¼ NBRIðEÞ þ iNBI1ðEÞ

¼ eB

2p2�h2

ffiffiffiffiffiffiffiffi
2mc

p Xnmax

n¼0

�
x01

2
ffiffiffiffiffi
x1
p þ iy01

2
ffiffiffi
y
p

1

�
ð6:11aÞ
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where

x1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðU3;�ðE; n; ggÞÞ

2 þ ðU4;�ðE; n; ggÞÞ
2

q
þ ðU3;�ðE; n; ggÞÞ

2
;

y1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðU3;�ðE; n; ggÞÞ2 þ ðU4;�ðE; n; ggÞÞ2

q
� ðU3;�ðE; n; ggÞÞ

2

and x01 and y01 are the differentiations of x and y with respect to energy E.
From (6.11a) we can write

NBR1ðEÞ ¼
eB

ffiffiffiffiffiffiffiffi
2mc
p

4p2�h2

Xnmax

n¼0

x01ffiffiffiffiffi
x1
p ð6:11bÞ

and

NBI1ðEÞ ¼
eB

ffiffiffiffiffiffiffiffi
2mc
p

4p2�h2

Xnmax

n¼0

y01ffiffiffiffiffi
y1
p ð6:11cÞ

The electron concentration under the condition of extreme degeneracy is
given by

n0 ¼
gveB

2p2�h2

ffiffiffiffiffiffi
mc
p Xnmax

n¼0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðU3;�ðEFBHD; n; ggÞÞ2 þ ðU4;�ðEFBHD; n; ggÞÞ2

q

þ ðU3;�ðEFBHD; n; ggÞÞ
�1=2

ð6:12Þ

Thus using (6.6), (6.12) and the allied definitions we can study the ER in this
case.

(b) Two band model of Kane

The magneto-dispersion law in this case is given by

�h2k2

2mc
¼ c2ðE; ggÞ � ðnþ

1
2
Þ�hx0 �

1
2

g�l0B ð6:13aÞ

where g* is the magnitude of the effective g factor at the edge of the conduction
band and l0 is the Bohr magnetron.

The EEM at the Fermi Level can be written from (6.13a) as

m�ðEFBHD; ggÞ ¼ mcc
0
2ðEFBHD; ggÞ ð6:13bÞ
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Thus EEM is independent of quantum number.
The electron concentration under the condition of extreme degeneracy is

given by

n0 ¼
gveB

p2�h2

ffiffiffiffiffiffi
mc
p Xnmax

n¼0

ðU5;�ðEFBHD; n; ggÞÞ
1
2 ð6:14Þ

where

U5;�ðEFBHD; n; ggÞ ¼ c2ðEFBHD; ggÞ � ðnþ
1
2
Þ�hx0 �

1
2

g�l0B

Thus using (6.6), (6.14) and the allied definitions we can study the ER in this
case.

(c) Parabolic Energy Bands

The magneto-dispersion law in this case is given by

�h2k2

2mc
¼ c3ðE; ggÞ � ðnþ

1
2
Þ�hx0 �

1
2

g�l0B ð6:15aÞ

The EEM at the Fermi Level can be written from (6.15a) as

m�ðEFBHD; ggÞ ¼ mcc
0
3ðEFBHD; ggÞ ð6:15bÞ

Thus the EEM in heavily doped parabolic energy bands is a function of Fermi
energy and scattering potential whereas in the absence of heavy doping the same
mass is a constant quantity invariant of any variables.

The electron concentration under the condition of extreme degeneracy is
given by

n0 ¼
gveB

p2�h2

ffiffiffiffiffiffi
mc
p Xnmax

n¼0

	
U6;�ðEFBHD; n; ggÞ


1
2

ð6:16Þ

where, U6;�ðEFBHD; n; ggÞ ¼ c3ðEFBHD; ggÞ � ðnþ 1
2Þ�hx0 � 1

2 g�l0B
Thus using (6.6), (6.16) and the allied definitions we can study the ER in this case.

(d) The model of Stillman et al.

The (1.107) under the condition of band tailing assumes the form

k2 ¼

�
�t11 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�t11Þ2 � 4�t12c3ðE; ggÞ

q �

2�t12
ð6:17Þ
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Therefore the magneto dispersion law is given by

k2
z ¼ U7ðE; n; ggÞ ð6:18aÞ

where

U7ðE; n; ggÞ ¼
�
�
�t11 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�t11Þ2 � 4�t12c3ðE; ggÞ

q �

2�t12
� 2eB

�h
ðnþ 1

2
Þ
�

The EEM at the Fermi Level can be written from (6.18a) as

m�ðEFBHD; ggÞ ¼
�h2

2
U07ðEFBHD; n; ggÞ ð6:18bÞ

The electron concentration under the condition of extreme degeneracy is
given by

n0 ¼
gveB

p2�h

Xnmax

n¼0

	
U7ðEFBHD; n; ggÞ


1
2

ð6:19Þ

Thus by using (6.6), (6.19) and the allied definitions we can study the ER in this
case.

(e) The model of Palik et al.

To the fourth order in effective mass theory and taking into account the interac-
tions of the conduction, light hole, heavy-hole and split-off hole bands, the electron
energy spectrum in III-V semiconductors in the presence of a quantizing magnetic
field ~B can be written as

E ¼ J31 þ ðnþ
1
2
Þ�hx0 þ

�h2k2
z

2mc
� 1

4
ðmc

m0
Þ�hx0g�0 � k30aðnþ

1
2
Þð�hx0Þ2

� k31a�hx0ð
�h2k2

2mc
Þ þ k32a �hx0 nþ 1

2

	 

þ

�h2k2
z

2mc

� �2

ð6:20Þ

where

J31 ¼ �
1
2
a�hx0 ð1� y11Þ=ð2þ x11Þ2

h i
� J32;
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J32 ¼
1
3
ð1� x11Þ2 � ð2þ x2

11Þ
� �

ð2þ x11Þ � y11 þ
1
2
ð1� x2

11Þð1þ x11Þð1þ y11Þ
� �

;

g�0 ¼ 2 1� ð1� x11Þ
ð2þ x11Þ

� �
ð1� y11Þ

y11

� �� �
;

k30 ¼ ð1� y11Þð1� x11Þ 2þ 3
2

x11 þ x2
11

	 

� ð1� y11Þ
ð2þ x11Þ2

" #

� 2
3

y11

( )

;

k31 ¼ ð1� y11Þ
ð1� x11Þ
ð2þ x11Þ

� �
� 2þ 3

2
x11 þ x2

11

	 

� ð1� y11Þ
ð2þ x11Þ

� �
� 2

3
ð1� x11Þy11

� �
;

k32 ¼ � 1þ 1
2

x2
11

	 

= 1þ 1

2
x11

	 
� �
ð1� y11Þ2; x11 ¼ ½1þ ð

D
Eg
Þ��1 and y11 ¼

mc

m0

Under the condition of heavy doping, the (6.20) assumes the form

J34k4
z þ J35;�ðnÞk2

z þ J36;�ðnÞ � c3ðE, ggÞ ¼ 0 ð6:21Þ

where

J34 ¼ ak32 �h2=2mc

� �2
; J35;�ðnÞ ¼

�h2

2mc
� ak31�hx0 �

�h2

2mc
þ ak32�hx0 �

�h2

2mc
ðnþ 1

2
Þ

� �
;

J36;�ðnÞ ¼ J31 �
1
4
ðmc

m0
Þ�hx0g�0 � k30að�hx0Þ2ðnþ

1
2
Þ þ k32a½ð�hx0Þðnþ

1
2
Þ�2

� �

The (6.21) can be written as

k2
z ¼ A35HD;�ðE; n; ggÞ ð6:22aÞ

where

A35HD;�ðE; n; ggÞ ¼ ð2J34Þ�1 �J35;�ðnÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ35;�ðnÞÞ2 � 4J34 J36;�ðnÞ � c3ðE; ggÞ

� �q� �

The EEM at the Fermi Level can be written from (6.22a) as

m��ðEFBHD; n; ggÞ ¼
�h2

2
A035HD;�ðEFBHD; n; ggÞ ð6:22bÞ

Thus, the EEM is a function of Fermi energy, Landau quantum number and the
scattering potential.

6.2 Theoretical Background 197



The electron concentration is given by

n0 ¼
eBgv

2p2h

Xnmax

n¼0

�
Y34HDðEFBHD; n; ggÞ þ Z34HDðEFBHD; n; ggÞ

�
ð6:23Þ

where Y34HDðEFBHD; n; ggÞ ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A35HD;þðEFBHD; n; ggÞ þ A35HD;�ðEFBHD; n; ggÞ
q �

and
Z34HDðEFBHD; n; ggÞ ¼

Ps0
r¼1 LBðrÞ Y34HDðEFBHD; n; ggÞ

� �
.

Thus by using (6.6), (6.23) and the allied definitions we can study the ER in this
case.

6.2.3 The ER in HD II-VI Semiconductors Under
Magnetic Quantization

The magneto dispersion relation of the carriers in heavily doped II-VI semicon-
ductors are given by

c3ðE; ggÞ ¼ a00
2eB

�h

	
nþ 1

2



þ b00k2

z � �k0

�
2eB

�h
ðnþ 1

2
Þ
�1

2

ð6:24Þ

The (6.24) can be written as

k2
z ¼ U8�ðE; n; ggÞ ð6:25aÞ

where U8�ðE; n; ggÞ ¼ ðb00Þ
�1½c3ðE; ggÞ �

2eBa00
�h ðnþ 1

2Þ � �k0½2eB
�h ðnþ 1

2Þ�
1
2�

The EEM at the Fermi Level can be written from (6.25a) as

m�ðEFBHD; ggÞ ¼
�h2

2
U08�ðEFBHD; n; ggÞ ð6:25bÞ

The electron concentration is given by

n0 ¼
eBgv

2p2�h

Xnmax

n¼0

Y35HDðEFBHD; n; ggÞ þ Z35HDðEFBHD; n; ggÞ
� �

ð6:26Þ

where

Y35HDðEFBHD; n; ggÞ ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

U8þðEFBHD; n; ggÞ
q

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U8�ðEFBHD; n; ggÞ

q �
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and
Z35HDðEFBHD; n; ggÞ ¼

Ps0
r¼1 LBðrÞ Y35HDðEFBHD; n; ggÞ

� �
.

Thus by using (6.6), (6.26) and the allied definitions we can study the ER in this
case.

6.2.4 The ER in HD IV-VI Semiconductors Under
Magnetic Quantization

The electron energy spectrum in IV-VI semiconductors are defined by the models
of Cohen, Lax, Dimmock and Bangert and Kastner respectively. The magneto ER
in HD IV-VI semiconductors is discussed in accordance with the said model for
the purpose of relative comparison.

(a) Cohen Model

In accordance with the Cohen model, the dispersion law of the carriers in IV-VI
semiconductors is given by

Eð1þ aEÞ ¼ p2
x

2m1
þ

p2
z

2m3
�

aEp2
y

2m02
þ

p2
yð1þ aEÞ

2m2
þ

ap4
y

4m2m02
ð6:27Þ

where, pi ¼ �hki; i ¼ x; y; z; m1;m2; and m3 are the effective carrier masses at the
band-edge along x, y and z directions respectively and m02 is the effective-mass
tensor component at the top of the valence band (for electrons) or at the bottom of
the conduction band (for holes).

The magneto electron energy spectrum in IV-VI semiconductors in the presence
of quantizing magnetic fieldB along z-direction can be written as

Eð1þ aEÞ ¼ nþ 1
2

	 

�hxðEÞ � 1

2
g�l0Bþ 3

8
a n2 þ nþ 1

2

	 

�h2x2ðEÞ þ

�h2k2
z

2m3
ð6:28aÞ

where, xðEÞ 	 ej jBffiffiffiffiffiffiffiffi
m1m2
p 1þ aE 1� m2

m02

 �h i1=2
:

Therefore the magneto dispersion law in heavily doped IV-VI materials can be
expressed as

�h2k2
z

2m3
¼ U16;�ðE; n; ggÞ ð6:28bÞ
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where

U16;�ðE; n; ggÞ ¼ c2ðE; ggÞ � ðnþ
1
2
Þ �heB
ffiffiffiffiffiffiffiffiffiffiffi
m1m2
p � 1

2
g�l0B

�

� 3a
8
ðn2 þ nþ 1

3
Þ �heB

ffiffiffiffiffiffiffiffiffiffiffi
m1m2
p
	 
2

� c3ðE; ggÞ
a
2
ðnþ 1

2
Þ �heB
ffiffiffiffiffiffiffiffiffiffiffi
m1m2
p 1� m2

m02

	 
�

þ 3a2

8
ðn2 þ nþ 1

2
Þ �heB

ffiffiffiffiffiffiffiffiffiffiffi
m1m2
p
	 
2

1� m2

m02

	 
##

The EEM at the Fermi Level can be written from (6.28b) as

m��ðEFBHD; n; ggÞ ¼ m3U016;�ðEFBHD; n; ggÞ ð6:28cÞ

Thus, the EEM is a function of Fermi energy, Landau quantum number and the
scattering potential.

The carrier statistics under the condition of extreme degeneracy in this case can
be expressed as

n0 ¼
gveB

p2�h2

ffiffiffiffiffiffi
m3
p Xnmax

n¼0

	
U16;�ðEFBHD; n; ggÞ


1
2

ð6:29Þ

Thus by using (6.6), (6.29) and the allied definitions, we can study the ER in
this case.

(b) Lax Model

In accordance with this model, the magneto dispersion relation assumes the form

Eð1þ aEÞ ¼ ðnþ 1
2
Þ�hx03ðEÞ þ

�h2k2
z

2mc
� 1

2
l0g�B ð6:30Þ

where, x03ðEÞ ¼ eBffiffiffiffiffiffiffiffi
m1m2
p :

The magneto dispersion relation in heavily doped IV-VI materials, can be
written following (6.30) as

c2ðE; ggÞ ¼ ðnþ
1
2
Þ�hx03ðEÞ þ

�h2k2
z

2m3
� 1

2
g�l0B ð6:31Þ

Equation (6.31) can be written as
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�h2k2
z

2m3
¼ U17;�ðE; n; ggÞ ð6:32aÞ

where

U17;�ðE; n; ggÞ ¼ c2ðE; ggÞ � ðnþ
1
2
Þ�hx03ðEÞ �

1
2

g�l0B

The EEM at the Fermi Level can be written from (6.32a) as

m�ðEFBHD; ggÞ ¼ m3U017;�ðEFBHD; n; ggÞ ð6:32bÞ

The electron concentration under the condition of extreme degeneracy can be
written as

n0 ¼
gveB

p2�h2

ffiffiffiffiffiffi
m3
p Xnmax

n¼0

ðU17;�ðEFBHD; n; ggÞÞ
1
2 ð6:33aÞ

Thus by using (6.6), (6.32a), (6.32b) and the allied definitions, we can study the
ER in this case.

(c) Dimmock Model

The dispersion relation under magnetic quantization in HD IV-VI semiconductors
can be expressed in accordance with Dimmock model as

c2ðE; ggÞ þ ac3ðE; ggÞ
2eB

�h
ðnþ 1

2
Þ �h

2

2
1

mþt
� 1

m�t

	 

þ ac3ðE; ggÞx

�h2

2
1

mþl
� 1

m�l

	 


¼ �h2k2
s

2m�t
þ �h2k2

z

2m�l
þ �h2k2

s

2m�t
þ �h2k2

z

2m�l
þ a

�h4k4
s

4m�t mþt
þ �h4k2

s k2
z

4m�l mþl
þ �h4k2

z k2
s

4mþt m�l
þ �h4k4

z

4m�l mþl

� �

¼ 2eB

�h
ðnþ 1

2
Þ �h

2

2
1

m�t
� 1

m�t

	 

þ x

�h2

2
1

m�l
� 1

m�l

	 


þ a
�h4

4m�t mþt

2eB

�h
ðnþ 1

2
Þ

	 
2

þx
�h4eB

2mþl m�t �h
þ �h4eB

2mþt m�l �h

� �
ðnþ 1

2
Þ þ �h4

4m�l mþl
x2

" #

ð6:33bÞ

where

x ¼ k2
z :

Therefore the magneto dispersion relation in heavily doped IV-VI materials,
whose unperturbed carriers obey the Dimmock Model can be expressed as
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k2
z ¼ U17ðE; n; ggÞ ð6:34Þ

where

U17ðE; n; ggÞ ¼ ½2p9��1 �q9ðE; n; ggÞ þ q2
9ðE; n; ggÞ þ 4p9R9ðE; n; ggÞ

� �1
2

h i

ð6:35Þ

p9 ¼
a�h4

4m�l mþl
;

q9ðE; n; ggÞ ¼
�

�h2

2
ð 1
m�l
þ 1

m�l
Þ þ a�h3eB

2
ðnþ 1

2
Þð 1

m�t mþl
þ 1

m�l mþt
Þ � ac3ðE, ggÞð

1
mþl
� 1

m�l
Þ
�

and

R9ðE; n; ggÞ ¼
�
c2ðE; ggÞ þ aeBc3ðE; ggÞðnþ

1
2
Þ�hð 1

mþt
þ 1

m�t
Þ

� �heBðnþ 1
2
Þð 1

m�t
þ 1

m�t
Þ � a�h2

m�t mþt

�
eBðnþ 1

2
Þ
�2�

ð6:36aÞ

The EEM at the Fermi Level can be written from (6.34) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
U017ðEFBHD; n; ggÞ ð6:36bÞ

Thus, the EEM is a function of Fermi energy, Landau quantum number and the
scattering potential.

The electron concentration under the condition of extreme degeneracy can be
written as

n0 ¼
gveB

p2�h

Xnmax

n¼0

	
U17ðEFBHD; n; ggÞ


1
2

ð6:37Þ

Thus by using (6.6), (6.35) and the allied definitions, we can study the ER in
this case.

(d) Model of Bangert and Kastner

In accordance with this model [73], the carrier energy spectrum in HD IV-VI
semiconductors can be written following (3.68) as

k2
s

q2
11ðE; ggÞ

þ
k2

y

q2
12ðE; ggÞ

¼ 1 ð6:38Þ
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where

q11ðE; ggÞ ¼
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S1ðE; ggÞ

q ; q12ðE; ggÞ ¼
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2ðE; ggÞ

q ;

S1ðE; ggÞ ¼
�

2c0ðE; ggÞ��1½ðRÞ
2

Eg

�
c1ða1;E;EgÞ � iD1ða1;E;EgÞ

�

þ ðSÞ
2

D0c

�
c2ða2;E;EgÞ � iD2ða2;E;EgÞ

�

þ ðQÞ
2

D00c

�
c3ða3;E;EgÞ � iD3ða3;E;EgÞ

��

and

S2ðE; ggÞ ¼
�

2c0ðE; ggÞ��1½2ðAÞ
2

Eg

�
c1ða1;E; ggÞ � iD1ða1;E; ggÞ

�

þ ðSþ QÞ2

D00c

�
c3ða3;E; ggÞ � iD3ða3;E; ggÞ

��

Since S1ðE; ggÞ and S2ðE; ggÞ are complex, the energy spectrum is also complex
in the presence of Gaussian band tails.

Therefore the magneto dispersion law in the presence of a quantizing magnetic
field B which makes an angle h with kz axis can be written as

k2
z ¼ U18ðE; n; ggÞ ð6:39aÞ

where

U18ðE; n; ggÞ ¼ q2
11ðE; ggÞ sin2 hþ q2

12ðE; ggÞ cos2 h
� �

� 2eB

�h
ðnþ 1

2
Þ q2

11ðE; ggÞq12ðE; ggÞ
� ��1

q2
11ðE; ggÞ sin2 h

�h�

þq2
12ðE; ggÞ cos2 hg

3
2��

The EEM at the Fermi Level can be written from (6.39a) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
Real part of ½U18ðEFBHD; n; ggÞ�0 ð6:39bÞ

Thus, the EEM is a function of Fermi energy, Landau quantum number and the
scattering potential and the orientation of the applied quantizing magnetic field.
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The electron concentration under the condition of extreme degeneracy can be
written as

n0 ¼
gveB

p2�h
Real Part of

Xnmax

n¼0

ðU18ðEFBHD; n; ggÞÞ
1
2 ð6:40Þ

Thus by using (6.6), (6.40) and the allied definitions, we can study the ER in
this case.

(e) Model of Foley and Langenberg

The dispersion relation of the conduction electrons of IV-VI semiconductors in
accordance with Foley et al. can be written as [74]

E þ Eg

2
¼ E�ðkÞ þ

��
EþðkÞ þ

Eg

2

�2

þ P2
?k2

s þ P2
jjk

2
s

�1
2

ð6:41Þ

where EþðkÞ ¼ �h2k2
s

2mþ?
þ �h2k2

z

2mþjj
; E�ðkÞ ¼ �h2k2

s
2m�?
þ �h2k2

z

2m�jj
represents the contribution from the

interaction of the conduction and the valence band edge states with the more
distant bands and the free electrons term, 1

m�?
¼ 1

2 ½ 1
mtc
� 1

mtv
�; 1

m�jj
¼ 1

2 ½ 1
mlc
� 1

mlv
�:

Following the methods as given in Chap. 1, the dispersion relation in heavily
doped IV-VI materials in the present case is given by

c3ðE; ggÞ þ
Eg0

2

� �
� �h2k2

s

2m�?
þ

�h2k2
z

2m�jj

" #" #2

¼ �h2k2
s

2mþ?
þ

�h2k2
z

2mþjj

" #2

þ
E2

g0

4

þ Eg0

�h2k2
s

2mþ?
þ

�h2k2
z

2mþjj

" #

þ P2
jjk

2
z þ P2

?k2
s

ð6:42Þ

Therefore the magneto-dispersion relation in heavily doped IV-VI materials can
be written as

c2
3ðE; ggÞ þ

E2
g

4
þ Egc3ðE; ggÞ þ

�
�heB

m�?
ðnþ 1

2
Þ þ �h2x

2m�jj

�2

� 2

�
c3ðE; ggÞ

þ Eg

2

��
�heBðnþ 1

2Þ
m�?

þ �h2x

2m�jj

�
¼
�

�heBðnþ 1
2Þ

mþ?
þ �h2x

2mþjj

�2

þ Eg

�
�heB

mþ?
ðnþ 1

2
Þ

þ �h2x

2mþjj

�
þ P2

jjxþ P2
?

2eB

�h
ðnþ 1

2
Þ ð6:43Þ

where k2
z ¼ x.
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Therefore the magneto dispersion relation in IV-VI heavily doped materials,
where unperturbed carriers follow the model of Foley et al. can be expressed as

k2
z ¼ U19ðE; n; ggÞ ð6:44aÞ

where

U19ðE; n; ggÞ ¼ ½2p91��1½�q91ðE; n; ggÞ þ q2
91ðE; n; ggÞ þ 4p91R91ðE; n; ggÞ

� �1
2�

p91 ¼
�h4

4
1

ðmþjj Þ
2 �

1

ðm�jj Þ
2

" #

;

q91ðE; n; ggÞ ¼
�h3eB

m�?mþjj
nþ 1

2

	 

þ P2

jj þ
�h3Eg

2mþjj
�

�h3eBðnþ 1
2Þ

m�?m�jj
þ �h2

m�jj
c3ðE; ggÞ þ

Eg

2

	 
" #

and

R91ðE; gg; nÞ ¼ ½c2
3ðE; ggÞ þ Egc3ðE; ggÞ �

2�heB

m�?
c3ðE; ggÞ þ

Eg

2

	 

nþ 1

2

	 


� Eg
�heB

mþ?
nþ 1

2

	 

� P2

? �
2eB

�h
nþ 1

2

	 

�

The EEM at the Fermi Level can be written from (6.44a) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
U019ðEFBHD; n; ggÞ ð6:44bÞ

Thus, as noted already in this case also the EEM is a function of Fermi energy,
Landau quantum number and the scattering potential.

The electron concentration under the condition of extreme degeneracy can be
written as

n0 ¼
gveB

p2�h

Xnmax

n¼0

	
U19ðEFBHD; n; ggÞ


1
2

ð6:45Þ

Thus by using (6.6), (6.45) and the allied definitions, we can study the ER in
this case.

6.2.5 The ER in HD Stressed Kane Type Semiconductors
Under Magnetic Quantization

The dispersion relation of the conduction electrons in heavily doped Kane type
semiconductors can be written following (1.206) as

k2
x

a2
jjðE; ggÞ

þ
k2

y

b2
jjðE; ggÞ

þ
k2

z

c2
jjðE; ggÞ

¼ 1
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where

ajjðE; ggÞ ¼
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PjjðE; ggÞ

q ; bjjðE; ggÞ ¼
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QjjðE; ggÞ

q and cjjðE; ggÞ ¼
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SjjðE; ggÞ

q

ð6:46Þ

The electron energy spectrum in heavily doped Kane type semiconductors in
the presence of an arbitrarily oriented quantizing magnetic field B which makes an
angle a1; b1 and c1 with kx, ky and kz axes respectively, can be written as

ðk0zÞ
2 ¼ U41ðE; n; ggÞ ð6:47aÞ

where

U41ðE, n; ggÞ ¼ I2ðE, ggÞ½1� I3ðE, n; ggÞ�

I2ðE; ggÞ ¼ ½½a11ðE; ggÞ�2 cos2 a1 þ ½b11ðE; ggÞ�2 cos2 b1 þ ½c11ðE; ggÞ�2 cos2 c1�

and

I3ðE; n; ggÞ ¼
2eB

�h

	
nþ 1

2



½a11ðE; ggÞb11ðE; ggÞc11ðE; ggÞ��1½I2ðE; ggÞ�1=2

The EEM at the Fermi Level can be written from (6.47a) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
U041ðEFBHD; n; ggÞ ð6:47bÞ

From (6.47b) we observe that the EEM is a function of Fermi energy, Landau
quantum number, the scattering potential and the orientation of the applied
quantizing magnetic field.

The electron concentration under the condition of extreme degeneracy can be
written as

n0 ¼
gveB

p2�h

Xnmax

n¼0

	
U41ðEFBHD; n; ggÞ


1
2

ð6:48Þ

Thus by using (6.6), (6.48) and the allied definitions, we can study the ER in
this case.
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6.2.6 The ER in HD Tellurium Under Magnetic
Quantization

The magneto dispersion relation of the conduction electrons in HD Te can be
expressed following (1.231) as

k2
z ¼ U42�ðE; n; ggÞ ð6:49aÞ

where

U42;�ðE; n; ggÞ ¼ ð2w2
1Þ
�1
��

2c3ðE; ggÞw1 þ w2
3 � 4w1w2

eB

�h

	
nþ 1

2


�

�
�

w4
3 þ 4w1w

2
3c3ðE; ggÞ þ

8eB

�h
ðnþ 1

2
Þðw2

1w
2
4 � w1w2w

2
3Þ
��1=2

#

The EEM at the Fermi Level can be written from (6.49a) as

m��ðEFBHD; n; ggÞ ¼
�h2

2
U042�ðEFBHD; n; ggÞ ð6:49bÞ

Thus from (6.49b) we note that the EEM is a function of three variables namely
Fermi energy, Landau quantum number and the scattering potential.

The electron concentration under the condition of extreme degeneracy can be
written as

n0 ¼
gveB

2p2�h

Xnmax

n¼0

	
U42;�ðEFBHD; n; ggÞ


1
2

ð6:49cÞ

Thus by using (6.6), (6.49) and the allied definitions, we can study the ER in
this case.

6.2.7 The ER in HD Gallium Phosphide Under
Magnetic Quantization

The magneto dispersion relation in HD GaP can be written following (1.248) as

k2
z ¼ U43ðE; n; ggÞ ð6:50aÞ
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where

U43ðE; n; ggÞ ¼ ð2b2Þ�1
��

2c3ðE; ggÞbþ c� 2Db� 4ab
eB

�h

	
nþ 1

2


�

þ
�
½c2 þ 4bcc3ðE; ggÞ þ 4D2b2 � 4cDb�

� 8eB

�h
ðnþ 1

2
Þð2ab2Dþ 4c3ðE; ggÞb2a

þ abc� 2b2ac3ðE; ggÞ � b2c

�1=2�

The EEM at the Fermi Level can be expressed from (6.50a) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
U043ðEFBHD; n; ggÞ ð6:50bÞ

Thus, from (6.50b) it appears that the EEM is the function of Fermi energy,
Landau quantum number and the scattering potential.

The electron concentration under the condition of extreme degeneracy can be
written as

n0 ¼
gveB

p2�h

Xnmax

n¼0

	
U43ðEFBHD; n; ggÞ


1
2

ð6:50cÞ

Thus by using (6.6), (6.50c) and the allied definitions, we can study the ER in
this case.

6.2.8 The ER in HD Platinum Antimonide Under Magnetic
Quantization

The magneto dispersion relation in HD PtSb2 can be written following (1.270) as

k2
z ¼ U44ðE; n; ggÞ ð6:51aÞ

where

U44ðE; n; ggÞ ¼
1

2T41
T71ðE; n; ggÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2

71ðE; n; ggÞ þ 4T41T71ðE; n; ggÞ
qh i

;

T71ðE; n; ggÞ ¼
�

T51ðE; ggÞ � T31
2eB

�h
nþ 1

2

	 
�
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and

T72ðE; n; ggÞ ¼ T61ðE; ggÞ þ T21ðE; ggÞ
2eB

�h
nþ 1

2

	 

� T11ð

2eB

�h
nþ 1

2

	 

Þ2

� �
:

The EEM at the Fermi Level can be written from (6.51a) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
U044ðEFBHD; n; ggÞ ð6:51bÞ

Thus, from the above equation we infer that the EEM is a function of Landau
quantum number, the Fermi energy and the scattering potential.

The electron concentration under the condition of extreme degeneracy can be
written as

n0 ¼
gveB

p2�h

Xnmax

n¼0

ðU44ðEFBHD; n; ggÞÞ
1
2 ð6:52Þ

Thus by using (6.6), (6.52) and the allied definitions, we can study the ER in
this case.

6.2.9 The ER in HD Bismuth Telluride Under
Magnetic Quantization

The magneto dispersion relation in HD Bi2Te3 can be written following (1.285) as

k2
x ¼ U45ðE; gg; nÞ ð6:53aÞ

where

U45ðE; gg; nÞ ¼
c2ðE; ggÞ � ðnþ 1

2Þ e�hB
M31

�x1
and M31 ¼

m0

ð�a22�a33 � ð�a23Þ2
4 Þ

1
2

The EEM at the Fermi Level can be written from (6.53a) as

m�ðEFBHD; ggÞ ¼
�h2

2
U045ðEFBHD; n; ggÞ ð6:53bÞ

The electron concentration under the condition of extreme degeneracy can be
written as
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n0 ¼
gveB

p2�h

Xnmax

n¼0

	
U45ðEFBHD; n; ggÞ


1
2

ð6:54Þ

Thus by using (6.6), (6.54) and the allied definitions, we can study the ER in
this case.

6.2.10 The ER in HD Germanium Under Magnetic
Quantization

(a) Model of Cardona et al.

The magneto dispersion relation in HD Ge can be written following (1.300) as

k2
x ¼ U46ðE; gg; nÞ ð6:55aÞ

where

U46ðE; n; ggÞ ¼
2m�jj
�h2

�
c3ðE; ggÞ þ

Ego

2
�
�

E2
go

4
þ Ego�h2

m�?

2eB

�h
ðnþ 1

2
Þ
��1=2

The EEM at the Fermi Level can be written from (6.55a) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
U046ðEFBHD; n; ggÞ ð6:55bÞ

From (6.55b) it appears that the EEM is a function of Fermi energy and Landau
quantum number due to band non-parabolicity.

The electron concentration under the condition of extreme degeneracy can be
written as

n0 ¼
gveB

p2�h

Xnmax

n¼0

	
U46ðEFBHD; n; ggÞ


1
2

ð6:56Þ

Thus by using (6.6), (6.56) and the allied definitions, we can study the ER in
this case.

(b) Model of Wang and Ressler

The magneto dispersion relation in HD Ge can be written following (1.321) as

k2
z ¼ U47ðE; n; ggÞ ð6:57aÞ
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where

U47ðE; n; ggÞ ¼
	 m�jj

�h2a6


�
1� a5ðnþ

1
2
Þ�hx? � fh7ðnÞ � 4a6c3ðE; ggÞg1=2

�
;

x? ¼
eB

m�?

and

h7ðnÞ ¼
�

1þ a5ð Þ2fðnþ
1
2
Þ�hx?g2 � 2a5ðnþ

1
2
Þ�hx?

þ 4a6ðnþ
1
2
Þ�hx? � 4a6a4fðnþ

1
2
Þ�hx?g2

�

The EEM at the Fermi Level can be written from (6.57a) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
U047ðEFBHD; n; ggÞ ð6:57bÞ

From (6.57b) we note that the mass is a function of Fermi energy and quantum
number due to band non-parabolicity.

The electron concentration under the condition of extreme degeneracy can be
written as

n0 ¼
gveB

p2�h

Xnmax

n¼0

	
U47ðEFBHD; n; ggÞ


1
2

ð6:58Þ

Thus by using (6.6), (6.58) and the allied definitions, we can study the ER in
this case.

6.2.11 The ER in HD Gallium Antimonide Under
Magnetic Quantization

The magneto dispersion relation in HD GaSb can be written following (1.338) as

k2
z ¼ U48ðE; n; ggÞ ð6:59aÞ

where
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U48ðE; n; ggÞ ¼
�
�2eB

�h

	
nþ 1

2



þ ð2a2

9Þ
�1
��

2a9c
2
3ðE; ggÞ þ a9E

0
g0 þ

a10ðE
0
g0Þ

2

4

�

�
�

a2
9ðE

0
g0Þ

2 þ
a2

10ðE
0
g0Þ

4

16
þ a9a10c3ðE; ggÞðE

0
g0Þ

2 þ
a9a10ðE

0
g0Þ

3

2

�1=2��
;

a9 ¼
�h2

2m0
and a10 ¼

2�h2

E
0
go

	
1

mc
� 1

m0




The EEM at the Fermi Level can be written from (6.59a) as

m�ðEFBHD; ggÞ ¼
�h2

2
U048ðEFBHD; n; ggÞ ð6:59bÞ

The electron concentration under extreme degeneracy can be written as

n0 ¼
gveB

p2�h

Xnmax

n¼0

	
U48ðEFBHD; n; ggÞ


1
2

ð6:60Þ

Thus by using (6.6), (6.60) and the allied definitions, we can study the ER in
this case.

