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Supervisor’s Foreword

The results of a variety of neutrino oscillation experiments involving solar,
atmospheric, accelerator and reactor neutrinos and anti-neutrinos have led to the
conclusion that neutrinos produced in a well defined flavor eigenstate can be
detected in a different flavor eigenstate after propagating a macroscopic distance.
The simplest interpretation of this oscillation phenomenon is that the neutrinos
have finite masses and that the neutrinos flavor eigenstates differ from their mass
eigenstates. That is, the neutrino flavors mix. The existence of finite neutrino
masses qualifies as the first empirical evidence for physics beyond the minimal
Standard Model of particle physics. At present, there are still many questions
regarding the nature of the neutrino masses which remain unanswered. For
example, are neutrinos Dirac or Majorana fermions? It follows that the answers to
neutrino related issues should add to the knowledge about the precise nature of the
interactions which exist beyond the Standard Model. The existence of massive
neutrinos opens the possibility of muonium-antimuonium oscillations provided
the neutrinos are Majorana fermions. This process has been the subject of
experimental search at the Paul Scherrer Institut (PSI) in Switzerland for a number
of years. Thus far, only a lower bound has been placed on the muonium-—
antimuonium oscillation time scale. The PhD thesis of Boyang Liu involves the
computation of the muonium-antimuonium oscillation time scale in a variety of
Standard Model extensions. First he demonstrated its gauge invariance in the
Standard Model modified only with the inclusion of right-handed neutrinos which
were used to generate light neutrino masses via the see-saw mechanism. He
explicitly displayed the gauge independence of the various 1-loop contributions.
Next he considered the calculation of the muonium—antimuonium oscillation time
scale in a supersymmetric (SUSY) extension of the Standard Model where there
exist additional intermediate states which can contribute to the oscillation process
thus possibly enhancing the rate to a range which is at or near to the current
experimental bound. This thesis considers the Minimal Supersymmetric Standard
Model (MSSM) modified only by the inclusion of right handed neutrino super-
fields while allowing for intra-generational lepton number violation. Using the
current experimental limits on the SUSY partner masses, he found that the



vi Supervisor’s Foreword

computed oscillation time scale could indeed be lowered but it is still, in general, a
couple of orders of magnitude above the current limit. Only in the special case
when the mixing between the two Higgs doublets of the MSSM given by tan /5 is
very small is the oscillation process sufficiently enhanced. In that case, the current
experimental limit on the muonium—antimunium conversion can be used to bound
tan f > 107",

October 2010 Sherwin T. Love



Preface

The electron and muon number violating muonium-antimuonium oscillation
process in two different models is investigated. First, modifying the Standard
Model only by the inclusion of singlet right-handed neutrinos and allowing for
general renormalizable interactions producing neutrino masses and mixing, the
leading order matrix element contribution to this process is computed in R; gauge
thereby establishing the gauge invariance to this order. To give a natural expla-
nation of the smallness of the observed neutrino masses, the see-saw mechanism is
explored resulting in three light Majorana neutrinos and three heavy Majorana
neutrinos with mass scale Mr > My. Present experimental limits set by the
nonobservation of the oscillation process sets a lower limit on My of roughly of
order 600 GeV. Second, modifying the Minimal Supersymmetric Standard Model
by the inclusion of three right-handed neutrino superfields and allowing only intra-
generation lepton number violation but not inter-generation lepton number mixing,
the muonium—antimuonium conversion can occur while the process u — ey is
forbidden. For a wide range of the parameters, the contributions to the muonium—
antimuonium oscillation time scale are at least two orders of magnitude below the
sensitivity of current experiments. However, if the ratio of the two Higgs field
VEVs, tan f, is very small, there is a limited possibility that the contributions are
large enough for the present experimental limit to provide an inequality relating
tan f with the light neutrino mass scale m, which is generated by see-saw
mechanism. The resultant lower bound on tan f as a function of m, is more
stringent than the analogous bounds arising from the muon and electron anomalous
magnetic moments as computed using this model.

Beijing, May 2010 Boyang Liu
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Chapter 1
Introduction to Muonium—-Antimuonium
Oscillation

The time-dependent oscillation between two distinct levels or particle species is an
interesting quantum mechanical phenomenon which has been widely studied in
many physical systems varying from a particle moving in a double-well potential
of the ammonia molecule to oscillations in the neutral K — K° and B® — B® meson
systems.' It was suggested roughly 60 years ago (Pontecorvo 1957) that there may
be a spontaneous conversion between muonium and antimuonium resulting in an
associated oscillation effect. Muonium (M) is the Coulombic bound state of an
electron and an antimuon (e~ u'), while antimuonium (M) is the Coulombic
bound state of a positron and a muon (et ™). Since it has no hadronic constituents,
muonium is an ideal place to test electroweak interactions. Of particular interest is
that such a muonium-antimuonium oscillation is totally forbidden within the
Standard Model because the process violates the individual electron and muon
number conservation laws by two units. Hence, its observation will be a clear
signal of physics beyond the Standard Model. Since the initial suggestion,
experimental searches have been conducted (Huber 1990; Matthias et al. 1991;
Abela et al. 1996; Willmann et al. 1999) and a variety of theoretical models have
been proposed which can give rise to such a muonium-antimuonium conversion.
These include interactions which can be mediated by (a) a doubly charged Higgs
boson AT" (Halprin 1982; Herczeg and Masiero 1992), which is contained in a
left-right symmetric model, (b) massive Majorana neutrinos (Clark and Love
2004; Cvetic et al. 2005; Liu 2008), or (c) the t-sneutrino in an R-parity violation
supersymmetric model (Halprin and Masiero 1993).

' For a general review of present state of oscillation phenomena in neutral meson systems, see,
for example Battaglia et al. (2002). For a general discussion of mixing in the neutral K® — K and
B® — B, see, for example Buras (2000). Analogous oscillation phenomena has also been
speculated upon for the neutron—antineutron system. Here the mixing matrix elements arise
from an underlying baryon number violating grand unified theory. For various discussions, see
Glashow (1979); Marshak and Mohapatra (1980) and Kuo and Love (1980).

B. Liu, Muonium—Antimuonium Oscillations in an Extended Minimal 1
Supersymmetric Standard Model, Springer Theses,
DOI: 10.1007/978-1-4419-8330-5_1, © Springer Science+Business Media, LLC 2011



2 1 Introduction to Muonium-Antimuonium Oscillation

In Chap. 2, we focus on the muonium—antimuonium oscillations in a modified
Standard Model which includes singlet right-handed neutrinos. There is now
compelling evidence of the existence of neutrino oscillations from the experi-
mental study of atmospheric and solar neutrinos (Fukuda et al. 1988; Ahmad et al.
2001, 2002; Eguchi et al. 2003; Ahn et al. 2003). That implies nonzero neutrino
masses and mixing matrix elements. The size and nature of the neutrino mass and
the associated mixing is still an open question subject to experimental determi-
nation and theoretical speculation (Altarelli and Feruglio 2002; Fogli et al. 2002;
Gonzalez-Garcia and Nir 2003). One simple neutrino mass model is obtained by
modifying the Standard Model by including singlet right-handed neutrinos and
allowing for a general mass matrix for neutrinos. Left-handed neutrinos along with
their charged leptonic partners are components of SU(2), doublets and experience
the weak interaction while any right-handed neutrinos are completely neutral
under the Standard Model gauge group. The see-saw mechanism (Minkowski
1977; Yanagida 1979; Gell-Mann et al. 1979; Glashow 1980; Mohapatra and
Senjanovic 1980) provides a natural explanation of the smallness of the three light
Majorana neutrino masses, while ensuring that the other three Majorana neutrinos
are heavy. Such a model could also lead to the muonium—antimuonium oscillation
process. In order for there to be a nontrivial mixing between muonium and anti-
muonium, the individual electron and muon number conservation must be vio-
lated. Such a situation results provided the neutrinos are massive particles which
mix amongst the various generations. This criterion can be met by the modified
Standard Model and the e~ u™ and e~ states could indeed mix. In Chaps. 3 and 4
we consider the muonium-antimuonium oscillation process in the Minimal
Supersymmetric Standard Model (MSSM) extended by the inclusion of three right-
handed neutrino superfields and where lepton flavor mixing is absent. This
assumption automatically forbids the yu — ey decay, so that the muonium-anti-
muonium oscillation process can be used to constrain the model parameters. In
order for there to be a nontrivial mixing between the muonium and antimuonium,
the individual electron and muon number conservation must be violated by two
units. Such a situation will result provided that the neutrinos are massive Majorana
particles or the mass diagonal sneutrinos are lepton number violating scalar par-
ticles. The present experimental limit (Willmann et al. 1999) on the non-obser-
vation of muonium-antimuonium oscillation translates into a bound on the
coupling constant of the effective Lagrangian of this oscillation process. Calcu-
lations show that for a wide range of the parameters, the contributions to the
muonium—antimuonium oscillation time scale are at least two orders of magnitude
below the sensitivity of current experiments. However, if the ratio of the two Higgs
field VEVs, tan f3, is very small, there is a limited possibility that the contributions
are large enough for the present experimental limit to provide an inequality
relating tan f§ with the light neutrino mass scale m,. In Chap. 5 the corrections of
muon and electron anomalous magnetic moments in the Extended Minimal
Supersymmetric Standard Model (EMSSM) are calculated. Then two lower
bounds on tan f§ as a function of the light neutrino mass scale m,, are generated by
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the measurements of the muon and electron anomalous magnetic moments,
respectively. Comparison shows that the bound from muonium-antimuonium
oscillation is more stringent than ones from muon and electron anomalous mag-
netic moments. Finally, Chap. 6 presents the conclusions.
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Chapter 2

Muonium-Antimuonium Oscillation
in a Modified Standard Model

2.1 Neutrino Masses and Mixings

We modify the Standard Model only by the inclusion of singlet right-handed
neutrinos and allowing for general renormalizable interactions. This implies non-
zero neutrino masses and mixing matrix elements. The leptonic Yukawa interac-
tions with the Higgs scalar doublet in the modified Standard Model take the form

g 40 pt
Ei(?;t = _\/EMW (Z gRa ab Lb - a)man 5@13) +H.C. (21)

ab=1

(0)

Here, ELa and v;, are, respectively, the charged lepton and its associated neutrino

partner of the SU(2), doublet, while vg;) is the right-handed neutrino singlet. The
superscript zero indicates weak interaction eigenstates so that the leptonic charged
current interaction is

nt

3
LV = %W*“Zﬂﬁyuvghrﬂc (2.2)
a=1

After spontaneous symmetry breaking, the mass term for the charged leptons
takes the form

0 0) |, 0) g« 40
maw - Z [‘6( ) (l;hgib) + €£a>mf)a£§?b) (23)

where m’ is a 3 x 3 mass matrix. To diagonalize this matrix, one performs the

biunitary transformation

m' = ARmf, (AL (2.4)

B. Liu, Muonium—Antimuonium Oscillations in an Extended Minimal 5
Supersymmetric Standard Model, Springer Theses,
DOI: 10.1007/978-1-4419-8330-5_2, © Springer Science+Business Media, LLC 2011



6 2 Muonium—Antimuonium Oscillation in a Modified Standard Model

where A® and AL are 3 x 3 unitary matrices and mfhag is a diagonal matrix, the

entries of which are the charged lepton masses. To implement this basis change,
the charged lepton fields participating in the weak interaction are rewritten in
terms of the mass diagonal fields as

3 3
€<L(;> = ZAsbéLby gg:z) = ZAShERb (2.5)
b=1 b=1

On doing so, the mass term reads
3 R
‘Cfnass == Z Myq @ELI) + ZLagRb} (26)
a=1

A general neutrino mass term resulting from renormalizable interactions takes the
form

G =2 (0P (5 ") ( (va)’y) cme @)

m m R

Note that the upper left 3 x 3 block in the neutrino mass matrix is set to zero. This
block matrix involves only left-handed neutrinos and in the (modified) Standard
Model its generation requires a nonrenormalizable mass dimension-five operator.
Consequently, such a term will be ignored.

