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Preface

This volume presents the proceedings of the second international conference on
Particle Systems and Partial Differential Equations, “PS-PDEs II”, held at the
Centre of Mathematics of the University of Minho, Braga, Portugal, from 12 to
13 December 2013.

The purpose of this second meeting was to bring together renowned researchers
working in the fields of probability and partial differential equations, to present their
recent scientific results in both areas and to discuss some of their topics of expertise.
Additionally, the meeting was intended to present to a vast and varied public,
including young researchers, the subject of interacting particle systems, its under-
lying motivation, and its relation to partial differential equations.

The present volume includes the lecture notes from the mini-courses given by
Professor Cédric Bernardin (University of Nice) on “Diffusion of energy in chains
of oscillators with bulk noise”, and by Professor Vincent Giovangigli (École
Polytechnique) on “Dissipative Reactive Fluid Models from the Kinetic Theory”. It
also features 13 contributed papers written by some of the participants of the
conference on highly interesting topics in the fields of probability theory, partial
differential equations and kinetic theory.

We believe that this volume will be of great interest to probabilists, analysts and
also to those mathematicians in general whose work focuses on topics in mathe-
matical physics, stochastic processes and differential equations, as well as to those
physicists who work in statistical mechanics and kinetic theory.

We would like to take this opportunity to give our special thanks to all the
participants for their active contributions to the success of this meeting.

Finally, we gratefully acknowledge the financial support provided by Fundação
para a Ciência e a Tecnologia and by the Centre of Mathematics of the University

v



of Minho, through the FCT-CMAT Strategic Project PEstC/MAT/UI0013/2011 and
the research project “Non-equilibrium statistical physics”, PTDC/MAT/109844/
2009.

We very much hope you enjoy reading this book!

Braga, Portugal Patrícia Gonçalves
February 2015 Ana Jacinta Soares
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Part I
Mini-Courses



Diffusion of Energy in Chains of Oscillators
with Conservative Noise

Cédric Bernardin

Abstract These notes are based on a mini-course given during the conference Parti-
cle systems and PDE’s - II which held at the Center of Mathematics of the University
of Minho in December 2013. We discuss the problem of normal and anomalous
diffusion of energy in systems of coupled oscillators perturbed by a stochastic noise
conserving energy.

Keywords Superdiffusion · Anomalous fluctuations · Green-Kubo formula · Non
equilibrium stationary states · Heat conduction · Hydrodynamic limits · Ergodicity
The goal of statistical mechanics is to elucidate the relation between the micro-
scopic world and the macroscopic world. Equilibrium statistical mechanics assume
the microscopic systems studied to be in equilibrium. In this course we will be con-
cerned with non-equilibrium statistical mechanics where time evolution is taken into
account: our interest will not only be in the relation between the microscopic and the
macroscopic scales in space but also in time.

By microscopic system we refer to molecules or atoms governed by the classical
Newton’s equations of motion. The question is then to understand how do these
particles manage to organize themselves in such a way as to form a coherent structure
on a large scale. The “structure” will be described by few variables (temperature,
pressure…) governed by autonomous equations (Euler’s equations, Navier-Stokes’s
equation, heat equation …). The microscopic specificities of the system will appear
on this scale only through the thermodynamics (equation of state) and through the
transport coefficients. Unfortunately, we are very far from understanding how to
derive such macroscopic equations for physical relevant interactions.

One of the main ingredients that we need to obtain the macroscopic laws is that
the particles, which evolve deterministically, have a behavior that one can consider
almost as being random. The reason for this is that the dynamical system considered
is expected to have a very sensitive dependence on the initial conditions and therefore

C. Bernardin (B)
Université de Nice Sophia-Antipolis, Laboratoire J.A. Dieudonné,
UMR CNRS 7351, Parc Valrose 06108, Nice Cedex 02, France
e-mail: cbernard@unice.fr

© Springer International Publishing Switzerland 2015
P. Gonçalves and A.J. Soares (eds.), From Particle Systems to Partial Differential
Equations II, Springer Proceedings in Mathematics & Statistics 129,
DOI 10.1007/978-3-319-16637-7_1
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4 C. Bernardin

is chaotic. This “ deterministic chaos” is a poorly understood subject for systemswith
many degrees of freedom and even a precise consensual formulation is missing.

A first simplification to attack these problems consists in replacing the determin-
istic evolution of particles ab initio by purely stochastic evolutions. Despite this sim-
plification we notice that the derivation of the macroscopic evolution laws is far from
being trivial. For example, we do not have any derivation of a system of hyperbolic
conservation laws from a stochastic microscopic system after shocks. Nevertheless,
since the pioneering work of Guo et al. [35] and Yau [67], important progresses have
been performed in several well understood situations by the development of robust
probabilistic and analytical methods (see [41, 55] for reviews).

In this course we will be mainly (but not only) interested in hybrid models for
which the time evolution is governed by a combination of deterministic and stochastic
dynamics. These systems have the advantage to be mathematically tractable and
conserve some aspects of the underlying deterministic evolution. The stochastic
noise has to be chosen in order to not destroy the main features of the Hamiltonian
system that we perturb.

The central macroscopic equation of these lecture notes is the heat equation:

⎧
⎪⎨

⎪⎩

∂tu = ∂x(D(u)∂xu), x ∈ Ů, t > 0,

u(0, x) = u0(x), x ∈ U,

u(t, x) = b(x), x ∈ ∂U, t > 0.

Here u(t, x) is a function of the time t ≥ 0 and the space x ∈ U ⊂ R
d , d ≥ 1, starting

from the initial condition u0 and subject to boundary conditions prescribed by the
function b. The advantage of the heat equation with respect to other macroscopic
equations such as the Euler or Navier-Stokes equations is that the notion of solution is
very well understood. The dream would be to start from a system of N � 1 particles
whose interactions are prescribed by Newton’s laws and to show that in the large N
limit, the empirical energy converges in the diffusive time scale t = τN2 to u (τ is the
microscopic time and t the macroscopic time). In fact, this picture is expected to be
valid only under suitable conditions and to fail for some low dimensional systems.
In the case where the heat equation (or its variants) holds we say that the system
has a normal behavior. Otherwise anomalous behavior occurs and the challenging
question (even heuristically) is to know by what we shall replace the heat equation
and what is the time scale over which we have to observe the system in order to see
this macroscopic behavior ([19, 24, 47] for reviews).

The course is organized as follows. In this chapter we introduce the models
studied. Chapter “Dissipative Reactive Fluid Models from the Kinetic Theory”
is concerned with models which have a normal diffusive behavior. In chapter
“Large Deviations in a Gaussian Setting: The Role of the Cameron-Martin Space”
we are interested in systems producing an anomalous diffusion. An important issue
not discussed here is the effect of disorder on diffusion problems. In order to deal
with lecture notes of a reasonable size, many of the proofs have been suppressed or
only roughly presented.

http://dx.doi.org/10.1007/978-3-319-16637-7_2
http://dx.doi.org/10.1007/978-3-319-16637-7_3


Diffusion of Energy in Chains of Oscillators with Conservative Noise 5

1 Chains of Oscillators

1.1 Chains of Oscillators with Bulk Noise

Chains of coupled oscillators are usual microscopic models of heat conduction in
solids. Consider a finite box ΛN = {1, . . . , N}d ⊂ Z

d , d ≥ 1, whose boundary
∂ΛN is defined as ∂ΛN = {x /∈ ΛN ; ∃y ∈ ΛN , |x − y| = 1}. Here | · | denotes
the Euclidian norm in R

d and “·” the corresponding scalar product. Let us fix a
nonnegative pair interaction potential V and a pinning potential W on R. The atoms
are labeled by x ∈ ΛN . The momentum of atom x is px ∈ R and its displacement
from its equilibrium position1 is qx ∈ R. The energy Ex of the atom x is the sum of
the kinetic energy, the pinning energy and the interaction energy:

Ex = |px|2
2

+ W(qx) + 1

2

∑

|y−x|=1,
y∈ΛN

V(qx − qy). (1)

The Hamiltonian is given by

HN =
∑

x∈ΛN

Ex + ∂ HN (2)

where ∂ HN is the part of the Hamiltonian corresponding to the boundary conditions
which are imposed (Fig. 1).

We will consider the following cases:

• Periodic boundary conditions: we identify the site 1 to the site N and denote the
corresponding box by TN , the discrete torus of length N (then ∂HN = 0).

• Free boundary conditions: this corresponds to the absence of boundary conditions,
i.e. to ∂HN = 0.

• Fixed boundary conditions: introduce the positions qy = 0, y ∈ ∂ΛN , of some
fictive walls. We add to the Hamiltonian HN a boundary term ∂HN = ∂ f HN

given by

Fig. 1 A one-dimensional chain of pinned oscillators with free boundary conditions

1 We restrict us to the case where qx ∈ R
n with n = 1 because the relevant dimension of the system

is the dimension d of the lattice. Most of the results stated in this manuscript can be generalized to
the case n ≥ 1.
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∂ f HN =
∑

|y−x|=1,
x∈ΛN ,y∈∂ΛN

V(qx − qy) =
∑

|y−x|=1,
x∈ΛN ,y∈∂ΛN

V(qx).

• Forced boundary conditions: site 1 = (1, . . . , 1) is in contactwith awall at position
q0 = 0 and each site y ∈ ∂ΛN\{0} is driven by a constant force τy. This results in
a boundary term ∂HN = ∂τ HN given by

∂τ HN =
∑

|y−x|=1,
x∈ΛN ,y∈∂ΛN

V(qx − qy) −
∑

y∈∂ΛN \{0}
τyqy. (3)

The equations of motion of the atoms are

q̇x = ∂pxHN , ṗx = −∂qxHN (4)

and the generator AN of the system is given by the Liouville operator

AN =
∑

x∈ΛN

{
∂pxHN ∂qx − ∂qxHN ∂qx

}
.

It will be also useful to consider the chain of oscillators in infinite volume, i.e.
replacing ΛN by Z

d , d ≥ 1, in the definitions above. The formal generator AN is
then denoted byA . The dynamics can be defined for a large set of initial conditions
if V and W do not behave too badly [12, 45, 50]. We define the set Ω as the subset
of RZ

d
given by

Ω =
⋂

α>0

⎧
⎨

⎩
ξ ∈ R

Z
d ;

∑

x∈Zd

e−α|x||ξx|2 < +∞
⎫
⎬

⎭
(5)

and Ω̃ = Ω ×Ω . We equipΩ with its natural product topology and its Borel σ -field
and Ω̃ by the corresponding product topology. For X = Ω or X = Ω̃ , the set of
Borel probability measures on X is denoted by P(X). A function f : X → R is
said to be local if it depends of ξ only through the coordinates {ξx ; x ∈ Λf }, Λf

being a finite box of Z. We also introduce the sets Ck
0(X), k ≥ 1 (resp. k = 0), of

bounded local functions on X which are differentiable up to order k with bounded
partial derivatives (resp. continuous and bounded).

In the rest of the manuscript, apart from specific cases, we will assume that one
of the following conditions hold:

• The potentialsV andW have bounded second derivatives. Then the infinite dynam-
ics (ω(t))t≥0 can be defined for any initial conditionω0 = (q0, p0) ∈ Ω̃ .Moreover
Ω̃ is invariant by the dynamics. This defines a semigroup (Pt)t≥0 on C0

0(Ω̃) and
the Chapman-Kolmogorov equations
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(Ptf )(ω) − f (ω) =
∫ t

0
(PsA f )(ω) ds =

∫ t

0
(A Psf )(ω) ds (6)

are valid for any f ∈ C1
0(Ω̃).

• The potential W = 0 and the interaction potential V has a second derivative
uniformly bounded from above and below. It is more convenient to go over the
deformation fieldη(x,y) = qy−qx , |x−y| = 1,which by construction is constrained
to have zero curl. In d = 1wewill denote η(x−1,x) = qx−qx−1 by rx . The dynamics
(4) can be read as a dynamics for the deformation field and themomenta. Given say
q0, the scalar field q = {qx}x∈Zd can be reconstructed from η. In the sequel, when
W = 0, we will use these coordinates without further mention. The dynamics for
the coordinates ω = (η, p) = (η(x,x+e), px)|e|=1,x∈Z can be defined if the initial
condition satisfies ω0 ∈ Ω̃ . Moreover the set Ω̃ is invariant by the dynamics. This
defines a semigroup (Pt)t≥0 on C0

0(Ω̃) and the Chapman-Kolmogorov equations

(Ptf )(ω) − f (ω) =
∫ t

0
(PsA f )(ω) ds =

∫ t

0
(A Psf )(ω) ds (7)

are valid for any f ∈ C1
0(Ω̃).2

Let us first consider the problem related to the characterization of equilibrium
states. For simplicity we take the finite volume dynamics with periodic boundary
conditions. Then it is easy to see that the system conserves one or two physical
quantities depending on whether the chain is pinned or not. The total energy HN

is always conserved. If W = 0 the system is translation invariant and the total
momentum

∑
x px is also conserved. Notice that because of the periodic boundary

conditions the sum of the deformation field
∑

x η(x,x+ei) is automatically fixed equal
to 0 for any i = 1, . . . , d.

Liouville’s Theorem implies that the uniform measure λN on the manifold ΣN

composed of the configurations with a fixed total energy (and possibly a fixed total
momentum) is invariant for the dynamics. Themicro canonical ensemble is defined as
the probabilitymeasureλN . The dynamics restricted toΣN is not necessarily ergodic.
Two examples for which one can show it is not the case are the harmonic lattice
(V and W quadratic) and the Toda lattice (d = 1, W = 0, V(r) = e−r −1+ r) which
is a completely integrable system [61]. In fact what is really needed for our purpose
is not the ergodicity of the finite dynamics but of the infinite dynamics. We expect
that even if the finite dynamics are never ergodic the fraction ofΣN corresponding to
non ergodic behavior decreases as N increases, and probably disappears as N = ∞
(apart fromvery peculiar cases). Therefore a good notion of ergodicity has to be stated
for infinite dynamics. The definition of a conserved quantity is not straightforward
in infinite volume (the total energy of the infinite chain is usually equal to +∞).
To give a precise definition we will use the notion of space-time invariant probability
measures for the infinite dynamics defined above.

2 The generator A has to be written in terms of the deformation field.
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The infinite volume Gibbs grand canonical ensembles are such probability mea-
sures. They forma set of probabilitymeasures indexedbyone (pinned chains) ord + 2
(unpinned chains) parameters and are defined by the so-called Dobrushin-Landford-
Ruelle’s equations. To avoid a long discussion we just give a formal definition (see
e.g. [34] for a detailed study).

• Pinned chains (W 	= 0): the infinite volume Gibbs grand canonical ensemble μβ

with inverse temperature β > 0 is the probability measure on Ω̃ whose density
with respect to the Lebesgue measure is

Z−1(β) exp

⎛

⎝−β
∑

x∈Zd

Ex

⎞

⎠ .

• Unpinned chains (W = 0): the infinite volume Gibbs grand canonical ensemble3

μβ,p̄,τ with inverse temperature β > 0, average momentum p̄ ∈ R and tension
τ = β−1λ ∈ R

d is the probability measure on Ω̃ whose density with respect to
the Lebesgue measure is

Z−1(β, p̄, τ ) exp

⎛

⎝−β
∑

x∈Zd

{Ex − p̄ px −
d∑

i=1

τiη(x,x+ei)}
⎞

⎠. (8)

Observe that in the one dimensional unpinned case we have simply product measures
and that the tension τ is equal to the average of V ′(rx).

Fix an arbitrary Gibbs grand canonical ensemble μ. A probability measure v is
said to be μ-regular if for any finite box Λ ⊂ Z

d whose cardinal is denoted by |Λ|,
the relative entropy of v|Λ w.r.t. μ|Λ is bounded above by C|Λ| for a constant C
independent of Λ. We recall that the relative entropy H(v|μ) of v ∈ P(X) with
respect to μ ∈ P(X), X being a probability space, is defined as

H(v|μ) = sup
φ

{∫

φ dv − log

(∫

eφ dμ

)}

, (9)

where the supremum is carried over all bounded measurable functions φ on X.
For any arbitrary Gibbs grand canonical ensembles μ and μ′, μ is μ′-regular and

μ′ isμ-regular. Therefore v isμ-regular is equivalent to v isμ′-regular andwe simply
say that v is regular.

A notion of ergodicity for infinite dynamics which is suitable to derive rigorously
large scale limits of interacting particle systems is the following.

3 They are defined with respect to the gradient fields η(x,y). It would be more coherent to call them
gradient Gibbs measures.
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Definition 1 (Macro-Ergodicity)4 We say that the dynamics generated by A is
macro-ergodic if and only if the only space-time invariant5 regular measures v for
A are mixtures (i.e. generalized convex combinations) of Gibbs grand canonical
ensembles.

If the microscopic dynamics is macro-ergodic, then, by using the relative entropy
method developed in [51], we can derive the hydrodynamic equations6 in the Euler
time scale of the chain before the appearance of the shocks, at least in d = 1 [12].
These limits form a triplet of compressible Euler equations (for energy e, momentum
p and deformation r) of the form

⎧
⎪⎨

⎪⎩

∂tr = ∂qp

∂tp = ∂qτ

∂te = ∂q(pτ)

(10)

where the pressure τ := τ(r, e− p2

2 ) is a suitable thermodynamic function depending
on the potential V . A highly challenging open question is to extend these results after
the shocks. The proof can be adapted to take into account the presence of mechanical
boundary conditions [20].

We do not claim that the macro-ergodicity is a necessary condition to get Euler
equations for purely Hamiltonian systems.We could imagine that weaker or different
conditions are sufficient but in the actual state of the art the macro-ergodicity is a
clear and simple mathematical statement of what we could require from determin-
istic systems in order to derive Euler equations rigorously. We refer the interested
reader to [21, 59] for interesting discussions about the role of ergodicity in statistical
mechanics.

1.1.1 Conserving Noises

In [31], Fritz, Funaki and Lebowitz prove a weak form of macro-ergodicity for a
chain of anharmonic oscillators under generic assumptions on the potentials V and
W that we do not specify here (see [31]).

Theorem 1 ([31])7 Consider the pinned chain W 	= 0 generated by A or an
unpinned chain W = 0 in d = 1. The only regular time and space invariant
measures for A which are such that conditionally to the positions configuration
q := {qx ; x ∈ Z

d} the law of the momenta p := {px ; x ∈ Z
d} is exchangeable are

given by mixtures of Gibbs grand canonical ensembles.

4 The name has been proposed by S. Goldstein.
5 Observe that a probability measure v is time invariant for the infinite dynamics if and only if∫
A f dv = 0 for any f ∈ C1

0(Ω̃). This is a consequence of the Chapman-Kolmogorov Eq. (7).
6 The notion of hydrodynamic limits is detailed in Sects. 2.2.1 and 3.2.2.
7 The proof given in [31] assumes W 	= 0 but it can be adapted to the unpinned one dimensional
case (see [12]). It would be interesting to extend this theorem to the general unpinned case.
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They also proposed to perturb the dynamics by a stochastic noise that consists
in exchanging at random exponential times, independently for each pair of nearest
neighbors site x, y ∈ Z

d , |x − y| = 1, the momenta px and py. The formal generator
L of this dynamics, that we will call the stochastic energy-momentum conserving
dynamics, is given by L = A + γS , γ > 0, where A is the Liouville operator
and S is defined for any local function f : Ω̃ → R by

(S f )(q, p) =
∑

x,y∈Zd

|x−y|=1

[
f (q, px,y) − f (q, p)

]
. (11)

Here themomenta configurationpx,y is the configurationobtained frompbyexchang-
ing px with py. The previous discussion about existence of the dynamics on Ω̃ for
the deterministic case and its relation with its formal generator is also valid for this
dynamics and the other dynamics defined in this section.

With some non-trivial entropy estimates we get the following result.

Theorem 2 ([31]) Consider the pinned (W 	= 0) or the one-dimensional unpinned
(W 	= 0) stochastic energy-momentum conserving dynamics. The only regular time
and space invariant measures for these dynamics are given by mixtures of Gibbs
grand canonical ensembles, i.e. the stochastic energy-momentum conserving dynam-
ics is macro-ergodic.

Consequently the stochastic energy-momentum conserving dynamics is macro-
ergodic. By using the relative entropy method developed in [51], one can show
it has in the Euler time scale and before the appearance of the shocks the same
hydrodynamics (10) as the deterministic model. This is because the noise has some
macroscopic effects only in the diffusive time scale [12].

We consider now a different stochastic perturbation. Let us define the flipping
operator σx : p ∈ Ω → px ∈ Ω where px is the configuration such that (px)z =
pz for z 	= x and (px)x = −px . In [31] is also proved that the only time-space
regular stationary measures for the Liouville operator A such that conditionally to
the positions the momenta distribution is invariant by any flipping operator σx are
mixtures of Gibbs grand canonical ensembles with zero momentum average. Then
we consider the dynamics on Ω̃ generated by L = A + γS , γ > 0, with S the
noise defined by

(S f )(q, p) = 1

2

∑

x∈Zd

[
f (q, px) − f (q, p)

]
(12)

for any local function f : Ω̃ → R. This dynamics conserves the energy and the
deformation of the lattice but destroys all the other conserved quantities. We call this
system the velocity-flip model (sometimes the stochastic energy conserving model).

Theorem 3 ([31])Consider the pinned d-dimensional velocity-flip model or the one-
dimensional unpinned velocity-flip model. The only regular time and space invariant
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measures are given by mixtures of Gibbs grand canonical ensembles. In other words
the velocity-flip model is macro-ergodic.

Since the velocity flip-model does not conserve the momentum its Gibbs invariant
measures are given by (8) with p̄ = 0. In particular the average currents with respect
to theses measures is zero. Therefore assuming propagation of local equilibrium in
the Euler time scale we get that it has trivial hydrodynamics in this time scale: initial
profile of energy does not evolve. This is only in the diffusive scale that an evolution
should take place.

1.1.2 NESS of Chains of Oscillators Perturbed
by an Energy Conserving Noise

The models defined in the previous sections can also be considered in a non-
equilibrium stationary state (NESS) by letting them in contact with thermal baths at
different temperatures and imposing various mechanical boundary conditions. Let
us only give some details for the NESS of the one-dimensional velocity-flip model.

Consider a chain ofN unpinned oscillators where the particle 1 (resp.N) is subject
to a constant force τ� (resp. τr). Moreover we assume that the particle 1 (reps. N) is
in contact with a Langevin thermal bath at temperature T� (resp. Tr). The generator
LN of the dynamics on the phase space ΩN = R

N−1 × R
N is given by

LN = A τ�,τr
N + γSN + γ�B1,T�

+ γrBN,Tr , γ > 0, (13)

where A τ�,τr
N is the Liouville operator, Bj,T the generator of the Langevin bath at

temperature T acting on the jth particle and SN the generator of the noise. The
strength of noise and thermostats are regulated by γ , γ� and γr respectively. The
Liouville operator is defined by

A τ�,τr
N =

N∑

x=2

(px − px−1) ∂rx +
N−1∑

x=2

(
V ′(rx+1) − V ′(rx)

)
∂px (14)

− (
τ� − V ′(r2)

)
∂p1 + (

τr − V ′(rN )
)
∂pN .

The generators of the thermostats are given by

Bj,T = T∂2pj
− pj∂pj . (15)

The noise corresponds to independent velocity change of sign, i.e.

(SN f )(r, p) = 1

2

N−1∑

x=2

(
f (r, px) − f (r, p)

)
, f : ΩN → R. (16)

We will also consider the case where the chain has fixed boundary conditions.
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Proposition 1 ([10, 11, 22]) Consider a finite chain of pinned or unpinned oscilla-
tors with fix, free or forced boundary conditions in contact with two thermal baths at
different temperatures and perturbed by one of the energy conserving noises defined
above. Then, there exists a unique non-equilibrium stationary state for this dynamics
which is absolutely continuous w.r.t. Lebesgue measure.

Proof The proof of the existence of the invariant state can be obtained from the
knowledge of a suitable Liapounov function. To prove the uniqueness of the invariant
measure it is sufficient to prove that the dynamics is irreducible and has the strong-
Feller property. Some hypoellipticity, control theory and conditioning arguments are
used to achieve this goal. �

1.2 Simplified Perturbed Hamiltonian Systems

Introducing a noise into the deterministic dynamics help us to solve some ergodicity
problems. Nevertheless, as we will see, several challenging problems remain open
for chains of oscillators perturbed by a conservative noise. In [13] we proposed to
simplify still these models and the main message addressed there is that the models
introduced in [13] have qualitatively the same behaviors as the unpinned chains. For
simplicity we define only the dynamics in infinite volume.

Let U and V be two potentials on R and consider the Hamiltonian system
(ω(t))t≥0 = ( r(t), p(t) )t≥0 described by the equations of motion

dpx

dt
= V ′(rx+1) − V ′(rx),

drx

dt
= U ′(px) − U ′(px−1), x ∈ Z, (17)

where px is the momentum of particle x, qx its position and rx = qx − qx−1 the
“deformation”. Standard chains of oscillators are recovered for a quadratic kinetic
energy U(p) = p2/2. The dynamics conserves (at least) three physical quantities:
the total momentum

∑
x px , the total deformation

∑
x rx and the total energy

∑
x Ex

with Ex = V(rx) + U(px). Consequently, every Gibbs grand canonical ensemble
vβ,λ,λ′ defined by

dvβ,λ,λ′(η) =
∏

x∈Z
Z (β, λ, λ′)−1 exp

{−βEx − λpx − λ′rx
}

drx dpx (18)

is invariant under the evolution. To simplify we assume that the potentials U and V
are smooth potentials with second derivatives bounded by below and from above.

To overcome our ignorance aboutmacro-ergodicity of the dynamics, as before, we
add a stochastic conserving perturbation. In the general caseU 	= V , theHamiltonian
dynamics can be perturbed by the energy-momentum conserving noise acting on the
velocities (as proposed in [31]) but conserving the three physical invariantsmentioned
above. Then the infinite volume dynamics can be defined on the state space Ω̃ . Its
generator L is given by L = A + γS , γ > 0, where
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(A f )(r, p) =
∑

x∈Z

{
(V ′(rx+1) − V ′(rx))∂px f + (U ′(px) − U ′(px−1))∂rx f

}
(r, p)

(S f ) =
∑

x∈Z

[
f (r, px,x+1) − f (r, p)

]
(19)

for any f ∈ C1
0(Ω̃).

Theorem 4 ([13]) Assume that the potentials U and V are smooth potentials with
second derivatives bounded by below and from above. The dynamics generated by
L = A +γS with γ > 0 andA ,S given by (19) is macro-ergodic. Consequently,
before the appearance of the shocks, in the Euler time scale, the hydrodynamic limits
are given by a triplet of compressible Euler equations.

Our motivation being to simplify as much as possible the dynamics considered
in [1, 2] without destroying the anomalous behavior of the energy diffusion, we
mainly focus on the symmetric case U = V . Then the p’s and r’s play a symmetric
role so there is no reason that momentum conservation is more important than defor-
mation conservation. We propose thus to add a noise conserving only the energy and∑

x[rx + px]. It is more convenient to use the variables {ηx ; x ∈ Z} ∈ R
Z defined

by η2x = px and η2x−1 = rx so that (17) becomes

dηx = [
V ′(ηx+1) − V ′(ηx−1)

]
dt, x ∈ Z. (20)

We might also interpret the dynamics for the η’s as the dynamics of an interface
whose height (resp. energy) at site x is ηx (resp. V(ηx)). It is then quite natural to call
the quantity

∑
x ηx the “volume”.

Hence, we introduce the so-called stochastic energy-volume conserving dynam-
ics, which is still described by (20) between random exponential times where two
nearest neighbors heights ηx and ηx+1 are exchanged. Observe that in the momenta-
deformation picture this noise is less degenerate than the momenta exchange noise
since exchange between momenta and positions is now allowed. The generator L
of the infinite volume dynamics, well defined on the state space Ω , is given by
L = A + γS , γ > 0, where for any f ∈ C1

0(Ω),

(A f )(η) =
∑

x∈Z

[
V ′(ηx+1) − V ′(ηx−1)

]
(∂ηx f )(η),

(S f )(η) =
∑

x∈Z

[
f (ηx,x+1) − f (η)

]
. (21)

The noise still conserves the total energy and the total volume but destroys the
conservation of momentum and deformation. Therefore, only two quantities are con-
served and the invariant Gibbs grand canonical measures of the stochastic dynamics
correspond to the choice λ = λ′ in (18). We denote vβ,λ,λ (resp.Z (β, λ, λ)) byμβ,λ

(resp. Z(β, λ)).
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2 Normal Diffusion

Normal diffusion of energy in purely deterministic homogeneous chains of oscillators
is expected to hold in high dimension (d ≥ 3) or if momentum is not conserved, i.e.
in the presence of a pinning potential. The problem of anomalous diffusion will be
discussed in the next chapter. In this chapter we consider the case of normal diffusion.

The first step to show such normal behavior is to prove that the transport coef-
ficient, the thermal conductivity, is well defined. Once it has been achieved, the
following non-equilibrium problems can be considered:

• Hydrodynamic limits in the diffusive time scale tε−2, ε being the scaling parame-
ter: if the system has trivial hydrodynamics in the time scale tε−1, i.e. if momentum
is not conserved, we would like to show that in the diffusive time scale, the macro-
scopic energy profile evolves according to a diffusion equation. If the system has
non-trivial hydrodynamics given by the Euler equations in the hyperbolic scaling
(i.e. if momentum is conserved), in the diffusive time scale, wewould like to derive
the incompressible Navier-Stokes equations. These would be obtained by starting
with some initial momentum macroscopic profile of order O(ε) but an energy
profile of order O(1).

• Validity of Fourier’s law: we consider the NESS of the system in contact at the
boundaries with thermal baths at different temperatures. Fourier’s law expresses
that the average of the energy current in the NESS is proportional to the gradi-
ent of the local temperature. The proportionality coefficient is called the thermal
conductivity.

Assume for simplicity that d = 1 and that the energy is the only conserved
quantity. The corresponding microscopic current, denoted by je

x,x+1, is defined by
the local energy conservation law

LEx = −∇je
x−1,x (22)

where L is the generator of the infinite dynamics under investigation and ∇ is the
discrete gradient defined for any (ux)x ∈ R

Z by ∇ux = ux+1 − ux . In the current
state of the art, in all the problems mentioned above, the usual approach consists to
prove that there exist functions ϕx = θxϕ0 and hx = θxh0 (actually only approximate
solutions are needed) such that the following decomposition

je
x,x+1 = ∇ϕx + L hx (23)

holds. Here θx denotes the shift by x ∈ Z
d . Equation (23) is called a microscopic

fluctuation-dissipation equation. Then, taking arbitrary large integer � ≥ 1, by using
a multi-scale analysis we replace the block averaged function 1

2�+1

∑
|y−x|≤� ∇ϕy

by D(E �
x )∇E �

x where the function D is identified to a diffusion coefficient which
depends on the empirical energy E �

x = 1
2�+1

∑
|y−x|≤� Ey in the mesoscopic box

of length (2� + 1) centered around x. Intuitively, L hx represents rapid fluctuation
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(integrated in time, it is a martingale) and the term ∇ϕx represents the dissipation.
Gradient models are systems for which the current is equal to the gradient of a
function (hx = 0 with the previous notations).

There are at least two reasons for which the problems listed above are difficult:

• The existence of a microscopic fluctuation-dissipation equation has been given for
the first time for reversible systems. It has been extended to asymmetric systems
satisfying a sector condition. Roughly speaking this last condition means that the
antisymmetric part of the generator is a bounded perturbation of the symmetric
part of the generator.8 Later this condition has been relaxed into the so-called
graded sector condition: there exists a gradation of the space where the generator
is defined and the asymmetric part is bounded by the symmetric part on each graded
part (see [36, 43] and references therein). The Hamiltonian systems perturbed by
a noise are non-reversible and since the noise (the symmetric part of the generator)
is very degenerate, none of these conditions hold.

• The system evolves in a non compact space and one needs to show that energy
cannot concentrate on a site. This technical problem turns out to be difficult since
no general techniques are available. For deterministic nonlinear chains the bounds
on the average energymoments are usually polynomial in the sizeN of the system.
Typically we need bounds of order one with respect to N .

2.1 Anharmonic Chain with Velocity-Flip Noise

2.1.1 Linear Response Theory: Green-Kubo Formula

The Green-Kubo formula is one of the most important formulas of non-equilibrium
statistical mechanics. In the two problems mentioned in the introduction of the
chapter (hydrodynamic limits and Fourier’s law) the limiting objects are defined
via some macroscopic coefficients which can be expressed by a Green-Kubo for-
mula. The latter is a formal expression and showing that it is indeed well defined is a
difficult problem. It is usually introduced in the context of the linear response theory
that we describe below.

Consider a one dimensional unpinned chain ofN harmonic oscillators with forced
boundary conditions and perturbed by the velocity-flip noise. The two external con-
stant forces are denoted by τ� and τr . Furthermore on the boundary particles 1 and N ,
Langevin thermostats are acting at different temperature T� = β−1

� and Tr = β−1
r .

The generator LN of the dynamics is given by (13) and we denote the unique non-
equilibrium stationary state by μss. The expectation w.r.t. μss is denoted by 〈·〉ss

(Fig. 2).

8 The antisymmetric (resp. symmetric) part of the generatorL is given by L−L ∗
2 (resp. L+L ∗

2 )
whereL ∗ is the adjoint ofL inL2(μ),μ being any Gibbs grand canonical measure. For the models
considered in this course, the antisymmetric part is A and due to the deterministic dynamics, the
symmetric part is S and due to the noise.
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T� Tr

τrτ�

Fig. 2 The unpinned chain with boundary thermal reservoirs and forced boundary conditions

The energy9 of atom x is defined by

E1 = p21
2

, Ex = p2x
2

+ V(rx), x = 2, . . . , N .

The local conservation of energy is expressed by themicroscopic continuity equa-
tion

LN (Ex) = −∇je
x−1,x, x = 1, . . . , N,

where the energy current je
x,x+1 from site x to site x + 1 is given by

je
0,1 = −τ�p1 + γ�(T� − p21),

je
N,N+1 = −τrpN − γr(Tr − p2N ),

je
x,x+1 = −pxV ′(rx+1), x = 1, . . . , N − 1. (24)

The energy current je
0,1 (and similarly for je

N,N+1) is composed of two terms: the term
−τ�p1 corresponds to the work done on the first particle by the linear force and the
term γ�(T� − p21) is the heat current due to the left reservoir.

Let Ps be the velocity of the center of mass of the system and Js be the average
energy current, which are defined by

Ps = 〈px〉ss and Js = 〈je
x,x+1〉ss.

We have the simple relation between these two quantities

Js = −τ�Ps + γ�(T� − 〈p21〉ss), Js = −τrPs − γr(Tr − 〈p2N 〉ss). (25)

9 The definition of the energy is slightly modified w.r.t. (1). It is more convenient since the energies
are then independent random variables in the Gibbs grand canonical ensemble.
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The value of Ps can be determined exactly and is independent of the nonlinearities
present in the system. By writing that 〈LN (px)〉ss = 0 for any x = 1, . . . , N we get
that the tension profile, defined by τx = 〈V ′(rx)〉ss, satisfies

τ2 − τ� = γ�Ps, τr − τN = γrPs,

τx+1 − τx = γ Ps, x = 2, . . . , N − 1.

We have then:

Lemma 1 ([11]) The velocity Ps of the center of mass is given by

Ps = τr − τ�

γ (N − 2) + γ� + γr
(26)

and the tension profile is linear:

τx = γ (x − 2) + γ�

γ (N − 2) + γ� + γr
(τr − τ�) + τ�. (27)

Consequently

lim
n→∞ τ[Nu] = τ� + (τr − τ�)u, u ∈ [0, 1]. (28)

For purely deterministic chain (γ = 0), the velocity Ps is of order 1, while the
tension profile is flat at the value (γ� + γr)

−1 [γ�τr + γrτ�

]
. The first effect of the

noise is to make Ps of order N−1 and to give a nontrivial macroscopic tension profile.
It is expected that there exists a positive constant C independent of the size N

such that 〈Ex〉ss ≤ C for any x = 1, . . . , N . Apart from the harmonic case we do not
know how to prove such a bound.

We shall denote by f̃ss the derivative of the stationary state μss with respect to the
local Gibbs equilibrium state μlg defined by μlg(dr, dp) = g(r, p)drdp with

g(r, p) =
N∏

x=1

e−βx(Ex−τxrx)

Z(τxβx, βx)
, (29)

where βx = β� + x
N (βr − β�) and τx = τ� + x

N (τr − τ�). In the formula above we
have introduced r1 = 0 to avoid annoying notations.

The function f̃ss is solution, in the sense of distributions, of the equation

L̃ ∗
N f̃ss = 0 (30)
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where L̃ ∗
N is the adjoint of LN in L

2(μlg). We assume that Tr = T + δT , T� = T
and τr = τ − δτ, τ� = τ with δT , δτ small. At first order in δT and δτ , we have

L̃ ∗
N = L ∗

N,eq. + γrδT∂2pN
− δτ∂pN − δT

T2N

N−1∑

x=1

(
je
x,x+1 + τpx

)

− δτ

NT

N−1∑

x=1

px + o(δT , δτ )

where L ∗
N,eq. = −A τ,τ

N + γSN + γ�B1,T + γrBN,T is the adjoint in L2(μN
τ,T ) of

LN,eq. = A τ,τ
N + γSN + γ�B1,T + γrBN,T (31)

and μN
τ,T is the finite volume Gibbs grand canonical ensemble with tension τ and

temperature T . We now expand f̃ss at the linear order in δT and δτ :

f̃ss = 1 + ũ δT + ṽ δτ + o(δT , δτ ) (32)

and we get that ũ and ṽ are solution of

L ∗
N,eq.ũ = 1

T2N

N−1∑

x=1

(
je
x,x+1 + τpx

)
,

L ∗
N,eq.ṽ = 1

NT

N−1∑

x=1

px. (33)

It is clear that the function hx appearing in the microscopic fluctuation-dissipation
Eq. (23) is closely related (up to a time reversal) to the functions ũ, ṽ, i.e. to the first
order correction to local equilibrium.

We can now compute the average energy current at the first order in δT and δτ as
N → ∞ but we need to introduce some notation. We recall that the generator of the
infinite dynamics is given byL = A + γS where, for any f ∈ C1

0(Ω̃),

(A f )(r, p) =
∑

x∈Z

[
(px − px−1) ∂rx f + (

V ′(rx+1) − V ′(rx)
)
∂px f

]
(r, p),

(S f )(r, p) = 1

2

∑

x∈Z

[
f (r, px) − f (r, p)

]
.
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LetH := Hτ,T be the completion of the vector space of bounded local functions w.r.t.
the semi-inner product 〈〈·, ·〉〉 defined for bounded local functions f , g : Ω̃ → R, by

〈〈f , g〉〉 =
∑

x∈Z

{
μτ,T (f θxg) − μτ,T (f )μτ,T (g)

}
. (34)

Observe that inH every constant c ∈ R and discrete gradientψ = θ1f − f is equal to
zero since for any local bounded function h we have 〈〈c, h〉〉 = 0 and 〈〈ψ, h〉〉 = 0.

Assuming they exist let J̃s and P̂s be the limiting average energy current and
velocity:

J̃s = lim
N→∞ N〈je

0,1〉ss, P̂s = lim
N→∞ N〈p0〉ss, (35)

and define Ĵs = J̃s + τ P̂s. We expect that as N goes to infinity and, at first order in
δT and δτ , (

Ĵs

P̂s

)

= − κ(T , τ )

(
δT
δτ

)

with

κ(T , τ ) =
(

κe κe,r

κr,e κr

)

(36)

the thermal conductivity matrix. Assume for simplicity that N = 2k is even. By (32)
and (33), we get that

N〈p0〉ss = N〈pk〉ss = N
∫

pk f̃ss dμlg

= N δT
∫

pk ũ dμlg + N δτ

∫

pk ṽ dμlg + o(δT , δτ )

= −δT

T2

∫

pk (−L ∗
N,eq.)

−1
( N−1∑

x=1

(je
x,x+1 + τpx)

)
dμlg

− δτ

T

∫

pk (−L ∗
N,eq.)

−1
( N−1∑

x=1

px

)
dμlg + o(δT , δτ ).

Since
dμlg

dμN
τ,T

is equal to 1 + O(δT , δτ ), we can replace μlg by μN
τ,T in the last terms

of the previous expression. Using that L ∗
N,eq. is the adjoint of LN,eq. in L

2(μN
τ,T )

and denoting by 〈·, 〉τ,T the scalar product in L2(μN
τ,T ), we obtain that
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N〈p0〉ss = −δT

T2

〈

(−LN,eq.)
−1pk ,

N−1∑

x=1

(je
x,x+1 + τpx)

〉

τ,T

− δτ

T

〈

(−LN,eq.)
−1pk ,

N−1∑

x=1

px

〉

τ,T

+ o(δT , δτ )

= −δT

T2

〈

(−L2k,eq.)
−1pk ,

k−1∑

y=−k+1

(je
y+k,y+k+1 + τpy+k)

〉

τ,T

− δτ

T

〈

(−L2k,eq.)
−1pk ,

k−1∑

y=−k+1

py+k

〉

τ,T

+ o(δT , δτ )

In the first order terms of the previous expression we can recenter everything around
k by a translation of −k and we get

N〈p0〉ss = −δT

T2

〈

(−LΛk ,eq.)
−1p0 ,

k−1∑

y=−k+1

(je
y,y+1 + τpy)

〉

τ,T

− δτ

T

〈

(−LΛk ,eq.)
−1p0 ,

k−1∑

y=−k+1

py

〉

τ,T

+ o(δT , δτ )

where Λk = {−k + 1, . . . , k} and

LΛk ,eq. = A τ,τ
Λk

+ γSΛk + γ�B−k,T + γrBk,T

with

A τ,τ
Λk

=
k∑

x=−k+2

(px − px−1) ∂rx +
k−1∑

x=−k+2

(
V ′(rx+1) − V ′(rx)

)
∂px

− (
τ − V ′(r−k+2)

)
∂p−k+1 + (

τ − V ′(rk)
)
∂pk

and

(SΛk f )(r, p) = 1

2

k−1∑

x=−k+2

(
f (r, px) − f (r, p)

)
.

A similar formula can be obtained for N〈je
0,1〉ss. As k → ∞, the finite volume

Gibbsmeasure converges to the infinite volumeGibbsmeasure.Moreover, we expect
that since k → ∞ the effect of the boundary operators B±k,T around the site
0 disappears so that (−LΛk ,eq.)

−1p0 converges to (−L )−1p0. Therefore, in the
thermodynamic limit N → ∞ (i.e. k → ∞), the transport coefficients are given by
the Green-Kubo formulas
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κe = T−2〈〈je
0,1 + τp0 , (−L )−1 (je

0,1 + τp0)〉〉,
κe,r = T−1〈〈p0 , (−L )−1 (je

0,1 + τp0)〉〉, (37)

and

κr = T−1〈〈p0 , (−L )−1 (p0)〉〉,
κr,e = T−2〈〈je

0,1 + τp0 , (−L )−1 (p0)〉〉. (38)

The argument above is formal. In fact even proving the existence of the transport
coefficients defined by (37), (38) is a non-trivial task. The existence of P̂s defined by
the second limit in (35) can be made rigorous since we have the exact expression of
Ps. From Lemma 1, we have, even for δτ, δT that are not small,

P̂s = −δτ

γ
.

On the other hand we show in Theorem 5 that the quantities κr, κr,e, formally given
by (38), can be defined in a slightly different but rigorous way, and are then equal to

κr = γ −1, κr,e = 0. (39)

Thus we can rigorously establish the validity of the linear response theory for the
velocity P̂s.

2.1.2 Existence of the Green-Kubo Formula

One of the main results of [11] is the existence of the Green-Kubo formula for
the conductivity matrix. Let Ha (resp. Hs) be the set of functions f : Ω̃ → R

antisymmetric (resp. symmetric) in p, i.e. f (r, p) = −f (r,−p) (resp. f (r, p) =
f (r,−p)) for every configuration (r, p) ∈ Ω̃ . For example, the functions je

0,1, p0 and
every linear combination of them are antisymmetric in p.

Theorem 5 ([9, 11]) Let f , g ∈ H
a. The limit

σ(f , g) = lim
z→0
z>0

〈〈 f , (z − L )−1 g〉〉

exists and σ(f , g) = σ(g, f ). Therefore, the conductivity matrix κ(T , τ ) is well
defined in the following sense: the limits



22 C. Bernardin

κe = lim
z→0
z>0

T−2〈〈je
0,1 + τp0 , (z − L )−1 (je

0,1 + τp0)〉〉,

κe,r = lim
z→0
z>0

T−1〈〈p0 , (z − L )−1 (je
0,1 + τp0)〉〉,

κr = lim
z→0
z>0

T−1〈〈p0 , (z − L )−1 (p0)〉〉 = γ −1, (40)

κr,e = lim
z→0
z>0

T−2〈〈je
0,1 + τp0 , (z − L )−1 (p0)〉〉

exist and are finite. Moreover Onsager’s relation κe,r = κr,e(=0) holds.

We have a nice thermodynamical consequence of the previous result. If δT and
δτ are small and of the same order, the system cannot be used as a refrigerator or a
boiler: at the first order, a gradient of tension does not contribute to the heat current
Ĵs. The argument above says nothing about the possibility to realize a heater or a
refrigerator if δτ is not of the same order as δT . For the harmonic chain, we will see
that it is possible to get a heater if δτ is of order

√
δT .

Remark 1 1. The existence of the Green-Kubo formula is also valid for a pinned
or unpinned chain in any dimension.

2. Observe that with respect to the establishment of a microscopic fluctuation-
dissipation Eq. (23) the computation of the Green-Kubo formula is less demand-
ing since only the knowledge of

∑
x hx is necessary.

The proof of Theorem 5 is based on functional analysis arguments. The first main
observation is that there exists a spectral gap for the operator S restricted to the
space Ha.

Lemma 2 The noise operator S lets Ha and H
s invariant. For any local function

f ∈ H
a we have that

〈〈f , f 〉〉 ≤ 〈〈f ,−S f 〉〉. (41)

Moreover, for any local function f ∈ H
a, there exists a local function h ∈ H

a such
that

S h = f .

Proof Since the Gibbs states are Gaussian states in the px’s it is convenient to decom-
pose the operatorS (which acts only on the px’s) in the orthogonal basis of Hermite
polynomials. The the lemma follows easily. �

Proof (Theorem 5)
We observe first that Ha and H

s are orthogonal Hilbert spaces such that H =
H

a ⊕ H
s. It is also convenient to define the following semi-inner product

〈〈u, w〉〉1 = 〈〈u, (−S )w〉〉.
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LetH1 be the associated Hilbert space. We also define the Hilbert spaceH−1 via the
duality given by the H norm, that is

‖u‖2−1 = sup
w

{ 2〈〈u, w〉〉 − 〈〈w, w〉〉1}

where the supremum is taken over local bounded functions w. By Lemma 2 we have
that Ha ⊂ H

−1. Thus g ∈ H
−1.

Let wz be the solution of the resolvent equation (z −L )wz = g. We have to show
that 〈〈f , wz〉〉 converges as z goes to 0. We decompose wz into wz = w−

z + w+
z ,

w−
z ∈ H

a and w+
z ∈ H

s. Since H
a is orthogonal to H

s and f ∈ H
a we have

〈〈f , wz〉〉 = 〈〈f , w−
z 〉〉. It is thus sufficient to prove that (w−

z )z>0 converges weakly
in H as z → 0.

SinceA inverts the parity andS preserves it andHa ⊕H
s = H and g ∈ H

a, we
have, for any μ, v > 0,

vw+
v − A w−

v − γS w+
v = 0,

μw−
μ − A w+

μ − γS w−
μ = g. (42)

Taking the scalar product with w+
μ (resp. w−

v ) on both sides of the first (resp. second)
equation of (42), we get

v〈〈w+
μ , w+

v 〉〉 − 〈〈w+
μ ,A w−

v 〉〉 + γ 〈〈w+
μ , w+

v 〉〉1 = 0,

μ〈〈w−
v , w−

μ 〉〉 − 〈〈w−
v ,A w+

μ 〉〉 + γ 〈〈w−
μ , w−

v 〉〉1 = 〈〈wv, g〉〉. (43)

Summing the above equations we have

v〈〈w+
μ , w+

v 〉〉 + μ〈〈w−
v , w−

μ 〉〉 + γ 〈〈wμ, wv〉〉1 = 〈〈wv, g〉〉 (44)

Putting μ = v we get

v〈〈wv, wv〉〉 + γ 〈〈wv, wv〉〉1 ≤ ‖wv‖1‖g‖−1.

Hence (wv)v>0 is uniformly bounded in H
1 and by the spectral gap property so is

(w−
v )v>0 in H. Moreover, (vwv)v>0 converges strongly to 0 in H as v → 0. We can

then extract weakly convergent subsequences. Taking first the limit, in (44), v → 0
and then μ → 0 along one such subsequence (converging to w∗) we have

γ 〈〈w∗, w∗〉〉1 = 〈〈w∗, g〉〉.

Next, taking the limit along different weakly convergent subsequences (let w∗ be the
other limit) we have

γ 〈〈w∗, w∗〉〉1 = 〈〈w∗, g〉〉
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and, exchanging the role of the two sequences

2γ 〈〈w∗, w∗〉〉1 = 〈〈w∗, g〉〉 + 〈〈w∗, g〉〉 = γ 〈〈w∗, w∗〉〉1 + γ 〈〈w∗, w∗〉〉1

which implies w∗ = w∗, that is all the subsequences have the same limit. Thus
(wv)v>0 converges weakly in H1 as well as (w−

v )v>0 in H by Lemma 2. �

In the harmonic case, V(r) = r2/2, much more is known. Indeed one easily
checks that the exact microscopic fluctuation-dissipation Eq. (23) holds with

hx = 1

2γ
rx+1(px + px+1) − r2x+1

4
, ϕx = − 1

2γ
(rxrx+1 + p2x). (45)

It follows that we can compute explicitly (z −L )−1je
0,1 and obtain that the value

of the conductivity matrix:

κ(τ, T) =
(

1
2γ 0

0 1
γ

)

.

This value will be recovered by considering the hydrodynamic limits of the system
(Theorem 6) and also by establishing the validity of Fourier’s law (see Theorem 7).

2.1.3 Expansion of the Green-Kubo Formula
in the Weak Coupling Limit

In the previous subsection we proved the existence of the Green-Kubo formula show-
ing that the transport coefficient is well defined if some noise is added to the deter-
ministic dynamics.We are now interested in the behavior of the Green-Kubo formula
as the noise vanishes. We investigate this question in the weak coupling limit, i.e.
assuming that the interaction potential is of the form εV where ε〈〈1 is the (small) cou-
pling parameter. For notational simplicity we consider the one dimensional infinite
pinned system but the arguments given below are easily generalized to the (pinned or
unpinned) d ≥ 1-dimensional case.10 The expansion presented in this section is for-
mal but we will precise at the end of the section what has been rigorously proved. In
order to emphasize the dependence of κe (denoted in the sequel by κ) in the coupling
parameter ε and the noise intensity γ , we denote κ by κ(ε, γ ). Here we propose a
formal expansion of the conductivity κ in the form

κ(ε, γ ) =
∑

n≥2

κn(γ )εn. (46)

10 If W = 0 the variables qx have to take values in a compact manifold.
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Then we study rigorously the first term of this expansion κ2(γ ). It is intuitively
clear that the expansion starts from ε2 since the Green-Kubo formula is a quadratic
function of the energy current and that the latter is of order ε (see (49)).

When the system is uncoupled (ε = 0), the dynamics is given by the generator
L0 = A0 + γ S withS the flip noise defined by (12) and

A0 =
∑

x∈Z
px∂qx − W ′(qx)∂px .

When ε > 0, the generator of the coupled dynamics is denoted by

Lε = L0 + εG (47)

where
G =

∑

x∈Z
V ′(qx − qx−1)(∂px−1 − ∂px ).

The energy of each cell, which is the sum of the internal energy and of the inter-
action energy, is defined by

E ε
x = Ex + ε

2
(V(qx+1 − qx) + V(qx − qx−1)) , Ex = p2x

2
+ W(qx). (48)

Observe that Ex = E 0
x is the energy of the isolated system x. The dynamics generated

by L0 preserves all the individual energies Ex . The dynamics generated by Lε

conserves the total energy. The corresponding energy currents εjx,x+1, defined by
the local conservation law

LεE
ε
x = ε

(
jx−1,x − jx,x+1

)

are given by

ε jx,x+1 = −ε

2
(px + px+1) · V ′(qx+1 − qx). (49)

Let us denote byμβ,ε = 〈·〉β,ε the canonical Gibbsmeasure at temperature β−1 >

0 defined by the Dobrushin-Lanford-Ruelle equations, which of course depends on
the interaction εV . We shall assume in all the cases considered that μβ,ε is analytical
in ε for sufficiently small ε (when applied to local functions). In particular we assume
that the potentials V and W are such that the Gibbs state is unique and has spatial
exponential decay of correlations (this holds under great general conditions on V
and W , see [33]).
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In order to emphasize the dependence in ε we reintroduce some notation. For any
given local functions f , g, define the semi-inner product

〈〈f , g〉〉β,ε =
∑

x∈Z
[〈θxf , g〉β,ε − 〈f 〉β,ε〈g〉β,ε]. (50)

We recall that θx is the shift operator by x. The sum is finite in the case ε = 0,
and converges for ε > 0 thanks to the exponential decay of the spatial correlations.
Denote by Hε = L

2(〈〈·, ·〉〉β,ε) the corresponding closure. We define the subspace
of antisymmetric functions in the velocities

H
a
ε = {f ∈ Hε : f (q,−p) = −f (q, p)} . (51)

Similarly we define the subspace of symmetric functions in p as Hs
ε. On local func-

tions this decomposition of a function into symmetric and antisymmetric parts is
independent of ε. Let us denote by Pa

ε and Ps
ε the corresponding orthogonal pro-

jections, whose definition in fact does not depend on ε. Therefore we sometimes
omit the index ε in the notation. Finally, for any function f ∈ L

2(μβ,ε), define

(Πεf )(E ) = μβ,ε(f |E ), Qε = Id − Πε

where E := {Ex ; x ∈ Z}. According to Theorem 5 the conductivity is defined by

κ(ε, γ ) = ε2 lim
v→0

〈〈j0,1, (v − Lε)
−1j0,1〉〉β,ε. (52)

It turns out that, for calculating the terms in the expansion (46), it is convenient to
choose v = ε2λ in (52), for a λ > 0, and solve the resolvent equation

(λε2 − Lε)uλ,ε = εj0,1 (53)

for the unknown function uλ,ε. The factor ε2 is the natural scaling in view of the
subsequent computations. We assume that a solution of (53) is in the form

uλ,ε =
∑

n≥0

Uλ,nε
n =

∑

n≥0

(vλ,n + wλ,n)ε
n, (54)

where Πvλ,n = Qwλ,n = 0, i.e. wλ,n = ΠUλ,n and vλ,n = QUλ,n. Here Π = Π0
and Q = Q0 refer to the uncoupled measure μβ,0.11 Given such an expression we
can, in principle, use it in (52) to write

11 The reason to use the orthogonal decomposition of Uλ,n = vλ,n + wλ,n is that at some point we
will have to consider, for a given function f , the solution h to the Poisson equation L0h = f . The
minimal requirement for the existence of h is that Π f = 0.



Diffusion of Energy in Chains of Oscillators with Conservative Noise 27

κ(ε, γ ) = lim
λ→0

∑

n≥0

εn+1〈〈j0,1, vλ,n + wλ,n〉〉β,ε

=
∑

n≥1

lim
λ→0

εn〈〈j0,1, vλ,n−1〉〉β,ε (55)

where we have used the fact that that 〈〈j0,1, wλ,ε〉〉β,ε = 0 and we have, arbitrarily,
exchanged the limit with the sum. Note that this is not yet of the type (46) since
the terms in the expansion depend themselves on ε. To identify the coefficients κn

we would need to expand in ε also the expectations. This is not obvious since the
functions vλ,n are non local.

Let us consider the operator L = ΠGPa(−L0)
−1GΠ. We show below that the

operator L is a generator of a Markov process so that (λ − L)−1 is well defined for
λ > 0. Pluging (54) in (53) we obtain the following hierarchy

vλ,0 = 0,

wλ,0 = (λ − L)−1ΠGPa(−L0)
−1j0,1,

vλ,1 = (−L0)
−1 [j0,1 + Gwλ,0

]
,

wλ,n = (λ − L)−1ΠGPa(−L0)
−1 [−λvλ,n−1 + QG vλ,n

]
, n ≥ 1 (56)

vλ,n+1 = (−L0)
−1 [−λvλ,n−1 + Gwλ,n + QG vλ,n

]
, n ≥ 1.

Observe that in the previous equations the (formal) operator (−L0)
−1 is always

applied to functions f such that Π f = 0 (this is the minimal requirement to
have consistent equations). This is however not sufficient to make sense of the func-
tions vλ,n and wλ,n. Nevertheless, by using an argument similar to the one given in
Theorem 5, we have that the local operator T0 on H

a
0 defined by

T0f = lim
v→0

Pa(v − L0)
−1f , f ∈ H

a
0,

is well defined. Therefore, it is possible to make sense, as a distribution, of

α01 = ΠGPa(−L0)
−1j0,1 := ΠGT0j0,1. (57)

Nevertheless, the function wλ,0 is still not well defined since we are not sure that
T0j0,1 is in the domain of G .

Even if the previous computations are formal a remarkable fact is that the operator
L, when applied to functions of the internal energies, coincides with the Markov
generator LGL of a reversible Ginzburg-Landau dynamics on the internal energies.
Let us denote by ρβ the distribution of the internal energies E = {Ex ; x ∈ Z} under
the Gibbs measure μβ,0. It can be written in the form

dρβ(E ) =
∏

x∈Z
Z−1

β exp(−βEx − U(Ex))dEx
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for a suitable function U. We denote the formal sum
∑

x U(Ex) by U := U (E ).
We denote also, for a given value of the internal energy Ẽx in the cell x, by vx

Ẽx
the

microcanonical probabilitymeasure in the cell x. i.e. the uniform probabilitymeasure
on the manifold

ΣẼx
:= {(qx, px) ∈ Ω ; Ex(qx, px) = Ẽx}.

Then, the generator LGL is given by

LGL =
∑

x

eU (∂Ex+1 − ∂Ex )
[
e−U γ 2(Ex,Ex+1)(∂Ex+1 − ∂Ex )

]
, (58)

where

γ 2(Ẽ0, Ẽ1) =
∫

ΣẼ0
×ΣẼ1

(
j0,1 T0 j0,1

)
dv0

Ẽ0
dv1

Ẽ1
. (59)

The operator LGL is well defined only if the function γ 2 has some regularity prop-
erties, that are actually proven in specific examples [25, 48]. We can show that the
Dirichlet forms12 associated to L and LGL coincide. Then in the cases where γ 2 is
proven to be smooth (58) is well defined and L = LGL.

Proposition 2 ([9]) For each local smooth functions f , g of the internal energies
only we have

〈〈g, (−L)f 〉〉β,0 = 〈〈g, (−LGL)f 〉〉β,0. (60)

The operator LGL is the generator of a Ginzburg-Landau dynamics which is
reversible with respect to ρβ , for any β > 0. It is conservative in the energy

∑
x Ex

and the corresponding currents are given by θxα0,1 where α0,1 has been defined in
(57). The corresponding finite size dynamics appears in [26, 48] as theweak coupling
limit of a finite number N (fixed) of cells weakly coupled by a potential εV in the
limit ε → 0 when time t is rescaled as tε−2. Moreover, the hydrodynamic limit
of the Ginzburg-Landau dynamics is then given (in the diffusive time scale tN2,
N → +∞), by a heat equation with diffusion coefficient which coincides with κ2 as
given by (62) below [65]. This is summarized in Fig. 3.

According to the previous expansion it makes sense to define κ2(γ ) by

κ2(γ ) = lim
ε→0

lim
λ→0

{〈〈j0,1,T0j0,1〉〉β,ε + 〈〈j0,1,T0Gwλ,0〉〉β,ε

}
(61)

if the limits exist. In fact, a priori, it is not even clear that the term T0Gwλ,0 makes
sense since wλ,0 is not well defined. In [9] we argue that

κ2(γ ) =
〈
γ 2
0,1

〉

β
− 〈〈α0,1, (−LGL)−1α0,1〉〉β. (62)

12 They are well defined even if γ 2 is not regular.
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N cells coupled by εV ∂t T = ∇(κ (ε ,γ )∇T )
tN2, N → ∞, ε ∼ 1

Ginzburg-Landau dynamics for N particles

ε −2t, ε → 0

∂t T = ∇(κ2(γ )∇T )

tN
2 , N → ∞

Fig. 3 The relation between the hydrodynamic limit, the weak coupling limit and the Green-Kubo
expansion. The dotted arrow (hydrodynamic limits in the diffusive time scale) has not been proved.
The weak coupling limit (vertical arrow) has been proved in [48] (see also [26]) and the diagonal
arrow (hydrodynamic limits for a Ginzburg-Landau dynamics) has been obtained in [65] in some
cases which however do not cover our cases. In [9] it is argued that κ(ε, γ ) ∼ ε2κ2(γ ) as ε → 0

Here 〈·〉β and 〈〈·〉〉β refer to the scalar products w.r.t. ρβ . In the special caseW = 0,13

we prove rigorously in [9] that we can make sense for any λ, ε of the term in the
righthandside of (61) and that (62) is valid, supporting the conjecture that (62) is
valid in more general situations. Observe that (62) is the Green-Kubo formula for
the diffusion coefficient of the Ginzburg-Landau dynamics.

In specific examples, it is possible to study the behavior of κ2(γ ) defined by (62)
in the vanishing noise limit γ → 0:

1. Harmonic chain: it is known that the conductivity of the (deterministic) harmonic
chain is κ(ε, 0) = ∞. If γ > 0, κ(ε, γ ) = cγ −1ε−2, c > 0 a constant, and we
get thus that limγ→0 κ2(γ ) = ∞.

2. Disordered pinned harmonic chain: V is quadratic and the one-site potential W
is site-dependent given by Wx(q) = vxq2 where {vx ; x ∈ Z} is a sequence of
independent identically distributed positive bounded random variables.14 It is
known [8] that κ(ε, 0) = 0 so that κ2(ε, 0) = 0. It can be proved that κ2(γ )

vanishes as γ goes to 0.
3. Harmonic chain with quartic pinning potential: V is quadratic and W(q) = q4.

Then it can be shown that lim supγ→0 κ2(γ ) < ∞. This upper bound does not
prevent the possibility that limγ→0 κ2(γ ) = 0.

To prove these results we use the upper bound κ2(γ ) ≤
〈
γ 2
0,1

〉

β
. Recalling (59)

we see that if we are able to compute T0j0,1 then we can estimate
〈
γ 2(E0,E1)

〉

β
. It

is exactly what is done in [9] for the specific cases above.

13 If W = 0 the variables qx have to take values in a compact manifold.
14 Even if this model does not belong stricto sensu to the class of models discussed above it is easy
to generalize to this case, at least formally, the previous results.
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It would be highly interesting to have a rigorous derivation of the formal expan-
sion above. Bypassing this problem, another relevant issue is to decide if genuinely
limγ→0 κ2(γ ) is zero or not. Some authors (see [23] and references therein) con-
jecture that, in some cases, the conductivity of the deterministic chain κ(ε, 0) has
a trivial weak coupling expansion (κ(ε, 0) = O(εn) for any n ≥ 2). Showing that
κ2(γ ) → 0 as γ → 0 would support this conjecture.

2.2 Harmonic Chain with Velocity-Flip Noise

In this section we assume that V(r) = r2/2.

2.2.1 Hydrodynamic Limits

As explained in the beginning of this chapter an interesting problem consists to
derive a diffusion equation for a chain of oscillators perturbed by an energy con-
serving noise. Consider a one dimensional unpinned chain of N harmonic oscillators
with periodic boundary conditions perturbed by the velocity flip noise in the diffu-
sive scale. In other words let ω(t) = (r(t), p(t))t≥0 be the process with generator
N2LN = N2

[
AN + γSN

]
where SN is given by (12), Zd being replaced by TN ,

the discrete torus of lengthN , andAN is the Liouville operator of a chain of unpinned
harmonic oscillators with periodic boundary conditions. The system conserves two

quantities: the total energy
∑

x∈TN
Ex, Ex = p2x

2 + r2x
2 , and the total deformation of the

lattice
∑

x∈TN
rx. Consequently, the Gibbs equilibriummeasures vβ,τ are indexed by

two parameters β > 0, the inverse temperature, and τ ∈ R, the pressure. They take
the form

dvβ,τ (dr, dp) =
∏

x∈TN

Z −1(β, τ ) exp{−β(Ex − τ rx)}drxdpx

where

Z (β, τ ) = 2π

β
exp(βτ 2/2).

Observe the following thermodynamic relations

∫

Ex dvβ,τ = β−1 + τ 2

2 ,

∫

rx dvβ,τ = τ

or equivalently

τ =
∫

rx dvβ,τ , β =

⎧
⎪⎨

⎪⎩

∫

Ex dvβ,τ −
(
∫

rx dvβ,τ

)2

2

⎫
⎪⎬

⎪⎭

−1

.
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Definition 2 Let T = [0, 1) be the continuous torus. Let e0 : T → R and r0 :
T → R be two continuous macroscopic profiles such that e0 >

r20
2 . A sequence of

probability measures (μN )N≥1 on (R×R)TN is said to be a sequence of Gibbs local
equilibrium states associated to the energy profile e0 and the deformation profile r0 if

dμN (dr, dp) =
∏

x∈TN

Z −1(β0(
x
N ), τ0(

x
N )) exp{−β0(x/N)(Ex − τ0(x/N)rx)}drxdpx

where the functions β0 and τ0 are defined by

τ0 = r0, β0 = {e0 − r20
2 }−1.

Once we have the microscopic fluctuation-dissipation equation (see (45)) and
assuming the propagation of local equilibrium in the diffusive time scale it is easy
to guess the hydrodynamic equations followed by the system. In [54] the following
theorem is proved.

Theorem 6 ([54]) Consider the unpinned velocity-flip model with periodic bound-
ary conditions. Let (μN )N be a sequence of Gibbs local equilibrium states15 asso-
ciated to a bounded energy profile e0 and a deformation profile r0. For every t ≥ 0,
and any test continuous functions G, H : T → R, the random variables

( 1

N

∑

x∈TN

G( x
N )rx(tN

2),
1

N

∑

x∈TN

H( x
N )Ex(tN

2)
)

(63)

converge in probability as N → ∞ to

( ∫

T

G(y)r(t, y)dy,
∫

T

H(y)e(t, y)dy
)

where r and e are the (smooth) solutions to the hydrodynamical equations

{
∂tr = 1

γ
∂2y r,

∂te = 1
2γ ∂2y

[
e + r2

2

] , y ∈ T, (64)

with initial conditions r(0, y) = r0(y), e(0, y) = e0(y).

15 One can consider more general initial states, see [54].
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The proof of this theorem is based on Yau’s relative entropy method [51, 67]. The
general strategy is simple. Let μN

t be the law of the process at time tN2 starting from
μN and let μ̃N

t be a sequence of Gibbs local equilibrium state corresponding to the
deformation profile rt(·) := r(t, ·) and energy profile et(·) := e(t, ·) solution of (64).
We expect that since e and r are the hydrodynamic profiles, the probability measure
of the process μN

t is close, in some sense, to the local Gibss state μ̃N
t . Yau’s relative

entropy method consists to show that the entropic distance16

HN (t) := H(μN
t |μ̃N

t ) = o(N) (65)

between the two states is relatively small. Assuming (65), in order to prove for
example the convergence of the empirical energy, we use the entropy inequality17

which states that for any α > 0 and test function φ

∫

φdμN
t ≤ H(μN

t |μ̃N
t )

α
+ 1

α
log

(∫

eαφdμ̃N
t

)

. (66)

We take then α = δN , δ > 0, and

φ =
∣
∣
∣
∣
∣
∣

1

N

∑

x∈TN

H( x
N )Ex −

∫

T

H(y)e(t, y)dy

∣
∣
∣
∣
∣
∣
.

Since μ̃N
t is fully explicit and even product, by using large deviations estimates, it is

possible to show that

lim sup
N→∞

1

δN
log

(∫

eδNφdμ̃N
t

)

= I(δ) (67)

where I(δ) → 0 as δ → 0. By using (65), we are done. It remains then to prove (65)
and for this we rely on a Gronwall inequality for the entropy production (C > 0 is a
constant)

∂tHN ≤ CHN (t) + o(N). (68)

The proof of (68) is quite evolved and we refer the interested reader to [12, 54] (see
also [41] for some overview on the subject). It is in this step that the macro-ergodicity
of the dynamics is used in order to derive the so-called one-block estimate.

16 There is some abuse of language here since the relative entropy is not a distance between
probability measures.
17 It is a trivial consequence of the definition (9).
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For non-gradient systems, i.e. systems such that the microscopic currents of the
conserved quantities are not given by discrete gradients,18 the previous strategy has
to be modified. Indeed, in order to have (65) it is necessary to replace the local
equilibrium Gibbs state μ̃N

t by a local equilibrium state with a first order correction
term of the form

dμ̂N
t (dr, dp)

= Z−1
t,N

∏

x∈TN

exp
{
−βt(x/N)(Ex − τt(x/N)rx) + 1

N F(t, x/N)(θxg)(r, p)
}

drxdpx (69)

where Zt,N is a normalization constant,

τt = rt, βt = {et − r2t
2 }−1

and the functions F and g are judiciously chosen. The choice is guided by the
fluctuation-dissipation relation (45) and done in order to obtain the first order “Taylor
expansion” (71) below.

Let ΩN = (R × R)TN be the configurations space and denote

ĤN (t) := H
(
μN

t |μ̂N
t

)
=
∫

ΩN
f N
t (ω) log

f N
t (ω)

φN
t (ω)

dv∗(ω), (70)

where f N
t is the density ofμN

t with respect to the Gibbs referencemeasure v∗ := v1,0.
In the same way, φN

t is the density of μ̂N
t with respect to v∗ (which is fully explicit).

The goal is to get (68) with HN replaced by ĤN .
We begin with the following entropy production bound. Let us denote by L ∗

N =
−AN + γSN the adjoint of LN in L2(v∗).

Lemma 3

∂t ĤN (t) ≤
∫

1

φN
t

(
N2L ∗

NφN
t − ∂tφ

N
t

)
f N
t dv∗ =

∫ [
1

φN
t

(
N2L ∗

NφN
t − ∂tφ

N
t

)
]

dμN
t .

Proof We have that f N
t solves the Fokker-Plack equation ∂t f N

t = N2L ∗
N f N

t . Assum-
ing it is smooth to simplify, we have

∂t ĤN (t) =
∫

∂t f
N
t [1 + log f N

t ]dv∗ −
∫

∂t f
N
t logφN

t dv∗ −
∫

∂tφ
N
t

f N
t

φN
t

dv∗

= N2
∫

L ∗
N f N

t [log f N
t − logφN

t ]dv∗ −
∫

∂tφ
N
t

f N
t

φN
t

dv∗

18 Observe that if a system is gradient then a microscopic fluctuation-dissipation Eq. (23) holds with
a zero fluctuating term.
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= N2
∫

f N
t LN [log f N

t

φN
t
]dv∗ −

∫

∂tφ
N
t

f N
t

φN
t

dv∗

= N2
∫

f N
t

φN
t
LN [log f N

t

φN
t
]φN

t dv∗ −
∫

∂tφ
N
t

f N
t

φN
t

dv∗

≤ N2
∫

LN [ f N
t

φN
t
]φN

t dv∗ −
∫

∂tφ
N
t

f N
t

φN
t

dv∗

= N2
∫

f N
t

φN
t
L ∗

N φN
t dv∗ −

∫

∂tφ
N
t

f N
t

φN
t

dv∗

where we used that for any positive function h, hLN (log h) ≤ LN h (this is a conse-
quence of Jensen’s inequality). �

We define ξx := (Ex, rx) and π(t, q) := (e(t, q), r(t, q)). If f is a vectorial func-
tion, we denote its differential by Df .

Proposition 3 ([54]) Let (λ, β) be defined by β = (e − r2

2 )−1 and λ = −βr. The
term (φN

t )−1
(
N2L ∗

N φN
t − ∂tφ

N
t

)
can be expanded as

(φN
t )−1

(
N2L ∗

N φN
t − ∂tφ

N
t

)

=
5∑

k=1

∑

x∈TN

vk

(
t,

x

N

) [
Jk

x − Hk

(
π
(

t,
x

N

))
− (DHk)

(
π
(

t,
x

N

))

×
(
ξx − π

(
t,

x

N

))]
+ o(N) (71)

where

k Jk
x Hk(e, r) vk(t, q)

1 p2x + rxrx−1 + 2γ pxrx−1 e + r2/2 −(2γ )−1∂2q β(t, q)

2 rx + γ px r −γ −1∂2q λ(t, q)

3 p2x (rx + rx−1)
2 (2e − r2)

(
e + 3r2/2

)
(4γ )−1[∂qβ(t, q)]2

4 p2x (rx + rx−1) r (2e − r2) γ −1∂qβ(t, q) ∂qλ(t, q)

5 p2x e − r2/2 γ −1[∂qλ(t, q)]2

Observe that Hk(e, r) is equal to
∫

Jk
x dvβ,τ where β, τ are related to e, r by the

thermodynamic relations. Thus, the terms appearing in the righthand side of (71) can
be seen as first order “Taylor expansion”. The form of the first order correction in
(69) plays a crucial role in order to get such expansions.

A priori the first term on the right-hand side of (71) is of order N , but we want to
take advantage of these microscopic Taylor expansions to show it is in fact of order
o(N).
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First, we need to cut-off large energies in order to work with bounded variables
only. To simplify, we assume they are bounded ab initio.

Let �be some integer (dividingN).We introduce someaveragingovermicroscopic
blocks of size � and we will let � → ∞ after N → ∞. We decompose TN in a
disjoint union of p = N/� boxes Λ�(xj) of length � centered at xj, j ∈ {1, . . . , p}.
The microscopic averaged profiles in a box of size � around y ∈ TN are defined by

ξ̃�(y) = 1

�

∑

x∈Λ�(y)

ξx.

Similarly we define

J̃k
� (y) = 1

�

∑

x∈Λ�(y)

Jk
x .

In (71) we rewrite the sum
∑

x∈TN
as
∑p

j=1

∑
x∈Λ�(xj)

and, by using the smoothness
of the function vk , Hk , it is easy to replace the term

1

N

∑

x∈TN

vk

(
t,

x

N

) [
Jk

x − Hk

(
π
(

t,
x

N

))
− (DHk)

(
π
(

t,
x

N

))
·
(
ξx − π

(
t,

x

N

))]

by

1

p

p∑

j=1

vk

(
t,

xj

N

) [
J̃k
� (xj) − Hk

(
π
(

t,
xj

N

))
− (DHk)

(
π
(

t,
xj

N

))

×
(
ξ̃�(xj) − π

(
t,

xj

N

))]

in the limit N, � → ∞ with some error term of order o(1).
Then, the strategy consists in proving the following crucial estimate, often called

the one-block estimate: we replace the empirical average current J̃k
� (xj) which is

averaged over a box centered at xj by its mean with respect to a Gibbs measure
with the parameters corresponding to the microscopic averaged profiles ξ̃�(xj), i.e.
Hk(ξ̃�(xj)). This non-trivial step is achieved thanks to some compactness argument
and the macro-ergodicity of the dynamics.

Consequently we have to deal with terms in the form

1

p

p∑

j=1

vk

(
t,

xj

N

) [
Hk

(
ξ̃�(xj)

)
− Hk

(
π
(

t,
xj

N

))

− (DHk)
(
π
(

t,
xj

N

))
·
(
ξ̃�(xj) − π

(
t,

xj

N

))]
(72)
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The final step consists then in applying the entropy inequality (66) with respect
to μ̂N

t with φ := φ�,N given by (72) and α = δN , δ > 0 fixed but small. This will
produce some term of order ĤN (t)/N plus the term

lim sup
�→∞

lim sup
N→∞

1

δN
log

(∫

eδNφdμ̂N
t

)

= I(δ).

By using some large deviations estimates (observe that μ̂N
t is explicit and product at

first order in N) one can show that I(δ) is nonpositive for δ sufficiently small. Thus
we get the desired Gronwall inequality.

There is some additional difficulty that we hid under the carpet in the sketch of
the proof. Since the state space is non compact, a control of high energies is required
for the initial cut-off. This is a highly non trivial problem.19 In the harmonic case
considered here this control is obtained thanks to the following remark: the set of
mixtures ofGaussian probabilitymeasures20 is preserved by the (harmonic) velocity-
flip model. Since for Gaussian measures all the moments are expressed in terms of
the covariance matrix, required bounds can be obtained by a suitable control of the
covariance matrices appearing in the mixture.

The extension of this result in the anharmonic case is a challenging open problem
(see however [52] where equilibrium fluctuations are considered for an anharmonic
chain perturbed by a conservative noise acting on the momenta and positions).

2.2.2 Fourier’s Law

Since in the harmonic case an exact fluctuation-dissipation equation is available
Fourier’s law can be obtained without too much work.21

Theorem 7 ([10, 11]) Consider the one-dimensional harmonic chain in contact
with two heat baths and with forced boundary conditions as in Sect.2.1.1. Then
Fourier’s law holds:

J̃s := lim
N→∞ N〈je

0,1〉ss = 1

2γ

{
(T� − Tr) + (τ 2� − τ 2r )

}
(73)

19 A similar problem appears in [51] where the authors derived Euler equations for a gas perturbed
by some ergodic noise. There, to overcome this difficulty, the authors replace ab initio the kinetic
energy by the relativistic kinetic energy.
20 A Gibbs local equilibrium state is a Gaussian state in the harmonic case.
21 The a posteriori simple but fundamental remark that an exact fluctuation-dissipation equation
exists for the harmonic model (see (45)) is the real contribution of [10].
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and we have

Ĵ� = lim
N→∞ N(〈p21〉ss − T�) = 1

2γ γ�

[
(Tr − T�) + (τ� − τr)

2
]
,

Ĵr = lim
N→∞ N(Tr − 〈p2N 〉ss) = 1

2γ γr

[
(Tr − T�) − (τ� − τr)

2
]
. (74)

Proof We divide the proof in two steps:

• We first prove that there exists a constant C independent of N such that |〈je
0,1〉ss| ≤

C/N . This is obtained by using the fluctuation-dissipation equation and the fact
that 〈je

x,x+1〉ss is independent of x:

〈je
0,1〉ss = 1

N − 3

N−2∑

x=2

〈je
x,x+1〉ss (75)

= − 1

2γ

1

N − 3

N−2∑

x=2

〈
∇
[
p2x + rxrx+1

]〉

ss

= 1

2γ

1

N − 3

{
(〈p22〉ss + 〈r2r3〉ss) − (〈p2N−1〉ss + 〈rN−1rN 〉ss)

}
.

By using simple computations, one can show that (〈p22〉ss + 〈r2r3〉ss) − (〈p2N−1〉ss

+ 〈rN−1rN 〉ss) is uniformly bounded in N by a positive constant.
• Now we have only to evaluate the limit of each term appearing in (〈p22〉ss

+ 〈r2r3〉ss) − (〈p2N−1〉ss + 〈rN−1rN 〉ss). Notice that assuming local equilibrium
we easily get the result. The first step implies that 〈je

0,1〉ss and 〈je
N,N+1〉ss vanish

as N → +∞. Since Vs goes to 0 by Lemma 1, one has that 〈p21〉ss and 〈p2N 〉ss

converge respectively to T� and Tr . By using some “entropy production bound”
one can propagate this local equilibrium information to the particles close to the
boundaries and show (73). �

It follows from this Theorem that the system can be used as a heater but not
as a refrigerator. Assume for example that Tr > T�. The term Ĵ� (resp. Ĵr) is the
macroscopic heat current from the left reservoir to the system (resp. from the system
to the right reservoir). Whatever the values of τ�, τr are, Ĵ� > 0 and we can not
realize a refrigerator. But if (Tr − T�) < (τr − τ�)

2 then Ĵr < 0 and we realized a
heater.

The proof of the validity of Fourier’s law for anharmonic chains perturbed by an
energy conserving noise is still open.
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2.2.3 Macroscopic Fluctuation Theory for the Energy
Conserving Harmonic Chain

The macroscopic fluctuation theory [17] is a general approach developed by Bertini,
De Sole, Gabrielli, Jona-Lasinio and Landim to calculate the large deviation func-
tional of the empirical profiles of the conserved quantities of Markov processes in a
NESS. Its main interest is that it can be applied to a large class of boundary driven
diffusive systems and does not require the explicit form of the NESS but only the
knowledge of two thermodynamic macroscopic parameters of the system, the diffu-
sion coefficient D(ρ) and the mobility χ(ρ). This theory can be seen as an infinite
dimensional generalization of the Freidlin-Wentzel theory [28] and is based on the
large deviation principle for the hydrodynamics of the system.

In order to explain (roughly) the theory we consider for simplicity a Markovian
system {η(t) := {ηx(t) ∈ R ; x ∈ {1, . . . N}}t≥0 with only one conserved quantity,
say the density ρ, in contact with two reservoirs at each extremity. Here N is the size
of the system which will be sent to infinity. We denote by μN

ss the nonequilibrium
stationary state of {η(t)}t≥0. For any microscopic configuration η := {ηx ; x ∈
{1, . . . , N}} let

πN (η, ·) =
N−1∑

x=1

ηx1[ x
N ,

x+1
N

)(·)

be the empirical density profile. In the diffusive time scale, we assume that
πN (η(tN2), ·) converges as N goes to infinity to ρt(·) := ρ(t, ·) solution of

⎧
⎪⎨

⎪⎩

∂tρ = ∂y(D(ρ)∂yρ), y ∈ [0, 1], t ≥ 0,

ρ(t, 0) = ρ�, ρ(t, 1) = ρr, t ≥ 0,

ρ(0, ·) = ρ0(·)

where ρ0(·) is the initial density profile, D(ρ) > 0 is the diffusion coefficient and ρ�,
ρr the densities fixedby the reservoirs.As t → ∞ the solutionρt of the hydrodynamic
equation converges to a stationary profile ρ̄ : [0, 1] → R solution of D(ρ̄)∂yρ̄ =
J = const. with ρ̄(0) = ρ�, ρ̄(1) = ρr . We assume that under μN

ss, the empirical
density profile πN (η, ·) converges to ρ̄. This assumption is nothing but a law of large
numbers for the random variables πN .

We are here interested in the corresponding large deviation principle. Thus, we
want to estimate the probability that in the NESS μN

ss the empirical density profile
πN is close to an atypical macroscopic profile ρ(·) 	= ρ̄. This probability typically
is of order e−NV(ρ) where V is the rate function:

μN
ss(π

N (η, ·) ≈ ρ(·)) ≈ e−NV(ρ).

The goal of the macroscopic fluctuation theory is to obtain information about this
functional.
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The condition to be fulfilled by the system to apply the theory of Bertini et al.
is that it satisfies a dynamical large deviation principle with a rate function which
takes a quadratic form22 like (77).

Let us first explain what we mean by dynamical large deviation principle. Imag-
ine we start the system from a Gibbs local equilibrium state corresponding to the
macroscopic profile ρ0. We want to estimate the probability that the empirical den-
sity πN (η(tN2), ·) is close during the macroscopic time interval [0, T ], T fixed, to a
smooth macroscopic profile γ (t, y) supposed to satisfy23 γ (0, ·) = ρ0. This proba-
bility is exponentially small in N with a rate I[0,T ](γ | ρ0)

P

[
πN (η(tN2), y) ≈ γ (t, y), (t, y) ∈ [0, T ] × [0, 1]

]
∼ e−NI[0,T ](γ |ρ0). (76)

The rate function is assumed to be of the form

I[0,T ](γ | ρ0) = 1

2

∫ T

0
dt
∫ 1

0
dy χ(ρ(t, y))

[
(∂yH)(t, y)

]2 (77)

where ∂yH is the extra gradient external field needed to produce the fluctuation γ ,
namely such that

∂tγ = ∂y
[
D(γ )∂yγ − χ(γ )∂yH

]
. (78)

Thus, I[0,T ](γ |ρ0) is the work done by the external field ∂yH to produce the fluctu-
ation γ in the time interval [0, T ]. The function χ appearing in (78) is the second
thermodynamic parameter (with the diffusion coefficient D) mentioned in the begin-
ning of this section. The two parameters D and χ are in fact related together by the
Einstein relation so that knowing one of them and the Gibbs states of the microscopic
model is sufficient to obtain the second.

To show this result the strategy is the following. We perturb the Markov process
{η(t)}t≥0 thanks to the functionH := H(γ ), which is solution of the PoissonEq. (78),
by adding locally a small space inhomogeneous drift provided by ∂yH. In doing so
we obtain a new Markov process {ηH(t)}t≥0 such that in the diffusive time scale
πN (ηH(tN2), ·) converges to γ (·). Let PH (resp. P0) be the probability measure on
the empirical density paths space induced by {ηH(tN2)}t∈[0,T ] (resp. {η(tN2)}t∈[0,T ]).
Then, by using hydrodynamic limits techniques similar to the ones explained in
Sect. 2.2.1we show that in the largeN limit, underPH , theRadon-Nikodymderivative
is well approximated by24

dP0

dPH
(π) ≈ exp

{−NI[0,T ](π |ρ0)
}
.

22 Such property has been proved to be valid for a large class of stochastic dynamics [41, 42].
23 This assumption avoids taking into account the cost to produce the initial profile, cost which is
irrelevant for us.
24 WeuseGirsanov transform to express theRadon-Nikodymderivative.Apriori it is not a functional
of the empirical density and we need to establish some replacement lemma (see [41]).
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Here π := {π(t, y) ; t ∈ [0, T ], y ∈ [0, 1]} is any space-time density profile. Thus,
since

P
0
[
πN (η(tN2), ·) ∼ γ (t, ·), t ∈ [0, T ]

]
= E

H

[
dP0

dPH
(π) 1{π(t,·)∼γ (t,·),t∈[0,T ]}

]

we obtain (76).
The macroscopic fluctuation theory claims that the large deviations functional

V(ρ) of the empirical density in the NESS coincides with the quasi-potentialW(ρ)

defined by
W(ρ) = inf

γ :γ (−∞)=ρ̄
γ (0)=ρ

I[−∞,0](γ |ρ̄).

Here I[−∞,0] is obtained from I[0,T ] by a shift in time by −T , T being sent to +∞
afterwards. In words, the quasi potential determines the cost to produce a fluctuation
equal to γ at t = 0 when the system is macroscopically in the stationary profile ρ̄ at
t = −∞.

Thus, the problem is reduced to computing W . It can be shown that W solves (at
least formally) the infinite-dimensional Hamilton-Jacobi equation

1

2

〈

∂y

[
δW

δρ

]

, χ(ρ) ∂y

[
δW

δρ

]〉

+
〈
δW

δρ
, ∂y

[
D(ρ)∂yρ

]
〉

= 0 (79)

where 〈·, ·〉 denotes the usual scalar product in L
2([0, 1]). Note that there is no

uniqueness of solutions (W = 0 is a solution) and up to now a general theory of
infinite dimensional Hamilton-Jacobi equations is still missing. This implies that we
have in fact to solve by hand the variational problem and the solution is only known
for few systems. This is an important limitation of themacroscopic fluctuation theory.
Even getting interesting qualitative properties on W is difficult.

The rigorous implementation of this long program has only been carried for the
boundary driven Symmetric Simple Exclusion Process and extended with less rigor
to a few other systems (see [15, 18, 27] for rigorous results).

Let us now try to apply this theory for the harmonic chain with velocity-flip
noise. Since we have a fully explicit microscopic fluctuation-dissipation equation
(even when some harmonic pinning is added) we can easily guess what is the form
of the hydrodynamic equations under various boundary conditions by assuming that
the propagation of local equilibrium in the diffusive time scale holds. Nevertheless,
let us observe that a rigorous derivation is missing, the obstacle being a sufficiently
good control of the high energies.25 The boundary conditions we impose to the
system are the following. At the left (resp. right) end we put the chain in contact
with a Langevin bath at temperature T� (resp. Tr) and consider the system with fixed
boundary conditions or with forced boundary conditions with the same force τ at the
two boundaries. Then, for the unpinned chain, the equations (64) are still valid but

25 This control is only available in the case of periodic boundary conditions [54].
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they are supplemented with the boundary conditions [14]

[

e − r2

2

]

(t, 0) = T�,

[

e − r2

2

]

(t, 1) = Tr, (80)

since the Langevin baths fix the temperatures at the boundaries and

∂yr(t, 0) = ∂yr(t, 1) = 0 (81)

for fixed boundary conditions (the total length of the chain is constant26) and

r(t, 0) = r(t, 1) = τ (82)

for forced boundary conditions.
If the chain is pinned by the harmonic potential W(q) = vq2/2 then only the

energy is conserved and the macroscopic diffusion equation takes the form

⎧
⎪⎨

⎪⎩

∂te = ∂y(κ∂ye),

e(0, y) = e0(y),

e(t, 0) = T�, e(t, 1) = Tr,

y ∈ (0, 1) (83)

where the conductivity κ is equal to [14]

κ = 1/γ

2 + v2 + √
v(v + 4)

. (84)

Assuming a good control of high energies, it is possible to derive the dynami-
cal large deviations function of the empirical conserved quantities. The goal would
be to compute the large deviation functional of the NESS which according to the
macroscopic fluctuation theory coincides with the quasi potential. We recall that the
quasi potential is defined by a variational problem and that it depends only on two
thermodynamic quantities, the diffusion coefficient and the mobility (the latter are
matrices if several conserved quantities are involved).

Let us first consider the pinned velocity flip model where the energy is the only
conservedquantity. It turns out that themobility is a quadratic function.Consequently,
the methods exposed in Theorem 6.5 of [16] apply and the variational formula can
be computed. The quasi potential V(·) is given by [14]

V(e) =
∫ 1

0
dq

[
e(q)

F(q)
− 1 − log

(
e(q)

F(q)

)

− log

(
F ′(q)

Tr − T�

)]

, (85)

26 Indeed, by (64), we have ∂t(
∫ 1
0 r(t, y)dy) = γ −1

∫ 1
0 ∂2y r(t, y)dy = γ −1[∂yr(t, 1) − ∂yr

(t, 0)] = 0.
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where F is the unique non decreasing solution of

⎧
⎨

⎩

F ′′ = F − e

F2 (F ′)2,
F(0) = T�, F(1) = Tr .

(86)

Surprisingly, the functionV is independent of the pinning value v and of the intensity
of the noise γ . It is thus natural to conjecture that in theNESSof the unpinned velocity
flip model the large deviation function of the empirical energy profile coincides
with V but we did not succeed to prove it. Observe that at equilibrium (T� = Tr),
F(q) = T� = Tr and the last term in (85) disappears so that the quasi potential is
local. On the other hand, if T� 	= Tr , this is no longer the case and this reflects the
presence of long-range correlations in the NESS. In particular, an approximation of
the NESS by a Gibbs local equilibrium state in the form (29) would not give the
correct value of the quasi potential.

For the unpinned chain we have two conserved quantities. Solving the variational
problem of the quasi potential for these two conserved quantities is a very difficult
open problem27 (see [5] for a partial result for some other stochastic perturbation of
the harmonic chain).

3 Anomalous Diffusion

An anomalous large conductivity is observed experimentally in carbon nanotubes
and numerically in chains of oscillators without pinning, where numerical evidence
shows a conductivity diverging with the size N of the system like Nα , with α < 1 in
dimension d = 1, and like logN in dimension d = 2. If some nonlinearity is present
in the interaction, finite conductivity is observed numerically in all pinned case or
in dimension d ≥ 3 [24, 47]. Consequently it has been suggested that conservation
of momentum is an important ingredient for the anomalous conductivity in low
dimensions (see however [66]).

In chapter “Large Deviations in a Gaussian Setting: The Role of the Cameron-
Martin Space” we considered chains of oscillators perturbed by a noise conserving
only energy and destroying the possible momentum conservation. In the harmonic
case we obtained Fourier’s law and in the anharmonic case we proved existence of
the Green-Kubo formula for the thermal conductivity.

In this chapter the added perturbation conserves both energy and momentum
(energy and volume for the Hamiltonian systems considered in Sect. 1.2). These sys-
tems qualitatively have the same behavior as Hamiltonian chains of oscillators (with-
out any noise), i.e. anomalous transport for unpinned chain in dimension d = 1, 2
and normal transport otherwise. We could even be more optimistic and hope that

27 Here we do not have any exactly solvable model like the Symmetric Simple Exclusion Process
which could give us some hints for the form of the quasi-potential.

http://dx.doi.org/10.1007/978-3-319-16637-7_3
http://dx.doi.org/10.1007/978-3-319-16637-7_3
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they share with the deterministic systems common limits for the energy fluctuation
fields, two point correlation functions . . . This is because one expects that the micro-
scopic details of the dynamics are irrelevant. Therefore some universality should
hold. Recently Spohn [58], by following ideas of [64], used the nonlinear fluctuating
hydrodynamics theory to classify very precisely the different expected universality
classes. The nonlinear fluctuating hydrodynamics theory is based on the assump-
tion that the microscopic dynamics evolve in the Euler time scale according to a
system of conservation laws. The theory is macroscopic in the sense that all the
predictions are done starting from this system of conservation laws without further
references to the microscopic dynamics. Since we have seen that the presence of
the energy-momentum conserving noise does not change the form of the hydrody-
namic equations, the theory claims in fact that the limit of the fluctuations fields of
the conserved quantities for purely deterministic chains of oscillators and for noisy
energy-momentum conserving chains are exactly the same.

3.1 Harmonic Chains with Momentum Exchange Noise

Getting some information on the behavior of the energy fluctuation field in the large
scale limit remains challenging. So far, satisfactory but not complete results have only
been obtained in the harmonic case. The anharmonic case is much more difficult.

In [1, 2] we explicitly compute the time correlation current for a system of har-
monic oscillators perturbed by an energy-momentum conserving noise28 and we find
that it behaves, for large times, like t−d/2 in the unpinned cases, and like t−d/2−1

when on-site harmonic potential is present.
These results are given in the Green-Kubo formalism. Their counterpart in the

NESS formalism have been considered in [46] but a rigorous proof is still missing.
Several variations of the Green-Kubo formula can be found in the literature: one can
start with the infinite system in the canonical ensemble, as we did in Sect. 2.1.2, or
with a finite system, in the canonical or micro-canonical ensembles, sending the size
of the system to infinity. It is widely believed that all these definitions coincide (also
in the case of infinite conductivity). As shown in [2], this is essentially true for the
energy-momentum conserving harmonic chain. Here we consider the simplest pos-
sible definition avoiding to discuss the rigorous definition of the canonical ensemble
in infinite volume and the problem of equivalence of ensembles.

The set-up is the following. We consider a chain perturbed by the energy-
momentumconserving noise (see (11))with periodic boundary conditions. ItsHamil-
tonian is given by HN = ∑

x∈Td
N
Ex where the energy Ex of atom x is

Ex = |px|2
2

+ W(qx) + 1

2

∑

|y−x|=1

V(qx − qy). (87)

28 It is straightforward to adapt the proofs given in [1, 2] to the case of the momenta exchange
noise.
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The system is considered at equilibrium under theGibbs grand-canonical measure

dμN,T = e−HN /T

ZN,T
dqdp

where ZN,T is the renormalization constant.
The Green-Kubo formula for the thermal conductivity in the direction ek , 1 ≤

k ≤ d, is29 the limiting variance of the energy current Je,γ
x,x+ek

([0, t]) up to time t in
the direction ek in a space-time box of size N × t:

κ(T) = 1

2T2 lim
t→+∞ lim

N→∞EμN,T

⎡

⎢
⎣

⎛

⎜
⎝

1√
Ndt

∑

x∈Td
N

Je,γ
x,x+e1([0, t])

⎞

⎟
⎠

2⎤

⎥
⎦. (88)

The energy currents {Je,γ
x,x+ek

([0, t]) ; k = 1, . . . , d} are defined by the energy con-
servation law

Ex(t) − Ex(0) =
d∑

k=1

(
Je,γ

x−ek ,x([0, t]) − Je,γ
x,x+ek

([0, t])) .

