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Preface

The unification of the concept of the asymmetry of the wave vector space of the
charge carriers in semiconductors with the modern techniques of fabricating nano-
structured materials such as molecular beam epitaxy, metal organic chemical vapor
deposition, fine line lithography and other modern fabrication techniques in one,
two and three dimensions (such as quantum wells (QWs), Doping super-lattices,
inversion and accumulation layers, quantum well super-lattices, carbon nano-tubes,
quantum wires, quantum wire super-lattices, magnetic quantization, magneto size
quantization, quantum dots, magneto inversion and accumulation layers, magneto
quantum well super-lattices, magneto NIPIs, quantum dot super-lattices and other
field aided low dimensional electronic systems) spawns not only useful quantum
effect devices but also unearth new concepts in the realm of low dimensional solid
state electronics and related disciplines. These semiconductor nanostructures
occupy a central position in the entire arena of condensed matter science, materials
science, computational and theoretical nano-science and technology, semiconductor
optoelectronics, quantized structures and semiconductor physics in general by their
own right and find extensive applications in quantum registers, quantum switches,
quantum sensors, hetero-junction field-effect, quantum logic gates, quantum well
and quantum wire transistors, quantum cascade lasers, high-frequency microwave
circuits, high-speed digital networks, high-resolution terahertz spectroscopy,
advanced integrated circuits, super-lattice photo-oscillator, super-lattice photo-
cathodes, resonant tunneling diodes and transistors, super-lattice coolers, thermo-
electric devices, thin film transistors, micro-optical systems, intermediate-band solar
cells, high performance infrared imaging systems, band-pass filters, optical mod-
ulators, thermal sensors, optical switching systems, single electron/molecule elec-
tronics, nano-tube based diodes, and other nano-electronic devices. Knowledge
regarding these quantized structures may be gained from original research contri-
butions in scientific journals, various patents, proceedings of the conferences,
review articles, and different research monographs [1] respectively. Mathematician
Simmons rightfully tells us [2] that the mathematical knowledge is said to be
doubling in every 10 years, and in this context, we can also envision extrapolation
of the Moore’s law by projecting it in the perspective of the advancement of new
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research and analyses, in turn, generating novel concepts particularly in the entire
arena of materials science in general [3].

Although many new effects in quantized structures have already been reported,
the interest for further research of other aspects of such quantum-confined materials
is becoming increasingly important. One such significant property is Einstein’s
Photoemission (EP) which is a physical phenomenon and occupies a singular
position in the whole arena of Modern Physics and related disciplines in general and
whose importance has already been established since the inception of Einstein’s
photoelectric effect (for which Einstein won Nobel Prize in 1921), which in recent
years finds extensive applications in modern optoelectronics, characterization and
investigation of condensed matter systems, photoemission spectroscopy and related
aspects in connection with the investigations of the optical properties of nano-
structures [4–8]. Interest in low dimensional silicon nanostructures also grew up
and gained momentum, after the discovery of room temperature photoluminescence
and electroluminescence of silicon nano-wires in porous silicon [4]. Work on
ultrathin layers of SiSiO2 super-lattices resulting into visible light emission at room
temperature clearly exhibited low dimensional quantum confinement effect [5] and
one of the most popular techniques for analyzing the low dimensional structures is
to employ photoemission techniques. Recent observation of room temperature
photoluminescence and electro luminescence in porous silicon has stimulated
vigorous research activities in silicon nanostructures [6].

In this context, it may be noted that the available reports on the said areas [4–7]
cannot afford to cover even an entire chapter regarding the EP from heavily doped
(HD) quantized structures and incidentally the second book of the present research
group devoted solely to the elementary study of EP [8] from optoelectronic
materials and their nanostructures does not even contain a paragraph regarding the
EP from HD Quantized Structures. The EP depends on the density-of-states (DOS)
function which, in turn, is significantly affected by the different carrier energy
spectra of different semiconductors having various band structures. In recent years,
various energy wave vector dispersion relations of the carriers of different materials
have been proposed [9] which have created the interest in studying the EP from HD
materials and their quantized counterparts. The present monograph solely investi-
gates the EP from HD quantized structures of non-linear optical, III-V, II-VI,
Gallium Phosphide, Germanium, Platinum Antimonide, stressed, IV-VI, Lead
Germanium Telluride, Tellurium, II-V, Zinc and Cadmium diphosphides, Bismuth
Telluride, III-V, II-VI, IV-VI and HgTe/CdTe quantum well HD super-lattices with
graded interfaces under magnetic quantization, III-V, II-VI, IV-VI and HgTe/CdTe
HD effective mass super-lattices under magnetic quantization, quantum confined
effective mass super-lattices and super-lattices of HD optoelectronic materials with
graded interfaces on the basis of the newly derived appropriate respective HD
dispersion relation in each case. Incidentally, even after 20 years of continuous
effort, we see that the complete investigation of the EP comprising of the whole set
of the HD materials and allied sciences is really a sea and permanently enjoys the
domain of impossibility theorems.
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It is well-known that the classical equation of the photo-emitted current density

is [10] J ¼ 4pa0emcgvðkBTÞ2
.
h3

h i
exp hv� /ð Þ= kBTð Þ½ � (where a0 e;mc; gv; kB;

T ; h; ht and/ and are the probability of photoemission, electron charge, effective
electron mass at the edge of the conduction band, valley degeneracy, the Boltzmann
constant, temperature, the Planck constant, incident photon energy along z-axis and
work function respectively). The afore-mentioned equation is valid for both the
charge carriers and in this conventional form it appears that, the photoemission
changes with the effective mass, temperature, work function and the incident
photon energy respectively. This relation holds only under the condition of carrier
non-degeneracy.

The EP has different values for different materials and varies with doping and
with external fields which creates quantization of the wave-vector space of the
carriers leading to various types of quantized structures. The nature of these vari-
ations has been studied in [4–35] and some of the significant features are as follow:

1. The EP from bulk materials increases with the increase in doping.
2. The EP exhibits oscillatory dependence with inverse quantizing magnetic field

because of the Shubnikov de Haas (SdH) effect.
3. The EP changes significantly with the magnitude of the externally applied

quantizing electric field in electronic materials.
4. The EP from quantum confined Bismuth, nonlinear optical, III-V, II-VI and IV-

VI materials oscillate with nano-thickness in various manners which are totally
band structure dependent.

5. The nature of variations is significantly influenced by the energy band constants
of various materials having different band structures.

6. The EP has significantly different values in quantum confined semiconductor
super-lattices and various other quantized structures.

It is well known that heavy doping and carrier degeneracy are the keys to unlock
the important properties of semiconductors and they are especially instrumental in
dictating the characteristics of Ohomic contacts and Schottky contacts respectively
[36]. It is an amazing fact that although the heavily doped semiconductors (HDS)
have been investigated in the literature but the study of the carrier transport in such
materials through proper formulation of the Boltzmann transport equation which
needs in turn, the corresponding HD carrier energy spectra is still one of the open
research problems.

It is well known that the band tails are being formed in the forbidden zone of
HDS and can be explained by the overlapping of the impurity band with the
conduction and valence bands [37]. Kane [38] and Bonch Bruevich [39] have
independently derived the theory of band tailing for semiconductors having
unperturbed parabolic energy bands. Kane’s model [38] was used to explain the
experimental results on tunneling [40] and the optical absorption edges [41, 42] in
this context. Halperin and Lax [43] developed a model for band tailing applicable
only to the deep tailing states. Although Kane’s concept is often used in the lit-
erature for the investigation of band tailing [44, 45], it may be noted that this model
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[38, 46] suffers from serious assumptions in the sense that the local impurity
potential is assumed to be small and slowly varying in space coordinates [45]. In
this respect, the local impurity potential may be assumed to be a constant. In order
to avoid these approximations, we have developed in this book, the electron energy
spectra for HDS for studying the EP based on the concept of the variation of the
kinetic energy [37, 45] of the electron with the local point in space coordinates. This
kinetic energy is then averaged over the entire region of variation using a Gaussian
type potential energy. On the basis of the E–k dispersion relation, we have obtained
the electron statistics for different HDS for the purpose of numerical computation of
the respective EPs. It may be noted that, a more general treatment of many-body
theory for the DOS of HDS merges with one-electron theory under macroscopic
conditions [37]. Also, the experimental results for the Fermi energy and others are
the average effect of this macroscopic case. So, the present treatment of the one-
electron system is more applicable to the experimental point of view and it is also
easy to understand the overall effect in such a case [47]. In a HDS, each impurity
atom is surrounded by the electrons, assuming a regular distribution of atoms, and it
is screened independently [44, 46, 48]. The interaction energy between electrons
and impurities is known as the impurity screening potential. This energy is deter-
mined by the inter-impurity distance and the screening radius, which is known as
the screening length. The screening radius changes with the electron concentration
and the effective mass. Furthermore, these entities are important for HDS in
characterizing the semiconductor properties [49, 50] and the modern electronic
devices [44, 51]. The works on Fermi energy and the screening length in an n-type
GaAs have already been initiated in the literature [52, 53], based on Kane’s model.
Incidentally, the limitations of Kane’s model [38, 45], as mentioned above, are also
present in their studies.

At this point, it may be noted that many band tail models are proposed using the
Gaussian distribution of the impurity potential variation [38, 45]. From the very
start, we have used the Gaussian band tails to obtain the exact E–k dispersion
relations in HD non-linear optical, III-V, II-VI, Gallium Phosphide, Germanium,
Platinum Antimonide, stressed, IV-VI, Lead Germanium Telluride, Tellurium, II-V,
Zinc and Cadmium diphosphides, Bismuth Telluride, III-V, II-VI, IV-VI and HgTe/
CdTe quantum well HD super-lattices with graded interfaces under magnetic
quantization, III-V, II-VI, IV-VI and HgTe/CdTe HD effective mass super-lattices
under magnetic quantization, quantum confined effective mass super-lattices and
super-lattices of HD optoelectronic materials with graded interfaces respectively.
Our method is not at all related with the DOS technique as used in the afore-
mentioned works. From the electron energy spectrum, one can obtain the DOS but
the DOS technique, as used in the literature cannot provide the E–k dispersion
relation. Therefore, our study is more fundamental than those in the existing lit-
erature, because the Boltzmann transport equation, which controls the study of the
charge transport properties of the semiconductor devices, can be solved if and only
if the E–k dispersion relation is known. We wish to note that the Gaussian function
for the impurity potential distribution has been used by many authors. It has been
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widely used since 1963 when Kane first proposed it and we will also use the
Gaussian distribution for the present study.

This book, is divided into two parts (the first and second parts contain four and
ten chapters respectively) and four Appendices, is partially based on our on-going
researches on the EP from HDS from 1990 and an attempt has been made to present
a cross section of the EP from wide range of HDS and their quantized-structures
with varying carrier energy spectra under various physical conditions. The first
chapter deals with the influence of quantum confinement on the EP from non-
parabolic HDS and at first we study the EP from QWs of HD nonlinear optical
materials on the basis of a generalized electron dispersion law introducing the
anisotropies of the effective masses and the spin orbit splitting constants respec-
tively together with the inclusion of the crystal field splitting within the framework
of the k.p formalism. We will observe that the complex electron dispersion law in
HDS instead of real one occurs from the existence of the essential poles in the
corresponding electron energy spectrum in the absence of band tails. It may be
noted that the complex band structures have already been studied for bulk semi-
conductors and super lattices without heavy doping [54] and bears no relationship
with the complex electron dispersion law as formulated in this book. The physical
picture behind the existence of the complex energy spectrum in heavily doped non-
linear optical semiconductors is the interaction of the impurity atoms in the tails
with the splitting constants of the valance bands. The more is the interaction, the
more the prominence of the complex part than the other case. In the absence of band
tails, there is no interaction of the impurity atoms in the tails with the spin orbit
constants and consequently, the complex part vanishes. Besides, the complex
spectra are not related to same evanescent modes in the band tails and the con-
duction bands. One important consequence of the HDS forming band tails is that
the effective mass exists in the forbidden zone, which is impossible without the effect
of band tailing. In the absence of band tails, the effective mass in the band gap of
semiconductors is infinity. Besides, depending on the type of the unperturbed
carrier energy spectrum, the new forbidden zone will appear within the normal
energy band gap for HDS.

The results of HD III-V (e.g. InAs, InSb, GaAs etc.), ternary (e.g. Hg1-xCdxTe),
quaternary (e.g. In1-xGaxAs1-yPy lattice matched to InP) compounds form a special
case of our generalized analysis under certain limiting conditions as stated already.
The EP from HD QWs of II-VI, IV-VI, stressed Kane type semiconductors, Te,
GaP, PtSb2,, Bi2Te3, Ge, and GaSb has also been investigated by formulating the
respective appropriate HD energy band structure. The importance of the afore-
mentioned semiconductors has also been described in the same chapter. In the
absence of band tails and under the condition of extreme carrier degeneracy
together with certain limiting conditions, all the results for all the EPs from all the
HD QWs of Chap. 1 get simplified into the form [10] J2D ¼ ða0egv=2�hd2z Þ
Pnzmax

nzmin

nz½EF2D � �h2

2mc
ðnzp=dzÞ2� (where dz is the film thickness along z direction, nz is

the size quantum number along z direction and EF2D is the Fermi energy in the
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presence of size quantization as measured from the edge of the conduction band in
the vertically upward direction in the absence of any quantization) exhibiting the
necessary mathematical compatibility test. In Chaps. 2 and 3 the EP from nano
wires (NWs) and quantum boxes (QBs) of all the materials of Chap. 1 have
respectively been investigated.

With the advent of modern experimental techniques of fabricating nano-mate-
rials, it is possible to grow semiconductor super-lattices (SLs) composed of alter-
native layers of two different degenerate layers with controlled thickness [55].
These structures have found wide applications in many new devices such as pho-
todiodes [56], photo-resistors [57], transistors [58], light emitters [59], tunneling
devices [60], etc. [61–72]. The investigations of the physical properties of narrow
gap SLs have increased extensively, since they are important for optoelectronic
devices and also since the quality of hetero-structures involving narrow gap
materials has been greatly improved. It is well known that Keldysh [73] first
suggested the fundamental concept of a super-lattice (SL), although it was suc-
cessfully experimental realized by Esaki and Tsu [74]. The importance of SLs in the
field of nano-electronics has already been described in [75–77]. The most exten-
sively studied III-V SL is the one consisting of alternate layers of GaAs and
Ga1-xAlxAs owing to the relative ease of fabrication. The GaAs layers forms
quantum wells and Ga1-xAlxAs form potential barriers. The III-V SL’s are attractive
for the realization of high speed electronic and optoelectronic devices [78]. In
addition to SLs with usual structure, SLs with more complex structures such as
II-VI [79], IV-VI [80] and HgTe/CdTe [81] SL’s have also been proposed. The
IV-VI SLs exhibit quite different properties as compared to the III-V SL due to the
peculiar band structure of the constituent materials [82]. The epitaxial growth of
II-VI SL is a relatively recent development and the primary motivation for studying
the mentioned SLs made of materials with the large band gap is in their potential for
optoelectronic operation in the blue [82]. HgTe/CdTe SL’s have raised a great deal
of attention since 1979, when as a promising new materials for long wavelength
infrared detectors and other electro-optical applications [83]. Interest in Hg-based
SL’s has been further increased as new properties with potential device applications
were revealed [84]. These features arise from the unique zero band gap material
HgTe [85] and the direct band gap semiconductor CdTe which can be described by
the three band mode of Kane [86]. The combination of the aforementioned mate-
rials with specified dispersion relation makes HgTe/CdTe SL very attractive,
especially because of the possibility to tailor the material properties for various
applications by varying the energy band constants of the SLs. In addition to it, for
effective mass SLs, the electronic sub-bands appear continually in real space [87].

We note that all the aforementioned SLs have been proposed with the
assumption that the interfaces between the layers are sharply defined, of zero
thickness, i.e., devoid of any interface effects. The SL potential distribution may be
then considered as a one dimensional array of rectangular potential wells. The
aforementioned advanced experimental techniques may produce SLs with physical
interfaces between the two materials crystallo-graphically abrupt; adjoining their
interface will change at least on an atomic scale. As the potential form changes from
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a well (barrier) to a barrier (well), an intermediate potential region exists for the
electrons. The influence of finite thickness of the interfaces on the electron dis-
persion law is very important, since the electron energy spectrum governs the
electron transport in SLs.

In this context, it may be noted that the effects of quantizing magnetic field (B)
on the band structures of compound semiconductors are most striking than that of
the parabolic one and are easily observed in experiments. A number of interesting
physical features originate from the significant changes in the basic energy wave
vector relation of the carriers caused by the magnetic field. The valuable infor-
mation could also be obtained from experiments under magnetic quantization
regarding the important physical properties such as Fermi energy and effective
masses of the carriers, which affect almost all the transport properties of the electron
devices [88] of various materials having different carrier dispersion relations [89].
In Chap. 4, the magneto EP from III-V, II-VI, IV-VI, HgTe/CdTe and strained layer
quantum well heavily doped super-lattices (QWHDSLs) with graded interfaces will
be studied. Besides the magneto EP from III-V, II-VI, IV-VI, HgTe/CdTe and
strained layer quantum well HD effective mass super-lattices respectively has been
explored and the same from the quantum dots of the aforementioned HD SLs has
further been investigated in the same chapter.

It is worth remarking that, in the methods as given in the literature, the physics of
photoemission has been incorporated in the lower limit of the photoemission integral
and assuming that the band structure of the bulk materials becomes an invariant
quantity in the presence of photo-excitation necessary for Einstein’s photoelectric
effect. The basic band structure of semiconductors changes in the presence of intense
external light waves in a fundamental way, which has been incorporated mathe-
matically through the expressions of the DOS function on the basis of a newly
formulated electron dispersion law and the velocity along the direction of photo-
emission respectively in addition to the appropriate fixation of the lower limit of the
photo-emission integral for the purpose of investigating the EP. The second part of
the book investigates the EP from HD III-V semiconductors and their quantized
counter parts. In Chap. 5, we study the EP from HD Kane type semiconductors on
the basis of the newly formulated electron energy spectrum in the presence of intense
light waves. An important concept highly relevant to the measurement of band-gap
in HD electronic materials in the presence of external photo-excitation has also been
discussed in this perspective. Under the conditions of extreme degeneracy, the
invariant band structure concept in the presence of light waves and certain other
limiting constraints all the results of this chapter for the EP assumes the well-known
form [10] J ¼ 2pa0emcgv=hð Þ v� v0ð Þ2; v0 is the threshold frequencyð Þ which indi-
cates the fact current density is independent of temperature and when the energy of
light quantum is much greater than the work function the material, the condition of
extreme degeneracy is reached.

In Chap. 6, the EP has been investigated under magnetic quantization from HD
Kane type materials on the basis of the concept as presented in Chap. 5. Chapter 7
covers the study of the EP from QWs, NWs and QBs of HD optoelectronic
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materials as an extension of the new dispersion relations of the bulk HD materials
as investigated in Chap. 5. In Chap. 8, the magneto EP from HD effective mass
super lattices, quantum well, quantum well wire, and quantum dot HD effective
mass super-lattices have been investigated by formulating the appropriate electron
dispersion laws. The experimental aspects of EP are extremely wide and it is
virtually impossible even to highlight the major developments in a chapter. For the
purpose of condensed presentation, the experimental aspects of EP from different
nano-structured materials have been discussed in Chap. 9 which also contains few
important related applications of the content of this book. The Chap. 10 contains the
conclusion and the scope for future research.

The Appendix A studies the EP from HDnonlinear optical, III-V, IV-VI, stressed
compounds, n-Te,n-GaP, PtSb2, Bismuth Telluriden-Ge,Gallium AntimonideII-V
semiconductors and Lead Germanium Telluride under magnetic quantization
respectively. In this Appendix we shall observe that the EEM depends on Landau
quantum number in addition toFermi energyand the other system constants due to
the specific band structures of theHD materialstogether with the fact EEM exist in
the band gap due to the presence of finite scattering potential as noted already.
Thus we present a very simplified analysis of the EP from HD non-parabolic
semiconductors under magnetic quantization, which is a big topic of research by its
own right.

In Appendix B, the magneto EP from HD III-V, II-VI, IV-VI, HgTe/CdTe and
strained layer super-lattices with graded interfaces and the HD effective mass
super-lattices of the aforementioned materials have been investigated.

It is worth remarking that the influence of crossed electric and quantizing
magnetic fields on the transport properties of semiconductors having various band
structures are relatively less investigated as compared with the corresponding
magnetic quantization, although, the cross-fields are fundamental with respect to the
addition of new physics and the related experimental findings. It is well known that
in the presence of electric field Eoð Þ along x-axis and the quantizing magnetic field
along z-axis, the dispersion relations of the conduction electrons in semiconductors
become modified and for which the electron moves in both the z and y directions.
The motion along y-direction is purely due to the presence of E0 along x-axis and in
the absence of electric field, the effective electron mass along y-axis tends to infinity
which indicates the fact that the electron motion along y-axis is forbidden. The
effective electron mass of the isotropic, bulk semiconductors having parabolic
energy bands exhibits mass anisotropy in the presence of cross fields and this
anisotropy depends on the electron energy, the magnetic quantum number, the
electric and the magnetic fields respectively, although, the effective electron mass
along z-axis is a constant quantity. In 1966, Zawadzki and Lax [90] formulated the
electron dispersion law for III-V semiconductors in accordance with the two band
model of Kane under cross fields configuration which generates the interest to study
this particular topic of solid state science in general [91]. The Appendix C inves-
tigates the EP under cross-field configuration from HD nonlinear optical, III-V, II-
VI, IV-VI and stressed Kane type semiconductors respectively. This appendix also
tells us that the EEM in all the cases is a function of the finite scattering potential,
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the magnetic quantum number and the Fermi energy even for HD semiconductors
whose bulk electrons in the absence of band tails are defined by the parabolic
energy bands.

With the advent of nano-devices, the build-in electric field becomes so large that
the electron energy spectrum changes fundamentally instead of being invariant and
the Appendix D investigates the EP under intense electric field from bulk specimens
of HD III-V, ternary and quaternary semiconductors. This appendix also explores
the influence of electric field on the EP on the basis of HD new dispersion law in for
QWs, NWs, QBs, under magnetic quantization, QWs under magnetic quantization
and effective mass HD super-lattices under magnetic quantization.

In these four Appendices no graphs together with results and discussions are
being presented since we feel that the readers should not lose a chance to enjoy the
complex computer algorithm to investigate the EP in the respective case generating
new physics and thereby transforming each Appendix into a short monograph by
considering various other important materials having different dispersion relations.

It is needless to say that this monograph is based on the ‘iceberg principle’ [92]
and the rest of which will be explored by the researchers of different appropriate
fields. Since, there is no existing report devoted solely to the study of EP from HD
quantized structures to the best of our knowledge, we hope that the present book
will a useful reference source for the present and the next generation of the readers
and the researchers of materials and allied sciences in general. Since the production
of error free first edition of any book from every point of view is a permanent
member in the domain of impossibility theorems, therefore in spite of our joint
concentrated efforts for couple of years together with the seasoned team of
Springer, the same stands very true for this monograph also. Various expressions
and a few chapters of this book have been appearing for the first time in printed
form. The suggestions from the readers for the development of the book will be
highly appreciated for the purpose of inclusion in the future edition, if any. In this
book, from chapter one to till the end, we have presented 300 open research
problems for the graduate students, Ph.D. aspirants, researchers, engineers in this
pinpointed research topic. We strongly hope that alert readers of this monograph
will not only solve the said problems by removing all the mathematical approxi-
mations and establishing the appropriate uniqueness conditions, but also will
generate new research problems both theoretical and experimental and, thereby,
transforming this monograph into a solid book. Incidentally, our readers after
reading this book will easily understand that how little is presented and how much
more is yet to be investigated in this exciting topic which is the signature of
coexistence of new physics, advanced mathematics combined with the inner fire for
performing creative researches in this context from the young scientists since like
Kikoin [93] we feel that A young scientist is no good if his teacher learns nothing
from him and gives his teacher nothing to be proud of. We emphatically write that
the problems presented here form the integral part of this book and will be useful
for the readers to initiate their own contributions on the EP from HDS and their
quantized counter parts since like Sakurai [94] we firmly believe The reader who
has read the book but cannot do the exercise has learned nothing. It is nice to note

Preface xv



that if we assign the alphabets A to Z, the positive integers from 1 to 26, chro-
nologically, then the word ATTITUDE receives the perfect score 100 and is the vital
quality needed from the readers since attitude is the ladder on which all the other
virtues mount.

In this monograph, we have investigated various dispersion relations of different
HD quantized structures and the corresponding carrier statistics to study the con-
centration dependence of the EP from HD quantum confined materials. Besides, the
expressions of effective electron mass and the sub-band energy have been formu-
lated throughout this monograph as a collateral study, for the purpose of in-depth
investigations of the said important pinpointed research topics. Thus, in this book,
the readers will get much information regarding the influence of quantization in HD
low dimensional materials having different band structures. For the enhancement of
the materials aspect, we have considered various materials having the same dis-
persion relation to study the influence of energy band constants of the different HDS
on EP. Although the name of the book is extreme specific, from the content, one
can easily infer that it should be useful in graduate courses on materials science,
condensed matter physics, solid states electronics, nano-science and technology and
solid-state sciences and devices in many Universities and the Institutions in addition
to both Ph.D. students and researchers in the aforementioned fields. Last but not the
least, we do hope that our humble effort will kindle the desire to delve deeper into
this fascinating and deep topic by any one engaged in materials research and
device development either in academics or in industries.
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B2 The momentum matrix element
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ej j Magnitude of electron charge
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Ei Energy of the carrier in the ith band
Eki Kinetic energy of the carrier in the ith band
EF Fermi energy
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gv Valley degeneracy
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Ĥ Hamiltonian

Ĥ0 Perturbed Hamiltonian
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�l; �m; �n Matrix elements of the strain perturbation operator
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L0 Super-lattices period length
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m0
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Chapter 1
The EP from Quantum Wells (QWs)
of Heavily Doped (HD) Non-parabolic
Semiconductors

1.1 Introduction

In recent years, with the advent of fine lithographical methods [1–3] molecular
beam epitaxy [4], organometallic vapor-phase epitaxy [5], and other experimental
techniques, the restriction of the motion of the carriers of bulk materials in one
(QWs, doping super-lattices, accumulation, and inversion layers), two (nanowires)
and three (quantum dots, magneto-size quantized systems, magneto inversion
layers, magneto accumulation layers, quantum dot super-lattices, magneto QW
super-lattices, and magneto doping superlattices) dimensions have in the last few
years, attracted much attention not only for their potential in uncovering new
phenomena in nano-science but also for their interesting quantum device applica-
tions [6–9]. In QWs, the restriction of the motion of the carriers in the direction
normal to the film (say, the z direction) may be viewed as carrier confinement in an
infinitely deep 1D rectangular potential well, leading to quantization [known as
quantum size effect (QSE)] of the wave vector of the carriers along the direction of
the potential well, allowing 2D carrier transport parallel to the surface of the film
representing new physical features not exhibited in bulk semiconductors [10–14].
The low-dimensional hetero-structures based on various materials are widely
investigated because of the enhancement of carrier mobility [15]. These properties
make such structures suitable for applications in QWs lasers [16], hetero-junction
FETs [17, 18], high-speed digital networks [19–22], high-frequency microwave
circuits [23], optical modulators [24], optical switching systems [25], and other
devices. The constant energy 3D wave-vector space of bulk semiconductors
becomes 2D wave-vector surface in QWs due to dimensional quantization. Thus,
the concept of reduction of symmetry of the wave-vector space and its consequence
can unlock the physics of low-dimensional structures. In this chapter, we study the
EP from QWs of HD non-parabolic semiconductors having different band structures
in the presence of Gaussian band tails. At first we shall investigate the EP from
QWs of HD nonlinear optical compounds which are being used in nonlinear optics
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and light emitting diodes [26]. The quasi-cubic model can be used to investigate the
symmetric properties of both the bands at the zone center of wave vector space of
the same compound. Including the anisotropic crystal potential in the Hamiltonian,
and special features of the nonlinear optical compounds, Kildal [27] formulated the
electron dispersion law under the assumptions of isotropic momentum matrix ele-
ment and the isotropic spin-orbit splitting constant, respectively, although the an-
isotropies in the two aforementioned band constants are the significant physical
features of the said materials [28–30]. In Sect. 1.2.1, the EP from QWs of HD
nonlinear optical semiconductors has been investigated on the basis of newly for-
mulated HD dispersion relation of the said compound by considering the combined
influence of the anisotropies of the said energy band constants together with the
inclusion of the crystal field splitting respectively within the framework of ~k �~p
formalism. The III-V compounds find applications in infrared detectors [31],
quantum dot light emitting diodes [32], quantum cascade lasers [33], QWs wires
[34], optoelectronic sensors [35], high electron mobility transistors [36], etc. The
electron energy spectrum of III-V semiconductors can be described by the three-
and two-band models of Kane [37–39], together with the models of Stillman et al.
[40], Newson and Kurobe [41] and, Palik et al. [42] respectively. In this context it
may be noted that the ternary and quaternary compounds enjoy the singular position
in the entire spectrum of optoelectronic materials. The ternary alloy Hg1�xCdxTe is
a classic narrow gap compound. The band gap of this ternary alloy can be varied to
cover the spectral range from 0.8 to over 30 μm [43] by adjusting the alloy com-
position. Hg1�xCdxTe finds extensive applications in infrared detector materials and
photovoltaic detector arrays in the 8–12 μm wave bands [44]. The above uses have
generated the Hg1−xCdxTe technology for the experimental realization of high
mobility single crystal with specially prepared surfaces. The same compound has
emerged to be the optimum choice for illuminating the narrow sub-band physics
because the relevant material constants can easily be experimentally measured [45].
Besides, the quaternary alloy In1�xGaxAsyP1�y lattice matched to InP, also finds
wide use in the fabrication of avalanche photo-detectors [46], hetero-junction lasers
[47], light emitting diodes [48] and avalanche photodiodes [49], field effect tran-
sistors, detectors, switches, modulators, solar cells, filters, and new types of inte-
grated optical devices are made from the quaternary systems [50]. It may be noted
that all types of band models as discussed for III-V semiconductors are also
applicable for ternary and quaternary compounds. In Sect. 1.2.2, the EP from QWs
of HD III-V, ternary and quaternary semiconductors has been studied in accordance
with the corresponding HD formulation of the band structure and the simplified
results for wide gap materials having parabolic energy bands under certain limiting
conditions have further been demonstrated as a special case in the absence of band-
tails and thus confirming the compatibility test. The II-VI semiconductors are being
used in nano-ribbons, blue green diode lasers, photosensitive thin films, infrared
detectors, ultra-high-speed bipolar transistors, fiber optic communications, micro-
wave devices, solar cells, semiconductor gamma-ray detector arrays, semiconductor
detector gamma camera and allow for a greater density of data storage on optically
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addressed compact discs [51–58]. The carrier energy spectra in II-VI compounds
are defined by the Hopfield model [59] where the splitting of the two-spin states by
the spin-orbit coupling and the crystalline field has been taken into account. The
Sect. 1.2.3 contains the investigation of the EP from QWs of HD II-VI compounds.

Lead Chalcogenides (PbTe, PbSe, and PbS) are IV-VI non-parabolic semicon-
ductors whose studies over several decades have been motivated by their impor-
tance in infrared IR detectors, lasers, light-emitting devices, photo-voltaic, and high
temperature thermo-electrics [60–64]. PbTe, in particular, is the end compound of
several ternary and quaternary high performance high temperature thermoelectric
materials [65–69]. It has been used not only as bulk but also as films [70–73], QWs
[74] super-lattices [75, 76] nanowires [77] and colloidal and embedded nano-
crystals [78–81], and PbTe films doped with various impurities have also been
investigated [82–89]. These studies revealed some of the interesting features that
had been seen in bulk PbTe, such as Fermi level pinning and, in the case of
superconductivity [90]. In Sect. 1.2.4, the 2D EP from QWs of HD IV-VI semi-
conductors has been studied taking PbTe, PbSe, and PbS as examples. The stressed
semiconductors are being investigated for strained silicon transistors, quantum
cascade lasers, semiconductor strain gages, thermal detectors, and strained-layer
structures [91–94]. The EP from QWs of HD stressed compounds (taking stressed
n-InSb as an example) has been investigated in Sect. 1.2.5 The vacuum deposited
Tellurium (Te) has been used as the semiconductor layer in thin-film transistors
(TFT) [95] which is being used in CO2 laser detectors [96], electronic imaging,
strain sensitive devices [97, 98], and multichannel Bragg cell [99]. Section 1.2.6
contains the investigation of EP from QWs of HD Tellurium. The n-Gallium
Phosphide (n-GaP) is being used in quantum dot light emitting diode [100], high
efficiency yellow solid state lamps, light sources, high peak current pulse for high
gain tubes. The green and yellow light emitting diodes made of nitrogen-doped
n-GaP possess a longer device life at high drive currents [101–103]. In Sect. 1.2.7,
the EP from QWs of HD n-GaP has been studied. The Platinum Antimonide
(PtSb2), finds application in device miniaturization, colloidal nanoparticle synthesis,
sensors and detector materials and thermo-photovoltaic devices [104–106].
Section 1.2.8 explores the EP from QWs of HD PtSb2. Bismuth telluride (Bi2Te3)
was first identified as a material for thermoelectric refrigeration in 1954 [107] and
its physical properties were later improved by the addition of bismuth selenide and
antimony telluride to form solid solutions. The alloys of Bi2Te3 are useful com-
pounds for the thermoelectric industry and have been investigated in the literature
[108–112]. In Sect. 1.2.9, the EP from QWs of HD Bi2Te3 has been considered.
The usefulness of elemental semiconductor Germanium is already well known since
the inception of transistor technology and, it is also being used in memory circuits,
single photon detectors, single photon avalanche diode, ultrafast optical switch,
THz lasers and THz spectrometers [113–116]. In Sect. 1.2.10, the EP has been
studied from QWs of HD Ge. Gallium Antimonide (GaSb) finds applications in the
fiber optic transmission window, hetero-junctions, and QWs. A complementary
hetero-junction field effect transistor in which the channels for the p-FET device
and the n-FET device forming the complementary FET are formed from GaSb. The
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band gap energy of GaSb makes it suitable for low power operation [117–122]. In
Sect. 1.2.11, the EP from QWs of HD GaSb has been studied. Section 1.3 contains
the result and discussions pertaining to this chapter. The last Sect. 1.4 contains open
research problems.

1.2 Theoretical Background

1.2.1 The EP from QWs of HD Non-linear Optical
Semiconductors

The form of k. p matrix for nonlinear optical compounds can be expressed
extending Bodnar [28] as

H ¼ H1 H2

Hþ
2 H1

� �
ð1:1Þ

where,

H1 �
Eg0 0 Pkkz 0
0 �2Dk=3

� � ffiffiffi
2

p
D?=3

� �
0

Pkkz
ffiffiffi
2

p
D?=3

� � � dþ 1
3Dk

� �
0

0 0 0 0

2
664

3
775; H2 �

0 �f;þ 0 f;�
f;þ 0 0 0
0 0 0 0
f;þ 0 0 0

2
664

3
775

in which Eg0 is the band gap in the absence of any field, Pk and P? are the
momentum matrix elements parallel and perpendicular to the direction of crystal
axis respectively, d is the crystal field splitting constant, Dk and D? are the spin-

orbit splitting constants parallel and perpendicular to the C-axis respectively, f;� �
P?=

ffiffiffi
2

p� �
kx � iky
� �

and i ¼ ffiffiffiffiffiffiffi�1
p

. Thus, neglecting the contribution of the higher
bands and the free electron term, the diagonalization of the above matrix leads to
the dispersion relation of the conduction electrons in bulk specimens of nonlinear
optical semiconductors as

cðEÞ ¼ f1ðEÞk2s þ f2ðEÞk2z ð1:2Þ

where

cðEÞ � EðE þ Eg0Þ
�
E þ Eg0

� �
E þ Eg0 þ Dk
� �

þ d E þ Eg0 þ
2
3
Dk

� �
þ 2
9

D2
k � D2

?
	 
�

;
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E is the total energy of the electron as measured from the edge of the conduction
band in the vertically upward direction in the absence of any quantization,
k2s ¼ k2x þ k2y ,

f1ðEÞ �
�h2Eg0 Eg0 þ D?

� �
2m�

? Eg0 þ 2
3D?

� �� � d E þ Eg0 þ
1
3
Dk

� �
þ E þ Eg0

� ��

� E þ Eg0 þ
2
3
Dk

� �
þ 1
9

D2
k � D2

k
	 
�

;

f2ðEÞ �
�h2Eg0 Eg0 þ Dk

� �
2m�

k Eg0 þ 2
3Dk

� �h i E þ Eg0

� �
E þ Eg0 þ

2
3
Dk

� �� �
;

ħ = h/2π, h is Planck’s constant and m�
k and m�

? are the longitudinal and transverse

effective electron masses at the edge of the conduction band respectively.
Thus the generalized unperturbed electron energy spectrum for the bulk speci-

mens of the nonlinear optical materials in the absence of band tails can be expressed
following (1.2) as

�h2k2z
2m�

k
þ bk

b?

c?
ck

� �
�h2k2s
2m�

?
¼ EðaE þ 1ÞðbkE þ 1Þ

ckE þ 1
� � þ abk

ck
dE þ 2

9
D2
k � D2

?
	 
� �

� 2
9

� �
abk
ck

D2
k � D2

?
	 

ckE þ 1
� �

8<
:

9=
;

� �h2k2s
2m�

?

� �
bk
b?

c?
ck

� �
d
2
þ D2

k � D2
?

6Dk

 !
ak

akE þ 1
þ d

2
� D2

k � D2
?

6Dk

( ) !
ck

ckE þ 1

" #( )

ð1:3Þ

where,

bk � 1=ðEg þ DkÞ; c? � 1= Eg þ 2
3
D?

� �
; b? � 1=ðEg þ D?Þ;

ck � 1= Eg þ 2
3
Dk

� �
and a � 1=Eg

The Gaussian distribution F(V) of the impurity potential is given by [123, 124]

FðVÞ ¼ pg2g

	 
�1=2
exp �V=g2g
	 


ð1:4Þ

where, gg is the impurity scattering potential. It appears from (1.4) that the variance
parameter gg is not equal to zero, but the mean value is zero. Further, the impurities
are assumed to be uncorrelated and the band mixing effect has been neglected in
this simplified theoretical formalism.

We have to average the kinetic energy in the order to obtain the E-k dispersion
relation in nonlinear optical materials in the presence of band tails. Using the (1.3)
and (1.4), we get
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�h2k2z
2m�

k

ZE
�1

FðVÞdV
2
4

3
5þ bk

b?

c?
ck

� �
�h2k2s
2m�

?

ZE
�1

FðVÞdV
2
4

3
5

¼
ZE
�1

ðE � VÞ½aðE � VÞ þ 1�½bkðE � VÞ þ 1�
½ckðE � VÞ þ 1� FðVÞdV

8<
:

þ abk
ck

d
ZE
�1

ðE � VÞFðVÞdV þ 2
9

D2
k � D2

?
	 
 ZE

�1
FðVÞdV

2
4

3
5

� 2
9

� �
abk
ck

D2
k � D2

?
	 
 ZE

�1

FðVÞdV
ckðE � VÞ þ 1
� �

9=
;

� �h2k2s
2m�

?

� � "
bk
b?

c?
ck

� �(
d
2
þ D2

k � D2
?

6Dk

 !
a
ZE
�1

FðVÞdV
aðE � VÞ þ 1½ �

þ d
2
� D2

k � D2
?

6Dk

 !
ck

ZE
�1

FðVÞdV
ckðE � VÞ þ 1
� �

3
5
9=
;

ð1:5Þ

The (1.5) can be rewritten as [125–128]

�h2k2z
2m�

k
Ið1Þ þ bk

b?

c?
ck

� �
�h2k2s
2m�

?
Ið1Þ

¼ I3ðckÞ þ
abk
ck

dIð4Þ þ 2
9

D2
k � D2

?
	 


Ið1Þ
� �

� 2
9

� �
abk
ck

D2
k � D2

?
	 


I6ðckÞ
 �

� �h2k2s
2m�

?

� �
bk
b?

c?
ck

� �
d
2
þ D2

k � D2
?

6Dk

 !
aIðaÞ þ d

2
� D2

k � D2
?

6Dk

( ) !
ckIðckÞ

" #( )

ð1:6Þ

where,

Ið1Þ �
ZE
�1

FðVÞdV ð1:7Þ

I3ðckÞ �
ZE
�1

ðE � VÞ½aðE � VÞ þ 1� bkðE � VÞ þ 1
� �

ckðE � VÞ þ 1
� � FðVÞdV ð1:8Þ
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Ið4Þ �
ZE
�1

ðE � VÞFðVÞdV ð1:9Þ

IðaÞ �
ZE
�1

FðVÞdV
½aðE � VÞ þ 1� ð1:10Þ

Substituting E � V � x and x=gg � t0, we get from (1.7)

Ið1Þ ¼ exp �E2=g2g

	 

=
ffiffiffi
p

p	 
Z1
0

exp �t20 þ 2Et0=gg
� �� �

dt0

Thus,

Ið1Þ ¼ 1þ Erf ðE=ggÞ
2

� �
ð1:11Þ

where, Erf ðE=ggÞ is the error function of ðE=ggÞ.
From (1.9), one can write

Ið4Þ ¼ 1=gg
ffiffiffi
p

p� � ZE
�1

ðE � VÞ exp �V2=g2g

	 

dV

¼ E
2
½1þ Erf ðE=ggÞ� �

1ffiffiffiffiffiffiffi
pg2g

q ZE
�1

V exp �V2=g2g

	 

dV

8><
>:

9>=
>;

ð1:12Þ

After computing this simple integration, one obtains
Thus,

Ið4Þ ¼ gg exp �E=g2g
	 


2
ffiffiffi
p

p� ��1þE
2

1þ Erf ðE=ggÞ
� � ¼ c0 E; gg

� � ð1:13Þ

From (1.10), we can write

IðaÞ ¼ 1ffiffiffiffiffiffiffi
pg2g

q ZE
�1

exp �V2=g2g

	 

dV

aðE � VÞ þ 1½ � ð1:14Þ
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When,

V ! �1;
1

½aðE � VÞ þ 1� ! 0 and exp �V2=g2g

	 

! 0;

Thus (1.14) can be expressed as

IðaÞ ¼ 1=agg
ffiffiffi
p

p� � Z1
�1

expð�t2Þðu� tÞ�1dt ð1:15Þ

where,

V
gg

� t and u � 1þ aE
ag

� �
:

It is well known that [129, 130]

WðZÞ ¼ ði=pÞ
Z1
�1

ðZ � tÞ�1
expð�t2Þdt ð1:16Þ

In which i ¼ ffiffiffiffiffiffiffi�1
p

and Z, in general, is a complex number.
We also know [129, 130],

WðZÞ ¼ expð�Z2ÞErfcð�iZÞ ð1:17Þ

where,

ErfcðZÞ � 1� Erf ðZÞ:

Thus,

Erfcð�iuÞ ¼ 1� Erf ð�iuÞ

Since,

Erf ð�iuÞ ¼ �Erf ðiuÞ

Therefore,

Erfcð�iuÞ ¼ 1þ Erf ðiuÞ:
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Thus,

IðaÞ ¼ �i
ffiffiffi
p

p
=agg

� �
expð�u2Þ½1þ Erf ðiuÞ� ð1:18Þ

We also know that [129, 130]

Erf ðxþ iyÞ ¼ Erf ðxÞ þ e�x2

2px

 !
ð1� cosð2xyÞÞ þ i sinð2xyÞ þ 2

p
e�x2

X1
p¼1

expð�p2=4Þ
ðp2 þ 4x2Þ

" #

� fpðx; yÞ þ igpðx; yÞ þ eðx; yÞ� � ð1:19Þ

where,

fpðx; yÞ � ½2x� 2x coshðpyÞ cosð2xyÞ þ p sinhðpyÞ sinð2xyÞ�;
gpðx; yÞ � ½2x coshðpyÞ sinð2xyÞ þ p sinhðpyÞ cosð2xyÞ�;
eðx; yÞj j 	 10�16 Erf ðxþ iyÞj j

Substituting x ¼ 0 and y ¼ u in (1.19), one obtains,

Erf ðiuÞ ¼ 2i
p

� �X1
p¼1

expð�p2=4Þ
p

sinhðpuÞ
 �

ð1:20Þ

Therefore, one can write

IðaÞ ¼ C21ða;E; ggÞ � iD21ða;E; ggÞ ð1:21Þ

where,

C21ða;E; ggÞ �
2

agg
ffiffiffi
p

p
" #

expð�u2Þ
X1
P¼1

expð�p2=4Þ
p

sinhðpuÞ
 �" #

and

D21ða;E; ggÞ �
ffiffiffi
p

p
agg

expð�u2Þ
" #

:

The (1.21) consists of both real and imaginary parts and therefore, IðaÞ is complex,
which can also be proved by using the method of analytic continuation of the
subject Complex Analysis.
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The integral I3ðckÞ in (1.8) can be written as

I3ðckÞ ¼
abk
ck

� �
Ið5Þ þ ack þ bkck � abk

c2k

 !
Ið4Þ þ 1

ck
1� a

ck

� �
1� bk

ck

� �
Ið1Þ

� 1
ck

1� a
ck

� �
1� bk

ck

� �
IðckÞ

 �
ð1:22Þ

where

Ið5Þ �
ZE
�1

ðE � VÞ2FðVÞdV ð1:23Þ

From (1.23) one can write

Ið5Þ ¼ 1ffiffiffiffiffiffiffi
pg2g

q E2
ZE
�1

exp
�V2

g2g

 !
dV � 2E

ZE
�1

V exp
�V2

g2g

 !
dV þ

ZE
�1

V2 exp
�V2

g2g

 !
dV

2
4

3
5

The evaluations of the component integrals lead us to write

Ið5Þ ¼ ggE

2
ffiffiffi
p

p exp
�E2

g2g

 !
þ 1
4

g2g þ 2E2
	 


1þ Erf
E
gg

 !" #
¼ h0ðE; ggÞ ð1:24Þ

Thus combining the aforementioned equations, I3ðckÞ can be expressed as

I3ðckÞ ¼ A21ðE; ggÞ þ iB21ðE; ggÞ ð1:25Þ

where,

A21ðE; gÞ �
abk
ck

ggE

2
ffiffiffi
p

p exp
�E2

g2g

 !
þ 1
4

g2g þ 2E2
	 


1þ Erf
E
gg

 !( )" #"

þ ack þ bkck � abk
c2k

" #
E
2
½1þ Erf ðE=ggÞ� þ

gg exp �E2=g2g

	 

2
ffiffiffi
p

p
8<
:

9=
;

þ 1
ck

1� a
ck

� �
1� bk

ck

� �
1
2
½1þ Erf ðE=ggÞ� �

2
c2kgg

ffiffiffi
p

p 1� a
ck

� �
1� bk

ck

� �
exp �u21
� �( )

�
X1
p¼1

expð�p2=4Þ
p

sinhðpu1Þ
 �" #

;

u1 �
1þ ckE
ckgg

" #
andB21 E; gg

� � � ffiffiffi
p

p
c2kgg

1� a
ck

� �
1� bk

ck

� �
expð�u21Þ:
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Therefore, the combination of all the appropriate integrals together with alge-
braic manipulations leads to the expression of the dispersion relation of the con-
duction electrons of HD nonlinear optical materials forming Gaussian band tails as

�h2k2z
2m�

kT21ðE; ggÞ
þ �h2k2s
2m�

?T22ðE; ggÞ
¼ 1 ð1:26Þ

where, T21ðE; ggÞ and T22ðE; ggÞ have both real and complex parts and are given by

T21ðE; ggÞ � ½T27ðE; ggÞ þ iT28ðE; ggÞ�;T27ðE; ggÞ �
T23ðE; ggÞ
T5ðE; ggÞ

" #
;

T23ðE; ggÞ � A21ðE; ggÞ þ
abk
ck

dc0ðE; ggÞ þ
1
9

D2
k � D2

?
	 


½1þ Erf ðE=ggÞ�
� ��

� 2
9

abk
ck

� �
D2
k � D2

?
	 


G21ðck;E; ggÞ
 ��

;

G21ðE; ggÞ �
2

ckgg
ffiffiffi
p

p exp �u21
� �X1

p¼1

expð�p2=4Þ
p

sinhðpu1Þ
 �

;

T5ðE; ggÞ �
1
2
½1þ Erf ðE=ggÞ�;

T28ðE; ggÞ �
T24ðE; ggÞ
T5ðE; ggÞ

" #
;T24ðE; ggÞ � B21ðE; ggÞ þ

2
9
abk
ck

D2
k � D2

?
	 


H21ðck;E; ggÞ
� �

;

H21ðck;E; ggÞ �
ffiffiffi
p

p
ggck

exp �u21
� �" #

;T22ðE; ggÞ � ½T29ðE; ggÞ þ iT30ðE; ggÞ�;

T29ðE; ggÞ �
T23ðE; ggÞT25ðE; ggÞ � T24ðE; ggÞT26ðE; ggÞ

T25ðE; ggÞ
� �2þ T26ðE; ggÞ

� �2h i ;

T25ðE; ggÞ �
bk
b?

c?
ck

� �
1
2

1þ Erf
E
gg

 !" #
þ bk

b?

c?
ck

� �
d
2
þ D2

k � D2
?

6Dk

" # !
akC21ðak;E; ggÞ

"

þ bkc?
b?

� �
d
2
� D2

k � D2
?

6Dk

" # !
G21ðak;E; ggÞ;

#

C21ða;E; ggÞ �
2

a ffiffiffiffiffiffiffipgg
p exp �u2

� � X1
p¼1

expð�p2=4Þ
p

sinhðpuÞ
" #" #

;

T26ðE; ggÞ �
bk
b?

c?
ck

� �
d
2
� D2

k � D2
?

6Dk

 !
aD21ða;E; ggÞ þ

bkc?
b?

d
2
� D2

k � D2
?

6Dk

 !
H21ðck;E; ggÞ

and T30ðE; ggÞ �
T24ðE; ggÞT25ðE; ggÞ þ T23ðE; ggÞT26ðE; ggÞ

T25 E; gg
� �� �2þ T26 E; gg

� �� �2h i
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From (1.26), it appears that the energy spectrum in HD nonlinear optical
semiconductors is complex. The complex nature of the electron dispersion law
in HD semiconductors occurs from the existence of the essential poles in the
corresponding electron energy spectrum in the absence of band tails. It may be
noted that the complex band structures have already been studied for bulk semi-
conductors and super lattices without heavy doping [131, 132] and bears no rela-
tionship with the complex electron dispersion law as indicated by (1.26). The
physical picture behind the formulation of the complex energy spectrum in HDS is
the interaction of the impurity atoms in the tails with the splitting constants of the
valance bands. More is the interaction; more is the prominence of the complex part
than the other case. In the absence of band tails, gg ! 0, and there is no interaction
of the impurity atoms in the tails with the spin orbit constants. As a result, there
exist no complex energy spectrum and (1.26) gets converted into (1.2) when
gg ! 0. Besides, the complex spectra are not related to same evanescent modes in
the band tails and the conduction bands.

It is interesting to note that the single important concept in the whole spectra of
materials and allied sciences is the effective electron mass which is in disguise in
the apparently simple (1.26), and can, briefly be described as follows:

Effective electron mass: The effective mass of the carriers in semiconductors,
being connected with the mobility, is known to be one of the most important
physical quantities, used for the analysis of electron devices under different oper-
ating conditions [133]. The carrier degeneracy in semiconductors influences the
effective mass when it is energy dependent. Under degenerate conditions, only the
electrons at the Fermi surface of n-type semiconductors participate in the con-
duction process and hence, the effective mass of the electrons corresponding to the
Fermi level (EEM) would be of interest in electron transport under such conditions.
The Fermi energy is again determined by the electron energy spectrum and the
carrier statistics and therefore, these two features would determine the dependence
of the effective electron mass in degenerate n-type semiconductors under the degree
of carrier degeneracy. In recent years, various energy wave vector dispersion
relations have been proposed [134–146] which have created the interest in studying
the effective mass in such materials under external conditions. It has, therefore,
different values in different materials and varies with electron concentration, with
the magnitude of the reciprocal quantizing magnetic field under magnetic quanti-
zation, with the quantizing electric field as in inversion layers, with the nano-
thickness as in UFs and nano wires and with superlattice period as in the quantum
confined superlattices of small gap semiconductors with graded interfaces having
various carrier energy spectra [147–178].
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The transverse and the longitudinal EEMs at the Fermi energy EFhð Þ of HD
nonlinear optical materials can, respectively, be expressed as

m�
? EFh ; gg
� � ¼ m�

? T29ðE; ggÞ
� �0���

E¼EFh

ð1:27Þ

and

m�
k EFh ; gg
� � ¼ m�

k T27 E; gg
� �� �0���

E¼EFh

ð1:28Þ

where EFh is the Fermi energy of HDS in the presence of band tails as measured
from the edge of the conduction band in the vertically upward direction in the
absence of band tails and the primes denote the differentiations of the differentiable
functions with respect to Fermi energy in the appropriate case.

In the absence of band tails gg ! 0 and we get

m�
?ðEF ; 0Þ ¼ �h2

2
w2ðEÞfw1ðEÞg0 � w1ðEÞfw2ðEÞg0

fw2ðEÞg2
" #�����

E¼EF

ð1:29Þ

and

m�
kðEF ; 0Þ ¼ �h2

2
w3ðEÞfw1ðEÞg0 � fw1ðEÞgfw3ðEÞg0

fw3ðEÞg2
" #�����

E¼EF

ð1:30Þ

where EF is the Fermi energy as measured from the edge of the conduction band in
the vertically upward direction in the absence of any perturbation, w1ðEÞ ¼
cðEÞ;w2ðEÞ ¼ f1ðEÞ and w3ðEÞ ¼ f2ðEÞ:

Comparing the aforementioned equations, one can infer that the effective
masses exist in the forbidden zone, which is impossible without the effect of
band tailing. For semiconductors, in the absence of band tails the effective
mass in the band gap is infinity.

The DOS function is given by

NHDðE; ggÞ ¼
2gvm�

?
ffiffiffiffiffiffiffiffi
2m�

k
q

3p2�h3
R11 E; gg
� �

cos w11 E; gg
� �� � ð1:31aÞ
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where,

R11 E; gg
� � � T29 E; gg

� �� �0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x E; gg
� �q

þ T29 E; gg
� �

x E; gg
� �� �0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x E; gg
� �q

2
64
2
64

� T30 E; gg
� �� �0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

y E; gg
� �q

� T30 E; gg
� �

y E; gg
� �� �0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y E; gg
� �q

3
75
2

þ T29 E; gg
� �� �0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

y E; gg
� �q

þ T29 E; gg
� �

y E; gg
� �� �0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y E; gg
� �q

2
64

þ T30 E; gg
� �� �0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x E; gg
� �q

� T30 E; gg
� �

x E; gg
� �� �0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x E; gg
� �q

3
75
23
75
1=2

;

x E; gg
� � � 1

2
T27 E; gg
� �þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T27 E; gg
� �� �2þ T28 E; gg

� �� �2q� �
;

y E; gg
� � � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T27 E; gg
� �� �2þ T28 E; gg

� �� �2q
� T27 E; gg

� �� �
and

w11 E; gg
� � � tan�1 T29 E; gg

� �� �0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y E; gg
� �q

þ T29 E; gg
� �

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y E; gg
� �q

2
64
2
64

þ T30 E; gg
� �� �0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x E; gg
� �q

þ T30 x E; gg
� �� �0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x E; gg
� �q

3
75

� T29 E; gg
� �� �0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x E; gg
� �q

þ T29 E; gg
� �

x E; gg
� �� �0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x E; gg
� �q

2
64

� T30 E; gg
� �� �0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

y E; gg
� �q

þ T30 y E; gg
� �� �0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y E; gg
� �q

3
75
�13
75:

The oscillatory nature of the DOS for HD nonlinear optical materials is apparent
from (1.31a). For, w11 E; gg

� �
 p, the cosine function becomes negative leading to
the negative values of the DOS. The electrons cannot exist for the negative values
of the DOS and therefore, this region is forbidden for electrons, which indicates that
in the band tail, there appears a new forbidden zone in addition to the normal
band gap of the semiconductor.
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The use of (1.31a) leads to the expression of the electron concentration as

n0 ¼
2gvm�

?
ffiffiffiffiffiffiffiffi
2m�

k
q

3p2�h3
I11 EFh ; gg
� �þXs

r¼1

LðrÞ½I11 EFh ; gg
� ��

" #
ð1:31bÞ

where, I11 EFh ; gg
� � � T29 E; gg

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x EFh ; gg
� �q

� T30 EFh ; gg
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

y EFh ; gg
� �qh i

,

LðrÞ ¼ 2 kBTð Þ2r 1� 21�2rð Þnð2rÞ o2r

oðFermi energyÞ2r, r is the set of real positive integers

whose upper s and nð2rÞ is the Zeta function of order 2r [129, 130].
The consequence of the photoelectric effect is the creation of the concept of

photoelectric current density (J) which, can, in turn, be written through the pho-
toemission integral PIð Þ as [7]

J ¼ a0e
4

PIð Þ ð1:31cÞ

where,

PI ¼
Z1
E0

N E0; gg
� �

mz E0; gg
� �

f ðEÞdE0 ð1:31dÞ

E0 � ni þW � hm; ni is obtained by substituting kx ¼ 0; ky ¼ 0 and kz ¼ 0 in
the dispersion relation, W is the electron affinity, E0 � E � E0;E is the total energy
of the electron as measured from the edge of the conduction band in the vertically
upward direction in the absence of any quantization, N E0; gg

� �
is the DOS function

at E ¼ E0; mz E0; gg
� �

is the velocity of the emitted electron along z-axis when,
E ¼ E0; f ðEÞ is the Fermi Dirac occupation probability factor and can be written in
this case as

f ðEÞ ¼ 1þ exp
E � EFhð Þ
kBT

� ��1

: ð1:31eÞ

Thus combining the appropriate equations, the EP from HD non-linear materials
can be expressed as

J ¼ M1 Real part of
Z1
E0

N1 E; gg
� �

dE0 ð1:31fÞ
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where

M1 ¼ a0egvm�
?

3p2�h3
andN1 E; gg

� � ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T21 E0; gg
� �q

T 0
21 E0; gg
� � R11 E0; gg

� �
cos½w11ðE0; ggÞ�fðEÞ

For dimensional quantization along z-direction, the dispersion relation of the 2D
electrons in this case can be written following (1.26) as

�h2ðnzp=dzÞ2
2m�

kT21 E; gg
� �þ �h2k2s

2m�
?T22 E; gg

� � ¼ 1 ð1:32Þ

where, nzð¼ 1; 2; 3; . . .Þ and dz are the size quantum number and the nano-thickness
along the z-direction respectively.

The general expression of the total 2D DOS N2DTðEÞð Þ can, in general, be
expressed as

N2DTðEÞ ¼ 2gv
ð2pÞ2

Xnzmax

nz¼1

oA E; nzð Þ
oE

H E � Enz

� � ð1:33Þ

where, gv is the valley degeneracy, AðE; nzÞ is the area of the constant energy 2D
wave vector space and in this case it is for QWs, H E � Enz

� �
is the Heaviside step

function and Enz is the corresponding sub-band energy. Using (1.32) and (1.33), the
expression of the N2DTðEÞ for QWs of HD nonlinear optical semiconductors can be
written as

N2DTðEÞ ¼ m�
?gv
p�h2

Xnzmax

nz¼1

T 0
1DðE; gg; nzÞHðE� EnzD1Þ ð1:34Þ

where, T1DðE; gg; nzÞ ¼ ½1� �h2ðnzp=dzÞ2
2m�

kT21 E;ggð Þ�T22 E; gg
� �

and the sub band energies EnzD1

in this case is given by the following equation

�h2 nzp=dzð Þ2
2m�

kT21 EnzD1; gg
� � ¼ 1 ð1:35Þ

Thus we observe that both the total DOS and sub-band energies of QWs of HD
nonlinear optical semiconductors are complex due to the presence of the pole in
energy axis of the corresponding materials in the absence of band tails.
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The EEM in this case is given by

m�ðEF1HD; gg; nzÞ ¼ m�
?½Real part of T 0

1DðEF1HD; gg; nzÞ� ð1:36Þ

Thus, we observe that the EEM is the function of size quantum number and the
Fermi energy due to the combined influence of the crystal filed splitting constant
and the anisotropic spin-orbit splitting constants respectively. Besides it is a
function of gg due to which the EEM exists in the band gap, which is otherwise
impossible.

Combining (1.34) with the Fermi-Dirac occupation probability factor, integrat-
ing between EnzD1 to infinity and applying the generalized Sommerfeld’s lemma
[179], the 2D carrier statistics in this case assumes the form

n2D ¼ m�
?gv
p�h2

Xnzmax

nz¼1

½Real part of½T1DðEF1HD; gg; nzÞ þ T2DðEF1HD; gg; nzÞ�� ð1:37Þ

where, T2DðEF1HD; gg; nzÞ ¼
Ps
r¼1

LðrÞ½T1DðEF1HD; gg; nzÞ�;EF1HD is the Fermi energy

in the presence of size quantization of the QWs of HD non-linear optical materials
as measured from the edge of the conduction band in the vertically upward direction
in the absence of any perturbation.

The photoelectric current density in QWs can, in general be written as

J2D ¼ aoe
2dz

Xnzmax

nzmin

Z1
Enz

N2DðEÞf ðEÞvzðEnzÞdE ð1:38aÞ

where N2DðEÞ is the density-of-states function per sub band, vzðEnzÞ is the velocity
of the electron in the nthz sub band, the factor 1

2 originates owing to the fact that only
half of the electron will migrate towards the surface and escape [36].

Thus combining the appropriate equations the J2D in this case assumes the form

J2D ¼ M2 Real part of
Xnzmax

nzmin

Z1
EnzD1

N2ðE; gg; nzÞdE ð1:38bÞ

where

nzmin



ffiffiffiffiffiffiffiffi
2m�

k
q
�hp

dz
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T27ðW� hm; ggÞ

q
; M2 ¼ a0egm

dzp�h2
ð
m�

k
2
Þ12
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and

N2ðE; gg; nzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T21ðEnzD1; ggÞ

q
T 0
21ðEnzD1; ggÞ

fðEÞT 0
1DðE; gg; nzÞ

Therefore using (1.37) and (1.38b) we can study the EP in this case.
In the absence of band-tails, the 2D dispersion relation the EEM in the x-y plane

at the Fermi level, the total 2D DOS, the sub-band energy Enz1;
the surface electron

concentration per unit area and the EP for QWs of non-linear optical materials in
the absence of band tails can, respectively, be written as

w1ðEÞ ¼ w2ðEÞk2s þ w3ðEÞðnzp=dzÞ2 ð1:39Þ

m� EFs; nzð Þ ¼ �h2

2

� �
w2ðEFsÞ½ ��2 w2 EFsð Þ w1 EFsð Þf g0� w3 EFsð Þf g0 nzp

dz

� �2
( )"

� w1 EFsð Þ � w3 EFsð Þ nzp
dz

� �2
( )

w2 EFsð Þf g0
#

ð1:40Þ

N2DT Eð Þ ¼ gv
2p

	 
Xnzmax

nz¼1

w2 Eð Þ½ ��2 w2ðEÞ w1 Eð Þf g0� w3 Eð Þf g0 nzp
dz

� �2
( )"

� w1 Eð Þ � w3ðEÞ
nzp
dz

� �2
( )

w2ðEÞf g0
#
H E � Enz1

	 
 ð1:41Þ

w1ðEnz1
Þ ¼ w2ðEnz1

Þðnzp=dzÞ2 ð1:42Þ

n2D ¼ gv
2p

Xnzmax

nz¼1

T51 EFs; nzð Þ þ T52 EFs; nzð Þ½ � ð1:43Þ

J2D ¼ M3

Xnzmax

nzmin

Z1
Enz1

N3ðE; nzÞdE ð1:44Þ

where

M3 ¼ a0egv
2p�hdz

;N3ðE; nzÞ ¼ ½½w1ðEnz1
Þ

w3ðEnz1
Þ�
1=2½ w2

3ðEnz1
Þ

w3ðEnz1
Þw0

1ðEnz1
Þ � w0

3ðEnz1
Þw1ðEnz1

Þ�

� w2 Eð Þ½ ��2½w2ðEÞffw1ðEÞ0g � fw3ðEÞg0ð
nzp
dz

Þ2g � fw1ðEÞ � w3ðEÞð
nzp
dz

Þ2g w2 Eð Þf g0��fðEÞ;
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w1ðEÞ ¼ cðEÞ;w2ðEÞ ¼ f1ðEÞ;w3ðEÞ ¼ f2ðEÞ, sub band energies EFs is the
Fermi energy in the 2-D sized quantized material in the presence of size quanti-
zation and in the absence of band-tails as measured from the edge of the conduction
band in the vertically upward direction in the absence of any quantization,

T51 EFs; nzð Þ � w1 EFsð Þ � w3 EFsð Þ nzp=dzð Þ2
w2 EFsð Þ

" #
and

T52 EFs; nzð Þ �
Xs
r¼1

LðrÞ T51 EFs; nzð Þ½ �:

In the absence of band-tails, the DOS for bulk specimens of non-linear optical
semiconductors is given by

D0ðEÞ ¼ gvð3p2Þ�1w4ðEÞ ð1:45Þ

w4 Eð Þ � 3
2

ffiffiffiffiffiffiffiffiffiffiffiffi
w1 Eð Þp

w1 Eð Þ½ �0
w2 Eð Þ ffiffiffiffiffiffiffiffiffiffiffiffi

w3 Eð Þp � w2 Eð Þ½ �0 w1 Eð Þ½ �3=2
w2 Eð Þ½ �2 ffiffiffiffiffiffiffiffiffiffiffiffi

w3 Eð Þp � 1
2
w3 Eð Þ½ �0 w1 Eð Þ½ �3=2
w2 Eð Þ w3 Eð Þ½ �3=2

" #
;

w1 Eð Þ½ �0 � 2E þ Eg
� �

w1 Eð Þ E E þ Eg
� �� ��1þE E þ Eg

� �
2E þ 2Eg þ dþ Dk
� �h i

;

w2 Eð Þ½ �0 � 2m�
? Eg þ 2

3
D?

� �� ��1

�h2Eg Eg þ D?
� �� �

dþ 2E þ 2Eg þ 2
3
Dk

� �

and w3 Eð Þ½ �0 � 2m�
k Eg þ 2

3
Dk

� �� ��1

�h2Eg Eg þ Dk
� �� �

2E þ 2Eg þ 2
3
Dk

� �

Combining (1.45) with the Fermi-Dirac occupation probability factor and using
the generalized Sommerfeld’s lemma, the electron concentration can be written as

n0 ¼ gv 3p2
� ��1

M EFð Þ þ N EFð Þ½ � ð1:46aÞ

where, MðEFÞ � w1 EFð Þ½ �32
w2 EFð Þ

ffiffiffiffiffiffiffiffiffiffiffi
w3 EFð Þ

p
� �

, EF is the Fermi energy of the bulk specimen in

the absence of band tailsfermi energy as measured from the edge of the conduction

band in the vertically upward direction and NðEFÞ �
Ps
r¼1

LðrÞMðEFÞ
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In this case the EP is given by

J ¼ M4

Z1
E0

N4ðEÞdE0 ð1:47Þ

where

M4 ¼ a0egv
6p2�h

andN4ðEÞ

¼ w4ðE0ÞfðEÞ � ðw1ðE0Þ
w3ðE0ÞÞ

1=2½ w2
3ðE0Þ

w3ðE0Þw0
1ðE0Þ � w0

3ðE0Þw1ðE0Þ�:

1.2.2 The EP from QWs of HD III-V Semiconductors

The dispersion relation of the conduction electrons of III-V compounds are
described by the models of Kane (both three and two bands) [38, 156, 157],
Stillman et al. [40] and Palik et al. [42] respectively. For the purpose of complete
and coherent presentation and relative comparison, the EP from QWs of HD III-V
semiconductors have also been investigated in accordance with the aforementioned
different dispersion relations as follows:

(a) The Three Band Model of Kane

Under the conditions, d ¼ 0;Dk ¼ D? ¼ D (isotropic spin orbit splitting constant)
and m�

k ¼ m�
? ¼ mc (isotropic effective electron mass at the edge of the conduction

band), (1.2) gets simplified as

�h2k2

2mc
¼ I11ðEÞ; I11ðEÞ �

E E þ Eg0

� �
E þ Eg0 þ D
� �

Eg0 þ 2
3D

� �
Eg0 Eg0 þ D
� �

E þ Eg0 þ 2
3D

� � ð1:48Þ

which is known as the three band model of Kane [38, 39] and is often used to
investigate the physical properties of III-V materials. Under the said conditions, the
HD electron dispersion law in this case can be written from (1.26) as

�h2k2

2mc
¼ T31 E; gg

� �þ iT32 E; gg
� � ð1:49Þ
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where,

T31 E; gg
� � � 2

1þ Erf E=gg
� �

 !"
ab
c
h0 E; gg
� �þ acþ bc� ab

c2

� �
c0 E; gg
� �

þ 1
c

1� a
c

	 

1� b

c

� �
1
2

1þ Erf
E
gg

 !" #

� 1
c

1� a
c

	 

1� b

c

� �
2

cgg
ffiffiffi
p

p exp �u22
� � X1

p¼1

exp �p2=4ð Þ
p

sinh pu2ð Þ
" ##

;

b � Eg þ D
� ��1

; c � E þ 2
3
D

� ��1

; u2 � 1þ cE
cgg

and T32 E; gg
� �

� 2
1þ Erf E=gg

� �
 !

1
c

1� a
c

	 

1� b

c

� � ffiffiffi
p

p
cgg

exp �u22
� �

:

Thus, the complex energy spectrum occurs due to the term T32 E; gg
� �

and this
imaginary band is quite different from the forbidden energy band.

The EEM at the Fermi level is given by

m� EFh ; gg
� � ¼ mc T31 E; gg

� �� �0���
E¼EFh

ð1:50Þ

Thus, the EEM in HD III-V, ternary and quaternary materials exists in the band
gap, which is the new attribute of the theory of band tailing.

In the absence of band tails, gg ! 0 and the EEM assumes the form

m� EFð Þ ¼ mc I11 Eð Þf g0��E¼EF
ð1:51Þ

The DOS function in this case can be written as

NHD E; gg
� � ¼ gv

3p2
2mc

�h2

� �3=2

R21 E; gg
� �

cos #21 E; gg
� �� � ð1:52Þ

where,
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R21 E; gg
� � � a11 E; gg

� �� �0h i2
4a11 E; gg

� � þ
b11 E; gg
� �� �0h i2

4b11 E; gg
� �

2
64

3
75
1=2

;

a11 E; gg
� � � 1

2
T33 E; gg
� �þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T33 E; gg
� �� �2þ T34 E; gg

� �� �2q� �
;

T33 E; gg
� � � T31 E; gg

� �� �3�3T31 E; gg
� �

T32 E; gg
� �� �2h i

;

T34 E; gg
� � � 3T32 E; gg

� �
T31 E; gg
� �� �2� T32 E; gg

� �� �3h i
;

b11 E; gg
� � � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T33 E; gg
� �� �2þ T34 E; gg

� �� �2q
� T33 E; gg

� �� �
and

#21 E; gg
� � � tan�1 b11 E; gg

� �� �0
a11 E; gg
� �� �0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a11 E; gg
� �

b11 E; gg
� �

s" #
:

Thus, the oscillatory DOS function becomes negative for #21 E; gg
� �
 p and a

new forbidden zone will appear in addition to the normal band gap.
The electron concentration can be expressed as

n0 ¼ gv
3p2

2mc

�h2

� �3=2
�I111e EFh ; gg

� �þXs
r¼1

LðrÞ½�I111e E; gg
� ��

" #
ð1:53Þ

where,

�I111e EFh ; gg
� � ¼ c2 EFh ; gg

� �� �3=2
The EP in this case is given by

J ¼ M5 Real part of
Z1
E0

N5ðE; ggÞdE0 ð1:54Þ

where

M5 ¼ a0egvmc

12p2�h3
andN5ðE; ggÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T31ðE0; ggÞ þ iT32ðE0; ggÞ

q
T 0
31ðE0; ggÞ þ iT 0

32ðE0; ggÞ
R21ðE0; ggÞ cos½#21ðE0; ggÞ�fðEÞ

For dimensional quantization along z-direction, the dispersion relation of the 2D
electrons in this case can be written following (1.49) as

24 1 The EP from Quantum Wells (QWs) …



�h2ðnzp=dzÞ2
2mc

þ �h2ðksÞ2
2mc

¼ T31 E; gg
� �þ iT32 E; gg

� � ð1:55Þ

The expression of the N2DTðEÞ in this case assumes the form

N2DTðEÞ ¼ mcgv
p�h2

Xnzmax

nz¼1

T 0
5DðE; gg; nzÞHðE� EnzD5Þ ð1:56Þ

where,

T5D E; gg; nz
� � ¼ ½T31 E; gg

� �þ iT32 E; gg
� �� �h2ðnzp=dzÞ2ð2mcÞ�1�

and the sub band energies EnzD5 in this case given by

f�h2ðnz=dzÞ2gð2mcÞ�1 ¼ T31ðEnzD5; ggÞ ð1:57Þ

Thus we observe that both the total DOS in QWs of HD III-V compounds and
the sub band energies are complex due to the presence of the pole in energy axis of
the corresponding materials in the absence of band tails.

The EEM in this case is given by

m�ðEF1HD; gg; nzÞ ¼ mc½T 0
31ðEF1HD; gg; nzÞ� ð1:58Þ

Therefore under the same conditions as used in obtaining (1.48) from (1.2), the
2D carrier statistics in this case can be written by using the same conditions from
(1.37) as

n2D ¼ mcgv
p�h2

Xnzmax

nz¼1

½Real part of [T5DðEF1HD; gg; nzÞ þ T6DðEF1HD; gg; nzÞ�� ð1:59Þ

where,

T6DðEF1HD; gg; nzÞ ¼
Xs
r¼1

LðrÞ½T5DðEF1HD; gg; nzÞ�;

The EP in this is given by

J2D ¼ M6 Real part of
Xnzmax

nzmin

Z1
EnzD5

N6ðE; gg; nzÞdE ð1:60aÞ
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where

M6 ¼ a0egvmc

2p�h2dz
ð 2
mc

Þ1=2 andN6ðE; gg; nzÞ

¼ ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T31ðEnzD5; ggÞ þ iT32ðEnzD5; ggÞ

q
T 0
31ðEnzD5; ggÞ þ iT 0

32ðEnzD5; ggÞ
T0
5DðE; gg; nzÞfðEÞ�

In the absence of band tails, the 2D dispersion relation, EEM in the x-y plane at
the Fermi level, the total 2D DOS, the sub-band energy, the electron concentration
and the EP for QWs of III-V materials assume the following forms

�h2k2s
2mc

þ �h2

2mc
nzp=dzð Þ2¼ I11ðEÞ ð1:60bÞ

m� EFsð Þ ¼ mc I11 EFsð Þf g0 ð1:61Þ

It is worth noting that the EEM in this case is a function of Fermi energy alone
and is independent of size quantum number.

N2DT Eð Þ ¼ mcgv
p�h2

� �Xnzmax

nz¼1

I11 Eð Þ½ �0H E � Enz2

	 
n o
ð1:62Þ

where, the sub-band energies Enz2
can be expressed as

I11ðEnz2
Þ ¼ �h2

2mc
nzp=dzð Þ2 ð1:63Þ

n2D ¼ mcgv
p�h2

Xnzmax

nz¼1

T53 EFs; nzð Þ þ T54 EFs; nzð Þ½ � ð1:64Þ

J2D ¼ M7

Xnzmax

nzmin

Z1
Enz2

N7ðE; nzÞdE ð1:65Þ

where

T53 EFs; nzð Þ � I11 EFsð Þ � �h2

2mc

nzp
dz

� �2
" #

; T54 EFs; nzð Þ �
Xs
r¼1

L rð ÞT53 EFs; nzð Þ;

M7 ¼ a0egv
2p�h2dz

ðmc

2
Þ1=2 andN7ðE; nzÞ ¼ I 011ðEÞfðEÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I11ðEnz2Þ

p
I 011ðEnz2Þ
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In the absence of band tails, the DOS function, the electron concentration, and
the EP in bulk III-V, ternary and quaternary materials in accordance with the
unperturbed three band model of Kane assume the following forms

D0 Eð Þ ¼ 4pgv
2mc

h2

� �3=2 ffiffiffiffiffiffiffiffiffiffiffiffi
I11 Eð Þ

p
I 011 Eð Þ� � ð1:66Þ

n0 ¼ gv
3p2

2mc

�h2

� �3=2

M1 EFð Þ þ N1 EFð Þ½ � ð1:67Þ

and

J ¼ 4pemc KBTð Þ2a0gv
h3

" #
1þ 2

3 aD
� �
1þ aDð Þ 2akBTF2 g0ð Þ þ 1þ 2aE0 þ 1

3
aD

� �
F1 g0ð Þ

��

þE0 þ aE2
0 þ 1

3 aDE0

kBT
F�1 g0ð Þ þ a0 ln

a0 þ g0
a0

����
����þ / g0ð Þ

� ���
ð1:68Þ

where,

I 011 Eð Þ � I11 Eð Þ 1
E
þ 1
E þ Eg

þ 1
E þ Eg þ D

� 1
E þ Eg þ 2

3D

" #
;M1 EFð Þ � I11 EFð Þ½ �3=2;

N1 EFð Þ �
Xs
r¼1

L rð ÞM1 EFð Þ; a0 ¼
E0 þ Eg0 þ 2

3D

kBT
; a0 ¼ 2

9
D2

kBTð Þ2 1þ 2
3
aD

� �
;

/ g0ð Þ ¼
XS0
r¼1

2 1� 21�2r� �
f 2rð Þ �1ð Þ2r�1 2r � 1ð Þ!

a0 þ g0ð Þ2r ; g0 ¼
hm� /
kBT

and Fj gð Þ is the one parameter Fermi-Dirac integral of order j which can be written
[180−182] as

Fj gð Þ ¼ 1
C jþ 1ð Þ
� �Z1

0

x jdx
1þ exp x� gð Þ; j[�1 ð1:69Þ

or for all j, analytically continued as a complex contour integral around the negative
x-axis

Fj gð Þ ¼ C �jð Þ
2p

ffiffiffiffiffiffiffi�1
p

� � Zþ0

�1

x jdx
1þ exp �x� gð Þ ð1:70Þ
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where η is the dimensionless quantity and x is independent variable,
Under the inequalities D � Eg0 or D � Eg0 ; (1.48) can be expressed as

E 1þ aEð Þ ¼ �h2k2

2mc
ð1:71Þ

where a � ðEg0Þ�1 and is known as band non-parabolicity.
It may be noted that (1.71) is the well-known two band model of Kane and is

used in the literature to study the physical properties of those III-V and opto-
electronic materials whose energy band structures obey the aforementioned
inequalities.

The dispersion relation in HD III-V, ternary and quaternary materials whose
energy spectrum in the absence of band tails obeys the two band model of Kane as
defined by (1.71), can be written as

�h2k2

2mc
¼ c2 E; gg

� � ð1:72Þ

where,

c2 E; gg
� � � 2

1þ Erf E=gg
� �

" #
c0 E; gg
� �þ ah0 E; gg

� �� �
:

The EEM in this case can be written as

m� EFh ; gg
� � ¼ mc c2 E; gg

� �� �0���
E¼EFh

ð1:73aÞ

Thus, one again observes that the EEM in this case exists in the band gap.
In the absence of band tails, gg ! 0 and the EEM assumes the well-known form

m� EFð Þ ¼ mcf1þ 2aEgjE¼EF
ð1:73bÞ

The DOS function in this case can be written as

NHD E; gg
� � ¼ gv

2p2
2mc

�h2

� �3=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 E; gg
� �q

c2 E; gg
� �� �0 ð1:73cÞ

Since, the poles of the original two band Kane model are at infinity and and no
finite poles with respect to energy, therefore the HD counterpart will be totally real
and the complex band vanishes.
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The electron concentration is given by

n0 ¼ gv
3p2

2mc

�h2

� �3=2
�I111 EFh ; gg
� �þXs

r¼1

LðrÞ½�I111 EFh ; gg
� ��

" #
ð1:74Þ

where,

�I111 EFh ; gg
� � ¼ c2 EFh ; gg

� �� �3=2
The EP in this case is given by

J ¼ M7

Z1
E0

N7ðE; ggÞdE0 ð1:75Þ

where

M7 ¼ a0egvmc

2p2�h3
andN7ðE; ggÞ ¼ c2ðE0; ggÞfðEÞ

For dimensional quantization along z-direction, the dispersion relation of the 2D
electrons in this case can be written following (1.70) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðksÞ2
2mc

¼ c2 E; gg
� � ð1:76Þ

The expression of the N2DTðEÞ in this case can be written as

N2DTðEÞ ¼ mcgv
p�h2

Xnzmax

nz¼1

T 0
7DðE; gg; nzÞHðE� EnzD7Þ ð1:77Þ

where,

T7DðE; gg; nzÞ ¼ ½c2 E; gg
� �� �h2ðnzp=dzÞ2ð2mcÞ�1�;

The sub-band energies EnzD7 in this case given by

�h2ðnzp=dzÞ2
n o

ð2mcÞ�1 ¼ c2 EnzD7; gg
� � ð1:78Þ

Thus, we observe that both the total DOS and sub-band energies of QWs of HD
III-V compounds in accordance with two band model of Kane are not at all
complex since the dispersion relation in accordance with the said model has no pole
in the finite complex plane.
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The EEM in this case is given by

m�ðEF1HD; gg; nzÞ ¼ mc½c02ðEF1HD; gg; nzÞ� ð1:79Þ

Therefore under the same conditions as used in obtaining (1.48) from (1.2), the
2D carrier statistics in this case can be written by using the same conditions from
(1.77) as

n2D ¼ mcgv
p�h2

Xnzmax

nz¼1

½T7DðEF1HD; gg; nzÞ þ T8DðEF1HD; gg; nzÞ� ð1:80Þ

where,

T8DðEF1HD; gg; nzÞ ¼
Xs
r¼1

LðrÞ½T7DðEF1HD; gg; nzÞ�;

The EP in this case is given by

J2D ¼ M8

Xnzmax

nzmin

Z1
EnzD7

N8ðE; gg0 ; nzÞdE ð1:81Þ

where

M8 ¼ a0egvmc

2pdz�h2
ð 2
mc

Þ1=2 andN8ðE; gg; nzÞ ¼ T 0
7DðE; gg; nzÞfðEÞ �

c2ðEnzD7; ggÞ
c02ðEnzD7; ggÞ

Under the inequalities D � Eg0 or, D � Eg0 (1.60a), (1.160b) assumes the form

Eð1þ aEÞ ¼ �h2k2s
2mc

þ �h2

2mc

nzp
dz

� �2

ð1:81aÞ

The EEM can be written from (1.81a) as

m�ðEFsÞ ¼ mcð1þ 2aEFsÞ ð1:81bÞ

The total 2D DOS function assumes the form

N2DTðEÞ ¼ mcgv
p�h2

Xnzmax

nz¼1

1þ 2aEð ÞH E � Enz3

	 

ð1:82Þ
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where, the sub-band energy ðEnz3
Þ can be expressed as

�h2

2mc
ðnzp=dzÞ2 ¼ Enz3

1þ aEnz3

	 

ð1:83Þ

The 2D electron statistics can be written as

n2D ¼ mcgv
p�h2

Xnzmax

nz¼1

Z1
En3

ð1þ 2aEÞdE
1þ exp E�EFs

kBT

	 


¼ mckBTgv
p�h2

Xnzmax

nz¼1

ð1þ 2aEnz3
ÞF0ðgn1Þ þ 2akBTF1ðgn1Þ

h i ð1:84Þ

where,

gn1 � ðEFs � Enz3
Þ=kBT

The EP in this case the can be written as

J2D ¼ ½a0egvmc

2p�h2dz
ð 2
mc

Þ1=2�½
Xnzmax

nzmin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ezmax

ð1þ aEnz3Þ
p

ð1þ 2aEnz3Þ
½ð1þ 2aEnz3ÞF0ðgn1Þ

þ 2akBTF0ðgn1Þ�� ð1:85Þ

The forms of the DOS, the electron statistics and the EP for bulk specimens of
III-V materials in the absence of band tails whose energy band structures are
defined by the two-band model of Kane can, respectively, be written as

D0 Eð Þ ¼ 4pgv
2mc

h2

� �3=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I11e Eð Þ

p
I 011e Eð Þ� � ð1:86Þ

n0 ¼ gv
3p2

2mc

�h2

� �3=2

M2 EFð Þ þ N2 EFð Þ½ � ð1:89Þ

and

J ¼ 4pa0emcðkBTÞ2
h3

½F1ðg0Þ þ 2akBTF2ðg0Þ� ð1:90Þ
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where,

I11e Eð Þ � Eð1þ aEÞ; I 011e Eð Þ � ð1þ 2aEÞ;M2ðEFÞ � I11e EFð Þ½ �3=2

and

N2 EFð Þ �
Xs
r¼1

LðrÞM2 EFð Þ

Under the constraints D � Eg or D � Eg together with the inequality aEF � 1,
the (1.89) assumes the forms as

n0 ¼ gvNc F1=2ðgÞ þ
15akBT

4

� �
F3=2ðgÞ

� �
ð1:91Þ

where,

NC � 2
2pmckBT

h2

� �3=2

and

g � EF

kBT

The dispersion relation in HDS whose energy spectrum in the absence of band
tails obeys the parabolic energy bands (1.69) is given by

�h2k2

2mc
¼ c3 E; gg

� � ð1:92Þ

where,

c3 E; gg
� � ¼ 2

1þ Erf E=gg
� �� �

" #
c0 E; gg
� �

: ð1:93Þ

Since the dispersion relation in accordance with the said model is an all zero
function with no pole in the finite complex plane, therefore the HD counterpart will
be totally real, which is also apparent form the expression (1.92).
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The EEM in this case can be written as

m� EFh ; gg
� � ¼ mc c3 EFh ; gg

� �� �0 ð1:94Þ

In the absence of band tails, gg ! 0 and the EEM assumes the form

m� EFð Þ ¼ mc ð1:95Þ

It is well-known that the EEM in unperturbed parabolic energy bands is a
constant quantity in general excluding cross-fields configuration. However, the
same mass in the corresponding HD bulk counterpart becomes a complicated
function of Fermi energy and the impurity potential together with the fact that the
EEM also exists in the band gap solely due to the presence of finite gg:

The DOS function in this case can be written as

NHD E; gg
� � ¼ gv

2p2
2mc

�h2

� �3=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c3 E; gg
� �q

c3 E; gg
� �� �0 ð1:96Þ

The electron concentration is given by

n0 ¼ gv
3p2

2mc

�h2

� �3=2
�I113 EFh ; gg
� �þXs

r¼1

LðrÞ½�I113 EFh ; gg
� ��

" #
ð1:97Þ

where,

�I113 E; gg
� � ¼ c3 EFh ; gg

� �� �3=2
The EP in this case is given by

J ¼ M7

Z1
E0

N8ðE; ggÞdE0 ð1:98Þ

where

N8ðE; ggÞ ¼ c3ðE0; ggÞfðEÞ

For dimensional quantization along z-direction, the dispersion relation of the 2D
electrons in this case can be written following (1.93) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðksÞ2
2mc

¼ c3 E; gg
� � ð1:99Þ
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the expression of the N2DTðEÞ in this case can be written as

N2DTðEÞ ¼ mcgv
p�h2

Xnzmax

nz¼1

T 0
9DðE; gg; nzÞHðE� EnzD9Þ ð1:100Þ

where,

T9DðE; gg; nzÞ ¼ ½c3 E; gg
� �� �h2ðnzp=dzÞ2ð2mcÞ�1�:

The sub band energies EnzD9 in this case given by

f�hðnzp=dzÞ2gð2mcÞ�1 ¼ c3 EnzD9; gg
� � ð1:101Þ

The EEM in this case can be written as

m�ðEF1HD; gg; nzÞ ¼ mc½c03ðEF1HD; ggÞ� ð1:102Þ

Therefore under the same conditions as used in obtaining (1.48) from (1.2), the
2D carrier statistics in this case can be written by using the same conditions from
(1.77) as

n2D ¼ mcgv
p�h2

Xnzmax

nz¼1

½T9DðEF1HD; gg; nzÞ þ T10DðEF1HD; gg; nzÞ� ð1:103Þ

where,

T10DðEF1HD; gg; nzÞ ¼
Xs
r¼1

LðrÞ½T9DðEF1HD; gg; nzÞ�;

The EP in this case is given by

J2D ¼ M8

Xnzmax

nzmin

Z1
EnzD9

N9ðE; gg0; nzÞdE ð1:104aÞ

where

N9ðE; gg; nzÞ ¼ T 0
9DðE; gg; nzÞfðEÞ �

c3ðEnzD9; ggÞ
c03ðEnzD9; ggÞ

Under the condition a ! 0, the expressions of total 2D DOS, for semiconduc-
tors without forming band tails whose bulk electrons are defined by the isotropic
parabolic energy bands can, be written as
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N2DTðEÞ ¼ mcgv
p�h2

Xnzmax

nz¼1

H E � Enzp

	 

ð1:104bÞ

The sub-band energy Enzp

	 

, the n2D and the EP can, respectively, be expressed

as

Enzp ¼
�h2

2mc

nzp
dz

� �2

ð1:105Þ

n2D ¼ mckBTgv
p�h2

Xnzmax

nz¼1

F0ðgn2Þ ð1:106aÞ

J2D ¼ aoekBTgv
2�hd2z

Xnzmax

nzmin

nz F0 gn2
� �� �

; ð1:106bÞ

where,

nzmin

 dz

p

� � ffiffiffiffiffiffiffiffi
2mc

p
�h

� �
ðW � hmÞ1=2 and gn2 �

1
kBT

EFs � �h2

2mc

nzp
dz

� �2
" #

Converting the summation over nz to the integration over nz, (1.106b) gets
transformed to the well-known relation as [38, 39]

J ¼ 4pa0emcgv kBTð Þ2
h3

F1 g0ð Þ ð1:106cÞ

This indirect test not only exhibits the mathematical compatibility of our formu-
lation but also shows the fact that our simple analysis is a more generalized one,
since one can obtain the corresponding results for relatively wide gap 2D materials
having parabolic energy bands under certain limiting conditions from our present
derivation.

(b) The Model of Stillman et al.

In accordance with the model of Stillman et al. [40], the electron dispersion law of
III-V materials assumes the form

E ¼ t11k
2 � t12k

4 ð1:107Þ

1.2 Theoretical Background 35



where,

t11 � �h2

2mc
;

�t12 � 1� mc

m0

� �2 �h2

2mc

� �2

3Eg0 þ 4Dþ 2D2

Eg0

� �
� Eg0 þ D
� �

2Dþ 3Eg0

� �� ��1
� �

and m0 is the free electron mass
In the presence of band tails, (1.107) gets transformed as

�h2k2

2mc
¼ I12ðE; ggÞ ð1:108Þ

where,

I12ðE; ggÞ ¼ a11½1� ð1� a12c3ðEggÞÞ
1
2�; a11 � �h2�t11

4mc�t12

� �
and a12 � 4�t12

�t211

The EEM can be written as

m� EFh ; gg
� � ¼ mc I12 EFh ; gg

� �� �0 ð1:109Þ

The DOS function in this case can be written as

NHD E; gg
� � ¼ gv

2p2
2mc

�h2

� �3=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I12 E; gg
� �q

I12 E; gg
� �� �0 ð1:110Þ

The electron concentration is given by

n0 ¼ gv
3p2

2mc

�h2

� �3=2
�I121 EFh ; gg
� �þXs

r¼1

LðrÞ½�I121 E; gg
� ��

" #
ð1:111Þ

where,

�I121 EFh ; gg
� � ¼ I12 EFh ; gg

� �� �3=2
The EP in this is given by

J ¼ M7

Z1
E0

N9ðE; ggÞdE0 ð1:112Þ
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where

N9ðE; ggÞ ¼ I12ðE0; ggÞfðEÞ

For dimensional quantization along z-direction, the dispersion relation of the 2D
electrons in this case can be written following (1.108) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðksÞ2
2mc

¼ I12 E; gg
� � ð1:113Þ

the expression of the N2DTðEÞ in this case can be written as

N2DTðEÞ ¼ mcgv
p�h2

Xnzmzx
nz¼1

T 0
11DðE; gg; nzÞHðE� EnzD11Þ ð1:114Þ

where,

T11DðE; gg; nzÞ ¼ ½I12 E; gg
� �� �h2ðnzp=dzÞ2ð2mcÞ�1�;

The sub band energies EnzD11 in this case given by

�h2ðnzp=dzÞ2
n o

ð2mcÞ�1 ¼ I12 EnzD11; gg
� � ð1:115Þ

The EEM in this case assumes the form

m�ðEF1HD; gg; nzÞ ¼ mc½I 012ðEF1HD; gg; nzÞ� ð1:116Þ

The 2-D electron statistics in this case can be written as

n2D ¼ mcgv
p�h2

Xnzmax

nz¼1

½T11DðEF1HD; gg; nzÞ þ T12DðEF1HD; gg; nzÞ� ð1:117aÞ

where,

T12DðEF1HD; gg; nzÞ ¼
Xs
r¼1

LðrÞ½T11DðEF1HD; gg; nzÞ�;

The EP in this is given by

J2D ¼ M8

Xnzmax

nzmin

Z1
EnzD11

N10ðE; gg; nzÞdE ð1:117bÞ
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where

N9ðE; gg; nzÞ ¼ T 0
11DðE; gg; nzÞfðEÞ �

I12ðEnzD11; ggÞ
I 012ðEnzD11; ggÞ

For unperturbed material, the 2-D EEM can be expressed as

m�ðEFsÞ ¼ mc I12 EFsð Þf g0 ð1:118Þ

where

I12ðEÞ � a11½1� a12ðEÞÞ
1
2�

It appears that the EEM in this case is a function of Fermi energy alone and is
independent of size quantum number.

The total 2D DOS function in the absence of band tails in this case can be
written as

N2DTðEÞ ¼ mcgv
p�h2

� �Xnzmax

nz¼1

I12 Eð Þ½ �0H E � Enz3

	 
n o
ð1:119Þ

where, the sub band energies Enz3
can be expressed as

I12ðEnz3
Þ ¼ �h2

2mc
nzp=dzð Þ2 ð1:120Þ

The 2D electron concentration assumes the form

n2D ¼ mcgv
p�h2

Xnzmax

nz¼1

T55ðEFs; nzÞ þ T56ðEFs; nzÞ½ � ð1:121Þ

where

T55ðEFs; nzÞ � I12ðEFsÞ � �h2

2mc

nzp
dz

� �2
" #

and T56ðEFs; nzÞ �
Xs
r¼1

LðrÞT55ðEFs; nzÞ

The EP in this case is given by

J2D ¼ a0egvmc

2p�h2dz
ð 2
mc

Þ1=2½
Xnzmax

nzmin

½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I12ðEnz3Þ

p
I 012ðEnz3Þ

�
Z1
Enz3

I 012ðEÞfðEÞdE� ð1:122aÞ
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The expression of electron concentration for bulk specimens of III-V semicon-
ductors (in the absence of band tails) can be written in accordance with the model of
Stillman et al. as

n0 ¼ gv
3p2

2mc

�h2

� �3=2

MA10 EFð Þ þ NA10 EFð Þ½ � ð1:122bÞ

where,

MA10 EFð Þ ¼ ½I12ðEFÞ�3=2 andNA10 EFð Þ ¼
Xs
r¼1

LðrÞ MA10 EFð Þ½ �

The EP in this case can be expressed as

J ¼ 4pa0egvmc

h3

Z1
E0

I12ðE0ÞfðEÞdE0 ð1:122cÞ

(c) Model of Palik et al.