6.2.12 The ER in HD II-V Materials Under
Magnetic Quantization

The dispersion relation of the holes are given by [75–77]

E ¼ h1k2
x þ h2k2

y þ h3k2
z þ d4kx � ½fh5k2

x þ h6k2
y þ h7k2

z þ d5kxg2

þ G2
3k2

y þ D2
3�

1
2 � D3

ð6:61Þ

where, kx; ky and kz are expressed in the units of 1010 m-1,

h1 ¼
1
2
ða1 þ b1Þ; h2 ¼

1
2
ða2 þ b2Þ; h3 ¼

1
2
ða3 þ b3Þ; d4 ¼

1
2
ðAþ BÞ;

h5 ¼
1
2
ða1 � b1Þ; h6 ¼

1
2
ða2 � b2Þ; h7 ¼

1
2
ða3 � b3Þ; d5 ¼

1
2
ðA� BÞ;

ai ði ¼ 1; 2; 3; 4Þ; bi;A;B;G3 and D3 are system constants

The hole energy spectrum in HD II-V semiconductors can be expressed fol-
lowing the method of Chap. 1 as
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c3ðE; ggÞ ¼ h1k2
x þ h2k2

y þ h3k2
z þ d4kx �

�
fh5k2

x þ h6k2
y þ h7k2

z þ d5kxg2

þ G2
3k2

y þ D2
3

�1
2

� D3

ð6:62Þ

the magneto dispersion law in HD II-V semiconductors assumes the form

k2
y ¼ U49;�ðE; n; ggÞ ð6:63aÞ

where,

U49;�ðE; n; ggÞ ¼
�

I35c3ðE; ggÞ þ I36;�ðnÞ � ½c2
3ðE; ggÞ þ c3ðE; ggÞI38;�ðnÞ þ I39;�ðnÞ
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2

;
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ðh2
2 � h2

5Þ
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2ðh2
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5Þ
;
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5Þ
�1
�

4h2I33;�ðnÞ þ 8h2
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5I31;�ðnÞ
�
;
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5Þ
�1
�

I2
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2I34;�ðnÞ � 4h3
5I34;�ðnÞ

�
;

I33;�ðnÞ ¼
�
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3 þ 2h5I32ðnÞ � 2h2I31;�ðnÞ

�
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�
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�
ðnþ 1
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Þ�hx31 �
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4

4h1
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�
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5

4h5

�
;

x31 ¼
eB
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M31M32
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eB
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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2h1
;

M32 ¼
�h2

2h3
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2h5
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2h7
:
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The EEM at the Fermi Level can be written from (6.63a) as

m��ðEFBHD; n; ggÞ ¼
�h2

2
U049;�ðEFBHD; n; ggÞ ð6:63bÞ

From (6.63b) we note that the EEM is a function of Fermi energy, Landau
quantum number and the scattering potential.

The electron concentration under extreme degeneracy can be written as

n0 ¼
gveB

p2�h

Xnmax

n¼0

	
U49;�ðEFBHD; n; ggÞ


1
2

ð6:64Þ

Thus by using (6.6), (6.60) and the allied definitions, we can study the ER in
this case.

6.2.13 The ER in HD Lead Germanium Telluride Under
Magnetic Quantization

The dispersion relation of the carriers in n-type Pb1-xGaxTe with x = 0.01 can be
written following Vassilev [78] as

E � 0:606k2
s � 0:0722k2

z

� �
E þ Eg þ 0:411k2

s þ 0:0377k2
z

� �

¼ 0:23k2
s þ 0:02k2

z � 0:06Eg þ 0:061k2
s þ 0:0066k2

z

� �
ks ð6:65Þ

where, Egð¼ 0:21 eVÞ is the energy gap for the transition point, the zero of the
energy E is at the edge of the conduction band of the C point of the Brillouin zone
and is measured positively upwards, kx, ky and kz are in the units of 109 m-1.

The magneto dispersion law in HD Pb1-xGexTe can be expressed following the
methods as given in Chap. 1 as

2h0ðE;ggÞ
1þErf ðE=ggÞ

" #

þc3ðE;ggÞ Eg0�0:345x�0:390
eB

�h
ðnþ1

2
Þ

� �

¼0:46eB

�h
ðnþ1

2
Þþ0:02x� 0:06Eg0þ0:122

eB

�h
ðnþ1

2
Þþ0:0066x

� �
2eB

�h
ðnþ1

2
Þ

	 
1
2

þ Eg0þ
0:822eB

�h
ðnþ1

2
Þþ0:377x

� �
1:212eB

�h
ðnþ1

2
Þþ0:722x

� �
ð6:66Þ
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Equation (6.66) assumes the form

k2
z ¼ U50;�ðE; n; ggÞ ð6:67aÞ

where

U50;�ðE; n; ggÞ ¼ ð2p10Þ�1 q10ðE; n; ggÞ � q2
10ðE; n; ggÞ þ 4p10R10;�ðE; n; ggÞ

� �1
2

h i

p10 ¼ ð0:377� 0:722Þ; q10ðE; n; ggÞ ¼
�

0:02þ 0:345c3ðE; ggÞ

� 0:0066

	
2eB

�h

	
nþ 1

2



1
2

þ 0:377� 1:212eB

�h

	
nþ 1

2




þ 0:722

�
Ego þ 0:822

eB

�h
ðnþ 1

2
Þ
��

and

R10;�ðE; n; ggÞ ¼
�

2h0ðE; ggÞ
1þ Eof ðE=ggÞ

þ c3ðE; ggÞ
�

Ego þ 0:390
eB

�h
ðnþ 1

2
Þ
�

�
	

0:06 Ego þ 0:122
eB

�h

	
nþ 1

2



	
2eB

�h

	
nþ 1

2



1
2

�
	

Ego þ 0:822
eB

�h

	
nþ 1

2




1:212eB

�h

	
nþ 1

2



� 0:46eB

�h

	
nþ 1

2


�
:

The EEM at the Fermi Level can be written from (6.67a) as

m��ðEFBHD; ggÞ ¼
�h2

2
U050;�ðEFBHD; n; ggÞ ð6:67bÞ

Thus from (6.67b) we note that the EEM is a function of the Fermi energy,
Landau quantum number and the scattering potential.

The electron concentration under extreme degeneracy can be written as

n0 ¼
gveB

2p2�h

Xnmax

n¼0

ðU50;�ðEFBHD; n; ggÞÞ
1
2 ð6:68Þ

Thus by using (6.6), (6.68) and the allied definitions, we can study the ER in
this case.
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6.3 Open Research Problems

(R.6.1) Investigate the ER in the presence of an arbitrarily oriented quantizing
magnetic field for all the materials as given in problems in R.1.1 of
Chap. 1 in the presence of the Gaussian type band tails.

(R.6.2) Investigate the ER in the presence of an arbitrarily oriented quantizing
magnetic field in HD nonlinear optical semiconductors by including
broadening and the electron spin. Study all the special cases for HD
III-V, ternary and quaternary materials in this context.

(R.6.3) Investigate the ERs for HD IV-VI, II-VI and stressed Kane type com-
pounds in the presence of an arbitrarily oriented quantizing magnetic
field by including broadening and electron spin.

(R.6.4) Investigate the ER for all the materials as stated in R.1.1 of Chap. 1 in
the presence of an arbitrarily oriented quantizing magnetic field by
including broadening and electron spin under the condition of heavily
doping.

(R.6.5) Investigate the ER in the presence of an arbitrarily oriented quantizing
magnetic field and crossed electric fields in HD nonlinear optical
semiconductors by including broadening and the electron spin. Study all
the special cases for HD III-V, ternary and quaternary materials in this
context.

(R.6.6) Investigate the ERs for HD IV-VI, II-VI and stressed Kane type com-
pounds in the presence of an arbitrarily oriented quantizing magnetic
field and crossed electric field by including broadening and electron
spin.

(R.6.7) Investigate the ER for all the materials as stated in R.1.1 of Chap. 1 in
the presence of an arbitrarily oriented quantizing magnetic field and
crossed electric field by including broadening and electron spin under
the condition of heavy doping.

(R.6.8) Investigate the 2D ER in QWs of HD nonlinear optical, III-V, II-VI,
IV-VI and stressed Kane type semiconductors.

(R.6.9) Investigate the 2D ER for HD QWs of all the materials as considered in
problems R.1.1.

(R.6.10) Investigate the 2D ER in the presence of an arbitrarily oriented non-
quantizing magnetic field for the QWs of HD nonlinear optical semi-
conductors by including the electron spin. Study all the special cases for
III-V, ternary and quaternary materials in this context.

(R.6.11) Investigate the ERs in QWs of HD IV-VI, II-VI and stressed Kane type
compounds in the presence of an arbitrarily oriented non-quantizing
magnetic field by including the electron spin.

(R.6.12) Investigate the 2D ER for HD QWs of all the materials as stated in R.1.1
of Chap. 1 in the presence of an arbitrarily oriented magnetic field by
including electron spin and broadening.
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(R.6.13) Investigate the ER for all the problems of R.1.1 under an additional
arbitrarily oriented electric field in the presence of heavy doping.

(R.6.14) Investigate the ER for all the problems of R.1.1 under the arbitrarily
oriented crossed electric and magnetic fields in the presence of heavy
doping.

(R.6.15) Investigate the 2D ER for all the problems in R.1.1 the presence of finite
potential well under the conditions of formation of band tails and applied
external parallel magnetic field.

(R.6.16) Investigate the 2D ER for all the problems in R.1.1 the presence of
parabolic potential well under the conditions of formation of band tails
and applied external parallel magnetic field.

(R.6.17) Investigate the 2D ER for all the problems in R.1.1 the presence of
circular potential well under the conditions of formation of band tails
and applied external parallel magnetic field.

(R.6.18) Investigate the 2D ER for accumulation layers of HD nonlinear optical,
III-V, IV-VI, II-VI and stressed Kane type semiconductors in the pres-
ence of an arbitrary electric quantization.

(R.6.19) Investigate the 2D ER in accumulation layers of all the materials as
stated in R.1.1 of Chap. 1 under the condition of heavy doping and in the
presence of electric quantization along arbitrary direction.

(R.6.20) Investigate the 2D ER in the presence of an arbitrarily oriented electric
quantization for accumulation layers of HD nonlinear optical semicon-
ductors. Study all the special cases for III-V, ternary and quaternary
materials in this context.

(R.6.21) Investigate the 2D ERs in accumulation layers of HD IV-VI, II-VI and
stressed Kane type compounds in the presence of an arbitrarily oriented
electric quantization.

(R.6.22) Investigate the 2D ER in accumulation layers of all the materials as
stated in R.1.1 of Chap. 1 in the presence of an arbitrarily oriented
quantizing electric field under the conditions of formation of band tails
and applied external parallel magnetic field.

(R.6.23) Investigate the 2D ER in the presence of an arbitrarily oriented magnetic
field in accumulation layers of HD nonlinear optical semiconductors by
including the electron spin. Study all the special cases for HD III-V,
ternary and quaternary materials in this context.

(R.6.24) Investigate the 2D ERs in accumulation layers of HD IV-VI, II-VI and
stressed Kane type compounds in the presence of an arbitrarily oriented
non-quantizing magnetic field by including the electron spin.

(R.6.25) Investigate the 2D ER in accumulation layers of all the materials as
stated in R.1.1 of Chap. 1 in the presence of an arbitrarily oriented
non-quantizing magnetic field by including electron spin and heavy
doping.

(R.6.26) Investigate the 2D ER in accumulation layers for all the problems from
R.A4.22 to R.A4.26 in the presence of an additional arbitrarily oriented
electric field.
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(R.6.27) Investigate the 2D ER in accumulation layers for all the problems from
R.A4.22 to R.A4.26 in the presence of arbitrarily oriented crossed
electric and magnetic fields.

(R.6.28) Investigate the 2D ER in accumulation layers for all the problems from
R.A4.22 to R.A4.26 in the presence of surface states.

(R.6.29) Investigate the 2D ER in accumulation layers for all the problems from
R.A4.22 to R.A4.26 in the presence of hot electron effects.

(R.6.30) Investigate the 2D ER in accumulation layers for all the problems
from R.A4.22 to R.A4.26 by including the occupancy of the electrons in
various electric subbands.

(R.6.31) Investigate the 2D ER in Doping superlattices of HD nonlinear optical,
III-V, II-VI, IV-VI and stressed Kane type materials.

(R.6.32) Investigate the 2D ER in Doping superlattices of all types of materials as
discussed in problem R.1.1 as given in Chap. 1 under the conditions of
formation of band tails and applied external parallel magnetic field.

(R.6.33) Investigate the 2D ER in the presence of an arbitrarily oriented non-
quantizing magnetic field for Doping superlattices of HD nonlinear
optical semiconductors by including the electron spin. Study all the
special cases for HD III-V, ternary and quaternary materials in this
context.

(R.6.34) Investigate the 2D ERs in Doping superlattices of HD IV-VI, II-VI and
stressed Kane type compounds in the presence of an arbitrarily oriented
non-quantizing magnetic field by including the electron spin.

(R.6.35) Investigate the 2D ER for Doping superlattices of all the materials as
stated in R.1.1 of Chap. 1 in the presence of an arbitrarily oriented
non-quantizing magnetic field by including electron spin under the
conditions of formation of band tails and applied external parallel
magnetic field.

(R.6.36) Investigate the 2D ER for all the problems from R.A4.32 to R.A4.35 in
the presence of an additional arbitrarily oriented non-quantizing electric
field.

(R.6.37) Investigate the 2D ER for all the problems from R.A4.32 to R.A4.35 in
the presence of arbitrarily oriented crossed electric and magnetic fields.

(R.6.38) Investigate all the problems from R.A4.1 to R.A4.37, in the presence of
arbitrarily oriented light waves and magnetic quantization.

(R.6.39) Investigate all the problems from R.A4.1 upto R.A4.37 in the presence
of exponential, Kane, Halperin and Lax and Bonch-Bruevich band tails
[79].

(R.6.40) Investigate all the problems of this chapter by removing all the mathe-
matical approximations and establishing the uniqueness conditions in
each case.

(R.6.41) (a) Investigate the ER in all the bulk semiconductors as considered in
this appendix in the presence of defects and magnetic quantization.
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(b) Investigate the ER as defined in (R.A2.1) in the presence of an
arbitrarily oriented quantizing magnetic field including broadening
and the electron spin (applicable under magnetic quantization) for
all the bulk semiconductors whose unperturbed carrier energy
spectra are defined in Chap. 1.

(R.6.42) Investigate the ER as defined in (R.A2.1) in the presence of quantizing
magnetic field under an arbitrarily oriented (a) non-uniform electric field
and (b) alternating electric field respectively for all the semiconductors
whose unperturbed carrier energy spectra are defined in Chap. 1 by
including spin and broadening respectively.

(R.6.43) Investigate the ER as defined in (R.A2.1) under an arbitrarily oriented
alternating quantizing magnetic field by including broadening and the
electron spin for all the semiconductors whose unperturbed carrier
energy spectra as defined in Chap. 1.

(R.6.44) Investigate the ER as defined in (R.A2.1) under an arbitrarily oriented
alternating quantizing magnetic field and crossed alternating electric field
by including broadening and the electron spin for all the semiconductors
whose unperturbed carrier energy spectra as defined in Chap. 1.

(R.6.45) Investigate the ER as defined in (R.A2.1) under an arbitrarily oriented
alternating quantizing magnetic field and crossed alternating
non-uniform electric field by including broadening and the electron spin
whose for all the semiconductors unperturbed carrier energy spectra as
defined in Chap. 1.

(R.6.46) Investigate the ER as defined in (R.A2.1) in the presence and absence of
an arbitrarily oriented alternating quantizing magnetic field under
exponential, Kane, Halperin, Lax and Bonch-Bruevich band tails [69]
for all the semiconductors whose unperturbed carrier energy spectra as
defined in Chap. 1 by including spin and broadening (applicable under
magnetic quantization).

(R.6.47) Investigate the ER as defined in (R.A2.1) in the presence of an arbitrarily
oriented quantizing magnetic field for all the semiconductors as defined
in (R.A2.6) under an arbitrarily oriented (a) non-uniform electric field
and (b) alternating electric field respectively whose unperturbed carrier
energy spectra as defined in Chap. 1.

(R.6.48) Investigate the ER as defined in (R.A2.1) under an arbitrarily oriented
alternating quantizing magnetic field by including broadening and the
electron spin for all semiconductors whose unperturbed carrier energy
spectra as defined in Chap. 1.

(R.6.49) Investigate the ER as defined in (R.A2.1) under an arbitrarily oriented
alternating quantizing magnetic field and crossed alternating electric
field by including broadening and the electron spin for all the semi-
conductors whose unperturbed carrier energy spectra as defined in
Chap. 1.
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(R.A.50) Investigate all the appropriate problems of this section under magnetic
quantization after proper modifications introducing new theoretical
formalisms for functional, negative refractive index, macro molecular,
organic and magnetic materials.

(R.A.51) Investigate all the appropriate problems of this section for HD p-InSb,
p-CuCl and stressed semiconductors under magnetic quantization having
diamond structure valence bands whose dispersion relations of the car-
riers in bulk semiconductors are given by Cunningham [79], Yekimov
et al. [80] and Roman et al. [81] respectively.

(R.A.52) Investigate all the problems of this section by removing all the mathe-
matical approximations and establishing the respective appropriate
uniqueness conditions.
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Chapter 7
Appendix B: The ER in Superlattices
of HD Non-parabolic Semiconductors
Under Magnetic Quantization

7.1 Introduction

In recent years, modern fabrication techniques have generated altogether a new
dimension in the arena of quantum effect devices through the experimental real-
ization of an important artificial structure known as semiconductor superlattice
(SL) by growing two similar but different semiconducting compounds in alternate
layers with finite thicknesses [1–33]. The materials forming the alternate layers
have the same kind of band structure but different energy gaps. The concept of SL
was developed for the first time by Keldysh [34] and was successfully fabricated
by Esaki and Tsu [35–38]. The SLs are being extensively used in thermal sensors
[39, 40], quantum cascade lasers [41–43], photodetectors [44, 45], light emitting
diodes [46–49], multiplication [50], frequency multiplication [51], photocathodes
[52], thin film transistor [53, 54], solar cells [55, 56], infrared imaging [57],
thermal imaging [58], infrared sensing [59, 60] and also in other microelectronic
devices.

The most extensively studied III-V SL is the one consisting of alternate layers
of GaAs and Ga1-xAlxAs owing to the relative easiness of fabrication. The GaAs
and Ga1-xAlxAs layers form the quantum wells and the potential barriers respec-
tively. The III-V SL’s are attractive for the realization of high speed electronic and
optoelectronic devices [61]. In addition to SLs with usual structure, other types of
SLs such as II-VI [62], IV-VI [63] and HgTe/CdTe [64] SL’s have also been
investigated in the literature. The IV-VI SLs exhibit quite different properties as
compared to the III-V SL due to the specific band structure of the constituent
materials [65]. The epitaxial growth of II-VI SL is a relatively recent development
and the primary motivation for studying the mentioned SLs made of materials
with the large band gap is in their potential for optoelectronic operation in the blue
[65]. HgTe/CdTe SL’s have raised a great deal of attention since 1979, when as
a promising new materials for long wavelength infrared detectors and other
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electro-optical applications [66]. Interest in Hg-based SL’s has been further
increased as new properties with potential device applications were revealed
[66, 67]. These features arise from the unique zero band gap material HgTe [68]
and the direct band gap semiconductor CdTe which can be described by the three
band mode of Kane [69]. The combination of the aforementioned materials with
specified dispersion relation makes HgTe/CdTe SL very attractive, especially
because of the tailoring of the material properties for various applications by
varying the energy band constants of the SLs.

We note that all the aforementioned SLs have been proposed with the
assumption that the interfaces between the layers are sharply defined, of zero
thickness, i.e., devoid of any interface effects. The SL potential distribution may be
then considered as a one dimensional array of rectangular potential wells. The
aforementioned advanced experimental techniques may produce SLs with physical
interfaces between the two materials crystallographically abrupt; adjoining their
interface will change at least on an atomic scale. As the potential form changes
from a well (barrier) to a barrier (well), an intermediate potential region exists for
the electrons [70]. The influence of finite thickness of the interfaces on the electron
dispersion law is very important, since; the electron energy spectrum governs the
electron transport in SLs. In addition to it, for effective mass SLs, the electronic
subbands appear continually in real space [71].

In this chapter, we shall study the ER under magnetic quantization in III-V, II-
VI, IV-VI, HgTe/CdTe and strained layer, HDSLs with graded interfaces in
Sects. 7.2.1–7.2.5 respectively. From Sects. 7.2.6–7.2.10, we shall investigate the
same in III-V, II-VI, IV-VI, HgTe/CdTe and strained layer, HD effective mass SLs
The last Sect. 7.3 contains open research problems.

7.2 Theoretical Background

7.2.1 The ER in HD III-V Superlattices with Graded
Interfaces Under Magnetic Quantization

The electron dispersion law in bulk specimens of the heavily doped constituent
materials of HD III-V SLs whose unperturbed energy band structures are defined
by three-band model of Kane can be expressed as

�h2k2

2m�cj

¼ T1j E;Dj;Egj; ggj

� �
þ iT2j E;Dj;Egj; ggj

� �
ð7:1Þ

224 7 Appendix B: The ER in Superlattices of HD Non-parabolic Semiconductors



where
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Therefore, the dispersion law of the electrons of heavily doped III-V SLs with
graded interfaces can be expressed as

k2
z ¼ G8 þ iH8 ð7:2Þ

where
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7
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g1 ¼ d1ða0 � D0Þ; d1 ¼ 2
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The simplified dispersion relation of heavily doped III-V superlattices with
graded interfaces under magnetic quantization can be expressed as
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0Þ

The EEM can be written as

m�ðEF1; n; gg;BÞ ¼
�h2

2
Real part of ½G8EF1;n�

0 ð7:3bÞ

where EF1 is the Fermi energy in this case.
Thus, from (7.3b) we can infer that the EEM in this case is a function of Fermi

energy, Landau quantum number, magnetic field and scattering potential in rather
complicated way.

The electron concentration is given by

n0 ¼
gveB

p2�h

Xnmax

n¼0

/1C EF1; nð Þ þ /2C EF1; nð Þ½ � ð7:4Þ
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where

/1C EF1; nð Þ ¼ G8EF1;n þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2

8EF1;n
� H8EF1;n

q� 	.
2

h i1=2
;

/2C EF1; nð Þ ¼
Xs

r¼1

h2r;1 /1C EF1; nð Þ½ �; h2r;i ¼ 2 kBTð Þ2r 1� 21�2r
� �

f 2rð Þ o2r

oE2r
Fi

and i ¼ 1; 2; 3; . . .

The ER in this case can be written as

D

l
¼ n0

ej j Real part of
on0

oðEFi � eiiÞ

� �1

ð7:5Þ

where EFi is the Fermi energy in this case and eii is the corresponding Landau level
energy.

Thus using (7.3a), (7.3b), (7.4) and (7.5) we can study the ER in this case.

7.2.2 The ER in HD II-VI Superlattices with Graded
Interfaces Under Magnetic Quantization

The electron energy spectra of the heavily doped constituent materials of II-VI SLs
are given by

c3ðE; gg1Þ ¼
�h2k2

s

2m�?;1
þ �h2k2

z

2m�k;1
� C0ks ð7:6Þ

and

�h2k2

2m�c2

¼ T12 E;D2;Eg2; gg2

� �
þ iT22 E;D2;Eg2; gg2

� � ð7:7Þ

where m�?;1 and m�k;1 are the transverse and longitudinal effective electron masses

respectively at the edge of the conduction band for the first material.
Thus, the energy-wave vector dispersion relation of the conduction electrons in

heavily doped II-VI SLs with graded interfaces can be expressed as

k2
z ¼ G19 þ iH19 ð7:8Þ
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where

G19 ¼
C2

18 � D2
18

L2
0

� k2
s

� 
;

C18 ¼ cos�1ðx18Þ;x18 ¼ ð2Þ
�1
2 ð1� G2

18 � H2
18Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� G2

18 � H2
18Þ

2 þ 4G2
18

q� 1
2

;

G18 ¼
1
2
½G11 þ G12 þ D0ðG13 þ G14Þ þ D0ðG15 þ G16Þ�;

G11 ¼ 2ðcosðg1ÞÞðcosðg2ÞÞðcos c11ðE; ksÞÞ
c11ðE; ksÞ ¼ k21ðE; ksÞðb0 � D0Þ;

k21ðE; ksÞ ¼ f½c3ðE; gg1Þ �
�h2k2

s

2m�?;1
� C0ks�

2m�k;1
�h2 g

1=2;

G12 ¼ ð½X1ðE; ksÞðsinh g1Þðcos g2Þ � X2ðE; ksÞðsin g2Þðcosh g1Þ�ðsin c11ðE; ksÞÞÞ

X1ðE; ksÞ ¼
d1

k21ðE; ksÞ
� k21ðE; ksÞd1

d2
1 þ d2

2

� 

and

X2ðE; ksÞ ¼
d2

k21ðE; ksÞ
þ k21ðE; ksÞd2

d2
1 þ d2

2

� 

G13 ¼ ð½X3ðE; ksÞðcosh g1Þðcos g2Þ � X4ðE; ksÞðsinh g1Þðsin g2Þ�ðsin c11ðE; ksÞÞÞ

X3ðE; ksÞ ¼
d2

1 � d2
2

k21ðE; ksÞ
� 3k21ðE; ksÞ

� 
;

X4ðE; ksÞ ¼
2d1d2

k21ðE; ksÞ

� 

G14 ¼ ð½X5ðE; ksÞðsinh g1Þðcos g2Þ � X6ðE; ksÞðsin g1Þðcosh g2Þ�ðcos c11ðE; ksÞÞÞ:

X5ðE; ksÞ ¼ 3d1 �
d1

d2
1 þ d2

2

k2
21ðE; ksÞ

� 
;

X6ðE; ksÞ ¼ 3d2 þ
d2

d2
1 þ d2

2

k2
21ðE; ksÞ

� 

G15 ¼ ð½X9ðE; ksÞðcosh g1Þðcos g2Þ � X10ðE; ksÞðsinh g1Þðsin g2Þ�ðcos c11ðE; ksÞÞÞ
X9ðE; ksÞ ¼ ½2d2

1 � 2d2
2 � k2

21ðE; ksÞ�;
X10ðE; ksÞ ¼ ½2d1d2�

G16 ¼ ð½X7ðE; ksÞðsinh g1Þðcos g2Þ � X8ðE; ksÞðsin g1Þðcosh g2Þ�ðsin c11ðE; ksÞ=12ÞÞ;

X7ðE; ksÞ ¼
5d1

d2
1 þ d2

2

k3
21ðE; ksÞ þ

5ðd3
1 � 3d2

2d1Þ
k21ðE; ksÞ

� 34k21ðE; ksÞd1

� 
;

X8ðE; ksÞ ¼
5d2

d2
1 þ d2

2

k3
21ðE; ksÞ þ

5ðd3
2 � 3d2

2d1Þ
k21ðE; ksÞ

þ 34k21ðE; ksÞd2

� 

H18 ¼
1
2
½H11 þ H12 þ D0ðH13 þ H14Þ þ D0ðH15 þ H16Þ�;

H11 ¼ 2ðsinh g1 sin g2 cos c11ðE; ksÞÞ;
H12 ¼ ð½X2ðE; ksÞðsinh g1Þðcos g2Þ þ X1ðE; ksÞðsin g2Þðcosh g1Þ�ðsin c11ðE; ksÞÞÞ;
H13 ¼ ð½X4ðE; ksÞðcosh g1Þðcos g2Þ þ X3ðE; ksÞðsinh g1Þðsin g2Þ�ðsin c11ðE; ksÞÞÞ;
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H14 ¼ ð½X6ðE; ksÞðsinh g1Þðcos g2Þ þ X5ðE; ksÞðsin g1Þðcosh g2Þ�ðcos c11ðE; ksÞÞÞ;
H15 ¼ ð½X10ðE; ksÞðcosh g1Þðcos g2Þ þ X9ðE; ksÞðsinh g1Þðsin g2Þ�ðcos c11ðE; ksÞÞÞ;
H16 ¼ ð½X8ðE; ksÞðsinh g1Þðcos g2Þ þ X7ðE; ksÞðsin g1Þðcosh g2Þ�ðsin c11ðE; ksÞ=12ÞÞ;

H19 ¼
2C18D18

L2
0

� 

and

D18 ¼ sinh�1ðx18Þ

The simplified dispersion relation in heavily doped II-VI superllatices with
graded interfaces under magnetic quantization can be expressed as

k2
z ¼ G19E;n þ iH19E;n ð7:9aÞ

where

G19E;n ¼
C2

18E;n � D2
18E;n

L2
0

� 2eB

�h
nþ 1

2

� �� �" #

;

C18E;n ¼ cos�1ðx18E;nÞ;x18E;n ¼ ð2Þ
�1
2 ½ð1� G2

18E;n � H2
18E;nÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� G2

18E;n � H2
18E;nÞ

2 þ 4G2
180D

q
�

1
2;

G18E;n ¼
1
2
½G11E;n þ G12E;n

þ D0ðG13E;n þ G14E;nÞ þ D0ðG15E;n þ G16E;nÞ�;
G11E;n ¼ 2ðcosðg1E;nÞÞðcosðg2E;nÞÞðcos c11ðE; nÞÞ;

c11ðE; nÞ ¼ k21ðE; nÞðb0 � D0Þ

k21ðE; nÞ ¼ c3ðE; gg1Þ �
�h2

2m�?;1

2eB

�h
nþ 1

2

� �� �
� C0

2eB

�h
nþ 1

2

� �� �1=2
" #

2m�k;1
�h2

( )1=2

;

G12E;n ¼ ð½X1ðE; nÞðsinh g1E;nÞðcos g2E;nÞ
� X2ðE; nÞðsin g2E;nÞðcosh g1E;nÞ�ðsin c11ðE; nÞÞÞ

X1ðE; nÞ ¼
d1E;n

k21ðE; nÞ
� k21ðE; nÞd1E;n

d2
1E;n þ d2

2E;n

" #

;

X2ðE; nÞ ¼
d2E;n

k21ðE; nÞ
þ k21ðE; nÞd2E;n

d2
1E;n þ d2

2E;n

" #

;

G13E;n ¼ ð½X3ðE; nÞðcosh g1E;nÞðcos g2E;nÞ
� X4ðE; nÞðsinh g1E;nÞðsin g2E;nÞ�ðsin c11ðE; nÞÞÞ
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X3ðE; nÞ ¼
d2

1E;n � d2
2E;n

k21ðE; nÞ
� 3k21ðE; nÞ

" #

;

X4ðE; nÞ ¼
2d1E;nd2E;n

k21ðE; nÞ

� 

G14E;n ¼ ð½X5ðE; nÞðsinh g1E;nÞðcos g2E;nÞ
� X6ðE; nÞðsin g1E;nÞðcosh g2E;nÞ�ðcos c11ðE; nÞÞÞ:

X5ðE; nÞ ¼ 3d1E;n �
d1E;n

d2
1E;n þ d2

2E;n

k2
21ðE; nÞ

" #

;

X6ðE; nÞ ¼ 3d2E;n þ
d2E;n

d2
1E;n þ d2

2E;n

k2
21ðE; nÞ

" #

G15E;n ¼ ð½X9ðE; nÞðcosh g1E;nÞðcos g2E;nÞ
� X10ðE; nÞðsinh g1E;nÞðsin g2E;nÞ�ðcos c11ðE; nÞÞÞ

X9ðE; nÞ ¼ ½2d2
1E;n � 2d2

2E;n � k2
21ðE; nÞ�;

X10ðE; nÞ ¼ ½2d1E;nd2E;n�
G16E;n ¼ ð½X7ðE; nÞðsinh g1E;nÞðcos g2E;nÞ

� X8ðE; nÞðsin g1E;nÞðcosh g2E;nÞ�ðsin c11ðE; nÞ=12ÞÞ;

X7ðE; nÞ ¼
5d1E;n

d2
1E;n þ d2

2E;n

k3
21ðE; nÞ þ

5ðd3
1E;n � 3d2

2E;nd1E;nÞ
k21ðE; nÞ

� 34k21ðE; nÞd1E;n

" #

;

X8ðE; nÞ ¼
5d2E;n

d2
1E;n þ d2

2E;n

k3
21ðE; nÞ þ

5ðd3
2E;n � 3d2

2E;nd1E;nÞ
k21ðE; nÞ

þ 34k21ðE; nÞd2E;n

" #

H18E;n ¼
1
2

H11E;n þ H12E;n þ D0ðH13E;n þ H14E;nÞ þ D0ðH15E;n þ H16E;nÞ
� �

;

H11E;n ¼ 2ðsinh g1E;nÞðsin g2E;nÞðcos c11ðE; nÞÞÞ;
H12E;n ¼ ð½X2ðE; nÞðsinh g1E;nÞðcos g2E;nÞ þ X1ðE; nÞðsin g2E;nÞðcosh g1E;nÞ�ðsin c11ðE; nÞÞÞ;
H13E;n ¼ ð½X4ðE; nÞðcosh g1E;nÞðcos g2E;nÞ þ X3ðE; nÞðsinh g1E;nÞðsin g2E;nÞ�ðsin c11ðE; nÞÞÞ;
H14E;n ¼ ð½X6ðE; nÞðsinh g1E;nÞðcos g2E;nÞ þ X5ðE; nÞðsin g1E;nÞðcosh g2E;nÞ�ðcos c11ðE; nÞÞÞ;
H15E;n ¼ ð½X10ðE; nÞðcosh g1E;nÞðcos g2E;nÞ þ X9ðE; nÞðsinh g1E;nÞðsin g2E;nÞ�ðcos c11ðE; nÞÞÞ;
H16E;n ¼ ð½X8ðE; nÞðsinh g1E;nÞðcos g2E;nÞ þ X7ðE; nÞðsin g1E;nÞðcosh g2E;nÞ�ðsin c11ðE; nÞ=2ÞÞ;

H19E;n ¼
2C18E;nD18E;n

L2
0

� 
and D18E;n ¼ sinh�1ðx18E;nÞ

The EEM can be written as

m�ðEF2; n; gg;BÞ ¼
�h2

2
Real part of ½G19EF2;n�

0 ð7:9bÞ
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where EF2 is the Fermi energy in this case
Thus from (7.9b) it appears that the EEM is a function of Fermi energy, Landau

quantum number, scattering potential and magnetic field.
The electron concentration is given by

n0 ¼
gveB

p2�h

Xnmax

n¼0

/3C EF2; nð Þ þ /4C EF2; nð Þ½ � ð7:10Þ

where

/3C EF2; nð Þ ¼ G19EF2;n þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2

19EF2;n
� H19EF2;n

q� 	.
2

h i1=2

and

/4C EF2; nð Þ ¼
Xs

r¼1

h2r;2 /3C EF2; nð Þ½ �

Thus using (7.5), (7.9a), (7.10) and the allied definitions we can study the ER in
this case.