The energy current up to time t can be written as

Je,γ
x,x+ek

([0, t]) =
∫ t

0
je,γ
x,x+ek

(s)ds + Mx,x+ek (t) (89)

where Mx,x+ek (t) is a martingale and je,γ
x,x+ek

is the instantaneous current which has
the form

je,γ
x,x+ek

= j̃e
x,x+ek

+ γ
[
p2x+ek

− p2x
]
, j̃e

x,x+ek
= −1

2
V ′(qx+ek − qx)(px+ek + px).

(90)
The term j̃e

x,x+ek
is the Hamiltonian contribution while the gradient term is due to the

noise.
We now expand the square in (88). Notice first that since we have periodic bound-

ary conditions the gradient term appearing in (90) does not contribute. By a time
reversal argument one can show that the cross term between the martingale and the
time integral of the instantaneous current vanishes. Moreover a simple computation
shows that the square of the martingale term gives a contribution equal to γ (see [2]
for details). Thus we obtain

29 By symmetry arguments this is independent of k.
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κ(T) = T−2 lim
t→+∞ lim

N→∞
1

2Ndt
EμN,T

⎡

⎢
⎢
⎣

⎛

⎜
⎝

∑

x∈Td
N

∫ t

0
j̃ex,x+ek

(s)ds

⎞

⎟
⎠

2
⎤

⎥
⎥
⎦ + γ

= T−2 lim
t→+∞ lim

N→∞
∑

x∈Td
N

∫ +∞
0

ds
(
1 − s

t

)+
EμN,T

[
j̃e0,ek

(0) j̃ex,x+ek
(s)

]
ds + γ

(91)

where the last line is obtained by time and space stationarity of the Gibbs measure
and u+ denotes max(u, 0).30 It is then clear that the divergence of the Green-Kubo
formula, i.e. anomalous transport, is due to a slow decay of the time correlation
function C(t) defined by

C(t) = lim
N→∞

∑

x∈Td
N

EμN,T

[
j̃e
0,ek

(0) j̃e
x,x+ek

(t)
]
. (92)

Theorem 8 ([2]) Consider the harmonic case: V(r) = αr2, W(q) = vq2 where
α > 0 and v ≥ 0.
Then the limit defining C(t) in (92) exists and can be computed explicitly. In partic-
ular, we have that C(t) ∼ t−d/2 if v = 0 and C(t) ∼ t−d/2−1 if v > 0.
Consequently, the limit (91) exists in (0,+∞] and is finite if and only if d ≥ 3 or
v > 0. When finite, κ(T) is independent of T and can be computed explicitly.

Proof We compute the Laplace transform LN (z) = ∫ +∞
0 e−ztCN (t)dt, z > 0, of

CN (t) = ∑
x∈Td

N
EμN,T

[
j̃0,ek (0) j̃e

x,x+ek
(t)
]
. Since we have

LN (z) = N−1μN,T

⎡

⎢
⎣

⎛

⎜
⎝
∑

x∈Td
N

j̃e
x,x+,ek

⎞

⎟
⎠ (z − LN )−1

⎛

⎜
⎝
∑

x∈Td
N

j̃e
x,x+,ek

⎞

⎟
⎠

⎤

⎥
⎦

it is equivalent to solve the resolvent equation (z −LN )hN = ∑
x∈Td

N
j̃e
x,x+ek

. Notice

thatLN maps polynomial functions of degree 2 into polynomial functions of degree
2 and that

∑
x j̃e

x,x+ek
is a polynomial function of degree 2. Thus, the function hN is

a polynomial function of degree 2. Moreover it has to be space translation invariant
since

∑
x j̃e

x,x+ek
is. Therefore we can look for a function hN of the form

hN =
∑

x,y

a(y − x)pxpy +
∑

x,y

b(y − x)pxqy +
∑

x,y

c(y − x)qxqy

30 Observe that replacing (1 − s
t )

+ by e−s/t and limN→∞
∑

x∈Td
N
by

∑
x∈Zd we formally get an

expression similar to the Green-Kubo formula of Theorem 5.
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where a, b and c are functions from T
d
N intoR. We compute explicitly a, b and c and

we get a = c = 0 while b is the solution to

(z + 2v − γΔ)b = −α(δek − δ−ek )

where Δ is the discrete Laplacian. Then we deduce LN (z), hence CN (t) by inverse
Laplace transform. The limit C(t) = limN→+∞ CN (t) follows. �

Consequently in the unpinned harmonic cases in dimension d = 1 and 2, the
conductivity of our model diverges as N goes to infinity. Otherwise it converges as
N → ∞. In the anharmonic case we obtained some upper bounds showing that
the divergence cannot be worse than in the harmonic case. These upper bounds also
show that the conductivity cannot be infinite if d ≥ 3 (see [2] for details and precise
statements).

3.2 A Class of Perturbed Hamiltonian Systems

In [13] is proposed a class of models for which anomalous diffusion is observed.
These models have been introduced in Sect. 1.2. The goal of [13] was to show that
these systems have a behavior very similar to that of the standard one-dimensional
chains of oscillators conserving momentum.31

3.2.1 Definition of Thermodynamic Variables

Let us fix a potential V and consider the stochastic energy-volume conserving model
defined by the generatorL = A + γS , γ ≥ 0, whereA andS are given by (21).
Recall that the Gibbs grand-canonical probability measures μβ,λ, β > 0, λ ∈ R,
defined on Ω by

dμβ,λ(η) =
∏

x∈Z
Z(β, λ)−1 exp {−βV(ηx) − ληx} dηx

form a family of invariant probability measures for the infinite dynamics. We assume
that the partition function Z is well defined on (0,+∞)×R. The following thermo-
dynamic relations relate the chemical potentials β, λ to the mean volume v and the
mean energy e under μβ,λ:

v(β, λ) = μβ,λ(ηx) = −∂λ

(
logZ(β, λ)

)
,

e(β, λ) = μβ,λ(V(ηx)) = −∂β

(
log Z(β, λ)

)
. (93)

31 They could be defined in any dimension.
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These relations can be inverted by a Legendre transform to express β and λ as
a function of e and v. Define the thermodynamic entropy S : (0,+∞) × R →
[−∞,+∞) as

S(e, v) = inf
λ∈R,β>0

{
βe + λv + logZ(β, λ)

}
.

Let U be the convex domain of (0,+∞) × R where S(e, v) > −∞ and Ů its
interior. Then, for any (e, v) := (e(β, λ), v(β, λ)) ∈ Ů , the parameters β, λ can be
obtained as

β = (∂eS)(e, v), λ = (∂vS)(e, v). (94)

We also introduce the tension τ(β, λ) = μβ,λ(V ′(η0)) = −λ/β. The microscopic
energy current je,γ

x,x+1 and volume current jv,γ
x,x+1 are given by

je,γ
x,x+1 = −V ′(ηx)V

′(ηx+1) − γ∇[V(ηx)],
jv,γ
x,x+1 = −[V ′(ηx) + V ′(ηx+1)] − γ∇[ηx]. (95)

With these notations we have

μβ,λ(j
e,γ
x,x+1) = −τ 2, μβ,λ(j

v,γ
x,x+1) = −2τ. (96)

In the sequel, with a slight abuse of notation, we also write τ for τ(β(e, v), λ(e, v))
where β(e, v) and λ(e, v) are defined by relations (94).

3.2.2 Hydrodynamic Limits

Consider the finite closed stochastic energy-volume dynamics with periodic bound-
ary conditions, that is the dynamics generated byLN,per = AN,per +γSN,per where

(
AN,perf

)
(η) =

∑

x∈TN

[
V ′(ηx+1) − V ′(ηx−1)

]
∂ηx f (η), (97)

and (
SN,perf

)
(η) =

∑

x∈TN

[
f (ηx,x+1) − f (η)

]
.

We choose to consider the dynamics on TN rather than on Z to avoid (nontrivial)
technicalities. We are interested in the macroscopic behavior of the two conserved
quantities on a macroscopic time-scale Nt as N → ∞.

Remark 2 The results of this section shall be compared to the results of Sect. 2.2.1.
For the velocity-flip model, the hydrodynamic limits where trivial in the Euler time
scale. It was only in the diffusive time scale that some evolution of the profiles was
observed and the hydrodynamic limits were given by parabolic equations (see (64)).
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Here, the evolution is not trivial in the Euler time scale and the hydrodynamic limits
are given by hyperbolic equations (see below (99)).

We assume that the system is initially distributed according to a local Gibbs
equilibrium state corresponding to a given energy-volume profile X0 : T → Ů :

X0 =
(
e0
v0

)

,

in the sense that, for a given system size N , the initial state of the system is described
by the following product probability measure:

dμN
e0,v0(η) =

∏

x∈TN

exp {−β0(x/N)V(ηx) − λ0(x/N)ηx}
Z(β0(x/N), λ0(x/N))

dηx, (98)

where (β0(x/N), λ0(x/N)) is actually a function of (e0(x/N), v0(x/N)) through
relations (94).

Starting from such a state, we expect the state of the system at time Nt to be
close, in a suitable sense, to a local Gibbs equilibrium measure corresponding to an
energy-volume profile

X(t, ·) =
(
e(t, ·)
v(t, ·)

)

,

satisfying a suitable partial differential equation with initial condition X0 at time
t = 0. In view of (96), and assuming propagation of local equilibrium, it is not
difficult to show that the expected partial differential equation is the following system
of two conservation laws: {

∂te − ∂qτ
2 = 0,

∂tv − 2∂qτ = 0,
(99)

with initial conditions e(0, ·) = e0(·), v(0, ·) = v0(·). We write (99) more compactly
as

∂tX + ∂qJ(X) = 0, X(0, ·) = X0(·),

with

J(X) =
(−τ 2(e, v)

−2τ(e, v)

)

. (100)

The system of conservation laws (99) has other nontrivial conservation laws. In
particular, the thermodynamic entropy S is conserved along a smooth solution of (99):

∂tS(e, v) = 0. (101)
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Since the thermodynamic entropy is a strictly concave function on Ů , the system (99)
is strictly hyperbolic on Ů (see [53]). The two real eigenvalues of (DJ)(ξ̄ ) are 0 and
− [

∂e(τ
2) + 2∂v(τ )

]
, corresponding respectively to the two eigenvectors

(−∂vτ

∂eτ

)

,

(
τ

1

)

. (102)

It is well known that classical solutions to systems of n ≥ 1 conservation laws
in general develop shocks in finite times, even when starting from smooth initial
conditions. If we consider weak solutions rather than classical solutions, then a
criterion is needed to select a unique, relevant solution among the weak ones. For
scalar conservation laws (n = 1), this criterion is furnished by the so-called entropy
inequality and existence and uniqueness of solutions is fully understood. If n ≥ 2,
only partial results exist (see [53]). Thismotivates the fact that we restrict our analysis
to smooth solutions before the appearance of shocks.

We assume that the potential V satisfies the following

Assumption 3.1 The potential V is a smooth, non-negative function such that the
partition function Z(β, λ) = ∫∞

−∞ exp (−βV(r) − λr) dr is well defined for β > 0
and λ ∈ R and there exists a positive constant C such that

0 < V ′′(r) ≤ C, (103)

and

lim sup
|r|→+∞

rV ′(r)
V(r)

∈ (0,+∞), (104)

lim sup
|r|→+∞

[V ′(r)]2
V(r)

< +∞. (105)

Provided we can prove that the infinite volume dynamics is macro-ergodic, then
we can rigorously prove (even if γ = 0), using the relative entropy method of Yau
[67], that (99) is indeed the hydrodynamic limit in the smooth regime, i.e. for times t
up to the appearance of the first shock (see for example [41, 62]). Observe that the
expected hydrodynamic limits do not depend on γ . We need to assume γ > 0 to
ensure the macro-ergodicity of the dynamics.

Remark 3 As argued in [62], it turns out that the conservation of thermodynamic
entropy (101) is fundamental for Yau’s method where, in the expansion of the time
derivative of relative entropy, the cancelation of the linear terms is a consequence of
the preservation of the thermodynamic entropy.

Averages with respect to the empirical energy-volume measure are defined, for
continuous functions G, H : T → R, as (similarly to (63))
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(
EN (t, G)

VN (t, H)

)

=

⎛

⎜
⎜
⎜
⎝

1

N

∑

x∈TN

G
( x

N

)
V(ηx(t))

1

N

∑

x∈TN

H
( x

N

)
ηx(t)

⎞

⎟
⎟
⎟
⎠

.

We can then state the following result.

Theorem 9 ([13]) Fix some γ > 0 and consider the dynamics on the torus TN

generated by LN,per where the potential V satisfies Assumption 3.1. Assume that the
system is initially distributed according to a local Gibbs state (98) with smooth energy
profile e0 and volume profile v0. Consider a positive time t such that the solution
(e, v) to (99) belongs to Ů and is smooth on the time interval [0, t]. Then, for any
continuous test functions G, H : T → R, the following convergence in probability
holds as N → +∞:

(
EN (tN, G),VN (tN, H)

)
−→

(∫

T

G(q)e(t, q)dq,

∫

T

H(q)v(t, q)dq

)

.

The derivation of the hydrodynamic limits beyond the shocks for systems of n ≥ 2
conservation laws is very difficult and is one of the most challenging problems in
the field of hydrodynamic limits. The first difficulty is of course our poor under-
standing of the solutions to such systems. Recently, Fritz proposed in [29] to derive
hydrodynamic limits for hyperbolic systems (in the case n = 2) by some extension
of the compensated-compactness approach [60] to stochastic microscopic models.
This program has been achieved in [32] (see also the recent paper [30]), where the
authors derive the classical n = 2 Leroux system of conservation laws. In fact, to
be exact, only the convergence to the set of entropy solutions is proved, the question
of uniqueness being left open. It nonetheless remains the best result available at this
time. The proof is based on a strict control of entropy pairs at the microscopic level
by the use of logarithmic Sobolev inequality estimates. It would be very interesting
to extend these methods to systems such as the ones considered here.

3.2.3 Anomalous Diffusion

We investigate now the problem of anomalous diffusion of energy for these models.
If V(r) = r2 then Theorem 8 is mutatis mutandis valid and we get the same

conclusions: the time-space correlations for the current behave for large time t like
t−1/2. Thus the system is super-diffusive (see [13] for the details).

For generic anharmonic potentials, we can only provide numerical evidence of
the super-diffusivity. However, it is difficult to estimate numerically the time auto-
correlation functions of the currents because of their expected long-time tails, and
because statistical errors are very large (in relative value) when t is large. Also, for
finite systems (the only ones we can simulate on a computer), the autocorrelation
is generically exponentially decreasing for anharmonic potentials, and, to obtain
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meaningful results, the thermodynamic limit N → ∞ should be taken before the
long-time limit.

A more tenable approach consists in studying a nonequilibrium system in its
steady-state. We consider a finite system of length 2N + 1 in contact with two
thermostats which fix the value of the energy at the boundaries. The generator of the
dynamics is given by

LN = AN + γSN + λ�B−N,T�
+ λrBN,Tr, (106)

where AN and SN are defined by

(AN f )(η) =
N−1∑

x=−(N−1)

(
V ′(ηx+1) − V ′(ηx−1)

)
(∂ηx f )(η)

− V ′(ηN−1) (∂ηN f )(η) + V ′(η−N+1) (∂η−N f )(η),

(SN f )(η) =
N−1∑

x=−N

[
f (ηx,x+1) − f (η)

]
,

andBx,T = T∂2ηx
− V ′(ηx)∂ηx . The positive parameters λ� and λr are the intensities

of the thermostats and T�, Tr the “temperatures” of the thermostats.
The generator Bx,T is a thermostatting mechanism. In order to fix the energy at

site −N (resp. N) to the value e� (resp. er), we have to choose β� = T−1
� (resp.

βr = T−1
r ) such that e(β�, 0) = e� (resp. e(βr, 0) = er). We denote by 〈·〉ss the

unique stationary state for the dynamics generated by LN .
The energy currents je,γ

x,x+1, which are such thatLN,open(V(ηx)) = −∇je,γ
x−1,x (for

x = −N, . . . , N − 1), are given by the first line of (95) for x = −N + 1, . . . , N − 1
while

je,γ
−N−1,−N = λ�

[
T�V ′′(η−N ) − (V ′(η−N ))2

]
,

je,γ
N,N+1 = −λr

[
TrV ′′(ηN ) − (V ′(ηN ))2

]
.

Since 〈LN,open(V(ηx))〉ss = 0, it follows that, for any x = −N, . . . , N +1, 〈je,γ
x,x+1〉ss

is equal to a constant Jγ
N (T�, Tr) independent of x. In fact,

Jγ
N (T�, Tr) = 〈

J
γ

N

〉

ss , J
γ

N = 1

2N

N∑

x=−N−1

je,γ
x,x+1. (107)

The latter equation is interesting from a numerical viewpoint since it allows to per-
form some spatial averaging, hence reducing the statistical error of the results. We
estimate the exponent δ ≥ 0 such that
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Table 1 Conductivity exponents

γ V(r) = r2/2 V(r) = r2/2 + r4/4 V(r) = e−r + r − 1

0 1 0.13 1

0.01 – 0.14 0.12

0.1 0.50 0.27 0.25

1 0.50 0.43 0.33

κ(N) := NJγ
N ∼ Nδ (108)

using numerical simulations. If δ = 0, the system is a normal conductor of energy.
If on the other hand δ > 0, it is a superconductor.

The numerical simulations giving the value of δ are summarized in Table1. They
have been performed for the harmonic chain V(r) = r2/2, the quartic potential
V(r) = r2/2 + r4/4 and the exponential potential V(r) = e−r + r − 1. In Sect. 3.4
we will motivate our interest in the exponential potential.

Exponents in the harmonic case agree with their expected values. For nonlinear
potentials, except for the singular value δ = 1 when γ = 0 and V(r) = e−r + r − 1,
the exponents seem to be monotonically increasing with γ . A similar behavior of the
exponents is observed for Toda chains [37] with a momentum conserving noise. This
strange behavior casts some doubts on the convergence of conductivity exponents δ

with respect to system size N (see the comment after Theorem 3 in [6]). A detailed
study, including the nonlinear fluctuating hydrodynamics predictions, is available
in [57].

Note also that the value found for γ = 0 with the anharmonic FPU potential
V(r) = r2/2+ r4/4 is smaller than the corresponding value for standard oscillators
chains, which is around 0.33 (see [49]). We performed also numerical simulations
for a “rotor” model, V(r) = 1 − cos(r), and we found δ ≈ 0.02, i.e. a normal
conductivity. A similar picture is observed for the usual rotor32 model which is
composed of a chain of unpinned oscillators with interaction potential V(r) = 1 −
cos(r). The normal behavior is conjectured to be due to the absence of long waves
(that carry energy ballistically) because some rotors turning fast in betweenwill break
them [38]. See [56] and references therein for a recent study of the rotors model.

3.3 Fractional Superdiffusion for a Harmonic
Chain with Bulk Noise

In this section we consider the energy-volume conserving model with quadratic
potential. Fix λ ∈ R and β > 0, and consider the process {η(t); t ≥ 0} generated by
(21) with V(η) = η2/2 and with initial distribution μβ,λ. Notice that the distribution

32 The variable r has to be interpreted as an angle and belongs to the torus 2πT.
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of the process {η(t)+ρ; t ≥ 0}with initial measureμβ,ρ+λ is the same for all values
of λ ∈ R. Therefore, we can assume, without loss of generality, that λ = 0. We write
μβ = μβ,0 to simplify notation, and denote byP the law of {η(t); t ≥ 0} and byE the
expectation with respect to P. The energy correlation function {St(x); x ∈ Z, t ≥ 0}
is defined as

St(x) = β2

2 E
[(

η0(0)
2 − 1

β

)(
ηx(t)

2 − 1
β

)]
(109)

for any x ∈ Z and any t ≥ 0. The constant β2

2 is just the inverse of the variance of
η2x − 1

β
underμβ . By translation invariance of the dynamics and the initial distribution

μβ , we see that

β2

2 E
[(

ηx(0)
2 − 1

β

)(
ηy(t)

2 − 1
β

)] = St(y − x) (110)

for any x, y ∈ Z.

Theorem 10 ([7]) Let f , g : R → R be smooth functions of compact support. Then,

lim
n→∞

1
n

∑

x,y∈Z
f
( x

n

)
g
( y

n

)
Stn3/2(x − y) =

∫∫

f (x)g(y)Pt(x − y)dxdy, (111)

where {Pt(x); x ∈ R, t ≥ 0} is the fundamental solution33 of the skew fractional heat
equation on R

∂tu = − 1√
2

{
(−Δ)3/4 − ∇(−Δ)1/4

}
u. (112)

A fundamental step in the proof of this theorem is the analysis of the correlation
function {St(x, y); x 	= y ∈ Z, t ≥ 0} given by

St(x, y) = β2

2 E
[(

η0(0)
2 − 1

β

)
ηx(t)ηy(t)

]
(113)

for any t ≥ 0 and any x 	= y ∈ Z. Notice that this definition makes perfect sense for
x = y and, in fact, we have St(x, x) = St(x). For notational convenience we define
St(x, x) as equal to St(x). However, these quantities are of different nature, since
St(x) is related to energy fluctuations and St(x, y) is related to volume fluctuations
(for x 	= y).

Remark 4 It is not difficult to see that with a bit of technical work the techniques
actually show that the distribution valued process {E n

t (·) ; t ≥ 0} defined for any test
function f by

E n
t (f ) = 1√

n

∑

x∈Z
f
( x

n

){ηx(tn
3/2)2 − 1

β
}

33 Since the skew fractional heat equation is linear, it can be solved explicitly by Fourier transform.
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converges as n goes to infinity to an infinite dimensional 3/4-fractional Ornstein-
Uhlenbeck process, i.e. the centered Gaussian process with covariance prescribed by
the right hand side of (111).

Remark 5 It is interesting to notice that Pt is the maximally asymmetric 3/2-Levy
distribution. It has power law as |x|−5/2 towards the diffusive peak and stretched
exponential as exp[−|x|3] towards the exterior of the sound cone ([63, Chap.4]). As
mentioned to us by H. Spohn, this reflects the expected physical property that no
propagation beyond the sound cone occurs.

Remark 6 With a bit of technical work the proof of this theorem can be adapted
to obtain a similar statement for a harmonic chain perturbed by the momentum
exchanging noise (see [39] where such statement is proved for the Wigner function).
In this case the skew fractional heat equation is replaced by the (symmetric) fractional
heat equation.

Proof Denote by C∞
c (Rd) the space of infinitely differentiable functions f : Rd →

R of compact support. Then, ‖f ‖2,n denotes the weighted �2(Zd)-norm

‖f ‖2,n =
√

1
nd

∑

x∈Zd

f
( x

n

)2
. (114)

Letg ∈ C∞
c (R)be afixed function. For eachn ∈ Nwedefine thefield {S n

t ; t ≥ 0}
as

S n
t (f ) = 1

n

∑

x,y∈Z
g
( x

n

)
f
( y

n

)
Stn3/2(y − x) (115)

for any t ≥ 0 and any f ∈ C∞
c (R). By the Cauchy-Schwarz inequality we have the

a priori bound ∣
∣S n

t (f )
∣
∣ ≤ ‖g‖2,n‖f ‖2,n (116)

for any t ≥ 0, any n ∈ N and any f , g ∈ C∞
c (R). For a function h ∈ C∞

c (R2) we
define {Qn

t (h); t ≥ 0} as

Qn
t (h) = 1

n3/2

∑

x∈Z

∑

y 	=z∈Z
g
( x

n

)
h
( y

n ,
z
n

)
Stn3/2(y − x, z − x). (117)

Notice that Qn
t (h) depends only on the symmetric part of the function h. Therefore,

we will always assume, without loss of generality, that h(x, y) = h(y, x) for any
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x, y ∈ Z. We point out that Qn
t (h) does not depend on the values of h at the diagonal

{x = y}. We have the a priori bound

∣
∣Qn

t (h)
∣
∣ ≤ 2‖g‖2,n‖h̃‖2,n, (118)

where h̃ is defined by h̃
( x

n ,
y
n

) = h
( x

n ,
y
n

)
1x 	=y.

For a function f ∈ C∞
c (R), we define Δnf : R → R as

Δnf
( x

n

) = n2
(

f
( x+1

n

) + f
( x−1

n

) − 2f
( x

n

))
. (119)

In other words, Δnf is a discrete approximation of the second derivative of f . We
also define ∇nf ⊗ δ : 1

nZ
2 → R as

(∇nf ⊗ δ
)( x

n ,
y
n

) =

⎧
⎪⎨

⎪⎩

n2
2

(
f
( x+1

n

) − f
( x

n

)); y = x+1
n2
2

(
f
( x

n

) − f
( x−1

n

)); y = x−1

0; otherwise.

(120)

Less evident than the interpretation ofΔnf ,∇nf ⊗δ turns out to be a discrete approx-
imation of the (two dimensional) distribution f ′(x)⊗ δ(x = y), where δ(x = y) is the
δ of Dirac at the line x = y. We have that

d
dtS

n
t (f ) = −2Qn

t (∇nf ⊗ δ) + S n
t ( 1√

n
Δnf ). (121)

In this equation we interpret the term Qn
t (∇nf ⊗ δ) in the obvious way. By the a

priori bound (116), the term S n
t ( 1√

n
Δnf ) is negligible, as n → ∞. We describe

now the equation satisfied by Qn
t (h). For this we need some extra definitions. For

h ∈ C∞
c (R2) we define Δnh : R2 → R as

Δnh
( x

n ,
y
n

) = n2
(

h
( x+1

n ,
y
n

) + h
( x−1

n ,
y
n

) + h
( x

n ,
y+1

n

) + h
( x

n ,
y−1

n

) − 4h
( x

n ,
y
n

))
.

(122)
In words, Δnh is a discrete approximation of the 2d Laplacian of h. We also define
Anh : R → R as

Anh
( x

n ,
y
n

) = n
(

h
( x

n ,
y−1

n

) + h
( x−1

n ,
y
n

) − h
( x

n ,
y+1

n

) − h
( x+1

n ,
y
n

))
. (123)

The functionAnh is a discrete approximation of the directional derivative (−2,−2) ·
∇h. Let us define Dnh : 1

nZ → R as

Dnh
( x

n

) = n
(

h
( x

n , x+1
n

) − h
( x−1

n , x
n

))
(124)
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and D̃nh : 1
nZ

2 → R as

D̃nh( x
n ,

y
n ) =

⎧
⎪⎨

⎪⎩

n2
(
h
( x

n , x+1
n

) − h
( x

n , x
n

)); y = x + 1

n2
(
h
( x−1

n , x
n

) − h
( x−1

n , x−1
n

)); y = x − 1

0; otherwise.

(125)

The function Dnh is a discrete approximation of the directional derivative of h
along the diagonal x = y, while D̃nh is a discrete approximation of the distribu-
tion ∂yh(x, x) ⊗ δ(x = y). Finally we can write down the equation satisfied by the
field Qn

t (h):

d
dt Qn

t (h) = Qn
t

(
n−1/2Δnh + n1/2Anh

) − 2S n
t

(
Dnh

) + 2Qn
t

(
n−1/2D̃nh

)
. (126)

Given f ∈ C∞
c (R), if we choose h := hn(f ) such that

n−1/2Δnh + n1/2Anh = 2∇nf ⊗ δ

then summing (121) and (126) we get

d
dtS

n
t (f ) = − d

dt Qn
t (h) + S n

t ( 1√
n
Δnf ) − 2S n

t

(
Dnh

) + 2Qn
t

(
n−1/2D̃nh

)
.

We integrate in time the previous expression. By the a priori bounds, the term∫ t
0 S

n
s ( 1√

n
Δnf )ds is small as well as

∫ t
0

d
ds Qn

s (h)ds = Qn
t (h) − Qn

0(h). The term

∫ t

0
Qn

s (n
−1/2D̃nh) ds

is quite singular since it involves an approximation of a distribution but it turns out to
be negligible, although this does not follow directly from the a priori bounds (see [7]).
By using Fourier transform one can see that −2Dnh converges to − 1√

2

{
(−Δ)3/4 −

∇(−Δ)1/4
}
f and we are done. �

3.4 Anomalous Diffusion for a Perturbed Hamiltonian System
with Exponential Interactions

We investigate here in more details the exponential case Vexp(r) = e−r − 1+ r. The
deterministic system with generator (97) and with the exponential potential above is
well known in the integrable systems literature.34 It has been introduced in [40] by

34 It seems that although the Hamiltonian structure of the Kac-van-Moerbecke system was known,
the interpretationof the latter as a chainof oscillatorswith exponential kinetic energy andexponential
interaction was not observed before [13].
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Kac and van Moerbecke and was shown to be completely integrable. Consequently,
using Mazur’s inequality, it is easy to show that the energy transport is ballistic [13].

As we will see the situation dramatically changes when the momentum exchange
noise is added: the energy transport is no more ballistic but superdiffusive. Thus the
situation is similar to the harmonic case. Nevertheless we expect the time autocorre-
lation of the current to decay like t−2/3. We are not able to show this but we proved
in [6] lower bounds sufficient to imply superdiffusivity.

The results are stated in infinite volume:we consider the stochastic energy-volume
conserving dynamics {η(t)}t≥0 with potential V := Vexp. Its generator is given by
L = A +γS whereA andS are defined by (21). Since the exponential potential
grows very fast as r → −∞, some care has to be taken to show that the infinite
dynamics is well defined (see [6]). We recall that grand canonical Gibbs measures
are denoted by μβ,λ and take the form

dμβ,λ(η) =
∏

x∈Z

e−βV(ηx)−ληx

Z(β, λ)
dηx, β > 0, λ + β < 0.

In this section, β and λ are fixed and we denote by e (resp. v) the average energy
(resp. volume) w.r.t. μβ,λ (see (93)).

The microscopic energy current je,γ
x,x+1 and volume current jv,γ

x,x+1 are given by

je,γ
x,x+1(η) = −e−(ηx+ηx+1) + (e−ηx + e−ηx+1) − γ∇(V(ηx))

and
jv,γ
x,x+1(η) = e−ηx + e−ηx+1 − γ∇ηx.

We will use the compact notations

ωx =
(

V(ηx)

ηx

)

, Jx,x+1 =
(

je,γ
x,x+1

jv,γ
x,x+1

)

.

In the hyperbolic scaling, the hydrodynamical equations for the energy profile e
and the volume profile v take the form

{
∂te − ∂q((e − v)2) = 0

∂tv + 2 ∂q(e − v) = 0.
(127)

They can be written in the compact form ∂tX + ∂qJ(X) = 0 with

X =
(
e
v

)

, J(X) =
(−(e − v)2

2(e − v)

)

. (128)
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The differential matrix of J is given by

(∇J)(X) = 2

(−(e − v) e − v
1 −1

)

.

For given (e, v)we denote by (T+
t )t≥0 (resp. (T

−
t )t≥0) the semigroup on S(R)×S(R)

generated by the linearized system

∂tε + MT ∂qε = 0, (resp. ∂tε − MT ∂qε = 0), (129)

where

M := M(e, v) = [∇J](ω), ω =
(

e
v

)

.

We omit the dependence of these semigroups on (e, v) for lightness of the notations.
Above S(R) denotes the Schwartz space of smooth rapidly decreasing functions.

The first result of [6] gives a lower bound on the time-scale for which a non-trivial
evolution of the energy-volume fluctuation field can be observed.

We take the infinite system at equilibrium under the Gibbs measure μβ̄,λ̄ cor-
responding to a mean energy ē and a mean volume v̄. Our goal is to study the
energy-volume fluctuation field in the time-scale tn1+α , α ≥ 0:

Y n,α
t (G) = 1√

n

∑

x∈Z
G (x/n) ·

(
ωx(tn

1+α) − ω̄
)
, (130)

where for q ∈ R, x ∈ Z,

G(q) =
(

G1(q)

G2(q)

)

, ωx =
(

V(ηx)

ηx

)

and G1, G2 are test functions belonging to S(R).
We need to introduce some notation. For each z ≥ 0, let Hz(x) = (−1)zex2

dz

dxz e−x2 be the Hermite polynomial of order z and hz(x) = (z!√2π)−1Hz(x)e−x2 the
Hermite function. The set {hz, z ≥ 0} is an orthonormal basis of L2(R). Consider
in L

2(R) the operator K0 = x2 − Δ, Δ being the Laplacian on R. For an integer
k ≥ 0, denote by Hk the Hilbert space obtained by taking the completion of S(R)

under the norm induced by the scalar product 〈·, ·〉k defined by 〈f , g〉k = 〈f , Kk
0g〉0,

where 〈·, ·〉0 denotes the inner product of L2(R) and denote by H−k the dual of
Hk , relatively to this inner product. Let 〈·〉 represent the average with respect to the
Lebesgue measure.

If E is a Polish space then D(R+, E) (resp, C(R+, E)) denotes the space of
E-valued functions, right continuous with left limits (resp. continuous), endowed
with the Skorohod (resp. uniform) topology. Let Qn,α be the probability measure
on D(R+,H−k × H−k) induced by the fluctuation field Y n,α

t and μβ,λ. Let Pμβ,λ
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denote the probability measure on D(R+,RZ) induced by (η(t))t≥0 and μβ,λ. Let
Eμβ,λ denote the expectation with respect to Pμβ,λ .

Theorem 11 ([6]) Fix an integer k > 2. Denote by Q the probability measure on
C(R+,H−k × H−k) corresponding to a stationary Gaussian process with mean 0
and covariance given by

EQ [Yt(H)Ys(G)] = 〈 T−
t H · χ T−

s G 〉

for every 0 ≤ s ≤ t and H, G in Hk × Hk. Here χ := χ(β, λ) is the equilibrium
covariance matrix of ω0. Then, the sequence (Qn,0)n≥1 converges weakly to the
probability measure Q.

The theorem abovemeans that in the hyperbolic scaling the fluctuations are trivial:
the initial fluctuations are transported by the linearized system of (127). To see a
nontrivial behavior we have to study, in the transport frame, the fluctuations at a
longer time scale tn1+α , with α > 0. Thus, we consider the fluctuation field Ŷ n,α· ,
α > 0, defined, for any G ∈ S(R) × S(R), by

Ŷ n,α
t (G) = Y n,α

t

(
T+

tnα G
)
. (131)

Our second main theorem shows that the correct scaling exponent α is greater
than 1/3:

Theorem 12 ([6]) Fix an integer k > 1 and α < 1/3. Denote by Q the probability
measure on C(R+,H−k × H−k) corresponding to a stationary Gaussian process
with mean 0 and covariance given by

EQ [Yt(H)Ys(G)] = 〈 H · χ G〉

for every 0 ≤ s ≤ t and H, G in Hk × Hk. Then, the sequence (Qn,α)n≥1 converges
weakly to the probability measure Q.

The proofs of these theorems can be reduced to the proof of a so-called equilibrium
Boltzmann-Gibbs principle. Let us explainwhat itmeans.Observables can be divided
into two classes: non-hydrodynamical and hydrodynamical. The first ones are the
non conserved quantities and they fluctuate on amuch faster scale than the conserved
ones.Hence, they should average out and only their projection on the hydrodynamical
variables should persist in the scaling limit. For any local function g := g(η), the
projection Pe,v g of g on the fields of the conserved quantities is defined by

(Pe,vg)(η) = g(η) − g̃(e, v) − (∇g̃)(e, v) · (ω0 − ω)

where g̃(e, v) = 〈g〉μβ,λ and ∇g̃ is the gradient of the function g̃. As explained above
we expect that in the Euler time scale, for any test function H ∈ S(R) × S(R), the
space-time variance
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lim
n→∞Eμβ,λ

⎡

⎣

(∫ t

0

1√
n

∑

x∈Z
H (x/n) · [θxPe,v g (η(sn))

]
ds

)2
⎤

⎦ = 0 (132)

vanishes as n goes to infinity. In fact it suffices to show (132) for the function g =
J0,1.35 Thus let us first define the normalized currents by

Ĵx,x+1 = [
θxPē,v̄ J0,1

] =
(

je,γ
x,x+1(η)

jv,γ
x,x+1(η)

)

− J(ω) − (∇J)(ω)

(
Vexp(ηx) − e

ηx − v

)

.

(133)

To estimate the space-time variance involved we use the following inequality (see
[43]):

Eμβ,λ

[(∫ t

0
f (η(sn1+α)) ds

)2
]

≤ Ct

n1+α

〈

f ,

(
1

tn1+α
− γS

)−1

f

〉

μβ,λ

(134)

where f = 1√
n

∑
x∈Z H (x/n) · Ĵx,x+1. Due to the very simple form of the operator

S the RHS of (134) can be estimated and shown to vanish as n goes to infinity.
Nevertheless it has to be done with some care since S is very degenerate so that
without the term 1

tn1+α the RHS of (134) blows up.
Theorem 12 does not exclude the possibility of normal fluctuations, i.e. the con-

vergence in law of the fluctuation field of the two conserved quantities to an infinite
dimensional Ornstein-Uhlenbeck process in the diffusive time scale (α = 1). To
see that it is not the case we will show that the diffusion coefficient D := D(e, v)
appearing in this hypothetical limiting process would be infinite, excluding thus this
possibility. Up to a constant matrix coming from a martingale term (due to the noise)
and thus irrelevant for us (see [2, 13]), the matrix coefficient D is defined by the
Green-Kubo formula

D =
∫ ∞

0
Eμβ,λ

[
∑

x∈Z
Ĵx,x+1(t)

[
Ĵ0,1(0)

]T
]

dt. (135)

The signature of the superdiffusive behavior of the system is seen in the divergence
of D , i.e. in a slow decay of the current-current correlation function. To study the
latter we introduce its Laplace transform

F (γ, z) =
∫ ∞

0
e−zt

Eμβ,λ

[
∑

x∈Z
Ĵx,x+1(t)

[
Ĵ0,1(0)

]T
]

dt

35 For Theorem 12 the Boltzmann-Gibbs principle has to be proved in the longer time scale tn1+α

and in the transport frame.
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which is well defined for any z > 0. This can be rewritten as

F (γ, z) = 〈〈Ĵ0,1, (z − L )−1Ĵ0,1〉〉β,λ

where 〈〈·, ·〉〉β,λ is the semi-inner product defined with respect to μβ,λ in the same
way as in (34).

Our third theorem is the following lower bound onF (γ, z). Observe thatF (γ, z)
is a square matrix of size 2 whose entry (i, j) is denoted by Fi,j.

Theorem 13 ([6]) Fix γ > 0. There exists a positive constant c := c(γ ) > 0 such
that

F1,1(γ, z) ≥ cz−1/4

and
Fi,j(γ, z) = 0, (i, j) 	= (1, 1).

Moreover, there exists a positive constant C := C(γ ) such that for any z > 0,

C−1F1,1(1, z/γ ) ≤ F1,1(γ, z) ≤ CF1,1(1, z/γ ). (136)

The last part of the theorem follows easily by a scaling argument and is in fact
also valid for general potentials V and for generic “standard” anharmonic chains
of oscillators. In [3, 13, 37], numerical simulations indicate a strange dependence
w.r.t. the noise intensity γ > 0 of the exponent δ in the energy transport coefficient
κ(N) ∼ Nδ (N is the system size, see (108) for the definition of κ(N)): δ := δ(γ ) > 0
is increasing with the noise intensity γ . This is very surprising since the more sto-
chasticity in the model is introduced, the more the system is superdiffusive! The
inequality (136) shows that the time decay of the current autocorrelation function
is independent of γ (up to possible slowly varying functions corrections, i.e. in a
Tauberian sense). It is common folklore that there should be a simple relationship
between the slow long-time tail decay of the autocorrelation of the current in the
Green-Kubo formula (described by some power law decay) and the divergence of
the thermal conductivity of open systems in their steady states. The argument is that
the autocorrelation should be integrated over times of order N . If we believe in this
argument it means that the numerical simulations of [3, 13, 37] are not converged.
There is however no clear mathematical result backing up this belief.

The proof of the first part of Theorem13 is based on the three following arguments.

• The first idea consists in performing the microscopic change of variables ξx =
e−ηx , x ∈ Z, that defines a new Markov process {ξ(t)}t≥0 = {ξx(t) ; x ∈ Z}t≥0
with state space (0,+∞)Z and conserving

∑
x ξx and

∑
x log ξx. Its generator is

given by L̃ = ˜A + γ S̃ where for any local differentiable function f ,
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( ˜A f )(ξ) =
∑

x∈Z
ξx(ξx+1 − ξx−1)(∂ξx f )(ξ),

(S̃ f )(ξ) =
∑

x∈Z

[
f (ξ x,x+1) − f (ξ)

]
.

The invariantmeasures for (ξ(t))t≥0 are obtained from theGibbsmeasuresμβ,λ by
the change of variables above. They form a family {vρ,θ }ρ,θ of translation invariant
product measures indexed by two parameters ρ and θ which satisfy

ρ = vρ,θ (ξx), θ = vρ,θ (log ξx).

In fact the marginal of vρ,θ is a Gamma distribution. The parameters (ρ, θ) are in
a one-to-one explicit correspondence with the parameters (e, v).
Rewriting Ĵx,x+1 with these new variables we see that it is sufficient to prove
a similar statement for the process (ξ(t))t≥0 under the equilibrium probability
measure vρ,θ . Introducing the inner product 〈〈·, ·〉〉 defined, for any local functions
f , g on (0,+∞)Z by

〈〈f , g〉〉 =
∑

x∈Z

{
vρ,θ (f θxg) − vρ,θ (f )vρ,θ (g)

}

we can show that the proof of the first claim of Theorem 13 reduces to showing
that there exists a positive constant c such that for any z > 0,

〈〈W0,1, (z − L̃ )−1W0,1〉〉 ≥ cz−1/4 (137)

where W0,1(ξ) = (ξ0 − ρ)(ξ1 − ρ).
• The second step consists in using a variational formula to express the LHS of
(137). Indeed we have

〈〈W0,1, (z − L̃ )−1W0,1〉〉 = sup
g

{
2〈〈W0,1, g〉〉 − 〈〈g, (z − γ S̃ )g〉〉

−〈〈 ˜A g, (z − γ S̃ )−1 ˜A g〉〉
}

where the supremum is taken over local compactly supported smooth functions g.
To get a lower bound it is sufficient to find a function g for which one can show
that

2〈〈W0,1, g〉〉 − 〈〈g, (z − γ S̃ )g〉〉 − 〈〈 ˜A g, (z − γ S̃ )−1 ˜A g〉〉 ≥ cz−1/4.

• Let H be the Hilbert space obtained by completion of the set of local functions
w.r.t. the inner product 〈〈·, ·〉〉. Since vρ,θ is a product of Gamma distributions, the
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set of multivariate Laguerre polynomials form an orthogonal basis ofH. It is then
possible to decompose H as an orthogonal sum ⊕n∈NHn of subspaces Hn such
that

S̃ : Hn → Hn, ˜A : Hn → Hn−1 ⊕ Hn ⊕ Hn+1.

The function W0,1 belongs to H2. Then we restrict the variational formula to
functions g ∈ H2 and we estimate the corresponding new variational problem
which is still infinite dimensional but involves only functions belonging to H1 ⊕
H2 ⊕ H3. To solve this variational problem we adapt ideas developed first in the
context of Asymmetric Simple Exclusion Process [4, 44] and exploited later for
other models. One of the difficulties comes again from the fact that the noise is
degenerate.

The extension of Theorem 13 to other interacting potentials is a challenging
problem. The general strategy presented here could be carried out but the orthogonal
basis (formed by Laguerre polynomials in the exponential case) is no longer explicit
and only defined by some recurrence relations.
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Dissipative Reactive Fluid Models
from the Kinetic Theory

Vincent Giovangigli

Abstract Wepresent a kinetic framework describingmixtures of polyatomic species
undergoing chemical reactions. Using a generalized Chapman-Enskog expansion,
we derive the corresponding macroscopic fluid model. The hyperbolic-parabolic
structure of the resulting system of partial differential equations is investigated and
closely related to the underlying kinetic framework. We also discuss the Cauchy
problem for smooth solutions as well as numerical algorithms for the evaluation of
multicomponent transport coefficients using structural properties derived from the
kinetic theory.

Keywords Kinetic theory · Multicomponent fluid · Hyperbolic-parabolic ·
Transport coefficients · Cauchy problem

1 Introduction

Multicomponent reactive flows undergoing chemical reactions arise in many
engineering applications such as chemical reactors [1–3], Earth reentry of space
vehicles [4, 5], or flames [6–8]. This is an important motivation for investigating
the derivation of the corresponding fluid equations from the kinetic theory of gases
as well as analyzing the mathematical structure of the resulting system of partial
differential equations [9].

We first present a kinetic framework describing mixtures of polyatomic species
undergoing chemical reactions. The Boltzmann equations governing the species dis-
tribution functions are presented in a semi-quantum framework [10–19] with reactive
sources [20–34]. We only consider mixtures at thermodynamic equilibrium with a
single temperature and thermodynamic nonequilibrium lay out of the scope of the
present notes [35–46]. The kinetic entropy production is shown to be nonnegative,
which yields the Boltzmann H-theorem.We present the Enskog expansion and focus
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on regimes where the chemical characteristic times are larger than the collision times
and than the times for relaxation of internal energy.

We derive the zeroth order as well as the first order corresponding macroscopic
equations including conservation equations, thermodynamic properties, transport
fluxes, transport coefficients and chemical production rates. The transport coeffi-
cients are defined in terms of bracket products involving solutions of integral lin-
earized Boltzmann equations and their mathematical structure is extracted from the
underlying kinetic framework. The macroscopic entropy conservation equation is
obtained and we discuss the link between the kinetic entropy and the macroscopic
fluid entropy. This kinetic study of reactivemixtures is performed in a physical frame-
work, mathematical aspects of kinetic theory laying out of the scope of these notes
[47–56]. The conservation equations, the transport fluxes as well as the source terms
may also be obtained from different theories like the thermodynamic of irreversible
processes or statistical thermodynamics but such theories do not yields the transport
coefficients [57–64]. We further establish that upon neglecting the chemical pressure
and the perturbations of the zeroth order source terms, both the Maxwellian reaction
regime and the tempered reaction regime yield similar fluid models.

The transport fluxes of the resulting fluid conservation equations are written in
terms of transport coefficients. The evaluation of accurate transport coefficients is
therefore an important modeling and computational task [65–69]. However, evaluat-
ing the transport coefficients for gasmixtures require solving transport linear systems
arising from Galerkin solution of systems of linearized Boltzmann equations. The
mathematical structure of the transport linear systems is derived from the kinetic the-
ory and the fast evaluation of accurate transport coefficients using either generalized
conjugate gradient methods or stationary iterative algorithms is discussed [70–75].
The importance and/or influence ofmulticomponent transport for computing laminar
flows is also addressed [76–85].

The fluid model derived from the kinetic theory is next embedded in a mathemat-
ical framework and recast in quasilinear form. The structural properties extracted
from the kinetic underlying framework are transformed into relevant mathematical
assumptions, thereby soundly founding the mathematical model.We then investigate
the mathematical structure of the resulting system of partial differential equations.
We discuss symmetrizability properties first using entropic variables and next using
normal forms [86–104].We explicitly evaluate the natural entropic form and next the
natural normal form of the system of partial differential equations.We investigate the
hyperbolic-parabolic structure using a definition of hyperbolicity from Denis Serre
and further establish that for symmetric second order systems strong parabolicity is
equivalent to Petrovsky parabolicity.

We then study the Cauchy problem for symmetrized systems of partial differ-
ential equations [105–118]. We present global existence theorems around constant
equilibrium states as well as asymptotic stability and decay estimates [95]. The
method of proof relies on the normal form of the governing equations, on entropic
estimates, and on the local strict dissipativity properties of the linearized equations
[89, 95, 106, 107].
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The kinetic theory of reactive polyatomic gas mixtures is presented in Sects. 2
and 3. The evaluation of transport coefficients is addressed in Sect. 4. The resulting
system of partial differential equations is imbedded in a mathematical framework in
Sect. 5. Its hyperbolic-parabolic structure in investigated in Sect. 6 and the Cauchy
problem is addressed in Sect. 7.

2 Kinetic Framework

We investigate the kinetic theory of mixtures of polyatomic gases [9–17, 19] with
chemical reactions [20–34]. We present the Boltzmann equations governing the
species distribution functions in a semi-quantum—or semi-classical—framework.
We perform the Enskog expansion and obtain the zeroth order fluid governing equa-
tions.We only consider the situation of one temperature fluids, thermodynamic dese-
quilibrium lying out of the scope of the present work [35–46]. Both Sects. 2 and 3
describing the physical derivation of the fluid equations are not formalizedmathemat-
ically and only themacroscopic fluid equationswill be investigated in amathematical
framework. Mathematical aspects concerning Boltzmann-type equations lay out of
the scope of these notes and we refer the reader to [47–56].

2.1 Boltzmann Equations

We consider a reactive mixture composed of n species with internal degrees of
freedom. The species equations are governed by Boltzmann equations written in a
semi-quantum framework that may be obtained from Waldmann [11], Ludwig and
Heil [24], Ferziger and Kaper [16], Alexeev et al. [31], Ern and Giovangigli [33],
and Grunfeld [18].

The state of the mixture is described by the species distribution functions denoted
by fi (t, x, ci , i), i ∈ S, where t denotes the time, x the three-dimensional spatial
coordinate, ci the velocity of the i th species, i the index for the quantum state of
the i th species, and S = {1, . . . , n} the set of species indices. We denote by Qi the
indexing set of the quantum states of the i th species. The quantity fi (t, x, ci , i)δxδci

represents the expected number ofmolecules of type i in quantum state i in the volume
element δx located at x, whose velocities lie in δci about velocity ci at time t .

We denote by mi the mass of the molecule of the i th species, Ei i the internal
energy of the molecules of species i in quantum state i and ai i the degeneracy of the
ith quantum state. The fluid macroscopic properties are directly obtained from the
distribution functions. More specifically, the number of molecules of the i th species
per unit volume ni is given by

ni =
∑

i∈Qi

∫
fidci , (1)
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and the mass dentity of the i th species is then ρi = mini . The mass averaged velocity
v is obtained from

ρv =
∑

i∈S
i∈Qi

∫
mi ci fidci , (2)

where ρ =∑i∈S ρi is the total mass density. The total energy per unit volume is also
defined by

E + 1
2ρ|v|2 =

∑

i∈S
i∈Qi

∫
(Ei i + 1

2mi |ci |2) fidci , (3)

where E is the internal energy per unit volume. The family of distribution functions
will be written for convenience in the form ( fi )i∈S . More generally, for a family of
functions ξi , i ∈ S, where ξi depends on ci and i, we will use the compact notation
ξ = (ξi )i∈S , the dependence on (t, x) being left implicit.

The species distribution functions are solutions of generalized Boltzmann equa-
tions in the form

Di ( fi ) = Si ( f ) + Ci ( f ), i ∈ S, (4)

whereDi ( fi ) is the streaming differential operator, Si ( f ) the scattering source term
and Ci ( f ) the reactive source term. These Boltzmann equations express the conser-
vation of particles in the phase space and may also be derived from the BBGKY-
hierarchy [10–13, 15–19]. The streaming differential operatorDi ( fi )may bewritten

Di ( fi ) = ∂t fi + ci ·∇ fi + bi ·∂ci fi , (5)

where bi is the force per unit mass acting on the i th species.
The scattering term may be written

Si ( f ) =
∑

j∈S

∑

i′∈Qi

∑

j,j′∈Q j

∫ (
f ′
i f ′

j
ai ia j j

ai i′a j j′
− fi f j

)
Wiji

′j′
i j dc jdc′

idc′
j , (6)

where, in a direct collision, i and j are the quantum states before collision, i′ and
j′ the states after collision, ai i the degeneracy of the ith quantum state, and Wiji

′j′
i j

the transition probability for nonreactive collisions. We have denoted by f ′
i the

distribution f ′
i = fi (t, x, c′

i , i
′) where c′

i is the velocity and i′ the quantum state
after collision. The following reciprocity relations are satisfied by the transition
probabilities [11]

ai ia j jW
iji′j′
i j = ai i′a j j′W

i′j′ij
i j . (7)

These reciprocity relations are of fundamental importance in the theory since they
are related to the symmetry properties of the collision operator and are also requisites
for Boltzmann H-theorem. We are using transition probabilities rather than collision
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cross sections for convenience since the reactive collision terms are then much sim-
pler to write [9, 24, 31]. For binary nonreactive collisions, denoting by σiji′j′

i j the
collision cross section, we have

gi jσ
iji′j′
i j de′

i j = Wiji
′j′

i j dc′
idc′

j , (8)

where gi j denotes the norm of the relative velocity ci − c j of the collision partners
before collision and e′

i j the unit vector in the direction of the relative velocity c′
i − c′

j
after collision [18, 24, 31]. The conservation of mass, momentum and energy dur-
ing collision is taken into account by using Dirac delta functions in the transition
probabilities [18, 24, 31].

The reactive source term Ci ( f ) is due to chemical reaction between the species
of the mixture. We consider an arbitrary chemical reaction mechanism including
binary as well as ternary mixtures. Even though ternary collisions may be neglected
in the nonreactive collision term Si ( f ), ternary collisions play an important role in
chemistry since it is often the unique chemical path in order to form some type of
molecules [24, 31]. Ternary collision may also be seen as a succession of two rapid
binary collisions [31]. The chemical reactions are indexed by r ∈ R = {1, . . . , nr}
where nr is the number of reactions and may be written [33]

∑

i∈Fr

Mi �
∑

k∈Br

Mk, r ∈ R, (9)

where Fr and Br are the indices of reactants and products with their multiplicity.
We denote by νfir and νbir the stoichiometric coefficients of the i th species in the
r th reaction, that is, the multiplicity of species i in Fr and Br , respectively, and by
fr and br the indices of the quantum energy states of the reactants and products,
respectively. We also denote by Fr

i the subset of Fr where the index i has been
removed once with similar notation for Br

k , f
r
i and b

r
k. The reactive collision term for

the i th species may then be written [9, 33]

Ci ( f ) =
∑

r∈R
Cr

i ( f ), (10)

where Cr
i ( f ) represents the contribution of the r th reaction. This term Cr

i ( f ) is
given by

Cr
i ( f ) = νfir

∑

fr
i ,b

r

∫ (∏

k∈Br

fk

∏
k∈Br

βkk

∏
j∈Fr

β j j
−
∏

j∈Fr

f j

)
Wfrbr

FrBr

∏

j∈Fr
i

dc j

∏

k∈Br

dck

− νbir
∑

fr
,br

i

∫ (∏

k∈Br

fk

∏
k∈Br

βkk

∏
j∈Fr

β j j
−
∏

j∈Fr

f j

)
Wfrbr

FrBr

∏

j∈Fr

dc j

∏

k∈Br
i

dck,

(11)
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where βi i = h3P/(ai im
3
i ), hP is the Planck constant, andWfrbr

FrBr denotes the transition
probability that a collision between the reactants Fr with energies fr lead to the
products Br with energies br . The sommation over fr in (11) represents the sum
over all quantum indices j for all j ∈ Fr with similar conventions for fr

i , b
r , and br

i .
Finally, the following reciprocity relations hold between transition probabilities [9,
24, 31, 33]

Wfrbr

FrBr

∏

k∈Br

βkk = Wbr fr

BrFr

∏

j∈Fr

β j j, (12)

and generalize the relations (7) between the nonreactive transition probabilities. The
reciprocity relations (12) between reactive transition probabilities are also important
and imply in particular the symmetry properties of linearized chemical source at
equilibrium that may be seen as Onsager relations for chemistry.

2.2 Collisional Invariants

A collisional invariant ψ of the rapid collision operator S = (Si ( f ))i∈S is by defini-
tion a family ψ = (ψi )i∈S such that ψi +ψ j = ψ′

i +ψ′
j for any nonreactive collision

between species i and j . The scalar collisional invariants of the rapid collision oper-
ator form a vector space spanned by the invariants ψl , l ∈ {1, . . . , n + 4}, defined
by

ψl =
⎧
⎨

⎩

(δli )i∈S, l ∈ S,

(mi ciν)i∈S, l = n + ν, ν ∈ {1, 2, 3},( 1
2mi ci ·ci + Ei i

)
i∈S, l = n + 4,

where mi is the mass of the molecule of the i th species and ciν the component of ci

in the ν spatial direction [10–13, 15, 16]. The n first invariantsψl , l ∈ {1, . . . , n}, are
associated with species conservation in nonreactive collisions, the invariants ψn+1,
ψn+2, and ψn+3, with momentum conservation in the three spatial directions, and
ψn+4 with total energy conservation [9, 11, 15, 16]. The collisional invariants of
the complete collision operator S + C = (

Si ( f ) + Ci ( f )
)

i∈S are associated with
the conservation of momentum, total energy and chemical elements or atoms [33].
Denoting by ail the number of lth atom in the i th species, A = {1, . . . , na} the set
of atom indices, and na � 1 the number of atoms—or elements—in the mixture,
the atomic collisional invariants of the complete collision operator may be written
al = (ail)i∈S for l ∈ A.

Remark 2.1 When molecules are not spherically symmetric, there could be another
summational invariant, namely angular momentum. However, we are only interested
in these notes with isotropic distributions without micro-polarizations associated
with strong magnetic fields. For such isotropic distributions the angular momentum
summational invariant plays no role [16].
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For two tensor families ξ = (ξi )i∈S and ζ = (ζi )i∈S , we define the scalar product

〈〈ξ, ζ〉〉 =
∑

i∈S
i∈Qi

∫
ξi � ζi dci ,

where ξi � ζi is the full contracted product between tensor ξi and tensor ζi . We
introduce families of tensors since they naturally arise in the definition of transport
coefficients. The macroscopic properties naturally associated with the fluid may then
be written in the compact form

〈〈 f,ψl〉〉 =
⎧
⎨

⎩

nl , l ∈ S,

ρvν, l = n + ν, ν ∈ {1, 2, 3},
1
2ρv·v + E, l = n + 4,

where vν denotes the component in direction ν of the mass average velocity v.

2.3 Kinetic Entropy

The kinetic entropy per unit volume is defined by

Skin = −kB
∑

i∈S
i∈Qi

∫
fi
(
log(βi i fi ) − 1

)
dci , (13)

where kB is theBoltzmann constant andβi i = h3P/(ai im
3
i ).Multiplying theBoltzmann

equation (4) by log(βi i fi ), integrating with respect to dci , summing over the species
i ∈ S and over the quantum states i ∈ Qi , we obtain a balance equation for Skin in
the form

∂tSkin + ∇·(Skinv) + ∇·J kin = vkin, (14)

where J kin is the entropy diffusive flux,

J kin = −kB
∑

i∈S
i∈Qi

∫
(ci − v) fi

(
log(βi i fi ) − 1

)
dci , (15)

and vkin the entropy source term. The entropy source term vkin may be written
vkin = vS + vC with contributions from the nonreactive collision

vS = −kB
∑

i∈S
i∈Qi

∫
Si ( f ) log(βi i fi ) dci , (16)
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and reactive collisions

vC = −kB
∑

i∈S
i∈Qi

∫
Ci ( f ) log(βi i fi ) dci . (17)

After some algebra, it is obtained that

vS = kB
4

∑

i, j∈S

∑

ii′jj′

∫
Υ
( f ′

i f ′
j

ai i′a j j′
,

fi f j

ai ia j j

)
Wiji

′j′
i j ai ia j j dcidc jdc′

idc′
j , (18)

vC = kB
4

∑

r∈R

∑

fr
,br

∫
Υ
(∏

k∈Br

βkk fk,
∏

j∈Fr

β j j f j

) Wfrbr

FrBr∏
j∈Fr

β j j

∏

j∈Fr

dc j

∏

k∈Br

dck, (19)

where Υ denotes the function Υ (x, y) = (x − y)(log x − log y). Since this func-
tion only takes nonnegative values, we conclude that both quantities vS and vC are
sum of nonnegative terms. All collisions, nonreactive or reactive, thus yield non-
negative entropy productions [9, 33]. The generalized Boltzmann equations are thus
compatible with the Boltzmann H-theorem and will lead to a dissipative structure at
the molecular level. This important property must be recovered at the macroscopic
level, that is, both type of collisions should yield nonnegative macroscopic entropy
production.

2.4 Enskog Expansion

An approximate solution of Boltzmann equations (4) is obtained with Enskog expan-
sion and we assume to this aim that the chemical time scales are larger than the
collision times as well as the times for relaxation of internal energy. We thus write
the Boltzmann equations (4) in the form

Di ( fi ) = 1

ε
Si ( f ) + εaCi ( f ), i ∈ S, (20)

where ε is the formal parameter associated with Enskog expansion and a is a integer
which depends upon the regime under consideration.We only consider in these notes
the situation of Maxwellian reactions a = 1 or the situation of tempered reactions
a = 0, whereas the kinetic equilibrium regime a = −1 investigated in [33] lay out
of the scope of the present notes.

The species distribution functions are expanded in the form

fi = f 0i
(
1 + εφi + O(ε2)

)
, i ∈ S, (21)
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and the Chapman-Enskog method requires that f and f 0 have the samemacroscopic
observables

〈〈 f 0,ψl〉〉 = 〈〈 f,ψl〉〉, l ∈ {1, . . . , n + 4}. (22)

We establish in next section that f 0i is the local Maxwellian and introduce the fol-
lowing convenient notation f 0 = ( f 0i )i∈S ,D(ξ) = (Di (ξi )

)
i∈S , S(ξ) = (Si (ξ)

)
i∈S ,

C(ξ) = (Ci (ξ)
)

i∈S and Cr (ξ) = (Cr
i (ξ)

)
i∈S , r ∈ R, where ξ = (ξ)i∈S is a family of

functions ξi depending on (ci , i).

2.5 Maxwellian Distributions

The zeroth order distributions f 0 = ( f 0i )i∈S satisfy the zeroth order equations

Si ( f 0) = 0, i ∈ S. (23)

Multiplying (23) by log(βi i f 0i ), integrating with respect to dci , summing over i ∈ S
and over i ∈ Qi , it is obtained that

∑

i∈S
i∈Qi

∫
log(βi i f 0i )Si ( f 0) dci = 0.

Using the expression (18) of the source term vS we obtain that
(
log(βi i f 0i )

)
i∈S is a

collision invariant. It is then a linear combination of the invariants ψl , 1 ≤ l ≤ n +4,
in such a way that

log(βi i f 0i ) = αi − β·mi ci − γ( 12mi ci ·ci + Ei i), i ∈ S,

where αi ∈ R, β ∈ R
3 and γ ∈ R, are parameters determined by the macroscopic

constraints (22). After some algebra, it is obtained that

f 0i = ni

βi izi
exp
(
− mi

2kBT
C i ·C i − Ei i

kBT

)
, i ∈ S, (24)

where C i = ci − v is the relative velocity of the i th species, T the temperature and
zi the partition function per unit volume of the i th species. This partition function zi

of the i th species may be written

zi = zinti ztri ,

where zinti and ztri denote respectively the internal partition function and the transla-
tional partition function per unit volume
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zinti =
∑

i∈Qi

ai i exp
(
− Ei i

kBT

)
, ztri =

(2πmi kBT

h2P

)3/2
,

and another convenient expression of the local Maxwellian f 0i reads

f 0i =
( mi

2πkBT

)3/2 ai ini

zinti

exp
{
− mi

2kBT
C i ·C i − Ei i

kBT

}
. (25)

2.6 Zeroth Order Equations

Macroscopic equations are generally obtained by taking scalar products of the
Boltzmann equations by collisional invariants. At zeroth order, only the terms that
are O(ε0) are taken into account and it is obtained that

〈〈D( f 0),ψl〉〉 = δa0〈〈C( f 0),ψl〉〉, (26)

for l ∈ {1, . . . , n + 4}. After a few algebra, we deduce for l = 1, . . . , n, the species
mass conservation equations

∂tρi + ∇·(ρiv) = δa0miw
0
i , i ∈ S, (27)

where ρi = mini is the mass density of the i th species and w0
i the zeroth order

chemical production rate

w0
i = 〈〈ψi ,C( f 0)〉〉 =

∑

i∈Qi

∫
Ci ( f 0) dci , i ∈ S.

The momentum conservation equations are obtained for l = n + 1, n + 2, n + 3,
and may be written in vector form

∂t (ρv) + ∇·(ρv⊗v + p I) = ρb, (28)

where I is the unit tensor, p the pressure, and b the average force

ρb =
∑

i∈S

ρi bi . (29)

Finally, the equation obtained with l = n+4 express the conservation of total energy

∂t

( 1
2ρv·v + E

)+ ∇·
(( 1

2ρv·v + E + p
)
v
)

= ρb·v. (30)
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Themacroscopic zeroth order equations are thus the compressible Euler equations
for a reactive mixture of polyatomic gases.

2.7 Thermal Properties

The internal energy per unit volume E may be evaluated by using E = 〈〈 f,ψint〉〉 =
〈〈 f 0,ψint〉〉 and the expression of the Maxwellian distributions, where the collisional
invariant ψint = (ψint

i )i∈S is defined by ψint
i = Ei i + 1

2mi |C i |2. After some algebra,
it is obtained that

E =
∑

i∈S

ni (
3
2kBT + Ei ),

where Ei denotes the average internal energy per molecule of the i th species

Ei = 1

zinti

∑

i∈Qi

ai iEi i exp
(
− Ei i

kBT

)
, i ∈ S.

Defining the energy per unit mass of the i th species by ei = ( 32kBT + Ei )/mi

we also have E = ρe = ∑
i∈S ρi ei . Similarly, the enthalpy per unit volume H is

given by
H =

∑

i∈S

ni (
5
2kBT + Ei ), (31)

or equivalently byH = ρh =∑i∈S ρi hi where hi = ( 52kBT +Ei )/mi is the enthalpy
per unit mass of the i th species.

Wedefine the internal specific heat cinti permolecule of the i th species by cinti = dEi
dT

and from the expression of Ei we obtain that

cinti = kB
∑

i∈Qi

ai i

zinti

( Ei i − Ei

kBT

)2
exp
(
− Ei i

kBT

)
, i ∈ S.

The translational specific heat at constant volume ctrv and the specific heat at constant
volume civ of the i th species are then defined by

ctrv = 3
2kB, civ = ctrv + cinti .

The mixture internal specific heat cint and heat at constant volume are also
defined by

cint =
∑

i∈S

ni

n
cinti , cv = ctrv + cint,
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where n =∑i∈S ni denotes the total number density. On the other hand, the pressure
is given by the state law

p = nkBT, (32)

and we recover the perfect gas law.
It will be necessary in the following to use a zeroth equation for the temperature

T . After some algebra, the following zeroth order conservation equation is obtained
for the temperature T

ncv(∂t T + v·∇T ) = −p∇·v − δa0

∑

i∈S

( 32kBT + Ei )w
0
i . (33)

2.8 Maxwellian Production Rates

The zeroth order source term may be written in the form [9]

w0
i =

∑

r∈R
(νbir − νfir )τ r , i ∈ S, (34)

where τ r denotes the rate of progress of the r th reaction. The rate of progress τ r is
obtained from (νbir − νfir )τ r = 〈〈Cr ( f 0),ψi 〉〉 and may be written

τ r = Kr

(∏

j∈S

(n j

z j

)νfjr −
∏

j∈S

(n j

z j

)νbjr
)

, r ∈ R, (35)

where Kr is the rate constant of the r th reaction [9, 33]

Kr =
∑

fr
,br

∫ ∏

j∈Fr

exp
(
− m j

2kBT
C j ·C j − E j j

kBT

) Wfrbr

FrBr∏
j∈Fr

β j j

∏

Fr

dc j

∏

Br

dck . (36)

These zeroth order chemical production rates are compatible with the law of mass
action and with traditional thermochemistry [9].

Denoting by ail the number of lth atom in the i th species, A = {1, . . . , na} the
set of atom indices, and na � 1 the number of atoms—or elements—in the mixture,
the stoichiometric coefficients satisfy the atom conservation relations

∑

i∈S

νfirail =
∑

i∈S

νbirail , r ∈ R, l ∈ A. (37)
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Using (34), these constraints imply that

∑

i∈S

w0
i ail = 0, l ∈ A, (38)

which states that atoms are conserved by chemical reactions. On the other hand, the
species being constituted by atoms, denoting by m̃l the mass of the lth atom, we have
the relations

mi =
∑

l∈A
m̃lail , i ∈ S. (39)

From these relations between the atom and species mass, and from the conservation
of atoms, mass is also conserved during chemical reactions so that

∑

i∈S

νfirmi =
∑

i∈S

νbirmi , r ∈ R, (40)

as well as ∑

i∈S

miw
0
i = 0, (41)

so that there is no mass production due to chemical reactions.

3 Dissipative Regime

We obtain in this section the first order macroscopic equations governing polyatomic
gas mixtures [10–19] with chemical reactions [20–34]. We derive in particular the
transport fluxes—which yield dissipative effects like viscosity, diffusion or thermal
conduction, and we also obtain the transport coefficients. For a single gas, the cor-
responding equations are the Navier-Stokes-Fourier system.

3.1 Linearized Boltzmann Equations

The linearized Boltzmann collision operator I = (Ii
)

i∈S is defined by

Ii (φ) =
∑

j∈S

∑

i′∈Qi

∑

j,j′∈Q j

∫
f 0j (φi + φ j − φ′

i − φ′
j )W

iji′j′
i j dc jdc′

idc′
j , i ∈ S.

An important property of this linearized collision operator is that it is isotropic so
that it transforms a tensor built with (ci )i∈S into an analog tensor as in themonatomic
case [11, 15, 16].
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We introduce the corresponding bracket operator

[[ξ, ζ]] = 〈〈 f 0ξ, I(ζ)〉〉, (42)

between two families of tensors ξ = (
ξi
)

i∈S , ζ = (
ζi
)

i∈S , where ξi and ζi depend
on ci and i. This bilinear operator is symmetric [[ξ, ζ]] = [[ζ, ξ]], positive semi-
definite [[ξ, ξ]] ≥ 0, and its nullspace is constituted by the collisional invariants,
that is, [[ξ, ξ]] = 0 if and only if ξ is a tensorial collisional invariant so that all its
components are scalar collisional invariants [15, 16]. These symmetry properties are
notably consequences of reciprocity relations between the transition probabilities or
equivalently the collision cross sections.

The first order equations that govern the perturbed species distribution functions
φ = (φi )i∈S are directly obtained from (20) to (21). These linearized equations are
in the form

Ii (φ) = Ψi , i ∈ S, (43)

where

Ψi = −Di (log f 0i ) + δa0
Ci ( f 0)

f 0i
.

In addition, the relations (22) yield the scalar constraints

〈〈 f 0φ,ψl〉〉 = 0, l ∈ {1, . . . , n + 4}. (44)

The termDi (log f 0i ) appearing in the right hand side is evaluated from the zeroth
order macroscopic equations as required by the Chapman-Enskog method. After
lengthy calculations, it is obtained that

Ψi = Ψ
S
i + δa0Ψ

C
i , i ∈ S, (45)

with

Ψ
S
i = −Ψ

η
i :∇v − 1

3Ψ
κ
i ∇·v −

∑

j∈S

Ψ
D j
i ·(∇ p j − ρ j b j ) − Ψ λ̂

i ·∇
( 1

kBT

)
, (46)

Ψ
C
i = Ci ( f 0)

f 0i
− w0

i

ni
− 1

pcvT

(
3
2kBT − mi

2
C i ·C i + Ei − Ei i

)∑

j∈S

( 32kBT + E j )w
0
j ,

(47)
where pi = ni kBT is the partial pressure of the i th species and C i = ci − v the
relative velocity of the i th species. In these expressions, we have denoted
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Ψ
η
i = mi

kBT

(
C i ⊗C i − 1

3C i ·C i I
)
, (48)

Ψ κ
i = 2cint

cvkBT
( 12mi C i ·C i − 3

2kBT ) + 2ctrv
cvkBT

(Ei − Ei i), (49)

Ψ
D j
i = 1

pi

(
δi j − ρi

ρ

)
C i , (50)

Ψ λ̂
i = ( 52kBT − 1

2mi C i ·C i + Ei − Ei i)C i , (51)

so that Ψ η
i is a symmetric traceless tensor, Ψ κ

i a scalar and Ψ
D j
i , j ∈ S, and Ψ λ̂

i are

vectors. In order to expand Ψ
C
i we also write

Ψ
C
i =

∑

r∈R
Ψ r

i τ r , i ∈ S, (52)

where τ r is the zeroth order rate of the r th reaction (35) and where Ψ r
i is given by

Ψ r
i = 1

f 0i Kr

(
νbir

∑

fr
,br

i

∫
Dr
∏

Fr

dc j
∏

Br
i

dck − νfir

∑

fr
i ,b

r

∫
Dr
∏

Fr
i

dc j
∏

Br

dck

)
− νbir − νfir

ni

− 1

pcvT

(∑

j∈S

( 32 kBT + E j )(ν
b
jr − νfjr )

)(
3
2 kBT − mi

2
Ci ·Ci + Ei − Ei i

)
.

By linearity of the operator I, the solution φ = (φi )i∈S of (43) and (44) may be
expanded in a similar form

φi = φS
i + δa0φ

C
i , (53)

where

φS
i = −φ

η
i :∇v − 1

3φ
κ
i ∇·v −

∑

j∈S

φ
D j
i ·(∇ p j − ρ j b j ) − φλ̂

i ·∇( 1

kBT

)
, (54)

φC
i =

∑

r∈R
φr

i τ r . (55)

The functions φμ, for μ ∈ {η,κ, D1, . . . , Dn, λ̂} ∪ R, are now of tensor type and
satisfy the integral equations

Ii (φ
μ) = Ψ

μ
i , i ∈ S, (56)

with the constraints

〈〈 f 0φμ,ψl〉〉 = 0, l ∈ {1, . . . , n + 4}. (57)
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These integral equations are generally shown to be well posed by using Fredholm
alternative [17, 54, 56].

3.2 First Order Equations

The conservation equations at first order are obtained by taking the scalar product of
Boltzmann equations by the collisional invariants and by keeping all terms that are
O(ε0) or O(ε1)

〈〈D( f 0 + f 0φ),ψl〉〉 = 〈〈C( f 0),ψl〉〉 + δa0〈〈∂ f C( f 0) f 0φ,ψl〉〉, (58)

where l ∈ {1, . . . , n + 4} and ∂ f C( f 0) f 0φ = (∂ f Ci ( f 0) f 0φ)i∈S .
The equations for the conservation of species mass are obtained for l = 1, . . . , n,

and are in the form

∂tρi + ∇·(ρiv) + ∇·(ρi vi ) = miwi , i ∈ S, (59)

where vi is the diffusion velocity andwi the production term for the i th species. The
diffusion velocities are defined by

vi = 1

ni

∑

I∈Qi

∫
C i f 0i φi dci , i ∈ S, (60)

and the source term by

wi =
∑

I∈Qi

∫
(Ci ( f 0) + δa0∂ f Ci ( f 0) f 0φ) dci , i ∈ S. (61)

The mass flux F i of the i th species is further defined as F i = ρi vi = mini vi and
satisfy the constraint

∑

i∈S

F i =
∑

i∈S

ρi vi = 0,

since f 0φ is orthogonal to the vector collision invariant (mi C i )i∈S .
The momentum equations are obtained for l = n + 1, n + 2, n + 3, and may be

written in vector form

∂t (ρv) + ∇·(ρv⊗v + p I) + ∇·� =
∑

i∈S

ρi bi , (62)
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where the viscous tensor � is defined by

� =
∑

i∈S
I∈Qi

∫
mi C i ⊗C i f 0i φi dci . (63)

The energy conservation equation obtained for l = n + 4, is finally in the form

∂t (
1
2ρv·v+E)+∇·(( 12ρv·v+E+ p)v

)+∇·(Q+�·v) =
∑

i∈S

ρi bi ·(v+vi ), (64)

where Q is the heat flux

Q =
∑

i∈S
I∈Qi

∫ ( 1
2mi C i ·C i + Ei i

)
C i f 0i φi dci . (65)

Once the transport fluxes vi , i ∈ S, �, and Q are expressed in terms of macro-
scopic quantities and their gradients, these are the conservation equation governing
multicomponent reactive flows. Many simplifications are then possible depending
on the particular application under concern but we are only interested here in the
general equations.

3.3 Transport Fluxes and Coefficients

Using the definition (60) of the species diffusion velocities vi and the expression (50)

of Ψ
D j
i one may establish after some algebra that [9, 19]

vi = kBT 〈〈Ψ Di , f 0φ〉〉, i ∈ S. (66)

Substituting the expansion (53)–(55) in Eq. (66) and using the isotropy of the

linearized collision operator, only the terms φD j , j ∈ S and φλ̂ yield nonzero
contributions—in agreement with the Curie principle—and we obtain that

vi = −
∑

j∈S

Di j d̂ j − θi∇ log T, i ∈ S, (67)

where

d̂ j = 1

p
(∇ p j − ρ j b j ), j ∈ S, (68)

is the unconstrained diffusion driving force of the j th species and where the transport
coefficients are defined by



84 V. Giovangigli

Di j = 1
3 pkBT 〈〈Ψ Di ,φD j 〉〉 = 1

3 pkBT [[φDi ,φD j ]], i, j ∈ S, (69)

θi = − 1
3 〈〈Ψ Di ,φλ̂〉〉 = − 1

3 [[φDi ,φλ̂]], i ∈ S. (70)

The coefficients Di j , i, j ∈ S, are termed the multicomponent diffusion coef-
ficients, the coefficients θi , i ∈ S, the thermal diffusion or Soret coefficients, and
mass diffusion due to temperature gradients is termed the Soret effect. A fundamen-
tal property of the multicomponent diffusion coefficients is that they are symmetric
since

Di j = 1
3 pkBT [[φDi ,φD j ]] = 1

3 pkBT [[φD j ,φDi ]] = D ji ,

from the symmetry of the bracket operator.We only consider in these notes such sym-
metric diffusion coefficients—more interesting both theoretically and numerically—
that have been obtained by many authors [9, 11–13, 15, 16, 19]. The symmetric
diffusion coefficients have been introduced byWaldmann [11] and used in particular
by Chapman and Cowling [15] and Ferziger and Kaper [16]. Following Hirschfelder,
Curtiss, and Bird, various authors have considered nonsymmetric coefficients [10]
hereby destroying the natural symmetries associated with kinetic processes [13]. But
after the remarks of Van de Ree [13], symmetric coefficients have also been used by
Curtiss [14]. We also introduce the flux diffusion coefficients

Ci j = ρi Di j , i, j ∈ S, (71)

that are such that

F i = −
∑

j∈S

Ci j d̂ j − ρiθi∇ log T, i ∈ S. (72)

We denote by y the mass fraction vector y = (y1, . . . , yn)t and by 〈ξ, ζ〉 =∑
i∈S ξiζi the Euclidean product between two vectors ξ = (ξ1, . . . , ξn)t and ζ =

(ζ1, . . . , ζn)t . Regrouping the diffusion coefficient in a matrix D = (Di j )i, j∈S and
the thermal diffusion coefficients in a vector θ = (θ1, . . . , θn)t , we have established
that D = Dt and it is shown in the next section that D is positive semi-definite
with nullspace Ry and that 〈y, θ〉 = 0. Taking into account these mass conservation
constraints Dy = 0 and 〈y, θ〉 = 0, instead of using d̂i , i ∈ S, it is possible to
equivalently use the constrained diffusion driving forces

di = d̂i − ρi

ρ

∑

k∈S

d̂k = ∇xi + (xi − yi )∇ log p + yi (bi − b), (73)

which sum up to zero [11, 15, 16]. From the constraints Dy = 0 and 〈y, θ〉 = 0
it is also directly obtained that

∑
i∈S F i = ∑

i∈S ρi vi = 0 independently of the
diffusion driving forces and the temperature gradients.
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With the definition (65) of the heat fluxQ and the expression (51) of Ψ λ̂
i one may

establish that [9, 19]

Q = −〈〈Ψ λ̂, f 0φ〉〉 +
∑

i∈S

( 52kBT + Ei )ni vi . (74)

Substituting the expansion (53)–(55) in (74) we obtain that

Q = −λ̂∇T − p
∑

i∈S

θi d̂i +
∑

i∈S

( 52kBT + Ei )ni vi , (75)

where the transport coefficients are defined by

λ̂ = 1

3kBT 2 〈〈Ψ λ̂,φλ̂〉〉 = 1

3kBT 2 [[φλ̂,φλ̂]], (76)

θi = − 1
3 〈〈Ψ λ̂,φDi 〉〉 = − 1

3 [[φλ̂,φDi ]], i ∈ S. (77)

The coefficient λ̂ is termed the partial thermal conductivity and since

〈〈Ψ Di ,φλ̂〉〉 = [[φDi ,φλ̂]] = [[φλ̂,φDi ]] = 〈〈Ψ λ̂,φDi 〉〉,

the coefficient θi is the same in the diffusion velocities and in the heat flux. The
diffusion of heat due to concentration gradients in termed the Dufour effect and is
reciprocal of the Soret effect.

There are many alternative expressions for the diffusion velocities and the heat
flux in a multicomponent mixture [10, 11, 15, 16]. We present here the relations
involving the thermal diffusion ratios χ = (χi )i∈S and the thermal conductivity λ
which are interesting both from a mathematical and a computational point of view.
The thermal diffusion ratios χ = (χi )i∈S have been introduced by Waldmann [11]
and are defined by {

Dχ = θ,
〈χ, 1I〉 = 0,

(78)

where 1I is the vector with n components unity 1I = (1)i∈S , whereas the thermal
conductivity is defined by

λ = λ̂ − p

T
〈θ,χ〉. (79)

The coefficients λ and χ may also be defined through solutions of integral equations
as for the other coefficients [19]. More specifically, letting

Ψ λ = Ψ λ̂ + pkBT
∑

i∈S

χiΨ
Di , (80)
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φλ = φλ̂ + pkBT
∑

i∈S

χiφ
Di , (81)

we have Ii (φ
λ) = Ψ λ with the constraints 〈〈 f 0φλ,ψl〉〉 = 0 for l ∈ {1, . . . , n + 4},

and

λ = 1

3kBT 2 〈〈Ψ λ,φλ〉〉 = 1

3kBT 2

[[
φλ,φλ

]]
, (82)

χi = 1

3pkBT

[[
Vi ,φ

λ
]]
, i ∈ S, (83)

where Vk = (mi C iδki )i∈S . From these definitions, and after a little algebra, the
following alternative expressions for the diffusion velocities and the heat flux are
obtained

vi = −
∑

j∈S

Di j (̂d j + χ j∇ log T ), i ∈ S, (84)

Q = −λ∇T + p
∑

j∈S

χ j v j +
∑

i∈S

( 52kBT + Ei )ni vi . (85)

These alternative formulations are interesting from a computational point of view
since it is faster to directly evaluate λ andχ rather that to evaluate λ̂ and θ [19].When
the Soret and Dufour effects are neglected, that is when χ = 0 and θ = 0, the partial
thermal conductivity λ̂ and the traditional thermal conductivity λ then coincide.

Finally, with the relations (48) and (49) and the expression (63) one may establish
the following expression for the viscous tensor �

� = kBT 〈〈Ψ η, f 0φ〉〉 + 1
3kBT 〈〈Ψ κ, f 0φ〉〉 I . (86)

Keeping inmind the isotropy of the linearized collision operator, the term 〈〈Ψ κ, f 0φ〉〉
is evaluated in the form

1
3kBT 〈〈Ψ κ, f 0φ〉〉 = − 1

9kBT 〈〈Ψ κ, f 0φκ〉〉∇·v + δa0
1
3kBT

∑

r∈R
〈〈Ψ κ, f 0φr 〉〉τ r .

Defining the volume viscosity by κ by

κ = 1
9kBT 〈〈Ψ κ, f 0φκ〉〉 = 1

9kBT [[φκ,φκ]], (87)

the reactive pressure by

preac = δa0
1
3kBT

∑

r∈R
[[φκ,φr ]]τ r , (88)
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and the shear viscosity by
η = 1

10kBT [[φη,φη]], (89)

it is obtained that

� = −κ∇·v I + preac I − η
(
∇v + (∇v)t − 2

3 (∇·v) I
)
,

where ∇v + (∇v)t − 2
3 (∇·v) I is the deviatoric part of the rate of strain tensor.

3.4 Properties of Transport Coefficients

The mathematical properties of the transport coefficients may be extracted from the
linearized Boltzmann equations [19, 72, 75]. These coefficients satisfy symmetry
properties, mass conservation constraints, as well as positivity properties associated
with the bracket operator or equivalently with entropy production.

From the definition (69) of the multicomponent transport coefficients Di j and
the symmetry of the bracket operator it has already been obtained that Di j = D ji

and that the thermal diffusion coefficients θi , i ∈ S, in the diffusion velocities are
identical with the coefficients relating the heat flux to the diffusion driving forces.
These properties, which may be interpreted as Onsager type relations, are direct con-
sequences of the symmetry of the bracket operator [[ , ]], and hence of the reciprocity
relations for transition probabilities or collision cross sections.

Concerning the diffusion matrix D, we also have for any x ∈ R
n

〈Dx, x〉 = 1
3 pkBT

[[∑

i∈S

xiφ
Di ,
∑

i∈S

xiφ
Di
]]

.

The matrix D is thus symmetric positive semi-definite since the bracket operator
is positive semi-definite. Moreover, the family of right hand sides Ψ D1 , . . . ,Ψ Dn

of the integral equations defining φD1 , . . . ,φDn is easily shown to be of rank
n − 1 with the constraint

∑
i∈S yiΨ

Di = 0 [19]. By linearity, keeping in mind that
φD1 , . . . ,φDn are orthogonal to the nullspace of the linearized collision operator,
the family φD1 , . . . ,φDn is also of rank n − 1 and satisfy

∑

i∈S

yiφ
Di = 0.

Then Dx = 0 if and only if 〈Dx, x〉 = 0 which is equivalent to the property that∑
i∈S xiφ

Di = 0 (since by construction all φDi are orthogonal to the collisional
invariants), and we obtain that Dx = 0 if and only if x is proportional to the mass
fraction vector y and N (D) = Ry. We also obtain from the definition of thermal
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diffusion coefficients θi , i ∈ S, that
∑

i∈S yiθi = − 1
3 [[
∑

i∈S yiφ
Di ,φλ̂]] = 0 so that

〈θ, y〉 = 0.
Similarly, defining the matrix

A =
(

D θ

θ̂t T
p λ̂

)
,

we observe that for any x ′ = (x, x0) ∈ R
n+1 with x ∈ R

n , x0 ∈ R, we have

〈Ax ′, x ′〉 = 1
3 pkBT

[[∑

i∈S

xiφ
Di − x0

pkBT
φλ̂,

∑

i∈S

xiφ
Di − x0

pkBT
φλ̂
]]

,

so that A is positive semi-definite with nullspace spanned by (y, 0)t . Evaluating
then 〈Ax ′, x ′〉 for x ′ = (0, . . . , 0, 1)t and x ′ = (−χ, 1)t it is obtained that λ̂ > 0
and λ > 0. The positivity of λ̂ and λ may also directly be deduced from λ̂ =
[[φλ̂,φλ̂]]/3kBT 2 and λ = [[

φλ,φλ
]]
/3kBT 2 since neither φλ nor φλ̂ are collision

invariants because neither Ψ λ nor Ψ λ̂ are zero.
Finally, we deduce from η = [[φη,φη]]/10kBT that η is positive and from κ =

[[φκ,φκ]]/9kBT that κ is nonnegative, and that κ is positive unless Ψ κ = 0 when
there are only monatomic species.

Remark 3.1 The evaluation of the transport coefficients will be discussed in Sect. 4
and the structural properties of the transport coefficients may also be obtained from
the transport linear systems [19].

3.5 Perturbed Production Terms

The first order chemical production rates for the i th species (61) may be written in
the form

wi = w0
i + w1

i , i ∈ S,

where w0
i is the zeroth order rate w0

i = ∑
r∈R(νbir − νfir )τ r already discussed in

Sect. 2.8 and w1
i is the perturbed rate in the dissipative or Navier-Stokes regime

w1
i = δa0

∑

I

∫
∂ f Ci ( f 0) f 0φ dci .

The structure of the perturbed chemical source terms w1
i has been investigated in

[9]. The perturbed source term is a quadratic expression of the zeroth order rates τ r ,
r ∈ R, plus a linear combination of the same quantities multiplied by the divergence
of the velocity field ∇·v. A few estimates have been made of these perturbed terms
in the monoatomic case by Prigogine and Mathieu [20], Prigogine and Xhrouet [21],
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Present [23], Takanayaki [22], Shizghal and Karplus [26–28] and they are generally
believed to be small. In the polyatomic case, however, these perturbed terms may
be significant behind shocks, especially with strong thermodynamic nonequilibrium
[84]. Nevertheless, we will assume in the following that they are negligible so that

w1
i = 0, i ∈ S, (90)

and furthermore that
preac = 0. (91)

Note that this is automatic when a = 1 in the Boltzmann equations. In this situation,
neglecting both the perturbed source termsw1

i as well as the chemical pressure preac,
we have

wi = w0
i , i ∈ S, (92)

� = −κ∇·v I − η
(
∇v + (∇v)t − 2

3 (∇·v) I
)
, (93)

and the equations obtained in both regime a = 0 and a = 1 coincide. These equations
will be investigated mathematically in Sects. 5, 6, and 7.

3.6 Thermodynamics

In the framework of Enskog expansion, one may expand the kinetic entropy (13) up
to second order in order to obtain that Skin = S + O(ε2) and the zeroth order term
S is the fluid entropy of the mixture

S = −kB
∑

i∈S
I∈Qi

∫
f 0i
(
log(βi i f 0i ) − 1

)
dci =

∑

i∈S

ρi

(
5
2

kB
mi

+ Ei

Tmi
− kB

mi
log
(ni

zi

))
.

(94)
The second order terms O(ε2) have been investigated in [123, 124] but lay out of
the scope of the present work. Note that such a thermodynamics obtained in the
framework of the kinetic theory of gases is valid out of static equilibrium and has,
therefore, a wider range of validity than classical thermodynamics introduced for
stationary homogeneous equilibrium states.

Defining the entropy per unit mass of the i th species by

si = 5
2

kB
mi

+ Ei

Tmi
− kB

mi
log
(ni

zi

)
, (95)

we may also express the fluid entropy in the form S =∑i∈S ρi si . We may similarly
define the Gibbs function per unit mass of the i th species
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gi = kBT

mi
log
(ni

zi

)
, (96)

and the Gibbs function per unit volume of the mixture G is then given by G =∑
i∈S ρi gi . We also introduce the reduced chemical potential of the i th species

μi = mi gi

kBT
= log

(ni

zi

)
, (97)

and the reaction rates of progress may then be rewritten in the convenient form

τ r = Kr
(
exp〈μ, νfr 〉 − exp〈μ, νbr 〉), r ∈ R, (98)

where νfi = (νf1i , . . . , ν
f
ni )

t , νbi = (νb1i , . . . , ν
b
ni )

t , and μ = (μ1, . . . ,μn)t .
The balance equation for the macroscopic fluid entropy S is obtained in the form

∂tS + ∇·(Sv) + ∇·
(Q

T
−
∑

i∈S

gi

T
F i

)
= v, (99)

where F i = ρi vi , and is v the entropy production term given by

v = −
∑

i∈S

gimiw
0
i

T
− �:∇v

T
− (Q −

∑

i∈S

ρi hi vi
)· ∇T

T 2 −
∑

i∈S

p

T
vi · d̂i . (100)

Using (34) and (98) the entropy production due to chemical reactions reads

−
∑

i∈S

gimiw
0
i

T
= −

∑

i∈S

∑

r∈R
(νbir − νfir )τ r

gimi

T
= −kB

∑

i∈S

∑

r∈R
μi (ν

b
ir − νfir )τ r

so that

−
∑

i∈S

gimiw
0
i

T
=
∑

r∈R
kBKr

(〈μ, νfr 〉 − 〈μ, νbr 〉)(exp〈μ, νfr 〉 − exp〈μ, νbr 〉).

Similarly, we have

−�:∇v

T
= 1

T

(
κ + η

2(3 − d)

3d

)
(∇·v)2 + η

2T

∣∣∣∇v + ∇vt − 2

d
∇·v

∣∣∣
2
,

and

−(Q −
∑

i∈S

ρi hi vi
)· ∇T

T 2 −
∑

i∈S

p

T
vi · d̂i = λ

T 2 |∇T |2
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+ p

T

∑

k,l∈S

Dkl
(̂
dk + χk∇ log T

)· (̂dl + χl∇ log T
)
.

The structure of the chemical source term and of the transport coefficients then
guarantee that the two first terms as well as the sum of the two last terms in the
expression (100) of entropy production v are nonnegative [9]. The entropy production
due to macroscopic gradients may also be written in the form kB[[φS,φS]] [9]. We
recover here the important property that macroscopic gradients as well as chemical
production independently lead to nonnegative entropy production at the fluid level
as at the molecular level.

3.7 From Molecules to Moles

It is traditional towritemacroscopic fluid equations in terms ofmass ormole densities
rather that number densities and we summarize here the corresponding new notation.
Denoting byN the Avogadro number, we define the molar production rate of the kth
species by

ωk = w0
k/N , k ∈ S,

and the molar mass by
mk = Nmk . k ∈ S,

The number of mole per unit volume is then defined by

nk = nk/N , k ∈ S,

and we have the traditional relations ρk = mknk . We also define the molar rate of
progress τr = τ r/N in such a way that ωk =∑r∈Rνkrτr and we also define

Ks
r = Kr/N , r ∈ R.

The specific heats per unit mole are also given by

cinti = cinti N , cvi = cviN , i ∈ S,

as well as
ctrv = ctrvN , cint = cintN , cv = cvN ,

and we also have R = kBN .
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4 Evaluation of Transport Coefficients

The transport fluxes appearing in the conservation equations governing multicom-
ponent flows are expressed in terms of transport coefficients. The fast and accurate
evaluation of these coefficients is therefore an importantmodeling and computational
task [65–69].

The transport coefficients are expressed in terms bracket bilinear products involv-
ing solutions of systems of integral equations under constraints. These systems of
integral equations are generally solved with Galerkin variational approximation pro-
cedure and the structure of the resulting transport linear systems may be deduced
from the kinetic theory. These linear systems are typically semi-definite systems
under constraints. Generalized conjugate gradient algorithms as well as stationary
methods are then shown to be convergent using the structural properties obtained
from the kinetic theory [70–75].

4.1 Transport Linear Systems

The Chapman-Enskog method requires solving the systems of integral linearized
Boltzmann equations with constraints governing the perturbed distribution functions
φμ = (φ

μ
i )i∈S . These integral equations have been shown to be in the generic form

{
I(φμ) = Ψ μ,

〈〈 f (0)φμ,ψl〉〉 = 0, 1 ≤ l ≤ n + 4,
(101)

where μ ∈ {κ, η, λ̂} ∪ {D1, . . . , Dn} and the various right hand sides have been
evaluated in Sect. 3.3. These systems of integral equations are of matrix type for
μ = η, of vector type for μ = λ̂ or μ ∈ {D1, . . . , Dn}, and of scalar type for μ = κ.
The corresponding transport coefficients are then typically obtained through bracket
products in the form μ = [[φμ,φμ]] = 〈〈 f (0)Ψ μ,φμ〉〉 as detailed in Sect. 3.3.

A Galerkin variational approximation procedure is generally used to solve the
system of integral Eq. (101). A variational approximation space is first selected

Ξμ = span{ ξrk, rk ∈ Bμ }, (102)

where ξrk , rk ∈ Bμ, are basis functions of the same tensorial type than φμ and Ψ μ.
The set Bμ is the basis indexing set and Bμ ⊂ F × S where F is the indexing set of
function type and S the species indexing set, that is, when rk ∈ Bμ then r ∈ F and
k ∈ S. We denote by v the dimension of Ξμ, that is v = dim(Ξμ) = Card(Bμ). The
unknown φμ is then expanded in the form

φμ =
∑

rk∈Bμ

α
rμ
k ξrk, (103)
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and the variational equations read 〈〈 f (0)ξrk, I(φμ)〉〉 = 〈〈 f (0)ξrk, Ψ μ〉〉 for rk ∈ Bμ.
Letting Grs

kl = 〈〈 f (0)ξrk, I(ξsl)〉〉 = [[ξrk, ξsl ]], and β
rμ
k = 〈〈 f (0)ξrk, Ψ μ〉〉 we have

obtained the linear system

∑

sl∈Bμ

Grs
kl α

sμ
l = β

rμ
k , rk ∈ Bμ. (104)

The linear constraints 〈〈 f (0)φμ,ψl〉〉 = 0 are also rewritten as

∑

rk∈Bμ

Grlν
k α

rμ
k = 0, 1 ≤ l ≤ n + 4, 1 ≤ ν ≤ aμ, (105)

where Grlν
k = 〈〈 f (0)ξrk, Tνψ

l〉〉 and Tν denotes the canonical basis for tensor of type
Ψ μ and φμ.

Defining now the constrained space by

C =
(
span{ Glν; 1 ≤ l ≤ n + 4, 1 ≤ ν ≤ aμ }

)⊥
, (106)

where Glν = (Grlν
k )rk∈Bμ , the vectors αμ = (α

rμ
k )rk∈Bμ and βμ = (β

rμ
k )rk∈Bμ , and

the matrix G by G = (Grs
kl

)
rk,sl∈Bμ , the transport linear system is in the form

{
Gαμ = βμ,

αμ ∈ C,
(107)

and the bracket μ = [[φμ,φμ]] = 〈〈 f (0)Ψ μ,φμ〉〉 is typically obtained with a scalar
product

μ =
∑

rk∈Bμ

α
rμ
k β

rμ
k = 〈α,β〉. (108)

We note then that the matrix G of the transport linear system is symmetric since

Grs
kl = [[ξrk, ξsl ]] = [[ξsl , ξrk]] = Gsr

lk ,

and positive semi-definite from 〈Gx, x〉 = [[ξ, ξ]] where ξ = ∑rk∈Bμ xr
kξrk . More-

over, the nullspace of G is directly associated with the collisional invariants of the
same tensorial type that Ψ μ and φμ that are in the variational space Ξμ. One may
further establish that β ∈ R(G) is in the range of G using thatΨ μ is orthogonal to the
collisional invariants [19]. Throughout these notes, for any matrix A, we denote by
N (A) its nullspace and R(A) its range. Symmetric transport linear systems have been
considered by many authors [11, 12, 15, 16]. Nevertheless, following Hirschfelder,
Curtiss, and Bird, various authors have considered nonsymmetric transport linear
systems [10] hereby again destroying the natural symmetries associated with kinetic
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processes. The explicit calculation of symmetric transport linear systems formixtures
of polyatomic species has first been performed in [19].

