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Preface

String Theory revolutionized not just how we view the physical world but also how
we view Mathematics. Conversely, through String Theory, many physicists first
became acquainted with beautiful fields of Mathematics, like Algebraic Geometry.
The cross-pollination of insights and motivations between String Theory and
Mathematics led to remarkable insights in both fields.

One such deep instance is that of Mirror Symmetry, a duality in String Theory
that provides a powerful computational tool—allowing one to exchange difficult
computations for simpler ones. The full range of consequences of Mirror Symmetry
in Mathematics may never be understood. On the other hand, Mirror Symmetry has
already provided spectacular insight in enumerative geometry [1] leading to a
revolution in the field [2-6]. Two related mathematical proposals for Mirror
Symmetry arose afterward. The Strominger—Yau—Zaslow or SYZ conjecture [7]
posits that mirror manifolds arise from the process of T-dualization; each space
admits torus fibrations over a common base, and the exchange between the two
amounts to dualization of the torus fibers. The Homological Mirror Symmetry of
Kontsevich [8] states that an equivalence of categories underlies all phenomena of
Mirror Symmetry. It provides a deep and hitherto-unknown connection between the
fields of Algebraic Geometry and Symplectic Geometry and has become a robust
field of Mathematics itself in a short time.

This book consists of a series of introductory lectures on Mirror Symmetry and
its surrounding topics. These lectures were provided by participants in the PIMS
Superschool School for Derived Categories and D-Branes in July 2016. Together,
they form a comprehensive introduction to the field which integrates perspectives
from mathematicians and physicists alike.

The intent is to provide a pleasant and broad introduction into modern research
topics surrounding String Theory and Mirror Symmetry which is approachable to
readers who are new to the subject. Mathematical readers should expect to come
away with a broader perspective on this field and a bit of physical intuition.
Physicists will gain an introductory overview of the developing mathematical
realization of physical predictions. Topics include constructions of various mirror
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pairs, approaches to Mirror Symmetry, connections to homological algebra, and
physical motivations.

Of particular interest is the connection between GLSMs, D-branes, birational
geometry, and derived categories. This is one of the broader themes of the text and
is explained from a physical and mathematical perspective. The introductory lec-
tures provided herein highlight many features of this emerging field and give
concrete connections between the physics and the math.

Columbia, USA Matthew Ballard
Edmonton, Canada Charles Doran
Edmonton, Canada David Favero
Blacksburg, USA Eric Sharpe
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Categories”

Chantelle Hanratty'

1. € or &: A specific category

2. Ob(%): The objects in the category 4

3. Homy(A, B) or Hom(A, B): Morphisms (in the category %) between the objects
A and B

4. = Isomorphic

5. F~!: The inverse functor to a functor F

6. A[n]: The object A shifted n times in a triangulated category; 7" (A)

7. f [n]: The map T" (f): A[n] — B[n], where f: A — B.

8. fi, fr:Iff: A — B, then f, and f~ are the induced maps between morphism groups
Hom(X, A) — Hom(X, B) and Hom(B, X) — Hom(A, X) respectively.

1University of Alberta, Edmonton, AB, Canada, e-mail: hanratty @ualberta.ca.
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Chantelle Hanratty

1 Preface

The following material is standard and based largely on the discussion of triangulated
categories in the first chapter of [7]. Background information on categories, functors,
and additive and abelian categories, as presented in [4], is also included throughout.
The proposition at the end of the notes is paraphrased from Proposition 1.34 of [7];
however, the lemmas and corollaries to this proposition are independently observed in
order to give a more detailed proof and motivation for the proposition. Any additional
sources are cited inline throughout.

2 Introduction

Triangulated categories were developed independently by Jean-Louis Verdier and
Dieter Puppe in the 1960s. Puppe’s work was originally published as [2] in 1961
and Verdier’s work was originally part of his unpublished PhD thesis, which was
reprinted in 1996 as [10]. Today there are numerous applications to triangulated
categories, such as derived categories of coherent sheaves, the theory of motives,
stable homotopy theory, Fukaya categories, and stable module categories [6, P. 1] [9,
P. 70].

The purpose of these notes is to provide enough background information to define
triangulated categories. We begin the notes by defining additive categories. We con-
tinue by providing background information on monomorphisms, epimorphisms, ker-
nels, and cokernels, which we use to define abelian categories. Finally we give a full

C. Hanratty ()
University of Alberta, 116 St & 85 Ave, Edmonton, AB T6G 2R3, Canada
e-mail: hanratty @ualberta.ca
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definition of triangulated categories and conclude by describing some basic results
on triangulated categories, leading to a long exact sequence of morphism groups.

3 Additive Categories

3.1 Definition of Additive Categories

Definition 1 An additive category € is a category satisfying the following axioms:

1. For every two objects A, B € Ob(%), Homg (A, B) is an abelian group.

2. Function composition is bilinear. That is for every f, fi, f» € Hom¢ (A, B), and
8. &1, & € Homy (B, C) we have g o (fi + f2) = (g o fi) + (g o f2) and
(81+8)o f=(gof)+(gof).

3. ¥ has a zero object. That is there is an object 0 such that Hom(A, 0) =
Hom(0, A) = 0 is the trivial group for any object A € Ob(%).

4. For every two objects A, A, in €, there exists an object A that is both a product
and a coproduct (sum) of A; and A,.

Note: Two equivalent definitions of a zero object are 0 such that Hom(0, 0) = 0
or O that is both an initial and a final object in the category.

3.2 k-Linear Categories

Definition 2 A k-linear category is a special type of additive category in which all
homomorphism groups are vector spaces over a field £ and function composition is
bilinear over k.

3.3 Additive Functors

For any functor, F : 4 — %, between additive categories, and every two objects
A, B € Ob(%), we get an induced map F : Hom(A, B) — Hom(F(A), F(B)).

Definition 3 A functor F is called an additive functor if the induced map is a group
homomorphism. Thatis F(f + g) = F(f) + F(g) forany f,g: A — B.

Definition 4 A functor between two k-linear categories is k-linear if the induced
map is k-bilinear. Thatis F (k| f + kog) = k1 F(f) + ko F(g) forany f,g: A — B
and kl y k2 € k.
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4 Abelian Categories

Roughly speaking an abelian category is an additive category with kernels and cok-
ernels. This is powerful because it makes it possible to define exact sequences,
homology, and cohomology. Before giving the proper definition, we will delve into
the necessary background in category theory, etc., to make the definition complete.

4.1 Some Category Theory

4.1.1 Monomorphisms and Epimorphisms

In many familiar categories, such as sets and groups, monomorphisms and epimor-
phisms are the typical notions of injective and surjective maps respectively. In a
general category theoretic sense, we get the following.

Definition 5 A map f : A — B is called a monomorphism if for any pair of mor-
phisms x : C — Aandy: C — A suchthat f ox = f oy, we alsohave x = y.

Definition 6 A map f : A — B is called an epimorphism if for any pair of mor-
phismsx : B— Candy: B — Csuchthatx o f = yo f, we also have x = y.

Although there are many categories in which monomorphisms are injections and
epimorphims are surjections, it is important to note that these definitions do not coin-
cide in every category.

Example 1 Let € be the category where the objects are Hausdorff topological spaces
and the morphisms are continuous functions. Then the inclusion Q < R is an epi-
morphism in this category even though it is not surjective.

4.1.2 Difference Kernels and Cokernels

In order to define a category theoretic kernel and cokernel, we first need to define
the notion of difference kernels and difference cokernels.

Definition 7 Letx,y : A — B be two morphisms, then a difference kernel of x and
y is a morphism k : K — A satisfying the following two conditions.

e xok=yok
e Let j : J — A be another map satisfying the first condition. Then there exists a
unique map / : J/ — K such that the following diagram commutes.
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We can think of the first property as requiring x and y to be equal on K, and the
second property as choosing the “largest” object with this property.

Proposition 1 Any difference kernel is a monomorphism.
Proof See [4, Proposition 1.61] for a proof of this statement. (]

Definition 8 Let x, y : A — B be two morphisms, then a difference cokernel of x
and y is a morphism ¢ : B — C satisfying the following two conditions.

ecox=coy.
e Let j : B — J be another map satisfying the first condition. Then there exists a
unique map / : C — J such that the following diagram commutes.

~.
A

J
T 1
I

B——C

We can think of the first property as requiring x and y to be equal on C, and the
second property as choosing the “largest” object with this property.

Proposition 2 Any difference cokernel is an epimorphism.

Proof Apply the previous proposition to the opposite category. ([

4.1.3 Kernels and Cokernels

Kernels and cokernels are only well defined in a category with a zero object. Recall
a zero object is an object such that for any other object A, we have Hom(A, 0) and
Hom(0, A) each have exactly one element.

In such a category O : A — B is defined as the composition of the unique maps
A— 0— B.

Definition 9 Let f : A — B be a morphism. Then we define the kernel of f to be
the difference kernel of f and 0, and the cokernel to be the difference cokernel of f
and 0.

Therefore a kernel is a map k : K — A such that f o k = 0, and for any other
j :J — Asuchthat f o j =0, there existsamap/ : / — K making the following
diagram commute.
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Definition 10 Similarly a cokernel is a map ¢ : B — C such that c o f = 0. Fur-
thermore for any other j : B — J satisfying the first condition there exists a unique
[ : C — J making the following diagram commute.

4.2 Definition of Abelian Categories

Definition 11 An abelian category is an additive category such that:

e If f: A — B isamorphism in the category, f has both a kernel and a cokernel.

e If f: A — Bisamonomorphism in the category, then f is a kernel of some map.

e If f: A — B is an epimorphism in the category, then f is a cokernel of some
map.

Note: There is an equivalent characterization of the second and third bullets that
requires a certain natural map between the image of f and the coimage of f to be
an isomorphism; however, we will not describe this in detail.

4.3 Examples

Example 2 (Some abelian categories)

e The category of modules over a commutative ring R is abelian.

e The category of sheaves (of abelian groups) over a topological space X is an
abelian.

e For a given scheme X, the categories of coherent and quasi-coherent sheaves over
X are abelian.

Example 3 (A category that is additive but not abelian) Let R be any non-noetherian
commutative ring, and let %" be the category of finitely generated modules over this
ring. Then % is additive, but not abelian.
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Proof (that € is not abelian) One of the equivalent definitions of a noetherian com-
mutative ring is that every ideal is finitely generated. Since by assumption R is not
abelian, there exists an ideal that is not finitely generated, call it /.

By proposition 2.3 in [1], a module over R is finitely generated iff it is isomorphic
to a quotient of R". Therefore R/I is a finitely generated module.

R and R/I are both objects in &, so in order for % to be abelian, the projection
P : R — R/I must have a kernel. However, the kernel of this map is /, which is not
an object in this category. Thus % is not abelian.

We thank the Mathematics Stack Exchange community for help with this proof.

Note: We have proved that the kernel of P, in the category of modules, is not
finitely generated. However, the category of finitely generated modules could have a
kernel that is not a kernel in the category of modules. Therefore for this proof to be
completely correct, we also need to show that any kernel in the category of finitely
generated modules is also a kernel in the category of modules. ]

Example 4 (A category that is not additive) Let € be the category of sets. Intuitively
it makes sense that ¢’ is not additive because there is no natural way to define addition
of functions whose codomain is not an abelian group. More concretely, the category
of sets does not have a zero object so it cannot be abelian.

5 Triangulated Categories

5.1 Some More Category Theory

Let F : € — 2 be a functor and A, B any two objects in Ob(%).
There is an induced map

F :Hom¢ (A, B) — Homgy (F(A), F(B))
f = FOf).

Definition 12 F is full if the above map is surjective for each A, B € Ob(%). That
is all of the maps F(A) — F(B) come from maps A — B.

Definition 13 F is faithful if the above map is injective for each A, B € Ob(%).

Definition 14 ([8, P. 53]) F is essentially surjective if every object B € & is iso-
morphic to an object F (A) for some A € €. Note: We don’t require that B = F(A),
only that they are isomorphic.



Abelian and Triangulated Categories 9
5.1.1 Equivalence of Categories

Definition 15 Two categories €, & are called equivalent if there exists a full, faith-
ful, essentially surjective functor F' : 4 — 2. This equivalence is called additive if
the functor is additive.

Note: There is an equivalent definition of equivalence. The categories ¢ and & are
equivalent if there are two functors F : 4 — Z,and G : 9 — % such that G o F
and F o G are naturally isomorphic to the identity functor. We write thisas G = F~!.

5.2 Definition of Triangulated Categories

A triangulated category ¥ is a special type of additive category. Such a category
must have a “shift functor,” a “set of distinguished triangles,” and follow a set of
special axioms called the TR axioms.

Definition 16 The shift functor is an additive equivalence T : ¥ — 9.
Therefore

e T is a full, faithful, essentially surjective functor from 2 to itself.
e ForA,BeOb(Z)and f,g: A— Bwehave T(f+g)=T(f)+T(g).
Definition 17 Given a fixed shift functor, a triangle consists of

e Three objects A, B, C € Ob(2)
e Morphisms a € Hom(A, B),b € Hom(B, C), c € Hom(C, T (A))

That is we get a diagram

A5 BL S 1A,

Definition 18 In a triangulated category, we choose a subset of triangles, which we
call distinguished triangles. This subset must follow the TR axioms which we will
describe below.

5.2.1 Notation

Let A,BeOb(?),f:A— Bandn € Z.
Then A[n] =T"(A) =T o---oT(A)and f[n]=T"(f)=To---oT(f).
Note that since T(f) : T(A) — T(B), we get

fln]: A[n] — B[n].

Note: Since T is an additive equivalence, it has an inverse. Therefore letting n be
negative makes sense. We use the notation A[—n] to denote Tl'o- - 0oT'A.
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5.2.2 Morphisms of Triangles

Let
A— B— C — A[l]

and
A - B — C — A'[1]

be two triangles.

Definition 19 A morphism of triangles consists of maps f : A — A’, g: B — B’
and i : C — C' such that the following diagram commutes.

y B c All]
J{f jg jh |
A B c A

If each map f, g, & is an isomorphism, then we call the diagram an isomorphism
of triangles.

5.3 Axioms

We call the axioms for triangulated categories TR1, TR2, TR3 and TR4.

531 TR1

The first axiom has three parts. Each part guarantees the existence of some type of
distinguished triangle.
(1) For every object A there exists a triangle

A A% 0% A

These triangles must always be distinguished.
(2) Distinguishedness is preserved under isomorphism. That is if two triangles

are isomorphic they must both be distinguished or not distinguished.
(3)Let f : A — B be a morphism. Then there exists a distinguished triangle

AL B Cc o Al

that “completes” f. The object C is called the mapping cone of f.



Abelian and Triangulated Categories 11
53.2 TR2

Let .
T,=A% B35 CS5 Al

be a distinguished triangle.

Then the triangle

n=8%cS A=Y g

is also distinguished.
Conversely if 75 is distinguished, 7; must also be distinguished.

533 TR3

Consider a commutative diagram of distinguished triangles as below.

A B C Al
L) I
A B c A

Any such diagram can be completed to a (not necessarily unique) morphism of
triangles,

A B C All]
lf lg A lf[l] .
A B c A']

Note: It is straightforward to show, using TR2, that as long as you have any two
out of three of the morphisms, f, g & you can prove the existence of the third.

5.3.4 TR4 The Octahedral Axiom

The TR4 axiom is the most complicated axiom for triangulated categories. The
following description is adapted from the description found in [5, PP. 21-22].
Letu: X — Yandv:Y — Z be any two maps.
Then there is a composition map w :=vou : X — Z.
By TR1 we can complete all three of these maps into distinguished triangles.
Let U, V, W be the mapping cones of u, v, w respectively so we get distinguished
triangles
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X5 ySuls xm
vy 5 z5% vS v

x5 z% w x

TR4 states that there exists a distinguished triangle
A g h
U—>W-=>V Ul

such that the following diagram commutes. This diagram forms the vertices and
edges of an octahedron, giving the axiom its name.

Note: The dashed lines represent maps going into X[1], Y[1], U[1] as opposed
to X, Y, U. The code for making the above commutative diagram was found at [3].

5.4 Results about Triangulated Categories

Lemma 1 Let A be any object in a triangulated category. Then the triangle
0>4%420
is distinguished.
Proof By TR1 we know that
AL A% 05 A0

is distinguished .
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Therefore by TR2 we have that
AS0% A =S apn

is distinguished.
Applying TR2 again we get that

0% a1 =2 A =2 o1

is also distinguished.
Since A was arbitrary, replacing A with A[—1] implies that

0% 4% 4 =2 o1

is distinguished.
Consider the following isomorphism of triangles.

0 A9y 0
lo lfid lld lO
0"y g9, 4 049

By TR1, since the bottom triangle is distinguished, so must be the top.
Therefore 0 ” 0
0= A[1] = A[1] — O[1]
is indeed distinguished, proving the claim. (]
Lemma2 Ler A EN BLch A[1] be a distinguished triangle. Then g o f = 0.
Proof By the last lemma, we have that

O—>CE>C—>()

is distinguished.
Consider the following commutative diagram.
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Then by TR3 there exists a morphism A — 0 making the diagram commute.
However the only possible morphism A — 0 1is 0.

A B—2,C Al1]
0 lg lid 0
M id 0

0o—2sc-—4sc o[1]

Therefore by the resulting commutative diagram, we have that go f =0 as
required. (]

Proposition 3 Let & be a triangulated category and A Lps ch A[l] a dis-
tinguished triangle in this category. Then for any object X we get the following
induced sequences on homomorphism groups.

Hom(X, A) £ Hom(X, B) £ Hom(X, C)

Hom(A, X) <= Hom(B, X) £- Hom(C, X)
These sequences are exact.

Proof (for the first sequence)
Exactness of this sequence means that kerg, = imf,.
First we will prove kerg, C imf,.
Let j : X — B be an element of kerg,. Then g o j = 0.
By TR1 we have that the triangle

X9 x50 x[1]

is distinguished.
Consider the following commutative diagram.

A

Applying TR3, there exists amorphisma : X — A making the triangle commute.
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X 4, x 25025 X[
a Jf' Jo ]
AL B S0ty

Therefore j oid = j = f o = f.«, and j is indeed an element of imf,.

Next we will prove kerg, 2 imf.

Letk : X — Abearbitrary. Then f, (k) = f o kisan arbitrary element of Im( f,).
Then g,(f ok) =go fok.Bythe Lemma2 go f =0, so f ok is an element of
ker(g).

The proof for the other sequence is similar.

Corollary 1 Let & be a triangulated category and A ER BLch A[1] a distin-
guished triangle in this category. Then for any object X there is an exact sequence

---Hom(X, A) ﬁ) Hom(X, B) & Hom(X, C) By Hom(X, A[1]) —fll, Hom
(X, Bl1]) =5
Proof This follows from applying TR2 to the previous proposition. O
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Nitin Kumar Chidambaram

1 Category of Complexes and Homotopy Category

Given an abelian category .o/ let us define the category of complexes Kom(.2). Chain
complexes, denoted A°®, are diagrams of the form

di*Z AI*I di*l Al dt Al+1 di+l

where A’ € Obj(a/)andd’ € Mor(a/) suchthatd’ o d’~! = 0, and the morphisms
between chain complexes, say f : A®* — B®, are defined as commutative diagrams
of the form

di—2 Al—l di-1 Al di A1+1 qit1
J{fi*l J/fl J{fi#»l
di72 Bl_l di*l Bl dt Bl+1 di+l

Definition 1 The category of complexes Kom(.2¢) of an abelian category 27 is the
category with objects as chain complexes A*® and morphisms as morphisms between
chain complexes.

Remark 1 Kom(?) is an abelian category. The verification of the existence of ker-
nels and cokernels is straightforward.
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0 0

Remark 2 The mapping A — (--- 0 A 0 --+) defines

an equivalence of .7 with a full subcategory of Kom(<?).

We shall define two functors on the category of complexes which are important
to us:

Definition 2 The shift functor T : Kom(2/) — Kom(.</) is defined as the following
— A°[1]:=T(A®) is the complex with A°[1] := A**! and differential d,,, :=
—d';"'. And f[1] := T(f) of the morphism f : A* — B* is the morphism such that
f[l]t — fi+1.

Remark 3 The shift functor defines an equivalence of categories.

Remark 4 The shift functor does not give Kom(.«/) the structure of a triangulated
category! The problem lies in defining exact triangles.

Definition 3 The cohomology functor H' : Kom(%/) — .o/ is defined as the fol-
lowing on objects — H'(A®) := Ker (d')/ Im (d'~"). The morphism f’ : A’ — B’
descend to the cohomology H'(f) : H'(A) — H'(B).

Remark 5 A complex, A®, is called acyclic if H'(A*) =0V i € Z.

Remark 6 A short exact sequence in Kom(.27)

0 A B C 0

induces a long exact sequence in cohomology

- —— H'(A) —— H'(B) H'(C) H*A) —— -

Let us define quasi-isomorphisms which will be essential for defining derived
categories now.

Definition 4 A morphism of complexes f : A®* — B°®iscalled a quasi-isomorphism
(or gis) if the induced maps on cohomology are isomorphisms, i.e. H'(f) : H'(A®)
— H'(B*) is an isomorphism Vi € Z.

In the derived category, we wish to make all quasi-isomorphisms invertible (i.e.
isomorphisms). In order to do this, we will first pass to the homotopy category of
chain complexes which will make a certain class of quasi-isomorphisms invertible
(namely the ones that have an inverse up to homotopy).
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Definition 5 (Homotopy of morphisms) Two morphisms of complexes f, g: A®* —
B* are said to be homotopic (denoted f ~ g ) if there exists morphisms i’ : A" —

B~! i € Z such that

fl—g =n"od, +dy ' ol

o di—2 Al—l di—1 Al di AH’l qi+1
Apara
. di—2 Bl_l di-1 Bl di Bl+1 qit1

Definition 6 (Homotopy category of chain complexes) The homotopy category of
chain complexes, K(<7) is the category with the same objects as Kom(.</) and mor-
phisms defined up to homotopy, i.e. Homg o\ (A®, B*) = Homgomr)(A®, B®)/ ~.

The verification that this is well defined is fairly straightforward.
We also note that this construction is well defined for any additive category (not
necessarily abelian).

Remark7 If f ~g: A* — B*, H(f) = H'(g).

Remark 8 If f,g: A* — B®,suchthat fog~ Id and go f ~ Id, then f and g
are inverses in K (&)

Now, we can finally define our object of interest, i.e the derived category.

2 Defining the Derived Category

First of all, let us state the existence result:

Theorem 1 Letr </ be an abelian category and let Kom(<7) be the category of
complexes. Then there exists a category D(<7), the derived category of <7, and a
functor

Q: Kom(«/) — D()

such that:

e Iff: A* — B° is a quasi-isomorphism, then Q(f) is an isomorphism in D(<7 ).
e Any functor F : Kom(o/) — 9 satisfying the above condition factorizes uniquely
over Q : Kom(«/) — D():
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Kom(o/) —— 2 D(o7)

F T
=Te

9

Before we proceed to construct this derived category explicitly, let us make a
couple of observations:

Remark 9 The functor Q identifies objects of K(.o7') with the objects of D().

Remark 10 The cohomology objects H' (A®) where A® € D(</) are well defined
objects of the abelian category .27. In other words the cohomology functors H' factor
through Q.

Now we proceed to construct the derived category. The morphisms in the derived
category are constructed as follows. We represent morphisms A®* — B* in the derived
category by equivalence classes of diagrams called roofs:

C.
% \4
A® B*

Two roofs representing A®* — B* are said to be equivalent if they are dominated in
the homotopy category K (/) by a third roof, i.e. there exists a commutative diagram
in K () of the form:

C.

qis \

A® B*
Now we need to define composition of morphism. Say we are given two morphisms:

(o and (0

qis \ qis \

A® B* B* c*

We want the composition to be defined as:
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G
qis \
a 3 (1)
qis, \ qis \
A® B*® c*
We will show that this diagram exists and is defined uniquely in the derived category,
by introducing a construction called the mapping cone. This mapping cone construc-

tion will also tell us how to give the derived category the structure of a triangulated
category.

3 Derived Category as a Triangulated Category

Let us define the mapping cone first.

Definition 7 Let f : A* — B*® be a morphism in Kom(.«). The mapping cone C(f)
is defined as the complex such that:

C(f) = A EB B! and

. ' _df4+1 0
dep) = i

Also, there exists two natural morphisms
T:B*—> C(f) and w:C(f)— A°[1]
given by the natural injection and surjection respectively.

Remark 11 B* — C(f) — A*[1]is a short exact sequence in Kom(<7) (We
will define this as a distinguished triangle in D(%7) eventually.)

Proposition 1 (TR3) A commutative diagram can be completed as follows

At B () —— A

Lo

AS P BY 5 () —— A3

Proof We construct the morphism by sending A\t  C(f1)' to A5t < C(f2) by
the given morphism A} — A$ and similarly for B’ C of C(f1)’. By construction the
diagram is commutative. O
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Proposition 2 (TR2) Let f: A* — B*® be a complex morphism. Then there exists
a complex morphism g : A*[1] — C(t) which is invertible in K(</ ) that makes the
following diagram commutative in K(<7):

B —— C(f) — A1) —L5 B[]
RN
B* — s C(f) —— C(1) —— B'[1]

Proof The morphism g : A°[1] — C(7) is defined on
Aifl C(‘L’)i — Bitl @C(f)l — Bitl @Ai+l @Bi

as (— 11, id, 0). See Proposition 2.16 in [1] for details. O
The following proposition will let us define composition in the derived category.

Lemma 1 (Extension lemma) Given a quasi-isomorphimsf: A®* — B® and a mor-

phism g : C* — B®, there exists the following commutative diagram in K(</ ):

is

cg =

|

A* —1 B
qis

Proof First of all, we use the mapping cone construction on f to get a short exact
sequence by Remark 11: B — C(f) — A[l]. As f is a quasi-isomorphism, passing
to the long exact sequence in cohomology gives us that H' (C(f)) = 0 foralli € Z.
Now, using the mapping cone construction on 7 o g we know that there exists a
morphism of complexes given by

Tog

C* —— C(f) —— C(t0g)

Furthermore, by Remark 11, we know that this is a short exact sequence. So we pass
to the long exact sequence in cohomology and using that H'(C(f)) = 0 we get that
Cy = C(t 0 g)[—1] — C* is a quasi-isomorphism.

All that remains to be shown is that there exists a map C; — A*® so that we get a
commutative diagram. For this, we use TR3 to show the isomorphism A® >~ C(7).
Then we construct the natural map C(t o g) — C(t) and use the isomorphism above
to get Cg — A°.

C(tog)[—1] —— C* —=%5 C(f) —— C(t0g)

. I

A.
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The commutativity is clear. (]
Corollary 1 The composition of roofs defined by (1) is well-defined and unique.

Proof Apply the extension lemma to the diagram

G G
A B* c*

This shows that a roof representing composition exists. Uniqueness can also be
proved using the extension lemma multiple times. (]

Now that we have defined composition, let us give the homotopy category and
the derived category the structure of a triangulated category as follows:

Definition 8 A distinguished triangle in D(%7) (or K(&7)) is any triangle isomorphic
to a triangle of the form:
f

A® B c(f) All]°

Proposition 3 Distinguished triangles as defined above along with the shift functor
turn both the homotopy category and the derived category into triangulated cate-
gories.

Also the functor Qs : K(&/) — D(&) is an exact functor of triangulated cate-
gories.

Proof See IV.2 in [2]. O

Remark 12 The general procedure to construct a derived category is called local-
ization, in this case we use the set of quasi-isomorphisms in K(.27) as our localizing
class of morphisms.

Remark 13 For a semi-simple abelian category, any complex in the derived category
is isomorphic to it’s cohomology complex.

Remark 14 The distinguished triangles in the derived category should be thought of
as a generalization of exact triples in an abelian category. Any distinguished triangle
in the derived category, say

A B c All]®

generates a long exact sequence in cohomology in the abelian category:

- —— H'(A) —— H'(B) H(C) H*A) —— -
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Let us introduce bounded categories now. These will be useful in defining derived
functors.

Definition 9 Let Kom™*(o7), with * =+, — or b, be the category of complexes A®
such that A = 0fori <« 0,i > 0, or |[i| > 0 respectively.

We can construct bounded homotopy categories and bounded derived categories
using Kom™* ().

The bounded derived category is equivalent to a cohomologically bounded full
subcategory of the unbounded derived category. More precisely:

Proposition 4 The natural inclusion functor D*(«7) — D(), with * = +, — or
b, defines an equivalence of D* (<) with the full triangulated subcategory of objects
A® € D() such that H (A®) = 0 fori < 0,i > 0, or |i| > 0 respectively.

Proof The idea is that the acyclic part of a complex in the derived category can be
replaced by 0. See Proposition 2.30 in [1] for details of the construction. (I

4 Equivalence Between Homotopy Category of Injectives
in ./ and the Derived Category D ()

In certain abelian categories (containing enough injectives or projectives), we can
avoid working with the derived categories which are harder to understand, but instead
work with some homotopy categories which are better understood and easier to work
with (in the sense that the morphisms are honest morphisms of complexes).

First of all let us define what injective and projective objects in an abelian category
are. There exist multiple equivalent definitions which we shall not state here.

Definition 10 An object I € ./ is called injective if Hom , (—, I) is exact. Dually,
P € o7 is called projective if Hom (P, —) is exact.

Definition 11 A category <7 is said to have enough injectives (or projectives) if
there exists an injective morphism A — [ (or a projective morphism P — A) for
all objects A € /.

Remark 15 Not all abelian categories have enough projectives or enough injectives.
For example the category of quasicoherent &y-modules on a scheme X, QCoh(X)
has enough injectives but not enough projectives.

Remark 16 An injective resolution is a quasi-isomorphism between a complex A® €
Kom(%/) and a complex I* € Kom(«/) such that I' are injective and I' = 0 for
i < 0. Similarly we define projective resolutions using projective objects.

Proposition 5 Let o7 be an abelian category with enough injectives. For any com-
plex A* € K+ (&) there exists a complex I° € K+ (<), with I' injectives, and a
quasi-isomorphism A® — I°.
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Proof See IILS in [2]. O

The class of injectives . forms a full additive subcategory of the abelian category
o/. We can also define the triangulated category K*(.#) which is the (bounded)
homotopy category of this additive category. K*(.#) is called the homotopy category
of injectives of <. Dually, we can carry out the same construction (assuming the
existence of enough projectives) to get the homotopy category of projectives K *(%).

Proposition 6 If o/ contains enough injectives, the natural functor
i: KY(F) - DY () )
is an exact equivalence of triangulated categories.

Proof See Proposition 2.40 in [1]. O

Remark 17 The above proposition allows us to work with K*(.#) instead of the
much more complicated DT (7). The inverse functor replaces any objectin D (2/)
with an injective resolution of this object. We also have the isomorphism

Homp+ () (A, B) ~ Homg+ (s (i~ ' (A), i "' (B))

which allows us to compute morphisms in the derived category by morphisms of
complexes between injective resolutions up to homotopy (which avoids working
with roofs).

5 Derived Functors

If we have a functor F : &/ — 2 between two abelian categories, a natural question
to ask is whether we can define a canonical functor between the derived categories.
It turns out that the naive extension only makes sense for an exact functor.

Hence we need to introduce the more complicated idea of a derived functor be-
tween the derived categories. For a left exact functor F : o — %, we define a right
derived functor RF : DV (&) — D" (). Or given a right exact functor we can
define a left derived functor LF : D~ (&) — D~ (A).

Now let us define the right derived functor RF : Dt (&) — D™ (%) given the
left exact functor F : .o — 9, where we also assume that <7 has enough injectives.
Recall Proposition 6 and consider the following diagram.

rﬂ\\ iQd J{Q%

DT () DT (%)

KH(Iy) — KH() 2 k()
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where K(F) is the functor F applied to every object and morphism in the complex
(this is well defined for the homotopy categories). Note that this functor is exact as
a triangulated functor between triangulated categories.

Definition 12 The right derived functor of F is the functor
RF := Q40K (F)oi~': D" (&) - DY(A). 3)

Proposition7 1. RF : DT (&) — D" (%) isan exact functor of triangulated cat-
egories.

2. There exists a natural morphism of functors Qz o K(F) — RF o Q.

3. Suppose G : DT (&/) — D' (PB) is an exact functor. Then any functor morphism
Q% o K(F) - G o Q factors through a unique functor morphism RF — G.

Proof 1. The functor i is exact, hence i —1 is exact; and all other functors are exact.

For parts 2 and 3, see I116.1 in [2]. 0
We also define the higher right derived functors as follows.
Definition 13 Let RF : D (/) — D™ (4) be the right derived functor of the left
exact functor F : &/ — 2. Then for any complex A® € D (/) we define:
R'F(A®) := H'(RF(A®)) € #
The induced functors
R'F:o — %

are called the higher derived functors of F.
Remark 18 R'F(A) =0fori < 0and R°F(A) = F(A) forany A € &/.
Remark 19 An object A € o is called F-acyclic if R'F(A) = 0 fori # 0.

The right derived functor RF roughly measures how much the functor F fails to
be exact on the right. More precisely,

Proposition 8 Let RF : DV (/) — DT (%) be the right derived functor of the left
exact functor F : of — 9. Then any short exact sequence

0 A B C 0

induces a long exact sequence

0 F(A) F(B) —— F(C) —— RF'(A) —— -

- — RF'(B) —— RF(C) —— RF™*'(A) —— ...
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Proof Any short exact sequence in 7 gives rise to a distinguished triangle,

A® B* c* All]
in D(«7). Applying the exact functor RF, we get another distinguished triangle
RF(A®*) —— RF(B*) —— RF(C*) —— RF(A®)][1]
This distinguished triangle gives us a long exact sequence in cohomology according

to Remark 14. O

Finally, let us look at an example of a derived functor. Consider the left exact
functor Hom(A, — ) : &/ — Ab. The familiar Ext functors are the right derived
functors of this functor.

Definition 14 If &/ has enough injectives, we define
Ext'(A,—) = H o RHom(A, —)

But in fact, these functors have a natural interpretation as just morphisms in the
derived category. More precisely,

Proposition 9 Let A, B be objects of an abelian category <7 that has enough injec-
tives. Then there are natural isomorphisms

Ext', (A, B) ~ Hompy(A, B[i])

Proof See Proposition 2.56 in [1].

Dually, the T or functors are constructed as the left derived functors of the right
exact ® functor.
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1 Quivers and Path Algebras

Definition 1 A quiver Q is a directed graph consisting of a set of vertices Qo, a set
of arrows Q1, and maps h, ¢ : Qyp — Q; which specify the head and tail.

t(a) —2— h(a)

We assume that both Q¢ and Q; are finite sets and that Q is connected.
Definition 2 A nontrivial path p in Q of length n from vertex i € Qp to vertex

Jj € Qp is a sequence of arrows ajy, ..., a,.

i:t(al) L h(al):t(a2) L L h(an):j

with h(ar) = t(agsy) for 1 <k <n; we set t(p) :=t(a;) and h(p) := h(a,). In
addition, each vertexi € Q gives a trivial path ¢; oflengthO with h(e;) = t(e;) = i.
A cycle is a nontrivial path with the same head and tail, and Q is called acyeclic if it
contains no cycles.

Here is an example of a quiver with no cycles. We will revisit this quiver later.

M. Chinen ()
University of Alberta, Edmonton, AB T6G 2R3, Canada
e-mail: chinen @ualberta.ca

© Springer International Publishing AG, part of Springer Nature 2018 29
M. Ballard et al. (eds.), Superschool on Derived Categories and D-branes,

Springer Proceedings in Mathematics & Statistics 240,
https://doi.org/10.1007/978-3-319-91626-2_3


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-91626-2_3&domain=pdf

30 M. Chinen

Example 1 (Beilinson quiver [2]) The quiver with two vertices and a pair of arrows
1 —=2

is called the Beilinson quiver for P'. More generally the Beilinson quiver for P” is
the quiver

consisting of n + 1 vertices vy, ... v, and there are n + 1 arrows between vertices.

Definition 3 Let k be a field and Q be a finite connected quiver. The path algebra
k Q of Q is the associative algebra whose underlying k-vector space is spanned by all
paths in Q. The multiplication of paths p = a;...a, and ¢ = b, ... b,, is defined
by the concatenation

p-q ifh(p)=t(g)

pra= 0 otherwise

Hp) =2 oo = h(p) = t(q) — - s i(g)

There are several important facts about the path algebra which we don’t prove.
Remark 1 [1-3]

1. The path algebra kQ is graded by path length, i.e. kQ = €, (kQ); where
(k Q); denotes the vector space spanned by paths of length/ and (k Q); - (kQ),, €
(kQ)1+m- The zero graded subring (kQ)o C kQ spanned by trivial paths e; is a
semisimple ring.

2. kQ is finite dimensional over k if and only if Q is acyclic.

3. The trivial paths e; are orthogonal idempotents of kQ and >, e = I; ie.
‘352 =e¢,ee; =0ifi # j.

4. Using the decomposition Zier e =1, wegetkQ = @ier kQe;

a. kQe; is a k-vector space spanned by paths starting at i
b. Every indecomposable projective kQ-module happens to be one of
{kQe;}ico,, and in fact ¢; is a primitive idempotent.

Note that because there is a One-to-One correspondence between simple modules
and projective indecomposable modules up to isomorphism, being able to decompose
k Q into projective indecomposable modules allows us to express k Q using different
“building blocks” other than simple modules [4].
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2 The Category of Quiver Representations

Definition 4 A representation of the quiver Q consists of a k-vector space V; for
eachi € Q¢ and a k-linear map f; : V;(s) = Vi(q) for each arrow a € Q. We write
the representation of Q as a tuple V = ((V;)icg,, (fa)aco,)- A representation is said
to be finite dimensional if each vector space V; has finite dimension over k. The
dimension vector of V is the tuple of nonnegative integers dimV = (dimV;)cq,.

Just to have a better understanding of a representation of a quiver, we will take a
look at one simple example. Say we have a quiver given by

0: 1 —%52

The representation of this quiver consists of three vector spaces Vi, Va, V3 corre-
sponding to the three vertices and three k-linear maps f;,, f», f. corresponding to
the arrows of Q.

Ji
Ja /_b\f*
V. V1 —_— Vz V3
\f}r

Definition 5 Supposethat V = ((Vi)icg,, (fa)aco,) and W = (W) je0,, (&n)pe0,)
are both representation of a quiver Q. A morphism ¢ : V. — W between two repre-
sentations is a collection of k-linear maps {¢; : V; — W; | i € Qp} such that the
diagram commutes.

Viwy — Vi

l‘j’t(a) J/d)h(a)

W) £ Wia)

With the notion of morphism between two representations, we can now define a
category of finite dimensional representation of Q.

Definition 6 A category of finite dimensional representations of the quiver Q
denoted by rep(Q) consists of

e objects: representations V of Q
e morphisms: the morphisms between the finite dimensional representations of Q
which we just have defined.

There are two important properties of this category which we will not give proofs.
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Remark 2 [2, 3]

1. rep(Q) 1is equivalent to the category of finitely generated left
k Q-modules k Q-mod
2. rep(Q) is an Abelian category

The first remark allows us to obtain a finitely generated left K Q-module from a
given representation of a quiver Q and vice versa. In the next example, we will see
how to obtain a representation of Q from a left k Q-module.

Example 2 Given a left kQ-module (more precisely a projective indecomposable
module) kQe; where j € Qy is fixed, the corresponding representation ((V;)icg,,
(fa)aco,) consists of the vector spaces

Vi =ei(kQej)

spanned by paths p starting at j € Qo and ending at i € Q¢ and the k-linear map
associated to a patha € Q;
Ja :Viw = Vi

p = pa

defined by concatenation of the path a.

Before we move on to another example, let us introduce the notion of a simple
representation S(i) of Q at a fixed vertex i € Q.

S@i) = (($()))jeoys (fa)aco,)

. kK ifi=j
the vector space Si); = 0 i
ifi #j

the k-linear map fa=0 foranya € Q,

The following shows two simple representations at each vertex of a quiver Q
consisting of a single arrow going from a vertex 1 to vertex 2.

Ifwehave Q: 1 —%2— 2 then
S(1) k—250
S(2) 025k

What we did to obtain the simple representations, is put a 1 dimensional vector
space k at the vertex we fixed in the beginning and then put O for every other vertex.
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Moreover all the k-linear maps are zero maps. Note that any simple representation
of a quiver Q is isomorphic to S(i) for a unique i € Qo [1].

The following example shows how to determine a k Q-module associated to a
given representation of Q.

Example 3 Given the simple representation S (i) for somei € Qy, the corresponding
k Q-module is a quotient module

k Qe; /(nontrivial paths starting at i) = k

where k Qe; is the vector space generated by all paths starting at the vertex i. This
is a 1-dimensional vector space spanned by the trivial path ¢;, and its k Q-module
structure is defined by

em=m ift =i
em=0 ifr#£i
am =0 foranym € kanda € Q;

3 Bound Quivers

Definition 7 A relation in Q is a linear combination of paths

I
E Ci pi
i=1

where ¢; € kand p; isapathsuchthatt(p)) =--- =t(p;)andh(p)) =--- = h(p)).
A quiver Q with a set R of relations is called a bound quiver (or a quiver with
relations) denoted by (Q, R).

Like before, we can define a representation of a bound quiver (Q, R). The only
difference is that we now have to incorporate the relations.

Definition 8 A representation of a bound quiver (Q, R) consists of a k-vector
space V; foreachi € Qg and ak-linearmap f, : Vi) — Vi) foreacha € Qj such
that if » € R then f, = 0.

For example, if r = ac — 2bc € R where a, b, c are arrows of Q, then the corre-
sponding k-linear map is f, = f, fc —2fp fc = 0.

Note that any finite set R of relations in Q generates a two sided ideal / = (R) in
the path algebra k Q. Therefore the path algebra for the bounded quiver (Q, R) is
kQ/I.

We have seen the Beilinson quiver in the beginning of the talk. Now we are going
to add some relations to it. In general, the Beilinson quiver for P" with a set of
relations has geometric significance.
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Example 4 (Bound Beilinson quiver for P2 [2]) Consider the case when n = 2. We
have Qo = {0, 1,2} and Q1 = {a1, a2, a3, b1, b2, b3}.

ag bo

a b
043 —hiio
@ —22

Set R = {apb, — a1by, a1b, — a;by, a,by — apb,}. Then the quotient algebrak Q/
(R) is isomorphic to the endomorphism algebra of the vector bundle Op2 & Op2(1) &
O (2) [2].

Let us make two final remarks before we end.
Remark 3 [2]

1. Finite dimensional representations of (Q,R) form a Abelian category denoted by

rep(Q,R)
2. rep(Q,R) is equivalent to the category of finitely generated k Q /I-modules
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Semi-orthogonal Decompositions m)
of Derived Categories L

Yijia Liu

1 Preliminaries

We start with some definitions. The first question to answer is: what is orthogonality
and why do we prefer “semi” to “full” orthogonality?
Definition 1 Let .o be a full subcategory of a triangulated category .7:
1. the left orthogonal of < is

Lo/ = {T € Z|Hom(T, A[l]) =0,Vl € 7,VA € o}; (1)
2. the right orthogonal of < is

o+ = {T € T|Hom(A[l],T) =0,Vl € 7,VA € &}. (2)

Definition 2 Let .o/, 4 be full triangulated subcategories of a triangulated category
7. We say that .7 has an orthogonal decomposition (OD), if
1. Hom(«Z, ) = 0 = Hom(4, &)
2. Any object T € 7 fits in a distinguished triangle (d.t.)
A—-T—B— - 3)

with A € &/, B € A.
We write 7 = & @ AB.

However, this is a too strong condition since we have:
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Remark I DP(X) has a nontrivial OD < X is disconnected.

Proof (<) Suppose that X has two disjoint components Y and Z with corresponding
embeddings i, j. Then for any T e D°(X), the split exact sequence:

0— i, *T - T — j,j’T -0 4

induces the desired distinguished triangle.
(=) It suffices to split Ox = Oy @ 0. This can be done using e.g. Lemma 4.10
of [16]. 0

So OD detects whether X is connected and that is it. We have to weaken the
definition.

Definition 3 Let .o/, 4 be full triangulated subcategories of a triangulated category
T . We say that 7 has a semiorthogonal decomposition (SOD), if

1. Hom(«/, ) =0
2. Anyobject T € 7 fitsinad.t.
A—>T—B—- (5)

with A € &/, B € A.
We write 7 =< A, &/ >. (Be careful with the order).

In general:

Definition 4 Let.«, <%, ..., <, be full triangulated subcategories of a triangulated

category .7. We say that .7 has a semiorthogonal decomposition (SOD), if

1. Hom(#;, #;) =0,i > j

2. oA, b, ..., generate 7. i.e. For any object T € .7, we have T; € 7, i =
0,1,...,n and a sequence:

0=7,—>T,.1—> - —>T 1 —>Ty=T (6)

with cone(T; — T;_) € <. (Wecanusen — 1 d.t. to generate any given object.)

We write T =< A, 9b, ..., ), >.

The easiest way to build a SOD is to find an admissible subcategory.

Recall: A full triangulated subcategory .o/ C 7 is right admissible if the embed-
ding functor i : &/ — .7 has a right adjoint i' : .7 — <. It is equivalent to: any
T € J fitsinad.t.

A—->T—> B — - @)

with A € &7, B € o/*. (In this case i'(T) = A and is well-defined.)
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There is a dual definition for left admissible. In fact, if .77 admits a Serre functor,
then these two notions are equivalent, by Bondal and Kapranov [3]. This is true
for our first example (S = (_ ® wx)[n]) and for derived categories of modules over
finite dimensional finite global dimensional algebra (e.g. path algebra of any finite
acyclic quiver).

We immediately get:

Remark 2 </ is admissible = 1.o7, o/ are full triangulated subcategories of .7~

(actually admissible with the existence of a Serre functor), which implies the exis-
tence of two SODs of .7:

T =<, tod > ®)
and
T =<+, o > . )
Moreover:
Remark 3 <, ..., <, semiorthogonal admissible subcategories = < .4, ...,

2/ > is admissible and can be extended to a SOD of .7, for each 0 <[ < n:
9=<JZ{]7""JZ{17 + <°<Z{]7"'5£{[ >m<m+l7"'5£{n >l,~‘271+17~',42{n > .
(10)
The simplest admissible subcategory is equivalent to DP (Vec,f('d'), which is gener-
ated by an exceptional object. Let’s make a dumb observation. Every functor

D°(Vect") — 7 1D

is determined by the image of the O0-complex k, say E € .7, denoted by ¢g. Note
pe(V*) = V* ® E. By tensor-hom adjunction, its right adjoint is given by

<p1!5(F) = Hom*(E, F) = ® Hom(E, F[k])[—k], (12)

with trivial differentials. Therefore ¢ is a fully faithful embedding < ¢Logp =
Id < Hom*(E, E) = k as 0-complex, since (pjggoE(V') = Hom*(E,V*® E) =
Hom*(E, E) ® V°.

In this spirit, we define:

Definition 5 An object E is exceptional if

Hom(E, E[l]) = {’5 if

20 (13)

Adding semiorthogonality, we define:

Definition 6 A collection of exceptional objects E, = Ey, ..., E, is exceptional of
length r if
Hom(E;, E;[I]) =0, fori > j. (14)
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e It is strong if in addition
Hom(E;, E;[I]) =0, for/ # 0. (15)
Recall: For an exceptional collection we have a SOD:
T =<, E,..., E, >, (16)

where o7 =< E;, ..., E, >1.
o Itisfullif o = 0.

2 Two Classes of Examples

Let us return to our two classes of examples. We will start with the second one since
that is easier.

2.1 Derived Categories of Bound Quivers D*(Q, I)

Consider the case when Q is finite, ordered: Q¢ = {1, 2, ...,n} and s(a) < t(a),
forany a € Q. In this case, Q is acyclic and A = kQ/I is called a quiver algebra.
Let ¢; be the path of length zero at vertex /. As a right A-module over itself, A can

be decomposed to
A= EB P, (17)
q9€Qo

with P, = e, A, where P, are indecomposable projective modules. We have for any
right A-module M a natural isomorphism:

Hom(P,, M) = M, := Me,. (18)

Indeed, Py, P,, ..., P, is a full strong exceptional collection of Db(Q, I).

2.2 Derived Categories of Coherent Sheaves DP(X)

Let us return back to the first class of examples. In general, it is hard to find even an
exceptional object, let alone a full strong exceptional collection.

Remark 4 e Oy isexceptional < h' 0(X) = 0fori > 0.Inthis case, any line bundle
is exceptional. = Every Fano has a SOD.
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On the contrary,

e No CY has a SOD. Indeed, suppose it has one as < &7, & >, with Hom(%, <) =
0. Since its Serre functor is (_® wx)[n]=[n], Hom(z/, %) = Hom
(A, «/[n])* = 0 and therefore it is an OD A & B.

Having a full exceptional collection is even more restrictive. For curves, only P!
has SODs (and a full exceptional collection). For surfaces, King [11] showed that
all rational surfaces admit full exceptional collections and they are conjecturally the
only surfaces doing so. Kawamata [10] proved any toric variety has a full exceptional
collection. The classification is still beyond touch at the moment.

Some constraints for X to admit a full exceptional collection can be seen in the
following properties.

Proposition 1 If X admits a full exceptional collection E, = E1, Es, ..., E, of
length r, then:

1. H?9(X) =0, Vp # q and x(X) =Y h"P =r. In particular, p, = q =0 for
surfaces.

2. The Grothendieck group Ko(X) is free abelian of rank r with basis the isomor-
phism classes of exceptional objects [ E;].

Proof 1. We apply Hochschild—Konstant—-Rosenberg’s theorem:
HH.(X) = €D H™(X) (19)
p—q=i

and used the fact that Hochschild homology is additive w.r.t. SOD (see [12]).
The result follows the fact that each piece is isomorphic to D (pr).
2. Easy to prove that K is additive w.r.t. SOD. Then notice that

Ko(< E; >) = Ko(D"(p1)) = Z. (20)

O

Remark 5 These properties are necessary conditions, however they are not sufficient.
For instance, it was shown by Bohning, Graf von Bothmer, Katzarkov and Sosna [7]
that Barlow surface admits a exceptional collection of length 11 which gives rise to
a basis of Ky. But it is not full since its orthogonal is a phantom category!

Well, how do we determine when an exceptional collection is full or not? We can
follow the ideal of Beilinson to find a resolution of the diagonal, more precisely:

Lemmal Let E, = E\, E,, ..., E, be an exceptional collection of sheaves on X.
Assume there exists a resolution of the diagonal O on X x X:

00— EXF,— ---—E,XF,—> 04— 0. 201

(Here F, is not necessarily exceptional.) Then E, is full.
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Recall that:

XxY
N
X Y

e Exterior tensor product:
EXF :=piEQ p;F. (22)

e Fourier-Mukai transform w.r.t. % on X x Y:

FM s : DP(Y) — D°(X) (23)
& = pr(F ® p5(6)). (24)

Proof This resolution is equivalent to a list of short exact sequences:
O—)Hk,1—>Ek|Z|Fk—>Hk—>O, k=1,...,i’l, (25)

with H; sheaveson X x X, Hy = 0, H, = 0 4. We use an induction on k to show that
v C e DP(X), FMp, (C) e< Ey, ..., Ex >. When k = 0itis trivial. In the inductive
step, the above short exact sequence induces a distinguished triangle

FMy, ,(C) - FMg,xfp (C) = FMp, (C) — -, (26)

where FMpy, (C) €< Ey, ..., Ex_1 > byinductive assumption and FMg,xr, (C) =
Er ® I' (Fi ® C). Therefore FMy, (C) €< Ey, ..., E; >.Inparticular whenk = n,
FMpy, = FMg, = ldpy(x) = C €< Ey, Es, ..., E; >. Since C is arbitrary, E, is
full, as desired. |

We have the following theorem for projective spaces:
Theorem 1 (Beilinson [2]) For .# = 0(—1) K 21(1) on P* x P", there exists a

resolution of O z:

0> AN'TF > - N F>F>0R0O—> 0Oy 0. 27)

2 3
Proof Find a global section of (1) X T(—1) (s = Zx,- X 8_) with zero locus
; Vi
i=0
A. Then apply the Koszul resolution. ]
Note that AFF = AMO(=1) R R'(1)) = O(—k) X 2%(k), here QFk) :=
AK(£21(1)). Therefore as a corollary we have:
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Corollary 1 O (—n), O(—n+1), ..., 0(1), O is a full strong exceptional collec-
tion for DP(P").

Proof 1Tt suffices to check it is a strong exceptional collection. Let E; = O(i — 1 —
n,i=1,...,n+ 1.

Homp (E;, E;[1]) = Homp(O(i — 1 —n), O(j — 1 —n)[l]),
=Ext, (0@ —1—n), 0@ — 1 —n)),
= R'Homy (0@ —1—n), O — 1 —n)),
=R I ®, 03 —1i)),

=H®", 0(j —i)), (28)
o ifl #0
TP, oG —i) = Sym/ TV ifl =0,

_ [kifl=0andi = j
T |0ifli=0,i > jorl #0.

O

Remark 6 One can check similarly its dual: 2" (n), 2" '(n — 1), ..., 241, Ois
also a full strong exceptionally collection for D°(P").

2.3 Actions on SODs

We can see from above remark that a derived category, admitting a full exceptional
collection, may have many other full exceptional collections, or more generally
many SODs. Precisely speaking, there are two groups acting on the set of SODs of
a triangulated category .7: Aut .7 and a braid group of so-called mutations.

Let us now define a mutation. Roughly a mutation on a SOD removes an object
in it and add a new object at some other place. Consider an admissible subcategory
2 of 7 . Recall that we have a pair of SOD of .7: .7 =< B+, B >=< B, * B >.
‘We need to define an action, denoted R4, that sends the first SOD to the second one,
namely an equivalence of categories Ry : B+ — +2%. We denote &7 := %+ and
Ry = 128. Since % is admissible, so is R .7 . Therefore the embedding functor
i : Ryo/ — T hasaright adjoint i' : 7 — Rz./. Restrict it to <7, we define:

Ry :=i'ly: o — Rypd. (29)

Remark 7 Rg is an equivalence of categories. Indeed its inverse is given by the left
adjoint of the embedding functor j : &/ — 7 restricted to Ry </:

j*|Rv%‘Q/ . Rggﬂ — . (30)
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Definition 7 The admissible subcategory Ry <7 together with the functor Ry real-
izes a transformation from %~ to +.% and is called the right mutation of </ through

B.
Remark 8 Ry acting on the SOD < o/, # > is the SOD < &, Ry o >.

Remark 9 We can similarly define the left mutation of 4 through <. The explicit
image of an object under the mutation functor is given by finding a distinguished
triangle.

Now we can define the mutations on exceptional collections.

Definition 8 Let £, = E|, ..., E, be an exceptional collection. For each i =
1,...,r — 1, we define the left/right ith mutation of E, by:

L[(Eo) = Ela ey Ei*ls LE,-EiJrl’ Eis Ei+27 ey En7 (31)
Ri(E)=E,....,E_1,E1,Rg Ei, Eifg, ..., E,. (32)

Remark 10 One can check the following properties:

e L;(E,), R;(E,) are exceptional collections. They are full if E, is.
e The mutations have relations:

L;Ri =R;L;, =1d, (33)
LipLiLiyy=L;LiL;, (34)

Rit1RiRi+1 = RiRi11 R;, (35)

LiL;=L;L;. RiR; = R;R;, for|i — j| >2. (36)

Therefore generators L; and R; with these relations form a braid group.
Return back to our two classes of examples.