7.2.3 The ER in HD IV-VI Superlattices with Graded
Interfaces Under Magnetic Quantization

The E-k dispersion relation of the conduction electrons of the heavily doped
constituent materials of the IV-VI SLs can be expressed as

k2
z ¼ ½2�p9;i��1½��q9;iðE; ks;ggiÞ þ ½½�q9;iðE; ks;ggiÞ�2 þ 4�p9;i�R9;iðE; ks;ggiÞ�

1
2� ð7:11Þ

where

�p9;i ¼ ðai�h
4Þ=ð4m�l;im

þ
li Þ; i ¼ 1; 2; �q9;iðE; ks;ggiÞ ¼ ½ð�h2=2Þðð1=m�liÞ þ ð1=m�li ÞÞ

þ aið�h4=4Þk2
s ðð1=mþli m�ti Þ þ ð1=mþti m�li ÞÞ � aic3ðE; ggiÞðð1=mþli Þ � ð1=m�li Þ�

and

�R9;iðE; ks;ggiÞ ¼ ½c2ðE; ggiÞ þ c3ðE; ggiÞ½ð�h2=2Þaik
2
s ðð1=m�tiÞ

� ð1=m�ti ÞÞ� � ½ð�h2=2Þk2
s ðð1=m�tiÞ þ ð1=m�ti ÞÞ� � aið�h6=4Þk4

s ðð1=mþti m�ti ÞÞ�
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The electron dispersion law in heavily doped IV-VI SLs with graded interfaces
can be expressed as

cos Lokð Þ ¼ 1
2
U2 E; ksð Þ ð7:12Þ

where

U2 E; ksð Þ � 2 cosh b2 E; ksð Þf g cos c2 E; ksð Þf g þ e2 E; ksð Þ sinh b2 E; ksð Þf g sin c22 E; ksð Þf g½

þ D0
K112 E; ksð Þf g2

K212 E; ksð Þ � 3K212 E; ksð Þ
 !"

cosh b2 E; ksð Þf g sin c22 E; ksð Þf g

þ 3K112 E; ksð Þ � K212 E; ksð Þf g2

K112 E; ksð Þ

 !

sinh b2 E; ksð Þf g cos c22 E; ksð Þf g�

þ D0 2 K112 E; ksð Þf g2� K212 E; ksð Þf g2
� 	h

cosh b2 E; ksð Þf g cos c22 E; ksð Þf g

þ 1
12

5 K112 E; ksð Þf g3

K212 E; ksð Þ þ 5 K212 E; ksð Þf g3

K112 E; ksð Þ � 34K212 E; ksð ÞK112 E; ksð Þ
" #

sinh b2 E; ksð Þf g sin c22 E; ksð Þf g��;

b2 E; ksð Þ � K112 E; ksð Þ a0 � D0½ �;
k2

112ðE; ksÞ ¼ ½2�p9;2��1½��q9;2ðE � V0; ks;gg2Þ

� ½�q9;2ðE � V0; ks;gg2Þ�2 þ 4�p9;2�R9;2ðE � V0; ks;gg2Þ�
1
2

h i
;

c22 E; ksð Þ ¼ K212 E; ksð Þ b0 � D0½ �;
k2

212ðE; ksÞ ¼ ½2�p9;1��1½��q9;1ðE; ks;gg1Þ

þ ½�q9;1ðE; ks;gg1Þ�
2 þ 4�p9;1�R9;1ðE; ks;gg1Þ�

1
2

h i

and

e2 E; ksð Þ � K112 E; ksð Þ
K212 E; ksð Þ �

K212 E; ksð Þ
K112 E; ksð Þ

� 
:

The simplified dispersion relation in heavily doped IV-VI superllatices with
graded interfaces under magnetic quantization can be expressed as

k2
z ¼

1

L2
0

cos�1 1
2
U2 E; nð Þ

� �� 2

� 2eB

�h
nþ 1

2

� �
ð7:13aÞ
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where

U2 E; nð Þ � 2 cosh b2 E; nð Þf g cos c2 E; nð Þf g þ e2 E; nð Þ sinh b2 E; nð Þf g sin c22 E; nð Þf g½
þ D0½ðð K112 E; nð Þf g2=K212 E; nð ÞÞ � 3K212 E; nð ÞÞ cosh b2 E; nð Þf g sin c22 E; nð Þf g

þ 3K112 E; nð Þ � K212 E; nð Þf g2

K112 E; nð Þ

 !

sinh b2 E; nð Þf g cos c22 E; nð Þf g�

þ D0 2 K112 E; nð Þf g2� K212 E; nð Þf g2
� 	h

cosh b2 E; nð Þf g cos c22 E; nð Þf g

þ 1
12

5 K112 E; nð Þf g3

K212 E; nð Þ þ 5 K212 E; nð Þf g3

K112 E; nð Þ � 34K212 E; nð ÞK112 E; nð Þ
" #

sinh b2 E; nð Þf g sin c22 E; nð Þf g��;

b2 E; nð Þ � K112 E; nð Þ a0 � D0½ �;

k2
112ðE; nÞ ¼ ½2�p9;2n��1½��q9;2nðE � V0; gg2Þ

� ½�q9;2nðE � V0; gg2Þ�2 þ 4�p9;2n�R9;2nðE � V0; gg2Þ�
1
2

h i
;

�q9;2nðE � V0; gg2Þ ¼ ½ð�h2=2Þðð1=m�l2Þ þ ð1=m�l2ÞÞ þ a2ð�h4=4Þ 2eB

�h
nþ 1

2

� �
ðð1=mþl2m�t2Þ

þ ð1=mþt2m�l2ÞÞ � a2c3ðE � V0; gg2Þðð1=mþl2Þ � ð1=m�l2Þ�;

�R9;2nðE; gg2Þ ¼ ½c2ðE � V0; gg2Þ þ c3ðE � V0; gg2Þ½ð�h2=2Þa2
2eB

�h
nþ 1

2

� �
ðð1=m�t2Þ

� ð1=m�t2ÞÞ� � ½ð�h2=2Þk2
s0ðð1=m�t2Þ þ ð1=m�t2ÞÞ�

� a2ð�h6=4Þ 2eB

�h
nþ 1

2

� �� 2

ðð1=mþt2m�t2ÞÞ�;

c2 E; nð Þ ¼ K212 E; nð Þ b0 � D0½ �; k2
212ðE; nÞ ¼ ½2�p9;1n��1½��q9;1nðE; gg1Þ

þ ½½�q9;1nðE; gg1Þ�2 þ 4�p9;1n �R9;1nðE; gg1Þ�
1
2�

�q9;1nðE; gg1Þ ¼ ½ð�h2=2Þðð1=m�l1Þ þ ð1=m�l1ÞÞ þ a1ð�h4=4Þ 2eB

�h
nþ 1

2

� �
ðð1=mþl1m�t1Þ

þ ð1=mþt1m�l1ÞÞ � a1c3ðE; gg1Þðð1=mþl1Þ � ð1=m�l1ÞÞ�;

�R9;1ðE; gg1Þ ¼ ½c2ðE; gg1Þ þ c3ðE; gg1Þ½ð�h2=2Þa1ð2eB=�hÞ nþ 1
2

� �
ðð1=m�t1Þ

� ð1=m�t1ÞÞ� � ½ð�h2=2Þk2
s0ðð1=m�t1Þ þ ð1=m�t1ÞÞ�

� a1ð�h6=4Þ ð2eB=�hÞ nþ 1
2

� �� �2

ðð1=mþt1m�t1ÞÞ�

and

e2 E; nð Þ � K112 E; nð Þ
K212 E; nð Þ �

K212 E; nð Þ
K112 E; nð Þ

� 
:
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and

e2 E; nð Þ � K112 E; nð Þ
K212 E; nð Þ �

K212 E; nð Þ
K112 E; nð Þ

� 
:

The EEM can be written as

m�ðEF3; n; gg;BÞ ¼ �h2 Real part of ½/5C EF3; nð Þ/05C EF3; nð Þ� ð7:13bÞ

where EF3 is the Fermi energy in this case and

/5C EF3; nð Þ ¼ 1

L2
0

cos�1 1
2
U2 EF3; nð Þ

� �� 2

� 2eB

�h
nþ 1

2

� �" #1=2

From (7.13b) we observe that the EEM in this case is a function of Fermi
energy, Landau quantum number, scattering potential and magnetic field.

The electron concentration is given by

n0 ¼
gveB

p2�h

Xnmax

n¼0

/5C EF3; nð Þ þ /6C EF3; nð Þ½ � ð7:14Þ

where

/6C EF3; nð Þ ¼
Xs

r¼1

h2r;3 /6C EF3; nð Þ½ �

Thus using (7.5), (7.13a), (7.14) and the allied definitions we can study the ER
in this case.

7.2.4 The ER in HD HgTe/CdTe Superlattices with Graded
Interfaces Under Magnetic Quantization

The electron energy spectra of the constituent materials of HgTe/CdTe SLs are
given by

k2 ¼ B2
01 þ 4A1E � B01

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2

01 þ 4A1E
p

2A2
1

" #

ð7:15Þ
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and

�h2k2

2m�c2

¼ T12 E;D2;Eg2; gg2

� �
þ iT22 E;D2;Eg2; gg2

� �
ð7:16Þ

where B01 ¼ 3 ej j2
.

128esc1

� 	
; A1 ¼ �h2



2m�c1

� �
� esc1 is the semiconductor per-

mittivity of the first material.
The energy-wave vector dispersion relation of the conduction electrons in

heavily doped HgTe/CdTe SLs with graded interfaces can be expressed as

k2
z ¼ G192 þ iH192 ð7:17Þ

where

G192 ¼ ½ððC2
182 � D2

182Þ=L2
0Þ � k2

s �;

C182 ¼ cos�1ðx182Þ;x182 ¼ ð2Þ
�1
2 ð1� G2

182 � H2
182Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� G2

182 � H2
182Þ

2 þ 4G2
182

q� 1
2

;

G182 ¼
1
2
½G112 þ G122 þ D0ðG132 þ G142Þ þ D0ðG152 þ G162Þ�;

G112 ¼ 2ðcosðg12ÞÞðcosðg22ÞÞðcos c8ðE; ksÞÞ

c8ðE; ksÞ ¼ k8ðE; ksÞðb0 � D0Þ; k8ðE; ksÞ ¼
B2

01 þ 4A1E � B01

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2

01 þ 4A1E
p

2A2
1

� k2
s

" #1=2

;

G122 ¼ ð½X12ðE; ksÞðsinh g12Þðcos g22Þ � X22ðE; ksÞðsin g22Þðcosh g12Þ�ðsin c8ðE; ksÞÞÞ

X12ðE; ksÞ ¼
d12

k8ðE; ksÞ
� k8ðE; ksÞd12

d2
12 þ d2

22

� 
; X22ðE; ksÞ ¼

d22

k8ðE; ksÞ
þ k8ðE; ksÞd22

d2
12 þ d2

22

� 
;

G132 ¼ ð½X32ðE; ksÞðcosh g12Þðcos g22Þ � X42ðE; ksÞðsinh g12Þðsin g22Þ�ðsin c8ðE; ksÞÞÞ;

X32ðE; ksÞ ¼
d2

12 � d2
22

k8ðE; ksÞ
� 3k8ðE; ksÞ

� 
; X42ðE; ksÞ ¼

2d12d22

k8ðE; ksÞ

� 
;

G142 ¼ ð½X52ðE; ksÞðsinh g12Þðcos g22Þ � X62ðE; ksÞðsin g12Þðcosh g22Þ�ðcos c8ðE; ksÞÞÞ;

X52ðE; ksÞ ¼ 3d12 �
d12

d2
12 þ d2

22

k2
8ðE; ksÞ

� 
; X62ðE; ksÞ ¼ 3d22 þ

d22

d2
12 þ d2

22

k2
8ðE; ksÞ

� 
;

G152 ¼ ð½X92ðE; ksÞðcosh g12Þðcos g22Þ � X102ðE; ksÞðsinh g12Þðsin g22Þ�ðcos c8ðE; ksÞÞÞ;
X92ðE; ksÞ ¼ ½2d2

12 � 2d2
22 � k2

8ðE; ksÞ�; X102ðE; ksÞ ¼ ½2d12d22�;
G162 ¼ ð½X72ðE; ksÞðsinh g12Þðcos g22Þ � X82ðE; ksÞðsin g12Þðcosh g22Þ�ðsin c8ðE; ksÞ=12ÞÞ;

X72ðE; ksÞ ¼
5d12

d2
12 þ d2

22

k3
8ðE; ksÞ þ

5ðd3
12 � 3d2

22d12Þ
k8ðE; ksÞ

� 34k8ðE; ksÞd12

� 
;

X82ðE; ksÞ ¼
5d22

d2
12 þ d2

22

k3
8ðE; ksÞ þ

5ðd3
22 � 3d2

22d12Þ
k8ðE; ksÞ

þ 34k8ðE; ksÞd22

� 
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H182 ¼
1
2
½H112 þ H122 þ D0ðH132 þ H142Þ þ D0ðH152 þ H162Þ�;

H112 ¼ 2ðsinh g12 sin g22 cos c8ðE; ksÞÞ;
H122 ¼ ð½X22ðE; ksÞðsinh g12Þðcos g22Þ þ X12ðE; ksÞðsin g22Þðcosh g12Þ�ðsin c8ðE; ksÞÞÞ;
H132 ¼ ð½X42ðE; ksÞðcosh g12Þðcos g22Þ þ X32ðE; ksÞðsinh g12Þðsin g22Þ�ðsin c8ðE; ksÞÞÞ;
H142 ¼ ð½X62ðE; ksÞðsinh g12Þðcos g22Þ þ X52ðE; ksÞðsin g12Þðcosh g22Þ�ðcos c8ðE; ksÞÞÞ;
H152 ¼ ð½X102ðE; ksÞðcosh g12Þðcos g22Þ þ X92ðE; ksÞðsinh g12Þðsin g22Þ�ðcos c8ðE; ksÞÞÞ;
H162 ¼ ð½X82ðE; ksÞðsinh g12Þðcos g22Þ þ X72ðE; ksÞðsin g12Þðcosh g22Þ�ðsin c8ðE; ksÞ=12ÞÞ;
H192 ¼ ½ðð2C182D182Þ=L2

0Þ� and D182 ¼ sinh�1ðx182Þ

The simplified dispersion relation in heavily doped HgTe/CdTe superlattices
with graded interfaces under magnetic quantization can be expressed as

ðkzÞ2 ¼ G192E;n þ iH192E;n ð7:18aÞ

where

G192E;n ¼
C2

182E;n � D2
182E;n

L2
0

� ð2eB=�hÞðnþ ð1=2ÞÞ
" #

;

C1820D ¼ cos�1ðx182E;nÞ;

x182E;n ¼ ð2Þ
�1
2

�
ð1� G2

182E;n � H2
182E;nÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� G2

182E;n � H2
182E;nÞ

2 þ 4G2
182E;n

q 1
2

;

G182E;n ¼
1
2
½G112E;n þ G122E;n þ D0ðG132E;n þ G142E;nÞ þ D0ðG152E;n þ G162E;nÞ�;

G112E;n ¼ 2ðcosðg12ÞÞðcosðg22ÞÞðcos c8ðE; nÞÞ; c8ðE; nÞ ¼ k8ðE; nÞðb0 � D0Þ

k8ðE; nÞ ¼
B2

01 þ 4A1E � B01

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2

01 þ 4A1E
p

2A2
1

� ð2eB=�hÞðnþ ð1=2ÞÞ
" #1=2

;

G120D ¼ ð½X12ðE; nÞðsinh g12E;nÞðcos g22E;nÞ
� X22ðE; nÞðsin g22E;nÞðcosh g12E;nÞ�ðsin c8ðE; nÞÞÞ;
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X12ðE; nÞ ¼
d12E;n

k8ðE; nÞ
� k8ðE; nÞd12E;n

d2
12E;n þ d2

22E;n

" #

;

X22ðE; nÞ ¼
d22E;n

k8ðE; nÞ
þ k8ðE; nÞd22E;n

d2
12E;n þ d2

22E;n

" #

;

G1320D ¼ ð½X32ðE; nÞðcosh g12E;nÞðcos g22E;nÞ
� X42ðE; nÞðsinh g12E;nÞðsin g22E;nÞ�ðsin c8ðE; nÞÞÞ;

X32ðE; nÞ ¼
d2

12E;n � d2
2E;n

k8ðE; nÞ
� 3k8ðE; nÞ

" #

;

X42ðE; nÞ ¼
2d12E;nd22E;n

k8ðE; nÞ

� 
;

G1420D ¼ ð½X52ðE; nÞðsinh g12E;nÞðcos g22E;nÞ
� X62ðE; nÞðsin g12E;nÞðcosh g22E;nÞ�ðcos c8ðE; nÞÞÞ;

X52ðE; nÞ ¼ 3d12E;n �
d12E;n

d2
12E;n þ d2

22E;n

k2
8ðE; nÞ

" #

;

X62ðE; nÞ ¼ 3d22E;n þ
d22E;n

d2
12E;n þ d2

22E;n

k2
8ðE; nÞ

" #

;

G1520D ¼ ð½X92ðE; nÞðcosh g12E;nÞðcos g22E;nÞ
� X102ðE; nÞðsinh g12E;nÞðsin g22E;nÞ�ðcos c8ðE; nÞÞÞ;

X92ðE; nÞ ¼ ½2d2
12E;n � 2d2

22E;n � k2
8ðE; nÞ�;

X102ðE; nÞ ¼ ½2d12E;nd22E;n�;
G162E;n ¼ ð½X72ðE; nÞðsinh g12E;nÞðcos g22E;nÞ

� X82ðE; nÞðsin g12E;nÞðcosh g22E;nÞ�ðsin c80DðE; nÞ=12ÞÞ;

X72ðE; nÞ ¼
5d12E;n

d2
12E;n þ d2

22E;n

k3
8ðE; nÞ þ

5ðd3
12E;n � 3d2

22E;nd12E;nÞ
k8ðE; nÞ

� 34k8ðE; nÞd12E;n

" #

;

X82ðE; nÞ ¼
5d22E;n

d2
12E;n þ d2

22E;n

k3
8ðE; nÞ þ

5ðd3
22E;n � 3d2

22E;nd12E;nÞ
k8ðE; nÞ

þ 34k8ðE; nÞd22E;n

" #

;

H182E;n ¼
1
2
½H112E;n þ H122E;n þ D0ðH132E;n þ H142E;nÞ þ D0ðH152E;n þ H162E;nÞ�;

H112E;n ¼ 2ðsinh g12E;nÞðsin g22E;nÞðcos c8ðE; nÞÞÞ;
H1220D ¼ ð½X22ðE; nÞðsinh g12E;nÞðcos g22E;nÞ þ X12ðE; nÞðsin g22E;nÞðcosh g12E;nÞ�ðsin c8ðE; nÞÞÞ;
H132E;n ¼ ð½X42ðE; nÞðcosh g12E;nÞðcos g22E;nÞ þ X32ðE; nÞðsinh g12E;nÞðsin g22E;nÞ�ðsin c8ðE; nÞÞÞ;
H142E;n ¼ ð½X62ðE; nÞðsinh g12E;nÞðcos g22E;nÞ þ X52ðE; nÞðsin g12E;nÞðcosh g22E;nÞ�ðcos c8ðE; nÞÞÞ;
H1520D ¼ ð½X102ðE; nÞðcosh g12E;nÞðcos g22E;nÞ þ X92ðE; nÞðsinh g12E;nÞðsin g22E;nÞ�ðcos c8ðE; nÞÞÞ;
H162E;n ¼ ð½X82ðE; nÞðsinh g12E;nÞðcos g22E;nÞ þ X72ðE; nÞðsin g12E;nÞðcosh g22E;nÞ�ðsin c8ðE; nÞ=2ÞÞ;
H192E;n ¼ ½ðð2C182E;nD182E;nÞ=L2

0Þ� and D182E;n ¼ sinh�1ðx182E;nÞ
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The EEM can be written as

m�ðEF4; n; gg;BÞ ¼
�h2

2
Real part of ½G192EF4;n�

0 ð7:18bÞ

where EF4 is the Fermi energy in this case.
From (7.18b) we observe that the EEM in this case is a function of Fermi

energy, scattering potential, magnetic field and Landau quantum number.
The electron concentration is given by

n0 ¼
gveB

p2�h

Xnmax

n¼0

/7C EF4; nð Þ þ /8C EF4; nð Þ½ � ð7:19Þ

where

/7C EF4; nð Þ ¼ G192EF4;n þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2

192EF4;n
� H192EF4;n

q� 	.
2

h i1=2

and

/8C EF4; nð Þ ¼
Xs

r¼1

h2r;4 /7C EF4; nð Þ½ �

Thus using (7.5), (7.18a), (7.19) and the allied definitions we can study the ER
in this case.

7.2.5 The ER in HD Stained Layer Superlattices with Graded
Interfaces Under Magnetic Quantization

The dispersion relation of the conduction electrons of the constituent materials of
the starined layer super lattices can be expressed as

E � T1i½ �k2
x þ E � T2i½ �k2

y þ E � T3i½ �k2
z ¼ qiE

3 � RiE
2 þ ViE þ fi ð7:20Þ
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where

T1i ¼ hi; hi ¼ Egi � Cc
1iei � ai þ Cc

1i

� �
ei þ

3
2

biexxi �
biei

2
þ

ffiffiffi
3
p

diexyi

2

� 
;

T2i ¼ xi; xi ¼ Egi � Cc
1iei � ai þ Cc

1i

� �
ei þ

3
2

biexxi �
biei

2
�

ffiffiffi
3
p

diexyi

2

� 
;

T3i ¼ di; di ¼ Egi � Cc
1iei þ ai þ Cc

1i

� �
ei þ

3
2

biezzi �
biei

2

� 

Ri ¼ qi 2Ai þ Cc
1iei

� �
; qi ¼

3

2B2
2i

; Ai ¼ Egi � Cc
1iei;

Vi ¼ qi A2
i �

2C2
2iexyi

3
þ 2AiC

c
1iei

� 
; fi ¼ qi

2C2
2iexyi

3
� Cc

1ieiA
2
i

� 

Therefore the electron energy spectrum in heavily doped stressed materials can
be written as

PiðE; ggiÞk2
x þ QiðE; ggiÞk2

y þ SiðE; ggiÞk2
z ¼ 1

where

PiðE; ggiÞ ¼
½c0ðE; ggiÞ � I0T1i�

DiðE; ggiÞ
;

Di E; ggi

� �
¼
�qig3

gi

2
ffiffiffi
p
p

"

exp
�E2

g2
gi

 !

1þ E2

g2
gi

" #

� Rih0 E; ggi

� �

þ Vic0 E; ggi

� �
þ fi

2
1þ Erf

E

ggi

 !" ##

;

I0 ¼
1
2

1þ Erf ðE


ggiÞ

� �
; Qi E; ggi

� �
¼

c0 E; ggi

� �
� I0T2i

� �

Di E; ggi

� �

and

Si E; ggi

� �
¼

c0 E; ggi

� �
� I0T3i

� �

Di E; ggi

� �

The energy-wave vector dispersion relation of the conduction electrons in
heavily doped strained layer SLs with graded interfaces can be expressed as

cos L0kð Þ ¼ 1
2
/6 E; ksð Þ ð7:21Þ
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where

/6 E; ksð Þ ¼ 2 cosh T4 E; gg2

� �� �
cos T5 E; gg1

� �� �� �
þ T6 E; ksð Þ½ � sinh T4 E; gg2

� �� �
sin T5 E; gg1

� �� �

þ D0
k2

0 E; gg2

� �

k0 E; gg1

� � � 3k0 E; gg1

� �
 !

cosh T4 E; gg2

� �� �
sin T5 E; gg1

� �� �
"

þ 3k0 E; gg2

� �
�

k02 E; gg1

� �

k0 E; gg2

� �

 !

sinh T4 E; gg2

� �� �
cos T5 E; gg1

� �� �
#

þ D0 2 k2
0 E; gg2

� �
� k02 E; gg1

� �� 	
cosh T4 E; gg2

� �� �
cos T5 E; gg1

� �� �h i

þ 1
12

5k3
0 E; gg2

� �

k0 E; gg1

� �

 

þ
5k03 E; gg1

� �

k0 E; gg2

� � �34k0 E; gg2

� �
k0 E; gg1

� ��
sinh T4 E; gg2

� �� �
sin T5 E; gg1

� �� �
!#

T4 E; gg2

� �� �
¼ k0 E; gg2

� �
a0 � D0½ �;

k0 E; gg2

� �
¼ S2 E � V0; gg2

� �� ��1
2 P2 E � V0; gg2

� �
k2

x þ Q2 E � V0; gg2

� �
k2

y � 1
h i�1

2
;

T5 E; gg1

� �
¼ k0 E; gg1

� �
b0 � D0½ �;

k0 E; gg1

� �
¼ S1 E; gg1

� �� ��1
2 1� P1 E; gg1

� �
k2

x � Q1 E; gg1

� �
k2

y

h i�1
2
and

T6 E; ksð Þ ¼
k0 E; gg2

� �

k0 E; gg1

� � �
k0 E; gg1

� �

k0 E; gg2

� �

" #

Therefore the dispersion relation of the conduction electrons in heavily doped
strained layer QDSLs with graded interfaces can be expressed as

cos L0k0ð Þ ¼ 1
2
/6 E; nð Þ ð7:22aÞ

where

/6 E; nð Þ ¼ 2 cosh T4 E; n; gg2

� �� �
cos T5 E; n; gg1

� �� �� �

þ T6 E; nð Þ½ � sinh T4 E; n; gg2

� �� �
sin T5 E; n; gg1

� �� �

þ D0
k2

0 E; n; gg2

� �

k0
0 E; n; gg1

� �� 3k0
0 E; n; gg1

� �
 !

cosh T4 E; n; gg2

� �� �
sin T5 E; n; gg1

� �� �
"

þ 3k0 E; n; gg2

� �
�

k020 E; n; gg1

� �

k0 E; n; gg2

� �

 !

sinh T4 E; n; gg2

� �� �
cos T5 E; n; gg1

� �� �
#

þ D0 2 k2
0 E; n; gg2

� �
� k020D E; n; gg1

� �� �
cosh T4 E; n; gg2

� �� �
cos T5 E; n; gg1

� �� �� �

þ 1
12

5k3
0 E; n; gg2

� �

k0
0 E; n; gg1

� �

 

þ
5k0
03 E; n; gg1

� �

k0 E; n; gg2

� � �34k0 E; n; gg2

� �
k0
0 E; n; gg1

� �
�

sinh T4 E; n; gg2

� �� �
sin T5 E; n; gg1

� �� �
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½T4ðE; n; gg2Þ� ¼ k0ðE; n; gg2Þ½a0 � D0�;

k0ðE; n; gg2Þ ¼ S2ðE � V0; gg2Þ
� ��1

2 ðnþ 1=2Þ�heB=ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1ðEÞq2ðEÞ

p
Þ

h i
� 1

h i�1
2
;

q1ðEÞ ¼ �h2=ð2P2ðE � V0; gg2ÞÞ;
q2ðEÞ ¼ �h2=ð2Q2ðE � V0; gg2ÞÞ; T5 E; n; gg1

� �
¼ k0

0 E; n; gg1

� �
b0 � D0½ �;

k0
0 E; n; gg1

� �
¼ S1 E; n; gg1

� �� ��1
2 1� ðnþ 1=2Þ�heB=ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q3ðEÞq4ðEÞ

p
Þ

h ih i�1
2
;

q3ðEÞ ¼ �h2=ð2P1ðE; gg1ÞÞ; q4ðEÞ ¼ �h2=ð2Q1ðE; gg1ÞÞ;

T6ðE; nÞ ¼
k0ðE; n; gg2Þ
k0
0ðE; n; gg1Þ

�
k0
0ðE; n; gg1Þ

k0ðE; n; gg2Þ

" #

The EEM can be written as

m�ðEF6; n; gg;BÞ ¼ �h2 Real part of ½/9C EF6; nð Þ/09C EF6; nð Þ� ð7:22bÞ

where EF6 is the Fermi energy in this case and

/9C EF6; nð Þ ¼ 1

L2
0

cos�1 1
2

�U6 EF6; nð Þ
� �� 2

� 2eB

�h
nþ 1

2

� �" #1=2

From (7.22b) we note that the EEM is a function of Fermi energy, scattering
potential, Landau quantum number and magnetic field.

The electron concentration is given by

n0 ¼
gveB

p2�h

Xnmax

n¼0

/9C EF6; nð Þ þ /10C EF6; nð Þ½ � ð7:23Þ

where

/8C EF6; nð Þ ¼
Xs

r¼1

h2r;6 /7C EF6; nð Þ½ �

Thus using (7.5), (7.22a), (7.23) and the allied definitions we can study the ER
in this case.
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7.2.6 The ER in HD III-V Effective Mass Superlattices
Under Magnetic Quantization

Following Sasaki [70], the electron dispersion law in III-V heavily doped effective
mass superlattices (EMSLs) can be written as

k2
x ¼

1

L2
0

cos�1 f21 E; ky; kz

� �� �� �2�k2
?

� 
ð7:24Þ

In which

f21 E; ky; kz

� �
¼ a1 cos a0C21 E; k?; gg1
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þ b0D21 E; k?; gg2
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y þ k2
z ;
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s
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4
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;
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;
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p
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p
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2
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;
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� �
¼ 2
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�
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4
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2
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p
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C21 E; k?; gg1

� �
¼ e1 þ ie2; D21 E; k?; gg2

� �
¼ e3 þ ie4;

e1 ¼ ½ðð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
t2
1 þ t2

2

q
þ t1Þ=2Þ�

1
2; e2 ¼ ½ðð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
t2
1 þ t2

2

q
� t1Þ=2Þ�

1
2;

t1 ¼
2m�c1

�h2 T11 E;D1; gg1;Eg1
� �

� k2
?

� 
; t2 ¼

2m�c1

�h2 T21 E;D1; gg1;Eg1
� �

;

e3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
t2
3 þ t2

4

p
þ t3

2

" #1=2

; e4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
t2
3 þ t2

4

p
� t3

2

" #1=2

t3 ¼
2m�c2

�h2 T12 E;D2; gg2;Eg2
� �

� k2
?

� 
; t4 ¼

2m�c2

�h2 T22 E;D2; gg2;Eg2
� �

;

Therefore (7.24) can be expressed as

k2
x ¼ d7 þ id8 ð7:25Þ

where

d7 ¼
1

L2
0

d2
5 � d2

6

� �
� k2

?

� 
; d5 ¼ cos�1 p5;

p5 ¼
1� d2

3 � d2
4 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� d2

3 � d2
4

� �2þ4d2
4

q

2

2

4

3

5

1=2

;

d3 ¼ a1 cos D1 cosh D2 � a2 cos D3 cosh D4ð Þ;
d4 ¼ a1 sin D1 sinh D2 � a2 sin D3 sinh D4ð Þ;
D1 ¼ a0e1 þ b0e3ð Þ; D2 ¼ a0e2 þ b0e4ð Þ;
D3 ¼ a0e1 � b0e3ð Þ; D4 ¼ a0e2 � b0e4ð Þ;
d6 ¼ sinh�1 p5 and d8 ¼ 2d5d6



L2

0

� �

Therefore the electron dispersion relation in heavily doped III-V QDSL
assumes the form

kzð Þ2¼ d7E;n þ id8E;n ð7:26aÞ
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where

d7E;n ¼
1

L2
0

d2
5E;n � d2

6E;n

� 	
� 2eB

�h
ðnþ 1

2
Þ

� �� 
; d5E;n ¼ cos�1 p5E;n;

p5E;n ¼
1� d2

3E;n � d2
4E;n �
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4E;n

� 	2
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3
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1=2

;

d3E;n ¼ a1 cos D1E;n cosh D2E;n � a2 cos D3E;n cosh D4E;n

� �
;

d4E;n ¼ a1 sin D1E;n sinh D2E;n � a2 sin D3E;n sinh D4E;n

� �
;

D1E;n ¼ a0e1E;n þ b0e3E;n

� �
; D2E;n ¼ a0e2E;n þ b0e4E;n

� �
;

D3E;n ¼ a0e1E;n � b0e3E;n

� �
; D4E;n ¼ a0e2E;n � b0e4E;n

� �
;

d6E;n ¼ sinh�1 p5E;n and d8E;n ¼ 2d5E;nd6E;n



L2

0

� �
;

e1E;n ¼ ½ðð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2
1E;n þ t2

2

q
þ t1E;nÞ=2Þ�

1
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2
1E;n þ t2

2

q
� t1E;nÞ=2Þ�

1
2;

e3E;n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2
3E;n þ t2

4

q
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2

2

4

3

5

1=2

; e4E;n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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3E;n þ t2

4

q
� t3E;n
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2
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1=2

;

t1E;n ¼
2m�c1

�h2 T11 E;D1; gg1;Eg1
� �

� 2eB

�h
ðnþ 1

2
Þ

� 
;

t3E;n ¼
2m�c2

�h2 T12 E;D2; gg2;Eg2
� �

� 2eB

�h
ðnþ 1

2
Þ

� 

The EEM can be written as

m�ðEF7; n; gg;BÞ ¼
�h2

2
Real part of ½d7EF7;n�

0 ð7:26bÞ

where EF7 is the Fermi energy in this case
Thus, from (7.26b) we can conclude that the EEM in this case is a function of

the Fermi energy, scattering potential, magnetic field and the Landau quantum
number.

The electron concentration is given by

n0 ¼
gveB

p2�h

Xnmax

n¼0

/11 EF7; nð Þ þ /12 EF7; nð Þ½ � ð7:27Þ
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where

/11 EF7; nð Þ ¼ d7EF7;n þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2

7EF7;n
� d8EF7;n

q� ��
2

� 1=2

/12 EF7; nð Þ ¼
Xs

r¼1

h2r;7 /11 EF7; nð Þ½ �

Thus using (7.5), (7.26a), (7.27) and the allied definitions, we can study the ER
in this case.