Denoting by 
μ these collisional invariants of the same tensorial type than Ψ μ

and φμ, we assume that the following perpendicularity property holds


μ = 
μ ∩ Ξμ ⊕ 
μ ∩ (Ξμ)⊥, (109)

where the orthogonal (Ξμ)⊥ of the variational approximation spaceΞμ is taken with
respect to the scalar product 〈〈 f 0ξ, ζ〉〉. In this situation, one may establish [19] that
that the well posedness condition holds

N (G) ⊕ C = R
v. (110)

We further introduce the sparse transport matrix [19]

db(G)rs
kl = Grs

kl δkl , rk, sl ∈ Bμ, (111)

and one may establish that when

ξrk
i = 0 i �= k, (112)

that is, when the basis functions are orthogonal to the constant collisional invariants
ψi , i ∈ S, then for x = (xr

k )rk∈Bμ we have

〈
(2db(G) − G)x, x

〉 =
1
4

∑

i∈S

∑

i i′∈Qi

ĩ,ĩ′∈Qi i

∫
|ξi + ξ̃i − ξ′

i − ξ̃′
i |2 f (0)

i f̃ (0)
i W i ĩ i′ ĩ′

i j dcidc̃idc′
idc̃i

′

+ 1
4

∑

i, j∈S
i �= j

∑

i i′∈Qi
j,j′∈Q j

∫
|ξi − ξ j − ξ′

i + ξ′
j |2 f (0)

i f (0)
j W i j i′ j′

i j dcidc jdc′
idc j ,

where ξ = ∑
rk∈Bμ xr

kξrk and the superscript ˜ is used to distinguish the collision
partners when i = j . In comparison, it is interesting to note that

〈
Gx, x

〉 =
1
4

∑

i∈S

∑

i i′∈Qi

ĩ,ĩ′∈Qi i

∫
|ξi + ξ̃i − ξ′

i − ξ̃′
i |2 f (0)

i f̃ (0)
i W i ĩ i′ ĩ′

i j dcidc̃idc′
idc̃′

i

+ 1
4

∑

i, j∈S
i �= j

∑

i i′∈Qi
j,j′∈Q j

∫
|ξi + ξ j − ξ′

i − ξ′
j |2 f (0)

i f (0)
j W i j i′ j′

i j dcidc jdc′
idc j
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in such a way that

N (G) = { x; (ξi , ξ j ) ∈ 
i j i, j ∈ S i �= j},

where ξ =∑rk∈Bμ xr
kξrk and 
i j denotes the collision invariants for the species pair

(i, j), whereas

N
(
2db(G) − G

) = { x; (ξi ,−ξ j ) ∈ 
i j i, j ∈ S i �= j}.

Using these properties,and since the only linear subspaces of collisional invariants
thatmay lay in the variational approximation spacesΞμ are atmost one-dimensional,
being either proportional to (mi C i )i∈S in the vector case or ( 12mi |C i |2 + Ei i)i∈S in
the scalar case, the invariant ψi , i ∈ S being excluded from (112), it is established
that when there are at least n ≥ 3 species, then 2db(G)− G is positive definite [19].
In this situation, the matrix db(G), which is easily invertible, is also positive definite
[19].

We have thus established that when the perpendicularity property (109) holds,
and when the variational space Ξμ is orthogonal to constants (112), then G is sym-
metric positive semi-definite, the well posedness condition N (G) ⊕ C = R

v holds,
β ∈ R(G), and 2db(G) − G and db(G) are positive definite when n ≥ 3. In the
special cases n = 1 or n = 2 the corresponding nullspaces are explicitely evaluated.
Various variational approximation spaces may also be used as reduced spaces [19] or
spaces for a direct evaluation of the thermal conductivity and the thermal diffusion
ratios [71].

4.2 Transport Algorithms

The transport linear systems have been obtained in their natural symmetric form for
most useful transport coefficients [11, 12, 15, 16, 19]. These linear system associated
with any coefficient μ then take on either a regular form or a singular form [9, 19].
Only the later singular form is discussed here since the regular case is easier to treat.
The singular form can be written in the form

{
Gα = β,

〈G,α〉 = 0,
(113)

where G ∈ R
v,v, α,β,G ∈ R

v, v is the dimension of the variational space and
the coefficient is obtained with a scalar product μ = 〈α,β′〉 [16, 19]. In other
words, in practice, the constrained subspace is found to be one dimensional so that
C = G⊥. The matrix G is symmetric positive semi-definite, its nullspace is one
dimensional N (G) = RN , β ∈ R(G), and the well posedness condition N (G) ⊕
G⊥ = R

v holds [19].The sparse transportmatrixdb(G) is a submatrix [19] composed
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of diagonals of blocks of G, and 2db(G) − G and db(G) are symmetric positive
definite for n ≥ 3. All these properties have been extracted from the properties of
the Boltzmann linearized collision operator and that of the variational approximation
spaces [19].

The solution of the transport linear system can then be obtained either from the
symmetric positive definite system (G + G ⊗ G)α = β or from iterative techniques.
Among iterative techniques, we may use generalized conjugate gradients algorithms
that are possible because the natural symmetries of transport processes have been
taken into account. A very good preconditioner is then the sparse transport matrix
db(G).

Stationary techniques are also feasible and are associated with a splitting G =
M − Z where M = db(G). These methods yields that

α =
∑

0≤ j<∞
(PT ) jPM−1P tβ, (114)

whereT = M−1Z andP = I −N⊗G/〈N ,G〉. It can then be shown that the spectral
radius of the product PT is strictly lower than unity since the matrix M + Z =
2db(G) − G is positive definite but this is a consequence of Boltzmann linearized
equations. These stationary and generalized conjugate gradients methods have been
found to be efficient for mixture of neutral gases [7, 70–74].

The situation of ionized mixtures is more complex since the convergence rate of
stationary iterative techniques deteriorate as the ionization level increases. On the
contrary, the convergence properties of generalized conjugate gradient algorithms do
not depend on the ionization level. New algorithms have thus been introduced with
more singular versions of the transport linear systems. These algorithms have led to
fast convergence rates for all ionization levels and magnetic field intensities [75].

The assumptions for transport coefficientswhen somemass fractions are vanishing
are more complex and lay out of the scope of these notes [9, 19]. Zero mass fractions
lead to artificial singularities in the transport linear systems which are eliminated
by considering rescaled systems [19]. Provided the diffusion matrix is replaced by
the flux diffusion matrix Ckl = ρyk Dkl , k, l ∈ S, all transport coefficients are
smooth functions of the mass fractions and admit finite limits when some mass
fractions become arbitrarily small. The iterative algorithms obtained for positive
mass fractions can also be rewritten in terms of rescaled systems that are still defined
for nonnegative mass fractions [19].

4.3 Stefan-Maxwell Equations

As a typical illustration of transport linear systems, we discuss in this section the
multicomponent diffusion matrix D = (Di j )i, j∈S . We assume that a state of the
mixture is given with T > 0, p > 0, and y > 0, that is, yk > 0 for k ∈ S. We assume
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that the mass fraction sum up to unity 〈y, 1I〉 = 1 and the mole fractions are denoted
by x1, . . . , xn . The mole fractions may be evaluated from xi = myi/mi where m is
the mean molar weight given by 〈y, 1I〉/m =∑i∈S yi/mi .

The usual diffusion matrix D, obtained with linear systems of size v = n, satisfy
R(D) ⊂ y⊥ and

ΔD = In − y⊗1I, (115)

where In is the identity of size n andΔ the Stefan-Maxwell matrix [16, 19]. Diffusion
coefficients associated with larger transport linear systems—required for plasmas—
lay out of the scope of these notes [19, 75]. The matrix Δ reads

Δkk =
∑

l �=k

xkxl

Dbin
kl

, k ∈ S, (116)

Δkl = − xkxl

Dbin
kl

, k, l ∈ S, k �= l, (117)

whereDbin
kl (T, p) is the binary diffusion coefficient of the species pair (k, l) depend-

ing on pressure and temperature. The structure of the matrix Δ is investigated in the
following Lemma [9, 70]

Lemma 4.1 Assume that the molar masses mk, k ∈ S, are positive constants, that
the coefficients Dbin

kl , k, l ∈ S, k �= l, are positive and symmetric, and that y > 0.
Then Δ is symmetric positive semidefinite, N (Δ) = R 1I, Δ is irreducible and is a
singular M-matrix.

We will need the following lemma about generalized inverses with prescribed
range and nullspace that may be found in [9, 70].

Proposition 4.2 Let G ∈ R
v,v be a matrix, and let p and q be two subspaces of

R
v such that N (G) ⊕ p = R

v and R(G) ⊕ q = R
v. Then, there exists a unique

matrix Z such that G ZG = G, ZG Z = Z, N (Z) = q, and R(Z) = p. The matrix
Z—termed the generalized inverse of G with prescribed range p and nullspace
q—satisfies G Z = PR(G),q and ZG = Pp,N (G), where Pa,b is defined for linear
spaces a and b, such that a ⊕ b = R

v, and denotes the projector onto a along b.
If in addition G is symmetric positive semi-definite andp = q⊥ then Z is symmetric

positive semi-definite.

The diffusion matrix may then be defined as a generalized inverse of Δ with
prescribed range and nullspace [9, 19, 70].

Proposition 4.3 Keeping the assumptions of Lemma 4.1, there exists a unique matrix
D such that ΔD = In − y⊗1I and R(D) ⊂ y⊥. This matrix D is the generalized
inverse of Δ with prescribed range y⊥ and nullspace Ry. The matrix D is symmetric
positive semidefinite, N (D) = Ry, D is irreductible, and for any a > 0 we have
D = (Δ + ay⊗y)−1 − (1/a)1I⊗1I.
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The transport linear systems associated with the flux matrix C are of a similar
nature [19, 70, 74] and are well posed for y ≥ 0, y �= 0.With the mathematical prop-
erties of thematrixC it is then possible to establish the following diffusion inequality
involving the entropy production quadratic form 〈Dx, x〉 on the hyperplane of zero
sum gradients [9, 119].

Proposition 4.4 Let T be a fixed temperature and Y = diag(y1, . . . , yn). There
exists a positive constant δ such that

∀y > 0 with 〈y, 1I〉 = 1, ∀x ∈ 1I⊥ δ〈Y−1x, x〉 ≤ 〈ρDx, x〉. (118)

In other words, the natural entropic production norm associated with diffusion
processes involve expressions in the form

∑
i∈S |∇yi |2/yi . Such norms have first

been used for an existence theorem of traveling waves with complex chemistry and
detailed transport [119]. This lemma also implies that the nonzero eigenvalues of
Y1/2ρDY1/2 are bounded away form zero since Y1/2ρDY1/2x = λx with λ �= 0
implies that x ∈ R(Y1/2D) = (y1/2)⊥ and

∑
i∈S y1/2xi = 0 and from (118) that

δ ≤ λ.
One can also derive from (115) to (117) after some algebra that for any k ∈ S

dk + χk∇ log T =
∑

l �=k

xkxl

Dbin
kl

vl −
∑

l �=k

xkxl

Dbin
kl

vk . (119)

These equations are usually termed Stefan–Maxwell equations and must be com-
pleted by the constraint

∑
k∈S ykvk = 0 associated with mass conservation to define

uniquely the diffusion velocities. An elementary derivation of these equations has
been given by Williams [66].

During a multicomponent flow computation, when an explicit time algorithm
is used, it is sufficient to solely evaluate the diffusion velocities vk , k ∈ S, by
solving the Stefan-Maxwell equations for each spatial direction, say by using a
projected conjugate gradient method [74]. However, when an implicit time marching
technique is used, evaluating the diffusion matrix D is generally required. Accurate
approximation of the diffusion matrix D may be obtained by considering M =
diag(x1/D∗

1 , . . . , xn/D∗
n) where

D∗
k = (1 − yk)

/∑

l �=k

xl/Dbin
kl , (120)

and Δ = M − Z , T = M−1Z , and P = In − 1I⊗y. The spectral radius of PT is
then strictly lower than unity and we have the convergent series expansion [70]

D =
∞∑

j=0

(PT ) jPM−1P t .
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One may then introduce the approximate diffusion matrices

D[i] =
∑

0≤ j≤i

(PT ) jPM−1P t ,

that are symmetric, satisfy the mass constraint D[i]y = 0 and yields a positive
entropy production. The first approximation D[0] = PM−1P t corresponds to the
Curtiss–Hirschfelder approximation vk = −D∗

k dk/xk + vcor with a mass corrector
vcor ensuring the constraint

∑
k∈S ykvk = 0 and arising here from the projector P

[19, 70].

4.4 Impact of Multicomponent Transport

Recent numerical investigations have brought further support for the importance
of accurate transport property in various multicomponent reactive flows [76–85].
Thermal diffusion effects have been shown to be important in the study of vortex-
flame interaction, catalytic effects near walls, interfacial phenomena, gaseous or
spray diffusion flames [83], chemical vapor deposition reactors [3] and reentry [85].
The impact of multicomponent diffusion has also been shown to be important in mul-
tidimensional hydrogen/air andmethane/air Bunsen flames [7], in freely propagating
flames—especially with oxygen as pure oxydizer—as well as in direct numerical
simulation of turbulent flames.

Theoretical calculations and experimental measurements have also shown that
the ratio κ/η is not small for polyatomic gases [9, 80–82, 84]. Volume viscosity
also arises in dense gases and in liquids, and its absence in dilute monatomic gases
is an exception rather than a rule. Despite its potential importance, volume or bulk
viscosity has seldom been included in computational models of multidimensional
reactive flows. For smallMach number flows, however, the whole term∇·(κ(∇·v)I

)

has a weak influence because of its structure, even though both the ratio κ/η and
the dilatation ∇·v may not be small [9]. However, it has been shown that volume
viscosity has an important impact during a shock/hydrogen bubble interaction [82]
and its influence on shock heated and expanding flows in investigated in [81, 84].

5 Mathematical Framework

We first summarize in this section the system of partial differential equations model-
ing reactive fluids derived from the kinetic theory of gases in the previous sections.
We also introduce a mathematical framework, notably the assumptions on the trans-
port coefficients, and recast the system in quasilinear form. The precise form of
the thermodynamic functions obtained in the previous sections is not specifically
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required and they are simply defined here in terms of internal specific heats and
formation constants. Furthermore the mathematical properties of the transport coef-
ficients are extracted from the kinetic theory. Note that we only investigate here the
equations governing ideal mixture of perfect gases derived from the kinetic theory
and we refer to [109, 111, 112, 114, 115] for other models. We have often rewritten
some of the relations deduced from the kinetic theory in the previous sections in
order to facilitate an independent lecture of the following sections.

5.1 Conservation Equations

The equations for conservation of speciesmass,momentum and energymay be recast
in the form [9]

∂tρk + ∇·(ρkv) + ∇·F k = mkωk, k ∈ S, (121)

∂t (ρv) + ∇·(ρv⊗v + p I) + ∇·� =
∑

i∈S

ρi bi , (122)

∂t (E + 1
2ρv·v) + ∇·((E + 1

2ρv·v + p)v
)+ ∇·( Q + �·v) =

∑

i∈S

ρi bi ·(v + vi ), (123)

where ∂t denotes the time derivative, ∇ the space derivative operator, ρk the mass
density of the kth species, v the mass average flow velocity,F k the diffusion flux of
the kth species, mk the molar mass of the kth species, ωk the molar production rate
of the kth species, S = {1, . . . , n} the set of species indices, n � 1 the number of
species, ρ = ∑

k∈S ρk the total mass density, p the pressure, � the viscous tensor,
bi the force per unit mass acting on the i th species, E the internal energy per unit
volume and Q the heat flux. These equations have to be completed by the relations
expressing the thermodynamic properties like p and E , the chemical production rates
ωk , k ∈ S, and the transport fluxes �, F k , k ∈ S, and Q.

Assuming that the force acting on the chemical species are species independent
bi = b, i ∈ S, as gravity for instance, then the energyproduction term

∑
i∈S ρi bi ·(v+

vi ) simplifies into ρb·v. In the following, we will assume that there is no force acting
on the chemical species so that

bi = b = 0, i ∈ S. (124)

Such zeroth order force terms ρb and ρb·v do not significantly influence the
mathematical structure of the resulting set of partial differential equations. The
spatial dimension is denoted by d and the components of v and ∇ are written
v = (v1, . . . , vd)t and ∇ = (∂1, . . . , ∂d)t where vi denotes the velocity in the
i th spatial direction, ∂i the derivation in the i th spatial direction and bold symbols
are used for vector or tensor quantities in the physical space R

d .
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5.2 Thermodynamics

We will use for convenience the state variable T, ρ1, . . . , ρn where T is the absolute
temperature and also denote � = (ρ1, . . . , ρn)t . Other state variables could be used
as well and may lead to slightly different mathematical formalisms [9]. The internal
energy per unit volume E and the pressure p can be written in terms of the state
variables T, ρ1, . . . , ρn as

E(T, ρ1, . . . , ρn) =
∑

k∈S

ρkek(T ), p(T, ρ1, . . . , ρn) =
∑

k∈S

RT
ρk

mk
,

where ek is the internal energy per unit mass of the kth species and R the gas constant.
The internal energy ek of the kth species is given by

ek(T ) = estk +
∫ T

T st
cvk(τ ) dτ , k ∈ S,

where estk is the standard formation energy of the kth species at the standard temper-
ature T st and cvk the constant volume specific heat of the kth species. We also define

the formation energy at zero temperature by letting e0k = ek(0) = estk −∫ T st

0 cvk(τ ) dτ .
The (physical) entropy per unit volume S can be written in the form

S(T, ρ1, . . . , ρn) =
∑

k∈S

ρksk(T, ρk),

where sk is the entropy per unit mass of the kth species. This quantity is in the form

sk(T, ρk) = sstk +
∫ T

T st

cvk(T ′)
T ′ dT ′ − R

mk
log
( ρk

γstmk

)
, k ∈ S,

where sstk is the formation entropy of the kth species at the standard temperature T st

and standard pressure pst = patm and γst = pst/RT st is the standard concentration.
Similarly, one can introduce the mixture enthalpyH =∑k∈S ρkhk(T ) with

hk(T ) = ek(T ) + RT/mk, k ∈ S,

the mixture Gibbs function per unit volume G =∑k∈S ρk gk(T, ρk), with

gk(T, ρk) = hk(T ) − T sk(T, ρk), k ∈ S,

as well as the reduced chemical potential

μk(T, ρk) = mk gk

RT
, k ∈ S.
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Finally, the species mass fractions yk , k ∈ S, partial pressures pk , k ∈ S, and mole
fractions xk , k ∈ S, are defined by

yk = ρk

ρ
, pk = ρk RT

mk
, xk = pk

p
, k ∈ S.

The mole fractions may also be evaluated from xi = myi/mi where m is the mean
molar weight given by 〈y, 1I〉/m =∑i∈S yi/mi .

5.3 Chemical Sources

We consider a system of nr � 1 elementary reactions for n � 1 species which can
be written formally

∑

k∈S

νfki Mk �
∑

k∈S

νbki Mk, i ∈ R,

where Mk is the chemical symbol of the kth species, νfki and νbki the forward and
backward stoichiometric coefficients of the kth species in the i th reaction, R =
{1, . . . , nr} the set of reaction indices, and νki = νbki − νfki the overall stoichiometric
coefficients. The species of the mixture are assumed to be constituted by atoms, and
we denote by ail the number of lth atom in the i th species, A = {1, . . . , na} the set
of atom indices, and na � 1 the number of atoms—or elements—in the mixture. It
is convenient to introduce at this point some vector notation by letting

ω =
⎛

⎜⎝
ω1
...

ωn

⎞

⎟⎠ , νi =
⎛

⎜⎝
ν1i
...

νni

⎞

⎟⎠ , νfi =
⎛

⎜⎝
νf1i
...

νfni

⎞

⎟⎠ , νbi =
⎛

⎜⎝
νb1i
...

νbni

⎞

⎟⎠ ,

μ =
⎛

⎜⎝
μ1
...

μn

⎞

⎟⎠ , al =
⎛

⎜⎝
a1l
...

anl

⎞

⎟⎠ , m =
⎛

⎜⎝
m1
...

mn

⎞

⎟⎠ , � =
⎛

⎜⎝
ρ1
...

ρn

⎞

⎟⎠ .

We will denote by R the vector space spanned by the reaction vectors R =
Span{ νi , i ∈ R } and by A the vector space spanned by the atom vectors
A = Span{ al , l ∈ A }. The molar production rates that we consider are the
Maxwellian production rates obtained from the kinetic theory [9, 19] when the chem-
ical characteristic times are larger than the mean free times of the molecules and the
characteristic times of internal energy relaxation. These rates ωk , k ∈ S, are compat-
ible with the law of mass action and are in the form
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ωk =
∑

i∈R
(νbki − νfki )τi , k ∈ S, (125)

where τi is the rate of progress of the i th reaction given by

τi = Ks
i

(
exp〈μ, νfi 〉 − exp〈μ, νbi 〉), (126)

as written by Marcelin [57], Gorban [63] and Keizer [64] and also deduced from
the kinetic theory (98). These rates of progress are compatible with the law of mass
action and may be rewritten

τi = Kf
i

∏

l∈S

( ρl

ml

)νfli − Kb
i

∏

l∈S

( ρl

ml

)νbli
, (127)

where Kf
i and Kb

i are the forward and backward rate constants of the i th reaction,
respectively. The reaction constants Kf

i , Kb
i and Ks

i are functions of temperature
and are Maxwellian averaged values of molecular chemical transition probabilities
[19]. In particular, forward and backward chemical transition probabilities are always
proportional—as in any Boltzmann equation—and this implies the reciprocity rela-
tions [9, 19]

Ke
i (T ) = Kf

i (T )

Kb
i (T )

, logKe
i (T ) = −〈νi ,μ

u〉, i ∈ R, (128)

where Ke
i (T ) is the equilibrium constant of the i th reaction, μu = (μu

1, . . . ,μ
u
n)t

and μu
k(T ) = μk(T, mk), k ∈ S. These reciprocity relations are closely associated

with the reciprocity relations between reactive transition probabilities as well as with
symmetric representation of the rate of progress andmay be seen asOnsager relations
for chemistry. These reactions constants are also related by logKs

i = logKf
i −

〈Mνfi ,μ
u〉 = logKb

i −〈Mνbi ,μu〉. On the other hand, in practice, the forward reaction
constants Kf

i , i ∈ R, are often approximated with Arrhenius law

Kf
i = Ai T

bi exp
(−Ei/RT

)
, i ∈ R,

where Ai is the preexponential factor, bi the temperature exponent and Ei the
activation energy of the i th reaction. Note incidentally that the thermodynamics of
irreversible processes only yields rates of progress that are linear in terms of affinities
〈νi ,μ〉 instead of exponential as in (126).



104 V. Giovangigli

5.4 Transport Fluxes

The transport fluxes�,Fk , k ∈ S, and Q due to macroscopic variable gradients can
be written in the form [9, 11, 12, 15, 16, 19]

� = − κ ∇·v I − η
(∇v + ∇vt − 2

3 (∇·v)I
)
, (129)

F k = −
∑

l∈S

Ckl (̂dl + xl χ̃l∂x log T ), k ∈ S, (130)

Q = − λ∇T +
∑

k∈S

(RT
χ̃k

mk
+ hk)F k, (131)

where κ denotes the volume viscosity, η the shear viscosity, I the three dimensional
identity tensor, Ckl , k, l ∈ S, the multicomponent flux diffusion coefficients, d̂k ,
k ∈ S, the unconstrained species diffusion driving forces, t the transposition operator,
χ̃k , k ∈ S, the rescaled thermal diffusion ratios and λ the thermal conductivity. The
diffusion driving forces are defined by

d̂k = ∇ pk

p
, k ∈ S,

keeping in mind that the force term acting on the species are assumed to be zero
bk = 0, k ∈ S. When the mass fractions are nonzero, it is also possible to define the
species diffusion velocities vk , k ∈ S, by

vk = Fk

ρk
= −

∑

l∈S

Dkl (̂dl + xl χ̃l∇ log T ).

where Dkl = Ckl/ρk , k, l ∈ S.
The transport coefficients have important properties inherited from the underlying

kinetic framework [9, 12, 19]. They satisfy symmetry properties, mass conservation
constraints, as well as positivity properties as derived in Sect. 3.4 and detailed in
the next section. The multicomponent transport coefficients κ, η, λ, C = (Ckl)k,l∈S ,
D = (Dkl)k,l∈S , or χ̃ = (χ̃k)k∈S , are also smooth functions of the state variables.
Note that the matricesC and D are generally irreducible and the governing equations
have thus a complex structure [9].

5.5 Mathematical Assumptions

The assumptions on the thermodynamic properties and the transport coefficients have
been extracted from the kinetic theory of gases. There are recast in the following
form whereκ denotes a regularity class of transport coefficients and thermodynamic
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functions [9]. Throughout these notes, for any matrix A, we denote by N (A) its
nullspace and R(A) its range.

(H1) The molar masses mk, k ∈ S, and the perfect gas constant R are positive
constants. The formation energies estk , k ∈ S, and entropies sstk , k ∈ S,
are real constants. The specific heats cvk , k ∈ S, are Cκ−1 functions of
T ∈ [0,∞). There exist positive constants cv and cv such that 0 < cv �
cvk(T ) � cv for T ≥ 0 and k ∈ S.

(H2) The stoichiometric coefficients νfki and νbki , k ∈ S, i ∈ R, the atomic coef-
ficients akl , k ∈ S, l ∈ A, are nonnegative integers. The atom vectors al ,
l ∈ A, and the reaction vectors νi = νbi − νfi , i ∈ R, satisfy the atom
conservation constraints 〈νi , al〉 = 0, i ∈ R, l ∈ A. The atom masses m̃l ,
l ∈ A, are positive constants and the vector of species molar masses m is
given by m =∑l∈A m̃l al .

(H3) The symmetric reaction constants Ks
i are Cκ positive functions of T > 0

for i ∈ R.

(H4) The flux diffusion matrix C = (Ckl)k,l∈S, the rescaled thermal diffusion
ratios vector χ̃ = (χ̃1, . . . , χ̃n)t , the volume viscosity κ, the shear viscosity
η, and the thermal conductivity λ are Cκ functions of (T, ρ1, . . . , ρn) for
T > 0 and ρi > 0, i ∈ S. These coefficients satisfy the mass conservation
constraints N (C) = Ry, R(C) = 1I⊥, and χ̃ ∈ x⊥.

(H5) The thermal conductivity λ and the shear viscosity η are positive. The vol-
ume viscosity κ is nonnegative. The diffusion matrix D = (1/ρ)Y−1C is
symmetric positive semi-definite and its nullspace is N (D) = Ry where
Y = diag(y1, . . . , yn).

Remark 5.1 All coefficients C , λ, η, χ̃ and κ have smooth extensions to the domain
ρi ≥ 0, i ∈ S, and ρ > 0. This is also the case for the non diagonal coefficients
Di j for i �= j whereas the coefficient ρi Dii has a finite positive limit when ρi → 0
[19, 70].

Remark 5.2 We generally have R ⊂ A⊥ but chemical reaction mechanisms are
usually sufficiently rich so that reaction vectors νi , i ∈ R, are spanning themaximum
space and R = A⊥.

5.6 Entropy Production

From Gibbs’ relation T DS = DE − ∑k∈S gk Dρk , where D denotes the total
derivative, the conservation equations, and the properties of transport coefficients
and chemical production rate, one may derive the following balance equation for
ρs = S



106 V. Giovangigli

∂t (ρs) + ∇·(ρvs) + ∇·( Q
T

−
∑

k∈S

gk

T
F k
) = 3dκ + 2η(3 − d)

3dT
(∇·v)2

+ η

2T

(∇v + ∇vt − 2
d (∇·v) I

)
:
(∇v + ∇vt − 2

d (∇·v) I
)

+ λ

T 2∇T ·∇T + p

T

∑

k,l∈S

Dkl
(̂
dk + χk∇ log T

)· (̂dl + χl∇ log T
)

+
∑

i∈R
RKs

i

(〈μ, νfi 〉 − 〈μ, νb
i 〉) (exp〈μ, νfi 〉 − exp〈μ, νbi 〉). (132)

The viscous tensor has been rewritten for convenience in the form

� = −(κ + 2η(3 − d)

3d

)∇·v I − η
(
∇v + ∇vt − 2

d (∇·v) I
)
,

keeping in mind that 1 ≤ d ≤ 3. Entropy production (132) therefore appears as a
sum of nonnegative terms and the last term represents the entropy production due
to chemical reactions −R〈μ,ω〉. From this expression of 〈μ,ω〉 we also deduce the
following result concerning chemical equilibrium.

Proposition 5.3 Assume that the Properties (H1–H3) hold. Then for any (T,

ρ1, . . . , ρn) ∈ (0,∞)1+n the following statements are equivalent :

(i) The entropy production due to chemistry vanishes −R〈μ,ω〉 = 0.

(ii) The reaction rates of progress vanish τ j = 0, j ∈ R.

(iii) The species production rates vanish ωk = 0, k ∈ S.

(iv) The vector μ = (μ1, . . . ,μn)t belongs to R⊥ where

R = span{ νi , i ∈ R }.

Proof From the expression of entropy production due to chemical reactions

−R〈μ,ω〉 =
∑

i∈R
RKs

i

(〈μ, νfi 〉 − 〈μ, νb
i 〉) (exp〈μ, νfi 〉 − exp〈μ, νbi 〉),

and (H3) we obtain that 〈μ,ω〉 = 0 implies 〈μ, ν j 〉 = 0, j ∈ R, and so τ j = 0,
j ∈ R, and we have established that (i) implies (i i). The fact that (i i) implies
(i i i) is a consequence of ω = ∑

j∈R τ jν j . We also deduce from the expression of
entropy production −R〈μ,ω〉 that (i i i) implies (i) so that the three statements (i),
(i i), and (i i i) are equivalent. Finally, it is easily established that (iv) is equivalent
to 〈μ, ν j 〉 = 0, j ∈ R, so that (i i) and (iv) are also equivalent. �

Definition 5.4 A point T � > 0, �� ∈ (0,∞)n , which satisfies the equivalent prop-
erties of Proposition 5.3 is termed an equilibrium point.

We are only interested here in positive equilibrium stateswith ρi > 0, i ∈ S, which
are in the interior of the composition space. Spurious points with zero mass fractions
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where the source terms ωk , k ∈ n, also vanish—termed ‘boundary equilibrium
points’—are of a different nature [9]. Properly structured chemical kinetic mech-
anisms automatically exclude such spurious points unless some element is missing
in the mixture [9].

5.7 Vector Notation

The equations governing multicomponent flows (121)–(123) can be rewritten in the
compact vector form

∂t u +
∑

i∈C

∂i Fi +
∑

i∈C

∂i F
diss
i = �, (133)

where u is the conservative variable, ∂i the spatial derivative operator in the i th
spatial direction, C = {1, . . . , d} the indexing set of spatial directions, d ∈ {1, 2, 3}
the spatial dimension, Fi the convective flux in the i th direction, Fdiss

i the dissipative
flux in the i th direction, and� the source term. Lettingn = n+d+1, the conservative
variable u ∈ R

n is found to be

u = (ρ1, . . . , ρn, ρv, E + 1
2ρv·v)t , (134)

and the natural variable z ∈ R
n is defined by

z = (ρ1, . . . , ρn, v, T
)t

. (135)

For convenience, the velocity components of vectors in R
n = R × R

d × R
2 are

generally written as vectors of R
d and bold symbols are used for vector or tensor

quantities in the physical space R
d . The map z → u is a Cκ diffeomorphism from

the open set
Oz = (0,∞)n×R

d×(0,∞),

onto a convex open set Ou of R
n [9, 95].

Proposition 5.5 The map z �−→ u is a Cκ diffeomorphism from the open set Oz
onto an open set Ou. The open set Ou is convex and given by

Ou = { u ∈ R
n; ui > 0, 1 ≤ i ≤ n, un − φ(u1, . . . , un+d) > 0 },

where

φ(u1, . . . , un+d) = 1
2

u2
n+1 + · · · + u2

n+d∑
i∈S ui

+
∑

i∈S

ui e
0
i ,

and e0i is the energy of formation of the i th species at zero temperature.
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Proof The map z → u is easily shown to be one to one from Oz onto Ou
using the positivity of the constant volume specific heats. The jacobian matrix ∂zu,
has a triangular structure and is invertible so that we may use the inverse function
theorem. �

The convective and diffusive fluxes Fi and Fdiss
i in the i th direction are defined by

Fi = (ρ1vi , . . . , ρnvi , ρviv + pei , (E + 1
2ρv·v + p)vi

)t
,

Fdiss
i = (F1i , . . . , Fni , �i , Qi + �i ·v

)t
,

where ei denotes the i th basis vector in the physical space R
d , vi the velocity in

the i th direction, Fki the diffusion flux of the kth species in the i th direction, Qi

the heat flux in the i th direction, � = (�i j )i, j∈C the viscous tensor, and �i the
vector �i = (�1i , . . . ,�di )

t , so that v = (v1, . . . , vd)t , F k = (Fk1, . . . ,Fkd)t ,
and Q = (Q1, . . . ,Qd)t .

Thedissipativefluxesmay further be expressed in the formFdiss
i = −∑ j∈C B̂i j (u)

∂ j z since all transport fluxes are linear expressions in terms of the gradients
of the natural variable z. Since z → u is a smooth diffeomorphism, defining
Bi j (u) = B̂i j (u)∂uz, for i, j ∈ C , we obtain that

Fdiss
i = −

∑

j∈C

Bi j (u)∂ j u, i ∈ C,

where the dissipation matrix Bi j relates the dissipative flux in the i th direction Fdiss
i

to the gradient of the conservative variable in the j th direction ∂ j u. Further denoting
by Ai = ∂u Fi , i ∈ C , the convective flux Jacobian matrices, and � the source term

� = (m1ω1, . . . , mnωn, 0, 0
)t

,

we obtain the quasilinear system

∂t u +
∑

i∈C

Ai (u)∂i u =
∑

i, j∈C

∂i

(
Bi j (u)∂ j u

)
+ �(u), (136)

and all the system coefficients Ai (u), i ∈ C , Bi j (u), i, j ∈ C , and �(u), are smooth
functions of u on the open convex set Ou. The mathematical structure of such qua-
silinear systems is discussed in the next section in an abstract framework.

6 Hyperbolic-Parabolic Structure

We discuss symmetrization with entropic variables and normal variables for abstract
systems in quasilinear form.We next investigate the hyperbolic-parabolic structure of
the resulting systems of partial differential equations. We further explicitly evaluate
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the natural entropic symmetrized form as well as the natural normal form for the
system of partial differential equations modeling multicomponent reactive fluids.

6.1 Entropic Variables

We consider an abstract second order quasilinear system of conservation laws in the
general form

∂t u +
∑

i∈C

Ai (u)∂i u −
∑

i, j∈C

∂i

(
Bi j (u)∂ j u

)− �(u) = 0, (137)

where u ∈ Ou, Ou is an open convex set of R
n, and n ≥ 1. The system coefficients

are assumed such that Ai = ∂uFi and the fluxes Fi , i ∈ C , the dissipation matrices
Bi j , i, j ∈ C , and the source term �, are assumed to be Cκ over Ou where κ ≥ 3.

A mathematical entropy for the system of partial differential Eq. (137) must be
compatible with the convective terms, the dissipative terms as well as the source term
and we use the definition presented in [101, 103] simplified to the situation where
the setOu is convex. In the following definition, properties (E1), (E2) concerning the
convective terms have been adapted from [86, 88], properties (E3), (E4) associated
with the dissipative terms have been adapted from [89, 92, 106, 107] and properties
(E5)–(E7) concerning the source terms have been adapted from [93, 98] and we
denote by 	d−1 the sphere in d dimension.

Definition 6.1 Consider a Cκ function u → σ(u) defined over the open convex
domain Ou. The function σ is said to be an entropy function for the system (137) if
the following properties hold.

(E1) The Hessian matrix ∂2
uσ(u) = ∂u(∂uσ)t (u) is positive definite over Ou.

(E2) There exist Cκ functions u → qi (u) such that ∂uσ(u) Ai (u) = ∂uqi (u) for
u ∈ Ou and i ∈ C .

(E3) We have
(
Bi j (u)

(
∂2

uσ(u)
)−1)t = B j i (u)

(
∂2

uσ(u)
)−1 for u ∈ Ou and i, j ∈ C .

(E4) The matrix
∑

i, j∈C Bi j (u)
(
∂2

uσ(u)
)−1

ξiξ j is positive semi-definite for

u ∈ Ou and ξ ∈ 	d−1.
(E5) There exists a fixed vector spaceE ⊂ R

n such that�(u) ∈ E⊥ for u ∈ Ou and
�(u) = 0 if and only if

(
∂uσ(u)

)t ∈ E and if and only if ∂uσ(u) �(u) = 0.

(E6) If �(u) = 0, then the matrix ∂u�(u)
(
∂2

uσ(u)
)−1 is symmetric and its

nullspace is given by N
(
∂u�(u) (∂2

uσ(u))−1
) = E.

(E7) We have ∂uσ(u) �(u) ≤ 0 for u ∈ Ou.

Existence of an entropy is closely associated with symmetrization properties
[86, 88, 89, 92, 93, 98, 101–104, 106, 107]. We do not encounter here the dif-
ficulty associated with nonideal fluids where only local symmetrization are feasible
and where Ou may not be convex [101]. Note also that more general source terms
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with no symmetry properties at equilibrium have been considered by Chen et al. [93]
and Yong [110].

Definition 6.2 Consider a Cκ−1 diffeomorphism u → v from Ou onto an open
domain Ov and the system in the v variable

Ã0(v)∂t v +
∑

i∈C

Ãi (v)∂i v −
∑

i, j∈C

∂i

(
B̃i j (v)∂ j v

)− �̃(v) = 0, (138)

where Ã0 = ∂vu, Ãi = Ai∂vu = ∂vFi , B̃i j = Bi j∂vu, and �̃ = �, have at least
regularity κ − 2. The system is said of the symmetric form if properties (S1–S7)
hold.

(S1) The matrix Ã0(v) is symmetric positive definite for v ∈ Ov.
(S2) The matrices Ãi (v), i ∈ C , are symmetric for v ∈ Ov.

(S3) We have B̃
t
i j (v) = B̃ j i (v) for i, j ∈ C and v ∈ Ov.

(S4) The matrix B̃(v, ξ) = ∑i, j∈C B̃i j (v)ξiξ j is positive semi-definite for v ∈ Ov

and ξ ∈ 	d−1.
(S5) There exists a fixed vector space E ⊂ R

n such that �̃(v) ∈ E⊥ for v ∈ Ov
and �̃(v) = 0 if and only if v ∈ E and if and only if

〈
v, �̃(v)

〉 = 0.
(S6) If �̃(v) = 0, then ∂v�̃(v) is symmetric and N

(
∂v�̃(v)

) = E.
(S7) We have

〈
v, �̃(v)

〉 ≤ 0 for v ∈ Ov.

The manifold E is naturally termed the equilibrium manifold since �̃(v) = 0
when v ∈ E. The equivalence between symmetrization (S1–S7) and entropy
(E1–E7) for hyperbolic-parabolic systems of conservation laws is obtained with
v = (∂uσ)t [101].

Theorem 6.3 Assume that the system (137) admits a Cκ entropy function σ defined
over an open convex domain Ou. Then the system can be symmetrized with the
entropic variable v = (∂uσ)t . Conversely, assume that the system can be symmetrized
with the Cκ−1 diffeomorphism u → v. Then there exists a Cκ entropy over the open
convex set Ou such that v = (∂uσ)t .

Sketch of the proof.The equivalence of (S1–S2) and (E1–E2) is classical and is essen-
tially obtained with Poincaré lemma. Then (S3–S7) and (E3–E7) become identical
statements with v = (∂uσ)t . �

6.2 Normal Variables

In order to split the variables between hyperbolic and parabolic variables, we fur-
ther have to put the system into a normal form, that is,in the form of a symmetric
hyperbolic–parabolic composite system [89, 92, 95].
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Definition 6.4 Consider a symmetrized system as inDefinition 6.2 and let v → w be
aCκ−1 diffeomorphism from the open setOv onto an open setOw. Letting v = v(w)

in the symmetrized system (138) andmultiplying on the left side by (∂wv)t we obtain
a new system in the variable w

A0(w)∂t w +
∑

i∈C

Ai (w)∂i w −
∑

i, j∈C

∂i

(
Bi j (w)∂ j w

)− �(w) = b(w, ∂xw), (139)

where A0 = (∂wv)t Ã0 (∂wv), Bi j = (∂wv)t B̃i j (∂wv), Ai = (∂wv)t Ãi (∂wv),
� = (∂wv)t �̃, have at least regularityκ−2 and where b is quadratic in the gradients
b = −∑i, j∈C ∂i (∂wv)t B̃i j (∂wv)∂ j w. This system satisfies in particular properties

(S1)–(S4), that is, properties (S1–S4) rewritten in terms of overbar matrices. This
system (139) is said to be of the normal form if there exists a partition of {1, . . . , n}
into i = {1, . . . , ni} and ii = {ni + 1, . . . , ni + nii} with n = ni + nii such that the
following properties hold.

(N1) The matrices A0 and Bi j have the block structure

A0 =
[

A
i,i
0 0ni,nii

0nii,ni A
ii,ii
0

]
, Bi j =

[
0ni,ni 0ni,nii

0nii,ni B
ii,ii
i j

]
.

(N2) The matrix B
ii,ii

(w, ξ) = ∑
i, j∈C B

ii,ii
i j (w)ξiξ j is positive definite for

w ∈ Ow and ξ ∈ 	d−1.
(N3) We have b(w, ∂xw) = (bi(w, ∂xwii), bii(w, ∂xw)

)t .

Wehaveusedhere the vector andmatrix block structure inducedby thepartitioning
of R

n into R
n = R

ni × R
nii so that we have w = (wi, wii)

t for instance and denoted
by 0i, j the zero matrix with i lines and j columns.

The quadratic residual may also be written in the more elegant form

b =
∑

i, j∈C

mi j (w) ∂i w ∂ j w, (140)

where mi j (w) are third order tensors that are functions of w ∈ Ow. From the regu-
larity assumptions of the original system (137), the coefficients of both symmetrized
systems (138) and (139) have at least regularity κ − 2 and the coefficients mi j ,
i, j ∈ C , of b have at least regularity κ − 3. A sufficient condition for system (138)
to be recast into a normal form is that the nullspace naturally associated with dis-
sipation matrices B̃ is a fixed subspace of R

n. This is Condition (N) introduced by
Kawashima and Shizuta [92] which has been strengthened in [95].

(N) The nullspace N (B̃) of the matrix B̃(v, ξ) = ∑
i, j∈C B̃i j (v)ξiξ j does not

depend on v ∈ Ov and ξ ∈ 	d−1 and B̃i j (v)N (B̃) = 0, for i, j ∈ C.
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Letting ni = dim
(
N (B̃)

)
and nii = n − ni we denote by P an arbitrary constant

nonsingular matrix of dimension n such that its first ni columns span the nullspace
N (B̃). In order to characterize more easily normal forms for symmetric systems of
conservation laws satisfying (N) we may introduce the auxiliary variables [9, 95]
u′ = Pt u and v′ = P−1v. The dissipation matrices corresponding to these auxiliary
variables have nonzero coefficients only in the lower right block of size nii = n−ni.
Normal symmetric forms are then equivalently—and more easily—obtained from
the v′ symmetric equation [9, 95].

Theorem 6.5 Consider a system of conservation laws (138) that is symmetric in the
sense of Definition 6.2 and assume that the nullspace invariance property (N) is sat-
isfied. Denoting by u′ = Pt u and v′ = P−1v, the auxiliary variable, any normal form
of the system (138) is given by a change of variable in the form w = (Fi(u′

i),Fii(v′
ii)
)t

where Fi and Fii are two diffeomorphisms of R
ni and R

nii , respectively, and we have

b =
(
0, bii(w, ∂xwii)

)t =
(
0,
∑

i, j∈C

mii,ii,ii
i j (w) ∂i wii ∂ j wii

)t
, (141)

where mii,ii,ii
i j (w) are third order tensors depending on w with regularity at least

κ − 3. Finally, when Fii is linear, the quadratic residual b is zero.

The main interest of normal forms is that the resulting subsystem of partial differ-
ential equations governing the variable wi is symmetric hyperbolic [89, 94] whereas
the subsystem governing wii is symmetric strongly parabolic [89, 92] as discussed
in the next section.

Remark 6.6 It is also possible to investigate situations where the general structure
of the symmetrized source term �̃ is transfered to the source term � of the normal
variable [104].

6.3 Hyperbolicity and Parabolicity

Consider a first-order abstract system of partial differential equations written in the
form

A0(w)∂t w +
∑

i∈C

Ai (w)∂i w = �(w), (142)

where A0, Ai , i ∈ C , and � are smooth functions of w over an open set Ow,
C = {1, . . . , d} the set of direction indices of R

d , and where A0 is assumed to be
invertible. The following definition of hyperbolicity can be found in the book of
Denis Serre [94].

Definition 6.7 The system (142) is said to be hyperbolic at a given point w if
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sup
ξ∈R

d

∥∥exp
(−i
(
A0(w)

)−1A(w, ξ)
)∥∥ < ∞, (143)

where for ξ ∈ R
d we have defined A(w, ξ) =∑i∈C Ai (w)ξi .

When the system (142) is hyperbolic, it is easily established that the matrix(
A0(w)

)−1A(w, ξ) is diagonalizable with real eigenvalues so that it is hyperbolic
in the classical sense [94, 96]. We also have the following sufficient condition in
terms of eigenvalues and eigenvector matrices established by Serre [94].

Proposition 6.8 Assume that
(
A0(w)

)−1A(w, ξ) is diagonalizable at w for any ξ ∈
R

d with real eigenvalues. Let P(ξ) denote a matrix of eigenvectors and assume that

sup
ξ∈R

d
‖P(ξ)‖ ‖P(ξ)−1‖ < ∞. (144)

Then the system (142) is also hyperbolic at w.

A fundamental property of Definition 6.7 is its invariance under a change of
variable [94]. Moreover, when a first-order system is symmetrizable, it is hyperbolic
[94, 96].

Definition 6.9 The system (142) is said to be symmetric at a given point w when
A0(w) is positive definite and the matrices Ai (w), i ∈ C , are symmetric.

Proposition 6.10 A symmetric system of partial differential Eq. (142) is hyperbolic.

Since the existence of an entropy function also implies symmetrizability, it auto-
matically implies hyperbolicity in the sense ofDefinition 6.7 aswell as in the classical
sense [94, 96].

We now discuss parabolicity and consider a second-order system in the form

A0(w)∂t w =
∑

i, j∈C

Bi j (w)∂i∂i w + �(w, ∂xw), (145)

where A0, Bi j , i, j ∈ C , are smooth functions of w over an open set Ow, � is
a smooth function over Ow × R

dn, and where A0 is invertible. We will generally
consider second-order symmetric systems in the following sense.

Definition 6.11 The system (145) is said to be symmetric at a given point w when
A0(w) is symmetric positive definite and

(
Bi j (w)

)t = B j i (w), for i, j ∈ C .

We then have the following definition for strongly parabolic systems of second-
order partial differential equations involving theLegendre-Hadamard condition.Note
that this definition should only concern the parabolic subsystem in the variable wii
but we have suppressed all ii indices to simplify the presentation.
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Definition 6.12 Assume that the system (145) is symmetric at a given point w. This
system is said to be strongly parabolic at w if there exists a positive constant δ > 0
such that for any ξ = (ξ1, . . . , ξd)t and w = (w1, . . . , wn)t we have

∑

1≤i, j≤d
1≤k,l≤n

(
Bi j (w)

)
klξiξ jwkwl ≥ δ|ξ|2|w|2. (146)

Remark 6.13 It is often the case that systems of partial differential equations of
physical origin satisfy a stronger property—the Legendre condition—than (146) at
a given point w and are indeed such that

∑

1≤i, j≤d
1≤k,l≤n

(
Bi j (w)

)
klζikζ jl ≥ δ|ζ|2, (147)

for any ζ ∈ R
dn. The condition (146) then simply corresponds to the situationwhere ζ

is constrained to be a tensor product ζ = ξ⊗w, so that ζik = ξiwk , for i ∈ {1, . . . , d}
and k ∈ {1, . . . , n}.

The definition of strong parabolicity is only given here for symmetric systems
and will be applied to the symmetrized forms like (138) or (139), thereby naturally
involving entropy Hessians. Indeed, the definition of strong parabolicity in the usual
sense, which neither require symmetry properties nor entropy hessians, only has
a meaning for particular forms of systems of partial differential equation under
consideration which need to be specified as shown by the following counter example.
Consider the system ∂t w − DΔw = 0 where w = (w1, w2)

t , Δw = (Δw1,Δw2)
t ,

and D = diag(δ1, δ2), with δ1 > 0, δ2 > 0, and δ1 �= δ2. In other words, consider
two uncoupled heat equations which of course form a symmetric strongly parabolic
system. Introduce next the modified variable w′∗ = (w1 + w2, δw2)

t where δ > 0
is a positive parameter. We then have ∂t w′∗ − D′

Δw′∗ = 0 with

D′ =
[
δ1

δ2−δ1
δ

0 δ2

]
,

so that if 0 < δ < |δ2 − δ1|/(2
√

δ1δ2) the quadratic form associated with D′ is not
positive definite and the system in the w′∗ variable is not strongly parabolic in the
usual sense even though it is obtained from a trivially strongly parabolic system.

Definition 6.14 Denoting B(w, ξ) = ∑i, j∈C ξiξ j Bi j (w), a system (145) is said to
be parabolic in the sense of Petrovsky at a given point w if there exists a positive
constant δ such that for any ξ ∈ R

d , the eigenvalues λ of
(
A0(w)

)−1B(w, ξ), are
such that

�(λ) ≥ δ|ξ|2. (148)



Dissipative Reactive Fluid Models from the Kinetic Theory 115

Various other generalized definitions of parabolicity are discussed in the book of
Ladyz̃enskaja et al. [87], in particular that of Douglis and Nirenberg, Shirota, and
Eı̆del’man, but these definitions coincide with that of Petrovsky for second-order
systems [87] and also coincide with the notion of normal ellipticity. For symmetric
systems, we now have the following equivalence result [101].

Proposition 6.15 Consider a second-order system in the form

A0(w)∂t w =
∑

i, j∈C

Bi j (w)∂i∂ j w + �(w, ∂xw),

and assume that the system is symmetric. Then the system is strongly parabolic at w
if and only if it is Petrovsky parabolic at w.

Sketch of the proof. The eigenvalues of
(
A0(w)

)−1B(w, ξ) are essentially Rayleigh

quotients with respect to the scalar product 〈〈x, y〉〉 = 〈A0x, y〉. �
From a practical point of view, for systems of partial differential equations derived

from physics, thanks to the existence of a mathematical entropy, we can use sym-
metrized systemsof partial differential equations and then rely of the proper definition
of strongly parabolic systems 6.12. In addition, strongly parabolicity is then invari-
ant by a change of variable for symmetric systems, after multiplication of the left by
the transpose of the jacobian matrix. Considering for instance the previous system
∂t w−DΔw = 0wherew = (w1, w2)

t ,Δw = (Δw1,Δw2)
t , andD = diag(δ1, δ2),

with δ1 > 0, δ2 > 0, and letting w′∗ = (w1 + w2, δw2)
t where δ > 0 is a positive

parameter and

P =
[
1 1
0 δ

]
, Q = P−1,

we then have
Qt Q∂t w′∗ − Qt DQΔw′∗ = 0,

which remains symmetric strongly parabolic.

6.4 Natural Entropic form for Multicomponent Flows

We evaluate in this section the natural entropic symmetrized form for the sys-
tem of partial differential equations modeling multicomponent reative fluids. We
use the mathematical entropy σ = −S/R where the 1/R factor is introduced for
convenience. For this particular system of partial differential equations we have
n = n + d + 1, the velocity components of all quantities in R

n+d+1 are denoted as
vectors of R

d and the corresponding partitioning is also used for matrices.
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Theorem 6.16 Assume that (H1–H5) hold. Then the function σ = −S/R is a math-
ematical entropy for the system (136) governing multicomponent fluids and the cor-
responding entropic variable is

v = (∂uσ)t = 1

RT

(
g1 − 1

2 |v|2, . . . , gn − 1
2 |v|2, v,−1

)t
. (149)

The map u → v is a Cκ−1 diffeomorphism from Ou onto Ov. The system written in
term of the entropic variable v is

Ã0(v)∂t v +
∑

i∈C

Ãi (v)∂i v =
∑

i, j∈C

∂i

(
B̃i j (v)∂ j v

)+ �̃(v), (150)

with Ã0 = ∂vu, Ãi = Ai∂vu, B̃i j = Bi j∂vu, and �̃ = �, and is of the symmetric
form. The matrix Ã0 is given by

Ã0 =
⎡

⎣
Λ Sym

v⊗Λ1I 〈Λ1I, 1I〉v⊗v + ρRT I
Λetl 〈Λetl, 1I〉vt + ρRT vt Υ

⎤

⎦ , (151)

where Λ is the diagonal matrix of size n given by

Λ = diag(m1ρ1, . . . , mnρn),

etl is the vector of size n given by

etl = (etl1 , . . . , etln )t ,

and Υ = 〈Λetl, etl〉 + ρRT |v|2 + RT 2cv. Since Ã0 is symmetric, we only give its
left lower triangular part and write “Sym” in the upper triangular part. Denoting
by ξ = (ξ1, . . . , ξd)t an arbitrary vector of R

d and letting Ã =∑i∈C ξi Ãi , we have

Ã = v·ξ Ã0 + RT

⎡

⎣
0 Sym

ξ⊗� ρ(ξ⊗v + v⊗ξ)

v·ξ �t v·ξ ρvt + ρhtlξt 2ρhtlv·ξ

⎤

⎦ . (152)

Moreover, we have the decomposition

B̃i j = B̃
Dλ

δi j + κRT B̃
κ
i j + ηRT B̃

η
i j , (153)

with

B̃
Dλ = RT

p

⎡

⎣
D Sym
0d,n 0d,d

(Dh)t 01,d λpT + 〈Dh, h〉

⎤

⎦ , (154)
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where D = (ρkρl Dkl)k,l∈S is the matrix of size n with components ρkρl Dkl and h
is the vector of size n with components hi = hi + RT

mi
χ̃i . Moreover, denoting by

ξ = (ξ1, . . . , ξd)t and ζ = (ζ1, . . . , ζd)t arbitrary vectors of R
d , the matrices B̃

κ
i j

and B̃
η
i j , i, j ∈ C, are given by

∑

i, j∈C

ξiζ j B̃
κ
i j =

⎡

⎣
0n,n 0n,d 0n,1
0d,n ξ⊗ζ v·ζ ξ
01,n v·ξ ζt v·ξ v·ζ

⎤

⎦ , (155)

∑

i, j∈C

ξiζ j B̃
η
i j =

⎡

⎣
0n,n 0n,d 0n,1

0d,n ξ·ζ I + ζ⊗ξ − 2
3ξ⊗ζ ξ·ζ v + v·ξ ζ − 2

3v·ζ ξ

01,n ξ·ζ vt + v·ζ ξt − 2
3v·ξ ζt ξ·ζ v·v + 1

3v·ξ v·ζ

⎤

⎦ .

(156)
Finally, the equilibrium manifold is given by

E = (MR)⊥ × R
d × R, (157)

where R = span{ νi , i ∈ R } ⊂ R
n is spanned by the reaction vectors and M =

diag(m1, . . . , mn). Moreover, at an equilibrium point v� according to Definition 5.3
where �̃(v�) = 0, the linearized source term L̃(v�) = −∂v�̃(v�) is in the form

L̃(v�) =
∑

i∈R
Λipi⊗pi , (158)

where pi = (m1ν1i , . . . , mnνni , 0, 0)t and Λi = Kf
i (T �)

∏
k∈S(ρ

�
k/mk)

νfki .

Sketch of the proof. The proof is lengthy but present no serious difficulty and we refer
the reader to [9, 95, 101]. �

Remark 6.17 For ideal fluids, the symmetrizing change of variable u → v is one to
one and is thus a global change of variable [9, 95]. On the contrary, for nonideal fluid,
even though the entropy σ is globally defined, a typical situation is that of distinct
points u� and u� such that v� = v�. Indeed, we see from (149) that the equality
v� = v� corresponds to the chemical equilibrium between the two stable phases u�

and u� with identical pressure, temperature and Gibbs functions, that may notably
be observed for nonideal fluids.

For mixtures of ideal gases, there is also a uniqueness theorem for mathematical
entropies that are independent of transport coefficients [103]. This result strengthen
the representation theorem of normal variable as well as the importance of the natural
entropic symmetrized form.

Theorem 6.18 Let σ̃ be a Cκ function defined on the open set Ou satisfying (E2),
(E3) and such that ∂2

uσ̃ is invertible. Assuming that σ̃ is independent of the mass and
heat diffusion parameters, then σ̃ is in the form
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σ̃ = αSS +
∑

i∈S

αiρi + αvρv + αE (E + 1
2ρ|v|2), (159)

where αS αi , i ∈ S, αv and αE are constants.

This shows in particular that mathematical entropies independent of transport
parameters—a somewhat natural condition—are indeed unique up to an affine trans-
form, once the trivial factors proportional to conserved quantities have been elimi-
nated and the corresponding entropic variables are then proportional.

6.5 Natural Normal form for Multicomponent Flows

The symmetric system (150) may be rewritten into a normal form, that is, in the
form of a symmetric hyperbolic-parabolic composite system, where hyperbolic and
parabolic variables are split [89, 92, 95, 100, 105–108, 113]. We first establish that
the nullspace invariance property holds for multicomponent flows.

Lemma 6.19 The nullspace of the matrix

B̃(v, ξ) =
∑

i, j∈C

B̃i j (v)ξiξ j ,

is independent of v ∈ Ov and ξ ∈ 	d−1 and given by

N (B̃) = R(1I, 0, 0)t ,

and we have B̃i j (v)N (B̃) = 0, i, j ∈ C, for v ∈ Ov.

Proof Letting x = (x1, . . . , xn, xv, xT )t , with x� = (x1, . . . , xn)t , xv = (xn+1, . . . ,

xn+d)t , it is obtained after some algebra with ξ ∈ 	d−1 that

〈
B̃x, x

〉 = κRT
(
ξ · (xv +vxT )

)2 +ηRT
(
1
3

(
ξ · (xv +vxT )

)2 + ∣∣xv +vxT
∣∣2
)

+ RT

p

∑

i, j∈S

Di j (xi + hi xT )(x j + h j xT ) + λRT 2x2T .

Assuming that
〈
B̃x, x

〉 = 0 we thus obtain that successively that xT = 0 and xv = 0
and next since N (D) = R1I, we deduce that (x1, . . . , xn)t ∈ R1I. We have thus
established that N (B̃) is spanned by (1, . . . , 1, 0, 0)t and it is easily checked that
B̃i j (v)N (B̃) = 0, i, j ∈ C , for v ∈ Ov. �

Since N (B̃) is spanned by (1I, 0, 0)t , we define the matrix P by
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P =

⎡

⎢⎢⎢⎢⎣

1 01,n−1 01,d 0

1n−1,1 In−1 0n−1,d 0n−1,1

0d,1 0d,n−1 I 0d,1

0 01,n−1 01,d 1

⎤

⎥⎥⎥⎥⎦
, (160)

andwemay introduce the auxiliary variable u′ = Pt u and the corresponding entropic
variable v′ = P−1v given by

u′ =
(
ρ, ρ2, . . . , ρn, ρv, E + 1

2ρ|v|2
)t

and

v′ = 1

RT

(
g1 − 1

2 |v|2, g2 − g1, . . . gn − g1, v,−1
)t

.

From the representation theorem 6.5, we deduce that all normal forms of the system
(138) are obtained with variables w in the form

w =
(
Fi
(
ρ
)
,Fii

(g2−g1
RT

, . . . ,
gn−g1

RT
,

v

T
,

−1

RT

))t

, (161)

where Fi and Fii are diffeomorphism of R and R
n+d . In the following theorem, we

evaluate the normal form corresponding to the natural normal variable.

Theorem 6.20 Assume that (H1–H5) hold and consider the normal variable

w =
(
ρ,

g2−g1
RT

, . . . ,
gn−g1

RT
,

v

RT
,

−1

RT

)t
, (162)

and the diffeomorphism v �−→ w from Ov onto the open set Ow = (0,∞)×R
n−1 ×

R
d × (−∞, 0). Then the system of partial differential equations in normal form may

be written

A0(w)∂t w +
∑

i∈C

Ai (w)∂i w =
∑

i, j∈C

∂i

(
Bi j (w)∂ j w

)+ �(w), (163)

where the matrix A0 is given by

A0 =
[

A
i,i
0 Sym

0n+d,1 A
ii,ii
0

]
,

with
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A
i,i
0 = 1

〈Λ1I, 1I〉 A
ii,ii
0 = 1

〈Λ1I, 1I〉

⎡

⎣
Aii,ii

Sym
0d,n−1 〈Λ1I, 1I〉ρRT I

at 〈Λ1I, 1I〉ρRT vt Υ

⎤

⎦ .

The matrix Aii,ii
is the square matrix of dimension n − 1 with coefficients

Aii,ii
kl = 〈Λ1I, 1I〉Λkl − (Λ1I)k(Λ1I)l , 2 ≤ k, l ≤ n,

a is the vector of dimension n − 1 with coefficients

al = 〈Λ1I, 1I〉(Λetl)l − (Λ1I)l〈Λetl, 1I〉, 2 ≤ l ≤ n,

and Υ is given by

Υ 〈Λ1I, 1I〉〈Λetl, etl〉 − 〈Λetl, 1I〉2 + 〈Λ1I, 1I〉ρRT (cvT + |v|2),

keeping in mind that 1I = (1, . . . , 1)t , etl = (etl1 , . . . , etln )t , and that Λ = diag(m1ρ1,
. . . , mnρn). Denoting by ξ = (ξ1, . . . , ξd)t an arbitrary vector of R

d , the matrices
Ai , i ∈ C, are given by

∑

i∈C

ξi Ai = A0v·ξ + ρRT

〈Λ1I, 1I〉

⎡

⎢⎢⎣

0 Sym
0n−1,1 0n−1,n−1

ξ ξ⊗y 0d,d

v·ξ v·ξyt γξt 2γv·ξ

⎤

⎥⎥⎦ ,

where y is the vector of dimension n − 1 with components

y l = 〈Λ1I, 1I〉yl − (Λ1I)l , 2 ≤ l ≤ n,

and
γ = 〈Λ1I, 1I〉htl − 〈Λetl, 1I〉.

The matrices Bi j have the structure

Bi j = δi j B
Dλ + RT κB

κ
i j + RT ηB

η
i j ,

where
B

κ
i j = B̃

κ
i j , B

η
i j = B̃

η
i j , i, j ∈ C,

whereas B
Dλ

has its first line and first column composed of zeros and its lower right

block B
Dλ ii,ii

equal to B̃
Dλ ii,ii

so that
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B
Dλ = RT

p

⎡

⎢⎢⎣

0 Sym
0 Dn−1,n−1
0 0d,n 0d,d

0 (Dh)t
n−1 01,d λpT + 〈Dh, h〉

⎤

⎥⎥⎦ ,

where Dn−1,n−1 is the matrix of size n − 1 with coefficients (ρkρl Dkl)2≤k,l≤n and
(Dh)n−1 are the n−1 last components of Dh. Finally, the source term for the normal
form is given by

� =
(
0, m2ω2, . . . , mnωn, 0, 0

)t
.

Proof The proof is lengthy and tedious but presents no serious difficulties. �

7 The Cauchy Problem

The equations governing multicomponent reactive flows have been derived from the
kinetic theory of gases and rewritten in normal form. These equations have local
smooth solutions [108], global smooth solutions around constant equilibrium states
[95] and also traveling wave solutions [119]. We discuss in this section existence
theorem around equilibrium states and asymptotic stability. The smooth dependence
on a parameter has also been investigated in [97]. We first discuss local strict dissi-
pativity in an abstract setting and then discuss the situation of multicomponent flows
and the Cauchy problem [89, 92, 94, 95, 97–102].

7.1 Local Dissipativity

We present in this section the dissipativity properties around equilibrium states that
are needed in order to establish global existence and asymptotic stability [89, 95,
106]. We consider a symmetrizable quasilinear system, assume that the nullspace
invariance property (N) holds, and that the system has been rewritten in normal
form.

We assume that there exists an equilibrium state u� ∈ Ou with �(u�) = 0 and
we denote by v� and w� the corresponding constant state in the v and w variables
respectively. If we linearize system (139) around the constant stationary state w�, we
obtain a linear system in the variable δw = w − w� in the form

A0(w�)∂tδw +
∑

i∈C

Ai (w�)∂iδw −
∑

i, j∈C

Bi j (w�)∂i∂ jδw + L(w�)δw = 0, (164)
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where L(w�) is defined by L(w�) = −∂w�(w�). Investigating smooth global
solutions around constant equilibrium states require such linearized normal forms to
be strictly dissipative [89]. When the source term of the normal form is in quasilin-
ear form, the matrix L is positive semi-definite. However, since w� is an equilibrium
point, this is a general property deduced form (S7) [101].

Lemma 7.1 Consider a system of conservation law with an entropy and assume that
the system is written in normal form (139). Assuming that w� is such that �(w�) = 0,
then, letting L = −∂w�, the matrix L(w�) is symmetric positive semi-definite.

By Fourier transform, the spectral problem associated with the linear system of
partial differential equations (164) reads

°A0(w�)φ +
(
iζA(w�, ξ) + ζ2B(w�, ξ) + L(w�)

)
φ = 0, (165)

where ζ ∈ R, i2 = −1, ξ ∈ 	d−1, φ ∈ C
n, A(w�, ξ) =∑i∈C Ai (w�)ξi and

B(w�, ξ) =
∑

i, j∈C

Bi j (w�)ξiξ j , L(w�) = −∂w�(w�).

Wedenote byS(ζ, w) the set of complex numbers° such that there existsφ ∈ C
n,φ �=

0, satisfying (165). The following equivalent forms of the ‘Kawashima condition’
have been established by Shizuta and Kawashima [106] for (K1–K4) and Beauchard
and Zuazua [117] for (K5).

Theorem 7.2 Assume that the matrix A0(w�) is symmetric positive definite, that the
matrices Ai (w�), i ∈ C, are symmetric, that the reciprocity relations Bi j (w�)t =
B j i (w�), i, j ∈ C hold, that the matrix B(w�, ξ) = ∑

i, j∈C Bi j (w�)ξiξ j is positive

semi-definite for ξ ∈ 	d−1, that L(w�) is symmetric positive semi-definite, and
denote A(w�, ξ) = ∑

i∈C Ai (w�)ξi . The system of partial differential equations is
said to be strictly dissipative at w� when any of the following equivalent properties
holds.

(K1) There exists a C∞ map K : 	d−1 → R
d,d such that for any ξ ∈ 	d−1

the product K (ξ)A0(w�) is skew-symmetric, K (−ξ) = −K (ξ), and K (ξ)

A(w�, ξ) + B(w�, ξ) + L(w�) is positive definite.

(K2) For any ζ ∈ R, ζ �= 0, and any ξ ∈ 	d−1, the eigenvalues ° ∈ S(ζ, ξ)

have a negative real part �(°) < 0.

(K3) Let φ ∈ R
n\{0} such that B(w�, ξ)φ = 0 and L(w�)φ = 0 for some

ξ ∈ 	d−1. Then we have ζA0(w�)φ + A(w�, ξ)φ �= 0 for any ζ ∈ R.

(K4) There exists δ > 0 such that for any ζ ∈ R, ξ ∈ 	d−1, the eigenvalue

° ∈ S(ζ, ξ) have their real part majorized by �(°) ≤ −δ |ζ|2
1+|ζ|2 .
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(K5) Letting Â
� = (A0(w�)

)−1A(w�, ξ) and

B̂
� = (A0(w�)

)−1(B(w�, ξ) + L(w�)
)
,

the Kalman condition rank
[

B̂
�
, Â

�
B̂

�
, . . . , (Â

�
)n−1 B̂

� ] = n holds.

A physical interpretation of the ‘Kawashima condition’ (K1–K5) is that all waves
associated with the hyperbolic operator A0(w�)∂t +∑i∈C Ai (w�)∂i lead to dissi-
pation, i.e., entropy production, since there are not in the nullspace of B, as shown
by (K3). Only the symmetric part of the product K (ξ) A(w�, ξ) plays a role in (K1).
The traditional Kalman condition involving the n2 × n matrix with first block B̂

�
,

second block B̂
�

Â
�
, and kth block B̂

�
(Â

�
)k−1 has been rewritten in the form (K5)

with a n × n2 matrix thanks to the symmetry of A0(w�), B(w�, ξ) and L(w�).

Remark 7.3 It is not known in general if thematrix K (ξ)may bewritten
∑

j∈C K jξ j

although it is generally possible to obtain compensating matrices in this form in
practical applications.

7.2 Existence of Solutions

Local in time solutions [108] may first be obtained by using a normal from as well
as a general existence theorem from Volpert and Hujaev [105]. The corresponding
existence result in [108] has been presented for a more general fluid with vibrational
desequilibrium but also directly applies to the system of partial differential equations
presented in the previous sections.

On the other hand, global solutions around equilibrium statesmay also be obtained
using the local strict dissipative properties for multicomponent flows. The existence
of chemical equilibrium points is first a consequence of the structural properties
of thermochemistry and is traditionally obtained by minimizing a thermodynamic
function [9].

Proposition 7.4 For T � > 0 and �c ∈ (0,∞)n there exists a unique equilibrium
point u� associated with z� = (ρ�

1, . . . , ρ
�
n, 0, T �

)t
such that �� − �c ∈ MR.

The system of partial differential equations governing multicomponent reactive
flows written in normal form is then strictly dissipative [89, 92, 95, 97, 106].

Proposition 7.5 Consider an equilibrium state w� as obtained in Proposition 7.4.
Then the linearized normal form at w� is strictly dissipative.

Proof Using for convenience the characterization (K3), we consider ξ ∈ 	d−1 and
assume that φ �= 0 is such that B(w�, ξ)φ = L(w�)φ = 0. We first establish that
φ = α(1, 0, . . . , 0)t for some α �= 0.
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From the expression of B in Theorem 6.20, letting

φ = (φ1, . . . ,φn,φv,φT )t ,

we obtain

〈Bφ,φ〉 = κRT
(
ξ · (φv + vφT )

)2 + ηRT
(
1
3

(
ξ · (φv + vφT )

)2 + ∣∣φv + vφT
∣∣2
)

+ RT

p

∑

2≤i, j≤n

Di j (φi + hiφT )(φ j + h jφT ) + λRT 2φ2
T .

This is a sum of nonnegative terms and if it is zero, we successively deduce that
φT = 0 and then that φv = 0 and finally that

∑
2≤i, j≤n Di jφiφ j = 0. Since

N (D) = Ry we have N (D) = R1I so that D is positive definite for vectors in
the form (0,φ2, . . . ,φn)t and φ2 = . . . = φn = 0. We have established that φ is
proportional to (1, 0, . . . , 0)t and such vectors are also in the nullspace of L. Indeed,
using (158) and L(w�) = (∂wv(w�)

)t L̃(v�) ∂wv(w�), a direct calculation yields

L(w�) =
∑

i∈R
Λip

′
i⊗p′

i ,

where p′
i = (0, m2ν2i , . . . , mnνni , 0, 0)t so that (1, 0, . . . , 0)t is in the nullspace of

L(w�).
We must now establish that for any ζ ∈ R we have ζA0(w�)φ + A(w�, ξ)

φ �= 0 where A(w�, ξ) =∑i∈C Ai (w�)ξi . However, a direct calculation keeping the
notation of Theorem 6.16 yields that

〈Λ1I, 1I〉
α

(
ζA0(w�)φ + A(w�, ξ)φ

)
= (ζ + v · ξ)

⎡

⎣
e1
0
0

⎤

⎦+ ρRT

⎡

⎣
01,n
ξ

v·ξ

⎤

⎦ ,

where e1 ∈ R
n is the first basis vector e1 = (1, 0, . . . , 0)t of R

n . As a consequence,
the vector ζA0(w�)φ+A(w�, ξ)φmay have its first component zero with ζ = −v·ξ
but its velocity components never vanish since ξ ∈ 	d−1 and (K3) holds. �

The local strict dissipativity properties now imply global existence and asymptotic
stability of equilibrium states [89, 95, 97]. The existence proof mainly consists in
establishing a priori estimates for linearized equations, then a local existence theorem,
next a priori estimates independent of the time interval using strict dissipativity and
finally using the local existence repeatedly [89, 95, 97, 106, 107, 118]. We present
such a theorem for the equations governing multicomponent reactive flows in their
natural normal form.

Theorem 7.6 Let d � 1, l � [d/2] + 2, and consider the equations governing
multicomponent reactive flows in normal form w = (wi, wii)

t with
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wi = ρ, wii =
(g2−g1

RT
, . . . ,

gn−g1
RT

,
v

RT
,

−1

RT

)t
. (166)

Let w� be a chemical equilibrium state as in Proposition 7.4. If the initial condition
w0(x) is such that ‖w0 − w�‖Hl is small enough, then the Cauchy problem with

w(0, x) = w0(x) has a global solution with

wi − w�
i ∈ C0

([0,∞); Hl) ∩ C1
([0,∞); Hl−1), (167)

wii − w�
ii ∈ C0

([0,∞); Hl) ∩ C1
([0,∞); Hl−2). (168)

Moreover we have the estimates

‖w(t) −w�‖2Hl +
∫ t

0

(‖∇wi(τ )‖2Hl−1 + ‖∇wii(τ )‖2Hl

)
dτ � C‖w0 − w�‖2Hl ,

and sup
R

d |w(t) − w�| goes to zero as t → ∞.

From Theorem 7.6 the equilibrium point w� is asymptotically stable and with
stronger assumptions it is also possible to obtain decay estimates [95].

Theorem 7.7 Let d � 1, l � [d/2] + 3 and assume that the initial condition w0(x)

is such that w0 − w� ∈ Hl(Rd) ∩ L p(Rd), where p = 1, if d = 1, and p ∈ [1, 2),
if d � 2. Then if ‖w0 − w�‖Hl + ‖w0 − w�‖Lp is small enough, the global solution
satisfy the dacay estimate

‖w(t) − w�‖Hl−2 � β(1 + t)−γ
(‖w0 − w�‖Hl−2 + ‖w0 − w�‖Lp

)
,

for t ∈ [0,∞), where β is a positive constant and γ = d × (1/2p − 1/4).

Such theorems for hyperbolic-parabolic systems may be used for various other
fluid models. They have been notably used for ambipolar plasmas where Poisson
Equation is replaced by the zero current limit [97], partial equilibrium flows where
some group of chemical reactions are assumed infinitely fast [116], as well as for
Saint-Venant equations modeling thin viscous layers over fluid substrates [120].

8 Conclusion and Future Directions

We have presented in these notes the kinetic theory of reactive gas mixtures. We
have extracted from this molecular setting the corresponding fluid system of partial
differential equations as well as the natural assumptions for the system coefficients.
We have established that these fluid equations have a hyperbolic-parabolic structure
in such a way that they have local in time solutions [108] as well as global solutions
around equilibrium states [9, 95, 101]. These equations also have traveling wave
solutions in the low Mach number limit [119].
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The models developed in the previous sections may further be generalized to
describe gas mixtures in full vibrational nonequilibriumwhen each vibrational quan-
tum level is treated as a separate “chemical species” allowing detailed state-to-state
relaxation models [108]. When the vibrational quantum levels are partially at equi-
librium between them but not at equilibriumwith the translational/rotational states—
allowing the definition of a vibrational temperature—a different structure is obtained.
Models at thermodynamic nonequilibrium with two temperatures have also been
investigated and the apparition of a volume viscosity term has been justified mathe-
matically [104, 118].

Themathematical analysis of chemical equilibriumflows has been extended to the
situation of partial chemical equilibrium [116]. However, the mathematical structure
of numerous simplified chemistry methods is still obscure from amathematical point
of view at variance with partial equilibrium.

Various extensions could also consider initial-boundary value problems [121]
with the possibility of inflow or outflow conditions, heat losses, surface reactions
with complex heterogeneous chemistry, species surface diffusion or heat surface
conduction. Various numerical analysis theoretical results could also be extended
to the case of mixtures like convergence results of Petrov-Galerkin ‘Streamline–
Diffusion’ finite element techniques [90, 122].

The notion of higher order entropy may also be generalized to the situation of
multicomponent flows [123–126] as well as the singular limit of small Mach number
flow [127, 128].Multiphase flowswith sprays governed byBoltzmann type equations
[6], or derivedmultifluid sectionalmodels for droplets [129],may also be investigated
mathematically.
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Large Deviations in a Gaussian Setting:
The Role of the Cameron-Martin Space

Diogo Bessam

Abstract We discuss the use of the Cameron-Martin space of a Gaussian measure
in the description of the large deviations rates in a Gaussian setting. Three classical
examples of large deviations rates in this setting are surveyed and related. We further
illustrate the main ideas by directly verifying the Freidlin-Wentzell upper and lower
estimates for εX, as ε → 0, where X is a R

d Gaussian vector and by presenting
explicitly the Cameron-Martin space associated with X.

Keywords Large deviations rates · Gaussian measures · Cameron-Martin space ·
Reproducing kernel Hilbert space

1 Introduction

This article is a short review of the relation between the Cameron-Martin spaces and
the large deviations principle associated some Gaussian families. The intended read-
ers are graduate students of probabilitywith someknowledge of functional analysis or
researchers in probability and analysis unfamiliar with the mentioned relation. Gen-
erally speaking, the specific Gaussian setting here is a family of probability measures
Pε(·) = P(εX ∈ ·), as ε → 0, where X is someGaussian random element or stochas-
tic process. In fact, for the class of examples we have in mind, Gaussian measures
induce and are induced by Gaussian processes, due to the function space where the
stochastic process has its paths, the space of square integrable functions L2(0, 1):
see [4] that discusses this correspondence for a number of function spaces usually
used in the analysis of stochastic processes, including L2(0, T), for T ∈ (0,∞). In
the most general setting of Gaussian measures in Banach spaces, the definition of
Cameron-Martin space is somewhat technical involving some standard notions of
probability in a functional analytic setting. On the other hand, in finite dimensions,
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we believe the knowledge ofmultivariate calculus, some real analysis and probability
is enough to convey most of the concepts and ideas of the proofs without the need
of going into the technicalities related either to stochastic processes or measures in
abstract spaces. Furthermore, in this simpler case we can readily identify what is the
Cameron-Martin space, sayHγ , associated with the Gaussian distribution, say γ—it
is the support of the distribution. In particular, if the distribution is non-degenerate,
then Hγ is all Rd . This situation contrasts strikingly with the infinite dimensional
case, where γ (Hγ ) = 0, as soon as dimHγ = ∞.

With the above objective in mind, we discuss the underlying structure of the
large deviations rates for certain Gaussian families and some characterizations of
this structure. The referred structure is the Cameron-Martin space: given a Gaussian
measureγ on theBorel sets of a separableBanach spaceE, theCameron-Martin space
is a Hilbert space continuously embedded in E which characterizes the measure γ . A
property that identifies this space is that it consists of the directions h ∈ E underwhich
the translatedmeasures γ (·+h) are equivalent to γ—this property is an essential fact
behind the proof of the large deviations principle using a change of measure method.
Right away, a notable example of this structure is that of the triplet (Hγ , E, γW )

where: γW is the Wiener measure (law of the Wiener process) on E = C0([0, 1]),
the space of continuous paths on [0, 1] starting at 0, and the Cameron-Martin space
is Hγ = H1

0 ([0, 1]) = {f : [0, 1] → R, f (·) = ∫ ·
0 g(s)ds, g ∈ L2(0, 1)} (see [7] and

for a more detailed discussion of the properties of this triplet see [16, 20]). Various
aspects of Gaussian measures, the Cameron-Martin space and connections of these
objects with Gaussian processes can be found, e.g., in [3, 6, 17] and references
therein.

The characterization of the large deviations rates in a Gaussian setting through the
Cameron-Martin space is a classical result (see, e.g., [2, Chap. 2] or [9, 18]). Here we
survey three classical examples appearing in the literature and the relation between
one another. We further illustrate the main ideas of the method of proof of each large
deviations principle in those examples by directly verifying the Freidlin-Wentzell
upper and lower estimates for εX, as ε → 0, where X is a Rd Gaussian vector.

In the specific Gaussian setting discussed in this survey, the problem of proving
and representing large deviations rates is satisfactorily solved once we know how to
correctly represent the Cameron-Martin space (this is not a problem of large devia-
tion type anymore): for Gaussian measures with non-degenerate covariance operator
we may look for the series representation (and we may need to solve Fredholm equa-
tions); for Gaussian measures induced by Gaussian processes on C([0, T ]), T < ∞,
we look at ways to characterize the reproducing kernel Hilbert spaces associated with
the covariance function q(s, t). The problem of representing the large deviations rates
is solved in abstract, but, in each case, explicitation may be non trivial.

The remaining is organized as follows: in Sect. 2 we discuss Varadhan’s large
deviations principle and an equivalent formulation (the Freidlin-Wentzell estimates),
Gaussian measures and the Cameron-Martin space, how to relate three large devia-
tions rates appearing in the literature, furthermore we discuss the issue of describing
the Cameron-Martin space through series representations and the relation to repro-
ducing kernel Hilbert spaces; in Sect. 3 we discuss the Freidlin-Wentzell estimates,
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prove these to hold for the laws of the family εX, as ε → 0, where X is aRd Gaussian
vector, and we also explicitly identify the associated Cameron-Martin space and
prove it satisfies the change of measure property mentioned above.

2 Three Examples

We discuss the large deviations principle, Shilder’s theorem and two other general-
izations.

2.1 Large Deviations Principle

Let E be a complete, separable, metric space and (Pε)ε≥0 a family of probability
measures on the Borel subsets B(E) of E. Also, consider a lower semi-continuous
function I : E → [0,+∞] and r(ε) be a positive real valued function converging to
+∞, as ε → 0.

Definition 1 We say (Pε)ε≥0 satisfies a large deviations principle (LDP) on E with
rate function I (and scaling or speed r(ε)) if

(i) (upper bound) for each closed set C ⊂ E,

lim sup
ε→0

1

r(ε)
logPε(C) ≤ − inf

x∈C
I(x),

(ii) (lower bound) for each open set U ⊂ E,

lim inf
ε→0

1

r(ε)
logPε(U) ≥ − inf

x∈U
I(x).

We say I is a good rate function on E if

(0) for each c < ∞, {x ∈ E; I(x) ≤ c} is a compact set of E.

This formulation can be traced back to the works of M. Donsker and S.R.S.
Varadhan in [12, 13, 21].

The upper and lower bounds introduced express an asymptotic exponential decay
of the probability of such events, as ε → 0. Here I(x) should be seen as expressing
a local (in a small ball around x) asymptotic decay rate, while infA I is the global
decay rate for A. Let us make these ideas a little more definite: suppose the set S is
such that infS◦ I = infS I , where S◦ is the interior of S and S is the closure of S, then

lim
ε→0

1

r(ε)
logPε(S) = − inf

x∈S
I(x). (1)
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In an informal notation,

Pε(S) ∼= e−r(ε) infx∈S I(x), as ε → 0. (2)

In heuristic and incomplete terms, to interpret (2), we may think of I(x) as the cost of
moving, say some point, from its typical position x to a position at x. As r(ε) → ∞
the event S becomes unlikely, unless its typical value is contained in S. In fact, the
event S is unlikely with an exponentially decaying rate infx∈S I(x). On the other
hand, this decaying rate is the optimal one, that is, the one which costs the less.
This explanation is, of course, a simplification: there could be more than one typical
position.

The following quote from [8] may be appropriate here:

Any large deviation occurs in the least unlikely of all unlikely ways.

It can be seen that, since I is lower semi continuous, the infS I is attained on every
non-empty compact S (or every non-empty closed set if I is a good rate).

For convenience, let us introduce yet another formulation of the same principle
that can be traced back to the works of M. Freidlin and A. Wentzell in the context
of the study of small random perturbations of dynamical systems (see [15]). It is an
equivalent formulation that will be used in Sect. 3.

Definition 2 We say that I(x) is a (normalized) action function for (Pε)ε≥0 if

(I) (upper bound) for any δ > 0, any γ > 0 and any s > 0 there exists an ε0 > 0
such that

Pε{y; ρ(y, K(s)) ≥ δ)} ≤ exp {−r(ε)(s − γ )}

for all ε ≤ ε0;
(II) (lower bound) for any δ > 0, any γ > 0 and any x ∈ X there exists an ε0 > 0

such that

Pε{y; ρ(x, y) < δ} ≥ exp {−r(ε)(I(x) + γ )}

for all ε ≤ ε0;

(0) for every s < ∞, K(s) := {x; I(x) ≤ s} is compact set of E.

Here ρ(y, K(s)) denotes the distance of y to the set K(s), that is ρ(y, K(s)) =
infx∈K(s) ρ(y, x). The normalized action function in this formulation is the rate func-
tion in previous Definition 1. Moreover, the lower bound conditions are equivalent
(II) ⇔ (ii), which elucidates the local nature of the conditions. The first upper bound
condition is stronger, (i) ⇒ (I). Conversely, if we have a good rate function, (I) ⇒
(i) (see [15, Theorem 3.3]).
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2.2 Gaussian Measures and the Cameron-Martin Space

Let (E, ‖ · ‖) be a real separable Banach space. Denote its topological dual by E∗
and the norm by ‖ϕ‖E∗ = supx∈E |ϕ(x)|. We will define a Gaussian measure on the
Borel sets of E and then discuss its Cameron-Martin space.

2.2.1 Gaussian Measures

A Gaussian measure on a finite dimensional space is characterized by knowing
its projections onto the one dimensional subspaces and this property is suited for
generalization to infinite dimensional spaces.

Definition 3 A Borel measure γ on E is said a Gaussian measure if γ ◦ ϕ−1 is a
Gaussian probability measure onR, for every ϕ ∈ E∗.We say γ is centered if γ ◦ϕ−1

has zero mean for any ϕ ∈ E∗.

We will only consider real vector spaces and centered Gaussian measures.

Remark 1 If γ , v are two Borel probability measures on E, then γ = v if, and only
if, γ ◦ ϕ−1 = v ◦ ϕ−1, for all ϕ ∈ E∗ (see [17, Proposition 3.6]).

2.2.2 Cameron-Martin Space

To each Gaussianmeasure γ onE, we can associate a Hilbert spaceHγ continuously
embedded in E which identifies γ—the Cameron-Martin space. This space has a
characteristic geometric property: it consists of the directions of E along which we
are allowed to translate γ and still obtain an equivalent measure, i.e., a measure with
exactly the same null sets. The construction ofHγ is summarized next and for details
we direct the reader to [17, Sect. 3.2] which we follow closely. We will revisit this
construction for the simpler case of E = R

d in Sect. 3.

Definition 4 Let Cγ : E∗ × E∗ → R by

Cγ (ϕ, ψ) =
∫

E
ϕ(x)ψ(x)γ (dx).

We say Cγ is the covariance of γ . The Cameron-Martin space Hγ of γ is the
completion of the subspace of E defined by

H̊γ = {x ∈ E; ∃ x∗ ∈ E∗, Cγ (x∗, ψ) = ψ(x) ∀ψ ∈ E∗}

under the norm |x|2γ = Cγ (x∗, x∗).
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We make the following comments.

(a) Cγ takes values in R, since

|Cγ (ϕ, ψ)| ≤ ‖ϕ‖E∗‖ψ‖E∗
∫

E
‖x‖2γ (dx) < ∞.

Observe that
∫

E ‖x‖2γ (dx) < ∞. In fact, Fernique’s theorem implies more

strongly that there exists λ > 0 such that
∫

E eλ‖x‖2γ (dx) < ∞.
(b) Hγ is a Hilbert space under the inner product (x, y)γ = Cγ (x∗, y∗), and, even

though, the correspondence x �→ x∗ may not be one to one, both the inner
product and the norm are well defined. Note also, that this inner product is just
the L2(E, γ ) inner product.

(c) It can be shown that Hγ is identified with a subspace of E, even though, it is
obtained by completion. Furthermore ‖ · ‖ ≤ C|·|γ , for some constant C.

(d) It can be shown that if dimHγ = ∞, then γ (Hγ ) = 0. This shows that in
infinite dimensions the space Hγ is, in a measure sense, negligible.

The geometric property alluded to at the beginning of this section is

Theorem 1 (Cameron-Martin) Let h ∈ E, then

γ (· − h) is equivalent to γ if and only if h ∈ Hγ .

If h ∈ Hγ , the Radon-Nikodym derivative is given by

dγ (· − h)

dγ
(ϕ) = e(ϕ,h)γ − 1

2 |h|2γ .

If h �∈ Hγ , then γ (· − h) and γ are mutually singular.

For a proof, except the statement about singularity, see [17, Proposition 3.41,
p. 19]. For a complete proof (even in a more general setting than Banach spaces) see
[6, Corollary 2.4.3, Theorem 2.4.5].

2.2.3 The Case of Hilbert Spaces

Now let E = H be a separable Hilbert space with inner product (·, ·)H . This yields
some specializations due to the identification H∗ ≡ H (Riesz representation).

Theorem 2

1. If γ is a centered Gaussian measure, then there exists a positive, symmetric, trace
class, bounded operator Q such that:

Cγ (u, v) = (Qu, v)H , u, v ∈ H. (3)
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Here Q is called the covariance operator of γ . Furthermore, the trace is given by

tr(Q) =
∫

H
|x|2Hγ (dx).

2. Reciprocally, given Q bounded, positive, symmetric, trace class operator in H,
there is a centered Gaussian measure γ such that (3) holds.

See a proof in [9, Sect. 3.3.2]. This result allows us to represent properties of a
Gaussian measure in terms of its covariance operator Q. Note in particular that Hγ

is the completion of

H̊γ = {u ∈ H; ∃u∗ ∈ H, (Qu∗, v)H = (u, v)H , ∀v ∈ H}, i.e., the range of Q,

under the inner product

(Qu, Qv)γ = (Qu, v)H . (4)

We denote this range by QH and we denote the completion of QH under (·, ·)γ by
QH(·,·)γ . Equivalently,

Proposition 1 Let Q be the covariance operator of Gaussian measure γ on a sep-
arable Hilbert space H, then

1. Hγ = QH(·,·)γ ,
2. (u, v)γ = (u, Q−1v)H , u, v ∈ QH.

Note that we are not assuming Q is injective: by Q−1v we mean any element v∗
such that Qv∗ = v. It turns out that (·, ·)γ is a well defined inner product (as stated
in the more general case of Banach spaces E, in (b)). In fact, to see it is well defined:
let Qv∗ = v = Qṽ, Qu∗ = u then by symmetry of Q

(u, v∗)H = (Qu∗, v∗)H = (u∗, Qv∗)H = (u∗, Qṽ)H = (u, ṽ)H .

Similar arguments show that (·, ·)γ is definite positive symmetric bilinear form.
Alternatively, we can use the notion of generalized inverse as proposed in the sense
of [15, p. 93].

An alternative formulation is

Proposition 2 Let Q be the covariance operator of Gaussian measure γ on a sep-
arable Hilbert space H, then

1. Hγ = Q1/2H((·,·))γ ,
2. ‖u‖γ = |Q−1/2u|H , u ∈ Q1/2H.

Proposition 2 follows from Proposition 1 and the symmetry of Q: we are stating
that the Cameron-Martin space Hγ associated with the Gaussian measure γ can be
represented as Q1/2H((·,·))γ —the completion of Q1/2H under the inner product
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((u, v))γ = (Q−1/2u, Q−1/2v)H , u, v ∈ Q1/2H. (5)

In fact, (·, ·)γ and |·|γ are the restrictions to QH of ((·, ·))γ and ‖ · ‖γ , respectively.
When Q is injective, it turns out that Q1/2H is dense in H and this fact can be

used to show Hγ = Q1/2H.
When H = R

d , Hγ = Q1/2H for any Q (see Sect. 3).

2.3 Shilder’s Theorem and Generalizations

Next we discuss three large deviations (good) rates, all with speed r(ε) = ε−2.

Example 1 (Shilder) Given a standard Wiener process (W(t); t ∈ [0, 1]), the dis-
tribution laws Pε = L (εW) satisfy a LDP on L2(0, 1), as ε → 0, with rate function

I(ϕ) =
{

1
2

∫ 1
0 |ϕ̇(t)|2dt, ϕ ∈ H1

0 ([0, 1])
∞, otherwise,

where H1
0 ([0, 1]) = {ϕ; ϕ(t) = ∫ t

0 g(s)ds, g ∈ L2(0, 1)}. See [15, Chap.1, Sect. 2]
or [14, Theorem 5.2.3]. See also [19].

Example 2 More generally, consider a real valued, square integrable, zero-mean
Gaussian process X = (X(t); t ∈ [0, 1]). The laws L (εX), ε > 0, satisfy a LDP on
(L2([0, 1]), |·|2), as ε → 0, with rate function

I(ϕ) =
{

1
2 |Q−1/2ϕ(t)|22, ϕ ∈ Q1/2L2([0, 1])
∞, otherwise.

Here q(s, t) = EX(s)X(t), Q is the integral operator f (·) �→ ∫

S f (s)q(s, ·)ds and
Q1/2 is its square root. In the case when Q is not injective, the Q−1/2 is a generalized
inverse. See [15, Chap.3, Sect. 4].

Example 3 Lastly, even more generally, given a Gaussian measure γ on a separable
Banach space E, the family γ ( ·

ε
), ε ≥ 0, satisfies a LDP on E, as ε → 0, with rate

function

I(x) =
{

1
2 |x|2γ , x ∈ Hγ

∞, otherwise,

where (Hγ , (·, ·)γ ) is a certain Hilbert space continuously embedded in E. See [9,
Theorem 12.7], [18], [11, Chap. III, Sect. 3.4].
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From inspection, we naturally arrive at the following

Claim 1 The three examples above have a correspondence in the following sense:

1. Let X = (X(t); t ∈ [0, 1]) be a zero-mean Gaussian stochastic process such that
E

∫ 1
0 X2(t)dt < ∞ and let γ = L (X) on E = L2(0, 1). Then the rate function

for the laws γ ( ·
ε
) = L (εX) obtained in Example 2 is the rate function obtained

from Example 3.
2. In particular, if γ is the Wiener measure on L2(0, 1), then the rate function for

the laws γ ( ·
ε
) = L (εW) obtained in Example 2 is the rate function obtained in

Example 1.

The second statement in display can be verified by looking at the series represen-
tations of both spaces (see, e.g., [6, Example 2.3.15]). We will say more about this
type of representation in Sect. 2.3.1 below.

The first statement in display follows from Proposition 2. More specifically, it
follows from verifying that, in the given conditions, the covariance QX of X =
(X(t) : t ∈ [0, 1]) as a stochastic process coincides with the covariance Q of X as a
L2(0, 1)-valued random element as follows: denote (·, ·)2 the L2(0, 1) inner product,

(QX f , g)2 :=
∫ 1

0

(∫ 1

0
q(s, t)f (s)ds

)

g(t)dt

= E

∫ 1

0
f (s)X(s)ds

∫ 1

0
g(t)X(t)dt

=
∫

L2(0,1)
(f , x)2(g, x)2γ (dx)

= (Qf , g)2

for all f , g ∈ L2(0, 1). Hence, QX = Q and Examples 2 and 3 coincide.
The next two sections survey two descriptions of the Cameron-Martin space and

point directions on how to represent it.

2.3.1 The Cameron-Martin Space via Series Representation

Suppose a Gaussian process X is given in the conditions of the second example
above. In particular the associated covariance operator Q is a positive, symmetric,
trace class operator and the covariance function q(s, t) is a positive definite kernel
(meaning that the matrices (q(si, sj))i,j are positive semi-definite, symmetric).

If the covariance operator Q is injective the following series representation is
available

Hγ = {h =
∑

k

hkek ∈ H;
∑

k

|hk |2
λk

< ∞}, |h|2γ =
∑

k

|hk|2
λk

, h ∈ Hγ ,

where (ek) is a complete orthonormal system of eigenvectors of Q, with correspond-
ing eigenvaluesλk > 0. In turn, the diagonalizationofQ amounts to solving equations
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of the type
Qf = λf ⇔ (Q − λI)f = 0, f �= 0

with Q positive, self-adoint and trace class, or equivalently

∫ T

0
q(s, t)f (s)ds = λf (t), f �= 0, (6)

with q(s, t) positive definite kernel such that
∫

S q(s, s)ds < ∞. Equations of type
(6) are said Fredholm integral equations of the second kind. Direct methods such as
differentiation and algebraic manipulation of both sides of the equation are of use
in the case of the Wiener process ([6, Example 2.3.15]). For more general cases like
the Ornstein-Uhlenbeck process, those methods are already less useful.

In [5] a partial result in this direction was shown: a differential equation for
the eigenvalues and the eigenvectors of the associated covariance operator of the
Ornstein-Uhlenbeck.

Proposition 3 Let a �= 0, c > 0, 0 < T < ∞ and let X = (X(t); t ∈ [0, T ]) solve

dX(t) = −aX(t)dt + √
cdW(t), t ∈ [0, T ], X(0) = 0.

Let QX be the covariance associated with X. If QXf = λf , f �= 0, then

f ′′ + (
c

λ
− a2)f = 0,

f (0) = 0, f ′(T) = −af (T).

