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Preface

According to their working principle, gyroscopes can be divided into either elec-
tromechanical gyroscopes or optical gyroscopes. Electromechanical gyroscopes
include the ball bearing gyroscope, the liquid floated gyroscope, the flexible
gyroscope, the electrostatic gyroscope, the piezoelectric gyroscope, the airstream
gyroscope and the micromechanical gyroscope, while optical gyroscopes include
the laser gyroscope and the optical fiber gyroscope. At present the laser gyroscope
and the optical fiber gyroscope have seen the fastest development.

Electromechanical gyroscopes can be also be divided into two type according to
their structure, namely driven gyroscopes and non-driven gyroscopes. The former
have been successively developed and put into use in developed countries such as
the United States, Japan and in China, while the latter has fewer patent and reports
at home and abroad. Non-driven micromechanical gyroscope appears such that the
gyroscope is expanded from a kind of driven structure to two kinds of the driven
structure and the non-driven structure.

A non-driven micromechanical gyroscope has a simple structure, low cost and
high reliability. Its biggest advantage is that it can perceive the transverse angular
velocity and the rolling angular velocity of the rotating flight carrier simultaneously,
that is, it has the function of two driven micromechanical gyroscopes, which greatly
reduces cost. Over the last ten years, the non-driven micromechanical gyroscope
has been successfully developed and used for rotating carriers in China. A total of
29 invention patents has been licensed relating to the non-driven micromechanical
gyroscope in China, Britain, France, Germany and America. It has won one first
prizes and five second prizes on the Provincial Technological Invention Awards,
149 papers have been published in domestic and foreign academic journals and at
academic conferences. This book describes this gyroscope and its application in
detail.

During the writing of this book, Wang Jiaguang of China Aerospace Science and
Technology Corporation carefully reviewed the revised book and Prof. Li Yaozong
provided the translation of the foreign sources in Part 1. My doctoral candidates,
namely Yan Qingwen, Wang Hongwei, Mao Xu, Wu Lifeng, Liu Yu, Zhao Hui,
Zhang Zengping and Wang Ling, and my postgraduates, namely Zhang Nan, Xu
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Xiaosong, Sun Chengxiang, Xu Hongzhuo, Liu Hailin, Wen Jiangchuan, Ye Qing,
Yue Guannan, bright, Jiang Shiyu, Wang Ling, Zhao Qifeng, Lin Xia, Qin Shengjie
and Yu Xiaolong talk, Dan Yanfeng, Guo Heng, Wan Pinjun, Meng Dong, happy,
Ma section, Gao Yinjuan, Zhang Ning, Liu, Yuan Min, Xu Hongwei, Qiao Li and
Zhao Haixiao, have participated in the development of non-driven micromechanical
gyroscopes and their applications or the proofreading of the manuscript and the
fruits of their labor are included in this book. I would like to express my deep
gratitude to them.

Many technical problems relating to non-driven micromechanical gyroscopes
and their applications still need to be addressed and solved. If there are some
defective descriptions, I hope the readers of this book do not hesitate to offer their
valuable advice.

Beijing, China Fuxue Zhang
October 2013 Wei Zhang
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About the Book

This book comprehensively and systematically introduces the theories, structures,
performances and applications of non-driven mechanical gyroscopes and
non-driven micromechanical gyroscopes.

This book comprises three parts. The first part includes four chapters and mainly
discusses mathematic models, precision, performance and the operating error of
non-driven mechanical gyroscopes. The second part includes five chapters covering
operating theory, error, phase shift and performance tests of non-driven microme-
chanical gyroscopes in rotating flight carriers. The third part includes two sections
and mainly focuses on the applications of non-driven micromechanical gyroscopes
in the control system of a rotating flight carrier.

This book can be used by the scientific and technological personnel in devel-
opment department working on the use of inertial devices and automatic control
systems of rotating flight carriers, and can also be used as a teaching reference book
for bachelors, graduate students and teachers of related majors in colleges and
universities.
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Author’s Introduction

Zhang Fuxue, born in 1939, Xuanwei City of Yunnan province. A piezoelectric and
sensing technology expert, Professor, Ph.D. supervisor, Beijing Information
Science and Technology University.

In 1960s, he invented the piezoelectric ceramic with the high mechanical quality
factors and high mechanical and electrical coupling coefficients before the inven-
tions of the United States and Japan. In 1970s, by using the aforementioned ceramic
piezoelectric gyroscope, in China he firstly achieved the assumption of solidified
inertial device through the new theory and the new technology proposed by Tsien
Hsueshen. In 1980s, he found the “gas pendulum” phenomenon, proposed the new
concept of “gas pendulum”, and established the gas pendulum theory, which
formed a new subject branch of the inertial technology—the gas pendulum inertia
technology. Based on this theory, he invented 1-D, 2-D and omnibearing level
posture sensor than those of the United States similar as early as three years. In
1990s, because there is no constant temperature environment in the use of the
weapon’s accelerometer and level posture sensor, the standard period is twelve
years, and the error of the standard scale factor is less than 1/1000, he invented the
piezoelectric accelerometer and the level posture sensor. In the early twenty-first
Century, he found the gyroscope effect of silicon pendulum, invented the
carrier-driven gyroscope, and pioneered a new field of the carrier-driven gyroscope.

He won the second prize of state technological invention twice, the third prize of
state technological invention twice, the second prize of national scientific and
technological progress once, and the first prize and the second prize of the province
and the minister 25 times; He won 50 invention patents (including 18 patents of the
United States, Britain, France and Germany). His inventions were widely used in
missiles, ships and robots, and his research results and academic thoughts have
important guiding significance for the development of the technology of the
piezoelectric and inertial technology in China. He published 25 books, where “the
piezoelectricity”, “the robot technology and its applications”, and “the modern
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piezoelectric” were awarded the second prize of national outstanding science and
technology books in 1988, the second prize of Chinese Book Award in 2002 and
the second prize of the electronic information science and technology in 2008. He
was awarded the “National advanced science and technology worker” and “the
national labor model”.
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Chapter 1
Operating Theory of a Non-driven
Mechanical Gyroscope

1.1 Characteristics of a Flying Aircraft

Before the performance of gyroscopes on the rotating carrier under different flying
conditions can be studied in detail, the movement characteristics of the flying
carrier must be studied.

The non-driven mechanical gyroscope of a rotating state aircraft is the angular
velocity sensor. Therefore, when studying the performance of the rotating state
aircraft in detail, it is necessary to study the possible motions around the center of
mass. Accurate measurement of the motion parameters of the aircraft’s rotating
state is not the purpose of this section. Qualitative research on the motion char-
acteristics of the center of mass is the main task of our work.

The instrument was originally dedicated to generating the damping torque in the
control channel of the automatic steering and rotating carrier around the longitu-
dinal axis. The first task of the flying carrier rotating around its longitudinal axis is
to ensure its flying stability. This kind of self-rotating motion can reduce the
influence of rotational torque around the center of mass of the rotating flight carrier
on its motion characteristics. For example, some rotating torque is produced by the
drawbacks (the engine of the rotating flight carrier is tilted on the vertical axis) of
the processing technology of its shell. The average effect of these drawbacks on the
rotation of the rotating flight carrier can improve the influence of the disturbance
torque.

It is not necessary to use the inclined gyroscope in the automatic steering and
rotating carriers, because the flying process is realized in the coordinate system
which is connected to the rotating flight carrier so the automatic steering task can be
achieved at any angle, or in other words it is not related to the dip angle whether the
angle is constant or changes with time. Therefore, the self-rotating velocity of the
rotating flight carrier can be changed in a certain range (e.g. 10–20 Hz) and have
“no effect”.

© National Defense Industry Press and Springer-Verlag GmbH Germany 2018
F. Zhang et al., Non-driven Micromechanical Gyroscopes and Their Applications,
https://doi.org/10.1007/978-3-662-54045-9_1

3



In order to determine the flying characteristics of the rotating flight carrier with
reference to the center of mass, the motion equation of a rotating flight carrier with
reference to the center of mass is given when the rotating flight carrier is rotating
around its longitudinal axis with a rotating frequency 10–20 Hz.

Under the influence of tilting moment �MX1 , the motion around its longitudinal
axis of the rotating flight carrier with reference to the center of mass is shown in
Fig. 1.1.

With the help of the second Lagrange differential equations the motion equation
of the rotating flight carrier with reference to the center of mass can be obtained as

d
dt

@Ek

@qi

� �
� @Ek

@qi
¼ Qi ð1:1Þ

where Ek is the rotating kinetic energy of the rotating flight carrier; qi is the
generalized coordinate; and Qi is the generalized force.

It is generally believed that the center of mass of the rotating flying carrier is
fixed, while the rotating flight carrier is rotating with reference to a fixed point
under the action of the various aerodynamic, controlled and harmful (such as the
process technology) moments. In this case, the motion of the rotating flight carrier
will have three degrees of freedom (Fig. 1.1). In this figure, Ongf is an absolutely
immovable coordinate system and OX1Y1Z1 is the aircraft’s implicated coordinate
system.

In the inertial space (i.e. the absolute coordinate system of Ongf) the position of
the rotating flight carrier (i.e. the coordinate system OX1Y1Z1 is connected with the
rotating flight carrier) is determined by three Euler angles: d is the nutation angle
between the longitudinal axis of the aircraft and the vector t (the velocity of the

Fig. 1.1 Flying coordinate
system with reference to the
center of mass

4 1 Operating Theory of a Non-driven Mechanical Gyroscope



center of mass) in the rotating plane OY1Z1; u is the rotating angle produced by the
aircraft’s rotation around its longitudinal axis; w is the precession angle produced
by the rotating plane’s rotation around the vector t; and H is the angle of the
rotating flight carrier’s curvature characteristic (between the vector t and the
horizon).

In flight, the moment is applied to the rotating flight carrier along all three axes
of the absolute coordinate system and the tilting moment applied to the rotating
flight carrier is projected on the equatorial plane which is perpendicular to the
longitudinal axis of the rotating flight carrier. Thus, it is assumed that there is an
inclined moment MX1 acting on the rotating flight carrier.

Simultaneously, the projection of the moment MX1 on the three basic rotating
axes (corresponding to the three Euler angles) is the generalized force Q in the
Lagrange’s equation: Qu ¼ 0; Qw ¼ 0; Qd ¼ �MX1 . The kinetic energy of the
aircraft is expressed as follows:

Ek ¼ 1
2
ðJX1X

2
X1
þ JY1X

2
Y1 þ JZ1X

2
Z1Þ ð1:2Þ

where XX1 ,XY1 and XZ1 are the projections of instantaneous angular velocity of the
rotating flight carrier on the three axes of the implicated coordinate system.

For a rotating flight carrier, two moments of inertia can be considered as
equivalent to the axis of the equatorial plane, that is, JY1 ¼ JX1 . Thus there holds

Ek ¼ 1
2

JZ1X
2
Z1 þ JX1 X2

X1
þX2

Y1

� �h i
ð1:3Þ

Now, we are analyzing the motion characteristics and features on the ballistic
section with a small curvature of the rotating flight carrier and if the angle H
changes slightly the instantaneous velocity of the rotating flight carrier with suffi-
cient precision is recorded by

X ¼ _uþ _dþ _w ð1:4Þ

or from Fig. 1.1, we can obtain

XX1 ¼ � _d
XY1 ¼ � _w sin d
XZ1 ¼ _u + _w cos d

8<
: ð1:5Þ

Thus Eq. (1.3) can be expressed as

Ek ¼ 1
2

JZ1ð _uþ _w cos dÞ2 þ JX1
_d2 þ _w2 sin2 d
� �h i

ð1:6Þ

Using the second Lagrange equation, the expression of each coordinate of the
generalized coordinate system can be expressed as follows:

1.1 Characteristics of a Flying Aircraft 5



(1) For the coordinate u:

d
dt

@Ek

@ _u

� �
� @Ek

@u
¼ Qu ð1:7Þ

d
dt

JZ1ð _uþ _w cos dÞ
h i

¼ 0 ð1:8Þ

Thus there holds

_uþ _w cos d � _uinitial � const ð1:9Þ

In other words, the rotating angular velocity around the longitudinal axis of the
rotating flight carrier can be considered to be fixed (without considering the
damping). However Eq. (1.9) shows that even though we do not consider the effect
of damping that is rotating around the longitudinal axis, the rotating velocity value
of the rotating flight carrier is not constant and is related to the change of the
precession velocity and the nutation angle of the rotating flight carrier. The reason
being that the value of Eq. (1.9) is fixed in any condition so in the zero condition it
is fixed too, thus at the initial time it can be considered to be equal to the
self-rotating frequency of the rotating flight carrier.

(2) For the coordinate w:

d
dt

@Ek

@ _w

� �
� @Ek

@w
¼ Qw ð1:10Þ

d
dt

JZ1ð _uþ _w cos dÞ cos dþ JX1
_w sin2 d

h i
¼ 0 ð1:11Þ

JZ1ð _uþ _w cos dÞ cos dþ JX1
_w sin2 d ¼ C � const ð1:12Þ

From the initial condition we can obtain JZ1 _uinitial ¼ C, and from (1.9), we can
obtain

JZ1 _uinitial cos dþ JX1
_w sin2 d ¼ JZ1 _uinitial

JX1
_w sin2 d ¼ JZ1 _uinitial 1� cos dð Þ

_w ¼ JZ1 _uinitial 1�cos dð Þ
JX1 sin

2 d

8>>><
>>>:

ð1:13Þ
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or because the nutation angle d is very small, and when _uinitial has remained
constant there holds

_w ¼ JZ1 _uinitial

2JX1

¼ _winitial � const ð1:14Þ

In this case, the precession angle w ¼ winitial þ _wt.
Because of the relationship between the axial and the equator of the inertia

moment of the rotating flight carrier, JZ1 � 0:1JX1 , we can approximately obtain

_w ¼ 0:05 _uinitial � 0:05 _u0 ð1:15Þ

In the working condition, the maximum value of the self-rotating frequency
which the rotating flight carrier is rotating around the longitudinal axis is 20 Hz.
Thus in the condition of a small nutation angle the maximum precession velocity of
the rotating flight carrier is 1 Hz. If we consider the actual nutation angles and the
relationship between the axial and the equator of the inertia moment of the rotating
flight carrier, the appropriate maximum precession velocity must be selected to be
close to 2–2.5 Hz.

(3) For the coordinate d:

d
dt

@Ek

@ _d

� �
� @Ek

@d
¼ Qd ð1:16Þ

Thus there holds

d
dt
ðJX1

_dÞ � JZ1ð _uþ _w cos dÞ _w sin d� JX1
_w2 sin d cos d ¼ �MX1

€d� _w2 sin d cos dþ JZ1
JX1

ð _uþ _w cos dÞ _w sin d ¼ �MX1

JX1

Assuming that the nutation angle is small and considering the condition of
Eq. (1.9), we obtain

€dþ JZ1
JX1

_uinital
_w� _w2

� �
d ¼ �MX1

JX1

ð1:17Þ

The solution of Eq. (1.17) can be expressed as follows

d ¼ C sin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JZ1
JX1

_uinital
_w� _w2

s !
tþ b

" #
� MX1

JX1

JZ1
JX1

_uinital
_w� _w2

� � ð1:18Þ
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Denote

x2
0 ¼

JZ1
JX1

_uinital
_w� _w2 ¼ _w2 JZ1

JX1

_uinital

_w
� 1

� �
¼ _w2Kr ð1:19Þ

Thus Eq. (1.18) has the following expression:

d ¼ Csinð _w ffiffiffiffiffiffi
Kr

p
tþ bÞ � MX1

JX1
_w2Kr

ð1:20Þ

Assuming that there exists the initial angle velocity _dinitial, we can obtain

C sinb� MX1

JX1
_w2Kr

¼ 0

C _w
ffiffiffiffiffiffi
Kr

p
cos b ¼ _dinitial

(
ð1:21Þ

C ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

X1
þ J2X1

_w2Kr
_d2initial

q
JX1

_w2Kr

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

X1

J2X1
_w4K2

r

þ
_d2initial
_w2Kr

vuut ð1:22Þ

b ¼ arctan
MX1

JX1
_w
ffiffiffiffiffiffi
Kr

p _dinitial

 !
ð1:23Þ

Equation (1.20) shows that the nutation motion has the harmonic oscillation
characteristic with cycle T ¼ 2p

x0
¼ 2p

_w
ffiffiffiffi
Kr

p , and the amplitude of the relative constant

nutation angle is small.
The precession is a circular oscillation while the nutation movement is in essence

an angular oscillation around the lateral axis of the rotating flight carrier. Thus we
can obtain the space motion of the rotating flight carrier in complex polar coordi-
nates as shown in Fig. 1.2.

Fig. 1.2 Rotating motion
trajectory of the craft’s shaft
end
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When the coefficient Kr is negative, Eq. (1.20) has the following different
expression:

d ¼ C sin _w
ffiffiffiffiffiffiffiffi
Krj j

p
tþ b

� �
� MX1

JX1
_w2 Krj j ð1:24Þ

In Eq. (1.24) the nutation angle is expressed by the hyperbola function.
Obviously, the nutation angle will increase without a limitation. Thus, Kr is the
criterion to determine the rotating stability of a rotating flight carrier. When
Eq. (1.24) is applied and Kr ¼ 1[ 0, the value of the nutation angle is determined
by Eq. (1.20).

When the state and the reference center of mass of the rotating flight carrier in
the flight are qualitatively studied, both in the state of a constant velocity mea-
surement and in the condition of the angular and circular oscillations of the rotating
flight carrier, normal operation of the rotor-type vibratory gyroscope can be guar-
anteed. For the aerial rotating flight carrier, the angle of oscillation amplitude is less
than 5° and the frequency lies in the range of 2–10 Hz.

By rotating around its longitudinal axis of the rotating flight carrier, its flight can
get rid of the torque disturbance caused by many technical problems. These torques
are caused by some problems such as the inhomogeneous mass distribution of the
rotating flight carrier. However, the inhomogeneous mass distribution of the
rotating flight carrier can also result in the longitudinal axis of the rotating flight
carrier (structure) not coinciding with its self-rotating axis. Therefore, it is necessary
to introduce some additional corrective measures into its structure and the detailed
method is related to increasing the swing angle of the sensitive element as presented
in the following sections.

It is noted that when the performance of a rotor-type vibratory gyroscope
mounted on a rotating state aircraft is studied, the performance and characteristics
of the rotating flight carrier in flight must be considered under all possible motion
states of the rotating flight carrier (the movement state with a constant velocity
angle oscillation and a circular oscillation) so that the technical requirements of the
instrument’s performance parameters can be guaranteed.

1.2 Motion Equation for the Sensitive Elements
in a Non-driven Mechanical Gyroscope

In order to obtain the motion equation of the gyroscope’s sensitive element the
complete expression of the projection of the craft’s absolute angular velocity on the
coordinates of the absolute coordinate system is defined.

1.1 Characteristics of a Flying Aircraft 9



According to the motion characteristics of the rotating flight caa rrier (taking the
centroid as the reference), the projections of the craft’s angular velocity on the axes
On,Og and Of have the following expressions

Xn ¼ X0
n þXw

n þXv
n

Xg ¼ X0
g þXw

g þXv
g

Xf ¼ X0
f þXw

f þXv
f

8><
>: ð1:25Þ

Figure 1.3 is a coordinate system to derive the motion equation of the sensitive
element in a non-driven mechanical gyroscope:Ongf is an absolute coordinate
system; OX0Y0Z0 is an implicated coordinate system of a non-driven mechanical
gyroscope and craft, and it does not rotate around the axis Z0; OX1Y1Z1 is an
implicated coordinate system of a non-driven mechanical gyroscope and craft, and
it rotates around the axis Z0; OXYZ is an implicated coordinate system. Figure 1.4
is the projection of the craft’s angular velocity on the axis of the absolute coordinate
system.

From Fig. 1.4, the projections X0
n, X

0
g and X0

f of the constant angular velocities
on the axes On, Og and Of are obtained as

Fig. 1.3 Coordinate system
to derive the motion equation
of the sensitive element in a
rotor type non-driven
mechanical gyroscope

Fig. 1.4 Projection of the
craft’s angular velocity on the
axis of the absolute coordinate
system
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X0
n ¼ X0 sin d cos c

X0
g ¼ X0 sin d sin c

X0
f ¼ X0 cos d

8><
>: ð1:26Þ

Denote Xv
n, X

v
g and Xv

f as the projections of the harmonic angular velocity
Xv cos vt (angular oscillation) on the axes On;Og and Of:

Xv
n ¼ Xv sin dv cos cv cos vt

Xv
g ¼ Xv sin dv sin cv cos vt

Xv
f ¼ Xv cos dv cos vt

8<
: ð1:27Þ

Denote Xw
g and Xw

f as the projections of the circular oscillating angular velocity

Xw on the plane Ong and the axis Of, respectively:

Xw
n ¼ Xw sin dw cos wtþ cw

� �
Xw

g ¼ Xw sin dw sin wtþ cw
� �

Xw
f ¼ Xw cos dw

8><
>: ð1:28Þ

Substituting Eqs. (1.26), (1.27) and (1.28) into Eq. (1.25), we can obtain the
complete expressions Xn;Xg and Xf of the influence of the aircraft’s circular
vibration velocity:

Xn ¼ X0 sin d cos cþXw sin dw cos wtþ cw
� �þXv sin dv cos cv cos vt

Xg ¼ X0 sin d sin cþXw sin dw sin wtþ cw
� �þXv sin dv sin cv cos vt

Xf ¼ X0 cos dþXw cos dw þXv cos dv cos vt

8><
>:

ð1:29Þ

By using the dynamic non-generalized Euler equation, we can obtain the motion
equation of the gyroscope’s sensitive element:

B1
_XY � ðC1 � A1ÞXXXZ ¼ �Da _a� KaþMY ;harmful ð1:30Þ

where A1;B1 and C1 are the inertia moments of the sensitive element which take
OX;OY and OZ axes as the references; �Da _a is the damping torque; Da is the
damping coefficient; _u0 is the rotating angular velocity of the rotating flight carrier
and the instrument frame rotating around the axis OZ1; a is the rotation angle of the
sensitive element around the axis OY ; �Ka is the flexibility torque; K is the
flexibility coefficient (the angular rigidity); MY ;harmful is the disturbance (harmful)
torque that is relative to the axis OY1 (OY), which is caused by the unbalance of the
sensitive element and other factors.

1.2 Motion Equation for the Sensitive Elements … 11



According to the requirement of Fig. 1.3, the values of _XY ;XX and XZ in (1.30)
are regulated. Therefore, we can obtain the projections of the rocket’s angular
velocity on the axes OX;OY and OZ:

XX ¼ _q cos r sinu cos a� _r cosu cos a� _u sin a
XZ ¼ _q cos r sinu sin a� _r cosu sin aþ _u cos a
XY ¼ _q cos r cosuþ _r sinuþ _a

8<
: ð1:31Þ

Multiplying XX and XZ in Eq. (1.31) and differentiating XY , we can obtain

XXXZ ¼ _q cos r sin u� _r cos uð Þ2sin a cos a� _u2 sin a cos aþ
_q cos r sin u� _r cos uð Þ _u cos2 a� sin2 a

� �
_XY ¼ €q cos r� _q _r sin rð Þ cos u� _q _u cos r sin uþ €r sin uþ _r _u cos uþ €a

8<
:

ð1:32Þ

Because the angle a is small and the value of a2 is ignored, we can obtain
sina ¼ a and cosa ¼ 1. Thus Eqs. (1.31) and (1.32) have the following
expressions:

XX ¼ _q cos r sin u� _r cos u� _ua
XZ ¼ _q cos r sin u� _r cos uð Þaþ _u
XY ¼ _q cos r cos uþ _r sin uþ _a

8<
: ð1:33Þ

and

XXXZ ¼ _q cos r sin u� _r cos uð Þ2a� _u2aþ _q cos r sin u� _r cos uð Þ _u
_XY ¼ €q cos r� _q _r sin rð Þ cos u� _q _u cos r sin uþ €r sin uþ _r _u cos uþ €a

	
ð1:34Þ

Substituting Eqs. (1.33) and (1.34) into Eq. (1.30), and thinking that
MY ;harmful ¼ 0, we can obtain

B1½ð€q cos r� _q _r sin rÞ cos u� _q _u cos r sin uþ €r sin uþ _r _u cos uþ €a�
� ðC1 � A1Þf½ð _q cos r sin u� r cos uÞ2 � _u2�a
þð _q cos r sin u� r cos uÞ _ug ¼ �Da _a� Ka

ð1:35Þ

After some simple transformations, Eq. (1.35) has the following expression:

B1€aþDa _aþ ½ðC1 � A1Þð _u2 � ð _q cos r sin u� _r cos uÞ2ÞþK�a
¼ ðC1 � A1 þB1Þð _q cos r sin u� _r cos uÞ _u
� B1½ð€q cos r� _q _r sin rÞ cos uþ €r sin u�

ð1:36Þ
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If the projection of the rotating flight carrier’s angular velocity on the instru-
ment’s sensitive plane exists and is utilized to measure the inertial moment, the
right side of Eq. (1.36) shows that: C1ð _qcos rsinu� _rcosuÞ _u is the gyroscopic
moment caused by the rotary and changed angular velocity around the lateral axis
of the rotating flight carrier; �A1ð _q cos r sinu� _r cosuÞ _u is the centrifugal
moment caused by the rotary and changed angular velocity around the lateral axis
of the rotating flight carrier; B1ð _q cos r sinu� _r cosuÞ _u is the inertia moment
caused by the change of the projections of the rotating carrier’s angular velocity on
the instrument’s sensitive axis, where the change of the projections is restricted by
the rotating velocity around the longitudinal axis of the rotating carrier flight;
�B1 ð€q cos r� _q _r sin rÞ cosuþ €r sinu½ �) is the component of the inertia moment
caused by the change of the rotating carrier’s angular velocity (the angular
acceleration).

Denote

H0 ¼ ðC1 � A1 þB1Þ _u ð1:37Þ

B0 ¼ ðC1 � A1Þ _u2 � ð _q cos r sinu� _r cosuÞ2
h i

þK ð1:38Þ

x0 ¼
ffiffiffiffiffi
B0

B1

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC1 � A1Þ _u2 � ð _q cos r sinu� _r cosuÞ2

h i
þK

B1

vuut ð1:39Þ

n ¼ Da

2B1x0
¼ Da

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B1 ðC1 � A1Þ _u2 � ð _q cos r sinu� _r cosuÞ2

h i
þK

n or ð1:40Þ

By using the above denotations, the motion equation of the instrument’s sen-
sitive element can be written in the differential equation form of the forced har-
monic vibration:

€aþ 2nx0 _aþx2
0a ¼ H0

B1
ð _qcosrsinu� _rcosuÞ � ð€qcosr� _r _qsinrÞcosuþ €rsinu½ �

ð1:41Þ

In general, the vibration motion characteristic of the instrument’s sensitive
element is determined by the instrument’s internal parameters such as the sensitive
element’s inertia moment, the damping coefficient and the aircraft’s self-rotating
velocity, which are also determined by the external forces acting on the velocity of
the rotating flight carrier.

The angular velocity and the angular acceleration caused by some basic rotations
in Fig. 1.3 can be expressed by the following equations:
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_q ¼ Xn

_r ¼ Xg cos qþXf sin q
_u ¼ _u0 þXn sin r� Xg sin q cos rþXf cos q cos r

8<
: ð1:42Þ

€q ¼ _Xn

€r ¼ _Xg cos q� Xg _q sinqþ _Xf sin qþXf _q cos q

	
ð1:43Þ

By differentiating Eq. (1.29), we can obtain the angular accelerations _Xn, _Xg and
_Xf:

_Xn ¼ �Xww sin dw sinðwtþ cwÞ � Xvv sin dv cos cv sin vt
_Xg ¼ Xww sin dw cosðwtþ cwÞ � Xvv sin dv sin cv sin vt
_Xf ¼ �Xvv cos dv sin vt

8><
>: ð1:44Þ

The above expressions show that the instrument simultaneously measures the
angular velocities with which the craft rotates around the axes OX0 and OY0, and
these angular velocities have the following forms:

XX0 ¼ _r

XY0 ¼ _q cos r

These angular velocities are proportional to the amplitude of the sensitive ele-
ment’s forced oscillation.