For three generations of neutrinos, the six mass eigenvalues, m,,, are obtained
from the diagonalization of the 6 x 6 matrix

y 0 (mP)"
M:(D(R)> (2.8)
Since M" is symmetric, it can be diagonalized by a single unitary 6 x 6 matrix, U,

as

M}

tiag = UM'U. (2.9)

This diagonalization is implemented via the basis change on the original neutrino
fields organized as the six-dimensional column vector

0) v o _ [ D)
N = ) N = (b (2.10)
(VR ) VR

to the new neutrino fields defined as

N =uUN,, NP = UNg (2.11)
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N = <(VVRL)C), Ni = <(sz)> (2.12)

The neutrino mass term then takes the form

where

) | S L 6 B
L) = —Ef;mm [vinA + VACvﬂ = —I;vavAvA, (2.13)

where m,4 are the Majorana neutrino masses.

Since a nonzero Majorana mass matrix m* does not require SU(2), x U(1)
symmetry breaking, it is naturally characterized by a much larger scale, Mg, than
the elements of the matrix m” the nontrivial values of which require SU(2), x
U(1) symmetry breaking and are thus expected to be somewhere in the order of the
charged lepton mass to the W mass. Thus, one can take the elements of mP,
characterized by a scale mp, to be much less than Mg, the scale of the elements of
mR. One then finds on diagonalization of the 6 x 6 neutrino mass matrix that three
of the eigenvalues are crudely given by

m2
Myg~—2 <K mp, a=1,2,3, (2.14)
Mg

while the other three eigenvalues are roughly
my~Mg, i=4,56. (2.15)

This constitutes the so-called see-saw mechanism (Minkowski 1977; Yanagida
1979; Gell-Mann et al. 1979; Glashow 1979; Mohapatra and Senjanovic 1980) and
provides a natural explanation of the smallness of the three light neutrino masses.
Moreover, the elements of the mixing matrix are characterized by an My mass
dependence

UabNO(1)7 a,b=1,2,3

Uij~O(1), i,j=4,56 (2.16)
UiaNUM-NO(@), a=12,3i=45,6.
Mg

Since the charged lepton mixing matrix is independent of Mg, one finds that
elements of the mixing matrix appearing in the charged current have the M mass
dependence

Vo~ O(1), ab=1,2,3
Vai NO(@ (217>
M

), a=1,23,i=4,5,6
R
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Inserting the transformations (2.5) and (2.11) in the interaction terms (2.1) and
(2.2), and taking into account the mass matrix transformations (2.4) and (2.9), one
obtains the explicit interactions of charged bosons with the leptons in their mass
diagonal basis as

6

3 6 3
Lin = —\%W’” SNl Vaava - %W“ SO Vi (218)

a=1 A=1

a=1 A=1
s e (2.19)
8 + = ¥ 1 +y5 1 - yS)
— AV a - ga
where

3

Var = Y (A7) Una (2.20)
b=1

Note that the mixing matrix V,4 satisfies the identities (Ilakovac and Pilaftisis
1995):

6
> VaaViy = day (2.21)
A=
6

Z VaaVoamya =0 (2.22)

A=

Identity (2.21) stems from the unitarity of matrices A; and U, while identity (2.22)
is a consequence of the particular form of the neutrino mass matrix. In particular, it
requires the Majorana mass term of the left-handed neutrinos be set to zero. A
detailed proof of this latter identity is provided in Appendix A.

The propagators in R; gauge are (Cheng and Li 1988):

Fermions M
p? —m? +ie
—i (é - ])pupv

W-bosons Wt : ——— +
P2 — M3, +ie By p?— EM3,

(2.23)

Goldstone bosons ¢~ : —————
P> — My,
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2.2 The Gauge Invariant T-Matrix Elements
of Muonium-Antimuonium Oscillation

The lowest order Feynman diagrams accounting for muonium and antimuonium
mixing are displayed in Fig. 2.1. We shall consistently employ the R: gauge. The
gauge invariance of the T-matrix element will be demonstrated by establishing its
¢ independence. In Fig. 2.1, there are two neutrinos in the intermediate state for
each graph, while every wavy line represents either a W boson or an R: gauge
charged erstwhile Nambu-Goldstone boson.

Note that in the unitary gauge (¢ — o), the W boson propagator takes the form
Iﬁéﬁk[gw - i}%’v} A theory with such a propagator has very bad power counting
convergence properties. As it turns out, the unitary gauge power counting diver-
gent pieces in the W vector box diagrams vanish, as they must, after application of
properties (2.21) and (2.22). Hence, when we calculate the T-matrix elements in
R: gauge, we will also apply properties (2.21) and (2.22) to establish the can-
celation of the various terms in this case.

As it turns out, graph (a) gives the same contribution as (b), as do graphs (c) and
(d). Hence, we need only discuss the gauge invariant T-matrix elements of the

Fig. 2.1 Feynman graphs H e H e
contributing to the muonium—
antimuonium mixing. Each Va W/
wavy line is either a W boson
or an R¢ gauge charged
Nambu—Goldstone boson
’ /e W/e va v
VB Wi¢
e u e u
(@ (b)
H H H H
VA VA
Wi¢ Wi¢
Wi Wi¢
VB VB
e e e e

(© (d)
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Fig. 2.2 Feynman graphs of M e H e
type (a) in R; gauge, which
are presented as one single

v, v,
graph (a) in Fig. 2.1 A A
l
w w 14 V9
I
VB VB
e u e
(al) (a2)
H e H e

VA k VA ’
VB ( VB \
u

(a3) (ad)

S
S
<
S

graphs (a) and (c). Figure 2.2 details explicitly the four separate graphs, which are
represented by the single graph in Fig. 2.1.

A straightforward application of the R: gauge Feynman rules (Cheng and Li
1988) to the above graphs yields the T-matrix elements

. . _ 6 6
T = — g 15 e ) [ S )| Y S Vi) Vi

- 00 XAXp . 2(5—1). (5—1)2_ 2
A dt@+x”0+ﬂﬂ0+n2{l+ t+¢& t+40+@2t}1
(2.24)
4 _, _
T =Tpn=-— 647'Eg2M‘2,V |:tu(3)yul 2 /56(2):| |:ﬂ(4)yﬂ%€(l):|
6 6

XAXB

t+x2)(t+x5) (1 + 1)(1+ &)

t+4512yﬁ}] (2.25)

(ViaVi) (Vi Vi) /O " ar { :
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4 6 6
_ 8 N _ Wl = “/s X
Tus =~ g O3] [ e 3D (Vi) Vi)

A=1 B=1
00 2
XAXp t
/ dt
0

(1)t +x5) (e +€)° 4

where (3) = i(ps, s3), 1(4) = [i(ps,s4), e(1) = e(p1,s1) and e(2) = e(p,, s2) are

the spinors of the muons and electrons and x4 = %, A =1,...,6. Note that in
w

obtaining these results, we already applied properties (2.21) and (2.22) to eliminate
various self-canceling terms. As such, the integrals in (2.24)—(2.26) are finite even in
the ¢ — oo limit. See Appendix B for detailed calculations of T-matrix elements.

In order to discuss the & dependence in a manifest way, we rewrite these T-
matrix elements as

00 1
1/0 dt.A(xA,xB,l‘)~ (h(f) 'W—Zg() t+f+f( ))

/ dt.A XA,XB, /’l + g(t) . L) (227)
0

( t+£
0 1
2 /0 dl‘.A xA,xB, ( h(t t+é —l—g(t) m)

(2.26)

6

M-

Tal
A

B

-
M-

S
Il

S
I

[=))

g
I
M@

b
Il
S

6 6 oo
Tu = / dtA(xp,xp,1) - | h(t
Ry gy
where
Alsosnnt) == =511, =) [ S50 (Vv (v
64n2M?%, ) 2 e HE T eB
XAXB
A 2.28
([+XA)(t—|—XB) ( )
with
2 4L 14242
h(f) = —, f)=—2and f(1) = —*2 2.29
(=% &0 = ad ) === (2:29)
Note that the n 1§)2 terms from the second and third graphs totally cancel against
the ones from the first and fourth graphs, while the z+_f terms from the second and

third graphs exactly cancel the one from the first graph. All ¢ dependent contri-
butions thus vanish and the only remaining piece is the term containing f(f)
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from the first graph, which is & independent. Hence, we have the gauge invariant
T-matrix element for graphs of type (a)

g gM 155 e

. >0 1+2t4+5
ZZ V,UAVeA ,uBVeB)xAxB' dt
0

~{ 41 (t+xa) (t+xp) (1+1)°
_G%M%V _

8
6 6
ISUAAEENESY (vﬂAV:A><VMBV:B>T<xA,xB>] (2.30)

Here, we have introduced the Fermi scale

Gr g
— = 2.31
= (2.31)
along with the Inami—Lim (Inami and Lim 1981) function
x> — 11x% + 4x 33
S(xa) = 5 — 5 In(x) (2.32)
4(1 —x) 2(1 —x)
We have also defined
J -J
T(xa,xp) = XaXp (M) = T(xp,xa) (2.33)
XA — XB
with
2 8x+4 31
Sy =X (2.34)

wi—o MY Ta—y

In a similar manner, the graph (c) in Fig. 2.1 represents the four graphs in
Fig. 2.3.
The T-matrix elements of these four graphs are

o0 1 1 ~
/0 dtB(xA,xB,t) <t' t+ é) -2 t+é+f(xA7xBut)>

oo

dIB XA,XB,

TCl

M-

S
I

.
[\

[
(]~

S

1
( t+f t+é> (235)
ocdtB xA,xB, < t+§ t—|1—§>

5
I
(1=

S—

b
Il

o0

bS
[l
& o] >+
- I T T

>
0
t
I
S—

N
I
(]~

dlB .XA,)CB,
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Fig. 2.3 Feynman graphs of M P 2 H
type (¢) in R: gauge, which
are presented as one single Va va
graph (a) in Fig. 2.1
I
I
w w w L9
l
VB VB
e e e e
(cl) (c2)
H HoH H
\L/
] ] I
] ] I
¢, w ¢, L@
] ] |
] ] I
/ VB \
e e e e
(c3) (c4)
where
Bonan.1) =5 ) 22| [, 5 25| Vi 20
(X, X8, —m 1(3)y Te )| |1 Yu B € A eB
ny - mMp XAXB
: : 2.36
2 (t+xA)(t+xB) ( )
and
4t
~ +14+2
Xa,Xp, 1) =28 2.37
f(xa, xp,1) = (1317 (2.37)