The energy spectrum of the conduction electrons in III-V semiconductors up to the
fourth order in effective mass theory, taking into account the interactions of heavy
hole, light hole and the split-off holes can be expressed in accordance with the
model of Palik et al. [42] as

E ¼ �h2k2

2mc
� �B11k

4 ð1:123Þ

where

�B11 ¼ �h4

4Eg0ðmcÞ2
" #

1þ x211
2

1þ x11
2

" #
ð1� y11Þ2; x11 ¼ 1þ D

Eg0

� �� ��1

and y11 ¼ mc

mo

The (1.123) gets simplified as

�h2k2

2mc
¼ I13 Eð Þ ð1:124Þ

where

I13 Eð Þ ¼ �b12 �a12 � ð�a12Þ2 � 4E�B11

	 
1=2� �
; �a12 ¼ �h2

2mc

� �

and �b12 ¼ �a12
2�B11

h i
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Under the condition of heavy doping forming Gaussian band tails, (1.124)
assumes the form

�h2k2

2mc
¼ I13ðE; ggÞ ð1:125Þ

where,

I13ðE; ggÞ ¼ �b12½�a12 � ðð�a12Þ2 � 4�B11c3ðE; ggÞÞ1=2�

The EEM can be written as

m� EFh ; gg
� � ¼ mc I13 EFh ; gg

� �� �0 ð1:126Þ

The DOS function in this case can be expressed as

NHD E; gg
� � ¼ gv

2p2
2mc

�h2

� �3=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I13 E; gg
� �q

I13 E; gg
� �� �0 ð1:127Þ

Since, the original band model in this case is a no pole function, in the finite
complex plane therefore, the HD counterpart will be totally real and the complex
band vanishes.

The electron concentration is given by

n0 ¼ gv
3p2

2mc

�h2

� �3=2
�I123 EFh ; gg
� �þXs

r¼1

LðrÞ½�I123 EFh ; gg
� ��

" #
ð1:128Þ

where,

�I123 EFh ; gg
� � ¼ I13 EFh ; gg

� �� �3=2
The EP in this is given by

J ¼ M7

Z1
E0

N11ðE; ggÞdE0 ð1:129Þ

where

N11ðE; ggÞ ¼ I13ðE0; ggÞfðEÞ
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For dimensional quantization along z-direction, the dispersion relation of the 2D
electrons in this case can be written following (1.108) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðksÞ2
2mc

¼ I13 E; gg
� � ð1:130Þ

the expression of the N2DTðEÞ in this case can be written as

N2DTðEÞ ¼ mcgv
p�h2

Xnzmax

nz

T 0
13DðE; gg; nzÞHðE � EnzD13Þ ð1:131Þ

where,

T13DðE; gg; nzÞ ¼ ½I13 E; gg
� �� �h2ðnzp=dzÞ2ð2mcÞ�1�;

The sub band energies EnzD13 in this case given by

f�hðnzp=dzÞ2gð2mcÞ�1 ¼ I13ðEnzD13; ggÞ ð1:132Þ

The EEM in this case can be expressed as

m�ðEF1HD; gg; nzÞ ¼ mc½I 013ðEF1HD; gg; nzÞ� ð1:133Þ

The 2-D electron statistics in this case can be written as

n2D ¼ mcgv
p�h2

Xnzmax

nz¼1

½T13DðEF1HD; gg; nzÞ þ T14DðEF1HD; gg; nzÞ� ð1:134Þ

where,

T14DðEF1HD; gg; nzÞ ¼
Xs
r¼1

LðrÞ½T13DðEF1HD; gg; nzÞ�;

The EP in this is given by

J2D ¼ M8

Xnzmax

nzmin

Z1
EnzD13

N13ðE; gg0; nzÞdE ð1:135aÞ
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where

N13ðE; gg; nzÞ ¼ T 0
13DðE; gg; nzÞfðEÞ �

I13ðEnzD13 ; ggÞ
I 013ðEnzD13 ; ggÞ

The 2D electron dispersion relation in the absence of band tails this case assumes
the form

�h2k2s
2mc

þ �h2

2mc
nzp=dzð Þ2¼ I13ðEÞ ð1:135bÞ

The EEM in this case can be written from (1.135b) as

m�ðEFSÞ ¼ mc½I13ðEFSÞ�0 ð1:135cÞ

The total 2D DOS function can be written as

N2DT Eð Þ ¼ mcgv
p�h2

� �Xnzmax

nz¼1

I13 Eð Þ½ �0H E � Enz4

	 
n o
ð1:136Þ

where, the sub band energies Enz4 can be expressed as

I13ðEnz4Þ ¼
�h2

2mc
nzp=dzð Þ2 ð1:137Þ

The 2D electron concentration assumes the form

n2D ¼ mcgv
p�h2

Xnzmax

nz¼1

T57 EFs; nzð Þ þ T58 EFs; nzð Þ½ � ð1:138Þ

where

T57 EFs; nzð Þ � I13 EFsð Þ � �h2

2mc

nzp
dz

� �2
" #

and

T58 EFs; nzð Þ �
Xs
r¼1

L rð ÞT57 EFs; nzð Þ

The EP in this case is given by

J2D ¼ a0egvmc

2p�h2dz
ð 2
mc

Þ1=2½
Xnzmax

nzmin

½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I13ðEnz4Þ

p
I 013ðEnz4Þ

�
Z1
Enz4

I 013ðEÞfðEÞdE� ð1:139aÞ

42 1 The EP from Quantum Wells (QWs) …



The expression of electron concentration for bulk specimens of III-V semicon-
ductors (in the absence of band tails) can be written in accordance with the model of
Stillman et al. as

n0 ¼ gv
3p2

ð2mc

�h2
Þ3=2½ �MA10ðEFÞ þ �NA10ðEFÞ� ð1:139bÞ

where,

�MA10ðEFÞ ¼ ½I13ðEFÞ�3=2 and �NA10ðEFÞ ¼
Xs
r¼1

LðrÞ½ �MA10ðEFÞ�

The EP in this case can be expressed as

J ¼ 4pa0egvmc

h3

Z1
E0

I13ðE0ÞfðEÞdE0: ð1:139cÞ

1.2.3 The EP in QWs of HD II-VI Semiconductors

The carrier energy spectra in bulk specimens of II-VI compounds in accordance
with Hopfield model [59] can be written as

E ¼ a0ok
2
s þ b0ok

2
z � �koks ð1:140Þ

where a00 � �h2=2m�
?; b

0
0 � �h2=2m�

k, and �k0 represents the splitting of the two-spin

states by the spin orbit coupling and the crystalline field.
Therefore the dispersion relation of the carriers in HD II-VI materials in the

presence of Gaussian band tails can be expressed as

c3 E; gg
� � ¼ a00k

2
s þ b00k

2
z � �k0ks ð1:141Þ

Thus, the energy spectrum in this case is real since the corresponding E-k
relation in the absence of band tails as given by (1.141) is a no pole function in the
finite complex plane.

The transverse and the longitudinal EEMs masses are, respectively, given by

m�
? EFh ; gg
� � ¼ m�

? c3 E; gg
� �� �0 1�

�k0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�k0
� �2þ 4a00c3 E; gg

� �q
0
B@

1
CA

2
64

3
75
�������
E¼EFh

ð1:142Þ
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and

m�
k EFh ; gg
� � ¼ m�

k c3 E; gg
� �� �0���

E¼EFh

ð1:143Þ

Thus the transverse EEM in HD II-VI semiconductors is a function of electron
energy and is double valued due to the presence of �k0 and due to heavy doping the
same mass exists in the band gap.

In the absence of band tails, gg ! 0, we get

m�
? EFð Þ ¼ m�

? 1�
�k0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�k0
� �2þ 4a00E

q
0
B@

1
CA

2
64

3
75
�������
E¼EF

ð1:144Þ

and

m�
k EFð Þ ¼ m�

k ð1:145Þ

The volume in k-space as enclosed (1.141) can be expressed as

V E; gg
� � ¼ 4p

3a00
ffiffiffiffiffi
b00

p c3 E; gg
� �� �3=2þ 3

8

�k0
� �2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c3 E; gg
� �q

a00
� 3

4

�k0ffiffiffiffiffi
a00

p
 !2

4

� c3 E; gg
� �þ �k0

� �2
4a00

 !
sin�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c3 E; gg
� �q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c3 E; gg
� �þ �k0ð Þ2

4a00

r
2
664

3
775
3
775

ð1:146Þ

Therefore, the electron concentration can be written as

n0 ¼ gv
3p2a00

ffiffiffiffiffi
b00

p �I124 EFh ; gg
� �þXs

r¼1

LðrÞ½�I124 EFh ; gg
� ��

" #
ð1:147Þ

where,

�I124 EFh ; gg
� � ¼ c3 EFh ; gg

� �� �3=2þ 3
8

�k0
� �2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c3 EFh ; gg
� �q

a00

2
4

3
5
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The EP in this case is given by

J ¼ a0egv
12p2a00

ffiffiffiffiffi
b00

p ð 2
m11

Þ1=2
Z1
E0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c3ðE0; ggÞ

q
c03 E0; gg
� � ½�I124ðE0; ggÞ�0fðEÞdE0 ð1:148Þ

The dispersion relation of the conduction electrons of QWs of HD II-VI mate-
rials for dimensional quantization along z-direction can be written following
(1.141) as

c3 E; gg
� � ¼ a00k

2
s þ b00

pnz
dz

� �2

� �k0ks ð1:149Þ

The EEM can be expressed following (1.149) as

m� EF1HD; nz; gg
� � ¼ m�

?½1
�k0
� �

c03 EF1HD; gg
� �

½ �k0
� �2�4a00b

0
0

nzp
dz

	 
2
þ 4a00c3 EF1HD; gg

� ��1=2 ð1:150Þ

Thus we observe that the doubled valued effective mass in 2-D QWs of HD II-VI
materials is a function of Fermi energy, size quantum number and the screening
potential respectively together with the fact that the same mass exists in the band
gap due to the sole presence of the splitting of the two-spin states by the spin orbit
coupling and the crystalline field.

The sub-band energy in this case is given by

c3 EnZD14; gg
� � ¼ b00

pnz
dz

� �2

ð1:151Þ

The surface electron concentration at low temperatures assumes the form

n2D ¼ gvm�
?

p�h2
XnZmax

nZ¼1

c3 EF1HD; gg
� �� EnZD14 þ k0

� �2
m�

?�h
�2

	 

ð1:152Þ

The EP in this cases given by

J2D ¼ a0egv
pdz�h2

m�
?ð

2
m�

11
Þ1=2½

Xnzmax

nzmin

½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c3ðEnzD14; ggÞ

q
c03ðEnnzD14;gsÞ

�
Z1

EnzD14

c3ðE; ggÞf ðEÞdE� ð1:153aÞ

The dispersion relation of the conduction electrons of QWs of II-VI materials for
dimensional quantization along z-direction in the absence of band tails can be
written following (1.140) as
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E ¼ a00k
2
s þ b00

nzp
dz

� �2

� �k0ks ð1:153bÞ

Using (1.153b), the EEM in this case can be written as

m� EFs; nzð Þ ¼ m�
?½1

�k0
� �

½ �k0
� �2�4a00b

0
0

nzp
dz

	 
2
þ4a00EFs�1=2

� ð1:154Þ

The sub-band energy Enz5 assumes the form

Enz5 ¼ b00ðnzp=dzÞ2 ð1:155Þ

The area of constant energy 2D quantized surface in this case is given by where

A� E; nzð Þ ¼ p

2 a00
� �2 k0

� �2þ2a00 E � Enz5

	 

� k0 k0

� �2þ 4a00 E � Enz5

� �h i1=2� �" #

The surface electron concentration can be expressed in this case as

n2D ¼ �2gv
2 2pð Þ2

Xnzmax

nz¼1

Z1
Enz5

Aþ EFs; nzð Þ þ A� EFs; nzð Þ½ � o
oE

ff0ðEÞgdE ð1:156Þ

where f0ðEÞ is the Fermi-Dirac occupation probability factor.
From (1.156) we get

n2D ¼ gvm�
?kBT
p�h2

Xnzmax

nz¼1

F0ðgnz8Þ ð1:157Þ

where

gnz8 ¼ EFs � Enz5 þ �k
� �2

m�
?�h

�2
	 


ðkBTÞ�1

Therefore the EP is given by

J2D ¼ kBT
a0egv
pdz�h2

m�
?ð

2
m�

11
Þ1=2½

Xnzmax

nzmin

½ ffiffiffiffiffiffiffiffiffiffiffi
EnzD5

p �F1ðgnz8Þ�: ð1:158Þ
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1.2.4 The EP from QWs of HD IV-VI Semiconductors

(a) The dispersion relation of the conduction electrons in IV-VI semiconductors can
be expressed in accordance with Dimmock [183] as

�e� Eg0

2
� �h2k2s
2m�

t
� �h2k2z
2m�

l

� �
�eþ Eg0

2
þ �h2k2s
2m�

t
þ �h2k2z
2m�

l

� �
¼ P2

?k
2
s þ P2

kk
2
z ð1:159Þ

where, �e is the energy as measured from the center of the band gap Eg0 ;m
�
t and m�

l
represent the contributions to the transverse and longitudinal effective masses of the
external Lþ6 and L�6 bands arising from the~k �~p perturbations with the other bands
taken to the second order.

Substituting, P2
? � �h2Eg=2m�

t

� �
;P2

k � �h2Eg

2m�
l

	 

and �e � ½E þ ðEg

2 Þ� (where, m�
t and

m�
l are the transverse and the longitudinal effective masses at k = 0), (1.159) gets

transformed as

E � �h2k2s
2m�

t
� �h2k2z
2m�

l

� �
1þ aE þ a

�h2k2s
2mþ

t
þ a

�h2k2z
2mþ

l

� �
¼ �h2k2s

2m�
t
þ �h2k2z

2m�
l

ð1:160Þ

From (1.160), we can write

a�h4k4s
4mþ

t m�
t
þ �h2k2s

1
2m�

t
� 1
2m�

t

� �
þ aE

1
2m�

t
� 1
2mþ

t

� �
þ a�h2k2z
4m�

l m
þ
t

� �

þ �h2k2z
2m�

l
þ �h2k2z
2m�

l

� �
þ aE

2
�h2k2z

1
m�

l
� 1
mþ

l

� �
þ a�h4k4z
4mþ

l m
�
t
� Eð1þ aEÞ

� �
¼ 0

ð1:161Þ

Using (1.161), the dispersion relation of the conduction electrons in HD IV-VI
materials can be expressed as

a�h4k4s
4mþ

t m�
l

Z0 E; gg
� �þ �h2k2s k71 E; gg

� �
k2z þ k72 E; gg

� �� �
þ k73 E; gg

� �
k2z þ k74 E; gg

� �
k4z � k75 E; gg

� �� � ¼ 0

ð1:162Þ
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where,

Z0 E; gg
� � � 1

2
1þ Erf

E
gg

 !" #
; k70 E; gg

� � � a
4mþ

t m�
t
Z0 E; gg
� �

k71 E; gg
� � � a�h2

4m�
t m

þ
l

Z0 E; gg
� �þ a�h2

4m�
l m

þ
t
Z0 E; gg
� �� �

;

k72 E; gg
� � � 1

2m�
t
� 1
2m�

t

� �
Z0 E; gg
� �þ a

1
2m�

t
� 1
2mþ

t

� �
c0 E; gg
� �� �

;

k73 E; gg
� � � �h2

2m�
l
þ �h2

2m�
l

� �
Z0 E; gg
� �þ a�h2

2
1
m�

l
� 1
2mþ

l

� �
c0 E; gg
� �� �

;

k74 E; gg
� � � a�h4Z0 E; gg

� �
4mþ

l m
�
l

and k75 E; gg
� � � c0 E; gg

� �þ ah0 E; gg
� �� �

Thus, the energy spectrum in this case is real since the corresponding dispersion
relation in the absence of band tails as given by (1.162) is a pole-less function with
respect to energy axis in the finite complex plane.

The respective transverse and the longitudinal EEMs’ in this case can be written
as

m�
? EFh ; gg
� � ¼ 2Z0 E; gg

� �� ��2
Z0 E; gg
� � � k72 E; gg

� �� �0þ k78 E; gg
� �� �0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k78 E; gg
� �q

2
64

3
75

2
64

� Z0 E; gg
� �� �0 �k72 E; gg

� �þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k78 E; gg
� �q� �#�������

E¼EFh

ð1:163Þ

where,

k78 E; gg
� � � 4k70 E; gg

� �
k75 E; gg
� �� �

and

m�
k EFh ; gg
� � ¼ �h2

4
� k84 E; gg

� �� �0þ k84 E; gg
� �� �0

k84 E; gg
� �þ 2 k85 E; gg

� �� �0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k84 E; gg
� �� �2þ 4k85 E; gg

� �q
2
64

3
75
�������
E¼EFh

ð1:164Þ
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in which,

k84 E; gg
� � � k73 E; gg

� �
k74 E; gg
� � and k85 E; gg

� � � k75 E; gg
� �

k74 E; gg
� �

Thus, we can see that the both the EEMs’ in this case exist in the band gap.
In the absence of band tails, gg ! 0, we get

m�
?ðEFÞ ¼ �h2

2
�fa11ðEÞg0 þ a511 T311ðEÞf g0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T311ðEÞ

p
" #�����

E¼EF

ð1:165Þ

where

a11 Eð Þ � 2mþ
t m

�
t

a�h2
a211 Eð Þ; a211 Eð Þ � 1

2m�
t
� aE
2mþ

t
þ 1þ aE

2m�
t

� �
; a511 � 2mþ

t m
�
t

a�h2
x11

x11ð Þ � a2

16
1

m�
t m

þ
l

þ 1
m�

l m
þ
t

� �2
� a2

4m�
t m

þ
t m�

l m
þ
l

" #1=2
; T311ðEÞ � x311ðEÞ

ðx11Þ2
;

x311 Eð Þ � aEð1þ aEÞ
mþ

t m�
t

þ 1
2m�

t
� aE

2mþ
t

� �
þ ð1þ aEÞ

2m�
t

� �2" #

and

m�
k EFð Þ ¼ mþ

t m
�
l

a

� �
a

2mþ
l
� a
2m�

l

� �
þ 1
2

2 1
2m�

l
þ 1þaE

2m�
l
� aE

2mþ
l

h i
a

2m�
l
� a

2mþ
l

	 

þ a 1þ2aEð Þ

m�
l m

þ
l

1
2m�

l
þ 1þaE

2m�
l
� aE

2mþ
l

h i2
þ aE 1þaEð Þ

m�
l m

þ
l

� �1=2
8>>><
>>>:

9>>>=
>>>;

2
6664

3
7775
���������
E¼EF

ð1:166Þ

The volume in k-space as enclosed by (1.162) can be written through the integral
as

V E; gg
� � ¼ 2p

Zk86 E;ggð Þ

0

� k79 E; gg
� �

k2z þ k80 E; gg
� �� �þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k81 E; gg
� �

k4z þ k82 E; gg
� �

k2z þ k83 E; gg
� �q� �

dkz

ð1:167Þ
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where,

k86 E; gg
� � �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k84 E; gg
� �� �2þ4k85 E; gg

� �q
� k84 E; gg

� �
2

2
4

3
5
1=2

; k79 E; gg
� � � k71 E; gg

� �
2�h2Z0 E; gg

� �
k81 E; gg
� � � k76 E; gg

� �
4�h4 Z0 E; gg

� �� �2 ; k76 E; gg
� � � k71 E; gg

� �� �2
; k76 E; gg

� � � k71 E; gg
� �� �2

k77 E; gg
� � � 2k71 E; gg

� �
k72 E; gg
� �� 4k70 E; gg

� �
k73 E; gg
� �� 4k0 E; gg

� �
k74 E; gg
� �� �

;

k83 E; gg
� � � k78 E; gg

� �
9�h4 Z0 E; gg

� �� �2 and k78 E; gg
� � � 4k70 E; gg

� �
k75 E; gg
� �� �

Thus,

V E; gg
� � ¼ k87 E; gg

� �� � Zk86 E;ggð Þ

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k4z þ k88 E; gg

� �
k2z þ k89 E; gg

� �q
� k90 E; gg

� �� �
dkz

ð1:168Þ

where,

k87 E; gg
� � � 2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k81 E; gg
� �q

; k88 E; gg
� � � k82 E; gg

� �
k81 E; gg
� � ; k89 E; gg

� � � k83 E; gg
� �

k81 E; gg
� �

and

k90 E; gg
� � � 2p

k79 E; gg
� �

k86 E; gg
� �� �3

3
þ k80 E; gg

� �
k89 E; gg
� �" #

:

The (1.168) can be written as

V E; gg
� � ¼ k87 E; gg

� �
k95 E; gg
� �� k90 E; gg

� �� � ð1:169Þ

in which,
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k95 E; gg
� � � k91 E; gg

� �
3

�Ei k93 E; gg
� �

; k94 E; gg
� �� ��"

� k91 E; gg
� �� �2þ k92 E; gg

� �� �2þ2 k92 E; gg
� �� �2

Fi k93 E; gg
� �

; k94 E; gg
� �� �h i

þ k86 E; gg
� �� �
3

 !
k86 E; gg
� �� �2þ k91 E; gg

� �� �2þ2 k92 E; gg
� �� �2h i

� k91 E; gg
� �� �2þ k86 E; gg

� �� �2h i1=2
k92 E; gg
� �� �2þ k86 E; gg

� �� �2h i�1=2
� �#

;

k91 E; gg
� �� �2 � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k88 E; gg
� �� �2� 4k89 E; gg

� �q
þ k88 E; gg

� �� �
;Ei k93 E; gg

� �
; k94 E; gg

� �� �

is the incomplete elliptic integral of the 2nd kind and is given by [129, 130],

Ei k93 E; gg
� �

; k94 E; gg
� �� � � Zk93 E;ggð Þ

0

1� k94 E; gg
� �� �2

sin2 n
n o1=2
� �

dn;

n is the variable of integration in this case,

k93 E; gg
� � � tan�1 k86 E; gg

� �
k92 E; gg
� �

" #
; k92 E; gg

� �� �2� 1
2

k88 E; gg
� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k88 E; gg
� �� �2�4k89 E; gg

� �q� �
;

k94 E; gg
� � �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k91 E; gg
� �� �2� k92 E; gg

� �� �2q
k91 E; gg
� � ;Fi k93 E; gg

� �
; k94 E; gg

� �� �

is the incomplete elliptic integral of the 1st kind and is given by [129, 130],

Fi k93 E; gg
� �

; k94 E; gg
� �� � � Zk93 E;ggð Þ

0

1� k94 E; gg
� �� �2

sin2 n
n o1=2
� �

dn:

The DOS function in this case is given by

NHD E; gg
� � ¼ gv

4p3
k87 E; gg
� �� �0

k95 E; gg
� �þ k95 E; gg

� �� �0
k87 E; gg
� �� k90 E; gg

� �� �0h i
ð1:170Þ

1.2 Theoretical Background 51



Therefore the electron concentration can be expressed as

n0 ¼ gv
4p3

I125 EFh ;gg

� �þXs
r¼1

LðrÞ½I125 EFh ;gg

� ��
" #

ð1:171Þ

where,

I125 EFh ;gg

� � ¼ k87 EFh ;gg

� �� �
k95 EFh ;gg

� �� k90 EFh ;gg

� �� �� �
The EP in the case is given by

J ¼ a0egv
8p3�h

Z1
E0

f ðEÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k100ðE0; gsÞ

p
k0100ðE0; ggÞ

k0101 E0; gsð ÞdE0 ð1:172Þ

where,

k100ðE; ggÞ ¼ ½�k73ðE; ggÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k273ðE; ggÞ þ 4k74ðE; ggÞk75ðE; ggÞ

q
�½2k74ðE; ggÞ��1

and k101ðE; ggÞ ¼ ½k87ðE; ggÞk95ðE; ggÞ � k90ðE; ggÞ�

The 2D dispersion relation of the conduction electrons in QWs of IV-VI
materials in the absence of band tails for the dimensional quantization along z
direction can be expressed as

Eð1þ aEÞ þ aE
�h2k2x
2x4

þ �h2k2y
2x5

 !
þ aE

�h2

2x6

nzp
dz

� �2

�ð1þ aEÞ �h2k2x
2x1

þ �h2k2y
2x2

 !

� a
�h2k2x
2x1

þ �h2k2y
2x2

 !
�h2k2x
2x4

þ �h2k2y
2x5

 !
� a

�h2k2x
2x1

þ �h2k2y
2x2

 !
�h2

2x6

nzp
dz

� �2

� 1þ aEð Þ �h2

2x3

nzp
dz

� �2

� a
�h2

2x3

nzp
dz

� �2 �h2k2x
2x4

þ �h2k2y
2x5

 !
� a

�h2

2x3

nzp
dz

� �2 �h2

2x6

nzp
dz

� �2

¼ �h2k2x
2m1

þ �h2k2y
2m2

þ �h2

2m3

nzp
dz

� �2

ð1:173Þ

where

x4 ¼ mþ
t ; x5 ¼

mþ
t þ 2mþ

l

3
; x6 ¼ 3mþ

t m
þ
l

2mþ
l þ mþ

t
; x1 ¼ m�

t ; x2 ¼
m�

t þ 2m�
l

3
; x3 ¼ 3m�

t m
�
l

2m�
l þ m�

t
;

m1 ¼ m�
t ;m2 ¼ m�

t þ 2m�
l

3
andm3 ¼ 3m�

l m
�
l

m�
t þ 2m�

l
:
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Therefore, the HD 2-D dispersion relation In this case assumes the form

c2 E; gg
� �þ ac3 E; gg

� � �h2k2x
2x4

þ �h2k2y
2x5

 !
þ ac3 E; gg

� � �h2

2x6

nzp
dz

� �2

� 1þ ac3 E; gg
� �� � �h2k2x

2x1
þ �h2k2y

2x2

 !

� a
�h2k2x
2x1

þ �h2k2y
2x2

 !
�h2k2x
2x4

þ �h2k2y
2x5

 !
� a

�h2k2x
2x1

þ �h2k2y
2x2

 !
�h2

2x6

nzp
dz

� �2

� 1þ ac3 E; gg
� �� � �h2

2x3

nzp
dz

� �2

� a
�h2

2x3

nzp
dz

� �2 �h2k2x
2x4

þ �h2k2y
2x5

 !
� a

�h2

2x3

nzp
dz

� �2 �h2

2x6

nzp
dz

� �2

¼ �h2k2x
2m1

þ �h2k2y
2m2

þ �h2

2m3

nzp
dz

� �2

ð1:174Þ

Substituting, kx ¼ r cos h and ky ¼ r sin h (where r and θ are 2D polar coordi-
nates in 2D wave vector space) in (1.174), we can write

r4 a
1
4

�h2 cos2 h
x1

þ �h2 sin2 h
x2

� �
�h2 cos2 h

x4
þ �h2 sin2 h

x5

� �� �
þ r2

1
2

�h2 cos2 h
m1

þ �h2 sin2 h
m2

� ��

þ a
�h2

2x3

nzp
dz

� �2 �h2 cos2 h
x4

þ �h2 sin2 h
x5

� �
þ a

�h2 cos2 h
x1

þ �h2 sin2 h
x2

� �
�h2

2x6

nzp
dz

� �2

þ �h2 1þ ac3ðE; ggÞ
� � cos2 h

x1
þ sin2 h

x2

� �
� �h2ac3ðE; ggÞ

cos2 h
x4

þ sin2 h
x5

� ��
�
"
c2ðE; ggÞ

þ ac3ðE; ggÞ
�h2

2x6

nzp
dz

� �2

� 1þ ac3ðE; ggÞ
� � �h2

2x3

nzp
dz

� �2

�a
�h4

4x3x6

nzp
dz

� �4
 !#

¼ 0

ð1:175Þ

The area A E; nzð Þ of the 2D wave vector space can be expressed as

A E; nzð Þ ¼ �J1 � �J2 ð1:176Þ

where

�J1 � 2
Zp=2
0

c1
b1

dh ð1:177Þ

and

�J2 � 2
Zp=2
0

ac21
b31

dh ð1:178Þ

in which,
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a � a
�h4

4

� �
cos2 h
x1

þ sin2 h
x2

� �
cos2 h
x4

þ sin2 h
x5

� �� �
;

b1 � �h2

2

� �
cos2 h
m1

þ sin2 h
m2

� �
þ a

�h2

2x3

� �
nzp
dz

� �2
cos2 h
x4

þ sin2 h
x5

� �"

þ a
�h2

2x6

� �
nzp
dz

� �2
cos2 h
m1

þ sin2 h
m2

� �

þ 1þ ac3 E; gg
� �� � cos2 h

x1
þ sin2 h

x2

� �
� ac3 E; gg

� � cos2 h
x4

þ sin2 h
x5

� ��

and

c1 � c2 E; gg
� �þ ac3 E; gg

� � �h2

2x6

� �
nzp
dz

� �2

� 1þ ac3 E; gg
� �� � �h2

2x3

� �
nzp
dz

� �2

�a
�h4

4x3x6

� �
nzp
dz

� �4
" #

The (1.177) can be expressed as

�J1 ¼ 2
Zp=2
0

t31 E; nzð Þdh
A11 E; nzð Þ cos2 hþ B11 E; nzð Þ sin2 h

where,

t31 E; nzð Þ � c1;A11 E; nzð Þ � �h2

2m1
t11 E; nzð Þ;

t11 E; nzð Þ � 1þ m1
1
x4

a�h2

2x3

nzp
dz

� �2

þ a�h2

2x1x6

nzp
dz

� �2

þ 1þ ac2 E; gg
� �

x1
� ac3 E; gg

� �
x4

" #" #

B11 E; nzð Þ � �h2

2m2
t21 E; nzð Þ and

t21 E; nzð Þ � 1þ m2
a�h2

2x3x5

nzp
dz

� �2

þ a�h2

2x2x6

nzp
dz

� �2

þ 1þ ac3 E; gg
� �

x2
� ac3 E; gg

� �
x5

" #" #
:

Performing the integration, we get

�J1 ¼ pt31 E; nzð Þ A11 E; nzð ÞB11 E; nzð Þ½ ��1=2 ð1:179Þ

54 1 The EP from Quantum Wells (QWs) …



From (1.178) we can write

�J2 ¼ at231 E; nzð Þ�h4
2B3

11 E; nzð Þ I ð1:180Þ

where,

I �
Z1
0

a1 þ a2z2ð Þ a3 þ a4z2ð Þdz
�að Þ2þz2

h i3 ; �að Þ2¼ A11 E; nzð Þ
B11 E; nzð Þ
� �

; ð1:181Þ

in which a1 � 1
x1
; a2 � 1

x2
; z ¼ tan h; h is a new variable, a3 � 1

x4
; a4 � 1

x5
and

�að Þ2� A1 E;nzð Þ
B1 E;nzð Þ
	 


.

The use of the Residue theorem leads to the evaluation of the integral in (1.181)
as

I ¼ p
4�a

½a1a4 þ 3a2a4�; ð1:182Þ

Therefore, the 2D area of the 2D wave vector space can be written as

AHD E; nzð Þ ¼ pt31 E; nzð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A11 E; nzð ÞB11 E; nzð Þp 1� 1

x5

1
x1

þ 3
x2

� �
at31 E; nzð Þ�h4
8B2

11 E; nzð Þ
� �

ð1:183Þ

The EEM for the HD QWs of IV-VI materials can thus be written as

m� E; nzð Þ ¼ �h2

2
h5HD E; nzð Þ½ �

����
E¼EF1HD

ð1:184Þ

where,

h5HD E; nzð Þ � 1� 1
x5

1
x1

þ 3
x2

� �
at31 E; nzð Þ�h4
8 B11 E; nzð Þ½ �2

" #
A11 E; nzð ÞB11 E; nzð Þ½ ��1

�
" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A11 E; nzð ÞB11 E; nzð Þ
p

t31 E; nzð Þf g0�t31 E; nzð Þ

� 1
2

A11 E; nzð Þf g0 B11 E; nzð Þ
A11 E; nzð Þ
� �1=2

þ 1
2

B11 E; nzð Þf g0 A11 E; nzð Þ
B11 E; nzð Þ
� �1=2( )#

� 1
8

t31 E; nzð Þa�h4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A11 E; nzð ÞB11 E; nzð Þp 1

x5

1
x1

þ 3
x2

� �
B11 E; nzð Þ½ ��4

� B11 E; nzð Þf g2 t31 E; nzð Þf g0�2B11 E; nzð Þ B11 E; nzð Þf g0t31 E; nzð Þ
h i

:
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Thus, the EEM is a function of Fermi energy and the quantum number due to the
band non-parabolicity.

The total DOS function can be written as

N2DTðEÞ ¼ gv
2p

	 
Xnzmax

nz¼1

h5HD E; nzð ÞH E � Enz7HD

	 

ð1:185Þ

where the sub-band energy Enz7

� �
in this case can be written as

c2ðEnz7HD ; ggÞ þ ac3ðEnz7HD
; ggÞ

�h2

2x6

nzp
dz

� �2

� 1þ ac3ðEnz7HD
; ggÞ

	 
 �h2

2x3

nzp
dz

� �2

� a
�h2

2x3

nzp
dz

� �2 �h2

2x6

nzp
dz

� �2

� �h2

2m3

nzp
dz

� �2
" #

¼ 0 ð1:186Þ

The use (1.185) leads to the expression of 2D electron statistics as

n2D ¼ gv
2p

Xnzmax

nz¼1

T55HD EF1HD; nzð Þ þ T56HD EF1HD; nzð Þ½ � ð1:187Þ

where

T55HD EF1HD; nzð Þ � AHD EF1HD; nzð Þ
p

and

T56HD EF1HD; nzð Þ �
Xs
r¼1

L rð ÞT55HD EF1HD; nzð Þ:

The EP in this case is given by

J2D ¼ a0egv
hdz

½
Xnzmax

nzmin

½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c12ðEnz7HD ; ggÞ

q
c012 Enz7HD; gg
� � �½ Z

1

Enz7HD

h5HDðE; nzÞf ðEÞdE��

where,

c12ðEnz7HD; ggÞ ¼ ½�c10ðEnz7HD; ggÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c210ðEnz7HD; ggÞ þ 4c11ðEnz7HD; ggÞ�

q
=2;

c10ðEnz7HD; ggÞ ¼ ½ a�h
4

4x3x6
��1½ �h

2

2m3
þ ð1þ ac3ðEnz7HD; ggÞ

�h2

2x3
� ac3ðEnz7HD; ggÞ

�h2

2x6
� and

c11ðEnz7HD; ggÞ ¼ ½ a�h
4

4x3x6
��1½c2ðEnz7HD; ggÞ�
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In the absence of band-tails the EEM in QWs of IV-VI materials can be written as

m� E; nzð Þ ¼ �h2

2
h5 E; nzð Þ½ �

����
E¼EFs

ð1:188Þ

where,

h5 E; nzð Þ � 1� 1
x5

1
x1

þ 3
x2

� �
at30 E; nzð Þ�h4
8 B10 E; nzð Þ½ �2

" #
A10 E; nzð ÞB10 E; nzð Þ½ ��1

�
" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A10 E; nzð ÞB10 E; nzð Þ
p

t30 E; nzð Þf g0� t30 E; nzð Þ

� 1
2

A10 E; nzð Þf g0 B10 E; nzð Þ
A10 E; nzð Þ
� �1=2

þ 1
2

B10 E; nzð Þf g0 A10 E; nzð Þ
B10 E; nzð Þ
� �1=2( )#

� 1
8

t30 E; nzð Þa�h4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A10 E; nzð ÞB10 E; nzð Þp 1

x5

1
x1

þ 3
x2

� �
B10 E; nzð Þ½ ��4

� B10 E; nzð Þf g2 t30 E; nzð Þf g0�2B10 E; nzð Þ B10 E; nzð Þf g0t30 E; nzð Þ
h i

where

t30 E; nzð Þ � c0;

c0 � Eð1þ aEÞ þ aE
�h2

2x6

� �
nzp
dz

� �2
"

� 1þ aEð Þ �h2

2x3

� �
nzp
dz

� �2

�a
�h4

4x3x6

� �
nzp
dz

� �4
#
;

A10 E; nzð Þ � �h2

2m1
t10 E; nzð Þ;

t10 E; nzð Þ � 1þ m1
1
x4

a�h2

2x3

nzp
dz

� �2

þ a�h2

2x1x6

nzp
dz

� �2

þ 1þ aE
x1

� aE
x4

" #" #
;

B10 E; nzð Þ � �h2

2m2
t20 E; nzð Þand

t20 E; nzð Þ � 1þ m2
a�h2

2x3x5

nzp
dz

� �2

þ a�h2

2x2x6

nzp
dz

� �2

þ 1þ aE
x2

� aE
x5

" #" #

Thus, the EEM is a function of Fermi energy and the quantum number due to the
band non-parabolicity.
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The total DOS function can be written as

N2DT Eð Þ ¼ gv
2p

	 
Xnzmax

nz¼1

h5 E; nzð ÞH E � Enz7

� � ð1:189Þ

where the sub-band energy Enz7

� �
in this case can be written as

Enz7 1þ aEnz7

� �þ aEnz7
�h2

2x6

nzp
dz

� �2

� 1þ aEnz7

� � �h2

2x3

nzp
dz

� �2

� a
�h2

2x3

nzp
dz

� �2 �h2

2x6

nzp
dz

� �2

� �h2

2m3

nzp
dz

� �2
" #

¼ 0

ð1:190Þ

In the absence of band-tails, the expression of 2D electron statistics can be
written as

n2D ¼ gv
2p

Xnzmax

nz¼1

T550 EFs; nzð Þ þ T560 EFs; nzð Þ½ � ð1:191Þ

where,

T550 EFs; nzð Þ � A0 EFs; nzð Þ
p

;A0 E; nzð Þ

¼ pt30 E; nzð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A10 E; nzð ÞB10 E; nzð Þp 1� 1

x5

1
x1

þ 3
x2

� �
at30 E; nzð Þ�h4
8B2

10 E; nzð Þ
� �

; and

T50ðEFs; nzÞ �
Xs
r¼1

LðrÞT50ðEFs; nzÞ

J2D ¼ a0egv
2p�hdz

Xnzmax

nzmin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c51 Enz7

	 
r

c051 Enz7

	 
 Z1
Enz7

hðE; nzÞfðEÞdE ð1:192Þ

where

c51ðEÞ ¼
�c50 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c250 þ 4c51

q
2

c50ðEÞ ¼ ½ a�h
4

4x3x6
��1½ 1

2x3
� aE
2x6

þ 1þ aE
2x3

�;

c51ðEÞ ¼ ½ a�h
4

4x3x6
��1Eð1þ aEÞ
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For bulk specimens of IV-VI materials, the expressions of electron concentration
and the EP assume the forms

n0 ¼ gv
2p2

	 

MA4 EFbð Þ þ NA4 EFbð Þ½ � ð1:193Þ

J ¼ a0egv
4p2�h

Z1
E0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I17 E0ð Þp

I 017ðE0Þ M0
A4ðE0Þf ðEÞdE0 ð1:194aÞ

where

MA4 EFbð Þ ¼ a5JA1 EFbð Þ � a3 EFbð Þ�sA1 EFbð Þ � a4
3

�sA1 EFbð Þ½ �3
h i

; a5 ¼ 2mþ
t m

�
t

a�h2
xA1

� �
;

xA1 ¼
a2

16
1

m�
t m

þ
l
þ 1
m�

l m
þ
t

� �2
� a2

4mþ
l m

�
t m

�
l m

þ
t

" #
;

JA1 EFbð Þ ¼ AA EFbð Þ
3

� A2
A EFbð Þ þ B2

A EFbð Þ� �
E k; qð Þ þ 2B2

A EFbð ÞF k; qð Þ� �þ �sA1 EFbð Þ
3

� �sA1 EFbð Þð Þ2þA2
A EFbð Þ þ 2B2

A EFbð Þ
h i

� A2
A EFbð Þ þ �s2A EFbð Þ� �1=2

B2
A EFbð Þ þ �s2A1

EFbð Þ
h i�1=2

k ¼ tan�1 �sA EFbð Þ
BA EFbð Þ ; q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
A EFbð Þ � B2

A EFbð Þ
p

AA EFbð Þ

" #

AA EFbð Þ ¼ sA2 EFbð Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2A2 EFbð Þ � 4sA3 EFbð Þ

q� �1=2
=
ffiffiffi
2

p
;

BA EFbð Þ ¼ sA2 EFbð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2A2

EFbð Þ � 4sA3 EFbð Þ
qh i1=2

=
ffiffiffi
2

p
;

sA2 EFbð Þ ¼ xA2 EFbð Þ
x2

A1

; sA3 EFbð Þ ¼ xA3 EFbð Þ
x2

A1
;

xA2 EFbð Þ ¼
"
a
2

1
2m�

t
� a � EFb

2mþ
t

þ 1þ a � EFb

2m�
t

� �
� 1

m�
t m

þ
l
þ 1
m�

l m
þ
t

� �

� a
mþ

t m�
t

1
2m�

l
þ a � EFb

2mþ
l

þ 1þ a � EFb

2m�
l

� �#

xA3 EFbð Þ ¼ a � EFb 1þ a � EFbð Þ
mþ

t m�
t

þ 1
2m�

t
� a � EFb

2mþ
t

þ 1þ a � EFb

2m�
t

� �2" #
;

a2 EFbð Þ ¼ 1
2m�

t
� a � EFb

2mþ
t

þ 1þ a � EFb

2m�
t

� �
; a3 ¼ a�h2

4
1

m�
t m

þ
l

þ 1
m�

l m
þ
t

� �
;

sA1 EFbð Þ ¼ 2mþ
l m

�
l

a�h2

� �1=2
� 1

2m�
l
þ 1þ a � EFb

m�
l

� a � EFb

2mþ
l

� ��

þ
"

1
2m�

l
þ 1þ a � EFb

m�
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� a � EFb

2mþ
l

� �2
þ a � EFb 1þ a � EFbð Þ

m�
l m

þ
l
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E k; qð Þ is the incomplete Elliptic integral of second kind, F k; qð Þ is the incomplete
Elliptic integral of first kind,

NA4 EFbð Þ ¼
Xs
r¼1

LðrÞ MA4 EFbð Þ½ �;

I17 E0ð Þ ¼
�I15 E0ð Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I215ðE0Þ þ 4I16ðE0Þ

q
2

;

I15ðE0Þ ¼ 2mþ
l m

�
t

a�h2
½ 1
m�

l
þ 1
m�

l
þ aE0ð 1

m�
l
� 1
mþ

l

Þ� and

I16ðE0Þ ¼ 4mþ
l m

�
t

a�h4
E0ð1þ aE0Þ

(b) The dispersion relation of the conduction electrons in bulk specimens of IV-
VI semiconductors in accordance with the model of Bangert and Kastner is given by

x1ðEÞk2s þ x2ðEÞk2z ¼ 1 ð1:194bÞ

where

x1ðEÞ ¼ ð2EÞ�1½ ðRÞ2
Eg0 1þ a1Eð Þ þ

ðSÞ2
D0
cð1þ a2EÞ

þ ðQÞ2
D0
cð1þ a3EÞ

�

and

x2ðEÞ ¼ ð2EÞ�1½ ð�AÞ2
Eg0ð1þ a1EÞ þ

ð�Sþ �QÞ2
D00
c ð1þ a3EÞ

�;

ð�RÞ2 ¼ 2:3� 10�10ðevmÞ2; ð�SÞ2 ¼ 4:6ð�RÞ2;
a1 ¼ 1

Eg0
; a2 ¼ 1

D0
c

; a3 ¼ 1
D00
c

;

D00
c ¼ 3:28 eV; D0

c ¼ 3:07 eV; ð�QÞ2 ¼ 1:3ð�RÞ2; ð�AÞ2 ¼ 0:8� 10�4ðeVmÞ2

The electron energy spectrum in heavily doped IV-VI materials in accordance
with this model can be expressed by using the methods as given in this chapter as

2Ið4Þ ¼ k2s ½ c1ða1;E;EgÞ � iD1ða1E;EgÞ
� � ð�RÞ2

Eg0
þ c2ða2;E;EgÞ � iD2ða2;E;EgÞ
� � ð�SÞ2

D0
c

þ c3ða3;E;EgÞ � iD3ða3;E;EgÞ
� � ð�QÞ2

D00
c

� þ k2z ½
2ð�AÞ2
Eg0

c1ða1;E;EgÞ � iD1ða1;E;EgÞ
� �

þ ð�Sþ �QÞ2
D00
c

c3ða3;E;EgÞ � iD3ða3;E;EgÞ
� �� ð1:194cÞ
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where

a1 ¼ 1
Eg

; a2 ¼ 1
D0
c

; a3 ¼ 1
D00
c

;Gi ¼ 1þ aiE
ggai

;

ciðai;E; ggÞ ¼
2

aigg
ffiffiffi
p

p
" #

expð�u2i Þ �
X1
p¼1

expð�p2=4ÞðsinhðpuiÞÞ
� �

p�1

" #

i ¼ 1; 2; 3 Diðai;E; ggÞ ¼
ffiffiffi
p

p
aigg

" #
expð�u2i Þ;

Therefore (1.194c) can be written as,

F1ðE; ggÞk2s þ F2ðE; ggÞk2z ¼ 1 ð1:194dÞ

where,

F1ðE; ggÞ ¼ ½2c0ðE; ggÞ��1½ð
�RÞ2
Eg

C1ða1E;EgÞ � iD1ða1;E;EgÞ
� �

þ ð�SÞ2
D0
c

C2ða2;E;EgÞ � iD2ða2;E;Eg
� �Þ

þ ð�QÞ2
D00
c

C3ða3;E;EgÞ � iD3ða3;E;EgÞ
� �� and

F2ðE; ggÞ ¼ 2c0ðE; ggÞ
� ��1½2ð

�AÞ2
Eg

C1ða1;E; ggÞ � iD1ða1;E; ggÞ
� �

þ ð�Sþ �QÞ2
D00
c

C3ða3;E;EgÞ � iD3ða3;E;EgÞ
� ��

Since F1ðE; ggÞ and F2ðE; ggÞ are complex, the energy spectrum is also complex
in the presence of Gaussian band tails.

The EEMs can be written as

m�
?ðEFh ; ggÞ ¼ ð�h

2

2
ÞReal part of ðF

0
1ðEFh ; ggÞ

F2
1ðEFh ; ggÞ

Þ ð1:194eÞ

m�
11ðEFh ; ggÞ ¼ ð�h

2

2
ÞReal part of ðF

0
2ðEFh ; ggÞ

F2
2ðEFh ; ggÞ

Þ ð1:194fÞ

It appears then that, the evolution of the masses needs an expression of the
carrier concentration, which in turn is determined by the DOS function.

The DOS function in this case can be expressed as
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NHDðE, ggÞ ¼
gv
3p2

F0
3ðE, ggÞ; F3ðE, ggÞ ¼ ½F1ðE; ggÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2ðE, ggÞ

q
��1 ð1:194gÞ

The electron concentration is given by

n0 ¼ gv
3p2

Real part of ½F3ðEFh ; ggÞ þ
Xs
r¼1

LðrÞ½F3ðEFh ; ggÞ�� ð1:194hÞ

The EP can be written as

J ¼ a0egv
6p2�h

Real part of
Z1
E0

F5ðE0; ggÞF0
3ðE0; ggÞf(E)dE0 ð1:194iÞ

where

F5ðE0; ggÞ ¼
F2
2ðE0; ggÞ

F0
2ðE0; ggÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2ðE0; ggÞ

q

The 2D dispersion relation in this case assumes the form

k2s ¼ F6ðE; gg; nzÞ ð1:194jÞ

where,

F6ðE; gg; nzÞ ¼ ½½1� F2ðE; ggÞðnzp=dzÞ2�
F1ðE; ggÞ

�

The EEM in this case is given by

m�ðEF1HD; gg; nzÞ ¼
�h2

2
Real part of ½F06ðEF1HD; gg; nzÞ� ð1:194kÞ

The total DOS function can be written as

N2DTðEÞ ¼ gv
2p

Xnzmax

nz¼1

F0
6ðE; gg; nzÞHðE � Enz71HDÞ ð1:194lÞ
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where Enz71HD the quantized energy in this case and is given by

1 ¼ F2ðEnz71HD ; ggÞðpnz=dzÞ2 ð1:194mÞ

The surface electron concentration can be expressed as

n0 ¼ gv
2p

Real part of ½
Xnzmax

nt¼1

½F6ðEF1HD; gg; nzÞ þ
Xs
r¼1

LðrÞ½F6ðEF1HD; gg; nzÞ���

ð1:194nÞ

The EP in this case is given by

J2D ¼ a0egv
hdz

½
Xnzmax

nzmin

½ F2
2ðEnz71HD ; ggÞ

F0
2ðEnz71HD; ggÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2ðEnz71HD ; ggÞ

q �½
Z1

Enz71HD

F0
6ðE; gg; nzÞf ðEÞdE��

ð1:194oÞ

In the absence of band-tails the EEMs can be written as

m�
?ðEFÞ ¼ ð�h

2

2
ÞðF

0
11ðEFÞ

F2
11ðEFÞÞ ð1:194pÞ

m�
11ðEFÞ ¼ ð�h

2

2
ÞðF

0
12ðEFÞ

F2
12ðEFÞÞ ð1:194qÞ

where

F11ðEÞ ¼ ½ ð�RÞ2
Egoð1þ a1EÞ þ

ð�SÞ2
D0
cð1þ a2EÞ

þ ð�QÞ2
D00
goð1þ a3EÞ

�½2E��1

and

F12ðEÞ ¼ ½ ð�AÞ2
Egoð1þ a1EÞ þ

ð�Sþ �QÞ2
D00
goð1þ a3EÞ�½2E�

�1

It appears then that, the evolution of the masses needs an expression of the
carrier concentration, which in turn is determined by the DOS function.

The DOS function in this case can be expressed as

NðE) = gv
3p2

F0
13ðEÞ; F13ðEÞ¼ ½F11ðEÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F12ðEÞ

p
��1 ð1:194rÞ
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The electron concentration is given by

n0 ¼ gv
3p2

½F13ðEFÞ þ
Xs
r¼1

LðrÞ½F13ðEFÞ�� ð1:194sÞ

The EP can be written as

J ¼ a0egv
6p2�h

Z1
E0

F15ðE0ÞF0
13ðE0ÞfðEÞdE0 ð1:194tÞ

where

F15ðE0Þ ¼ F2
12ðE0Þ

F0
12ðE0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F12ðE0Þ

p
In the absence of band-tails, the 2D dispersion relation in this case assumes the

form

k2s ¼ F16ðE; nzÞ ð1:194uÞ

where,

F16ðE; nzÞ ¼ ½½1� F12ðEÞðnzp=dzÞ2�
F11ðEÞ �

The EEM in this case is given by

m�ðEFs ; nzÞ ¼
�h2

2
½F0

16ðEFs ; nzÞ� ð1:194vÞ

The total DOS function can be written as

N2DTðEÞ ¼ gv
2p

Xnzmax

nz¼1

F0
16ðE; nzÞHðE � Enz711Þ ð1:194wÞ

where Enz711 is the quantized energy in this case and is given by

1 ¼ F12ðEnz711 ; ggÞðpnz=dzÞ2 ð1:194xÞ
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The surface electron concentration can be expressed as

n0 ¼ gv
2p

½
Xnzmax

nz

½F16ðEFs ; nzÞ þ
Xs
r¼1

LðrÞ½F16ðEFs ; nzÞ��� ð1:194yÞ

The EP in this case is given by

J2D ¼ a0egv
hdz

½
Xnzmax

nzmin

½ F2
12ðEnz711Þ

F0
12ðEnz711Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F12ðEnz711Þ

p �½
Z1

Enz711

F0
16ðE; nzÞf ðEÞdE��: ð1:194zÞ

1.2.5 The EP from QWs of HD Stressed Kane Type
Semiconductors

The electron energy spectrum in stressed Kane type semiconductors can be written
[184–186] as

kx
�a0ðEÞ
� �2

þ ky
�b0ðEÞ
� �2

þ kz
�c0ðEÞ
� �2

¼ 1 ð1:195Þ

where, �a0ðEÞ½ �2� �K0ðEÞ
�A0ðEÞþ1

2
�D0ðEÞ ;

�K0ðEÞ � E � C1e� 2C2
2e

2
xy

3E0
g

h i
3E0

g

2B2
2

	 

, C1 is the con-

duction band deformation potential, e is the trace of the strain tensor ê which can be

written as ê ¼
exx exy 0
exy eyy 0
0 0 ezz

2
4

3
5; C2 is a constant which describes the strain interac-

tion between the conduction and valance bands, E0
g � Eg þ E � C1e, B2 is the

momentum matrix element,

�A0ðEÞ � 1� �a0 þ C1ð Þ
E0
g

þ 3�b0exx
2E0

g
�

�b0e
2E0

g

" #
;

�a0 � � 1
3

�b0 þ 2�mð Þ;

�b0 � 1
3
ð�l� �mÞ; �d0 � 2�nffiffiffi

3
p ;

�l; �m; �n are the matrix elements of the strain perturbation operator,
�D0ðEÞ � �d0

ffiffiffi
3

p� � exy
E0
g
,
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�b0ðEÞ½ �2 �
�K0ðEÞ

�A0ðEÞ � 1
2
�D0ðEÞ

; �c0ðEÞ½ �2�
�K0ðEÞ
�L0ðEÞ and

�L0ðEÞ � 1� �a0 þ C1ð Þ
E0
g

þ 3�b0ezz
E0
g

�
�b0e
2E0

g

" #

The use of (1.195) can be written as

ðE � a1Þk2x þ ðE � a2Þk2y þ ðE � a3Þk2z ¼ t1E
3 � t2E

2 þ t3E þ t4 ð1:196aÞ

where

a1 � Eg � C1e� ð�a0 þ C1Þeþ 3
2
�b0exx �

�b0
2
eþ

ffiffiffi
3

p .
2

	 

exy�d0

� �
;

a2 � Eg � C1e� ð�a0 þ C1Þeþ 3
2
�b0exx �

�b0
2
e�

ffiffiffi
3

p .
2

	 

exy�d0

� �
;

a3 � Eg � C1e� ð�a0 þ C1Þeþ 3
2
�b0ezz �

�b0
2
e

� �
;

t1 � 3�
2B2

2

	 

;

t2 � 1�
2B2

2

	 

6ðEg � C1eÞ þ 3C1e
� �

;

t3 � 1�
2B2

2

	 

3ðEg � C1eÞ2 þ 6C1eðEg � C1eÞ � 2C2

2e
2
xy

h i
and

t4 � 1�
2B2

2

	 

�3C1eðEg � C1eÞ2 þ 2C2

2e
2
xy

h i
:

The (1.196a) can be written as

Ek2 � T17k2x � T27k2y � T37k2z ¼ q67E3 � R67E2 þ V67E þ q67
� � ð1:196bÞ

where,

T17 ¼ a1; T27 ¼ a2; T37 ¼ a3; t1 ¼ q67; t2 ¼ R67; t3 ¼ V67 and t4 ¼ q67

Under the condition of heavy doping, (1.196b) can be written as

Ið4Þk2 � T17Ið1Þk2x � T27Ið1Þk2y � T37k
2
z Ið1Þ

¼ q67Ið6Þ � R67Ið5Þ þ V67Ið4Þ þ q67Ið1Þ½ � ð1:196cÞ

66 1 The EP from Quantum Wells (QWs) …



where,

Ið6Þ ¼
ZE
�1

E � Vð Þ3FðVÞdV ð1:197Þ

The (1.197) can be written as

Ið6Þ ¼ E3Ið1Þ � 3E2Ið7Þ þ 3EIð8Þ � Ið9Þ ð1:198Þ

In which,

Ið7Þ ¼
ZE
�1

VFðVÞdV ð1:199Þ

Ið8Þ ¼
ZE
�1

V2FðVÞdV ð1:200Þ

Ið9Þ ¼
ZE
�1

V3FðVÞdV ð1:201Þ

Using (1.4), together with simple algebraic manipulations, one obtains

Ið7Þ ¼ �gg
2
ffiffiffi
p

p exp
�E2

g2g

 !
ð1:202Þ

Ið8Þ ¼ g2g
4

1þ Erf
E
gg

 !" #
ð1:203Þ

and

Ið9Þ ¼ �g3g
2
ffiffiffi
p

p exp
�E2

g2g

 !
1þ E2

g2g

" #
ð1:204Þ

Thus (1.197) can be written as

Ið6Þ ¼ E
2

1þ Erf
E
gg

 !" #
E2 þ 3

2
g2g

� �
þ gg
2
ffiffiffi
p

p exp
�E2

g2g

 !
4E2 þ g2g

h i" #
ð1:205Þ
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Thus, combining the appropriate equations, the dispersion relations of the
conduction electrons in HD stressed materials can be expressed as

P11 E; gg
� �

k2x þ Q11 E; gg
� �

k2y þ S11 E; gg
� �

k2z ¼ 1 ð1:206Þ

where,

P11 E; gg
� � � c0 E; gg

� �� T17=2ð Þ 1þ Erf E=gg
� �� �

D14 E; gg
� �

" #
;

D14 E; gg
� � � q67

E
2

1þ Erf
E
gg

 !" #
E2 þ 3

2
g2g

� �
þ gg
2
ffiffiffi
p

p exp
�E2

g2g

 !
4E2 þ g2g

h i( )"

�R67h0 E; gg
� �þ V67c0 E; gg

� �þ q67
2

1þ Erf E
�
gg

� �� �#
;

Q11 E; gg
� � � c0 E; gg

� �� T27=2ð Þ 1þ Erf E; gg
� �� �

D14 E; gg
� �

" #
and

S11 E; gg
� � � c0 E; gg

� �� T37=2ð Þ 1þ Erf E; gg
� �� �

D14 E; gg
� �

" #
:

Thus, the energy spectrum in this case is real since the dispersion relation of the
corresponding materials in the absence of band tails as given by (1.195) has no
poles in the finite complex plane.

The EEMs along x, y and z directions in this case can be written as

m�
xx EFh ; gg
� � ¼ �h2

2
c0 EFh ; gg
� �� T17=2ð Þ 1þ Erf EFh=gg

� �� �� ��2
h

� D14 EFh ; gg
� �� �0

c0 EFh ; gg
� �� T17=2ð Þ 1þ Erf EFh ; gg

� �� �� �h i

�D14 EFh ; gg
� � 1

2
1þ Erf

EFh

gg

 !" #
� T17

gg
ffiffiffi
p

p exp
�E2

Fh

g2g

 !( )" ##

ð1:207Þ

m�
yy EFh ; gg
� � ¼ �h2

2
c0 EFh ; gg
� �� T27=2ð Þ 1þ Erf EFh=gg

� �� �� ��2
h

� D14 EFh ; gg
� �� �0

c0 EFh ; gg
� �� T27=2ð Þ 1þ Erf EFh=gg

� �� �� �h i

�D14 EFh ; gg
� � 1

2
1þ Erf

EFh

gg

 !" #
� T27

gg
ffiffiffi
p

p exp
�E2

Fh

g2g

 !( )" ##

ð1:208Þ
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and

m�
zz EFh ; gg
� � ¼ �h2

2
c0 EFh ; gg
� �� T37=2ð Þ 1þ Erf EFh=gg

� �� �� ��2
h

� D14 EFh ; gg
� �� �0

c0 EFh ; gg
� �� T37=2ð Þ 1þ Erf EFh=gg

� �� �� �h i

�D14 EFh ; gg
� � 1

2
1þ Erf

EFh

gg

 !" #
� T37

gg
ffiffiffi
p

p exp
�E2

Fh

g2g

 !( )" ##

ð1:209Þ

Thus, we can see that the EEMs in this case exist within the band gap.
In the absence of band tails, gg ! 0 we get

m�
xxðEFÞ ¼ �h2�a0ðEFÞ �a0ðEFÞf g0 ð1:210Þ

m�
xxðEFÞ ¼ �h2�b0ðEFÞ �b0ðEFÞ

� �0 ð1:211Þ

and

m�
xxðEFÞ ¼ �h2�c0ðEFÞ �c0ðEFÞf g0 ð1:212Þ

The DOS function in this case can be written as

NHD E; gg
� � ¼ gv

3p2
D100 E; gg

� �
where

D100 E; gg
� � ¼ D15 E; gg

� �� ��2 3
2

D15 E; gg
� �� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D14 E; gg
� �q

D14 E; gg
� �� �0�

� D14 E; gg
� �� �3=2

D15 E; gg
� �� �0i

and

D15 E; gg
� � � c0 E; gg

� �� T17=2ð Þ 1þ Erf E=gg
� �� �� �

c0 E; gg
� �� T27=2ð Þ 1þ Erf E; gg

� �� �� ��
� c0 E; gg

� �� T37=2ð Þ 1þ Erf E=gg
� �� �� ��1=2 ð1:213Þ

Using (1.213), the electron concentration at can be written as

n0 ¼ gv
3p2

�I126 EFh ; gg
� �þXs

r¼1

LðrÞ½�I126 EFh ; gg
� ��

" #
ð1:214Þ
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where

�I126 EFh ; gg
� � ¼ ½ D14 EFh ; gg

� �� �3=2
D15 EFh ; gg
� � �

The EP in this case is given by

J ¼ a0egv
6p2�h

½
Z1
E0

D100ðE0; ggÞS211ðE0; ggÞ
S011ðE0; ggÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S11ðE0; ggÞ

q fðEÞdE0� ð1:215Þ

The dispersion relation of the conduction electrons in HD QWs of Kane type
semiconductors can be written as

P11 E; gg
� �

k2x þ Q11 E; gg
� �

k2y þ S11 E; gg
� �

pnz=dzð Þ2¼ 1 ð1:216Þ

The EEM can be expressed as

m� EF1HD; gg; nz
� � ¼ �h2

2
A0
56 EF1HD; gg; nz
� �

where,

A56 E; gg; nz
� � ¼ p 1� S11 E; gg

� �
gzp=dz
� �2h i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P11 E; gg
� �

Q11 E; gg
� �q ð1:217Þ

From (1.217), it appears that the EEM is a function of Fermi energy, and size
quantum number and the same mass exists in the band gap.

Thus, the total 2D DOS function can be expressed as

N2DTðEÞ ¼ gv
2p

	 
Xnzmax

nz¼1

A0
56 EF1HD; gg; nz
� � ð1:218Þ

The sub band energies Enz8HD

	 

are given by

S11 Enz8HD
; gg

	 

ðpnz=dzÞ2 ¼ 1 ð1:219Þ
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The 2D surface electron concentration per unit area for QWs of stressed HD
Kane type compounds can be written as

n2D ¼ gv
2p

Xnzmax

nz¼1

T57HDðEFs1HD; gg; nzÞ þ T58HDðEFs1HD; gg; nzÞ
� � ð1:220aÞ

where,

T57ðEFs1HD; gg; nzÞ � A56 EF1HD; gg; nz
� �

and

T58HDðEF1HD; gg; nzÞ �
Xs
r¼1

LðrÞT57HDðEF1HD; gg; nzÞ:

The EP in this case is given by

J2D ¼ a0egv
hdz

½
Xnzmax

nzmin

½ S211ðEnz8HD ; ggÞ
S011ðEnz8HD ; ggÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S11ðEnz8HD ; ggÞ

q �½
Z1

Enz8HD

A0
56ðE; gg; nzÞf ðEÞdE��

ð1:220bÞ

In the absence of band tails, the 2D electron energy spectrum in QWs of stressed
materials assumes the form

k2x
½�a0ðEÞ�2

þ k2y
½�b0ðEÞ�2

þ 1

½�c0ðEÞ�2
ðnzp=dzÞ2 ¼ 1 ð1:221Þ

The area of 2D wave vector space enclosed by (1.221) can be written as

AðE; nzÞ ¼ pP2ðE; nzÞ�a0ðEÞ�b0ðEÞ

where

P2ðE; nzÞ ¼ 1� ½nzp=dz�c0ðEÞ½ �2�:

From (1.221), the EEM can be written as

m�ðEFs ; nzÞ ¼
�h2

2
½P2ðEFs ; nzÞ�a0ðEFsÞ�b0ðEFsÞ�0 ð1:222Þ
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Thus, the total 2D DOS function can be expressed as

N2DTðEÞ ¼ gv
2p

	 
Xnzmax

nz¼1

h6ðE; nzÞHðE � Enz11Þ ð1:223Þ

in which,

h6ðE; nzÞ ¼ 2PðE; nzÞ PðE; nzÞf g0�a0ðEÞ�b0ðEÞ þ PðE; nzÞf g2 �a0ðEÞf g0�b0ðEÞ
h
þ PðE; nzÞf g2 �b0ðEÞ

� �0
�a0ðEÞ

i

The sub band energies ðEnz11Þ are given by

�c0ðEnz11Þ ¼ nzp=dz ð1:224Þ

The 2D surface electron concentration per unit area for QWs of stressed Kane
type compounds can be written as

n2D ¼ gv
2p

Xnzmax

nz¼1

½T61ðEFs; nzÞ þ T62ðEFs; nzÞ� ð1:225Þ

where

T61ðEFs; nzÞ � P2ðEFs; nzÞ�a0ðEFsÞ�b0ðEFsÞ
� �

and

T62ðEFs; nzÞ �
Xs
r¼1

LðrÞT61ðEFs; nzÞ:

The EP in this case is given by

J2D ¼ a0egv
2hdz

½
Xnzmax

nzmin

½�c0ðEnz11Þ�0½
Z1

Enz11

h6ðE, nzÞf ðEÞdE�� ð1:226Þ

The DOS function for bulk specimens of stressed Kane type semiconductors in
the absence of band tail can be written as

D0ðEÞ ¼ gvð3p2Þ�1�T0ðEÞ ð1:227Þ
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where

T0ðEÞ ¼ �a0ðEÞ�b0ðEÞ½�c0ðEÞ�0 þ �a0ðEÞ½�b0ðEÞ�0�c0ðEÞ þ ½�a0ðEÞ�0�b0ðEÞ�c0ðEÞ
� �

Combining (1.227) with the Fermi-Dirac occupation probability factor and
using the generalized Sommerfeld lemma the electron concentration in this case can
be expressed as

n0 ¼ gvð3p2Þ�1½M4ðEFÞ þ N4ðEFÞ� ð1:228Þ

where,

M4ðEFÞ � ½�a0ðEFÞ�b0ðEFÞ�c0ðEFÞ�and

N4ðEFÞ �
Xs
r¼1

LðrÞM4ðEFÞ:

The EP in this case is given by

J ¼ a0egv
12p2�h

Z1
E0

�T0ðE0Þ½�c0ðE0Þ�0fðEÞdE0: ð1:229Þ

1.2.6 The EP from QWs of HD Te

The dispersion relation of the conduction electrons in Te can be expressed as [187]

E ¼ w1k
2
z þ w2k

2
s � ½w2

3k
2
z þ w2

4k
2
s �1=2 ð1:230Þ

where, the values of the system constants are given in Table 1.1.
The carrier energy spectrum in HD Te can be written as

c3ðE; ggÞ ¼ w1k
2
z þ w2k

2
s � ½w2

3k
2
z þ w2

4k
2
s �1=2 ð1:231Þ

The EEMs along kz and ks directions assume the forms

m�
z ðEFh ; ggÞ ¼

�h2

2w1
1� w3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w2
3 þ 4w1c3ðEFh ; ggÞ

q
2
64

3
75c03ðEFh ; ggÞ ð1:232Þ
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and

m�
s ðEFh ; ggÞ ¼

�h2

2w2
1� w4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w2
4 þ 4w2c3ðEFh ; ggÞ

q
2
64

3
75c03ðEFh ; ggÞ ð1:233Þ

The investigations of EEMs require the expression of electron concentration,
which can be written from (1.231) as

n0 ¼ gv
3p2

t1HDðEFh ; ggÞ þ t2HDðEFh ; ggÞ
� � ð1:234aÞ

where,

t1HDðEFh ; ggÞ ¼ 3w5HDðEFh ; ggÞC3HDðEFh ; ggÞ � w6C
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" #
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The 2D electron energy spectrum in HD QW of Te can be written using (1.230)
as
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The EEM in this case is given by

m�ðEF1HD; gg; nzÞ ¼
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2
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The total DOS function in this case can be expressed as

N2DTðEÞ ¼ gv
p
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The surface electron concentration is given by
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t1HDTeðEF1HD; gg; nzÞ þ t2HDTeðEF1HD; gg; nzÞ
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The 2D electron energy spectrum in QWs of Te in the absence of band tails
assumes the form

k2s ¼ w5ðEÞ � w6
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dz
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Thus, the total 2D DOS function can be expressed as

N2DTðEÞ ¼ gv
p
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The sub-band energies ðEnz12Þ are given by

Enz12 ¼ w1ðnzp=dzÞ2 � w3ðnzp=dzÞ ð1:242aÞ

Using (1.240) the EEM can be expressed as

m�ðEFs ; nzÞ ¼
�h2

2
t040ðEFs ; nzÞ ð1:242bÞ

The 2D surface electron concentration per unit area for QWs of Te can be written
as

n2D ¼ gv
p

Xnzmax

nz¼1

t40ðEFs; nzÞ þ t41ðEFs; nzÞ½ � ð1:243Þ

where

t41ðEFs; gzÞ �
Xs
r¼1

LðrÞt40ðEFs; nzÞ:
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The EP in this case is given by

J2D ¼ a0egv
2w1hdz

½
Xnzmax

nzmin

½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2
2 þ 4w1 Enz 12

q
�
Z1

Enz 12

½t040ðE; nzÞf ðEÞdE0��� ð1:244Þ

The electron concentration and the EP for bulk specimens of Te in the absence of
band tails can, respectively, be expressed as

n0 ¼ gv
3p2

MgðEFÞ þ NgðEFÞ
� � ð1:245Þ

and

J ¼ a0egv
24w1p2�h

Z1
E0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2
2 þ 4w1E0

q
M9ðE0ÞfðEÞdE0 ð1:246Þ

where,

M9ðEFÞ ¼ 3w5ðEFÞC3ðEFÞ � w6C
3
3ðEFÞ

� �
; w5ðEFÞ ¼ EF

w2
þ w2

4

2w2
2

" #
and

C3ðEFÞ ¼ ½2w1��1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2
3 þ 4w1EF

q
� w3

� �
andN9ðEFÞ �

Xs
r¼1

LðrÞM9ðEFÞ:

1.2.7 The EP from QWs of HD Gallium Phosphide

The energy spectrum of the conduction electrons in n-GaP can be written as [188]

E ¼ �h2k2s
2m�

?
þ �h2

2m�
k

�A0k2s þ k2z
� �� �h4k20

m�2
k

ðk2s þ k2z Þ þ VGj j2
" #1=2

þ VGj j ð1:247Þ

where, k0 and VGj j are constants of the energy spectrum and �A0 ¼ 1.
The dispersion relation of the conduction electrons in HD n-GaP can be

expressed as

c3ðE; ggÞ ¼
�h2k2s
2m�

?
þ �h2

2m�
k

�A0k2s þ k2z
� �� �h4k20

m�2
k

ðk2s þ k2z Þ þ VGj j2
" #1=2

� VGj j

ð1:248Þ

80 1 The EP from Quantum Wells (QWs) …



The EEMs assume the forms as

m�
z ðEFh ; ggÞ ¼

�h2c03ðEFh ; ggÞ
b

1� ðC þ bDÞ C2 þ 4bD2 þ 4bCc3ðEFh ; ggÞ
��

� 4bCDþ 4b2c3ðEFh ; ggÞD
��1=2

i
ð1:249Þ

and

m�
s ðEFh ; ggÞ ¼

�h2

2
½t11c03ðEFh ; ggÞ � t41t

0
5ðEFh ; ggÞ� ð1:250Þ

where,

b ¼ �h2

2m�
k
; C ¼ ð�h2k0=m�

kÞ2; D ¼ VGj j; t11 ¼ 1
a
; a ¼ �h2

2m�
?
þ �A0b; t41 ¼

ffiffiffiffiffi
g3

p
2a2

;

g3 ¼ ð4abcþ 4a2cÞ; t25ðEFh ; ggÞ ¼ ½g2 � 4aCc3ðEFh ; ggÞ�ðg3Þ�1; g2 ¼ ð4a2b2 þ C2 þ 4aCDÞ

The electron concentration can be expressed as

n0 ¼ gv
4p2

�I127ðEFh ; ggÞ þ
Xs
r¼1

LðrÞ½�I127ðEFh ; ggÞ�
" #

ð1:251Þ

where

�I127ðEFh ; ggÞ ¼ ½M1HDðEFh ; ggÞ�
M1HDðEFh ; ggÞ ¼ ½2ðt11c3ðEFh ; ggÞ þ t21Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t81 þ t91c3ðEFh ; ggÞ

q
þ ðt31=3Þh3;�ðEFh ; ggÞ þ ðt41=2Þ
� ½h;�ðEFh ; ggÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�ðEFh ; ggÞ þ t5ðEFh ; ggÞ

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t5ðEFh ; ggÞ

q
� þ ðt41t5ðEFh ; ggÞ=2Þ

ln
h;�ðEFh ; ggÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�ðEFh ; ggÞ þ t5ðEFh ; ggÞ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t5ðEFh ; ggÞ

q
�������

���������;
t21 ¼ g1

2a2
; g1 ¼ �ðC þ 2aDÞ;

t81 ¼ ½t441 þ 4t241t21t31 þ ð4t231t241g2Þðg3Þ�1�; t31 ¼ b
a
;

t91 ¼ ½4t11t31t241 þ 8t11t21t231 � ð16t231t241aCÞðg3Þ�1�;
h�ðEFh ; ggÞ ¼ ðt31

ffiffiffi
2

p
Þ�1½t61 þ t71c3ðEFh ; ggÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t81 þ t91c3ðEFh ; ggÞ

q
�;

t61 ¼ ðt241 þ 2t21t31Þ and t71 ¼ ð2t11t31Þ
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The EP in this case is given by

J ¼ a0egv
4p2

ffiffiffiffiffiffiffiffi
m�

11

p Z1
E0

½�I127ðE0; ggÞ�0fðEÞ dE0

c0100ðE0; ggÞ
ð1:252Þ

where

c100ðE0; ggÞ ¼ ½2c3ðE0; ggÞ þ 2VG � 4�h4k40
m�

k
� ½4V2

G þ 4�h2k20
m� 2

k
� 8VG�h2k20

m�
k

� 4c3ðE0; ggÞ�h2k20
m�

k
�1=2�1=2

The 2D dispersion relation in QW of HD GaP can be expressed following
(1.248) as

k2s ¼ t11c3ðE; ggÞ þ t21 � t31ðpnzdz
Þ2 � t41½ðpnzdz

Þ2 þ t25ðE; ggÞ�1=2 ð1:253Þ

The EEM in this case can be written following (1.253) as

m�ðEF1HD; gg; nzÞ ¼
�h2

2

�
t11c

0
3ðEF1HD; ggÞ � t41t5ðEF1HD; ggÞt05ðEF1HD; ggÞ

� ½ðpnz
dz

Þ2 þ t25ðEF1HD; ggÞ��1=2
�

ð1:254Þ

The total DOS function up to Fermi level assumes the form

N2DTððEF1HD; ggÞ ¼
gv
2p

Xnz max

nz¼1

½t11c03ðEF1HD; ggÞ � t41t5ðEF1HD; ggÞt05ðEF1HD; ggÞ

½ðpnz
dz

Þ2 þ t25ðEF1HD; ggÞ��1=2HðEF1HD � Enz8THDÞ
ð1:255Þ

where, Enz8THD is given by the equation

t11c3ðEnz8THD ; ggÞ þ t21 � t31ðpnzdz
Þ2 � t41½ðpnzdz

Þ2 þ t25ðEnz8THD ; ggÞ�1=2 ¼ 0 ð1:256Þ
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The surface electron concentration in QW of HD n-GaP can be written as

n5 ¼ gv
p

Xnzmax

nz¼1

t3HDGaPðEF1HD; gg; nzÞ þ t4HDGaPðEF1HD; gg; nzÞ
� � ð1:257aÞ

where,

t1HDGaPðEF1HD; gg; nzÞ ¼ t11c3ðEF1HD; gg; nzÞ þ t21 � t31ðpnzdz
Þ2

� t41½ðpnzdz
Þ2 þ t25ðEF1HD; gg; nzÞ�1=2

t4HDGaPðEF1HD; gg; nzÞ ¼
Xs
r¼1

LðrÞ½t3HDGaPðEF1HD; gg; nzÞ�

The EP in this case is given by

J2D ¼ a0egv

4dzp
ffiffiffiffiffiffi
m�

k
q ½

Xnzmax

nzmin

½c0101ðEnz8THD ; gg; nzÞ��1½
Z1

Enz8THD

c101ðE; gg; nzÞf ðEÞdE ��

ð1:257bÞ

where

c101ðE; gg; nzÞ ¼ ½t11c03ðE; ggÞ � t41t5ðE; ggÞt05ðE; ggÞ½ð
pnz
dz

Þ2 þ t25ðE; ggÞ��1=2�

The 2D electron dispersion relation in size-quantized n-GaP in the absence of
band tails assumes the form

E ¼ ak2s þ Cðnzp=dzÞ2 þ VGj j � Dk2s þ VGj j2þDðnzp=dzÞ2
h i1=2

ð1:258Þ

The sub-band energy Enz13

� �
are given by

Enz13 ¼ Cðpnz=dzÞ2 þ VGj j � VGj j2þDðpnz=dzÞ2
h i1=2

ð1:259Þ

The (1.258) can be expressed as

k2s ¼ t42ðE; nzÞ ð1:260Þ
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in which,

t42ðE; nzÞ � 2a E � t1ð Þ þ Df g � 2a E � t1ð Þ þ D½ �2�4a2 E � t1ð Þ2�t2
h in o1=2

� �
;

t1 � VGj j þ C pnz=dzð Þ2 and t2 � VGj j2þD pnz=dzð Þ2:

The total DOS function is given by

N2DTðEÞ ¼ gv
4pa2

Xnzmax

nz¼1

t042ðE; nzÞ
� �

H E � Enz13

� � ð1:261aÞ

Using (1.260) the EEM can be expressed as

m�ðEFs ; nzÞ ¼
�h2

2
t042ðEFs ; nzÞ ð1:261bÞ

The electron statistics in QWs in n-GaP assumes the form

n2D ¼ ½ gv
4pa2

	 
Xnzmax

nz¼1

½t42ðEFs; nzÞ þ t43ðEFs; nzÞ��

t43ðEFs; nzÞ ¼
Xs
r¼1

LðrÞ½t42ðEFs; nzÞ
ð1:262Þ

where,

t43ðEFs; nzÞ ¼
Xs
r¼1

LðrÞ½t42ðEFs; nzÞ

The EP in this case is given by

J2D ¼ a0egv

8dzpa2
ffiffiffiffiffiffi
m�

k
q ½

Xnzmax

nzmin

½c0102ðEnz13Þ��1½
Z1

Enz13

t042ðE; nzÞf ðEÞdE �� ð1:263Þ

where

c102ðEnz13Þ ¼ ½2Enz13 þ 2VG � 2�h2k0
m�

k
� ½4V2

G þ 4�h4k40
m� 2

k
� 8VG�h2k20

m�
k

� 4Enz13�h
2k20

m�
k

�1=2�1=2
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The EEMs in bulk specimens of n-GaP in the absence of band tails can be
written as

m�
s ðEFÞ ¼ �h2

2
½t11 � t41t

0
5ðEFÞ� ð1:264Þ

and

m�
z ðEFÞ ¼ �h2

b
½1� C½4bCEF þ 4b2D2 þ C2 � 4bCD��1=2� ð1:265Þ

where

t5ðEFÞ ¼ ½g2 � 4aCEF

g3
�1=2

The electron concentration and the EPin this case assume the forms

n0 ¼ gv
4p2

½M1ðEFÞ þ N1ðEFÞ� ð1:266Þ

J ¼ a0egv

16p2
ffiffiffiffiffiffi
m�

k
q Z1

E0

M0
1ðE0Þ

c0102ðE0Þ f ðEÞdE
0 ð1:267Þ

where

M1ðEFÞ ¼ ½2ðt11EF þ t21Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t91EF þ t81

p

þ t31
3
/3ðEFÞ þ t41

2
½/ðEFÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
/2ðEFÞ þ t5ðEFÞ

q

þ t41t5ðEFÞ
2

½ln
/ðEFÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
/2ðEFÞ þ t5ðEFÞ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffi
t5ðEFÞ

p
������

��������;
/ðEFÞ ¼ ðt31

ffiffiffi
2

p
Þ�1½t61 þ EFt71 � ½t81 þ t91EF �1=2�

N1ðEFÞ ¼
Xs0
r¼1

½LðrÞM1ðEFÞ�

and

c102ðE0Þ ¼ ½2E0 þ 2VG � 2�h2k20
m�

k
� ½4V2

G þ 4�h2k40
m� 2

k
� 8VG�h2k20

m�
k

� 4E0�h2k20
m�

k
�1=2�1=2:
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1.2.8 The EP in QWs of HD Platinum Antimonide

The dispersion relation for the n-type PtSb2 can be written as [189]

½E þ k0
a2

4
k2 � lk2s

a2

4
�½E þ d0 � v

a2

4
k2 � n0k2s

a2

4
� ¼ Iða

4

16
Þk4 ð1:268Þ

The (1.268) assumes the form

½E þ x1k
2
s þ x2k

2
z �½E þ d0 þ x3k

2
s � x4k

2
z � ¼ I1ðk2s þ k2z Þ2 ð1:269Þ

where

x1 ¼ ½k0 a
2

4
þ l

a2

4
�; x2 ¼ k0

a2

4
; x3 ¼ ½n0 a

2

4
� t

a2

4
�; x4 ¼ t

a2

4
; I1 ¼ Iða

2

4
Þ2;

k0; l; d0; m; n0 and a are the band constants.
The carrier dispersion law in HD PtSb2 can be written as

T11k
4
s � k2s ½T21ðE; ggÞ � T31k

2
z � þ ½T41k4z � T51ðE; ggÞk2z � T61ðE; ggÞ� ¼ 0

ð1:270Þ

where,

T11 ¼ ðI1 � x2x3Þ; T21ðE; ggÞ ¼ ½x1d0 þ x1c3ðE; ggÞ þ x3c3ðE; ggÞ�;
T31 ¼ ½2I1 þ x2x4 � x2x3�; T41 ¼ ½2I1 þ x2x4�;

T51ðE; ggÞ ¼ ½x2c0ðE; ggÞ � x4c3ðE; ggÞ þ x2c3ðE; ggÞ�;
T61ðE; ggÞ ¼ ½c8ðE; ggÞ þ c0c3ðE; ggÞ�and
c8ðE; ggÞ ¼ 2h0ðE; ggÞ½1þ Erf ðE=ggÞ��1

The EEMs are given by

m�
s ðEFh ; ggÞ ¼

�h2

2T11
½T 0

21ðEFh ; ggÞ

þ ðT21ðEFh ; ggÞT 0
21ðEFh ; ggÞ þ 2T11T 0

61ðEFh ; ggÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
21ðEFh ; ggÞ þ 4T11T61ðEFh ; ggÞ

q � and
ð1:271Þ

m�
s ðEFh ; ggÞ ¼ ð �h2

2T41
Þ½T 0

51ðEFh ; ggÞ þ ½T51ðEFh ; ggÞT 0
51ðEFh ; ggÞ þ 2T41T 0

61ðEFh ; ggÞ�

� ½T2
51ðEFh ; ggÞ þ 4T41T61ðEFh ; ggÞ��1=2� ð1:272Þ
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The electron concentration assumes the form

n0 ¼ gv
3p2

�I128ðEFh ; ggÞ þ
Xs
r¼1

LðrÞ½�I128ðEFh ; ggÞ�
" #

ð1:273aÞ

where,

�I128ðEFh ; ggÞ ¼ ½M6HDðEFh ; ggÞ�;

M6HDðEFh ; ggÞ ¼ ½T91HDðEFh ; ggÞq2HDðEFh ; ggÞ � T101
q32HDðEFh ; ggÞ

3
� T11J3ðEFh ; ggÞ�

T91HDðEFh ; ggÞ ¼
T21ðEFh ; ggÞ

2T11
;

q2HDðEFh ; ggÞ ¼ ½ð2T41Þ�1½T51ðEFh ; ggÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
51ðEFh ; ggÞ þ 4T41T61ðEFh ; ggÞ

q
��1=2

T101 ¼ ½T31=2T11�;

J3ðEFh ; ggÞ ¼
q2HDðEFh ; ggÞ

3
½½A2

3HDðEFh ; ggÞ þ B2
3HDðEFh ; ggÞ�E0ðgðEFh ; ggÞ; tðEFh ; ggÞÞ

� ½A2
3HDðEFh ; ggÞ � B2

3HDðEFh ; ggÞ�F0ðgðEFh ; ggÞ; tðEFh ; ggÞÞ�

þ q2HDðEFh ; ggÞ
3

½ðA2
3HDðEFh ; ggÞ � q22HDðEFh ; ggÞÞðB2

3HDðEFh ; ggÞ � q22HDðEFh ; ggÞÞ�1=2;

E0ðgðEFh ; ggÞ; tðEFh ; ggÞÞ and F0ðgðEFh ; ggÞ; tðEFh ; ggÞÞ are the incomplete elliptic
integrals of second and first respectively,

A2
3HDðEFh ; ggÞ ¼

1
2
½T12ðEFh ; ggÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
12ðEFh ; ggÞ � 4T13ðEFh ; ggÞ

q
�;

T12ðEFh ; ggÞ ¼ ½T7ðEFh ; ggÞ=T61�T61 ¼ ½T2
31 � 4T11T41�;

T7ðEFh ; ggÞ ¼ ½2T31T21ðEFh ; ggÞ � 4T11T51ðEFh ; ggÞ�;
T13ðEFh ; ggÞ ¼ ðT8ðEFh ; ggÞ=T8Þ;
T8ðEFh ; ggÞ ¼ ½T2

21ðEFh ; ggÞ þ 4T11T61ðEFh ; ggÞ�;
B2
3HDðEFh ; ggÞ ¼

1
2
½T12ðEFh ; ggÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
12ðEFh ; ggÞ � 4T13ðEFh ; ggÞ

q
�;

T11 ¼ ½
ffiffiffiffi
T

p
61=2T11�tðEFh ; ggÞ ¼ ½B3ðEFh ; ggÞ=A3ðEFh ; ggÞ�;

gðEFh ; ggÞ ¼ sin�1½q2ðEFh ; ggÞ
B3ðEFh ; ggÞ

�
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The EP in this case is given by

J ¼ a0egv
6p2�h

Z1
E0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U100ðE0; ggÞ

q
½I128ðE0; ggÞ�0f ðEÞdE0

U0
100ðE0; ggÞ

ð1:273bÞ

where

U100ðE0; ggÞ ¼ ð2T41Þ�1½T51ðE0; ggÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
51ðE0; ggÞ þ 4T41T61ðE0; ggÞ

q
�

From (1.270) the dispersion relation in QWs of HD PtSb2 can be expressed as

T11k
4
s � P1HDðE; gg; nzÞk2s þ P2HDðE; gg; nzÞ ¼ 0 ð1:274Þ

where,

P1HDðE; gg; nzÞ ¼ ½T21ðEFh ; ggÞ � T31ðpnz=dzÞ�
P2HDðE; gg; nzÞ ¼ ½T41ðpnz=dzÞ4 � T51ðEFh ; ggÞðpnz=dzÞ2 � T61ðEFh ; ggÞ�

(1.274) can be written as

k2s ¼ A60ðE; gg; nzÞ ð1:275Þ

where,

A60ðE; gg; nzÞ ¼ ½P1HDðE; gg; nzÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
1HDðE; gg; nzÞ � 4T11P2HDðE; gg; nzÞ

q
�

The EEM assumes the form

m�ðEF1HD; gg; nzÞ ¼
�h2

2
A0
60ðEF1HD; gg; nzÞ ð1:276Þ

The surface electron concentration is given by

n0 ¼ gv
2p

Xnzmax

nz¼1

½A60ðEF1HD; gg; nzÞ þ B60ðEF1HD; gg; nzÞ� ð1:277aÞ

where,

B60ðEF1HD; gg; nzÞ ¼
Xs0
r¼1

LðrÞ½A60ðEF1HD; gg; nzÞ�
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The EP in this case is given by

J2D ¼ a0egv
2hdz

Xnzmax

nzmin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U100ðEnz100 ; ggÞ

q
U0

100ðEnz100 ; ggÞ
Z1

Enz100

A0
60ðE; gg; nzÞf ðEÞdE ð1:277bÞ

where Enz100 is the lowest positive root of the equation

P2HDðEnz100 ; gg; nzÞ ¼ 0 ð1:277cÞ

From (1.269), we can write the expression of the 2D dispersion law in QWs of n-
PtSb2, in the absence of band tails as

k2s ¼ t44ðE; nzÞ ð1:278Þ

where,

t44ðE; nzÞ ¼ ½2A9��1 �A10ðE; nzÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
10ðE; nzÞ þ 4A9A11ðE; nzÞ

q� �
;

A9 � ½I1 þ x1x3�; A10ðE; nzÞ � x3E þ x1 E þ d0 � x4
pnz
dz

� �2
( )"

þx2x3
pnz
dz

� �2

þ2I1
pnz
dz

� �4
#

and

A11ðE; nzÞ � E E þ d0 � x4
pnz
dz

� �2
" #

þ x2
pnz
dz

� �2
"

� E þ d0 � x4
pnz
dz

� �2
" #

� I1
pnz
dz

� �4
#

The area of ks space can be expressed as

AðE; nzÞ ¼ pt44ðE; nzÞ ð1:279Þ

The total DOS function assumes the form

N2DTðEÞ ¼ gv
2p

Xnzmax

nz¼1

½t044ðE; nzÞ�HðE � Enz14Þ ð1:280Þ
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where the quantized levels Enz14 can be expressed through the equation

Enz14 ¼ ð2Þ�1

"
� x2

pnz
dz

� �2

þ d0 � x4
pnz
dz

� �2
" #

þ x2
pnz
dz

� �2

þ d0 � x4
pnz
dz

� �2
" #2

þ 4 I1
pnz
dz

� �4

þx2x4
pnz
dz

� �4

� x2d0
pnz
dz

� �2
" #8<

:
9=
;

1=2
3
75

ð1:281aÞ

Using (1.278), the EEM in this case can be written as

m�ðEFs ; nzÞ ¼
�h2

2
t044ðEFs ; nzÞ ð1:281bÞ

The electron statistics can be written as

n2D ¼ gv
2p

Xnzmax

nz¼1

t44ðEFs ; nzÞ þ t45ðEFs ; nzÞ½ � ð1:282Þ

where

t45ðEF2D; nzÞ �
XS
r¼1

LðrÞ t44ðEF2D; nzÞ½ �

The EP in this case is given by

J2D ¼ a0egv
dzh

Xnzmax

nzmin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x100ðEnz14Þ

p
x0

100ðEnz14Þ
Z1

Enz14

t044ðE; nzÞf ðEÞdE ð1:283Þ

where

x100ðEÞ ¼ ½½½ðx2E þ d0x2 � x4EÞ2 þ 4ðx2x4 þ I1ÞðE2 þ d0EÞ1=2 þ ðx2E
þ d0x2 � x4EÞ�½2ðx2x4 þ I1Þ��1�:

1.2.9 The EP from QWs of HD Bismuth Telluride

The dispersion relation of the conduction electrons in Bi2Te3 can be written as
[190–192]
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Eð1þ aEÞ ¼ �x1k
2
x þ �x2k

2
y þ �x3k

2
z þ 2�x4kzky ð1:284Þ

where

x1 ¼ �h2

2m0
a11; x2 ¼ �h2

2m0
a22; x3 ¼ �h2

2m0
a33; x4 ¼ �h2

2m0
a23

in which a11; a22; a33 and a23 are system constants.
The dispersion relation in HD Bi2Te3 assumes the form

c2ðE; ggÞ ¼ �x1k2x þ �x2k2y þ �x3k2z þ 2�x4kzky ð1:285Þ

The EEMs can, respectively, be expressed as

m�
xðEFh ; ggÞ ¼

�h2

2�w1
c02ðEFh ; ggÞ ð1:286Þ

m�
yðEFh ; ggÞ ¼

�h2

2�w2
c02ðEFh ; ggÞ ð1:287Þ

m�
z ðEFh ; ggÞ ¼

�h2

2�w3
c02ðEFh ; ggÞ ð1:288Þ

The DOS function in this case is given by

NðEÞ ¼ 4pgvð2m0

h2
Þ3=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðE; ggÞ

q
c02ðE; ggÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a11a22a33 � 4a11a223
p ð1:289Þ

Thus combining (1.289) with the Fermi Dirac occupation probability factor, the
electron concentration can be written as

n0 ¼ gv
3p2

ð2m0

h2
Þ3=2ða11a22a33 � 4a11a223Þ�1=2½U1HDðEFh ; ggÞ þ U2HDðEFh ; ggÞ�

ð1:290aÞ

where,

U1HDðEFh ; ggÞ ¼ ½c2ðEFh ; ggÞ�3=2; U2HDðEFh ; ggÞ ¼
Xs
r¼1

LðrÞ½U1HDðEFh ; ggÞ�

1.2 Theoretical Background 91



The EP in this case is given by

J ¼ 2pa0egv
ffiffiffiffiffiffi
�x3

p
�h

½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a11a22a33 � 4a11a223

q
��1ð2m0

h2
Þ3=2

Z1
E0

c2ðE0; ggÞf ðEÞdE0

ð1:290bÞ

The dispersion relation in QWs of HD Bi2Te3 can be expressed as

c2ðE; ggÞ ¼ �x1ðpnxdx
Þ2 þ �x2k2y þ �x3k2z þ 2�x4kzky ð1:291Þ

The EEM can be expressed as

m�ðEF1HD; ggÞ ¼
m0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a11a33 � 4a223
p c02ðEF1HD; ggÞ ð1:292Þ

The surface electron concentration can be written as

n2D ¼ gv
2p

½
Xnzmax

nz¼1

R60ðEF1HD; gg; nzÞ þ R61ðEF1HD; gg; nzÞ� ð1:293aÞ

R60ðEF1HD; gg; nzÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a11a33 � 4a223
p ½2m0c02ðEF1HD; ggÞ

�h2
� 2m0

�h2
ðpnz
dx

Þ�a11� and

R61ðEF1HD; gg; nzÞ ¼
Xs
r¼1

LðrÞ½R60ðEF1HD; gg; nzÞ�

The EP in this case is given by

J ¼ a0egv
ffiffiffiffiffiffi
x1

p
hdz

Xnzmax

nzmin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðEnz90HD ; ggÞ

q
c02ðEnz90HD ; ggÞ

Z1
Enz90HD

R0
60ðE; gg; nzÞf ðEÞdE ð1:293bÞ

The 2D electron dispersion law in QWs of Bi2Te3 in the absence of band tails
assumes the form

Eð1þ aEÞ ¼ x1ðnxpdx Þ
2 þ x2k

2
y þ x3k

2
z þ 2x4kzky ð1:294Þ
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The area of the ellipse is given by

AnðE; nxÞ ¼ pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�a22�a33 � 4�a223

p 2m0Eð1þ aEÞ
�h2

� �x1ðnxpdx Þ
2

� �
ð1:295Þ

The total DOS function assumes the form

N2DTðEÞ ¼ gvm0

p�h2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a22a33 � 4a223

q Xnxmax

nx¼1

ð1þ 2aEÞHðE � Enz15Þ ð1:296Þ

where, ðEnz15Þ can be expressed through the equation

Enz15ð1þ aEnz15Þ ¼ x1ðnxpdx Þ
2 ð1:297aÞ

The EEM in this case assumes the form as

m�ðEFsÞ ¼
m0ð1þ 2aðEFsÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�a22�a33 � 4�a223
p ð1:297bÞ

The electron concentration can be written as

n2D ¼ kBTgv
p�h2

m0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a22a33 � 4a223

q
0
B@

1
CAXnxmax

nx¼1

ð1þ 2aEÞF0ðgn15Þ þ 2akBTF1ðgn15Þ
� �

ð1:298Þ

where,

gn15 ¼
EFs � Enz15

kBT

The EP in this case is given by

J2D ¼ a0egvðkBTÞ
ffiffiffiffiffiffi
x1

p

ðp�h3dzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a22a23 � 4a232

p ½
Xnzmax

nzmin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Enz15ð1þ aEnz15Þ

p
ð1þ 2aEnz15Þ

½ð1þ 2aEnz15ÞF0ðgn15Þ

þ 2akBTF1ðgn15Þ��: ð1:299Þ
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1.2.10 The EP from QWs of HD Germanium

It is well known that the conduction electrons of n-Ge obey two different types of
dispersion laws since band non-parabolicity has been included in two different ways
as given in the literature [193–195].

(a) The energy spectrum of the conduction electrons in bulk specimens of n-Ge
can be expressed in accordance with Cardona et al. [193, 194] as

E ¼ �Eg0

2
þ �h2k2z

2m�
k
þ E2

g0

4
þ Eg0k

2
s

�h2

2m�
?