7.2.7 The ER in HD II-VI Effective Mass Superlattices
Under Magnetic Quantization

Following Sasaki [70], the electron dispersion law in heavily doped II-VI EMSLs
can be written as

k2
z ¼ D13 þ iD14; ð7:28Þ

where

D13 ¼
1

L2
0

D2
11 � D2

12

� �
� k2

s

� 

D11 ¼ cos�1 p6; p6 ¼
1� D2

9 � D2
10 �
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1=2

;

D9 ¼ a1 cos D6 cosh D7 � a2 cos D8 cosh D7ð Þ;
D10 ¼ a1 sin D6 sinh D7 þ a2 sin D8 sinh D7ð Þ;
D6 ¼ a0C22 E; ks; gg1

� �
þ b0e3

� �
; D7 ¼ b0e4; D8 ¼ a0C22 E; ks; gg1

� �
� b0e3

� �
;

C22 E; ks; gg1

� �
¼
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� �
� �h2k2

s
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	 �k0ks

( )" #1=2

;

a1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 0; gg2

� �

M1 0; gg1

� �

s

þ 1

" #2

4
M2 0; gg2

� �

M1 0; gg1

� �

 !1=2
2

4

3

5

�1

; M1 0; gg1

� �
¼ m�c1 1� 2

p

� �
;

a2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 0; gg2

� �

M1 0; gg1
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 !1=2
2

4

3

5

�1

D12 ¼ cos�1 p6; D14 ¼
2D11D12

L2
0
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The electron dispersion law in heavily doped II-VI QDSL can be written as

kzð Þ2¼ D13E;n þ iD14E;n; ð7:29aÞ

where

D13E;n ¼
1

L2
0

D2
11E;n � D2

12E;n

� 	
� 2eB

�h
ðnþ 1

2
Þ

� �� 

D11E;n ¼ cos�1 p6E;n; p6E;n ¼
1� D2

9E;n � D2
10E;n �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� D2
9E;n � D2

10E;n

� 	2
þ4D2

10E;n

r

2

2
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3
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1=2

;

D9E;n ¼ a1 cos D6E;n cosh D7E;n � a2 cos D8E;n cosh D7E;n

� �
;

D10E;n ¼ a1 sin D6E;n sinh D7E;n þ a2 sin D8E;n sinh D7E;n

� �
;

D6E;n ¼ a0C22E;n EE;n; gg1

� �
þ b0e3E;n

� �
; D7E;n ¼ b0e4E;n;

D8E;n ¼ a0C22E;n EE;n; gg1

� �
� b0e3E;n

� �
;

C22E;n EE;n; gg1

� �
¼

2m�k;1
�h2 c3 EE;n; gg1

� �
� �h2

2m�?;1

2eB
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2
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� �
	 �k0

2eB
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ðnþ 1

2
Þ

� �� 1=2( )" #1=2

;

D12E;n ¼ cos�1 p6E;n; D14E;n ¼
2D11E;nD12E;n

L2
0

;

The EEM can be written as

m�ðEF8; n; gg;BÞ ¼
�h2

2
Real part of ½D13EF8;n�

0 ð7:29bÞ

where EF8 is the Fermi energy in this case
From (7.29b) we note that the EEM is the function of Fermi energy, scattering

potential, magnetic field and the Landau quantum number.
The electron concentration is given by

n0 ¼
gveB

p2�h

Xnmax

n¼0

/13 EF8; nð Þ þ /14 EF8; nð Þ½ � ð7:30Þ

where

/13 EF8; nð Þ ¼ D13EF8;n þ
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and

/14 EF8; nð Þ ¼
Xs

r¼1

h2r;7 /13 EF8; nð Þ½ �

Thus using (7.5), (7.29a), (7.30) and the allied definitions, we can study the ER
in this case.
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7.2.8 The ER in HD IV-VI Effective Mass Superlattices
Under Magnetic Quantization

Following Sasaki [70], the electron dispersion law in IV-VI, EMSLs can be written as
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Therefore the electron dispersion law in heavily doped IV-VI, EMSLs under
magnetic quantization can be written as

ðkzÞ2 ¼ ½1=L2
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The EEM can be written as

m�ðEF9; n; gg;BÞ ¼ �h2 Real part of ½/15 EF9; nð Þ/015 EF9; nð Þ� ð7:32bÞ

where EF9 is the Fermi energy in this case and

/15 EF9; nð Þ ¼ 1
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The (7.32b) tells us that the EEM in this case is a function of Fermi energy,
scattering potential, magnetic field and the Landau quantum number.
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The electron concentration is given by

n0 ¼
gveB

p2�h

Xnmax

n¼0

/15 EF9; nð Þ þ /16 EF9; nð Þ½ � ð7:33Þ

where
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Thus using (7.5), (7.32a) and (7.33) we can study the ER in this case.

7.2.9 The ER in HD HgTe/CdTe Effective Mass
Superlattices Under Magnetic Quantization

Following Sasaki [70], the electron dispersion law in heavily doped HgTe/CdTe
EMSLs can be written as

k2
z ¼ D13H þ iD14H ð7:34Þ

where

D13H ¼
1
L2

0

D2
11H � D2

12H

� �
� k2

s

� 

D11H ¼ cos�1 p6H ; p6H ¼
1� D2

9H � D2
10H �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� D2

9H � D2
10H

� �2þ4D2
10H

q

2

2

4

3

5

1=2

;

D9H ¼ a1H cos D5H cosh D6H � a2H cos D7H cosh D6Hð Þ;
D10H ¼ a1H sin D5H sinh D6H þ a2H sin D7H sinh D6Hð Þ;
D5H ¼ a0C22H E; ks; gg1

� �
þ b0e3

� �
;

D6H ¼ b0e4; D7H ¼ a0C22H E; ks; gg1

� �
� b0e3

� �
;

C22H E; ks; gg1

� �
¼ B2

01 þ 2A1E � B01ðB2
01 þ 4A1EÞ

2A2
1

� k2
s

� 1=2
;

a1H ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 0; gg2

� �

m�c1

s

þ 1

2

4

3

5

2

4
M2 0; gg2

� �

m�c1

 !1=2
2

4

3

5

�1

;

a2H ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 0; gg2

� �

m�c1

s

� 1

2

4

3

5

2

4
M2 0; gg2

� �

m�c1

 !1=2
2

4

3

5

�1

D12H ¼ cos�1 p6H ; D14H ¼
2D11HD12H

L2
0
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The electron dispersion law in heavily doped HgTe/CdTe EMSLs under
magnetic quantization can be written as

ðkzÞ2 ¼ D13HE;n þ iD14HE;n ð7:35aÞ

where

D13HE;n ¼ ½ð1=L2
0Þ D2

11HE;n � D2
12HE;n

� 	
� 2eB

�h
nþ 1

2

� �
�

D11HE;n ¼ cos�1 p6HE;n; p6HE;n ¼

1� D2
9HE;n � D2

10HE;n �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� D2
9HE;n � D2

10HE;n

� 	2
þ4D2

10HE;n

r !

=2

 !" #1
2

D9HE;n ¼ a1H cos D5HE;n cosh D6HE;n � a2H cos D7HE;n cosh D6HE;n

� �
;

D10HE;n ¼ a1H sin D5HE;n sinh D6HE;n þ a2H sin D7HE;n sinh D6HE;n

� �
;

D5HE;n ¼ a0C22HE;n EE;n; gg1

� �
þ b0e3

� �
; D6HE;n ¼ b0e4; D7HE;n

¼ a0C22HE;n EE;n; gg1

� �
� b0e3

� �
;

C22HE;n EE;n; gg1

� �
¼ B2

01 þ 2A1EE;n � B01ðB2
01 þ 4A1EE;nÞ

2A2
1

� 2eB

�h
nþ 1

2

� �� � 1=2
;

D12HE;n ¼ cos�1 p6HE;n; D14HE;n ¼
2D11HE;nD12HE;n

L2
0

The EEM can be written as

m�ðEF10; n; gg;BÞ ¼
�h2

2
Real part of ½D13HEF10;n�

0 ð7:35bÞ

where EF10is the Fermi energy in this case.
The electron concentration is given by

n0 ¼
gveB

p2�h

Xnmax

n¼0

/17 EF10; nð Þ þ /18 EF10; nð Þ½ � ð7:36Þ

where

/17 EF10; nð Þ ¼ D13HEF10;n þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

13HEF10;n
� D14HEF10;n

q� ��
2

� 1=2

and

/18 EF10; nð Þ ¼
Xs

r¼1

h2r;7 /17 EF10; nð Þ½ �

Thus using (7.5), (7.35a) and (7.36) we can study the ER in this case.
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7.2.10 The ER in HD Stained Layer Effective Mass
Superlattices Under Magnetic Quantization

The dispersion relation of the constituent materials of heavily doped III-V super
lattices can be written as

�PiðE; ggiÞk2
x þ �QiðE; ggiÞk2

y þ �SiðE; ggiÞk2
z ¼ 1 ð7:37Þ

where

�PiðE; ggiÞ ¼ ðc0ðE; ggiÞ � I0T1iÞðDiðE; ggiÞÞ�1 ; I0 ¼ ð1=2Þ½1þ Erf ðE=ggiÞ�;
T1i ¼ ½Egi � Cc

1iei � ðai þ Cc
1iÞei þ ð3=2Þbiexxi � ðbiei=2Þ þ ð

ffiffiffi
3
p

diexyi=2Þ�;
DiðE; ggiÞ ¼ ½ð�qig

3
gi=2

ffiffiffi
p
p
Þ expð�ðE2=g2

giÞÞ½1þ ðE2=g2
giÞ� � Rih0ðE; ggiÞ þ Vic0ðE; ggiÞ

þ ðfi=2Þ½1þ Erf ðE=ggiÞ��; qi ¼ ð3=2B2
2iÞ;Ri ¼ qi½2Ai þ Cc

1iei�;Ai ¼ Egi � Cc
1iei;

Vi ¼ qi½A2
i � ð2C2

2iexyi=3Þ þ 2AiC
c
1iei�; fi ¼ qi½ð2C2

2iexyi=3Þ � Cc
1ieiA

2
i �;

�QiðE; ggiÞ ¼ ðc0ðE; ggiÞ � I0T2iÞðDiðE; ggiÞÞ�1;T2i ¼ ½Egi � Cc
1iei � ðai þ Cc

1iÞei þ ð3=2Þbiexxi � ðbiei=2Þ
� ð

ffiffiffi
3
p

diexyi=2Þ�; �SiðE; ggiÞ ¼ ðc0ðE; ggiÞ � I0T3iÞðDiðE; ggiÞÞ�1;

T3i ¼ ½Egi � Cc
1iei þ ðai þ Cc

1iÞei þ ð3=2Þbiezzi � ðbiei=2Þ�;

The electron energy spectrum in heavily doped strained layer effective mass
superlattices can be written as

k2
z ¼

1

L2
0

cos�1 f40 E; kx; ky

� �� �� �2�k2
s

� 
ð7:38Þ

where

f40 E; kx; ky

� �
¼ a20 cos a0C40 E; kx; ky; gg1

� �
þ b0D40 E; kx; ky; gg1

� �� �

� a21 cos a0C40 E; kx; ky; gg2

� �
� b0D40 E; kx; ky; gg2

� �� �
;

a20 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ms2 0; gg2

� �

Ms1 0; gg1

� �

s

þ 1

" #2

4
Ms2 0; gg2

� �

Ms1 0; gg1

� �

 !1=2
2

4

3

5

�1

;

Msi 0; ggi

� �
¼ ð�h=2ÞqiðggiÞ

qiðggiÞ ¼ ½ðggi=2
ffiffiffi
p
p
Þ � ðT3i=2Þ��2 � ½fðggi=2

ffiffiffi
p
p
Þ

� ðT3i=2ÞgfðVi=2Þ � ðRiggi=
ffiffiffi
p
p
Þ þ ðfi=ggi

ffiffiffi
p
p
Þg

� ðð1=2Þ � ðT3i=ggi

ffiffiffi
p
p
ÞÞfðfi=2Þ þ ðViggi=2

ffiffiffi
p
p
Þ

� ðRig
2
gi=4Þ � ðqig

3
gi=2

ffiffiffi
p
p
Þg�

254 7 Appendix B: The ER in Superlattices of HD Non-parabolic Semiconductors



a20 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ms2 0; gg2

� �

Ms1 0; gg1

� �

s

þ 1

" #2

4
Ms2 0; gg2

� �

Ms1 0; gg1

� �

 !1=2
2

4

3

5

�1

;

a21 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ms2 0; gg2

� �

Ms1 0; gg1

� �

s

� 1

" #2

4
Ms2 0; gg2

� �

Ms1 0; gg1

� �

 !1=2
2

4

3

5

�1

C40ðE; kx; ky; gg1Þ ¼ ½1� �P1ðE; gg1Þk2
x � �Q1ðE; gg1Þk2

y �
1=2½�S1ðE; gg1Þ��1=2

D40ðE; kx; ky; gg2Þ ¼ ½1� �P2ðE; gg2Þk2
x � �Q2ðE; gg2Þk2

y �
1=2½�S2ðE; gg2Þ��1=2

Therefore, the electron dispersion law in heavily doped strained layer effective
mass superlattices under magnetic quantization can be expressed as

ðkzÞ2 ¼
1

L2
0

cos�1 f40 E; nð Þð Þ
� �2� 2eB

�h
nþ 1

2

� �� �� 
ð7:39aÞ

where

f40 E; nð Þ ¼ a20 cos a0C40 E; n; gg1

� �
þ b0D40 E; n; gg1

� �� �

� a21 cos a0C40 E; n; gg2

� �
� b0D40 E; n; gg2

� �� �
;

C40ðE; n; gg1Þ ¼ ½1�
�heB

/50ðE; gg1Þ
ðnþ 1

2
Þ�1=2½�S1ðE; gg1Þ��1=2;

/50ðE; gg1Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w50ðE; gg1Þw51ðE; gg1Þ

q
;

w50ðE; gg1Þ ¼
�h2

2�P1ðE; gg1Þ
; w51ðE; gg1Þ ¼

�h2

2�Q1ðE; gg1Þ

D40ðE; n; gg2Þ ¼ ½1�
�heB

/501ðE; gg2Þ
ðnþ 1

2
Þ�1=2½�S2ðE; gg2Þ��1=2

/501ðE; gg2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w501ðE; gg2Þw511ðE; gg2Þ

q

w501ðE; gg2Þ ¼
�h2

2�P2ðE; gg2Þ
; w511ðE; gg2Þ ¼

�h2

2�Q2ðE; gg2Þ

The EEM can be written as

m�ðEF11; n; gg;BÞ ¼ �h2 Real part of ½/19 EF11; nð Þ/019 EF11; nð Þ� ð7:39bÞ

where EF11 is the Fermi energy in this case and

/19 EF11; nð Þ ¼ ½ 1
L2

0

cos�1 1
2

f40 EF11; nð Þ
� �� 2

� 2eB

�h
nþ 1

2

� �
�1=2
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The electron concentration is given by

n0 ¼
gveB

p2�h

Xnmax

n¼0

/19 EF11; nð Þ þ /20 EF11; nð Þ½ � ð7:40Þ

where

/20 EF11; nð Þ ¼
Xs

r¼1

h2r;6 /19 EF11; nð Þ½ �

Thus using (7.5), (7.39a) and (7.40) we can study the ER in this case.

7.3 Open Research Problem

(R.B.1) Investigate the ER for all types of HD super-lattices under alternating
magnetic field.
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Chapter 8
Appendix C: The ER in HDS and Their
Nano-Structures Under Cross-Fields
Configuration

8.1 Introduction

The influence of crossed electric and quantizing magnetic fields on the transport
properties of semiconductors having various band structures are relatively less
investigated as compared with the corresponding magnetic quantization, although,
the cross-fields are fundamental with respect to the addition of new physics and the
related experimental findings. In 1966, Zawadzki and Lax [1] formulated the
electron dispersion law for III-V semiconductors in accordance with the two band
model of Kane under cross fields configuration which generates the interest to
study this particular topic of semiconductor science in general [2–38].

In Sect. 8.2.1 of theoretical background, the ER in HD nonlinear optical
materials in the presence of crossed electric and quantizing magnetic fields has
been investigated by formulating the electron dispersion relation. The Sect. 8.2.2
reflects the study of the ER in HD III-V, ternary and quaternary compounds as a
special case of Sect. 8.2.1. The Sect. 8.2.3 contains the study of the ER for the HD
II-VI semiconductors in the present case. In Sect. 8.2.4, the ER under cross field
configuration in HD IV-VI semiconductors has been investigated in accordance
with the models of the Cohen, the Lax nonparabolic ellipsoidal and the parabolic
ellipsoidal respectively. In the Sect. 8.2.5, the ER for the HD stressed Kane type
semiconductors has been investigated. The Sects. 8.2.6–8.2.10 discuss the ERs’ in
QWs of the above HD semiconductors in the presence of cross-fields configuration
respectively. The last Sect. 8.3 contains three open research problems.
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and the Einstein Relation, Springer Tracts in Modern Physics 260,
DOI 10.1007/978-3-319-08380-3_8, � Springer International Publishing Switzerland 2015
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8.2 Theoretical Background

8.2.1 The ER in HD Nonlinear Optical Semiconductors
Under Cross-Fields Configuration

The (1.2) of Chap. 1 can be expressed as

T22ðE; ggÞ ¼
p2

s

2m�?
þ

p2
z

2Mjj
T22ðE; ggÞ½T21ðE; ggÞ��1 ð8:1Þ

where, ps ¼ �hks and pz ¼ �hkz.
We know that from electromagnetic theory that,

B
!¼ r� A

! ð8:2Þ

where, A
!

is the vector potential. In the presence of quantizing magnetic field
B along z direction, the (8.2) assumes the form

0̂iþ 0̂jþ Bk̂ ¼
î ĵ k̂
o
ox

o
oy

o
oz

Ax Ay Az

��������

��������

ð8:3Þ

where î; ĵ and k̂ are orthogonal triads. Thus, we can write

oAz

oy
� oAy

oz
¼ 0

oAx

oz
� oAz

ox
¼ 0:

oAy

ox
� oAx

oy
¼ B

ð8:4Þ

This particular set of equations is being satisfied for Ax ¼ 0; Ay ¼ Bx and
Az ¼ 0.

Therefore in the presence of the electric field Eo along x axis and the quantizing
magnetic field B along z axis for the present case following (8.1) one can
approximately write,

T22ðE; ggÞ þ ej jEox̂qðE; ggÞ ¼
p̂2

x

2m�?
þ ðp̂y � ej jBx̂Þ2

2m�?
þ p̂2

z

2aðE; ggÞ
ð8:5Þ
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where

qðEÞ � o

oE
½T22ðE; ggÞ� and aðE; ggÞ � m�jj½T22ðE; ggÞ��1½T21ðE; ggÞ�

Let us define the operator ĥ as

ĥ ¼ �p̂y þ ej jBx̂�
m�?EoqðE; ggÞ

B
ð8:6Þ

Eliminating the operator x̂, between (8.5) and (8.6) the dispersion relation of the
conduction electron in tetragonal semiconductors in the presence of cross fields
configuration is given by

T22ðE; ggÞ ¼ ðnþ 1
2
Þ�hx01

� �
þ ½�hkzðEÞ�2

2aðE; ggÞ

 !

�
Eo�hkyqðE; ggÞ

B

� �
�

M?q2ðE; ggÞE2
o

2B2

� �" #

ð8:7Þ

where,

x01 ¼
ej jB
m�?

ð8:8aÞ

The EEMs along Z and Y directions can, respectively be expressed from (8.7) as

m�z �EFBHD; gg; n;E0
� �

¼ Real part of

�
a0 �EFBHD; gg

� �
�

T22ð�EFBHD; ggÞ

� nþ 1
2

� �
�hx01þ

M?q2ð�EFBHD; ggÞE2
0

2B2

�

þ að�EFBHD; ggÞ T 022ð�EFBHD; ggÞþ
M?qð�EFBHD; ggÞq0ð�EFBHD; ggÞE2

0

B2

���

ð8:8bÞ

and

m�y �EFBHD; gg; n;E0
� �

¼ B

E0

� �2

Real part of qð�EFBHD; ggÞ
	 
�3

h
T22ð�EFBHD; ggÞ:

� nþ 1
2

� �
�hx01 þ

M?q2ð�EFBHD; ggÞE2
0

2B2

�

��
qð�EFBHD; ggÞ

�
T 022ð�EFBHD; ggÞ

þ
M?qð�EFBHD; ggÞq0ð�EFBHD; ggÞE2

0

B2

�
�
�

T22ð�EFBHD; ggÞ

� nþ 1
2

� �
�hx01 þ

M?q2ð�EFBHD; ggÞE2
0

2B2

�
q0ð�EFBHD; ggÞ

�#

ð8:8cÞ
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where �EFBHD is the Fermi energy in the presence of cross-fields configuration and
heavy doping as measured from the edge of the conduction band in the vertically
upward direction in the absence of any quantization.

When E0 ! 0;m�z ð�EFBHD; gg; n;E0Þ ! 1, which is a physically justified result.
The dependence of the EEM along y direction on the Fermi energy, electric field,
magnetic field and the magnetic quantum number is an intrinsic property of cross
fields together with the fact in the present case of heavy doping, the EEM exists in
the band gap. Another characteristic feature of cross field is that various transport
coefficients will be sampled dimension dependent. These conclusions are valid for
even isotropic parabolic energy bands and cross fields introduce the index
dependent anisotropy in the effective mass.

The formulation of ER requires the expression of the electron concentration
which can, in general, be written excluding the electron spin as

no ¼
�gv

Lxp2

Xnmax

n¼0

Z1

E0

IðE; ggÞ
dfo
dE

dE ð8:9Þ

where Lx is the sample length along x direction, �E0 is determined by the equation

Ið�E0; ggÞ ¼ 0

where

IðE; ggÞ ¼
ZxhðE;ggÞ

xlðE;ggÞ

kzðEÞdky ð8:10Þ

in which, xlðE; ggÞ �
�E0M?qðE;ggÞ

�hB and xhðE; ggÞ � ej jBLx

�h þ xlðE; ggÞ.
Thus we get

IðE; ggÞ ¼
2
3

B
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2aðE; ggÞ

q

�h2E0qðE; ggÞ
T22ðE; ggÞ � nþ 1

2

� �
�h ej jB
m�?
þ ej jE0LxqðE; ggÞ �

m�?E2
0 qðE; ggÞ
	 
2

2B2

" #3
2

2

4

2

4

� T22ðE; ggÞ � nþ 1
2

� �
�h ej jB
m�?

�
m�?E2

0 qðE; ggÞ
	 
2

2B2

" #3
2

3

5

3

5 ð8:11Þ

Therefore the electron concentration is given by

n0 ¼
2gvB

ffiffiffi
2
p

3Lxp2�h2Eo

� �
Real part of

Xnmax

n¼0

T41HD n; �EFBHD; gg

� �
þ T42HD n; �EFBHD; gg

� �	 


ð8:12Þ

262 8 Appendix C: The ER in HDS and Their Nano-Structures



where

T41 n; �EFBHD; gg

� �
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a �EFBHD; gg

� �q

q �EFBHD; gg

� �

"

T22 �EFBHD; gg

� �
� nþ 1

2

� �
�h ej jB
M?

�

þ ej jE0Lxq �EFBHD; gg

� �
�

m�?E2
0 q �EFBHD; gg

� �	 
2

2B2

#3=2

� T22 �EFBHD; gg

� �
� nþ 1

2

� �
�h ej jB
m�?
�

m�?E2
0 q �EFBHD; gg

� �	 
2

2B2

" #3=2#

where EFBHD is the Fermi energy in this case and

T42HD n; �EFBHD; gg

� �
�
Xs

r¼1

L rð ÞT41HD n; �EFBHD; gg

� �	 


The ER in this case can be written as

D

l
¼ Real part of

n0

ej j
on0

oðEFBHD � e00Þ

� ��1
" #

ð8:13Þ

where e00 is the Landau sub-band energy under cross-fields configuration.
Thus using (8.12), (8.13) and the allied definitions we can study the ER in this

case.

8.2.2 The ER in HD Kane Type III-V Semiconductors Under
Cross-Fields Configuration

(a) Under the conditions d ¼ 0; Djj ¼ D? ¼ D and m�k ¼ m�? ¼ mc, (8.7) assumes

the form

T33 E; gg

� �
¼ nþ 1

2

� �
�hx0 þ

½�hkz Eð Þ�2

2mc

� E0

B
�hky T33 E; gg

� �� 0�
mcE2

0 T33 E; gg

� �� 0h i2

2B2
ð8:14aÞ

where

T33ðE; ggÞ ¼ T31ðE; ggÞ þ iT32ðE; ggÞ

The use of (8.14a) leads to the expressions of the EEMs’ along z and y
directions as
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m�z ð�EFBHD; gg; n;E0Þ ¼ mc Real part of ½ T33ð�EFBHD; ggÞ
� 00

þ
mcE2

0 T33ð�EFBHD; ggÞ
� 0

T33ð�EFBHD; ggÞ
� 00

B2
�
ð8:14bÞ

m�yð�EFBHD; gg; n;E0Þ ¼
�

B

E0

�2

Real part of

��
T33ð�EFBHD; ggÞ

�0��1

"

T33ð�EFBHD; ggÞ �
�

nþ 1
2

�
�hx0 þ

mcE2
0

�
fT33ð�EFBHD; ggÞg0

�2

2B2

#

"
�fT33ð�EFBHD; ggÞg00

½fT33ð�EFBHD; ggÞg0�2

"

T33ð�EFBHD; ggÞ�
�

nþ 1
2

�
�hx0

þ
mcE2

0

�
fT33ð�EFBHD; ggÞg0

�2

2B2

#

þ 1þ
mcE2

0fT33ð�EFBHD; ggÞg00

B2

#

ð8:14cÞ

The Landau energy ð�En1Þ can be written as

T33ð�En1 ; ggÞ ¼ nþ 1
2

� �
�hx0 �

mcE2
0 fT33ð�En1 ; ggÞg

0	 
2

2B2
ð8:15Þ

The electron concentration in this case assumes the form

n0 ¼
2gvB

ffiffiffiffiffiffiffiffi
2mc
p

3Lxp2�h2E0
Real part of

Xnmax

n¼0

T43HD n; �EFB; gg

� �
þ T44HD n; �EFB; gg

� �	 

ð8:16Þ

where,

T43HDðn; �EFBHD; ggÞ � ½T33ð�EFB; ggÞ � nþ 1
2

� �
�hx0 �

mcE2
0

2B2
fT33ð�EFB; ggÞg0
	 
2

�

þ ej jE0Lx fT33ð�EFB; ggÞg0
	 

3=2� T33ð�EFB; ggÞ � nþ 1

2

� �
�hx0

�

�mcE2
0

2B2
fT33ð�EFB; ggÞg0
	 
2

�3=2
#

1

fT33ð�EFB; ggÞg0
	 


and

T44HD n; �EFBHD; gg

� �
�
Xs

r¼1

L rð ÞT43HD n; �EFBHD; gg

� �	 

:

Thus using (8.13), (8.16) and the allied definitions we can study the ER in this
case.
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(b) Under the condition D� Eg, (8.14a–8.14c) assumes the form

c2ðE; ggÞ ¼ nþ 1
2

� �
�hx0 �

E0

B
�hkyc

0
2ðE; ggÞ �

mcE2
0

2B2
c02ðE; ggÞ
� �2þ �hkz Eð Þ½ �2

2mc

ð8:17aÞ

The use of (8.17a) leads to the expressions of the EEMs’ along z and y
directions as

m�z ð�EFBHD; gg; n;E0Þ ¼ mc c2ð�EFBHD; ggÞ
� 00þ

mcE2
0 c2ð�EFBHD; ggÞ
� 0

c2ð�EFBHD; ggÞ
� 00

B2

" #

ð8:17bÞ

m�yð�EFBHD; gg; n;E0Þ ¼
B

E0

� �2 1

fc2ð�EFBHD; ggÞg0
	 
 c2ð�EFBHD; ggÞ � nþ 1

2

� �
�hx0

�

þ
mcE2

0 fc2ð�EFBHD; ggÞg0
	 
2

2B2

#"
� c2ð�EFBHD; ggÞ
� 00

c2ð�EFBHD; ggÞ
� 0h i2

"

c2ð�EFBHD; ggÞ:

� nþ 1
2

� �
�hx0þ

mcE2
0 fc2ð�EFBHD; ggÞg0
	 
2

2B2

#

þ1þ
mcE2

0fc2ð�EFBHD; ggÞg00

B2

#

ð8:17cÞ

The Landau energy ð�En2Þ can be written as

c2ð�En2 ; ggÞ ¼ nþ 1
2

� �
�hx0 �

mcE2
0

2B2
c02ð�En2 ; ggÞ
� �2 ð8:18Þ

The expressions for n0 in this case assume the forms

n0 ¼
2gvB

ffiffiffiffiffiffiffiffi
2mc
p

3Lxp2�h2E0

Xnmax

n¼0

T47HD n; �EFBHD; gg

� �
þ T48HD n; �EFBHD; gg

� �	 

ð8:19Þ

where

T47HDðn; �EFBHD; ggÞ � c2ð�EFBHD; ggÞ � nþ 1
2

� �
�hx0 þ ej jE0Lx c02ð�EFBHD; ggÞ

� �
��

� mcE2
0

2B2
c02ð�EFBHD; ggÞ
� �2

�3=2

� c2ð�EFBHD; ggÞ
� �

� nþ 1
2

� �
�hx0

�

�mcE2
0

2B2
c02ð�EFBHD; ggÞ
� �2

�3=2�
c02ð�EFBHD; ggÞ
	 
�1
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and

T48HD n; �EFBHD; gg

� �
�
Xs

r¼0

L rð Þ T47HD n; �EFBHD; gg

� �	 

:

Thus using (8.13), (8.19) and the allied definitions we can study the ER in this
case.

(c) For a! 0 and we can write,

c3ðE; ggÞ ¼ nþ 1
2

� �
�hx0 �

E0

B
�hkyc

0
3ðE; ggÞ �

mcE2
0

2B2
c03ðE; ggÞ
� �2þ �hkz Eð Þ½ �2

2mc

ð8:20aÞ

The use of (8.20a) leads to the expressions of the EEMs’ along z and y
directions as

m�z ð�EFBHD; gg; n;E0Þ ¼ mc

"

c3ð�EFBHD; ggÞ
� 00

þ
mcE2

0 c3ð�EFBHD; ggÞ
� 0

c3ð�EFBHD; ggÞ
� 00

B2

# ð8:20bÞ

m�yð�EFBHD; gg; n;E0Þ ¼
B

E0

� �2 1

c3ð�EFBHD; ggÞ
� 0h i

"

c3ð�EFBHD; ggÞ � nþ 1
2

� �
�hx0:

þ
mcE2

0 c3ð�EFBHD; ggÞ
� 0h i2

2B2

#"
� c3ð�EFBHD; ggÞ
� 00

c3ð�EFBHD; ggÞ
� 0h i2

"

c3ð�EFBHD; ggÞ � nþ 1
2

� �
�hx0:

þ
mcE2

0 c3ð�EFBHD; ggÞ
� 0h i2

2B2

#

þ 1þ
mcE2

0 c3ð�EFBHD; ggÞ
� 00

B2

#

ð8:20cÞ

The Landau energy ð�En3Þ can be written as

c3ð�En3 ; ggÞ ¼ nþ 1
2

� �
�hx0 �

mcE2
0

2B2
c03ð�En3 ; ggÞ
� �2 ð8:21Þ

The expressions for n0 in this case assume the forms

n0 ¼
2gvB

ffiffiffiffiffiffiffiffi
2mc
p

3Lxp2�h2E0

Xnmax

n¼0

T49HD n; �EFBHD; gg

� �
þ T50HD n; �EFBHD; gg

� �	 

ð8:22Þ
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where

T49HDðn; �EFBHD; ggÞ � c3ð�EFBHD; ggÞ � nþ 1
2

� �
�hx0 þ ej jE0Lx c03ð�EFBHD; ggÞ

� �
��

� mcE2
0

2B2
c03ð�EFBHD; ggÞ
� �2

�3=2

� c3ð�EFBHD; ggÞ
� �

� nþ 1
2

� �
�hx0

�

� mcE2
0

2B2
c03ð�EFBHD; ggÞ
� �2

�3=2�
c03ð�EFBHD; ggÞ
	 
�1

and

T50HD n; �EFBHD; gg

� �
�
Xs

r¼0

L rð Þ T49HD n; �EFBHD; gg

� �	 

:

Thus using (8.13), (8.22) and the allied definitions we can study the ER in this
case.

8.2.3 The ER in HD II-VI Semiconductors
Under Cross-Fields Configuration

The electron energy spectrum in HD II–VI semiconductors in the presence of
electric field E0 along x direction and quantizing magnetic field B along z direction
can approximately be written as

c3ðE; ggÞ ¼ b1ðn;E0Þ �
E0

B
�hkyc

0
3ðE; ggÞ �

m�kE
2
0

2B2
c03ðE; ggÞ
� �2þ �hkz Eð Þ½ �2

2m�k
ð8:23aÞ

where

b1 n;E0ð Þ � nþ 1
2

� �
�hx02 �

E2
0m�?
2B2

� �
þ D nþ 1

2

� �
�hx02 þ

E2
0m�?
2B2

� �� �1=2" #

;x02 �
ej jB
m�?