2.3.2 The Cameron-Martin Space via RKHS

When we are dealing with the Gaussian law of a certain stochastic process over a set
S, we may use the notion of reproducing kernel Hilbert space (RKHS) to describe the
Cameron-Martin space. Indeed, associated with the covariance function q(s, t) there
exists a unique RKHS Hq of functions on S. The space Hq is obtained canonically
through the Moore-Aronszajn construction (see [1]): it is the completion of the finite
linear combinations of {q(t, ·); t ∈ S} under the inner product (·, ·)q determined by
requiring the reproducing property (q(t, ·), q(s, ·))q = q(t, s). It turns out that the
RKHS is very often isometrically isomorphic to the Cameron-Martin space, so that
in the literature various authors use the terms fairly indistinguishably. Furthermore,
the very term Cameron-Martin space often refers to the specific space associated
with the Wiener measure, first considered in the article by Cameron and Martin [7].
To avoid confusion, we will adopt the terminology that: a RKHS comes associated
with a positive definite kernel and the Cameron-Martin space comes associated with
a Gaussian law. As just mentioned, these notions are equivalent under mild assump-
tions. Sufficient conditions for equivalence have been established in [22, Theorem
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2.1]: if the process has paths in a separable Banach subspace of the bounded functions
equipped with the uniform norm, thenHγ = Hq.

3 A Finite Dimensional Tour

We now consider the case when γ is the distribution law of a standard Gaussian
vector X ∈ E = R

d : first, we present the associated Cameron-Martin space—which
in this case is the support of γ—and prove that Theorem 1 holds; next, we provide
a proof of the LDP for the laws of εX, as ε → 0.

Let X = (X1, . . . , Xd) be a zero mean Gaussian vector on a probability space
(	,F ,P) with values in the Euclidean space (Rd, |·|Rd ). Also, denote by γ the
distribution law of X on R

d and denote by Q its covariance matrix:

Q = cov(X) = (EXiXj)
d
i,j=1.

The covariance matrix Q is symmetric and positive (xtQx ≥ 0), so there exists a
positive symmetric square root matrix Q1/2. It is straightforward to verify that

X = Q1/2ξ,

where ξ ∈ Rd is a standard Gaussian, hence X has measure support Q1/2
R

d .

3.1 The Cameron-Martin Space in Finite Dimensions

We now find that the Cameron-Martin space associated with the Gaussian distribu-
tion γ is Q1/2

R
d . Firstly, we observe the following facts: Q1/2

R
d = QR

d and the
previously defined inner products (·, ·)γ in (4) and ((·, ·))γ in (5) coincide. Indeed,
QR

d is a subspace of Q1/2
R

d and we have the linear isometry

Q1/2 :
(

Q1/2
R

d, |·|Rd

)
→

(
QR

d, |·|γ
)

, |Q1/2Q1/2u|γ = |Q1/2u|Rd .

Proposition 4 The space Hγ is the set

Q1/2
R

d with inner product (u, v)γ := (Q−1/2u, Q−1/2v)Rd .
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Proof From Proposition 2 and the facts stated above it is sufficient to show that

Q1/2
R

d = Q1/2
R

d
(·,·)γ .

Observe first that we have the continuous inclusion

(Q1/2
R

d, (·, ·)γ ) ↪→ (Rd, |·|Rd ),

i.e., on Q1/2
R

d we have |·|Rd ≤ C|·|γ , for some constant C: in fact for all u ∈ R
d ,

|Q1/2u|Rd ≤ C|Q1/2u|γ ,

where C is the operator norm of the matrix Q1/2. Now, take a Cauchy sequence
un ∈ Q1/2

R
d for the norm |·|γ . By the continuous inclusion, it is also a Cauchy

sequence for the Euclidean norm |·|Rd . SinceQ1/2
R

d is closed for |·|Rd , un converges
in Q1/2

R
d .

We now verify thatHγ indeed characterizes the vectors h for which X and X + h
have equivalent distributions, that is, γ and γ (· − h) have exactly the same zero
probability events, i.e., we sketch the proof of Theorem 1, when E = R

d and γ is
the distribution law of X.

We think it is instructive to pay attention to the case where X is non degenerate
first.

3.1.1 The Non-degenerate Case

If Q is non-degenerate, that is, the kernel N(Q) is {0} (or xtQx > 0, x �= 0), then
Hγ = R

d and (·, ·)γ is just the inner product determined by the matrix Q−1 on Rd .
This inner product may be written in a number of equivalent ways:

(x, y)γ = (x, Q−1y)Rd = (Q−1/2x, Q−1/2y)Rd =
d∑

i,j=1

xiyjq
i,j, Q−1 = (qi,j)d

i,j=1.

We visualize the geometry induced by (·, ·)γ by identifying the unit ball under this
metric: it is the set {x ∈ R

d; xtQ−1x ≤ 1}, an ellipsoidal level curve of the quadratic
form x �→ xtQ−1x (see [6, Chap. 1]).

Furthermore, the distribution γ has a density given by dγ
dλ

(x) = exp(− 1
2xtQ−1x)

(here λ is the Lebesgue measure of Rd). In terms of the objects just defined

dγ

dλ
(x) = exp(−1

2
|x|2γ ).



Large Deviations in a Gaussian Setting: The Role of the Cameron-Martin Space 147

For any h ∈ R
d , X + h is a Gaussian vector and its law ν is related to the law γ :

ν(A) = γ (A − h), that is, ν = γ (· − h). The density of γ (· − h) is readily seen to be

dγ (· − h)

dλ
(x) = exp(−1

2
|x − h|2γ ).

Also, γ (· − h) and γ (and also λ) are equivalent measures and the Radon-Nykodim
derivative is

dγ (· − h)

dγ
(x) = dγ (· − h)

dλ
(x)

dλ

dγ
(x)

= exp

(

−1

2
|x − h|2γ + 1

2
|x|2γ

)

= exp

(

−1

2
|x|2γ + xtQh − 1

2
|h|2γ + 1

2
|x|2γ

)

= exp((x, h)γ − 1

2
|h|2γ ).

3.1.2 The Degenerate Case

If Q does not have inverse (we say Q is degenerate), some structure is lost and the
argument is not so direct. Contrary to the non-degenerate case,Hγ and Rd can now
be very different from one another (see Example 4 and Fig. 1 at the end). Let r be
the dimension ofHγ . Here γ is supported onHγ hence it is singular to λ and there
is no density. Also, the shifted measure γ (· − h) has support on Hγ + h.

If h �∈ Hγ , the supports are disjoint and γ and γ (· − h) are singular.
If h ∈ Hγ , then Hγ − h = Hγ and we will use the following result, which

essentially says that γ can be seen as a standard Gaussian multivariate distribution
on Rr ≡ Hγ , with the inner product (·, ·)γ .
Theorem 3 For all bounded measurable f : Rd → R

∫

Rd
f (x)dγ (x) = 1

(2π)r/2

∫

Hγ

f (y) exp

(

−1

2
|y|2γ

)

dy.

See [10, Theorem 4.3].
Continuing, we conclude, by a change of variables, that for all bounded measur-

able f

∫

Rd
f (x)dγ (x − h) =

∫

Rd
f (x + h)dγ (x)

= 1

(2π)r/2

∫

Hγ

f (x + h) exp

(

−1

2
|x|2γ

)

dx
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= = 1

(2π)r/2

∫

Hγ −h
f (x) exp

(

−1

2
|x − h|2γ

)

dx

= 1

(2π)r/2

∫

Hγ

f (x) exp

(

−1

2
|x|2 + (x, h)γ − 1

2
|h|2γ

)

dx

=
∫

Hγ

f (x) exp

(

(x, h)γ − 1

2
|h|2γ

)

dγ (x).

Conclusion, γ (· − h) and γ are equivalent if and only if h ∈ Hγ .
If h ∈ Hγ the Radon-Nykodim derivative is

dγ (· − h)

dγ
(x) = exp((x, h)γ − 1

2
|h|2γ ).

If h �∈ H d
γ , then γ (· − h) and γ are singular.

Summarizing, we showed Theorem 1, when E = R
d and γ is the distribution law

of X.

3.2 The LDP in Finite Dimensions

There are various ways to show that the family εX, ε ≥ 0, satisfies a LDP as ε → 0.
Here we illustrate on a simple finite dimensional setting a method that has been
generalized for more general Gaussian elements. We state right away the result

Theorem 4 (Little Shilder) The family of Gaussian vectors εX, ε > 0 satisfies a
LDP on R

d with rate function

I(x) =
{

1
2 |Q−1/2x|2

Rd , x ∈ Q1/2
R

d

∞, otherwise.
(7)

From what was shown in the beginning of this section, the rate function from
Theorem 4 can be written as

I(x) =
{

1
2 |x|2γ , x ∈ Hγ

∞, otherwise.
(8)

Proof (of Theorem 4) We will show that (8) is the (normalized) action function of
εX (see Definition 2). For the lower bound, let δ > 0, h ∈ Hγ , then
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P
(|εX − h|Rd < δ

) = P

(

|X − h

ε
|Rd <

δ

ε

)

= γ

(

B

(

0,
δ

ε

)

−
(

−h

ε

))

=
∫

B
(
0, δ

ε

) exp
(
−ε−1(x, h)γ − ε−2I(h)

)
γ (dx)

= exp
(
−ε−2I(h)

) ∫

B
(
0, δ

ε

) exp
(
−ε−1(x, h)γ

)
γ (dx),

where in the passage to the integral we used Theorem 1. Now, by Chebyshev’s
inequality

γ

(

B

(

0,
δ

ε

))

= P

(

|X|Rd <
δ

ε

)

≥ 1 − ε2

δ2
E|X|2

Rd ≥ 3/4, (9)

for sufficiently small ε. Since X = Q1/2ξ , with ξ being a d-dimensional standard
Gaussian, it is straightforward to verify that

E|(X, h)γ |2 = |h|2γ = 2I(h)

so that

P

(
−ε−1(X, h)γ ≤ C

)
= P

(
|ε−1(X, h)γ | ≥ C

)

≤ ε−2
E|(X, h)2γ |

C2 = 1/4

for C = 2
√
2ε−1√I(h). Therefore,

P

(
exp(−ε−1(X, h)γ ) ≥ exp(2

√
2ε−1

√
I(h))

)
≥ 3/4. (10)

From estimates (9) and (10) it follows that

∫

B
(
0, δ

ε

) exp
(
−ε−1(x, h)γ

)
γ (dx) > 1/2 exp(−2

√
2ε−1

√
I(h)),

consequently

P
(|εX − h|Rd < δ

)
> 1/2 exp(−ε−2I(h) − 2

√
2ε−1

√
I(h)),

which implies the wanted lower bound.
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As for the upper bound estimate, let Φ(s) = {x ∈ R
d; I(x) = 1

2 |x|2γ ≤ s} and
denote ρ(x, F) = inf{|x − y|Rd ; y ∈ F}, for any F closed and x ∈ R

d

P(ρ(εX, Φ(s)) ≥ δ) ≤ P(εX �∈ Φ(s)) = P(εQ1/2ξ �∈ Φ(s))

= P(|εQ1/2ξ |2γ > 2s)

= P(ε2
d∑

i=1

ξ2i > 2s).

Since Y = ∑d
i=1 ξ2i , Y is a chi-squared random variable with d degrees of freedom

with moment generating function EetY = (1 − 2t)−d/2, t < 1/2. By Chernoff-
Markov inequality, for all λ > 0

P(ε2Y > 2s) ≤ e−λ2sEeλε2Y

= e−λ2s(1 − 2λε2)−d/2

≤ inf
λ>0

{e−λ2s(1 − 2λε2)−d/2},

for sufficiently small ε > 0. With some calculus we obtain the optimal λ = 1
2ε2

− d
4s .

Substituting we obtain the bound

P(ρ(εX, Φ(s)) > δ) ≤ Cε−de−s/ε2 ,

where C = ed/2( d
2s )

−d/2. This suffices to show the wanted upper bound, for suffi-
ciently small ε < 0.

Remark 2 As seen the argument has two main ideas: (a) for the lower bound, a
convenient change of measure, based on the Cameron-Martin theorem; (b) for the
upper bound, Chernoff-Markov type of estimates. With convenient modifications,
the previous result and method of proof can be generalized to various settings of a
Gaussian type and in fact the previous proof is an adaptation to Gaussian vectors of
the result appearing in [15, Theorem 4.2].

Example 4 LetX ∈ R
2 be aGaussian such thatEX1X1 = 1, andEXiXj = 0, i, j �= 1.

ThenQ ≡ Q1/2 ≡ P1 is the projection onto the first coordinate and r = dimHγ = 1.
Translation along (2, 0) originates an equivalentGaussianmeasure but not translation
along (2,−1). See also Fig. 1. Moreover, the rate function associated with the LDP
for εX, as ε → 0, is

I(x, y) =
{

x2/2, y = 0

∞, otherwise.
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Fig. 1 Translated Gaussian
measures give rise to
equivalent measures if and
only if the translation is done
along the support of the
measure
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Kinetic Theory of Simple Reacting Spheres:
An Application to Coloring Processes

Filipe Carvalho, Jacek Polewczak and Ana Jacinta Soares

Abstract We consider a simplified version of the kinetic model of simple reacting
spheres (SRS) for a quaternary reactivemixture of hard-spheres in the dilute-gas limit.
Themodel mimics a coloring process occurring with probability αR , described by the
reversible chemical law A1 + A2 � A3 + A4. We provide the linearized collisional
operators of our model and investigate some of their mathematical properties. In
particular we obtain an explicit and symmetric representation of the elastic and
reactive kernels and use this to prove the compactness of the linearized collisional
operator in (L2(R3))4.

Keywords Chemically reactingmixtures ·LinearizedBoltzmann equation ·Simple
reacting spheres · Compact operators

1 Introduction

In these proceedings we continue the work developed by the authors in the context of
the simple reacting spheres (SRS) model in the kinetic theory of chemically reacting
gases (see [1, 2]). The SRS kinetic theory has been initially proposed by Marron [3]
and then developed by Xystris, Dahler and Qin in a series of papers devoted to the
kinetic modeling, non-equilibrium processes, transport properties, and extension to
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dense-gas limit (see [4–6]). Some advances related to the mathematical analysis of
the SRS model have been done by Polewczak in paper [7], proving the existence
of global-in-time, spatially inhomogeneous, and L1-renormalized solutions for the
SRS system, in the case that there is no mass transfer and no alteration of molecular
diameters.

In the SRS kinetic theory, the molecules behave as if they were single mass points
and the elastic and reactive collisions are assumed of hard-sphere type. Moreover,
reactive collisions occur when the collision is sufficiently energetic, that is when the
kinetic energy of the colliding molecules exceeds the activation energy of the chem-
ical reaction. This theory incorporates some important aspects that renders the SRS
kineticmodel so interesting. For example, reactive and elastic collisions are treated in
equal pair, contrary to those other models that consider the reactive terms as a small
perturbation of the elastic ones (see, for example, [8–10]). As a consequence, the
SRS theory results to be appropriate to deal with processes considerably influenced
by chemical reactions. Also, the dynamics of the reaction is fully integrated into
the model, so that the detailed balance condition and the microscopic reversibility
principle are built in the model. Additionally, when the chemical reactions are turned
off, the SRS kinetic model reduces to the Boltzmann kinetic system of four species.

All these aspects motivate the authors to investigate somemathematical and phys-
ical problems for the SRS kinetic theory.

Continuing with the work presented in paper [2], we consider here a simplified
version of the SRS model that accounts for a coloring process with probability αR

described by a reversible law of type A1 + A2 � A3 + A4. Since this process
does not modify the mass or chemical binding energy of the reactants, the reactive
terms become straightforward and the corresponding SRS kinetic system results
much simpler than the one of the general model considered in [2]. This allows to
obtain a more tractable linearized SRS system and a better representation of the
elastic and reactive kernels. The main purpose of the present paper is to use this
representation of the kernels to prove the compactness of some of the elastic and
reactive linearized operators, in particular, operatorsQ(1),Q(2), T (2), andR(2), in
the notation of Sect. 6. On the other hand, additional techniques are required for the
remaining operators, Q(3), T (3) and R(3), and work is in progress to complete the
proof of compactness for these operators. Once the compactness of these linearized
operators is achieved, we plan to provide full spectral analysis of these operators, and
this will be used to obtain expressions for the transport coefficients, the asymptotic
behavior of the evolution operator associated with the linearized SRS system, and
ultimately hydrodynamics limits for these systems.

The paper is organized as follows. In the next section, with reference to the con-
sidered coloring process, we describe the SRS kinetic model and state its consistency
properties. Section3 is devoted to the equilibrium solutions and trend to equilibrium.
In Sect. 4 we present the linearized SRS system and state its main properties. In
Sect. 5 we provide the explicit representation of the kernels of the linearized elastic
and reactive operators and state some symmetry properties. Finally, in Sect. 6 we
prove the compactness of two elastic and one reactive linearized operators.
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2 SRS Kinetic System

With reference to the simple reacting spheres (SRS) model [4–6], we consider a
dilute gas mixture of four constituents, whose particles behave as if they were single
mass points. Internal degrees of freedom for the gas particles, such as vibrational
and rotational energies, are not taken into account. Particles undergo binary elastic
collisions and reactive collisions, both of hard-sphere type. Reactive collisions obey
the chemical law

A + B � A∗ + B∗, (1)

where A, B, A∗ and B∗ indicate the constituents of the mixture. We use the indices
1, 2, 3, 4 for the constituents A, B, A∗ and B∗, respectively. Furthermore, mi , di

and Ei denote the molecular mass, the molecular diameter and the chemical binding
energy of each i-constituent. In general, the chemical reaction results in a redistribu-
tion ofmasses among the constituents, in such away that the lawofmass conservation
holds in the form

m1 + m2 = m3 + m4.

At the same time, the chemical reaction implies a rearrangement of energies (kinetic
and binding) so that a conservation law of the total energy holds. The balance of
chemical binding energy of products and reactants of the chemical reaction defines
the reaction heat, namely Q R = E3 + E4 − E1 − E2. If QR is positive, the reverse
chemical reaction, A∗ + B∗ ⇀ A + B, is exothermic.

In our paper [2], we described the SRS kinetic system for a general bimolecular
chemical reaction. In particular, we introduced in detail the mathematical aspects
of the SRS system and the relevant properties of the collisional operators for what
concerns the mathematical and physical consistency of the model. Our main result in
that paper is the representation of the SRS system linearized around the equilibrium
and the explicit representation of the kernels of the reactive operators.

In the present paper we consider a simplified version of the SRS system, in which
the reaction law (1) describes a coloring process with a fixed probability αR . We
assume that

m3 = m1, m4 = m2, d3 = d1, d4 = d2, E3 = E1, E4 = E2. (2)

When a hard-sphere A collides with another hard-sphere B, there is a probability αR

that they change their colors in the process A + B ⇀ A∗ + B∗, without modifying
their molecular masses or diameters, and without altering their chemical binding
energies. The same probability rule is applied to the reverse reaction A∗ + B∗ ⇀

A + B.
This dynamical model represents a simplified version of the SRS system that is

appropriate to describe a coloring process.
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2.1 Collisional Dynamics

An elastic collision between particles from constituents i and s, with velocities v and
w, respectively, results in a change of velocities, say (v, w) → (v′, w′), with i, s =
1, ..., 4. Since the linear momentum and kinetic energy of the colliding particles are
conserved, we have

mi v + msw = mi v
′ + msw′, (3a)

mi v
2 + msw2 = mi v

′2 + msw′2. (3b)

We consider elastic cross sections of hard-spheres type, given by

σ 2
is = 1

4
(di + ds)

2. (4)

Conditions (3) and (4), imply that the elastic post-collisional velocities are given by

v′ = v − 2
μis

mi
〈ε, v − w〉ε and w′ = w + 2

μis

ms
〈ε, v − w〉ε, (5)

where ε is a unit vector along the line passing through the centres of the colliding
particles at the moment of the impact, and μis is the reduced mass of the colliding
particles,

ε ∈ S
2+, with S

2+ ={ε ∈ R
3 : ‖ε‖ = 1, 〈ε, v − w〉 > 0

}
, and μis = mi ms

mi + ms
.

(6)

On the other hand, a reactive collision in our model is a coloring event in which
the participating molecules only change, besides their velocities, their color. Thus
the reactive collision between particles from constituents i and j with velocities v
and w, respectively, results in a transition into constituents k and l with different
colors from i and j , and a consequent change of velocities to v	 and w	. The indices
(i, j, k, l) can take the values (1, 2, 3, 4), (2, 1, 4, 3), (3, 4, 1, 2) and (4, 3, 2, 1). The
conservation laws of linear momentum and total energy of the colliding particles are
represented by

m1v + m2w = m3v	 + m4w	, (7a)

m1v2 + m2w2 = m3(v
	)2 + m4(w

	)2, (7b)

where the molecular masses satisfy conditions (2). The chemical reactive cross sec-
tions associated to the coloring process are given by

σ ∗2
12 = αRσ 2

12 and σ ∗2
34 = αRσ 2

34 (8)
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for the direct and inverse reaction, respectively. The post-collisional velocities asso-
ciated to the direct reaction A+ B ⇀ A∗ + B∗, for the constituents k and l, are given
by

v	 = v − 2
μij

mk
〈ε, v − w〉ε and w	 = w + 2

μij

ml
ε〈ε, v − w〉. (9)

where (i, j, k, l) ∈ {(1, 2, 3, 4), (2, 1, 4, 3), (3, 4, 1, 2), (4, 3, 2, 1)}. The post-
collisional velocities associated to the backward reaction A∗ + B∗ ⇀ A + B, for the
constituents i and j , are given by the same expressions (9), thanks to the assumptions
(2) on the molecular masses.

2.2 Kinetic System

Within the kinetic theory for rarefied gases, the state of the mixture is described by
the one-particle distribution functions fi (t, x, v), i = 1, 2, 3, 4, such that fi (t, x, v)
represents the probability density of finding, at time t , a particle of the Ai -constituent
occupying the position x with velocity v. Here, the time-space evolution of the
functions fi (t, x, v) is given by the SRS kinetic system formulated for the coloring
problem, in the form

∂ fi

∂t
+ v · ∇x fi = J E

i + J R
i , i = 1, . . . , 4, (10)

where J E
i is the elastic collisional operator, given by

J E
i =

4∑

s=1

σ 2
is

∫

R3

∫

S
2+

[
fi (t, x, v′) fs(t, x, w′) − fi (t, x, v) fs(t, x, w)

]
〈ε, v − w〉dεdw (11)

− αRσ 2
i j

∫

R3

∫

S
2+

[
fi (t, x, v′) fj (t, x, w′) − fi (t, x, v) fj (t, x, w)

]
〈ε, v − w〉dεdw

with (i, j)∈{(1, 2), (2, 1), (3, 4), (4, 3)}, and J R
i is the reactive collisional operator,

given by

J R
i = αRσ 2

i j

∫

R3

∫

S
2+

[
fk(t, x, v	) fl(t, x, w	) − fi (t, x, v) f j (t, x, w)

]
〈ε, v − w〉dεdw,

(12)

with (i, j, k, l) ∈ {(1, 2, 3, 4), (2, 1, 4, 3), (3, 4, 1, 2), (4, 3, 2, 1)}. Velocities v′, w′
and v	, w	 are given by Eqs. (5) and (9), respectively. Moreover, the second term in
the expression (11) of J E

i , with 0 ≤ αR ≤ 1 in front of it, singles out those collisions
that result in a coloring process and prevent double counting of the events in the
elastic collisional integrals.
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The collisional operators J E
i and J R

i satisfy some mathematical properties, which
assure the physical consistency of the model, at least from the formal point of view.

Proposition 1 The collisional operators are such that

(a)
∫

R3
J E

i dv = 0, i = 1, 2, 3, 4;

(b)
∫

R3
J R
1 dv =

∫

R3
J R
2 dv = −

∫

R3
J R
3 dv = −

∫

R3
J R
4 dv;

(c)
4∑

i=1

∫

R3
ψi
(
J E

i + J R
i )dv = 0, where ψ =(ψ1, ψ2, ψ3, ψ4) is alternatively given

by ψ =(1, 0, 1, 0), ψ =(1, 0, 0, 1), ψ =(0, 1, 1, 0), or by ψi =mi v1, ψi =mi v2,
ψi = mi v3, with v1, v2, v3 being the spatial components of the velocity v, and
ψi = 1

2mi v2. �
Property (a) assures that elastic collisions do not modify the number of particles of
each color.
Property (b) states the correct exchange rates of all constituents, in agreement with
the chemical law (1) describing the coloring process.
Property (c) implies seven independent macroscopic conservation laws, for the total
number of particles of the reactant-product pairs of the form A1–A3, A1–A4 and
A2–A3, as well as for the three momentum components and kinetic energy of the
whole mixture. Proper linear combinations of the former three functions ψ in (c)
reproduce conservation of the particle number density and of total mass of the mix-
ture. Note that, in contrast to a non-reactive mixture, there is no mass conservation
for the individual constituents in our simple model.
The conservation laws involve macroscopic quantities defined, as usual, as appro-
priate velocity moments of the distribution functions fi (t, x, v). Paper [2] includes
a rather complete definition of the macroscopic variables for the more general SRS
system with bimolecular chemical reaction. The paper also includes the set of bal-
ance equations and conservation laws of the system. Here, for sake of brevity, we
omit the analysis of the macroscopic framework of the model.

3 Equilibrium Solutions and H-Theorem

Definition 1 The equilibrium solutions of system (10), (11) and (12) are distribution
functions fi (t, x, v) satisfying

J E
i + J R

i = 0, i = 1, . . . , 4. (13)

The above definition of equilibrium solutions is motivated by the following result:

Proposition 2 For ni (t, x), u(t, x), and T (t, x) with fi (t, x, v) ≥ 0, the following
statements are equivalent:
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1. Mi = ni

( mi

2πkT

)3/2
exp

(

−mi (v − u)2

2kT

)

, i = 1, . . . , 4, and n1n2 = n3n4;

2. J E
i ({Mi }) = 0 and J R

i ({Mi }) = 0, i = 1, . . . , 4;

3.
4∑

i=1

∫

R3

[
J E

i ({Mi }) + J R
i ({Mi })

]
log
(
Mi/μi j

)
dv = 0.

The notations J E
i ({Mi }) and J R

i ({Mi }) signify the fact that for i = 1, . . . , 4, the
collisional operators depend on the set one-particle distribution functions, M1, M2,
M3, and M4. Also μi j = mi m j/(mi + m j ) with (i, j) = (1, 2), (2, 1), (3, 4), (4, 3),
and

ni =
∫

R3
fi (t, x, v)dv, i = 1, . . . , 4, (14a)

u =
4∑

i=1

∫

R3
mi v fi (t, x, v)dv

/ 4∑

i=1

∫

R3
mi fi (t, x, v)dv, (14b)

T = 1

3k

4∑

i=1

∫

R3
mi (v − u)2 fi (t, x, v)dv

/ 4∑

i=1

ni , (14c)

where k is the Boltzmann constant. �

Equation n1n2 = n3n4 appearing in item 1. of Proposition 2 represents the mass
action law for our coloring system. The proof of Proposition 2 follows the same
line of arguments as the proof of Proposition 3.2 in [7]. See also the discussion in
Refs. [2, 11].
The Maxwellian distribution functions satisfy the properties stated in the next two
lemmas, which will be used in the next section.

Lemma 1 The Maxwellian distribution functions Mi appearing in Proposition 2
with the number densities ni are such that

Mi (t, x, v′)Ms(t, x, w′) = Mi (t, x, v)Ms(t, x, w), i, s = 1, 2, 3, 4, (15)

where v and w are pre-collisional velocities of species Ai and As, respectively, and
v′ and w′ are the corresponding elastic post-collisional velocities given by (5). �

Lemma 2 The Maxwellian distribution functions Mi with number densities ni con-
strained by the mass action law are such that

Mk(t, x, v	)Ml(t, x, w	) = Mi (t, x, v)M j (t, x, w), (16)
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where (i, j, k, l)∈{(1, 2, 3, 4), (2, 1, 4, 3), (3, 4, 1, 2), (4, 3, 2, 1)}, v and w are the
pre-collisional velocities of constituents Ai and A j , respectively, and v	 and w	
are the corresponding reactive post-collisional velocities of constituents Ak and Al ,
respectively, given by (9). �

Lemma 1 follows from the energy conservation of elastic events (3b) and Lemma 2
follows from the law of mass action and from the energy conservation of reactive
events (7b).
The trend to equilibrium of the reactive mixture and the macroscopic irreversibility
of the coloring process are assured by an H -theorem. In fact, for a nonnegative
smooth solution fi (t, x, v) of our kinetic system (10), (11) and (12), the convex
function H(t) defined by

H(t) =
4∑

i=1

∫

Ω

∫

R3
fi (t, x, v) log

[
fi (t, x, v)/μi j

]
dvdx, (17)

is a Lyapunov functional (see for example, [7]). Here,μi j is the reducedmass defined
in Proposition 2, and (i, j) = (1, 2), (2, 1), (3, 4), (4, 3). Moreover, H(t) attains its
minimum when the velocity distribution functions are Maxwellians given in Propo-
sition 2. Here, Ω is the physical evolution domain of the mixture. We assume that
Ω can be either the whole space R3 or a box with boundary conditions of periodic
type or boundary conditions of specular reflection at the walls.

4 Linearized SRS Kinetic System

We assume that the evolution regime of the gas mixture corresponds to a small devi-
ation of the thermodynamical equilibrium. We then expand the distribution function
fi (t, x, v) around theMaxwellian Mi (t, x, v)with zero drift velocity u = 0 and den-
sities satisfying themass action law.We introduce a newunknown function hi (t, x, v)
connected to fi (t, x, v) through the expansions

fi (t, x, v) = Mi (t, x, v) + M1/2
i (t, x, v) hi (t, x, v), i = 1, . . . , 4. (18)

For each i = 1, . . . , 4, the term M1/2
i hi represents the deviation of the distribution

function fi from the equilibrium. The factors M1/2
i in front of hi , i = 1, . . . , 4, make

the linearized operator symmetric in L2 space without a need to introduce additional
weigh functions, see [12]. Inserting expansions (18) into Eqs. (10–12), and using the
properties (15) and (16), we obtain the linearized SRS kinetic system, as stated in
the next proposition. For sake of brevity, we use the notations h = (h1, h2, h3, h4)

T,
hi (v) instead of hi (t, x, v), and ĥi = M1/2

i hi .
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Proposition 3 The linearized SRS kinetic system for our model is given by

∂ ĥi

∂t
+ v · ∇x ĥi = L E

i (̂h) + L R
i (̂h) ≡ Li (̂h), i = 1, . . . , 4, (19)

with

L E
i (̂h) =

4∑

s=1

σ 2
is

∫

R3

∫

S
2+

[
Ms(w)M1/2

i (v)M−1/2
i (v′)̂hi (v

′)

+ Ms(w)M1/2
i (v)M−1/2

s (w′)̂hs(w
′) − Ms(w)̂hi (v)

− M1/2
s (w)M1/2

i (v)̂hs(w)
]
〈ε, v − w〉 dε dw

−αRσ 2
i j

∫

R3

∫

S
2+

[
M j (w)M1/2

i (v)M−1/2
i (v′)̂hi (v

′)

+ M j (w)M1/2
i (v)M−1/2

j (w′)̂h j (w
′) − M j (w)̂hi (v)

− M1/2
j (w)M1/2

i (v)̂h j (w)
]
〈ε, v − w〉 dε dw, (20)

L R
i (̂h) = αRσ 2

i j

∫

R3

∫

S
2+

[
M j (w)M1/2

i (v)M−1/2
k (v	)̂hk(v

	)

+ M j (w)M1/2
i (v)M−1/2

l (w	)̂hl(w
	) − M j (w)̂hi (v)

− M1/2
j (w)M1/2

i (v)̂h j (w)
]
〈ε, v − w〉 dε dw, (21)

where (i, j, k, l) ∈ {(1, 2, 3, 4), (2, 1, 4, 3), (3, 4, 1, 2), (4, 3, 2, 1)}. �

We introduce the linearized collision operator L with components Li = L E
i +

L R
i , i = 1, 2, 3, 4, whereL E

i andL R
i are defined above. Such operator possesses

fundamental properties that are stated below. At this end, we consider the Hilbert
space Y = L2(R3) × L2(R3) × L2(R3) × L2(R3) endowed with the inner product
defined by

〈F, G〉 =
4∑

i=1

∫

R3
Fi (v)Gi (v)dv, (22)

for F = (F1, F2, F3, f4) ∈ Y and G = (G1, G2, G3, G4) ∈ Y , with Fi , Gi (i =
1, 2, 3, 4) real-valued functions. Then we have the following result.

Proposition 4 The linearized collisional operator L is symmetric and non-positive
semi-definite, that is

(a) 〈L (F), G〉 = 〈F,L (G)〉, for all F, G ∈ Y ;
(b) 〈L (F), F〉 ≤ 0, for all F ∈ Y . Additionally, 〈L (F), F〉 = 0 if and only

if F is a collisional invariant weighted by M1/2 = (M1/2
1 , M1/2

2 , M1/2
3 , M1/2

4 ),
that is the null space of the operator L is 7-dimensional and is spanned by the
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collisional invariants (weighted by M1/2) associated to the conservation laws of
the partial number densities n1 + n3, n1 + n4, n2 + n3, momentum components
and kinetic energy of the mixture. �

5 Kernels of the Linearized Operators

In the case of a gas mixture, even if without chemical reaction, the representation of
the kernels is much more involved than in the case of a single inert gas. In fact, the
complexity of the collisional terms increase significantly when collisions between
particles of different constituents and different molecular masses are considered,
especially when chemical reactions are also allowed. The computation of the kernels
of the linearized collisional operators requires much more work and therefore the
explicit representation of the kernels becomes, in our opinion, a very difficult task.

In the last years, we have been interested in this topic and some results have been
obtained in this direction. In particular, the explicit representation of the kernels
of the SRS linearized operators, both elastic and reactive, is presented in [11], for
the general case of a quaternary mixture with reversible bimolecular reaction and
arbitrary molecular masses. The expressions are, in general, quite long and rather
complicated, because some of the transformations used to compute the kernels do
not retain the symmetry of the integral operators. A better representation has been
obtained in paper [2], for a similar chemically reactive mixture but considering that
the constituents have equal molecular masses. The expressions are more tractable
but those of the reactive operators are still intricate.

For the simplified version of the SRS model considered in the present paper, we
were able to obtain a rather simple representation of the kernels. In particular, the
expressions of both elastic and reactive kernels keep the symmetry property of the
corresponding integral operators. In this section, we give the kernels of the operators
and briefly explain the computations. We also state some symmetry properties of the
kernels useful in the next Sect. 6.

5.1 Explicit Representation of the Kernels

In view of the explicit computations, we first work on the expression of the linearized
operator Li by manipulating expressions (20) and (21) of L E

i and L R
i . The last

two contributions ofL E
i andL R

i are equal with opposite signs and thus they cancel
out. Then, using the energy conservation (3b) of elastic events we modify those
contributions appearing in the expression of L E

i with the perturbation function ĥ
evaluated in the post collisional velocities v′ and w′.

Analogously, we use the energy conservation (7b) of the reactive events and the
mass action law to work on those contributions in L R

i with ĥ evaluated in the post
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collisional velocities v	 and w	. Using the same notations L E
i and L R

i for the
elastic and reactive contributions in the resulting expression of Li , we obtain

L E
i (̂h) =

4∑

s=1

σ 2
is

∫

R3

∫

S
2+

[
M1/2

s (w)M1/2
s (w′)̂hi (v

′) + M1/2
s (w)Mi

1/2(v′)̂hs(w
′)

− Ms(w)̂hi (v) − M1/2
s (w)M1/2

i (v)̂hs(w)
]
〈ε, v − w〉 dε dw

−αRσ 2
i j

∫

R3

∫

S
2+

[
M1/2

j (w)M1/2
j (w′)̂hi (v

′)

+ M1/2
j (w)M1/2

i (v′)̂h j (w
′)
]
〈ε, v − w〉 dε dw, (23)

L R
i (̂h) = αRσ 2

i j

∫

R3

∫

S
2+

[
M1/2

j (w)M1/2
l (w	)̂hk(v

	)

+ M1/2
j (w)M1/2

k (v	)̂hl(w
	)
]
〈ε, v − w〉 dε dw, (24)

where (i, j, k, l) ∈ {(1, 2, 3, 4), (2, 1, 4, 3), (3, 4, 1, 2), (4, 3, 2, 1)}.

5.1.1 Kernels of the Elastic Operators

We split the elastic linearized operator L E
i given by (23) in several contributions,

as follows

L E
i (h) = −vi (v)̂hi (v)−Q(1)

i (h)+Q(2)
i (h)+Q(3)

i (h)−T (2)
i (h)−T (3)

i (h), (25)

with

vi (v) =
4∑

s=1

σ 2
is

∫

R3

∫

S
2+

Ms(w)〈ε, v − w〉 dεdw, (26)

Q(1)
i (̂h) =

4∑

s=1

σ 2
is

∫

R3

∫

S
2+

M1/2
i (v)M1/2

s (w)̂hs(w)〈ε, v − w〉 dεdw, (27)

Q(2)
i (ĥ) =

4∑

s=1

σ 2
is

∫

R3

∫

S
2+

M1/2
s (w)M1/2

s (w′)̂hi (v
′)〈ε, v − w〉 dεdw, (28)

Q(3)
i (̂h) =

4∑

s=1

σ 2
is

∫

R3

∫

S
2+

M1/2
s (w)Mi

1/2(v′)̂hs(w
′)〈ε, v − w〉 dεdw, (29)

T (2)
i (̂h) = αRσ 2

i j

∫

R3

∫

S
2+

M1/2
j (w)M1/2

j (w′)̂hi (v
′)〈ε, v − w〉 dεdw, (30)
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T (3)
i (̂h) = αRσ 2

i j

∫

R3

∫

S
2+

M1/2
j (w)M1/2

i (v′)̂h j (w
′)〈ε, v − w〉 dεdw, (31)

where vi (v) represents a generalized collision frequency.
We work separately on each operator. It is easy to extract the kernel of each operator
Q(1)

i and Q(2)
i . We obtain

Q(1)
i (̂h) =

4∑

s=1

∫

R3
K (1)

is (v, w)̂hs(w) dw, (32)

Q(2)
i (̂h) =

4∑

s=1

∫

R3
K (2)

is (v, w)̂hi (w) dw, (33)

with the kernels K (1)
is and K (2)

is (i, s = 1, . . . , 4) given by

K (1)
is (v, w) = πσ 2

is ‖v − w‖√ni ns

(
mi ms

(2πkT )2

)3/4

exp

(

−mi v2+msw2

4kT

)

, (34)

K (2)
is (v, w)=σ 2

isns

( ms

2πkT

)1/2
(

mi

2μis

)2 1

‖v − w‖ (35)

× exp

[

− ms

8kT

(
v2 − w2

)2

‖v − w‖2 − ms

8kT

(
mi

ms

)2

(v − w)2

]

.

The computation of the kernel of Q(3)
i requires more work. It results convenient to

split the operator Q(3)
i as a summation according to the molecular masses ms and

mi . Thus, we introduce the following sets of indices

I ={1, 2, 3, 4},

I 0={s ∈ I : ms =mi
}
, I + ={s ∈ I : ms > mi

}
, I − ={s ∈ I : ms < mi

}
,

and split the operator Q(3)
i into three contributions, namely

Q(3)
i (̂h) = Q(30)

i (̂h) + Q(3+)
i (̂h) + Q(3−)

i (̂h), (36)

where

Q(30)
i (̂h) =

∑

s∈I 0

∫

R3
K (30)

is (v, w)̂hs(w) dw, (37)
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Q(3+)
i (̂h) =

∑

s∈I +

∫

R3
K (3+)

is (v, w)̂hs(w) dw, (38)

Q(3−)
i (̂h) =

∑

s∈I −

∫

R3
K (3−)

is (v, w)̂hs(w) dw. (39)

Then we obtain the kernels of the operators (37–39) in the form

K (30)
is (v, w)=σ 2

is (ni ns)
1/2
(

mi

2πkT

)1/2 1

‖v − w‖ (40)

× exp

[

− mi

8kT

(v2 − w2)2

‖v − w‖2 − mi

8kT
(v − w)2

]

, i = 1, 2, 3, 4, s ∈ I 0,

K (3+)
is (v, w) = 2πσ 2

is
(

ms − mi
ms + mi

)2 (ni ns)
1/2

(
mi ms

(2πkT )2

)3/4
‖v − w‖

× exp

[

− 1

4kT

(msw − mi v)2

mi + ms

]

(41)

×
∫ π/2

0
cos2 θ exp

⎡

⎣−μis

kT

⎛

⎝

(
‖v + w‖

2
− ‖v − w‖ cos θ

ms − mi
ms + mi

)2

+‖v − w‖ ‖v + w‖ cos θ
(
1 − cos θ�

)

ms − mi
ms + mi

)]

dθ, i = 1, 2, 3, 4, s ∈ I+,

K (3−)
is (v, w)= 2πσ 2

is
(

ms − mi
ms + mi

)2 (ni ns)
1/2

(
mi ms

(2πkT )2

)3/4
‖v − w‖

× exp

[

− 1

4kT

(msw − mi v)2

mi + ms

]

(42)

×
∫ π

π/2
cos2 θ exp

⎡

⎣−μis

kT

⎛

⎝

(
‖v + w‖

2
− ‖v − w‖ cos θ

ms − mi
ms + mi

)2

+‖v − w‖ ‖v + w‖ cos θ
(
1 − cos θ�

)

ms − mi
ms + mi

)]

dθ, i = 1, 2, 3, 4, s ∈ I−.

In the above Eqs. (41) and (42), θ� is the angle defined by the vectors v + w and ε.
Observe that, in (41), we have ms > mi because s ∈ I +, whereas in (42), we have
ms < mi , because s ∈ I −.
Now we proceed with the operators T (α)

i . We obtain
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T (2)
i (̂h) =

∫

R3
N (2)

i j (v, w)̂hi (w) dw, (43)

T (3)
i (̂h) =

∫

R3
N (3)

i j (v, w)̂h j (w) dw, (44)

and the computations are similar to those developed for Q(2)
i and Q(3)

i . For sake of
brevity, we omit their expressions here.

5.1.2 Kernels of the Reactive Operators

The calculation of the reactive kernels are similar. We start by splitting the linearized
reactive collisional operator (24) as follows

L̂ R
i (̂h) = R(2)

i (̂h) + R(3)
i (̂h), (45)

with

R(2)
i (̂h) = αRσ 2

i j

∫

R3

∫

S
2+

M1/2
j (w)M1/2

l (w	)̂hk(v
	)〈ε, v − w〉 dεdw, (46)

R(3)
i (̂h) = αRσ 2

i j

∫

R3

∫

S
2+

M1/2
j (w)M1/2

k (v	)̂hl(w
	)〈ε, v − w〉 dεdw. (47)

We obtain

R(2)
i (̂h) =

∫

R3
Υ

(2)
i j (v, w)̂hk(w) dw, (48)

R(3)
i (̂h) =

∫

R3
Υ

(3)
i j (v, w)̂hl(w) dw. (49)

with the kernels given as follows. For the operator R(2)
i the calculations are simple

and

Υ
(2)

i j (v, w) = αRσ 2
i j

√
n j nl

( m j

2πkT

)1/2
(

mi

2μi j

)2 1

‖v − w‖ (50)

× exp

[

− m j

8kT

(
v2 − w2

)2

‖v − w‖2 − m j

8kT

(
mi

m j

)2

(v − w)2

]

.

Concerning the kernel of the operator R(3)
i , similarly to what we have done before

for the elastic operator Q(3)
i , we consider three different cases. If m j = mi , and

therefore all constituents have equal molecular masses, then the kernel is given by



Kinetic Theory of Simple Reacting Spheres: An Application to Coloring Processes 167

Υ
(30)

i j (v, w)=αRσ 2
i j (n j nk)

1/2
(

mi

2πkT

)1/2 1

‖v − w‖ (51)

× exp

[

− mi

8kT

(v2 − w2)2

‖v − w‖2 − mi

8kT
(v − w)2

]

.

If m j > mi , the kernel is given by

Υ
(3+)

i j (v, w)= 2παRσ 2
i j

(
m j −mi
mi +m j

)2 (n j nk)
1/2
(

mi m j

(2πkT )2

)3/4

‖v − w‖

× exp

[

− 1

4kT

(m j w − mi v)2

mi + m j

]

(52)

×
∫ π/2

0
cos2 θ exp

⎡

⎢
⎣−μi j

kT

⎛

⎜
⎝

⎛

⎝
‖v + w‖

2
− ‖v − w‖ cos θ

m j − mi
mi + m j

⎞

⎠

2

+ ‖v − w‖ ‖v + w‖ cos θ (1 − cos θ�)
m j − mi
mi + m j

⎞

⎠

⎤

⎦ dθ.

Ifm j < mi , the kernelΥ
(3−)

i j is given by a similar expression to (52), butwith the inte-
gral in θ extended to [π/2, π ] instead of [0, π/2]. In expressions (50), (51) and (52),
the indices i, j, k, l are from the set {(1, 2, 3, 4), (2, 1, 4, 3), (3, 4, 1, 2), (4, 3, 2, 1)}.

5.2 Properties of the Kernels

From the explicit representation of the kernels given in the previous section, it is
easy to state the properties given below.

Proposition 5 For any i, s = 1, 2, 3, 4, the following properties of the elastic
kernels K (α)

is , α = 1, 2, 3, hold for all v, w a.e. in R
3:

(a) K (1)
is (v, w) = K (1)

si (w, v); (c) K (30)
is (v, w) = K (30)

si (w, v);

(b) K (2)
is (v, w) = K (2)

is (w, v); (d) K (3+)
is (v, w) = K (3−)

si (w, v). �

The properties stated in Proposition 5 assure the symmetry of the elastic integral
operators Q(α)

i (α = 1, 2, 3). See expressions (32), (33), (37), (38) and (39).

Similar properties hold for the kernels N (α)
is of the elastic operatorsT (α)

i (α = 2, 3),
assuring the symmetry of these operators.
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Proposition 6 For any (i, j) ∈ {(1, 2), (2, 1), (3, 4), (4, 3)}, the following proper-
ties of the reactive kernels Υ

(α)
i j , α = 2, 3, hold for all v, w a.e. in R

3:

(a) Υ
(2)

i j (v, w) = Υ
(2)

i j (w, v); (c) Υ
(3+)

i j (v, w) = Υ
(3−)
j i (w, v).

(b) Υ
(30)

i j (v, w) = Υ
(30)
j i (w, v); �

The properties stated in Proposition 6 assure the symmetry of the reactive integral
operators R(α)

i (α = 2, 3). See expressions (48) and (49).

6 Compactness of the Linearized Collisional Operator

In this section, we study the compactness of the elastic and reactive linearized oper-
ators, as operators from

(
L2(R3)

)4 to
(
L2(R3)

)4. We introduce the notation

Q(α) = (Q(α)
1 ,Q(α)

2 ,Q(α)
3 ,Q(α)

4 ), α = 1, 2, 3,

T (α) = (T (α)
1 ,T (α)

2 ,T (α)
3 ,T (α)

4 ), α = 2, 3,

R(α) = (R(α)
1 ,R(α)

2 ,R(α)
3 ,R(α)

4 ), α = 2, 3.

(53)

We extend to our mixture of reactive gases the techniques introduced by Grad (see
[12, 13]) and then revisited by Cercignani et al. (see [14]), for one single inert gas.
However, these techniques seem to be not enough for the operators Q(3), T (3) and
R(3), due to the cumbersome expressions of their terms when the molecular masses
are different. See expressions (41), (42) and (52). For these operators, our idea is to
adapt to our model the methodology recently proposed by Boudin et al. (see [15]) for
a mixture of non-reactive gases. In paper [15], the authors consider the non-reactive
Boltzmann equation for gas mixtures and propose a new approach to treat the terms
of the linearized operators associated with particles with different masses.
Work is in progress to extend the approach of paper [15] to the similar terms appearing
in our model. In the present paper we focus on the compactness of both the elastic
operatorQ(1) and the reactive operatorR(2). OperatorsQ(2) andT (2) can be treated
in a similar way toR(2).

6.1 Compactness of the Operator Q(1)

We consider the elastic kernel K (1)
is of the operatorQ(1) defined by expression (34).

We start with the estimate for for K (1)
is stated in the following lemma.

Lemma 3 For each i, s = 1, 2, 3, 4, the elastic kernel K (1)
is is square integrable

with respect to w. We have
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∫

R3

(
K (1)

is

)2
(v, w) dw ≤ C(1 + ‖v‖2) exp

(

−mi v2

2kT

)

, (54)

where C depends only on mi , ni , σis , and T .

Proof For i, s = 1, 2, 3, 4, we have

∫

R3

(
K (1)

is

)2
(v, w) dw = π2σ 4

isni ns

(
mi ms

(2πkT )2

)3
2

exp

(

−mi v2

2kT

)

×
∫

R3

|v − w|2 exp
(

−msw2

2kT

)

dw

≤ 2π2σ 4
isni ns

(
mi ms

(2πkT )2

)3
2

exp

(

−mi v2

2kT

)

×
∫

R3

(|v|2+|w|2) exp
(

−msw2

4kT

)

dw

≤ C(1 + |v|2) exp
(

−mi v2

2kT

)

,

and the proof is complete. �

Then we can prove the compactness of Q(1), as follows.

Theorem 1 The linearized elastic operator Q(1) is a compact operator from
(L2(R3))4 to (L2(R3))4.

Proof It is enough to show that eachQ(1)
i (i = 1, 2, 3, 4) is a compact operator from

(L2(R))4 to L2(R). To this end, we notice that, for fixed i and s, the operator A with
the kernel K (1)

is given by (34) is a compact operator from L2(R3) to L2(R3). Indeed,

condition (54) implies that K (1)
is ∈ L2(R3 × R

3), showing that the operator A, as a
Hilbert-Schmidt operator, is compact from L2(R3) to L2(R3). Since this is true for
each s = 1, 2, 3, 4, the operator Q(1)

i (i = 1, 2, 3, 4) is a compact operator from
(L2(R3))4 to L2(R3), and this completes the proof. �

6.2 Compactness of the Operator R(2)

Similarly to what we have done in the previous subsection, we consider the reac-
tive kernel Υ

(2)
i j of the operator R(2) defined by expression (50). We first state the

following result.
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Proposition 7 For each i, j = 1, 2, 3, 4, the reactive kernel Υ
(2)

i j is square inte-
grable with respect to w. Moreover, we have

‖Υ (2)
i j (v, ·)‖L2(R3) ≤ C, (55)

where C is independent of v.

Proof From

Υ
(2)

i j (v, w) = αR σ 2
i j

√
n j nl

( m j

2πkT

)1/2
(

mi

2μi j

)2 1

‖v − w‖

× exp

[

− m j

8kT

(
v2 − w2

)2

‖v − w‖2 − m j

8kT

(
mi

m j

)2

(v − w)2

]

≤ αR σ 2
i j

√
n j nl

( m j

2πkT

)1/2
(

mi

2μi j

)2 1

‖v − w‖ (56)

× exp

[

− m j

8kT

(
mi

m j

)2

(v − w)2

]

,

and for any M > 0, we obtain

∫

R3

(
Υ

(2)
i j

)2
(v, w) dw ≤ C1

∫

|w|≤M

1

‖v − w‖2 dw

+ C2

∫

|w|>M

exp

[

− m j

8kT

(
mi

m j

)2

(v − w)2

]

dw < C. (57)

The first term on the right hand side of (57) is bounded since 1/‖v − w‖2 is inte-
grable on any bounded set containing v, while the second term is bounded because
exp(−cx2) is integrable over R3 for any c > 0. The constant C does not depend on
v since the expression in (57) is translational invariant. �

We also have the following estimate for Υ
(2)

i j .

Proposition 8 For each i, j = 1, 2, 3, 4, the reactive kernel Υ
(2)

i j is integrable with
respect to w, and we have

∫

R3

Υ
(2)

i j (v, w) dw ≤ C

(1 + ‖v‖2)1/2 , (58)

where C is independent of v.

Proof See [12] or [14]. �
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Then we can prove the compactness of R(2), as follows.

Theorem 2 The linearized reactive operator R(2) is a compact operator from
(L2(R3))4 to (L2(R3))4.

Proof It is enough to show that eachR(2)
i (i =1, 2, 3, 4) is a compact operator from

(L2(R3))4 to L2(R3). For fixed i and j , consider the operator A with the kernel Υ (2)
i j

given by (50).
For M > 0, define χM to be the characteristic function of the set {v ∈ R

3 : |v| ≤ M}.
Consider the identity A f = χM A f + (1 − χM )A f for f ∈ L2(R3). Proposition 7
implies that for each M > 0, the operator χM A, as a Hilbert-Schmidt operator,
is compact from L2(R3) to L2(R3). Now, if ‖ · ‖B(L2(R3)) denotes the operator
norm in the space of bounded operators on L2(R3), then using Schwartz inequality,
Propositions 7 and 8, the operator (1 − χM )A has the property (see [14], Theorem
7.2.4),

‖(1 − χM ) A‖2B(L2(R3))
= sup

‖ f ‖L2(R3)
≤1

∫

R3

(
1 − χM (v)

)[ ∫

R3

Υ
(2)
i j (v, w) f (w) dw

]2

dv

≤ sup
‖ f ‖L2(R3)

≤1

∫

R3

(
1 − χM (v)

)[ ∫

R3

Υ
(2)
i j (v, w) dw

]

×
[ ∫

R3

Υ
(2)
i j (v, w)( f (w))2 dw

]

dv

≤ C sup
‖ f ‖L2(R3)

≤1

∫

R3

(
1 − χM (v)

)(
1 + ‖v‖2

)−1/2

×
[ ∫

R3

Υ
(2)
i j (v, w)( f (w))2 dw

]

dv

≤ C
(
1 + M2

)−1/2
sup

‖ f ‖L2(R)
≤1

∫

‖v‖>M

[ ∫

R3

Υ
(2)
i j (v, w)( f (w))2 dw

]

dv

≤ C(1 + M2)−1/2 sup
‖ f ‖L2(R3)

≤1

∫

R3

[ ∫

R3

Υ
(2)
i j (v, w)( f (w))2 dw

]

dv

≤ C
(
1 + M2

)−1/2
sup

‖ f ‖L2(R3)
≤1

∫

R3

( f (w))2 dw ≤ C
(
1 + M2

)−1/2
.

Therefore, (1 − χM )A → 0 in the operator norm as M → ∞. This also yields
that χM A → A in the operator norm as M → ∞. Since for each M > 0, χM A
is a compact operator from L2(R3) to L2(R3), and the set of compact operators is
closed in the space of bounded operators with the operator norm ‖ · ‖B(L2(R3)), we
conclude that A is compact as an operator from L2(R3) to L2(R3). Since this is



172 F. Carvalho et al.

true for each j = 1, 2, 3, 4, the operator R(2)
i (i = 1, 2, 3, 4) is a compact operator

from (L2(R3))4 to L2(R3). Thus, the operator R(2) is compact from (L2(R3))4 to
(L2(R3))4 and the proof is complete. �
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Can Translation Invariant Systems Exhibit
a Many-Body Localized Phase?

Wojciech De Roeck and François Huveneers

Abstract We review some recent works related to the exploration of Many-Body
Localization in the absence of quenched disorder. We stress that, for systems where
not all eigenstates of the Hamiltonian are expected to be localized, as it is generically
the case for translation invariant systems with short range interactions, some rare
large ergodic spots constitute a possible mechanism for thermalization, even though
such spots occur just as well in systems with strong quenched disorder, where all
eigenstates are localized. Nevertheless, we show that there is a regime of asymptotic
localization for some translation invariant Hamiltonians.

Keywords Statistical physics · Condensed matter · Interacting particles systems ·
Anderson localization · Thermal transport

1 Introduction

Anderson localization refers usually to the single-particle wave function of an elec-
tron being confined in some limited region of space for all times [1]. In perturbative
regimes, being for example that of strong disorder, this phenomenon is by now
well understood at both physical and mathematical levels [11]. The topic benefited
recently fromahuge revival of interest,when itwas argued that localization could per-
sist in presence of electron-electron interactions [3]. Since in an interacting system,
there is no appropriate analogue for one-particle wave functions, the phenomenon of
Many-Body Localization (MBL) has to be characterized in other ways, than spatial
decay of wave functions. One of the most appealing ways is to contrast MBL with
an ergodic phase, where the latter can be defined as a phase in which the system
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thermalizes if initially prepared out of equilibrium. Several indicators can serve to
quantify the “absence of thermalization” and characterize the MBL phase:

1. The existence of a complete set of integrals of motion,
2. An area law for the entanglement entropy of eigenstates,
3. The breakdown of the Eigenstate Thermalization Hypothesis (ETH),
4. The vanishing of transport coefficients (e.g. thermal conductivity), etc....

These characterizations are not equivalent (e.g. while the first one fully describes the
structure of the many-body Hilbert space, the last one implies only that relaxation
times are sub-diffusive, strictly speaking); we refer to the recent review [19] for more
explanations.

Both one and many body localization can be understood as the result of frequency
mismatch, or lack of resonances, between the different states of the system, in a sim-
ilar way as the persistence of KAM tori can be understood in classical mechanics.
From a mathematical point of view, the study of MBL can be regarded as the inves-
tigation of the fate of KAM-like phenomena in the thermodynamic limit, where
the volume is sent to infinity while the temperature is kept constant and positive.
Recently, a mathematical approach based on the KAM scheme was indeed proposed
to show the existence of MBL in one-dimensional spin chains [17].

1.1 MBL Without Disorder

AsAnderson localization is naturally associated to an inhomogeneousmedium,MBL
has mostly been investigated for quenched disordered systems. Nevertheless, in a
many-body set-up, interaction between particles could supply the needed frequency
mismatch, as it is the case for the finite dimensional systems in the regime where
KAM theory applies. The possibility of finding anMBLphase in translation invariant
systems was recently explored by several authors [7, 13–15, 18, 21].

To illustrate this, let us consider two classical models of coupled oscillator chains.
First, the one-dimensional pinned disordered harmonic chain, with Hamiltonian

H(q, p) = 1

2

∑

x

{
p2x + ω2

x q2x + J(qx+1 − qx)
2}, ωx i.i.d., J > 0, (1)

is a well known example of perfect thermal insulator, as a consequence of Anderson
localization [4]. Because the chain is harmonic, this system can indeed be seen as
an example of one-particle localization rather than MBL.1 This, however, is as such
not important for the point we want to make here: to compare this system with the

1 In fact, one believes that only quantum systems, e.g. like in [17], exhibit MBL in genuinely
interacting systems.
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rotor chain, described by the Hamiltonian (with the angles qx ∈ T = R/(2πZ) and
the angular momenta ωx ∈ R canonical conjugates),

H(ω, q) = 1

2

∑

x

{
ω2

x + J cos(qx+1 − qx)
}
. (2)

In contrast to the disordered harmonic chain, ωx are now dynamical variables rather
than frozen degrees of freedom. Nevertheless, they can be regarded as i.i.d. random
variables with respect to the Gibbs state at positive temperature. Moreover, stability
results for Hamiltonian mechanics at finite volume suggest that ωx could be stable
for very long or even infinite times. Therefore, one might try to compare the high-
temperature regime to the large disorder regime for disordered systems, and be led
to the somehow provocative conjecture that thermal fluctuations can generate MBL.

1.2 Mobile Bubbles

Despite this suggestive analogy, the replacement of a fixed external disordered field
by dynamical variables can in principle deeply modify the long time behavior of the
system. Following [8, 15], it is the first purpose of this article to explore a mechanism
for delocalization by means of rare mobile thermal bubbles that do not appear in
quencheddisorder, fullyMBLsystems (having all their eigenstates localized), but that
seem to be unavoidable in translation invariant systems with short range interactions.

We hope that these findings can also shed some light on the localization-
delocalization transition in quenched disordered systems. First, in the cases where a
transition in function of the energy density is expected [3], the argument developed
here suggests in fact that there is no MBL phase at all (except possibly at zero tem-
perature) in the true thermodynamic limit. Second, the absence of an MBL phase in
classical disordered anharmonic systems could be explained by a mechanism of rare
mobile ergodic bubbles too [2, 20].

At the moment of writing, the validity of our theoretical scenario is being inves-
tigated more thoroughly and also tested numerically [9]. Indeed, what our argument
ultimately shows is that an overwhelming majority of the states in the Hilbert space
are connected via a sequence of resonant transitions (see below). Strictly speaking,
delocalization does not follow at once; we refer to [8] for a more detailed discussion
on this point.

1.3 Asymptotic Localization

However, though true MBL can fail for the systems considered in this work, some
asymptotic localization effects are surely expected, comparable to Nekhoroshev
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estimates at finite volume.We review here several recent mathematical works, where
such estimates have in some sense been extended in the thermodynamic limit, pre-
dicting a non-analytic behavior of the thermal conductivity near the (trivial) critical
point for various systems, as classical anharmonic disordered chains [16], the rotor
and DNLS chain [6], or a quantum particle system analogous to the Bose-Hubbard
model [7].

1.4 Organization of the Paper

The main quantum model studied in this paper is introduced in Sect. 2, where the
principal difference between quenched and thermal disorder is discussed. In Sect. 3,
a first version of the mechanism for delocalization, based on perturbation theory, is
presented. In Sect. 4, it is shown that non-perturbative considerations lead to the same
conclusion, through a slightly less explicit but probably more robust way. Results on
asymptotic localization are reviewed in Sect. 5. Some technical issues are gathered
in the appendices.

2 Quenched and Thermal Disorder

We study quantum lattice systems defined in a large volume V ⊂ Z
d in the ther-

modynamic limit |V | → ∞. We think of each lattice site x as containing a variable
number of particles ηx ∈ {0, . . . , N}, where N ≥ 1 is the maximal occupation num-
ber per site. There is thus a preferred product basis in the many-body Hilbert space,
consisting of classical configurations |η〉 = |(ηx)x〉. The total Hamiltonian is the sum
of local operators:

H =
∑

A⊂Zd ,|A|≤R

HA for some R ≥ 1, (3)

where A are connected and HA acts inside A, i.e.,

〈η′|HA|η〉 = 0 if η′
x �= ηx for x /∈ A. (4)

We assume that the total number of particles is conserved: [H, N] = 0 with
N = ∑

x b∗
x bx , where bx and b∗

x are respectively bosonic annihilation and creation
operators with cut-off N: bx| . . . , ηx, . . . 〉 = √

ηx| . . . , ηx − 1, . . . 〉 if 1 ≤ ηx ≤ N
and bx|η〉 = 0 if ηx = 0. Moreover, we consider the case where H is a small per-
turbation of a Hamiltonian H(0) which is manifestly MBL, for example H(0) of the
type (3) and diagonal in the {|η〉} basis,
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x

ηx

x

|η ′〉

|η〉

Fig. 1 First order resonances for the Hamiltonian (9). Left panel Non-resonant nearest-neighbor
hopping on the left; resonant second neighbor hopping on the right. Right panel As shown in
Appendix 1, the classical state |η〉 is connected to |η′〉 through a sequence of resonant transitions.
The naive resonant spot in |η〉, indicated in blue, appears thus as part of a larger one seen in |η′〉

H = H(0) + JH(1), J � 1. (5)

More precisely, we require that the matrix elements of JH(1) are smaller than the
level spacing of the local Hamiltonians HA.

Following [8], we give two examples. In the first example, translation invariance
is broken by an external field (quenched disorder). At small enough coupling J >

0, resonances, that are potentially responsible for delocalization in the considered
perturbative regime, are rare and their location is determined by the external field.
In the second example, translation invariance is restored. Although, for small values
of J, resonances are equally rare in the second example as in the first one, they
can appear everywhere and therefore they can be possibly part of a giant cluster in
configuration space (see the right panel in Fig. 1). This is themain difference between
these two types of systems.

2.1 Quenched Disordered Hamiltonian

We let d = 1, N = 1 (i.e. we have hard-core bosons) and we define a Hamiltonian
of the form (5) by

H =
∑

x

ωxb∗
x bx + J

∑

x

{
b∗

x(bx+1 + bx+2)+bx(b
∗
x+1 + b∗

x+2)
}
, ωx i.i.d. (6)

(second neighbor hopping is introduced to break integrability). We simply refer to
H(0) as the uncoupled energy, and to H(1) as the hopping term. To facilitate the
comparison with the translation invariant case described below, we assume that the
values of ωx are uniformly distributed in a finite set {α0, . . . , αN′ } for some N′ � 1.
We think of the numbers α0 < · · · < αN′ as picked at random in an interval of size
1, so that αk+1 − αk ∼ 1/N′. We assume J � 1/N′.

Consider now two classical states |η〉 and |η′〉 connected in the first order in
perturbation in J: 〈η′|H(1)|η〉 �= 0. These two states only differ from each other
by one particle that hopped one or two sites away. Thanks to the properties of the
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random field (ωx)x described above, at most of the places, the change in energy due
to the hopping cannot compensate the resulting change in uncoupled energy:

J
∣
∣〈η′|H(1)|η〉∣∣ � ∣

∣H(0)(η′) − H(0)(η)
∣
∣ = |ωy − ωx|, (7)

assuming that the particle hops from x to y, with |y − x| ≤ 2 (here and below,
the convention A(φ) = 〈φ|A|φ〉 is used whenever φ is an eigenstate of A). As a
consequence, it is possible to remove these transitions via a perturbative procedure
[17]. However, in some rare places, the hopping does not produce any change in the
uncoupled energy:

H(0)(η′) − H(0)(η) = ωy − ωx = 0. (8)

In these cases, despite the fact that J � 1, the hopping becomes the dominant
effect and cannot longer be treated perturbatively. These latter transitions are called
resonant. However, the most important point seen from (8), is that the location of
resonances is determined by the external field (ωx)x alone: the second equality in (8)
only depends on the points x and y, and not on the configurations |η〉 and |η′〉. More-
over, the probability with respect to the distribution of (ωx)x , of finding a resonance
somewhere is of the order of 1/N′, so that even for d > 1, they form small isolated
clusters in physical space. This is the reason why they entail no delocalization.

2.2 Translation Invariant Hamiltonian

We let d = 1, N � 1 and we consider the Bose-Hubbard Hamiltonian with the
cut-off N on the number of particles per site, and with second neighbor hopping:

H =
∑

x

(b∗
x bx)

2 + J
∑

x

{
b∗

x (bx+1 + bx+2) + bx(b
∗
x+1 + b∗

x+2)
}
. (9)

This Hamiltonian is of the form (5): H(0)creates a repulsion between particles, and
is referred to as the interaction energy, while H(1) allows again for particles to hop.

First order resonances in J are defined as in the disordered case: two classical
states |η〉 and |η′〉 such that 〈η′|H(1)|η〉 �= 0, enter in resonance if the inequality in
(7) is violated. Thanks to the strong anharmonicity in the interaction, coming from
the square in (b∗

x bx)
2, and thanks to the assumption J � 1, a resonance between the

states |η〉 and |η′〉, due to the hopping of a particle from x to y, with |x − y| ≤ 2, only
occurs if

η′
x = ηy = ηx + 1 = η′

y + 1 or η′
x = ηy = ηx − 1 = η′

y − 1. (10)

This is illustrated on the left panel of Fig. 1.
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For the disordered Hamiltonian considered above, the distribution of the disorder
allowed to quantify how likely it was for a hopping between two given sites to induce
a resonant transition. This comes as a little surprise on second thought: the inequality
in (7) involves two states |η〉 and |η′〉 so that we would naturally expect the nature
of the transition (resonant or not) to depend on these states. In general, the Gibbs
state can serve to quantify the occurrence of resonances. Here for example, thanks
to (10), we can tell how likely it is for a resonance to occur due to a hop between x
and y, for a typical classical state |η〉 in the Gibbs state. To simplify the discussion,
we consider the Gibbs state at infinite temperature, such that, in the basis of classical
configurations, it can be viewed as a bonafide probability measure that gives equal
weight to each configuration, allowing to define unambiguously the probability of a
resonance. However, as the number of particles is conserved, we can and will fix the
density ρ of particles per site. By definition, 0 ≤ ρ ≤ N is the average number of
particles per site.

We distinguish two regimes. First, at very low densities2 (ρ � 1), most of the
particles are isolated, so that, according to (10), they can typically hop via resonant
transitions. An ergodic phase is expected, though, since d = 1, atypical clusters of
particles can slow down thermalization very much [5]. Second, at densities close to
N/2, we deduce from (10) that the probability of finding a resonance somewhere
becomes of the order of 1/N, precisely as in the quenched disordered case, with
N′ there being N here. This observation is a possible starting point to address the
question of Many-Body Localization [7, 8, 21]. However, due to translation invari-
ance, resonant spots have no preferred location. Therefore, there is no reason why the
picture of small isolated clusters would remain valid. Contrary to what a naive look
at typical classical configurations suggests, resonant spots might be just the “visible
part of the iceberg”, a giant cluster in configuration space, as illustrated on the right
panel of Fig. 1.

3 Rare Bubbles Due to Perturbative Effects

Following [8], we here study more systematically the effect illustrated on the right
panel of Fig. 1, though we switch to d = 2 as that allows for a more transparent dis-
cussion.More precisely,we show that, in the thermodynamic limit, the overwhelming
majority of pairs of classical configurations are connected via a sequence of resonant
transitions in the first order in J, as long as some obvious conservation laws are
satisfied (resonant transitions preserve the number of sites with a given occupation
number). Therefore, we conclude that the choice of a typical classical state as initial
state, does not suffice for the picture of small resonant localized islands to survive.

To achieve this, we observe that, in a typical classical state at some density
ρ ∼ N/2, arbitrary large low density bubbles are found in the thermodynamic limit.
Since, as noticed in the previous section, low density states are expected to be ergodic

2 An analogous conclusion actually also holds at very large densities due to the cut-off N.
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for the Hamiltonian (11) below, it should be possible to displace these bubbles across
the system through a sequence of resonant transitions in the first order in J, at least
if this phenomenon is already visible in a first order approximation. We prove below
that this is indeed the case, by showing that resonant transitions allow the bubble
to absorb and expel particles from its surrounding. By continuously absorbing and
expelling, it can thus move across the system and carry particles all over the places,
providing a mechanism to connect all states satisfying the above mentioned conser-
vation laws.3

3.1 The Resonant Hamiltonian

Let d = 2 and N � 1. We consider the Bose-Hubbard Hamiltonian with the cut-off
N on the number of particles per site:

H = H(0) + JH(1) =
∑

x

(b∗
x bx)

2 + J
2

∑

x,y:x∼y

{
b∗

x by + bxb∗
y

}
, (11)

where x ∼ y means |x − y|1 = 1 (nearest neighbors). Transitions that are non-
resonant in the first order in J can be removed perturbatively, up to second order
corrections [17]. Therefore, if these corrections are neglected in a first approximation,
the dynamics is dominated by the resonant Hamiltonian Hres defined by

〈η′|Hres|η〉 = 〈η′|H(0)|η〉 + J
2
δ
(

H(0)(η′) − H(0)(η)
)

〈η′|H(1)|η〉
= 〈η′|H(0)|η〉 + J

∑

x,y:x∼y

δ(ηy − ηx − 1)〈η′|b∗
x by|η〉, (12)

with δ(·) the Kronecker delta function. Let us make some remarks:

1. The fact that two classical states |η〉 and |η′〉 are connected via a sequence of
resonant transitions, can now simply be expressed by saying that |η〉 and |η′〉 are
connected via Hres, meaning

〈η′|ed−itHres |η〉 �= 0 for some t ≥ 0. (13)

2. By definition of Hres, if two states are connected via Hres, then they have the
same value of H(0). Therefore, the term 〈η′|H(0)|η〉 in (12) is constant in every

3 One could wonder whether localization could emerge at some larger scale. As all involved transi-
tions are resonant, there is surely no obvious reason to think that bubbles are localized. Nevertheless,
we will see that a long specific sequence of transitions is required for a bubble to move over a dis-
tance of order one, as, for a random sequence of the same length, the bubble would rather shrink to a
minimal size than start moving. This feature could suggest that the bubbles are ultimately localized,
though no conclusion in that direction can be drawn from this observation alone.
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subspace left invariant by Hres, and could thus be removed. This confirms that
resonant transitions are non-perturbative even though J � 1.

3. If the dynamics generated by Hres is delocalized, it is hard to conceive that higher
orders could restore localization. On the other hand, should the dynamics gen-
erated by Hres be localized, we would need to check the effect of higher orders
before we conclude that there is localization.

3.2 The Bubble

Let us consider a classical initial state |η〉 that is typical at the density ρ ∼ N/2 in
the thermodynamic limit, and let B ⊂ V be a connected region corresponding to a
bubble with density ρ̃ so small that ρ̃ � 1. Since N � 1, the number of particles
sitting on a given site in B, is approximately given by an exponential distribution
with mean ρ̃. We assume that |B| is large enough so that it is likely to find at least
one site occupied by N particles in B (|B| � edN/ρ̃ is thus needed). Let us denote
by nk be the number of sites inB occupied by k particles (0 ≤ k ≤ N). There exists
a number p ∼ ed1/ρ̃ � 1 so that nk ≤ (1/p)nk−1 for 1 ≤ k ≤ N.

For convenience, let us assume that B has a rectangular shape, as depicted on
Fig. 2. Let us first show that, inside the bubble, it is possible to move the particles
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Fig. 2 Possible motion of particles inside a bubble. Blue square site with 3 particles, dark pink
square site with 2 particles, light pink square site with 1 particle, yellow square site with no particle.
From left to right and from top to bottom as an example, we use a systematic procedure to show
that a classical state where the site occupied by 3 particles is in the upper left corner, is connected
via Hres to a classical state where this site is in the lower right corner
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all over the places via a sequence of resonant transitions. To go directly to the point,
let us consider an initial classical state |η〉 such as depicted on Fig. 2, with high
density sites in the upper left corner (our argument shows that we could well have
started from a more typical configuration inside the bubble). On Fig. 2, we show a
systematic strategy to connect this state via a sequence of resonant transitions (see
(13)) to another classical state |η′〉 where the high density sites are in the lower right
corner. This is exemplary: it is seen that the sites with N particles (the blue square on
Fig. 2) could first be placed everywhere, and that sites with N − 1 particles (the dark
pink squares) could then in turn be placed at (almost) any of the remaining places,
etc...4

As a consequence, starting from a classical configuration |η〉 inside the bubble, it
is possible to populate any given site on the inside border of the bubble by any given
number of particles, via resonant transitions only. Therefore, it is also possible to
absorb a particle on a site on the outside border inside the bubble via a sequence of
resonant transitions, or to expel a particle outside. We conclude that the bubble can
move across the system, and carry particles from any site to any site, via a sequence
of resonant transitions.

4 Rare Bubbles Due to Non-perturbative Effects

A drawback of the analysis of Sect. 3 is that it relies on fine details of the model,
there given by (11). It is actually shown in [8], and we will see another example
below, that if only nearest neighbor hopping was present in (9), all but a vanishing
proportion of the eigenstates of the corresponding first order resonant Hamiltonian
would be localized. It could thus seem conceivable that, by restricting our attention to
a well-chosen class of models, we cannot find any delocalizing bubble at any order,
and hence conclude the existence of a localized phase.

We aim to show here that this is not the case, once non-perturbative effects are
taken into account. Once again,we follow [8] (a similar reasoning has been developed
by [15]). While in the previous section we proceeded via a detailed analysis at low
orders, we now assume that, for the full dynamics, ETH is satisfied inside low density
bubbles. When their size is large enough, these bubbles can act as baths: they absorb
and eject particles from and to the system. It is worth pointing out that such baths are
eventually observed in quenched disordered systems too, such as (6), due to large
deviations in the disorder that appear unavoidably at large enough volume, no matter
how strong the disorder is. In both cases, delocalization does not follow at once since,
due to their finite size, these baths are not perfect. The difference between quenched
disordered and translation invariant systems comes once again from the fact that, in
the latter case, the bubbles can be located everywhere and can therefore move across

4 It is well possible that, due to geometrical constraints, not precisely all configurations can be
reached that way, but this is not relevant for the discussion.
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the system by interacting with the rest of the system, while in the former case, their
location can be determined a priori if the disorder is strong enough.

We now proceed to a more precise description. Though we study a rather specific
case, where our argument can be stated neatly, the described phenomenon is very
general. In particular, we expect it to show up for all the Hamiltonians of the type
(3–5). In contrast to the cases considered until now, in models (9) and (11), we do not
longer take H(0) to be uniformly localized. We know indeed that in these examples,
H cannot be such, and we wish to incorporate this feature into H(0). Below, we first
describeH(0) inmore details, and then show how arbitrarily small perturbations force
all eigenstates of H(0) to hybridize to form the eigenstates of H.

4.1 The Hamiltonian H(0)

We let d = 2 and N � 1. The Hamiltonian H(0) is itself the sum of a diagonal
interaction term and a hopping term: H(0) = H(0)

i + λH(0)
h . We assume J � λ � 1.

A natural choice for H(0)
h would be given by H(0)

h = 1
2

∑
x∼y{b∗

x by +bxb∗
y } but, since

non-resonant transitions can be removed perturbatively at first order in λ as pointed
out in the previous section, let us consider a caricature, similar to (12), where only
resonant hoppings appear:

〈η′|H(0)|η〉 =
〈η′|H(0)

i |η〉 + λ

2
δ
(

H(0)
i (η′) − H(0)

i (η)
) ∑

x,y:x∼y

〈η′|b∗
x by + bxb∗

y |η〉. (14)

Let us specify the interaction energy H(0)
i . We set

H(0)
i =

∑

A⊂Z2:|A|=2

H(0)
A (A connected). (15)

The operatorsH(0)
A are diagonal in the {|η〉} basis, and are such that, for any translation

τx by x, it holds that H(0)
τxA(η) = H(0)

A (τ−xη), so that H(0)
i is translation invariant.

Therefore, we only need to specify H(0)
A for A being A1 = {(0, 0), (1, 0)} or A2 =

{(0, 0), (0, 1)}, so two functions f1, f2 : {0, . . . , N}2 → R such that

H(0)
A1

(η) = f1
(
η(0,0), η(1,0)

)
, H(0)

A2
(η) = f2

(
η(0,0), η(0,1)

)
.

In analogy with the Bose-Hubbard Hamiltonian, we require that typically H(0)
Aj

(η) ∼
N2 (j = 1, 2). Moreover, we impose a genericity condition on f1, f2: these functions
are injective, the set of values of f1 has no intersection with the set of values of f2, and
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the values α1, . . . , α2(N+1)2 ∈ f1({0, . . . N}2)∪ f2({0, . . . N}2) are not in any rational
combination of each others:

k1α1 + · · · + k2(N+1)2α2(N+1)2 �= 0 ∀ (k1, . . . , k2(N+1)2) ∈ Z
2(N+1)2\{0}. (16)

We can think of the values α1, . . . , α2(N+1)2 as 2(N+1)2 numbers picked at random

in an interval of size 1. In particular, H(0)
i is not invariant under lattice rotations.

The study of the localized and delocalized phases of the HamiltonianH(0) defined
through (14 and 15) boils down to a percolation analysis inZ2. This is a consequence
of the following property, shown in Appendix 2. Let |η〉 be an initial classical state,
and let |φ(t)〉 = ed−itH(0) |η〉 be its time evolution after a time t ≥ 0. Consider four
distinct points x, y, z, w forming a square of nearest neighbors:

|x − y|1 = |y − z|1 = |z − w|1 = |w − x|1 = 1.

If it holds that

|ηx − ηy| ≥ 2, |ηy − ηz| ≥ 2, |ηz − ηw| ≥ 2, |ηw − ηx| ≥ 2, (17)

then, for all t ≥ 0, it holds that

φx(t) = ηx, φy(t) = ηy, φz(t) = ηz, φw(t) = ηw. (18)

The following picture emerges. At very low density, for a typical initial classical
configuration |η〉, particles are few and far between. Under the dynamics generated
by H(0), given by (14 and 15), isolated particles evolve like on a billiard: they move
freely with the additional constraint that two particles can never come at a distance
less or equal to one from each other. Therefore, though a cluster of frozen particles
appears here and there, for example because some particles are in a configuration
satisfying (17 and 18), we observe a low density gas of interacting particles. Ergodic
behavior is expected.

At higher density instead, above some threshold, for a typical initial classical state
|η〉, the sites included in a square of nearest neighbors where (17 and 18) is satisfied,
form a giant cluster in the lattice, so that the dynamics is frozen. The system is in
the MBL phase. Nevertheless, the localization length is not uniform: it becomes
arbitrarily large on some islands, whose locations are determined by the initial state
|η〉. Indeed, in the thermodynamic limit, low density bubbles of arbitrary large size
are found in a typical classical configuration. Since normal thermal behavior is again
expected inside the bubbles, the localization length becomes there of the size of the
bubble.

In view of the above, despite the rather specific, and perhaps artificial, definition
of H(0) given by (14 and 15), we hope that this model furnishes a reasonable cartoon
of the MBL phase in translation invariant systems, so that our conclusions will
ultimately not depend on the particular choice of this model.
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4.2 Hybridization of Eigenstates

Let us assume that the density is large enough so that H(0) is in the localized phase
described above.Moreover, we assume thatH(1) allows for nearest and second neigh-
bor hopping. Let us give two classical states |η〉 and |η′〉. To simplify the discussion
let us assume that the volume V is large but finite, and that |η〉 and |η′〉 contain only
one thermal bubble, located at precisely the same place, while all the other sites are
frozen. The state |η′〉 is distinct from |η〉 in that a single particle on a frozen site on
the outside border of the bubble in |η〉 has moved inside the bubble in |η′〉; we have
〈η′|H(0)|η〉 = 0 but 〈η′|H(1)|η〉 �= 0. We denote by |ψ〉 any eigenstate of H(0) such
that 〈η|ψ〉 �= 0, and by |ψ ′〉 any eigenstate of H(0) such that 〈η′|ψ ′〉 �= 0.

We show below that, as soon as the size of the bubble is big enough, given any
state |ψ〉, we can find at least one (but actually much more than one) state |ψ ′〉 such
that ∣

∣
∣
∣
∣

J〈ψ ′|H(1)|ψ〉
H(0)(ψ ′) − H(0)(ψ)

∣
∣
∣
∣
∣

� 1. (19)

This means that the extraction of a particle from the surrounding to the inside of the
bubble can be achieved via a resonant transition. As this is then true for the reverse
process too, we conclude, as in the previous section, that the bubble can eventually
move everywhere by absorbing and expelling particles.

In [8], (19) is shown to follow from ETH inside the bubble. In the hope of being
more explicit, we here prove (19) under stronger hypotheses (Berry conjecture, see
[22]). Let us denote by N the dimension of the Hilbert space spanned by all the
classical states that are connected to |η〉 via a sequence of resonant transitions (see
(13)), and by |B| the physical size of the bubble. It holds thatN ∼ eds|B| for some
entropy density s > 0, that depends on the density of particles inside the bubble.
Obviously, the values N and B would be slightly different for |η〉 replaced by |η′〉
(i.e. the values change slightly before and after the absorption of a particle from the
surrounding), but we neglect this as it is irrelevant for the present computation. Let
us fix |ψ〉.

We first estimate the numerator in (19),

〈ψ ′|H(1)|ψ〉 =
∑

η̃,η̃′
〈ψ ′|η̃′〉〈η̃|ψ〉〈η̃′|H(1)|η̃〉,

where the sum ranges over the classical states η̃ and η̃′ such that 〈η̃|ed−itH(0) |η〉 �= 0
for some t ≥ 0, and 〈η̃′|ed−it′H(0) |η′〉 �= 0 for some t′ ≥ 0 (the sum is thus over
N × N states). Since the bubble is ergodic, we assume, inspired by [22], that

〈ψ ′|η̃′〉 ∼ ediθ(ψ ′,η̃′)
√
N

, 〈η|ψ̃〉 ∼ ed−iθ(ψ,η̃)

√
N

(20)
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for some phases θ(ψ ′, η̃′) and θ(ψ, η̃). Next, for any state |η̃〉, there are at most |B|
states |η̃′〉 such that 〈η̃′|H(1)|η̃〉 �= 0.Moreover, following again [22], we assume that
the phases in (20) are distributed randomly. Therefore, by a central limit argument,
we find

J
∣
∣
∣〈ψ ′|H(1)|ψ〉

∣
∣
∣ � J

|B|√N

N
= J|B|√

N
.

Let us then look at the denominator in (19). Since there areN possible states |ψ ′〉,
the denominator takesN possible values depending on the choice of |ψ ′〉, all sitting
in an interval of length |B|. Assuming them to be approximately equidistributed,
we conclude that, for some |ψ ′〉, the denominator is of size |B|/N . Altogether we
conclude that ∣

∣
∣
∣
∣

J〈ψ ′|H(1)|ψ〉
H(0)(ψ ′) − H(0)(ψ)

∣
∣
∣
∣
∣

∼ JN√
N

� 1

for a large enough bubble. This is (19).

5 Asymptotic Localization

For this last section, we consider both classical and quantum systems, and we restrict
ourselves to d = 1 though this is probably not at all necessary. We assume that
V = {−(|V | − 1)/2, . . . , (|V | − 1)/2} for some odd integer |V | ≥ 1. We still take a
Hamiltonian of the form (3), but write it now more simply as H = ∑

x∈V Hx , where
Hx only acts on the variables at the sites x and x + 1.5 We also assume that Hx is
of the type Hx = H(0)

x + JH(1)
x with {H(0)

x , H(0)
y } = 0 for all x, y ∈ V , where {·, ·}

denotes the Poisson bracket in classical mechanics, or the commutator in quantum
mechanics. Given a site a ∈ V , we can define the energy current Ga,a+1 across the
bond (a, a + 1) by

JGa,a+1 =
{

H,
∑

x>a

Hx

}
= {Ha, Ha+1}

= J
(
{H(0)

a , H(1)
a+1} + {H(1)

a , H(0)
a+1}

)
+ J2{H(1)

a , H(1)
a+1}.

The Green-Kubo thermal conductivity is defined as the space-time variance of the
current in equilibrium at temperature T :

κ(J, T) = lim
t→∞ lim|V |→∞

J2

T2

〈∣
∣
∣
∣
∣

1√
t

∫ t

0

1√|V |
∑

a∈V

Ga,a+1(s) ds

∣
∣
∣
∣
∣

2〉

T

, (21)

5 Hx = H{x,x+1} in the notation introduced in (4).
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〈·〉T being the Gibbs state at temperature T , and Ga,a+1(s) being the time evolution
of Ga,a+1 at time s under the action of the Hamiltonian.

We aim to understand the behavior of κ(J, T) in the integrable limit, being most
notably the limit J → 0 for fixed T ∼ 1, though it can also correspond to the limit
T → 0 or T → ∞ at fixed J ∼ 1 for some of the examples considered below.
Rigorous results on the conductivity of non-integrable Hamiltonian dynamics are
most likely too hard to get at the present time. Nevertheless, in the examples below,
we make the idea of asymptotic localization mathematically precise, by introducing
some cut-off, possibly modeled by a energy-conserving noise, in the time integral in
(21). We expect this cut-off to furnish a reasonable approximation to obtain an upper
bound on κ , in both the scenarios where the dynamics is truly MBL or diffusive.

5.1 Classical Disordered Anharmonic Chain

We consider a quenched disordered system as a first example. Despite the fact that
translation invariance is broken, no true MBL phase is expected [2, 10, 20], and it is
possible that raremobile chaotic spots constitute themain delocalizationmechanism.
Though we could allow for much more generality, let us take as an example the
Hamiltonian

H(q, p) =
∑

x∈V

(
p2x + ω2

x q2x + J(qx+1 − qx)
2 + Jq4x

)
, (22)

with the convention q(|V |+1)/2 = q(|V |−1)/2, meaning that free boundary conditions
are taken on both ends. We assume the frequencies ωx to be i.i.d., with smooth
compactly supported density, bounded away from zero. Let n ≥ 1 be some integer
(we are interested in the case n � 1). As a cut-off in time, we perturb theHamiltonian
dynamics by an energy preserving noise that becomes relevant on time scales of order
J−n, generating a very slow diffusive behavior. The generator of the full dynamics
is given by

L = LH + JnS with

LH = {H, ·} and Sf (q, p) =
∑

x∈V

(
f (q, . . . ,−px, . . . ) − f (q, p)

)
. (23)

Let κ̃(J, T , n) be the Green-Kubo conductivity defined for this noisy dynamics. In
[16], we show

Theorem 1 For given T > 0, and for any integer n ≥ 1, there exists a constant CT ,n

such that, for almost all realizations of the frequencies ωx, it holds that κ̃(J, T , n) ≤
CT ,nJn.

This result suggests that κ(J, T) = O(Jn) for any n ≥ 1 as J → 0.We expect that the
theorem remains true ifJ(qx+1 − qx)

2 is replaced by (qx+1 − qx)
2 in (22), since all the
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eigenmodes of the chain are localized in the absence of nonlinearity (in d = 1 or even
in d > 1 at strong enough disorder). In that case, as the scaling κ(J, T) = κ(J/r, rT)

holds then for any r > 0, we conclude that asymptotic localization at small coupling
implies also asymptotic localization at low temperature.

5.2 Classical Rotors and DNLS Chain

In [6], Theorem 1 is extended to the translation invariant rotors chain (2) with the
same noise as in (23). In this case, the scaling for the true conductivity is given by
κ(J, T) = 1

r κ(r2J, r2T) for any r > 0, so that, this time, asymptotic localization
at small coupling implies asymptotic localization at large temperature, in agreement
with the observations of [12].

The Discrete Non-Linear Schrödinger (DNLS) chain, with Hamiltonian

H(ψ,ψ) =
∑

x∈V

(
|ψx|4 + J|ψx+1 − ψx|2

)
, ψx ∈ C (24)

with again ψ(|V |+1)/2 = ψ(|V |−1)/2, displays a thermal behavior similar to that of the
rotors chain in the small coupling limit. Nevertheless, the introduction of an energy
preserving noise is non-obvious. We adopt therefore a different, less physical, type
of time cut-off. For an integer n ≥ 1, we define

κ̂(J, T , n) = lim|V |→∞
J2

T2

〈∣
∣
∣
∣
∣

1√
J−n

∫ J−n

0

1√|V |
∑

a∈V

Ga,a+1(s) ds

∣
∣
∣
∣
∣

2〉

T

,

and in [6], we prove

Theorem 2 For given T > 0, and for the Hamiltonian dynamics generated by the
Hamiltonian (24), it holds that limJ→0 J−(n−1)κ̂(J, T , n) = 0 for any integer n ≥ 1.

Again, this result suggests that κ(J, T) = O(Jn) for any n ≥ 1 as J → 0. It is
observed that asymptotic localization is not to be attributed to any statistical inter-
play with a second conserved quantity (total momentum for the rotors chain, total
�2-norm for the DNLS chain). The conservation of these quantities could be broken
by an additional perturbation. We conjecture that this result stays valid in higher
dimensions and for many more similar Hamiltonians, as for example H(q, p) =∑

x{p2x + q4x + J(qx+1 − qx)}. This has however not been shown at the present time.
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5.3 Quantum Chain Analogous to the Bose-Hubbard Chain

In [7], we show that a quantum chain, analogous to theBose-Hubbard chain, becomes
asymptotically MBL in the limit T → ∞.6 The Hamiltonian is given by

H =
∑

x∈V

(
(a∗

x ax)
q + J(a∗

x ax+1 + axa∗
x+1)

)
, q > 2,

where ax and a∗
x are respectively bosonic annihilation and creation operators (without

cut-off). The need for the constraint q > 2 is seen as follows.7 The typical energy
per site is Nq

x ∼ T (with Nx = a∗
x ax), so that the typical energy difference due to

hopping is given by (Nx + 1)q − Nq
x ∼ Nq−1

x ∼ T1−1/q. The coupling is of order
JNx ∼ JT1/q. Therefore, the ratio between coupling and energy difference is given
by JT2/q−1. This ratio needs to go to zero as T → ∞ for resonances to become
sparse in this limit, imposing q > 2.

For any integer n ≥ 1, let us define

κ̂(J, T , n) = lim|V |→∞
J2

T2

〈∣
∣
∣
∣
∣

1√
Tn

∫ Tn

0

1√|V |
∑

a∈V

Ga,a+1(s) ds

∣
∣
∣
∣
∣

2〉

T

.

The following theorem is shown in [7].

Theorem 3 There exists c < +∞ such that, for the Hamiltonian dynamics gen-
erated by the Hamiltonian (5), and for fixed J > 0, it holds that limT→∞ Tn−cκ̂

(J, T , n)= 0 for any integer n ≥ 1.

Let us notice that the conductivity depends separately on the temperature T and the
coupling strength J. Our result does not imply asymptotic localization as J → 0
for a fixed temperature T ∼ 1. Actually, especially for d ≥ 2, the considerations of
Sect. 3 lead us to think that the conductivity behaves as a power law in J in the limit
J → 0.

Acknowledgments We thank D. Huse, J. Imbrie, R. Nandkishore, M. Müller and M. Schiulaz for
discussions.

6 This limit could be compared to the limit N → ∞, while keeping the temperature infinite, in the
set-up of Sect. 2.
7 A regime of asymptotic MBL could still be expected for q = 2 if both T → ∞ and J → 0.
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Appendix 1

We show a sequence of possible steps to connect |η〉 to |η′〉 via resonant transitions
on Fig. 1. We start from |η〉 in the upper left corner, go from left to right and from
top to bottom, and end up with |η′〉 in the lower right corner. Occupation numbers
marked in red are the ones that will get swapped.

Appendix 2

Weprove (17 and 18). Consider an initial classical state |η〉 and another classical state
|η′〉 such that 〈η′|H(0)|η〉 �= 0. There are thus points x, y satisfying |x − y|1 = 1 and
such thatη′

x = ηx+1 andη′
y = ηy−1,whileη′

z = ηz for all z �= x, y. For concreteness,
let us assume that x = (x1, x2) and y = (x1, x2 + 1) (other cases analogous), let us
write ηx = a, ηy = b and let us denote by r, s, . . . , w the occupation numbers on the
neighboring sites. The transition from |η〉 to |η′〉 is represented as

r

b

a

u

w

v

s

t

r

b−1

a+1

u

w

v

s

t

Because transitions must preserve the interaction energy according to (14), and
because of the genericity condition (16), the states |η〉 and |η′〉 must contain “the
same oriented nearest neighbors pairs with the same multiplicity”, meaning that all
the patterns (w, b), (b, s), (v, a), (a, t),

(r
b

)
,
(b

a

)
,
(a

u

)
must be found in η′. This imposes

strong constraints on |η〉 for the transition to be possible. First we find that we need
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to have b = a + 1, and then that |η〉 must actually be a configuration of one of the
following two types

a+1

a+1

a

a+1

v

v

s

s
or

a

a+1

a

a

v

v

s

s

for some s and v. Now, for |η〉 satisfying (17), we find a configuration depicted as

g

h

f

e |g− f | ≥ 2, | f − e| ≥ 2, |e−h| ≥ 2, |h−g| ≥ 2.

In order for |η〉 to be connected by H(0) to a state |η′〉where at least one of the values
e, f , g or h has changed, a particle must hop along one of the twelve bonds appearing
on the last figure. By the above, this is not possible. This shows (18).
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Stability of Non-deterministic Systems

Pedro Duarte and Maria Joana Torres

Abstract A space of non-deterministic dynamical systems of Markov type on
compact manifolds is considered. This is a natural space for stochastic perturba-
tions of maps. For such systems, both the combinatorial stability, of the periodic
attractors, and the spectral stability, of the invariant measures, are characterized and
its genericity established.

Keywords Stochastic dynamical systems · Combinatorial stability · Spectral
stability

1 Introduction

Given a state space X, any function f that associates to each state x ∈ X a state
probability transition fx on X will be called a (discrete time) stochastic dynamical
system or, simply, a Markov system. Deterministic dynamical systems correspond to
such functions when each value fx = δf (x) is a Dirac measure sitting on some point
f (x) ∈ X.

In the present work we will consider a space H (X) of stochastic dynamical
systems defined on a compact Riemannian manifold X, with volume measure m,
which is large and natural to make stochastic perturbations in continuous deter-
ministic dynamical systems. Our main goal is to study and compare, for generic
systems f ∈ H (X), the combinatorial-topological stability of the limit behaviour
of the nondeterministic system ϕf : x �→ supp(fx), with the spectral stability of the
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linear operator Lf : μ �→ f∗μ, that to each probability distribution μ associates the
μ-conditional probability distribution in the next instant, also known as the Perron-
Frobenius operator.

Given a point-set map ϕ : X → P(X), any sequence x0, x1, · · · , xn such that
xi ∈ ϕ(xi−1) for i = 1, · · · , n will be called an orbit of ϕ, and we shall say that
xn is an iterate of the state x0. If there is ε > 0 such that d(xi, ϕ(xi−1)) < ε for all
i = 1, . . . , n then x0, x1, · · · , xn will be called an ε-pseudo orbit of ϕ and we shall
say that xn is an ε-pseudo iterate of x0. We shall say that xn is a pseudo iterate of x0
if for every ε > 0, xn is an ε-pseudo iterate of x0.

The recurrent set of ϕ, denoted by Ω(ϕ), is the set of all states x ∈ X such that x
is an iterate of x. Analogously, the chain recurrent set of ϕ, denoted by R(ϕ), is the
set of all states x ∈ X such that x is a pseudo iterate of x.