� �" #1=2
ð1:300Þ

where in this case m�
k and m�

? are the longitudinal and transverse effective masses

along 111h i direction at the edge of the conduction band respectively
The (1.300) can be written as

�h2k2s
2m�

?
¼ Eð1þ aEÞ þ a

�h2k2z
2m�

k

 !2

�ð1þ 2aEÞ �h2k2z
2m�

k

 !
ð1:301Þ

The dispersion relation under the condition of heavy doping can be expressed
from (1.301) as

�h2k2s
2m�

?
¼ c2ðE; ggÞ þ a

�h2k2z
2m�

k

 !2

�ð1þ 2ac3ðE; ggÞÞ
�h2k2z
2m�

k
ð1:302Þ

The EEMs can be written as

m�
s ðEFh; ggÞ ¼ m�

?c
0
2ðEFh; ggÞ ð1:303Þ

and

m�
z ðEFh; ggÞ ¼ m�

k½c03ðEFh; ggÞ �
½c03ðEFh; ggÞ½1þ 2ac3ðEFh; ggÞ� � c02ðEFh; ggÞ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½1þ 2ac3ðEFh; ggÞ�2 � 4ac2ðEFh; ggÞ
q �

ð1:304Þ

The electron concentration can be written as

n0 ¼
8pgvm�

?
ffiffiffiffiffiffiffiffi
2m�

k
q

h3
�I129ðEFh ; ggÞ þ

Xs
r¼1

LðrÞ½�I129ðEFh ; ggÞ�
" #

ð1:305aÞ
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where,

�I129ðEFh ; ggÞ ¼ ½M8HDðEFh ; ggÞ�;
M8HDðEFh ; ggÞ ¼ ½c3ðEFh ; ggÞ�1=2½c2ðEFh ; ggÞ þ

a
5
c23ðEFh ; ggÞ�

� c3ðEFh ; ggÞ
3

½1þ 2ac3ðEFh ; ggÞ�

J ¼ 4pa0egv
h3

m�
?

ffiffiffiffiffiffiffiffi
2m�

k
q Z1

E0

½I129ðE0; ggÞ�0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c200ðE0; ggÞ

q
c0200ðE0; ggÞ

f ðEÞdE0

ð1:305bÞ

where

c200ðE; ggÞ ¼ ½2að �h
2

2m�
k
Þ2��1 � ½½ �h

2

2m�
k
ð1þ 2ac3ðE; ggÞÞ� � ½½ �h

2

2m�
k
ð1þ 2ac3ðE; ggÞÞ�2

� 4c2ðE; ggÞð
�h2

2m�
k
Þ2�1=2�

In the presence of size quantization, the dispersion law in QW of HD Ge can be
written following (1.302) as

�h2k2s
2m�

k
¼ c2ðE; ggÞ þ a

�h2ðnzp=dzÞ
2

2m�
k

 !2

�ð1þ 2ac3ðE; ggÞÞ
�h2ðnzp=dzÞ

2

2m�
k

ð1:306aÞ

The EEM assumes the form

m�
s ðEF1HD; gg; nzÞ ¼ m�

?½c02ðEF1HD; ggÞ �
a�h2

m�
k
ðnzp
dz

Þ2c03ðEFh ; ggÞ� ð1:306bÞ

The surface electron concentration per unit area is given by

n2D ¼ gvm�
?

p�h2
Xnzmax

nz¼1

½R1ðEF1HD; gg; nzÞ þ S1ðEF1HD; gg; nzÞ� ð1:307aÞ

where,

R1ðEF1HD; gg; nzÞ ¼ ½c2ðEF1HD; ggÞ þ a
�h2ðnzp=dzÞ2

2m�
k

 !2

� ð1þ 2ac3ðEF1HD; ggÞÞ
�h2ðnzp=dzÞ2

2m�
k

�
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and

S1ðEF1HD; gg; nzÞ ¼
XS
r¼1

LðrÞ½R1ðEF1HD; gg; nzÞ�

The EP in this case is given by

J2D ¼ a0egvm�
?

dzp�h3
Xnzmax

nzmin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c200ðEnz100HD ; ggÞ

q
c0200ðEnz100HD ; ggÞ

Z1
Enz100HD

R0
1ðE; gg; nzÞf ðEÞdE ð1:307bÞ

where Enz100HD is the lowest positive root of the equation

c2ðEnz100HD ; ggÞ þ a½ �h
2

2m�
k
ðnzp
dz

Þ2�2 � ½1þ 2ac3ðEnz100HD ; ggÞ�
�h2

2m�
k
ðnzp
dz

Þ2 ¼ 0

In the presence of size quantization along kz direction, the 2D dispersion relation
of the conduction relations in QWs of n-Ge in the absence of band tails can be
written by extending the method as given in [187] as

�h2k2x
2m�

1
þ �h2k2y

2m�
2
¼ cðE; nzÞ ð1:308Þ

where,

m�
1 � m�

?;m
�
2 ¼

m�
? þ 2m�

k
3

;

cðE; nzÞ � Eð1þ aEÞ � ð1þ 2aEÞ �h2

2m�
3

nzp
dz

� �2

þa
�h2

2m�
3

nzp
dz

� �2
" #22

4
3
5

and

m�
3 ¼

3m�
km

�
?

2m�
k þ m�

?
:

The area of ellipse of the 2D surface as given by (1.308) can be written as

AðE; nzÞ ¼
2p

ffiffiffiffiffiffiffiffiffiffiffi
m�

1m
�
2

p
�h2

cðE; nzÞ ð1:309aÞ
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The EEM in this case can be written as

m�ðEFs ; nzÞ ¼ ð ffiffiffiffiffiffiffiffiffiffiffi
m�

1m
�
2

p Þ½cðEFs ; nzÞ�0 ð1:309bÞ

The DOS function per sub-band can be expressed as

N2DðEÞ ¼
4
ffiffiffiffiffiffiffiffiffiffiffi
m�

1m
�
2

p
p�h2

1þ 2aE � 2a
�h2

2m�
3

pnz
dz

� �2
 !" #

ð1:310Þ

The total DOS function is given by

N2DTðEÞ ¼ 4

p�h2
ffiffiffiffiffiffiffiffiffiffiffi
m�

1m
�
2

p Xnzmax

nr¼1

1þ 2aE � 2a
�h2

2m�
3

pnz
dz

� �2
 !" #

HðE � Enz16Þ

ð1:311Þ

where, Enz16 is the positive root of the following equation

Enz16 1þ aEnz16

� �� 1þ 2aEnz16

� � �h2

2m�
3

pnz
dz

� �2
 !

þ a
�h2

2m�
3

pnz
dz

� �2
 !2

¼ 0

ð1:312Þ

Thus combining (1.311) with the Fermi Dirac occupation probability factor, the
2D electron statistics in this case can be written as

n2D ¼ 4
ffiffiffiffiffiffiffiffiffiffiffi
m�

1m
�
2

p
kBT

p�h2
Xnzmax

nr¼1

½ðA1ðnzÞ þ 2agnz16 ÞF0ðgnz16 Þ þ 2akBT F1ðgnz16 Þ� ð1:313Þ

where

A1ðnzÞ � 1þ 2að�h2=2m�
3Þðpnz=dzÞ2

h i
and gnz16 �

1
kBT

EF2D � Enz16

� �
:

The EP in this case is given by

J2D ¼ a0e
dz�h

4kBT
ffiffiffiffiffiffiffiffiffiffiffi
m�

1m
�
2

p
p�h

½
Xnzmax

nzmin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c201ðEnz16Þ

p
c0201ðEnz16Þ

½ðA1ðnzÞ þ 2agnz16 ÞF0ðgnz16 Þ

þ 2akBT F1ðgnz16 Þ�� ð1:314Þ

The expressions of EEMs’ in bulk specimens of Ge in the absence of band tails
can be written following (1.301) as
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m�
z ðEFÞ ¼ m�

k ð1:315Þ

m�
s ðEFÞ ¼ m�

?ð1þ 2aEFÞ ð1:316Þ

The DOS function for bulk specimens of Ge in the absence of band tails can be
written following (1.301) as

NðEÞ ¼ 4pgv
2m�

D

h2

� �3
2

E
1
2 � 5

6
aE

3
2 þ 18a

5
m�

11

�h2

� �2

E7=2

" #
;mD ¼ m�2

? � m�
k

	 
1
3

ð1:317Þ

Using (1.317), the electron concentration in bulk specimens of Ge can be written
as

n0 ¼ Nc1 F1
2
ðgÞ � 5

4
akBTF3

2
ðgÞ þ 189

4
akBT

m�
11kBT

�h2

� �2

F7
2
ðgÞ

" #
;

Nc1 ¼ 2gv
2pm�

DkBT
h2

� �3
2

ð1:318Þ

The EP in this case is given by

J ¼ 4a0egvp
h3

ðm�
kÞ�1=2ðmDÞ3=2½F0ðg0Þ �

5
3
ak2BT

2F2ðg0Þ þ
108ak3BT

3

5
ð
m�

k
�h2

Þ2F3ðg0Þ�
ð1:319Þ

(b) The dispersion relation of the conduction electron in bulk specimens of n-Ge
can be expressed in accordance with the model of Wang and Ressler [195] can be
written as

E ¼ �h2k2z
2m�

k
þ �h2k2s
2m�

?
� �a4

�h2k2z
2m�

?

� �2

��a5
�h2k2s
2m�

?

� �
�h2k2z
2m�

k

 !
� �a6

�h2k2z
2m�

k

 !2

ð1:320Þ

where,

�a4 ¼ b4ð
2m�

?
�h2

Þ; b4 ¼ 1:4b5;

b5 ¼
a�h4

4
½ðm�

?Þ�1 � ðm0Þ�1�2; �a5 ¼ �a7ð
4m�

?m
�
k

�h4
Þ; �a7 ¼ 0:8b5 and �a6

¼ ð0:005b5Þð
2m�

k
�h2

Þ2
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The energy spectrum under the condition of heavy doping can be written as

c3ðE; ggÞ ¼
�h2k2z
2m�

k
þ �h2k2s
2m�

?
� �a4

�h2k2s
2m�

?

� �2

��a5
�h2k2s
2m�

?

� �
�h2k2z
2m�

k

 !
� �a6

�h2k2z
2m�

k

 !2

ð1:321aÞ

The sub band energy and the 2D Dispersion relation can respectively be
expressed as

½�a8 � �a3ðnzpdz Þ
2 � �a10½ðnzpdz Þ

4 þ �a11ðnzpdz Þ
2 þ �a11ðEnzHD24 ; ggÞ�1=2� ¼ 0 ð1:321bÞ

�h2k2s
2m�

?
¼ a8 � a9k

2
z � a10 k4z þ a11k

2
z þ a12ðE; ggÞ

� �1=2 ð1:321cÞ

where

a8 ¼ 1
2a4

; a9 ¼ a5
2a4

ð �h
2

2m�
k
Þ; a10 ¼ 1

2a4
ð �h

2

2m�
k
Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a52 � 4a4a6

q
;

a11 ¼
2m�

k
�h2

4a4 � 2a5
a52 � 4a4a6

� �
and a12ðE; ggÞ ¼ ð

2m�
k

�h2
Þ 1� 4a4c3ðE; ggÞ
� �

a52 � 4a4a6

" #

The EEMs’ can be written as

m�
z ðEFh; ggÞ ¼ ½

m�
kc

0
3ðEFh; ggÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 4�a6c3ðEFh; ggÞ
q � ð1:322Þ

m�
?ðEFh; ggÞ ¼ ½ m�

?c
0
3ðEFh; ggÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 4�a4c3ðEFh; ggÞ
q � ð1:323Þ

The electron concentration in HD Ge in accordance with the model of Wang and
Ressler can be expressed as

n0 ¼ m�
?gv

p2�h2
½I3ðEFh ; gsÞ þ I4ðEFh ; gsÞ� ð1:324aÞ
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where

I3ðEFh ; gsÞ ¼ a8q10ðEFh ; ggÞ �
a9
3
q310ðEFh ; gsÞ � a10J10ðEFh ; gsÞ

� �

q10ðEFh ; gsÞ ¼
1
�h

m�
k

�a6

� �1
2

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4a6c3ðEFh ; gsÞ

ph i1
2

J10ðEFh ; ggÞ ¼
�A1ðEFh ; ggÞ

3
½�E0ðkðEFh ; ggÞ; qðEFh ; ggÞÞ:

½�A2
1ðEFh ; ggÞ þ �B2

1ðEFh ; ggÞ� þ 2�B2
1ðEFh ; ggÞF0ðkðEFh ; ggÞ; qðEFh ; ggÞÞ�

þ
�A1ðEFh ; ggÞ

3
½q210ðEFh ; ggÞ þ �A2

1ðEFh ; ggÞ þ 2�B2
1ðEFh ; ggÞ�"

�A2
1ðEFh ; ggÞ þ q210ðEFh ; ggÞ

�B2
1ðEFh ; ggÞ þ q210ðEFh ; ggÞ

#1
2

; �A2
1ðEFh ; ggÞ ¼

1
2
½�a11 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�a211 � 4�a212ðEFh ; ggÞ

q
�;

�B2
1ðEFh ; ggÞ ¼

1
2
½�a11 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�a211 � 4�a212ðEFh ; ggÞ

q
�;

kðEFh ; ggÞ ¼ tan�1½q10ðEFh ; ggÞ
�B1ðEFh ; ggÞ

�;

qðEFh ; ggÞ ¼
""

�A2
1ðEFh ; ggÞ � �B2

1ðEFh ; ggÞ
�A2
1ðEFh ; ggÞ

##

and

I4ðEFh ; ggÞ ¼
Xs
r¼1

LðrÞ½I3ðEFh ; gsÞ�

The EP in this case is given by

J ¼ a0egvm�
?

2p�h3

Z1
E0

I 03ðE0; ggÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c203ðE0; ggÞ

q
c0203ðE0; ggÞ

f ðEÞdE0 ð1:324bÞ

where

c203ðE; ggÞ ¼ ½2a6ð �h2

2m�Þ
2��1½ �h

2

2m�
k
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð �h2

2m�Þ
2 � 4a6ð �h2

2m�Þc3ðE; ggÞ
s

�

The dispersion relation in QW of HD Ge can be written as

�h2k2s
2m�

?
¼ a8 � a9ðnzpdz Þ

2 � a10 ðnzp
dz

Þ4 þ a11ðnzpdz Þ
2 þ a12ðE; ggÞ

� �1=2
; ð1:325Þ
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The (1.325) can be expressed as

�h2k2s
2m�

?
¼ A75ðE; gg; nzÞ ð1:326Þ

where,

A75ðE; gg; nzÞ ¼ ½�a8 � �a9ðnzpdz Þ
2 � �a10½ðnzpdz Þ

4 þ �a11ðnzpdz Þ
2 þ �a12ðE; ggÞ�1=2�

The EEM is given by

m�
s ðEF1HD; gg; nzÞ ¼ m�

?A
0
75ðEF1HD; gg; nzÞ ð1:327Þ

The electron concentration per unit area assumes the form

n2D ¼ m�
?gv
p�h2

Xnzmax

nz¼1

½A75ðEF1HD; gg; nzÞ þ A76ðEF1HD; gg; nzÞ� ð1:328aÞ

where,

A76ðEF1HD; gg; nzÞ ¼
Xs
r¼1

LðrÞ½A75ðEF1HD; gg; nzÞ�

The EP in this case is given by

J2D ¼ a0egvm�
?

dzp�h3
Xnzmax

nzmin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d203ðEnz205HD

; ggÞ
q
d0203ðEnz205HD

; ggÞ
Z1

Enz205HD

A0
75ðE; gg; nzÞf ðEÞdE ð1:328bÞ

where Enz205HD
is the lowest positive root of the equation

A75ðEnz205HD
; gg; nzÞ ¼ 0 ð1:328cÞ

and

d203ðE; ggÞ ¼ ½2��1½d201 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2201 � 4d202ðE; ggÞ

q
�; d201ðE; ggÞ ¼

½2a8a9 þ ða10Þ3�
½ða9Þ2 � ða102Þ�
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and

d202ðE; ggÞ ¼
½ða8Þ2 � a12ðE; ggÞða10Þ2�

½ða9Þ2 � ða102Þ�

The 2D dispersion law in the absence of band tails can be expressed as

E ¼ A5ðnzÞ þ A6ðnzÞb� �a4b
2 ð1:329Þ

where,

A5ðnzÞ ¼ �h2

2m�
3
ðpnz
dz

Þ2½1� �a6
�h2

2m�
3
ðpnz
dz

Þ2�; A6ðnzÞ ¼ ½1� �a5ð �h
2

2m�
3
Þðpnz

dz
Þ2�

and

b � �h2k2x
2m�

1
þ �h2k2y

2m�
2
:

The (1.329) can be written as

�h2k2x
2m�

1
þ �h2k2y

2m�
2
¼ I1ðE; nzÞ ð1:330Þ

where,

I1ðE; nzÞ ¼ ð2�a4Þ�1½A6ðnzÞ � ½A2
6ðnzÞ � 4�a4E þ 4�a4A5ðnzÞ�1=2�

From (1.330), the area of the 2D ks-space is given by

AðE; nzÞ ¼
2p

ffiffiffiffiffiffiffiffiffiffiffi
m�

1m
�
2

p
�h2

I1ðE; nzÞ ð1:331aÞ

Using (1.331a) in this case can be expressed as

m�ðEFs ; nzÞ ¼ ð ffiffiffiffiffiffiffiffiffiffiffi
m�

1m
�
2

p Þ½I1ðEFz ; nzÞ�0 ð1:331bÞ

The DOS function per sub-band can be written as

N2DðEÞ ¼ 4
p

ffiffiffiffiffiffiffiffiffiffiffi
m�

1m
�
2

p
�h2

I1ðE; nzÞf g0 ð1:332Þ
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where

I1ðE; nzÞf g0� o
oE

I1ðE; nzÞ½ �

The total DOS function assumes the form

N2DTðEÞ ¼
4
ffiffiffiffiffiffiffiffiffiffiffi
m�

1m
�
2

p
p�h2

Xnzmax

nz¼1

I1ðE; nzÞf g0HðE � Enz17Þ ð1:333Þ

where, the sub-band energy Enz17

� �
are given by

Enz17 ¼ ð �h
2

2m�
3
Þðnzp

dz
Þ2½1� �a6ð �h

2

2m�
3
Þðnzp

dz
Þ2� ð1:334Þ

The electron statistics can be written as

n2D ¼ 4
ffiffiffiffiffiffiffiffiffiffiffi
m�

1m
�
2

p
p�h2

Xnzmax

nz¼1

t46ðEFs; nzÞ þ t47ðEFs; nzÞ ð1:335Þ

where

t46ðEFs; nzÞ � I1ðEFs; nzÞ; t47ðEFs; nzÞ �
XS
r¼1

LðrÞðt46ðEFs; nzÞÞ

The EP in this case is given by

J2D ¼ 4a0e
ffiffiffiffiffiffiffiffiffiffiffi
m�

1m
�
2

p
dzp�h3

½
Xnzmax

nzmin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d204ðEnz17

Þ
q
d0204ðEnz17

Þ ½
Z1

Enz17

I 01ðE; nzÞfðEÞdE]] ð1:336Þ

where

d204ðEÞ ¼ ½2a6ð �h
2

2m�
3
Þ2��1½ �h

2

2m�
3
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð �h2

2m�
3
Þ2 � 4�a6ð �h

2

2m�
3
ÞE

s
�:

1.2.11 The EP from QWs of HD Gallium Antimonide

The dispersion relation of the conduction electrons in n-GaSb can be written as
[196]
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E ¼ �h2k2

2m0
�

�E0
go

2
þ

�E0
go

2
½1þ �h2k2

�E0
go

ð 1
mc

� 1
m0

Þ�12 ð1:337Þ

where

�E0
go ¼ ½Ego þ 5:10�5T2

2ð112þ TÞ�eV

The (1.337) can be expressed as

�h2k2

2mc
¼ I36ðEÞ ð1:338Þ

where

I36ðEÞ ¼ ½E þ �E0
g0 � ðmc=m0Þð�E0

g0=2Þ
� ½ð�E0

g0=2Þ2 þ ½ðð�E0
g0Þ2=2Þð1� ðmc=m0ÞÞ�

þ ½ð�E0
g0=2Þð1� ðmc=m0ÞÞ�2 þ E�E0

g0ð1� ðmc=m0ÞÞ�1=2�

Under the condition of heavy doping (1.338) assumes the form

�h2k2

2mc
¼ I36ðE; ggÞ ð1:339Þ

where,

I36ðE; ggÞ ¼ ½c3ðE; ggÞ þ E0
g �

mc

m0
:
E0
g

2
� ½ðE

0
g

2
Þ2 þ ½E

0
g

2
ð1� mc

m0
Þ�2 þ ðE

0
g

2
Þ2ð1� mc

m0
Þ

þ c3ðE; ggÞE0
gð1�

mc

m0
Þ�1=2�

The EEM can be written as

m�ðEFh ; ggÞ ¼ mc I36ðEFh ; ggÞ
� �0 ð1:340Þ

The DOS function in this case can be written as

NHDðE; ggÞ ¼
gv
2p2

2mc

�h2

� �3=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I36ðE; ggÞ

q
I36ðE; ggÞ
� �0 ð1:341Þ

Since, the original band model in this case is a no pole function, therefore, the
HD counterpart will be totally real, and the complex band vanishes.
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The electron concentration is given by

n0 ¼ gv
3p2

ð2mc

�h2
Þ3=2½fI36ðEFh ; ggÞg3=2 þ

Xs
r¼1

LðrÞ½fI36ðEFh ; ggÞg3=2�� ð1:342Þ

The EP in this case is given by

J ¼ 4a0pegvmc

h3

Z1
E0

I36ðE0; ggÞfðEÞdE0 ð1:343Þ

For dimensional quantization along z-direction, the dispersion relation of the 2D
electrons in QWs of HD GaSb can be written following (1.339) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðksÞ2
2mc

¼ I36ðE; ggÞ ð1:344Þ

The expression of the N2DT (E) in this case can be written as

N2DTðEÞ ¼ mcgv
p�h2

Xnzmax

nz¼1

T 0
119DðE; gg; nzÞHðE� EnzD119Þ ð1:345Þ

where,

T119DðE; gg; nzÞ ¼ ½I36ðE; ggÞ � �h2ðnzp=dzÞ2ð2mcÞ�1�;

The sub band energies EnzD119 in this case given by

�h2ðnzp=dzÞ2
n o

ð2mcÞ�1 ¼ I36ðEnzD119; ggÞ ð1:346Þ

The EEM in this case assumes the form

m�ðEF1HD; gg; nzÞ ¼ mc½I 036ðEF1HD; gg; nzÞ� ð1:347Þ

The 2-D electron statistics in this case can be written as

n2D ¼ mcgv
p�h2

Xnzmax

nz¼1

½T119DðEF1HD; gg; nzÞ þ T119DðEF1HD; gg; nzÞ� ð1:348aÞ
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where,

T129DðEF1HD; gg; nzÞ
Xs
r¼1

LðrÞ½T119DðEF1HD; gg; nzÞ�;

The EP in this case is given by

J2D ¼ a0egv
ffiffiffiffiffiffi
mc

pffiffiffi
2

p
dzp�h3

½
Xnzmax

nzmin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I36ðEnzD119

; ggÞ
q
I 036ðEnzD119

; ggÞ
½
Z1

EnzD119

T 0
119DðE; gg; nzÞfðEÞdE]] ð1:348bÞ

The total 2D DOS function in the absence of band tails in this case can be
written as

N2DTðEÞ ¼ ðmcgv
p�h2

Þ
Xnmax

nz¼1

f½I36ðEÞ�0HðE � Enz44Þg ð1:349Þ

where, the sub-band energies Enz44 can be expressed as

I36ðEnz44Þ ¼
�h2

2mc
ðpnz=dzÞ2 ð1:350aÞ

The EEM in this case can be written as

m�ðEFsÞ ¼ ðmcÞ½I36ðEFsÞ�0 ð1:350bÞ

The 2D carrier concentration assumes the form

n2D ¼ ðmcgv
p�h2

Þ
Xnmax

nz¼1

½T55ðEFs; nzÞ þ T56ðEFs; nzÞ� ð1:351Þ

where

T55ðEFs; nzÞ ¼ ½I36ðEFsÞ � �h2

2mc
ðpnz=dzÞ2� and T56ðEFs; nzÞ ¼

Xs
r¼1

LðrÞ½T55ðEFs; nzÞ�

The EP in this case is given by

J2D ¼ a0egv
ffiffiffiffiffiffi
mc

pffiffiffi
2

p
dzp�h2

½
Xnzmax

nzmin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I36ðEnz44Þ

p
I 036ðEnz44Þ

½
Z1

Enz44

I 036ðE)fðEÞdE]] ð1:352Þ
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The expression of electron concentration for bulk specimens of GaSb (in the
absence of band tails) can be expressed as

n0 ¼ gv
3p2

2mc

�h2

� �3=2

½ �MA10ðEFÞ þ �NA10ðEFÞ� ð1:353Þ

where,

�MA10ðEFÞ ¼ ½I36ðEFÞ�3=2 and �NA10ðEFÞ ¼
Xs
r¼1

LðrÞ �MA10ðEFÞ½ �

The EP in this case is given by

J ¼ a0e
4

gv
3p2

ffiffiffiffiffiffi
2
mc

r
ð2mc

�h2
Þ3=2½

Z1
E0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
I36ðE0Þ

p
I 036ðE0Þ ½MA100ðE0Þ�0fðEÞdE0�� ð1:354Þ

Thus, we can summarize the whole mathematical background in the following
way.

In this chapter, we have investigated the 3D and 2D EPs from HD bulk and QWs
of non-linear optical materials on the basis of a newly formulated electron dis-
persion law considering the anisotropies of the effective electron masses, the spin
orbit splitting constants and the influence of crystal field splitting within the
framework of k.p formalism. The results for 3D and 2D EPs from HD bulk and
QWs of III-V, ternary and quaternary compounds in accordance with the three and
two band models of Kane form a special case of our generalized analysis. We have
also studied the EP in accordance with the models of Stillman et al. and Palik et al.
respectively since these models find use to describe the electron energy spectrum of
the aforesaid materials. The 3D and 2D EPs has also been derived for HD bulk and
QWs of II-VI, IV-VI, stressed materials, Te, n-GaP, p-PtSb2, Bi2Te3, n-Ge and
n-GaSb compounds[sub]Band structure by using the models of Hopfield,
Dimmock, Bangert and Kastner, Seiler, Bouat and Thuillier, Rees, Emtage, Kohler,
Cardona, Wang et al. and Mathur et al. respectively and transforming each and on
the basis of the appropriate carrier energy spectra. The well-known expressions of
the EPs in the absence of band tails for wide gap materials have been obtained as
special cases of our generalized analysis under certain limiting conditions. This
indirect test not only exhibits the mathematical compatibility of our formulation but
also shows the fact that our simple analysis is a more generalized one, since one can
obtain the corresponding results for relatively wide gap materials having parabolic
energy bands under certain limiting conditions from our present derivation.
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1.3 Results and Discussion

Using the appropriate equations and taking the energy band constants as given in
Table 1.1, we have plotted the normalized EP from QWs of HD CdGeAs2 (an
example of nonlinear optical materials) as a function of dz as shown in plot (a) of
Fig. 1.1, in which the plot (b) corresponds to d ¼ 0. The plot (c) has been drawn in
accordance with the three band model of Kane and the plot (d) refers to the two
band model of Kane together with the plot (e) exhibiting the variation in accordance
with the parabolic energy bands for the overall assessments of the energy band
constants on the EP in this case. The Fig. 1.2 exhibits the plots of the normalized EP
from QWs of HD CdGeAs2 as a function of the normalized incident photon energy
for all cases Figs. 1.2 and 1.3 shows the dependence of the said variable on the
normalized electron degeneracy for all cases of Fig. 1.2.

The normalized EP from QWs of HD n-InAs (an example of III-V materials) in
accordance with the three and two band models of Kane as functions of film
thickness, normalized incident photon energy and the normalized electron degen-
eracy have, respectively, been presented in Figs. 1.4, 1.5 and 1.6. The Figs. 1.7, 1.8
and 1.9 exhibit the variations of normalized EP from QWs of HD n-InSb as
functions of film thickness, normalized incident photon energy and the normalized
electron degeneracy respectively. The variations of the normalized EP from QWs of
HD CdS (an example of II-VI materials) as functions of thickness, normalized

Fig. 1.1 Plot of the normalized EP from QWs of HD CdGeAs2 as a function of dz in accordance
with a generalized band model, b d ¼ 0, c the three-band model of Kane, d the two band model of
Kane, and e the parabolic energy bands
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Fig. 1.3 Plot of the normalized EP from QWs of HD CdGeAs2 as a function of normalized
electron degeneracy for all cases of Fig. 1.1

Fig. 1.2 Plot of the normalized EP from QWs of HD CdGeAs2 as a function of normalized
incident photon energy for all cases of Fig. 1.1
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Fig. 1.5 Plot of the normalized EP from QWs of HD n-InAs as a function of normalized incident
photon energy in accordance with a the three band model of Kane and b the two band model of
Kane

Fig. 1.4 Plot of the normalized EP from QWs of HD n-InAs as a function of dz in accordance with
a the three band model of Kane and b the two band model of Kane
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Fig. 1.7 Plot of the normalized EP from QWs of HD n-InSb as a function of dz in accordance with
a the three band model of Kane and b the two band model of Kane

Fig. 1.6 Plot of the normalized EP from QWs of HD n-InAs as a function of normalized electron
degeneracy in accordance with a the three band model of Kane and b the two band model of Kane
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Fig. 1.8 Plot of the normalized EP from QWs of HD n-InSb as a function of normalized incident
photon energy in accordance with a the three band model of Kane and b the two band model of
Kane

Fig. 1.9 Plot of the normalized EP from QWs of HD n-InSb as a function of normalized electron
degeneracy in accordance with a the three band model of Kane and b the two band model of Kane
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incident photon energy and normalized electron degeneracy have respectively been
drawn in Figs. 1.10, 1.11 and 1.12, where the plots for �k0 ¼ 0 have further been
drawn for the purpose of assessing the influence of the splitting of the two-spin
states by the spin orbit coupling and the crystalline field. The thickness, normalized
photon energy and the normalized electron degeneracy dependences of normalized
EP from QWs of HD GaP have been shown in Figs. 1.13, 1.14 and 1.15 respec-
tively. The dependence of normalized EP with reference to the aforementioned
variables from QWs of HD n-Ge and PtSb2, has been shown in Figs. 1.16, 1.17,
1.18, 1.19, 1.20 and 1.21 in accordance with the models of Cardona et al.,Wang and
Ressler and Emtage respectively. Figures 1.22, 1.23 and 1.24 manifest the varia-
tions of the normalized EP from QWs of HD stressed n-InSb as functions of the
film thickness, normalized incident photon energy and the normalized electron
degeneracy respectively. The Figs. 1.25, 1.26, 1.27 exhibit the normalized EP from
QWs of HD IV-VI materials as functions of film thickness, normalized incident
photon energy and normalized electron degeneracy.

The influence of quantum confinement is immediately apparent from Figs. 1.1,
1.4, 1.7, 1.10, 1.13, 1.16, 1.19, 1.22 and 1.25 since the EP depends strongly on the
thickness of the quantum-confined materials in contrast with the corresponding bulk
specimens. The EP decreases with increasing film thickness in an oscillatory way
with different numerical magnitudes for QWs of HD materials. It appears from the
aforementioned figures that the EP exhibits spikes for particular values of film

Fig. 1.10 Plot of the normalized EP from QWs of HD CdS as a function of dz with a �k0 ¼ 0 and
b �k0 ¼ 0
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Fig. 1.11 Plot of the normalized EP from QWs of HD CdS as a function of normalized incident
photon energy with a �k0 ¼ 0 and b �k0 ¼ 0

Fig. 1.12 Plot of the normalized EP from QWs of HD CdS as a function of normalized electron
degeneracy with a �k0 ¼ 0 and b �k0 ¼ 0
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Fig. 1.13 Plot of the normalized EP from QWs of HD n-GaP as a function of dz

Fig. 1.14 Plot of the normalized EP from QWs of HD n-GaP as a function of normalized incident
photon energy
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Fig. 1.15 Plot of the normalized EP from QWs of HD n-GaP as a function of normalized electron
degeneracy

Fig. 1.16 Plot of the normalized EP from QWs of HD n-Ge as a function of thickness in
accordance with a Cardona et al. and b Wang et al.
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Fig. 1.17 Plot of the normalized EP from QWs of HD n-Ge as a function of normalized incident
photon energy for both the cases of Fig. 1.16

Fig. 1.18 Plot of the normalized EP from QWs of HD n-Ge as a function of normalized electron
degeneracy for both the cases of Fig. 1.16
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Fig. 1.19 Plot of the normalized EP from QWs of HD n-PtSb2 as a function of thickness

Fig. 1.20 Plot of the normalized EP from QWs of HD n-PtSb2 as a function of normalized
incident photon energy
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Fig. 1.21 Plot of the normalized EP from QWs of HD n-PtSb2 as a function of normalized
electron degeneracy

Fig. 1.22 Plot of the normalized EP from QWs of HD stressed n-InSb as a function of film
thickness
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Fig. 1.23 Plot of the normalized EP from QWs of HD stressed n-InSb as a function of normalized
incident photon energy

Fig. 1.24 Plot of the normalized EP from QWs of HD stressed n-InSb as a function normalized
electron degeneracy
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Fig. 1.25 Plot of the normalized EP from QWs of HD PbTe as a function of film thickness in
accordance with the models of a the Dimmok and b the Bangert and Kastner respectively. The
plots c and d exhibit the same for PbSe

Fig. 1.26 Plot of the normalized EP from QWs of HD PbTe as a function of incident photon
energy in accordance with the models of a the Dimmok and b the Bangert and Kastner
respectively. The plots c and d exhibit the same for PbSe
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thickness which, in turn, depends on the particular band structure of the specific
material. Moreover, the photoemission from QWs of HD compounds can become
several orders of magnitude larger than of bulk specimens of the same materials,
which is also a direct signature of quantum confinement. This oscillatory depen-
dence will be less and less prominent with increasing film thickness. It appears from
Figs. 1.3, 1.6, 1.9, 1.12, 1.15, 1.18, 1.21, 1.24 and 1.27 that the EP increases with
increasing carrier degeneracy and also exhibits spikes for all types of quantum
confinement as considered in this chapter. For bulk specimens of the same material,
the EP will be found to increase continuously with increasing electron degeneracy
in a non-oscillatory manner. The Figs. 1.2, 1.5, 1.8, 1.11, 1.14, 1.17, 1.20, 1.23 and
1.26 illustrate the dependence of the EP from quantum-confined HD materials on
the normalized incident photon energy.

The EP increases with increasing photon energy in a step like manner for all the
figures. The appearance of the discrete jumps in all the figures is due to the
redistribution of the electrons among the quantized energy levels when the size
quantum number corresponding to the highest occupied level changes from one
fixed value to the others. With varying electron degeneracy, a change is reflected in
the EP through the redistribution of the electrons among the size-quantized levels. It
may be noted that at the transition zone from one sub band to another, the height of
the peaks between any two sub-bands decreases with the increasing in the degree of
quantum confinement and is clearly shown in all the curves. It should be noted that

Fig. 1.27 Plot of the normalized EP from QWs of HD PbTe as a function of electron degeneracy
in accordance with the models of a the Dimmok and b the Bangert and Kastner respectively. The
plots c and d exhibit the same for PbSe

122 1 The EP from Quantum Wells (QWs) …



although, the EP varies in various manners with all the variables as evident from all
the figures, the rates of variations are totally band-structure dependent. The influ-
ence of the energy band models on the EP from various types of HD quantum-
confined materials can also be assessed from the plots. With different sets of energy
band parameters, different numerical values of the EP will be obtained though the
nature of variations of the same as shown here would be similar for the other types
of materials and the simplified analysis of this chapter exhibits the basic qualitative
features of the EP phenomena from such compounds. Another important point in
this context is the existence of the effective mass within the forbidden zone, which
is impossible without the formation of band tails.

It is an amazing fact that the study of the carrier transport in HD quantized
materials through proper formulation of the Boltzmann transport equation which
needs in turn, the corresponding HD carrier energy spectra is still one of the open
research problems.

It may be noted that with the advent of MBE and other experimental techniques,
it is possible to fabricate quantum-confined structures with an almost defect-free
surface. The numerical computations have been performed using the fact that the
probability of photon absorption in direct band-gap compounds is close to unity. If
the direction normal to the film was taken differently from that as assumed in this
work, the expressions for the EP from QWs of HD materials would be different
analytically, since the basic dispersion relations for many materials are anisotropic.
In formulating the generalized electron energy spectrum for non-linear optical
materials, we have considered the crystal-field splitting parameter, the anisotropies
in the momentum-matrix elements, and the spin-orbit splitting parameters,
respectively. In the absence of the crystal field splitting parameter together with the
assumptions of isotropic effective electron mass and isotropic spin orbit splitting,
our basic relation as given by (1.2) converts into the well-known three-band Kane
model and is valid for III-V compounds, in general. It should be used as such for
studying the electronic properties of n-InAs where the spin-orbit splitting parameter
(Δ) is of the order of band gap (Eg). For many important materials D � Eg and
under this inequality, the three band model of Kane assumes the form Eð1þ
EE�1

g Þ ¼ �h2k2=2mc which is the well-known two-band Kane model. Also under the
condition, Eg ! 1, the above equation gets simplified to the well-known form of
parabolic energy bands as E ¼ �h2k2=2mc. It is important to note that under certain
limiting conditions, all the results for all the models as derived here have trans-
formed into the well-known expression of the 2D EP for size quantized materials
having parabolic bands. We have not considered other types of compounds or
external physical variables for numerical computations in order to keep the pre-
sentation brief. With different sets of energy band constants, we shall get different
numerical values of the 2D EP though the nature of variations of the 2D EP as
shown here would be similar for the other types of materials and the simplified
analysis of this chapter exhibits the basic qualitative features of the 2D EP for such
compounds.
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Our method is not at all related to the DOS technique as used in the literature.
From the E-k dispersion relation, we can obtain the DOS, but the DOS technique as
used in the literature cannot provide the E-k dispersion relation. Therefore, our
study is more fundamental than those of the existing literature because the Boltz-
mann transport equation, which controls the study of the charge transport properties
of semiconductor devices, can be solved if and only if the E-k dispersion relation is
known. We wish to note that we have not considered the many body effects in this
simplified theoretical formalism due to the lack of availability in the literature of
proper analytical techniques for including them for the generalized systems as
considered in this chapter. Our simplified approach will be useful for the purpose of
comparison when methods of tackling the formidable problem after inclusion of the
many body effects for the present generalized systems appear. It is worth remarking
in this context that from our simple theory under certain limiting conditions we get
the well-known result of the EP from wide gap materials having parabolic energy
bands. The inclusion of the said effects would certainly increase the accuracy of the
results, although the qualitative features of the 2D EP in QWs of HD materials
discussed in this chapter would not change in the presence of the aforementioned
effects. The influence of energy band models and the various band constants on the
EP for different materials can also be studied from all the Figures of this chapter.
One important concept of this chapter is the presence of poles in the finite complex
plane in the dispersion relation of the materials in the absence of band tails creates
the complex energy spectrum in the corresponding HD samples. Besides, from the
DOS function in this case, it appears that a new forbidden zone has been created in
addition to the normal band gap of the semiconductor. If the basic dispersion
relation in the absence of band tails contains no poles in the finite complex plane,
the corresponding HD energy band spectrum will be real, although it may be the
complicated functions of exponential and error functions and deviate considerably
from that in the absence of band tailing.

The numerical results presented in this chapter would be different for other
materials but the nature of variation would be unaltered. The theoretical results as
given here would be useful in analyzing various other experimental data related to
this phenomenon. We must note that the study of transport phenomena and the
formulation of the electronic properties of HD nano-compounds are based on the
dispersion relations in such materials. It is worth remarking that this simplified
formulation exhibits the basic qualitative features of 2D EP from 2D materials. The
basic objective of this chapter is not solely to demonstrate the influence of quantum
confinement on the 2D EP from QWs of HD non-parabolic materials but also to
formulate the appropriate electron statistics in the most generalized form, since the
transport and other phenomena in HD 2D materials having different band structures
and the derivation of the expressions of many important electronic properties are
based on the temperature-dependent electron statistics in such compounds. Finally,
we can write that the analysis as presented in this chapter can be used to investigate
the Burstein Moss shift, the carrier contribution to the elastic constants, the specific
heat, activity coefficient, reflection coefficient, Hall coefficient, plasma frequency,
various scattering mechanisms and other different transport coefficients of modern
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HD non-parabolic quantum confined HD devices operated under different external
conditions having varying band structures.

1.4 Open Research Problems

The problems under these sections of this monograph are by far the most important
part for the readers and few open research problems are presented from this
chapter till end. The numerical values of the energy band constants for various
semiconductors are given in Table 1.1 for the related computer simulations.
(R.1.1) Investigate the EP for the HD bulk semiconductors whose respective

dispersion relations of the carriers in the absence of band tails and any
externally applied field are given below:
(a) The electron dispersion law in n-GaP can be written as [197]

E ¼ �h2k2s
2m�

k
þ �h2k2s
2m�

?


�D
2
�

�D
2

� �2

þP1k
2
z þ D1k

2
x k

2
y

" #1=2
ðR:1:1Þ

where, �D ¼ 335meV, P1 = 2 × 10−10eVm, D1 = P1a1 and
a1 = 5.4 × 10−10m.

(b) The dispersion relation for the conduction electrons for IV-VI
semiconductors can also be described by the models of Cohen
[198], McClure and Choi [199], Bangert et al. [200] and Foley
et al. [201] respectively.
(i) In accordance with Cohen [198], the dispersion law of the

carriers is given by

Eð1þ aEÞ ¼ p2x
2m1

þ p2z
2m3

¼ aEp2y
2m0

2
þ ap4y

4m2m0
2

 !
þ p2y
2m2

ð1þ aEÞ

ðR:1:2Þ

where m1, m2 and m3 are the effective carrier masses at the
band-edge along x, y and z directions respectively and m0

2 is
the effective- mass tensor component at the top of the
valence band (for electrons) or at the bottom of the con-
duction band (for holes).

(ii) The carrier energy spectra can be written, following
McClure and Choi [199] as
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Eð1þ aEÞ ¼ p2x
2m1

þ p2y
2m2

þ p2z
2m3
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aE 1� m2
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þ p4ya

4m2m0
2
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(iii) The carrier energy spectrum of IV-VI semiconductors in
accordance with Foley et al. [201] can be written as

E þ Eg

2
¼ E ðkÞ þ EþðkÞ þ Eg

2

� �2
þP2

?k
2
s þ P2

kk
2
z

" #1=2
ðR:1:4Þ

where, EþðkÞ ¼ �h2k2s
2mþ

?
þ �h2k2z

2mþ
k
; E�ðkÞ ¼ �h2k2s

2m�
?
þ �h2k2z

2m�
k

represents the

contribution from the interaction of the conduction and the
valance band edge states with the more distant bands and the free

electron term, 1
m�

?
¼ 1

2
1
mtc

� 1
mtv

h i
; 1
m�

k
¼ 1

2
1
m1c

� 1
m1v

h i
;

For n-PbTe

P? ¼ 4:61� 10�10 eVm; Pk ¼ 4:61� 10�10 eVm;
m0

mtv

¼ 10:36;
m0

mtv
¼ 0:75;

m0

mtc
¼ 11:36;

m0

m1c
¼ 1:20 and gv ¼ 4

(c) The hole energy spectrum of p-type zero-gap semiconductors (e.g.
HgTe) is given by Ivanov-Omskii et al. [202]

E ¼ �h2k2

2m�
v
þ 3e2

128e1
k � 2EB

p

� �
ln

k
k0

����
���� ðR:1:5Þ

where m�
v is the effective mass of the hole at the top of the valence

band, EB � m0e2

2�h2e21
and k0 � m0e2

�h2e21
.

(d) The conduction electrons of n-GaSb obey the following two dis-
persion relations:
(i) In accordance with the model of Seiler et al. [203]

E ¼ �Eg

2
þ Eg

2
½1þ a4k

2�1=2 þ �10�h
2k2

2m0
þ �v0f1ðkÞ�h2

2m0
� �x0f2ðkÞ�h2

2m0

� �
ðR:1:6Þ

where a4 � 4P2 Eg þ 2
3D

� �
E2
gðEg þ DÞ

h i�1
, P is the isotropic

momentum matrix element, f1ðkÞ � k�2 k2x k
2
yþ

h
k2y k

2
z þ k2z k

2
x �
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represents the warping of the Fermi surface, f2ðkÞ �

k2 k2x k
2
y þ k2y k

2
z þ k2z k

2
x

	 

� 9k2x k

2
y k

2
z

n o1=2
k�1

� �
represents

the inversion asymmetry splitting of the conduction ban-
dand �10;�v0 and �x0 represent the constants of the electron
spectrum in this case.

(ii) In accordance with the model of Zhang et al. [204]

E ¼ Eð1Þ
2 þ Eð2Þ

2 K4;1

h i
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the coefficients are in eV, the values of k are 10 a
2p

� �
times

those of k in atomic units (a is the lattice constant),

Eð1Þ
2 ¼ 1:0239620, Eð2Þ

2 ¼ 0, Eð1Þ
4 ¼ �1:1320772,

Eð2Þ
4 ¼ 0:05658, Eð1Þ

6 ¼ 1:1072073, Eð2Þ
6 ¼ �0:1134024 and

Eð3Þ
6 ¼ �0:0072275.

(e) In addition to the well-known band models of III-V semicon-
ductors as discussed in this monograph, the conduction electrons
of such compounds obey the following three dispersion relations:
(i) In accordance with the model of Rossler [205]

E ¼ �h2k2

2m� þ �a10k
4 þ �b10 k2x k
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2
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h i1=2 ðR:1:8Þ

where, �a10 ¼ �a11 þ �a12k, �b10 ¼ �b11 þ �b12k and
�c10 ¼ �c11 þ �c12k, in which, �a11 ¼ �2; 132� 10�40 eVm4,
�a12 ¼ 9; 030� 10�50 eVm5, �b11 ¼ �2; 493� 10�40 eVm4,
�b12 ¼ 12; 594� 10�50 eVm5, �c11 ¼ 30� 10�30 eVm3 and
�c12 ¼ �154� 10�42 eVm4.

(ii) In accordance with Johnson and Dickey [206], the electron
energy spectrum assumes the form
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(iii) In accordance with Agafonov et al. [207], the electron
energy spectrum can be written as
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(f) The dispersion relation of the carriers in n-type Pb1−x-GaxTe with
x = 0.01 can be written following Vassilev [208] as

E � 0:606k2s � 0:0722k2z
� �

E þ �Eg þ 0:411k2s þ 0:0377k2z
� �

¼ 0:23k2s þ 0:02k2z � 0:06�Eg þ 0:061k2s þ 0:0066k2z
� �

ks
ðR:1:10Þ

where, �Eg ¼ 0:21 eVð Þ is the energy gap for the transition point,
the zero of the energy E is at the edge of the conduction band of
the C point of the Brillouin zone and is measured positively
upwards, kx, ky and kz are in the units of 109m−1.

(g) The energy spectrum of the carriers in the two higher valance
bands and the single lower valance band of Te can, respectively,
be expressed as [209]

�E ¼A10k
2
z þ B10k

2
s

� D2
10 þ b10kzð Þ2

h i1=2
and �E ¼ Dk þ A10k

2
z þ B10k

2
s � b10kz

ðR:1:11Þ

where, �E is the energy of the hole as measured from the top of the
valance and within it, A10 ¼ 3:77� 10�19eVm2, B10 ¼ 3:57�
10�19eVm2, D10 ¼ 0:628 eV, ðb10Þ2 ¼ 6� 10�20 eVm2 and Dk ¼
1; 004� 10�5 eV are the spectrum constants.

(h) The dispersion relation of the holes in p-InSb can be written in
accordance with Cunningham [210] as
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the positive z-axis, / is measured from positive x-axis, g4 �
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and E4 ¼ 5� 10�4eV.

(i) The energy spectrum of the valance bands of CuCl in accordance
with Yekimov et al. [211] can be written as
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2m0
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where,

c6 ¼ 0:53; c7 ¼ 0:07; D1 ¼ 70meV:

(j) In the presence of stress, v6 along 000h i and 111h i directions, the
energy spectra of the holes in semiconductors having diamond
structure valance bands can be respectively expressed following
Roman et al. [212] as

E ¼ A6k
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where, A6, B7, D6 and C6 are inverse mass band parameters in
which d6 � l7 �S11 � �S12ð Þv6, �Sij are the usual elastic compliance
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v6. For gray tin,
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(k) The dispersion relation of the carriers of cadmium and zinc di-
phosphides are given by [213]

E ¼ b1 þ
b2b3ðkÞ
8b4

� �
k2

� b4b3ðkÞx b5 �
b2b3ðkÞ
8b4
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4
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4

� �
k2

 �1=2

ðR:1:17Þ

where b1; b2; b4 and b5 are system constants and b3ðkÞ ¼
k2xþk2y�2k2z

k2 :

(R.1.2) Investigate the EP for bulk specimens of the HD semiconductors in the
presences of Gaussian, exponential, Kane, Halperian, Lax and Bonch-
Burevich types of band tails [38, 39] for all systems whose unperturbed
carrier energy spectra are defined in R.1.1.

(R.1.3) Investigate the EP for QWs of all the HD semiconductors as considered
in R.1.2.

(R.1.4) Investigate the EP for HD bulk specimens of the negative refractive
index, organic, magnetic and other advanced optical materials in the
presence of an arbitrarily oriented alternating electric field.

(R.1.5) Investigate the EP for the QWs of HD negative refractive index, organic,
magnetic and other advanced optical materials in the presence of an
arbitrarily oriented alternating electric field.

(R.1.6) Investigate the EP for the multiple QWs of HD materials whose
unperturbed carrier energy spectra are defined in R.1.1.

(R.1.7) Investigate the EP for all the appropriate HD low dimensional systems
of this chapter in the presence of finite potential wells.

(R.1.8) Investigate the EP for all the appropriate HD low dimensional systems
of this chapter in the presence of parabolic potential wells.

(R.1.9) Investigate the EP for all the appropriate HD systems of this chapter
forming quantum rings.

(R.1.10) Investigate the EP for all the above appropriate problems in the presence
of elliptical Hill and quantum square rings.

(R.1.11) Investigate the EP for parabolic cylindrical HD low dimensional
systems in the presence of an arbitrarily oriented alternating electric field
for all the HD materials whose unperturbed carrier energy spectra are
defined in R.1.1.

(R.1.12) Investigate the EP for HD low dimensional systems of the negative
refractive index and other advanced optical materials in the presence of
an arbitrarily oriented alternating electric field and non-uniform light
waves.
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(R.1.13) Investigate the EP for triangular HD low dimensional systems of the
negative refractive index, organic, magnetic and other advanced optical
materials in the presence of an arbitrarily oriented alternating electric
field in the presence of strain.

(R.1.14) Investigate the EP in HD quantum wires of non-parabolic semiconduc-
tors as discussed in this chapter.

(R.1.15) Investigate the EP for all the problems of (R.1.13) in the presence of
arbitrarily oriented magnetic field.

(R.1.16) Investigate the EP for all the problems of (R.1.13) in the presence of
alternating electric field.

(R.1.17) Investigate the EP for all the problems of (R.1.13) in the presence of
alternating magnetic fieldAlternating magnetic field.

(R.1.18) Investigate the EP for all the problems of (R.1.13) in the presence of
crossed electric field and quantizing magnetic fields.

(R.1.19) Investigate the EP for all the problems of (R.1.13) in the presence of
crossed alternating electric field and alternating quantizing magnetic
fields.

(R.1.20) (a) Investigate the EP for HD low dimensional systems of the negative
refractive index, organic, magnetic and other advanced optical
materials in the presence of an arbitrarily oriented alternating
electric field considering many body effects

(b) Investigate all the appropriate problems of this chapter for a Dirac
electron.

(R.1.21) Investigate all the appropriate problems of this chapter by including the
many body, image force, broadening and hot carrier effects respectively.

(R.1.22) Investigate all the appropriate problems of this chapter by removing all
the mathematical approximations and establishing the respective
appropriate uniqueness conditions.
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Chapter 2
The EP from Nano Wires (NWs)
of Heavily Doped (HD) Non-parabolic
Semiconductors

2.1 Introduction

It is well-known that in nano wires (NWs), the restriction of the motion of the carriers
along two directions may be viewed as carrier confinement by two infinitely deep 1D
rectangular potential wells, along any two orthogonal directions leading to quanti-
zation of the wave vectors along the said directions, allowing 1D carrier transport
[1–4]. With the help of modern fabricational techniques, such one dimensional
quantized structures have been experimentally realized and enjoy an enormous range
of important applications in the realm of nanoscience in the quantum regime. They
have generated much interest in the analysis of nanostructured devices for investi-
gating their electronic, optical and allied properties [5–8]. Examples of such new
applications are based on the different transport properties of ballistic charge carriers
which include quantum resistors [9–14], resonant tunneling diodes and band filters
[15, 16], quantum switches [17], quantum sensors [18–20], quantum logic gates [21,
22], quantum transistors and sub tuners [23–25], heterojunction FETs [26, 27], high-
speed digital networks [28–31], high-frequency microwave circuits [32], optical
modulators [33], optical switching systems [34–36], and other devices.

In this chapter in Sects. 2.2.1, 2.2.2, 2.2.3, 2.2.4, 2.2.5, 2.2.6, 2.2.7, 2.2.8, 2.2.9,
2.2.10 and 2.2.11 we have investigated the EP from NWs of HD non-linear optical,
III-V, II-VI, stressed Kane type, Te, GaP, PtSb2, Bi2Te3, Ge and GaAs respectively.
The Sect. 2.3 contains the result and discussions pertaining to this chapter. The
Sect. 2.4 presents 24 open research problems.

© Springer International Publishing Switzerland 2015
K.P. Ghatak, Einstein’s Photoemission, Springer Tracts in Modern Physics 262,
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2.2 Theoretical Background

2.2.1 The EP from Nano Wires of HD Nonlinear Optical
Semiconductors

The dispersion relation of the 1D electrons in this case can be written following
(1.32) as

�h2ðnzp=dzÞ2
2m�

kT21ðE; ggÞ
þ �h2ðnyp=dyÞ2
2m�

kT22ðE; ggÞ
þ �h2k2x
2m�

kT21ðE; ggÞ
¼ 1 ð2:1Þ

where, nzð¼ 1; 2; 3; . . .Þ, dz are the size quantum number and the nano-thickness
along the z-direction respectively, nyð¼ 1; 2; 3; . . .Þ and dy are the size quantum
number and the nano-thickness along the y-direction respectively.

The 1D DOS function per sub-band is given by

N1D Eð Þ ¼ 2gv
p

okx
oE

ð2:2Þ

The velocity of the emitted electrons along the x-direction can be written as

vx Eð Þ ¼ 1
�h
oE
okx

ð2:3Þ

Therefore the photocurrent is given by

I ¼ aoegv
2

Xnymax

ny¼1

Xnzmax

nz¼1

Z1

D1

2
p
okx
oE

� �
1
�h
oE
okx

� �
f Eð Þ dE ð2:4Þ

where,

D1 � E0 þW � hm: ð2:5Þ

Using (2.4), one can write,

I ¼ aoegvkBT
p�h

Real part of
Xnymax

ny¼1

Xnzmax

nz¼1

F0 g61HDð Þ; ð2:6Þ

where

g61HD � EF1HDNW � E0
1HDNW þW � hm

� �
kBT

� �

EF1HDNW in the Fermi energy in this case, E0
1HDNW is the complex sub-band energy

which can be expressed in this case as
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�h2ðnzp=dzÞ2
2m�

kT21ðE0
1HDNW ; ggÞ

þ �h2ðnyp=dyÞ2
2m�

kT22ðE0
1HDNW ; ggÞ

¼ 1 ð2:7Þ

The EEM in this case in given by

m�ðEF1HDNW ; ny; nz; ggÞ ¼
�h2

2
½Real part of o

oðEF1HDNW Þ ½T1HDNWðE; ny; nz; ggÞ�
2�

ð2:8Þ

where

T1HDNWðE; ny; nz; ggÞ ¼ ½½1� �h2ðnzp=dzÞ2
2m�

kT21ðE; ggÞ
� �h2ðnyp=dyÞ2
2m�

kT22ðE; ggÞ
�
2m�

kT21ðE; ggÞ
�h2

�1=2 ð2:9Þ

Thus, we observe that the EEM is the function of size quantum numbers in both
the directions and the Fermi energy due to the combined influence of the crystal
filed splitting constant and the anisotropic spin-orbit splitting constants respec-
tively. Besides it is a function of ηg due to which the EEM exists in the band gap,
which is otherwise impossible.

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �
Real part of

Xnymax

ny¼1

Xnzmax

nz¼1
T1HDNWðEF1HDNW ; ny; nz; ggÞ
�

þT2HDNWðEF1HDNW ; ny; nz; ggÞ
	 ð2:10Þ

where T2HDNWðEF1HDNW ; ny; nz; ggÞ ¼
Ps

r¼1 LðrÞ½T1HDNW ðEF1HDNW ; ny; nz; ggÞ�;
In the absence of band-tails, for electron motion along x-direction only, the 1D

electron dispersion law in this case can be written following (1.2) as

cðEÞ ¼ f1ðEÞk2x þ f1ðEÞ pny


dy

� �2þ f2ðEÞ pnz=dzð Þ2 ð2:11Þ

The sub-band energy ðE0
1Þ are given by the equation

cðE0
1Þ ¼ f1ðE0

1Þ pny


dy

� �2þ f2ðE0
1Þ pnz=dzð Þ2 ð2:12Þ

The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g62ð Þ
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where

g62 �
EF1d � E0

1 þW � hm
� �
kBT

� �
; ð2:13Þ

and EF1d is the Fermi energy in this case
The electron concentration per unit length can be written as

n1D ¼ 2gv
p

� �Xnymax

ny¼1

Xnzmax

nz¼1

t1ðEF1d ; ny; nzÞ þ t2ðEF1d; ny; nzÞ
� 	 ð2:14Þ

where

t1 EF1d ; ny; nz
� � � c EF1dð Þ � f1 EF1dð Þ pny



dy

� �2� f2 EF1dð Þ pnz=dzð Þ2
h i1=2

f1 EF1dð Þ½ ��1=2

and

t2 EF1d; ny; nz
� � �

Xs

r¼1

LðrÞ t1 EF1d ; ny; nz
� �� 	

:

2.2.2 The EP from Nano Wires of HD III-V Semiconductors

(i) Three band model of Kane

The dispersion relation of the 1D electrons in this case can be written following
(1.55) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2k2x
2mc

¼ T31ðE; ggÞ þ iT31ðE; ggÞ ð2:15Þ

The EP in this case is given by

I ¼ aoegvkBT
p�h

Real part of
Xnymax

ny¼1

Xnzmax

nz¼1

F0 g63HDð Þ; ð2:16Þ

where

g63HD � EF1HDNW � E0
2HDNW þW � hm

� �
kBT

� �
;

and E0
2HDNW is the sub-band energy in this case which can be expressed as
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�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

¼ T31ðE0
2HDNW ; ggÞ þ iT31ðE0

2HDNW ; ggÞ ð2:17Þ

The EEM in this case is given by

m�ðEF1HDNW ; ggÞ ¼ mc½T 0
31ðEF1HDNW ; ggÞ� ð2:18Þ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnymax

ny¼1

Xnzmax

nz¼1

T3HDNW ðEF1HDNW ; ny; nz; ggÞ þ T4HDNW ðEF1HDNW ; ny; nz; ggÞ
� 	

ð2:19Þ

where

T3HDNW ðEF1HDNW ; ny; nz; ggÞ ¼
"
½T31ðEF1HDNW ; ggÞ þ iT31ðEF1HDNW ; ggÞ

� �h2ðnzp=dzÞ2
2mc

� �h2ðnyp=dyÞ2
2mc

� 2mc

�h2

#1=2

where T4HDNW ðEF1HDNW ; ny; nz; ggÞ ¼
Ps

r¼1 LðrÞ½T3HDNW ðEF1HDNW ; ny; nz; ggÞ�
The one dimensional electron dispersion law is given by

�h2k2x
2mc

þ G2 ny; nz
� � ¼ I11ðEÞ ð2:20Þ

where,

G2 ny; nz
� � � �h2p2=2mc

� �
ny=dy
� �2þ nz=dzð Þ2
h i

The sub band energy E0
2 can be written as

G2 ny; nz
� � ¼ I11ðE0

2Þ ð2:21Þ

The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g64ð Þ ð2:22Þ

where

g64 �
EF1d � E0

2 þW � hm
� �
kBT

� �
;
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The electron statistics in this case can be written as

n1D ¼ 2gv
ffiffiffiffiffiffiffiffi
2mc

p
p�h

Xnymax

ny¼1

Xnzmax

nz¼1

t3ðEF1d ; ny; nzÞ þ t4ðEF1d; ny; nzÞ
� 	 ð2:23Þ

where

t3 EF1d; ny; nz
� � � I11ðEF1dÞ � G2 ny; nz

� �� 	1=2
;

t4 EF1d; ny; nz
� � �

XS0
r¼1

LðrÞ t3 EF1d ; ny; nz
� �� 	

:

(ii) Two band model of Kane

The dispersion relation of the 1D electrons in this case can be written as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2k2x
2mc

¼ c2ðE; ggÞ ð2:24Þ

The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g64HDð Þ; ð2:25Þ

where

g64HD � EF1HDNW � E0
3HDNW þW � hm

� �
kBT

� �

and E0
3HDNW is the sub-band energy in this case which can be expressed as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

¼ c2ðE0
3HDNW ; ggÞ ð2:26Þ

The EEM in this case is given by

m�ðEF1HDNW ; ggÞ ¼ mc½c02ðEF1HDNW ; ggÞ� ð2:27aÞ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnymax

ny¼1

Xnzmax

nz¼1

T7HDNW ðEF1HDNW ; ny; nz; ggÞ þ T8HDNW ðEF1HDNW ; ny; nz; ggÞ
� 	

ð2:27bÞ
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where

T7HDNW ðEF1HDNW ; ny; nz; ggÞ ¼ c2ðEF1HDNW ; ggÞ �
�h2ðnzp=dzÞ2

2mc

""

� �h2ðnyp=dyÞ2
2mc

#
2mc

�h2

#1=2

and

T8HDNW ðEF1HDNW ; ny; nz; ggÞ ¼
Xs

r¼1
LðrÞ½T7HDNW ðEF1HDNW ; ny; nz; ggÞ�:

The expression of 1D dispersion relation, for NWs of III-V materials whose energy
band structures are defined by the two-band model of Kane in the absence of band
tailing assumes the form

Eð1þ aEÞ ¼ �h2k2x
2mc

þ G2 ny; nz
� � ð2:28Þ

In this case, the quantized energy E0
3 is given by

E0
3 ¼ 2að Þ�1 �1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aG2 ny; nz

� �q� �
ð2:29Þ

The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g65ð Þ; ð2:30Þ

where

g65 �
EF1d � E0

3 þW � hm
� �
kBT

� �
;

The carrier statistics in the case can be expressed as

n1D ¼ 2gv
p

ffiffiffiffiffiffiffiffi
2mc

p
�h

Xnymax

ny¼1

Xnzmax

nz¼1

t5ðEF1d; ny; nzÞ þ t6ðEF1d ; ny; nzÞ
� 	 ð2:31Þ

where

t5 EF1d; ny; nz
� � � EF1d 1þ aEF1dð Þ � G2 ny; nz

� �� 	1=2
;

t6 EF1d; ny; nz
� � �

Xs

r¼1

LðrÞ t5 EF1d; ny; nz
� �� 	

:
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(iii) Parabolic energy bands

The dispersion relation of the 1D electrons in this case can be written as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2k2x
2mc

¼ c3ðE; ggÞ ð2:32Þ

The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g66HDð Þ; ð2:33Þ

where

g66HD � EF1HDNW � E0
5HDNW þW � hm

� �
kBT

� �

and E0
5HDNW is the sub-band energy in this case which can be expressed as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

¼ c3ðE0
5HDNW ; ggÞ ð2:34Þ

The EEM in this case is given by

m�ðEF1HDNW ; ggÞ ¼ mc½c03ðEF1HDNW ; ggÞ� ð2:35aÞ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnymax

ny¼1

Xnzmax

nz¼1

T9HDNW ðEF1HDNW ; ny; nz; ggÞ þ T10HDNW ðEF1HDNW ; ny; nz; ggÞ
� 	

ð2:35bÞ

where

T9HDNW ðEF1HDNW ; ny; nz; ggÞ ¼ ½½c3ðEF1HDNW ; ggÞ �
�h2ðnzp=dzÞ2

2mc

� �h2ðnyp=dyÞ2
2mc

� 2mc

�h2
�1=2

where T10HDNWðEF1HDNW ; ny; nz; ggÞ ¼
Ps

r¼1 LðrÞ½T9HDNW ðEF1HDNW ; ny; nz; ggÞ�;
The expression of 1D dispersion relation, for NWs of III-V materials whose

energy band structures are defined by the two-band model of Kane in the absence of
band tailing assumes the form
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E ¼ �h2k2x
2mc

þ G2 ny; nz
� � ð2:36Þ

In this case, the quantized energy E0
7 is given by

E0
7 ¼ G2 ny; nz

� � ð2:37Þ

The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g67ð Þ; ð2:38Þ

where

g67 �
EF1d � E0

7 þW � hm
� �
kBT

� �

The carrier statistics in the case can be expressed as

n1D ¼ 2gv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mcpkBT

p
h

Xnymax

ny¼1

Xnzmax

nz¼1

F�1
2
ð�g67Þ; ð2:39Þ

where

�g67 ¼ EF1d � E0
7

� 	
kBTð Þ�1

Converting the summation over quantum numbers to the corresponding inte-
grations in (2.38), the photocurrent density from semiconductors having isotropic
parabolic energy bands with non-degenerate electron concentration gets trans-
formed into the well known form as given in the preface. Besides, (2.39) is well-
known in the literature.

(iv) The Model of Stillman et al.

The dispersion relation of the 1D electrons in this case can be written as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2k2x
2mc

¼ h4ðE; ggÞ ð2:40Þ

where

h4ðE; ggÞ ¼ I12ðE; ggÞ

The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g69HDð Þ; ð2:41Þ

where
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g69HD � EF1HDNW � E0
9HDNW þW � hm

� �
kBT

� �

and E0
9HDNW is the sub-band energy in this case which can be expressed as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

¼ h4ðE0
9HDNW ; ggÞ ð2:42Þ

The EEM in this case is given by

m�ðEF1HDNW ; ggÞ ¼ mc½h04ðEF1HDNW ; ggÞ� ð2:43aÞ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnymax

ny¼1

Xnzmax

nz¼1

T11HDNW ðEF1HDNW ; ny; nz; ggÞ þ T12HDNW ðEF1HDNW ; ny; nz; ggÞ
� 	

ð2:43bÞ

where

T11HDNW ðEF1HDNW ; ny; nz; ggÞ ¼ h4ðEF1HDNW ; ggÞ �
�h2ðnzp=dzÞ2

2mc

""

� �h2ðnyp=dyÞ2
2mc

#
2mc

�h2

#1=2

where T12HDNW ðEF1HDNW ; ny; nz; ggÞ ¼
Ps

r¼1 LðrÞ½T11HDNW ðEF1HDNW ; ny; nz; ggÞ�;
The expression of 1D dispersion relation, for NWs of III-V materials whose

energy band structures are defined by the model of Stillman et al. in the absence of
band tailing assumes the form

I12ðEÞ ¼ �h2k2x
2mc

þ G2 ny; nz
� � ð2:44Þ

In this case, the quantized energy E0
9 is given by

I12ðE0
9Þ ¼ G2 ny; nz

� � ð2:45Þ

The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g69ð Þ;
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where

g69 �
EF1d � E0

9 þW � hm
� �
kBT

� �
ð2:46Þ

The carrier statistics in the case can be expressed as

n1D ¼ 2gv
p

ffiffiffiffiffiffiffiffi
2mc

p
�h

Xnymax

ny¼1

Xnzmax

nz¼1

P9ðEF1d ; ny; nzÞ þ Q9ðEF1d; ny; nzÞ
� 	 ð2:47Þ

where

P9 EF1d ; ny; nz
� � � I12ðEF1dÞ � G2 ny; nz

� �� 	1=2

andQ9 EF1d; ny; nz
� � �

Xs

r¼1

LðrÞ P9 EF1d ; ny; nz
� �� 	

:

(v) The Model of Palik et al.

The dispersion relation of the 1D electrons in this case can be written as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2k2x
2mc

¼ h5ðE; ggÞ ð2:48Þ

where

h5ðE; ggÞ ¼ I13ðE; ggÞ

The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g610HDð Þ; ð2:49Þ

where

g610HD � EF1HDNW � E0
10HDNW þW � hm

� �
kBT

� �
;

and E0
10HDNW is the sub-band energy in this case which can be expressed as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

¼ h5ðE0
10HDNW ; ggÞ ð2:50Þ
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The EEM in this case is given by

m�ðEF1HDNW ; ggÞ ¼ mc½h05ðEF1HDNW ; ggÞ� ð2:51aÞ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnymax

ny¼1

Xnzmax

nz¼1

T13HDNW ðEF1HDNW ; ny; nz; ggÞ þ T14HDNW ðEF1HDNW ; ny; nz; ggÞ
� 	

ð2:51bÞ

where

T13HDNW ðEF1HDNW ; ny; nz; ggÞ ¼ h5ðEF1HDNW ; ggÞ �
�h2ðnzp=dzÞ2

2mc

""

� �h2ðnyp=dyÞ2
2mc

#
2mc

�h2

#1=2

where T14HDNWðEF1HDNW ; ny; nz; ggÞ ¼
Ps

r¼1 LðrÞ½T13HDNWðEF1HDNW ; ny; nz; ggÞ�;
The expression of 1D dispersion relation, for NWs of III-V materials whose

energy band structures are defined by the model of Palik et al. in the absence of
band tailing assumes the form

I13ðEÞ ¼ �h2k2x
2mc

þ G2 ny; nz
� � ð2:52Þ

In this case, the quantized energy E0
10 is given by

I13ðE0
10Þ ¼ G2 ny; nz

� � ð2:53Þ

The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g610ð Þ; ð2:54Þ

where

g610 �
EF1d � E0

10 þW � hm
� �
kBT

� �
;
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The carrier statistics in the case can be expressed as

n1D ¼ 2gv
p

ffiffiffiffiffiffiffiffi
2mc

p
�h

Xnymax

ny¼1

Xnzmax

nz¼1

P11ðEF1d ; ny; nzÞ þ Q12ðEF1d; ny; nzÞ
� 	 ð2:55Þ

where

P11 EF1d ; ny; nz
� � � I13ðEF1dÞ � G2 ny; nz

� �� 	1=2

andQ12 EF1d; ny; nz
� � �

Xs

r¼1

LðrÞ P11 EF1d; ny; nz
� �� 	

:

2.2.3 The EP from Nano Wires of HD II-VI Semiconductors

The 1D electron dispersion law in NW of HD II-VI semiconductors can be written
following (1.141) as

c3ðE; ggÞ ¼ a00½ð
nxp
dx

Þ2 þ ðnyp
dy

Þ2� � �k0½ðnxpdx Þ
2 þ ðnyp

dy
Þ2�1=2 þ �h2k2z

2m�
k

ð2:56Þ

The EP in this case is given by

I ¼ aoegvkBT
2p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g613HDð Þ; ð2:57Þ

where

g613HD � EF1HDNW � E0
13HDNW þW � hm

� �
kBT

� �

and E0
13HDNW is the sub-band energy in this case which can be expressed as

c3ðE0
13HDNW ; ggÞ ¼ a00½ð

nxp
dx

Þ2 þ ðnyp
dy

Þ2� � �k0½ðnxpdx Þ
2 þ ðnyp

dy
Þ2�1=2 ð2:58Þ

The EEM in this case is given by

m�ðEF1HDNW ; ggÞ ¼ m�
kc

0
3ðEF1HDNW ; ggÞ ð2:59Þ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as
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n1D ¼ gv
p

� Xnxmax

nx¼1

Xnymax

ny¼1

T17HDNW ðEF1HDNW ; nx; ny; ggÞ þ T18HDNW ðEF1HDNW ; nx; ny; ggÞ
� 	

ð2:60Þ

where

T17HDNW ðEF1HDNW ; nx; ny; ggÞ ¼ ½½c3ðEF1HDNW ; ggÞ � a00½ð
nxp
dx

Þ2 þ ðnyp
dy

Þ2�

� �k0½ðnxpdx Þ
2 þ ðnyp

dy
Þ2�1=2�ð

2m�
k

�h2
Þ�1=2

and

T18HDNW ðEF1HDNW ; nx; ny; ggÞ ¼
Xs

r¼1

LðrÞ½T17HDNWðEF1HDNW ; nx; ny; ggÞ�;

The 1D dispersion relation for NWs of II-VI materials in the absence of band-
tails can be written as

E ¼ b00k
2
z þ G3;� nx; ny

� � ð2:61Þ

where

G3;� nx; ny
� � � a00

pnx
dx

� �2

þ pny
dy

� �2
( )

� �k0
pnx
dx

� �2

þ pny
dy

� �2
( )1=2

2
4

3
5

The EP photocurrent from NWs of II-VI materials is given by

I ¼ a0egvkBT
2p�h

Xnxmax

nx¼1

Xnymax

ny¼1

F0 kBTð Þ�1 EF1d � G3;þ nx; ny
� �þW � hm

� 	� 	n on

þF0 kBTð Þ�1 EF1d � G3;� nx; ny
� �þW � hm

� 	� 	n oo

ð2:62Þ

The 1D electron statistics can be written as

n1D ¼
gv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m�

kpkBT
q

h

Xnymax

ny¼1

Xnzmax

nz¼1

F�1
2
ðg68;�Þ; g68;� ¼ kBTð Þ�1 EF1d � G3;� nx; ny

� �� 	� 	
:

ð2:63Þ

152 2 The EP from Nano Wires (NWs) …



2.2.4 The EP from Nano Wires of HD IV-VI Semiconductors

(i) Dimmock Model

The 1D electron dispersion law in NW of HD IV-VI semiconductors can be
expressed following (1.174) as

c2ðE; ggÞ þ ac3ðE; ggÞ
�h2

2x4
ðnxp
dx

Þ2 þ �h2

2x5
ðnyp
dy

Þ2
� �

þ ac3ðE; ggÞ
�h2

2x6
k2z

� 1þ ac3ðE; ggÞ
� � �h2

2x1
ðnxp
dx

Þ2 þ �h2

2x2
ðnyp
dy

Þ2
� �

� a
�h2

2x1
ðnxp
dx

Þ2 þ �h2

2x2
ðnyp
dy

Þ2
� �

�h2

2x4
ðnxp
dx

Þ2 þ �h2

2x5
ðnyp
dy

Þ2
� �

� a
�h2

2x1
ðnxp
dx

Þ2 þ �h2

2x2
ðnyp
dy

Þ2
� �

�h2

2x6
k2z

� 1þ ac3ðE; ggÞ
� � �h2

2x3
k2z

� a
�h2

2x3
k2z

�h2

2x4
ðnxp
dx

Þ2 þ �h2

2x5
ðnyp
dy

Þ2
� �

� a
�h4k4z
4x3x6

¼ �h2

2m1
ðnxp
dx

Þ2 þ �h2

2m2
ðnyp
dy

Þ2 þ �h2

2m3
k2z

ð2:64Þ

Equation (2.64) can be written as

kz ¼ T36ðE; gg; nx; nyÞ ð2:65Þ

where

T36ðE; gg; nx; nyÞ ¼ ½ð2C22Þ�1½�BHDðE; gg; nx; nyÞ
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
HDðE; gg; nx; nyÞ þ 4C22AHDðE; gg; nx; nyÞ

q
��1=2

C22 ¼ ða �h4

4x3x6
Þ; BHDðE; gg; nx; nyÞ

¼ ½a �h2

2x1
ðnxp
dx

Þ2 þ �h2

2x2
ðnyp
dy

Þ2
� �

�h2

2x6

þ 1þ ac3ðE; ggÞ
� � �h2

2x3
� ac3ðE; ggÞ

�h2

2x6

þ �h2

2m3
þ a

�h2

2x3

�h2

2x4
ðnxp
dx

Þ2 þ �h2

2x5
ðnyp
dy

Þ2
� �

�
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and

AHDðE; gg; nx; nyÞ ¼½�½ �h
2

2m1
ðnxp
dx

Þ2 þ �h2

2m2
ðnyp
dy

Þ2�c2ðE; ggÞ

þ ac3ðE; ggÞ
�h2

2x4
ðnxp
dx

Þ2 þ �h2

2x5
ðnyp
dy

Þ2
� �

� a
�h2

2x1
ðnxp
dx

Þ2 þ �h2

2x2
ðnyp
dy

Þ2
� �

�h2

2x4
ðnxp
dx

Þ2 þ �h2

2x5
ðnyp
dy

Þ2
� �

� 1þ ac3ðE; ggÞ
� � �h2

2x1
ðnxp
dx

Þ2 þ �h2

2x2
ðnyp
dy

Þ2
� �

�

The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnxmax

nx¼1

Xnymax

ny¼1

F0 g614HDð Þ; ð2:66Þ

where

g614HD � EF1HDNW � E0
14HDNW þW � hm

� �
kBT

� �
; ð2:66Þ

and E0
14HDNW is the sub-band energy in this case which can be expressed as

0 ¼ T36ðE0
14HDNW ; gg; nx; nyÞ ð2:67Þ

The EEM in this case is given by

m�ðEF1HDNW ; gg; nx; nyÞ ¼
�h2

2
o
oE

½T2
36ðEF1HDNW ; gg; nx; nyÞ� ð2:68Þ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnxmax

nx¼1

Xnymax

ny¼1

T36HDNWðEF1HDNW ; nx; ny; ggÞ
�

þ T37HDNW ðEF1HDNW ; nx; ny; ggÞ
	

ð2:69Þ

where

T36HDNWðEF1HDNW ; nx; ny; ggÞ ¼ T36ðEF1HDNW ; nx; ny; ggÞ

where T37HDNW ðEF1HDNW ; nx; ny; ggÞ ¼
Ps

r¼1 LðrÞ½T36HDNW ðEF1HDNW ; nx; ny; ggÞ�;
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The 1D electron dispersion law in NW of IV-VI semiconductors in the absence
of band tails can be expressed as

Eð1þ aEÞ þ aE
�h2

2x4
ðnxp
dx

Þ2 þ �h2

2x5
ðnyp
dy

Þ2
� �

þ aE
�h2

2x6
k2z � 1þ aEð Þ �h2

2x1
ðnxp
dx

Þ2 þ �h2

2x2
ðnyp
dy

Þ2
� �

� a
�h2

2x1
ðnxp
dx

Þ2 þ �h2

2x2
ðnyp
dy

Þ2
� �

�h2

2x4
ðnxp
dx

Þ2 þ �h2

2x5
ðnyp
dy

Þ2
� �

� a
�h2

2x1
ðnxp
dx

Þ2 þ �h2

2x2
ðnyp
dy

Þ2
� �

�h2

2x6
k2z � 1þ aEð Þ �h2

2x3
k2z

� a
�h2

2x3
k2z

�h2

2x4
ðnxp
dx

Þ2 þ �h2

2x5
ðnyp
dy

Þ2
� �

� a
�h4k4z
4x3x6

¼ �h2

2m1
ðnxp
dx

Þ2 þ �h2

2m2
ðnyp
dy

Þ2 þ �h2

2m3
k2z

ð2:70Þ

Equation (2.70) can be written as

kz ¼ T40ðE; nx; nyÞ ð2:71Þ

where

T40ðE; nx; nyÞ ¼ ½ð2C22Þ�1½�B0ðE; nx; nyÞ
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
0ðE; nx; nyÞ þ 4C22A0ðE; nx; nyÞ

q
��1=2

where

B0ðE; nx; nyÞ ¼ ½a �h2

2x1
ðnxp
dx

Þ2 þ �h2

2x2
ðnyp
dy

Þ2
� �

�h2

2x6
þ 1þ aEð Þ �h2

2x3

�aE
�h2

2x6
þ �h2

2m3
þ a

�h2

2x3

�h2

2x4
ðnxp
dx

Þ2 þ �h2

2x5
ðnyp
dy

Þ2
� �

�

and

A0ðE; nx; nyÞ ¼ ½�½ �h
2

2m1
ðnxp
dx

Þ2 þ �h2

2m2
ðnyp
dy

Þ2�E 1þ aEð Þ

þ aE
�h2

2x4
ðnxp
dx

Þ2 þ �h2

2x5
ðnyp
dy

Þ2
� �

� a
�h2

2x1
ðnxp
dx

Þ2 þ �h2

2x2
ðnyp
dy

Þ2
� �

�h2

2x4
ðnxp
dx

Þ2
�

þ �h2

2x5
ðnyp
dy

Þ2
�
� 1þ aEð Þ �h2

2x1
ðnxp
dx

Þ2 þ �h2

2x2
ðnyp
dy

Þ2
� �

�
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The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnxmax

nx¼1

Xnymax

ny¼1

F0 g615ð Þ; ð2:72Þ

where

g615 �
EF1d � E0

20 þW � hm
� �
kBT

� �
;

and E0
20 is the sub-band energy in this case which can be expressed as

0 ¼ T40ðE0
20; nx; nyÞ ð2:73Þ

The EEM in this case is given by

m�ðEF1d ; nx; nyÞ ¼ �h2

2
o
oE

½T2
40ðEF1d; nx; nyÞ� ð2:74Þ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnxmax

nx¼1

Xnymax

ny¼1

T40ðEF1d ; nx; nyÞ þ T41ðEF1d; nx; nyÞ
� 	 ð2:75Þ

where T41ðEF1d; nx; nyÞ ¼
Ps

r¼1 LðrÞ½T40ðEF1d ; nx; nyÞ�:

(ii) Bangert and Kastner Model

Following (1.194d), the 1D dispersion relation in NW of IV-VI semiconductors in
accordance with the present model can be written as

F1 E; gg
� �½ðnxp

dx
Þ2 þ ðnyp

dy
Þ2� þ F2 E; gg

� �
k2z ¼ 1 ð2:76Þ

The (2.76) can be written as

kz ¼ T60ðE; gg; nx; nyÞ ð2:77Þ

where

T60ðE; gg; nx; nyÞ ¼ ½½1� F1 E; gg
� �½ðnxp

dx
Þ2 þ ðnyp

dy
Þ2��½F2 E; gg

� ���1�1=2
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The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnxmax

nx¼1

Xnymax

ny¼1

F0 g615HDð Þ; ð2:78Þ

where

g615HD � EF1HDNW � E0
15HDNW þW � hm

� �
kBT

� �
;

and E0
15HDNW is the sub-band energy in this case which can be expressed as

0 ¼ T60ðE0
15HDNW ; gg; nx; nyÞ ð2:79Þ

The EEM in this case is given by

m�ðEF1HDNW ; gg; nx; nyÞ ¼
�h2

2
o
oE

½T2
40ðEF1HDNW ; gg; nx; nyÞ� ð2:80Þ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnxmax

nx¼1

Xnymax

ny¼1

T50HDNWðEF1HDNW ; nx; ny; ggÞ
�

þ T51HDNW ðEF1HDNW ; nx; ny; ggÞ
	 ð2:81Þ

where

T50HDNWðEF1HDNW ; nx; ny; ggÞ ¼ T40ðEF1HDNW ; nx; ny; ggÞ

and T51HDNW ðEF1HDNW ; nx; ny; ggÞ ¼
Ps
r¼1

LðrÞ½T50HDNW ðEF1HDNW ; nx; ny; ggÞ�;
The 1D dispersion relation in the absence of band tailing can be written in this

case following (1.194b) as

x1ðEÞ½ðpnxdx
Þ2 þ ðpny

dy
Þ2� þ x2ðEÞk2z ¼ 1 ð2:82Þ

The (2.82) can be written as

kz ¼ T61ðE; nx; nyÞ ð2:83Þ
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where

T61ðE; nx; nyÞ ¼ ½½1� x1 Eð Þ½ðnxp
dx

Þ2 þ ðnyp
dy

Þ2��½x2 Eð Þ��1�1=2

The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnxmax

nx¼1

Xnymax

ny¼1

F0 g616ð Þ; ð2:84Þ

where

g616 �
EF1d � E0

21 þW � hm
� �
kBT

� �
;

and E0
21 is the sub-band energy in this case which can be expressed as

0 ¼ T61ðE0
21; nx; nyÞ ð2:85Þ

The EEM in this case is given by

m�ðEF1d ; nx; nyÞ ¼ �h2

2
o
oE

½T2
61ðEF1d; nx; nyÞ� ð2:86Þ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnxmax

nx¼1

Xnymax

ny¼1

T61ðEF1d ; nx; nyÞ þ T62ðEF1d; nx; nyÞ
� 	 ð2:87Þ

where T62ðEF1d; nx; nyÞ ¼
Ps

r¼1 LðrÞ½T61ðEF1d ; nx; nyÞ�:

2.2.5 The EP from QWs of HD Stressed Kane Type
Semiconductors

The 1D dispersion relation in this case can be written following (1.206) as

P11 E; gg
� �ðpnx

dx
Þ2 þ Q11 E; gg

� �ðpny
dy

Þ2 þ S11 E; gg
� �

k2z ¼ 1 ð2:88Þ

The (2.88) can be written as

kz ¼ T70ðE; gg; nx; nyÞ ð2:89Þ
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where

T70ðE; gg; nx; nyÞ ¼ ½½1� P11 E; gg
� �ðpnx

dx
Þ2 þ Q11 E; gg

� �ðpny
dy

Þ2�½S11 E; gg
� ���1�1=2

The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnxmax

nx¼1

Xnymax

ny¼1

F0 g630HDð Þ; ð2:90Þ

where

g630HD � EF1HDNW � E0
30HDNW þW � hm

� �
kBT

� �
;

and E0
30HDNW is the sub-band energy in this case which can be expressed as

0 ¼ T70ðE0
30HDNW ; gg; nx; nyÞ ð2:91Þ

The EEM in this case is given by

m�ðEF1HDNW ; gg; nx; nyÞ ¼
�h2

2
o
oE

½T2
70ðEF1HDNW ; gg; nx; nyÞ� ð2:92Þ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnxmax

nx¼1

Xnymax

ny¼1

T70HDNW ðEF1HDNW ; nx; ny; ggÞ þ T71HDNW ðEF1HDNW ; nx; ny; ggÞ
� 	

ð2:93Þ

where

T70HDNWðEF1HDNW ; nx; ny; ggÞ ¼ T70ðEF1HDNW ; nx; ny; ggÞ

and

T71HDNW ðEF1HDNW ; nx; ny; ggÞ ¼
Xs

r¼1

LðrÞ½T70HDNWðEF1HDNW ; nx; ny; ggÞ�

In the absence of band tailing the 1D dispersion relation in this case assumes the
form

kz ¼ t70ðE; nx; nyÞ ð2:94Þ
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where

t70ðE; nx; nyÞ ¼ ½�c0ðEÞ½1� ð pnx
dx�a0ðEÞÞ

2 � ð pny
dy�b0ðEÞ

Þ2��1=2

The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnxmax

nx¼1

Xnymax

ny¼1

F0 g642ð Þ; ð2:95Þ

where

g642 �
EF1d � E0

42 þW � hm
� �
kBT

� �
;

and E0
42 is the sub-band energy in this case which can be expressed as

0 ¼ t60ðE0
42; nx; nyÞ ð2:96Þ

The EEM in this case is given by

m�ðEF1d ; nx; nyÞ ¼ �h2

2
o
oE

½t260ðEF1d; nx; nyÞ� ð2:97Þ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnxmax

nx¼1

Xnymax

ny¼1

t60ðEF1d ; nx; nyÞ þ t61ðEF1d ; nx; nyÞ
� 	 ð2:98Þ

where t61ðEF1d; nx; nyÞ ¼
Ps

r¼1 LðrÞ½t60ðEF1d; nx; nyÞ�:

2.2.6 The EP from Nano Wires of HD Te

The 1D dispersion relation may be written in this case following (1.235) as

kx ¼ t72ðE; ny; nz; ggÞ ð2:99Þ

where

t72ðE; ny; nz; ggÞ ¼ �ðnyp
dy

Þ2 þ w5HDðE; ggÞ � w6ð
pnz
dz

Þ2
�

�w7½w2
8HDðE; ggÞ � ðpnz

dz
Þ2�1=2

�1=2
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The EP in this case is given by

I ¼ aoegvkBT
2p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g631HDð Þ ð2:100Þ

where

g631HD � EF1HDNW � E0
31HDNW þW � hm

� �
kBT

� �
;

and E0
31HDNW is the sub-band energy in this case which can be expressed as

0 ¼ t72ðE0
31HDNW ; gg; ny; nzÞ ð2:101Þ

The EEM in this case is given by

m�ðEF1HDNW ; gg; ny; nzÞ ¼
�h2

2
o
oE

½t272ðEF1HDNW ; gg; ny; nzÞ� ð2:102Þ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnymax

ny¼1

Xnzmax

nz¼1

t72HDNW ðEF1HDNW ; ny; nz; ggÞ þ t73HDNW ðEF1HDNW ; ny; nz; ggÞ
� 	

ð2:103Þ

where

t72HDNW ðEF1HDNW ; ny; nz; ggÞ ¼ t72ðEF1HDNW ; ny; nz; ggÞ

and

t73HDNW ðEF1HDNW ; ny; nz; ggÞ ¼
Xs

r¼1

LðrÞ½t72HDNW ðEF1HDNW ; ny; nz; ggÞ�;

In the absence of band tailing the 1D dispersion relation in this case assumes the
form

kx ¼ H70ðE; ny; nzÞ ð2:104Þ

where

H70ðE; ny; nzÞ ¼ ½�ðnyp
dy

Þ2 þ w5ðEÞ � w6ð
pnz
dz

Þ2 � w7½w2
8ðEÞ � ðpnz

dz
Þ2�1=2�1=2
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The EP in this case is given by

I ¼ aoegvkBT
2p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g644ð Þ ð2:105Þ

where

g644 �
EF1d � E0

44 þW � hm
� �
kBT

� �
;

and E0
44 is the sub-band energy in this case which can be expressed as

0 ¼ H70ðE0
44; ny; nzÞ ð2:106Þ

The EEM in this case is given by

m�ðEF1d ; ny; nzÞ ¼ �h2

2
o
oE

½H2
70ðEF1d ; ny; nzÞ� ð2:107Þ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnymax

ny¼1

Xnzmax

nz¼1

H70ðEF1d; ny; nzÞ þ H71ðEF1d; ny; nzÞ
� 	 ð2:108Þ

where H71ðEF1d ; ny; nzÞ ¼
Ps

r¼1 LðrÞ½H70ðEF1d ; ny; nzÞ�:

2.2.7 The EP from Nano Wires of HD GaP

The 1D dispersion relation may be written in this case following (1.253) as

kx ¼ u70ðE; ny; nz; ggÞ ð2:109Þ

where

u70ðE; ny; nz; ggÞ ¼ �ðnyp
dy

Þ2 þ t11c3ðE; ggÞ þ t21 � t31ðnzpdz Þ
2

�

� t41½ðnzpdz Þ
2 þ t25ðE; ggÞ�1=2

�1=2
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The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g632HDð Þ; ð2:110Þ

where

g632HD � EF1HDNW � E0
32HDNW þW � hm

� �
kBT

� �
;

and E0
32HDNW is the sub-band energy in this case which can be expressed as

0 ¼ u70ðE0
32HDNW ; gg; ny; nzÞ ð2:111Þ

The EEM in this case is given by

m�ðEF1HDNW ; gg; ny; nzÞ ¼
�h2

2
o
oE

½u270ðEF1HDNW ; gg; ny; nzÞ� ð2:112Þ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnymax

ny¼1

Xnzmax

nz¼1

u70HDNW ðEF1HDNW ; ny; nz; ggÞ þ u71HDNW ðEF1HDNW ; ny; nz; ggÞ
� 	

ð2:113Þ

where
u70HDNW ðEF1HDNW ; ny; nz; ggÞ ¼ u70ðEF1HDNW ; ny; nz; ggÞ

and

u71HDNW ðEF1HDNW ; ny; nz; ggÞ ¼
Xs

r¼1

LðrÞ½u70HDNW ðEF1HDNW ; ny; nz; ggÞ�;

In the absence of band tailing the 1D dispersion relation in this case can be
written using (1.260) as

kx ¼ X71ðE; ny; nzÞ ð2:114Þ

where

X71ðE; ny; nzÞ ¼ ½�ðnyp
dy

Þ2 þ t42ðE; nzÞ�1=2
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The EP in this case is given by

I ¼ aoegvkBT
2p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g646ð Þ;

where g646 �
EF1d � E0

46 þW � hm
� �
kBT

� �
;

ð2:115Þ

and E0
46 is the sub-band energy in this case which can be expressed as

0 ¼ X71ðE0
46; ny; nzÞ ð2:116Þ

The EEM in this case is given by

m�ðEF1d ; ny; nzÞ ¼ �h2

2
o
oE

½X2
71ðEF1d ; ny; nzÞ� ð2:117Þ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnymax

ny¼1

Xnzmax

nz¼1

X71ðEF1d; ny; nzÞ þ X72ðEF1d; ny; nzÞ
� 	 ð2:118Þ

where X72ðEF1d; ny; nzÞ ¼
Ps

r¼1 LðrÞ½X71ðEF1d ; ny; nzÞ�:

2.2.8 The EP from Nano Wires of HD PtSb2

The 1D dispersion relation may be written in this case following (1.275) as

kx ¼ V70ðE; ny; nz; ggÞ ð2:119Þ

where V70ðE; ny; nz; ggÞ ¼ ½�ðnypdy Þ
2 þ A60ðE; gg; nyÞ�1=2

The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g634HDð Þ; ð2:120Þ

where

g634HD � EF1HDNW � E0
34HDNW þW � hm

� �
kBT

� �
;
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and E0
34HDNW is the sub-band energy in this case which can be expressed as

0 ¼ V70ðE0
34HDNW ; gg; ny; nzÞ ð2:121Þ

The EEM in this case is given by

m�ðEF1HDNW ; gg; ny; nzÞ ¼
�h2

2
o
oE

½V2
70ðEF1HDNW ; gg; ny; nzÞ� ð2:122Þ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnymax

ny¼1

Xnzmax

nz¼1

V70HDNW ðEF1HDNW ; ny; nz; ggÞ þ V71HDNW ðEF1HDNW ; ny; nz; ggÞ
� 	

ð2:123Þ

where

V70HDNW ðEF1HDNW ; ny; nz; ggÞ ¼ V70ðEF1HDNW ; ny; nz; ggÞ

and

V71HDNWðEF1HDNW ; ny; nz; ggÞ ¼
Xs

r¼1

LðrÞ½V70HDNWðEF1HDNW ; ny; nz; ggÞ�;

In the absence of band tailing the 1D dispersion relation in this case can be
written using (1.278) as

kx ¼ D71ðE; ny; nzÞ ð2:124Þ

where

D71ðE; ny; nzÞ ¼ ½�ðnyp
dy

Þ2 þ t44ðE; nzÞ�1=2

The EP in this case is given by

I ¼ aoegvkBT
2p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g648ð Þ; ð2:125Þ

where

g648 �
EF1d � E0

48 þW � hm
� �
kBT

� �
;
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and E0
48 is the sub-band energy in this case which can be expressed as

0 ¼ D71ðE0
48; ny; nzÞ ð2:126Þ

The EEM in this case is given by

m�ðEF1d ; ny; nzÞ ¼ �h2

2
o
oE

½D2
71ðEF1d ; ny; nzÞ� ð2:127Þ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnymax

ny¼1

Xnzmax

nz¼1

D71ðEF1d ; ny; nzÞ þ D72ðEF1d ; ny; nzÞ
� 	 ð2:128aÞ

where D72ðEF1d ; ny; nzÞ ¼
Ps

r¼1 LðrÞ½D71ðEF1d ; ny; nzÞ�:

2.2.9 The EP from Nano Wires of HD Bi2Te3

The dispersion relation in this case can be written following (1.285) as

kx ¼ J70ðE; ny; nz; ggÞ ð2:128bÞ

where

J70ðE; ny; nz; ggÞ ¼ ½½c2ðE; ggÞ � x2ðnypdy Þ
2 � x3ðnzpdz Þ

2 � 2x4
nynzp2

dydz
�ðx1Þ�1�1=2

The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g650HDð Þ; ð2:129Þ

where

g650HD � EF1HDNW � E0
50HDNW þW � hm

� �
kBT

� �
;

and E0
50HDNW is the sub-band energy in this case which can be expressed as

0 ¼ J70ðE0
50HDNW ; gg; ny; nzÞ ð2:130Þ
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The EEM in this case is given by

m�ðEF1HDNW ; gg; ny; nzÞ ¼
�h2

2
o
oE

½J270ðEF1HDNW ; gg; ny; nzÞ� ð2:131Þ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnymax

ny¼1

Xnzmax

nz¼1

J70HDNWðEF1HDNW ; ny; nz; ggÞ
�

þ J71HDNW ðEF1HDNW ; ny; nz; ggÞ
	

ð2:132Þ

where

J70HDNW ðEF1HDNW ; ny; nz; ggÞ ¼ J70ðEF1HDNW ; ny; nz; ggÞ

and

J71HDNW ðEF1HDNW ; ny; nz; ggÞ ¼
Xs

r¼1

LðrÞ½J70HDNWðEF1HDNW ; ny; nz; ggÞ�;

In the absence of band tailing the 1D dispersion relation in this case can be
written using (1.278) as

kx ¼ B71ðE; ny; nzÞ ð2:133Þ

where

B71ðE; ny; nzÞ ¼ ½½Eð1þ aEÞ � x2ðnypdy Þ
2 � x3ðnzpdz Þ

2 � 2x4
nynzp2

dydz
�ðx1Þ�1�1=2

The EP in this case is given by

I ¼ aoegvkBT
2p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g650ð Þ; ð2:134Þ

where

g650 �
EF1d � E0

50 þW � hm
� �
kBT

� �
;

and E0
50 is the sub-band energy in this case which can be expressed as

0 ¼ B71ðE0
50; ny; nzÞ ð2:135Þ
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The EEM in this case is given by

m�ðEF1d; ny; nzÞ ¼ �h2

2
o
oE

½B2
71ðEF1d; ny; nzÞ� ð2:136Þ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnymax

ny¼1

Xnzmax

nz¼1

B71ðEF1d; ny; nzÞ þ B72ðEF1d; ny; nzÞ
� 	 ð2:137Þ

where B72ðEF1d; ny; nzÞ ¼
Ps

r¼1 LðrÞ½B71ðEF1d ; ny; nzÞ�:

2.2.10 The EP from Nano Wires of HD Ge

(a) Model of Cardona et al.

