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Supervisor’s Foreword

This thesis deals with the effects of time-delay in complex nonlinear systems and
in particular with its applications in network and control theory and nonlinear
optics. Delays arise naturally in networks of coupled systems due to finite signal
propagation speeds and are thus a key issue in many areas of physics, biology,
medicine, engineering, economics, and even sociology. Examples are abundant,
and include such important applications as lasers, electronic circuits, or neuronal
dynamics. Prominent examples from diverse fields are networks of coupled lasers,
neuronal networks, communication networks, traffic networks, the internet, power
grids, social networks, and many others.

Synchronization phenomena in these networks play an important role, e.g., in
the context of learning, cognitive and pathological states in the brain, for secure
communication with chaotic lasers or gene regulation. The control of the dynamics
on such networks is a fascinating area of research in nonlinear science. A central
issue is the interplay of the local dynamics on the nodes and the network topology,
the propagation delays, noise, and the role of imperfections. Time-delay extends
the dimension of the phase space of a dynamical system to infinity, and thus can
dramatically change its stability properties. In particular, unstable periodic or
stationary states can be rendered stable, or in contrast, instabilities and bifurcations
can be induced. Thus, various states of generalized synchrony, e.g., zero-lag
synchronization, antiphase synchronization, or cluster synchronization, can be
deliberately selected by tuning the delay-coupling.

This thesis presents novel results on the control of complex dynamics by time-
delayed feedback and time-delayed coupling, and new fundamental insights into
the interplay of delay and synchronization. As one of the most interesting results
this thesis solves the problem of complete synchronization in networks with large
coupling delay, i.e., large distances between the nodes, by giving a universal
classification of networks, which has a wide range of interdisciplinary applica-
tions. The thesis considers in detail the application to lasers, where these results
have important consequences with respect to the stability of chaotic synchroni-
zation, and bidirectional encrypted communication with a passive or active relay.
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Also, the stabilization of periodic intensity pulsations by purely optical or
optoelectronic delayed feedback, which can be easily realized experimentally, is
investigated.

Berlin, April 2011 Eckehard Schöll
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Notation

For brevity the time argument of dynamic variables will be omitted, when there is
no danger of confusion, i.e., we write

d

dt
x ¼ �cx instead of

d

dt
xðtÞ ¼ �cxðtÞ:

In this spirit we denote dynamic variables with delayed arguments in short form by

xs ¼ xðt � sÞ:

Acronyms

ODE ordinary differential equation
DDE delay differential equation
RK Runge–Kutta
LK Lang–Kobayashi
SM synchronization manifold
ECM external cavity mode
LFF low frequency fluctuation
CC coherence collapse
UPO unstable periodic orbit
PO periodic orbit
FP fixed point
RW rotating wave
LE Lyapunov exponent
TLE transversal Lyapunov exponent
MSF master stability function
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Part I
Stabilization of Odd-Number Orbits



Chapter 1
Introduction

Delays are ubiquitous in nature and occur, for instance, in coupled systems, in
biological processes [1], neural systems [2], or in control problems [3–6]. Time
delays arise in these systems due to finite signal propagation and processing
speeds, latency effects or are introduced deliberately via external control loops.

From a mathematical point of view, delay terms render a system infinite
dimensional (see appendix A) and allow even simple dynamical systems to exhibit
complex behavior including oscillations and chaos. The stability of solutions such
as periodic orbits and fixed points can change under the influence of delay. This
may, on one hand, cause undesired instabilities in engineering applications [7], on
the other hand it has led to a completely new research field: The control of
dynamical systems by time-delayed feedback.

The control of nonlinear systems is an important topic and has applications in
many different fields. In engineering, for instance, nonlinear effects can result in
undamped oscillations, which may be undesired or even dangerous. Delayed
feedback control is a control scheme that utilizes the system history—in the
simplest case the state of the system at an earlier time t � s, where s is the delay
time—to generate a control signal which is fed back to the system in a closed-loop
fashion. The advantages of such a closed-loop control scheme are apparent: there
is no need for real time computation of control signals and no reference or target
state needs to be known. Instead, the system generates its own control signal and
by choosing the parameters of the control loop, e.g., delay time and feedback
strengths, appropriately, the system operates in the desired regime.

One particular realization of such a delayed feedback scheme is time-delayed
feedback control as proposed by Pyragas [3], which was originally introduced as a
method to stabilize unstable periodic orbits but has now found many other
applications (see Chap. 2 for a discussion of the control scheme). The most
prominent property of the Pyragas control method is its noninvasiveness: If the
target orbit is stabilized by the control, then the control force vanishes on the target
orbit and therefore the orbit is stabilized but otherwise unchanged. This remark-
able feature has drawn a lot of attention to the Pyragas control for two reasons.
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Firstly, the noninvasive stabilization of unstable states makes it possible to study
these states in experiments, i.e., unravel dynamical behavior which is usually
hidden [5, 8, 9]. Secondly, noninvasive control means that the system is subject to
small control signals only. This is important whenever there are limited resources,
e.g., constrains due to a finite fuel tank or limits on power consumptions, or when
the system to be controlled is fragile and one wants to avoid strong forcing, for
example in neural applications.

For ten years it was believed [10] that one of the most common type of periodic
orbits, namely odd-number orbits (see Sect. 2.1), could not be stabilized with the
Pyragas method. Recently, it was shown that this common believe is in fact wrong
and the so-called odd-number theorem was refuted [11]. This surprising turn
resulted in a renewed interest in Pyragas control [12–20].

In contrast to delayed feedback control, where the delay is introduced delib-
erately as a means of control, delays arise naturally in coupled systems due to finite
signal propagation speeds. While these latencies may be negligible for small
coupling distances, they cannot be ignored when the delay time is comparable the
time scales of the dynamical systems. Therefore delays play a crucial role for
example in optically coupled lasers [21–26], neuronal [27–29] and biological [30]
networks and in dynamical processes in the Internet [31]. Understanding the
dynamical behavior of delay coupled systems is thus of great practical importance.

Synchronization phenomena in such networks are relevant [32] in many
applications. Chaos synchronization, for instance, may lead to new secure com-
munication schemes [33–35]. The synchronization of neurons is believed to be of
great importance in the brain under normal conditions, for instance in the binding
problem [36], and under pathological conditions such as Parkinson’s disease [37].

The synchronization of delay coupled systems has thus been an important topic
in nonlinear science in recent years [24, 25, 38–44].

This thesis is organized in two parts. The first part is devoted to time-delayed
feedback control and in particular to the stabilization of odd-number orbits. The
second part (p. xx) deals with the synchronization of delay coupled systems. In
both parts I consider the application of the results to laser systems. The theoretical
and numerical methods used throughout this work are discussed in appendix A.
For the efficient simulation of the delay differential equations I have written a
simulation package, which is discussed in Chap. 16.
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Chapter 2
Time-Delayed Feedback Control

Time-delayed feedback control as proposed by Pyragas [1] has proven to be a
powerful noninvasive method for the stabilization of unstable periodic orbits
(UPOs) [2–5] and unstable steady states [6–9] in dynamical systems. It has since
then been successfully applied to a plethora of different systems, for instance, to
spatially extended systems [10–16] and even noise-driven systems [17–24], for
reviews see [25].

The basic idea is simple, yet the control is often very effective. Consider a
dynamical system

d

dt
XðtÞ ¼ FðXðtÞÞ ðX 2 R

nÞ

exhibiting an UPO with period T

X�ðtÞ ¼ X�ðt þ TÞ:

Then the following time-delayed feedback

d

dt
XðtÞ ¼ FðXðtÞÞ þ K½Xðt � sÞ � XðtÞ�;

where K is an n� n real feedback matrix, does not change the orbit if the delay s is
chosen as an integer multiple of the period s ¼ n � T , since the control force
K½Xðt � sÞ � XðtÞ� vanishes on the target orbit. Only the stability properties of the
orbit may have changed and for proper choices of the matrix K the formerly
unstable orbit may be stabilized. This noninvasive control method can easily be
implemented and tested in experimental setups.

We will now discuss a limitation, which was thought to exist and which we will
refute in the following chapters.
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2.1 Alleged Odd-Number Theorem

Severe restrictions for the applicability of the method were believed to exist
[26–31]. It was commonly believed that UPOs with an odd-number of real
Floquet multipliers larger than unity could never be stabilized by delayed
feedback control (see Sect. 15.2 for a definition of Floquet exponents and
multipliers). Note that many of the most commonly found UPOs in dynamical
systems belong to this class of odd-number orbits. For instance, any UPO born
in a subcritical Hopf bifurcation from an unstable fixed point (FP) as well as
any UPO born in a saddle-node bifurcation of periodic orbits (POs) with a
stable partner is an odd-number orbit.

Recently this alleged odd-number theorem has been refuted by counterexam-
ples [32–37], which I will present below. The proof of the odd-number theorem
provided in [27] fails because it does not take the Goldstone mode, i.e, the trivial
Floquet multiplier l ¼ 1, of POs in autonomous systems into account. The odd-
number theorem actually remains valid for UPOs, which do not have a trivial
Floquet multiplier, i.e., orbits, which are induced by external time-dependent
forcing. However, such orbits occur less frequently in practice. For a detailed
discussion of the odd-number theorem’s proof and its shortcoming see [38]. We
will now provide a counterexample to the odd-number theorem.
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Chapter 3
Counterexample

In this section we will construct a counterexample to the odd-number theorem, i.e.,
a system with an odd-number orbit, where the orbit can be stabilized by time-
delayed feedback control. The counterexample consists of the normal form of a
subcritical Hopf bifurcation

d

dt
z ¼ kþ iþ ð1þ icÞjzj2

h i
z ðz 2 CÞ; ð3:1Þ

where the time is scaled such that the frequency is one ðx ¼ 1Þ. Written in
amplitude and phase zðtÞ ¼ rðtÞeihðtÞ the equation becomes

d

dt
r ¼ ðkþ r2Þr; ð3:2aÞ

d

dt
h ¼ 1þ cr2: ð3:2bÞ

For k\0 an UPO with r ¼
ffiffiffiffiffiffiffi
�k
p

and period T ¼ 2p=ð1� ckÞ exists. At k ¼ 0 a
subcritical Hopf bifurcation occurs and the FP z ¼ 0 becomes unstable for k [ 0.
Figure 3.1 depicts the bifurcation diagram (panel (a)) and the period (panel (b) and
(c)) of the UPO. The PO is born at k ¼ 0 with a finite period of T ¼ 2p, which then
increases or decreases for decreasing k depending on the sign of c.

Equation (3.1) describes an autonomous system, and thus one of the orbit’s
Floquet multipliers is unity, corresponding to the Goldstone mode, i.e., the phase
shift invariance of the orbit. Since the orbit is unstable, the other Floquet multiplier
is larger than one and the orbit is an UPO belonging to the odd-number class. This
is the target orbit we wish to stabilize. We will call this orbit the Pyragas orbit

Following [1] we will now stabilize the Pyragas orbit by applying time-delayed
feedback control

d

dt
z ¼ ½kþ iþ ð1þ icÞjzj2�zþ b

�
zs � z

�
: ð3:3Þ

V. Flunkert, Delay-Coupled Complex Systems, Springer Theses,
DOI: 10.1007/978-3-642-20250-6_3, � Springer-Verlag Berlin Heidelberg 2011
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Here, zs denotes the time-delayed variable (see notation on p. xi) and b ¼ b0eib is a
complex feedback gain.

We could go ahead and try to analyze the PO’s stability using Floquet theory
and try to find successful control forces b. However, the Floquet problem for delay
differential equations (DDEs) leads in this case to a nonlinear transcendental
equation (see Sect. 3.3) and is very difficult to treat analytically.

The way this problem can be approached, nevertheless, is to construct condi-
tions such that the FP z ¼ 0 is unstable for k\0 and stable for k[ 0. If one
succeeds while preserving the location of the PO, as is the case for noninvasive
time-delayed feedback control, then the subcritical Hopf bifurcation must have
become supercritical and the PO will be stable at least in the vicinity of k ¼ 0.

For noninvasive control the value of s is determined by the period of the PO,
i.e., the delay time has to be chosen as s ¼ n � T . For each n 2 N this defines
curves in the ðk; sÞ-plane, which we call the Pyragas curve

spðkÞ ¼
2pn

1� ck
ðk\0Þ: ð3:4Þ

The Pyragas curves emanate from the points ðk; sÞ ¼ ð0; 2pnÞ and extend to the left
half-plane ðk\0Þ. For negative and positive c the curve goes up and down (see
Fig. 3.1), respectively. We are restricted to this curve in the ðk; sÞ-plane for given a c.

To address the stability of the FP, we linearize (3.3) around the FP z ¼ 0

d

dt
z ¼ ðkþ iÞzþ b½zs � z�:

Making the ansatz zðtÞ / egt we obtain a transcendental characteristic equation for
the complex eigenvalues g 2 C, which govern the FP’s stability

g ¼ kþ iþ bðe�gs � 1Þ: ð3:5Þ

To find bifurcation lines in the parameter plane, i.e., the boundary of the FP’s
stability domain, we seek solutions with ReðgÞ ¼ 0. Since g ¼ 0 is not a solution
of the characteristic equation, one has to look for solutions g ¼ iX corresponding
to Hopf bifurcations. Inserting this ansatz into (3.5) and splitting the equation into
real and imaginary part we find

(a) (b) (c)

Fig. 3.1 Bifurcation diagram for the subcritical Hopf bifurcation. Panel (a): Radius of the UPO
and the FP at z ¼ 0. Solid and dashed curves correspond to stable and unstable solutions,
respectively. Panel (b) and (c): Period T of the UPO for c\0 and c[ 0
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0 ¼ kþ b0½cosðb� XsÞ � cos b�; ð3:6aÞ

X� 1 ¼ b0½sinðb� XsÞ � sin b�: ð3:6bÞ

Using some trigonometric identities we can eliminate X to obtain s as a function of k.
These Hopf curves sHðkÞ are given by

sHðkÞ ¼
� arccos b0 cos b�k

b0

� �
þ bþ 2pn

1� b0 sin b�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kð2b0 cos b� kÞ þ b2

0 sin2 b
q ; ð3:7Þ

where the upper and lower signs correspond to different branches. Note that sH is
not defined for b ¼ 0 and k\0. Since we want to destabilize the FP for k\0, it is
necessary to choose complex b.

Figure 3.2 depicts the family of Hopf curves for fixed b ¼ p=4 and different b0.
The line k ¼ 0 corresponds to the uncontrolled system ðb0 ¼ 0Þ, which has a Hopf
bifurcation at k ¼ 0 independent of the value of s. With increasing b0 the Hopf
curves stretch further into the k\0 half-plane. Note that all Hopf curves pass
through the points ðk ¼ 0; s ¼ 2pnÞ. This is due to the fact that k ¼ 0; X ¼ 1, and
s ¼ 2pn is always a solution of (3.5).

Figure 3.3 depicts the Hopf curve for b0 ¼ 0:3 and b ¼ p=4. The numbers
in parentheses and the shading indicate the unstable dimensions of the FP, i.e.,
(0)– stable, (2)– two-fold unstable etc. To destabilize the FP z ¼ 0 for k\0 and
thereby stabilizing the PO we have to choose points ðk; sÞ on the Pyragas curve
within the light blue region, where the FP is two-fold unstable.

This means we have to find values of b ¼ b0eib, for which the Hopf curves are
organized such that the Pyragas curve reaches into the light blue region, where the
FP is two-fold unstable. In this case when moving along the Pyragas curve the
Hopf bifurcation has changed from subcritical to supercritical and thus the PO is
stabilized. This desired situation is shown in Fig. 3.4. The Pyragas curve extends
into the region where the FP is two-fold unstable. Along the Pyragas curve, with

Fig. 3.2 Hopf curves in the
ðk; sÞ-plane. The curves
correspond with increasing
darkness to
b0 ¼ 0; 0:02; 0:1; 0:2; 0:3.
Parameter: b ¼ p=4
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the dotted extension, the Hopf bifurcation has changed from subcritical to
supercritical.

The sign of c determines whether the Pyragas curve points upwards ðc\0Þ or
downwards ðc[ 0Þ (see Fig. 3.1). These two cases have to be treated separately.
As it turns out, switching the sign of b locally reflects the Hopf curve along the
s ¼ 2p line, which will allow us to stabilize either case. To see this we can insert
X ¼ 1þ dX and s ¼ 2pþ ds into (3.7). Then in linear order the resulting equa-
tions are invariant under the transformation b! �b; ds! �ds and dX! �dX.
This symmetry is depicted in Fig. 3.5. Switching the sign of b approximately
reflects the Hopf curve along the s ¼ 2p line (and simultaneously along any of the
lines s ¼ 2pn). Note that for b ¼ 0 the Hopf curve does not reach into the k\0
half-plane.

We will now construct the stabilization conditions for the two cases c\0 and
c[ 0, which are called soft spring and hard spring case, respectively. The
mechanical terminology ‘‘soft’’ and ‘‘hard’’ spring arises from the pendulum
equation €xþ Dx ¼ 0 with nonlinear spring constant D ¼ DðxÞ. For ‘‘soft’’ springs
D(x), where D(x) decreases with increasing jxj, the period increases with
increasing amplitude. Examples are mathematical pendula DðxÞ ¼ sin x or rubber
balloons. For ‘‘hard’’ springs D(x) increases with jxj and the period decreases with
increasing amplitude.

Fig. 3.3 Hopf curves and
unstable dimensions (in
brackets) of the FP in the
ðk; sÞ-plane. Parameters:
b0 ¼ 0:3; b ¼ p=4

Fig. 3.4 Pyragas curve
(dashed) and Hopf curves in
the ðk; sÞ-plane
corresponding to (3.4) and
(3.7), respectively. Numbers
in parentheses denote the
unstable dimension of the FP.
Parameters: b0 ¼ 0:3;
b ¼ p=4, c ¼ �10
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Consider the s-axis in the ðk; sÞ-plane. The intersections of the Hopf curve with
this axis are obtained from (3.6) by setting k ¼ 0

cos b ¼ cosðb� XsÞ;
X� 1

b0
þ sin b ¼ sinðb� XsÞ:

Squaring both equations and adding them eliminates s and results in a quadratic
equation for X

X2 � ðb0 sin b� 2ÞXþ 1� b0 sin b ¼ 0:

The two roots lead to two sets of solutions

sA
n ¼ 2pn; XA ¼ 1; ð3:8aÞ

sB
n ¼

2bþ 2pn

1� 2b0 sin b
; XB ¼ 1� 2b0 sin b; ð3:8bÞ

with n ¼ 0; 1; 2. . .. Note that the A series consists of all points, where the Pyragas
curves emanate.

To calculate the unstable dimensions of the FP above and below each Hopf
point we will now analyze the crossing direction of the Hopf eigenvalues with
increasing s. The eigenvalue equation on the s-axis is given by

g ¼ iþ bðe�gs � 1Þ:

Implicit differentiation with respect to s gives

osg ¼ bð�g� sosgÞe�gs: ð3:9Þ

The crossing direction of the Hopf eigenvalues is determined by the sign of
ReðosgÞ. For ReðosgÞ[ 0 the unstable dimensions of the FP increase by two when
going up the s-axis through the Hopf points, and for ReðosgÞ\0 it is vice-versa.
Evaluating ReðosgÞ at the Hopf points ðg ¼ iXA;B; s ¼ sA;BÞ yields

Fig. 3.5 Hopf curve for
different values of b.
Parameter: b0 ¼ 0:05
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ReðosgÞ ¼ Re
�
� bg

1þ se�gs

�
¼

sin b for the A series,

sin bð2b0 sin b� 1Þ for the B series.

�

We now have all ingredients to find conditions, which allow stabilization: At the
Hopf points of series A, where the Pyragas curve emanates, we can decide whether
the Hopf point lies on the border between a (0)-region and a (2)-region and which
region lies on which side. From the explicit forms of the Hopf and the Pyragas
curve, we can decide whether locally the Pyragas curve reaches into the (2)-region.

3.1 The Case c < 0

For c\0 the Pyragas curve points upwards ðs0Pð0Þ\0Þ from the emanating point
into the left half-plane. It is therefore necessary that there is a (2)-region above the
Hopf point and a (0)-region below.

In order to have a change from unstable dimension (0) to (2) of the FP, the
emanating point, which belongs to the A series, needs ReðosgÞ ¼ sin b[ 0 and
thus

0\b\p ð3:10Þ

or equivalently ImðbÞ[ 0.
To have a (0)-region below the emanating point the Hopf curves have to turn

back across the s-axis. Firstly, this requires that the B points have ReðgsÞ\0, i.e.,

0\b\ arcsin
� 1

2b0

�
or p� arcsin

� 1
2b0

�
\b\p: ð3:11Þ

Secondly, every A point below the emanating point has to be compensated by a
B point, which implies the following ordering

sA
0 \sB

0 \sA
1 \sB

1 \ � � �\sB
n�1\sA

n : ð3:12Þ

The distance between two successive B points is given by (see (3.8))

sB
kþ1 � sB

k ¼
2p

1� 2b0 sin b
[ 2p;

where we used that sB
k [ 0, implying 1 [ 2b0 sin b. Since the distance between

two successive A points is 2p, there is at most one B point between two A points.
With increasing b 2 ½0; p� the distance between two successive B points becomes
larger. The order of (3.12) is first violated when sB

n�1 ¼ sA
n for some b ¼ b�n .

Inserting sB
n�1 and sA

n and solving for b�n gives a transcendental equation

1
p

b�n þ 2nb0 sin b�n ¼ 1: ð3:13Þ
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This yields the first stabilization condition

0\b\b�n : ð3:14Þ

We have now established conditions, which lead to a (0)-region below the ema-
nating point and a (2)-region above. The last requirement is that the Pyragas curve
reaches into the (2)-region, i.e., the Pyragas curve runs above the Hopf curve,
locally. This is satisfied if

oksP\oksH at ðk; sÞ ¼ ð0; 2pnÞ: ð3:15Þ

From (3.4) we find

oksP

���
ðk;sÞ¼ð0; 2pnÞ

¼ 2pnc:

Implicit differentiation of (3.6a, 3.6b) with respect to k gives

0 ¼ 1þ ðXoksþ sokXÞb0 sinðb� XsÞ
okX ¼ �ðXoksþ sokXÞb0 cosðb� XsÞ:

Inserting k ¼ 0; s ¼ 2pn and eliminating okX gives the desired slope

oksH

���
ðk;sÞ¼ð0; 2pnÞ

¼ � 1þ 2pnb0 cos b
b0 sin b

¼ � 1þ 2pnReðbÞ
ImðbÞ :

Stabilization is therefore possible if

1
ImðbÞ ReðbÞ þ 1

2pn

	 

\� c: ð3:16Þ

To summarize we have found two conditions (3.14) and (3.16) on the feedback
constant b, which imply stabilization of the UPO close to the bifurcation k ¼ 0.
The domain of control is thus bounded by the two curves

b0ðbÞ ¼
1

2n sin b
1� b

p

	 

; ð3:17aÞ

ImðbÞ ¼ � 1
c

�
ReðbÞ þ 1

2pn

�
; ð3:17bÞ

where we solved (3.13) for b0 as a function of b. The domain of control resulting
from the two curves is depicted in Fig. 3.6(a) for fixed n and different values of c
and Fig. 3.6(b) for fixed c and different values of n.

To illustrate the stabilization, we simulated the equations with the control force
b chosen in the control domain. Figure 3.7 depicts the time series of the amplitude
jzj and jz� zsj, which is proportional to the control signal. The system starts with
the constant history zðtÞ ¼ 0:1 for t 2 ½�s; 0�, which is not very close to the
Pyragas orbit. After some transient time, the system approaches the Pyragas orbit
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indicated by the dashed line. The closer the trajectory comes to the Pyragas orbit,
the smaller the control signal becomes, due to the noninvasive nature of the
Pyragas method.

3.2 The Case c [ 0

For c[ 0 the Pyragas curve has a positive slope at k ¼ 0 and thus reaches
downwards from the emanating point into the left half-plane k\0 (see

Fig. 3.7 Time series in the
case of stabilization. Panel
(a): Time series of the
absolute value jzj. Panel (b):
semi-log plot of jz� zsj vs
time t. Parameters:
k ¼ �0:005; c ¼ �10;
b ¼ 0:3eip=4;
s ¼ 2p=ð1� ckÞ

Fig. 3.6 Domains of control
in the plane of complex
feedback gain b ¼ b0eib for
different values of n and c in
the limit k% 0. Panel (a):
The shaded regions
correspond to
c ¼ �10;�5;�2 with
increasing darkness ðn ¼ 1Þ.
Panel (b): The shaded
regions correspond to
n ¼ 1; 2; 3 with increasing
darkness (c ¼ �10)
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Fig. 3.1(c)). In this case it is necessary that the Hopf curve, which passes through
the emanating point, separates a (0)-region above from a (2)-region below, i.e.,
ReðosgÞ ¼ sin b\0 and thus

p\b\2p: ð3:18Þ

Additionally, the B point of the closing Hopf curve above the emanating point is
not allow to lie below the emanating point. Otherwise there would be a ð2Þ ! ð4Þ
change at the emanating point with decreasing s instead of a ð0Þ ! ð2Þ change.
This implies the following ordering of Hopf points along the s-axis

sA
0 \sB

1 \sA
1 \ � � �\sA

n \sB
nþ1: ð3:19Þ

Note the slight difference to the ordering (3.12) in the case of c\0. With the same
argumentation as above this ordering is first violated when sA

n ¼ sB
nþ1 for some

b ¼ bþn . Inserting sA
n and sB

nþ1 results in the transcendental equation for bþn , which
differs from (3.13) by a minus sign

1
p

bþn þ 2nb0 sin bþn ¼ �1: ð3:20Þ

This again gives a second stabilization condition

bþn \b\2p: ð3:21Þ

In order for the Pyragas curve to reach into the (2)-region, we also need

oksP [ oksH at ðk; sÞ ¼ ð0; 2pnÞ;

which results in

1
ImðbÞ ReðbÞ þ 1

2pn

	 

[ � c: ð3:22Þ

Together with (3.21) this gives the boundary of the control domain

b0ðbÞ ¼ �
1

2n sin b
1þ b

p

	 

; ð3:23aÞ

ImðbÞ ¼ � 1
c

ReðbÞ þ 1
2pn

	 

: ð3:23bÞ

Figure 3.8 depicts the control domain in the complex b-plane for different
values of c[ 0 and n. Compared with Fig. 3.6 the control is reflected along the
ImðbÞ ¼ 0 axis. This can be seen by transforming (3.23) according to b! �b and
c! �c, which yields (3.17). In the following we will restrict the analysis to c\0
since all results can be reproduced in a similar manner for c[ 0.

Having found parameter domains, where the FP is unstable, we will now
numerically investigate the stability of the Pyragas orbit using Floquet theory for
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the delayed system. In general this would only be possible by using tools for
numerical bifurcation analysis of delay equations, such as DDE-BIFTOOL [2, 3]
or KNUT (formerly known as PDDE-CONT) [4]. In our example, however, the
POs respect the rotation symmetry of the system, which allows a semi-analytic
treatment.

3.3 Floquet Exponents of Equivariant Orbits

Basic solutions of systems with an S1-symmetry are rotating waves,which respect
the symmetry, i.e., circular POs, which behave like

x ¼ r cosðXtÞ; y ¼ r sinðXtÞ ðr;X 2 R const:Þ

for an appropriate choice of coordinates x and y and all other variables being
constant. Such types of orbits are especially important in laser systems, because
the laser equations are always invariant with respect to a phase shift of the
complex electric field. In the laser systems these rotating wave solutions are then
the modes of the laser. In case of a laser with feedback they are called external
cavity modes (see Sect. 11.3).

For such orbits it is possible to find the transcendental equation for the Floquet
exponents analytically. There are two essentially equivalent approaches to sim-
plify the problem. The first method is to transform into a co-rotating frame

x̂ ¼ cosðXtÞxþ sinðXtÞy;
ŷ ¼ � sinðXtÞxþ cosðXtÞy:

In this frame the PO has become a circle of FPs. Since the PO respects the
S1-symmetry, each of the points has the same stability properties. The stability of
the PO is then given by the stability of one of these FP. This method will be
discussed in Sect. 13.2.

(a) (b)

Fig. 3.8 Domains of control in the plane of complex feedback gain b ¼ b0eib for different values
of n and c. Panel (a): The shaded regions correspond to c ¼ 10; 5; 2 with increasing darkness
ðn ¼ 1Þ. Panel (b): The shaded regions correspond to n ¼ 1; 2; 3 with increasing darkness
ðc ¼ 10Þ
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The other method uses the radius and phase as new coordinates. We use this
approach to calculate the Floquet exponents of the Pyragas orbit. Rewriting (3.3)
in polar coordinates zðtÞ ¼ rðtÞ eihðtÞ gives

d

dt
r ¼ ðkþ r2Þr þ b0

h
cosðbþ hs � hÞrs � r cos b

i
; ð3:24aÞ

d

dt
h ¼ 1þ cr2 þ b0

h
sinðbþ hs � hÞ rs

r
� sin b

i
: ð3:24bÞ

Linearizing around the PO according to rðtÞ ¼ r0 þ drðtÞ and hðtÞ ¼ Xt þ dhðtÞ
with r0 ¼

ffiffiffiffiffiffiffi
�k
p

and X ¼ 1� ck we find

d

dt

dr

dh

	 

¼

�2k� b0 cos b b0r0 sin b

2cr0 � b0 sin br�1
0 �b0 cos b

� �
dr

dh

	 


þ
b0 cos b �b0r0 sin b

b0 sin br�1
0 b0 cos b

� �
drs

dhs

	 

:

With the ansatz

drðtÞ
dhðtÞ

	 

¼ u expðKtÞ;

where u is a two-dimensional constant vector, one obtains the autonomous linear
equation

�2kþ b0 cos bðe�Ks � 1Þ � K �b0r0 sin bðe�Ks � 1Þ
2cr0 þ b0r�1

0 sin bðe�Ks � 1Þ b0 cos bðe�Ks � 1Þ � K

" #
u ¼ 0:

The vector u can only be mapped to 0 if the determinant of the matrix vanishes.
This condition of vanishing determinant then gives the transcendental character-
istic equation

0 ¼ �2kþ b0 cos bðe�Ks � 1Þ � K

 �

b0 cos bðe�Ks � 1Þ � K

 �

þ b0r0 sin bðe�Ks � 1Þ 2cr0 þ b0r�1
0 sin bðe�Ks � 1Þ


 �

for the Floquet exponents K, which can be solved numerically.
Figure 3.9 depicts, for three different values of k, the domain in the complex

b-plane, where the Pyragas orbit is stable. The color shading shows the real part of
the largest Floquet exponent and thus indicates the stability of the orbit. Large
negative values correspond to enhanced stability. Outside the shaded area the PO
is unstable. The black lines show the boundary of control in the limit k% 0
according to (3.17). With increasing jkj the domain of control shrinks and for
sufficiently large jkj stabilization is no longer possible. Note that for real valued b,
i.e., b ¼ 0, stabilization is not possible at all. Hence, a phase in the feedback gain
is needed in order to stabilize the Pyragas orbit.
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We will now investigate how the Pyragas orbit is stabilized in a more global
picture for finite k. In particular we will find delay induced orbits which bifurcate
with the Pyragas orbit.

3.4 Stabilization Mechanism

Consider the situation, where we choose a feedback phase b ¼ p=4 and turn up the
feedback strength b0 ¼ 0. . .0:3, i.e., moving into the region of control. There has
to be a mechanism, i.e., a bifurcation, which stabilizes the Pyragas orbit and
transforms the subcritical Hopf bifurcation into a supercritical bifurcation as the
feedback strength is increased.

To find this stabilization mechanism and obtain a comprehensive picture, we
study all rotating wave solutions, which exist in the system. This is completely
analogous to the standard method of calculating the external cavity modes of a
laser system (see Sect. 11.3). We thus make the ansatz

rðtÞ ¼ r0; hðtÞ ¼ xt

with constant r0 and x and insert this into ((3.24a), (3.24b))

0 ¼ kþ r2
0 þ b0

h
cosðbþ xsÞ � cos b

i
;

x ¼ 1þ cr2
0 þ b0

h
sinðbþ xsÞ � sin b

i
:

ð3:25Þ

(a)

(b)

(c)

Fig. 3.9 Domain of control
in the plane of complex
feedback gain b ¼ b0eib for
three different values of k.
The black solid lines indicate
the boundary of stability in
the limit k% 0. The color
code shows the largest
(negative) real part of the
periodic orbit’s Floquet
exponent. Parameters: n ¼ 1,
c ¼ �10; s ¼ 2p=ð1� ckÞ
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Eliminating r2
0 gives a transcendental equation for the possible frequencies

x ¼ 1� ckþ b0

h
sinðbþ xsÞ � sin b� c cosðbþ xsÞ þ c cos b

i
:

This equation can be solved numerically and the obtained frequencies can then be
inserted into either one of (3.25) to calculate r2

0. Just as in the laser case, some
obtained frequencies may result in negative r2

0. These spurious solutions can be
omitted. Figure 3.10 depicts the results of the calculations.

The radius r0 ¼
ffiffiffiffiffiffiffi
�k
p

and frequency x ¼ 1� ck of the Pyragas orbit (black
line) remain constant, since the control method is noninvasive on the target. With
increasing control force b0, however, two other delay-induced rotating wave
solutions (red curves) are created in a saddle-node bifurcation (SN). At the
transcritical bifurcation (TC) the Pyragas orbit and the stable delay-induced orbit
exchange stability. The latter vanishes in a subcritical Hopf bifurcation (subH), at
which the FP z ¼ 0 becomes unstable. Note that there is a small interval of b0

values, for which the Pyragas orbit and the fixed point are both stable. This is due
to the finite value of k. With decreasing jkj the transcritical and the Hopf bifur-
cation move closer together and in the limit of k% 0 they coincide. Figure 3.11(a)
depicts the dependence of the Pyragas orbit’s Floquet exponents K and of the FP’s
eigenvalues g on the control amplitude b0. With increasing b0 the FP loses stability
in the subcritical Hopf bifurcation (subH) shortly after the Pyragas orbit becomes
stable in the transcritical bifurcation (TC) (compare Fig. 3.10). For larger values of
b0 a pair of complex-conjugate Floquet exponents (gray curve) crosses the
imaginary axis ðReðKsÞ ¼ 0Þ and destabilizes the Pyragas orbit in a torus bifur-
cation (T). The relevant Floquet multiplier l ¼ expðKsÞ at the torus bifurcation

Fig. 3.10 Radii r0 (panel
(a)) and frequencies x (panel
(b)) of rotating wave
solutions vs b0. Solid and
dashed lines correspond to
stable and unstable solutions,
respectively. Red lines
indicate delay-induced orbits.
The marked points indicate
bifurcations of the solutions:
SN–saddle-node bifurcation,
TC–transcritical bifurcation,
subH–subcritical Hopf
bifurcation. Parameters:
k ¼ �0:005; c ¼ �10,
b ¼ p=4; s ¼ 2p=ð1� ckÞ
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are given by l � e�i1:494p. Figure 3.11(b) depicts the Floquet multipliers in the
complex plane with b0 ¼ 0. . .0:3 as a curve parameter. With increasing b0 the
isolated odd-number multiplier with real part larger than one passes through the
unit circle at 1. Note that there is also the Goldstone multiplier located at 1, which
makes the crossing possible and had been overseen in [5]. Also, as b0 is increased
an infinite number of complex-conjugate multipliers indicated by the gray curves
are generated by the control and move towards the unit circle, which then results in
the torus bifurcation for larger values of b0.