In order to analyze the instrument’s working condition, another form of (1.41) is
more convenient where the projections of the angular velocity vector on the plane
OX0Y0 substitute those on the axes OX0 and OY0:

€aþ 2nx0 _aþx2
0a ¼ H0

B1
Xsinð _ut � d1Þ � _X cosð _ut � d2Þ ð1:45Þ

€aþ 2nx0 _aþx2
0a ¼ H0

B1
Xsinð _ut � d1Þ � _Xsinð _utþ d2Þ ð1:46Þ

where

X ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð _q cos rÞ2 þ _r2

q
ð1:47Þ

is the projection of the rotating flight carrier’s angular velocity on the plane OX0Y0;

_X ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð€q cos r� _r _q sinrÞ2 þ €r2

q
ð1:48Þ
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is the projection of the angular acceleration on the plane OX0Y0, while the phase
shift angles d1 and d2 are the vector position’s angles on the sensitive plane OX0Y0
of the rotating flight carrier’s angular velocity and angular acceleration:

d1 ¼ arctan
_r

_q cos r

� �
ð1:49Þ

d2 ¼ arctan
€q cos r� _r _q sin r

€r

� �
ð1:50Þ

In this case, Eqs. (1.39) and (1.40) are changed as

x0 ¼
ffiffiffiffiffi
B0

B1

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC1 � A1Þ _u2 � X2 sin2ð _ut � d1Þ


 �þK

B1

s
ð1:51Þ

n ¼ Da

2B1x0
¼ Da

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B1 ðC1 � A1Þ _u2 � X2 sin2ð _ut � d1Þ


 �þK
� 
q ð1:52Þ

Therefore, the motion equation of the sensitive element of the rotating state
aircraft’s non-driving mechanical gyroscope in the aircraft’s implicated coordinate
system is expressed as

€aþ Da

B1
_aþ ðC1 � A1Þ _u2 � X2 sin2ð _ut � d1Þ


 �þK

B1
a

¼ C1 � A1 þB1

B1
X _u sinð _ut � d1Þ � _X sinð _utþ d2Þ

 � ð1:53Þ

or

€aþ Da

B1
_aþ

ðC1 � A1Þ _u2 � ð _q2 cos2 r� _r2Þ½ � sin _ut � arctanð _r
_q cos rÞ

h i
þK

B1
a

¼ C1 � A1 þB1

B1
_u
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_q2 cos2 rþ _r2

p
sin _ut � arctan

_r
_q cos r

� �� �

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð€qcosr� _r _q sin rÞ2 þ €r2

q
sin _utþ arctan

€qcosr� _r _q sin r
€r

� �� �
ð1:54Þ

From Eqs. (1.51) and (1.52), the undamped vibration’s natural frequency and the
attenuation coefficient of the non-driving mechanical gyroscope’s sensitive element
used in the rotating state aircraft have a complex relationship with the amplitude
and the phase of the measured angular velocity.

The motion equation of a rotor-type vibratory gyroscope can be obtained as:
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B1€aþDa _aþðC1 � A1Þ½ _u2 � ð _q cos r sinu� _r cosuÞ2�a
¼ ðC1 � A1 þB1Þð _q cos r sinu� _r cosuÞ _u
� B1½ð€q cos r� _q _r sin rÞ cosuþ €r sinu� þMT ;inertia

where

_q ¼ Xn; _r ¼ Xg cos qþXf sin q

_u ¼ _u0 þXn sin r� Xg sin q cos rþXf cos q cos r

€q ¼ _Xn; €r ¼ _Xg cos q� Xg _q sin qþ _Xf sin qþXf _q cos q

€aþ 2nx0 _aþx2
0a ¼ H0

B1
X sinð _ut � d1Þ � _X sinð _utþ d2Þ

H0 ¼ ðC1 � A1 þB1Þ _u;B0 ¼ ðC1 � A1Þ½ _u2 � ð _q cos r sinu� _r cosuÞ2�
X ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð _q cos rÞ2 þ _r2

q
; _X ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð€q cos r� _r _q sinrÞ2 þ €r2

q
d1 ¼ arctan

_r
_q cos r

� �
; d2 ¼ arctan

€q cos r� _r _q sin r
€r

� �

The condition of tuning resonance is

l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 � A1

B1

r
¼ x0

_u0
¼ 1

The vibration state is established as

a ¼
ðC1 � A1 þB1ÞX sin _u0t � c� arctan 2Da

ðC1�A1�B1Þ _u0

� �h i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC1 � A1 � B1Þ _u0½ �2 þD2

a

q

When precisely tuned, there holds

a ¼ � 2B1

Da
X cosð _u0t � cÞ

1.3 Performance of the Gyroscope as the Aircraft Rotates
With a Constant Angular Velocity

Under the following conditions, the solution of the sensitive element’s motion
Eq. (1.46) is analyzed:
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Xw ¼ 0;Xm ¼ 0; d ¼ ð0; p=2Þ; c ¼ ð0; p=2Þ ð1:55Þ

Equation (1.25) has the following form:

Xn ¼ X0
n ¼ X0 sin d cos c

Xg ¼ X0
g ¼ X0 sin d sin c

Xf ¼ X0
f ¼ X0 cos d

8<
: ð1:56Þ

It is the case that the angular velocity of the inertia space whose space changes
and whose time is constant acts on the rotating flight carrier. From Eq. (1.42), the
basic unit rotating angular velocity is

_q ¼ X0
n ¼ X0 sin d cos c

_r ¼ X0
g cos qþX0

f sin q ¼ X0 sin d sin c cos qþX0 cos d sin q
_u ¼ _u0 þX0

n sinr� X0
g sin q cos rþX0

f cos q cos r
¼ _u0 þX0 sin d cos c sin r� X0 sin d sin c sinq cos rþX0 cos d cos q cos r

8>>><
>>>:

ð1:57Þ

Under the action of the constant angular velocity, the angles q and r are very
small, while the self-rotating angular velocity of the carrier around the longitudinal
axis is many times bigger than that of the carrier around the absolute coordinate
system’s axis, that is, _u0 � Xn, Xg and Xf. Thus Eq. (1.57) is changed into the
following form:

_q ¼ X0
n ¼ X0 sin d cos c

_r ¼ X0
g þX0

fq ¼ X0 sin d sin cþX0q cos d � X0
g ¼ X0 sin d sin c

_u ¼ _u0 þX0
nrþX0

f � X0
gq ¼ _u0 þX0r sin d cos c� X0q sin d sin cþX0 cos d � _u0

8><
>:

ð1:58Þ

In this case the basic unit rotation angular acceleration is zero:

€q ¼ 0
€r ¼ 0

	
ð1:59Þ

Since the gyroscope measures the angular velocity that is located on the sensitive
plane of the instrument, from Fig. 1.3, the instrument will deal with the value of the
projection X0 on the sensitive plane:

X ¼ X0 sin d ð1:60Þ

It is noted that the instrument only measures the aircraft’s angular velocity
component located on the measured plane. Therefore, substituting Eq. (1.58) into
Eqs. (1.47), (1.48) and (1.49), obtains
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X ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð _q cos rÞ2 þ _r2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_q2 þ _r2

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2

n þX2
g

q
¼ X0 sin d ð1:61Þ

_X ¼ 0 ð1:62Þ

d1 ¼ arctan
_r

_q cos r

� �
¼ arctan

X0
g

X0
n

 !
¼ c ð1:63Þ

Therefore, under the action of the constant angular velocity, the sensitive ele-
ment’s motion Eq. (1.46) has the following form:

€aþ 2nx0 _aþx2
0a ¼ H0

B1
X sinð _u0t � d1Þ ð1:64Þ

or

€aþ 2nx0 _aþx2
0a ¼ H0

B1
X0 sin d sinð _u0t � cÞ ð1:65Þ

By solving Eq. (1.64), we can obtain the sensitive element’s vibration
expression:

a ¼ Ce�nx0t sin x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

q� �
tþ b

� �
þ k

H0

B0
X sinð _u0t � cþ xÞ ð1:66Þ

where C and b are the definite integrals under the given initial condition; n is the
vibration attenuation coefficient under the action of the constant velocity and
_u0 � X:

n ¼ Da

2B1x0
¼ Da

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B1 ðC1 � A1Þ _u2

0 þK

 �q ð1:67Þ

x0 is the natural frequency of the undamped vibration under the same assumption:

x0 ¼
ffiffiffiffiffi
B0

B1

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC1 � A1Þ _u2

0 þK
B1

s
ð1:68Þ

k is a dynamic coefficient:

k ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� _u2

0
x2

0

� �2
þ 2n _u0

x0

� �2r ¼ x2
0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2
0 � _u2

0

� �2 þ 2n _u0x0ð Þ2
q ð1:69Þ
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Considering Eqs. (1.67) and (1.68), obtains

k ¼ ðC1 � A1Þ _u2
0 þKffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðC1 � A1 � B1Þ _u2
0 þK


 �2 þ Da _u0ð Þ2
q ð1:70Þ

v is the gyroscope’s phase shift:

v ¼ � arctan
2n _u0=x0

1� _u2
0=x

2
0

� �
¼ � arctan

2n _u0x0

x2
0 � _u2

0

� �
ð1:71Þ

Substituting Eqs. (1.67) and (1.68) into Eq. (1.71), obtains

v ¼ � arctan
Da _u0

ðC1 � A1 � B1Þ _u2
0 þK

� �
ð1:72Þ

Equations (1.65) and (1.66) show that when the frequency _u0 coincides with the
rotating frequency of the carrier around the longitudinal axis, the sensitive ele-
ment’s vibration amplitude is proportional to the vector mode of the projection of
the rotating flight carrier’s angular velocity on the measured plane, while the
vibration phase is dependent on the vector position’s angle a in the measured plane
of the rotating flight carrier’s angular velocity.

1.4 Choice of System Scheme for a Non-driven
Mechanical Gyroscope

The choice of the instrument system scheme depends on the size of the instrument,
the technical requirements and the kinematic scheme proposed in the technical task.
The determination of the instrument parameters should be realized through calcu-
lation, so that it not only satisfies the requirements of the technical task and the
appearance size of the instrument, but also ensure the quality and stability of the
adjustment, and the accuracy and stability of the output signal. It should be kept in
mind that the decision to choose the instrument system’s scheme is its working state.

In reviewing Eq. (1.66) the oscillating state has been established for the sensitive
element. For the established state the oscillation characteristic has the following form:

a ¼ k
H0

B0
X sinð _u0t � cþ vÞ ¼ ðC1 � A1 þB1Þ _u0Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðC1 � A1 � B1Þ _u2
0 þK


 �2 þðDa _u0Þ2
q

� sin _u0t � c� arctan
Da _u0

ðC1 � A1 � B1Þ _u2
0 þK

� �	 � ð1:73Þ
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Now, the advantages and the disadvantages of two possible working states of the
instrument are analyzed: the two working states are non-resonant and resonant.
According to the non-driving mechanical gyroscope used in the rotating flight
carrier, two working states are considered. The basic idea and the focus should be
placed on the factors which lead to the instability of the instrument, namely the
instability of the rotating velocity of the aircraft and the instability of the temper-
ature characteristic.

In the non-resonant working state, the output signal of the instrument adopts the
following form:

a ¼ ðC1 � A1 þB1Þ _u0X

ðC1 � A1 � B1Þ _u2
0 þK

sinð _u0t � cÞ ð1:74Þ

When the elastic coefficient is large enough:

a ¼ ðC1 � A1 þB1Þ _u0X
K

sinð _u0t � cÞ ð1:75Þ

The advantage of the non-resonant working state is that the resonance adjustment
is not required, but in order to achieve a tuning, some special methods are needed
such that the output signal phase shift is equal to zero and the temperature stability is
higher. The disadvantage is that the output signal has a linear relationship with the
self-rotating velocity instability of the craft, and the sensitivity is low.

One of the most unstable factors in the non-resonant working state is the
instability of the self-rotating angular velocity _u0 of the aircraft. The instrument
with the resonant state can not only improve the sensitivity of the instrument, but
can also eliminate the influence of the rotating angular velocity of the aircraft on the
amplitude of the output signal. The condition for the resonant tuning is

_u0 ¼ x0

From a similar equation, the tuning can be achieved:

x0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC1 � A1Þ _u2

0 þK
B1

s
¼ _u0 ð1:76Þ

x0

_u0
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC1 � A1ÞþK= _u2

0

B1

s
¼ 1 ð1:77Þ

Thus Eq. (1.73) has the following form:

a ¼ ðC1 � A1 þB1Þ
Da

X sin _u0t � c� p
2

� �
ð1:78Þ
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Therefore, the instrument with the resonant state can rule out the dependence of
the output signal on the rotating velocity of the aircraft. The instrument parameters
should be optimized to ensure that the instrument is adjusted to a resonant state.

Equation (1.77) is actually the condition of the resonant adjustment. This con-
dition can be changed into the following form:

K ¼ ðB1 þA1 � C1Þ _u2
0 ð1:79Þ

Thus the condition of the resonance adjustment is directly related to the rotating
frequency of the aircraft, and the influence of the instability of _u0 is reduced.

In summary, the advantages of the resonant working state of a non-driven
mechanical gyroscope are its high sensitivity and fact that the stability of the
instrument phase shift is independent of the rotating velocity of the craft. The
disadvantages are the need to ensure the stability of the damping work of the
instrument, and the resonance adjustment work is complex.

There are some defects in these two working states of a non-driven mechanical
gyroscope. Some special measures have to be taken to eliminate the defects in the
instrument. The choice of the working state should be based on a variety of possible
ways to compensate for or reduce the existing defects of the method.

One of the disadvantages of the non-resonant state is that the sensitivity of the
instrument is low. The dependency of the output signal on the self-rotating angular
velocity of the craft and can be easily eliminated by the method of integrating the
output signal. While the sensitivity of the instrument can be improved by reducing
the elastic coefficient K, this will result in reducing the damping effect of the
instrument or this will lead to the amplitude conversion of the output signal of the
gyroscope, and as the conversion is related to the square number of the aircraft’s
self-rotating angular velocity, it will also cause instability of the output signal. The
damping effect of the instrument is reduced such that there is a negative effect on
the adjustment of the quality of the instrument.

In the resonance working state, the stability of the output signal is basically
dependent on the stability of the damping effect, and the velocity feedback method
is used to establish the damping effect in the instrument and is able to meet the
required accuracy. Under the resonant working state there is the angular velocity
which is passed from the craft’s rotation around the horizontal axis, while the
produced inertia moment mainly relies on the damping torque to maintain a bal-
ance, and unlike the elastic torque has an effect on the non-resonant working state.
However, the static elastic stiffness of the instrument faces a very serious problem
in the precise adjustment of the resonant state, because the condition of the resonant
tuning is related to the instability of the rotating velocity of the craft. Due to some
of the above factors, in the resonant working state of a non-driven mechanical
gyroscope some static elastic components of the rotating state aircraft should be
fully discarded.

1.4 Choice of System Scheme for a Non-driven Mechanical Gyroscope 21



There are three ways to eliminate the static elasticity of the instrument:

① If the known instruments are the same then a sliding bearing with a small
friction coefficient is used. In this case, the static elasticity is only
determined by the stiffness of the elastic rod, and the signal transmission
between the sensing element and the shell can be realized by the elastic
rod.

② The angular vibration of the sensitive element is compensated by the
positive feedback of the elastic moment of the torsion bar.

③ An elastic torsion bar with a small angle rigidity is used.

In this case, the condition of the resonant tuning takes the following form:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðB1 � C1 þA1Þ

p
_u0 ¼ 0 ð1:80Þ

or

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 � A1

B1

r
¼ 1 ð1:81Þ

and no matter whether the condition is related to the angular velocity of rotation
around the longitudinal axis of the rocket, it cannot in fact be realized.

From Fig. 1.5, the tuning condition of the resonance point can be recorded by
the frame’s geometry size:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 � A1

B1

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
abcða2 þ c2Þ

12 � abcða2 þ b2Þ
12

abcðb2 þ c2Þ
12

vuut ¼ c2 � b2

c2 þ b2
¼ 1 ðb ¼ 0Þ

This result is virtually impossible to achieve. In the case that the dimension b is
arbitrary, the instrument works in the non-resonant region and the smaller the size
of b is, the closer the working state of the instrument is to the resonance state. In

Fig. 1.5 Relationship
between the frame’s geometry
and tuning
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fact, the value of
ffiffiffiffiffiffiffiffiffiffi
C1�A1
B1

q
can be very close to 1, and may reach 0.9–0.98. As a

result, we can think that the instrument works in the near-resonant area which is
close to the resonant point, and is directly close to the resonant point. Under the
condition of the existence of the elastic torsion bar, although the resonance
adjustment is not very accurate, it has the most important outstanding performance
difference from the resonance point tuning, namely its stability is independent of the
aircraft’s self-rotating velocity.

Therefore, according to the technical tasks and the possibility of a non-driven
mechanical gyroscope’s working state to complete the task, we can draw the
conclusion that the most suitable condition is resonance status with velocity
feedback, and in order to ensure the stable damping performance in the instrument,
the inelastic non-inertia effect is needed.

Within the range of the permissible outline dimensions of the instrument, the
more appropriate choice of the geometric dimensions of the sensitive components
can be more accurate to ensure the condition of the resonant tuning work, as shown
in Eq. (1.81); reducing the choice of the static elastic method, first of all depends on
the accuracy of easily realizing the elastic positive feedback compensation, and the
possibility of ensuring that the torsion angle stiffness is as little as possible.

The sliding bearing structure is relatively simple and cheap. As shown in
Eq. (1.78), the vibration angle of the instrument’s sensitive elements is independent
of the rotating angular velocity _u0 (in fact, when making a non-precise tuning, the
oscillation angle is nonlinear and small (see Sect. 2.1), and is independent of _u0).
Therefore, the input angular velocity of the rotating flight carrier is measured by the
vibration angle of the sensitive element.

However, the angle sensor which is used to measure the angle position has many
intrinsic defects.

(1) A non-driven mechanical gyroscope with a hall sensor (Fig. 1.6). The hall
sensor is a semiconductor device with four pieces of thin film generated by
metal evaporation deposition (Fig. 1.6a), where two pole pieces constitute the
input pole of the sensor and two pole pieces are used for signal detection. When
the sensor is placed in a magnetic field, it generates a signal proportional to the
intensity of the magnetic induction on the output end of the sensor. At this time,
the instrument structure along the thickness direction is not a uniform gap of the
magnetic system (Fig. 1.6b). Because the hall sensors on the sensitive element
are placed in a magnetic field, the magnetic induction varies with the height of
the pole and is proportional to the angle of the instrument frame. A hall sensor’s
fault is that its output signal is considerably dependent on the temperature. The
disadvantage of the circuit scheme is that the magnetic measurement system is
too complicated. There is a linear relationship between the magnetic flux in the
magnetic system gap and the rotating angle of the sensing element.

(2) A non-driven mechanical gyroscope with an inductance angle sensor (Fig. 1.7).
The temperature characteristic of the output signal of an inductance angle
sensor is unstable. In addition, the oscillator must be set to ensure that there is
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the power of the sensor work. In a non-driven mechanical gyroscope with an
inductance angle sensor, the range of oscillation angle of the sensitive element
is limited. The dependent characteristic of a large temperature cannot be
eliminated and the eddy current has considerable damping.

(3) A non-driven mechanical gyroscope with an eddy current angle sensor
(Fig. 1.8). The working principle of this kind of sensor is based on the use of an
eddy current, and the effect of an eddy current on the magnetic flux of the
electromagnet flowing along the magnetic circuit is proportional to the size of
the flat plate as the flat plate is rotating (Fig. 1.8a). In order to carry out the
transmission and measure the information, the sensor uses a bridge circuit
(Fig. 1.8b).

An eddy angle sensor also has the disadvantage of an inductance angle sensor. In
order to obtain the normal operation of the vortex angle sensor, the oscillator must
be equipped with. In terms of the vibration angle of a sensitive element, the eddy
current angle sensor has the problem of working scope, and the output signal of the
eddy current angle sensor is strongly dependent on the temperature due to the
impact of the plate conductivity change.

It is obvious that the dependence of the output signal on the temperature is a
common defect in all kinds of angle sensor.

Fig. 1.6 Non-driven mechanical gyroscope with a hall sensor

Fig. 1.7 Non-driven
mechanical gyroscope with an
inductance angle sensor
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For the design of the temperature performance, the most stable design scheme is
shown in Fig. 1.9.

In the condition of inserting an integral part at the output end of the instrument
and using the electronic components with small temperature coefficients, when the
temperature changes in the operating temperature range, this approach provides a
fairly stable phase shift. As stated in the preface, this is most important, and its
importance is even greater than the magnitude of the phase shift itself. Without a
doubt, the integral part not only increases the transition process but also has a
negative influence on regulating the quality of the instrument, and more detailed
studies can be seen in Sect. 2.2.

However, these negative components which are related to an integral part at the
output end of the instrument in working conditions are not mentioned; their effects

Fig. 1.8 A non-driven mechanical gyroscope with an eddy current angle sensor, a Principle
diagram of the sensor; b Bridge circuit of the sensor

Fig. 1.9 A non-driven
mechanical gyroscope with a
feedback damping function
and an output integrator. 1—
Sensitive element; 2—
measuring winding; 3—
torque winding; 4—
permanent magnet; 5—
bearing seat; 6—elastic
conductive spring (soft wire);
7—preamplifier; 8—current
amplifier; 9—integrator
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are less than many of the problems that are generated from all the sensor solutions
using the angle sensor.

From the structural point of view or from the design of the error caused by the
program itself, there is no doubt that the angular velocity output signal measure-
ment of the sensitive element vibration is the most realistic and feasible solution.
Similar design schemes of signal measurement can limit the negative effect of the
friction torque in the sliding bearing. In this case, the influence of the sliding
bearing friction torque does not show in the output signal and is only the threshold
value of the instrument’s sensitivity. Therefore, in order to reduce the sensitivity
threshold, sliding bearings with low friction coefficient materials must be adopted.

The temperature of the output signal, which is determined by the signal detection
circuit, is unstable. Under this condition it is dependent only on the temperature of
the magnet, the minimum value can be achieved by selecting a magnetic material
with small temperature coefficients.

The instability damping effect, which is caused by the vortex and produced in
the conductive material of the sensitive component shell can be eliminated by using
non-conductive materials in the sensitive component’s shell, or by adopting a more
reasonable approach such as the structure scheme of the sensitive component
without a shell.

As was put forward previously, the damping effect of the instrument is of
decisive significance, and is directly related to the sensitivity, accuracy, and sta-
bility of the output signal. It is advantageous to obtain the signal by measuring the
vibration angular velocity of the instrument’s sensitive element. Through the
velocity feedback with the current amplifier, the damping structure in the instru-
ment can again be confirmed as suitable and the temperature dependency of the
damping effect can be eliminated (see Sect. 1.6). It should be pointed out that the
use of velocity feedback will lead to the following consequences:

① Some changes are needed to the design: if components with feedback
electronics are adopted, then in the condition of increasing the
mechanical structure of the instrument, the total size of the instrument
must be relaxed accurately.

② The torque distribution in the framework of the sensor can be changed:
The simplest and most convenient solution to this problem is to change
the winding mode of the sensor on the sensitive element, and the same
sensitive winding should be applied to the same sensitive element. Two
windings overlap on the same frame and it is inevitable that mutual
inductance will be produced. In Sect. 1.6, the effect of the two windings’
mutual inductance on the stability and the reading of the instrument will
be studied.

According to the requirements of precision and sensitivity, we should weigh the
advantages and disadvantages of the compromise in order to help select the
damping of the instrument. A small attenuation coefficient n can cause both the
instrument sensitivity and the settling time to increase. Due to the instability of the
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rotating flight carrier’s angular velocity _u0 around the longitudinal axis, the output
signal will be unstable. As has been pointed out, it is impossible to accurately tune
the resonance. The larger the attenuation is, the lower the instrument sensitivity is.

According to the structure of the instrument circuit, we can draw the following
conclusion: The instrument’s sensitive element is arranged without a skeleton
hanger frame and with a single degree of freedom. The plane of the frame is
perpendicular to the aircraft rotation axis. Two groups of windings are wound
around the frame and located in the same magnetic field of the permanent magnet.
The magnetic lines of the windings are parallel to the plane of the frame. One set of
windings is the sensitive winding which is designed to measure the vibration
angular velocity _a of the sensitive element and the other set is the torque winding
used to ensure the torque effect and this is proportional to the vibration velocity.
The two sets of windings are connected by the current amplifier and the front
amplifier. According to the vibration angle of the framework, the output informa-
tion is measured by the integrator, which is connected to the output end of the
current pre-amplifier. Thus it can be ensured that the output signal is independent
on the angular velocity _u0 of the aircraft.

1.5 Dynamic Performance Regulation of the System

Under the condition of the existence of the constant rotating angular velocity of the
craft around the horizontal axis and regardless of the principle to establish the
damping force and the elastic force of the instrument, the regulation quality of the
rotor vibrating gyroscope used in rotating aircraft is analyzed. Therefore, we first
study the transition process of the instrument, namely the complete solution of the
differential equation of the motion of the sensing element:

€aþ 2nx0 _aþx2
0a ¼ H0

B1
X sinð _ut � cÞ ð1:82Þ

Equation (1.66) is a complete solution of Eq. (1.82):

a ¼ C�e�nx0t sin x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

q� �
tþ b�

� �
þ k

H0

B0
X sinð _u0t � cþ xÞ

According to the initial condition að0Þ ¼ 0 and _að0Þ ¼ 0, the constants C* and
b* can be obtained:
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_a ¼ �nx0C
�e�nx0t sin x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

q� �
tþ b�

� �

þC�e�nx0tx0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

q
cos x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

q� �
tþ b�

� �

þ k
H0

B0
X _u0 cosð _u0t � cþ xÞ

ð1:83Þ

C� sin b� þ k
H0
B0
X sinðv�cÞ¼0

�nx0C� sin b� þx0

ffiffiffiffiffiffiffiffi
1�n2

p
C� cos b� þ k

H0
B0
X _u0 cosðv�cÞ¼0

(
ð1:84Þ

Therefore,

b� ¼ arctan
x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2x2

0 þ _u2
0

q
� sin x� cþ arctan _u0

nx0

� �h i
0
B@

1
CA ð1:85Þ

C� ¼ � kH0X sinðx� cÞ
B0x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

0ð1� n2Þþ ðn2x2
0 þ _u2

0Þ sin2 x� cþ arctan
_u0

nx0

� �� �s

ð1:86Þ

From Eqs. (1.37), (1.67), (1.68), (1.70) and (1.72), we can obtain

b� ¼ arc tan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC1�A1Þ _u2

0 þK½ �
B1

� D2
a

4B2
1

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

a

4B2
1
þ _u2

0

q
� sin arctanð2B1 _u0

Da
Þ � arctan 2Da _u0

ðC1�A1�B1Þ _u2
0 þK

� �
� c

h i
0
BB@

1
CCA

ð1:87Þ

C� ¼
ðC1 � A1 þB1Þ _u0X sin cþ arctan 2Da _u0

ðC1�A1�B1Þ _u2
0 þK

� �h i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðC1 � A1 � B1Þ _u2
0 þK


 �2 þðDa _u0Þ2
n or

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

ð4B2
1 _u

2
0 þD2

aÞ sin2 arctan 2B1 _u0
Da

� �
� c� arctan 2Da _u0

ðC1�A1�B1Þ _u2
0 þK

� �h i
4B1 ðC1 � A1Þ _u2

0 þK

 �� D2

a

vuut
ð1:88Þ

In this case, Eq. (1.66) has the following form:
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a ¼ k
H0

B0
X sin _u0tþ x� cð Þ

� kH0X sinðx� cÞ
B0x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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Under the condition of the existence of the constant rotating angular velocity of
the craft around the horizontal axis, Eq. (1.89) is the transition process of the rotor
vibration gyroscope used in the rotating state aircraft.

The numerical value obtained in the transition process is in the form of

astable ¼ at!1 ¼ k
H0

B0
X sinð _u0t � cþ vÞ ð1:90Þ

The form of the transition process can be observed obviously when considering
the instrument’s reaction to the constant input action of the aircraft in the implicated
coordinate system. In this case, the rotation angular velocity _u0 of the rotating flight
carrier around the longitudinal axis can be considered as constant (stable).

The value of the right part of the motion equation of the sensitive element is
unchanged (in the condition that the measured angular velocity is sine constant),
when the angle _u0t � c is constant. In the case of a circular oscillation, this angle is
constant and the frequency of the circumferential oscillation is coincident with the
rotating frequency of the rotating flight carrier, that is, c ¼ _u0t � c1, where c1 is a
constant angle. In this case, the phenomenon of superposition of two periodic
signals which are similar in frequency does not occur, as shown in Eq. (1.89), and it
is also shown by the fact that the result of the decay component of the transition
process is produced.