The dispersion relation in accordance with this model in the present case can be
written following (1.306b) as

kx ¼ L70ðE; ny; nz; ggÞ ð2:138Þ

where

L70ðE; ny; nz; ggÞ ¼ ½½c2ðE; ggÞ þ a½ �h
2

2m�
k
ðnzp
dz

Þ2�2

� ð1þ 2ac3ðE; ggÞÞ
�h2

2m�
k
ðnzp
dz

Þ2�ð
2m�

k
�h2

Þ�1=2

The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g652HDð Þ; ð2:139Þ

where

g652HD � EF1HDNW � E0
52HDNW þW � hm

� �
kBT

� �
;

168 2 The EP from Nano Wires (NWs) …

http://dx.doi.org/10.1007/978-3-319-11188-9_1


and E0
52HDNW is the sub-band energy in this case which can be expressed as

0 ¼ L70ðE0
52HDNW ; gg; ny; nzÞ ð2:140Þ

The EEM in this case is given by

m�ðEF1HDNW ; gg; ny; nzÞ ¼
�h2

2
o
oE

½L2
70ðEF1HDNW ; gg; ny; nzÞ� ð2:141Þ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnymax

ny¼1

Xnzmax

nz¼1

L70HDNW ðEF1HDNW ; ny; nz; ggÞ þ L71HDNW ðEF1HDNW ; ny; nz; ggÞ
� 	

ð2:142Þ

where

L70HDNW ðEF1HDNW ; ny; nz; ggÞ ¼ L70ðEF1HDNW ; ny; nz; ggÞ

and

L71HDNW ðEF1HDNW ; ny; nz; ggÞ ¼
Xs

r¼1

LðrÞ½L70HDNW ðEF1HDNW ; ny; nz; ggÞ�

In the absence of band tailing the 1D dispersion relation in this case can be
written using (1.278) as

kx ¼ B77ðE; ny; nzÞ ð2:143Þ

where

B77ðE; ny; nzÞ ¼ ½½Eð1þ aEÞ þ a½ �h
2

2m�
k
ðnzp
dz

Þ2�2 � ð1þ 2aEÞ �h2

2m�
k
ðnzp
dz

Þ2�ð
2m�

k
�h2

Þ�1=2

The EP in this case is given by

I ¼ aoegvkBT
2p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g660ð Þ; ð2:144Þ

where

g660 �
EF1d � E0

60 þW � hm
� �
kBT

� �
;
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and E0
60 is the sub-band energy in this case which can be expressed as

0 ¼ B77ðE0
60; ny; nzÞ ð2:145Þ

The EEM in this case is given by

m�ðEF1d; ny; nzÞ ¼ �h2

2
o
oE

½B2
77ðEF1d; ny; nzÞ� ð2:146Þ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnymax

ny¼1

Xnzmax

nz¼1

B77ðEF1d; ny; nzÞ þ B78ðEF1d; ny; nzÞ
� 	 ð2:147Þ

where B78ðEF1d; ny; nzÞ ¼
Ps

r¼1 LðrÞ½B77ðEF1d ; ny; nzÞ�:
(b) Model of Wang et al.

The dispersion relation in accordance with this model in the present case can be
written following (1.326) as

kx ¼ b70ðE; ny; nz; ggÞ ð2:148Þ

where

b70ðE; ny; nz; ggÞ ¼ ½�ðnyp
dy

Þ2 þ 2m�
?

�h2
½a8 � a9ðpnzdz

Þ2 � a10½ðpnzdz
Þ4 þ a11ðpnzdz

Þ2

þ a12ðE; ggÞ�1=2��1=2

The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g654HDð Þ ð2:149Þ

where

g654HD � EF1HDNW � E0
54HDNW þW � hm

� �
kBT

� �
;

and E0
54HDNW is the sub-band energy in this case which can be expressed as

0 ¼ b70ðE0
54HDNW ; gg; ny; nzÞ ð2:150Þ
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The EEM in this case is given by

m�ðEF1HDNW ; gg; ny; nzÞ ¼
�h2

2
o
oE

½b270ðEF1HDNW ; gg; ny; nzÞ� ð2:151Þ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnymax

ny¼1

Xnzmax

nz¼1

b70HDNW ðEF1HDNW ; ny; nz; ggÞ þ b71HDNW ðEF1HDNW ; ny; nz; ggÞ
� 	

ð2:152Þ

where

b70HDNW ðEF1HDNW ; ny; nz; ggÞ ¼ b70ðEF1HDNW ; ny; nz; ggÞ

and

b71HDNW ðEF1HDNW ; ny; nz; ggÞ ¼
Xs

r¼1

LðrÞ½b70HDNW ðEF1HDNW ; ny; nz; ggÞ�

In the absence of band tailing the 1D dispersion relation in this case can be
written using (1.278) as

kx ¼ P77ðE; ny; nzÞ ð2:153Þ

where

P77ðE; ny; nzÞ ¼ ½½I1ðE; nzÞ � �h2

2m�
2
ðnyp
dy

Þ2�ð2m
�
1

�h2
Þ�1=2

The EP in this case is given by

I ¼ aoegvkBT
2p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g680ð Þ; ð2:154Þ

where

g680 �
EF1d � E0

80 þW � hm
� �
kBT

� �
;

and E0
80 is the sub-band energy in this case which can be expressed as

0 ¼ P77ðE0
80; ny; nzÞ ð2:155Þ
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The EEM in this case is given by

m�ðEF1d ; ny; nzÞ ¼ �h2

2
o
oE

½P2
77ðEF1d ; ny; nzÞ� ð2:156Þ

Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnymax

ny¼1

Xnzmax

nz¼1

P77ðEF1d; ny; nzÞ þ P78ðEF1d; ny; nzÞ
� 	 ð2:157Þ

where P78ðEF1d; ny; nzÞ ¼
Ps

r¼1 LðrÞ½P77ðEF1d; ny; nzÞ�:

2.2.11 The EP from Nano Wires of HD GaSb

The dispersion relation of the 1D electrons in this case can be written as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2k2x
2mc

¼ I36ðE; ggÞ ð2:158Þ

The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g100HDð Þ; ð2:159Þ

where

g100HD � EF1HDNW � E0
100HDNW þW � hm

� �
kBT

� �

and E0
100HDNW is the sub-band energy in this case which can be expressed as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

¼ I36ðE0
100HDNW ; ggÞ ð2:160Þ

The EEM in this case is given by

m�ðEF1HDNW ; ggÞ ¼ mc½I036ðEF1HDNW ; ggÞ� ð2:161Þ
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Thus, it appears that the evaluation of J1D requires an expression of carrier
statistics which can, in turn, be written as

n1D ¼ 2gv
p

� �Xnymax

ny¼1

Xnzmax

nz¼1

R7HDNW ðEF1HDNW ; ny; nz; ggÞ þ R8HDNW ðEF1HDNW ; ny; nz; ggÞ
� 	

ð2:162Þ

where

R7HDNWðEF1HDNW ; ny; nz; ggÞ ¼ ½½I36ðEF1HDNW ; ggÞ �
�h2ðnzp=dzÞ2

2mc

� �h2ðnyp=dyÞ2
2mc

� 2mc

�h2
�1=2

where R8HDNW ðEF1HDNW ; ny; nz; ggÞ ¼
Ps

r¼1 LðrÞ½R7HDNW ðEF1HDNW ; ny; nz; ggÞ�
The expression of 1D dispersion relation, for NWs of GaSb whose energy band

structures in the absence of band tailing assumes the form

I36ðEÞ ¼ �h2k2x
2mc

þ G2 ny; nz
� � ð2:163Þ

In this case, the quantized energy E0
101 is given by

I36ðE0
101Þ ¼ G2 ny; nz

� � ð2:164Þ

The EP in this case is given by

I ¼ aoegvkBT
p�h

Xnymax

ny¼1

Xnzmax

nz¼1

F0 g101ð Þ; ð2:165Þ

where

g101 �
EF1d � E0

101 þW � hm
� �

kBT

� �

The carrier statistics in the case can be expressed as

n1D ¼ 2gv
p

ffiffiffiffiffiffiffiffi
2mc

p
�h

Xnymax

ny¼1

Xnzmax

nz¼1

R101ðEF1d; ny; nzÞ þ R102ðEF1d ; ny; nzÞ
� 	 ð2:166Þ
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where

R101 EF1d ; ny; nz
� � � I36ðEF1dÞ � G2 ny; nz

� �� 	1=2
;

R102 EF1d ; ny; nz
� � �

Xs

r¼1

LðrÞ R101 EF1d; ny; nz
� �� 	

:

2.3 Results and Discussion

Using the appropriate equations and taking the energy band constants as given in
the Table 1.1, we have plotted the normalized EP from NWs of HD CdGeAs2 (an
example of nonlinear optical materials) as a function of dx as shown in plot (a) of
Fig. 2.1, in which the plot (b) corresponds to d ¼ 0. The plot (c) has been drawn in
accordance with the three band model of Kane and the plot (d) refers to the two
band model of Kane together with the plot (e) exhibiting the variation in accordance
with the parabolic energy bands for the overall assessments of the energy band
constants on the EP in this case. The Fig. 2.2 exhibits the plots of the normalized EP
from NWs of HD CdGeAs2 as a function of the normalized incident photon energy

Fig. 2.1 Plot of the normalized EP from NWs of HD CdGeAs2 as a function of dz in accordance
with a generalized band model, b d ¼ 0, c the three-band model of Kane, d the two band model of
Kane and e the parabolic energy bands
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for all cases Figs. 2.1 and 2.3 shows the dependence of the said variable on the
normalized electron degeneracy for all cases of Fig. 2.1.

The normalized EP from NWs of HD n-InAs (an example of III-V materials) in
accordance with the HD three and two band models of Kane as functions of film
thickness, normalized incident photon energy and the normalized electron degen-
eracy have, respectively, been presented in Figs. 2.4, 2.5 and 2.6. The Figs. 2.7, 2.8
and 2.9 exhibit the variations of normalized EP from NWs of HD n-InSb as
functions of film thickness, normalized incident photon energy and the normalized
electron degeneracy respectively. The variations of the normalized EP from NWs of
HD CdS (an example of II-VI materials) as functions of thickness, normalized
incident photon energy and normalized electron degeneracy have respectively been
drawn in Figs. 2.10, 2.11 and 2.12, where the plots for k0 ¼ 0 have further been
drawn for the purpose of assessing the influence of the splitting of the two-spin
states by the spin orbit coupling and the crystalline field. The thickness, normalized
photon energy and the normalized electron degeneracy dependences of normalized
EP from NWs of HD GaP have been shown in Figs. 2.13, 2.14 and 2.15 respec-
tively. The dependence of normalized EP with reference to the aforementioned
variables from NWs of HD n-Ge and PtSb2, has been shown in Figs. 2.16, 2.17,
2.18, 2.19, 2.20 and 2.21 in accordance with the HD models of Cardona et al.,
Wang and Ressler and Emtage respectively. Figures 2.22, 2.23 and 2.24 manifest
the variations of the normalized EP from from NWs of HD stressed n-InSb as

Fig. 2.2 Plot of the normalized EP from NWs of HD CdGeAs2 as a function of normalized
incident photon energy for all cases of Fig. 2.1
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Fig. 2.3 Plot of the normalized EP from NWs of HD CdGeAs2 as a function of normalized
electron degeneracy for all cases of Fig. 2.1

Fig. 2.4 Plot of the normalized EP from NWs of HD n-InAs as a function of dz in accordance
with a the three band model of Kane and b the two band model of Kane
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Fig. 2.5 Plot of the normalized EP from NWs of HD n-InAs as a function of normalized incident
photon energy in accordance with a the three band model of Kane and b the two band model of Kane

Fig. 2.6 Plot of the normalized EP from NWs of HD n-InAs as a function of normalized electron
degeneracy in accordance with a the three band model of Kane and b the two band model of Kane
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Fig. 2.7 Plot of the normalized EP from NWs of HD n-InSb as a function of dz in accordance with
a the three band model of Kane and b the two band model of Kane

Fig. 2.8 Plot of the normalized EP from NWs of HD n-InSb as a function of normalized incident
photon energy in accordance with a the three band model of Kane and b the two band model of
Kane
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Fig. 2.9 Plot of the normalized EP from NWs of HD n-InSb as a function of normalized electron
degeneracy in accordance with a the three band model of Kane and b the two band model of Kane

Fig. 2.10 Plot of the normalized EP from NWs of HD CdS as a function of dz with a �k0 6¼ 0 and
b �k0 ¼ 0
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Fig. 2.11 Plot of the normalized EP from NWs of HD CdS as a function of normalized incident
photon energy with a �k0 6¼ 0 and b �k0 ¼ 0

Fig. 2.12 Plot of the normalized EP from NWs of HD CdS as a function of normalized electron
degeneracy with a �k0 6¼ 0 and b �k0 ¼ 0

180 2 The EP from Nano Wires (NWs) …



Fig. 2.13 Plot of the normalized EP from NWs of HD n-GaP as a function of dz

Fig. 2.14 Plot of the normalized EP from NWs of HD n-GaP as a function of normalized incident
photon energy
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Fig. 2.15 Plot of the normalized EP from NWs of HD n-GaP as a function of normalized electron
degeneracy

Fig. 2.16 Plot of the normalized EP from NWs of HD n-Ge as a function of thickness in
accordance with the models of a Cardona et al. and b Wang et al.
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functions of the film thickness, normalized incident photon energy and the nor-
malized electron degeneracy respectively.

The Figs. 2.25, 2.26 and 2.27 exhibit the normalized EP as functions of film
thickness, normalized incident photon energy and normalized electron degeneracy
from NWs of HD PbTe as a function of film thickness in accordance with the
models of (a) the Dimmok and (b) the Bangert and Kastner respectively. The plots
(c) and (d) exhibit the same for PbSe.

The influence of quantum confinement is immediately apparent from Figs. 2.1,
2.4, 2.7, 2.10, 2.13, 2.16, 2.19, 2.22 and 2.25. Since the EP depends strongly on the
thickness of the quantum-confined materials in contrast with the corresponding bulk
specimens. The EP decreases with increasing film thickness in an oscillatory way
with different numerical magnitudes for HD NWs as compared with HD QWs. It
appears from the aforementioned figures that the EP exhibits spikes for particular
values of film thickness which, in turn, depends on the particular band structure of
the specific material. Moreover, the EP from HD NWs of different compounds can
become several orders of magnitude larger than of bulk specimens of the same
materials, which is also a direct signature of quantum confinement. This oscillatory
dependence will be less and less prominent with increasing film thickness.
It appears from Figs. 2.3, 2.6, 2.9, 2.12, 2.15, 2.18, 2.21 and 2.24 that the EP
increases with increasing degeneracy and also exhibits spikes for all types of
quantum confinement as considered in this chapter. For bulk specimens of the same
material, the EP will be found to increase continuously with increasing electron

Fig. 2.17 Plot of the normalized EP from NWs of HD n-Ge as a function of normalized incident
photon energy for all the cases of Fig. 2.16
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Fig. 2.18 Plot of the normalized EP from NWs of HD n-Ge as a function of normalized electron
degeneracy for all the cases of Fig. 2.16

Fig. 2.19 Plot of the normalized EP from NWs of HD n-PtSb2 as a function of film thickness

184 2 The EP from Nano Wires (NWs) …



Fig. 2.20 Plot of the normalized EP from NWs of HD n-PtSb2 as a function of normalized
incident photon energy

Fig. 2.21 Plot of the normalized EP from NWs of HD n-PtSb2 as a function of normalized
electron degeneracy

2.3 Results and Discussion 185



Fig. 2.22 Plot of the normalized EP from NWs of HD stressed n-InSb as a function of film
thickness

Fig. 2.23 Plot of the normalized EP from NWs of HD stressed n-InSb as a function of normalized
incident photon energy
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Fig. 2.24 Plot of the normalized EP from NWs of HD stressed n-InSb as a function of normalized
electron degeneracy

Fig. 2.25 Plot of the normalized EP from NWs of HD PbTe as a function of film thickness in
accordance with the models of a the Dimmok and b the Bangert and Kastner respectively. The
plots c and d exhibit the same for PbSe
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Fig. 2.26 Plot of the normalized EP from QWs of HD PbTe as a function of normalized incident
photon energy in accordance with the models of a the Dimmok and b the Bangert and Kastner
respectively. The plots c and d exhibit the same for PbSe

Fig. 2.27 Plot of the normalized EP from QWs of HD PbTe as a function of electron degeneracy
in accordance with the models of a the Dimmok and b the Bangert and Kastner respectively. The
plots c and d exhibit the same for PbSe
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degeneracy in a non-oscillatory manner. The Figs. 2.2, 2.5, 2.8, 2.11, 2.14, 2.17,
2.20 and 2.23 illustrate the dependence of the EP from quantum-confined materials
on the normalized incident photon energy. The EP increases with increasing photon
energy in a step like manner for all the figures. The appearance of the discrete
jumps in all the figures is due to the redistribution of the electrons among the
quantized energy levels when the size quantum number corresponding to the
highest occupied level changes from one fixed value to the others. With varying
electron degeneracy, a change is reflected in the EP through the redistribution of the
electrons among the size-quantized levels. It may be noted that at the transition zone
from one sub band to another, the height of the peaks between any two sub-bands
decreases with the increasing in the degree of quantum confinement and is clearly
shown in all the curves. It should be noted that although, the EP varies in various
manners with all the variables as evident from all the figures, the rates of variations
are totally band-structure dependent.

Finally, it may be noted that the basic aim of this chapter is not solely to
demonstrate the influence of quantum confinement on the EP from NWs of HD
non-linear optical, III-V, II-VI, IV-VI, n-GaP, n-Ge, PtSb2, and stressed compounds
respectively but also to formulate the appropriate electron statistics in the most
generalized form, since the transport and other phenomena in quantized structures
having different band structures and the derivation of the expressions of many
important electronic properties are based on the temperature-dependent electron
statistics in such materials.

2.4 Open Research Problems

(R:2:1) Investigate the EP for bulk specimens of the HD semiconductors in the
presences of Gaussian, exponential, Kane, Halperian, Lax and Bonch-
Burevich types of band tails for all systems whose unperturbed carrier
energy spectra are defined in R.1.1 in the presence of strain.

(R:2:2) Investigate the EP for NWs of all the HD semiconductors as considered
in R.1.2.

(R:2:3) Investigate the EP in the presence of strain for HD bulk specimens of the
negative refractive index, organic, magnetic and other advanced optical
materials in the presence of an arbitrarily oriented alternating electric
field.

(R:2:4) Investigate the EP for the NWs of HD negative refractive index, organic,
magnetic and other advanced optical materials in the presence of an
arbitrarily oriented alternating electric field.

(R:2:5) Investigate the EP for the multiple NWs of HD materials whose
unperturbed carrier energy spectra are defined in R.1.1.

(R:2:6) Investigate the EP for all the appropriate HD low dimensional systems of
this chapter in the presence of finite potential wells.
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(R:2:7) Investigate the EP for all the appropriate HD low dimensional systems of
this chapter in the presence of parabolic potential wells.

(R:2:8) Investigate the EP for all the appropriate HD systems of this chapter
forming quantum rings.

(R:2:9) Investigate the EP for all the above appropriate problems in the presence
of elliptical Hill and quantum square rings in the presence of strain.

(R:2:10) Investigate the EP for parabolic cylindrical HD low dimensional systems
in the presence of an arbitrarily oriented alternating electric field for all
the HD materials whose unperturbed carrier energy spectra are defined in
R.1.1 in the presence of strain.

(R:2:11) Investigate the EP for HD low dimensional systems of the negative
refractive index and other advanced optical materials in the presence of
an arbitrarily oriented alternating electric field and non-uniform light
waves and in the presence of strain.

(R:2:12) Investigate the EP for triangular HD low dimensional systems of the
negative refractive index, organic, magnetic and other advanced optical
materials in the presence of an arbitrarily oriented alternating electric
field in the presence of strain.

(R:2:13) Investigate the EP for all the problems of (R.1.12) in the presence of
arbitrarily oriented magnetic field.

(R:2:14) Investigate the EP for all the problems of (R.1.12) in the presence of
alternating electric field.

(R:2:15) Investigate the EP for all the problems of (R.1.12) in the presence of
alternating magnetic field.

(R:2:16) Investigate the EP for all the problems of (R.1.12) in the presence of
crossed electric field and quantizing magnetic fields.

(R:2:17) Investigate the EP for all the problems of (R.1.12) in the presence of
crossed alternating electric field and alternating quantizing magnetic
fields.

(R:2:18) Investigate the EP for HD NWs of the negative refractive index, organic
and magnetic materials.

(R:2:19) Investigate the EP for HD NWs of the negative refractive index, organic
and magnetic materials in the presence of alternating time dependent
magnetic field.

(R:2:20) Investigate the EP for HD NWs of the negative refractive index, organic
and magnetic materials in the presence of in the presence of crossed
alternating electric field and alternating quantizing magnetic fields.

(R:2:21) (a) Investigate the EP for HD NWs of the negative refractive index,
organic, magnetic and other advanced optical materials in the presence
of an arbitrarily oriented alternating electric field considering many body
effects.
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(b) Investigate all the appropriate problems of this chapter for a Dirac electron.

(R:2:22) Investigate all the appropriate problems of this chapter by including the
many body, image force, broadening and hot carrier effects respectively.

(R:2:23) Investigate all the appropriate problems of this chapter by removing all
the mathematical approximations and establishing the respective
appropriate uniqueness conditions.
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Chapter 3
The EP from Quantum Box of Heavily
Doped (HD) Non-parabolic
Semiconductors

3.1 Introduction

It is well known that as the dimension of the QWs increases from 1D to 3D, the
degree of freedom of the free carriers decreases drastically and the density-of-states
function changes from the Heaviside step function in OWs to the Dirac’s delta
function in Quantum Box (QB) [1, 2].

The QBs can be used for visualizing and tracking molecular processes in cells
using standard fluorescence microscopy [3–6]. They display minimal photo-
bleaching [7], thus allowing molecular tracking over prolonged periods and con-
sequently, single molecule can be tracked by using optical fluorescence microscopy
[8, 9]. The salient features of quantum dot lasers [10–12] include low threshold
currents, higher power, and great stability as compared with the conventional one
and the QBs find extensive applications in nano-robotics [13–16], neural networks
[17–19] and high density memory or storage media [20]. The QBs are also used in
nano-photonics [21] because of their theoretically high quantum yield and have
been suggested as implementations of qubits for quantum information processing
[22]. The QBs also find applications in diode lasers [23], amplifiers [24, 25], and
optical sensors [26, 27]. High-quality QBs are well suited for optical encoding [28,
29] because of their broad excitation profiles and narrow emission spectra. The new
generations of QBs have far-reaching potential for the accurate investigations of
intracellular processes at the single-molecule level, high-resolution cellular imaging,
long-term in vivo observation of cell trafficking, tumor targeting, and diagnostics
[30, 31]. The QB nanotechnology is one of the most promising candidates for use in
solid-state quantum computation [32, 33]. It may also be noted that the QBs are
being used in single electron transistors [34, 35], photovoltaic devices [36, 37],
photoelectrics [38], ultrafast all-optical switches and logic gates [39–42], organic
dyes [43–45] and in other types of nano devices.

In this chapter in Sects. 3.2.1, 3.2.2, 3.2.3, 3.2.4, 3.2.5, 3.2.6, 3.2.7, 3.2.8, 3.2.9,
3.2.10 and 3.2.11 we have investigated the EP from QBs of HD non-linear optical,
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III-V, II-VI, stressed Kane type, Te, GaP, PtSb2, Bi2Te3, Ge and GaAs respectively.
The Sect. 3.3 contains the result and discussions pertaining to this chapter. The
Sect. 3.4 presents 23 open research problems.

3.2 Theoretical Background

3.2.1 The EP from QB of HD Nonlinear Optical
Semiconductors

The dispersion relation in this case can be written following (2.1) as

�h2ðnzp=dzÞ2
2m�

kT21ðE1QBHD; ggÞ
þ �h2ðnyp=dyÞ2
2m�

kT22ðE1QBHD; ggÞ
þ �h2ðnxp=dxÞ2
2m�

kT21ðE1QBHD; ggÞ
¼ 1 ð3:1Þ

where E1QBHD is the totally quantized energy in this case.
The total density-of-states function in this case is given by

N0DT Eð Þ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E1QBHDð Þ ð3:2Þ

where d0 E � E1QBHDð Þ is the Dirac’s Delta function.
Using (3.2) and Fermi-Dirac occupation probability factor, the total electron

concentration can be written as

n0D ¼ 2gv
dxdydz

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g31HDð Þ ð3:3Þ

where g31HD � kBTð Þ�1 EF0DHD � E1QBHDð Þ and EF0DHD is the Fermi energy in this
case.

Therefore the electron concentration per sub-band is given by

Dn0D ¼ 2gv
dxdydz

Real part of ½F�1 g31HDð Þ� ð3:4Þ

The quantized energy along Z direction the EnzHD1 in this case is given by

�h2ðnzp=dzÞ2
2m�

kT21ðEnzHD1 ; ggÞ
¼ 1 ð3:5Þ
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The expression of the total photo-emitted current density in this case is

J0D ¼ ea0gv
2

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Dn0Dð Þvz EnzHD1

� � ð3:6Þ

where vzðEnzHD1Þ ¼ ½nzp�h�½m�
kdzT

0
21ðEnzHD1 ; ggÞ��1.

For the purpose of comparison we shall also formulate the EP in the absence of
band tails is this case.

Let Eni i ¼ x; yð and zÞ be the quantized energy levels due to infinitely deep
potential well along ith-axis with ni ¼ 1; 2; 3; . . .ð Þ as the size quantum numbers.
Therefore, from (1.2), one can write

c Enxð Þ ¼ f1 Enxð Þ pnx
dx

� �2

ð3:7Þ

c Eny

� � ¼ f1 Eny

� � pny
dy

� �2

ð3:8Þ

c Enz

� � ¼ f2 Enz

� � pnz
dz

� �2

ð3:9Þ

From (1.2), the totally quantized energy EQD1ð Þ can be expressed as

c EQD1ð Þ ¼ f1 EQD1ð Þ pnx
dx

� �2

þ pny
dy

� �2
" #

þ f2 EQD1ð Þ pnz
dz

� �2
" #

ð3:10Þ

The total density-of-states function in this case is given by

N0DT Eð Þ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � EQD1ð Þ ð3:11Þ

The total electron concentration in this case can be written as

n0D ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g31ð Þ where g31 � kBTð Þ�1 EF0D � EQD1ð Þ ð3:12Þ

Therefore the electron concentration per sub-band is given by

Dn0D ¼ 2gv
dxdydz

� �
F�1 g31ð Þ ð3:13Þ
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The expression of the total photo-emitted current density in this case is

J0D ¼ ea0gv
2

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Dn0Dð Þvz Enz

� � ð3:14Þ

where the nzmin
should be the nearest integer of the following inequality

nzmin
� dz

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c W � hmð Þp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2 W � hmð Þp ð3:15Þ

and the velocity of the photo-emitted electrons in the nzth sub-band can be written
as

vz Enz

� � ¼ 1
�h
Q1 Enz

� � ð3:16Þ

in which Q1 Enz

� � � 2f 3=22 Enzð Þ c Enzð Þ½ �1=2
f2 Enzð Þc0 Enzð Þ�c Enzð Þf 02 Enzð Þ½ �

Using the appropriate equations we get

J0D ¼ ea0gv
�hdxdydz

� �Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

F�1 g31ð ÞQ1 Enz

� �
: ð3:17Þ

3.2.2 The EP from QB of HD III-V Semiconductors

The dispersion relation of the conduction electrons of III-V semiconductors are
described by the models of Kane (both three and two bands) Stillman et al. and
Palik et al., respectively. For the purpose of complete and coherent presentation, the
EP effect in QBs of HD III-V compounds have also been investigated in accordance
with the aforementioned different dispersion relations for relative comparison as
follows:

(a) The three band model of Kane
The dispersion relation in this case can be written following (2.15) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2ðnxp=dxÞ2
2mc

¼ T44ðE2QBHD; ggÞ ð3:18Þ

where T44ðE2QBHD; ggÞ ¼ T31ðE2QBHD; ggÞ þ iT31ðE2QBHD; ggÞ and E2QBHD is
the totally quantized energy in this case.

196 3 The EP from Quantum Box …

http://dx.doi.org/10.1007/978-3-319-11188-9_2


The total electron concentration can be written as

n0D ¼ 2gv
dxdydz

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g32HDð Þ ð3:19Þ

where g32HD � kBTð Þ�1 EF0DHD � E2QBHDð Þ:
Therefore the electron concentration per sub-band is given by

Dn0D ¼ 2gv
dxdydz

Real part of ½F�1 g32HDð Þ� ð3:20Þ

The quantized energy along Z direction the EnzHD2 in this case is given by

�h2ðnzp=dzÞ2
2mcT44ðEnzHD2 ; ggÞ

¼ 1 ð3:21Þ

The expression of the total photo-emitted current density in this case is

J0D ¼ ea0gv
2

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Dn0Dð Þvz2 EnzHD2

� � ð3:22Þ

where vz2ðEnzHD2Þ ¼ ½nzp�h�½mcdzT 0
44ðEnzHD2 ; ggÞ��1

The quantized energy levels (Enx ;Eny and Enz along x, y, and z directions
respectively) in the absence of band tails in QBs of III-V semiconductors in
accordance with the three band model of Kane can be expressed as

I11 Enxð Þ ¼ �h2

2mc

pnx
dx

� �2

ð3:23Þ

I11 Eny

� � ¼ �h2

2mc

pny
dy

� �2

ð3:24Þ

and I11 Enz

� � ¼ �h2

2mc

pnz
dz

� �2

ð3:25Þ

The totally quantized energy EQD2ð Þ (changed) in this case assumes the form

I11 EQD2ð Þ ¼ �h2p2

2mc

nx
dx

� �2

þ ny
dy

� �2

þ nz
dz

� �2
" #

ð3:26Þ
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The velocity of the photoelectron in the nzth quantized level is given by

vz Enz

� � ¼ ffiffiffiffiffiffi
2
mc

r
Q2 Enz

� � ð3:27Þ

where, Q2 Enz

� � � I11 Enz

� �� �0h i�1 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I11 Enz

� �q� �
Thus the photo-emitted current density can be expressed as

J0D ¼ a0egv
dxdydz
� � ffiffiffiffiffiffi

2
mc

r" #Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Q2 Enz

� �
F�1 g32ð Þ ð3:28Þ

in which nzmin
is the nearest integer of the following inequality,

nzmin
� dz

p

ffiffiffiffiffiffiffiffi
2mc

p
�h

I11 W � hmð Þ½ �1=2
� �

ð3:29Þ

and g32 ¼ kBTð Þ�1 EF0D � EQD2ð Þ
The electron concentration in this case is given by

n0D ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g32ð Þ: ð3:30Þ

(b) The two band model of Kane
The dispersion relation in this case can be written following (2.24) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2ðnxp=dxÞ2
2mc

¼ c2ðE3QBHD; ggÞ ð3:31Þ

and E3QBHD is the totally quantized energy in this case.
The total electron concentration can be written as

n0D ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g33HDð Þ ð3:32Þ

where g33HD � kBTð Þ�1 EF0DHD � E3QBHDð Þ:
Therefore the electron concentration per sub-band is given by

Dn0D ¼ 2gv
dxdydz

½F�1 g33HDð Þ� ð3:33Þ
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The quantized energy along Z direction the EnzHD3 in this case is given by

�h2ðnzp=dzÞ2
2mcc2ðEnzHD3 ; ggÞ

¼ 1 ð3:34Þ

The expression of the total photo-emitted current density in this case is

J0D ¼ ea0gv
2

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Dn0Dð Þvz3 EnzHD3

� � ð3:35Þ

where vz3ðEnzHD3Þ ¼ ½nzp�h�½mcdzc02ðEnzHD3 ; ggÞ��1

For two band model of Kane and the photo-emitted current density in the
absence of band tails assumes the form

J0D ¼ a0gve
dxdydz

ffiffiffiffiffiffi
2
mc

r� �Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Q3 Enz

� �
F�1 g33ð Þ ð3:36Þ

where, nzmin
� dz

p

ffiffiffiffiffiffi
2mc

p
�h W � hmð Þ 1þ a W � hmð Þ½ �½ �1=2

� �
, Q3 Enz

� � � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Enz 1þ aEnz

� �q
=

h
1þ 2aEnz

� �� and g33 � 1
kBT

EF0D � EQD3½ �
The Enz obeys the equation

Enz 1þ aEnz

� � ¼ �h2p2

2mc

nz
dz

� �2

ð3:37Þ

The totally quantized energy EQD3ð Þ in this case is given by

EQD3 1þ aEQD3ð Þ ¼ �h2p2

2mc

nx
dx

� �2

þ ny
dy

� �2

þ nz
dz

� �2
" #

ð3:38Þ

The electron concentration in this case is given by

n0D ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g33ð Þ: ð3:39Þ

(c) The parabolic energy bands
The dispersion relation in this case can be written following (2.32) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2ðnxp=dxÞ2
2mc

¼ c3ðE4QBHD; ggÞ ð3:40Þ

and E4QBHD is the totally quantized energy in this case.
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The total electron concentration can be written as

n0D ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g34HDð Þ ð3:41Þ

where g34HD � kBTð Þ�1 EF0DHD � E4QBHDð Þ:
Therefore the electron concentration per sub-band is given by

Dn0D ¼ 2gv
dxdydz

½F�1 g34HDð Þ� ð3:42Þ

The quantized energy along Z direction the EnzHD4 in this case is given by

�h2ðnzp=dzÞ2
2mcc3ðEnzHD4 ; ggÞ

¼ 1 ð3:43Þ

The expression of the total photo-emitted current density in this case is

J0D ¼ ea0gv
2

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Dn0Dð Þvz4 EnzHD4

� � ð3:44Þ

where vz4ðEnzHD4Þ ¼ ½nzp�h�½mcdzc03ðEnzHD4 ; ggÞ��1

In the absence of band tails the expressions for Dn0D, Enz , nzmin
, J0D and total

electron concentration n0Dð Þ, for QBs of wide-gap materials can, respectively,
be written as

Dn0D ¼ 2gv
dxdydz

F�1 g0ð Þ ð3:45Þ

Enz ¼
�h2

2mc

nzp
dz

� �2

ð3:46Þ

nzmin
� dz

p

� � ffiffiffiffiffiffiffiffi
2mc

p
�h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W � hvð Þ

p
ð3:47Þ

J0D ¼ aoe�hpgv
mcdxdyd2z

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

nzF�1 g0ð Þ½ � ð3:48Þ

n0D ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g0ð Þ ð3:49Þ

where, g0 � ðkBTÞ�1½EF0D � �h2

2mc
ðnzpdz Þ

2�:
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(d) The Model of Stillman et al.
The dispersion relation of the electrons in this case can be written following
(2.40) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2ðnxp=dxÞ2
2mc

¼ h4ðE5QBHD; ggÞ ð3:50Þ

and E5QBHD is the totally quantized energy in this case.
The total electron concentration can be written as

n0D ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g35HDð Þ ð3:51Þ

where g35HD � kBTð Þ�1 EF0DHD � E5QBHDð Þ:
Therefore the electron concentration per sub-band is given by

Dn0D ¼ 2gv
dxdydz

½F�1 g35HDð Þ� ð3:52Þ

The quantized energy along Z direction the EnzHD4 in this case is given by

�h2ðnzp=dzÞ2
2mch4ðEnzHD5 ; ggÞ

¼ 1 ð3:53Þ

The expression of the total photo-emitted current density in this case is

J0D ¼ ea0gv
2

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Dn0Dð Þvz5 EnzHD5

� � ð3:54Þ

where vz5ðEnzHD5Þ ¼ ½nzp�h�½mcdzh
0
4ðEnzHD5 ; ggÞ��1

In the absence of band tails, the photoelectric current density in this case can
be written as

J0D ¼ a0gve
dxdydz

2
mc

� �1=2Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Q5 Enz

� �
F�1 g35ð Þ ð3:55Þ

where nzmin
� dz

p

ffiffiffiffiffiffi
2mc

p
�h I12 W � hmð Þ½ �1=2, Q5 Enz

� � � I12 Enz

� �	 
1=2
I 012 Enz

� �	 
�1
h i

and g35 � kBTð Þ�1 EF0D � EQD5½ �

3.2 Theoretical Background 201

http://dx.doi.org/10.1007/978-3-319-11188-9_2


The Enz obeys the equation

�h2=2mc
� �

pnz=dzð Þ2� I12 Enz

� � ð3:56Þ

The EQD5 in this case can be defined as

I12 EQD5ð Þ ¼ �h2p2

2mc

nx
dx

� �2

þ ny
dy

� �2

þ nz
dz

� �2
" #

ð3:57Þ

The electron concentration in this case is given by

n0D ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g35ð Þ: ð3:58Þ

(e) The model of Palik et al.
The dispersion relation of the electrons in this case can be written following
(2.48) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2ðnxp=dxÞ2
2mc

¼ h5ðE6QBHD; ggÞ ð3:59Þ

and E6QBHD is the totally quantized energy in this case.
The total electron concentration can be written as

n0D ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g36HDð Þ ð3:60Þ

where g36HD � kBTð Þ�1 EF0DHD � E6QBHDð Þ:
Therefore the electron concentration per sub-band is given by

Dn0D ¼ 2gv
dxdydz

½F�1 g36HDð Þ� ð3:61Þ

The quantized energy along Z direction the EnzHD6 in this case is given by

�h2ðnzp=dzÞ2
2mch5ðEnzHD6 ; ggÞ

¼ 1 ð3:62Þ

The expression of the total photo-emitted current density in this case is

J0D ¼ ea0gv
2

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Dn0Dð Þvz6 EnzHD6

� � ð3:63Þ

where vz6ðEnzHD6Þ ¼ ½nzp�h�½mcdzh
0
5ðEnzHD6 ; ggÞ��1

202 3 The EP from Quantum Box …

http://dx.doi.org/10.1007/978-3-319-11188-9_2


The photoemission current density in the absence of band tails in this case is
given by

J0D ¼ a0egv
�hdxdydz

2
mc

� �1=2Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Q7 Enz

� �
F�1 g37ð Þ ð3:64Þ

where, nzmin
�

ffiffiffiffiffiffi
2mc

p
�h

� �
dz
p

� �
I13 W � hmð Þ½ �1=2, Q7 Enz

� � � I13 Enz

� �	 
1=2
=I 013 Enz

� �h i
and g37 � EF0D�EQD7ð Þ

kBT

The Enz and EQD7 are defined by the following equations:

I13 Enz

� � ¼ �h2

2mc

pnz
dz

� �2

ð3:65Þ

I13 EQD7ð Þ ¼ �h2

2mc

pnx
dx

� �2

þ pny
dy

� �2

þ pnz
dz

� �2
" #

ð3:66Þ

The electron concentration in this case is given by

n0D ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g37ð Þ: ð3:67Þ

3.2.3 The EP from QB of HD II-VI Semiconductors

The 0D electron dispersion law in QB of HD II-VI semiconductors can be written
following (2.56) as

c3ðE7QBHD; ggÞ ¼ a00½ð
nxp
dx

Þ2 þ ðnyp
dy

Þ2� � �k0½ðnxpdx Þ
2 þ ðnyp

dy
Þ2�1=2 þ �h2ðnzp=dzÞ2

2m�
k
ð3:68Þ

where E7QBHD is the totally quantized energy in this case.
The total electron concentration can be written as

n0D ¼ gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g37HDð Þ ð3:69Þ

where g37HD � kBTð Þ�1 EF0DHD � E7QBHDð Þ:
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Therefore the electron concentration per sub-band is given by

Dn0D ¼ gv
dxdydz

½F�1 g37HDð Þ� ð3:70Þ

The quantized energy along Z direction the EnzHD7 in this case is given by

�h2ðnzp=dzÞ2
2m�

kc3ðEnzHD7 ; ggÞ
¼ 1 ð3:71Þ

The expression of the total photo-emitted current density in this case is

J0D ¼ ea0gv
4

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Dn0Dð Þvz7 EnzHD7

� � ð3:72Þ

where vz7ðEnzHD7Þ ¼ ½nzp�h�½m�
kdzc

0
3ðEnzHD7 ; ggÞ��1

In the absence of band tails the totally quantized energy EQD10;� in this case can
be expressed as

EQD10;� ¼ a00
pnx
dx

� �2

þ pny
dy

� �2
" #

þ 1
2m�

k

�hpnz
dz

� �2

� k0
pnx
dx

� �2

þ pny
dy

� �2
" #1=2

ð3:73Þ
The mz Enz

� �
and Enz are given by

vz Enz

� � ¼ �h
m�

jj

pnz
dz

� �
ð3:74Þ

Enz ¼
�h2

2m�
jj

pnz
dz

� �2

ð3:75Þ

The electron concentration can be written as

n0D ¼ gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g40;�
� �	 
 ð3:76Þ

where, g40;� ¼ 1
kBT

EF0D � EQD10;�
	 


The photo-emitted current density is given by

J0D ¼ a0gv�hpe
2dxdyd2z m

�
jj

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

nzF�1 g40;�
� � ð3:77Þ

where, nzmin
� dz

p

ffiffiffiffiffiffi
2m�

jj
p

�h W � hmð Þ1=2:
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3.2.4 The EP from QB of HD IV-VI Semiconductors

(a) Dimmock Model
In this case the dispersion relation of the electrons can be written as the
following (2.65) as

nzp
dz

¼ T36ðE8QBHD; gg; nx; nyÞ ð3:78Þ

where E8QBHD is the totally quantized energy in this case.
The total electron concentration can be written as

n0D ¼ gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g38HDð Þ ð3:79Þ

where g38HD � kBTð Þ�1 EF0DHD � E8QBHDð Þ:
Therefore the electron concentration per sub-band is given by

Dn0D ¼ gv
dxdydz

½F�1 g38HDð Þ� ð3:80Þ

The quantized energy along Z direction the EnzHD8 in this case is given by

c2ðEnzHD8 ; ggÞ þ ac3ðEnzHD8 ; ggÞ
�h2

2x6
ðnzp
dz

Þ2

� ½1þ ac3ðEnzHD8 ; ggÞ�
�h2

2x3
ðnzp
dz

Þ2 � a�h4

4x3x6
ðnzp
dz

Þ4 ¼ �h2

2m3
ðnzp
dz

Þ2
ð3:81Þ

The expression of the total photo-emitted current density in this case is

J0D ¼ ea0gv
4

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Dn0Dð Þvz8 EnzHD8

� � ð3:82Þ

where

vz8ðEnzHD8Þ ¼
1
�h
½c02ðEnzHD8 ; ggÞ þ ac03ðEnzHD8 ; ggÞ

�h2

2x6
ðnzp
dz

Þ2

� ac03ðEnzHD8 ; ggÞ
�h2

2x3
ðnzp
dz

Þ2��1 � ½�h
2

m3
ðnzp
dz

Þ þ a�h4

x3x6
ðnzp
dz

Þ3

þ ½1þ ac3ðEnzHD8 ; ggÞ�
�h2

x3
ðnzp
dz

Þ�

3.2 Theoretical Background 205

http://dx.doi.org/10.1007/978-3-319-11188-9_2


In the absence of band tailing, the electron dispersion relation in this case can
be written following (2.71) as

nzp
dz

¼ T40ðEQD11; nx; nyÞ ð3:83Þ

where EQD11 is the totally quantized energy in this case.
In this case Enz and vz Enz

� �
are given by

Enzð1þ aEnzÞ þ aEnz
�h2

2x6
ðnzp
dz

Þ2 � ð1þ aEnzÞ
�h2

2x3
ðnzp
dz

Þ2

� �h4

4x3x6
ðnzp
dz

Þ4 ¼ �h2

2m3
ðnzp
dz

Þ2
ð3:84Þ

vz Enz

� � ¼ 1
�h

½ð1þ aEnzÞ �h
2

x3
ðnzpdz Þ þ a �h4

x3x6
ðnzpdz Þ

3�
½ð1þ 2aEnzÞ þ a�h2

2x6
ðnzpdz Þ

2 � a �h2

2x3
ðnzpdz Þ

2�
ð3:85Þ

The electron concentration per band can be written as

Mn0D ¼ gv
dxdydz

½F�1 g41ð Þ� ð3:86Þ

where, g41 ¼ 1
kBT

EF0D � EQD11½ �
The photo emitted current density is given by

J0D ¼ ea0gv
4

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Dn0Dð Þvz Enz

� �
: ð3:87Þ

(b) Bangert and Kastner Model
The electron dispersion relation in this case is given by following (2.77) as

nzp
dz

¼ T60ðE9QBHD; gg; nx; nyÞ ð3:88Þ

where E9QBHD is the totally quantized energy in this case.
The total electron concentration can be written as

n0D ¼ gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g39HDð Þ ð3:89Þ

where g39HD � kBTð Þ�1 EF0DHD � E9QBHDð Þ:
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Therefore the electron concentration per sub-band is given by

Dn0D ¼ gv
dxdydz

½F�1 g39HDð Þ� ð3:90Þ

The quantized energy along Z direction the EnzHD9 in this case is given by

F2ðEnzHD9 ; ggÞð
nzp
dz

Þ2 ¼ 1 ð3:91Þ

The expression of the total photo-emitted current density in this case is

J0D ¼ ea0gv
4

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Dn0Dð Þvz9 EnzHD9

� � ð3:92Þ

where vz9 EnzHD9

� � ¼ ½�2ðnzpdz ÞF2ðEnzHD9 ; ggÞ�½�hF 0
2ðEnzHD9 ; ggÞ��1

In the absence of band-tails following (2.83) the dispersion relation is given by

nzp
dz

¼ T61ðE12QD; gg; nx; nyÞ ð3:93Þ

where E12QD is the totally quantized energy in this case.
The total electron concentration can be written as

n0D ¼ gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g42ð Þ ð3:94Þ

where g42 � kBTð Þ�1 EF0D � E12QDð Þ
Therefore the electron concentration per sub-band is given by

Dn0D ¼ gv
dxdydz

½F�1 g42ð Þ� ð3:95Þ

The quantized energy along Z direction the Enz in this case is given by

x2ðEnzÞð
nzp
dz

Þ2 ¼ 1

The expression of the total photo-emitted current density in this case is

J0D ¼ ea0gv
4

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Dn0Dð ÞvðEnzÞ ð3:96Þ

where v Enz

� � ¼ ½�2ðnzpdz Þx2ðEnz ; ggÞ�½�hx0
2ðEnz ; ggÞ��1:

3.2 Theoretical Background 207

http://dx.doi.org/10.1007/978-3-319-11188-9_2


3.2.5 The EP from QB of HD Stressed Kane Type
Semiconductors

The electron dispersion relation in this case is given by following (2.89) as

nzp
dz

¼ T70ðE10QBHD; gg; nx; nyÞ ð3:97Þ

where E10QBHD is the totally quantized energy in this case.
The total electron concentration can be written as

n0D ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g40HDð Þ ð3:98Þ

where g40HD � kBTð Þ�1 EF0DHD � E10QBHDð Þ:
Therefore the electron concentration per sub-band is given by

Dn0D ¼ gv
dxdydz

½F�1 g40HDð Þ� ð3:99Þ

The quantized energy along Z direction the EnzHD10 in this case is given by

S11ðEnzHD10 ; ggÞð
nzp
dz

Þ2 ¼ 1 ð3:100Þ

The expression of the total photo-emitted current density in this case is

J0D ¼ ea0gv
2

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Dn0Dð Þvz10 EnzHD10

� � ð3:101Þ

where vz10 EnzHD10

� � ¼ ½�2ðnzpdz ÞS11ðEnzHD10 ; ggÞ�½�hS011ðEnzHD10 ; ggÞ��1

In the absence of band-tails the vz Enz

� �
for QBs of stressed materials can be

written form (1.195) as

vz Enz

� � ¼ Q21 Enz

� �
�h

where Q21 Enz

� � ¼ 1

c0 Enz

� �	 
0 ð3:102Þ

The Enz can be expressed through the equation

c0 Enz

� � ¼ nzp
dz

ð3:103Þ
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The totally quantized energy EQD23 in this case assumes the form

pnx
dx

� �2

a0 EQD23ð Þ½ ��2þ pny
dy

� �2

b0 EQD23ð Þ	 
�2þ pnz
dz

� �2

c0 EQD23ð Þ½ ��2¼ 1

ð3:104Þ

The electron concentration is given by

n0D ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g53ð Þ where g53 ¼ kBTð Þ�1 EF0D � EQD23ð Þ ð3:105Þ

The photo-emitted current density can be written as

J0D ¼ a0egv
dxdydz�h

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

Q21 Enz

� �
F�1 g53ð Þ ð3:106Þ

where nzmin
satisfies the following inequality

nzmin
� dz

p

� �
�c0 W � hmð Þ	 


:

3.2.6 The EP from QB of HD Te

The 0D dispersion relation may be written in this case following (2.99) as

nxp
dx

¼ t72ðE11QBHD; ny; nz; ggÞ ð3:107Þ

where E11QBHD is the totally quantized energy in this case.
The total electron concentration can be written as

n0D ¼ gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g42HDð Þ ð3:108Þ

where g42HD � kBTð Þ�1 EF0DHD � E12QBHDð Þ:
Therefore the electron concentration per sub-band is given by

Dn0D ¼ gv
dxdydz

½F�1 g42HDð Þ� ð3:109Þ
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The quantized energy along Z direction the EnzHD11 in this case is given by

½w6ð
nzp
dz

Þ2 � w5HDðEnzHD11 ; ggÞ�2 ¼ w2
8HD

ðEnzHD11 ; ggÞ � ðnzp
dz

Þ2 ð3:111Þ

The expression of the total photo-emitted current density in this case is

J0D ¼ ea0gv
4

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Dn0Dð Þvz11 EnzHD11

� � ð3:112Þ

where

½vz11 EnzHD11

� ���1 ¼
�h½w0

5HD EnzHD11 ; gg
� �� w8HD EnzHD11 ; gg

� �
w0
8HD EnzHD11 ; gg
� �½w2

8HD EnzHD11 ; gg
� �� ðnzpdz Þ

2��1=2�
½2w6ðnzpdz Þ � ðnzpdz Þ½w

2
8HD EnzHD11 ; gg
� �� ðnzpdz Þ

2��1=2�

In the absence of doping vz Enz;�

� �
in this case is given by

vz Enz;�

� �
¼ 1

�h
Q12 Enz;�

� �
ð3:113Þ

where Q12 Enz;�

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2w1ðnzpdz Þ � w3

q
in which Enz;� ¼ w1

pnz
dz

� �2
� pnz

dz

� �
w3

The totally quantized energy can be written as

EQD14;� ¼ w1
pnz
dz

� �2

þw2
pnx
dx

� �2

þ pny
dy

� �2
" #

� w2
3

pnz
dz

� �2

þw2
4

pnx
dx

� �2

þ pny
dy

� �2
" #" #1=2

ð3:114Þ

The electron concentration is given by

n0D ¼ gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g44;�
� � ð3:115Þ

where g44;� ¼ EF0D � EQD14;�
� �

=kBT :
The photo-emitted current density is given by

J0D ¼ a0egv
2�hdxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

Q12 Enz;�

� �
F�1 g44;�
� � ð3:116Þ

where nzmin
can be determined from

W � hm ¼ w1
pnzmin

dz

� �2

�w3:
p
dz
:nzmin

: ð3:117Þ
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3.2.7 The EP from QB of HD Gallium Phosphide

The 0D dispersion relation may be written in this case following (2.109) as

nxp
dx

¼ u70ðE14QBHD; ny; nz; ggÞ ð3:118Þ

where E14QBHD is the totally quantized energy in this case.
The total electron concentration can be written as

n0D ¼ gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g44HDð Þ ð3:119Þ

where g44HD � kBTð Þ�1 EF0DHD � E14QBHDð Þ:
Therefore the electron concentration per sub-band is given by

Dn0D ¼ gv
dxdydz

½F�1 g44HDð Þ� ð3:120Þ

The quantized energy along Z direction the EnzHD14 in this case is given by

t11c3ðEnzHD14 ; ggÞ þ t21 � t31ðnzpdz Þ
2 � t41½ðnzpdz Þ

2 þ t25ðEnzHD14 ; ggÞ1=2 ¼ 0 ð3:121Þ

The expression of the total photo-emitted current density in this case is

J0D ¼ ea0gv
4

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Dn0Dð Þvz14 EnzHD14

� � ð3:122Þ

where ½vz14 EnzHD14

� �� ¼ ½2t31ðnzpdz Þþt4ðnzpdz Þ½ð
nzp
dz
Þ2þ t25ðEnzHD14 ;ggÞ��1=2�

�h ½t11c03ðEnzHD14 ;ggÞ�t4t5ðEnzHD14 ;ggÞt05ðEnzHD14 ;ggÞ½ð
nzp
dz
Þ2þ t25ðEnzHD14 ;ggÞ��1=2�

In the absence of doping, the totally quantized energy ðEQD16Þ in this case can be
written as

EQD16 ¼ �h2

2m�
?

pnx
dx

� �2

þ pny
dy

� �2
" #

þ �h2

2m�
jj

pnx
dx

� �2

þ pny
dy

� �2

þ pnz
dz

� �2
" #

� �h4k20
m�2

jj

pnx
dx

� �2

þ pny
dy

� �2

þ pnz
dz

� �2
" #

þ VGj j2
" #1=2

þ VGj j

ð3:123Þ
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The mz Enz

� �
and Enz can be respectively written as

vz Enz

� � ¼ �h
m�

jj

pnz
dz

� �
�Q10 Enz

� � ð3:124Þ

where, �Q10 Enz

� � ¼ 1� �h2k20
m�

jj

� �
VGj j2þ �h4k20

m�
jj

� �2
pnz
dz

� �28><
>:

9>=
>;

�1=2
2
664

3
775

and Enz ¼
�h2

2m�
j j

pnz
dz

� �2

� �h4k20
m�2

j j

pnz
dz

� �2

þ VGj j2
" #1=2

þ VGj j ð3:125Þ

The electron concentration assumes the form

n0D ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g46ð Þ½ � ð3:126Þ

where, g46 ¼ 1
kBT

EF0D � EQD16½ �
The photo-emitted current density is given by

J0D ¼ a0p�hgve
dxdyd2z m

�
jj

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

�Q10 Enz

� �
F�1 g46ð Þ ð3:127Þ

where, nzmin
is the nearest integer of the following equation

W � hmð Þ ¼ �h2

2m�
jj

pnzmin

dz

� �2

þ VGj j � VGj j2þ �h4k20

m�
jj

� �2 pnzmin

dz

� �2

2
64

3
75
1=2

: ð3:128Þ

3.2.8 The EP from QB of HD Platinum Antimonide

The 0D dispersion relation may be written in this case following (2.119) as

nxp
dx

¼ V70ðE15QBHD; ny; nz; ggÞ ð3:129Þ

where E15QBHD is the totally quantized energy in this case.
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The total electron concentration can be written as

n0D ¼ gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g45HDð Þ ð3:130Þ

where g45HD � kBTð Þ�1 EF0DHD � E15QBHDð Þ:
Therefore the electron concentration per sub-band is given by

Dn0D ¼ gv
dxdydz

½F�1 g45HDð Þ� ð3:131Þ

The quantized energy along Z direction the EnzHD15 in this case is given by

T41ðnzpdz Þ
4 ¼ T51ðEnzHD15 ; ggÞð

nzp
dz

Þ2 þ T61ðEnzHD15 ; ggÞ ð3:132Þ

The expression of the total photo-emitted current density in this case is

J0D ¼ ea0gv
4

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Dn0Dð Þvz15 EnzHD15

� � ð3:133Þ

where ½vz15 EnzHD15

� �� ¼ ½4T41ðnzpdz Þ
3�2T51ðEnzHD15 ;ggÞð

nzp
dz
Þ�

�h ½T 0
51ðEnzHD15 ;ggÞð

nzp
dz
Þ2þT 0

61ðEnzHD15 ;ggÞ�
In the absence of band tailing the 0D dispersion relation in this case can be

written using (2.124) as

nxp
dx

¼ D71ðEQD17; ny; nzÞ ð3:134Þ

where EQD17 is the totally quantized energy in this case
The total electron concentration can be written as

n0D ¼ gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g50ð Þ ð3:135Þ

where g50 � kBTð Þ�1 EF0D � EQD17ð Þ
Therefore the electron concentration per sub-band is given by

Dn0D ¼ gv
dxdydz

½F�1 g50ð Þ� ð3:136Þ
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The quantized energy along Z direction the Enz in this case is given by

½Enz þ x2ðnzpdz Þ
2�½Enz � x4ðnzpdz Þ

2 þ d0� ¼ I1ðnzpdz Þ
4 ð3:137Þ

The expression of the total photo-emitted current density in this case is

J0D ¼ ea0gv
4

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Dn0Dð Þvz Enz

� � ð3:138Þ

where vz Enz

� � ¼ ½4I1ðnzpdz Þ
3þ2ðnzpdz Þx4ðEnzþx2ðnzpdz Þ

2Þ�2ðnzpdz Þx2ðEnzþd0�x4ðnzpdz Þ
2Þ�

�h½2Enzþd0þðx2�x4Þðnzpdz Þ
2� :

3.2.9 The EP from QB of HD Bismuth Telluride

The dispersion relation in this case can be written following (2.128b) as

nxp
dx

¼ J70ðE18QBHD; ny; nz; ggÞ ð3:139Þ

where E18QBHD is the totally quantized energy in this case.
The total electron concentration can be written as

n0D ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g48HDð Þ ð3:140Þ

where g48HD � kBTð Þ�1 EF0DHD � E18QBHDð Þ:
Therefore the electron concentration per sub-band is given by

Dn0D ¼ 2gv
dxdydz

½F�1 g48HDð Þ� ð3:141Þ

The quantized energy along Z direction the EnzHD20 in this case is given by

c2ðEnzHD20 ; ggÞ ¼ �x3ðnzpdz Þ
2 þ 2�x4ðnynzp

2

dydz
Þ ð3:142Þ

The expression of the total photo-emitted current density in this case is

J0D ¼ ea0gv
2

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Dn0Dð Þvz20 EnzHD20

� � ð3:143Þ

where ½vz20 EnzHD20

� �� ¼ 2
�h ½c02ðEnzHD20 ; ggÞ��1½x3ðnzpdz Þ þ x4ðnypdy Þ�
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The dispersion relation of the conduction electrons in Bi2Te3 in the absence of
doping can be written following (1.284) as

E 1þ aEð Þ ¼ �h2

2m0
a11k

2
x þ a22k

2
y þ a33k

2
z þ 2a23kykz

� �
ð3:144Þ

where a11; a22; a33 and a23 are spectrum constants.
The vz Enz

� �
is given by

vz Enz

� � ¼ p�ha33nz
dzm0 1þ 2aEnz

� � ð3:145Þ

in which Enz should be determined from the following equation

Enz 1þ aEnz

� � ¼ �h2

2m0
a33

pnz
dz

� �2
 !

ð3:146Þ

The totally quantized energy EQD33 can be written as

EQD33 1þ aEQD33ð Þ ¼ �h2

2m0
a11

nxp
dx

� �2

þa22
nyp
dy

� �2

þa33
nzp
dz

� �2

þ2a23
p2nynz
dydz

� �" #

ð3:147Þ

The hole concentration is given by

p0D ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

1þ exp g62ð Þ½ ��1 where g62 ¼
1

kBT
EF0D � EQD33½ �

ð3:148Þ

The photo-emitted current density assumes the form

J0D ¼ pa0egv�ha33
m0dxdyd2z

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

nz 1þ exp g62ð Þ½ ��1

1þ 2aEnz

� � ð3:149Þ

where nzmin
should be the nearest integer of the following equation

W � hvð Þ 1þ a W � hvð Þ½ � ¼ �h2a33
2m0

pnzmin
=dz½ �2: ð3:150Þ
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3.2.10 The EP from QB of HD Germinium

(a) Model of Cardona et al.
The dispersion relation in accordance with this model in the present case can
be written following (2.138) as

nxp
dx

¼ L70ðE20QBHD; ny; nz; ggÞ ð3:151Þ

where E20QBHD is the totally quantized energy in this case.
The total electron concentration can be written as

n0D ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g50HDð Þ ð3:152Þ

where g50HD � kBTð Þ�1 EF0DHD � E20QBHDð Þ:
Therefore the electron concentration per sub-band is given by

Dn0D ¼ 2gv
dxdydz

½F�1 g50HDð Þ� ð3:153Þ

The quantized energy along Z direction the EnzHD22 in this case is given by

0 ¼ c2ðEnzHD22 ; ggÞ þ a½ �h
2

2m�
k
ðnzp
dz

Þ2�2 � ½1þ 2c3ðEnzHD22 ; ggÞ�
�h2

2m�
k
ðnzp
dz

Þ2

ð3:154Þ

The expression of the total photo-emitted current density in this case is

J0D ¼ ea0gv
2

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Dn0Dð Þvz22 EnzHD22

� � ð3:155Þ

where ½vz22 EnzHD22

� �� ¼ ½1þac3ðEnzHD22 ;ggÞ�h
2

m�k
�aðnzpdz Þ

3ð�h2
m�k
Þ2�

�h½c02ðEnzHD22 ;ggÞ�ac03ðEnzHD22 ;ggÞð�h
2

m�k
Þðnzpdz Þ

2�

In the absence of doping the totally quantized energy EQD30 in this case can be
written as
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EQD30 ¼ �Eg0

2
þ �h2

2m�
k

pnz
dz

� �2

þ E2
g0

4
þ Eg0

�h2

2m�
?

� �
pnx
dx

� �2

þ pny
dy

� �2
( )" #1=2 ð3:156Þ

The mz Enz

� �
and Enz can be respectively written as

vz Enz

� � ¼ �h
m�

jj

pnz
dz

� �
ð3:157Þ

Enz ¼
�h2

2m�
jj

pnz
dz

� �2

ð3:158Þ

The electron concentration assumes the form

n0D ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g42ð Þ½ � ð3:159Þ

where, g42 ¼ 1
kBT

EF0D � EQD30½ � in which EQD30 is determined from (3.156).
The EP is given by

J0D ¼ a0p�hgve
dxdyd2z m

�
jj

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

nzF�1 g42ð Þ ð3:160Þ

where, nzmin
is the nearest integer of the following inequality

nzmin
� dz

p

ffiffiffiffiffiffiffiffi
2m�

k
q

�h
W � hmð Þ1=2: ð3:161Þ

(b) Model of Wang and Ressler
The dispersion relation in accordance with this model in the present case can
be written following (2.148) as

nxp
dx

¼ b70ðE24QBHD; ny; nz; ggÞ ð3:162Þ

where E24QBHD is the totally quantized energy in this case.
The total electron concentration can be written as

n0D ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g54HDð Þ ð3:163Þ

where g54HD � kBTð Þ�1 EF0DHD � E24QBHDð Þ:
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Therefore the electron concentration per sub-band is given by

Dn0D ¼ 2gv
dxdydz

½F�1 g54HDð Þ� ð3:164Þ

The quantized energy along Z direction the EnzHD24 in this case is given by

½�a8 � �a9ðnzpdz Þ
2 � �a10½ðnzpdz Þ

4 þ �a11ðnzpdz Þ
2 þ �a12ðEnzHD24 ; ggÞ�1=2� ¼ 0 ð3:165Þ

The expression of the total photo-emitted current density in this case is

J0D ¼ ea0gv
2

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Dn0Dð Þvz24 EnzHD24

� � ð3:166Þ

where

vz24 EnzHD24

� � ¼ 1
�h
½
½ð2ðnzpdz Þ�a9Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnzpdz Þ

4 þ �a11ðnzpdz Þ
2�a11ðEnzHD24 ; ggÞ

q
þ 2�a10ðnzpdz Þ

3 þ �a10�a11ðnzpdz Þ�
½�a8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnzpdz Þ

4 þ �a11ðnzpdz Þ
2�a11ðEnzHD24 ; ggÞ

q
þ �a10½�a12ðEnzHD24 ;ggÞ�0

2 �
�

In the absence of doping, the totally quantized energy EQD40 in this case is
given by

EQD40 ¼ �h2

2m�
jj

pnz
dz

� �2

þ �h2

2m�
?

pnx
dx

� �2

þ pny
dy

� �2
( )

� �c1
�h2

2m�
?

� �2
pnx
dx

� �2

þ pny
dy

� �2
( )2

� �d1
�h2

2m�
?

� �
pnx
dx

� �2

þ pny
dy

� �2
( )

�h2

2m�
jj

 !
pnz
dz

� �2

��e1 �h2

2m�
jj

 !2
pnz
dz

� �4

ð3:167Þ

The mz Enz

� �
and Enz can be respectively written as

vz Enz

� � ¼ �h
m�

jj

nzp
dz

� �
�Q11 Enz

� � ð3:168Þ

where, Q11 Enz

� � ¼ 1� �e1 �h2

m�
jj

� �2
pnz
dz

� �22
64

3
75

Enz ¼
�h2

2m�
jj

pnz
dz

� �2

��e1 �h2

2m�
jj

 !2
pnz
dz

� �4

ð3:169Þ
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The electron concentration assumes the form

n0D ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g50ð Þ½ � ð3:170Þ

where, g50 ¼ 1
kBT

EF0D � EQD40½ �
The photo-emitted current density is given by

J0D ¼ a0p�hgve
dxdyd2z m

�
k

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

�Q11 Enz

� �
F�1 g50ð Þ ð3:171Þ

where, nzmin
is the nearest integer of the following inequality

W � hmð Þ ¼ �h2

2m�
jj

pnzmin

dz

� �2

��e1 �h2

2m�
jj

 !2
pnzmin

dz

� �4

: ð3:172Þ

3.2.11 The EP from QB of HD Gallium Antimonide

The dispersion relation of the 0D electrons in this case can be written following
(2.158) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2ðnxpdx Þ
2

2mc
¼ I36ðE30QBHD; ggÞ ð3:173Þ

where E30QBHD is the totally quantized energy in this case.
The total electron concentration can be written as

n0D ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g60HDð Þ ð3:174Þ

where g60HD � kBTð Þ�1 EF0DHD � E30QBHDð Þ:
Therefore the electron concentration per sub-band is given by

Dn0D ¼ 2gv
dxdydz

½F�1 g60HDð Þ� ð3:175Þ
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The quantized energy along Z direction the EnzHD30 in this case is given by

�h2

2mc
ðnzp
dz

Þ2 ¼ I36ðEnzHD30 ; ggÞ ð3:176Þ

The expression of the total photo-emitted current density in this case is

J0D ¼ ea0gv
2

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

Dn0Dð Þvz30 EnzHD30

� � ð3:177Þ

where vz30 EnzHD30

� � ¼ �hnzp
dzmcI 036ðEnzHD30 ;ggÞ

In the absence of band tails, the (1.337) can be written as

E ¼ a9k
2 þ Eg1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a10k2

p
� 1

h i
ð3:178Þ

where a9 ¼ �h2

2m0
and a10 ¼ 2�h2ð Þ

Eg1ð Þ
� �

1
mc
� 1

m0

h i
.

From (3.178), we get

k2 ¼ E
a9

þ a11 � a12E þ a13½ �1=2 ð3:179Þ

where a11 ¼ E2
g1

8a29
a10 þ 4a9

Eg1

h i
, a12 ¼ E2

g1

a39

� �
, a13 ¼ E4

g1

64a49
a210 þ 10a29

E2
g1
� 8a9a10

Eg1

� �
.

The vzðEnzÞ in this case is given by

vz Enz

� � ¼ 1
�h
�Q19 Enz

� � ð3:180Þ

where �Q19 Enz

� � ¼ 2a9
pnz
dz

� �
þ Eg1

2 a10
pnz
dz

� �
1þ a10

pnz
dz

� �2� ��1=2
" #" #

in which Enz

should be determined from the following equation

Enz ¼
2nzp
dz

� �
a9 þ a10Eg1

4
1þ a10

pnz
dz

� �2
" #�1=2

2
4

3
5 ð3:181Þ
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The totally quantized energy EQD60 assumes the form

EQD60 ¼ a9
pnx
dx

� �2

þ pny
dy

� �2

þ pnz
dz

� �2
" #

þ Eg1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a10

pnx
dx

� �2

þ pny
dy

� �2

þ pnz
dz

� �2
" #vuut � 1

2
4

3
5 ð3:182Þ

The electron concentration is given by

n0D ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

F�1 g70ð Þ where g70 ¼ EF0D � EQD60ð Þ= kBTð Þ ð3:183Þ

The photo-emitted current density can be written as

J0D ¼ a0egv
�hdxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

�Q19 Enz

� �
F�1 g70ð Þ ð3:184Þ

where nzmin
should be determined from the following equation

W � hm ¼ a9
pnzmin

dz

� �2

þEg1

2
�1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a10

pnzmin

dz

� �2
s2

4
3
5: ð3:185Þ

3.3 Results and Discussion

Using the appropriate equations, we have plotted the normalized EP from QBs of
HD CdGeAs2 as a function of film thickness as shown in plot (a) of Fig. 3.1, where
the plot (b) indicates the case for d ¼ 0. The plots (c) and (d) represent the pho-
toemission in this case in accordance with three band models of Kane. In Figs. 3.2
and 3.3, the aforementioned variable has been plotted as functions of normalized
incident photon energy and normalized electron degeneracy respectively for all
cases of Fig. 3.1. In Fig. 3.4, the normalized EP from QBs of HD n-InSb has been
plotted as a function of dz in accordance with the (a) three band model of Kane, (b)
two band model of Kane, the models of (c) Stillman et al. and (d) Palik et al.
respectively. The plots (e–h) refer to QBs of HD GaAs in accordance with the said
models respectively in the same figure. In Figs. 3.5 and 3.6, the normalized EP for
all cases of Fig. 3.4 has been plotted as functions of normalized incident photon
energy and the normalized electron degeneracy respectively. The Fig. 3.7 exhibits
the normalized EP from QBs of HD CdS as a function of dz as shown in plot (a), in
which the plot (b) is valid for �k0 ¼ 0. The plot (c) in the same figure is valid for
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Fig. 3.1 Plot of the normalized EP from QBs of HD CdGeAs2 as a function of dz in accordance
with a generalized band model b d ¼ 0, c the three-band model of Kane and d the two band model
of Kane

Fig. 3.2 Plot of the normalized EP from QBs of HD CdGeAs2 as a function of normalized
incident photon energy for all the cases of Fig. 3.1
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Fig. 3.3 Plot of the normalized EP from QBs of HD CdGeAs2 as a function of normalized
electron degeneracy for all the cases of Fig. 3.1

Fig. 3.4 Plot of the normalized EP as a function of dz from QBs of HD n-InSb in accordance with
the a three band model of Kane, b two band model of Kane, c model of Stillman et al. and d model
of Palik et al. respectively. The plots e–h refer to QBs of HD GaAs in accordance with the said
models
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Fig. 3.5 Plot of the normalized EP from QBs of HD n-InSb and HD n-GaAs as a function of
normalized incident photon energy for all the cases of Fig. 3.4

Fig. 3.6 Plot of the normalized EP from QBs of HD n-InSb and HD n-GaAs as a function of
normalized electron degeneracy for all the cases of Fig. 3.4
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Fig. 3.7 Plot of the normalized EP from QBs of a HD CdS with �k0 6¼ 0, b �k0 ¼ 0 respectively and
c HD GaP as a function of dz

Fig. 3.8 Plot of the normalized EP from QBs of a HD CdS with �k0 6¼ 0, b �k0 ¼ 0 respectively and
c HD GaP as a function of normalized incident photon energy
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QBs of HD GaP respectively. In Figs. 3.8 and 3.9, the aforementioned variable has
been plotted as functions of normalized incident photon energy and normalized
electron degeneracy respectively for all cases of Fig. 3.7.

The Fig. 3.10 exhibits the plot of the normalized EP as a function of film
thickness from QBs of HD n-Ge in accordance with the models of (a) Cardona et al.
and (b) Wang et al. respectively. The curve (c) in the same figure refers to the EP
from QBs of HD Tellurium in accordance with the models of Bouat et al. The
curves (d) and (e) refer to Te for two different values of temperature. In Figs. 3.11
and 3.12, the normalized EP has been plotted as functions of normalized incident
photon energy and normalized electron degeneracy respectively for all cases of
Fig. 3.10. In Fig. 3.13, we have drawn the plots of the normalized EP as a function
of film thickness from HD QBs of (a) n-PtSb2 (b) zerogap materials, taking HgTe as
an example and (c) Pb1−xGexTe. In Figs. 3.14 and 3.15, the normalized EP in this
case has been plotted as functions of normalized incident photon energy and nor-
malized carrier degeneracy respectively for all cases of Fig. 3.13. In Fig. 3.16, we
have drawn the plots of the normalized EP as a function of film thickness from QBs
of HD GaSb in accordance with the model of Mathur et al. for three different values
of temperature respectively. The curve (d) in the same figure refers to the QBs of
HD stressed materials, where stressed n-InSb has been considered as an example. In
Figs. 3.17 and 3.18, the normalized EP in this case has been plotted as functions of

Fig. 3.9 Plot of the normalized EP from QBs of a HD CdS with �k0 6¼ 0, b �k0 ¼ 0 respectively and
c HD GaP as a function of normalized electron degeneracy
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Fig. 3.10 Plot of the normalized EP from HD QBs of a n-Ge in accordance with the model of
Cardona et al. b n-Ge in accordance with the model of Wang et al. as a function of film thickness
The curve c refers to the same plot for HD QBs of Tellurium in accordance with the model of
Bouat et al. The curves d and e exhibit the same dependence for Te for two different temperatures

Fig. 3.11 Plot of the normalized EP as a function of normalized incident photon energy for all the
cases of Fig. 3.10
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Fig. 3.12 Plot of the normalized EP as a function of normalized electron degeneracy for all the
cases of Fig. 3.10

Fig. 3.13 Plot of the normalized EP from HD QBs of a PtSb2, b HgTe and c Pb1−xGexTe as a
function of film thickness
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Fig. 3.14 Plot of the normalized EP from HD QBs of a PtSb2, b HgTe and c Pb1−xGexTe as a
function of normalized incident photon energy

Fig. 3.15 Plot of the normalized EP from HD QBs of a PtSb2, b HgTe and c Pb1−xGexTe as a
function of normalized carrier degeneracy
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Fig. 3.16 Plot of the normalized EP from HD QBs of GaSb in accordance with the model of
Mathur et al. for three different values of temperature as a function of film thickness. The plot
d refers to QBs of HD stressed InSb

Fig. 3.17 Plot of the normalized EP as a function of normalized incident photon energy for all the
cases of Fig. 3.16
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normalized incident photon energy and the normalized electron degeneracy
respectively for all cases of Fig. 3.16.

The Fig. 3.19 exhibits the plot of the normalized EP as a function of film
thickness from QBs of HD PbSe in accordance with the models of (a) Dimmock,
(b) the Cohen, (c) Bangert et al. and (d) the Lax respectively. In Figs. 3.20 and 3.21,
the same variable has been plotted as functions of normalized incident photon
energy and normalized electron degeneracy respectively for all cases of Fig. 3.19.
The Fig. 3.22 depicts the plot of the normalized EP as a function of film thickness
from QBs of IV-VI materials taking HD n-PbTe as an example in accordance with
the models of (a) Dimmock (b) Cohen, (c) Bangert et al. (d) Lax respectively.
Besides, the plot (e) of Fig. 3.22 exhibits the EP from QBs of II-V materials taking
HD CdSb as an example. In Figs. 3.23 and 3.24, the normalized EP in this case has
been plotted as functions of normalized incident photon energy and normalized
carrier degeneracy respectively for all cases of Fig. 3.22.

The Fig. 3.25 shows the plot of the normalized EP as a function of film thickness
from QBs of HD Bi2Te3 for two different temperatures respectively. In Figs. 3.26
and 3.27, the normalized EP in this case has been plotted as functions of normalized
incident photon energy and normalized carrier degeneracy respectively for all cases
of Fig. 3.25.

It appears from the Figs. 3.1, 3.4, 3.7, 3.10, 3.13, 3.16, 3.19, 3.22 and 3.25 that
the normalized EP increases with decreasing film thickness and exhibits spikes for
various values of dz which are totally band structure dependent. The Figs. 3.2, 3.5,
3.8, 3.11, 3.14, 3.17, 3.20, 3.23 and 3.26 exhibit the step-functional dependence of
the normalized EP from the HD QBs of different materials with the incident photon

Fig. 3.18 Plot of the normalized EP as a function of normalized electron degeneracy for all the
cases of Fig. 3.16
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Fig. 3.19 Plot of the normalized EP as a function of film thickness from QBs of HD PbSe in
accordance with the models of a Dimmock and b the Cohen, c Bangert et al. and d the Lax
respectively

Fig. 3.20 Plot of the normalized EP as a function of normalized incident photon energy for all the
cases of Fig. 3.19
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Fig. 3.21 Plot of the normalized EP as a function of normalized electron degeneracy for all the
cases of Fig. 3.19

Fig. 3.22 Plot of the normalized EP from QBs of HD PbTe in accordance with the models of
a Dimmock, b Cohen, c Bangert et al. and d Lax respectively as a function of film thickness. The
plot e refers to QBs of HD CdSb
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Fig. 3.23 Plot of the normalized EP as a function of normalized incident photon energy for all the
cases of Fig. 3.22

Fig. 3.24 Plot of the normalized EP as a function of normalized carrier degeneracy for all the
cases Fig. 3.22
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Fig. 3.25 Plot of the normalized EP from QBs of HD Bi2Te3 for two different temperatures as a
function of film thickness

Fig. 3.26 Plot of the normalized EP from QBs of HD Bi2Te3 for two different temperatures as a
function of normalized incident photon energy
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energy. It is apparent from the Figs. 3.3, 3.6, 3.9, 3.12, 3.15, 3.18, 3.21, 3.24 and
3.27 that the normalized EP from the HD QBs of various materials increases with
increasing normalized carrier degeneracy and exhibits spikes for different values of
carrier concentration which are again band structure dependent. It may be noted that
the HD QBs lead to the discrete energy levels, somewhat like atomic energy levels,
which produce very large changes. This follows from the inherent nature of the
quantum confinement of the carrier gas dealt with here. In QBs, there remain no
free carrier states in between any two allowed sets of size-quantized levels unlike
that found for QWs and NWs where the quantum confinements are 1D and 2D,
respectively. Consequently, the crossing of the Fermi level by the size-quantized
levels in HD QBs would have much greater impact on the redistribution of the
carriers among the allowed levels, as compared to that found for QWs and NWs
respectively. Although the EP varies in various manners with all the variables in all
the limiting cases as evident from all the figures, the rates of variations are totally
band-structure dependent. The quantum signature of HD QBs for the EP is rather
prominent as compared to the same from QWs and NWs.

The photoemission from HD QWs, NWs and QBs will further be investigated in
details in Chaps. 1 and 2 and this chapter in the presence of external photo-
excitation with the realization that it is the band structure which changes in a
fundamental way and consequently alters the photoemission together with the fact
that in general all the physical properties of all the electronic materials changes
radically leading to new physical concepts.

Fig. 3.27 Plot of the normalized EP from QBs of HD Bi2Te3 for two different temperatures as a
function of normalized carrier degeneracy
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3.4 Open Research Problems

(R:3:1) Investigate the EP for bulk specimens of the HDS under non uniform
strain in the presences of Gaussian, exponential, Kane, Halperian, Lax
and Bonch-Burevich types of band tails for all systems whose unper-
turbed carrier energy spectra are defined in R.1.1.

(R:3:2) Investigate the EP for QBs of all the HD semiconductors as considered
in R.3.1.

(R:3:3) Investigate the EP in the presence of non uniform strain for HD bulk
specimens of the negative refractive index, organic, magnetic and other
advanced optical materials in the presence of an arbitrarily oriented
alternating electric field.

(R:3:4) Investigate the EP for the QBs of HD negative refractive index, organic,
magnetic and other advanced optical materials in the presence of an
arbitrarily oriented alternating electric field.

(R:3:5) Investigate the EP for the multiple QBs of HD materials whose unper-
turbed carrier energy spectra are defined in R.1.1.

(R:3:6) Investigate the EP for all the appropriate HD zero dimensional systems
of this chapter in the presence of finite potential wells.

(R:3:7) Investigate the EP for all the appropriate HD zero dimensional systems
of this chapter in the presence of parabolic potential wells.

(R:3:8) Investigate the EP for all the appropriate HD totally quantized systems of
this chapter forming quantum rings.

(R:3:9) Investigate the EP for all the above appropriate problems in the presence
of elliptical Hill and quantum square rings in the presence of strain.

(R:3:10) Investigate the EP for parabolic cylindrical HD low dimensional systems
in the presence of an arbitrarily oriented alternating electric field for all
the HD materials whose unperturbed carrier energy spectra are defined in
R.1.1 in the presence of strain.

(R:3:11) Investigate the EP for HD zero dimensional systems of the negative
refractive index and other advanced optical materials in the presence of
an arbitrarily oriented alternating electric field and non-uniform light
waves and in the presence of strain.

(R:3:12) Investigate the EP for triangular HD zero dimensional systems of the
negative refractive index, organic, magnetic and other advanced optical
materials in the presence of an arbitrarily oriented alternating electric
field in the presence of strain.

(R:3:13) Investigate the EP for all the problems of (R.3.12) in the presence of
arbitrarily oriented magnetic field.

(R:3:14) Investigate the EP for all the problems of (R.3.12) in the presence of
alternating electric field.

(R:3:15) Investigate the EP for all the problems of (R.3.12) in the presence of
alternating magnetic field.

(R:3:16) Investigate the EP for all the problems of (R.3.14) in the presence of
crossed electric field and quantizing magnetic fields.
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(R:3:17) Investigate the EP for all the problems of (R.1.14) in the presence of
crossed alternating electric field and alternating quantizing magnetic
fields.

(R:3:18) Investigate the EP for HD QBs of the negative refractive index, organic
and magnetic materials.

(R:3:19) Investigate the EP for HD QBs of the negative refractive index, organic
and magnetic materials in the presence of alternating time dependent
magnetic field.

(R:3:20) Investigate the EP for HD QBs of the negative refractive index, organic
and magnetic materials in the presence of in the presence of crossed
alternating electric field and alternating quantizing magnetic fields.

(R:3:21) (a) Investigate the EP for HD QBs of the negative refractive index,
organic, magnetic and other advanced optical materials in the presence
of an arbitrarily oriented alternating electric field considering many body
effects.
(b) Investigate all the appropriate problems of this chapter for a Dirac
electron.

(R:3:22) Investigate all the appropriate problems of this chapter by including the
many body, image force, broadening and hot carrier effects respectively.

(R:3:23) Investigate all the appropriate problems of this chapter by removing all
the mathematical approximations and establishing the respective
appropriate uniqueness conditions.
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Chapter 4
The EP from Heavily Doped (HD)
Quantized Superlattices

4.1 Introduction

In recent years, modern fabrication techniques have generated altogether a new
dimension in the arena of quantum effect devices through the experimental reali-
zation of an important artificial structure known as semiconductor superlattice (SL)
by growing two similar but different semiconducting compounds in alternate layers
with finite thicknesses [1–33]. The materials forming the alternate layers have the
same kind of band structure but different energy gaps. The concept of SL was
developed for the first time by Keldysh [34–38] SL and was successfully fabricated
by Esaki and Tsu [34–38]. The SLs are being extensively used in thermal sensors
[39, 40], quantum cascade lasers [41–43], photodetectors [44, 45], light emitting
diodes [46–49], multiplication [50], frequency multiplication [51], photocathodes
[52, 53], thin film transistor [54], solar cells [55, 56], infrared imaging [57], thermal
imaging [58, 59], infrared sensing [60] and also in other microelectronic devices.

The most extensively studied III-V SL is the one consisting of alternate layers of
GaAs and Ga1−xAlxAs owing to the relative easiness of fabrication. The GaAs and
Ga1−xAlxAs layers form the quantum wells and the potential barriers respectively.
The III-V SL’s are attractive for the realization of high speed electronic and opto-
electronic devices [61]. In addition to SLs with usual structure, other types of SLs
such as II-VI [62], IV-VI [63] and HgTe/CdTe [64] SL’s have also been investigated
in the literature. The IV-VI SLs exhibit quite different properties as compared to the
III-V SL due to the specific band structure of the constituent materials [65]. The
epitaxial growth of II-VI SL is a relatively recent development and the primary
motivation for studying the mentioned SLs made of materials with the large band
gap is in their potential for optoelectronic operation in the blue [65]. HgTe/CdTe
SL’s have raised a great deal of attention since 1979, when as a promising new
materials for long wavelength infrared detectors and other electro-optical applica-
tions [66]. Interest in Hg-based SL’s has been further increased as new properties
with potential device applications were revealed [66, 67]. These features arise from
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the unique zero band gap material HgTe [68] and the direct band gap semiconductor
CdTe which can be described by the three band mode of Kane [69]. The combination
of the aforementioned materials with specified dispersion relation makes HgTe/
CdTe SL very attractive, especially because of the tailoring of the material properties
for various applications by varying the energy band constants of the SLs.

We note that all the aforementioned SLs have been proposed with the
assumption that the interfaces between the layers are sharply defined, of zero
thickness, i.e., devoid of any interface effects. The SL potential distribution may be
then considered as a one dimensional array of rectangular potential wells. The
aforementioned advanced experimental techniques may produce SLs with physical
interfaces between the two materials crystallographically abrupt; adjoining their
interface will change at least on an atomic scale. As the potential form changes from
a well (barrier) to a barrier (well), an intermediate potential region exists for the
electrons [70]. The influence of finite thickness of the interfaces on the electron
dispersion law is very important, since; the electron energy spectrum governs the
electron transport in SLs. In addition to it, for effective mass SLs, the electronic
subbands appear continually in real space [71].

In this chapter, the magneto EP from III-V, II-VI, IV-VI, HgTe/CdTe and
strained layer quantum well heavily doped superlattices (QWHDSLs) with graded
interfaces has been studied in Sects. 4.2.1–4.2.5. From Sects. 4.2.6–4.2.10, the
magneto EP from III-V, II-VI, IV-VI, HgTe/CdTe and strained layer quantum well
heavily doped effective mass superlattices respectively has been presented. In
Sects. 4.2.11–4.2.20, the same from the quantum dots of the aforementioned
heavily doped SLs has been investigated. Section 4.3 contains the result and dis-
cussions pertinent to this chapter. The last Sect. 4.4 presents open research
problems.

4.2 Theoretical Background

4.2.1 The Magneto EP from III-V Quantum Well HD
Superlattices with Graded Interfaces

The electron dispersion law in bulk specimens of the heavily doped constituent
materials of III-V SLs whose un-doped energy band structures are defined by three
band model of Kane can be expressed as

�h2k2

2m�
cj
¼ T1jðE;Dj;Egj; ggjÞ þ iT2jðE;Dj;Egj; ggjÞ ð4:1Þ
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where

j = 1,2, TijðE;Dj;Egj; ggiÞ ¼ ð2=ð1þ Erf ðE=ggiÞÞ½ðajbj=cjÞ � h0ðE; ggjÞ
þ ½ðajcj þ bjcj � ajbjÞ=c2j � � c0ðE; ggjÞ

þ ½ð1=cjÞð1� ðaj=cjÞÞð1� ðbj=cjÞÞ 12 ½1þ Erf ðE=ggjÞ�
� ð1=cjÞð1� ðaj=cjÞÞð1� bj=cjÞÞð2=ðcjggj

ffiffiffi
p

p Þ expð�u2j Þ

½
X1
p¼1

ðexpð�p2=4Þ=pÞ sinhðpujÞ��;

bj � ðEgj þ DjÞ�1; cj � ðEgj þ 2
3
DjÞ�1; uj � 1þ cjE

cjggj
and

T2jðE;Dj;Egj; ggjÞ �
2

1þ Erf ðE=ggj

 !
1
cj

1� aj
cj

� �
1� bj

cj

� � ffiffiffi
p

p
cjggj

expð�u2j Þ:

Therefore, the dispersion law of the electrons of heavily doped quantum well
III-V SLs with graded interfaces can be expressed as [71]

k2z ¼ G8 þ iH8 ð4:2Þ

where G8 ¼ C2
7�D2

7
L20

� k2s
h i

;C7 ¼ cos�1ðx7Þ; x7 ¼ ð2Þ�1
2 ½ð1� G2

7 � H2
7Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� G2

7 � H2
7Þ2 þ 4G2

7

q
�12
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s
þ 1
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s
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C40ðE; kx; ky; gg1Þ ¼ ½1� P1ðE; gg1Þk2x � Q1ðE; gg1Þk2y �1=2½S1ðE; gg1Þ��1=2

D40ðE; kx; ky; gg2Þ ¼ ½1� P2ðE; gg2Þk2x � Q2ðE; gg2Þk2y �1=2½S2ðE; gg2Þ��1=2

G7 ¼ ½G1 þ ðq5G2=2Þ � ðq6H2=2Þ þ D0=2Þfq6H2 � q8H3 þ q9H4 � q10H4

þ q11H5 � q12H5 þ ð1=12Þðq12G6 � q14H6Þg�;
G1 ¼ ½ðcosðh1ÞÞðcoshðh2ÞÞðcoshðg1ÞÞðcosðg2ÞÞ

þ ðsinðh1ÞÞðsinhðh2ÞÞðsinhðg1ÞÞðsinðg2ÞÞ�; h1 ¼ e1ðb0 � D0Þ; e1 ¼ 2
�1
2 ð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
t21 þ t22

q
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1
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t1 ¼ ½ð2m�
c1=�h

2Þ � T11ðE;Eg1;D1; gg1Þ � k2s �; t2 ¼ ½ð2m�
c1=�h

2Þ T21ðE;Eg1;D1; gg1Þ�;
h2 ¼ e2ðb0 � D0Þ; e2 ¼ 2

�1
2 ð
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q6 ¼ ðq23 þ q24Þ�1½q1q4 þ q2q3�;

H2 ¼ ½ðsinðh1ÞÞðcoshðh2ÞÞðsinðg2ÞÞðcoshðg1ÞÞ � ðcosðh1ÞÞðsinhðh2ÞÞðsinhðg1ÞÞðcosðg2ÞÞ�;
q7 ¼ ½ðe21 þ e22Þ�1½e1ðd21 � d22Þ � 2d1d2e2� � 3e1�;
G3 ¼ ½ðsinðh1ÞÞðcoshðh2ÞÞðsinðg1ÞÞðcosðg2ÞÞ þ ðcosðh1ÞÞðsinhðh2ÞÞðsinhðg1ÞÞðsinðg2ÞÞ�;
q8 ¼ ½ðe21 þ e22Þ�1½e1ðd21 � d22Þ þ 2d1d2e2� þ 3e1�;

H3 ¼ ½ðsinðh1ÞÞðcoshðh2ÞÞðsinðg2ÞÞðsinhðg1ÞÞ � ðcosðh1ÞÞðsinhðh2ÞÞðcoshðg1ÞÞðcosðg2ÞÞ�;
q9 ¼ ½ðd21 þ d22Þ�1½d1ðe22 � e21Þ þ 2e2d2e1� þ 3d1�;
G4 ¼ ½ðcosðh1ÞÞðcoshðh2ÞÞðcosðg2ÞÞðsinðg1ÞÞ � ðsinðh1ÞÞðsinhðh2ÞÞðcoshðg1ÞÞðsinðg2ÞÞ�;
q10 ¼ ½�ðd21 þ d22Þ�1½d2ð�e22 þ e21Þ þ 2e2d2e1� þ 3d2�;

H4 ¼ ½ðcosðh1ÞÞðcoshðh2ÞÞðcoshðg1ÞÞðsinðg2ÞÞ þ ðsinðh1ÞÞðsinhðh2ÞÞðsinhðg1ÞÞðcosðg2ÞÞ�;
q11 ¼ 2½d21 þ e22 � d22 � e21�;
G5 ¼ ½ðcosðh1ÞÞðcoshðh2ÞÞðcosðg2ÞÞðcoshðg1ÞÞ � ðsinðh1ÞÞðsinhðh2ÞÞðsinhðg1ÞÞðsinðg2ÞÞ�;
q12 ¼ 4½d1d2 þ e1e2�;
H5 ¼ ½ðcosðh1ÞÞðcoshðh2ÞÞðsinhðg1ÞÞðsinðg2ÞÞ þ ðsinðh1ÞÞðsinhðh2ÞÞðcoshðg1ÞÞðcosðg2ÞÞ�;
q13 ¼ ½f5ðd1e31 � 3e1e22d1Þ þ 5d2ðe31 � 3e21e2Þgðd21 þ d22Þ�1 þ ðe21 þ e22Þ�1f5ðe1d31 � 3d2e21d1Þ

þ 5ðd32e2 � 3d21d2e2Þg � 34ðd1e1 þ d2e2Þ�;
G6 ¼ ½ðsinhðh1ÞÞðcoshðh2ÞÞðsinhðg1ÞÞðcosðg2ÞÞ þ ðcosðh1ÞÞðsinhðh2ÞÞðcoshðg1ÞÞðsinðg2ÞÞ�;
q14 ¼ ½f5ðd1e32 � 3e1e21d1Þ þ 5d2ð�e31 þ 3e22e1Þgðd21 þ d22Þ�1 þ ðe21 þ e22Þ�1f5ð�e1d32 þ 3d21d2e1Þ

þ 5ð�d31e2 þ 3d22d1e2Þg þ 34ðd1e2 þ d2e1Þ�;

H6 ¼ ½ðsinðh1ÞÞðcoshðh2ÞÞðcoshðg1ÞÞðsinðg2ÞÞ � ðcosðh1ÞÞðsinhðh2ÞÞðsinhðg1ÞÞðcosðg2ÞÞ�;
H7 ¼ ½H1 þ ðq5H2=2Þ þ ðq6G2=2Þ þ ðD0=2Þfq8G3 þ q7H3 þ q10G4 þ q9H4

þ q12G5 þ q11H5 þ ð1=12Þðq14G6 þ q13H6Þg�;
H1 ¼ ½ðsinðh1ÞÞðsinhðh2ÞÞðcoshðg1ÞÞðcosðg2ÞÞ þ ðcosðh1ÞÞðcoshðh2ÞÞðsinhðg1ÞÞðsinðg2ÞÞ�;
D7 ¼ sinh�1ðx7Þ;H8 ¼ ð2C7D7=L

2
0Þ

244 4 The EP from Heavily Doped (HD) Quantized Superlattices



The simplified dispersion relation of heavily doped quantum well III-V super-
lattices with graded interfaces under magnetic quantization can be expressed as

k2z ¼ G8E;n þ iH8E;n ð4:3Þ

where
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H2E;n ¼½ðsinðh1E;nÞÞðcoshðh2E;nÞÞðsinðg2E;nÞÞðcosðg1E;nÞÞ
� ðcosðh1E;nÞÞðsinhðh2E;nÞÞðsinhðg1E;nÞÞðcosðg2E;nÞÞ�;

q7E;n ¼ðe21E;n þ e22E;nÞ�1½e1E;nðd21E;n � d22E;nÞ � 2d1E;nd2E;ne2E;n� � 3e1E;n�;

G3E;n ¼ ½ðsinðh1E;nÞÞðcoshðh2E;nÞÞðcoshðg1E;nÞÞðcosðg2E;nÞÞ
þ ðcosðh1E;nÞÞðsinhðh2E;nÞÞðsinhðg1E;nÞÞðsinðg2E;nÞÞ�;

q8E;n ¼ ðe21E;n þ e22E;nÞ�1½e2E;nðd21E;n � d22E;nÞ þ 2d1E;nd2E;ne1E;n� þ 3e2E;n�;
H3E;n ¼ ½ðsinðh1E;nÞÞðcoshðh2E;nÞÞðsinðg2E;nÞÞðsinhðg1E;nÞÞ

� ðcosðh1E;nÞÞðsinhðh2E;nÞÞðcoshðg1E;nÞÞðcosðg2E;nÞÞ�;
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G4E;n ¼ ½ðcosðh1E;nÞÞðcoshðh2E;nÞÞðcosðg2E;nÞÞðsinhðg1E;nÞÞ

� ðsinðh1E;nÞÞðsinhðh2E;nÞÞðcoshðg1E;nÞÞðsinðg2E;nÞÞ�;
q10E;n ¼ ð�d21E;n þ d22E;nÞ�1½d2E;nð�e22E;n þ e21E;nÞ þ 2e2E;nd2E;ne1E;n� þ 3d2E;n�;
H4E;n ¼ ½ðcosðh1E;nÞÞðcoshðh2E;nÞÞðcoshðg1E;nÞÞðsinðg2E;nÞÞ

þ ðsinðh1E;nÞÞðsinhðh2E;nÞÞðsinhðg1E;nÞÞðcosðg2E;nÞÞ�;
q11E;n ¼ 2½d21E;n þ e22E;n � d22E;n � e21E;n�;
G5E;n ¼ ½ðcosðh1E;nÞÞðcoshðh2E;nÞÞðcosðg2E;nÞÞðcoshðg1E;nÞÞ

� ðsinðh1E;nÞÞðsinhðh2E;nÞÞðsinhðg1E;nÞÞðsinðg2E;nÞÞ�;
q12E;n ¼ 4½d1E;nd2E;n þ e1E;ne2E;n�;

H5E;n ¼ ½ðcosðh1E;nÞÞðcoshðh2E;nÞÞðsinhðg1E;nÞÞðsinðg2E;nÞÞ
þ ðsinðh1E;nÞÞðsinhðh2E;nÞÞðcoshðg1ÞÞðcosðg2ÞÞ�;

q13E;n ¼ ½f5ðd1E;ne31E;n � 3e1E;ne22E;nd1E;nÞ
þ 5d2E;nðe21E;n � 3e21E;ne2E;nÞgðd21E;n þ d22E;nÞ�1

þ ðe21E;n þ e22E;nÞ�1f5ðe1E;nd31E;n � 3d2E;ne21E;nd1E;nÞ
þ 5ðd32E;ne2E;n � 3d21E;nd2E;ne2E;nÞg � 34ðd1E;ne1E;n þ d2E;ne2E;nÞ�;

G6E;n ¼ ½ðsinðh1E;nÞÞðcoshðh2E;nÞÞðsinhðg1E;nÞÞðcosðg2E;nÞÞ
þ ðcosðh1E;nÞÞðsinhðh2E;nÞÞðcoshðg1ÞÞðsinðg2ÞÞ�;

q14E;n ¼ ½f5ðd1E;ne32E;n � 3e2E;ne21E;nd1E;nÞ
þ 5d2E;nð�e31E;n þ 3e22E;ne1E;nÞgðd21E;n þ d22E;nÞ�1;

þ ðe21E;n þ e22E;nÞ�1f5ð�e1E;nd
3
2E;n þ 3d21E;nd2E;ne1E;nÞ

þ 5ð�d31E;ne2E;n þ 3d22E;nd1E;ne2E;nÞg
þ 34ðd1E;ne2E;n � d2E;ne1E;nÞ�;
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H6E;n ¼ ½ðsinðh1E;nÞÞðcoshðh2E;nÞÞðcoshðg1E;nÞÞðsinðg2E;nÞÞ
� ðcosðh1E;nÞÞðsinhðh2E;nÞÞðsinhðg1E;nÞÞðcosðg2E;nÞÞ�;

H7E;n ¼ ½H1E;n þ ðq5E;nH2E;n=2Þ þ ðq6E;nG2E;n=2Þ
þ ðD0=2Þfq8E;nG3E;n þ q7E;nH3E;n þ q10E;nG4E;n þ q9E;nH4E;n

þ q12E;nG5E;n þ q11E;nH5E;n þ ð1=12Þðq14E;nG6E;n þ q13E;nH6E;nÞg�;
H1E;n ¼ ½ðsinðh1E;nÞÞðsinhðh2E;nÞÞðcoshðg1E;nÞÞðcosðg2E;nÞÞ

þ ðcosðh1E;nÞÞðcoshðh2E;nÞÞðsinhðg1E;nÞÞðsinðg2E;nÞÞ�;
D7E;n ¼ sinh�1ðx7E;nÞ; H8E;n ¼ ð2C7E;nD7E;n=L

2
0Þ

The dispersion relation in heavily doped quantum well III-V superlattices under
magnetic quantization assumes the form

ðnzp
dz

Þ2 ¼ G8E41;n þ iH8E41;n ð4:4Þ

where E41;n is the totally quantized energy in this case.
The electron concentration in this case is given by

n0SL ¼ eBgv
p�h

Real part of
Xnmax

n¼0

Xnzmax

nz¼1

F�1ðg41Þ ð4:5Þ

where g41 ¼ ðkBTÞ�1ðEFSL � E41;nÞ and EFSL is the Fermi energy in this case.
The EP in this case(JSL) is given by

JSL ¼ a0e2Bgv
2p�hdz

Real part of
Xnmax

n¼0

Xnzmax

nzmin

F�1ðg41Þvz1ðEnzSL1Þ ð4:6aÞ

where

vz1ðEnzSL1Þ ¼ 2pnz
�hdzðG0

8 þ iH0
8Þ
��
kx¼0;ky¼0;kz¼nzp

dz
and E¼EnzSL1

ð4:6bÞ

EnzSL1 is the quantized energy along z direction and is obtained by substituting
kx ¼ 0; ky ¼ 0; kz ¼ nzp

dz
and E ¼ EnzSL1 in (4.2) and the primes denote the differ-

entiation with respect to energy.