3.5 Conclusion and Discussion

In this section we have provided a counterexample, which refutes the odd-number
theorem of time-delayed feedback control. In this example, of a subcritical Hopf
bifurcation’s normal form, we are able to stabilize the UPO, provided the system is
sufficiently nonlinear, i.e., the absolute value of the parameter c, which describes
the dependence of the oscillation period on the amplitude, needs to be large
enough. Furthermore, we saw that the control amplitude has to be complex. We
will discuss this issue in more detail in Chaps. 5 and 6.

Recently, it was shown [6], using center manifold theory for DDEs and normal
form analysis, that Pyragas control can also stabilize odd-number orbits in
n-dimensional systems ðn [ 2Þ and that in fact for proper choices of the feedback
matrix the system can be reduced to the normal form of (3.3). This justifies the
approach we used above.

(a) (b)

Fig. 3.11 Panel (a): Real parts of Floquet exponents K of the Pyragas orbit (top) and real part of
the fixed points eigenvalue g (bottom) vs b0. Panel (b): Floquet multipliers l ¼ expðKsÞ in the
complex plane with the feedback amplitude b0 ¼ ½0; 0:3� as a parameter. The arrows indicate the
direction of increasing b0. Other parameters as in Fig. 3.10
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Chapter 4
Odd-Number Orbits Close to a Fold
Bifurcation

The previous section showed that the alleged odd-number theorem is not valid for
autonomous systems and that in fact an odd-number orbit born in a subcritical
Hopf bifurcation can be stabilized by time-delayed feedback control. Although this
is a very generic example, the question arises whether this situation close to the
Hopf bifurcation is special or if odd-number orbits born from other bifurcations
can be stabilized, too.

4.1 Model and Analysis

Following [1] we will now consider a PO born in a saddle-node (fold) bifurcation
of POs. The normal form of this bifurcation is given by

d

dt
z ¼ ðjzj2 � 1Þ2 � kþ ix0 þ icðjzj2 � 1Þ

h i
z ðz 2 CÞ ð4:1Þ

with x0; c[ 0. In polar coordinates zðtÞ ¼ rðtÞ eihðtÞ the normal form reads

d

dt
r ¼ ½ðr2 � 1Þ2 � k� r ¼: gðk; rÞ r; ð4:2aÞ

d

dt
h ¼ cðr2 � 1Þ þ x0 ¼: hðk; rÞ: ð4:2bÞ

The function g determines the radii of the rotating wave (RW) solutions and the
function h determines the periods. At k ¼ 0 two RW solutions with r ¼ const and
h ¼ xt are born in a saddle-node bifurcation at r2 ¼ 1. The corresponding
bifurcation diagram is depicted in Fig. 4.1. From (4.2) we find the amplitudes
r� and frequencies x� of these orbits

V. Flunkert, Delay-Coupled Complex Systems, Springer Theses,
DOI: 10.1007/978-3-642-20250-6_4, � Springer-Verlag Berlin Heidelberg 2011
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r� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

ffiffiffi
k
pq

; x� ¼ x0 � c
ffiffiffi
k
p

: ð4:3Þ

The sign ‘‘?’’ corresponds to the unstable (upper) branch and ‘‘-’’ corresponds
to the stable (lower) branch. At k ¼ 1 the stable branch vanishes in a supercritical
Hopf bifurcation stabilizing the FP z ¼ 0.

We will now stabilize the ‘‘?’’ branch, which is obviously an odd-number orbit,
by applying time-delayed feedback to the system according to

d

dt
z ¼

�
gðk; jzjÞ þ i hðk; jzjÞ

�
zþ b

�
zs � z

�
: ð4:4Þ

Again, for noninvasive control the delay time has to be chosen as

s ¼ k Tþ ¼ k
2p
xþ
¼ 2p k

x0 þ c
ffiffiffi
k
p ð4:5Þ

to match the period of the ‘‘?’’ branch. Solving for k we obtain the Pyragas curve
in the ðs; kÞ-plane

kPðsÞ ¼
2p k � sx0

cs

� �2

: ð4:6Þ

Figure 4.2 depicts the Pyragas curves for different integer numbers k.
We now consider s as the relevant bifurcation parameter and adjust k according

to (4.6). In the uncontrolled case b ¼ 0, we obtain the RWs

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2p k � x0s

cs

s
; x ¼ x0 �

2p k � x0 s
s

: ð4:7Þ

The bifurcation diagram of these branches is depicted in Fig. 4.3. At s ¼ T0 ¼
2p=x0 the two branches form a transcritical bifurcation (TC). This transcritical
bifurcation at first seems artificially introduced, by moving in Fig. 4.1 according to
kPðsÞ down the k-axis to k ¼ 0 and then up again. However, for b0 6¼ 0 the blue
branch in Fig. 4.3 is unchanged because it features s ¼ T , while the other branch is
affected by the control and thus changes. If it is now possible to shift this branch

Fig. 4.1 Bifurcation diagram
of the saddle-node bifurcation
of rotating waves. Solid and
dashed curves correspond to
stable and unstable solutions,
respectively

28 4 Odd-Number Orbits Close to a Fold Bifurcation



upwards and thus the transcritical bifurcation s ¼ sc to the left, then the Pyragas
branch is stable also for r [ 0, i.e., the upper branch of the saddle-node bifurcation
has been stabilized.

To approach this problem, we rewrite the controlled system (4.4) in polar
coordinates

d

dt
r ¼ ðr2 � 1Þ2 � k

h i
r þ b0 cosðbþ hs � hÞ rs � cos b r½ �;

d

dt
h ¼ cðr2 � 1Þ þ x0 þ b0 sinðbþ hs � hÞ rs=r � sin b½ �:

ð4:8aÞ

The RW solutions then obey

0 ¼ e2 � kþ 2b0 sinðxs=2Þ sinðb� xs=2Þ ð4:9aÞ

x ¼ ceþ x0 � 2b0 sinðxs=2Þ cosðb� xs=2Þ; ð4:9bÞ

with e :¼ r2 � 1. Solving (4.9b) for e

e ¼ c�1
h
x� x0 þ 2b0 sinðxs=2Þ cosðb� xsÞ

i

we see that the right hand side increases monotonically in x for small b0, since in
this case the oscillating part is small compared to the linearly increasing x. Then
there exists an inverse function xðeÞ. Inserting this into (4.9a) yields

0 ¼ Gðs; eÞ :¼ e2 � kþ 2b0 sinðxðeÞs=2Þ sinðb� xðeÞs=2Þ:

SN

Fig. 4.2 (Color online)
Pyragas curves in the ðs; kÞ-
plane for different values
k ¼ 1; 2; . . .; 11. Each
Pyragas curve touches the
dashed (blue) saddle-node
line (SN) k ¼ 0 at a
transcritical bifurcation point
(TC). Parameters: c ¼ 1,
x0 ¼ 1

Fig. 4.3 Transcritical
bifurcation for k ¼ kPðsÞ.
The gray line is the Pyragas
branch. Solid and dashed
lines correspond to stable and
unstable solutions,
respectively. Parameters:
c ¼ 10, x0 ¼ 1,
T0 ¼ 2p=x0 ¼ 2p
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At the transcritcal bifurcation s ¼ sc the radius equation (4.9a) has a two-fold root,
i.e.,

0 ¼ oeGðsc; eÞ and o2
e Gðsc; eÞ 6¼ 0;

in addition to Gðsc; eÞ ¼ 0. Evaluating this equation on the Pyragas branch, where
xs ¼ 2ps=T ¼ 2p k, we obtain

0 ¼ oeGðsc; eÞ ¼ 2eþ b0 sc cosðkpÞ sinðb� kpÞ ðoexÞ
¼ 2eþ b0 scðoexÞ sin b: ð4:10Þ

To obtain the unknown function oex, we implicitly differentiate (4.9b) with
respect to e at xs ¼ 2p k

oex ¼ c� b0 sðoexÞ cos b

and solve for oex

oex ¼
c

1þ b0 s cos b
¼ c

1þ b0
2p k

x0þce cos b
:

Here we have used xs ¼ 2p k and x ¼ x0 þ ce. Inserting this into (4.10) yields

0 ¼ eðx0 þ ceþ b02p k cos bÞ þ b0p kc sin b

Solving for b0 then gives the control force b0 at the bifurcation

bc ¼ �e
x0ce

p kðc sin bþ 2e cos bÞ : ð4:11Þ

An equivalent condition involving sc can be found by substitution of (4.5) and

�
ffiffiffi
k
p
¼ r2 � 1 ¼ e

bc ¼ �
1
sc
� 2p k � x0sc

1
2 c2sc sin bþ ð2p k � x0scÞ cos b

: ð4:12Þ

From (4.11) and (4.12), for small e (sc � 2p k=x0), it follows that the optimal
control phase, i.e., the phase with smallest jbcj, is b ¼ �p=2. For this optimal
control phase (4.11) and (4.12) are simplified to

bc ¼
e

p k

�x0

c
þ e
�

ð4:13Þ

and

bc ¼
2

ðcscÞ2
�

2p k � x0sc

�
; ð4:14Þ
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respectively. Solving (4.13) and (4.14) for e and sc, respectively, and expanding
for small b0 [ 0, we find the location of the transcritical bifurcation

e ¼ �
�
p k

c
x0

sin b
�

b0 þOðb2
0Þ;

sc ¼
2p k

x0
þ
h 1
2x0

�2p kc
x0

�2
sin b

i
b0 þOðb2

0Þ:

From this analysis we can conclude that stabilization of the unstable odd-
number orbit is possible. Near the fold for c [ 0 and sin b\0 stabilization can be
realized by arbitrarily small control amplitudes b0.

4.2 Stabilization Mechanism

Similar to the analysis in Sect. 3.4, we can obtain a comprehensive picture of the
bifurcation scenario by looking at all RW present in the system. The RW ansatz
results in (see (4.9))

0 ¼ ðr2 � 1Þ2 � kþ 2b0 sinðxs=2Þ sinðb� xs=2Þ;
x ¼ cðr2 � 1Þ þ x0 � 2b0 sinðxs=2Þ cosðb� xs=2Þ:

Eliminating r2 gives a transcendental equation for the frequencies

0 ¼� c2kþ c22b0 sinðxs=2Þ sinðb� xs=2Þ

þ
h
x� x0 þ 2b0 sinðxs=2Þ cosðb� xs=2Þ

i2
:

Solving this equation numerically and inserting the frequencies into

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x� x0

c
� 2b0

c
sin

xs
2

� �
cos b� xs

2

� �
þ 1

s

we obtain the allowed radii, after eliminating spurious (imaginary) solutions. The
bifurcation diagram obtained from these RW solutions is depicted in Fig. 4.4. The
orbit, which stabilizes the Pyragas orbit, may be the minus branch or another
delay-induced orbit, which is born from a fold bifurcation, depending on the
parameters. The crossover between these two scenarios occurs at c � 10:6, where
two saddle-node points merge and disappear in a transcritical bifurcation. The
radius of the Pyragas orbit does not change with b0, since the control is nonin-
vasive on this orbit. The ‘‘�’’-branch on the other hand is affected and the radius
changes.
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4.3 Domain of Control

To calculate the domain of control numerically we proceed in the same way
as in Sect. 3.3. We linearize (4.8) around the Pyragas orbit according to zðtÞ ¼
ðr þ drðtÞÞ exp ðixt þ iduðtÞÞ

d

dt

dr

du

� �
¼

org r þ g� b0 cos b rb0 sinðb� xsÞ
orh� b0 sinðb� xsÞ =r �b0 cosðb� xsÞ

	 

dr

du

� �

þ
b0 cosðb� xsÞ �rb0 sinðb� xsÞ

b0 sinðb� xsÞ=r b0 cosðb� xsÞ

	 

drs

dus

� �
:

The delay time s matches the period of the Pyragas orbit and we thus have

xs ¼ 2pk:

Using the exponential ansatz ðdrðtÞ; duðtÞÞ / expðKtÞ yields a transcendental
characteristic equation 0 ¼ vðKÞ for the Floquet exponents K

0 ¼ vðKÞ ¼ det
M11 M12

M21 M22

	 

¼ 0 ð4:15Þ

with

M11 ¼ 4ðr2
þ � 1Þr2

þ þ ðr2
þ � 1Þ2 � k� K� 1� e�Ks

� �
b0 cos b;

M12 ¼ rþ 1� e�Ks
� �

b0 sin b;

M21 ¼ 2crþ � 1� e�Ks
� �

b0 sinðbÞ=rþ;

M22 ¼ �K� 1� e�Ks
� �

b0 cos b:

Solving this equation numerically, we obtain the control domain in the complex b-
plane. Figure 4.5 depicts this domain in polar coordinates b ¼ b0 eib (panel (a))
and Cartesian coordinates b ¼ br þ i bi (panel (b)). The color code shows the
largest (negative) real part of the Floquet exponent. The control domain is bounded
on one side by the transcritical bifurcation line and on the other side by a line of

Fig. 4.4 Radii of stable
(solid) and unstable (dotted)
rotating solutions vs b0 for
different values of c. Squares
and circles indicate saddle-
node and transcritical
bifurcations, respectively.
Parameters: s ¼ 2p=ð1� ckÞ,
k ¼ 0:001, x0 ¼ 1,
b ¼ �p=2
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secondary Hopf bifurcations, i.e., torus bifurcations, which destabilize the Pyragas
orbit for large values of the control amplitude.

The transcritical bifurcation line can be calculated analytically from (4.15) as
follows. A transcritical bifurcation occurs if real a Floquet exponent changes sign,
i.e., K ¼ 0. Since we have an autonomous system, one Floquet exponent is always
zero corresponding to the Goldstone mode of the orbit. To obtain the transcritical
bifurcation line, we will use a series expansion of the characteristic equation in
x ¼ �Ks up to order x2. At the transcritical bifurcation the solution x ¼ 0 then has
multiplicity two.

The following calculations are correct up to second order in x. Using

1� e�Ks ¼ �x� 1
2

x2; K ¼ � 1
s

x;

we obtain

0 ¼ det
aþ 1

s xþ xþ 1
2 x2

� �
b0 cos b �r xþ 1

2 x2
� �

b0 sin b
cþ 1

r ðxþ x2Þb0 sin b 1
s xþ ðxþ x2Þb0 cos b

	 

;

where we used the abbreviations

a ¼ 4ðr2 � 1Þr2 þ ðr2 � 1Þ2 � k; c ¼ 2cr:

Calculating this determinant (up to second order) gives

0 ¼ a
1
s

xþ aðxþ x2Þ b0 cos bþ 1
s2

x2 þ 2
s

x2 b0 cos bþ x2 b2
0 cos2 b

þ crðxþ x2Þ b0 sin bþ x2 b2
0 sin2 b:

Factorizing out the Goldstone mode x ¼ 0 yields

0 ¼ 1
s

aþ ab0 cos bþ crb0 sin bþ 1
s2
þ b2

0 þ ab0 þ
2
s

b0

� �
cos bþ crb0 sin b

	 

x;

which then gives the transcritical bifurcation for x ¼ 0

(a) (b)

Fig. 4.5 Domain of control
(a) in the ðb; b0Þ-plane and
(b) in the ðbr; biÞ-plane. The
color code shows only
negative values of the largest
real part of the Floquet
exponents. Parameters:
x0 ¼ 1:0, k ¼ 10�4, c ¼ 0:1,
s ¼ 2p=ð1� c=kÞ
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b0 ¼ �
a

s
� 1
a cos bþ cr sin b

: ð4:16Þ

The other side of the control domain is bounded by a Hopf bifurcation line,
where the Pyragas orbit loses its stability in a Neimark-Sacker bifurcation. Since it
is not possible to find this line analytically, we follow this branch of the solution
numerically. The two resulting curves are shown in Fig. 4.6.

4.4 Conclusion

We have shown that odd-number orbits can also be stabilized close to a saddle-
node bifurcation of POs. The stabilization mechanism is again a transcritical
bifurcation with a delay-induced stable orbit. Similarly as in Chap. 3, stabilization
is possible close to the bifurcation, if the system is sufficiently nonlinear and if the
feedback amplitude is complex.

In this and the previous section, we have shown that the odd-number limitation
is not valid for the two situations of a subcritical Hopf bifurcation and a saddle-
node bifurcation of PO. This result mathematically refutes the alleged odd-number
theorem. However, these counter examples have a very particular feedback term,
which preserves the rotation symmetry of the uncontrolled equations. In the next
section we will look at other feedback terms which break the symmetry, but are
more readily applicable for experimental realization.
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Fig. 4.6 Boundary curves of
the control domain (a) in the
ðb; b0Þ-plane and (b) in the
ðbr ; biÞ-plane. The solid and
dashed lines correspond to
the Neimark-Sacker and
transcritical bifurcation line.
Parameters as in Fig. 4.5
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Chapter 5
Towards Stabilization of Odd-Number
Orbits in Experiments

Although the counterexample provided in Chap. 3 has fulfilled its purpose to refute
the alleged odd-number limitation, it is often difficult to realize in experiments, in
order to stabilize odd-number orbits, and in particular subcritical Hopf orbits.

One reason why the counterexample is not immediately applicable, is the
special choice of the gain matrix, i.e., a feedback term, which only involves z and
not the complex conjugate z. This gain matrix conserves the S1-symmetry of the
normal form, but in order to realize this control matrix experimentally one needs to
have access to two dynamical variables in the rotation plane of the orbit, process
these to generate the rotation phase b, and feed the control signal back into the
corresponding two dynamic degrees of freedom. This may be possible in certain
situations, for instance, when stabilizing an unstable mode of a laser, where the
optical phase can naturally introduce a rotation [1] (see Sect. 7.1). But what
happens, for example, if we have only access to one dynamical variable? We will
give some answers to this question in the following [2].

5.1 Model

Consider a dynamical system with a bifurcation parameter l, which undergoes a
subcritical Hopf bifurcation at l ¼ 0 with the UPO lying without loss of generality
on the l\0 side. The center manifold theorem implies that close to the bifurcation
the system equations can be transformed to the normal form

d

dt
x
y

� �
¼ dlþ ar2 �ðxþ clþ br2Þ

xþ clþ br2 dlþ ar2

� �
x
y

� �
; ð5:1Þ

with r2 ¼ x2 þ y2 or in complex notation (z ¼ xþ iy)

d

dt
z ¼ ðd þ icÞlþ ixþ ðaþ ibÞjzj2

h i
z:

V. Flunkert, Delay-Coupled Complex Systems, Springer Theses,
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We choose d [ 0 and a [ 0. This means the FP is stable or unstable for l\0 or
l[ 0, respectively, and the UPO lies on the l\0 side. For simplicity we will
assume x [ 0. The case x\0 is easily recovered by exchanging the variables
x !y.

Although these equations can be simplified further to the form of (3.1)

d

dt
z ¼ kþ iþ ð1þ icÞjzj2

h i
z

by rescaling of the bifurcation parameter, the time, and the dynamical variables,
we keep this form of the equations to allow easier comparison with experimental
situations. In particular we calculate the normal form coefficients x, a, b, c, and
d for a laser model in Sect. 7.2.

In polar coordinates the equations are given by

d

dt
r ¼ ðdlþ a r2Þr;

d

dt
h ¼ ðxþ clþ br2Þ;

and the radius and period of the UPO can be read off

r ¼
ffiffiffiffiffiffiffiffiffiffiffi
� d

a
l

r
;

T ¼ 2p
xþ clþ br2j j ¼

2p

xþ c� bd
a

� �
l

		 		 :

Let us now consider Pyragas feedback with a general coupling matrix K

d

dt
x
y

� �
¼ dlþ a r2 �ðxþ clþ b r2Þ

xþ clþ b r2 dlþ a r2

� �
x
y

� �
þ K11 K12

K21 K22

� �
xs � x
ys � y

� �
:

ð5:2Þ

We follow the proof idea of the counterexample (Chap. 3) and analyze the stability
of the FP. Making the ansatz ðx; yÞ ¼ u egt, where u is a constant vector, we obtain
the transcendental characteristic equation vðgÞ ¼ 0 with

vðgÞ :¼ det
dl� gþ K11FðgÞ � x� clþ K12FðgÞ
xþ clþ K21FðgÞ dl� gþ K22FðgÞ

� �
;

where FðgÞ ¼ e�gs � 1. Calculating the determinant yields

vðgÞ ¼ ðdl� gÞ2 þ tr Kðdl� gÞFðgÞ þ det K FðgÞ2

þ ðxþ clÞ2 þ jðxþ clÞFðgÞ: ð5:3Þ

Here, we have introduced the parameter j :¼ K21 � K12 that is a measure for the
antisymmetry of the feedback matrix and will play a crucial role in the following
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analysis. Note that when we recover the case of negative x by exchanging x and
y as discussed above, j changes sign in the characteristic equation j! �j.

To follow the same argument as in [3] and Chap. 3, we need three ingredients:

1 The location of the Hopf points on the s-axis (Hopf A and B points),
2 the crossing direction of the Hopf eigenvalues at these Hopf points, when going

up the s-axis,
3 the slope of the Hopf curve and the Pyragas curve at the Hopf A points.

With theses three ingredients we can construct parameters (feedback gain) such
that there is a change from a (0)-region to a (2)-region along the Pyragas curve.
The number in parentheses denotes again the total number of eigenvalues of the FP
with ReðgÞ[ 0.

Let us start by trying to find the Hopf points on the s-axis. At l ¼ 0, g ¼ iX the
real and imaginary part of (5.3) are

0 ¼ detK � X2 � jxþ x2 þ ðjx� 2 detKÞ cosðXsÞ
þ detK cosð2XsÞ � XtrK sinðXsÞ; ð5:4aÞ

0 ¼ XtrKð1� cosðXsÞÞ � ðjx� 2 detKÞ sinðXsÞ
� detK sinð2XsÞ: ð5:4bÞ

In general (5.4) cannot be solved exactly. So we will restrict the analysis to a
special class of feedback matrices.

5.2 Experimentally Relevant Feedback Matrices

Consider the following experimental situation. We are able to measure an output
variable u of the system and are able to apply the control to an input variable v.
After the center manifold reduction and normal form transformation u and v are
functions of x and y, which we expand to the leading linear order

u ¼ uðx; yÞ ¼ u1xþ u2yþ � � � ;
v ¼ vðx; yÞ ¼ v1xþ v2yþ � � � :

Here, we have omitted constant terms, since they would disappear in the Pyragas
feedback. We can picture the vectors ðu1; u2Þ and ðv1; v2Þ as being tangent to the
center manifold at ðx; yÞ ¼ ð0; 0Þ. The measured signal m is then given by the
projection

mðtÞ ¼ u1

u2

� �
� xðtÞ

yðtÞ

� �
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and our control signal acts as

d

dt
x ¼ � � � þ v1½ms � m�;

d

dt
y ¼ � � � þ v2½ms � m�

on the dynamical equations. This leads to the following gain matrix

K ¼ v1u1 v1u2

v2u1 v2u2

� �
;

which has vanishing determinant. With det K ¼ 0 the characteristic (5.3) simplifies
to

0 ¼ ðdl� gÞ2 þ tr Kðdl� gÞFðgÞ þ ðxþ clÞ2 þ jðxþ clÞFðgÞ: ð5:5Þ

For this simpler equation it is now possible to carry out the analysis.

5.3 Analysis

(1) Location of Hopf points—To find the location of the Hopf points on the s-axis,
we insert g ¼ iX into (5.5), set l ¼ 0 and split the equation into real and imaginary
parts

0 ¼ �X2 � jxþ x2 þ jx cosðXsÞ � X tr K sinðXsÞ;
0 ¼ X tr Kð1� cosðXsÞÞ � jx sinðXsÞ:

ð5:6Þ

In the following we will for simplicity consider X to be positive. The complex
conjugate solution is simply g ¼ �iX.
Writing (5.6) as

X2 � x2 þ jx
�X tr K

� �
¼ cos n sin n
� sin n cos n

� �
jx

�X tr K

� �
;

with n ¼ Xs, it is obvious that there can only be a solution if the two vectors have
the same length

ðX2 � x2 þ jxÞ2 þ X2 tr K2 ¼ j2x2 þ X2 tr K2;

since the rotation matrix leaves the length of vectors invariant. This gives the
values for X2 on the s-axis

X2 ¼ x2; X2 ¼ x2 � 2jx:
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With these X-values we can calculate the rotation angle n and the delay time s. In
particular for X2 ¼ x2 we recover the Pyragas points (alias A series) on the
s-axis

sA
n ¼

2pn

x
; XA ¼ x:

Inserting X ¼ XB :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 2jx
p

gives the B series. Note that j\x=2 is neces-
sary in order for Hopf B points to exist. When calculating n (and s) for the Hopf
B points we have to take into account the different possible signs of j and tr K:

sB
n ¼

1
XB

h
2pnþ u

i
; if j tr K� 0;

1
XB

h
2pnþ ð2p� uÞ

i
; if j tr K\0;

8<
: ð5:7Þ

with

u ¼ arccos
tr Kð Þ2ðx2 � 2jxÞ � x2j2

trKð Þ2ðx2 � 2jxÞ þ x2j2

" #
: ð5:8Þ

The index is chosen such that n ¼ 0 labels the first point in the series, i.e., n ¼ 0 is
the lowest integer with nB

n [ 0. The Hopf B series is spread equidistantly on the s-
axis with a distance

DsB ¼ sB
nþ1 � sB

n ¼
2pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 2jx
p :

(2) Crossing direction of Hopf eigenvalue pair—The crossing direction of the
Hopf eigenvalues for Hopf points on the s-axis is given by

sgn ReðosgÞ ¼ sgn
h
�X2 tr Kð Þ2þX2 tr Kð Þ2þ2jx


 �
cosðXsÞ

þ X tr K jx� 2X2 tr K
� �

sinðXsÞ
i
: ð5:9Þ

At the Pyragas points (X ¼ XA, s ¼ sA
n ) this gives

sgn ReðosgÞ
			
A
¼ sgn j:

The crossing direction of the Hopf eigenvalues at the Hopf B points (X ¼ XB,
s ¼ sB

n ) on the other hand is given by

sgn ReðosgÞ
			
B
¼ sgn 2 tr Kð Þ2j2 � tr Kð Þ2jx� jx3

h i

¼ �sgn j sgn x3 þ tr Kð Þ2ðx� 2jÞ
h i

:

For the allowed j-values (j\x=2) this expression reduces to
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sgn ReðosgÞ ¼ �sgnj;

and hence the crossing direction is opposite to that at the Pyragas points.
(3) Slope of Hopf and Pyragas curve—By implicit differentiation of the char-

acteristic (5.5) with respect to l we find the slope of the Hopf curve at the Pyragas
points

olsH

			
s¼sA

n

¼ �2
dðnp tr K þ xÞ þ cnpj

x2j
ð5:10Þ

The slope of the Pyragas curve at l ¼ 0 is given by

olsP ¼ �
2pn

x2
ðc� bd=aÞ

Putting the pieces together we have to carefully distinguish different cases of
different sign combinations of the various parameters. In particular we have to
distinguish between the case

�ðc� bd=aÞ\0;

where the period of the UPO increases with increasing distance from the bifur-
cation (increasing period case) and the case

�ðc� bd=aÞ[ 0;

where it decreases with increasing distance from the bifurcation. Note that this
distinction is not exactly the same as soft-/ and hard spring case (see p. xx),
because the parameter c, which changes the period with the bifurcation parameter,
can overrule the other terms bd=a, which changes the period with the amplitude of
the oscillations.

For �ðc� bd=aÞ\0 the period of the orbit increases with increasing distance
from the bifurcation and the Pyragas curve emanates to the upper left from the
Pyragas point. For stabilization we need a (2)-region above and a (0)-region below
the n-th Pyragas point. This means the eigenvalue crossing direction has to be
positive at the A points and negative at the B points, i.e., j [ 0.

The Pyragas curve has to lie above the Hopf curve for l\0, which means that
the slopes at l ¼ 0 have to obey olsp\olsH . This gives

tr K\� b

a
j� x

pn
: ð5:11Þ

Finally the order of the Hopf points has to be sB
n�1� sA

n . Inserting the calculated
s-values (see (5.7)) gives two cases.

1. For tr K � 0 inserting the s-values gives

u� 2pþ 2pn
XB

x
� 1

� �
: ð5:12Þ
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Depending on the values of n, j and x the right hand side may be negative and the
inequality cannot be fulfilled since u 2 ½0; p�. Stabilization is only possible if the
right hand side is positive, i.e., if

j�x
2n� 1

2n2
:

Note that for n ¼ 1 this coincides with our initial condition j\x=2. For this valid
j-range the inequality (5.12) gives when inserting u from (5.8) a condition on the
magnitude of tr K

tr K� jx

XB cot p n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2j=x

p
 �
:

2. For tr K\0 we find

u� 2p n 1� XB

x

� �
: ð5:13Þ

Inserting u then gives the same bound as above

tr K� jx

XB cot p n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2j=x

p
 �
:

However, in this case the j-domain is different and the left hand side as well as the
right hand side are negative.
The necessary condition for the Hopf point ordering can, for the increasing period
case with j [ 0 thus be summarized by

j�x
2n� 1

2n2
;

tr K� jxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 2jx
p cot pn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2j

x

r !
:

For �ðc� bd=aÞ[ 0 the period of the orbit decreases with increasing distance
from the bifurcation and the Pyragas curve emanates to the lower left from the
Pyragas point. For stabilization we need a (0)-region above and a (2)-region below
the emanating Pyragas point. This means the eigenvalue crossing directions has to
be negative at the A points and positive at the B points, i.e., j\0.

The Pyragas curve has to lie below the Hopf curve for l\0, which means that
the slopes at l ¼ 0 have to obey olsp [ olsH . This gives

tr K\� b

a
j� x

n p
: ð5:14Þ

This is the same as condition (5.11), which is no contradiction, since j has
opposite sign. Finally the order of the Hopf points has to be sB

n � sA
n . A similar

discussion as above in the increasing period case shows that there can only be a
solution if
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�x
2nþ 1

2n2
� j

and that the boundary for tr K is the same as above

tr K� jxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 2jx
p cot p n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2j

x

r !
:

5.4 Summary of the Results

In summary we have the following conditions for stabilization. The domain of j
depends on whether the period increases or decreases with increasing distance
from the bifurcation

j [ 0; if c� bd=a [ 0 (increasing period);

j\0; if c� bd=a\0 (decreasing period):

In any case the domain of control is bounded by

�x
2nþ 1

2n2
� j�x

2n� 1
2n2

; ð5:15aÞ

tr K� jxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 2jx
p cot pn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2j

x

r !
; ð5:15bÞ

tr K\� b

a
j� x

np
: ð5:15cÞ

Figures 5.1 and 5.2 depict the control domain for the two cases. The dotted line
in Fig. 5.1 marks the stability domain of the Pyragas orbit for a finite value of
l ¼ �0:005 calculated with the continuation software KNUT (formerly known as
PDDE-CONT [4]. For small values of l the domain is well approximated by the
analytic result.As the two boundary curves (5.15b and c)) intersect in the point
ðj; tr KÞ ¼ ð0;�x=npÞ stabilization is not possible with symmetric feedback
matrices, because these have j ¼ 0. It is easy to check that even in the case
det K 6¼ 0 control is not possible with j ¼ 0, because the Hopf curves are tangent
to the s-axis at the Pyragas points and do not cross the s-axis at these points. This
includes the result of Chap. 3, where feedback with zero rotation angle does not
allow control. This imposes a severe limitation for the experimental applicability,
because the case j ¼ 0 occurs when one can only measure a single variable and
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apply the control signal to the dynamic equation of the same variable. Due to the
importance of this situation we will in the next section discuss a method to
overcome this restriction.