In a similar fashion to the case for the graphs of type (a), all the £ dependent
terms again cancel against each other leaving only the ¢ independent f (xa,xp,1)

term. Thus the type (c) T-matrix element is gauge invariant and is given by
2 102

GirMy
8n2

6 6
[1(3)y"(1 = 7s)e(2)] [1(4)y, (1 — 75)e Z ZZ(V
\/m. oo dr 4t + xaxp(t + 2) (2.38)
2 (t +x4)(t 4 x) (1 + 1)° '

TC ==
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If x4 = xp, the relevant integral is

\/XAXB ) /DO dt 4t + XAXB(I + 2)
2 o (t4xa)(t+xp)(t+1)*
—4 3 _3x2 4+ 4x, + 4

_a b (o 3G b, (2.39)
(xa — 1) 2(xq — 1)

while for x4 # xp, it takes the form

I(XA) =

/- *© 4¢ t+2
K(xa,xp) = *aXp / dt +xaxp(t +2) 5
2 Jo (tHxa)(t+xp)(r+1)
—L
_ ML(XAJCB) (xB,%4) (2.40)
XA — XB
with
4 —xpxp  x4(2xp — xpxp — 4)
L(xa,xp) = In x, 2.41
( 4 B) 2()(,4 - 1) 2(.XA — 1)2 4 ( )
The T-matrix element of graph (c) is thus secured as
G2MZ, _
T =—g 3 11(3)7"(1 = 75)e@)][1(4)7,(1 = y5)e(1)]
6 6
D VaVa I + Y (V) (Vi) K(aexe) | (242)

A=1 AB=1:A#B

2.3 The Effective Lagrangian

Combining the various contributions, the T-matrix element can be reproduced
using the gauge invariant effective Lagrangian given by:

G,
Lt = \}%M

[y (1 — 7s)e] [ﬂ”m(l - “/5)6] (2.43)

where

O _ _GiMG |5~ > 70,
— = Va Vi )" S(xa) + (Vu Ve v XA, X

162 HA eA A HA eA #B eB AsAB
V2 l6n A=1 AB=1:A#B

6
Z ViaViy)1(xa) Z Vi) K (x4, x5)
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G2M2 6
= e ; ViaVia)2(S(xa) = 1(xa))
§ 2 2
+ 0> ( ViaVea) (Vs Vep) T (xa, xp) — (Vi)™ (Vep) K(XA»XB))l
AB=TA£B

(2.44)

2.4 Limit on M

Muonium (antimuonium) is a nonrelativistic Coulombic bound state of an electron
and an anti-muon (positron and muon). The nontrivial mixing between the
muonium (]M)) and antimuonium (|M)) states is encapsulated in the effective
Lagrangian of Eq. (2.43) and leads to the mass diagonal states given by the linear
combinations (see Appendix C for detailed derivation)

M) = ;[(1 +e)[M) £ (1 - ¢)|M)] (2.45)
2(1+ [
where
o — ¥ M = v My (2.46)
Mg + v/ Migm
MM* _ <M — fd3r£eff|M> MMM _ <1\_/[| — derLCff|M> (247)

(M|M)(M|M) (M|M)(M|M)

Since the neutrino sector is expected to be CP violating, these will be inde-
pendent, complex matrix elements. If the neutrino sector conserves CP, with |M)
and |[M) CP conjugate states, then M,;;; = My, and € = 0. In general, the
magnitude of the mass splitting between the two mass eigenstates is

AM| = 2‘Re\/MMMMMM‘ (2.48)

Since muonium and antimuonium are linear combinations of the mass diagonal
states, an initially prepared muonium or antimuonium state will undergo oscilla-
tions into one another as a function of time. The muonium—antimuonium oscil-
lation timescale, Tz, iS given by

1

= |AM]|. (2.49)
Tim
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We would like to evaluate |AM]| in the nonrelativistic limit. A nonrelativistic
reduction of the effective Lagrangian of Eq. (2.43) produces a local, complex
effective potential

G,
Verr (r) = 8%53 (r) (2.50)
Taking the muonium (antimuonium) to be in their respective Coulombic ground
states, ¢00(T) = ————e "/%m_ where ay,, = s is the muonium Bohr radius
TEaMM Tex
with Mg = % ~ m, the reduced mass of muonium, it follows that
—227@5100( r)[ReVer (r)|f(r) 10
Tum
|ReG ] »  16|ReGyyl
=162 d1p0(0)]" = —— 25— (2.51)
V2 V2 oay,
Thus, we secure an oscillation timescale
1 16|ReG
| € MM| 30(3 (252)

T V2

The present experimental limit (Willmann et al. 1999) on the non-observation
of muonium—antimuonium oscillation translates into the bound |ReGj,,| <3.0 x
1073GF where Gp ~ 1.16 x 1075 GeV 2 is the Fermi scale. This limit can then be
used to construct a crude lower bound on My. For the case when the neutrino
masses arise from a see-saw mechanism and taking mp, to be of order My, the Mg
dependence of Gy, is obtained from Eq. (2.44) as:

G2M;
Casel: |ReGyy|~—L W1 A=1,23 B=1,2,3
R W
GiMy, M,
Case2: |ReGyy|~—L-Win—L A=456B=4,56 (2.53)
M2 My
GIMS, M
Case3: [ReGyyl~—t-YInTr A=123, B=4,56
R MW

Cases 1 and 2 give the same order My dependence, while case 3 is suppressed

G2M . .
by an additional factor of Hence, the term %ln%—"; gives the dominant
R

MZ
contribution. We then roughly calculate a bound of Mg as

GAMY, My \
N2k 230 % 103G 2.54
M My = F (2.54)

which has also been obtained in reference (Cvetic et al. 2005). Using
w =~ 80.4 GeV and G = 1.166 x 107> GeV 2, we finally secure

Mg >6 x 10° GeV (2.55)
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Note that this is just a rough estimate, since we are retaining only the dependence
on My while neglecting all numerical dependence on the mixing angles and CP
violating phases in V4.
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Chapter 3
Supersymmetry and the Minimal
Supersymmetric Standard Model

3.1 Why Supersymmetry?

1. One reason that physicists explore supersymmetry (SUSY) is because it offers
an extension to the more familiar space—time symmetries of quantum field
theory. These symmetries are grouped into the Poincaré group and internal
symmetries. The Coleman—Mandula theorem (Coleman and Mandula 1967)
showed that under certain assumptions, the symmetries of the S-matrix must be
a direct product of the Poincaré group with a compact internal symmetry group
or, if there is no mass gap, the conformal group with a compact internal
symmetry group. In 1975, the Haag—Lopuszanski—Sohnius theorem (Haag et al.
1975) showed that considering symmetry generators that satisfy anticommu-
tation relations allows for such nontrivial extensions of space—time symmetry.
This extension of the Coleman—Mandula theorem prompted some physicists to
study this wider class of theories.

2. One of the main motivations for SUSY comes from the quadratically divergent
contributions to the Higgs mass squared. The quantum mechanical interactions
of the Higgs boson causes a large renormalization of the Higgs mass and, unless
there is an accidental cancelation or fine tuning, the natural size of the Higgs
mass is the highest scale possible. However, taking all precision measurements
together in a global fit, the current experiment infers that the Standard Model
Higgs boson mass must be lighter than around 200 GeV (95% c.1.) (2006). This
problem is known as the hierarchy problem (Weinberg 1976; Gildener 1976;
Susskind 1979; t Hooft 1979). Consider a massive fermion loop correction to
the propagator for the Higgs field, as shown in Fig. 3.1. If the Higgs field
couples to a Dirac fermion f with a term in the Lagrangian —A,Hff, the leading
correction is then given by

B. Liu, Muonium—Antimuonium Oscillations in an Extended Minimal 19
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Fig. 3.1 Fermion loop f
contribution to the self-
energy of the Higgs boson

/I 2
Amy; = _%[A%}v —2m} In(Agy /my) + - -] (3.1)

Here, Ayy is an ultraviolet momentum cutoff used to regulate the loop integral.
If the cutoff, Ayy, is replaced by the Planck mass, Mpjanck, the resulting cor-
rection would be some thirty degrees of magnitude larger than the experimental
bound on the Higgs. Supersymmetry provides automatic cancelations between
fermionic and bosonic Higgs interactions. For example, consider a scalar field

S, which couples to Higgs with a Lagrangian term —/Ag|H|*|S|*. Then the Fe-
ynman graph in Fig. 3.2 gives a correction

ALy — 2maIn(Agy /mg) + -] (3.2)

If each of the quarks and leptons of the Standard Model is accompanied by two

complex scalars with g = |)tf\2, then the Ayy contributions of Figs. 3.1, 3.2
will cancel. Supersymmetry relates the fermion and boson couplings in just this
manner. Each Standard Model field gets a super partner with couplings to
insure the cancelations.

3. Another motivation for supersymmetry existing at the weak scale is gauge
coupling unification. The renormalization group evolution of the three gauge
coupling constants of the Standard Model is sensitive to the particle content of
the theory. These coupling constants do not quite meet together at a common
energy scale if we run the renormalization group using the Standard Model.
Supersymmetry actually allows for the unification of three other forces, strong,
weak and electromagnetic as shown in Fig. 3.3 (Martin 1997).

4. The most general superpotential of MSSM contains terms where the baryon and
the lepton numbers are violated. To present this, a new discrete symmetry,
called R-parity can be introduced. It is a multiplicative quantum number where
all the particles of the Standard Model have positive R-parity, while their
superpartners have negative R-parity and the quantum number is given by

R— (_1)3(B—L)+25 (33)

for a particle with spin s and baryon and lepton number B and L. This would lead
to a useful phenomenological result. The lightest s particle, called the LSP, must
be absolutely stable. If it is electrically neutral, the LSP is an excellent candidate
for dark matter (for a review, see Jungman et al. 1996).
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Fig. 3.2 Scalar loop S
contribution to the self- TN
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3.2 Minimal Supersymmetric Standard Model

The Minimal Supersymmetric Standard Model (MSSM) is the supersymmetric
extension of the Standard Model with a minimal particle content (Martin 1997).
For each particle, there is a superpartner with the same internal quantum numbers,
but with spin that differs by half a unit.