4.2 Theoretical Background 247



4.2.2 The Magneto EP from II-VI Quantum Well HD
Superlattices with Graded Interfaces

The electron energy spectra of the heavily doped constituent materials of II-VI SLs
are given by

c3ðE; gg1Þ ¼
�h2k2s
2m�

?;1
þ �h2k2z
2m�

k;1
� C0ks ð4:7Þ

and

�h2k2

2m�
c2
¼ T12ðE;D2;Eg2; gg2Þ þ iT22ðE;D2;Eg2; gg2Þ ð4:8Þ

where m�
?;1 and m�

jj;1 are the transverse and longitudinal effective electron masses

respectively at the edge of the conduction band for the first material. The energy-
wave vector dispersion relation of the conduction electrons in heavily doped
quantum well II-VI SLs with graded interfaces can be expressed as

k2z ¼ G19 þ iH19 ð4:9Þ

where

G19 ¼ C2
18 � D2

18

L20
� k2s

� 	
;

C18 ¼ cos�1ðx18Þ;x18 ¼ ð2Þ�1
2 ½ð1� G2

18 � H2
18Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� G2

18 � H2
18Þ2 þ 4G2

18

q
�12;

G18 ¼ 1
2
½G11 þ G12 þ D0ðG13 þ G14Þ þ D0ðG15 þ G16Þ�;

G11 ¼ 2ðcosðg1ÞÞðcosðg2ÞÞðcos c11ðE; ksÞÞ

c11ðE; ksÞ ¼ k21ðE; ksÞðb0 � DÞ; k21ðE; ksÞ ¼ f½c3ðE; gg1Þ �
�h2k2s
2m�

?;1
� C0ks�

2m�
k;1

�h2
g1=2;

G12 ¼ ð½X1ðE; ksÞðsinh g1Þðcos g2Þ � X2ðE; ksÞðsin g2Þðcosh g1Þ�ðsin c11ðE; ksÞÞÞ

X1ðE; ksÞ ¼ ½ d1
k21ðE; ksÞ �

k21ðE; ksÞd1
d21 þ d22

� and X2ðE; ksÞ ¼ ½ d
k21ðE; ksÞ þ

k21ðE; ksÞd2
d21 þ d22

�

G13 ¼ ð½X3ðE; ksÞðcosh g1Þðcos g2Þ � X4ðE; ksÞðsinh g1Þðsin g2Þ�ðsin c11ðE; ksÞÞÞ

X3ðE; ksÞ ¼ ½ d
2
1 � d12

k21ðE; ksÞ � 3k21ðE; ksÞ�;X4ðE; ksÞ ¼ ½ 2d1d2
k21ðE; ksÞ�
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G14 ¼ ð½X5ðE; ksÞðsinh g1Þðcos g2Þ � X6ðE; ksÞðsin g1Þðcosh g2Þ�ðcos c11ðE; ksÞÞÞ:
X5ðE; k5Þ ¼ ½3d1 � d1

d21 þ d22
k221ðE; ksÞ�;X6ðE; ksÞ ¼ ½3d2 þ d2

d21 þ d22
k221ðE; ksÞ�

G15 ¼ ð½X9ðE; ksÞðcosh g1Þðcos g2Þ � X10ðE; ksÞðsinh g1Þðsin g2Þ�ðcos c11ðE; ksÞÞÞ
X9ðE; k5Þ ¼ ½2d21 � 2d22 � k221ðE; ksÞ�;X10ðE; ksÞ ¼ ½2d1d2�

G16 ¼ ð½X7ðE; ksÞðsinh g1Þðcos g2Þ � X8ðE; ksÞðsin g1Þðcosh g2Þ�ðsin c11ðE; ksÞ=12ÞÞ;

X7ðE; ksÞ ¼ ½ 5d1
d21 þ d22

k321ðE; ksÞ þ
5ðd31 � 3d22d1Þ
k21ðE; ksÞ � 34k21ðE; ksÞd1�;

X8ðE; ksÞ ¼ ½ 5d2
d21 þ d22

k321ðE; ksÞ þ
5ðd32 � 3d22d1
k21ðE; ksÞ þ 34k21ðE; ksÞd2�;

H18 ¼ 1
2
½H11 þ H12 þ D0ðH13 þ H14Þ þ D0ðH15 þ H16Þ�;

H11 ¼ 2ðsinh g1 sin g2 cos c11ðE; ksÞÞ;
H12 ¼ ð½X2ðE; ksÞðsinh g1Þðcos g2Þ þ X1ðE; ksÞðsin g2Þðcosh g1Þ�ðsin c11ðE; ksÞÞÞ;
H13 ¼ ð½X4ðE; ksÞðcosh g1Þðcos g2Þ þ X3ðE; ksÞðsinh g1Þðsin g2Þ�ðsin c11ðE; ksÞÞÞ;
H14 ¼ ð½X6ðE; ksÞðsinh g1Þðcos g2Þ þ X5ðE; ksÞðsin g1Þðcosh g2Þ�ðcos c11ðE; ksÞÞÞ;
H15 ¼ ð½X10ðE; ksÞðcosh g1Þðcos g2Þ þ X9ðE; ksÞðsinh g1Þðsin g2Þ�ðcos c11ðE; ksÞÞÞ;
H16 ¼ ð½X8ðE; ksÞðsinh g1Þðcos g2Þ þ X7ðE; ksÞðsin g1Þðcosh g2Þ�ðsin c11ðE; ksÞ=12ÞÞ;

H19 ¼ 2C18D18

L20

� 	
and D18 ¼ sinh�1ðx18Þ

The simplified dispersion relation in heavily doped quantum well II-VI super-
lattices with graded interfaces under magnetic quantization can be expressed as

k2z ¼ G19E;n þ iH19E;n ð4:10Þ

where G19E;n ¼
C2
18E;n � D2

18E;n

L20
� ð2eB

�h
nþ 1

2

� �
Þ

" #
;

C18E;n ¼ cos�1ðx18E;nÞ;x18E;n ¼ ð2Þ�1
2 ½ð1� G2

18E;n � H2
18E;nÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� G2

18E;n � H2
18E;nÞ2 þ 4G2

180D

q
�12;

G18E;n ¼ 1
2
½G11E;n þ G12E;n þ D0ðG13E;n þ G14E;nÞ þ D0ðG15E;n þ G16E;nÞ�;

G11E;n ¼ 2ðcosðg1E;nÞÞðcosðg2E;nÞÞðcos c11ðE; nÞÞ; c11ðE; nÞ ¼ k21ðE; nÞðb0 � D0Þ;

k21ðE; nÞ ¼ f½c3ðE; gg1Þ �
�h2

2m�
?;1

2eB
�h

nþ 1
2

� �� �
� C0

2eB
�h

nþ 1
2

� �� �1=2

�
2m�

jj;1
�h2

g1=2;
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G12E;n ¼ð½X1ðE; nÞðsinh g1E;nÞðcos g2E;nÞ
� X2ðE; nÞðsin g2E;nÞðcosh g1E;nÞ�ðsin c11ðE; nÞÞÞ

X1ðE; nÞ ¼½ d1E;n
k21ðE; nÞ �

k21ðE; nÞd1E;n
d21E;n þ d22E;n

�;

X2ðE; nÞ ¼½ d2E;n
k21ðE; nÞ þ

k21ðE; nÞd2E;n
d21E;n þ d22E;n

�;

G13E;n ¼ð½X3ðE; nÞðcosh g1E;nÞðcos g2E;nÞ
� X4ðE; nÞðsinh g1E;nÞðsin g2E;nÞ�ðsin c11ðE; nÞÞÞ

X3ðE; nÞ ¼ ½d
2
1E;n � d12E;n
k21ðE; nÞ � 3k21ðE; nÞ�; X4ðE; nÞ ¼ ½2d1E;nd2E;n

k21ðE; nÞ �

G14E;n ¼ð½X5ðE; nÞðsinh g1E;nÞðcos g2E;nÞ
� X6ðE; nÞðsin g1E;nÞðcosh g2E;nÞ�ðcos c11ðE; nÞÞÞ:

X5ðE; nÞ ¼ ½3d1E;n � d1E;n
d21E;n þ d22E;n

k221ðE; nÞ�;

X6ðE; nÞ ¼ ½3d2E;n þ d2E;n
d21E;n þ d22E;n

k221ðE; nÞ�

G15E;n ¼ð½X9ðE; nÞðcosh g1E;nÞðcos g2E;nÞ
� X10ðE; nÞðsinh g1E;nÞðsin g2E;nÞ�ðcos c11ðE; nÞÞÞ

X9ðE; nÞ ¼ ½2d21E;n � 2d22E;n � k221ðE; nÞ�; X10ðE; nÞ ¼ ½2d1E;nd2E;n�

G16E;n ¼ð½X7ðE; nÞðsinh g1E;nÞðcos g2E;nÞ
� X8ðE; nÞðsin g1E;nÞðcosh g2E;nÞ�ðsin c11ðE; nÞ=12ÞÞ;

X7ðE; nÞ ¼ ½ 5d1E;n
d21E;n þ d22E;n

k321ðE; nÞ þ
5ðd31E;n � 3d22E;nd1E;nÞ

k21ðE; nÞ � 34k21ðE; nÞd1E;n�;

X8ðE; nÞ ¼ ½ 5d2E;n
d21E;n þ d22E;n

k321ðE; nÞ þ
5ðd32E;n � 3d22E;nd1E;nÞ

k21ðE; nÞ þ 34k21ðE; nÞd2E;n�

H18E;n ¼ 1
2
½H11E;n þ H12E;n þ D0ðH13E;n þ H14E;nÞ þ D0ðH15E;n þ H16E;nÞ�;
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H11E;n ¼ 2ðsinh g1E;nÞðsin g2E;nÞðcos c11ðE; nÞÞ;
H12E;n ¼ ð½X2ðE; nÞðsinh g1E;nÞðcos g2E;nÞ

þ X1ðE; nÞðsin g2E;nÞðcosh g1E;nÞ�ðsin c11ðE; nÞÞÞ;
H13E;n ¼ ð½X4ðE; nÞðcosh g1E;nÞðcos g2E;nÞ

þ X3ðE; nÞðsinh g1E;nÞðsin g2E;nÞ�ðsin c11ðE; nÞÞÞ;
H14E;n ¼ ð½X6ðE; nÞðsinh g1E;nÞðcos g2E;nÞ

þ X5ðE; nÞðsin g1E;nÞðcosh g2E;nÞ�ðcos c11ðE; nÞÞÞ;
H15E;n ¼ ð½X10ðE; nÞðcosh g1E;nÞðcos g2E;nÞ

þ X9ðE; nÞðsinh g1E;nÞðsin g2E;nÞ�ðcos c11ðE; nÞÞÞ;
H16E;n ¼ ð½X8ðE; nÞðsinh g1E;nÞðcos g2E;nÞ

þ X7ðE; nÞðsin g1E;nÞðcosh g2E;nÞ�ðsin c11ðE; nÞ=12ÞÞ;

H19E;n ¼ 2C18E;nD18E;n

L20

� 	
and D18E;n ¼ sinh�1ðx18E;nÞ

The dispersion relation in quantum well heavily doped II-VI superlattices under
magnetic quantization assumes the form

ðnzp
dz

Þ2 ¼ G19E42;n þ iH19E42;n ð4:11Þ

where E42;n is the totally quantized energy in this case.
The electron concentration in this case is given by

n0SL ¼ eBgv
p�h

Real part of
Xnmax

n¼0

Xnzmax

nz¼1

F�1ðg42Þ ð4:12Þ

where g42 ¼ ðkBTÞ�1ðEFSL � E42;nÞ and EFSL is the Fermi energy in this case.
The EP in this case(JSL) is given by

JSL ¼ a0e2Bgv
2p�hdz

Real part of
Xnmax

n¼0

Xnzmax

nzmin

F�1ðg42Þvz2ðEnzSL2Þ ð4:13aÞ

where

vz2ðEnzSL2Þ ¼ 2pnz
�hdzðG0

19 þ iH0
19Þ
��
kx¼0;ky¼0;kz¼nzp

dz
and E¼EnzSL2

ð4:13bÞ

EnzSL2 is the quantized energy along z direction and is obtained by substituting
kx ¼ 0; ky ¼ 0; kz ¼ nzp

dz
and E ¼ EnzSL2 in (4.9) and the primes denote the differ-

entiation with respect to energy.
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4.2.3 The Magneto EP from IV-VI Quantum Well HD
Superlattices with Graded Interfaces

The E-k dispersion relation of the conduction electrons of the heavily doped con-
stituent materials of the IV-VI SLs can be expressed as

k2z ¼ ½2�p9;i��1½��q9;iðE; ks; ggiÞ þ ½½�q9;iðE; ks; ggiÞ�2 þ 4�p9;i�R9;iðE; ks; ggiÞ�
1
2� ð4:14Þ

where, �p9;i ¼ ðai�h4Þ=ð4m�
l;im

þ
li Þ; i ¼ 1; 2; �q9;iðE; ks; ggiÞ ¼ ½ð�h2=2Þðð1=m�

liÞ þ ð1=m�
li ÞÞ þ aið�h4=4Þ

k2s ðð1=mþ
li m

�
ti Þ þ ð1=mþ

ti m
�
li ÞÞ � aic3ðE; ggiÞðð1=mþ

li Þ � ð1=m�
li � and

�R9;iðE; ks; ggiÞ ¼ ½c2ðE; ggiÞ þ c3ðE; ggiÞ½ð�h2=2Þaik2s ðð1=m�
tiÞ

� ð1=m�
ti ÞÞ� � ½ð�h2=2Þk2s ðð1=m�

tiÞ þ ð1=m�
ti ÞÞ� � aið�h6=4Þk4s ðð1=mþ

ti m
�
ti ÞÞ�

The electron dispersion law in heavily doped quantum well IV-VI SLs with
graded interfaces can be expressed as

cosðL0kÞ ¼ 1
2
U2ðE; ksÞ ð4:15Þ

where

U2ðE; ksÞ � ½2 cosh b2ðE; ksÞf g cos c2ðE; ksÞf g þ e2ðE; ksÞ sinh b2ðE; ksÞf g sin c22ðE; ksÞf g

þ D0
K112ðE; ksÞf g2
K212ðE; ksÞ � 3K212ðE; ksÞ

 !
cosh b2ðE; ksÞf g sin c22ðE; ksÞf g

" #

þ 3K112ðE; ksÞ � K212ðE; ksÞf g2
K112ðE; ksÞ

 !
sinh b2ðE; ksÞf g cos c22ðE; ksÞf g�

þ D0 2 K112ðE; ksÞf g2� K212ðE; ksÞf g2

 �

cosh b2ðE; ksÞf g cos c22ðE; ksÞf g
h

þ 1
12

5 K112ðE; ksÞf g3
K212ðE; ksÞ þ 5 K212ðE; ksÞf g3

K112ðE; ksÞ � 34K212ðE; ksÞK112ðE; ksÞ
" #

sin b2ðE; ksÞf g sin c22ðE; ksÞf g
##

;

b2ðE; ksÞ � K112ðE; ksÞ½a0 � D0�;
k2112ðE; ksÞ ¼ ½2�p9;2��1½��q9;2ðE � V0; ks; gg2Þ � ½½�q9;2ðE � V0; ks; gg2Þ�2

þ 4�p9;2�R9;2ðE � V0; ks; gg2Þ�
1
2�;

c22ðE; ksÞ � K212ðE; ksÞ½b0 � D0�;
k2212ðE; ksÞ ¼ ½2�p9;1��1½��q9;1ðE; ks; gg1Þ þ ½½�q9;1ðE; ks; gg1Þ�2

þ 4�p9;1�R9;1ðE; ks; gg1Þ�
1
2�; and

e2ðE; ksÞ � K112ðE; ksÞ
K212ðE; ksÞ �

K212ðE; ksÞ
K112ðE; ksÞ

� 	
:
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The simplified dispersion relation in heavily doped quantum well IV-VI super-
lattices with graded interfaces under magnetic quantization can be expressed as

k2z ¼
1
L20

cos�1 1
2
U2ðE; nÞ

� �� 	2
� 2eB

�h
nþ 1

2

� �
ð4:16Þ

where

U2ðE; nÞ �
"
2 cosh b2ðE; nÞf g cos c2ðE; nÞf g þ e2ðE; nÞ sinh b2ðE; nÞf g sin c22ðE; nÞf g

þ D0½ðð K112ðE; nÞf g2=K212ðE; nÞÞ � 3K212ðE; nÞÞ cosh b2ðE; nÞf g sin c22ðE; nÞf g

þ 3K112ðE; nÞ � K212ðE; nÞf g2
K112ðE; nÞ

 !
sinh b2ðE; nÞf g cos c22ðE; nÞf g�

þ D0

"
2 K112ðE; nÞf g2� K212ðE; nÞf g2

 �

cosh b2ðE; nÞf g cos c22ðE; nÞf g

þ 1
12

5 K112ðE; nÞf g3
K212ðE; nÞ þ 5 K212ðE; nÞf g3

K112ðE; nÞ � 34K212ðE; nÞK112ðE; nÞ
" #

sinh b2ðE; nÞf g sin c22ðE; nÞf g
##

;

b2ðE; nÞ � K112ðE; nÞ½a0 � D0�;

k2112ðE; nÞ ¼ ½2�p9;2n��1½��q9;2nðE � V0; gg2Þ � ½½�q9;2nðE � V0; gg2Þ�2

þ 4�p9;2n�R9;2nðE � V0; gg2Þ�
1
2�;

�q9;2nðE � V0; gg2Þ ¼ ½ð�h2=2Þðð1=m�
l2Þ þ ð1=m�

l2ÞÞ þ a2ð�h4=4Þ 2eB
�h

nþ 1
2

� �
ðð1=mþ

l2m
�
t2

þ ð1=mþ
t2m

�
l2ÞÞ � a2c3ðE � V0; gg2Þðð1=mþ

l2Þ � ð1=m�
l2Þ�;

�R9;2nðE � V0; gg2Þ ¼ ½c2ðE � V0; gg2Þ þ c3ðE � V0; gg2Þ½�h2=2Þa2
2eB
�h

nþ 1
2

� �
ðð1=m�

t2Þ

� ð1=m�
t2ÞÞ� � ½ð�h2=2Þk2s0ðð1=m�

t2Þ þ ð1=m�
t2ÞÞ�

� a2ð�h6=4Þ 2eB
�h

nþ 1
2

� �� 	2
ðð1=m�

t2m
�
t2ÞÞ�;

c2ðE; nÞ ¼ K212ðE; nÞ½b0 � D0�; k2212ðE; nÞ ¼ ½2�p9;1n��1½��q9;1nðE; gg1Þ
þ ½½�q9;1nðE; gg1Þ�2 þ 4�p9;1n�R9;1nðE; gg1Þ�

1
2�
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�q9;1nðE; gg1Þ ¼ ½ð�h2=2Þðð1=m�
l1Þ þ ð1=m�

l1ÞÞ þ a1ð�h4=4Þ 2eB
�h

nþ 1
2

� �
ðð1=mþ

l1m
�
t1Þ

þ ð1=mþ
t1m

�
l1ÞÞ � a1c3ðE; gg1Þðð1=mþ

l1Þ � ð1=m�
l1Þ�;

�R9;1ðE; gg1Þ ¼ ½c2ðE; gg1Þ þ c3ðE; gg1Þ½�h2=2Þa1ð2eB=�hÞðnþ
1
2
Þðð1=m�

t1Þ
� ð1=m�

t1ÞÞ� � ½�h2=2Þk2s0ðð1=m�
t1Þ þ ð1=m�

t1ÞÞ�
� a1ð�h6=4Þðð2eB=�hÞðnþ 1

2
ÞÞ2ðð1=mþ

t1m
�
t1ÞÞ� and

e2ðE; nÞ � K112ðE; nÞ
K212ðE; nÞ �

K212ðE; nÞ
K112ðE; nÞ

� 	
:

The dispersion relation in quantum well heavily doped quantum well IV-VI
superlattices under magnetic quantization assumes the form

pnz
dz

� �2

¼ 1
L20

cos�1 1
2
u2 E43;n; n
� � �� 	2

� 2 ej jB
�h

nþ 1
2

� �
ð4:17aÞ

where E43;n is the totally quantized energy in this case.
The electron concentration in this case is given by

n0SL ¼ eBgv
p�h

Xnmax

n¼0

Xnzmax

nz¼1

F�1ðg43Þ ð4:17bÞ

where g43 ¼ ðkBTÞ�1ðEFSL � E43;nÞ and EFSL is the Fermi energy in this case.
The EP in this case(JSL) is given by

JSL ¼ a0e2Bgv
2p�hdz

Xnmax

n¼0

Xnzmax

nzmin

F�1ðg43Þvz3ðEnzSL3Þ ð4:17cÞ

where

vz3ðEnzSL3Þ ¼
2L0 sinðL0nzpdz

Þ
�hu0

2ðEnzSL3; 0Þ ð4:17dÞ

EnzSL3 is the quantized energy along z direction and is obtained from the equation

cos½ðL0nzp
dz

Þ� ¼ 1
2
u2ðEnzSL3; 0Þ: ð4:17eÞ
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4.2.4 The Magneto EP from HgTe/CdTe Quantum Well HD
Superlattices with Graded Interfaces

The electron energy spectra of the constituent materials of HgTe/CdTe SLs are
given by

k2 ¼ B2
01 þ 4A1E � B01

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
01 þ 4A1E

p
2A2

1

" #
ð4:18Þ

and
�h2k2

2m�
c2
¼ T12ðE;D2;Eg2; gg2Þ þ iT22ðE;D2;Eg2; gg2Þ ð4:19Þ

where B01 ¼ ð3jej2=128esc1Þ; A1 ¼ ð�h2=2m�
c1Þ: esc1 is the semiconductor per-

mittivity of the first material. The energy-wave vector dispersion relation of the
conduction electrons in heavily doped quantum well HgTe/CdTe SLs with graded
interfaces can be expressed as

k2z ¼ G192 þ iH192 ð4:20Þ

where

G192 ¼ ½ððC2
182 � D2

182Þ=L20Þ � k2s �;

C182 ¼ cos�1ðx182Þ;x182 ¼ ð2Þ�1
2 ½ð1� G2

182 � H2
182Þ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� G2

182 � H2
182Þ2 þ 4G2

182

q
�12;

G182 ¼ 1
2
½G112 þ G122 þ D0ðG132 þ G142Þ þ D0ðG152 þ G162Þ�;

G112 ¼ 2ðcosðg12ÞÞðcosðg22ÞÞðcos c8ðE; ksÞÞ

c8ðE; ksÞ ¼ k8ðE; ksÞðb0 � D0Þ; k8ðE; ksÞ ¼ B2
01 þ 4A1E � B01

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
01 þ 4A1E

p
2A2

1
� k2s

" #1=2
;

G122 ¼ ð½X12ðE; ksÞðsinh g12Þðcos g22Þ � X22ðE; ksÞðsin g22Þðcosh g12Þ�ðsin c8ðE; ksÞÞÞ

X12ðE; ksÞ ¼ ½ d12
k8ðE; ksÞ �

k8ðE; ksÞd12
d212 þ d222

�; X22ðE; ksÞ ¼ ½ d22
k8ðE; ksÞ þ

k8ðE; ksÞd22
d212 þ d222

�;

G132 ¼ ð½X32ðE; ksÞðcosh g12Þðcos g22Þ � X42ðE; ksÞðsin g12Þðsin g22Þ�ðsin c8ðE; ksÞÞÞ;

X32ðE; ksÞ ¼ ½d
2
12 � d222
k8ðE; ksÞ � 3k8ðE; ksÞ�; X42ðE; ksÞ ¼ ½ 2d12d22

k8ðE; ksÞ�;

G142 ¼ ð½X52ðE; ksÞðsinh g12Þðcos g22Þ � X62ðE; ksÞðsin g12Þðcosh g22Þ�ðcos c8ðE; ksÞÞÞ;
X52ðE; ksÞ ¼ ½3d12 � d12

d212 þ d222
k28ðE; ksÞ�; X62ðE; ksÞ ¼ ½3d22 þ d22

d212 þ d222
k28ðE; ksÞ�;
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G152 ¼ ð½X92ðE; ksÞðcosh g12Þðcos g22Þ
� X102ðE; ksÞðsinh g12Þðsin g22Þ�ðcos c8ðE; ksÞÞÞ;

X92ðE; ksÞ ¼ ½2d212 � 2d222 � k28ðE; ksÞ�; X102ðE; ksÞ ¼ ½2d12d22�;
G162 ¼ ð½X72ðE; ksÞðsinh g12Þðcos g22Þ

� X82ðE; ksÞðsin g12Þðcosh g22Þ�ðsin c8ðE; ks=12ÞÞÞ;

X72ðE; ksÞ ¼ ½ 5d12
d212 þ d222

k28ðE; ksÞ þ
5ðd312 � 3222d12Þ

k8ðE; ksÞ � 34k8ðE; ksÞd12�;

X82ðE; ksÞ ¼ ½ 5d12
d212 þ d222

k28ðE; ksÞ þ
5ðd322 � 3222d12Þ

k8ðE; ksÞ þ 34k8ðE; ksÞd22�;

H182 ¼ 1
2
½H112 þ H122 þ D0ðH132 þ H142Þ þ D0ðH152 þ H162Þ�;

H112 ¼ 2ðsinh g12 sin g22 cos c8ðE; ksÞÞ;
H122 ¼ ð½X22ðE; ksÞðsinh g12Þðcos g22Þ þ X12ðE; ksÞðsin g22Þðcosh g12Þ�ðsin c8ðE; ksÞÞÞ;
H132 ¼ ð½X42ðE; ksÞðcosh g12Þðcos g22Þ þ X32ðE; ksÞðsinh g12Þðsin g22Þ�ðsin c8ðE; ksÞÞÞ;
H142 ¼ ð½X62ðE; ksÞðsinh g12Þðcos g22Þ þ X52ðE; ksÞðsin g12Þðcosh g22Þ�ðcos c8ðE; ksÞÞÞ;
H152 ¼ ð½X102ðE; ksÞðcosh g12Þðcos g22Þ þ X92ðE; ksÞðsinh g12Þðsin g22Þ�ðcos c8ðE; ksÞÞÞ;
H162 ¼ ð½X82ðE; ksÞðsinh g12Þðcos g22Þ þ X72ðE; ksÞðsin g12Þðcosh g22Þ�ðsin c8ðE; ks=12ÞÞ;
H192 = [((2C182D182Þ=L20Þ� and D182 ¼ sinh�1ðx182Þ

The simplified dispersion relation in heavily doped quantum well HgTe/CdTe
superlatices with graded interfaces under magnetic quantization can be expressed as

ðkzÞ2 ¼ G192E;n þ iH192E;n ð4:21Þ

where

G192E;n ¼
C2
182E;n � D2

182E;n

L20
� ð2eB=�hÞðnþ ð1=2ÞÞ

" #
;

C1820D ¼ cos�1ðx182E;nÞ;x182E;n ¼ ð2Þ�1
2 ½ð1� G2

182E;n � H2
182E;nÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� G2

182E;n � H2
182E;nÞ2 þ 4G2

182E;n

q
�12;

G182E;n ¼ 1
2
½G112E;n þ G122E;n þ D0ðG132E;n þ G142E;nÞ þ D0ðG152E;n þ G162E;nÞ�;

G112E;n ¼ 2ðcosðg12ÞÞðcosðg22ÞÞðcos c8ðE; nÞÞ; c8ðE; nÞ ¼ k8ðE; nÞðb0 � D0Þ;

k8ðE; nÞ ¼ B2
01 þ 4A1E � B01

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
01 þ 4A1E

p
2A2

1
� ð2eB=�hÞðnþ ð1=2ÞÞ

" #1=2
;
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G120D ¼ ð½X12ðE; nÞðsinh g12E;nÞðcos g22E;nÞ
� X22ðE; nÞðsin g22E;nÞðcosh g12E;nÞ�ðsin c8ðE; ksÞÞÞ;

X12ðE; nÞ ¼ ½ d12E;n
k8ðE; ksÞ �

k8ðE; ksÞd12E;n
d212E;n þ d222E;n

�; X22ðE; nÞ ¼ ½ d22E;n
k8ðE; nÞ þ

k8ðE; nÞd22E;n
d212E;n þ d222E;n

�;

G1320D ¼ ð½X32ðE; nÞðcosh g12E;nÞðcos g22E;nÞ
� X42ðE; nÞðsinh g12E;nÞðsin g22Þ�ðsin c8ðE; nÞÞÞ;

X32ðE; nÞ ¼ ½d
2
12E;n � d22E;n
k8ðE; nÞ � 3k8ðE; nÞ�; X42ðE; nÞ ¼ ½2d12E;nd22E;n

k8ðE; nÞ �;

G1420D ¼ð½X52ðE; nÞðsinh g12E;nÞðcos g22E;nÞ
� X62ðE; nÞðsin g12E;nÞðcosh g22E;nÞ�ðcos c8ðE; nÞÞÞ;

X52ðE; nÞ ¼ ½3d12E;n � d12E;n
d212E;n þ d222E;n

k28ðE; nÞ�;

X62ðE; nÞ ¼ ½3d22E;n þ d22E;n
d212E;n þ d222E;n

k28ðE; nÞ�;

G1520D ¼ ð½X92ðE; nÞðcosh g12E;nÞðcos g22E;nÞ
� X102ðE; nÞðsinh g12E;nÞðsin g22E;nÞ�ðcos c8ðE; nÞÞÞ;

X92ðE; nÞ ¼ ½2d212E;n � 2d222E;n � k28ðE; nÞ�; X102ðE; nÞ ¼ ½2d12E;nd22E;n�;

G162E;n ¼ ð½X72ðE; nÞðsinh g12E;nÞðcos g22E;nÞ
� X82ðE; nÞðsin g12E;nÞðcosh g22E;nÞ�ðsin c80DðE; n=12ÞÞ;

X72ðE; nÞ ¼ ½ 5d12E;n
d212E;n þ d222E;n

k28ðE; nÞ þ
5ðd312E;n � 3d222E;nd12E;nÞ

k8ðE; nÞ � 34k8ðE; nÞd12E;n�;

X82ðE; nÞ ¼ ½ 5d22E;n
d212E;n þ d222E;n

k28ðE; nÞ þ
5ðd322E;n � 3d222E;nd12E;nÞ

k8ðE; nÞ þ 34k8ðE; nÞd22E;n�;

H182E;n ¼ 1
2
½H112E;n þ H122E;n þ D0ðH132E;n þ H142E;nÞ þ D0ðH152E;n þ H162E;nÞ�

H112E;n ¼ 2ðsinh g12E;nÞðsin g22E;nÞðcos c8ðE; nÞÞÞ;
H1220D ¼ ð½X22ðE; nÞðsinh g12E;nÞðcos g22E;nÞ þ X12ðE; nÞðsin g22E;nÞðcosh g12E;nÞ�ðsin c8ðE; nÞÞÞ;
H132E;n ¼ ð½X42ðE; nÞðcosh g12E;nÞðcos g22E;nÞ þ X32ðE; nÞðsinh g12E;nÞðsin g22E;nÞ�ðsin c8ðE; nÞÞÞ;
H142E;n ¼ ð½X62ðE; nÞðsinh g12E;nÞðcos g22E;nÞ þ X52ðE; nÞðsin g12E;nÞðcosh g22E;nÞ�ðcos c8ðE; nÞÞÞ;
H1520D ¼ ð½X102ðE; nÞðcosh g12E;nÞðcos g22E;nÞ þ X92ðE; nÞðsinh g12E;nÞðsin g22E;nÞ�ðcos c8ðE; nÞÞÞ;
H162E;n ¼ ð½X82ðE; nÞðsinh g12E;nÞðcos g22E;nÞ þ X72ðE; nÞðsin g12E;nÞðcosh g22E;nÞ�ðsin c8ðE; n=12ÞÞ;
H192E;n = [((2C182E;nD182E;nÞ=L20Þ� and D182E;n ¼ sinh�1ðx182E;nÞ
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The dispersion relation in quantum well heavily doped HgTe/CdTe superllatices
under magnetic quantization assumes the form

ðnzp
dz

Þ2 ¼ G192E44;n þ iH192E44;n ð4:22aÞ

where E44;n is the totally quantized energy in this case.
The electron concentration in this case is given by

n0SL ¼ eBgv
p�h

Real part of
Xnmax

n¼0

Xnzmax

nz¼1

F�1ðg44Þ ð4:22bÞ

where g44 ¼ ðkBTÞ�1ðEFSL � E44;nÞ and EFSL is the Fermi energy in this case.
The EP in this case(JSL) is given by

JSL ¼ a0e2Bgv
2p�hdz

Real part of
Xnmax

n¼0

Xnzmax

nzmin

F�1ðg44Þvz4ðEnzSL4Þ ð4:22cÞ

where

vz4ðEnzSL4Þ ¼ 2pnz
�hdzðG0

192 þ iH0
192Þ
��
kx¼0;ky¼0;kz¼nzp

dz
and E¼EnzSL4

ð4:22dÞ

EnzSL4 is the quantized energy along z direction and is obtained by substituting
kx ¼ 0; ky ¼ 0; kz ¼ nzp

dz
and E ¼ EnzSL4 in (4.20) and the primes denote the differ-

entiation with respect to energy.

4.2.5 The Magneto EP from Strained Layer Quantum Well
HD Superlattices with Graded Interfaces

The dispersion relation of the conduction electrons of the constituent materials of
the strained layer super lattices can be expressed as

½E � T1i�k2x þ ½E � T2i�k2y þ ½E � T3i�k2z ¼ qiE
3 � RiE

3 þ ViE þ fi ð4:23Þ
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where

T1i ¼ hi; hi ¼ Egi � Cc
1iei � ðai þ Cc

1iÞei þ
3
2
biexxi � biei

2
þ

ffiffiffi
3

p
diexyi
2

� 	
;

T2i ¼ xi;xi ¼ Egi � Cc
1iei � ðai þ Cc

1iÞei þ
3
2
biexxi � biei

2
�

ffiffiffi
3

p
diexyi
2

� 	
;

T3i ¼ di; di ¼ Egi � Cc
1iei þ ðai þ Cc

1iÞei þ
3
2
biezzi � biei

2

� 	

Ri ¼ qi 2Ai þ Cc
1iei

� �
; qi ¼

3
2B2

2i
; Ai ¼ Egi � Cc

1iei;

Vi ¼ qi A2
i �

2C2
2iexyi
3

þ 2AiC
c
1iei

� 	
; 1i ¼ qi

2C2
2iexyi
3

� Cc
1ieiA

2
i

� 	

Therefore the electron energy spectrum in HD stressed materials can be written
as

PiðE; ggiÞk2x þ QiðE; ggiÞk2y þ SiðE; ggiÞk2z ¼ 1 ð4:24Þ

where

PiðE; ggiÞ ¼
c0ðE; ggiÞ � I0T1i
� �

DiðE; ggiÞ
;

DiðE; ggiÞ ¼
�qig3gi
2
ffiffiffi
p

p exp
�E2

g2gi

 !
1þ E2

g2gi

" #
� Rih0ðE; ggiÞ þ Vic0ðE; ggiÞ þ

1i
2

1þ Erf
E
ggi

 !" #" #
;

I0 ¼ 1
2
½1þ Erf ðE=ggiÞ�;QiðE; ggiÞ ¼

c0ðE; ggiÞ � I0T2i
� �

DiðE; ggiÞ
and SiðE; ggiÞ ¼

c0ðE; ggiÞ � I0T3i
� �

DiðE; ggiÞ

The energy-wave vector dispersion relation of the conduction electrons in heavily
doped strained layer quantum well SLs with graded interfaces can be expressed as

cosðL0kÞ ¼ 1
2
/6ðE; ksÞ ð4:25Þ

where

/6ðE; ksÞ ¼ 2 cosh T4ðE; gg2Þ
� �

cos T5ðE; gg1Þ
� �� �þ ½T6ðE; ksÞ� sinh½T4ðE; gg2Þ� sin½T5ðE; gg1Þ�

þ D0
k20ðE; gg2Þ
k00ðE; gg1Þ

� 3k00ðE; gg1Þ
 !

cosh T4ðE; gg2Þ
� �

sin T5ðE; gg1Þ
� �"

þ 3k0ðE; gg2Þ �
k02ðE; gg1Þ
k0ðE; gg2Þ

 !
sinh T4ðE; gg2Þ

� �
cos T5ðE; gg1Þ
� �#

þ D0 2 k20ðE; gg2Þ � k02ðE; gg1Þ
� 

cosh T4ðE; gg2Þ
� �

cos T5ðE; gg1Þ
� �� �

þ 1
12

5k30ðE; gg2Þ
k00ðE; gg1Þ

þ 5k03ðE; gg1Þ
k0ðE; gg2Þ

� 34k0ðE; gg2Þk0ðE; gg1Þ
 !

sinh T5ðE; gg2Þ
� �

sin½T5ðE; gg1Þ�
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T4ðE; gg2Þ
� � ¼ k0ðE; gg2Þ½a0 � D0�;

k0ðE; gg2Þ ¼ S2ðE � V0; gg2Þ
� ��1=2

P2ðE � V0; gg2Þk2x þ Q2ðE � V0; gg2Þk2y � 1
h i1=2

;

½T5ðE; gg1Þ� ¼ k0ðE; gg1Þ½b0 � D0�;

k0ðE; gg1Þ ¼ S1ðE; gg1Þ
� ��1=2

1� P1 E; gg1
� 

k2x � Q1 E; gg1
� 

k2y
h i1=2

and

T6ðE; ksÞ ¼
k0ðE; gg2Þ
k0ðE; gg1Þ

� k0ðE; gg1Þ
k0ðE; gg2Þ

" #

Therefore the dispersion relation of the conduction electrons in heavily doped
strained layer quantum well QEPs with graded interfaces can be expressed as

cosðL0kÞ ¼ 1
2
u6ðE; nÞ ð4:26Þ

where

/6ðE; nÞ ¼ 2 cosh T4ðE; n; gg2Þ
� �

cos T5ðE; n; gg1Þ
� �� �þ ½T6ðE; nÞ� sinh½T4ðE; n; gg2Þ� sin½T5ðE; n; gg1Þ�

þ D0
k20ðE; n; gg2Þ
k00ðE; n; gg1Þ

� 3k00ðE; n; gg1Þ
 !

cosh T4ðE; n; gg2Þ
� �

sin T5ðE; n; gg1Þ
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þ 1
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k0ðE; n; gg2Þ
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 !

sinh T4ðE; n; gg2Þ
� �

sin½T5ðE; n; gg1Þ�
#

T4ðE; n; gg2Þ
� � ¼ k0ðE; n; gg2Þ½a0 � D0�;
k0ðE; n; gg2Þ ¼ S2ðE � V0; gg2Þ

� ��1=2�½ ðnþ 1=2Þ�heB=ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1ðEÞq2ðEÞ

p
Þ

h i
� 1�1=2;

q1ðEÞ ¼ �h2=ð2P2 E � V0; gg2
� Þ; q2ðEÞ ¼ �h2=ð2Q2 E � V0; gg2

� Þ
½T5ðE; n; gg1Þ� ¼ k00ðE; n; gg1Þ½b0 � D0�;

k00ðE; n; gg1Þ ¼ S1ðE; n; gg1Þ
� �1=2

1� ðnþ 1=2Þ�heB=ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q3ðEÞq4ðEÞ

p
Þ

h ih i1=2
q3ðEÞ ¼ �h2=ð2P1 E; gg1

� Þ; q4ðEÞ ¼ �h2=ð2Q1 E; gg1
� Þ

T6ðE; nÞ ¼
k0ðE; n; gg2Þ
k00ðE; n; gg1Þ

� k00ðE; n; gg1Þ
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The energy-wave vector dispersion relation of the conduction electrons in
heavily doped quantum well strained layer SLs with graded interfaces can be
expressed as

pnz
dz

� �2

¼ 1
L20

cos�1 1
2
u6 E47;n; n
� � �� 	2

� 2 ej jB
�h

nþ 1
2

� �
ð4:27Þ

where E47;n is the totally quantized energy in this case.
The electron concentration in this case is given by

n0SL ¼ eBgv
p�h

Xnmax

n¼0

Xnzmax

nz¼1

F�1ðg47Þ ð4:28aÞ

where g47 ¼ ðkBTÞ�1ðEFSL � E47;nÞ and EFSL is the Fermi energy in this case.
The EP in this case(JSL) is given by

JSL ¼ a0e2Bgv
2p�hdz

Xnmax

n¼0

Xnzmax

nzmin

F�1ðg47Þvz7ðEnzSL7Þ ð4:28bÞ

where

vz7ðEnzSL7Þ ¼
2L0 sinðL0nzpdz

Þ
�h½u6ðEnzSL7; 0Þ�0

ð4:28cÞ

EnzSL7 is the quantized energy along z direction and is obtained from the equation

cos½ðL0nzp
dz

Þ� ¼ 1
2
u6ðEnzSL7; 0Þ: ð4:28dÞ

4.2.6 The Magneto EP from III-V Quantum Well HD
Effective Mass Super Lattices

Following Sasaki [71], the electron dispersion law in III-V heavily doped effective
mass super-lattices (EMSLs) can be written as

k2x ¼
1
L20

fcos�1ðf21ðE; ky; kzÞÞg2 � k2?

� 	
ð4:29Þ
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in which

f21ðE; ky; kzÞ ¼ a1 cos a0C21ðE; k?; gg1Þ þ b0D21ðE; k?; gg2Þ
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c2i

� �
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2
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p
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 !Xa
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expð�p2=4Þ
p
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p
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;

C21ðE; k?; gg1Þ ¼ e1 þ ie2;D21ðE; k?; gg2Þ ¼ e3 þ ie4;

e1 ¼ ½ðð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
t21 þ t22

q
þ t1Þ=2Þ�

1
2; e2 ¼ ½ðð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
t21 þ t22

q
� t1Þ=2Þ�

1
2;

t1 ¼ 2m�
c1

�h2
T11ðE;D1; gg1;Eg1Þ � k2?

� 	
; t2 ¼ 2m�

c1

�h2
T21ðE;D1; gg1;Eg1Þ;

e3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
t23 þ t24

p
þ t3

2

" #1=2
; e4 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
t23 þ t24

p
� t3

2

" #1=2

t3 ¼ 2m�
c2

�h2
T12ðE;D2; gg2;Eg2Þ � k2?

� 	
; t4 ¼ 2m�

c2

�h2
T22ðE;D2; gg2;Eg2Þ;

Therefore (4.29) can be expressed as

k2x ¼ d7 þ id8 ð4:30Þ
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where

d7 ¼ 1
L20

d25 � d26
� � k2?

� 	
; d5 ¼ cos�1 p5;

p5 ¼
1� d23 � d24 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� d23 � d24
� 2þ 4d24

q
2

2
4

3
5
1=2

;

d3 ¼ a1 cosD1 coshD2 � a2 cosD3 coshD4ð Þ;
d4 ¼ a1 sinD1 sinhD2 � a2 sinD3 sinhD4ð Þ;
D1 ¼ ða0e1 þ b0e3Þ;D2 ¼ ða0e2 þ b0e4Þ;D3 ¼ ða0e1 � b0e3Þ;D4 ¼ ða0e2 � b0e4Þ;
d6 ¼ sinh�1 p5 and d8 ¼ ½2d5d6=L20�

Therefore the magneto electron dispersion relation in this case assumes the form

ðkxÞ2 ¼ d7E;n þ id8E;n ð4:31Þ

where

d7E;n ¼ 1
L20

d25E;n � d26E;n


 �
� 2eB

�h
ðnþ 1

2
Þ

� �� 	
; d5E;n ¼ cos�1 p5E;n;

p5E;n ¼
1� d23E;n � d24E;n �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� d23E;n � d24E;nÞ2 þ 4d24E;n

q
2

2
4

3
5
1=2

;

d3E;n ¼ ða1 cosD1E;n coshD2E;n � a2 cosD3E;n coshD4E;nÞ;
d4E;n ¼ ða1 sinD1E;n sinhD2E;n � a2 sinD3E;n sinhD4E;nÞ;

D1E;n ¼ða0e1E;n þ b0e3E;nÞ; D2E;n ¼ ða0e2E;n þ b0e4E;nÞ; D3E;n ¼ ða0e1E;n � b0e3E;nÞ;
D4E;n ¼ða0e2E;n � b0e4E;nÞ;
d6E;n ¼ sinh�1 p5E;n and d8E;n ¼ ½2d5E;nd6E;n=L20�;

e1E;n ¼ ½ðð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t21E;n þ t22

q
þ t1E;nÞ=2�

1
2; e2E;n ¼ ½ðð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t21E;n þ t22

q
� t1E;nÞ=2�

1
2;

e3E;n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t23E;n þ t24

q
þ t3E;n

2

2
4

3
5
1=2

; e4E;n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t23E;n þ t24

q
� t3E;n

2

2
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5
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;

t1E;n ¼ 2m�
c1

�h2
T11ðE;D1; gg1;EgÞ � 2eB

�h
ðnþ 1

2
Þ

� 	
; t3E;n ¼ 2m�

c2

�h2
T12ðE;D2; gg2;Eg2Þ � 2eB

�h
ðnþ 1

2
Þ

� 	
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The dispersion relation in quantum well heavily doped III-V superlattices under
magnetic quantization assumes the form

ðnxp
dx

Þ2 ¼ d7A1;n þ id8A1;n ð4:32Þ

where A1 is the totally quantized energy in this case.
The electron concentration in this case is given by

n0SL ¼ eBgv
p�h

Real part of
Xnmax

n¼0

Xnzmax

nz¼1

F�1ðg45Þ ð4:33aÞ

where g45 ¼ ðkBTÞ�1ðEFSL � A1Þ and EFSL is the Fermi energy in this case.
The EP in this case(JSL) is given by

JSL ¼ a0e2Bgv
2p�hdx

Real part of
Xnmax

n¼0

Xnx max

nx min

F�1ðg45Þvx5ðEnzSL5Þ ð4:33bÞ

where

vx5ðEnzSL5Þ ¼ 2pnx
�hdxðd07 þ id08Þ

��
ky¼0;kz¼0;kx¼nxp

dx
and E¼EnzSL5

ð4:33cÞ

EnzSL5 is the quantized energy along x direction and is obtained by substituting
ky ¼ 0; kz ¼ 0; kx ¼ nxp

dx
and E ¼ EnzSL5 in (4.30) and the primes denote the differ-

entiation with respect to energy.

4.2.7 The Magneto EP from II-VI Quantum Well HD
Effective Mass Super Lattices

Following Sasaki [70], the electron dispersion law in heavily doped II-VI EMSLs
can be written as

k2z ¼ D13 þ iD14; ð4:34Þ
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where

D13 ¼ 1
L20

ðD2
11 � D2

12Þ � k2s

� 	

D11 ¼ cos�1 p6; p6 ¼
1� D2

9 � D2
10 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� D2

9 � D2
10Þ2 þ 4D2

10

q
2

2
4

3
5
1=2

;

D9 ¼ a1 cosD6 coshD7 � a2 cosD8 coshD7ð Þ;
D10 ¼ a1 sinD6 sinhD7 þ a2 sinD8 sinhD7ð Þ;

D6 ¼ a0C22 E; ks; gg1
� þ b0e3

� �
;D7 ¼ b0e4;D8 ¼ a0C22ðE;Ks; gg1Þ � b0e3

� �
;

C22ðE; ks; gg1Þ ¼
2m�

jj;1
�h2

c3ðE; gg1Þ �
�h2k2s
2m�

?;1
� C0ks

( )" #1=2
;

a1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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M1ð0; gg1Þ

s
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" #2
4

M2ð0; gg2Þ
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3
5
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c1 1� 2

p
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;

a2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2ð0; gg2Þ
M1ð0; gg1Þ

s
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" #2
4

M2ð0; gg2Þ
M1ð0; gg1Þ

 !1=2
2
4

3
5
�1

D12 ¼ cos�1 p6;D14 ¼ 2D11D12

L20

The electron dispersion law in heavily doped II-VI QEP can be written as

ðkzÞ2 ¼ D13E;n þ iD14E;n; ð4:35Þ

where

D13E;n ¼ 1
L20

ðD2
11E;n � D2

12E;nÞ �
2eB
�h

ðnþ 1
2
Þ

� �� 	

D11E;n ¼ cos�1 p6E;n; p6E;n ¼
1� D2

9E;n � D2
10E;n �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� D2

9E;n � D2
10E;n


 �2
þ4D2

10E;n

r
2

2
664

3
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1
2

;
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D9E;n ¼ a1 cosD6E;n coshD7E;n � a2 cosD8E;n coshD7E;n
� 

;

D10E;n ¼ a1 sinD6E;n sinhD7E;n þ a2 sinD8E;n sinhD7E;n
� 

;

D6E;n ¼ a0C22E;n EE;n; gg1
� þ b0e3E;n

� �
;

D7E;n ¼ b0e4E;n;D8E;n ¼ a0C22E;nðEE;n; gg1Þ � b0e3E;n
� �

;

C22E;nðEE;ngg1Þ ¼
2m�

jj;1
�h2

c3ðEE;n; gg1Þ �
�h2

2m�
?;1

2eB
�h

ðnþ 1
2
Þ

� �
� C0

2eB
�h

ðnþ 1
2
Þ

� �� 	1=2( )" #1=2
;

D12E;n ¼ cos�1 p6E;n;D14E;n ¼ 2D11E;nD12E;n

L20
;

The dispersion relation in quantum well heavily doped III-V superlattices under
magnetic quantization assumes the form

ðnzp
dz

Þ2 ¼ D13;A2;n þ iD14;A2;n ð4:36Þ

where A2 is the totally quantized energy in this case.
The electron concentration in this case is given by

n0SL ¼ eBgv
p�h

Real part of
Xnmax

n¼0

Xnz max

nz¼1

F�1ðg46Þ ð4:37aÞ

where g46 ¼ ðkBTÞ�1ðEFSL � A2Þ and EFSL is the Fermi energy in this case.
The EP in this case(JSL) is given by

JSL ¼ a0e2Bgv
2p�hdz

Real part of
Xnmax

n¼0

Xnz max

nz min

F�1ðg46Þvz6ðEnzSL6Þ ð4:37bÞ

where

vz6ðEnzSL6Þ ¼ 2pnz
�hdzðD0

13 þ iD0
14Þ
��
kx¼0;ky¼0;kz¼nzp

dz
and E¼EnzSL6

ð4:37cÞ

EnzSL6 is the quantized energy along x direction and is obtained by substituting
kx ¼ 0; ky ¼ 0; kz ¼ nzp

dz
and E ¼ EnzSL6 in (4.34) and the primes denote the differ-

entiation with respect to energy.
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4.2.8 The Magneto EP from IV-VI Quantum Well HD
Effective Mass Super Lattices

Following Sasaki [70], the electron dispersion law in IV-VI, EMSLs can be written
as

k2z ¼
1
L20

fcos�1ðf23ðE; kx; kyÞÞg2 � k2s

� 	
ð4:38Þ

where

f23ðE; kx; kyÞ ¼ a3 cos a0C23ðE; kx; ky; gg1Þ þ b0D23ðE; kx; ky; gg1Þ
� �
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;
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;
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Therefore the electron dispersion law in heavily doped IV-VI, EMSLs under
magnetic quantization can be written as

ðkzÞ2 ¼ ½½1=L20�fcos�1ðf23ðE; nÞÞg2 � ð2eB
�h

ðnþ 1
2
ÞÞ� ð4:39Þ

where f23ðE; nÞ ¼ a3 cos a0C23E;nðE; n; gg1Þ þ b0D23E;nðE; n; gg1Þ
� �

� a4 cos a0C23E;nðE; n; gg2Þ � b0D23E;nðE; n; gg2Þ
� �
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The energy-wave vector dispersion relation of the conduction electrons in
heavily doped quantum well strained layer SLs with graded interfaces can be
expressed as

pnz
dz

� �2

¼ 1
L20

cos�1 1
2
f23 A3; nð Þ

� �� 	2
� 2 ej jB

�h
nþ 1

2

� �
ð4:40Þ

where A3 is the totally quantized energy in this case.
The electron concentration in this case is given by

n0SL ¼ eBgv
p�h

Xnmax

n¼0

Xnz max

nz¼1

F�1ðg48Þ ð4:41aÞ

where g47 ¼ ðkBTÞ�1ðEFSL � E47;nÞ and EFSL is the fermi energy in this case.
The EP in this case(JSL) is given by

JSL ¼ a0e2Bgv
2p�hdz

Xnmax

n¼0

Xnz max

nz min

F�1ðg48Þvz8ðEnzSL8Þ ð4:41bÞ

where

vz8ðEnzSL8Þ ¼
2L0 sinðL0nzpdz

Þ
�h½f23ðEnzSL8; 0Þ�0

ð4:41cÞ

EnzSL8 is the quantized energy along z direction and is obtained from the equation

cos½ðL0nzp
dz

Þ� ¼ 1
2
f23ðEnzSL8; 0Þ: ð4:41dÞ

4.2.9 The Magneto EP from HgTe/CdTe Quantum Well HD
Effective Mass Super Lattices

Following Sasaki [71], the electron dispersion law in heavily doped HgTe/CdTe
EMSLs can be written as

k2z ¼ D13H þ iD14H ð4:42Þ
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where D13H ¼ 1
L20

ðD2
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D10H ¼ a1H sinD5H sinhD6H þ a2H sinD7H sinhD6Hð Þ;

D5H ¼ a0C22H E; ks; gg1
� þ b0e3

� �
;D6H ¼ b0e4;D7H ¼ a0C22HðE;Ks; gg1Þ � b0e3

� �
;

C22HðE; ks; gg1Þ ¼
B2
01 þ 2A1E � B01ðB2

01 þ 4A1EÞ
2A2

1
� k2s

� 	1=2
;

a1H ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2ð0; gg2Þ

m�
c1

s
þ 1

" #2
4

M2ð0; gg2Þ
m�

c1

� �1=2
" #�1

;

a2H ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2ð0; gg2Þ

m�
c1

s
� 1

" #2
4

M2ð0; gg2Þ
m�

c1

� �1=2
" #�1

D12H ¼ cos�1 p6H ;D14H ¼ 2D11HD12H

L20

The electron dispersion law in heavily doped HgTe/CdTe EMSLs under mag-
netic quantization can be written as

ðkzÞ2 ¼ D13HE;n þ iD14HE;n ð4:43Þ

where D13HE;n ¼ ½ð1=L20ÞðD2
11HE;n � D2

12HE;nÞ �
2eB
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ðnþ 1
2
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D12HE;n ¼ cos�1 p6HE;n;D14HE;n ¼ 2D11HE;nD12HE;n

L20
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The dispersion relation in quantum well heavily doped III-V superlattices under
magnetic quantization assumes the form

ðnzp
dz

Þ2 ¼ D13;A4;n þ iD14;A4;n ð4:44Þ

where A4 is the totally quantized energy in this case.
The electron concentration in this case is given by

n0SL ¼ eBgv
p�h

Real part of
Xnmax

n¼0

Xnz max

nz¼1

F�1ðg48Þ ð4:45aÞ

where g48 ¼ ðkBTÞ�1ðEFSL � A4Þ
The EP in this case(JSL) is given by

JSL ¼ a0e2Bgv
2p�hdz

Real part of
Xnmax

n¼0

Xnzmax

nzmin

F�1ðg48Þvz81ðEnzSL81Þ ð4:45bÞ

where

vz81ðEnzSL81Þ ¼ 2pnz
�hdzðD0

13 þ iD0
14Þjkx¼0;ky¼0;kz¼nzp

dz
and E¼EnzSL81

ð4:45cÞ

EnzSL81 is the quantized energy along x direction and is obtained by substituting
kx ¼ 0; ky ¼ 0; kz ¼ nzp

dz
and E ¼ EnzSL81 in (4.34) and the primes denote the dif-

ferentiation with respect to energy.

4.2.10 The Magneto EP from Strained Layer Quantum Well
HD Effective Mass Super Lattices

The dispersion relation of the constituent materials of heavily doped III-V super
lattices can be written as

PiðE; ggiÞk2x þ QiðE; ggiÞk2y þ SiðE; ggiÞk2z ¼ 1 ð4:46Þ

where PiðE; ggiÞ ¼ ðc0ðE; ggiÞ � I0T1iÞðDiðE; ggiÞÞ�1; I0 ¼ ð1=2Þ½1þ Erf ðE=ggiÞ�,

T1i ¼ ½Egi � Cc
1iei � ðai þ Cc

1iÞei þ ð3=2Þbiexxi � ðbiei=2Þ þ ð
ffiffiffi
3

p
diexyi=2Þ�;
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�DiðE; ggiÞ ¼ ½ð�qig
3
gi=2

ffiffiffi
p

p Þ expð�ðE2=g2giÞÞ½1þ ðE2=g2giÞ� � Rih0ðE; ggiÞ þ Vic0ðE; ggiÞ
þ ðfi=2Þ½1þ Erf ðE=ggiÞ��; qi ¼ ð3=2B2

2iÞ;Ri ¼ qi½2Ai þ Cc
1iei�;Ai ¼ Egi � Cc

1iei;

Vi ¼ qi½A2
i � ð2C2

2iexyi=3Þ þ 2AiCc
1iei�; 1i ¼ qi½2C2

2iexyi=3Þ � Cc
1ieiA

2
i �;

�QiðE; ggiÞ ¼ ðc0ðE; ggiÞ � I0T2iÞð�DiðE; ggiÞ�1; T2i ¼ ½Egi � Cc
1iei � ðai þ Cc

1iÞei þ ð3=2Þbiexxi � ðbiei=2Þ
� ð

ffiffiffi
3

p
diexyi=2Þ�; �SiðE; ggiÞ ¼ c0ðE; ggiÞ � I0T3iÞð�DiðE; ggiÞ�1;

T3i ¼ ½Egi � Cc
1iei þ ðai þ Cc

1iÞei þ ð3=2Þbiezzi � ðbiei=2Þ�;

The electron energy spectrum in heavily doped strained layer effective mass
super-lattices can be written as

ðk2z Þ ¼
1
L20

fcos�1ðf40ðE; kx; kyÞÞg2 � k2s

� 	
ð4:47Þ

where f40ðE; kx; kyÞ ¼ a20 cos a0C40ðE; kx; ky; gg1Þ þ b0D40ðE; kx; ky; gg1Þ
� �

� a21 cos a0C40ðE; kx; ky; gg2Þ � b0D40ðE; kx; ky; gg2Þ
� �

;

a20 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ms2ð0; gg2Þ
Ms1ð0; gg1Þ

s
þ 1

" #2
4

Ms2ð0; gg2Þ
Ms1ð0; gg1Þ

 !1=2
2
4

3
5
�1

;

Msið0; ggiÞ ¼ ð�h=2ÞqiðggiÞ

qðggiÞ ¼ ½ðggi=2
ffiffiffi
p

p Þ � ðT3i=2Þ��2 	 ½fðggi=2
ffiffiffi
p

p Þ � ðT3i=2Þg fðVi=2Þ � ðRiggi=
ffiffiffi
p

p Þ þ ð1i þ ggi
ffiffiffi
p

p Þg
� ðð1=2Þ � ðT3i=ggi

ffiffiffi
p

p ÞÞfð1i=2Þ þ ðViggi=2
ffiffiffi
p

p Þ � ðRig
2
gi=4Þ � ðqig3gi=2

ffiffiffi
p

p Þg�

a20 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ms2ð0; gg2Þ
Ms1ð0; gg1Þ

s
þ 1

" #2
4

Ms2ð0; gg2Þ
Ms1ð0; gg1Þ

 !1=2
2
4

3
5
�1

;

a21 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ms2ð0; gg2Þ
Ms1ð0; gg1Þ

s
� 1

" #2
4

Ms2ð0; gg2Þ
Ms1ð0; gg1Þ

 !1=2
2
4

3
5
�1

C40ðE; kx; ky; gg1Þ ¼ ½1� �P1ðE; gg1Þk2x � �Q1ðE; gg1Þk2y �1=2½�S1ðE; gg1Þ��1=2

D40ðE; kx; ky; gg2Þ ¼ ½1� �P2ðE; gg2Þk2x � �Q1ðE; gg2Þk2y �1=2½�S2ðE; gg2Þ��1=2
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Therefore, the electron dispersion law in heavily doped strained layer effective
mass quantum dot super-lattices can be expressed as

ðkzÞ2 ¼ ½ 1
L20

fcos�1ðf40ðE; nÞÞg2 � ð2eB
�h

ðnþ 1
2
ÞÞ� ð4:48Þ

where f40ðE; nÞ ¼ a20 cos a0C40ðE; n; gg1Þ þ b0D40ðE; n; gg1Þ
� �

� a21 cos a0C40ðE; n; gg2Þ � b0D40ðE; n; gg2Þ
� �

;

C40ðE; n; gg1Þ ¼ ½1� �heB
/50ðE; gg1Þ

ðnþ 1
2
Þ�1=2½�S1ðE; gg1Þ��1=2;

/50ðE; gg1Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w50ðE; gg1Þw51ðE; gg1Þ

q
;

w50ðE; gg1Þ ¼
�h2

2�P1ðE; gg1Þ
;w51ðE; gg1Þ ¼

�h2

2�Q1ðE; gg1Þ
D40ðE; n; gg2Þ ¼ ½1� �heB

/501ðE; gg2Þ
ðnþ 1

2
Þ�1=2½�S2ðE; gg2Þ��1=2

/501ðE; gg2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w501ðE; gg2Þw511ðE; gg2Þ

q
w501ðE; gg2Þ ¼

�h2

2�P2ðE; gg2Þ
;w511ðE; gg2Þ ¼

�h2

2�Q2ðE; gg2Þ

The energy-wave vector dispersion relation of the conduction electrons in
heavily doped quantum well strained layer SLs with graded interfaces can be
expressed as

pnz
dz

� �2

¼ 1
L20

cos�1 1
2
f40 A8; nð Þ

� �� 	2
� 2 ej jB

�h
nþ 1

2

� �
ð4:49Þ

where A8 is the totally quantized energy in this case.
The electron concentration in this case is given by

n0SL ¼ eBgv
p�h

Xnmax

n¼0

Xnzmax

nz¼1

F�1ðg50Þ ð4:50aÞ

where g50 ¼ ðkBTÞ�1ðEFSL � A8Þ
The EP in this case(JSL) is given by

JSL ¼ a0e2Bgv
2p�hdz

Xnmax

n¼0

Xnzmax

nzmin

F�1ðg50Þvz50ðEnzSL50Þ ð4:50bÞ
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where vz8ðEnzSL50Þ ¼ 2L0 sinðL0nzpdz
Þ

�h½f40ðEnzSL50;0Þ�0, EnzSL50 is the quantized energy along z direction

and is obtained from the equation

cos½ðL0nzp
dz

Þ� ¼ 1
2
f40ðEnzSL50; 0Þ: ð4:50cÞ

4.2.11 The EP from III-V Quantum Dot HD Superlattices
with Graded Interfaces

The electron concentration in this case is given by

n0QDSL ¼ 2gv
dxdydz

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g100ð Þ ð4:51Þ

where g100 � kBTð Þ�1 EFQDHDSL � e11ð Þ and EFDHDSL is the Fermi energy in this
case and and e11 is the totally quantized energy which can be obtained by
substituting kx ¼ nxp

dx
; ky ¼ nyp

dy
; kz ¼ nzp

dz
and E ¼ e11 in (4.2).

The electron density per sub-band assumes the form

n0QDSL ¼ 2gv
dxdydz

Real part of ½F�1 g100ð Þ� ð4:52Þ

The EP in this case(JSL) is given by

JQDSL ¼ a0egv
dxdydz

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

F�1ðg100Þvz1ðEnzSL1Þ: ð4:53Þ

4.2.12 The EP from II-VI Quantum Dot HD Superlattices
with Graded Interfaces

The electron concentration in this case is given by

n0QDSL ¼ 2gv
dxdydz

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g101ð Þ ð4:54Þ
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where g101 � kBTð Þ�1 EFQDHDSL � e21ð Þ and e21 is the totally quantized energy
which can be obtained by substituting kx ¼ nxp

dx
; ky ¼ nyp

dy
; kz ¼ nzp

dz
and E ¼ e21 in

(4.9).
The electron density per sub-band assumes the form

n0QDSL ¼ 2gv
dxdydz

Real part of ½F�1 g101ð Þ� ð4:55Þ

The EP in this case(JSL) is given by

JQDSL ¼ a0egv
dxdydz

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

F�1ðg101Þvz2ðEnzSL2Þ ð4:56Þ

4.2.13 The EP from IV-VI Quantum Dot HD Superlattices
with Graded Interfaces

The electron concentration in this case is given by

n0QDSL ¼ 2gv
dxdydz

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g102ð Þ ð4:57Þ

where g102 � kBTð Þ�1 EFQDHDSL � e31ð Þ and e31 is the totally quantized energy
which can be obtained by substituting kx ¼ nxp

dx
; ky ¼ nyp

dy
; kz ¼ nzp

dz
and E ¼ e31 in

(4.15).
The electron density per sub-band assumes the form

n0QDSL ¼ 2gv
dxdydz

Real part of ½F�1 g102ð Þ� ð4:58Þ

The EP in this case(JSL) is given by

JQDSL ¼ a0egv
dxdydz

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

F�1ðg102Þvz3ðEnzSL3Þ ð4:59Þ
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4.2.14 The EP from HgTe/CdTe Quantum Dot HD
Superlattices with Graded Interfaces

The electron concentration in this case is given by

n0QDSL ¼ 2gv
dxdydz

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g104ð Þ ð4:60Þ

where g104 � kBTð Þ�1 EFQDHDSL � e41ð Þ and e31 is the totally quantized energy
which can be obtained by substituting kx ¼ nxp

dx
; ky ¼ nyp

dy
; kz ¼ nzp

dz
and E ¼ e41 in

(4.20).
The electron density per sub-band assumes the form

n0QDSL ¼ 2gv
dxdydz

Real part of ½F�1 g104ð Þ� ð4:61Þ

The EP in this case(JSL) is given by

JQDSL ¼ a0egv
dxdydz

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

F�1ðg104Þvz4ðEnzSL4Þ: ð4:62Þ

4.2.15 The EP from Strained Layer Quantum Dot HD
Superlattices with Graded Interfaces

The electron concentration in this case is given by

n0QDSL ¼ 2gv
dxdydz

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g105ð Þ ð4:63Þ

where g105 � kBTð Þ�1 EFQDHDSL � e51ð Þ and e51 is the totally quantized energy
which can be obtained by substituting kx ¼ nxp

dx
; ky ¼ nyp

dy
; kz ¼ nzp

dz
and E ¼ e51 in

(4.25).
The electron density per sub-band assumes the form

n0QDSL ¼ 2gv
dxdydz

Real part of ½F�1 g105ð Þ� ð4:64Þ
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The EP in this case(JSL) is given by

JQDSL ¼ a0egv
dxdydz

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

F�1ðg105Þvz7ðEnzSL7Þ: ð4:65Þ

4.2.16 The EP from III-V Quantum Dot HD Effective Mass
Superlattices

The electron concentration in this case is given by

n0QDSL ¼ 2gv
dxdydz

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g106ð Þ ð4:66Þ

where g106 � kBTð Þ�1 EFQDHDSL � e61ð Þ and e61 is the totally quantized energy
which can be obtained by substituting kx ¼ nxp

dx
; ky ¼ nyp

dy
; kz ¼ nzp

dz
and E ¼ e61 in

(4.30).
The electron density per sub-band assumes the form

n0QDSL ¼ 2gv
dxdydz

Real part of ½F�1 g106ð Þ� ð4:67Þ

The EP in this case(JSL) is given by

JQDSL ¼ a0egv
dxdydz

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

F�1ðg106Þvz5ðEnzSL5Þ: ð4:68Þ

4.2.17 The EP from Heavily Doped Effective Mass Quantum
Dot II-VI Super-Lattices

The electron concentration in this case is given by

n0QDSL ¼ 2gv
dxdydz

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g107ð Þ ð4:69Þ

where g107 � kBTð Þ�1 EFQDHDSL � e71ð Þ and e71 is the totally quantized energy
which can be obtained by substituting

kx ¼ nxp
dx
; ky ¼ nyp

dy
; kz ¼ nzp

dz
and E ¼ e71 in (4.34).
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The electron density per sub-band assumes the form

n0QDSL ¼ 2gv
dxdydz

Real part of ½F�1 g107ð Þ� ð4:70Þ

The EP in this case(JSL) is given by

JQDSL ¼ a0egv
dxdydz

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

F�1ðg107Þvz6ðEnzSL6Þ: ð4:71Þ

4.2.18 The EP from Heavily Doped Effective Mass Quantum
Dot IV-VI Super-Lattices

The electron concentration in this case is given by

n0QDSL ¼ 2gv
dxdydz

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g108ð Þ ð4:72Þ

where g108 � kBTð Þ�1 EFQDHDSL � e81ð Þ and e81 is the totally quantized energy
which can be obtained by substituting kx ¼ nxp

dx
; ky ¼ nyp

dy
; kz ¼ nzp

dz
and E ¼ e81 in

(4.38).
The electron density per sub-band assumes the form

n0QDSL ¼ 2gv
dxdydz

Real part of ½F�1 g108ð Þ� ð4:73Þ

The EP in this case(JSL) is given by

JQDSL ¼ a0egv
dxdydz

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

F�1ðg108Þvz8ðEnzSL8Þ: ð4:74Þ

4.2.19 The EP from Heavily Doped Effective Mass
HgTe/CdTe Quantum Dot Super-Lattices

The electron concentration in this case is given by

n0QDSL ¼ 2gv
dxdydz

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g109ð Þ ð4:75Þ
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where g109 � kBTð Þ�1 EFQDHDSL � e91ð Þ and e91 is the totally quantized energy
which can be obtained by substituting kx ¼ nxp

dx
; ky ¼ nyp

dy
; kz ¼ nzp

dz
and E ¼ e91 in

(4.42).
The electron density per sub-band assumes the form

n0QDSL ¼ 2gv
dxdydz

Real part of ½F�1 g109ð Þ� ð4:76Þ

The EP in this case(JSL) is given by

JQDSL ¼ a0egv
dxdydz

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

F�1ðg109Þvz81ðEnzSL81Þ: ð4:77Þ

4.2.20 The EP from Heavily Doped Strained Layer Effective
Mass Quantum Dot Super-Lattices

The electron concentration in this case is given by

n0QDSL ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g110ð Þ ð4:78Þ

where g110 � kBTð Þ�1 EFQDHDSL � e110ð Þ and e110 is the totally quantized energy
which can be obtained by substituting kx ¼ nxp

dx
; ky ¼ nyp

dy
; kz ¼ nzp

dz
and E ¼ e110 in

(4.42).
The electron density per sub-band assumes the form

n0QDSL ¼ 2gv
dxdydz

½F�1 g110ð Þ� ð4:79Þ

The EP in this case(JSL) is given by

JQDSL ¼ a0egv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nzmin

F�1ðg110Þvz50ðEnzSL50Þ: ð4:80Þ
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4.3 Results and Discussion

Using the appropriate equations in Figs. 4.1, 4.2, 4.3 and 4.4, the normalized EP
from QW HD III-V SLs (taking GaAs/Ga1−xAlxAs and InxGa1−xAs∕InP QW HD
SLs) with graded interfaces under the magnetic quantization has been plotted as
functions of the inverse quantizing magnetic field, normalized electron degeneracy,
film thickness and the normalized incident photon energy respectively. It appears
from Fig. 4.1 that the EP in this case oscillates with inverse quantizing magnetic field
due to SdH effect. The Fig. 4.2 exhibits the fact that the EP increases with increasing
carrier degeneracy in an oscillatory way and the nature of oscillations is different as
compared with Fig. 4.1. From Fig. 4.3, it can be inferred that the EP oscillates with
film thickness and for certain values of film thickness the EP exhibits very large
values. From Fig. 4.4, it appears that EP increases with increasing photon energy in
quantum steps. The plot of the normalized magneto EP from II-VI HD QWSLs
(taking CdS/ZnSe QWHD SL as an example) with graded interfaces as a function of
inverse quantizing magnetic field has been shown in the curve (b) of Fig. 4.5 where
the plot (a) has been drawn with �k0 ¼ 0 for the purpose of assessing the splitting of
the two spin states by the spin orbit coupling and the crystalline field on the magneto
EP in this case. The plot (c) of Fig. 4.5 has been drawn for HgTe/CdTe QW HD SL
whereas the plot (d) is valid for IV-VI QWHD SL (using PbSe/PbTe as an example).
The Figs. 4.6, 4.7 and 4.8 demonstrate the plots of the EP as functions of normalized
electron degeneracy, film thickness and normalized incident photon energy
respectively for all the cases of Fig. 4.5. The plot of the normalized magneto EP for
III-V QW effective mass HD SLs (taking HD GaAs/Ga1−xAlxAs as an example) as a

Fig. 4.1 Plot of the normalized EP from a GaAs/Ga1−xAlxAs and b InxGa1−xAs∕InP QWHD
superlattices with graded interfaces as a function of inverse quantizing magnetic field
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function of inverse quantizing magnetic field has been shown in the curve (a) of
Fig. 4.9. The plots (b), (c) and (d) in the same figure have been drawn for II-VI QW
effective mass HD SL (taking CdS/ZnSe HD SL as an example, IV-VI QW effective
mass HD SL (taking PbSe/PbTe HD SL as an example) and HgTe/CdTe QW HD

Fig. 4.2 Plot of the normalized EP from a GaAs/Ga1−xAlxAs and b InxGa1−xAs/InP QWHD
superlattices with graded interfaces under quantizing magnetic field as a function of normalized
electron degeneracy

Fig. 4.3 Plot of the normalized EP from a GaAs/Ga1−xAlxAs and b InxGa1−xAs∕InP QWHD
superlattices with graded interfaces under quantizing magnetic field as a function of film thickness
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effective mass SL respectively. The plots for normalized EP as functions of nor-
malized electron degeneracy, film thickness and normalized incident photon energy
for all the cases of Fig. 4.9 has respectively been drawn in the Figs. 4.10, 4.11 and
4.12. The plot (a) of Fig. 4.13 exhibits the variation of the normalized EP as a

Fig. 4.4 Plot of the normalized EP from a GaAs/Ga1−xAlxAs and b InxGa1−xAs∕InP QWHD
superlattices with graded interfaces under quantizing magnetic field as a function of normalized
incident photon energy

Fig. 4.5 Plot of the normalized EP from a CdS/ZnSe with �ko ¼ 0, b CdS/ZnSe with �ko 6¼ 0
c HgTe/CdTe and d PbSe/PbTe QWHD superlattices with graded interfaces as a function of
inverse magnetic field
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function of film thickness for QB HD SLs with graded interfaces of (a) HgTe/CdTe,
(b) HgTe/Hg1−xCdxTe (an example of III-V QB HD SLs, (c) CdS/ZnSe (an example
of II-VI QB HD SLs with �k0 6¼ 0) and (d) PbSe/PbTe (an example of IV-VI QB HD
SLs respectively. The Figs. 4.14 and 4.15 demonstrate the plots for normalized EP as

Fig. 4.6 Plot of the normalized EP from a CdS/ZnSe with �ko ¼ 0, b CdS/ZnSe with �ko 6¼ 0
c HgTe/CdTe and d PbSe/PbTe QWHD superlattices with graded interfaces under quantizing
magnetic field as a function of normalized electron degeneracy

Fig. 4.7 Plot of the normalized EP from a CdS/ZnSe with �ko ¼ 0, b CdS/ZnSe with �ko 6¼ 0
c HgTe/CdTe and d PbSe/PbTe QWHD superlattices with graded interfaces under quantizing
magnetic fieldas a function of film thickness
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functions of normalized electron degeneracy and the normalized incident photon
energy respectively for all the cases of Fig. 4.13. The plot (a) of Fig. 4.16 exhibits the
variation of the normalized EP as a function of film thickness for QB effective HD
SLs of (a) HgTe/CdTe, (b) HgTe/Hg1−xCdxTe (an example of III-V HD SLs, (c)

Fig. 4.8 Plot of the normalized EP from a CdS/ZnSe with �ko ¼ 0, b CdS/ZnSe with �ko 6¼ 0
c HgTe/CdTe and d PbSe/PbTe QWHD superlattices with graded interfaces under quantizing
magnetic field as a function of normalized incident photon energy

Fig. 4.9 Plot of the normalized EP from a GaAs/Ga1−xAlxAs, b CdS/ZnSe with �ko 6¼ 0, (c) PbSe/
PbTe and (d) HgTe/CdTe QW effective mass HD superlattices as a function of inverse quantizing
magnetic field
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CdS/ZnSe (an example of II-VI QB HD SLs with �k0 6¼ 0) and (d) PbSe/PbTe (an
example of IV-VI QB HD SLs respectively.

The Figs. 4.17 and 4.18 exhibit the plots for EP as functions of normalized
electron degeneracy and the normalized incident photon energy respectively for all

Fig. 4.10 Plot of the normalized EP from a GaAs/Ga1−xAlxAs, b CdS/ZnSe with �ko 6¼ 0, c PbSe/
PbTe and d HgTe/CdTe QW effective mass HD superlattices under quantizing magnetic field as a
function of normalized electron degeneracy

Fig. 4.11 Plot of the normalized EP from a GaAs/Ga1−xAlxAs, bCdS/ZnSe with �ko 6¼ 0, c PbSe/
PbTe and d HgTe/CdTe QW effective mass HD superlattices under quantizing magnetic field as a
function of film thickness
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the cases of Fig. 4.16. The nature of variation of the plots in the different types of
HD SLs under different physical conditions as shown from Figs. 4.5, 4.6, 4.7, 4.8,
4.9, 4.10, 4.11, 4.12, 4.13, 4.14, 4.15, 4.16, 4.17 and 4.18 have already been
discussed in describing the plots of Figs. 4.1, 4.2, 4.3 and 4.4. Finally, it is logical

Fig. 4.12 Plot of the normalized EP from a GaAs/Ga1−xAlxAs, b CdS/ZnSe with �ko 6¼ 0, c PbSe/
PbTe and d HgTe/CdTe QW effective mass HD superlattices under quantizing magnetic field as a
function of normalized incident photon energy

Fig. 4.13 Plot of the normalized EP from a HgTe/CdTe b HgTe/Hg1−xCdxTe, c CdS/ZnSe with
�ko 6¼ 0 and d PbSe/PbTe QB HD superlattices with graded interfaces as a function of film
thickness
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to conclude that the numerical values of the EP are totally different in all cases
which exhibit the signature of the respective band structure of HD SL under dif-
ferent physical conditions and the rates of variation are again totally energy spec-
trum dependent.

Fig. 4.14 Plot of the normalized EP from a HgTe/CdTe b HgTe/Hg1−xCdxTe, c CdS/ZnSe with
�ko 6¼ 0 and d PbSe/PbTe QB HD superlattices with graded interfaces as a function of normalized
electron degeneracy

Fig. 4.15 Plot of the normalized EP from a HgTe/CdTe b HgTe/Hg1−xCdxTe, c CdS/ZnSe with
�ko 6¼ 0 and d PbSe/PbTe QB HD superlattices with graded interfaces as a function of normalized
incident photon energy

4.3 Results and Discussion 287



Fig. 4.16 Plot of the normalized EP from a HgTe/CdTe b HgTe/Hg1−xCdxTe, c CdS/ZnSe with
�ko 6¼ 0 and d PbSe/PbTe QB HD superlattices as a function of film thickness

Fig. 4.17 Plot of the normalized EP from a HgTe/CdTe b HgTe/Hg1−xCdxTe, c CdS/ZnSe with
�ko 6¼ 0 and d PbSe/PbTe QW effective mass HD superlattices as a function of normalized electron
degeneracy
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4.4 Open Research Problem

(R:4:1) Investigate the influence of arbitrarily oriented alternating quantizing
magnetic field and strain on the EP for all types of HD super-lattices whose
carrier energy spectra are described in this book.
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The EP from HD III-V Semiconductors

and Their Quantized Counter Parts



Chapter 5
The EP from HD Kane Type
Semiconductors

5.1 Introduction

With the advent of nano-photonics, there has been a considerable interest in
studying the optical processes in semiconductors and their nanostructures [1]. It
appears from the literature, that the investigations have been carried out on the
assumption that the carrier energy spectra are invariant quantities in the presence of
intense light waves, which is not fundamentally true. The physical properties of
semiconductors in the presence of light waves which change the basic dispersion
relation have relatively less investigated in the literature [2–12]. In this appendix we
shall study the EP in HD III-V, ternary and quaternary semiconductors on the basis
of newly formulated electron dispersion law under external photo excitation.

In Sect. 5.2.1 of the theoretical background Sect. 5.2, we have formulated the
dispersion relation of the conduction electrons of HD III-V, ternary and quaternary
materials in the presence of light waves whose unperturbed electron energy spec-
trum is described by the three-band model of Kane in the absence of band tailing. In
Sect. 5.2.2, we have studied the EP for all the aforementioned cases. The Sect. 5.3
contains the results and discussion for this chapter and the Sect. 5.4 contains the
open research problems.

5.2 Theoretical Background

5.2.1 The Formulation of the Electron Dispersion Law
in the Presence of Light Waves in HD III-V, Ternary
and Quaternary Semiconductors

The Hamiltonian Ĥ
� �

of an electron in the presence of light wave characterized by

the vector potential ~A can be written following [11] as

© Springer International Publishing Switzerland 2015
K.P. Ghatak, Einstein’s Photoemission, Springer Tracts in Modern Physics 262,
DOI 10.1007/978-3-319-11188-9_5

295



Ĥ ¼ p̂þ ej j~A
� ����

���
2
�

2m
� 	

þ Vð~rÞ ð5:1Þ

in which, p̂ is the momentum operator, Vð~rÞ is the crystal potential and m is the free
electron mass.

(5.1) can be expressed as

Ĥ ¼ Ĥ0 þ Ĥ0 ð5:2Þ

where

Ĥ0 ¼ p̂2

2m
þ Vð~rÞ

and

Ĥ0 ¼ ej j
2m

~A � p̂ ð5:3Þ

The perturbed Hamiltonian Ĥ0 can be written as

Ĥ0 ¼ �i�h ej j
2m


 �
~A � r

� �
ð5:4Þ

where i ¼ ffiffiffiffiffiffiffi�1
p

and p̂ ¼ �i�hr
The vector potential (~A) of the monochromatic light of plane wave can be

expressed as

~A ¼ A0~es cosð~s0 �~r � xtÞ ð5:5Þ

where A0 is the amplitude of the light wave,~es is the polarization vector,~s0 is the
momentum vector of the incident photon,~r is the position vector, x is the angular
frequency of light wave and t is the time scale. The matrix element of Ĥ0

nl between

initial state, wl ~q;~rð Þ and final state wn
~k;~r
� �

in different bands can be written as

Ĥ0
nl ¼

ej j
2m

n~k ~A � p̂�� ��l~q
D E

ð5:6Þ

Using (5.4) and (5.5), we can re-write (5.6) as

Ĥ0
nl ¼

�i�h ej jA0

4m


 �
~es � n~k eði~s0�~rÞr�� ��l~q

D E
e�ixt

n o
þ n~k eði~s0�~rÞr�� ��l~q

D E
eixt

n oh i

ð5:7Þ
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The first matrix element of (5.7) can be written as

n~k e i~s0�~rð Þr�� ��l~q
D E

¼
Z

e i ~qþ~s0�~k½ ��~rð Þi~qu�n ~k;~r
� �

ul ~q;~rð Þd3r

þ
Z

e i ~qþ~s0�~k½ ��~rð Þu�n ~k;~r
� �

rul ~q;~rð Þd3r
ð5:8Þ

The functions u�nul and u�nrul are periodic. The integral over all space can be
separated into a sum over unit cells times an integral over a single unit cell. It is
assumed that the wave length of the electromagnetic wave is sufficiently large so that

if~k and~q are within the Brillouin zone, ~qþ~s0 �~k
� �

is not a reciprocal lattice vector.

Therefore, we can write (5.8) as

n~k eði~s0�~rÞr�� ��l~q
D E

¼ 2pð Þ3
X

" #
i�qd ~qþ~s0 �~k

� �
dnl þ d ~qþ~s0 �~k

� �n

Z

cell

u�n ~k;~r
� �

rul ~q;~rð Þd3r
9=
;

¼ 2pð Þ3
X

" #
d ~qþ~s0 �~k
� � Z

cell

u�n ~k;~r
� �

rul ~q;~rð Þd3r
8<
:

9=
;

ð5:9Þ

where X is the volume of the unit cell and
R
u�nð~k;~rÞulð~q;~rÞd3r ¼ dð~q�~kÞdnl ¼ 0,

since n 6¼ l:
The delta function expresses the conservation of wave vector in the absorption of

light wave and~s0 is small compared to the dimension of a typical Brillouin zone
and we set ~q ¼~k.

From (5.8) and (5.9), we can write,

Ĥ0
nl ¼

ej jA0

2m
~es � p̂nlð~kÞdð~q�~kÞ cosðxtÞ ð5:10Þ

where

p̂nlð~kÞ ¼ �i�h
Z

u�nruld
3r ¼

Z
u�nð~k;~rÞp̂ulð~k;~rÞd3r

Therefore, we can write

Ĥ0
nl ¼

ej jA0

2m
~e � p̂nlð~kÞ ð5:11Þ

where~e ¼~es cosxt.
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When a photon interacts with a semiconductor, the carriers (i.e., electrons) are
generated in the bands which are followed by the inter-band transitions. For
example, when the carriers are generated in the valence band, the carriers then make
inter-band transition to the conduction band. The transition of the electrons within

the same band i.e., Ĥ0
nn ¼ n~k Ĥ0�� ��n~k

D E
is neglected. Because, in such a case, i.e.,

when the carriers are generated within the same bands by photons, are lost by
recombination within the aforementioned band resulting zero carriers.

Therefore,

n~k Ĥ0�� ��n~k
D E

¼ 0 ð5:12Þ

With n = c stands for conduction band and l = v stand for valance band, the
energy equation for the conduction electron can approximately be written as

I11ðEÞ ¼ �h2k2

2mc


 �
þ

ej jA0

2m

� �2
~e � p̂cvð~kÞ
���

���
2

 �

av

Ecð~kÞ � Evð~kÞ
ð5:13Þ

where I11ðEÞ � EðaE þ 1ÞðbE þ 1Þ=ðcE þ 1Þ; a � 1=Eg0 , Eg0 is the un-perturbed

band-gap, b � 1= Eg0 þ D
� �

; c � 1= Eg0 þ 2D=3
� �

, and ~e � p̂cvð~kÞ
���

���
2

 �

av
repre-

sents the average of the square of the optical matrix element (OME).
For the three-band model of Kane, we can write,

n1k ¼ Ecð~kÞ � Evð~kÞ ¼ ðE2
g0 þ Eg0�h

2k2=mrÞ1=2 ð5:14Þ

where mr is the reduced mass and is given by m�1
r ¼ ðmcÞ�1 þ m�1

v , and mv is the
effective mass of the heavy hole at the top of the valance band in the absence of any
field.