We can find some conditions which ensure a non-empty control domain. The
right hand side of (5.15b) is a convex function of j and has a slope of �1=2pn at
the intersection point. The right hand side of (5.15c) has a slope of �b=a. The
following conditions thus lead to a non-empty control domain

� b

a
[ � 1

2pn
for the increasing period case ðj[ 0Þ;

� b

a
\� 1

2pn
for the decreasing period case ðj\0Þ:

Fig. 5.1 Control domain for the case of increasing period with j [ 0. The black and gray curve
corresponds to (5.15b and c), respectively. The dashed vertical line marks the boundary
corresponding to the right boundary in (5.15a). The gray line has a slope of �b=a. The dotted line
shows the actual stability domain of the target orbit for l ¼ 0:005 and is calculated with the
continuation software KNUT. Parameters: x ¼ 1, n ¼ 1, b=a ¼ �6

Fig. 5.2 Control domain for
the case of decreasing period
with j\0. The dashed and
solid curves corresponds to
(5.15b and c) , respectively.
The dotted line marks the
boundary corresponding to
the left boundary in (5.15a).
The black line has a slope
of �b=a. Parameters: x ¼ 1,
n ¼ 1, b=a ¼ 6
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From these two equations we can see that in the decreasing period case stabil-
ization is only possible for hard springs (b [ 0). Whereas in the increasing period
case we are able to stabilize soft springs (b\0) as well as weakly hard springs
(0\b\1=2pn).
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Chapter 6
Stabilization with Symmetric Feedback
Matrices

As discussed in the last section, stabilization is not possible with symmetric
feedback matrices (j = 0). This case, however, is important for experiments as it
corresponds to the situation, where one measures a variable and applies the control
signal to the dynamical equation of the same variable. We will now discuss a
method to overcome this problem, i.e., to stabilize the UPO with symmetric
feedback matrices [1].

6.1 Model and Analysis

Consider the normal form model as given by (5.2) with an additional latency time
d in the feedback

d

dt

x

y

� �
¼ dlþ ar2 �ðxþ clþ br2Þ

xþ clþ br2 dlþ ar2

� �
x

y

� �

þ
K11 K12

K21 K22

� �
xsþd � xd

ysþd � yd

� �
: ð6:1Þ

Proceeding as above we find the characteristic equation for the eigenvalues of
the FP

vðgÞ ¼ ðdl� gÞ2 þ trKðdl� gÞFðgÞ þ det K FðgÞ2

þ ðxþ clÞ2 þ jðxþ clÞFðgÞ

with FðgÞ ¼ e�gðsþdÞ � e�gd in this case. We consider det K ¼ 0 and j ¼ 0;which
was not controllable before

vðgÞ ¼ ðdl� gÞ2 þ tr Kðdl� gÞFðgÞ þ ðxþ clÞ2: ð6:2Þ
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(1) Location of Hopf points—To find the Hopf points, we evaluate the real and
imaginary part of 0 ¼ vðgÞ at l ¼ 0; g ¼ iX

0 ¼ �X2 þ x2 þ X tr K½sinðXdÞ � sinðXdþ XsÞ�; ð6:3aÞ

0 ¼ X tr K cosðXdÞ � cosðXdþ XsÞ½ �: ð6:3bÞ

The second equation yields

�Xdþ 2pn ¼ Xdþ Xs:

The ‘‘+’’-sign gives the Hopf A series

sA
n ¼

2pn

x
; XA ¼ x:

The ‘‘-’’-sign gives

sB
n ¼

2pn

XB � 2d:

Inserting this expression into (6.3a) gives a transcendental equation for XB

0 ¼ f ðXÞ :¼ X2 � x2 � 2 tr K X sinðXdÞ: ð6:4Þ

Although we cannot explicitly obtain XBðdÞ; we can obtain an explicit parametric
representation. To do this we introduce a curve parameter w ¼ Xd: Solving 0 ¼
f ðXÞ for X then gives the parametric solution

XB ¼ tr K sin wþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ tr Kð Þ2sin2 w

q
; ð6:5aÞ

d ¼ w

XB ¼
w

tr K sin wþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ tr Kð Þ2sin2 w

q : ð6:5bÞ

The XB values lie in in the interval

XB 2 ½Xmin;Xmax�; with

Xmin ¼ �tr K þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ tr Kð Þ2

q
;

Xmax ¼ tr K þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ tr Kð Þ2

q
:

Figure 6.1 depicts the solutions XB vs. d: At the special points

d�k ¼
p
x

k; ðk 2 N0Þ
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X ¼ x is always a solution of (6.4) and some of the Hopf B points lie on the
Pyragas points. Note that the labeling of Hopf A and B points is different in this
case, i.e.,

sA
n ¼

2pn

x
¼ 2pðnþ kÞ

x
� 2d�k ¼ sB

nþk: ð6:6Þ

For simplicity we will now consider the case, where (6.4) has a single positive
solution, i.e., we consider d and jtrKj small enough such that the curve in
Fig. 6.1 does not fold back. Implicit differentiation of (6.4) respect to d gives the
slope of the XB curve at d ¼ d�k

odX
B
���
d¼d�k
¼ tr Kx

ð�1Þk � xd�k tr K
:

A condition ensuring that a single solution can be found by requiring that the signs
of the slopes at the d�k values alternate with k. This is the case if

jtr Kjd\1=x: ð6:7Þ

(2) Crossing direction of Hopf eigenvalue pair—To calculate the crossing
direction of the Hopf eigenvalue pair, we differentiate (6.2) implicitly with
respect to s: This expression evaluated at l ¼ 0; g ¼ iX then gives the crossing
direction

sgn ReðosgÞ ¼ sgn
h
� trKð Þ2þ trKð Þ2cosðXsÞ þ X trKð Þ2d sinðXsÞ

� 2trKX sinðXsþ XdÞ
i
:

For the Hopf A series this gives

sgn ReðosgÞ
���
A
¼ �sgn

h
tr K sinðxdÞ

i
:

Fig. 6.1 Solutions XB of
(6.4) vs latency d. The blue
and gray lines correspond to
tr K ¼ 0:1 [ 0 and
tr K ¼ �0:1\0, respectively.
Parameters: x ¼ 1
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For the Hopf B series we find

sgn ReðosgÞ
���
B
¼� sgn

h
trK sinðXBdÞ

i

� sgn
h
�Xþ X trKd cosðXBdÞ þ trK sinðXBdÞ

i

¼� sgn
h
trK sinðXBdÞ

i
� sgn

h
�f 0ðXBÞ

i

¼sgn
h
ðXBÞ2 � x2

i
� sgn f 0ðXBÞ

From (6.4) we find that f ð0Þ ¼ �x2 and limX!1 f ðXÞ ¼ 1, and because we
consider the case of a single positive solution 0 ¼ f ðXBÞ the slope f 0ðXBÞ is
positive. The single solution XB oscillates with increasing d around x (see
Fig. 6.1) and is larger than x if tr K [ 0 and d 2 ðd�k ; d

�
kþ1Þ with even k or if

tr K\0 and d 2 ðd�k ; d
�
kþ1Þ with odd k. Thus the crossing direction is in fact

opposite to that of the A series, i.e.,

sgn ReðosgÞ
���
B
¼ �sgn ReðosgÞ

���
A
¼ sgn tr K sinðxdÞ½ � ð6:8Þ

(3) Slope of Hopf and Pyragas curve—The slope of Hopf curve at the Pyragas
points can be calculated by implicit differentiation of the characteristic equation
with respect to l: Evaluated at the Pyragas points we find

olsH ¼
�2np tr Kðc� d cotðxdÞÞ þ 2dx= sinðxdÞ

tr Kx2
: ð6:9Þ

6.2 Increasing Period Case

For �ðc� bd=aÞ\0 the period of the orbit increases with increasing distance
from the bifurcation and the Pyragas curve emanates to the upper left from the
Pyragas point. For stabilization we need a (2)-region above and a (0)-region below
the nth Pyragas point. This means the eigenvalue crossing direction has to be
positive at the A points and negative at the B points, i.e.,

tr K sinðxdÞ\0: ð6:10Þ

The Pyragas curve has to lie above the Hopf curve for l\0; i.e., the slopes at
l ¼ 0 have to obey olsp\olsH ; This gives

b

a
\ cotðxdÞ þ x

pn tr K sinðxdÞ ;

which can be written as
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tr K
b

a
sinðxdÞ � cosðxdÞ

� �
[

x
pn
; ð6:11Þ

taking into account (6.10).
There is at most one Hopf B point between two successive A points, because

DsB ¼ 2p

XB [
2p
x
¼ DsA:

To have a (0)-region below the Pyragas point, there has to be exactly one such
point in between, to compensate for the increase in the number of unstable
dimensions at the A points. The Hopf B points start at sB

0 ¼ �2d and thus the first

B point with positive sB is given by sB
~k
; where ~k is the smallest integer with

~k � DsB [ 2d;

i.e.,

~k ¼ 2d
DsB

� 	
¼ d

XB

p

� 	
:

Here, d�e denotes the ceiling function. With this index the Hopf point ordering can
be written as

sB
~k
\sA

1 \sB
~kþ1\sA

2 \ � � �\sB
~kþn�1\sA

n :

It is sufficient to require sB
~kþn�1

\sA
n ; because this condition is the strictest. Thus

we have

d
XB

p

� 	
� d

XB

p
� 1\n

XB

x
� 1

� �
:

Using the parametric representation with w ¼ XBd (6.5) gives

XðwÞ :¼ x
n

1
p

w

� 	
� 1

p
w� 1

� �
þ x\XB:

Inserting XBðw; tr KÞ from (6.5) and solving for trK then gives the boundary curve
in parametric form

tr KðwÞj j\ XðwÞ2 � x2

2XðwÞ sin w

�����

�����; ð6:12aÞ

dðwÞ ¼ w
XðwÞ : ð6:12bÞ

Figure 6.2 shows the domain of control in the ðd; tr KÞ-plane.

6.2 Increasing Period Case 49



6.3 Decreasing Period Case

For �ðc� bd=aÞ[ 0 the period of the orbit decreases with increasing distance
from the bifurcation and the Pyragas curve emanates to the lower left from the
Pyragas point. For stabilization we need a (0)-region above and a (2)-region below
the emanating Pyragas point. This means the eigenvalue crossing directions has to
be negative at the A points and positive at the B points, i.e.,

tr K sinðxdÞ[ 0: ð6:13Þ

The Pyragas curve has to lie below the Hopf curve for l\0; i.e., the slopes at
l ¼ 0 have to obey olsp [ olsH : This gives

b

a
[ cotðxdÞ þ x

tr Kpn sinðxdÞ :

This finally gives the same condition as in the increasing period case (6.11)

tr K

b

a
sinðxdÞ � cosðxdÞ

�
[

x
pn
: ð6:14Þ

There is at least one Hopf B point between two successive A points, because

DsB ¼ 2p

XB \
2p
x
¼ DsA:

To have a (2)-region below the Pyragas point, there has to be exactly one such
point in between. The Hopf B points start at sB

0 ¼ �2d and again the first B point

with positive sB is given by sB
~k
, where ~k is given as above by

~k ¼ 2d
DsB

� 	
¼ d

XB

p

� 	
:

The Hopf point ordering is then given by

sB
~k
\sA

1 \sB
~kþ1

\sA
2 \ � � �\sA

n \sB
~kþn
:

It is sufficient to require sA
n \sB

~kþn
; which yields

d
XB

p

� 	
� d

XB

p
[ n

XB

x
� 1

� �
:

Using again the parametric representation (6.5) we obtain

YðwÞ :¼ x
n

1
p

w

� 	
� 1

p
w

� �
þ x[ XB

and with XBðw; tr KÞ from (6.5) the boundary curve in parametric form
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tr KðwÞj j\ YðwÞ2 � x2

2YðwÞ sin w

�����

�����; ð6:15aÞ

dðwÞ ¼ w
YðwÞ : ð6:15bÞ

Note that since we only consider the case where (6.4) has a single solution (see
(6.7)) all the conditions we constructed are sufficient but not necessary. The actual
domains of control in Figs. 6.2 and 6.3 may in fact be larger. Figure 6.4 depicts for
the increasing period case the analytically found control domain and the actual
stability boundary (dotted blue line) of the target orbit in the increasing period case
for l ¼ 0:005 calculated with KNUT. Our simplifying restriction (6.11) (green
line) to a single solution of (6.4) is not necessary for this set of parameters, i.e., the
additional solutions of (6.4) do not prevent successful control. For other param-
eters this may not be the case and then (6.11) ensures successful control. Note that
in Fig. 6.4 the actual stability domains of the orbit are shifted with respect to the
analytically found domains, due to the finite value of l ¼ 0:005. This is the same
effect as occurs in Fig. 3.10, where for finite values of k the stabilization of the

tr
K

Fig. 6.2 Control domain in
the ðd; tr KÞ-plane. The
yellow regions are the regions
of control. The other colored
regions depict domains,
where one or more of the
control conditions is violated:
blue—(6.10), red—(6.11),
green—(6.7), gray—(6.12a).
Parameters: x ¼ 1,
b=a ¼ �2, c ¼ 4, d ¼ 1,
n ¼ 1

Fig. 6.3 Control domain for
the decreasing period case in
the ðd; tr KÞ-plane. The
yellow regions are the regions
of control. The other colored
regions depict domains,
where one or more of the
control conditions is violated:
blue—(6.13), red—(6.14),
green—(6.7), gray—(6.15a).
Parameters: x ¼ 1, b=a ¼ 2,
c ¼ �4, d ¼ 1, n ¼ 1
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orbit and destabilization of the FP occur at different values of the control strengths
and only coincide in the limit k! 0.

6.4 Conclusion

Building on the results of Chap. 5, which showed that feedback matrices with
det K ¼ 0 are experimentally relevant, we have in this section considered sym-
metric feedback matrices with det K ¼ 0. These feedback matrices correspond to
the case, when the input and output variable for the control are the same. In the
previous Chaps. 3,4, and 5 we saw that stabilization was not possible with sym-
metric feedback matrices. In this section we showed that stabilization is possible,
if we introduce an additional latency time to the Pyragas control. As in Chap. 5, we
needed to distinguish the increasing period case and the decreasing period case,
which are both controllable.

Latencies arise naturally in control loops due to the finite signal processing and
propagation speed in the loop. For instance, in a laser, where the Pyragas control
can be realized with a Fabry-Perot resonator, the distance between the resonator
and the laser introduces a latency in the control signal [2]. In many cases it is easy
to tune the overall latency of a control loop or to deliberately introduce an addi-
tional latency in the loop, which can be varied. This makes the overall control loop
latency an accessible control parameter.

The effects of latencies in Pyragas control loops have previously been studied
[3–6]. It has been observed that in general such latencies result in shifted and
slightly deformed control regions. Similar effects arise from phase-dependent
control amplitudes and in the above references it has been shown that control
phase and latency can have a qualitatively similar effect or for proper tuning
compensate each other. This intuitively explains why a latency in the feedback can
stabilize odd-number orbits with symmetric feedback matrices.

Fig. 6.4 Control domain
(dotted blue line) of the target
orbit calculated with KNUT.
The other lines correspond to
the analytically found
boundaries of control as in
Fig. 6.2. Parameters: x ¼ 1,
b=a ¼ �2, c ¼ 4, d ¼ 1,
n ¼ 1, l ¼ 0:005
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Chapter 7
Application to Laser Systems

In this section we will look at the stabilization of odd-number orbits in laser
systems. Lasers subject to delayed feedback have been studied since the seminal
paper of Lang and Kobayashi [1]. Various delayed feedback methods have since
then been used,1 such as all-optical feedback [1], phase-conjugate feedback [2],
optoelectronic feedback [3–5], polarization rotated feedback [6–9] and filtered
feedback [10].

These lasers show very interesting dynamics [11, 12] including complicated
bifurcation scenarios [13, 14] and chaos [5, 15, 16] and are of immense practical
importance due to their applications in telecommunication. Delayed feedback
schemes can for example be used to suppress noise [17–19] and to control chaos
[20–23].

Pyragas control has also been successfully implemented experimentally in
lasers and has been used for the noninvasive stabilization of FPs and POs [23–30].
Experimentally, the Pyragas feedback can be realized all optically in a natural way
by coupling the laser to a Michelson interferometer [31] or an external Fabry-Perot
[29] resonator. When the phase conditions in the resonator are chosen appropri-
ately the laser receives optical feedback of the form Kei/½EðtÞ � Eðt � sÞ�, where
E is the complex electric field of the laser light and Kei/ is the coupling strengths
including a possible phase shift of the overall signal. Note that in this form we
neglect multiple reflections in the resonator. This assumption is valid for small
values of K, since in this case the terms corresponding to multiple reflections
K2 � K are very small. For larger values of K these multiple reflections cannot
be neglected and one obtains the form of extended time-delayed feedback [32, 33].
Another possibility to apply the feedback is to use optoelectronic coupling
[34, 35], which we will discuss in more detail in Sect. 7.2.

1 Due to the vast amount of literature in this field it is impossible to give a comprehensive list of
references.

V. Flunkert, Delay-Coupled Complex Systems, Springer Theses,
DOI: 10.1007/978-3-642-20250-6_7, � Springer-Verlag Berlin Heidelberg 2011
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7.1 Stabilization of an Anti-Mode

As a first example of time-delayed feedback control in lasers, we will stabilize
an anti-mode of the Lang-Kobayashi laser system. Consider the dimensionless
Lang-Kobayashi equations

d

dt
E ¼ 1

2
ð1þ iaÞnE þ KEðt � rÞ þ b½Eðt � sÞ � EðtÞ�;

T
d

dt
n ¼ p� n� ð1þ nÞjEj2:

Here, E is the complex electric field amplitude, n is the carrier density (in excess of
the threshold carrier density), a is the alpha or linewidth enhancement factor, p is the
dimensionless pump current, which is zero at threshold, and T ¼ Te=Tp is the time
scale parameter, where Te and Tp are the carrier and photon lifetimes, respectively.
The term KEðt � rÞ corresponds to the feedback term of the uncontrolled Lang-
Kobayashi system, which induces the modes and antimodes, and b½Eðt � sÞ � EðtÞ�
is the Pyragas control term. See Chap. 11 for a more detailed introduction and
discussion of the model.

The RW solutions E ¼ A eixt obey

0 ¼ 1
2

nþ K cosðxrÞ þ b0½cosðb� xsÞ � cos b�;

x ¼ 1
2
an� K sinðxrÞ þ b0½sinðb� xsÞ � sin b�;

0 ¼ p� n� ð1þ nÞA2:

Eliminating n in the first two equations we find, similar to Sect. 3.4, a transcen-
dental frequency equation

x ¼ �K
h
sinðxrÞ þ a cosðxrÞ

i

þ b0

h
sinðb� xsÞ � a cosðb� xsÞ � sin bþ a cos b

i
: ð7:1Þ

Using the ansatz

EðtÞ ¼ AðtÞei/ðtÞ with _E ¼ ð _Aþ i _/AÞei/

we can rewrite the Lang-Kobayashi equations in amplitude A and phase /

d

dt
A ¼ 1

2
n Aþ K Ar cosð/r � /Þ þ b0 As cosðbþ /s � /Þ � A cos b½ �;

d

dt
/ ¼ a

2
nþ K

Ar

A
sinð/r � /Þ þ b0

As

A
sinðbþ /s � /Þ � sin b

� �
;

T
d

dt
n ¼ p� n� ð1þ nÞA2:

56 7 Application to Laser Systems

http://dx.doi.org/10.1007/978-3-642-20250-6_11
http://dx.doi.org/10.1007/978-3-642-20250-6_3


We now linearize the equations around the external cavity mode (see Sect. 11.3)

d

dt
XðtÞ ¼ M1XðtÞ þM2Xðt � rÞ þM3Xðt � sÞ

with X :¼ ðA;/; nÞ and

M1 ¼

1
2 n� b0 cos b A½b0 sin b� K sinðxrÞ� 1

2 A
1
A½�b0 sin bþ K sinðxrÞ� �b0 cos b� K cosðxrÞ 1

2 a

�1
T 2Að1þ nÞ 0 �1

T ð1þ A2Þ

2
64

3
75;

M2 ¼
K cosðxrÞ AK sinðxrÞ 0

�K
A sinðxrÞ K cosðxrÞ 0

0 0 0

2
64

3
75;

M3 ¼
b0 cos b �Ab0 sin b 0
b0
A sin b b0 cos b 0

0 0 0

2
64

3
75:

With the same procedure as in Chap. 4 we can find the transcritical bifurcation.
We expand the characteristic equation

vðzÞ :¼ det
h
�zþM1 þM2e�zr þM3e�zs

i

up to second order in z eliminate the Goldstone mode by factorizing out the

common factor z and set z¼! 0. This gives the control gain at the bifurcation as a
function of b

b0ðbÞ ¼
a

b cos bþ c sin b
;

where the coefficients are given by

a ¼ �
�
�nþ A2ð2þ nÞ � 2ð1þ A2ÞK cosðxrÞ

��
1þ Kr cosðxrÞ

�

þ 2A2Kð1þ nÞar sinðxrÞ;

b ¼ s
�
�nþ A2ð2þ nÞ � 2ð1þ A2ÞK cosðxrÞ

�
;

c ¼ 2A2ð1þ nÞas:

Figure 7.1(b) depicts the solutions of the transcendental frequency (7.1) as a
function of the feedback strengths K for the uncontrolled laser (r ¼ 0). As the
feedback strength is increased, stable modes (solid lines) and unstable antimodes
(dashed lines) are created in saddle-node bifurcations (see Sect. 11.3). Panel (a)
shows a zoom into the saddle-node bifurcation marked with SN in panel (b). The
blue cross marks the target orbit which we aim to stabilize. Choosing the control
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parameters as r ¼ 400, b0 ¼ 0:002, and b ¼ p=2 leads to stabilization of this
mode.

In Fig. 7.2 the solutions of the transcendental frequency equations are given by
the intersection of the straight line with the black curve for the uncontrolled and
the with the blue curve for the controlled system. For this value of the control
parameters the anti-mode of the uncontrolled system becomes a mode of the
controlled system, i.e., is stabilized noninvasively.

It might seem strange to stabilize an anti-mode by time-delayed feedback control,
which is generated by another delay term in the first place. However, this is only a
simple example, where Pyragas control of a laser can stabilize an unstable orbit born
in a saddle-node bifurcation. A different system of two coupled lasers, which
also exhibits a saddle-node bifurcation, has, for instance, been studied in [28].
In this example it is also possible to stabilize the unstable branch.

7.2 Stabilization of Intensity Pulsations with Optoelectronic
Feedback

In the following we will discuss different feedback schemes with the aim of
stabilizing a subcritical Hopf bifurcation in a laser. Consider the following laser
model [36] describing a laser with a passive dispersive reflector

d

dt
q ¼ nq;

T
d

dt
n ¼ p� n� ð1þ nÞklðnÞq;

where q is the intensity of the laser and

klðnÞ ¼ Kl þ
AW2

4ðn� lÞ2 þW2

(a) (b)

Fig. 7.1 Fold bifurcations of modes (solid) and anti-modes (dashed) in the ðK;xÞ-plane for the
uncontrolled (b0 ¼ 0) LK system. Panel (a) shows a zoom into the saddle-node bifurcation
marked with SN in panel (b). The blue cross marks the target state. Parameters: a ¼ 4, T ¼ 200,
p ¼ 1, r ¼ 400
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is a Lorentzian function with height A ¼ 1 and width W ¼ 0:02 describing the
behavior of the reflector. We treat the position l of the Lorentzian as a
bifurcation parameter and the parameter Kl is determined by the condition
klð0Þ ¼ 1 [36]

Kl ¼ 1� AW2

4l2 þW2
:

We use this more complicated model, since it exhibits undamped relaxation
oscillations, and in particular a subcritical Hopf bifurcation.

Suppose there is a Hopf bifurcation at l ¼ l�. To apply the discussion from the
last section, we need to bring the laser equations close to this Hopf bifurcation
(small Dl :¼ l� l�) into the normal form

d

dt
x ¼ dDlþ aðx2 þ y2Þ

� �
x� xþ cDlþ bðx2 þ y2Þ

� �
y;

d

dt
y ¼ xþ cDlþ bðx2 þ y2Þ

� �
xþ dDlþ aðx2 þ y2Þ

� �
y;

i.e., we need to find the coefficients a, b, c, and d.

(a)

(b)

Fig. 7.2 Transcendental
frequency equation for
controlled (blue curve) an
uncontrolled (black curve)
system. Panel (b) shows a
zoom into the box indicated
in panel (a). Parameters:
a ¼ 4, r ¼ 400, K ¼ 0:0037,
b0 ¼ 0:002, b ¼ p=2,
s ¼ 2p=x
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7.2.1 Normal Form Analysis

Let us first discuss the location of the Hopf bifurcation. The Jacobian of the system
is given by

J ¼ n q
�1

Tð1þ nÞklðnÞ �1
T½1þ qklðnÞ þ qð1þ nÞk0lðnÞ�

� �
:

At the lasing FP ðq; nÞ ¼ ðp; 0Þ the Jacobian is then

J ¼ 0 p
�1

T �1
T½1þ pþ pk0lð0Þ�

� �
:

The eigenvalues are

k� ¼ �c� i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � c2

p
;

with

c ¼ 1
2T
½1þ pþ pk0lð0Þ�; x ¼

ffiffiffiffiffiffiffiffi
p=T

p
:

The function kl depends on l, which we will treat as a bifurcation parameter. If for
some value l�

k0l� ð0Þ ¼ �
1þ p

p

then the real part of the eigenvalues vanish c ¼ 0 and there is a Hopf bifurcation.
The values l�, where this happens solve the implicit equation

8AW2l�
W2 þ 4l2

�
	 
2 ¼ �

1þ p

p
: ð7:2Þ

The Jacobian then has eigenvalues

k� ¼ �ix:

From the eigenvalues we can already determine two of the coefficients

d ¼ olReðk�ðlÞÞ
���
l¼l�
¼ � p

2T
olk0lð0Þ

���
l¼l�

¼ 4pAW2ð12l2 �W2Þ
Tð4l2 þW2Þ2

and

c ¼ olImðkþðlÞÞ
���
l¼l�
¼ ol

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � c2

p ���
l¼l�
¼ �colcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � c2
p

���
l¼l�
¼ 0;
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where we have used c ¼ 0 at l ¼ l� in the last equation.
Using the transformation

U ¼ p p
x �x

� �
; U�1 ¼

1
2p

1
2x

1
2p

�1
2x

" #
ð7:3Þ

we define the new coordinates x and y according to

x
y

� 

¼ U�1 q� p

n

� 

;

q
n

� 

¼ U

x
y

� 

þ p

0

� 

:

In these new coordinates the dynamical equations are given by

d

dt
x
y

� 

¼ dDl �x

x dDl

� �
x
y

� 

þ f ðx; yÞ

gðx; yÞ

� 

;

where f and g carry the nonlinear terms. With the notation

fxy ¼
o2f ð0; 0Þ

oxoy
; etc:

we can then calculate the other two coefficients

a ¼ 1
16

h
fxxx þ fxyy þ gxxy þ gyyy

i

þ 1
16x

h
fxyðfxx þ fyyÞ � gxyðgxx þ gyyÞ � fxxgxx þ fyygyy

i

¼ 2þ ð2� kð2Þl� Þp� ð3kð2Þl� þ kð3Þl� Þp2

8T2
;

and

b ¼ 1
16

h
gxxx þ gxyy � fyyy � fxyy

i

þ 1
48x

h
fxxgxy þ fxygyy � 2ðf 2

xx þ f 2
xy þ g2

xy þ 2g2
yyÞ

� 5ðf 2
yy þ g2

xx þ fxxfyy þ gxxgyy þ fxygxx � fyygxyÞ
i

¼ � 1
12xT3

h
ð2� kð2Þl�

Þ2p3 þ T þ ð2� kð2Þl�
ÞðT þ 4Þp2 þ ðT2 þ 2T þ 4Þp

i
:

Here, we have used the expansion

kl� ðnÞ ¼ 1� 1þ p

p
nþ kð2Þl�

2!
n2 þ kð3Þl�

3!
n3:

We now consider a concrete example with the laser parameters shown in
Table 7.1. With these typical values of the parameters we can start to calculate the
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values of l, where Hopf bifurcations take place, according to (7.2). Solving this
equation numerically we find two Hopf bifurcations

lsub � �4:976� 10�2; lsuper � �7:5� 10�4;

where lsub is a subcritical bifurcation and lsuper is a supercritical bifurcation.
The corresponding bifurcation diagram is depicted in Fig. 7.3. Using the laser
parameters we can now calculate the Hopf normal form parameters at the sub-
critical bifurcation l ¼ lsub. The approximate values are given in Table 7.2. From
the signs of a and d we see that it is indeed a subcritical Hopf bifurcation with the
stable FP lying to the left of the bifurcation point (l\lsub). Furthermore,

�ðc� bd=aÞ � �8:967� 10�2\ 0

implies that we have the increasing period case.

7.2.2 Optoelectronic Feedback

To stabilize the subcritical Hopf orbit we now consider delayed optoelectronic
feedback of the form

Table 7.1 Parameters of the
Hopf laser model

Parameter p A W T

Value 2.0 1.0 0.02 1000

Fig. 7.3 Bifurcation diagram
of the Hopf laser. Modified
figure from [36] (courtesy
V. Tronciu; Reprinted
from Opt. Commun. 182;
V.Z. Tronciu, H.J. Wünsche,
J. Sieber, K. Schneider and
F. Henneberger, Dynamics of
single mode semiconductor
lasers with passive dispersive
reflectors, pp. 221, Copyright
(2000), with permission from
Elsevier)
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d

dt
q ¼ nq;

d

dt
n ¼

h
pþ b qs � qð Þ � n� ð1þ nÞklðnÞq

i
=T ;

where the control signal is given by

b qs � qð Þ:

Such feedback can be realized by measuring the intensity of the laser with a
photodiode and modulating the pump current according to the delayed difference
signal [4].

To find successful control parameters b we first need to understand what the
control term will become after the normal form transformation. Since normal form
transformations leave linear terms invariant [37], we only need to take the linear
transformation (7.3) into account. This give the control matrix in the normal form
coordinates

K ¼ U�1 0 0
b
T 0

� �
U ¼

1
2 xb 1

2 xb
� 1

2 xb � 1
2 xb

� �
: ð7:4Þ

The relevant control parameters are then given by

j ¼ �xb; tr K ¼ 0:

In addition, we can find the domain of control in the ðj; tr KÞ-plane from the
calculated Hopf normal form coefficients as shown in Fig. 7.4. Using tr K ¼ 0 we
can calculate the control interval for j explicitly

j 2 �x
a

pb
; x

4n2 � 1
8n2

� �
� 0:0136; 0:0168½ � ð7:5Þ

and the corresponding b-interval

b 2 �4n2 � 1
8n2

;
a

pb

� �
� �0:375; �0:304½ �:

Figure 7.5 shows the time series of the laser intensity (panel (a)) and the time
series of the control signal’s amplitude (panel (b)) in the case of successful
stabilization.

A very similar feedback can also be realized all-optically by using polarization
rotated feedback [6–9]. This is achieved by rotating the polarization axis of the
emitted light by p=2 into the perpendicular orientation and reinjecting this light

Table 7.2 Parameters of the normal form model describing the laser close to the subcritical Hopf
bifurcation

Parameter a b c d x

Value 3:074� 10�3 �3:214� 10�3 0:0 8:576� 10�2 4:472� 10�2

7.2 Stabilization of Intensity Pulsations with Optoelectronic Feedback 63



into the laser. Due to the orthogonal polarization this injected signal does not
contribute to the lasing mode but is still amplified and thus reduces the inversion.
As a result one obtains a feedback of the following form

d

dt
q ¼ nq;

T
d

dt
n ¼ p� n� ð1þ nÞklðnÞ qþ bqsð Þ:

Through interference it might then be possible to realize the Pyragas control
scheme with this method

(a)

(b)

Fig. 7.5 Stabilization of the subcritical Hopf orbit in the laser system. Panel (a): Time series of
the intensity q; Panel (b): Time series of the control signal; The laser parameters are as in
Table 7.1. The distance to the bifurcation is Dl ¼ l� lsub ¼ �0:001 and the control amplitude
is chosen as b ¼ �0:3354 in the control interval

Fig. 7.4 Domain of control
for the Hopf normal form
with coefficients as in
Table 7.2. The intersection of
the shaded area with the
trK ¼ 0 line is control
interval (7.5)
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T
d

dt
n ¼ p� n� ð1þ nÞklðnÞ½qþ bðqs � qÞ�:

The advantage would be that the control works even for very high oscillation
frequencies beyond the bandwidth of electronic circuits.

7.3 Conclusion

In this section we have shown that it is in principle possible to stabilize odd-
number orbits in lasers by means of noninvasive time-delayed feedback control.
In particular, we showed that all-optical feedback from a Fabry-Perot resonator
can, for precise tuning of the feedback parameters, stabilize an antimode close to
the fold bifurcation, where it is generated. Furthermore, optoelectronic feedback
can stabilize unstable intensity pulsations close to a subcritical Hopf bifurcation.
This is a direct application of the results obtained in Chap. 5.
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Chapter 8
Stabilization of Anti-Phase Orbits

Following [1], we study in this section diffusively coupled Hopf normal form
oscillators. By introducing a noninvasive delay coupling we are able to stabilize
the inherently unstable anti-phase orbits. For the super- and subcritical case we
state a condition on the oscillator’s nonlinearity, which is necessary and sufficient
to find coupling parameters for successful stabilization. We prove these conditions
and review previous results on the stabilization of odd-number orbits by time-
delayed feedback. Finally, we illustrate the results with numerical simulations.

8.1 Two Diffusively Coupled Oscillators

The model we want to study is given by

_z1 ¼ f ðz1Þ þ a � ðz2 � z1Þ; ð8:1aÞ

_z2 ¼ f ðz2Þ þ a � ðz1 � z2Þ: ð8:1bÞ

Here the z1; z2 2 R
2 ffi C describe the state of each oscillator, a [ 0 is the diffusive

coupling constant, and

f ðzÞ ¼ ðkþ iþ Cjzj2Þz ð8:2Þ

is the normal form of a Hopf bifurcation as studied in Chap. 3. Note, however that
in this case we allow the parameter C, describing the nonlinearity of the oscilla-
tors, to take on any value in C in contrast to Chap. 3, where we considered for

Most of this chapter was previously published as B. Fiedler, V. Flunkert, P. Hövel, and
E. Schöll, Delay stabilization of periodic orbits in coupled oscillator systems,
Phil. Trans. R. Soc. A 368, 1911, 319–341 (2010), reproduced with permission.