All of the SM fermions have the property that the left-handed and right-handed
components transform differently under the gauge groups. Only chiral multiplets
can contain fermions in which left-handed components transform differently from
their right-handed partners under a gauge group. Therefore in the MSSM, each of
the fundamental particles must be in either a gauge or a chiral supermultiplet. The
spin-0 superpartners of the SM fermions are appended with an s; for example, the
electron superpartner is named selectron. Additionally, the superpartners are
denoted with a “tilde”; for example, the left-handed selectron is written e;. Note
that the subscript on the selectron refers to the handedness of the SM partner of the
selectron since the selectrons are spin-0. The left-handed and right-handed com-
ponents of the fermions are separate two-component Weyl fermions with different
gauge transformations. Therefore, they must have separate complex scalar partners.
The gauge interactions of the scalar partners are the same as the corresponding SM
fermion.

The Higgs boson must reside in a chiral multiplet since it is spin-0. Actually, it
turns out that we need two multiplets. This can be simply understood from the fact
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that the superpotential is holomorphic, so the Higgs multiplet giving mass to the
up-type quarks could not give mass to the down-type quarks. So to have masses for
all the quarks, we need to have at least two Higgs fields, one with ¥ = % and the
other with ¥ = — % Another reason for needing two multiplets is that, if we just
had one, then the electroweak gauge symmetry would suffer a triangle gauge
anamoly. This lists all the chiral supermultiplets needed for MSSM and are
summarized in Table 3.1.

The vector bosons of the SM reside in gauge supermultiplets. Their fermionic
superpartners are refered to as gauginos. The color interaction of QCD is mediated
via gluons, and their superpartners are called gluinos. As before, a tilde is used to
denote the superpartner. Table 3.2 summarizes the gauge supermultiplets of
MSSM.

In Tables 3.1, 3.2, the dotted and undotted indices, ¢, &, indicate two-compo-
nent Weyl spinor fields. In the subsequent analysis, we will recast all the spin %
fields as four-component Dirac spinor fields, which will be represented using the
same symbols, but without the dotted and undotted “«”s. For example, v, is the

Weyl representation of the left-handed neutrino field, while v, = (‘;L;‘) is the
L

Dirac field.
Based on SU(3) x SU(2) x U(1) symmetry and supersymmetry and R-parity,
we could construct the renormalizable Lagrangian of the MSSM as:
I = Iyy + Ikin + Ivatter + IBreu.king; (34)
where
Igin = / dx*d0*d0* [Qe?"eQ + Uce >V TU* + D°e *""D° + Le*V'L + E‘e V¥ E*

+ Hpe*""s Hy + Hye >V HY| (3.5)

Table 3.1 Chiral supermultiplets of the MSSM

Name Spin 0 Spin} SU3)q,SU(2),,U(1)y
squarks 0 (it dy) (ury dry) (372%)
and quarks U 7 I (3G,1,-3
(x3 families) D¢ d, di (31,9
sleptons, L (v er) (vio era) (1,2,— %)
leptons
(x3 families) E° & & (1,1,1)
higgsinos

Hp (h hg) (h3y ) (1,2,- 1)
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Table 3.2 Gauge supermultiplets in the MSSM

Names Spin 4 Spin 1 SU3)¢,SUQ2),, U(1)y
Gluino, gluon e gu (8,1,0)
Winos, W bosons Wj WS Wﬂi Wﬁ (1, 3,0)
Bino, B boson B, B, (1,1,0)

Iater = / dx*do? {—mHTaHg + g1 Efea Lt HY + g5 Diew 0 HY
+ gl USHS, 0 + H.C.] (3.6)
All the above equations are expressed in superfields. Q, U, D, L, E°, Hy, Hg are

all chiral superfields and Q, U, D, L, E, Hy, Hp are anti-chiral superfields. Chiral
superfields and anti-chiral superfields have component structures as follows:

E = " P03 (x) + V26%ey (x) + 0*F(x)] (3.7)
B = ™70 (x) + V2075 (x) + 07 Fpe(x)] (3.8)
E = ¢ 703" (x) + v/20,8" (x) + 0P F ()] (3.9)

EC = e 07" 0l (x) 4 V20,6 (x) + 07 F (x)] (3.10)
In Eq. (3.5)
a1
p) a1
VQ:g3GI-E+g2WA-7+6g1Y (3.11)
;A2
VU:g3G ~E+§g1Y (312)
Ao
VD:g3G1~5—§g1Y (3.13)
a1
VL:ngA-T—Ele (3.14)
VE = — 81y (315)
a1
Vi, = oW S 38 (3.16)
A 1
Vi, = W -7—5&1/ (3.17)
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where G/, WA and Y are vector superfields. In Wess—Zumino gauge, they have the
component structure:

G = 000G}, + 10007, — {0007, + 3 00000, (3.18)

As mentioned earlier, if supersymmetry were an exact symmetry, particles and
their SUSY partners would be degenerate in mass and we would have been able to
observe the selectrons, photinos and gluinos by now. Since we have not able to do
so, we know that SUSY is a broken symmetry. From a theoretical perspective, the
symmetry must be spontaneously broken (SB), analogous to the electroweak
symmetry in the SM. Many models of spontaneous symmetry breaking have
indeed been proposed. These always involve extending the MSSM to include new
particles and interactions at very high mass scales, and there is no consensus on
exactly how this should be done. However, from a practical point of view, it is
extremely useful to simply parameterize our ignorance of these issues by just
introducing extra terms that softly break the supersymmetry explicitly in the
effective MSSM Lagrangian. In doing so, one finds the breaking terms:

—

IBreaking - — 5 (M3§ + MQWW =+ M]EB —+ C.C.)

— (ﬁRauQHu — dragsOHy — éga,LH; + c.c)
- QTmZQQ — Z,Tmii, — lem%j(.ﬁ,*-‘, - ;ZRszL_gl; — éRmé(.E;

— myp, HyH, — my HyHy — (bH,Hy + c.c.). (3.19)
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Chapter 4
The Muonium-Antimuonium QOscillation

in the Extended Minimal Supersymmetric
Standard Model

4.1 The Extended Minimal Supersymmetric Standard Model

In order to implement the see—saw mechanism (Minkowski 1977; Yanagida 1979;
Gell-Mann et al. 1979; Glashow 1980; Mohapatra and Senjanovic 1980) for
neutrino masses, we consider an extension of the MSSM, where one adds three
additional gauge singlet chiral superfields Ni (i = e, 1, T denotes the generation),
whose 0-component is a right-handed neutrino field,

NP = Ti(y) + V20" vk (), + 070,Fy: (»), (4.1)

1

where _.
yW=xt4 iO“a’;dO“. (4.2)

These SU(3) x SU(2), x U(1) singlet superfields are coupled to other MSSM

superfields via the superpotential. We employ the most general R-parity con-
serving renormalizable superpotential so that the superpotential is

. S T
W = —peaHAHS + Jieay ESLYHY + Xy HALPNS + EM}N;N;, (4.3)

while the relevant soft supersymmetry breaking terms are

LISV = — (b )? (W, Vi + L i) — (ml)*Uilin — (miy) Vi Vir

o S S (4.4)

— ()v;A,‘thiLv:FR + M;QB,‘V,‘RV,‘R + iicithiLé;(R + HC)

The interaction terms that contribute to the muonium-antimuonium oscillation

and the electron and muon anomalous magnetic moments can be extracted from

the Lagrangian of this extended Minimal Supersymmetric Standard Model
(EMSSM) as

w 82 —u7 _
Ling = *%(W “liry,vie + W+”ViLVu€iL)7 (4.5)
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LV = —ig (ZIL W™V — T’:ngiL>7 (4.6)

Ll = %(&L WOy — Z}lﬁ&ld), (4.7)

Eﬁt = %(&LB&L - @(LE&L> + \/Egli(ZiRBZiR - ?RE&R)’ (4.8)

= ol v+ T ) + (B Y+ Ty ), (49)
£l = (G Bt Gy ) = (GBSl + T T ). (410

In the above equations, all the spin % fields are Dirac spinor fields. In particular,
note that the field 7 has the Weyl field decomposition

hz Z 4.11
B = Ea : (4.11)

The parameters Vp and V; are the vacuum expectation values of the two Higgs
fields: (h%) = Vp and (h)) = V7. These VEVs are related to the known mass of the
W boson and the electroweak gauge couplings as
2M;;
Va+Vi=V2 ="~ (174GeV)’, (4.12)
&

while the ratio of the VEVs is traditionally written as

Vr
tan f = — 4.13
b= (4.13)
In the above, mi, = A;Vr are the Dirac mass parameters of neutrinos and m; are the
lepton masses. Since the masses of electron and muon are small, the terms which
have couplings proportional to m;/Vp in interactions (4.9) and (4.10) are severely
suppressed and will be ignored in the subsequent analysis.

4.2 Neutrino and Sneutrino Mass Eigenstates in the EMSSM

The neutrino mass term can be extracted from the superpotential terms
JeaHELINS and IMENSNS in Eq. 4.3 as

T 0 mb Vip
ViL) ViR) <sz M;e) ((ViR)C) + H.C. (4.14)

L= (0

mass 2
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Note that the upper left element in the neutrino mass matrix is zero. This element
involves only left-handed neutrinos and in our EMSSM its generation requires a
nonrenormalizable superpotential term. Consequently, we ignore this term. For
every generation, the two mass eigenvalues, m)’, are obtained from the diago-
nalization of the 2 x 2 matrix

. 0 m
Vi : D
M = ( i fe) (4.15)
Since M"i is symmetric, it can be diagonalized by a single unitary 2 x 2 matrix, V7,

as

My, = VMV (4.16)

This diagonalization is implemented via the basis change as following

((VVRL)> N Vi((vi-?)“)’ <(VVLR)> = V"*<(Vv"i‘2)c). (4.17)

The neutrino mass term then takes the form

1 2 § . 2
Lis = —5 D [vfacm n WCV,-T(I} = =3 mivava, (4.18)
a=1 a=1

where m) are the Majorana neutrino masses.

Since a nonzero Majorana mass parameter M}, does not require SU(2), x U(1)
symmetry breaking, it is naturally much bigger than the Dirac mass parameter m},
whose nontrivial value does require SU(2), x U(1) symmetry breaking. So doing,
one finds on diagonalization of the 2 X 2 neutrino mass matrix that the two
eigenvalues are crudely given by

i \2
()

1 M;g

<my, my ~Mk. (4.19)

This constitutes the so called see—saw mechanism (Minkowski 1977; Yanagida
1979; Gell-Mann et al. 1979; Glashow 1980; Mohapatra and Senjanovic 1980) and
provides a natural explanation of the smallness of the three light neutrino masses.