Then from Eq. (1.66), we have
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ffiffiffiffiffiffiffiffi
1�n2

p� �
tþ b


 �
þ k

H0
B0
X sin c1 þ xð Þ

_a¼�nx0Ce�nx0 t sin x0

ffiffiffiffiffiffiffiffi
1�n2

p� �
þb


 �
þCx0

ffiffiffiffiffiffiffiffi
1�n2

p
cos x0

ffiffiffiffiffiffiffiffi
1�n2

p� �
tþ b


 �	
ð1:91Þ
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ffiffiffiffiffiffiffiffi
1�n2

p
C cos b¼0
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Thus we have

b ¼ arctan
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Therefore, Eq. (1.91) has the form of
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Equation (1.95) is a transition process under the condition that the constant
disturbance acts on the sensitive element in the implicated coordinate system of the
aircraft. The stable numerical form of the vibration angle a of the sensitive element
is

astable ¼ at!1 ¼ k
H0

B0
X sinðc1 þ vÞ ð1:96Þ

where astable is the vibration angle of the sensitive element with some stable states; k
is a dynamic coefficient; v is a phase shift.

It should be noted that this is different from Eq. (1.90) in that the angle value
determined by Eq. (1.96) is constant. The loop scheme and the parameters of the
above selected gyroscope are discussed, but the method of establishing the damping
function in the instrument is not considered. The parameters are

30 1 Operating Theory of a Non-driven Mechanical Gyroscope



H0 ¼ C1 � A1 þB1ð Þ _u0 ð1:97Þ

B0 ¼ C1 � A1ð Þ _u2
0 ð1:98Þ

x0 ¼ _u0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 � A1

B1

r
ð1:99Þ

n ¼ Da

2 _u0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B1ðC1 � A1Þ

p ð1:100Þ

At this time, the expression of the gyroscope transition process will not change
in nature. However, from Eqs. (1.99) and (1.100), both k and v are changing. In the
implicated coordinate system of the aircraft, if there is a constant force then these
values will not affect the transition process of the instrument. However, if there is a
constant force in the inertia space, their direct effects show up in the transition
process and the stable oscillation of the sensitive elements.

The dynamic coefficient k and the phase shift v affect the frequency character-
istic curves of the amplitude and the phase of the oscillation loop, as shown in
Fig. 1.10. From the curves in Fig. 1.10, we can see that the instrument works in the
near-resonance region and is directly approaching the near-resonance point.

Because of the objectivity of the curves in Fig. 1.10, they are suitable for
determining the parameters of the instrument. From Eq. (1.99), it is known that the

Fig. 1.10 Frequency
characteristics of the
amplitude and phase of the
sensitive element with
different attenuation
coefficients
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inertia moment of the sensitive element can be adjusted to the working point of the
curves in Fig. 1.10, but this will happen in the near-resonance region.

Thus, each point of these characteristic curves has the feature of the inertial
torque of each group and Eq. (1.81) shows more accurately that the inherent
non-attenuation vibration frequency is closer to the rotating frequency around the
aircraft’s longitudinal axis.

There is a close relationship between the inherent frequency of non-damped
oscillation in the instrument and the natural frequency of the rotating flight carrier
around the longitudinal axis. By using the numerical values of the inertia moment
and the vibration attenuation coefficient of the sensitive element, Eqs. (1.69) and
(1.71) can be simplified and determined. Therefore, from the damping value con-
structed in the instrument, the values of k and v can be determined by

k ¼ C1 � A1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC1 � A1 � B1Þ2 þ 4n2B1ðC1 � A1Þ

q ð1:101Þ

v ¼ � arctan
2n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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p
C1 � A1 � B1

 !
ð1:102Þ

By substituting Eq. (1.100), Eqs. (1.101) and (1.102) can be simplified as

k ¼ ðC1 � A1Þ _u0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC1 � A1 � B1Þ2 _u2

0 þD2
a

q ð1:103Þ

v ¼ � arctan
Da

ðC1 � A1 � B1Þ _u0

� �
ð1:104Þ

When the instrument is working in the resonant state, Eqs. (1.103) and (1.104)
can be determined by

k ¼ ðC1 � A1Þ _u0

Da
ð1:105Þ

v ¼ � p
2

ð1:106Þ

The curves in Fig. 1.10 are drawn using the different vibration attenuation
coefficients. When the value of n increases, the peak value on the k curve will
decrease and move to the left along the frequency axis.

The instrument is adjusted to be resonant such that the unstable rotating velocity
of the rotating flight carrier around the longitudinal axis is independent of the output
signal and increases the sensitivity of the instrument.

The increase of the instrument’s sensitivity is related to the sharp increase of the
amplitude-frequency characteristic in the natural frequency of the non-damped
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oscillation of the oscillating loop (the dynamic coefficient). Subsequent facts prove
that this phenomenon is correct only when n is small, because only in the case of a
small value of n, does the amplitude-frequency characteristic of the oscillating loop
(dynamic coefficient) in the natural frequency of the non-damped vibration have a
maximum value. Therefore, in the case of a big attenuation coefficient (n[ 0:3),
the instrument is adjusted to a resonant state, but the maximum value of the sen-
sitivity will not be adjusted simultaneously. In other words, the frequency at the
maximum value of the instrument sensitivity and the instrument output signal are
independent of the rotating velocity frequency around the vertical axis of the
rotating flight carrier and they are different from each other, but in the case of
n < 0.3, the two frequencies actually overlap.

The dynamic coefficients with the maximum frequency can be expressed by the
following formula:

_uM ¼ x0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2n2

q
ð1:107Þ

At the frequency _uM , the sensitivity has a maximum value. When the instrument
is adjusted according to the frequency _uM , there holds

_u0 ¼ _uM ¼ x0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� D2

a

2B1ðC1 � A1Þ _u2
0

s
ð1:108Þ

Denote the mistuning coefficient of the instrument by
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Thus we can calculate the condition that the instrument is tuned to the frequency
_uM as
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From the above equation, we have
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From Eq. (1.110), the following conclusion can be drawn:
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(1) Because the rotating angular velocity around the longitudinal axis of the aircraft
is not stable, the instrument cannot be precisely tuned through _uM . Thus the
similar tuning method is not appropriate to improve the sensitivity. Comparing
Eq. (1.81) with Eqs. (1.110) and (1.81) is more meaningful for the detected
instrument.

(2) Obviously, when the detuning coefficient l	 1, Eq. (1.110) can be achieved.
However, as previously noted, l cannot actually be achieved. This situation can
be explained in that the instrument works in the back resonant region, while if
the maximum value of the dynamic coefficient n	 0, the instrument always
works in the front of the resonant region.

In the coordinate system connected with the craft, a constant force acts on the
sensitive element. Substituting the simplified formula of the dynamic coefficient and
the phase shift, the following expressions for the definite integral can be obtained:

b ¼ arctan
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In the case of resonance, the definite integral can be reduced to the following
form:
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In the case that the accuracy is resonant, the transition process can be described
by the following expressions:
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ð1:115Þ

When the instrument is working on the direct approximation of the resonance
point, the value of the transition process has the following form:

atran ¼ 2X
_u0

sin c1 ð1:116Þ
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Figure 1.11 gives the transition process of the selected gyroscope and is con-
sistent with Eq. (1.115). Therefore, in the implicated coordinate system of the
aircraft, corresponding to every point on the time axis, the constant angular velocity
X of the rotating flight carrier will enable the small framework to generate a
deflection angle astable. Moreover, when the self-rotating velocity _u0 of the craft
around the longitudinal axis increases, the settling time is not reduced because the
time constant 1

nx0
¼ 2B1

Da
of the damped oscillation in the transition process is

independent on the self-rotating velocity around the longitudinal axis of the craft. In
this case, the sensitivity of the instrument is also reduced.

From all the facts mentioned above, the following conclusions can be drawn:

(1) In order to obtain high sensitivity, in the case that l is known, n must be
reduced. It should be kept in mind that the damping coefficient is mainly
determined by the size of the damping effect of the instrument, and if the
damping effect is reduced, the stability of the instrument will deteriorate.

(2) A reasonable choice of n ¼ 0:5
 0:7 can guarantee that the transition process,
regulation quality, and the stability of the instrument will all be improved.

1.6 Stability of a Non-driven Mechanical Gyroscope
with Negative Velocity Feedback

The steady state motion equation of the instrument sensitive element:

a ¼ k
H0

B0
X sinð _u0t � cþ vÞ ð1:117Þ

In general, the steady-state motion of the framework is the oscillation of fre-
quency 0. The amplitude and phase of the vibration are determined by the motion

Fig. 1.11 Transition process
of the sensitive element
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parameters of the rotating carrier, the characteristics and parameters of the instru-
ment, and the feedback velocity. We have determined the influence of feedback and
its rationality and necessity. At the same time, we also take into account the fact that
the damping function in the instrument depends on the sum of the feedback
damping effect and the natural damping effect (basically aerodynamic), that is,
Da ¼ D0 þDfeedback, where D0 is the aerodynamic damping effect and Dfeedback is
the feedback damping effect.

In order to constitute the block diagram of the instrument, where the inputs are
the angular velocities Xn and Xg, and the output is the oscillating angle of the
sensitive element, the motion equation of the sensitive element is rewritten as

B1€aþDa _aþB0a ¼ H0 Xn sinu� Xg cosu
� �� B1

_Xn cosuþ _Xg sinu
� � ð1:118Þ

B1€aþDa _aþB0a ¼ ðH0Xn � B1
_XgÞ sinu� ðH0Xg þB1

_XnÞ cosu ð1:119Þ

Substituting (1.37), we can obtain

B1€aþDa _aþB0a ¼ C1 � A1 þB1ð Þ _uXn � B1s
_Xg


 �
sinu

� C1 � A1 þB1ð Þ _uXg þB1s
_Xn


 �
cosu ð1:120Þ

The block diagram of Fig. 1.12 is in accord with Eq. (1.120), and is the series
circuit diagram consisting of a dual channel network and a single channel network.
The dual channel network is a soft connection non-symmetric line with a
cut-through by means of rotating around the longitudinal axis of the aircraft, and the
resulting input force exhibits the modulation characteristic. The single channel
network is the transfer function of this instrument.

In the case of constant angular velocity, the dual channel network in Fig. 1.12
shows a change, and has the form shown in Fig. 1.13, while the single channel
network does not change.

The double channel network of the diagram is disconnected, while the modu-
lation function is set up by rotating around the longitudinal axis of the craft. In order
to examine the stability of the instrument, the single channel network, which is
limited to the block diagram, is studied as shown in Fig. 1.13.

Fig. 1.12 Block diagram of a
non-driven mechanical
gyroscope
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For the above reasons, if the single channel network is stable, the whole
instrument is stable. Therefore, the single channel network diagram (Fig. 1.14) can
be separately investigated.

In Fig. 1.14,Minertia is the moment inertia, that is, the moment is produced by the
angular velocity rotating around the horizontal axis of the aircraft; Mdamping is the
damping moment, that is, the moment is established by the feedback; WPðsÞ is the
transfer function of the sensitive element;a is the oscillation angle of the sensitive
element; Kmeasure is the measuring winding transfer coefficient of the sensitive
element; Emeasure is the induction electromotive force in sensitive windings; Kamplify

is the amplify coefficient of the preamplifier; Kelectric current is the amplification
coefficient of the current amplifier; Kmutualinductance is the mutual inductance coeffi-
cient; Emutualinductance is the induced electromotive force due to the mutual induc-
tance of the winding and the torque winding; Kmoment is the moment winding
transfer coefficient of the sensitive element; WintegratorðsÞ is the transfer function of
the integrator.

Fig. 1.13 Block diagram of a non-driven mechanical gyroscope under constant angular velocity

Fig. 1.14 Block diagram of a non-driven mechanical gyroscope with velocity feedback (a single
channel network)
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Because some characteristics of the instrument such as the natural frequency of
non-damped oscillation are dependent on the frequency that is rotating around the
longitudinal axis of the aircraft, it should be noted that the frequency of the inertia
moment Minertiamoment may change when the amplitude frequency characteristic and
the phase frequency characteristic are investigated. Because of changes in the
frequency of rotation around the longitudinal axis of the aircraft, the vibration
frequency of the sensitive element also changes. When the aircraft has a circular
oscillation, no matter what the other reasons are, the vibration frequency of the
sensitive elements will not be changed.

Therefore, the stability of the instrument should be considered by two block
diagrams. The two transfer functions of the sensitive elements are used, and these
functions satisfy the following description.

(1) The frequency change of the external action causes the damping oscillation
frequency of the sensitive element. In this case, the transfer function of the
sensitive element is

W 0
PðsÞ ¼

aðsÞ
DMðsÞ ¼

1
B1s2 þD0sþB0

¼ 1

B1s2 þD0s� ðC1 � A1Þðj _u0Þ2

¼ 1
ðB1 � C1 þA1Þs2 þD0s

¼ 1
D0s

1
B1�C1 þA1

D0
sþ 1

¼ 1
K 0
Ps

1
T 0sþ 1

ð1:121Þ

where K 0
P is the reciprocal of the amplification coefficient for the transfer function of

the sensitive element, K 0
P ¼ D0, which is the aerodynamic damping coefficient; T 0

is the time constant of the transient process of the sensitive element, i.e.,

T 0 ¼ B1 � C1 þA1

D0
ð1:122Þ

(2) The frequency change of the external force will not cause the frequency change
of the non-damping vibration. At this time, the transfer function of the sensitive
element of the instrument is

WpðsÞ ¼ aðsÞ
DMðsÞ ¼

1
B1s2 þD0sþB0

¼ 1
KP

1
T0s2 þ 2n0T0sþ 1

ð1:123Þ

where KP is the equivalent elastic angular stiffness for the sensitive element, i.e.,

Kp ¼ ðC1 � A1Þ _u2
0 ¼ B0 ð1:124Þ
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T0 is the oscillation time constant for the sensitive element, i.e.,

T0 ¼ 1
x0

¼
ffiffiffiffiffi
B1

B0

r
¼ 1

_u0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B1

C1 � A1

r
¼ 1

l _u0
ð1:125Þ

n0 is the relative vibration attenuation coefficient of the instrument under the
action of aerodynamic damping:

n0 ¼
D0

2x0B1
¼ D0

2
ffiffiffiffiffiffiffiffiffiffi
B0B1

p ¼ D0

2 _u0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðC1 � A1ÞB1
p ð1:126Þ

It should be noted that the aerodynamic damping effect is small and n0 is no
more than 0.05.

The transfer function of the amplifier―converter is

W1ðsÞ ¼ KamplifyKelectric current

1þKamplifyKelectric currentKmutual inductances
¼ KamplifyKelectric current

1þ Tamplifys
ð1:127Þ

where

Tamplify ¼ KamplifyKelectric currentKmutual inductance ð1:128Þ

Because the harmonic of frequency _u0 is the output signal of the instrument, a
non-periodic loop with a large time constant Tinertia can be selected as an integrator.
Thus

Wintegrator1ðsÞ ¼ Wintegrator1

1þ Tintegrators
ð1:129Þ

The integrators studied in this book have two kinds of deformation: one kind has
already been mentioned with a large time constant of a non-periodic loop and the
other kind is the combination of a differential loop and the vibration loop with the
following transfer function:

Wintegrator2ðsÞ ¼ Kintegrator2
T1sþ 1

T2
2 s

2 þ 2nintegratorT2sþ 1
ð1:130Þ

For the integrator with the transfer function in Eq. (1.130), in the range of 10–
20 Hz rotation frequency around the vertical axis of the aircraft, then by means of
changing the transfer function parameters (time constant and attenuation coefficient)
the high stability of the phase shift influenced by this integrator is better than that of
the integrator with the transfer function in Eq. (1.129).

Three kinds of instrument electronic circuits—no integrator at the instrument
output, integrator with the transfer function in Eq. (1.129) and integrator with the
transfer function in Eq. (1.130)—are compared. However, the fourth possible
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circuit that uses the integrator directly of the feedback can make the velocity
feedback into the auxiliary elasticity, and its negative impacts on the instrument are
pointed out in Sect. 1.4.

The transfer function of the system is now analyzed. The open-loop system
which is disconnected at I is:

W sð Þ ¼ Wp sð ÞKmeasuresW1 sð Þ ð1:131Þ

Consider Eqs. (1.121), (1.122) and (1.123):

W 0 sð Þ ¼ W 0
p sð ÞKmeasuresW1 sð ÞKmoment

¼ KmomentKmeasureKamplifyKelectric current

K 0
p

1
ðT 0sþ 1ÞðTamplifysþ 1Þ ð1:132Þ

W sð Þ ¼ KmomentKmeasureKamplifyKelectric current

Kp

s
ðT2

0 s
2 þ 2n0T0sþ 1ÞðTamplifysþ 1Þ

ð1:133Þ

Introduce the following denotations:

K ¼ KmomentKmeasureKamplifyKelectric current

Kp
¼ Dfeedback

B0
¼ 2nT0 ð1:134Þ

K 0 ¼ KmomentKmeasureKamplifyKelectric current

K 0
p

¼ Dfeedback

D0
ð1:135Þ

Substituting Eqs. (1.134) and (1.135) into (1.132) and (1.133) respectively,
obtains

W 0 sð Þ ¼ K 0

ðT 0sþ 1ÞðTamplifysþ 1Þ ð1:136Þ

W sð Þ ¼ Ks
ðT2

0 s
2 þ 2n0T0sþ 1ÞðTamplifysþ 1Þ ð1:137Þ

The closed-loop transfer functions of the output before the integrator (U0) and
after the integrator (U) have the following forms respectively,

U0
0ðsÞ ¼

W 0ðsÞ
1þW 0ðsÞ

1
Kmoment

1
Kelectric current

¼ U0ðsÞ
MLatðsÞ ð1:138Þ

U0ðsÞ ¼ WðsÞ
1þWðsÞ

1
Kmoment

1
Kelectric current

¼ U0ðsÞ
MLatðsÞ ð1:139Þ

40 1 Operating Theory of a Non-driven Mechanical Gyroscope



U0ðsÞ ¼ W 0ðsÞ
1þW 0ðsÞ

1
Kmoment

1
Kelectric current

WintegratorðsÞ ¼ UðsÞ
MLatðsÞ ð1:140Þ

UðsÞ ¼ WðsÞ
1þWðsÞ

1
Kmoment

1
Kelectric current

WintegratorðsÞ ¼ UðsÞ
MLatðsÞ ð1:141Þ

Substituting Eqs. (1.129), (1.130), (1.136) and (1.137) into Eqs. (1.138)–
(1.141), obtains

U0
0ðsÞ ¼

K 0

KmomentKelectric current

1
TamplifyT 0s2 þðT 0 þ TamplifyÞsþ 1þK 0 ð1:142Þ

U0ðsÞ ¼ K
KmomentKelectric current

s
T2
0Tamplifys3 þðT2

0 þ 2n0T0TamplifyÞs2 þðTamplify þ 2n0T0 þKÞsþ 1

ð1:143Þ

U0
1ðsÞ ¼

K 0Kintegrator1

KmomentKelectric current

1
1þ Tintegrators

1
TamplifyT 0s2 þðT 0 þ TamplifyÞsþ 1þK 0

ð1:144Þ

U0
2ðsÞ ¼

K 0Kintegrator2

KamplifyKelectric current

T1sþ 1
T2
2 s

2 þ 2nintegratorT2sþ 1
s

TamplifyT 0s2 þðT 0 þ TamplifyÞsþ 1þK 0

ð1:145Þ

U1ðsÞ ¼ KKintegrator1

KmomentKelectric current

1
1þ Tintegrators

s
T2
0Tamplifys3 þðT2

0 þ 2n0T0TamplifyÞs2 þðTamplify þ 2n0T0 þKÞsþ 1

ð1:146Þ

U2ðsÞ ¼ KKintegrator2

KmomentKelectric current

T1sþ 1
T2
2 s

2 þ 2nintegratorT2sþ 1

� s
T2
0Tamplifys3 þðT2

0 þ 2n0T0TamplifyÞs2 þðTamplify þ 2n0T0 þKÞsþ 1

ð1:147Þ

The stability of the system is now studied.

(1) Based on the transfer function in Eq. (1.136). The frequency characteristic
curve is in accordance with the transfer function in Eq. (1.136), as shown in
Fig. 1.15.
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Figure 1.15 shows that the system with a velocity feedback of Eq. (1.136) is
stable and has phase stability with a large enough margin. At the same time, the
crossover frequency is closer to the frequency 1=Tamplify, the smaller the phase
stability margin is. So, in order to increase the phase margin, the coefficient K’ must
be increased, that is, the damping effect is increased or the time constant Tamplify is
reduced.

(2) Based on the transfer function in Eq. (1.137), then in order to study the sta-
bility, the denominator of Eq. (1.137) is transformed to be similar to
Eqs. (1.146) and (1.147):

WðsÞ ¼ Ks
T2
0Tamplifys3 þðT2

0 þ 2n0T0TamplifyÞs2 þðTamplify þ 2n0T0Þsþ 1
ð1:148Þ

In order to study the stability, the last two summands are moved away from the

molecular to the denominator. Then the characteristic polynomial WðsÞ
1þWðsÞ of the

closed-loop system is unchanged. Thus the equivalent transfer function W1ðsÞ can
be obtained as

W1ðsÞ ¼ ðTamplify þ 2n0T0 þKÞsþ 1
s2 T2

0TamplifysþðT2
0 þ 2n0T0TamplifyÞ


 � ð1:149Þ

In the condition of a small n0, it can only be determined by the aerodynamic
resistance (n0 � n),and the following expressions are correct:2n0T0 �K ¼ 2nT0;
2n0Tamplify � T0. Thus the expression (1.149) can be simplified as

W1ðsÞ ¼ ðTamplify þKÞsþ 1
T2
0 s

2ðTamplifysþ 1Þ ð1:150Þ

It should be noted that Tamplify is basically determined by the mutual inductance
of the winding and the value is small enough, while K is determined by a large

Fig. 1.15 The frequency
characteristic curve in
accordance with Eq. (1.136)
for a non-driven structure
mechanical gyroscope with a
velocity feedback
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enough damping effect, and the value is large. This damping effect is guaranteed by
a velocity feedback. The frequency characteristic curve is satisfied with the transfer
function in Eq. (1.150) as shown in Fig. 1.16.

From Fig. 1.16, we know that the size of the constant Tamplify affects the margin
of coefficient stability, and as mentioned above, the increase of Tamplify will reduce
the phase margin, but the system will still remain stable.

Assume that the denominator of the transfer function WðsÞ
1þWðsÞ is zero, and obtain

the characteristic equation as

T2
0Tamplifys

3 þðT2
0 þ 2n0T0TamplifyÞs2 þðTamplify þ 2n0T0 þKÞsþ 1 ¼ 0

or

T2
0Tamplifys

3 þðT2
0 þ 2n0T0TamplifyÞs2 þ Tamplify þ 2ðn0 þ nÞT0


 �
sþ 1 ¼ 0 ð1:151Þ

Since the whole terms of the equation are positive, the stability condition should
be in the following form:

ðT2
0 þ 2n0T0TamplifyÞ Tamplify þ 2ðnþ n0ÞT0


 �
[ T2

0Tamplify

When n0 ¼ 0, we can obtain that T2
0Tamplify þ 2nT3

0 [ T2
0Tamplify ) 2nT3

0 [ 0.
So, when n0 ¼ 0, the system is stable.

The amplitude and phase characteristics satisfy the transfer functions in
Eqs. (1.136) and (1.137). After all the symbols are substituted, they coincide
completely. In order to use the instruments to measure the angular velocity of the
aircraft, the two expressions can be used to study the accuracy analysis. However,
when considering the circumferential vibration and the angular vibration of the
craft, the transfer function in Eq. (1.137) is more reasonable. The reason is that the
change of the circumferential vibration frequency and the angular vibration fre-
quency of the aircraft are caused by changes of the external torque, and the input
signal of the sensitive elements does not affect the natural frequency of non-damped

Fig. 1.16 Frequency
characteristics of a non-driven
mechanical gyroscope with a
velocity feedback

1.6 Stability of a Non-driven Mechanical Gyroscope with … 43



oscillations. Therefore, in order to make the work more comprehensive and gen-
eralized, Eq. (1.137) will be used to determine the transfer function (Fig. 1.16).

Then, from Eq. (1.150), the phase frequency characteristic should have the
following form:

x ¼ �pþ arctan ðTamplify þKÞx
 �� arctanðTamplifyxÞ ¼ �pþ arctan

KamplifyKelectric currentKmutual inductance þ KmomentKmeasureKamplifyKelectric current

ðC1 � A1Þ _u2
0

� �
x

� �
� arctan KamplifyKelectriccurrentKmutualinductancex

� �
ð1:152Þ

From Eq. (1.152), the phase stability margin is related not only with the time
constant Tamplify but also with the rotating velocity around the longitudinal axis of
the craft. As mentioned earlier, the system is unstable over a large enough range
(10–20 Hz). The margin of the phase stability is

Dv ¼ arctan½ðTamplify þKÞxcp� � arctanðTamplifyxcpÞ ð1:153Þ

where xcp is the crossover frequency of the log amplitude frequency characteristic
curve.

Equation (1.153) shows that due to the small time constant Tamplify, the phase
stability margin is essentially determined by K, which is approximately equal to

Dv ¼ arctanðKxcpÞ ð1:154Þ

However, the influence of the instability of the rotating velocity around the
longitudinal axis of the craft on the size of the phase stability margin effect is
estimated.

It is well known that the crossover frequency of the frequency characteristic
curve is the frequency of the intersection point between the log amplitude frequency
characteristic curve and the zero line, i.e.,

lg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðTamplify þKÞ2x2

cp

q
T2
0x

2
cp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

amplifyx
2
cp

q
0
B@

1
CA ¼ 0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðTamplify þKÞ2x2

cp

q
T2
0x

2
cp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

amplifyx
2
cp

q ¼ 1

It should be noted that the change of the crossover frequency can only take into
account changes in K. The value of K increases such that the crossover frequency
will correspondingly increase. From Eq. (1.134), it is known that the change of
K can only take into account the damping change due to feedback.
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Assume that Tamplify �K and T2
amplifyx

2
cp � 1, where xcp is the frequency asso-

ciated with the phase Dv (Fig. 1.16). There holds

T4
0x

4
cp � K2x2

cp � 1 ¼ 0

Substituting Eq. (1.134), obtains

x2
cp ¼

K2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K4 þ 4T4

0

p
2T4

0
¼ 4n2T2

0 þ T2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16n4 þ 4

p
2T4

0

xcp¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n4 þ 1

pq
T0

ð1:155Þ

From Eq. (1.134) the attenuation coefficient of the instrument oscillation can be
obtained through the damping effect produced by the feedback and its form is

n¼Dfeedback

2T0B0
¼ Dfeedback

2 _u0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðC1 � A1ÞB1
p ð1:156Þ

Substituting Eqs. (1.125) and (1.155) obtains

xcp¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

feedback
2 _u2

0B1ðC1�A1Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D4
feedback

4 _u4
0B

2
1ðC1�A1Þ2

r
þ 1

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

B1
ðC1�A1Þ _u2

0

q

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2

feedback

2B2
1

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D4

feedback

4B4
1

þ ðC1 � A1Þ2
B2
1

_u4
0

svuut
ð1:157Þ

Equation (1.157) shows that the crossover frequency depends on the inertia
moment, the damping of the sensitive element and the rotating velocity around the
longitudinal axis of the aircraft, so it is unstable.