V. Flunkert, Delay-Coupled Complex Systems, Springer Theses,
DOI: 10.1007/978-3-642-20250-6_8, � Springer-Verlag Berlin Heidelberg 2011
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simplicity C ¼ 1þ ic, i.e., parameters with unity real part. We denote in the
following Ci ¼ ImC and Cr ¼ ReC.

For a ¼ 0 each oscillator zj undergoes Hopf bifurcation

z1ðtÞ ¼ z2ðtÞ ¼ zþðtÞ ¼ rþexpð2pit=pþÞ ð8:3Þ

with amplitude r2
þ ¼ �k=Cr for k Cr\0, as k increases through the bifurcation

point k ¼ 0. The Hopf bifurcation is subcritical for fixed Cr [ 0, and supercritical
for Cr\0. The period pþ depends on the amplitude rþ via

2p
pþ
¼ 1þ r2

þCi: ð8:4Þ

The symmetry z1 !z2 of (8.1) implies that the synchronization manifold is
invariant. Let

z� ¼
1
2
ðz1 � z2Þ ð8:5Þ

denote the symmetrized (+) and the anti-symmetrized (-) variables of the two
oscillators. Then in these new variables (8.1) are given by

_zþ ¼
1
2

f zþ þ z�ð Þ þ f zþ � z�ð Þ½ �; ð8:6aÞ

_z� ¼
1
2

f zþ þ z�ð Þ � f zþ � z�ð Þ½ � � 2az�: ð8:6bÞ

For z� ¼ 0 we have _z� ¼ 0 and thus the synchronization manifold

Zþ :¼ fðzþ; z�Þjz� ¼ 0g; ð8:7Þ

on which z1 � z2, is invariant. In this context we will call this the in-phase
manifold, since we only consider oscillations. Because f ð�zÞ ¼ �f ðzÞ is an odd
nonlinearity, there is another invariant manifold

Z� ¼ fðzþ; z�Þjzþ ¼ 0g; ð8:8Þ

where z1 � �z2, which we call the anti-phase manifold.
For the in-phase dynamics on Zþ the coupling term vanishes and the dynamics

is thus determined by (8.2) and features Hopf bifurcation of the PO zþðtÞ with
period pþ as in (8.3) and (8.4). For the anti-phase dynamics, on the other hand, the
coupling term does not vanish and the dynamics of z� is (for zþ ¼ 0 given by)

_z� ¼ f ðz�Þ � 2az�: ð8:9Þ

Therefore the anti-phase Hopf bifurcation occurs at k ¼ 2a and generates POs

z�ðtÞ ¼ r�expð2pit=p�Þ ð8:10Þ
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with amplitude r2
� ¼ �ðk� 2aÞ=Cr and period p� given by

2p
p�
¼ 1þ r2

�Ci: ð8:11Þ

Compared to the in-phase dynamics on Zþ the anti-phase dynamics on Z� is the
same only with a bifurcation parameter shifted by 2a.

These above observations have an important consequence for the stability
properties of the bifurcating anti-phase POs z�ðtÞ. Since k ¼ 2a [ 0, at the Hopf
bifurcation of the anti-phase orbit, the unstable dimension of z�ðtÞ is at least 2, as
inherited from the Hopf bifurcation point at k ¼ 0 itself. In particular the unstable
dimension is 3 in the subcritical case Cr [ 0, and 2 in the supercritical case Cr\0.
The bifurcations are depicted in Fig. 8.1 for the subcritical case (panel (a)) and the
supercritical case (panel (b)). As usual the unstable dimension denotes the number
of Floquet multipliers strictly outside the complex unit circle and the number in
parenthesis denote the unstable dimension of the FP z ¼ 0 (cp Chaps. 3 and 4). See
[2] and [3, 4, 5] for the mathematical center manifold theory concerning the
exchange of stability at bifurcations.

8.2 Stabilization by Delay—Theorems

We aim to stabilize the unstable anti-phase PO z�ðtÞ by a delayed control term,
which is adapted to the specific symmetry zþ � 0 of z�ðtÞ. On the anti-phase PO
we have z�ðt � p�=2Þ ¼ �z�ðtÞ (see (8.10)). Therefore zþ � 0 implies the fol-
lowing symmetry with respect to exchanging the two subsystems

z1ðtÞ ¼ z2 t � p�
2

� �
; ð8:12aÞ

(a) (b)

Fig. 8.1 In-phase ðrþÞ and anti-phase ðr�Þ Hopf bifurcations z�ðtÞ. Dashed and solid curves
correspond to unstable and stable solutions, respectively. Panel (a) shows the subcritical case and
panel (b) shows the supercritical case. The unstable dimensions are indicated in parentheses, for
the FP z � 0, and in brackets for the POs
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z2ðtÞ ¼ z1 t � p�
2

� �
: ð8:12bÞ

Indeed, the oscillators switch their roles after half a period in the anti-phase case.
This in turn motivates us to seek a stabilization of the solution z�ðtÞ in the form of
delayed coupling

_z1 ¼ f ðz1Þ þ a � ðz2 � z1Þ þ b � z2ðt � sÞ � z1ð Þ ð8:13aÞ

_z2 ¼ f ðt2Þ þ a � ðz1 � z2Þ þ b � z1ðt � sÞ � z2ð Þ ð8:13bÞ

with a complex coupling strengths b 2 C. Note that the delay s is noninvasive for

s ¼ 1
2

np�; ð8:14Þ

i.e., for integer multiples n of half the period p�. This delayed coupling is invasive
on in-phase solutions zþ, because z2ðt � sÞ � z1ðtÞ ¼ z1ðt � sÞ � z2ðtÞ 6¼ 0 there,
for half period delays s, unless pþ ¼ p�=2.

As the results for stabilization are rather complex we will formulate them in two
theorems and give the proofs later in Sect. 8.5.

Theorem 8.1 Consider the coupled oscillator system (8.1) and (8.2) with diffusive
coupling constant

0\a\
1
p

ð8:15Þ

in the supercritical case Cr\0. Then there exists a strictly decreasing real ana-
lytic function b� ¼ b�ðaÞ[ a with limits b�ð0Þ ¼ 1 and b�ð1=pÞ ¼ 1=p such that
for real controls

a\b\b�ðaÞ ð8:16Þ

the anti-phase POs z�ðtÞ 6� 0; zþ � 0 of (8.10) and (8.11) are stabilized nonin-
vasively by a delayed coupling (8.13) with half period delay

s ¼ 1
2

p�; ð8:17Þ

for small amplitudes r� ¼ jz�ðtÞj, and for parameters k near the anti-phase Hopf
bifurcation at k ¼ 2a.

Theorem 8.2 Consider the subcritical case Cr [ 0 of Theorem 8.1, again for
0\a\1=p. Then there exists a continuous, strictly increasing function b ¼ bðaÞ
with limits bð0Þ[ 0 and bð1=pÞ ¼ 1 such that the following holds for

jCij[ bðaÞCr: ð8:18Þ
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There exists an open region of controls b 2 CnR, depending on a and C, for which
(8.13) achieve noninvasive delayed feedback stabilization locally near Hopf
bifurcation at k ¼ 2a, as asserted in Theorem (8.1).

See Fig. 8.2 for a sketch of the stabilization regime b 2 C n R to which The-
orem 8.2 applies. The shaded region Ka indicates the region of those strictly
complex controls b, for which stabilization is possible, locally near anti-phase
Hopf bifurcation, provided that jCij=jCrj is large enough. For decreasing values
jCij=jCrj & bðaÞ the regime of stabilizing b shrinks to two complex conjugate

boundary points b0ðaÞ; b0ðaÞ. See Sect. 8.4 for details on b�ðaÞ and the end of
Sect. 8.5 for b0ðaÞ; bðaÞ. See Sect. 8.6 for numerical examples.

8.3 Beyond Odd-Number Limitation for Planar
Hopf Bifurcation

To prepare for the proof of Theorems 8.1 and 8.2 in Sect. 8.5 we revisit the
counterexample

_z ¼ ðkþ iþ Cjzj2Þzþ b � zðt � sÞ � zð Þ ð8:19Þ

as discussed in Chap. 3. This time, however, we will apply a slightly different
argument utilizing complex analytic maps.

Of course we keep in mind that (8.19) also describes stabilization within
the invariant subspace Zþ ¼ fðz1; z2Þjz� ¼ 0g of in-phase solutions
z1ðtÞ � z2ðtÞ, introduced in (8.5) and (8.7), under the naive delayed feedback
control scheme

Fig. 8.2 Stabilization region (shaded) of complex control coefficients b 2 C n R for anti-phase
solutions near supercritical Hopf bifurcation. Numbers in parentheses indicate the total
multiplicity E(b) of eigenvalues with strictly positive real part, at Hopf bifurcation k ¼ 2a.
Note that straight lines through b ¼ �1=p 2 C touch the boundary of the stabilization region in
the points b0 and b0 (see Sect. 8.5). Parameter: a ¼ 0:1
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_z1 ¼ f ðz1Þ þ aðz2 � z1Þ þ b � z1ðt � sÞ � z1ð Þ ð8:20aÞ

_z2 ¼ f ðz2Þ þ aðz1 � z2Þ þ b � z2ðt � sÞ � z2ð Þ: ð8:20bÞ

This case is discussed in Sect. 8.7

Theorem 8.3 Consider the planar Hopf normal form system (8.19) with sub-
critical Hopf bifurcation at absent control b ¼ 0, i.e., with

Cr [ 0: ð8:21Þ

Then there exist complex control gains b such that the bifurcating POs
zðtÞ ¼ r expð2pit=pÞ; r2 ¼ �k=Cr; p ¼ 2p=ð1� kCi=CrÞ are stabilized noninva-
sively by a delayed feedback (8.19) with delay equal to the period

s ¼ p: ð8:22Þ

This holds for small amplitudes r and for parameters k near Hopf bifurcation at
k ¼ 0.

To prepare for our proof of Theorems 8.1 and 8.2 in Sects. 8.2 and 8.3 we now
sketch a proof of Theorem 8.3, in the same spirit. For brevity we only consider the
hard spring case

Ci [ 0; ð8:23Þ

where period p ¼ 2p= 1þ r2Cið Þ decreases with amplitude r. The proof for the soft
spring case Ci\0 is very similar.

The basic idea of the proof is easily sketched in the two parameter diagram of
Fig. 8.3. There are two ingredients. First we linearize at the FP z � 0 and study the

(a) (b)

Fig. 8.3 Subcritical Hopf bifurcation in the parameter plane ðk; sÞ with fixed control b;(a) for
soft springs Ci\0 and (b) for hard springs Ci [ 0. Solid black lines display the Hopf bifurcation
curve ðkðxÞ; sðxÞÞ emanating from k ¼ 0 and noninvasive delay s ¼ 2p. Hopf curves are
oriented with increasing x. The dashed black lines correspond to the period s ¼ pðkÞ of the
Pyragas curve of bifurcating periodic solutions. Strict unstable dimensions E(b) of the FP z � 0
are indicated in parentheses. Parameters: a) (soft spring): Cr ¼ 1;Ci ¼ �10; b ¼ 0:3eip=4; b)
(hard spring): Cr ¼ 1;Ci ¼ 10; b ¼ 0:1e�i3p=4
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strict unstable dimensions. Let E(b) denote the total number of eigenvalues g with
Reg [ 0, counting real multiplicities. Even for fixed nonzero b, these numbers still
depend on ðk; sÞ as indicated in Fig. 8.3 in parentheses. Second we evaluate the
dashed period curve

s ¼ p ¼ pðkÞ ¼ 2p=ð1� kCi=CrÞ ð8:24Þ

of noninvasive control in Fig. 8.3, as it emanates from the Hopf point k ¼ 0;
s ¼ 2p to the subcritical side k\0.

With these two ingredients the proof works as follows. Suppose we can choose
b such that the dashed period curve enters a region with EðbÞ ¼ 2 at k ¼ 0; s ¼ 2p,
transversely to the Hopf curve and pointing away from the EðbÞ ¼ 0 region. Then
the subcritical Hopf bifurcation along the k-axis s ¼ 0 (alias b ¼ 0) has become
supercritical for chosen parameters along the dashed curve. Hence the bifurcating
unstable orbits, for s ¼ 0, alias b ¼ 0, have become stable along the dashed curve
of noninvasive delayed feedback control, by standard exchange of stability at Hopf
bifurcation.

Let us implement the above idea for our specific case (8.19). Linearization at
z � 0 yields the characteristic equation

0 ¼ vðgÞ ¼ kþ iþ bðe�sg � 1Þ � g ð8:25Þ

for the eigenvalues g.
Consider the starting point k ¼ 0; s ¼ 2p with purely imaginary eigenvalue

g ¼ i, first. We determine the strict unstable dimension E(b) there, aiming for
EðbÞ ¼ 0 to ensure that the Hopf eigenvalue g ¼ i actually effects a change from
E ¼ 0 to E = 2. Any E [ 0 there would indeed be inherited as an instability of any
bifurcating PO, obstructing stabilization. Note here that the Hopf eigenvalue pair
g ¼ �i itself does not yet contribute to the strict unstable dimension E(b) at
k ¼ 0; s ¼ 2p.

At k ¼ 0; s ¼ 2p the characteristic equation for g ¼ ~xi ¼: ð1þ xÞi reads

b ¼ bðxÞ ¼ ix
e�2pix � 1

¼ �x
2

cotðpxÞ þ ið Þ: ð8:26Þ

Note bð0Þ ¼ �1=ð2pÞ and the singularities of bðxÞ at integer x 2 Znf0g. In
particular g ¼ 0 is never an eigenvalue at k ¼ 0; s ¼ 2p, and E = E(b) can only
change by Hopf bifurcation there.

Since Eð0Þ ¼ 0 at b = 0, by planarity and the eliminated trivial Hopf eigenvalue
g ¼ i, the strict unstable dimensions E(b) are as indicated in Fig. 8.4. Indeed
complex analytic maps, like x 7! bðxÞ, preserve orientation. Instability E(b) tracks
eigenvalues Reg [ 0 to the right of the imaginary axis g ¼ i~x ¼ ið1þ xÞ.
Therefore E(b) is larger by two on the right side of any of the oriented curves
x 7! bðxÞ, when compared to the left side. Elsewhere EðbÞ does not change.
Therefore all unstable dimensions E(b) in Fig. 8.4 follow from E(0) = 0 and the
indicated orientations of the solid Hopf curves x 7! bðxÞ for real x.
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We calculate the tangent k ¼ k̂; s ¼ 2pþ ŝ to the dashed periodics curve
s ¼ pðkÞ in Fig. 8.3 next. Expanding the explicit representation (8.24) we
immediately obtain

ŝ ¼ 2p
Ci

Cr
k̂: ð8:27Þ

To compute the tangent k ¼ ~k; s ¼ 2pþ ~s to the solid Hopf curve k ¼ kðxÞ; s ¼
sðxÞ of solutions g ¼ i~x ¼ ið1þ xÞ at x ¼ 0 we linearize the characteristic

equation (8.25), for fixed b, keeping in mind that ~k and ~s are of order x. Thus, we

obtain 0 ¼ ~kþ bð�2pix� i~sÞ � ix and the tangent of the Hopf curve:

~k ¼ Imb
Reb

x ð8:28aÞ

~s ¼ � 1þ 2p Reb
Reb

x: ð8:28bÞ

To achieve the geometric hard spring situation of Fig. 8.3 right, and hence
prove Theorem 8.3 in the hard spring case, we recall Cr and Ci are both positive;
see (8.21) and (8.23). Hence (8.27) makes the slope of the dashed periodics curve
positive, in Fig. 8.3. By (8.28) the slope of the solid Hopf curve, in contrast, is
given by

~s ¼ � 1þ 2p Reb
Imb

~k: ð8:29Þ

We now determine the strict unstable dimensions E(b) resulting on different
sides of the Hopf curve g ¼ i~x of the characteristic equation (8.25), for fixed b and
in the ðk; sÞ-plane. It is advisable to proceed with analytic care here. Let ð�k;�s; �gÞ 2
R

2 	 C denote infinitesimal variations of ðk; s; gÞ. By multivariate linearization of
(8.25) at ðk; s; gÞ we obtain the equivalent system

uð�k;�sÞ :¼ �k� gbe�sg �s ¼ �f ð8:30aÞ

Fig. 8.4 Hopf bifurcation
curves b ¼ bðxÞ (solid) and,
in parentheses, strict unstable
dimensions E(b) at
k ¼ 0; s ¼ 2p. Orientation
arrows indicate increasing x.
Note the shaded region where
EðbÞ ¼ 0. The ’þ’ and ’	’
mark the values of b for
Fig. 8.3 left and right,
respectively
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wð�gÞ :¼ ð1þ sbe�sgÞ�g ¼ �f ð8:30bÞ

with real linear maps u : R
2 ! C and w : C! C. In other words,

�g 7! ð�k;�sÞ ¼ ðu�1 
 wÞð�gÞ; ð8:31Þ

if we eliminate the dummy variable �f 2 C.
The map w preserves real orientation, being just a multiplication by

1þ sbe�sg 2 C, for nonzero 1þ sbe�sg. The map u, however, when viewed as a
linear map u : R

2 ! C ffi R
2 by Reu and Imu, possesses determinant

detu ¼ �Imðgbe�gsÞ
¼ �~x ReðbÞ cosð~xsÞ þ ImðbÞ sinð~xsÞð Þ
¼ �Reb;

ð8:32Þ

at the point of interest g ¼ i~x; ~x ¼ 1; k ¼ 0; s ¼ 2p. In particular u preserves
orientation for Reb\0 as chosen in Fig. 8.3 right. Therefore u�1 
 w also pre-
serves orientation in this case.

By (8.28) and Imb\0, the Hopf curve is oriented to the upper right at k ¼ 0;
s ¼ 2p; as indicated in Fig. 8.3, right. Because u�1 
 w from (8.31) preserves
orientation, EðbÞ ¼ 2 again holds to the right of the oriented Hopf curve
x 7! ðkðxÞ; sðxÞÞ, and the strict unstable dimensions of Fig. 8.3, right, follow. The
stabilizing condition for the dashed curve s ¼ pðkÞ of the Pyragas PO [3] to enter
the EðbÞ ¼ 2 region, when emanating from k ¼ 0; s ¼ 2p to the lower left therefore
reads

2p
Ci

Cr
¼ ŝ

k̂
[

~s
~k
¼ � 1þ 2p Reb

Imb
: ð8:33Þ

Clearly this can always be achieved in any subcritical, soft spring case of positive
Cr and Ci, if we choose 1þ 2pReb [ 0 small enough with RebJ� 1=2p, and
Imb\0 also negative, such that b resides in the lower left part of the shaded region
indicated in Fig. 8.4.

We thus have achieved supercritical Hopf bifurcation along the dashed line of
noninvasive delayed feedback in Fig. 8.3, and hence local stability of the bifur-
cating branch. This proves Theorem 8.3.

8.4 Characteristic Equations for Two Coupled Oscillators

In this section we return to our control system (8.13) of coupled oscillators, lin-
earized at z1 � z2 � 0. In terms of the coordinates z� ¼ z1 � z2ð Þ=2 from 8.5) the
linearization reads

_zþ ¼ ðkþ iÞzþ þ b � zþðt � sÞ � zþð Þ ð8:34aÞ
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_z� ¼ ðk� 2aþ iÞz� � b � z�ðt � sÞ þ z�ð Þ: ð8:34bÞ

Note how the linearization decouples into Z�-components z�, just as in the case
b = 0 of absent control; see (8.5)–(8.11). In the previous section noninvasive delay
stabilization of local subcritical Hopf bifurcation was achieved once that Hopf
point itself was stabilized. Analogously we now study stability at the Hopf point
k ¼ 2a itself, before addressing the bifurcating anti-phase orbits in the following
section.

The exponential ansatz z� ¼ expðgtÞ yields the following two characteristic
equations:

0 ¼ vþðgÞ ¼ kþ iþ bðe�sg � 1Þ � g ð8:35aÞ

0 ¼ v�ðgÞ ¼ k� 2aþ i� bðe�sg þ 1Þ � g: ð8:35bÞ

Because the linearization (8.34) decouple in z�, each of (8.35) contributes its own
independent set of eigenvalues to the total spectrum; the strict unstable dimensions
Reg[ 0 of vþ and v� therefore add up to the total unstable dimension EðbÞ ¼
EþðbÞ þ E�ðbÞ of the trivial FP, see (8.4) below.

For b = 0 we find a Hopf bifurcation in Z� ¼ fðzþ; z�Þjzþ ¼ 0g at k ¼ 2a and
g ¼ i, i.e., for period p� ¼ 2p. Therefore s ¼ p�=2 ¼ p at the Hopf bifurcation,
and (8.35) become

0 ¼ vþðgÞ ¼ 2aþ iþ bðe�pg � 1Þ � g ð8:36aÞ

0 ¼ v�ðgÞ ¼ i� bðe�pg þ 1Þ � g: ð8:36bÞ

Consider b = 0 first. The complex notation which we have employed then provides
a single eigenvalue g ¼ 2aþ i with positive real part in Zþ ¼ fðzþ; z�Þjz� ¼ 0g
from (8.36a). In Z� the characteristic equation (8.36b) provides the simple Hopf
eigenvalue g ¼ i, expectedly. Let E(b) again denote the total number of eigen-
values g with Reg [ 0, adding both Zþ and Z� and counting real multiplicities.
Then we have just proved

Eð0Þ ¼ 2 ð8:37Þ

at k ¼ 2a; s ¼ p, for this strict unstable (or expanding) dimension E(b).
Could the unstable dimension E(b) change, as b varies? To achieve our goal

EðbÞ ¼ 0 ð8:38Þ

of Hopf stabilization at k ¼ 2a; s ¼ p, it better changes, somehow.
We first note E(b) = 2 for small jbj. Indeed the delay exponential expð�pgÞ then

just generates a plethora of countably infinitely many discrete eigenvalues g, in each
of the characteristic equations (8.36a) and (8.36b), all with large negative real part.

Can E(b) change by an eigenvalue g crossing zero as b varies? Inserting g ¼ 0
in (8.36a) and (8.36b) shows that this cannot happen via vþ. In v� however, g ¼ 0
is a solution if and only if
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b ¼ i

2
: ð8:39Þ

It remains to study changes of E(b) by a purely imaginary Hopf eigenvalue

g ¼ i~x: ð8:40Þ

Let E�ðbÞ count the solutions g with Reg[ 0 of v�ðgÞ ¼ 0, with algebraic
multiplicity, so that

EðbÞ ¼ EþðbÞ þ E�ðbÞ: ð8:41Þ

Since E� � 0 and Eþð0Þ ¼ 2;E�ð0Þ ¼ 0 we study changes of EþðbÞ via g ¼ i~x,
first, hoping for a region of b 2 C where E(b) =0. Solving (8.36a) with

g ¼ i~x ¼ ið1þ 2xÞ ð8:42Þ

we obtain the Hopf curves

b ¼ bþðxÞ ¼ 2
a� ix

1þ expð�2pixÞ
¼ aþ x tanðpxÞ þ i �xþ a tanðpxÞð Þ

ð8:43Þ

with singularities at odd integers 2x. See the solid lines of Fig. 8.5 for a sketch of
these Hopf curves, when a ¼ 0:1.

Solving (8.36b) with g ¼ i~x ¼ ið1þ 2xÞ we obtain the Hopf curves

b ¼ b�ðxÞ ¼ 2
ix

expð�2pixÞ � 1
¼ �x cotðpxÞ þ ið Þ ð8:44Þ

with singularities at integer x 6¼ 0. See the dashed lines of Fig. 8.5. Note how
these dashed lines correspond to the solid lines of Fig. 8.4 because (8.44) corre-
sponds to (8.26) in the sense that b�ðxÞ ¼ 2bðxÞ.

To determine the changes of the real unstable dimensions EðbÞ ¼ EþðbÞ þ
E�ðbÞ along the curves x 7! b�ðxÞ we observe that the zeros of v� are given as
complex analytic functions. An elementary calculation shows that the complex
derivative b0�ðxÞ never vanishes. The complex derivative b0þðxÞ vanishes if, and
only, if

a ¼ 1
p

and x ¼ 0: ð8:45Þ

This is precisely where the shaded loop Ka of Fig. 8.5 is formed. For

0\a\
1
p

ð8:46Þ

this loop stretches over the real interval

a\b\b�ðaÞ; ð8:47Þ
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where b�ðaÞ ¼ bþðx�ðaÞÞ[ 0 is given by (8.43) evaluated at the first positive
solution x� ¼ x�ðaÞ[ 0 of the transcendental equation

0 ¼ Imðbþðx�ÞÞ ¼ �x� þ a tanðpx�Þ: ð8:48Þ

To determine E(b) in Fig. 8.5 we proceed as for Fig. 8.4. Complex analytic
maps like x 7! b�ðxÞ, with nonvanishing derivatives, preserve orientation.
Instability EðbÞ ¼ EþðbÞ þ E�ðbÞ tracks eigenvalues Reg[ 0, i.e., g to the right
of the imaginary axis g ¼ i~x ¼ ið1þ 2xÞ. (The only zero eigenvalue g ¼ 0 at
x ¼ �1=2 of b�ð�1=2Þ ¼ i=2 noted in (8.39) makes no exception here). There-
fore E(b) is larger by two on the right side of any of the oriented curves
x 7! b ¼ b�ðxÞ, when compared to the left side. Elsewhere E(b) does not change.
Starting from Eð0Þ ¼ 2, as noted in (8.37), it is therefore elementary to derive all
strict real unstable dimensions E(b) of the Hopf bifurcation point k ¼ 2a, as given
in Fig. 8.5.

In particular EðbÞ ¼ 0 if and only if b is inside the shaded loop Ka of Fig. 8.5,
and that stabilizing loop exists if and only if 0\a\1=p.

8.5 Proof of Stabilization Theorems

Based on the analysis of the strict unstable dimension E(b) at the anti-phase Hopf
bifurcation k ¼ 2a; s ¼ p; g ¼ i as given in the previous section, we now proceed
to prove local noninvasive delayed feedback stabilization of the bifurcating anti-
phase periodic solutions, as claimed in Theorems 8.2 and 8.2 for the supercritical
and the subcritical case, respectively. Both proofs are based on the strategy of
Sect. 8.3 The stabilization region EðbÞ ¼ 0 of Fig. 8.4 for the complex control
b 2 C now has to be replaced by the shaded loop region Ka of EðbÞ ¼ 0 derived in

Fig. 8.5 Oriented Hopf curves b ¼ bþðxÞ, solid, and b ¼ b�ðxÞ, dashed, for x 2 R in control
system (8.13), linearized at z1 � z2 � 0. Orientation arrows indicate increasing x. Note

symmetry with respect to the real axis, due to complex conjugation b�ð�xÞ ¼ b�ðxÞ. Unstable
dimensions are indicated by (E(b)). Note EðbÞ ¼ 0 inside the shaded loop Ka. Parameter: a ¼ 0:1
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Fig. 8.2 and, in further detail, in Fig. 8.5. We recall that the loop Ka is bounded by
the section jxj �x� of the curve

bþðxÞ ¼ aþ x tanðpxÞ þ i �xþ a tanðpxÞð Þ; ð8:49Þ

where x� ¼ x�ðaÞ is the first positive solution of

0 ¼ x� � a tanðpx�Þ: ð8:50Þ

See (8.43) and (8.48). We denote b�ðaÞ :¼ bþðx�ðaÞÞ[ 0, as above.
Analogously to Sect. 8.3, Fig. 8.3, we now seek the geometric situation of

Fig. 8.6 for the tangents and unstable dimensions of the solid oriented Hopf curve
ðkðxÞ; sðxÞÞ and the dashed curve s ¼ p�ðkÞ=2 of bifurcating periodic solutions.
We calculate their tangents at k ¼ 2a; s ¼ p; g ¼ i next; see also (8.27) versus
(8.28).

Linearizing the explicit representation

s ¼ 1
2

p�ðkÞ ¼
p

1� ðk� 2aÞCi=Cr
ð8:51Þ

of (8.10), (8.11), and (8.17) at k ¼ 2a; s ¼ p with k ¼ 2aþ k̂; s ¼ pþ ŝ, we
obtain

ŝ ¼ p
Ci

Cr
k̂ ð8:52Þ

for the tangent to the anti-phase periodics, in analogy to (8.27). Analogously to
(8.28) we also linearize the characteristic equation (8.35b), for fixed b, and obtain

0 ¼ v�ðgÞ ¼ ~k� bð2pixþ i~sÞ � 2ix with g ¼ ið1þ 2xÞ; k ¼ 2aþ ~k; s ¼ pþ ~s.
This yields the tangent to the anti-phase Hopf curve:

~k ¼ Imb
Reb

2x ð8:53aÞ

~s ¼ � 1þ pReb
Reb

2x: ð8:53bÞ

We now address the supercritical case Cr\0 of theorem 8.1 In Sect. 8.4 we
have seen how the stabilizing loop Ka arises for 0\a\1=p; see assumption
(8.15). We claim that all real controls b in Ka stabilize the local anti-phase branch
of periodic solutions, i.e., all a\b\b�ðaÞ; see (8.16) and the explicit represen-
tation of b�ðaÞ in (8.47) and (8.48) as well as (8.49) and (8.50). Analyticity, strict
monotonicity, and the claimed limits of b�ðaÞ are obvious.

To prove stabilization note that the slope of the anti-phase Hopf curve (8.53) is
vertical in the ðk; sÞ-plane, for Imb ¼ 0. Moreover the orientation is downwards,
decreasing ~s, since Reb [ 0 in the loop Ka. It remains to prove E ¼ 2 along any
periodics curve emanating to the supercritical right of the s-axis and stabilization of
the bifurcating anti-phase periodic orbits will follow, as claimed in Theorem 8.1.
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To determine the regions E ¼ 2, we proceed as in Sect. 8.3, (8.30)–(8.32) but
with modified real linear maps

uð�k;�sÞ ¼ �kþ gbe�sg�s ¼ �f ð8:54aÞ

wð�gÞ ¼ ð1� sbe�sgÞ�g ¼ �f; ð8:54bÞ

which arise from the modified characteristic equation (8.35b) for v�ðgÞ ¼ 0,
replacing (8.25). Again

ð�k;�sÞ ¼ ðu�1 
 wÞð�gÞ; ð8:55Þ

where w preserves real orientation. At the point of interest g ¼ i~x, ~x ¼ 1, k ¼ 0,
and s ¼ p this time, the linear map u : R

2 ! C ffi R
2 again possesses

determinant

detu ¼ þImðgbe�sgÞ
¼ þ~x ReðbÞ cosð~xsÞ þ ImðbÞ sinð~xsÞð Þ
¼ �Reb;

ð8:56Þ

because ~xs ¼ p, this time. Since Reb [ 0 in the loop Ka of linear in-phase sta-
bilization of Fig. 8.4, the map u reverses orientation, this time, and so does the
composition u�1 
 w of (8.55). Therefore the region E ¼ 2 now appears to the left
of the Hopf curve in the ðk; sÞ-plane. Since the Hopf curve is oriented vertically
downwards, the E ¼ 2 region contains the tangent of any supercritical Pyragas
curve s ¼ 1

2 p�ðkÞ emanating to the right of the s-axis; see Fig. 8.6 left. This proves
Theorem 8.1.

Finally we settle the subcritical case Cr [ 0 of Theorem 8.2 Fix 0\a\1=p and
consider strictly complex b in the stability loop Ka of Fig. 8.5, first in the soft
spring case

(a) (b) (c)

Fig. 8.6 Anti-phase Hopf bifurcation in the parameter plane ðk; sÞ for fixed control b. Solid line:
Hopf bifurcation curve ðkðxÞ; sðxÞÞ through k ¼ 0 and noninvasive delay s ¼ p. Dashed line
s ¼ 1

2 p�ðkÞ: Pyragas curve of bifurcating periodic solutions. Panel (a): supercritical case Cr\0
and a\b\b�ðaÞ :¼ bþðx�ðaÞÞ. Panel (b): subcritical soft spring case Cr [ 0;Ci\0. Panel (c):
subcritical hard spring case Cr [ 0;Ci [ 0. Parameters: (a) Cr ¼ �1; Ci ¼ �1; b ¼ 1:0
(b� 
 1:92); (b) Cr ¼ þ1; Ci ¼ �10; b ¼ 0:24eþip=8; (c) Cr ¼ þ1; Ci ¼ þ10; b ¼ 0:24e�ip=8;
a ¼ 0:1 in all plots
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Ci\0: ð8:57Þ

We determine those Ci next, for which such choices of b are able to stabilize the
local bifurcating anti-phase branch, noninvasively. From the orientation analysis
of (8.54)–(8.56) we again conclude E ¼ 2 to the left of the oriented Hopf curve in
the ðk; sÞ-plane. Analogously to (8.33) it is therefore immediate that we encounter
the stabilizing soft spring geometric situation of Fig. 8.6, center, if and only if the

Hopf slope ~s=~k of (8.53) exceeds the slope ŝ=k̂ of the periodics (8.52), i.e.