Moreover, the elements of the mixing matrix are characterized by an m!/Mk
dependence. We expand V' in power series of the matrix parameter ¢; = ZTTL;, with
the constraint &; < 1. The form of V' to first order in &; can be estimated to be

Vi= (—15,- 51) (4.20)

The sneutrino masses are obtained by diagonalizing a 4 x 4 squared mass
matrix. Here, it is convenient to define v;; = %(%‘Ll + Vi) and Vg = \/LZ(‘{);‘RI +
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iVig2). Then, the sneutrino-squared mass matrix separates into CP-even and CP-
odd blocks (Yuval and Howard 1997),

Vi ,1 i i 2 ‘1511
‘Cmass - E(d)l ¢2)MG,- ((#2)

1 i i M%x 0 d)i
:§<d)1 ¢2)< 0+ M%I._> ((]’);)7 (421)

where qS; = (Vi  Virg) and Mf . consist of the following 2 x 2 blocks:
i\2 i\2 i i
ML — (mz) + %m% cos2f + (’?10) A mip (A - ucot ﬁAi Mp) A
i miy(A; — peot BEME) (M) + (m)? + (mi)* £ 2B,M, |’
(4.22)

with A; and B; are SUSY breaking parameters (cf. Eq. 4.4). Since the sneutrino
mass matrix ./\/l‘2 is real and symmetric, it can be diagonalized by a real orthogonal
4 x 4 matrix, U, as

M%,-diag = UiTM%,» Ui? (423)

i (U0
U(O Ui)' (4.24)

This diagonalization is implemented via the basis change on qbil and qbé

where U’ is in a form as

) ViL1 Vil
; - -
v A v
d)ll _ ~1R1 — Ui ~12 , (425)
5 ViL2 Vi3
Vir2 Vi4

where V;, are all real. Then the sneutrino mass term takes the form
_ 134
E:}"laSS = _5 Z m;’V[aV[a, (426)
a=1

where m; are the sneutrino mass eigenvalues.
In the following derivation we assume that Mk is the largest mass parameter.
Then, to the first order in 1/Mi, the two light mass eigenvalues are roughly

2(mjy)*(Ai — pcot f — By)
M, ’

(m%)?*(A; — pcot f — B))
M ’

; 1
m? ~ (mh)* + Emé cos2f —

Vil L

(4.27)

, 1 2
m;. ~ (m’L)2 + Emé cos2f +
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while the two heavy mass eigenvalues are

m? ~ (M%)* — 2B;Mi,. .

Via
To avoid excessive complication in our calculations, we expand U’ in powers of

the matrix parameter &; = % The form of U to first order of &; is
R

&
Ui<Ui O) <f: 1)

. 4.2
0o U () 429)
0
G 1
For every generation, the slepton mass term is given by
[ R (g
Efnd%s - (KTL ETR) i’R 2 f?‘R 2 ZLL ’ (430)
( i (m/ ) iR
where |
(mEh)? = (m})? + m cos 28 (sin2 Ow — 5) , (4.31)
(mé{R)z = /li/,tVT + )\,iCiVB, (432)
(m;fR)2 = (m}‘,)2 — m cos 2 sin” Oyy. (4.33)

Since /;Vg = m;, the off diagonal matrix element, (m/éR)2

(m gR)Z m;(utan f + C;). (4.34)

, can be written as

Because the masses of electron and muon are very small compared with the
sparticle mass scale, we ignore these off diagonal terms and consider ZiL and giR as
mass eigenstates.

Inserting the transformation (4.17) and (4.25) in the interaction terms (4.5-4.9)
yields the explicit interactions in their mass basis:

2
Ly = —%Z(W‘“&wwiavm + WV ), (4.35)
a=1
v _ ig22l7~7,-~ g24£—~,i~ HC 436
int __EZ W U]avia"'ﬁz a W Uz, vig + H.C., (4.36)
a=1 a=3

/0 821
L = \;E(szoz,L—z Wo z,L) (4.37)
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Lf;t = f/lé(thBglL Z;LE&'L> + \/igll(ZiR Bl — Z?R E&'R), (4.38)
I mi 2 ~ imh & ~
L = 0N Gy Ul g+ —=2-N by Ui + HC. (4.39)
' \/EVT ,12:1: B2 \/EVT az:; B

4.3 The Muonium-Antimuonium Oscillation in the EMSSM

The lowest order Feynman diagrams accounting for muonium and antimuonium
mixing are displayed in Fig. 4.1. Graphs (a) and (b) are the non-SUSY contri-
butions, which are mediated by Majorana neutrinos and W boson. The other
graphs all involve SUSY partners. Graphs (c) and (d) are mediated by sneutrinos
and wino, while graph (e) and (f) are mediated by sneutrinos and higgsino.

The T-matrix elements of graphs (a) and (b) are

4
Ta =T = 5y B (1= 19N, (1 = 75)e(1)]
S VPV K ). (4.40)
a=1 b=1

where [i(3) = [i(ps, s3), 1(4) = u(ps,s4),e(l) = e(p1,s1) and e(2) = e(ps, s,) are

2
the spinors of the muons and electrons and x,, 1;;‘5“, = 1,2. The function

K(xy,,,x,,) takes the form

(xa,xp) — L(xB,xa)

K(xa,xp) = \/xaxp ) (4.41)
XA — XB
with 4 e 5
— XAXB XaleXp — XpaXp —
L(xs,xp) = Inx,. 4.42
(x4, ) (x4 —1) (xA—1)2 A ( )
The T-matrix elements of graphs (c) and (d) are
&
= = u pH — 1 17 N
T.=T, = —m[uﬁ)/‘ (1 =75)e(2)][1r(4)7,(1 = 75)e(1)]
2 2 5 2 4
X ZZ(U”) (Ufb) (Vs Vi) ZZ Ula U%b 1(¥5,5 Y5
a=1 b=1 a= =3
4 2 4 4
DN IUSITATLIRED 9 SIS ERER)!
a=3 b=1 a=3 b=3

(4.43)
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Fig. 4.1 Feynman graphs H H
contributing to the muonium—
antimuonium mixing

e e
(a) (b)
H H M H
Vua
W~ w-
Veh
e e e
(c) (d)
H HoH H
e
where
m?
Vi =~ (4.44)
wa

I(x1,x,) = M, (4.45)

X1 — X2
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with
2Inx—x+ 1
oy == x AL (4.46)
(x=1)

Finally, the T-matrix elements of graphs (e) and (f) are

(mfy)*(mg)* _
Te=Tp = —5— =75 5 A3)Y" (1 = 75)e(2)][1(4)7, (1 = y5)e(1
! 1024v;nzM}%7[u( )7 (1 = 75)e(2)][1(4)7,(1 = v5)e(1)]
2 2 ) , s 4 2 2
" <ZZ(U§(1) (Usb) I(ZT’,maZ\eb) _ZZ(UZ:) (Uib) I(Z\ﬂﬂ?Z\(b)
a=1 b=1 a=1 b=3
4 2 ) . . 4 2 2
_ZZ(UZLL’) (Ugb) I(Z;’ﬂa’z;’eb) + ZZ(U!;L;) (Ujb) I(Zi‘,maz;’gb)>a
a=3 b=1 a=3 b=3
(4.47)
where i
M5,
B = (4.48)
=

4.4 The Effective Lagrangian

Combining all the T-matrix elements, we secure an effective Lagrangian which
can be cast as:

Ginm - _
[’eff = \7;[”?#(1 - Vs)e} [#Vﬂ(l - ’})S)e]a (449)
where
GMM — g% . ii(vﬂ )Z(Ve*)ZK(x X )
\/E 1024752M‘2/V e i la 16 Vya? **Veb
g4 2 2
2 1 e
BT s U U 5 Vi
204871'2M€~V, ;;( ) ( 1b) 13,05 Y3s)
2 4 4 2
ZZ Ugh) y‘ua’y‘el) ZZ Uga Ufb y\;mvyf'eh)'

a=1 a=3 b=1

b=3
4 2 2
(mp)”(mp)

+ZZ Us,) U%b) (Yﬁ,maym)) *W

hy

a
S
I

o
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(

2 2 4
) 2 (U 3
E U2a (U3 2b 1(zy Var SV, en) E E U2a (Usp) (Z yia s Lep )

1 b=1 a=1 b=3

2 4 4
/" E E /" .
U4u 2b Zvua ’ ZVL[? + U4u 4b (Zvua ) Zveb) N
=3

MM

S
Il

M»

=1 a=

&
Il
w

(4.50)

4.5 Estimate of the Effective Coupling Constant

The present experimental limit (Willmann 1999) on the non-observation of
muonium—antimuonium oscillation translates into the bound

|ReGyn| <3.0 x 103Gy, (4.51)

where Gp ~ 1.16 x 1075GeV 2 is the Fermi scale. This limit can then be used to
construct some constraints on the parameters of this model.

For simplicity, we set the neutrino Dirac masses m¢,, m}, and the right-handed
neutrino masses Mg, M to some common mass scales mp and Mg respectively.
The light neutrino mass scale m, is of order m}, /Mg, while the heavy neutrino
mass scale is of order M.

Using these assumptions and taking into account the mixing matrices approx-
imations Eq. 4.20 and 4.29, we can simplify the effective coupling constant (4.50)
to a more manageable approximated form. The contribution from graphs (a) and

(b) in Gy, is 1024872% 22 (VI (VED - K (%, Xy,)- With the Timits of

my 1, my, NO(:‘"T%) and m, ., mys~O(Mg), the contribution (VI (ve)?

K(xy,,,Xy,,) can be approximated as

(V{ll)z(vff)zK(me 7xv01) MZAD/IZ ln (MRA;W) 9
(vt )Z(VE*)ZK(x Xy,)s  (VE )Z(Ve*) K(xy,,x,,)~ _mh ln(MRMW) (4.52)
11 12 Va1 ) MVer )5 12 11 Vi Mea M4M4 mD , .
K2 (y7ex\2 mt Iy
(Vi) (Vi3) K (x5 232 NM,%AL}%V In (Vx)

Taking My as the largest mass parameter, the first term and the third term are
comparable, while the second one is suppressed by a factor mf},/(MzM3,).
Therefore, the contribution from graphs (a) and (b) is roughly

2 2 ggm4D MR
(VK (5 20,) m 2200 n TR (453
1024”21‘42 2; ) K o) ~ g, a4
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The second term in Eq. 4.50 is the contribution of graph (c) and (d), in which the
function I(ys,,, ys,,) is a decreasing function of y;  and yjy,. It will be small for
heavy sneutrinos. To see this, we employ the approximations (4.29)

Uilp Ufh U§‘3, U§3~(9(1),

) . . mp (4.54)
Up, U, Uy, Uy~ O(E) J
so that the terms involving heavy sneutrinos will get an extra suppression from the
mixing matrix. Therefore, the contribution of graph (c) and (d) is dominated by the
term that only includes the light sneutrinos so that

& 2 2 2 4
(UL (US,) UL (US )
2 2 Z lb ywyve;, ZZ 3b yvayxg;,
2048” Mg, <a—l b=1 a=1 b=3
4 2 4 4
=)D (URUR G via) + D Y (UL (U5 T3, 0)
a=3 b=1 a=3 b=3