Example 1 (Db(Q, I)) We have seen that Py, ..., P, is a full strong exceptional
collection of D*(Q, I). Let & =< Py,..., P,_; >. Then D?’(Q, 1) =< &/, P, >
under the action of L, is < L, P,, &/ >, where

Ly =i%y: o > o+, i:9%<DQ,I. (37)

We claim that L., P, = i* P, = S,. To define i*, we consider the distinguished tri-
angle:
0— @Z;{(Pn)k - P, —> S, — 0. (38)

Note that @] (P,); € &/ C *(&/*), it suffices to check that S, € /. Indeed

Hom(P;, S,) = (S,); = e, Aee; =0if1 =0

Ext'(P;, S,) = 0 since P;is projective if / # 0 (39)

Hom(P;, S,[l]) = {
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fori <nandVl e Z.

Therefore we have a new full exceptional collection S,, Py, ..., P,—;. However
it is no longer strong, since Hom(P;, S,[1]) = Hom(Si, S,[1]) = Ext!(S;, S,) =
the number of arrows from 1 to n # 0. So strongness is not preserved by muta-
tions! Continuing the mutations, we have a series of full (not strong) exceptional
collections:

Sus Sn—1, Py, Pya (40)

Sy Sn—1, Sn—2, P1, ..., P,_3 “4n
...... 42)

Sus Su—1, ..., 81 (43)

Example 2 (D°(P")) Start with the full strong exceptional collection
o,0),..., 00, (44)
one could check that

Legow-Ok+1) =2 k4 Dk +1], fork=0,....n—1.  (45)

Thus step by step we have another full (and actually strong) exceptional collection
2"mn], ..., 2'DI1], 0. (46)

In fact it is proved that any full exceptional collection of D°(P") arises in this way.

2.4 More Examples

From the well-known SODs of D°(X), we can also construct SODs of some new
categories, such as the derived categories of its projective bundle and birational
transforms. Roughly their SODs have the following correspondence:

e Projective bundle of rank n < “add” n-copies of the base under twists.
Blowup < “add” items

e Birational transforms { Flip < “remove” items
Flop < equivalent categories

Consider a vector bundle of rank n + 1, 7 : E — X. We associate it with a pro-
jective bundle p : P :=P(E) — X. We have:

Theorem 2 (Orlov [14]) The pullback functor p* : D*(X) — D(P) is fully faithful
and there exists a SOD

D®(P) =< D°(X)_,, D’(X)_p41, ..., D(X)_1, D°(X) > . 47)
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Here DP(X)o = p*DP(X), D°(X)_x = p*D*(X) @ Op(k) fork=1,...,n
In particular, if X admits a full exceptional collection, so does P.

Applying this theorem on trivial bundles we have:

Corollary 2 If X, Y are smooth projective varieties admitting full exceptional col-
lectionsEy, ..., Eqand Fy, ..., F, respectively. Then {E; X F;} is afull exceptional
collection on X x Y with compatible order.

Example 3 P" x P" admits a full exceptional collection & (i, j) := O(i) K O'(j),
0 < i, j < n. In particular, D°(P! x PYY =< &, 0(0, 1), 0(1,0), 6(1,1) > .

Now we turn to the case of blowups. Let i : ¥ < X denote a closed smooth
subvariety of codimension ¢ = codim(Y'|X) in a smooth projective variety X. The
blowup of X in Y is a fiber square:

IED(</’/Y|x y——
Yy ———

Here i, j are embeddings of smooth varieties, p : P(4y|x) — Y is a projective
bundle of rank ¢ — 1 and 7 : X — X is a natural projective morphism.
Let (1) be the canonical line bundle on Y. By Theorem 2:

x%x
Q

DP(Y) =< D°(Y)_(c_1). .... D°(¥)_;, D°(¥)g >, (48)

where D*(Y)o = p*DP(Y), D’(Y); = p*D"(Y) ® €'(k). The embedding functor
j.: DP(Y) — Db(X ) is not full, however we restrict it to DP(Y ), then it is full. We
have the following Blowup formula:

Theorem 3 (Orlov [14])

1. 7*:D(X) — Db(X) is a fully fazthful embedding.
2. Db(Y) — Db (X) restricted to D (Y )y is a fully faithful embedding.

3. Db(X) —< DbY Y ooty eees D”Y_I,Db(X)O>
where D°(X)o = 7* DP(X), D*Y _; = j, D°(¥);.

In particular, if X and Y both admit full exceptional collections, so does X.

Example 4 (IE’?[%) We consider P2 blown up at one point (¢ = 2). Let E be the excep-
tional divisor. Then

D*(P2) =< (1), Op:(~2), O (—1), Op: > . (49)



Semi-orthogonal Decompositions of Derived Categories 45

3 Connections

Let us now try to establish a connection between our two classes of examples. For a
smooth projective variety X, every full strong exceptional collection E, defines so-
called tilting sheaf T = @ E;. Let A = Endy, (T), then we can understand D°(X)
via D°(mod- A), which is a significant simplification. Because it has finite length
and can be visualized via the corresponding bound quiver (Q, I).

First, we define:

Definition 9 7 € Coh(X) is a tilting sheaf if

1. A :=Endg,(T), called the tilting algebra, has finite global dimension (i.e. max-
imal projective dimension of any object in mod- A is finite).

2. Exty (I, T)=0,Yk>0.

3. T generates D°(X).

If T is locally free, then it is called a tilting bundle.

Remark 11 Every full strong exceptional collection E, = E1, ..., E, of vector bun-
dles defines a tilting bundle T = @'_, E;. Indeed, (2) and (3) are trivial. To see (1),
notice that

Hom(E;, E;) = H'(X,E; ® E;") (50)
kifi < j

={k ifi=j (51)
0 ifi>j

= A = an algebra of lower triangle matrix.
= A is a finite dimensional and finite global dimensional algebra.

The correspondence lies in the following theorem, due independently to Baer and
Bondal.

Theorem 4 (Baer [1], Bondal [5]) The functor Homg, (T, ) : Coh(X) — mod-A
induces an equivalence of triangulated categories

R Hom(7T,_) : D°(X) — DP(mod- A) (52)

with quasi-inverse
_®% T : D°(mod- A) — D°(X). (53)

In addition, since the tilting algebra is finite dimensional over k, we have:

Proposition 2 When A is a tilting algebra, we have an isomorphism A = kQ/ <
I >, a path algebra of a bound quiver (Q, I), where

1. The vertices of Q correspond to E;.
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2. The edges from i to j correspond to a basis of the vector space Homg, (E;, E}).
3. Two paths are equal (their different is in 1) if the corresponding morphisms are
equal.

Remark 12 e Q constructed above is finite and ordered.
e D°(X) = D®(mod- A) = D°(mod-kQ/ < I >) = D°(rep(Q, I)°P).

Example 5 (PY)DP(P') =< E|,E; >=< 0, 0(1) >.Homy,(E,, E;) = I'(O
(1)) = kx + ky. Therefore
kO

and we obtain the Kronecker quiver:
Example 6 (P>) DP(P?) =< E|,E», E3 >=< 0, 0(1), 0(2) > .Hom, (E;,

E>) = Homg (E;, E3)=T'(0(1)) =kx +ky +kz.Homg (E|, E3)=I"(0(2))=kx?
+ ky? + kz* + kxy + kxz + kyz. Therefore

k0O
A=K kO (55)
kS Kk k
and we obtain the quiver
ay by
0//;\\1//;\\2

B S N Db S
with relations a;b; = a;b;, i, j € {1, 2, 3}.

More generally:

Example 7 (P") We obtain the Beilinson quiver:

a; a a;
0/\ I/T\Z ...... n—l/_\n
1) 2) (n)

(OS] Ay Api

with relations a"a{ "V = a’a!*V i je (1,2, n+ 1} 1e(l,... .n—1}.
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Example 8 (P' x P") DP(P! x P') =< E|, E,, E3, E4 >=< 0, 0(0, 1),
0(1,0),0(1,1) > .
Hom(E,, E3) =0, (56)
Hom(Ey, Ez) = kxi + kyy = Hom(E3, Eq), (57)
Hom(E, E3) = kxz + ky, = Hom(E>, Ey), (58)
Hom(E, E4) = kx1y1 + kx1y2 + kxoyi + kxays. (59)
k00O
kK* k 00
=A=12oko (60)
k* k? k% k
and the bound quiver
cl
2 4
2
aj a di d>
b
1 3
by

with relations a;c; = b;d;, i, j € {1,2}.

Example 9 (F2) X =P2 =P(0p ® Op(1)). For (k1) €72 Ox(k.1) =
Ox(kDy +1Dy) € Pic X. Then D*(X) =< &, 6(1,0), 6(0, 1), (1, 1) >.

k00O
K>k 00
=A=1pBr ko 61
Ko k3 Kk k
and the bound quiver

cl

4
&)

d b e

aj

2
a

with relations dc; = a;e, i € {1, 2}, axbcy = a1bcs.
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Introduction to Stability Conditions )

Check for
updates

Rebecca Tramel

1 Motivation

Let X be a smooth projective Calabi—Yau variety over C. Then D?(X), the derived
category of coherent sheaves on X, is equivalent to the category of D-branes on
X [9]. In [10], Douglas defined a notion of stability for D-branes on X called I1-
stability. This notion of stability was meant to pick out BPS-branes on X. In [7],
Bridgeland aimed to define a notion of stability directly for objects in D”(X) which
would correspond to IT-stability for D-branes. Bridgeland’s stability can be defined
on any triangulated category, and hence has been studied in other cases, such as for
varieties which are not Calabi—Yau.

2 Definition of Stability

2.1 Example: P!

Consider the example of Coh(P'), the category of coherent sheaves on P'. The
objects in this category are all direct sums of the following building blocks:

1. Line bundles O(n), n € Z.
2. Torsion sheaves O,,, x € P'.

There are two invariants which can be assigned to each type of sheaf. First, there is
the rank of the sheaf. The rank of a line bundle is 1, and the rank of a skyscraper
sheaf is 0. Further, there is the degree of the sheaf. The degree of the line bundle
O(n) is n, and the degree of the torsion sheaf O, is n.

Both the rank and degree functions can be defined more generally for any sheaf
on P'. Both invariants are additive on short exact sequences. So, for example, the
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rank and degree of O(2) ® O(4) & O, are 2 and 7 respectively. Similarly, all objects
in D’ (Coh(P")) are extensions or shifts of line bundles and torsion sheaves, hence
we could define the degree and rank functions for any objects in D?(Coh(P")).

We can define a group homomorphism Z: K (D?(Coh(P'))) — C as

Z(E') = —degree(E’) + i rank(E")
for E* € D’(Coh(P')). This is well-defined since degree and rank are additive

on short exact sequences. Further, if we consider the subcategory Coh(P') inside
DP(Coh(PP")), the image is the upper half plane.

rank
+3
T2
° ° *1 i
0(2) o(1) @ o(-1) ---
— o ____ + degree

For each E e D’(Coh(P')) we can write Z(E) =m(E)e™?®) for some
m(E") > 0. We call m(E") the mass of E* and ¢(E") the phase of E'. Note that
for objects E in Coh(P'), the phase lies in the range 0 < ¢(E) < 1.

For E € Coh(P'), we say E is Z-stable if for all subsheaves F C E, ¢(F) <
¢(E). We say E is semistable if for all subsheaves F C E, ¢(F) < ¢(E). It is easy
to check that the only stable sheaves are line bundles and skyscraper sheaves, and
that a sheaf is semistable if and only if it is either a direct sum of skyscraper sheaves
or a direct sum of line bundles all of the same degree.

We can use this fact to construct a filtration of a sheaf E € Coh(P') whose suc-
cessive quotients are semistable sheaves of strictly decreasing phase as follows.
We write £ =, 1 O ® D), O(n;) for a collection of points x; € P! and
n; > np > --- > n,. Then we can construct a filtration
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by building E out of its summands, one type at a time. Such a filtration is called a
Harder-Narasimhan, or HN, filtration.

2.2 Definition

Definition 2.1 Let D be a triangulated category. A heart of a bounded t-structure is
a full additive subcategory A of D satisfying

1. Hom'(A, B) =0fori <0Oand A, B € A.
2. Objects in D”(X) have filtrations by cohomology objects in .A. That is, for all
nonzero E° € D?(X), there is a sequence of exact triangles

0=Fo /E\.1 /E.2 Enr En =B
A A A,

such that A;[—k;] € A for integers k; > - -- > k,,.

Definition 2.2 ([7, Proposition 5.3]) A Bridgeland stability condition is a pair o =
(Z, A) where Z: Ko(D”(X)) — C is a group homomorphism and A is a heart of a
bounded t-structure. The pair must further satisfy that

1. Z(A\{0}) C {re'™ | r > 0, 0 < ¢ < 1}. Define the phase of 0 # E € A to be
¢(E) := ¢. We say E € Ais Z-semistable if for all nonzero subobjects F € A
of E, ¢(F) < ¢(E). E is Z-stable if for all nonzero subobjects F € A of E,
O(F) < ¢(E).

2. The objects of A have Harder-Narasimhan filtrations with respect to Z. That is,
for every E € A there is a unique sequence of inclusions

OZEOEEIE"'QEnfl gEn:E
such that the successive quotients E;/E;_; are Z-semistable, and the phases
A(E1/Eo) > ¢(E2/Er) > -+ > G(Ep—1/En-2) > ¢(En/En-1).

There is an alternate definition of a Bridgeland stability condition, given in [7,
Definition 5.1]. I will give this definition as well. First, we must define a slicing of a
triangulated category.
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Definition 2.3 A slicing P of a triangulated category D consists of full additive
subcategories P(¢) for each ¢ € R satisfying

1. Forallp e R, P(¢p+ 1) = P(9)[1].
2. If ¢1 > ¢, Ay € P(¢1), and Ay € P(¢h), then Hom(A[, Ay) = 0.
3. Forevery E € D, there is a finite sequence of real numbers

O1> Q> > @y

so that there is a sequence of exact triangles

0=E; /E(1 /E'2 - E, —FE,=E
A A A,

such that A; € P(¢;) foreachi =1,...,n.

Definition 2.4 A stability condition o = (Z,P) on D consists of a group
homomorphism Z: K (D) — C and a slicing P such that if 0 # E" € P(¢), then
Z(E) = m(E)e™E) for some m(E’) € Roy.

In this definition, the semistable objects of phase ¢ are defined to be the objects
of P(¢). Note that the phase of an arbitrary E° € D is not well-defined, only the
objects of slicings P(¢) have well-defined phase.

This definition is equivalent to the previous definition. The heart A is replaced by
the category P (0, 1], the extension closure of the collection of objects in P(¢) for
0 < ¢ < 1. That this category is necessarily abelian is shown in [7, Proposition 5.3].
In fact, one can show that all the subcategories P(¢) are abelian [7, Lemma 5.2].

3 Examples

3.1 Curves

For a smooth projective curve C of genus g, stability conditions can be constructed
of the type described for P!, with heart Coh(S) and central charge Z = —degree +
i rank. Note that for g > 0, sheaves are more complicated, and vector bundles are
no longer necessarily direct sums of line bundles. Hence HN filtrations must be
constructed more carefully.

There is an action of GL (2, R) [7,Lemma 8.2] on the space of stability conditions
on C (or on any smooth projective variety). If we consider an element of this group
to be a pair (T, f) where T is a linear transformation from R? to R? which is
an orientation preserving isomorphism, and f: R — R is increasing, and satisfies
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f(@+1) = f(¢)+ 1 forall ¢ € R, then it acts on a stability condition (Z, P) by
replacing Z with 7~!Z, and replacing P(¢) with P(f(¢)).

In fact, if g > 0, then up to the action of GL* (2, R) the previous construction of
stability conditions on a curve in terms of rank and degree gives all possible stability
conditions on C [11]. There are other possible stability conditions on P! described
in [5, 12].

3.2 Quivers

First, consider the following quiver, Q.

SN

N S

A representation V of this quiver consists of a choice of two vector spaces, V; and
V,, and two linear maps x and y from V| to V,.

X

N

% Va

N

Y

Suppose we wish to define a stability condition on Q. We may start with the
abelian category Rep(Q). If we pick any two numbers z;, zo € C which lie in the
upper half plane or along the negative real axis, we can define a central charge

Z(V) = z;dim(V}) + zpdim(V3).

In other words, we choose the images of the two simple representations, S; and S»,
pictured below.

Sy
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Sy :

We can then extend our central charge to complexes of representations by requiring it
to be additive on exact triangles. We claim that the pair (Rep(Q), Z) is a Bridgeland
stability condition on D’ (Rep(Q)).

The fact that the image of Rep(Q) lies in the upper half plane follows from the
fact that dimensions are positive, and from the choice of z; and z,. It remains to
show that each representation V of Q has an HN filtration. This is argued nicely in
[2, Theorem 2.1.6]

It is interesting to note in this example how the choice of z; and z, controls which
representations are stable. Suppose first that we pick z, so that its phase is larger than
Z1. $2 is a subobject of any representation for which V, # 0, and §; is a quotient
of any representation for which V| # 0. Hence no object can be stable besides the
simple representations.

On the other hand, suppose we choose z; so that its phase is larger than z,. Then
again, S; and S, are necessarily stable. Now, however, so is any representation for
which V| and V, are one-dimensional. Hence, these stable objects are parameterized
by the choice of linear maps x, y. Up to scaling, we can suppose x = 1. In this way,
we see a one-to-one correspondence between stable representations of Q and points
of P'.

Reference [6] shows that there is an equivalence of categories D”(Rep(Q)) =
D’ (Coh(P')). This equivalence is given explicitly by the functor RHom(O &
O(1), —=): D*(Coh(P')) — DP(Rep(Q)). Such an equivalence always sends a heart
of a bounded t-structure to a heart of a bounded t-structure. Hence if we consider
the stability conditions we have constructed here on Rep(Q), there should be corre-
sponding stability conditions on a heart in D’ (Coh(P')). Note that the inverse image
of Rep(Q) under this equivalence is not Coh(PP'), so this already gives an example
of a stability condition on P! with a heart that is not Coh(P'). The heart on P! we
get via this map can also be constructed by the process of tilting, described below.

3.3 Surfaces, Threefolds, and Higher Dimensional Varieties

Let X be a smooth projective variety of dimension n. In order to define a central
charge, we may wish to start with the example of curves and generalize the ideas
of degree and rank. In order to do this, we may choose an ample divisor w on X,
and use the Chern characters of sheaves on X to define the central charge. This is
convenient, since these quantities are once again additive on short exact sequences.
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For a sheaf E € Coh(X) (oranobject E* € DY (Coh (X)), our numerical invariants
arenow w” - cho(E), w" ' - ch;(E), ..., w%h,(E). Note that if n = 1, this does not
depend on the choice of w, and gives us exactly the rank and degree of E.

However, it is not possible to define a stability condition on the heart Coh(X) with
central charge in terms of these quantities for n > 1. Hence we must find a different
choice of abelian subcategory of Db (Coh(X)). One technique for constructing new
hearts inside D? (Coh(X)) is called tilting. In order to perform the process of tilting,
one chooses two full additive subcategories 7 and F in Coh(X) which form what is
called a torsion pair.

Definition 3.1 A torsion pair in a heart A is a pair (7', F) of full additive subcate-
gories of A such that

1. If T € 7 and F € F, then Hom(T, F) = 0.
2. For all E € A there is an object T € 7 and F € F so that the sequence 0 —
T — E — F — 0isexact.

‘We then replace our category Coh(X) with the tilt
A" ={E e D"(X)|H\(E)eT, H'(E) e F, Hy(E) =0fori #0, —1}

whose elements are 2-term complexes with restrictions on cohomology. This process
can then be repeated to construct more hearts.

If X is a surface, it is shown in [1, 8] that this process can be used to construct
stability conditions on X. In particular, we choose another class B € NSg(X), and
then can write the central charge formula explicitly as

Z(E) = —/ eBHYCh(E).
X

In particular, [1] shows that this central charge, paired with a heart which is a single
tilt of Coh(X) given explicitly in terms of w and B, give a stability condition on X.

For n > 2, one might hope a similar process might work. We might hope that the
same central charge formula, and a heart constructed in terms of w and B by tilting
Coh(X) perhaps n — 1 times could give a stability condition on X. Unfortunately,
this has been difficult to prove. It is conjectured true for threefolds in [4], with the
heart given explicitly, although the exact conjecture in [4] has been shown not to
hold for certain threefolds in [14]. It is shown only for certain threefolds, in [3, 4,
13].
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1 Introduction

We work over the complex numbers C and our aim is to describe some aspects of
Geometric Invariant Theory (GIT). Everything we describe here is well-known and
we follow the excellent treatments given in a number of works, notably [2—4, 6—11],
closely. We include no proofs for the results that we state. Instead, here we content
ourselves with stating and describing some of the main theorems of GIT, while, at
the same time, still providing detailed references as to where accessible proofs can
be found in the literature. Further, we illustrate aspects of the general theory by
considering important instructive examples.

Broadly speaking, GIT concerns questions related to a reductive group G acting
on an algebraic variety X. It is a technique for forming quotient spaces in algebraic
geometry and provides a fundamental method for the construction and study of
moduli spaces of projective varieties. To begin with, one issue in forming quotients
in algebraic geometry is that the orbit space X /G does not exist, in general, in the
category of separated algebraic varieties. Instead, to form quotients of X by G, the
idea of GIT is to first choose a G-linearization of an ample line bundle L on X and
then construct a good categorical quotient X J/G. This quotient depends, in general,
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on the choice of G-linearization, and it is an interesting question to understand the
extent to which the quotient is independent both of the G-linearization of the line
bundle L and also of the line bundle L itself.

As mentioned, the purpose of these notes is to give a brief introduction and
summary of the most basic concepts and questions related to GIT. It is hoped that
the interested reader will consult the references for more details and further study.

2 Reductive Groups

Since GIT concerns taking quotients of an algebraic variety acted on by a reductive
algebraic group, we start by briefly explaining some of these concepts. To this end,
first we recall that an algebraic group is a group G together with the structure of
an algebraic variety such that the maps G x G — G, (g, g') — gg’ and G — G,
g + g~ are morphisms of algebraic varieties. Next we recall that a linear algebraic
group is an algebraic group G which can be realized as a Zariski closed subset of the
general linear group

GL,(C) := SpecC[Ty1, T1a, - - -, Ty, D',

where D = det(T;;), for some n.

Example 2.1 The following are examples of linear algebraic groups:

(@) SL,(C) = SpecC[T11, Tha, ..., Tunl/(det(T;;) — 1) (Type An—1);

) $02,(©) = (g € Gl ©: “gdz = J1.for s = () Type €

(c) the other classical and exceptional simple groups (i.e., those of Types B,,, D,,
F4, Gy, Eg, E7, Eg); and
(d) algebraic tori G}, = GL;(C) x --- x GL{(C) = (C*)".

n-times

The concept of a reductive group is deeply tied to the concept of complete
reducibility of rational actions of linear algebraic groups. In this direction, we recall
that a linear algebraic group is reductive if its radical (i.e., its unique maximal con-
nected solvable normal subgroup) is isomorphic to a direct product copies of C*,
see for example [1, p. 158] and [2, p. 42].

Example 2.2 All of the groups described in Example 2.1 are reductive while the
additive group G, is not reductive, see for instance [2, Exercise 4.1, p. 62].

Next, we say that a rational (right) action of a linear algebraic group G on a
finitely generated C-algebra R is a map

R x G — R, defined by (s, g) > s¢

with the properties that:
(a) s8¢ = (s%)¢ and s = s foralls € R, g, ¢’ € G and e the identity of G;
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(b) the map s — s8 is a C-algebra automorphism of R for all g € G; and

(c) every element of R is contained in a finite dimensional subspace V which is
invariant under G and on which G acts by a rational representation, i.e., by a
homomorphism of algebraic groups:

0:G — GL(V) ~ GL,(C),

forn =dim V, [9, p. 47].

Given a rational action of a linear algebraic group G on a finitely generated
C-algebra R, one formulation of Hilbert’s 14th problem asks if the G-invariant sub-
algebra

RO ={seR:s% =y, forallg € G}

is finitely generated, see for instance [9, p. 47] or [2, Chap. 4] for more details.
Furthermore, a related question concerns the concept of complete reducibility
which is essentially the question of as to whether or not a given rational representation
decomposes into a direct sum of representations each of which possesses no proper
invariant subspaces, [9, p. 48].
Two important theorems related to reductive groups are:

Theorem 2.3 ([9, Remark 3.2, p. 48]) A (complex) linear algebraic group G is
reductive if and only if every rational representation is completely reducible. Further,
if a (complex) reductive group G acts linearly on C", then for every invariant point
0 #£ v € C", there exists an invariant homogeneous polynomial s of positive degree
with s(v) # O.

Theorem 2.4 ([9, Theorem 3.4, p. 49], [2, Theorem 3.3, p. 41]) If a (complex)
reductive group G acts rationally on a finitely generated C-algebra R, then RS is
finitely generated.

Remark 2.5 Similar more technical theorems hold true over fields of positive char-
acteristic. In that setting, one needs to distinguish between the concepts of a linear
algebraic group being reductive, geometrically reductive, and/or linearly reductive,
see [9, Remark 3.2, p. 48], for instance, for a more detailed discussion.

Example 2.6 A rational action of G, on a finitely generated C-algebra R is equiv-
alent to giving a Z-grading, that is a decomposition of the form R = €, _, R; with
RiR; C Riy; and dimc R; < oo. For a more detailed explanation, see [2, Exam-
ple 3.1, p. 38].

3 Group Quotients

In this section, we discuss concepts related to taking group quotients within the
category of algebraic varieties. To this end, let G be an algebraic group acting on
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an algebraic variety X. In particular, we are given a morphism ¢ : G x X — X
of algebraic varieties such that o (g, o (g, x)) = 0(gg’, x) and o (e, x) = x, for all
g,¢ €G,all x € X, and e the identity of G, [9, p. 43].

We state a couple of definitions.

Definition 3.1 ([10, Definition 1.4, p. 515]) A morphism f : X — Y of algebraic
varieties is a categorical quotient if the following properties hold true:

(a) the morphism f is G-invariant, i.e., for the trivial action of Gon Y, f is a
G-morphism; and

(b) for all G-morphisms g : X — Z, there exists a unique morphism i : Y — Z
suchthat g =ho f.

Remark 3.2 A categorical quotient is uniquely determined up to isomorphism.

Definition 3.3 ([10, Definition 1.5, p. 516]) Assume that G is linear. A G-morphism
f 1 X — Y of algebraic varieties is said to be a good quotient if the following
properties hold true:

(a) f is a surjective, affine G-invariant morphism;

(b) fi(Ox)S = Oy;and

(c) if Z is a closed G-stable subset of X, then f(Z) is closed in Y. Further, if
Z, and Z, are two closed G-stable subsets of X such that Z; N Z, = &, then
fZynfz,) =a.

Definition 3.4 ([10, Definition 1.6, p. 516]) Assume that G is linear. A G-morphism
f 1 X — Y of algebraic varieties is said to be a geometric quotient if the following
properties hold true:

(a) f isa good quotient; and
(b) forall x € X, the G-orbit O(x) through x is closed in X.

In general we have the implications:
Geometric Quotient = Good Quotient = Categorical Quotient;

the first two implications are clear from the definitions and we refer to [10, p. 516]
for details concerning the fact that a good quotient is a categorical quotient.

4 Linearization of an Invertible Sheaf

Here, we discuss the concept of linearizing a line bundle with respect to a group
action. Throughout this section, we let X be an irreducible algebraic variety over
C, we let L be a line bundle on X, we let G be a reductive group acting on X
via 0 : G x X — X and we denote the group law on G by u : G x G — G. The
following definition is fundamental to GIT.
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Definition 4.1 ([8, Definition 1.6, p. 30], [2, p. 104]) A G-linearization of L with
respect to o is an isomorphism of Jg x-modules

¢:0"L > piL

satisfying the cocycle condition, that is the diagram, of maps of line bundles on
GxGxX,

(00 (g x 0)*'L — T (pyo(lg x 0)*L

(00w x 1)y L —% (o (ux 1x)*L

commutes.

The concept of a G-linearization of L with respect to o can be made more concrete
in a number of ways. To begin with, if a € G(C), then let 7, : X — X denote the
automorphism defined by x > a - x. Then if L admits a G-linearization with respect
to o, the isomorphism ¢ restricts to an isomorphism

¢o 'L = L.
The cocycle condition then implies that
Pab = Pb © Ty Pa,
for all a, b € G(C); equivalently the diagram

ab

*
T L ———

o
Ty ba

*
T, L

commutes, [8, p. 31].

Next let £ = Spec (@m <0 L®’"> be the total space of L and 7 : .Z — X the
projection; then L = . (.Z/ X) the sheaf of sections of m, [5, Exercise I11.5.18]. A
G-linearization B

¢:0"L — p5L

corresponds canonically to a bundle isomorphism

GxX)xy L~ (GxX)xx L :®
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which corresponds canonically to a G-bundle action
Y=pod:Gx¥—> %

of G on . which covers o. In particular, the diagram

GXX*Z>$

GXXT>X

commutes. Conversely, every G-bundle action
Y:Gx¥—-> %

which covers o determines a G-linearization ¢ of L with respect to o, [8, p. 31].

Since the concept of G-linearization can be a source of confusion, we provide more
details concerning the natural bijective correspondence between G-linearizations of
L and those of .. To this end, if a € G(C), then let . denote the total space of
77 L. Inparticular, t7.¢ = X X x £ and given a G-linearization ¢ of ., we obtain,
for each a € G(C), a (linear) automorphism of . covering 7,. By the universal
property of Cartesian squares, ®, induces a (linear) isomorphism

b LS TL

over X. Setting ¢, = 5;1, we naturally obtain an &’x-module isomorphism
bo :T'L > L.

The collection of such isomorphisms ¢, fora € G(C), determine the G-linearization
¢:0"L > piL

corresponding to .

Another important feature of G-linearizations is that they allow for the study
of H°(X, L)Y the space of G-invariant sections of L with respect to ¢, [8, p. 32]
compare also with [2, Sect.7.3, p. 110]. In particular, given a G-linearization ¢ of
L, we obtain a representation of G on H’(X, L). This representation is defined, for

each a € G(C), by:

HY(X, L) L% H(X, t*L) Ty H(X, L). (1)
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Alternatively, but equivalently, we can define HO(X, L)S as the invariants for the
dual action of G on H°(X, L). This (dual) action is defined, for each a € G(C), by:
HO(X, L) % HO(X, L) % HO(X, L):; ()
the representation (1) is related to the dual action (2) via:
paoT = (T, 0.

It is not difficult to check that the tensor product of two G-linearized line bundles
and the inverse of two G-linearized line bundles are naturally G-linearized. In partic-
ular, the collection of G-linearized line bundles modulo isomorphism form a group
which we denote by Pic®(X). Furthermore, if f : X — Y is a G-linear morphism
of algebraic varieties over C, then there is an induced homomorphism

f*: Pic®(¥) — PicS(X),

[8, p. 32]. When (Y, f) is a geometric quotient of X by G and if the action of G on
X is free, then a consequence of descent theory is that

PicS(X) ~ Pic(Y),

see [8, p. 32]. As one final related comment, we note that if G is connected, if X
is normal and if L is a line bundle on X, then some tensor power of L is always
linearizable, [8, Corollary 1.6, p. 35].

Example 4.2 (Compare with [2, Example 8.4, p. 123]) Let the multiplicative group
G,, acton A" := Spec C[xy, ..., x,] by

tex=t-(x1,...,%,) :={"x1,...,t"x,),
for integers ry, . .., r,. We then have that Pic(A") = 0 while, by contrast,
PicO" (A") = Z.

To see this, since Pic(A”) = 0, every line bundle on A" is isomorphic to the trivial
line bundle L = 0. with total space . = A" x Al. As one consequence of this
fact, it follows that the collection of isomorphism classes of G,,-linearizations of L
with respect to our given G,,-action on A" is in bijection with the collection of those
determined by the formula

t-(x,v)=(-x,t%),

for somea € Z and x = (xq, ..., x,) € A", v € A In particular, if L, denotes the
trivial line bundle L = Oy« with G,,-linearization determined by a € Z, then the
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isomorphism
Pic% (A" 5 Z

isset-upbya — L,.

We now consider HO (A", L®4)0n the space of G,,-invariant sections for the G,,-
linearization on L®¢ determined by a € Z. To this end, sections s € H* (A", L®%)
are in bijection with morphisms

s A" > % — A" x Al

given by
s(x) = (x, F(x)),

for some polynomial F(x) € C[xy, ..., x,]. Using this bijection, the sections s €
HO(A", L®?) fixed by the dual action

HO(An, L®d) T_’) HO(An, Tt*L®d) ﬂ) HO(AH’ L®d)
are of the form s(x) = (x, F(x)), where F € C[xy, ..., x,] has the property that
F(t-x)=t"F(x), (3)

foreach r € G,, and each x € A”. Indeed, to see that (3) holds true, we simply note,
asin [2, p. 123], that the G,,-action given by (1), applied to our given G,,-linearization
on L% takes the form:

t-s(x) = (x, t“F@" - x)),

for each x € A" and each t € G,,. In particular, H*(A", L®)0» = C[xy, ..., x3]da
where the grading on C[xy, ..., x,] is given by deg(x;) = r;.

5 Semi-Stability and the First Main Theorem of GIT

Let X be an algebraic variety and G a reductive group acting on X. In this section,
we discuss the concept of semi-stability for X with respect to G and then state, in
Theorem 5.1, the first main theorem of GIT. This theorem pertains to existence of
good categorical quotients.

First of all, recall that a line bundle L on X is said to be ample if there exists a
morphism f : X — P", for some n, such that f maps X isomorphically onto a quasi-
projective variety in P* and f*Opn (1) ~ L® for some d € Z-. Next, let L be a
G-linearized ample line bundle on X. The subsets of semistable, stable and unstable
points of X, with respect to the G-linearized ample line bundle L, are described
respectively by:
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X*(L) :={x € X : there exists s € H (X, L®))Y such that s(x) # 0},

X°(L) :={x € X**(L) : G- x is closed in X**(L) and the stabilizer G, is finite}

and X“(L) := X \ X*(L),

see for instance [3, p. 6].
Having defined the concepts of semi-stability and stability, we can state the first
main theorem of GIT:

Theorem 5.1 ([9, Theorem 3.21, p. 84], [8, Theorem 1.10, p. 38], [10, Theorem
1.1, p. 517]) Let L be a G-linearized ample line bundle on X. There exists a good
(categorical) quotient

7 X*(L) - X*(L))G.

Further, there exists an open subset U C X**(L) G such that X*(L) = 7 Y(U) and
such that (U, 7w |xs 1)) is a geometric quotient of X* (L) by G. Finally, there exists an
ample line bundle M on X**(L) G such that t*(M) ~ L®d|xm(L), for some d > 0.
In particular, X** (L) /G is a quasi-projective variety.

In the setting of Theorem 5.1, we make the following remarks.

Remark 5.2 (a) Thesets X**(L), X*(L), X**(L) and the quotient X** (L) /G remain
unchanged if we replace L by L®? for some d > 0.

(b) The sets X**(L), X*(L), X**(L) and the quotient X**(L) /G are not in general
independent of the choice of G-linearization.

(c) The set X**(L) and the quotient X*(L) /G are independent of the G-algebraic
equivalence class of L, [11, Proposition 2.1].

An important special case of Theorem 5.1 reads:

Proposition 5.3 ([10, Theorem 1.1 B]) In addition to the assumptions of Theorem
5.1, assume that X is projective and let

R= @HO(X, L8,

d>0

Then
X*(L)/G ~ Proj (RY).

In particular, X** (L) /G is a projective variety.

Example 5.4 ([11,Example 1.16,p. 699], [2, Example 8.6, p. 125]) We now consider
the case of G = G,, acting on X = A* by

t- (-xla cee 7-x4) = (t-xla 1xz, t71x37 t71x4)
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and we consider GIT quotients with respect to the G-linear line bundle L,, fora € Z.
To this end, let R = C[xy, x2, x3, x4] with grading defined by

deg(x;) = deg(x;) = 1 and deg(x3) = deg(xs) = —1
and put R = P~ Ra- Recall that we then have that
HO(X, L8 = HO(X, L®)% = H(X, Lgpd)o,,, = Ry,
Consider first the case that a = 0. In this case, we have for all d > 0, that
HO(X, L®)C = R,
and since 1 € Ry, it follows that X = X*S(L). Also
Ry = RS = C[xx3, X1 X4, X2X3, X2%4]
which is isomorphic to
R ~C[T, T2, T5, Tu]/(T\ Ty — T» T5).
A consequence of this is that, when a = 0, the quotient admits an isomorphism
X*(L) )G = Yy C AY,
with Y defined by 7' 7y, — T,T5 = 0.

Next consider the case a > 0. Without loss of generality we assume that a = 1,
see for example [11, p. 694] or [2, Exercise 8.3, p. 127] for more details. Then

PH X, L8 =P Ry = Roo = x1 Rz + x2 R0
d>0 d>0

and we deduce that
X (L) = A*\ V(x1, x2)

which is covered by the affine open subsets U; defined by the conditions that x; # 0,
fori = 1, 2. Further

Ox(UNS = Rx,) = Rolxa/x11,

Ox(U2)° = Ry = Rolxi/x2,

and it follows, since Ry = C[x1x3, X1Xx4, X2X3, X2x4], that

Y i= X*(L))Gpn
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is isomorphic to the closed subvariety of A* x P! given by:
Yy = V(i Xy — T3X1, hXo — TuXy, 1Ty — ToT3) € A* x P'.
Indeed, if Yi’ is the subset of Y, given by the condition that X; # 0, fori = 1, 2, then
Oy, (Y]) = Ox (U)°
and we check that these isomorphism glue. In addition, there exists a canonical
morphism fy : Y, — Y, which is given by the inclusion of rings Ry < R(y,) and,
in fact,
Y, = BLp=1;=0(Y0)
and f : Yy — Yyisasmall resolution because the exceptional set is of codimension
>1.
Next consider the case thata < 0. Again without loss of generality we may assume
that a = —1. In this case, we can show:

XS(L) )G = Y_| = V(T1 X4 — Tr X3, T3X4 — Ty X3, TV Ty — T T3) € A* x P'.

In this setting, the variety Y_; admits a canonical morphism f_ : Y_ — Y and the
birational morphisms f and f_ fit into a diagram:

Y. Y
N
Yy

which is called a flip. The varieties Y, and Y_ are not isomorphic but they are
isomorphic outside the fibres f7'(0) ~ P!,

Example 5.5 (Toric varieties, [2, Chap. 12]) Let T = G, act linearly on A" by the
formula

(tla-"vtr)'(xla-"7~xn) z(talxla-"ytanxn)
where
a; = (a,....a;) €Z,and ™ =t/ ...t forj =1,...,n.

We view the a; as elements of X(T) = Z" the character group of T. The group of
T-linearized line bundles on A" has the form

Pic"(A") ~ X(T) ~ Z'.
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Fixa = (aq,...,a,) € Z" and denote by L, the linearized line bundle with total
space %, linearized by:

to(,w)=(-x,1'w) =@ -x, 1" ... t5wW).
We then have, as in Example 4.2, that F € HO(A", L% = C[xy,...,x,],ford >0,
is an element of HY(A”, L®)7T, the space of invariant sections for the linearization
of L® determined by a, if and only if

F(t™xy, ..., t%x,) = tF(x1, ..., xn).

Equivalently, F is a linear combination of monomials

XM= X" X form = (my,...,m,) € 75,
such that
miay +---+mua, = da’

equivalently

apy ... A4in nj

: =A-m=da, 4)

arl Arp nmpy

for A = (a;j).

Let S, be the set of non-negative integral solutions to (4) and C[S,] the C-vector
space that it determines. We then have that I" (A", LT = C[S,] and

Prar, L2 ~ c1s) := P Cisid = PCISl.

d>0 d>0 d>0

Next, fix a minimal set of monomial generators x™, ..., x™ for the ideal

C[Sl0 := @ CIS41 = @ CISl

d>0 d>0
and foreachm; = (my;,...,m,;),for j =1,...,¢,letI; :== {i : m;; # 0} and for
each subset I C {1, ...,n}letx; = [] x;. We then have:

iel

12
(A (L) = Dxs))
j=1

where D(x;,) = A" \ {x;, = 0}.
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Finally, let Z" — 7' be the map given by the matrix A, let M := ker A denote its
kernel, let N be the image of (Z")Y — MY, the dual map of the inclusion M < Z",
and put g := n — rank(A). Further let X' be the N-fan formed by the £ convex cones

0 CNg=N®R=R

spanned by the vectors Eiv, i ¢ 1;;here elv, ..., e, is the dual basis of the standard
basis ey, ..., e, of Z" and Eiv denotes the image of eiv in MV. In particular, X is a
finite collection of rational convex polyhedral cones {o;} in R? with the property that
o; () o; is a common face of o; and ;.
The fan X' determines a toric variety X 5. In more detail, for each cone o € X,
put
cV={yeR?:x-y>0,forallx € o}

and let A, := C[o” N M] be the semi-group algebra determined by o~ N M. That
the A, are finitely generated C-algebras follows from Gordan’s lemma, see for
example [2, Lemma 12.1, p. 189]. In addition, the affine varieties X, := Spec A,,
for o € X, glue together to form the toric variety Xy and the following theorem
expresses this toric variety as a GIT quotient for the line bundle L = &« linearized
byaeZ.

Theorem 5.6 ([2, Theorem 12.1, p. 192]) In the above setting,

(AN (L)) T~ Xs.

6 The Numerical Criterion

Let G be a reductive group acting on an irreducible projective variety X and .Z the
total space of a G-linearized ample line bundle L € Pic®(X). In this section, we
describe, in Theorem 6.1, the numerical criterion for stability, which, perhaps, can
be seen as the second main theorem of GIT.

With this in mind, for every x € X and every 1-parameter subgroup

A) : G, =C* - G,
the subgroup A(¢) acts on the fibre .Z|,,, over the point
Xo ;= limA(z) - x
t—0

via the character

f = tmL(x,A)
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for some integer m” (x, A); put
phe, ) = —mt (e, ),

compare with [8, Definition 2.2, p. 49]. In what follows we refer to the integer
m%(x, 1) as the A-weight of x. Furthermore, we remark that the definition of xy is
given by the valuative criterion for properness of X over C, see [8, p. 49] for a more
detailed explanation.

The second main theorem of GIT expresses the conditions for semi-stability and
stability for x € X with respect to L in terms of the functions u” (x, A).

Theorem 6.1 ([8, Theorem 2.1, p. 49], [9, Theorem 4.9, p. 105], [3, p. 10]) In the
above setting, the following assertions hold true:

(@) x € X*(L) ifand only if u*(x, ) > 0 for all 1-parameter subgroups A; and
(b) x € X*(L) if and only if;LL (x, &) > O for all 1-parameter subgroups A.

In what follows, motivated by the numerical criterion Theorem 6.1, given a 1-
parameter subgroup A, we say that x € X is A-semi-stable if u*(x, A) > 0 and that
x € X is A-unstable if u*(x, 1) < 0.

As explained in [3, Sect. 1.1.5], we can use the Weight polytope to give a com-
binatorial description of the numerical criteria for the case of a linear action of the
torus. To this end, we consider the torus T = G/, acting linearly on an irreducible
variety X in P(V*). Then X(T) >~ Z" via the isomorphism that associates to every
(r1,...,ry) € Z", the homomorphism x : T — G,, defined by the formula

X, oo ty) =1 .t

Furthermore, every 1-parameter subgroup A(¢) : G,, — T is given by the formula
Ay =(@", . 1),

for some (7q, ..., r,) € Z". Thus, in this way, we can identify the set of 1-parameter

subgroups, which we denote by X, (T), of T with the group Z".

Now, let A € X, (T) and x € X(T). The composition x o A is a homomorphism
xoXr:G, = Gy

and hence is defined by an integer which we denote by (A, x). In addition, the pairing

X:(T) x X(T) —» Z,

defined by
(s x) = (A, x)s
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is isomorphic to the natural dot product pairing
7" x 71" — 7.
Thus, if we now let
vi= P Vv,
x€X(T)

where
Vi={veV it-v=yx() - v}

then we can write every v € V* as
=Y
x
where v, € V,. The group T acts on the vector v by the formula

Fv=x(@0) vy,
X

forr € T, and we set
wt(V*) = {x € X(T) : V, # {0}}.
This is a finite subset of Z" and its convex hull in R” is called the weight polytope

and is denoted by wt(V*).
Concretely, let x € P(V*) = Proj Sym® (V) be represented by a vector

V:Z"x e V™
X

We set
wt(x) = {x : vy # 0}

this is the weight set of x and we define the weight polytope of x by setting:
wt(x) = convex hull of wt(x)in X(T) ® R.
In this setting, we have:

—/LL()C, A) = mL(x,A) = min (A, x),

X EWL(x)

for L = Op(y+(1)|x, compare with [4, Definition 4.16].
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Example 6.2 ([4,p.202] or [7, Sect. 1.9]) Consider now the case of the 1-parameter
subgroup
A(t) = diag(s?, 1%, 1), witha + b+ c =0,

of the diagonal torus T € SL3(C), acting on P¥ = P(V*), for Ny = (djz) — 1, the
projective space of plane curves of degree d.

In this case, wt(V*) is the 3-simplex with barycentre (d/3,d/3,d/3). In what
follows, we identify the top vertex of the simplex with the monomial x¢, the bottom
left vertex of the simplex with the monomial y and the bottom right vertex of the
simplex with the monomial z¢. We also view A as determining a line ai + bj +
ck = 0 passing through the point (d/3,d/3,d/3). This line cuts the simplex in
two. Monomials in the top half (including those on the line) are semi-stable while
monomials in the bottom half (excluding those on the line) are unstable.

Further, if

i\ J -k
sy = Y apx'yle,
i+jtk=d

then
wi(s) = {(i. j. k) : e # 0},

We can also consider the case of cubic curves in more detail. For instance suppose
we fix the 1-parameter subgroup

A(t) = diag(r 73, 11, 1Y),

We then can make the table:

Monomial [x° [x“y|x“z|xy®|xyz|xz” |y’ |y°z|yz©|z
A-weight [—15(—-9 |-6 (=3[0 (3 |3 (6 |9 |12

from which it is clear that the A-semi-stable monomials are
x3, x2y, x%z, xy%, xyz
while the A-unstable monomials are
x4 v, vz, v 2
Furthermore, if, for example,
s =x"+x%y + 27,

then
m?# W (s, 1) = min{~15, =9, 12} = —15
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so that s is A-semi-stable. On the other hand, if, for example, s = y* + y?z, then
mZ% D (s, 1) = min{3, 6} = 3

and so s is A-unstable.

It turns out that the stability of a degree 3 form s(x, y, z) is related to the singu-
larities of the curve it defines. For instance, s(x, y, z) will be A-stable if and only if
the curve it defines is smooth, while s(x, y, z) will have at worst nodes if and only if
the curve it defines is A-semi-stable, see [4, p. 204] for a more complete discussion.

7 Stratifying the Unstable Locus

In this final section, we make some remarks about stratifying the unstable locus.
For the most part we follow [3, Sect. 1.3]. To this end, let G be a reductive group
acting on a projective variety X and let L € Pic®(X) be an ample G-linearized line
bundle on X. Furthermore, let T be a maximal torus of G and W = Ng(T)/ T its
Weyl group. Let X..(T) denote the set of 1-parameter subgroups of T and X,.(G) the
set of 1-parameter subgroups of G. We then have

X% (T QR ~R",

for n = dim T. Next, fix a W-invariant norm || - || on R” and for every 1-parameter
subgroup A(¢) of G define
[|A[l := || Int(g) o A||

for Int(g) an inner automorphism of G such that Int(g) o A € X,(T).Foreachx € X,
put

and

ME(x) = sup mE(x, ).
reX,(G)

In what follows, we say that a 1-parameter subgroup A(¢) € X, (G) is adapted to x,
with respect to L, if

L
ML) — m=(x, A)
=3

s

and we denote by AL (x), the set of primitive (i.e., not divisible by a positive integer)
adapted 1-parameter subgroups.

For each integer d > 0 and each conjugacy class (1) of a 1-parameter subgroup
A € X,(G) put
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Sim ={xeX: M*(x) =d and there exists g € Gsuch that Int(g) o A € AL(x)}.

Then, if 4" denotes the set of conjugacy classes of 1-parameter subgroups of G, we

can write
x=x*wJ| U Sin
d>0,(\) et

This is a finite stratification of X into Zariski locally closed G-invariant subvarieties
of X.
In fact, more is true:

Theorem 7.1 ([3, Theorem 1.3.9, p. 16]) In the setting of this section, the following
assertions hold true:

(a) the set of locally closed subvarieties S of X which can be realized as the stratum
Sjm for some ample L € Pic®(X), d > 0 and A € %,(G) is finite; and

(b) the set of possible open subsets of X which can be realized as the set of semistable
points with respect to some ample G-linearized line bundle is finite.

As a final comment we note that, inside of NS®(X) ® R, the G-linearized real
Néron-Severi space of X, for NS¢(X), the Néron-Severi group of G-linearized ample
line bundles modulo homological equivalence, we have the G-ample cone CE(X).
This is the convex cone spanned by the classes of G-linearized ample line bundles
on X.

In this direction, the starting point to the study of C¢(X) is:

Theorem 7.2 ([3, Theorem 0.2.3, p. 8], [11, Theorem 2.3, p. 701]) The following
assertions hold true:

(a) there are only finitely many chambers, walls and cells inside of C¢(X);
(b) each wall of CS(X) is a closed convex cone in C°(X); and
(c) the closure of a chamber of CO(X) is a rational polyhedral cone inside of CS (X).
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Birational Geometry and Derived )
Categories ot o

Colin Diemer

The aim of these notes is to describe some relations between the birational geometry
of algebraic varieties and their associated derived categories. This is a large subject
with several diverging paths, so we’ll restrict our focus to the realm of topics discussed
at the Alberta superschool. Being lecture notes, the discussion here is somewhat
informal, and we only attempt a general overview, and referring the reader to the
relevant original research articles for details. Given the background of the participants
of the Alberta superschool, these notes take the somewhat unorthodox approach
of assuming that the reader has modest familiarity with derived and triangulated
categories, but is perhaps not as familiar with the more cabalistic aspects of birational
geometry.

We’ll start with some of the basic (read: Hartshorne level) notions of birational
geometry, along with some elementary observations about how these might interact
with derived categories of coherent sheaves. The default reference for the general
theory of birational geometry is the book of Kolldr and Mori [17], although the more
elementary Bulletin article by Kolldr [16] is also a classic and highly recommended.
Many of the results on derived categories discussed in these notes are covered in
detail in Huybrecht’s book [12], and specifically in chapters “A Brief Introduction
to Geometric Invariant, Introduction to Mirror Symmetry, Differential Graded Cat-
egories and this chapter”. Historically these results on derived categories emerged
from the pioneering work of Bondal and Orlov, for which we refer to their ICM
address [4].

Let X be an algebraic variety; for ease in exposition we will only work over the
field k = C in these notes. Associated to X we have another field, namely the field
of rational functions on X, denoted C(X). If two varieties X and Y are such that
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C(X) = C(Y) as fields, we say that X and Y are birational. Varieties are birational
exactly when they are isomorphic generically, i.e when the local rings of their generic
points are isomorphic. Chow’s lemma says that any variety is birational to a projective
variety, so we will often tacitly assume that any variety in this article is projective or
at least quasi-projective. Hironaka’s big theorem says that any variety is birational to
a smooth variety; however, for many purposes it is best to not assume X is smooth as
there may be spaces birational to X with mild singularities, but with some desirable
properties, as we will see.

Example: Rational varieties. Let X = P". Then
CX)=C(x1,...,x,)

is the usual field of rational functions. Varieties whose function fields are isomorphic
to C(PP") for some n are dubbed rational. For example, products of projective spaces
are rational, but they not actually isomorphic to a single projective space. Explicit
criteria for determining the rationality of a given variety are often quite delicate. We
will not purse the matter here, but see Kuznetsov’s article [18] for a survey of how
methods from derived categories apply to problems in rationality.

In practice we are interested in the more geometric manifestations of birationality.
Two varieties X and Y are birational if and only if there exist Zariski open subsets
Ux C X and Uy C Y and an honest isomorphism of varieties f : Uyx S Uy. When
X and Y are birational we write

f:X--»7.

Of course, the direction of the arrow is rather arbitrary as we alsohave f~! : ¥ --» X.
If f is actually defined on all of X, i.e. f extends to an honest morphism of varieties
we say, not surprisingly, that we have a birational morphism. If f : X — Y isa
birational morphism, the locus in X where f is not a local isomorphism is called the
exceptional locus, denoted Exc(f) C X. If X is smooth or had mild singularities, '
then Exc(f) is codimension one, i.e. a divisor (“van der Waerden purity”).

Remark: In his thesis [29], Usnich observed a very direct relation between bira-
tionality and derived categories (see also [19]). Let X be smooth and let D’coh(X)
be the usual bounded derived category of coherent sheaves on X. Let coh!(X) be
the full subcategory of coh(X) consisting of sheaves having support of codimension
>1. By standard methods, one can form the quotient category

coh; (X) := coh(X)/coh!(X).

It is not terribly hard to see that coh; (X) is equivalent to the (abelian) category of
finite dimensional vector spaces over the function field C(X) (and is thus a birational

"Here “mild” actually means normal and Q-factorial. The author apologizes for occasionally taking
the liberty to be relaxed about types of singularities in this article, despite their fundamental role in
birational geometry.
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invariant). One can also form the derived category
DY (X) := D"(cohy (X)),

and it is likewise not too hard to verify that X and Y are birational if and only if
D',’(X ) and D’l’(Y) are equivalent as triangulated categories. Unfortunately, beyond
the articles mentioned above, the structure of these quotient categories does not
appear to have been much studied (Usnich was able to make some progress on its
structure for X = P?). In the remainder of these notes we will thus instead look at
D’coh(X) directly.

The subject of birational geometry studies equivalence classes of varieties up to
birational equivalence. In particular, it asks for criteria for when two varieties are
or are not birational, and aims to find canonical representatives of a given birational
equivalence class. Restricting to smooth varieties, one may ask (and indeed, many
have) the analogous questions for the derived categories of coherent sheaves of
varieties up to equivalences of triangulated categories.

Caution: A thoughtful inspection of the definition of birationality suggests heuristi-
cally that relating the derived categories of birational varieties will, in general, be a
hopeless endeavor. If we view the derived category of coherent sheaves D”coh(X) as
naively consisting of (complexes) of things like vector bundles or structure sheaves
of subvarieties, then such objects have no a priori reason to behave well under bira-
tional morphisms. For example, if we take the structure sheaf of a point O, where
p € Exc(f) and view it as a complex concentrated in degree zero, it is not at all
obvious what type of object it should correspond to in D’coh(Y) under a hypothet-
ical correspondence between the derived categories. The situation is even worse if
f is not a morphism but only birational, so that the value of f on sine p € X need
not even be well-defined. In these notes we’ll try to get a feeling for some situations
where one actually can make sense of such issues.