0 [ � p
Rebþ 1=p

Imb
[ p

Ci

Cr
: ð8:58Þ

In particular Imb is required to be positive for the proper orientation of the Hopf
curve. The least restrictive choice is given by Ka 3 b! b0ðaÞ defined such that
the minimum

bðaÞ ¼ min
Rebþ 1=p

Imb

���b 2 Ka; Imb [ 0

� �
ð8:59Þ

over the closure of the upper half loop Ka \ fImb [ 0g is attained, at complex
b ¼ b0ðaÞ. Note that b0ðaÞ is the tangent point where straight lines through
b ¼ �1=p 2 C touch the boundary of the upper half of the stabilizing loop Ka (see
Fig. 8.2). This allows us to stabilize the local anti-phase branch for all subcritical
soft spring C such that

0\bðaÞ Cr\jCij: ð8:60Þ

It is completely analogous to consider stabilization in the subcritical hard spring
case Cr [ 0; 0\a\1=p, where

Ci [ 0: ð8:61Þ

We then arrive at the stabilizing geometric situation of Fig. 8.6, right, for slopes

0\� p
Rebþ 1=p

Imb
\p

Ci

Cr
ð8:62Þ

and suitable b in the lower half loop Ka \ fImb\0g, again if and only if (8.60)

holds. Indeed the symmetry bþð�xÞ ¼ bþðxÞ of the loop Ka implies

bðaÞ ¼ min
Rebþ 1=p

Imb

����b 2 Ka; Imb [ 0

� �
ð8:63aÞ

¼ min �Rebþ 1=p
Imb

����b 2 Ka; Imb\0

� �
: ð8:63bÞ

Equation (8.60) therefore allows us to locally stabilize the supercritical anti-phase
branch for both the soft and hard spring case, as was claimed in (8.18).
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We conclude with deriving the claimed monotonicity and continuity of the
minimum function bðaÞ (see Fig. 8.7) It is sufficient to show that the loops Ka

strictly shrink with increasing a. Then the maximum slopes 1=bðaÞ of straight lines
through b ¼ �1=p 2 C and points of Ka \ fImb [ 0g likewise decrease.

To show that the loops Ka strictly shrink with increasing a we consider the map

ðx; aÞ 7! ðRebþðxÞ; ImbþðxÞÞ; ð8:64Þ

which defines the boundary of the loop Ka for 0�x�x�ðaÞ\1=2; see (8.49) and
(8.50). It is easy to check that the map (82) is an orientation preserving local
diffeomorphism on 0� a\1=p; jxj\1=2. With the given counter-clockwise ori-
entation of each loop boundary, by x, this shows that the loops Ka shrink to
b ¼ 1=p for a% 1=p. This completes the proof of Theorems 8.1 and 8.2.

8.6 Numerical Illustrations

In this section we present some numerical results. Figure 8.8 explains the stabil-
ization of the anti-phase orbit for the subcritical case by looking at all rotating
waves (circular orbits) present in the system. Plotted are the radii of rotating waves
within the anti-phase manifold. The target orbit is stabilized through a transcritical
bifurcation with a delay induced rotating wave. For feedback strength a little above
the stabilization the FP loses its stability in a subcritical Hopf bifurcation. In the
limit k! 2a the Hopf bifurcation and the transcritical bifurcation occur at the
same coupling strengths b0 resulting in an instant exchange of stability.

Figure 8.9 displays exemplary time series for the stabilized anti-phase circular
orbit in the subcritical case. When the target circular orbit is stabilized the control
signal vanishes, demonstrating the noninvasiveness of the method.

Figure 8.10 demonstrates how the stabilization fails if condition (8.18)
jCij[ bðaÞCr is not satisfied. In this case we have chosen C ¼ 1� 4i. Since
bð0:1Þ 
 4:37 the choice of C slightly violates the inequality and leads to oscil-
lator deaths instead of stabilized anti-phase orbits.

Fig. 8.7 Plotted is bðaÞ (see
8.63). The inset shows the
function in a wider range.
Note that b is monotonically
increasing and bð0Þ[ 0
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Fig. 8.8 Stabilization of the anti-phase branch in the subcritical case. Plotted are the radii of
circular orbits vs. the feedback gain b0 within the anti-phase manifold; solid and dashed lines
correspond to dynamically stable and unstable circular orbits, respectively. For increasing
feedback strengths b0 a pair of stable and unstable orbits is born in a saddle-node bifurcation
(b0 
 0:03). The stable sibling then stabilizes the target orbit in a transcritical bifurcation (red
circle) at (b0 
 0:1) and subsequently, having lost its stability, destabilizes the FP r ¼ 0 in a
subcritical Hopf bifurcation at b0 
 0:17 (green circle). Note that the control is noninvasive on
the target orbit, i.e., not changing its radius. With further increasing feedback strengths there is a
cascade of saddle-node bifurcations (blue circles) generating new feedback-induced circular
orbits. One of these bifurcations is shown (b0 
 0:14). Unstable dimensions are indicated in
parentheses, for the FP z � 0, and in brackets, for the bifurcating periodic orbits. Parameters:
a ¼ 0:1; k ¼ 2a� 0:01;C ¼ 1� 10i; s ¼ p�=2 ¼ p= 1� ðk� 2aÞCi=Crð Þ; b ¼ b0eip=8

(a)

(b)

Fig. 8.9 Stabilization of the anti-phase branch in the subcritical case. Panel (a): time series of
Rezþ (black) and Rez� (gray). Panel (b): Time series of coupling forces F1 :¼ b � ðz1ðt � sÞ þ z2Þ
(solid) and F2 :¼ b � ðz2ðt � sÞ þ z1Þ (dotted) acting on the systems. The system starts away from
the anti-phase manifold. After a short time the in-phase component decays and the system goes to
the anti-phase manifold. After a longer transient the system approaches the stabilized anti-phase
orbit. Once the anti-phase orbit is reached the control forces vanishes. Parameters:
a ¼ 0:1; k ¼ 2a� 0:01;C ¼ 1� 10i; s ¼ p�=2 ¼ p= 1� ðk� 2aÞCi=Crð Þ, b ¼ 0:24eip=8
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8.7 Discussion

The in-phase orbits are stable and unstable for the super- and subcritical case,
respectively. Since the dynamics in the in-phase manifold is equivalent to the
dynamics of a single system, the stabilization of the in-phase orbit in the sub-
critical case reduces to the stabilization of an orbit born in a planar subcritical
Hopf bifurcation by delayed feedback, which has previously been demonstrated
[3]. We are now also able to stabilize unstable anti-phase orbits in certain com-
binations of super-/subcritical and soft/hard spring cases. Stabilization is achieved
locally near Hopf bifurcation. In the supercritical case of two unstable Floquet
multipliers, real feedback gains were sufficient, both, for soft and hard springs. In
the subcritical case of three unstable Floquet multipliers, in contrast, stabilization
could only be achieved by complex feedback gains and for sufficiently nonlinear
(soft or hard) springs. The crucial limitation jCij[ bðaÞCr was derived in (8.18).
Here jCij measures the dependence of minimal period of the individual oscillator
upon amplitude, Cr [ 0 measures the subcriticality of the Hopf bifurcation and
a is the strength of diffusive coupling. The coupling strength was limited to
0\a\1=p, where p corresponds to the normalized half period at anti-phase Hopf
bifurcation.

Conclusion—In conclusion we have studied two diffusively coupled Hopf
normal form oscillators of both super- or subcritical type. By introducing a delay
coupling of half the minimal period we are able to noninvasively stabilize anti-
phase orbits of the coupled systems, which are inherently unstable. We proved
stabilization theorems for the hard spring case and sketched the similar proof for
the soft spring case.

Outlook—Building on this work it will be interesting to apply our method to
stabilize anti-phase orbits in physical and biological systems such as coupled lasers
and coupled neurons. From a mathematical point of view generalizations to
n-oscillators and thus n-fold symmetries may be an interesting direction to pursue
[6, 7]. For the Pyragas control scheme of planar in-phase circular orbits it has been

Fig. 8.10 Plotted is the time series of Rezþ (black) and Rez� (gray) for same parameters as
Fig. 8.9 except C ¼ 1� 4i. This C violates (8.18) and fails to stabilize the anti-phase circular
orbit
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shown [8] that only orbits whose real Floquet multipliers l obey l\expð9Þ can be
stabilized. Similar Floquet constraints may apply for our control scheme. Although
we believe our noninvasive stabilization strategy to be well adapted to anti-phase
periodic oscillations, only the derivation and comparison of such fundamental
constraints will settle our quest for efficient noninvasive feedback stabilization of
spatio-temporal patterns.
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Chapter 9
Introduction

Synchronization phenomena of coupled nonlinear oscillators are omnipresent and
play an important role in physical, chemical and biological systems [1–4].
Understanding the synchronization mechanisms is crucial for many practical
applications.

One of the most intriguing effects occurring in coupled nonlinear systems is the
synchronization of chaotic dynamics [5]. The notions of chaos and synchronization
apparently contradict each other. A system is chaotic if small perturbations of the
systems initial condition are amplified resulting in an unpredictable dynamical
behavior (see Sect. 15.3). Stable synchronization of two systems on the other hand
occurs when deviations between the system states decay with time (negative
transversal Lyapunov exponent).

The contradiction between these two characteristics is only apparent because
the decay and amplification occur in different directions in phase space. Pertur-
bations within the synchronization manifold (SM), i. e., the manifold on which the
states of the two systems are identical, grow due to a positive Lyapunov exponent
(LE) within this manifold giving rise to the chaotic dynamics. On the other hand,
perturbations orthogonal to the SM, associated with deviations between the two
systems, decay due to a negative transversal Lyapunov exponent, thus leading to
stable synchronization.

Semiconductor lasers are of particular interest in the study of chaos synchro-
nization. The synchronization properties may lead to new secure communication
schemes [6–14]. However, as we will see in Chap. 10, it is impossible to chaos
synchronize two delay coupled systems without self-feedback for large delays
because the synchronized solution is always transversely unstable. In coupled
lasers this effect leads to spontaneous symmetry breaking, and only generalized
synchronization of leader-laggard type occurs [15].

However, chaos synchronization of two delay coupled systems can be stable
(see Chap. 10) if each system has self-feedback. For semiconductor lasers this has
been realized with a passive relay in form of a semitransparent mirror or an active
relay in form of a third laser in between the two lasers [16–19]. These structures
are thus interesting for chaos based communication systems.
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For practical applications it is not only necessary that the synchronized solution
is (linearly) stable, but it is also important how robust the synchronization is to
noise. Here, nonlinear effects may play an important role. In particular, for chaos
synchronized systems bubbling [20, 21] plays a key role in this context. This effect
may lead to occasional desynchronization even for arbitrarily small noise ampli-
tudes. Bubbling has been observed for example in optical [22, 23] and electrical
[24] systems.

This part is organized as follows. In Chap. 10 we analyze the stability of the
synchronized solution in a general network of delay coupled units in the limit of
large delay. We show that in this limit the master stability function (MSF) has a
simple structure. From this symmetry we then draw general conclusions about the
synchronizability of delay coupled systems.

In the rest of this part we investigate the synchronization properties of delay
coupled lasers. After introducing the laser equations in Chap. 11, we consider two
lasers coupled all-optically in different schemes in Chap. 12. Depending on the
coupling topology necessary conditions on the delay times and coupling phases
arise in order for the coupled systems to have a synchronized solution.

In Chap. 13, we will then investigate one of these coupling schemes (two
bidirectionally delay-coupled lasers with delayed self-feedback) under the influ-
ence of noise. Here, we observe bubbling, which can be understood through the
properties of the system’s cavity modes.
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Chapter 10
Structure of the Master Stability Function
for Large Delay

To determine the stability of a synchronized state in a network of identical units, a
powerful method has been developed [1, 2] called the master stability function
(MSF). Recent works [3–5] have started to investigate the MSF for networks with
coupling delays. Time delay effects play an important role in realistic networks.
For example, the finite propagation time of light between coupled semiconductor
lasers [6–12] significantly influence the dynamics. Similar effects occur in neu-
ronal [13–18] and biological [19] networks.

In this section we show [20] that the MSF has a very simple structure in the
limit of large coupling delays. This allows us to prove a number of general
statements about the synchronizability of networks with large coupling delay.

We will first discuss MSF-theory and since we are interested in delay coupled
systems, we will do this in the context of networks with delay [3–5].

10.1 Approach

Consider a system of N identical units connected in a network with a coupling
delay s [4]

d

dt
xiðtÞ ¼ f xiðtÞ

� �
þ
XN

j¼1

gijh xjðt � sÞ
� �

ð10:1Þ

with xi 2 R
n: Here, gij 2 R is the coupling matrix determining the coupling

topology and the strength of each link in the network, f is the (non-linear) function
describing the dynamics of an isolated unit, and h is a possibly non-linear coupling
function. A synchronized solution can only exist, if the row sum of the matrix is

the same for each row, i.e., r ¼
PN

j¼1 gij independent of i. In this case if the

systems start in a synchronized state, the feedback term will be equal for all xi in
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(10.1) and there exists a synchronized solution. The synchronized solution xðtÞ is
then determined by

d

dt
xðtÞ ¼ f xðtÞ½ � þ rh xðt � sÞ½ �: ð10:2Þ

To calculate the stability of this synchronized solution, we consider small
perturbations niðtÞ to the individual systems

xiðtÞ ¼ xðtÞ þ niðtÞ:

Inserting this ansatz into (10.1) and linearizing in ni we find

d

dt
niðtÞ ¼ D f xðtÞ½ �niðtÞ þ

XN

j¼1

gijDh xðt � sÞ½ �niðt � sÞ; ð10:3Þ

where Df and Dh are Jacobians. Using the vector

NðtÞ ¼ ðn1ðtÞ; n2ðtÞ; . . .; nNðtÞÞ

this linear equation can be written as

d

dt
NðtÞ ¼ IN � D f xðtÞ½ �NðtÞ þ g� Dh xðt � sÞ½ �Nðt � sÞ; ð10:4Þ

where IN denotes the N-dimensional identity matrix. We can diagonalize the
coupling matrix g with a unitary transformation U

diagðr; c1; c2; . . .; cN�1Þ ¼ UgU�1:

Here, r is the row sum of g, which is always an eigenvalue of g to the eigenvector
ð1; 1; . . .; 1Þ: We call this the longitudinal eigenvalue of g. The other eigenvalues
ck we then call the transversal eigenvalues of g.

Diagonalizing g in (10.4) with the transformation U does not affect the left hand
side or the first term on the right hand side in (10.4), because both terms are
multiples of the identity matrix in the subspace on which g acts. Thus after the
diagonalization (10.4) is transformed into N equations

d

dt
nðtÞ ¼ D f xðtÞ½ �nðtÞ þ rDh xðt � sÞ½ �nðt � sÞ; ð10:5Þ

d

dt
nðtÞ ¼ Df xðtÞ½ �nðtÞ þ ckDh xðt � sÞ½ �nðt � sÞ ð10:6Þ

with k ¼ 1; . . .;N � 1: The first equation corresponds to perturbations in the
direction of the vector ð1; 1; . . .; 1Þ; which act equally on each individual system
and thus do not cause desynchronization. A growing perturbation in this direction
indicates that the synchronized solution of the network is chaotic.
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The N � 1 other (10.6) on the other hand describe perturbations transversal to the
SM. The synchronized solution is stable if and only if these perturbations decay,
i.e., if the maximum Lyapunov exponent arising from the variational (10.6) is
negative for all the transversal eigenvalues ck:

It was the idea of Pecora and Carroll [21] to define a function kmax; which maps
a complex number rei/ to the maximum Lyapunov exponent arising from the
variational equation1

d

dt
nðtÞ ¼ D f xðtÞ½ �nðtÞ þ rei/Dh xðt � sÞ½ �nðt � sÞ:

This function is called the master stability function and it can be calculated
numerically. Once this is done on a sufficient domain in C; we can immediately
decide for any network structure, whether synchronization will be stable or not.
We only need to evaluate the MSF at the transversal eigenvalues ck of the par-
ticular network’s coupling matrix. This way the problem has been separated into a
part, which only depends on the dynamics of the individual system, and a part
which only depends on the coupling topology.

We will now restrict our analysis to maps [4], but all ingredients of our
argument are also valid for flows and we will point out, where the results differ
slightly for flows. Delay coupled maps have been widely studied because they
show similar behavior as DDEs and interesting synchronization phenomena have
been found in these systems [22].

For delay coupled maps the dynamics in the SM is governed by the equation
xkþ1 ¼ f ðxkÞ þ rhðxk�sÞ with s 2 N and xk 2 C

d or 2 R
d and the MSF is calcu-

lated from

nkþ1 ¼ D f ðxkÞnk þ reiwDhðxk�sÞnk�s: ð10:7Þ

Whether the synchronized dynamics is chaotic or not depends on whether the MSF
evaluated at the eigenvalue reiw ¼ r; which corresponds to perturbations parallel
to the SM, is positive or not.

With the matrix coefficients Ak :¼ D f ðxkÞ; and Bk :¼ Dhðxk�sÞ the variational
equation is given by

nkþ1 ¼ Aknk þ reiwBknk�s: ð10:8Þ

Note that when the delay is changed the dynamics in the SM changes, too. Hence,
we are not able to make predictions about what happens as s is changed. However,
at a fixed large value of the delay time s we can compare the Lyapunov exponents
arising from different values of reiw in (10.7).

We will now analyze the Lyapunov exponents arising from (10.8) in the limit of
large s: We do this in the following steps: first we analyse the two simpler cases,
where the dynamics in the SM is a fixed point FP or a PO. Then to expand the

1 Note that the complex number rei/ is usually denoted by aþ ib in the literature.
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results to chaotic trajectories xk in the SM we use the fact that PO are dense in a
chaotic attractor.

10.2 A Fixed Point in the Synchronization Manifold

For FPs of delay differential equations there exists a scaling theory for the FP’s
eigenvalues in the limit of large delay [23–26]. Recently this theory has been
generalized to the scaling of Floquet exponents [27]. In both cases the eigenvalues
or Floquet spectrum consist of two parts: a strongly unstable part arising from
unstable eigenvalues of the system without delay and a pseudo-continuous spec-
trum, for which the real part of the eigenvalues approach zero in the limit of large
delay. This scaling theory has been developed for flows. Since we restrict our-
selves to maps, we want to discuss the scaling theory for maps now. However,
each step can be done in the same way for flows by applying the large delay theory
developed in [23–27].

Let us first consider the case, where the dynamics in the SM is a FP, i.e.,
a period T ¼ 1 orbit. In this case the coefficient matrices in (10.8) are constant
A ¼ Ak and B ¼ Bk:

Making the ansatz nk ¼ zkn0; we find an equation for the multipliers z

vðzÞ ¼ det½A� z I þ reiwBz�s� ¼ 0; ð10:9Þ

where I denotes the identity-matrix.
For the strongly unstable spectrum we suppose there is a solution with jzj[ 1:

Then in the limit of s!1 (10.9) becomes

det½A� z I� ¼ 0: ð10:10Þ

Thus in the limit of large delay the eigenvalues z of A with jzj[ 1 are also
solutions of (10.9).

We are now interested in the pseudo-continuous spectrum, i.e., in the solutions
with jzj � 1 in the limit of large s: We make the ansatz z ¼ ð1þ d=sÞeix: In the
limit s!1 we have ð1þ d=sÞ�s ! e�d; and ð1þ d=sÞ ! 1: Thus in the limit
s!1 (10.9) becomes

0 ¼ det½A� Ieix þ re�deiðw�/ÞB� ð10:11Þ

with / ¼ xs: Since the curve parameter / on the branch takes on any (arbitrarily
dense) value in ½0; 2p�; we can already see that the phase w in the variational
equation does not change d; i.e., the MSF is invariant under phase shifts (rotations)
and its value only depends on r.

If B is invertible, we can calculate the eigenvalues l ¼ re�deiðw�/Þ in the fol-
lowing equation

0 ¼ det½�B�1ðA� IeixÞ � l�; ð10:12Þ
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which is a polynomial in l: This polynomial has exactly d roots lj ðj ¼ 1; . . .; dÞ;
which are eigenvalues of �B�1ðA� IeixÞ:

If B is not invertible, (10.11) still gives a polynomial in l; for which the roots
can be calculated. Then each eigenvalue l will be a function of x and one can find
the branches

dðxÞ ¼ ln
r

jlðxÞj

� �
¼ � ln jlðxÞj þ ln r:

The function lðxÞ can admit the zero value at some point x0; i.e., lðx0Þ ¼ 0;
in the case when the matrix A has an eigenvalue with jzj ¼ 1: Indeed, as follows
from (10.12), for l ¼ 0; x ¼ x0 and det B 6¼ 0 we have

det½A� Ieix0 � ¼ det½A� Iz� ¼ 0:

In all other cases, with det B 6¼ 0 and jzj 6¼ 1; the function jlðxÞj is bounded
0\l0� jlðxÞj � l1:

If there are no strongly unstable eigenvalues, the sign of d determines the
stability in the limit of large s: It is clear, that d increases monotonically with
increasing r and in particular d is negative for small r and positive for large r. Thus
there is a minimum radius r0; for which the first eigenvalue branch becomes
unstable d [ 0 and thus the MSF changes sign.

Note that we have obtained the function dðxÞ on which the solutions lie in the
limit of large s but not yet the exact values of x: These are not important in the
limit of large delay, since the eigenvalues become very dense on the curve
dðxÞ: Indeed, the exact values of x can be calculated from the expression
lðxÞ ¼ re�dðxÞeiðw�xsÞ; which implies

Arg lðxÞ ¼ w� xsþ 2pk ð10:13Þ

for any integer k. Since lðxÞ is a known eigenvalue of the matrix �B�1ðA� IeixÞ;
(10.13) can be considered as a transcendental equation for determining the solu-
tions x ¼ xk: In particular, (10.13) implies that the distance between the neigh-
boring solutions xk and xk�1 reads

xk � xk�1 ¼
1
s

Arg lðxk�1Þ � Arg lðxkÞ½ � þ 2p
s

¼ 2p=sþO 1=s2
� �

:

Thus it is proportional to 1=s and the curve dðxÞ is filled densely with roots as
s!1: Note that the curve dðxÞ is determined in the bounded interval x 2 ½0; 2p�
in contrast to the case of DDEs [24], where x was varying on the whole axis
ð�1;1Þ:

The simple case is that of a one dimensional ðd ¼ 1Þ complex map, where
A ¼ a 2 C and B ¼ b 2 C with jaj\1: In this case we can explicitly calculate
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dðxÞ ¼ lnðjrbj=ja� eixjÞ:

For r\ð1� jajÞ=jbj all the eigenvalues approach magnitude 1 from the stable side
and for r [ ð1� jajÞ=jbj there are always weakly unstable eigenvalues. Thus the
MSF changes sign at

r0 ¼ ð1� jajÞ=jbj: ð10:14Þ

The pseudo-continuous spectrum for these two cases is depicted in Fig. 10.1.
The corresponding MSF is shown in Fig. 10.2. As s!1; the kmax ¼ 0 contour
line approaches the circle with radius r0: This is depicted in Fig. 10.3, where the

Fig. 10.1 Pseudo continuous
spectrum dðxÞ (lines) and
location of the exact roots
(crosses) for the example of a
one dimensional complex
map for r ¼ 3:3 [ r0 ¼ 3 and
r ¼ 2:7\r0 ¼ 3: Parameters:
a ¼ 0:4; b ¼ 0:2;w ¼ 0;
s ¼ 30

Fig. 10.2 Master stability function for a one dimensional map with FP-dynamics in the SM. The
red regions correspond to kmax [ 0 (synchronized state is unstable). The gray regions correspond
to kmax\0 (synchronized state is stable). The blue circle indicates the stability boundary given by
r0 according to (10.14). Already for relatively low values of s the blue line matches very well the
numerically obtained boundary. Parameters of the variational equation: a ¼ 0:4; b ¼ 0:2; s ¼ 20
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angle-dependency of the critical radius is shown for different values of s in a
logarithmic scale. For small values of s; the critical radius has a strong angle-
dependency. However, already for a value of s ¼ 20; the rotation symmetry is
almost perfect (see Fig. 10.2).

10.3 A Periodic Orbit in the Synchronization Manifold

Now consider the map

nkþ1 ¼ Aknk þ reiwBknk�s; ð10:15Þ

where Ak and Bk are periodic with period T, corresponding to a PO in the SM. We
consider the case of large delay, i.e., s [ T :

Making a Floquet–like ansatz nk ¼ zkqk; where qk is T periodic we find

z qkþ1 ¼ Ak qk þ reiwBk z�sqk�n ð10:16Þ

with n ¼ s mod T 2 f0; 1; . . .; T � 1g:
For the strongly unstable spectrum again suppose there is a solution with

jzj[ 1; then in the limit s!1 the term z�s vanishes and we find

z qkþ1 ¼ Ak qk: ð10:17Þ

Using the periodicity of qk; (10.17) implies

det½zT �
YT

k¼1

Ak� ¼ 0;

where zT is a Floquet multiplier of the system nkþ1 ¼ Aknk without delay. Hence,
if zT is a Floquet multiplier of (10.17), with jzj[ 1; then in the limit s!1 it is
also a solution of (10.15) and vice versa.

Fig. 10.3 Boundary rðwÞ of
stability domain in polar
coordinates for different
values of s in logarithmic
scale. With increasing delay
rðwÞ ! r0: Parameters of the
variational equation:
a ¼ 0:4; b ¼ 0:2
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For the pseudo-continuous spectrum we again make the ansatz z ¼ ð1þ d=sÞeix

and taking the limit s!1 (10.16) becomes

eixqkþ1 ¼ Ak qk þ re�deiðw�/ÞBk qk�n ð10:18Þ

with / ¼ xs: One thus has to solve

0 ¼ ½eixJ þ Aþ lB�q ¼ 0; ð10:19Þ

where A ¼ diagfA1; . . .;ATg;

l ¼ re�deiðw�/Þ; and q ¼ ðq1; . . .; qTÞ: The position of the diagonal lines in the
matrix B depends on the value of n ¼ s mod T : Taking the determinant of the
matrix in (10.19) results in a polynomial in l ¼ re�deiðw�/Þ (of maximum order
d � TÞ: Again, the roots l are functions of x and we can calculate the branches
dðxÞ ¼ � ln jlðxÞj þ ln r; where w and / drop out. As in the case of FPs, one can
show that the function jlðxÞj is bounded 0\l0� jlðxÞj� l1 unless the instan-
taneous system has a Floquet multiplier z with jzj ¼ 1:

We have again found the same structure of the MSF : The MSF is rotationally
symmetric in the complex plane about the origin. If without feedback ðr ¼ 0Þ the
MSF is positive, then it is constant in the limit of large delay. Otherwise it is a
monotonically increasing function of r and there is a critical radius r0 where it
changes sign.

10.4 A Chaotic Attractor in the Synchronization Manifold

In every chaotic attractor there is an infinite number of UPOs embedded. It has
been long known that the characteristic properties of the chaotic system can be
described in terms of these PO [28]. Intuitively, the chaotic trajectory follows
the UPOs closely and ‘‘switches’’ between them, thus averaging over the UPOs in
the appropriate way allows us to calculate statistical properties of the attractor.
One of the most important examples is the natural measure of the chaotic attractor,
which is concentrated at the UPO (hot-spots) and can in fact be expressed in terms
of the orbit’s Floquet multipliers [29, 30].

Lyapunov exponents arising from variational equations such as (10.8) have been
discussed in the framework of periodic orbit theory [28, 31–33], too. In particular it
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has been shown [34] that a chaotic attractor in an invariant manifold loses its
transversal stability in a blow-out bifurcation when the transversely unstable orbits
outweigh the transversely stable orbits. To be precise, we divide the orbits into two
groups of transversely stable and unstable orbits and define [34] the transversely
stable weight Ks

T and the unstable weight Ku
T as

Ku;s
T ¼

XNu;s
T

j¼1

lTðjÞkTðjÞ; ð10:20Þ

where the sum goes over all Nu
T transversely unstable and Ns

T transversely stable
orbits of period T, respectively. Here, lTðjÞ is the weight of the j-th orbit, corre-
sponding to the natural measure of a typical trajectory in the neighborhood of the
j-th orbit and kTðjÞ is the transversal Lyapunov exponent of this j-th orbit. The
weight of a PO is inversely proportional to the product of its unstable Floquet
multipliers [29, 33]. The attractor is transversely unstable if and only if in the limit
of large T

Ku
T [ jKs

T j: ð10:21Þ

We now make the connection to the scaling theory for large s: Starting from
r ¼ 0 (no feedback) transversal Lyapunov exponents kTðjÞ of each orbit can only
increase with increasing r, as shown above. In particular for large enough r the
orbits become transversely unstable: either they are already unstable for r ¼ 0 and
thus remain unstable or the pseudo-continuous spectrum goes to zero and for large
r it does so from the unstable side. Thus there exists a minimum radius r0; for
which the condition (10.21) on the weights is fulfilled. Note that since we consider
the limit s!1 we can evaluate (10.21) at arbitrarily large T, although it is a
common result of PO theory that formulas such as (10.20) converge quickly.

Thus in summary the MSF has the same structure as for FPs and POs (the
rotation symmetry follows from the rotation symmetry of each kTðjÞ).

10.5 Consequences for Synchronization of Networks

Let us now discuss what the structure of the MSF means for the synchronizability
of networks. We can categorize networks into three types depending on the
magnitude of the largest transversal eigenvalue cmax in relation to the magnitude of
row sum r: (A) the largest transversal eigenvalue is strictly smaller than the
magnitude of the row sum ðjcmaxj\jrjÞ; (B) the largest transversal eigenvalue has
the same magnitude as the row sum ðjcmaxj ¼ jrjÞ; and (C) the largest transversal
eigenvalue has a larger magnitude than the row sum ðjcmaxj[ jrjÞ:

At r ¼ jrj the MSF is positive ðr0\jrjÞ for chaotic dynamics in the SM and
negative ðjrj\r0Þ for dynamics on a stable PO or a FP. This gives us a lower or an
upper bound on r0 and we can thus give the classification as shown in Table 10.1.
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In networks of type (A) and (B) synchronization on a FP or a PO, which is stable
within the SM, is always stable. For type (C) this dynamics may be stable or not
depending on the particular network (value of jcmaxjÞ and the dynamics in the SM
(value of r0Þ: On the other hand chaos synchronization is always unstable in
networks of type (B) and (C) and it may be stable or not in networks of type (A)
again depending on the particular network and the dynamics.

Note that for autonomous flows with a stable PO in the SM we always have
r0 ¼ jrj; due to the PO’s Goldstone mode. Thus for this case we cannot decide
whether synchronization for type (B) networks will be stable or not. This depends
on whether the kmax ¼ 0 contour line of the MSF approaches the circle with radius
r0 ¼ jrj; locally, at the transversal eigenvalues with jckj ¼ jrj; from the outside
(stable) or from the inside (unstable).

We now list some examples for the three types of networks. The categorization
follows from the eigenvalue structure (spectral radius) for the corresponding
matrices, which can, for instance, be derived using Gerschgörin’s theorem.

• Mean field coupled systems have ck ¼ 0 for all K and are thus of type (A).
• Networks with only inhibitory connections (negative entries) or only excitatory

connections (positive entries) are up to the row sum factor stochastic matrices,
i.e., the coupling matrix G can be written as

G ¼ rP;

where P is a stochastic matrix (positive entries and row sum one). For stochastic
matrices it is well known that the spectral radius is one, i.e., all eigenvalues have
magnitude smaller than or equal to one. The proof utilizes Gerschgörin’s theorem
[35]. Thus it follows for G that no eigenvalues has magnitude larger than jrj and
these networks are of type (A) or (B).

• Rings of uni-directionally coupled elements and two bidirectionally coupled
elements are of type (B) [5].

• Any network with zero row sum (r ¼ 0) is of type (B) (trivial case) or (C).
• Two bidirectionally coupled systems without self-feedback are of type (B).

In the literature there is a great amount of material on the relation of the spectral
radius and the row sum for certain types of matrices. These results are immediately
applicable to our classification. For a concrete network topology the classification
is of course very simple.

Table 10.1 Stability of chaotic and non-chaotic synchronized solutions for the three types of
networks

Chaotic dynamics in the SM ðr0\jrjÞ PO or FP in the SM ðjrj\r0Þ
(A) jcmaxj\jrj Synchr. stable if jcmaxj\r0 Synchr. stable
(B) jcmaxj ¼ jrj Synchr. unstable Synchr. stable
(C) jcmaxj[ jrj Synchr. unstable Synchr. stable if jcmaxj\r0
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Networks with r ¼ 0 belong to class (B) (trivial case) or to class (C). This
confirms the conjecture stated in [4]: Networks for which the trajectory of an
uncoupled unit is also a solution of the network (r ¼ 0) cannot exhibit chaos
synchronization for large coupling delay.

For the chaotic case there may exist another radius rb; with 0� rb� r0; where
the first PO in the attractor loses its transverse stability and the attractor undergoes
a bubbling bifurcation [12, 36, 37] (see Chap 13). Then any network with
rb\jcmaxj\r0 will exhibit bubbling in the presence of noise (or parameter mis-
match), while any network with jcmaxj\rb will show stable synchronization, even
in the presence of noise.

In order to illustrate the obtained results, let us consider the following example
of linearly coupled logistic maps

xm
kþ1 ¼ kxm

k ð1� xm
k Þ þ

XN

j¼1

gmjx
j
k�s ð10:22Þ

with the zero row sums r ¼ 0: The MSF is calculated from the following delayed
system

nkþ1 ¼ kð1� 2xkÞnk þ reiwnk�s; ð10:23Þ

where the dynamics on the synchronization manifold xk is determined by the map
xkþ1 ¼ kxkð1� xkÞ: Figure. 10.4 shows numerically computed MSF, i.e., the

(a)

(b)

Fig. 10.4 Master stability
function (shown in color) for
delay coupled logistic maps
(10.23). Panel (a) corresponds
to k ¼ 3:2 and the stable
period-2 orbit within the SM.
Panel (b) corresponds to k ¼
3:8 and a chaotic attractor
within the SM. In both cases
the delay is chosen as s ¼ 30
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largest Lyapunov exponent of the system (10.23) for two different cases: k ¼ 3:2
and k ¼ 3:8; which correspond to the stable period-2 state and chaos, respectively.
The delay is set to s ¼ 30: In both cases, the MSF are radially symmetric. In the
stable periodic case (panel (a)), there exists a critical radius r0 where the MSF
changes sign, which determines the synchronizability of a given coupled system.
In the chaotic case (panel (b)) the MSF is close to a positive constant, i.e., any
coupling configuration will be unstable.