82

~ _W' (I(yc';myi’el) _I(yi’;myﬂs) - I(yf’,lwyf'u) +I(y§',13’y9e3))'
W-

(4.55)

Employing the squared-mass difference between the two light sneutrinos in
Eq. 4.27, the above expression can be approximated as

4
82
—7'1“,V_Iﬁ77—1§7;, I~7~
204872022, T35 ¥50) = 15,0, ¥5) = 150, ¥50) + 15,0, ¥5,))
4
1 o 0
~ soaeanr Va7 Yis) i — Y —I(y; ., V5
20487T2M%/7 (y ul y ;L,)(y el y 4’3)6))“‘1 ay‘e] (y ul y él)
4 Am2 Am?2 8 0
8 V4 7,
; : I(yﬂu y Vil )7 (456)

20487°M7, M, MG, Oy, Oy,
where the squared-mass differences are

4(ml)* (A, — ucot f — B,)

Am? =

Vu , Mﬁ ) (457)
Am? = 4(mf)"(Ae — pcot f — B,)
Ve M; )

Assuming A, = A, = A and B, = B, = B, the squared-mass differences of light
muon sneutrinos and light electron sneutrinos are

4m3(A — ucotf — B)

e (4.58)

Am% = Am% = Am% =
u .
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so that Eq. 4.56 then simplifies to

g‘z* Am%ﬂ Am%c o 0 I )
: . : yi’ﬂ] 7y§£
204872 M2, Agﬁv M2, By, Oy, !
)
g(Am3)” 0 0
: L(Y5,05 Vi1 )- (4.59)

204872M$, ys,, Oy,

The contribution from graph (e) and (f) is not dominated by the terms involving
only light sneutrinos even though /(z;,,, zs,,) is a decreasing function of z;,, and
Z,,, because these terms get suppressed by the mixing matrix. The terms including
only light sneutrinos V,i, V.3, Vei, Ve3 roughly gives

U 2 e 2 u 2 (4 2
(U21) (U21) I(Zﬂmziel) - (U21) (U43) I(anzm)
2 e 2 2 e 2
- (UAI:B) (UZI) I(Z%MZM) + (U£3) (U43) I(Zi’uwzf’ez)
mb Am: Ami o3 9

N O(iﬁ) (4.60)

while the terms including one light and one heavy sneutrino are roughly

2 e \2 2 e \2
(Ugl) (U22> I(Z;"d’Z;’ez) - (U&) (U44) I(ZV’;(HZV’M)

— (U (U5) 1 (25,0 230) + (U3 (Ui 1z, 20,0)
+ (U2 (U3 1(z5,0,23,) = (UR)* (US3) 1z, 73,5
(Uﬁ/1l4) (U§1) (anzm) + (Uf4) (Uj%)zl(z ,147Z\’¢3)

2AM; - AmE M m, 2AM2 Am?  M;. 4
(i) = () ()~ ()

NO(MLIg), B (4.61)

where AM} and AM} are the heavy sneutrino squared-mass differences
AM; = 4B .M, and AM; = 4B,Mp. (4.62)
Under our approximations,

AM; = AM; = AM; = 4BMj. (4.63)



36 4 The Muonium-Antimuonium Oscillation

The terms including two heavy sneutrinos are roughly

(U2 (U52) (23,0, 75.0) — (U5)*(Usy) 13,0, 20,0)
— (U (US) 123, 25,) + (Ut (U)*1 (23,0 20,0
R
M 3MS

(AM2)2M2
3M§

~ O(A/;) (4.64)

Comparing the My dependences of Egs. 4.60, 4.61 and 4.64, we see that the
dominant term is the one involving two heavy sneutrinos. Thus the contribution
from graph (e) and (f) can be approximated as

2

(’n'u )z(me )2 2 t\2/77e ! e
_2041§v%n2§4' | DD (U (Us) T @3 z) = D Y _(US) (U5) 1 (23,25,)
hg a=1 b=1 a=1 b=3

2

4 4
2 e 2 (4 2
(U (U5 1)+ 35 (UE)(US) 1<>)

a=3 b=1 a=3 b=3
m4D(AM:2v)2 _ gsz(AM?,) (1+tan’B)°
6 144V¢7‘£2M16e 245767‘52M163M6V tan* p

(4.65)

Combining the various contributions, the effective coupling constant is thus
roughly given by

4. 4 4 232
&Mp Mr  g5(Am3) o 0
ReGyml ~ [ Tosamnare ™ot~ ‘ I(ys,., s,
IReGian 10247 MM, My 20487>MS, Dy, Dys,, (V50 Y1)
gmp(AM3)* (1 + tan® B)*
24576m> MM, tan*

(4.66)

The first term in Eq. 4.66 is the dominant contribution of graph (a) and (b), which
contains intermediate neutrino and W boson. This contribution appears in the
model in which all SUSY partners decoupled. The second term is the dominant
contribution of graph (c¢) and (d), in which wino and sneutrino appear in the
intermediate states. Finally, the third term is the dominant contribution of graph (e)
and (f), with intermediate higgsino and sneutrinos lines. The second and third
terms both depend on the sneutrino mass splitting. This reflects the intra-genera-
tion lepton number violating property of the muonium—Antimuonium oscillation
process, because the sneutrino mass splitting is generated by the AL = 2 operators
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in the sneutrino mass matrix. To compare the relative sizes of these three terms, we
use the current experimental limits of the neutrino and sparticle masses.

The first terms in Eq. 4.66 has a factor m4D /M%, which is the scale of the light
neutrino mass square m?> ~ mj},/Mz generated by see-saw mechanism. The
experimental constraints on neutrino masses are summarized in reference (Vogel
and Piepke 2008) as

my(electron based) <225eV,
m,(muon based) <0.19 MeV, (4.67)
my(tau based) <18.2MeV,

For instance, assuming

mp NMw, (468)
_M ey (4.69)
m, = My , .

then the right-handed neutrino mass scale is about
Mg ~10" GeV. (4.70)
In this case, the first terms in Eq. 4.66 is roughly

44 M 4.2 M
82D g R 8Th TR % 100 GeV 2 (4.71)
1024°MEM3, My 1024m2M3, " My

The second term in Eq. 4.66 depends on the light sneutrino squared-mass
difference Am?, which can be written in terms of light sneutrino mass splitting Am;
by

Am? = 2myAms, (4.72)

where mj; is the mass scale of light sneutrinos. So doing the second term in
Eq. 4.66 can be written as
g(am?)?® 3 3 sy = gimi(Am;)* 8 0
20482ME By, Oy, oY) T TSmO By, Oy,

I(Y3,5 Vi1 )-
(4.73)

Yuval and Howard (1997) provide an upper limit on the sneutrino mass splitting
by calculating the one-loop correction to the neutrino mass. Assuming that this
correction is no larger than the tree result gives

Am; <2 x 10°m,,. (4.74)
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Relaxing this absence of fine tuning constraint can substantially enhance the
contribution of the graph (c) and (d). Taking the sneutrino mass splitting to be of
the same order as sneutrino mass

Am;, ~ Ny, (475)

and ms, , ms, o be the common mass scale mjy gives

2
y;,#] Nyi,e] Ny;, = Mz‘ . (476)
W,
Equation 4.73 can then be written as
2
dnidm)f & 0 ot
5127‘52M€~V7 o ayv“ Vil r Vel 5127T2M€~V,
0o 0
’ v, Wvll(y%] ’yi'el) Vg Vig =Vi (4'77)
a OV
4 . . .
The function M”f,;v"i %%1 (V5> Vi1 Vi Vg e 10 Eq. 4.77 is a decreasing func-

tion of My, . In order to calculate the maximum contribution of graph (c) and (d),
we use the experimental lower bound on My, . Many experimental searches for
physics beyond the standard model have been conducted and provide various
constraints on SUSY parameter space. Table 4.1 lists some of the constraints
(Grivaz 2008). Fixing the wino mass to its lower limit in Table 4.1.

M;, = 94.0GeV, (4.78)

ggmé ) o

the contribution W : ey Oviy I ()’v,” aym)

v i —y; as a function of sneutrino
1 Yvep =V

mass scale mjy is shown in Fig. 4.2. When m; = 94.0 GeV, which is allowed by the
experimental limit in Table 4.1, the contribution of graph (c) and (d) reaches its
maximum so that

gam? 0 0
51277:2M%/7 Oys,, Oy,

I(ys,, ,y;,ﬂ)‘ym o S13x1070GeV 2 (4.79)

Table 4.1 Experimental

T Sparticle Lower limit (GeV)
lower limits on SUSY
- yE 94.0
particle masses 1
bt 46.0
v 94.0
g 94.0
er 107.0

er 73.0
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Fig. 4.2 The contribution of graph (c) and (d) as a function of m; when fixing the wino mass to
its lower limit My,

Finally, the third term in Eq. 4.66 depends on the heavy sneutrino squared-mass
difference AM%, = 2M;AM; = 4BMpg. Since we assume that My is the largest mass
scale, AMj; can’t be arbitrarily large. Taking parameter B one order of magnitude
smaller than My, the heavy sneutrino mass splitting is

Mg
AM; ~ - 4.80
10 (4.80)
The contribution of graph (e) and (f) can then be written as
gém“D(AM%)z(l + tan? B) _ gm2(1 + tan? B)? s

24576m2MSM}, tan* B 614400m2M;, tan* B

When tan f§ is very small the contribution can get large and even reach the
experimental limit Eq. 4.51. In this case, the experimental limit of muonium-—
antimuonium oscillation provides an inequality relating tan § and m,, which is
given by

4.2 1 t 2 2
gom, (1 + = B 55%10%Gev2. (4.82)
6144007> My, tan* f3

This inequality translates into a lower bound of tan f§ for different light neutrino
masses m,:

tan $>3.7 x 1077, ifm, =1eV,
anf>37x 105, ifm, = 10 2eV, (4.83)
@anf>37x10°,  ifm, = 10~*eV.

The lower limit on tan f§ as a function of light neutrino mass scale m, is shown in
Fig. 4.3. Notice that the ratio of the two Higgs VEVs tan f§ are related to the light
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tanf
N
-
o

1-1077F EXCLUDED

0.2 0.4 0.6 0.8 1
m, (eV)

Fig. 4.3 The lower limit on tan f§ as a function of light neutrino mass scale m, provided by the
muonium—antimuonium oscillation experiment. The area above the curve is allowed by the
experiment results

neutrino masses in the above inequality, although the graph (e) and (f) do not
involve any neutrinos in the intermediate states. This results since we are using a
specific model where the neutrino masses are generated by see—saw mechanism
m, ~ O(m2/Mg). The sneutrino mixing matrix is approximated in term of mp /Mg
and the heavy sneutrino masses are also of order My. If we take mp to be of order
My, the heavy sneutrino masses My in the contribution of graph (e) and (f) can be
expressed in term of the light neutrino mass scale m,. This explains the appearance
of the parameter m, in the inequality Eq. 4.82.