The doubly degenerate wave functions u1 ~k;~r
� �

and u2 ~k;~r
� �

can be expressed

as [13, 14]

u1 ~k;~r
� �

¼ akþ ðisÞ #0½ � þ bkþ
X 0 � iY 0

ffiffiffi
2

p "0
� 	

þ ckþ Z 0 #½ � ð5:15Þ

and

u2 ~k;~r
� �

¼ ak� ðisÞ "0½ � � bk�
X 0 þ iY 0

ffiffiffi
2

p #0
� 	

þ ck� Z 0 "0½ � ð5:16Þ

s is the s-type atomic orbital in both unprimed and primed coordinates, #0 indicates
the spin down function in the primed coordinates,
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ak� � b
�
Eg0 � ðc0k�Þ2ðEg0 � d0Þ1=2ðEg0 þ d0Þ1=2�;

b � ð6ðEg0 þ 2D=3ÞðEg0 þ DÞÞ=v� �1=2
;

v � ð6E2
g0 þ 9Eg0Dþ 4D2Þ; c0k� � ðn1k � Eg0Þ

2ðn1k þ d0Þ
� 	1=2

;

n1k � Ecð~kÞ � Evð~kÞ ¼ Eg0 1þ 2 1þ mc
mv

� �
I11ðEÞ
Eg0

h i1=2
d0 � ðE2

g0DÞðvÞ
�1; X 0; X 0; and Z0

are the p-type atomic orbitals in the primed coordinates, "0 indicates the spin-up
function in the primed coordinates,

bk� � qc0k�; qð4D2=3vÞ1=2; ck� � tc0k� and t � 6ðEg0 þ 2D=3Þ2=v
h i1=2

:

We can, therefore, write the expression for the optical matrix element (OME) as
OME

OME = p̂cvð~kÞ ¼ hu1ð~k;~rÞ p̂j ju2ð~k;~rÞi ð5:17Þ

Since the photon vector has no interaction in the same band for the study of
inter-band optical transition, we can therefore write

S p̂j jSh i ¼ X p̂j jXh i ¼ Y p̂j jYh i ¼ Z p̂j jZh i ¼ 0

and

X p̂j jYh i ¼ Y p̂j jZh i ¼ Z p̂j jXh i ¼ 0

There are finite interactions between the conduction band (CB) and the valance
band (VB) and we can obtain

S P̂
�� ��X� � ¼ î � P̂ ¼ î � P̂x

S P̂
�� ��Y� � ¼ ĵ � P̂ ¼ ĵ � P̂y

S P̂
�� ��Z� � ¼ k̂ � P̂ ¼ k̂ � P̂z

where î; ĵ and k̂ are the unit vectors along x, y and z axes respectively.
It is well known [14] that

"0
#0

� 	
¼ e�i/=2 cos ðh=2Þ ei/=2 sin ðh=2Þ

�e�i/=2 sin ðh=2Þ ei/=2 cos ðh=2Þ
� 	 "

#
� 	

and
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X 0

Y 0

Z 0

2
4

3
5 ¼

cos h cos / cos h sin / � sin h
� sin / cos / 0
sin h cos / sin h sin / cos h

2
4

3
5

X
Y
Z

2
4

3
5

Besides, the spin vector can be written as ~S ¼ �h
2~r where

rx ¼ 0 1
1 0

� 	
; ry

0 �i
i 0

� 	
and rz ¼ 1 0

0 �1

� 	
:

From above, we can write

p̂CV ð~kÞ ¼ u1ð~k;~rÞ P̂
�� ��u2ð~k;~rÞ

D E

¼ akþ ðiSÞ #0½ � þ bkþ
X 0 � iY 0

ffiffiffi
2

p

 �

"0
� 	

þ ckþ Z 0 #0½ �
� �

P̂
�� �� ak� ðiSÞ "0½ �f



�bk�
X 0 þ iY 0

ffiffiffi
2

p

 �

#0 þck� Z 0 "0½ �
� 	��

:

Using above relations, we get

p̂CV ð~kÞ ¼ u1ð~k;~rÞ P̂
�� ��u2ð~k;~rÞ

D E

¼ bkþak�ffiffiffi
2

p ðX 0 � iY 0Þ P̂�� ��iS� � "0 j "0h i� �þ ckþak� Z 0 P̂
�� ��iS� � #0 j "0h i� �

� akþbk�ffiffiffi
2

p iS P̂
�� ��ðX 0 þ iY 0Þ� � #0 j #0h i� �þ akþck� iS P̂

�� ��Z 0� � #0 j "0h i� �

ð5:18Þ

From (5.18), we can write

ðX 0 � iY 0Þ P̂�� ��iS� � ¼ ðX 0Þ P̂�� ��iS� �� ðiY 0Þ P̂�� ��iS� �

¼ i
Z

u�X 0 P̂S�
Z

�iu�Y 0 P̂iuX ¼ i X 0 P̂
�� ��S� �� Y 0 P̂

�� ��S� �

From the above relations, for X 0; Y 0 and Z 0, we get

X 0j i ¼ cos h cos / Xj i þ cos h sin/ Yj i � sin h Zj i

Thus,

X 0 P̂
�� ��S� � ¼ cos h cos/ X P̂

�� ��S� �þ cos h sin/ Y P̂
�� ��S� �� sin h Z P̂

�� ��S� � ¼ P̂r̂1

where,
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r̂1 ¼ î cos h cos/þ ĵ cos h sin/� k̂ sin h

Y 0j i ¼ � sin/ Xj i þ cos/ Yj i þ 0 Zj i

Thus,

Y 0 P̂
�� ��S� � ¼ � sin/ X P̂

�� ��S� �þ cos/ Y P̂
�� ��S� �þ 0 Z P̂

�� ��S� � ¼ P̂r̂2

where

r̂2 ¼ �î sin/þ ĵ cos/

so that

X 0 � iY 0ð Þ P̂�� ��S� � ¼ P̂ðir̂1 � r̂2Þ

Thus,

ak�bkþffiffiffi
2

p X 0 � iY 0ð Þ P̂�� ��S� � "0 j "0h i ¼ ak�bkþffiffiffi
2

p P̂ðîr1 � r̂2Þ "0 j "0h i ð5:19Þ

Now since,

iS P̂
�� �� X 0 þ iY 0ð Þ� � ¼ i S P̂

�� ��X 0� �� S P̂
�� ��Y 0� � ¼ P̂ðir̂1 � r̂2Þ

We can write,

� akþbk�ffiffiffi
2

p iS P̂
�� �� X 0 þ iY 0ð Þ� � #0 j #0h i� �� 	

¼ � akþbk�ffiffiffi
2

p P̂ðîr1 � r̂2Þ #0 j #0h i
� 	

ð5:20Þ

Similarly, we get

jZ 0i ¼ sin h cos/jXi þ sin h sin/jYi þ cos hjZi

So that,

Z 0jP̂jiS� � ¼ i Z 0jP̂jS� � ¼ iP̂ sin h cos /̂iþ sin h sin /̂jþ cos hk̂
� � ¼ iP̂r̂3

where,

r̂3 ¼ î sin h cos/þ ĵ sin h sin/þ k̂ cos h

Thus,
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ckþak� Z 0jP̂jiS� � #0 j "0h i ¼ ckþak� iP̂r̂3 #0 j "0h i ð5:21Þ

Similarly, we can write,

ck�akþ iSjP̂jZ 0� � #0 j "0h i ¼ ck�akþ iP̂r̂3 #0 j "0h i ð5:22Þ

Therefore, we obtain

ak�bkþffiffiffi
2

p X 0 � iY 0ð ÞjP̂jS� � "0 j "0h i� �� akþbk�ffiffiffi
2

p iSjP̂jðX 0 þ iY 0� � #0 j #0h i� �

¼ P̂ffiffiffi
2

p �akþbk� #0 j #0h i þ ak�bkþ "0 j "0h i� �ðir̂1 � r̂2Þ
ð5:23Þ

Also, we can write,

ckþak� Z 0jP̂jiS� � #0 j "0h i þ ck�akþ iSjP̂jZ 0� � #0 j "0h i
¼ iP̂ðckþak� þ ck�akþÞr̂3 #0 j #0h i½ � ð5:24Þ

Combining (5.23) and (5.24), we find

p̂CV ð~kÞ ¼ P̂ffiffiffi
2

p ðîr1 � r̂2Þ bkþak�
� � "0 j "0h i � bk�akþ

� � #0 j #0h i� �

þ iP̂r̂3 ckþak� � ck�akþ
� � #0 j "0h i ð5:25Þ

From the above relations, we obtain,

"0 ¼ e�i/=2 cosðh=2Þ " þ ei/=2 sinðh=2Þ
#0 ¼ �e�i/=2 sinðh=2Þ " þ ei/=2 cosðh=2Þ

)
ð5:26Þ

Therefore,

#0 j "0h ix ¼ � sinðh=2Þ cosðh=2Þ " j "h ix þ e�i/ cos2ðh=2Þ # j "h ix
� ei/ sin2ðh=2Þ " j #h ixþ sinðh=2Þ cosðh=2Þ # j #h ix

ð5:27Þ

But we know from above that

" j "h ix¼ 0; # j "h i ¼ 1
2
; # j "h ix¼

1
2

and # j #h ix¼ 0
Thus, from (5.27), we get
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#0 j "0h ix ¼
1
2
½e�i/ cos2ðh=2Þ � ei/ sin2ðh=2Þ�

¼ 1
2

cos/� i sin/ð Þ cos2ðh=2Þ � cos/þ i sin/ð Þ sin2ðh=2Þ� �

¼ 1
2
½cos/ cos h� i sin/�

ð5:28Þ

Similarly, we obtain

"0 j "0h iy¼
1
2
i cos/þ sin/ cos h½ �

and #0 j "0h iz¼ 1
2 ½� sin h�

Therefore,

#0 j "0h i ¼ î #0 j "0h ix þ ĵ #0 j "0h iy þ k̂ #0 j "0h iz
¼ 1

2
cos h cos /� i sin /ð Þ̂iþ i cos /þ sin / cos hð Þ̂j� sin hk̂

� �

¼ 1
2

cos h cos /ð Þ̂iþ sin / cos hð Þ̂j� sin hk̂
� �þ i �î sin /þ ĵ cos /

� �� �

¼ 1
2
½̂r1 þ ir̂2� ¼ � 1

2
i½îr1 � r̂2�

Similarly, we can write

"0 j "0h i ¼ 1
2

î sin h cos/þ ĵ sin h sin/þ k̂ cos h
� � ¼ 1

2
r̂3 and #0 j #0h i ¼ � 1

2
r̂3

Using the above results and following (5.25) we can write

p̂CV ð~kÞ ¼ P̂ffiffiffi
2

p ðir̂1 � r̂2Þ ak�bkþ
� � "0 j "0h i � bk�akþ

� � #0 j #0h i� �

þ iP̂r̂3 ckþak� � ck�akþ
� � #0 j "0h i� �

¼ P̂
2
r̂3ðîr1 � r̂2Þ ak�bkþffiffiffi

2
p þ bk�akþffiffiffi

2
p


 �� �

þ P̂
2
r̂3ðir̂1 � r̂2Þ ckþak� þ ck�akþ

� �� �

Thus,
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p̂CV ð~kÞ ¼ P̂
2
r̂3ðîr1 � îr2Þ akþ

bk�ffiffiffi
2

p þ ck�


 �
þ ak�

bkþffiffiffi
2

p þ ckþ


 �� �
ð5:29Þ

We can write that,

r̂1j j ¼ r̂2j j ¼ r̂3j j ¼ 1; also ; P̂r̂3 ¼ P̂x sin h cos /̂iþ P̂y sin h sin /̂jþ P̂z cos hk̂

where,

P̂ ¼ SjP̂jX� � ¼ SjP̂jY� � ¼ SjP̂jZ� �
;

SjP̂jX� � ¼
Z

u�Cð0;~rÞP̂uVXð0;~rÞd3r ¼ P̂CVXð0Þ

and SjP̂jZ� � ¼ P̂CVZð0Þ

Thus, P̂ ¼ P̂CVXð0Þ ¼ P̂CVY ð0Þ ¼ P̂CVZð0Þ ¼ P̂CV ð0Þ where P̂CV ð0Þ �
R
u�Cð0;~rÞ

P̂uV ð0;~rÞd3r � P̂:
For a plane polarized light wave, we have the polarization vector~es ¼ k̂, when

the light wave vector is traveling along the z-axis. Therefore, for a plane polarized
light-wave, we have considered~es ¼ k̂.

Then, from (5.29) we get

~e � p̂CV ~k
� �� �

¼~k � P̂
2
r̂3ðîr1 � r̂2Þ Að~kÞ þ Bð~kÞ

h i
cosxt ð5:30Þ

and

Að~kÞ ¼ ak�
bkþffiffi
2

p þ ckþ
� �

Bð~kÞ ¼ akþ
bk�ffiffi
2

p þ ck�
� �

9=
; ð5:31Þ

Thus,

~e � p̂cvð~kÞ
���

���
2
¼ k̂ � P̂

2
r̂3

����
����
2

îr1 � r̂2j j2 Að~kÞ þ Bð~kÞ
h i2

cos2 xt

¼ 1
4
P̂z cos h
�� ��2 Að~kÞ þ Bð~kÞ

h i2
cos2 xt ð5:32Þ

So, the average value of ~e � p̂cvð~kÞ
���

���
2
for a plane polarized light-wave is given by

304 5 The EP from HD Kane Type Semiconductors



~e � p̂cvð~kÞ
���

���
2

 �

av
¼ 2

4
P̂z

�� ��2½Að~kÞ þ Bð~kÞ�2
Z2p

0

d/
Zp

0

cos 2 h sin hdh

0
@

1
A 1

2


 �

¼ 2p
3

P̂z

�� ��2 Að~kÞ þ Bð~kÞ
h i2

ð5:33Þ

where P̂z

�� ��2¼ 1
2

� �
~k � p̂cvð0Þ
���

���
2
and

~k � p̂cvð0Þ
���

���
2
¼ m2

4mr

Eg0ðEg0 þ DÞ
Eg0 þ 2

3D
� � ð5:34Þ

We shall express Að~kÞ and Bð~kÞ in terms of constants of the energy spectra in the
following way:

Substituting ak� , bk� , ck� and c0k� in Að~kÞ and Bð~kÞ in (5.31) we get

Að~kÞ ¼ b t þ qffiffiffi
2

p

 �

Eg0

Eg0 þ d0


 �
c20kþ � c20kþc

2
0k�

Eg0 � d0

Eg0 þ d0


 �� �1=2

ð5:35Þ

Bð~kÞ ¼ b t þ qffiffiffi
2

p

 �

Eg0

Eg0 þ d0


 �
c20k� � c20kþc

2
0k�

Eg0 � d0

Eg0 þ d0


 �� �1=2

ð5:36Þ

in which, c20k� � n1k�Eg0
2ðn1kþd0Þ � 1

2 1� Eg0þd0

n1kþd0

� �h i
and c20k� � n1kþEg0

2ðn1kþd0Þ � 1
2 1þ Eg0�d0

n1kþd0

� �h i

Substituting x � n1k þ d0 in c20k� , we can write,

Að~kÞ ¼ b t þ qffiffiffi
2

p

 �

Eg0

Eg0 þ d0


 �
1
2

1� Eg0 þ d0

x


 �
� 1
4

Eg0 � d0

Eg0 þ d0


 ��

1� Eg0 þ d0

x


 �
1þ Eg0 � d0

x


 ��1=2

Thus,

Að~kÞ ¼ b
2

t þ qffiffiffi
2

p

 �

1� 2a0
x

þ a1
x2

� �1=2

where

5.2 Theoretical Background 305



a0 � ðE2
g0 þ d02ÞðEg0 þ d0Þ�1

and a1 � Eg0 � d0
� �2

.
After tedious algebra, one can show that

Að~kÞ ¼ b
2

t þ qffiffiffi
2

p

 �

ðEg0 � d0Þ 1
n1k þ d0

� 1
Eg0 þ d0

� 	1=2 1
n1k þ d0

� ðEg0 þ d0Þ
ðEg0 � d0Þ2

" #1=2

ð5:37Þ

Similarly, from (5.36), we can write,

Bð~kÞ ¼ b t þ qffiffiffi
2

p

 �

Eg0

Eg0 þ d0


 �
1
2

1þ Eg0 � d0

x


 �
� 1
4

Eg0 � d0

Eg0 þ d0


 ��

1� Eg0 þ d0

x


 �
1þ Eg0 � d0

x


 ��1=2

So that, finally we get,

Bð~kÞ ¼ b
2

t þ qffiffiffi
2

p

 �

1þ Eg0 � d0

n1k þ d0


 �
ð5:38Þ

Using (5.33), (5.34), (5.37) and (5.38), we can write

jejA0

2m


 �2 ~e � p̂cvð~kÞ
���

���
2

 �

av

Ecð~kÞ � Evð~kÞ
¼ jejA0

2m


 �22p
3

~k � p̂cvð0Þ
���

���
2b2

4
t þ qffiffiffi

2
p


 �2

1
n1k

1þ Eg0 � d0

n1k þ d0


 �
þ ðEg0 � d0Þ

�

1
n1k þ d0

� 1
Eg0 þ d0

� 	1=2 1
n1k þ d0

� Eg0 þ d0

ðEg0 � d0Þ2
" #1=2

9=
;

2

ð5:39Þ

Following Nag [12], it can be shown that

A2
0 ¼

Ik2

2p2c3
ffiffiffiffiffiffiffiffiffi
esce0

p ð5:40Þ

where, I is the light intensity of wavelength k; e0 is the permittivity of free space and
c is the velocity of light. Thus, the simplified electron energy spectrum in III-V,
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ternary and quaternary materials in the presence of light waves can approximately
be written as

�h2k2

2mc
¼ b0ðE; kÞ ð5:41Þ

where b0ðE; kÞ � ½I11ðEÞ � h0ðE; kÞ�;

h0ðE; kÞ � jej2
96mrpc3

Ik2ffiffiffiffiffiffiffiffiffi
esce0

p Eg0ðEg0 þ DÞ
ðEg0 þ 2

3DÞ
b2

4
t þ qffiffiffi

2
p


 �2 1
/0ðEÞ

1þ Eg0 � d0

/0ðEÞ þ d0


 �
þ ðEg0 � d0Þ 1

/0ðEÞ þ d0
� 1
Eg0 þ d0

� 	1=2(

1
/0ðEÞ þ d0

� Eg0 þ d0

ðEg0 � d0Þ2
" #1=2

9=
;

2

and /0ðEÞ � Eg0 1þ 2 1þ mc
mv

� �
I11ðEÞ
Eg0

� �1=2

Thus, under the limiting condition ~k ! 0, from (5.41), we observe that E ≠ 0
and is positive. Therefore, in the presence of external light waves, the energy of the
electron does not tend to zero when ~k ! 0, where as for the un-perturbed three
band model of Kane, I11ðEÞ ¼ �h2k2=ð2mcÞ

� �
in which E ! 0 for ~k ! 0. As the

conduction band is taken as the reference level of energy, therefore the lowest
positive value of E for ~k ! 0 provides the increased band gap (ΔEg) of the
semiconductor due to photon excitation. The values of the increased band gap can
be obtained by computer iteration processes for various values of I and λ
respectively.

Special Cases:

(1) For the two-band model of Kane, we have Δ → 0. Under this condition,
I11ðEÞ ! Eð1þ aEÞ ¼ �h2k2

2mc
. Since, β → 1, t → 1, ρ → 0, δ′ → 0 for Δ → 0,

from (5.41), we can write the energy spectrum of III-V, ternary and quaternary
materials in the presence of external photo-excitation whose unperturbed
conduction electrons obey the two band model of Kane as

�h2k2

2mc
¼ s0ðE; kÞ ð5:42Þ

where s0ðE; kÞ � Eð1þ aEÞ � B0ðE; kÞ;
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B0ðE; kÞ � jej2Ik2Eg0

384pc3mr
ffiffiffiffiffiffiffiffiffi
esce0

p 1
/1ðEÞ

1þ Eg0

/1ðEÞ

 �

þ Eg0
1

/1ðEÞ
� 1
Eg0

� 	� �2

;

/1ðEÞ � Eg0 1þ 2mc

mr
aEð1þ aEÞ

� �1=2

:

(2) For relatively wide band gap semiconductors, one can write, a → 0, b → 0,
c → 0 and I11(E) → E.

Thus, from (5.42), we get,

�h2k2

2mc
¼ q0ðE; kÞ ð5:43Þ

where q0ðE; kÞ � E � jej2Ik2
96pc3mr

ffiffiffiffiffiffiffi
esce0

p 1þ 2mc
mr

� �
aE

h i�3=2
:

5.2.2 The EP in the Presence of Light Waves in HD III-V,
Ternary and Quaternary Semiconductors

The (5.40), (5.41) and (5.42) can approximately be written as

�h2k2

2m�
c
¼ UkI11ðEÞ � Pk ð5:44Þ

�h2k2

2m�
c
¼ t1kE þ t2kE

2 � dk ð5:45Þ

and

�h2k2

2m�
c
¼ t1kE � dk ð5:46aÞ

where Uk ¼ ð1þ hkÞ; hk ¼ C0
A ðtk þ BJk

A Þ; C0 ¼ jej2Ik2Eg0 ðEg0þDÞ
96mrpc3

ffiffiffiffiffiffiffi
esce0

p ðEg0þ2
3DÞ

b2

4 ð1þ qffiffi
2

p Þ2
h i
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B ¼ ½1þ m�
mV

�;Gk ¼ ½ 2B

ðAþ d0Þ3 �
BCk

ðAþ d0Þ�

Ck ¼ ½ðEg0 þ d0Þ�1 þ ðEg0 þ d0ÞðEg0 � d0Þ�2�ðAþ d0Þ�1

Pk ¼ C0

A
Jk; Jk ¼ ðDk þ 2ðEg0 � d0Þ

ffiffiffiffi
fk

p
Þ;

Dk ¼ ð1þ 2ðEg0 � d0Þ
ðAþ d0Þ ; fk ¼ ½ 1

ðAþ d0Þ2 þ
1

ðEg0 � d0Þ2 � Ck�;

t1k ¼ ð1þ 3mc

mr
adkÞ; a ¼ 1

Eg0
; dk ¼ jej2Ik2

96mrpc3
ffiffiffiffiffiffiffiffiffi
esce0

p and t2k ¼ at1k

Under the condition of heavy doping, following the methods as developed in
Chap. 1, the HD dispersion relations in this case in the presence of light waves can
be written as

�h2k2

2mc
¼ T1ðE; gg; kÞ ð5:46bÞ

�h2k2

2mc
¼ T2ðE; gg; kÞ ð5:47Þ

�h2k2

2mc
¼ T3ðE; gg; kÞ ð5:48Þ

where

T1ðE; gg; kÞ ¼ ½Uk½T31ðE; ggÞ þ iT32ðE; ggÞ� � Pk�
T2ðE; gg; kÞ ¼ ½t1kc3ðE; ggÞ þ ðt2kÞ2h0ðE; ggÞ½1þ ErfðE=ggÞ��1 � dk�

and

T3ðE; gg; kÞ ¼ ½t1kc3ðE; ggÞ � dk�

The EEM can be expressed in this case by using (5.46a, 5.46b), (5.47) and (5.48)
as

m � ðEFHDL; gg; kÞ ¼ mc Real part of ½T1ðEFHDL; gg; kÞ�0 ð5:49Þ

m � ðEFHDL; gg; kÞ ¼ mc½T2ðEFHDL; gg; kÞ�0 ð5:50Þ

m � ðEFHDL; gg; kÞ ¼ mc½T3ðEFHDL; gg; kÞ�0 ð5:51Þ

5.2 Theoretical Background 309

http://dx.doi.org/10.1007/978-3-319-11188-9_1


The electron concentration is given by

n0 ¼ gv
3p2

2mc

�h2


 �3
2

Real part of½T1ðEFHDL; gg; kÞ�
3
2 ð5:52Þ

n0 ¼ gv
3p2

2mc

�h2


 �3
2

½T2ðEFHDL; gg; kÞ�
3
2 ð5:53Þ

n0 ¼ gv
3p2

2mc

�h2


 �3
2

½T3ðEFHDL; gg; kÞ�
3
2 ð5:54Þ

where EFHDL is the Fermi energy in HD III-V semiconductors in the presence of
light waves as measured from the age of the unperturbed conduction band in the
vertically upward direction.

The velocity along z direction and the density of states function in this case for
HD optoelectronic Kane type materials under intense light waves whose conduction
electrons in the absence of perturbation obey the three band model of Kane can
respectively be written as

vzðE0
1Þ ¼

ffiffiffiffiffiffi
2
mc

r ½T1ðE0
1; gg; kÞ�1=2

T 0
1ðE0

1; gg; kÞ
ð5:55Þ

NðE0
1Þ ¼ 4pgvð2mc

h2
Þ3=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T1ðE0

1; gg; kÞ
q

½T 0
1ðE0

1; gg; kÞ� ð5:56Þ

where E0
1 ¼ E � E01HD;E01HD ¼ n1 þW � hm; n1 is the root of the equation

T1ðn1; gg; kÞ ¼ 0 ð5:57Þ

The EP in this case is given by

JLHD ¼ 4pa0emcgm
h3

Real part of
Za

E01HD

T1ðE0
1; gg; kÞf ðEÞdE0

1 ð5:58Þ

Similarly the EP for perturbed two band model of Kane and that of parabolic
energy bands can respectively be expressed as

JLHD ¼ 4pa0emcgm
h3

Za

E02HD

T2ðE0
2; gg; kÞf ðEÞdE0

2 ð5:59Þ

and
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JLHD ¼ 4pa0emcgm
h3

Za

E03HD

T3ðE0
3; gg; kÞf ðEÞdE0

3 ð5:60Þ

where E0
2 ¼ E � E02HD;E02HD ¼ n2 þW � hm; n2 is the root of the equation

T2ðn2; gg; kÞ ¼ 0 ð5:61Þ

and where E0
3 ¼ E � E03HD;E03HD ¼ n3 þW � hm; n3 is the root of the equation

T3ðn3; gg; kÞ ¼ 0: ð5:62Þ

5.3 Results and Discussion

Using the appropriate equations, the normalized EP from HD n-Hg1−xCdxTe has
been plotted as functions of normalized I0 (for a given wavelength and considering
red light for which λ is about 640 nm), λ (assuming I0 = 10 nWm−2) and the
normalized electron degeneracy at T = 4.2 K in accordance with the perturbed three
and two band models of Kane and that of perturbed parabolic energy bands in
Figs. 5.1, 5.2 and 5.3 respectively. The Figs. 5.4, 5.5 and 5.6 exhibit all the
aforementioned cases for HD n-In1−xGaxAsyP1−y lattice matched to InP
respectively.

It appears that the J increases with the increasing electron degeneracy in
accordance with all the band models. The combined influence of the energy band
constants on the EP from ternary and quaternary materials can easily be assessed
from all the figures. It appears that the EP decreases with increasing light intensity
for all the materials and also decreases as the wavelength shifts from violet to red.

The influence of light is immediately apparent from all the plots, since the EP
depends strongly on the light intensity for all types of perturbed band models,
which is in direct contrast with that for the bulk specimens of the said compounds
whose formulations depend on the general idea that the band structure is an
invariant quantity in the presence of external photo-excitation together with the fact
that the physics of EP is being converted mathematically by using the lower limit of
integration as E0 as often used in the literature. The dependence of JL on light
intensity and wavelength reflects the direct signature of the light wave on the band
structure dependent physical properties of electronic materials in general in the
presence of external photo-excitation and the photon assisted transport for the
corresponding HD optoelectronic semiconductor devices. Although JL tends to
decrease with the increasing intensity and the wavelength but the rate of increase is
totally band structure dependent.
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Fig. 5.1 Plot of the normalized EP from HD n-Hg1−xCdxTe as a function of normalized light
intensity in which the curves (a), (b) and (c) represent the perturbed three and two band models of
Kane together with parabolic energy bands respectively

Fig. 5.2 Plot of the normalized EP from HD n-Hg1−xCdxTe as a function of wavelength for all
cases of Fig. 5.1
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Fig. 5.3 Plot of the normalized EP from HD n-Hg1−xCdxTe as a function of normalized electron
degeneracy for all cases of Fig. 5.1

Fig. 5.4 Plot of the normalized EP from HD In1−xGaxAsyP1−y lattice matched to InP as a function
of normalized light intensity in which the curves (a), (b) and (c) represent the perturbed three and
two band models of Kane together with parabolic energy bands respectively
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It is worth remarking that our basic Eq. (5.46b) covers various materials having
different energy band structures. Under certain limiting conditions, all the results of
the EP for different materials having various band structures lead to the well-known

Fig. 5.5 Plot of the normalized EP from HD In1−xGaxAsyP1−y lattice matched to InP as a function
of wavelength for all cases of Fig. 5.4

Fig. 5.6 Plot of the normalized EP from HD In1−xGaxAsyP1−y lattice matched to InP as a function
of normalized electron degeneracy for all cases of Fig. 5.4
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expression of the same for wide-gap materials having simplified parabolic energy
bands. This indirect test not only exhibits the mathematical compatibility of the
formulation but also shows the fact that the presented simple analysis is a more
generalized one, since well known result can be obtained under certain limiting
conditions of the generalized expressions.

It is worth remarking that the influence of an external photo-excitation is to
change radically the original band structure of the material. Because of this change,
the photon field causes to increase the band gap of semiconductors. We have
proposed two experiments for the measurement of band gap of HD semiconductors
under photo-excitation in Chap. 9 in this context.

We have not considered other types of optoelectronic and III-V materials and
other external variables for the purpose of concise presentation. Besides, the
influence of energy band models and the various band constants on the EP for
different materials can also be studied from all the figures of this chapter. The
numerical results presented in this chapter would be different for other materials but
the nature of variation would be unaltered. The theoretical results as given here
would be useful in analyzing various other experimental data related to this phe-
nomenon. Finally, it appears that this theory can be used to investigate the ther-
moelectric power, the Debye screening length, the magnetic susceptibilities, the
Burstien Moss shift, plasma frequency, the Hall coefficient, the specific heat and
other different transport coefficients of modern HD optoelectronic devices operated
in the presence of light waves.

5.4 Open Research Problems

(R:5:1) Investigate the EP in the presence of intense external light waves for all the
HD materials whose respective dispersion relations of the carriers in the
absence of any field are given in R.1.1 of Chap. 1.

(R:5:2) Investigate the EP for the heavily–doped semiconductors in the presences
of Gaussian, exponential, Kane, Halperian, Lax and Bonch-Burevich types
of band tails [16] for all systems whose unperturbed carrier energy spectra
are defined in (R.1.1) in the presence of external light waves.

(R:5:3) Investigate the EP in the presence of external light waves for bulk speci-
mens of the HD negative refractive index, organic, magnetic and other
advanced optical materials in the presence of an arbitrarily oriented
alternating electric field.

(R:5:4) Investigate all the appropriate HD problems of this chapter for a Dirac
electron.

(R:5:5) Investigate all the appropriate problems of this chapter by including the
many body, broadening and hot carrier effects respectively.

(R:5:6) Investigate all the appropriate problems of this chapter by removing all the
mathematical approximations and establishing the respective appropriate
uniqueness conditions.
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Chapter 6
The EP from HD Kane Type Materials
Under Magnetic Quantization

6.1 Introduction

In this chapter, the EP under magnetic quantization in HD Kane type materials has
been investigated in the presence of external photo-excitation whose conduction
electrons obeys the energy wave-vector dispersion relations as given by (5.46b),
(5.47) and (5.48) respectively. The Sect. 6.2 contains the theoretical background.
The dependence of the magneto EP from HD n-Hg1−xCdxTe and n-In1−xGaxAsyP1−y
lattice matched to InP on the inverse quantizing magnetic field, the carrier con-
centration, the intensity of light and the wavelength has been discussed in Sect. 6.3.
The Sect. 6.4 presents open research problems pertinent to this chapter.

6.2 Theoretical Background

Using (5.46b), the magneto-dispersion law, in the absence of spin, for HD III-V,
ternary and quaternary semiconductors, in the presence of photo-excitation, whose
unperturbed conduction electrons obey the three band model of Kane, is given
by [1]

T1 E; gg
� � ¼ nþ 1

2

� �
�hx0 þ

�h2k2z
2mc

ð6:1Þ

Using (6.1), the DOS function in the present case can be expressed as

DB E; gg; k
� � ¼ gv ej j

ffiffiffiffiffiffiffiffi
2mc

p

2p2�h2
Xnmax

n¼0

T1 E; gg; k
� �� �0

T1 E; gg; k
� �� nþ 1

2

� �
�hx0

	 
�1=2

H E � Enl1ð Þ
" #

ð6:2Þ
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where Enl1 is the Landau sub-band energies in this case and is given as

T1 Enl1 ; gg; k
� � ¼ nþ 1

2

� �
�hx0 ð6:3Þ

The EEM in this case assumes the form

m� EFHDLB; gg; k
� � ¼ mc Real part of T1 EFHDLB; gg; k

� �� �0 ð6:4Þ

where EFHDIB is the Fermi energy under quantizing magnetic field in the presence of
light waves as measured from the edge of the conduction band in the vertically
upward direction in the absence of any quantization. Combining (6.2) with the
Fermi-Dirac occupation probability factor and using the generalized Sommerfeld’s
lemma [1], the electron concentration can be written as

n0 ¼ gv ej j
ffiffiffiffiffiffiffiffi
2mc

p

p2�h2
Xnmax

n¼0

M13 EFHDLB; gg; k
� �þ N13 EFHDLB; gg; k

� �� � ð6:5Þ

where M13 EFHDLB; gg; k
� � � Real part of T1 EFHDLB; gg; k

� �� nþ 1
2

� �
�hx0

� �1=2,
and N13 EFHDLB; gg; k

� � � Ps
r¼1

LðrÞM13ðEFHDLB; gg; kÞ:
The EP in this case is given by

J ¼ a0e2BkBT

2p2�h2
Real part of

Xnmax

n¼0

F0 g61HDLBð Þ ð6:6Þ

where g61HDLB ¼ kBTð Þ�1 EFHDLB � En11 þW � hmð Þ½ �:
(i) Using (5.47), the magneto-dispersion law, in the absence of spin, for HD III-

V, ternary and quaternary semiconductors, in the presence of photo-excita-
tion, whose unperturbed conduction electrons obey the two band model of
Kane, is given by

T2 E; gg
� � ¼ nþ 1

2

� �
�hx0 þ

�h2k2z
2mc

ð6:7Þ

Using (11.62), the DOS function in the present case can be expressed as

DB E; gg; k
� � ¼ gv ej j

ffiffiffiffiffiffiffiffi
2mc

p

2p2�h2
Xnmax

n¼0

T2ðE; gg; kÞ
� �0

T2 E; gg; k
� �� nþ 1

2

� �
�hx0

	 
�1=2

H E � Enl2ð Þ
" #

ð6:8Þ
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where Enl2 is the Landau sub-band energies in this case and is given as

T2 Enl2 ; gg; k
� � ¼ nþ 1

2

� �
�hx0 ð6:9Þ

The EEM in this case assumes the form

m� EFHDIB; gg; k
� � ¼ mc T2 EFHDIB; gg; k

� �� �0 ð6:10Þ

where EFHDLB is the Fermi energy under quantizing magnetic field in the
presence of light waves as measured from the edge of the conduction band in
the vertically upward direction in the absence of any quantization.
Combining (6.8) with the Fermi-Dirac occupation probability factor and
using the generalized Sommerfeld’s lemma, the electron concentration can
be written as

n0 ¼ gv ej j
ffiffiffiffiffiffiffiffi
2mc

p

p2�h2
Xnmax

n¼0

M23 EFHDLB; gg; k
� �þ N23 EFHDLB; gg; k

� �� � ð6:11Þ

where M23 EFHDLB; gg; k
� � � T2 EFHDLB; gg; k

� �� nþ 1
2

� �
�hx0

� �1=2 and

N23 EFHDLB; gg; k
� � � Ps

r¼1
L rð ÞM23 EFHDLB; gg; k

� �
:

The EP in this case is given by

J ¼ a0e2BkBT

2p2�h2
Xnmax

n¼0

F0 g62HDLBð Þ ð6:12Þ

where g62HDLB ¼ kBTð Þ�1 EFHDLB � En12 þW � hmð Þ½ �:
(ii) Using (5.48), the magneto-dispersion law, in the absence of spin, for HD III-

V, ternary and quaternary semiconductors, in the presence of photo-excita-
tion, whose unperturbed conduction electrons obey the parabolic energy
bands, is given by

T3 E; gg
� � ¼ nþ 1

2

� �
�hx0 þ

�h2k2z
2mc

ð6:13Þ

Using (6.13), the DOS function in the present case can be expressed as

DB E; gg; k
� � ¼ gv ej j

ffiffiffiffiffiffiffiffi
2mc

p

2p2�h2
Xnmax

n¼0

T3ðE; gg; kÞ
� �0

T3ðE; gg; kÞ � nþ 1
2

� �
�hx0

	 
�1=2

H E � Enl2ð Þ
" #

ð6:14Þ
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where Enl2 is the Landau sub-band energies in this case and is given as

T3 Enl2 ; gg; k
� � ¼ nþ 1

2

� �
�hx0 ð6:15Þ

The EEM in this case assumes the form

m� EFHDIB; gg; k
� � ¼ mc T3 EFHDIB; gg; k

� �� �0 ð6:16Þ

where EFHDLB is the Fermi energy under quantizing magnetic field in the
presence of light waves as measured from the edge of the conduction band in
the vertically upward direction in the absence of any quantization.
Combining (6.14) with the Fermi-Dirac occupation probability factor and
using the generalized Sommerfeld’s lemma, the electron concentration can
be written as

n0 ¼ gv ej j
ffiffiffiffiffiffiffiffi
2mc

p

p2�h2
Xnmax

n¼0

M33 EFHDLB; gg; k
� �þ N33 EFHDLB; gg; k

� �� � ð6:17Þ

where M33 EFHDLB; gg; k
� � � T3 EFHDLB; gg; k

� �� nþ 1
2

� �
�hx0

� �1=2 and

N33 EFHDLB; gg; k
� � � Ps

r¼1
LðrÞM33 EFHDLB; gg; k

� �
:

The EP in this case is given by

J ¼ a0e2BkBT

2p2�h2
Xnmax

n¼0

F0 g63HDLBð Þ ð6:18Þ

where g63HDLB ¼ ðkBTÞ�1½EFHDLB � ðEn13 þW � hmÞ�:

6.3 Results and Discussion

Using the appropriate equations we have plotted the normalized magneto EP from
HD n-Hg1−xCdxTe versus inverse quantizing magnetic field in accordance with the
perturbed three and two band models of Kane and that of perturbed parabolic energy
bands as shown in Fig. 6.1. The Figs. 6.2, 6.3 and 6.4 exhibit the variation of the
aforementioned quantity from HD n-Hg1−xCdxTe as functions of the normalized
electron degeneracy, the normalized intensity of light and wavelength at T = 4.2 K
respectively. The Figs. 6.5, 6.6, 6.7 and 6.8 represent the said variations of EP under
magnetic quantization from HD n-In1−xGaxAsyP1−y lattice matched to InP.
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Fig. 6.1 Plot of the normalized EP as a function of inverse magnetic field from HD n-Hg1−xCdxTe
in which the curves (a), (b) and (c) represent the perturbed three and two band models of Kane
together with parabolic energy bands respectively

Fig. 6.2 Plot of the normalized EP as a function of normalized carrier degeneracy from HD n-Hg1
−xCdxTe in which the curves (a), (b) and (c) represent the perturbed three and two band models of
Kane together with parabolic energy bands respectively
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Fig. 6.3 Plot of the normalized EP as a function of normalized light intensity from HD
n-Hg1−xCdxTe in which the curves (a), (b) and (c) represent the perturbed three and two band
models of Kane together with parabolic energy bands respectively

Fig. 6.4 Plot of the normalized EP as a function of wavelength from HD n-Hg1−xCdxTe in which
the curves (a), (b) and (c) represent the perturbed three and two band models of Kane together with
parabolic energy bands respectively
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Fig. 6.5 Plot of the normalized EP as a function of inverse magnetic field from HD
In1−xGaxAsyP1−y lattice matched to InP in which the curves (a), (b) and (c) represent the
perturbed three and two band models of Kane together with parabolic energy bands respectively

Fig. 6.6 Plot of the normalized EP as a function of normalized carrier degeneracy from HD
In1−xGaxAsyP1−y lattice matched to InP in which the curves (a), (b) and (c) represent the perturbed
three and two band models of Kane together with parabolic energy bands respectively
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Fig. 6.7 Plot of the normalized EP as a function of normalized light intensity from HD
In1−xGaxAsyP1−y lattice matched to InP in which the curves (a), (b) and (c) represent the perturbed
three and two band models of Kane together with parabolic energy bands respectively

Fig. 6.8 Plot of the normalized EP as a function of wavelength from HD In1−xGaxAsyP1−y lattice
matched to InP in which the curves (a), (b) and (c) represent the perturbed three and two band
models of Kane together with parabolic energy bands respectively
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It appears from Figs. 6.1 and 6.5 that the EP under magnetic quantization
oscillates with inverse quantizing magnetic field and the numerical values are
different in various cases which is the direct signature of the band structure. It may
be noted the origin of the oscillation is the same as that of SdH oscillations. From
Figs. 6.2 and 6.6, we observe that the EP oscillates with electron degeneracy,
although the nature of oscillation is different. Figures 6.3 and 6.7 exhibits the fact
that the normalized magneto EP decreases with increasing intensity and the slopes
directly reflects the influence of energy band constants.

The Figs. 6.4 and 6.8 reflect the fact that the magneto EP decreases with
increasing wavelength. Finally, we note that the form of the expression of the said
physical quantity in this case as given by (6.10)–(6.12) is generalized where the
Landau energy and the Fermi energy under magnetic field are the two band
structure dependent quantities.

6.4 Open Research Problems

Investigate the following open research problems in the presence of external photo-
excitation which changes the band structure in a fundamental way together with the
proper inclusion of the electron spin, the variation of work function and the
broadening of Landau levels respectively for appropriate problems.

(R:6:1) Investigate the multi-photon EP from all the HD materials whose
unperturbed dispersion relations are given in (R.1.1) of Chap. 1 in the
presence of arbitrarily oriented photo-excitation and quantizing magnetic
field respectively.

(R:6:2) Investigate the multi-photon EP from all the HD materials whose
unperturbed dispersion relations are given in (R.1.1) of Chap. 1 in the
presence of an arbitrarily oriented non-quantizing non-uniform electric
field, photo-excitation and quantizing magnetic field respectively.

(R:6:3) Investigate the multi-photon EP from all the HD materials whose
unperturbed dispersion relations are given in (R.1.1) of Chap. 1 in the
presence of an arbitrarily oriented non-quantizing alternating electric
field, photo-excitation and quantizing magnetic field respectively.

(R:6:4) Investigate the multi-photon EP from all the HD materials whose
unperturbed dispersion relations are given in (R.1.1) of Chap. 1 in the
presence of an arbitrarily oriented non-quantizing alternating electric
field, photo-excitation and quantizing alternating magnetic field
respectively.

(R:6:5) Investigate the multi-photon EP from all the HD materials whose
unperturbed dispersion relations are given in (R.1.1) of Chap. 1 in the
presence of an arbitrarily oriented photo-excitation and crossed electric
and quantizing magnetic fields respectively.
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(R:6:6) Investigate the multi-photon EP for arbitrarily oriented photo-excitation
and quantizing magnetic field from the heavily-doped materials in the
presence of Gaussian, exponential, Kane, Halperin, Lax and Bonch-
Bruevich types of band for all materials whose unperturbed carrier energy
spectra are defined in Chap. 1.

(R:6:7) Investigate the multi-photon EP for arbitrarily oriented photo-excitation
and quantizing alternating magnetic field for all the cases of R.6.6.

(R:6:8) Investigate the multi-photon EP for arbitrarily oriented photo-excitation
and non-quantizing alternating electric field and quantizing magnetic field
for all the cases of R.6.6.

(R:6:9) Investigate the multi-photon EP for arbitrarily oriented photo-excitation
and non-uniform alternating electric field and quantizing magnetic field
for all the cases of R.6.6.

(R:6:10) Investigate the multi-photon EP for arbitrarily oriented photo-excitation
and crossed electric and quantizing magnetic fields for all the cases of
R.6.6.

(R:6:11) Investigate the multi-photon EP from HD negative refractive index,
organic, magnetic, heavily doped, disordered and other advanced optical
materials in the presence of arbitrary oriented photo-excitation and
quantizing magnetic field.

(R:6:12) Investigate the multi-photon EP in the presence of arbitrary oriented
photo-excitation, quantizing magnetic field and alternating non-quantiz-
ing electric field for all the problems of R.6.11.

(R:6:13) Investigate the multi-photon EP in the presence of arbitrary oriented
photo-excitation, quantizing magnetic field and non-quantizing non-uni-
form electric field for all the problems of R.6.11.

(R:6:14) Investigate the multi-photon EP in the presence of arbitrary oriented
photo-excitation, alternating quantizing magnetic field and crossed alter-
nating non-quantizing electric field for all the problems of R.6.11.

(R:6:15) Investigate all the problems from R.6.1 to R.6.14 by removing all the
mathematical approximations and establishing the respective appropriate
uniqueness conditions.
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Chapter 7
The EP from QWs, NWs and QBs of HD
Optoelectronic Materials

7.1 Introduction

In this chapter, in Sects. 7.2.1, 7.2.2 and 7.2.3 of theoretical background, the EP from
QWs, NWs and QBs of HD optoelectronic materials has been studied, whose bulk
conduction electrons are defined by the dispersion relations as given by (5.46b),
(5.47) and (5.48) respectively. In Sect. 7.2, the EP from the afore-mentioned HD
quantum confined materials has been investigated with respect to various external
variables and Sect. 7.3 includes the result and discussions. The Sect. 7.4 presents
open research problems pertinent to this chapter.

7.2 Theoretical Background

7.2.1 The EP from HD QWs of Optoelectronic Materials

The dispersion relation of the 2D electrons in QWs of HD optoelectronic materials,
the conduction electrons of whose bulk samples are defined by the dispersion
relations as given by (5.46b), (5.47) and (5.48) can, respectively, be expressed
following (7.1) as

k2x þ k2y ¼
2mcT1 E; gg; k

� �

�h2
� pnz71

dz

� �2

ð7:1Þ

k2x þ k2y ¼
2mcT2 E; gg; k

� �

�h2
� pnz72

dz

� �2

ð7:2Þ
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k2x þ k2y ¼
2mcT3 E; gg; k

� �

�h2
� pnz73

dz

� �2

ð7:3Þ

where nz7JðJ ¼ 1; 2; 3Þ is the size quantum number.
The 2D electron statistics assumes the form

n2DL ¼ mcgv
p�h2

� �
Real part of

Xnz71max

nz71¼1

/71 EF2DL; nz71ð Þ þ /72 EF2DL; nz71ð Þ½ � ð7:4Þ

n2DL ¼ mcgv
p�h2

� � Xnz72max

nz72¼1

/73 EF2DL; nz72ð Þ þ /74 EF2DL; nz72ð Þ½ � ð7:5Þ

n2DL ¼ mcgv
p�h2

� � Xnz73max

nz73¼1

/75 EF2DL; nz73ð Þ þ /76 EF2DL; nz73ð Þ½ � ð7:6Þ

where EF2DL is the Fermi energy in HDQWs in the presence of lightwaves as
measured from the edge of the conduction band in the vertically upward direction in
the absence of any quantization,

/71 E2DF ; nz71ð Þ ¼ 2mc

�h2
T1 EF2DL; gg; k
� �� pnz71

dz

� �2
" #

;

/72 EF2DL; nz71ð Þ ¼
Xs0
r¼1

LðrÞ /71 EF2DL; nz71ð Þ½ �;

/73 EF2DL; nz72ð Þ ¼ 2mc

�h2
T2 EF2DL; gg; k
� �� pnz72

dz

� �2
" #

;

/74 EF2DL; nz72ð Þ ¼
Xs0
r¼1

LðrÞ /73 EF2DL; nz72ð Þ½ �;

/75 EF2DL; nz73ð Þ ¼ 2mc

�h2
T3 EF2DL; gg; k
� �� pnz73

dz

� �2
" #

; and

/76 EF2DL; nz73ð Þ ¼
Xs0
r¼1

LðrÞ /75 EF2DL; nz73ð Þ½ �

The velocity of the electron in the nz71th; nz72th and nz73th sub bands for the 2D
electron energy spectra as given by (7.1–7.3) can respectively be written as

tz Enz71

� � ¼ mc

2

� ��1=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T1 Enz71 ; gg; k
� �q

T 0
1 Enz71 ; gg; k
� �

2
4

3
5 ð7:7Þ
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tz Enz72

� � ¼ mc

2

� ��1=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 Enz72 ; gg; k
� �q

T 0
2 Enz72 ; gg; k
� �

2
4

3
5 ð7:8Þ

tz Enz73

� � ¼ mc

2

� ��1=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T3 Enz73 ; gg; k
� �q

T 0
3 Enz73 ; gg; k
� �

2
4

3
5 ð7:9Þ

where the sub-band energies Enz71 ;Enz72 andEnz73 are respectively defined through
the following equations

T1 Enz71 ; gg; k
� � ¼ �h2

2mc

pnz71
dz

� �2

ð7:10Þ

T2 Enz72 ; gg; k
� � ¼ �h2

2mc

� �
pnz72
dz

� �2

ð7:11Þ

and

T3 Enz73 ; gg; k
� � ¼ �h2

2mc

� �
pnz73
dz

� �2

ð7:12Þ

The respective expressions of the photoemission are given by

J2DL ¼ a0gve

p�h2dz

mc

2

� ��1=2
Real part of

Xnz71max

nz71min

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T1 Enz71 ; gg; k
� �q

T 0
1 Enz71 ; gg; k
� �

2
4

3
5 /71 EF2DL; nz71ð Þ þ /72 EF2DL; nz71ð Þ½ �

ð7:13Þ

where nz71min
� dz

p

� � ffiffiffiffiffiffi
2mc

p
�h

� �
T1 W � ht; gg; k
� �	 
1=2

:

J2DL ¼ a0gve

p�h2dz

mc

2

� ��1=2

Xnz72max

nz72min

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 Enz72 ; gg; k
� �q

T 0
2 Enz72 ; gg; k
� �

2
4

3
5 /73 EF2DL; nz72ð Þ þ /74 EF2DL; nz72ð Þ½ �

ð7:14Þ

where nz72min
� dz

p

� � ffiffiffiffiffiffi
2mc

p
�h

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 W � ht; gg; k
� �q

and
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J2DL ¼ a0gve

p�h2dz

mc

2

� ��1=2

Xnz73max

nz73min

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T3 Enz73 ; gg; k
� �q

T 0
3 Enz73 ; gg; k
� �

2
4

3
5 /75 EF2DL; nz73ð Þ þ /72 EF2DL; nz73ð Þ½ �

ð7:15Þ

where nz73min
� dz

p

� � ffiffiffiffiffiffi
2mc

p
�h

� �
T3 W � ht; gg; k
� �	 
1=2

:

7.2.2 The EP from HD NWs of Optoelectronic Materials

The dispersion relations of the 1D electrons in NWs of HD optoelectronic materials
in the presence of light waves can be expressed from (7.1–7.3) as

k2y ¼
2mcT1 E; gg; k

� �

�h2
� pnz71

dz

� �2

� pnx71
dx

� �2

ð7:16Þ

k2y ¼
2mcT2 E; gg; k

� �

�h2
� pnz72

dz

� �2

� pnx72
dx

� �2

ð7:17Þ

k2y ¼
2mcT3 E; gg; k

� �

�h2
� pnz73

dz

� �2

� pnx73
dx

� �2

ð7:18Þ

where nx7JðJ ¼ 1; 2; 3Þ is the size quantum number.
The electron concentration per unit length are respectively given by

n1DL ¼ 2gv
ffiffiffiffiffiffiffiffi
2mc

p
p�h

Real part of

Xnx71max

nx71¼1

Xnz71max

nz71¼1

/77 EF1DL; nx71; nz71ð Þ þ /78 EF1DL; nx71; nz71ð Þ½ �
ð7:19Þ

n1DL ¼ 2gv
ffiffiffiffiffiffiffiffi
2mc

p
p�h

Xnx72max

nx72¼1

Xnz72max

nz72¼1

/79 EF1DL; nx72; nz72ð Þ½
þ/80 EF1DL; nx72; nz72ð Þ� ð7:20Þ

n1DL ¼ 2gv
ffiffiffiffiffiffiffiffi
2mc

p
p�h

Xnx73max

nx73¼1

Xnz73max

nz73¼1

/81 EF1DL; nx73; nz73ð Þ½
þ/82 EF1DL; nx73; nz73ð Þ� ð7:21Þ

where EF1DL is the Fermi energy in NWs in the presence of light waves as measured
from the edge of the conduction band in the vertically upward direction in the
absence of any quantization,
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/77 EF1DL; nx71; nz71ð Þ ¼ T1 EF1DL; gg; k
� �� G71 nx71; nz71ð Þ	 
1=2

;

G7i nx7i; nz7ið Þ ¼ �h2

2mc

pnx7i
dx

� �2

þ pnz7i
dz

� �2
" #

;

/78 EF1DL; nx71; nz71ð Þ ¼
Xs0
r¼1

LðrÞ /77 EF1DL; nx71; nz71ð Þ½ �;

/79 EF1DL; nx72; nz72ð Þ ¼ T2 EF1DL; gg; k
� �� G72 nx72; nz72ð Þ	 
1=2

;

/80 EF1DL; nx72; nz72ð Þ ¼
Xs

r¼1

LðrÞ /79 EF1DL; nx72; nz72ð Þ½ �;

/81 EF1DL; nx73; nz73ð Þ ¼ q0 EF1DL; kð Þ � G73 nx73; nz73ð Þ½ �1=2 and

/82 EF1DL; nx73; nz73ð Þ ¼
Xs

r¼1

LðrÞ /81 EF1DL; nx73; nz73ð Þ½ �:

The generalized expression of photo current in this case is given by

IL ¼ a0egvkBT
p�h

Xnx7imax

nx7i¼1

Xnz7imax

nz7i¼1

F0 g7ið Þ ð7:22aÞ

where, g7i ¼
EF1DL� E

0
7iþW�htð Þ

kBT
and E

0
7i are the sub-band energies in this case and are

defined through the following equations

T1 E
0
71; gg; k

� �
¼ G71 nx71; nz71ð Þ

T2 E
0
72; gg; k

� �
¼ G72 nx72; nz72ð Þ

T3 E
0
73; gg; k

� �
¼ G73 nx73; nz73ð Þ

9>>>>=
>>>>;

ð7:22bÞ

Real Part of the (7.22a and 7.22b) should be used for computing the EP from
NWs of HD optoelectronic materials whose unperturbed energy band structures are
defined by the three-band model of Kane [1].

7.2.3 The EP from QB of HD Optoelectronic Materials

The dispersion relations of the electrons in QBs of HD optoelectronic materials in
the presence of light waves can respectively be expressed from (7.16–7.18) as

2mcT1 EQ1; gg; k
� �

�h2
¼ H71 nx71; ny71; nz71

� � ð7:23Þ
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2mcT2 EQ2; gg; k
� �

�h2
¼ H72 nx72; ny72; nz72

� � ð7:24Þ

2mcT3 EQ3; gg; k
� �

�h2
¼ H73 nx73; ny73; nz73

� � ð7:25Þ

where EQi is the totally quantized energy and H7i nx7i; ny7i; nz7i
� � ¼ pnx7i

dx

� �2
þ

pny7i
dy

� �2
þ pnz7i

dz

� �2
:

The electron concentration can, in general, be written as

n0DL ¼ 2gv
dxdydz

� � Xnx7imax

nx7i¼1

Xny7imax

ny7i¼1

Xnz7imax

nz7i¼1

F�1 g7i0Dð Þ ð7:26Þ

where g7i0D ¼ EF0DL�EQi

kBT
and EF0DL is the Fermi energy in QBs of HD optoelectronic

materials in the presence of lightwaves as measured from the edge of the con-
duction band in the vertically upward direction in the absence of any quantization.
Real Part of the (7.26) should be used for computing the carrier density from QBs
of HD optoelectronic materials whose unperturbed energy band structures are
defined by the three-band model of Kane.

The photo-emitted current densities in this case are given by the following
equations

J0DL ¼ a0egvð Þ
dxdydz

mc

2

� ��1=2
Real part of

Xnx71max

nx71¼1

Xny71max

ny71¼1

Xnz71max

nz71min

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T1 Enz71 ; gg; k
� �q

T 0
1 Enz71 ; gg; k
� �

2
4

3
5F�1 g710Dð Þ

ð7:27Þ

J0DL ¼ a0egvð Þ
dxdydz

mc

2

� ��1=2

Xnx72max

nx72¼1

Xny72max

ny72¼1

Xnz72max

nz72min

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 Enz72 ; gg; k
� �q

T 0
2 Enz72 ; gg; k
� �

2
4

3
5F�1 g720Dð Þ

ð7:28Þ

and

J0DL ¼ a0egvð Þ
dxdydz

mc

2

� ��1=2

Xnx73max

nx73¼1

Xny73max

ny73¼1

Xnz73max

nz73min

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T3 Enz73 ; gg; k
� �q

T 0
3 Enz73 ; gg; k
� �

2
4

3
5F�1 g730Dð Þ

ð7:29Þ

332 7 The EP from QWs, NWs and QBs of HD Optoelectronic Materials



7.3 Results and Discussion

Using the numerical values of the energy band constants the normalized EP has
been plotted from QWs of HD n-Hg1−xCdxTe, under external photo-excitation
whose band structure follows the perturbed HD three [using (7.13) and (7.4)] and
HD two [using (7.14) and (7.5)] band models of Kane and that of the perturbed HD
parabolic [using (7.15) and (7.6)] energy bands as shown by curves (a–c) of Fig. 7.1
as functions of film thickness. The plots of the Figs. 7.2, 7.3 and 7.4 exhibit the
dependence of the normalized EP on the normalized electron degeneracy, nor-
malized intensity and wavelength respectively for all cases of Fig. 7.1. The vari-
ations of the normalized EP from QWs of HD

n-In1−xGaxAsyP1−y lattice matched to InP as functions of film thickness, nor-
malized carrier degeneracy, normalized incident light intensity and wavelength
respectively have been drawn in Figs. 7.5, 7.6, 7.7 and 7.8 for all cases of Fig. 7.1.
The dependences of the normalized EP from NWs of HD n-Hg1−xCdxTe with
respect to film thickness, normalized carrier degeneracy, normalized light intensity
and wavelength have been drawn in Figs. 7.9, 7.10, 7.11 and 7.12 in accordance
with perturbed HD three [using (7.22a) and (7.19)] and HD two [using (7.22a) and
(7.20)] band models of Kane together with HD parabolic [using (7.22a) and (7.21)]
energy bands as shown by curves (a–c) respectively. The variations of normalized
EP from NWs of HD n-In1−xGaxAsyP1−y lattice matched to InP, have been drawn in
Figs. 7.13, 7.14, 7.13 and 7.16 as functions of film thickness, normalized carrier
degeneracy, normalized incident light intensity and wavelengths respectively.

Fig. 7.1 Plot of the normalized EP from QWs of HD n-Hg1−xCdxTe as a function of film
thickness in which the curves a–c represent the perturbed HD three and two band models of Kane
together with HD parabolic energy bands respectively

7.3 Results and Discussion 333



Fig. 7.2 Plot of the normalized EP from QWs of HD n-Hg1−xCdxTe as a function of normalized
electron degeneracy for all cases of Fig. 7.1

Fig. 7.3 Plot of the normalized EP from QWs of HD n-Hg1−xCdxTe as a function of normalized
light intensity for all cases of Fig. 7.1
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Fig. 7.4 Plot of the normalized EP from QWs of HD n-Hg1−xCdxTe as a function of light
wavelength for all cases of Fig. 7.1

Fig. 7.5 Plot of the normalized EP from QWs of HD n-In1−xGaxAsyP1−y lattice matched to InP as
a function of film thickness in which the curves a–c represent the perturbed HD three and two band
models of Kane together with HD parabolic energy bands respectively
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Fig. 7.6 Plot of the normalized EP from QWs of HD n-In1−xGaxAsyP1−y lattice matched to InP as
a function of normalized electron degeneracy for all cases of Fig. 7.5

Fig. 7.7 Plot of the normalized from QWs of HD n-In1−xGaxAsyP1−y lattice matched to InP as a
function of normalized light intensity for all cases of Fig. 7.5
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Fig. 7.8 Plot of the normalized EP from QWs of HD n-In1−xGaxAsyP1−y lattice matched to InP as
a function of light wavelength for all cases of Fig. 7.5

Fig. 7.9 Plot of the normalized EP from NWs of HD n-Hg1−xCdxTe as a function of film
thickness in which the curves a–c represents the perturbed HD three and two band models of Kane
together with HD parabolic energy bands respectively
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Fig. 7.10 Plot of the normalized EP from NWs of HD n-Hg1−xCdxTe as a function of normalized
electron degeneracy for all cases of Fig. 7.9

Fig. 7.11 Plot of the normalized EP from NWs of HD n-Hg1−xCdxTe as a function of normalized
light intensity for all cases of Fig. 7.9
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Fig. 7.12 Plot of the normalized EP from NWs of HD n-Hg1−xCdxTe as a function of light
wavelength for all cases of Fig. 7.9

Fig. 7.13 Plot of the normalized EP from NWs of HD n-In1−xGaxAsyP1−y lattice matched to InP
as a function of film thickness in which the curves a–c represent the perturbed HD three and two
band models of Kane together with HD parabolic energy bands respectively
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Fig. 7.14 Plot of the normalized EP from NWs of HD n-In1−xGaxAsyP1−y lattice matched to InP
as a function of normalized electron degeneracy for all cases of Fig. 7.13

Fig. 7.15 Plot of the normalized EP from NWs of HD n-In1−xGaxAsyP1−y lattice matched to InP
as a function of normalized light intensity for all cases of Fig. 7.13
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The dependences of the normalized EP from QBs of HD n-Hg1−xCdxTe on the
film thickness, normalized carrier degeneracy, normalized light intensity and
wavelength have been drawn in Figs. 7.17, 7.18, 7.19 and 7.20 in accordance with
perturbed HD three [using (7.27) and (7.26)] and HD two [using (7.28) and (7.26)]
band models of Kane together with HD parabolic [using (7.29) and (7.26)] energy
bands as shown by curves (a–c) respectively. The variations of normalized EP from
QBs of HD n-In1−xGaxAsyP1−y lattice matched to InP, have been drawn in
Figs. 7.21, 7.22, 7.23 and 7.24 as functions of film thickness, normalized carrier
degeneracy, normalized incident light intensity and wavelengths respectively for all
the cases of Fig. 7.17. From Figs. 7.1 and 7.5, it appears that EP from QWs of HD
optoelectronic materials decreases with increasing film thickness in oscillatory
manners. From Figs. 7.9 and 7.13, it appears that the EP from NWs of HD opto-
electronic materials increases with decreasing film thickness exhibiting trapezoidal
variation for a very small thickness bandwidth for the whole range of thicknesses
considered. The widths of the trapezoids depend on the energy band constants of
n-Hg1−xCdxTe and n-In1−xGaxAsyP1−y lattice matched to InP respectively.

From Figs. 7.17 and 7.21, we observe that the EP from HD QBs of optoelec-
tronic materials decreases with increasing film thickness exhibiting prominent
trapezoidal variation for relatively large thickness bandwidth. These three types of
variations are the special signatures of 1D confinement in HD QWs, 2D confine-
ment in HD NWs and 3D confinement in HD QBs of optoelectronic materials
respectively in the presence of light. From Figs. 7.2 and 7.6, it appears that the
normalized EP from HD QWs increases with increasing carrier degeneracy and for
relatively large values of the same variable; it exhibits quantum jumps for all types
of band models when the size quantum number changes from one fixed value to

Fig. 7.16 Plot of the normalized EP from NWs of HD n-In1−xGaxAsyP1−y lattice matched to InP
as a function of light wavelength for all cases of Fig. 7.13
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Fig. 7.17 Plot of the normalized EP from HD QBs of n-Hg1−xCdxTe as a function of film
thickness in which the curves a–c represent the perturbed HD three and two band models of Kane
together with HD parabolic energy bands respectively

Fig. 7.18 Plot of the normalized EP from HD QBs of n-Hg1−xCdxTe as a function of normalized
electron degeneracy for all cases of Fig. 7.17
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Fig. 7.19 Plot of the normalized EP from HD QBs of n-Hg1−xCdxTe as a function of normalized
light intensity for all cases of Fig. 7.17

Fig. 7.20 Plot of the normalized EP from HD QBs of n-Hg1−xCdxTe as a function of light
wavelength for all cases of Fig. 7.17
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Fig. 7.21 Plot of the normalized EP from HD QBs of n-In1−xGaxAsyP1−y lattice matched to InP as
a function of film thickness in which the curves a–c represent the perturbed HD three and two band
models of Kane together with HD parabolic energy bands respectively

Fig. 7.22 Plot of the normalized EP from HD QBs of n-In1−xGaxAsyP1−y lattice matched to InP as
a function of normalized electron degeneracy for all cases of Fig. 7.21
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Fig. 7.23 Plot of the normalized EP from HD QBs of n-In1−xGaxAsyP1−y lattice matched to InP as
a function of normalized light intensity for all cases of Fig. 7.21

Fig. 7.24 Plot of the normalized EP from HD QBs of n-In1−xGaxAsyP1−y lattice matched to InP as
a function of light wavelength for all cases of Fig. 7.21
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another. The Figs. 7.10 and 7.14 show respectively that the normalized EP in HD
NWs of optoelectronic materials increases with increasing normalized electron
degeneracy.

The Figs. 7.18 and 7.22 demonstrate that the EP from HD QBs of optoelectronic
materials increases with increasing electron degeneracy again in a different oscil-
latory manner. From Figs. 7.3, 7.7, 7.11, 7.15, 7.19 and 7.23, it appears that the EP
increases with decreasing intensity for all types of quantum confinement. From
Figs. 7.4, 7.8, 7.12, 7.16, 7.20 and 7.24, we can conclude that the normalized EP
decreases with increasing wavelength for HD QWs, NWs and QBs of optoelec-
tronic materials. Finally, it is apparent from all the figures that the EP from quantum
confined HD ternary materials is larger as compared with the quantum confined HD
quaternary compounds for all types of quantum confinement.

7.4 Open Research Problems

Investigate the following open research problems in the presence of external photo-
excitation which changes the band structure in a fundamental way together with the
proper inclusion of the electron spin, the variation of work function and the
broadening of Landau levels respectively for appropriate problems.

(R.7.1) Investigate the multi-photon EP from all the quantum confined HD
materials (i.e., HD multiple QWs, NWs and QBs) whose unperturbed
carrier energy spectra are defined in (R.1.1) of Chap. 1 in the presence of
arbitrary oriented photo-excitation and quantizing magnetic field
respectively.

(R.7.2) Investigate the multi-photon EP in the presence of arbitrary oriented
photo-excitation and alternating quantizing magnetic field respectively
for all the problems of R.7.1.

(R.7.3) Investigate the multi-photon EP in the presence of arbitrary oriented
photo-excitation, alternating quantizing magnetic field and an additional
arbitrary oriented non-quantizing non-uniform electric field respectively
for all the problems of R.7.1.

(R.7.4) Investigate the multi-photon EP in the presence of arbitrary oriented
photo-excitation, alternating quantizing magnetic field and additional
arbitrary oriented non-quantizing alternating electric field respectively
for all the problems of R.7.1.

(R.7.5) Investigate the multi-photon EP in the presence of arbitrary oriented
photo-excitation, and crossed quantizing magnetic and electric fields
respectively for all the problems of R.7.1.

(R.7.6) Investigate the multi-photon EP for arbitrarily oriented photo-excitation
and quantizing magnetic field from the entire quantum confined heavily-
doped materials in the presence of exponential, Kane, Halperin, Lax and
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Bonch-Bruevich types of band tails for all materials whose unperturbed
carrier energy spectra are defined in (R.1.1) of Chap. 1.

(R.7.7) Investigate the multi-photon EP for arbitrarily oriented photo-excitation
and alternating quantizing magnetic field for all the cases of R.7.6.

(R.7.8) Investigate the multi-photon EP in the presence of arbitrarily oriented
photo-excitation, alternating quantizing magnetic field and an additional
arbitrarily oriented non-quantizing non-uniform electric field for all the
cases of R.7.6.

(R.7.9) Investigate the multi-photon EP in the presence of arbitrary oriented
photo-excitation, alternating quantizing magnetic field and additional
arbitrary oriented non-quantizing alternating electric field respectively
for all the cases of R.7.6.

(R.7.10) Investigate the multi-photon EP in the presence of arbitrary oriented
photo-excitation, and crossed quantizing magnetic and electric fields
respectively for all the cases of R.7.6.

(R.7.11) Investigate the multi-photon EP for all the appropriate problems from
R.7.1 to R.7.10 in the presence of finite potential wells.

(R.7.12) Investigate the multi-photon EP for all the appropriate HD problems
from R.7.1 to R.7.10 in the presence of parabolic potential wellsPoten-
tial well.

(R.7.13) Investigate the multi-photon EP for all the above appropriate HD
problems for quantum rings.

(R.7.14) Investigate the multi-photon EP for all the above appropriate HD
problems in the presence of elliptical Hill and quantum square rings
respectively.

(R.7.15) Investigate the multi-photon EP from HD nanotubes in the presence of
arbitrary photo-excitation.

(R.7.16) Investigate the multi-photon EP from HD nanotubes in the presence of
arbitrary photo-excitation and non-quantizing alternating electric field.

(R.7.17) Investigate the multi-photon EP from HD nanotubes in the presence of
arbitrary photo-excitation and non-quantizing alternating magnetic field.

(R.7.18) Investigate the multi-photon EP from HD nanotubes in the presence of
arbitrary photo-excitation and crossed electric and quantizing magnetic
fields.

(R.7.19) Investigate the multi-photon EP from HD semiconductor nanotubes in
the presence of arbitrary photo-excitation for all the materials whose
unperturbed carrier dispersion laws are defined in (R.1.1) of Chap. 1.

(R.7.20) Investigate the multi-photon EP from HD semiconductor nanotubes in
the presence of non-quantizing alternating electric field and arbitrary
photo-excitation for all the materials whose unperturbed carrier
dispersion laws are defined in (R.1.1) of Chap. 1.

(R.7.21) Investigate the multi-photon EP from HD semiconductor nanotubes in
the presence of non-quantizing alternating magnetic field and arbitrary
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photo-excitation for all the materials whose unperturbed carrier
dispersion laws are defined in (R.1.1) of Chap. 1.

(R.7.22) Investigate the multi-photon EP from HD semiconductor nanotubes in
the presence of arbitrary photo-excitation and non-uniform electric field
for all the materials whose unperturbed carrier dispersion laws are
defined in (R.1.1) of Chap. 1.

(R.7.23) Investigate the multi-photon EP from HD semiconductor nanotubes in
the presence of arbitrary photo-excitation and alternating quantizing
magnetic fields for all the materials whose unperturbed carrier
dispersion laws are defined in (R.1.1) of Chap. 1.

(R.7.24) Investigate the multi-photon EP from HD semiconductor nanotubes in
the presence of arbitrary photo-excitation and crossed electric and
quantizing magnetic fields for all the materials whose unperturbed
carrier dispersion laws are defined in (R.1.1) of Chap. 1.

(R.7.25) Investigate the multi-photon EP in the presence of arbitrary photo-
excitation for all the appropriate HD nipi structures of the materials whose
unperturbed carrier energy spectra are defined in (R.1.1) of Chap. 1.

(R.7.26) Investigate the multi-photon EP in the presence of arbitrary photo-
excitation for all the appropriate HD nipi structures of the materials
whose unperturbed carrier energy spectra are defined in (R.1.1) of
Chap. 1 in the presence of an arbitrarily oriented non-quantizing non-
uniform additional electric field.

(R.7.27) Investigate the multi-photon EP for all the appropriate HD nipi structures
of the materials whose unperturbed carrier energy spectra are defined in
(R.1.1) of Chap. 1 in the presence of an arbitrarily oriented photo-exci-
tation and non-quantizing alternating additional magnetic field.

(R.7.28) Investigate the multi-photon EP for all the appropriate HD nipi structures
of the materials whose unperturbed carrier energy spectra are defined in
(R.1.1) of Chap. 1 in the presence of an arbitrarily oriented photo-exci-
tation and quantizing alternating additional magnetic field.

(R.7.29) Investigate the multi-photon EP for all the appropriate HD nipi structures
of the materials whose unperturbed carrier energy spectra are defined in
(R.1.1) of Chap. 1 in the presence of an arbitrarily oriented photo-exci-
tation and crossed electric and quantizing magnetic fields.

(R.7.30) Investigate the multi-photon EP from HD nipi structures for all the
appropriate cases of all the above problems.

(R.7.31) Investigate the multi-photon EP in the presence of arbitrary photo-
excitation for the appropriate accumulation layers of all the materials
whose unperturbed carrier energy spectra are defined in (R.1.1) of Chap. 1.

(R.7.32) Investigate the multi-photon EP in the presence of arbitrary photo-
excitation for the appropriate accumulation layers of all the materials
whose unperturbed carrier energy spectra are defined in (R.1.1) of
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Chap. 1 in the presence of an arbitrarily oriented non-quantizing non-
uniform additional electric field.

(R.7.33) Investigate the multi-photon EP for the appropriate accumulation layers
of all the materials whose unperturbed carrier energy spectra are defined
in (R.1.1) of Chap. 1 in the presence of an arbitrarily oriented photo-
excitation and non-quantizing alternating additional magnetic field.

(R.7.34) Investigate the multi-photon EPfor the appropriate accumulation layers
of all the materials whose unperturbed carrier energy spectra are defined
in (R.1.1) of Chap. 1 in the presence of an arbitrarily oriented photo-
excitation and quantizing alternating additional magnetic field.

(R.7.35) Investigate the multi-photon EP for the appropriate accumulation layers
of all the materials whose unperturbed carrier energy spectra are defined
in (R.1.1) of Chap. 1 in the presence of an arbitrarily oriented photo-
excitation and crossed electric and quantizing magnetic fields by con-
sidering electron spin and broadening of Landau levels.

(R.7.37) Investigate the multi-photon EP in the presence of arbitrary photo-
excitation from wedge shaped and cylindrical HD QBs of all the
materials whose unperturbed carrier energy spectra are defined in
(R.1.1) of Chap. 1.

(R.7.38) Investigate the multi-photon EP in the presence of arbitrary photo-
excitation from wedge shaped and cylindrical HD QBs of all the
materials whose unperturbed carrier energy spectra are defined in
(R.1.1) of Chap. 1 in the presence of an arbitrarily oriented non-quan-
tizing non-uniform additional electric field.

(R.7.39) Investigate the multi-photon EP from wedge shaped and cylindrical HD
QBs of all the materials whose unperturbed carrier energy spectra are
defined in (R.1.1) of Chap. 1 in the presence of an arbitrarily oriented
photo-excitation and non-quantizing alternating additional magnetic
field.

(R.7.40) Investigate the multi-photon EP from wedge shaped and cylindrical HD
QBs of all the materials whose unperturbed carrier energy spectra are
defined in (R.1.1) of Chap. 1 in the presence of an arbitrarily oriented
photo-excitation and quantizing alternating additional magnetic field.

(R.7.41) Investigate the multi-photon EP from wedge shaped and cylindrical HD
QBs of all the materials whose unperturbed carrier energy spectra are
defined in (R.1.1) of Chap. 1 in the presence of an arbitrarily oriented
photo-excitation and crossed electric and quantizing magnetic fields.

(R.7.42) Investigate the multi-photon EP from wedge shaped and cylindrical HD
QBs for all the appropriate cases of the above problems.

(R.7.43) Investigate all the problems from R.7.1 to R.7.42 by removing all the
mathematical approximations and establishing the respective appropri-
ate uniqueness conditions.
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Chapter 8
The EP from HD Effective Mass Super
Lattices of Optoelectronic Materials

8.1 Introduction

In Chap. 4, the photoemission has been studied from SLs having various band
structures assuming that the band structures of the constituent materials are invariant
quantities in the presence of external photo-excitation. In this chapter, this assump-
tion has been removed and in Sect. 8.2.1, an attempt is made to study the magneto
EP from HD effective mass QWSL of optoelectronic materials. In Sect. 8.2.2, the
photoemission from HD effective mass NW SLs of optoelectronic materials has been
investigated and in Sect. 8.2.3, the EP from HD effective mass QB SLs of opto-
electronic materials has been studied. The Sect. 8.2.4 explores the magneto EP from
HD effective mass SLs of optoelectronic materials. The Sects. 8.3 and 8.4 contain
respectively the result and discussions and open research problems pertinent to this
chapter.

8.2 Theoretical Background

8.2.1 The Magneto EP from HD QWs Effective Mass Super
Lattices

The electron dispersion law in III-V effective mass super lattices can be written
as [1]

k2x ¼ ½ 1
L20

½cos�1ffHD1ðE; k; gg; ky; kzÞg�2 � k2?� ð8:1Þ

© Springer International Publishing Switzerland 2015
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where

fHD1ðE; k; gg; ky; kzÞ ¼ ½½�a1HDcos½a0C1HDðE; gg1; k; k?Þ þ b0D1HDðE; gg2; k; k?Þ��
� ½�a2HDcos½a0C1HDðE; gg1; k; k?Þ � b0D1HDðE; gg2; k; k?Þ���;

�a1HD ¼ ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2T 0

1ð0; k; gg2Þ
mc1T 0

1ð0; k; gg1Þ

s
þ 1�2 � ½4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2T 0

1ð0; k; gg2Þ
mc1T 0

1ð0; k; gg1Þ

s
��1;

a2HD ¼ ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2T 0

1ð0; k; gg2Þ
mc1T 0

1ð0; k; gg1Þ

s
� 1�2 � ½4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2T 0

1ð0; k; gg2Þ
mc1T 0

1ð0; k; gg1Þ

s
��1;

�C1HDðE; gg1; k; k?Þ ¼ ½2mc1

�h2
T1ðE; gg1; kÞ � k2?�1=2 and �D1HDðE; gg1; k; k?Þ

¼ ½2mc2

�h2
T1ðE; gg2; kÞ � k2?�1=2

In the presence of a quantizing magneticfield B along kx direction, the magneto
electron energy spectrum can be written as

k2x ¼ xHDðE; gg; k; nÞ ð8:2Þ

where �xHDðE; gg; k; nÞ ¼ ½ 1L20 ½cos
�1ffHD1ðE; k; gg; nÞg�2 � 2eB

�h ðnþ 1
2Þ�;

fHD1ðE; k; gg; nÞ ¼ ½½�a1HDcos½a0C1HDðE; gg1; k; nÞ þ b0D1HDðE; gg2; k; nÞ��
� ½�a2HDcos½a0C1HDðE; gg1; k; nÞ � b0D1HDðE; gg2; k; nÞ���;

�C1HDðE; gg1; k; nÞ ¼ ½2mc1

�h2
T1ðE; gg1; kÞ �

2eB
�h

ðnþ 1
2
Þ�1=2 and

�D1HDðE; gg1; k; nÞ ¼ ½2mc2

�h2
T1ðE; gg2; kÞ �

2eB
�h

ðnþ 1
2
Þ�1=2

The total energy eTQ1 in this case can be expressed as

ðnxp
dx

Þ2 ¼ xHDðeTQ1; gg; k; nÞ ð8:3Þ

The Z part of the energy EZQ1 in this case can be written as

ðnxp
dx

ÞL0 ¼ cos�1½fHD1ðEZQ1; k; gg; 0Þ� ð8:4Þ

where
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fHD1ðEZQ1; k; gg; 0Þ
� � ¼ ½½�a1HDcos½a0 �C1HDðEZQ1; gg1; k; 0Þ þ b0 �D1HDðEZQ1; gg2; k; 0Þ��

� ½�a2HDcos½a0�C1HDðEZQ1; gg1; k; 0Þ � b0 �D1HDðEZQ1; gg2; k; 0Þ���;

�C1HDðEZQ1; gg1; k; 0Þ ¼
2mc1

�h2
T1ðEZQ1; gg1; kÞ

� �1=2
and �D1HDðEZQ1; gg1; k; 0Þ

¼ ½2mc2

�h2
T1ðEZQ1; gg2; kÞ�1=2

The electron concentration is given by

n0 ¼ gmeB
p�h

Real part of
Xnmax

n¼0

Xnmax

n¼1

F�1ðg8SL1Þ ð8:5Þ

where g8SL1 ¼ ðkBTÞ�1½EFF � ETQ1� and EFF is the Fermi energy in this case.
The EP can be written as

J ¼ gme2Ba0
hdx

Real part of
Xnmax

n¼0

Xnxmax

nxmin

F�1ðg8SL1ÞvzðEZQ1Þ ð8:6Þ

where vzðEZQ1Þ ¼ L0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�f 2HD1ðEZQ1;k;gg;0Þ

p
�hf 0HD1ðEZQ1;k;gg;0Þ :

8.2.2 The EP from HD NW Effective Mass Super Lattices

The dispersion relation in this case is given by

k2x ¼ ½ 1
L20

½cos�1ffHD1ðE; k; gg; ny; nzÞg�2 � G881� ð8:7Þ

where

fHD1ðE; k; gg; ny; nzÞ ¼ ½½�a1HDcos½a0C1HDðE; gg1; k; ny; nzÞ þ b0D1HDðE; gg2; k; ny; nzÞ��
� ½�a2HDcos½a0C1HDðE; gg1; k; ny; nzÞ � b0D1HDðE; gg2; k; ny; nzÞ���;

�C1HDðE; gg1; k; ny; nzÞ ¼ ½2mc1

�h2
T1ðE; gg1; kÞ � G881�1=2; G881 ¼ ½ðnyp

dy
Þ2 þ ðnzp

dz
Þ2� and

�D1HDðE; gg1; k; ny; nzÞ ¼ ½2mc2

�h2
T1ðE; gg2; kÞ � G881�1=2

The sub-band energy E831 is given by
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0 ¼ ½ 1
L20

½cos�1ffHD1ðE831; k; gg; ny; nzÞg�2 � G881� ð8:8Þ

The (8.7) can be written as

kx ¼ ½DðE; k; gg; ny; nzÞ� ð8:9Þ

where DðE; k; gg; ny; nzÞ ¼ ½ 1L20 ½cos
�1ffHD1ðE; k; gg; ny; nzÞg�2 � G881�1=2

The electron concentration is given by

n0 ¼ 2gv
p

Real part of
Xnymax

ny¼1

Xnzmax

nz¼1

½D EF81; k; gg; ny; nz
� �

þ D1 EF81; k; gg; ny; nz
� ��

ð8:10Þ

where D1ðEF81; k; gg; ny; nzÞ ¼
Ps

r¼1 LðrÞ½DðEF81; k; gg; ny; nzÞ� and EF81 is the
Fermi energy in this case

The EP can be written as

I1LHD ¼ ða0gmekBT
p�h

ÞReal part of
Xnymax

ny¼1

Xnzmax

nz¼1

F0ð!SLHD1Þ ð8:11Þ

where !SLHD1 ¼ ½EF81 � ðE831 þW � hmÞ�ðkBTÞ�1:

8.2.3 The EP from HD QB Effective Mass Super Lattices

The totally quantized energy ETQSL88 in this case is given by

ðnxp
dx

Þ2 ¼ ½ 1
L20

½cos�1ffHD1ðETQSL88; k; gg; ny; nzÞg�2 � G881� ð8:12Þ

The electron concentration in this case is given by

N0L ¼ 2gm
dxdydz

Real part of
Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

F�1ðg32HDÞ ð8:13Þ

where g32HD ¼ ðkBTÞ�1½EFQDSLEMHD � ETQSL88� and EFQDSLEMHD is the Fermi
energy in this case.

The EP in this case can be expressed as
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J ¼ a0egv
dxdydz

Real part of
Xnxmax

nxmin

Xnymax

ny¼1

Xnzmax

nz¼1

F�1 g32HDð ÞvZ EZQ1ð Þ: ð8:14Þ

8.2.4 The Magneto EP from HD Effective Mass Super
Lattices

The (8.2) can be written as

D3ðE; gg; k; nÞ ¼ kx ð8:15Þ

where

D3ðE; gg; k; nÞ ¼ ½xHDðE; gg; k; nÞ�1=2

The Landau sub-band energy E33HD in this case can be expressed as

D3ðE33HD; gg; k; nÞ ¼ 0 ð8:16Þ

The electron concentration is given by

n0 ¼ gveB
p2�h

Real part of
Xnymax

n¼0

½D3ðEFBSLEMHD; gg; k; nÞ

þ D4ðEFBSLEMHD; gg; k; nÞ�
ð8:17Þ

where D4ðEFBSLEMHD; gg; k; nÞ ¼
Ps

r¼1 LðrÞ½D3ðEFBSLEMHD; gg; k; nÞ� and
EFBSLEMHD is the Fermi energy in this case.

The EP assumes the form

JML ¼ ða0e
2BkBT

2p2�h2
ÞReal part of

Xnmax

n¼0

F0ðg701HDÞ ð8:18Þ

where g701HD ¼ ðkBTÞ�1½EFBSLEMHD � ðE33HD þW � hmÞ�:

8.3 Results and Discussion

Using the appropriate equations the normalized EP from QWHgTe/Hg1−xCdxTe HD
effective mass SL has been plotted as a function of inverse quantizing magnetic field
as shown in plot (a) of Fig. 8.1 whose constituent materials obey the perturbed HD
three band model of Kane in the presence of external photo-excitation. The curves (b)
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and (c) of the same figure have been drawn for perturbed HD two bandmodel of Kane
and that of perturbed HD parabolic energy bands respectively. The curves (d), (e) and
(f) in the same figure exhibit the corresponding plots of QW InxGa1−xAs/InP effective
mass HD SL. The Figs. 8.2, 8.3, 8.4 and 8.5 show the variations of the normalized EP
from the said HD SLs as functions of normalized electron degeneracy, normalized
intensity, wavelength and thickness respectively for all the cases of Fig. 8.1. Using
the appropriate equations, the normalized EP from NWHD effective mass HgTe/Hg1
−xCdxTe SL as a function of film thickness has been depicted in plot (a) of Fig. 8.6
whose constituent materials obey the perturbed HD three band model of Kane in the
presence of external light waves. The curves (b) and (c) of the same figure have been
drawn for perturbed HD two band model of Kane and perturbed HD parabolic energy
bands respectively. The curves (d), (e) and (f) in the same figure exhibit the corre-
sponding plots of InxGa1−xAs/InP NW HD effective mass SL. The Figs. 8.7 8.8, 8.9
and 8.10 exhibit the plots of the normalized EP as functions of normalized carrier
concentration, normalized intensity, wavelength and normalized incident photon
energy respectively for all the cases of Fig. 8.6.

Using appropriate equations, the normalized EP from HgTe/Hg1−xCdxTe and
InxGa1−xAs/InP effective mass QB HD SLs respectively has been plotted for all
types of band models as a function of film thickness as shown in Fig. 8.11.
Figures 8.12, 8.13, 8.14 and 8.15 exhibit the plots of normalized EP from the said
QB HD SLs as functions of normalized electron degeneracy, normalized intensity,

Fig. 8.1 Plot of the normalized EP from HD QW effective mass superlattices of HgTe/Hg1
−xCdxTe as a function of inverse magnetic field in which the curves a, b and c represent the
perturbed HD three and two band models of Kane together with HD parabolic energy bands
respectively. The curves d, e and f exhibit the corresponding plots of HD InxGa1−xAs/InPSL
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Fig. 8.2 Plot of the normalized EP from QWHD effective mass superlattices of HgTe/Hg1−xCdxTe
and InxGa1−xAs/InP as a function of normalized electron degeneracy for all cases of Fig. 8.1

Fig. 8.3 Plot of the normalized EP from QWHD effective mass superlattices of HgTe/Hg1−xCdxTe
and InxGa1−xAs/InP as a function of normalized light intensity for all cases of Fig. 8.1
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Fig. 8.4 Plot of the normalized EP from QWHD effective mass superlattices of HgTe/Hg1−xCdxTe
and InxGa1−xAs/InP as a function of light wavelength for all cases of Fig. 8.1

Fig. 8.5 Plot of the normalized EP from QW HD effective mass superlattices of HD
HgTe/Hg1−xCdxTe as a function of film thickness in which the curves a, b and c represent the
perturbed three and two band models of Kane together with HD parabolic energy bands
respectively. The curves d, e and f exhibit the corresponding plots of InxGa1−xAs/InP HDSL
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Fig. 8.6 Plot of the normalized EP from NWHD effective mass superlattices of HgTe/Hg1−xCdxTe
and InxGa1−xAs/InP as function of film thickness for all cases of Fig. 8.5

Fig. 8.7 Plot of the normalized EP from NWHD effective mass superlattices of HgTe/Hg1−xCdxTe
and InxGa1−xAs/InP as function of normalized electron degeneracy for all cases of Fig. 8.5
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Fig. 8.8 Plot of the normalized EP from NWHD effective mass superlattices of HgTe/Hg1−xCdxTe
and InxGa1−xAs/InP as function of normalized light intensity for all cases of Fig. 8.5

Fig. 8.9 Plot of the normalized EP from NWHD effective mass superlattices of HgTe/Hg1−xCdxTe
and InxGa1−xAs/InP as function of light wavelength for all cases of Fig. 8.5
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Fig. 8.10 Plot of the normalized EP as function of normalized incident photon energy from NW
HD effective mass superlattices of HgTe/Hg1−xCdxTe and InxGa1−xAs/InP for all cases of Fig. 8.5

Fig. 8.11 Plot of the normalized EP from QB HD effective mass superlattices of
HgTe/Hg1−xCdxTe as function of film thickness in which the curves a, b and c represent the
perturbed HD three and two band models of Kane together with HD parabolic energy bands
respectively. The curves d, e and f exhibit the corresponding plots of InxGa1−xAs/InP
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Fig. 8.12 Plot of the normalized EP fromQBHD effective mass superlattices of HgTe/Hg1−xCdxTe
and InxGa1−xAs/InP as function of normalized electron degeneracy for all cases of Fig. 8.11

Fig. 8.13 Plot of the normalized EP fromQBHDeffectivemass superlattices of HgTe/Hg1−xCdxTe
and InxGa1−xAs/InP as function of normalized light intensity for all cases of Fig. 8.11
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Fig. 8.14 Plot of the normalized EP fromQBHD effective mass superlattices of HgTe/Hg1−xCdxTe
and InxGa1−xAs/InP as function of light wavelength for all cases of Fig. 8.11

Fig. 8.15 Plot of the normalized EP fromQBHD effective mass superlattices of HgTe/Hg1−xCdxTe
and InxGa1−xAs/InP as function of normalized incident photon energy for all cases of Fig. 8.11

8.3 Results and Discussion 363



wavelength and normalized incident photon energy respectively for all cases of
Fig. 8.11. Using appropriate equations, the normalized EP from effective mass
HgTe/Hg1−xCdxTe HD SL under magnetic quantization has been plotted as a
function of quantizing inverse magnetic field as shown in plot (a) of Fig. 8.16
whose constituent HD materials obey the perturbed HD three band model of Kane
in the presence of external photo-excitation. The curves (b) and (c) of the same
figure have been drawn for perturbed HD two band model of Kane and perturbed
HD parabolic energy bands respectively. The curves (d), (e) and (f) in the same
figure exhibit the corresponding plots of InxGa1−xAs/InP HD SL. Figures 8.17,
8.18, 8.19 and 8.20 exhibit the said variation in this case as functions of normalized
electron degeneracy, normalized intensity, wavelength and normalized incident
photon energy respectively for all the cases of Fig. 8.16.

It appears from Fig. 8.1 that the normalized EP from QW effective mass HgTe/Hg1
−xCdxTe and InxGa1−xAs/InP HD SLs oscillate with the inverse quantizing magnetic
field due to SdH effect where the oscillatory amplitudes and the numerical values are
determined by the respective energy band constants. From Fig. 8.2, it appears that the
EP increases with increasing carrier concentration in an oscillatory way. The Figs. 8.3
and 8.4 show that the EP decreases with increasing intensity and wavelength in
different manners. From Fig. 8.5, it appears that the normalized EP from QW effective
mass HgTe/Hg1−xCdxTe and InxGa1−xAs/InP HD SLs decreases with increasing film

Fig. 8.16 Plot of the normalized EP from HD effective mass superlattices of HgTe/Hg1−xCdxTe
as function of inverse magnetic field and in which the curves a, b and c represent the perturbed
three and two band models of Kane together with parabolic energy bands respectively. The curves
d, e and f exhibit the corresponding plots of InxGa1−xAs/InP
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Fig. 8.17 Plot of the normalized magneto EP from HD effective mass superlattices of
HgTe/Hg1−xCdxTe and InxGa1−xAs/InP as function of normalized electron degeneracy for all
cases of Fig. 8.16

Fig. 8.18 Plot of the normalized magneto EP from HD effective mass superlattices of
HgTe/Hg1−xCdxTe and InxGa1−xAs/InP as function of normalized light intensity for all cases of
Fig. 8.16
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Fig. 8.19 Plot of the normalized magneto EP from HD effective mass superlattices of
HgTe/Hg1−xCdxTe and InxGa1−xAs/InP as function of light wavelength for all cases of Fig. 8.16

Fig. 8.20 Plot of the normalized magneto EP from HD effective mass superlattices of
HgTe/Hg1−xCdxTe and InxGa1−xAs/InP as function of normalized incident photon energy for all
cases of Fig. 8.16
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thickness in oscillatory manner with different numerical values as specified by the
energy band constants of the aforementioned HD SLs. From Fig. 8.6, it appears that
the normalized EP from NW effective mass HgTe/Hg1−xCdxTe and InxGa1−xAs/InP
HD SLs increases with decreasing thickness and exhibit large oscillations. From
Fig. 8.7, it appears that normalized EP for the said system increases with increasing
carrier concentration, exhibiting a quantum jump for a particular value of the said
variable for all the models of both the HD SLs. From Figs. 8.8 and 8.9, it can be
inferred that the normalized EP in this case increases with decreasing intensity and
wavelength in different manners. From Fig. 8.10, it has been observed that the nor-
malized EP from NW effective mass HgTe/Hg1−xCdxTe and InxGa1−xAs/InP HD SLs
increases with increasing normalized incident photon energy and exhibits quantum
steps for specific values of the said variable.

From Fig. 8.11, it appears that EP from QB effective mass HgTe/Hg1−xCdxTe and
InxGa1−xAs/InP HD SLs exhibit the same type of variations as given in Figs. 8.5
and 8.6 respectively although the physics of QB effective mass HD SLs is com-
pletely different as compared with the magneto QW effective mass HD SLs and NW
effective mass HD SLs respectively. The different physical phenomena in the former
one as compared with the latter two cases yield different numerical values of EP and
different thicknesses for exhibiting quantum jump respectively. From Figs. 8.12,
8.13 and 8.14, it appears that EP from QB effective mass HgTe/Hg1−xCdxTe and
InxGa1−xAs/InP HD SLs increases with increasing carrier concentration, decreasing
intensity and decreasing wavelength respectively in various manners. Figure 8.15
demonstrates the fact that the EP from QB effective mass HgTe/Hg1−xCdxTe and
InxGa1−xAs/InP HD SLs exhibit quantum steps with increasing photon energy for
both the cases.

Figure 8.16 exhibits the fact that the normalized EP current density from
effective mass HgTe/Hg1−xCdxTe and InxGa1−xAs/InP HD SLs oscillates with
inverse quantizing magnetic field. Figure 8.17 exhibits the fact that the EP in this
case increases with increasing carrier concentration. Figures 8.18 and 8.19 dem-
onstrate that EP decreases with increasing intensity and wavelength in different
manners. Finally, from Fig. 8.20, it can be inferred that EP exhibits step functional
dependence with increasing photon energy for both the HD SLs in this case with
different numerical magnitudes.

8.4 Open Research Problems

Investigate the following open research problems in the presence of external photo-
excitation which changes the band structure in a fundamental way together with the
proper inclusion of the electron spin, the variation of work function and the
broadening of Landau levels respectively for appropriate problems.
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(R:8:1) Investigate the EP from quantum confined HD III-V, II-VI, IV-VI,
HgTe/CdTe effective mass superlattices together with short period,
strained layer, random, Fibonacci, polytype and sawtooth superlattices in
the presence of arbitrarily oriented photo-excitation and strain.

(R:8:2) Investigate the multi-photon EP in the presence of arbitrarily oriented
photo-excitation and quantizing magnetic field respectively for all the
cases of R.8.1.

(R:8:3) Investigate the multi-photon EP in the presence of arbitrarily oriented
photo-excitation and non-quantizing non-uniform electric field respec-
tively for all the cases of R.8.1.

(R:8:4) Investigate the multi-photon EP in the presence of arbitrarily oriented
photo-excitation and non-quantizing alternating electric field respec-
tively for all the cases of R.8.1.

(R:8:5) Investigate the multi-photon EP in the presence of arbitrarily oriented
photo-excitation and crossed electric and quantizing magnetic fields
respectively for all the cases of R.8.1.

(R:8:6) Investigate the multi-photon EP from heavily doped quantum confined
superlattices for all the problems of R.8.1.

(R:8:7) Investigate the multi-photon EP in the presence of arbitrarily oriented
photo-excitation and quantizing magnetic field respectively for all the
cases of R.8.1.

(R:8:8) Investigate the multi-photon EP in the presence of arbitrarily oriented
photo-excitation and non-quantizing non-uniform electric field respec-
tively for all the cases of R.8.1.

(R:8:9) Investigate the multi-photon EP in the presence of arbitrarily oriented
photo-excitation and non-quantizing alternating electric field respec-
tively for all the cases of R.8.1.

(R:8:10) Investigate the multi-photon EP in the presence of arbitrarily oriented
photo-excitation and crossed electric and quantizing magnetic fields
respectively for all the cases of R.8.1.

(R:8:11) Investigate the EP from quantum confined HD III-V, II-VI, IV-VI,
HgTe/CdTe superlatticesQuantum confined HD III-V, II-VI, IV-VI,
HgTe/CdTe superlattices with graded interfaces together with short
period, strained layer, random, Fibonacci, polytype and sawtooth su-
perlattices in this context in the presence of arbitrarily oriented photo-
excitation.

(R:8:12) Investigate the multi-photon EP from heavily doped quantum confined
superlattices for all the problems of R.8.11 in the presence non-uniform
strain.

(R:8:13) Investigate the multi-photon EP in the presence of arbitrarily oriented
photo-excitation and quantizing magnetic field respectively for all the
cases of R.8.11.

(R:8:14) Investigate the multi-photon EP in the presence of arbitrarily oriented
photo-excitation and non-quantizing non-uniform electric field respec-
tively for all the cases of R.8.11.
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(R:8:15) Investigate the multi-photon EP in the presence of arbitrarily oriented
photo-excitation and non-quantizing alternating electric field respec-
tively for all the cases of R.8.11.

(R:8:16) Investigate the multi-photon EP in the presence of arbitrarily oriented
photo-excitation and crossed electric and quantizing magnetic fields
respectively for all the cases of R.8.11.

(R:8:17) Investigate all the problems from R.8.1 to R.8.16 by removing all the
mathematical approximations and establishing the respective appropriate
uniqueness conditions.

Reference
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Chapter 9
Few Related Applications and Brief
Review of Experimental Results

9.1 Introduction

In this book we have discussed many aspects of EP based on the dispersion rela-
tions of different technologically important HDS and their nanostructures. In this
chapter we discuss regarding few applications of the content of this book in the
Sect. 9.2. We shall also present the brief review of the experimental results in
Sect. 9.3. The Sect. 9.4 contains single deep open research problem.

9.2 Different Related Applications

The content of this book finds six applications in the field of materials science and
related disciplines in general.