Before proceeding, let’s review some more basic facts and constructions.
Example: algebraic curves. Here one has the following two well-known theorems:

1. If C --» C' are smooth projective curves which are birational, then C and C’ are
actually isomorphic.

2. If C is any curve, then it is birational to a smooth projective curve (which is unique
by the above) via normalization.

So if one restricts to smooth curves, birational geometry is fundamentally uninterest-
ing in dimension one. This matches up well with the situation for derived categories:
two smooth curves have equivalent derived categories of coherent sheaves if and
only if the curves are isomorphic. That said, the cautious reader may note that the
proof? of this is slightly non-trivial, as the case of elliptic curves needs to be han-
dled separately. Recall that elliptic curves are in particular curves whose canonical

2See e.g. Theorem 6.15 in [12].
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bundle K¢ is trivial. We should remark that the other curves (i.e. curves with genus
>0 having K ample, and rational curves having — K ample) can be handled by a
special case of the following important theorem of Bondal-Orlov.

Theorem: Let X and Y be smooth projective varieties of any dimension and such
that D’coh(X) = D?coh(Y) as triangulated categories. If the canonical divisor Ky
is either ample or anti-ample,® then X and Y are isomorphic.

The theorem states that, up to isomorphism the space X can be recovered com-
pletely from its derived category. The hypotheses on the canonical bundle are in very
rough analogy with the general classification theory in birational geometry, as we’ll
see later on.

Remark: The Bondal-Orlov theorem suggests that varieties with Ky trivial (i.e.
Calabi—Yau) may have auto-equivalences which do not come from automorphisms
of X (or even other obvious homological operations such as degree shifts or twists
by invertible objects). Indeed, such exotic auto-equivalences can and do exist, and
this is a rich and ongoing topic of study, going under the title “spherical functors.”
We will regretfully not discuss this topic here, and defer only to the original article
of Seidel and Thomas where they were first studied [26]. Likewise, when Ky is
neither ample nor anti-ample, it is possible to have another variety Y and a derived
equivalence

D’coh(X) = D’coh(Y),

but X and Y are not birational. The famous example is the so-called Pfaffian-
Grassmannian derived equivalence, for which we refer to the work of Borisov—
Céldararu [5]. (A more elementary example is Mukai’s observation that the derived
categories of an abelian variety and its dual variety are equivalent.) Generaliza-
tions of the Pfaffian-Grassmannian equivalence and the general phenomenon of non-
birational derived equivalences is still a very active line of research. For these notes,
we simply take their existence as further evidence that one needs to tread carefully
when relating the two subjects.

With such cautions in mind, let’s move on to the most basic situation where
birational morphisms do actually induce easily understood functors between derived
categories.

Example: blow-ups. Let X be a smooth projective variety of dimension >2.If Z C X
is any smooth subvariety of codimension r > 2, we can form the blow-up Bl (X),
which is itself smooth projective, and the blow-down map is a birational morphism
7 : Blz(X) — X.Forderived categories, one has the famous semiorthogonal decom-
position of Bondal Orlov:

D’coh(Bl; (X)) = (D’coh(Z), ...D’coh(Z), D’coh(X)).

r—copies

3Le. —Ky is ample.
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In particular, the derived pull-back
7 : DPcoh(X) — D”coh(Blz (X))

is a fully-faithful embedding.

It is desirable to understand how this semi-orthogonal decomposition can be gen-
eralized. We suggested above that it is unreasonable to expect such a decomposition
for arbitrary birational morphisms. The proposed class of preferred birational mor-
phisms will indeed come from the main structure theories in higher dimensional
birational geometry, which we will now attempt to survey. Once that is in place
we can state the main conjectures and results connecting this theory with derived
categories and functors between them.

The main structure theories alluded to above all center around the question of
trying to find a preferred or distinguished birational model for a given variety X. The
existence of blow-ups means that in dimension at least two there are always infinitely
many smooth varieties in the same birational equivalence class. This suggests that
finding a unique or at least distinguished representative within a birational equiva-
lence class is not so trivial. The theory developed to accomplish this is called the
minimal model program (MMP) or the Mori program. As a warm up, let’s review
how this works for surfaces.

Example: surfaces and blow-ups. If f : Bl,(S) — § is the blow-up of a smooth
surface at a point, then Exc(f) = C = P! is arational curve and the self-intersection
is —1, i.e. is a —1 curve. A theorem of Castelnuovo says that the converse is true
as well: any —1 curve on a smooth surface can be blown-down, and the resulting
surface is smooth. By adjunction, having C?> = —1 and C rational is equivalent to
Ks - C = —1. Thus, for surfaces, blowing-down can be controlled by looking at
intersections of rational curves with the canonical divisor.

Remark: The fact that Exc(f) = P! for blowing up smooth points on surfaces gen-
eralizes in a certain way to higher dimensions. Namely, if f : X — Y is a birational
morphism with X smooth and f not an isomorphism, then through the general point
of any component of Exc( f) there is a rational curve contracted by f,i.e. Exc(f) is
“uniruled.” Unfortunately, the higher dimensional analogue of Castelnuovo’s con-
tractibility theorem is a much more delicate issue and one of the many issues that
the MMP tackles.

The MMP for surfaces: Here the MMP is not so bad, although requires some non-
trivial work to fill in all the details in the proofs. It was basically known to Zariski,
although is now usually terminologically re-packaged a bit after Mori’s work.

Theorem (baby MMP for surfaces): A smooth projective surface is birational to
either:

1. P' x C for some curve C, or
2. A smooth surface S” which the property that Kg - C > 0 for any curve C C §’
(i.e. ' is a “minimal model”).
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Note that rational surfaces (including P? itself) are subsumed in the first case as they
are birational to P! x P!, The reader may know that there are further sub-cases and
refinements one can include in the above theorem via certain numerical invariants,
and the above version was formulated for brevity’s sake.

A sketch of a proof of this classification is as follows: first you want to contract all
—1 curves. You can do this iteratively by Castelnuovo. A surface may actually have
infinitely many —1 curves (the blow up of P? at nine general points is the standard
example), but blowing down lowers the rank of H, (or the Picard number) by one,
so the process actually terminates finitely. So we need to show that a smooth surface
which is not birational to a product and which has no —1 curves is a minimal model.
Suppose for contradiction that one has a curve C on such a surface which is such
that K5 - C < 0. A theorem of Mori (“bend and break”) says that if a curve C is
such that K5 - C < 0, then you actually have a rational curve with the same property,
i.e. we may assume that C = P'. Since we are not birational to a product, our curve
does not deform, so C? < 0 (recall the self-intersection is the degree of the normal
bundle). A quick inspection of the adjunction formula shows that C is forced to be
a —1 curve, a contradiction.

Remark: It is important to understand the extent to which the above is a reasonable
classification. The first case in the theorem looks like a good output for a classifica-
tion: products of curves are easy to understand, and we’ve effectively reduced our
study a problem in a lower dimension. But why would we be satisfied with having
minimal models as an output as in the second case? The definition does not shed much
light on what such an S’ actually looks like. There are deep conceptual answers to
this (key words: “abundance conjecture” and “canonical models”). A more heuristic
argument is the following easy fact.

Proposition: Let f : X — Y a birational morphism (here X may be of any dimen-
sion) and suppose that X contains no rational curves. Then f is an isomorphism.

The proposition follows trivially from the remark above about the uniruledness
of exceptional loci. Intuitively, the proposition says that a birational model free of
rational curves is minimal in the sense that it cannot have any non-trivial birational
morphisms coming out of it. (Such models are sometimes called “absolute minimal
models” in the literature, though terminology differs). A related observation, which
follows immediately from the bend and break theorem, is that if X contains no
rational curves, then Kx is nef. So morally we take the definition of minimal model
to be simultaneously a weakening of the property of having no rational curves and
of the property of being an absolute minimal model. A main goal of the MMP is to
establish the existence of minimal models in higher dimensions via a process very
roughly analogous to blowing down —1 curves.

Remark: We haven’t said anything about derived categories for some time. For
now, let’s only remark briefly that smooth varieties with Kx ample (i.e. canonically
polarized varieties) are in particular minimal models and thus potential and desirable
outputs of the MMP. Above, we saw that the structure of their derived categories are
particular nice in that the derived category completely determines the variety. On



Birational Geometry and Derived Categories 83

the other hand, varieties with Ky trivial (i.e. Calabi—Yau) are also minimal models,
and as noted above their derived categories can have exotic auto-equivalences. In
a very rough sense, we see that the structure of the derived category reflects how
complicated the variety is from the perspective of the MMP.

The MMP in higher dimensions. One can mimic the surface case discussed above,
but essentially every aspect requires technical improvements to even state properly,
and monstrous amounts of historical efforts to prove. For our purposes, let’s focus on
one aspect: how to generalize the process of blowing down a —1 curve. The following
is a succinct version of what are known as the Cone Theorem and Contraction
Theorem of Mori.

Theorem: Suppose X is a smooth variety which is not a minimal model. Then there
is an extremal curve* C such that Kx - C < 0 and there exists a normal variety Y
equipped with a birational morphism f : X — Y which obeys:

e f(C) is apoint.
e p(X) — p(Y) = 1 where p denotes Picard number.
e —Kyx is f-ample.

The birational morphisms f : X — Y supplied by the theorem are called extremal
contractions. The third condition is actually automatic if you instead carefully define
which curves besides C are to be contracted.

There end up being only three main sub-cases to study depending on the behavior
of f.First, f could be a fibration in which case the situation is similar to that of a ruled
surface - this situation is called the Mori Fiber Space case. Or f could contract a
divisor containing C, in which case it is similar to a blow-down - this situation is called
a divisorial contraction. The last case is when f contracts something of smaller
codimension, this is called a small extremal contraction. They are the hardest case
to deal with, as we will soon see. The idea of the MMP is then to produce a minimal
model by iteratively running extremal contractions.

Caution: If one starts with X = P and tries to run the above process, you’ll observe
that the output would be the trivial Mori Fiber Space X — {point}. This is fine, and
reminds us that when K is sufficiently negative (e.g. Fano), the birational model
one gets as an output of the MMP will have a (possibly trivial) fibration structure
with Fano fibers. Thus, the birational classification of varieties in the first sub-case
is a topic a bit detached from the MMP.

The Problem. So why are things so much harder in higher dimensions than for
surfaces, even granted the above theorem? The obstruction is that one may not be
able iterate the contraction theorem for a subtle reason: the above theorem did not
guarantee Y has to be smooth (or anything except normal) even if X was smooth. In
practice, for the small extremal contractions, Y is so singular’ that Ky will not be

4T won’t define “extremal” except to say that it’s a suitable generalization of being a —1 curve on
a surface. The definition is not hard, but formulating it is a bit orthogonal to our purposes in these
notes.

SL.e.is Y is not Q-factorial.
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well behaved for the purposes of computing intersection numbers, and such a ¥ will
be too singular to apply the contraction theorem to for iteration.

The fix: flips. Let f : X — Y be a small extremal contraction. Let X* be a vari-
ety with mild singularities which is not isomorphic to X, but itself admits a small
birational morphism f* : Xt — Y. This is called a flip of f.

There is some structure hidden in the definition of a flip. Recall that —Ky is
f-ample. One can argue that Kx+ has to be f*-ample (note the sign change). In
practice we can’t require X smooth, but will allow singularities which are are mild
enough to still be Q-factorial (so-called terminal singularities). The following result
was due to Mori in dimension three [20], and Birkar—Cascini—-Hackon—-McKernan
[3] in all dimensions.

Huge Theorem: flips exist.

There’s a variant of the definition of a flip where you require instead that Kx is f-
trivial (and thus K y+ is f*-trivial). This is a flop. These don’t show up directly in the
MMP. However, instead of “minimizing” within a birational equivalence class, they
reflect the ambiguity in choices of minimal models. Namely, we have the following
theorem of Kawamata [16]:

Theorem: If X and Y are minimal models which are birational, then they are bira-
tional via a sequence of flops.

Let’s see an example of flips/flops which avoids messy singularities.

Example: Atiyah flips/flops. Let X be smooth and suppose there is a subvariety
Y C X such that ¥ = P* and the normal bundle obeys

Nyix = Oy (—1)®H!

(so k +1+ 1 = dim(X)). Notice that the condition on the normal bundle is very
similar to the contractibility criterion for rational curves in the surface case. If we
blow up X along Y it’s easy to see that the exceptional locus is now

P¢ x P! ¢ Bly(X).

It’s also easy to see that we can blow down “in the other direction” giving a smooth
variety X containing Y+ = [P/. The composition of the inverse of the first blow-up
with the second blow down is a birational map which is a flip when k < / and a flop
when k = [. When k = [ we actually have that X is isomorphic to X as spaces, but
the composed birational map is not the identity.

The general philosophy is that the distinguished birational maps coming from the
MMP are exactly the types of birational morphisms for which one should hope for a
corresponding functor of derived categories (we will review some precise conjectures
below). We’ve already seen an example of this with the blow-up and the fully-
faithful functor D’coh(X) — D”coh(Bly (X)). So at least in simple cases where the
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singularities are under-control, divisorial contractions give a fully-faithful functor.
Likewise, in the nicest cases, the Mori fiber spaces appearing the MMP will be
actual fiber bundles, and then induce fully-faithful functors due to standard results
on derived categories of bundles. To emphasize the core idea being suggested, we
quote Bondal and Orlov:

“This suggests the idea that the minimal model program of the birational geom-
etry can be viewed as a minimization of the derived category D’coh(X) in a given
birational class of X.”

Here the process of minimization is implemented by fully-faithful functors. We
state in particular, the following conjecture of Bondal and Orlov which has attracted
a fair amount of attention.

Conjecture: Let f : X — X be either a flip or a flop. Assume for simplicity that
both spaces are smooth. Then there exists a fully-faithful functor D’coh(X+) —
D’coh(X), which is an equivalence in the flop case.

The smoothness hypotheses are unreasonable from the perspective of the MMP,
but there are various workarounds for formulating the conjecture with certain classes
of singularities, which we will not discuss here, but see for example the article of
Abramovich and Chen for some such methods [1]. We also remark that Kawamata
[13] proposed a more general conjecture where the notion of a flop is generalized to
a K-equivalence, which is roughly any birational map that preserves the respective
canonical divisors, and the notion of flip is generalized to a K-dominance.

A subtle aspect of the conjecture is that it does not actually state what the hypo-
thetical fully-faithful functor should be. Unlike the case with, say, blow-ups, flips and
flops are not birational morphisms, i.e. are not defined everywhere, and so a naive
functor like derived pull-back does not make sense. Elsewhere in the superschool,
we’ve see the general Yoga of producing functors between derived categories via
Fourier—-Mukai kernels. That is, if we can find an interesting object

K € D’coh(X x X1)
we get a corresponding Fourier—Mukai functor
@ : DPcoh(X ™) — DPcoh(X).

One can hope that clever choices of L may produce the conjectured fully-faithful
functors.

Perhaps the most obvious candidate for an interesting Fourier—Mukai kernel would
be the structure sheaf of a resolution of the birational map f : X --» X, i.e. a
space Z with two birational morphisms g : Z — X and h : Z — X and such that
f =g ' ohon X\ Exc(f). Such a Z always exists by resolution of singularities,
and the Fourier—Mukai functor is simply the derived functor

h.g* : D’coh(X) — D’coh(X).
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In special situations this does indeed produce the desired fully-faithful functor: in
Bondal-Orlov’s original article they proved this for the Atiyah flips and flop. The
proof is not terribly difficult, but perhaps more subtle than one might expect. The
main geometric feature that helps in their proof is that in the Atiyah case the resolu-
tion Z is by construction built via the explicit blow-ups, so one can utilize the two
semiorthogonal decomposition on D?coh(Z) to aid in the calculations.

Unfortunately, a simultaneous resolution of f : X --» X does not always result
in a fully-faithful functor for more general types of flips or flops. The first example
is the so-called Mukai flop. This is a modest variation of the Atiyah example where
now X is a smooth variety of dimension 2n containing a subvariety ¥ = P" with
Ny|x = Qy. Here one can also blow-up and blow-down in an analogous way to
obtain a flop. However, Namikawa [22] observed that one can find explicit line
bundles L on X such Ext*(L, L) = 0 but Ext?(h,g*L, h,g*L) # 0, thus violating
fully-faithfulness.

Soon thereafter, though, Namikawa [23] proved the derived equivalence for the
Mukai flop using a different kernel. Recall that flips and flops arised from a small
contraction X — Y coming from the MMP where the birational model X * also has
a small contraction X* — Y. Thus one can form the fiber product

XXY X+

and take that as a Fourier—Mukai kernel (note that typically such a fiber product is
highly singular, and thus is perhaps a more threatening object to work with than the
simultaneous resolution). In addition to giving the correct kernel for the Mukai flop,
the fiber product is the correct choice of kernel object for a dramatically large class
of flops.

Theorem (Bridgeland [6]): Let f : X --» Xt be a flop with X and X both smooth
and dim(X) = 3. Then D’coh(X) = D’coh(X ).

It was observed a posteriori by Chen [9] that Bridgeland’s equivalence is actually
implemented by taking the fiber product as the kernel object. Abramovich and Chen
[1] generalized Bridgeland’s proof to include @Q-Gorenstein terminal singularities
and establish the fully-faithfulness for threefold flips as well.

Remark: As alluded to by Chen’s result, Bridgeland did not actually construct the
derived equivalence by studying a Fourier—Mukai kernel object directly. Indeed, for
threefold flops Bridgeland gave a complete and explicit answer to a problem alluded
to near the start of this article: where do point objects go under a flop equivalence?
The answer ends up being so-called “perverse point sheaves.” In turn, this allows
Bridgeland to actually construct the flopped space X as a moduli space of perverse
point sheaves with respect to the small contraction X — Y. Bridgeland’s argument
relies highly on the fact that the small contraction X — Y contracts only a curve
in case of dimension three, and thus regretfully has not yet been fully generalized
to other types of small contractions which can arise in higher dimensions. We also
remark that shortly after Bridgeland’s proof, van den Bergh [30] gave a different
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approach to establishing threefold flop equivalences by reducing to the case where
Y is affine and constructing a projective generator for the category of perverse point
sheaves, so that both D’coh(X) and D?coh(X ) become mutually equivalent to the
derived category of modules over the endomorphism algebra of this generator.

Unfortunately, it is known that the fiber product X xy X does not always induce
aderived equivalence. The main (and I believe, only explicitly known) class of exam-
ples are the so-called stratified Mukai flops. This is yet again another generalization
of the Atiyah flop, and also a generalization of the Mukai flop, where now the space
is the cotangent bundle of a Grassmannian. Namikawa [23] observed that neither the
common resolution nor the fiber product give an equivalence (see also Kawamata
[14] for the G (2, 4) case). Nevertheless, an explicit kernel inducing an equivalence
was constructed by Cautis, Kamnitzer, and Licata [7, 8]. Their argument is highly
adapted to the geometry of the stratified Mukai flop, and does not appear to suggest
any general approach to constructing promising integral kernels. In summary we
see that the Bondal-Orlov conjecture is still open, despite a complete answer for
threefolds and some important classes of explicit higher dimensional flops.

We end these notes with some discussion of some quite recent approaches to
answer similar questions, but by using geometric invariant theory (GIT) as an inter-
mediate construction to describe birational maps. Since the fundamentals of geo-
metric invariant theory were discussed in other talks at the superschool, let’s give an
extremely concise summary mostly to fix notation; we refer the reader to the original
source [21] for details as well as the beautiful yet unpublished lecture notes of Reid
[24].

Given a variety X equipped with the action of a reductive algebraic group G and
an ample line bundle L, we say the action is linearized if we choose a lift of the G
action to the total space Tot(L) such that the projection is equivariant and each g € G
gives an isomorphism L = ¢g* L. Itis well-known that so long as X is normal, then for
any G action on X and ample L, at least some power L®" will admit a linearization.
We allow for the case where X is only quasi-projective; for example if X is affine
then L = Oy is ample. Given such data, GIT produces an open subset X**(L) C X
called the semistable-points of X for the linearized action, which is designed so that
the quotient X**(L)/G is well-behaved. (Although our notation does not reflect as
such, this depends not only on L but on the choice of linearization, which is crucial
for what follows).

Example: C* acting on an affine variety. Let X = Spec(R) be an affine variety
equipped with the trivial line bundle C x X. It is easy to see that a C* action on
X equivalent to specifying a Z-grading R = € R;. Likewise, a linearized action
corresponds to a Z-grading on R[x] = €P R[x]; where R; C R[x]; and x" € R[x]_,
(the n here corresponds to the choice of linearization). We then define the GIT quotient

X//uC* := ProjR[x]"" = ProjR[x]y = Proj P Rui'. (1)
ieN
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Note that the resulting space only depends on whethern = 0,n > 0,orn < 0. We
thus denote these three spaces by X //0, X//4 and X //— respectively. By comparing
with Mumford’s definition of the semistable locus, one can easily check that they
each correspond to X**(0)/C* for the respective linearizations.

When X = C" and so R = C[xy, ... x,] we can connect this story to the Atiyah
flips/flop. Namely, let C* act on X so that xy, ... x; have degree 1, and xg11, ..., X,
have degree —1. Notationally, it is cleaner to instead write n =k 41/ and R =
Clx1, ... xx, ¥1, - .. y1] where the y; have degree —1. Then the invariant ring R =
klx1,...xx, V1, - ..yl]C* is generated by monomials x;y; for i =1,...,k, j =
1, ...l. These monomials are subject to the relations governed by vanishing of the
2 x 2 minors of the matrix k x [ matrix (x;y;). The corresponding affine variety is
the cone over P¥ x P! embedded via the Segre embedding. The two GIT quotients
X//+ and X//— correspond to removing the unstable loci x; = - -- = x; = 0 and
y1 = -+ - y; = Orespectively. In this way we recover the blow-up diagram which pro-
duced the Atiyah flips (and when k = [, the flop), and the respective GIT quotients
are the total spaces Totp O(—1)®* and Totp O(—1)®'.

As suggested above, this example can be generalized dramatically, as was done
by Thaddeus [28] and Dolgachev—Hu [10]. Briefly, the point is that for any reductive
G acting on a normal projective variety X one can identify the space of linearizations
of L as the lattice points of a certain convex cone, called the GIT cone. One can then
subdivide this cone into convex locally polyhedral subcones (GIT chambers) where
characters in the interior of a given subcone result in the same GIT quotient. In the
above example, the GIT cone was all of R = Z ®y R, and the three chambers were
R<o, {0}, and R>(. We now supply a laundry list of results concerning this structure.
In general, if two GIT adjacent chambers meet along a wall, we refer to the respective
GIT quotients also as X//0, X//+, X//—, where X//0 corresponds to choosing a
linearization in the interior of the wall itself (this is entirely analogous to the case
of a C* action, but now depends on the choice of a particular wall). At this level of
detail, the choice of sign = is arbitrary, but item (3) on the list below may justify
this ambiguity to you. We now supply a list of various important facts related to this
structure; the first three may be found in [28], and the last is due to Wtodarczyk [31].

1. There are always only finitely many walls in the GIT cone.

2. By construction there are always proper morphisms X//+ — X//0and X//— —
X/ /0 (this follows from the observation that the semistable loci for the + cham-
bers are subsets of the semistable locus for the wall). So long as X//+ or X//—
are both non-empty, these morphisms are birational, and we thus have a birational
map X//+ --+ X//—. If this birational map is small, it satisfies the properties
of a flip, except that the relative Picard number need not necessarily be one.

3. If G acts on a variety X with ample line bundle L consider a family of lineariza-
tions parametrized by a simplex A in the GIT cone. Then there exists another
variety Z with an action by a torus 7 = (C*)* and ample line bundle L’ such that
A also lies in the GIT cone for the T action on Z, and for any # € A one has
X//:G = Z//,T.In particular, if A is a line segment, T = C*.
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4. If f : X — Y is any birational morphism of projective, normal, Q— factorial
varieties, then there exists a space Z equipped with a C* action and a line bundle
LsuchthatX = Z//4+andY = Z//—and f isinduced from a GIT wall-crossing
as in the above. If X and Y are smooth, then Z may be chosen to be smooth as
well.

Morally, we may summarize these statements as saying that the study of birational
morphisms is secretly encoded in GIT wall-crossings, and moreover in the world of
only C* actions. Frequently, the space Z appearing in (3) is called a master space
and the space Z appearing in (4) is called a birational cobordism. Both have explicit
constructions which we omit for brevity’s sake.

One may very well wonder if this machinery could be used to prove conjectures
about the fully-faithfulness of the functors appearing the Mori program as discussed
above. Indeed, there is a recently developed approach to this going under the nom
de plume of grade restriction windows. Some aspects of this can be seen in the
works of Kawamata and van den Bergh mentioned above, although it was actually
the physicists Herbst, Hori, and Page who suggested merging the study of equiva-
lences of derived categories with GIT. These physicists’ ideas were brought into the
mathematical literature by Segal [25], and the theory was formalized in the works of
Halpern-Leistner [11] and Ballard, Favero, Katzarkov [2].

Roughly, the idea is the following: instead of considering just derived categories
of coherent sheaves D’coh(X), we consider derived categories of equivariant coher-
ent sheaves D”coh® (X) to incorporate the G action on X. If X** C X denotes the
semistable locus coming from a linearized ample line bundle, we have the obvious
derived restriction functor

r : DPcoh®(X) — D’coh®(X**).

One would like to find an adjoint functor, hopefully fully-faithful, to instead describe
D?coh®(X**) as sitting inside D”coh®(X). With such a functor, one could hope
to compare derived categories across a GIT wall-crossing or across a birational
cobordism. Note that taking the derived pushforward along the inclusion X** C X
will not work as coherent sheaves do not push-forward to coherent sheaves along an
open immersion, so such an adjoint functor must be constructed in a non-obvious
way. The main results of [2, 11] assert that this does indeed work, albeit with some
technicalities.

The core idea is to consider subcategories (‘“windows”) in D’coh®(X) whose
objects have prescribed weights with respect to the action. To make sense of this,
one should instead consider actions by C* or by a one parameter subgroup

AC'—> G
of the G action. At a fixed point for the action, one can certainly make sense of the

weight of the action on the fiber of a locally free sheaf and this number is constant
along connected components of the fixed locus. We thus assume that the fixed locus
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is connected (or else choose a connected component), and will define the possible
“weights” of any complex of coherent sheaves by seeing what weights the terms in
a quasi-equivalent complex of locally free equivariant vector bundles has. In other
words, given a set of integers /, we define the window

W} c D’coh®(X)

to be those objects which have a representative with weights in / with respect to A,
again with respect to a chosen connected component of the fixed locus.
One then considers the restriction of the restriction of the restriction functor:

rr 2 W) — DPcohf(X*%).

The main result of [2, 11] states that for a particular choice of / the functor r; is
actually an equivalence. The details of the proofs are beyond the scope of these notes;
we only comment that the fully-faithfulness portion of the result can be reformulated
as the vanishing of the local cohomologies of all objects with such weights along
the un-stable locus, and such a statement had been observed earlier in the under-
ived setting (i.e. working with cohomologies of vector bundles) by Teleman [27].
The remaining part of the result is the essential surjectivity of r;. In full general-
ity this requires careful calculations to show that any object of D?coh® (X**) has a
quasi-equivalent representative with weights in /. In concrete examples, such as in
the Atiyah flop below, one may have an explicit semi-orthogonal decomposition to
compare with which makes this process easier to verify. Towards proving essential
surjectivity in general, we remark only that a useful technical observation is that one
may twist by objects supported on the unstable-locus (which is a trivial object in
D?coh (X**)) to attempt to alter the weights. In lieu of supplying more details to
the above arguments, we review the Atiyah flop from this perspective, which was
indeed the observation of [25] on which these results built.

Example: Let C* act on C** = Spec C[x1, ..., X, Y1, ... Yn] With n > 2 so that the
x;’s have weight 1 and the y;’s have weight —1. We have seen above that performing
the GIT wall-crossing gives the local Atiyah flop between the space Totp: O(—1)®"
and itself. The derived category D?coh® (C?") is generated by the various lineariza-
tions of the trivial line bundle. Let’s write O[k] for the trivial line bundle with weight
k under the C* action, and so more precisely we have

D?coh™ (C*") = (O[k] | k € Z).
By a famous result of Beilinson, the derived category of P admits a semiorthogonal

decomposition

Dlcoh(P") = (O, O(1), ..., O0m + 1)).
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Pulling back along the projection induces a similar semiorthogonal decomposition of
D?coh(Totp: O(—1)®"). We thus take [ = {0, ...,k + 1} and consider the window
subcategory

W, =(0, O[1],...,0[n + 1]).

It is easy to see that the derived restriction along either side of the wall gives the
expected equivalence W; = D?coh(Totp: O(—1)®"). Note that if we compose these
two isomorphisms, the (auto-) equivalence

D’coh(Totp: O(—1)®") = Dcoh(Totp: O(—1)®")

is not the identity functor. For example, if E is a sheaf on one side, to compute its
image under the isomorphism, one must resolve it by the objects O(k) and lift to a
complex of objects built out of the O[k]’s, but then derive restrict along the other
semistable locus. For example, if n» = 2 one can compute explicitly that this process
sends O to O, but sends O(1) to the complex O(—1)%? — O.

At present the machinery of grade restriction windows has been used to reproduce
many interesting flop equivalences (although not enough to reproduce for example
Bridgeland’s result), but it is not clear at present how successful this method will be
in general.
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Check for
updates

Richard Derryberry

1 A Guide to the References

e The material on complex geometry, Hodge theory and Kihler geometry can
be found in [5].

e A derivation of the Hodge diamond symmetries from mirror symmetry can be

found in [4].

An explanation of the numerology for the quintic threefold can be found in the

corresponding lecture of [1].

The homotopy version of the Lefschetz hyperplane theorem is due to [2].

The book [3] is a good general reference, as well as containing a lot of content

overlap with the above.

2 Review of Differential Forms and Complex Geometry

2.1 Differential Topology

We begin by recalling the definition of de Rham cohomology: on a smooth n-manifold
M we assign the dg-algebra of differential forms on M, (Q2*(M), dgr). These are
sections of the exterior algebra on the bundle 7*M, with grading given by form
degree and differential the de Rham differential d = dggr. Concretely, recall that in

local coordinates (x', ..., x") the de Rham differential is defined on functions by
af .
df = ——dx',
f Ox! *
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where we have used the Einstein convention of summing over pairs of raised and
lowered indices, and is extended to higher degree forms via the Leibniz rule. We
define the de Rham cohomology of M to be the cohomology of (R2°(M), dgr), i.e.

ker(d : QF — QK
imd: Q1 > Qb

Hi (M) =

We will define the Betti numbers of a closed manifold M to be by = dim Hé‘R(M ) —
this is a nonstandard definition, but for a closed smooth manifold it is equivalent to
the standard definition from algebraic topology. There is in this case a symmetry on
the Betti numbers by = b,_;, implied by the stronger theorem of Poincaré duality.

2.2 Complex Geometry

We now review some facts and definitions from complex geometry. Let (X, J) be a
complex d-manifold.! Unless required for clarity we will omit the complex structure
operator J, and we will call X a (complex) d-fold for short.

We will write T X and T*X for the holomorphic tangent and cotangent bundles of
X, obtained by the natural identification of the tangent bundle with the +i-eigenspace
of J in the complexified tangent bundle

TXC=T'xeT1"'X.
N N
+i —i

Dualizing this decomposition similarly decomposes the complexified cotangent
bundle into (1, 0) and (0, 1) summands, and we define

p q
Xyt = N @ AT %)

the sections of which are the differential (p, ¢)-forms Q79(X). By composing the
de Rham differential with the projection maps Q!(X; C) — QP4(X), p+q =1,
we obtain a decomposition

dir =0 +0, 0:QP1X)— QPtha(X), 0:QP1(X) - QPt(X).

By taking cohomology with respect to the d-operator, we arrive at the Dolbeault
cohomology groups

ker(d : QP4 — QPath)

HP(X) = —= )
im (0 : QPa~1 — Qr.9)

I'The dimension d here is the complex dimension of the manifold.
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and we define the Hodge numbers of X to be the dimensions A”9(X) = dim¢
HP1(X).

Remark The Dolbeault theorem allows us to identify H?-4(X) with the sheaf coho-
mology groups H?(27), where Q7 is the sheaf of holomorphic p-forms on X.

We may present the Hodge numbers graphically in the Hodge diamond of X; e.g.
the Hodge diamond of a 3-fold is

h*0 h*! h'? h%3  (Hodge diamond for a complex 3-fold)

Na 5./

We remark that although it is not displayed in the above diamond, there is a sym-
metry between Hodge numbers of the form h7:¢ = h?~P-¢=¢_This symmetry can in
particular be derived via the theorem of Serre duality.

3 Kihler Geometry

3.1 Definition and Examples

Recall that a symplectic form on a manifold M is a closed and non-degenerate 2-form
w e QX(M).

Definition 1 A Kdhler manifold is the data of a complex manifold equipped with
a symplectic form, (X, J, w), satisfying the condition that the symmetric 2-tensor g
defined by g(V, W) = w(V, JW) is a Riemannian metric for which J is orthogonal.

Remark A Riemannian metric g for which J is orthogonal is called a Hermitian
metric. We note in passing that it would have been equivalent to require the Hermitian
metric g be data and dw = 0 be a condition.

Observe that the above also implies that (J*w)(V, W) = w(JV, JW) = w(V, W),
i.e. that wisa (1, 1)-form.

Example 1 Consider the projective space CP" = (C"*! — {0})/C*, and let s :
CP" — C"*! — {0} be a local section of the projection map (i.e. a set of local coor-
dinates). Define a 2-form locally by



98 R. Derryberry
wps = —iddlog |s|.

It is an exercise to show that this is independent of the choice of section, and that the
global 2-form obtained is a Kihler form. The form wpy is called the Fubini-Study
form.

The example of projective space now provides us with a wealth of further examples
of Kéhler manifolds via the following proposition.

Proposition 3.1 Any complex submanifold of a Kihler manifold is naturally Kcihler.

Proof This follows immediately from the fact that the restriction of a Riemannian
metric to a submanifold is a Riemannian metric, and the invariance of the tangent
bundle of a complex submanifold under the complex structure operator.

3.2 Hodge Theory

On a closed Riemannian manifold (M, g) there is a deep relationship between the
de Rham cohomology of M and solutions to the Laplace equation—harmonic forms—
which goes by the name of Hodge theory. Specifically, letting H*(M) denote the
space of harmonic k-forms, Hodge theory provides an isomorphism

H (M) = HE (M),

On closed complex manifolds, a Kéhler structure allows us to refine this to a statement
about Dolbeault cohomology and its relation to de Rham cohomology, leading to the
following extra relations between Hodge and Betti numbers:

WP = pap, by = Z nra.
ptq=k

Introducing these symmetries and the symmetry obtained from Serre duality, we can
refine the Hodge diamond for a Kéhler 3-fold to the following (we include the Betti
numbers also):

n0-0 by = h00
h],() h],O hl =2h1’0
h2.0 hl,] h2,0 b2 — 2}12’0 + h],l

130 n21 n21 139by = 2830 42021 (Hodge diamond for a Kihler 3-fold)
h2’0 hl,l hZ,O b2 — 2]12’0 4 hl,l
hl,O hl,() bl =2hl’0
10,0 bo = 100
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4 Mirror Symmetry and Calabi—Yau Manifolds

4.1 Statement of Mirror Symmetry

The version of mirror symmetry that we will discuss has the following, rough prin-
cipal at its core:

Two manifolds X and XV are mirror dual if there is a correspondence between the parameters deforming the
Kdhler structures of one manifold and the parameters deforming the complex structures of the other manifold.

Note that in the above formulation there are many structures that X and X must
have that we have failed to make explicit.

4.2 Calabi-Yau Manifolds

We will partially remedy the omission of any necessary structures on X and X~ now.

Definition 2 The canonical bundle of a complex d-fold X is Ky := /\d T*X, the
bundle of holomorphic d-forms on X.

Definition 3 A compact Kéhler manifold X is called Calabi—Yau if it has trivial
canonical bundle.

From here on out we will assume that all manifolds are connected and simply
connected Calabi-Yau.

Remark The simple connectedness assumption implies that the Calabi—Yau condi-
tion is equivalent to the vanishing of the first Chern class ¢ (X), as there are then no
topologically trivial but holomorphically nontrivial line bundles.

Our assumptions allow us to further reduce the number of parameters in the Hodge
diamond for a 3-fold as follows:

(1) Triviality of the canonical bundle implies that #3° = 1 (in words: up to scaling
there is a unique holomorphic top form).

(2) Connectedness implies by = 1.

(3) Simply connected implies b; = 0, hence 1*! = 0.

(4) Serre duality together with triviality of the canonical bundle implies that 1%-? =
h%!t = 0.

This leaves two parameters remaining in the Hodge diamond:
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1 1
0 0 0
0 hl,l 0 hl,l
1 h%! K2 12(h2T 4 1)
0 hl,l 0 hl,l
0 0 0
1 1

(Hodge diamond for a connected,
simply connected Calabi—Yau 3-fold)

4.3 Mirror Symmetry for Simply Connected Calabi-Yau
3-Folds

We may interpret the parameters 4! and %! as follows.

First, recall that a Kidhler form w on X is a closed (1,1)-form. The converse is
not true for two reasons: an arbitrary (1,1)-form need not come from a real 2-form,
and even if it does it may not satisfy the required positivity condition. Under certain
assumptions however—including our case of a simply-connected Calabi—Yau 3-fold—
the space of admissible Kihler forms is an open cone inside of HdzR(X ), and so

the space of (1,1)-forms whose real part is Kihler is open inside of H'!(X). We
therefore say that the number of Kéhler parameters is given by h'!(X).

Second, recall that infinitesimal deformations of the complex structure of a man-
ifold X are parametrized by H'(T X). Triviality of Kx implies triviality of its dual
/\3 T X, and so the wedge pairing

2 3
/\:TX®/\TX—>/\TX

induces an identification TX = A’T*X. Hence H'(TX)=H'(\*T*X) =
H?'(X), and so h>!(X) is the number of complex structure parameters for X .
The rough principal given above now leads us to make the following prediction:
If two simply connected Calabi-Yau 3-folds X and X are mirror dual, then
REYX) = RPY(XY) and RMY(XY) = RPY(X).

Remark This prediction may be refined to 279 (X) = h?~74(X") on higher dimen-
sional Calabi—Yau manifolds with H>(Q) = 0.

5 Canonical Example: The Quintic Threefold

Consider the zero set Q C CP* of a degree 5 polynomial p, i.e. p is a section of
O(5). Since Q is cut out of CP* by a single equation, it is a 3-fold. Assuming Q is
nonsingular, it inherits a Kihler structure from the Fubini-Study metric for CP*.

Q is simply connected by the Lefschetz hyperplane theorem (7(Q) Som
(CP* = 0) and by the adjunction formula
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(o (H)®

— 2
c(Q) = 15 5¢,(H) =14+ 0(ci(H))

where H is the hyperplane bundle on CP*, we see that ¢;(Q) = 0. Hence Q is a
Calabi—Yau 3-fold.

There are 126 degree 5 monomials in 5 variables, hence the dimension of the
space H(O(5)|p) of homogeneous degree 5 polynomials not vanishing on Q is
125 (one simply excludes p). Counting (infinitesimal) deformations of CP* gives

dim H*(TCP* = dim(PGLsC) = dim(GLsC) — dim(C*) = 5> — 1 = 24.
Recalling that we have TQ = /\2 T*Q (since Q is Calabi—Yau),
HYTQ)=H’(Q}) = H*(Q) =0

by calculations we have already performed for the Hodge diamond of a simply-
connected threefold. Taking the long exact sequence associated to the Euler sequence

0 — Ogpt — Ogps(D® — TCP* - 0

gives us H'(TCP*) = 0; hence the long exact sequence associated to the adjunction
short exact sequence

0—TQ — TCP* - O@5)|g — 0

yields
HY(T Q) = H*(O(5)|o)/H (TCP*).

Via dimension counting we see that dim H'(T Q) = 125 — 24 = 101. Hence, h>!
(Q) = 101. We also have that 2! = 1 (this is another consequence of the Lefschetz
hyperplane theorem: H,(Q) = H,>(CP*) = Z), and so the Hodge diamond for the
quintic 3-fold is

1
0 0
| 0 101 ! 101 0 (Hodge diamond for the
quintic 3-fold)
0 1 0
0 0
1

We want to construct a mirror to the quintic. Consider the family of quintics

Qup=1{[Xo:-: X4l €eCP*| f = X + -+ X3 — 50 XX, X, X3 X4 = O}.
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Calculating the derivative of f,,, one shows that Q, is smooth provided ) is not a
fifth root of unity.

Let G ={(ao,...,as) € (Z/57)| Y a; =0}/{(a,a,a,a,a)) = (Z/57)*. G
acts on Qy, via

(ao, a1, az, a3, as) - [Xo : X1 : X2 0 X3 1 X4] = [X0€™ : X1€Y 1 X0€™ 1 X365 1 X46™]

where £ = ¢’ . This action is not free, and the points with nontrivial stabiliser—
where at least two of the homogeneous coordinates vanish—produce singularities in
Q,/G. We may find a construct a “good” (in this case meaning crepant) resolution
of the singularities of this quotient using techniques from toric geometry to obtain
a nonsingular space Q; — as a part of this process, the singularities are replaced by
new algebraic cycles which introduce 100 new h''! parameters. Together with the
original hyperplane class, we find that 2!! (Q)) =10L

Furthermore, we see that we have at least a one parameter family of deformations
in complex structure given by the coordinate v°. It is possible to show that this is
the only family of deformations, hence h*'(Q) = 1, and so the Hodge diamond
for Oy is ‘

1
0 0
0 101 O
1 1 1 1 (Hodge diamond for Q)
0 101 O
0 0
1

which is as predicted for the mirror to the quintic.
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1 Introduction

This short note is a survey about an explicit construction for mirror families of
Calabi—Yau varieties, due to Batyrev and later generalized by Batyrev—Borisov, that
uses toric geometry and polar duality for lattice polytopes. The construction is about
Calabi—Yau hypersurfaces in a Fano toric variety.

Historically, after the first example of the quintic threefold [1], many other exam-
ples of Calabi—Yau threefolds and mirror pairs were constructed using hypersurfaces
in weighted projective spaces. For some of these examples though, the mirror was
missing. Batyrev’s construction [2] put these examples in a more systematic frame-
work and provided the missing mirrors. Moreover it was later generalized to complete
intersections in Fano toric varieties by Batyrev—Borisov [3], and brought combina-
torics and toric geometry into the picture. It also partly inspired the Gross—Siebert
program [4-6].

The material for this contribution is mostly taken from Cox’s expository paper
“Mirror Symmetry and Polar Duality of Polytopes™ [7], and parts of Cox—Katz,
“Mirror Symmetry and Algebraic Geometry” [8] (in particular Sects.4.1 and 4.2).
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2 Polar Duality of Lattice Polytopes

Batyrev’s construction relates mirror pairs with a duality for lattice polytopes.

Definition 1 A polytope A is the convex envelope Conv(xy, ... x,,) of a finite num-
ber of points in R".

A supporting hyperplane of a polytope A is a hyperplane H in R”" such that
AN H # ¢, and A is completely contained in one of the two closed half-spaces that
H determines in R”. A face of a polytope A is the intersection A N H, where H
is a supporting hyperplane. This is again a polytope. The dimension of a polytope
is the dimension of the affine subspace of R” spanned by A. Every polytope A
determines a unique minimal set of points {vy, ..., v}, called its vertices, such that
A = Conv(vy, ..., v). These points also coincide with the faces of A of dimension 0.

Recall also that a lattice M is a free abelian group of finite rank, i.e. an abelian
group isomorphic to Z" for some n. Sometimes it is better not to choose a basis (i.e.
the subset corresponding to the standard basis of Z" via some isomorphism M = Z"),
but we will always assume to have chosen one.

Definition 2 A lattice polytope is a polytope in some affine space R” whose vertices
have coordinates in Z".

From now on we will assume that our lattice polytopes are full dimensional (i.e.
they are not contained in any proper affine hyperplane of the ambient space) and that
0 € Int(A). Here Int(A) denotes the topological interior of A, which also coincides
with the complement of all proper faces.

The dual or polar A° of A is another polytope, defined by

A°={a eR"|{a,b) > —1forallb € A}
={a € R" | {a,v) > —1 for all vertices v of A} (by convexity)

where we denote by (-, -) the standard scalar product of R”. Note that if one does
not want to choose a basis of the lattice M, then the same formulas define the
dual of a polytope A € My := M ® R as a polytope in the dual vector space A° C
Mg = MY ®R, and in this case (-, -): Mg x My — R denotes the natural pairing
W, /)= f).

Itis nothard to check that the set A° is indeed a polytope (by the second description
it follows that it is a finite intersection of half-spaces, so it is enough to show that it
is bounded).

Example 1 If Aisthe square [—1, 1] x [—1, 1] then A° is the polygon with vertices
(£1, 0), (0, £1), as in the following picture.
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One can also check that (A°)° = A, so that this operation is indeed a “duality.”
Moreover, there is an inclusion-reversing combinatorial correspondence between
i-dimensional faces of A and (n — 1 — i)-dimensional faces of A°.

The polytope A° is not always a lattice polytope. For example, it is easily verified
that (24)° = %Ao, and the latter might not be a lattice polytope. This applies to the
previous example, as %A" = Conv((£1,0), (0, j:%)) is not a lattice polytope in that
case.

Definition 3 A lattice polytope A is reflexive if (0 € Int(A) and) A° is a lattice
polytope.

There are a few equivalent characterizations of this property. We will mention a
couple of these; for details, see for example [9, Chap. 2].

One can prove that every facet (i.e. codimension 1 face) F of a polytope A has a
unique inward-pointing normal vector u  such that

F={ae Al {a,ur)=—1}.

In Example 1, if F is the segment [—1, 1] x {1},thenuy = (0, —1), and for the other
facets we get the other vertices of the dual A°.
In fact we always have A° = Conv(up | F a facet of A), so that

Proposition 1 A lattice polytope A is reflexive if and only if every up € R" is a
lattice point (i.e. is in Z" C R").

Another characterization is the following (which is given as the definition of a
reflexive polytope in [2]):

Proposition 2 A lattice polytope A is reflexive if and only if for every facet F of A
there is no lattice point between the affine hyperplane spanned by F and its translate
passing through the origin.

As a consequence, the origin is the only lattice point in the interior of a reflexive
polytope A.
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Remark 1 From the last observation, via the results of [10], it follows that in every
dimension # there is only a finite number of reflexive lattice polytopes up to integral
change of coordinates (i.e. transformation by an element of GL(n, Z)). For n = 2
there are 16 equivalence classes, for n = 3 they are 4319 and for n = 4 (which is
the important case for Mirror Symmetry, since it corresponds to 3-folds) there are
473800776 (!) equivalence classes (this was proven in [11]).

The idea for Batyrev Mirror Symmetry is that this duality among lattice polytopes
realizes Mirror Symmetry for Calabi—Yau hypersurfaces in Fano toric varieties, as
we will explain in the next sections.

3 Varieties from Lattice Polytopes

A lattice polytope in R” gives rise to a projective variety. This process is part of a
long story, the theory of toric varieties (see [9, 12]).

Definition 4 A roric variety is anormal algebraic variety X with an open embedding
T C X ofatorus T = (C*)" and an action T x X — X that extends the multipli-
cation action of 7" on itself.

It turns out that this set of data is completely encoded by a combinatorial poly-
hedral object in a lattice (the co-character lattice of the torus Hom(C*, T'), usually
denoted by N in the literature), called a fan: this is a collection of cones, intersecting
nicely (i.e. along common faces). The geometry of the toric variety is completely
controlled by the combinatorics of this object: geometric properties of the variety
can be translated in combinatorial or convex-geometric properties of the fan, and
some algebraic invariants (for example sheaf cohomology of divisors) are explicitly
computable. Because of this, toric varieties are usually a useful testing ground for
new conjectures and theories about varieties in general.

A lattice polytope is an alternative incarnation of the underlying combinatorics of
a certain class of toric varieties. Strictly speaking, the polytope also records the infor-
mation of a torus invariant ample divisor on X, that gives in particular embeddings
in projective space.

Here is a quick way to define the toric variety X 4 associated to a lattice polytope A.
First note that any lattice point m = (ay, ..., a,) € Z" gives a “Laurent monomial”

m __ (d; ay
M=t

which is a regular function on the torus (C*)" (so that negative exponents make
perfect sense).

Now we need to assume that A has “enough lattice points”, or else modify it a
bit. This is a technical condition, called normality of the polytope: a lattice polytope
A C R" is normal if for all n, m € N we have
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(nA)NZ" + (mA)YNZ" = ((n +m)A) N Z".

Here nA denotes the dilated polytope {a € R" | a = nb for some b € A}, and +
denotes the Minkowski sum of polytopes, defined as

A+ A ={a+beR'|ac A, be A}

for polytopes A, A’ € R". For example, one can show that the standard simplex Conv
0, eyq,...,e,) € R"is a normal polytope, while the polytope Conv(0, e}, €5, e; +
e> + 3e3) C R is not normal. Here and in what follows, as customary, e; denote the
elements of the standard basis of R”.

If A is not normal, one uses instead the polytope kA (which will be normal for
k > n —1,see[9, Theorem 2.2.12]) in the construction that follows. This is related to
ampleness versus very ampleness of the toric divisor encoded by the given polytope
A. There is also a property of polytopes called very ampleness, implied by normality,
and relevant for this construction. See [9, Sect.2.2] for details.

Assuming that A is normal, consider A N Z" = {my, ..., m;}, which is a finite
set, and the map

(C" — P* given by (t1y v ty) > [0 1ot 7]

where ¢ is the Laurent monomial described above. This map turns out to be injective,
and one defines the toric variety X 4 as the closure of its image.

Reflexive lattice polytopes give rise, in this manner, to projective Fano toric vari-
eties. Recall that “Fano” means that the anticanonical divisor —Kx, is ample, for a
smooth variety. We will allow some singularities and say that a variety X is Fano if
it is Gorenstein and the dual of the dualizing sheaf wy (which is a line bundle) is
ample.

Proposition 3 [8, Proposition 3.5.5] The toric variety X 4 is Fano if and only if A
is a reflexive polytope.

Lattice points on A also give interesting hypersurfaces in X 4: keeping the notation
as before, the equation
apt™ 4+ -+ aqt"™ =0 (1)

defines a hypersurface in (C*)" (for any given coefficients ay, .. ., a; € C), and the
closure of this in X 4 is then a hypersurface V C X 4. Moreover, if A is reflexive
every such hypersurface is a divisor in the same divisor class, the anticanonical class
| — Kx,l

Example 2 The quintic threefold in P* can be recovered using this construction. Let
A, denote the standard simplex Conv(0, ey, ..., e,;) in R".
Let us take A C Z* to be

SAs— (L1, L) ={aeR*|a=5b—(1,1,1,1) for some b € Ay}.
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In other words, A is the convex envelope of the vectors
-L-1,-1,-D, @ -1, -1, =D, (=14, -1, -1), (=1, -1,4,-1), (-1, -1, -1, 4)

obtained from the vertices 0, Sey, Se,, Ses, Seq of 5A4 by subtracting the vector
1, 1,1, 1).

This is a reflexive polytope in R*, and by applying the construction described
above, one can check that X , = P4, and that (after homogenizing the corresponding
Eq. (1)) the hypersurface V is an arbitrary quintic threefold in P* (the exponent
vectors that show up in the lattice points of A give all homogeneous monomials of
degree 5 after homogenizing).

4 Batyrev’s Construction

We can now talk about Batyrev’s construction. Given a reflexive n-dimensional poly-
tope A, one can consider the projective toric variety X, (of dimension n), which
will be a Fano toric variety, and a general divisor in the anticanonical linear system
V €| — Kx,|. For example one can take V to be determined by a Laurent polyno-
mial as in Eq. (1). For the moment let us pretend that everything is smooth (typically
this is false).

A (nice) anticanonical hypersurface in a Fano variety is going to have trivial canon-
ical bundle (by the adjunction formula K, = (Kx + D)|p), so, taking for granted
that also the other conditions about vanishing of cohomologies will be satisfied, it is
going to be a Calabi—Yau variety, of complex dimension n — 1. The basic idea is that
by considering the dual A° and a general divisor in the anticanonical linear system
of X 4., we get a different Calabi—Yau variety V° which should be mirror to V (or
rather, the family of hypersurfaces V should be mirror to the family of hypersurfaces
Ve - we will make this abuse of terminology from now on).

In reality things are more technical, because often X 4 is too singular, and needs
to be resolved via blowups in order for the divisor V to be a “nice” Calabi—Yau
variety (i.e. with nice singularities). One also wants the resolution to be crepant, i.e.
to preserve the canonical bundle, and for n > 3 the projective toric variety given by
an n-dimensional lattice polytope does not need to admit a full crepant resolution
(i.e. producing a smooth variety as its outcome), so the best one can do is partially
resolve it.

Blowing up along a torus-invariant subvariety is quite convenient using toric
language, because it corresponds to combinatorial operations on the fan and polytope
associated to the toric variety. We will not go into details here, we will only mention
that Batyrev introduces the notion of a “maximal projective crepant partial (MPCP)
desingularization” for X 4, corresponding to certain triangulations of the polytope
A. This is a birational map X’ — X, which partially resolves the singularities of
X 4 and preserves the canonical divisor. By taking a general anticanonical divisor
on X’ we get a nice Calabi—Yau variety V (see [8, Proposition 4.1.3]). These MPCP
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desingularizations always exist in this context, and usually there is more than one
choice.

By choosing a MPCP for X 4 and one for X 4-, we get Calabi—Yau varieties V and
V° as general anticanonical sections of the partial resolutions, and these should form
mirror pairs. In the case of threefolds (so when A lives in R*), V and V° actually
turn out to be smooth. Some of the expected consequences of Mirror Symmetry have
indeed been proven for Batyrev mirrors V and V°.

Recall that, for a smooth projective complex variety X, the Hodge number h?4(X)
is the dimension dim H?(X, .Q)’;) as a complex vector space, where .Q}p( =R2x A
-+ A £2x is the wedge product of p copies of the sheaf of Kihler differentials £2x of
X. The Hodge numbers are usually arranged in a diagram called the Hodge diamond,
depicted below for dim X = 3.

hO’O
hl,O hO,l
h2,0 hlA,l h0,2
h3,0 h2,l h1.2 hO,S
h3,1 h2’2 h1,3
h3,2 h2,3
h3,3

These numbers have two important symmetries: Hodge theory implies that 277 =
h?P, and Serre duality implies that A"~7"~9 = h7-9_1If in addition X is a Calabi—
Yau threefold, we also have A%° = 130 = [ and 'Y = 120 = 0, so that the above
diagram can be simplified to the following one

1
0 0
0 ht! 0
1 n2l p2! 1
0 h'! 0
0 0
1

whose only relevant numbers are 4'-! and 2!, Recall also that these Hodge num-
bersh!'! = dim H'(X, 2x)andh*! = dim H'(X, 2%) = dim H'(X, Tx) (where
Ty = Q; is the tangent bundle of X, and we used the fact that .Q;( = Oy) give
the number of parameters of deformations of a complexified Kihler class on X,
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and of the complex structure of X respectively. Mirror symmetry predicts that
ANN(X) = B2 (XY) and h*1(X) = h'1(XY), where XV denotes the mirror of X;
in other words, the Hodge diamonds of X and X" should be related by a reflection
with respect to a diagonal line through the center.