10.6 Experimental Setup for Finding the Critical Radius

We now propose an experimental method for determining the critical radius r0:
Consider two elements coupled in the following network motif

x1
kþ1 ¼ f ðx1

kÞ þ lhðx1
k�sÞ þ mhðx2

k�sÞ;
x2

kþ1 ¼ f ðx2
kÞ þ lhðx2

k�sÞ þ mhðx1
k�sÞ;

where l and m are the self feedback strengths and the coupling strengths,
respectively. Suppose we are able to change the self-feedback strengths l and the
coupling strengths m; for example by using gray filters in an optical experiment.

Let us choose

l ¼ 1
2
ðrþ rÞ and m ¼ 1

2
ðr� rÞ:

Then the dynamics in the SM is given by

xkþ1 ¼ f ðxkÞ þ rhðxk�sÞ;

while the variational equation transverse to the SM is given by

nkþ1 ¼ D f ðxkÞnk þ rDhðxk�sÞnk�s:

Thus by changing r (for fixed r) and checking whether the two elements syn-
chronize we are able to probe the MSF along the real axis at the radius r. Due to
the monotonicity we can use a root-finding algorithm such as the bisection method
to find r0 to high accuracy with little iterations of the experiment and without
knowledge of the functions f and h. We can repeat this procedure for other values
of r and obtain the critical radius as a function of r0ðrÞ: Thus from this rather
simple setup we can decide for any network of these elements whether synchro-
nization is stable or not.

As an example we consider two optoelectronically coupled lasers (see Sect. 7.2)
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d

dt
q1 ¼ n1q1;

T
d

dt
n1 ¼ pþ lq1ðt � sÞ þ mq2ðt � sÞ � n1 � ð1þ n1Þq1;

ð10:24aÞ

d

dt
q2 ¼ n2q2;

T
d

dt
n2 ¼ pþ lq2ðt � sÞ þ mq1ðt � sÞ � n2 � ð1þ n2Þq2;

ð10:24bÞ

where qi and ni is the intensity and the carrier density of the ith laser, respectively.
The pump current of each laser is modulated by the delayed intensities according
to the coupling scheme depicted in Fig. 10.5. As discussed in Sect. 7.2 such
feedback can be realized by using photodiodes to measure the intensities of the
arriving signals and modulating the pump current accordingly. The bidirectional
coupling has strength m and the self-feedback of each laser has strength l: For this
setup we have numerically calculated r0ðrÞ in the same manner as it would be
done in an experiment: We choose a value of r; an interval Ir ¼ ½rmin; rmax� for the
r-domain and an initial value of r ¼ r0: We consider the systems to be synchro-
nized, if the relative synchronization error

e :¼ hjq1 � q2ji
1
2 ½hq1i þ hq2i�

Fig. 10.5 Schematic setup
for determining the critical
radius in an experiment

Fig. 10.6 Numerically calculated critical radius r0 as a function of r (solid curve) for the system
of optoelectronically coupled lasers corresponding to 10.24. A network can only have a stable
synchronized solution if the magnitudes of its transversal eigenvalues are below the curve. The
curve is calculated up to an absolute error of 10�4: The dashed line shows the diagonal line
r0 ¼ r: Parameters: e0 ¼ 10�7; p ¼ 1;T ¼ 200; s ¼ 2000
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is smaller than a threshold e0: We then simulate the system and use the bisection
method to find the synchronization threshold r0 (up to a desired accuracy) in the
interval Ir: We can then use the calculated value of r0 as an initial guess for
neighboring r-values and thus follow the curve r0ðrÞ:

The result is depicted in Fig. 10.6, where the solid curve shows r0ðrÞ and the
dashed line corresponds to r0 ¼ r: For small values of r; i.e., weak feedback, the
dynamics is a PO and due to the Goldstone mode we have r0 � r: For larger
values of r; the system becomes chaotic and r0\r: For a given value of r; a
network has a stable synchronized solution if and only if all transversal eigen-
values ck of the corresponding coupling matrix have magnitude jckj\r0ðrÞ:

10.7 Conclusion and Outlook

In conclusion we have shown that the MSF has a simple structure in the limit of
large delay: it is rotationally symmetric around the origin and either positive and
constant (if it is positive at the origin) or monotonically increasing and becomes
positive at a minimum radius r0: This structure allowed us to prove a recent
conjecture [4] about synchronizability of chaotic elements. Furthermore, we
classified network structures into three types depending on the magnitude of the
maximum transversal eigenvalue in relation to the magnitude of the row sum and
showed that these network types have distinct synchronization properties.

The rotational symmetry of the MSF have previously been found numerically
[5, 35]. In Ref. [35] the same structure of the MSF has been found for a PO in the SM
for which the period T is approximately equal to the delay time s: For this case the
structure of the MSF has also been derived analytically in [35]. Note that this case is
complementary to the situation T � s that we looked at in this section. So the
structure of the MSF that we found seems to be valid in even more general cases.

The derived results are only valid for networks, where each link has the same
coupling delay. Recently, however, an interesting observation has been made when
two systems are coupled via multiple delays [38]. As we saw above two bidi-
rectionally delay coupled systems without self-feedback can not synchronize in the
limit of large delay (the network is of type (B)).

In Ref. [38] A. Englert et al. showed that zero-lag synchronization can be stable
without self-feedback, if the two systems are bidirectionally coupled via multiple
delays. It may thus be interesting to consider networks with two (or more) delays
of the form

xi
kþ1 ¼ f ðxi

kÞ þ
XN

j¼1

gð1Þij hð1Þðxj
k�s1
Þ þ

XN

j¼1

gð2Þij hð2Þðxj
k�s2
Þ;

where gð1Þ and gð2Þ are the two coupling matrices and hð1Þ and hð2Þ are the coupling
functions corresponding to the two types of links with two different delays.
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If the coupling matrices commute ½gð1Þ; gð2Þ� ¼ 0; they can be diagonalized
simultaneously and one would obtain a MSF of two arguments

kmaxðr1eiw1 ; r2eiw2Þ

corresponding to the variational equation

nkþ1 ¼ D f ðxkÞnk þ r1eiw1 Dhð1Þðxk�s1Þnk�s1
þ r2eiw2 Dhð2Þðxk�s2Þnk�s2

:

Then it would be interesting to consider the limit s1 !1; s2 !1 with a fixed
ratio R ¼ s1=s2: The asymptotic analysis for large delay times has not been applied
to multiple delays yet, and it would be interesting to investigate this theory in this
context. Depending on whether the ratio is rational (of low order,
e.g.,1 : 1; 1 : 2; 2 : 3; . . .) or irrational we can expect different synchronization
properties [16, 38 ].

On the other hand, if ½gð1Þ; gð2Þ� 6¼ 0; the MSF approach fails, because the two
matrices cannot be diagonalize simultaneously. Note that this is already the case
without delay but with two different coupling functions hð1Þ and hð2Þ; i.e., a net-
work with two types of links. It is not clear how a MSF approach could be
generalized to this situation.
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32. P. Cvitanović, Dynamical averaging in terms of periodic orbits. Phys. D. 83, 109 (1995)
33. M.A. Zaks, D.S. Goldobin, Comment on time-averaged properties of unstable periodic orbits

and chaotic orbits in ordinary differential equation systems. Phys. Rev. E. 81, 018201 (2010)
34. Y. Nagai, Y.C. Lai, Periodic-orbit theory of the blowout bifurcation. Phys. Rev. E. 56, 4031

(1997)

108 10 Structure of the Master Stability Function for Large Delay

http://ChaosBook.org


35. J. Lehnert, Dynamics of Neural Networks with Delay. (Master’s thesis Technische
Universität, Berlin, 2010)

36. E. Ott, J.C. Sommerer, Blowout bifurcations: the occurrence of riddled basins and on-off
intermittency. Phys. Lett. A . 188, 39 (1994)

37. P. Ashwin, J. Buescu, I. Stewart, From attractor to chaotic saddle: a tale of transverse
instability. Nonlinearity. 9, 703 (1996)

38. A. Englert, W. Kinzel, Y. Aviad, M. Butkovski, I. Reidler, M. Zigzag, I. Kanter, M.
Rosenbluh, Zero lag synchronization of chaotic systems with time delayed couplings. Phys.
Rev. Lett. 104, 114102 (2010)

References 109



Chapter 11
Lang Kobayashi Laser Equations

Coupled semiconductor lasers will be the main application of chaos synchroni-
zation that we consider. We will therefore now introduce the dynamical laser
equations.

The equations describing a semiconductor laser with external optical feedback
were first derived by Lang and Kobayashi [1]. These Lang-Kobayashi (LK)
equations describe the laser by deterministic rate equations for the complex
electric field E and the number of excited carriers N in the active medium

d
dt EðtÞ ¼

1
2 ð1þ iaÞ½G � c�E þ je�i X0 secEðt � secÞ;

d
dt NðtÞ ¼ I

q� ceN � GjEj2
ð11:1Þ

with the parameters as defined in Table 11.1.
The electric field amplitude of the laser is given by EðtÞei X0 t and is composed

of a fast carrier wave, oscillating at the solitary frequency X0, and a slowly varying
envelope function EðtÞ: Since the envelope function E is complex, it describes not
only amplitude dynamics, but also phase dynamics, i.e., shifts of the wavelength.

The feedback phase factor e�i X0 sec depends on the delay time sec of the external
cavity. However, since X0 is very large, slight changes in the delay time on
subwavelength scale change the phase drastically without changing the delayed
term of the slowly varying envelope Eðt � secÞ. It is thus useful to treat the phase
as an independent parameter u

eiu ¼ e�i X0 sec :

The gain G is a function of N and E and for this function different forms can be
used to model the laser. A common form is a gain which is linear in N and
saturates for large jEj

GðE;NÞ ¼ g
N � NT

1þ �jEj2
;

see Table 11.1.
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11.1 Non-Dimensionalization

When studying dynamical systems it is convenient to bring the differential equation
into a dimensionless form. This process is called non-dimensionalization [3].

Using dimensionless equations has two main advantages. It reduces the number
of parameters by combining them into fewer independent constants called
dimensionless groups, such as time scale ratios. Furthermore, dimensionless
equations are usually better suited for numerical simulations because very large
and small numbers are avoided. Often the non-dimensionalization is done by
intuition but it is interesting to understand the canonical procedure.

Consider the LK equations (11.1). The general way to bring such equations into
a dimensionless form is to introduce a dimensionless time s and dimensionless
variables, which are functions of s and are related to the original variables by a
characteristic factor carrying the proper dimensions, i.e.,

s ¼ t=tc; EðtÞ ¼ EcEðt=tcÞ; NðtÞ ¼ Ncnðt=tcÞ þ N0
c :

The values of the characteristic factors tc, Ec and Nc are to be determined. Note
that we have included a constant shift N0

c in the transformation of the variable N. It
will be chosen such that n becomes zero at the laser threshold, i.e., n is the excess
carrier density or inversion. Such shifts are not necessary but can sometimes allow
further simplification of the dimensionless equations. Inserting this Ansatz into
(11.1) yields

Table 11.1 Typical parameters of the Lang-Kobayashi model [2]

Symbol Quantity Typical orders of magnitude

c Photon decay rate 1011 s�1

ce Carrier decay rate 109 s�1

sic Round-trip time in the internal cavity 10�12 s
sec Round-trip time in the external cavity 10�9 s
a Alpha factor 4
I Pump current 10�100 mA
j Feedback rate 1011 s�1

g Differential gain 104 s�1

NT Carrier number at transparency 108

� Gain saturation coefficient 10�7

X0 Solitary laser frequency 1014 s�1

b Spontaneous emission factor 10�5

q Electron charge 1:602� 10�19 C
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d

dt
EðtÞ ¼ Ec

tc

d

ds
EðsÞ

¼ 1
2
ð1þ iaÞ g

NcnðsÞ þ N0
c � NT

1þ 2 jEcj2jEðsÞj2
� c

" #
EcEðsÞ

þ jeiuEcEðs� sec=tcÞ;
d

dt
NðtÞ ¼ Nc

tc

d

ds
nðsÞ

¼ I

q
� ceN0

c � ceNcnðsÞ � g
NcnðsÞ þ N0

c � NT

1þ 2 jEcj2jEðsÞj2
jEcj2jEðsÞj2

and thus

d
ds EðsÞ ¼ 1

2 ð1þ iaÞ tcgNc
nðsÞ þ ðN0

c � NTÞ=Nc

1þ jEcj2jEðsÞj2
� ctc

" #
EðsÞ þ jtceiuEðs� sec=tcÞ;

1
cetc

d

ds
nðsÞ ¼ I

qNcce
� N0

c

Nc
� nðsÞ � g

ce
jEcj2

nðsÞ þ ðN0
c � NTÞ=Nc

1þ jEcj2jEðsÞj2
jEðsÞj2:

We then choose the characteristic factors and shifts in such a way that some of
the dimensionless groups become one (or zero) and the equations are simplified.
The remaining dimensionless groups are then the independent parameters of the
dimensionless equations and often turn out to be important characteristics such as
time scale ratios. The choice which coefficients to simplify is obviously not unique
in complex equations.

In our system we require the following conditions

1 ¼ tcgNc;
1 ¼ ðN0

c � NTÞ=Nc;
1 ¼ ctc;
1 ¼ g

ce
jEcj2:

This gives four equations for the three characteristic factors and for the shift of the
carrier number

tc ¼ 1=c; Ec ¼
ffiffiffiffi
ce

g

r
; Nc ¼

c
g
; N0

c ¼ NT þ
c
g
:

The final dimensionless LK equations are then given by

d

ds
EðsÞ ¼ 1

2
ð1þ iaÞ 1þ n

1þ ljEj2
� 1

" #
E þ KeiuEðs� sÞ;

T
d

ds
nðsÞ ¼ p� n� 1þ n

1þ ljEj2
jEj2

ð11:2Þ
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with the dimensionless parameters as defined in Table 11.2. Note that the
dimensionless pump current p has been shifted such that it becomes zero at the
laser threshold.

We will for simplicity consider the model with no gain saturation l ¼ 0. This
limit is valid when the laser is working close to threshold and the output intensity
is not too large. In this case (11.2) reduce to the dimensionless LK model without
gain saturation.

d

ds
EðsÞ ¼ 1

2
ð1þ iaÞnE þ KeiuEðs� sÞ;

T
d

ds
nðsÞ ¼ p� n� ð1þ nÞjEj2:

ð11:3Þ

See [4] for an analysis of the gain saturation’s influence on the synchronization
properties.

11.2 Spontaneous Emission Noise

Important dynamical effects in semiconductor lasers are caused by stochastic
forces. There are two natural sources of noise in a laser device.

On one hand there are fluctuations in the inversion, caused by shot noise, i.e., the
discrete nature of the charges, as well as thermal noise. These fluctuations are
usually not important for the dynamical behavior and will not be taken into account
here. There are, however, exceptions where this noise cannot be neglected [5].

On the other hand there are fluctuations in the complex amplitude E, which are
caused by the spontaneous emission of photons. This noise can be modeled by a
complex Gaussian white noise term FEðtÞ in the LK equations (11.1)

d

dt
EðtÞ ¼ deterministic terms þ FEðtÞ

with zero mean hFEi ¼ 0 and the following correlations

hFEðtÞFEðt0Þi ¼ bceNdðt � t0Þ; ð11:4Þ

Table 11.2 Parameters of the dimensionless LK equations

Symbol Quantity Definition

T Time scale parameter c=ce

s Delay time csec

l Gain saturation coefficient �ce=g
K Feedback rate j=c
p Pump rate g=c

�
ceI=q� NT

�
� 1

a Alpha factor
/ Feedback phase �X0sec
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where the real and imaginary parts of FE are independent random processes. The
noise strength is given by the spontaneous emission rate

Rsp ¼ cebN; ð11:5Þ

where ce is the decay rate of the inversion and b is the fraction of spontaneous
emission processes which contribute to the lasing mode.

After the non-dimensionalization one obtains [6, 7] a complex Gaussian noise
term FE in (11.2) with the correlations

hFEðtÞFEðt0Þi ¼ bðnþ n0Þdðt � t0Þ ð11:6Þ

Here,

n0 ¼ gNT=c ð11:7Þ

is the carrier density at threshold in the dimensionless units. A typical value is
n0 � 10.

11.3 External Cavity Modes

The basic solutions of the LK equations are the external cavity modes (ECMs).
These modes are rotating wave solutions [8, 9] with constant frequency, carrier
density, and field amplitude

EðtÞ ¼ A�e
ix�t; nðtÞ ¼ n�:

Inserting this ansatz into (11.3) yields

0 ¼ 1
2

n� þ K cosðu� x�sÞ; ð11:8aÞ

x� ¼
1
2
an� þ K sinðu� x�sÞ; ð11:8bÞ

A2
� ¼

p� n�
1þ n�

: ð11:8cÞ

Eliminating n� in the first two equations, yields a transcendental equation for the
frequency x�

x� ¼ ~K sinðu� x�s� arctan aÞ ð11:9Þ

with ~K ¼ K
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2
p

. This transcendental equation can be solved numerically. The
graphical solution is shown in Fig. 11.1(a). The solutions are born in pairs in
saddle-node bifurcations. The calculated frequencies x� can then be inserted into
(11.8) to calculate the inversion n� and the amplitude A�. For some solutions of
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(11.9) the right hand side of (11.8c) may become negative. These unphysical
solutions [9] are spurious and can be omitted. The solutions with a positive right
hand side of (11.8c) are called physically relevant.

Figure 11.1 (b) depicts the position of the ECMs in the ðx; nÞ-plane, where the
ECMs lie on an ellipse. To see this we introduce the curve parameter w ¼ u� xs.
Inserting this ansatz into (11.8a) (11.9) yields

n ¼ �2K cosðwÞ;
x ¼ ~K sinðw� arctan aÞ

This is the parametric representation of a tilted ellipse as depicted in Fig. 11.1b.
The tilting is introduced by the additional argument ðarctan aÞ in the second
equation and thus scales with the alpha factor. The mode with lowest n is called
the maximum gain mode, because it is the mode with the largest amplitude. This
mode is always stable [10] and coexists with a chaotic attractor for a wide range of
parameters [11, 12]. Although the other ECMs are unstable, they organize the
phase space and provide a skeleton for the chaotic dynamics.

There are two main chaotic operation regimes for a laser with self-feedback,
which we will discuss in the following.

11.4 Low Frequency Fluctuations and Coherence Collapse

An interesting dynamical behavior of semiconductor lasers with delayed feedback
are the so called low frequency fluctuations (LFFs). This regime typically occurs
when the laser is pumped close to threshold and receives moderate optical
feedback.

A typical time series of the laser intensity in this dynamical regime is depicted
in Fig. 11.2. The intensity shows chaotic oscillations on a short time scale
(10�100 GHz corresponding to 10�100 ps). On top of these fast oscillations there

(a) (b)

Fig. 11.1 Shown are the ECMs, where circles and triangles correspond to modes and antimodes,
respectively. Panel (a): Solutions of the transcendental (11.9) are given by the intersection of the
straight line and the curve. Panel (b): ECM solutions in the ðx; nÞ-plane. The modes and
antimodes are located on the lower and upper half of the ellipse, respectively. Parameters:
T ¼ 200; a ¼ 4; p ¼ 1; s ¼ 500; u ¼ 0; K ¼ 0:01
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is an occasional sudden decrease in the laser output intensity. These events are
called power dropouts and are chaotic, too, i.e., the time between two dropouts is
pseudo randomly distributed.

Typical times intervals between two dropouts reach from 10 round-trip times in
the external cavity (e.g. 10 ns) to several hundred round-trip times (e.g. 1�10 ms).
During the power dropouts the laser intensity is not merely reduced, but instead a
sequence of picosecond pulses is generated [13, 14].

The dynamics in the LFF regime is deterministic and can be understood as
follows [13–15]. In between power dropouts the intensity of the laser gradually
builds up. In this phase, the dynamics is characterized by chaotic switching
between attractor ruins of the laser modes. This is depicted in Fig. 11.3. The
trajectory shadows heteroclinic connections between the modes. This switching

Fig. 11.3 Projection of the LFF dynamics (black line) onto a two dimensional phase plane.
During the power buildup process, the system exhibits a chaotic itinerancy between attractor
ruins with a drift towards the maximum gain mode. Before reaching the maximum gain mode, the
trajectory collides with an antimode in a crisis leading to a power dropout. Modes and antimodes
are depicted as circles and triangles, respectively. Parameters: T ¼ 200; a ¼ 4; p ¼ 0:1;
K ¼ 0:1; s ¼ 200; u ¼ 0

Fig. 11.2 Time series of the laser intensity in the LFF regime (blue line). The red curve shows a
(scaled up) moving average over the intensity with a window size of 2000 time units. Parameters:
T ¼ 200; p ¼ 0:1; a ¼ 4; K ¼ 0:1; s ¼ 2000; u ¼ 0
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behavior has a general drift towards the maximum gain mode (see Chap. 3). Before
reaching the maximum gain mode at the bottom of the ellipse, the trajectory
collides with an antimode in a crisis and a power dropout takes place. After the
dropout the trajectory gets reinjected into the labyrinth of attractor ruins and the
whole process repeats itself.

For higher pump currents the laser becomes even more chaotic [16] and the
LFFs disappear. This regime is called the fully developed coherence collapse
regime [17, 11]. We will simply call it the coherence collapse (CC) regime. Here,
the dynamics is characterized by chaotic itinerancy among the modes and anti-
mode dynamics, i.e., collision with an antimode in a crisis. This is depicted in
Fig. 11.4. In contrast to the LFF regime, however, the trajectory remains only for a
short time on the mode branch of the ellipse and there is thus no distinct power
buildup process and no distinct power dropout events.

In this section we have introduced and discussed the LK laser model. We will
now consider two or more delay coupled lasers and study synchronization effects
in these systems.
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Chapter 12
Necessary Conditions for Synchronization
of Lasers

Perfect synchronization is only possible if the SM is invariant. There are other
forms of generalized synchronization such as phase synchronization occurring, for
instance, when the systems are non-identical, but we will restrict our analysis to
perfect synchronization and a very weak form of generalized synchronization in
lasers.

Consider two identical systems, which are bidirectionally coupled and have
self-feedback (Fig. 12.1)

d

dt
X1 ¼ f ðX1Þ þ K11X1 þ K12X2; ð12:1aÞ

d

dt
X2 ¼ f ðX2Þ þ K21X1 þ K22X2: ð12:1bÞ

Here X1 and X2 are the state vectors of system one and two, respectively, and f is a
nonlinear function. The Kij are linear coupling operators. In the simplest case these
are just matrices. However, they can also include time-shift operators, e.g.,

K12wðtÞ ¼ T ðs12Þw½ �ðtÞ ¼ wðt � s12Þ; ð12:2Þ

where T ðsÞ denotes the operator that shifts the time argument by �s. This way we
can treat coupling delays in a simple way.

We consider the systems to be in (generalized) synchronization if

X1 ¼ UX2; ð12:3Þ

where U is an invertible linear transformation, which leaves the dynamics of the
uncoupled systems invariant, i.e., Uf ðU�1XÞ ¼ f ðXÞ. Note that this is a very weak
form of generalized synchronization.

To find a synchronization condition, we introduce the symmetrized and anti-
symmetrized variables S ¼ 1

2 ðX1 þ UX2Þ and A ¼ 1
2 ðX1 � UX2Þ. The original

system variables can then be recovered through X1 ¼ Sþ A and X2 ¼ U�1ðS� AÞ.

V. Flunkert, Delay-Coupled Complex Systems, Springer Theses,
DOI: 10.1007/978-3-642-20250-6_12, � Springer-Verlag Berlin Heidelberg 2011
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If the systems are synchronized, A vanishes. Expressing the system (12.1) in S and
A yields

d

dt
S ¼ 1

2
f ðSþ AÞ þ f ðS� AÞ½ �

þ 1
2

K11 þ UK21 þ K12U�1 þ UK22U�1
� �

S

þ 1
2

K11 þ UK21 � K12U�1 � UK22U�1
� �

A; ð12:4Þ

d

dt
A ¼ 1

2
f ðSþ AÞ � f ðS� AÞ½ �

þ 1
2

K11 � UK21 þ K12U�1 � UK22U�1
� �

S

þ 1
2

K11 � UK21 � K12U�1 þ UK22U�1
� �

A: ð12:5Þ

In order for the SM A ¼ 0 to be invariant, the coupling term in front of S in (12.5)
has to vanish

0 ¼ K11 � UK21 þ K12U�1 � UK22U�1: ð12:6Þ

This can also be interpreted as an equation for the transformation U. If there exists
a solution U solving (12.6), which is not always the case, then the systems can
synchronize according to (12.3). Whether the synchronization is stable, is another
question which we answered for large delays in Chap. 10.

If (12.6) is satisfied we can add the right hand side to each coupling term in
(12.4) and (12.5) to simplify the equations for the synchronized dynamics. Line-
arizing the equations with respect to A around the synchronized state A ¼ 0 then
gives

d

dt
S ¼ f ðSÞ þ K11 þ K12U�1

� �
Sþ K11 � UK22U�1

� �
dA; ð12:7Þ

d

dt
dA ¼ Df ðSÞ dAþ K11 � UK21ð Þ dA: ð12:8Þ

Let us now discuss the dA term in (12.7). We want to discuss the stability of the
SM, i.e., whether infinitesimal perturbations to A ¼ 0 grow or decay. Since we
consider the case of chaos synchronization, the dynamics of S is chaotic. Small
perturbations caused by the dA term in (12.7) will change the specific realization of
the chaotic S-trajectory but not the statistical properties. In particular if the

Fig. 12.1 Schematic setup
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perturbations are small enough the shadowing lemma [1] ensures the existence of a
shadowing trajectory in the unperturbed system, i.e., a trajectory, which follows
the trajectory of the perturbed system arbitrarily close and for an arbitrarily long
time. Thus the dA term does not influence stability of the SM.

With this discussion the equations determining the synchronized dynamics and
the transverse stability are given by

d

dt
S ¼ f ðSÞ þ K11 þ K12U�1

� �
S; ð12:9Þ

d

dt
dA ¼ Df ðSÞ dAþ K11 � UK21ð Þ dA: ð12:10Þ

Note that although the transversal Lyapunov exponent (TLE) will usually not
be influenced by the dA term, the bubbling dynamics may be changed [2].

From these equations we can make the following general observation. If

K12U�1 ¼ �UK21;

then the variational equation for the parallel LE and the TLE are the same, i.e.,

synchronized solution chaotic , synchronization unstable:

As we saw in Chap. 10 this relation between chaoticity and synchronization
applies to many other networks (type (B) and (C) with jcmaxj � jrjÞ in the case of
large delay. Similar results are known for other types of coupling [3]. It is usually
more difficult to achieve chaos synchronization than non-chaotic synchronization.

12.1 Coupling Delays

Let us investigate the role of the coupling delays. Writing the coupling operators
Kjl as a time shift T ðsjlÞ and a coupling matrix Cjl we find

Kjl ¼ CjlT ðsjlÞ and U ¼ CuT ð~suÞ;

and (12.6) becomes

0 ¼ C11T ðs11Þ � Cu C21T ðs21 þ ~suÞ
þ C12C�1

u T ðs12 � ~suÞ � CuC22C�1
u T ðs22Þ: ð12:11Þ

We can simplify [4] the equation a little by introducing the new parameter su and
choosing

~su ¼ su þ ðs12 � s21Þ=2; ð12:12Þ

i.e., compensating a shift caused by s12 6¼ s21. This gives two identical delay terms
sc ¼ ðs12 þ s21Þ=2 in (12.11)
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0 ¼ C11T ðs11Þ � Cu C21T ðsc þ suÞ
þ C12C�1

u T ðsc � suÞ � CuC22C�1
u T ðs22Þ: ð12:13Þ

And it follows that without loss of generality the coupling delays s12 and s21 can be
chosen equal.

The right hand side of (12.13) can only become zero if the coefficient in
front of each independent time shift operator vanishes, i.e., each term with non-
zero Cjl cancels with other terms, and this is only possible if the time shifts are
equal.

Consider, for example, the case where two coupling coefficients are zero. In
order for the remaining two terms to cancel the delay terms have to be equal and
the coefficients have to add up to zero.

The different ways the terms in (12.13) can cancel lead to different coupling
schemes and synchronization conditions. Before we give a comprehensive over-
view of these coupling schemes, we will explain the connection to lasers. In the
general case the equations for two delay-coupled lasers are given by (see Chap. 11)

d

dt
Ej ¼ 1

2ð1þ iaÞnj Ej þ jjje
i/jj Ejðt � sjjÞ þ jjle

i/jl Elðt � sjlÞ;

T
d

dt
nj ¼ p� nj � ð1þ njÞjEjj2

with j ¼ 1; 2 and l ¼ 3� j. Here, jjl are the positive feedback gains and the
exponential terms account for shifts in the optical phase. The phases /jj and /jl

depend on subwavelength tuning of the cross and self-feedback delays. However,
the phases can be considered as being independent of the delay times as discussed
in Chap. 11. For all-optical coupling we can neglect the carriers in (12.13) and
only have to take the coupling terms in the field equation into account.

The only transformations Cu, which leave the laser equations invariant are
phase rotations, due to the S1-symmetry of the system. In particular any linear
transformation that changes the intensity or carrier density does not leave the
equations invariant. Thus we make the ansatz

Cu ¼ ei~/u ;

which corresponds to the lasers having a constant phase-shift ~/u in the electric
fields (in addition to the time lag of su). The synchronization condition (12.13)
then reads in the general case

0 ¼ j11ei/11T ðs11Þ � j21eið/21þ~/uÞT ðsc þ suÞ

þ j12eið/12�~/uÞT ðsc � suÞ � j22ei/22T ðs22Þ: ð12:14Þ

Let us now come to the general problem of solving (12.13) or for lasers
(12.14). The different ways the terms can cancel correspond to different coupling
schemes.
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Table 12.1 shows all possible ways for the terms to cancel, leaving out
redundant cases, which correspond to relabeling 1 !2. In the label column the
roman number denotes how many links are present, and the letter enumerates
these cases. The non-zero coefficients in the second column correspond to the
links present in the network motif [5]. Then, in order for the remaining terms to
cancel, the discussed conditions on the non-vanishing coefficients and possibly the
coupling delays arise, and are given in columns 4 and 5. The last two columns
give the equations of motion within the SM and the time lag su in the synchro-
nized state between the two systems. In the cases IVa–IVc of four non-zero
coefficients, respectively two terms in (12.14) have the same delay time and
cancel each other and are depicted with the line style (solid or dashed) in
Table 12.1. In the case IVd all terms have the same delay time and thus the sum of
all coefficients is zero.

We are interested in chaos synchronization and we can distinguish different
situations. An individual system may already be chaotic without any feedback or
it may be chaotic only with self-feedback, as is the case in semiconductor lasers.
For the latter type of systems the coupling scheme IIa and IVa do not have a
chaotic solution, since there is no feedback term in the equation of motion in the
synchronization manifold. Furthermore, for those systems, which are chaotic
without self-feedback synchronization is unstable in these coupling schemes for
large delay times (see [6] and Chap. 10). Therefore, such coupling schemes are not
interesting for chaos synchronization and we will not discuss the two coupling
schemes IIa and IVa.

The coupling scheme IId is not interesting for chaos synchronization, either,
since the two systems are completely uncoupled. In this case if each system
evolves on a PO, the ‘‘synchronized state’’ is marginally stable but if the dynamics
is chaotic the synchronized state is of course unstable.

We will now discuss the remaining coupling schemes in Table 12.1 and the
relation to lasers. We will concentrate on the necessary synchronization conditions
for lasers, which lead to coupling phase conditions. In general the coupling can be
unidirectional, corresponding to a master-slave setup, or bidirectional, where both
lasers receive input from each other. Additionally, we can distinguish between
open-loop setups and closed-loop setups. These terms are coined by control theory.
Closed-loop corresponds to the lasers receiving self-feedback, whereas in open-
loop setups the lasers do not receive self-feedback.

IIb This case is the classical master slave configuration for chaos communication
with lasers. It is also referred to as open-loop master slave configuration [7],
since the receiver has no self-feedback. The coupling condition for lasers is
in this case given by

0 ¼ j11ei/11 � j21eið/21þ~/uÞ:

Thus, the only condition that needs to be satisfied is j11 ¼ j21 (at least

approximately). The phase shift ~/u between the lasers can then compensate
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any choice of the coupling phases /11 and /21. Thus we do not observe any
sensitivity to the phases.

IIc This coupling scheme corresponds to the well known configuration of two
bidirectionally coupled systems without self-feedback. As we saw in
Chap. 10 zero-lag chaos synchronization is unstable for large delay. For
chaotic lasers coupled in this fashion a different type of synchronized called
leader-laggard synchronization has been observed [8]. Here one laser lags
behind the other with a time shift of sc. The role of the leader and the laggard
then switch chaotically. Note that we do not find an exact solution of one
laser leading the other, thus this type of synchronization is not an exact
synchronization but only an approximate.

IIIa In this situation all delays are the same, the coupling is bidirectional and one
of the elements has a self-feedback. The necessary coupling conditions for
this case are very similar to the case IIIb, which we will discuss in detail
below.

IIIb Two unidirectionally coupled systems with self-feedback have been studied
in laser systems in different contexts.
Depending on the values of s22 ¼ s11 and sc the time lag

su ¼ s22 � sc

between the lasers may be positive or negative. Since the states of the two
laser are related by (see (12.3))

X1ðtÞ / X2ðt � suÞ;

for positive su laser 2 is ahead of laser 1 although the coupling is from laser 1
to laser 2 [9]. This behavior is known as anticipated synchronization and
generally occurs in delayed systems if the coupling delay is smaller than the
self-feedback delay [10]. In fact, for this coupling scheme that we consider
the synchronization properties are independent of the delay time sc, since
there is no link back to laser 1.
The importance of the phases in this coupling scheme has been recognized in
[11]. We will discuss this in detail in Sect. 12.2.1.