According to the adjustment principle, the decrease p/2 of the phase frequency
characteristic of the system at the logarithm amplitude frequency characteristics
with a slope of −40 dB/dec is smaller than the decrease p/2 of the phase frequency
characteristics of the original system at the logarithm amplitude frequency char-
acteristics with a slope of −20 dB/dec. In other words, in the frequency ranges
0
 1

Tamplify þK and 1
Tamplify


1, the phase stability margin is less than that in the

frequency range 1
Tamplify þK 
 1

Tamplify

� �
, as shown in Fig. 1.16. Thus, when selecting

the crossover frequency, its value must be in the frequency range
1

Tamplify þK 
 1
Tamplify

� �
. According to the above situation, the minimum value of the

damping effect in the instrument is determined by:
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1
Tamplify þK

\xcp ð1:158Þ

or according to Tamplify � K, there holds

1
K
\xcp ð1:159Þ

Substituting Eqs. (1.134) and (1.155) obtains

1
2nT0

\

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n4 þ 1

pq
T0

ð1:160Þ

Solving the inequality equation obtains

n[
1

2�
ffi

4
p
2
¼ 0:42 ð1:161Þ

When selecting the size of the damping in the instrument, the condition in
Eq. (1.161) must be guaranteed. At this time, substituting Eqs. (1.134) and (1.155),
the stability margin will only be determined by the vibration attenuation coefficient
of the sensitive element, and takes the following form:

Dv ¼ arctanð2n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4n4 þ 1

qr
Þ ð1:162Þ

Substituting Eq. (1.156) obtains

Dv ¼ arctan
Dfeedback

_u0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðC1 � A1ÞB1
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

Dfeedback

_u0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðC1 � A1ÞB1
p

 !2

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4

Dfeedback

_u0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðC1 � A1ÞB1
p

 !4

þ 1

vuut
vuuut

2
664

3
775

Using the detuning coefficient l [see Eq. (1.109)] and Dfeedback, Eq. (1.154) can
be simplified as

Dv ¼ arctan
KmomentKmeasureKamplifyKelectric current

_u0lB1

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

KmomentKmeasureKamplifyKelectric current

_u0lB1

� �2

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4

KmomentKmeasureKamplifyKelectric current

_u0lB1

� �4

þ 1

svuut
3
75

ð1:163Þ
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From Eq. (1.153), the phase stability margin decreases with the decrease of K,
and it is equal to zero when K ¼ 0. In this case, it is possible only when the
damping effect of the feedback is present. It can be concluded that in order to
increase the stability margin, K must be increased. But it should be noted that an
increase of K will lead to an increase of the crossover frequency, this frequency is
close to the frequency 1

Tamplify
. The second term in Eq. (1.153) exerts a greater

influence on the stability margin and the phase stability margin begins to decrease,
as shown in Fig. 1.16.

Reducing the time constant Tamplify or increasing the frequency of the crossover
frequency method can be taken to increase the phase stability margin. However,
increasing K and xcp will lead to an increase of the damping effect of the
instrument.

From Eq. (1.163), we know that an increase of the rotating velocity of the
aircraft will reduce the phase stability margin. However, increasing the rotating
velocity of the aircraft is advantageous to improving the stability of the aircraft. At
the same time, for the conventional loop scheme of the rotor vibration gyroscope, it
is necessary to form a larger stiffness of the gyroscope. It can be seen that not
increasing _u0 can keep it stable. Under the condition that _u0 is unstable (10–
20 Hz), the change of the phase stability margin will be two times larger than the
original value. However, it will not have taken the instrument out of the stable state.

From the summary regarding the phase stability margin, the conclusion can be
drawn that in order to increase the phase stability margin, a method of increasing
the damping effect or decreasing the time constant Tamplify must be used.

1. A method of decreasing Tamplify

Obviously, because Tamplify is small and furtherly reduced, the change of the
phase stability margin will not have a significant effect. Even so, some basic ways
to reduce Tamplify have been developed.

(1) Because Tamplify ¼ KamplifyKelectric currentKmutual inductance, reducing the transfer
coefficient Kamplify of the preamplifier and the current amplification factor
Kelectric current, can decrease Tamplify, but this will decrease K to an undesirable
situation. This is because the decrease of K leads to an opposite phenomenon,
namely the stability margin is reduced. This reason for this is that the impact of
K on the stability margin is significantly greater than that of Tamplify. Although
reducing K by reducing Kamplify or Dfeedback will increase the sensitivity of the
instrument, the same problems occur so in the scheme of ensuring stability, it is
still undesirable.

(2) Tamplify can be reduced by reducing Kmutual inductance. As has been said before, a
similar method of reducing Tamplify clearly cannot increase the phase stability
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margin if the influence of the winding mutual inductance of the instrument on
the output signal is decreased.

Substituting the transfer function (1.164) of the amplifier converter into the
positive feedback to partially compensate, the effect of the mutual inductance can
be reduced (Fig. 1.17):

WkðsÞ ¼ Tks
1þ Tks

ð1:164Þ

In this case, the transmission characteristic form of the amplifier is

W 0
1ðsÞ ¼

KamplifyKelectric current

1þKamplifyKelectric currents Kmutual inductance � Kk
1þTks

� � ð1:165Þ

or

W 0
1ðsÞ ¼

KamplifyKelectric currentð1þ TksÞ
1þ TksþKamplifyKelectric currentKmutual inductancesð1þ TksÞ � KamplifyKelectric currentKks

ð1:166Þ

Substituting Eq. (1.127), obtains

W 0
1ðsÞ ¼

KamplifyKelectric currentð1þ TksÞ
TamplifyTksþðTk þ Tamplify � KamplifyKelectric currentTkÞsþ 1

ð1:167Þ

The difference term Tamplify � KamplifyKelectric currentKk is changed into the fol-
lowing form:

Fig. 1.17 Block diagram of the mutual inductance compensation
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Tamplify � KamplifyKelectric currentKk ¼ KamplifyKelectric currentKmutual inductance � KamplifyKelectric currentKk

¼ KamplifyKelectric currentðKmutual inductance � KkÞ ¼ KamplifyKelectric currentDK

Substituting the above equation into Eq. (1.167), obtains

W 0
1ðsÞ ¼

KamplifyKelectric currentð1þ TksÞ
TamplifyTks2 þðTk þKamplifyKelectric currentDKÞsþ 1

ð1:168Þ

How the stability is affected by the introduction of a similar loop is now ana-
lyzed. The most suitable mutual compensation type is DK ¼ 0.

From Eq. (1.168), we can see that when any value of every parameter is used in
the transfer function, the phase frequency characteristic is always more than �p.
Thus when DK ¼ 0 and Tk is selected as any value, the amplifier still remains
stable. Tk should be selected as a small value to exclude the effect of the output
signal and the amplitude frequency characteristics in the operating frequency range.

It should be pointed out that exact compensation cannot actually be achieved.
Therefore, the residual uncompensated polarity should be determined. The reason
for this is that when Tk is small, the polarity change of DK will enable the phase
polarity of the amplifier converter to change, which will cause the instrument to
deviate from the calculated parameters and the characteristic curve. In order to
avoid the occurrence of this situation, the optimization coefficient n of the com-
pensation precision is introduced. If DK ¼ nKmutual inductance [ 0, Eq. (1.168) is
changed into

W 0
1ðsÞ ¼

KamplifyKelectric currentð1þ TksÞ
TamplifyTks2 þðTk þ nTamplifyÞsþ 1

ð1:169Þ

It is very difficult to make n small. Thus Tk � nTamplify and there holds

W 0
1ðsÞ ¼

KamplifyKelectric current

nTamplifysþ 1
ð1:170Þ

In this case the optimization coefficient must be positive. Thus W 0
1ðsÞ will be

replaced by W1ðsÞ.
2. Increasing K

As has been pointed out previously, reducing Tamplify cannot increase the sta-
bility margin, because the phase margin is basically determined by K, and the
stability margin increases with the increase of K. In order to ensure that the phase
stability has a larger margin, it is necessary to increase the value of K. According to
Eq. (1.134), increasing Dfeedback or reducing B0 can make K increase.

(1) Reducing B0. Because B0 ¼ ðC1�A1Þ _u0, reducing B0 is related to three kinds
of situation. Firstly, it is related to reducing the craft’s rotation frequency.
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Secondly, it is related to changing the geometric shape and size of the sensitive
elements of the instrument, which in turn is restricted by the technical
requirements and the tuning technology conditions, and it is also related to the
structural change of the instrument. But in the instrument design stage, it should
be noted that reducing the difference C1 � A1 of the inertia moment will
increase the stability margin. At this time, reducing the difference C1 � A1 will
inevitably result in three cases: Firstly, the inertia moment B1 must be reduced
as shown in Fig. 1.18. As a result, ensuring the tuning condition more accu-
rately is a problem that must be solved. Secondly, the attenuation coefficient n
is increased by Eq. (1.156) and thirdly, the sensitivity of the instrument is
decreased. Therefore, when selecting the inertia moment of the sensitive ele-
ment, it is necessary to seek a compromise solution to satisfy all required
conditions as far as possible.

(2) Increasing Dfeedback. Because Dfeedback ¼ KamplifyKelectric currentKmomentKmeasure,
when Dfeedback increases, Kamplify and Kelectric current will decrease. Although the
latter will make Tamplify increase, the phase stability margin will eventually
increase. In this case, the impact of increasing K on the stability margin is
greater than that of increasing Tamplify, and will result in the increase of the
phase stability margin. Kamplify and Kelectric current are determined only by the
feedback parameters. Therefore, when selecting these numbers, it should be
considered that the larger these numbers are, the larger the phase stability
margin is, but the higher the damping effect is, the smaller the instrument
sensitivity is. As with reducing B0, we must seek a compromise solution.

Fig. 1.18 Feedback circuit of a non-driven mechanical gyroscope
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For Kmoment and Kmeasure, similar situations exist. The increase of two coefficients
is generally related to the change of the geometric size of the instrument and the
magnetic system characteristics of the measured information.

The feedback circuit of a non-driven mechanical gyroscope is shown in
Fig. 1.18. The feedback loop consists of two circuits: a preamplifier and a current
amplifier.

As has been mentioned before, the damping coefficient of a non-driven
mechanical gyroscope with a negative velocity feedback for the rotating state craft
is determined by four parameters: the transconductance Kmeasure of the measuring
winding, the transfer coefficient Kampify of the preamplifier, the amplification
coefficient Kelectric current of the current amplifier and the transconductance Kmoment of
the torque winding of the instrument. The integrator in the circuit (Fig. 1.18) uses
the integrator with the transfer function (1.130). Within the working frequency
range, its phase frequency characteristic is better than that of the non-periodic loop.

From (1.105), the amplitude of the oscillating angle of the sensitive element is
inversely proportional to the damping coefficient of the instrument, and the oscil-
lating angle of the sensitive element is constrained by the geometry and size of the
instrument itself, and this constraint is added to the possible minimum damping
coefficient. According to Eq. (1.78), the instrument works near the continuous
resonant point. The angle deviation range of the sensitive element is recorded, and
Eq. (1.81) is considered. Then there holds

aamplitude ¼ 2B1X
Da

The maximum amplitude of the harmonic oscillation of the sensitive element is
derived from the maximum value of the angular velocity. In this case, there holds

aamplitude;max ¼ 2B1Xmax

Da

At this time, it should be noted that there are some constant torques (the dynamic
unbalance torques) in the coordinates connected to the sensitive element and the
deflection angle of the sensitive element caused by the inaccurate installation of the
instrument, where this deflection angle is caused by a number of great harmonic
deviations (see Sect. 4.3).

aamplitude;max ¼ amax � a0

where amax is the maximum swing angle of the sensitive element and a0 is the
constant deflection angle of the sensitive element.

At this moment, the maximum value of the damping coefficient is determined by
the possible swing angle of the sensitive element:
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Dfeedback � Da ¼ 2B1Xmax

amax � a0
ð1:171Þ

When the damping coefficient of the instrument is less than the value calculated
by Eq. (1.171), or in other words, when the sensitive element has some relatively
large angle, the sensitive element begins to hit its base and this phenomenon is not
allowed. In addition, the oscillation of the sensitive element preferably occurs in the
central part of the magnetic gap, where the magnetic induction is relatively stable,
the magnetic field is perpendicular to the motion direction of the sensitive element,
and there is no magnetic field distortion. If the sensitive element has a sufficiently
large deflection angle, it can be out of the center range and this must be reflected in
the instrument readings.

The measurement principle of the oscillation angular velocity of the sensitive
element uses the law of electromagnetic induction. Its essence is that when the
conductor moves at a velocity of v in a magnetic field with the magnetic induction
intensity B, the electromotive force is produced in a conductor as E ¼ mBa
(Fig. 1.19):

E ¼ mBa ¼ BNmeasureac _a ¼ Kmeasure _a ð1:172Þ

where Nmeasure is the number of turns of the measuring winding:

Kmeasure ¼ BNmeasureac ð1:173Þ

The transfer coefficient of the preamplifier is

Kamplify ¼ R2

R1
ð1:174Þ

and the voltage at the output of the preamplifier is determined by the following
expression:

Fig. 1.19 Determination of the winding transfer coefficient
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U ¼ EKamplify ¼ KamplifyKmeasure _a ¼ BNmeasureac
R2

R1
_a ð1:175Þ

The amplification factor of the current amplifier is calculated by the following
formula:

Kelectric current ¼ 1
R7

ð1:176Þ

But the current in the torque winding of the instrument is determined by the
following expression:

I ¼ UKelectric current ¼ KmeasureKamplifyKmeasure _a ¼ BNmeasureac
R2

R1R7
_a ð1:177Þ

According to the Ampere’s law, a charged conductor in a magnetic field is
subjected to a force that is opposite to the velocity vector and the force is
FA ¼ IBNmomentac, where Nmoment is the number of turns of the torque winding.
When the sensitive element is moving in a magnetic field, the magnitude of the
torque acting on it is

Mdamping ¼ Fc ¼ IBNmomentac ¼ KmomentI ¼ KmomentKmeasureKamplifyKelectric current _a

¼ B2NmeasureNmomenta
2c2

R2

R1R7
_a ¼ Dfeedback _a

where

Kmeasure ¼ BNmomentac ð1:178Þ

Thus, the damping coefficient has the following form:

Dfeedback ¼ KmomentKmeasureKamplifyKelectric current ¼ B2NmeasureNmomenta
2c2

R2

R1R7

ð1:179Þ

From Eq. (1.179), it is concluded that the stability of the damping coefficient
produced by the feedback mode, and the stability of the output signal of the
instrument are determined by the stability of the resistances R1, R2 and R7 and the
stability of the magnetic induction in the magnetic gap of the magnetic system. The
stability of this magnetic system is also determined by the temperature stability of
the permanent magnet and the heterogeneity of the magnetic field along the height
distribution in the magnetic gap of the magnetic system.
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Therefore, the change and adjustment of the damping is realized by selecting R1,
R2 and R7 of the instrument.

With the feedback loop of the instrument, the influences of the mutual action of
the measuring winding and the torque winding can be assessed. The magnetic flux
generated by the torque winding is

Umoment ¼ IL ¼ KmeasureKamplifyKelectric current _al0N
2
0
Sc
Ic

¼ BNmeasureac
R2

R1R7
_al0N

2
moment

Smoment

Imoment

ð1:180Þ

The alternating magnetic flux of the torque winding acts on the measuring coil
and produces the electromotive force, whose amplitude is directly proportional to
that of the oscillating angular acceleration of the sensitive element. The phase is
also proportional to that of the angular acceleration:

Emutual inductance ¼ �Nmeasure
dUmoment

dt
¼ �l0NmeasureN

2
moment

SmomentdI
Imomentdt

¼ �KmeasureKamplifyKelectric current€al0N
2
moment

Smoment

Imoment

¼ �BN2
measureac

R2

R1R7
€al0N

2
moment

Smoment

Imoment

ð1:181Þ

Emutual inductance ¼ �Kmutual inductance
dI
dt

ð1:182Þ

where Smoment is the area of the torque winding; Imoment is the current of the torque
winding and the mutual inductance is

Kmutual inductance ¼ l0NmeasureN2
moment

Smoment

Imoment
ð1:183Þ

The relative influence of the mutual inductance of the winding on the output
signal of the instrument is determined by the following expression:

Emutual inductance amplitude

Emeasure; amplitude
¼ KmeasureKamplifyKelectric current€aamplitudel0N

2
momentSmoment

Kmeasure _aamplitudeImoment

¼ KamplifyKelectric current _u0l0N
2
moment

Smoment

Imoment

ð1:184Þ

The error value is not more than one thousand when calculating the parameters
of the mechanical gyroscope prototype with negative feedback. However, accord-
ing to the circuit and method in the references used to study the design of similar
instruments, when encountering the large effect of winding mutual inductance (such
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as a large number of turns of the gyroscope winding, another kind of the propor-
tional relationship between the conductor length of winding and cross-section, the
larger transfer coefficients of the amplifier converter and the current amplifier),
several measures should be taken to reduce the time constant Tamplify, and the time
constant is mainly determined by the coefficient size of the mutual inductance.

For Fig. 1.20, the open-loop transfer function of a non-driven mechanical
gyroscope with negative feedback is

WpðsÞ ¼ 1
B0ðT0s2 þ 2n0T0sþ 1Þ

WyðsÞ ¼ KamplifyKelectric current

1þ Tamplifys

K ¼ KmomentKmeasureKamplifyKelectric current

B0

WðsÞ ¼ Ks
ðT2

0 s
2 þ 2n0T0sþ 1ÞðTamplifysþ 1Þ ) W1ðsÞ ¼ ðTamplify þKÞsþ 1

T2
0 s

2ðTamplifysþ 1Þ

Fig. 1.20 Logarithmic frequency characteristic of a non-driven mechanical gyroscope with
negative feedback
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1.7 Technical Performance of a Non-driven Mechanical
Gyroscope

The technical requirements and use conditions of a non-driven mechanical gyro-
scope for a rotating aircraft are shown in Table 1.1.

Table 1.1 Technical requirements and use conditions of a non-driven mechanical gyroscope for a
rotating aircraft

Technical requirements Use conditions

Measuring angular velocity range/(°/s) 300 Outline dimensions/mm / 30 � 15

Sensitivity threshold (°/s) 1.5 Rotating angular velocity of aircraft/(r/s) 10–20

Scale factor [mV/(°/s)] 30 Acceleration in any direction 10 g

Scale factor stability (%) 8 Acceleration along the axis of rotation 75 g

Zero bias signal (°/s) 0.6 Ambient temperature/°C −40 to +75

Quality (g) 40

Fig. 1.21 Sketch map of the working state of a non-driven mechanical gyroscope used in a
rotating aircraft, a Rotating flight carrier; b Gyroscope; c Non-driven mechanical gyroscope with a
negative velocity feedback
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The working state of a non-driven gyroscope used in a rotating aircraft is shown
in Fig. 1.21, and its performance is detailed in Table 1.2.

Table 1.2 Performance of a non-driven gyroscope used in a rotating aircraft

Instrument
parameters

9M39
gyroscope

Non-driven
mechanical
gyroscope
with negative
feedback

Instrument
parameters

9M39
gyroscope

Non-driven
mechanical
gyroscope
with negative
feedback

Measuring
angular
velocity
range (°/s)

300 300 Zero bias
signal (3r)/
(°/s)

1 0.6

Sensitivity
threshold
(°/s)

1.5 1.5 Outline
dimension/
mm

/ 30 � 15 / 30 � 15

Scale
factor [mV/
(°/s)]

1 30 Quality/g 40 40

Instability
(3r)/ (%)

60 7
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Chapter 2
Precision of a Non-driven Mechanical
Gyroscope with Negative Velocity
Feedback

2.1 Measurement Precision of a Constant Angular
Velocity Rotating Around The Horizontal Axis

The output signal is connected with the angular velocity by the scale factor:
Uout;amplitude ¼ KSFX. So the study of the measurement precision of a constant
angular velocity rotating around the horizontal axis of the aircraft is ultimately
attributed to the stability of the calibration scale factor of the instrument. In this
chapter, the precision of the gyroscope is studied based on the dynamic charac-
teristics of the instrument. Therefore, the closed-loop transfer function expressions
(1–143), (1–146) and (1–147) are used, and nTamplify replaces Tamplify:

U0ðsÞ ¼ K
KmomentKelectric current

� s

T2
0nTamplifys3 þ T2

0 þ 2n0T0nTamplify
� �

s2 þ nTamplify þ 2n0T0 þK
� �

sþ 1

ð2:1Þ

U1ðsÞ ¼ KKintegrator1

KmomentKelectric current
� 1
1þ Tintegrators

�
s

T2
0nTamplifys3 þ T2

0 þ 2n0T0nTamplify
� �

s2 þ nTamplify þ 2n0T0 þK
� �

sþ 1

ð2:2Þ

U2ðsÞ ¼ KKintegrator2

KmomentKelectric current
� T1sþ 1
T2
2 s

2 þ 2nintegratorT2sþ 1
�

s

T2
0nTamplifys3 þ T2

0 þ 2n0T0nTamplify
� �

s2 þ nTamplify þ 2n0T0 þK
� �

sþ 1

ð2:3Þ
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Because UoutðsÞ¼ UðsÞMinertiaðsÞ and Minertia sð Þ changes by the harmonic law,
Uout is determined as

Uout ¼ UðjxÞj j
x¼ _u0

H0X sin _u0tþ arg UðjxÞ
x¼ _u0

" #( )
ð2:4Þ

Uamplitude ¼ H0X UðjxÞj j
x¼ _u0

¼ C1 � A1 þB1ð Þ _u0X UðjxÞj j
x¼ _u0

v ¼ argUðjxÞ
x¼ _u0

8><
>: ð2:5Þ

From Eqs. (2.1), (2.2) and (2.3) the amplitude of the output signal is

Uamplitude0 ¼ C1 � A1þB1ð Þ _u2
0X

K
KmomentKelectric current

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nTamplify þ 2T0 n0 þ nð Þ� �
_u0 � T2

0nTamplify _u3
0

� �2 þ 1� T2
0 þ 2n0T0nTamplify

� �
_u2
0

� �2q
ð2:6Þ

Uamplitude1 ¼ C1 � A1þB1ð Þ _u2
0X

KKintegrator1

KmomentKelectric current
� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ T2
integrator _u

2
0

q �

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nTamplify þ 2T0 n0 þ nð Þ� �

_u0 � T2
0nTamplify _u3

0

� �2 þ 1� T2
0 þ 2n0T0nTamplify

� �
_u2
0

� �2q
ð2:7Þ

Uamplitude2 ¼ C1 � A1þB1ð Þ _u2
0X

KKintegrator2

KmomentKelectric current
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

1 _u
2
0

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� T2

2 _u
2
0

� �2 þ 2nintegratorT2 _u0

� �2q �

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nTamplify þ 2T0 n0 þ nð Þ� �

_u0 � T2
0nTamplify _u3

0

� �2 þ 1� T2
0 þ 2n0T0nTamplify

� �
_u2
0

� �2q
ð2:8Þ

When the integrator is ideal (Tintegrator is very large) and the ideal compensation
of the influence of the mutual inductance (n ¼ 0) is considered, because nTamplify

and n0 are small and can therefore be ignored, from Eq. (2.7) we can obtain

Uamplitude1 ¼ C1 � A1 þB1ð Þ _u2
0X

KKintegrator1

KmomentKelectric current

� 1

Tintegrator _u0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� T2

0 _u
2
0

� �2 þ 2nT0 _u0ð Þ2
q ð2:9Þ
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When the instrument is operating at close to the resonant point, T2
0 _u

2
0 � 1 and

C1 � A1 ¼ B1.

Uamplitude1 ¼ 2B1XKKintegrator1

KmomentKelectric currentTintegrator2nT0

¼ 2B1XKintegrator1

KmomentKelectric currentTintegrator
in the close to ideal conditionð Þ ð2:10Þ

In the close to ideal condition, the output signals of the instrument are deter-
mined only by the transfer coefficients of the torque winding of the torque con-
verter, a current amplifier and the integrator. The measurement result of the stability
of the above parameters is a percentage, and can satisfy the high precision
requirement of the angular velocity measurement of the rotating flight carrier.

When the integrator with the transfer function (1–130) is used, then where this
function is in the ideal integral condition, T1 and T2 are relatively large. Assume
that n ¼ 0 and n0 ¼ 0, there holds

Uamplitude2 ¼ C1 � A1 þB1ð Þ _u2
0X

KKintegrator2

KmomentKelectric current

� T1 _u0

T2
2 _u

2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� T2

0 _u
2
0

� �2 þ 2nT0 _u0ð Þ2
q ð2:11Þ

But in the case of the resonance, there holds

Uamplitude2 ¼ 2B1KKintegrator2T1
KmomentKelectric currentT2

2 2nT0
X ¼ 2B1Kintegrator2T1

KmomentKelectric currentT2
2
X ð2:12Þ

When T2
2

T1
¼ Tintegrator, Eq. (2.12) corresponds to Eq. (2.10).

When there is no integrator and no assumption (n ¼ 0, n0 ¼ 0,) at the output end
of the instrument, from Eq. (2.6), we can obtain

Uamplitude0 ¼ C1 � A1 þB1ð Þ _u2
0X

K
KmomentKelectric current

� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� T2

0 _u
2
0

� �2 þ 2nT0 _u0ð Þ2
q ð2:13Þ

In the case of resonance, there holds

Uamplitude0 ¼ 2B1K _u0

KmomentKelectric current2nT0
X ¼ 2B1 _u0

KmomentKelectric current
X ð2:14Þ

Comparing Eqs. (2.10), (2.12) and (2.14) shows that if there is no integrator at
the output end of the instrument, the output signal of the instrument will be
unstable. This is because there is a linear relationship between the stability of the
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output signal and the angular velocity rotating around the longitudinal axis of the
aircraft. The integrator at the output end of the instrument, as shown in Eqs. (2.10)
and (2.12) can eliminate the dependency between the output signal and the rota-
tional angular velocity around the longitudinal axis of the aircraft. Therefore, the
integrator can significantly improve the stability of the output signal.

As has been discussed before, in the case of non-precise tuning, for example in
the case of l ¼ 0:9, there is instability between the amplitude of the output signal
and the angular velocity rotating around the longitudinal axis of the aircraft. When
Tdamping is smaller, for these loops, n ¼ Dfeedback

2 _u0lB1
can be substituted into Eq. (2.11) and

_u0 is replaced by _u0
0 � D _u0.

Uamplitude2 ¼ l2 þ 1ð ÞDfeedbackKintegrator2T1X

_u0
0 � D _u0

� �
KmomentKelectric currentT2

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 1ð Þ2 þ Dfeedback

_u0
0�M _u0ð ÞB1

	 
2s

¼ l2 þ 1ð ÞB1DfeedbackKintegrator2T1X

KmomentKelectric currentT2
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_u0
0 � D _u0

� �
B1 l2 � 1ð Þ� �2 þD2

feedback

q
ð2:15Þ

In order to obtain the general result, the effect of the instability of the angular
velocity rotating around the longitudinal axis on the amplitude of the output signal
is in the form of a relative value:

Uamplitude

Uamplitude D _u0 ¼ 0ð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

_u0
0B1 l2 � 1ð Þ� �2 þD2

feedback

_u0
0 � D _u0

� �
B1 l2 � 1ð Þ� �2 þD2

feedback

vuut ð2:16Þ

The coefficient K is introduced to denote the ratio of the unstable value of the
angular velocity rotating around the longitudinal axis of the aircraft to the average
value of this angular velocity, i.e., M _u0 ¼ Ku0

0. In this case Eq. (2–16) has the
following form:

Uamplitude

Uamplitude D _u0 ¼ 0ð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2 � 1ð Þ2 þ 2n0l
� �2

1� Kð Þ2 l2 � 1ð Þ2 þ 2n0l
� �2

vuut ð2:17Þ

where n0 ¼ Dfeedback
2 _u0

0lB1
is the attenuation coefficient, which has nothing to do with the

instability of the angular velocity rotating around the longitudinal axis of the
aircraft.

The curve corresponding to Eq. (2.17) is shown in Fig. 2.1.
Obviously, in the case of the precise tuning the amplitude ratio in Eq. (2.17) is

equal to 1 and has no relationship with D _u0 which is confirmed by Fig. 2.1a. It is
worth noting that the enhanced damping effect of the instrument will lead to the
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decrease of the dependency in Eq. (2.17), which is proved by Fig. 2.1b. When the
angular velocity rotating around the longitudinal axis of the aircraft varies in the
whole range (10–20 Hz) as well as in the case of l ¼ 0:9 and n ¼ 0:5, the relative
error of the amplitude of the output signal value is 3.8%, that is, the ratio associated
with the average amplitude is ±1.9%.

Because the instantaneous value of the output signal is used in the instrument,
the phase of the output signal and the phase stability should be noted accurately.