More generally, if X is a Calabi—Yau manifold of dimension bigger than 3, Mirror
symmetry predicts (among other facts) that 2”9 (X) = h"~P4(XY)and h" 79 (X) =
h?4(XY). For Batyrev’s construction, indeed this is known to be the case for p =
q = 1 (see below for some discussion about the general statement).

Theorem 1 ([8, Theorem 4.1.5], [2, Theorem 4.4.3]) The “Hodge numbers Mirror
Symmetry” for p = q = 1 holds for Batyrev mirrors, i.e. we have the equality of
Hodge numbers h'-' (V) = pdim V=L1(yey gpd pdim V=L1(y) = pL1(v°).

If we perform the construction starting from a reflexive lattice polytope A C R*,
so that dim V = dim V° = 3, then this is all that is needed to get the full symmetry
relation between the Hodge diamonds of V and V°. The proof of the theorem is
a computation of the Hodge numbers by using the dictionary of toric geometry to
reduce to combinatorics.

There are also other (partial) results about correspondence of complex/Kihler
moduli spaces and correlation functions of the A-model and B-model, that we will
not get into. See [8, Section 4.1.2] for a thorough discussion.

On the other hand, there are still also some open questions: it is not known

1. whether using this construction with a 4-dimensional reflexive polytope, V and
Ve give isomorphic SCFTs (this is known for some cases, like the quintic three-
fold);

2. whether for a reflexive n-dimensional polytope with n > 5, the relations A”4
(V) = hdimV=r4(y°) and h¥im V=r4 (V) = h?4(V°) hold or not.

Question (2) has been partially answered in later work of Batyrev and Borisov [13].
Namely, they prove that for the string-theoretic Hodge numbers h%,? (defined in [14]),
one has the equalities 279 (V) = h&™ V=P4(v°) and hS™ VP9V = 29 (Vo)
where V and V° are Batyrev mirrors. Their result [13, Theorem 4.15] actually also
covers the more general case of complete intersections in Fano toric varieties of [3].
Moreover, if V is smooth or ¢ = 1, then k.7 (V) = h?:4(V), so with these assump-
tions the answer to question (2) is known to be positive.

5 The Quintic Threefold

The original example of Mirror Symmetry for the quintic threefold falls into this
general framework. We already saw how to obtain the quintic as a Calabi—Yau hyper-
surface in the Fano toric variety P*, using a polytope A in Example 2.

The dual of that polytope A is

A° = Conv(ey, e, €3, e4, (—1, —1, =1, —1)).
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In fact, A has 5 facets Fy, F», F3, Fy, Fs, with supporting hyperplanes with equa-
tions x; = —1 for 0 <i <4 and x| + x + x3 + x4 = 1. The corresponding inner
normal vectors (i.e. the vector ur such that the facet F is described as the inter-
section of A with the hyperplane (a, uy) = —1) are then given by ey, e, e3, e4 and
(=1, -1, —1, —1) respectively. The claim now follows by the description of A°
as A° = Conv(up | F afacet of A). Note that both A and A° are combinatorially
standard simplices (in the sense that there is a bijection between their faces and the
faces of a standard simplex, compatible with inclusion and intersections), but the
way they are positioned in the lattice is important. For example A has 125 lattice
points, whereas A° has only 6.

Using A° as lattice polytope, one can check that X 4o can be identified with the
quotient P*/ G, where G is the group

G = {(a1, @, a3, as,as) € (Z/5)° | a1 + az + as + as + as = 0}/(Z/5).

Here the quotient is by the diagonal subgroup, and G acts on P* by multiplication
by roots of unity in the obvious way.

Indeed, the primitive lattice generators of the rays of the normal fan of A° (which
is the fan corresponding to the toric variety X 4-) are precisely the vertices

(-1,-1,-1,-D, 4, -1, -1, =D, (-1,4, -1, =D, (-1, -1, 4, -1, (-1, -1, -1, 4)

of A. if we denote by M C Z* the sublattice generated by these vectors, then by [9,
Proposition 3.3.7] there is an isomorphism X 4o = X pe, w/(Z*/ M), where Xao m
denotes the toric variety corresponding to the polytope A° with respect to the lattice
M, and the quotient is for the natural action of the finite group (Z*/M) on X e .
The quotient (Z*/M) is isomorphic to the group G described above, and X a-_y is
isomorphic to P4, as can be verified by checking that the normal fan of A°®in M is
isomorphic to the fan for P*. See [9, Example 5.4.10] for more details.

As mentioned above the polytope A° has 6 lattice points (the five vertices and the
origin), so Eq. (1) in this case becomes

co + city + crtr + 3tz 4+ caty + Cslfllgllglljl =0

which by using the coordinates of P* and homogenizing (in a “toric” sense - see [9,
Sect. 5.4]) becomes

c0x5 + c1x5 + cz)c5 + 03x5 + C4x5 + cs5x9x1x2x3%x4 = 0.
0 1 2 3 4

By rescaling the coordinates one can assume co = c¢; = c; = ¢3 = ¢4 = 1. This
recovers the equation

5054525 5
Xy +x7) x5 +x3 + x5 + Yxoxixoxzxs =0
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that gives the mirror pencil of hypersurfaces (after resolving the singularities).

6 Further Developments

Batyrev—Borisov [3, 15] generalize the above to Calabi—Yau complete intersections
in Fano toric varieties. The combinatorics becomes more complicated, but the basic
idea is similar.

This time, the starting data is an (r + d)-dimensional reflexive polytope A,
together with a decomposition as a Minkowski sum

A=A+ + A,

where A; are lattice polytopes containing the origin (possibly on their boundary).
This is called a nef-partition. The lattice points of each A; determine a family of
hypersurfaces of the Fano toric variety X 4, and choosing for each i a generic hyper-
surface V; among these, the intersection V; N --- NV, is a a d-dimensional complete
intersection Calabi—Yau variety, that needs to be partially resolved, as in the case of
hypersurfaces.

To produce the mirror family the idea is to use polar duality again, but with a
variation with respect to the hypersurface case, because the origin might not be an
interior lattice point of A;. Instead, one defines polytopes V; by the formula

Vi={a eR?| (a,b) > —1forallb € A; and (a, b) >O0forallb e Aj, j #i}.

One can prove that V; are lattice polytopes containing the origin, and the Minkowski
sum V = V| + - - -V, is areflexive polytope of dimension » + d. This gives the dual
nef-partition, and by applying the same procedure outlined above, one obtains the
mirror of the subvariety corresponding to the original nef-partition. See [7, Sect. 6]
or the original papers for more details.

The Gross—Siebert program [4—6] mixes SYZ Mirror Symmetry with the Batyrev—
Borisov construction. The idea of that is the following: given a Calabi—Yau manifold
X, in order to find a mirror XV, degenerate it (in a nice way) to a union of toric varieties
glued along toric strata (i.e. orbits for the action of the torus on the respective toric
variety). Note that this “degenerate” variety will not be smooth.

From the degeneration one can extract combinatorial gadget (which actually has
more structure...), called the dual intersection complex, that one can dualize via a
discrete Legendre transform, in a way that is similar to the polar polyhedron con-
struction. From the dual of the dual intersection complex we can construct a central
fiber, again union of toric varieties glued along toric strata, and (with a lot of work!)
construct a smoothing. The idea is that the smoothing should be mirror to the X that
we started with.

In [16] Gross compares this construction to the one of Batyrev—Borisov. He shows
that indeed nef-partitions give rise to toric degenerations, and that the algorithm
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that we crudely outlined above produces the same result as the Batyrev—Borisov
construction.

Acknowledgements I am happy to thank the anonymous referee for useful comments and sugges-
tions.
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Introduction to Differential Graded )
Categories ot o

Alex A. Takeda

1 Motivation

In past talks at this conference we have seen the definition of a triangulated category
and some examples of familiar triangulated categories, including the homotopy cat-
egory 7 (R) and the derived category Z(R) of modules over some ring R. These
categories are defined by applying certain constructions to the category € (R) of
complexes of R-modules; the derived category is usually defined by some local-
ization construction. Both these categories get their triangulated structures from the
abelian structure of Mod(R) and the shift operation on complexes.

However, there is a number of ways in which the derived category is insufficient
or problematic; one could say that in passing to this localization one forgets too
much data. For example, the derived category Z(R) is not abelian: it does not have
limits or colimits, and the existence of the kernel or cokernel of a morphism is not
guaranteed. In fact one can show the existence of the weaker notion of homotopy
limits or colimits, but the derived category with only the triangulated structure does
not give a prescription for how to construct them.

Example 1 Here is an example from [14] of how the derived category fails to have
kernels. Consider the derived category Z(Z) of Z-modules. For two ordinary Z-
modules M, N, seen as objects of the derived category in degree zero, the maps
between M and a shift of N in the derived category are calculated by the Ext functors:

P(Z)(M, N[i]) = Ext' (M, N) .

Let us take M = N = Z/2. There is one nontrivial element in Ext'(Z/2, Z/2),
represented by the Z/4 extension
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7223 7)4 = 72,

which represents the nontrivial morphism f € Hom(Z/2, Z/2[1]). Now suppose
this map had a kernel K i.e. there was an exact sequence

0— K — 7/2 — 7/2[1]

in 2(Z). For any i, applying the left exact functor Hom®(Z[—i], —) = Hom'(Z, —)
we would get an exact sequence of (ordinary) Z-modules

0 — Hom'(Z, K) — Hom'(Z, Z/2) — Hom'*'(Z, Z,/2) .

Taking i # 0 we see that Hom' (Z, K) = 0 and taking i = 0 we get an isomorphism
Hom®(Z, K) = Hom®(Z, Z/2) = 7Z/2. So the morphism K — Z/2 is an isomor-
phism in Z(Z) since it induces isomorphisms on all cohomology groups, implying
the extension Z/2 — 7Z/2[1] is trivial, which gives a contradiction.

2 Definitions

2.1 dg Categories

Let k be a commutative ring. A differential graded (dg) module over k is a Z-graded
complex of k-modules V = @, V" endowed with a differential dy : V" — V"1 A
morphism f : V — W of dg k-modules is a (degree zero) morphism of the chain
complexes, i.e. a family of morphisms f, : V* — W" intertwining the differentials.
The category € (k) of dg k-modules admits a monoidal structure given by the graded
tensor product
vew'=g view .
i+j=n

whose differential acts on homogeneous objects by a graded version of the Leibniz
rule
dygw(a ®b) =dy(@) ® b+ (=1)**“a ®dw () ,

and the unit of this monoidal structure is the dg-module given by k in degree zero.

Definition 1 A dgcategory .o/ is acategory enriched over % (k), i.e. a category where
the morphism spaces o7 (X, Y) are dg k-modules and the compositions <7 (X, Y) ®
(Y, Z) — o/ (X, Z) are morphisms of dg k-modules.

A dg category with only one object is the same as a differential graded algebra,
i.e. a k-algebra with a k-linear differential satisfying d> = 0 and the graded Leibniz
rule. Given any dg category <7 we can define the closed category Z°(<7) with the
same objects but morphisms spaces given by closed morphisms of degree 0, i.e.
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2%V (X, Y) = ZN(A (X, V) = ker(d” : (X, V)’ — o/ (X,Y)).

This forms a category since the composition of two closed morphisms is closed by
the Leibniz rule. More importantly, we can form the cohomology category H(%/)
with morphism spaces

H()(X,Y) = HO (A (X,Y)) = ker(d®)/imd™") .

This also gives a category; one can show that any choices of representatives for two
classes in H(<7 (X, Y)) leads to the same class under composition.

Remark 1 The category % (k) of dg k-modules is not itself a dg category, as the
morphism spaces are just usual k-modules without any extra structure. One can
enrich this into a dg category as in the next example.

2.2 The dg Category of R-Modules

Definition 2 For any k-algebra R, the dg category of right (Ieft) R-modules %4, (R)
has as objects chain complexes M of right (left) R-modules. The morphisms are first
defined as graded k-modules: an element of Gy, (R) (M, N)" is a family of morphisms
of left (right) R-modules f” : MP — NP*" These graded morphism spaces are then
given the structure of dg k-modules by the differential

dp=dyo f—(=1)"fodu
which endows them with the structure of dg k-modules.

Remark 2 From now one we will use the right module structure by default, noting
explicitly when we want left modules.

It is easy to check from the definitions that Z° (€ag(R)) is just the category € (R)
of chain complexes of R-modules, with morphisms given by degree zero maps inter-
twining the differentials. Taking the zeroth cohomology category H®(%yq(R)) one
gets the homotopy category .77 (R), whose morphism spaces given by degree zero
maps modulo maps homotopic to zero. We say that Gy, (R) is a dg enhancement
of JZ(R); it is in a similar way that we will construct dg enhancements of derived
categories.

3 Triangulated Structures and dg Categories

The dg category of modules 6y, (R) is somewhat special in the sense that its zeroth
cohomology category ¥ (R) is triangulated. Note that in general this is not the case;
in a dg category the Hom spaces are graded but not the objects, so it is unclear what
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taking cones and shifts of objects means. We can enforce this condition for a general
dg category by looking at representability of the cone and shift functors acting on
the Hom spaces.

Definition 3 A dg category 7 is (strongly) pretriangulated if for every object X
and integer n, the functor &/? — % (k) given by

Zw— A (Z,X)n]

is representable, and for every morphism f : X — Y, the functor &7? — € (k)
given by
Z — Cone(f : A (Z,X)— H(Z,Y))

is representable. We will call the objects representing these functors X[n] and Cf,
respectively.

It is easy to see that if a dg category <7 is pretriangulated, then its zeroth coho-
mology category H°(.<7) is a triangulated (ordinary) category, with shifts and dis-
tinguished triangles inherited from the corresponding representing objects in <7

Example 2 For any k-algebra R, the dg category %gs(R) of modules over R is a
pretriangulated dg category, with the shift and cone objects naturally just given by
the shift and cone of chain complexes. Naturally its zeroth cohomology category is
the homotopy category 57 (R) with the usual triangulated structure.

In general, every dg category has a pretriangulated envelope pretr(</) with a fully
faithful embedding
o/ — pretr()

satisfying the universal property that any functor o' — 2 to a pretriangulated cate-
gory 4 factors through it. The pretriangulated envelope can be constructed explicitly
with the use of twisted complexes [2], which we will not describe in detail here.

4 Functor Categories and Modules over dg Categories

We have seen that given an (ordinary) k-algebra R one can construct two different
dg categories from it: a category with only one object and self-homs given by R in
degree zero, or the dg category of R-modules €3, (R). We would like to do the same
and define a dg category of modules over an arbitrary dg k-algebra ..

However, if we try to naively generalize the definition of %y, above to a case
where .7 has nonzero elements in multiple degrees, it would be necessary to keep
track of a lot of different degrees by hand, which is very inconvenient. The correct
way to do this is to formalize module categories as functor categories, and once we
do so it is not any more work to define modules over arbitrary dg categories.
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4.1 The Category of dg Categories

A dg functor F between two dg categories .o, 4 is a functor respecting the dg struc-
ture of the morphism spaces, i.e. such that &7 (X, Y) — Z(F X, FY) is a morphism
in € (k) for every pair of objects. This allows us to consider the category of dg cate-
gories. For set-theoretic reasons it is wise to restrict to (essentially) small categories,
i.e. such that the isomorphism classes of objects form a set.

Definition 4 The category dg-Cat,, of small dg categories over k has as objects small
dg categories over k and as morphisms dg functors between them.

Theorem 1 dg-Cat, is a symmetric monoidal category with a tensor product ® and
an internal Hom functor 5 om, with an internal adjunctions

Hom(Ad Q@ B, €)= Hom(A, Hom(B,E)) .

The monoidal structure is given by the following tensor product of categories:
o/ ® P has objects given by pairs of objects (X4, Xp) in &7, Z and morphism
spaces given by tensor of morphism spaces in € (k):

Hom g% ((X4, Xp), (Ya, Yp)) = Homy (X4, Ya) ® Homg (X5, Yp) .
The internal hom category .7Zom (<, %) has as objects dg functors &/ — 2,

with the degree n piece JZom (<, B)(F, G)" of a morphism space given by a
family of degree n morphisms

dx € (BFX,GX)", (Gf)(Px) = (@y)(F[),

forall f € o/ (X,Y). This graded k-module inherits a differential induced from the
differential in B(F X, GX), giving s om (<7, $) the structure of a dg category.

4.2 Modules over dg Categories

The internal hom in dg-Cat, lets us construct new dg categories as categories of
functors; consider an arbitrary small dg category <7 over k, possibly with multiple
objects and hom spaces in many degrees. We can define categories of modules over
it as functor categories using #om:

Definition 5 The dg category of right modules over .27 is defined by the internal
Hom from the opposite category:

(gdg(fd) = f%0’/’1(5%0195 %dg(k)) ’

and the category of left modules over </ is analogously defined as 7 om (<7, €44 (k)).
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We can get ordinary categories from these by taking the closed and cohomology
categories: we define the category of .&/-modules € (/) = ZO(%dg(sz )) and the
homotopy category of «/-modules (&) = H 0(‘5dg (7)). It is easy to check that
when 7 is the dg category with one object and self-homs given by an ordinary k-
algebra R, these notions agree with our previous definitions of 6gs(R), %' (R) and
JC(R).

Lemma 1 For any dg category </ the dg category of &/ -modules Cao (/) is pretri-
angulated, with shifts and cones inherited from the target category g (k).

4.3 The Yoneda Embedding

For any ring R, there is a distinguished object in 64, (R), the unit of the monoidal
structure, given by R placed in degree zero, with self-homs given by R itself. Looking
at R as a dg category concentrated in degree zero, we see this is just the image of the
obvious embedding of dg categories R — %4y (R).

This can be generalized to an arbitrary dg category <7 over k in the setting
described above: for any object X of .27 we define the object X in Cag () given by
the functor Hom, (X, —). This is the Yoneda embedding

o — Ga () ,

which one can easily check is a fully faithful dg functor.

As we remark above, the dg category 6. (/) is automatically triangulated, even
if & itself is not: for any functor M : &/ — % (k) one can compose it with the shift
[n] in Ggg (k) to get M[n].

Let us take now the triangulated hull of the collection {}A( [n]} of all the shifts
of the images of all the objects X under the Yoneda embedding. Remember that
the triangulated hull of a collection of objects is the smallest triangulated subcate-
gory containing those objects. In our case we will denote this triangulated hull by
perg, (), the dg category of perfect complexes over <. From this we can also get
the ordinary category of perfect complexes by per(</) = Z° (peryy (/). Note that
definition, the Yoneda embedding factors through pery, (<), and we will also call
this map the Yoneda embedding.

4.4 The dg Derived Category

As we stated in the beginning of the talk, one main objective of defining dg cate-
gories is to come up with enhancements of triangulated categories that contain more
structure, that is, to find pretriangulated dg categories whose H® category recovers
some triangulated category we want to study.
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It is not clear that we should be able to find a meaningful dg enhancement of
an arbitrary triangulated category, but in specific cases, when the triangulated cate-
gory is given in some algebraic or geometric context, we can often find natural dg
enhancements. We have seen an example of this already: for any ring R we defined
the dg category g, (R) so that it gives an enhancement of the homotopy category
H 0(%dg(R)) = JZ(R). It is then a natural question to ask whether the derived cate-
gory Z(R) (and also Z(«/) for some general dg category 2¢) also has a similar dg
enhancement. More generally, we can ask whether other derived categories of inter-
est, such as derived categories of quasicoherent or coherent sheaves on a scheme X,
possess similar dg enhancements.

The answer turns out to be that all these examples do have dg enhancements, and
some even have several different dg enhancements: for example the derived category
of quasicoherent sheaves Z(qcoh X ) on a separated noetherian scheme X has at least
three different constructions of a dg enhancement [13]. One of these constructions
involves a familiar construction of quotients of categories.

Proposition 1 ([4, 13]) For any dg category </ with a full dg subcategory 9B there
is a dg category denoted of | 8 with an universal morphism (up to quasiequivalence)
in dg-Cat,,

A — AP

such that any dg functor o/ — € with the property that the corresponding map
on homotopy categories H°(27) — H(€) sends all elements of % to zero factors
through of — o | .

This quotient dg category can be constructed easily when e.g. the ground ring £ is
a field; in general the construction is more involved. We can apply this to construct
dg enhancements of our familiar derived categories.

Example 3 Consider the dg category %gs(qcohX) of unbounded complexes of qua-
sicoherent sheaves on a separated noetherian scheme X, and the full dg subcategory
4/ cqg(qcohX) spanned by all the acyclic complexes. The quotient

Dag(qeoh X) = Cyg(qeohX) /a7 cqg(qeoh X)

is an enhancement of the category Z(qcohX).

We can apply this same construction to any abelian category C in place of
qcoh(X): applied to C = Mod(R) we get a dg category Py (R) which is an enhance-
ment of the derived category Z(R). These dg enhancements are referred to in the
literature as the dg derived category of an abelian category.

When actually computing morphisms in the derived category, it is often more
useful to use the formalism of fibrant and cofibrant replacements, which are gen-
eralizations of projective and injective resolutions. A more rigorous and thorough
treatment of these techniques goes through the discussion of Quillen model struc-
tures but we will avoid that and refer to more competent sources [6]. In our specific
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case we can define the cofibrant and fibrant objects of the category of dg modules
over some arbitrary dg category .o/ as follows:

Definition 6 An object P of ¥ (/) is cofibrant if for every surjective quasi-
equivalence L — M, every P — M factors through L. An object I of € (<) is
fibrant if for every injective quasi-equivalence L — M, every L — [ extends to M.

Lemma 2 The category € (/) admits cofibrant and fibrant replacements; i.e. for
any object M there are quasi-isomorphisms P — M and M — I where P is cofi-
brant and 1 is fibrant. Moreover all objects M in the image of the Yoneda embedding
o — € () are cofibrant.

So we can also define the derived category and compute its morphisms by using
e.g. the fibrant replacement and computing in the homotopy category:

D(ANVX,Y) = H(A)P,Y) = H (G4e(P,Y)) .

5 Additive Invariants

5.1 Hochschild Homology of Associative Algebras

Hochschild homology and cohomology were initially defined as invariants of asso-
ciative algebras, but the definition can be extended to dg algebras and dg categories,
and we can use the dg enhancements we constructed above to define invariants of
e.g. derived categories of coherent sheaves.

Definition 7 Given an associative k-algebra A and an A-bimodule M, the Hochschild
chain complex of A with coefficients in the bimodule M is concentrated in non-
positive degrees and is defined by [1, 7]

CT"(A,M)=M® A®",

for n > 0 with a differential d : C™"(A, M) — C~"*!(A, M) given by

n—1
dm@a® - Qa)=ma @ Qa,+y m® - Qaay O Qa,
i=1
+(D'am@ar ® - Qan—; .
The Hochschild homology of A with coefficients in M is defined as the cohomol-

ogy of this complex: HH,(A, M) = H™"(C*(A, M)). Hochschild cohomology is
defined using a dual complex concentrated in non-negative degrees

C"(A, M) = Hom(A®", M) ,
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with a differential d : C"(A, M) — C"*!'(A, M) given by

df(ai,...,app1) = a1 f(az, ..., ap41) + Z(—l)if(dl, ce Qg e Apy)

i=1

+ (=D" f(ay, ... an)ans -

Remark 3 Here we reverse the degrees and direction of the differential in the
Hochschild homology complex from the usual conventions just so that it is also
cohomologically graded, since it will simplify our notation in the future.

To get an invariant of associative algebras, we can take M to be the diagonal
bimodule A4, i.e. just A as a bimodule over itself with the left and right algebra
actions, and get the Hochschild (co)homology of A: HH,(A) = HH,(A, A,) and
HH"(A) = HH"(A, A,). We can also stop before taking the (co)homology of the
complex and define the Hochschild complex as an object of & (k).

Besides the dg structure Hochschild homology and cohomology of A carry extra
structures; for instance H H,(A) automatically carries an S ! action which allows us to
also define further invariants such as cyclic homology and negative cyclic homology,
which we refer to other sources [11]

Example 4 Let A be an associative algebra over k. Then its first two Hochschild
homologies are

HHy(A) = A/[A,Al, HH(A)=2'(A),

where £2'(A) is the vector space of Kihler differentials on A, i.e. spanned over A
by symbols da for a € A, modulo the relations

dx =0, d(a+b)=da+db, d(ab)=dab+ adb

forevery x € k, a, b € A.Note thatif A is the algebra of functions on some manifold
then the Kihler differentials is an algebraic version of the space of one-forms. The
fact that the first Hochschild homology captures the space of one-forms is our first
example of a more general fact we’ll get to later, the Hochschild-Kostant-Rosenberg
theorem.

The first two Hochschild cohomologies are

HH°(A) = Z(A), HH'(A) = Der(A)/Inn(A) ,
where Der (A) is the space of derivations of A and Inn(A) € Der(A) are the deriva-
tions given by commutators with some element in A. More generally for some A-
bimodule M
HHy(A, M) = M/[M, A]l, HH°(A,M)=Zs(M),

i.e. respectively the coinvariants and the invariants under the adjoint A action.
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Hochschild homology can be given an interpretation in terms of derived functors
in the category of (A, A)-bimodules, i.e. A ® A°’-modules. Given any bimodule
N in Mod(A ® A°), there are two functors Mod(A ® A?) — Mod(k) given by
N ®@agar — and Homygaw (N, —). It is easy to check from the definitions that by
taking N = A, this calculates the zeroth degree Hochschild homology and coho-
mology

HHy(A, M) = Aj ®pgar M, HH°(A, M) = Homuguw(As, M) .

As you might expect the higher Hochschild homologies and cohomologies are
the derived functors of the tensor and hom of bimodules: there is a left derived tensor
A ®ﬁ® Ao — and a right derived hom RHom g 4 (A o, —), both functors from the
derived category Z(A ® A°?) — P (k), which calculate the Hochschild homology
and cohomology

HH,(A, M) = A®L,,, M, HH®(A, M) = RHom ggn (A, M) .

The connection between this more abstract definition and the explicit definition
above is due to the fact that there is a standard free resolution of the diagonal bimodule
/5 given by the bar complex C,(A) given in non-positive degrees by

C"MA)=AR®A®" ®A

with the differential d : C™"(A) — C~"*!(A) given by

dlay®a; @ - ®a, ® ay11) = Z(_l)iao®"'®aiai+l Q- Qdpy -
i=0

and one can check that for any (A, A)-bimodule M there is a quasi-isomorphism of
complexes B
C*(A) ®A®A0p M g C*(A, M)

with the complex we initially used to define Hochschild homology.

Example 5 Consider a finite quiver Q with n vertices and no oriented cycles, and
take A = kQ to be its path algebra. Remember that A as a vector space over k is
spanned by all the paths in Q, so as an algebra it is generated by the idempotents e;
(one for each vertex) and the elements f;; (one for each edge i — j), subject to the
composition rules given by concatenation of paths. Note that since Q is finite, there
is an identity element 1 = ), ¢;, and up to scaling it is the only central element, so
Z(A) = k1. Note also that every path x with length >1 is in the commutator ideal;
i.e. if x starts at the vertex i, then x = [¢;, x]. Thus we have that

HH°(A) ~k  HHy(A) ~kQ/{fij) = k®",
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where k®" is spanned by the basis {e;}.

It can also be shown [3] that in this case where Q has no oriented cycles, there is no
higher Hochschild homology: H H; (kQ) = Ofori > 1. The Hochschild cohomology
groups are more complicated [7]: HH(kQ) = 0 fori > 2 but

dim HH'(kQ) =1—n+ ) (number of paths i — ;).
edge ij

We can check that this is zero if and only if the underlying graph is a tree (even
if the quiver has no oriented cycles the underlying graph might have cycles). This
examples shows how Hochschild homology and cohomology can have quite different
behaviors.

5.2 Hochschild Homology of dg Algebras and dg Categories

The definition above can be easily extended to dg algebras and dg categories. For a
dg category <7 over k, remember that we defined the dg category %gg (/) of modules
over «/. We can also define the dg category g, (/' ® &/°7) of (&7, o/)-bimodules
using the tensor and internal hom structure of dg-Cat,.
There is also a diagonal bimodule <7, defined by the Hom functor &/ ® <77 —
ngg (k) of o
Ay (Y, X) > (X, Y) .

Similarly to what we saw above, for any bimodule ./ there is a bimodule ten-
sor functor .#Z ® /g — and a bimodule Hom functor Hom g o (4, —) both
mapping Gu, (¥ ® P) — Gae(k). They give rise to derived functors Py, (7 &
AP) — Dyq(k) so just as above we can define the Hochschild homology and coho-
mology of a dg category by

HH(A) = @r ®Ygymw Hn, HH () = RHomygym(da, ) .

This definition agrees with the earlier definitions when .« is the dg category with
one object and with self-homs given by some (dg) algebra.

5.3 Hochschild Homology of dg Enhancements
of Triangulated Categories

Suppose now that we have a triangulated category .7 with a dg enhancement 2(%),
i.e. we have some dg algebra % and a triangulated equivalence .7 = Z(%). This
allows us to define additive invariants for the triangulated category .7 in particular
we can define the Hochschild (co)homology of 7 as the Hochschild (co)homology
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of the dg algebra €. In general these invariants will depend on the particular dg
enhancement we pick, but in some useful contexts the choice of dg enhancement
does not matter for any of the additive invariants: e.g. when .7 = 2" (CohX) for a
smooth proper scheme X [12].

Let X be a smooth projective variety, and consider the derived category 2°(X) =
2" (Coh X). Here we follow [10]. It is known that 2”(X) has a strong generator
E, i.e. any object A of 2”(X) can be generated by E by taking a finite sequence
of cones, shifts and finite summands. Consider the dg algebra of endomorphisms
o/ = RHom(E, E). Then we have a triangulated equivalence 2°(X) = 2" (<),
and we can define the Hochschild (co)homology of the derived category of coherent
sheaves on X as the Hochschild (co)homology of the dg algebra o7

HH*(X) = HH*(o/), HH.(X)= HH.(<) .

Another way of defining Hochschild (co)homology for a scheme X is to just adapt
to a geometric setting the notion of Hochschild homology as the self-tensor of the
diagonal and Hochschild cohomology as the self-homs of the diagonal, by defining

HH,(X) = H"(X x X, A,Ox ®" A Ox), HH*(X) = Hom% x(A.Ox, A,0x) .

Here A : X — X x X is the diagonal embedding, H calculates the hypercohomol-
ogy of a complex of sheaves and all the functors are implicitly understood as the
corresponding derived functors on the categories of coherent sheaves.

One can prove that these two definitions of Hochschild (co)homology agree
regardless of the particular choice of strongly generating object E. Besides being
a calculational tool, the definition using the dg enhancement also shows that
Hochschild homology satisfies a very nice property under semiorthogonal decom-
position. Suppose we have a triangulated category .7 with a strong generator E, and
a semiorthogonal decomposition

T =(A,... %)

into pieces .7;. Then we can look at the projection E; of E onto each piece 7.
One can show that this gives strongly generating objects, so using the dg algebras
o7, = RHom(E;, E;), we get a direct sum decomposition of Hochschild homology

HH.(T) = (D HH.(T) .

Note that we do not get a similar decomposition for Hochschild cohomology.

Example 6 Consider the derived category Z(k Q) of representations of an acyclic
quiver Q with n vertices. Here we already have a dg enhancement given by Py, (k Q).
This corresponds as picking as generating object the algebra k Q itself. Remember
that we have a decomposition of (right) kK Q-modules
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k0 =P P

aeQ

into the projective modules P, given by all the paths starting at the vertex c.

Let us choose a total ordering of the vertices of O compatible with the partial
ordering given by the quiver structure, i.e. we require @ < f if there is a non-zero
path going from o to 8. Then we see that we have a semiorthogonal orthogonal
decomposition of the category Z(kQ) with n pieces 7, each one with a single
object given by the projective P,. Each piece is equivalent to the category Z(k)
and has Hochschild homology given by H Hy(.7;) = Hom(P,, P,) = k and zero in
higher degrees. So from the direct sum decomposition we recover the result

HHy(2(kQ)) ~ k", HH;(2(kQ))=0,i >1.

5.4 The Hochschild-Kostant-Rosenberg Theorem

The classical statement of the Hochschild-Kostant-Rosenberg theorem [8] is a gener-
alization of the fact that for acommutative k-algebra R, the first Hochschild homology
gives the space of Kihler differentials.

Theorem 2 Let R be a finitely presented k-algebra, where k has characteristic zero.
Suppose also that R is smooth i.e. the space of Kdhler differentials 2 k is a projective
R-module. Then we have an isomorphism

HH,(R) = 2}, = \"2p .

There is also a version of the HKR theorem for the category of coherent sheaves
on a smooth projective variety X. Let us again denote the diagonal inclusion by
A : X — X x X and define two complexes of sheaves in 2”(Coh X):

HH = NN Oy, HH=ANAOx .

These are sheafy versions of the Hochschild homology and cohomology: taking
global sections one can show that

HH.(X) = H"(X, s 5), HH*(X) =H*(X, 52¢°) .

The HKR theorem then also holds at the sheaf level:

Theorem 3 Let X be a smooth projective variety of dimension n. Then there are
quasi-isomorphisms

A~ P 2Rpl, A~ P T,

p=0 p=0



128 A. A. Takeda

where 2% = NP2} is the sheaf of p-forms on X and T{ = NPTy where Ty, is the
tangent sheaf of X.

So in the case of a smooth projective variety X over C, taking global sections of
this sheaf calculates the Hochschild homology of X in terms of the Hodge groups of X

HH(X)= @@ H'(X. 2= P HM(X).
p—q=k p—q=k

In particular, since derived equivalences preserves the Hochschild homology we con-
clude that any derived equivalence Z(X) = %(X’) preserves the sum »_ peg=k M7,
i.e. the column sums of the Hodge diamond.
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Introduction to Symplectic Geometry m
and Fukaya Category L

Alex Zhongyi Zhang

1 Symplectic Geometry

Definition 1 (symplectic form) Given a vector space V, a symplectic form w is a
non-degenerate, anti-symmetric bilinear form. namely, Vv € V,w(v,w) =0,Vw €
V < v =0 and w(v, w) = —w(w, v). Such a vector space V is called a sym-
plectic vector space.

We know from linear algebra that all symplectic vector spaces must have even
dimensions. Let W C V, W¥ :={v e V,w(,w) =0Vw € W},

Definition 2 Given a symplectic vector space (V, w), a subspace W C V is called
isotropic if W C W« i.e.w|y = 0;

W is coisotropic if W 2> WY,

W is symplectic if w|w is also a symplectic form on W.

W is Lagrangian if it is isotropic and dim W = %dimv.

We have V W C V, dim W+ dim WY = dim V, therefore, W*“ = W. The
Euclidean space R?" is a symplectic vector space equipped with the standard symplec-
tic form wy = Y _;_; x; A y;. Also, for any symplectic vector space, we have s sym-
plectic basis uy, ...u,; vi, ..., v, such that w(u;, up) = w;, v) =0, wu v) =
8kj- Namely, we have a map @ : R — V such that ®*w = wy.

Definition 3 (symplectomorphism) Sp(V,w) = {® € Gl(V)|CI>*w = w}, the linear
isomorphisms that preserves the symplectic structure are called symplectomor-
phisms. Since we know that V ~ R?* by the paragraph above, we can identify
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Sp(V, w) as the maps {®|P*wy = wo} = {A|A'JyA = Jo}. If we identify R*" with
C", then Jy acts as i.

Lemmad4 Sp(2n)N O02n) = Sp(2n) N Gl(n,C) = 02n) N Gl(n,C) ~ U(n),
and U(n) is a maximal compact subgroup of the symplectic group and Sp(2n) is
homotopy equivalent to U (n).

Sketch of proof. The first equation is a matter of writing down explicitly the definitions
and calculate. We have a polar decomposition V @ € Sp(2n), & = U P where U :=
d . (P d>)_% eU@). P=(d' GD)% is symplectic symmetric and positive definite.
Let U, := (CD’CD)_%’ € Sp(2n) for t € [0, 1], this gives a deformation retract from
Sp(2n) to U (n). (Further details may be found in Chap.2 of [1].) U

Corollary 5 71(Sp(2n)) = m (U (n)) = m1(S') ~ Z, where the second equality is
induced by the complex determinant function.

Now we try to associate an integer u to any loop in the Lagrangian Grassman-
nian A : R/Z — LGr(n) such that (A1) = u(Ay) if and only if A; and A, are
homotopic. It should also satisfy (A @ A’) = u(A) + (A’), and \o(t) = ™' has
the number 1 associated to it. This integer is the Maslov index of the loop. Actu-
ally LGr(n) ~ U (n)/O(n), therefore, (LG (n)) = w1 (U (n)/O(n)) =~ 7Z, which
is induced by .

More generally, we have the Maslov index for any 2nd relative homotopy group:

wim(M,L) — Z

defined as follows: ifamapu : (D?, S') — (M, L) representaclass [u] € m(M, L),
we trivialize the pullback of the tangent bundle #*T Mon D? and get the trivial rank
2n bundle. Take the tangent bundle 7 L restricted to S! along this trivialization which
gives aloop in LGr (n). Then we define the Maslov index of [u] as the Maslov index
for as above.

The minimal Maslov number N, is defined as the smallest positive integer that
the image of the map y hits in Z. We set N, = oo if the Maslov index p vanishes.

Definition 6 (symplectic manifold) Now a symplectic structure on a smooth mani-
fold M is anon degenerate closed 2-form w, namely (7, M, w,) is a symplectic vec-
tor space Vp € M. Non-degeneracy implies that w” = w A w A ...w doesn’t vanish,
which implies that M is oriented.

A symplectomorphismof (M, w) = Symp(M, w) :={¢ € Diff(M)](é*w = w}.

There is a systematic way to construct a symplectomorphism from a function
H : M — R. First define a vector field Xy € X(M,w) by ix,w = dH, the non-
degeneracy of w implies the existence of such a vector field. Note since d(ix,w) =
ddH =0, we have Ly, w = (dix + ixd)w = 0. Let 1, be the local flow generated
by Xy, namely % = Xy (1), then 1), is a symplectomorphism. In this case, we
call ¢, the Hamiltonian flow generated by H.
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Now dH (X)) = ix,wXy = 0, thus Xy is tangent to the level sets of H. For
example, if we were to have the height function on the sphere, then with the standard
symplectic form on the sphere induced volume form on R3, we have w = df A dz,
then Xy = a%’ the flow ¢’ is rotation of S? at constant speed.

Basic examples:

(1) (R, wp)

(2) any oriented Riemann surface with area form;

(3) T?" = R?"/Z>" with the standard form wy on the quotient space.

(4) Cotangent bundle of any manifold. 7*M with canonical 1-form A, €
QUT*M), w = —dAgn, Where Mgy = Z'l' v;dx;. Here the y; are the coordi-
nates for dx;, namely we have coordinate charts 7*U — R" x R", (g, v*)
(x(g), y(g,v*)),and Ty 0)(T*M) ~TM & Tq*M.

Proposition 7 )\, is characterized by the property that 0* Aean = 0, ¥ o € Q1 (M).

This is because if we write out 0 = > _a j(x)dx;, then as a map in local charts,
we should get (x1, ..., Xx,, a1 (x),...a,(x)),and c*(Q_ y;dx;) = 0.

Proposition 8 The image of a 1-form o is Lagrangian in T*M <= o is closed.
Proof do = do*Aean = 0*(dAcan) = dAcan|To 0

(5) CP" and Fubini-Study form: Consider the function p on C": z —>log (Iz* +

1). This function is strictly plurisubharmonic, with 90p = (L|2+1)” therefore
Wrg 1= %85p is Kihler.

Now on a chart Uy = (z1, ..., z,) € CP", the transition function on/ = Uy N
U, looks like g 1(z1,...,2,) = (%, e i—'l’), this map maps (U) biholomor-

phically onto itself with ¢*(log(|z|* 4 1)) = log(|z|* + 1) + log(|z;|~2). Thus,
0¢* (log(|z]* 4+ 1)) = 89¢*(log(|z|* + 1)) + ddlog(|z1]%) = dp* (log
(IzI> + 1)). So we can “glue” piwrs together to give a Kihler structure on
CP".

Now we introduce a very important property of symplectic manifold, which claims
that locally, all symplectic manifolds look the same; however, the global structure
would be different.

Theorem 9 (Darboux) Given a symplectic manifold (M, w), ¥ p € M, there exists
a neighborhood U, € M such that w restricted to U, is symplectomorphic to the
standard wy in R*", where dim M = 2n.

The proof of Darboux’s theorem uses the so call Moser’s trick, details can be
found in Chap.?2 of [1].
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2 Lagrangian Floer Colomology

Definition 10 (Lagrangian) Now let (M, w) be a symplectic manifold, N C M is
isotopic if w|y = 0.This implies that dimN < %dimM as w is non-degenerate.If L
is isotopic and dim L = %dim M, then we say L is Lagrangian.

Now suppose we have compact lagrangians Lo, L} C (M, w), Lo th Ly = Lo N
L is a finite set of points.

Definition 11 (Monotone) We say a Lagrangian submanifold L € M is Monotone
if VA € m(M, L) we have a fixed A € RT such that:

/ w=A-uL(A)
A

From now on we work over monotone Lagrangians with minimal Maslov number
N atleast 2.

Definition 12 The Floer complex
CF*(L(),Ll) =A< L() ﬂLl >
Which is a A- vector space with basis = Lo N L; A := {(Za;TV|a; € K, lim )\ =
11— 00
400} is the Novikov field with coefficient in K.

If we have 2¢| (T M) = 0 and the maslov class p; vanishes, then we can make
CF*(Ly, L) a Z—graded complex, else it is Z,-graded.

Definition 13 Now given p,q € Ly N L, define M\(p, qg,J)={u:Rx[0,1] -
M|D,, oj=JoDy,,u(s,0) € Lo,u(s,1) € Ly, limu(s,t) = p, lim u(s,t) =q}.
§—>00 §—>—00

Then we have an Rggtion on M(p, q,J)byr-u(s,t) =u(s +r,t), the moduli
space M(p, q,J) := M(p,q, ))/R.

Remark 14 The equation D, o j = J o D, is just saying 0,u = 0.
Now we define differential on the complex:

Definition 15 Vp € CF*(LoN L),

opi= Y. #Mp.q.BINT g, (0

geLoNLy,ind(8)=1

Where w(0) is the energy of the J-holomorphic map u which is represented by (3 in
mo(M, Ly U Ly), it is defined as

w(u) :=/ u*w=/f|a—”|2dsdzzo
Rx[0,1] 0Os
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Remark 16 If the linearized operator Dy, is surjective at Vu € M (p,q, J), then

we have ﬂ (p. g, J) is a manifold of dimension pz,ur, (1) (the Maslov index of u,
note that 7 ((LGr)) = m(U(n)/O(n)) =~ 7Z.)

Remark 17 Gromov’s compactness claims that given any positive upper bound E
on energy, there are only finitely many homotopy class § = [u] such that w(u) < E|,
therefore, we know that the RHS of Eq. 1 is well defined. Namely, for any fixed energy
E, #M(p, q, B, J)) is finite.

Proposition 18 Assume [w] - m (M, L;) =0 fori =0, 1 and Ly, L, are oriented,
compact Lagrangians equipped with spin structure, then 0 is well defined and satis-
fies 0* = 0, and the Lagrangian Floer cohomology HF* (L, L) := H*(CF (Lo,
Ly; 0)) is independent of the almost complex structure J and invariant under Hamil-
tonian isotopes of Lo or L.

The idea of the proof of 9* = 0 is to look at a J-holomorphic map u with (1) = 2,
then Gromov’s compactness say that for a sequence of J —holomorphic maps with
bounded energy, there exists subsequence that converges to nodal configurations. In
the case when (1) = 2, we have three possible configurations.

(1) Sphere bubbles, a J-holomorphic sphere is connected to the J-holomorphic strip
at an interior point of the strip. This is the case when some energy concentrates
at the interior point.

(2) Disc bubble: a J-holomorphic disc connected with the J-holomorphic strip at a
point on Ly or Ly, this is the case when some energy concentrates at a point on
the boundary.

(3) Broken strip, there are energy concentrates at £oo.

Proposition 19 w - m (M, L;) = 0 implies there are no disc bubbles or sphere bub-
bles.

Proof The idea is the energy of the bubbles have to be zero, which implies that they
are constant. Look at the long exact sequence of homology groups

o (L) = (M) — (M, L) > 7(L) — - --

Note that w - my(M, L;) = 0 automatically implies that V 3 € m (M, L), f@ w =0,
thus no disc bubbles with boundary on Ly or L. Since w|; = 0 by definition of
Lagrangian manifolds, we have V n € m, (L), we have fr W= 0. By the exactness at

m(M),Y a € my (M), we have fa w = 0. Thus no sphere bubbles. (Il

Gromov compactness claims that after adding the 3 possible configurations,
/V(p, q,J) is compact. However, since w - my(M, L;) = 0, we are only allowed
to have broken strips.

However, the signed count of the number of boundary points of a 1-dimensional
manifold is zero. A gluing theorem states that any broken strip is locally the limit of
a sequence of index 2 J-holomorphic strips. And
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OMp.q. . D= ] (M) x Mo WD) @
reLoNL,

[/ 1+ [u"]=[u]
ind([u')=ind([u"])=1

HF*(L, L)isdefined as H F*(Lg, ¢y (L)) where ¢y (L) is Hamiltonian isotopic
to L because H F'* is invariant under Hamiltonian perturbation. namely the original
J-holomorphic equation is replaced with

+ J(u,t) (8—M—XH(t,u)>=O 3)

Ou

s ot

Example 20 Consider L C T*L as the zero section of the cotangent bundle, suppose
f : L — RisaMorse function, let H = 7* f,then o (f) =gy € T*L. Thus L N
pp (L) = critical points of f,and CF*(L, p(L)) ~ CM*(f) (the Morse complex)
as vector space. The Moduli space of J-holomorphic strips from p to g corresponds
1—1 to the Moduli space of Morse flow liness from p to g. So we have an iso of
chain complex (CF*(L, (L), d) =~ (CM*(f), dy)

The main idea is that under “good” conditions, we have Lagrangian Floer homol-
ogy is isomorphic to the Morse homology which is isomorphic to the singular homol-

ogy.

Theorem 21 (Albers, 2007) For a 2n-dimensional, closed, symplectic manifold M
and a closed, monotone, Lagrangian sub manifold L C M of minimal Maslov number
N > 2, there exist homomorphisms

ot HF(L, ¢pp (L)) — H"*(L; Z/2) fork < N, —2

Where H : S' x M — R is a Hamiltonian function and ¢y the corresponding
Hamiltonian diffeomorphism. Forn — Np + 2 < k < N — 2, oy isanisomorphism.

See [2] for more details.

Remark 22 This morphism above is not always an isomorphism, a counterexam-
ple can be found in [3] where a construction by Audin and Polterovich provides
Lagrangian embeddings of spheres S* into R*".

Remark 23 We might imagine that every Lagrangian can be embedded locally in
T*L in a neighborhood by Weinstein’s Lagrangian neighborhood theorem below and
use the idea of zero section in Example 20 to think of Lagrangian Floer homology
as Morse homology; however, Weinstein’s Lagrangian neighborhood theorem is a
local result, so we don’t always have a rigorous isomorphism globally.

Theorem 24 (Weinstein’s Lagrangian neighborhood theorem) VL C M a
Lagrangian sub manifold, there exists a neighborhood U that is symplectic to a
neighborhood of L € T*L.

Details of the proof can be found in Chap.3 of [1]
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3 Product Structure and Fukaya Category

Definition 25 We define ' : CF*(Lo, L1) — CF*(Lo, L1)[1] as the differential
0. We can also define

p?: CF*(Lo, L) @ CF*(Ly, Ly) — CF*(Lo, Ly)

by the following equation:

1 (p, q) = Z #M(p, q,r; [ul, )T p, @)

geLoNLy
[u]:ind([u])=0

Where M(p, p, r; [u], J)) denotes, for a disc with three given points zg, 71, z2 on
the boundary, a J-holomorphic map from D to M that represents [u] in 7, (M) and
extends continuously to the closed disc, mapping the boundary arcs from zg to z1, z;
to 23, 72 to z3 to Lo, Ly, L, respectively, while the zg, z1, zo are mapped to p, q,r
respectively.

Proposition 26 If w-m(M, L;) =0,Vi € {0, 1,2}, then /ﬂ satisfies the Leibniz
rule with proper signs with respect to 0, in particular,

O’ (p, q)) = £p*(©@p, q) £ 1 (p, 9q) Q)

The idea of the proof is similar to that of 9% = 0, we look at the index 1 moduli
spaces of J-holomorphic discs and their compactification. Still assuming transversal-
ity, M(p, q, r; [u], J) is a smooth 1-dimensional manifold and admits a compactifi-
cation M(p, ¢, r; [u], J) by adding nodal trees (there is no disc or sphere bubble by
the assumption that the symplectic form vanishes on relative homotopy classes). and
there can be strip breaking happening at any of the three points p, ¢, r. If it breaks
at p, it represents p>(0p, q); at g then represents u?(p, Oq); if at r, then represents
O (p, q). Since the signed count of the boundary of a 1-dimensional manifold is 0,
we have Eq.5.

Therefore, 11> defines a product in Floer cohomology as well, namely

[u*]: HF*(Lo, L) ® HF*(Ly, Ly) — HF*(Lo, L»).

If Lo = L; = L,, then [?] is the cup product on H F*(L).
Proposition 27 (Associativity of u?) We have

12 (p, 12 (g, ) £ 122 (p, @)y r) = 213 Op, g, 1) £ 13 (p, 8q, 1) £ 13 (p, g, 9r)
:I:(‘),u3(p,q,r) (6)

This is because 1*(p, g, r) is defined similar as the sum of the number of J-
holomorphic maps of a disc (with four points z, z1, z2, z3 on its boundary to M,
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with the map converges to the points p, g, r, s € M near the four points and the arcs
in between each adjacent pair of z; to L;), weighted with the symplectic energy. Then
by Gromov compactness, the boundary of 1-dimensional moduli spaces are of two
kinds:

(1) Those with a broken strip on the boundary of D at a nodal point of ID while
the other three marked points remain on 9D, there are four of these, corresponding
to the four summands on the RHS of Eq. 6.

(2) Those that corresponds to a degeneration of the domain to the boundary of
M 4, namely to a pair of discs, each of whose boundary carries two marked points,
and the disc connects to the J-holomorphic strip with a nodal point, there are two
marked points left on the disc. There are two of these, corresponding to the two
summands on the LHS of Eq. 6.

Thus the singed count of the number of boundary points of a 1-dimensional
manifold with boundary give Eq.6.

More generally, consider Lo, ...L; € M, compact, oriented Lagrangians with
spin structure. p; € L;_1 N L;, we define

p* s CF(Li—1, L) ® -+ ® CF(Ly, Ly) ® CF(Ly, L) —> CF(Ly, L)

o= Y GMp, o gs [, T g, (7)

q€LoNLy)
[u]:ind ([u])=2—k

where the dimension of the moduli spaces are

k
dim M(p1. ..., pr. q: [ul. J) =k — 2+ ind([u]) = k — 2 + deg(q) — 3 deg(p;). (8)

1=

The special case is when k = 1. We had
pl=9:CF*(Lo, L) - CF*(Lo, L),

op = Z HM(p, q; [u], J))T’w‘([u]) g

q€LoNLy)
[u]:ind([u])=1

Proposition 28 If w - (M, L;) = 0, Vi, then the operations i satisfy the Auo-
relations

=~

—L

k
Z (=D i o Pt 1Py oo Pjs1)s Do oo P =0, (9)
=1

Il
o

where x = j +deg(p1) + - -+ + deg(p;).
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Example 29 (1) k = 1, Eq.9 is the same as y> = 0,
(2) k =2,Eq.9is the Leibniz’ rule
(3) k =3, Eq.9 is the associativity law of [¢*] in H F*.
For higher k, this gives an explicit homotopy for certain compatibility property
among the preceding ones.

The proof is similar to that of the associativity law, we study dimension-1 moduli
spaces of J-holomorphic discs and their compactification, fix py, ... px and ¢, and [u]
such that ind[u] = 3 — k, assume J is chosen generically so we have transversality
and then M(py, ... pk, q; [u], J) compactifies to a 1-dimensional manifold with
boundary, and the boundary points are either of an index 1 J-holomorphic strip
breaking off at one of the (k + 1) points or a pair of discs each contain at least two
marked points. Those consists of the summands of the Eq.9.

Definition 30 (Fukaya Category) Given a symplectic manifold (M, w) such that
2¢1(T M) = 0, consider the category consisting of the following data:

(1) Objects: compact, oriented Lagrangians L; equipped with spin structure, such
that [w] - m (M, L;) = 0 with vanishing Maslov index, together with a spin struc-
ture.

(2) hom-spaces: hom*}-(M)(Lo, L) := CF*(Ly, L), with differential ' and com-
position p2

(3) higher operations and A, relations (9) for p°.

See [4, 5] for more details.

Remark 31 In our previous definition, we may allow ¢; (T M), p1; to be nonzero if
we only need a Z/2-grading; and we may also drop the spin structure if we are
content to work over characteristic 2.
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Introduction to Homological Mirror )
Symmetry L

Andrew Harder

1 Introduction

1.1 Background

Mirror symmetry states that to every Calabi-Yau manifold X with complex structure
and symplectic symplectic structure there is another dual manifold XV, so that the
properties of X associated to the complex structure (e.g. periods, bounded derived
category of coherent sheaves) reproduce properties of X~ associated to its symplectic
structure (e.g. counts of pseudo holomorphic curves and discs).

This idea originated in physics, specifically string theory, where the relevant state-
ment is that the A twisted TQFT obtained from X is equivalent to the B twisted TQFT
obtained from X and vice versa. Using this, Candelas and de 1a Ossa and collabora-
tors [1] in the late 80s and early 90s were able to make predictions regarding counts
of rational curves on Calabi- Yau varieties. Subsequently, there was a flurry of activity
towards making rigorous these predictions. Early successes include Givental’s theo-
rems [2] on the quantum cohomology of complete intersections in toric varieties and
periods of their duals, and theorems of Batyrev and Borisov [3, 4] which show that,
if X and X" are a mirror pair of dimension d which are constructed combinatorially
as complete intersections in toric varieties, then

hP9(X) = h* 1P (XV).
Homological mirror symmetry [5] takes these observations and puts them into a

categorical context. In this context, the B-side invariants (B branes) take the form of
complexes of coherent sheaves on X, and the A-side invariants (A branes) take the

A. Harder ()
Department of Mathematics, University of Miami, Coral Gables, FL 33146, USA
e-mail: a.harder@math.miami.edu

© Springer International Publishing AG, part of Springer Nature 2018 139
M. Ballard et al. (eds.), Superschool on Derived Categories and D-branes,

Springer Proceedings in Mathematics & Statistics 240,
https://doi.org/10.1007/978-3-319-91626-2_12


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-91626-2_12&domain=pdf

140 A. Harder

form of Lagrangian submanifolds, and equivalence between these sets of invariants
is interpreted as an equivalence between the bounded derived category of coherent
sheaves on X and the Fukaya category of X". There are many problems with this
vague statement, since, at first blush, the Fukaya category and the category of coherent
sheaves on a variety are very different categories. The Fukaya category is naturally
an A, category, without any sort of triangulated structure in general, so explaining
what we mean when we say that it is equivalent to a C-linear triangulated category
takes some explaining.