IVb This is the case of two bidirectionally coupled systems with self-feedback,
where the two self-feedback delays differ s11 6¼ s22 but sum up to the round-
trip time between the laser s11 þ s22 ¼ 2sc.
It corresponds to the two systems being coupled via a passive relay with a
delay miss-match [12, 13], e.g., two laser coupled via a semitransparent
mirror positioned asymmetrically between the lasers. The dynamics in this
case is quite complicated. In the synchronized state the system behaves like a
single laser with two feedback delays. One can study the transverse stability
of the modes in the SM, similar to the analysis that we will perform in
Chap. 13.
In the present work, we will restrict our analysis to the role of the phases for

this case (see Sect. 12.2.3).
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IVc In this case the lasers are coupled such that the two self-feedback delays are
equal s11 ¼ s22 but do not match the coupling delay sc. This case is similar to
the case IVd (see Sect. 12.2.3) and will not be discussed separately.

IVd For this case all delays are equal and all four coefficients in (12.14) cancel
collectively. We will discuss this case in detail in Sect. 12.2.2 for lasers

12.2 Role of the Phases

12.2.1 Case IIIb

In Ref. [11] it was shown that depending on the (relative) feedback phases the
synchronization behavior ranges from perfect synchronization to an almost
uncorrelated state. This result can be interpreted with our necessary coupling
condition. Using the coupling coefficients

C11 ¼ j11ei/11 ; C22 ¼ j22ei/22 ; and C21 ¼ j21ei/21 ;

the coupling condition from Table 12.1 becomes

0 ¼ j11ei/11 � j21eið/21þ~/uÞ � j22ei/22 :

In order for these vectors in the complex plane to cancel, the following equation
needs to be satisfied

j21 ¼ j11 � j22eiUrel
�� �� ð12:15Þ

with Urel ¼ /22 � /11. The relative phase ~/u between the laser fields can then be
selected by the system accordingly.

Figure 12.2(a) depicts the square difference of the absolute value of equation’s
(12.15) left hand side and right hand side

V :¼ j21 � jj11 � j22eiUrel j
� �2

as a function of Urel. This is a measure for how much the necessary synchroni-
zation condition (12.15) is violated. Panel (b) of this figure depicts the correlation
coefficient between the intensities of laser one and two as measured by Peil et al.
in Ref. [11]. Our theory predicts an invariant SM and thus maximum correlation
for Urel � 0:22p and Urel � 1:78p. From the experimental (black squares) and
numerical data (triangles) in the right panel it is not completely clear whether
maxima are present at these Urel values. However, the numerical data seem to
suggest a small local minimum of the correlation at Urel ¼ 0,2p. Other feedback
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Fig. 12.2 Panel (a): Square difference between the absolute values of the left hand side and the
right hand side of (12.15) vs Urel, measuring how much the synchronization condition is violated.
Coupling coefficients as in [11] j11 ¼ 25 ns�1; j22 ¼ 20:5 ns�1; j21 ¼ 16 ns�1. Panel (b):
Correlation coefficient of the first and second lasers intensities vs. Urel. Squares and triangles
mark experimental and numerical data, respectively (Figure in panel (b) from [11] courtesy I.
Fischer1

1 Reprinted figure with permission from Michael Peil, Tilmann Heil, Ingo Fischer and Wolfgang
Elsäßer, Phys. Rev. Lett. 88, 174101 (2002). Copyright 2010 by the American Physical Society.)

gains should shift the maxima and minima in the correlation to other values of Urel

and it would be interesting to investigate this further.

12.2.2 Case IVd

We now consider the coupling scheme IVd of all coupling delays being equal
s ¼ sjj ¼ sjl for lasers. The necessary synchronization condition from Table 12.1
becomes for the laser case

0 ¼ j11ei/11 � j21eið/21þ~/uÞ þ j12eið/12�~/uÞ � j22ei/22 : ð12:16Þ

We are trying to find explicit conditions on the coupling strengths jjl and phases

/jl, such that a phase relation ~/u between the lasers exists, which solves (12.16).
Rotating all phases by h :¼ �ð/12 þ /21Þ=2 and using

/u :¼ ~/u þ
/21 � /12

2
ð12:17Þ

we obtain the simplified equation
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j22eið/22þhÞ � j11eið/11þhÞ ¼ j12e�i/u � j21ei/u : ð12:18Þ

Note how similar this transformation is to (12.12).
For varying /u the terms on the right hand side of (12.18) describe an ellipse

in the complex plane with semi-minor axis a ¼ jj12 � j21j oriented along
the real axis and semi-major axis b ¼ jj12 þ j21j oriented along the imaginary
axis.

For the equation to have a solution the real and imaginary part of the left hand
side have to lie on this ellipse. Thus

x :¼ j22 cosð/22 þ hÞ � j11 cosð/11 þ hÞ ð12:19aÞ

y :¼ j22 sinð/22 þ hÞ � j11 sinð/11 þ hÞ ð12:19bÞ

have to obey

b2 x2 þ a2 y2 ¼ a2b2: ð12:20Þ

Note that we use this form of the ellipse equation to include the degenerate case
j12 ¼ j21, i.e., a ¼ 0 for which we have to explicitly consider the allowed ranges
of x and y

x2� a2 and y2� b2: ð12:21Þ

Equation (12.20) is the final condition, which has to be fulfilled in order for the
SM to be invariant. It is thus a necessary condition for synchronization. It involves
all coupling strengths and coupling phases but not the relative phase shift /u

between the lasers. This relative phase shift can be found by solving (12.18) for /u

tan /u ¼
j21 � j12

j21 þ j12

y

x
; ð12:22Þ

which then gives the actual phase shift ~/u of the lasers via (12.17).
The problem of solving (12.20) can be visualized as follows. Consider the

geometric situation sketched in Fig. 12.3. Two rods are connected by a joint with

Fig. 12.3 Geometric
visualization of the
synchronization condition.
The black rods can rotate
around the joints. If the end
of the second rod lies on the
ellipse, the SM is invariant.
The existence of a solution
depends on the rod lengths
and the lengths of the
ellipse’s semi axis
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each other and to the origin. The end of the second rod can slide on the ellipse. The
question is for which values of the semi-major axis a and b and rod lengths j11 and
j22 do solutions exist and if solutions exist what is the relation between the angles
/11 þ h and /22 þ h.

The connection to this geometrical problem is obvious. Equations (12.19)
describe points, which can be reached by adding two vectors of lengths j22 and
j11. According to (12.20) this sum has to lie on the ellipse. Note that it does not
matter which of the two rods is connected to the origin, since vector addition is
commutative.

The only free phase parameters are /11 þ h and /22 þ h. A change of the other
phases, will only influences the constant phase shift /u between the two lasers.
Figure 12.4 depicts solutions of (12.20) for different values of the coupling
strengths.

In order for (12.20) to have a solution, the rods have to be able to reach the
ellipse, i.e., the sum of the rod lengths j11 þ j22 has to be larger or equal to the
semi-minor axis a ¼ jj12 � j21j. Similarly, the absolute value of the rod lengths
difference jj11 � j22j has to be smaller or equal to the large semi-major axis
b ¼ j12 þ j21. This gives two conditions for the existence of a solution

ðj11 þ j22Þ2�ðj12 � j21Þ2; and ð12:23aÞ

ðj11 � j22Þ2�ðj12 þ j21Þ2: ð12:23bÞ

If and only if the coupling strengths fulfill (12.23), there is a combination of
phases such that condition (12.20) is satisfied.

We will now consider the case j12 ¼ j21. This case is important for applica-
tions, because an optical face-to-face setup with a partially-transparent mirror will
always have j12 � j21 the other feedback strengths can however be chosen dif-
ferently, due to different transparency and reflectivity of the mirror or grey filters
in the optical beam. For a ¼ 0 the ellipse becomes a line along the y-axis
stretching from �b to b. Thus (12.20) reduces to x ¼ 0 with the side condition
y2� b2. We assume without loss of generality j11� j22 and find

Fig. 12.4 Solutions of the
phase condition. Solution of
the phase condition (12.20)
for different values of
b ¼ jj12 þ j21j. Other
parameters: j11 ¼ 0:15;
j22 ¼ 0:25;
a ¼ jj12 � j21j ¼ 0:2
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/22 þ h ¼ �arccos
j11

j22
cosð/11 þ hÞ

� �
ð12:24Þ

If we consider the even simpler case j11 ¼ j22, i.e., the two lasers have the same
self-feedback strengths (12.24) simplifies to

/22 þ h ¼ �ð/11 þ hÞ ð12:25Þ

and we have two solutions

/11 ¼ /22; and ð12:26aÞ

/11 þ /22 ¼ /12 þ /21: ð12:26bÞ

For the first solution arbitrary values of /12 and /21 are allowed.
Note that we still have the side condition y2� b2. This is always fulfilled for the

solution (12.26a) since y ¼ 0 in this case. For solution (12.26b) the restriction
y2� b2 is relevant if j21 ¼ j12\j11 ¼ j22 and in this case only phases, which
obey

sin2ð/22 þ hÞ\j2
12=j

2
11

allow a synchronized solution.
In either case (12.22) cannot be used to calculate the phase shift /u between the

lasers, since 0 ¼ j12 � j21 as well as x ¼ 0. Going back to (12.18), we find the
following phase shifts for the two cases

/11 ¼ /22;! /u ¼ 0; or /u ¼ p;

/11 þ /22 ¼ /12 þ /21 ! /u ¼ /22 � /21: ð12:27Þ

Note that this phase condition is naturally fulfilled for a perfect experimental setup
with a semitransparent mirror (at any position) in between the lasers, where the
optical path lengths obey

s11 þ s22 ¼ s21 þ s12

on a subwavelength scale.
To confirm (12.26) we simulated the laser equations for fixed /11 ¼ 0 varying

the other three phases between 0 and 2p with a mesh size of p=4 resulting in
8� 8� 8 ¼ 512 points in the ð/12; /21; /22Þ parameter space. Figure 12.5
depicts the result. The size and brightness of the glyphs display the magnitude of
the correlation coefficient

r ¼ ½I1 � hI1i�½I2 � hI2i�h i
DI2

1 DI2
2
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of the intensities where DI1 and DI2 denote the standard deviations of the inten-
sities I1 and I2, respectively. The blue planes show the solution of (12.27). The
correlation is only strong if the phase condition is satisfied. Even for satisfied
phase condition, the synchronized solution may have different stability properties
depending on the values of the phases. This results in different values of the cross
correlation within the blue planes in Fig. 12.5.

12.2.3 Case IVb

Let us now consider the coupling scheme IVb, corresponding to two unequal
self-feedback delays s11 6¼ s22, which add up to twice the coupling delay s11þ
s22 ¼ 2sc.

As discussed above (see also Chap. 13), for lasers this case can be realized
experimentally with a semitransparent mirror in between the lasers positioned
asymmetrically, leading to a delay mismatch [12, 13].

From the corresponding coupling conditions in Table 12.1 we find the fol-
lowing two conditions on the coupling strengths and phases

0 ¼ j11ei/11 � j21eið/21þ/uÞ; ð12:28aÞ

0 ¼ j12ei/12 � j22eið/22þ/uÞ: ð12:28bÞ

These equations can only be satisfied for

j11 ¼ j21; and j12 ¼ j22: ð12:29Þ

Assuming the coupling strengths obey (12.29), we can eliminate /u form (12.28)
and obtain the same phase condition as in the last section

Fig. 12.5 Correlation
coefficient r for different
values of the phases
/12; /21; /22. The size and
brightness of the glyphs
depict the magnitude of the
correlation coefficient. The
correlation is largest on the
blue planes where the phase
condition (12.27) is fulfilled.
Parameters: /11 ¼ 0; a ¼ 4;
T ¼ 200; p ¼ 5;
K ¼ 0:04; s ¼ 1000
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/11 þ /22 ¼ /12 þ /21:

Although this case is mathematically easier than the case IVd above, it will be
more difficult to find synchronization, experimentally. Here, we have to meet three
conditions (two on the coupling strengths, and one on the phases) in contrast to the
case IVd in the last section, where only two conditions (one on the coupling
strengths and one on the phases) needed to be met.

12.3 Conclusion and Outlook

We have seen in this section that the coupling phases play a crucial role for the
synchronizability of lasers coupled all-optically in network motifs.

The necessary phase conditions are essentially interference conditions. As such,
they arise as soon as one of the lasers has more than one input. Then the inter-
ference condition demands that the input signals interfere such that each laser has
the same input signal, relative to its own phase.

These interference conditions pose a great problem for experiments. The phases
are sensitive to changes of the optical path lengths on the subwavelength scale.
Although the phases can be controlled via the current through a passive phase
section (see, for instance, [14]), it seems unreasonable to control the phases in a
larger network such that all phase conditions are matched. For the synchronization
of larger networks optoelectronic coupling, which is insensitive to phases, seems
therefore more promising.
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Chapter 13
Bubbling

The stability of a synchronized state is determined by the largest transversal
Lyapunov exponent (TLE) arising from the particular dynamics in the SM and the
variational equation associated with transverse perturbations, as we have discussed
in Chap. 10.

If the largest TLE is negative, the synchronized state is linearly stable. There is,
however, a nonlinear effect, which can render the synchronization unstable in the
presence of noise or parameter mismatch. This effect is called bubbling [1] or
riddling [2] and is associated to transversely unstable invariant sets in the attractor.

Bubbling can occur when a dynamical system has an invariant manifold and
embedded in this manifold is a chaotic attractor. The most common situation with
this requirement is chaos synchronization of two coupled systems. In this case the
synchronization manifold is invariant and the synchronized chaotic dynamics is
restricted to the synchronization manifold. In the following we will discuss this
situation for delay coupled lasers.

The transverse stability of an orbit in the manifold, i.e., the stability in the direction
perpendicular to the manifold, is determined by the transversal Lyapunov exponent of
the orbit. It is important to note that each invariant set in the manifold, i.e., each FP, PO
or chaotic orbit, has a distinct transversal Lyapunov spectrum and therefore distinct
stability properties. However, if the system is chaotic almost all initial conditions in
the SM will lie on the chaotic attractor and thus give rise to the same TLE. The term
TLE is then often used for this exponent, arising from almost any initial conditions.

Within any chaotic attractor there are always infinitely many UPOs and the
chaotic behavior can in fact be characterized through all POs in the attractor [3].
When such an UPO in the attractor becomes transversely unstable while the
chaotic attractor itself is still transversely stable, the trajectory can be pushed
towards the transversely unstable orbit even by arbitrarily small noise and then
leave the invariant manifold. Thus the transversely unstable orbits provide escape
routes from the attractor. A cartoon of this situation is depicted in Fig. 13.1.
Almost all trajectories in the SM are transversely stable and only some trajectories
(with measure zero) marked by the red points are transversely unstable.

V. Flunkert, Delay-Coupled Complex Systems, Springer Theses,
DOI: 10.1007/978-3-642-20250-6_13, � Springer-Verlag Berlin Heidelberg 2011
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This noise induced behavior is called bubbling. In the case of chaos synchro-
nized systems this bubbling leads to noise induced desynchronization. Depending
on the overall structure of the phase space the trajectory may, after leaving the SM,
approach another attractor or eventually return to the manifold.

Following [4], we will in this section discuss bubbling in a system of two delay
coupled lasers.

13.1 Bubbling and On-off Intermittency in the Laser System

Consider two delay coupled lasers with delayed self-feedback, i.e., with the
coupling scheme discussed in detail in Chap. 12. In particular we consider the
case IVd from Table 12.1, where all delays are equal. For simplicity, we set all
coupling phases to zero (compare Sect. 12.2.2) and the coupling coefficients equal
to each other. Thus the laser equations are given by

d

dt
Ej ¼

1
2
ð1þ iaÞnj Ej þ

1
2
j Ejðt � sÞ þ 1

2
j Elðt � sÞ þ FEðtÞ;

T
d

dt
nj ¼ p� nj � ð1þ njÞjEjj2; ðl ¼ 3� jÞ:

This setup can experimentally be realized by coupling the lasers through a
semitransparent mirror as depicted in Fig. 13.2. The coupling phases depend on
the subwavelength tuning of the distances. Note that we consider the case where
the mirror is positioned symmetrically between the lasers resulting in equal self-
feedback and coupling delays. For a discussion of a system with an asymmetrically
positioned mirror see [5, 6].

For this setup we calculated the maximum parallel LE and the maximum TLE
(see Sect. 15.3 for a discussion of the numerical algorithm). The resulting expo-
nents are depicted in Fig. 13.3 as a function of the coupling strengths j:

laser 1 laser 2
semitransparent

mirror

Fig. 13.2 Schematic setup of two lasers delay coupled via a semitransparent mirror. Each lasers
receives self-feedback and input from the other laser. The coupling and self-feedback strengths
are determined by the transmittance and reflectivity of the mirror

synchronization

manifold

Fig. 13.1 The transversely
unstable orbits (red dots)
provide escape routes from
the transversely stable chaotic
attractor
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The parallel exponent kjj (blue solid line) is negative only for very small values of
j . 0:004 (this regime can only be seen when zooming in), i.e., the system is
chaotic for j above this threshold. The factor 1=2 is included in the coupling
strengths such that the synchronized dynamics is described by the LK equations
(see Chap. 11) with a feedback strengths of j:

The TLE k? is depicted by the red dashed line. There are two blow-out
bifurcations [2] at j � 0:008ð16:1Þ and j � 0:09ð16:2Þ; where the TLE changes
sign and the chaotic attractor loses its transversal stability. For j values between
16.1 and 16.2 the chaotic attractor is transversely unstable. In this unstable regime
we observe on-off intermittency close to the bifurcations, i.e., periods of syn-
chronized and desynchronized motion alternate. This is depicted in Fig. 13.4. Note
that this switching is a deterministic effect in contrast to bubbling. For values of j
further away from the blow-out bifurcations in the transversely unstable regime
the periods of desynchronized motion become longer until the lasers show fully
desynchronized behavior.

We now consider the range for j above 16.2 in Fig. 13.3. As the TLE is
negative in this range, the chaotic attractor is transversely stable and without any
noise we observe perfect chaos synchronization. However, when taking the
spontaneous emission noise into account, we observe desynchronization, which
looks similar as on-off intermittency but is noise induced. Due to the negative TLE
of the chaotic attractor the desynchronization must be due to bubbling and a

Fig. 13.3 Maximum transversal Lyapunov exponent (dashed) and maximum parallel Lyapunov
exponent (solid) vs. feedback strengths j: Parameters: T ¼ 200; p ¼ 1:0; s ¼ 1000; a ¼ 4:0:

Fig. 13.4 On-off intermittency in the laser system. Plotted is the intensity difference jI1 � I2j=
hI1 þ I2i normalized by the mean intensities (measuring the deviation from the synchronized
state) vs time t. Periods of synchronization and desynchronization alternate. The noise was
switched off in this simulation, which shows that the on-off intermittency is deterministic.
Parameters: j ¼ 0:085 (close to 16.2) other parameters as in Fig. 13.3
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natural question to ask is which UPOs in the attractor are transversely unstable and
thus responsible for the desynchronization.

A clue to answer this question can be found by investigating the particular
desynchronization behavior in the two distinct chaotic regimes of the laser, namely
the LFF-regime and the CC-regime. Figures 13.5 and 13.6 depict the dynamics in the
CC and the LFF regime, respectively. The top panels depict the symmetrized carrier
density ðn1 þ n2Þ=2 vs. time, which shows the chaotic dynamics of the lasers. In the
lower panels the intensity difference jI1 � I2j=hI1 þ I2i normalized by the mean
intensities is plotted vs time. In both cases bubbling occurs mainly at large carrier
densities. This feature is very prominent in Fig. 13.6, where the desynchronization

Fig. 13.5 Bubbling in the laser system in the coherence collapse regime. The top panel shows
the symmetrized carrier density ðn1 þ n2Þ=2 vs. time and the bottom panel shows the intensity
difference jI1 � I2j=hI1 þ I2i normalized by the mean intensities vs. time. The desynchronization
is due to bubbling. Switching off the noise leads to perfect synchronization. Parameters: T ¼ 200;
p ¼ 1:0; j ¼ 0:12; s ¼ 1000; a ¼ 4:0

Fig. 13.6 Bubbling in the laser system in the low frequency fluctuation regime. The top panel
shows the symmetrized carrier density ðn1 þ n2Þ=2 vs. time and the bottom panel shows the
intensity difference jI1 � I2j=hI1 þ I2i normalized by the mean intensities vs. time. The
desynchronization due to bubbling only occurs during power dropouts. Switching off the noise
leads to perfect synchronization. Parameters as in Fig. 13.5 except p ¼ 0:1
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events occur at the power dropouts. We can thus presume that the transversely
unstable orbits are located in a region of larger carrier density in the SM.

13.2 Transverse Stability of the Cavity Modes

As we will see the transverse stability of cavity modes in the SM plays a crucial
role for the stability of the chaotic synchronization. We thus need to analyze this
transverse stability.

As discussed in Chap. 12 the transversal stability is governed by the equation
(12.10), which becomes in our case of equal coupling strengths

d

dt
dA ¼ Df ðSÞdA:

Thus for our particular setup of all coupling strengths being equal the delay term
drops out and we only have to solve a linear time-dependent (since S depends on t)
ordinary differential equation (ODE). When the dynamics SðtÞ in the SM is given
by a cavity mode

EðtÞ ¼ E�e
ixt; nðtÞ ¼ n�

the matrix Df ½SðtÞ� becomes time-periodic. By transforming the laser coordinates
into a co-rotating frame ~E ¼ Ee�ixt the cavity mode is transformed into a family of
FPs

~E ¼ Aeiw; nðtÞ ¼ n�

with w being the family parameter. All these FPs have the same stability as the PO
in the initial coordinates and it is thus sufficient to analyze the stability of one of
these FPs. Taking into account how the time derivative transforms into the
co-rotating frame we obtain for our laser system the following linear equation,
which governs the ECM’s transverse stability

dx

dy

dn

0
@

1
A ¼

1
2 n � 1

2 anþ x 1
2 x� 1

2 ay
1
2 an� x 1

2 n 1
2 axþ 1

2 y

�1
Tð1þ nÞ2x �1

Tð1þ nÞ2y �1
Tð1þ x2 þ y2Þ

2
64

3
75

dx

dy

dn

0
@

1
A;

where ~E ¼ xþ iy: For a given ECM with amplitude A, frequency x and carrier
density n we can set without loss of generality x ¼ A and y ¼ 0 and calculate the
eigenvalues of the matrix, which determine the transverse stability.

13.3 Relation Between Cavity Modes and Bubbling

By projecting the dynamics in the infinite dimensional synchronization manifold
onto a two-dimensional plane spanned by the frequency x ¼ ½/sðtÞ � /sðt � sÞ�=s�
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and the symmetrized carrier density ns ¼ ðn1 þ n2Þ=2;where index s denotes that the
dynamics is in the synchronization manifold, we obtain Fig. 13.7. The transversely
stable and unstable cavity modes are shown as blue circles and red squares,
respectively. The modes involved during the power buildup process are all trans-
versely stable and no bubbling occurs during this process. On the other hand during
the power dropouts, the anti-modes [7], which are all transversely unstable play a
crucial role and noise can induce bubbling. For this figure we used very small delay
time, which results in a small number of modes and gives a clearer picture of the
dynamics.

Figure 13.8 shows the same type of dynamics in the CC regime. As discussed in
Sect. 11.4, the dynamics in this regime is characterized by switching between
modes and crisis through collisions with anti-modes. This competition between
chaotic itinerancy and antimodes leads to bubbling during global antimode
dynamics. This can be seen by the location of the yellow diamonds, which mark
the onset of desynchronization. The desynchronization occurs when the chaotic

Fig. 13.8 Projection of the dynamics onto a two dimensional plane. Transversely stable and
unstable ECMs are shown as (blue) circles and (red) triangles, respectively. Diamonds (yellow)
mark the onset of desynchronization. Solid and dashed parts of the trajectory cor- respond to
synchronized and desynchronized periods, respectively. The inset in a shows the ECM ellipse
and bubbling dynamics in a larger range. Parameters: T ¼ 200; p ¼ 1:0; j ¼ 0:12; s ¼ 1000;
a ¼ 4:0

Fig. 13.7 Projection of the
synchronized dynamics onto
a two dimensional plane.
Transversely stable and
unstable ECMs are shown as
blue circles and red squares,
respectively. Parameters:
T ¼ 200; p ¼ 0:1; j ¼ 0:1;
s ¼ 100; a ¼ 4:0
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trajectory is close to the transversely unstable ECMs. Note that modes and
antimodes are not necessarily transversely stable and unstable, respectively. The
modes along the lower right side in Fig. 13.8, for instance, are transversely
unstable.

With decreasing coupling strength j; more modes become transversely unstable
until the whole chaotic attractor loses its transversal stability. This leads to the
blowout bifurcation 16.2 in Fig. 13.3. With increasing feedback strength the
bubbling occurs less frequently and the average synchronization interval increases;
however, we did not find a transition to a bubbling-free state in a physically
reasonable range of K. This shows that the transverse stability of the cavity modes
play a crucial role and determine the transverse stability of the chaotic orbit.

A natural question that arises is, whether there is a way to fully suppress the
bubbling and lead to stable synchronization for the coupled lasers. As we have
already mentioned above, we did not find any parameter ranges of the lasers,
which lead to all ECMs involved in the dynamics being transversely stable, and
thus we always observed bubbling.

However, when using another laser as an active relay between the outer lasers
[4], we could suppress bubbling, when the relay laser was pumped stronger than
the outer lasers. In the synchronized state the coupled system behaves like a single
laser coupled bidirectionally to the relay laser, which corresponds to the case IIc in
Table 12.1. For this system the chaotic dynamics [8] and the mode structure have
been studied before [9, 10]. Here, the modes are called compound laser modes and
have a more complex structure. Figure 13.8 shows the relevant part of the mode
spectrum around which the system evolves. All modes in the proximity are
transversely stable (blue circles) and bubbling is suppressed in this case. For this
setup we have calculated the parallel and transversal Lyapunov exponent, too (see
Fig. 13.10). Similarly, as in Fig. 13.3, we have two blow-out bifurcations 16.1 and
16.2. However, the transversal Lyapunov exponent quickly decreases to largely
negative values with increasing j; whereas the parallel exponent does not decrease
as in Fig. 13.3, but instead increases. From this we can conclude, that the system is
strongly chaotic and transversely more stable than the passive relay setup, which
agrees with our results in Fig. 13.9.

Fig. 13.9 Projection of the
synchronized dynamics with
an active relay onto a two
dimensional plane.
Transversely stable and
unstable ECMs are shown as
circles and triangles,
respectively. Parameters:
T ¼ 200; prelay ¼ 4;
pouter ¼ 1:0; j ¼ 0:12;
s ¼ 1000; a ¼ 4:0
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13.4 Bubbling Statistics

Bubbling events can statistically be characterized through the maximum burst
amplitude D and the average time between bursts Tb: It has been shown analyti-
cally [11, 12] by studying maps that there are two different transitions into the
bubbling regime.

In the case of a soft transition the maximum burst height scales as D / l1=2;
where l is a normal parameter measuring the distance to the bubbling bifurcation
and is zero at the bifurcation. For the hard transition the bursts set in with a finite
maximum burst height D / Oð1Þ:

These scaling laws are only valid for scaling with respect to a normal
parameter [13]. This is a parameter which does not change the dynamics within
the SM but only the transverse stability of solutions in the SM. For the coupled
laser system, there exist no such normal parameter, because every laser or coupling
parameter also influences also the synchronized dynamics. However, we can
conclude from numerical simulations that the transition should be a hard transition,
for any of the varied parameters, because we do not observe a change in the burst
height with changing parameters.

In the on-off intermittency regime, the statistical properties of the synchroni-
zation and desynchronization periods have also been studied analytically and
numerically [14, 15]. Here, it was shown that the length L of synchronized periods
has a power law distribution

PðLÞ / Lm:

The theory for maps predicts m ¼ �3=2 [14]. We have calculated the distribution
of synchronization lengths numerically for our laser model, the result is depicted in
Fig. 13.11. We find a scaling with m � �2:2; which is not very good agreement
with the theory. However, such deviations from the predictions from simple maps
have previously been observed in this context [15, 16].

Fig. 13.10 Maximum transversal Lyapunov exponent (dashed) and maximum parallel Lyapu-
nov exponent (solid) as a function of the feedback strength j for an active. 16.1 and 16.2 mark
two blow-out bifurcations. Parameters as in Fig. 13.9
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13.5 Basin of Attraction

The coupled laser system has an infinite dimensional phase space since it is a delay
system. It is therefore difficult to visualize the synchronization manifold’s basin of
attraction. However it is possible to visualize two dimensional cuts of the basin
[17].

To do this we make a two dimensional cut through the space of history func-
tions by choosing an ECM like history for each laser

E1ðtÞ ¼ E2ðtÞ ¼ A0eix0t

n1ðtÞ ¼ n1; n2ðtÞ ¼ n2

and then vary the constants n1 and n2: For appropriately chosen parameters x0; A0

and n1 ¼ n2 this initial condition lies in the chaotic attractor in the synchronization
manifold.

If we now introduce small deviations between n1 and n2 the history lies close to
the synchronization manifold and we can track if such an initial condition results
in a bubbling event or if it decays quickly to the synchronization manifold again.

In the numerical simulations we simulated the lasers with the above initial
condition and calculated the time tb it took for the intensities to deviate by 5 units

jI1ðtbÞ � I2ðtbÞj ¼ 5

If within a time of t ¼ 3200 no bubbling occurred we stopped the simulation and
considered the initial condition to lie in the basin of attraction.

This method is shown in Fig. 13.12. Figure 13.13 depicts the result of the
simulation. The darker the color, the longer it takes for a bubbling event to occur.
Points in the dark blue region belong to the basin of attraction.

Note that the particular cut through the history function space as well as the
chosen threshold is somewhat arbitrary. It is only important that the two parameter
history function set intersects the basin of attraction and that the threshold has a
reasonable value. The basin seems to have a fractal structure, but more analysis
would be needed to confirm this conjecture. Such a fractal structure is typical for

Fig. 13.11 Distribution of
synchronization lengths L in
the on-off intermittency
regime in log-log scale for the
delay coupled lasers. The
dashed straight line has a
slope of m ¼ �2:2:
Parameters: j ¼ 0:08; a ¼ 4;
T ¼ 200; p ¼ 1; s ¼ 1000
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bubbling and on-off intermittency [2, 18] and the basin is called to be riddled in
this case.

13.6 Conclusion

In this section we have discussed the occurrence of bubbling in a setup of two
bidirectionally coupled lasers with self-feedback, corresponding to two lasers
setup face to face with a semi-transparent mirror in between. We have seen that
bubbling is always present in this setup and that it is caused by transversely
unstable ECMs in the SM of the lasers. The particular location of the transversely
unstable ECMs leads to an interesting interplay between bubbling and power
dropouts in the LFF regime: during the power buildup process the modes involved
in the chaotic itinerancy are transversely stable and lasers remain synchronized
during this period; during the power dropout the trajectory collides with a trans-
versely unstable antimode in a crisis and the lasers desynchronize due to bubbling.

Fig. 13.13 Cut through the
basin of attraction. The color
scale indicates the time it
takes for a bubbling event to
occur (dark corresponds to
long times). The dark blue
region shows the basin of
attraction

Fig. 13.12 Time series of jI1 � I2j for three different histories. The bright gray trajectories
display bubbling and go over the threshold of 5 (dashed line). The dark gray trajectory quickly
decays and does not go over threshold line. The initial condition leading to this trajectory belongs
to the basin of attraction. The colors correspond to the color code of Fig. 13.13
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We have seen that an active relay in form of another laser between the two outer
lasers can suppress the bubbling. Furthermore, we have done some statistical
analysis of the bubbling dynamics and investigated the basin of attraction.
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Chapter 14
Summary and Conclusions

In this thesis I investigated complex systems under the influence of time delay. The
first part dealt with time-delayed feedback control and more specifically the sta-
bilization of odd-number orbits by time-delayed feedback control. I discussed in
detail the counter example which refutes the alleged odd-number theorem. Fur-
thermore, I considered new feedback schemes, which are motivated by the
experimentally most relevant situation: having access to one measurement variable
and being able to apply a control signal to another input variable of the system. In
this context I also considered symmetric feedback matrices, which could pre-
viously not stabilize odd-number orbits. I showed that by introducing an additional
latency in the control loop, this difficulty can be overcome and stabilization is
possible. As an application of these new feedback schemes I showed that in a laser
model, which exhibits a subcritical Hopf bifurcation, the subcritical orbit can be
stabilized using optoelectronic feedback of Pyragas type.

Besides individual systems with time-delayed feedback, I considered diffu-
sively coupled normal form oscillators and the stabilization of odd-number orbits,
corresponding to in-phase or anti-phase solutions, by time-delayed coupling—a
generalization of Pyragas feedback.

The second part of this work was devoted to synchronization phenomena in
delay-coupled systems. I analyzed networks with delayed-connections using the
master stability function approach and showed that the master stability function
has a simple structure in the limit of large delays—large in comparison with the
internal time scale of the nodes. This structure allowed me to draw very general
conclusions about the synchronizability of network structures. For the proof I
extended a scaling theory for large delay which was developed in the context for
flows to the case of delayed maps.

From these general considerations I continued with the analysis of simple
coupling topologies: network motifs of two delay coupled elements. Here I
derived necessary conditions on the coupling parameters which guarantee the
existence of an invariant synchronized solution. For laser systems which have an
internal S1-symmetry these coupling conditions lead to non-trivial conditions on
the coupling phases.

V. Flunkert, Delay-Coupled Complex Systems, Springer Theses,
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I then focused on one of the previously discussed network motifs: two lasers
with delayed self-feedback and coupling, where all feedback parameters are equal.
For this model one observes bubbling and on-off intermittency, which I could
explain by stability features of the system’s unstable laser modes.