:

and

D � �
�k0

ffiffiffiffiffiffiffiffiffi
2m�?

p

�h

The use of (8.23a) leads to the expressions of the EEMs’ along z and y
directions as

m�z ð�EFBHD; gg; n;E0Þ ¼ m�k fc3ð�EFBHD; ggÞg00 þ
m�kE

2
0fc3ð�EFBHD; ggÞg0fc3ð�EFBHD; ggÞg00

B2

" #

ð8:23bÞ
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m�yð�EFBHD; gg; n;E0Þ ¼
B

E0

� �2 1

fc3ð�EFBHD; ggÞg
0	 


"
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þ
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2
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2

2B2

3
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2

"
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"

� b1ðn;E0Þþ
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2
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2

2B2

3
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2
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ð8:23cÞ

The Landau energy ð�En4Þ can be written as

c3ð�En4 ; ggÞ ¼ b1ðn;E0Þ �
m�kE

2
0

2B2
c03ð�En4 ; ggÞ
� �2 ð8:24Þ

The expression for n0 in this case assumes the form

n0 ¼
2gvB

ffiffiffiffiffiffiffiffi
2m�k
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3Lxp2�h2E0

Xnmax

n¼0

T53HD n; �EFBHD; gg
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ð8:25Þ

where

T53HDðn; �EFBHD; ggÞ �
""

c3ð�EFBHD; ggÞ � b1ðn;E0Þ þ ej jE0Lx c03ð�EFBHD; ggÞ
� �

�
m�kE

2
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2
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�
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:

Thus using (8.13), (8.25) and the allied definitions we can study the ER in this
case.
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8.2.4 The ER in HD IV-VI Semiconductors
Under Cross-Fields Configuration

The (3.68) can be written as

p2
s

2M�1ðE; ggÞ
þ p2

z

2M�3ðE; ggÞ
¼ gðE; ggÞ ð8:26aÞ

where

M�1ðE; ggÞ ¼
ðRÞ2

Eg
fc1ða1;E;EgÞ � iD1ða1;E;EgÞg þ

ðSÞ2

D0c
fc2ða2;E;EgÞ � iD2ða2;E;EgÞg

"

þðQÞ
2

D00c
fc3ða3;E;EgÞ � iD3ða3;E;EgÞg

#�1

M�3ðE; ggÞ ¼
2ðAÞ2

Eg
fc1ða1;E;EgÞ � iD1ða1;E;EgÞg þ

ðSþ QÞ2

D00c
fc3ða3;E;EgÞ � iD3ða3;E;EgÞg

" #�1

and

g�ðE; ggÞ ¼ 2�h2c0ðE; ggÞ

In the presence of quantizing magnetic field B along z direction and the electric
field along x-axis, from above equation one obtains

p̂2
x

2M�1ðE; ggÞ
þ ðp̂y � ej jBx̂Þ2

2M�1ðE; ggÞ
þ

p̂2
z

2M�3ðE; ggÞ
¼ g�ðE; ggÞ þ ej jE0x̂q�1ðE; ggÞ

ð8:26bÞ

where

q�1ðE; ggÞ ¼
o

oE
g�ðE; ggÞ
	 


Let us define the operator ĥ as

ĥ ¼ �p̂y þ ej jBx̂�
q�1ðE; ggÞE0 M�1ðE; ggÞ

	 


B
ð8:27Þ

Eliminating x̂, between the above two equations, the dispersion relation of the
conduction electrons in HD stressed Kane type semiconductors in the presence of
cross fields configuration can be expressed as
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g�ðE; ggÞ ¼ nþ 1
2

� �
�hxi1ðE; ggÞ þ

�h2k2
z

2M�3ðE; ggÞ
� E0

B
q�1ðE; ggÞ�hky

� E2
0

2B2
q�1ðE; ggÞ
	 
2

M�1ðE; ggÞ ð8:28aÞ

where

xi1ðE; ggÞ ¼ eB½M�1ðE; ggÞ�� 1

The use of (8.28a) leads to the expressions of the EEMs’ along z and y
directions as

m�z ð�EFBHD; gg; n;E0Þ ¼ Real part of M�3ð�EFBHD; ggÞ
	 
0

g�ð�EFBHD; ggÞ � nþ 1
2

� �
�hxi1ð�EFBHD; ggÞ

��

þ E2
0

2B2
q�1ð�EFBHD; ggÞ
	 
2

M�1ð�EFBHD; ggÞ
�
þ M�3ð�EFBHD; ggÞ
	 


g�ð�EFBHD; ggÞ
	 
0h

� ðnþ 1
2
Þ�h xi1ð�EFBHD; ggÞ
	 
0þ E2

0

2B2
q�1ð�EFBHD; ggÞ
	 
2

M�1ð�EFBHD; ggÞ
	 
0h i

þ 2 M�3ð�EFBHD; ggÞ
	 


q�1ð�EFBHD; ggÞ
	 


q�1ð�EFBHD; ggÞ
	 
0ii

ð8:28bÞ

and

m�yð�EFBHD; gg; n;E0Þ ¼ ðB=E0Þ2 Real part of ½½q�1ð�EFBHD; ggÞ��3½g�ð�EFBHD; ggÞ � nþ 1
2

� �
�hxi1ð�EFBHD; ggÞ

þ E2
0

2B2
½q�1ð�EFBHD; ggÞ�2M�1ð�EFBHD; ggÞ�½½q�1ð�EFBHD; ggÞ�½½g�ð�EFBHD; ggÞ�0

� nþ 1
2

� �
�h½xi1ð�EFBHD; ggÞ�0 þ

E2
0

2B2
½½q�1ð�EFBHD; ggÞ�2½M�1ð�EFBHD; ggÞ�0�

� ½q�1ð�EFBHD; ggÞ�0½g�ð�EFBHD; ggÞ � nþ 1
2

� �
�hxi1ð�EFBHD; ggÞ

þ E2
0

2B2
½q�1ð�EFBHD; ggÞ�2M�1ð�EFBHD; ggÞ��

ð8:28cÞ
The Landau level energy ðEn9Þ in this case can be expressed through the

equation

g�ðEn9 ; ggÞ ¼ ðnþ
1
2
Þ�hxi1ðEn9 ; ggÞ �

E2
0

2B2
½q�1ðEn9; ggÞ�

2M�1ðEn9; ggÞ ð8:28dÞ

The electron concentration can be written as

n0 ¼
2B

3Lxp2�h2E0
Real part of

Xnmax

n¼0

½T4131HDðn;EFBHD; ggÞ þ T4141HDðn;EFBHD; ggÞ�

ð8:28eÞ
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where

T4131HDðn;EFBHD; ggÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2M�3ðEFBHD; ggÞ

q

q�1ðEFBHD; ggÞ

2

4

3

5
�
½T51ðn;EFBHD; ggÞ

þ E0

B
q�1ðEFBHD; ggÞ�hxhHD1ðEFBHD; ggÞq�1ðEFBHD; ggÞ

�3
2

�
�

T51ðn;EFBHD; ggÞ þ
E0

B
q�1ðEFBHD; ggÞ

�hxlHD1ðEFBHD; ggÞq�1ðEFBHD; ggÞ�
3
2

#

;

T51ðn;EFBHD; ggÞ ¼
�

g�ðEFBHD; ggÞ � nþ 1
2

� �
�hxi1ðEFBHD; ggÞ

þ
M�1ðEFBHD; ggÞE2

0

2B2
½q�1ðEFBHD; ggÞ�2

�

xlHD1ðEFBHD; ggÞ ¼
�M�1ðEFBHD; ggÞE0½q�1ðEFBHD; ggÞ�

B
; xhHD1ðEFBHD; ggÞ

¼ ej jBLx

�h
þ xlHD1ðEFBHD; ggÞ

and

T4141HD n; �EFBHD; gg

� �
�
Xs

r¼1

L rð ÞT4131HD n; �EFBHD; gg

� �

Thus using (8.13), (8.28c) and the allied definitions we can study the ER in this
case.

8.2.5 The ER in HD Stressed Semiconductors Under
Cross-Fields Configuration

The use of (2.48) can be written as

p2
x

2m�1ðE; ggÞ
þ

p2
y

2m�2ðE; ggÞ
þ p2

z

2m�3ðE; ggÞ
¼ G�ðE; ggÞ ð8:28fÞ

where

m�1ðE; ggÞ ¼ ½2�h2½c0ðE; ggÞ � Ið1ÞT17���1; T17 � Eg � C1e� ð�a0 þ C1Þeþ
3
2

�b0exx �
�b0

2
eþ

ffiffiffi
3
p .

2

� �
exy

�d0

� �
;

m�2ðE; ggÞ ¼ ½2�h2½c0ðE; ggÞ � Ið1ÞT27���1; T27 � Eg � C1e� ð�a0 þ C1Þeþ
3
2

�b0exx �
�b0

2
e�

ffiffiffi
3
p .

2

� �
exy

�d0

� �
;

m�3ðE; ggÞ ¼ ½2�h2½c0ðE; ggÞ � Ið1ÞT37���1 ; T37 � Eg � C1e� ð�a0 þ C1Þeþ
3
2

�b0ezz �
�b0

2
e

� �

and the other symbols are written in (1.196a) of Chap. 1.

8.2 Theoretical Background 271

http://dx.doi.org/10.1007/978-3-319-08380-3_8_2
http://dx.doi.org/10.1007/978-3-319-08380-3_1


In the presence of quantizing magnetic field B along z direction and the electric
field along x-axis, from (8.28d) one obtains

p̂2
x

2m�1ðE; ggÞ
þ ðp̂y � ej jBx̂Þ2

2m�2ðE; ggÞ
þ p̂2

z

2m�3ðE; ggÞ

¼ G�ðE; ggÞ þ ej jE0x̂
m�1ðE; ggÞ
m�2ðE; ggÞ

" #1
2

q�ðE; ggÞ ð8:29Þ

where

q�ðE; ggÞ ¼
o

oE
½G�ðE; ggÞ�

Let us define the operator ĥ as

ĥ ¼ �p̂y þ ej jBx̂�
q�ðE; ggÞE0 m�1ðE; ggÞm�2ðE; ggÞ

	 
1
2

B
ð8:30Þ

Eliminating x̂, between the above two equations, the dispersion relation of the
conduction electrons in HD stressed Kane type semiconductors in the presence of
cross fields configuration can be expressed as

G�ðE; ggÞ ¼ nþ 1
2

� �
�hxiðE; ggÞ þ

�h2k2
z

2m�3ðE; ggÞ

� E0

B
q�ðE; ggÞ

m�1ðE; ggÞ
m�2ðE; ggÞ

" #1
2

�hky

� E2
0

2B2
q�ðE; ggÞ
	 
2

m�1ðE; ggÞ ð8:31aÞ

where

xiðE; ggÞ ¼ eB m�1ðE; ggÞm�2ðE; ggÞ
	 
�1

2

The use of (8.31a) leads to the expressions of the EEMs’ along z and y
directions as
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m�z ð�EFBHD; gg; n;E0Þ ¼ ½½m�3ð�EFBHD; ggÞ �0½G�ð�EFBHD; ggÞ � nþ 1
2

� �
�hxið�EFBHD; ggÞ

þ E2
0

2B2
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þ E2
0

2B2
½2½q�ð�EFBHD; ggÞ�½q�ð�EFBHD; ggÞ�0½m�1ð�EFBHD; ggÞ�

þ ½m�1ð�EFBHD; ggÞ�0½q�ð�EFBHD; ggÞ�2���
ð8:31bÞ

m�yð�EFBHD; gg; n;E0Þ ¼ðB=E0Þ2 ½m�4ð�EFBHD; ggÞ��3½G�ð�EFBHD; ggÞ

� nþ 1
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2B2
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2B2
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ð8:31cÞ

where

m�4ð�EFBHD; ggÞ ¼ q�ð�EFBHD; ggÞ
	 
 m�1ð�EFBHD; ggÞ

m�2ð�EFBHD; ggÞ

" #1
2

2

4

3

5

The Landau level energy ðEn8Þin this case can be expressed through the
equation

G�ðEn8 ; ggÞ ¼ nþ 1
2

� �
�hxiðEn8 ; ggÞ �

E2
0

2B2
q�ðEn8 ; ggÞ
	 
2

m�1ðEn8 ; ggÞ ð8:31dÞ

8.2 Theoretical Background 273



The electron concentration can be written as

n0 ¼
2B

3Lxp2�h2E0

Xnmax

n¼0

T413HDðn;EFBHD; ggÞ þ T414HDðn;EFBHD; ggÞ
	 


ð8:31eÞ

where

T413HDðn;EFBHD; ggÞ ¼ ½
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2m�3ðEFBHD; ggÞ
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3
2�;
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þ
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0

2B2
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�m�1ðEFBHD; ggÞE0½q�ðEFBHD; ggÞ�

B
;

xhHDðEFBHD; ggÞ ¼
ej jBLx

�h
þ xlHDðEFBHD; ggÞ

and

T414HD n; �EFBHD; gg

� �
�
Xs

r¼1

L rð ÞT413HD n; �EFBHD; gg

� �

Thus using (8.13), (8.31e) and the allied definitions we can study the ER in this
case.

8.2.6 The ER in Ultrathin Films of HD Nonlinear Optical
Semiconductors Under Cross-Fields Configuration

The dispersion relation of the conduction electrons in HD ultrathin films of non-
linear optical material in the presence of cross-fields configuration can be written as
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T22ðE; ggÞ ¼ nþ 1
2

� �
�hx01

� �
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� �
�
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o
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� �" #

ð8:31fÞ

The use of (8.31f) leads to the expression of EEM along y direction as

m�yðefA1; gg; n;E0; nzÞ ¼ Real part of ðB=E0Þ2T49ðefA1; gg; nzÞ½T49ðefA1; gg; nzÞ�0

ð8:31gÞ

where efA1 is the Fermi energy in this case and

T49ðefA1; gg; nzÞ ¼ T22ðefA1; ggÞ
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�1

The investigation of the ER in this case requires an expression of electron statistics
which, in turn, can be written as

n0 ¼
gveB

p�h
Real part of

"
Xnmax

n¼0

Xnzmax

nz¼1

F�1 gA1ð Þ
#

ð8:32aÞ

where gA1 ¼
efA1�eA1

kBT and eA1 is defined by the following equation

T22ðeA1; ggÞ ¼ ðnþ 1
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ð8:32bÞ

The ER in this case can be written as

D

l

� �
¼ Real part of

n0

e

� � on0

oðefAi � eAiÞ

� ��1
 !

ð8:32cÞ

where efAi is the Fermi energy level eAi is the subband energy.
Thus using (8.32a), (8.32c) and the allied definitions we can study the ER in this

case.
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8.2.7 The ER in Ultrathin Films of HD Kane Type III-V,
Ternary and Quaternary Semiconductors Under
Cross-Fields Configuration

(a) Under the conditions d ¼ 0; Djj ¼ D? ¼ D and m�k ¼ m�? ¼ mc, (8.31f)

assumes the form

T33ðE; ggÞ ¼ nþ 1
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� �
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2

2B2
ð8:33aÞ

The use of (8.33a) leads to the expression of EEM along y direction as

m�yðefA2; gg; n;E0; nzÞ ¼ Real part of ðB=E0Þ2T50ðefA2; gg; nzÞ½T50ðefA2; gg; nzÞ�0

ð8:33bÞ

where efA2 is the Fermi energy in this case and
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The electron concentration is given by

n0 ¼
gveB

p�h
Real part of

Xnmax

n¼0

Xnzmax

nz¼1

F�1 gA2ð Þ
" #

ð8:34aÞ

where gA2 ¼
efA2�eA2

kBT and eA2 is defined by the following equation

T33ðeA2; ggÞ ¼ nþ 1
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dz
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2mc
�

mcE2
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0	 
2

2B2
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Thus using (8.32b), (8.34a, 8.34b) and the allied definitions we can study the
ER in this case.

276 8 Appendix C: The ER in HDS and Their Nano-Structures



(b) HD two band model of Kane

Under the condition D� Eg, (8.33a) assumes the form

c2ðE; ggÞ ¼ nþ 1
2
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B
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0
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mcE2
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ð8:35aÞ

The use of (8.35a) leads to the expression of EEM along y direction as

m�yðefA3; gg; n;E0; nzÞ ¼ ðB=E0Þ2T51ðefA3; gg; nzÞ½T51ðefA3; gg; nzÞ�0 ð8:35bÞ

where efA3 is the fermi energy in this case and

T51ðefA3; gg; nzÞ ¼
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The electron concentration is given by

n0 ¼
gveB

p�h

Xnmax

n¼0

Xnzmax

nz¼1

F�1 gA3ð Þ ð8:36aÞ

where gA3 ¼
efA3�eA3

kBT and eA3 is the lowest positive root of the following equation

c2ðeA3; ggÞ ¼ nþ 1
2
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�hx0 �

mcE2
0

2B2
c02ðeA3; ggÞ
� �2 ð8:36bÞ

Thus using (8.32c), (8.36b) and the allied definitions we can study the ER in
this case.

(c) HD Parabolic energy bands

The dispersion relation, the EEM and the electron statistics for this model under
this condition

a! 0 can be written as

c1ðE; ggÞ ¼ nþ 1
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ð8:37aÞ

8.2 Theoretical Background 277



The use of (8.37a) leads to the expression of EEM along y direction as

m�yðefA4; gg; n;E0; nzÞ ¼ ðB=E0Þ2T52ðefA4; gg; nzÞ½T52ðefA4; gg; nzÞ�0 ð8:37bÞ

where efA4 is the Fermi energy in this case and

T52ðefA4; gg; nzÞ ¼ c3ðefA4; ggÞ � nþ 1
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The electron concentration is given by

n0 ¼
gveB

p�h

Xnmax

n¼0

Xnzmax

nz¼1

F�1 gA4ð Þ ð8:38aÞ

where gA4 ¼
efA4�eA4

kBT and eA4 is the lowest positive root of the equation
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2
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mcE2
0

2B2
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� �2 ð8:38bÞ

Thus using (8.32c), (8.38b) and the allied definitions we can study the ER in
this case.

8.2.8 The ER in Ultrathin Films of HD II-VI
Semiconductors Under Cross-Fields Configuration

The dispersion relation in this case in ultrathin films of HD II-VI semiconductors
can be written as

c3ðE; ggÞ ¼ b1ðn;E0Þ �
E0

B
�hkyc

0
3ðE; ggÞ �

m�kE
2
0

2B2
c03ðE; ggÞ
� �2þ

�h nzp
dz

h i2

2m�k
ð8:39aÞ

The use of (8.39a) leads to the expression of EEM along y direction as

m�yðefA5; gg; n;E0; nzÞ ¼ ðB=E0Þ2T53ðefA5; gg; nzÞ½T53ðefA5; gg; nzÞ�0 ð8:39bÞ
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where efA5 is the Fermi energy in this case and

T53ðefA5; gg; nzÞ ¼
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The electron concentration per unit area in this case assumes the form

n0 ¼
gveB

p�h

Xnmax

n¼0
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F�1 gA5ð Þ ð8:39cÞ

where gA5 ¼
efA5�eA5

kBT and eA5 is determined from the equation

c3ðeA5; ggÞ ¼ b1ðn;E0Þ �
m�kE

2
0

2B2
c03ðeA5; ggÞ
� �2 ð8:39dÞ

Thus using (8.32c), (8.39c) and the allied definitions we can study the ER in this
case.

8.2.9 The ER in Ultrathin Films of HD IV-VI
Semiconductors Under Cross-Fields Configuration

The dispersion relation in this case is given by

g�ðE; ggÞ ¼ nþ 1
2
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2

M�1ðE; ggÞ ð8:40aÞ

The use of (8.40a) leads to the expression of EEM along y direction as

m�yðefA6; gg; n;E0; nzÞ ¼ Real part of ðB=E0Þ2T54ðefA6; gg; nzÞ½T54ðefA6; gg; nzÞ�0

ð8:40bÞ
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where efA6 is the Fermi energy in this case and

T49ðefA6; gg; nzÞ ¼ ½g�ðefA6; ggÞ � ðnþ
1
2
Þ�hxi1ðefA6; ggÞ

�
�h2ðnzp

dz
Þ2

2M�3ðefA6; ggÞ
þ E2

0

2B2
½q�1ðefA6; ggÞ�2M�1ðefA6; ggÞ �½q�1ðefA6; ggÞ��1

The surface electron concentration in this case assumes the form
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Xnmax

n¼0

Xnzmax

nz¼1

F�1 gA6ð Þ� ð8:40cÞ

where gA6 ¼
efA6�eA6

kBT and eA6 is defined by the following equation

g�ðeA6; ggÞ ¼ nþ 1
2

� �
�hxi1ðeA6; ggÞ þ

�h2 nzp
dz

� �2

2M�3ðeA6; ggÞ

� E2
0

2B2
q�1ðeA6; ggÞ
	 
2

M�1ðeA6; ggÞ ð8:41Þ

Thus using (8.32c), (8.40c) and the allied definitions we can study the ER in this
case.

8.2.10 The ER in Ultrathin Films of HD Stressed
Semiconductors Under Cross-Fields Configuration

The dispersion relation in this case assumes the form

G�ðE; ggÞ ¼ nþ 1
2

� �
�hxiðE; ggÞ þ

�h2 nzp
dz

� �2

2m�3ðE; ggÞ

� E0

B
q�ðE; ggÞ

m�1ðE; ggÞ
m�2ðE; ggÞ

" #1
2

�hky

� E2
0

2B2
q�ðE; ggÞ
	 
2

m�1ðE; ggÞ ð8:42aÞ

The use of (8.42a) leads to the expression of EEM along y direction as
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m�yðefA7; gg; n;E0; nzÞ ¼ Real part of ðB=E0Þ2T55ðefA7; gg; nzÞ T55ðefA7; gg; nzÞ
	 
0

ð8:42bÞ

where efA7 is the Fermi energy in this case and

T55ðefA7; gg; nzÞ ¼
"

G�ðefA7; ggÞ � nþ 1
2

� �
�hxiðefA7; ggÞ:

�
�h2ðnzp

dz
Þ2

2m�3ðefA7; ggÞ
þ E2

0

2B2
q�ðefA7; ggÞ
	 
2

m�1ðefA7; ggÞ
#

m�4ðefA7; ggÞ
	 
�1

The electron concentration can be written as

n0 ¼
gveB

p�h

Xnmax

n¼0

Xnzmax

nz¼1

F�1 gA7ð Þ ð8:42cÞ

where gA7 ¼
efA7 � eA7

kBT and eA7 is defined by the following equation

G�ðeA7; ggÞ ¼ ðnþ
1
2
Þ�hxiðeA7; ggÞ þ

�h2ðnzp
dz
Þ2

2m�3ðeA7; ggÞ
� E2

0

2B2
½q�ðeA7; ggÞ�2m�1ðeA7; ggÞ

ð8:43Þ

Thus using (8.32c), (8.42c) and the allied definitions we can study the ER in this
case.

8.3 Open Research Problems

R.C.1 Investigate the ER in the presence of an arbitrarily oriented quantizing
magnetic and crossed electric fields in HD tetragonal semiconductors by
including broadening and the electron spin. Study all the special cases for
HD III–V, ternary and quaternary materials in this context.

R.C.2 Investigate the ERs for all models of HD IV–VI, II–VI and stressed Kane
type compounds in the presence of an arbitrarily oriented quantizing
magnetic and crossed electric fields by including broadening and electron
spin.

R.C.3 Investigate the ER for all the materials as stated in R.2.1 of Chap. 2 in the
presence of an arbitrarily oriented quantizing magnetic and crossed
electric fields by including broadening and electron spin.
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Chapter 9
Appendix D: The ER in HD III-V,
Ternary and Quaternary Semiconductors
Under Strong Electric Field

9.1 Introduction

In the investigation of transport properties of nano-devices under electric field, we
assumed that the electron energy spectrum becomes an invariant quantity, which is
not true specially in the presence of strong electric field. In nano-devices the in-built
electric field is so large that the electron dispersion relation changes fundamentally
and in this appendix we shall investigate the influence of intense electric field on the
ER under various physical conditions in III-V, ternary and quaternary materials. In
Sect. 9.2.1 of theoretical background Sect. 9.2, we shall study the ER under strong
electric field in HD said semiconductors. The Sect. 9.2.2, explores the ER in the
presence of quantizing magnetic field under strong electric field in HD said
materials. In Sect. 9.2.3, we study the ER in ultrathin films of HD III-V, ternary and
quaternary materials under strong electric field. In Sect. 9.2.4, the ER has been
investigated in accumulation layers of HD III-V, ternary and quaternary materials.
In Sect. 9.2.5, the ER in doping superlattices of HD III-V, ternary and quaternary
materials under strong electric field has been studied. In Sect. 9.2.6, the magneto
ER in effective mass superlattices of HD said materials under strong electric field
has been investigated. In Sect. 9.2.7, the electro ER in ultrathin films of HD
aforementioned compounds under cross fields configuration has been investigated.
The last Sect. 9.3 contains 43 open research problems.

9.2 Theoretical Background

9.2.1 The ER Under Strong Electric Field in HD III-V,
Ternary and Quaternary Materials

In the presence of strong electric field Fs along x direction, the electron energy
spectrum in Kane type III-V semiconductors whose unperturbed conduction
electrons obey the three band models of Kane can be expressed following [1] as

K. P. Ghatak and S. Bhattacharya, Heavily-Doped 2D-Quantized Structures
and the Einstein Relation, Springer Tracts in Modern Physics 260,
DOI 10.1007/978-3-319-08380-3_9, � Springer International Publishing Switzerland 2015
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�h2k2

2mc
¼ e1E4 þ e2E3 þ e3E2 þ e4E þ e5 �

e6

1þ CE
þ e7 1þ CEð Þ�2

� �
ð9:1Þ

where

e1 ¼ Qf x1; Qf ¼
mc

mr
E�4

g 5ef E
�2
g � 6Gf þ 7hf E

�4
g

h i
; mr ¼

1
mc
þ 1

mv

� ��1
 !

is the reduced mass, mv is the effective heavy hole mass at the edge of the valance
band, ef = AfPf,

Af ¼ F�hEg Eg � d0
� �� 	2

mc 6m2
c d0ð Þ4


 ��1
;

F ¼ eFs; Fs is the electric field along x direction.

d0 ¼
DE2

g

v
; v ¼ 6E2

g þ 9DEg þ 4D2;
1

mr
¼ 1

mc
þ 1

mv

� �
; Gf ¼ ef ð4d0 þ Cf Þ;

Cf ¼ ð2EgQ2 þ PQðEg � E0gÞ � 2p2EgÞ; P ¼ r2
0

2
Eg � d0

Eg þ d0

� �
;

r0 ¼
6
v
ðEg þ DÞ Eg þ

2
3
D

� �� �1
2

Q ¼ t2

2
; t ¼ 6

v
Eg þ

2
3
D

� �� �1
2

; hf ¼ ð4d0ef Cf ÞðBf Þ�1; Bf ¼ ðPþ QÞ2

Pf ¼ E�3
g ðef E

�2
g � Gf þ hf E

�4
g Þ; x1 ¼ a2

1; a1 ¼
ab

c
; a ¼ 1

Eg
;

b ¼ 1
Eg þ D

; c ¼ Eg þ
2
3
D

� ��1

;

e2 ¼ Qf x2; x2 ¼ 2a1b1; b1 ¼ ðcÞ�2ðacþ bc� abÞ;
e3 ¼ ð1� Pf Þa1 þ Qf x3; x3 ¼ ðb2

1 þ 2a1c1Þ;

c1 ¼
1
c

1� a

c


 �
1� b

c

� �� �
; e4 ¼ ½ð1� Pf Þb1 þ Qf x4�;

x6 ¼
2c1b1

c
1� cc1

b1

� �
; x4 ¼ 2b1c1;

e5 ¼ ½ð1� Pf Þc1 þ Qf x5�; x5 ¼ ðc2
1 � 2c1b1Þ;

e7 ¼ Qf x7; x7 ¼ c2
1; e6 ¼ ½ð1� Pf Þc1 � Qf x6�;
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Using (9.1) and (1.4) we get

�h2k2

2mc

ZE

�1

FðvÞdv ¼ e1

ZE

�1

ðE � vÞ4FðvÞdvþ e2

ZE

�1

ðE � vÞ3FðvÞdv þ e3

ZE

�1

ðE � vÞ2FðvÞdv

þ e4

ZE

�1

ðE � vÞFðvÞdvþ e5

ZE

�1

FðvÞdv� e6

ZE

�1

FðvÞdv

1þ cðE � vÞ þ e7

ZE

�1

FðvÞdv½1þ cðE � vÞ�2 ð9:2Þ

Let us put Ið11Þ ¼
ZE

�1

ðE � vÞ4FðvÞdv

¼ E4
ZE

�1

FðvÞdv þ
ZE

�1

v4FðvÞdv þ 6E2
ZE

�1

v2FðvÞdv

� 2E3
ZE

�1

vFðvÞdv� 4E

ZE

�1

v3FðvÞdv ð9:3Þ

Now

ZE

�1

v4ðFðvÞÞdv ¼
3g4

g

8p
1þ Erf

E

gg

 !" #

�
g5

g

4Ep
exp

�E2

g2
g

 !" #

¼
3g4

g

8p
1þ Erf

E

gg

 !

�
2gg

3E
exp

�E2

g2
g

 !" #

¼ d00ðE; ggÞ ð9:4Þ

ZE

�1

v2FðvÞdv ¼
g2

g

4
1þ Erf

E

gg

 !" #

ð9:5Þ

ZE

�1

vðFðvÞÞdv ¼
�gg

2
ffiffiffi
p
p exp

�E2

g2
g

 !

ð9:6Þ
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ZE

�1

v3FðvÞdv ¼
�g3

g

2
ffiffiffi
p
p exp

�E2

g2
g

 !

1þ E2

g2
g

" #

ð9:7Þ

Thus

Ið11Þ ¼ E4

2
1þ Erf

E

gg

 !" #

þ
3g4

g

8p
1þ Erf

E

gg

 !

�
2gg

3E
exp

�E2

g2
g

 !" #

þ 3
2
ðEggÞ2 1þ Erf

E

gg

 !" #

þ
E3ggffiffiffi

p
p exp

�E2

g2
g

 !

þ
2Eg3

gffiffiffi
p
p exp

�E2

g2
g

 !

1þ E2

g2
g

" #

¼ u0ðE; ggÞ ð9:8Þ

In Chap. 1 we have proved that

Iða;E; ggÞ ¼
ZE

�1

FðvÞdv

1þ eðE � vÞ ¼
2

cgg

ffiffiffi
p
p e�u2

X1

p¼1

e
�p2

4

p
sinhðpuÞ

" #

� i

ffiffiffi
p
p

cgg
e�u2

ð9:9Þ

where u ¼ 1þcE
cgg

:

The theorem of differentiation under the sign of integration tells us

o

ox

ZBðxÞ

AðxÞ

Fðx; yÞdy ¼
ZBðxÞ

AðxÞ

o

ox
½Fðx; yÞ�dyþ F x;BðxÞ oBðxÞ

ox

� �
� F x;AðxÞ oAðxÞ

ox

� �

ð9:10Þ

where the notations have their usual meaning and the integrals are convergent.
Using (9.9) and (9.10) and differentiating (9.9) with respect to E we get

�c

ZE

�1

FðvÞdv

½1þ cðE � vÞ�2
þ 1

ffiffiffiffiffiffiffi
pg2

g

q exp
�E2

g2
g

 !

¼ 2
cgg

ffiffiffi
p
p e�u2

2u
1
gg

X1

p¼1

e
�p2

4

p
sinhðpuÞ

" #

þ 2
cgg

ffiffiffi
p
p e�u2 1

gg

X1

p¼1

e
�p2

4 coshðpuÞ � i

ffiffiffi
p
p

cgg
e�u2

2u
1
gg

)

ZE

�1

FðvÞdv

½1þ cðE � vÞ�2
¼ c3ðE; gg; cÞ þ iD3ðE; gg; cÞ ð9:11Þ
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where

c3ðE; gg; cÞ ¼ ½
1

pcgg
exp

�E2

g2
g

 !

� 4ue�u2

c2g2
g

ffiffiffi
p
p ½

X1

p¼1

expð�p2

4
Þp�1 sinhðpuÞ�

� 2
c2g2

g

ffiffiffi
p
p e�u2

X1

p¼1

e
�p2

4 coshðpuÞ�

D3ðE; gg; cÞ ¼
2u

c2g2
g

expð�u2Þ; u ¼ 1þ cE

cgg

Again (9.9) can be written as

ZE

�1

FðvÞdv

1þ cðE � vÞ ¼ c1ðc;E; ggÞ � ic2ðc;E; ggÞ ð9:12Þ

where c1ðc;E; ggÞ ¼ 2
cgg

ffiffi
p
p e�u2

X1

p¼1

e
�p2

4

p
sinhðpuÞ

" #

and c2ðc;E; ggÞ ¼
ffiffi
p
p

cgg
e�u2

We know that

ZE

�1

ðE � vÞ3FðvÞdv ¼ E

2
1þ Erf

E

gg

 !" #

E2 þ 3
2
g2

g

� �
þ

gg

2
ffiffiffi
p
p e

�E2

g2
g ð4E2 þ g2

gÞ
" #

¼ u1ðE; ggÞ ð9:13Þ

Therefore the dispersion relation in heavily doped III-IV semiconductors whose
unperturbed conduction electrons obey the three band models of Kane in the
presence of an electric field along x axis can be expressed as

�h2k2

2mc
¼ J4ðE; c; ggÞ ð9:14Þ

where J4ðE; c; ggÞ ¼ J1ðE; c; ggÞ þ iJ2ðE; c; ggÞ;

J1ðE; c; ggÞ ¼ 2 1þ Erf
E

gg

 !" #�1

e1u0ðE; ggÞ þ e2u1ðE; ggÞ þ e3h0ðE; ggÞ þ e4c0ðE; ggÞ
�

þ gðe5
2 Þ

1þ Erf
E

gg

 !" #

� e6c1ðE; c; ggÞ þ e7c3ðE; c; ggÞ
#

and J2ðE; c; ggÞ ¼ 2 1þ Erf E
gg


 �h i�1
½e6c2ðE; c; ggÞ þ e7D3ðE; c; ggÞ�:
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For two band model of Kane, the dispersion relation in the presence of electric
field Fs along x direction is given by

�h2k2

2mc
¼ P11f Eð1þ aEÞ � Q11f ð9:15Þ

where P11f ¼ 1þ ðQ11f Þ 5mc
mrEg


 �h i
; Q11f ¼ ð�hFÞ2

12mrE2
g
:

Therefore under the condition of heavy doping (9.15) assumes the form

�h2k2

2mc
¼ J5ðE; ggÞ ð9:16aÞ

where J5ðE; ggÞ ¼ P11f c2ðE; ggÞ � Q11f :

Thus (9.14) and (9.16a) are key equations for investigating the electronic
properties in III-V Kane type heavily doped semiconductors in the presence of a
strong electric field.

The EEM in III-V Kane type heavily doped semiconductors in the presence of a
strong electric field whose energy band structures in the absence of any pertur-
bation are defined by three and two band models of kane can be written from
(9.14) and (9.16a) as

m�ðEFE;FÞ ¼ mc Real part of ½J4ðEFE; c; ggÞ�
0 ð9:16bÞ

and

m�ðEFE;FÞ ¼ mc½J5ðEFE; ggÞ�0 ð9:16cÞ

where EFE is the Fermi energy in the present case for this chapter.
Thus following (9.14) electron concentration is given by

n0 ¼
gv

3p2

2mc

�h2

� �3
2

Real part of ½J6ðEFE; c; ggÞ þ J7ðEFE; c; ggÞ� ð9:17Þ

where

J6ðEFE; c; ggÞ ¼ ½J4ðEFE; c; ggÞ�
3
2 and J7ðEFE; c; ggÞ ¼

Ps
r¼1 LðrÞJ6ðEFE; c; ggÞ:

The ER in this case is given by

D

l
¼ Real part of

n0

e


 � on0

oðEFE � e0EFÞ

� ��1
" #

ð9:18Þ

where e0EF is the energy when k ¼ 0 in the dispersion relation.
Thus using (9.17), (9.18) and the allied definitions, we can study the ER in this

case.
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For the dispersion relation (9.16a) the corresponding electron concentration can
be written as

n0 ¼
gv

3p2

2mc

�h2

� �3
2

J8ðEFE; ggÞ þ J9ðEFE; ggÞ
� 	

ð9:19Þ

where J8ðEFE; ggÞ ¼ ½J5ðEFE; ggÞ�
3
2 and J9ðEFE; ggÞ ¼

Ps
r¼1 LðrÞJ8ðEFE; ggÞ:

Thus using (9.18), (9.19) and the allied definitions, we can study the ER in this
case.