1.2 Outline

We will proceed as follows. Section 2 will be devoted to developing some categorical
background necessary for stating homological mirror symmetry. We will explain how
one can get a k-linear triangulated, Karoubi complete category out of an A, category.
We will also explain how to get dg and A, extensions of D?(coh(X)), and we will
state the expected equivalence for mirror pairs of Calabi-Yau varieties.

In Sect. 3 we will discuss what is known about homological mirror symmetry, and
we will explain extensions of the original mirror symmetry conjecture to the case of
Fano varieties and varieties of general type.

1.3 Other Sources

Besides the foundational articles cited in the introduction, there are several overviews
of homological mirror symmetry in the literature. Ballard’s [6] article provides a
compact overview of the subject, with lengthy discussions on homological mirror
symmetry for both P! and the elliptic curve. The reader could do much worse than
reading [6], then returning to the current manuscript for some comments on how the
subject has changed in the past nine years.

A large amount of background material, along with detailed proofs of many results
can also be found in [7, Chap. 8]. Finally, both Kontsevich [5] and Seidel [8] have
given ICM talks regarding homological mirror symmetry. Both of these articles are
very good starting points - indeed, [5] is the starting point for homological mirror
symmetry.

2 The Categorical Setup

In this section we will develop the categorical framework necessary to state
homological mirror symmetry in enough generality to discuss at least state what
is known. The main conjecture of Kontsevich is that if X and XV are mirror mani-
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folds (equipped with appropriate complexified Kihler structures w, w" and complex
structures, /, I''), then there is an embedding of triangulated C-linear categories

H'TwF (X, w) < D’(coh(X", IV))

and vice versa. We will explain what all of this notation means in this section. As
well, the more modern formulation involves not just triangulated C-linear categories
but an equivalence of A, categories. A proper formulation of mirror symmetry will
also involve Karoubi completion.

We assume that the reader is acquainted with notions of Fukaya categories. Basic
references on this topic have proliferated in recent years, [9-11]. Equally, we will
assume that the reader has some knowledge of algebraic geometry and specifically
of derived categories of coherent sheaves on smooth projective varieties [12].

2.1 Dg Categories

On the B-side of mirror symmetry (complex structure), the most natural class of
categories are called dg categories. A category is a differential graded (dg) category
if for each a, b € Ob(C) there is a vector space home(a, b) over a field k which
satisfies the following conditions;

(1) It is a Z-graded vector space, the graded piece of weight i being denoted
hom’é (a, b).
(2) It has a chosen differential

de : home(a, b) —> home(a, b)

which increases degree by 1.
(3) If f, g are in hom{(a, b), homé (b, c) respectively, then

de(g- f)=(deg) - f+ (=D g-(def)

(4) For each ac Ob(C), there is some i, € homOA (a, a) so that i, - f = f for any
f €hom{(b,a) and g - iy = g =i} - g for any g € hom{(a, b).

In Sect.4.4, we will use differential Z/2-graded categories, denoted d(Z/2)g cate-
gories. These are categories where the grading in (1) is by Z/2 instead of Z, though
all other axioms are unchanged.

Example 2.1 The most basic example of a dg category which will be useful later
is that of chain complexes over an abelian category A. Let’s define K(A) to be the
category whose objects are chain complexes (a®, d,;) of elements in A, and whose
homomorphisms are,
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hom‘((a*, du). (b*, dy)) = [ [ homa(a’, 5*)

1

equipped with the differential d given by the map
df =dy- f+(=D"f -da
where f € hom®((a®, d,). (b*, dy)). H

Example 2.2 A dg algebra A gives rise to a dg category with a single object e so
that home (e, ¢) = A. [l

To any dg category C, one has its homotopy category H’C. We let Ob(H’C) =
Ob(C), and if we denote by [a] the object in H°C corresponding to @ € Ob(C), then
homype ([a], [b]) = H(home (a, b), d). This is a k-linear category.

If we have a category C and a dg category C so that H’C is equivalent to C, then
we say that C is a dg enhancement of C.

2.2 A, Categories

On the A-side of homological mirror symmetry, the most important homological
objects are A, categories. We begin with the standard caveat that A, categories are
not categories in the classical sense, since composition of morphisms need not be
associative, however the point is that we will allow associativity to fail in a controlled
manner.

Definition 2.3 An A, category A is a collection of objects Ob(A) along with Z-
graded vector spaces hom 4 (a, b) for any pair of a, b € Ob(C) so that the following
conditions hold.

(1) For every n > 0 and every set of objects ay, ..., a, € Ob(A), there are maps
mt (g, . .., an) : hom 4 (a1, an) ® - - - ® hom 4 (ag, aj) — hom 4 (ag, an)[2 — i]

(2) These maps satisfy the quadratic A, associativity relations,

Z(_l)ﬂlmdA_m+1(fdv s fm+n+lv mﬁ(fnwLm’ ey fn71)7 fn’ ey fl) =0

for f; e homy(a;—1,a;) and 7, = —n + Y, |a;|

For instance, the A, relations imply that
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m{tm{t(f)) =0,
m3 (fr.m3 (fa, f3) — m3tm3 (f1, f). f3) = m{t it (A1, £ 3))
+m$ m{ (), fo, £3) +mi (From{(f), )+ mt (i, o, miN ()

So m{l can be thought of as a differential and if we think about m{‘ as composition
of morphisms, then the second relation says that composition is associative up to
some factor involving mj3. As in the case of dg categories, we may construct a
homotopy category H’.A whose objects are those of A and whose homomorphisms
are the 0" cohomology of the morphism complexes of A with respect to m{‘. We
will not assume that our A, categories have units (though we did for dg categories).
Instead, we assume that their homotopy categories have units. An A, category whose
homotopy category has a unit is called cohomologically unital or c-unital [10].

Remark 2.4 We may also consider Z/2-graded A, categories by insisting that the
grading on hom 4 be by Z/2Z instead of Z.

Remark 2.5 One can modify this construction to allow a nontrivial mo map, by which
we mean a map from the underlying field £ to hom 4 (a, a) for all @ € Ob(A). Such
categories are called curved or obstructed A, categories, and they play a role in
mirror symmetry for Fano manifolds [13]. However, curved A, categories do not
admit homotopy categories, which complicates their homotopy theory. (]

In the case where all m;s vanish if i > 2, the A relations say that A is a dg category,
possibly without units. Therefore, the category of dg categories embeds into the
category of A, categories.

An A, category C for which m; vanishes is called a minimal A, category. In
this case, if a, b are two objects in C, then

homyype(a, b) = hom (a, b).

An A, functor between two A, categories A and B is a map on objects and homo-
morphisms in the usual way which satisfies additional conditions with respect to the
A structure maps. We will not reproduce these formulas here but direct the reader
to [14] for more details.

An Ay functor f : A — B is called a quasi equivalence if the functor that it
induces H’A — HB is an equivalence of categories.

2.3 Triangulated Karoubi Closures

Given a dg or Ay category C, one would like to find a triangulated category which
contains C. Broadly, a triangulated category is a category which admits a shift func-
tor [1] and in which one can take (perhaps non-canonically), mapping cones of
morphisms. The goal now is to formally add these features to an A, category.
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One way of doing this is to take the category of twisted complexes over C, which
we will denote TwC. Twisted complexes were first defined by Bondal and Kapranov
[15] for dg categories, the definition for A, categories that we give here comes from
a number of sources, specifically work of Keller [14], Lefevre-Hasegawa [16] or
Seidel [10, 17]. We begin by taking the category ZC which formally incorporates
shifts into C.

Definition 2.6 Let ZC be the category whose objects are formal pairs (a, n) with
a € Ob(C) and n € Z. We define

homye((a, n), (b, m)) = home(a, b)[m — n].

The Ao, structure is as in C.

The category ZC admits formal shifts of objects sending @, a;[i1to P; a;[i + 1],
and C is equivalent to the full subcategory of objects in the form a[0]. We now need
to add formal mapping cones in order to get a triangulated A, category. This is done
as follows.

Definition 2.7 Let us take the category TwC so that Ob(Tw() is made up of pairs
(b, 6) for A =(ay,...,a,) € Ob(ZC)" and § a matrix of morphisms, J; ; homlZe
(aj, a;) a strictly upper triangular matrix, i.e. §; ; = 0if i > j. We also require that
the Maurer-Cartan equation,

> miE,....6 =0
i=1

is satisfied. Here, we implicitly extend the definition of miZe to matrices of homo-
morphisms in a straightforward way. This is a finite sum by the fact that we have
chosen J to be strictly upper triangular. The space of morphisms between (A, §) and
(B, 1) is @i’ j homsy¢(a;, b;) equipped with a twisted set of composition maps. If
we take (A;,6;) fori =1,...,n and f; € hompye((A;_1, d;_1), (A;, ;) then we
define

m»C(fa, .o, fi) = Z M= (Sa, ., 0ay Aas Oats -+ Oa—ts Qa1 - - .).
) - D ——
JosenJa=0 Jja Ja-1
|
If f € homy,e (@, 0a). (b, 8)) and m{*®(f) = 0, then we may define the map-

ping cone of f,
0 O
cone(f) = <a[l] @ b, <f 5b>>

The category TwC should be thought of as the smallest triangulated A, category
containing C as a full subcategory. This is analogous to taking the category of bounded
complexes over an abelian category.
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Definition 2.8 An A, category is called triangulated if the natural embedding
C — TwC

is a quasi equivalence of A, categories. In the dg case, Bondal and Kapranov [15]
call such categories pretriangulated. (I

If an A, category is triangulated, then its homotopy category is a k-linear trian-
gulated category.

One might expect at this point that there is an equivalence between TwF(X) and
an A, category whose homotopy category is equivalent to D”(coh(X)). However,
the category D?(coh(X)) is Karoubi complete, whereas TwF (X) does not necessarily
have this property.

Definition 2.9 A category T is called Karoubi complete (or split closed), if for every
p € homg(a, a) sothat p> = p, thereis a pair of morphismss : ¢ — bandi : b — a
sothats -i = idy andi - s = p. We will say that an A, category is Karoubi complete
if its homotopy category is Karoubi complete.

The object b in this definition is called the direct image of f. (Il

Given a k-linear triangulated category, 7, we say that a functor F : 7 — § is
a Karoubi completion of T if F is full and faithful and for every ¢ € § there is
some p € homy(a, a) so that ¢ is isomorphic to a direct image of F(p). A functor
F : A — B of triangulated A, categories is a a Karoubi completion of A if the
functor induced on homotopy categories is a Karoubi completion.

Proposition 2.10 (Seidel [10]) Every triangulated A, category C admits a Karoubi
completion, and any pair of Karoubi completions of C are quasi equivalent.

In fact, Seidel produces such a completion explicitly, which we will not describe
in detail, but we will call TTC.

2.4 Enhancements of D?(coh(X))

The goal of this section is to show that there are dg categories whose homotopy
categories are equivalent to the bounded derived category of coherent sheaves on a
variety X.

Definition 2.11 A dg (resp. A) enhancement of a triangulated category T is a dg
(resp. Awo) category C whose homotopy category is equivalent to 7. (|

In mirror symmetry, categories of B-branes are usually described in terms of
categories of coherent sheaves. Let X be a smooth projective variety over a field k.
Then associated to X is the category qcoh(X) of quasi coherent sheaves. One can
then take the category of complexes of quasicoherent sheaves, K(qcoh(X)). This is
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naturally a dg category, where homomorphism complexes are given as in Example
2.1. A complex I°® is called h-injective if for every complex J* isomorphic to 0 in
D(gcoh(X)),

homx(qcoh(x))(J., I.) =0.

Here = denotes quasi isomorphism of complexes. The full subcategory J(X) of
h-injective complexes of quasi coherent sheaves has homotopy category which is
equivalent to the derived category of quasi coherent sheaves, D(qcoh(X)). The
bounded derived category of coherent sheaves on X can be written as a full subcate-
gory of D(gcoh(X)) made up of bounded complexes whose cohomology sheaves are
coherent. Therefore, there is a full subcategory of D(qcoh(X)) which is equivalent to
D?(coh(X)). Since J(X) has, up to equivalence in the homotopy category, the same
objects as D(qcoh (X)), we can define Dgg (coh(X)) to be the full subcategory of J(X)
made up of objects which are equivalent to objects in D?(coh(X)) € D(qcoh(X)).

The category Dﬁg (coh(X)) has homotopy category which is equivalent to
D?(coh(X)), hence it is a dg enhancement of D?(coh(X)). There are many dg en-
hancements of categories of coherent sheaves; several are described in [18, 19], but
a beautiful result of Lunts and Orlov shows that any pair of dg enhancements of
D?(coh(X)) are quasi equivalent.

2.5 Homological Mirror Symmetry for Calabi-Yau Manifolds

We are now equipped to state what homological mirror symmetry means for a pair
of Calabi—Yau manifolds.

Definition 2.12 Let (X, I,w) and (XY, IV, w") be a pair of Calabi—Yau varieties.
If there is a quasi equivalence of A, categories,

OTwF(X,w) = Dgg(coh(XV, 1))

and vice versa, then we say that (X, I, w) and (X", IV, w") are homologically mirror
to one another. O

It is quite difficult to show that mirror symmetry holds precisely as in Definition
2.12. Versions of homological mirror symmetry are known for certain Calabi—Yau
varieties of higher dimension, though in these cases, one has that the Fukaya category
of (X, w) is defined over the Novikov field, not C, so no such equivalence can hold.
Therefore, the right hand side is replaced by a Calabi—Yau variety over Ag, which
should be thought of as a small deformation of a highly degenerate Calabi—Yau
variety. This will be explained in more detail in Sect. 3.2.
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3 Mirror Symmetry for Calabi—Yau Manifolds

This section will describe some known results regarding mirror symmetry for Calabi—
Yau varieties. We begin by explaining the most accessible case, that of the elliptic
curve, then we will explain what is known in higher dimensions.

3.1 The Elliptic Curve

The form of homological mirror symmetry for elliptic curves discussed here was
sketched by Kontsevich [5], where it was noticed that the Floer product between
certain Lagrangian submanifolds on an elliptic curve can be used to recover classical
theta functions. Therefore, there is close resemblance between Floer products and
compositions of line bundle homomorphisms. This was made precise a little later by
Polishchuk and Zaslow [20]. There are other proofs of homological mirror symmetry
for elliptic curves that have appeared in recent years, due to Lekili and Perutz [21],
as well as Abouzaid and Smith [22] which are similar to one another in spirit, and are
similar to the proofs of homological mirror symmetry in higher dimensions discussed
in Sect.3.2.

In this section, we will review some of the most convincing evidence for homo-
logical mirror symmetry in the case of an elliptic curve. The reader can refer to [20,
Sect.4] for details. Let’s represent E as R?/Z* be the square torus. We choose a
symplectic form

ds* = adx A dy

so that E has area a. Then every Lagrangian can be written uniquely up to hamiltonian
isotopy as the image in E of a line of rational slope. We will also need to choose a
B-field, b € H>(E, R) againrepresented by aform bdx A dy. The data (b + ia)dx A
dy is called a complexified Kéhler form on E. From here on, we will denote by E
the torus R?/Z? equipped with the complexified Kihler form (b + ia)dx A dy, and
by E’, the complex torus C/(Z + Zr) for 7 = b + ia.

The elements of the Fukaya category of E are quadruples of Lagrangians with
gradings, spin structure and flat unitary bundles.

We wish to show that there is a relationship between the subcategory of F(E)
made up of Lagrangians on E descending from lines of slope d € Z equipped with
unitary rank one local system and the category of line bundles on E’ of degree d. We
will outline some coarse heuristics first.

If we pick a slope d, then there is an S' of Lagrangians of slope d depending
on the x-intercept of the corresponding line in R2. A unitary local system on such
a Lagrangian is determined by its holonomy, which in this case, is just a number in
S!. Therefore, for a given slope d, there is an § I s S's worth of Lagrangians branes
with this slope. Topologically, this corresponds to the fact that the moduli space of
degree d line bundles on E’ is isomorphic to E’, in other words it is topologically a
torus.
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The relationship is obviously deeper than this; let’s say we have a pair of line
bundles £; and L, of degrees d; and d,. Then we might ask what the space of
homomorphisms looks like between £ and L,. We know that if d| < d»,

dimc hom?, (L1, £,) = dimc HY(E', L, @ L7") = dy — d|

by the Riemann-Roch theorem. Now let us take two Lagrangians branes L? and Lg
with rank one unitary local systems and so that the Lagrangian submanifolds L; and
L, underlying these branes come from lines in R of slopes d; and d, respectively.
Then homg gy (L¥, L%) is simply a vector space whose basis is given by the intersec-
tion points of L; and L,. A priori, the degree of these homomorphisms depends on
gradings on L and L%, but regardless, homg g (L%, L}) is concentrated in a single
degree n. One can arrange matters so that if d; < d, then n = 0. It is easy to see that
Ly N L, is aunion of d, — d, points, so

dim¢ hom§ ) (LY, L) = d, — d,.

So dimc homg (L1, £2) = dimc homg ) (LY, L%). What’s more interesting is the
result of composing homomorphisms. Recall that for a line bundle on an elliptic
curve E’, where E’ is written as C/(Z + Zr) for 7 € H, then sections of any line
bundle L can be represented as entire functions on C which satisfy certain functional
equations. Let us give a simple example of this which appears in [23]. Define theta
functions with rational characteristics a, b as

Oup(z;7) = Z exp(mri(n + a)zT +27wi(n 4+ a)(z + b)),

nez

The function s = 6y ¢(z; 7) is a basis of sections for L = O/ ((0)) where (0) is the

point in E” mapped to by 0 under the covering map C — C/(Z + Z7). One may

write sections of L2 as t; = 6,027, 2z) and t, = 01 0(27', 27). A classical result is
3

that the identity

Bo.0(T, 2)? = 60,027, 0)00.0(27, 22) + 01 0(27', 001 0(27', 2z2).
2 2

This relation as saying that the map
homg (L, £%) ® homg (Og, L) — homg (Of, L?)
can be written in terms of the basis s of H*(E’, £) and the basis 7,, £, of H(E’, £?) as

S2 = 90,0(2’7', 0O + 91 0(27', 0)tr,
3

(here we regard s, #;, t, as homomorphisms between bundles obtained by multiplying
by the corresponding section). More generally, if we represent sections of line bundles
L1, Ly and L ® L as theta functions on E, then the maps
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homg (L, L1 ® L) ® hompg (Op/, L1) — homp (Op, L1 ® L)

have relations whose coefficients are obtained by evaluating theta functions for some
values of 7 and z.

On the other hand, homomorphisims in F(E) come with chosen bases, coming
from points of intersection between Lagrangians. In the Fukaya category, one has
that lfp eLiNLyy,gel,NLj then

my(p.q)= Y Clp.q.r)r

reLNL3

where

Cp.g.r)= Y imp@w{/¢%§hﬁ@@D»
D

peM(p.q.r)

Here M(p, g, r) is the moduli space of immersed pseudoholomorphic discs ¢ : D —
E with boundary along L, L, and L3 and whose vertices are p, ¢ and r. The term
hol(¢(0D)) is a term measuring the holonomy of the induced local system around
the boundary of D. In this case, this reduces to counting immersed triangles in E
with edges in L, L, and L3 and vertices p, g and r with weighs corresponding to
the area of the given triangle and holonomy around its boundary. These counts can
be done in such a way that the value of C(p, ¢, r) is identified with a translate of
a theta function evaluated at 7 = b + ia, z = 0. For instance, if we let L be the
Lagrangian of slope 0 passing through the origin, L, a Lagrangian of slope 1 passing
through the origin and L3 a Lagrangian of slope 2 passing through the origin, then
LiNLy,=e =(0,00=LyNLsand L N L3 ={ey, e; = (1/2,0)}. Equip all of
these Lagrangians with trivial flat unitary bundles of rank 1. Then we have that

m(er, e1) = Cler, e, e1)ex + Cley, 1, e2)es.
Polishchuk and Zaslow compute that

Clei,er,e1) =600Q2(b+1a),0), C(er,e1,e) =0, 02 +1a), 0).
3

Therefore, the map sending L; — L; has the same composition maps on both sides.

More generally we match the canonical bases of homg (L, L) coming from
theta functions with the canonical bases of homgg) (L%, L%), then my on F(E)
can be matched with composition of homomorphisms of line bundles. Since one
can show that m; vanishes, this is enough to show that a partial equivalence holds
between D? (coh(E’)) and H'F(E). The main theorem of [20] extends this to vector
bundles and shows that

Theorem 3.1 There is an equivalence of graded categories,

D?(coh(E")) = HF(E).
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Polishchuk [24] has sharpened this result to prove that there is a natural minimal
A enhancement of D?(coh(E")) so that the higher multiplications agree with those
in F(E) [24]. See [6, Sect. 4] for a more detailed discussion.

3.2 Calabi-Yau Varieties in Higher Dimension

Seidel outlined an approach to homological mirror symmetry in his 2002 ICM lecture
[8] based on deformation theory of Fukaya categories. The basic idea has its roots in
classical mirror symmetry. In its roughest form, mirror symmetry is an isomorphism
between the complexified Kédhler moduli space of X and the complex moduli space
of XV. The catch is that this isomorphism might only hold between a neighbourhood
of a very bad point in the boundary of the complex moduli space of X" corresponding
to a very singular Calabi—Yau variety, and a neighbourhood of the large radius limit
in of the moduli space of complexified Kihler forms on X. So we might begin by
looking a degenerate Calabi—Yau varieties, and try to relate them to the Fukaya cat-
egories of Calabi—Yau varieties with large complexified Kihler forms. If we replace
a complexified Kihler form with an ample divisor, and we make that divisor very
large, this corresponds to giving more and more importance to the complement of
this divisor in X.

The idea is then that the Fukaya category of the complement of an ample hy-
persurface in a compact Calabi—Yau manifold is expected to be equivalent to the
category of perfect complexes on a degenerate mirror Calabi—Yau variety.

This is beautifully exhibited in papers of Lekili and Perutz [21] and Lekili and
Polishchuk [25], where it is shown that the exact Fukaya category of a 2-torus T with
n points removed satisfies

D"F(T\ {pi1, ..., pn}) = Perf(G,)

where G, is a cycle of n rational curves and Perf(G,,) denotes its category of perfect
complexes.

The next step in Seidel’s approach is to define the relative Fukaya category of
X with respect to D, denoted F(X, D). This is a category with the same objects
as F(X\D), but whose homomorphisms are deformed over Az by counting discs
intersecting D k times with weight ¢g¥. Recall that elements of Ay are certain infi-
nite series in a variable ¢ with fractional exponents. When we specialize to ¢ = 0
we recover the Fukaya category F(X\ D), and when we specialize to the algebraic
closure of the fraction field of Az, denoted Aq, then we should recover J(X).

Seidel uses this idea to prove a version of mirror symmetry for quartic K3 surfaces.
Consider

G=(aa.as,a) € XY a;=0

1
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and let X, be a minimal resolution of the K3 surface over Ag defined by
(gx* +y* + 2+ wh) + xyzw C PG,

where G is used to act component-wise on IP?. Then there is some A, enhancement
D?_(coh(X,)) of D?(coh(X,)) so that

Theorem 3.2 There is an equivalence of Ay categories over A,
¢*DE, (coh(X,)) = D"F(X),

Sfor some continuous automorphism 1 of Ag.

To prove this, Seidel uses the fact that X\ D admits a Lefschetz fibration, then the
work of [10] allows him to compute F (X \ D). He then uses results on the deformation
theory of categories to conclude that his equivalence holds.

Nick Sheridan [13] has proved similar results (by slightly different methods) for
degree (n + 1) hypersurfaces in P".

4 Mirror Symmetry for Fano Manifolds

Itis expected that a version of homological mirror symmetry holds for Fano manifolds
as well. Recall the definition of a Fano manifold:

Definition 4.1 A smooth projective variety is called Fano if its anticanonical line
bundle wy' = A ¥ Qy is ample.

Example 4.2 1f X is a smooth hypersurface in P” cut out by a homogeneous equation
of degree < n, then X is a Fano variety, since a);l = Op (n — deg X) by adjunction.
g

Example 4.3 Choose 0 < k < 8 points in general position on IP2. Then denote by S
the blow up of IP? in these points. The variety S; is a Fano variety called a del Pezzo
surface. Any Fano surface is either equal to S; for some k, or P! x P!, (]

If X is a Fano variety and we assume that we have chosen D a normal crossings
anticanonical divisor with op a section of wy vanishing along D, then op is a
nonvanishing section of wx\ p, hence it provides an isomorphism between wx\ p and
Ox\p. Therefore X\ D is a Calabi—Yau variety, so U = X\ D has a mirror Calabi—
Yau manifold V. In his seminal work, [26], Auroux demonstrates that putting D back
into U corresponds to choosing a regular function on V. Therefore, the mirror to a
Fano manifold is a pair of (V, w) where V is a noncompact Calabi—Yau variety and
W is a regular function on V. This pair is called a Landau-Ginzburg model.

Remark 4.4 This formulation of mirror symmetry for Fano manifolds goes back
further than Auroux, of course. It has been understood for a long time in the physics
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Table 1 Categories involved B side A side

in mirror symmetry for Fano .
varieties and Fano D?(coh(X)) LI F(X)A

Landau-Ginzburg models LG LI MF(V,w —X) | F8(V, w)

literature [27] and even in the mathematical literature [2] that the mirror of a Fano
manifold is a Landau-Ginzburg model. We refer to Auroux’s work to emphasize the
fact that he gives a mathematical explanation for why mirror symmetry takes this
form. U

The next two sections are devoted to explaining how homological mirror symme-
try is formulated for Fano manifolds. The challenge that we are confronted with is the
fact that the function W is an integral part of the Landau-Ginzburg model, therefore
we must construct categories which integrate W in some way. A summary is given
in Table 1.

In Table 1, the row “Fano” denotes the A side and B side categories associated
to a Fano variety, and the row “LG” denotes the categories associated to a Landau—
Ginzburg model. Mirror symmetry is a relation between the Fano A side (resp. B
side) category and the Landau—Ginzburg B side (resp. A side) category.

4.1 The Directed Fukaya Category

There is an issue when trying to define the Fukaya category of a noncompact man-
ifold, which is that if on allows noncompact Lagrangian branes, then it can be hard
to control their behaviour. The solution is to force our Lagrangian branes to have
specified behaviour in a neighbourhood of the boundary of M. Not much is known
about Fukaya categories defined this way, as far as I’'m aware, but Seidel has con-
structed a category called the directed Fukaya category or the category of vanishing
cycles which should capture the same information. The problem with Seidel’s cat-
egory is that it assumes that the function w has only extremely mild singularities.
This assumption is fine in low dimensions, or for the mirrors of simple varieties, but
in many interesting examples W is very badly behaved.

Let us take (E, w, J) to be the data of an symplectic manifold E of dimension
2d where w € Q% is a symplectic form on E, and J is an almost complex structure
which is compatible with w. We will let 7 be a symplectic morphism from E to an
open subset S € R? which is compatible with this almost complex structure. We will
assume that this is Lefschetz fibration. In effect, this means that 7 has a finite number
of critical points, and near the critical points, 7 looks like
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Fig. 1 Vanishing cycle of a -
node

where x; are coordinates with respect to the almost complex structure J. We also
must assume that 7w behaves nicely “at infinity” in the fibers. For instance, this means
that if one removes fibers of 7 containing critical points, which we denote crit(7), one
obtains a symplectic fiber bundle over S\ X. The symplectic structure on E allows
us to define a parallel transport between fibers of 7 along paths in S. If we choose a
differentiable map vy : [a, b] — S, we geta symplectomorphism p-, : Ey@) — Eq@).

Let us denote by X the set of critical values of 7. Take p € ¥ and consider a
point s near p and a smooth map ~ : [0, 1] — § so that v(0) = s and (1) = p.

If we let x be the critical point of 7 in E, then we may define

B = {y S E’)(A‘) 10 <s5s =< 1 with lln} p’)’|[s,t](y) = x}
1—

whichis aballin E whose boundary in E is a Lagrangian sphere. This set is depicted
in Fig. 1.

We will choose a base point s in § and a path «y, from s to every p € X which
do not intersect each other except at s. The paths 7, can be cyclically ordered by
choosing one to be 71, the one to it’s left to be v, and so on. This gives us an ordered
setof Lagrangian spheres in E, whichwedenote Ly, ..., Ly, wherek = |X|. When
d = 1, we choose the nontrivial spin structure on L;, otherwise, there is only one
possible spin structure on L;. We can choose gradings arbitrarily, and the resulting
structure allows us to promote L; to Lagrangian branes L?, elements of F(E;) where
E; =71 (s).

Let us denote I' = {~y,, : p € X}. Using the notation of Auroux, Katzarkov and
Orlov, we define the category Lag,.(m, I') to be the category with k objects ¢; cor-
responding to the L¥ above, and so that
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hOl’Ilg‘(Ex)(L?, L?) if i< j,
hompag r,r)(4is £;) = § k - id, if i=j,
0 if i>j.

Composition of homomorphisms is taken inside of F(E,) if i < j, and composition
with idy, is the identity. This category is called several things in the literature, but we
will call it the directed Fukaya category of Lagrangian vanishing cycles. It is clear
that the category Lag,. (7, I') depends heavily on I', but it is a theorem of Seidel
[28] that the category of twisted complexes over Lag, (7, I') is invariant under a
certain braid group action on the set of all paths, called mutations. We will denote
D’Lag,.(m, I') the category H*TwLag,(r, T).

The category D’Lag, . (, T') has a full exceptional collection of objects given by
£y, ..., 4, therefore it is closely related to categories of representations of certain
algebras.

4.2 Mirror Symmetry

This allows us to state the homological mirror symetry for some Fano varieties.

Conjecture 4.5 If X is a Fano variety and its mirror Landau—Ginzburg model
((E,w, J), m) is a symplectic Lefschetz fibration then there is an equivalence of
categories

D’(coh(X)) = D’Lag, (r, I).

This has been proven in a number of cases. The most basic is that of del Pezzo
surfaces [29]. In this case, the Landau—Ginzburg mirror of X is given by the following
construction.

We take first of all the Landau—Ginzburg mirror of P?. This is written as the pair

1
(€% 7wy =x+y+—.
Xy

One can compactify (C*)? to a surface Xo which is fibered over P! by a function
f and so that f|cx)2 is equal to 7. The fibers over 3C§ are nodal elliptic curves, the
fiber over oo is a chain of 9 rational curves and every other fiber is a smooth genus 1
curve. We can deform X9 smoothly so that for each 0 < n < 8 there are 3 + n nodal
elliptic curve fibers over points in A! = P!\ oo and the fiber over oo is a chain of
9 — n curves. Call the resulting surface Xq_, for each n, and let fg_,, be the morphism
from Xq_, to P!. Let

Y9—n = X9—n\f9__ln (OO)’ Wy, = f9—n |Y9,,,~
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Then, for an appropriate choice of symplectic form on Yy_,, Auroux, Katzarkov and
Orlov prove that homological mirror symmetry holds.

Theorem 4.6 (Auroux, Katzarkov and Orlov, [23]) For an appropriate choice of
complexified Kéihler form 8 + iw on Y9_,, and a choice of basis of paths T, there is
a del Pezzo surface S, so that

D’(coh(S,)) = D"Lag,.(Wo_,, ).

In fact, [23] proves much more than this. If one lets 5 + iw be a general sym-
plectic form on Yy_, which does not come from a symplectic form on Xo_,, then
there is no S, so that D?(coh(S,)) = D’Lag,.(Wo_,, I'). Instead, one can interpret
Db Lag, (Wo_,, I') as the derived category of coherent sheaves on a noncomutative
del Pezzo surface. This is said precisely in [23, Sect.2].

The computations of [23] are similar to those of Polishchuk and Zaslow’s, since
nontrivial part of D’Lag,.(Wy_,, I") occurs in the Fukaya category of a smooth fiber
of Wg_,, which is just a two dimensional torus. In the case of the Landau—Ginzburg
mirror of P2, if we choose s = 0 to be straight line paths to 3¢%, then it not difficult to
compute that the vanishing cycles are Hamiltonian isotopic to Lagrangians of slopes
0, 3, 6. Therefore, under Polishchuk and Zaslow’s correspondence, there are line
bundles of degrees 0, 3, 6 corresponding to these Lagrangians. These three objects
should correspond to the restrictions of Op2, Op2 (1), Op2(2) to a smooth cubic curve
in P2, which, as we know, should be mirror to the fiber of wy.

4.3 Other Results

Auroux, Katzarkov and Orlov have proved very similar results for weighted projective
planes and Hirzebruch surfaces in [29]. Ueda proved homological mirror symmetry
for toric del Pezzo surfaces in [30]. In [31], Futaki and Ueda prove homological mirror
symmetry holds for all projective spaces and many weighted projective spaces. In
[32], Abouzaid uses a different approach to prove homological mirror symmetry for
many toric Fano varieties. A radically different form of homological mirror symmetry
for Fano varieties appears in the work of Zaslow and collaborators [33-35], which
replaces Fukaya categories with the dg category of perverse sheaves on (C*)" with
microlocal support in a given singular Lagrangian.

4.4 Categories of Matrix Factorizations

We will now discuss the B model category associated to a Landau—Ginzburg model.
This category is known as the category of matrix factorizations. Interestingly, the
Fukaya category of a Fano variety only has a Z/2-grading, so we will find ad(Z/2)g
category corresponding to it.
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Consider the pair (V, w) where V is an affine variety and w € C[V] is a regular
function! .Define the category MF(V, w) so that Ob(MF(V, w)) is made up of triples

P = (Py, P1, 91, 02)

with Po, P1 € mod((C[V]), and (50 (S} hom(c[v](P(), Pl) and (51 S hom(c[v](Pl, Pz) SO
that dp - 0, = W - idp, and 9, - §p = W - id p,. We can also envision objects as pairs,

_ (0 6
r=(mors-( 3))

We define homomorphisms as,

homyry,w) (P, Q) =homcyyi(Po, Qo) ® homepy (P, Q1)
@ homcyv (P, Q1) @ homey (P, Qo).

This is given the structure of a Z/2-graded complex where the first two terms are in
degree 0 and the second two are in degree 1. We will write homomorphisms then as
matrices. There is a differential on this complex given by

dp =dog + (—1)*pdp.

The category MF(V, w) is a triangulated d(Z/2)g category, and hence its homotopy
category is a triangulated category.
Orlov [36] has shown that this category has geometric meaning. There is an
equivalence,
HMF(V, w) = D, (w™'(0)).

The category ng(w_'(O)) is by definition the Verdier quotient of the category
D?(coh(w~'(0))) by its full subcategory of perfect complexes denoted Perf (w~'(0)).
If w=!(0) is a smooth variety, then ng(W“(O)), s0 Dy (W™1(0)), and by proxy
MF(V, w), measure how singular w=!(0) is.

4.5 Mirror Symmetry

One expects that if X is a Fano manifold and (V, w) is its Landau—Ginzburg mirror
there is an equivalence between H'MF(V, w) and th Fukaya category of a Fano
variety. We will now outline how this correspondence is expected to go.

The Fukaya category of a Fano manifold whose symplectic structure is given by
the class of wy' is in general obstructed. This means that there is a non trivial mj

!One can forget the condition that X be affine, though this comes at the cost of clarity.
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class taking part in the A, relations. For each object L¥, there is a constant \; so
that if f € homgx, (Lf, Lg) then

mi(mi(f)) = (AL, — A, f.

As was mentioned earlier, obstructed A, categories are hard to work with, so our
goal will be to break F(X) into pieces. For each A € C, the full subcategory of F(X)
made up of A-branes L¥ so that \; = )\ can be given the structure of an unobstructed
A category. Therefore, forall A € C, we get a category F(X) . There is only a finite
number of values of A for which F(X), is non trivial.

On the other hand, we have a category of matrix factorizations for each A € C,
obtained as MF(X, w — \). Homological mirror symmetry then predicts that

Conjecture 4.7 If X and (V, W) form a homologically mirror dual pair, then for
each )\ € C, there is an equivalence of categories,

D"F(X), = H'MF(X, w — \).

This has been proved by Sheridan for degree a Fano hypersurfaces in P"~!. Par-
ticularly, Sheridan takes the potential function

n
n o .__ a
Zli=up...u, + E u
j=1

as a polynomial map from C" to C. He then lets W? = Z + w” for some constant
w?. Then the group

T ={G,....¢) € Z/a)" : G+ + G =0}

acts naturally on C", and so that W/ descends to a regular function V~VZ on V! We
let V' = C"/(I'$)*, then we define the pair

(VW™

to be the Landau—Ginzburg mirror of a smooth degree a hypersurface in P!, denoted
X”. Then Sheridan shows that for the pair X and (V.!, W%), Conjecture 4.7 holds.
Properly, one should first take a smooth crepant resolution of V', since it is highly
singular at the origin, however the resulting category will be equivalent. This is
discussed in [28] and [37].

Remark 4.8 We should note that there are expected to be other homological mirrors
to a given Fano variety. The construction of mirrors of Fano manifolds of Auroux
discussed at the beginning of this section produces a mirror of dimension equal
to that of the original Fano manifold. In Sheridan’s construction, the mirror has
dimension dim X + 2. In the case of hypersurfaces in projective space, there is
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another construction of the mirror manifold [2] which should, in theory, produce
the same thing as Auroux’s construction. There is a construction called Knorrer
periodicity [36] which likely relates the categories of matrix factorizations of the LG
mirrors constructed by Givental to those of Sheridan.

S Mirror Symmetry for Varieties of General Type

Recall the following definition.

Definition 5.1 A smooth projective variety is said to be of general type if its canon-
ical bundle is ample.

Stereotypical examples of varieties of general type are curves of genus > 2 and
smooth hypersurfaces in P" of degree > n + 2.

Katzarkov [38] has conjectured that a form of homological mirror symmetry
holds for varieties of general type. In this case the mirror is again conjectured to
be a Landau—Ginzburg model. Furthermore, if X is a variety of general type and
(V,w) is its mirror, then we expect that V is not of the same dimension as X, a
phenomenon that was somewhat pathological in Sheridan’s proof of homological
mirror symmetry.

Conjecture 5.2 If X and (V, W) are homologically mirror dual, then
MF(V,w) = F(X)

Note that this differs from homological mirror symmetry for Fano varieties in that
we are only considering matrix factorizations with respect to w, not w — X for all
AeC.

The best understood case of homological mirror symmetry for manifolds of gen-
eral type, by which I mean the only case in which Conjecture 5.2 has been proven,
is that of curves of genus > 2. We will review what is known here.

Consider a compact Riemann surface M, of genus g, equipped with a natural
symplectic form (of which there is, up to equivalence and scaling, only one). We
construct its Landau—Ginzburg mirror, starting with the data

3 20+1 | 2041 | 2g+1
v=C, w,=-zinnztz 457 +57.

Then one takes the quotient of C* by a subgroup K, of SL3(C) isomorphic to Z/(2g +
1) generated by the matrix

C 0 0
0 ¢ 0
0 0 C2971

Note that W, is invariant under the action of this group, thus it descends to a function
W; on C3/K ¢- The quotient space C/K, has a singularity at the image of (0, 0, 0),
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but this singularity can be crepantly resolved by toric methods. The resulting variety
is a smooth variety H, admits the following morphism

3 wﬁ,
H, > C3/K, -5 C

which we will denote W,. The pair (H,, W,) is the Landau-Ginzburg mirror of M.
The following theorem is proved by Seidel in the case where ¢ = 2 and by Efimov
[37] in the case where g > 2. One does not know that that category ng W=0)) is
Karoubi complete, so it is necessary to add some objects for it to be equivalent to

D™(F(M,)). Denote by ng (W~1(0)) the Karoubi completion of ng (W=1(0)).

Theorem 5.3 (Seidel [28], Efimov [37]) There is an equivalence of Z/2 graded
triangulated categories, o
D2, (W, ' (0)) = D"F(M,).

The proof of this result proceeds as follows. Seidel and Efimov find 2g + 1 gen-
erators of D"J(M,) and compute part of the A structure on the homomorphisms
between them. Then they compute a minimal Ao, category which is equivalent to a
dg extension of ng (\Tvg’1 (0)). Then they compare A, structures to show that these
categories are equivalent.

The fact that the Landau—Ginzburg mirror of M, is obtained as the resolution of
a quotient of C? plays a key role in the proofs appearing in [28] and [37], however
this does not seem to be a general feature. A more general construction of mirrors of
varieties of general type which are complete intersections in smooth toric varieties
appears in work of Katzarkov, Gross and Ruddat [39]. They do not prove results
about homological mirror symmetry, however. Their results are exclusively in terms
of the cohomology of X and its mirror.

One would expect that an version of homological mirror symmetry holds between
the Fukaya-Seidel category of (H,, W,) and M,. Precisely, we should let H gO be the
preimage of a small disc in C containing 0, and let Wg be the restriction of Wy to
H). There is a Fukaya-style category F(H,), W)) associated to the pair (H,), W)). We
conjecture that;

Conjecture 5.4 For some choice of symplectic form on H, and for some choice of
complex structure on M, there is an equivalence of categories,

D’ (coh(M,)) = D™(F(H,), Wy)).

The issue with this is similar to the issue we confronted when discussing homo-
logical mirror symmetry for more complicated Fano varieties, that is, the category
F(H?, v~v2) is not very well understood. To my knowledge, this version of mirror
symmetry is completely open.
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The SYZ Conjecture via Homological )
Mirror Symmetry L

Dori Bejleri

1 Introduction

These are expanded notes based on a talk given at the Superschool on Derived
Categories and D-branes held at the University of Alberta in July of 2016. The goal
of these notes is to give a motivated introduction to the Strominger-Yau-Zaslow
(SYZ) conjecture from the point of view of homological mirror symmetry.

The SYZ conjecture was proposed in [35] and attempts to give a geometric expla-
nation for the phenomena of mirror symmetry. To date, it is still the best template for
constructing mirrors Xtoa given Calabi—Yau n-fold X. We aim to give the reader
an idea of why one should believe some form of this conjecture and a feeling for the
ideas involved without getting into the formidable details. We assume some back-
ground on classical mirror symmetry and homological mirror symmetry as covered
for example in the relevant articles in this volume.

Should the readers appetite be sufficiently whet, she is encouraged to seek out
one of the many more detailed surveys such as [2, 3, 10-12, 18-20] etc.

2 From Homological Mirror Symmetry to Torus Fibrations

Suppose X and X are mirror dual Kéhler Calabi—Yau n-folds. Kontsevich’s homolog-
ical mirror symmetry conjecture [29] posits that there is an equivalence of categories

Fuk(X) = D’(Coh(X))
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between! the Fukaya category of X and the derived category of X. This should make
precise the physical expectation that “the A-model on X is equivalent to the B-model
on X.” The basic idea of the correspondence is summarized by the following table:

A-model on X B-model on X
Objects Lagrangians with flat U (m)-connection (L, V) [ (complexes) of coherent sheaves F
Morphisms Floer cohomology groups H F*(L, M) Ext groups Ext*(F, G)
Endomorphism algebra HF*(L,L) = H*(L) Ext*(F,F)

Now we can now try to understand how this correspondence should work in simple
cases. The simplest coherent sheaves on X are structure sheaves of points O, and

indeed X is the moduli space for such sheaves:
(O, : pe X} =X.

Therefore there must be a family of Lagrangians with flat connections (L,, V)
parametrized by p € X and satisfying

H*(L,) = Ext*(O,, O)).
Let us compute the right hand side explicitly.
This question is local so we can reduce to an affine neighborhood U of p. Since

U is smooth at p, then p is the zero set of a section Oy — V = Op". Dualizing, we
obtain an exact sequence

Vi ——= Oy 0, 0

that we can extend by the Koszul resolution

Sn

/\nfl V*

Sn—1 52

0—> A\"V* v oy o, 0.

where
k

sk(vl/\.../\vk):Zs(v,-)vlA.../\ﬁi/\.../\vk.

i=1

Truncating and applying Hom(—, O,) gives us

0 AV, N7, . v, k, 0

!One should work with the dg/A~, enhancements of these categories but we ignore that here.
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where k, is the skyscraper sheaf at p, V,, is the fiber of V, and all the morphisms are
0 since s(w) vanishes at p for any w. It follows that

n k
Ext*(0,.0,) =P\ V,
k=0

where V), is an n-dimensional vector space (in fact isomorphic by the section s to
T,U).
Therefore we are looking for Lagrangians L, in X with

n k
HYL,) =P AV,
k=0

where V, is an n-dimensional vector space. If we stare at this for a while, we realize
this is exactly the cohomology of an n-torus; H*(L,) = H*(T"). This suggests that
points p € X might correspond to Lagrangian tori in X with flat connections.

We are led to consider the geometry of Lagrangian tori in the symplectic manifold
(X, w). The first thing to note is that under the isomorphism 7X = T*X induced
by the symplectic form, the normal bundle of a Lagrangian L is identified with its
cotangent bundle:

N, XET"L.

In fact, more is true. There is always a tubular neighborhood of N (L) in X isomorphic
to a neighborhood of L in Ny X, and under this identification we get that N (L) is
symplectomorphic to a neighborhood of the zero section in 7*L with the usual
symplectic form by the Weinstein neighborhood theorem [38, Corollary 6.2].

On the other hand, if L = T" is an n-torus then 7*L = R" x T" is the trivial
bundle. Therefore we can consider the projection

iR x T" — R".

This is a Lagrangian torus fibration over T*L over an affine space. The restriction
of u to the tubular neighborhood N (L) under the aforementioned identification
equips X with the structure of a Lagrangian torus fibration, at least locally around a
Lagrangian torus.

The SYZ conjecture predicts that this is true globally: given a Calabi—Yau mani-
fold X for which we expect mirror symmetry to hold, then X should be equipped with
a global Lagrangian torus fibration 11 : X — B which locally around smooth fibers
looks like the fibration 7*7T" — R” over a flat base. By the previous discussion, X
should be the moduli space of pairs (L, V) where L is a Lagrangian torus fiber of
wand V is a flat unitary connection on the L. However u can, and often will, have
singular Lagrangian fibers (see Remark 2.1.ii) and understanding how these singular
fibers affect X is the greatest source of difficulty in tackling the SYZ conjecture.
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Let us momentarily restrict to the open locus By C B over which y has smooth
torus fibers and denote the restriction pg : X9 — Bp. Then there is an open subset
Xo C X for which the description as a moduli space of pairs (L, V) of a smooth
Lagrangian torus fiber of p equipped with a flat unitary connection makes sense.
We can ask what structure does X gain from the existence of i : X — B?

Viewing By as the space of smooth fibers of y, there is a natural map fi : Xo — By
given by (L, V) — L. Now a flat unitary connection V is equivalent to a homomor-
phism

Hom(m (L), U(m)).

Since X o must be 2n real dimensional and [i is a fibration over an n real dimensional
base, the fibers must be n real dimensional and so m = 1. That is, the fibers of fig
are given by

Hom(m (L), U(1)) = (L)*

the dual torus of L. Ignoring singular Lagrangians, XoC X is equipped with a dual
Lagrangian torus fibration i : Xg — By C B!

Conjecture 1 (Strominger-Yau-Zaslow [35]) Mirror Calabi-Yau manifolds are
equipped with special Lagrangian fibrations

X X
WA
B

such that y and [i are dual torus fibrations over a dense open locus By C B of the
base.

Remark 2.1 (1) We will discuss the notion of a special Lagrangian and the reason
for this condition in 2.1.

(i) Note that unless x(X) = 0, then the fibration p must have singularities. Indeed
the only compact CY manifolds with smooth Lagrangian torus fibrations are
tori.

(iii) From the point of view of symplectic geometry, Lagrangian torus fibrations are
natural to consider. Indeed a theorem of Arnol’d and Liouville states that the
smooth fibers of any Lagrangian fibration of a symplectic manifold are tori [8,
Sect. 49].

This conjecture suggests a recipe for constructing mirror duals to a given Calabi—
Yau X. Indeed we pick a it : X — B and look at the restriction pg : Xg — By to the
smooth locus. Then 1 is a Lagrangian torus fibration which we may dualize to obtain
1o : Xo — By. Then we compactify X, by adding back the boundary X \ Xo =: D
and hope that this suggests a way to compactify the dual fibration to obtain a mirror X.
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It turns out the story is not so simple and understanding how to compactify X and
endow it with a complex structure leads to many difficulties arising from instanton
corrections and convergence issues for Floer differentials. Furthermore this strategy
to construct the dual depends not only on X but also on the chosen fibration p and
indeed we can obtain different mirrors by picking different fibrations, or even from
the same fibration by picking a different “compactification” recipe. This leads to
mirrors that are Landau-Ginzburg models and allows us to extend the statement of
mirror symmetry outside of the Calabi—Yau case ([9, 28], etc). Finally, there are
major issues in constructing Lagrangian torus fibrations in general. Indeed it is not
known if they exist for a general Calabi—Yau, and in fact they are only expected to
exist in the large complex structure limit (LCSL) [24, 30]. This leads to studying
SYZ mirror symmetry in the context LCSL degenerations of CY manifolds as in the
Gross-Siebert program [20, 21]. We discuss these ideas in more detail in Sect. 5.

2.1 Some Remarks on Special Lagrangians

As stated, the SYZ conjecture is about special Lagrangian (sLag) torus fibrations
rather than arbitrary torus fibrations. Recall that a Calabi—Yau manifold has a non-
vanishing holomorphic volume form Q € H%(X, Q%).

Definition 2.2 A Lagrangian L C X is special if there exists a choice of €2 such that
Im(Q2)|, = 0.

There are several reasons to consider special Lagrangians:

e SLags minimize the volume within their homology class. In physics this corre-
sponds to the fact these are the BPS branes (see Sect. 2.2). Mathematically, this
corresponds to the existence of a conjectural Bridgeland-Douglas stability condi-
tion on the Fukaya category whose stable objects are the special Lagrangians (see
for example [27]).

e SLags give canonical representatives within a Hamiltonian isotopy class of
Lagrangians. Indeed a theorem of Thomas and Yau [37, Theorem 4.3] states that
under some assumptions, there is a unique sLag within each Hamiltonian defor-
mation class.

e The deformation theory of sLag tori is well understood and endows the base B
of a sLag fibration with the structures needed to realize mirror symmetry, at least
away from the singularities. We will discuss this in more detail in Sect. 4.1.

However, it is much easier to construct torus fibrations than it is to construct sLag
torus fibrations and in fact its an open problem whether the latter exist for a general
Calabi—Yau. Therefore for many partial results and in many examples, one must
get by with ignoring the special condition and considering only Lagrangian torus
fibrations.
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2.2 A Remark on D-branes and T-Duality

Strominger- Yau-Zaslow’s original motivation in [35] differed slightly form the story
above. Their argument used the physics of D-branes, that is, boundary conditions
for open strings in the A- or B-model.”

They gave roughly the following argument for Calabi—Yau threefolds . The mod-
uli space of DO? B-branes on X must the moduli space of some BPS A-brane on
X. The BPS condition and supersymmetry necessitate that this is a D3 brane con-
sisting of a special Lagrangian L equipped with a flat U (1) connection. Topological
considerations force b1 (L) = 3 and so the space of flat U (1) connections

Hom(m (L), U(1)) = T3

is a 3 torus. Thus X must fibered by D3 A-branes homeomorphic to tori and by
running the same argument with the roles of X and X reversed, we must get a
fibration by tori on X as well.

The connection with homological mirror symmetry, which was discovered later,
comes from the interpretation of the Fukaya category and the derived category as
the categories of topological D-branes for the A- and B-model respectively. The
morphisms in the categories correspond to massless open string states between two
D-branes.

Now one can consider what happens if we take a D6 B-brane given by a line
bundle £ on X. By using an argument similar to the one above, or computing

Ext*(L, Op) = k[0],
we see that there is a one dimensional space of string states between £ and 0,.
Therefore the Lagrangian S in X dual to £ must satisfy

HF*(S, L) = k[O].

Remembering that the Floer homology groups count intersection points of
Lagrangians, this suggests that S must be a section of the fibration .
In summary, the SYZ Conjecture states that mirror symmetry interchanges D0

B-branes on X with D3 Lagrangian torus A-branes on X and D6 B-branes on X
with D3 Lagrangian sections on X. On a smooth torus fiber of the fibration, this
is interchanging DO and D3 branes on dual 3-tori. This duality on each torus is
precisely what physicists call 7-duality and one of the major insights of [35] is that
in the presence of dual sLag fibrations, mirror symmetry is equivalent to fiberwise
T -duality.

2For background on D-branes see for example [2] or the other entries in this volume.
3D0, D3, ...denote O-dimensional, 3-dimensional, ... D-branes.
“That is, k in degree zero and 0 in other degrees.
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3 Hodge Symmetries from SYZ

The first computational evidence that led to mirror symmetry was the interchange of
Hodge numbers

hl,l(x) — hl,Z()v()
h2(X) = h(X) o

for compact simply connected mirror Calabi—Yau threefolds X and X. Thus the first
check of the SYZ conjecture is if it implies the interchange of Hodge numbers. We
will show this under a simplifying assumption on the SYZ fibrations.

Let f : X — B be a proper fibration and let i : By C B be the locus over which
f is smooth so that fy : Xo — By is the restriction. Then the higher direct image of
the constant sheaf R” f,RR is a constructible sheaf with

i*R? f,R = R”(fo):R
for each p > 0. Furthermore, R”(fy)«R is the local system on By with fibers the

cohomology groups H” (X;, R) for b € By since f; is a submersion.

Definition 3.1 We say that f is simple if we can recover the constructible sheaf
R? £, R by the formula

l*Rp(fO)*R = Rpf*R
forall p > 0.

Proposition 3.2 Suppose X and X are compact simply connected Calabi—Yau three-

folds with dual sLag fibrations
X X
B

such that v and [ are simple. Assume further that v and 11 admit sections. Then the
Hodge numbers of X and X are interchanged as in (1).

Before the proof, we will review some facts about tori. If T is an n-torus, there is
a canonical identification
T =ZH(T,R)/Ar

where Ar denotes the lattice H\(T, Z)/tors C H (T, R). Then the isomorphism
HY(T,R) = H,(T,R)* induces an identification

T = H'(T,R)/A%
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where A% = H'W(T,Z)/tors C H'(T,R). It follows that H,(T*,R) = H' (T, R)
and A7+ = A%. More generally, denoting V = H, (T, R), there are isomorphisms

HY(T,R) = /P\ Vv,
HP(T*,R) = /1’\ V.
After fixing an identification /" V = R, Poincaré duality gives rise to isomorphisms
HP(T,R) = H" P(T*,R)
compatible with the identification A} = Ar-.
Proof of Proposition 3.2 Applying the above discussion fiber by fiber to the smooth
torus bundle p : Xo — By, we obtain an isomorphism of torus bundles
R' (10)+(R/Z) := (R' (10)R) /(R (110) L/ t0rs) = Xy
over B. Similarly Xy = R'(fi)+(R/Z) and Poincaré duality gives rise to
RP (110).R = R*™ (jio).R.
By the simple assumption on y and /i it follows that
R” i, R = R, R. )

We want to use this isomorphism combined with the Leray spectral sequence to
conclude the relation on Hodge numbers.