Corresponding to Eq. (2.5) there holds

v0 ¼
p
2
� arctan

nTamplify þ 2T0 n0 þ nð Þ� �
_u0 � T2

0nTamplify _u3
0

1� T2
0 þ 2n0T0nTamplify

� �
_u2
0

 !
ð2:18Þ

v1 ¼
p
2
� arctan Tintegrator _u0

� �
� arctan

nTamplify þ 2T0 n0 þ nð Þ� �
_u0 � T2

0nTamplify _u3
0

1� T2
0 þ 2n0T0nTamplify

� �
_u2
0

( )
ð2:19Þ

v2 ¼
p
2
þ arctan T1 _u0ð Þ � arctan

2nintegratorT2 _u0

1� T2
2 _u

2
0

� �

� arctan
nTamplify þ 2T0 n0 þ nð Þ� �

_u0 � T2
0nTamplify _u3

0

1� T2
0 þ 2n0T0nTamplify

� �
_u2
0

( ) ð2:20Þ

Fig. 2.1 Effect of instability of the angular velocity rotating around the longitudinal axis of the
aircraft on the output signal amplitude of a non-driven mechanical gyroscope, a Variation of the
detuning coefficient; b Variation of the damping coefficient
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Under the above conditions, n ¼ 0, n0 ¼ 0, T1, T2 and Tintegrator are very large.

v0 ¼
p
2
� arctan

2nT0 _u0

1� T2
0 _u

2
0

� �
ð2:21Þ

v1 ¼ � arctan
2nT0 _u0

1� T2
0 _u

2
0

� �
ð2:22Þ

v2 ¼ � arctan
2nT0 _u0

1� T2
0 _u

2
0

� �
ð2:23Þ

It can be seen that under the condition of using the circuit with the different
integrators, the phase shifts are equal and the phase difference between the circuit
with the different integrators and the circuit without the integrators is 90°.

In order to determine the stability of these values, Eqs. (2.21), (2.22) and (2.23)
have the following form:

v0 ¼ Dv0

v1 ¼ � p
2
� Dv1

v2 ¼ � p
2
� Dv2

Because v1, v0 and v2 can be described by the same method, only v1 is studied
and obtained as

tan v1 ¼ tan �Dv1 �
p
2


 �
¼ cotDv1 ¼

1
tanDv1

tanDv1 ¼
1

tan v1
¼ T2

0 _u
2
0 � 1

2nT0 _u0
ð2:24Þ

In this case, substituting Eqs. (1.124), (1.125) and (1.134) obtains

tanDv1 ¼
B1

C1�A1
� 1

KmomentKamplifyKmeasureKelectric current

C1�A1ð Þ _u0

¼ B1 � C1 � A1ð Þ½ � _u0

KmomentKamplifyKmeasureKelectric current
ð2:25Þ

and there holds

v1 ¼ � p
2
� arctan

B1 � C1 � A1ð Þ½ � _u0

KmomentKamplifyKmeasureKelectric current

� �
ð2:26Þ
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Because the tuning factor l\1, there holds C1 � A1ð Þ\B1 and the symbol term
“arctan” in the expression is positive.

Equation (2.26) shows that because the signal phase does not exceed � p
2, the

instrument works outside the resonance point. And because

_u0 ¼ _u0
0 � D _u0 ð2:27Þ

where _u0
0 is the average angular velocity rotating around the longitudinal axis of the

aircraft (here it is 15 Hz) and D _u0 is the unstable value of the angular velocity
rotating around the longitudinal axis of the aircraft (here it is the maximum value
D _u0 = 5 Hz).

Combining this with Eq. (2.26), it is known that the phase shift of the instrument
is unstable because it has a dependent relationship with the unstable angular
velocity rotating around the longitudinal axis of the aircraft.

Substituting Eq. (2.27) into Eq. (2.26) obtains

v1 ¼ � p
2
� arctan

B1 � C1 � A1ð Þ½ � _u0
0 � M _u0

� �
KmomentKamplifyKmeasureKelectric current

� �
ð2:28Þ

Because the value of the expression “arctan” is small, there holds

v1 ¼ � p
2
� arctan

B1 � C1 � A1ð Þ½ � _u0
0 � D _u0

� �
KmomentKamplifyKmeasureKelectric current

� �
¼ v10 � Dv10 ð2:29Þ

where

v10 ¼ � p
2
� B1 � C1 � A1ð Þ½ � _u0

0

KmomentKamplifyKmeasureKelectric current
ð2:30Þ

When the instrument is mounted to the machine body, the angle is compensated
by the method of rotating the instrument or when the output signal of the instrument
is furtherly processed, the angle is compensated in the aircraft. v10 is a constant and
does not have a dependent relationship with the unstable value D _u0.

Dv10 is caused by the instability of the angular velocity rotating around the
longitudinal axis of the aircraft and is the unstable phase value of the output signal
of the instrument. It should be noted that D _u0 is quite large, so the phase error is
relatively large.

Dv10 ¼
B1 � C1 � A1ð Þ½ �D _u0

KmomentKamplifyKmeasureKelectric current
ð2:31Þ

Similar to Eq. (2.29), for the circuit without the integrators and the circuit with
the integrators, the expressions of the output signal phase are obtained as follows:
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v0 ¼
p
2
� arctan

B1 � C1 � A1ð Þ½ � _u0
0 � D _u0

� �
KmomentKamplifyKmeasureKelectric current

� �
¼ v00 � Dv00 ð2:32Þ

v2 ¼ � p
2
� arctan

B1 � C1 � A1ð Þ½ � _u0
0 � D _u0

� �
KmomentKamplifyKmeasureKelectric current

� �
¼ v20 � Dv20 ð2:33Þ

We will estimate how the unstable phase value of the output signal affects its
instantaneous value. As the output signal of the instrument is in the form of

Uout ¼ Uamplitude sin _u0tþ vð Þ

then

Uout ¼ Uamplitude sin _u0 � D _u0ð Þt � B1 � C1 � A1ð Þ½ �D _u0

KmomentKamplifyKmeasureKelectric current

� �
ð2:34Þ

The angle v0 in Eq. (2.30) is considered as a compensation in Eq. (2.34).
_u0 � D _u0ð Þt will no longer calculate the unstable value of the angular velocity

rotating around the longitudinal axis of the rotating flight carrier. Therefore, as this
unstable value affects the steering engine of the rotating flight carrier and does not
affect the processing precision of the input signal, then

Uout ¼ Uamplitude sin _u0t �
B1 � C1 � A1ð Þ½ �D _u0

KmomentKamplifyKmeasureKelectric current

� �
ð2:35Þ

When the output signal is the maximum or minimum value, the sensitive axis of
the instrument is coincident with the vector direction of the measured angular
velocity. Thus

_u0t ¼ � p
2
� pk

The error of the instrument is small because Eq. (2.35) has the following form:

Uout ¼ �Uamplitude cos
B1 � C1 � A1ð Þ½ �D _u0

KmomentKamplifyKmeasureKelectric current

� �
ð2:36Þ

Equation (2.36) shows that in the case of resonance, Dv10 = 0 in Eq. (2.31), then
Uout ¼ �Uamplitude, where the positive and negative symbols will determine the
maximum or minimum value of the signal.
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When the instrument is not in the resonant state but it is directly close to the
resonant state, then because Mv10 is determined and is small, the unstable value of
the angular velocity rotating around the longitudinal axis of the aircraft will not
significantly affect the maximum or minimum value of the instrument’s output
signal.

In this case, the output of the instrument is zero, which indicates that the
instrument’s sensitive axis is perpendicular to the vector direction of the measured
angular velocity. Thus

_u0t ¼ 0� pk

The form of the instrument’s output signal is

Uout ¼ �Uamplitude sin
B1 � C1 � A1ð Þ½ �D _u0

KmomentKamplifyKmeasureKelectric current

� �
ð2:37Þ

In this case, because the output signal is proportional to the sinusoidal value of
Dv10, its image is different. In the case of resonance, the output signal should be
equal to zero but in the case of imprecise adjustment of the resonance because Dv10
is very small, the output signal will be

Uout ¼ �Uamplitude
B1 � C1 � A1ð Þ½ �M _u0

KmomentKamplifyKmeasureKelectric current

� �
ð2:38Þ

Thus, in the above moment the signal error is, in essence, the cross error of the
instrument and is proportional to the unstable value of the angular velocity rotating
around the longitudinal axis of the aircraft. It should be pointed out that the size of
Dv10 can be up to a few degrees.

Under the condition that the integral time constant of the integral loop is not
large enough, the influence degree of the integral loop at the output signal end on
the phase stability of the output signal is measured. In Eqs. (2.19) and (2.20),
assume that n = 0 and n0 = 0, then

v1 ¼
p
2
� arctan Tintegrator _u0

� �� arctan
2T0n _u0

1� T2
0 _u

2
0

� �
ð2:39Þ

v2 ¼
p
2
þ arctan T1 _u0ð Þ � arctan

2nintegratorT2 _u0

1� T2
2 _u

2
0

� �
� arctan

2T0n _u0

1� T2
0 _u

2
0

� �
ð2:40Þ

According to the above calculations and obtains
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v1 ¼ � p
2
þDvintegrator1 � Dv1

v2 ¼ � p
2
� Dvintegrator21 þDvintegrator22 � Dv2

tan v1 ¼ tan �Dv1 þDvintegrator1 �
p
2


 �
¼ cot Dv1 � Dvintegrator1

� �
¼ 1

tan Dv1 � Dvintegrator1
� �

tan v2 ¼ tan �Dv2 � Dvintegrator21 þDvintegrator 22 �
p
2


 �
¼ 1

tan Dv2 þDvintegrator21 � Dvintegrator22
� �

tan Dv1 � Dvintegrator1
� � ¼ 1

tan v1
¼ tan arctan Tintegrator _u0

� �þ arctan
2T0n _u0

1� T2
0 _u

2
0

� �	 


¼ Tintegrator _u0 � TintegratorT2
0 _u

3
0 þ 2T0n _u0

1� T2
0 _u

2
0 � 2TintegratorT0n _u2

0

¼ Tintegrator _u2
0 C1 � A1 � B1ð ÞþKmomentKamplifyKmeasureKelectric current

_u0 C1 � A1 � B1ð Þ � Tintegrator _u0KmomentKamplifyKmeasureKelectric current

ð2:41Þ

tan Dv2 þDvintegrator21 � Dvintegrator22
� � ¼ 1

tan v2
¼

tan � arctan T1 _u0ð Þþ arctan 2T2nintegrator _u0

1�T2
2 _u

2
0


 �
þ arctan 2T0n _u0

1�T2
0 _u

2
0


 �h i
tan Dv2 þDvintegrator21 � Dvintegrator22
� � ¼

2 _u0 T2nintegrator þ T0nð Þ�2T2T0 _u3
0 T0nintegrator þ T2nð Þ�T1 _u0 þ

1� _u2
0 T2

2 þ T2
0ð Þþ T2

0T
2
2 _u

4
0�4T0T2nintegratorn _u2

0 þ
!

T1 _u3
0 T2

2 þ T2
0ð Þ�T2

0T1T
2
2 _u

5
0 þ 4T0T1T2nintegratorn _u3

0

2T1 _u2
0 T2nintegrator þT0nð Þ�2T2T1T0 _u4

0 T0nintegrator þT2nð Þ

ð2:42Þ

In this case, even in the state of resonance, the phase of the output signal always
maintains a complex relationship with the rotating angular velocity of the aircraft
itself. The integral time constant is small and can be easily determined. The time
constant causes the phase of the integral loop and the angular velocity rotating
around the longitudinal axis of the aircraft to change, and make them keep very small
dependency in the varying range of the above angular velocity. This condition is
obtained by Eqs. (2.41) and (2.42), and the following two expressions are obtained,
which show that the instrument is considered to be working in a resonant state.

tan Dv1 � Dvintegrator1
� � ¼ 1

Tintegrator _u0
ð2:43Þ
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tan Dv2 þDvintegrator21 � Dvintegrator22
� � ¼ 1þ 2nintegratorT2T1 _u2

0
1�T2

2 _u
2
0

T1 _u0 � 2nintegratorT2 _u0

1�T2
2 _u

2
0

ð2:44Þ

where

v1 ¼ � p
2
� arctan

1
Tintegrator _u0

0 � D _u0

� �
" #

ð2:45Þ

v2 ¼ � p
2
� arctan

1þ 2nintegratorT2T1 _u0
0�D _u0ð Þ2

1�T2
2 _u0

0�D _u0ð Þ2

T1 _u0
0 � D _u0

� �� 2nintegratorT2 _u0
0�D _u0ð Þ

1�T2
2 _u0

0�D _u0ð Þ2

2
664

3
775 ð2:46Þ

Equations (2.29), (2.30), (2.45) and (2.46) show that the instability of the
rotating angular velocity signal has a huge influence on the stability of the phase
and the instantaneous value of the instrument output signal. Therefore, various
measures must be taken to reduce the phase instability. Introducing the differential
circuit in the integrator can achieve this purpose. Then, Eqs. (1.129) and (1.130)
have the following form by some transformations:

Wintegrator1 sð Þ ¼ Kintegrator1
1þ Tdampings
1þ Tintegrators

ð2:47Þ

Wintegrator2 sð Þ ¼ Kintegrator2
1þ Tdampings
� �

1þ Tintegrators
� �

T2
2 s

2 þ 2nintegratorT2sþ 1
ð2:48Þ

The transfer function of the closed-loop system is described by the following
expressions:

U1ðsÞ ¼ KKintegrator1

KmomentKelectric current
� 1þ Tdampings
1þ Tintegrators

� s

T2
0nTamplifys3 þ T2

0 þ 2n0T0nTamplify
� �

s2 þ nTamplify þ 2n0T0 þK
� �

sþ 1

ð2:49Þ

U2ðsÞ ¼ KKintegrator2

KmomentKelectric current
� 1þ T1sð Þ 1þ Tdampings

� �
T2
2 s

2 þ 2nintegratorT2sþ 1

� s

T2
0nTamplifys3 þ T2

0 þ 2n0T0nTamplify
� �

s2 þ nTamplify þ 2n0T0 þK
� �

sþ 1

ð2:50Þ

In this case, the amplitude and the phase of the output signal is also changed:
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Uamplitude1 ¼ C1 � A1 þB1ð Þ _u2
0X

KKintegrator1

KmomentKelectric current
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

damping _u
2
0

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

integrator _u
2
0

q
� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nTamplify þ 2T0 n0 þ nð Þ� �
_u0 � T2

0nTamplify _u3
0

� �2 þ 1� T2
0 þ 2n0T0nTamplify

� �
_u2
0

� �2q
ð2:51Þ

Uamplitude2 ¼ C1 � A1 þB1ð Þ _u2
0X

KKintegrator2

KmomentKelectric current

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

1 _u
2
0

� �
1þ T2

damping _u
2
0


 �r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� T2

2 _u
2
0

� �2 þ 2nintegratorT2 _u0

� �2q
� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nTamplify þ 2T0 n0 þ nð Þ� �
_u0 � T2

0nTamplify _u3
0

� �2 þ 1� T2
0 þ 2n0T0nTamplify

� �
_u2
0

� �2q
ð2:52Þ

Under the assumption used previously and the assumption that n0 ¼ 0,
Tintegrator _u0 � 1 and Tdamping is very small (Tdamping _u0 	 1), Eq. (2.51) is obtained as

Uamplitude1 ¼ KKintegrator1

KmomentKelectric current

C1 � A1 þB1ð Þ _u2
0X

Tintegrator _u0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nTamplify þ 2nT0
� �

_u0 � T2
0nTamplify _u

3
0

� �2 þ 1� T2
0 _u

2
0

� �2q
ð2:53Þ

Uamplitude1 ¼ KKintegrator1

KmomentKelectric current

C1 � A1 þB1ð ÞX

2nT0Tintegrator

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ nTamplify

2nT0
1� T2

0 _u
2
0

� �h i2
þ 1

2nT0
1� T2

0 _u
2
0

� �h i2r

Equation (2.53) shows that the differential loop whose time constant is small
enough, is introduced into the integrator and will not affect the amplitude of the
output signal. When the instrument is working in the resonant state and nTamplify is
very small, Eq. (2.53) is in accordance with Eq. (2.10).

Next we will analyze the situation when the instrument is not working at the
resonance point, but is very close to the resonance point. This situation is more
realistic. At this time, nTamplify is a very small constant but is not equal to zero.

Because nTamplify is very small and _u0 approaches x0,
nTamplify

2nT0
1� T2

0 _u
2
0

� �
is far less

than 1 and its square value can be neglected when compared with 1. There holds

Uamplitude1 ¼ Kintegrator1

KmomentKelectric current

C1 � A1 þB1ð ÞX
Tintegrator

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�T2

0 _u2
0

2nT0

1�T2
0 _u

2
0

2nT0 _u2
0
þ 2nTamplify

h i
þ 1

r
ð2:54Þ

Substituting Eqs. (1.124), (1.125) and (1.134) obtains
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Uamplitude1 ¼ Kintegrator1

KmomentKelectric current
C1�A1 þB1ð ÞX

Tintegrator

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1�A1�B1ð Þ _u20

KmomentKamplifyKmeasureKelectric current

C1�A1�B1ð Þ
KmomentKamplifyKmeasureKelectric current

þ 2nTamplify

h i
þ 1

r ð2:55Þ

When the influence of the mutual inductance effect is not completely compen-
sated (n 6¼ 0) and precisely tuned, the signal amplitude at the output end of the
instrument will have a complex dependency on the angular velocity rotating around
the longitudinal axis of the aircraft.

Equations (2.54) and (2.55) show that in the process of approaching the resonant
point, not only is the influence of the angular velocity rotating around the longi-
tudinal axis of the aircraft on the amplitude of the output signal decreased, but its
influence on the time constant nTamplify is also decreased. The effect of these
parameters is reduced under the condition that the feedback damping function is
enhanced.

Under the same assumptions, Eq. (2.52) can be obtained by analogy:

Uamplitude2 ¼ Kintegrator2

KmomentKelectric current
T1 C1�A1 þB1ð ÞX

T2
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1�A1�B1ð Þ _u20

KmomentKamplifyKmeasureKelectric current

C1�A1�B1ð Þ
KmomentKamplifyKmeasureKelectric current

þ 2nTamplify

h i
þ 1

r ð2:56Þ

When the integrator is introduced into the differential loop, the phase change of
the output signal is obtained:

v1 ¼
p
2
þ arctan Tdamping _u0

� �� arctan Tintegrator _u0

� �
� arctan

nTamplify þ 2T0 n0 þ nð Þ� �
_u0 � T2

0nTamplify _u3
0

1� T2
0 þ 2n0T0nTamplify

� �
_u2
0

( ) ð2:57Þ

v2 ¼
p
2
þ arctan Tdamping _u0

� �þ arctan T1 _u0ð Þ � arctan
2nintegratorT2 _u2

1� T2
2 _u

2
0

� �

� arctan
nTamplify þ 2T0 n0 þ nð Þ� �

_u0 � T2
0nTamplify _u3

0

1� T2
0 þ 2n0T0nTamplify

� �
_u2
0

( ) ð2:58Þ

Because the damping of the air is small, and set n0 ¼ 0, there holds

v1 ¼
p
2
þ arctan Tdamping _u0

� �� arctan Tintegrator _u0

� �
� arctan

_u0 2nT0 þ nTamplify 1� T2
0 _u

2
0

� �� �
1� T2

0 _u
2
0

� �
ð2:59Þ
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v2 ¼
p
2
þ arctan Tdamping _u0

� �þ arctan T1 _u0ð Þ � arctan
2nintegratorT2 _u0

1� T2
2 _u

2
0

� �

� arctan
_u0 2nT0 þ nTamplify 1� T2

0 _u
2
0
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1� T2

0 _u
2
0

� �
ð2:60Þ

Introducing the following symbols:

vintegrator ¼ � arctan Tintegrator _u0

� � ð2:61Þ

vintegrator1 ¼ arctan T1 _u0ð Þ ð2:62Þ

vintegrator2 ¼ � arctan
2nintegratorT2 _u0

1� T2
2 _u

2
0

� �
ð2:63Þ

vintegrator0 ¼ � arctan
_u0 2nT0 þ nTamplify 1� T2

0 _u
2
0

� �� �
1� T2

0 _u
2
0

� �
ð2:64Þ

For larger values of Tintegrator, T1, T1 and the working state of approaching the
resonant point, from transformations (2.22) and (2.23), Eqs. (2.61), (2.62), (2.63)
and (2.64) can be transformed and rewritten as

vintegrator ¼ � p
2
þDvintegrator

vintegrator1 ¼
p
2
þDvintegrator1

vintegrator2 ¼ �pþDvintegrator2

vintegrator0 ¼ � p
2
þDvintegrator0

Because Dvintegrator, Dvintegrator1, Dvintegrator2 and Dvintegrator0 are small, there holds

Dvintegrator ¼ � 1
tan vintegrator

¼ 1
Tintegrator _u0

ð2:65Þ

Dvintegrator1 ¼ � 1
tan vintegrator1

¼ � 1
T1 _u0

ð2:66Þ

Dvintegrator2 ¼ tan vintegrator2 ¼ � 2nintegratorT2 _u0

1� T2
2 _u

2
0

¼ 2nintegrator
T2 _u0

ð2:67Þ
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Dvintegrator0 ¼ � 1
tan vintegrator0

¼ 1� T2
0 _u

2
0

_u0 2nT0 þ nTamplify 1� T2
0 _u

2
0

� �� � ð2:68Þ

For a small Tdamping, arctan Tdamping _u0

� �
= Tdamping _u0, then

v1 ¼ � p
2
þ Tdamping _u0 þ

1
Tintegrator _u0

þ 1� T2
0 _u

2
0

_u0 2nT0 þ nTamplify 1� T2
0 _u

2
0

� �� � ð2:69Þ

v2 ¼ � p
2
þ Tdamping _u0 þ

2nintegrator
T2 _u0

� 1
T1 _u0

þ 1� T2
0 _u

2
0

_u0 2nT0 þ nTamplify 1� T2
0 _u

2
0
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ð2:70Þ

The augments of the third term and the fourth term in Eq. (2.70) were synthe-
sized as:

v2 ¼ � p
2
þ Tdamping _u0 þ

2nintegratorT1 � T2
T2T1 _u0

þ 1� T2
0 _u

2
0

_u0 2nT0 þ nTamplify 1� T2
0 _u

2
0

� �� �
ð2:71Þ

When Tintegrator ¼ T2T1
2nintegratorT1�T2

, Eq. (2.71) is completely consistent with

Eq. (2.69).
Figure 2.2 shows the frequency characteristic curves of two integrator schemes

that have the transfer functions in Eq. (1.130). The frequency characteristic curves
with different nintegrator are drawn.

Comparing Eqs. (2.10) and (2.12) with (2.69) and (2.71), obtains two conditions
in Eqs. (2.72) and (2.73). Under the above two conditions, the frequency charac-
teristic curves for the integrator with the transfer function in Eq. (1.130) are in
accord with the frequency characteristic curves of the non-periodic loop.

T2
2

T1
¼ Tintegrator ð2:72Þ

Tintegrator ¼ T2T1
2nintegratorT1 � T2

ð2:73Þ

Because the three parameters of the integrator are only related to two equations,
there are many groups of parameter solutions that satisfy the two equations.

The parameters of the frequency characteristics in the integrator are determined
by Eqs. (2.72) and (2.73). It is recommended that these parameters are selected in
the following order:

(1) Select a sufficiently large time constant Tintegrator.
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(2) Select a sufficiently large time constant T1.
(3) From (2.72), calculate the time constant T2.
(4) From (2.73), determine the coefficient nintegrator.

Under the condition of these parameters, calculate the requirement that the
frequency characteristic curve of the integrator is fully in accord with that of the
non-periodic loop.

(5) As shown in Fig. 2.2, the coefficient nintegrator is changed on the basis of the
phase frequency characteristic curve. In the working frequency range, the
required phase stability is obtained.

It should be noted that under the condition that the time constants T1 and T2 are
large enough, then the change of nintegrator, within the working frequency range,
does not actually affect the amplitude frequency characteristic curve.

According to the circuit shown in Fig. 1.18, the parameters of the integrator have
the following forms:

Kintegrator ¼ R5 þR6

R4
ð2:74Þ

T1 ¼ C2R5R6

R5 þR6
ð2:75Þ

T2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1C2R5R6

p
ð2:76Þ

Fig. 2.2 Frequency
characteristic curves of two
integrators. 1—Integrator
with the transfer function in
Eq. (1.130), non-periodic
loop; 2—Curve with
nintegrator = 0.8; 3—Curve
with nintegrator = 0.5;
4—Curve with nintegrator = 1
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nintegrator ¼
C1 R5 þR6ð ÞþC2R5

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1C2R2R3

p ð2:77Þ

Review Eqs. (2.69) and (2.71), decompose 1
Tintegrator _u0

and 2nintegratorT1�T2
T1T2 _u0

into Taylor

series, reject the two and higher powers of _u0 � _u0
0

� �
because of their small values,

and substitute them into Eqs. (2.69) and (2.71)

1
Tintegrator _u0

¼ 1
Tintegrator _u0

0
� _u0 � _u0

0

Tintegrator _u0
0

� �2 þ 
 
 
 ð2:78Þ

2nintegratorT1 � T2
Tintegrator _u0

¼ 2nintegratorT1 � T2
Tintegrator _u0

0
� 2nintegratorT1 � T2
� �

_u0 � _u0
0

� �
Tintegrator _u0

0

� �2 þ 
 
 


ð2:79Þ

Substituting Eqs. (1.124), (1.125) and (1.134), Eqs. (2.69) and (2.71) are
transformed into

v1 ¼ � p
2
þ 2

Tintegrator _u0
0
þ _u0 Tdamping � 1

Tintegrator _u0
0

� �2
"

þ C1 � A1 � B1

KmomentKamplifyKmeasureKelectric current þ nTamplify _u2
0 C1 � A1 � B1ð Þ


 ð2:80Þ

v2 ¼ � p
2
þ 2 2nintegratorT1 � T2

� �
T1T2 _u0

0
þ _u0 Tdamping �

2nintegratorT1 � T2

T1T2 _u0
0

� �2
"

þ C1 � A1 � B1

KmomentKamplifyKmeasureKelectric current þ nTamplify _u2
0 C1 � A1 � B1ð Þ

� ð2:81Þ

The conclusion can be drawn from Eqs. (2.80) and (2.81) that the differential
loop with the time constant Tdamping is used in the integrator, which can be a part of
the compensation for the instability of the self-rotating angular velocity of the
aircraft.

For v1:

Tdamping ¼ 1

Tintegrator _u0
0

� �2
� C1 � A1 � B1

KmomentKamplifyKmeasureKelectric current þ nTamplify _u2
0 C1 � A1 � B1ð Þ

ð2:82Þ
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For v2:

Tdamping ¼
2nintegratorT1 � T2

T1T2 _u0
0

� �2
� C1 � A1 � B1

KmomentKamplifyKmeasureKelectric current þ nTamplify _u2
0 C1 � A1 � B1ð Þ

ð2:83Þ

Obviously, because of the relationship between Eqs. (2.82) and (2.83) and the
rotating angular velocity around the longitudinal axis of the rotating flight carrier, it
is not possible to achieve full compensation. However, the instrument approaches
the working state of the resonance point, and the size of Tdamping can be determined
as follows:

For v1:

Tdamping ¼ 1

Tintegrator _u0
0

� �2 ð2:84Þ

For v2:

Tdamping ¼
2nintegratorT1 � T2

T1T2 _u0
0

� �2 ð2:85Þ

Equations (2.84) and (2.85) point out that a larger integral time constant is
required for a better quality of integral. And as has been discussed previously, for a
small value of Tdamping, it is also required that the inconformity of the amplitude
frequency characteristic does not produce a negative effect. For example, when
Tintegrator = 0.1, the effect of the differential loop of the integrator on the amplitude
of the output signal reaches ±4%. However, if a larger Tintegrator is selected, it
should be kept in mind that the increase of Tintegrator will lead to a decrease in the
amplitude of the output signal and an increase in the phase lag of the output signal.