9.2.2 The ER in the Presence of Quantizing Magnetic Field
Under Strong Electric Field in HD III-V, Ternary
and Quaternary Materials

The electron energy spectrum under magnetic quantization can be written as

�h2k2
z

2mc

þ nþ 1
2

� �
�hx0 ¼ J4ðE; c; ggÞ ð9:20Þ

�h2k2
z

2mc

þ nþ 1
2

� �
�hx0 ¼ J5ðE; ggÞ ð9:21aÞ

The EEM in this case can be written using (9.20) and (9.21a) as

m�ðEFEB;FÞ ¼ mc Real part of ½J4ðEFEB; c; ggÞ�
0 ð9:21bÞ

and

m�ðEFEB;FÞ ¼ mc½J5ðEFEB; ggÞ�0 ð9:21cÞ

where EFEB is the Fermi energy in the present case
The electron concentration for the dispersion relation (9.20) is given by

n0 ¼
eBgv

ffiffiffiffiffiffiffiffi
2mc
p

p2�h2 Real part of
Xnmax

n¼0

½J10ðEFEB; c; gg; nÞ þ J11ðEFEB; c; gg; nÞ� ð9:22Þ

where J10ðEFEB; c; gg; nÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J4ðEFEB; c; gg; nÞ � nþ 1
2

� �
�hx0

s

and J11ðEFEB; c; gg; nÞ ¼
Ps

r¼1 LðrÞJ10ðEFEB; c; gg; nÞ
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The ER in this case can be written as

D

l
¼ Real part of

n0

e


 � on0

oðEFEB � e0EFBÞ

� ��1
" #

ð9:23Þ

where e0EFB is the Landau sub band energy in this case.
Thus, using (9.22), (9.23) and the allied definitions we can study the ER in this

case.
The electron concentration for the dispersion relation (9.21) is given by

n0 ¼
eBgv

ffiffiffiffiffiffiffiffi
2mc
p

p2�h2

Xnmax

n¼0

½J12ðEFEB; gg; nÞ þ J13ðEFEB; gg; nÞ� ð9:24Þ

where J12ðEFEB; gg; nÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J5ðEFEB; gg; nÞ � nþ 1

2

� �
�hx0

q
and J13ðEFEB; gg; nÞ ¼

Ps
r¼1 LðrÞJ12ðEFEB; gg; nÞ:
Thus using (9.22), (9.24) and the allied definitions, we can study the ER in this

case.

9.2.3 The ER in Ultrathin Films of HD III-V, Ternary
and Quaternary Materials Under Strong Electric Field

For ultrathin films in the presence of size quantization, the 2D dispersion laws for
(9.14) and (9.16a) assume the forms

�h2k2
s

2mc
þ �h2

2mc

nzp
dz

� �2

¼ J4ðE; c; ggÞ ð9:25Þ

and

�h2k2
s

2mc
þ �h2

2mc

nzp
dz

� �2

¼ J5ðE; ggÞ ð9:26aÞ

The EEM in this case can be written using (9.25) and (9.26a) as

m�ðEFESQ;FÞ ¼ mc Real part of ½J4ðEFESQ; c; ggÞ�0 ð9:26bÞ

and

m�ðEFESQ;FÞ ¼ mc½J5ðEFESQ; ggÞ�0 ð9:26cÞ

where EFESQ is the Fermi energy in this case.
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The 2D electron concentration for (9.25) can be written as

n0 ¼
mcgv

p�h2 Real part of
Xnzmax

nz¼1

½J17ðEFESQ; c; gg; nzÞ þ J18ðEFESQ; c; gg; nzÞ� ð9:27Þ

where J17ðEFESQ; c; gg; nzÞ ¼ J4ðEFESQ; c; ggÞ � �h2

2mc

nzp
dz


 �2
� �

and J18ðEFESQ; c; gg;

nzÞ ¼
Ps

r¼1 LðrÞ½J17ðEFESQ; c; gg; nzÞ�

The ER in this case is given by

D

l
¼ Real part of

n0

e


 � on0

oðEFESQ � e0EFSQÞ

 !�1
2

4

3

5 ð9:28Þ

where e0EFSQ is the subband energy in this case.
Thus, by using (9.27), (9.28) and the allied definitions we can study the ER in

this case.
The 2D electron concentration for (9.26a) can be written as

n0 ¼
mcgv

p�h2

Xnzmax

nz¼1

½J19ðEFESQ; c; gg; nzÞ þ J20ðEFESQ; c; gg; nzÞ� ð9:29Þ

where J19ðEFESQ; c; gg; nzÞ ¼ ½J5ðEFESQ; c; ggÞ � �h2

2mc
ðnzp

dz
Þ2� and J20ðEFESQ; c; gg; nzÞ

¼
Ps

r¼1 LðrÞ½J19ðEFESQ; c; gg; nzÞ�

Thus by using (9.28), (9.29) and the allied definitions, we can study the ER in
this case.

9.2.4 The ER in Accumulation Layers of HD III-V, Ternary
and Quaternary Materials

The 2D dispersion relations corresponding to (9.14) and (9.16a) are given by

J4ðE; c; ggÞ ¼
�h2k2

s

2m�c
þ Si

�he�Fsffiffiffiffiffiffiffiffi
2mc
p J04ðE; c; ggÞ
� �2

3

ð9:30Þ

and

J5ðE; ggÞ ¼
�h2k2

s

2mc
þ Si

�he�Fsffiffiffiffiffiffiffiffi
2mc
p J05ðE; ggÞ
� �2

3

ð9:31aÞ

where �Fs is the surface electric field along Z-direction.
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Using (9.30) and (9.31a), the EEMs can be expressed as

m�ðEFEIL; c; gg; iÞ ¼ mc Real part of ½J21ðEFEIL; c; gg; iÞ�
0 ð9:31bÞ

m�ðEFEIL; gg; iÞ ¼ mc½J23ðEFEIL; gg; iÞ�0 ð9:31cÞ

where EFEIL is the Fermi energy in this case, J21ðEFEIL; c; gg; iÞ ¼ J4ðEFEIL; c; ggÞ
�

�Si
�he�Fsffiffiffiffiffiffi

2mc
p J04ðEFEIL; c; ggÞ

 �2

3� and J23ðEFEIL; gg; iÞ ¼ J5ðEFEIL; ggÞ � Si
�he�Fsffiffiffiffiffiffi

2mc
p J05


h

ðEFEIL; ggÞÞ
2
3�:

The 2D electron concentration for (9.30) can be written as

n0 ¼ Real part of
mcgv

p�h2

Ximax

i¼0

J21ðEFEIL; c; gg; iÞ þ J22ðEFEIL; c; gg; iÞ
� 	�

"

þ gv

3p2

2mc

�h2

� �3
2

tiJ4ðEFE; c; ggÞ
## ð9:32Þ

where J22ðEFEIL; c; gg; iÞ ¼
Ps

r¼1 LðrÞ½J21ðEFEIL; c; gg; iÞ�and EFE is determined
from (9.17).

The ER in this case is given by

D

l
¼ Real part of

n0

e


 � on0

oðEFEIL � e0EFILÞ

� ��1
" #

ð9:33Þ

where e0EFIL is the subband energy in this case.
Thus, by using (9.32), (9.33) and the allied definitions we can study the ER in

this case.
The 2D electron concentration for (9.31a) can be written as

n0 ¼ Real part of
mcgv

p�h2

� Ximax

i¼0

J23ðEFEIL; gg; iÞ þ J25ðEFEIL; gg; iÞ
� 	�

þ gv

3p2

2mc

�h2

� �3
2

tiJ5ðEFE; ggÞ
##

ð9:34Þ

where J24ðEFEIL; gg; iÞ ¼
Ps

r¼1 LðrÞ½J23ðEFEIL; gg; iÞ�and EFE is determined from
(9.19).

Thus by using (9.33), (9.34) and the allied definitions we can study the ER in
this case.
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9.2.5 The ER in Doping Super lattices of HD III-V, Ternary
and Quaternary Materials Under Strong Electric Field

For doping super lattices the 2D dispersion relations corresponding to (9.14) and
(9.16a) assume the forms

J4ðE; c; ggÞ ¼
�h2k2

s

2mc
þ ni þ

1
2

� �
�hx1ðE; c; ggÞ ð9:35Þ

J5ðE; ggÞ ¼
�h2k2

s

2mc
þ ni þ

1
2

� �
�hx2ðE; ggÞ ð9:36aÞ

where ni ¼ ð0; 1; 2; . . .Þ is the mini-band index, d0 is the superlattice period,

x1ðE; c; ggÞ ¼ nse2

escd0J04ðE;c;ggÞ


 �1
2

and x2ðE; ggÞ ¼ nse2

escd0J05ðE;ggÞ


 �1
2
:

Using (9.35) and (9.36a), the EEM can be written as

m�ðEFEDSL; c; gg; niÞ ¼ mc Real part of ½J25ðEFEDSL; c; gg; niÞ�0 ð9:36bÞ

m�ðEFEDSL; gg; niÞ ¼ mc½J27ðEFEDSL; gg; niÞ�0 ð9:36cÞ

where EFEDSL is the Fermi energy in this case,

J25ðEFEDSL; c; gg; niÞ ¼ ½J4ðEFEDSL; c; ggÞ � ðni þ
1
2
Þ�hx1ðEFEDSL; c; ggÞ�

and

J27ðEFEDSL; gg; niÞ ¼ ½J5ðEFEDSL; ggÞ � ðni þ
1
2
Þ�hx2ðEFEDSL; ggÞ�

The electron statistics for (9.35) can be written as

n0 ¼
mcgv

p�h2 Real part of
Xnimax

ni¼0

½J25ðEFEDSL; c; gg; niÞ þ J26ðEFEDSL; c; gg; niÞ� ð9:37Þ

where

½J26ðEFEDSL; c; gg; niÞ ¼
Ps

r¼1
LðrÞ½J25ðEFEDSL; c; gg; niÞ�:

The ER in this case is given by

D

l
¼ Real part of ½ ðn0

e
Þð on0

oðEFEDSL � e0EFDSLÞ
Þ�1�

where e0EFDSL is the sub-band energy:
: ð9:38Þ

Using (9.37), (9.38) and the allied definitions, we can study the ER in this case.
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For (9.36a) the electron statistics can be written as

n0 ¼
mcgv

p�h2

Xnimax

ni¼0

J27ðEFEDSL; gg; niÞ þ J28ðEFEDSL; gg; niÞ
� 	

ð9:39Þ

where J28ðEFEDSL; gg; niÞ ¼
Ps

r¼1
LðrÞ½J27ðEFEDSL; gg; niÞ�

Using (9.38), (9.39) and the allied definitions, we can study the ER in this case.

9.2.6 The Magneto ER in Effective Mass Superlattices
of HD III-V, Ternary and Quaternary Materials
Under Strong Electric Field

The electron dispersion law in III-V effective mass super lattices can be written as

k2
x ¼

1
L2

0

Cos�1ffHDðE; c; gg; ky; kzÞg
� 	2�k2

?

� �
ð9:40Þ

where fHDðE; c; gg; ky; kzÞ ¼ a1HDCos½a0C1HDðE; gg1; c1; k?Þ þ b0D1HDðE; gg2; c2; k?Þ�
� 	

�

a2HDCos½a0C1HDðE; gg1; c1; k?Þ � b0D1HDðE; gg2; c2; k?Þ�
� 	

; a1HD ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2J04ð0;c2;gg2Þ
mc1J04ð0;c1;gg1Þ

q
þ 1

h i2

�

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2J04ð0;c2;gg2Þ
mc1J04ð0;c1;gg1Þ

qh i�1
; a2HD ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2J04ð0;c2;gg2Þ
mc1J04ð0;c1;gg1Þ

q
� 1

h i2
� 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2J 04ð0;c2;gg2Þ
mc1J 04ð0;c1;gg1Þ

qh i�1
;C1HDðE; gg1; c1; k?Þ ¼

2mc1

�h2 J4ðE; gg1; c1Þ � k2
?

h i
and D1HDðE; gg1; c1; k?Þ ¼ 2mc2

�h2 J4

h
ðE; gg2; c2Þ � k2

?�:

In the presence of a quantizing magnetic field B along kx direction, the magneto
electron energy spectrum can be written as

k2
x ¼ xHDðE; gg; c; nÞ ð9:41aÞ

where xHDðE; gg; c; nÞ ¼ 1
L2

0
Cos�1ffHDðE; c; gg; nÞg
� 	2� 2eB

�h nþ 1
2

� �h i
,

fHDðE; c; gg; nÞ ¼ ½½a1HDCos½a0C1HDðE; gg1; c1; nÞ þ b0D1HDðE; gg2; c2; nÞ��
� ½a2HDCos½a0C1HDðE; gg1; c1; nÞ � b0D1HDðE; gg2; c2; nÞ���;

C1HDðE; gg1; c1; nÞ ¼
2mc1

�h2 J4ðE; gg1; c1Þ �
2eB

�h
nþ 1

2

� �� �

and

D1HDðE; gg1; c1; nÞ ¼ ½
2mc2

�h2 J4ðE; gg2; c2Þ �
2eB

�h
ðnþ 1

2
Þ�
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The EEM in this case can be written from (9.41a) as

m�ðESL; gg; c; nÞ ¼
�h2

2
Real part of ½xHDðESL; gg; c; nÞ�0 ð9:41bÞ

where ESL is the Fermi energy in this case.
The electron concentration is given by

n0 ¼
gveB

p2�h
Real part of

Xnmax

n¼0

½J40ðESL; gg; nÞ þ J41ðESL; gg; nÞ� ð9:42Þ

where

J40ðESL; gg; nÞ ¼ ½xHDðESL; gg; c; nÞ�
1
2 and J41ðESL; gg; nÞ ¼

Ps
r¼1 LðrÞ½J40ðESL; gg; nÞ�

The ER in this case is given by

D

l
¼ n0

e
Real part of

on0

oðESL � x0SLÞ

� ��1

ð9:43Þ

where x0SL is the sub-band energy in this case.
Using (9.42), (9.43) and the allied definitions, we can study the ER in this case.
The electron dispersion law in III-V effective mass super lattices whose con-

stituent materials obey (9.16a) can be expressed as

k2
x ¼

1

L2
0

½Cos�1ffHD5ðE; gg; ky; kzÞg�2 � k2
?

� �
ð9:44Þ

where fHD5ðE; gg; ky; kzÞ ¼ ½½a1HD5Cos½a0C1HD5ðE; gg1; k?Þ þ b0D1HD5ðE; gg2; k?Þ�� � ½a2HD5

%Cos½a0C1HD5ðE; gg1; k?Þ � b0D1HD5ðE; gg2; k?Þ���; a1HD5 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2J05ð0;gg2Þ
mc1J05ð0;gg1Þ

r
þ 1

� �2

:

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2J05ð0;gg2Þ
mc1J05ð0;gg1Þ

r� ��1

; a2HD5 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2J05ð0;gg2Þ
mc1J05ð0;gg1Þ

r
� 1

� �2

� 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2J05ð0;gg2Þ
mc1J05ð0;gg1Þ

r� ��1

;C1HD5ðE; gg1; k?Þ

¼ 2mc1

�h2 J5ðE; gg1Þ � k2
?

h i
and D1HD5 ðE; gg1; k?Þ ¼ 2mc2

�h2 J5ðE; gg2; Þ � k2
?

h i

In the presence of a quantizing magnetic field B along kx direction, the magneto-
electron energy spectrum can be written as

k2
x ¼ xHD5ðE; gg; nÞ ð9:45aÞ
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where

xHD5ðE; gg; nÞ ¼
1

L2
0

½Cos�1ffHD5ðE; gg; nÞg�2 �
2eB

�h
nþ 1

2

� �� �

fHD5ðE; gg; nÞ ¼ ½½a1HD5Cos½a0C1HD5ðE; gg1; nÞ þ b0D1HD5ðE; gg2; nÞ��
� ½a2HD5Cos½a0C1HD5ðE; gg1; nÞ � b0D1HD5ðE; gg2; nÞ���;

C1HD5ðE; gg1; nÞ ¼
2mc1

�h2 J5ðE; gg1Þ �
2eB

�h
nþ 1

2

� �� �

and

D1HD5ðE; gg1; nÞ ¼
2mc2

�h2 J5ðE; gg2Þ �
2eB

�h
nþ 1

2

� �� �

The EEM in this case can be written from (9.45a) as

m�ðESL; gg; nÞ ¼
�h2

2
½xHD5ðESL; gg; nÞ�0 ð9:45bÞ

The electron concentration is given by

n0 ¼
gveB

p2�h

Xnmax

n¼0

J50ðESL; gg; nÞ þ J51ðESL; gg; nÞ
� 	

ð9:46Þ

where

J50ðESL; gg; nÞ ¼ ½xHD5ðESL; gg; nÞ�
1
2 and J51ðESL; gg; nÞ

¼
Xs

r¼1

LðrÞ½J50ðESL; gg; nÞ�

Using (9.43), (9.46) and the allied definitions, we can study the ER in this case.

9.2.7 The Electro ER in Ultrathin Films of HD III-V,
Ternary and Quaternary Materials Under Cross Fields
Configuration

In the presence of an crossed electric field E0 along x axis and quantizing magnetic
field B along z axis, (9.14) and (9.16a) assume the forms

J4ðE; c; ggÞ ¼ ðnþ
1
2
Þ�hx0 þ

�h2k2
z ðEÞ

2mc
� E0

B
�hky½J04ðE; c; ggÞ� �

mcE2
0½J04ðE; c; ggÞ�2

2B2
ð9:47Þ
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and

J5ðE; c; ggÞ ¼ ðnþ
1
2
Þ�hx0 þ

�h2k2
z ðEÞ

2mc
� E0

B
�hky½J05ðE; c; ggÞ� �

mcE2
0½J05ðE; c; ggÞ�

2

2B2

ð9:48Þ

For ultra thin film under crossed field configuration we get

J4ðE; c; ggÞ ¼ nþ 1
2

� �
�hx0 þ

�h2

2mc

� �
nz

dz

� �2

�E0

B
�hky½J04ðE; c; ggÞ�

� mcE2
0

2B2
½J04ðE; c; ggÞ�2 ð9:49Þ

and

J5ðE; ggÞ ¼ nþ 1
2

� �
�hx0 þ

�h2

2mc

� �
nz

dz

� �2

�E0

B
�hky½J05ðE; ggÞ� �

mcE2
0

2B2
½J05ðE; ggÞ�2

ð9:50aÞ

Using (9.49) and (9.50a), the respective EEMs can be written as

m�ðEFHDUL; c; gg; n; nzÞ

¼ Real part of
B

E0

� �2

T99ðEFHDUL; c; gg; n; nzÞ½T99ðEFHDUL; c; gg; n; nzÞ�0

ð9:50bÞ

m�ðEFHDUL; gg; n; nzÞ

¼ B

E0

� �2

T100ðEFHDUL; gg; n; nzÞ½T100ðEFHDUL; gg; n; nzÞ�0 ð9:50cÞ

where EFHDUL is the Fermi energy in the present case,

T99ðEFHDUL; c; gg; n; nzÞ ¼ J4ðEFHDUL; c; ggÞ � nþ 1
2

� �
�hx0 �

�h2

2mc

� �
nz

dz

� �2
"

þmcE2
0

2B2
½J04ðEFHDUL; c; ggÞ�2

�
½J04ðEFHDUL; c; ggÞ��1�

and

T100ðEFHDUL; gg; n; nzÞ ¼ J5ðEFHDUL; ggÞ � nþ 1
2

� �
�hx0 �

�h2

2mc

� �
nz

dz

� �2
"

þmcE2
0

2B2
½J05ðEFHDUL; ggÞ�2

�
½J05ðEFHDUL; ggÞ��1�

9.2 Theoretical Background 297



The electron statistics for (9.49) and (9.50a) assume the forms

n0 ¼
gveB

p�h
Real part of

Xnmax

n¼0

Xnzmax

nz¼1

F�1ðg1HDÞ ð9:51Þ

and

n0 ¼
gveB

p�h

Xnmax

n¼0

Xnzmax

nz¼1

F�1ðg2HDÞ ð9:52Þ

where g1HD ¼
EFHDUL�E0FHDUL

kBT ; EFHDUL is the Fermi energy in the present case,

E0FHDUL is the subband energy obtained by substituting ky ¼ 0 and E ¼ E0FHDUL in

(9.49), g2HD ¼
EFHDUL�E00FHDUL

kBT and E00FHDUL is the subband energy obtained by

substituting ky ¼ 0 and E ¼ E00FHDUL in (9.50a).
The ER in this case is given by

D

l
¼ n0

e
Real part of ½ on0

oðEFHDUL � eFHDULÞ
��1 ð9:53Þ

where eFHDUL is the Fermi energy in the present case.
Thus by using (9.51),(9.52), (9.53) and the allied definitions, we can study the

ER in this case.

9.3 Open Research Problems

(R.D.1) Investigate the ER for the HD bulk materials whose respective dis-
persion relations of the carriers in the absence of any field is given in
Chap. 1 in the presence of intense electric field which change the
original band structure and consider its effect in the subsequent study in
each case.

(R.D.2) Investigate the ER as defined in (R.D.1) in the presence of an arbitrarily
oriented non-uniform light waves for all the HD materials as considered
R.D.1.

(R.D.3) Investigate the ER as defined in (R.D.1) in the presence of an arbitrarily
oriented non-quantizing alternating non-uniform electric field for all the
cases of R.D.1.

(R.D.4) Investigate the ER as defined in (R.D.1) for all the materials in the
presence of arbitrarily oriented non-quantizing non-uniform electric
field for all the appropriate cases.

(R.D.5) Investigate the ER as defined in (R.D.1) for all the materials in the
presence of arbitrarily oriented non-quantizing alternating electric field
for all the appropriate cases of problem R.D.4.

298 9 Appendix D: The ER in HD III-V, Ternary and Quaternary Semiconductors

http://dx.doi.org/10.1007/978-3-319-08380-3_1


(R.D.6) Investigate the ER as defined in (R.D.1) for the negative refractive
index, organic, magnetic and other advanced optical materials in the
presence of arbitrarily oriented electric field.

(R.D.7) Investigate the ER as defined in (R.D.1) in the presence of alternating
non-quantizing electric field for all the problems of R.D.6.

(R.D.8) Investigate the ER as defined in (R.D.1) for all the quantum confined
HD materials (i.e., multiple quantum wells and wires) whose unper-
turbed carrier energy spectra are defined in R.D.1 in the presence of
arbitrary oriented quantizing magnetic field by including the effects of
spin and broadening respectively.

(R.D.9) Investigate the ER as defined in (R.D.1) in the presence of an additional
arbitrarily oriented alternating quantizing magnetic field respectively
for all the problems of R.D.8.

(R.D.10) Investigate the ER as defined in (R.D.1) in the presence of arbitrarily
oriented alternating quantizing magnetic field and arbitrary oriented
non-quantizing non-uniform electric field respectively for all the
problems of R.D.8.

(R.D.11) Investigate the ER as defined in (R.D.1) in the presence of arbitrary
oriented alternating non- uniform quantizing magnetic field and addi-
tional arbitrary oriented non-quantizing alternating electric field
respectively for all the problems of R.D.8.

(R.D.12) Investigate the ER as defined in (R.D.1) in the presence of arbitrary
oriented and crossed quantizing magnetic and electric fields respec-
tively for all the problems of R.D.8.

(R.D.13) Investigate the ER as defined in (R.D.1) for all the appropriate HD low-
dimensional systems of this chapter in the presence of finite potential
wells.

(R.D.14) Investigate the ER as defined in (R.D.1) for all the appropriate HD low-
dimensional systems of this chapter in the presence of parabolic
potential wells.

(R.D.15) Investigate the ER as defined in (R.D.1) for all the appropriate HD
systems of this chapter forming quantum rings.

(R.D.16) Investigate the ER as defined in (R.D.1) for all the above appropriate
problems in the presence of elliptical Hill and quantum square rings
respectively.

(R.D.17) Investigate the ER as defined in (R.D.1) for multiple HD carbon nano-
tubes.

(R.D.18) Investigate the ER as defined in (R.D.1) for multiple HD carbon nano-
tubes in the presence of non-quantizing non-uniform alternating light
waves.

(R.D.19) Investigate the ER as defined in (R.D.1) for multiple HD carbon
nano-tubes in the presence of non-quantizing non-uniform alternating
magnetic field.

(R.D.20) Investigate the ER as defined in (R.D.1) for multiple HD carbon nano-
tubes in the presence of crossed electric and quantizing magnetic fields.
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(R.D.21) Investigate the ER as defined in (R.D.1) for HD semiconductor nano-
tubes for all the materials whose unperturbed carrier dispersion laws are
defined in Chap. 1.

(R.D.22) Investigate the ER as defined in (R.D.1) for HD semiconductor nano-
tubes in the presence of non-quantizing alternating light waves for all
the materials whose unperturbed carrier dispersion laws is defined in
Chap. 1.

(R.D.23) Investigate the ER as defined in (R.D.1) for HD semiconductor nano-
tubes in the presence of non-quantizing alternating magnetic field for
all the materials whose unperturbed carrier dispersion laws are defined
in Chap. 1.

(R.D.24) Investigate the ER as defined in (R.D.1) for HD semiconductor nano-
tubes in the presence of non-uniform light waves for all the materials
whose unperturbed carrier dispersion laws are defined in Chap. 1.

(R.D.25) Investigate the ER as defined in (R.D.1) for HD semiconductor nano-
tubes in the presence of alternating quantizing magnetic fields for all
the materials whose unperturbed carrier dispersion laws are defined in
Chap. 1.

(R.D.26) Investigate the ER as defined in (R.D.1) for HD semiconductor nano-
tubes in the presence of crossed electric and quantizing magnetic fields
for all the materials whose unperturbed carrier dispersion laws are
defined in Chap. 1.

(R.D.27) Investigate the ER as defined in (R7.1) for all the appropriate nipi
structures of the HD materials whose unperturbed carrier energy
spectra are defined in Chap. 1.

(R.D.28) Investigate the ER as defined in (R.D.1) for all the appropriate nipi
structures of the HD materials whose unperturbed carrier energy
spectra are defined in Chap. 1, in the presence of an arbitrarily oriented
non-quantizing non-uniform additional electric field.

(R.D.29) Investigate the ER as defined in (R.D.1) for all the appropriate nipi
structures of the HD materials whose unperturbed carrier energy
spectra are defined in Chap. 1 in the presence of non-quantizing
alternating additional magnetic field.

(R.D.30) Investigate the ER as defined in (R.D.1) for all the appropriate nipi
structures of the HD materials whose unperturbed carrier energy
spectra are defined in Chap. 1 in the presence of quantizing alternating
additional magnetic field.

(R.D.31) Investigate the ER as defined in (R.D.1) for all the appropriate nipi
structures of the HD materials whose unperturbed carrier energy
spectra are defined in Chap. 1 in the presence of crossed electric and
quantizing magnetic fields.

(R.D.32) Investigate the ER as defined in (R.D.1) for HD nipi structures for all
the appropriate cases of all the above problems.

(R.D.33) Investigate the ER as defined in (R.D.1) for the appropriate accumulation
layers of all the materials whose unperturbed carrier energy spectra
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are defined in Chap. 1 in the presence of crossed electric and quantizing
magnetic fields by considering electron spin and broadening of Landau
levels.

(R.D.34) Investigate the ER as defined in (R.D.1) for quantum confined HD
III-V, II-VI, IV-VI, HgTe/CdTe effective mass super-lattices together
with short period, strained layer, random, Fibonacci, poly-type and
saw-tooth super-lattices

(R.D.35) Investigate the ER as defined in (R.D.1) in the presence of quantizing
magnetic field respectively for all the cases of R.D.35.

(R.D.36) Investigate the ER as defined in (R.D.1) in the presence of non-
quantizing non-uniform additional electric field respectively for all
the cases of R.D.35.

(R.D.37) Investigate the ER as defined in (R.D.1) in the presence of non-
quantizing alternating electric field respectively for all the cases of
R.D.35

(R.D.38) Investigate the ER as defined in (R.D.1) in the presence of crossed
electric and quantizing magnetic fields respectively for all the cases of
R.D.35.

(R.D.39) Investigate the ER as defined in (R.D.1) for heavily doped quantum
confined super-lattices for all the problems of R.D.35.

(R.D.40) Investigate the ER as defined in (R.D.1) in the presence of quantizing
non-uniform magnetic field respectively for all the cases of R.D.40.

(R.D.41) Investigate the ER as defined in (R.D.1) in the presence of crossed
electric and quantizing magnetic fields respectively for all the cases of
R.D.40.

(R.D.42) Investigate the ER as defined in (R.D.1) for all the systems in the
presence of strain.

(R.D.43) Investigate all the problems of this chapter by removing all the math-
ematical approximations and establishing the respective appropriate
uniqueness conditions.

Reference
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Chapter 10
Appendix E: The ER for HD III-V,
Ternary and Quaternary Semiconductors
Under External Photo-Excitation

10.1 Introduction

With the advent of nano-photonics, there has been a considerable interest in
studying the optical processes in semiconductors and their nanostructures [1]. It
appears from the literature, that the investigations have been carried out on the
assumption that the carrier energy spectra are invariant quantities in the presence
of intense light waves, which is not fundamentally true. The physical properties of
semiconductors in the presence of light waves which change the basic dispersion
relation have relatively less investigated in the literature [2–12]. In this chapter we
shall study the ER in HD III-V, ternary and quaternary semiconductors on the basis
of newly formulated electron dispersion law under external photo excitation.

In Sect. 10.2.1 of the theoretical background Sect. 10.2, we have formulated the
dispersion relation of the conduction electrons of HD III-V, ternary and quaternary
materials in the presence of light waves whose unperturbed electron energy
spectrum is described by the three-band model of Kane in the absence of band
tailing. In the same section, we have studied the dispersion relations for the said
HD materials in the presence of external photo-excitation when the unperturbed
energy spectra are defined by the two band model of Kane and that of parabolic
energy bands in the absence of band tails respectively for the purpose of relative
comparison. In Sect. 10.2.2, we have studied the ER for all the aforementioned
cases. In Sect. 10.2.3, we have studied the opto ER in the said HD materials under
magnetic quantization. In Sect. 10.2.4, we have studied the opto ER in the pres-
ence of crossed electric and quantizing magnetic fields. In Sect. 10.2.5, we have
studied the opto ER in the presence of size quantization. In Sect. 10.2.6, we have
studied the opto ER in HD doping superlattices. In Sect. 10.2.7, we have studied
the opto ER in the accumulation layers. The Sect. 10.3 contains the open research
problems.

K. P. Ghatak and S. Bhattacharya, Heavily-Doped 2D-Quantized Structures
and the Einstein Relation, Springer Tracts in Modern Physics 260,
DOI 10.1007/978-3-319-08380-3_10, � Springer International Publishing Switzerland 2015
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10.2 Theoretical Background

10.2.1 The Formulation of the Electron Dispersion Law
in the Presence of Light Waves in III-V, Ternary
and Quaternary Semiconductors

The Hamiltonian ðĤÞ of an electron in the presence of light wave characterized by

the vector potential ~A can be written following [11–13] as

Ĥ ¼ p̂þ ej j~A
� ����

���
2
�

2m

� �
þ Vð~rÞ ð10:1Þ

in which, p̂ is the momentum operator, Vð~rÞ is the crystal potential and m is the
free electron mass. Equation (10.1) can be expressed as

Ĥ ¼ Ĥ0 þ Ĥ0 ð10:2Þ

where,

Ĥ0 ¼
p̂2

2m
þ Vð~rÞ and Ĥ0 ¼ ej j

2m
~A � p̂ ð10:3Þ

The perturbed Hamiltonian Ĥ0 can be written as

Ĥ0 ¼ �i�h ej j
2m

� 	
~A � r
� �

ð10:4Þ

where, i ¼
ffiffiffiffiffiffiffi
�1
p

and p̂ ¼ �i�hr
The vector potential ð~AÞ of the monochromatic light of plane wave can be

expressed as

~A ¼ A0~es cosð~s0 �~r � xtÞ ð10:5Þ

where A0 is the amplitude of the light wave,~es is the polarization vector,~s0 is the
momentum vector of the incident photon,~r is the position vector, x is the angular
frequency of light wave and t is the time scale. The matrix element of Ĥ0nl between

initial state, wl ~q;~rð Þ and final state wn
~k;~r
� �

in different bands can be written as

Ĥ0nl ¼
ej j

2m
n~k ~A � p̂
�� ��l~q

D E
ð10:6Þ
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Using (10.4) and (10.5), we can re-write (10.6) as

Ĥ0nl ¼
�i�h ej jA0

4m

� 	
~es � n~k eði~s0�~rÞr

�� ��l~q
D E

e�ixt
n o

þ n~k eði~s0�~rÞr
�� ��l~q

D E
eixt

n oh i

ð10:7Þ

The first matrix element of (10.7) can be written as

n~k eði~s0�~rÞr
�� ��l~q

D E
¼
Z

e i ~qþ~s0�~k½ ��~rð Þi~qu�n ~k;~r
� �

ul ~q;~rð Þd3r

þ
Z

e i ~qþ~s0�~k½ ��~rð Þu�n ~k;~r
� �

rul ~q;~rð Þd3r
ð10:8Þ

The functions u�nu1 and u�nru1 are periodic. The integral over all space can be
separated into a sum over unit cells times an integral over a single unit cell. It is
assumed that the wave length of the electromagnetic wave is sufficiently large so

that if~k and~q are within the Brillouin zone, ~qþ~s0 �~k
� �

is not a reciprocal lattice

vector.
Therefore, we can write (10.8) as

n~k e i~s0�~rð Þr
�� ��l~q

D E
¼ ð2pÞ3

X

" #

i�qd ~qþ~s0 �~k
� �

dnl þ d ~qþ~s0 �~k
� � Z

cell

u�n ~k;~r
� �

rul ~q;~rð Þd3r

8
<

:

9
=

;

¼ ð2pÞ3

X

" #

d ~qþ~s0 �~k
� � Z

cell

u�n ~k;~r
� �

rul ~q;~rð Þd3r

8
<

:

9
=

;
ð10:9Þ

where, X is the volume of the unit cell and
R

u�nð~k;~rÞulð~q;~rÞd3r ¼ dð~q�~kÞdnl ¼ 0,
since n 6¼ l.