Let us analyze the cohomology of X and X. First, H'(X,R) =0 by the simply
connected assumption and so H3(X, R) = 0 by Poincaré duality. This implies the
Hodge numbers 1% (X), h':0(X), h*3(X) and h3?(X) are all zero. By Serre duality,
h*0 = h%2(X) = h®1(X) = 0. Furthermore, h'3 = h3! = h'(X, Q%) = % =0
by the Calabi—Yau condition. Finally, #*3 = h%% = 1 is evident and %3 = 130 =
h°(X, %) = 1 again by the Calabi-—Yau condition. Putting this together gives us the
following relation between Hodge numbers and Betti numbers:

hUN(X) = by(X) = ba(X) = h*2(X)
by(X) =24+ h"2(X) + h>'(X) = 2(1 + "2 (X))

Of course the same is also true for X. Thus it would suffice to show

by(X) =2+ h"1(X) + h*2(X) = 2(1 + h"1 (X)) A3)
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from which it follows that A1 (X) = h'2(X) as well as A1 (X) = h'2(X) by apply-
ing the same argument to X.

The sheaves R> 11, R and Ry, R are both isomorphic to the constant sheaf R. As X
is simply connected, so is B so we deduce H' (B, R) = 0 andsimilarly H>(B,R) = 0
by Poincaré duality. Thus H'(B, R°u,R) = H*(B, R°u,R) = H' (B, R*11,R) =
H?*(B, R*,R) =0 and H'(B, R/u,R) =R for i, j =0, 3. Next the vanishing
H'(X,R) = H>(X,R) imply that H°(B, R'11,R) = H3(B, R*>11,R) = 0. Apply-
ing the same reasoning to /& and using the isomorphism (2), we get

H°(B, R*u,R) = H°(B, R'/1,R) = 0,
H*(B, R'11,R) = H*(B, R*[i,R) = 0.

Putting this all together, the E, page of the Leray spectral sequence for ;4 becomes

R 0 0 R
\

0 H'(B, R?1,R) H?(B,R*1,R) 0

0 H'(B,R'11,R) H?(B,R'1,R) 0

\
R 0 0 R

with the only possibly nonzero differentials depicted above. We claim in fact that d;
and d, must also be zero.

Indeed let S C X be a section of p. Then S induces a nonzero section s € R =
H°(B, R*11,R) since it intersects each fiber in codimension 3. Furthermore S must
represent a nonzero cohomology class on X and so s € ker(d;). This forces d; to
be the zero map since H°(B, R11.R) is one dimensional. Similarly, the fibers of 1
give rise to a nonzero class in f € H 3(B, RY 1<R) = R. Since the class of a fiber is
also nonzero in the cohomology of X as the fibers intersect the section, then f must
remain nonzero in coker(d,); that is, d> must be zero.

This means the Leray spectral sequence for p degenerates at the E, page and
similarly for fi. In particular, we can compute

h"'(X) = by(X) = h' (B, R'i,R) = h' (B, R* [, R),
h**(X) = by(X) = h*(B, R*j,R) = h*(B, R'[1i.R),

where we have again used (2). Therefore we can verify

b3y(X) =2+ h' (B, R*[i,R) + h*(B, R'[i,R) = 2 + h"'(X) + h>*(X)
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as required. (I

Remark 3.3 The argument above (originally appearing in [16]) was generalized by
Gross in [17] to obtain a relation between the integral cohomologies of X and X.

The reader may object that there are several assumptions required in the above
result. The existence of a section isn’t a serious assumption. Indeed all that was
required in the proof is the existence of a cohomology class that behaves like a
section with respect to cup products. As we already saw in 2.2, mirror symmetry
necessitate the existence of such Lagrangians on X dual to line bundles on X and
vice versa. The simplicity assumption, on the other hand, is serious and isn’t always
satisfied. However, this still gives us a good heuristic check of SYZ mirror symmetry.

4 Semi-flat Mirror Symmetry

In this section we will consider the case where p and ji are smooth sLag fibrations
so that By = B. This is often called the semi-flat case.

In this case we will see that the existence of dual sLag fibrations endows B with
the extra structure of an integral affine manifold which results in a toy model of mirror
symmetry on B. In fact, we will see that the dual SYZ fibrations can be recovered
from this integral affine structure. Finally, we will discuss an approach to realize
HMS conjecture in the semi-flat case.

4.1 The Moduli Space of Special Lagrangians

The starting point is the following theorem of McLean:

Theorem 4.1 (McLean [32, Sect. 3]) Let (X, J, w, Q) be a Kihler Calabi—Yau n-
fold. Then the moduli space M of special Lagrangian submanifolds is a smooth
manifold. Furthermore, there are natural identifications

H'" (LR T, M=H(L,R)

of the tangent space to any sLag submanifold L C X.

The idea is that a deformation of L is given by a normal vector field v €
C*®(N.X,R). Then we obtain a 1-form o € Q!(L,R) and an n — 1-form § €
Q" (L, R) by contraction with w and Im respectively:

o= —iw,
8 =1i,ImQ.
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It turns out that o and /3 determine each other and that v induces a sLag deformation
of L if and only if « and (3 are both closed. This gives the above isomorphisms by
the maps v — [a] € H'(L,R) and v > [3] € H""'(L, R) respectively.

Note in particular that the isomorphism 7; M = H!(L, R) depends on the sym-
plectic structure w and the isomorphism T; M = H"~!(L, R) depends on the com-
plex structure through the holomorphic volume form €2.

Definition 4.2 An integral affine manifold M is a smooth manifold equipped with
transition functions in the affine group R" x GL,(Z). Equivalently it is a manifold
M equipped with a local system of integral lattices A C TM.

The equivalence in Definition 4.2 can be seen by noting that if the transition
functions of M are affine transformations, they preserve the integral lattice defined
in local coordinates by

A := Span, (i,,%) CTU. “4)

On the other hand, if there exists a local system of integral lattice A C T M with
a compatible flat connection V on 7'M, then on a small enough coordinate patch

we can choose coordinates such that A is the coordinate lattice and the transition
functions must be linear isomorphisms on this lattice.

The vector spaces H'(L,R) and H"~!(L, R) glue together to form vector bun-
dles on M. Explicitly, if £ C X x M is the universal family of sLags over M
with projection 7 : £ — M then these bundles are R'7,R and R"~!7,R respec-
tively. Similarly, the integral cohomology groups H'(L, Z)/tors C H'(L,R) and
H""Y(L,Z)/tors C H" '(L,R) glue together into local systems of integral lat-
tices R'm,Z/tors C R'm,R and R""'7,Z/tors C R"'m,R. Applying Theorem
4.1 fiber by fiber yields two integral affine structures on M:

Corollary 4.3 There are isomorphisms R'm,R = T M = R" ', R which endow
M with two integral affine structures given by the integral lattices

le*Z/tors CR'7T,R=TM,
R 'm,Z/tors C R"'m,R = T M.

Poincare duality induces an isomorphism T M = T* M exchanging the lattices and
their duals.
4.2 Mirror Symmetry for Integral Affine Structures

4.2.1 From SYZ Fibrations to Integral Affine Structures

Now let us return to the case of dual SYZ fibrations
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N A

B

where both 1 and /i are smooth. Then dim B = n = dim H'(L, R) is the dimension
of the moduli space of sLag n-tori in X and so B must be an open subset of the
moduli space M.

In particular, by Corollary 4.3, the symplectic form w and the holomorphic volume
form 2 on X induces two integral affine structures on B explicitly given by

A, = R'u,Z/tors C R'u,R=TB,
Ag = R" 'y, Z/tors C R" 'u,R = TB.

We call these the Kéhler and complex integral affine structures respectively. Similarly
the symplectic and holomorphic forms & and €2 on X induce two other integral affine
structures

Ay = R'J1,Z/tors C R'JI,R = TB,
Ag = R" ', Z/tors C R"'1,R = TB,

on B. The fact that these torus fibrations are dual implies natural isomorphisms

R'uR= R, R,
R" 'R = R'L,R.

The top isomorphism exchanges A, and Ag while the bottom isomorphism
exchanges Ay and Ag. We can summarize this as follows: SYZ mirror symmetry
for smooth sLag torus fibrations interchanges the complex and Kdihler integral affine
structures on the base B.

4.2.2 From Integral Affine Structures to SYZ Fibrations

We can go in the other direction and recover the mirror SYZ fibrations x and fi from
the integral affine structures on the base B. The key is the following proposition:

Proposition 4.4 Let (B, A C T B) be an integral affine manifold. Then the torus
fibration T B/ A — B has a natural complex structure and the dual torus fibration
T*B/A* — B has a natural symplectic structure.

Proof Locally we can find a coordinate chart U C B with coordinates yi, ..., y,
such that A is a coordinate lattice as in (4). Then the coordinate functions on 7U
are given by yi, ..., y, andx; = dy, ..., x, = dy, and we can define holomorphic
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coordinates on TU by z; = x; + +/—1y;. Since the transition functions on B pre-
serve the lattice, they induce transition functions on 7 B that are holomorphic with
respect to these coordinates giving 7' B the structure of a complex manifold.

Consider the holomorphic functions defined locally by

qj = A

These functions are invariant under integral affine transition functions as well as
global translations by A and so they give a compatible system of holomorphic coor-
dinates for T B/A.

Similarly, inlocal coordinates U where A is the coordinate lattice, then A* C T*U
is generated by dyy, ..., dy, as alattice in T*U. Therefore the standard symplectic
structure on 7* B is invariant by A* and descends to T*B/A*. O

Now suppose B is a smooth manifold equipped with two integral affine structures
Ao, Ay C TB as well as an isomorphism 7B = T*B such that Ag = (A)* and
A1 = (Ap)*. Then we have dual torus fibrations

X X

N A

B

where X :=TB/Ag = T*B/(A)* and X = T*B/(Ao)* = TB/(Ay). This con-
struction satisfies the following properties:

(a) if Ag and A, are the integral affine structures associated to SYZ dual torus
fibrations as in Sect. 4.2.1, then this construction recovers the original fibrations;

(b) A determines the complex structure of X and the symplectic structure of X;

(c) A determines the symplectic structure of X and the complex structure of X.

As aresult we recover one of the main predictions of mirror symmetry: deformations
of the complex structure on X are the same as deformations of the symplectic structure
on X and vice versa.

Remark 4.5 There is an extra piece of structure on B that we haven’t discussed. This
is a Hessian metric g realizing the identification 7B = T*B. Recall that a Hessian
metric is a Riemannian metric that is locally the Hessian of some smooth potential
function K. The two integral affine structures on B endow it with two different sets
of local coordinates and the potential functions in these coordinates are related by
the Legendre transform. In fact the complex and symplectic structures constructed
in Proposition 4.4 can be recovered from the potential function so mirror symmetry
in this context is governed by the Legendre transform [25] [2, Sect. 6.1.2].
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4.3 The SYZ Transform

To finish off the discussion of semi-flat mirror symmetry, we turn our attention to
the HMS conjecture. The goal is to construct a geometric functor

® : Fuk(X) — D?(Coh(X))

from the Fukaya category of X to the derived category of coherent sheaves on X
using the geometry of the dual fibrations. The first step is to produce an object of
D?(Coh(X)) from a Lagrangian L C X equipped with a flat unitary connection. We
will attempt to do this by exploiting the interpretation of a point p € X as a flat
U (1)-connection on the dual fiber.

Let L C X be a Lagrangian section of y corresponding to a map ¢ : B — X,
equipped with the trivial connection. By restricting L to each fiber of y, we obtain a
family of flat U (1)-connections

{Vow) o

on the fibers of /i : X — B. These glue together to give a flat U (1)-connection on a
complex line bundle £ on X. It turns out this connection gives L the structure of a
holomorphic line bundle on X (endowed with the complex structure constructed in
the last subsection).

This construction was generalized by [7] (see also [31]) as follows. As X is the
moduli space of flat U (1)-connections on the fibers of [ : X — B, there exists a
universal bundle with connection (P, VF) on X xp X. Now given (L, £, V) where
L C X isamultisection transverse to the fibers of p and (£, V) is a flat unitary vector
bundle on L, define the SYZ transform by

OVE(L,E, V) = (pry)«((pri)*E ® (i x id)*P)

where prp, pry i L xp X — L, X are the projections and (i x id) : L xp X —
X xp X is the inclusion. Note that Y2 (L, £, V) comes equipped with a connection
we denote V(¢ v).

Theorem 4.6 ([7, Theorem 1.1]) If L C X is Lagrangian, then V(i ¢ vy endows
OSYZ(L, £, V) with the structure of a holomorphic vector bundle on X. When X
and X are dual elliptic curves fibered over S', then every holomorphic vector bundle
on X is obtained this way.

Viewing holomorphic vector bundles as objects in Db (Coh()V( )), we hope to extend
the SYZ transform to an equivalence ® : Fuk(X) — Db (Coh()v( )), thus realizing
the HMS conjecture. While this hope hasn’t been realized in general, it has in some
special cases.

When X and X are dual elliptic curves fibered over S', a HMS equivalence &
is constructed by hand in [34]. One can check that their functor ® does indeed
extend the SYZ transform ®5YZ. In fact, assuming Theorem 4.6, it is not so hard
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to construct & at least on the level of objects. Each coherent sheaf on the curve X
can be decomposed as a direct sum of a torsion sheaf and a vector bundle. Vector
bundles are taken care of by Theorem 4.6. Torsion sheaves are successive extensions
of skyscrapers at points which correspond to S' fibers of 1 : X — B. For more recent
work on understanding the SYZ transform see [12] and the references therein.

5 Constructing Mirrors

We now move on to the general problem of constructing mirrors. Given a Kéhler
Calabi—Yau n-fold (X, J, w, €2), the SYZ conjecture suggests the following strategy
for constructing a mirror.

5.0.1 Strategy

(i) produce a special Lagrangian fibration z : X — B3’
(i) duali%e the smooth locus pg: Xg— By to obtain a semi-flat mirror
fio : Xo — Bo; 5
(iii) compactify X to obtain a CY n-fold with a dual SYZ fibration i : X — B;
(iv) use the geometry of the dual fibrations to construct a HMS equivalence

® : Fuk(X) — D?(Coh(X)).

5.0.2 Obstacles

There are many obstacles to carrying out 5.0.1 and (ii) is the only step where a totally
satisfactory answer is known as we discussed in Sect. 4.

Producing sLag fibrations on a compact Calabi—Yau n-folds is a hard open problem
in general. Furthermore, work of Joyce [26] suggests that even when sLag fibrations
exist, they might be ill-behaved. The map p is not necessarily differentiable and
may have real codimension one discriminant locus in the base B. In this case By is
disconnected and one needs to perform steps (ii) and (iii) on each component and
then glue.

Compactifying Xotoa complex manifold also poses problems. There are obstruc-
tions to extending the semi-flat complex structure on X to any compactification. To
remedy this, one needs to take a small deformation of Xo by modifying the complex
structure using instanton corrections.

SThis choice is the reason that X may have several mirrors.
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Step (iv) has been realized in some special cases (e.g. [1, 35, 30] and references
therein) but a general theory for producing an equivalence ® given an SYZ mirror
is still elusive.

5.1 Instanton Corrections

The small deformation of the complex structure on the dual X, is necessitated by
the existence of obstructed Lagrangians. The point is that the Fukaya category of X
doesn’t contain all pairs (L, V) of Lagrangians with flat connection but only those
pairs where L is unobstructed.

A Lagrangian L is unobstructed if certain counts of holomorphic discs bounded by
L cancel out so that the Floer differential satisfies d> = 0. In particular, if L doesn’t
bound any nonconstant holomorphic discs, then it is unobstructed. A problem arises
if 4 : X — B has singular fibers because then the smooth torus fibers may bound
nontrivial holomorphic discs known as disc instantons. For example, any vanishing
I-cycle on a nearby fiber sweeps out such a disc.

To construct the dual X as a complex moduli space of objects in the Fukaya
we need to account for the effect of these instantons on the objects in the Fukaya
category. This is done by modifying the semi-flat complex structure using counts of
such disc instantons.

In fact, one can explicitly write down the coordinates for the semi-flat complex
structure described in Sect. 4 in terms of the symplectic area of cylinders swept out by
isotopy of nearby smooth Lagrangian fibers as in Sect. 5.3. Then the discs bounded
by obstructed Lagrangians lead to nontrivial monodromy of the semi-flat complex
on X which is an obstruction to the complex structure extending to a compactifica-
tion X. The instanton corrections are given by multiplying these coordinates by the
generating series for virtual counts of holomorphic discs bounded by the fibers.

For more details on instanton corrections, see for example [1, 10, 36].

5.2 From Torus Fibrations to Degenerations

Heuristics from physics suggest that X will admit an SYZ fibration in the limit toward
a maximally unipotent degeneration.® It was independently conjectured in [24, 30]
that if ¥ — D is such a degeneration over a disc (where X = X for for some small
€ < 1)and g, is a suitably normalized metric on &, then the Gromov-Hausdorff limit
of the metric spaces (&, g;) collapses the Lagrangian torus fibers onto the base B
of an SYZ fibration. Furthermore, this base should be recovered as the dual complex
of the special fiber of X — D endowed with the appropriate singular integral affine

OThat is, a degeneration with maximally unipotent monodromy. These are sometimes known as
large complex structure limits (LCSL).
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structure. Then one can hope to reconstruct the instanton corrected SYZ dual directly
from data on B.

This allows one to bypass the issue of constructing a sLag fibration by instead
constructing a maximally unipotent degeneration. Toric degenerations are particu-
larly well suited for this purpose. This is the point of view taken in the Gross-Siebert
program [20, 21] and gives rise to a version of SYZ mirror symmetry purely within
algebraic geometry. In this setting the instanton corrections should come from loga-
rithmic Gromov-Witten invariants of the degeneration as constructed in [6, 13, 23]
and these invariants can be computed tropically from data on the base B. For more
on this see for example [18, 19, 22].

5.3 Beyond the Calabi-Yau Case

The SYZ approach can also be used to understand mirror symmetry beyond the case
of Calabi—Yau manifolds. The most natural generalization involves log Calabi—Yau
pairs (X, D) where D C X is a boundary divisor and the sheaf wx (D) of top forms
with logarithmic poles along D is trivial. That is, D is a section of the anticanonical
sheaf w;(l and X \ D is an open Calabi—Yau.

In this case the mirror should consist of a pair (M, W) consisting of a complex
manifold M with a holomorphic function W : M — C. The pair (M, W) is known
as a Landau-Ginzburg model and the function W is the superpotential [28]. Homo-
logical mirror symmetry takes the form of an equivalence

® : Fuk(X, D) — MF(M, W)

between a version of the Fukaya category for pairs (X, D) and the category of matrix
factorizations of (M, W). Recall that a matrix factorization is a 2-periodic complex

( Py—%~p —L- p, >

of coherent sheaves on M satisfying d> = W. By a theorem of Orlov [33], the cate-
gory M F (M, W) is equivalent to the derived category of singularities Dfin (AW =
o).’

The SYZ conjecture gives a recipe for constructing the Landau-Ginzburg dual
(M, W). Here we give the version as stated in [9]:

Conjecture 2 Let (X, J, w) be a compact Kahler manifold and D a section of K ;1.
Suppose i : U = X \ D — B is an SYZ fibration where U is equipped with a holo-
morphic volume form Q2. Then the mirror to (X, D) is the Landau-Ginzburg model
(lv] , W) where

"Here we’ve assumed for simplicity that the only critical value of W is at 0 € C.
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n:U— B

is the SYZ dual fibration equipped with the instanton corrected complex structure
and the superpotential W is computed by counting holomorphic discs in (X, D).

We briefly recall the construction of the superpotential. Let ug : Uy — Bj be the
smooth locus of the fibration so that Uy is the semi-flat dual. Consider a family of
relative homology classes A; € H,(X, L; Z) as the Lagrangian torus fiber L varies.
Then the function

U= C Z2(L,V)=exp (—f w) holy (A}).
AL

is a holomorphic local coordinate on Us.
Let
mo(L.V)= Y ns(L)Z’

BeHy(X,L;Z)

where ng(L) is Gromov-Witten count of holomorphic discs in X bounded by L and
intersecting D transversally.® This is a holomorphic function on Uy when itis defined
but in general it only becomes well defined after instanton correcting the complex
structure. The idea is that the number n3(L) jumps across an obstructed Lagrangian
L that bounds disc instantons in X \ D. Instanton corrections account for this and so
my should extend to a holomorphic function W on the instanton corrected dual U.
In fact mg is the obstruction to Floer homology constructed in [15]. That is,
d* = mg where d is the Floer differential on the Floer complex C F*(L, L). This
explains why the Landau-Ginzburg superpotential W should be given by mg. If
one believes homological mirror symmetry, then obstructed chain complexes in the
Fukaya category should lead to matrix factorizations with W = m on the mirror.

Example 5.1 Let X = P! with anticanonical divisor {0, oo} = D. Then U = C*
admits a sLag fibration x : U — B where B is the open interval (0, oo) and p1~! (r) =
{|z| = r} is acircle. The dual is U = C* is also an algebraic torus and there are no
instanton corrections since all the fibers of 1 are smooth. Each sLag circle L C U C
X cuts X into two discs Dy and Dy, whose classes satisfy [Dy] 4+ [Doo] = [P'] in
H,(X, L; Z) so that the corresponding coordinate functions z( and z,, on U satisfy
Z0Zso = 1. Furthermore,

o[ ool o)

where A = [, w is the symplectic area. Furthermore, it is easy to see that np, (L) =
nip,j(L) = 1. Putting it together and rescaling by a factor, we obtain the superpo-
tential

8More precisely, the sum is over curve classes 3 with Maslov index u(8) = 2.
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A
W=z0+—:C"—= C.
20

A similar argument works for any Fano toric pair (X, D) where p is the moment

map, B is the interior of the moment polytope P, U = (C*)" is an algebraic torus,
and W is given as a sum over facets of P [9, 14].
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Physical Motivations



The Derived Category of Coherent )
Sheaves and B-model Topological String L
Theory

Stephen Pietromonaco

1 Topological Closed String Theories

The starting point for closed string topological string theories is the non-linear sigma
model which studies maps ¢ : ¥ — X, where X is a compact, oriented Riemann
surface called the ‘worldsheet’ and we take X to be a Calabi—Yau threefold, called the
‘target space.’ If only closed strings are present, X' is taken to be without boundary.
We can take local complex coordinates (z,7) on X, and w' = ¢'(z,Z) on X. We
have a Kéhler metric g; 7> as well as an anti-symmetric B-field B, jon X. Of course,
the indices here correspond to tensor components in the complex coordinates w'.

The theory becomes topological after performing one of two possible twists.
In what sense is the theory topological? Such a non-linear sigma model is a two-
dimensional quantum field theory defined on the fixed Riemann surface X'. Therefore,
to say the twisted theory is topological is to say there exists a subsector of operators
such that the correlation functions are independent of the metric on the worldsheet.
It is crucial to not confuse the metric on the worldsheet with the metric on the target
Calabi—Yau. I will review the two topologically twisted models which Witten [4]
called the A and B models. The A-model will depend only on the Kihler structure
on X while the B-model will depend only on the complex structure. So there will
indeed be partial dependence on the target space metric, the exact form of which will
depend on the model under consideration. In addition, I will define a BRST operator
Q (this operator will be different in the A and B models). The physical observables
of the topological subsector will consist of products of local operators, each of which
is invariant under the BRST operator Q. By convention, we denote the target space
by Y in the A-model and as X in the B-model.

Let Tx be the complexified tangent bundle of X, which can be decomposed as
Tx = T;l’o) @ T}Eo’l). The fermions in the theory require a choice of square-root
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bundles K '/2 and ?1/2, where K and K are the canonical and anti-canonical bundles
on X, respectively. The non-linear sigma model action is given by: (equation (2.4)
in [4])

= fz d2z<5gijaz¢'az¢f + 5 Bijd:0"0:¢7 + iYL Dy gy +iviDevl gy +R,~z,~_7w‘+vf‘+wiwi),
(D

where R;;;5 is the Riemann tensor on X, D, is the d operator on K" ® ¢ Ty M0,
arising by pulling back the holomorphic part of the Levi—Civita connection on Tx
Likewise, D: is the 9 operator on K'/? ® o Ty T"?. The fermion fields are sections

of the following bundles,

wi c F(Kl/z ®¢*T§1’0)), wi c F(Kl/z ®¢*T)§0’1)),

i —1/2 s (1,0) i 12 %(0,1) 2)
v elN(K"®@¢*Ty”), ylel(K' ®¢*Ty").

The sigma model action above is really a worldsheet action; the integral is over
two-forms on X. Therefore, all of the structures described above need to be pulled
back to ¥ via ¢, which implies that the pullback of the metric, t_he B-field, and the

connection will all inherit ¢ dependence. As mentioned, ¥’ wjj[ are the fermionic

fields and the bosonic fields are the local coordinates ¢’ and ¢ .!

The supersymmetry (SUSY) transformations are generated by the four infinites-
imal fermionic parameters o, @, @—, @_. The first two are anti-holomorphic sec-
tions of K /* and the latter two are holomorphic sections of K~!/2. We refer the
reader to Eq.(2.5) in [4] for the full form of the supersymmetry transformations.
Since we have four SUSY parameters, two of each chirality, we say the resulting
theory has “worldsheet .4~ = (2, 2) supersymmetry.”

1.1 Closed String A-model

Let Y be the Calabi—Yau target space in the A-model. We consider here a restricted
symmetry such that . = a; = 0 and « = a— = @&.. In other words, we have only
one SUSY parameter which we call «. We now perform the first of two possible
topological twists to construct the A-model topological string theory. Consider the
ﬁeld x € I'(¢*Tx) which projects into T as xf = ¥L and into T as
X' = xp’ We regard ‘/’+ asa (1, 0) form on X valued in ¢*T(0 Y and following [4],
denote it as 1//’ Likewise, ¥ is a (0, 1) form valued in d)*T(1 0 denoted 10’ The
A-model SUSY transformations are

"Having the bosonic fields correspond to the local coordinates on a Riemannian manifold is an idea
originating in ‘supersymmetric quantum mechanics.’
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§¢' =iay!
8¢ =iay!
S’ =8x' =0 (3)

SU = —ad. ¢ —iax [y

4 ]n_z Z

Syl = —ad:¢' —iax/ T}, 2

where F;m is the holomorphic part of the Levi—Civita connection on the complexified

tangent bundle and F}-?m is the anti-holomorphic part. Corresponding to the single

SUSY parameter o, we define the operator Q to be its generator. As such, the variation
of any local operator W under a SUSY transformation with parameter «, is given by

SW = —ia{Q, W}. “4)

One can show from the action that Q% = 0, on-shell. This means that though there
may be non-zero terms equated to Q2, they will vanish if the equations of motion
are satisfied. Thus, we have a nilpotent operator Q which is commonly referred to
as a BRST operator. With this in hand, we can rewrite the sigma model action as,

s:/ i{0, V}—27ri/ ¢ (B +il), (5)
P X

where V = 2ngijf(1pzjé¢" + d¢/yl) and B +iJ € H*(Y,C) is the complexified
Kihler form. Given an operator W, we say W is Q-closed if {Q, W} = 0 and we
say it is Q-exact if W = {Q, W'}, for some operator W’'. We also call a Q-closed
operator ‘BRST invariant.” We will take it as a fact that a correlation function of a
Q-exact operator must vanish

{Q. WiWw,...}) =0. (6)

Let us assume that W,, W3, ... are Q-closed operators, and consider the correlation
function ({Q, W W, ...}) for any operator W;. By the fact cited above, this correla-
tion function vanishes. Moreover, since Q behaves like a differential, we can apply
Leibniz’ rule to get

0={Q0, WiW,...}) =(W{Q, W, W;5...}) + {Q, Wi}WaW5...). (7N

Since W,, W3, ... are Q-closed operators, the term (W {Q, W, W5 ...}) will vanish
when expanded using Leibniz’ rule. All that remains is the correlation function
({Q, W}W,Wj ...} involving one Q-exact operator and the rest, Q-closed. Since
the original correlation function vanished, clearly this one must too. Therefore, the
presence of even one Q-exact operator annihilates the correlation function. We should
then restrict attention to Q-closed operators:
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In the topological subsector, the physical observables are products of local oper-
ators, all of which are Q-closed (i.e. BRST invariant).

We note that a shift in the action by a Q-exact operator S — S + f 10,8} will
leave all correlation functions invariant. In the sigma model action, the only place
the complex structure of Y appears is in the term V. If we deform the complex struc-
ture V.— V + §V, this leads to a deformation of the action S — § + fE{Q, 8V,
which will leave all physical observables invariant. Thus, it appears that the A-model
topological field theory is independent of the complex structure we choose to endow
Y with. Clearly, it explicitly depends on the Kihler structure on the target space,
through the term 27i [ (B +iJ).

By the SUSY transformations (3) we have §x’ = §x’ = 0, where x’ and x' are
the fermionic superpartners of ¢; and ¢', respectively. This means the operators x'
and x' are Q-closed. Thus, we have a basis of local BRST invariant operators on X,
which we can use to write a general operator as

Wa=ap.i, 0" x" ®)
where here the capital /, denotes unbarred indices, and
a = a[]...]pd¢11 tee d(ﬁl”, (9)

is a p-form on Y. By computing the variation of the operator W,, we find that
{0, W,} = —W,,, with a rather remarkable conclusion:

A local operator W, is Q-closed (BRST invariant) if and only if da = 0. In
other words, we can identify the Q-cohomology in the A-model with the de
Rham cohomology H*(Y, C) on the target space. Notice this is consistent with
the A-model being independent of the complex structure on Y.

A correlation function in the closed string A-model is given by the following path
integral,

(WoWp - ) =/@¢.@w.@xe—swawb.--. (10)

Here, we will focus just on the bosonic map ¢ : ¥ — Y. It turns out that in the
topological sector, we want to restrict to maps such that the term {Q, V} in the action
vanishes. Looking at the form of V, we see that we must insist Ap' = 3¢’ = 0,1.e.¢
is a holomorphic map. So instead of performing the path integral over all maps, we
localize to only the holomorphic ones. In this context, such a holomorphic map is
called a worldsheet instanton. We can consider the degree-d worldsheet instantons
and their moduli space .#;. For example, a degree-0 map simply sends all of X to
apoint in Y, implying .#, = Y. We get the following reduction of the path integral

| 2w — 3 [ @ [ 7vox. (an
q M
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Since the relevant space of operators in the A-model is identified with the de
Rham cohomology H*(Y, C), there is a natural grading by the degree of the forms.
In physics, this is called the “ghost number,” meaning if a € H? (Y, C), then the
operator W, is said to have ghost number p. One should imagine the worldsheet
instantons to be “wrapped” on the two-cycles in Y. Roughly speaking, this explains
the dependence of the A-model on the Kéhler structure of Y. The theory turns out to
be independent of the complex structure.

1.2 Closed String B-model

If we perform the opposite twist we get the closed string B-model where certain
fields are simply sections of different bundles over X'. For purposes of anomaly
cancellation, we will take c¢;(X) = 0, i.e. take the target space to be Qalabi—Yau.

Define the following combinations of the fermionic fields, nf = Ilfi + 1//{, and 6; =
gj,;(wi — 1*) where now the fermionic fields are sections of the following bundles

yi e r@ ), vier(kee¢rd”), v er(KeeTy”). (12)

Let p' be a one-form on X valued in ¢*T."” whose (1, 0) part is ¥i and (0, 1) part
is ¥’ . The B-model SUSY transformations are,

8¢' =0

) i— i i

¢ = ien (13)
877[ = 59,' =0

Sp' = —adg'.

The physical local observables are again given by products of BRST invariant fields,

Wy = A‘lé‘l'_'_'_‘]é:n’;' e, .6 (14)

Jp*

Clearly, such an object is a (0, g)-form, valued in the bundle A" T;l’o). Analogously
to the A-model, we find that

{Q, Wa} = —Wjy. (15)
In other words, in the B-model the O-cohomology is the Dolbeault cohomology

on the target space H%7(X, A\’ T)?’O)), with forms valued in an exterior power
of the holomorphic tangent bundle.
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Also, like the A-model, the path integral localizes to only certain maps ¢, but in this
case the condition is that d¢* = d¢* = 0. This can only be satisfied if ¢ is a constant
map from the worldsheet into X. Clearly, the moduli space of such maps is simply
Mo = X. The upshot of this is that physical observables in the B-model are given
simply by ordinary integrals over the target space. These are essentially the period
integrals over the non-vanishing holomorphic (3, 0)-form 2. When considering
mirror symmetry, people often say something like, “a hard computation on one side
can be converted to a trivial computation on the other side.” This idea applies here:
on the A-side, correlation functions require a sum of integrals over non-trivial moduli
spaces, while on the B-side, the computation reduces to simply period integrals. These
period integrals are indicative of the dependence of the B-model on the complex
structure of X as well as the independence of the Kihler structure.

1.3 Topological Field Theory Versus Topological
String Theory?

It is a good time to rectify a common confusion between topological field theories
and topological string theories. Simply put, we take a topological field theory to be
such that there exists a subsector where the correlation functions are independent
of the metric on the spacetime; in our case, the string worldsheet. The correlation
functions are then given by a path integral over the bosonic fields ¢’ and well as
the fermionic fields, described in the previous section. However, we only implicitly
mention a fixed metric i, on the string worksheet X itself. We certainly do not allow
for dynamics of /g, as it is not summed over in the path integral. Topological string
theory arises from including the worldsheet metric as a dynamical field, which we
include in the path integral prescription for correlation functions. We describe this
as “coupling a topological field theory to worldsheet gravity.” Thus, our correlation
functions now involve a sum over the genus g of X', as well as an integral over the
moduli space of complex structures on X'. This should come as no surprise, since
string theory is a theory of quantum gravity. Indeed, quantum gravity is by definition
a quantum field theory where the metric on spacetime (in this case, the worldsheet) is
dynamical and included in the path integral. The mathematically rigorous foundation
of topological string theory is known as Gromov-Witten theory.

2 The Open String B-model

With the closed string theory in hand, we now endeavor to include open strings in
the theory. This simply amounts to allowing the worldsheet X to have a boundary,
denoted 9 X. These worldsheet boundaries have the interpretation of open string
endpoints. Under the map ¢ : ¥ — X, the image of dX is required to live on
certain special submanifolds of X called D-branes. One should interpret the
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D-branes as providing boundary conditions on the open string endpoints: the end-
points are forced to lie on the D-brane (Dirichlet boundary conditions), while they
are allowed to move freely within the D-brane itself (Neumann boundary conditions).
In more physical language, we say that D-branes are non-perturbative solutions of
an effective field theory. Interestingly enough, these non-perturbative solutions were
actually expected for quite a long time. However, the true magic of their discovery
[5] is that they allow for a two-dimensional analysis, via the open string worldsheet.
This was quite exciting and unexpected. In other words, we expected some non-
perturbative solutions to exist, but had no idea these objects would support open
string endpoints.

We should immediately exorcise any confusions about the distinction between
boundaries of X' and punctures in X'. With worldsheets involving only closed strings,
the strings themselves are represented by “loops” stretching out to the infinite past or
future. Using the conformal invariance of the worldsheet theory, we can map these
to simply point-like punctures on the surface of X'. In the path integral prescription,
these punctures are superficially filled in to give a compact Riemann surface, at the
expense of inserting a vertex operator at that point, representing the closed string
state. Genuine boundaries of X' are different, however. A boundary component of
X' is superficially partitioned by punctures. These punctures represent open string
states stretching out to the infinite past or future, while the remaining segments of
the boundary component are precisely what we think of as the open string endpoints
“moving in time.”

Let X be a Calabi—Yau threefold. To the roughest approximation, a Dp-brane in
the context of topological string theory is a real p-dimensional submanifold of X, i.e.
arepresentative of a class in H,(X, Z). The p refers to the spatial dimensions of the
D-brane and hence, a Dp-brane has a (p + 1)-dimensional worldvolume. The time
direction lies outside the Calabi—Yau and plays essentially no role in a topological
string theory.

A D-brane however, is much more than just a submanifold. As introduced above,
D-branes support open string endpoints. Hence, these open string endpoints appear
as “particle worldlines” in the (p + 1)-dimensional worldvolume of the Dp-brane.
Indeed there are good physical reasons to interpret this as the D-brane giving rise to a
quantum field theory or gauge theory on its worldvolume. In the context of topological
strings, we ignore the time direction and consider a gauge theory on simply the p-
dimensional subspace of X. In a gauge theory on a spacetime Z, the physical fields
are connections on, or sections of a vector bundle associated to a principal bundle
defined on Z. Since the endpoints of open strings appear as gauge-theoretic particles
in the D-brane, we are inclined to consider a D-brane as a submanifold along with
a vector bundle supported on it. In the B-model, the objects are holomorphic, so we
take the bundles to be holomorphic. Therefore as a first pass, we make the following
naive definition of a D-brane:

Naive Definition 1 A single Dp-brane in the B-model topological string theory, for
p =0,2,4,61s acomplex dimension p/2 holomorphic submanifold Z of a Calabi—
Yau threefold X along with a holomorphic line bundle L — Z.
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It will soon become apparent that a stack of multiple D-branes will correspond
to higher rank bundles. We would like to build the category of B-model D-branes
such that the objects are defined on the ambient Calabi—Yau X. Under the natural
inclusion Z < X we can pushforward holomorphic vector bundles to sheaves on
X. Clearly such a pushforward is not a holomorphic vector bundle on X: vector
bundles always have sections on small enough open sets, whereas this pushforward
has no sections on any open set outside Z. We must broaden our consideration from
merely the geometrical category of holomorphic vector bundles to the algebraic or
sheaf-theoretic category of coherent sheaves. As we will see later, we actually must
further enlarge our category. We will be compelled to understand B-model D-branes
as complexes of coherent sheaves, modulo various equivalences. To explain these
ideas we introduce now some of the required algebraic geometry.

2.1 Coherent Sheaves and D-branes

For some of the foundational algebraic geometry to follow, I refer the reader to [6,
7]. Let X be a compact, smooth complex manifold, or more generally a scheme, with
O its structure sheaf of regular functions. We begin by defining a sheaf-theoretic
generalization of the notion of a module over a ring. This is known as an Ox-
module, and is the largest category of sheaves we will need to consider. It contains as
subcategories the coherent sheaves and locally-free sheaves, which we will introduce
shortly.

Definition 1 For & a sheaf on X, we say & is an Ox-module, if for all open sets
U C X, the sections & (U) constitute an &y (U)-module. In addition, the restriction
morphisms must be compatible with the module structure, in the following sense:
consider nested open sets V € U and define sections f € Ox(U), s € &(U). We
require that (f - s)|y = f|v - s|v, where we denote the restriction morphism as the
familiar function restriction.

Notice that &x-modules are a generalization of modules over a ring. The intrinsic
geometry of X gives rise to the structure sheaf &y which naturally assigns a ring
Ox(U) to each open set. It is precisely this ring of local functions which provides
the multiplication, turning & (U) into an O (U)-module. Hence, an &x-module is
really a sheaf of modules. The &y-modules constitute an abelian category. This
should come as no surprise given that abelian categories are in some sense modeled
on the category of modules over a ring.

Trivially, O itself is an &x-module. More generally, ﬁ;‘?N is an O'x-module called
‘the free Ox-module of rank N.” A particularly refined subcategory of &'x-modules is
those which look locally like ﬁ;‘?N for some N. This leads to the following definition,
which will allow us to identify certain special 'x-modules with holomorphic vector
bundles.
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Definition 2 A sheaf & on X is called locally-free of rank N if there exists an open
cover {U,} of X such that &|y, = ﬁxl?iv-

One can show that locally-free sheaves of rank N form a category. Given that vec-
tor bundles trivialize over special open sets, locally-free sheaves seem to correspond
exactly to holomorphic vector bundles. The correspondence is made precise by the
following Proposition.

Proposition 1 There exists a one-to-one correspondence between holomorphic vec-
tor bundles of rank N on X and locally-free sheaves of rank N on X.

Proof The proof here is very elementary, and we only sketch it. Given a holomorphic
vector bundle E on X, for all open sets U, define &'(U) to be the sections of the
vector bundle over U. Since the vector bundle must trivialize, this resulting sheaf
will of course be locally-free. Conversely, given a locally-free sheaf &, using the
given isomorphism &'|y, = O |$:V , we can define holomorphic transition functions,
which will produce a holomorphic vector bundle E.

Given holomorphic vector bundles E and F, we will usually denote their correspond-
ing locally-free sheaves by & and .7, respectively.

Dé6-branes and Locally-Free Sheaves

In topological string theory on a Calabi—Yau threefold X, when we talk about “space-
filling branes” we mean a D6-brane whose underlying homology class is a multiple
of the fundamental class of X. Quite simply, D6-branes are in one-to-one correspon-
dence with locally-free sheaves on X. This provides a translation between a precise
mathematical notion and a phrase appearing frequently in the physics literature:

A stack of N D6-branes wrapping a Calabi-Yau threefold X corresponds to a
rank N locally-free sheaf on X.

On a D6-brane, we specify purely Neumann boundary conditions, which allow the
open string endpoint to move freely within X. This choice corresponds to the con-
straint

0; = gﬂ;(lﬂf —yh =o. (16)

Like we saw in the brief analysis of the closed string B-model, the BRST operator
Q is taken to be the Dolbeault operator 3, and we only take our local operators on
the worldsheet to consist of Q-closed local operators. Recalling the SUSY transfor-
mations (13), these are precisely 0; and n/. But the space-filling condition forces the
6; to vanish, so our local operators will only depend on 7/, and of course ¢. Thus,
since j is an anti-holomorphic index, we conclude that our local operators must be
(0, g)-forms, possibly valued in some bundle.

Let us attempt to construct a well-defined D-brane category, assuming at first that
the only objects are D6-branes. By the above correspondence, the objects are simply
given by a bundle £ — X. To give a pair of objects, is to give a pair of bundles on
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X, Ey — X and E, — X. Since these are bundles over the same base manifold, we
can define Hom(E|, E») to be the bundle morphisms between them. It will be useful
to note here that Hom(E, E») ~ E} ® E; isitself a vector bundle with fiber defined
as Hom(Eq, E>)(x) = Hom(E;(x), E>(x)), forall x € X.

We then take our local operators representing an open string state to be Wy,
where A is a (0, g)-form valued in the bundle Hom(E;, E,). Therefore, it is natural
to define the morphisms from E; — X to E; — X (equivalently the open string
states stretching from one D6-brane to the other), to be the Dolbeault cohomology

group

Hg"’ (X, Hom(Ey, E»)).

by the familiar C ech-Dolbealt isomorphism, the Dolbeault cohomology group above
is isomorphic to Cech cohomology

(B, E2) = A6, Aom@ ), D

where & and &, are the locally-free sheaves corresponding to the vector bundles
E; and E,. In the B-model, specifically in the case of space-filling branes, we can
unambiguously assign a ‘ghost number’ ¢ to an open string. We will see that this
will be less clean when considering branes of non-zero codimension.

As a simple example, we can compute a three-point correlator of open string states
[3]. Consider three D6-branes corresponding to holomorphic vector bundles E, E»,
and E;. Let us call the three local operators W4, Wg, and W¢, where

Ae Hg’l(X, Hom(E|, E2)), B e H§’1(X, Hom(Ey, E3)), C e Hg’l(X, Hom(E3, Ep)). (18)

Recall that in the B-model, since instantons are suppressed, the correlation functions
are given simply by integrals over X. Indeed, the path integrals in the topological
sector include only contributions from the moduli space .#, of degree zero harmonic
maps into X. But of course, these are simply constant maps, and .#, = X. This
implies,

(WAWBWC):fTr(AABAC)AQ. (19)
X

The ‘integrand’ is a (3, 3)-form, which is natural to integrate over a threefold. Of
course, when wedging forms valued in the bundle Hom(E;, E ), we implicitly com-
pose the morphisms.

The Mukai Vector and D-Brane Charges

We have seen that when considering only D6-branes on a threefold, it sufficed to
model them as objects in the category of locally-free sheaves. The goal of this section
is to gently acquaint the reader with some of the more general coherent sheaves
needed to formalize D4, D2, and DO-branes. For a rigorous definition of coherent
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sheaves, see [6]. For my purposes, it will suffice to think very roughly of coherent
sheaves as the minimal, full abelian category arising as the “completion” of the
category of locally-free sheaves upon adding all kernels and cokernels.

Naive Definition 2 In the B-model topological string on a Calabi—Yau threefold X,
a D-brane corresponds to a coherent sheaf .% on X . The support of the sheaf supp(.-#)
defines the underlying homology class of the D-brane.

Branes need not be pure dimensional. For example, a coherent sheaf .# can be
supported on curves and points. We interpret such an .% as a bound state of DO-D2
branes. Such brane configurations occur, for example, in Donaldson—-Thomas theory.
A helpful device for guiding intuition here is the Mukai vector or equivalently, the
D-brane charges [8] associated to a coherent sheaf.

Definition 3 Let X be a smooth n-dimensional variety and let .% be a coherent sheaf
on X. The Mukai vector is defined to be

v(F) = ch(F)Jtd(X) = (vp, ..., v,) € H*(X, Q). (20)

If X is also projective, then the D-brane charge is given simply by the Poincaré dual
of the Mukai vector?

2(F) = PD(ch(F)VWd(X)) € Hou(X, Q). 1)
By convention, we order the charges as 2(%) = (Z2,,...,2y), where 2; €

Hy; (X, Q) is called the D2i-charge.

Recall that based on the naive definition, we concluded that the coherent sheaves
which most directly correspond to physical D-branes are pushforwards of holomor-
phic vector bundles along inclusions.? Let X be an n-dimensional smooth, projective
variety and let ¢ : Z < X be the inclusion of the m-dimensional subvariety Z into
X. In addition, let E be a rank N holomorphic vector bundle on Z.

Lemma 1 Given X, Z, and E as described above, we have

chi(i.E) =0, forallk <n—m,

(22)
PD(chy— (. E)) = N[Z] € Hyn(X, Q).

Proof This is a straightforward computation which can be found, for example, in
[10].

This simple result about the Chern character of pushforwards of vector bundles,
immediately implies the following corollary about the D-brane charges.

2In [9], the authors introduce * gamma classes’ which encode corrections to the factor of +/tdX.

3This is not quite true. Due to a phenomenon related to the Freed-Witten anomaly, one must also

/

tensor by K 2 172 where K 7 is the canonical bundle of Z. There is a nice discussion of this in [2, 3].
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Corollary 1 Again, given X, Z, and E as above, the D-brane charges satisfy

v E)=0, forallk>n—m,

(23)
2, E) = N[Z] € Hy, (X, Q).
Proof Using the Lemma, we note that (ch(i,£)v/td(X)), =0 for all k < n —m.
Poincaré dualizing, this shows that all entires in the D-brane charge vanish for & >
n — m, thus proving the first claim. Note that («/td(X))O =1, and so

(ch(L*E)\/td(X))n_m = chy_m (1L E). (24)
By Poincaré dualizing and applying the Lemma once more, the second claim follows.

This corollary provides a precise mathematical translation of a phrase, prevalent in
the physics literature, generalizing one made earlier about D6-branes and locally-free
sheaves:

In physics, one often hears about ‘“a stack of N D-branes wrapping a holomor-
phic cycle Z € X.” Mathematically, this corresponds to a rank N holomorphic
vector bundle on Z.

Let us introduce now a few of the familiar coherent sheaves one might encounter on
a Calabi—Yau threefold X . It has been previously observed that D6-branes correspond
to locally-free sheaves. In non-zero codimension, D4, D2, and DO-branes correspond
to forsion sheaves. A torsion sheaf is a coherent sheaf .%# of rank zero, which is
encoded into the Mukai vector as vy = 0, or equivalently into the D-brane charges
as 23 = 0.

Let Z be a holomorphic subvariety of X. This gives rise to a short exact sequence

0— 97, — Ox — O; — 0, (25)

where O’ is the structure sheaf on Z and .#; is called an ideal sheaf. In algebraic
geometry, an ideal sheaf on X is a rank one torsion-free sheaf .#; with trivial determi-
nant. There is necessarily an injective sheaf morphism .#; — O and the cokernel
defines a subscheme Z C X along with the short exact sequence above. If Z is a
divisor, then .#; is actually a line bundle, and &’; is an example of a D4-brane. If
Z is supported only on curves and points, then ¢’z indeed corresponds to D2 or
DO-branes, as expected. However, in that case .#7 is a rank one torsion-free sheaf
which is not locally-free.

Ideal sheaves have no immediate interpretation as D-branes. However, notice that
because the Chern character is additive on short exact sequences, applying 2 to (25),
the D-brane charges are seen to satisfy

2(0x) = 2(I7) + 2(07), (26)
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which looks like a manifestation of charge conservation. This is perhaps hinting that
an ideal sheaf may have an interpretation as a bound-state of a brane (O) and a
suitably defined anti-brane (&'z) coupled via a map Ox — O7.

2.2 Summary and Outlook

Roughly speaking, one may think of the category of coherent sheaves Coh(X) as
containing all of the locally-free sheaves on X, plus all of the ideal sheaves, struc-
ture sheaves, and pushforwards of sheaves arising from holomorphic vector bundles
on subvarieties. Thus, if we want to expand beyond the world of vector bundles,
considering the coherent sheaves is the most natural first step. We hope to argue
that the derived category D”Coh(X) will be large enough to account for all B-model
D-branes at this point. In the following section we will introduce some of the machin-
ery of homological algebra and sheaf cohomology. There are at least two indications
so far that such machinery should be important.

Recall that we have only done one computation in this section: in the case of
two D6-branes, we computed the spectrum of open string states stretching between
the branes. Here we used that D6-branes correspond to vector bundles E£; — X
and E, — X, and since they share a common base space, the group of morphisms
Hom(E|, E,) was well-defined. Butin higher codimension, branes need not intersect,
and certainly will not be given simply by a locally-free sheaf. For example, we can
have a brane supported on a divisor, and another supported on a curve with open
strings stretching between. Or we can have a stack of N DO-branes supporting open
string endpoints. In this setting, it is natural to expect the Ext Groups to encode the
open string spectra, as they are a natural generalization of bundle morphisms.

In addition, the ideal sheaf short exact sequence we encountered is perhaps hinting
that we should consider complexes of coherent sheaves. We saw that the application
of the D-brane charge 2 to such a short exact sequence seems to encode a charge
conservation. The physical BRST formalism provides a natural grading by the ghost
number, so we can consider a D-brane as a direct sum, graded by the ghost number.
Turning on VEVs for a tachyon field, will deform this direct sum to a genuine
complex. The second motivation to consider complexes, comes from the general
philosophy of resolutions. It’s often beneficial to replace an arbitrary element of a
category by atower of “pleasant” objects. In other words, you have resolved the object
by a complex of nice objects. The coherent sheaves we find to be particularly pleasant
are the locally-free sheaves associated to space-filling branes. Given a coherent sheaf
which is not locally-free (coming from a DO-, D2-, or D4-brane) we can find a locally-
free resolution.

Once in the category of complexes of coherent sheaves, the glaring question
is, are there physical reasons to identify complexes up to homotopy and quasi-
isomorphism? Remarkably, the answer is conjecturally, yes. Identifying homo-
topic maps between D-branes will be natural from the BRST formalism. We will
interpret quasi-isomorphic complexes to be in the same ‘“universality class” of
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Renormalization Group flow on the worldsheet. Moreover, we can realize this flow
as brane/anti-brane annihilation via a non-zero tachyon VEV.

3 Sheaf Cohomology, Derived Functors, and Ext Groups

We begin with a few remarks pertaining to the global sections of a sheaf. We assume
the reader is familiar with Cech cohomology.

Remark I Given a sheaf .Z on X, the zeroth Cech cohomology group computes the
global sections, 5
r'x,7)~H'X, %).

Remark 2 Given an Ox-module .%, the global sections of .% correspond to mor-
phisms Oy — %,
I'(X, %) >~Hom(0Ox, %).

We should also record the familiar isomorphism between Cech cohomology and
Dolbeault cohomology.

Remark 3 Let £27 be the sheaf of holomorphic p-forms on X. The Cech-Dolbeault
isomorphism states that 5
Hép*q(X) ~ H1(X, 7). (27)

More generally, we can let E be a holomorphic vector bundle on X, with corre-
sponding locally-free sheaf &. The generalized Cech-Dolbeault isomorphism relates
(p, q)-forms valued in E to the sheaf & ® £27

H} (X E) = HI(X.6 @ Q). (28)

One important idea will be that of resolutions. The general philosophy of resolu-
tions is that given an arbitrary object A in some category, it might be preferable to
replace A by a tower of especially pleasant objects in the category. One often speaks
of injective, projective, flasque/flabby, or free resolutions. These focus our attention
on especially nice, or rigid objects in the category. This provides a way of defining
derived functors which can be evaluated at such arbitrary objects A. This can be done
in some generality in the category of R-modules over a ring R. However, we will
focus on the category of Ox-modules. In this category, using resolutions to define
derived functors will immediately give a definition of sheaf cohomology. This sheaf
cohomology is extremely abstract, so is not terribly helpful in explicit computations,
but it agrees with Cech cohomology, and will allow for the definition of the Ext
groups.
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Given an injective resolution of some object A,

0 A B B .. (29)

and a left-exact functor F, we get a complex
0 —— F(S) —— F(SF) —— F(SH) —— ... (30)

We define the nth right derived functor of F at A, denoted R" F (A), to be the nth coho-
mology of the above sequence. From here on, we will restrict attention to the category
of Ox-modules, with the primary left-exact functor of interest being Hom(COy, —).
By an earlier remark, we may also refer to Hom(&'x, —) as the global section functor
since acting on any sheaf results in the group of global sections. We arrive finally at
the important definition of sheaf cohomology

Definition 4 We define sheaf cohomology for 0’x-modules to be the right derived
functor of the left-exact global sections functor Hom(&x, —). Given an &’x-module
.7, then the nth sheaf cohomology group of .Z is

H"(X, #)=R"'Hom(0x, —)(.F). (31)

The most pressing point to be made after a definition using derived functors, is that
the result is independent of the particular resolution we chose. Resolutions of a given
object are generally far from unique, and it would clearly be problematic if we got a
different result for sheaf cohomology depending on which resolution we chose; this
is not the case.

Remark 4 The Oth sheaf cohomology group computes the global sections of the
sheaf. In particular, it agrees with Cech cohomology.

Proof The proof here is very straightforward. In general for a right derived functor,
we have R°F(A) = F(A), since the functor F is left-exact. Using this, we compute

H°(X, .Z) = R°®Hom(Oy, —)(Z) = Hom(Ox, .F) = Z(X) (32)

The definition of sheaf cohomology using derived functors is quite abstract. In fact,
it’s so abstract, that it’s essentially immune to computations. However, this same
abstraction makes it incredibly elegant to use in theory building. When needed for
actual computations, the best approach is to prove that it is isomorphic to something
like Cech cohomology which is far more computable.

Theorem 1 Given an Ox-module F, the Cech and sheaf cohomologies are isomor-

phic, 5
H"(X, %)~ H"(X, %). (33)

Proof 1 refer the reader to Theorem 4.5 in [6].
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We have defined sheaf cohomology for arbitrary &'x-modules, however we can sim-
ply restrict attention to the coherent sheaves if we like. The reason being, the coherent
sheaves are a full subcategory, meaning the morphisms are the same in the subcat-
egory, as they are in the original category. In fact, in applications to D-branes, we
will usually regard the locally-free sheaves as the particularly nice objects within the
category of coherent sheaves. Thus we’ll want to take an arbitrary coherent sheaf,
and resolve it using a tower of locally-free sheaves. First, we must introduce the Ext
groups.