The point-set map ϕ has two limit sets: theΩ-final, or final recurrent set, denoted
by Ωfinal(ϕ), of all states x ∈ Ω(ϕ) such that every iterate of x still has some iterate
which comes back to x, and the R-final, or final chain recurrent set, denoted by
Rfinal(ϕ), of all states x ∈ R(ϕ) such that every pseudo iterate of x still has some
pseudo iterate which comes back to x. These limit sets contain all the asymptotic
dynamical behaviour of the point-set map ϕ.

A point-set map ϕ is called open when its graph

graph (ϕ) = {(x, y) ∈ X × X : y ∈ ϕ(x), ∀ x ∈ X }

is an open set in X × X, and ϕ(x) is connected for all x ∈ X.

Theorem
If ϕ is an open map then both limit sets Ωfinal(ϕ) and Rfinal(ϕ) decompose into a
finite number of connected pieces which are permuted by ϕ.

The restriction of ϕ to each of these pieces is, in some sense, irreducible.
The system ϕ will be called combinatorially stable when this topological decom-

position is stable under perturbations. Since any iterate is also a pseudo iterate, there
is a natural relation between the connected pieces of Ωfinal(ϕ) and those of Rfinal(ϕ).
We shall see that for a generic system ϕ, with respect to some natural topology, this
relation is bijective, and that whenever this happens the system is combinatorially
stable, thus obtaining:

Theorem
There is an open and dense set of combinatorially stable systems.

Given f ∈ H (X), both topological decompositions for the limit sets of ϕf , cor-
respond to the unit circle spectral decomposition of the linear operator Lf act-
ing on the Banach space L1(X, m). There is an Lf -invariant spectral decompo-
sition L1(X, m) = E0(f ) ⊕ E1(f ) which corresponds to the spectrum partition
σ

(
Lf

) = σ0
(
Lf

) ∪ σ1
(
Lf

)
, where
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σ0
(
Lf

) = {λ ∈ σ
(
Lf

) : |λ| < 1 } ,

and

σ1
(
Lf

) = {λ ∈ σ
(
Lf

) : |λ| = 1 } .

This second component of the spectrum consists of a finite number of eigenvalues,
all with finite multiplicity. Hence dim E1(f ) < +∞, and the operator Lf is quasi-
compact.

The system f will be called spectrally stable if there is some 0 < k < 1 such that
for every small perturbation g of f :

(a) Lf |E1(f ) is conjugated toLg |E1(g);
(b)

∥
∥Lg |E0(g)

∥
∥ ≤ k.

In our setting the operatorLf depends continuously on f and, therefore, so does the
spectrum σ

(
Lf

)
. The spectral stability of f relates with the fact that no eigenvalue

can enter, or leave, the unit circle.
In Sect. 5 we establish the spectral stability for a generic system f , with respect

to some natural metric inH (X).

Theorem
There is an open and dense set of systems f ∈ H (X) for which ϕf is combinatorially
stable and f is spectrally stable.

We are naturally led to consider finite state Markov chains when trying to approx-
imate a continuous dynamical system by discretizing the manifold X. Finite state
Markov chains are the stochastic, or random dynamical systems on a finite state
space. One may think that these dynamical systems are what we actually see when
running computer simulations of deterministic dynamical systems.Each suchdynam-
ical system is specified by a stochastic matrix with the state probability transitions.
The stochastic matrix is the Perron operator of this finite state system. The Markov
chain also determines an oriented graph, encapsulating some qualitative aspects of
the system behaviour. The theory of finite state Markov chains establishes a cor-
respondence between spectral properties of the stochastic matrix on one side, and
combinatorial properties of the corresponding graph on the other hand. See, e.g., [1].

Formeasurable spaces andMarkov systems satisfying theDoeblin-condition sim-
ilar spectral results were obtained in a more general setting by Doob [2], but the sta-
bility problem is never addressed. As far as we know the topological-combinatorial
approach of our work is also new (see [3, 4]).

In the theory of smooth deterministic hyperbolic systems f : X → X the spectral
decomposition theorem states that there is a decomposition of the non-wandering
set Ω(f ) into a finite number of hyperbolic basic sets which are permuted by f .
The dynamics of f partially orders the basic set components of Ω(f ), the minimal,
or final, elements being the attractors of f . Analogously, in our setting, there are
partially ordered decompositions of the recurrent and chain recurrent sets, Ω(ϕ) and
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R(ϕ), respectively. The final connected components in Ωfinal(ϕ), and Rfinal(ϕ), are
the attractors’ equivalent inΩ(ϕ), and R(ϕ), respectively. As the name indicates this
decomposition relates with the spectral decomposition of the linear operator which
describes the action of f on the tangent vector fields to X. The ergodic theory of
these systems is also well studied. It is well known that in each attractor there is
a unique ergodic stochastically stable measure, called the physical measure of the
attractor. Furthermore, almost every point x ∈ X lies in the basin of attraction of one
of these physical measures. The concept of stochastic stability is usually attributed to
Kolmogorov. Roughly, a measure μ is said stochastically stable if it is stable under
small stochastic perturbations of the system f . In general it has been conjectured by
Palis [6] that for a dense set of dynamics, the system has a finite set of transitive,
stochastically stable attractors whose basins of attraction cover almost every point in
X. This conjecture suggested themainmotivation for the present study: to understand
stochastic stability in the realm of stochastic dynamical systems, at least in a class of
Markov systems which is suitable for stochastic perturbations of continuous maps.

2 Topological Semigroups of Open Maps

Several semigroups of point-set maps are defined, namely open, continuous and Lipschitz point-set

maps. The key concept of topological semigroup of open maps is introduced.

Throughout thisworkX will denote a compactRiemannianmanifold of dimension
n, d will be the geodesic distance on X and m will be the corresponding normalized
(m(X) = 1) Riemannian volume. Similar notation will be used on X × X, where d
will stand for the metric d((x1, y1), (x2, y2)) = max{d(x1, x2), d(y1, y2)} .

Let S (X) be the space of all point-set maps on X, that is, ϕ ∈ S (X) if and
only if ϕ is a map from X into the power set of X, i.e. ϕ : X → P(X). For a
point-set map ϕ ∈ S (X) and a subset A ⊆ X the image ϕ(A) ∈ P(X) is defined by
ϕ(A) = ∪x∈Aϕ(x). We say that A ⊆ X is ϕ-invariant when ϕ(A) ⊆ A. Analogously,
we say that A is fully ϕ-invariant if ϕ(A) = A. For two point-set maps ϕ,ψ ∈ S (X)

the usual composition product ϕ ◦ ψ : X → P(X) of ϕ and ψ at x is defined by

(ϕ ◦ ψ) (x) = ϕ (ψ(x)) = ∪y∈ψ(x)ϕ(y) .

Clearly, S (X) with this composition product is a semigroup.
We define O(X) to be the space of all open point-set maps ϕ in S (X). See the

definition of open map in the introduction.

Proposition 1 ([3, Proposition 4.1.]) Given ϕ ∈ O(X) and an open set C ⊆ X, if C
is connected then ϕ(C) is open and connected.

From the previous proposition we easily have the following.
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Proposition 2 ([3, Proposition 4.2.]) O(X) is a subsemigroup of S (X).

Given sets U, V ⊆ X we will use the following notation: Br(U), respectively
Br(U), denotes the set of all points whose distance d to U is less than, respectively
less than or equal to r, and ρH(U, V) = inf { r > 0 : U ⊆ Br(V) and V ⊆ Br(U) }
denotes the Hausdorff distance between U and V . Furthermore, U is the closure of
U in X and U◦ is the interior of U in X. Similar notation will be used on X × X.

We say that a point-set map is Lipschitz if and only if the map x �→ ϕ(x) is
Lipschitz with respect to the Hausdorff distance ρH , i.e. there is K > 0 such that
ρH (ϕ(x), ϕ(y)) ≤ Kd(x, y) for every y ∈ X. We shall denote by Lip(ϕ) the greatest
lower bound of all Lipschitz constants K for this map. We denote by OLip(X) the
subset of all Lipschitz point-set maps in O(X).

We recall the following continuity concepts. A point-set map ϕ : X → P(X)

with non-empty values is called lower semi-continuous, respectively upper semi-
continuous, if for every x ∈ X and ε > 0 there is a neighborhood Nx of x in X
such that for any y ∈ Nx , ϕ(x) ⊆ Bε(ϕ(y)), respectively ϕ(y) ⊆ Bε(ϕ(x)). It is
called continuous if ϕ : X → P(X) is both lower semi-continuous and upper semi-
continuous. This means continuity with respect to the Hausdorff distance. We denote
by OCont(X) the subset of all continuous point-set maps in O(X).

Proposition 3 ([3, Proposition 4.6.])OLip(X) andOCont(X) are both subsemigroups
of O(X).

Given ϕ ∈ O(X) we define ϕ, ϕ̂ : X → P(X) by setting

graph (ϕ) = graph (ϕ) and

graph (ϕ̂) = (
graph (ϕ)

)◦
,

We call the open map ϕ̂, whose graph is the interior of the closure of graph (ϕ), the
regularization of ϕ. The following proposition is easily proved.

Proposition 4 ([3, Proposition 4.7.])

(1) All maps ϕ in O(X) are lower semi-continuous.
(2) For every map ϕ ∈ O(X), ϕ is upper semi-continuous.
(3) Every map ϕ ∈ OLip(X) is continuous.

Because there are several natural non-equivalent ways of endowingO(X), and its
sub-semigroups, with some topology we give the following abstract definition. Con-
sider any sub-semigroup of open maps O1 ⊆ O(X), endowed with some topology.

Definition 1 We say that O1 is a topological semigroup of open maps if

(1) the Hausdorff distance between open map graphs is continuous;
(2) for each ϕ ∈ O1, there is a family of open maps {ϕ̃ε}ε>0 in O1 such that
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(a) graph (ϕ) = ⋂
ε>0 graph (ϕ̃ε);

(b) for all ε1, ε2, if ε1 > ε2 > 0 then graph
(
ϕ̃ε2

) ⊆ graph
(
ϕ̃ε1

)
; and

(c) limε→0+ ϕ̃ε = ϕ w.r.t. O1 topology;

(3) given ε > 0, an integer N ∈ N, and non-empty open subsets U, V ⊆ X such
that U × V ⊆ graph

(
ϕN

)
, there is a neighborhood N of ϕ in O1 such that for

all ψ ∈ N and x ∈ U, m(V \ ψ̂N (x)) < ε, where ψ̂ denotes the regularization
of ψ .

Condition (2) above is an outer continuity assumption that says every open map ϕ

can be well approximated from above within the topology. Condition (3) expresses
a kind of inner, or lower, continuity.

Identifying each ϕ ∈ O(X) with its graph we can see O(X) as a subset of the
space of all non-empty connected open subsets of X × X. Therefore, we can con-
sider onO(X) and its sub-semigroups, topologies induced from general (topological)
spaces of open sets. See [5] for an overview on topological spaces of sets. We shall
now topologize O(X) with a topology that is natural to address the subtle concept
of combinatorial stability for continuous deterministic dynamical systems (see
[3, Sect. 6]). First letU (X) denote the space of all non-empty connected open subsets
of X. We define the following pseudo-metric ρ in U (X). Given U, V ∈ U (X),

ρ(U, V) = max
{
ρH(U, V), ρH(Ue, Ve)

}
,

where ρH stands for the Hausdorff distance and Ue denotes the exterior of U in X.
Now considerO(X) as a subset ofU (X ×X) and let ρ be the induced pseudo-metric,
which is given by

ρ(ϕ,ψ) = ρ (graph (ϕ) , graph (ψ)) .

Proposition 5 With the topology associated to ρ, O(X) is a topological semigroup
of open maps.

To prove Proposition 5, we first introduce the following two families of open
maps. Given ϕ ∈ O(X), define ϕ∗

ε by

graph
(
ϕ∗

ε

) = Bε(graph (ϕ)) ,

and define ϕ◦
ε setting ϕ◦

ε (x) to be the largest connected component of the open set

{
y ∈ X : d

(
(x, y), graph (ϕ)c )

> ε
}

,

where graph (ϕ)c denotes the complement of graph (ϕ) in X × X. Then ϕ∗
ε ∈ O(X),

and ϕ◦
ε ∈ O(X) for all small enough ε > 0.

Next we provide the following characterization of the ε-ball for the pseudo-metric
ρ. Given open maps ϕ,ψ : X → P(X), we will write ϕ ≺ ψ to mean that
graph (ϕ) ⊆ graph (ψ).
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Proposition 6 Given ε > 0, for every ϕ,ψ ∈ O(X),

ρ(ϕ,ψ) < ε =⇒ ψ◦
ε ≺ ϕ̂ ≺ ψ∗

ε .

Proof First ρH(ϕ, ψ) < ε implies that

graph (ϕ̂) ⊆ graph (ϕ) ⊆ Bε(graph (ψ)) = graph
(
ψ∗

ε

)
.

On the other hand ρH(graph (ϕ)e, graph (ψ)e) < ε implies that

graph (ϕ)e ⊆ Bε(graph (ψ)e) ⊆ Bε(graph (ψ)c),

which in turn implies that ψ◦
ε ≺ ϕ̂. �

We prove now Proposition 5.

Proof It is clear that Definition 1(1) holds. To prove Definition 1(2) we just need
to take ϕ̃ε ≡ ϕ∗

ε . To prove Definition 1(3), let U, V ⊆ X be non-empty open sets
such that U × V ⊆ graph

(
ϕN

)
. Taking δ > 0 small enough we have U × V ⊆

graph
(
(ϕ◦

δ )N
)
. Consider the δ−neighbourhood N = Bδ(ϕ) with respect to the

pseudo-metric ρ. If ψ ∈ N then, by Proposition 6, ϕ◦
δ ≺ ψ̂ , implying that

U × V ⊆ graph
(

(ϕ◦
δ )N

)
⊆ graph

(
(ψ̂)N

)
⊆ graph

(
ψ̂N

)
.

Therefore, m(V \ ψ̂N (x)) = 0 for all x ∈ U. �

3 Combinatorial Stability of Open Maps

Combinatorial stability of open maps is defined and characterized. Its genericity is proved.

Let us briefly recall the main dynamical concepts for open maps (see [3]). Given
ϕ ∈ O(X), a sequence x0, x1, · · · , xn such that xi ∈ ϕ(xi−1) for all i = 1, · · · , n
is called a ϕ−orbit, and we say that xn is a ϕ−iterate of x0. If for every ε > 0, y
is a ϕ∗

ε −iterate of x, where ϕ∗
ε is the open map whose graph is an ε−radius ball of

graph (ϕ), we say that y is aϕ–pseudo-iterate of x. The recurrent and chain-recurrent
sets of ϕ are defined respectively by Ω(ϕ) = {x ∈ X : x is a ϕ−iterate of x}
and R(ϕ) = {x ∈ X : x is a ϕ−pseudo-iterate of x}. Both these sets split into
equivalence classes, each class being formed by states which are accessible from
each other. The set of all these classes is then partially ordered by the dynamics of ϕ.
At the bottom of this hierarchy are two special limit sets: the final recurrent and the
final chain-recurrent sets, denoted respectively byΩfinal(ϕ) andRfinal(ϕ), of all states
x ∈ Ω(ϕ) (x ∈ R(ϕ)) such that every iterate (pseudo-iterate) of x still has some iterate
(pseudo-iterate) which comes back to x. These limit sets contain all the asymptotic
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dynamical behaviour of ϕ. They both decompose into a finite number of equivalence
classes, called respectively Ω−final and R−final classes. We denote by ΛΩ

final (ϕ)

respectively ΛR
final (ϕ) the set of all equivalence classes of the limit sets Ωfinal(ϕ)

and Rfinal(ϕ). Each Ω−final and R−final class decomposes into a finite number of
connected pieces, called respectively Ω−final and R−final components, which are
permuted by ϕ. See Theorems 5.1 and 5.2 of [3]. The restriction of ϕ to each of these
pieces is in some sense irreducible. We call period of a final class to the number of
its connected components. The period of a connected component is the period of
its class. We denote by ΣΩ

final (ϕ) respectively ΣR
final (ϕ) the set of connected pieces

of the limit sets Ωfinal(ϕ) and Rfinal(ϕ). Thus, each open map ϕ ∈ O(X) induces a
permutation πϕ on the set ΣΩ

final (ϕ) of Ω−final components.

Definition 2 Let ϕ, ψ ∈ O(X). We say that ϕ is combinatorially equivalent to ψ ,
and write ϕ �� ψ , if and only if the permutations πϕ and πψ are conjugated, that is,
there is a bijective map h : ΣΩ

final (ϕ) → ΣΩ
final (ψ) such that the following diagram

commutes:
ΣΩ

final (ϕ)
h−→ ΣΩ

final (ψ)

πϕ

⏐
⏐



⏐
⏐

πψ

ΣΩ
final (ϕ)

h−→ ΣΩ
final (ψ)

.

Definition 3 Given a topological subsemigroupO1 ⊆ O(X), we say that ϕ ∈ O(X)

is combinatorially stable in O1 if and only if there is a neighbourhoodU of ϕ in O1
such that all ψ ∈ U are combinatorially equivalent to ϕ.

Theorem 1 (Combinatorial stability characterization) For any ϕ ∈ O(X), ϕ is com-
binatorially stable in (O(X), ρ) if and only if ϕ satisfies the following combinatorial
stability condition: ϕ induces the same permutation on ΣΩ

final (ϕ) and ΣR
final (ϕ), or,

equivalently,
∣
∣ΛΩ

final (ϕ)
∣
∣ = ∣

∣ΛR
final (ϕ)

∣
∣ and

∣
∣ΣΩ

final (ϕ)
∣
∣ = ∣

∣ΣR
final (ϕ)

∣
∣.

Proof In [3, Theorem 5.3.]) we have proved that given any topological semigroup
of open maps O1, ϕ is combinatorially stable in O1 if and only if ϕ satisfies the
combinatorial stability condition. Thus the proof follows immediately in view of
Proposition 5. �

Theorem 2 (Genericity of combinatorial stability) The set of combinatorially stable
systems is open and dense in (O(X), ρ).

Proof In [3, Theorem 5.4.] we have proved that for any topological semigroup of
open maps O1, the set of O1-combinatorially stable maps is open and dense in the
semigroup O1. Thus the proof follows immediately in view of Proposition 5. �
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4 Topological Semigroups of Markov Systems

A semigroup H (X) of Markov systems is defined. The key concept of topological semigroup of

Markov systems is introduced. For each f ∈ H (X), the Perron-Frobenius operator Lf is recalled.

Invariant measures are defined.

Wedenote byMprob(X) the space of all Borel probabilitymeasures on the compact
manifold X. This is a subset of the Banach space M (X) of all finite Borel real
measures on X, with the usual total variation norm ‖μ‖. M (X) is the dual of the
Banach space of continuous real-valued functions on X, denoted here by C0(X),
endowed with the uniform proximity norm ‖ · ‖∞. The spaceMprob(X) is a compact
and convex subset ofM (X) with respect to the weak-∗ topology, which is the weak
topology ofM (X) as dual of C0(X). We will call here Markov system to any weak-∗
continuous mapping p : X → Mprob(X). The probability measure p(x) = px is
referred as the transition probability at state x ∈ X. We denote by MS (X) the set
of all Markov systems. AMarkov system p : X → Mprob(X) will also be referred as
a stochastic dynamical system. A Markov system is called deterministic if for some
continuous mapping f : X → X, we have p(x) = δf (x) for every x ∈ X, where δf (x)
denotes the Dirac measure sitting at the point f (x). The Perron-Frobenius operator of
a Markov system p : X → Mprob(X) is the linear operator Lp : M (X) → M (X),
defined by

Lp(μ) =
∫

X
p(x) d μ(x) , for every μ ∈ M (X) .

The integral of the measure-valued function p is well defined, in a sense that can be
found, for instance, in [7]. The adjoint operator L ∗

p : C0(X) → C0(X), is given by

L ∗
p (ψ)(x) =

∫

X
ψ(y) d px(y) , for every ψ ∈ C0(X) .

BothLp andL ∗
p are bounded linear operators with norms less or equal than 1. The

convolution of two Markov systems p, q ∈ MS (X) is p ∗ q : X → Mprob(X),
where

(p ∗ q)(x) = Lp(qx) = Lp(Lq(δx)) for every x ∈ X .

The space (MS (X), ∗) is a semigroup with identity, where the identity is the deter-
ministic Markov system x �→ δx. The map p �→ Lp is a semigroup homomorphism
taking MS (X) into the algebra of bounded linear operators on the Banach space
M (X). We will say that a measure μ ∈ M (X) is p−invariant when Lpμ = μ, and
that a measurable set A ⊆ X is p−invariant when L ∗

p χA = χA, where χA denotes

the characteristic function χA(x) =
{
1 if x ∈ A
0 if x ∈ X − A

.

We denote by L1(X, m) the Banach space of m-integrable functions on X with
the usual L1−norm, ‖h‖1 = ∫

X |h(x)| dm(x). This space is isometrically embedded
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in M (X) through the inclusion map L1(X, m) ↪→ M (X), h �→ hm. We say that
a Markov system p : X → M (X) is absolutely continuous with respect to m if
px = fx m, with fx ∈ L1(X, m), for every x ∈ X. Absolutely continuous Markov
systems are defined by stochastic transition functions f : X×X → R such that:

(a) f (x, y) is measurable on X×X,
(b) f (x, y) ≥ 0, for every (x, y) ∈ X×X,
(c)

∫

X f (x, y) dm(y) = 1, for every x ∈ X,
(d) the real valued function X → R, x �→ ∫

f (x, y) ψ(y) dm(y), is continuous for
every test function ψ ∈ C0(X).

A function f : X×X → R satisfying (a), (b), (d) and

(c’)
∫

X f (x, y) dm(y) ≤ 1, for every x ∈ X,

is called a sub-stochastic transition function.
The subset of all absolutely continuous Markov systems forms a sub-semigroup,

without identity, of MS (X). Given two transition functions f , g : X×X → R, the
convoluted Markov system is defined by the usual function convolution

(f ∗ g)(x, z) =
∫

X
f (x, y)g(y, z) dm(y) .

From now on we shall identify each absolutely continuous Markov system with its
probability transition function f : X×X → R. Given any such absolutely continuous
Markov system f , the operator Lf takes M (X) into L1(X, m) and its restriction to
L1(X, m) is given by

Lf (q)(y) =
∫

X
q(x) f (x, y) dm(x) q ∈ Ł1(X, m) .

The adjoint action on L∞(X, m) is given by

L ∗
f (g)(x) =

∫

X
f (x, y) g(y) dm(y) g ∈ Ł∞(X, m) .

Given a Markov system p : X → Mprob(X), σ(Lp) will denote the spectrum
of the Perron-Frobenius operator Lp. The spectral radius of Lp, i.e. the lowest
upper bound for absolute values of elements in σ(Lf ), will be denoted by r(Lp).
Of course r(Lp) = 1. The discrete spectrum ofLp, i.e. the set of all eigenvalues in
σ(Lp) that are isolated and have finite multiplicity, will be denoted by σdisc

(
Lp

)
.

The complement of σdisc
(
Lp

)
in σ(Lp) is called the essential spectrum ofLp, and

denoted by σess
(
Lp

)
. The essential spectral radius ofLp, i.e. the lowest upper bound

for absolute values of elements in σess
(
Lf

)
, is denoted by ress(Lp). It is well known,

see for instance [8], that the Perron operatorLf of any absolutely continuousMarkov
system f is a weakly compact operator. In particular, ress

(
Lf

) = 0 and, therefore,
the spectrum σ(Lf ) is at most countable. All spectrum points in σ(Lf ) − {0} are
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isolated eigenvalues with finite multiplicity. Given an absolutely continuous Markov
system f , we can decompose the spectrum ofLf as:

σ(Lf ) = σ0(Lf ) ∪ σ1(Lf ),

whereσ0(Lf ) = {
λ ∈ σ(Lf ) : |λ| < 1

}
, andσ1(Lf ) = σ(Lf )−σ0(Lf ).Of course

σ1(Lf ) is finite while σ0(Lf ) is at most countable but closed for the complex plane
topology. Consequently, σ0(Lf ) and σ1(Lf ) are disjoint compact sets and, therefore,
there is an associated decomposition of L1(X, m) into twoLf -invariant subspaces:

L1(X, m) = E0(f ) ⊕ E1(f ) ,

where E1(f ) has finite dimension. We shall denote by rint
(
Lf

)
the interior spectral

radius ofLf , i.e. the lowest upper bound of all absolute values of elements in σ0(Lf ).
Given any absolutely continuousMarkov system f a sequence x0, x1, · · · , xn such

that f (xi−1, xi) > 0 for all i = 1, · · · , n is called an f −orbit, and we say that xn is
an f −iterate of x0. An absolutely continuous Markov system is called irreducible if
for almost all points x, y ∈ X there is some n ∈ N such that the probability transition
density from x to y in n iterates is positive, i.e. f n(x, y) > 0. A recurrence time is any
integer n ∈ N such that the set En = { x ∈ X : f n(x, x) > 0 } has positive measure.
Given an absolutely continuous irreducible Markov system f the greatest common
divisor d of all recurrence times n ∈ N is called the period of f . An irreducibleMarkov
system f is called acyclic if it has period one. The state space X of an irreducible
Markov system f of period d can be decomposed into a finite union of f d-invariant
subsets X = X0 ∪ · · · ∪ Xd−1 such that each restriction (f d)Xi : Xi ×Xi → R, is an
irreducible acyclic Markov system on Xi.

We shall denote by fR the restriction to R×R of a given function f : X×X → R,
for any subset R ⊆ X. If f is stochastic transition function then:

1. fR is a sub-stochastic transition function.
2. fR is a stochastic transition function ⇔ R is f -invariant.

LetH (X) be the set of all absolutely continuousMarkov systems (i.e. probability
transition functions) f : X×X → R satisfying the following extra conditions:

(1) f is bounded on X × X;
(2) f is lower semi-continuous on X × X;
(3) for each x ∈ X, the open set ϕf (x) = { y ∈ X : f (x, y) > 0 } is connected.

The space H (X) is a convolution sub-semigroup of MS (X). Item (2) in the
definition of H (X) ensures that ϕf ∈ O(X). Thus, this semigroup carries a natural
homomorphism ϕ : H (X) → O(X).
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Given f ∈ H (X) and an open ϕf −invariant set R ⊆ X, let

τf (R) = 1

2
sup

x,z∈R

∫

R
|f (x, y) − f (z, y)| dm(y)

= 1 − min
x,z∈R

∫

R
f (x, y) ∧ f (z, y) dm(y) . (1)

and
τ ∗

f (R) = inf
n≥1

[
τf n(R)

]1/n
.

The quantity −ln
(
τ ∗

f (R)
)
is a kind of mixing rate for the action of Lf on

Mprob(R), which measures how fast the Lf -iterates of any probability distribution
on R will converge to the unique Lf -invariant measure supported in R. Next, we
make some trivial remarks on this concept:

1. τf n(R) = 0 ⇔ the transition probabilities f n
x (·) = f n(x, ·) do not depend on x, for

x over R.
2. If for some pair of points x, y ∈ R, the transition probabilities f n

x and f n
y have

disjoint supports, then τf n(R) = 1.
3. If τ ∗

f (R) < 1 then the restrictionMarkov system fR onR is irreducible and acyclic.

Under the same invariance assumption on R ⊆ X, ϕf (R) ⊆ R, we define

βf (R) = 1 − min
x∈X

∫

R
f (x, y) dm(y) (2)

= sup
x∈X

∫

Rc
f (x, y) dm(y)

and
β∗

f (R) = inf
n≥1

[
βf n(R)

]1/n
.

The quantity −ln(β∗
f (R)) is a kind of escape rate, which measures how fast the

restriction to Rc of the Lf -iterates of any probability distribution on X will tend to
zero. We also make some obvious remarks on this concept:

1. βf n(R) = 0 ⇔ ϕf n(X) = (ϕf )
n(X) ⊆ R.

2. If for some point x ∈ X, the transition probability f n
x has support disjoint from R,

then βf n(R) = 1.
3. If β∗

f (R) < 1 then for every x ∈ X the probability density (f n
x )Rc converges to

zero in L1
Rc , as n → +∞.

We shall say that an open ϕf −invariant set R ⊆ X is an acyclic spectral attractor
for f ∈ H (X) if and only if R is connected and τ ∗

f (R) < 1. When the set R splits
as a disjoint union of d connected sets,
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R = R0 ∪ ϕf (R0) ∪ · · · ∪ ϕd
f (R0),

such that R0 is an acyclic spectral attractor for f d we say that R is a periodic
spectral attractor of period d. We shall say that an open ϕf −invariant set R ⊆ X is
spectrally attractive for f ∈ H (X) if and only if β∗

f (R) < 1.
We can extract some spectral information on Lf from the combinatorics of ϕf .

Proposition 7 ([4, Proposition 5.9.]) Given f ∈ H (X), each Ω−final class of
period d is a periodic spectral attractor of period d for f .

Proposition 8 ([4, Proposition 5.10.]) Given f ∈ H (X), Ωfinal(ϕf ) is spectrally
attractive for f .

Corollary 1 ([4, Corollary 5.11.]) Given f ∈ H (X), let ΣΩ
final

(
ϕf

) = {R1,

R2, · · · , Rs}. Let κf be the maximum between β∗
f (R) and τ ∗

f (Ri), for i = 1, · · · , s.
Then

rint
(
Lf

) ≤ κf .

Corollary 2 ([4, Corollary 5.12.]) Given f ∈ H (X), let ΣΩ
final

(
ϕf

) = {R1,

R2, · · · , Rs}, where each component Ri is ϕ
di
f −invariant for some power di ≥ 1.

Then there is a f di -invariant measure supported on Ri, μi = Lf di μi, for each
i = 1, · · · , s, such that:

1. The sum E1( f ) of all generalized eigenspaces associated with eigenvalues in the
unit circle is the s−dimensional space spanned by the measures μ1, · · · , μs.

2. The action of Lf on the invariant subspace E1(f ) w.r.t. the basis {μ1, · · · , μs} is
represented by the permutation matrix associated with the permutation πϕf .

3. The eigenvalues of Lf in the unit circle are, with multiplicity, the d−unity roots
U

d = {λ ∈ C : λd = 1 }, counted for every cycle of length d in permutation πϕf .
4. The operator induced by Lf on the quotient Mprob(X)/E1(f ) is contractive, i.e.,

it has norm less than one.

Consider now any sub-semigroup of Markov systems H1 ⊆ H (X), endowed
with some topology.

Definition 4 We say that H1 is a topological semigroup of Markov systems over a
topological semigroup of open maps O1 if and only if for any f ∈ H1:

(1) ϕf ∈ O1;
(2) The map f �→ ϕf is continuous for the topology of O1;
(3) H1 admits outer approximations in the sense that given f ∈ H1, for every

neighborhood N of f in H1 there is g ∈ N such that ϕf ≺ ϕg;

(4) limg→f

∥
∥
∥L ∗

f ϕ − L ∗
g ϕ

∥
∥
∥∞ = 0 for all ϕ ∈ C0(X);

(5) The quantities τf (R) and βf (R) , defined in (1) and (2), vary upper semicontin-
uously with f , for any set R ⊆ X.
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We now topologize the semigroupH (X) turning it into a topological semigroup
of Markov systems. Consider

d∞(f , g) = max
(x,y)∈X×X

| f (x, y) − g(x, y)|

and

d1(f , g) = max
x∈X

∫

X
| f (x, y) − g(x, y)| dm(y).

Define
ρ∞(f , g) = max{d∞(f , g), ρ(ϕf , ϕg)}

and
ρ1(f , g) = max{d1(f , g), ρ(ϕf , ϕg)}.

Proposition 9 With the topology associated to any of the metrics ρ∞ and ρ1, H (X)

is a topological semigroup of Markov systems.

Proof In [4, Proposition 6.2.], we have proved the following result. Consider any
sub-semigroup O1 ⊆ O(X) with a topology defined by some metric ρ which makes
it a topological semigroup of open maps. Consider the metrics ρ∞ and ρ1 as defined
above. Then H1 = { f ∈ H (X) : ϕf ∈ O1 } with the topology associated with any
of the metrics ρ∞ and ρ1 is a topological semigroup of Markov systems over O1.
Thus the proof follows immediately in view of Proposition 5. �

5 Spectral Stability of Markov Systems

Spectral stability of Markov systems is defined and characterized. Its genericity is proved. Continuity

of the invariant measures.

The main goal of this section is to relate, for generic systems f ∈ H (X), the
combinatorial stability of ϕf with the spectral stability of f , defined below. The
novelty here with respect to finite state Markov system theory is that in this context,
because we are dealing with continuous systems, it makes sense to define stability.
Assume H1 ⊆ H (X) is a sub-semigroup endowed with some topology.

Definition 5 We say that f ∈ H (X) is spectrally stable in H1 if and only if there
is a neighborhood U of f in H1 and there is 0 < k < 1 such that for all g ∈ U :
(1) there is a linearmap hg : E1(f ) → E1(g) that conjugates Lf |E1(f ) to Lg |E1(g);
(2) the map hg depends continuously on f w.r.t. the topology in H1, in the sense

that for any ϕ ∈ C0(X), λϕ ◦ hg converges to λϕ as g tends to f in H1, where
λϕ : L1(X, m) → R is defined by λϕ(μ) = ∫

ϕ d μ;
(3) σ0(Lg) ∩ {λ ∈ C : k < |λ| < 1} = ∅.
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We note that item (2) above is equivalent to say that the invariant measures of
Lf vary continuously with f w.r.t. the weak-∗ topology. The fixed points of this
linear operator are precisely the system invariant measures. The spectral stability of
f relates with the fact that no eigenvalues can enter, or leave, the unit circle.

Theorem 3 (Spectral stability characterization) For any f ∈ H (X), f is spectrally
stable in any of the spaces (H (X), ρ∞) and (H (X), ρ1) if and only if ϕf satisfies
the combinatorial stability condition.

Proof In [4, Theorem A]) we have proved that given any topological semigroup
of Markov systems H1, f is spectrally stable in H1 if and only if ϕf satisfies the
combinatorial stability condition. Thus the proof follows immediately in view of
Proposition 9. �

Theorem 4 (Genericity of spectral stability) The set of spectrally stable systems is
open and dense in any of the spaces (H (X), ρ∞) and (H (X), ρ1).

Proof In [4, Theorem B]) we have proved that for any topological semigroup
of Markov systems H1, the set of H1-spectrally stable Markov systems is open
and dense in the semigroup H1. Thus the proof follows immediately in view of
Proposition 9. �
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Derivation of the Stochastic Burgers
Equation from the WASEP

Patrícia Gonçalves

Abstract In these notes we give a simple proof of the second-order Boltzmann-
Gibbs Principle, which is the main tool in order to prove that the equilibrium fluctu-
ations of the WASEP are given, in the regime of the critical strength asymmetry, by
the Stochastic Burgers equation.

Keywords WASEP · Boltzmann-Gibbs principle · Stochastic Burgers equation ·
Additive functionals

1 Introduction

The KPZ equation was proposed in [1] as the default stochastic partial differential
equation ruling the evolution of the profile of a growing interface. For a time t and a
space variable x, if ht(x) denotes the height of that interface at t and x, then the KPZ
equation reads as

dht = A�htdt + B(∇ht)
2dt + √

CWt,

where A, B, C are constants which depend on the thermodynamical quantities of
the interface, � = ∂2x , ∇ = ∂x and Wt is a space-time white noise. This equation
is ill-posed since its solutions are similar, locally, to the Brownian motion and the
main problem comes from the nonlinear term (∇ht)

2, which makes no sense. For
a very detailed exposition on the KPZ equation we refer to [2]. A way to solve

this equation is to consider its Cole-Hopf solution, namely, ut(x) = e
B
A ht(x). The
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Cole-Hopf solution ut(x) solves the linearized version of the KPZ equation, namely,
the stochastic heat equation (SHE) with multiplicative noise given by

dut = A�utdt + BC

A
utWt .

Since the equation is now linear, its solutions can be constructed and characterized
bymeans of the constantsA, B, C. In [3] it was proved that these Cole-Hopf solutions
can be obtained as a scaling limit of the weakly asymmetric simple exclusion process
(wasep). Their approach consists in taking a microscopic analogue of the Cole-Hopf
solutions, that is, they exponentiate the underling microscopic dynamics and use
this new process to characterize the solutions of the SHE by means of martingale
problems. The advantage of this new process is that its martingale decomposition
has a compensator which is “linear”, contrarily to what happens when dealing with
the original process.

More recently, there has been many advances in characterizing the KPZ uni-
versality class. The approach used is to describe several functionals of asymmetric
conservative systems in terms of determinantal formulas that can be solved by using
the machinery of random matrix theory. This approach allows to obtain very much
detailed information about the solutions of theKPZ equation, nevertheless, it depends
highly on the properties of the underlying model. For more details on this we refer
to [4] and references therein.

Another stochastic partial differential equation related to the KPZ equation is the
stochastic Burgers equation (SBE) which can be obtained from the KPZ equation,
at least formally, by taking Yt = ∇ht . In this case, Yt satisfies

dYt = A�Ytdt + B∇Y 2
t dt + √

C∇Wt .

In [5] the SBE was obtained by a tightness argument and by showing that all
limit points are energy solutions of the SBE equation, see Definition 1. This was
done in [5] for general exclusion processes in equilibrium and in [6] for a general
class of models in a non-equilibrium scenario. If uniqueness of energy solutions is
proved, then convergence would follow. The approach of [5, 6] is to work directly
with the given microscopic dynamics and to characterize the solutions by means of
a martingale problem. The difficulty in this approach is to make sense to the non-
linear term in the SBE. To overcome that, they used a second order Boltzmann-Gibbs
Principle which allows to identify the non-linear term in the SBE from the underlying
dynamics. This principle is the most difficult step to achieve in this approach and the
purpose of this paper is to give a simple proof of it in the case of the most classical
weakly asymmetric interacting particle system, namely, the wasep. We consider the
process evolving on Z but we remark that all the results presented here are also true
when considering the process evolving on the one-dimensional torus T.

The outline of this paper is as follows. InSect. 2wegive the statement of results,we
describe themodel,we give the notion of energy solutions of the SBEequation andwe
introduce the density fluctuation field. In Sect. 3, we characterize the limiting points
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of the sequence of density fields by means of a martingale problem. In Sect. 4 we
study the non-linear term in the SBE,we state and prove the second order Boltzmann-
Gibbs Principle and we generalize it to any local function of the dynamics.

2 Statement of Results

2.1 The Model

In this sectionwe introduce themost classical weakly asymmetric interacting particle
system, namely, the wasep. Its dynamics can informally be described as follows. Fix
a parameter a > 0. In the one-dimensional lattice, we allow at most one particle per
site and at each bond we associate an exponential clock. Clocks associate to different
bonds are independent.When one of these clocks ring, the occupation variables at the
vertices of the bond are interchanged with a certain rate. More precisely, a particle at
x jumps to x + 1 (resp. x − 1) at rate pn := 1/2+ a/2

√
n (resp. qn := 1− pn) if and

only if the destination site is empty. If the destination site is occupied, then nothing
happens and the clocks restart (Fig. 1).

Formally, we denote by {ηt := ηtn2 : t ≥ 0}, the speeded-up, one-dimensional
weakly asymmetric simple exclusion process with state space � = {0, 1}Z. The
configurations of the state space are denoted by the symbol η, so that η(x) = 1 if the
site x is occupied and η(x) = 0 if the site x is empty. Its infinitesimal generator is
denoted by n2Ln where Ln acts on functions f : � → R as

Lnf (η) =
∑

x∈Z

{
pnη(x)

(
1 − η(x + 1)

) + qnη(x + 1)
(
1 − η(x)

)}∇x,x+1f (η),

where ∇x,x+1f (η) = f (ηx,x+1) − f (η) and for x ∈ Z,

ηx,x+1(y) = η(x + 1)1y=x + η(x)1y=x+1 + η(y)1y �=x,x+1.

Letρ ∈ [0, 1] anddenote by νρ theBernoulli productmeasure on�with densityρ,
which is defined as the unique measure in � such that the variables {η(x) : x ∈ Z}
are independent and such that νρ{η(x) = 1} = ρ for any x ∈ Z. The measures

1/ 2+a/ 2
√
n1/ 2−a/ 2

√
n

Fig. 1 The one-dimensional weakly asymmetric simple exclusion process
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{νρ : ρ ∈ [0, 1]} are invariant, ergodic and reversible when a = 0, but for a �= 0
they are no longer reversible.

We start by remarking some microscopic functions of the model that will be
important in what follows. For that purpose, from now on up to the rest of this
article, we fix a density ρ ∈ (0, 1) and a positive time T . We will consider the
process ηt with initial distribution νρ and we denote by Eρ the expectation with
respect to νρ . We denote by Pρ the distribution of {ηt : t ∈ [0, T ]} in the space of
càdlàg trajectories D([0, T ] , �) and we denote by Eρ the expectation with respect
to Pρ .

Fix x ∈ Z. A simple computation shows that Ln(η(x)) = jx−1,x − jx,x+1, where
for a bond {x, x +1}, jx,x+1 denotes the instantaneous current through that bond, that
is, the difference between the jump rate from x to x + 1 and the jump rate from x + 1
to x:

jx,x+1(η) =
(1

2
+ a

2
√

n

)
η(x)(1 − η(x + 1)) −

(1

2
− a

2
√

n

)
η(x + 1)(1 − η(x)).

We will use the following decomposition of the microscopic current

jx,x+1(η) := jS
x,x+1(η) + 1√

n
jA
x,x+1(η),

= 1

2
(η(x) − η(x + 1)) + a

2
√

n
(η(x) − η(x + 1))2.

(1)

Notice that jS
x,x+1 is written as the gradient of the function D(η) = 1

2η(x). This point
will be important in what follows.

For a local function f , we denote by f̃ (ρ) its expectation with respect to νρ , that
is, f̃ (ρ) = ∫

f (η) dνρ . Therefore, j̃S(ρ) = 0 and j̃A(ρ) = 2aχ(ρ)D̃′(ρ), where

χ(ρ) = ρ(1 − ρ) and D̃(ρ) = ρ

2

are, the static compressibility of the system and the diffusivity of the system, respec-
tively.

2.2 Stochastic Burgers Equation

Before introducing the SBE we need to set up some notation. Let S (R) be the
Schwarz space of test functions andS ′(R) its topological dual with respect to inner
product ofL 2(R). We denote by ‖F‖2 theL 2(R)-norm of a function F : R → R,
that is, ‖F‖22 = ∫

R F2(x) dx. Fix T > 0 and let C ([0, T ] , S ′(R)) be the space of
continuous trajectories in S ′(R).
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Definition 1 We say that a stochastic process {Yt : t ∈ [0, T ]} with trajectories in
C ([0, T ] , S ′(R)) is an energy solution of the Stochastic Burgers equation

dYt = A(ρ)�Ytdt + B(ρ)∇Y 2
t dt + √

C(ρ)∇Wt

(i) if there exists a constant κ ∈ (0,∞) such that for any F ∈ S (R), any
ε > ε′ > 0 and any t ∈ [0, T ] we have

E
[(
A ε

t (F) − A ε′
t (F)

)2] ≤ κtε‖∇F‖22,

where

A ε
t (F) :=

∫ t

0

∫

R
Ys(iε(x))

2F ′(x) dx ds

and for x ∈ R, iε(x, y) = ε−11(x,x+ε](y).
(ii) if the S ′(R)-valued process {At : t ∈ [0, T ]} defined as At(F) :=

limε→0 A ε
t (F) for t ∈ [0, T ] and F ∈ S (R), has trajectories in C ([0, T ] ,

S ′(R)),
(iii) if for any function F ∈ S (R), the process

Mt(F) = Yt(F) − Y0(F) − A(ρ)

∫ t

0
Ys(�F)ds − 1

2
B(ρ)At(F) (2)

is a continuous martingale of quadratic variation C(ρ)t‖∇F‖22.
We remark here that the uniqueness of energy solutions of the SBE equation, as

given above, has not been proved.

2.3 The Density Fluctuation Field

Recall that we have fixed a density ρ ∈ (0, 1) and we consider the starting measure
νρ . The density fluctuation field {Y n

t : t ∈ [0, T ]} is the linear functional defined
on D([0, T ] , S ′(R)) and given on F ∈ S (R) by

Y n
t (F) = 1√

n

∑

x∈Z
TtF

( x

n

)
(ηt(x) − ρ),

where TtF(x) = F(x − √
n(j̃A)′(ρ)t). Now we explain why we remove the veloc-

ity n3/2(j̃A)′(ρ)t = n3/2(1 − 2ρ)at in the test function F. It is well known
(see [7] and references therein) that, at a first order, the density fluctuation field
of asymmetric systems are rigidly transported along the characteristics of the
corresponding hydrodynamic equation. In order to see a non trivial temporal



214 P. Gonçalves

evolution, we should look at the density fluctuation field around the characteristics
of the system. Therefore, we need to look at the density fluctuation field evolving in
a time dependent reference frame as given above.

Now we are ready to state our main result. Roughly speaking, it says that, in the
limit n → ∞, the density fluctuation field is an energy solution of the stochastic
Burgers equation.

Theorem 1 The sequence of processes {Y n
t : t ∈ [0, T ]}n∈N is tight with respect

to the Skorohod topology of D([0, T ] , S ′(R)) and all its limit points are energy
solutions of the SBE equation

dYt = D̃′(ρ)�Ytdt + 1

2
(j̃A)′′(ρ)∇Y 2

t dt +
√

2χ(ρ)D̃′(ρ)∇Wt, (3)

where j̃A(ρ) = 2aχ(ρ)D̃′(ρ).

Themethod of the proof of last theorem is classical in the literature and can be done
in two steps. First, we prove that the sequence is tight. Second, we characterize its
limit points by means of a martingale problem. Given the uniqueness of solutions of
the stochastic partial differential equation, convergence follows. For tightness issues
we refer the interested reader to [5]. As mentioned above, up to now, uniqueness
of energy solutions of the SBE has not been proved. If one proves uniqueness, then
convergence would follow. In [8] a new approach for proving uniqueness of solutions
of the SBE, and other stochastic partial differential equations, when the equations
are taken onT, has emerged. Nevertheless, up to our knowledge, so far, the methods
developed by [8] do not extend to solutions evolving onR and do not give any answer
about uniqueness of energy solutions on T nor R.

3 Characterization of Limits Points

In this section we prove that any limit point of the sequence {Y n
t : t ∈ [0, T ]}n∈N

is an energy solution of the SBE equation (3). According to Definition 1 we have to
check three points. In these notes we will give a simpler proof of (iii) and we refer the
reader to [5] for the remaining points. Recall that we want to characterize the limiting
field Yt as a solution of (3) by means of a martingale problem. For that purpose we
fix a test function F ∈ S (R) and we use the Dynkin’s formula which is a tool that
provides a decomposition of functions of a Markov process as a martingale plus a
compensator. More precisely, we apply the Dynkin’s formula in our setting to the
density fluctuation field as follows. For each n ∈ N,

M n
t (F) = Y n

t (F) − Y n
0 (F) −

∫ t

0
(n2Ln + ∂s)Y

n
s (F)ds (4)
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is a martingale of quadratic variation given by

∫ t

0
n2Ln(Y

n
s (F))2 − 2Y n

s (F)n2LnY
n

s (F)ds. (5)

Now we look to the compensator in (4), that is, the integral term in that equation.
Recall that Ln(η(x)) = jx−1,x − jx,x+1, therefore, a summation by parts gives

n2Ln(Y
n

s (F)) = n√
n

∑

x∈Z
∇nTsF

( x

n

)
jx,x+1(ηs)

= √
n

∑

x∈Z
∇nTsF

( x

n

)
jS
x,x+1(ηs) +

∑

x∈Z
∇nTsF

( x

n

)
jA
x,x+1(ηs),

where ∇nTsF(x) = n(TsF(x + 1) − TsF(x)).
Since jS

x,x+1(η) is written as the gradient of the function 1
2 (η(x) − ρ), the term on

the left hand side of last expression can be rewritten as

1

2
√

n

∑

x∈Z
�nTsF

( x

n

)
(ηs(x) − ρ),

where �nTsF(x) = n2(TsF(x + 1) + TsF(x − 1) − 2TsF(x)).
Since jA

x,x+1(η) = a
2 (η(x) − η(x + 1))2 = a

2 (η(x) − 2η(x)η(x + 1) + η(x + 1))
we can write the remaining term as

a
∑

x∈Z
∇nTsF

( x

n

)(1

2
ηs(x) − ηs(x)ηs(x + 1) + 1

2
ηs(x + 1)

)
.

On the other hand, ∂sY n
s (F) equals to

−a
∑

x∈Z
∂xTsF

( x

n

)
(1 − 2ρ)(ηs(x) − ρ).

The sum of the two last terms can be written as

a
∑

x∈Z
∇nTsF

( x

n

)(ηs(x)

2
− ηs(x)ηs(x + 1) + ηs(x + 1)

2
− (1 − 2ρ)(ηs(x) − ρ)

)

+ a
∑

x∈Z

(
∇nTsF

( x

n

)
− ∂xTsF

( x

n

))
(1 − 2ρ)(ηs(x) − ρ).

By the Taylor expansion of TsF, a simple computation shows that the L2(Pρ)-
norm of the time integral of last term vanishes, as n → ∞. Now we look at the first
term in the previous expression. Since
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ηs(x)

2
− ηs(x)ηs(x + 1) + ηs(x + 1)

2
− (1 − 2ρ)(ηs(x) − ρ)

= − (ηs(s) − ρ)(ηs(x + 1) − ρ) +
(
ρ − 1

2

)
(η(x) − η(x + 1)),

that term can be written as

−a
∑

x∈Z
∇nTsF

( x

n

)
(ηs(s) − ρ)(ηs(x + 1) − ρ)

+a

n

∑

x∈Z
�nTsF

( x

n

)(
ρ − 1

2

)
(η(x) − ρ).

Notice that in all the expressions above we can introduce constants since the terms
∇nTsF and �nTsF add up to zero.

A simple computation shows that the L2(Pρ)-norm of the time integral of the
second term on the previous expression vanishes, as n → ∞. Therefore, we can
write the integral part of the martingale in (4) as the sum of the following terms

I n
t (F) =

∫ t

0

1

2
√

n

∑

x∈Z
�nTsF

( x

n

)
(ηs(x) − ρ)ds, (6)

Bn
t (F) = −a

∫ t

0

∑

x∈Z
∇nTsF

( x

n

)
(ηs(s) − ρ)(ηs(x + 1) − ρ)ds, (7)

plus some term Rn
t (F) whose L2(Pρ)-norm vanishes, as n → ∞. Notice that

I n
t (F) = 1

2

∫ t

0
Y n

t (�nF) ds,

and when n → ∞, this term will converge to the third term on the right hand side
of (2).

Now it remains to analyze the termBn
t (F). This is the most difficult task and we

postpone it to the next section.
Finally, the quadratic variation of the martingale in (5) can be written as

∫ t

0

1

2n

∑

x∈Z

(
∇nTsF

( x

n

))2(
(ηs(x) − ηs(x + 1))2 + a√

n
(ηs(x) − ηs(x + 1))

)
ds.

As a consequence,

Eρ

[(
M n

t (F)
)2] ≤

∫ t

0

1

2n

∑

x∈Z

(
∇nTsF

( x

n

))2
2χ(ρ) ds + O

( 1√
n

)
,
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and limn→∞ Eρ[(M n
t (F))2] = tχ(ρ)‖∇F‖22. Notice that the limit of the quadratic

variation is also equal to 2χ(ρ)D̃′(ρ)‖∇F‖22, which matches with the strength of the
noise in (3).

Remark 1 Suppose that we are looking at a weakly asymmetric dynamics such that
its symmetric part of the current jS

x,x+1 is written as the gradient of a function D(η)

which does not allow to immediately write the corresponding term in the martingale
decomposition as a function of the density field, as happens here for the termI n

t (F).
Then, we cannot close the term as we did above. A way to overcome this problem
is to apply the classical Boltzmann-Gibbs principle, see Sect. 4, which allows to do
that as long as the function D(η) is local. In that case, we would be able to write
that term in the martingale decomposition as D̃′(ρ)

∫ t
0 Y

n
t (�nF) ds, which is exactly

what we have above for the dynamics we consider here.

4 The Non-linear Term in SBE

The main goal of this section is to analyze the term Bn
t (F) given in (7). Looking

to that field one can see that the integrand function is not written in terms of the
density fluctuation field in a closed form, as happens for the termI n

t (F). Therefore,
we need to replace it by some function of the density field. This kind of replacement
is known in the literature as the Boltzmann-Gibbs Principle. This Principle was first
introduced by [9] and it says that, for any local function f : � → R, h : R → R of
compact support and for any t > 0,

lim
n→∞Eρ

[ ∫ t

0

1√
n

∑

x∈Z
h
( x

n

){
τxf (ηs) − f̃ (ρ) − f̃ ′(ρ)(ηs(x) − ρ)

}
ds

]2 = 0.

We notice that in our case τxf (η) = (η(x) − ρ)(η(x + 1) − ρ), so that f̃ ′(ρ) = 0
and the previous does give any useful information about the limit of the termBn

t (F).
Moreover, inBn

t (F)wedo not have the factor 1/
√

n in front of the sum.Nevertheless,
the following result is the key point in order to write the term Bn

t (F) as a quadratic
function of the field Y n

t . Basically it says that, when time averaged with h, we can
replace the function (η(x)−ρ)(η(x +1)−ρ) by its conditional expectation in a box
of size εn.

Theorem 2 (Second-order Boltzmann-Gibbs Principle) For every t > 0 and any
measurable function h : Z × [0, T ] → R,

lim
ε→0

lim
n→∞Eρ

[ ∫ t

0

∑

x∈Z
hs

( x

n

){
η̄s(x)η̄s(x + 1) − Eρ

[
η̄s(x)η̄s(x + 1)

∣
∣
∣η

εn
s (x)

]}
ds

]2 = 0,
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where η̄(x) = η(x) − ρ and

ηεn
s (x) = 1

εn

x+εn−1∑

y=x

η(y).

By the previous result, we can write

Bn
t (F) = −a

∫ t

0

∑

x∈Z
∇nTsF

( x

n

)
Eρ

[
η̄s(x)η̄s(x + 1)

∣
∣
∣η

εn
s (x)

]
ds,

plus some error that vanishes, sending n → +∞ and then ε → 0. At this point
we compute the conditional expectation appearing above. Notice that the projection
of νρ over the space of configurations with a fixed number of particles in the box
{x, x + 1, · · · , εn − 1} is the uniform measure [10], so that

Eρ[η(x)η(x + 1)|ηεn(x) = k] = Cεn−2
k−2

Cεn
k

= k(k − 1)

εn(εn − 1)
,

and by a simple computation we get

Eρ[η̄(x)η̄(x + 1)|ηεn(x)] = (η̄εn(x))2 − 1

εn − 1
χ(ηεn(x)). (8)

Since
∑

x∈Z ∇nTsF
(

x
n

)
is equal to zero,we can introduce constants in the summation

above and since (η̄εn
s (x))2 = 1

n

(
Y n

s (ιε(x/n))
)2

we write

Bn
t (F) = − a

∫ t

0

1

n

∑

x∈Z
∇nTsF

( x

n

)(
Y n

s (ιε(x/n))
)2

ds

+ a
∫ t

0

∑

x∈Z
∇nTsF

( x

n

) 1

εn − 1

{
χ(ηεn

s (x)) − χ(ρ)
}

ds.

(9)

Now, by the Cauchy-Schwarz’s inequality we have

Eρ

[ ∫ t

0

∑

x∈Z
∇nTsF

( x

n

) 1

εn − 1

{
χ(ηεn

s (x)) − χ(ρ)
}

ds
]2

≤ t2
∑

x,y∈Z
∇nTsF

( x

n

)
∇nTsF

( x

n

) 1

ε2n2

{
χ(ηεn

s (x)) − χ(ρ)
}{

χ(ηεn
s (y)) − χ(ρ)

}
.

(10)
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Since the functions above correlate for x and y at a distance at most εn, we can bound
the previous expression by

C
t2

εn

∑

x∈Z

(
∇nTsF

( x

n

))2
Eρ

[
χ(ηεn

s (x)) − χ(ρ)
]2

≤ C
t2

ε2n
‖∇F‖22,

(11)

which vanishes, as n → ∞.

4.1 Proof of the Second-Order Boltzmann-Gibbs Principle

The proof of Theorem 2 is divided into two steps. For notational convenience we
consider a function h that does not depend on time. We start by showing that we can
replace the local function η̄s(x)η̄s(x + 1) by its conditional expectation on a box of
size 
.

Lemma 1 (One-block estimate)
For every t > 0, 
 ≥ 2 and any measurable function h : Z → R,

Eρ

[ ∫ t

0

∑

x∈Z
h(x)V
(ηs)ds

]2 ≤ Ct

3

n2
∑

x∈Z
h2(x),

where V
(ηs) = η̄s(x)η̄s(x + 1) − Eρ

[
η̄s(x)η̄s(x + 1)

∣
∣
∣η


s (x)
]
.

Proof Before giving the proof we introduce some notation. For two functions f , g
in L2(νρ) we define the inner product 〈f ,−Lng〉ρ = − ∫

f (η)Lng(η) dνρ . Let H1
be the Hilbert space generated by L2(νρ) and this inner product. Denote by ‖ · ‖1 the
norm induced by this inner product and let ‖ · ‖−1 be its dual norm with respect to
L2(νρ):

‖f ‖2−1 = sup
g∈L2(νρ)

{
2

∫

f (η)g(η) dνρ − ‖g‖21
}
. (12)

Immediately we see that for every f ∈ H−1, g ∈ L2(νρ) and A > 0

2
∫

f (η)g(η) dνρ ≤ 1

A
‖f ‖2−1 + A‖g‖21. (13)
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By Proposition A1.6.1 of [10], the expectation in the statement of the lemma is
bounded from above by

Ct
∥
∥
∥

∑

x∈Z
h(x)V


∥
∥
∥
2

−1
,

where C is a constant.
By the variational formula for the H−1-norm (12) the previous expression is

equal to

Ct sup
g∈L2(νρ)

{
2

∑

x∈Z
h(x)

∫

V
(η)g(η) dνρ − n2 < g,−Lng >ρ

}
.

Now we bound
∫

V
(η)g(η) dνρ. We notice that by a simple computation one can
prove that the adjoint of Ln, denoted by L ∗

n is given on functions f : � → R by

L ∗
n f (η) =

∑

x∈Z

{
qnη(x)

(
1 − η(x + 1)

) + pnη(x + 1)
(
1 − η(x)

)}∇x,x+1f (η).

We denote the symmetric part of the infinitesimal generator Ln by Sn, which is
given by

Sn := Ln + L ∗
n

2
.

First, we notice that for any g ∈ L2(νρ) it holds that 〈g,−Lng〉ρ = 〈g,−Sng〉ρ .
Since (pn + qn)η(x)

(
1 − η(x + 1)

) + (pn + qn)η(x + 1)
(
1 − η(x)

) = η(x)
+ η(x + 1) − 2η(x)η(x + 1), we obtain that

Snf (η) =
∑

x∈Z

{1

2
η(x)

(
1 − η(x + 1)

) + 1

2
η(x + 1)

(
1 − η(x)

)}∇x,x+1f (η),

which is the infinitesimal generator of the symmetric simple exclusion process.
Before proceeding we compute 〈g,−Sng〉ρ . By definition it equals to

−
∑

x∈Z

∫

g(η)
{1

2
η(x)

(
1 − η(x + 1)

) + 1

2
η(x + 1)

(
1 − η(x)

)}∇x,x+1g(η)dνρ.

Now we write it as twice its half and for each x ∈ Z and in one of the parcels we
make the exchange η into ηx,x+1 (for which the measure νρ is invariant) to obtain
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− 1

2

∑

x∈Z

∫

g(η)
{1

2
η(x)

(
1 − η(x + 1)

) + 1

2
η(x + 1)

(
1 − η(x)

)}∇x,x+1g(η)dνρ

+ 1

2

∑

x∈Z

∫

g(ηx,x+1)
{1

2
η(x + 1)

(
1 − η(x)

) + 1

2
η(x)

(
1 − η(x + 1)

)}∇x,x+1g(η)dνρ.

Now we organize the terms and we get

〈g,−Sng〉ρ = 1

4

∑

x∈Z

∫ (
η(x) − η(x + 1)

)2(∇x,x+1g(η)
)2

dνρ.

For simplicity we write 〈g,−Sng〉ρ as
∑

x∈Z Ix,x+1(g), where

Ix,x+1(g) = 1

4

∫ (
η(x) − η(x + 1)

)2(∇x,x+1g(η)
)2

dνρ.

Now for fixed x ∈ Z and 
 ≥ 2, let Sx,
 be the restriction of Sn to the set
{x, x + 1, · · · , x + 
 − 1}. Since Eρ[V
|η
(x)] = 0, then V
 belongs to the image of
the generator Sx,
. Therefore, by (13) for each x ∈ Z and Ax a positive constant it
holds that

∫

V
(η)g(η) dνρ ≤ 1

2Ax
〈V
, (−Sx,
)

−1V
〉ρ + Ax

2
〈g,−Sx,
g〉ρ.

Now, we notice that by translation invariance it holds that

∑

x∈Z
〈g,−Sx,
g〉ρ =

∑

x∈Z

x+
∑

y=x+1

Iy,y+1(g) ≤
∑

x∈Z

Ix,x+1(g) = 
〈g,−Lng〉ρ.

Therefore, taking for each x,Ax = n2(h(x))−1
−1, the expectation in the statement
of the lemma becomes bounded by

Ct
∑

x∈Z
h2(x)




n2
〈V
, (−Sx,
)

−1V
〉ρ. (14)

By the spectral gap inequality [11] we have that 〈V
, (−Sx,
)
−1V
〉ρ ≤ 
2Varρ[V
],

where Varρ[V
] denotes the variance of the function V
 with respect to νρ . From (8)
it is easy to see that Varρ[V
] ≤ C, from where (14) is bounded by

Ct

3

n2
∑

x∈Z
h2(x),

which finishes the proof.
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We remark that from the previous estimate we cannot take 
 = εn, otherwise the
error would blow up, when taking n → ∞.

The second step consists replacing the conditional expectation of η̄s(x)η̄s(x + 1)
in the box of size 
 by its conditional expectation in a box of size 2
.

Lemma 2 (Renormalization step)
For every t > 0, 
 ≥ 2 and any measurable function h : Z → R,

Eρ

[ ∫ t

0

∑

x∈Z
h(x)Ṽ
,2
(ηs)ds

]2 ≤ Ct



n2
∑

x∈Z
h2(x),

where Ṽ
,2
(ηs) = Eρ

[
η̄s(x)η̄s(x + 1)

∣
∣
∣η


s (x)
]

− Eρ

[
η̄s(x)η̄s(x + 1)

∣
∣
∣η2
s (x)

]
.

Proof Using the same arguments as in the proof of Lemma 1, the expectation
becomes bounded by

Ct sup
g∈L2(νρ)

{
2

∑

x∈Z
h(x)

∫

Ṽ
,2
(η)g(η) dνρ − n2〈g,−Sng〉ρ
}
.

Therefore, taking for each x, Ax = n2(h(x))−1(2
)−1 together with the spectral gap
inequality, last expression becomes bounded by

Ct
∑

x∈Z
h2(x)


3

n2
Varρ[Ṽ
,2
]. (15)

Since,

Ṽ
,2
(η) = (η̄
(x))2 − 1


 − 1
χ(η
(x)) − (η̄2
(x))2 + 1

2
 − 1
χ(η2
(x)),

then a simple computation shows that Varρ[Ṽ
,2
] ≤ C

2
, from where we get that (15)

is bounded by

Ct



n2
∑

x∈Z
h2(x), (16)

which finishes the proof.

We notice that instead of doubling the box in the previous lemma, we can also
estimate the price for replacing for the conditional expectation in a box of size 
 by
the condition expectation in a box of size L.
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Lemma 3 (L-Renormalization step)
For every t > 0, 
 ≥ 2 and any measurable function h : Z → R,

Eρ

[ ∫ t

0

∑

x∈Z
h(x)Ṽ
,L(ηs)ds

]2 ≤ Ct
L3

n2
2
∑

x∈Z
h2(x),

where Ṽ
,L(ηs) = Eρ

[
η̄s(x)η̄s(x + 1)

∣
∣
∣η


s (x)
]

− Eρ

[
η̄s(x)η̄s(x + 1)

∣
∣
∣ηL

s (x)
]
.

Proof The only difference with respect to the previous proof is that here we take for
each x, Ax = n2(h(x))−1L−1, the spectral gap inequality 〈Ṽ
,L, (−Sx,L)−1Ṽ
,L〉ρ ≤
L2Varρ[Ṽ
,L] and in this case Varρ(Ṽ
,L) ≤ C


2
, from where the result follows.

So far we have been able to replace the local function η̄(x)η̄(x+1) by its condition
expectation in a box of size 2
. Now we want to increase the box in order to get to
one of size εn. We notice that so far we cannot do that, otherwise the errors (obtained
in the One-block estimate and in the Renormalization step) explode, as n → ∞. In
the next lemma we compute the price to go any box.

Lemma 4 (Two-blocks estimate)
For every t > 0, 
 ≥ 2, 
 ≥ 
0 and any measurable function h : Z → R,

Eρ

[ ∫ t

0

∑

x∈Z
h(x)Ṽ
0,
(ηs)ds

]2 ≤ Ct



n2
∑

x∈Z
h2(x).

Proof We start by giving the proof in the case 
 = 2M
0. In this case we write

Ṽ
0,
(ηs) =
M−1∑

i=0

Ṽ2i
0,2i+1
0
(ηs).

Therefore, by Minkowski’s inequality the expectation in the statement of the lemma
is bounded from above by

{ M∑

i=1

(
Eρ

[ ∫ t

0

∑

x∈Z
h(x)Ṽ2i−1
0,2i
0

ds
]2)1/2}2

.

From the Renormalization step (Lemma 2) we have

Eρ

[ ∫ t

0

∑

x∈Z
h(x)Ṽ2i−1
0,2i
0

ds
]2 ≤ Ct

2i
0

n2
∑

x∈Z
h2(x),

from where we get that last expression bounded by
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Ct
{ M∑

i=1

2i/2
}2 
0

n2
∑

x∈Z
h2(x) ≤ Ct

2M
0

n2
∑

x∈Z
h2(x).

This proves the lemma for the case 
 = 2M
0. In the other cases, we choose M such
that 2M
0 ≤ 
 ≤ 2M+1
0. Then,

Eρ

[ ∫ t

0

∑

x∈Z
h(x)Ṽ
0,
(ηs)ds

]2 ≤
{ M∑

i=1

(
Eρ

[ ∫ t

0

∑

x∈Z
h(x)Ṽ2i−1
0,2i
0

ds
]2)1/2

+
(
Eρ

[ ∫ t

0

∑

x∈Z
h(x)Ṽ2M
0,


(ηs)ds
]2)1/2}2

.

From the previous computations, we have that the first term on the right hand side of
the previous expression is bounded from above by Ct 


n2
∑

x∈Z h2(x). To bound the
second term, we notice that by the L-Renormalization step (Lemma 3) we get that

Eρ

[ ∫ t

0

∑

x∈Z
h(x)Ṽ2M
0,


(ηs)ds
]2 ≤ Ct


3

n2(2M
0)2

∑

x∈Z
h2(x)

≤ Ct
(2M+1
0)

3

n2(2M
0)2

∑

x∈Z
h2(x) ≤ Ct




n2
∑

x∈Z
h2(x).

which ends the proof.

4.1.1 The Proof of Theorem 2

From the previous computations we obtain that the expectation appearing in the
statement of the Theorem is bounded by

Ct
εn

n2
∑

x∈Z
h2

( x

n

)

which converges to Ctε‖h‖22, as n → +∞, and then vanishes taking ε → 0.

4.2 The Boltzmann-Gibbs Principle for Occupation Variables

In this section we make some remarks concerning the Boltzmann-Gibbs Principle.
To make it as general as we can let m ∈ N and x ∈ Z and let f x

m(η) = ∏x+m−1
y=x η̄(y).

A simple computation shows that for any σ ∈ [0, 1], Eσ [f x
m] = (σ − ρ)m.
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Now we establish the Boltzmann-Gibbs Principle (Theorem 2) for the function
f x
m. We have already done it for the case m = 2 and now we look to the other cases.

Lemma 5 (One-block estimate)
For every t > 0, 
 ≥ 2, m ∈ N and any measurable function h : Z → R,

Eρ

[ ∫ t

0

∑

x∈Z
h(x)Vm


 (ηs)ds
]2 ≤ Ct


3

n2
∑

x∈Z
h2(x),

where Vm

 (ηs) = f x

m(ηs) − Eρ

[
f x
m(ηs)

∣
∣
∣η


s (x)
]
.

In this case the error is the same as above, since Varρ[Vm

 ] ≤ C. Nevertheless, in

the Renormalization step, the higher the value of m the less is the error.

Lemma 6 (Renormalization step)
For every t > 0, 
 ≥ 2, m ∈ N and any measurable function h : Z → R,

Eρ

[ ∫ t

0

∑

x∈Z
h(x)Ṽm


,2
(ηs)ds
]2 ≤ Ct


3−m

n2
∑

x∈Z
h2(x),

where Ṽm

,2
(ηs) = Eρ

[
f x
m(ηs)

∣
∣
∣η


s (x)
]

− Eρ

[
f x
m(ηs)

∣
∣
∣η2
s (x)

]
.

Proof The only difference with respect to the proof in the case m = 2 is that here
Varρ[Ṽm


,2
] ≤ C

m , from where the result follows.

In the case of the L-Renormalization step we have that

Lemma 7 (L-Renormalization step)
For every t > 0, 
 ≥ 2, m ∈ N and any measurable function h : Z → R,

Eρ

[ ∫ t

0

∑

x∈Z
h(x)Ṽm


,L(ηs)ds
]2 ≤ Ct

L3

n2
m

∑

x∈Z
h2(x),

where Ṽm

,L(ηs) = Eρ

[
f x
m(ηs)

∣
∣
∣η


s (x)
]

− Eρ

[
f x
m(ηs)

∣
∣
∣ηL

s (x)
]
.

Lemma 8 (Two-blocks estimate)
For every t > 0, 
 ≥ 2, m ∈ N and any measurable function h : Z → R,

Eρ

[ ∫ t

0

∑

x∈Z
h(x)Ṽm


0,

(ηs)ds

]2 ≤ Ct



n2
∑

x∈Z
h2(x).
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Proof In this case we notice that the only difference in the proof is that now we have
the expectation bounded by

Ct
{ M∑

i=1

2i(3−m)/2
}2 
3−m

0

n2
∑

x∈Z
h2(x).

Now, if m = 1 then last expression is bounded by

Ct
{ M∑

i=1

2i
}2 
20

n2
∑

x∈Z
h(x) ≤ Ct


2

n2
∑

x∈Z
h2(x),

while if m = 3 it is bounded by

Ct
{ M∑

i=1

1
}2 1

n2
∑

x∈Z
h2(x) = CtM2 1

n2
∑

x∈Z
h2(x).

Since 
 = 2M
0, then last expression equals to Ct (log(
))2

n2
∑

x∈Z h2(x). For the other

cases of m, one notices that
∑M

i=1 2
i(3−m)/2 ≤ ∑∞

i=1 2
i(3−m)/2 < ∞ from where we

get the bound

Ct
1

n2
∑

x∈Z
h2(x).

We can summarize the Boltzmann-Gibbs Principle as follows:

Theorem 3 (General Boltzmann-Gibbs Principle)
For every t > 0, 
 ≥ 2, m ∈ N and any measurable function h : [0, T ]×Z → R,

Eρ

[ ∫ t

0

1

θ(n)

∑

x∈Z
hs

( x

n

){
f x
m(ηs) − Eρ

[
f x
m(ηs)

∣
∣
∣η



s (x)

]}
ds

]2 ≤ Ct
cm(
)

n(θ(n))2
‖h‖22,n,

where ‖h‖22,n = 1
n

∑
x∈Z h2

(
x
n

)
and

cm(
) =

⎧
⎪⎪⎨

⎪⎪⎩


2, if m = 1,

, if m = 2,

(log(
))2, if m = 3,
1, otherwise,

(17)

In order to conclude we have the following scheme.
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1. m = 1
From the previous estimates we have that for θ(n) >

√
n

lim
n→+∞Eρ

[( ∫ t

0

1

θ(n)

∑

x∈Z
∇nh

( x

n

)
f x
m(ηs) ds

)2] = 0,

while for θ(n) = √
n, since Eρ

[
f x
m(ηs)

∣
∣
∣ηεn

s (x)
]

= η̄εn
s (x) = 1√

n
Y n

t (ιε(x/n)) we

have

∫ t

0

1√
n

∑

x∈Z
∇nh

( x

n

)
η̄s(x) ds ∼

∫ t

0

1

n

∑

x∈Z
∇nh

( x

n

)
Y n

t (ιε(x/n)) ds

↓
∫ t

0

∫

R
∇h(x)Yt(ιε(0)) ds

2. m = 2
From the previous estimates, for θ(n) = nδ , with δ > 0 we have

lim
n→+∞Eρ

[( ∫ t

0

1

θ(n)

∑

x∈Z
∇nh

( x

n

)
f x
m(ηs) ds

)2] = 0,

while for θ(n) = 1, since Eρ

[
f x
m(ηs)

∣
∣
∣ηεn

s (x)
]

= (η̄εn
s (x))2 − 1

εn−1χ(ηεn(x)) and

since (η̄εn
s (x))2 = 1

n (Y n
t (ιε(x/n)))2 we get

∫ t

0

∑

x∈Z
∇nh

( x

n

)
η̄s(x)η̄s(x + 1) ds ∼

∫ t

0

1

n

∑

x∈Z
∇nh

( x

n

)
(Y n

t (ιε(x/n)))2 ds

↓
∫ t

0

∫

R
∇h(x)(Yt(ιε(0)))

2 ds.

4.3 The Boltzmann-Gibbs Principle for General Functions

In this section we rephrase the results of the previous subsection in terms of more
general functions. First we recall the notion of the degree of a function from [12].

Definition 2 Let f : � → R be a local function and for σ ∈ [0, 1], recall that
f̃ (σ ) = Eσ [f ]. The function f is said to have degree m ∈ N if f̃ j(ρ) = 0, for all
j = 0, · · · , m − 1 and f̃ m(ρ) �= 0.
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Notice that the function f x
m defined above has degree m. From the previous results

we have the following bounds:

Corollary 1 Let m ∈ N and let f : � → R be a local function of degree m with
support contained in {x, x + 1, · · · , x + 
}, with 
 > m. For every t > 0, 
 ≥ 2 and
any measurable function h : [0, T ] × Z → R,

Eρ

[ ∫ t

0

1

θ(n)

∑

x∈Z
hs

( x

n

){
f (ηs) − Eρ

[
f (ηs)

∣
∣
∣η



s (x)

]}
ds

]2 ≤ Ct
cm(
)

n(θ(n))2
‖h‖22,n,

where cm(
) was given in (17).

Proof Recall the function f x
m given above. For a function f with degree m, we define

the auxiliary function

ψ(η) = f (η) − f̃ m(ρ)

m!
x+m−1∏

y=x

η̄(y),

where f̃ m(ρ) = dmf̃
dρm (ρ) which is non zero, since f has degree m. A simple compu-

tation shows that

ψ̃(σ ) = f̃ (σ ) − f̃ m(ρ)

m! (σ − ρ)m,

from where it follows that the degree of ψ is greater or equal than m + 1. Therefore,
as a consequence of the previous results, by using the inequality (x+y)2 ≤ 2x2+2y2,
the fact that cm+1(
) ≤ cm(
) and also by writing

f (η) − Eρ

[
f (η)

∣
∣
∣η


(x)
]

= f (η) − f̃ m(ρ)

m!
x+m−1∏

y=x

η̄(y)

+ f̃ m(ρ)

m!
x+m−1∏

y=x

η̄(y) − Eρ

[ f̃ m(ρ)

m!
x+m−1∏

y=x

η̄(y)
∣
∣
∣η


(x)
]

+ Eρ

[ f̃ m(ρ)

m!
x+m−1∏

y=x

η̄(y)
∣
∣
∣η


(x)
]

− Eρ

[
f (η)

∣
∣
∣η


(x)
]

= ψ(η) − Eρ

[
ψ(η)

∣
∣
∣η


(x)
]

+ f̃ m(ρ)

m!
x+m−1∏

y=x

η̄(y) − Eρ

[ f̃ m(ρ)

m!
x+m−1∏

y=x

η̄(y)
∣
∣
∣η


(x)
]
,

the proof ends.
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Large Population Asymptotics
for Interacting Diffusions in a Quenched
Random Environment

Eric Luçon

Abstract We review some recent results on large population behavior of interacting
diffusions in a random environment. Emphasis is put on the quenched influence of
the environment on the macroscopic behavior of the system (law of large numbers
and fluctuations).We address the notion of (non-)self-averaging phenomenon for this
class of models. A guiding thread in this survey is the Kuramoto synchronization
model which has met in recent years a growing interest in the literature.

Keywords Interacting diffusions · Random environment · Self-averaging · Fluctu-
ations · McKean-Vlasov equation · FitzHugh-Nagumo model · Kuramoto model ·
Stochastic partial differential equation

1 Introduction

1.1 Diffusions in Mean-Field Interaction

In this paper, we review some recent results [39–41] concerning large population
asymptotics of interacting diffusions in a random environment. This class of models
generalizes systems of particles in a mean-field interaction that have been intensively
studied since McKean [44]. A general instance of such mean-field models may be
given as follows: for any fixed T > 0, for any N ≥ 1 and m ≥ 1, consider the system
of N coupled stochastic differential equations in Rm

dθi,t = c(θi,t)dt + b(θi,t, νN,t)dt + σ(θi,t, νN,t) · dBi,t, t ∈ [0, T ], i = 1 . . . , N,

(1)
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where νN is the empirical measure of the particles (θ1, . . . , θN ):

νN,t := 1

N

N∑

i=1

δθi,t , t ∈ [0, T ]. (2)

For fixed N and t, νN,t is an element of M1(Rm), the set of probability measures
on Rm. In the following, unless specified otherwise, M1 is endowed with its weak
topology. In (1), (Bi)i=1,...,N is a collection of independent Brownian motions in Rp

(p ≥ 1), (θ, ν) �→ b(θ, ν) ∈ Rm and (θ, ν) �→ σ(θ, ν) ∈ Rm×p are (possibly not)
regular functions of (θ, ν), where ν belongs toM1(Rm). To fix ideas, the reader may
think of the particular case where b or σ are of the form (θ, ν) �→ ∫

Γ (θ, θ̃)ν(dθ̃ )

where Γ is a regular function. In such a case, the mean-field terms in (1) reduce to
1
N

∑N
j=1 Γ (θi, θj).

Mean-fieldmodels like (1) have been quite popular in recent years in both physical
and mathematical literature, as they provide the most natural way to represent the
time evolution of a population of particles in all-to-all interaction. In (1), we have
distinguished the local contribution c(θi,t)dt to the dynamics (that would govern the
dynamics if θi had not been connected to the rest of the population) from the mean-
field contribution of all other particles b(θi,t, νN,t)dt modeling the interaction with
the rest of the population.

A reason for the interest in such systems is that they also provide natural particle
approximations for various partial differential equations appearing in physics (e.g.
granular media equation [12, 42], porous media equation [11], Vicsek model for
alignment of self-propelled particles [20]), biology (neuronal models [4, 22, 38],
Keller-Segel model for chemotaxis [30]) or finance (rank-based models [34, 36]).

The problematic concerns the large population behavior of (1): under mild
assumptions on the coefficients c, b and σ , one can show that the empirical measure
(2) converges weakly as N → ∞ to a measure-valued solution t �→ νt of a nonlin-
ear Fokker-Planck equation (or McKean-Vlasov equation [27, 44]). In that extent, a
crucial feature of such mean-field systems is exchangeability: if, at t = 0, the law of
the vector (θ1,0, . . . , θN,0) is invariant under permutation, the same property holds
for (1) at any positive time t. It is well understood [53] that, under this assumption,
the above convergence is equivalent to the notion of propagation of chaos: for any
fixed k ≥ 1, the first k particles (θ1, . . . , θk) converges in law as N → ∞ to k
independent copies of a nonlinear process, whose law is given by the solution to the
McKean-Vlasov equation. More generally, a vast literature addresses the questions
of fluctuations and large deviations of the empirical measure around its limit (see
[19, 24, 26, 27, 32, 46] and references therein) as well as long-time behavior of such
processes (uniform propagation of chaos and concentration inequalities [12, 13]).



Large Population Asymptotics for Interacting Diffusions … 233

1.2 Inhomogeneous Interacting Diffusions

1.2.1 General Framework

The class of models we address in this paper is a generalization of (1) in the presence
of a random environment. Namely, the system we consider is the following:

dθi,t = c(θi,t, ωi)dt + 1

N

N∑

j=1

Γ (θi,t, ωi, θj,t, ωj)dt + dBi,t, i = 1, . . . , N, t ∈ [0, T ], (3)

endowed with an initial condition (θi,0)i=1,...,N i.i.d. with law ζ on Rm.
The difference between (3) and (1) is that the particles (θ1, . . . , θN ) now live in

a random environment, that is both the local dynamics c(·) and the mean-field term
Γ (·) are perturbed by a given sequence (ωi)i=1,...,N ∈ (Rn)N (n ≥ 1) of i.i.d. random
variables, independent of the thermal noise (B1, . . . , BN ). This sequence models a
local inhomogeneity in the system: particles are similar but not necessarily identical.
The common law of the random variables (ωi)i≥1 is denoted as μ ∈ M1(Rn).

Remark 1 Note that we do not address the whole generality of the coefficients b and
σ as described in (1). In particular, we restrict ourselves for simplicity to the case
p = m and σ = I . But the results exposed here should remain valid for general σ ,
provided further regularity and non-degeneracy assumptions are made.

From the point of view of statistical physics, the additional randomness (ωi)i≥1
in (3) will be considered as a disorder. In this framework, there exist two ways to
consider (3): one can either study the averaged (or annealed) model (where one
looks at (θ1, . . . , θN ) under the joint law of the noise and the disorder) or one can fix
once and for all a typical realization of the disorder and consider (3) under the law
of the noise only (quenched model). In this paper, we focus on the quenched model,
which is more realistic from a modeling point of view. Under the same hypotheses,
the asymptotic results proven here remain valid in the (technically easier) averaged
framework.

The difficulty of working in a quenched environment (ωi)i≥1 lies in the fact that
the particles (θ1, . . . , θN ) are no longer exchangeable. In particular, the question
of propagation of chaos concerning (3) is a priori not clear. More precisely, the
question we want to address is the influence of a fixed realization of the disorder on
the behavior of the empirical measure of the system as N → ∞

νN,t = ν
(ω)
N,t := 1

N

N∑

i=1

δ(θi,t ,ωi), t ∈ [0, T ], N ≥ 1. (4)

As in (4), we will specify when required the dependence of the empirical measure
in the specific choice of the disorder (ω) := (ωi)i≥1.
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1.2.2 Synchronization Models and Neural Networks

A first motivation for systems such as (3) comes from synchronization models in
physics. The Kuramoto model [1], which will be the guiding thread of this review, is
a particular case of (3) where the particles θi reduce to one-dimensional oscillators
(or rotators) on the circle S := R/2π , within a mean-field sine interaction, perturbed
by random frequencies ωi ∈ R:

dθi,t = ωidt + K

N

N∑

j=1

sin(θj,t − θi,t)dt + dBi,t, i = 1, . . . , N, t ∈ [0, T ]. (5)

In (5),K > 0 is the coupling strength between rotators, and the disorderωi is the local
random frequency of the rotator θi, that may differ from one rotator to another. As
N → ∞, the system is described by the following nonlinear Fokker-Planck equation
(whose solution (t, θ, ω) �→ qt(θ, ω) is the density of rotators at time t at position θ

with frequency ω):

∂tqt = 1

2
∂2θ qt(θ, ω) − ∂θ

(
qt(θ, ω)

(
ω + K

∫

S×R
sin(θ̃ − θ)qt(θ̃ , ω̃)dθ̃μ(dω̃)

))
.

(6)
TheKuramotomodel was first introduced in [37] in order to study collective behavior
of synchronizing individuals (neurons, social insects, cardiac cells) and has been
since the subject of a vast literature, mostly in physics (see [1, 37, 51] and references
therein) and more recently in mathematics.

The intuition for the dynamics of the Kuramoto model is simple: in a large popu-
lation, each rotator θi obeys to the influence of its local frequency ωi which tends to
desynchronize the rotators, in contradiction with the mean-field coupling that tends
to make the particles rotate together. A striking result, first observed by Kuramoto
and Sakaguchi [50], is that (6) exhibits a phase transition: if K is smaller than a
critical value Kc, the uniform distribution q ≡ 1

2π is the only stationary solution of
(6) (there is no synchronization), whereas it coexists with nontrivial synchronized
profiles for K > Kc. Recent results address the question of the long-time stability
of such synchronized solutions, in the case without disorder [8, 9, 29] and also with
small disorder [28].

A second motivation for this work comes from the modeling of the spiking activ-
ity of neurons in a noisy environment. The FitzHugh-Nagumo model, which is a
2-dimensional simplification of the Hodgkin-Huxley model (see [4, 23] for further
neurophysiological insights on the subject) is given as follows: θi := (Vi, wi) and

⎧
⎨

⎩
dVi(t) =

(
Vi(t) − Vi(t)3

3 − wi(t) + I
)
dt,

dwi(t) =
(

ai(biVi(t) − wi(t))
)
dt,

i = 1, . . . , N, t ∈ [0, T ], (7)

where ai and bi are random coefficients. The variable Vi(t) denotes the voltage
activity of the neuron, wi(t) is a recovery variable and I is the exterior input current.
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In (7), the disorder ωi = (ai, bi) ∈ R2 plays the role of a random discrimination
between inhibited and excited neurons: it is well known [23] that, depending on the
values of the parameters (ai, bi), the dynamics (7) exhibits either periodic behavior
around a limit cycle (spiking activity) or convergence to a fixed point (inhibition
of the neuron). If one incorporates this dynamics into (3), the mean-field term Γ (·)
models connections between neurons through electrical synapses. We refer to [4] for
precise details and the exposition of more elaborate mean-field models applied to
neuronal activity. Note that one difficulty of the dynamics given by (7) is that it is
unbounded and not uniformly Lipschitz-continuous.

1.2.3 Existing Literature on Disordered Interacting Diffusions

The subject of diffusions in random environment has already been addressed in the
literature. In particular, one should mention the seminal paper of Dai Pra and den
Hollander [18] where an averaged large deviations principle for models similar to
(3) is proved, with applications to the Kuramoto model and spin-flip systems. Other
interesting applications of (3) may be found in the context of statistical physics
(random Curie-Weiss model [16], model of social interactions [17]).

Instead of putting the disorder on the particles, it would also make sense to put the
disorder on the connections between particles. There is currently a growing interest
in mean-field models with random connectivities (in particular with applications to
neuronal models, see [14, 25, 54, 55] and references therein), that is, models of the
type

dθi,t =
N∑

j=1

Ji,jΓ (θi,t, θj,t)dt + dBi,t, i = 1, . . . , N, t ∈ [0, T ], (8)

where (Ji,j)i,j=1,...,N is a (possibly symmetric) collection of random variables. Large
population asymptotics of such models have been first studied through large devi-
ations techniques by Guionnet and Ben Arous [3, 6] in the context of spin-glass
systems. The long time analysis of the associated nonlinear process appears to be
significantly more difficult than for the models considered here.

Other mean-field models of neurons with integrate-and-fire dynamics have
recently been studied [15, 21, 22]. For such models, existence of a solution for
all time to the nonlinear Fokker Planck turns out to be problematic.

1.3 Organization of the Paper

We summarize in Sect. 2 the main results of the paper, that is a quenched law of
large numbers and a quenched central limit theorem for the empirical measure (4).
In Sect. 3, the main lines of proof for the two results are indicated.
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2 Main Results

In the remaining of the paper, for any p ≥ 1, the euclidean norm and scalar product
in Rp are respectively denoted as |u| and u · v (u, v ∈ Rp). P is the law of the
sequence of Brownian motions and P is the law of the sequence of the disorder. The
corresponding expectations are denoted as E and E respectively.

2.1 Quenched Law of Large Numbers

The first result concerns a quenched law of large numbers for the empirical measure
νN defined in (4).

2.1.1 Assumptions

We assume that the coefficients and initial condition in (3) satisfy:

1. The function (θ, ω) �→ c(θ, ω) is locally Lipschitz-continuous in θ (for fixed ω)
and satisfy a one-sided Lipschitz condition:

∀(θ, ω), (θ̄ , ω̄),
(
θ − θ̄

) · (c(θ, ω) − c(θ̄ , ω̄)
) ≤ L

(∣∣θ − θ̄
∣∣2 + |ω − ω̄|2

)
,

(9)
for some constant L. The function c also satisfies a polynomial bound:

∀(θ, ω), |c(θ, ω)| ≤ C
(
1 + |θ |κ + |ω|ι) , (10)

for some constant C > 0 and where κ ≥ 2 and ι ≥ 1.
2. The interaction term Γ is bounded and globally Lipschitz on (Rm × Rn)2.
3. For fixed θ̃ , ω, ω̃, the functions θ �→ c(θ, ω) and θ �→ Γ (θ, ω, θ̃ , ω̃) are twice

differentiable with continuous derivatives.
4. The initial distribution ζ of the particles in (3) and the lawμ of the disorder satisfy

the following moment conditions:

∫

Rm
|θ |κ ζ(dθ) < ∞ and

∫

Rn
|ω|ι μ(dω) < ∞, (11)

where the constants κ and ι are given in (10).

Remark 2 These assumptions differ from the hypotheses of the original proof in [39].
Indeed, in [39], we were mostly concerned with particles living in a compact space
(as in the Kuramoto model (5)), in which case assumptions on c, Γ and ζ (especially
the differentiability of c and Γ ) can be simplified. We refer to [39], Sect. 2.3.1 for
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further details. Note that the present assumptions specifically include the case of
polynomial coefficients (as in the FitzHugh-Nagumo case (7), set κ = 3 and ι = 1)
which is not covered by [39].

2.1.2 Law of Large Numbers and McKean-Vlasov Equation

Theorem 1 ([39, 41]) Under the hypotheses of Sect. 2.1.1,

1. there is a unique process t �→ νt in C ([0, T ],M1(Rm × Rn)) such that ν0 =
ζ ×μ and supt≤T

∫
(|θ |κ ∨ |ω|ι) νt(dθ, dω) < +∞, satisfying the weak McKean-

Vlasov equation

〈νt , f 〉 = 〈ν0 , f 〉 +
∫ t

0

〈
νs ,

1

2
Δθ f + ∇θ f · ([Γ, νs] + c)

〉
ds, t ∈ [0, T ],

(12)
where 〈ν , f 〉 := ∫ f (θ, ω)ν(dθ, dω) and

[Γ, m](θ, ω) :=
∫

Γ (θ, ω, θ̃ , ω̃)m(dθ̃ , dω̃). (13)

2. for almost-every sequence (ωi)i≥1, the sequence (ν
(ω)
N )N≥1 converges as N → ∞

in C ([0, T ],M1(Rm × Rn)) to the unique solution ν of (12).

Remark 3 Note that if we take a test function f in (12) that does not depend on θ , we
obtain that 〈ν0 , f 〉 = 〈νt , f 〉 , ∀t ∈ [0, T ]. In particular, the marginal distribution
on ω of νt is independent of t and equal to μ.

Since the noise in (3) is non-degenerate, using the regularizing properties of the
heat kernel, one can prove that for any measure-valued initial condition in (12), the
solution of (12) has a regular density νt(dθ, dω) = qt(θ, ω)dθμ(dω) for all t > 0.
Integrating by parts in (12), we find that qt is a strong solution to

∂tqt = 1

2
Δθqt(θ, ω) − divθ (qt(θ, ω)c(θ, ω))

− divθ

(
qt(θ, ω)

∫
Γ (θ, ω, θ̃ , ω̃)qt(θ̃ , ω̃)dθ̃μ(dω̃)

)
, t > 0. (14)

For a proof of this fact and further details, we refer to [28, Prop. A.1].

A consequence of Theorem 1 is that, at the level of the law of large numbers, the
system only depends on the law μ of the disorder, but not on a typical realization of
the (ωi)i≥1: there is a self-averaging phenomenon. The notion of self-averaging (or
its absence) is crucial in many disordered models of statistical physics and is deeply
related to the influence of the disorder on the phase transition in such systems (see
e.g. [2, 48] and references therein).
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2.2 Quenched Central Limit Theorem

The second result concerns the influence of a typical realization of the disorder
(ωj)j≥1 on the fluctuations of the empirical measure (4) around its McKean-Vlasov
limit (12). The question is whether or not self-averaging also holds at the level of the
fluctuations, and if not, if it is possible to quantify the dependance in the disorder of
the system (3) at the level of fluctuations.

2.2.1 Non-self-averaging Phenomenon in the Kuramoto Model

The motivation comes from the Kuramoto model (5). To fix ideas, consider the case
where the frequencies ωi in (5) are sampled with μ = 1

2 (δ−1 + δ1): this is simply a
random decomposition of (θ1, . . . , θN ) between two subpopulations, one naturally
rotating clockwise (ωi = +1) and the second rotating anti-clockwise (ωi = −1).
One can imagine that fluctuations in the finite sample (ω1, . . . , ωN ) ∈ {±1}N may
lead, for example, to a majority of +1 with respect to −1, so that the rotators with
positive frequency induce a global rotation of the whole system in the direction of
the majority. Direction and speed of rotation depend on this initial configuration of
the disorder (see Figs. 1 and 2). This phenomenon, noticed numerically in [5], can
be computed through the order parameters

(
rN,t, ψN,t

)
:

rN,te
iψN,t := 1

N

N∑

j=1

eiθj,t =
∫

S×R
eiθ νN,t(dθ, dω), N ≥ 1, t ≥ 0, (15)

Fig. 1 Evolution of the marginal on S of νN in the Kuramoto model (N = 600, μ = 1
2 (δ−1 + δ1),

K = 6). The rotators are initially independent and uniformly distributed on S and independent of
the disorder. First the dynamics leads to synchronization (t = 6) to a profile close to a nontriv-
ial stationary solution of (6). Second, the center ψN,t of this density moves to the right with an
approximately constant speed; this speed of rotation turns out to be sample-dependent (see Fig. 2a)
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(a) (b)

Fig. 2 The red trajectories in both figures correspond to the averaged model where there is no
disorder-dependent rotation. a Trajectories of the center of synchronization ψN for different real-
izations of the disorder (ω1, . . . , ωN ) (μ = 1/2 (δ−0.5 + δ0.5), k = 4, n = 400). Direction and speed
of ψN depend on the initial configuration of the frequencies. These simulations are compatible
with speeds of order N−1/2. b Trajectories of the process ηt (sin) for different realizations of the
mean-value C(ω) (see 23). Trajectories of the limiting fluctuation process η(sin) are almost linear
and compatible with (a)

Here rN,t ∈ [−1, 1] gives a notion of synchronization of the system (5) (e.g. rN,t = 1
if the oscillators θj,t are all equal) andψN,t captures the position of the center of syn-
chronization (see Fig. 1). One can see on Fig. 2a that t �→ ψN,t has an approximately
linear behavior whose slope depends on the sample of the disorder. Note that this
disorder-induced phenomenon does not happen at the level of the nonlinear Fokker-
Planck equation (6), but only at the level of fluctuations (the speed of rotation in
Fig. 2a is of order N−1/2 which vanishes as N → ∞). Consequently, in order to
understand this phenomenon, one needs to make sense to a quenched central limit
theorem for the empirical measure νN .

2.2.2 Weak Quenched Convergence of the Fluctuation Process

We consider, for a fixed realization of the disorder (ω) = (ωi)i≥1 the fluctuation
process ηN = η

(ω)
N given by

η
(ω)
N,t := √

N
(
ν

(ω)
N,t − νt

)
, t ≤ T , N ≥ 1. (16)

For fixed t ≤ T , (ω) and N ≥ 1, η(ω)
N,t is a random element ofS ′, the Schwartz space

of tempered distributions on Rm × Rn.

Remark 4 One observation about (16) is that the convergence of η
(ω)
N as N → ∞

cannot hold for a fixed realization of (ω): consider the particular case of (3) when
m = 1, c(θ, ω) = ω, Γ = 0

θi,t = ωit + Bi,t, t ≤ T , i = 1, . . . , N, (17)
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that is simply Brownian motions with random drifts. Studying the fluctuations of
the empirical measure associated to (17) requires to look at functionals of the type√

N
(

1
N

∑N
i=1 ϕ(ωi) − ∫ ϕ(ω)μ(dω)

)
, for regular functions ϕ. But almost-surely in

(ωi)i≥1, the latter quantity does not converge (it only converges in law with respect
to (ωi)i≥1).

In order to make sense of any possible limit for η
(ω)
N , one needs to find a weak

formulation of a notion of quenched convergence. To do so, fix (ω) and denote as
HN (ω) the law of the process η

(ω)
N ;HN (ω) belongs toM1(C ([0, T ],S ′)), the set of

probability measures on continuous paths with values inS ′. As noted in Remark 4,
HN (ω) is not likely to converge weakly as N → ∞ for fixed (ω). Instead, consider
the random variable:

(ω) ∈ (Rn)N �→ HN (ω) ∈ M1(C ([0, T ],S ′)). (18)

The purpose of Theorem 2 below is precisely to state that this random variable (with
values in the big set M1(C ([0, T ],S ′))) converges in law to a random variable
ω �→ H (ω) ∈ M1(C ([0, T ],S ′)). The second point of Theorem 2 is to identify
H (ω) as the law of the solution to a linear stochastic partial differential equation.