However, for non-infinitesimal values of tan f3, this contribution is very small
compared with the maximum of the second term in Eq. 4.66. For instance, taking
the neutrino mass m, to be 1eV and assuming tan > 10*, the contribution of
graph (e) and (f) is

4 2 2 ;2
gymy (1 +tan” )" _ ~18 oy 2

7.2 % 10718 GeV~2. 4.84
6144002M3, tan® p~ 7 ¢ (4.84)

Thus, except for the case of very small tan f3, the second term in Eq. 4.66 is the
dominant contribution for a wide range of the parameters and its maximum is
roughly two orders of magnitude below the sensitivity of the current experiments.
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Chapter 5

The Constraints from the Muon
and Electron Anomalous Magnetic
Moment Experiments

One has to be careful about other constraints on the model parameters. Examples
of such potential constraints come from the measurements of the muon and
electron anomalous magnetic moments. The correction to the muon anomalous
magnetic moment in the model under consideration is found by calculating the
one-loop graphs shown in Fig. 5.1.

The muon anomalous magnetic moment contributed from the above graphs is

gm: s
aﬁSM == 167‘521\;2 (Vftzvfz) FW(xVuz)
w
g%mz 2 2 4 2
_%sr U:“ FC ; U# FC .
+ 327-52M%‘/7 ;( 10) (y ua) + ;( 3(1) (y ;m)
([ S,
+ = UL ) FC(z,) + UL Y FC(z5,
ST D (US P (as) + 3 (VL))
2.2 2.2 2.2
gzm# N g2m;z N glm,u N
— o (sp,) — F™(ty, ) — F™ (1 5.1
327.521‘/[%‘/(J (SﬂL) 327‘(2M§ ( #L) 87‘52Ml~2; ( MR)» ( )

2 2

m= m=
where s;, = #’ h, = M"oj’, and
Wo B

DA+ x) — 2x, - x*(x— 1) — 2x,, (2x — 3x2 + x°
FW(xvlz):/ dx ( ) — ( ) o >7 (5.2)
! 0 X%+ (1= x)x + 3, (1 = x)
2y3, =3y, (=1 42Iny;,) — 6y5, + 1
FC@EM) = - : ) ) (5'3)
6(1 —ys,,)
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53, — 657 +3s;, + 6sj, Insj, 42

N
F (Sﬂa) - 6(1 — Sﬂﬂ)4

(5.4)

With assumption that My, is the largest mass scale, the dominant contribution of

the graphs in Fig. 5.1 to a5*" is

2,22 2.2 2,22 2
i o S o (FS () + FC(s,) | Smymp (1 +tan )
# 12m2MyMy — 32m2M3 " e 96m2M3,M3 tan? B
2.2 2.2 2.2
ngM N g2m,u N glmﬂ N
Ty (s,aL)—TnzMgF (t,) YLl (t7,)- (5.5)
W B B

The second and the last three terms are all decreasing functions of slepton,
chargino and neutralino masses. We can use the experimental bounds in Table 4.1
to calculate the maximum values of these terms yielding

Y
w w
V2
z 7 z
(a)
Y Y Y
— ,’§\ — — ,’gx — — ,’gx —
ML \\ ML ML 4 \\ ML MR 4 \\ MR
,’ \\ ,’ \\ ,’ \\
4 \ 4 \ / \
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p TR uoou 7
(d) (e) (®

Fig. 5.1 The Feynman graphs contributing to the muon anomalous magnetic moment beyond the
Standard Model
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gm;, .
el (FC(ys,) + FC(ys,)) <2.5 x 107!
3271-2M%/7 ( (y lil) + (quS)) — )
ﬂFN( )<1.9 %1071,
327‘c2M2
22m (5.6)
2 -10
327-521(42FN(II~1L) < 1.9 x 10 )
gl

N ~10
o 2M2F (t7,) £2.1 x 10
The maxima of these terms are all about one order of magnitude smaller than the
present experimental bound on the contribution to a, = %(g —2) beyond the
Standard Model (Melnikov and Arkady 2006):

day, = a;® — aiM =2x107°. (5.7)

The first and third term both depend on the light neutrino mass scale m, and get
suppressed. For instance, using the assumptions Eqgs. (4.68) and (4.69), the first
and third terms are

2.2 2 2
meumD g2

12mM; My 127 2M4
Smim(1 -+ tan’ ) gimimd(1 4 tan? f) o
S > ~ LI x 1077 ————
96m> My, M, tan® 8 9612My, tan? f§ tan” f3

~8.7x 1073,

(5.8)
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“12 |
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N
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-12°f
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m, (eV)

Fig. 5.2 The lower limit on tan f§ as a function of light neutrino mass scale m, provided by the
muon anomalous magnetic moment experiment. The area above the curve is allowed by the
experiment results
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The first term is negligible compared with the terms in Eq. (5.7). However, the
third term can be large if tan f3 is very small. Therefore, the experimental bound on
the muon magnetic moment will provide an inequality on tan § and m,, which is
given by

Zm>m? (1 + tan?
LT ‘(4 Pssio (5.9)
967> My, tan? 8

This inequality translates into a lower bound on tan f as a function of the light
neutrino mass scale m, as shown in Fig. 5.2.

The electron anomalous magnetic moment beyond the Standard Model is
contributed by the six Feynman graphs displayed in Fig. 5.3. The experimental
bound on the contribution to the electron anomalous magnetic moment beyond
Standard Model is (Ellis et al. 1994)

da, =a™® —aM =14 x 107" (5.10)

In analogy to the muon case, this experimental limit will also generate an
inequality relation of m, and tan 8 given by

Y
w w
Ve2
e e
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e e e e e e
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Fig. 5.3 The Feynman graphs contributing to the electron anomalous magnetic moment beyond
the Standard Model
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Fig. 5.4 The lower limit on tan § as a function of light neutrino mass scale m, provided by the
electron anomalous magnetic moment experiment. The area above the curve is allowed by the
experiment results

gsm>m?(1 + tan? B)
96m2 M7, tan? B

<14 x107". (5.11)

This inequality is illustrated in Fig. 5.4.

From Figs. 4.3, 5.2 and 5.4 we see that for the model we are considering, the
muonium—antimuonium oscillation experiment gives a more stringent constraint on
tan 5 than the muon and electron anomalous magnetic moment experiments.
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Chapter 6
Conclusions

I have calculated the effective coupling constant of the muonium—antimuonium
oscillation process in two different models. First, I modified the Standard Model by
including three singlet right-handed neutrinos. Present experimental limits
resulting from the non-observation of the oscillation process sets a lower limit on
the right-handed neutrino mass scale Mk roughtly of order 1 TeV. Second, the
muonium—antimuonium oscillation was investigated in the Minimal Supersym-
metric Standard Model extended by inclusion of three right-handed neutrino
superfields where the required lepton flavor violation has its origin in the Majorana
property of the neutrino and sneutrino mass eigenstates. For a wide range of the
parameters, the contribution of the graphs mediated by the sneutrino and winos
W~ is dominant. The maximum of this contribution to the effective coupling
constant is roughly two orders of magnitude below the sensitivity of current
muonium—antimuonium oscillation experiments. However, there is very limited
possibility that the contribution of the graphs mediated by sneutrinos and Higgsino

hg is dominant if tan f§ is very small. In this case, the contributions can even be
large enough to reach the present experimental bound. Therefore, the experimental
bound can provide an inequality on the model parameters, which can be translated
into a lower bound on tan f§ as a function of light neutrino mass scale m,. The
constraints from the muon and electron anomalous magnetic moments were also
investigated. For this model, the muonium—antimuonium oscillation experiments
give the most stringent constraints on the parameters.
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Appendix A. Proof of Identity (2.22)

Using the definition of the mixing matrix
Vaa = 320 (A;"),.Uea, one can write

6 6 3

ZVMV;}Am = Z( UCA> : (Z(ALl)dedA>

A=1 A=1 \c=1 d=1 vA
<Z ULAmUdA> D (A.1)

33
where m,, are the diagonal elements of matrix Mg;,,,

Mw

c=1 d:l

My (M:ildg) AA* (A2>

Consequently, we can express 22:1 U.amyaUgys as a product of matrices and Eq.
(A.1) takes the form

6 3 3
Vo Voarios = Al (UM" UT) Al A3
; A VbATA Z Z( L )ac diag cd( L )bd ( )

c=1 d=

—_

Using Eq. (2.9), My,, = U"M"U, it follows that

= UM;}

diag UT (A4)

Substituting this result back into Eq. (A.3) then gives

6 3
Z Vaa Voana Z Z MV* Ld(A_l )bd (A~5)
A=1

c=1 d=1

51
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where

= (5 ) (A6)

m m

Since ¢ and d both run from 1 to 3, (M"*),, are the elements of the upper left 3 x 3
block of matrix (A.6), which is zero. Hence, we secure the identity

6
Z VaA VbAva =0 (A7)
A=1

Appendix B. The Calculations of T-Matrix Elements
of the Graphs in Fig. 2.1

B.1 T-Matrix Element of Graph (al) in Fig. 2.2

The T-matrix element of graph (al) is:

o ()] o 2

6 v
_ Ip +mp 1 ,  (&=1)p
o (4)y,V %Vg er(1)- [g" +

BZ:: rp? ? p? =M, p? — M3,

1 [ (é - 1)p6
P M, {gp +p2—€M%J (B.1)

We multiply out everything and write above equation in an explicit form:

. B 46 6 d4p 1
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A S el )
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— 2 . .
" (pz(éiéjjgv)z Rymp ) a)ppp— 2 e(l)]}
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53
We list two useful equations as below
d4p , guv d4p
| e =5 [ e (83)

— 1 - Y — v 1 1-— Y
[BG)pa00 =2 eQNEA) Y —Ze(1)]

_ -y
=4 [a3)y,—5=

N
S e@)) [y 2 e(1) (B4)
By using above two equations we can easily simplify the T-matrix element as

= () Zi (V Vi) (Vi) [(3)

T e L 1)
1

ey
S VR L VA

d4

/ (2n)* (p? — m2) (p?
-1

o —any ")

(B.5)
The integral in Eq. (B.1) could be evaluated by doing Wick’s rotation

/ d'p 1
(2n)* (p* — m}) (p? — mp) (p? — M},)?
Ja 2@ 4 G-
e 2ot M)
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where € is the four-dimensional solid angle, Q4 = 27

2 2 2
|PE| my mp
Let 5- =1, Xa=—5 =
My,

(B.7)
Mj,
The integral (B.6) could be written as
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Note that the CKM matrix V4 satisfies an identity:

6
Z VaAV;;A = 5ab (B9)
A=1

This identity would help to reduce the power of the integrand in Eq. (B.8) by
factor 2.

We will rewrite the T-matrix element and manipulate the integrand of Eq. (B.8)
into several parts. This way we could explicitly show that some parts vanish by
using identity (B.9).