According to Eqs. (2.82) and (2.83), the effect evaluations of D _u0 on v1 and v2
can be obtained. For v1, there holds

Tdamping ¼ 1

Tintegrator _u0
0

� �2 � C1 � A1 � B1

Dfeedback þ nTamplify _u0
0

� �2
C1 � A1 � B1ð Þ

ð2:86Þ

However for v2, there holds

Tdamping ¼
2nintegratorT1 � T2

T1T2 _u0
0

� �2 � C1 � A1 � B1

Dfeedback þ nTamplify _u0
0

� �2
C1 � A1 � B1ð Þ

ð2:87Þ

Substituting Eqs. (2.86) and (2.87) into Eqs. (2.80) and (2.81) obtains

76 2 Precision of a Non-driven Mechanical Gyroscope …



v1 ¼ � p
2
þ 2

Tintegrator _u0
0
þ _u0

0 � D _u0

� �

� C1 � A1 � B1

Dfeedback þ nTamplify _u0
0 � D _u0

� �2
C1 � A1 � B1ð Þ

� C1 � A1 � B1

Dfeedback þ nTamplify _u0
0

� �2
C1 � A1 � B1ð Þ

" #

ð2:88Þ

v2 ¼ � p
2
þ 2 2nintegratorT1 � T2

� �
T1T2 _u0

0
þ _u0

0 � D _u0

� �

� C1 � A1 � B1

Dfeedback þ nTamplify _u0
0 � D _u0

� �2
C1 � A1 � B1ð Þ

� C1 � A1 � B1

Dfeedback þ nTamplify _u0
0

� �2
C1 � A1 � B1ð Þ

" #

ð2:89Þ

Select nintegrator = 1 and T1 = T2 = Tintegrator, v2 can be obtained as

v2 ¼ � p
2 þ 2 2nintegratorT1�T2ð Þ

T1T2 _u0
0

þ
_u0
0�D _u0ð Þ C1�A1�B1ð Þ2nTamplify _u0

0ð Þ2� _u0
0�D _u0ð Þ2

� �
D2

feedback þD2
feedbacknTamplify C1�A1�B1ð Þ _u0

0ð Þ2 þ _u0
0�D _u0ð Þ2

� �
þ nTamplify C1�A1�B1ð Þ _u0

0�D _u0ð Þ _u0
0½ �2
ð2:90Þ

Because all the augments in the denominator are compared with D2
feedback, they

are very small and can be ignored. Then

v2 ¼ � p
2
þ 2 2nintegratorT1 � T2

� �
T1T2 _u0

0

þ C1 � A1 � B1ð Þ2nTamplify

D2
feedback

_u0
0 � D _u0

� � �2 _u0
0D _u0 � D _u2

0

� �

¼ � p
2
þ 2 2nintegratorT1 � T2

� �
T1T2 _u0

0

� B1 � C1 � A1ð Þ½ �2nTamplify

D2
feedback

_u0
0 � D _u0

� �
D _u0 þ 2 _u0

0

� �
D _u0

¼ � p
2
þ 2 2nintegratorT1 � T2

� �
T1T2 _u0

0

� B1 � C1 � A1ð Þ½ �2nTamplify

D2
feedback

3 _u0
0D _u0 � 2 _u0

0

� �2�D _u2
0


 �
D _u0

ð2:91Þ

From Eq. (2.91), it can be clearly seen that the sign of the unstable value of the
angular velocity around the longitudinal axis of the rotating flight carrier is changed
and the sign of the second augment in the final parentheses is also changed. But
even so, the output signal has higher phase stability due to the small coefficient of
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the final bracket. When the coefficient is very small, the last term of Eq. (2.91) is
comparable to the others and can be ignored.

When the working state of the instrument approaches the state of the resonant
point, the integrity and accuracy influence of the compensation effect of M _u0
increases. In the resonant state, the instability influence of the angular velocity
rotating around the longitudinal axis of the aircraft does not exist.

But as has been mentioned earlier, in the state of the near-resonant point (when
the detuning coefficient l = 0.9), the last term of Eq. (2.91) is negligible. At this
time, Eq. (2.91) can be simplified and its expression without D _u0 is obtained as

v2 ¼ � p
2
þ 2 2nintegratorT1 � T2

� �
T1T2 _u0

0
ð2:92Þ

And so on

v1 ¼ � p
2
þ 2

Tintegrator _u0
0

ð2:93Þ

Equation (2.91) also shows that when the differential loop is introduced into the
integrator, the influence of the angular velocity rotating around the longitudinal axis
of the aircraft on the phase of the output signal decreases, and the damping effect
guaranteed by the feedback increases and the compensation coefficient of the
mutual inductance influence n decreases. Even when the resonant state is missed,
but under the influence of a complete compensation of the mutual inductance
winding (n = 0), and in the condition of using a non-periodic loop as the integrator,
when Eq. (2.86) is implemented, or in the condition that the integrator with a
transfer function (1–130) is used, when Eq. (2.87) is implemented, the phase has
nothing to do with M _u0.

At the output end of the instrument without an integrator, the output without an
integrator, the impact of introducing the differentiator on the phase of the output
signal would be determined.

v0 ¼
p
2
þ arctan Tdamping _u0

� �
� arctan

nTamplify þ 2T0 n0 þ nð Þ� �
_u0 � T2

0nTamplify _u3
0

1� T2
0 þ 2n0T0nTamplify

� �
_u2
0

 !
ð2:94Þ

According to Eq. (2.69) the phase of the output signal of the instrument without
an integrator can be written by the following expression:

v0 ¼ Tdamping _u0 þ
1� T2

0 _u
2
0

_u0 2nT0 þ nTamplify 1� T2
0 _u

2
0

� �� � ð2:95Þ
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Combining Eqs. (1.124), (1.125) and (1.134) obtains

v0 ¼ _u0 Tdamping þ C1 � A1 � B1

KmomentKamplifyKmeasureKelectric current þ nTamplify _u2
0 C1 � A1 � B1ð Þ

	 

ð2:96Þ

In this case, the time constant of the differential equation can be obtained by
several other expressions. Unlike Eqs. (2.82) and (2.83), there is no added entry
that determines the parameters of the integrator. The compensation accuracy is the
same as that of the circuit with an integrator.

In order to ensure that the measurement accuracy of the angular velocity around
the longitudinal axis of the aircraft is higher, two additional loops must be added to
the velocity feedback loop to reduce the instability and mutual effect of the angular
velocity around the longitudinal axis of the aircraft.

The basic formula for the amplitude of a rotor vibration gyroscope with negative
feedback is as follows

UðsÞ ¼ KKintegrator2

KmomentKelectric current

1þ T1sð Þ 1þ TDsð Þ
T2
2 s

2 þ 2nintegratorT2sþ 1

� s

T2
0nTamplifys3 þ T2

0 þ 2n0T0nTamplify
� �

s2 þ nTamplify þ 2n0T0 þK
� �

sþ 1

Uamplitude ¼
C1 � A1 þB1ð Þ _u2

0XKKintegrator2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

1 _u
2
0

� �
1þ T2

D _u2
0

� �q
KmomentKelectric current

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� T2

2 _u
2
0

� �2 þ 2nintegratorT2 _u0

� �2q �

� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nTamplify þ 2T0 n0 þ nð Þ� �

_u0 � T2
0nTamplify _u3

0

� �2 þ 1� T2
0 þ 2n0T0nTamplify

� �
_u2
0

� �2q

v ¼ p
2
þ arctan TD _u0ð Þþ arctan T1 _u0ð Þ � arctan

2nintegratorT2 _u0

1� T2
2 _u

2
0

� �

� arctan
nTamplify þ 2T0 n0 þ nð Þ� �

_u0 � T2
0nTamplify _u3

0

1� T2
0 þ 2n0T0nTamplify

� �
_u2
0

 !

When nTamplify, Tintegrator and no are small, and T1 and T2 are large, the measured
amplitude of the constant angular velocity is

Uamplitude ¼ C1 � A1 þB1ð ÞT1XKamplifyKintegrator3Kintegrator2

T2
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kintegrator3Kelectric currentKmomentKamplify
� �2 þ C1 � A1 � B1ð Þ2 _u2

0

q

v ¼ � arctan
2nT0 _u0

1� T2
0 _u

2
0

� �
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In the case of precise tuning, there holds

Uamplitude ¼ 2B1Kintegrator2T1
KmomentKelectric currentT2

2
X

v ¼ � p
2

2.2 Regulation of a Non-driven Mechanical Gyroscope

Compare the regulation quality of three instrument loops with a velocity feedback,
which include the no integrator type, the integrator type with transfer function
(1.129), and the integrator type with transfer function (1.130) at the output end of
the instrument.

Comparing Sect. 1.4, the analogy method can be used to determine the response
of the instrument to the constant input force in the implicated coordinate system.
Therefore, according to Eqs. (2.1), (2.2) and (2.3), the differential loop in the
integrator is designated as

U0ðsÞ ¼ K
KmomentKelectric current

� s Tdampingsþ 1
� �

T2
0nTamplifys3 þ T2

0 þ 2n0T0nTamplify
� �

s2 þ nTamplify þ 2n0T0 þK
� �

sþ 1

ð2:97Þ

U1ðsÞ ¼ KKintegrator1

KmomentKelectric current
� 1
1þ Tintegrators

� s Tdampingsþ 1
� �

T2
0nTamplifys3 þ T2

0 þ 2n0T0nTamplify
� �

s2 þ nTamplify þ 2n0T0 þK
� �

sþ 1

ð2:98Þ

U2ðsÞ ¼ KKintegrator2

KmomentKelectric current
� T1sþ 1
T2
2 s

2 þ 2nintegratorT2sþ 1

� s Tdampingsþ 1
� �

T2
0nTamplifys3 þ T2

0 þ 2n0T0nTamplify
� �

s2 þ nTamplify þ 2n0T0 þK
� �

sþ 1

ð2:99Þ

Because nTamplify, n0 and Tdamping are very small, Eqs. (2.97), (2.98) and (2.99)
are rewritten as
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U0ðsÞ ¼ K
KmomentKelectric current

� s
T2
0 s

2 þKsþ 1
ð2:100Þ

U1ðsÞ ¼ KKintegrator1

KmomentKelectric current
� 1
1þ Tintegrators

� s
T2
0 s

2 þKsþ 1
¼ KKintegrator1

KmomentKelectric current
� U0ðsÞ
1þ Tintegrators

ð2:101Þ

U2ðsÞ ¼ KKintegrator2

KmomentKelectric current
� T1sþ 1
T2
2 s

2 þ 2nintegratorT2sþ 1
� s
T2
0 s

2 þKsþ 1

¼ KKintegrator2

KmomentKelectric current
� T1sþ 1ð ÞU0ðsÞ
T2
2 s

2 þ 2nintegratorT2sþ 1

ð2:102Þ

Consider the expression (2.100) in Eq. (1.134), which is equivalent to the
transfer function of the oscillation loop and is expressed by the angular velocity at
the output end:

U0ðsÞ¼ a0ðsÞ
MðsÞ

where

a0ðsÞ
MðsÞ ¼

KKintegrator1

KmomentKelectric current
� 1
T2
0 s

2 þKsþ 1
:

According to Eq. (1.91) and so on, when a constant force is acting on the
instrument in the coordinate system which is connected to the aircraft, the transition
process is expressed by the deflection angle of the sensitive element:

a0 ¼ C0e
�nx0t sin x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

q� �
tþ b0

	 

þ KKintegrator1

KmomentKelectric current
� H0

B0
X sin c1

ð2:103Þ

According to Eqs. (1.93) and (1.94), the integral constant has the form of

b0 ¼ arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p
n

 !
ð2:104Þ

C0 ¼ � KKintegrator1

KmomentKelectric current
� H0X sin c1
B0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p ¼� Kintegrator1Da

KmomentKelectric current
� H0X sin c1
B2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p
ð2:105Þ
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It is obvious that there is no difference between the characteristics of the tran-
sition process of the gyroscope with a negative velocity feedback and the charac-
teristics of the transition process of the gyroscope described in Eq. (1.95).

In order to obtain the impact of the different integrators on the transition process
of the gyroscope, according to the oscillating angular velocity of the sensitive
element, the transition process of the gyroscope without an integrator at the output
end. When considering the complete expression of the integral constant, the tran-
sition process of the oscillating angular velocity of the sensitive element at the
output of the preamplifier has the following form:

_a0 ¼ H0Da sin c1x0e�nx0t

KmomentKelectric currentB2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p X sin x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

q� �
t

	 


¼ _a0e�nx0t sin x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

q� �
t

	 

ð2:106Þ

The value of Eq. (2.106) is equal to zero, which is consistent with the value of
the constant deviation angle of the sensitive element of the instrument determined
by Eq. (1.106) in Sect. 1.4. Figure 2.3 shows the transition process of Eq. (2.106).

The effect of the integrator on the transition process is measured and the tran-
sition process of each integrator is added to the transient process of the sensitive
element of a non-driven mechanical gyroscope used in a rotating state aircraft with
negative velocity feedback. It can be seen that the transition process of each loop is
the sum of the transient process of the sensitive element of a non-driven mechanical
gyroscope used in a rotating state aircraft with a negative velocity feedback and the
transient process of the integrator.

Fig. 2.3 Transition process
of the sensitive element of a
non-driven mechanical
gyroscope used in a rotating
state aircraft with velocity
feedback (represented by the
angular velocity)
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a1 ¼ C0e
� 1

Tintegrator þ
DaKintegrator1H sin c1x0e�nx0tX sin x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p
 �
t � arctan Tintegratorx0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p
 �h i
B2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p
KmomentKelectric current

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

integratorx
2
0 1� n2
� �q

¼C0e
� 1

Tintegrator þ _a0;amplitudeffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

integratorx
2
0 1� n2
� �q e�nx0t sin x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

q� �
tþ vintegrator

	 


ð2:107Þ

Under the initial condition of the zero position, the integral constant is equal to

C0 ¼ � _a0;amplitudeffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

integratorx
2
0 1� n2
� �q sin vintegrator

� � ð2:108Þ

The transient process of the integrator has the following form:

aintegrator ¼ � _a0;amplitudee
� t

Tbffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

integratorx
2
0 1� n2
� �q sin vintegrator

� � ð2:109Þ

And the transition process of the whole gyroscope is

a1 ¼
_a0;amplitudeffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ T2
integratorx

2
0 1� n2
� �q e�nx0t sin x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

q� �
tþ vintegrator

	 
�

� e
� 1

Tintegrator sin vintegrator
� ��

ð2:110Þ

Thus, the existence of the integrator changes the transition process of the
instrument. Unlike the transition process studied in Sect. 1.4, in the implicated
coordinate system of the aircraft the transition process of the sensitive element of
the instrument is equal to zero under the action of a constant force. That is to say,
the friction moment, the dynamic unbalanced moment of the sensitive element of
the instrument and the moment produced by the centrifugal acceleration of the
aircraft due to the constant angular deviation of the sensitive element would not
cause the change of the output signal of the instrument.

As described by Eq. (2.106), and unlike the transition process expressed by the
angular velocity of the oscillation framework, the time of the transition process
expressed by the deviation angle of the instrument with the integrator that satisfies
Eq. (2.110) and has the integrator with the transfer function (1.129), is mainly
determined by the settling time of the integrator and Tintegrator can be seen in
Fig. 2.4.
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Because the time constant of an integrator increases, the settling time of the
instrument also increases, and every input force instantly changes with a frequency
greater than 1/(3*4) Tintegrator, the instrument cannot react.

Because every force acting on the instrument in flight has different character-
istics, the integrator at the output end of the instrument is not a major detriment to
the work of the instrument.

Fig. 2.4 Transition process
of an integrator and the whole
instrument
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Chapter 3
Performances of Non-driven Mechanical
Gyroscope in the Condition
of an Alternating Angular Velocity

In the condition of the following assumptions, the solution of Eq. (1.46) (the
motion equation of the sensitive element of the instrument) is studied. The first
assumption is that according to the accurate calculation results in Chap. 1, there are
some harmonic components in the velocities Xn and Xg, and Xn that will not be
considered in the calculation. The reason being that the projection of the sensitive
plane is equal to zero. Then, in the first two equations of Eq. (1.29), the first added
entry is zero. Thus there holds

Xn ¼ Xw sin dw cosðwtþ cwÞþXm sin dm cos cm cos mt
Xg ¼ Xw sin dw sinðwtþ cwÞþXm sin dm sin cm cos mt

(
ð3:1Þ

Items in Eq. (1.3) are analyzed one by one:

(1) The angular oscillation:

Xn ¼ Xm sin dm cos cm cos mt
Xg ¼ Xm sin dm sin cm cos mt

�
ð3:2Þ

(2) The circular oscillation:

Xn ¼ Xw sin dw cosðwtþ cwÞ
Xg ¼ Xw sin dw sinðwtþ cwÞ

(
ð3:3Þ
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3.1 Performance of Non-driven Mechanical Gyroscope
in the Condition of an Angular Vibration

The case of an angular vibration of the aircraft is studied. In this case, the char-
acteristic of the aircraft is that the angles r and q are very small. Compared with its
rotational velocity around the longitudinal axis of the aircraft, the angular velocity
of the aircraft is also very small. Therefore, there is not only the projection of the
angular velocity of the rotating flight carrier on the sensitive plane, but also the
projection of the angular acceleration in the motion equation of the sensitive ele-
ment of the instrument:

_Xn ¼ �Xmm sin dm cos cm sin mt
_Xg ¼ �Xmm sin dm sin cm sin mt

�
ð3:4Þ

In order to simplify the calculation, select dm ¼ p
2, and rewrite Eqs. (3.2) and

(3.4) as:

Xn ¼ Xm cos cm cos mt
Xg ¼ Xm sin cm cos mt

�
ð3:5Þ

_Xn ¼ �Xmm cos cm sin mt
_Xg ¼ �Xmm sin cm sin mt

�
ð3:6Þ

Because the angular acceleration is negative, Eq. (1.46) takes the following
form:

€aþ 2nx0 _aþx2
0a ¼ H0

B1
X sin _u0t � d1ð Þþ _X sin _u0tþ d2ð Þ ð3:7Þ

where

X ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2

n þX2
g

q
¼ Xm cos mt ð3:8Þ

_X ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_X2
n þ _X2

g

q
¼ Xmm sin mt ð3:9Þ

d1 ¼ arctan
Xg

Xn

� �
¼ cm ð3:10Þ

d2 ¼ arctan
_Xn

_Xg

 !
¼ p

2
� cm ð3:11Þ
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x0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 � A1

B1

r
_u0

In the case that m� _u0, in order to determine the impact of the angular vibration
frequency on the output signal of the instrument, the transfer characteristic of the
complex amplitude can be determined by using second order system dynamic
analysis (the envelope of the carrier frequency _u0). Note from Fig. 1.12 and
Eq. (1.120), the right side of the expression (1.120) provides the external torque
acting on the sensitive element of the instrument. The expression of the external
torque is changed and the initial phase of the input angular velocity in this equation
is selected as 90° to simplify the calculation. Then

M ¼ H0Xn � B1
_Xg

� �
cosuþ H0Xg þB1

_Xn
� �

sinu ð3:12Þ

The complex amplitude of the external moment has the form:

M ¼ Mdamping þ jMM ¼ H0Xg þB1
_Xn

� �þ j H0Xn � B1
_Xg

� � ð3:13Þ

or

M ¼ B1
_Xn � j _Xg

� �þ jH0 Xn � jXg

� � ¼ B1sþ jH0ð ÞX� ð3:14Þ

where X� ¼ Xn � jXg.
It is well known that when the operator s is replaced by sþ j _u0, the complex

amplitude (the envelope of the carrier frequency) can be obtained by the transfer
function of the instantaneous value, which is expressed by the transfer function of a
single-channel loop. In this case, only under the condition of m� _u0 proposed
before is a similar replacement possible. In addition, under the condition of this
replacement the transfer function for the complex amplitude is obtained and only
shows the envelope amplitude of the output signal and the phase change
characteristics.

After a similar replacement, the following equation can be obtained:

U
M

¼ U sþ j _u0ð Þ: ð3:15Þ

Substituting (1.141), there holds

U
X� ¼ B1sþ jH0ð ÞU sþ j _u0ð Þ ¼ B1sþ jH0ð Þ Wðsþ j _u0Þ

1þWðsþ j _u0Þ
Wintegrator sþ j _u0ð Þ
KmomentKelectric current

ð3:16Þ

If the coefficient n0 and the time constant nTamplify are very small, there are
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U
X� ¼

K
KmomentKelectric current

B1sþ jH0ð Þ sþ j _u0ð Þ
T2
0 sþ j _u0ð Þ2 þK sþ j _u0ð Þþ 1

Kintegrator T1 sþ j _u0ð Þþ 1½ �
T2
2 sþ j _u0ð Þ2 þ 2nintegratorT2 sþ j _u0ð Þþ 1

ð3:17Þ

The time constant of the integrator can be obtained equally, and the coefficient nη
can be selected approximately to be 1, then Eq. (3.17) can be rewritten as

U
X� ¼

K
KmomentKelectric current

B1sþ jH0ð Þ sþ j _u0ð Þ
T2
0 sþ j _u0ð Þ2 þK sþ j _u0ð Þþ 1

Kintegrator

T2 sþ j _u0ð Þþ 1
ð3:18Þ

The denominator and the numerator of Eq. (3.18) are changed into a single
factor product, which is equivalent to the typical circuit of the second-order system.
Then Eq. (3.18) can be changed as follows:

U
X� ¼

KH0 _u0
KmomentKelectric current

B1
H0
sþ j

� 	
1
_u0
sþ j

� 	
s1sþ jþ b1ð Þ s2sþ jþ b2ð Þ

Kintegrators1s2
T2 _u0T

2
0

1
_u0
sþ jþ 1

T2 _u0

� 	 ð3:19Þ

where

s1 ¼ T0

T0 _u0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p ; s2 ¼ T0

T0 _u0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p ;

b1 ¼
n

T0 _u0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p ; b2 ¼
n

T0 _u0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p ð3:20Þ

Introduce the following symbol:

s3 ¼ B1

H
¼ 1

1þ l2ð Þ _u0
ð3:21Þ

Take into account that T2 is very large, and Eq. (3.19) takes the following form:

U
X� ¼

KH0 _u0
KmomentKelectric current

s3sþ jð Þ Kintegrator

T2 _u0

s1s2
T2
0

s1sþ jþ b1ð Þ s2sþ jþ b2ð Þ
¼ Ks

ln l2 þ 1ð Þ
1� l2 1� n2

� � s3sþ jð Þ
s1sþ jþ b1ð Þ s2sþ jþ b2ð Þ ð3:22Þ
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where

Ks ¼ KH0 _u0

KmomentKelectric current

Kintegrator

T2 _u0

s1s2
T2
0

¼ 2B1Kintegrator

KmomentKelectric currentT2
ð3:23Þ

It is obvious that the complex transfer function of a single-channel second-order
angular velocity measuring instrument is the product of the transfer function of a
second order system with three typical loops (namely a differential loop and two
inertia loops with the complex coefficients).

The differential loop with the complex coefficient presents a double-channel loop
with a straight-through asymmetric cross connection, and the inertia loop with the
complex coefficients is a double-channel loop with a cross-asymmetrical feedback
connection.

Figure 3.1 is an equivalent double-channel diagram of the instrument, which is a
dual-channel series loop with three asymmetric cross connections. In Fig. 3.1, the
values of Udamping and UM are the real component and the imaginary component of
the output signal respectively:

U ¼ Udamping þ jUM

U ¼ Udamping sinuþUM cosu

Equation (3.22) adopts the method of an automatic regulation second order
system to study the dynamic problem of the instrument, and the logarithmic fre-
quency characteristic method is one of the simplest and most convenient methods.
It should be noted that only when the angular oscillation frequency is far less than
the rotation frequency around the longitudinal axis of the aircraft can Fig. 1.12 be
replaced by the equivalent block diagram in Fig. 3.1. In this case, the data results
from the study of Fig. 3.1 and Eq. (3.22) can only be used for the judgment of the
amplitude and phase of the output signal envelope, and the instantaneous voltage at

Fig. 3.1 Equivalent block diagram of a non-driven mechanical rotor gyroscope
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the output end of the integrator output is the instantaneous output voltage of the
instrument.

In Eq. (3.22), because s3 � s1 (almost equal), b1 is very small (the attenuation
coefficient is less than 0.5). Thus

s3sþ j
s1sþ jþ b1

� 1

Therefore, Eq. (3.22) has the following form:

U
X� ¼ Ks

1
s0sþ j0jþ b0

ð3:24Þ

where s0 and j0 are the equivalent time constant and the detuning frequency
coefficient of the instrument:

s0 ¼ 1
_u0n

; j0 ¼ 1� l
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

p
n

; b0 ¼ l ð3:25Þ

The double-channel block diagram with a rigid asymmetric feedback connection
satisfies Eq. (3.24), and the frequency is detuned, that is, the rotation velocity
around the longitudinal axis of the aircraft does not coincide with the resonant
frequency of the sensitive element in Fig. 3.2.

The more accurate the resonance point of the instrument is, the smaller the value
of j0 is, and when the tuning is very small, l ! 0, j0 ! 0.

The frequency characteristic curves of the amplitude and the phase of the
instrument are shown in Fig. 3.3.

Fig. 3.2 Simplified
equivalent loop diagram of
the instrument
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AðxÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0ð Þ2 þ s0xþ j0ð Þ2

q ð3:26Þ

h xð Þ ¼ arctan½�ðs0xþ j0Þ� ð3:27Þ

Because there are some complex coefficients in Eq. (3.24), the position of the
maximum value of the amplitude frequency characteristic is moved from x = 0 to
xp:

xp ¼ � j0

s0
¼ � _u0 1� l

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

q� �
¼ x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

q
� _u0 ð3:28Þ

Obviously, when the attenuation coefficient is very small, the resonant frequency
of the amplitude A(x) is determined by the difference between the rotation velocity
around the longitudinal axis of the aircraft and the undamped natural frequency.
Consider Eq. (3.28) and the expression of the frequency characteristic can be
rewritten as

AðxÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b0ð Þ2 þ s02 x� xp

� �2q ð3:29Þ

hðxÞ ¼ arctan �s02 x� xp
� �
 � ð3:30Þ

Fig. 3.3 Frequency
characteristic curves of the
amplitude and the phase of
the instrument
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Obviously, the damping coefficient only affects the resonant frequency, while the
detunding coefficient affects the resonance peak of the amplitude:

AðxpÞ ¼ 1
b0

ð3:31Þ

It can be seen that the instrument is a resonant loop with resonant frequency xp.
The negative value of the resonance frequency can be explained by the complex
coefficient and a 1/4 cycle of the phase shift of the input angular velocity.

When the attenuation coefficient is greater than 0.5, the expression is not
Eq. (3.24). Equation (3.22) is more suitable and its resonant frequency is deter-
mined by Eq. (3.28), but the amplitude of the resonance point is slightly smaller.

The dynamic characteristics of the instrument can be studied from the loga-
rithmic frequency characteristic curve, which unlike the single-channel loop must
be drawn in the frequency range of −∞ < x < ∞.

The logarithmic frequency characteristic of the transfer function in Eq. (3.24) is
shown in Fig. 3.4.

From Fig. 3.4 it can be seen that the reserve of the phase stability is large, but for
a greater margin the coefficient Ks must be reduced, or in other words the scale
factor of the instrument must be reduced.

According to Eq. (3.23) Ks may be reduced by the reducing coefficient Kintegrator

or the increasing coefficients Kmoment, Kelectric current and the time constant T2.
Obviously, the increasing coefficients Kmoment and Kelectric current will lead to an
increase of damping and the sensitivity of the instrument will decrease. The
damping coefficient is a selected tradeoff between the stability of the reserve and the
sensitivity of the gyroscope. Increasing the time constant T2 can lead to a decrease
of the regulation quality of the instrument, and a decreasing Kintegrator can lead to a
decrease of the scale factor.

Fig. 3.4 Logarithmic frequency characteristic of the transfer function in Eq. (3.24)
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From Eqs. (3.24) and Fig. 3.4, when the angular oscillation frequency is very
small it is possible that the amplitude and phase of the output signal envelope can
be calculated (for example, the minimum value _u0=m[ 10. When _u0=m\10, the
complex transfer function is unreasonable.

Substituting Eqs. (3.8), (3.9) and (3.11) into (3.7), Eq. (3.7) can be rewritten as

€aþ 2nx0 _aþx2
0a ¼ H0

B1
Xv cos vtð Þ sin _u0t � cvð ÞþXv sin vtð Þ cos _u0t � cvð Þ

€aþ 2nx0 _aþx2
0a ¼ H0

2B1
Xv sin _u0t � cv þ vtð Þþ sin _u0t � cv � vtð Þ½ �

þ v
2
Xv sin _u0t � cv þ vtð Þ � sin _u0t � cv � vtð Þ½ �;

ð3:32Þ

€aþ 2nx0 _aþx2
0a ¼ H0

2
þ vB1

2

� �
Xv sin _u0 þ vð Þt � cv½ �

þ H0

2B1
� v
2

� �
Xv sin _u0 � vð Þt � cv½ �

ð3:33Þ

Therefore, the external torque acting on the instrument sensing element is
composed of two added entries:

Minertia ¼ M1 þM2

¼ H0

2
þ vB1

2

� �
Xv sin _u0 þ vð Þt � cv½ � þ H0

2
� vB1

2

� �
Xv sin _u0 � vð Þt � cv½ �

ð3:34Þ

where

€aþ 2nx0 _aþx2
0a ¼ M1 þM2 ð3:35Þ

In this case, the output signal of the instrument is also composed of two added
entries and according to Uout(s) = Ф(s)Minertia(s), in the established working state
the following expressions are determined:

Uout tð Þ ¼ U jxð Þj j
x¼ _u0 þ v

Xm H0

2
þ vB1

2

� �
sin _u0 þ vð Þt � cv þ arg U jxð Þ½ �

x¼ _u0 þ v

( )

þ U jxð Þj j
x¼ _u0�v

Xm H0

2
� vB1

2

� �
sin _u0 � vð Þt � cv þ arg U jxð Þ½ �

x¼ _u0�v

( ) ð3:36Þ
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Introduce the following symbols to simplify Eq. (3.36):

Uþ ¼ U jxð Þj j
x¼ _u0 þ v

Xm H0

2
þ vB1

2

� �
ð3:37Þ

U� ¼ U jxð Þj j
x¼ _u0�v

Xm H0

2
� vB1

2

� �
ð3:38Þ

vþ ¼ arg U jxð Þ½ �
x¼ _u0 þ v

ð3:39Þ

v� ¼ arg U jxð Þ½ �
x¼ _u0�v

ð3:40Þ

UoutðtÞ ¼ Uþ sin _u0 þ vð Þt � cv þ vþ

 �þU� sin _u0 � vð Þt � cv þ v�f g ð3:41Þ

When the parameters of the integrator are correctly selected, the integrator with
the transfer function (1.130) has a better performance. Therefore, when studying the
role of the alternating angular velocity, the book adopts the integrator with the
transfer function (1.130) as an integral loop.