I. Carrier contribution to the elastic constants: The knowledge of the carrier
contribution to the elastic constants is important in studying the mechanical
properties of the materials and has been investigated in the literature [1–23].
The electronic contribution to the second and third order elastic constants for
HDS can be written as [1–23]

DC44 ¼ �G2
0

9
Real part of

on0
oðEFh � fiÞ

; ð9:1Þ

and

DC456 ¼ G3
0

27
Real part of

o2n0
oðEFh � fiÞ2

; ð9:2Þ

where G0 is the deformation potential constant.
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It is well-known that the thermoelectric power of the carriers in HDS in the
presence of a classically large magnetic field is independent of scattering
mechanisms and is determined only by their energy band spectra [24–54]. The
magnitude of the thermoelectric power G can be written as [24–54]

G ¼ 1
ej jTn0

Z1

�1
E � EFhð ÞRðEÞ � of0

oE

� �
dE ð9:3Þ

where R(E) is the total number of states. The (9.3) can be written under the
condition of carrier degeneracy [24–54] as

G ¼ ðp
2k2BT
3 ej jn0Þ Real part of ð

on0
oðEFh � fiÞ

Þ ð9:4Þ

Thus, using (9.1), (9.2) and (9.4), we can write

DC44 ¼ �n0G
2
0 ej jG= 3p2k2BT

� �� � ð9:5Þ

and

DC456 ¼ n0 ej jG3
0G

2=ð3p4k3BTÞ
� �

1þ n0
G

oG
on0

� 	
: ð9:6Þ

Thus, again the experimental graph of G versus n0 allows us to determine the
electronic contribution to the elastic constants for materials having arbitrary
spectra.

II. Measurement of Band-gap of HDS in the presence of Light Waves: With the
advent of nano-photonics, there has been considerable interest in studying the
optical processes in semiconductors and their nanostructures in the presence of
intense light waves [55–63]. It appears from the literature, that the investi-
gations in the presence of external intense photo-excitation have been carried
out on the assumption that the carrier energy spectra are invariant quantities
under strong external light waves, which is not fundamentally true. The
physical properties of semiconductors in the presence of strong light waves
which alter the basic dispersion relations have relatively been much less
investigated in [64] as compared with the cases of other external fields needed
for the characterization of the low dimensional semiconductors.
With the radical change in the dispersion relation, it is evident that the band gap
will also change and in this section we study the normalized incremental band
gap (DEg) of HDS as functions of incident light intensity and the wave length
respectively in the presence of strong light excitation.
Using the (5.46b)–(5.48), the normalized incremental band gap (DEg) has been
plotted as a function of normalized I0 (for a given wavelength and considering
red light for which k ¼ 660 nm) at T = 4.2 K in Figs. 9.1 and 9.2 for HD
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Fig. 9.1 Plots of the normalized incremental band gap DEg
� �

for HD n-Hg1−xCdxTe as a function
of normalized light intensity in which the curves a and b represent the perturbed HD three and two
band models of Kane respectively. The curve c represents the same variation in HD n-Hg1−xCdxTe
in accordance with the perturbed parabolic energy bands

Fig. 9.2 Plots of the normalized incremental band gap DEg
� �

for HD In1−xGaxAsyP1−y lattice
matched to InP as a function of normalized light intensity for all cases of Fig. 9.1
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n-Hg1−xCdxTe and n-In1−xGaxAsyP1−y lattice matched to InP in accordance
with the perturbed three and two band models of Kane and that of perturbed
parabolic energy bands respectively. In Figs. 9.3 and 9.4, the normalized
incremental band gap has been plotted for the aforementioned optoelectronic
compounds as a function of k. It is worth remarking that the influence of an
external photo-excitation is to change radically the original band structure of
the material. Because of this change, the photon field causes to increase the
band gap of semiconductors. We propose the following two experiments for the
measurement of band gap of semiconductors under photo-excitation.

(A) A white light with colour filter is allowed to fall on a semiconductor and
the optical absorption coefficient �a0ð Þ is being measured experimentally.
For different colours of light, �a0 is measured and �a0 versus �hx (the
incident photon energy) is plotted and we extrapolate the curve such that
�a0 ! 0 at a particular value �hx1. This �hx1 is the unperturbed band gap of
the semiconductor. During this process, we vary the wavelength with fixed
I0. From our present study, we have observed that the band gap of the
semiconductor increases for various values of k when I0 is fixed (from
Figs. 9.3 and 9.4). This implies that the band gap of the semiconductor
measured (i.e. �hx1 ¼ Eg) is not the unperturbed band gap Eg0 but the
perturbed band gap Eg; where Eg ¼ Eg0 þ DEg; DEg is the increased band
gap at �hx1. Conventionally, we consider this Eg as the unperturbed band

Fig. 9.3 Plots of the normalized incremental band gap DEg
� �

for HD Hg1−xCdxTe as a function of
wavelength for all cases of Fig. 9.1
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gap of the semiconductor and this particular concept needs modification.
Furthermore, if we vary I0 for a monochromatic light (when k is fixed) the
band gap of the semiconductor will also change consequently (Figs. 9.1
and 9.2). Consequently, the absorption coefficient will change with the
intensity of light [64]. For the overall understanding, the detailed theo-
retical and experimental investigations are needed in this context for
various materials having different band structures.

(B) The conventional idea for the measurement of the band gap of the
semiconductors is the fact that the minimum photon energy hv (v is the
frequency of the monochromatic light) should be equal to the band gap
Eg0 (unperturbed) of the semiconductor, i.e.,

hv ¼ Eg0
ð9:7Þ

In this case, k is fixed for a given monochromatic light and the
semiconductor is exposed to a light of wavelength k. Also the intensity of
the light is fixed. From Figs. 9.3 and 9.4, we observe that the band

hv ¼ Eg ð9:8Þ

Fig. 9.4 Plots of the normalized incremental band gap DEg
� �

for HD In 1−xGsxAsyP1−y lattice
matched to InP as a function of wavelength for all cases of Fig. 9.1
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Furthermore, if we vary the intensity of light (Figs. 9.1 and 9.2) for the
study of photoemission, the minimum photon energy should be

hv1 ¼ Eg1 ð9:9Þ

gap of the semiconductor is not Eg0 (for a minimum value of hv) but Eg,
the perturbed band gap. Thus, we can rewrite the above equality as where
Eg1 is the perturbed band gap of the semiconductor due to various intensity
of light when v and v1 are different.
Thus, we arrive at the following conclusions:

(a) Under different intensity of light, keeping k fixed, the condition of
band gap measurement is given by

hv1 ¼ Eg1 ¼ Eg0 þ DEg1 ð9:10Þ

(b) Under different colour of light, keeping the intensity fixed, the
condition of band gap measurement assumes the form

hv ¼ Eg ¼ Eg0 þ DEg ð9:11Þ

and not the conventional result as given by (9.7).

III. Diffusion Coefficient of the Minority Carriers: This particular coefficient in
quantum confined lasers can be expressed as

Di=D0 ¼ dEFi=dEF ð9:12Þ

where Di and D0 are the diffusion coefficients of the minority carriers both in
the presence and absence of quantum confinements and EFi and EF are the
Fermi energies in the respective HD cases. It appears then that, the formulation
of the above ratio requires a relation between EFi and EF, which, in turn, is
determined by the appropriate carrier statistics. Thus, our present study plays an
important role in determining the diffusion coefficients of the minority carriers
of HD quantum-confined lasers with materials having arbitrary band structures.
Therefore in the investigation of the optical excitation of the HD optoelectronic
materials which lead to the study of the ambipolar diffusion coefficients the
present results contribute significantly.

IV. Nonlinear Optical Response: The nonlinear response from the optical excitation
of the free carriers is given by [65]

Z0 ¼ �e2

x2�h2

Z1

0

kx
okx
oE

� 	�1

f0 NðEÞdE ð9:13Þ
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where x is the optical angular frequency, N(E) is the DOS function. From the
various E-k relations of different HD materials under different physical
conditions, we can formulate the expression of N(E) and from band structure
we can derive the term kx

okx
oE

� �
and thus by using the DOS function as

formulated, we can study the Z0 for all types of materials as considered in this
monograph.

V. Third Order Nonlinear Optical Susceptibility: This particular susceptibility can
be written as [66]

vNPðx1;x2;x3Þ ¼
n0e4 e4


 �

24x1x2x3ðx1 þ x2 þ x3Þ�h4
ð9:14Þ

where n0 e4

 � ¼ R1

0
o4E
ok4z

NðEÞ f0 dE and the other notations are defined in [70].

The term o4E
ok4z

� 
can be formulated by using the dispersion relations of different

HD materials as given in appropriate sections of this monograph. Thus one can
investigate the vNPðx1;x2;x3Þ for all materials as considered in this
monograph.

VI. Generalized Raman Gain: The generalized Raman gain in optoelectronic
materials can be expressed as [67]

RG ¼ �I
16p2c2

�hxqgx2
s nsnp

� 	
Cq

C

� 	
e2

mc2

� 	
2m2R2

� 	
ð9:15Þ

where, �I ¼ P
n:tz

f0 n; kz "ð Þ � f0 n; kz #ð Þ½ �; f0 n; kz "ð Þ is the Fermi factor for spin-

up Landau levels, f0 n; kz #ð Þ is the Fermi factor for spin down Landau levels,
n is the Landau quantum number and the other notations are defined in [71]. It
appears then the formulation of RG is determined by the appropriate derivation
of the magneto-dispersion relations. By using the different appropriate formulas
as formulated in various HD materials in different chapters of this monograph
RG can, in general, be investigated.

9.3 Brief Review of Experimental Results

The experimental aspects of the EP is very wide and even the condensed presen-
tation of which in a chapter highlighting the major points only permanently enjoys
the domain of impossibility theorems. Still for the purpose of coherent presentation
we embark on a difficult and deep work.

Houdré et al. [68] have presented the first experimental evidence of tunnelling
and transport of electrons from quantum states in a GaAs/GaAlAs super-lattice or a
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quantum well to a GaAs surface activated to negative electron affinity. The pho-
tocurrent versus light excitation energy showed definite structures which appeared
exactly at the calculated energies of the allowed optical transitions between the
quantized levels of the valence and conduction bands. The 300- and 30-K results for
the super-lattice were successfully compared to luminescence experiments, and
could lead to the production of highly polarized electron beams. Lockwood [69] in
an important review article has pointed out that amongst a number of diverse
approaches to engineering efficient light emission in silicon nano-structures, one
system that has received considerable attention has been Si/SiO2 quantum wells.
Engineering such structures has not been easy, because to observe the desired
quantum confinement effects, the quantum well thickness has to be less than 5 nm.
Nevertheless, such ultra thin structures have now been produced by a variety of
techniques. The SiO2 layers are amorphous, but the silicon layers can range from
amorphous through nano-crystalline to single-crystal form. The fundamental band
gap of the quantum wells has been measured primarily by optical techniques and
strong confinement effects have been observed. A detailed comparison is made
between theoretical and experimental determinations of the band gap in Si/SiO2

quantum wells.
Confinement of electrons in small structures such as a thin film results in discrete

quantum well states. Such states can be probed by angle-resolved photoemission
and Chiang and Chiang [70] have reviewed the basic physics and applications of
quantum well spectroscopy. The energies and lifetime widths of quantum well
states in a film depend on the film thickness, the dynamics of electron motion in the
film, and the confinement potential. A detailed study allows a determination of the
bulk band structure of the film material, the lifetime broadening of the quasi-
particle, and the interfacial reflectivity and phase shift, as will be demonstrated with
simple examples. Quantification of the photoemission results can be achieved
through a simple phase analysis based on the Bohr-Sommerfeld quantization rule.
Explicit forms of wave functions can also be constructed for additional information
regarding the spatial distribution of the electronic states. From such studies, a
detailed understanding of the behaviour of simple quantum wells including the
effects of lattice mismatch can be developed, which provides a useful basis for
investigating the properties of multi-layers.

Low-temperature optical transmission spectra of several InxGa1−x As/GaAs
strained multiple quantum wells (MQWs) with different well widths and In mole
fractions have been measured by Ji et al. [71] the excitonic transitions up to 3C-3H
are observed. The notation n c-m H (L) is used to indicate the transitions related to
the nth conduction and mth valence heavy (light) hole sub bands. Step like struc-
tures corresponding to band-to-band transitions are also observed, which are
identified as 1C-1L transitions. The calculated transition energies, taking into
account both the strain and the quantum well effects, are in good agreement with the
measured values. In these calculations the lattice mismatch between the GaAs
buffer and the InGaAs/GaAs MQW is taken into account and the valence-band
offset Qv is chosen as an adjustable parameter. By fitting the experimental results to
our calculations, we conclude that the light holes are in GaAs barrier region (type II
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MQW) and the valence-band offset Qv is determined to be 0.30. A possible system
in which the transition from type I to type II for light holes might be observed is
also discussed.

Excitonic Photoluminescence (PL) line widths in AlGaAs grown by molecular
beam epitaxy (MBE). The line widths of excitonic transitions were measured by
Reynolds et al. [72] in AlxGa1−xAs, grown by MBE as a function of alloy com-
position x for values of x ≲ 0.43 using high resolution PL spectroscopy at liquid
helium temperature. The values of the line widths thus measured are compared with
the results of several theoretical calculations in which the dominant broadening
mechanism is assumed to be the statistical potential fluctuations caused by the
components of the alloy. An increase in the line width as a function of x is observed
which is in essential agreement with the prediction of the various theoretical cal-
culations. The line widths of the excitonic transitions in AlxGa1−x As observed in
the present work are the narrowest ever reported in the literature, for example
σ = 2.1 meV for x = 0.36, thus indicating very high quality material.

Martin et al. [73] have measured the valence-band discontinuity at a wurtzite
GaN/AIN (0001) hetero junction by means of x-ray photoemission spectroscopy.
The method first measures the core level binding energies with respect to the
valence-band maximum in both GaN and A1N bulk films. The precise location of
the valence band maximum is determined by aligning prominent features in the
valence band spectrum with calculated densities of states. Subsequent measure-
ments of separations between Ga and Al core levels for thin over layers of GaN film
grown on A1N and vice versa yield a valence band discontinuity of
ΔEv = 0.8 + −0.3 eV in the standard Type I hetero junction alignment.

Electronic defects in n‐type GaN were characterized by Götz et al. [74] with the
help of photoemission capacitance transient spectroscopy. Conventional deep level
transient spectroscopy is of limited use in semiconductors with wide band gaps
(e.g., 3.4 eV for GaN at 300 K) because it utilizes thermal energy for charge
emission which restricts the accessible range of band gap energies to within
∼0.9 eV of either band edge, for practical measurement conditions. For electron
photoemission to the conduction band, four deep levels were detected at optical
threshold energies of approximately 0.87, 0.97, 1.25, and 1.45 eV. It is suggested
that the above photo-detected deep levels may participate in the 2.2 eV defect
luminescence transitions, which are also demonstrated for our material.

Benjamin et al. [75] present results of UV photoemission measurements of the
surface and interface properties of hetero epitaxial AlGaN on 6H-SiC. Previous
results have demonstrated a negative electron affinity of AlN on 6H-SiC. In this
study AlxGa1−xN alloy films were grown by OMVPE and doped with silicon. The
analytical techniques included UPS, Auger electron spectroscopy, and LEED. All
analysis took place in an integrated UHV transfer system which included the
analysis techniques, a surface processing chamber and a gas source MBE. The
OMVPE alloy samples were transported in air to the surface characterization sys-
tem while the AlN and GaN investigations were prepared in situ. The surface
electronic states were characterized by surface normal UV photoemission to
determine whether the electron affinity was positive or negative. Two aspects of the
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photoemission distinguish a surface that exhibits a NEA: (1) the spectrum exhibits a
sharp peak in the low kinetic energy region, and (2) the width of the spectrum is
hm� Eg. The in situ prepared AlN samples exhibited the characteristics of a NEA
while the GaN and Al0.13Ga0.87N samples did not. The Al0.55Ga0.45N sample shows
a low positive electron affinity. Annealing of the sample to >400 °C resulted in the
disappearance of the sharp emission features, and this effect was related to con-
taminant effects on the surface. The results suggest the potential of nitride based
cold cathode electron emitters.

The polarization of photo emitted electrons from thin GaAs layers grown by
MBE has been measured by Maruyama et al. [76]. Polarization as high as 49 % was
observed for a 0.2 μm‐thick GaAs sample at excitation photon wavelengths longer
than 750 nm. The maximum polarization is dependent on the thickness of the GaAs
layer, decreasing to about 41 % for a 0.9 μm‐thick GaAs sample.

The base‐collector junction of GaAs/AlGaAs single hetero junction bipolar
transistors has been observed to emit light at avalanche break down by Chen et al.
[77]. The spectral distribution curve exhibits broad peaks at 2.03 and 1.43 eV, with
the intensities dependent upon the reverse current. These observations suggest that
electrons, excited to the upper conduction band by the field, lose their energy by
impact ionizing electron‐hole pairs and producing the 2.03 eV light, which corre-
sponds to the threshold energy for electron impact ionization. The band‐edge
emission is the result of direct‐gap free‐carrier recombination and self‐absorption of
the high energy transition.

Angle-resolved transmission of s-polarized light in triple-film hetero-opals has
been investigated by Khunsin et al. [78] in the spectral range including high-order
photonic band gaps, and compared to the transmission of its constituent single-film
opals. The interfaces do not destroy the predominantly ballistic light propagation
over the studied frequency and angular ranges, but hetero structuring leads to a
smoothed angular distribution of intensity of the transmitted light and to the
reconstruction of the transmission minima dispersion. The interface transmission
function has been extracted by comparing the transmission of the hetero-opal and
its components in order to demonstrate the difference. This deviation from the
superposition principle was provisionally assigned to light refraction and reflection
at the photonic crystal interfaces and to the mismatch between mode group
velocities in hetero-opal components.

A 1.7-fold enhancement in the spontaneous emission intensity of dye chromo-
phore loaded in a printable polymer is achieved by Reboud et al. [79] by coupling
the dye emission to surface plasmons of metallic nano particles. The nano com-
posite material, embossed into arrays of wires by nano imprint lithography process,
shows good imprint properties. The results prove the potential of the prepared
luminescent functional materials for micro- and nanofabrication and suggest the use
of nano composite materials in prospective nano plasmonic applications.

A hetero junction between two 3-dimensional photonic crystals has been realized
by Romanov et al. [80] by interfacing two opal films of different lattice constants.
The interface-related transmission minimum has been observed in the frequency
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range between two directional lowest-order band gaps of the hetero-opal constit-
uents. The interface transmission minimum has been modelled numerically and
tentatively explained by formation of the standing wave across the photonic hetero-
crystal due to matching of group velocities of optical modes in both parts at this
frequency.

The results of optical phenomena investigations in QD and quantum well
structures under inter band optical pumping are presented by Aleshkin et al. [81].
Inter-band and intra-band light absorption in nanostructures with QDs has been
studied experimentally and theoretically. PL and inter-band light absorption in
stepped quantum wells have been investigated including PL studies under pico-
second optical pumping. Experimental results have been compared with results of
calculation of energy spectrum and transition probabilities. It is shown that inver-
sion of population exists between the third and second excited levels of stepped
quantum well.

The PL spectra of samples with ultrathin InGaN layers embedded in AlGaN and
GaN matrices are studied experimentally by Usov et al. [82] in the temperature
range of 80–300 K. It is shown that the temperature dependences can be understood
in the context of Eliseev’s model and that, in the active region of the structures
under study, the dispersion σ of the exciton-localization energy depends on the
average In content in InGaN-alloy layers. Furthermore, the Urbach energy E U,
which characterizes the localization energy of excitons in the tails of the density-of-
states, was determined from an analysis of the shape of the low-energy slope of the
spectrum. It is shown that σ and E U, quantities representing the scale of the
exciton-localization effects, vary linearly with the PL-peak wavelength in the range
from the ultraviolet to the green region of the spectrum.

Nano wires have been formed by the infiltration of CdTe nano crystals into nano
tubes of chrysotile asbestos (Mg3Si2O5(OH)4). PL of a regular array of these
templated nano-wires was studied by Bardosova et al. [83] under the excitation of
the light from a xenon lamp at different wavelengths. Strong interactions of nano-
crystals with structural defects of the template were observed. No dependence of the
PL spectra upon polarisation of the laser beam was observed and no shift of the PL
band was detected in the light polarised along and across nano wires, thus indi-
cating the weakness of the interaction between nano-crystals in the nano tubes.

Upon deposition of silicon onto the (1 1 0) surface of a silver crystal, Leandri
et al. [84] have grown massively parallel one-dimensional Si nano wires. They are
imaged in scanning tunnelling microscopy as straight, high aspect ratio, nano-
structures, all with the same characteristic width of 16 Å, perfectly aligned along the
atomic troughs of the bare surface. Low energy electron diffraction confirms the
massively parallel assembly of these self-organized nano wires. Photoemission
reveals striking quantized states dispersing only along the length of the nano wires,
and extremely sharp, two-components, Si 2p core levels. This demonstrates that in
the large ensemble each individual nano wire is a well-defined quantum object
comprising only two distinct silicon atomic environments. They also suggest that
this self-assembled array of highly perfect Si nano wires provides a simple,
atomically precise, novel template that may impact a wide range of applications.
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The coverage dependent electronic structure of Cu and Co on vicinal W(110)
surfaces has been investigated by Zilkens [85] with angle resolved photoelectron
spectroscopy. To prepare the quasi-one-dimensional Cu and Co systems, the method
of step edge decoration of the vicinal W(110) surfaces has been used. The vicinal
surfaces with step edges in (110), (100) and (111) direction has been investigated
using LEED. From the characteristic spot splitting a terrace width of 11 atom rows
was determined. The band structures of the flat and the vicinal surfaces have indicated
that the step edges have no bearing on the bulk band structure at k parallel = 0. But the
surface band structure shows a different dispersion and different energy positions of
surface states. An analysis of the W 4fτ/2 core level spectra has resulted in an
additional contribution of the step edges in the spectra of the vicinal surfaces with a
surface core level shift between 120 and 150 meV. A Cu and Co coverage dependent
investigation of the core levels shows that there is no Co induced surface recon-
struction and up to 0.15monolayer no Cu induced surface reconstruction. In the range
of 0.15–0.3 monolayer Cu the surface peak shifts to higher binding energies. This is
probably a result of a surface reconstruction of the W substrate In the core level
spectra with Co coverage the intensity of the surface peak decreases linear with Co
coverage and the intensity of a new contribution, the interface structure, increases
with Co coverage.With Co respectively Cu coverage the contribution of the step edge
shifts to lower respectively higher binding energies. This can be attributed to a charge
transfer between the adsorbate and the substrate in different directions.

Spherical Si nano-crystallites with Ge core (*20 nm in average dot diameter)
have been prepared by Darma [86] by controlling selective growth conditions of
low-pressure chemical vapour deposition (LPCVD) on ultrathin SiO2 using alter-
nately pure SiH4 and 5 % GeH4 diluted with He. XPS results confirm the highly
selective growth of Ge on the pre-grown Si dots and subsequently complete cov-
erage by Si selective growth on Ge/Si dots. Compositional mixing and the crys-
tallinity of Si dots with Ge core as a function of annealing temperature in the range
of 550–800 °C has been evaluated by XPS analysis and confirms the diffusion of
Ge atoms from Ge core towards the Si clad accompanied by formation of GeOx at
the Si clad surface. The first sub-band energy at the valence band of Si dot with Ge
core has been measured as an energy shift at the top of the valence band density of
state using XPS. The systematic shift of the valence band maximum towards higher
binding energy with progressive deposition in the dot formation indicate the
charging effect of dots and SiO2 layer by photoemission during measurements.

Rowella et al. [87] have obtained Ge nano-crystals from the dewetting process
during thermal annealing of an amorphous Ge layer deposited byMBE on a thin SiO2

layer on Si(001). The Ge nano-crystals were then capped with a thin layer of
amorphous Si. The mean nano-crystal size—2.5 to 60 nm—depends on the initial Ge
layer thickness. Low-temperature PL measurements were performed to investigate
quantum confinement effects on the Ge nano-crystal energy gap and defect states. For
the present range of particle sizes, the nano-particle PL emission appeared as a wide
near-infrared band near 900 meV although a weak confined band was also observed
for the smallest nano-particles. Further thermal annealing of the samples increased
the inter band recombination by nearly two orders of magnitude.
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Mala et al. [88] have obtained an intense PL peaking near 0.9 eV is emitted by a
single Si1−xGex nano-meter-thick layer (NL) with x ≈ 8 % incorporated into Si/
Si0.6Ge0.4 cluster multi layers (CMs). The SiGe NL PL does not saturate in output
intensity with up to 50 mJ/cm2 of excitation energy density, and it has nearly a
1,000 times shorter lifetime compared to CM PL, which peaks at ∼0.8 eV. These
dramatic differences in observed PL properties are attributed to different compo-
sitions and structures of the Si/SiGe NL and CM hetero-interfaces.

Carlsson et al. [89] have observed a strong oscillatory photon energy depen-
dence for the intensity of the photoemission peaks due to quantum well states in Na
overlayers on Cu(111). The measurements are made at low photon energies
ht\8 eV with Na films, which are between four and eight atomic layers thick. The
intensity oscillations are ascribed to the interference between the contributions to
the outgoing wave associated with the two tails of a quantum-well state.

Woodruff et al. [90] have studied normal-emission photoemission spectra from
the quantum well state in a single monolayer of Ag on V(100) have been studied as
a function of photon energy. By comparing the measured binding energy and
calculated electron momentum perpendicular to the surface in this state with the
unoccupied s-p bands of Ag and V, they have showed that the peak intensity
corresponds to the condition expected for a direct transition in V(100). This result is
consistent with the fact that the state is in many ways similar to an intrinsic
Shockley surface state of a clean surface. PL spectra obtained at 6 K with excitation
at 405 nm exhibits the sharp drop at low energy near 700 meV is due to the cut-off
in the instrumental response. A strong low-energy PL doublet is seen, with peaks
near 780 and 820 meV, together with a much weaker peak at 872 meV. The ratio of
intensities of the strong and weak peaks is the same in both samples. The intensities
of all three PL peaks decrease with increasing temperature up to 25 K, but the weak
peak decreases in intensity faster than that of the strong peaks. The weak peak at
872 meV is most likely the dipole-allowed direct-gap transition expected at
0.863 eV in the superstructure. The small difference in energy between theory and
experiment could be the result of a difference in strain within the layer in the sample
compared with the ideal (perfect) modeled structure or from assumptions in
parameter values in the model. The strong peaks at 820 and 780 meV are assigned
to the no-phonon and transverse-optic-phonon emission lines, respectively, of the
Si0.4Ge0.6 buffer layer. The *40 meV separation between the two strong peaks is
characteristic of the phonon energies in SiGe alloys. The energies of the peaks,
however, are much lower than that expected for a bulk Si0.4Ge0.6 alloy (*0.97 eV).
The energies and general appearance of these peaks is reminiscent of what has been
obtained from PL studies of SiGe nanostructures imbedded in Si. It is therefore
likely that this PL arises predominately at the Si0.4Ge0.6/superstructure interface
where there is type-II band alignment. In conclusion, they have obtained experi-
mental evidence of the predicted direct-gap optically-allowed transition in a special
super cell comprised of a number of ultrathin layers of Si and Ge.

The II-VI semiconductor nano-particles have recently attracted a lot of attention
due to the possibility of their application in various devices. Tiwari et al. [91] have
used chemical method in synthesis of CdS nano-particles and thiophenol was used

9.3 Brief Review of Experimental Results 383



as capping agent. X-ray diffraction studies of both samples were done. The dc
conductivity of CdS increases at a lower rate or is approximately constant up to
500 K and thereafter the conductivity increases at a rapid rate. Beyond Tc it is seen
that the portion of the σdc versus 1,000/T is almost a straight line showing an
Arrhenius behaviour. The dielectric constant of nano-particles of CdS is found to be
larger than the corresponding values of CdS crystals. It is clearly observed that at
lower wavelengths nano-crystalline samples show a blue-shift. The three peaks of
sample (S2), A, B and C can be ascribed to the transition from Cd-O complex donor
formed by adsorbed oxygen to the valance band, Cd—excess acceptor and the
surface states, respectively.

Wilson et al. [92] have analyzed the dynamics and spectroscopy of silicon nano-
crystals that emit at visible wavelengths. Size-selective precipitation and size-
exclusion chromatography cleanly separate the silicon nano-crystals from larger
crystallites and aggregates and provide direct evidence for quantum confinement in
luminescence. Measured quantum yields are as high as 50 % at low temperature,
principally as a result of efficient oxide passivation. Despite a 0.9—electron-volt
shift of the band gap to higher energy, the nano-crystals behave fundamentally as
indirect gap materials with low oscillator strength.

Maillard et al. [93] have shown silver nano crystals, self-organized in compact
hexagonal networks, on gold and graphite exhibit anisotropic optical properties.
From polarized electron photoemission spectroscopy, a two-photon mechanism was
demonstrated and an enhancement due to the surface plasmon resonance (SPR) of
the nano crystal film was observed. Two SPR peaks appear, due to dipolar inter-
actions and induced by the self-organization of silver nano crystals. This property
was used to probe the substrate effect on the plasmon resonance. Its damping was
related to particle–substrate interactions.

Xiong et al. [94] have presented the first photoelectron spectroscopy mea-
surements of QDs in the gas phase. By coupling a nano-particle aerosol source to a
femto-second velocity map imaging photoelectron spectrometer, we apply robust
gas-phase photoelectron spectroscopy techniques to colloidal QDs, which typically
must be studied in a liquid solvent or while bound to a surface. Working with a
flowing aerosol of QDs offers the additional advantages of providing fresh nano-
particles for each laser shot and removing perturbations from bonding with a sur-
face or interactions with the solvent. In this work, they have performed a two-
photon photo-ionization experiment to show that the photoelectron yield per
exciton depends on the physical size of the QD, increasing for smaller dots. Next,
using effective mass modelling they have shown that the extent to which the
electron wave function of the exciton extends from the QD, the so-called
“evanescent electron wave function”, increases as the size of the QD decreases.
This group show that the photoelectron yield is dominated by the evanescent
electron density due to quantum confinement effects, the difference in the density of
states inside and outside of the QDs, and the angle-dependent transmission prob-
ability of electrons through the surface of the QD. Therefore, the photoelectron
yield directly reflects the fraction of evanescent electron wave function that extends
outside of the QDs. The work of this group shows that gas-phase photoelectron
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spectroscopy is a robust and general probe of the electronic structure of QDs,
enabling the first direct measurements of the evanescent exciton wave function.

Konchenko et al. [95] have studied quantum-confinement effect in the valence
band of germanium nano-dots and measured by means of photoemission
spectroscopy. The spherical dots of 3–10 nm in diameter were prepared on
a 0.3-nm-thick SiO2 film on Si(111) substrate. Dot-size dependence of the band edge
matched the ones expected from the spherical QD model and calculated from the
semi-empirical simulation. Colvin et al. [96] have reported the first application of
valence-band photoemission to a quantum-dot system. Photoemission spectra of
Cds QDs, ranging in size from 12 to 35 Å radius, were obtained using photon
energies of 20–70 eV. The spectra are qualitatively similar to those obtained for bulk
Cds, but show a shift in the valence-band maximum with size.

The measurements of the optical and structural characteristics of various porous
Si samples have been correlated by Lockwood et al. [97]. Although the PL peak
wavelength shows no correlation with the Si nano-particle size, the optical
absorption edge exhibits a strong inverse correlation that is in excellent agree-
ment with theoretical predictions for the optical gap in Si spheres or QDs. This
constitutes direct evidence for quantum confinement effects in porous Si. The
possibility induction of light emission from silicon, an indirect band-gap material in
which radiative transitions are unlikely, raises several interesting and technologi-
cally important possibilities, especially the fabrication of a truly integrated opto-
electronic microchip. Laser diode structures on GaAs substrates with an active
region employing laterally associated InAs, QDs obtained by Zhukov et al. [98] by
low-temperature MBE exhibit electroluminescence at a wavelength of 1.55–1.6 μm
in a temperature range from 20 to 260 K.

Structural and optical properties of thin InGaAsN insertions in GaAs, grown by
MBE using an RF nitrogen plasma source, have been investigated by Volovik et al.
[99]. Nitrogen incorporation into InGaAs results in a remarkable broadening of the
luminescence spectrum as compared with that of InGaAs layer with the same
indium content. Correspondingly, a pronounced corrugation of the upper interface
and the formation of well defined nanodomains are revealed in cross-sectional and
plan-view transmission electron microscope (TEM) images, respectively. Raising
the indium concentration in InGaAsN (N < 1 %) to 35 % results in the formation of
well defined separated three-dimensional (3D) islands. The size of the nanodomains
proves that the InGaAsN insertions in GaAs should be regarded as QD structures
even in the case of relatively small indium concentrations (25 %) and layer
thicknesses (7 nm), which are below the values required for a 2D-3D transition to
occur in InGaAs/GaAs growth. Dislocation loops have been found in TEM images
of the structures emitting at 1.3 µm. They are expected to be responsible for the
degradation of the luminescence intensity of such structures in agreement with the
case of long-wavelength InGaAs-GaAs QDs.

QDs formed on GaAs(100) substrates by InAs, deposition followed by (Al,Ga)
As or (In,Ga,Al)As overgrowth demonstrate a PL peak that is red shifted (up to
1.3 μm) compared to PL emission of GaAs-covered QDs have been demonstrated
by Tsatsul’nikov et al. [100]. The result is attributed to redistribution of InAs
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molecules in the system in favour of the QDs, stimulated by Al atoms in the cap
layer. The deposition of a 1 nm thick AlAs cover layer on top of the InAs–GaAs
QDs results in replacement of InAs molecules of the wetting layer by AlAs mol-
ecules, leading to a significant increase in the heights of the InAs QDs, as follows
from transmission electron microscopy. This effect is directly confirmed by trans-
mission electron microscopy indicating a transition to a Volmer–Weber-like QD
arrangement.

Structural and optical properties of InAs QDs overgrown by thin (In, Ga, AI) As
layers were investigated by Tsatsul’nikov et al. [101]. Adding In as well as Al
during overgrowth of the QDs results in an increase in QD size and a change in QD
shape due to reduced of in diffusion from the QDs during overgrowth and transport
of in atoms from the wetting layer. This leads to a red shift of the emission and
allows to realise 1.3\im emission using QDs in the initial stage of formation.

A two-dimensional photonic crystal with hexagonal lattice of air-holes is pat-
terned into an active planar waveguide containing InAs/InGaAs QDs by Blokhin
et al. [102]. Variable-angle reflectivity spectroscopy is used to map out the photonic
band structure. Fano-type resonances observed in the measured reflectivity spectra
in TE (TM) polarizations along the Γ–K (Γ–M) lattice direction are attributed to
resonance coupling of the optically active photonic bands to external light. Angle-
resolved PL measurements are shown to trace the band structure of the leaky mode.
The revealed three-fold emission intensity enhancement of photonic crystals is
ascribed to both Purcell and Bragg scattering effects.

Krestnikov et al. [103] have reported on resonant PL of InGaN inclusions in a
GaN matrix. The structures were grown on sapphire substrates using metal-organic
chemical vapour deposition. Non resonant pulsed excitation results in a broad PL
peak, while resonant excitation into the non resonant PL intensity maximum results
in an evolution of a sharp resonant PL peak, having a spectral shape defined by the
excitation laser pulse and a radiative decay time close to that revealed for PL under
non resonant excitation. Observation of a resonantly excited narrow PL line gives
clear proof of the QD nature of luminescence in InGaN–GaN samples. PL decay
demonstrates strongly non exponential behaviour evidencing coexistence of QDs
having similar ground-state transition energy, but very different electron-hole wave-
function overlap.

Borchert et al. [104] have colloidally prepared CdS/HgS/CdS QD, quantum well
nano-crystals and CdS/HgS/CdS/HgS/CdS double quantum well nano-crystals
stabilized with polyphosphates have been investigated by photoelectron spectros-
copy with tuneable synchrotron radiation. High-resolution spectra reveal in addition
to a bulk species also a surface environment for Cd, whereas different S species
could not be resolved. Although not expected for the ideal structure model, Hg
occurs in two distinct environments. The total amount of Hg giving evidence for
sample in-homogeneities is of the order of 10 %. Furthermore, to some extent, the
XPS experiments allowed characterization of the onion like structure of the QD
quantum well nano-crystals. A method for layer thickness determination previously
developed for core shell nano-crystals is extended to the more complex case of QD
quantum well structures.
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Benemanskaya et al. [105] have prepared an array of non-overgrown InAs/GaAs
QDs which has been decorated with adsorbed metal atoms in situ in ultrahigh
vacuum. Their electron and photoemission properties have been studied. The rad-
ical modification of the spectra of the threshold emission from the QDs with
increasing cesium coating has been found. Two photoemission channels have been
established; they are characterized by considerably different intensities, spectral
locations, and widths of the selective bands. It has been shown that the decoration
of the QDs makes it possible to control the electronic structure and quantum yield
of photoemission, the nature of which is related to the excitation of the electronic
states of the GaAs substrate and InAs/GaAs QDs.

Giorgio et al. [106] have discussed the application of photoemission-based
microscopy techniques to the compositional characterization of semiconductor QDs
and rings. The experimental technique is discussed in detail by them in the said
paper. Using this technique, self-assembled III-V and Ge/Si QDs have been studied.
These results have also been discussed, both for randomly nucleated and site-
controlled QDs. Rowell et al. [107] have grown For Ge nano-dots approximately
20 nm in diameter by annealing a thin amorphous Ge layer deposited by MBE on a
mesoporous TiO2 layer on Si(001), PL was observed as a wide near-infrared band
near 800 meV. Using a tight binding theoretical model, the energy-dependent PL
spectrum was transformed into a dependence on dot size. The average dot size
determined the peak energy of the PL band and its shape depended on the size
distribution, including band gap enlargement due to quantum confinement. Com-
bining the dot sample PL with an established dependence of emission efficiency on
dot diameter, it was possible to derive a dot size distribution and compare it with
results obtained independently from atomic force microscopy.

Heyderman et al. [108] have investigated the periodic square arrays of anti dots
in 10 nm-thick cobalt films with anti dot periods, p, ranging from 2 μm down to
200 nm and various ratios of anti dot size to anti dot separation, w/d. For p = 2 μm,
the extent of modification of the thin film magnetic domain structure increases with
increasing w/d, forming domains pinned diagonally between anti dots for w/d ≥ 0.2
and resulting in a two-dimensional periodic checked domain contrast commensurate
with the anti dot lattice for w/d ≥ 0.9. As p is decreased while maintaining d ≈ w,
they observed a dramatic change in the magnetic domain configuration
at p = 400 nm resulting in chains of magnetic domains running parallel to the
intrinsic hard axis and with lengths corresponding to a multiple of the anti dot
period.

Lockwood et al. [109] have grown the super-lattices of Si/SiO2 at room tem-
perature with atomic layer precision using state of the art MBE and ultraviolet ozone
treatment. PL was observed at wavelengths across the visible range for Si layer
thicknesses 1 < d < 3 nm. The fitted peak emission energy E(eV) = 1.60 + 0.72 d−2 is
in accordance with effective mass theory for quantum confinement by the wide-gap
SiO2 barriers and also with the bulk amorphous Si band gap. Measurements of the
conduction and valence band shifts by x-ray techniques correlate with E(d), con-
firming the role of quantum confinement and indicating a direct band-to-band
recombination mechanism.
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The many interesting and unique physical properties of nano-crystalline-Si/
amorphous-SiO2 superlattices (SLs) stem from their vertical periodicity and nearly
defect-free, atomically flat, and chemically abrupt nano-crystalline-Si/SiO2 inter-
faces. By combining a less than 5 % variation in the initial as-grown amorphous-Si
layer thickness with control over the Si nano crystal shape and crystallographic
orientation Lockwood and Tsybeskov [110] have produced via an appropriate
annealing process, systems of nearly identical Si nano-crystals having remarkably
different shapes (spheres, ovoids, bricks, etc.). Such details governing the fabri-
cation of nano-crystalline-Si/amorphous-SiO2 SLs have dramatic effects on their
structural and optical-Raman scattering and PL-properties. The reliable fabrication
of Si-based nanostructures with control over the nano-crystal size, shape, and
crystallographic orientation is an important first step in their applications in Si
photonics.

GaAs/AlAs SLs grown simultaneously on GaAs substrates with the (311)A and
(311)B orientations have been studied by Lyubas et al. [111] by PL and high-
resolution transmission electron microscopy with a Fourier analysis of images. A
periodic interface corrugation is observed for (311)B SLs. A comparison of the
structure of (311)A and (311)B SLs indicates that the corrugation occurs in both
cases and its period along the [111] direction is equal to 3.2 nm. The corrugation is
less pronounced in (311)B SLs, wherein it exhibits an additional modulation (long-
wavelength disorder) with the characteristic lateral size exceeding 10 nm. The
vertical correlation of regions rich in GaAs and AlAs, which is well observed in
(311)A SLs, is weak in (311)B SLs due to the occurrence of long-wavelength
disorder. The optical properties of (311)B SLs are similar to those of (100) ones and
differ radically from those of (311)A SLs. As distinct from (311)B, strong PL
polarization anisotropy is observed for (311)A SLs. It is shown that it is the
interface corrugation rather than the crystallographic (311) surface orientation that
determines the optical properties of (311)A corrugated SLs with thin GaAs and
AlAs layers.

Lyubas et al. [112] have determined PL properties of type II GaAs/AlAs SLs
grown on (311) surface by its polarity. The 3.2 nm lateral periodicity is revealed,
using a high resolution transmission electron microscopy and Fourier transform
images of SLs, however, it is rather illegible because of not clear corrugating and
due to the presence of long-wavelength (>10 nm) disorder. PL spectra of GaAs/
AlAs SLs grown on (311)A surface are strongly polarized in relation to the
direction of interface corrugation unlike the SLs grown on (311)B surface, where
corrugation was weak.

Optical phenomena in the mid-infrared range connected with inter level and inter
sub-band charge-carrier transitions in QD and quantum well (QW) hetero-structures
under optical and electrical pumping were investigated by Vorobjev et al. [113].
Spectra of inter band PL are also presented. The existence of a meta stable level in
funnel-shaped QWs is experimentally confirmed. The inter sub-band transition
dynamics in asymmetrical pairs of tunnel-coupled QWs was studied by means of
pump-and-probe time-resolved spectroscopy. The measurement of photoemission
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spectra of SrTiO3/LaTiO3 super-lattices with a topmost SrTiO3 layer of variable
thickness has been reported in [114, 115]. Finite coherent spectral weight with a
clear Fermi cut-off was observed at chemically abrupt SrTiO3/LaTiO3 interfaces,
indicating that an “electronic reconstruction” occurs at the interface between the
Mott insulator LaTiO3 and the band insulator SrTiO3. For SrTiO3/LaTiO3 interfaces
annealed at high temperatures (*1,000 °C), which leads to Sr/La atomic inter-
diffusion and hence to the formation of La1−xSrxTiO3 like material, the intensity of
the incoherent part was found to be dramatically reduced whereas the coherent part
with a sharp Fermi cut-off is enhanced due to the spread of charge. These important
experimental features are well reproduced by layer dynamical-mean-field-theory
calculation.

Photonic devices are becoming increasingly important in information and
communication technologies. But attempts to integrate photonics with silicon-based
microelectronics are hampered by the fact that silicon has an indirect band gap,
which prevents efficient electron-photon energy conversion. Light-emitting silicon-
based materials have been made using band-structure engineering of SiGe and SiC
alloys and Si/Ge SLs, and by exploiting quantum-confinement effects in nanoscale
particles and crystallites [116]. The discovery [117, 118] that silicon can be etched
electrochemically into a highly porous form that emits light with a high quantum
yield has opened up the latter approach to intensive study [119–125]. Lu et al. [126]
have reported the fabrication, by MBE technique, of well-defined SLs of silicon and
SiO2, which emit visible light through PL. The said group have shown that this light
emission can be explained in terms of quantum confinement of electrons in the two-
dimensional silicon layers and these superlattice structures are robust and com-
patible with standard silicon technology.

Lao et al. [127] have used internal photoemission spectroscopy to determine the
conduction band offset of a type-II InAs/GaSb super-lattice (T2SL) pBp photo-
detector to be eV at 78 K, confirming its unipolar operation. It is also found that
phonon-assisted hole transport through the B-region disables its two-colour detec-
tion mode around 140 K. In addition, photoemission yield shows a reduction at
about an energy of longitudinal-optical phonon above the threshold, confirming
carrier-phonon scattering degradation on the photo-response. These results may
indicate a pathway for optimizing T2SL detectors in addition to current efforts in
material growth, processing, substrate preparation, and device passivation 0.004
(±0.004). The natural considerations that constrain silicon from emitting light
efficiently are examined, as are several engineered solutions to this limitation by
Iyer and Xie [128]. These include intrinsic and alloy-induced luminescence;
radioactively active impurities; quantum-confined structures, including zone folding
and the recent developments in porous silicon; and a hybrid approach, the inte-
gration of direct band-gap materials onto silicon.

Lin et al. [129] have proposed a new approach for the fabrication of n-type
porous silicon layer. A hole-rich p-layer is arranged underneath the n-layer, and the
np-junction is under forward biased condition in the etching process. Therefore
sufficient holes can drift straight-upward and pass across the np-junction from
p-region to n-region to participate in electrochemical reaction during the etching
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process with an unfailing supply. Illumination is an optional hole-supplier in this
approach, so the problem of illumination-depth limitation can be overcome. Strong
visible PL emissions are demonstrated on the hole-poor n-type porous layer at about
650 nm.

Lockwood et al. [130] have reported the optical properties of porous GaAs
formed electrochemically on n- and p-type GaAs in HCl electrolyte. The porous
structure comprises GaAs crystallites ranging in size from micrometers to nano-
meters and under certain chemical conditions other transparent crystallites of
As2O3 and Ga2O3 form. PL measurements at 295 K reveal an “infrared” PL
at *840 nm and a “green” PL at *540 nm, which could easily be seen by the
naked eye in some samples. The infrared and green PL peak wavelength and
intensity varied from sample to sample consistent with an assignment to quantum
confinement effects in GaAs micro- and nano-crystallites, respectively. The many
and diverse approaches to materials science problems have greatly enhanced the
ability in recent times to engineer the physical properties of semiconductors. Sili-
con, of all semiconductors, underpins nearly all microelectronics today and will
continue to do so for some time to come. However, in optoelectronics and, more
recently, in photonics, the severe disadvantage of an indirect band gap has limited
the application of elemental silicon.

Electroluminescent devices have been developed recently that are based on new
materials such as porous silicon and semiconducting polymers. By taking advan-
tage of developments in the preparation and characterization of direct-gap semi-
conductor nano-crystals, and of electroluminescent polymers, Colvin et al. [131]
have constructed a hybrid organic/inorganic electroluminescent device. Light
emission arises from the recombination of holes injected into a layer of semicon-
ducting p-paraphenylene vinylene (PPV) with electrons injected into a multilayer
film of cadmium selenide nano-crystals. Close matching of the emitting layer of
nano-crystals with the work function of the metal contact leads to an operating
voltage of only 4 V. At low voltages emission from the CdSe layer occurs. Because
of the quantum size effect the colour of this emission can be varied from red to
yellow by changing the nano-crystal size. At higher voltages green emission from
the polymer layer predominates. Thus this device has a degree of voltage tunability
of colour.

Rogach et al. [132] have reported that the colloidal semiconductor nano crystals
are promising luminophores for creating a new generation of electroluminescence
devices. Research on semiconductor nano crystal based light-emitting diodes
(LEDs) has made remarkable advances in just one decade: the external quantum
efficiency has improved by over two orders of magnitude and highly saturated
colour emission is now the norm. Although the device efficiencies are still more
than an order of magnitude lower than those of the purely organic LEDs there are
potential advantages associated with nano crystal-based devices, such as a spec-
trally pure emission colour, which will certainly merit future research. Further
developments of nano crystal-based LEDs will be improving material stability,
understanding and controlling chemical and physical phenomena at the interfaces,
and optimizing charge injection and charge transport.
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Highly luminescent (CdSe)ZnS nano crystals, with band edge emission in the
red region of the visible spectrum, were successfully synthesized by Reboud et al.
[133] and incorporated in a resist, namely mr-NIL 6000. The nano composite
material was imprinted by using conventional nano imprint lithography (NIL)
process. We report on the fabrication and characterization of nano imprinted
photonic crystals in this new functional material. Experiments showed good imprint
properties of the NC/polymer based material and that the surface nano structuration
improves the light extraction efficiency by over 2 compared to a nano imprinted
unpatterned surface.

Bertsch et al. [134] have calculated the two-photon ionization of clusters for
photon energies near the surface plasmon resonance. The plasmon was described in
a schematic jellium-RPA model assuming a separable residual interaction between
electrons determined so that the plasmon energy is reproduced. The ionization rate
of a double plasmon excitation was calculated perturbatively. In Na + 93 clusters
they found an ionization rate of the order of at most 0.05–0.10 fs−1. This rate was
used to determine the ionization probability in an external field in terms of the
number of absorbed photon pairs and the duration of the field. They discussed the
dependence of the results on the choice of their empirical separable force. The
number of emitted electrons per pair of absorbed photons was found to be small, in
the range 10−5–10−3 H.

Fiorini et al. [135] have presented a brief survey of quantum effects in amor-
phous superstructures, with a particular attention to optical properties. The deter-
mination of interface properties by superstructure investigation is discussed, with a
special emphasis on the amorphous silicon/amorphous silicon-carbon system. In the
review Lockwood [136] has considered a number of diverse approaches to engi-
neering efficient light emission in silicon nanostructures. These different approaches
are placed in context and their prospects are assessed for applications in silicon-
based photonics.

Yoshimatsu et al. [137] have investigated changes in the electronic structures of
digitally controlled La0.6Sr0.4MnO3 (LSMO) layers sandwiched between SrTiO3 as
a function of LSMO layer thickness in terms of hard x-ray photo-emission-spec-
troscopy (HX-PES). The HX-PES spectra show the evolution of Mn 3d derived
states near the Fermi level and the occurrence of metal-insulator transition at 8ML.
The detailed analysis for the thickness dependent HX-PES spectra reveals the
existence of the less conducting and nonmagnetic transition layer with a film
thickness of about 4ML in the interface region owing to significant interaction
through the interface.

The PL spectroscopy has been used by Rowell et al. [138] to study the incor-
poration of C in several samples consisting of strained Si1−x–yGexCy epi-layers
lattice matched to Si(001). To obtain the total C concentration, these samples were
characterized by both SIMS and Auger emission spectroscopy, and X-ray diffrac-
tion data was analyzed to obtain the substitutional C concentration. The difference
of the total and substitutional C concentrations, i.e., the non-substitutional carbon
fraction, was found to be directly correlated with specific spectral lines in both the
room-temperature Raman and low-temperature PL spectra. Shimoda et al. [139]
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studied the effects of structure and morphology on lithium storage in single-wall
carbon nano tube (SWNT) bundles by electrochemistry and nuclear magnetic
resonance techniques. SWNTs were chemically etched to variable lengths and were
intercalated with Li. The reversible Li storage capacity increased from LiC(6) in
close-end SWNTs to LiC(3) after etching, which was twice the value observed in
intercalated graphite. All the nano tubes became metallic upon intercalation of Li,
with the density of states at the Fermi level increasing with increasing Li con-
centration. The enhanced capacity is attributed to Li diffusion into the interior of the
SWNTs through the opened ends and sidewall defects.

In this monograph, we have studied the EP from quantum confined HD non-
linear optical, III-V, II-VI, GaP, Ge, PtSb2, stressed materials, GaSb, IV-VI, Tel-
lurium, II-V, Bi2Te3, III-V, II-VI, IV-VI and HgTe/CdTe quantum wire superlat-
tices HD with graded interfaces, III-V, II-VI, IV-VI and HgTe/CdTe HD effective
mass superlattices under magnetic quantization, quantum confined effective mass
HD superlattices and HD superlattices of optoelectronic materials under intense
electric field and light waves with graded interfaces on the basis of appropriate
carrier energy spectra. Finally it may be noted that although we have considered the
EP from a plethora of quantized materials having different band structures theo-
retically, the detailed experimental works are still needed for an in-depth study of
the EP from such low-dimensional HD systems as functions of externally con-
trollable quantities which, in turn, will add new physical phenomenon in the regime
of the electron motion in HD nano structured materials and related topics.

9.4 Open Research Problem

(R:9:1) Investigate experimentally the EP for all the HD systems as discussed in
this monograph in the presence of arbitrarily oriented strain.
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Chapter 10
Conclusion and Future Research

This monograph deals with the EP in various types of low dimensional HD
materials. The intense photo excitation, quantization and strong electric field alter
profoundly the basic band structures, which, in turn, generate pinpointed knowl-
edge regarding EP in various HDS and their nanostructures having different carrier
energy spectra. The in-depth experimental investigations covering the whole
spectrum of solid state and allied science in general, are extremely important to
uncover the underlying physics and the related mathematics. We have presented the
simplified expressions of EP for few HD quantized structures together with the fact
that our investigations are based on the simplified k.p formalism of solid-state
science without incorporating the advanced field theoretic techniques. In spite of
such constraints, the role of band structure behind the curtain, which generates, in
turn, new concepts are truly amazing and discussed throughout the text.

We present the last set of few open research problems in this pin pointed topic of
research of modern physics.

(R.10.1) Investigate the multi-photon EP from multiple HD QWs, NWs and
QBs of negative refractive index, organic, magnetic, heavily doped,
disordered and other advanced optical materials in the presence of
arbitrarily oriented photo-excitation.

(R.10.2) Investigate multi-photon EP from cylindrical and wedge shaped HD
QBs of all the appropriate problems of R.10.1 in the presence of
arbitrarily photo-excitation.

(R.10.3) Investigate the multi-photon EP in the presence of an arbitrarily
oriented photo-excitation and quantizing magnetic field for all the
appropriate cases of R.10.1.

(R.10.4) Investigate the multi-photon EP in the presence of arbitrarily oriented
photo-excitation and alternating non-quantizing electric field for all the
appropriate cases of R.10.2.

(R.10.5) Investigate the multi-photon EP in the presence of an arbitrarily
oriented photo-excitation and non-uniform non-quantizing electric
field for all the appropriate cases of R.10.2.
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(R.10.6) Investigate the multi-photon EP in the presence of an arbitrarily
oriented photo-excitation and crossed electric and quantizing magnetic
fields for all the appropriate cases of R.10.1.

(R.10.7) Investigate the multi-photon EP in the presence of an arbitrarily
oriented photo-excitation and quantizing magnetic field for all the
appropriate cases of R.10.1.

(R.10.8) Investigate the multi-photon EP in the presence of arbitrarily oriented
photo-excitation and alternating non-quantizing electric field for all the
appropriate cases of R.10.1.

(R.10.9) Investigate the multi-photon EP in the presence of an arbitrarily
oriented photo-excitation and non-uniform non-quantizing electric
field for all the cases of R.10.1.

(R.10.10) Investigate the multi-photon EP in the presence of an arbitrarily
oriented photo-excitation and crossed electric and quantizing magnetic
fields for all the appropriate cases of R.10.1.

(R.10.11) Investigate the multi-photon EP from all the systems and the open
research problems of Chaps. 1–5 in the presence of many body effects.

(R.10.12) Investigate the multi-photon EP from quantum confined HD III-V, II-
VI, IV-VI, HgTe/CdTe superlattices with graded interfaces together
with short period, strained layer, random, Fibonacci, polytype and
sawtooth superlattices in this context in the presence of arbitrarily
oriented photo-excitation.

(R.10.13) (a) Investigate the static photoelectric effect for all the appropriate
problems of this monograph.

(b) Investigate all the appropriate problems for open HDQB of dif-
ferent materials as discussed in this monograph.

(R.10.14) Investigate the EP in the presence of a quantizing magnetic field under
exponential, Kane, Halperin, Lax and Bonch-Bruevich band tails [1]
for all the problems of this monograph of all the HD materials whose
unperturbed carrier energy spectra are defined in Chap. 1 by including
spin and broadening effects.

(R.10.15) Investigate all the appropriate problems after proper modifications
introducing new theoretical formalisms for the problems as defined in
(R.10.14) for HD negative refractive index, macro molecular, nitride
and organic materials.

(R.10.16) Investigate all the appropriate problems of this monograph for all types
of HD quantum confined p-InSb, p-CuCl and semiconductors having
diamond structure valence bands whose dispersion relations of the
carriers in bulk materials are given by Cunningham [2], Yekimov et al.
[3] and Roman and Ewald [4] respectively.

(R.10.17) Investigate the influence of defect traps and surface states separately on
the EP of the HD materials for all the appropriate problems of all the
chapters after proper modifications.
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(R.10.18) Investigate the EP of the HD materials under the condition of non-
equilibrium of the carrier states for all the appropriate problems of this
monograph.

(R.10.19) Investigate the EP for all the appropriate problems of this monograph
for the corresponding HD p-type semiconductors and their
nanostructures.

(R.10.20) Investigate the EP for all the appropriate problems of this monograph
for all types of HD semiconductors and their nanostructures under
mixed conduction in the presence of strain.

(R.10.21) Investigate the EP for all the appropriate problems of this monograph
for all types of HD semiconductors and their nanostructures in the
presence of hot electron effects.

(R.10.22) Investigate the EP for all the appropriate problems of this monograph
for all types of HD semiconductors and their nanostructures for
nonlinear charge transport.

(R.10.23) Investigate the EP for all the appropriate problems of this monograph
for all types of HD semiconductors and their nanostructures in the
presence of strain in an arbitrary direction.

(R.10.24) Investigate all the appropriate problems of this monograph for strongly
correlated electronic HD systems in the presence of strain.

(R.10.25) Investigate all the appropriate problems of this chapter in the presence
of arbitrarily oriented photon field and strain.

(R.10.26) Investigate all the appropriate problems of this monograph for all types
of HD nanotubes in the presence of strain.

(R.10.27) Investigate all the appropriate problems of this monograph for various
types of pentatellurides in the presence of strain.

(R.10.28) Investigate all the appropriate problems of this monograph for HD
Bi2Te3–Sb2Te3 super-lattices in the presence of strain.

(R.10.29) Investigate the influence of temperature-dependent energy band
constants for all the appropriate problems of this monograph.

(R.10.30) Investigate the influence of the localization of carriers on the EP in
HDS for all the appropriate problems of this monograph.

(R.10.31) Investigate EP for HD p-type SiGe under different appropriate physical
conditions as discussed in this monograph in the presence of strain.

(R.10.32) Investigate EP for different metallic alloys under different appropriate
physical conditions as discussed in this monograph in the presence of
strain.

(R.10.33) Investigate EP for different intermetallic compounds under different
appropriate physical conditions as discussed in this monograph in the
presence of strain.

(R.10.34) Investigate EP for HD GaN under different appropriate physical
conditions as discussed in this monograph in the presence of strain.
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(R.10.35) Investigate EP for different disordered HD conductors under different
appropriate physical conditions as discussed in this monograph in the
presence of strain.

(R.10.36) Investigate EP for various semimetals under different appropriate
physical conditions as discussed in this monograph in the presence of
strain.

(R.10.37) Investigate all the appropriate problems of this monograph for HD
Bi2Te3−xSex and Bi2−xSbxTe3 respectively in the presence of strain.

(R.10.38) Investigate all the appropriate problems of this monograph for all types
of skutterudites in the presence of strain.

(R.10.39) Investigate all the appropriate problems of this monograph in the
presence of crossed electric and quantizing magnetic fields.

(R.10.40) Investigate all the appropriate problems of this monograph in the
presence of crossed alternating electric and quantizing magnetic fields.

(R.10.41) Investigate all the appropriate problems of this monograph in the
presence of crossed electric and alternating quantizing magnetic fields.

(R.10.42) Investigate all the appropriate problems of this monograph in the
presence of alternating crossed electric and alternating quantizing
magnetic fields.

(R.10.43) Investigate all the appropriate problems of this monograph in the
presence of arbitrarily oriented pulsed electric and quantizing magnetic
fields.

(R.10.44) Investigate all the appropriate problems of this monograph in the
presence of arbitrarily oriented alternating electric and quantizing
magnetic fields.

(R.10.45) Investigate all the appropriate problems of this monograph in the
presence of crossed in homogeneous electric and alternating quantizing
magnetic fields.

(R.10.46) Investigate all the appropriate problems of this monograph in the
presence of arbitrarily oriented electric and alternating quantizing
magnetic fields under strain.

(R.10.47) Investigate all the appropriate problems of this monograph in the
presence of arbitrarily oriented electric and alternating quantizing
magnetic fields under light waves.

(R.10.48) Investigate all the appropriate problems of this monograph in the
presence of arbitrarily oriented pulsed electric and alternating quan-
tizing magnetic fields under light waves.

(R.10.49) Investigate all the appropriate problems of this monograph in the
presence of arbitrarily oriented inhomogeneous electric and pulsed
quantizing magnetic fields in the presence of strain and light waves.

(R.10.50) (a) Investigate the EP for all types of HD materials of this mono-
graph in the presence of many body effects strain and arbitrarily
oriented light waves respectively.
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(b) Investigate all the appropriate problems of this chapter for the
Dirac electron.

(c) Investigate all the problems of this monograph by removing all
the physical and mathematical approximations and establishing
the respective appropriate uniqueness conditions.

The formulation of EP for all types of HD materials and their quantum confined
counter parts considering the influence of all the bands created due to all types of
quantizations after removing all the assumptions and establishing the respective
appropriate uniqueness conditions is, in general, an extremely difficult problem.
300 open research problems have been presented in this monograph and we hope
that the readers will not only solve them but also will generate new concepts, both
theoretical and experimental. Incidentally, we can easily infer how little is presented
and how much more is yet to be investigated in this exciting topic which is the
signature of coexistence of new physics, advanced mathematics combined with the
inner fire for performing creative researches in this context from the young sci-
entists since like Kikoin [5] we firmly believe that A young scientist is no good if his
teacher learns nothing from him and gives his teacher nothing to be proud of. In the
mean time our research interest has been shifted and we are leaving this particular
beautiful topic with the hope that (R.10.50) alone is sufficient to draw the attention
of the researchers from diverse fields and our readers are surely in tune with the fact
that Exposition, criticism, appreciation is the work for second-rate minds [6].
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Chapter 11
Appendix A: The EP from HDS Under
Magnetic Quantization

11.1 Introduction

It is well known that the band structure of semiconductors can be dramatically
changed by applying the external fields. The effects of the quantizing magnetic field
on the band structure of compound semiconductors are more striking and can be
observed easily in experiments [1–67]. Under magnetic quantization, the motion of
the electron parallel to the magnetic field remains unaltered while the area of the
wave vector space perpendicular to the direction of the magnetic field gets quan-
tized in accordance with the Landau’s rule of area quantization in the wave-vector
space [39–67]. The energy levels of the carriers in a magnetic field (with the
component of the wave-vector parallel to the direction of magnetic field be equated
with zero) are termed as the Landau levels and the quantized energies are known as
the Landau sub-bands. It is important to note that the same conclusion may be
arrived either by solving the single-particle time independent Schrödinger differ-
ential equation in the presence of a quantizing magnetic field or by using the
operator method. The quantizing magnetic field tends to remove the degeneracy and
increases the band gap. A semiconductor, placed in a magnetic field B, can absorb
radiative energy with the frequency x0 ¼ ej jB=mcð Þð Þ. This phenomenon is known
as cyclotron or diamagnetic resonance. The effect of energy quantization is
experimentally noticeable when the separation between any two consecutive Lan-
dau levels is greater than kBT . A number of interesting transport phenomena
originate from the change in the basic band structure of the semiconductor in the
presence of quantizing magnetic field. These have been widely been investigated
and also served as diagnostic tools for characterizing the different materials having
various band structures [68–72]. The discreteness in the Landau levels leads to a
whole crop of magneto-oscillatory phenomena, important among which are
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(i) Shubnikov-de Haas oscillations in magneto-resistance; (ii) De Haas-van Alphen
oscillations in magnetic susceptibility; (iii) magneto-phonon oscillations in ther-
moelectric power, etc.

In this chapter in Sect. 11.2.1, of the theoretical background, the EP has been
investigated in HD non linear optical semiconductors in the presence of a quan-
tizing magnetic field. Section 11.2.2 contains the results for HD III-V, ternary and
quaternary compounds in accordance with the three and the two band models of
Kane. In the same section the EP in accordance with the models of Stillman et al.
and Palik et al. have also been studied for the purpose of relative comparison.
Section 11.2.3 contains the study of the EP for HD II-VI semiconductors under
magnetic quantization. In Sect. 11.2.4, the EP in HD IV-VI materials has been
discussed in accordance with the models of Cohen, Lax, Dimmock, Bangert and
Kastner and Foley and Landenberg respectively. In Sect. 11.2.5, the magneto-EP
for the stressed HD Kane type semiconductors has been investigated. In
Sect. 11.2.6, the EP in HD Te has been studied under magnetic quantization. In
Sect. 11.2.7, the magneto-EP in n-GaP has been studied. In Sect. 11.2.8, the EP in
HD PtSb2, has been explored under magnetic quantization. In Sect. 11.2.9, the
magneto-EP in HD Bi2Te3 has been studied. In Sect. 11.2.10, the EP in HD Ge has
been studied under magnetic quantization in accordance with the models of Car-
dona et al. and Wang and Ressler respectively. In Sects. 11.2.11 and 11.2.12, the
magneto-EP in HD n-GaSb and II-V compounds has respectively been studied. In
Sect. 11.2.13 the magneto EP in HD Pb1−xGexTe has been discussed. The last
Sect. 11.3 contains 52 open research problems for this Appendix.

11.2 Theoretical Background

11.2.1 The EP from HD Nonlinear Optical Semiconductors
Under Magnetic Quantization

The dispersion relation under magnetic quantization in non-linear optical materials
can be written as

cðEÞ ¼ �h2k2s
2m�
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The (11.1) can be expressed as
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Therefore, the dispersion relation of the conduction electrons in HD non-linear

optical semiconductors in the presence of a quantizing magnetic field B can be
written following the methods as developed in Chap. 1 as
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The EEM at the Fermi Level can be written from (11.3a) as
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kU
0
1;�ðEFBHD; n; ggÞ ð11:3bÞ

where EFBHD is the Fermi energy in this case.
Therefore the double valued EEM in this case is a function of Fermi energy,

magnetic field, quantum number and the scattering potential together with the fact
that the EEM exists in the band gap which is the general characteristics of HD
materials.

The complex density-of-states function under magnetic quantization is given by
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and x0 and y0 are the differentiations of x and y with respect to energy E.
Therefore, from (11.4a) we can write
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The electron concentration under the condition of extreme carrier degeneracy is
given by
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The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Real part of

Xnmax

n¼0

F0ðg1AÞ ð11:6Þ

where

g1A ¼ ðkBTÞ�1½EFHBD � ðEL1 þW � htÞ�

where EL1 is the complex Landau sub-band energy which can be obtained from
(11.3a) by substituting kz ¼ 0 and E ¼ EL1:

11.2.2 The EP from HD Kane Type III-V, Ternary
and Quaternary Semiconductors Under Magnetic
Quantization

(a) The electron energy spectrum in III-V semiconductors under magnetic
quantizaion is given by
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The (11.7) can be written as
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ð11:9Þ

Therefore the dispersion relation is given by

�h2k2z
2mc

¼ U3;�ðE; n; ggÞ þ iU4;�ðE; ggÞ ð11:10aÞ

where

U3;�ðE; n; ggÞ ¼ ½ab
c
h0ðE; ggÞ � ½1þ Erf ðE=ggÞ

2
��1 þ ðacþ bc� ab

c2
Þc0ðE; ggÞ

� ½1þ Erf ðE=ggÞ
2

��1 þ 1
c
ð1� a

c
Þð1� b

c
Þ

� ðnþ 1
2
Þ�hx0 þ g�½

1þ Erf ðE=ggÞ
2

��1GðC;E; ggÞ�

and U4;�ðE; ggÞ ¼ g�½1þErf ðE=ggÞ
2 ��1HðC;E; ggÞ

The complex Landau energy EnHD1 in this case can be obtained by substituting
kz ¼ 0 and E ¼ EnHD in (11.10a)
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The EEM at the Fermi Level can be written from (11.10a) as

m�
�ðEFBHD; n; ggÞ ¼ m�

kU
0
3;�ðEFBHD; n; ggÞ ð11:10bÞ

Thus the EEM is a function of Fermi energy, Landau quantum number and
scattering potential together with the fact it is double valued due to spin.

The complex density of states function under magnetic quantization is given by

NBðEÞ ¼ NBRIðEÞ þ iNBI1ðEÞ

¼ eB

2p2�h2
ffiffiffiffiffiffiffiffi
2mc

p Xnmax

n¼0

½ x01
2

ffiffiffiffiffi
x1

p þ iy01
2

ffiffiffiffiffi
y1

p � ð11:11aÞ

where

x1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðU3;�ðE; n; ggÞÞ2 þ ðU4;�ðE; n; ggÞÞ2

q
þ ðU3;�ðE; n; ggÞÞ

2
;

y1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðU3;�ðE; n; ggÞÞ2 þ ðU4;�ðE; n; ggÞÞ2

q
� ðU3;�ðE; n; ggÞÞ

2

and x01 and y01 are the differentiations of x and y with respect to energy E.
From (11.11a) we can write

NBR1ðEÞ ¼ eB
ffiffiffiffiffiffiffiffi
2mc

p

4p2�h2
Xnmax

n¼0

x01ffiffiffiffiffi
x1

p ð11:11bÞ

and NBI1ðEÞ ¼ eB
ffiffiffiffiffiffiffiffi
2mc

p

4p2�h2
Xnmax

n¼0

y01ffiffiffiffiffi
y1

p ð11:11cÞ

The electron concentration under the condition of extreme degeneracy is given by

n0 ¼ gveB

2p2�h2
ffiffiffiffiffiffi
mc

p Xnmax

n¼0

½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðU3;�ðEFBHD; n; ggÞÞ2 þ ðU4;�ðEFBHD; n; ggÞÞ2

q

þ ðU3;�ðEFBHD; n; ggÞÞ�1=2 ð11:12aÞ

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Real part of

Xnmax

n¼0

F0ðg2AÞ ð11:12bÞ

where
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g2A ¼ ðkBTÞ�1½EFHBD � ðEL2 þW � htÞ�

where EL2 is the complex Landau sub-band energy which can be obtained from
(11.10a) by substituting kz ¼ 0 and E ¼ EL2

(b) Two band model of Kane

The magneto-dispersion law in this case is given by

�h2k2

2mc
¼ c2ðE; ggÞ � ðnþ 1

2
Þ�hx0 � 1

2
g�l0B ð11:13aÞ

where g� is the magnitude of the effective g factor at the edge of the conduction
band and l0 is the Bohr magnetron.

The EEM at the Fermi Level can be written from (11.13a) as

m�ðEFBHD; ggÞ ¼ mcc
0
2ðEFBHD; ggÞ ð11:13bÞ

Thus EEM is independent of quantum number.
The electron concentration under the condition of extreme degeneracy is given

by

n0 ¼ gveB

p2�h2
ffiffiffiffiffiffi
mc

p Xnmax

n¼0

ðU5;�ðEFBHD; n; ggÞÞ
1
2 ð11:14aÞ

where

U5;�ðEFBHD; n; ggÞ ¼ c2ðEFBHD; ggÞ � ðnþ 1
2
Þ�hx0 � 1

2
g�l0B

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg3AÞ ð11:14bÞ

where

g3A ¼ ðkBTÞ�1½EFHBD � ðEL3 þW � htÞ�

where EL3 is the Landau sub-band energy which can be obtained from (11.13a) by
substituting kz ¼ 0 and E ¼ EL3

410 11 Appendix A: The EP from HDS Under Magnetic Quantization



(c) Parabolic Energy Bands

The magneto-dispersion law in this case is given by

�h2k2

2mc
¼ c3ðE; ggÞ � ðnþ 1

2
Þ�hx0 � 1

2
g�l0B ð11:15aÞ

The EEM at the Fermi Level can be written from (11.15a) as

m�ðEFBHD; ggÞ ¼ mcc
0
3ðEFBHD; ggÞ ð11:15bÞ

Thus the EEM in heavily doped parabolic energy bands is a function of Fermi
energy and scattering potential whereas in the absence of band-tails the same mass
is a constant quantity invariant of any variables.

The electron concentration under the condition of extreme degeneracy is given
by

n0 ¼ gveB

p2�h2
ffiffiffiffiffiffi
mc

p Xnmax

n¼0

ðU6;�ðEFBHD; n; ggÞÞ
1
2 ð11:16aÞ

where U6;�ðEFBHD; n; ggÞ ¼ c3ðEFBHD; ggÞ � ðnþ 1
2Þ�hx0 � 1

2 g
�l0B

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg4AÞ ð11:16bÞ

where g4A ¼ ðkBTÞ�1½EFHBD � ðEL4 þW � htÞ� where EL4 is the Landau sub-band
energy which can be obtained from (11.15a) by substituting kz ¼ 0 and E ¼ EL4

(d) The model of Stillman et al.

The (1.107) under the condition of band tailing assumes the form

k2 ¼
½�t11 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�t11Þ2 � 4�t12c3ðE; ggÞ

q
�

2�t12
ð11:17Þ

Therefore the magneto dispersion law is given by

k2z ¼ U7ðE; n; ggÞ ð11:18aÞ
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where U7ðE; n; ggÞ ¼ ½½�t11�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�t11Þ2�4�t12c3ðE;ggÞ

p
�

2�t12
� 2eB

�h ðnþ 1
2Þ�

The EEM at the Fermi Level can be written from (11.18a) as

m�ðEFBHD; ggÞ ¼
�h2

2
U0

7ðEFBHD; n; ggÞ ð11:18bÞ

The electron concentration under the condition of extreme degeneracy is given
by

n0 ¼ gveB
p2�h

Xnmax

n¼0

ðU7ðEFBHD; n; ggÞÞ
1
2 ð11:19aÞ

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg5AÞ ð11:19bÞ

where

g5A ¼ ðkBTÞ�1½EFHBD � ðEL5 þW � htÞ�

where EL5 is the Landau sub-band energy which can be obtained from (11.18a) by
substituting kz ¼ 0 and E ¼ EL5

(e) The model of Palik et al.

To the fourth order in effective mass theory and taking into account the inter-
actions of the conduction, light hole, heavy-hole and split-off hole bands, the
electron energy spectrum in III-V semiconductors in the presence of a quantizing
magnetic field ~B can be written as

E¼J31þðnþ1
2
Þ�hx0þ

�h2k2z
2mc

�1
4
ðmc

m0
Þ�hx0g

�
0�k30aðnþ1

2
Þð�hx0Þ2�k31a�hx0ð

�h2k2z
2mc

Þ

þk32a �hx0 nþ1
2

� �
þ�h2k2z

2mc

� �
ð11:20Þ
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where

J31 ¼ � 1
2
a�hx0 ð1� y11Þ=ð2þ x11Þ2

h i
� J32;

J32 ¼ 1
3
ð1� x11Þ2 � ð2þ x211Þ

� �
ð2þ x11Þ � y11 þ 1

2
ð1� x211Þð1þ x11Þð1þ y11Þ

� �
;

g�0 ¼ 2 1� ð1� x11Þ
ð2þ x11Þ

� � ð1� y11Þ
y11

� �� �
; k30 ¼ ð1� y11Þð1� x11Þ

2þ 3
2
x11 þ x211

� �
� ð1� y11Þ
ð2þ x11Þ2

" #
� 2
3
y11

( )
;

k31 ¼ ð1� y11Þ ð1� x11Þ
ð2þ x11Þ

� �
2þ 3

2
x11 þ x211

� �
� ð1� y11Þ
ð2þ x11Þ2

" #
� 2
3
ð1� x11Þy11

( )
;

k32 ¼ � 1þ 1
2
x211

� �
= 1þ 1

2
x11

� �� �
ð1� y11Þ2; x11 ¼ ½1þ ðD

Eg
Þ��1 and y11 ¼ mc

m0

Under the condition of heavy doping, the (11.20) assumes the form

J34k
4
z þ J35;�ðnÞk2z þ J36;�ðnÞ � c3ðE; ggÞ ¼ 0 ð11:21Þ

where

J34 ¼ ak32ð�h2=2mcÞ2; J35;�ðnÞ ¼ �h2

2mc
� ak31�hx0 � �h2

2mc
þ ak32�hx0 � �h2

2mc
ðnþ 1

2Þ
h i

;

J36;�ðnÞ ¼ J31 � 1
4
ðmc

m0
Þ�hx0g

�
0 � k30að�hx0Þ2ðnþ 1

2
Þ þ k32a½ð�hx0Þðnþ 1

2
Þ�2

� �

The (11.21) can be written as

k2z ¼ A35;�ðE; n; ggÞ ð11:22aÞ

where

A35;�ðE; n; ggÞ ¼ ð2J34Þ�1 �J35;�ðnÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ35;�ðnÞÞ2 � 4J34½J36;�ðnÞ � c3ðE, ggÞ�

q� �

The EEM at the Fermi Level can be written from (11.22a) as

m�
�ðEFBHD; n; ggÞ ¼

�h2

2
A0
35;�ðEFBHD; n; ggÞ ð11:22bÞ
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Thus, the EEM is a function of Fermi energy, Landau quantum number and the
scattering potential.

The electron concentration is given by

n0 ¼ eBgv
2p2h

Xnmax

n¼0

½Y34HDðEFBHD; n; ggÞ þ Z34HDðEFBHD; n; ggÞ� ð11:23aÞ

where Y34HDðEFBHD; n; ggÞ ¼ ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A35HD;þðEFBHD; n; ggÞ

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A35HD;�ðEFBHD; n; ggÞ

q
�

and Z34HDðEFBHD; n; ggÞ ¼
Ps0
c¼1

LBðrÞ½Y34HDðEFBHD; n; ggÞ�
The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg6AÞ ð11:23bÞ

where

g6A ¼ ðkBTÞ�1½EFHBD � ðEL6 þW � htÞ�

where EL6 is the Landau sub-band energy which can be obtained from (11.22a) by
substituting kz = 0 and E = EL6.

11.2.3 The EP from HD II-VI Semiconductors
Under Magnetic Quantization

The magneto dispersion relation of the carriers in heavily doped II-VI semicon-
ductors are given by

c3ðE; ggÞ ¼ a00
2eB
�h

ðnþ 1
2
Þ þ b00k

2
z � k00½

2eB
�h

ðnþ 1
2
Þ�12 ð11:24Þ

The (11.24) can be written as

k2z ¼ U8�ðE; n; ggÞ ð11:25aÞ

where U8�ðE; n; ggÞ ¼ ðb00Þ�1½c3ðE; ggÞ � 2eBa00
�h ðnþ 1

2Þ � �k0½2eB�h ðnþ 1
2Þ�

1
2�
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The EEM at the Fermi Level can be written from (11.25a) as

m�ðEFBHD; ggÞ ¼
�h2

2
U0

8�ðEFBHD; n; ggÞ ð11:25bÞ

The electron concentration is given by

n0 ¼ eBgv
2p2h

Xnmax

n¼0

Y35HDðEFBHD; n; ggÞ þ Z35HDðEFBHD; n; ggÞ
	 
 ð11:26aÞ

where Y35HDðEFBHD; n; ggÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U8þðEFBHD; n; ggÞ

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U8�ðEFBHD; n; ggÞ

qh i
and

Z35HD EFBHD; n; gg
� � ¼ Ps0

r¼1
LBðrÞ½Y35HDðEFBHD; n; ggÞ�

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg7AÞ ð11:26bÞ

where

g7A ¼ ðkBTÞ�1½EFHBD � ðEL7 þW � htÞ�

where E27 is the Landau sub-band energy which can be obtained from (11.25a) by
substituting kz = 0 and E = EL7.

11.2.4 The EP from HD IV-VI Semiconductors
Under Magnetic Quantization

The electron energy spectrum in IV-VI semiconductors are defined by the models
of Cohen, Lax, Dimmock and Bangert and Kastner respectively. The Magneto EP
in HD IV-VI semiconductors is discussed in accordance with the said model for the
purpose of relative comparison.

(a) Cohen Model

In accordance with the Cohen model, the dispersion law of the carriers in IV-VI
semiconductors is given by

Eð1þ aEÞ ¼ p2x
2m1

þ p2z
2m3

� aEp2y
2m0

2
þ p2yð1þ aEÞ

2m2
þ ap4y
4m2m0

2
ð11:27Þ
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where p1 	 �hki, i ¼ x; y; z, m1;m2, and m3 are the effective carrier masses at the
band-edge along x, y and z directions respectively and m0

2 is the effective-mass
tensor component at the top of the valence band (for electrons) or at the bottom of
the conduction band (for holes).

The magneto electron energy spectrum in IV-VI semiconductors in the presence
of quantizing magnetic fieldB along z-direction can be written as

Eð1þ aEÞ ¼ nþ 1
2

� �
�hxðEÞ � 1

2
g�l0Bþ 3

8
a n2 þ nþ 1

2

� �
�h2x2ðEÞ þ �h2k2z

2m3

ð11:28aÞ

where xðEÞ 	 ej jBffiffiffiffiffiffiffiffi
m1m2

p 1þ aE 1� m2
m0

2

 �h i1=2
.

Therefore the magneto dispersion law in heavily doped IV-VI materials can be
expressed as

�h2k2z
2m3

¼ U16;�ðE; n; ggÞ ð11:28bÞ

where

U16;�ðE; n; ggÞ ¼ ½c2ðE; ggÞ � ðnþ 1
2
Þ �heBffiffiffiffiffiffiffiffiffiffiffi

m1m2
p � 1

2
g � l0B� 3a

8
ðn2 þ nþ 1

2
Þ �heBffiffiffiffiffiffiffiffiffiffiffi

m1m2
p

� �2

� c3ðE; ggÞ
a
2
ðnþ 1

2
Þ �heBffiffiffiffiffiffiffiffiffiffiffi

m1m2
p 1� m2

m0
2

� ��

þ 3a2
8 ðn2 þ nþ 1

2Þ �heBffiffiffiffiffiffiffiffi
m1m2

p
 �2

1� m2
m0

2

 �
��

The EEM at the Fermi Level can be written from (11.28b) as

m�
�ðEFBHD; n; ggÞ ¼ m3U

0
16;�ðEFBHD; n; ggÞ ð11:28cÞ

Thus, the EEM is a function of Fermi energy, Landau quantum number and the
scattering potential.

The carrier statistics under the condition of extreme degeneracy in this case can
be expressed as

n0 ¼ gveB

p2�h2
ffiffiffiffiffiffi
m3

p Xnmax

n¼0

ðU16;�ðEFBHD; n; ggÞÞ
1
2 ð11:29aÞ
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The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg8AÞ ð11:29bÞ

where

g8A ¼ ðkBTÞ�1½EFHBD � ðEL8 þW � htÞ�

where EL8 is the Landau sub-band energy which can be obtained from (11.28b) by
substituting kz = 0 and E = EL8

(b) Lax Model

In accordance with this model, the magneto dispersion relation assumes the form

Eð1þ aEÞ ¼ ðnþ 1
2
Þ�hx03ðEÞ þ

�h2k2z
2m3

� 1
2
l0g

�B ð11:30Þ

where x03ðEÞ ¼ eBffiffiffiffiffiffiffiffi
m1m2

p

The magneto dispersion relation in heavily doped IV-VI materials, can be
written following (11.30) as

c2ðE; ggÞ ¼ ðnþ 1
2
Þ�hx03ðEÞ þ

�h2k2z
2m3

� 1
2
g�l0B ð11:31Þ

(11.31) can be written as

�h2k2z
2m3

¼ U17;�ðE; n; ggÞ ð11:32aÞ

where

U17;�ðE; n; ggÞ ¼ c2ðE; ggÞ � ðnþ 1
2
Þ�hx03ðEÞ � 1

2
g�l0B

The EEM at the Fermi Level can be written from (11.32a) as

m�ðEFBHD; ggÞ ¼ m3U
0
17;�ðEFBHD; n; ggÞ ð11:32bÞ
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The electron concentration under the condition of extreme degeneracy can be
written as

n0 ¼ gveB

p2�h2
ffiffiffiffiffiffi
m3

p Xnmax

n¼0

ðU17;�ðEFBHD; n; ggÞÞ
1
2 ð11:33aÞ

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg9AÞ ð11:33bÞ

where

g9A ¼ ðkBTÞ�1½EFHBD � ðEL9 þW � htÞ�

where EL9 is the Landau sub-band energy which can be obtained from (11.32a) by
substituting kz = 0 and E = EL9

(c) Dimmock Model

The dispersion relation under magnetic quantization in HD IV-VI semicon-
ductors can be expressed in accordance with Dimmock model as

c2ðE; ggÞ þ ac3ðE; ggÞ
2eB
�h

ðnþ 1
2
Þ �h
2

1
mþ

t
� 1
m�

t

� �
þ ac3ðE; ggÞx

�h2

2
1
mþ

l
� 1
m�

l

� �

¼ �h2k2s
2m�

t
þ �h2k2z

2m�
l
þ �h2k2s
2m�

t
þ �h2k2z
2m�

l
þ a

�h4k4s
4m�

t m
þ
t
þ �h4k2s k

2
z

4m�
l m

þ
l
þ �h4k2z k

2
s

4mþ
t m�

l
þ �h4k2z
4m�

l m
þ
l

� �

¼ 2eB
�h

ðnþ 1
2
Þ �h

2

2
1
m�

t
� 1
m�

t

� �
þ x

�h2

2
1
m�

l
� 1
m�

l

� �

þ a
�h4

4m�
t m

þ
t

2eB
�h

ðnþ 1
2
Þ

� �2

þx
�h4eB

2mþ
l m

�
t �h

þ �h4eB
2mþ

t m�
l �h

� �
ðnþ 1

2
Þ þ �h4

4m�
l m

þ
l
x2

" #

ð11:33cÞ

where x ¼ k2z
Therefore the magneto dispersion relation in heavily doped IV-VI materials,

whose unperturbed carriers obey the Dimmock Model can be expressed as

k2z ¼ U17ðE; n; ggÞ ð11:34Þ
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where

U17ðE; n; ggÞ ¼ ½2p9��1 �q9ðE; n; ggÞ þ q29ðE; n; ggÞ þ 4p9R9ðE; n; ggÞ
	 
1

2

h i

ð11:35Þ

p9 ¼ a�h4

4m�
l m

þ
l

; q9ðE; n; ggÞ

¼ ½�h
2

2
ð 1
m�

l
þ 1
m�

l
Þ þ a�h3eB

2
ðnþ 1

2
Þð 1
m�

t m
þ
l

þ 1
m�

l m
þ
t
Þ � ac3ðE; ggÞð

1
mþ

l

þ 1
m�

l
Þ

and
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2
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The EEM at the Fermi Level can be written from (11.34) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
U0

17ðEFBHD; n; ggÞ ð11:36bÞ

Thus, the EEM is a function of Fermi energy, Landau quantum number and the
scattering potential.

The electron concentration under the condition of extreme degeneracy can be
written as

n0 ¼ gveB
p2�h

Xnmax

n¼0

ðU17ðEFBHD; n; ggÞÞ
1
2 ð11:37aÞ

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg10AÞ ð11:37bÞ

where

g10A ¼ ðkBTÞ�1½EFHBD � ðEL10 þW � htÞ�

where EL10 is the Landau sub-band energy which can be obtained from (11.34) by
substituting kz = 0 and E = EL10
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(d) Model of Bangert and Kastner

In accordence with this model [73], the carrier energy spectrum in HD IV-VI
semiconductors can be written following (3.68) as

k2s
q211ðE; ggÞ

þ k2y
q212ðE; ggÞ

¼ 1 ð11:38Þ

where

q11ðE; ggÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

S1ðE; ggÞ
q ; q12ðE; ggÞ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2ðE; ggÞ

q ;

S1ðE; ggÞ ¼ 2c0ðE; ggÞ
	 
�1½ð

�RÞ2
Eg

c1ða1;E;EgÞ � iD1ða1;E;EgÞ
� �

þ ð�SÞ2
D0
c

c2ða2;E;EgÞ � iD2ða2;E;EgÞ
� �

þ ð�QÞ
D00
c

c3ða3;E;EgÞ � iD3ða3;E;EgÞ
� ��

and

S2ðE; ggÞ ¼ 2c0ðE; ggÞ
	 
�1½2ð

�AÞ2
Eg

c1ða1;E; ggÞ � iD1ða1;E; ggÞ
� �

þ ð�Sþ �QÞ2
D00
c

c3ða3;E; ggÞ � iD3ða3;E; ggÞ
� ��

Since S1ðE; ggÞ and S2ðE; ggÞ are complex, the energy spectrum is also complex
in the presence of Gaussian band tails.

Therefore the magneto dispersion law in the presence of a quantizing magnetic
field B which makes an angle h with kz axis can be written as

k2z ¼ U18ðE; n; ggÞ ð11:39aÞ

where

U18ðE; n; ggÞ ¼ q211ðE; ggÞ sin2 hþ q212ðE; ggÞ cos2 h
	 


� 2eB
�h

ðnþ 1
2
Þ q211ðE; ggÞq12ðE; ggÞ
� ��1

q211ðE; ggÞ sin2 h
�h�

þq212ðE; ggÞ cos2 h g
3
2

��
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The EEM at the Fermi Level can be written from (11.39a) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
Real part of ½U18ðEFBHD; n; ggÞ�0 ð11:39bÞ

Thus, the EEM is a function of Fermi energy, Landau quantum number and the
scattering potential and the orientation of the applied quantizing magnetic field.

The electron concentration under the condition of extreme degeneracy can be
written as

n0 ¼ egvB
p2�h

Real part of
Xnmax

n¼0

ðU18ðEFBHD; n; ggÞÞ1=2 ð11:40aÞ

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Real part of

Xnmax

n¼0

F0ðg11AÞ ð11:40bÞ

where

g11A ¼ ðkBTÞ�1½EFHBD � ðEL11 þW � htÞ�

where EL11 is the complex Landau sub-band energy which can be obtained from
(11.39a) by substituting kz = 0 and E = EL11

(e) Model of Foley and Langenberg

The dispersion relation of the conduction electrons of IV-VI semiconductors in
accordance with Foley et al. can be written as [74]

E þ Eg

2
¼ E�ðkÞ þ ½½EþðkÞ þ Eg

2
�2 þ P2

?k
2
s þ P2

kk
2
z �

1
2 ð11:41Þ

where EþðkÞ ¼ �h2k2s
2mþ

?
þ �h2k2z

2mþ
k
;E�ðkÞ ¼ �h2k2s

2m�
?
þ �h2k2z

2m�
k
represents the contribution from the

interaction of the conduction and the valence band edge states with the more distant
bands and the free electrons term, 1

m�
?
¼ 1

2 ½ 1mtc
� 1

mtv
�; 1

m�
k
¼ 1

2 ½ 1mlc
� 1

mlv
�

Following the methods as given in Chap. 1, the dispersion relation in heavily
doped IV-VI materials in the present case is given by

c3ðE; ggÞ þ
Eg0

2

� �
� �h2k2s

2m�
?
þ �h2k2z
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" #" #2
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ð11:42Þ
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Therefore the magneto-dispersion relation in heavily doped IV-VI materials can
be written as

c23ðE; ggÞ þ
E2
g

4
þ Egc3ðE; ggÞ þ ½�heB
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Þ

ð11:43Þ

where k2z ¼ x:
Therefore the magneto dispersion relation in IV-VI heavily doped materials,

where unperturbed carriers follow the model of Foley et al. can be expressed as

k2z ¼ U19ðE; n; ggÞ ð11:44aÞ

where

U19ðE; n; ggÞ ¼ ½2p91��1½�q91ðE; n; ggÞ þ q291ðE; n; ggÞ þ 4p91R91ðE; n; ggÞ
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The EEM at the Fermi Level can be written from (11.44a) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
U0

19ðEFBHD; n; ggÞ ð11:44bÞ

Thus, as noted already in this case also the EEM is a function of Fermi energy,
Landau quantum number and the scattering potential.

The electron concentration under the condition of extreme degeneracy can be
written as

n0 ¼ gveB
p2�h

Xnmax

n¼0

ðU19ðEFBHD; n; ggÞÞ
1
2 ð11:45aÞ
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The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg12AÞ ð11:45bÞ

where

g12A ¼ ðkBTÞ�1½EFHBD � ðEL12 þW � htÞ�

where EL12 is the Landau sub-band energy which can be obtained from (11.44a) by
substituting kz = 0 and E = EL12.

11.2.5 The EP from HD Stressed Kane Type Semiconductors
Under Magnetic Quantization

The dispersion relation of the conduction electrons in heavily doped Kane type
semiconductors can be written following (1.206) of Chap. 1 as

k2x
a2kðE, ggÞ

þ k2y
b2kðE, ggÞ

þ k2z
c2kðE, ggÞ

¼ 1

where

akðE,ggÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

PkðE, ggÞ
q ; bkðE, ggÞ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
QkðE, ggÞ

q and ckðE, ggÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

SkðE, ggÞ
q

ð11:46Þ

The electron energy spectrum in heavily doped Kane type semiconductors in the
presence of an arbitrarily oriented quantizing magnetic field B which makes an
angle �a1; �b1 and �c1 with kx; ky and kz axes respectively, can be written as

ðk0zÞ2 ¼ U41ðE, n; ggÞ ð11:47aÞ

where U41ðE, n; ggÞ ¼ I2ðE,ggÞ½1� I3ðE,n; ggÞ�

I2ðE, ggÞ ¼ ½½a11ðE, ggÞ�2 cos2 �a1 þ ½b11ðE, ggÞ�2 cos2 �b1 þ ½c11ðE, ggÞ�2 cos2 �c1�
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and

I3ðE, n; ggÞ ¼
2eB
�h

ðnþ 1
2
Þ½a11ðE, ggÞb11ðE, ggÞ�c11ðE, ggÞ��1½I2ðE, ggÞ�1=2

The EEM at the Fermi Level can be written from (11.47a) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
U0

41ðEFBHD; n; ggÞ ð11:47bÞ

From (11.47b) we observe that the EEM is a function of Fermi energy, Landau
quantum number, the scattering potential and the orientation of the applied quan-
tizing magnetic field.

The electron concentration under the condition of extreme degeneracy can be
written as

n0 ¼ gveB
p2�h

Xnmax

n¼0

ðU41ðEFBHD; n; ggÞÞ
1
2 ð11:48aÞ

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg13AÞ ð11:48bÞ

where

g13A ¼ ðkBTÞ�1½EFHBD � ðEL13 þW � htÞ�

where EL13 is the Landau sub-band energy which can be obtained from (11.47a) by
substituting kz = 0 and E = EL13

11.2.6 The EP from HD Tellurium Under Magnetic
Quantization

The magneto dispersion relation of the conduction electrons in HD Te can be
expressed following (1.231) of Chap. 1 as

k2z ¼ U42�ðE; n; ggÞ ð11:49aÞ
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where

U42;�ðE, n; ggÞ ¼ ð2W2
1Þ�1½f2c3ðE, ggÞW1 þW2

3 � 4W1W2
eB
�h
ðnþ 1

2
Þg

� fW4
3 þ 4W1W

2
3c3ðE, ggÞ

þ 8eB
�h

ðnþ 1
2
ÞW2

1W
2
4 �W1W2W

2
3Þg�1=2�

The EEM at the Fermi Level can be written from (11.49a) as

m�
�ðEFBHD; n; ggÞ ¼

�h2

2
U0

42�ðEFBHD; n; ggÞ ð11:49bÞ

Thus from (11.49b) we note that the EEM is a function of three variables namely
Fermi energy, Landau quantum number and the scattering potential.

The electron concentration under the condition of extreme degeneracy can be
written as

n0 ¼ gveB
2p2�h

Xnmax

n¼0

ðU42;�ðEFBHD; n; ggÞÞ
1
2 ð11:49cÞ

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg14AÞ ð11:49dÞ

where

g14A ¼ ðkBTÞ�1½EFHBD � ðEL14 þW � htÞ�

where EL14 is the Landau sub-band energy which can be obtained from (11.49a) by
substituting kz = 0 and E = EL14.

11.2.7 The EP from HD Gallium Phosphide Under Magnetic
Quantization

The magneto dispersion relation in HD GaP can be written following (1.248) of
Chap. 1 as

k2z ¼ U43ðE,n; ggÞ ð11:50aÞ
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where

U43ðE; n; ggÞ ¼ ð2b2Þ�1½f2c3ðE,ggÞbþ c� 2Db� 4ab
eB
�h
ðnþ 1

2
Þg

þ f½c2 þ 4bcc3ðE, ggÞ þ 4D2b2 � 4cDb� � 8eB
�h

ðnþ 1
2
Þð2ab2Dþ 4c3ðE, ggÞb2a

þ abc� 2b2ac3ðE, ggÞ � b2cÞg�1=2�

The EEM at the Fermi Level can be expressed from (11.50a) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
U0

43ðEFBHD; n; ggÞ ð11:50bÞ

Thus, from (11.50b) it appears that the EEM is the function of Fermi energy,
Landau quantum number and the scattering potential.