4 1 — 1 — 6 6
T = = Gty PO @R 52 eD] 33 (Via Vo) ViaVes)
_/OO d (1 +xa)(t +xp) — (1 + xa)xp — (1 + Xp)%a + Xa%5
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+(I+XA)(I+XB)(I+1)2} {1+ 1+¢ t+4(r+€)2 t H
(B.10)
Since
6 6
> ViV =0, and Y VVi =0, (B.11)
A=1 B=1

any part in Eq. (B.10) independent of x4 or xg will vanish. We will be left with the
parts which depend on both x4 and xp.

6
_ 8 iy, L5 oy LT
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B.2 T-Matrix Element of Graph (a2) in Fig. 2.2

d*p ( ig ) 1—yps  +mg ( ig ) 1+ s
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We have Dirac’s equation:
(3p — mu(p) = 0 (B.14)
a(p) (3 — m) = 0 (B.15)
Hence,
_ I+ _ I+9
mel(3)"3p—5e(2) = A(3)y" 1 — " 1p2e(2) (B.16)
_ I+y _ 1+7
mui(4)yp—2pe(1) = f(4)1parp—2p,e(1) (B.17)

Since we ignore all the external momenta in our discussion, the above terms will
vanish. We could simplify the T-matrix element as follows:

4 6 6
7o (8 Ly, L0 1—75 .
o=~ (35 37 0, 2@ e ]S (Vi V) (Vi
/ d4p mimlzg [lJr &—1 ] 2]
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(B.18)
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Doing Wick’s rotation and expressing the result in terms of ¢, x4 and xp, we have

4 _ _ 6 6
T = — it ), 5 @A~ e(] 3> (ViaVia) (Vi)

N e e iE (Rl | B LA

B.3 T-Matrix Element of Graph (a3) in Fig. 2.2

It turned out graph (a3) has the same T-matrix element as (a2).

B.4 T-Matrix Element of Graph (a4) in Fig. 2.2

. 4 4 6
. ig d'p _ 1 —7s L+ys )p+ma,
iTyy = | — 3)Viu(m —m v,
. ( ﬂMW>/<2n)4;“”“A( e By
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p- —mp 2 2 (p* - fM‘Ziv)

(B.20)

Like what we did in Egs. (B.16) and (B.17), we could ignore all the terms with m,
or m, in Eq. (B.20). Then we have

. g \'iay, 17 1—"/5 %
iTay = (\/_2—MW> [2(3)7, > 2e(2)][1(4)y ZZ VirVer) (Vs Vep)

d'p mimy p_
./(27I)4(p2—mi)(pZ_m%)(pz_éM%Vf 4 (B.21)

By doing Wick’s rotation and expressing above equation in terms of 7, x4 and xp
we can simplify the T-matrix element as

4 _ _ 6
Tot = ~ gz I 35 @A) D0 S Via Vi) (Vi)

-/dt
0

XaXp £
(t+xa)(t+xp)(t+&)7 4
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B.5 T-Matrix Element of Graph (cl) in Fig. 2.3

The T-matrix element of graph (c1) is

) ig\* [ d*p [& _ ma I+9s .
iTer ——<—ﬁ) /(zﬂ)4{Z(VM)2u(3mmm 7 > (4)

A=l

B=1 P —mj
: ! g+ &= P,
P2 — M}, +ie p?— EME,
1 — 1)p'p?
SN S et ]} (B.23)
p* — My, + ie p* — My,

We multiply out every thing and write above equation in an explicit form:

6
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We list two useful equations as below:
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By using above equations we can easily simplify the T-matrix element as

A=1

4 6 6 1
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(B.27)
We could evaluate the integration in Eq. (B.27) by doing Wick’s rotation
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The integral (B.28) could be written as
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Hence, we could eventually write the T-matrix element of graph (cl) as

4
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Note that the CKM matrix V4 satisfies an identity (Ilakovac et al. 1995):
6
Z Vi Viemy = 0, (B.32)
k

which is forced by the properties of the neutrino mass matrix of seesaw model. In
seesaw model the generation of left-handed Majorana neutrino masses requires a
mass dimension-five operator. Since the dimension-five operator is non-
renormalizable, we would like to suppress this mass part in seesaw model. This
would generate the identity (B.32). We will show that this identity would help to
reduce the power of the integrand in Eq. (B.31) by factor 2.

We will rewrite the T-matrix element of graph (cl) and manipulate the
integrand of Eq. (B.31) into several parts. This way we could explicitly show that
some parts just vanish by using identity (B.32).
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We have
6

6
D> (Vi)’ma =0, and Y (Vi) ’ms=0 (B.34)
B=1

A=l
Hence, any part of the integrand independent of x4 or xz will vanish. We will be
left with the parts which depend on both x4 and xp.
6
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B.6 T-Matrix Element of Graph (c2) in Fig. 2.3
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Multiply every thing out, we have
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We have Dirac’s equation:
(3~ mu(p) =0 (B.3%)
a(p)p —m) =0 (B.39)
Hence,
malAG) @) = [ @) (B4D)
mle @ T o) = (@@ S pre(1)] (B.41)

Since we ignore all the external momenta in our discussion, the above terms will
vanish. By the same token, we may neglect all the terms with m, or m, in Eq.
(B.37). Then, we have

2
w
/ d*p { 1
2n)* L(p? —m3)(p* — mp)(p* — M) (p* — EM)
1

(e S e @l Qi)

S e @l QS 2em]) ) a2)

And it could be simplified further by Egs. (B.25) and (B.26) as

4 6 6
. o 8 1 — 1 +’))5 c 1 - VS * 2
o= (25) 3 ) 5 @E Q)51 30 S Vi (Vi

A=1 B=1

[ 4 ! (o, (-1
/ <27r>“{W—mi)w—m%)@z—M%V)@Z—«:M%n (” +p2—«:M%V>}
(B.43)




62 Appendices

As what we did for graph (c1) we can also write the T-matrix element in terms of ¢,
XA and XB.

4 6
8 — 1+ 75 ¢ 1 B y *
To = _64752Mév [,LL(3) 2 S:u (4)][ 5 A; V#A 2 VeB>2mB
[ t . (&— l)tz)]
/0 dt[(t+xA)(t+x3)(t+1)(t+§) (t+ t+¢ (B.44)
Using Eq. (B.32) to get rid of the vanishing parts,
g4 1 + b c 1 - )) J
T = = gy ) 52 @) =5 ] >V Z Vig)ma
) /oo d XAXB n ( )XA)CB t
0 (t+xa)(t+xp)(+ D)(E+E) (1 +xa)(t+xp)(t +1)(1 + &)
(B.45)
B.7 T-Matrix Element of Graph (c3) in Fig. 2.3
It turned out graph (c3) has the same T-matrix element as (c2).
B.8 T-Matrix element of graph (c4) in Fig. 2.3
i ( —ig )% S WAV
c4 \/ZMW L L HA eB
d4 mlzimA — 1 - Vs ¢ mymu 1 + V5 ¢
/W{( S ) S @) T (3 5 4)
m, iy 1—v9s . mi I+7ys .
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mpme 1+ m N e 1
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Ignoring the external momenta, we can simplify above equation as

‘ —ig \* 1 B ° *
T == () W) @l ) 1] YV (Vi

G i
. / (275)4 (P> — m2)(p> — m3) (p* — éMtzzv)z (B.47)

Doing Wick’rotation and expressing the T-matrix element in terms of ¢, m, and
mpg, we have

4 1 1 — 6 6
Tow =~ g V1O 5 ]I 2) 5] S (Vi s S (Vi)'
A=1 B=1
./mﬁ XaXp - 1 ! (B.48)
0o (t+xa)(t+xp)(t+ &)

Appendix C. General Formalism of Muonium-Anitmuonium
Time Evolution

Muonium (antimuonium) is a non-relativistic Coulombic bound state of an
electron and an anti-muon (positron and muon). |M) (muonium) and |M)
(antimuonium) are mixed by the weak interaction. Thus, in the presence of this
type of interaction, the two states are inseparable; they form a basis for a two-
dimensional subspace. We may write,

1 1 1 - 0
M) = M) = C.1
= (o) ™= (1) v
Let |[{(7)) be an arbitrary state of such space,

B 1 1 o (A1)
W10) = A) s ) 450 = (360) e

The time evolution of y(¢) is described by

.d
iy = o) ©
where
Gy ip ca
a2 4
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In our two-dimensional space H has the matrix representation

My =iy My —%Fn)

i : (C5)
Ms — 5121 My —5Tn

i
H=M--T =
2 (

CPT invariance of H implies that M} = M, = My and I';; = 'y, = I'y. Since by
construction, both M and I' are Hermitian, M, and I' are both real numbers, and
M21 = MTZ and 1"21 = F’fz Hence

My—1LiTy My —4iTy,
(Mlz_%rlz MO_EFO (6)

Diagonalizing (C.6), we find two mass eigen states:

M) = ;2[(1 +2)|M) £ (1 — &)[M)] (C.7)
2(1+lel%)
where
o = VM — My (C8)
V My + v/ Mgy
O VN Vi U
(M|M)(M|M) (M|M) (M|M)

The magnitude of the mass splitting between the two mass eigenstates is |AM|

i i i i
M+ —§F+ = (MO —Ero) + \/(M]z —Erlz)(MTZ _EFTZ)
(C.10)

i i i i
M- —3T_ =My —5To) - \/(Mlz =5 T2)(Mp; =5 T,)

Taking a difference of above two eigenvalues

i i

o1, ) - A =2y fone - Ereon, - i) can

Then we have

i

i 1k
Re\/(Mlz —5T2) (M, —5T,)

= 2[Rer/ My Mgy (C.12)

|AM| =2
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Since muonium and antimuonium are linear combinations of the mass diagonal
states, an initially prepared muonium or antimuonium state will undergo
oscillations into one another as a function of time. The oscillation time is given

by T, and we will see this oscillation time is related to |AM| as 4, = #‘:

A
According to (C.7), we have
RTC P
| >_W(| +) M)
(C.13)
oV
| >_W(| +) — M)
Hence, |M) and |M) could be written in time evolution forms:
2004 1%) s M
_ —i(M 4T )t —i(M_—4T )t
M) =y (@ M.(0) +e M-(0)))
(C.14)
v 2<1 + |8|2) —i(My—iT )t i(M_—iT_)t
#0)) =5 (M ) - M-(0)))
The beam intensity for M and M are given by
1+ lel*) T It
[(M(1)|M(1))| = e ({M(0)|M., (0))]e ™"+ + [(M_(0)|M_(0))]e
+ 2 T (0)|M_(0))] cos(AMt)) (C.15)
and
1001 = L (o o 0+ o0 0T
— 22T (v (0)| M (0))] cos(AMt)) (C.16)
The period of the oscillation is
2n
T=—_"_ C.17
A 1
Approximately the oscillation time scale is
1
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