The delta function expresses the conservation of wave vector in the absorption
of light wave and~s0 is small compared to the dimension of a typical Brillouin zone

and we set ~q ¼~k.
From (10.8) and (10.9), we can write,

Ĥ0nl ¼
ej jA0

2m
~es � p̂nlð~kÞdð~q�~kÞ cosðxtÞ ð10:10Þ

where, p̂nlð~kÞ ¼ �i�h
R

u�nruld3r ¼
R

u�nð~k;~rÞp̂ulð~k;~rÞd3r:
Therefore, we can write

Ĥ0nl ¼
ej jA0

2m
~e � p̂nlð~kÞ ð10:11Þ

where,~e ¼~es cos xt:
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When a photon interacts with a semiconductor, the carriers (i.e., electrons) are
generated in the bands which are followed by the inter-band transitions. For
example, when the carriers are generated in the valence band, the carriers then
make inter-band transition to the conduction band. The transition of the electrons

within the same band i.e., Ĥ0nn ¼ n~kjĤ0jn~k
D E

is neglected. Because, in such a case,

i.e., when the carriers are generated within the same bands by photons, are lost by
recombination within the aforementioned band resulting zero carriers.

Therefore,

n~k Ĥ0
�� ��n~k

D E
¼ 0 ð10:12Þ

With n = c stands for conduction band and l = v stand for valance band, the
energy equation for the conduction electron can approximately be written as

I11ðEÞ ¼
�h2k2

2mc

� 	
þ

ej jA0

2m

� �2
~e � p̂cvð~kÞ
���

���
2

� �

av

Ecð~kÞ � Evð~kÞ
ð10:13Þ

where, I11ðEÞ � EðaE þ 1ÞðbE þ 1Þ=ðcE þ 1Þ; a � 1=Eg0 ; Eg0 is the un-perturbed

band-gap, b � 1= Eg0 þ D
 �

; c � 1= Eg0 þ 2D=3
 �

, and ~e � p̂cvð~kÞ
���

���
2

� �

av

represents

the average of the square of the optical matrix element (OME).
For the three-band model of Kane, we can write,

n1k ¼ Ecð~kÞ � Evð~kÞ ¼ ðE2
g0
þ Eg0 �h

2k2=mrÞ1=2 ð10:14Þ

where, mr is the reduced mass and is given by m�1
r ¼ ðmcÞ�1 þ m�1

v , and mv is the
effective mass of the heavy hole at the top of the valance band in the absence of
any field.

The doubly degenerate wave functions u1ð~k;~rÞ and u2ð~k;~rÞ can be expressed as
[12]

u1ð~k;~rÞ ¼ akþ ðisÞ #0½ � þ bkþ
X0 � iY 0

ffiffiffi
2
p "0

� �
þ ckþ Z 0 #0½ � ð10:15Þ

and

u2ð~k;~rÞ ¼ ak� ðisÞ "0½ � � bk�
X0 þ iY 0

ffiffiffi
2
p #0

� �
þ ck� Z 0 "0½ � ð10:16Þ

s is the s-type atomic orbital in both unprimed and primed coordinates, #0 indicates
the spin down function in the primed coordinates,

306 10 Appendix E: The ER for HD III-V, Ternary and Quaternary Semiconductors



ak� � b Eg0 � ðc0k�Þ2ðEg0 � d0Þ�1=2ðEg0 þ d0Þ�1=2
h i

;

b � 6ðEg0 þ 2D=3ÞðEg0 þ DÞ
 �

=v
� �1=2

;

v � 6E2
g0
þ 9Eg0Dþ 4D2

� �
;

c0k� �
n1k � Eg0

 �

2 n1k þ d0ð Þ

� �
;

n1k � Ecð~kÞ � Evð~kÞ ¼ Eg0 1þ 2 1þ mc

mv

� 	
I11ðEÞ

Eg0

� �1=2

;

d0 � E2
g0

D
� �

ðvÞ�1; X0; Y 0; and Z 0

are the p-type atomic orbitals in the primed coordinates, "0 indicates the spin-up

function in the primed coordinates, bk� � qc0k�; q � 4D2=3v
 �1=2

; ck� � tc0k�

and t � 6ðEg0 þ 2D=3Þ2=v
h i1=2

.

We can, therefore, write the expression for the optical matrix element (OME) as

OME ¼ p̂cv
~k
� �
¼ u1ð~k;~rÞ p̂j ju2ð~k;~rÞ
D E

ð10:17Þ

Since the photon vector has no interaction in the same band for the study of
inter-band optical transition, we can therefore write

S p̂j jSh i ¼ X p̂j jXh i ¼ Y p̂j jYh i ¼ Z p̂j jZh i ¼ 0

and

X p̂j jYh i ¼ Y p̂j jZh i ¼ Z p̂j jXh i ¼ 0

There are finite interactions between the conduction band (CB) and the valance
band (VB) and we can obtain

S p̂j jXh i ¼ î � P̂ ¼ î � P̂x

S p̂j jYh i ¼ ĵ � P̂ ¼ ĵ � P̂y

S p̂j jZh i ¼ k̂ � P̂ ¼ k̂ � P̂z

where, î; ĵ and k̂ are the unit vectors along x, y and z axes respectively.
It is well known [12] that

"0
#0
� �

¼ e�i/=2 cosðh=2Þ ei/=2 sinðh=2Þ
e�i/=2 sinðh=2Þ ei/=2 cosðh=2Þ

� �
"
#

� �
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and

X0

Y 0

Z 0

2

4

3

5 ¼
cos h cos / cos h sin / � sin /
� sin / cos / 0
sin h cos / sin h sin / cos h

2

4

3

5
X
Y
Z

2

4

3

5

Besides, the spin vector can be written as

~S ¼ �h

2
~r; where; rx ¼

0 1
1 0

� �
; ry ¼

0 �i
i 0

� �
and rZ ¼

1 0
0 �1

� �
:

From above, we can write

p̂CVð~kÞ ¼ u1
~k;~r
� �

jP̂ju2
~k;~r
� �D E

¼ akþ iSð Þ #0½ � þ bkþ
X0 � iY 0

ffiffiffi
2
p

� 	
"0

� �
þ ckþ Z 0 #0½ �

� �
jP̂jak� isð Þ "0½ �

�

�bk�
X0 þ iY 0

ffiffiffi
2
p

� 	
#0 þck� Z 0 "0½ �

�

Using above relations, we get

p̂CV
~k
� �
¼ u1

~k;~r
� �

jP̂ju2
~k;~r
� �D E

¼ bkþak�ffiffiffi
2
p X0 � iY 0ð ÞjP̂jiS

� �
"0 j "0h i

� �
þ ckþak� Z 0jP̂jiS

� �
#0 j "0h i

� �

� akþbk�ffiffiffi
2
p iSjP̂j X0 þ iY 0ð Þ

� �
#0 j #0h i

� �
þ akþck� iSjP̂jZ 0

� �
#0 j "0h i

� �

ð10:18Þ

From (10.18), we can write

X0 � iY 0ð ÞjP̂jiS
� �

¼ ðX0ÞjP̂jiS
� �

� ðiY 0ÞjP̂jiS
� �

¼ i

Z
u�X0 P̂S�

Z
�iu�Y 0 P̂iuX ¼ i X0jP̂jS

� �
� Y 0jP̂jS
� �

From the above relations, for X0; Y 0 and Z 0, we get

X0j i ¼ cos h cos / Xj i þ cos h sin / Yj i � sin h Zj i
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Thus,

X0jP̂jS
� �

¼ cos h cos / XjP̂jS
� �

þ cos h sin / YjP̂jS
� �

� sin h ZjP̂jS
� �

¼ P̂r̂1

where, r̂1 ¼ î cos h cos /þ ĵ cos h sin /� k̂ sin h

Y 0j i ¼ � sin / Xj i þ cos / Yj i þ 0 Zj i

Thus,

Y 0jP̂jS
� �

¼ � sin / XjP̂jS
� �

þ cos / Y jP̂jS
� �

þ 0 ZjP̂jS
� �

¼ P̂r̂2

where r̂2 ¼ �î sin /þ ĵ cos /
so that X0 � iY 0ð ÞjP̂jS

� �
¼ P̂ ir̂1 � r̂2ð Þ

Thus,

ak�bkþffiffiffi
2
p X0 � iY 0ð ÞjP̂jS

� �
"0j"0
D E

¼ ak�bkþffiffiffi
2
p P̂ ir̂1 � ir̂2ð Þ "0j"0

D E
ð10:19Þ

Now since,

iSjP̂j X0 þ iY 0ð Þ
� �

¼ i SjP̂jX0
� �

� SjP̂jY 0
� �

¼ P̂ ir̂1 � r̂2ð Þ

We can write,

� akþak�ffiffiffi
2
p iS P̂

�� ��ðX0 þ iY 0Þ
� �

#0 j #0h i
� �� �

¼ � akþbk�ffiffiffi
2
p P̂ðir̂1 � r̂2Þ #0 j #0h i

� �

ð10:20Þ

Similarly, we get

Z 0j i ¼ sin h cos / Xj i þ sin h sin / Yj i þ cos h Zj i

So that,

Z 0jP̂jiS
� �

¼ i Z 0jP̂jS
� �

¼ iP̂ sin h cos / îþ sin h sin / ĵþ cos h k̂
� �

¼ iP̂r̂3

where, r̂3 ¼ î sin h cos /þ ĵ sin h sin /þ k̂ cos h
Thus,

ckþak� Z 0 P̂
�� ��iS

� �
#0 j "0h i ¼ ckþak� iP̂r̂3 #0 j "0h i ð10:21Þ
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Similarly, we can write,

ck�akþ iS P̂
�� ��Z 0

� �
#0 j "0h i ¼ ck�akþ iP̂r̂3 #0 j "0h i ð10:22Þ

Therefore, we obtain

ak�bkþffiffiffi
2
p ðX0 � iY 0Þ P̂

�� ��S
� �

"0 j "0h i
� �

� akþbk�ffiffiffi
2
p iS P̂

�� ��ðX0 þ iY 0Þ
� �

#0 j #0h i
� �

¼ P̂
ffiffiffi
2
p �akþbk� #0 j #0h i þ ak�bkþ "0 j "0h i
 �

ðir̂1 � r̂2Þ

ð10:23Þ

Also, we can write,

ckþak� Z 0 P̂
�� ��iS

� �
"0 j "0h i þ ck�akþ iS P̂

�� ��Z 0
� �

#0j"0
D E

¼ ip̂ ckþak� þ ck�akþ

 �
r̂3 #0 j #0h i½ � ð10:24Þ

Combining (10.23) and (10.24), we find

p̂CVð~kÞ ¼
P̂
ffiffiffi
2
p ir̂1 � r̂2ð Þ bkþak�

 �
"0j"0
D E

� bk�akþ

 �
#0 j #0h i

n o

þ iP̂r̂3 ckþak� � ck�akþ

 �
#0 j "0h i ð10:25Þ

From the above relations, we obtain,

"0¼ e�i/=2 cosðh=2Þ " þei/=2 sinðh=2Þ #
#0¼ �e�i/=2 sinðh=2Þ " þei/=2 cosðh=2Þ #

�
ð10:26Þ

Therefore,

#0 j "0h ix ¼ � sinðh=2Þ cosðh=2Þ " j "h ixþe�i/ cos2ðh=2Þ # j "h ix
� e�i/ sin2ðh=2Þ " j #h ixþ sinðh=2Þ cosðh=2Þ # j #h ix

ð10:27Þ

But we know from above that

" j "h ix¼ 0; # j "h i ¼ 1
2
; # j "h ix¼

1
2

and # j #h ix¼ 0
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Thus, from (10.27), we get

#0j"0
D E

x
¼ 1

2
e�i/ cos2ðh=2Þ � ei/ sin2ðh=2Þ
� �

¼ 1
2

cos /� i sin /ð Þ cos2ðh=2Þ � cos /þ i sin /ð Þ sin2ðh=2Þ
� �

¼ 1
2

cos / cos h� i sin /½ � ð10:28Þ

Similarly, we obtain

#0 j "0h iy¼
1
2

i cos /þ sin / cos h½ � and #0 j "0h iz¼
1
2
� sin h½ �

Therefore,

#0 j "0h i ¼ î #0 j "0h ixþĵ #0 j "0h iyþk̂ #0 j "0h iz

¼ 1
2

cos h cos /� i sin /ð Þ̂iþ i cos /þ sin / cos hð Þ̂j� sin hk̂
� �

¼ 1
2

cos h cos /ð Þ̂iþ sin / cos hð Þ̂j� sin hk̂
� �

þ i �î sin /þ ĵ cos /
� �� �

¼ 1
2

r̂1 þ ir̂2½ � ¼ � 1
2

i ir̂1 � r̂2½ �

Similarly, we can write

"0j"0
D E

¼ 1
2

î sin h cos /þ ĵ sin h sin /þ k̂ cos h
� �

¼ 1
2

r̂3 and #0 j #0h i ¼ � 1
2

r̂3

Using the above results and following (10.25) we can write

p̂CV
~k
� �
¼ P̂

ffiffiffi
2
p ðir̂1 � r̂2Þ ak�bkþ

 �
"0 j "0h i � bk�akþ

 �
#0 j #0h i

� �

þ iP̂r̂3 ckþak� � ck�akþ

 �
#0 j "0h i

� �

¼ P̂

2
r̂3ðir̂1 � r̂2Þ

ak�bkþffiffiffi
2
p þ bk�akþffiffiffi

2
p

� 	� �

þ P̂

2
r̂3ðir̂1 � r̂2Þ ckþak� þ ck�akþ

 �� �
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Thus,

p̂CV
~k
� �
¼ P̂

2
r̂3ðir̂1 � r̂2Þ akþ

bk�ffiffiffi
2
p þ ck�

� 	
þ ak�

bkþffiffiffi
2
p þ ckþ

� 	� �
ð10:29Þ

We can write that,

r̂1j j ¼ r̂2j j ¼ r̂3j j ¼ 1; also; P̂r̂3 ¼ P̂x sin h cos /̂iþ P̂y sin h sin /̂jþ P̂z cos hk̂

where, P̂ ¼ S P̂
�� ��X

� �
¼ S P̂

�� ��Y
� �

¼ S P̂
�� ��Z

� �
;

S P̂
�� ��X

� �
¼
Z

u�C 0;~rð ÞP̂uVX 0;~rð Þd3r ¼ P̂CVXð0Þ and S P̂
�� ��Z

� �
¼ P̂CVZð0Þ

Thus,

P̂ ¼ P̂CVXð0Þ ¼ P̂CVYð0Þ ¼ P̂CVZð0Þ ¼ P̂CVð0Þ

where, P̂CVð0Þ �
R

u�c 0;~rð ÞP̂uV 0;~rð Þd3r � P̂

For a plane polarized light wave, we have the polarization vector~es ¼ k̂, when
the light wave vector is traveling along the z-axis. Therefore, for a plane polarized

light-wave, we have considered~es ¼ k̂.
Then, from (10.29) we get

~e � p̂CV
~k
� �� �

¼~k � P̂
2

r̂3 ir̂1 � r̂2ð Þ A ~k
� �
þ B ~k

� �h i
cos xt ð10:30Þ

and

Að~kÞ ¼ ak�
bkþffiffi

2
p þ ckþ

� �

Bð~kÞ ¼ akþ
bk�ffiffi

2
p þ ck�

� �

9
=

;
ð10:31Þ

Thus,

~e � p̂cv
~k
� ����

���
2
¼ k̂ � P̂

2
r̂3

����

����

2

ir̂1 � r̂2j j2 Að~kÞ þ Bð~kÞ
h i2

cos2 xt

¼ 1
4

P̂z cos h
�� ��2 Að~kÞ þ Bð~kÞ

h i2
cos2 xt ð10:32Þ
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So, the average value of ~e � p̂cv
~k
� ����

���
2

for a plane polarized light-wave is given by

~e � P̂cv
~k
� ����

���
2

� �

av

¼ 2
4

P̂z

�� ��2 Að~kÞ þ Bð~kÞ
h i2

Z2p

0

d/
Zp

0

cos2 h sin hdh

0

@

1

A 1
2

� 	

¼ 2p
3

P̂z

�� ��2 Að~kÞ þ Bð~kÞ
h i2

ð10:33Þ

where P̂z

�� ��2¼ 1
2

 �
~k � p̂cvð0Þ
���

���
2

and

~k � p̂cvð0Þ
���

���
2
¼ m2

4mr

Eg0 Eg0 þ D
 �

Eg0 þ 2
3 D

 � ð10:34Þ

We shall express Að~kÞ and Bð~kÞ in terms of constants of the energy spectra in
the following way:

Substituting ak� ; bk� ; ck� and c0k� in Að~kÞ and Bð~kÞ in (10.31) we get

Að~kÞ ¼ b t þ q
ffiffiffi
2
p

� 	
Eg0

Eg0 þ d0

� 	
c2

0kþ
� c2

0kþ
c2

0k�

Eg0 � d0

Eg0 þ d0

� 	� �1=2

ð10:35Þ

Bð~kÞ ¼ b t þ q
ffiffiffi
2
p

� 	
Eg0

Eg0 þ d0

� 	
c2

0k�
� c2

0kþ
c2

0k�

Eg0 � d0

Eg0 þ d0

� 	� �1=2

ð10:36Þ

in which, c2
0kþ
� n1k�Eg0

2 n1kþd0ð Þ �
1
2 1� Eg0þd0

n1kþd0

� �h i
and c2

0k�
� n1kþEg0

2 n1kþd0ð Þ �
1
2 1þ Eg0�d0

n1kþd0

� �h i

Substituting x � n1k þ d0 in c2
0k�, we can write,

Að~kÞ ¼ b t þ q
ffiffiffi
2
p

� 	
Eg0

Eg0 þ d0

� 	
1
2

1� Eg0 þ d0

x

� 	
� 1

4
Eg0 � d0

Eg0 þ d0

� 	
1� Eg0 þ d0

x

� 	
1þ Eg0 � d0

x

� 	� �1=2

Thus,

Að~kÞ ¼ b
2

t þ q
ffiffiffi
2
p

� 	
1� 2a0

x
þ a1

x2

� �1=2

where, a0 � E2
g0
þ d

02
� �

Eg0 þ d0
 ��1

and a1 � Eg0 � d0
 �2

.
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After tedious algebra, one can show that

Að~kÞ ¼ b
2

t þ q
ffiffiffi
2
p

� 	
ðEg0 � d0Þ 1

n1k þ d0
� 1

ng0
þ d0

� �1=2 1

n1k þ d0
�

Eg0 þ d0
 �

Eg0 � d0
 �

" #1=2

ð10:37Þ

Similarly, from (10.36), we can write,

Bð~kÞ ¼ b t þ q
ffiffiffi
2
p

� 	
Eg0

Eg0 þ d0

� 	
1
2

1þ Eg0 � d0

x

� �
� 1

4
Eg0 � d0

Eg0 þ d0

� 	
1� Eg0 þ d0

x

� 	
1þ Eg0 � d0

x

� 	� �1=2

So that, finally we get,

Bð~kÞ ¼ b
2

t þ q
ffiffiffi
2
p

� 	
1þ

Eg0 � d0
 �

n1k þ d0

� 	
ð10:38Þ

Using (10.33), (10.34), (10.37) and (10.38), we can write

ej jA0

2m

� 	2 ~e � p̂cvð~kÞ
���

���
2

� �

av

Ecð~kÞ � Evð~kÞ
¼ ej jA0

2m

� 	22p
3
~k � p̂cvð0Þ
���

���
2b2

4
t þ q

ffiffiffi
2
p

� 	2

1
n1k

1þ Eg0 � d0

n1k þ d0

� 	
þ ðEg0 � d0Þ 1

n1k þ d0
� 1

Eg0 þ d0

� �1=2 1

n1k þ d0
� Eg0 þ d0

Eg0 � d0
 �2

" #1=2
8
<

:

9
=

;

2

ð10:39Þ

Following Nag [12], it can be shown that

A2
0 ¼

Ik2

2p2c3 ffiffiffiffiffiffiffiffiffi
esce0
p ð10:40Þ

where, I is the light intensity of wavelength k; e0 is the permittivity of free space
and c is the velocity of light. Thus, the simplified electron energy spectrum in
III-V, ternary and quaternary materials in the presence of light waves can
approximately be written as

�h2k2

2mc
¼ b0 E; kð Þ ð10:41Þ

where, b0ðE; kÞ � I11ðEÞ � h0ðE; kÞ½ �;
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h0ðE; kÞ �
ej j2

96mrpc3

Ik2

ffiffiffiffiffiffiffiffiffi
esce0
p

Eg0 Eg0 þ D
 �

Eg0 þ 2
3 D

 �
b2

4
t þ q

ffiffiffi
2
p

� 	2 1
/0ðEÞ

1þ Eg0 � d0

/0ðEÞ þ d0

� 	
þ Eg0 � d0
 � 1

/0ðEÞ þ d0
� 1

Eg0 þ d0

� �1=2 1

/0ðEÞ þ d0
� Eg0 þ d0

Eg0 � d0
 �2

" #1=2
8
<

:

9
=

;

2

and /0ðEÞ � Eg0 1þ 2 1þ mc
mv

� �
I11ðEÞ

Eg0

� �1=2

Thus, under the limiting condition~k! 0, from (10.41), we observe that E 6¼ 0
and is positive. Therefore, in the presence of external light waves, the energy of the

electron does not tend to zero when ~k ! 0, where as for the un-perturbed three

band model of Kane, I11ðEÞ ¼ �h2k2
�
ð2mcÞ

� �
in which E ! 0 for ~k! 0. As the

conduction band is taken as the reference level of energy, therefore the lowest

positive value of E for ~k! 0 provides the increased band gap DEg

 �
of the

semiconductor due to photon excitation. The values of the increased band gap can
be obtained by computer iteration processes for various values of I and k
respectively.
Special Cases:

1. For the two-band model of Kane, we have D! 0. Under this condition,

I11ðEÞ ! Eð1þ aEÞ ¼ �h2k2

2mc
. Since, b! 1; t! 1; q! 0; d0 ! 0 for D! 0,

from (10.41), we can write the energy spectrum of III-V, ternary and quater-
nary materials in the presence of external photo-excitation whose unperturbed
conduction electrons obey the two band model of Kane as

�h2k2

2mc
¼ s0ðE; kÞ ð10:42Þ

where, s0ðE; kÞ � Eð1þ aEÞ � B0ðE; kÞ,

B0ðE; kÞ �
jej2Ik2Eg0

384pc3mr
ffiffiffiffiffiffiffiffiffi
esce0
p 1

/1ðEÞ
1þ Eg0

/1ðEÞ

� 	
þ Eg0

1
/ðEÞ �

1
Eg0

� �� �2

; /1ðEÞ

� Eg0 1þ 2mc

mr
aEð1þ aEÞ

� �1=2

:

2. For relatively wide band gap semiconductors, one can write, a! 0, b! 0,
c! 0 and I11ðEÞ ! E.
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Thus, from (10.42), we get,

�h2k2

2mc
¼ q0ðE; kÞ ð10:43Þ

where, q0ðE; kÞ � E � jej2Ik2

96pc3mr
ffiffiffiffiffiffiffiffiffi
esce0
p 1þ 2mc

mr

� 	
aE

� ��3=2

.

10.2.2 The ER in the Presence of Light Waves in HD III-V,
Ternary and Quaternary Semiconductors

The (10.40), (10.41) and (10.42) can approximately be written as

�h2k2

2m�c
¼ UkI11ðEÞ � Pk ð10:44Þ

�h2k2

2m�c
¼ t1kE þ t2kE2 � dk ð10:45Þ

and

�h2k2

2m�c
¼ t1kE � dk ð10:46aÞ

where

Uk ¼ ð1þ hkÞ; hk ¼
C0

A
ðtk þ

BJk

A
Þ;C0 ¼ ½

jej2Ik2Eg0 þ D

96mrpc3 ffiffiffiffiffiffiffiffiffi
esce0
p ðEg0 þ 2

3 DÞ
b2

4
ð1þ q

ffiffiffi
2
p Þ2�

B ¼ ½1þ mc

mV
�;Gk ¼ ½

2B

ðAþ d0Þ3
� BCk

ðAþ d0Þ�

Ck ¼ ½ðEg0 þ d0Þ�1 þ ðEg0 þ d0ÞðEg0 � d0Þ�2�ðAþ d0Þ�1

Pk ¼
C0

A
Jk; Jk ¼ ðDk þ 2ðEg0 � d0Þ

ffiffiffiffi
fk

p
Þ;

Dk ¼ ð1þ
2ðEg0 � d0Þ
ðAþ d0Þ Þ; fk ¼ ½

1

ðAþ d0Þ2
þ 1

ðEg0 � d0Þ2
� Ck�;

t1k ¼ ð1þ
3mc

mr
adkÞ; a ¼

1
Eg0

; dk ¼
jej2Ik2

96mrpc3 ffiffiffiffiffiffiffiffiffi
esce0
p and t2k ¼ at1k
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Under the condition of heavy doping, following the methods as developed in
Chap. 1, the HD dispersion relations in this case in the presence of light waves can
be written as

�h2k2

2mc
¼ T1ðE; gg; kÞ ð10:46bÞ

�h2k2

2mc
¼ T2ðE; gg; kÞ ð10:47Þ

�h2k2

2mc
¼ T3ðE; gg; kÞ ð10:48Þ

where

T1ðE, gg; kÞ ¼ ½Uk½T31ðE, ggÞ þ iT32ðE, ggÞ� � Pk�;
T2ðE, gg; kÞ ¼ ½t1kc3ðE, ggÞ þ ðt2kÞ2h0ðE, ggÞ½1þ Erf(E=ggÞ��1 � dk�

and

T3ðE, gg; kÞ ¼ ½t1kc3ðE, ggÞ � dk�

The EEM can be expressed in this case by using (10.46a, 10.46b), (10.47) and
(10.48).

m�ðEFHDL; gg; kÞ ¼ mc Real part of ½T1ðEFHDL; gg; kÞ�0 ð10:49Þ

m�ðEFHDL; gg; kÞ ¼ mc½T2ðEFHDL; gg; kÞ�0 ð10:50Þ

m�ðEFHDL; gg; kÞ ¼ mc½T3ðEFHDL; gg; kÞ�0 ð10:51Þ

The electron concentration at low temperatures is given by

n0 ¼
gv

3p2
ð2mc

�h2 Þ
3
2 Real part of ½T1ðEFHDL; gg; kÞ�

3
2 ð10:52Þ

n0 ¼
gv

3p2
ð2mc

�h2 Þ
3
2½T2ðEFHDL; gg; kÞ�

3
2 ð10:53Þ

n0 ¼
gv

3p2
ð2mc

�h2 Þ
3
2½T3ðEFHDL; gg; kÞ�

3
2 ð10:54Þ

where EFHDL is the Fermi energy in HD III-V semiconductors in the presence of
light waves as measured from the age of the unperturbed conduction band in the
vertically upward direction. The ER in this case is given by
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D

l

� 	

L

¼ Real part of
n0

e

on0

oðEFHDL � E0HDLÞ

� ��1
" #

ð10:55Þ

where E0HDL can be obtained by substituting k ¼ 0 and E ¼ E0HDL in (10.46b),
(10.47) and (10.48) respectively.

Using (10.52)–(10.55) and the allied definitions, we can study the ER in the
presence of light waves in HD III-V semiconductors whose unperturbed conduc-
tion bands are described by three and two band models of Kane together with
parabolic energy bands respectively.

10.2.3 The Opto ER Under Magnetic Quantization in HD
III-V, Ternary and Quaternary Semiconductors

(i) Using (10.46b), the magneto-dispersion law, in the absence of spin, for HD
III-V, ternary and quaternary semiconductors, in the presence of photo-
excitation, whose unperturbed conduction electrons obey the three band
model of Kane, is given by

T1ðE; ggÞ ¼ nþ 1
2

� 	
�hx0 þ

�h2k2
z

2mc
ð10:56Þ

Using (10.52), the DOS function in the present case can be expressed as

DBðE; gg; kÞ ¼
gvjej

ffiffiffiffiffiffiffiffi
2mc
p

2p2�h2

Xnmax

n¼0

fT1ðE; gg; kÞg0 T1ðE; gg; kÞ � nþ 1
2

� 	
�hx0

� ��1=2

HðE � Enl1Þ
" #

ð10:57Þ

where, Enl1 is the Landau sub-band energies in this case and is given as

T1ðEnl1 ; gg; kÞ ¼ nþ 1
2

� 	
�hx0 ð10:58Þ

The EEM in this case assumes the form

m�ðEFHDLB; gg; kÞ ¼ mc Real part of fT1ðEFHDLB; gg; kÞg0 ð10:59Þ

where, EFHDLB is the Fermi energy under quantizing magnetic field in the
presence of light waves as measured from the edge of the conduction band in
the vertically upward direction in the absence of any quantization. Combining
(10.57) with the Fermi-Dirac occupation probability factor and using the
generalized Sommerfeld’s lemma [13], the electron concentration can be
written as
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n0 ¼
gvjejB

ffiffiffiffiffiffiffiffi
2mc
p

p2�h2

Xnmax

n¼0

M13ðEFHDLB; gg; kÞ þ N13ðEFHDLB; gg; kÞ
� �

ð10:60Þ

where,

M13ðEFHDLB; gg; kÞ � Real part of T1ðEFHDLB; gg; kÞ � nþ 1
2

 �
�hx0

� �1=2

and

N13ðEFHDLB; gg; kÞ �
Xs

r¼1

LðrÞM13ðEFHDLB; gg; kÞ:

The ER in this case is given by

D

l

� 	

LB

¼ Real part of
n0

e

on0

oðEFHDLB � E0HDLBÞ

� ��1
" #

ð10:61Þ

where, E0HDLB can be obtained from the magneto dispersion law under
the conditions k ¼ 0 and E ¼ E0HDLB.
Thus by using (10.56), (10.60), (10.61) and the allied equations, we can study
the ER in this case.

(ii) Using (10.47), the magneto-dispersion law, in the absence of spin, for HD III-
V, ternary and quaternary semiconductors, in the presence of photo-excita-
tion, whose unperturbed conduction electrons obey the two band model of
Kane, is given by

T2ðE; ggÞ ¼ nþ 1
2

� 	
�hx0 þ

�h2k2
z

2mc
ð10:62Þ

Using (10.62), the DOS function in the present case can be expressed as

DBðE; gg; kÞ ¼
gvjej

ffiffiffiffiffiffiffiffi
2mc
p

2p2�h2

Xnmax

n¼0

"

fT2ðE; gg; kÞg0 T2ðE; gg; kÞ
�

:

� nþ 1
2

� 	
�hx0

��1=2

HðE � Enl2Þ
#

ð10:63Þ

where, Enl2 is the Landau sub-band energies in this case and is given as

T2ðEnl2 ; gg; kÞ ¼ nþ 1
2

� 	
�hx0 ð10:64Þ
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The EEM in this case assumes the form

m�ðEFHDLB; gg; kÞ ¼ mcfT2ðEFHDLB; gg; kÞg
0 ð10:65Þ

where, EFHDLB is the Fermi energy under quantizing magnetic field in the
presence of light waves as measured from the edge of the conduction
band in the vertically upward direction in the absence of any quantiza-
tion. Combining (10.65) with the Fermi-Dirac occupation probability
factor and using the generalized Sommerfeld’s lemma, the electron
concentration can be written as

n0 ¼
gvjejB

ffiffiffiffiffiffiffiffi
2mc
p

p2�h2

Xnmax

n¼0

M23ðEFHDLB; gg; kÞ þ N23ðEFHDLB; gg; kÞ
� �

ð10:66Þ

where, M23ðEFHDLB; gg; kÞ � T2ðEFHDLB; gg; kÞ � nþ 1
2

 �
�hx0

� �1=2
and

N23ðEFHDLB; gg; kÞ �
Ps

r¼1 LðrÞM23ðEFHDLB; gg; kÞ.

Using (10.61), (10.66) and the allied definitions, we can study the ER in
this case, where E0HDLB can be obtained from the magneto dispersion law
under the conditions k ¼ 0 and E ¼ E0HDLB in (10.47).

(iii) Using (10.48), the magneto-dispersion law, in the absence of spin, for HD III-
V, ternary and quaternary semiconductors, in the presence of photo-excita-
tion, whose unperturbed conduction electrons obey the parabolic energy
bands, is given by

T2ðE; ggÞ ¼ nþ 1
2

� 	
�hx0 þ

�h2k2
z

2mc
ð10:67Þ

Using (10.62), the DOS function in the present case can be expressed as

DBðE; gg; kÞ ¼
gvjej

ffiffiffiffiffiffiffiffi
2mc
p

2p2�h2

Xnmax

n¼0

fT3ðE; gg; kÞg0 T3ðE; gg; kÞ � nþ 1
2

� 	
�hx0

� ��1=2

HðE � Enl2Þ
" #

ð10:68Þ

where, En12 is the Landau sub-band energies in this case and is given as

T3ðEnl2 ; gg; kÞ ¼ nþ 1
2

� 	
�hx0 ð10:69Þ

The EEM in this case assumes the form

m�ðEFHDLB; gg; kÞ ¼ mcfT3ðEFHDLB; gg; kÞg
0 ð10:70Þ

where, EFHDLB is the Fermi energy under quantizing magnetic field in the
presence of light waves as measured from the edge of the conduction band in
the vertically upward direction in the absence of any quantization. Combining
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(10.69) with the Fermi-Dirac occupation probability factor and using the
generalized Sommerfeld’s lemma, the electron concentration can be written
as

n0 ¼
gvjejB

ffiffiffiffiffiffiffiffi
2mc
p

p2�h2

Xnmax

n¼0

M33ðEFHDLB; gg; kÞ þ N33ðEFHDLB; gg; kÞ
� �

ð10:71Þ

where,

M33ðEFHDLB; gg; kÞ � T3ðEFHDLB; gg; kÞ � nþ 1
2

� 	
�hx0

� �1=2

and

N33ðEFHDLB; gg; kÞ �
Xs

r¼1

LðrÞM33ðEFHDLB; gg; kÞ:

Using (10.61), (10.71) and the allied definitions, we can study the ER in this
case, where, E0HDLB can be obtained from the magneto dispersion law under
the conditions k ¼ 0 and E ¼ E0HDLB in (10.48).