Remark 5 It is important to note that this weak notion of quenched convergence
differs from an averaged convergence: it is also possible under the same hypotheses
to state an averaged central limit theorem which gives a different limit from the
one found in (23) (see [39]). The quenched convergence still keeps track of the
dependence in the disorder of the particle system as N → ∞ (see Theorem 2),
whereas the averaged limit does not.

2.2.3 Assumptions

In addition to the assumptions of Sect. 2.1.1, we suppose that

1. The functions (θ, ω) �→ c(θ, ω) and (θ, ω, θ̃ , ω̃) �→ Γ (θ, ω, θ̃ , ω̃) are infinitely
differentiable. The derivatives of Γ are uniformly bounded and the derivatives of
c are bounded in θ and satisfy the same polynomial bound in ω as in (10).

2. The following moment conditions are satisfied:

∫

Rm
|θ |2γ ζ(dθ) < ∞ and

∫

Rn
|ω|2(ι+γ ) μ(dω) < ∞, (19)

where the constant ι is given by (10), for a sufficiently large constant γ (depending
explicitly on m, n, ι).
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2.2.4 Quenched Central Limit Theorem

Before stating the result, let us give some definitions: for all 0 ≤ s ≤ T , let Ls be
the second order differential operator defined by

Lsf (θ, ω) := 1

2
Δθ f (θ, ω) + ∇θ f (θ, ω) · ([Γ, νs](θ, ω) + c(θ, ω))

+
∫

∇θ f (θ̃ , ω̃) · Γ (θ̃, ω̃, θ, ω)νs(dθ̃ , dω̃).

Let W the Gaussian process with covariance (for every s, t ∈ [0, T ]):

E(Wt(f1)Ws(f2)) =
∫ s∧t

0

∫
∇θ f1(θ, ω) · ∇θ f2(θ, ω)νu(dθ, dω)du. (20)

For all f1, f2 bounded and continuous on Rm × Rn, let

Γ1(f1, f2) :=
∫

Rn
Covζ (f1(·, ω), f2(·, ω)) μ(dω), (21)

=
∫

Rn

{∫

Rm

(
f1 −

∫

Rm
f1(·, ω)dζ

)(
f2 −

∫

Rm
f2(·, ω)dζ

)
dζ

}
μ(dω),

and

Γ2(f1, f2) = Covμ

(∫

Rm
f1dζ,

∫

Rm
f2dζ

)
, (22)

=
∫

Rn

(∫

Rm
f1dζ −

∫

Rm×Rn
f1dζdμ

)(∫

Rm
f2dζ −

∫

Rm×Rn
f2dζdμ

)
dμ.

The main theorem is the following:

Theorem 2 ([39]) Under the assumptions of Sects. 2.1.1 and 2.2.3, the sequence
(ω) �→ HN (ω) converges in law to the random variable ω �→ H (ω), where H (ω)

is the law of the Ornstein-Uhlenbeck process ηω solution in S ′ of the following
stochastic partial differential equation:

ηω
t = X + C(ω) +

∫ t

0
L ∗

s ηω
s ds + Wt, (23)

where, L ∗
s is the formal adjoint operator of Ls, X is a centered Gaussian process

with covariance Γ1 and where for fixed ω, C(ω) is the nontrivial deterministic mean
value of the initial condition. As a random variable in ω, ω �→ C(ω) is a Gaussian
process with covariance Γ2. Moreover, W is independent on the initial value (X, C).

In (23), the linear operator L ∗
s is deterministic ; the only dependence in ω lies in

the initial condition ηω
0 = X + C(ω), through its non trivial mean-value C(ω). We

give here some intuition about the fact that C(·) precisely captures the fluctuations of
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the disorder in the microscopic model and show how one can understand from (23)
the non-self-averaging behavior of the Kuramoto model described in Sect. 2.2.1. For
N ≥ 1 and f : Rm × Rn → R, the initial fluctuation applied to f is given by

ηN,0(f ) = 1√
N

N∑

j=1

(
f (θj,0, ωj) −

∫

Rm×Rn
f (θ, ω)ζ(dθ)μ(dω)

)
,

= 1√
N

N∑

j=1

(
f (θj,0, ωj) −

∫

Rm
f (θ, ωj)ζ(dθ)

)

+ 1√
N

N∑

j=1

(∫

Rm
f (θ, ωj)ζ(dθ) −

∫

Rm×Rn
f (θ, ω)ζ(dθ)μ(dω)

)
, (24)

:= XN (f ) + CN (f ).

The process XN captures the initial fluctuations of the rotators whereas CN captures
the fluctuations of the disorder. It is easy to see that CN converges in law (w.r.t. the
disorder) to the process C with covariance (22). In the framework of the Kuramoto
model with binary disorder (recall Sect. 2.2.1), computations show ([40]) that the
relevant quantity for the dynamics of (23) is the restriction C+ of the process C to
the component on +1:

C+(ψ) := C(ψ1ω=+1), ψ : S → R. (25)

C+ is the limit in law of the microscopic process CN,+ defined by

CN,+(ψ) :=
(∫

S
ψ(·)dζ

)
1√
N

N∑

i=1

(
1(ωi=+1) − 1

2

)
:=
(∫

S
ψ(·)dζ

)
αN√

N
. (26)

Here, αN is exactly the (centered) number of frequencies among (ω1, . . . , ωN ) that
are positive, so thatCN,+ captures the lack of symmetry of the disorder:αN > 0 (resp.
αN < 0) represents the case of an asymmetry in favor of positive (resp. negative)
frequencies. Hence, Theorem 2 provides a way to study, through the process C,
the influence of the asymmetry of the disorder on (3). The main lines of proof of
Theorem 2 are given in Sect. 3.2.

2.3 Long-Time Behavior of the Fluctuation Process
in the Kuramoto Model

In this paragraph, we restrict the study to the Kuramoto case (5) with binary disorder:
μ = 1

2

(
δ−ω0 + δω0

)
for some ω0 > 0. One can see numerically (see Fig. 2b) that

the initial asymmetry C(·) propagates from t = 0 to positive times and provide
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analogous trajectories to the ones observed in the microscopic model (Fig. 2a). One
can make this observation rigorous, at least when ω0 is small:

Theorem 3 ([40]) In the Kuramoto model (5) in the small-disorder regime, the
solutions of (23) are asymptotically linear and disorder dependent. More precisely,
for all K > 1, there exist an Hilbert space of distributions H and ω∗ > 0 such
that for all 0 < ω0 < ω∗ and for fixed initial value ηω

0 = X + C(ω), there exists
V (ω) ∈ H such that

ηω
t

t
in law−−−−−→ V (ω), as t → +∞. (27)

Moreover, ω �→ V (ω) is a Gaussian process in H with explicit (in terms of C(ω))
covariance.

The proof of Theorem 3 relies on a spectral analysis (based on perturbation argu-
ments from the case without disorder, [8]) of the linear operatorL ∗

s governing (23).
Following the intuition of the finite-dimensional Jordan block

( x
y
)′ = (

0 1
0 0

) · ( x
y
)

(whose solutions are obviously linear), one of the key ingredients to the proof of
Theorem 3 is to prove a similar property for the unbounded operatorL ∗

s : there exist
u and v such that L ∗

s u = 0 and L ∗
s v = u. We refer to [40] for more details.

2.4 Conclusion and Perspectives

Disordered mean-field models such as (3) (and especially the Kuramoto model)
are not self-averaging at the level of fluctuations: the dynamics of the quenched
fluctuations of (4) is disorder-dependent. However, in order to derive rigorously the
exact speed of rotation of synchronized solutions in the Kuramoto model described
in Fig. 2, it would be necessary to study (5) on larger time scales, as in [9]. This is
currently under investigation.

Another difficulty is that, although both law of large numbers and central limit
theorem are valid in a rather general setting, investigating the long-time behavior of
the limiting objects ν and η is often very difficult. In that sense, one of the reasons
for the popularity of the Kuramoto model is that the stationary solutions of the
nonlinear Fokker-Planck equation (6) are explicitly computable [50]. A key point in
the analysis of the stability of such solutions [8, 9, 29] is that the Kuramoto model
without disorder is reversible [8],whereas reversibility is lost formany other neuronal
models (e.g. FitzHugh-Nagumo [7]). The results presented here should be applicable
to other models of disordered diffusions, provided sufficient information is known
about characterization and linear stability of stationary states (see for example [38]).

There is currently a growing interest in generalizations of (3) where the interac-
tions depend on the topology of non-mean-field networks or on the distance between
particles. The motivation comes from the biological observation that neurons do not
interact in a mean-field way (see [55] and references therein). As far as weighted
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interactions are considered,models ofmoderately interacting diffusions [35, 46] have
been one of the first attempts to go beyond pure mean-field models. Several papers
in physics [31, 43, 47] have also considered models of oscillators within P-nearest
neighbors or with power-law interaction. Those models are known to exhibit anom-
alous dynamical properties (chimera states). The mean-field limit in this framework
has been rigorously shown in [41], showing in particular anomalous speed of con-
vergence to the nonlinear Fokker-Planck equation. The exact central limit theorem
in this case is currently under investigation.

Generalizing the result ofDaiPra anddenHollander concerningpossiblequenched
large deviations for (3) is of course a natural perspective for this work and is the
object of an ongoing project.

3 Sketches of Proofs

3.1 Law of Large Numbers

We give in this paragraph the main lines of the proof of Theorem 1. The difficulty
here is that we allow the coefficient c in (3) to have polynomial growth (recall
Sect. 2.1.1); in particular, one needs to have a priori controls on the moments of
any accumulation point of (4). The well-posedness of the McKean-Vlasov equation
(12) under the hypotheses of Sect. 2.1.1 can be seen as a consequence of [41]. The
existence of a least one solution ν (satisfying the requiredmoment conditions) to (12)
is established in [41] via a fixed-point procedure on the nonlinear process associated
to (12) using arguments from Sznitman [53] and the uniqueness comes from the fact
that for any such solution ν, the empirical measure νN necessarily converges to ν as
N → ∞, in terms of an adequate Wasserstein metric. Note that we cannot directly
use this last result for the quenched convergence of νN , since the convergence in [41]
is averaged w.r.t. the disorder.

Remark 6 The frameworkof [41] concerns themoregeneral case of diffusionswithin
weighted spatial interactions (P-nearest neighborwith parameterR ∈]0, 1] andpower
law with exponent α ≥ 0, see [41], Sect. 1.2.2 for detailed definitions of these
models). It is easy to see that one retrieves the full mean-field setting for R = 1 or
α = 0.

As far as the quenched convergenceof the empiricalmeasure (4) is concerned, one can
proceed as follows. The result for the initial condition is clear: since (θi,0, ωi)1≤i≤N

are i.i.d. randomvariableswith law ζ⊗μ, the initial empiricalmeasure νN,0 converges
almost surely in (ω) to ν0(dθ, dω) = ζ(dθ)μ(dω), as N → ∞.

An application of Ito’s formula to (3) (for any regular function (θ, ω) �→ f (θ, ω))
leads to the following semi-martingale representation for νN :
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〈
νN,t , f

〉 = 〈
νN,0 , f

〉+
∫ t

0

〈
νN,s ,

1

2
Δθ f + ∇θ f · c

〉
ds

+
∫ t

0

〈
νN,s , ∇θ f ·

∫
Γ (·, ·, θ̃ , ω̃)νN,s(dθ̃ , dω̃)

〉
ds + MN,t(f ), (28)

where MN,t(f ) := 1
N

∑N
j=1

∫ t
0 ∇θ f (θj,s, ωj) · dBj,s is a martingale. Using usual tight-

ness criteria [45, 49] based on Aldous criterion [10] for real valued continuous
processes, it is easy to derive from (28) the tightness of (νN ) inC ([0, T ], (M1(Rm ×
Rn), v)), where v is the vague topology (i.e. the coarsest topology that makes the
evaluations ν �→ 〈ν , f 〉 continuous for every f continuous with compact support).
Using the one-sidedLipschitz continuity of c, one can prove that, almost surely in (ω),
supN≥1 sup1≤i≤N E

(∣∣θi,t
∣∣κ) < ∞. Using this estimate and a localization argument

([39], Lemma 3.4) one obtains that for any accumulation point ν̃ of (νN )N≥1,

∫

Rm×Rn

(|θ |κ ∨ |ω|ι) ν̃(dθ, dω) < +∞. (29)

The tightness of (νN )N≥1 in the weak topology and its convergence to (12) follows
from the a priori estimate (29) and the fact that MN,t(f ) in (28) vanishes as N → ∞.

3.2 Fluctuations

Wenow turn to the proof ofTheorem2.The principal tool used here isHilbertian tech-
niques for measure-valued processes developed by Fernandez, Méléard and Jourdain
[26, 35] for similar models without disorder.

An application of Ito’s formula to (3) leads to a semi-martingale decomposition
of the fluctuation process η

(ω)
N of the following form: for all regular functions f , for

every sequence (ω) and for all t ≤ T :

〈
η

(ω)
N,t , f

〉
=
〈
η

(ω)
N,0 , f

〉
+
∫ t

0

〈
η

(ω)
N,s , LN,s(f )

〉
ds + W (ω)

N,t (f ), (30)

where LN,s is an unbounded linear operator defined by

LN,sf (θ, ω) := 1

2
Δθ f (θ, ω) + ∇θ f (θ, ω) · ([Γ, νN,s](θ, ω) + c(θ, ω))

+
∫

∇θ f (θ̃ , ω̃) · Γ (θ̃, ω̃, θ, ω)νs(dθ̃ , dω̃), θ ∈ Rm, ω ∈ Rn. (31)

and W (ω)
N,t (f ) is a real continuous martingale with quadratic variation process

〈
W (ω)

N (f )
〉

t
=
∫ t

0

〈
ν

(ω)
N,s , |∇θ f (θ, ω)|2

〉
ds.
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Equation (30) is nothing else but a discrete version of the SPDE (23). The natural
procedure is then to show that (ω) �→ HN (ω) is tight and identify the limit. Since
the identification of the limit is standard, we focus on the main difficulty, that is the
tightness result.

3.2.1 The Nonlinear Process

The core of the proof consists in introducing the nonlinear process [35, 42, 52, 53]
associated to the McKean-Vlasov equation (12), that is the diffusion θ̄ whose finite
dimensional laws are precisely given by νt , t ≥ 0. This notion was first introduced by
Sznitman [53] for systems without disorder. In the context of disordered diffusions,
the nonlinear process may be defined as the solution (θ̄t, ω)t∈[0,T ] to

⎧
⎨

⎩

θ̄t = θ0 + ∫ t
0 c(θ̄s, ω)ds + ∫ t

0 [Γ, νs](θ̄s, ω)ds + Bt,

ω ∼ μ,

νt = L (θ̄t, ω),∀t ∈ [0, T ].
(32)

Note that in (32), θ̄ depends on ν, which itself is the law of θ̄ , so the existence of
such a nonlinear process is unclear.

Proposition 1 ([39]) There is pathwise existence and uniqueness in (32).

Proof The proof follows ideas from Sznitman [53], Th 1.1, p. 172. The point is to
use a Picard iteration in the space of probabilities on C ([0, T ], Rm × Rn) endowed
with an appropriate Wasserstein metric. �

The key point in the proof of the fluctuation theorem (see [26]) is to build a coupling
between the particle-system (θi)1≤i≤N given by (3) and a well-chosen collection
of independent nonlinear processes. Namely, for all i = 1, . . . , N , consider the
nonlinear process θ̄i defined by (32), with the same initial value as θi, with the same
inhomogeneity ωi, driven by the same Brownian motion Bi.

Proposition 2 ([39]) Under the assumptions made in Sect. 2.2.3,

sup
1≤i≤N

E

[
sup
t≤T

∣∣θi,t − θ̄i,t
∣∣2
]

≤ ZN (ω1, . . . , ωN ), N ≥ 1, (33)

where the random variable (ω) �→ ZN (ω) is such that

lim
A→∞ lim sup

N→∞
P (NZN (ω) > A) = 0. (34)



Large Population Asymptotics for Interacting Diffusions … 247

Proof By (3) and (32) and using the one-sided Lipschitz continuity of c, one has

E
[
sup
s≤t

∣∣θi,s − θ̄i,s
∣∣2
]

≤ C

(∫ t

0
sup

1≤j≤N
E
[
sup
u≤s

∣∣θj,u − θ̄j,u
∣∣2
]
ds

+
∫ t

0
E
[∣∣[Γ, ν̄N,s − νs](θ̄i,s, ωi)

∣∣2
]
ds

)
,

where ν̄N is the empirical measure of the nonlinear processes ν̄N,t := 1
N

∑N
i=1

δ(θ̄i,t ,ωi)
. Define Ti,j,s := Γ (θ̄i,s, ωi, θ̄j,s, ωj) −∫ Γ (θi,s, ωi, θ̃ , ω̃)νs(dθ̃ , dω̃), so that

E
(∣∣[Γ, ν̄N,s − νs](θ̄i,s, ωi)

∣∣2
)

= 1

N2 E

⎛

⎝
N∑

j=1

∣∣Ti,j,s
∣∣2 +

∑

k �=l

Ti,k,s · Ti,l,s

⎞

⎠

≤ 1

N2

⎛

⎜⎜⎝CN + E

⎛

⎜⎜⎝
∑

k �=i,l �=i
k �=l

Ti,k,s · Ti,l,s

⎞

⎟⎟⎠

⎞

⎟⎟⎠,

where we used that Γ is bounded. Suppose for a moment that there is no disor-
der. Taking conditional expectation w.r.t. (θ̄r, r �= l) in the last term and using
the exchangeability of the particles, we obtain that this term is zero, leading, by
Gronwall’s Lemma, to an upper bound in (33) of the formC/N (see [26], Lemma3.2).
Sincewework here in a frozen environment (i.e. we do not integratew.r.t. the disorder
and lose the exchangeability of the particles), this additional term becomes nontrivial
and not bounded for fixed (ω). This fact precisely motivates the weak formulation
of the quenched convergence introduced in Sect. 2.2.2. Proof of (34) can be found
in [39]. �

3.2.2 Weighted Sobolev Spaces

Proposition 2 is the key result in order to show that the random variableHN defined
in Sect. 2.2.2 is tight. The second tool we use is the introduction of weighted-Sobolev
norms that are specifically adapted to the analysis of (30) (see [26] for a previous
similar approach). Namely, for every integer j, α ≥ 0, we consider the space of all
real functions f defined on Rm × Rn differentiable up to order j such that

‖ f ‖j,α :=
⎛

⎜⎝
∑

|k1|+|k2|≤j

∫

Rm×Rn

∣∣∣Dk1
θ Dk2

ω f (θ, ω)

∣∣∣
2

(1 + |θ |α)2 (1 + |ω|α)2
dθdω

⎞

⎟⎠

1/2

< ∞,
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where, if k = (k1, . . . , km) and θ = (θ(1), . . . , θ (m)), we define |k| := ∑m
i=1 ki

and Dk
θ h(θ) := ∂

k1
θ(1) . . . ∂

km
θ(m)h(θ). Let W j,α

0 be the completion of C∞
c (Rm × Rn)

for this norm; (W j,α
0 , ‖ · ‖j,α) is a Hilbert space and W −j,α

0 is its dual space. The
only thing that differs from the usual Sobolev norm is the weight which is here to
control the possibly unbounded coefficient c in (3) and the unbounded disorder. In
this framework, using Proposition 2, one can show that under the assumptions of
Theorem 2,

Proposition 3 There exist well-chosen Sobolev indices (j1, α1) and (j2, α2) such
that for fixed (ω) and N ≥ 1, for all T > 0,

1. the imbedding W −j1,α1
0 ↪→ W −j2,α2

0 is of Hilbert-Schmidt type,

2. the process η
(ω)
N is bounded in W −j1,α1

0 :

sup
t≤T

E
[∥∥∥ η

(ω)
N,t

∥∥∥
2

−j1,α1

]
≤ AN (ω1, . . . , ωN ), (35)

3. the linear operator LN,s defined in (31) is continuous from W j2,α2
0 to W j1,α1

0 ,

4. the process η
(ω)
N is bounded, uniformly in time, in W −j2,α2

0 :

E

[
sup
t≤T

∥∥∥ η
(ω)
N,t

∥∥∥
2

−j2,α2

]
≤ BN (ω1, . . . , ωN ). (36)

Moreover, as random variables in (ω), AN and BN satisfy

lim
A→∞ lim sup

N→∞
P (AN > A) = 0, and lim

A→∞ lim sup
N→∞

P (BN > A) = 0.

3.2.3 Tightness Result

In the case without disorder (or in the averaged case), the random variables AN and
BN would simply be replaced by constants. Using the estimates of Proposition 3 and
standard tightness criteria for continuous processes with values in Hilbert spaces (see
Joffe andMétivier [33]), proving that the fluctuation process is tight is straightforward
[26]. In the quenched model, AN and BN are not bounded for fixed (ω). We need to
work harder to prove that the random variable (ω) �→ HN (ω) defined in (18) is tight
inM1

(
C ([0, T ],S ′)

)
.

Theorem 4 For all ε > 0, there exists a relatively compact subset Kε in the set
M1

(
C ([0, T ],S ′)

)
such that

lim sup
N→∞

P
({

(ω) ; HN (ω) ∈ Kc
ε

}) ≤ ε. (37)
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The idea of the proof of Theorem 4 is that, based on Proposition 3, for all ε > 0,
one can choose A(ε) sufficiently large so that the quantities in (35) and (36) are
smaller than ε with large probability. Kε is then constructed as a set of elements
in M1

(
C ([0, T ],S ′)

)
satisfying a Joffe and Métivier criterion (hence relatively

compact)with parameters (depending on ε) chosen in such away thatHN (ω) belongs
to Kε with high probability. We leave the technical details to [39], Theorem 4.10.
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Shock Structure and Temperature
Overshoot in Macroscopic
Multi-temperature Model
of Binary Mixtures

Damir Madjarević

Abstract The present study deals with the shock wave profiles in the macroscopic
multi-temperature model of binary gaseous mixtures. For that purpose we adopt the
hyperbolic model developed within the framework of extended thermodynamics. It
is assumed that the mass difference between the constituents has the most prominent
influence on the shock structure. Simplicity of the model enables systematic analysis
of the results, using a large set of values for parameters, with special regard to the
temperature overshoot (TO) of the heavier constituent. We found that TO varies
non-monotonically with mass ratio of the constituents. In the context of the previous
research, the influence of the different types of dissipation on the shock structure
is considered by extending the original hyperbolic system with diffusion terms. It
has been observed that TO continued to exist even in the presence of additional
dissipative mechanisms.

Keywords Binary mixtures · Shock structure · Extended thermodynamics · Diffu-
sion in gases · Heat transfer
1 Introduction

In macroscopic continuum modeling shock structure problem represents a standard
test problem for studying features of rarefied gas flows and validating accuracy of
the model [28, 29]. The beginnings of the shock wave structure analysis in binary
gas mixtures was related with the work of Cowling [9] which takes into account the
diffusion between the components as the only dissipative mechanism. Dyakov [10]
and Sherman [26] included viscosity and thermal conductivity. In the framework of
the kinetic theory many different models were developed. Goldman and Sirovich
[14] in the model included the possibility that each component has its own velocity
and temperature.
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Harris and Bienkovski [17] used the method of moments for Maxwell molecules
in the kinetic theory of gases. Until then, it was the most complete hydrodynamic
model applicable to the analysis of strong shock waves with no restriction on system
parameters. They analyzed the equations for the different cases of the mass ratios and
densities of components in front of the shock wave. The results are compared with
experiments [16] without definitive conclusion about results. Another very important
paper [12] is devoted to shock waves in binary gas mixtures in the case where the
mass of the components significantly differ. They have developed a method and a
set of equations which were not limited to the assumption of Maxwell molecules. In
the paper [11] model was developed in the form of moments equations in relaxation
approximation. The results were compared with the results of the direct simulation
Monte Carlo for the shock structure in a binary mixture of argon and xenon and for
the diffusion processes in a binary mixture of argon and helium. Only qualitative
agreement in the results has been shown.

Most of existing models due to its complexity do not provide systematic analysis
of specific phenomena and reduce to the analysis of particular cases instead.

Nevertheless, these approaches revealed certain important features of shock struc-
ture in mixtures: the velocities and the temperatures of the constituents have different
values within the profile of the shock wave. Moreover, for certain values of parame-
ters there appears a temperature overshoot (TO) of the heavier constituent—a region
within a profile where the temperature increases above the terminal temperature of
the mixture [1, 2, 18, 23].

The aimof this paper is to give a systematic analysis of the shock structure problem
in binary multi-temperature (MT) mixture of gases using macroscopic hyperbolic
MT model [24] in the context of temperature overshoot of the heavier component.
Ascribing to each component its own temperature, along with their own velocities,
one gets deeper insight into non-equilibrium processes in the mixture. Moreover, it is
the simplest way, within the macroscopic framework, to quantitatively describe the
mutual exchange of internal energy between the components. Using the macroscopic
model over kinetic one also allows us to use simpler low cost numerical schemes.
At the same time, model provide accurate solutions for macroscopic quantities and
capture important phenomena like TO.

In recent researchwe deal with the hyperbolicMTmodel where diffusion between
components is only present.We found very good agreementwith experimental results
for weak shock waves [19]. Our calculation confirmed existence of TO even in
that simple case. In this paper we proved that existence of TO was evident even
after introducing additional dissipation in the form of viscosity and heat conduction.
Systematic analysis of TO in terms of the mass ratio of the constituents reveals its
non-monotonic behavior in both cases.

The paper is organized as follows. In Sect. 2 we give a description of the MT
model for binary mixtures of gases. Shock structure equation in inviscid and viscous
case is given in Sects. 2.1 and 2.3, respectively. A detailed analysis of the temperature
overshoot in terms of the parameters of bothmodels is presented in Sect. 3. The paper
is closed with conclusions.
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2 Multi-temperature Models of Mixtures

In general, kinetic theory of mixtures treats phenomena on a molecular scale. It has
a great potential for description of non-equilibrium processes in rarefied gas flows
by means of numerical solution of the system of Boltzmann equations.

On the other hand, kinetic models are connected with numerical difficulties
resulting from the complex nature of the collision integral of the Boltzmann equation.
Inmost cases, the complexity of numerical schemes preventmassive calculations and
detailed study of the shock structure problem.

Besides solving all sorts of kinetic models, another possibility for obtaining solu-
tions of the Boltzmann equation lies in Direct Simulation Monte Carlo (DSMC)
[3]. However, like any statistical techniques, the DSMC method suffers from the
statistical noise which becomes particularly severe for low-speed flows and weak
shock waves. This limits the application of the DSMC on rarefied flow conditions.
Alternatively, one can use, direct, deterministic numerical finite-difference method
for solving Boltzmann equation whose evaluation requires calculating multidimen-
sional integrals which is very computationally intensive [18, 23].

Between the kinetic theory on one side and the classical thermodynamics of
irreversible processes (TIP) on the other side there is a macroscopic theory called
extended thermodynamics (ET). Bridging the gap between two theories, ET actually
links two scales—macro and meso scale.

The way in which ET achieves that goal is through extension of the set of state
variables needed for description of the non-equilibrium processes. This calls for
introductionof additional set of balance laws for the newstate variables, and treatment
of the entropy inequality in a broader sense. This approach, thoroughly described in
the book of Müller and Ruggeri [21], will be the one we will stick to in our study. It
provides a systematic way for derivation of extended set of field equations for non-
equilibrium processes, which is in accordance with the basic physical principles—
Galilean invariance and the entropy principle.

Although macroscopic models are widely appreciated, they also have some inher-
ent drawbacks. Physically, they suffer from the paradox of infinite speed of propaga-
tion of disturbances, and their predictions are relevant only for a class of processes
which occur in the neighborhood of local equilibrium state.

The paradox of infinite speed of diffusion was resolved by Müller [20] through
introduction of velocity fields for each constituent as state variables. This model was
extended even more by adjoining to each constituent its own temperature [24].

Recently, the hyperbolicMTmodel was tested against experimentally determined
shock structure in Helium-Argon mixture [19]. Even though the model was simpli-
fied, since viscosity and heat conductivity were neglected, a good agreement was
obtained for available experimental data [16].
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2.1 Inviscid Model—Mixture of Euler Fluids

Starting with the hyperbolic MT model established in [24], in this section we shall
restrict the analysis to a non-reacting binary mixture of ideal gases which are neither
viscous, nor heat conducting. The neglect of viscous dissipation and heat conduction
has twofold motivation; for the processes not far from the local equilibrium state it is
justifiable to neglect these effects; dissipation will enter through relaxation processes
due to mutual exchange of momentum and internal energy between the constituents.

Consider the MT model of binary (two-component) mixtures whose behavior is
described by equations:

∂tρα + div(ραvα) = rα,

∂t (ραvα) + div(ραvα ⊗ vα − tα) = mα, (1)

∂t

(
1

2
ραv2α + ραεα

)

+ div

{(
1

2
ραv2α + ραεα

)

vα − tαvα + qα

}

= eα

where α = 1, 2. Apart from standard notation for mass, momentum and energy
densities of the constituents, as well as non-convective fluxes, we have also the
production terms. Namely, rα is the mass rate of change of constituent α due to
chemical reaction;mα is themomentum rate of change due tomechanical interaction;
eα is the energy rate of change due to exchange of energy between the constituents.
The behaviour of the mixture is determined by the global conservation law:

∂tρ + div(ρv) = 0,

∂t (ρv) + div(ρv ⊗ v − t) = 0, (2)

∂t

(
1

2
ρv2 + ρε

)

+ div

{(
1

2
ρv2 + ρε

)

v − tv + q
}

= 0.

State quantities and non-convective fluxes which are defined for the whole mixture
by the following relations are called global field variables:

ρ =
2∑

α=1

ρα, v = 1

ρ

2∑

α=1

ραvα, uα = vα − v,

εI = 1

ρ

2∑

α=1

ραεα, ε = εI + 1

2ρ

2∑

α=1

ραu2
α, (3)

t =
2∑

α=1

(tα − ραuα ⊗ uα) , q =
2∑

α=1

{

qα + ρα

(

εα + 1

2
u2

α

)

uα − tαuα

}

,

where uα are diffusion velocities of the components and εI is the density of the
intrinsic internal energy where diffusion term is not included. The source terms must
satisfy the following conservation conditions:
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2∑

α=1

rα = 0,
2∑

α=1

mα = 0,

2∑

α=1

eα = 0. (4)

Below we assume that both components of the mixture are ideal gases described
by thermal and caloric equations of state:

pα = ρα

kB
mα

Tα, εα = kBTα

mα(γα − 1)
= cVα Tα, (5)

where kB is the Boltzmann constant, cVα are the specific heats of the components at
constant volume, mα are atomic masses, γα stands for the ratios of specific heats and
Tα refers to the temperatures of the components.

The average temperature of themixture T is defined by an intrinsic internal energy
in a state of local equilibrium [25]:

(ρ1cV1 + ρ2cV2)T = ρ1cV1T1 + ρ2cV2T2. (6)

It should be noted that this definition is not the only one that can be found in the
literature. Average temperature can be defined by Dalton law [30], and also, it can
rely on the complete expression for the internal energy density of the mixture. As
our analysis is limited to monatomic gases where γ1 = γ2 = γ = 5/3 total pressure
of the mixture p and the density of the intrinsic internal energy can be written in the
following form:

p = p1 + p2 = ρ
kB
m

T, ρεI = ρ1ε1 + ρ2ε2 = ρ
kB

(γ − 1)m
T (7)

where m is the average atomic mass of the mixture.
In the analysis of binary mixtures it is convenient to introduce the mass concen-

tration of each component, namely:

c1 = ρ1

ρ
= c, c2 = ρ2

ρ
= 1 − c. (8)

and on this basis density of the components can be expressed:

ρ1 = ρc, ρ2 = ρ(1 − c).

Now, the average atomic mass of the mixture and the average temperature of the
mixture can be written as follows:

1

m
= c

m1
+ 1 − c

m2
, T = c

m

m1
T1 + (1 − c)

m

m2
T2. (9)
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As noted before, we will assume in this part of the analysis that the effects of
viscosity and heat conduction are negligible. This is reflected in the structure of the
expression for the stress tensor and heat flow:

tα = −pαI, qα = 0. (10)

Neglecting these dissipative mechanisms we implicitly assumed that the analysis is
restricted to weak shock waves.

Structure of the source terms is determined in accordance with the basic principles
of thermodynamics. In this paper the source terms which describe the influence of
chemical reactions will be ignored:

rα = r̂α = 0.

Therefore, the structure of the remaining source terms will be:

m1 = m̂1 = −m2, e1 = ê1 + m̂1 · v = −e2, (11)

The velocity-independent part of the source terms is determined taking into
account one possible solution of the residual inequality in the entropy balance law:

m̂1 = −ψ11

(
u1

T1
− u2

T2

)

, ê1 = −θ11

(

− 1

T1
+ 1

T2

)

. (12)

The phenomenological coefficientsψ11 and θ11 can be expressed in terms of the state
variables and relaxation times for the diffusion τD and for the temperature τT

ψ11 = 1

τD

ρ1ρ2

ρ
T, θ11 = 1

τT

ρ1cV 1ρ2cV 2

ρ1cV 1 + ρ2cV 2
T 2. (13)

In the case of binarymixtures, the relaxation time τD and τT measures of the speed of
convergence of the state variables to their equilibrium values. InMTmodel equations
the relaxation time will appear in the equations of change of momentum and energy
for the lighter component (20).

Models developed in the framework of kinetic theory have source terms linear
with respect to state variables [5, 6]. In ourmodel, however, the source terms are non-
linear, which is expected to play an important role in the analysis of non-equilibrium
processes.

In the study of non-equilibrium processes in binary mixtures is very useful from
the point of evaluation to use quantities such as diffusion flux vector J and diffusion
temperature Θ:

J = ρ1u1 = −ρ2u2, Θ = T2 − T1. (14)

Note that they are genuine non-equilibrium variables, i.e. J vanish when the
velocities of the constituents are equal (v1 = v2) andΘ vanishwhen the temperatures
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of the constituents are the same (T1 = T2). Moreover, the temperatures of the
constituents can be expressed in terms of T , Θ and concentration c

T1 = T − f1(c)Θ, T2 = T + f2(c)Θ, (15)

where
f1(c) = (1 − c)

m

m2
, f2(c) = c

m

m1
, (16)

with average mass m = m(c) introduced in (9).

2.1.1 Shock Structure Equations

Problem of the shockwave structure in one-dimensional case involves the continuous
solution in the form of a traveling wave, which is moving at a constant speed s. This
assumption involves change of independent variables ξ = x − st and introduction
of the relative velocity u = vx − s, where vx is the component of the velocity vector
v in x-direction. The new independent variable ξ binds observer (moving reference
frame) on the wave front where the problem becomes stationary. Based on this, the
system of Eqs. (1)–(2) is transformed to the following set of ordinary differential
equations:

d

dξ
(ρu) = 0,

d

dξ

(

ρu2 + p + J 2

ρc(1 − c)

)

= 0,

d

dξ

{(
1

2
ρu2 + ρε + p

)

u +
(

u J

ρc(1 − c)
+ 1

β

)

J

}

= 0,

d

dξ
(ρcu + J ) = 0, (17)

d

dξ

{

ρcu2 + J 2

ρc
+ 2u J + p1

}

= m̂1,

d

dξ

{(
1

2
ρc

(

u + J

ρc

)2

+ ρcε1 + p1

) (

u + J

ρc

)}

= m̂1u + ê1.

Equations (17)1−3 are conservation laws for the mixture, while (17)4−6 are balance
laws for the first component. J and m̂1 are labeled components of the diffusion flux
vector and source term in x-direction.

Let U = (ρ, u, T, c, J,Θ)T denotes the column vector of state variables. Assum-
ing that the wave front moves from the right to the left at speed s < 0, boundary
conditions can be rewritten as follows:
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lim
ξ→−∞ U(ξ) = U0, lim

ξ→∞ U(ξ) = U1,

lim
ξ→±∞ U′(ξ) = 0. (18)

The structure of the shock wave can now be treated as a continuous solution of the
system (17) which asymptotically tends to the equilibrium states U0 and U1, in front
of and behind shock wave. According with the theory of dynamical systems [13,
15] this continuous solution represents a heteroclinic orbit connecting the stationary
points U0 and U1.

The inviscid shock structure problem (17)–(18) will be addressed and analyzed
numerically as an initial problem [27]. The structure of the shock wave is defined
by heteroclinic orbit on unlimited domain, −∞ < ξ < ∞. We will be restricted to
a domain that is large enough to ensure that the terminal value of the state variables
U(ξ0,1) can be found in the vicinity of the stationary point U0,1.

In order to solve the problem in dimensionless formwe will introduce dimension-
less variables:

ρ̃ = ρ

ρ0
, ũ = u

a0
, T̃ = T

T0
, J̃ = J

ρ0a0
, Θ̃ = Θ

T0
, ξ̃ = ξ

λ0
, M0 = u0

a0
,

(19)

where λ0 is a reference length, a0 = {γ (kB/m0)T0}1/2 represents the speed of sound,
m0 = m(c0) is the average atomic mass of the mixture and M0 is the Mach number
at steady state in front of the shock wave. Independent variable ξ and the newly
dimensionless state variables were scaled relative to the equilibrium state variables in
front of the shock marked with index 0. Dimensionless form of equations (17) reads:

d

dξ
(ρu) = 0,

d

dξ

(

ρu2 + 1

γ

m0

m
ρT + J 2

ρc(1 − c)

)

= 0,

d

dξ

{(
1

2
ρu2 + 1

γ − 1

m0

m
ρT + J 2

2ρc(1 − c)

)

u +
(

u J

ρc(1 − c)
+ 1

β

)

J

}

= 0,

d

dξ
(ρcu + J ) = 0, (20)

d

dξ

{

ρcu2 + J 2

ρc
+ 2u J + 1

γ

m0

m1
ρc (T − f1(c)Θ)

}

= − λ0

τDa0
mμ(T, c,Θ)J,

d

dξ

{(
1

2
ρc

(

u + J

ρc

)2

+ 1

γ − 1

m0

m1
ρc (T − f1(c)Θ)

)(

u + J

ρc

)}

= − λ0

τDa0
mμ(T, c,Θ)Ju − λ0

τT a0
eμ(ρ, T, c,Θ)Θ.
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For the sake of simplicity tildemarkwill be dropped in the sequel.Auxiliary functions
in the source terms reads:

mμ(T, c,Θ) = T + [(1 − c) f2(c) − c f1(c)]Θ
[T − f1(c)Θ][T + f2(c)Θ] T,

eμ(ρ, T, c,Θ) = 1

γ (γ − 1)

m0

m1

m

m2

ρc(1 − c)T 2

[T − f1(c)Θ][T + f2(c)Θ] ,

Dimensionless thermal inertia has the following form:

1

β
= 1

γ − 1

[
m0

m1
(1 − μ)T − m0

m1

m

m2
Θ

]

+ J 2

2ρ2

[
1

c2
− 1

(1 − c)2

]

,

where μ is the ratio of masses of the constituents:

μ = m1

m2
, 0 < μ ≤ 1.

Shock structure equations (20) can be written in the following form:

dF(U)

dξ
= f(U), (21)

where F(U) is the vector of fluxes and f(U) is the vector of production terms, whose
structure is obvious and will be skipped for the sake of brevity. Equilibrium states are
determined by the condition f(U) = 0. For a given equilibrium state U0 in front of
the shock wave, the steady state U1 behind it is determined as solution of the system
F(U1, M0) = F(U0, M0). In dimensionless form it reads:

U0 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
M0
1
c0
0
0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

, U1 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

4M2
0

3+M2
0

3+M2
0

4M0

1
16

(

14 − 3
M2

0
+ 5M2

0

)

c0
0
0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (22)

Note that the order of the system (20) can be reduced due to the presence of conser-
vation laws (first integrals), as it was done e.g. in [6]. We shall, however, retain the
complete system, which certainly does not affect final results.
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2.2 Parameters of the Model

The main quality of the dimensionless analysis is in reduced number of relevant
parameters of the system. In our Eq. (20) there is only two dimensionless parameters:

ΠD = λ0

τDa0
and ΠT = λ0

τT a0
. (23)

The values of the relaxation times for the diffusion τD , temperature τT and the
reference length λ0 will be determined in the following using the results of the kinetic
theory of gases [7] in the case of hard spheres gas model. In the case of monatomic
gases it is possible to establish a relationship between the relaxation times in the
form:

τT

τD
= m1 + m2

c m2 + (1 − c) m1
. (24)

On the other hand relaxation times can be related to the transport coefficient.More
specifically, the relaxation time for diffusion τD is proportional to the diffusivity of
the binary mixtures of D12:

τD = nm1m2

ρkBT
D12, (25)

where n = ρ/m represent the number density of the mixture:

n = n1 + n2 = ρ1

m1
+ ρ2

m2
. (26)

Based on the well-known classical approaches to the kinetic theory [4, 8] diffu-
sivity of binary mixtures of ideal gases D12 can be expressed as follows:

D12 = 3

8nd2
12

(
kBT

2π

m1 + m2

m1m2

)1/2

, (27)

where d12 = (d1 + d2)/2 is average atomic diameter of the mixture.
Finally, using (24)–(26), the relaxation times can be expressed as a function of

diffusivity:

τD = cm2 + (1 − c)m1

kBT
D12, τT = m1 + m2

kBT
D12. (28)

In the kinetic theory of gases the mean free path of molecules i.e. atoms λ0 is
closely associated with the viscosity of gas mixture. Since we start with the assump-
tion that the viscosity of the components is negligible, this method of determining
the average length of free path of atoms λ0 is not adequate. To overcome this diffi-
culty, we have used the fact that the λ0 can be expressed through the properties of
components of mixtures, atomic mass, atomic radius and number density [4]:
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λ0 = n1

n
(λ1)0 + n2

n
(λ2)0, (29)

where (λα)0 represents average mean free path of the components:

(λα)0 = 1

πd2
12

[

n1(1 + mα

m1
)1/2 + n2(1 + mα

m2
)1/2

]−1

. (30)

Index 0 denotes the equilibrium value of in front of the shock wave.

2.3 Viscous Model

In Sect. 2.1, dedicated to the analysis of a hyperbolicmodel in inviscid approximation,
we have seen that due to limitations inherent in hyperbolic systems, a more detailed
analysis is possible only for a limited set of system parameters that correspond to
weak shock waves. By including an additional dissipative mechanism in the existing
model structure of shock wave can be determined for higher values of the Mach
number, which corresponds to a strong shock wave. In other words, it means that the
analysis is extended to the cases where the transport phenomena can not be ignored.
However, the analysis will focus primarily on determining the effect of the mass of
the components on the structure of shock waves and comparison with the results
obtained in inviscid approximation.

Mathematical model of multi-temperature mixture in viscous approximation con-
tains the stress tensor and heat flux vector, representing the dissipative effects
described by the constitutive relations of Navier-Stokes-Fourier type (diffusion type
phenomenological relations). In this way, the model gets a mixed character, contain-
ing the law of conservation of mass, equation of change of momentum and energy in
which dissipative effects occur in two ways—as a source terms of the relaxation type
and as of a diffusion type. This model will be, as before, put into a dimensionless
form. Also, as in the previous case system of ordinary differential equations that
describes the structure of the shock wave will be established.

The basic assumption of the viscous approximation of the multi-temperature
binary mixtures is that the stress tensor and heat flow vector components no longer
have the structure given by Eq. (10). Now, they include terms in which the effects
of viscosity and thermal conductivity are described by constitutive relations Navier-
Stokes-Fourier type:

tα = −pαI + σα, σα = 2μαDα, Dα = 1

2

(
∇vα + (∇vα)T

)
,

qα = −κα ∇Tα, (α = 1, 2) (31)

where μα is viscosity, and κα thermal conductivity of the components.
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The equations which describe the thermodynamic processes in mixture under the
above assumptions, have the following structure:

∂ρ

∂t
+ div (ρv) = 0;

∂ρv
∂t

+ div

(

ρv ⊗ v + pI − σ ∗ + 1

ρc(1 − c)
J ⊗ J

)

= 0;
∂

( 1
2ρv2 + ρε

)

∂t
+ div

{(
1

2
ρv2 + ρε + p

)

v − σ ∗v + q∗

−
(

σ 1

ρc
− σ 2

ρ(1 − c)

)

J +
(

v · J
ρc(1 − c)

+ 1

β

)

J
}

= 0;
∂(ρc)

∂t
+ div (ρcv + J) = 0; (32)

∂(ρcv + J)

∂t
+ div

{

ρcv ⊗ v + 1

ρc
J ⊗ J + v ⊗ J + J ⊗ v + p1I − σ 1

}

= m1;

∂

(
1
2ρc

(
v + J

ρc

)2 + ρcε1

)

∂t

+ div

{(
1

2
ρc

(

v + J
ρc

)2

+ ρcε1 + p1

) (

v + J
ρc

)

− σ 1

(

v + J
ρc

)

+ q1

}

= e1,

where:
σ ∗ = σ 1 + σ 2, q∗ = q1 + q2.

Equation (32) do not represent a closed system of equations. Theymust be associated
with constitutive relations (31).

2.3.1 Shock Structure Equations

Assuming a solution in the form of the normal traveling waves in Eqs. (31)–(32) we
get a system of equations that describes the structure of the shock wave. One will
consist of ten ordinary differential equations of the first order by an unknown state
variables U = (ρ, u, T, c, J,Θ, σ1, σ2, q1, q2).

Dimensionless stresses and heat flow rates were determined by the following
relations:

σ̃α = σα

ρ0
kB
mα

T0
, q̃α = qα

ρ0
kB
mα

T0a0
. (33)

As in the inviscid case, the tilde will be omitted when writing dimensionless
equations.
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Equations for the shock wave structure in dimensionless form are as follows:

d

dξ
(ρu) = 0,

d

dξ

(

ρu2 + 1

γ

m0

m
ρT − 1

γ
σ ∗ + J 2

ρc(1 − c)

)

= 0,

d

dξ

{(
1

2
ρu2 + 1

γ − 1

m0

m
ρT + J 2

2ρc(1 − c)

)

u

− 1

γ
σ ∗u + 1

γ
q∗ +

[
u J

ρc(1 − c)
− 1

γ

(
σ1

ρc
− σ2

ρ(1 − c)

)

+ 1

β

]

J

}

= 0,

d

dξ
(ρcu + J ) = 0, (34)

d

dξ

{

ρcu2 + J 2

ρc
+ 2u J + 1

γ

m0

m1
ρc

(

T − f1(c)Θ − 1

γ
σ1

)}

= − λ0

τDa0
mμ(T, c, Θ)J,

d

dξ

{(
1

2
ρc

(

u + J

ρc

)2

+ 1

γ − 1

m0

m1
ρc (T − f1(c)Θ)

) (

u + J

ρc

)

− 1

γ
σ1

(

u + J

ρc

)

+ 1

γ
q1

}

= − λ0

τDa0
mμ(T, c, Θ)Ju − λ0

τT a0
eμ(ρ, T, c, Θ)Θ.

They are also associated with constitutive relations which are written in dimension-
less form:

d

dξ

(

u − J

ρc

)

= 3

4

ρ0a0λ0
γμ10

σ1√
T − f1(c)Θ

,

d

dξ

(

u − J

ρ(1 − c)

)

= 3

4

ρ0a0λ0
γμ20

σ2√
T + f2(c)Θ

, (35)

d

dξ
(T − f1(c)Θ) = −ρ0a3

0λ0

γ T0κ10

q1√
T − f1(c)Θ

,

d

dξ
(T + f2(c)Θ) = −ρ0a3

0λ0

γ T0κ20

q2√
T + f2(c)Θ

.

In further analysis, viscosity and thermal conductivity components, which appear in
previous equations, will be expressed using the relation of kinetic theory of gases for
model of hard spheres:

μ10 = 5

16

a0√
πd2

1

√
m0m1

γ
, μ20 = 5

16

a0√
πd2

2

√
m0m2

γ
, (36)

κ10 = 15

4

k

m1
μ10, κ20 = 15

4

k

m2
μ20,
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where, as we mention before, the d1 and d2 are atomic diameters of the mixture
components. Hence, there are two important consequences. First, in themodel appear
four new dimensionless groups:

Kμ1 = 3

4

ρ0a0λ0
γμ10

, Kμ2 = 3

4

ρ0a0λ0
γμ20

, Kκ1 = −ρ0a3
0λ0

γ T0κ10
, Kκ2 = −ρ0a3

0λ0

γ T0κ20
.

(37)

Second, the presence of viscosity and thermal conductivity in the model implicitly
introduced atomic diameters of the components, which are not present in inviscid
approximation. So, apart from the influence of the parameters that have been previ-
ously analyzed (M0, c0, μ) the effect of the atomic diameters on the structure of the
shock wave can be introduced into the analysis through the ratio DR = d1/d2. This
fact entails another very debatable question that should be addressed when analyzing
the structure of the shock wave in terms of the different mass of the components.
In fact, with the change of the mass ratio the ratio DR also changes. In the general
case, this relationship is different from the unit. In our analysis, we have adopted the
DR = dHe/dAr = 0.4366.

3 Temperature Overshoot

Temperature overshoot (TO) is one of the peculiarities of the shock structure in
mixtures whose constituents have disparate masses. It manifests through existence
of the region of non-zero width where the temperature of one constituent raises above
the terminal, i.e. downstream equilibrium temperature of the mixture. TO has been
defined as:

TO = Tmax
2 − T1
T1 − T0

, (38)

where Tmax
2 denotes the maximum temperature of the heavier constituent within the

profile, whereas T0 and T1 are upstream and downstream equilibrium temperatures
of the mixture, respectively.

Available experimental data [16] do not provide enough evidence to support exis-
tence of the temperature overshoot. However, authors supposed existence of TO of
the heavier component temperature for efficiently small mole fractions of it in the
mixture. This phenomenon has been observed in numerical calculations based upon
Boltzmann equations for mixtures [1, 6, 18, 22], extended thermodynamics [19], as
well as DSMC [3].

In [2] Abe and Oguchi offered physical explanation of this phenomenon. They
stated that in the case of vanishingly small mole fraction of heavier component
the main structure of the shock wave is determined by the lighter one. This causes
the deceleration of heavier component and, at the same time, conversion of kinetic
into thermal energy. However, dissipation through conduction is slow process which
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cannot diffuse thermal energy gained by deceleration. As a consequence, internal
energy (temperature) of heavier component is raised above the terminal one.

Despite that, inmost studies, due to the nature of the process and limited number of
numerical simulations,TO is not pronounced andvisible and sodifficult to distinguish
it frommeasurement i.e. calculation error. To supply evidence of TO appearance, the
vast amount of numerical simulations was carried out and presented in the following
subsection.

3.1 Temperature Overshoot in Inviscid Model

In Sect. 2.1, we excluded the influence of viscosity and heat conductivity from the
model. We focused only on dissipation caused by mutual exchange of momentum
and energy between the constituents, where the most prominent role is played by
their mass ratio μ. From this perspective we examined the TO, analyzing its depen-
dence on the mass ratio μ, as well as upstream Mach number M0 and upstream
concentration c0.

The central result of our study is concernedwith the analysis ofTO in termsofmass
ratio μ and with fixed concentration c0. It has an outstanding feature, not reported in
previous studies, that the temperature overshoot varies non-monotonically with mass
ratio. Different pattern appears when the Mach number is increased. Namely, there
exists a value μ∗ of the mass ratio which determines the local minimum of the TO.
Further analysis, revealed two typical patterns shown in Fig. 1. The first one, which
appears for low Mach numbers, is characterized by the existence of the minimal
value of the mass ratio below which the TO does not occur. For mass ratios above
this value, TO increases with the increase of μ. The second one appears with the
rise of Mach number where TO experiences non-monotonic change. In other words,
there is a value μcrit at which TO attains minimum TO(μcrit) = TOmin 
= 0. This
very important feature of TO was not observed in earlier studies which dealt only
with individual cases.

Temperature overshoot can also be analyzed in terms of upstream concentration
c0, for fixed mass ratio μ (Fig. 2). It is obvious that TO increases with c0, which
corresponds to low fraction of heavier component. This is in sound agreement with
the known results obtained by other methods. Interestingly enough, there is also a
region of low values of c0, i.e. high fraction of heavier component, for which TO
exhibits a slight increase. For low values of Mach number one can also observe that
TO does not have significant variations for a broad range of c0.

From this point of view, the reason for non-monotonic behavior remains unre-
vealed. We may found explanation after completing the model by introducing more
dissipation.
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Fig. 1 Dependence of TO on mass ratio μ for fixed mass concentration c0. Mach number is
increased from M0 = 1.1 with an increment 0.1

3.2 Temperature Overshoot in Viscous Model

Our analysis of the viscous model will be primarily concerned with the analysis of
TO.On the basis of individual results (Fig. 3) it can be concluded that the introduction
of dissipative mechanism is not enough to completely exclude the occurrence of TO.
Specifically, in relation to the values of the TO in inviscid case, here the values of
TO are considerably lower. This also means that at the same time the minimal value
of the Mach number at which TO occurs is increased.

Analysis of the temperature profiles provides new information about the dominant
dissipativemechanisms (Fig. 3).Compared to the inviscid case, it is shown that theTO
is reduced but still present. Moreover, the newly introduced dissipative mechanisms
also increase the width of the shock wave.

At this point we should mention a few characteristics of the temperature profile
in the viscous case. The occurrence of the TO, which was observed in the inviscid
model for certain (low) values ofMach number, now ceases to exist for certain values
of mass ratio μ (Fig. 3a). Namely, it can be seen from Fig. 4a that in viscous case TO
is smaller and even vanishes for certain values of mass ratio.
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On the other hand, there are values of the parameters for which TO exists also in
viscous case (Fig. 3b). Detailed analysis shows that TO could exist for all values ofμ
and also retains its non-monotonic character (Fig. 4b), which confirms the existence
of this phenomenon in viscous case. Thus, viscosity cannot attenuate TO, but just
make it smaller than in the inviscid case, especially for larger values of μ.
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As well as in the inviscid case, at higher values of the Mach number, there is a
noticeable non-monotonic change of temperature overshoot depending on the mass
ratio, which confirms the existence of this phenomenon (Fig. 4b).

Our results for the heat fluxes support the hypothesis set byAbe andOguchi [1] that
the occurrence of TO is attributed to the insufficient intensity of the heat flow within
the heavier component (see Fig. 5). Influence of viscosity and heat conductivity on
temperature profile for strong shock waves can be seen in Fig. 5 where heat fluxes
increase with increasing of the Mach number.

4 Conclusion

This paper analyzes the structure of shock waves in gas mixtures with special
emphasis on the analysis of the temperature overshoot and its existence. We used
multi-temperature model for gas mixtures developed within the extended thermo-
dynamics. In order to capture this phenomenon, interaction of the components is
modeled with the help of phenomenological coefficients taken from the kinetic
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theory of gases for the model of hard spheres. Previous studies did not provide much
concrete evidence to support existence of TO because they dealt with particular cases
only. Our approach allows detailed systematic analysis of TO for the wide range of
model parameters. Led by the excellent results of the comparisons with experimental
data [19] for the case where the viscosity and thermal conductivity were excluded
from the model, we have confirmed the existence of the overshoot. By introducing
the additional dissipative mechanismwe concluded that the overshoot persists which
indicates that it is the essential characteristic of the model. Also, in some cases, we
noticed a non-monotonic change of TOwith the change of the mass ratio of the com-
ponents which are not given in previous studies. Explanation for this new behaviour
should be found in a comparative analysis with shock thickness and this will be the
major task of our future study.
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Diffusive Limit for the Random Lorentz Gas

Alessia Nota

Abstract We review some recent results concerning the derivation of the diffusion
equation and the validation of Fick’s law for the microscopic model given by the
random Lorentz Gas. These results are achieved by using a linear kinetic equation
as an intermediate level of description between our original mechanical system and
the diffusion equation. The diffusion coefficient is given by the Green-Kubo formula
associated to the generator of the stochastic process dictated by the linear Landau
equation and the linear Boltzmann equation respectively, according to the weak-
coupling regime and low density regime we are considering.

Keywords Diffusion · Weak-coupling limit · Diffusion limit · Low density limit ·
Heat equation · Linear Landau equation · Linear Boltzmann equation · Fick’s law ·
Green- Kubo · Lorentz gas

1 Introduction

The problem of deriving macroscopic evolution equations from the microscopic
laws of motion governed by Newton’s laws of classical mechanics is one of the most
important keystones in mathematical physics.

Here we consider a simple microscopic model, namely a gas of non-interacting
particles in a fixed random configuration of scatterers. This dynamical system is
usually referred to as the Lorentz gas, since it was proposed by H.A. Lorentz in
1905, see [23], to explain the motion of electrons in metals applying the methods
of the kinetic theory of gases. Even though this model is quite simple, it is still
paradigmatic. Indeed complexities and interesting features come up in the analysis
showing new and unexpected macroscopic phenomena.
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The Lorentz gas consists of a particle moving through infinitely heavy, randomly
distributed scatterers. The interaction between the Lorentz particle and the scatterers
is specified by a central potential of finite range. Hence the motion of the Lorentz
particle is defined through the solution of Newton’s equation of motion. Lorentz’s
idea was to view electrons as a gas of light particles colliding with the metallic
atoms; neglecting collisions between electrons, Lorentz described the interaction of
electrons with the metallic atoms by a collision integral analogous to Boltzmann’s.
The original system is Hamiltonian, the only stochasticity being that of the positions
of the scatterers. This randomness is absolutely necessary to obtain the correct kinetic
description. Indeed, for this system, one can prove, under suitable scaling limits, a
rigorous validation of linear kinetic equations and, from this, of diffusion equations.

We can argue in terms of stochastic processes. The motion of the Lorentz particle
is a stochastic process which is non Markovian. The scaling limit procedure can be
understood as a Markovian approximation which leads to a Markov process whose
forward equation is a suitable kinetic equation. More precisely the scaling limits
we are considering consist of a kinetic scaling of space and time, namely t → εt,
x → εx and a suitable rescaling of the density of the obstacles and the intensity of the
interaction. Accordingly to the resulting frequency of collisions, the mean free path
of the particle can have or not macroscopic length and different kinetic equations
arise. Typical examples are the linear Boltzmann equation and the linear Landau
equation.

The first scaling one could consider is the Boltzmann-Grad limit. The first result
in this direction was obtained by Gallavotti in 1969, see [14], who derived the lin-
ear Boltzmann equation starting from a random distribution of fixed hard scatterers
in the Boltzmann-Grad limit (low density), namely when the number of collisions
is small, thus the mean free path of the particle is macroscopic. This result was
improved and extended tomore general distribution bySpohn [26]. In [4]Boldrighini,
Bunimovich and Sinai proved that the limiting Boltzmann equation holds for almost
every scatterer configuration drawn from a Poisson distribution. Moreover, for the
sake of completeness, we refer to [15, 25] for a rigorous derivation of the nonlin-
ear Boltzmann equation from a system of hard spheres, or a system of Newtonian
particles interacting via a short-range potential, in the low density limit. As we
already pointed out we remind that the randomness of the distribution of the scat-
terers is essential in the derivation of the linear Boltzmann equation, in fact for a
periodic configuration of scatterers the linear Boltzmann equation fails (see [7]), and
the random flight process that emerges in the Boltzmann-Grad limit is substantially
more complicated. The first complete proof of the Boltzmann-Grad limit of the peri-
odic Lorentz gas, valid for all lattices and in all space dimensions, can be found
in [24]. The mathematical properties of the generalized linear Boltzmann equation
derived are analyzed in [8].

Another scaling of interest is the weak coupling limit. The idea of the weak
coupling limit is that, by some kind of central limit effect, very many but weak
collisions should lead to a diffusion type evolution. The correct kinetic equation
which is derived in this scaling limit is the Linear Landau equation
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(∂t + ν · ∇x)f (x, ν, t) = BΔ|ν|f (x, ν, t), (1)

where Δ|ν| is the Laplace-Beltrami operator on the d-dimensional sphere of radius
|ν|. It is a Fokker-Planck equation for the stochastic process (V(t), X(t)), where the
velocity process V is a Brownian motion on the (kinetic) energy sphere, and the
position X is an additive functional of V . The velocity diffusion follows from the
facts that there are many elastic collisions. The diffusion coefficient B is proportional
to the variance of the transferred momentum in a single collision and depends on
the shape of the interaction potential. The first result in this direction was obtained
by Kesten and Papanicolau for a particle in R

3 in a weak mean zero random force
field, see [16]. Dürr, Goldstein and Lebowitz proved that in R

2 the velocity process
converges in distribution to Brownian motion on a surface of constant speed for
sufficiently smooth interaction potentials, see [9].

The linear Landau equation appears also in an intermediate scale between the
low density and the weak-coupling regime, namely when the (smooth) interaction
potential φ rescales according to φ → εαφ, α ∈ (0, 1/2) and the density of the
obstacles is of order ε−2α−(d−1) [11, 17]. The limiting cases α = 0 and α = 1/2
correspond respectively to the low density limit and the weak-coupling limit.

The rigorous derivation of hydrodynamical equations grounds on the heuristic
idea that after a few mean free times the Lorentz gas is already very close to the local
equilibrium which subsequently evolves according to the diffusion equation. Clearly
the only hydrodynamic equation for the Lorentz gas is the diffusion equation since
the only conserved quantity is the mass.

The rigorous derivation of the heat equation from the mechanical system given by
theLorentz gas is actually a very difficult and still unsolved problem. In factwewould
expect that, under the diffusive scaling, the distribution density of the test particle
converges to that of a diffusion process. Bunimovich and Sinai (see [5]) showed that
such diffusive limit holds when the scatterers are periodically distributed. This is
the most important result in the transition from the microscopic to the macroscopic
description.

Nonetheless one can handle this problem by deriving the diffusion equation from
the correct kinetic equation which arises, according to the suitable kinetic scaling
performed, from the random Lorentz gas. We remark, however, that the hydrody-
namics for the Lorentz model is not equivalent to the hydrodynamics for the kinetic
equation.

In this direction, in [2], we provide a rigorous derivation of the heat equation from
the particle system (the Lorentz model) using the linear Landau equation as a bridge
between our original mechanical system and the diffusion equation. It works once
having an explicit control of the error in the kinetic limit (see also [10], where the set
of bad configurations are explicitly estimated). The diffusive limit can be achieved
since the control of memory effects still holds for a longer time scale.

Moreover, since it is well known how important and challenging is the char-
acterization of stationary nonequilibrium states exhibiting transport phenomena in
the rigorous approach to nonequilibrium Statistical Mechanics, we are interested in
considering the Lorentz model out of equilibrium. Energy or mass transport in non
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equilibrium macroscopic systems are described phenomenologically by Fourier’s
and Fick’s law respectively. There are very few rigorous results in this direction in
the current literature (see for instance [20–22]). A contribution in this direction, dis-
cussed in Sect. 4, is the validation of the Fick’s law for the Lorentz model in a low
density situation which has been recently proven in [3].

2 From Microscopic to Macroscopic Description

We consider a Poisson distribution of fixed scatterers inR2 and denote by c1, . . . , cN

their centers. This means that, given μ > 0, the probability density of finding N
obstacles in a bounded measurable set A ⊂ R

2 is

P(dcN ) = e−μ|A| μN

N ! dc1 . . . dcN , (2)

where |A| = meas(A) and cN = (c1, . . . , cN ). The equations of motion for the point
particle of unitary mass are

{
ẋ = ν

ν̇ = −∑N
i=1∇φ(|x − ci|), (3)

where x and ν denote position and velocity of the test particle, t the time and, as
usual, Ȧ = dA

dt indicates the time derivative for any time dependent variable A.
Finally φ : R+ → R is given by

φ(r) =
{
1 if r < 1
0 otherwise,

(4)

namely a circular potential barrier.
This choice for the potential arises from a problem of geometric optics. We are

looking at the optical path followed by a light ray traveling in a inhomogeneous
medium. More precisely we have a medium, for example water, in which circular
drops of a different substance are distributed. These drops are made of a different
substance with smaller refractive index, for example air. The analogy between geo-
metric optics and classical mechanics implies that the trajectory of the light ray is
the trajectory of a test particle moving in a random distribution of scatterers where
each scatterer generates a circular potential barrier.

To outline a kinetic behavior of the particle, we introduce the scale parameter
ε > 0, indicating the ratio between the macroscopic and the microscopic variables,
and rescale according to

x → εx, t → εt, φ → εαφ (5)
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with α ∈ [0, 1/2]. Then Eq. (3) become

{
ẋ = ν

ν̇ = −εα−1 ∑
i ∇φ(

|x−ci|
ε

).
(6)

We rescale also the intensity μ of the scatterers as με = με−δ , where δ = 1 + 2α.
Accordingly we denote by Pε the probability density (2) with μ replaced by με and
Eε will be the expectation with respect to the measure Pε.

Now let Tt
cN

(x, ν) be the Hamiltonian flow solution of Eq. (6) with initial datum
(x, ν) in a given sample cN = (c1, . . . , cN ) of obstacles (skipping the ε dependence
for notational simplicity). Tt

cN
(x, ν) is generated by the Hamiltonian

H(x, ν, cN ) = 1

2
ν2 + εα

∑

j

φ

( |x − cj|
ε

)

, (7)

where φ is given by (4). For this choice of the potential ∇φ is not well defined.
However the explicit solution of the equation of motion is obtained by solving the
single scattering problem using the energy and angular momentum conservation (see
Fig. 1).

In Fig. 1 we represent the scattering of a particle entering in the ball

B(0, 1) = {x s.t. |x| < 1}

toward a potential barrier of intensity φ(x) = εα .

Fig. 1 Scattering by a spherical potential barrier. The particle moves in a straight line which is
refracted on entering and leaving the barrier
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Using the Snell law of refraction we have an explicit expression for the refractive
index, i.e.

nε = sin β1

sin β2
= |ν̄|

|ν| =
√

1 − 2εα

ν2
, (8)

where ν is the initial velocity, ν̄ the velocity inside the barrier, β1 the angle of
incidence and β2 the angle of refraction. The scattering angle is θ = π − 2ϕ0 =
2(β2 − β1) and the impact parameter is ρ = sin β1.

Remark 1 Formula (8) makes sense if 2εα

ν2
< 1 and ρ = sin β1 <

√
1 − 2εα

ν2
.

When one of these two inequalities is violated, the outgoing velocity is the one given
by the elastic reflection.

A careful computation (see Appendix 1 in [2] for further details) shows that the
explicit expression for the scattering angle is given by

θε(ρ) =
{
2

(
arcsin

(
ρ
nε

)
− arcsin(ρ)

)
if ρ ≤ nε

2 arccos(ρ) if ρ > nε.
(9)

Here we are not considering possible overlappings of obstacles. The scattering
process can be solved in this case as well. However this event is negligible because
of the moderate densities we are considering.

Now let f0 = f0(x, ν) be the initial probability distribution. We are interested in
characterizing the asymptotic behavior, under the scaling illustrated above, of the
evolved distribution

fε(x, ν, t) = Eε[f0(T−t
cN

(x, ν))]. (10)

We expect that the probability distribution (10), in the limit ε → 0, solves a linear
kinetic equation, more precisely the linear Landau equation. However, due to the
particular choice of the interaction potential, new features emerges at a mesoscopic
level. The novelty, compared to [10, 17], is that we have a logarithmic divergence
of the diffusion coefficient appearing in the Landau equation, due to the lack of
smoothness of the potential. This divergence suggests to look at a longer time scale
inwhich a diffusion in space arises. In fact, for a potential of the form (4), the classical
formula giving the diffusion coefficient in the Landau equation (1), i.e.

B := lim
ε→0

με−2α

2
|ν|

∫ 1

−1
θ2ε (ρ) dρ, (11)

becomes

B = lim
ε→0

μ

[
2α

|ν|3 | log(ε)|
]

= +∞, (12)

where θε is the scattering angle defined in (9). For the detailed computation of the
diffusion coefficient we refer to [2], Appendix 2. Roughly speaking, we can state



Diffusive Limit for the Random Lorentz Gas 279

that the asymptotic equation for the density of the Lorentz particle reads as

(∂t + ν · ∇x)f (x, ν, t) ∼ | log ε| B̃ �|ν|f (x, ν, t), B̃ < +∞. (13)

Hence, the asymptotic behavior of the mechanical system we are considering is the
same as the Markov process ruled by the linear Landau equation with a diverging
factor in front of the collision operator. This is equivalent to consider the limit in the
Euler scaling of the linear Landau equation, which is trivial. Therefore we do not
get any hydrodynamical equation and the system quickly thermalizes to the local
equilibrium. To detect something non trivial we have to look at a longer time scale
t → | log ε|t in which the equilibrium starts to evolve. As expected, a diffusion in
space arises.

The main results are summarized in the following theorem ([2], Theorem 2.1).

Theorem 1 Suppose f0 ∈ C0(R
2 × R

2) a continuous, compactly supported initial
probability density. Suppose also that |Dk

xf0| ≤ C, where Dx is any partial derivative
with respect to x and k = 1, 2. Assume με = ε−2α−1, with α ∈ (0, 1/8). Then the
following statement holds

lim
ε→0

fε(x, ν, t) = 〈f0〉 := 1

2π

1

|ν|
∫

S|ν|
f0(x, ν) dν, (14)

∀t ∈ (0, T ], T > 0. The convergence is in L2(R2 × S|ν|).
Moreover, define Fε(x, ν, t) := fε(x, ν, t| log ε|). Then, for all t ∈ [0, T), T > 0,

lim
ε→0

Fε(x, ν, t) = ρ(x, t),

where ρ solves the following heat equation

{
∂tρ = DΔρ

ρ(x, 0) = 〈f0〉,
(15)

with D given by the Green-Kubo formula

D = 2

μ
|ν|

∫

S|ν|
ν · ( − �−1

|ν|
)
ν dν = 2π

μ
|ν|2

∫ ∞

0
E

[
ν · V(t, ν)

]
dt, (16)

where V(t, ν) is the stochastic process generated by Δ|ν| starting from ν and E[·]
denotes the expectation with respect to the invariant measure, namely the uniform
measure on S|ν|. The convergence is in L2(R2 × S|ν|).

Remark 2 To recover instead the kinetic picture, we can rescale suitably the density
of the Poisson process. More precisely, if με = ε−2α−1

| log ε| , the microscopic solution

fε defined by (10) converges to the solution of the linear Landau equation (1) with



280 A. Nota

a renormalized diffusion coefficient B := lim
ε→0

με

2
ε |ν|

∫ 1

−1
θ2ε (ρ) dρ = 2α

|ν|3μ. This

is stated in [2], Theorem 2.2. The explicit expression for the renormalized B can be
found in [2], Appendix 2.

We have seen that, according to the particular choice for the potential we are
considering, the natural divergence of the diffusion coefficient B leads to a diffusion
when we look at the system on a longer time scale. We can wonder if this result can
be achieved in presence of a smooth, radial, short-range potential φ̃ ∈ C2([0, 1]). In
the same spirit as in [13, 18], we scale the variables, the density and the potential
according to ⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

x → εx

t → ελεt,
με = ε−(2α+λ+1)μ

φ̃ → εαφ̃.

(17)

The naive idea is that the kinetic regime describes the system for kinetic times O(1)
(i.e. λ = 0). One can go further to diffusive times provided that λ > 0 is not too
large. Indeed the distribution function fε “almost” solves

(
ελ∂t + ν · ∇x

)
fε ≈ ε−2α−λLεfε ≈ ε−λc Δ|ν|fε

which is the analogue of (13) above. In other words there is a scale of time for which
the system diffuses. However such times should not prevent the Markov property.
This gives a constraint on λ. In fact, we can prove that there exists a threshold λ0 =
λ(α), emerging from the explicit estimate of the set of pathological configurations
producing memory effects, s.t. for λ < λ(α), for t > 0 and ε → 0,

fε(x, ν, ελt) → ρ(x, t) in L2(R2 × R
2),

solution of the heat equation {
∂tρ = DΔρ

ρ(x, 0) = 〈f0〉,

with D given by the Green-Kubo formula

D = 2

μ
|ν|

∫

S|ν|
ν · ( − �−1

|ν|
)
ν dν.

This is stated in [2], Theorem 6.1.
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3 Ideas of the Proof

To give some ideas about how this machinery works we can divide the problem into
two steps. The first step concerns the kinetic limit. We analyze how the limiting
process, whose Fokker-Planck equation is the linear Landau equation, is obtained
from the deterministic time evolution of the mechanical system in the intermediate
regime described by Eq. (5). The other step shows how to pass from the kinetic
description ruled by the linear Landau equation to the macroscopic picture where a
diffusion in the position variable arises. We remind that the heat equation is, in the
present case, the correct hydrodynamic equation.

3.1 The Kinetic Description

Following the explicit approach in [10, 11, 14] we will show the asymptotic equiv-
alence of fε, defined by (10), and hε solution of the following Boltzmann equation

(∂t + ν · ∇x)hε(x, ν, t) = Lεhε(x, ν, t), (18)

where

Lεh(ν) = με−2α|ν|
∫ 1

−1
dρ{h(ν′) − h(ν)}. (19)

Here ν′ = ν−2(ω·ν)ωwhereω = ω(ρ, |ν|) is the unit vector obtained by solving the
scattering problem associated to φ (see Fig. 1). This allows to reduce the problem to
the analysis of a Markov process which is an easier task. In fact, the series expansion
defining hε (obtained perturbing around the loss term) reads as

hε(x, ν, t) = e−2ε−2α |ν|t ∑

Q≥0

μQ
ε

∫ t

0
dtQ . . .

∫ t2

0
dt1

∫ ε

−ε

dρ1 . . .

∫ ε

−ε

dρQ f0(ξ̄ε(−t), ω̄ε(−t)). (20)

with {
ξ̄ε(−t) = x − νt1 − ν1(t2 − t1) · · · − νQ(t − tQ)

ω̄ε(−t) = νQ.
(21)

We remark that ω̄ε is an autonomous jump process and ξ̄ε is an additive functional
of ω̄ε. Hence Eq. (20) is an evolution equation for the probability density associated
to a particle performing random jumps in the velocity variable at random Markov
times.
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We consider the microscopic solution fε defined by (10). For (x, ν) ∈ R
2 × R

2,
t > 0, we have

fε(x, ν, t) = e−με |Bt(x,ν)| ∑

N≥0

μN
ε

N !
∫

Bt(x,ν)N
dcN f0(T

−t
cN

(x, ν)), (22)

where Tt
cN

(x, ν) is the Hamiltonian flow generated by the Hamiltonian (7). Here
Bt(x, ν) := B(x, |ν|t), where B(x, R) denotes the disk of center x and radius R.
Thanks to suitable manipulations (see [2] to go into details), Eq. (22) becomes

fε(x, ν, t) =
∑

Q≥0

μ
Q
ε

Q!
∫

Bt(x,ν)Q
dbQ e−με |T (bQ)|f0(T−t

bQ
(x, ν))

χ({the bQ are internal}), (23)

where here and in the sequel χ({. . . }) is the characteristic function of the event {. . . }
and the “internal obstacles” are the obstacles of the configuration which, up to time
t, influence the motion of the light particle. Moreover T (bQ) is the tube

T (bQ) = {y ∈ Bt(x, ν) s.t. ∃s ∈ (−t, 0) s.t. |y − xε(s)| < ε}. (24)

Here (xε(s), νε(s)) = Ts
cN

(x, ν). We introduce

f̃ε(x, ν, t) = e−2ε−2α |ν|t ∑

Q≥0

μ
Q
ε

Q!
∫

Bt(x,ν)Q
dbQ

χ({the bQ are internal})χ1(bQ)f0(T
−t
bQ

(x, ν)), (25)

where χ1 is the characteristic function of the set of configurations bQ for which the
particle is outside the range of all scatterers at time 0 and at time −t, namely

χ1(bQ) = χ{bQ s.t. bi /∈ B(x, ε) and bi /∈ B(xε(−t), ε) for all i = 1, . . . , Q}.
(26)

Since
|T (bQ)| ≤ 2ε|ν|t, (27)

we have
fε ≥ f̃ε. (28)

The key idea of this Markovian approximation is a suitable change of variables
which has been introduced by Gallavotti in [14]. We order the obstacles b1, . . . , bQ

according to the scattering sequence. Let ρi and ti be the impact parameter and the
entrance time of the light particle in the protection disk around bi, i.e. B(bi, ε). Hence
we perform the following change of variables
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b1, . . . , bQ → ρ1, t1, . . . , ρQ, tQ, (29)

with
0 ≤ t1 < t2 < · · · < tQ ≤ t.

Conversely, fixed the impact parameters {ρi} and the hitting times {ti}weconstruct the
centers of the obstacles bi = b(ρi, ti). By performing the backward scatteringwe con-
struct a trajectory (ξε(s), ωε(s)), s ∈ [−t, 0].However (ξε(s), ωε(s)) = (xε(s), νε(s))
(therefore the mapping (29) is one-to-one) only outside the following pathological
situations (Fig. 2).

(i) Overlapping.
If bi and bj are both internal and B(bi, ε) ∩ B(bj, ε) �= ∅ .
(ii) Recollisions.
There exists bi such that for s̃ ∈ (tj, tj+1), j > i, ξε(−s̃) ∈ B(bi, ε).
(iii) Interferences.

There exists bi such that ξε(−s̃) ∈ B(bi, ε) for s̃ ∈ (tj, tj+1), j < i.
In order to skip such events we define

Fig. 2 Pathological events: on the left the backward trajectory delivers a recollision, namely the
obstacle whose center is b1 is recollided in the time interval (−t5,−t−4 ), on the right the backward
trajectory delivers an interference, namely the obstacle whose center is b4 belongs to the tube
spanned by ξε(−s̃) for s̃ ∈ (0, t1)
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f̄ε(x, ν, t) = e−2ε−2α |ν|t ∑

Q≥0

μ
Q
ε

∫ t

0
dtQ . . .

∫ t2

0
dt1

∫ ε

−ε
dρ1 . . .

∫ ε

−ε
dρQ χ1(1 − χoν)(1 − χrec)(1 − χint)f0(ξε(−t), ωε(−t)),

(30)

where χoν , χint and χrec are the characteristic functions of the events (i), (ii), (iii)
respectively. Moreover we observe that

f̄ε ≤ f̃ε ≤ fε.

Next we remove χ1(1 − χoν)(1 − χrec)(1 − χint) by setting

h̄ε(x, ν, t) = e−2ε−2α |ν|t ∑

Q≥0

μQ
ε

∫ t

0
dtQ . . .

∫ t2

0
dt1

∫ ε

−ε

dρ1 . . .

∫ ε

−ε

dρQ f0(ξε(−t), ωε(−t)). (31)

Since

1 − χ1(1 − χoν)(1 − χrec)(1 − χint) ≤ (1 − χ1) + χoν + χrec + χint, (32)

from (30) and (31) we have

f̄ε(t) = h̄ε(t) + ϕ1(ε, t).

with

ϕ1(ε, t) := e−2μεεt
∑

Q≥0

(με)
Q

∫ t

0
dtQ . . .

∫ t2

0
dt1

∫ ε

−ε

dρ1 . . .

∫ ε

−ε

dρQ

{(1 − χ1) + χoν + χrec + χint}f0(ξε(−t), ωε(−t)). (33)

We observe that this is the crucial part. In the two-dimensional case the probability
of those bad behaviors producing memory effects (correlation between the past and
the present) is nontrivial. To control the unphysical trajectories we need an explicit
estimate of the set of bad configurations of the scatterers, in other words we have
to estimate the error term ϕ1(ε, t) showing that it is negligible in the limit. In [2],
Sect. 5, we prove that

‖ϕ1(ε, t)‖L1 → 0 as ε → 0 for all t ∈ [0, T ].

Moreover the control of memory effects still holds for a longer time scale, namely
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‖ϕ1(ε, t)‖L1 −→
ε→0

0 ∀t ∈ [0, | log ε|T ], T > 0,

which implies that we can look at the system on a longer time scale.

Since we are working to achieve the asymptotic equivalence of fε and hε, we need
to compare h̄ε with hε. This is fulfilled once we consider the collision as instanta-
neous. More precisely, for the sequence t1, . . . , tQ ρ1, . . . ρQ consider the sequence
ν1, . . . , νQ of incoming velocities before theQ collisions. This allows to construct the
limiting trajectory ξ̄ε(−t), given by (21), which approximates the trajectory ξε(−t)
up to an error vanishing in the limit. Indeed, due to the Lipschitz continuity of f0, we
can assert that

h̄ε(x, ν, t) = hε(x, ν, t) + ϕ2(x, ν, t), (34)

where
sup

x,ν,t∈[0,T ]
|ϕ2(x, ν, t)| ≤ Cε1−2αT . (35)

3.2 The Diffusive Limit

For the sake of simplicity we set ηε = | log ε|. We rewrite the linear Boltzmann
equation (18) in the following way

(
∂t + ν · ∇x

)
hε(x, ν, t) = ηε L̃εhε(x, ν, t), (36)

where L̃ε = L/ηε, namely

L̃εf (ν) = μ|ν| ε−2α

| log ε|
∫ 1

−1
dρ

[
f (ν′) − f (ν)

]
. (37)

Performing the limitηε → ∞ in (36)weget a trivial result (Eq. (14), Theorem(1)).
To obtain something non trivial we look at the solution for times ηεt, thus performing
the diffusive scaling for space and time.

We denote by h̃ε := hε(x, ν, ηεt) the solution of the following rescaled linear
Boltzmann equation (

∂t + ηε ν · ∇x
)
h̃ε = η2ε L̃εh̃ε, (38)

and we introduce the rescaled Landau equation

(
∂t + ηε ν · ∇x

)
gηε (x, ν, t) = ηε

2L gηε (x, ν, t), (39)

where L = μ

2

1

|ν|Δ|ν|.
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Firstly we compare gηε with h̃ε to show that they are asymptotically equivalent.
We look at the evolution of h̃ε − gηε , namely

(
∂t + ηε ν · ∇x

)(
h̃ε − gηε ) = η2ε

(
L̃εh̃ε − L gηε

)
,

and we obtain
1

2
∂t‖h̃ε − gηε‖ ≤ η2ε

∥
∥
(
L̃ε − L

)
gηε

∥
∥, (40)

where ‖ · ‖ denotes the L2−norm. A straightforward computation shows that the
collisions are grazing: each collision changes only slightly the velocity of a particle
(for the detailed analysis of the scattering angle (9) we refer to [2], Appendix 1).
Thereforewe perform aTaylor’s expansion of gηε with respect to the velocity variable
and we get

L̃εgηε = μ|ν| ε−2α

| log ε|
∫ 1

−1
dρ

[
gηε (x, ν

′, t) − gηε (x, ν, t)
]

= μ|ν| ε−2α

| log ε|
{1

2
Δ|ν|gηε

∫ 1

−1
dρ |ν′ − ν|2 +

∫ 1

−1
dρ R̃ηε

}
,

with R̃ηε = O(|ν′ − ν|4). Since

lim
ε→0

ε−2α

| log ε|
∫ 1

−1
dρ |ν′ − ν|2 = lim

ε→0

ε−2α

| log ε|
∫ 1

−1
dρ

(

4 sin2
θε(ρ)

2

)

= 2
α

|ν|4

and

lim
ε→0

ε−2α

| log ε|
∫ 1

−1
dρ R̃ηε = lim

ε→0

ε−2α

| log ε|
∫ 1

−1
dρ |ν−ν′|4 = εα | log ε|β, −1 < β <

5

2
α−1,

we have

‖(L̃ε − L
)
gηε‖ ≤ εα| log ε|β‖�2|ν|gηε‖ ≤ Cεα| log ε|β, C > 0,

for some −1 < β < 5
2α − 1 and ε sufficiently small. See [2], Appendix 2, for the

details. Consequently, using (40), we have that h̃ε, solution of (38), is close to gηε ,
solution of (39), in L2(R2 × S|ν|).

Therefore we need to prove that gηε , solution of (39), converges to ρ as ε → 0.
The convergence is in L2(R2 × S|ν|), uniformly in t ∈ (0, T ]. ρ : R2 ×[0, T ] → R+
is the solution of the diffusion equation (15), i.e.

{
∂tρ = DΔρ

ρ(x, 0) = 〈f0〉,
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where 〈f0〉 = 1

2π

1

|ν|
∫

S|ν|
f0(x, ν) dν and D = 2

μ
|ν|

∫

S|ν|
ν · ( − �−1

|ν|
)
ν dν.

The proof relies on a classical tool which is the Hilbert expansion technique. The
Hilbert expansion is a formal series, in powers of 1

ηε
, which allows to write gηε in

the following way

gηε (x, ν, t) = g(0)(x, t) +
+∞∑

k=1

(
1

ηε

)k

g(k)(x, ν, t),

where the coefficients g(k) are independent of ηε. The well known idea is to deter-
mine them recursively, by imposing that gηε is a solution of (39). For the complete
statement and the detailed computations we refer to [2], Sect. 4.

We assume that the initial datumof theCauchy problemassociated to (39) depends
only on the position variable, namely the initial datum has the form of a local equi-
librium, i.e. gηε (x, ν, 0) = 〈f0〉. Moreover we require g(0) to satisfy the same initial
condition as the whole solution gηε , namely g(0)(x, 0) = 〈f0〉. We consider the trun-
cated expansion for gηε at order η−2

ε , namely

gηε (x, ν, t) = g(0)(x, t) + 1

ηε

g(1)(x, ν, t) + 1

η2ε
g(2)(x, ν, t) + 1

ηε

Rηε ,

where g(i), i = 0, 1, 2 are the first three coefficients of a Hilbert expansion in ηε, and
Rηε is the reminder. Comparing terms of the same order in ηε, in (39), we obtain the
following equations

(i) ν · ∇xg(0) = μ

2

1

|ν| Δ|ν|g(1)

(ii) ∂t g(0) + ν · ∇xg(1) = μ

2

1

|ν| Δ|ν|g(2)

(iii)
(
∂t + ηε ν · ∇x

)
Rηε = ηε

2μ

2

1

|ν| Δ|ν|Rηε − Aηε (t),

with Aηε (t) = Aηε (x, ν, t) = ∂tg(1) + 1
ηε

∂tg(2) + ν · ∇xg(2).

From Eqs. (i), (ii), thanks to suitable computations, we obtain that g(0) is the
solution of the heat equation (15). Hence, by showing that the coefficients g(i) ∈
L2(R2 × S|ν|) and that Rηε is uniformly bounded in L2, we have that gηε converges
to g(0) in L2 as ηε → ∞. We observe that we have assumed as initial condition
for the linear Landau equation a local equilibrium state (independent of ν). Strictly
speaking this is not necessary since there is an initial regime (the initial layer) in
which a general state, depending also on the velocity variable, thermalizes very fast
in time and locally in space (see [2], Lemma 4.1).
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4 Perspectives: Transport Properties of the Lorentz Gas

Roughly speaking, to consider the system out of equilibrium,we consider the Lorentz
gas in a bounded region in the plane and couple the system with two mass reservoirs
at the boundaries. We wonder about what to expect in a stationary non equilibrium
state. The naive physical intuition tell us that there there exists a stationary state for
which

J ≈ −D∇ρ (41)

where J is the mass current, ρ is the mass density and D > 0 is the diffusion
coefficient. Formula (41) is the well known Fick’s law which we want to prove in
the present context.

In [3] we deal with the validation of the Fick’s law of diffusion for the following
model. We consider the slice � = (0, L) × R in the plane. In the left half-plane
(−∞, 0) × R there is a free gas of light particles at density ρ1 with correlation
functions given by

f 1j (x1, ν1 . . . , xj, νj) = (ρ1)
jM(ν1) . . . M(νj), j ≥ 1,

where M(νi) is the density of the uniform distribution on the unit circle S1. In the
right half-plane (L,+∞) ×R there is a free gas of light particles at density ρ2 with
correlation functions given by

f 2j (x1, ν1 . . . , xj, νj) = (ρ2)
jM(ν1) . . . M(νj) j ≥ 1.

The two half-planes play the role of mass reservoirs. Inside Λ there is a Poisson
distribution of hard core scatterers of diameter ε and intensity μ. We denote by
c1, . . . , cN their centers.

A particle in Λ moves freely up to the first instant of contact with an obstacle.
Then it is elastically reflected and so on. See Fig. 3.

Fig. 3 The two-dimensional strip �
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Since the modulus of the velocity of the test particle is constant, we assume it to
be equal to one, so that the phase space of our system is Λ × S1.

We rescale the intensity μ of the obstacles as με = με−1ηε where, from now on,
μ > 0 is fixed and ηε is slowly diverging as ε → 0. More precisely we assume that

ε
1
2 η6ε → 0 as ε → 0. (42)

Hence we are in a low density regime and the scatterer configuration is dilute.
For a given configuration of obstacles cN , we denote by T−t

cN
(x, ν) the (backward)

flow with initial datum (x, ν) ∈ Λ × S1 and define t − τ , τ = τ(x, ν, t, cN ), as the
first (backward) hitting time with the boundary. With τ = 0 we indicate the event
such that the trajectory T−s

cN
(x, ν), s ∈ [0, t], never hits the boundary. For any t ≥ 0

the one-particle correlation function reads

fε(x, ν, t) = Eε[fB(T−(t−τ)
cN

(x, ν))χ(τ > 0)] + Eε[f0(T−t
cN

(x, ν))χ(τ = 0)], (43)

where f0 ∈ L∞(Λ × S1) and the boundary value fB is defined by

fB(x, ν) :=

⎧
⎪⎨

⎪⎩

ρ1 if x ∈ {0} × R, ν1 > 0,

ρ2 if x ∈ {L} × R, ν1 < 0,
(44)

with ρ1, ρ2 > 0. Here we absorbed M(ν) = 1
2π , the density of the uniform distribu-

tion on S1, in the definition of the boundary values ρ1, ρ2. To deal with the stationary
regime we need to introduce the stationary solution of the problem, f S

ε (x, ν), which
solves

f S
ε (x, ν) = Eε[fB(T−(t−τ)

cN
(x, ν))χ(τ > 0)] + Eε[f S

ε (T−t
cN

(x, ν))χ(τ = 0)]. (45)

We observe that f S
ε depends on the space variable only through the horizontal com-

ponent x1 since it inherits this feature from the boundary conditions. Moreover we
introduce the following observables

JS
ε (x) = ηε

∫

S1
ν f S

ε (x, ν) dν, (46)

ρS
ε (x) =

∫

S1
f S
ε (x, ν) dν, (47)

i.e. the stationary mass flux and the stationary mass density respectively. We define
JS
ε as the total amount of mass flowing through a unit area in a unit time interval
and we observe that, although in a stationary problem there is no typical time scale,
the factor ηε appearing in the definition of JS

ε , is reminiscent of the time scaling
necessary to obtain a diffusive limit.
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We are interested in the determining the existence and uniqueness of f S
ε and its

asymptotic behavior. We can prove that there exists a unique stationary solution for
the microscopic dynamics which converges to the stationary solution of the heat
equation, namely to the linear profile of the density. Moreover, in the same regime,
the macroscopic current in the stationary state is given by the Fick’s law, with the
diffusion coefficient determined by the Green-Kubo formula.

The main results are summarized in the following theorems ([3], Theorems 2.1
and 2.2)

Theorem 2 For ε sufficiently small there exists a unique L∞ stationary solution f S
ε

for the microscopic dynamics (i.e. satisfying (45)). Moreover, as ε → 0

f S
ε → ρS, (48)

where ρS is the stationary solution of the heat equation, namely the linear profile of
the density

ρS(x) = ρ1(L − x1) + ρ2x1
L

. (49)

The convergence is in L2((0, L) × S1).

Theorem 3 [Fick’s law] We have

JS
ε + D∇xρ

S
ε → 0 (50)

as ε → 0. The convergence is in D ′(0, L) and D > 0 is given by the Green-Kubo
formula. Moreover

JS = lim
ε→0

JS
ε (x), (51)

where the convergence is in L2(0, L) and

JS = −D ∇ρS = −D
ρ2 − ρ1

L
, (52)

where ρS is the linear profile (49).

As expected by physical arguments, the stationary flux JS does not depend on the
space variable. Furthermore the diffusion coefficientD is determined by the behavior
of the system at equilibrium and in particular it is equal to the diffusion coefficient
for the time dependent problem.

Note that Theorem 3 is a straightforward consequence of Theorem 2. We observe
that in order to prove the convergence of the stationary solutions (48) we can relax

the hypothesis on ηε: it is enough to require ηε such that ε
1
2 η5ε → 0. To prove instead

Fick’s law we need something more: we require ηε to satisfy (42).
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Our result holds in a low-density regime, hence we can use the linear Boltzmann
equation as a bridge between our original mechanical system and the diffusion equa-
tion. We exploited this basic idea to prove Theorem1 by using the linear Landau
equation as intermediate level of description (see also [1, 13] where the linear Quan-
tum Boltzmann equation and the linear Boltzmann equation respectively have been
used to obtain the heat equation from the particle system in different contexts). This
works once one has an explicit control of the error in the kinetic limit, which suggests
the scale of times for which the diffusive limit can be achieved. This explains briefly
why the above constraint on ηε emerges. Moreover, since we are using the kinetic
picture as an intermediate level of analysis, the diffusion coefficient D appearing
in Eqs. (51), (52), is given by the Green-Kubo formula for the linear Boltzmann
equation.

Here we have an additional difficulty since we have to deal with a stationary
problem.Thebasic idea is that the explicit solution of the heat equation and the control
of the time dependent problem allow us to characterize the stationary solution of the
linear Boltzmann equation. This turns out to be the basic tool to obtain the stationary
solution of the mechanical system which is the main object in our investigation.

We stress that, to handle the stationary problem, we characterize the stationary
solutions in terms of Neumann series, rather than as the long time asymptotics of
the time dependent solutions. This trick avoids the problem of controlling the con-
vergence rates, as t → ∞, with respect to the scale parameter ε.

Also in this case the strategy consists in two steps. The first one allows the tran-
sition from Boltzmann to the diffusion equation. It is in the same spirit of the one
performed in Sect. 3.2. This is the Markov part since we approximate the Brown-
ian motion by the Markov jump process whose generator is the Linear Boltzmann
collision operator. We refer to [3], Sect. 4, for a more detailed discussion. Despite
the technique is standard, we need an apparently new analysis in L∞, for the time
dependent problem (needed for the control of the Neumann series) and a L2 analysis
for the stationary problem.

The transition from the mechanical system to the Boltzmann equation in a low
density regime can be read instead as a Markovian approximation, in the same spirit
of the one performed in Sect. 3.1. This allows the transition from the nonmarkovian
mechanical system to a Markov process. To reach a diffusive behavior on a longer
time scale we need to estimate the set of pathological configurations which produce
memory effects. Hence the constructive approach due to Gallavotti is complemented
by an explicit analysis of the bad events preventing the Markovianity. The complete
analysis is faced in [3], Sect. 5.

Acknowledgments I am indebted to G. Basile, F. Pezzotti andM. Pulvirenti for their collaboration
and for the illuminating discussions.
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Fractional Boson Gas and Fractional
Poisson Measure in Infinite Dimensions

Maria João Oliveira and Rui Vilela Mendes

Abstract As a consequence of Haag’s theorem, to obtain a non-trivial theory, one
either works with a non-Fock representation or with a Fock representation in a finite
volume. Calculations in the Fock representation taking the N,V→ ∞ limit with
the ratio N/V=ρ fixed, show the equivalence of the free Boson gas and the infinite-
dimensional Poisson measure. The N/V limit provides a way to deal with non-trivial
infinite systems using the Fock representation. However, by the very nature of the
fixed ρ density limit, it is unable to deal with systems with density fluctuations, a
shortcoming that is solved by the use of reducible functionals. A particularly inter-
esting reducible functional is the one associated to the infinite-dimensional fractional
Poisson measure which we recall in this work.

Keywords Boson gases · Fractional Poisson measure

1 Introduction: Density Fluctuations, Reducible
Functionals and Fractional Gases

Systems with an infinite number of degrees of freedom have, in addition to the Fock
representation, infinitelymany inequivalent representations of the canonical commu-
tation relations.Haag’s theorem states that, in a theorywith a space-invariant vacuum,
any representation equivalent to Fock can only describe a free system. Therefore, to
obtain a non-trivial theory, one either works with a non-Fock representation or with
a Fock representation in a finite volume. In this latter case one considers N particles
in a finite volume V . Calculations are carried out in the Fock representation and in

M.J. Oliveira
Universidade Aberta and Centro de Matemática e Aplicações Fundamentais,
Lisbon, Portugal
e-mail: oliveira@cii.fc.ul.pt

R.V. Mendes (B)

Centro de Matemática e Aplicações Fundamentais, Lisbon, Portugal
e-mail: rvmendes@fc.ul.pt; rvilela.mendes@gmail.com

© Springer International Publishing Switzerland 2015
P. Gonçalves and A.J. Soares (eds.), From Particle Systems to Partial Differential
Equations II, Springer Proceedings in Mathematics & Statistics 129,
DOI 10.1007/978-3-319-16637-7_11

293



294 M.J. Oliveira and R.V. Mendes

the end one takes N, V → ∞ with the ratio N/V = ρ being fixed. Thus, the N/V
limit provides a way to deal with non-trivial infinite systems using the Fock repre-
sentation. However, by the very nature of the fixed ρ density limit, this approach is
unable to deal with systems with density fluctuations. This shortcoming is solved by
the use of the reducible functionals to be described later on.