Definition 5 Let & be an y-module. The functor Hom(&, —) is left-exact, so we
may consider its right derived functor evaluated at an Ox-module .%. This allows
for the following definition of the Ext groups,

Ext"(&, %) = R"Hom(&', —)(F). (34)

There are a few simple examples where the Ext groups correspond to familiar quan-
tities:
Ext’(&, #) = R°"Hom(&, —)(F) = Hom(&, F), (35)

and
Ext"(Ox,.#) = R"Hom(O, —) (%) = H" (X, .F). (36)

Thus, we see that Ext groups at least encode abelian groups of sheaf morphisms and
sheaf cohomology groups. In addition, we have the following useful result, known
as Serre duality.

Theorem 2 In the case where X is a Calabi—Yau m-fold, for alln =0, ..., m
Ext" (&, F) ~ Ext""(F, &). (37

Consider two holomorphic vector bundles £ and F on X, with corresponding
locally-free sheaves & and .% . The space of vector bundle morphisms Hom(E, F) is
actually itself a vector bundle, with fiber defined by Hom(E, F)(x) = Hom(E (x),
F(x)),forall x € X. Since Hom(E, F) is a holomorphic vector bundle, there exists
a corresponding locally-free sheaf which we denote as Zom(&’, .%). It is very easy
to get mixed up here with the notation, so we briefly summarize,

Hom(E, F) = the holomorphic vector bundle of bundle morphisms
Jom(&, F) = locally-free sheaf associated to Hom(E, F)
Hom(&, %) = abelian group of sheaf morphisms from & to .%.

Moreover, Hom(vg , %) is actually the abelian group of global sections of .7om
(&, F). By the Cech-Dolbeault-Sheaf isomorphism,
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H(X, Hom(E, F)) = HY(X, #om(&, F)) = HI(X, #om(&, F)). (38)

Since R°Hom(0y, —)(#) = Hom(0x, .F) gives the global sections of .%, and
Ext? (0, %) = H1(X, ¥), we can conclude analogously that,

Ext!(&, #) = H1(X, #om(&, F)) = Héo’q(X, Hom(E, F)) (39

With this, we have finally converted all complex geometry of D-branes into algebraic
and sheaf-theoretic language. For X a Calabi—Yau threefold, we conclude from (39)
and (17),

Given two stacks of D6-branes in the B-model with associated locally-free
sheaves & and .%, the open strings states stretching from & to .7 with ghost
number g, are given by the abelian group Ext? (&, .%).

4 The Derived Category and Complexes of D-branes

For the time being, I would like to restrict attention to D6-branes modeled as locally-
free sheaves, as opposed to more general coherent sheaves. We saw above that given
two stacks of D6-branes wrapping a Calabi—Yau threefold X with corresponding
holomorphic vector bundles E and F', we can ask about the morphisms between them.
These were shown to be given by the Dolbeault cohomology Hg (X, Hom(E, F))
or equivalently, Ext? (&, .%). We identify each morphism with a string state, and the
ghost number or R-charge of the string corresponds to g. Mathematically, we can
think of this ¢ as providing a natural Z-grading. Given a D-brane with holomorphic
vector bundle E (or locally-free sheaf &), we can consider all strings attached to it
as being graded by an integer. Thus, it seems natural to initially consider direct sums
of locally-free sheaves on X,

&=Per. (40)

nez

The above direct sum can trivially regarded as a complex with all maps being zero

0 0

&=(.. — & °

&0 s ). @D
Simply put, we want to deform away from the trivial case of direct sums by turning
on non-zero maps between the & in the above sequence. These non-zero maps
will be called tachyons for reasons to be explained shortly. Once we do this, the
D-branes will correspond to elements in the category of complexes Kom(%'), where
% is the category of locally-free sheaves on X. However, physically, the string states
correspond to elements in Q-cohomology, so we need to identify all states differing
by a O-exact terms. Remarkably, this identification on the physics side, corresponds
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precisely to identifying complexes up to homotopy in Kom(%’). This places the
B-model D-branes in correspondence with the homotopy category K(%).

This correspondence is certainly elegant, but there is a fundamental problem here.
Most importantly, the homological algebra described just above requires that the
category be abelian. The category of locally-free sheaves is additive, but not abelian.
The resolution here will be to extend our consideration to the category of coherent
sheaves Coh(X), which is an abelian category containing the category of locally-free
sheaves €. This seemingly dangerous problem was actually hinting that we weren’t
considering all of the branes that we need to. As we saw in an earlier section, the
locally-free sheaves cannot describe D4, D2, nor DO-branes; these require torsion
sheaves. Thus, extending to coherent sheaves is well-motivated both mathematically
and physically.

Given the homotopy category KCoh(X) of coherent sheaves, it is tempting to iden-
tify quasi-isomorphisms and arrive at the (bounded) derived category D”’Coh(X). But
is there any physical motivation for this? Indeed, we will argue that two complexes
which are quasi-isomorphic lie in the same universality class of the renormalization
group flow. In other words, one complex can be thought of as condensing to another
[11]. This explains the use of the term tachyon: in string theory, a tachyon is a particle
which signifies an instability. This instability corresponds to the branes in a complex
annihilating each other.

4.1 Deformation of Complexes

Let us begin by considering a stack of D6-branes on a threefold X given by a holo-
morphic vector bundle E (with associated sheaf &), which decomposes as the direct
sum

&= @ &, (42)

nez

where each &7 is a locally-free sheaf on X. The open string states from & to itself,
correspond to linear combinations of elements in Ext*(&’, &). For all n, k the string
states with ghost number ¢ correspond to elements of Ext*(£", &"~¥+4). For exam-
ple, when k = 1, the string with ghost number ¢ = 1 correspond to elements in
Ext!(&", &), which describe deformations of the locally-free sheaf & associated to
the vector bundle E. The more pressing case to consider is k = 0. Here, the ghost
number ¢ = 1 strings are elements of Ext’(&”, &"*!) ~ Hom(&™", &"*'). Let us
defined = Y d, € Hom(&, &), where

d, € Hom(&", &™), (43)

Thus, d,, is a holomorphic map from &” to &"*!. We can use d to deform the physical
sigma model action
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8 = f Wi +vD)ad, (44)
X

and then prove that deforming the action by §S, requires a deformation of the BRST
operator as well

Q=0Qo+d. (45)

We need to retain the nilpotence Q% = 0 of the BRST operator, which leads to the
constraint

{Qo,d}+d*=0. (46)

The two terms above must individually vanish. The constraint { Qg, d} = 0 is merely
the statement that d is a holomorphic map, recalling that in the B-model, the unde-
formed BRST operator is Qg = 9. The condition d> = 0 can be expanded in terms
of successive maps, and we see that

dn+1dn =0. (47)

Thus, the nilpotence of the deformed BRST operator Q is translated into the con-
ditions that each d,, must be a holomorphic map, and the consecutive application of
two successive maps must vanish. That is to say & is deformed into the complex

dy-

& =(... R B C1)

Consider now the slightly more general case of open strings stretching from a
stack of D6-branes &* to another stack of D6-branes .% . Let both &* and .% " consist
of a collection of objects (graded by ghost number) constituting a trivial complex;
namely, &° and %" decompose into direct sums. We deform the theory by turning
on the differentials d° and d” , yielding two non-trivial complexes. The deformed
BRST operator can be shown to be

0=00+d" —d”. (49)

Let f" : &" — Z" be a collection of maps from the elements of the complex &”,
to the complex .. These should be thought of intuitively as strings stretching from
&" to F". What are the conditions that the map of complexes f is BRST invariant?
We require

an — Qofn + fn+ldé5 _ df; fn = 0. (50)

Like above, this factors into two independent constraints. First, we require Q f" = 0
for all n. That is to say f” is a holomorphic map, f" € Hom(&", .%#"). The second
condition is that f"*'d® = d7 f". This is precisely what it means for f to define a
morphism of complexes. Moreover, if two such maps f and f’ differ by a Q-exact
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term,

f = f+ Oh, (51)

then we see that f and f” are homotopic morphisms of complexes. Therefore, quoti-
enting by homotopy equivalence is the mathematical manifestation of passing to Q-
cohomology, which is well-motivated physically. In order that a map f : & — %#°
be a genuine morphism of complexes, we require that f be BRST invariant (QO-
closed) which is precisely the physical notion of corresponding to an allowed open
string state. Moreover, two such states f and f’ are deemed physically equivalent
if and only if they differ by a Q-exact term, and this coincides with the definition
of f and f’ being homotopic chain maps! We conclude that the homotopy category
K(%) naturally models stacks of D6-branes in the B-model.

4.2 Renormalization Group (RG) Flow
and Quasi-Isomorphisms

Given the homotopy category K(%), it is clearly tempting to ask if there is any
physical motivation to identify quasi-isomorphisms, landing us once and for all in
the derived category. I hope to outline the state-of-the-art conjecture that D-branes in
the B-model related by a quasi-isomorphism correspond to physical configurations
related by worldsheet renormalization group (RG) flow; in some loose sense, the
branes and anti-branes at least partially annihilate.

Branes, Anti-branes, and Tachyons

First, we introduce some terminology. Given a D-brane represented as a complex,

dp

& =(... s by gt D, prr2 S,y (52)
we consider the entries of the complex to be alternating branes and anti-branes, and
we call the maps d,, tachyons. In string theory, a tachyon indicates an instability in a
physical system. Indeed, here we mean that non-zero tachyons d,, lead to an instability
of the configuration of D-branes. In the trivial case where all d,, vanish, the system
appears to be in a stable state, but with non-zero tachyons, the configuration may
flow via the renormalization group to a more stable system.

In physics, two theories related by renormalization group flow are said to lie in the
same universality class. The conjecture here is that the physical universality classes
correspond to the equivalence classes of quasi-isomorphisms. It’s crucial to note that
two theories in the same universality class, are not equivalent physical theories. RG
flow represents a flow in the “space of theories” to a completely different physical
theory.

We seem to have argued that the category of D-branes in the B-model topological
string is the (bounded) derived category D”(%) of locally-free sheaves on X. How-
ever, as mentioned earlier, the locally-free sheaves are not an abelian category. The
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natural guess is to pass to the coherent sheaves which are essentially the abelian-
ization of the locally-free sheaves. Indeed, we have seen that a D-brane naively
corresponds to a coherent sheaf, making this extension reasonable. Therefore, the
conjectural conclusion provided by [2, 3] is,

The category of D-branes in the B-model topological string is the (bounded)
derived category D?Coh(X) of coherent sheaves on a Calabi—Yau threefold X.
Quotienting by homotopy corresponds to identifying states up to Q-exact terms.
Quasi-isomorphism corresponds to worldsheet RG flow and brane/anti-brane
annihilation.

This is fundamentally built on the original conjecture of Kontsevich [1] relating
homological algebra and mirror symmetry.

S Examples

Example 1: Elementary Brane/Anti-Brane Annihilation
The following example is as simple as it gets, but it illustrates well all of the features
of the discussion above. Consider the following complex,

c

0 E E 0 . (53)

where E can be any coherent sheaf supported on a subvariety Z of X. If the above
map c is identically zero, then we essentially have two copies of £ which do not
couple in any sense, and the complex decomposes into a direct sum E @ E. This
can be thought of as two stacks of D-branes wrapped on Z which do not interact. If,
however, we turn on the map ¢ # 0, physically, we have added a VEV for a tachyon
field, which indicates an unstable coupling between the branes. The E on the left
represents an anti-brane while the E on the right represents a brane. Intuitively, we
physically expect the branes to annihilate due to this instability. In other words, this
sequence should be in the same universality class as the zero complex. Indeed, in
this case this sequence is quasi-isomorphic to its cohomology, which is simply zero
in every entry, for ¢ # 0. And so the intuition is verified: the unstable configuration
is quasi-isomorphic to the zero complex, signifying brane/anti-brane annihilation.

Example 2: D4-branes

Let Z C X be a codimension one complex subvariety of X, i.e. a divisor. This
means Z is cut out by a section of a line bundle &'(—Z), which is given locally
by the vanishing of a holomorphic function f. Since &'(—Z) consists simply of all
holomorphic functions vanishing identically on Z, it naturally injects into . The
cokernel of this map &(—Z) — Oy is simply the structure sheaf of Z, denoted &7.
Thus, we have the following short exact sequence of sheaves,

f

0 —— 0(-2) Ox Oy 0. (54)
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We can reinterpret this exact sequence. Let us define the complex (not exact sequence)
&,

&=(.. —>0—— 0(-2) Ox 0 ..), 85
where we take O to be in the zeroth degree slot. It’s straightforward to compute the
cohomology of this complex, where we get zero in all degrees except #°(&") =
Ox|0(—Z) = Oz. Since we are working in codimension one, &'(—Z) is a locally-
free sheaf, so we see that we have recovered the coherent sheaf &'z as the cohomology
of a complex of locally-free sheaves. Thus, we can interpret the complex & as
consisting of a brane and an anti-brane annihilating to yield simply &7 as the endpoint
of renormalization group flow. It’s natural to consider & as associated to a D4-brane,
since it is supported on a four real dimensional manifold Z.

Interpreting this example in another light, we regard 0'(—Z) — O as a locally-
free resolution of the torsion coherent sheaf &z. Of course, the cohomology of a
resolution coincides with the original object, itself. In this way, we can imagine
resolving any coherent sheaf supported on a complex subvariety by locally-free
sheaves. This is what we meant above, when we mentioned that coherent sheaves
arise naturally from complexes of locally-free sheaves, under RG flow.

Example 3: DO-branes

Let us take X to be a Calabi—Yau threefold which we can study locally as C* with
coordinates (x, y, z). We define a map

09 2 oy, (56)

defined by taking a triple of holomorphic functions ( f1, f2, f3) to the holomorphic
function x f; + yf> + zf3. Since the cokernel of this map should be &y modulo the
image of this map, we expect that a section of the cokernel must vanish away from
the origin in C3, but can take any complex value at the origin. Letting p denote the
origin in C3, we see that the cokernel of the above map is simply the skyscraper
sheaf 0, at p. Moreover, we naturally have a surjective map Ox — O, arising from
evaluating a holomorphic function at p. Thus, the skyscraper sheaf &, is a coherent
sheaf. We have the exact sequence

0P 22, 5y o, 0. (57)

Indeed, this map has a kernel, corresponding to the sheaf of all functions vanishing
at p; this is the ideal sheaf of p. Finally, this gives the short exact sequence

0 7, Ox o, 0. (58)

Just like in the previous example, we can define the complex &,
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& =(... 0 7, Ox 0 L)y (59)

and trivially compute the cohomology of the complex to vanish in all degrees except
HE") = Ox /I, = 0,. Once again, we recover a general coherent sheaf as the
cohomology of a complex of coherent sheaves. The only difference here is that .7,
is no longer a locally-free sheaf. Rather, it can be though of roughly as a trivial line
bundle outside the origin, where there is no fiber.

Example 4: Branes Wrapping Curves and Points

The setting most closely aligned with modern enumerative geometry and string the-
ory consists of studying one-dimensional sheaves on a Calabi—Yau threefold X. These
are sheaves which have a complex one-dimensional support. The Gromov-Witten,
Donaldson—Thomas, and Gopakumar—Vafa invariants often package themselves into
partition functions exhibiting remarkable properties, and uncovering surprising con-
nections to subjects like modular forms, and representation theory, to name just a
few. As a final example, I would like to briefly outline the connection two of these
invariants have with the content of this article.

The Donaldson—-Thomas invariants are a (virtual) count of subschemes Z C X
supported on a fixed homology class 8 € H»(X, Z). and whose structure sheaf ¢z
has a fixed holomorphic Euler characteristic. Such subschemes can be supported on
both curves and points. We therefore think of &7 as a bound state of D2-DO0 branes.
However, there is necessarily a surjective map Oy — Oz, with kernel .#;. Therefore,
one often hears the Donaldson—Thomas invariants described as enumerating bound
states of D2-DO0 (anti) branes within a single D6-brane.

The Gopakumar—Vafa invariants are integers which count BPS states of D2-
branes wrapped on curves in X. Given a class 8 € H,(X, Z) we can consider the
moduli space .Z (0, 0, B, 1) of pure one-dimensional sheaves .% supported on class
B with D-brane charge 2(%) = (0, 0, B8, 1). Recently, a proposal emerged [12] for
extracting the Gopakumar—Vafa invariants from .# (0, 0, 8, 1) consistent with their
known relation to Gromov-Witten theory.

Due to the combined shortness of my talk, and immense breadth of this subject,
I necessarily had to omit certain important topics and examples. Particularly, some
explicit computations of open string states as Ext groups. These are covered excel-
lently in [2, 3] to which I refer the reader. In particular, [2] contains quite a few very
enlightening examples. Another topic I had to omit is spectral sequences; a great
discussion can be found in [3].
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Introduction to Topological String )
Theories crece

Kento Osuga

1 Mathematical Background

In this section, we give mathematical definitions and some results that physicists
might not be familiar with, but these are necessary to understand the topological
A-model and B-model and mirror symmetry. See [1, 2] for more details.

1.1 Complex Manifolds

An m-dimensional complex manifold is defined to be a 2m-dimensional real manifold
which locally looks C™ with holomorphic transition functions, hence any complex
manifold is a real manifold. The converse is however not always true and we need
to introduce the concept of complex structure. Let M be an 2m-dimensional real
manifold with tangent bundle 7 M and cotangent bundle 7*M, and we denote by
I'(QTM ®' T*M) the space of tensor fields of rank (k, ). We define an almost
complex structure J € I'(TM @ T*M) to be a smooth tensor field of rank (1,1) on
M satisfying J¢J; = —&;. Then we define the Nijenhuis tensor N which locally
takes the form

NE = T804 — 8:.J5) — T4 @aJf — 3, J9). (1)

If N =0 everywhere, J is called a complex structure. It is proven that an
2m-dimensional real manifold can be considered to be an m-dimensional complex
manifold only if it admits a complex structure J. Roughly speaking, a complex
structure tells how to mix local coordinates (z;, Z;).

K. Osuga (B<)
Department of Physics, University of Alberta, Edmonton, Alberta T6G 2E1, Canada
e-mail: osuga@ualberta.ca

© Springer International Publishing AG, part of Springer Nature 2018 209
M. Ballard et al. (eds.), Superschool on Derived Categories and D-branes,

Springer Proceedings in Mathematics & Statistics 240,
https://doi.org/10.1007/978-3-319-91626-2_15


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-91626-2_15&domain=pdf

210 0. Kento

1.2 Calabi-Yau Manifold

A Hermitian metric h on a complex vector bundle E over a complex manifold M is
a smooth section 7 € I'(E ® E) satisfying

h(u,v) =h(u,v), h(u,u) >0, u,vekrk. 2)

Locally & can be written as i
h = h;dz* @ dz’. 3)

The Riemannian metric g on complexified cotangent bundle 7 M is defined to
be the real part of the Hermitian metric

1 _
g =50+, 4)

On the other hand, the imaginary part
i _
= —(h—h), 5
w 2( ) ®)

is called the Hermitian form. All h, g, w are compatible with a complex structure
J,ie., h(u,v) = h(Ju, Jv). Also note that any of these three uniquely determines
the other two. A Kdhler manifold is defined to be a complex manifold with the non-
degenerate closed Hermitian form dw = 0 and w in this case is called a Kdhler form.
It is known that locally a Kihler form is given by a so-called Kihler potential K as

Wup = 1845 = i8af_?l;K. (6)
One can calculate the Riemann tensors by the Riemannian metric g and it turns
out that all R, = R;; = 0 on a Kéhler manifold. A Calabi—Yau manifold is defined

to be a compact Ricci flat Kdhler manifold, which is our interest in topological string
theories.

1.3 Cohomologies

On a complex manifold M, we define a (p,q)-form' which locally is given as

A= Ay aypyon, (2, DAZ A AdZ NP A A dT (7)

Do not be confused with type (k,1) tensors.
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The space of p-forms on M is the direct sum of the space of (p — ¢, ¢) forms over q.
Accordingly there exists three different exterior derivatives, namely d which maps
p-forms to (p + 1)-forms, @ which maps (p, g)-forms to (p + 1, g)-forms and 9
which maps (p, q) to (p, g + 1)-froms. They are all nilpotent.

Let us denote d-cohomology, d-cohomology and d-cohomology by H?”(M),
HY?(M), and Hép’q (M) respectively. Then a Kihler form o is, for example, in

H?*(M) and also in H"'(M). There is no relation among these cohomologies in
general but if M is a Kdhler manifold, it is known that H}"? (M) = Hép ‘(M) and

H (M) = @ HP~ (M), (8)

We call h”? = dim H?9(M) the Hodge numbers of M and for a Kihler manifold
they satisfy the following relations

WP — h(q,p)’ WP — pm—pm—q) )

1.4 Chern Class

Let us consider a connection form? @ on M and define the curvature form 2 as
=do+ono. (10)
Then the Chern class is defined as
c(M) = det <I+g) =coM)+c (M)+cr(M)+---, (11
where n"* Chern class ¢, (M) is given by the term with n powers of £2.

In particular, we find

_ _iTr(82)
co(M) =1, (M) = o 12)

For a Calabi—Yau manifold, it is known that ¢; (M) = 0, which becomes a key to
define the B-model in Sect. 6. Note that the requirement of the Ricci flatness is indeed
equivalent to the requirement c; (M) = 0.

One may be concerned that this definition relies on a connection @ so different
choices of a connection gives different Chern classes. However, this turns out to be
an overthinking. The Chern classes are independent of the choice of connection.

2This is called a spin connection in supergravity.
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1.5 Moduli Spaces of Calabi-Yau manifolds

We denote a Calabi—Yau manifold by M within this subsection. There is a theorem
by Calabi and Yau that given a complex manifold with vanishing first Chern class,
there is precisely one Calabi—Yau manifold in each Kihler class. We thus define
the moduli space .Z of Calabi—Yau manifolds to be a space of all possible Kihler
classes and complex structures on Mc. It is shown that h*° = h%? are fixed by
dim(M¢), and especially they are zero if dim(M¢) > 3.

It is suggested that the Kihler part of ./ is related to H"!'(M¢) since w €
H"“'(M¢). More precisely, the tangent space of it is isomorphic to H! (M¢). On
the other hand, the complex structure part of .# is more complicated in general so
let us stick on M of dimensions three. In this case, the tangent space of infinitesimal
deformation of complex structure of .# is shown to be isomorphic to H>!(M). In
fact one can explicitly calculate some of the Hodge numbers for the Calabi—Yau
3-fold and the hodge diamond becomes

1
0 0
0o A0
1 m21 2o (13)
0 A0
0 0
1

The mirror symmetry between two Calabi—Yau threefolds is a duality under reflec-
tion along the diagonal line, i.e. by interchanging A"! and h>!, or in other words
H''(M) (Kghler classes) and H>'(M) (complex structures) of two mirror pair the-
ories.

2 Topological and Cohomological Field Theory

Discussions in this section and here after are based on [2, 3]. Our interests in quantum
field theories are correlation functions, or observables, of physical operators in some
certain background. Here a background includes a choice of a manifold, metric and
coupling constants. A topological field theory, TFT, is defined to be a theory if all
physical observables are independent of the choice of the metric. So obviously any
observable has no explicit dependence of the metric, though it implicitly can.

This is a quite powerful requirement. Since one can freely change the metric and
coordinates in TFT, and these two end up with changing insertion points of local
operators without varying observables. That is, order of operators does not matter
and observables are independent of insertion points in contrast to standard quantum
field theories.
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A cohomological field theory, CohFT or sometimes called a Witten’s type TFT,
is a TFT with the following properties.

There is a global Grassmann scalar symmetry operator Q such that Q% = 0.
All physical operators ; are Q-closed, {Q, 0;} = 0.

The vacuum state is Q-symmetric, Q|0 = 0.

The EM tensor 7, is Q-exact, T,,, = {Q, G}, where G, is some operator.

The first three are properties of any quantum field theory with a BRST charge.
These three ensure that observables of physical operators &; are invariant under a
Q-exact shift with some operator A

O~ 0 +{0, Ai}. (14)
The fourth one is crucial to make a theory topological. Let us consider a functional

derivative of an observable with respect to the metric g. Since physical operators are
required to be independent of the metric, we have

—5 ) .
(ﬁil"-ﬁi)=i/D¢ﬁil...ﬁi SetS[qb]’
CSgl/LV n ; Sguv

=1 <ﬁi1 N ﬁi,,{Q, Gﬂu}) ,

=0 (15)

where ¢ is a field in the theory.

As a simple example, if the action is Q-exact, the theory is a CohFT since the
functional derivative with respect to the metric should be also Q-exact. Further since
the action is given by

i
eXpE{Q,/MV}, (16)
we have
d
-0 =0 (17)

Therefore in this case, all correlation functions are given in the classical limit
(h — 0).

2.1 Nonlocal Operators

Consider an observable of physical local operators {J; (x;)}. Since topological invari-
ance of the theory implies that it is independent of insertion points x;, the derivative
with respect to, for example, x; vanishes
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d (O1(x1) -+ O (xi)) = (d OV (x1) -+ - O (xy)) = 0. (18)
This means that d & must be Q-exact
do(x)) = {0, 0V (x))}, (19)

where we denote the original physical operator by ¢® and the associated local
operator by &V If C is a closed circle in M, then

UC) = f oM (20)
C

is Q-closed. In fact,

{0, UC)} = yg do® =o. 21)
C

Topological invariance implies that § U (C) under small displacements of C should
be Q-exact. Since Stoke’s theorem gives for a small area A with two boundaries

Cy, Ca,
o _?§ oW =/dﬁ(1’, (22)
Cy C; A

it is again shown that @0V must be Q-exact 0V = {Q, 6®}. Thus we have
another nonlocal operator for a closed two-dimensional surface S.

U(S) = / 0. (23)
S

One can of course repeat this procedure and eventually obtain a Q-closed nonlocal
operator

UM) = / om, (24)
M

where m is dimensions of M. Since this is independent of the metric by construction
and Q-closed, one can freely add & into the action S with some coupling constants
without spoiling the cohomological property.

3 Twisted N = 2 Supersymmetry

Let us consider a two-dimensional N = 2 supersymmetric theory in the superfield
formulation. There are two bosonic local variables z, z and two Grassmann vari-
ables 6 and their complex conjugate 6. In our conventions, we define 6_ to be a
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complex conjugate of 6. This is because under the Lorentz transformation z
e%®7 Grassmann variables are changed as

Os > %0, Oz > 0, (25)

In the superfield formulation, the set of supersymmetry generators is represented
by

d :
H = _idxo = —i(d; — 0z),
d )
PZ_W:_l(az"i'aZ),
M =220, —270: + 0 0 +6 0 0 0 7] 9 (26)
T T T e, T e, e ah
0 _
= 1ib0.,
O+ 89i+l:t:t
19) 9 10,9
= —— —1 ,
T 00, 7

where z = x' 4 ix°. Note that the complex conjugate of 95, 18 —dp_. Their commu-
tators are

(M,H] =-2P, (M, Pl =—-2H,
M, 0] =FQs+, [M,0:]=%F0,, (27)
{0+, 0.} =P+H,

and others are zero. Note that transformations of supercharges under the Lorentz
operator M are a half of those of H, P which represents that they are spinorial
quantities.

Let @ be a superfield, then a super transformation is given by a Grassmann
parameter ¢+ as 6@ = (e_Q + . 0_)P. However since there are no constant
covariant spinors ¢4 for arbitrary manifolds, these supersymmetries Q4 are not
global in general.

Fortunately since we have two supersymmetries, there is an additional U (1) sym-
metry, called an R-symmetry, between them and it plays an important role in con-
structing a CohFT. In particular, consider the following two independent Ry, R4
transformations

Ry : (04,00) > (e770,,eP0,),  (0-,0-) — (e7P0_, "0 ),

_ A o _ ) o (28)
Ra:(64,00)— (e PO, eP0,), (0_,0_)— (P0_,e7P0.),
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and they leave z, 7 invariant. That is, these are rotation among Grassmann variables.
Their generators in terms of & and nonzero commutators are given by

Fy = —0 0 +6 g 0 9 ] g
YT e T Tea, a0 Tag 29)
Fi=—0 0 +0 9 +6 9 ) 0
AT T e0, T e, a6 a0
[Fv,0:1=+Q+, [Fv,0:]l=—0, 30)

[Fa, Q<1 =£0+, [Fa, Qi =F0..

Note that these commutators are different from those in (27), though they are similar
as Fy, F4 are basically generators of U(1).
Now we get to a crucial argument. Let us define a new Lorentz operator as

MAZM—Fv, or MBZM—FA, (31)

then their commutators with H, P remains unchanged while those with supercharges
are

[My, Q41 =204, [Mp, Q41 =-20,

M4, Q_1= 0, [Mg, Q4]1=+20,,

M4, Q. 1= 0, [Mp Q,1= 0,

M4, Q_1=+20_, [Mp, 0 1= 0. (32)

A theory with the Lorentz generator M, is called A-twisted and one with M is
B-twisted. In an A-twisted theory, if one defines Q4 = O, + Q_ then we have

My, Qal =0, {Qa, 04} =0, (33)

The first commutator shows that Q 4 transforms as a scalar under the Lorentz trans-

formation M 4 so does its associated parameter 4. That is, O 4-symmetry is globally

defined. The second equation suggests that one can construct a CohFT with Q4.
Similarly in a B-twisted model, commutators with Q3 = Q. L+ 0_ are

[MBv QB] = Ov {QBs QB} = 07 (34)

which suggests the existence of another CohFT. Note that these observations only
guarantee the first condition for a CohFT. We will explicitly see in the next section
that we can indeed construct two CohFTs from N = 2 supersymmetric theory.
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4 Sigma Model and R-anomalies

We study a supersymmetric nonlinear sigma model in two dimensions, which gives
the topological A-model and B-model after twisting. Let X' be a Riemann surface of
two dimensions and M be a target space of complex dimensions m with the metric g
then the sigma model governs maps @ : X — M. The on-shell action of this model
is given as

1 I
S = Zt/ d22<58118z¢182¢1 + zglﬂﬁfAsz
b

I 1
+§guwiAzwi + ZRUKLwin wL>, (35)

where ¢ is a coupling constant and A is the covariant derivative with respect to the
metric on both ¥ and M.

Let K, K be the canonical, and anti-canonical line bundles of ¥ and 7'M, 7' M
be the complexified tangent bundles of M respectively. Then each field lives in

¢ € dX(T'OM), (36)
¢ e (T ' M), (37)
vl e K@ X (T"M), (38)
vl e K'?@ X1 M), (39)
v e K @0 (T0M), (40)
vi e K" @ " (1" M). (@1)

If M is Kihler, then it has the supersymmetry transformations listed below. (If M is
not Kihler, it is still supersymmetric, just not with (2,2) supersymmetry, only (1,1).)
Lete_,6_ e K Y2 ande_,&_ € K ' Then the super transformation laws with
these parameters are respectively

8¢" =ie Yl +ie yl,

8¢% =iz Yl +iE Yl

Syt = —E_8,0" — i YO TEYC,

SYd = —e_8.¢" — iE Y TLyl, (42)
SYL = —8,0:0" —ie_yYiThYC,

Syl = e d:¢% — iE_yYiTL Y.
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Now let us discuss the R-anomalies. For simplicity, we drop the a-indices and
+-indices. In quantum field theories with fermions, one needs to be careful about
their zero modes. In our model (35), the following part is problematic

/ Dy Dy exp(y AY). (43)
If  is expanded as ¢ = Y ¥®, it is given by

I1 / dy®ay® exp (E(’)Aw)). (44)
k.l

Thus if ¥ has some zero modes, the path integral vanishes since [ d6 = 0 for any
Grassmann variable 6. We give some facts below which we omit proofs since they
are too technical:

e Except in some special cases, one can show that the number of zero modes of ¥/
is |k | and that of Ei is zero if k. is positive, while the number of zero modes of
Y4 is zero and that of Wi is |ky | if k4 is negative.

e k. satisfy k; = —k_. Thus one can choose k = k_ then there are k zero modes of

¥_, ¥, and no zero modes of ¥, ¥_ if k > 0.
e k is given by the first Chern class of the target space as

k:/ c1(M). (45)
$(X)

e The last term is small perturbation in string scale. However since small perturbative
effect is not expected to give some change of the integer number k. in topological
theories, we ignore the contribution from this term to k...

Therefore in this model, we need to insert local operators to have nonzero observ-
ables and those are given in the following form

k -
/ DY DY DY_DY_W, . j . (]_[ w%’_’;) ¢S, (46)
i=1

where we have assumed k > 0. Equation (28) shows that the product of _ and 4
is invariant under the Ry -symmetry, while it is not under R 4. Thus the R 4-symmetry
is broken unless k = 0. We arrive at the same conclusion if £ < 0. This implies that
the A-twisting is defined for any Kihler target space, but the B-twisting can only
be defined for Calabi—Yau target spaces since otherwise the R4 symmetry is not
well-defined. In the next section, we twist this sigma model into the A-model and
B-model to investigate more details.
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5 The A-model

In the A-model, the spinors live in the following bundles

Y=yl e K@ o*(T"(M)),

x=yle o*(T"(M)),

=yd e o* (1" (M)), (47)
=y? e K Q &*(T* (M)).

Ny

X
v

By (42), by setting e_ =g, = 0 and ¢, = ¢,¢_ = € to be constants, we have

3o =iex”
S¢% = igx®
Sx“=68x"=0 (48)
8¢ = —8d.¢" —iex"Tp. ¢
Syl = —edp" — iEx"Toyt
Note that §2, or Qi vanishes up to the equations of motion. We can of course consider

the off-shell formalism and then Q? = 0 without using the equations of motion.
The on-shell action becomes

1
S=2t/dz< 8170:0":07 +iga i A x"

1
+lgabl/f Az X + 2Rabcd1/f 1/fh ¢ d>

~it/ dZ{QA,V}—i-t/ D" (w), (49)
z z

where the second term is the pull back of the target space Kihler form and the last
line is true up to terms vanishing by the yr-equations of motion. This does not make
any difference in the A-model as shown shortly. V is given by

V =g (V200" + o). (50)

The second term of (49) depends only on the cohomology class of @ and the homotopy
class of the map @. Let us denote it by i7f - w then the action is given by

S=—tﬁ'a)+/{QA,V}. Sh
z
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We can putizf - w out from the path integral so a physical observable takes the form
100 =" / DDy DY [ | Gue™'OrI V). (52)

As discussed in Sect.2, the path integral part is independent of ¢ hence we can
calculate it in the classical limit as long as N(¢8 - w) > 0. The ¢-dependence factor
is called an instanton number.

The remaining terms in the Lagrangian can be written as

(0. V) =L = 2155 (9:9"0:¢" — 0.0"0:9" ). (53)

In particular, it includes only d:¢“ and d,¢“. Then one realizes that L is minimized
(classical limit) when ¢ is holomorphic

9:0% = 9.¢° = 0. (54)

Thus the A-model sums over holomorphic maps from ¥ — M. In general, the space
of such maps is finite hence the path integral reduces to a finite dimensional integral
and it is known to be m (1 — g) for a Calabi—Yau manifold where g is the number of
genus of X.

Note that the instanton factor obviously depends on the choice of Kihler classes
while it is independent of complex structures of M hence all information about
complex structures of M is embedded in the definition of V. If one modifies a
complex structure of M, the variation of the action gives

BSZ{QA»/ 8V}, (55)
M

which is irrelevant in CohFTs. Therefore, the A-model depends on the Kihler classes
on M but not their complex structures.

5.1 Local Operators

In order to construct local operators independent of both the worldsheet metric and
diffeomorphism, one can use only ¢, x but not { because ¥ behaves as a vector
and the z-indices should be either contracted by the metric or integrated out into
a nonlocal operator. x is on the other hand a fermion even after twisting hence a
well-defined local operator is in the form

On = Ay, @IX o xx" 5. (56)
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By using (48), a simple calculation shows

{Q4, Ou} = —0ya (57)

with d the exterior derivative acting on A. Indeed the de Rham cohomology on M
turns out to be isomorphic to the Q 4-cohomology of the A-model as long as we
consider only local operators.

Let us come back to the question why there is no need of terms vanishing by
the -equations of motion in (49). One can define a new operator 04 such that
the second line of (49) is given by equality but instead the transformation law for
¥ in (48) is modified. Then one can of course consider another topological theory
with Q4 and what potentially changes is only the Ou- cohomology, i.e. the form
of local operators. However since Oa- operations on ¢, x are precisely the same as
Q 4-operations, local operators given in (56) is not modified at all. Therefore there
is no topological difference between the A-model with Q4 and Q4.

After twisting, spinors are not in the same bundle as before so that the number of
zero modes is also different. For example, it is known that the number of zero modes
of x is

k=m(l—g), (58)

if the target space is a Calabi—Yau manifold, which is the same as the dimensions
of the space of the map ¢> and no zero modes of v for k > 0. If k is negative,
one can regard that there is no zero mode of x but |k| zero modes of . However
in this case, one cannot construct local topological theories because i should be
inserted which is either nonlocal or is contracted by the worldsheet metric. Thus
nonzero observables in the local A-model are only the partition function if g = 1
and (m, m)-point functions if g = 0.

6 The B-model

In the B-model, the spinors live in the following bundles

Yi e K® o (M),

Y e K ®@ " (T"°(M)),

vl e (T (M), (59)
y® e o*(T"N(M)).

3This is not a coincidence. One can intuitively see from the isomorphism between d-cohomology
and Q 4-cohomology by using the transformation laws of ¢, .
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It is convenient to define spinors as

Nt =yl + I,
0. = g (WS — %), (60)
Py =V, pf =YL,

then by setting e = ¢, = 0 and €. = g, = ¢ to be constants, the super transfor-
mations become much simpler than those of the A-model

8¢" =ien”,
§p = —ede®, (61)
8¢“ = on" =86, =0.
The B-model Lagrangian is

L= tf d2z<g”az¢’az¢’ +igapn (Apf + Azp?)
X

i0,(Acp? — Acp) + Rabcdp;pznbgdeee),

= it/ d*z{Qp, V} +1W, (62)
P
where
V = g (020:0" + pt0.6"). (63)
l' - -
W=- f (@Dp“ + 5 RasedP” A anbgdeee> : (64)
X

where A is the extended exterior derivative on X'. Note that this is an equality and
we did not use any equations of motion, unlike the A-model. Note that since W is an
integral of a (1,1)-form over X, it is independent of the worldsheet metric. Therefore
this model satisfies the requirements to be a CohFT.

Just like the A-model, any local operator should be consisted of ¢, 6 and 7 thus
it takes the form

ﬁB = Bg:;}: (¢)9a, s eap nbl - 77b,, , (65)

and by (61), one simply gets

{OB, O} = —0jp. (66)
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In contrast to the A-model, local operators include 6 so that we cannot use the 0

equations of motion. Note that since BZ'”;" in (65) has not only subscripts but also
1y

superscripts, the Q g-cohomology is isomorphc to @, , HY(M, AP TOM).

Fortunately this 6-dependence of W makes the B-model rather simpler. Since 6 is
linear in W, and V is independent of it, one can redefine & — 6/t hence we can get
rid of the #-dependence of the W term. The remaining V term is Q p-exact hence it
is independent of 7. Accordingly any observable in B-model is proportional to some
power of ¢ coming from the path-integral measure and local operators.

The path integral part is calculated in the classical limit similar to the A-model.
In the B-model, the V term has both (8:¢¢, 3.¢%) and (9,4, 3:¢%) so that the
Lagrangian is minimized when

39" = 9,¢" = 0,¢" = d:¢° = 0. (67)

This is just a set of constant maps @ : X — M. The space of such maps is a copy
of M hence the path integral simply reduces to an integral over M.

The number of fermion zero modes again changes after twisting. If the target
space is a Calabi—Yau, it is known that the difference of the number of 7, 0 zero
modes and that of p zero modes is k = m(1 — g). Note that the objects integrated
over M is not a (0, m)-form but (m, m)-form thus it is natural to contract with a
holomorphic (m, 0)-form £2

BZIIZ — BZ:...Z; 240,824} -a),- (68)
Therefore, an observable of the B-model is an integral of wedge products of forms B
and £2 over M, which one can classically calculate. It is shown for Calabi—Yau man-
ifolds that the space of holomorphic (m,0)-forms is isomorphic to that of AYT0M.

All properties of the B-model discussed so far are much simpler than those of the
A-model. The only thing which is not so clear yet to see is that it is independent of
Kihler classes. In fact a tedious calculation shows that a modification of the Kihler
metric on M changes W in (62) by {Q, - --}. On the other hand, it is easy to see
by the above argument that it depends on complex structures since observables are
determined by the choice of the holomorphic (m, 0)-form 2. As a conclusion the
A-model and B-model are a mirror pair under interchange of their Kéhler class and
complex structure.

7 The Fixed Point Theorem

We explain why the maps ¢ reduce to holomorphic maps in the A-model and constant
maps in the B-model here in an alternative way.

Consider an arbitrary quantum field theory with a group of symmetry G. Let F
be the configuration space of all fields in the theory then the path integral of some
operator O is
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/ Oe™S = Vol(G) - Oe S+ | O3, (69)
F F/G Fo

where Fj is a subspace invariant under the G-action. Notice that if G is Grassmann,
Vol(F') should be also Grassmann and which implies that it vanishes because f do =
0. Therefore the first term is zero.

Now let us consider F to be a nilpotent group then Fj is defined by fields such
that §@ = 0. In the A-model (48) gives

0:0 = 9:¢" =0, (70)
while in the B-model we have by (61)
d¢® =0. (71)

Thus Fj is the space of holomorphic maps in the A-model and the space of constants
maps in the B-model respectively.

8 Topological String Theories

We only focus on closed string theories so that there is no need to worry about
boundary conditions. The main difference between topological field theories and
topological string theories is whether or not we path-integrate over the worldsheet
metric £,,. This makes theories more interesting.

8.1 R-anomalies

Note that the sigma model given in Sect.4 becomes a super-conformal field the-
ory once we couple the worldsheet metric in the action. There are three (bosonic)
local symmetries, namely two diffeomorphisms and the Weyl symmetry, in two-
dimensional CFT and the number of independent components of the metric is also
three. Thus one can always locally gauge-fix the metric in the flat form

P (72)

However this is globally impossible since there are parameters that cannot be
gauged away. In general, there is no parameter for a sphere, one parameter for a
torus, the famous modular parameter 7, and for higher genus there are m, = 3(g — 1)
parameters left.

Let us first consider the g > 1 case, for which the number of parameters is
3(g — 1). Conformal transformations in two dimensions are equivalent to holomor-
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phic transformations hence these modular parameters in fact describe change of
complex structure on X', which can be parametrized by uz, i as

dz > dz +cpidz,  dzv> dZ+cpldz (73)

where c, ¢ are infinitesimal constants. After gauge-fixing the metric, one still need
to integrate over this 3(g — 1)-dimensional moduli space M,. The measure of M,
should be invariant under coordinate transformations of X' so uz, i} should be con-

tracted by G.., G:: and integrated over X, where G is the Q-partner of the EM
tensor®. Thus, let (m;, m;) be coordinates on M, then it is natural to guess the form
of the measure as

/~ l_[ dmid”ﬁi/ Gzzﬂé(i)/ Eiiﬁi(i)- (74)
i X X

It is indeed proven that this is correct, that is, this is invariant under coordinate
transformations on M ¢~ We have arrived at the first crucial point of topological string
theories. Even though the metric itself is independent of R-transformation, its path
integral measure is not invariant under R-transformation because of fermionic fields
G, G. One can then see that the product of these two G, G has no Ry -charge while the
R 4-charge is 2, thus the total R4-charge is 6(g — 1). On the other hand as discussed
before, the fermion zero mode requires 2m (1 — g) R4-charges after twisting to be
nonzero. Therefore the partition function vanishes for any genus g > 1unlessm = 3,
a Calabi—Yau threefold.

For a sphere, there is no modular parameter so one can copy all results from
topological filed theories and observables of (3, 3)-forms are evaluated. The only
difference is that one needs to fix three rotational symmetries of a sphere. In particular
for a Calabi—Yau threefold, this can be done to consider three -point functions with
three marked points. That is, these points are fixed as a gauge choice.

For a torus, there is one modular parameter so we need to insert one local (1,1)-
form to have nonzero observables because then the R 4-charge is consistent. Similar
to the case for a sphere, there is a axial symmetry on a tours hence the insertion point
of the local operator should be fixed.

As a summary for Calabi—Yau threefolds, nonzero observables of local operators
are a three-point function of (3,3)-forms on a sphere, a one-point function of (1,1)-
forms on a torus and partition functions for any higher genus.

“This result should be rigorously achieved by the Fadeev-Popov method so that the contracting
tensor is suggested to be fermionic and G, G3; are the most natural choice.
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8.2 Weyl Anomaly

In CFT, there is another anomaly we have to consider carefully, which is the Weyl
anomaly coming from the central charge of the Virasoro algebra

[L,,L,]= (I’I’l - n)Lm+11 + %m(mZ - 1)8m+n7 (75)

and similarly for the right moving modes L,,.

To twist a theory, we need to use the R-symmetry, which is a U (1) symmetry.
Thus by the Noether theorem, there exist associated conserved currents J (z), J(2).
For open strings, J (Z) is the complex conjugate of J (z), on the other hand for closed
strings, they are independent. The modes of J satisfy

(Lo Ju] = —1ine L Ju] = gma,n+n, (76)

and similarly for J,. Thus by using these currents J, J, we can define the new stress

tensors as |

1 =1+50J. T*H=T+-37, 77

N =

and we denote their modes as I:,ﬁ, L £ This is another important point of topological
string theories that the new modes simply obey the Witt algebra, i.e. no central charge.
[Li, Lil=m—-n)L},,, [LiLil=@m-nLj,,. (78)

As a result, there is no Weyl anomaly.
It turns out that this shift of the stress tensors is equivalent to the A-twisting or
B-twisting. In this sense, twisted string theories are somewhat more fundamental

to define anomaly-free consistent theories. For simplicity, let us choose + for both
definitions in (77) then the zero modes are

- 1
Lo=Lo— EJOv (79)

and similarly for the left-moving mode. The generators of the R-symmetry and the
new Lorentz symmetry M are defined as

Fp =2miJy, Fr=2mil, (80)
. L = 1
M =2mi(Lo—Ly) =M — E(FL — FR), (81)

where M is the generator of the Lorentz symmetry before the shift. (29) implies
that Fy 4+ F4 only acts on +-indices, i.e. left-moving indices and Fy — F4 on
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left-moving indices. That is, they are the generators of left- and right-moving
currents and it is natural to identify them with F; and Fr. More accurately, they
are identified as

1 1
Fy = E(FL + Fr), Fp = E(FL — Fg). (82)

Thus (81) is none other than the Lorentz generator for the B-model and a similar

argument works for the A-model if one choose — sigh in the % shift (77).
Further discussions about topological string theories, in particular nonlocal oper-
ators, are left to [2].
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An Overview of B-branes in Gauged ®)
Linear Sigma Models L

Nafiz Ishtiaque

1 Introduction

Two dimensional superconformal field theories (SCFTs) with .4 = (2, 2) super-
symmetry have been a topic of much investigation for a long time, partly due to their
essential role in string theory. Some natural objects to study in any field theory are
boundaries in the space-time manifold preserving various amount of symmetry. In
case of supersymmetric theories, in the presence of boundaries, at most half of the
supersymmetry can be preserved. The boundaries preserving this maximal amount
of supersymmetry are known as BPS D-branes. The BPS D-branes in 4" = (2, 2)
SCFTs are particularly interesting objects as they provide the best (most manage-
able) probes of “stringy”” geometry that we have so far. In particular, they have played
a central role in our understanding of string dualities.! There are two inequivalent
subalgebras of .4~ = (2, 2) superconformal algebras (SCAs) containing half of the
supersymmetry, they are known as .4 = 2,4 and .4/ = 25 SCAs, and the BPS D-
branes that preserve these subalgebras are called the A-branes and the B-branes
respectively. The principal objects of study in this review are the B-branes.

The .4"=(2, 2) SCFTs have a moduli space with a product structure: ./, é/CVF?(Z'Z)z
My X Mc, where Mk and #c correspond to the Kihler and complex structure
moduli of some Calabi—Yau (CY) manifold. The infinitesimal deformations (preserv-
ing superconformal symmetry) of these SCFTs are generated by exactly marginal
operators which correspond to the tangents to these moduli spaces. It is usually dif-
ficult, beyond perturbation theory, to study the algebraic structures of operators in
full generality of a quantum field theory (QFT). But, the exactly marginal operators
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corresponding to .#x and .#¢ belong to two special subsectors of operators, known
respectively as the twisted chiral ring (%) and the chiral ring (%), that can be
studied in isolation with exact precision. These rings, Z. and Z,., are independent
of Kéhler deformations and complex structure deformations respectively. Another
defining feature of %, and %\ is that they correspond to the Q-cohomology of oper-
ators for a supercharge Q in 4" = 25 and .4~ = 2, algebras respectively. This leads
us to the fact that the boundary chiral ring and the boundary twisted chiral ring*
contain some supersymmetry invariant data about the B-branes and the A-branes
respectively. These supersymmetric data are of particular interest due to the fact that
they are protected under renormalization (RG), which facilitates many exact com-
putations. Furthermore, the chiral (twisted-chiral) sector of the B-branes (A-branes)
should be independent of the Kihler (complex structure) moduli and should vary
with the complex structure (Kdhler) moduli.

The independence of the boundary chiral ring from the Kihler moduli in presence
of a B-brane does not mean that the B-branes are completely unaffected by a change
in the Kihler moduli, what it means is that the chiral sectors of the B-branes over
different points of the Kiihler moduli space are isomorphic to each other,’ often quite
non-trivially. Finding a unifying description of the chiral sectors of the B-branes over
the bulk of the Kéhler moduli space was the principal motivation and result of the
comprehensive work [3] and is the topic of this review.

A priori, it is a difficult task to relate the B-branes at different points of the
Kihler moduli space .# , because at different points, the low energy theory can look
drastically different with different looking descriptions for the B-branes which are not
trivially identified. For example, in some region of .#x, the theory may be described
by a non-linear sigma model on a non-compact Calabi—Yau and in another region by
an orbifold theory with a discrete gauge group. The B-branes in these two theories are
described as objects in some derived categories associated to the Calabi—Yau and the
orbifold. The fact that these two categories are equivalent is a non-trivial statement
which is familiar in the math literature as categorical McKay correspondence [4, 5].
Another example of such equivalence is when the low energy theory at two different
regions are described by a non-linear sigma model on a compact Calabi—Yau and
a Landau-Ginzburg (LG) type theory. The relevant categorical equivalence in this
case, between a derived category of CY hypersurfaces defined by some polynomial
and the category of matrix factroization of the same polynomial, was established by
Orlov [6]. Explaining these equivalences from a physical definition of the B-branes
and their chiral sectors was part of the motivation for the paper [3].

The main tool in overcoming the obstacle of having different looking theories
at different places in .#k, is to use an ultraviolet (UV) description of the theories,
called the gauged linear sigma model (GLSM) [7], which includes as parameters
the coordinates of .#x. Depending on the values of these parameters it flows to
the various infrared (IR) descriptions under renormalization. Therefore, having a
description of the B-branes in the GLSM allows to see the fate of these B-branes

2Elements of the chiral and the twisted chiral rings that can be placed at a boundary.
3In a categorical sense, which we will make a bit clearer over the course of the review.
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under RG flow and makes the connection between the IR B-branes in different regions
of .4 physically transparent.

In this spirit we begin, in Sect. 2 by reviewing some basic facts about GLSMs and
their low energy description in the absence of boundary. All of this and much more
was discussed at length by Witten in [7]. In Sect.3 we review the characterization
of ¥ = 2p preserving boundaries in GLSM and the boundary chiral rings. We
will see that these branes can be thought of as objects in a homotopy category of
graded modules for certain rings and the chiral ring elements correspond to the
morphisms in the category. In the last section, Sect.4, we review the identification
of the GLSM B-branes and the IR B-branes, and the mechanism of relating the
chiral sectors of these IR B-branes in different regions of .#Zx . It turns out that the
relation between the GLSM B-branes and the IR B-branes is many to one and the
IR branes are better described as objects in some derived category. These last two
sections comprise a much abridged summary of a portion of the extensive work
[3]. In the appendix we collect some background information about the .4~ = (2, 2)
supersymmetry algebra and some general remarks about Chan—Paton spaces relevant
for describing the branes.

We should mention as a disclaimer that the main focus of this review is to point out
the emergence of some mathematical notions purely from physical considerations.
We will not go into much details of the relevant mathematics and we will often be
rather schematic. A good (physics friendly) reference for much of the mathematics
involved is [8].

2 GLSM Without Boundary

Ona (1 4 1)D space-time X (also called the world-sheet), A/ = (2, 2) GLSMs are
supersymmetric QFTs of maps:

x:X —>CN, (D

with some gauge group 7. Using coordinates for CV, the map x can be thought
of as a collection of N maps x = (x!, ..., x") where for any p € X, x'(p) is the
ith coordinate of x(p). We will only consider compact abelian gauge groups 7' =
U(l); x --- x U(1);. Let us denote the charge of x’ under U (1), by 0f,ie., an
arbitrary element g := (e%, ..., /%) e T acts on the fields (1) as:

. .k a .
g x> el Lam Qiduyl 2

Note that for k > N, a (k — N)-dimensional subalgebra of the gauge algebra
EB];ZI u (1), acts trivially on the fields, therefore without loss of generality we assume
k < N.Supersymmetry introduces superpartners for the fields x’ and we end up with
chiral multiplets @' = (x', y', F') where ¥*’s are Dirac fermions and F’’s are com-
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plex scalars. Similarly the gauge fields for the gauge group sit in vector multiplets
Vi = (0u, Va,us Aa, Do) fora € {1, ..., k}, where o, are complex scalars, v, is the
1-form gauge field for U(1),, A, is a Dirac fermion, and D,’s are real scalars. If
there exists a gauge invariant holomorphic polynomial W : C" — C then this can be
included as additional data defining the theory. With all these data given, and upon
defining the field strength superfields X, == D, D_V, (which are twisted chiral),
the Lagrangian of the theory, in the absence of space-time boundary, can be written
most conveniently as a sum of several superspace integrals (Berezin integrals):

k N
_ 1 — —i a ;
Lok = /d29d29 (‘5 § (€ ZaZy + E B Xim € V"q)l)

a,b=1 i=1

k
+m/d9+d§‘ (—Zz“}:a) +m/d9+d9* W(D). (3)

a=1

In order to write the above Lagrangian we have introduced the gauge couplings €2,
(which are real numbers) and (e~2) refers to the inverse of the k x k-matrix egb. We
have also introduced the complexified Fayet-Iliopoulos (FI) parameters:
i0°
4 =r — , 4
o “)

where r“’s are called the real FI parameters and 6“’s the topological theta angles.

2.1 Symmetries

The Lagrangian (3) has manifest (2, 2) supersymmetry since it is composed of (2, 2)
superspace integrals.* Other global symmetries include space-time isometry (the
Lorentz symmetry) U (1), and an axial U (1), R-symmetry.’ If the superpotential is
quasi-homogeneous, i.e., if it satisfies:

W(EPx') =W, 5)
for some numbers p; € R, then there is a vector U(1)y R-symmetry as well. The

action of these symmetry groups and the gauge group can be summerized by men-
tioning the respective charges of various objects:

“Which implies that the supersymmetry variation of this Lagrangian is a total derivative, and in the
absence of boundaries the action is invariant.