The electron concentration under the condition of extreme degeneracy can be
written as

n0 ¼ gveB
p2�h

Xnmax

n¼0

ðU43ðEFBHD; n; ggÞÞ
1
2 ð11:50cÞ

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg15AÞ ð11:50dÞ

where

g15A ¼ ðkBTÞ�1½EFHBD � ðEL15 þW � htÞ�

where EL15 is the Landau sub-band energy which can be obtained from (11.50a) by
substituting kz = 0 and E = EL15.

11.2.8 The EP from HD Platinum Antimonide
Under Magnetic Quantization

The magneto dispersion relation in HD PtSb2 can be written following (1.270) as

k2z ¼ U44ðE; n; ggÞ ð11:51aÞ
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where

U44ðE,n; ngÞ ¼ 1
2T41

½T71ðE, n; ngÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
71ðE, n; ngÞ þ 4T41T71ðE, n; ngÞ

q
�;

T71ðE, n; ngÞ ¼ T51ðE, ngÞ � T31
2eB
�h

ðnþ 1
2
Þ and T72ðE, n; ngÞ

¼ ½T61ðE, ngÞ þ 2eB
�h

ðnþ 1
2
ÞT21ðE, ngÞ�

The EEM at the Fermi Level can be written from (11.51a) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
U0

44ðEFBHD; n; ggÞ ð11:51bÞ

Thus, from the above equation we infer that the EEM is a function of Landau
quantum number, the Fermi energy and the scattering potential.

The electron concentration under the condition of extreme degeneracy can be
written as

n0 ¼ gveB
p2�h

Xnmax

n¼0

ðU44ðEFBHD; n; ggÞÞ
1
2 ð11:52aÞ

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg16AÞ ð11:52bÞ

where g16A ¼ ðkBTÞ�1½EFHBD � ðEL16 þW � htÞ�
where EL16 is the Landau sub-band energy which can be obtained from (11.51a)

by substituting kz = 0 and E = EL16.

11.2.9 The EP from HD Bismuth Telluride Under Magnetic
Quantization

The magneto dispersion relation in HD Bi2Te3 can be written following (1.285) as

k2x ¼ U45ðE; gg; nÞ ð11:53aÞ
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where

U45ðE; gg; nÞ ¼
c2ðE; ggÞ � ðnþ 1

2Þ e�hB
M31

�x1
andM31 ¼ m0

ð�a22�a33 � ð�a23Þ2
4 Þ12

The EEM at the Fermi Level can be written from (11.53a) as

m�ðEFBHD; ggÞ ¼
�h2

2
U0

45ðEFBHD; n; ggÞ ð11:53bÞ

The electron concentration under the condition of extreme degeneracy can be
written as

n0 ¼ gveB
p2�h

Xnmax

n¼0

ðU44ðEFBHD; n; ggÞÞ
1
2 ð11:54aÞ

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg17AÞ ð11:54bÞ

where

g17A ¼ ðkBTÞ�1½EFHBD � ðEL17 þW � htÞ�

where EL17 is the Landau sub-band energy which can be obtained from (11.53a) by
substituting kz = 0 and E = EL17.

11.2.10 The EP from HD Germanium Under Magnetic
Quantization

(a) Model of Cardona et al.

The magneto dispersion relation in HD Ge can be written following (1.300) as

k2x ¼ U46ðE; gg; nÞ ð11:55aÞ

where

U46ðE; n; ggÞ ¼
2m�

k
�h2

½c3ðE; ggÞ þ
Ego

2
� ½E

2
go

4
þ Ego�h2

m�
?

2eB
�h

ðnþ 1
2
Þ��1=2
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The EEM at the Fermi Level can be written from (11.55a) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
U0

46ðEFBHD; n; ggÞ ð11:55bÞ

From (11.55b) it appears that the EEM is a function of Fermi energy and Landau
quantum number due to band non-parabolicity.

The electron concentration under the condition of extreme degeneracy can be
written as

n0 ¼ gveB
p2�h

Xnmax

n¼0

ðU46ðEFBHD; n; ggÞÞ
1
2 ð11:56aÞ

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg18AÞ ð11:56bÞ

where g18A ¼ ðkBTÞ�1½EFHBD � ðEL18 þW � htÞ�where EL18 is the Landau sub-
band energy which can be obtained from (11.55a) by substituting kz = 0 and
E = EL18

(b) Model of Wang and Ressler

The magneto dispersion relation in HD Ge can be written following (1.321) as

k22 ¼ U47ðE; n; ggÞ ð11:57aÞ

where

U47ðE; n; ggÞ ¼
m�

k
�h2�a6

� �
½1� �a5ðnþ 1

2
Þ�hx? � fh7ðnÞ � 4�a6c3ðE; ggÞg1=2�; x?

¼ eB
m�

?
and

h7ðnÞ ¼ ½1þ ð�a5Þ2fðnþ 1
2
Þ�hx?g2 � 2�a5ðnþ 1

2
Þ�hx?Þ þ 4�a6ðnþ 1

2
Þ�hx?

� 4�a6�a4 � 4�a6c3fðnþ
1
2
Þ�hx?g2�

The EEM at the Fermi Level can be written from (11.57a) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
U0

47ðEFBHD; n; ggÞ ð11:57bÞ
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From (11.57b) we note that the mass is a function of Fermi energy and quantum
number due to band non-parabolicity.

The electron concentration under the condition of extreme degeneracy can be
written as

n0 ¼ gveB
p2�h

Xnmax

n¼0

ðU47ðEFBHD; n; ggÞÞ
1
2 ð11:58aÞ

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg19AÞ ð11:58bÞ

where

g19A ¼ ðkBTÞ�1½EFHBD � ðEL19 þW � htÞ�

where EL19 is the Landau sub-band energy which can be obtained from (11.57a) by
substituting kz = 0 and E = EL19.

11.2.11 The EP from HD Gallium Antimonide Under
Magnetic Quantization

The magneto dispersion relation in HD GaSb can be written following (1.338) as

k2z ¼ U48ðE; n; ggÞ ð11:59aÞ

where

U48ðE; n; ggÞ ¼ ½�2eB
�h

ðnþ 1
2
Þ þ ð2a29Þ�1½f2a9c23ðE; ggÞ þ a9�E0

g0Þ þ
a10ð�E0

g0Þ2
4

g

� fa29ð�E0
g0Þ2 þ

a210ð�E0
g0Þ4

16
þ a9a10c3ðE; ggÞð�E0

g0Þ2 þ
a9a10ð�E0

g0Þ3
2

g1=2��;

a9 ¼ �h
2m0

and a10 ¼ �h
�E0
g0
ð 1
mc

� 1
m0

Þ
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The EEM at the Fermi Level can be written from (11.59a) as

m�ðEFBHD; ggÞ ¼
�h2

2
U0

48ðEFBHD; n; ggÞ ð11:59bÞ

The electron concentration under extreme degeneracy can be written as

n0 ¼ gveB
p2�h

Xnmax

n¼0

ðU48ðEFBHD; n; ggÞÞ
1
2 ð11:60aÞ

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg20AÞ ð11:60bÞ

where

g20A ¼ ðkBTÞ�1½EFHBD � ðEL20 þW � htÞ�

where EL20 is the Landau sub-band energy which can be obtained from (11.59a) by
substituting kz = 0 and E = EL20.

11.2.12 The EP from HD II-V Semiconductors
Under Magnetic Quantization

The dispersion relation of the holes are given by [75–77]

E ¼ h1k2x þ h2k2y þ h3k2z þ d4kx � ½fh5k2x þ h6k2y þ h7k2z þ d5kxg2 þ G2
3k

2
y þ D2

3�
1
2

� D3

ð11:61Þ

where kx; ky and kz are expressed in the units of 1010 m−1,

h1 ¼ 1
2
ða1 þ b1Þ; h2 ¼ 1

2
ða2 þ b2Þ; h3 ¼ 1

2
ða3 þ b3Þ; d4 ¼ 1

2
ðAþ BÞ;

h5 ¼ 1
2
ða1 � b1Þ; h6 ¼ 1

2
ða2 � b2Þ; h7 ¼ 1

2
ða3 � b3Þ; d5 ¼ 1

2
ðA� BÞ;

aiði ¼ 1; 2; 3; 4Þ; bi;A;B;G3 and D3 are system constants
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The hole energy spectrum in HD II-V semiconductors can be expressed fol-
lowing the method of Chap. 1 as

c3ðE,ggÞ ¼ h1k
2
x þ h2k

2
y þ h3k

2
z þ d4kx � ½fh5k2x þ h6k

2
y þ h7k

2
z þ h5kxg2 þ G2

3k
2
y

þ D2
3�

1
2 � D3

ð11:62Þ
the magneto dispersion law in HD II-V semiconductors assumes the form

k2y ¼ U49;�ðE; n; ggÞ ð11:63aÞ

where

U49;�ðE; n; ggÞ ¼ ½I35c3ðE; ggÞ þ I36;�ðnÞ � ½c23ðE; ggÞ þ c3ðE; ggÞI38;�ðnÞ þ I39;�ðnÞ�
1
2;

I35 ¼ h2
ðh22 � h25Þ

; I36;�ðnÞ ¼ I33;�ðnÞ
2ðh22 � h25Þ

; I38;�ðnÞ ¼ ð4h25Þ�1½4h2I33;�ðnÞ þ 8h22I31;�ðnÞ � h25I31;�ðnÞ�;

I39;�ðnÞ ¼ ð4h25Þ�1½I233;�ðnÞ þ 4h32I34;�ðnÞ � 4h35I34;�ðnÞ�; I33;�ðnÞ ¼ ½G2
3 þ 2h5I32ðnÞ � 2h2I31;�ðnÞ�;

I34;�ðnÞ ¼ ½I232;�ðnÞ þ D2
3 � I31;�ðnÞ�; I31;�ðnÞ ¼ ½ðnþ 1

2
Þ�hx31 � d24

4h1
� D3�; I32ðnÞ ¼ ½ðnþ 1

2
Þ�hx32 � d25

4h5
�;

x31 ¼ eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M31M32

p ;x32 ¼ eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M33M34

p ;M31 ¼ �h2

2h1
;M32 ¼ �h2

2h3
;M33 ¼ �h2

2h5
and M34 ¼ �h2

2h7
:

The EEM at the Fermi Level can be written from (11.63a) as

m�
�ðEFBHD; n; ggÞ ¼

�h2

2
U0

49;�ðEFBHD; n; ggÞ ð11:63bÞ

From (11.63b) we note that the EEM is a function of Fermi energy, Landau
quantum number and the scattering potential.

The electron concentration under extreme degeneracy can be written as

n0 ¼ gveB
2p2�h

Xnmax

n¼0

ðU49;�ðEFBHD; n; ggÞÞ
1
2 ð11:64aÞ

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg21AÞ ð11:64bÞ

where

g21A ¼ ðkBTÞ�1½EFHBD � ðEL21 þW � htÞ�

where EL21 is the Landau sub-band energy which can be obtained from (11.63a) by
substituting kz = 0 and E = EL21.
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11.2.13 The EP from HD Lead Germanium Telluride
Under Magnetic Quantization

The dispersion relation of the carriers in n-type Pb1−xGaxTe with x = 0.01 can be
written following Vassilev [78] as

E � 0:606k2s � 0:0722k2z
	 


E þ �Eg þ 0:411k2s þ 0:0377k2z
	 
 ¼ 0:23k2s þ 0:02k2z

� 0:06�Eg þ 0:061k2s þ 0:0066k2z
	 


ks

ð11:65Þ

where �Eg ¼ 0:21 eVð Þ is the energy gap for the transition point, the zero of the
energy E is at the edge of the conduction band of the C point of the Brillouin zone
and is measured positively upwards, kx, ky and kz are in the units of 109 m−1.

The magneto dispersion law in HD Pb1−xGexTe can be expressed following the
methods as given in Chap. 1 as

2h0ðE; ggÞ
1þ Erf ðE=ggÞ

" #
þ c3ðE; ggÞ Ego � 0:345x� 0:390

eB
�h
ðnþ 1

2
Þ

� �
¼ 0:46eB

�h
ðnþ 1

2
Þ þ 0:02x

� 0:06Ego þ 0:122
eB
�h
ðnþ 1

2
Þ þ 0:0066x

� �
2eB
�h

ðnþ 1
2
Þ

� �1
2

þ Ego þ
0:822eB

�h
ðnþ 1

2
Þ þ 0:377x

� �
1:212eB

�h
ðnþ 1

2
Þ þ 0:722x

� �

ð11:66Þ

The (11.66) assumes the form

k2z ¼ U50;�ðE; n; ggÞ ð11:67aÞ

where

U50;�ðE; n; ggÞ ¼ ð2p10Þ�1 q10ðE; n; ggÞ � q210ðE; n; ggÞ þ 4p10R10;�ðE; n; ggÞ
	 
1

2

h i

p10 ¼ ð0:377� 0:722Þ; q10ðE; n; ggÞ ¼ ½0:02þ 0:345c3ðE; ggÞ � 0:0066ð2eB
�h

ðnþ 1
2
ÞÞ12

þ 0:377� 1:212eB
�h

ðnþ 1
2
Þ þ 0:722½�Ego þ 0:822

eB
�h
ðnþ 1

2
Þ��

and

R10;�ðE; n; ggÞ ¼ ½ 2h0ðE; ggÞ
1þ Eof ðE=ggÞ

þ c3ðE; ggÞ½�Ego � 0:390
eB
�h
ðnþ 1

2
Þ� � ð0:06�Ego þ 0:122

eB
�h
ðnþ 1

2
ÞÞ

ð2eB
�h

ðnþ 1
2
ÞÞ12 � ð�Ego þ 0:822

eB
�h
ðnþ 1

2
ÞÞ 1:212eB

�h
ðnþ 1

2
Þ � 0:46eB

�h
ðnþ 1

2
Þ�:
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The EEM at the Fermi Level can be written from (11.67a) as

m�
�ðEFBHD; ggÞ ¼

�h2

2
U0

50;�ðEFBHD; n; ggÞ ð11:67bÞ

Thus from (11.67b) we note that the EEM is a function of the Fermi energy,
Landau quantum number and the scattering potential.

The electron concentration under extreme degeneracy can be written as

n0 ¼ gveB
2p2�h

Xnmax

n¼0

ðU50;�ðEFBHD; n; ggÞÞ
1
2 ð11:68aÞ

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg22AÞ ð11:68bÞ

where

g22A ¼ ðkBTÞ�1½EFHBD � ðEL22 þW � htÞ�

where EL22 is the Landau sub-band energy which can be obtained from (11.67a) by
substituting kz = 0 and E = EL22.

11.3 Open Research Problems

(R:11:1) Investigate the EP in the presence of an arbitrarily oriented quantizing
magnetic field for all the materials as given in problems in R.1.1 of
Chap. 1 in the presence of the Gaussian type band tails.

(R:11:2) Investigate the EP in the presence of an arbitrarily oriented quantizing
magnetic field in HD nonlinear optical semiconductors by including
broadening and the electron spin. Study all the special cases for HD
III-V, ternary and quaternary materials in this context.

(R:11:3) Investigate the EPs for HD IV-VI, II-VI and stressed Kane type
compounds in the presence of an arbitrarily oriented quantizing mag-
netic field by including broadening and electron spin.

(R:11:4) Investigate the EP for all the materials as stated in R.1.1 of Chap. 1 in
the presence of an arbitrarily oriented quantizing magnetic field by
including broadening and electron spin under the condition of heavily
doping.
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(R:11:5) Investigate the EP in the presence of an arbitrarily oriented quantizing
magnetic field and crossed electric fields in HD nonlinear optical
semiconductors by including broadening and the electron spin. Study
all the special cases for HD III-V, ternary and quaternary materials in
this context.

(R:11:6) Investigate the EPs for HD IV-VI, II-VI and stressed Kane type
compounds in the presence of an arbitrarily oriented quantizing mag-
netic field and crossed electric field by including broadening and
electron spin.

(R:11:7) Investigate the EP for all the materials as stated in R.1.1 of Chap. 1 in
the presence of an arbitrarily oriented quantizing magnetic field and
crossed electric field by including broadening and electron spin under
the condition of heavy doping.

(R:11:8) Investigate the 2D EP in QWs of HD nonlinear optical, III-V, II-VI,
IV-VI and stressed Kane type semiconductors.

(R:11:9) Investigate the 2D EP for HD QWs of all the materials as considered in
problems R.1.1.

(R:11:10) Investigate the 2D EP in the presence of an arbitrarily oriented non-
quantizing magnetic field for the QWs of HD nonlinear optical semi-
conductors by including the electron spin. Study all the special cases
for III-V, ternary and quaternary materials in this context.

(R:11:11) Investigate the EPs in QWs of HD IV-VI, II-VI and stressed Kane type
compounds in the presence of an arbitrarily oriented non-quantizing
magnetic field by including the electron spin.

(R:11:12) Investigate the 2D EP for HD QWs of all the materials as stated in
R.1.1 of Chap. 1 in the presence of an arbitrarily oriented magnetic
field by including electron spin and broadening.

(R:11:13) Investigate the EP for all the problems of R.1.1 under an additional
arbitrarily oriented electric field in the presence of heavy doping.

(R:11:14) Investigate the EP for all the problems of R.1.1 under the arbitrarily
oriented crossed electric and magnetic fields in the presence of heavy
doping.

(R:11:15) Investigate the 2D EP for all the problems in R.1.1 the presence of
finite potential well under the conditions of formation of band tails and
applied external parallel magnetic field.

(R:11:16) Investigate the 2D EP for all the problems in R.1.1 the presence of
parabolic potential well under the conditions of formation of band tails
and applied external parallel magnetic field.

(R:11:17) Investigate the 2D EP for all the problems in R.1.1 the presence of
circular potential well under the conditions of formation of band tails
and applied external parallel magnetic field.

(R:11:18) Investigate the 2D EP for accumulation layers of HD nonlinear optical,
III-V, IV-VI, II-VI and stressed Kane type semiconductors in the
presence of an arbitrary electric quantization.
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(R:11:19) Investigate the 2D EP in accumulation layers of all the materials as
stated in R.1.1 of Chap. 1 under the condition of heavy doping and in
the presence of electric quantization along arbitrary direction.

(R:11:20) Investigate the 2D EP in the presence of an arbitrarily oriented electric
quantization for accumulation layers of HD nonlinear optical semi-
conductors. Study all the special cases for III-V, ternary and quaternary
materials in this context.

(R:11:21) Investigate the 2D EPs in accumulation layers of HD IV-VI, II-VI and
stressed Kane type compounds in the presence of an arbitrarily oriented
electric quantization.

(R:11:22) Investigate the 2D EP in accumulation layers of all the materials as
stated in R.1.1 of Chap. 1 in the presence of an arbitrarily oriented
quantizing electric field under the conditions of formation of band tails
and applied external parallel magnetic field.

(R:11:23) Investigate the 2D EP in the presence of an arbitrarily oriented mag-
netic field in accumulation layers of HD nonlinear optical semicon-
ductors by including the electron spin. Study all the special cases for
HD III-V, ternary and quaternary materials in this context.

(R:11:24) Investigate the 2D EPs in accumulation layers of HD IV-VI, II-VI and
stressed Kane type compounds in the presence of an arbitrarily oriented
non-quantizing magnetic field by including the electron spin.

(R:11:25) Investigate the 2D EP in accumulation layers of all the materials as
stated in R.1.1 of Chap. 1 in the presence of an arbitrarily oriented non-
quantizing magnetic field by including electron spin and heavy doping.

(R:11:26) Investigate the 2D EP in accumulation layers for all the problems from
R.11.22 to R.11.26 in the presence of an additional arbitrarily oriented
electric field.

(R:11:27) Investigate the 2D EP in accumulation layers for all the problems from
R.11.22 to R.11.26 in the presence of arbitrarily oriented crossed
electric and magnetic fields.

(R:11:28) Investigate the 2D EP in accumulation layers for all the problems from
R.11.22 to R.11.26 in the presence of surface states.

(R:11:29) Investigate the 2D EP in accumulation layers for all the problems from
R.11.22 to R.11.26 in the presence of hot electron effects.

(R:11:30) Investigate the 2D EP in accumulation layers for all the problems from
R.11.22 to R.11.26 by including the occupancy of the electrons in
various electric subbands.

(R:11:31) Investigate the 2D EP in Doping superlattices of HD nonlinear optical,
III-V, II-VI, IV-VI and stressed Kane type materials.

(R:11:32) Investigate the 2D EP in Doping superlattices of all types of materials
as discussed in problem R.1.1 as given in Chap. 1 under the conditions
of formation of band tails and applied external parallel magnetic field.
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(R:11:33) Investigate the 2D EP in the presence of an arbitrarily oriented non-
quantizing magnetic field for Doping superlattices of HD nonlinear
optical semiconductors by including the electron spin. Study all the
special cases for HD III-V, ternary and quaternary materials in this
context.

(R:11:34) Investigate the 2D EPs in Doping superlattices of HD IV-VI, II-VI and
stressed Kane type compounds in the presence of an arbitrarily oriented
non-quantizing magnetic field by including the electron spin.

(R:11:35) Investigate the 2D EP for Doping superlattices of all the materials as
stated in R.1.1 of Chap. 1 in the presence of an arbitrarily oriented non-
quantizing magnetic field by including electron spin under the condi-
tions of formation of band tails and applied external parallel magnetic
field.

(R:11:36) Investigate the 2D EP for all the problems from R.11.32 to R.11.35 in
the presence of an additional arbitrarily oriented non-quantizing electric
field.

(R:11:37) Investigate the 2D EP for all the problems from R.11.32 to R.11.35 in
the presence of arbitrarily oriented crossed electric and magnetic fields.

(R:11:38) Investigate all the problems from R.11.1 to R.11.37, in the presence of
arbitrarily oriented light waves and magnetic quantization.

(R:11:39) Investigate all the problems from R.11.1 up to R.11.37 in the presence of
exponential, Kane, Halperin and Lax and Bonch-Bruevich band tails
[79].

(R:11:40) Investigate all the problems of this chapter by removing all the math-
ematical approximations and establishing the uniqueness conditions in
each case.

(R:11:41) (a) Investigate the EP in all the bulk semiconductors as considered in
this appendix in the presence of defects and magnetic
quantization.

(b) Investigate the EP as defined in (R.11.2.1) in the presence of an
arbitrarily oriented quantizing magnetic field including broaden-
ing and the electron spin (applicable under magnetic quantization)
for all the bulk semiconductors whose unperturbed carrier energy
spectra are defined in Chap. 1.

(R:11:42) (R.11.42) Investigate the EP as defined in (R.11.2.1) in the presence of
quantizing magnetic field under an arbitrarily oriented (a) non-uniform
electric field and (b) alternating electric field respectively for all the
semiconductors whose unperturbed carrier energy spectra are defined
in Chap. 1 by including spin and broadening respectively.

(R:11:43) Investigate the EP as defined in (R.11.2.1) under an arbitrarily oriented
alternating quantizing magnetic field by including broadening and the
electron spin for all the semiconductors whose unperturbed carrier
energy spectra as defined in Chap. 1.
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(R:11:44) Investigate the EP as defined in (R.11.2.1) under an arbitrarily oriented
alternating quantizing magnetic field and crossed alternating electric
field by including broadening and the electron spin for all the semi-
conductors whose unperturbed carrier energy spectra as defined in
Chap. 1.

(R:11:45) Investigate the EP as defined in (R.11.2.1) under an arbitrarily oriented
alternating quantizing magnetic field and crossed alternating non-uni-
form electric field by including broadening and the electron spin whose
for all the semiconductors unperturbed carrier energy spectra as defined
in Chap. 1.

(R:11:46) Investigate the EP as defined in (R.11.2.1) in the presence and absence
of an arbitrarily oriented alternating quantizing magnetic field under
exponential, Kane, Halperin, Lax and Bonch-Bruevich band tails [69]
for all the semiconductors whose unperturbed carrier energy spectra as
defined in Chap. 1 by including spin and broadening (applicable under
magnetic quantization).

(R:11:47) Investigate the EP as defined in (R.11.2.1) in the presence of an
arbitrarily oriented quantizing magnetic field for all the semiconductors
as defined in (R.11.2.6) under an arbitrarily oriented (a) non-uniform
electric field and (b) alternating electric field respectively whose
unperturbed carrier energy spectra as defined in Chap. 1.

(R:11:48) Investigate the EP as defined in (R.11.2.1) under an arbitrarily oriented
alternating quantizing magnetic field by including broadening and the
electron spin for all semiconductors whose unperturbed carrier energy
spectra as defined in Chap. 1.

(R:11:49) Investigate the EP as defined in (R.11.2.1) under an arbitrarily oriented
alternating quantizing magnetic field and crossed alternating electric
field by including broadening and the electron spin for all the semi-
conductors whose unperturbed carrier energy spectra as defined in
Chap. 1.

(R:11:50) Investigate all the appropriate problems of this section under magnetic
quantization after proper modifications introducing new theoretical
formalisms for functional, negative refractive index, macro molecular,
organic and magnetic materials.

(R:11:51) Investigate all the appropriate problems of this section for HD p-InSb,
p-CuCl and stressed semiconductors under magnetic quantization
having diamond structure valence bands whose dispersion relations of
the carriers in bulk semiconductors are given by Cunningham [79],
Yekimov et al. [80] and Roman [81] respectively.

(R:11:52) Investigate all the problems of this section by removing all the math-
ematical approximations and establishing the respective appropriate
uniqueness conditions.
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Chapter 12
Appendix B: The EP from Super-Lattices
of HD Semiconductors Under Magnetic
Quantization

12.1 Introduction

In this chapter, we shall study the EP under magnetic quantization in III-V, II-VI,
IV-VI, HgTe/CdTe and strained layer, HDSLs with graded interfaces in
Sects. 12.2.1–12.2.5 respectively. From Sects. 12.2.6 to 12.2.10, we shall investi-
gate the same DMR in III-V, II-VI, IV-VI, HgTe/CdTe and strained layer, HD
effective mass SLs. The last Sect. 12.2.3 contains open research problems.

12.2 Theoretical Background

12.2.1 The EP from HD III-V Superlattices with Graded
Interfaces Under Magnetic Quantization

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Real part of

Xnmax

n¼0

F0ðg1SLHDÞ ð12:1Þ

where

g1SLHD ¼ ðkBTÞ�1½EF1 � ðESL1 þW � htÞ�

where ESL1 is the complex Landau sub-band energy which can be obtained from
(4.3) by substituting kz = 0 and E = ESL1 is the Fermi energy in this case.

It appears that the evaluation of EP in this case requires an expression of the
electron concentration which is given by
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K.P. Ghatak, Einstein’s Photoemission, Springer Tracts in Modern Physics 262,
DOI 10.1007/978-3-319-11188-9_12

441

http://dx.doi.org/10.1007/978-3-319-11188-9_4


n0 ¼ gveB
p2�h

Xnmax

n¼0

/1C EF1; nð Þ þ /2C EF1; nð Þ½ � ð12:2Þ

where

/1C EF1; nð Þ ¼ G8EF1;n þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2

8EF1;n � H8EF1;n

q� �.
2

h i1=2
;

/2C EF1; nð Þ ¼
Xs

r¼1

h2r;1 /1C EF1; nð Þ½ �; h2r;i ¼ 2 kBTð Þ2r 1� 21�2r� �
f 2rð Þ o2r

oE2r
Fi

and i ¼ 1; 2; 3; . . .

12.2.2 The EP from HD II-VI Superlattices with Graded
Interfaces Under Magnetic Quantization

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Real part of

Xnmax

n¼0

F0ðg2SLHDÞ ð12:3Þ

where

g2SLHD ¼ ðkBTÞ�1½EF2 � ðESL2 þW � htÞ�

where ESL2 is the complex Landau sub-band energy which can be obtained from
(4.10) by substituting kz = 0 and E = ESL2 and EF2 is the Fermi energy in this case.

The electron concentration in this case can be written as

n0 ¼ gveB
p2�h

Xnmax

n¼0

/3C EF2; nð Þ þ /4C EF2; nð Þ½ � ð12:4Þ

where

/3C EF2; nð Þ ¼ G19EF2;n þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2

19EF2;n � H19EF2;n

q� �.
2

h i1=2

and /4C EF2; nð Þ ¼
Xs

r¼1

h2r;2 /3C EF2; nð Þ½ �
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12.2.3 The EP from HD IV-VI Superlattices with Graded
Interfaces Under Magnetic Quantization

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg3SLHDÞ ð12:5Þ

where

g3SLHD ¼ ðkBTÞ�1½EF3 � ðESL3 þW � htÞ�

where ESL3 is the Landau sub-band energy which can be obtained from (4.16) by
substituting kz = 0 and E = ESL3 and EF3 is the Fermi energy in this case.

The electron concentration is given by

n0 ¼ gveB
p2�h

Xnmax

n¼0

/5C EF3; nð Þ þ /6C EF3; nð Þ½ � ð12:6Þ

where

/6C EF3; nð Þ ¼
Xs

r¼1

h2r;3 /6C EF3; nð Þ½ �

12.2.4 The EP from HD HgTe/CdTe Superlattices
with Graded Interfaces Under Magnetic Quantization

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Real part of

Xnmax

n¼0

F0ðg4SLHDÞ ð12:7Þ

where

g4SLHD ¼ ðkBTÞ�1½EF4 � ðESL4 þW � htÞ�

where ESL4 is the complex Landau sub-band energy which can be obtained from
(4.21) by substituting kz = 0 and E = ESL4 and EF4 is the Fermi energy in this case.

The electron concentration is given by
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n0 ¼ gveB
p2�h

Xnmax

n¼0

/7C EF4; nð Þ þ /8C EF4; nð Þ½ � ð12:8Þ

where

/7C EF4; nð Þ ¼ G192EF4;n þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2

192EF4;n � H192EF4;n

q� �.
2

h i1=2

and /8C EF4; nð Þ ¼
Xs

r¼1

h2r;4 /7C EF4; nð Þ½ �

12.2.5 The EP from HD Stained Layer Superlattices
with Graded Interfaces Under Magnetic Quantization

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg6SLHDÞ ð12:9Þ

where

g6SLHD ¼ ðkBTÞ�1½EF6 � ðESL6 þW � htÞ�

where ESL6 is the Landau sub-band energy which can be obtained from (4.26) by
substituting kz = 0 and E = ESL6 and EF6 is the Fermi energy in this case.

The electron concentration is given by

n0 ¼ gveB
p2�h

Xnmax

n¼0

/9C EF6; nð Þ þ /10C EF6; nð Þ½ � ð12:10Þ

where

/8C EF6; nð Þ ¼
Xs

r¼1

h2r;6 /7C EF6; nð Þ½ �
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12.2.6 The EP from HD III-V Effective Mass Superlattices
Under Magnetic Quantization

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Real part of

Xnmax

n¼0

F0ðg7SLHDÞ ð12:11Þ

where

g7SLHD ¼ ðkBTÞ�1½EF7 � ðESL7 þW � htÞ�

where ESL7 is the complex Landau sub-band energy which can be obtained from
(4.31) by substituting kz = 0 and E = ESL7 and EF7 is the Fermi energy in this case.

The electron concentration is given by

n0 ¼ gveB
p2�h

Xnmax

n¼0

/11 EF7; nð Þ þ /12 EF7; nð Þ½ � ð12:12Þ

where

/11 EF7; nð Þ ¼ d7EF7;n þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d27EF7;n � d8EF7;n

q� �	
2


 �1=2

and /12 EF7; nð Þ ¼
Xs

r¼1

h2r;7 /11 EF7; nð Þ½ �:

12.2.7 The EP from HD II-VI Effective Mass Superlattices
Under Magnetic Quantization

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Real part of

Xnmax

n¼0

F0ðg8SLHDÞ ð12:13Þ

where

g8SLHD ¼ ðkBTÞ�1½EF8 � ðESL8 þW � htÞ�

where ESL8 is the complex Landau sub-band energy which can be obtained from
(4.35) by substituting kz = 0 and E = ESL8 and EF8 is the Fermi energy in this case.

12.2 Theoretical Background 445

http://dx.doi.org/10.1007/978-3-319-11188-9_4
http://dx.doi.org/10.1007/978-3-319-11188-9_4


The electron concentration is given by

n0 ¼ gveB
p2�h

Xnmax

n¼0

/13 EF8; nð Þ þ /14 EF8; nð Þ½ � ð12:14Þ

where

/13 EF8; nð Þ ¼ D13EF8;n þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2
13EF8;n � D14EF8;n

q� �.
2


 �1=2
;

and /14 EF8; nð Þ ¼
Xs

r¼1

h2r;7 /13 EF8; nð Þ½ �

12.2.8 The EP from HD IV-VI Effective Mass Superlattices
Under Magnetic Quantization

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg9SLHDÞ ð12:15Þ

where

g9SLHD ¼ ðkBTÞ�1½EF9 � ðESL9 þW � htÞ�

where ESL9 is the Landau sub-band energy which can be obtained from (4.39) by
substituting kz = 0 and E = ESL9 and EF9 is the Fermi energy in this case.

The electron concentration is given by

n0 ¼ gveB
p2�h

Xnmax

n¼0

/15 EF9; nð Þ þ /16 EF9; nð Þ½ � ð12:16Þ

where

/16 EF9; nð Þ ¼
Xs

r¼1

h2r;6 /15 EF9; nð Þ½ �

446 12 Appendix B: The EP from Super-Lattices of HD Semiconductors …

http://dx.doi.org/10.1007/978-3-319-11188-9_4


12.2.9 The EP from HD HgTe/CdTe Effective Mass
Superlattices Under Magnetic Quantization

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Real part of

Xnmax

n¼0

F0ðg10SLHDÞ ð12:17Þ

where

g10SLHD ¼ ðkBTÞ�1½EF10 � ðESL10 þW � htÞ�

where ESL10 is the is the complex Landau sub-band energy which can be obtained
from (4.43) by substituting kz = 0 and E = ESL10 and EF10 is the Fermi energy in
this case.

The electron concentration is given by

n0 ¼ gveB
p2�h

Xnmax

n¼0

/17 EF10; nð Þ þ /18 EF10; nð Þ½ � ð12:18Þ

where

/17 EF10; nð Þ ¼ D13HEF10;n þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2
13HEF10;n � D14HEF10;n

q� �	
2


 �1=2

and /18 EF10; nð Þ ¼
Xs

r¼1

h2r;7 /17 EF10; nð Þ½ �:

12.2.10 The EP from HD Stained Layer Effective Mass
Superlattices Under Magnetic Quantization

The magneto EP in this case is given by

JB ¼ a0e2gvBkBT

2p2�h2
Xnmax

n¼0

F0ðg11SLHDÞ ð12:19Þ

where

g11SLHD ¼ ðkBTÞ�1½EF11 � ðESL11 þW � htÞ�
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where ESL11 is the Landau sub-band energy which can be obtained from (4.48) by
substituting kz = 0 and E = ESL11 and EF11 is the Fermi energy in this case.

The electron concentration is given by

n0 ¼ gveB
p2�h

Xnmax

n¼0

/19 EF11; nð Þ þ /20 EF11; nð Þ½ � ð12:20Þ

where

/20 EF11; nð Þ ¼
Xs

r¼1

h2r;6 /19 EF11; nð Þ½ �:

12.3 Open Research Problem

(R.12.1) Investigate the EP for all types of HD super-lattices under alternating
magnetic field and alternating non uniform electric field applied
simultaneously in arbitrary directions.
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Chapter 13
Appendix C: The EP from HDS and Their
Nano-structures Under Cross-Fields
Configuration

13.1 Introduction

The influence of crossed electric and quantizing magnetic fields on the transport
properties of semiconductors having various band structures are relatively less
investigated as compared with the corresponding magnetic quantization, although,
the cross-fields are fundamental with respect to the addition of new physics and the
related experimental findings. In 1966, Zawadzki and Lax [1] formulated the
electron dispersion law for III-V semiconductors in accordance with the two band
model of Kane under cross fields configuration which generates the interest to study
this particular topic of semiconductor science in general [2–38].

In Sect. 13.2.1 of theoretical background, the EP in HD nonlinear optical
materials in the presence of crossed electric and quantizing magnetic fields has been
investigated by formulating the electron dispersion relation. The Sect. 13.2.2
reflects the study of the EP in HD III-V, ternary and quaternary compounds as a
special case of Sect. 13.2.1. The Sect. 13.2.3 contains the study of the EP for the
HD II-VI semiconductors in the present case. In Sect. 13.2.4, the EP under cross
field configuration in HD IV-VI semiconductors has been investigated in accor-
dance with the models of the Cohen, the Lax nonparabolic ellipsoidal and the
parabolic ellipsoidal respectively. In the Sect. 13.2.5, the EP for the HD stressed
Kane type semiconductors has been investigated. The Sect. 13.3 contain three open
research problems.

© Springer International Publishing Switzerland 2015
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13.2 Theoretical Background

13.2.1 The EP from HD Nonlinear Optical Semiconductors
Under Cross-Fields Configuration

The (1.2) of Chap. 1 can be expressed as

T22ðE; ggÞ ¼
p2s
2m�

?
þ p2z
2Mjj

T22ðE; ggÞ½T21ðE; ggÞ��1 ð13:1Þ

where, ps ¼ �hks and pz ¼ �hkz
We know that from electromagnetic theory that,

~B ¼ r�~A ð13:2Þ

where, ~A is the vector potential. In the presence of quantizing magnetic field
B along z direction, the (13.2) assumes the form

0̂iþ 0̂jþ Bk̂ ¼
î ĵ k̂
o
ox

o
oy

o
oz

Ax Ay Az

������
������ ð13:3Þ

where î; ĵ and k̂ are orthogonal triads. Thus, we can write

oAz

oy
� oAy

oz
¼ 0

oAx

oz
� oAz

ox
¼ 0

oAy

ox
� oAx

oy
¼ B

ð13:4Þ

This particular set of equations is being satisfied for Ax ¼ 0; Ay ¼ Bx and
Az ¼ 0.

Therefore in the presence of the electric field Eo along x axis and the quantizing
magnetic field B along z axis for the present case following (13.1) one can
approximately write,

T22ðE; ggÞ þ ej jEox̂qðE; ggÞ ¼
p̂2x
2m�

?
þ ðp̂y � ej jBx̂Þ2

2m�
?

þ p̂2z
2aðE; ggÞ

ð13:5Þ
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where

qðEÞ � o
oE

½T22ðE; ggÞ� and aðE; ggÞ � m�
jj½T22ðE; ggÞ��1½T21ðE; ggÞ�

Let us define the operator ĥ as

ĥ ¼ �p̂y þ ej jBx̂� m�
?EoqðE; ggÞ

B
ð13:6Þ

Eliminating the operator x̂, between (13.5) and (13.6) the dispersion relation of
the conduction electron in tetragonal semiconductors in the presence of cross fields
configuration is given by

T22ðE; ggÞ ¼ ðnþ 1
2
Þ�hx01

� �
þ ½�hkzðEÞ�2

2aðE; ggÞ

 !
� Eo�hkyqðE; ggÞ

B

� �
� M?q2ðE; ggÞE2

o

2B2

� �" #

ð13:7Þ

where,

x01 ¼ ej jB
m�

?
ð13:8aÞ

The EEMs along Z and Y directions can, respectively be expressed from (13.7) as

m�
z ð�EFBHD; gg; n;E0Þ ¼ Real part of ½a0ð�EFBHD; ggÞ½T22ð�EFBHD; ggÞ � ðnþ 1

2
Þ�hx01

þM?q2ð�EFBHD; ggÞE2
0

2B2 � þ að�EFBHD; ggÞ½T 0
22ð�EFBHD; ggÞ

þM?qð�EFBHD; ggÞq0ð�EFBHD; ggÞE2
0

B2 �� ð13:8bÞ

and

m�
yð�EFBHD; gg; n;E0Þ ¼ ð B

E0
Þ2Real part of ½qð�EFBHD; ggÞ��3½T22ð�EFBHD; ggÞ

� ðnþ 1
2
Þ�hx01 þ

M?q2ð�EFBHD; ggÞE2
0

2B2 �½½qð�EFBHD; ggÞ

½T 0
22ð�EFBHD; ggÞ þ

M?qð�EFBHD; ggÞq0ð�EFBHD; ggÞE2
0

B2 �

� ½T22ð�EFBHD; ggÞ � ðnþ 1
2
Þ�hx01

þM?q2ð�EFBHD; ggÞE2
0

2B2 �q0ð�EFBHD; ggÞ�� ð13:8cÞ

13.2 Theoretical Background 451



where �EFBHD is the Fermi energy in the presence of cross-fields configuration and
heavy doping as measured from the edge of the conduction band in the vertically
upward direction in the absence of any quantization.

When E0 ! 0, m�
z ð�EFBHD; gg; n;E0Þ ! 1, which is a physically justified result.

The dependence of the EEM along y direction on the Fermi energy, electric field,
magnetic field and the magnetic quantum number is an intrinsic property of cross
fields together with the fact in the present case of heavy doping, the EEM exists in
the band gap. Another characteristic feature of cross field is that various transport
coefficients will be sampled dimension dependent. These conclusions are valid for
even isotropic parabolic energy bands and cross fields introduce the index depen-
dent anisotropy in the effective mass.

The formulation of EP requires the expression of the electron concentration
which can, in general, be written excluding the electron spin as

no ¼ �gv
Lxp2

Xnmax

n¼0

Z1
�E0

IðE; ggÞ
ofo
oE

dE ð13:9Þ

where Lx is the sample length along x direction, �E0 is determined by the equation

Ið�E0; ggÞ ¼ 0

where

IðE; ggÞ ¼
ZxhðE;ggÞ

xlðE;ggÞ

kzðEÞdky ð13:10Þ

in which, xlðE; ggÞ � �E0M?qðE;ggÞ
�hB and xhðE; ggÞ � ej jBLx

�h þ xlðE; ggÞ
Thus we get

IðE; ggÞ

¼ 2
3

B
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2aðE; ggÞ

q
�h2E0qðE; ggÞ

T22ðE; ggÞ � nþ 1
2

� �
h ej jB
m�

?
þ ej jE0LxqðE; ggÞ �

m�
?E

2
0 qðE; ggÞ
� �2
2B2

" #3
2

2
4

2
4

� T22ðE; ggÞ � nþ 1
2

� �
h ej jB
m�

?
� m�

?E
2
0 qðE; ggÞ
� �2
2B2

" #3
2
3
5
3
5

ð13:11Þ
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Therefore the electron concentration is given by

n0 ¼ 2gvB
ffiffiffi
2

p

3Lxp2�h2Eo

� �
Real part of

Xnmax

n¼0

T41HD n; �EFBHD; gg
� 	þ T42HD n; �EFBHD; gg

� 	� �
ð13:12Þ

where

T41 n; �EFBHD; gg
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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where EFBHD is the Fermi energy in this case and

T42HD n; �EFBHD; gg
� 	 �Xs

r¼1

L rð ÞT41HD n; �EFBHD; gg
� 	� �

The EP in DMR this case can be written as

JðE0;BÞ ¼ ½�a0egv
4Lxp2�h

Real part of
Xnmax

n¼0

Z1
e00þW�ht

IðE; ggÞ
oE
okz

of ðEÞ
oE

dE� ð13:13Þ

where e00 is the Landau sub-band energy under cross-fields configuration.
Thus using (13.12), (13.13) and the allied definitions we can study the EP in this

case.

13.2.2 The EP from HD Kane Type III-V Semiconductors
Under Cross-Fields Configuration

(a) Under the conditions d ¼ 0; Djj ¼ D? ¼ D and m�
k ¼ m�

? ¼ mc, (13.7)

assumes the form

T33 E; gg
� 	 ¼ nþ 1

2

� �
�hx0 þ ½�hkz Eð Þ�2

2mc

� E0

B
�hky T33 E; gg

� 	
 �0�mcE2
0 T33 E; gg

� 	
 �0h i2
2B2 ð13:14aÞ

where T33ðE;ggÞ ¼ T31ðE;ggÞ þ iT32ðE;ggÞ
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The use of (13.14a) leads to the expressions of the EEM’s along z and y
directions as

m�
z ð�EFBHD; gg; n;E0Þ ¼mc Real part of ½ T33ð�EFBHD; ggÞ


 �00
þ mcE2
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ð13:14bÞ

m�
yð�EFBHD; gg; n;E0Þ ¼ ð B

E0
Þ2 Realpartof ½ T33ð�EFBHD; ggÞ
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0½ T33ð�EFBHD; ggÞ

 �0�2
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B2
�

ð13:14cÞ

The Landau energy ð�En1Þ can be written as

T33ð�En1 ; ggÞ ¼ ðnþ 1
2
Þ�hx0 �

mcE2
0 ½fT33ð�En1 ; ggÞg0�2

2B2 ð13:15Þ

The electron concentration in this case assumes the form

n0 ¼ 2gvB
ffiffiffiffiffiffiffiffi
2mc

p

3Lxp2�h2E0
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ð13:16Þ

where,
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1
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:

Thus using (13.13), (13.16) and the allied definitions we can study the EP in this
case.
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(b) Under the condition D � Eg, (13.14a–c) assumes the form

c2ðE; ggÞ ¼ nþ 1
2

� �
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B
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0
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mcE2
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ð13:17aÞ

The use of (13.17a) leads to the expressions of the EEM’s along z and y
directions as

m�
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m�
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The Landau energy ð�En2Þ can be written as

c2ð�En2 ; ggÞ ¼ nþ 1
2

� �
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0

2B2 c02ð�En2 ; ggÞ
� 	2 ð13:18Þ

The expressions for n0 in this case assume the forms

n0 ¼ 2gvB
ffiffiffiffiffiffiffiffi
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p
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where
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and

T48HD n; �EFBHD; gg
� 	 �Xs

r¼0

L rð Þ T47HD n; �EFBHD; gg
� 	� �

:

Thus using (13.13), (13.19) and the allied definitions we can study the EP in this
case.

(c) For a ! 0 and we can write,

c3ðE; ggÞ ¼ nþ 1
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ð13:20aÞ

The use of (13.20a) leads to the expressions of the EEM’s along z and y
directions as

m�
z ð�EFBHD; gg; n;E0Þ ¼ mc c3ð�EFBHD; ggÞ
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The Landau energy ð�En3Þ can be written as

c3ð�En3 ; ggÞ ¼ nþ 1
2

� �
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2B2 c03ð�En3 ; ggÞ
� 	2 ð13:21Þ

The expressions for n0 in this case assume the forms

n0 ¼ 2gvB
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where
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:

Thus using (13.13), (13.22) and the allied definitions we can study the EP in this
case.

13.2.3 The EP from HD II-VI Semiconductors Under
Cross-Fields Configuration

The electron energy spectrum in HD II-VI semiconductors in the presence ofelectric
field E0 along x direction and quantizing magnetic field B along z direction can
approximately be written as
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where
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?
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The use of (13.23a) leads to the expressions of the EEM’s along z and y
directions as
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The Landau energy ð�En4Þ can be written as
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The expression for n0 in this case assumes the form
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:

Thus using (13.13), (13.25) and the allied definitions we can study the EP in this
case.
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13.2.4 The EP from HD IV-VI Semiconductors Under
Cross-Fields Configuration

The (3.68) can be written as

p2s
2M�

1ðE; ggÞ
þ p2z
2M�

3ðE; ggÞ
¼ gðE; ggÞ ð13:26aÞ

where
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2

Eg
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c
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and

g�ðE; ggÞ ¼ 2�h2c0ðE; ggÞ

In the presence of quantizing magnetic field B along z direction and the electric
field along x-axis, from above equation one obtains

p̂2x
2M�

1ðE; ggÞ
þ ðp̂y � ej jBx̂Þ2

2M�
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where q�1ðE; ggÞ ¼ o
oE ½g�ðE; ggÞ�

Let us define the operator ĥ as

ĥ ¼ �p̂y þ ej jBx̂� q�1ðE; ggÞE0 M�
1ðE; ggÞ

� �
B

ð13:27Þ
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Eliminating x̂, between the above two equations, the dispersion relation of the
conduction electrons in HD stressed Kane type semiconductors in the presence of
cross fields configuration can be expressed as

g�ðE; ggÞ ¼ ðnþ 1
2
Þ�hxi1ðE; ggÞ þ

�h2k2z
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2M�

1ðE; ggÞ ð13:28aÞ

where xi1ðE; ggÞ ¼ eB½M�
1ðE; ggÞ�� 1

The use of (13.28a) leads to the expressions of the EEM’s along z and y
directions as
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The Landau level energy ðEn9Þ in this case can be expressed through the
equation
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The electron concentration can be written as

n0 ¼ 2B

3Lxp2�h2E0
Real part of

Xnmax

n¼0

½T4131HDðn;EFBHD; ggÞ þ T4141HDðn;EFBHD; ggÞ�

ð13:28eÞ

where

T4131HDðn;EFBHD; ggÞ ¼ ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2M�

3ðEFBHD; ggÞ
q
q�1ðEFBHD; ggÞ

�½½T51ðn;EFBHD; ggÞ

þ E0

B
q�1ðEFBHD; ggÞ�hxhHD1ðEFBHD; ggÞq�1ðEFBHD; ggÞ�

3
2

� ½T51ðn;EFBHD; ggÞ
þ E0

B
q�1ðEFBHD; ggÞ�hxlHD1ðEFBHD; ggÞq�1ðEFBHD; ggÞ�

3
2�;

T51ðn;EFBHD; ggÞ ¼ ½g�ðEFBHD; ggÞ � ðnþ 1
2
Þ�hxi1ðEFBHD; ggÞ

þM�
1ðEFBHD; ggÞE2

0

2B2 ½q�1ðEFBHD; ggÞ�2�

xlHD1ðEFBHD; ggÞ ¼
�M�

1ðEFBHD; ggÞE0½q�1ðEFBHD; ggÞ�
B

;

xhHD1ðEFBHD; ggÞ ¼
ej jBLx
�h

þ xlHD1ðEFBHD; ggÞ

and T4141HD n; �EFBHD; gg
� 	 �Xs

r¼1

L rð ÞT4131HD n; �EFBHD; gg
� 	

Thus using (13.13), (13.28c) and the allied definitions we can study the EP in
this case.

13.2.5 The EP from HD Stressed Semiconductors Under
Cross-Fields Configuration

The use of (2.48) can be written as
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where
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and the other symbols are written in (1.196a).
In the presence of quantizing magneticfield B along z direction and the electric

field along x-axis, from (13.28d) one obtains
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where q�ðE; ggÞ ¼ o
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Eliminating x̂, between the above two equations, the dispersion relation of the
conduction electrons in HD stressed Kane type semiconductors in the presence of
cross fields configuration can be expressed as

G�ðE; ggÞ ¼ ðnþ 1
2
Þ�hxiðE; ggÞ þ

�h2k2z
2m�

3ðE; ggÞ
� E0

B
q�ðE; ggÞ½

m�
1ðE; ggÞ

m�
2ðE; ggÞ

�
1
2
�hky

� E2
0

2B2 ½q�ðE; ggÞ�
2m�

1ðE; ggÞ ð13:31aÞ
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where

xiðE; ggÞ ¼ eB½m�
1ðE; ggÞm�

2ðE; ggÞ��
1
2

The use of (13.31a) leads to the expressions of the EEM’s along z and y
directions as

m�
z ð�EFBHD; gg; n;E0Þ ¼ ½½m�

3ð�EFBHD; ggÞ �0½G�ð�EFBHD; ggÞ

� ðnþ 1
2
Þ�hxið�EFBHD; ggÞ þ

E2
0

2B2 ½q�ð�EFBHD; ggÞ�2m�
1ð�EFBHD; ggÞ�

þ ½m�
3ð�EFBHD; ggÞ �½½G�ð�EFBHD; ggÞ�0 � ðnþ 1

2
Þ�h½xið�EFBHD; ggÞ�0

þ E2
0

2B2
½2½q�ð�EFBHD; ggÞ�½q�ð�EFBHD; ggÞ�0½m�

1ð�EFBHD; ggÞ�
þ ½m�

1ð�EFBHD; ggÞ�0½q�ð�EFBHD; ggÞ�2���
ð13:31bÞ

m�
yð�EFBHD; gg; n;E0Þ ¼ ðB=E0Þ2 ½m�

4ð�EFBHD; ggÞ��3½G�ð�EFBHD; ggÞ
� ðnþ 1

2
Þ�hxið�EFBHD; ggÞ

þ E2
0

2B2 ½q�ð�EFBHD; ggÞ�2m�
1ð�EFBHD; ggÞ�½½m�

4ð�EFBHD; ggÞ�½½G�ð�EFBHD; ggÞ�0

� ðnþ 1
2
Þ�h½xið�EFBHD; ggÞ�0 þ

E2
0

2B2 ½½q�ð�EFBHD; ggÞ�2½m�
1ð�EFBHD; ggÞ�0�

� ½m�
4ð�EFBHD; ggÞ�0½G�ð�EFBHD; ggÞ � ðnþ 1

2
Þ�hxið�EFBHD; ggÞ

þ E2
0

2B2 ½q�ð�EFBHD; ggÞ�2m�
1ð�EFBHD; ggÞ��

ð13:31cÞ

where

m�
4ð�EFBHD; ggÞ ¼ ½½q�ð�EFBHD; ggÞ�½

m�
1ð�EFBHD; ggÞ

m�
2ð�EFBHD; ggÞ

�12�

The Landau level energyðEn8Þ in this case can be expressed through the equation

G�ðEn8 ; ggÞ ¼ ðnþ 1
2
Þ�hxiðEn8 ; ggÞ �

E2
0

2B2 ½q�ðEn8 ; ggÞ�2m�
1ðEn8 ; ggÞ ð13:31dÞ

The electron concentration can be written as

n0 ¼ 2B

3Lxp2�h2E0

Xnmax

n¼0

½T413HDðn;EFBHD; ggÞ þ T414HDðn;EFBHD; ggÞ� ð13:31eÞ
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where

T413HDðn;EFBHD; ggÞ ¼ ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m�

3ðEFBHD; ggÞ
q
q�ðEFBHD; ggÞ

�½½T5ðn;EFBHD; ggÞ

þ E0

B
q�ðEFBHD; ggÞ�hxhHDðEFBHD; ggÞq�ðEFBHD; ggÞ�

3
2

� ½T5ðn;EFBHD; ggÞ þ
E0

B
q�ðEFBHD; ggÞ�hxlHDðEFBHD; ggÞq�ðEFBHD; ggÞ�

3
2�;

T5ðn;EFBHD; ggÞ ¼ ½G�ðEFBHD; ggÞ � ðnþ 1
2
Þ�hxiðEFBHD; ggÞ

þ m�
1ðEFBHD; ggÞE2

0

2B2
½q�ðEFBHD; ggÞ�2�

xlHDðEFBHD; ggÞ ¼
�m�

1ðEFBHD; ggÞE0½q�ðEFBHD; ggÞ�
B

;

xhHDðEFBHD; ggÞ ¼
ej jBLx
�h

þ xlHDðEFBHD; ggÞ

and

T414HD n; �EFBHD; gg
� 	 �Xs

r¼1

L rð ÞT413HD n; �EFBHD; gg
� 	

Thus using (13.13), (13.31e) and the allied definitions we can study the EP in
this case.

13.3 Open Research Problems

R.13.1 Investigate the EP in the presence of an arbitrarily oriented quantizing
magnetic and crossed electric fields in HD tetragonal semiconductors by
including broadening and the electron spin. Study all the special cases for
HD III-V, ternary and quaternary materials in this context.

R.13.2 Investigate the EPs for all models of HD IV-VI, II-VI and stressed Kane
type compounds in the presence of an arbitrarily oriented quantizing
magnetic and crossed electric fields by including broadening and electron
spin.

R.13.3 Investigate the EP for all the ultrathin of HD materials whose bulk
dispersion relations are stated in R.1.1 of Chap. 1 in the presence of an
arbitrarily oriented quantizing magnetic and crossed electric fields by
including broadening and electron spin.
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Chapter 14
Appendix D: The EP from HD III-V,
Ternary and Quaternary Semiconductors
Under Strong Electric Field

14.1 Introduction

In the investigation of transport properties of nano-devices under electric field, we
assumed that the electron energy spectrum becomes an invariant quantity, which is
not true especially in the presence of strong electric field. In nano-devices the in-
built electric field is so large that the electron dispersion relation changes funda-
mentally and in this chapter we shall investigate the influence of intense electric
field on the EP under various physical conditions in III-V, ternary and quaternary
materials. In Sect. 14.2.1, of theoretical background Sect. 14.2, we shall study the
EP under strong electric field in HD said semiconductors. The Sect. 14.2.2, explores
the EP in the presence of quantizing magnetic field under strong electric field in HD
said materials. In Sect. 14.2.3, we study the EP in QWs of HD III-V, ternary and
quaternary materials under strong electric field. In Sect. 14.2.4, the EP has been
investigated in NWs of HD III-V, ternary and quaternary materials. In Sect. 14.2.5,
the EP has been investigated in QBs of HD III-V, ternary and quaternary materials
In Sect. 14.2.6, we study the magneto EP in QWs of HD III-V, ternary and qua-
ternary materials under strong electric field. In Sect. 14.2.7, the magneto EP in
effective mass superlattices of HD said materials under strong electric field has been
investigated. The last Sect. 14.3, contains 43 open research problems.

14.2 Theoretical Background

14.2.1 The EP Under Strong Electric Field in HD III-V,
Ternary and Quaternary Materials

In the presence of strong electric field Fs along x direction, the electron energy
spectrum in Kane type III-V semiconductors whose unperturbed conduction elec-
trons obey the three band models of Kane can be expressed following [1] as

© Springer International Publishing Switzerland 2015
K.P. Ghatak, Einstein’s Photoemission, Springer Tracts in Modern Physics 262,
DOI 10.1007/978-3-319-11188-9_14
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�h2k2

2mc
¼ ½e1E4 þ e2E

3 þ e3E
2 þ e4E þ e5 � e6

1þ CE
þ e7ð1þ CEÞ�2� ð14:1Þ

where

e1 ¼ Qfx1; Qf ¼ mc

mr
E�4
g ½5ef E�2

g � 6Gf þ 7hf E�4
g �; mrð¼ ð 1

mc
þ 1
mv

Þ�1Þ

is the reduced mass, mv is the effective heavy hole mass at the edge of the valance
band ef = AfPf,

Af ¼ ½F þ EgðEg � d0Þ�2mcð6m2
cðd0Þ4Þ�1;

F ¼ eFs; Fs is the electric field along x direction.

d0 ¼ DE2
g

v
; v ¼ 6E2

g þ 9DEg þ 4D2;
1
mr

¼ ð 1
mc

þ 1
mv

Þ;Gf ¼ ef ð4d0 þ Cf Þ;

Cf ¼ ð2EgQ
2 þ PQðEg � E0

gÞ � 2p2EgÞ;P ¼ r20
2
ðEg � d0

Eg þ d0
Þ;

r0 ¼ ½6
v
ðEg þ DÞðEg þ 2

3
DÞ�12

Q ¼ t2

2
; t ¼ ½6

v
ðEg þ 2

3
DÞ�12; hf ¼ ð4d0ef Cf ÞðBf Þ�1;Bf ¼ ðPþ QÞ2

Pf ¼ E�3
g ðef E�2

g � Gf þ hf E
�4
g Þ;x1 ¼ a21; a1 ¼

ab
c
;

a ¼ 1
Eg

; b ¼ 1
Eg þ D

; c ¼ ðEg þ 2
3
DÞ�1;

e2 ¼ Qfx2;x2 ¼ 2a1b1; b1 ¼ ðcÞ�2ðacþ bc� abÞ;
e3 ¼ ð1� Pf Þa1 þ Qfx3;x3 ¼ ðb21 þ 2a1c1Þ;
c1 ¼ ½1

c
ð1� a

c
Þð1� b

c
Þ�;

e4 ¼ ½ð1� Pf Þb1 þ Qfx4�;x6 ¼ 2c1b1
c

ð1� cc1
b1

Þ;x4 ¼ 2b1c1;

e5 ¼ ½ð1� Pf Þc1 þ Qfx5�;
x5 ¼ ðc21 � 2c1b1Þ; e7 ¼ Qfx7;x7 ¼ c21; e6 ¼ ½ð1� Pf Þc1 � Qfx6�;
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Using (14.1) and (1.4) we get

�h2k2

2mc

ZE

�1
FðvÞdv ¼e1

ZE

�1
ðE � vÞ4FðvÞdvþ e2

ZE

�1
ðE � vÞ3FðvÞdv

þ e3

ZE

�1
ðE � vÞ2FðvÞdvþ e4

ZE

�1
ðE � vÞFðvÞdv

þ e5

ZE

�1
FðvÞdv� e6

ZE

�1

FðvÞdv
1þ cðE � vÞ

þ e7

ZE

�1
FðvÞdv½1þ cðE � vÞ�2

ð14:2Þ

Let us put

Ið11Þ ¼
ZE

�1
ðE � vÞ4FðvÞdv

¼E4
ZE

�1
FðvÞdvþ

ZE

�1
v4FðvÞdvþ 6E2

ZE

�1
v2FðvÞdv

� 2E3
ZE

�1
vFðvÞdv� 4E

ZE

�1
v3FðvÞdv

ð14:3Þ

Now

ZE

�1
v4ðFðvÞÞdv ¼ ½3g

4
g

8p
½1þ Erf ðE

gg
Þ� � g5g

4Ep
expð�E2

g2g
Þ�

¼ 3g4g
8p

½1þ Erf ðE
gg
Þ � 2gg

3E
expð�E2

g2g
Þ� ¼ d00ðE; ggÞ ð14:4Þ

ZE

�1
v2FðvÞdv ¼ g2g

4
½1þ Erf ðE

gg
Þ� ð14:5Þ
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ZE

�1
vðFðvÞÞdv ¼ �gg

2
ffiffiffi
p

p expð�E2

g2g
Þ ð14:6Þ

ZE

�1
v3FðvÞdv ¼ �g3g

2
ffiffiffi
p

p expð�E2

g2g
Þ½1þ E2

g2g
� ð14:7Þ

Thus

Ið11Þ ¼ E4

2
½1þ Erf ðE

gg
Þ� þ 3g4g

8p
½1þ Erf ðE

gg
Þ � 2gg

3E
expð�E2

g2g
Þ�

þ 3
2
ðEggÞ2½1þ Erf ðE

gg
Þ� þ E3ggffiffiffi

p
p expð�E2

g2g
Þ

þ 2Eg3gffiffiffi
p

p expð�E2

g2g
Þ½1þ E2

g2g
�

¼u0ðE; ggÞ

ð14:8Þ

In Chap. 1 we have proved that

Iða;E; ggÞ ¼
ZE

�1

FðvÞdv
1þ eðE � vÞ ¼

2
cgg

ffiffiffi
p

p e�u2
X1
p¼1

e
�p2

4

p
sinhðpuÞ

" #
� i

ffiffiffi
p

p
cgg

e�u2

ð14:9Þ

where u ¼ 1þcE
cgg

:

The theorem of differentiation under the sign of integration tells us

o
ox

ZBðxÞ

AðxÞ

Fðx; yÞdy ¼
ZBðxÞ

AðxÞ

o
ox

½Fðx; yÞ�dyþ Fðx;BðxÞ oBðxÞ
ox

Þ

� Fðx;AðxÞ oAðxÞ
ox

Þ

ð14:10Þ

where the notations have their usual meaning and the integrals are convergent.
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Using (14.9) and (14.10) and differentiating (14.9) with respect to E we get

�c
ZE

�1

FðvÞdv
½1þ cðE � vÞ�2 þ

1ffiffiffiffiffiffiffi
pg2g

q expð�E2

g2g
Þ

¼ 2
cgg

ffiffiffi
p

p e�u22u
1
gg

X1
p¼1

e
�p2

4

p
sinhðpuÞ

" #

þ 2
cgg

ffiffiffi
p

p e�u2 1
gg

X1
p¼1

e
�p2

4 coshðpuÞ � i
ffiffiffi
p

p
cgg

e�u22u
1
gg

)
ZE

�1

FðvÞdv
½1þ cðE � vÞ�2 ¼ c3ðE; gg; cÞ þ iD3ðE; gg; cÞ

ð14:11Þ

where

c3ðE; gg; cÞ ¼ ½ 1
pcgg

expð�E2

g2g
Þ � 4ue�u2

c2g2g
ffiffiffi
p

p ½
X1
p¼1

expð�p2

4
Þp�1 sinhðpuÞ�

� 2
c2g2g

ffiffiffi
p

p e�u2
X1
p¼1

e
�p2

4 coshðpuÞ�

D3ðE; gg; cÞ ¼
2u
c2g2g

expð�u2Þ; u ¼ 1þ cE
cgg

Again (14.9) can be written as

ZE

�1

FðvÞdv
1þ cðE � vÞ ¼ c1ðc;E; ggÞ � ic2ðc;E; ggÞ ð14:12Þ

where c1ðc;E; ggÞ ¼ 2
cgg

ffiffi
p

p e�u2 P1
p¼1

e
�p2

4

p sinhðpuÞ
" #

and c2ðc;E; ggÞ ¼
ffiffi
p

p
cgg

e�u2 .

We know that

ZE

�1
ðE � vÞ3FðvÞdv ¼ ½E

2
½1þ Erf ðE

gg
Þ�½E2 þ 3

2
g2g�

þ gg
2

ffiffiffi
p

p e
�E2

g2g ð4E2 þ g2gÞ�

¼u1ðE; ggÞ

ð14:13Þ
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Therefore the dispersion relation in HD III-IV semiconductors whose unper-
turbed conduction electrons obey the three band models of Kane in the presence of
an electric field along x axis can be expressed as

�h2k2

2mc
¼ J4ðE; c; ggÞ

where J4ðE; c; ggÞ ¼ J1ðE; c; ggÞ þ iJ2ðE; c; ggÞ;
ð14:14Þ

J1ðE; c; ggÞ ¼ 2½1þ Erf ðE
gg
Þ��1½e1u0ðE; ggÞ þ e2u1ðE; ggÞ

þ e3h0ðE; ggÞ þ e4c0ðE; ggÞ
þ eg1

2
½1þ Erf ðE

gg
Þ� � e6c1ðE; c; ggÞ þ e7c3ðE; c; ggÞ�

and J2ðE; c; ggÞ ¼ 2½1þ Erf ðEggÞ�
�1½e6c2ðE; c; ggÞ þ e7D3ðE; c; ggÞ�.

For two band model of Kane, the dispersion relation in the presence of electric
field Fs along x direction is given by

�h2k2

2mc
¼ P11f Eð1þ aEÞ � Q11f ð14:15Þ

where P11f ¼ ½1þ ðQ11f Þð 5mc
mrEg

Þ�;Q11f ¼ ð�hFÞ2
12mrE2

g
:

Therefore under the condition of heavy doping (14.15) assumes the form

�h2k2

2mc
¼ J5ðE; ggÞ ð14:16aÞ

where J5ðE; ggÞ ¼ P11f c2ðE; ggÞ � Q11f :

Thus (14.14) and (14.16a) are key equations for investigating the electronic
properties in III-V Kane type heavily doped semiconductors in the presence of a
strong electric field.

The EEM in III-V Kane type HD semiconductors in the presence of a strong
electric field whose energy band structures in the absence of any perturbation are
defined by three and two band models of kane can be written from (14.14) and
(14.16a) as

m�ðEFE;FÞ ¼ mc Real part of ½J4ðEFE; c; ggÞ�0 ð14:16bÞ
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and

m�ðEFE;FÞ ¼ mc½J5ðEFE; ggÞ�0 ð14:16cÞ

where EFE is the Fermi energy in the present case.
Thus following (14.14) electron concentration is given by

n0 ¼ gv
3p2

ð2mc

�h2
Þ32 Real part of ½J6ðEFE; c; ggÞ þ J7ðEFE; c; ggÞ� ð14:17Þ

where J6ðEFE; c; ggÞ ¼ ½J4ðEFE; c; ggÞ�
3
2 and J7ðEFE; c; ggÞ ¼

Ps
r¼1

LðrÞJ6ðEFE; c; ggÞ
For the dispersion relation (14.16a) the corresponding electron concentration can

be written as

n0 ¼ gv
3p2

ð2mc

�h2
Þ32½J8ðEFE; ggÞ þ J9ðEFE; ggÞ� ð14:19aÞ

where J8ðEFE; ggÞ ¼ ½J5ðEFE; ggÞ�
3
2 and J9ðEFE; ggÞ ¼

Ps
r¼1 LðrÞJ8ðEFE; ggÞ:

The velocity along z direction and the density of states function in this case for
HD optoelectronic Kane type materials under intense electric field whose con-
duction electrons in the absence of perturbation obey the three band model of Kane
can respectively be written as

vzðE0
1Þ ¼

ffiffiffiffiffiffi
2
mc

r ½J4ðE0
1E0

; c; ggÞ�1=2
J 04ðE0

1E0
; c; ggÞ

ð14:19bÞ

NðE0
1Þ ¼ 4pgvð2mc

h2
Þ3=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J4ðE0

1E0
; c; ggÞ

q
½J 04ðE0

1E0
; c; ggÞ� ð14:19cÞ

where E0
1E0

¼ E � E01HDE0 ;E01HDE0 ¼ X1 þW � hm; X1 is the root of the equation

J4ðX1; c; ggÞ ¼ 0 ð14:19dÞ

The EP in this case is given by

JLHD ¼ 4pa0emcgm
h3

Real part of
Za

E01HDE0

J4ðE0
1E0

; c; ggÞf ðEÞdE0
1E0

ð14:19eÞ
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Similarly the EP for perturbed two band model of Kane and that of parabolic
energy bands can respectively be expressed as

JLHD ¼ 4pa0emcgm
h3

Za

E02HDE0

J5ðE0
2E0

; c; ggÞf ðEÞd E0
2E0

ð14:19fÞ

where E0
2E0

¼ E � E02HDE0 ;E02HDE0 ¼ X2 þW � hm; X2 is the root of the equation

J5ðX2; c; ggÞ ¼ 0: ð14:19gÞ

14.2.2 The EP from the Presence of Quantizing Magnetic
Field Under Strong Electric Field in HD III-V,
Ternary and Quaternary Materials

The electron energy spectrum under magnetic quantization can be written as

�h2k2z
2mc

þ ðnþ 1
2
Þ�hx0 ¼ J4ðE; c; ggÞ ð14:20Þ

�h2k2z
2mc

þ ðnþ 1
2
Þ�hx0 ¼ J5ðE; ggÞ ð14:21aÞ

The EEM in this case can be written using (14.20) and (14.21a) as

m�ðEFEB;FÞ ¼ mc Real part of ½J4ðEFEB; c; ggÞ�0 ð14:21bÞ

and

m�ðEFEB;FÞ ¼ mc½J5ðEFEB; ggÞ�0 ð14:21cÞ

where EFEB is the Fermi energy in the present case.
The electron concentration for the dispersion relation (14.20) is given by

n0 ¼ eBgv
ffiffiffiffiffiffiffiffi
2mc

p

p2�h2
Real part of

Xnmax

n¼0

½J10ðEFEB; c; gg; nÞ þ J11ðEFEB; c; gg; nÞ�

ð14:22Þ

where J10ðEFEB; c; gg; nÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J4ðEFEB; c; gg; nÞ � ðnþ 1

2Þ�hx0

q
and J11ðEFEB; c; gg; nÞ ¼Ps

r¼1 LðrÞJ10ðEFEB; c; gg; nÞ:
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The magneto EP in this case is given by

JHBE0 ¼
a0e2BgvkBT

2p2�h2
Real part of

Xnmax

n¼0

F0ðgDB4;1Þ ð14:23Þ

where gDB4;1 ¼ ½EFEB � ðLDB4;1 þW � htÞ�½kBT��1 and LDB4;1 is the Landau sub-
band energy which can be obtained from (14.20) by substituting kz ¼ 0
and E ¼ LDB4;1:

The electron concentration for the dispersion relation (14.2.1) is given by

n0 ¼ eBgv
ffiffiffiffiffiffiffiffi
2mc

p

p2�h2
Xnmax

n¼0

½J12ðEFEB; gg; nÞ þ J13ðEFEB; gg; nÞ� ð14:24aÞ

where J12ðEFEB; gg; nÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J5ðEFEB; gg; nÞ � ðnþ 1

2Þ�hx0

q
and J13ðEFEB; gg; nÞ ¼Ps

r¼1 LðrÞJ12ðEFEB; gg; nÞ:
The magneto EP in this case is given by

JHBE0 ¼
a0e2BgvkBT

2p2�h2
Xnmax

n¼0

F0ðgDB4;2Þ ð14:24bÞ

where gDB4;2 ¼ ½EFEB � ðLDB4;2 þW� htÞ�½kBT��1 and LDB4;2 is the Landau sub-
band energy which can be obtained from (14.21a) by substituting
kz ¼ 0 and E ¼ LDB4;2:

14.2.3 The EP from QWs of HD III-V, Ternary
and QuaternaryMaterials Under Strong Electric Field

For QWs the 2D dispersion laws for (14.14) and (14.16a) assume the forms

�h2k2s
2mc

þ �h2

2mc
ðnzp
dz

Þ2 ¼ J4ðE; c; ggÞ ð14:25Þ

and

�h2k2s
2mc

þ �h2

2mc
ðnzp
dz

Þ2 ¼ J5ðE; ggÞ ð14:26aÞ
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The EEM in this case can be written using (14.25) and (14.26a) as

m�ðEFESQ;FÞ ¼ mc Real part of ½J4ðEFESQ; c; ggÞ�0 ð14:26bÞ

and

m�ðEFESQ;FÞ ¼ mc½J5ðEFESQ; ggÞ�0 ð14:26cÞ

where EFESQ is the Fermi energy in this case.
The 2D electron concentration for (14.25) can be written as

n0 ¼ mcgv
p�h2

Real part of
Xnzmax

nz¼1

½J17ðEFESQ; c;gg; nzÞ þ J18ðEFESQ; c;gg; nzÞ� ð14:27Þ

where J17ðEFESQ; c;gg; nzÞ ¼ ½J4ðEFESQ; c;ggÞ � �h2
2mc

ðnzp
dz

Þ2� and J18ðEFESQ; c;gg; nzÞ ¼Ps
r¼1 LðrÞ½J17ðEFESQ; c;gg; nzÞ�:
The EP in this case is given by

J2DE0 ¼ ½a0emcgv
2pdz�h2

ðmc

2
Þ1=2� Real part of

Xnzmax

nzmin

½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J4ðEnzE0;1; c; ggÞ

q

J04ðEnzE0;1; c; ggÞ
�½J17ðEFESQ; c; gg; nzÞ

þ J18ðEFESQ; c; gg; nzÞ� ð14:28Þ

where EnzE0;1 is the sub-band energy in this case and is obtained by substituting
ks ¼ 0 and E ¼ EnzE0;1 in (14.25).

The 2D electron concentration for (14.26a) can be written as

n0 ¼ mcgv
p�h2

Xnzmax

nz¼1

½J19ðEFESQ; c;gg; nzÞ þ J20ðEFESQ; c;gg; nzÞ� ð14:29aÞ

where J19ðEFESQ; c;gg; nzÞ ¼ ½J5ðEFESQ; c;ggÞ � �h2

2mc
ðnzp
dz

Þ2� and J20ðEFESQ; c;gg; nzÞ ¼
Ps
r¼1

LðrÞ½J19ðEFESQ; c;gg; nzÞ�:
The EP in this case is given by

J2DE0 ¼ ½a0emcgv
2pdz�h2

ðmc

2
Þ1=2�

Xnzmax

nzmin

½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J5ðEnzE0;2; c; ggÞ

q

J 05ðEnzE0;2; c; ggÞ
�½J19ðEFESQ; c; gg; nzÞ

þ J20ðEFESQ; c; gg; nzÞ� ð14:29bÞ

where EnzE0;2 is the sub-band energy in this case and is obtained by substituting
ks ¼ 0 and E ¼ EnzE0;2 in (14.26a).
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14.2.4 The EP from NWs of HD III-V, Ternary
and Quaternary Materials Under Strong Electric Field

The dispersion relations of the 1D electrons in NWs of HD optoelectronic materials
in the presence of light waves can be expressed from (14.14) and (14.16a) as

k2y ¼
2mcJ4 E; c; gg

� �

�h2
� pnz71

dz

� �2

� pnx71
dx

� �2

ð14:29cÞ

k2y ¼
2mcJ5 E; c; gg

� �

�h2
� pnz72

dz

� �2

� pnx72
dx

� �2

ð14:30Þ

where nx7J ðJ ¼ 1; 2; 3Þ is the size quantum number.
The electron concentration per unit length are respectively given by

n1DL ¼ 2gv
ffiffiffiffiffiffiffiffi
2mc

p
p�h

Real part of

Xnx71max

nx71¼1

Xnz71max

nz71¼1

/77;1 EF1DLE0 ; nx71; nz71ð Þ þ /78;1 EF1DLE0 ; nx71; nz71ð Þ� �

ð14:29eÞ

n1DL ¼ 2gv
ffiffiffiffiffiffiffiffi
2mc

p
p�h

Xnx72max

nx72¼1

Xnz72max

nz72¼1

/79;2 EF1DLE0 ; nx72; nz72ð Þ�

þ/80;2 EF1DLE0 ; nx72; nz72ð Þ�
ð14:31Þ

where EF1DLE0 is the Fermi energy in NWs in the present case.

/77;1 EF1DLE0 ; nx71; nz71ð Þ ¼ J4 EF1DLE0 ; c; gg
� �� G71 nx71; nz71ð Þ� �1

2;

G7i nx7i; nz7ið Þ ¼ �h2

2mc

pnx7i
dx

� �2

þ pnz7i
dz

� �2
" #

;

/78;1 EF1DLE0 ; nx71; nz71ð Þ ¼
Xs0
r¼1

LðrÞ /77;1 EF1DLE0 ; nx71; nz71ð Þ� �
;

/79;2 EF1DLE0 ; nx72; nz72ð Þ ¼ J5 EF1DLE0 ; c; gg
� �� G72 nx72; nz72ð Þ� �1

2 and

/80;2 EF1DLE0 ; nx72; nz72ð Þ ¼
Xs

r¼1

LðrÞ /79;2 EF1DLE0 ; nx72; nz72ð Þ� �
:
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The generalized expression of photo current in this case is given by

IL ¼ a0egvkBT
p�h

Xnx7imax

nx7i¼1

Xnz7imax

nz7i¼1

F0 g7iE0

� � ð14:32Þ

where, g7iE0
¼

EF1DLE0� E0
7iE0

þW�ht

	 


kBT
and E0

7iE0
are the sub-band energies in this case

and are defined through the following equations

J4 E0
71E0

; c; gg
	 


¼ G71 nx71; nz71ð Þ
J4 E0

72E0
; c; gg

	 

¼ G72 nx72; nz72ð Þ

9=
; ð14:33Þ

Real part of the (7.22) should be used for computing the EP from NWs of HD
optoelectronic materials under intense electric field whose unperturbed energy band
structures are defined by the three-band model of Kane.

14.2.5 The EP from QBs of HD III-V, Ternary
and Quaternary Materials Under Strong Electric Field

The dispersion relations of the electrons in QBs of HD optoelectronic materials in
the presence of intense electric field can respectively be expressed from (14.14) and
(14.16a) as

2mcJ4 EQ1E0 ; c; gg
� �

�h2
¼ H71 nx71; ny71; nz71

� � ð14:34Þ

2mcJ5 EQ2E0 ; c; gg
� �

�h2
¼ H72 nx72; ny72; nz72

� � ð14:35Þ

where EQiE0 is the totally quantized energy and H7i nx7i; ny7i; nz7i
� � ¼

pnx7i
dx

	 
2
þ pny7i

dy

	 
2
þ pnz7i

dz

	 
2
:

The electron concentration can, in general, be written as

n0DL ¼ 2gv
dxdydz

� � Xnx7imax

nx7i¼1

Xny7imax

ny7i¼1

Xnz7imax

nz7i¼1

F�1 g7i0DE0

� � ð14:36Þ

where g7i0DE0
¼ EF0DLE0�EQiE0

kBT
and EF0DLE0 is the Fermi energy in QBs of HD

optoelectronic materials in the presence of intense electric field as measured from
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the edge of the conduction band in the vertically upward direction in the absence of
any quantization.

Real part of the (7.26) should be used for computing the carrier density from
QBs of HD optoelectronic materials whose unperturbed energy band structures are
defined by the three-band model of Kane.

The photo-emitted current densities in this case are given by the following
equations

J0DL ¼ a0egvð Þ
dxdydz

mc

2

	 
�1=2
Real part of

Xnx71max

nx71¼1

Xny71max

ny71¼1

Xnz71max

nz71min

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J4 Enz71 ; c; gg
� �q

J 04 Enz71 ; c; gg
� �

2
4

3
5F�1 g710DE0

� � ð14:37Þ

J0DL ¼ a0egvð Þ
dxdydz

mc

2

	 
�1=2 Xnx72max

nx72¼1

Xny72max

ny72¼1

Xnz72max

nz72min

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J5 Enz72 ; c; gg
� �q

J 05 Enz72 ; c; gg
� �

2
4

3
5F�1 g720DE0

� �
:

ð14:38Þ

14.2.6 The Magneto EP from QWs of HD III-V, Ternary
and Quaternary Materials Under Strong Electric Field

Under magnetic quantization, (14.14) and (14.16a) assume the forms

ðnþ 1
2
Þ�hxc þ �h2

2mc
ðnzp
dz

Þ2 ¼ J4ðEE01; c; ggÞ ð14:39aÞ

and

ðnþ 1
2
Þ�hxc þ �h2

2mc
ðnzp
dz

Þ2 ¼ J5ðEE02; c; ggÞ ð14:39bÞ

where EE01 and EE02 are totally quantized energy in the respective cases.
The energy along z direction for both the cases can be expressed as

�h2

2mc
ðnzp
dz

Þ2 ¼ J4ðEnzE01; c; ggÞ ð14:39cÞ
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and

�h2

2mc
ðnzp
dz

Þ2 ¼ J5ðEnzE02; c; ggÞ ð14:39dÞ

where EnzE01 and EnzE02 are the energies along z direction for (14.39a) and (14.39b)
respectively.

The electron concentration for (14.39a) is given by

n0 ¼ gveB
p�h

Real part of
Xnmax

n¼0

Xnzmax

nz¼1

F�1ðgE0D;1Þ ð14:39eÞ

where gE0D;1 ¼ ½kBT��1½EFTD � EE01�, EFTD is the Fermi energy in this case.
The EP in this case can be expressed as

JTDE0 ¼
a0e2Bgm
hdz

ffiffiffi
2

p
ffiffiffiffiffiffi
mc

p
Xnzmax

nzmin

Xnmax

n¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J4ðEnzE01; c; ggÞ

q

J 04ðEnzE01; c; ggÞ
F�1ðgE0D1Þ ð14:39fÞ

The electron concentration for (14.39b) is given by

n0 ¼ gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

F�1ðgE0D;2Þ ð14:39gÞ

where gE0D;2 ¼ ½kBT��1½EFTD � EE02�:
The EP in this case can be expressed as

JTDE0 ¼
a0e2Bgm
hdz

ffiffiffi
2

p
ffiffiffiffiffiffi
mc

p
Xnzmax

nzmin

Xnmax

n¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J5ðEnzE02; c; ggÞ

q

J 05ðEnzE02; c; ggÞ
F�1ðgE0D2Þ: ð14:39hÞ

14.2.7 The Magneto EP from Effective Mass Superlattices
of HD III-V, Ternary and Quaternary Materials
Under Strong Electric Field

The electron dispersion law in III-V effective mass super lattices can be written as

k2x ¼ ½ 1
L20

½cos�1ffHDðE; c; gg; ky; kzÞg�2 � k2?� ð14:40Þ
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where

fHDðE; c; gg; ky; kzÞ ¼ ½½a1HDcos½a0C1HDðE; gg1; c1; k?Þ þ b0D1HDðE; gg2; c2; k?Þ��
� ½a2HDcos½a0C1HDðE; gg1; c1; k?Þ � b0D1HDðE; gg2; c2; k?Þ���;

a1HD ¼ ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2J 04ð0; c2; gg2Þ
mc1J 04ð0; c1; gg1Þ

s
þ 1�2 � ½4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2J 04ð0; c2; gg2Þ
mc1J 04ð0; c1; gg1Þ

s
��1;

a2HD ¼ ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2J 04ð0; c2; gg2Þ
mc1J 04ð0; c1; gg1Þ

s
� 1�2 � ½4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2J 04ð0; c2; gg2Þ
mc1J 04ð0; c1; gg1Þ

s
��1;

C1HDðE; gg1; c1; k?Þ ¼ ½2mc1

�h2
J4ðE; gg1; c1Þ � k2?�1=2 and

D1HDðE; gg1; c1; k?Þ ¼ ½2mc2

�h2
J4ðE; gg2; c2Þ � k2?�1=2:

In the presence of a quantizing magnetic field B along kx direction, the magneto
electron energy spectrum can be written as

k2x ¼ xHDðE; gg; c; nÞ ð14:41aÞ

where xHDðE; gg; c; nÞ ¼ ½ 1L20 ½cos
�1ffHDðE; c; gg; nÞg�2 � 2eB

�h ðnþ 1
2Þ�

fHDðE; c; gg; nÞ ¼ ½½a1HDcos½a0C1HDðE; gg1; c1; nÞ þ b0D1HDðE; gg2; c2; nÞ��
� ½a2HDcos½a0C1HDðE; gg1; c1; nÞ � b0D1HDðE; gg2; c2; nÞ���;

C1HDðE; gg1; c1; nÞ ¼ ½2mc1

�h2
J4ðE; gg1; c1Þ �

2eB
�h

ðnþ 1
2
Þ�1=2

and D1HDðE; gg1; c1; nÞ ¼ ½2mc2

�h2
J4ðE; gg2; c2Þ �

2eB
�h

ðnþ 1
2
Þ�1=2:

The EEM in this case can be written from (14.41a) as

m�ðESL; gg; c; nÞ ¼
�h2

2
Real part of ½xHDðESL; gg; c; nÞ�0 ð14:41bÞ

where ESL is the Fermi energy in this case.
The electron concentration is given by

n0 ¼ gveB
p2�h

Real part of
Xnmax

n¼0

½J40ðESL; gg; nÞ þ J41ðESL; gg; nÞ� ð14:42Þ

where J40ðESL; gg; nÞ ¼ ½xHDðESL; gg; c; nÞ�
1
2 and J41ðESL; gg; nÞ ¼

Ps
r¼1 LðrÞ

½J40ðESL; gg; nÞ�:
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The EP in this case is given by

JESE0 ¼
a0e2BgmkBT

2p2�h2
Xnmax

n¼0

F0ðgSLL1Þ ð14:43Þ

where gSLL1 ¼ ðkBTÞ�1½ESL � ðxSL1 þW � hmÞ� and xSL1 is the sub-band energy
in this case.

The electron dispersion law in III-V effective mass super lattices whose con-
stituent materials obey (14.16a) can be expressed as

k2x ¼ ½ 1
L20

½cos�1ffHD5ðE; gg; ky; kzÞg�2 � k2?� ð14:44Þ

where

fHD5ðE; gg; ky; kzÞ ¼ ½½a1HD5cos½a0C1HD5ðE; gg1; k?Þ þ b0D1HD5ðE; gg2; k?Þ��
� ½a2HD5cos½a0C1HD5ðE; gg1; k?Þ � b0D1HD5ðE; gg2; k?Þ���;

a1HD5 ¼ ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2J 05ð0; gg2Þ
mc1J 05ð0; gg1Þ

s
þ 1�2 � ½4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2J 05ð0; gg2Þ
mc1J 05ð0; gg1Þ

s
��1;

a2HD5 ¼ ½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2J 05ð0; gg2Þ
mc1J 05ð0; gg1Þ

s
� 1�2 : ½4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2J 05ð0; gg2Þ
mc1J 05ð0; gg1Þ

s
��1;

C1HD5ðE; gg1; k?Þ ¼ ½2mc1

�h2
J5ðE; gg1Þ � k2?� and

D1HD5ðE; gg1; k?Þ ¼ ½2mc2

�h2
J5ðE; gg2; Þ � k2?�

In the presence of a quantizing magnetic field B along kx direction, the magneto-
electron energy spectrum can be written as

k2x ¼ xHD5ðE; gg; nÞ ð14:45aÞ

where

xHD5ðE; gg; nÞ ¼ ½ 1
L20

½cos�1ffHD5ðE; gg; nÞg�2 �
2eB
�h

ðnþ 1
2
Þ�;

fHD5ðE; gg; nÞ ¼ ½½a1HD5cos½a0C1HD5ðE; gg1; nÞ þ b0D1HD5ðE; gg2; nÞ��
� ½a2HD5cos½a0C1HD5ðE; gg1; nÞ � b0D1HD5ðE; gg2; nÞ���;

C1HD5ðE; gg1; nÞ ¼ ½2mc1

�h2
J5ðE; gg1Þ �

2eB
�h

ðnþ 1
2
Þ�

and D1HD5ðE; gg1; nÞ ¼ ½2mc2

�h2
J5ðE; gg2Þ �

2eB
�h

ðnþ 1
2
Þ�
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The EEM in this case can be written from (14.45a) as

m�ðESL; gg; nÞ ¼
�h2

2
½xHD5ðESL; gg; nÞ�0 ð14:45bÞ

The electron concentration is given by

n0 ¼ gveB
p2�h

Xnmax

n¼0

½J50ðESL; gg; nÞ þ J51ðESL; gg; nÞ� ð14:46Þ

where J50ðESL; gg; nÞ ¼ ½xHD5ðESL; gg; nÞ�
1
2 and J51ðESL; gg; nÞ ¼

Ps
r¼1 LðrÞ

½J50ðESL; gg; nÞ�
The EP in this case is given by

JESE0 ¼
a0e2BgmkBT

2p2�h2
Xnmax

n¼0

F0ðgSLL2Þ ð14:47Þ

where gSLL2 ¼ ðkBTÞ�1½ESL � ðxSL2 þW � hmÞ� and xSL2 is the sub-band energy
in this case.

14.3 Open Research Problems

(R:14:1) Investigate the EP for the HD bulk materials whose respective dispersion
relations of the carriers in the absence of any field is given in Chap. 1 in
the presence of intense electric field which change the original band
structure and consider its effect in the subsequent study in each case.

(R:14:2) Investigate the EP as defined in (R.14.1) in the presence of an arbitrarily
oriented non-uniform light waves for all the HD materials as considered
R.14.1.

(R:14:3) Investigate the EP as defined in (R.14.1) in the presence of an arbitrarily
oriented non-quantizing alternating non-uniform electric field for all the
cases of R.14.1.

(R:14:4) Investigate the EP as defined in (R.14.1) for all the HD materials in the
presence of arbitrarily oriented non-quantizing non-uniform electric field
for all the appropriate cases.

(R:14:5) Investigate the EP as defined in (R.14.1) for all the HD materials in the
presence of arbitrarily oriented non-quantizing alternating electric field
for all the appropriate cases of problem R.14.4.

(R:14:6) Investigate the EP as defined in (R.14.1) for the negative refractive
index, organic, magnetic and other advanced optical HD materials in the
presence of arbitrarily oriented electric field.
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(R:14:7) Investigate the EP as defined in (R.14.1) in the presence of alternating
non-quantizing electric field for all the problems of R.14.6.

(R:14:8) Investigate the EP as defined in (R.14.1) for all the multiple quantum
confined HD materials whose unperturbed carrier energy spectra are
defined in R.14.1 in the presence of arbitrary oriented quantizing mag-
netic field by including the effects of spin and broadening respectively.

(R:14:9) Investigate the EP as defined in (R.14.1) in the presence of an additional
arbitrarily oriented alternating quantizing magnetic field respectively for
all the problems of R.14.8.

(R:14:10) Investigate the EP as defined in (R.14.1) in the presence of arbitrarily
oriented alternating quantizing magnetic field and arbitrary oriented non-
quantizing non-uniform electric field respectively for all the problems of
R.14.8.

(R:14:11) Investigate the EP as defined in (R.14.1) in the presence of arbitrary
oriented alternating non-uniform quantizing magnetic field and addi-
tional arbitrary oriented non-quantizing alternating electric field
respectively for all the problems of R.14.1.

(R:14:12) Investigate the EP in the presence of arbitrary oriented and crossed
quantizing magnetic and electric fields respectively for all the problems
of R.14.8.

(R:14:13) Investigate the EP for all the appropriate HD low-dimensional systems
of this chapter in the presence of finite potential wells.

(R:14:14) Investigate the EP for all the appropriate HD low-dimensional systems
of this chapter in the presence of parabolic potential wells.

(R:14:15) Investigate the EP for all the appropriate HD systems of this chapter
forming quantum rings.

(R:14:16) Investigate the EP for all the above appropriate problems in the presence
of elliptical Hill and quantum square rings respectively.

(R:14:17) Investigate the EP for multiple carbon nano-tubes.
(R:14:18) Investigate the EP for multiple carbon nano-tubes in the presence of non-

quantizing non-uniform alternating light waves.
(R:14:19) Investigate the EP for multiple carbon nano-tubes in the presence of non-

quantizing non-uniform alternating magnetic field.
(R:14:20) Investigate the EP for multiple carbon nano-tubes in the presence of

crossed electric and quantizing magnetic fields.
(R:14:21) Investigate the EP for all types of HD semiconductor nano-tubes for all

the HD materials whose unperturbed carrier dispersion laws are defined
in Chap. 1.

(R:14:22) Investigate the EP for HD semiconductor nano-tubes in the presence of
non-quantizing alternating light waves for all the materials whose
unperturbed carrier dispersion laws is defined in Chap. 1.

(R:14:23) Investigate the EP for HD semiconductor nano-tubes in the presence of
non-quantizing alternating magnetic field for all the materials whose
unperturbed carrier dispersion laws are defined in Chap. 1.
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(R:14:24) Investigate the EP for HD semiconductor nano-tubes in the presence of
non-uniform light waves for all the materials whose unperturbed carrier
dispersion laws are defined in Chap. 1.

(R:14:25) Investigate the EP for HD semiconductor nano-tubes in the presence of
alternating quantizing magnetic fields for all the materials whose
unperturbed carrier dispersion laws are defined in Chap. 1.

(R:14:26) Investigate the EP for HD semiconductor nano-tubes in the presence of
crossed electric and quantizing magnetic fields for all the materials
whose unperturbed carrier dispersion laws are defined in Chap. 1.

(R:14:27) Investigate the EP for all the appropriate nipi structures of the HD
materials whose unperturbed carrier energy spectra are defined in
Chap. 1.

(R:14:28) Investigate the EP for all the appropriate nipi structures of the HD
materials whose unperturbed carrier energy spectra are defined in
Chap. 1, in the presence of an arbitrarily oriented non-quantizing non-
uniform additional electric field.

(R:14:29) Investigate the EP for all the appropriate nipi structures of the HD
materials whose unperturbed carrier energy spectra are defined in
Chap. 1 in the presence of non-quantizing alternating additional mag-
netic field.

(R:14:30) Investigate the EP for all the appropriate nipi structures of the HD
materials whose unperturbed carrier energy spectra are defined in
Chap. 1 in the presence of quantizing alternating additional magnetic
field.

(R:14:31) Investigate the EP for all the appropriate nipi structures of the HD
materials whose unperturbed carrier energy spectra are defined in
Chap. 1 in the presence of crossed electric and quantizing magnetic
fields.

(R:14:32) Investigate the EP for HD nipi structures for all the appropriate cases of
all the above problems.

(R:14:33) Investigate the EP for the appropriate accumulation layers of all the
materials whose unperturbed carrier energy spectra are defined in
Chap. 1 in the presence of crossed electric and quantizing magnetic
fields by considering electron spin and broadening of Landau levels.

(R:14:34) Investigate the EP for quantum confined HD III-V, II-VI, IV-VI, HgTe/
CdTe effective mass super-lattices together with short period, strained
layer, random, Fibonacci, poly-type and saw-tooth super-lattices.

(R:14:35) Investigate the EP in the presence of quantizing magnetic field respec-
tively for all the cases of R.14.34.

(R:14:36) Investigate the EP in the presence of non-quantizing non-uniform
additional electric field respectively for all the cases of R.14.34.

(R:14:37) Investigate the EP in the presence of non-quantizing alternating electric
field respectively for all the cases of R.14.34.

(R:14:38) Investigate the multiphoton EP in the presence of crossed electric and
quantizing magnetic fields respectively for all the cases of R.14.34.
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(R:14:39) Investigate the EP as defined in (R.14.1) for HD quantum confined
super-lattices for all the problems of R.14.35.

(R:14:40) Investigate the EP as defined in (R.14.1) in the presence of quantizing
non-uniform magnetic field respectively for all the cases of R.14.34.

(R:14:41) Investigate the EP as defined in (R.14.1) in the presence of crossed
electric and quantizing magnetic fields respectively for all the cases of
R.14.34.

(R:14:42) Investigate the EP as defined in (R.14.1) for all the systems in the
presence of alternating strain.

(R:14:43) Investigate all the problems of this chapter by removing all the mathe-
matical approximations and establishing the respective appropriate
uniqueness conditions.
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