First, let us recall the connection of the infinite-dimensional Poisson measure to
the free Bose gas. A particularly convenient way to establish this connection, and
also to explore generalizations, is the framework of non-relativistic current algebra
of many-body systems. That is, the basic variables of the many-body system are the
smeared currents [1, 2] (see also [3, 4] and references therein)

ρ (f ) =
∫

d3x f (x) ρ (x)

J (g) =
∫

d3x J (x) • g (x)

f and g being respectively smooth compact support functions and vector fields. The
smeared currents satisfy the infinite-dimensional Lie algebra,

[
ρ (f ) , ρ (h)

] = 0
[
ρ (f ) , J (g)

] = iρ (g • ∇f )
[
J (g) , J (k)

] = iJ (k • ∇g − g • ∇k)

each particular physical system corresponding to a different Hilbert space representa-
tion of this algebra or of the semidirect product group generated by the exponentiated
currents

U (f ) = eiρ(f )

V
(
φ

g
t

) = eiJ(g)

φ
g
t being the flow of the vector field g

d

dt
φ

g
t (x) = g

(
φ

g
t (x)

)

For a system of N free bosons in a box of volume V , the normalized ground state is

ΩN,V (x1, · · · , xN ) =
(

1√
V

)N

and the ground state functional

LN,V (f ) = (
ΩN,V , UN,V (f )ΩN,V

)
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= 1

V

(∫

V
d3x eif (x)

)N

In general, this functional determines not only the representation of U (f ) but also
that of V

(
φ

g
t

)
, up to a complex phase multiplier.

In the N → ∞ limit with constant average density ρ = N
V (also called the N/V

limit) one obtains

L (f ) = lim
n→∞

(

1 + ρ

N

∫ (
eif (x) − 1

)
d3x

)n

= exp

(∫ (
eif (x) − 1

)
ρ d3x

)

(1)

which one recognizes as the characteristic functional of the infinite-dimensional
Poisson measure. Identifying ρd3x as the measure dμ in the underlying space M
(see Appendix 1), the L functional may also be written as a vacuum expectation
functional. Expanding the exponential in (1)

L (f ) =
∞∑

n=0

e− ∫

V dμ

n!
(∫

V
eif (x)dμ

)n

(2)

one may write
L (f ) = (Ω, U (f ) Ω)

for
Ω =

⊕

n

e− 1
2

∫

V dμ11n

11n denotes the identity function in the n-particle space and the 1
n! factor in (2) is

recovered by the symmetrization operation.
The conclusion is that an infinite dimensional free Boson gas at constant density ρ

is completely characterized by the infinite-dimensional Poisson measure. However
(1) is not the most general consistent representation of the nonrelativistic current
algebra, a more general one being [2]

L (f ) =
∫ ∞

0
exp

(

ρ

∫ (
eif (x) − 1

)
d3x

)

dμ (ρ) (3)

with μ a positive measure on [0,∞) normalized so that
∫ ∞
0 dμ (ρ) = 1.

Physically this reducible functional represents a Boson gas with density fluctua-
tions. Among the many possible reducible functionals consistent with (3) there is a
fractional generalization of (2), namely
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Lα (f ) =
∞∑

n=0

E(n)
α

(− ∫

V dμ
)

n!
(∫

V
eif (x)dμ

)n

(4)

(0 < α ≤ 1), which corresponds to a vacuum state

Ωα =
⊕

n

√

E(n)
α

(

−
∫

V
dμ

)

11n

E(n)
α denoting the n-th derivative of the Mittag-Leffler function [5]. Ωα differs from

Ω in the weight given to each one of the n-particle spaces.
The measure associated to the functional (4) is called the infinite-dimensional

fractional Poisson measure and the corresponding physical system the fractional
Boson gas.

In the same way as the infinite-dimensional Poisson measure completely char-
acterizes the Boson gas, the infinite-dimensional fractional Poisson measure will
characterize a “fractional Boson gas” and the remainder of this work is dedicated to
recall the main properties of this measure [6]. A detailed analysis of the mathemat-
ical properties of the fractional Poisson measure is a precondition for the rigorous
formulation of some of the already explored physical implications of fractality (see
for example [7, 8]).

2 The Infinite-Dimensional Fractional Poisson Measure

2.1 The Fractional Poisson Process

The Poisson measure π in R (or N) is

π (A) = e−σ
∑

n∈A

σ n

n!

the parameter σ being called the intensity. The Laplace transform of π is

lπ (λ) = E
(
eλ·) = e−σ

∞∑

n=0

σ n

n! eλn = eσ
(
eλ−1

)

For n-tuples of independent Poisson variables one would have

lπ (λ) = e
∑

σk
(
eλk −1

)

Continuing λk to imaginary arguments λk = ifk , the characteristic function is



Fractional Boson Gas and Fractional Poisson Measure … 297

Cπ (λ) = e
∑

σk

(
eifk −1

)

(5)

Looked at as a renewal process, P (X = n) = e−σ σ n

n! would be the probability
of n events occurring in the time interval σ . The survival probability, that is, the
probability of no event is

Ψ (σ) = e−σ

which satisfies the equation

d

dσ
Ψ (σ) = −Ψ (σ) (6)

Replacing in (6) the derivative d
dσ

by the (Caputo) fractional derivative

DαΨ (σ) = 1

Γ (1 − α)

∫ σ

0

Ψ ′ (τ )

(σ − τ)α
dτ = −Ψ (σ) (0 < α < 1)

one has the solution
Ψ (σ) = Eα

(−σα
)

with Eα being the Mittag-Leffler function of parameter α

Eα (z) =
∞∑

n=0

zn

Γ (αn + 1)
, z ∈ C (7)

(α > 0). One then obtains a fractional Poisson process [9, 10] with the probability
of n events

P (X = n) = σαn

n! E(n)
α

(−σα
)

E(n)
α denoting the n-th derivative of the Mittag-Leffler function. In contrast with the

Poisson case (α = 1), this process has power law asymptotics rather than exponential,
which implies that it is not anymore Markovian. The characteristic function of this
process is given by

Cα (λ) = Eα

(
σα

(
eiλ − 1

))

2.2 The Infinite-Dimensional Fractional Poisson Measure

For the Poisson measure (α = 1) an infinite-dimensional generalization is obtained
by generalizing (5) to

C (ϕ) = e
∫ (

eiϕ(x)−1
)

dμ(x)
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for test functions ϕ ∈ D (M), D (M) being the space of C∞-functions of com-
pact support in a manifold M (fixed from the very beginning), and then using the
Bochner-Minlos theorem to show that C is the Fourier transform of a measure on
the distribution space D ′ (M). Because the Mittag-Leffler function is a natural an-
alytic generalization of the exponential function one conjectures that an infinite-
dimensional version of the fractional Poisson measure would have a characteristic
functional

Cα (ϕ) := Eα

(∫

(eiϕ(x) − 1) dμ (x)

)

, ϕ ∈ D (M) (8)

with μ a positive intensity measure fixed on the underlying manifold M . However,
a priori it is not obvious that this is the Fourier transform of a measure on D ′ (M)

nor that it corresponds to independent processes because the Mittag-Leffler function
does not satisfy the factorization properties of the exponential.

Similarly to thePoisson case, to carry out our construction and analysis in detailwe
always assume that M is a geodesically complete connected oriented (non-compact)
Riemannian C∞-manifold, where we fix the corresponding Borel σ -algebraB (M),
and μ is a non-atomic Radon measure, which we assume to be non-degenerate (i.e.,
μ(O) > 0 for all non-empty open sets O ⊂ M). Having in mind the most interesting
applications, we also assume that μ(M) = ∞.

Theorem 1 For each 0 < α ≤ 1 fixed, the functional Cα in Eq. (8) is the charac-
teristic functional of a probability measure πα

μ on the distribution space D ′ (M).

Proof ThatCα is continuous andCα (0) = 1 follows easily from the properties of the
Mittag-Leffler function. To check the positivity one uses the complete monotonicity
of Eα , 0 < α < 1, which by Appendix 2 (Lemma 1) implies the integral representa-
tion

Eα (−z) =
∫ ∞

0
e−τ zdνα (τ ) (9)

for any z ∈ C such that Re (z) ≥ 0, να being the probability measure (19) (Appen-
dix 2). Hence by (9)

∑

a,b

Cα (ϕa − ϕb) z∗
azb =

∫ ∞

0
dνα (τ )

∑

a,b

e
−τ

∫

M dμ(x)
(
1−ei(ϕa−ϕb)

)

z∗
azb (10)

Each one of the terms in the integrand corresponds to the characteristic function
of a Poisson measure. Thus, for each τ the integrand is positive and therefore the
spectral integral (10) is also positive. From the Bochner-Minlos theorem it then
follows that Cα is the characteristic functional of a probability measure πα

μ on the

measurable space (D
′
(M),Cσ (D

′
(M))), Cσ (D

′
(M)) being the σ -algebra generated

by the cylinder sets.

For α = 1 see e.g. [11]. �
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Introducing the fractional Poisson measure by the above approach yields a proba-
bility measure on (D

′
(M),Cσ (D

′
(M))). The next step is to find an appropriate sup-

port for the fractional Poisson measure. Using the analyticity of the Mittag-Leffler
function one may informally rewrite (8) as

Cα (ϕ) =
∞∑

n=0

E(n)
α

(− ∫
dμ (x)

)

n!
(∫

eiϕ(x)dμ (x)

)n

=
∞∑

n=0

E(n)
α

(− ∫
dμ (x)

)

n!
∫

ei(ϕ(x1)+ϕ(x2)+···+ϕ(xn))dμ⊗n

For the Poisson case (α = 1) instead of E(n)
α

(− ∫
dμ (x)

)
one would have exp(− ∫

dμ (x)
)
for all n, the rest being the same, cf. Appendix 1. Therefore one con-

cludes that the main difference in the fractional case (α 
= 1) is that a different weight
is given to each n-particle space, but that a configuration space [12–14] is also the
natural support of the fractional Poisson measure. The explicit construction is made
below.

Notice however that the different weights, multiplying the n-particle space mea-
sures, are physically quite significant in that they have decays, for large volumes,
much smaller than the corresponding exponential factor in the Poisson measure.

Using now the spectral representation (9) of the Mittag-Leffler function one may
rewrite (8) as

Cα (ϕ) =
∫ ∞

0
exp

(

τ

∫

(eiϕ(x) − 1) dμ(x)

)

dνα(τ )

with the integrand being the characteristic function of the Poisson measure πτμ,
τ > 0. In other words, the characteristic functional (8) coincides with the charac-
teristic functional of the measure

∫ ∞
0 πτμ dνα(τ ). By uniqueness, this implies the

integral decomposition

πα
μ =

∫ ∞

0
πτμ dνα(τ )

meaning that πα
μ is an integral (or mixture) of Poisson measures πτμ, τ > 0. The

measure dνα (τ ) corresponds to themeasure dμ (ρ) in Eq. (3), defining the particular
reducible functional that characterizes the fractional Boson gas.

2.3 The Fractional Poisson Measure on Γ

The fractional Poisson measure has support in the configuration space Γ as
constructed in Appendix 1.
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Given a measure μ on the underlying measurable space (M,B(M)) described as
before, consider for each n ∈ N the product measure μ⊗n on (Mn,B(Mn)). Since
μ⊗n(Mn\M̃n) = 0, one may consider for each Λ ∈ Bc(M) the restriction of μ⊗n

to (Λ̃n,B(Λ̃n)), which is a finite measure, and then the image measure μ
(n)
Λ on

(Γ
(n)
Λ ,B(Γ

(n)
Λ )) under the mapping symn

Λ,

μ
(n)
Λ := μ⊗n ◦ (symn

Λ)−1

For n = 0 we set μ(0)
Λ := 1.1 Now, for each 0 < α < 1 one may define a probability

measure πα
μ,Λ on (ΓΛ,B(ΓΛ)) by

πα
μ,Λ :=

∞∑

n=0

E(n)
α (−μ(Λ))

n! μ
(n)
Λ (11)

The family {πα
μ,Λ : Λ ∈ Bc(M)} of probability measures yields a probability

measure on (Γ,B(Γ )). In fact, this family is consistent, that is,

πα
μ,Λ1

= πα
μ,Λ2

◦ p−1
Λ2,Λ1

, ∀Λ1,Λ2 ∈ Bc(M),Λ1 ⊂ Λ2

and thus, by the version of Kolmogorov’s theorem for the projective limit space
(Γ,B(Γ )) [15, Chap. V Theorem 5.1], the family {πα

μ,Λ : Λ ∈ Bc(M)} determines
uniquely a measure πα

μ on (Γ,B(Γ )) such that

πα
μ,Λ = πα

μ ◦ p−1
Λ , ∀Λ ∈ Bc(M)

Let us now compute the characteristic functional of the measure πμα. Given a
ϕ ∈ D(M) we have suppϕ ⊂ Λ for some Λ ∈ Bc(M), meaning that

〈γ, ϕ〉 = 〈pΛ(γ ), ϕ〉, ∀ γ ∈ Γ

Thus ∫

Γ

ei〈γ,ϕ〉dπα
μ(γ ) =

∫

ΓΛ

ei〈γ,ϕ〉dπα
μ,Λ(γ )

and the infinite divisibility (11) of the measure πα
μ,Λ yields for the right-hand side

of the equality

∞∑

n=0

E(n)
α (−μ(Λ))

n!
∫

Λn
ei(ϕ(x1)+...+ϕ(xn))dμ⊗n(x) =

∞∑

n=0

E(n)
α (−μ(Λ))

n!
(∫

Λ

eiϕ(x)dμ(x)

)n

which corresponds to the Taylor expansion of the function

1 Of course this construction holds for any Borel set Y ∈ B(M). In this case, μ
(n)
Y (Γ

(n)
Y ) < ∞

provided μ(Y) < ∞. For more details and proofs see e.g. [16, 17].
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Eα

(∫

Λ

(eiϕ(x) − 1) dμ(x)

)

= Eα

(∫

M
(eiϕ(x) − 1) dμ(x)

)

In other words, the characteristic functional of the measure πα
μ coincides with the

characteristic functional of the probability measure given by Theorem 1 through the
Bochner-Minlos theorem.

Similarly to the α = 1 case, this shows that the probability measure on
(D

′
(M),Cσ (D

′
(M))) given by Theorem 1 is actually supported on generalized

functions of the form
∑

x∈γ δx , γ ∈ Γ . Thus, each fractional Poisson measure
πα

μ can either be consider on (Γ,B(Γ )) or on (D ′,Cσ (D ′(M))) where, in con-
trast to Γ , D ′(M) ⊃ Γ is a linear space. Since πα

μ(Γ ) = 1, the measure space
(D ′(M),Cσ (D ′(M)), πα

μ) can, in this way, be regarded as a linear extension of the
fractional Poisson space (Γ,B(Γ ), πα

μ).

2.4 Fractional Poisson Analysis

2.4.1 Fractional Lebesgue-Poisson Measure and Unitary Isomorphisms

Let us now consider the space of finite configurations

Γ0 :=
∞⊔

n=0

Γ
(n)

M

endowed with the topology of disjoint union of topological spaces, with the cor-
responding Borel σ -algebra B(Γ0) and the so-called K-transform [16, 18–22], a
mapping which maps functions defined on Γ0 into functions defined on Γ . By defin-
ition, given aB(Γ0)-measurable function G with local support, that is, G�Γ0\ΓΛ ≡ 0
for some Λ ∈ Bc(M), the K-transform of G is a mapping KG : Γ → R defined at
each γ ∈ Γ by

(KG)(γ ) :=
∑

η⊂γ
|η|<∞

G(η) (12)

Note that for every such function G the sum in (12) has only a finite number of sum-
mands different from zero, and thus KG is a well-defined function on Γ . Moreover,
if G has support described as before, then the restriction (KG) �ΓΛ is a B(ΓΛ)-
measurable function and (KG)(γ ) = (KG)�ΓΛ(γΛ) for all γ ∈ Γ .

In terms of the dual operator K∗ of the K-transform, this means that the image of
a probability measure on Γ under K∗ yields a measure on Γ0. More precisely, given
a probability measure ν on (Γ,B(Γ )) with finite local moments of all orders, that
is, ∫

Γ

|γΛ|n dν(γ ) < ∞ for all n ∈ N and all Λ ∈ Bc(M)
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then K∗ν is a measure on (Γ0,B(Γ0)) defined on each boundedB(Γ0)-measurable
set A by

(K∗ν)(A) =
∫

Γ

(K11A)(γ ) dν(γ )

The measure K∗ν is called the correlation measure corresponding to ν. In particular,
for the Poisson measure πμ, the correlation measure corresponding to πμ is called
the Lebesgue-Poisson measure

λμ :=
∞∑

n=0

1

n!μ
(n), μ(n) := μ⊗n ◦ (symn

M)−1

For more details and proofs see e.g. [16].

Theorem 2 For each 0 < α < 1, the correlation measure corresponding to the
fractional Poisson measure πα

μ is the measure on (Γ0,B(Γ0)) given by

λα
μ :=

∞∑

n=0

1

Γ (αn + 1)
μ(n) (13)

In other words, dλα
μ = E(|·|)

α (0) dλμ.

In the sequel we call the measure λα
μ the fractional Lebesgue-Poisson measure.

Proof Let A be a bounded B(Γ0)-measurable set, that is,

A ⊂
N⊔

n=0

Γ
(n)
Λ

for some N ∈ N0 and some Λ ∈ Bc(M). By the previous considerations, this means
that for all γ ∈ Γ one has (K11A)(γ ) = (K11A)(γΛ), and thus

∫

Γ

(K11A)(γ ) dπα
μ(γ ) =

∫

ΓΛ

(K11A)(γ ) dπα
μ,Λ(γ )

=
∞∑

n=0

E(n)
α (−μ(Λ))

n!
∫

Γ
(n)
Λ

(K11A)(η) dμ
(n)
Λ (η)

=
∫

ΓΛ

E(|η|)
α (−μ(Λ))(K11A)(η) dλμ(η)

Observe that the latter integral is with respect to the Lebesgue-Poisson measure λμ,
which properties are well-known (see e.g. [16]). In particular, those yield
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∫

ΓΛ

E(|η|)
α (−μ(Λ))(K11A)(η) dλμ(η)

=
∫

Γ0

E(|η|)
α (−μ(Λ))

∑

ξ⊂η

11A(ξ)11ΓΛ(η \ ξ) dλμ(η)

=
∫

Γ0

11A(η)

(∫

Γ0

E(|η∪ξ |)
α (−μ(Λ))11ΓΛ(ξ) dλμ(ξ)

)

dλμ(η)

where for each η ∈ Γ0 fixed, i.e., η ∈ Γ
(m)

M for some m ∈ N0, the integral between
brackets is given by

∞∑

n=0

1

n!
∫

Γ
(n)

M

E(|η∪ξ |)
α (−μ(Λ))11ΓΛ(ξ) dμ(n)(ξ)

=
∞∑

n=0

E(m+n)
α (−μ(Λ))

n! (μ(Λ))n

= E(m)
α (−μ(Λ) + μ(Λ))

As a result, ∫

Γ

(K11A)(γ ) dπα
μ(γ ) =

∫

Γ0

11A(η)E(|η|)
α (0) dλμ(η)

showing that the correlation measure corresponding to πα
μ is absolutely continu-

ous with respect to the Lebesgue-Poisson measure λμ. Moreover, denoting such a

correlation measure by λα
μ, the density is given by

dλα
μ

dλμ
= E(|·|)

α (0).

To conclude, notice that for each n ∈ N0 one has

E(n)
α (0) = n!

Γ (αn + 1)

which combined with the definition of the measure λμ leads to (13). �
Throughout this work all Lp-spaces consist of complex-valued functions. For

simplicity, the Lp-spaces with respect to a measure ν will be shortly denoted by
Lp(ν) if the underlying measurable space is clear from the context.

Corollary 1 We have G ∈ L2(λα
μ) if and only if G

√

E(|·|)
α (0) ∈ L2(λμ). Then,

‖G‖L2(λα
μ) =

∥
∥
∥
∥G

√

E(|·|)
α (0)

∥
∥
∥
∥

L2(λμ)

This result states that there is a unitary isomorphism between the spaces L2(λα
μ)

and L2(λμ):
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Iα : L2(λα
μ) → L2(λμ)

Iα(G) := G

√

E(|·|)
α (0)

Hence, through Iα one may extend the unitary isomorphisms defined between the
space L2(λμ) and the (Bose or symmetric) Fock space ExpL2(μ) and between the
space L2(λμ) and L2(πμ) [17] to L2(λα

μ), 0 < α ≤ 1:

L2(λα
μ)

Iα�→ L2(λμ)
Iλπ�→ L2(πμ)

Iπ�→ ExpL2(μ)

G �→ G
√

E(|·|)
α (0) �→ ∑∞

n=0〈Cμ
n , g(n)〉 �→ (

g(n)
)∞

n=0

for

g(n)(x1, . . . , xn) :=
√

E(n)
α (0)

n! G({x1, . . . , xn}), g(0) := Eα(0)G(∅) = G(∅)

and Cμ
n a Charlier kernel.

In particular, the image of a Fock coherent state e(f ) := (
f ⊗n

n! )∞n=0, f ∈ L2(μ),
under (Iπ ◦ Iλπ )−1 is the (Lebesgue-Poisson) coherent state eλ(f ) : Γ0 → C defined
for any B(M)-measurable function f : M → C by

eλ(f , η) :=
∏

x∈η

f (x) , η ∈ Γ0 \ {∅}, eλ(f ,∅) := 1

This definition implies that eλ(f ) ∈ Lp(λμ) whenever f ∈ Lp(μ) for some p ≥ 1.

Moreover, ‖eλ(f )‖p
Lp(λμ) = exp

(
‖f ‖p

Lp(μ)

)
. For α 
= 1, the following result holds.

Proposition 1 Let 0 < α < 1 and p ≥ 1 be given. For all f ∈ Lp(μ) we have
eλ(f ) ∈ Lp(λα

μ) and

‖eλ(f )‖p
Lp(λα

μ) = Eα

(
‖f ‖p

Lp(μ)

)

Proof By Theorem 2, given a f ∈ Lp(μ) for some p ≥ 1,

‖eλ(f )‖p
Lp(λα

μ) =
∫

Γ0

|eλ(f , η)|pE(|η|)
α (0) dλμ(η)

=
∞∑

n=0

1

Γ (αn + 1)

(∫

M
|f (x)|p dμ(x)

)n

which by the Taylor expansion (7) is equal to Eα

(∫

M |f (x)|p dμ(x)
)
. �

According to the latter considerations, the realization of a coherent state e(f ),
f ∈ L2(μ), in a L2(λα

μ) space is λμ-a.e. given by
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I−1
α eλ(f ) = eλ(f )

√

E(|·|)
α (0)

(14)

In addition, given a dense subspace L ⊆ L2(μ), the set {I−1
α eλ(f ) : f ∈ L} is total

in L2(λα
μ). As in the Lebesgue-Poisson case, we define the fractional (Lebesgue-

Poisson) coherent state eα(f ) : Γ0 → C corresponding to a B(M)-measurable
function f by

eα(f , η) := eλ(f , η)
√

E(|η|)
α (0)

, ∀ η ∈ Γ0

2.4.2 Annihilation and Creation Operators

The unitary isomorphism between the Fock space and L2(λμ) provides natural op-
erators on the space L2(λμ) by carrying over the standard Fock space operators. In
particular, the annihilation and the creation operators, for which the images in L2(λμ)

are well-known, see e.g. [23],

(
a−
λ (ϕ)G

)
(η) :=

∫

M
G(η ∪ {x})ϕ(x) dμ(x), η ∈ Γ0

and (
a+
λ (ϕ)G

)
(η) :=

∑

x∈η

G(η\{x})ϕ(x), λμ − a.a. η ∈ Γ0

Here ϕ ∈ D(M) and G is a complex-valued bounded B(Γ0)-measurable function
with bounded support, i.e., G�

Γ0\
(⊔N

n=0 Γ
(n)
Λ

)≡ 0 for some Λ ∈ Bc(M) and some

N ∈ N0. In the sequel we denote the space of such functions G by Bbs(Γ0).
For more details and proofs see e.g. [17, 24] and the references therein.
Through the unitary isomorphism I−1

α , 0 < α < 1, the same Fock space operators
can naturally be carried over to the space L2(λα

μ).

Proposition 2 For each ϕ ∈ D(M), the following relations hold on Bbs(Γ0):

a−
α (ϕ) := I−1

α a−
λ (ϕ)Iα =

√
√
√
√E(|·|+1)

α (0)

E(|·|)
α (0)

a−
λ (ϕ)

and

a+
α (ϕ) := I−1

α a+
λ (ϕ)Iα =

√
√
√
√E(|·|−1)

α (0)

E(|·|)
α (0)

a+
λ (ϕ)
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Proof One first observes that Iα maps the space Bbs(Γ0) into itself. In fact, given a
G ∈ Bbs(Γ0), i.e., G�

Γ0\
(⊔N

n=0 Γ
(n)
Λ

)≡ 0 for some Λ ∈ Bc(M) and some N ∈ N0,

one has

|(IαG)(η)| =
√

E(|η|)
α (0)|G(η)| ≤ max

0≤n≤N

√
n!

Γ (αn + 1)
sup
η∈Γ0

(|G(η)|), ∀ η ∈ Γ0

showing that IαG is bounded. Since the support of IαG clearly coincides with the
support of G, this means that IαG ∈ Bbs(Γ0).

Hence, given a G ∈ Bbs(Γ0), for all η ∈ Γ0 one has

(a−
λ (ϕ)(IαG))(η) =

∫

M
(IαG)(η ∪ {x})ϕ(x) dμ(x)

=
√

E(|η|+1)
α (0) (a−

λ (ϕ)G)(η)

which proves the first equality by calculating the image of both sides under I−1
α . A

similar procedure applied to a+
α (ϕ) completes the proof. �

2.4.3 Second Quantization Operators

Given a contraction operator B on L2(μ) one may define a contraction operator
ExpB on the Fock space ExpL2(μ) acting on coherent states e(f ), f ∈ L2(μ), by
ExpB (e(f )) = e(Bf ). In particular, given a positive self-adjoint operator A on L2(μ)

and the contraction semigroup e−tA, t ≥ 0, one can define a contraction semigroup
Exp

(
e−tA

)
on ExpL2(μ) in this way. The generator is the well-known second quan-

tization operator corresponding to A . We denote it by dExpA. Through the unitary
isomorphism between the Fock space and the space L2(λμ) one may then define the
corresponding operator in L2(λμ). We denote the (Lebesgue-Poisson) second quan-
tization operator corresponding to A by HLP

A . The action of HLP
A on coherent states

is given by

(
HLP

A eλ(f )
)

(η) =
∑

x∈η

(Af ) (x)eλ(f , η\{x}), f ∈ D(A)

Through the unitary isomorphism I−1
α , 0 < α < 1, the second quantization

operator can also be carried over to the space L2(λα
μ):

Hα
A := I−1

α HLP
A Iα

Proposition 3 For any f ∈ D(A) we have
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(
Hα

A eα(f )
)
(η) =

√
√
√
√E(|η|−1)

α (0)

E(|η|)
α (0)

∑

x∈η

(Af ) (x)eα(f , η\{x})

Proof According to (14), Iαeα(f ) = eλ(f ), and thus for λμ-a.a. η ∈ Γ0,

(
HLP

A (Iαeα(f ))
)

(η) =
(

HLP
A eλ(f )

)
(η) =

√

E(|η|−1)
α (0)

∑

x∈η

(Af ) (x)eα(f , η\{x})

leading to the required result by calculating the image of both sides under I−1
α . �

Appendix 1: The Infinite-Dimensional Poisson Measure
and Configuration Spaces

Here a short summary is given of the properties of the infinite-dimensional Poisson
measure and its support on configuration spaces [12, 13, 16–19, 24].

An infinite-dimensional generalizationof the characteristic functionof thePoisson
measure is obtained by generalizing (5) to

C (ϕ) = e
∫ (

eiϕ(x)−1
)

dμ(x) (15)

for test functions ϕ ∈ D (M) in the space of C∞-functions of compact support in a
manifold M. It is easy to prove, using the Bochner-Minlos theorem, that C is indeed
the Fourier transform of a measure on the distribution space D ′ (M).

A support for this measure is obtained in the configuration space Γ := ΓM

over the manifold M, defined as the set of all locally finite subsets of M (simple
configurations)

Γ := {γ ⊂ M : |γ ∩ K| < ∞ for any compact K ⊂ M} (16)

Here |A| denotes the cardinality of the set A. As usual one identifies each γ ∈ Γ

with a non-negative integer-valued Radon measure,

Γ � γ �→
∑

x∈γ

δx ∈ M (M)

where δx is the Dirac measure with unit mass at x and M (M) denotes the set of all
non-negative Radon measures on M. In this way the space Γ can be endowed with
the relative topology as a subset of the space M (M) with the vague topology, i.e.,
the weakest topology on Γ for which the mappings
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Γ � γ �→ 〈γ, f 〉 :=
∫

M
f (x)dγ (x) =

∑

x∈γ

f (x)

are continuous for all real-valued continuous functions f onM with compact support.
Denote the corresponding Borel σ -algebra on Γ by B (Γ ).

For each Y ∈ B(M) let us consider the spaceΓY of all configurations contained in
Y , ΓY := {γ ∈ Γ : |γ ∩ (X\Y)| = 0}, and the space Γ

(n)
Y of n-point configurations,

Γ
(n)

Y := {γ ∈ ΓY : |γ | = n} , n ∈ N, Γ
(0)

Y := {∅}

A topological structure may be introduced on Γ
(n)

Y through the natural surjective

mapping of Ỹ n := {
(x1, ..., xn) : xi ∈ Y , xi 
= xj if i 
= j

}
onto Γ

(n)
Y ,

symn
Y : Ỹ n −→ Γ

(n)
Y

(x1, ..., xn) �−→ {x1, ..., xn}

which is at the origin of a bijection between Γ
(n)

Y and the symmetrization Ỹ n/Sn of
Ỹ n, Sn being the permutation group over {1, ..., n}. Thus, symn

Y induces a metric on

Γ
(n)

Y and the corresponding Borel σ -algebra B
(
Γ

(n)
Y

)
on Γ

(n)
Y .

For Λ ∈ B(M) with compact closure (Λ ∈ Bc(M)), it clearly follows from (16)
that

ΓΛ =
∞⊔

n=0

Γ
(n)
Λ

theσ -algebraB(ΓΛ) being defined by the disjoint union of theσ -algebrasB
(
Γ

(n)
Y

)
,

n ∈ N0.
For each Λ ∈ Bc(M) there is a natural measurable mapping pΛ : Γ → ΓΛ.

Similarly, given any pairΛ1,Λ2 ∈ Bc(M)withΛ1 ⊂ Λ2 there is a natural mapping
pΛ2,Λ1 : ΓΛ2 → ΓΛ1 . They are defined, respectively, by

pΛ : Γ −→ ΓΛ

γ �−→ γΛ := γ ∩ Λ

pΛ2,Λ1 : ΓΛ2 −→ ΓΛ1

γ �−→ γΛ1

It can be shown that (Γ,B(Γ )) coincides (up to an isomorphism) with the projective
limit of the measurable spaces (ΓΛ,B(ΓΛ)), Λ ∈ Bc(M), with respect to the
projection pΛ, i.e., B(Γ ) is the smallest σ -algebra on Γ with respect to which all
projections pΛ, Λ ∈ Bc(M), are measurable.

Let now μ be a measure on the underlying measurable space (M,B(M))

and consider for each n ∈ N the product measure μ⊗n on (Mn,B(Mn)). Since
μ⊗n(Mn\M̃n) = 0, one may consider for each Λ ∈ Bc(M) the restriction of μ⊗n

to (Λ̃n,B(Λ̃n)), which is a finite measure, and then the image measure μ
(n)
Λ on

(Γ
(n)
Λ ,B(Γ

(n)
Λ )) under the mapping symn

Λ,
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μ
(n)
Λ := μ⊗n ◦ (symn

Λ)−1

For n = 0 we set μ
(0)
Λ := 1. Now, one may define a probability measure πμ,Λ on

(ΓΛ,B(ΓΛ)) by

πμ,Λ :=
∞∑

n=0

exp(−μ(Λ))

n! μ
(n)
Λ (17)

The family {πμ,Λ : Λ ∈ Bc(M)} of probability measures yields a probability mea-
sure on (Γ,B(Γ )) with the πμ,Λ as projections. This family is consistent, that is,

πμ,Λ1 = πμ,Λ2 ◦ p−1
Λ2,Λ1

, ∀Λ1,Λ2 ∈ Bc(M),Λ1 ⊂ Λ2

and thus, by the version of Kolmogorov’s theorem for the projective limit space
(Γ,B(Γ )), the family {πμ,Λ : Λ ∈ Bc(M)} determines uniquely a measure πμ on
(Γ,B(Γ )) such that

πμ,Λ = πμ ◦ p−1
Λ , ∀Λ ∈ Bc(M)

The next step is to compute the characteristic functional of the measure πμ. Given
a ϕ ∈ D(M) we have suppϕ ⊂ Λ for some Λ ∈ Bc(M), meaning that

〈γ, ϕ〉 = 〈pΛ(γ ), ϕ〉, ∀ γ ∈ Γ

Thus ∫

Γ

ei〈γ,ϕ〉dπμ(γ ) =
∫

ΓΛ

ei〈γ,ϕ〉dπμ,Λ(γ )

and the definition (17) of the measure πμ,Λ yields for the right-hand side of the
equality

∞∑

n=0

exp(−μ(Λ))

n!
∫

Λn
ei(ϕ(x1)+···+ϕ(xn))dμ⊗n(x) =

∞∑

n=0

exp(−μ(Λ))

n!
(∫

Λ

eiϕ(x)dμ(x)

)n

which corresponds to the Taylor expansion of the characteristic function (15) of the
infinite-dimensional Poisson measure

exp

(∫

Λ

(eiϕ(x) − 1) dμ(x)

)

This shows that the probability measure on (D
′
(M),Cσ (D

′
(M))) given by (15) is

actually supported on generalized functions of the form
∑

x∈γ δx , γ ∈ Γ . Thus, the
infinite-dimensional Poisson measure πμ can either be considered as a measure on
(Γ,B(Γ )) or on (D ′,Cσ (D ′(M))). Notice that, in contrast to Γ , D ′(M) ⊃ Γ is a
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linear space. Since πμ(Γ ) = 1, the measure space (D ′(M),Cσ (D ′(M)), πμ) can, in
this way, be regarded as a linear extension of the Poisson space (Γ,B(Γ ), πμ).

Appendix 2. Complete Monotonicity of the Mittag-Leffler
Function for Complex Arguments

A positive C∞-function f is said to be completely monotone if for each k ∈ N0

(−1)kf (k)(t) ≥ 0, ∀t > 0

According to Bernstein’s theorem (see e.g. [25, Chap. XIII.4 Theorem 1]), for func-
tions f such that f (0+) = 1 the complete monotonicity property is equivalent to the
existence of a probability measure ν on R

+
0 such that

f (t) =
∫ ∞

0
e−tτ dν(τ) < ∞, ∀ t > 0

Pollard in [26] proved the complete monotonicity of Eα , 0 < α < 1, for non-positive
real arguments showing that

Eα(−t) =
∫ ∞

0
e−tτ dνα(τ ), ∀ t ≥ 0 (18)

for να being the probability measure on R
+
0

dνα (τ ) := α−1τ−1−1/αfα(τ−1/α) dτ (19)

where fα is the α-stable probability density given by

∫ ∞

0
e−tτ fα (τ ) dτ = e−tα , 0 < α < 1

The complete monotonicity property and the integral representation (18) of Eα

may be extended to complex arguments.

Lemma 1 For any z ∈ C such that Re(z) ≥ 0, the following representation holds

Eα(−z) =
∫ ∞

0
e−zτ dνα(τ ), 0 < α ≤ 1

Proof According to [26], for each 0 < α < 1 fixed, for all t ≥ 0 one has
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Eα(−t) =
∫ ∞

0
e−tτ dνα(τ ),

=
∞∑

n=0

(−t)n

n!
∫ ∞

0
τ n dνα(τ ) (20)

Comparing (20) with the Taylor expansion (7) ofEα , one concludes that themoments
of the measure να are given by

mn(να) :=
∫ ∞

0
τ n dνα(τ ) = n!

Γ (αn + 1)
, n ∈ N0

For complex values z let

I(−z) :=
∫ ∞

0
e−zτ dνα(τ )

which is finite provided Re(z) ≥ 0. For each z ∈ C such that Re(z) ≥ 0 one then
obtains

I(−z) =
∞∑

n=0

(−z)n

n!
(∫ ∞

0
τ n dνα(τ )

)

=
∞∑

n=0

(−z)n

n! mn(να) =
∞∑

n=0

(−z)n

Γ (αn + 1)
= Eα(−z)

leading to the integral representation

Eα(−z) =
∫ ∞

0
e−zτ dνα(τ )

for all z ∈ C such that Re(z) ≥ 0. �
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Dynamical Properties of a Cosmological
Model with Diffusion

M.P. Ramos and A.J. Soares

Abstract The description of the dynamics of particles undergoing diffusion in gen-
eral relativity has been an object of interest in the last years. Most recently a new
cosmologicalmodel with diffusion has been studied inwhich the evolution of the par-
ticle system is described by a Fokker-Planck equation. This equation is then coupled
to a modified system of Einstein equations, in order to satisfy the energy conserva-
tion condition. Continuing with this work, we study in the present paper a spatially
homogeneous and isotropic spacetime model with diffusion velocity. We write the
system of ordinary differential equations of this particular model and obtain the solu-
tions for which the scale factor in the Robertson Walker metric is linear in time. We
analyse the asymptotic behavior of the subclass of spatially flat solutions. The sys-
tem representing the homogeneous and isotropic model with diffusion is rewritten
using dynamical variables. For the subclass of spatially flat solutions we were able
to determine all equilibrium points and analyse their local stability properties.

Keywords Cosmology ·Diffusion ·RobertsonWalker metric ·Dynamical systems

1 Introduction

A new model to describe the dynamics of particles undergoing diffusion in general
relativity is given in [1]. In this model the evolution of the particle system is described
by a Fokker-Planck equation without friction on the tangent bundle of the spacetime
(M, g). In general relativity, the matter field is specified by the energy-momentum
tensorTμν and the geometry of the spacetime is given by the Einstein field equations,
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Rμν − 1

2
gμν R = Tμν, (1)

where Rμν and R are the Ricci tensor and Ricci scalar respectively. In kinetic theory,
the matter field is described by the one-particle distribution function f in the phase
space and the energy momentum tensor is given by a suitable integral of f over the
velocity (or momentum) variable. When considering the existence of diffusion, f
is the solution of the Fokker-Planck equation. On the other hand, a matter source
with diffusion cannot be the only contributor to the Einstein equations (1), because
the kinetic energy of the particles is not preserved when undergoing diffusion. Con-
sequently, the energy-momentum tensor will not satisfy the energy conservation
condition ∇μTμν = 0 (∇μ denoting the Levi Civita covariant derivative), which is a
requirement of the Bianchi identity and Einstein equations (1). In order to overcome
this difficulty, a term in the cosmological scalar field φ is added on the left hand side
of (1) and the corresponding energy-momentum tensor Tμν satisfies the modified
Einstein’s equations

Rμν − 1

2
gμν R + φgμν = Tμν, (2)

The scalar field φ is not an ordinary matter field but rather a background field inter-
acting with the fluid particles and therefore causing their diffusion. It is determined
by the one particle distribution function f , via the equation ∇νφ = ∇μTμν . In doing
so, the coupling of Fokker-Planck equation to the Einstein’s equations respects the
Bianchi identity ∇μ(Rμν − 1

2gμν R) = 0 and the energy momentum tensor satisfies
the energy conservation condition ∇μT μν = 0.
It is shown in [2] that the evolution of the particle system described by a Fokker-
Planck equation without friction leads to an energy-momentum tensor satisfying

T μν = ρuμuν + p(gμν + uμuν), Jμ = nuμ, (3)

∇μT μν = σnuν, ∇μ(nuμ) = 0. (4)

The scalar functions ρ, p, n, σ represent respectively the rest-frame energy density,
the pressure, the number density of the fluid and the diffusion constant, while the
vector uμ satisfying the condition uμuμ = −1 is the four-velocity of the fluid.
Equations in (3) are projected along the direction of uμ and onto a hypersurface
orthogonal to the direction of uμ, giving

∇μ(ρuμ) + p∇μuμ = σn, (5)

(ρ + p)uμ∇μuν + uνuμ∇μ p + ∇ν p = 0, (6)

∇μ(nuμ) = 0. (7)

The Euler equation (6) is the same as in the diffusion-free case. The continuity
equation (5) is affected by the presence of diffusion, due to the fact that the diffusion
force σnuμ acts on the direction of the matter flow.
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In the model studied in [2], the pressure and the energy density satisfy the following
linear relation,

p = (γ − 1)ρ, (8)

where 2
3 ≤ γ < 2 . In order to transform the system (5)–(6) into a complete system

we introduce the following equation of state,

ρ = nγ S, (9)

where the entropy S satisfies the condition

uμ∇μS = σn1−γ . (10)

Equations (5), (6), (8), (9) and (10) constitute a complete system for describing the
evolution of the matter field variables (n, S, uμ). These equations coupled to the
modified Einstein equations (1) are the equations of the cosmological model with
fluid matter undergoing velocity diffusion given in [2].
In this work we study the solutions to the cosmological model described above that
represent a spatially homogeneous and isotropic spacetime. Continuing with the
work done in [2], in Sect. 2 we write the ODE system that describes these solutions
and we solve this system explicitly for the case where the scale factor a(t) in the
metric is linear in time, for all values of the spatial curvature and all values of γ . In
Sect. 3 we study the asymptotic behavior of the subclass of spatially flat solutions
of the model, we find conditions on the initial data for which singularities may or
may not occur. A dynamical system formulation for the model is given in Sect. 4.
In particular we write the dynamical system representing the spatially flat solutions
of this model in this section. The dynamical system in question has two ordinary
differential equations. We determine all the fixed points of this system and show
that the interior point is associated to the self similar solution given in Sect. 2. We
obtain the phase portrait of the two dimensional system and study the local stability
of the fixed points on the boundary. Finally, in Sect. 5 we state the conclusions and
make some closing remarks. For sake of completeness, we include an appendix with
some tools from dynamical systems theory that are used in the analysis developed
in Sect. 4 of the present paper.

2 Spatially Homogeneous and Isotropic Solutions

In this section we present the model equations and we solve them explicitly when
the scale factor is linear in time. We consider the Robertson-Walker metric [3, 4],

ds2 = −dt2 + a(t)2
[

dr2

1 − kr2
+ r2dΩ2

]

, (11)
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where k = 0 corresponds to spatially flat solutions, k = −1 corresponds to a space
with negative spatial curvature, and k =1 corresponds to a space with positive spatial
curvature. In the case k = 0, we may introduce a cartesian system of coordinates
such that

ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2), and a0 := a(0) = 1.

For any k = 0,±1, the equations for the scale factor a(t), the entropy S(t) of the
fluid and the cosmological scalar field φ(t) are

ȧ = Ha, (12a)

Ṡ = σn1−γ
0

(
a0

a(t)

)3−3γ

, (12b)

φ̇ = −σn0

(
a0

a(t)

)3

, (12c)

Ḣ = 1

3

[

φ −
(
3

2
γ − 1

)

ρ

]

− H2, (12d)

where

H2 = 1

3
(ρ + φ) − k

a(t)2
(12e)

is the Hubble function, and

ρ(t) =
(

n0a3
0

a(t)3

)γ

S(t) (12f)

is the rest energy density of the fluid. Moreover, γ is the parameter of the equation of
state, σ > 0 is the diffusion constant, and n0 > 0 is the initial (at time t = 0) particle
density. The initial data set consists of (a0, H0, S0, φ0), where a0 = 1 for k = 0, and
H0, S0, φ0 are positive numbers such that (12e) is satisfied at time t = 0, i.e.,

H2
0 = 1

3
(nγ

0 S0 + φ0) − k

a2
0

. (13)

Using (12e) we may rewrite (12d) in the following two forms

Ḣ = −γ

2
ρ + k

a2 , (14)

Ḣ = γ

2
φ − 3γ

2
H2 − 3γ − 2

2a2 k. (15)
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Equations (12) constitute themodel equations studied in the present paper. In general,
such equations can not be solved explicitly. However, in the particular case that the
scale factor a(t) is linear in time, we find the following explicit solution

a(t) = a0 + αk t, (16a)

φ(t) = σn0a3
0

2αk
a(t)−2, (16b)

S(t) =
(

σn1−γ
0 a3−3γ

0

αk(3γ − 2)

)

a(t)3γ−2, (16c)

where αk is the real solution of the polynomial equation

α3 + kα − γ σn0a3
0

2(3γ − 2)
= 0.

Note thatαk > 0, for all k = 0,±1. In particular, for k = 0 the solution (16) becomes

a(t) = 1 +
(

γ σn0

2(3γ − 2)

)1/3

t, (17a)

φ(t) =
(√

3γ − 2

γ

σn0

2

)2/3

a(t)−2, (17b)

S(t) =
(

2σ 2n2−3γ
0

γ (3γ − 2)2

)1/3

a(t)3γ−2. (17c)

3 Asymptotic Behavior of Spatially Flat Solutions

In this section we consider the model equations (12) written in the previous section,
and we analyse the asymptotic behavior of the subclass of spatially flat solutions,
corresponding to the case k = 0. Since a(0) = 1, the scale factor is positive in
some maximal interval [0, T ) and, by (14), H is strictly decreasing on [0, T ) (which
implies that a(t) cannot blowup in finite time). If T = +∞, the solution is singularity
free in the future; if T < ∞, i.e., a(T ) = 0, the solution is singular at the time t = T .
In this section we look for sufficient conditions on the initial data for which one of
the two possibilities (existence or absence of a future singularity) may occur.

First, we observe that φ is strictly decreasing on [0, T ). If φ(t) is positive on
[0, T ), then by (12e) H cannot vanish in this interval. Whence H is positive, i.e.,
a(t) is increasing, on [0, T ) and therefore a(T ) > 0. Therefore a singularity cannot
form in the interval of time in which φ remains positive. In contrast, if φ vanishes
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at some time, then a singularity will form. In fact, by (15) we infer that if there
exists t̄ such that φ(t̄) < 0, then Ḣ ≤ γ /2φ(t̄) − 3γ H2/2, whence there exists
t̄ < t∗ < +∞ such that H → −∞ as t → t∗ (which implies limt→t∗ a(t) = 0).

Let t̄ be the maximal time such that φ(t) > 0 for t ∈ [0, t̄). If t̄ < +∞, then
φ(t̄) = 0 must hold. By (15), Ḣ ≥ −3γ H2/2, for all t ∈ [0, t̄). Since H > 0 in
this interval, we obtain

H(t) ≥ H0

1 + 3
2γ H0t

, t ∈ [0, t̄),

whence, for t ∈ [0, t̄),

a(t) ≥ (1 + 3

2
γ H0t)

2
3γ . (18)

On the other hand, since H(t) ≤ H0, we have

a(t) ≤ exp(H0t). (19)

By the previous discussion, in order to see whether or not a singularity is formed in
the future, we may equivalently check whether φ vanishes or not in finite time.

Proposition 1 For

φ0 ≥ 2σn0

3H0(2 − γ )
, (20)

there is no future singularity. On the other hand, for

φ0 <
σn0

3H0
(21)

a singularity forms in finite time in the future.

Proof Considering (18) then by (12c) we obtain

φ(t) = φ0 − σn0

∫ t

0

ds

a(s)3
≥ φ0 − σn0

∫ t

0

ds

(1 + 3
2γ H0s)

2
γ

= φ0 + 2σn0

3H0(2 − γ )

[

(1 + 3

2
γ H0t)1−

2
γ − 1

]

≥ φ0 + 2σn0

3H0(2 − γ )

[

(1 + 3

4
γ H0 t̄)1−

2
γ − 1

]

, t ∈
(

t̄

2
, t̄

)

.

It follows that when φ0 satisfies (20), φ(t) is uniformly strictly positive on [0, t̄)
and therefore it cannot vanish at t = t̄ . Thus t̄ cannot be finite, therefore no future
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singularity is formed. Suppose now that φ(t) ≥ 0 for all t ≥ 0. Then, by (19), we
find that

φ(t) ≤ φ0 − σn0

∫ t

0
e−3H0sds = φ0 + σn0

3H0
(exp(−3H0t) − 1).

If (21) holds, then φ(t) → φ∞ < 0 as t → +∞, which is a contradiction. Whence
a singularity must form in finite time. �

Note that by using (13), we may rewrite (20) as

S0 ≥ 4σ 2n2−γ
0

3(2 − γ )2
φ−2
0 − φ0

nγ
0

(22)

which is always satisfied for

φ0 ≥
(

4σ 2n2
0

3(2 − γ )2

)1/3

. (23)

Thus we have the following result.

Corollary 1 If the initial datum for the cosmological scalar field verifies (23), there
is no singularity in the future.

Note that the arguments used so far do not consider the equation (12b) for the
entropy S. In order to improve our singularity analysis, it is crucial to use (12b).
The qualitative dynamics of the cosmological model in the past depends on which
of the following two mutually exclusive behaviours the solution verifies.

Case 1. The entropy S(t) vanishes at some negative time t0, while a(t0) is still
positive.
Case 2. The factor a(t) vanishes at some negative time t0, while S(t0) is still positive.

Observe that in case 1, the solution is unphysical for t < t0, even if the metric of
spacetime remains smooth, because ρ becomes negative. This unphysical region of
spacetime can be avoided by matching the metric at the time t0 with the de Sitter
solution aDS(t) = C exp(

√
φ(t0)/3 t), where the constant C is such that aDS(t0) =

a(t0). The resulting cosmological model has no big-bang singularity and is vacuum
up to the time t0 (since ρ = 0 and a(t) = aDS(t) for t ≤ t0), at which time the
vacuum energy φ(t0) starts to be converted into matter energy ρ. On the other hand,
in case 2, a big-bang singularity forms in the past.
We give sufficient conditions for the occurrence of each of the two possible scenarios
described in cases 1 and 2. Let us introduce the times ta and tS defined by

ta = inf{t < 0 : a(τ ) > 0, for all t < τ < 0},
tS = inf{t < 0 : S(τ ) > 0, for all t < τ < 0},
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with ta, tS < 0. Note that, from (18) and (19) we have

(

1 + 3

2
γ H0t

) 2
3γ ≤ a(t) ≤ eH0t , for all t ∈ (max{ta, tS}, 0) (24)

In particular, the lower bound in (24) implies that

ta > − 2

3γ H0
. (25)

In the following proposition, we state the qualitative dynamics of the cosmological
model when the solution behaves as in case 1.

Proposition 2 If ta ≤ tS (case 1 above) then one of the following conditions holds

(1a) When γ > 1, we have S0 <
σn1−γ

0

3H0(γ − 1)

[

1 − exp
(
2(1 − γ )/γ

)
]

;

(1b) When γ ≤ 1, we have S0 <
2σn1−γ

0

3(3γ − 2)H0
.

Proof If we consider ta ≤ tS , then S(ta) ≤ 0. For γ > 1, using the upper bound of
(24) in (12b) we have

S(t) ≥ S0 − σn1−γ
0

3H0(γ − 1)

(
1 − exp (3H0(γ − 1)t)

)
.

On the other hand, if we consider (25), this last inequality leads to

S(ta) > S0 − σn1−γ
0

3H0(γ − 1)

(
1 − exp (2(1 − γ )/γ )

)
,

which then gives (1a). The proof when γ ≤ 1 is similar. In this case we use the lower
bound of (24) in (12b) to get

S(t) ≥ S0 − σn1−γ
0

3(3γ − 2)H0

(
1 − (1 + 3γ /2H0t)3−2/γ

)
,

so that, by (25), this last condition implies that

S(ta) > S0 − σn1−γ
0

3(3γ − 2)H0

which in turn gives (1b). �
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4 Qualitative Dynamics of Solutions

In this section we introduce dynamical variables, that will be used to transform the
system (12) into an autonomous dynamical system. Then, for k = 0, we develop a
qualitative analysis of the resulting system in order to study the dynamics of spatially
flat solutions of (12). The fixed points of the dynamical system represent solutions
of (12) and the stability properties of the fixed points give qualitative information
about the evolution of the solutions of the cosmological system (12).

4.1 The Dynamical System

For each k = −1, 0, 1 we define the variable by D = √
ρ, that is

D =
√

3H2 − φ + 3k

a2(t)
, (26)

and introduce the dimensionless expansion-normalized variables

χρ =arctan
( ρ

D2

)
, χH =arctan

(
H

D

)

, χψ =arctan

(
φ̇

D3

)

, χa =arctan

(
k

D2a2

)

.

(27)
The constraint equation (12e) implies that tan χρ = 1, that is χρ = π/4. Let us also
define a new time variable τ , defined in terms of the cosmological time t by

τ = Dt

cosχH cosχψ cosχa
.

The new time derivative is therefore given by

d

dτ
(·) = 1

D
cosχH cosχψ cosχa

d

dt
(·)

and we use the simple notation (·)′ = d
dτ

(·). The system (12), in terms of the new
variables χH , χψ and χa , transforms to

χ ′
H = 1

2
√
2
cosχH

[
sin χH sin χψ cosχH cosχa + 2 sin χa cos

2 χH cosχψ ,

+ γ cosχψ cosχa(3 sin2 χH − cos2 χH )
]
, (28a)

χ ′
ψ = 3

2
√
2
sin χψ cosχψ

[
sin χψ cosχH cosχa + (3γ − 2) sin χH cosχψ cosχa

]
,

(28b)
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χ ′
a =

√
2

2
sin χa cos

2 χa

(
(3γ − 2) sin χH cosχψ + sin χψ cosχH

)
. (28c)

Finally we introduce the state spaceX , for the dynamical system (28), defined by

X =
{(

χH , χψ , χa
) ∈

(
−π

2
,
π

2

)
×

(
−π

2
, 0

)
×

(
−π

2
,
π

2

)}
. (29)

The dynamical system (28) admits a smooth extension to the closureX of the state
space. From (28c) we see that the 2-dimensional plane χa = 0 is an invariant plane.
The flow induced on this plane describes the dynamics of spatially flat solutions
(k = 0). In the next subsection, we study this flow in some detail.

4.2 Dynamics of Spatially Flat Solutions

The flow induced on the “roof” ofX is described by the reduced dynamical system
obtained by setting χa = 0 in (28), that is

χ ′
H = 1

2
√
2
cosχH

(
sin χH cosχH sin χψ + γ cosχψ(3 sin2 χH − cos2 χH )

)
,

(30a)

χ ′
ψ = 3

2
√
2
sin χψ cosχψ

[
sin χψ cosχH + (3γ − 2) sin χH cosχψ

]
. (30b)

The state space for this dynamical system isXup, where

Xup =
{
(χH , χψ) ∈

(
−π

2
,
π

2

)
×

(
−π

2
, 0

)}
.

The dynamical system (30) describes the flow of the spatially flat solutions of (12)
which we will study in what follows. We shall say that an orbit Γ of the dynamical
system (30) is typical if there exists a one parameter family of orbits having the same
α- and ω-limit set of Γ . If no orbit other than Γ admits the same limit sets of Γ , we
shall say that Γ is isolated. The qualitative behavior of the orbits of the dynamical
system (30) is depicted in Fig. 1. Our next goal is to prove the principal features of
this behavior as well as to analyse the physical interpretation of the flow depicted in
Fig. 1 (in terms of solutions of the Einstein equations).
Fixed points. The dynamical system (30) possesses eight fixed points, seven of
which are located on the boundary and one in the interior. They are represented in
Fig. 1 and listed in Table1. The interior fixed point Uγ is associated to the self-similar
solution (17)which has been characterized in Sect. 2, with a(t) being a linear function
on time. Since the other fixed points are located at the boundary of the state space,
they no longer correspond to exact solutions of (12), but to limiting states when one
or more variables take an extreme value.
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P− F− F+

χψ

P+

χH

R+SR−

Uγ

Fig. 1 Phase portrait of the dynamical system (30). Full lines represent typical orbits and dashed
lines represent isolated orbits

Table 1 Fixed points of the
dynamical system (30) in the
state space Xup. Uγ is the
unique interior fixed point

Fixed point χ H χψ

P− − π
2 0

F− − π
6 0

F+ π
6 0

P+ π
2 0

R+ π
2 − π

2

S 0 − π
2

R− − π
2 − π

2

Uγ arctan
√

γ
2 − arctan

√
γ
2 (3γ − 2)

We state the following conclusions about the fixed points Uγ , F± and P± of
the dynamical system (30) and the corresponding solutions of the cosmological
system (12).

• Uγ : At this fixed point we have χψ =− arctan
√

γ
2 (3γ − 2) and χH =arctan

√
γ
2 .

Hence, H/D =
√

γ
2 and φ̇/D3 = −

√
γ
2 (3γ − 2). Substituting these relations,

together with (26), into equations (12a), (12b) and (12c), we obtain a differential
system whose solution is given by (17).

• F±: Since H/D = ±1/
√
3 at these fixed points, the cosmological scalar field φ

is identically zero. Thus the orbits that converge to (resp. emanate from) the fixed
point F− (resp. F+) identify the diffusion-free perfect fluid solutions with zero
cosmological constant, i.e., the Friedmann-Lemaître solutions
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aH0(t) =
(
1 + 3

2
γ H0t

) 2
3γ

. (31)

In particular, the fixed point F+ is associated to the one-parameter family of
expanding solutions {aH0(t)}H0>0, while F− is associated to the one-parameter
family of contracting solutions {aH0(t)}H0<0.

• P±: At these fixed points we have χψ = 0 and χH = ±π
2 . Hence, φ = const = Λ

and H/D → ±∞ as the point P± is approached, which implies that D → 0.
Thus H2 → Λ/3 and we obtain that P+ is associated to the expanding de Sitter
vacuum solution

a+
Λ(t) = exp

(√
Λ

3
t

)

, (32)

while P− is associated to the contracting de Sitter vacuum solution

a−
Λ(t) = exp

(

−
√

Λ

3
t

)

. (33)

The identification of the solutions corresponding to the fixed points R± is not as
straightforward. Unfortunately we were unable to identify the orbits that emanate
and converge to the fixed points R± and S with solutions of system (12). Posteriorly,
this has led us to reformulate the dynamical variables in order to overcome this
difficulty. However, at the time of the presentation of this work at the conference
Particle Systems and PDEs II, the dynamical variables used to study the model
under investigation here were in fact the ones we describe in this section. A new
version of the dynamical treatment of the system (12) can be found in [5].
The flow on the boundary of Xup. The analysis of flow induced on the one-
dimensional boundary of Xup is straightforward. The left (right) side χH = −π/2
(χH = π/2) consists of an orbit starting at R− (P+) and ending at P− (R+); the
bottom side χψ = −π/2 consists of two orbits, connecting the points R± to S;
finally the top side χψ = 0 consists of three orbits, one connecting P− to F−, one
connecting F+ to F− and one connecting F+ to P+. Next we discuss the local stability
properties of the fixed points. This analysis is straightforward, except for the fixed
points R±, which are not hyperbolic.
The interior fixed point Uγ . Point Uγ is a saddle: the matrix of the linearized
dynamical system around this fixed point has real eigenvalues of opposite sign, see
Fig. 2. Hence there exist exactly two interior orbits that have Uγ as ω-limit point and
exactly two orbits that have Uγ as α-limit point. This implies, in particular, that the
solution (17) is unstable in the class of spatially flat Robertson-Walker solutions.
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λ

γ

Fig. 2 Eigenvalues λ associated to the fixed point Uγ , versus different values of γ . Full line for
the positive eigenvalue and dashed line for the negative eigenvalue

4.3 Stability Properties of Spatially Flat Solutions

Next we analyze the local stability properties of some of the fixed points on the
boundary. To this purpose it is convenient to consider the dynamical system (30) in
the extended state space Xε defined by

Xε =
{
(χH , χψ) : −π

2
− ε < χH <

π

2
+ ε, −π

2
− ε < χψ < ε

}
, wi th X ⊂ Xε,

where ε > 0 is small. This extension allows us to perform the linearization procedure
to study the local stability of the fixed points at the boundary ofX . A straightforward
calculation shows that thefixedpoints P± andS are hyperbolic saddles in the extended
state space, while F− and F+ are respectively a hyperbolic sink and a hyperbolic
source in the extended state space. Combining this information with the structure of
the flow on the boundary we obtain the following result.

Lemma 1 The fixed point F− (resp. F+) is the ω-limit (resp. α-limit) of a one para-
meter family of interior orbits, while S is the α-limit of exactly one interior orbit.
There exists no interior orbit whose α or ω-limit set contain the points P±.

The fixed points R− and R+ are not hyperbolic. In fact, the matrix of the linearized
system around these two fixed points vanishes. In general this feature is the signal of
a possible complicated behavior of the dynamical system near the fixed point. This
is not so however for the fixed point R−, which we will prove to be the source of a
one parameter set of interior orbits. The latter statement is part of claim (iii) in the
following theorem.
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Theorem 1 The following holds:

(i) χ ′
H < 0 for χH = 0, and −π/2 < χψ ≤ 0. In particular interior orbits can

cross the line χH = 0 only from the right to the left. Moreover, the ω-limit of
each interior orbit which intersects the region χH < 0 is the fixed point F−;

(ii) There exists exactly one orbit S → F− whose α-limit is S and whose ω-limit is
F−;

(iii) If an orbit Γ intersects the region L on the left of S → F−, then the whole
orbit Γ is contained in this region. Moreover, the ω-limit of Γ is F−, while the
α-limit is R−. There exist a one parameter family of orbits having the same
properties as Γ ;

(iv) If an orbit Γ intersects the region R on the right of S → F−, then the whole
orbit Γ is contained in this region. The α-limit of Γ is contained in the region
χH > 0. There exists a one parameter family of orbits having the same behavior
as Γ .

Proof We have χ ′
H |χH =0

= − γ
2 cosχψ , by which the first part of the claim (i)

follows. To prove the second part, we observe that χ ′
ψ > 0, for (χH , χψ) ∈

(−π
2 , 0

) × (−π
2 , 0

)
. It follows that for any 0 < ε < π/2, the set

Sε =
{
(χH , χψ) ∈

[
− π

2
, 0

]
×

[
− π

2
+ ε, 0

]}

is future invariant. Since any interior orbit that crosses the line χH = 0must intersect
Sε, for some ε, it follows by LaSalle invariance principle [6, Th. 4.11] that theω-limit
set of any such orbit must be contained in the set {x ∈ Sε : χ ′

ψ = 0}, by which it
follows immediately that it must coincide with the point F−. Next we prove (ii). We
have shown in Lemma 1 that there is exactly one interior orbit that has S as α-limit.
To show that its ω-limit is the point F−, we use that the eigenvector corresponding to
the positive eigenvalue of the linearized system around S in the extended state space
is given by

v =
(
−γ

4
, 1

)
.

Since v1 = − γ
4 < 0, the unstable manifold of S intersects the region χH < 0

and hence, since this region is future invariant, the whole orbit starting from S must
be contained in it. Thus by (i) its ω-limit set must coincide with F−. As to (iii),
we notice that the region to the left (as well as the region on the right) of the orbit
S → F− is an invariant set. Since−χψ is strictlymonotone decreasing on this region,
the Monotonicity Principle [6, Th. 4.12] gives that the ω-limit set of orbits in L is
contained in the set

{
x ∈ L \ L : lim

y→x
χψ �= −π/2

}
,
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Fig. 3 Phase portrait of the
dynamical system (30) in a
corner neighborhood U of
R+ for 2/3 < γ ≤ 1 (left)
and 1 < γ < 2 (right). Each
orbit is typical

R+ R+

θ∗

while the α-limit set is contained in the set
{

x ∈ L \ L : lim
y→x

χψ �= 0
}
.

The claim (iii) follows immediately from the structure of the flow on the boundary of
R. Finally, (iv) follows by the fact that R is an invariant set and that χH is monotone
decreasing on χH < 0. �

In preparation for the global analysis of orbits that intersect the region χH > 0, we
describe the behavior of the flow near the point R+.We define a corner neighborhood
of R+ to be the intersection of a neighborhood of R+ in the extended state space
with the interior of Xup.

Proposition 3 There exists a corner neighborhood U of the fixed point R+ where
the qualitative behavior of the flow is as depicted in Fig.3. In particular, for each
x ∈ U , the orbit Γx passing through x verifies one (and only one) of the following
statements:

1. the α- and ω-limit set of Γx consist of the point R+;
2. the α-limit set of Γx consists of the point R+, and U contains no ω-limit points

of Γx ;
3. the ω-limit set of Γx consists of the point R+, and U contains no α-limit points

of Γx .

Proof Let us first shift the fixed point R+ to the origin by introducing the new
variables χ H = χH − π/2 and χψ = χψ + π/2. The state space becomes

X up =
{
(χ H , χψ) ∈ (−π, 0) ×

(
0,

π

2

)}

while the dynamical system becomes

χ ′
H = − 1

2
√
2
sin χ H

(
sin χ H cosχ H cosχψ + γ sin χψ(3 cos2 χ H − sin2 χ H )

)

:= P(χ H , χψ),
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χ ′
ψ = − 3

2
√
2
sin χψ cosχψ

[
sin χ H cosχψ + (3γ − 2) cosχ H sin χψ

]

:= Q(χ H , χψ).

We study the previous dynamical system in a neighborhood of (χ H , χψ) = (0, 0).
Let

P(2)(χ H , χψ) := 1

2

[
∂2P

∂χ2
H

(0, 0)χ2
H + ∂2P

∂χ2
ψ

(0, 0)χ2
ψ + 2

∂2P

∂χ H ∂χψ

(0, 0)χ H χψ

]

= − 1

2
√
2

χ H

(
χ H + 3γχψ

)
,

Q(2)(χ H , χψ) := 1

2

[
∂2Q

∂χ2
H

(0, 0)χ2
H + ∂2Q

∂χ2
ψ

(0, 0)χ2
ψ + 2

∂2Q

∂χ H ∂χψ

(0, 0)χ H χψ

]

= − 1√
2
χ H χψ

(
χ H + 3(γ − 1)χψ

)
,

S(θ) :=
[
x Q(2)(x, y) − y P(2)(x, y)

]

x=cos θ
y=sin θ

= − 1√
2
sin θ cos θ

[
cos θ + 3 sin θ(γ − 1)

]

Since S(θ) is not identically null, it follows by [7, Th. 2, pag. 140] that the solutions
of S(θ) = 0 identify the directions along which an orbit may converge to or emanate
from the fixed point R+ = (0, 0). For γ = 1 the only such directions are the axes
χψ = 0, χ H = 0. For γ �= 1 we have the additional direction

θ∗ = − arctan

(
1

3(γ − 1)

)

.

Notice that for γ < 1, this direction does not intersect the state space X up, which
is the reason for the different behavior depicted in Fig. 3. Let us assume γ �= 1
(the case γ = 1 can be analyzed similarly). The direction θ∗ and the axes χψ = 0,
χ H = 0 divide any neighborhood of (0, 0) into six sectors, as shown in Fig. 4. By the
direction of the flow on the separatrixes, the sectors II, III, V and VI are parabolic.
To identify the character of the sectors I and IV, we use that, by Theorem [7, Th. 7,
pag. 305], the number e of elliptic sectors and the number h of hyperbolic sectors in
the neighborhood of a fixed point satisfy the relation (proved by Bendixson in [8])

e − h = 2(i − 1), (34)

where i is the (Morse) index of the fixed point. For the fixed point R+ we have i = 2
(computed with Mathematica), by which it follows that e = 2 and h = 0. Hence the
sectors I and I V are elliptic and the qualitative behavior of the orbits is depicted in
Fig. 4. �
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p

V
IV

III

II

I p

p
p

VI
p

I

II III

IV
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VI

p p

p

θ∗ θ∗

Fig. 4 The six sectors in a neighborhood of R+ in the extended state space for 2/3 < γ < 1 (left)
and 1 < γ < 2 (right). For γ = 1 there exist only four sectors, separated by the axes. The sectors
labelled by “p” are parabolic, while the sectors I and IV may be both hyperbolic or both elliptic.
Bendixson formula (34) entails that they are both elliptic

5 Summary

In thisworkwe studied amodel developedwithin theEinstein theory of relativitywith
a cosmological scalar field. This scalar field can be viewed as a background medium
in which diffusion takes place. In particular we considered the Robertson-Walker
spacetime, so that the model studied here is homogeneous and isotropic. The matter
field variables are solutions of a non linear system of ordinary differential equations
on the variable time. All solutions for which the scalar function of the metric is
linear in time were obtained explicitly. In order to further understand the dynamical
nature of other solutions the system was rewritten in terms of normalized dynamical
variables. We obtained all fixed points of the dynamical system, one interior fixed
point and seven fixed points on the boundary of the phase space. In particular the only
interior equilibrium point is associated to the solution in which the scalar function
of the metric is linear in time. The seven equilibrium points on the boundary of the
state space correspond to limiting states when one or more variables take an extreme
value, these limiting states being the Friedmann-Lemaître metrics and the de Sitter
vacuum metrics.

Acknowledgments The paper is partially supported by the Research Centre of Mathematics of the
University ofMinho, through theNational Funds from the “Fundação para aCiência e aTecnologia”,
Project PEstOE/MAT/UI0013/2014.

Appendix—Tools from Dynamical Systems

In this appendix we include some concepts and tools from the theory of dynamical
systems that are used in the paper. The content of this appendix is mainly based on
the books [6, 7].
We consider an autonomous dynamical system of the form

ẋ = f (x), (35)
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where f : R
n −→ R

n is a C 1 vector field and x : R
+
0 −→ R

n is a function,
x = x(t). In the particular case of a planar dynamical system (n = 2) we introduce
the following notation

x = (x, y)T, f1(x) = P(x, y), f2(x) = Q(x, y), (36)

and rewrite Eq. (35) in the form

ẋ = P(x, y), ẏ = Q(x, y). (37)

Theorem 2 Consider the planar dynamical system (37) with P(x, y) and Q(x, y)

being analytic functions of (x, y) in some open subset E ⊂ R
2 containing the origin.

Assume that the Taylor expansions of P and Q about the origin begin with mth-degree
terms P(m)(x, y) and Q(m)(x, y) with m ≥ 1. Then any orbit of the planar dynamical
system (37) that approaches the origin as t → +∞ either spirals toward the origin
as t → +∞ or it tends toward the origin in a definite direction θ = θ0 as t → +∞.
If the function g(x, y) = xQ(m)(x, y) − yP(m)(x, y) is not identically null, then all
directions of the approach θ = θ0 satisfy the relation

cos θ0Q(m)(cos θ0, sin θ0) − sin θ0P(m)(cos θ0, sin θ0) = 0. (38)

Moreover, if one orbit of the system (37) spirals toward the origin as t → +∞ then
all trajectories of (37) in a deleted neighborhood of the origin spiral toward the
origin as t → +∞.

For details on Theorem 2, see Ref. [7], page 140, Th. 2.
Now, we recall the definition of a sector, with reference to the planar dynamical
system (37), as well as the possible character of a sector. If the Taylor expansions
of P and Q about the origin begin with mth-degree terms P(m) and Q(m) and if the
function

g(θ) = cos θ Q(m)(cos θ, sin θ) − sin θ P(m)(cos θ, sin θ)

is not identically null, from Theorem 2 it follows that there are at most 2(m + 1)
directions, obtained as the solutions of the equation g(θ) = 0, along which a orbit of
the system (37) may approach the origin. Thus, the solution curves of the system (37)
that approach the origin along these directions divide a neighborhood of the origin
into a finite number of open regions called sectors. Three types of sectors can occur,
namely either a hyperbolic, parabolic or an elliptic sector when it is topologically
equivalent to the sector represented in Fig. 5, picture (a), (b) and (c), respectively,
where the directions of the flow need not to be preserved. Moreover, the trajectories
that lie on the boundary of a hyperbolic sector are called separatrixes.
Another important concept that is used in this paper is the Morse index of a fixed
point of the dynamical system (37). We begin with the definition of the index of a
Jordan curve. Let f = (P, Q)T be a C 1 vector field on an open subset E ⊂R

2 and
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(a) (b) (c)

Fig. 5 Sector in the neighborhood of the origin of hyperbolic type (a), parabolic type (b) and
elliptic type (c)

let C be a Jordan curve contained in E , such that the system (37) has no fixed point
on C . The index of C relative to f is the integer i(C ) computed as

i(C ) = 1

2π

∮

C

Pd Q − Qd P

P2 + Q2 .

Let x0 be an isolated fixed point of system (37) and assume that the Jordan curve C
contains x0 and no other fixed points of (37) on its interior. The Morse index of x0
with respect to f is defined by

i(x0) = i(C ).

The following result is very convenient for the evaluation of the Morse index of a
fixed point. It is stated for a fixed point at the origin but it is also valid for an arbitrary
fixed point x0.

Theorem 3 Consider the planar dynamical system (37) with P(x, y) and Q(x, y)

being analytic functions of (x, y) in some open subset E ⊂ R
2 containing the origin.

If the origin is an isolated fixed point of the system (37) then the Morse index of the
origin, say i , satisfies the relation

i = 1 + 1

2
(e − h), (39)

where e and h indicate the number of elliptic and hyperbolic sectors, respectively,
in a neighborhood of the origin.

For details on Theorem 3, see Ref. [7], page 305, Th. 7.
As a consequence of Theorem 3, it follows that the number h of hyperbolic sectors
and the number e of elliptic sectors have the same parity.
Further concepts and properties that are used in the analysis developed in Sect. 4
are those related to the α- and ω- limit sets of and orbit. We come back to the
dynamical system (35) and assume that, for each x0 ∈ R

n , the system has a unique
global solution x ∈ C 1(R) such that x(0) = x0. We say that an equilibrium point
x∗ is an ω-limit point of the solution x(t) if there exists a sequence tn → +∞
such that limn→+∞ x(tn) = x∗. The set of all ω-limit points of the solution x(t) is
called its ω-limit set. Analogously, by considering a sequence tn → −∞, such that
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limn→−∞ x(tn) = x∗, we define the concepts of an α-limit point and the α-limit set
of a solution x(t). Since solutions with the same orbit have equal ω- and α-limit sets,
we will refer to ω- and α-limit sets of an orbit γ , and we will denote them by ω(γ )

and α(γ ), respectively. The following two theorems state important results on the
limit sets ω(γ ) and α(γ ), that are used in Sect. 4.

Theorem 4 (LaSalle Invariance Principle) Let S ⊂ R
n be a compact and positively

invariant subset of the dynamical system (35), and Z : S −→ R a C 1 monotone
function along the flow of the dynamical system. Let γ be an orbit in S. Then

ω(γ ) ⊆
{

x ∈ S : Z ′(x) = 0
}
,

where Z ′ = ΔZ · f .

For details on Theorem 4, see Ref. [6], page 103, Th. 4.11.

Theorem 5 (Monotonicity Principle) Let S ⊂ R
n be an invariant subset of the

dynamical system (35) and Z : S −→ R a C 1 strictly monotonically decreasing
function along the flow of the dynamical system. Let a and b be defined by a =
inf{Z(x) : x ∈ S} and b = sup{Z(x) : x ∈ S}. Let γ be an orbit in S. Then

α(γ ) ⊆
{

s ∈ ∂S : lim
x→s

Z(x) �= a
}
, ω(γ ) ⊆

{
s ∈ ∂S : lim

x→s
Z(x) �= b

}
,

For details on Theorem 5, see Ref. [6], page 103, Th. 4.12. Finally, the following
theorem states a crucial result about the limit sets ω(γ ) and α(γ ) in the particular
case of a dynamical system in R

2.

Theorem 6 (Generalized Poincaré-Bendixson)Consider the dynamical system (35)
onR2, and suppose that the dynamical system has only a finite number of equilibrium
points. Then, for any orbit γ of the dynamical system, each one of the limit sets ω(γ )

and α(γ ) can only be one of the following: an equilibrium point; a periodic orbit
the union of equilibrium points and heteroclinic cycles.

For details on Theorem 6, see Ref. [7], page 101, Th. 4.10, or Ref. [6], page 245,
Th. 2.

References

1. Calogero, S.: A kinetic theory of diffusion in general relativity with cosmological scalar field.
J. Cosmol. Astropart. Phys. 11(JCAP11), 1–16 (2011)

2. Calogero, S.: Cosmological models with fluid matter undergoing velocity diffusion. J. Geom.
Phys. 62(11), 2208–2213 (2012)

3. Stephani, H., Kramer, D., MacCallum, M., Hoenselaers, C., Herlt, E.: Exact Solutions of
Einstein’s Field Equations. Cambridge University Press, Cambridge (2003)



Dynamical Properties of a Cosmological Model with Diffusion 333

4. Wald, R.M.: General Relativity. University of Chicago Press, Chicago (1984)
5. Alho, A., Calogero, S., Ramos,M.P.M., Soares A.J.: Dynamics of Robertson-Walker spacetimes

with diffusion. Annals Phys 354, 475–488 (2015)
6. Wainwright, J., Ellis, G.F.R.: Dynamical Systems in Cosmology. Cambridge University Press,

Cambridge (1997)
7. Perko, L.: Differential Equations and Dynamical Systems, 3rd edn. Springer, New York (2000)
8. Bendixson, I.: Sur les courbes définies par des équations différentielles. Acta Mathematica 24,

1–88 (1901)



The Structure of Shock Waves
in Dissipative Hyperbolic Models

Srboljub Simić

Abstract The study is devoted to the shock structure problem in hyperbolic sys-
tems of balance laws, where the dissipation is taken into account through relaxation.
Thesemodels typically arise by extending the set of state variables, as well as govern-
ing equations. The existence of physically admissible solution is related to stability
properties of equilibrium states and their transcritical bifurcation. The main exam-
pleswill be the hyperbolicmodel of isothermal viscoelasticity, 13moments equations
for monatomic gases and the binary mixture of non-reacting ideal gases. The prob-
lems which arise in models with mixed type of dissipation, i.e. both relaxation and
diffusion, are tackled as well.

Keywords Shock structure · Hyperbolic systems · Stability

1 Introduction

Shock waves are regarded as localized abrupt changes of state variables which move
through space.Mathematicalmodels in continuumphysics are often given the formof
hyperbolic systems of conservation laws [5]. In this case shockwaves are represented
asmoving singular surfaces onwhich jumps of state variables occur.When themodel
comprises certain type of dissipation, the jumps are regularized—transformed into
continuous solutions of field equations with narrow regions where state variables
have steep gradients.

Dissipative mechanisms can be modeled in different ways. The most common
one is through diffusive type relations which lead to parabolic systems of balance
laws [13]. The term parabolic is not used here in a strict mathematical sense, but as
an indication that the system predicts infinite speed of propagation of disturbances,
in contrast to finite speeds of propagation in hyperbolic systems. Such parabolic
systems can be regarded as perturbations of hyperbolic systems of conservation
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laws, which can be recovered in the so-called vanishing viscosity limit [7] (the name
borrowed from the physically best known example). They also admit existence of
continuous traveling wave solutions which asymptotically connect two states of the
system corresponding to the jumps of state variables in hyperbolic systems [8]. In
this case it is said that the shock wave is endowed with a structure, i.e. we have a
shock structure instead of a shock wave.

Another way of including dissipation into the model is through relaxation mech-
anism [14]. Namely, the system of field equations can be extended by the evolution
equations which describe the trend of the fluxes towards the equilibrium values
[18]. This introduces several new features in the model: (a) the state space becomes
extended—the fluxes are treated as state variables; (b) it retains the hyperbolicity,
at least in a certain region of the extended state space; (c) the characteristic speeds
(speeds of propagation of the disturbances) of the extended system may not coin-
cide with the ones of the basic hyperbolic system. It is also common to regard the
characteristic time in which relaxation towards equilibrium occur—so-called relax-
ation time—as small compared to the time needed for significant changes of the
state variables. In such a way extended hyperbolic systems of balance laws appear as
singularly perturbed systems and one can recover the underlying hyperbolic system
of conservation laws in the limit of infinitely small relaxation time. These models
gained less popularity because they lie at the border of continuum approach—they
tend to capture non-equilibrium phenomena in a more precise way, and thus bridge
the gap between macroscopic and mesoscopic level of description. However, the
main feature of these systems, which is of interest for the present study, is that they
also admit the existence of the shock structure [27].

The aim of this review is to show recent results related to the existence of the shock
structure in dissipative hyperbolic models. The main feature that will be analyzed is
the bifurcation of equilibrium states and their stability properties. In Sect. 2 exam-
ples of particular dissipative hyperbolic systems will be analyzed: hyperbolic model
of isothermal viscoelasticity, 13 moments model of viscous and heat-conducting
monatomic gas and binary multi-temperature mixture of ideal gases. It will be shown
that exchange of stability properties of equilibrium states coincide with the bifurca-
tion of solution of Rankine-Hugoniot equations of the underlying equilibrium (non-
dissipative) subsystem.Also, it will be shown that the existence of the shock structure
for weak shocks can be proved by solving the bifurcation equation. Motivated by the
aforementioned examples, the mathematical framework for stability and bifurcation
analysis of the shock structure in hyperbolic systems will be delineated in Sect. 3.
Moreover, extension to mixed hyperbolic-parabolic models will also be discussed.

2 Shock Structure in Hyperbolic Systems of Balance Laws

The main assumption in the present study of the shock structure will be that
shock waves, i.e. singular surfaces (shock fronts) moving through space, are plane
waves moving in direction orthogonal to the shock front at constant speed. As a
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consequence, the analysis can be confined to wave propagation in one space dimen-
sion, say x , and the travelingwaves can be represented as functions of a single variable
ξ = x − st , where s is the constant speed of the shock wave. This will reduce the
original system of governing equations to a system of ordinary differential equations
(ODE’s) which will be studied by the methods of dynamical systems theory.

2.1 Isothermal Viscoelasticity

The simplest example to be studied will be the model of isothermal viscoelasticity,
proposed by Suliciu [25]. Starting point, i.e. non-dissipative hyperbolic system of
conservation laws, is the celebrated p−system [7] which models elastic response of
the medium

∂t u
1 − ∂x u2 = 0, (1)

∂t u
2 − ∂x p(u1) = 0.

In (1) u1 and u2 are state variables and ∂t and ∂x denote partial derivatives with
respect to time and space variable, respectively. Characteristic speeds of the system
are (u = (u1, u2)T stands for the vector of state variables)

λ1(u) = −
√

p′(u1), λ2(u) =
√

p′(u1). (2)

Certain assumptions have to be made about the function p(u1) in order to assure
hyperbolicity of the system, p′(u1) �= 0, and genuine nonlinearity of the charac-
teristic speeds, p′′(u1) > 0 (or p′′(u1) < 0). Rankine-Hugoniot equations, which
govern the jump of state variables, for (1) read

s
(

u1
0 − u1

1

)
+

(
u2
0 − u2

1

)
= 0, (3)

s
(

u2
0 − u2

1

)
+

(
p(u1

0) − p(u1
1)

)
= 0,

where s is the speed of shock, and subscripts 0 and 1 denote the states of the system in
front and behind the shock, respectively. Equation (3) have trivial solution, u1

0 = u1
1,

u2
0 = u2

1, for any s. Nontrivial solution bifurcates from the trivial one in the neigh-
borhood of the critical value of the shock speed, i.e. the one which coincides with
the characteristic speed: s = λ1(u1

0), or s = λ2(u1
0). However, nontrivial solutions

of Rankine-Hugoniot equations are not physically admissible for any s. In this study
we shall use the Lax condition to select the admissible solution. For the shock wave
moving in positive x direction it reads

√

p′(u1
0) < s <

√

p′(u1
1). (4)
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Note finally that the simplicity of the model allows reduction of the Rankine-
Hugoniot equations (3) to a single equation of the form

s2
(

u1
0 − u1

1

)
−

(
p(u1

0) − p(u1
1)

)
= 0. (5)

To comprise dissipation this model can be extended by the equation which takes
into account viscous effects. By introducing non-equilibrium variable v, which plays
the role of stress, Suliciu’s model is written in the following form [25]

∂t u
1 − ∂x u2 = 0,

∂t u
2 − ∂x v = 0, (6)

∂t v − μ∂x u2 = −1

τ

(
v − p(u1)

)
.

where τ is a small parameter and μ > 0. When τ → 0, v → p(u1), so that vE =
p(u1) determines the equilibrium manifold; on equilibrium manifold the system
(6) is reduced to (1), thus called the equilibrium subsystem. Important feature of
extendedmodel (6) is that its characteristic speeds differ from the ones of equilibrium
subsystem (U = (u1, u2, v)T being the extended vector of state variables)

Λ1(U) = −√
μ, Λ2(U) = 0, Λ3(U) = √

μ, (7)

but the entropy dissipation inequality requires that the subcharacteristic condition
[3, 4] has to be satisfied on equilibrium manifold UE = (u1, u2, p(u1))T

Λ1(UE) ≤ λ1(u) < λ2(u) ≤ Λ3(UE). (8)

Analysis of the shock structure starts with the assumption that solution has the
form of a traveling wave, U = U(ξ), where ξ = (x −st)/τ is the scaled independent
variable. By denoting U̇ = dU/dξ , (6) is reduced to the following set consisted of
two algebraic equations and a single ordinary differential equation (ODE), named
shock structure equations

s(u1 − u1
1) + (u2 − u2

1) = 0,

s(u2 − u2
1) + (v − p(u1

1)) = 0, (9)

sv̇ + μu̇2 = v − p(u1).

Algebraic equations (9)1,2 emerged from (6)1,2 through integration, using the down-
stream equilibrium data U1 = U(∞) = (u1

1, u2
1, p(u1

1))
T . Taking (9)1,2 to express

u2 and v in terms of u1, the shock structure problem can be reformulated in terms of
a single ODE

u̇1 = θ(u1, s) = s2
(
u1 − u1

1

) − p(u1) + p(u1
1)

s
(
s2 − μ

) , (10)
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in which the shock speed s is a parameter. This equation reveals two important
features of the shock structure problem. First, stationary points of (10) are located
on the equilibrium manifold, thus recovering the Rankine-Hugoniot equations (5)
(or (3)) of the equilibrium subsystem. Second, the shock structure equations become
singular whenever the shock speed meets the characteristic speed (7) of the extended
system (6).

The shock structure is a continuous solution which asymptotically connects equi-
librium states of the system at infinity

U0 = U(−∞) = (u1
0, u2

0, p(u1
0))

T , U1 = U(∞) = (u1
1, u2

1, p(u1
1))

T . (11)

To that end it is important to determine the stability properties of the stationary
points. Starting from (10), the linearized variational equation can be derived in the
neighborhood of downstream equilibrium

ẏ = Θ(u1
1, s)y, Θ(u1

1, s) = ∂θ

∂u1 (u1
1, s) = s2 − p′(u1

1)

s
(
s2 − μ

) , (12)

where y = u1 − u1
1. Stability of the stationary point is determined by the sign of

Θ(u1
1, s), and it depends on the shock speed s. It is obvious that Θ(u1

1, s∗) = 0 for

s∗ = ±
√

p′(u1
1). (13)

Moreover, Θ(u1
1, s) changes the sign in the neighborhood of the critical shock

speed s∗

∂Θ

∂s
(u1

1, s∗) = − 2

μ − p′(u1
1)

�= 0, (14)

thus indicating that downstream equilibrium changes its stability. Namely, the fol-
lowing conclusion can be drawn

• u1
1 is unstable for s < s∗ = λ2(u1

1),• u1
1 is stable for s > s∗ = λ2(u1

1),

which can be related to Lax condition (4).
The existence of the shock structure can be proved by further expansion of the

variational equation. Retaining the lowest order nonlinear terms, in this case the
second order ones, the following equation is obtained

ẏ ≈ 1

2(μ − p′(u1
1))

⎛

⎝−2εy + p′′(u1
1)√

p′(u1
1)

y2

⎞

⎠ , (15)
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where ε = s − s∗. Equation (15) itself can be regarded as bifurcation equation
and it describes the transcritical bifurcation of equilibria. It also yields continuous
solution, at least for small ε, which asymptotically connects upstream equilibrium u1

0
with downstream one u1

1, provided the critical value of the shock speed corresponds
to the genuinely nonlinear characteristic speed of the equilibrium subsystem. This
implies the existence of the shock structure for weak shocks.

The analysis of Suliciu’s model of isothermal viscoelasticity reveals the following
three important properties [21]:

1. equilibrium states correspond to the solutions of Rankine-Hugoniot equations on
equilibrium manifold (i.e. of the equilibrium subsystem);

2. they change stability properties when shock speed crosses the characteristic speed
of the equilibrium subsystem;

3. stationary points obey transcritical bifurcation pattern.

Our aim is to show that these properties hold also in more involved dissipative
systems, and to delineate the general mathematical structure which lies beneath
these features.

2.2 13 Moments Model

The 13 moments model was proposed by Grad [10] within the kinetic theory of
monatomic gases. Later it became a part of an approach known as extended thermo-
dynamics [18], a continuum theory which bridges the gap between macro and meso
scale. One of the important features of themodel is its hyperbolicity, at least in certain
region of the extended state space. Nucleus of the model is consisted of conservation
laws of mass, momentum and energy. In one-dimensional case the equations are

∂tρ + ∂x (ρv) = 0,

∂t (ρv) + ∂x (ρv2 − σ + p) = 0, (16)

∂t

(
1

2
ρv2 + ρe

)

+ ∂x

((
1

2
ρv2 + ρe

)

v − σv + pv + q

)

= 0,

where ρ,v,e, p,σ and q are mass density, velocity, internal energy density, pressure,
stress and heat flux of the gas, respectively. They are adjoined with thermal and
caloric equations of state

p = p(ρ, T ) = ρ
kB
m

T, e = e(ρ, T ) = 3

2

kB
m

T, (17)

where T is temperature of the gas, kB the Boltzmann constant and m the atomic
mass. If the stress and the heat flux can be neglected, σ = 0, q = 0, then (16)
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reduce to classical Euler’s gas dynamics equations, and the vector of state variables
is u = (ρ, v, T )T . The characteristic speeds in the Euler’s model are

λ1(u) = v − cs, λ2(u) = v, λ3(u) = v + cs, (18)

cs =
(
5

3

kB

m
T

)1/2

,

cs being the local speed of sound. Admissibility of the shock waves, moving with
speed s, is provided by the Lax condition

λ3(u0) < s < λ3(u1), (19)

where u0 and u1 are the states in front and behind the shock, respectively, which are
determined as solutions of Rankine-Hugoniot equations.

Classical way of introducing dissipation into Euler’s equations (16) is to propose
the constitutive relations of Navier-Stokes-Fourier type for the stress and heat flux

σ = 4

3
μ∂x v, q = −κ∂x T, (20)

where μ and κ are viscosity and heat-conductivity, respectively. Although widely
accepted, this model has two major drawbacks: it predicts infinite speeds of propa-
gation of disturbances and it is valid only in the neighborhood of local equilibrium
state. Another way to introduce dissipation is to extend the system of governing
equations by the balance laws for the stress and the heat flux. In one space dimension
they read

∂t
(
ρv2 + p − σ

) + ∂x

(

ρv3 + 3pv − 3σv + 6

5
q

)

= 1

τσ

σ,

∂t

(
1

2
ρv3 + 5

2
pv − σv + q

)

(21)

+ ∂x

(
1

2
ρv4 + 4pv2 − 5

2
σv2 + 16

5
qv − 7

2

p

ρ
σ + 5

2

p2

ρ

)

= − 1

τq

(

q − 3

2
σv

)

.

In (21) τσ and τq are small parameters—relaxation times. In the course of derivation
of this model there appears the closure problem, which can be solved by the Grad’s
method [10], application of the entropy inequality (extended thermodynamics [18])
and by the use of maximum entropy principle [6]. This problemwill not be discussed
in this study. The extended set of state variables nowbecomesU = (ρ, v, T, σ, q)T .
The equilibrium manifold is determined by UE = (ρ, v, T, 0, 0)T and the equilib-
rium subsystem becomes the system of Euler’s equations (16). Characteristic speeds
of the 13 moments model (16)–(21) on equilibrium manifold are

Λ1(UE) = v − 1.6503cs, Λ2(UE) = v − 0.6297cs, Λ3(UE) = v, (22)

Λ4(UE) = v + 0.6297cs, Λ5(UE) = v + 1.6503cs .
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They fulfill the subcharacteristic condition

Λ1(UE) < λ1(u) < λ3(u) < Λ5(UE). (23)

The stability and bifurcation analysis of the 13 moments model is given in detail in
[22]. We shall give here only the results which are the most important for the present
study.

Assuming the traveling wave solution and exploiting the conservation laws (16),
the problem can be reduced to a set of two ODE’s of the first order

du

dξ
= F(u, T, M0),

dT

dξ
= G(u, T, M0), (24)

where u and T are dimensionless velocity and temperature, respectively, ξ is dimen-
sionless space variable and M0 is Mach number in upstream equilibrium. The Mach
number is regarded as a parameter in the model and M0 = 1 corresponds to the
highest characteristic speed of the equilibrium subsystem. Explicit form of (24) can
be found in [22]. Equilibrium states, that are at the same time the stationary points
of (24), are given by

u0 = M0, T0 = 1, u1 = 3 + M2
0

4M0
, T1 = 1

16

(

14 − 3

M2
0

+ 5M2
0

)

, (25)

subscripts 0 and 1 corresponding to upstream and downstream equilibrium, respec-
tively. They coincide with solutions of the Rankine-Hugoniot equations of the equi-
librium subsystem. It was shown by Gilbarg and Paolucci [8] in the case of Navier-
Stokes-Fourier model that the shock structure can be constructed as a heteroclinic
orbit which asymptotically connects stationary points. The result was confirmed by
Grad [11] and Weiss [27] for 13 moments model.

In [22] it was shown by means of linear stability analysis that stationary points
change their stability propertieswhile M0 is changed.Namely, there is one eigenvalue
at each stationary point which changes the sign for the critical value of Mach number
M0 = 1, while the other one remains negative. Consequently, upstream equilibrium,
which is a stable node for M0 < 1, becomes a saddle for M0 > 1, and vice versa for
downstream equilibrium. Since M0 > 1 corresponds to physically admissible solu-
tions of the Rankine-Hugoniot equations, heteroclinic orbit asymptotically connects
upstream saddle to downstream stable node. Moreover, two stability inequalities
emerge

0 < λ01(M0) ⇔ λ11(M0) < 0, (26)

which are equivalent to the Lax condition (19) (Fig. 1).
Bifurcation analysis in the the spirit of the previous subsection can be performed

in this case also. It is based upon center manifold reduction procedure and leads to
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Fig. 1 Eigenvalues of the
linearized variational
equations of 13 moments
model in upstream (λ01, λ02)
and downstream (λ11, λ12)
equilibrium

Fig. 2 Bifurcation diagram for the 13 moments model: y is lumped state variable and ε = M0 − 1

the following bifurcation equation [22]

dy

dξ
≈ 10

7
εy − 20

7
y2, (27)

where y is lumped state variable obtained in the course of normal form reduction
and ε = M0 − 1. Like in the case of isothermal viscoelasticity, we obtain again a
transcritical bifurcation pattern (Fig. 2). It was shown in [22] that the same stability
results, and the very same bifurcation equation (27), are obtained also in the case of
higher order hyperbolic dissipative models of gas dynamics, like 14 and 21 moments
models. This indicates the general pattern which has to be sought in the analysis of
weak shocks and corresponding shock structures in hyperbolic systems.

2.3 Binary Multi-temperature Mixture of Ideal Gases

Multi-temperature (MT) model of mixtures of Euler fluids is developed within the
framework of extended thermodynamics. It is deeply rooted in the principles of
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rational thermodynamics, proposedbyTruesdell [26],which roughly state that behav-
ior of each constituent is described by the same balance laws as for a single fluid,
as long as we take into account the influence of other constituents upon it. On the
other hand, it is a continuation of the mixture theory developed byMüller [17] which
removed the paradox of infinite speeds present in classical thermodynamics of irre-
versible processes. At the same time it is in agreement with macroscopic equations
derived from kinetic theory of gases [2].

Structure of theMTmodel ofmixtureswas studied byRuggeri and Simić [19], and
some of its properties were analyzed in [9, 20, 23, 24]. Recently, the shock structure
problem was studied by Madjarević and Simić [16] for comparison with available
experimental data. Thorough derivation of governing equations for a binary mixture
may be found in [19] and in the paper by Madjarević [15] in the present volume.
Therefore, our starting point will be the one-dimensional shock structure equations
for a binary mixture of non-reacting Euler fluids with respect to a single independent
variable ξ = x − st , s being the shock speed

d

dξ
(ρu) = 0,

d

dξ

(

ρu2 + p + J 2

ρc(1 − c)

)

= 0,

d

dξ

{(
1

2
ρu2 + ρε + p

)

u +
(

u J

ρc(1 − c)
+ 1

β

)

J

}

= 0,

d

dξ
(ρcu + J ) = 0, (28)

d

dξ

{

ρcu2 + J 2

ρc
+ 2u J + p1

}

= m̂1,

d

dξ

{(
1

2
ρc

(

u + J

ρc

)2

+ ρcε1 + p1

) (

u + J

ρc

)}

= m̂1u + ê1.