Select n0 = 0, and assume that the constant Tdamping is very small, and the
constants T1 and T2 are large. Then according to Eqs. (2.53) and (2.72) the fol-
lowing result can be obtained:

Uþ ¼ KKintegrator 2T1 C1 � A1 þB1ð Þ _u0 þ vB1½ �Xv

2KmomentKelectric currentT2
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nTamplify þ 2nT0
� �

_u0 þ vð Þ � T2
0nTamplify _u0 þ vð Þ3

h i2
þ 1� T2

0 _u0þ vð Þ2
h i2r

ð3:42Þ

U� ¼ KKintegrator 2T1 C1 � A1 þB1ð Þ _u0 � vB1½ �Xv

2KmomentKelectric currentT2
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nTamplify þ 2nT0
� �

_u0 � vð Þ � T2
0nTamplify _u0 � vð Þ3

h i2
þ 1� T2

0 _u0 � vð Þ2
h i2r

ð3:43Þ

Assume that nTamplify is very small, there holds

Uþ ¼ KKintegrator 2T1 C1 � A1 þB1ð Þ _u0 þ vB1½ �Xv

2KmomentKelectric currentT2
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nT0 _u0 þ vð Þ½ �2 þ 1� T2

0 _u0 þ vð Þ2
h i2r ð3:44Þ

U� ¼ KKintegrator 2T1 C1 � A1 þB1ð Þ _u0 � vB1½ �Xv

2KmomentKelectric currentT2
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nT0 _u0 � vð Þ½ �2 þ 1� T2

0 _u0 � vð Þ2
h i2r ð3:45Þ

Obviously, Uþ and U� are related not only to the angular frequency m, but also
to the velocity instability around the longitudinal axis of the aircraft and this
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relationship is also present in the resonant condition. In the case of resonance, Uþ
and U� can be determined by the following equations:

Uþ ¼ KKintegrator 2T1B1 2 _u0 þ vð ÞXv

2KmomentKelectric currentT2
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2 _u0 þ vð Þ2 þ 2 _u0vþ v2

_u2
0

� 	2r ð3:46Þ

U� ¼ KKintegrator 2T1B1 2 _u0 � vð ÞXv

2KmomentKelectric currentT2
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2 _u0 � vð Þ2 þ v2�2 _u0v

_u2
0

� 	2r ð3:47Þ

when the angular oscillation frequency m = 0, there holds

Uamplitude ¼ Uþ þU� ¼ 2Kintegrator 2T1B1X
v

KmomentKelectric currentT2
2

The above equation is the same as Eq. (2.12), which is in accordance with the
case that a constant angular velocity acts on the instrument.

Note that U jxð Þj j and the angular oscillation frequency m are mainly determined
by the dynamic coefficient and that Eqs. (3.44) and (3.45) can be simplified. The
dynamic coefficients depend on the sum and difference frequency of the rotation
frequency and the angular oscillation frequency around the longitudinal axis of the
aircraft. Thus

kþ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nT0 _u0 þ vð Þ½ �2 þ 1� T2

0 _u0 þ vð Þ2
h i2r ð3:48Þ

k� ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nT0 _u0 � vð Þ½ �2 þ 1� T2

0 _u0 � vð Þ2
h i2r ð3:49Þ

Equations (3.44) and (3.45) are transformed as

Uþ ¼ kþKKintegrator 2T1 C1 � A1 þB1ð Þ _u0 þ vB1½ �Xv

2KmomentKelectric currentT2
2

ð3:50Þ

U� ¼ k�KKintegrator 2T1 C1 � A1 þB1ð Þ _u0 � vB1½ �Xv

2KmomentKelectric currentT2
2

ð3:51Þ

It should be noted that the time constant Tdamping selected by Eq. (2.85) is
negligible in Eqs. (3.50) and (3.51) and in the case that the integrator time constant
is 0.1 s and the angular oscillation frequency lies in the range of 0–8 Hz, it will
cause the errors DU+ = ±5% and DU− = ±2%.
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m and D _u0 will not affect U+ and U−, thus it is reasonable to study the output
signal.

Therefore, determine the phase shifts v+ and v−, and expand Eqs. (3.39) and (3.40):

vþ ¼ p
2
þ arctan Tdamping _u0 þ vð Þ
 �þ arctan T1 _u0 þ vð Þ½ � � arctan

2nintegratorT2 _u0 þ vð Þ
1� T2

2 _u0 þ vð Þ2
" #

� arctan
nTamplify þ 2T0 n0 þ nð Þ
 �

_u0 þ vð Þ � T2
0nTamplify _u0 þ vð Þ3

1� T2
0 þ 2n0T0nTamplify


 �
_u0 þ vð Þ2

( )

ð3:52Þ

v� ¼ p
2
þ arctan Tdamping _u0 � vð Þ
 �þ arctan T1 _u0 � vð Þ½ � � arctan

2nintegratorT2 _u0 � vð Þ
1� T2

2 _u0 � vð Þ2
" #

� arctan
nTamplify þ 2T0 n0 þ nð Þ
 �

_u0 � vð Þ � T2
0nTamplify _u0 � vð Þ3

1� T2
0 þ 2n0T0nTamplify

� �
_u0 � vð Þ2

( )

ð3:53Þ

Derive from Eq. (2.63):

vþ ¼ � p
2
þ Tdamping _u0 þ vð Þþ 2nintegrator

T2 _u0 þ vð Þ �
1

T1 _u0 þ vð Þ

þ 1� T2
0 _u0 þ vð Þ2

_u0 þ vð Þ 2nT0 þ nTamplify 1� T2
0 _u0 þ vð Þ
 �� 
 ð3:54Þ

v� ¼ � p
2
þ Tdamping _u0 � vð Þþ 2nintegrator

T2 _u0 � vð Þ �
1

T1 _u0 � vð Þ

þ 1� T2
0 _u0 � vð Þ2

_u0 � vð Þ 2nT0 þ nTamplify 1� T2
0 _u0 � vð Þ
 �� 
 ð3:55Þ

It should be noted that only when the angular oscillation frequency lies in the
range of 0–3 Hz can the simplified formula use Eqs. (3.54) and (3.55). Derived from
Eq. (2.79), the phase shift of the integrator is broken down into a Taylor series of the
average value of the rotation velocity around the longitudinal axis of the aircraft:

2nintegrator
T2 _u0 þ vð Þ �

1
T1 _u0 þ vð Þ ¼

2nintegratorT1 � T2
T1T2 _u0 þ vð Þ ¼ 2nintegratorT1 � T2

T1T2 _u0
0

� 2nintegratorT1 � T2
T1T2

_u0 þ v� _u0
0

_u0
0

� �2
¼ 2

2nintegratorT1 � T2
T1T2 _u0

0
� 2nintegratorT1 � T2

T1T2

_u0 þ v

_u0
0

� �2
ð3:56Þ
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2nintegrator
T2 _u0 � vð Þ �

1
T1 _u0 � vð Þ ¼

2nintegratorT1 � T2
T1T2 _u0 � vð Þ ¼ 2nintegratorT1 � T2

T1T2 _u0
0

� 2nintegratorT1 � T2
T1T2

_u0 � v� _u0
0

_u0
0

� �2
¼ 2

2nintegratorT1 � T2
T1T2 _u0

0
� 2nintegratorT1 � T2

T1T2

_u0 � v

_u0
0

� �2
ð3:57Þ

From (2.81) the relationship between the phase for the various components of
the output signals and the frequency change of the instrument can be obtained and
the change of the working frequency is caused by the fact that the rotation of the
aircraft around the longitudinal axis has the angular oscillation and the velocity
instability:

vþ ¼�p
2
þ 2 2nintegratorT1�T2
� �

T1T2 _u0
0

þ _u0þvð Þ Tdamping�
2nintegratorT1�T2

T1T2 _u0
0

� �2
(

þ _u2
0 C1�A1�B1ð Þ� C1�A1ð Þ 2 _u0þvð Þv½ �

_u0þvð Þ2 DfeedbackþnTamplify _u2
0 C1�A1�B1ð Þ� C1�A1ð Þ 2 _u0þvð Þv½ �� 


)

ð3:58Þ

v�¼�p
2
þ 2 2nintegratorT1�T2
� �

T1T2 _u0
0

þ _u0�vð Þ Tdamping�
2nintegratorT1�T2

T1T2 _u0
0

� �2
(

þ _u2
0 C1�A1�B1ð Þ� C1�A1ð Þ �2 _u0þvð Þv½ �

_u0�vð Þ2 DfeedbackþnTamplify _u2
0 C1�A1�B1ð Þ� C1�A1ð Þ �2 _u0þvð Þv½ �� 


)

ð3:59Þ

Obviously, when m = 0, Eqs. (3.58) and (3.59) are in accord with Eq. (2.81) and
this equation determines the output signal phase of the instrument under the action
of a constant angular velocity.

Therefore, Eqs. (3.58) and (3.59) show that even if the time constant Tdamping in
Eq. (2.83) is correctly selected, when the aircraft has an angular oscillation and the
rotating velocity around the longitudinal axis of the aircraft is unstable, it is
inevitable that the phase of the output signal is influenced. According to Eq. (2.83),
when the time constant Tdamping is calculated and substituted it into Eqs. (3.58) and
(3.59), there holds
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vþ ¼�p
2
þ 2 2nintegratorT1�T2
� �

T1T2 _u0
0

þ _u0þvð Þ C1�A1�B1ð Þ
DfeedbackþnTamplify _u2

0 C1�A1�B1ð Þ
�

þ
_u2
0

_u0þvð Þ2 C1�A1�B1ð Þ�ðC1�A1Þ 2 _u0þvð Þv½ �
DfeedbackþnTamplify _u2

0 C1�A1�B1ð Þ�ðC1�A1Þ 2 _u0þvð Þv½ �� 

9=
;

ð3:60Þ

v�¼�p
2
þ 2 2nintegratorT1�T2
� �

T1T2 _u0
0

þ _u0�vð Þ C1�A1�B1ð Þ
DfeedbackþnTamplify _u2

0 C1�A1�B1ð Þ
�

þ
_u2
0

_u0�vð Þ2 C1�A1�B1ð Þ�ðC1�A1Þ v�2 _u0ð Þv½ �
DfeedbackþnTamplify _u2

0 C1�A1�B1ð Þ�ðC1�A1Þ v�2 _u0ð Þv½ �� 
g
ð3:61Þ

Equations (3.60) and (3.61) present the relationship between the phase of the
output signal and the instability of the rotation velocity of the aircraft, and the
relationship between the phase of the output signal and the angular oscillation
frequency. Under the condition of the resonant working state and the complete
compensation of the winding mutual inductance effect, the relationships are
maintained:

vþ ¼ � p
2
þ 2 2nintegratorT1 � T2

� �
T1T2 _u0

0
� _u0 þ vð Þ _u2

0 ðC1 � A1Þ 2 _u0 þ vð Þv½ �
_u0 þ vð Þ2Dfeedback

( )

ð3:62Þ

v� ¼ � p
2
þ 2 2nintegratorT1 � T2

� �
T1T2 _u0

0
� _u0 � vð Þ _u2

0 ðC1 � A1Þ v� 2 _u0ð Þv½ �
_u0 � vð Þ2Dfeedback

( )

ð3:63Þ

If considering Eq. (2.27) then

vþ ¼ � p
2
þ 2 2nintegratorT1 � T2

� �
T1T2 _u0

0

� _u0
0 � D _u0 þ v

� � _u0
0 � D _u0

� �2
C1 � A1ð Þ 2 _u0

0 � D _u0

� �þ v

 �

v
� 

_u0
0 � D _u0 þ v

� �2
Dfeedback

( )

ð3:64Þ
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v� ¼ � p
2
þ 2 2nintegratorT1 � T2

� �
T1T2 _u0

0

� _u0
0 � D _u0 � v

� � _u0
0 � D _u0

� �2
C1 � A1ð Þ �2 _u0

0 � D _u0

� �þ v

 �

v
� 

_u0
0 � D _u0 � v

� �2
Dfeedback

( )

ð3:65Þ

Therefore, in the angular oscillation condition of the aircraft it is impossible that
the instability of the rotation velocity around the longitudinal axis of the aircraft is
compensated.

Now the relationship between the phase of the output signal and the instability of
the rotation velocity around the longitudinal axis of the aircraft is studied, that is, in
the condition of a constant angular oscillation frequency, the instability of the
output signal phase.

In this case, the phase shift of the integrator is broken down into a Taylor series,
2nintegratorT1�T2
T1T2 _u0 þ vð Þ corresponds to _u0 þ v, 2nintegratorT1�T2

T1T2 _u0�vð Þ corresponds to _u0 � v.

2nintegratorT1 � T2
T1T2 _u0 þ vð Þ ¼ 2nintegratorT1 � T2

T1T2 _u0
0 þ v

� � � 2nintegratorT1 � T2
T1T2

_u0 � _u0
0

_u0
0 þ v

� �2 � � � ¼
2nintegratorT1 � T2
� �

2 _u0
0 þ v

� �
T1T2 _u0

0 þ v
� �2 � 2nintegratorT1 � T2

T1T2

_u0

_u0
0 þ v

� �2 :
ð3:66Þ

2nintegratorT1 � T2
T1T2 _u0 � vð Þ ¼ 2nintegratorT1 � T2

T1T2 _u0
0 � v

� � � 2nintegratorT1 � T2
T1T2

_u0 � _u0
0

_u0
0 � v

� �2 � � � ¼
2nintegratorT1 � T2
� �

2 _u0
0 � v

� �
T1T2 _u0

0 � v
� �2 � 2nintegratorT1 � T2

T1T2

_u0

_u0
0 � v

� �2 :
ð3:67Þ

Substituting Eqs. (3.66) and (3.67) into Eqs. (3.54) and (3.55):

vþ ¼�p
2
þ 2nintegratorT1�T2
� �

2 _u0
0þv

� �
T1T2 _u0

0þv
� �2 þ _u0 Tdamping�

2nintegratorT1�T2

T1T2 _u0
0þv

� �2
(

þ _u0 C1�A1�B1ð Þ�ðC1�A1Þ 2 _u0þvð Þv½ �
_u0þvð Þ DfeedbackþnTamplify _u2

0 C1�A1�B1ð Þ�ðC1�A1Þ 2 _u0þvð Þv½ �� 

)
:

ð3:68Þ
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v�¼�p
2
þ 2nintegratorT1�T2
� �

2 _u0
0�v

� �
T1T2 _u0

0�v
� �2 þ _u0 Tdamping�

2nintegratorT1�T2

T1T2 _u0
0�v

� �2
(

þ _u0 C1�A1�B1ð Þ�ðC1�A1Þ v�2 _u0ð Þv½ �
_u0�vð Þ DfeedbackþnTamplify _u2

0 C1�A1�B1ð Þ�ðC1�A1Þ v�2 _u0ð Þv½ �� 

)

ð3:69Þ

when m = 0, Eqs. (3.68) and (3.69) are the same as Eqs. (2.80) and (2.81)
respectively and they are the output signal phases when the constant angular
velocity is applied to the instrument.

The time constant Tamplify in Eq. (2.83) is correctly selected, when the aircraft
has the angular oscillation, the impact of the instability of the rotating velocity on
the output signal phase is still not excluded.

When the angular oscillation frequency is larger (m > 3 Hz), Eqs. (3.52) and
(3.53) are recommended. When n0 and nTamplify are small, the two expressions can
be rewritten as

vþ ¼ p
2
þ arctan Tdamping _u0 þ vð Þ
 �þ arctan T1 _u0 þ vð Þ½ �

� arctan
2nintegratorT2 _u0 þ vð Þ
1� T2

2 _u0 þ vð Þ2
" #

� arctan
2nT0 _u0 þ vð Þ

1� T2
0 _u0 þ vð Þ2

" # ð3:70Þ

v� ¼ p
2
þ arctan Tdamping _u0 � vð Þ
 �þ arctan T1 _u0 � vð Þ½ �

� arctan
2nintegratorT2 _u0 � vð Þ
1� T2

2 _u0 � vð Þ2
" #

� arctan
2nT0 _u0 � vð Þ

1� T2
0 _u0 � vð Þ2

" #
:

ð3:71Þ

3.2 Output Signal of Non-driven Mechanical Gyroscope
in the Condition of an Angular Vibration

As has been mentioned previously, the method for studying each frequency char-
acteristic of two components of the output signal separately is not appropriate.
Therefore, review (3.41) and obtain the transformed form:
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Uout¼Uþsin _u0t�cvð Þcos vtþvþ
� �þUþcos _u0t�cvð Þsin vtþvþ

� �
þU�sin _u0t�cvð Þcos vt�v�ð Þ�U�sin vt�v�ð Þcos _u0t�cvð Þ
¼sin _u0t�cvð Þ	 Uþcos vtð Þð cosvþ�Uþsin vtð Þsinvþ
þU�cos vtð Þcosv�þU�sin vtð Þsinv�Þþcos _u0t�cvð Þ
	 Uþsin vtð ÞcosvþþUþcos vtð Þsinvþ�U�sin vtð Þcosv�þU�cos vtð Þsinv�
� �

¼sin _u0t�cvð Þ cos vtð Þ UþcosvþþU�cosv�
� ��sin vtð Þ Uþsinvþ�U�sinv�

� �
 �
þcos _u0t�cvð Þ cos vtð Þ UþsinvþþU�sinv�

� �þsin vtð Þ Uþcosvþ�U�cosv�
� �
 �

Introduce the following symbols:

UCþ ¼ Uþ cos vþ þU� cos v�
USþ ¼ Uþ sin vþ þU� sin v�
UC� ¼ Uþ cos vþ � U� cos v�
US� ¼ Uþ sin vþ � U� sin v�

8>><
>>: ð3:72Þ

Then

Uout ¼ sin _u0t � cvð Þ UCþ cos vtð Þ � US� sin vtð Þ½ �
þ cos _u0t � cvð Þ USþ cos vtð ÞþUC� sin vtð Þ½ � ð3:73Þ

that is,

Uout ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

Cþ þU2
S�

q
sin _u0t � cvð Þ cos vtþ arctan

US�
UCþ

� �� �

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

C� þU2
Sþ

q
cos _u0t � cvð Þ sin vtþ arctan

USþ
UC�

� �� � ð3:74Þ

Simultaneously,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

Cþ þU2
S�

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2þ þU2� þ 2UþU� cos vþ þ v�

� �q
ð3:75Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

C� þU2
Sþ

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2þ þU2� � 2UþU� cos vþ þ v�

� �q
ð3:76Þ

Equation (3.74) can be written in a more convenient form:

Uout ¼ Um sin _u0t � cv þ vmð Þ ð3:77Þ
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where

Um ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

Cþ þU2
S�

� �
cos2 vtþ arctan

US�
UCþ

� �� �
þ U2

C� þU2
Sþ

� �
sin2 vtþ arctan

USþ
UC�

� �� �s

ð3:78Þ

vm ¼ arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

C� þU2
Sþ

q
sin vtþ arctan USþ

UC�

� 	h i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

Cþ þU2
S�

q
cos vtþ arctan US�

UCþ

� 	h i
8><
>:

9>=
>; ð3:79Þ

It is seen that the amplitude and phase of the output signal are related to the time in
the complex form. Using Eqs. (3.72), (3.79) can be turned into the following form:

vm ¼ arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2þ þU2� � 2UþU� cos vþ þ v�

� �q
sin vtþ arctan Uþ sin vþ þU� sin v�

Uþ cos vþ�U� cos v�

� 	h i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2þ þU2� þ 2UþU� cos vþ þ v�

� �q
cos vtþ arctan Uþ sin vþ�U� sin v�

Uþ cos vþ þU� cos v�

� 	h i
8><
>:

9>=
>;

ð3:80Þ

In order to simplify Eq. (3.78), by using Eqs. (3.75) and (3.76) the transformed
form can be obtained:

Um ¼ U2
Cþ þU2

S�
� �

cos2
�

vtð Þ cos2 arctan
US�
UCþ

� �� �
þ U2

Cþ þU2
S�

� �
sin2 vtð Þ sin2 arctan

US�
UCþ

� �� �

þ U2
C� þU2

Sþ
� �

sin2 vtð Þ cos2 arctan
USþ
UC�

� �� �
þ U2

C� þU2
Sþ

� �
cos2 vtð Þ sin2 arctan

USþ
UC�

� �� �

� 2 U2
Cþ þU2

S�
� �

cos vtð Þ cos arctan
US�
UCþ

� �� �
sin vtð Þ sin arctan

US�
UCþ

� �� �

þ 2 U2
C� þU2

Sþ
� �

sin vtð Þ cos arctan
USþ
UC�

� �� �
cos vtð Þ sin arctan

USþ
UC�

� �� ��1=2

ð3:81Þ

Consider

cos arctan
US�
UCþ

� �� �
¼ UCþffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

U2
Cþ þU2

S�
q ð3:82Þ

sin arctan
US�
UCþ

� �� �
¼ US�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

U2
Cþ þU2

S�
q ð3:83Þ

cos arctan
USþ
UC�

� �� �
¼ UC�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

U2
C� þU2

Sþ
q ð3:84Þ
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sin arctan
USþ
UC�

� �� �
¼ USþffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

U2
C� þU2

Sþ
q ð3:85Þ

Substituting Eqs. (3.82)–(3.85) into Eq. (3.81) obtains

Um ¼ U2
Cþ



cos2 vtð ÞþU2

S� sin2 vtð Þ � 2UCþUS� cos vtð Þ sin vtð Þ
þU2

C� sin2 vtð ÞþU2
Sþ cos2 vtð Þþ 2UC�USþ cos vtð Þ sin vtð Þ�1=2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

Cþ þU2
Sþ

� �
cos2 vtð Þþ U2

S� þU2
C�

� �
sin2 vtð Þþ sin 2vtð Þ UC�USþ � UCþUS�ð Þ

q

Using Eq. (3.72) obtains

Um ¼ U2
þ þU2

� þ 2UþU� cos vþ � v�
� �
 �

cos2 vtð Þ�
þ U2

þ þU2
� � 2UþU� cos vþ � v�

� �
 �
sin2 vtð Þþ 2UþU� sin v� � vþ

� �
sin 2vtð Þ
1=2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2þ þU2� þ 2UþU� cos vþ � v�

� �
cos 2vtð Þþ 2UþU� sin v� � vþ

� �
sin 2vtð Þ

q

Um ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2þ þU2� þ 2UþU� cos 2vt � v� þ vþ

� �q
ð3:86Þ

Substituting Eqs. (3.50), (3.51), (3.70) and (3.71) into Eq. (3.86) and consid-
ering the impact of the differential loop on the integrator obtains

Um¼ KKintegrator 2T1X
v

2KmomentKelectric currentT2
2

k2þ _u0 C1 � A1 þB1ð Þþ vB1½ �2 1þ T2
damping _u0 þ vð Þ2

h in
þ k2� _u0 C1 � A1 þB1ð Þ � vB1½ �2 1þ T2

damping _u0 � vð Þ2
h i

þ 2kþ k� _u2
0 C1 � A1 þB1ð Þ2�v2B2

1

h i
1þ T2

damping _u0 þ vð Þ2
h i

1þ T2
damping _u0 � vð Þ2

h i
	 cos 2vtþ arctan Tdamping _u0 þ vð Þ
 �� arctan Tdamping _u0 � vð Þ
 �� þ arctan T1 _u0 þ vð Þ½ �

� arctan T1 _u0 � vð Þ½ � � arctan
2nintegratorT2 _u0 þ vð Þ
1� T2

2 _u0 þ vð Þ2
" #

þ arctan
2nintegratorT2 _u0 � vð Þ
1� T2

2 _u0 � vð Þ2
" #

� arctan
2nT0 _u0 þ vð Þ

1� T2
0 _u0 þ vð Þ2

" #
þ arctan

2nT0 _u0 � vð Þ
1� T2

0 _u0 � vð Þ2
" #!)1=2

ð3:87Þ
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The differential loop is not considered. Equation (3.87) will have the following form:

Um ¼ KKintegrator 2T1X
v

2KmomentKelectric currentT2
2

k2þ _u0 C1 � A1 þB1ð Þþ vB1½ �2 þ k2� _u0 C1 � A1 þB1ð Þ � vB1½ �2
n

þ 2kþ k� _u2
0 C1 � A1 þB1ð Þ2�v2B2

1

h i
cos 2vtþ arctan T1 _u0 þ vð Þ½ �f g

� arctan T1 _u0 � vð Þ½ � � arctan
2nintegratorT2 _u0 þ vð Þ
1� T2

2 _u0 þ vð Þ2
" #

þ arctan
2nintegratorT2 _u0 � vð Þ
1� T2

2 _u0 � vð Þ2
" #

� arctan
2nT0 _u0 þ vð Þ

1� T2
0 _u0þ vð Þ2

" #
þ arctan

2nT0 _u0 � vð Þ
1� T2

0 _u0 � vð Þ2
" #)1=2

ð3:88Þ

Equations (3.87) and (3.88) illustrate the complicated relationship between the
amplitude of the output signal and the angular oscillation frequency of the aircraft.
And the phase of the output signal also has a complicated relationship with the
angular oscillation frequency. It should be noted that because in the expression of
the output signal phase the amplitudes of the two components of the output signal

have a ratio relationship, the coefficient KKintegrator 2T1Xv

2KmomentKelectric currentT2
2
does not affect the phase

of the output signal. It shows that when the aircraft has an angular oscillation, the
output signal phase will be independent of the angular velocity.

It can be seen that the amplitude of the output signal is related to the measured
angular velocity.

The form of the output signal of a non-driven mechanical gyroscope under the
action of harmonic angular velocity is shown in Fig. 3.5. From Eqs. (3.86), (3.87)
and (3.88), the envelope value of the output signal can be determined.

In order to describe the output signal of the instrument the following parameters
and symbols are introduced:

U0 Value of the envelope amplitude, which is equal to the maximum
value of UH;

Fig. 3.5 Output signal of a non-driven mechanical gyroscope under the action of harmonic
angular velocity
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Ucarrier wave Amplitude of the carrier wave;
v0 Phase of the envelope;
vcarrier wave Phase of the carrier wave that corresponds to the envelope.

The relationship between UH and time presents the amplitude characteristics of
the carrier wave changing with time; the relationship between UH and m presents the
envelope amplitude and the phase characteristics changing with the angular oscil-
lation frequency; the relationship between vm and the frequency m presents the
phase characteristics of the carrier wave changing with the angular oscillation
frequency; and the relationship between vm and the time presents the phase char-
acteristics of the carrier wave changing with time.

The conclusion drawn from Fig. 3.5 is that the output signal of the instrument
has a complex form of modulation and it is not appropriate that the output signal is
regarded as the same as the harmonic signal of the input.

However, when research on the instrument is carefully performed, it is not
important how the instrument deals with the harmonic signal input, but it is
important how much the output signal of the instrument is in accord with the input
signal of the aircraft’s steering engine. It is necessary that this input signal accu-
rately and reliably deals with the harmonic angular velocity and acts on the rotating
flight carrier through the steering engine.