For the efficient simulation of the delay differential equations in this thesis, I
developed a software tool, which is discussed together with the numerical and
analytical methods in the appendix.

I will now discuss some open questions and directions for future works. Until
now, odd-number orbits have been studied only close to bifurcations, where one
can analyze the system using normal forms and center manifold theory. In many
applications, however, the systems are operating far away from bifurcations. It is
still unclear whether stabilization can be achieved in these situations and how
appropriate feedback matrices can be constructed. Furthermore, at the time of
writing no experiment concerning the stabilization of an odd-number orbit has yet
been published, although different groups are working on such experiments. This
is an important short-term objective since it will confirm the refutation of the odd-
number theorem experimentally. Perhaps the experimentally relevant feedback
schemes discussed in this work could prove to be helpful.

Concerning delay coupled systems and networks with coupling delays, an
important question is what effects multiple delays and distributed delays have in
these systems. The delays occurring for example in neural networks depend on the
distance of the cells and other parameters and are thus distributed or even sto-
chastic. In such circumstances one cannot expect complete synchronization,
however, partial synchronization effects are known to play a crucial role in the
brain. The analysis of chimera states is a first step in the understanding of such
systems at the brink of synchronization. But simple analytic tools such as the
master stability function approach fail in these situations and new methods have to
be developed.
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Part III
Appendix



Chapter 15
Delay Differential Equations

Delay differential equations occur in many areas of science. Mathematically, delay
terms render differential equations infinite dimensional. This enables even simple
equations with delay terms to show complex dynamics. As such a simple example
consider the Mackey-Glass equation

d

dt
xðtÞ ¼ b

xðt � sÞ
1þ xðt � sÞp � cxðtÞ;

which is one of the earliest and best studied delay equation. It describes the white
blood cell concentration x(t) in the blood [1] and is a simple rate equation: it has a
linear decay term �cxðtÞ describing the depletion of white blood cells and a
nonlinear production term which reacts to the existing concentration with a finite
reaction time s. Already this basic model shows very interesting dynamics
including oscillations, chaos and multistability.

15.1 Numerical Simulation of Differential Equations

For the numerical simulation of DDEs special tailored algorithms have been
developed. We will discuss the Bogacki-Shampine method for delay equations,
which is one of the most widely used algorithms.

For the convenient simulation of DDEs the algorithm has been implemented in
a simulation package [2] (see Chap. 16).

15.1.1 Bogacki-Shampine Method

Runge-Kutta (RK) methods are among the most important methods for solving
ODEs. One widely used RK method is the Bogacki-Shampine method. For an
initial value problem

V. Flunkert, Delay-Coupled Complex Systems, Springer Theses,
DOI: 10.1007/978-3-642-20250-6_15, � Springer-Verlag Berlin Heidelberg 2011
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d

dt
XðtÞ ¼ f ðt;XðtÞÞ; Xðt0Þ ¼ X0 ð15:1Þ

the Bogacki-Shampine method is calculated according to

Xnþ1 ¼ Xn þ hn
1
9

2k1 þ 3k2 þ 4k3ð Þ;

tnþ1 ¼ tn þ hn

with the step size hn and

k1 ¼ f ðtn;XnÞ;

k2 ¼ f ðtn þ
1
2

hn;Xn þ
1
2

hnk1Þ;

k3 ¼ f ðtn þ
3
4

hn;Xn þ
3
4

hnk2Þ;

starting with X0 at t0.
The solution X(t) is approximated by the values Xn at the sampling points tn.

The distance between the sampling points is given by the step size hn. The
Bogacki-Shampine algorithm is a third order method, meaning that the error made
in each step is of the order h3. Another second order approximation comes at very
little computational expense with the Bogacki-Shampine algorithm

~Xnþ1 ¼ Xn þ hn
1

24
7k1 þ 6k2 þ 8k3 þ 3k4ð Þ;

k4 ¼ f ðt þ hn;Xnþ1Þ:

This allows an error estimation

enþ1 ¼ Xnþ1 � ~Xnþ1

¼ Xn þ hn
1
9

2k1 þ 3k2 þ 4k3ð Þ � Xn þ hn
1

24
7k1 þ 6k2 þ 8k3 þ 3k4ð Þ

� �

¼ hn
1

72
�5k1 þ 6k2 þ 8k3 � 9k4ð Þ:

If the error enþ1 becomes too large the step can be repeated with a smaller step size
until the error is small enough.

A possible criterion for accepting a step is

jej � maxðRelTol � jXj;AbsTolÞ

with the relative tolerance RelTol ¼ 10�3 and the absolute tolerance
AbsTol ¼ 10�6. This method with an adaptive step size correction is implemented
in Matlab as the ode23 function.
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15.1.2 Runge-Kutta Method for Delay Differential Equations

For RK methods it is essential to calculate f at intermittent points between the
actual sampling points, e.g., f ðtn þ 1

2 hn;Xn þ 1
2 hnk1Þ. This is the main problem in

generalizing RK algorithms to DDEs [3].
For a DDE with a history function /ðtÞ

d

dt
XðtÞ ¼ f t;XðtÞ;Xðt � sÞð Þ; XðtÞ ¼ /ðtÞ for t 2 ½�s; 0� ð15:2Þ

it is easy to apply the Bogacki-Shampine algorithm for the interval t 2 ½0; s� since
on this interval (15.2) is an ODE when Xðt � sÞ is replaced by the known history
function /ðtÞ. One obtains the approximation of X(t) on the sampling points in the
interval ½0; s�. On the next interval t 2 ½s; 2s� the history Xðt � sÞ is only known on
these sampling points. In order to calculating f on intermittent points it is now
necessary to interpolate X(t) in between the sampling points, i.e., we need the
values of Xðtn � sþ 1

2 hnÞ. This becomes even more important when using adap-
tive step size methods.

There are now different possibilities to interpolate X(t) on intermittent points.
The algorithm’s order of accuracy is determined by the order of the RK method as
well as the order of the interpolation—ideally, the orders are the same.

A third order interpolation of the history between two sampling times tn and
tnþ1 can be done by using the values XðtnÞ and Xðtnþ1Þ and the derivatives X0ðtnÞ
and X0ðtnþ1Þ which have to be saved during the simulation. Making a (vector
valued) polynomial ansatz

XinterpðtÞ ¼ a0 þ a1t þ a2t2 þ a3t3 ð15:3Þ

the (vector valued) coefficients can be explicitly calculated from

XðtnÞ ¼ a0 þ a1tn þ a2t2
n þ a3t3

n

Xðtnþ1Þ ¼ a0 þ a1tnþ1 þ a2t2
nþ1 þ a3t3

nþ1

X0ðtnÞ ¼ a1 þ 2a2tn þ 3a3t2
n

X0ðtnþ1Þ ¼ a1 þ 2a2tnþ1 þ 3a3t2
nþ1:

This then yields the interpolation of X between tn and tnþ1

XinterpðtÞ ¼
1

ðtn � tnþ1Þ3
h
ðt � tnÞðt � tnþ1Þ2ðtn � tnþ1ÞX0ðtnÞ

þ ðt � tnÞ2ðt � tnþ1Þðtn � tnþ1ÞX0ðtnþ1Þ
� ðt � tnþ1Þ2ð2t � 3tn þ tnþ1ÞXðtnÞ

þ ðt � tnÞ2ð2t þ tn � 3tnþ1ÞXðtnþ1Þ
i
: ð15:4Þ
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15.1.2.1 Constant Step Size

For constant step size tnþ1 � tn ¼ hn ¼ h and the delay being an integer multiple
of the step size s ¼ mh, one can simplify the calculation further. The Bogacki-
Shampine methods needs the values of Xinterp at tn � sþ 1

2 h and tn � sþ 3
4 h. Using

these values in (15.4) yields

Xinterpðtn � sþ 1
2

hÞ ¼ h

8
X0ðtn�mÞ � X0ðtnþ1�mÞ½ � þ 1

2
Xðtn�mÞ þ Xðtnþ1�mÞ½ �;

Xinterpðtn � sþ 3
4

hÞ ¼ h

64
3X0ðtn�mÞ � 9X0ðtnþ1�mÞ½ � þ 1

32
5Xðtn�mÞ þ 27Xðtnþ1�mÞ½ �;

where we used tn � s ¼ tn�m.
In this case the DDE

d

dt
XðtÞ ¼ f t;XðtÞ;Xðt � sÞð Þ

can be simulated using the Bogacki-Shampine method by

Xnþ1 ¼ Xn þ h
1
9

2k1 þ 3k2 þ 4k3ð Þ;

tnþ1 ¼ tn þ h

with

k1 ¼ f ðtn;Xn;Xn�mÞ;

k2 ¼ f ðtn þ
1
2

h;Xn þ
1
2

hk1;Xinterpðtn�m þ
1
2

hÞÞ;

k3 ¼ f ðtn þ
3
4

h;Xn þ
3
4

hk2;Xinterpðtn�m þ
3
4

hÞÞ:

15.1.2.2 Variable Step Size

For variable step size the interpolation (15.4) can not be simplified further. In the
RK steps for each evaluation of Xinterp at some value s one has to first find the
sampling points in the history tm and tmþ1, such that

tm� s� tmþ1

and then use the interpolation using these sampling points. Since the sampling
points are not equidistant the time points at t � sþ 1

2 h and t � sþ 3
4 h do not

necessarily lie between the same sampling points.
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15.1.2.3 Noise

For the Euler method it is known how noise can be handled in the numerical

simulation. The noise amplitude scales with the square root of the step size
ffiffiffiffiffi
Dt
p

.
For higher order method the adequate handling of noise terms is a very delicate
business not to mention higher order methods for DDEs with noise. For this reason
a pragmatic approach is often used in practice. The deterministic parts of the
equations are handled using a high order method as described above. Finally, the
noise is added to each step implemented via the Euler method. Here it is important
that the noise realization enters the dynamics in the following step and is not just
an ‘‘observation noise’’.

15.2 Floquet Exponents

Floquet exponents describe the stability of a PO in a dynamical system. Consider
an n-dimensional autonomous ODE

d

dt
XðtÞ ¼ f ðXðtÞÞ; ðX 2 R

nÞ ð15:5Þ

with a PO X�ðtÞ with period T, i.e., X�ðtÞ is a solution of (15.5) with

X�ðt þ TÞ ¼ X�ðtÞ:

To determine the stability of this orbit, we consider a perturbation dxðtÞ to the PO
XðtÞ ¼ X�ðtÞ þ dxðtÞ and linearize (15.5) in dx around the PO. This yields a var-
iational equation for the perturbation

d

dt
dxðtÞ ¼ AðtÞdxðtÞ; ð15:6Þ

where AðtÞ :¼ Df ðX�ðtÞÞ is the Jacobian matrix along the PO. Since (15.6) is a
linear equation, albeit time-dependent, the superposition principle applies. To
solve (15.6) for any initial condition, we can use the fundamental matrix Uðt; t0Þ,
which solves

d

dt
Uðt; t0Þ ¼ AðtÞUðt; t0Þ; and Uðt0; t0Þ ¼ In;

where In is the n� n identity matrix. Formally, the fundamental matrix is given by
the time-ordered integral

Uðt; t0Þ ¼ Te

R t

t0
dsAðsÞ

:
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An initial perturbation dxðt0Þ then evolves according to

dxðtÞ ¼ Uðt; t0Þdxðt0Þ:

The PO X� is stable if any such perturbation does not grow.
Equation (15.6) is T-periodic and it can be shown that the fundamental matrix is

also T-periodic

Uðt þ T ; t0 þ TÞ ¼ Uðt; t0Þ:

It is therefore sufficient to consider the fundamental matrix after one period

Mðt0Þ :¼ Uðt0 þ T ; t0Þ:

This matrix is called the PO’s monodromy matrix. The eigenvalues ljð j ¼
1; . . .; nÞ of the monodromy matrix are independent of the starting point on the PO
and topologically invariant, i.e., independent of the coordinate system. With the
eigenvectors1 ej the eigenvalue equation may be written as

Mðt0Þej ¼ ljej ¼ eKjT ej;

where the imaginary part of the complex number KjT is only defined modulo 2p
and can, for instance, be chosen to lie in ½0; 2pÞ.

Let us now use time-dependent coefficients cjðtÞ to expand a perturbation dxðtÞ
using the vectors ej

dxðtÞ ¼
X

j

cjðtÞej:

What happens to this perturbations after one period? Using the fundamental matrix
we have

dxðt0 þ TÞ ¼ Uðt0 þ T ; t0Þdxðt0Þ ¼ Mðt0Þ
X

j

cjðtÞej ¼
X

j

cjðtÞeKjT ej:

On the other hand

dxðt0 þ TÞ ¼
X

j

cjðt0 þ TÞej;

i.e.,

cjðt0 þ TÞ ¼ cjðt0ÞeKjT

for all t0. The coefficients can hence be split into two parts: a T-periodic part vjðtÞ
and an exponential part eKj t:

1 Note that we only use a bold typeface for these eigenvectors and do not consistently write all
vectors in bold.
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cjðtÞ ¼ vjðtÞeKjt:

This gives the Floquet theorem for differential equations: Any solution dxðtÞ of
(15.6) may be expanded as

dxðtÞ ¼
X

j

vjðtÞeKjtej;

where vjðtÞ are T-periodic. The complex numbers Kj and lj ¼ eKjT are called the
Floquet exponents and Floquet multipliers of the PO, respectively. As discussed
above, the imaginary part of each Floquet exponent is only defined modulo 2p=T .

For autonomous ODEs one of the Floquet multipliers is unity and the corre-
sponding Floquet exponent is zero. This corresponds to an initial perturbation
dxðt0Þ tangent to the periodic orbit. This perturbation is left unchanged during the
time evolution. This so-called Goldstone mode is a result of the system’s sym-
metry under time-shifts.

A periodic orbit is asymptotically stable if all Floquet exponents except the
Goldstone mode have real part smaller than zero, or equivalently, all Floquet
multipliers have magnitude smaller than one except the Goldstone mode. This
implies that a perturbation to the PO decays, except for its component tangent to
the orbit, which remains as a constant phase shift.

15.3 Lyapunov Exponents

Lyapunov Exponents (LEs) determine whether a dynamical system is chaotic and
quantify the strength of the chaos. Consider a dynamical system

d

dt
xðtÞ ¼ f ðxÞ: ð15:7Þ

With the flow htð�Þ of the dynamical system the evolution of two trajectories
starting with an initial (infinitesimally small) separation dxð0Þ ¼ dx0 are given by

xðtÞ ¼ htðx0Þ and xðtÞ þ dxðtÞ ¼ htðx0 þ dx0Þ:

If the system is chaotic, any two such trajectories separate exponentially fast

dxðtÞ � ektdx0:

The rate k is called the LE and is positive in this case.
Note that a positive LE is not a sufficient condition for chaos, since a non-chaotic
repeller also results in exponential divergence of neighboring trajectories. An
exact definition of chaos is as follows [4]:

• The system must be sensitive to initial conditions (positive LE).
• The system must be topologically mixing.
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• There must be an infinite number of periodic orbits which are dense in the
attractor.

However, for all practical purposes it is sufficient to have a positive LE and to
require that the dynamics is bounded.

The rate of divergence (k [ 0) or convergence (k\0) depends on the orien-
tation of the initial separation dx0 and the number of independent Lyapunov
exponents is equal to the number of dimensions of the phase space. The set of all
Lyapunov exponents is called the Lyapunov spectrum.

As long as the initial separation dx0 has a component along the maximum
growth direction the maximum Lyapunov exponent will dominate the growth.
Thus for almost all initial separations the leading exponent is given by

k ¼ lim
t!1

ln
kdxðtÞk
kdx0k

:

To find not only the largest exponent but the leading N exponents a Gram-Schmidt
procedure can be used. This is depicted in Fig. 15.1. The initial variations (black
arrows) grow during time evolution (blue solid arrows). The largest Lyapunov
exponent (y-direction) dominates this growth for all variations which have a
component in that direction. A Gram-Schmidt procedure orthogonalizes the
variations (blue dotted arrow) and gives a better estimate of the growth in the
x-direction. After normalization (black arrows) a new iteration of the algorithm
starts. With each iterations the variations align better along the independent growth
directions.

A number of methods [5] have been developed to calculated Lyapunov expo-
nents from numerically or experimentally obtained time traces. The main idea is to
use a delay embedding in a space of large enough dimension. If the embedding
dimensions is larger than the dimensionality of the dynamics and the delay
coordinates are chosen properly, points which are close together in the embedding
space are also close in the phase space of the dynamical system. The divergence of
such neighboring points can then be averaged and interpolated by an exponential
law, yielding the desired Lyapunov exponent.

Fig. 15.1 Growth of
variations along independent
directions
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These algorithms are the method of choice for experimental data. However, for
numerical simulations better methods exist, since the underlying dynamical
equations are known.

For infinitesimal small initial separations dx0 the evolution of the separation
dxðtÞ from the trajectories x(t) is governed by the variational equation

d

dt
dxðtÞ ¼ Df ðxðtÞÞdxðtÞ; ð15:8Þ

where D f(x(t)) is the Jacobian of f evaluated at x(t). Thus, one can directly
simulate the linear equation for the separation (15.8) together with the system
(15.7) instead of simulating (15.7) for the two neighboring initial conditions. The
advantage of this calculation in the tangent space is that one is always in the linear
regime no matter how large the tangent vector dx becomes.

To find not only the leading exponent but the leading N exponents the following
algorithm can be employed [6].

1. Choose i ¼ 1; 2; . . .;N orthonormal vectors dxðiÞ0 .

2. Simulate the system (15.7) and the variational (15.8) for each dxðiÞ0 over an
appropriate period T.

3. Orthogonalize the vectors dxðiÞðTÞ using a Gram-Schmidt procedure to obtain

the vectors dxðiÞðTÞ (no normalization).
4. An estimate for the ith Lyapunov exponent is given by

kðiÞ ¼ ln
kdxðiÞðTÞk
kdxðiÞ0 k

¼ ln kdxðiÞðTÞk:

5. Normalize the dxðiÞðTÞ and start from 2. with these vectors.

Each repetition of steps 2–5 yields an estimate of the N leading Lyapunov
exponents. To obtain accurate values and error bounds for the Lyapunov exponents

we can calculate the mean and standard error of the mean of the obtained kðiÞs.
The time interval T after which the estimate of the Lyapunov exponents are

calculated and the vectors are orthonormalized should neither be too short nor too
long. Too short T’s will result in the accumulation of round-off errors. Too long
T’s will lead to the variations dxðiÞ becoming very large and thus a loss of
numerical precision. Best results are obtained if T is of the order of the system time
scale. For delay differential equations it is convenient to use T ¼ s.

15.3.1 Lyapunov Exponents for Systems with Delay

The above algorithm has been generalized in [7] to the case of delay differential
equations.
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Consider a system governed by the delay-differential equation

d

dt
xðtÞ ¼ f ðx; xsÞ: ð15:9Þ

The state vector of such a system with delay is a function x(t) over a time interval
½t � s; t�. The evolution of an infinitesimal separation dx is governed in the delay-
differential case by the equation

d

dt
dx ¼ Dx f ðx; xsÞdxþ Dxs f ðx; xsÞdxs; ð15:10Þ

where the Dxf and Dxs f represent the Jacobian matrices of f with respect to
x and xs. Here, the variations are functions over the time interval ½t � s; t�.

The idea of Farmer [7] is to discretize the function x(t) as well as the separa-
tions dx over the interval ½t � s; t� to obtain a finite dimensional approximation for
the delay-differential equation. Discretizing the time as tk :¼ kDt, where Dt ¼
s=ðn� 1Þ is the sampling size, the functions x(t) and dxðtÞ are sampled on the
interval ½t � s; t� by n samples.
We use the notations

xk :¼ xðtkÞ; Jk :¼ Dx f ðxðtkÞ; xðtk � sÞÞ JðsÞk :¼ Dxs f ðxðtkÞ; xðtk � sÞÞ

for simplicity.
The DDE can be integrated on the sampling points using an Euler scheme

xkþ1 ¼ xk þ Dtf xk; xk�ðn�1Þ
� �

:

Similarly the variational equation can be integrated by

dxkþ1 ¼ dxk þ Dt Jkdxk þ JðsÞk dxk�ðn�1Þ

h i
:

Note that Jk and JðsÞk depend on the xk and xk�ðn�1Þ, i.e., the equation for x has to be
integrated along side with the variational equation. In practice a higher order
method should be used to integrate the differential equations.

Using the vector

dwk :¼ ðdxk; dxk�1; . . .; dxk�ðn�1ÞÞ

the integration scheme for the variational equation can also be written as

dwkþ1 ¼ dwk þ Dt

Jk JðsÞk

1 0

. .
. . .

.

1 0

2
66664

3
77775
dwk:
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Since the space of vectors dwk is just an n � DimðdxÞ dimensional real vector space,
we can apply the ordinary algorithm to calculate the leading N Lyapunov
exponents.
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Chapter 16
Pydelay: A Simulation Package

16.1 Introduction

Pydelay is a program (licensed under the MIT license) which translates a system
of DDEs into simulation C-code and compiles and runs the code (using scipy
weave) [1]. This way it is easy to quickly implement a system of DDEs but you
still have the speed of C. The Homepage can be found here:

http://pydelay.sourceforge.net/
It is largely inspired by PyDSTool.

The algorithm used is based on the Bogacki-Shampine method [2] which is also
implemented in Matlab’s dde23 [3].
I also want to mention PyDDE—a different python program for solving DDEs.

16.1.1 Installation and Requirements

Unix: You need python and python headers files (in debian/ubuntu these are in the
package python-dev), numpy and scipy and the gcc-compiler.
To plot the solutions and run the examples you also need matplotlib.
To install pydelay download the latest tar.gz from the website and install the
package in the usual way:

cd pydelay-$version
python setup.py install

When the package is installed, you can get some info about the functions and the
usage with:

pydoc pydelay

V. Flunkert, Delay-Coupled Complex Systems, Springer Theses,
DOI: 10.1007/978-3-642-20250-6_16, � Springer-Verlag Berlin Heidelberg 2011

165

http://pydelay.sourceforge.net/


For Arch linux there is a PKGBUILD.
Windows: The solver has not been tested on a windows machine. It could
perhaps work under cygwin.

16.1.2 An Example

The following example shows the basic usage. It solves the Mackey-Glass equa-
tion [4]

_x ¼ b
xðt � sÞ

1þ xðt � sÞp � cx

for parameters and initial conditions which lead to a periodic orbit.1

1 See http://www.scholarpedia.org/article/Mackey-Glass_equation for this example.
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Figure 16.1 shows the resulting plot.

16.2 Usage

16.2.1 Defining the Equations, Delays and Parameters

Equations are defined using a python dictionary. The keys are the variable names
and the entry is the right hand side of the differential equation. The string defining

Fig. 16.1 Periodic orbit in
the Mackey-Glass model
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the equation has to be a valid C expression, i.e., use pow(a,b) instead of
a**b etc.

Delays are written as (t-delay), where delay can be some expression
involving parameters and numbers but not (yet) involving the time t or the
dynamic variables:

Complex variables can be defined by adding ’:c’ or ’:C’ in the eqn-
dictionary. The imaginary unit can be used through ’ii’ in the equations:

Parameters are defined in a separate dictionary where the keys are the parameter
names, i.e.,:

16.2.2 Setting the History

The history of the variables is stored in the dictionary dde23.hist. The keys are
the variable names and there is an additional key ’t’ for the time array of the
history.

There is a second dictionary dde23.Vhist where the time derivatives of
the history is stored (this is needed for the solver). When the solver is initialized,
i.e.,:

dde = dde23(eqns, params)
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the history of all variables (defined in eqns) is initialized to an array of length nn
= 101 filled with zeros. The time array is evenly spaced in the interval
[-maxdelay, 0].

It is possible to manipulate these arrays directly, however this is not recom-
mended since one easily ends up with an ill-defined history resulting for example
in segfaults or false results. Instead use the following methods to set the history.
hist_from_funcs ðdic; nn ¼ 101Þ

Initialise the histories with the functions stored in the dictionary dic. The keys
are the variable names. The function will be called as f(t) for t in
[-maxdelay, 0] on nn samples in the interval.
This function provides the simplest way to set the history. It is often convenient
to use python lambda functions for f. This way you can define the history
function in place.
If any variable names are missing in the dictionaries, the history of these
variables is set to zero and a warning is printed. If the dictionary contains keys
not matching any variables these entries are ignored and a warning is printed.
Example: Initialise the history of the variables x and y with cos and sin
functions using a finer sampling resolution:

hist_from_arrays ðdic; useend ¼ TrueÞ

Initialise the history using a dictionary of arrays with variable names as keys.
Additionally a time array can be given corresponding to the key t. All arrays in
dic have to have the same lengths.
If an array for t is given the history is interpreted as points (t,var).
Otherwise the arrays will be evenly spaced out over the interval [-maxde-
lay, 0].
If useend is True the time array is shifted such that the end time is zero. This
is useful if you want to use the result of a previous simulation as the history.
If any variable names are missing in the dictionaries, the history of these
variables is set to zero and a warning is printed. If the dictionary contains keys
not matching any variables (or ’t’) these entries are ignored and a warning is
printed.
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Example:

Note that the previously used methods hist_from_dict, hist_from_
array and hist_from_func (the last two without s) have been removed,
since it was too easy to make mistakes with them.

16.2.3 The Solution

After the solver has run, the solution (including the history) is stored in the dictionary
dde23.sol. The keys are again the variable names and the time ’t’. Since the
solver uses an adaptive step size method, the solution is not sampled at regular times.

To sample the solutions at regular (or other custom spaced) times there are two
functions.
sample ðtstart ¼ None; tfinal ¼ None; dt ¼ NoneÞ

Sample the solution with dt steps between tstart and tfinal.
tstart, tfinal Start and end value of the interval to sample. If nothing is
specified tstart is set to zero and tfinal is set to the simulation end time.
dt Sampling size used. If nothing is specified a reasonable value is calculated.
Returns a dictionary with the sampled arrays. The keys are the variable names.
The key ’t’ corresponds to the sampling times.

sol_spl(t)
Sample the solutions at times t.
t Array of time points on which to sample the solution.

Returns a dictionary with the sampled arrays. The keys are the variable names.
The key ’t’ corresponds to the sampling times.
These functions use a cubic spline interpolation of the solution data.

16.2.4 Noise

Noise can be included in the simulations. Note however, that the method used is
quite crude (an Euler method will be added which is better suited for noise
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dominated dynamics). The deterministic terms are calculated with the usual
Runge-Kutta method and then the noise term is added with the proper scaling offfiffiffiffiffiffi
dt
p

at the final step. To get accurate results one should use small time steps, i.e.,
dtmax should be set small enough.

The noise is defined in a separate dictionary. The function gwn() can be
accessed in the noise string and is a Gaussian white noise term of unit variance.
The following code specifies an Ornstein-Uhlenbeck process:

dde = dde23(eqns=eqns, params=params, noise=noise)

You can also use noise terms of other forms by specifying an appropriate
C-function (see the section on custom C-code).

16.2.5 Custom C-Code

You can access custom C-functions in your equations by adding the definition as
supportcode for the solver. In the following example a function f(w,t) is
defined through C-code and accessed in the eqn string:

When defining custom code you have to be careful with the types. The type of
complex variables in the C-code is Complex. Note in the above example that
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w has to be given as an input to the function, because the parameters can only be
accessed from the eqns string and not inside the supportcode.

Using custom C-code is often useful for switching terms on and off. For
example the Heaviside function may be defined and used as follows:

This code would switch a control term on when t[t0. Note that Heavi
(t-t0) does not get translated to a delay term, because Heavi is not a system
variable. Since this scenario occurs so frequent the Heaviside function (as defined
above) is included by default in the source code.

16.2.6 Use and Modify Generated Code

The compilation of the generated code is done with scipy.weave. Instead of
using weave to run the code you can directly access the generated code via the
function dde23.output_ccode(). This function returns the generated code as
a string which you can then store in a source file.

To run the generated code manually you have to set the precompiler flag
#define MANUAL (uncomment the line in the source file) to exclude the python
related parts and include some other parts making the code a valid stand alone
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source file. After this the code should compile with g++ -lm -o prog
source.cpp and you can run the program manually.

You can specify the history of all variables in the source file by setting the for
loops after the commentn /* set the history here ... */.
Running the code manually can help you debug, if some problem occurs and also
allows you to extend the code easily.

16.2.7 Another Example

The following example shows some of the things discussed above. The code
simulates the Lang-Kobayashi laser equations [5] (see Chap. 11)

E0ðtÞ ¼ 1
2
ð1þ iaÞnE þ KEðt � sÞ;

Tn0ðtÞ ¼ p� n� ð1þ nÞjEj2:
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Figure 16.2 shows the resulting plot.

Fig. 16.2 Numerical
solution of the LK equations
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16.3 Module Reference

__init__ðeqns; params ¼ None; noise ¼ None; supportcode ¼}; debug ¼ FalseÞ
Initialise the solver.
eqns Dictionary defining for each variable the derivative. Delays are written as

as (t-...) example:

You can also directly use numbers or combination of parameters as delays:

At the moment only constant delays are supported.
The string defining the equation has to be a valid C expression, i.e., use

pow(a,b) instead of a**b etc. (this might change in the future):

Complex variable can be defined using :C or :c in the variable name. The
imaginary unit can be used through ii in the equations:

paramsDictionary defining the parameters (including delays) used in eqns. example:
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noise Dictionary for noise terms. The function gwn() can be accessed in the
noise string and provides a Gaussian white noise term of unit variance. Example:

debug If set to True the solver gives verbose output to stdout while running.
set_sim_paramsðtfinal ¼ None; tspan ¼ None;AbsTol ¼ 1e� 06;

RelTol ¼ 0:001; dtmin ¼ 1e� 06; dtmax ¼ None; dt0 ¼ None;
MaxIter ¼ 1e9Þ

tfinal End time of the simulation (the simulation always starts at t=0).
AbsTol, RelTol The relative and absolute error tolerance. If the estimated

error e for a variable y obeys e\= AbsTol + RelTol*|y| then the
step is accepted. Otherwise the step will be repeated with a smaller step size.

dtmin, dtmax Minimum and maximum step size used.
dt0 initial step size
MaxIter maximum number of steps. The simulation stops if this is reached.

hist_from_arrays ðdic; useend ¼ TrueÞ

Initialise the history using a dictionary of arrays with variable names as keys.
Additionally a time array can be given corresponding to the key t. All arrays in
dic have to have the same lengths.
If an array for t is given the history is interpreted as points (t,var).
Otherwise the arrays will be evenly spaced out over the interval [-maxde-
lay, 0].
If useend is True the time array is shifted such that the end time is zero. This is
useful if you want to use the result of a previous simulation as the history.
If any variable names are missing in the dictionaries, the history of these variables
is set to zero and a warning is printed. If the dictionary contains keys not matching
any variables (or ’t’) these entries are ignored and a warning is printed.

Example:
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hist_from_funcsðdic; nn ¼ 101Þ
Initialise the histories with the functions stored in the dictionary dic. The keys
are the variable names. The function will be called as f(t) for t in
[-maxdelay, 0] on nn samples in the interval.
This function provides the simplest way to set the history. It is often convenient
to use python lambda functions for f. This way you can define the history
function in place.
If any variable names are missing in the dictionaries, the history of these
variables is set to zero and a warning is printed. If the dictionary contains keys
not matching any variables these entries are ignored and a warning is printed.
Example: Initialise the history of the variables x and y with cos and sin
functions using a finer sampling resolution:

output_ccodeðmanual ¼ TrueÞ
Returns the simulation code as a string. If manual is True the generated code
can be compiled and executed manually with minimal modifications.
If manual is False the scipy-compatible code is returned.

run()
run the simulation

class dde23ðeqns; params ¼ None; noise ¼ None; supportcode ¼00; debug ¼
FalseÞ

This class translates a DDE to C and solves it using the Bogacki-Shampine
method.

Attributes of class instances:
For user relevant attributes:

self.sol Dictionary storing the solution (when the simulation has finished).
The keys are the variable names and ’t’ corresponding to the sampled times.

self.discont List of discontinuity times. This is generated from the occurring
delays by propagating the discontinuity at t=0. The solver will step on these
discontinuities. If you want the solver to step onto certain times they can be
inserted here.
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self.rseed Can be set to initialise the random number generator with a specific
seed. If not set it is initialised with the time.

self.hist Dictionary with the history. Don’t manipulate the history arrays
directly! Use the provided functions to set the history.

self.Vhist Dictionary with the time derivatives of the history.

For user less relevant attributes:

self.delays List of the delays occurring in the equations.
self.chunk When arrays become to small they are grown by this number.
self.spline_tck Dictionary which stores the tck spline representation of the

solutions. (see scipy.interpolate)
self.eqns Stores the eqn dictionary.
self.params Stores the parameter dictionary.
self.simul Dictionary of the simulation parameters.
self.noise Stores the noise dictionary.
self.debug Stores the debug flag.
self.delayhashs List of hashs for each delay (this is used in the generated C-

code).
self.vars List of variables extracted from the eqn dictionary keys.
self.types Dictionary of C-type names of each variable.
self.nptypes Dictionary of numpy-type names of each variable.
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Gain saturation, 114
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Hopf point, 15, 37
Hopf bifurcation, 35, 58, 63–64
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On-off intermittency, 140
Optoelectronic feedback, 55, 62, 105

P
Periodic orbit theory, 101
Phase synchronization, 121
Polarization rotated feedback, 35, 63
Pseudo-continuous spectrum, 95–96, 98–100
Pyragas curves, 11, 28, 37
Pyragas orbit, 11
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Saddle-node bifurcation, 27, 57
Semiconductor laser, 62, 111
Shadowing lemma, 123
Soft/hard spring case, 14
Strongly unstable spectrum, 96–97, 99
Synchronization error, 104
Synchronization manifold, 89, 96
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Time-delayed feedback, 7, 55
Transcritical bifurcation, 23, 28–32,
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