5 An R-symmetry is a symmetry that acts nontrivially on the fermionic coordinates of the superspace
and is not part of the space-time isometry.
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o' =]le*[e”

U, ANIEIE
Uy, acfl,....k}||o*|0]/0]0 (6)

Uy pi |0+ —

U()a 0l2||£]F

Though the axial R-symmetry is always present classicaly, it is generically broken
quantum mechanically due to anomaly of the fermion (of the chiral multiplets) mea-

sure:
N ) k N N )
Bu(y.a (1‘[ @W‘%’) Y Y Ole(E) [[2v' 2V, (7)

i=1 a=1 i=I i=1

where E, denotes the U (1),-bundle over X and ¢ (E,) € 7Z refers to its first Chern
number. Note that, the twisted chiral superspace integral from the Lagrangian (3), in
terms of the component fields, become:

k

Qa
m/ do*do- ( Z’ 2) Z(r"D + 5 vam>, ®)

a=1

where v, 01 1= 0oVa.1 — 01Vq0 1s the gauge field strength. Since
1
dyVa01—C1(E)€Z )
27

and in a path integral #-angles will only appear in exponentials

i0,
eXp(zn /d Y Va, 01) , (10)

the 6-angles are truly angular variables, 6, ~ 6, + 2m. Furthermore, we see that a
change of the #-angles is equivalent to a field redefinition via an axial R-rotation
when (7) is nonzero. Therefore, in such cases the §-angles are not actual parameters
of the theory. They become true parameters when the following condition is met:

N
> 0¢=0 Vaefl.... .k} (1D

i=1

This condition is called the Calabi—Yau condition because when this condition holds,
for some range of the FI parameters, the linear sigma model flows in the infrared
to a non-linear sigma model with a Calabi—Yau target space. Unlike the axial R-
symmetry, the vector R-symmetry is anomaly free whenever it exists as a classical
symmetry (i.e., when the superpotential is quasi-homogeneous).
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The .4 = (2, 2) superconformal algebra necessarily includes both the axial and
the vector R-symmetry [9]. Therefore, unless both of these R-symmetries exist as
quantum symmetries in the UV GLSM, it will not flow to a non-trivial IR conformal
fixed point. Since our primary goal is to describe B-branes in the IR SCFTs, we
will only consider GLSMs with quasi-homogeneous superpotentials (5) and gauge
charges satisfying the CY condition (11) to ensure that both of the R-symmetries are
preserved quantum mechanically.

2.2 Low Energy Phases

Performing the superspace integrals we get the Lagrangian in terms of the component
fields. Then we find that the component fields D, and F' do not have any kinetic
terms and therefore in a path integral we can perform the integrations over these
fields, the outcome of which is simply to replace them by solving their classical
equations of motion, which are algebraic.® These fields are called auxiliary fields and
after integrating them out the classical potential for the rest of the bosonic scalars
become:

k

Y Qiow’

a=1

N 2

IW(x)
axi

2 2k N 2
+7Z(ZQ?|x"|2—r“) + :

a=1 \i=l1

N
U(o,x) = Z
i=1 i=1
12)
where x = (x!,...,x") € CV and we have assumed a simple form of the gauge
couplings e[zlb = ¢28,;, which makes no qualitative difference in our discussion.

2.2.1 Classical Analysis

A classical analysis of the space of vacua sheds some light on the qualitative nature
of the low energy description of the theory. The classical space of vacua is the space
of solutions of the equation:

U(o,x)=0. (13)

The qualitative nature of this space of solutions depends on the real FI parameters.
Since the three terms of (12) are positive semi-definite, they must all separately
vanish for U to vanish. Let us pick some generic values of the real FI parameters
r= (@', ..., r").Now we set the second term in (12) to zero (the resulting equations
are called the D-ferm equations):

%It may seem a little redundant to introduce them in the first place. They serve the purpose of closing
the supersymmetry algebra (on the fields) off shell (without using equations of motion) which is of
paramount importance in some cases, such as in discussing supersymmetry in curved backgrounds,
but they play no significant role for us at the moment.
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N
DO P =r", Yae(l,... k) (14)
i=1

The space of solutions to this system of equations is (real) (N — k) dimensional and
therefore at most (N — k) of the x’s can be simultaneously zero (due to the generic
nature of the r%’s). By setting the first term of (12) to zero we find the following
equations:

k
> 0fo,=0 Viefl,...,N} suchthat x' #0. (15)
a=1

Thus we have a homegenous system of at least & linear equations in k variables, the
only solution being:
o,=0 Vaell,... k}. (16)

This shows that for generic r, the gauge group is either completely broken or reduces
to some discrete subgroup at low energy (i.e. no continuous degree of freedom left
in the gauge multiplets). Note that not all of the solutions of (14) are physically
distinguishable since some of them can be related by the action of the gauge group.
Therefore, we should consider the quotient space:

X, :={(x1,...,xN)e(CN

N
> 0P = r“} /T =c¥yT. a7

i=1

This is a symplectic quotient of CV by T, since the D-term equations (14) can be
interpreted as setting the moment maps of the T-action on C" to zero. Equivalently,
X, can be written as a toric variety, i.e., an ordinary quotient of CV (minus some
“bad” points) by the complexified gauge group (a complex algebraic torus):

X, =(C"\4,) /T¢, (18)

where the deleted set A, is the set of points whose T¢-orbits do not pass through
the space of solutions to the D-term equations (14). In this form it is clear how the
dependence on the real FI parameters enter into the determination of the classical
space of vacua, the real FI parameters determine the deleted set. Finally by setting
the last term of the potential (12) to zero we find that the classical space of vacua is
given by the intersection’:

Vac!' := X, N{x = (x',...,x") e CV |dW(x) = 0} (19)

TThe equations dW = 0 are called the F-term equations. Also note that, as defined, the classical
space of vacua Vac¢! has a metric induced from the Fubiny-Study type metric on the toric variety
X, . If we could add all quantum corrections corresponding to integrating out all the massive modes,
we would find that this metric (which appears in the kinetic term for the x?’s) gets modified to a
Ricci-Flat (Calabi—Yau) metric [10].
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The vacuum configurations where fields from chiral multiplets® acquire non-zero
values, such as in the above description, are referred to as the Higgs branch of
vacua. These vacua are characterized by the possibility of breaking the gauge group
completely, or to some discrete subgroup.’

The geometry'” of Vacﬁ1 varies smoothly with varying r, except when r falls into
some (real codimension one) hypersurfaces where solutions to the D-term equations
(14) include more than (N — k) of the x'’s vanishing. In such non-generic cases, some
of the 0,’s become unconstrained. Such hypersurfaces are invariant under scaling,'!
so the space of real FI parameters, let it be denoted by R, becomes divided into
cones, the cones are called phases of the low energy theory. The boundaries of these
cones, i.e. the hypersurfaces, are called phase boundaries or singular loci.'> At least
classically, we can expect the nature of the low energy theory to be qualitatively the
same in a given phase, but the nature changes significantly across phases.

If W = 0, then all excitations transverse to the classical space of vacua Vacfl =X,
acquire masses from the second term of the potential (12), so the low energy theory
consists of excitations tangential to X, . In the absence of any residual discrete gauge
symmetry, such theories are known as non-linear sigma models with target X,. If
some discrete gauge symmetry I survives and the space of vacua can be realized as
a global orbifold X, = X /I", the low energy theories are known as orbifold theories
[11]: I'-gauged sigma models on X.

In the presence of a non-trivial superpotential, there are phases where some excita-
tions tangential to X, but transverse to Vacf1 picks up masses from the superpotential.
The extreme example of such cases is when all such excitations become massive,
i.e., only excitations tangential to Vacﬁl remain massless, these are called purely
geometric phases or non-linear sigma models on Vac®!. The opposite extreme is the
Landau-Ginzburg phase where Vac®' consists of just a single point and all excitations
of the fields x’ become massless, possibly with some discrete gauge symmetry.

Thus, classically, the real FI parameters Rf, and any parameters that my appear in
the superpotential, parametrize the low energy theories. The FI parameters'3 become
the Kidhler moduli, denoted as .#x, of the target space for the low energy theory
and the superpotential paratemeters become the complex structure moduli, denoted
as . As we have seen, the classical Kidhler moduli space is divided into discon-
nected phases by the singular loci. This picutre changes significantly with quantum
corrections.

8More generally, fields that transform under faithful representations of the gauge group.

9Unlike fields from vector multiplets which transform under the adjoint representation and therefore
can break the gauge group only upto the maximal torus.

10More specifically, the Kihler geometry.

Since, if x is a solution of (14) for some r then /&x is a solution of (14) for &r.

12The singular nature arises from integrating out the o,,’s (which become massless on these loci)
and trying to keep only the chiral multiplet fields as dynamical, which only works well away from
the singularity.

13Classically we can only see the effects of the real FI parameters but after including quantum
corrections, the true parameters of the low energy theories will be the complexified FI parameters (4).
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2.2.2 Quantum Corrections

Quantum mechanically the space of low energy theories depend in addtion to the
real FI parameters, on the 0-angles. In our classical analysis the phase boundaries
(i.e. the singular loci) were places in the Kédhler moduli space .#x where a Coulomb
branch could open up, i.e., a complex scalar o, from the vector multiplets became
unconstrained (massless). When this happens we can go to arbitrary large'* values for
this o, and this gives the chiral fields x’ large masses by the first term in the potential
(12). So we can look at the one loop effect of integrating out these massive fields."
To see how the picture of the moduli space changes in the quantum theory we can
assume large values for o, and look at its one loop effective potential U (o) after
integrating out the x'’s. The zero locus of this potential in terms of the parameters
is the quantum corrected singular loci in .Zk. We will illustrate this procedure with
a concrete example and we will see that the effective potential U depends on the
complexified FI parameter ¢ = r® — % and the singular regions comprise a complex
hypersurface in the space of these complex FI parameters. Therefore, unlike the
classical result where the singular regions divided the R, into disconnected phases,
in the quantum corrected picture the phases are all continuously connected.

Example 1 The example we consider is a U (1) gauge theory with the following
chiral fields with gauge charges satisfying the Calabi—Yau condition (11):

Fields |x1 x2x3 x*

Gauge charges, Q;[1 1 1 =3 (20)

We consider the theory without a superpotential. There is one real FI parameter
r € Rpp. In constructing the space of vacua X, for r > 0 and r < 0, the respective
deleted sets are:
AL =x'=x>=x*=0) forr >0,
4 (21)
A_={x*"=0} forr <O.
At low energy the r > 0 phase is described by a non-linear sigma model on X :=
Ocp(—=3) and ther < 0 phase is described by the orbifold theory on X_ := C3/Z3.'%
Classically these two phases are separated by the singularity at the origin.
For large o, i.e. |o| > e, the effect of integrating out the massive chiral fields is
to introduce the following effective action for o [7, 10]:

2
e .
Uett (0) = gff [Fett — iOmin]* - (22)

14Compared to the scale of theory set by the gauge coupling e, which has mass dimension 1.
15The one loop contribution to the effective potential is exact due to a non-renormalization theorem
for the twisted superpotential.

16For r > 0, the base CIP? is the quotient {C>\ A} /C* by the complexified gauge group, where the
C3is spanned by (x!, x2, x3), and x* becomes the coordinate on the fiber. For r < 0, {C\A_}/C*
is a point which is invariant under a discrete gauge group Z3 C U(1) and (x', x2, x3) spans the C3
carrying a nontrivial representation of Z3.
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ST (s+2)m

Fig.1 A typical Kihler moduli space .#k with singularities, for some toric variety (dim¢ .#x =
1). The 6 direction is 2 periodic

where, e. is the renormalized coupling, re = 7 + Zi Q;log|Q;| and 1Omin]*> =
min,cz (0 + s7 + 2wn)> with s being the sum of the positive charges,
si=> 0,50 Q;. Thus, the solution to the equation U.s (o) = 0 is given by:

r=rg:=—> Q;log|Q;|. 0=s7(mod2r). (23)

So we see that the singular locus in the one complex dimensional Kéler moduli space
is a one complex codimensional hypersurface (Fig. 1).

3 Boundaries

Branes are subspaces of the target space where the world-sheet can end. Having
boundaries of the world-sheet necessarily breaks some symmetries of the world-sheet
theory. Partial symmetry can be preserved by introducing boundary interactions. We
are interested in describing BPS D-branes preserving half (.4~ = 25 to be particular)
of the world-sheet supersymmetry.

In the presence of boundaries the action Spyx = f 5 d’>y L, where L is
given by (3), is not supersymmetric since the supersymmetry variation of L is
a total derivative and therefore the variation is a boundary integral. We add to it a
boundary action:

Sputk = S = Spuik + Soary s Sbary = / dy Lodry » (24)
)z

such that the variation of the boundary interaction cancels the variation of the bulk
action for some supercharge 2:
555 =0. (25)

If we can do this then the supercharge 2 is preserved in presence of the boundary. It
is only possible to preserve at most two of the four supercharges of the .4 = (2, 2)
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algebra. In what follows we will be concerned with .4 = 2p preserving boundaries,
i.e., the B-branes. The explicit form of Spary that makes S 2p-invariant can be found
in [12, 13].

It turns out that the choice of boundary interaction, Zary in (24), is not unique.
For two choices of boundary interactions, fbldw and .,?fdry, the difference in the cor-

responding boundary actions, namely fa sdy (.,%ldry

- ,,Zfdry>, is necessarily 25-
invariant on its own. Thus, different 2 z-invariant boundary actions give rise to dif-
ferent B-branes. In the following we discuss how to characterize these .4 = 2

supersymmetric boundaries.

3.1 Chan-Paton Factors

Chan—Paton factors are essentially degrees of freedom associated to boundaries of
our worldsheet. Various group actions can be defined on the boundary which leads to
the introduction of these degrees of freedom and eventually associates rich structures
to the boundaries which describe the branes. An introduction to these Chan—Paton
spaces have been included in Sect.1.B. Here we discuss the Chan—Paton spaces
describing the GLSM B-branes.

3.1.1 Gauge Group, U(1)*: Wilson Line Branes

In a gauge theory, a natural operator supported on a line defect or a boundary C is
the Wilson line!”:

TrW,(C),  with W,(C):= Pexp (z’ / ,o*(A)), (26)
C

where A is the 1-form gauge field and p is a representation of the gauge group (so
that the push forward p, is a representation of the Lie algebra). For a line C with end
points p; and p 7, under a gauge transformation A — gAg~' —igdg™", the operator
W, (C) transforms as:

W, (C) = o (g(pp) W,(Cp (g7 @) 27)

soforaclosedloop C the operator W, (C) transforms under the adjoint representation
of the gauge group and Tr W, (C) is gauge invariant. In supersymmetric theories these
operators are invariant under at most half of the supersymmetry or less, depending
on the geometry of C and boundary conditions, and in order to preserve any amount

17The symbol % means path ordered which is a prescription to make sense of the exponential of
the integral of a matrix valued connections in the cases where the matrices from different points are
non-commuting.
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of supersymmetry at all the exponential in (26) has to be properly modified, which
can be done canonically.

In a .4 -(2,2) GLSM with gauge group T = U (1)* there are Wilson lines that
are .//* = 2 invariant. First let us consider irreducible representations of 7. These
representations are parametrized by k-tuples of weights, such as ¢ := (¢', ..., ¢*),
where ¢’ is the weight for the ith U(1) factor of the gauge group. Note that for
a representation of U (1), such as U(1) > A — A*, to be truly a representation of
U (1) as opposed to that of a multiple cover of it, the weight s has to be an integer.'
Therefore from now on we will assume that the weights ¢’ of the U (1) factors of T
are all integers, i.e., we assume g € Z*. We refer to the irrep of U (1)* corresponding
to the weight g as p?:

k
PLUM - UO©=UW),  p'ige[]sl (28)
a=1

where g := (g1, ..., g) is an arbitrary element of U (1)*. For concreteness of for-
mulas, let us imagine a world-sheet with a boundary along the temporal direction. We
are taking the y° and y! coordinates to correspond to time and space respectively and
we are considering a boundary at y! = 0. Now, the Wilson line boundary interaction
corresponding to this representation is (c.f. the log of (26)):

i 0 n A9 o 0 q
—E/dy /dedep*<V>—zfdy p?(vg — Mo, (29)

where V is the vector superfield for U (1)* and the superspace integral is over the
entire .4/~ = 2 boundary superspace [13] making it manifestly 2 z-invariant. A brane
characterized by such an elementary boundary interaction will be referred to as:

W (q). (30)

More general representations of U (1)* are characterized by some number, say 7,
of k-tuple weights q := (g1, .. ., g,) With ¢; € Z*, and a multiplicity for each of the
weights. Let us denote the module for such a general representation by 74 and the
weight spaces for the weights g; by #;,. Then this representation can written as:

p?(g)idy,
Pl UM - Uy, pl:igr . . (3D
p?(g)idy,,

where p9%’s are the irreps from (28). We can interpret these representations by consid-
ering the irreducible representations as the basic boundary conditions and introduc-

187 representation U (1) 3 A — A5 for some a, b € Z with ged(a, b) = 1, is an |a|-fold represen-
tation of the |b|-fold cover of U (1).
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ing 74 as a Chan—Paton space at the end points of the open strings (see Sect. 1.B)."
The 4 = 2p invariant Wilson line action for a general representation is a direct
generalization of (29):

i / dy° pd(vy — Ro) . (32)

Such a boundary action is a direct sum of elementary boundary actions, and the
corresponding notation for a brane described by this boundary action is:

A Y ACD (33)

i=l

This notation is limited in its expressibility of all the properties of the brane that
we will describe in the rest of this section and for that reason we will not use this
notation again until Sect.4 where we will be primarily concerned with the gauge
charges associated to a brane and this notation will be economic.

3.1.2 Fermion Number, Z,: Matrix Factorization

The Wilson line action (32) that we have discussed so far is .4~ = 2 invariant on
its own and different choices of such terms correspond to different branes. What
all B-branes have in common is the minimal boundary action that we must add
to the bulk action to preserve .4/* = 25 supersymmetry. It turns out [3] that in the
presence of nonzero superpotential, in order to preserve 2 supersymmetry, we have
to introduce a composite fermionic field, which we will call Q, living on the boundary
of the world-sheet, and Q is a polynomial function of the chiral multiplet fields x'.
The Q-dependent part of the minimal boundary action is [3]:

N

1 1 .0
/dyofo, fo = _E{Q’QT}—FEZ(wng—FhC) y (34)

i=1

where ¥’ := ! + " and x' are fields from the chiral multiplets restricted to the
boundary. The fermionic field Q must satisfy some constraints in order to preserve
2p supersymmetry which we will discuss shortly. But first note that, as a boundary
operator Q acts on the Chan—Paton space # (just like the boundary operator py (vy —
No) in the Wilson line boundary interaction (32)). A bit more precisely, since Q €
Clx', ..., xN] =: C[x], Q acts as an operator on the C[x]-module 7; := C[x] ®c
¥. Since Q is a fermionic operator, it can be assigned a non-trivial charge under
a Z, group action under which Q? is bosonic. This makes the Chan—Paton space

19Note that when we mention string we simply mean that our space is one dimensional. In the
honest string theory one needs to further couple the world-sheet SCFT to a ghost system to gauge
world-sheet diffeomorphism.
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Z,-graded with a graded action of Q:

o
— 3
Y o— Ai/od D 4//ev , aj/xod a//xev 7
Y’ _—
0
(35)
where we have defined %°*" := C[x] ®c #°¥*". The Z, charge measures the

fermion number of a vector modulo 2, acting with the fermionic (odd) operator
Q changes this charge by 1.

Now on to the constraints on Q. First of all, for the action (34) to be gauge
invariant, we must impose on Q gauge equivariance:

p(g7) 0@ -x)p(g) = 0(x), (36)

where p is the representation of U (1) associated with the Chan—Paton space 7/,
g € U(1)*, and x € CV. The whole purpose of the boundary action (34) is to cancel
the variation of the bulk superpotential action (world-sheet integral of the last term
in (3)).2° To that end, let us note the variation of the superpotential action generated
by a 2 supersymmetry transformation parametrized by the Dirac spinor ¢:

m/ d’ fd@*de’ W(P) = —srtfd 0 XN:EWM 37)
: . y = = y 2 o

Let us also write down the variation of the boundary interaction from (34) generated
by & (note that we are not assuming ¢ to be constant)?!:

N 2
_ ,,'BQ(X)_,TQ_. — + e . At
5.7 = N ;(ew - [eQ,Q] z@o(eQ+aQ)+z(aQ+eQ),

(38)
where % is the gauge covariant derivative along the y° direction. The boundary
integral of the first term in (38) cancels (37) if and only if Q satisfies:

Q*(x) = W(x)idy . (39)

The above equation is referred to as a matrix factorization of W. The second term in
(38) is a total derivative and does not contribute when integrated over the boundary.

20The rest of the minimal boundary action to cancel the variation of the world-sheet integral of the
rest of the terms in (3) is not going to play any part in our discussion, so we are not going to talk
about them. They can be found in [3, 12, 13].

2IThe actual 25 supersymmetry is generated by constant ¢, so in a variation generated by time
dependent ¢, any term that behaves as ¢(¢) can be ignored as far as symmetry preservation is
concerned, but such terms help to recognize various contributions to the Noether charge associated
to the symmetry.
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The third term will vanish when we make the supersymmetry parameter € constant,
but it shows, via Noether’s construction, that the supercharge generating .4 = 25
supersymmetry gets modified at the boundary:

Opik = 98 = Qou + Qoary>  Qoay = iQ|yl:0 - iQ|y1:La (40)

where we are considering two temporal boundaries at spatial positions y! = 0 and
y! = L. Importantly, this boundary modifiation ensures the nilpotence of the total
supercharge. The bulk supercharge, in the presence of a non-trivial superpotential
and the boundary, is not nilpotent [3]:

Qb =W, =Wl (41)

and this is canceled by Qﬁdry due to (39) so that we end up with the .4/ = 2 algebra
(see (87)):
0y =0. (42)

Equations (36) and (39) are all the constraints that Q has to satisfy.

3.1.3 Vector R-Symmery, U (1)y: Differential Grading

We are interested in GLSMs with vector U (1) R-symmetry, denoted by U (1)y, so
that the theory flows to a non-trivial conformal fixed point in the extreme infrared. In
that case, the bulk supercharge @, has U(1)y-charge 1 (88). Since the boundary
odd operator Q is now a part of the total supercharge along with Q. (see (40)),
we must assign the same U (1)y-charge to Q. Consequently, the Chan—Paton space
¥ must carry an action of U (1)y. We pick a representation R : U(1)y — U(?)
with weights (Viin, Vimin + 1, ..., vmax) Where v; € Z. We require the representation
to be such that the R-charge modulo 2 matches with the Z, grading of 7, i.e., a
U (1)y-weight space decomposition of ¥ satisfies:

1/:@37/1 with 7= @r/, v=@ . @3

J=Vmin Jrodd Jj:even

where 7/ is the U (1)y-weight space with weight j so that the representation R can
be explicitly written as:

AVmin i d oy viin
R:Ar> , AeUMy. (44)
AVma5 i d o vina
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The R-symmetry commutes with the gauge symmetry, implying that each ¥/ is a
direct sum of U(1)*-weight spaces. Since Q increases the R-charge of a vector by
1, Q can be thought of as a collection of odd operators Q = (d\,mi“, R dvmm):

dj_i cdp oy di
.f_>~1/xf;>7§1+1f_>.... (45)

With a nonzero superpotential this is not a standard cochain complex since the dif-
ferential Q is not nilpotent: dj; od; = Wid,, (due to (39)). This is sometimes
referred to as a differential rwisted by W. This can be remedied by defining the ring:

Ry = Clx', ..., x"1/(W), (46)

where (W) is the ideal generated by the polynomial W, and instead of working with
the C[x]-module ¥;, we now consider the following %y -module:

7/W = %W ®(C7/ (47)

The good thing about this module is that W acts trivially on it, furthermore #y
inherits all the gradings of #'.> Therefore, we can build a genuine cochain complex

using Yy:
i 4 1
=Yy =y (48)

Let us summerize our description of a GLSM B-brane:

A GLSM B-brane 2 is defined by the data (¥, p, R, Q), where ¥ is a Chan—
Paton space carrying a representation p of the gauge group T = U(1)¥, a
representation R of the U(1)y R-symmetry group that commutes with 7,
and a matrix factorization Q> = W idy of the superpotential W, where the T-
equivariant operator Q has R-charge 1. All these data is encoded in the complex
(48) of the twisted modules ¥, = (C[x]/(W)) ®c ¥/ where j refers to the
Z-grading by U(1)y, i.e., ¥/ is the U(1)y-weight space with weight j and
the implicit Z*-gradings by T are compatible with this Z-grading.

We will refer to the complex (48) associated to a B-brane A as € (%). In the
next section we will relate the Q p-invariant open string states to certain morphisms
between these cochain complexes.

22We use the same notation to denote the gradings of ¥}y as we did for ¥, just by replacing ¥
with 7.
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3.2 Open String States in the Chiral Sector

A satisfactory description of branes must provide two aspects: how to characterize
the branes, and how to characterize the states in the Hilbert space that we get after
quantizing a string®® in the presence of these branes. By now we have some idea of
how to do the former and in this section we discuss the latter in the limited context
of BPS or chiral states.

3.2.1 Some Generalities and the Chiral Ring

The chiral sector of the open string Hilbert space consists of states that are invariant
under Q:
0;¥)=0. (49)

This sector, owing to being Q p-invariant, is robust under various supersymmetry
preserving deformations, in particular, it is robust under rescaling of the world-sheet
metric,?* i.e., renormalization. Therefore, the chiral states are particularly interesting
if we care about the low energy dynamics of our theory. Analogous to (49), chiral

operators are the Q -invariant operators:
[Q5,01=0. (50)

The hermitian conjugates of (49) and the above equation define the anti-chiral states
and operators respectively. There is in fact a one to one correspondence between
chiral states and local chiral operators. This follows from the fact that the chiral
states and operators are invariant under RG flow and therefore the state-operator
correspondence that exists between them in the IR CFT works in the UV GLSM as
well. In this review we are interested in chiral operators that can be inserted on the
boundary. Once inserted, we can have two different .4~ = 2 boundary conditions on
the two sides of this operator, and a path integral on a half-disc in a half-plane with
such boundary conditions gives us the chiral state corresponding to this operator.
This is essentially the state-operator correspondence between a chiral open string
state between two boundaries of an infinite strip and a local chiral operator on the
boundary of a half-plane with two boundary conditions on the two sides (see Fig. 2).
These chiral operators have non-singular operator product expansion among them
[14] and this allows to define the following product of two chiral operators ¢ and

ﬁz:
(0102)(y) = )l,igly O OL(Y). (51

23 A time slice of the worldsheet.
24The chiral sector is invariant under any continuous world-sheet metric deformation.
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Conformal map

#1(i) Ow #(J)

Fig. 2 State-operator correspondence: The operator &y on the right hand side is defined so that a
path integral on the shaded region in the upper half-plane with the boundary conditions % (i) and
%> (j) produces the wave function for the state |¥) € (% (i), #2(j)) (c.f. (89))

The product of two chiral operators is again a chiral operator and this turns the chiral
sector into a ring called the chiral ring.?® If we denote the chiral ring between two
branes?® %; and & ; as g, (%, $;) then the OPE defines a map as follows:

Ho, (B, o) x Hy, (B, B3) — Hp, (B, Bs3). (52)

In constructing the chiral ring we are not only restricting to operators obeying (50),
we also identify @ z-exact operators?’ with zero because all correlation functions
involving a Q z-exact operator and other chiral operators are zero:

([Q5. 01102) =0, (53)

which follows from a Ward identity®® for Q » and the chirality of &. Therefore, the
chiral ring is really the Q z-cohomology of the local operators.

3.2.2 The Chiral Ring Between Two Branes

The local operators of the theory are arbitrary functions of the fields. In the presence
of aboundary, in order to formulate a well posed initial value problem, the dynamical
fields need to be constrained by boundary conditions (such as Dirichlet, Neuman or
generalizations thereof). These boundary conditions can break some symmetries of
the bulk theory, we of course want to preserve .4 = 2 supersymmetry. Before
mentioning the 2g-invariant boundary conditions, let us take a simplifying limit.

25The chiral ring is also an aglebra over C, but it is more commonly referred to as a ring.
201n the language of Sect. 1.B, each brane %; comes with an index set .#; of the Chan—Paton indices,
so that for each index k € .%; we have a basic boundary condition %; (k) associated to the brane
i, and the Hilbert space for the open string between %) and %, has the following decomposition:
H (B, $a) = EB,"E;] H(B1(i), $2()))-

JES2
2TWhich are automatically chiral due to the nilpotence of Qp.
28Which simply says that the expectation value of the supersymmetry variation of an operator in a
supersymmetric vacuum is zero.
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We will construct the chiral boundary local operators in the far ultraviolet, which
corresponds to the limit e — 0. Even though the chiral ring is RG invariant, there are
some subtleties involved with this limit, which we are going to ignore in this review,
for details see [3]. In this limit, the coefficient in front of the vector multiplet kinetic
terms (see (3)) diverges and those fields freeze to their classical values, becoming
backgrounds. So we only have the chiral multiplet fields to construct the chiral ring
with. In the limit e — 0, the standard .#" = 25 invariant boundary conditions are
Neuman:

dx'=0, Y=y, @l +y)=0, F =0. (54)

We will make the further assumption that our strings are sufficiently small compared
to the length scale of the target space. This allows us to treat the string as point particle
and ignore stringy excitations. Since we are assuming the target space volume to be
too large compared to the string length, this approximation is called the large volume
limit. It is also known as zero mode approximation becuase, since we are ignoring
the stringy excitations, we will only use the zero modes of the fields to construct
our operators. It turns out though, that this approximation is exact for the chiral
ring.?” This can be argued by showing that the chiral ring is independent of any
length scale on the world-sheet. With these approximations, the complex computing
Q p-cohomology of the bulk chiral operators can be constructed just from the zero

modes of x’, X', and Eli [15].>° When we put these operators on the boundary, the

boundary conditions (54) further reduce the set of fields by setting E; — WL to zero.
The action of the bulk supercharge @, on the fields we have left is as follows>':

i Q- ¥'1=0., [ Quu.X 1=V, +V_, {iQuu. ¥y +¥_}=0.

, . (55)
If we identify ¥, + ¥ with d¥’, then the action of Q coincides with the action
of the Dolbeault differential 8. The action of the full superchage Q g will also include
the action of the boundary supercharge Q4. Which we will discuss later.

The operators we can construct from x’, X' and dx' correspond to anti-holomorphic
forms in £2%* (CV) and to get the chiral ring we take the Q z-cohomology. Let
us clarify all the data we have. We are interested in chiral operators interpolating
between two branes, let us say %, = (¥1, p1, R1, Q1) and B, = (¥, p2, R, O2).
Then according to the general discussion of Sect. 1.B, the operators should be val-
ued in Hom(71, #3). The Hom(71, #3)-valued anti-holomorphic forms are charged

2This is a nontrivial result, for example, it is not true for the twisted chiral ring (Q ,-cohomology)
which receives world-sheet instanton corrections.

30 et us say wﬂ_ﬁ is chiral for some operator ¢. Then 0 = [ Q. WQ'_ O] = =2(3,x")0 —
v,bj_[Qbulk, O] where 204 = 9y + 9. If 0 is chiral then 2(8+xi)ﬁ = 0 implies ¢ is zero and so is
g[/i 0. If 0 is not chiral then 2(d4 x') & + wi[ Opuk> €1 = 0 implies ¢ must be of the form I/Iﬂr o'
for some ¢ in which case ¥, & = ¥ ! 0" = 0 since ¥, is anti-commuting.

31 The action of A4 = (2, 2) supersymmetry on the fields of GLSM can be found in [3, 7].
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under both the gauge group and the U (1)y R-symmetry group. The R-charge is rele-
vant for the differential grading since the supercharge Q ; has R-charge 1. So we will
write Hom*® (71, ¥3) as a reminder that these maps carry Z-grading by U (1)y. Fur-
thermore, only gauge invariant operators are physical. Now the chiral ring elements
with R-charge p are given by the Q z-cohomology:

H (P, ) = HY (2" (CY Hom* (41, 7)), (56)

where the degree of the complex is a sum of the form degree and the degree of the
morphisms in Hom® (%, %3).
The action of Q 5 on an operator & on the boundary between %) and %, is given
by:
iQp:0— 030+ 0,0— (100, (57)

where |0 is the R-charge?? of ¢ and the action of the boundary supercharges comes
from Noether’s construction of the supercharge in presence of the boundaries. Using
the property of CV that any d-closed p-form on CV is 3-exact for p > 0, it can be
shown that the cohomologies (56) are concentrated on holomorphic or polynomial
functions [3], i.e.:

Hy, (%1, %) = H o (Hom® (41, 7)) . (58)
Restricted to the subspace of holomorphic functions, the action of the supercharge
(57) simplifies to

iQp: 0 00— (-1)00;. (59)

Now recall from the end of Sect. 3.1 that the data of a B-brane % can be encoded
in a cochain complex that we called € (%) (48). These complexes were built out
of Zyw-modules %y (see (47) and (46)) which were Z*-graded (by the gauge group
T = U(1)%).3* Gauge invariant chiral holmorphic functions valued in Hom (%], #5)
now precisely correspond to chain maps34 betwen €' (%) and € (%4,) as graded Zyy -
modules.® Identifying a chain map of the form [ Q 5, @] with zero for some arbitrary
local operator &, as we do in the chiral ring, is then equivalent to identifying chain
maps upto homotopy. Thus we reach the conclusion that the chiral ring elements
between two branes %, and %, are in one to one correspondence with the cochain
maps upto homotopy, between €' (%, ) and €' (%, ) where these are Z*-graded cochain

32Which is a sum of the form degree (as Eﬂr + EL has R-charge 1) and the degree of the
Hom(7, ¥1) part (which is due to the xi’s and X'’s).

33In addition to the (differential) Z-grading by U (1)y.

34The condition of chirality Qz(0) =[Qp, 0] =0 for Hom(¥1, 73)-valued holomorphic func-
tions is equivalent to the condition for & : € (%)) — ¢ (%>) to be a cochain map (see (59)).

35 A morphism between two Z¥-graded %y -modules is a morphism that preserves the grading, i.e.,
the morphisms themselves have Z¥-degree zero, in our context this means that the morphisms are
gauge invariant.



An Overview of B-branes in Gauged Linear Sigma Models 249

complexes of Zy-modules. One last thing to add is that, a cochain map will have
differential degree, i.e. R-charge, zero, on the other hand the chiral ring contains
elements of all possible degrees (Z-graded). To allow this, given two branes %,
and %, we must consider cochain maps between €' (%)) and ¢ (%,)[p] where [p]
denotes the same complex shifted p times to the left. Finally, our description of the
chiral ring is:

The degree p chiral ring elements between two branes %, and %, are the
morphisms between %' (%)) and %€ (%,)[p] in the homotopy category of Z*-
graded complexes of Zy -modules:

%QPB (B, #) = Homg gr-%,,) (€ (%), € (HB2)[p)) - (60)

From the discussion of this section and the last, it is clear that, as far as the
chiral sector is concerned, the GLSM B-branes are well described by the homotopy
category of some graded modules. The branes appear as objects of this category and
the chiral ring between them corresponds to the morphisms.

4 Relations with the IR Branes

In this section we will define a projection from the GLSM B-branes to the IR B-branes
and we will see that we get the stable IR branes if we identify the projections up to
quasi-isomorphisms. This tells us that the low energy branes are objects in a derived
category. We will only sketch out the key ideas here, and to avoid many technical
complexities we will describe the relevant ideas for theories without a superpotential,
so that at a generic point in the Kéhler moduli space .#x, the low energy theory is
described by a non-linear sigma model on a non-compact toric variety X, (17).

4.1 Tracking Branes to the Infrared

The gauge theory becomes strongly coupled as we go to the infrared, the deep
infrared limit corresponds to taking e — oo. In this limit the kinetic terms for the
vector multiplet fields vanish (see (3)) and therefore these fields acquire algebraic
equations of motion. Let us illustrate this limit for a U (1) gauge field with a Wilson
line interaction on a boundary with charge g. Now, in the limit e — oo, the zeroth
component v of the gauge field appears in the action as:



250 N. Ishtiaque

N N L
1 . S iQ (X dpx! — dpx/x)) 0
2 @y Y0P | vg - = : JN 2,02 G 7/ <27+q>v0’
TJr g 2im1 QX T\

(61)

where the - - - includes terms involving fermions and will vanish on a vacuum back-
ground. We can do the same computation for v; and after putting them together,
the algebraic equation of motion for the one form v that we get by varying these
expressions is that v becomes the pullback:

y=x%A, (62)

where A is the connection of the holomorphic line bundle &'(1) on X,. Then the
Wilson line (29) with charge g corresponds to the holomorphic line bundle &' (g),
which is the low energy brane supported on X, corresponding to the Wilson line
brane in the GLSM. We thus get the following projection from GLSM B-branes to
IR B-branes:

T W (g~ O@q). (63)

Not all branes are stable in the infrared however. We have to find a zero of the
potential {Q, 0™} in the boundary action (34), just as we found the zero of the
potential of the bulk action in Sect.2.2. If { @, Q} is positive everywhere on X, then
the entire brane is unstable and it will vanish by the mechanism of brane anti-brane
annihilation [16]. Such a brane is called trivial in the infrared. For example, if we do
not care about the U (1)y R-symmetry then we can have a constant superpotential
W = ¢ and then the ring Zy (46) and consequently the modules ¥y (47) will
vanish, resulting in a null complex (brane) (48). More interesting examples of infrared
trivial branes arise from the existence of the deleted sets A, while constructing X,
as a quotient (18). If {Q, QT} is strictily positive everywhere in C¥\ A,, then the
corresponding brane will be infrared trivial. The fact that the deleted set varies from
phase to phase now makes phase transition for branes rather interesting, since a UV
brane that is trivial in one IR phase may be non-trivial in another. This makes the
projection of a GLSM B-brane complex %’(%) to an IR complex phase dependent,
let us make it explicit in notation:

T W@ 0@, 7 QW) v > QW) oy - (64)
Similarly, for any cochain map ¢ : € (%) — € (%,) between two GLSM B-brane
complexes, the projection 7, (¢) : 7, (¢ (%1)) — 7, (€ (A,)) is defined by project-
ingx e CNtox € X,:

T ()], on > D)y - (65)
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Given two UV B-branes we would like to know whether they will flow to the
same IR branes or not. The non-trivial answer to this question is that3:

Two GLSM B-branes %; and %, flow to the same IR brane in a phase
containing r € ./, if there exists a quasi-isomorphism ¢ : 7, (€ (%)) —

(€ (%))

We will omit the proof of this here, which can be found in [3]. The key observations
behind this proof are that, a brane can be deformed to another quasi-isomorphic brane
by brane anti-brane annihilation and some deformations of the boundary actions
that do not affect the low energy physics. We can observe that if two branes have
quasi-isomorphic projections in some phase then we can turn one of them into an
anti-brane and the combined brane anti-brane system is indeed trivial in the infrared
(in that phase), signaling the fact that the two original branes are indistinguishable
at low energy in that phase. Concretely, turning one of the branes, say %, into
anti-brane entails shifting the associated complex %’(%;) by a step, i.e., we consider
the complex % (#;)[1]. Then the bound state of the two branes is the mapping
cone of the respective complexes, which depends on the choice of a cochain map
¢ C(B)) — € (%,). We denote the cone as C(¢):

C(p) =C (B D C (%), (66)

with the differential:
- 0
Qc) = ( 2 Qz) : (67)

It is not difficult to prove that the complex 7, (C (¢)) is exact if and only if 7, (¢) is a
quasi-isomorphism. An exact complex is quasi-isomorphic to the null complex by a
trivial cochain map: 7, (C(¢)) — 0. Therefore we see that complete brane anti-brane
annihilation takes place in the brane €' (%))[1] & €' (%4,) if and only if 7, (%)) and
7,(%,) are quasi-isomorphic.>” We thus reach the conclusion that the low energy
branes are better described as objects in a derived version of the homotopy category
that describes the GLSM B-branes.

Let us denote the homotopy category of GLSM B-branes (in a theory with N
chiral multiplets and gauge group T) as ©(CV, T) and the derived category of IR

36 A quasi-isomorphism is a cochain map that induces an isomorphism of cohomology. Recall that
in physical terms, cochain maps are chiral ring elements.

37Perhaps we should say “if 7, (¢'(#)) and 7, (¢ (%4>)) are quasi-isomorphic,” but we will not put
much effort into distinguishing a brane from its complex.

381n passing from a homotopy category to the derived category one introduces formal inverses for
the quasi-isomorphisms (and all compositions of morphisms involving these inverses) so that they
can be treated as genuine isomorphisms. Also note that, this conclusion is consistent with the, by
now standard, result that the low energy branes in a geometric phase are objects in the derived
category of coherent sheaves supported on the CY target space of the IR sigma model [1, 17, 18].
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B-branes on the toric variety X, as D(X,).> Then the projection (64) is a map:
7, DCY, T) - DX,). (68)

Note that now we are thinking of this map as first taking the projection (64) and
then localizing the quasi-isomorphisms. Localizing simply means adding formal
inverses of the quasi-isomorphisms together with all the compositions involving
these inverses. Then we can treat the quasi-isomorphisms as honest isomorphisms
and the isomorphism classes of the objects are now in one to one correspondence
with the stable IR B-branes.

Example 2 Let us look at a concrete example of quasi-isomorphism in the simple
U (1) gauge theory that we considered in Example 1. We consider the GLSM B-brane
2 in the phase r > 0%:

CB): W31 w202 5 w1 1) L w00y, (69)

where the differentials are defined as:

x! 0 x —x?
day=[x*], do=|-x>0 x'" |, d:=(x"x*x*). (70)
x3 x2 —xt o

3
Q= d , satisfying {Q, QWZ(Z |xi|2) idg ). (7D
-2 i=1
d_,1 0

Recalling that the deleted set in the geometric phase r > 0 was A, = {x! = x? =
x3 = 0}, we see that the boundary potential {Q, Q} is strictly positive in this phase
and therefore the brane 4 is trivial in the IR, i.e. 7, (%) = 0. It can also be checked
that the projection of the complex (69) in this phase is exact, reaching the same
conclusion that it is quasi-isomorphic to the null complex. This implies that we can
write this brane as a bound state of two branes %' (#))[1] and €' (%,) so that & (%)
and 4 (%,) are quasi-isomorphic. This can be achieved by breaking the complex at
an arrow and shifting one of the two resulting complexes, e.g.:

391f we have non-trivial superpotential we need to mention that as well in the notation for the GLSM
B-brane category.

40The following complex represents the cochain complex (48), which in the absence of a superpo-
tential is the same as (45). We are using the notation % introduced in the context of Wilson line
branes (see “Wilson line branes” in Sect. 3.1) instead of using the Chan—Paton spaces to highlight
the gauge charges, which plays a crucial role in the computations of the next section. The superscript
on % denotes the R-charge.
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d_j

C(B) W2—1) — p1(0)2 L2y (1)@

Jo-

C (%) : 70(2)
(72)
The cochain map 7w, (d_y): 7 (€ (HB1)) > 1 (€ (%)) being the quasi-
isomorphism.

On the other hand, in the orbifold phase < 0, the deleted setis A_ = {x* = 0}
and the boundary potential is vanishing at the orbifold point p := {x! = x> = x* =
0}. Therefore, the brane % localizes at p at low energy and, in particular, is non-
vanishing. This also implies that 7_ (%) and 7w_(%,) are not quasi-isomorphic in
this phase.

4.2 Grade Restriction Rule

The next step in the story of branes is to consider how to transport the IR B-branes
from one phase to another. The GLSM approach to brane proves to be particularly
suited to answer this question. The difficulties in transporting branes arise when
we consider branes near a phase boundary. To precisely study the nature of the
branes near such singular loci, we have to be careful about quantum corrections. We
will proceed analogously as we did in computing quantum corrections for theories
without boundary. We look at the effective action for the vector multiplet scalar
after integrating out the chiral multiplet fields, this time with Wilson line boundary
interaction. When the theory is formulated on a strip of width L, the result is [3]:

esz . 2 0 S a
Uetr(0) = L—=|rest —i0ct|" +2 | = | z— +q ) No + =|No ||,  (73)
2 2 2

where refr = r + ), Q;log|Q;| as before, s = 3, ., O; as before, and by = 6 —
sgn(No)sm. The linear dependence on o means that whenever there is a Coulomb
branch, i.e. o is unconstrained, the potential can become unbounded from below.
Such potentials signal instability in a physical system since it appears that there is no
stable vacuum. The potential becomes bounded from below and therefore the problem
of instability is cured if the gauge charge of the Wilson line brane is constrained:

s 0 s 74

2w 1y 79
Wilson line branes with charges satisfying this constraint can be safely transported
through phase boundaries without becoming unstable. This criterion for stable brane
transport in the Kihler moduli space was one of the key results of [3], where the
constraint (74) was termed the grade restriction rule.
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w
X o X X X
ST l b
Fig. 3 Brane transport through a window in a Kéhler moduli space. ro = —)_; Q; log Q;, as in

(23)

Since the theta angle 0 is a periodic variable, we must specify a window in the
complexified Kédhler moduli space, through which we wish to transport a brane.
Figure 3 shows such a window w and a schematic path to transport branes along.
Given a window w, we define the set of gauge charges that satisfy the grade restriction
rule (74):

s 6 s
N" = YARL - < — -t . 75
{ne |VO e w 2<27_[~|—q<2} (75)

A GLSM B-brane with charge ¢ will be called grade restricted with respect to a
window w if g € N". The set of all grade restricted brane with respect to a window
w will be called 7.

The main goal is to find a one to one correspondence between IR branes in
different phases. We find this correspondence by transporting branes across phase
boundaries. The general prescription for doing so is the following: Suppose we are
given a window w between two adjacent phases, one containing r € .#x and the
other r’ € .#. Then given an IR brane #r € D(X,) in the phase containing r, we
first lift it to a GLSM brane & € ©(CV, T) satisfying 7,(%B) = Br. If B ¢ T*,
then we find another brane %’ such that ' € 7" and 7, (#’) is quasi-isomorphic
to 77, (#). Now we can transport this brane %’ across the window and then project
down in the adjacent phase with the outcome 7,/ (#’).

Given any two adjacent phases containing r, " € .#x and a window w between
them, there is a unique lift from D(X,) and D(X,-) to .7" [3] which we will denote
as w/,, and w),  respectively. We can draw all the relevant maps in the following
diagram: '

D(CN,T)

(76)
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Brane transport from D(X,) to D(X,/) is the composition:

D(X,) -5 7v 5 D(X,). (77)

Transport in the other direction is defined similarly.

Example 3 We illustrate this mechanism of brane transport in the context of our
example U(1) gauge theory (see Examples 1, 2). The singularities in the Kiahler
moduli space are at r = 3log3 and 6 € 37 + 27 Z. In the geometric phase » > 0,
where branes are represented by holomorphic bundles (coherent sheaves to be more
precise) we pick the brane*! &'(2) and we wish to transport it from the phase r > 0
to the orbifold phase r < O through the window w : —7 < 6 < w. The obvious
lift of this brane to a GLSM brane is #(2). But note that in the window w the
grade restricted gauge charges are N = {—1, 0, 1} so the GLSM brane # (2) is
not grade restricted. On the other hand in Example 2 we saw that the brane ¢’ (%)) :

W21 o 10)2 L p0(1) s quasi-isomorphic to #°(2) atlow energy
in the phase r > 0, and %, is grade restricted. Therefore, we can transport %, over
to the phase r < 0 and project down to 7_(%4):

T (B : O(=1) S 00 B o) (78)

The above brane is the image in D(X_) of £/(2) € D(X ) under brane transport.

More generally, consider a GLSM with abelian gauge group T that reduces, in a
phase, to an orbifold theory X, = CV /I" with a discrete gauge group I' C T. The
GLSM Chan-Paton space reduces to a representation of the discrete gauge group
I' and the low energy branes in the orbifold phase are complexes of I"-equivariant
vector bundles on CV, D(Xo) = D (CV). Other phases of this GLSM are given
by partial or complete crepant resolutions of the orbifold singularity. If we denote
such a resolution as X5, then the brane transport establishes a correspondence of
D-branes between these phases:

brane transport

Dr(CV) D(Xres)

(719)
Considering the mapping between the chiral sectors, this becomes an equivalence of
derived categories which is known as McKay correspondence [4, 5].

In more general cases, with non-zero superpotential, complexes of sheaves are
replaced by matrix factorizations of the superpotential and low energy computation
becomes more involved as some of the fields can acquire masses from the superpo-
tential and need to be integrated out. The main ideas remain unchanged. The low
energy branes are still the GLSM branes upto phase dependent quasi-isomorphisms.
The grade restriction rules are the same and brane transport works similarly. In the

4lWe use an underline to point out the R-charge (differential degree) zero part of a complex.
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math literature, the relevant equivalence of derived categories, that of CY hypersur-
face defined by a polynomial and of matrix factorization of the same polynomial, was
established by Orlov [6]. Details including relation between the physical perspective
of brane transport and Orlov’s construction of categorical equivalence can be found
in [3].

A N = (2,2) Supersymmetry

Our world-sheet has, as time and space coordinates, y° and y' respectively, with
a Lorentzian signature ds> = —(dy®)? + (dy")?. It is convenient to introduce light
cone coordinates and their derivatives:

=)0ty de -=i=1(aoial> (80)
: , =525 .

The A4 = (2, 2) supersymmetry algebra contains four supercharges:
QJ,-’ Q-v§+9§_’ (81)

and the following bosonic generators:

Time translation: H := 9, (82a)
Spatial translation: P := 9, , (82b)
Rotation: M := x°3, + x'dy . (82¢)

Depending on the field theory, this algebra may be augmented by two U(1)
R-symmetry generators:
Fy, Fq, (83)

corresponding to the vector R-symmetry (U (1)) and the axial R-symmetry (U (1) 4)
respectively. The non-zero commutation relations are:

{Q.. Q. }=H=*P, (84a)
[iM,Q.]1=%0.. [iM,Q.1=F0.. (84b)
[Fv, Q.1=—-0., [Fv,Q.1= 0., (84c)
[Fa. Q1 =FQ0.. [Fa.0.]=%0,. (84d)

The hermiticity property of the supercharges is:

0.=0.. (85)
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The bosonic operators are all hermitian.
Two distinguished subalgebras of the above algebra containing half of the super-
symmetry are defined with the following supercharges:

N =241 0,.0,, 0,=0,+0_, (86a)
N =251 Q5.05 Qz=0,+0_. (86b)

They satisfy the same anti-commutation relations, for Q € {Q,, O3}

(0.0"=20, @'=0"=0. (87)
Their charges under the R-symmetries play important role in our analysis:

[Fv, Q41=0, [Fa, Qal= 04, (88a)
[FV» QB]: QB’ [FAv QB]ZOv (88b)

which implies that a @-complex (computing some cohomology of interest) will
be Z-graded by the U(1)y for Q = Qp and U(1)4 for Q@ = Q,, given that these
R-symmetries are preserved by the quantum theory.

B Chan-Paton Space

Let us consider a general setup of having a QFT on a world-sheet (a surface) ¥
with boundary. We may have a set of possible boundary conditions*? that we can
assign to the fields of the theory, let us call this set of basic boundary conditions By.
Each connected component of the boundary d X corresponds to a brane (to which
the component is thought to be attached) or equivalently, each boundary condition
corresponds to a brane. If we have a configuration of multiple branes with a boundary
condition for each of them then we can label each brane with an index, let us call
the index set .#, and collect all these boundary conditions in the map & : .¢ — B,.
The indices in the set .# are called Chan—Paton indices. This way each end point of
the strings will carry an index of its own. More generally it may be possible, and at
times necessary, to consider linear combinations of indices attached to an end point,
or to allow some group to act on them.

For example, if we have N coincident identical branes then there may be a sym-
metry rotating those branes (among each other). Once we introduce an index for each
brane, .# = {1, ..., N}, we can define the map & : .# — By to send each index to

42 A boundary condition can involve literally boundary conditions for the fields at the boundary
along with boundary actions supported on the boundary that help preserve some of the symmetries
of the bulk theory.
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the same boundary condition. Now some rotation subgroup*® of GL(C") acting on
the indices in .# can become a symmetry of the theory. Another way to interpret this
is to imagine, instead of a stack of N branes, just a single brane with a vector bundle
like structure where the fiber over each point is C". Then an open string that ends on
this brane has not only a specific position on the brane attached to its end point but
also a specific position along the fiber and some subgroup of G L(C") can act on this
position along the fiber. In this picture it is said that the end points of the open strings
always have a vector space attached to them, the vector spaces being the fibers over
the points on the branes where the end points are attached. These vector spaces are
called Chan—Paton spaces, we will use the letter 7 to refer to Chan—Paton spaces.

Let us schematically discuss some fairly general properties of open string Hilbert
spaces in the presence of non-trivial Chan—Paton spaces. We will parametrize time
and space with y* and y' respectively, then in the presence of two boundaries
at y! =0 and y' = L, computing correlation functions on the semi-infinite strip
[0, L] x [—oo0, t] defines wave functions in the Hilbert space associated to the open
string at time ¢ (see Fig. 4). To do the path integral we have to use two boundary condi-
tions for the two boundaries and specify a value for the fields at time #. These boundary
conditions can include different boundary actions to preserve some symmetry. Corre-
sponding to two boundary conditions #(i) and #(j) fori, j € .#, let us choose two
boundary actions 7;(y' = 0) := fioo dy’ % and I;(y' = L) == fioo dy®.%; sup-
ported on y! = 0 and y' = L respectively. Now a state in the Hilbert space at time
t is defined by the path integral with some operator insertion:

'I/ij (¢0) — / @¢ ﬁlll (¢)ei(s+11(y]:0)+1f(yl=L)) , (89)
¢ ()=do

where the path integral is over all field configurations that take the specific value
¢o at time ¢ and satisfy some boundary conditions (such as Dirichlet, Neuman etc.)
at the boundaries. We have put the indices at different heights to keep track of the

y'=0 y'=L

o) =¢o /-\ Open string

A(i) 2())

Fig. 4 Wave function on an open string with two boundaries

43We are using the term “rotation” loosely, the actual symmetry depends on the details of the theory,
itcanbe U(N), SO(N), Sp(N), etc.
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orientation of the string. The Hilbert space consisting of all such wave functions for
fixed i and j will be called 57 (A(i), $(j)). The total open string Hilbert space is
a direct sum over all possible boundary conditions:

H = P AHBD, BG)). (90)

i,jes

Since the indices in .# can be thought to represent the basis vectors of the Chan—Paton
space 7/, in an index free notation the wave function lI/i] becomes valued in 7* ®
¥ = Hom(V/, "//).44 More generally, we can consider two different configurations
of branes for the two end points of an open string. Equivalently, we can have two
different index sets and sets of basic boundary conditions, i.e., two different Chan—
Paton spaces, 71 and 73, for the two ends. In such cases the open string states will
be valued in Hom (%], %3).
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