10.2.4 The ER in the Presence of Cross-Field Configuration
Under External Photo-Excitation in HD III-V,
Ternary and Quaternary Semiconductors

(i) The electron dispersion law in the present case is given by

T1ðE; gg; kÞ ¼ nþ 1
2

� 	
�hx0 þ

½�hk2ðEÞ�2

2mc
� E0

B
�hkyfT1ðE; gg; kÞg0

�
mcE2

0 fT1ðE; gg; kÞg
� �0

2B2

( )

ð10:72Þ

The use of (10.72) leads to the expressions of the EEMs’ along z and y
directions as

m�z ðEFBLHDC ; n;E0;B; kÞ ¼ Real part of mc

"

fT1ðEFBLHDC ; gg; kÞg00

þ
mcE2

0fT1ðEFBLHDC ; gg; kÞg0fT1ðEFBLHDC ; gg; kÞg00

B2

#

ð10:73Þ
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m�yðEFBLHDC ; n;E0B; kÞ ¼ Real part of ð B

E0
Þ2½ T1ðEFBLHDC ; gg; kÞ
� �0��1½T1ðEFBLHDC ; gg; kÞ � ðnþ

1
2
Þ�hx0

þ
mcE2

0½fT1ðEFBLHDC ; gg; kÞg0�2

2B2
�½
fT1ðEFBLHDC ; gg; kÞg00

½fT1ðEFBLHDC ; gg; kg0�2
½T1ðEFBLHDC ; gg; kÞ � ðnþ

1
2
Þ�hx0

þ
mcE2

0½fT1ðEFBLHDC ; gg; kÞg0�2

2B2
� þ 1þ

mcE2
0fT1ðEFBLHDC ; gg; kÞg00

B2
�

ð10:74Þ

where, EFBLHDC is the Fermi energy in this case.
The Landau energy ðEnl41Þ can be written as

T1ðEnl41 ; gg; kÞ ¼ ðnþ
1
2
Þ�hx0 �

�
mcE2

0½fT1ðEnl41 ; gg; kÞg0�2

2B2

�
ð10:75Þ

The electron concentration in this case assume the forms

n0 ¼
2gvB

ffiffiffiffiffiffiffiffi
2mc
p

3Lxp2�h2E0

Xnmax

n¼0

M16HDCðEFBLHDC ; gg; kÞ þ N16HDCðEFBLHDC ; gg; kÞ
� �

ð10:76Þ

where,

M16HDCðEFBLHDC ; gg; kÞ � Real part of ½½T1ðEFBLHDC ; gg; kÞ � ðnþ
1
2
Þ�hx0 �

mcE2
0

2B2
½fT1ðEFBLHDC ; gg; kÞg0�2

þ jejE0Lx½fT1ðEFBLHDC ; gg; kg
0��3=2 � ½T1ðEFBLHDC ; gg; kÞ

� ðnþ 1
2
Þ�hx0 �

mcE2
0

2B2
½fT1ðEFBLHDC ; gg; kÞg0�2�3=2�

1

½fT1ðEFBLHDC ; gg; kÞg0�

and

N16HDCðEFBLHDC ; gg; kÞ � Real part of
Xs

r¼1

LðrÞM16HDCðEFBLHDC ; gg; kÞ
� �

:

The ER in this case can be written as

ðD
l
ÞLB ¼ Real part of

n0

e

on0

oðEFBLHDC � E0HDLBCÞ

� ��1
" #

ð10:77Þ

where, E0HDLBC can be obtained from 10.72 under the conditions k ¼ 0
and E ¼ E0HDLBC.
Thus by using (10.77), (10.76), (10.72) and the allied definitions, we can
study the ER in this case.

(ii) Similarly, the electron dispersion law in this case is given by
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T2ðE; gg; kÞ ¼ nþ 1
2

� 	
�hx0 �

E0

B
�hkyfT2ðE; gg; kÞg0 �

mcE2
0

2B2
fT2ðE; gg; kÞg0
� �

þ ½�hkzðEÞ�2

2mc

ð10:78Þ

The use of (10.78) leads to the expressions of the EEMs’ along z and y
directions as

m�z ðEFBLHDC ; n;E0;B; kÞ ¼ mc fT2ðEFBLHDC ; gg; kÞg00
�

þ
mcE2

0fT2ðEFBLHDC ; gg; kÞg0fT2ðEFBLHDC ; gg; kÞg00

B2

#

ð10:79Þ

m�yðEFBLHDC ; n;E0B; kÞ ¼ ð B

E0
Þ2½ T2ðEFBLHDC ; gg; kÞ
� �0��1½T2ðEFBLHDC ; gg; kÞ � ðnþ

1
2
Þ�hx0

þ
mcE2

0½fT2ðEFBLHDC ; gg; kÞg0�2

2B2
�½
fT2ðEFBLHDC ; gg; kÞg00

½fT2ðEFBLHDC ; gg; kg0�2
½T2ðEFBLHDC ; gg; kÞ

� ðnþ 1
2
Þ�hx0 þ

mcE2
0½fT2ðEFBLHDC ; gg; kÞg0�2

2B2
� þ 1

þ
mcE2

0fT2ðEFBLHDC ; gg; kÞg00

B2
�

ð10:80Þ

where, EFBLHDC is the Fermi energy in this case.
The Landau energy ðEnl42Þ can be written as

T2ðEnl42 ; gg; kÞ ¼ ðnþ
1
2
Þ�hx0 � f

mcE2
0½fT2ðEnl42 ; gg; kÞg0�2

2B2
g ð10:81Þ

The electron concentration in this case assume the forms

n0 ¼
2gvB

ffiffiffiffiffiffiffiffi
2mc
p

3Lxp2�h2E0

Xnmax

n¼0

M26HDCðEFBLHDC ; gg; kÞ
�

þN26HDCðEFBLHDC ; gg; kÞ
�

ð10:82Þ
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where,

M26HDCðEFBLHDC ; gg; kÞ

� ½½T2ðEFBLHDC ; gg; kÞ � ðnþ
1
2
Þ�hx0 �

mcE2
0

2B2
½fT2ðEFBLHDC ; gg; kÞg

0�2

þ jejE0Lx½fT2ðEFBLHDC ; gg; kg0��3=2 � ½T2ðEFBLHDC ; gg; kÞ

� ðnþ 1
2
Þ�hx0 �

mcE2
0

2B2
½fT2ðEFBLHDC ; gg; kÞg

0�2�3=2� 1

½fT2ðEFBLHDC ; gg; kÞg0�

Thus by using (10.77), (10.78), (10.82) and the allied definitions, we can
study the ER in this case.

(iii) Similarly, the electron dispersion law in this case is given by

T2ðE; gg; kÞ ¼ nþ 1
2

� 	
�hx0 �

E0

B
�hkyfT3ðE; gg; kÞg

0

� mcE20
0

2B2
fT3ðE; gg; kÞg0
� �

þ ½�hkzðEÞ�2

2mc
ð10:83Þ

The use of (10.78) leads to the expressions of the EEMs’ along z and y
directions as

m�z ðEFBLHDC ; n;E0;B; kÞ ¼ mc

"

fT3ðEFBLHDC ; gg; kÞg
00

þ
mcE2

0fT3ðEFBLHDC ; gg; kÞg0fT3ðEFBLHDC ; gg; kÞg00

B2

#

ð10:84Þ

m�yðEFBLHDC ;n;E0B;kÞ¼ð B

E0
Þ2½ T3ðEFBLHDC ;gg;kÞ
� �0��1½T3ðEFBLHDC ;gg;kÞ�ðnþ

1
2
Þ�hx0

þ
mcE2

0½fT3ðEFBLHDC ;gg;kÞg
0�2

2B2
�½
fT3ðEFBLHDC ;gg;kÞg

0

½fT3ðEFBLHDC ;gg;kg0�2
½T3ðEFBLHDC ;gg;kÞ

�ðnþ1
2
Þ�hx0þ

mcE2
0½fT3ðEFBLHDC ;gg;kÞg0�2

2B2
�þ1

þ
mcE2

0fT3ðEFBLHDC ;gg;kÞg0

B2
� ð10:85Þ

where, EFBLHDC is the Fermi energy in this case.
The Landau energy ðEnl43Þ can be written as
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T3ðEnl42 ; gg; kÞ ¼ ðnþ
1
2
Þ�hx0 � f

mcE2
0½fT3ðEnl42 ; gg; kÞg0�2

2B2
g ð10:86Þ

The electron concentration in this case assume the forms

n0 ¼
2gvB

ffiffiffiffiffiffiffiffi
2mc
p

3Lxp2�h2E0

Xnmax

n¼0

M36HDCðEFBLHDC ; gg; kÞ
�

þN36HDCðEFBLHDC ; gg; kÞ
�

ð10:87Þ

where,

M36HDCðEFBLHDC ; gg; kÞ � ½½T3ðEFBLHDC ; gg; kÞ � ðnþ
1
2
Þ�hx0 �

mcE2
0

2B2
½fT3ðEFBLHDC ; gg; kÞg0�2

þ jejE0Lx½fT3ðEFBLHDC ; gg; kg0��3=2 � ½T3ðEFBLHDC ; gg; kÞ � ðnþ
1
2
Þ�hx0

� mcE2
0

2B2
½fT3ðEFBLHDC ; gg; kÞg0�2�3=2� 1

½fT3ðEFBLHDC ; gg; kÞg
0�

Thus by using (10.77), (10.83), (10.87) and the allied definitions, we can
study the ER in this case.

10.2.5 The ER in Ultrathin Films of HD III-V, Ternary
and Quaternary Semiconductors Under External
Photo-Excitation

(i) The 2D electron energy spectrum in ultra-thin films of HD III-V, ternary and
quaternary materials, whose unperturbed band structure is defined by the
three band model of Kane, in the presence of light waves can be expressed
following (10.46b) as

�h2k2
s

2mc
þ �h2

2mc

nzp
dz

� 	2

¼ T1ðE; gg; kÞ ð10:88Þ

The sub band energies ðEnl7HDÞ can be written as

T1ðEnl7HD ; gg; kÞ ¼
�h2

2mc
ðnzp=dzÞ2 ð10:89Þ
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The expression of the EEM in this case is given by

m�ðEF2DLHD; gz; kÞ ¼ mc Real part offT1ðEF2DLHD; gg; kÞg
0 ð10:90Þ

where, EF2DLHD is the Fermi energy in the present case as measured from
the edge of the conduction band in the vertically upward direction in
absence of any quantization.
The DOS function can be written as

N2DðE; gg; kÞ ¼
mcgv

p�h2

� 	Xnzmax

nz¼1

T1ðE; gg; kÞ
� �0

HðE � Enl7HDÞ ð10:91Þ

Combining (10.91), with the Fermi Dirac occupation probability factor, the
two dimensional electron concentration can be expressed as

n2D ¼
mcgv

p�h2

Xnzmax

nz¼1

M18HDðnz;EF2DLHDÞ; gg; kÞ
�

þN18HDðnz;EF2DLHD; gg; kÞ
�

ð10:92aÞ

where,

M18HDðnz;EF2DLHD; gg; kÞ � Real part of T1ðEF2DLHD; gg; kÞ �
�h2

2mc

nzp
dz

� 	2
" #

;

N18HDðnz;EF2DLHD; gg; kÞ �
Xs

r¼1

LðrÞM18HDðnz;EF2DLHD; gg; kÞ;

The ER in this case can be written as

ðD
l
ÞLS ¼ Real part of ½n0

e
½ on0

oðEF2DLHD � E0HDLSÞ
��1� ð10:92bÞ

where, E0HDLS is obtained from (10.88) by substituting ks ¼ 0 and
E ¼ E0HDLS.
Thus using (10.92a), (10.92b), (10.88) and the allied definitions, we can study
the ER in this case.

(ii) The 2D electron energy spectrum in ultra-thin films of HD III-V, ternary and
quaternary materials, whose unperturbed band structure is defined by the two
band model of Kane, in the presence of light waves can be expressed fol-
lowing (10.47) as

�h2k2
s

2mc
þ �h2

2mc

nzp
dz

� 	2

¼ T2ðE; gg; kÞ ð10:93Þ
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The sub band energies ðEnl8HDÞ can be written as

T2ðEnl8HD ; gg; kÞ ¼
�h2

2mc
ðnzp=dzÞ2 ð10:94Þ

The expression of the EEM in this case is given by

m�ðEF2DLHD; gz; kÞ ¼ mcfT2ðEF2DLHD; gg; kÞg0 ð10:95Þ

The DOS function can be written as

N2DðE; gg; kÞ ¼
mcgv

p�h2

� 	Xnzmax

nz¼1

T2ðE; gg; kÞ
� �0

HðE � Enl8HDÞ ð10:96Þ

Combining (10.96), with the Fermi Dirac occupation probability factor, the
two dimensional electron concentration can be expressed as

n2D ¼
mcgv

p�h2

Xnzmax

nz¼1

M19HDðnz;EF2DLHDÞ; gg; kÞ þ N19HDðnz;EF2DLHD; gg; kÞ
� �

ð10:97Þ

where

M19HDðnz;EF2DLHD; gg; kÞ � T2ðEF2DLHD; gg; kÞ �
�h2

2mc

nzp
dz

� 	2
" #

;

N19HDðnz;EF2DLHD; gg; kÞ �
Xs

r¼1

LðrÞM19HDðnz;EF2DLHD; gg; kÞ;

Thus using (10.97), (10.93) and the allied definitions, we can study the ER in
this case.

(iii) The 2D electron energy spectrum in ultra-thin films of HD III-V, ternary and
quaternary materials, whose unperturbed band structure is defined by the
parabolic energy bands, in the presence of light waves can be expressed
following (10.48) as

�h2k2
s

2mc
þ �h2

2mc

nzp
dz

� 	2

¼ T3ðE; gg; kÞ ð10:98Þ

The sub band energies ðEnl9HDÞ can be written as

T3ðEnl9HD ; gg; kÞ ¼
�h2

2mc
ðnzp=dzÞ2 ð10:99Þ
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The expression of the EEM in this case is given by

m�ðEF2DLHD; nz; kÞ ¼ mcfT3ðEF2DLHD; gg; kÞg
0 ð10:100Þ

The DOS function can be written as

N2DðE; g; kÞ ¼
mcgv

p�h2

� 	Xnzmax

nz¼1

T3ðE; gg; kÞ
� �0

HðE � En19HDÞ ð10:101Þ

Combining (10.101), with the Fermi Dirac occupation probability factor, the
two dimensional electron concentration can be expressed as

n2D ¼
mcgv

p�h2

Xnzmax

nz¼1

M20HDðnz;EF2DLHD; gg; kÞ þ N20HDðnz;EF2DLHD; gg; kÞ
� �

ð10:102Þ

where

M20HDðnz;EF2DLHD; gg; kÞ � T3ðEF2DLHD; gg; kÞ �
�h2

2mc

nzp
dz

� 	2
" #

;

N20HDðnz;EF2DLHD; gg; kÞ �
Xs

r¼1

LðrÞM20HDðnz;EF2DLHD; gg; kÞ;

Thus using (10.98), (10.102) and the allied definitions, we can study the ER
in this case.

10.2.6 The ER in Doping Superlattices of HD III-V, Ternary
and Quaternary Semiconductors Under External
Photo-Excitation

(i) The electron energy spectrum in doping superlattices of HD III-V, ternary
and quaternary materials in the presence of external photo-excitation whose
unperturbed electrons are defined by the three band model of Kane can be
expressed following (10.46b) as

T1ðE; gg; kÞ ¼ ni þ
1
2

� 	
�hx91HDðE; gg; kÞ þ

�h2k2
s

2mc
ð10:103Þ

where x91HDðE; gg; kÞ � n0jej2
d0escT 01ðE;gg;kÞmc

� �1=2
.
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The sub band energies ðEni10HDÞ can be written as

T1ðEni10HD ; gg; kÞ ¼ ni þ
1
2

� 	
�hx91HDðEni10HD ; gg; kÞ ð10:104Þ

The expression of the EEM in this case is given by

m�ðEF2DLHDD; gg; k; niÞ ¼ mcfM40HDðEF2DLHDD ; gg; k; niÞg0 ð10:105Þ

where,

M40HDðEF2DLHDD; gg; k; niÞ ¼ Real part offT1ðEF2DLHDD; gg; kÞ

� ni þ
1
2

� 	
�hx91HDðEF2DLHDD; gg; kÞg

and EF2DLHDD is the Fermi energy in the present case as measured from
the edge of the conduction band in the vertically upward direction in
absence of any quantization.
The DOS function can be written as

N2DðE; gg; kÞ ¼
mcgv

p�h2

� 	Xnzmax

nz¼1

M40HDðE; gg; kÞ
� �0

HðE � Eni10HDÞ ð10:106Þ

Combining (10.106), with the Fermi Dirac occupation probability factor, the
two dimensional electron concentration can be expressed as

n2D ¼
mcgv

p�h2

� 	Xnimax

ni¼1

M40HDðEF2DLHDD; gg; k; niÞ þ N40HDðEF2DLHDD; gg; k; niÞ
� �

ð10:107Þ

where N40HDðEF2DLHDD; gg; k; niÞ �
PS

r¼1 LðrÞM40HDðEF2DLHDD; gg; k; niÞ;
The ER in this case can be written as

ðD
l
ÞLS ¼ Real part of ½n0

e
½ on0

oðEF2DLHDD � E0HDLSDSÞ
��1� ð10:108Þ

where E0HDLSDS is obtained from (10.103) by substituting ks ¼ 0 and
E ¼ E0HDLSDS.
Thus using (10.103), (10.107), (10.108) and the allied definitions, we can
study the ER in this case.

(ii) The electron energy spectrum in doping superlattices of HD III-V, ternary
and quaternary materials in the presence of external photo-excitation whose
unperturbed electrons are defined by the two band model of Kane can be
expressed following (10.47) as
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T2ðE; gg; kÞ ¼ ni þ
1
2

� 	
�hx92HDðE; gg; kÞ þ

�h2k2
s

2mc
ð10:109Þ

where x92HDðE; gg; kÞ � n0jej2
d0escT 02ðE;gg;kÞmc

� �1=2
.

The sub band energies ðEni11HDÞ can be written as

T2ðEni11HD ; gg; kÞ ¼ ni þ
1
2

� 	
�hx92HDðEni11HD ; gg; kÞ ð10:110Þ

The expression of the EEM in this case is given by

m�ðEF2DLHHD; gg; k; niÞ ¼ mcfM41HDðEF2DLHDD; gg; k; niÞg0 ð10:111Þ

where

M41HDðEF2HLDD; gg; k; niÞ ¼ fT2ðEF2DLHDD; gg; kÞ

� ni þ
1
2

� 	
�hx92HDðEF2DLHDD; gg; kÞg

and EF2DLHDD is the Fermi energy in the present case as measured from
the edge of the conduction band in the vertically upward direction in
absence of any quantization.The DOS function can be written as

N2DðE; gg; kÞ ¼
mcgv

p�h2

� 	Xnzmax

nz¼1

M41HDðE; gg; kÞ
� �0

HðE � Eni11HDÞ ð10:112Þ

Combining (10.112), with the Fermi Dirac occupation probability factor, the
two dimensional electron concentration can be expressed as

n2D ¼
mcgv

p�h2

� 	Xnimax

ni¼1

M41HDðEF2DLHDD; gg; k; niÞ þ N41HDðEF2DLHDD; gg; k; niÞ
� �

ð10:113Þ

where, N41HDðEF2DLHDD; gg; k; niÞ �
PS

r¼1 LðrÞM41HDðEF2DLHDD; gg; k; niÞ,
Thus using (10.108), (10.109) and (10.113), we can study the ER in this case.

(iii) The electron energy spectrum in doping superlattices of HD III-V, ternary
and quaternary materials in the presence of external photo-excitation whose
unperturbed electrons are defined by the two band model of Kane can be
expressed following (10.48) as
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T3ðE; gg; kÞ ¼ ni þ
1
2

� 	
�hx93HDðE; gg; kÞ þ

�h2k2
s

2mc
ð10:114Þ

where x93HDðE; gg; kÞ � n0jej2
d0escT 03ðE;gg;kÞmc

� �1=2
.

The sub band energies ðEni12HDÞ can be written as

T3ðEni12HD ; gg; kÞ ¼ ni þ
1
2

� 	
�hx93HDðEni12HD ; gg; kÞ ð10:115Þ

The expression of the EEM in this case is given by

m�ðEF2DLHHD; gg; k; niÞ ¼ mcfM42HDðEF2DLHDD; gg; k; niÞg0 ð10:116Þ

where M42HDðEF2HLDD; gg; k; niÞ ¼ fT3ðEF2DLHDD; gg; kÞ � ni þ 1
2

 �
�hx93HD

ðEF2DLHDD; gg; kÞg and EF2DLHDD is the Fermi energy in the present case

as measured from the edge of the conduction band in the vertically
upward direction in absence of any quantization.
The DOS function can be written as

N2DðE; gg; kÞ ¼
mcgv

p�h2

� 	Xnzmax

nz¼1

M42HDðE; gg; kÞ
� �0

HðE � Eni12HDÞ ð10:117Þ

Combining (10.117), with the Fermi Dirac occupation probability factor, the
two dimensional electron concentration can be expressed as

n2D ¼
mcgv

p�h2

� 	Xnimax

ni¼1

M42HDðEF2DLHDD; gg; k; niÞ þ N42HDðEF2DLHDD; gg; k; niÞ
� �

ð10:118Þ

where, N42HDðEF2DLHDD; gg; k; niÞ �
PS

r¼1 LðrÞM42HDðEF2DLHDD; gg; k; niÞ,
Thus using (10.108), (10.114), (10.118) and the allied definitions, we can
study the ER in this case.

10.2.7 The Magneto ER in Effective Mass Superlattices
of HD III-V, Ternary and Quaternary
Semiconductors Under External Photo-Excitation

(a) Following Sasaki [9.15], the electron dispersion law in HD III-V effective
mass superlattices (EMSLs) in the presence of light waves, the dispersion
relations of whose constituent materials in the absence of any perturbation are
defined by the three band model of Kane can be written as.
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k2
x ¼

1
L2

0

fcos�1ðfHD1ðE; ky; kz; kÞÞg2 � k2
?

� �
ð10:119Þ

in which, fHD1ðE; ky; kz; kÞ ¼ a1HD1 cos½a0C1HD1ðE; k?Þ þ b0D1HD1ðE; k?Þ�
�a2HD1 cos½a0C1HD1ðE; k?Þ � b0D1HD1ðE; k?Þ�, k2

? ¼ k2
y þ k2

z ; L0 ¼ a0 þ b0;

a1HD1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2 Real part of ½T1ð0; gg2; kÞ�
mc1 Real part of ½T1ð0; gg1; kÞ�

s

þ 1

" #2

4
mc2 Real part of ½T1ð0; gg2; kÞ�
mc1 Real part of ½T1ð0; gg1; kÞ�

 !1=2
2

4

3

5

�1

;

a2HD1 ¼ �1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2 Real part of ½T1ð0; gg2; kÞ�
mc1 Real part of ½T1ð0; gg1; kÞ�

s" #2

4
mc2 Real part of ½T1ð0; gg2; kÞ�
mc1 Real part of ½T1ð0; gg1; kÞ�

 !1=2
2

4

3

5

�1

;

C1HD1ðE; k?kÞ � 2mc1

�h2

� 	
T1ðE; gg1; kÞ � k2

?

� �1=2

and

D1HD1ðE; k?kÞ � 2mc2

�h2

� 	
T1ðE; gg2; kÞ � k2

?

� �1=2

:

In the presence of an external magnetic field along x-direction, the simplified
magneto dispersion law in this case can be written as

k2
x ¼ ½q4HD1ðn;E; kÞ� ð10:120Þ

in which, q4HD1ðn;E; kÞ ¼ 1
L2

0
cos�1ðfHD1ðn;E; kÞÞ½ �2� 2jejB

�h nþ 1
2

 �n o
,

fHD1ðE; n; kÞ ¼ a1HD1 cos½a0C1HD1ðE; n; kÞ þ b0D1HD1ðE; n; kÞ�
� a2HD1 cos½a0C1HD1ðE; n; kÞ þ b0D1HD1ðE; n; kÞ�

C1HD1ðE; n; kÞ �
2mc1

�h2

� 	
T1ðE; gg1

; kÞ � 2jejB
�h

nþ 1
2

� 	� �� �1=2
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and

D1HD1ðE; n; kÞ �
2mc2

�h2

� 	
T1ðE; gg2

; kÞ � 2jejB
�h

nþ 1
2

� 	� �� �1=2

:

The EEM in this case assumes the form

m�ðn;EfSLHDB; kÞ ¼ Real part of
�h2

2
½q4HDðn;EfSLHDB; kÞ�0 ð10:121Þ

where EfSLHDB is the Fermi energy in this case.

The EEM in III-V EMSLs under magnetic quantization depends on both the
Fermi energy, magnetic quantum number and wavelength which is the
intrinsic property of such SLs.
The Landau Subband energies ðEnSL5HDÞ can be written as

q4HD1ðn;EnSL5HD ; kÞ ¼ 0 ð10:122Þ

The electron concentration in this case can be expressed as

n0 ¼ ð
ej jBgv

p2�h
Þ Real part of

Xnmax

n¼0

½T99HD1ðn;EfSLHDB; kÞ þ T910HD1ðn;EfSLHDB; kÞ�

ð10:123Þ

where, T99HD1ðn;EfSLHDB; kÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q4HD1ðn;EfSLDHB; kÞ

p

and T910HD1ðn; EfSLHDB; kÞ �
Ps

r¼1 LðrÞ T99HD1ðn;EfSLHDB; kÞ
� �

:

The ER in this case is given by

ðD
l
ÞLSLHD1 ¼ Real part of ½n0

e
½ on0

oðEfSLHDB � D99Þ
��1� ð10:124Þ

where D99 is obtained by substituting kx ¼ 0 and E ¼ D99 in (10.120)
Thus using (10.120), (10.123), (10.124) and the allied definitions, we can
study the ER in this case.

(b) Following Sasaki [9.15], the electron dispersion law in HD III-V effective
mass superlattices (EMSLs) in the presence of light waves, the dispersion
relations of whose constituent materials in the absence of any perturbation are
defined by the two band model of Kane can be written as.

k2
x ¼

1

L2
0

fcos�1ðfHD2ðE; ky; kz; kÞÞg2 � k2
?

� �
ð10:125Þ
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In which

fHD2ðE; ky; kzkÞ ¼ a1HD2 cos½a0C1HD2ðE; k?Þ þ b0D1HD2ðE; k?Þ�
� a2HD2 cos½a0C1HD2ðE; k?Þ � b0D1HD2ðE; k?Þ�;

a1HD2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2½T2ð0; gg2; kÞ�
mc1½T2ð0; gg1; kÞ�

þ 1

s" #2

4
mc2½T2ð0; gg2; kÞ�
mc1½T2ð0; gg1; kÞ�

 !1=2
2

4

3

5

�1

;

a2HD2 ¼ �1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2½T2ð0; gg2; kÞ�
mc1½T2ð0; gg1; kÞ�

s" #2

4
mc2½T2ð0; gg2; kÞ�
mc1½T2ð0; gg1; kÞ�

 !1=2
2

4

3

5

�1

;

C1HD2ðE; k?kÞ � 2mc1

�h2

� 	
T2ðE; gg1; kÞ � k2

?

� �1=2

and

D1HD2ðE; k?kÞ � 2mc2

�h2

� 	
T2ðE; gg2; kÞ � k2

?

� �1=2

:

In the presence of an external magnetic field along x-direction, the simplified
magneto dispersion law in this case can be written as

k2
x ¼ ½q4HD2ðn;E; kÞ� ð10:126Þ

in which, q4HD2ðn;E; kÞ ¼ 1
L2

0
cos�1ðfHD2ðn;E; kÞÞ½ �2� 2jejB

�h nþ 1
2

 �n o
,

fHD2ðE; n; kÞ ¼ a1HD2 cos½a0C1HD2ðE; n; kÞ þ b0D1HD2ðE; n; kÞ�
� a2HD2 cos½a0C1HD2ðE; n; kÞ � b0D1HD2ðE; n; kÞ�

C1HD2ðE; n; kÞ �
2mc1

�h2

� 	
T2ðE; gg1

; kÞ � 2jejB
�h

nþ 1
2

� 	� �� �1=2

and

D1HD2ðE; n; kÞ �
2mc2

�h2

� 	
T2ðE; gg2

; kÞ � 2jejB
�h

nþ 1
2

� 	� �� �1=2

:
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The EEM in this case assumes the form

m�ðn;EfSLHDB; kÞ ¼
�h2

2
½q4HD2ðn;EfSLHDB; kÞ�0 ð10:127Þ

where EfSLHDB is the Fermi energy in this case.

The EEM in III-V EMSLs under magnetic quantization depends on both the
Fermi energy, magnetic quantum number and wavelength which is the
intrinsic property of such SLs.
The Landau Subband energies ðEnSL5HDÞ can be written as

q4HD2ðn;EnSL5HD2 ; kÞ ¼ 0 ð10:128Þ

The electron concentration in this case can be expressed as

n0 ¼ ð
ej jBgv

p2�h
Þ
Xnmax

n¼0

½T99HD2ðn;EfSLHDB; kÞ þ T910HD2ðn;EfSLHDB; kÞ� ð10:129Þ

where, T99HD2ðn;EfSLHDB; kÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q4HD2ðn;EfSLDB; kÞ

p
and T910HD2ðn;EfSLHDB;

kÞ �
Ps

r¼1 LðrÞ T99HD2ðn;EfSLHDB; kÞ
� �

:

Thus using (10.124), (10.128), (10.129) and the alied definitions, we can
study the ER in this case.

(c) Following Sasaki [9.15], the electron dispersion law in HD III-V effective
mass superlattices (EMSLs) in the presence of light waves, the dispersion
relations of whose constituent materials in the absence of any perturbation are
defined by the parabolic energy bands can be written as.

k2
x ¼

1

L2
0

fcos�1ðfHD3ðE; ky; kz; kÞÞg2 � k2
?

� �
ð10:130Þ

In which

fHD3ðE; ky; kzkÞ ¼ a1HD3 cos½a0C1HD3ðE; k?Þ þ b0D1HD3ðE; k?Þ�
� a2HD3 cos½a0C1HD3ðE; k?Þ � b0D1HD3ðE; k?Þ�;

a1HD3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2½T3ð0; gg2; kÞ�
mc1½T3ð0; gg1; kÞ�

þ 1

s" #2

4
mc2½T3ð0; gg2; kÞ�
mc1½T3ð0; gg1; kÞ�

 !1=2
2

4

3

5

�1

;

a2HD3 ¼ �1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2½T3ð0; gg2; kÞ�
mc1½T3ð0; gg1; kÞ�

s" #2

4
mc2½T3ð0; gg2; kÞ�
mc1½T3ð0; gg1; kÞ�

 !1=2
2

4

3

5

�1

;

C1HD3ðE; k?kÞ �
2mc1

�h2

� 	
T3ðE; gg1; kÞ � k2

?

� �1=2

and
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D1HD3ðE; k?kÞ � 2mc2

�h2

� 	
T3ðE; gg2; kÞ � k2

?

� �1=2

:

In the presence of an external magnetic field along x-direction, the simplified
magneto dispersion law in this case can be written as

k2
x ¼ ½q4HD3ðn;E; kÞ� ð10:131Þ

in which,

q4HD3ðn;E; kÞ ¼
1
L2

0

cos�1ðfHD3ðn;E; kÞÞ
� �2� 2jejB

�h
nþ 1

2

� 	� �
;

fHD3ðE; n; kÞ ¼ a1HD3 cos½a0C1HD3ðE; n; kÞ þ b0D1HD3ðE; n; kÞ�
� a2HD3 cos½a0C1HD3ðE; n; kÞ � b0D1HD3ðE; n; kÞ�

C1HD3ðE; n; kÞ ¼
2mc1

�h2

� 	
T3ðE; gg1

; kÞ � 2jejB
�h

nþ 1
2

� 	� �� �1=2

and

D1HD3ðE; n; kÞ ¼
2mc2

�h2

� 	
T3ðE; gg2

; kÞ � 2jejB
�h

nþ 1
2

� 	� �� �1=2

:

The EEM in this case assumes the form

m�ðn;EfSLHDB; kÞ ¼
�h2

2
½q4HD3ðn;EfSLHDB; kÞ�0 ð10:132Þ

where EfSLHDB is the Fermi energy in this case.

The EEM in III-V EMSLs under magnetic quantization depends on both the
Fermi energy, magnetic quantum number and wavelength which is the
intrinsic property of such SLs.
The Landau Subband energies ðEnSL5 HD3Þ can be written as

q4HD3ðn;EnSL5 HD3 ; kÞ ¼ 0 ð10:133Þ

The electron concentration in this case can be expressed as

n0 ¼ ð
ej jBgv

p2�h
Þ
Xnmax

n¼0

½T99HD3ðn;EfSLHDB; kÞ þ T910HD3ðn;EfSLHDB; kÞ� ð10:134Þ

where, T99HD3ðn;EfSLHDB; kÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q4HD3ðn;EfSLHDB; kÞ

q
and T910HD3ðn;EfSLHDB; kÞ

�
Ps

r¼1 LðrÞ T99HD3ðn;EfSLHDB; kÞ
� �

:

Thus using (10.124), (10.133), (10.134) and the allied definitions, we can
study the ER in this case.
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10.3 Open Research Problems

(R.E.1) Investigate the ER in the presence of intense external light waves for all
the HD materials whose respective dispersion relations of the carriers in
the absence of any field are given in R 1.1.

(R.E.2) Investigate the ER for the heavily–doped semiconductors in the presences
of Gaussian, exponential, Kane, Halperian, Lax and Bonch-Burevich
types of band tails [16] for all systems whose unperturbed carrier energy
spectra are defined in (R 1.1) in the presence of external light waves.

(R.E.3) Investigate the ER in the presence of external light waves for bulk
specimens of the negative refractive index, organic, magnetic and other
advanced optical materials in the presence of an arbitrarily oriented
alternating electric field.

(R.E.4) Investigate all the appropriate problems of this chapter for a Dirac
electron.

(R.E.5) Investigate all the appropriate problems of this chapter by including the
many body, broadening and hot carrier effects respectively.

(R.E.6) Investigate all the appropriate problems of this chapter by removing all
the mathematical approximations and establishing the respective appro-
priate uniqueness conditions.
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