In (28) ρ is the mixture mass density, u = v − s is relative mixture velocity with
respect to the shock front, c = ρ1/ρ is the mass concentration of the first constituent,
J = ρ1u1(= −ρ2u2) is the diffusion flux of the first constituent expressed in terms
of diffusion velocity u1 = v1 − v (u2 = v2 − v). Also, p and ε are pressure and
internal energy density of the mixture, p1 and ε1 are the same partial quantities for
the for the first constituent, while β determines the so-called thermal inertia

β = 1

g1 − g2
, gα = εα + pα

ρα

+ u2
α

2
, (α = 1, 2). (29)

Mutual interaction between the constituents is described by the source terms m̂1 and
ê1 (for detailed analysis of the structure of source terms see Madjarević [15] in this
volume).



The Structure of Shock Waves in Dissipative Hyperbolic Models 345

The system of governing equations is consisted of two parts: equations (28)1−3 are
the conservation laws of mass, momentum and energy for the mixture, while (28)4−6
are balance laws of mass, momentum and energy for the first constituent. Thus, the
system fits into the concept of extended thermodynamics if one regard density ρ,
(relative) velocity u and (average) temperature T as basic state variables, and take
the concentration c, diffusion flux J and diffusion temperature Θ = T2 − T1 as their
extension. Therefore, the extended state vector reads U = (ρ, u, T, c, J, Θ)T .
Source terms determine the equilibrium manifold as J = 0, Θ = 0, and c = const.
along the trajectory. In such a way the system of conservation laws for the mixture
(28)1−3 becomes the equilibrium subsystem.

The shock structure problem consists in finding the heteroclinic orbit in the
extended phase space which connects two equilibrium states

U(−∞) = U0, U(∞) = U1, U̇(±∞) = 0. (30)

By the analysis of (28) one easily determines that equilibrium states in dimensionless
form are

U0 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
M0
1
c0
0
0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

, U1 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

4M2
0

3+M2
0

3+M2
0

4M0

1
16

(

14 − 3
M2

0
+ 5M2

0

)

c0
0
0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (31)

where M0 is the Mach number in upstream equilibrium calculated with respect to
equilibrium sound speed of the mixture. Note that ρ, u and T satisfy Rankine-
Hugoniot equations for equilibrium subsystem (28)1−3, c = c0 and J = 0, Θ = 0
in both equilibrium states.

The shock structure equations (28) have a property which distinguishes them from
the same kind of equations in isothermal elasticity (9) and in 13moments model (24).
Namely, although (28) consists of four conservation laws and two balance laws, the
system cannot be reduced to a minimal set of ODE’s, i.e. two ODE’s, since the
singularity appears at equilibrium states (stationary points) and in the interior of the
domain. It is a consequence of the physical mechanism present in the model: lighter
gas is heated first within the shock structure, but heavier one becomes hotter in the
rear part of the profile. Thus, diffusion temperature changes the signwithin the profile
and there is a point −∞ < ξ∗ < ∞ where Θ(ξ∗) = 0.

Among several possibilities for solution of the problem we decided to analyze
the whole system (28) and determine the character of stationary points in the whole
extended phase space. General form of the shock structure equations is
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d

dξ
F(U) = Q(U) ⇔ A(U)

dU
dξ

= Q(U), (32)

where A(U) = DF(U) is Jacobian matrix. By linearizing (32) in the neighborhood
of U0 one obtains

A(U0)
dΔU
dξ

= P(U0)ΔU, (33)

whereΔU = U−U0 and P(U0) = DQ(U0). Eigenvalue problem and characteristic
equation corresponding to (33) then read

λA(U0)R = P(U0)R; det(P(U0) − λA(U0)) = 0, (34)

R being the right eigenvector. The same can be done at the equilibrium state U1.
Since there are four conservation laws in the system, there will be four eigenvalues
λi ≡ 0 at both equilibrium states. Consequently, stationary points are not hyperbolic
in the sense of dynamical system theory [12]. Among remaining two eigenvalues
there is one which changes the sign in the neighborhood of the critical value of Mach
number M0 = 1, while the last one is negative in the same neighborhood. In Fig. 3
the graphs of the eigenvalues are shown for the case of the mixture of Helium and
Xenon. They confirm the observations given above.

Although the behavior of the eigenvalues indicate possible transcritical bifurcation
of equilibra, i.e. there exist a single eigenvalue which changes the sign when the
shock speed crosses the value which coincides with the highest characteristic speed
of the equilibrium subsystem, we shall not pursue with this analysis. Namely, in
the first two cases (isothermal viscoelasticity and 13 moments model) stationary
points were hyperbolic and the hyperbolicity was lost only for certain value of the
parameter (Mach number M0), which formally permits application of the center
manifold reduction. In the MT model stationary points are not hyperbolic and the
center manifold reduction is not straightforward, but this does not prevent numerical

Fig. 3 Eigenvalues of the
linearized variational
equations of MT model for
binary mixture of Helium
and Xenon in upstream
(λ02, λ03) and downstream
(λ12, λ13) equilibrium
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construction of the shock structure [15, 24]. However, one has to keep in mind that
hyperbolicity of stationary points in first two cases was achieved by reduction of
the system of shock structure equations—analysis of the original system also yields
non-hyperbolic stationary points in the extended phase space. This fact indicates that
there exist a common mathematical structure underlying the existence of the shock
structure.

3 Stability Aspects of the Shock Structure Problem

Motivated by the common properties of the stationary points in dissipative hyperbolic
models, we shall try to extract in this section their common features related to the
shock structure problem. The attention will be restricted to the properties of the
eigenvalues in hyperbolic and mixed hyperbolic-parabolic models.

3.1 Stability of Equilibrium States in Hyperbolic Models

Consider the hyperbolic system of conservation laws in one space dimension

∂t u + ∂x F(u) = 0, (35)

where u ∈ Rn is the vector of state variables and F(u) ∈ Rn is the vector of fluxes.
To (35) one may adjoin the eigenvalue problem

(−λI + DF(u))r = 0, (36)

where I is identity matrix, DF(u)) is Jacobian matrix of F and r ∈ Rn . If all the
eigenvalues λi (u) are real, the system (35) is said to be hyperbolic in t−direction
and the eigenvalues are called characteristic speeds.

Systems of conservation laws admit weak solutions with jumps, where the jumps
of state variables are determined as solutions of Rankine-Hugoniot equations

[F(u)] = s [u] , (37)

s being the shock speed and [( )] = ( )1−( )0, subscripts indicating the states in front
(0) and behind (1) the shock. Nontrivial solutions of Rankine-Hugoniot equations,
which are of interest for our analysis, bifurcate from the characteristic speeds, i.e.
they exist in the neighborhood of s = λi (u0). However, not all of them are admissible
and one must take into account appropriate selection rules. For our purposes it will
be sufficient to use the Lax condition (where we implicitly assumed that all the
eigenvalues are distinct)
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λ1(u0) < . . . < λi (u0) < s < λi+1(u0) < . . . < λn(u0),

λ1(u1) < . . . < λi−1(u1) < s < λi (u1) < . . . < λn(u1),

which can be combined into a single inequality for the so-called i−shock

λi (u0) < s < λi (u1). (38)

Common way of introducing dissipation in continuum physics is to endow con-
servation laws (35) with diffusive term. In mathematical literature it is usually called
(vanishing) viscosity approach and the model has the following structure [7]

∂t u + ∂x F(u) = ε∂x (B(u)∂x u), (39)

where B(u) is the viscosity matrix and ε > 0 a small parameter. Shock waves
in these systems are regularized, i.e. endowed with a continuous structure. When
the traveling wave solution is assumed, the shock structure can be represented as a
heteroclinic orbit in the phase space. Existence of the shock structure is naturally
related to the Lax admissibility condition (38), but the existence of heteroclinic orbits
is not a prerogative admissible equilibrium states—they exist even for non-admissible
solutions of Rankine-Hugoniot equations of (37) (see [22] for more details in the
context of Navier-Stokes-Fourier model).

The hyperbolicity of the model can be preserved in the dissipative case also if we
extend the set of state variables and derive the extended set of governing equations
in the form of the system of balance laws

∂t U + ∂x F̂(U) = 1

τ
Q(U), (40)

with the following structure

U =
(

u
v

)

,
u ∈ Rn,

v ∈ Rm,
F̂(U) =

(
f(u, v)

g(u, v)

)

, Q(U) =
(

0
q(u, v)

)

. (41)

In (41) U ∈ RN , N = n + m, is the extended set of state variables, F̂(U) is the
corresponding vector of fluxes, Q(U) is the vector of source terms and τ > 0 a small
parameter—relaxation time. It is important assumption that there exist an equilibrium
manifold in the extended phase space determined by relation

q(u, v) = 0. (42)

We shall also assume that (42) can be solved for v, so that equilibrium manifold is
explicitly determined

q(u, v) = 0 ⇒ vE = h(u) as τ → 0. (43)
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On equilibrium manifold system (40) is reduced to an equilibrium subsystem

∂t u + ∂x f(u, h(u)) = 0, f(u, h(u)) = F(u), (44)

which coincides with the system of conservation laws (35). To the differential part
of (40) one may adjoin the eigenvalue problem

(−ΛI + DF̂(U))R = 0, (45)

whose eigenvalues Λ j (U), if they are real, ought to satisfy the subcharacteristic
condition on equilibrium manifold

min
1≤ j≤N

Λ j (u, h(u)) ≤ λi (u) ≤ max
1≤ j≤N

Λ j (u, h(u)). (46)

Shock structure is assumed to be a traveling wave solution of (40) which asymp-
totically connects equilibrium states. To that end we assume the solution in the form

U = U(ξ), ξ = x − st

τ
, (47)

and reduce the systemof balance laws (40) to a systemofODE’s—the shock structure
equations

d

dξ

[
−sU + F̂(U)

]
= Q(U). (48)

They are equipped with the boundary conditions

U(−∞) = U0, U(∞) = U1, U̇(±∞) = 0, (49)

for which it is assumed

v(−∞) = vE0 = h(u0), v(∞) = vE1 = h(u1), (50)

i.e. the solution approach the equilibrium manifolds at infinity. By integrating the
conservative part of the system (48), one obtains −su + f(u, v) = const. Using the
boundary data (50) the Rankine-Hugoniot equations for equilibrium subsystem (44)
are recovered

f(u1, h(u1)) − su1 = f(u0, h(u0)) − su0. (51)

Therefore, we may conclude that shock structure connects equilibrium states of
the system (40), i.e. stationary points of (48), which correspond to the solution of
the Rankine-Hugoniot equations of the equilibrium subsystem (44). In view of that
fact, critical value of the shock speed s ought to be the one from which nontrivial
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solution of Rankine-Hugoniot equations bifurcate, i.e. the one which coincides with
the characteristic speed of the equilibrium subsystem.

Linear stability analysis of equilibrium states (stationary points), performed by the
spectral analysis of linearized variational equations derived from the shock structure
equations (48), yields that there are exactly n eigenvalues (corresponding to the
conservative part of the system) which are identical zeros

λ(ik )(U0) = λ(ik )(U1) ≡ 0, k = 1, . . . , n. (52)

Remaining m eigenvalues (corresponding to the non-equilibrium part of the system)
obey the following relations

λ( j1)(U0) < λ( j2)(U0) < . . . < λ( jm−1)(U0) < 0 < λ( jm)(U0), (53)

λ( j1)(U1) < λ( j2)(U1) < . . . < λ( jm−1)(U1) < λ( jm)(U1) < 0,

i.e. the highest eigenvalue has different signs at upstream and downstream equilibria.
Moreover, it is the only eigenvalue which changes the sign and it occurs when the
shock speed crosses the highest characteristic speed of the equilibrium subsystem

λ( jm)(U0, λn(u0)) = 0,
dλ( jm )

ds
(U0, λn(u0)) �= 0. (54)

This result, drawn from several convincing particular cases, which indicates the
occurrence of transcritical bifurcation pattern, is rather a conjecture than a genuine
theorem. The proof of this statement, which provides the general pattern recognized
in previous section, as well as proper bifurcation analysis, is still an open problem
for hyperbolic systems of balance laws. In the case of viscous dissipative systems
one may refer to a recent result of Achleitner and Szmolyan [1].

The promising aspect of the inequalities (53) is that stationary points U0 and U1
behave like saddle and stable node, respectively, albeit in generalized sense since
they are non-hyperbolic. This permits the numerical solution of the shock structure
problem (48)–(49) as an initial value problem [27].

3.2 Stability of Equilibrium States in Mixed
Hyperbolic-Parabolic Models

The final part of this review is actually related to the question: is there a generalization
of the stability and bifurcation analysis to the systems with both relaxation and
diffusive dissipative mechanisms? It is motivated by the analysis of MT model in
viscous approximation [15]. We shall restrict here to a simple remark tempting to
indicate the general structure.
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By the system of balance laws with relaxation and diffusion we shall assume the
following system of equations

∂t u + ∂x f(u, v, w) = 0,

∂t v + ∂x g(u, v, w) = 1

τ
q(u, v), (55)

B(u)∂x u = 1

ε
w,

for w ∈ Rn and u and v as in previous subsection. The part (55)3 recovers the
diffusive mechanism in which B(u) is viscosity matrix. The equilibrium manifold is
determined by two relations

q(u, v), w = 0. (56)

Omitting the complete analysis, we shall jump to the main result related to the linear
stability analysis of equilibrium states based upon shock structure equations. There
are still n eigenvalues which are identical zeros, like in (52). There is also one
eigenvalue with different signs in upstream and downstream equilibria, but it is not
anymore the highest one

λ( j1)(U0) < λ( j2)(U0) < . . . < λ( jk−1)(U0) < 0 < λ( jk)(U0) < · · · < λ( jm+n)(U0),

λ( j1)(U1) < λ( j2)(U1) < . . . < λ( jk−1)(U1) < λ( jk)(U1) < 0 < . . . < λ( jm+n)(U1).

However, it retains the property of changing the sign (54) when the shock speed
crosses the critical value corresponding to the highest characteristic speed of the
equilibrium subsystem. The fact that both stationary points are generalized saddles
in the extended phase space has important consequences on numerical solution of
the shock structure problem. Heteroclinic orbit cannot be constructed as solution of
the initial value problem, but one must solve it as a boundary value problem using
some appropriate discretization scheme, such as finite differences, and taking proper
initial guess.

4 Conclusion

This studywas devoted to the analysis of the shock structure in dissipative hyperbolic
models. The aimwas to show that the existence of physically admissible shock struc-
tures is related to stability properties of equilibrium states. To that end three particular
hyperbolic systems were studied: isothermal viscoelasticity, 13 moments model and
multi-temperature model of binary mixture of Euler fluids. In each of these cases
it was shown that stationary points change their stability properties when the shock
speed crosses the critical value which corresponds to a characteristic speed of the
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equilibrium (non-dissipative) subsystem. In first two examples it was also shown that
equilibrium states obey the transcritical bifurcation pattern. These examples moti-
vated a formulation of the general result, which remains to be proved for hyperbolic
dissipative systems, but has appropriate counterpart in parabolic models. Along with
this open problem, there has to be determined under which conditions equilibrium
states obey the transcritical bifurcation in hyperbolic andmixed hyperbolic-parabolic
models.
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24. Simić, S.: Shock structure problem in multi-temperature gaseous mixtures. Note Mat. 32,
207–225 (2012)

25. Suliciu, I.: On modelling phase transitions by means of rate-type constitutive equations. Shock
wave structure. Internat. J. Engng. Sci. 28, 829–841 (1990)

26. Truesdell, C.: Rational Thermodyn. McGraw-Hill, New York (1969)
27. Weiss, W.: Continuous shock structure in extended thermodynamics. Phys. Rev. E 52,

R5760–R5763 (1995)



Diffusion Coefficient for the Disordered
Harmonic Chain Perturbed by an Energy
Conserving Noise

Marielle Simon

Abstract We investigate themacroscopic behavior of the disordered harmonic chain
of oscillators, through energy diffusion. The hamiltonian dynamics of the disordered
system is perturbed by a degenerate conservative noise. After rescaling space and
time diffusively, energy fluctuations in equilibrium evolve according to a linear heat
equation (Simon, Equilibrium fluctuations for the disordered harmonic chain per-
turbed by an energy conserving noise, 2013). Here we concentrate on the diffusion
coefficient, given by the non-gradient Varadhan’s approach, and equivalently defined
through the Green-Kubo formula. We compare the two approaches and investigate
the convergence of the diffusion coefficient in a vanishing noise limit.

Keywords Disordered harmonic chain · Diffusion coefficient · Green-Kubo

1 Introduction

This work is based on [1], and addresses diffusion problems for harmonic chains of
oscillators with random defects. The purely deterministic disordered harmonic chain
of N oscillators was introduced in [2] and since then has attracted a lot of interest.
After the first analyses of [2, 3], Ajanki andHuveneers [4] study this disordered chain
when coupled at the boundaries to Langevin heat baths, with respective temperatures
TR and TL . They prove an anomalous heat transport in the following sense: if JN

denotes the total energy current across the chain, then

E

[∫

JN dμN
ss

]

∼ (TR − TL)N−3/2
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in the limitN → ∞, whereE states for the expectationw.r.t. the random environment
and μN

ss is the non-equilibrium stationary state for the dynamical system.
Here we study the diffusive behavior for the disordered harmonic chain, but per-

turbed by an energy conserving noise. Thanks to the stochastic perturbation, the con-
ductivity of the one-dimensional chain should become finite and positive. Besides,
some homogenization effect occurs and the conductivity does not depend on the
statistics of the disorder in the thermodynamic limit.

The disorder effect has already been investigated for lattice gas dynamics, for
example in [5–8]. These papers share one feature: the models are non-gradient due
to the presence of the environment. Non-gradient systems are usually solved by
establishing a microscopic Fourier law up to a small fluctuating term, following
the method initially developed by Varadhan in [9], and then generalized to non-
reversible dynamics [10]. The study of disordered chains of oscillators perturbed by
a conservative noise has appearedmore recently [11–13]. In these papers, the thermal
conductivity is studied via the Green-Kubo formula. Here, the diffusion coefficient
is furthermore defined through fluctuating hydrodynamics.

In [14], we have obtained the diffusive scaling limit for a homogeneous chain of
coupled harmonic oscillators perturbed by a noise, which randomly flips the sign
of the velocities, so that the energy is conserved but not the momentum. Our first
motivation was to investigate the same chain of harmonic oscillators, still perturbed
by the velocity-flip noise, but now provided with i.i.d. random masses. In [14], a
system of non-linear homogeneous hydrodynamic equations has been derived thanks
to the relative entropy method, and one of the major ingredient for the proof was an
exact fluctuation-dissipation equation (see for example [15]).

The disorder assumption makes all previous computations pointless: in particular,
the fluctuation-dissipation equations are not directly solvable anymore. To overcome
this difficulty, one replaces these exact equations by approximations: more precisely,
there exists a sequence of local functions for which an approximate fluctuation-
dissipation decomposition holds, in the sense that the difference has a small space-
time variance with respect to the dynamics in equilibrium. The main ingredients of
the usual non-reversible non-gradient method are: a spectral gap for the symmetric
part of the dynamics, and a sector condition for the total generator.

Our model has special features that enforce the Varadhan’s method to be con-
sidered with new perspectives. In particular, the symmetric part of the generator is
poorly ergodic, and does not have a spectral gap when restricted to microcanonical
manifolds. Moreover, due to the degeneracy of the noise, the asymmetric part of
the generator is not controlled by the symmetric part (in technical terms, the sector
condition does not hold), with the only velocity-flip noise. Besides, remark that the
energy current depends on the disorder, and has to be approximated by a fluctuation-
dissipation equation which takes into account the fluctuations of the disorder itself.

Because of the high degeneracy of the velocity-flip noise,we add a second stochas-
tic perturbation, that exchanges velocities (divided by the square root of mass) and
positions at random independent Poissonian times, so that a weak sector condition
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can be proved (see [1, Proposition 5.7]). However, the spectral gap estimate and the
usual sector condition still do not hold when adding the exchange noise, meaning
that the stochastic perturbation remains very degenerate. Due to the harmonicity of
the chain, the generator of the dynamics preserves the degree of polynomials, and
even a degenerate noise is sufficient to apply Varadhan’s method. The sector con-
dition and the non-gradient decomposition are only needed for a specific class of
functions. Contrary to the standard approach, we do not need to prove any general
result concerning the so-called closed forms (we refer to [16, 17] for the general
theory). This is a clear advantage of our model: since some difficult technical parts
are in some sense simplified, the usual approach to non-gradient problems becomes
slightly neater.

We show in addition that the diffusion coefficient can be equivalently defined by
the Green-Kubo formula. This space-time variance of the current at equilibrium is
only formal in the sense that a double limit (in space and time) has to be taken. As in
[11], we prove here that the limit is well-defined, and that the homogenization effect
occurs for the Green-Kubo formula: for almost every realization of the disorder, the
thermal conductivity exists, is independent of the disorder, is positive and finite.

Finally, let us introduce γ > 0 the intensity of the flip noise, and λ > 0 the
intensity of the exchange noise. We denote the diffusion coefficient by D(λ, γ )

when obtained through the variational formula in the Varadhan’s method, and by
D(λ, γ ) when defined through the Green-Kubo formula. We prove in [1] that the
two conductivities are equal: D(λ, γ ) = D(λ, γ ), when the two intensities λ, γ are
positive. Furthermore, the Green-Kubo formula remains well-defined when λ = 0,
namely: D(0, γ ) exists, is finite and positive. Finally, D(λ, γ ) tends to D(0, γ ) as λ

vanishes. The existence question for D(0, γ ), when defining through hydrodynamics
(or even fluctuating hydrodynamics) remains open. We start in the following section
by introducing the model together with notations and definitions.

2 The Harmonic Chain Perturbed by Stochastic
Jump Noises

We introduce the harmonic hamiltonian system described by the sequence {px, rx},
where px stands for the momentum of the oscillator at site x, and rx represents the
distance between oscillator x and oscillator x + 1. Each atom x ∈ Z has a mass Mx,
the velocity of atom x is given by px/Mx . We assume the disorder M := {Mx}x∈Z to
be a collection of real i.i.d. positive random variables that are bounded from above
and below by positive constants. The equations of motions are given by

dpx

dt
= rx − rx−1,

drx

dt
= px+1

Mx+1
− px

Mx
, x ∈ Z.
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The dynamics conserves the total energy

E :=
∑

x∈Z

{
p2x
2Mx

+ r2x
2

}

.

To overcome the lack of ergodicity of deterministic chains, we add a stochastic
perturbation to this new dynamics, so that the diffusion coefficient can be defined
through Varadhan’s approach (Theorem 3.3). The noise can be easily described: at
independently distributed random Poissonian times, the quantity px/

√
Mx and the

interdistance rx are exchanged, or the momentum px is flipped into −px .
Even if Theorem 3.3 could be proved mutatis mutandis for this harmonic chain,

for pedagogical reasons we now focus on a simplified model (as in [18]), which has
exactly the same features and involves less painful computations. From now on, we
study the dynamics on the new configurations {ηx}x∈Z written as

mxdηx = (ηx+1 − ηx−1)dt, (1)

where m := {mx}x∈Z is the new disorder with the same characteristics as before. It
is convenient to change the variable ηx into ωx := √

mxηx, and the total energy reads

E =
∑

x∈Z
ω2

x .

Let us now introduce the corresponding stochastic energy conserving dynamics: the
evolution is described by (1) between random exponential times, and at each ring
one of the following interactions can happen:

a. Exchange noise—two nearest neighbour variables ωx and ωx+1 are exchanged;
b. Flip noise—the variable ωx at site x is flipped into −ωx .

We now describe the dynamics on the finite torus TN := {0, ..., N}, meaning that
boundary conditions are periodic. The configuration {ωx}x∈TN evolves according to
a dynamics which can be divided into two parts, a deterministic one and a stochastic
one. The space of configurations of our system is given by ΩN = R

N . The product
and translation invariant measure that describes the disorder m on the space ΩD =
[C−1, C]Z is denoted by P and its expectation is denoted by E. For a fixed disorder
field m = {mx}x∈Z, the dynamics can be entirely defined by the generator of the
Markov process {ωx(t) ; x ∈ TN }t�0, that is

L m
N = A m

N + γS
flip

N + λS exch
N (2)
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where,

A m
N =

∑

x∈TN

{(
ωx+1√
mxmx+1

− ωx−1√
mx−1mx

)
∂

∂ωx

}

,

and, for all functions f : ΩD × ΩN → R,

S
flip

N f (m, ω) =
∑

x∈TN

f (m, ωx) − f (m, ω),

S exch
N f (m, ω) =

∑

x∈TN

f (m, ωx,x+1) − f (m, ω).

Here, the configuration ωx is the configuration obtained from ω by flipping the
momentum of particle x: (ωx)z = ωz if z �= x and ωx

x = −ωx . The configuration
ωx,x+1 is obtained from ω by exchanging the momenta of particles x and x + 1:
(ωx,x+1)z = ωz if z �= x, x + 1 while ωx,x+1

x = ωx+1, and ω
x,x+1
x+1 = ωx . We denote

the total generator of the noise by SN := γS
flip

N + λS exch
N , where γ, λ > 0 are

two positive parameters which regulate the respective strengths of noises.
One quantity is conserved: the total energy

∑
ω2

x .The following translation invari-
ant product Gibbs measures μN

β on ΩN are invariant for the process:

dμN
β (ω) :=

∏

x∈TN

√
2π

β
exp

(

−β

2
ω2

x

)

dωx.

In the following, the expectation of f with respect toμN
β is denoted by 〈f 〉β . The index

β stands for the inverse temperature: 〈ω2
0〉β = 1/β. From the definition, our model

is not reversible with respect to the measure μN
β . Precisely,A

m
N is an antisymmetric

operator in L2(μN
β ), whereas SN is symmetric.

We denote by Ω the space of configurations in the infinite line, that is Ω := R
Z,

and by μβ the product Gibbs measure on RZ. Hereafter, for every β > 0, we denote
by P



β the probability measure on ΩD × Ω defined by P



β := P ⊗ μβ. We notice

that P

β is translation invariant and we write E


β for the corresponding expectation.
Since the dynamics conserves the total energy, there exist instantaneous currents

of energy jx,x+1 such that L m
N (ω2

x ) = jx,x+1(m, ω) − jx−1,x(m, ω). The quantity
jx,x+1 is the amount of energy flowing between the particles x and x +1, and is equal
to

jx,x+1(m, ω) = 2ωxωx+1√
mxmx+1

+ λ(ω2
x+1 − ω2

x ).

We write jx,x+1 = jA
x,x+1 + jS

x,x+1 where jA
x,x+1 (resp. jS

x,x+1) is the current associated
to the antisymmetric (resp. symmetric) part of the generator:
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jA
x,x+1(m, ω) = 2ωxωx+1√

mxmx+1
, jS

x,x+1(m, ω) = λ(ω2
x+1 − ω2

x ).

Unfortunately the current cannot be directlywritten as the gradient of a local function,
neither by an exact fluctuation-dissipation equation involving local functions (except
if masses are equal). We also define the static compressibility that is equal to χβ :=
〈ω4

0〉β − 〈ω2
0〉2β = 2β−2.

2.1 Cylinder Functions and Dirichlet Form

For every x ∈ Z and f a measurable function on ΩD ×Ω , we consider the translated
function τxf ,which is the functiononΩD×Ω definedby: τxf (m, ω) := f (τxm, τxω),
where τxm and τxω are the disorder and particle configurations translated by x ∈ Z,
respectively: (τxm)z := mx+z, and (τxω)z = ωx+z. For a fixed positive integer 
,
we define Λ
 := {−
, ..., 
}. If the box is centered at site x ∈ Z, we denote it by
Λ
(x) := {−
 + x, ..., 
 + x}. If f is a measurable function on ΩD × Ω , the support
of f , denoted by Λf , is the smallest subset of Z such that f (m, ω) only depends on
{mx, ωx ; x ∈ Λf } and f is called a cylinder (or local) function if Λf is finite. In
that case, we denote by sf the smallest positive integer s such that Λs contains the
support of f and then Λf = Λsf . For every cylinder function f : ΩD × Ω → R,
consider the formal sum

Γf :=
∑

x∈Z
τxf

which does not make sense but for which

(∇xf )(m, ω) := f (m, ωx) − f (m, ω),

(∇x,x+1f )(m, ω) := f (m, ωx,x+1) − f (m, ω)

are well-defined.

Definition 2.1 We denote by C the set of measurable cylinder functions
ϕ on ΩD × Ω , such that

1. for all ω ∈ Ω , the random variable m �→ ϕ(m, ω) is continuous on ΩD ;
2. for all m ∈ ΩD , the function ω �→ ϕ(m, ω) belongs to L2(μβ) and has null

average with respect to μβ .

Definition 2.2 We introduce the set of quadratic cylinder functions on ΩD × Ω ,
denoted by Q ⊂ C , and defined as follows: f ∈ Q if there exists a sequence{
ψi,j(m)

}

i,j∈Z of real cylinder measurable functions on ΩD such that

1. for all i, j ∈ Z, ω ∈ Ω , the random variable m �→ ψi,j(m, ω) is continuous;
2. ψi,j vanishes for all but a finite number of pairs (i, j),



Diffusion Coefficient for the Disordered Harmonic Chain Perturbed … 361

3. f is written as

f (m, ω) =
∑

i∈Z
ψi,i(m)(ω2

i+1 − ω2
i ) +

∑

i,j∈Z
i �=j

ψi,j(m)ωiωj, (3)

In other words, quadratic functions are homogeneous polynomials of degree two in
the variable ω, that have null average with respect to μβ for every m ∈ ΩD . An
other definition through Hermite polynomials is given in [1]. We are now ready to
define two sets of functions that will play further a crucial role.

Definition 2.3 Let C0 be the set of cylinder functions ϕ on ΩD × Ω such that there
exists a finite subsetΛ of Z, and cylinder, measurable functions {Fx, Gx}x∈Λ defined
on ΩD × Ω , that verify

ϕ =
∑

x∈Λ

{
∇x(Fx) + ∇x,x+1(Gx)

}
,

and such that, for all x ∈ Λ,

1. for all ω ∈ Ω , m �→ Fx(m, ω) and m �→ Gx(m, ω) are continuous on ΩD ;
2. for all m ∈ ΩD , ω �→ Fx(m, ω) and ω �→ Gx(m, ω) belong to L2(μβ).

LetQ0 ⊂ C0 be the set of such functions ϕ, with the additional assumption that the
cylinder functions Fx , Gx are homogeneous polynomials of degree two in ω.

Before giving a few properties of these two spaces, let us now consider operators
L m, A m and S acting on functions f ∈ C in the same way as (2), except that the
sums now run on the whole line Z. For a finite subset Λ
 of Z defined as above, we
denote byL m

Λ

, resp.SΛ


, the restriction of the generatorL m, resp.S , to the box
Λ
, assuming periodic boundary conditions.

Definition 2.4 LetC0 (respectivelyQ0) be the set of cylinder (respectively quadratic
cylinder) functions ϕ on ΩD × Ω such that there exists a finite subset Λ � Z, and
cylinder functions {Fx, Gx}x∈Λ satisfying

ϕ =
∑

x∈Λ

∇x(Fx) + ∇x,x+1(Gx).

If ϕ belongs toQ0, we assume the cylinder functions Fx , Gx to be quadratic.

Finally we introduce the Dirichlet form associated to the generator: for any x ∈ Z

and f , g ∈ C , let us define D
(μβ; f ) := 〈
(−L m

Λ

)f , f

〉

β
= 〈

(−SΛ

)f , f

〉

β
.

2.2 Semi-inner Products and Diffusion Coefficient

For cylinder functions g, h ∈ C , let us introduce
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〈〈g, h〉〉β,
 :=
∑

x∈Z
E



β [g τxh] and 〈〈g〉〉β,

 :=

∑

x∈Z
x E


β [g ω2
x ] (4)

which are well-defined because g and h belong to C and therefore all but a finite
number of terms vanish. Notice that 〈〈·, ·〉〉β,
 is a semi inner product.

Definition 2.5 We define the diffusion coefficient D(β) for β > 0 as equal to

λ + 1

χβ

inf
f ∈Q

sup
g∈Q

{
〈〈f ,−S f 〉〉β,
 + 2〈〈jA

0,1 − A mf , g〉〉β,
 − 〈〈g,−S g〉〉β,


}
.

The first term in the sum is only due to the exchange noise, whereas the second one
comes from the hamiltonian part of the dynamics. Formally, this formula reads

D(β) = λ + 1

χβ

〈〈jA
0,1, (−L m)−1jA

0,1〉〉β,
, (5)

but the last term is ill-defined because jA
0,1 is not in the range ofL

m. More rigorously,

we should define 〈〈jA
0,1, (−L m)−1jA

0,1〉〉β,
 as

lim sup
z→0

〈〈jA
0,1, (z − L m)−1jA

0,1〉〉β,
.

The scalar product above is now well-defined, and the problem is reduced to prove
convergence as z → 0. From Hille-Yosida Theorem (see [19, Proposition 2.1] for
instance) (5) is equal to the infinite volume Green-Kubo formula:

D(β) = λ + 1

χβ

lim
z→0
z>0

E

[ ∫ +∞

0
e−zt

〈 ∑

x∈Z
jA
x,x+1(t), jA

0,1(0)

〉

β

dt

]

. (6)

In Sect. 4, we prove that (6) converges, inspired by [11]. Assuming the convergence
in the Green-Kubo formula, one can easily see that D(β) does not depend on β. We
denote

L(z) := 1

χβ

∫ +∞

0
e−zt 〈〈jA

0,1(t), jA
0,1(0)〉〉β,
dt.

The function L is smooth on (0,+∞). The Hilbert space generated by the set of
local functions and the inner product 〈〈·, ·〉〉β,
 is denoted by L2


 . We define hz :=
hz(m, ω;β) as the solution of the resolvent equation (in L2


) (z − L m)hz = jA
0,1.

Then,

L(z) = 1

χβ

〈〈hz, jA
0,1〉〉β,
 = β2

2
〈〈hz, jA

0,1〉〉β,
. (7)
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Observe that if ω is distributed according to μβ then β1/2ω is distributed according
to μ1. Since hz(m, ω; 1) = hz(m, ω;β) and jA

x,x+1 is a homogeneous function of
degree two in ω, it follows that the diffusion coefficient does not depend on β.

From now on, we assume β = 1. This assumption is justified since we are going
to deal only with quadratic functions (as defined before). For instance, when one
result is stated for the scalar product 〈〈·〉〉1,
, the same argument in the proof can be
rewritten for any β > 0, after multiplying the process {ωx(t)} by β−1/2.

3 Non-gradient Varadhan Approach

In this section we are going to identify the diffusion coefficient D given in Definition
2.5. Roughly speaking, D is the asymptotic component of the energy current jx,x+1
in the direction of the gradient ω2

x+1 − ω2
x , and makes the expression below vanish:

inf
f ∈Q

lim sup
N→∞

lim sup
t→∞

1

tN
E



1

[( ∫ t

0

∑

x∈TN

[
jx,x+1 − D(ω2

x+1 − ω2
x ) − L m(τxf )

]
ds

)2]

.

3.1 An Insight Through Additive Functionals
of Markov Processes

Consider a continuous time Markov process {Ys}s �0 on a complete and separable
metric space E, with an invariant measure π . We denote by 〈·〉π the inner product
in L2(π) and by L the infinitesimal generator of the process. The adjoint of L in
L2(π) is denoted by L 
. Fix a function V : E → R in L2(π) such that 〈V〉π = 0.
Theorem 2.7 in [20] gives conditions which guarantee a CLT for

1√
t

∫ t

0
V(Ys)ds

and shows that the limiting variance equals

σ 2(V , π) = 2 lim
z→0+

〈
V , (z − L )−1V

〉

π
.

Let the generator L be decomposed as L = S + A , where S = (L + L 
)/2
andA = (L −L 
)/2 denote, respectively, the symmetric and antisymmetric parts
of L . Let H1 be the completion of L2(π) with respect to the semi-norm ‖ · ‖1:

‖f ‖21 := 〈
f , (−L )f

〉

π
= 〈

f , (−S )f
〉

π
.
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Let H−1 be the dual space of H1 w.r.t. L2(π), in other words, the Hilbert space
generated by suitably regular functions and the norm ‖ · ‖−1 defined by

‖f ‖2−1 := sup
g

{
2
〈
f , g

〉

π
− ‖g‖21

}
,

where the supremum is carried over all local functions g. Formally, ‖f ‖−1 can also
be thought as 〈f , (−S )−1f 〉π . The following result is a rigorous estimate of the time
variance in terms of the H−1 norm, which is proved in [20, Lemma 2.4].

Lemma 3.1 Given T > 0 and a mean zero function V in L2(π) ∩ H−1,

Eπ

[

sup
0�t�T

(∫ t

0
V(s)ds

)2
]

� 24T‖V‖2−1. (8)

Then, we should take V proportional to

∑

x∈TN

[
jx,x+1 − D(ω2

x+1 − ω2
x ) − L m(τxf )

]

and then take the limit as N → ∞. In the right-hand side of (8) we obtain a variance
that depends onN , and themain task is to show that this variance converges. Precisely,
we can prove that the limit of the variance results in a semi-norm, which is denoted
by ||| · |||1 and defined in (9). The final step consists in minimizing this semi-norm on
a well-chosen subspace, through orthogonal projections in Hilbert spaces. The hard
point is that ||| · |||1 only depends on the symmetric part of the generatorS , and the
latter is really degenerate (it does not have a spectral gap).

In [1], we prove that the variance 〈f , (−S )−1f 〉1 is well defined for every function
f in Q0. In Sect. 3.2, we relate the previous limiting variance (taking the limit as N
goes to infinity) to the suitable semi-norm. Finally, Sect. 3.3 focuses on the diffusion
coefficient and its different expressions.

3.2 Limiting Variance and Semi-norm

We return to the case β = 1. We look for a variational formula for the variance

(2
)−1
E

〈
(−SΛ


)−1 ∑

|x|�
ϕ

τxϕ,
∑

|x|�
ϕ

τxϕ

〉

1

where ϕ ∈ Q0 and 
ϕ = 
 − sϕ − 1. We first introduce a semi-norm onQ0. For any
cylinder function ϕ inQ0, let us define
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|||ϕ|||21 = 2 sup
g∈Q

{

〈〈ϕ, g〉〉1,
 + 〈〈ϕ〉〉21,


λχ1

− λ

4
E



1

[(∇0,1Γg
)2

]
− γ

4
E



1

[(∇0Γg
)2

]
}

= sup
g∈Q
a∈R

{
2〈〈ϕ, g〉〉1,
 + 2a〈〈ϕ〉〉1,

 − E

[
D0

(
μ1; aω2

0 + Γg
)] }

. (9)

This formula can be formally restated as

|||ϕ|||21 = 〈〈ϕ, (−S )−1ϕ〉〉1,
 + 2

λ χ1
〈〈ϕ〉〉21,

. (10)

Since ϕ belongs to Q0, one can prove that the first term in the right-hand side of
(10) is well-defined (Proposition 4.4 in [1]). We are now in position to state the key
result of the non-gradient Varadhan approach.

Theorem 3.2 Consider a quadratic cylinder function ϕ ∈ Q0. Then

lim

→∞(2
)−1

E

〈
( − SΛ


)−1 ∑

|x|�
ϕ

τxϕ,
∑

|x|�
ϕ

τxϕ

〉

1
= |||ϕ|||21.

3.3 Hilbert Space and Projections

We can easily define from ||| · |||1 a semi-inner product on C0 through polarization.
Denote by N the kernel of the semi-norm ||| · |||1 on C0. Then, the completion
of Q0|N denoted by H1 is a Hilbert space. Let us explain how the well-known
Varadhan’s approach is modified. Usually, the Hilbert space on which orthogonal
projections are performed is the completion of C0|N , in other words it involves all
local functions. Then, the standard procedure aims at proving that each element of
that Hilbert space can be approximated by a sequence of functions in the range of the
generator plus an additional term which is proportional to the current. The crucial
steps for obtaining this decomposition consist in: first, controlling the antisymmetric
part of the generator by the symmetric one for every cylinder function, and second,
proving a strong result on germs of closed forms. These two key points are not valid
in our model, but they can be proved when restricted to quadratic functions. It turns
out that these weak versions are sufficient, since we are looking for a fluctuation-
dissipation approximation that involves quadratic functions only.

In [1], we show that H1 is the completion of SQ|N + {jS
0,1}. In other words,

all elements ofH1 can be approximated by ajS
0,1 +S g for some a ∈ R and g ∈ Q.

This is not irrelevant since the symmetric part of the generator preserves the degree of
polynomial functions. The sumof the two subspaces {jS

0,1} andSQ|N is orthogonal.
Nevertheless, this decomposition is not satisfactory, because we want the fluctuating
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term to be on the form L m(f ), and not S (f ). In order to make this replacement,
we need to prove the weak sector condition, that gives a control of |||A mg|||1 by
|||S g|||1, when g is a quadratic function. The only trouble is that this new decompo-
sition is not orthogonal any more, so that we can not express the diffusion coefficient
as a variational formula. This problem is solved by clever projections into a suitable
Hilbert space. The main theorem given in [1] is:

Theorem 3.3 For every g ∈ Q0, there exists a unique constant a ∈ R, such that

g + a(ω2
1 − ω2

0) ∈ L mQ in H1.

In particular, there exists a unique number D, and a sequence {fk} ∈ Q such that

|||j0,1 − D(ω2
1 − ω2

0) − L m(fk)|||1 −−−→
k→∞ 0.

Finally, one can prove more formulas for coefficient D defined in Theorem 3.3, and
relate it to Definition 2.5, by following the argument given by instance in [21].

4 Convergence of Green-Kubo Formula

Remind that the Green-Kubo formula predicted by linear response theory is

κ(z) := λ + 1

2
〈〈jA

0,1, (z − L m)−1jA
0,1〉〉1,
. (11)

Hereafter, we extend the inner-product 〈〈·〉〉1,
 (originally defined onC ) to theHilbert
space generated by the set of square integrable functions and denoted by L2


 .

4.1 Existence of the Green-Kubo Formula

In this paragraph we prove the existence and finiteness of the Green-Kubo formula.
The argument is based on the paper [11], where the author generalizes [22, 23].

Theorem 4.1 The z-vanishing limit D := lim κ(z) exists, is finite and positive.

Proof Recall (7). We have to prove that 〈〈hz, jA
0,1〉〉1,
 converges as z vanishes, and

that the limit is finite and non-negative. Then, from (11) it will follow thatD � λ > 0
and D is positive. We denote by ‖ ·‖1 the semi-norm corresponding to the symmetric
part of the generator due to the flip noise

‖f ‖21 = 〈〈f , (−γS flip)f 〉〉1,
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andH
 is the Hilbert space obtained by the completion of L2

 w.r.t. that semi-norm.

We multiply the resolvent equation by hz and integrate with respect to 〈〈·〉〉1,
:

z〈〈hz, hz〉〉1,
 + ‖hz‖21 + 〈〈hz, (−λS exch)hz〉〉1,
 = 〈〈hz, jA
0,1〉〉1,
.

Let us notice that (−γS flip)(jA
0,1) = 2γ jA

0,1. As a consequence, the Cauchy-Schwarz
inequality for the scalar product 〈〈·, (−γS flip)·〉〉1,
 on the right-hand side gives
‖hz‖21 � C for some positive constantC. Since {hz}z is bounded inH
, we can extract
a weakly converging subsequence in H
. We continue to denote this subsequence
by {hz}z and we denote by h0 the limit.

Now we are going to show that the convergence is stronger (see (4) in Lemma
4.2 below) and that the limit is independent of the subsequence. Since the generator
L m conserves the degree of homogeneous polynomial functions, we know that the
solution of the resolvent equation is expected to be on the form

hz(ω) =
∑

x,y∈Z2

ϕz(x, y)ωxωy,

where ϕz : Z2 → R is a square-summable symmetric function. Let hz = h=
z + h �=

z

be the decomposition of hz according to the two subspacesQ= andQ �=, whereQ=
is generated by {ω2

x , x ∈ Z} andQ �= is generated by {ωxωy, x �= y}. The main point
in the following argument is that all gradient terms vanish in L2


 .
First, one can see how the spaces Q= and Q �= are mapped by the generators:

A m : Q= → Q �= A m : Q �= → Q

S flip : Q= → {0} S flip : Q �= → Q �=

S exch : Q= → Q= S exch : Q �= → Q �=

Moreover, if f ∈ Q=, then A m(f ) is a gradient in Q �=, and S exch(f ) is a gradient
inQ=. With all these considerations, the resolvent equation rewrites in L2


 as

{
zh=

z − λS exch(h=
z ) = 0

zh �=
z − λS exch(h �=

z ) − γS flip(h �=
z ) − A m(h �=

z ) = jA
0,1.

The first equation means that h=
z = 0 in L2


 and therefore the solution hz of
the resolvent equation is an element of Q �=. As a consequence, we can write
(−γS flip)(hz) = 2γ hz, and this remark is one of the key points in the following
argument.
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Lemma 4.2 All the properties below are satisfied:

1. lim
z→0

z〈〈hz, hz〉〉1,
 = 0

2. {hz} weakly converges as z goes to 0 towards h0 in L2



3. 〈〈jA
0,1, h0〉〉1,
 = 〈〈h0, (−S )h0〉〉1,


4. 〈〈(hz − h0), (−S )(hz − h0)〉〉1,
 vanishes as z goes to 0
5. the weak limit of {hz} does not depend on the subsequence.

We briefly prove the five points: (1) and (2) come from the fact that
(−γS flip)(hz) = 2γ hz. To get (3), we multiply the resolvent equation by hz′ and
integrate:

z〈〈hz′ , hz〉〉1,
 + 〈〈hz′ , (−S )hz〉〉1,
 + 〈〈hz′ , (−A m)hz〉〉1,
 = 〈〈hz′ , jA
0,1〉〉1,
.

We first take the limit as z′ → 0 and then as z → 0, and we use (1) and (2) to obtain
(3). In the same way, multiplying the resolvent equation by hz gives

z〈〈hz, hz〉〉1,
 + 〈〈hz, (−S )hz〉〉1,
 = 〈〈hz, jA
0,1〉〉1,
.

The first term of the left-hand side vanishes as z goes to 0, and the right-hand side
converges to 〈〈h0, (−S )h0〉〉1,
. This implies (4), that is

〈〈(hz − h0), (−S )(hz − h0)〉〉1,
 −−→
z→0

0.

The uniqueness of the limit follows by a standard argumentwith same ideas as before.
We have proved the first part: the limit exists. To obtain its finiteness, we are going
to give an upper bound, using the following variational formula:

〈〈jA
0,1, (z − L m)−1jA

0,1〉〉1,
 = sup
f

{
2〈〈f , jA

0,1〉〉1,
 − ‖f ‖21,z − ‖A mf ‖2−1,z

}
,

where the supremum is carried over local functions and the two norms ‖ · ‖±1,z are

‖f ‖2±1,z = 〈〈f , (z − S )±1f 〉〉1,
.

For the upper bound, we neglect the term coming from the antisymmetric partA mf :

〈〈jA
0,1, (z − L m)−1jA

0,1〉〉1,
 � 〈〈jA
0,1, (z − S )−1jA

0,1〉〉1,
.

In the right-hand side we can also neglect the part coming from the exchange sym-
metric partS exch, and remind thatS flip(jA

0,1) = −2jA
0,1. This gives an explicit finite

upper bound. Then, we have from Lemma 4.2, Property (3) that

lim
z→0

〈〈jA
0,1, (z − L m)−1jA

0,1〉〉1,
 = 〈〈jA
0,1, h0〉〉1,
 = 〈〈h0, (−S )h0〉〉1,
 � 0.
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4.2 Equivalence of the Definitions and Vanishing Noise Limit

Finally, we can rigorously prove [1] the equality between the variational formula for
the diffusion coefficient and the Green-Kubo formula, precisely:

Theorem 4.3 For every λ > 0 and γ > 0,

D := λ + 1

2
lim
z→0
z>0

〈〈jA
0,1, (z − L m)−1jA

0,1〉〉1,
,

coincides with the diffusion coefficient D defined in Theorem3.3.

Moreover, it can be easily shown that the homogenized Green-Kubo formula also
converges if the strength λ of the exchange noise vanishes. First, we turn (11) into
a new definition that highlights the dependence on λ > 0. For that purpose we
introduce new notations: we define S0 := γS flip,Sλ := S0 + λS exch, and then

{
L m

0 := A m + S0

L m
λ := A m + Sλ = L m

0 + λS exch and J0(m)(ω) := ω0ω1√
m0m1

= jA
0,1(m, ω).

Let us introduce the homogenized Green-Kubo formula for both noises:

κ(λ, z) := 〈〈J0(m), (z − L m
λ )−1J0(m)〉〉1,
 (12)

and the homogenized Green-Kubo formula for flip noise only:

κ0(z) := 〈〈J0(m), (z − L m
0 )−1J0(m)〉〉1,
. (13)

According to the previous paragraph, we already know that theGreen-Kubo formulas
(12) and (13) converge as z goes to 0. Then, the following diffusion coefficients are
well defined, for all λ > 0,

D(λ) := λ + lim
z→0

κ(λ, z), D0 := lim
z→0

κ0(z).

The main result of this subsection is stated in the following theorem, proved in [1].

Theorem 4.4 The function λ �→ D(λ) is continuous at 0.

Let us remark that the theorem above does not imply the existence of the hydro-
dynamics diffusion coefficient D(0, γ ). This question remains open.
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Conditioned Stochastic Particle Systems
and Integrable Quantum Spin Systems

Gunter M. Schütz

Abstract We consider from a microscopic perspective large deviation properties
of several stochastic interacting particle systems, using their mapping to integrable
quantum spin systems. A brief review of recent work is given and several new results
are presented: (i) For the general disordered symmetric exclusion process (SEP)
on some finite lattice conditioned on no jumps into some absorbing sublattice and
with initial Bernoulli product measure with density ρ we prove that the probability
Sρ(t) of no absorption event up to microscopic time t can be expressed in terms
of the generating function for the particle number of a SEP with particle injection
and empty initial lattice. Specifically, for the symmetric simple exclusion process
on Z conditioned on no jumps into the origin we obtain the explicit first and second
order expansion in ρ of Sρ(t) and also to first order in ρ the optimal microscopic
density profile under this conditioning. (ii) For the disordered ASEP on the finite
torus conditioned on a very large current we show that the effective dynamics that
optimally realizes this rare event does not depend on the disorder, except for the time
scale. (iii) For annihilating and coalescing random walkers we obtain the generating
function of the number of annihilated particles up to time t, which turns out to exhibit
some universal features.

Keywords Exclusion processes · Large deviations · Conditioned dynamics · Exact
results · Integrable models

1 Introduction

It is long known that the generator of some paradigmatic stochastic interacting par-
ticle systems such as the asymmetric simple exclusion process (ASEP) [46] on a
one-dimensional lattice Λ of L sites can be mapped to the Hamiltonian H of an

G.M. Schütz (B)

Institute of Complex Systems II, Forschungszentrum Jülich GmbH,
52425 Jülich, Germany
e-mail: g.schuetz@fz-juelich.de

© Springer International Publishing Switzerland 2015
P. Gonçalves and A.J. Soares (eds.), From Particle Systems to Partial Differential
Equations II, Springer Proceedings in Mathematics & Statistics 129,
DOI 10.1007/978-3-319-16637-7_15

371



372 G.M. Schütz

integrable quantum many-body system [1, 65]. The non-diagonal matrix elements
hη′η ≤ 0 of H are the negative transition rates for a transition from configuration η to
η′ of the particle system and each diagonal element hηη ≥ 0 is the sum of transition
rates out of a configuration η, i.e., the negative sum of the non-diagonal elements
hη′η of column η. The interpretation as a quantum many body system becomes evi-
dent by a suitable choice of tensor basis [47, 65]. Consider a particle system with
local state space Si for each lattice site i and full state space S = S1 × · · · × SL .
For definiteness we assume finite cardinality 0 < |Si| < ∞ ∀i, even though much
of what is discussed below can be generalized to infinite state spaces. To each local
configuration η(i) ∈ Si with i ∈ Λ of the particle system one assigns a canoni-
cal basis vector |η(i)) of the vector space C

|Si| and an associated dual basis vec-
tor (η(i)| with inner product (η(i)|η′(i)) = δη(i),η′(i). The particle configuration
η = {η(1), η(2), . . . , η(L)} ∈ S on the lattice is then represented by the tensor
vectors | η 〉 = |η(1)) ⊗ |η(2)) ⊗ · · · ⊗ |η(L)) and their duals by 〈 η |. Thus a prob-
ability measure P(η) is given by a probability vector | P 〉 whose components are
P(η) = 〈 η | P 〉. The semi-group property of the Markov process is reflected in
| P(t) 〉 = e−Ht | P(0) 〉 for the time evolution of an initial measure P0(η) = 〈 η | P0 〉.
The expectation 〈 f (t) 〉 of a random variable f (ηt) is given by the inner product
〈 f (t) 〉 = 〈 s |f̂ | P(t) 〉 where 〈 s | = ∑

η∈S 〈 η | is called the summation vector and

f̂ = ∑
η∈S f (η)| η 〉〈 η | is a diagonalmatrix (using thequantummechanical shorthand

| · 〉〈 · | ≡ | · 〉 ⊗ 〈 · |) with f (η) on the diagonal. Because of probability conservation
〈 s | is a left eigenvector of H with eigenvalue 0. Under this mapping the generator
of the ASEP is represented by the quantum Hamiltonian of a spin-1/2 Heisenberg
ferromagnet with an Dzyaloshinskii–Moriya interaction with imaginary amplitude
[28, 40], see next section.

Using this mapping one can employ rigorous methods borrowed from condensed
matter theory to obtain information about the particle system. However, due to the
requirement of probability conservation and positivity of the classical transition rates
this mapping is restricted to quantum Hamiltonians with two special properties:

(i) All non-diagonal matrix elements of H must satisfy hη′η ∈ (−∞, 0].
(ii) The lowest eigenvalue of H is equal to zero for all lattice sizes L.

One can turn the mapping around and ask which integrable quantum Hamiltonian,
or, in fact, which general finite-dimensional matrix can be mapped to the generator
of a Markov chain.

The answer follows from the two properties (i) and (ii) by using similarity trans-
formations and the fact that adding a multiple of a unit matrix to H is a “harmless”
operation in the time evolution operator e−Ht : Imagine an irreducible square matrix
A which has—after a suitable similarity transformation—the property aη′η ≤ 0 for
all its off-diagonal elements η �= η′. Then we can subtract a multiple λ of the unit
matrix 1 such that M = e−(A−λ1)t has only strictly positive matrix elements. It fol-
lows from the Perron-Frobenius theorem that the left largest eigenvector 〈 0 | of M
(and hence the left eigenvector to the lowest eigenvalue a0 of A), has strictly positive
components Δ(η). Next we define the diagonal matrix Δ with these components on
the diagonal. Since all components are strictly positive, its inverse exists. Consider
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now H := ΔAΔ−1 − a0. Since Δ is diagonal and Δ(η) > 0 for all η, we have
that hη′η = aη′ηΔ(η′)/Δ(η) ≤ 0. Moreover, the lowest eigenvalue of H is 0 due to
the subtraction of a01 from ΔAΔ−1. Therefore H is the transition matrix of some
Markov chain. This implies that an integrable quantum many-body system that sat-
isfies property (i) (perhaps after some similarity transformation), but not property
(ii), can still be mapped to a Markov chain which can then be analyzed using the
mathematical machinery of quantum integrability.

There is a second reason to consider quantum Hamiltonians with property (i), but
not (ii). This comes from the fact that conditioning a process on some event may
naturally lead to such a generator. In order to see this consider first conditioning a
process on the event that a nonempty subset X ⊂ S has never been reached until
some positive time t, when starting from an initial distribution with support in A =
S\X . We denote configurations in X by ξ and configurations in A by α. This “event
conditioning” can be studied by making the set X absorbing and frozen, i.e., all
transition rates wαξ from X to A and transition rates wξ ′ξ within X are defined to
be zero. The generator H of such a process has a block tridiagonal structure 0|X| ⊕
G + HXA with a zero-block 0|X| of dimension |X| (corresponding to the absence of
transitions within X), a block G of dimension |A| containing all off-diagonal matrix
elements hη′η for transitions within sector A and all diagonal elements for transitions
out of A, and the matrix HXA which has as only non-zero elements hξα , which are the
negative transition rates from A to X . We also define a truncated basis where the basis
vectors | ηA 〉 (〈 ηA |) are obtained from | η 〉 (〈 η |) (spanning the vector space C|S|)
by deleting the 0-components corresponding to configurations in X. The truncated
canonical basis vectors span C

|A|. The truncated probability vector is denoted by
| PA

0 〉 and the truncated summation vector by 〈 sA | = ∑
η∈A 〈 ηA |.

The block tridiagonal structure of H has as a consequence that starting from an
initial measure P0 with support in A the conditional probability of being in a state
α ∈ A at time t, given that the process has never been in any configuration ξ ∈ X
until time t, is given by

P̃(η, t) = 1

SP0(t)
〈 ηA |e−Gt | PA

0 〉 (1)

where SP0(t) = 〈 sA |e−Gt | PA
0 〉 is the survival probability of never having left A. By

construction, G satisfies property (i), but not (ii). The matrix Ĥ = ΔGΔ−1 − g0
where g0 is the lowest eigenvalue of G and Δ the associated left eigenvector is then
Doob’s h-transform [58]. If G is the quantum Hamiltonian of some integrable model
then also Ĥ is integrable.

A different type of conditioning that has received much attention in recent years
arises from considering joint processes (ηt, Qt) where ηt is an interacting particle
system evolving as described above and Qt is a separate random variable that has no
independent dynamics, but is incremented by some value cη′η whenever a transition
from η to η′ occurs. Thus ηt evolves autonomously, i.e., independently of Qt , while
Qt contains information about the history of ηs up to time t. Interesting questions
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arise from conditioning the process at time t on reaching some fixed value Qt = Q.
Important applications include large deviations for the current or the activity in
exclusion processes [22, 44] (where the increments are integers) or the derivation
of fluctuation theorems [30, 32, 43] (where the increments are real-valued). In this
paper we restrict ourselves to processes with integer increments so that Q ∈ Z.

In order to see the link to quantum Hamiltonians we go to a fluctuating ensemble
where instead of the joint probability P(η, Q, t) = Prob [ ηt = η, Qt = Q ] one stud-
ies the generating function Y(η, s, t) = ∑

Q esQP(η, Q, t) with generalized “chem-
ical potential” s ∈ R. We refer to this conditioning at time t as grand canonical
conditioning. One finds (see below) that

Y(η, s, t) = 1

Ys(t)
〈 η |e−H(s)t | P0 〉 (2)

with normalization factor Ys(t) = 〈 s |e−H(s)t | P0 〉 where the weighted generator
H(s) is obtained from H by multiplying the off-diagonal elements hη′η by a factor
escη′η where cη′η is the amount by which the counting variable Q has changed in the
transition η → η′. The diagonal elements of H remain unchanged. Obviously, also
H(s) satisfies property (i), but not (ii). Notice that H(0) = H.

In many cases of interest the integrability of the original Hamiltonian is not
affected by this modification. The matrix Heff (s) = Δ(s)H(s)Δ−1(s)−ε0(s), where
ε0(s) is the lowest eigenvector of H(s) and Δ(s) the associated left eigenvector, is a
generalized Doob’s h-transform [7, 20, 36]. It defines a new process that we shall
call effective process (or effective dynamics). For processes with finite state space
it can be interpreted as that process which makes the untypical large deviation of
Q parametrized by s typical [31]. Evidently, if H(s) is the quantum Hamiltonian of
some integrable model then also the effective process is integrable.

We also define the conditioned history of some random variable f which is the
expectation 〈 f (t) 〉c of f at time t of the process conditioned at time T ≥ t ≥ 0. For
the event conditioning this quantity is given by

〈 f (t) 〉c = 〈 sA |e−G(T−t) f̂ e−Gt | P0 〉/S(t) (3)

and for grand canonical conditioning by a similar expression with G replaced by
H(s), summation vector 〈 sA | replaced by the summation vector 〈 s | over the full
state space S of the particle system and S(t) replaced by Ys(t).

For both types of conditioningwepresent somenew resultswhich aremotivated by
recent developments in the field. For selfcontainedness and for reference we discuss
in Sect. 2 the grandcanonical conditioning in more detail and briefly review some
results that we obtained earlier. Then we present our new results in Sects. 3.1–3.3
with a brief introduction into the history of the model that we treat.
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2 Conditioning on Current and Activity

Following the seminal papers [9, 24], the large deviation theory for the ASEP has
been developed in considerable detail, resulting in a powerful macroscopic fluctua-
tion theory (MFT) that is capable of describing large deviations of the current and
density profiles of quite general lattice gases on a macroscopic level, see [10] for a
recent review. Here the notion of “macroscopic” refers to the scale where the lat-
tice constant a is taken to zero and the lattice site k is taken to infinity with finite
rescaled macroscopic space variable x = ka. The microscopic time is taken to infin-
ity under rescaling by a factor 1/az where z = 1 for Eulerian scaling and z = 2 for
diffusive scaling. The typical macroscopic density profile of the ASEP, i.e., without
conditioning on some large deviation, is obtained from the usual hydrodynamic limit
[57].

However, large deviations can also be studied directly on a microscopic level. To
illustrate this we focus on large deviations of the integrated hopping activity in the
asymmetric simple exclusion process (ASEP) on the torus TL := Z/LZ. Particles
jump according to the following rules:

1. Each particle attempts to jump independently of the other particles after an expo-
nentially distributed random time with parameter 1/(w+ + w−) with probability
w+/(w+ + w−) to the next site on the right (clockwise) and w−/(w+ + w−) to
the next site on the left (counterclockwise)

2. The hopping attempt is rejected if the site to which the particle tries to move is
occupied.

We introduce the hopping asymmetry q2 := w+/w− and time scale w0 = √
w+w−

and assume without loss of generality a hopping bias to the right, i.e., q > 1.
The local state space of the ASEP is Si = {0, 1} for all i ∈ TL, corresponding

to a vacant or occupied site i with occupation variable ni = 0 or ni = 1. The
full state space therefore is therefore S = {0, 1}L with microscopic configurations
n = {n1, . . . , nL}. Following the quantum Hamiltonian formalism outlined above
we introduce the usual Pauli matrices

σ x =
(
0 1
1 0

)
, σ y =

(
0 −i
i 0

)
, σ z =

(
1 0
0 −1

)
, (4)

and the two-dimensional unit matrix 1. From these we construct operators ak acting
locally on site k of the lattice in terms by the tensor product

ak := 1 ⊗ . . . ⊗ a ⊗ . . . ⊗ 1 (5)

with the arbitrary 2×2 matrix a at position k in the product. This allows us to define
local particle creation and annihilation operators σ±

k = (σ x
k ± iσ y

k ) and projectors
n̂k = (1 −σ z

k )/2 on particles and v̂k = 1 − n̂k on vacancies on site k where 1 = 1⊗L

is the unit matrix of dimension 2L . Here the local basis vector is chosen such that
|0) = (1, 0)T and |1) = (0, 1)T where the superscript T denotes transposition.
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Correspondingly (0| = (1, 0) and (1| = (0, 1) for the dual basis. A state n ∈ S is
then represented by | n 〉 = |n1) ⊗ . . . ⊗ |nL) and the generator is given by [28, 65]

H = −
L∑

k=1

w+(σ+
k σ−

k+1 − n̂k v̂k+1) + w−(σ−
k σ+

k+1 − v̂k n̂k+1) (6)

with the identification of site L + 1 with site 1. The total particle number N is
conserved,which is expressed in the commutation relation [H, N̂] = 0 for the number
operator N̂ = ∑L

k=1 n̂k . It is well-known that (6) defines an integrable model related
to the six-vertex model [28, 40].

The unique stationary distribution of the process with N particles is the uniform
measure with P∗(n) = 1/

(L
N

)
. We refer to this invariant measure as canonical. From

thesemeasures one can construct the grandcanonical Bernoulli product measure with
P∗(n) = ρN(n)(1−ρ)L−N(n) where N(n) = ∑L

k=1 nk . The grandcanonical measure

has the vector representation | ρ 〉 := ((1−ρ, ρ)T )⊗L, reflecting its product structure.
In the thermodynamic limit L → ∞ with ρ = N/L fixed the canonical measure and
its grand canonical counterpart become equivalent. The stationary current in the
grandcanonical measure is given by j∗ = (w+ − w−)ρ(1 − ρ).

Now we consider the time-integrated number of jumps J+
k (t) from site k to k + 1

up to time t, and analogously the time-integrated number of jumps J−
k (t) from site

k + 1 to k up to time t. The time-integrated local current is then given by Jk(t) =
J+

k (t) − J−
k (t) and Ak(t) = J+

k (t) + J−
k (t) is the time-integrated local activity and

jk(t) := Jk(t)/t, ak(t) := Ak(t)/t the respective time averages. We also define the
space-integrated quantities J±(t) = ∑L

k=1 J±
k (t) and analogously J(t) and A(t) as

well as their space-time averages j±(t) = J±(t)/(Lt) and analogously j(t) and a(t).
In order to review the general philosophy of the large deviation approach to these

quantities we first recall that for the processes that we have in mind (such as the
ASEP) the probability to observe for a long time interval t an untypical mean j �= j∗
is exponentially small in L and t [22]. This is expressed in the asymptotic large
deviation property Prob [ J(t) = J ] ∝ exp (−f (j)Lt) where f (j) is the rate function
and one takes first the limit t → ∞ and then L → ∞. As a second step it is then
natural to introduce a generalized fugacity y = es with generalized chemical potential
s and to study the generating function Yc

s (t) := ∑
J∈Z yJProb [ J(t) = J ]. In general,

this quantity depends on the initial distribution which will be indicated below when
appropriate. The cumulant function g(s) = limL→∞ limt→∞ ln Yc

s (t)/(Lt) is the
Legendre transform of the rate function, i.e., gc(s) = maxj[js − f (j)]. The intensive
variable s is thus conjugate to the mean current density j. Similar large deviation
properties hold for the activity a(t) with generating function Ya

s (t) and the hopping
activities j±(t) with generating functions Y±

s (t) and their local counterparts Y ·
s(k, t).

Following [22, 30] one has for an initial distribution P0 of particles

Y ·
s(k, t) = 〈 s |e−H ·(k,s)t | P0 〉 (7)
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where H ·(k, s) = H + F·(k, s) with

F+(k, s) = (1 − es)w+σ+
k σ−

k+1, F−(k, s) = (1 − es)w−σ−
k σ+

k+1 (8)

and Fc(k, s) = F+(k, s) − F−(k,−s) and Fa(k, s) = F+(k, s) + F−(k, s). These
are examples for the general construction (2), detailed in [30]. For the ASEP and
other integrable models g·(s) and other large deviation functions, e.g. associated with
particle creation and annihilation events, have been computed with the Bethe ansatz
[2, 19, 22, 23, 68] or free fermion methods [54].

TheMFTprovides also information about the optimalmacroscopic density profile
q(x, t) to realize at time t a prolonged untypical behaviour of the integrated current
at time T ≥ t, i.e., the density profile that one is most likely to observe at time t
in the interval [0, T ]. One expects the optimal macroscopic density profile to be the
large scale limit of the conditional history (3) of the local particle number. To our
knowledge no microscopic computation of this large deviation property has been
performed yet.

Using MFT for the weakly asymmetric exclusion process (WASEP), where
w+ − w− = ν/L is small, Bodineau and Derrida [12] have considered the time
range t = cT with c ∈ (0, 1). In the limit T → ∞ and L → ∞ they found a dynam-
ical phase transition at some critical sc < 0 (i.e., for conditioning on untypically
low currents j < j∗), where the optimal macroscopic density profile q(x, t) changes
from a constant q(x, t) = ρ to a travelling wave of the form q(x, t) = ρ(x − vt).
For strictly positive s (i.e., for any current j conditioned on j > j∗) the macroscopic
density profile is time-independent and flat and hence equal to the typical profile
ρ(x, t) = ρ. More recently, this phenomenon was described in more detail and
also studied numerically with Monte-Carlo simulations [25, 34]. A dynamical phase
transition was also identified for conditioned non-conservative dynamics [13].

The macroscopic approach is extremely powerful, but has the drawback that no
information is available on the expected non-trivial space-time realization of the
ASEP conditioned on currents larger than the typical value j∗. Also, no information
can be obtained about fluctuations of the traveling wave for s < 0. This gap was
partially filled in a series of papers [7, 52, 53, 66, 68], exploiting the integrability
and symmetries of the weighted generator H(s).

Significantly, this microscopic approach shows that for conditioning on high cur-
rents or high activities (more precisely, in the limit s → ∞ on the time scale set by
w0 = e−sq−1) there is a different dynamical phase transition that does not appear in
the density profile, but in the fluctuations. The dynamical exponent for density fluc-
tuations changes from z = 3/2 for typical behaviour to z = 1 for atypical behaviour
for times t = cT with c ∈ (0, 1) and T → ∞. The associated effective microscopic
dynamics, obtained from the generalized Doob’s transform [7, 20, 36], have near-
est neighbour jumps, but the jump rate depends on the whole configuration of the
particles in the same way as in a process introduced by Spohn [69]. The stationary
distribution of the effective process withN particles located on sites k1, . . . , kN ∈ TL

has the determinantal form
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PL(n) = 2N(N−1)

LN

∏

1≤i<j≤N

sin2
(

π
ki − kj

L

)
(9)

with long-range anticorrelations (correlations with negative amplitude)

C(k) := 〈 n(0)n(k) 〉 − ρ2 = − sin2(kπρ)

k2π2 (10)

in the thermodynamic limit L → ∞.
For a current lower than typical we considered in [7] the grand canonically con-

ditioned ASEP at t = T finite for a special value of the conjugate variable s and a
special family of initial measures that are inhomogeneous product measures mim-
icking a microscopically sharp shock and some site k and a soft antishock extending
over the whole lattice TL. It turns out that under the conditioned dynamics this
measure evolves into a time-dependent convex combination of such measures with
microscopic shock positions at sites l where the weights for each such measure are
the transition probabilities of a biased simple random walk starting from site k at
t = 0 and ending at site l at time t = T and explicitly known random walk transi-
tion rates [7]. This is an exact microscopic result reminiscent of the typical shock
dynamics proved in [6] for special shock densities. Thus under these conditions one
has on macroscopic level a travelling wave with shock moving around the ring with
finite speed, reminiscent of what is predicted by MFT at times cT with c �= 1 for
general shock densities. Indeed, for generic shock densities one may still expect a
microscopically stable shocks under conditioned dynamics, as was argued to be the
case for typical microscopic behaviour in [59] by using numerical evidence and the
heuristic domain wall approximation [41].

In addition to this macroscopic information one finds that the shock position per-
forms diffusive fluctuations around its mean position with an explicitly computed
shock diffusion coefficient. Moreover, the shock remains microscopically sharp at
all times and there are no correlations seen from the shock position. The techniques
used to derive these results are an adaptation of our earlier work [6] on the micro-
scopic structure of shocks under unconditioned dynamics. This approach, which uses
the q-deformed non-abelian symmetries of the integrable weighted generator, has a
probabilistic interpretation as self-duality [15, 27, 35, 64].

3 New Applications of Conditioning

After this brief review of microscopic large deviation results we consider now some
models that have a long history of study, but where there is renewed interest from
the viewpoint of large deviations.
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3.1 SEP Conditioned on Not Entering a Sublattice

RecentlyMeerson et al. [49] used macroscopic fluctuation theory (MFT) to study the
absorption into a static target in a gas of diffusing particles with exclusion, modelled
by the symmetric simple exclusion process (SSEP) [45]. The target is considered to
be an absorber, i.e., when a particles hits the target it disappears from the dynamics.
A quantity Meerson and collaborators are interested in is the probability S(t) that no
gas particle has hit the target until time t. This conditioning on an event is of the first
type outlined in the introduction and is equivalent to the survival probability of the
target. This problem has a long history of study, for non-interacting particles see e.g.
[11, 17, 70] and more recently in the context of the search for an immobile target
by a swarm of diffusive searchers [51] and in the study of the complete statistics
of particle absorption by the absorber [50]. In the absence of exclusion the survival
probability for an initial density ρ of particles is of the form S̃ρ(t) ∝ exp (−aρ

√
t)

with some constant a.
For one dimension and in the presence of exclusion it was proofed rigorously

[18] that the survival probability is bounded from above by the survival probability
S̃ρ(t) without exclusion. Indeed, for an initial distribution that is a Bernoulli product
measure with density ρ on all sites not covered by the target, MFT predicts the
asymptotic behaviour [49]

Sρ(t) ∝ e−f (ρ)
√

t (11)

where f (ρ) plays the role of a large deviation function. By placing the right edge
of the target at site 0, this problem is equivalent to conditioning the SSEP on the
event that no particle has reached site 0 until time t. For this case Meerson et al.
computed from MFT explicitly the first two terms in the Taylor expansion of (11)
around ρ = 0, with the result

f (ρ) = 2√
π

[
ρ + (

√
2 − 1)ρ2 + . . .

]
(12)

where the dots represent terms of higher order in ρ. The first order term, corre-
sponding to non-interacting particles, has been known for a long time, see [49] and
references therein.

Here we take a microscopic approach and first generalize to the disordered sym-
metric exclusionprocess on anyfinite latticeΞ , i.e., a latticewhere hopping is allowed
with strictly positive rate between fixed, but arbitrary pairs 〈i , j〉 of sites with i, j ∈ Ξ

and such that the hopping rates may depend in the link 〈i , j〉.1 We show for arbi-
trary targets that the conditioned process is equivalent to an unconditioned SEP with

1 To clarify our terminology: The symmetric simple exclusion process (SSEP) has nearest neigh-
bour jumps only on a regular lattice such as Zd , whereas the general symmetric exclusion process
(SEP) can have jumps between any pair of nodes on any graph. This terminology comes from
physical intuition and is not mathematically precise, since the set of links on which jumps have non-
zero rate may just as well be used to define an underlying graph on which one then would again have



380 G.M. Schütz

particle injection. Then we focus on the case of Meerson et al. For the SSEP in one
dimension the equivalent process was studied earlier [60] using a mathematically
rigorous reformulation of the Bethe ansatz. This reformulation involves expressing
the Bethe-wave function in terms of series expansions with simple convergence prop-
erties. This approach allows us to obtain the fluctuations of the conditioned process
in a fully microscopic approach and to prove the (not fully rigorous) prediction (12)
of MFT.

According to the construction outlined above, in one dimension (where Ξ = Z)
the SSEP conditioned on no particle reaching the origin is given by the truncated
generator

GZ+ = −w
∞∑

k=1

[
σ+

k σ−
k+1 + σ−

k σ+
k+1 − n̂k v̂k+1 − v̂k n̂k+1

] + wn̂1 =: G0 + wn̂1

(13)
For general finite lattices Ξ and general targets, covering an arbitrary (but non-

empty) sublattice Ω ⊂ Ξ , and disordered symmetric hopping with exclusion
between any pair of sites we by denote by Λ ⊂ Ξ the sublattice of sites not covered
by the target and between which hopping has non-zero rate. Hopping across a bond
〈i , j〉 with i, j ∈ Λ occurs symmetrically with bond-dependent rate wi,j = wj,i. Fur-
thermore we denote by E ⊂ Λ the exit sites which allow for hopping into the target
in the unconditioned process. (For nearest neighbour hopping e.g. on a cubic lattice
these sites form the external boundary of the target.)

Then one has as similar truncated generator GΛ with projectors n̂k on the set of
sites k ∈ E from which jumps into the target can occur, viz.,

GΛ = −
∑

〈i,j〉
wi,j

(
σ+

i σ−
j + σ−

i σ+
j − n̂iv̂j − v̂in̂j

)
+

∑

i∈E
din̂i =: G0

Λ + Ge
Λ (14)

where di = ∑
j∈Ω wi,j is the sum of jump rates between i and the target region to

which a particle in the unconditioned process can jump from site i. Consider now
an initial distribution | P0 〉 restricted to configurations with support on the sites in
Λ outside the target, i.e., to all configurations with nl = 0 for l ∈ Ω . The survival
probability SP0(t) is then given by

SP0(t) = 〈 s |e−GΛt | P0 〉 (15)

where the summation vector 〈 s | is also restricted to configurations with support on
the sites in Λ outside the target.

Our main result is the following.

(Footnote 1 continued)
only nearest neighbour jumps so that the process could also be called SSEP. However, we will only
consider the SSEP on Z with bond-independent rates. This removes any ambiguity of notation.
Moreover, we shall always speak of sites and lattices rather than of nodes and graphs.
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Theorem 3.1 Let Ξ be a finite lattice with M sites, Ω be the sublattice with K sites
covered by fixed absorbers and Λ = Ξ \ Ω with L = M − K sites. Then:
(a) For initial product measure with density ρ one has

Sρ(t) = 〈 (1 − ρ)N 〉0 (16)

where N is the total particle number under the evolution of an unconditioned SEP
with injection of particles at the sites i ∈ E with rate di = ∑

j∈Ω wi,j , defined by the
generator

HΛ = −
∑

〈i,j〉
wi,j

(
σ+

i σ−
j + σ−

i σ+
j − n̂iv̂j − v̂in̂j

)
−

∑

i∈E
di(σ

−
i − v̂i) =: H0

Λ + He
Λ (17)

and 〈 · 〉0 represents expectation for the initial distribution representing the empty
lattice.

(b) For initially N particles placed with probability 1 on sites k1, . . . , kN ∈ Λ one has

Sk1,...,kN (t) = 〈 vk1 . . . vkN 〉0 (18)

for the process with open boundaries defined by (17) and initially empty lattice.

Proof Observe that 〈 s | = 〈 0 |U where U = (v̂ + σ x)⊗L and that G0
Λ = H0

Λ is
symmetric under the action of the generators Sx,y,z = ∑

k∈Λ σ
x,y,z
k of the Lie-group

SU(2) and therefore commutes with U [62]. Moreover, by explicit computation
Un̂iU−1 = v̂i − σ+

i . These relations are valid for any lattice. Therefore G̃Λ :=
UGΛU−1 = G0

Λ − ∑
i∈E di(σ

+
i − v̂i) which yields for an initial product measure

Sρ(t) = 〈 0 |e−G̃ΛtU| ρ 〉. Next we observe that U| ρ 〉 = (1−ρ)N̂ | s 〉 and HΛ = G̃T
Λ

where the superscriptT denotes transposition. Transposition of (15) then proves (16).
On the other hand, for fixed initial condition with N particles on sites k1, . . . , kN one
hasU| k1, . . . , kN 〉 = v̂k1 · · · v̂kN | s 〉 since (v̂+σ x)|0) = |s) and (v̂+σ x)|1) = |0) =
v̂|s). Transposition of (15) then yields (18). �

In order to avoid irrelevant technicalities regarding arbitrary infinite lattices we
have restricted ourselves to finite lattices Ξ . However, all the steps involved in the
previous proof remain valid for the SSEP on Ξ = Z

d by adapting duality arguments
along the lines discussed by Liggett [45] to the case of open boundaries. In particular,
for the SSEP on Ξ = Z with constant jump rates w and right target edge at site 0
we have Λ = Z

+. The process (17) derived from GZ+ corresponds to injection of
particles at site 1 with rate w with generator

H = −w
∞∑

k=1

[
σ+

k σ−
k+1 + σ−

k σ+
k+1 − n̂k v̂k+1 − v̂k n̂k+1

] − w(σ−
1 − v̂1) (19)
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and initial density ρ0 = 0. This is the special case ρ∗ = 1, ρ0 = 0 of the SSEP with
open boundaries where particles are injected at site 1 with rate wρ∗ and extracted
with rate w(1−ρ∗) and the lattice has an initial product distribution with density ρ0,
see [60] with the (arbitrary) choice of time scale w = 1.

Corollary 3.2 From (16) it follows that the lowest order terms in the Taylor expan-
sion of ln Sρ(t) in ρ are given by

ln Sρ(t) = −〈 N 〉0ρ + 1

2

(
〈 N(N − 1) 〉0 − 〈 N 〉20

)
ρ2 + . . . (20)

Using rigorous techniques, viz., the explicit solution of a system of ordinary linear
differential equations by the rigorous reformulation of the (in general non-rigorous)
Bethe ansatz which was mentioned above, these expansion coefficients have been
computed in [60] for arbitrary boundary density ρ∗ and arbitrary initial density ρ0.
They agree for the relevant case ρ∗ = 1, ρ0 = 0 with the MFT prediction (12) which
is thus proved.

Next we discuss the conditioned time evolution of the local density in the general
SEP.

Proposition 3.3 For the SEP (14) conditioned on no absorption in the target up to
time T ≥ t ≥ 0 let

φρ,T (k, t) = 〈 s |e−GΛ(T−t)n̂ke−GΛt | ρ 〉
Sρ(T)

(21)

be the expected intermediate local particle number at time t ∈ [0, T ] with initial
Bernoulli product measure with density ρ.

(a) This function has for all ρ ∈ [0, 1] and for all t ∈ [0, T ] the time reversal
symmetry

φρ,T (k, t) = φρ,T (k, T − t) (22)

(b) and the property

φρ,T (k, t) = 〈 s |(1 − ρ)N̂e−HΛt(v̂k − σ−
k )e−HΛ(T−t)| 0 〉

Sρ(T)
. (23)

Proof (a) The first statement (22) follows from a reversibility argument: One uses

particle number conservation GΛ = yN̂ GΛy−N̂ = yV̂ GΛy−V̂ , ∀y ∈ C, and the time
reversal symmetryGΛ = GT

Λ of the conditioned evolution and notes that | ρ 〉 = (1−
ρ)V̂ ρN̂ | s 〉. (b) The second equality (23) is obtained using the same transformations
as in the proof of (3.1). �
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For Λ = Z+ (23) can be evaluated to first order in ρ using symmetries and
elementary computations. We define

qT (k, t) := −ρ
d

dρ

∣∣
ρ=0φρ,T (k, t) (24)

and obtain

qT (k, t) = ρ

∞∑

l=1

〈 s |n̂le
−Ht(v̂k − σ−

k )e−H(T−t)| 0 〉 (25)

with H given by (19). This brings us into a position to state:

Proposition 3.4 Let qT (k, t) be the conditional expected particle number at site k at
time t to first order in the initial density ρ of the SSEP on Z, conditioned on the event
that no particle has crossed the origin up to time T ≥ t ≥ 0, with initial product
measure with density ρ on Z

+. One has

qT (k, t) = ρfk(2wt)fk(2w(T − t)) (26)

where

fk(u) = e−u
k∑

n=−k+1

In(u) (27)

with the modified Bessel function In(·).
Proof In order to prove this result one first observes that 〈 s |n̂me−Ht(v̂k − σ−

k ) =
−〈 s |v̂me−Ht(v̂k − σ−

k ). Next one shows by direct computation that the vector
〈 m, t | := 〈 s |v̂me−Ht satisfies the lattice diffusion equation d/(dt)〈 m, t | =
w(〈 m + 1, t |+〈 m − 1, t |−2〈 m, t |)with absorbing boundary condition 〈 0, t | = 0
∀t. Hence 〈 m, t | = e−2wt ∑m

n=−m+1 In(2wt)〈 n, 0 | which yields

qT (k, t) = ρ e−2wt
m∑

n=−m+1

In(2wt)〈 s |v̂n(v̂k − σ−
k )e−H(T−t)| 0 〉. (28)

Now observe that 〈 s |v̂n(v̂k − σ−
k ) = 〈 s |v̂nδn,k and therefore qT (k, t) = ρfk(2wt)

〈 s |v̂ke−H(T−t)| 0 〉. Now one repeats the previous computation for the time evolution
of 〈 s |v̂k (with t replaced by T − t) and uses 〈 s |v̂n| 0 〉 = 1. This yields (26). �

At large scales where u is large and k = O(
√

u) the function fk(u) converges to
the error function. We rescale time t = τT , with 0 ≤ τ ≤ 1, and space k = x

√
wT .

Then (26) becomes
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lim
T→∞ qT (k, t) = ρ erf

(
x

2
√

τ

)
erf

(
x

2
√
1 − τ

)
. (29)

A similar result was obtained fromMFT for the macroscopic optimal density profile
of non-interacting random walks [49] conditioned on no absorption at the origin.

3.2 ASEP with Defect Bond and Site Disorder Conditioned
on Maximal Current

The TASEP on TL with a defect bond is the TASEP essentially as described above,
with the difference that hopping attempts across bond 〈L , 1〉 happen with rate r
and 0 < r < 1. This process has a long history of study which started with the
numerical observation of a defect-induced phase transition first in a closely related
model of interface growth [75] and then with a numerical study by Janowsky and
Lebowitz [37] who also reported a defect-induced phase transition from a phase
with homogeneous density (on coarse-grained scale) to a phase-separated stationary
state with two domains of different densities. A major issue that is still open from
a mathematical perspective is whether at half-filling the phase transition occurs at
some finite defect strength rc < 1 or for arbitrarily small defects, i.e., at rc = 1 [38].
In a cellular automaton version of the TASEP with discrete-time update [61] this
question could be answered rigorously. In that model the phase transition sets in
for any defect strength. Tang and Lyuksyutov [73] predicted this behaviour also for
the original TASEP, using renormalization group arguments for the closely related
directed polymer problem. For subsequent work on this problem, both in mathemat-
ical probability theory and statistical physics, see [5, 29, 55, 67, 71] and references
therein.

Here we follow the line of investigation started in [52] and consider the ASEP
with a defect conditioned on a large current, parametrized by the conjugate variable
s. Hopping attempts across bond 〈L, 1〉 happen with rate rw± and 0 < r < 1.
It is convenient to define the defect strength r in terms of the positive variable
u := − ln(r). Following the construction outlined above one has to study in the
maximal current limit s → ∞ the rescaled weighted generator

H∗(u) = −
L−1∑

k=1

σ+
k σ−

k+1 − e−uσ+
L σ−

L+1 (30)

Solving for the conditioned stationary distribution and the conditioned dynamics
looks at first sight like a difficult spatially inhomogeneous many-body problem.
However, the inhomogeneity turns out to have a trivial effect. In order to see this we
prove



Conditioned Stochastic Particle Systems and Integrable … 385

Proposition 3.5 The weighted generator (30) with bulk hopping rate 1 and defect
hopping rate r = e−u is related to a homogeneous generator with hopping rate
c(u) = r1/L = e−u/L by the similarity transformation

VuH∗(u)V−1
u = c(u)H∗(0). (31)

with Vu = exp (− u
L

∑L
k=1 kn̂k).

Proof This is proved by straightforward computation, using the factorized formVu =∏L
k=1 Vu(k) with Vu(k) = e− u

L kn̂k and the transformation property e−αn̂σ±eαn̂ =
e±ασ± of the Pauli matrices. �

An obvious corollary is that all eigenvalues εi(u) of the weighted generator (30)
are given by

εi(u) = c(u)εi(0) (32)

in terms of the eigenvalues of the homogeneous generator. For the left and right eigen-
vectors to these eigenvalues onehas 〈 εi(u) | = 〈 εi(0) |Vu and | εi(u) 〉 = V−1

u | εi(0) 〉.
The eigenvalues and eigenvectors for u = 0 are computed in [52] using the integra-
bility of the model by free fermion techniques.

Another immediate consequence is stated in the following theorem:

Theorem 3.6 The effective dynamics for conditioning on maximal current in the dis-
ordered ASEP, given by the generalized Doob-transform H∗

eff (u) := ΔuH∗(u)Δ−1
u −

ε0(u) of (30), has the property

H∗
eff (u) = c(u)H∗

eff (0). (33)

This follows from Δu = ΔVu with Δ = Δ(0) given in [52]. The interpretation
of this at first sight surprising fact is the following. The conditioning on maximal
current selects those (untypical) realizations of the process where hopping attempts
occur instantly, irrespective of the actual rate (which determines the typical mean
frequency between hopping attempts). Only the time scale of the effective process
(rescaled by es) is affected by the defect. As an obvious but noteworthy corollary we
find that the stationary distribution of the transformed process (33) does not depend
on u and is given by (10).

This result can be extended to the fully disordered ASEP [74], which also has
a long history of study lasting until today, see [14, 72] and references therein. We
denote the set of site-dependent hopping rates rk = e−uk to the right by u and obtain
under conditioning on maximal current

H∗(u) = −
L∑

k=1

e−uk σ+
k σ−

k+1. (34)
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with the property

VuH∗(u)V−1
u = c(u)H∗(0). (35)

where

Vu = exp

(
−

L∑

k=1

αkn̂k

)
, c(u) = exp

(
− 1

L

L∑

k=1

uk

)
=

(
L∏

k=1

rk

) 1
L

(36)

and αk = −∑k−1
i=1 (uk − c(u)). Theorem (3.6) applies also to this case with the

obvious substitution u → u. Hence hopping disorder is irrelevant in the ASEP under
maximal current conditions.

3.3 Annihilating and Coalescing Random Walks

We consider non-conservative dynamics where random walks annihilate instantly
when they meet, also called vicious random walkers [26]. There is a vast body of
literature, both in statistical physics and probability theory, on this process and the
related process of coalescing randomwalks where only one particle annihilates upon
meeting.

Many different techniques (see e.g. [4, 21, 39, 42, 63] and references therein)
allow for a detailed analysis of this problem. It has been known for a long time that
on Z the average particle density approaches 0 proportional to 1/

√
t, irrespective of

the initial density (after some finite crossover time) [16]. In the spirit of [54] we study
here for vicious walkers on TL the annihilation activity Aann(t), i.e., the number of
particles annihilated until time t. Thus we are dealing with the weighted generator

Ha(s) = H0 + Ha
1 (s) (37)

with

H0 = −
L∑

k=1

(
w+(σ+

k σ−
k+1 − n̂k) + w−(σ−

k σ+
k+1 − n̂k+1)

)
(38)

Ha
1 (s) = −(w+ + w−)e2s

L∑

k=1

σ+
k σ+

k+1 (39)

For definiteness we consider an even number of sites L = 2K . As initial distribution
we take a product measure with density ρ.
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We consider the generating function

Ys(t) = 〈 esAann(t) 〉 = 〈 s |e−Ha(s)t | ρ 〉, Y∗
s = lim

t→∞ Ys(t) (40)

and define a generalized large deviation function

g(s) := lim
t→∞ tα lim

L→∞
1

L
(ln Y∗

s − ln Ys(t)) =: lim
t→∞ tα(h∗

s − hs(t)). (41)

Observe the order of limits in this expression. Taking the limit t → ∞ first would
result trivially in g(s) = 0 since in a finite lattice the system reaches the trivial steady
state with no particles in finite time. The total number of particles annihilated until
time t is extensive in system size. This motivates the factor 1/L in (41). On the other
hand, one expects the annihilation activity per site to decay in time. Thus one expects
α > 0 and some stationary constant Y∗

s . In fact, here we show that α = 1/2 and we
also present the full functions g(s) and h∗

s .

Theorem 3.7 For annihilating random walks as defined in (37) with product initial
distribution with strictly positive density ρ > 0 the constant h∗

s defined in (41) takes
the value

h∗
s = 1 − ρ(1 − es). (42)

The generalized large deviation function g(s) has a non-trivial limit for α = 1/2
and does not depend on the hopping asymmetry w+ − w− nor on the initial density
ρ. Its explicit form is given by

g(s) = 1

4
√

π(w+ + w−)t

∞∑

m=1

(1 − e−2s)m

m3/2 . (43)

Proof By definition Aann(t) is the number of particles annihilated until time t, i.e.,
Aann(t) = N(0) − N(t). Hence Ys(t) = 〈 esAann(t) 〉 = 〈 es(N(0)−N(t)) 〉. On the other
hand,

〈 es(N(0)−N(t)) 〉 = 〈 s |e−sN̂e−HtesN̂ | ρ 〉. (44)

Next we observe esN̂ | ρ 〉 = aL(s)| ρ̃(s) 〉 with

ρ̃(s) := esρ/[1 − ρ(1 − es)], aL(s) := [1 − ρ(1 − es)]L. (45)

Below we shall drop the argument s of ρ̃. This yields

Ys(t) = (h∗
s )

L〈 e−sN(t) 〉ρ̃ (46)

with the function h∗
s (42).
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It remains to consider g(s) = − limt→∞ tα limL→∞ 1/L ln 〈 e−sN(t) 〉ρ̃ . Since the
particle number parity (−1)N is conserved we decompose the Bernoulli product
measure with density ρ̃ into its even and odd components

P+(n) = 1

Z+ ρ̃N(n)(1 − ρ̃)L−N(n)
K∑

M=0

δN(n),2M (47)

P−(n) = 1

Z− ρ̃N(n)(1 − ρ̃)L−N(n)
K−1∑

M=0

δN(n),2M+1 (48)

where N(n) = ∑L
k=1 n(k) is the particle number in configuration n and

Z± = 1

2

(
1 ± (1 − 2ρ̃)L

)
. (49)

The probability vectors corresponding to these distributions are denoted by | ρ̃± 〉.
We also define the projected summation vectors

〈 s± | =
∑

{n:(−1)N(n)=±1}
〈 n |. (50)

This decomposition gives

〈 e−sN(t) 〉ρ̃ = Z+Φ+
s (t) + Z−Φ−

s (t) (51)

with Φ±
s (t) = 〈 e−sN(t) 〉ρ̃± .

The computation of Φ+
s (t) was performed in [65], using the mapping of annihi-

lating random walks to a system of free fermions [48], and then employing a further
mapping to K = L/2 non-interacting spins [63]. This allows for a tensor represen-
tation of the even initial condition on (C2)⊗K

| ρ̃+ 〉 = 1

Z+
K∏

p=1

[
(1 − ρ̃)2 + ρ̃2 cot

(2p − 1)π

2L
σ−

p

]
| 0 〉, (52)

of the even summation vector

〈 s+ | = 〈 0 |
K∏

p=1

[
(1 + cot

(2p − 1)π

2L
σ+

p

]
, (53)

and the even generator

H+ = −(w+ + w−)

K∑

p=1

[
sin

(2p − 1)π

L
σ+

p −
(
1 − cos

(2p − 1)π

L

)
n̂p

]
. (54)
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Expressing the parametersD andα in [65] in terms of the present choice of parameters
leads to the identification α = is and D = (w+ + w−)/2. This yields

Φ+
s (t) =

K∏

p=1

[
1 − γ +

p (1 − e−2s)e−2ε+
p t

]
(55)

with

γ +
p = ρ̃2

ρ̃2 + (1 − ρ̃)2 tan2 (2p−1)π
2L

, ε+
p = 2D

(
1 − cos

(2p − 1)π

L

)
. (56)

For the odd sector, which was not studied previously, we follow the approach of
[63] to obtain

| ρ̃− 〉 = Lρ̃(1 − ρ̃)

Z−
K−1∏

p=1

[
(1 − ρ̃)2 + ρ̃2 cot

pπ

L
σ−

p

]
σ−
0 | 0 〉 (57)

and the odd summation vector

〈 s− | = 〈 0 |σ+
0

K−1∏

p=1

[
(1 + cot

pπ

L
σ+

p

]
. (58)

The required normalization 〈 s− | ρ̃− 〉 = 1 follows from applying the trigonometric
product identities 6.1.1.7. and 6.1.1.8. in [56]. The generator on the odd subspace is
similar to even case, but with the replacement p → p + 1/2. This yields

Φ−
s (t) = e−s

K∏

p=1

[
1 − γ −

p (1 − e−2s)e−2ε−
p t

]
(59)

with γ −
p , ε−

p similar to the corresponding even quantities (56), but with the replace-

ment p → p + 1/2. The exponential prefactor comes from the term involving σ+
0 .

In order to take the thermodynamic limit one expresses the product as the expo-
nential of the sum of logarithms. Since all terms are well-behaved in the domain
of finite s and sufficiently large t one can expand the logarithm in a power series.
Then using Euler-MacLaurin one can replace the sums by integrals and realizes that
the even and odd product converge to the same quantity. Taking the thermodynamic
limit thus yields g(s) as given in (43). �

Finally we consider a mixed process where particles coalesce with probability p
or annihilate with probability 1 − p when they meet on the same site. The weighted
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generator for the integrated number of annihilated particles is given by Hac(s) =
H0 + Hac

1 (s) with annihilation part

Hac
1 (s) = −

L∑

k=1

[
(w+ + w−)(1 − p)e2sσ+

k σ+
k+1 + pw+esσ+

k n̂k+1

+ pw−esn̂+
k σ+

k+1

]
. (60)

In the limit p = 1 one has coalescing particles [3, 8]. We define

Yac
s (t) := esAac(t) = 〈 s |e−Hac(s)t | ρ 〉 (61)

and in complete analogy to (41)

gac(s) := lim
t→∞ tα lim

L→∞
1

L
(ln Y∗

s − ln Yac
s (t)) =: lim

t→∞ tα(h∗
s − hac

s (t)). (62)

Here trivially the same function Y∗
s appears since the initial measure is the same and

Y∗
s is just the asymptotic generating function for the annihilation of all particles.

It was shown in [33] that Hac(0) = BHa(0)B−1 with B = e−θ(S+−N̂) and
e−θ = 1−p/2. These transformations lead to gac(s) = g(s′) with some s′(s, p). The
lack of dependence of the generalized large deviation function g(·) on the hopping
asymmetry is trivial in the sense that is well-known that for annihilating random
walks the bias can be absorbed in a Galilei-transformation at large space-time scales
[63]. However, there is a non-trivial universality property in the sense that g(·) does
not depend on the initial density and on the branching ratio. The branching ratio
enters only through the non-universal argument s′(s, p). We conjecture that the same
generalized large deviation function gwill be found in other models such as the SSEP
with pair annihilation with arbitrary rate, which is also an integrable model [1, 65].
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