When the harmonic angular velocity acts on the rotating flight carrier, then in
order to accurately and reliably deal with the harmonic angular velocity, the air-
craft’s steering engine must complete the oscillation of amplitude modulation,
non-driven mechanical gyroscope and the rotating flight carrier rotate together.
Thus, the oscillation of the aircraft’s steering engine should correspond to the input
harmonic angular velocity, which is modulated by the rotation of the aircraft, that is,
it corresponds to the sensitive element of the instrument. In this way, the output
signal of the instrument is connected with the modulated input signal and it is
possible to study the instrument for processing the accuracy of the changing har-
monic angular velocity. Because these two signals are modulated by the same
envelope and frequency of the carrier wave, it is quite appropriate to compare them.

3.3 Measurement Accuracy of the Harmonic Angular
Velocity for the Aircraft

For an aircraft limited by angular oscillation, the processing accuracy of the har-
monic angular velocity of the instrument input is studied and when comparing the
output signal and the input signal of the instrument, from Eq. (3.34) the input signal
can be given by the following form:
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Minertia ¼ Mþ sin _u0 þ vð Þt � cv½ � þM� sin _u0 � vð Þt � cv½ � ð3:89Þ

where

Mþ ¼ Xv H0

2
þ vB1

2

� �
ð3:90Þ

M� ¼ Xv H0

2
� vB1

2

� �
ð3:91Þ

Corresponding to Eqs. (3.32), (3.89) can be presented by another form:

Mintertia ¼ Mþ þM�ð Þ sin _u0t � cvð Þ cos vtð Þþ Mþ �M�ð Þ cos _u0t � cvð Þ sin vtð Þ
¼ XvH0 sin _u0t � cvð Þ cos vtð ÞþXvvB1 cos _u0t � cvð Þ sin vtð Þ

ð3:92Þ

Mintertia ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mþ þM�ð Þ2cos2 vtð Þþ Mþ �M�ð Þ2sin2 vtð Þx

q
sin _u0t � cv þ arctan

Mþ �M�
Mþ þM�

tan vtð Þ
� �� �

¼ Xv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2

0 cos
2 vtð Þþ v2B2

1 sin
2 vtð Þ

q
sin _u0t � cv þ arctan

vB1

H0
tan vtð Þ

� �� �
ð3:93Þ

Considering Eq. (1.37) obtains

Mintertia ¼ Xv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_u2
0 C1 � A1 þB1ð Þ2cos2 vtð Þþ v2B2

1 sin
2 vtð Þ

q
	 sin _u0t � cv þ arctan

vB1

_u0 C1 � A1 þB1ð Þ tan vtð Þ
� �� � ð3:94Þ

Or compared with Um, Minertia is changed into the 2 times angle 2mt:

Mintertia ¼ Xv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_u2
0 C1 � A1 þB1ð Þ2

2
þ v2B2

1

2
þ _u2

0 C1 � A1 þB1ð Þ2
2

� v2B2
1

2

" #
cos 2vtð Þ

vuut
	 sin _u0t � cv þ arctan

vB1

_u0 C1 � A1 þB1ð Þ tan vtð Þ
� �� �

¼ Xv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2

0

2
þ v2B2

1

2
þ H2

0

2
� v2B2

1

2

� �
cos 2vtð Þ

s
	 sin _u0t � cv þ arctan

vB1

H0
tan vtð Þ

� �� �

ð3:95Þ
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From Eq. (3.95) the conclusion can be drawn that there is a relationship between
the amplitude of the input signal and the time and the frequency changes with 2m
such as the amplitude of the output signal. Comparing with the output signal
introduces the following symbols: Minp.envelope is the envelope amplitude of the
input signal; Mcarrier wave is the amplitude of the carrier wave; vinp.envelope is the
phase of the envelope and vinp.carrier wave is the phase of the carrier wave.

Similarly, compare with the output signal and write

Mintertia ¼ Mm sin _u0t � cv þ vinp;m
� � ð3:96Þ

where

Mm ¼ Xv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2

0

2
þ v2B2

1

2
þ H2

0

2
� v2B2

1

2

� �
cos 2vtð Þ

s
ð3:97Þ

vinp;m ¼ arctan
vB1

H0
tan vtð Þ

� �
ð3:98Þ

Compare the output signal (3.77) and the input signal (3.96) and connect them:

Uout

Mintertia
¼ Um sin _u0t � cv þ vmð Þ

Mm sin _u0t � cv þ vinp;m
� � ð3:99Þ

Next the amplitude, the phase and its instantaneous value will be compared.

1. Compare the amplitude

Assume that the phase of vm coincides with that of vinp.m. In this case, Eq. (3.99)
has the following form:

Uout

Mintertia
¼ Um

Mm
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2þ þU2� þ 2UþU� cos 2vtþ vþ � v�

� �q
Xv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2

0
2 þ v2B2

1
2 þ H2

0
2 � v2B2

1
2

� 	
cos 2vtð Þ

r ð3:100Þ

As has been noted previously, the amplitudes of the two signals are dependent
on the time. Obviously, this relationship is not a pure harmonic type, but is a
periodic relationship with twice the signal frequency 2mt. The envelop curves of the
output and input signals of a non-driven mechanical gyroscope are shown in
Fig. 3.6.

It is clear that when the angular oscillation frequencies of the two signals in
Fig. 3.6 are consistent, the harmonic phase shifts in the radical sign of the
expressions Um and Mm are also consistent. Therefore, in order to evaluate the
characteristics of these two values it is enough to compare the two amplitudes and
phase frequencies.
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Each value of Eq. (3.100) is analyzed in turn along with its relation.

1. The amplitude of the input signal

In order to determine the maximum and minimum values of the amplitude of the
input signal, substituting Eq. (3.93) into Eq. (3.100) obtains

Mm ¼ Xv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2

0 cos2 vtð Þþ v2B2
1 sin

2 vtð Þ
q

ð3:101Þ

When mt ¼ p
2 n; n 2 Z, because H0 > mB1, the following equation can be obtained

Mm;max ¼ H0X
v ð3:102Þ

When mt = pk, k 2 Z:

Mm;min ¼ vB1X
v ð3:103Þ

When mt ¼ p
2 þ pk; k 2 Z, the extreme value Mm equals zero.

Therefore, the possible instantaneous maximum value of the input signal
envelope is independent of the frequency m. This situation can be explained as
follows: when the input signal envelope has a maximum value, its measured har-
monic angular velocity also has an instantaneous maximum value.

In thismoment, the angular acceleration of the aircraft equals zero so it does not affect
the envelope but when the envelope has a minimum value the angular velocity of the
input end of the instrument is zero and the angular acceleration is maximum. Therefore,
the angular acceleration only affects the minimum value of the envelope. Then it can be
seen that with an increase in the angular vibration frequency, the minimum value of the
input signal amplitude increases according to the linear relationship.

2. The amplitude of the output signal

Next determine the maximum value, the minimum value and the phase of Um.
When vt ¼ pn� vþ�v�

2 ; n 2 Z, the amplitude Um is a maximum value;

Fig. 3.6 The envelop curves of the output and input signals of non-driven mechanical gyroscope.
a The output signal; b The input signal
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When vt ¼ p nþ 1
2

� �� vþ�v�
2 ; the amplitude Um is a minimum value. Thus, from

(3.50) and (3.51), the maximum value and the minimum value of Um have the
following forms:

Um;max ¼ Uþ þU� ¼ KKintegrator 2T1X
v

2KmomentKelectric currentT2
2

kþ _u0 C1 � A1 þB1ð Þ½f

þ vB1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

damping _u0 þ vð Þ2
q

þ k� _u0 C1 � A1 þB1ð Þ � vB1½ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

damping _u0 � vð Þ2
q � ð3:104Þ

Um;min ¼ U� � Uþ ¼ KKintegrator 2T1X
v

2KmomentKelectric currentT2
2

k� _u0 C1 � A1þB1ð Þ � vB1½ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

damping _u0 þ vð Þ2
q�

� kþ _u0 C1 � A1 þB1ð Þþ vB1½ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ T2

damping _u0 � vð Þ2
q �

ð3:105Þ

or when Tdamping is small:

Um;max ¼ KKintegrator 2T1X
v

2KmomentKelectric currentT2
2

_u0 C1 � A1 þB1ð Þ kþ þ k�ð Þþ vB1 kþ � k�ð Þ½ �

ð3:106Þ

Um;min ¼ KKintegrator 2T1X
v

2KmomentKelectric currentT2
2

_u0 C1 � A1 þB1ð Þ k� � kþð Þ � vB1 kþ þ k�ð Þ½ �

ð3:107Þ

Like the analysis of the input signal, although the forms of Eqs. (3.106) and
(3.107) are complex and have a relationship with the angular vibration frequency,
due to (k+ + k−) > (k+ − k−), the maximum amplitude of the output signal is
mainly determined by the input angular velocity, while the minimum amplitude of
the output signal is determined by the amplitude of the input angular acceleration.

Then analyze the dependency relationship between the values of Um,max and Um,

min, and the angular oscillation frequency. Compare them with Um,max(m = 0) and
obtain the maximum value of the amplitude of the output signal:

Um;max

Um;max v ¼ 0ð Þ ¼
_u0 C1 � A1 þB1ð Þ kþ þ k�ð Þþ vB1 kþ � k�ð Þ

2 _u0 C1 � A1 þB1ð Þk ð3:108Þ

Um;min

Um;max v ¼ 0ð Þ ¼
_u0 C1 � A1 þB1ð Þ k� � kþð Þ � vB1 kþ þ k�ð Þ

2 _u0 C1 � A1 þB1ð Þk ð3:109Þ
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In order to find out the generality of this result, the coefficient m is introduced,
which presents the angular vibration frequency characteristic value, then v ¼ m _u0.
At this time, there are

Um;max

Um;max v ¼ 0ð Þ ¼
kþ þ k�ð Þ

2k
þ m kþ � k�ð Þ

2 l2 þ 1ð Þk ð3:110Þ

Um;min

Um;max v ¼ 0ð Þ ¼
k� � kþð Þ

2k
� m kþ þ k�ð Þ

2 l2 þ 1ð Þk ð3:111Þ

Combine Eqs. (1.69), (3.48) and (3.49), and then from Eqs. (3.112) and (3.113)
the relative frequency relationship between the maximum value and the minimum
value of the output signal envelope can be described by the attenuation coefficient
n, the detuning coefficient l and the coefficient m:

Um;max

Um;max v ¼ 0ð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 1ð Þ2 þ 2nlð Þ2

q
2l2

"
l2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2 � 1þmð Þ2
h i2

þ 2nl 1þmð Þ½ �2
r

þ l2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 1� mð Þ2
h i2

þ 2nl 1� mð Þ½ �2
r þ m

l2 þ 1

	
 

l2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 1þmð Þ2
h i2

þ 2nl 1þmð Þ½ �2
r

� l2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 1� mð Þ2
h i2

þ 2nl 1� mð Þ½ �2
r
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ð3:112Þ

Um;min

Um;max v ¼ 0ð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 1ð Þ2 þ 2nlð Þ2

q
2l2

l2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 1� mð Þ2
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þ 2nl 1� mð Þ½ �2
r
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In Fig. 3.7, the curves present the relationship between Eqs. (3.112) and (3.113),
and the coefficient m under the condition of different detuning coefficients and they
also present the relationship with the angular oscillation frequency.

Figure 3.8 gives the relationship curves between Eqs. (3.112) and (3.113) and
the coefficient m under the condition of different attenuation coefficients.

Figure 3.8 shows that increasing the damping of the instrument will result in the
decrease of the error of the envelop amplitude but while there is angular acceler-
ation of the aircraft the error will increase. Therefore, as has been pointed out
previously, when selecting the feedback parameters of the instrument damping it is
necessary to compromise and choose an oscillation attenuation coefficient that is
close to 0.5. It should also be pointed out that with the increase of the angular
oscillation frequency both the amplitude error of the envelope and the error caused
by the angular acceleration of the aircraft will increase.

It should be noted that in Figs. 3.7b and 3.8b, on the curve of the characteristic
value Um;min

Um;max v¼0ð Þ, there is the characteristic maximum value, which can be explained

by the following method (Fig. 3.9).
From Fig. 3.9, it is clear that when the angular vibration frequency lies in the

limit range of _u0 � _um, the error k� � kþ will increase linearly and the increase is
directly proportional to the angular vibration frequency. But when _u0 � v\ _um, the
instrument will leave the line segment of the curve in Fig. 3.9, and the error growth
in Figs. 3.7b and 3.8b will stop. Secondly, when _u0 � v lies in the frequency range
that is less than um, the increase of the angular oscillation frequency will cause kþ
and k� to decrease and the error will be reduced. Because 1[m= l2 þ 1ð Þ, the
impact of k� � kþ on the value of Eq. (3.113) is more powerful than that of
k� þ kþ . At this time, the angular vibration frequency corresponding to the
maximum point in Fig. 3.7b, and is determined by the following expression:
vm ¼ _u0 � _um, or taking into account Eqs. (1.107) and (1.109), there holds

Fig. 3.7 Relationship curves between Eqs. (3.112) and (3.113) and the coefficient m under the
condition of different detuning coefficients. a Relationship curves between Eq. (3.112) and the
coefficient m; b Relationship curves between Eq. (3.113) and the coefficient m
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vm ¼ _u0 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 � A1ð Þ 1� 2n2

� �
B1

s0
@

1
A ¼ _u0 1� l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2n2

q� �
ð3:114Þ

Using Eq. (1.156) obtains

Fig. 3.9 Change of dynamic
coefficients with increasing
angular vibration frequency

Fig. 3.8 Relationship curves between Eqs. (3.112) and (3.113) and the coefficient m under the
condition of different attenuation coefficients. a Relationship curves between Eq. (3.112) and the
coefficient m; b Relationship curves between Eq. (3.113) and the coefficient m
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vm ¼ _u0 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 � A1ð Þ

B1
1� D2

feedback

2B1 C1 � A1ð Þ _u2
0

� �s" #

vm ¼ _u0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

0 �
D2

feedback

2B2
1

s ð3:115Þ

From Figs. 3.7b and 3.8b, it can be seen that the frequencies of the maximum
point of the characteristic curve in these two figures change with the change of the
attenuation coefficient. This conclusion can be drawn from Eq. (3.114). By using
the coefficient m, from Eq. (3.114), we can obtain:

mm ¼ 1� l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2n2

q
ð3:116Þ

Figure 3.10 is the relationship curve of Eq. (3.116).
Only when the vibration attenuation coefficient is less than 0.7 is it reasonable to

use Eq. (3.116) because in this range the square root of Eq. (3.116) is positive.
When n = 0.7, in the condition that the instrument is tuned to the resonant point and
the tuning coefficient is selected as any value, there holds mm ¼ 1, i.e., vm ¼ _u0, the
situation corresponds to _um ¼ 0.

When n > 0.7, the following equation is used:

mm ¼ 1þ l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n2 � 1

q
ð3:117Þ

Now analyze the phase of the output signal envelope. The phase of the output
signal envelope is determined by vo ¼ vþ�v�

2 . Combine Eqs. (3.70) and (3.71) and
obtain

Fig. 3.10 Relationship curve
of Eq. (3.116)
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vo ¼
1
2

arctan Tdamping _u0 þ vð Þ
 �þ arctan T1 _u0 þ vð Þ½ ��
� arctan

2nintegratorT2 _u0 þ vð Þ
1� T2

2 _u0 þ vð Þ2
" #

� arctan
2nT0 _u0 þ vð Þ

1� T2
0 _u0 þ vð Þ2

" #

� arctan Tdamping _u0 � vð Þ
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þ arctan
2nintegratorT2 _u0 � vð Þ
1� T2

2 _u0 � vð Þ2
" #

þ arctan
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1� T2
2 _u0 � vð Þ2

" #)
ð3:118Þ

vo ¼
1
2

arctan Tdamping _u0 1þmð Þ
 �þ arctan T1 _u0 1þmð Þ½ ��
� arctan
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2
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� arctan
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Figure 3.11 shows the relationship curve between the phase of the output signal
envelope and the angular vibration frequency of the aircraft in the condition of
different time constants Tdamping, T1 and T2 with different attenuation coefficients
and different detuning coefficients.

When drawing the curve in Fig. 3.11, the following parameters are used:
Tdamping = 0.01 s; T1 = 0.1 s; T2 = 0.1 s; nintegrator = 1.

According to Eq. (3.119) and Fig. 3.11, in order to reduce the phase shift of the
instrument output signal envelope due to the angular vibration frequency of the
aircraft, the damping effect of feedback must be enhanced.

Fig. 3.11 Phase shift of the output signal envelope. a Different attenuation coefficients;
b Different detuning coefficients
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3. Ratio of the output signal amplitude and the input signal amplitude

The phase shift between the input signal and the output signal in Eq. (3.100) is
determined only by the phase shift vo of the output signal envelope. So, the maximum
amplitude ratio of the output signal and the input signal (assume that vo equals to zero):

Um;max

Mm;max
¼ U1 þU2

H0X
v ð3:120Þ

Obviously, because the denominator of this expression is constant, according to
the characteristics and the form of the relationship curve the ratio in Eq. (3.120)
corresponds to Figs. 3.7a and 3.8a respectively. It should be noted that in order to
obtain the generality of the results Eq. (3.120) is replaced by the following equation:

Um;max=Um;max v ¼ 0ð Þ
Mm;max=Mm;max v ¼ 0ð Þ ¼

Um;max

Um;max v ¼ 0ð Þ ð3:121Þ

This is entirely consistent with Eq. (3.112), Figs. 3.7a and 3.8a.
The comparison of the minimum amplitude of the output signal and the input

signal is better carried out by using the relative value:

Um;min=Um;max v ¼ 0ð Þ
Mm;min=Mm;max v ¼ 0ð Þ ¼

k��kþð Þ
2k � m kþ þ k�ð Þ

2 l2 þ 1ð Þk
m

l2 þ 1

ð3:122Þ

Consider Eq. (3.113), this equation has the following form:

Um;min=Um;max v ¼ 0ð Þ
Mm;min=Mm;max v ¼ 0ð Þ ¼
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The relationship curve of Eq. (3.123) and m is shown in Fig. 3.12. These curves
are plotted in the condition of different vibration attenuation coefficients, detuning
coefficients and m.

Because the aircraft has an angular acceleration, reducing the error of the
instrument is related to the increase of the damping and the accuracy of tuning to
the resonant point. At this time, with the increase of the angular vibration frequency
the relative cross error will decrease. This phenomenon is explained by the fact that
the growth rate of the cross component of the input signal is faster than that of the
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cross component of the output signal. It should be noted that according to
Eq. (3.123), when the angular vibration frequency of the aircraft is zero, namely
when m = 0, although both the relative cross component of the output signal and
the relative cross component of the input signal are equal to zero, because of its
uncertainty their ratio can be taken as 1.

Because the phase shift and the amplitude in the output signal envelope are
dependent on the angular vibration frequency of the aircraft, at each moment the
relationship between the envelope values and these oscillation frequencies is
determined like the impact of the angular oscillation frequency of the craft on the
envelope amplitude and the phase shift of the output signal. At each moment, the
envelope ratio of the input signal and the output signal is determined by (3.100). It
is evident that this ratio is maximal when its numerator is a maximum value and
when its numerator is a minimum value, this ratio is minimal.

Therefore, three frequency relations can be used to evaluate the envelope rela-
tionship between the output signal and the input signal.

(1) The frequency relationship curves of the maximum value (Figs. 3.7a and 3.8a,
Eq. (3.112)), will indicate the following features: how much the most likely
value of the output signal corresponds to that of the input signal.

(2) The frequency curves of the minimum value (Fig. 3.12, Eq. (3.123)) indicate
the following features: only determined by the oscillation angular acceleration
of the aircraft, that is, how much the most possible value of the output signal
corresponds to that of the input signal determined only by the oscillation
angular acceleration of the aircraft, and also indicates that the torque level
caused by the instrument processing angular acceleration of the aircraft and
naturely is the frequency characteristics of the instrument relative error caused
by the angular acceleration of the aircraft.

(3) The frequency relationship curves of the envelope phase (Fig. 3.11,
Eq. (3.119)), indicate the phase shift characteristics between the envelopes of

Fig. 3.12 Relationship curve between Eq. (3.123) and m. a Different attenuation coefficients;
b Different detuning coefficients
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the input signal and the output signal envelope and determine how long the
input signal can find its reflected signal in the output signal.

If these three relationships are mastered, the envelope of the input signal can be
completely transformed into the envelope relationship of the output signal.

However, in order to evaluate the working correctness of the instrument on the
aircraft, the phase correctness of the carrier wave of the output signal must be
determined, in other words the phase of the rotation frequency of the aircraft.

In order to describe the carrier wave of the output signal and compare it with the
carrier wave of the input signal, a phase frequency relationship curve is added,
which represents the difference characteristics of the carrier phase shift of the output
signal with respect to the carrier phase shift of the input signal.

2. Phase comparison

For the envelope phase, it can be understood that the phase is within the limit
range of m/2, the corresponding phase of the carrier wave lies in the period range of
1= _u0, so the phase of the carrier wave of the output signal is equal to vm, and the
phase of the carrier wave of the input signal is equal to vinp.m.

The carrier wave phases of the input signal and the output signal are intricately
connected with the time, however, it should be noted that the carrier wave phases
Eqs. (3.79) and (3.98) are indirectly added into the envelope phase shift of two
signals. The envelope phase shift of the input signal equals zero, while the envelope
phase shift of the output signal depends on v+ and v−, and these two phases affect

the carrier wave phase of the output signal by arctan US�
UC�

� 	
and arctan USþ

UCþ

� 	
.

When considering v+ and v−, the influence of the phase shift of the carrier wave
on the phase of the carrier wave of the output signal is excluded. In this case,
Fig. 3.13 gives the amplitude and phase of the output signal and the input signal
after the rotation frequency around its longitudinal axis of the aircraft is compen-
sated by a constant phase shift, and when the instrument is mounted to the body of
the aircraft, the compensation is performed by turning the instrument base. In this
case, Fig. 3.13 can be transformed into Fig. 3.14.

It is obvious that the phases of the output signal and the input signal in Fig. 3.14
are changed by 180°. In order to agree with Fig. 3.14, two instantaneous time
symbols are introduced:

t1 When the envelope of the input signal is at the moment of the maximum value;
t2 When the envelope of the input signal is at the moment of the minimum value.

Figure 3.14 shows the graphic similarity and some differences of the phase
values of the input signal and the output signal. At this time, it should be considered
that in order to make the output signal and the input signal have the amplitude
modulation, the tangent value of the signal phase must remain constant. The only
moment that satisfies the condition is t1, that is, the moment that the measured
angular velocity is the maximum value and close to this value.
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Therefore, these signals are not pure amplitude modulations. It should be noted
that the use of the instrument is to measure the angular velocity, and thus, when the
measured angular velocity of the aircraft is at a maximum value, or in other words
the carrier phase in the moment t1. The phase difference between the output and the
input signal is determined by:

Fig. 3.14 Amplitude and
phase of the output signal and
the input signal after being
compensated by a constant
phase shift v0 and the
envelope phase shift

Fig. 3.13 Amplitude and the
phase of the output signal and
the input signal after being
compensated by a constant
phase shift v0
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vm � vinp;m ¼ arctan
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q
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q
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UCþ

� 	� �
8>><
>>:

9>>=
>>;
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vB1

H
tan vtð Þ

� �
ð3:124Þ

When Tdamping and nTamplify are very small, T1 and T2 are very large, the phase
error in Eq. (3.124) is expressed by the detuning coefficient, the attenuation coef-
ficient and the coefficient m:

vm � vinp;m ¼ arctan
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Under different angular vibration frequencies, or different coefficients m, dif-
ferent attenuation coefficients and different detuning coefficients, the relationship
between the phase difference in Eq. (3.125) and the time is shown in Fig. 3.15.

According to Fig. 3.15, it can be determined that in almost the entire half-cycle
of the angular oscillation frequency, except the moment approaching t2 (Fig. 3.15)
that the phase difference of the carrier wave of the output signal and the input signal
is actually constant (at the moment approaching t1), and with the increase of the
attenuation coefficients and the detuning harmonic coefficients, the variety degree of
the dependent relationship of the phase difference and the time is small, and within
the time range always presents a stable state, namely the peak values of the curves
in Fig. 3.15a and b are squeezed and flattened. From Fig. 3.15b, it can clearly be
seen that at the moment t1, the phase difference in Eq. (3.125) increases with the
increase of the angular vibration frequency, however, it can be found that the peak
value in the same curve decreases with the increase of the angular vibration fre-
quency. The relationship curve of the phase difference between the carrier waves of
the output signal and the input signal changes with the angular vibration frequency,
the attenuation coefficient and the detuning coefficients and will be used later.

In order to describe Eq. (3.125) and the curve in Fig. 3.15, the phase difference
of the carrier wave of the output signal and the input signal is broken down into two
components. Of these two components, one is a constant component vcarrier wave 0

determined at the moment t1, and is also the phase shift of an effective signal, while
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Fig. 3.16 Schematic diagram
of the phase difference of the
carrier wave broken down
into two components

Fig. 3.15 Relationship curves between Um;max

Um;max v0ð Þ and different coefficients (m, l, n). a Different

detuning coefficients; b Different attenuation coefficients; c Different coefficients m
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the other is a component vcarrier wave peak with a peak shape change, which presents
the phase difference in Eq. (3.107) at its peak moment surpassing the difference of
the constant component (Fig. 3.16), which represents the phase shift characteristics
of the output signal with respect to the input signal, while the phase shift, because
the angular acceleration of the aircraft is subject to some constraints actually rep-
resents the phase shift characteristics of the instrument error due to the angular
acceleration of the aircraft. When m _u0t ¼ 2pn; n 2 Z, i.e.,

t ¼ 2pn
m _u0

ð3:126Þ

the value of vcarrier wave 0 is determined by Eq. (3.125).
From Fig. 3.16, the value of vcarrier wave peak can be obtained by Eq. (3.125) at

the moment tpeak. Now determine tpeak, vcarrier wave 0 and vcarrier wave peak.
Substituting Eq. (3.126) into Eq. (3.125) obtains

vcarrier wave 0 ¼ arctan
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Figure 3.17 gives the relationship curves between different tuning coefficients,
attenuation coefficients and coefficient m respectively. From Fig. 3.17, it can be
seen that with an increase of the instrument damping effect, vcarrier wave 0 decreases;
with an increase of the angular oscillation frequency, vcarrier wave 0 increases; and
when the tuning accuracy decreases, vcarrier wave 0 shows a small increase.

Fig. 3.17 Relationship curves of vcarrier wave 0 and m. a Different attenuation coefficients;
b Different detuning coefficients
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In order to compute the component vcarrier wave peak with the change of peak
shape, it is necessary to determine the instantaneous time tpeak which corresponds to
the peak of the phase difference of the carrier wave. Obviously, tpeak corresponds to
the instantaneous time that the phase curve slopes of the carrier waves of the output
signal and the input signal are equal, or in other words when the derivative of the
expression for the phase difference of the carrier wave is equal to zero. In order to
simplify the calculation the shorter form is used. And from the phase difference of
the carrier waves of the output signal and the input signal in Eq. (3.124), denote the
symbol vp = vm − vinp.m:

vp
� �0¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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Rewrite the last expression:

vp
� �0¼ K1v cos K2�K3ð Þ

cos2 vtþK3ð Þ

1þ K1
sin vtþK2ð Þ
cos vtþK3ð Þ
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Set Eq. (3.128) to zero, and there holds

K1v cos K2 � K3ð Þ
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Equation (3.133) is a second-order equation with the independent variable tan
(mt). Next analyze the general form of Eq. (3.133) and the coefficient before the first
order independent variable, and take into account Eqs. (3.82)–(3.85):
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Obviously, substituting Eq. (3.72) into the obtained expression obtains that this
equation is equal to zero. In this case, solve Eq. (3.133) and obtain

tan vtð Þ ¼
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Substitute Eqs. (3.129)–(3.132) into Eq. (3.134), and obtain
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U2

Cþ þU2
S�

q sin
v� � vþ

2

� 	#2
þ vB1

H

U2
Sþ þU2

C�
U2

Cþ þU2
S�

UC�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

C� þU2
Sþ

q cos
v� � vþ

2

� 	2
64

� USþffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

C� þU2
Sþ

q sin
v� � vþ

2

� 	375
2

� vB1

H

� �2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2

Sþ þU2
C�

U2
Cþ þU2

S�

s
UC�UCþ þUS�USþ

U2
Cþ þU2

S�
� �

U2
Sþ þU2

C�
� �

)#1
2

Transform Eq. (3.72) and obtain

tan vtð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

U2þ � U2�
� �� vB1

H Uþ þU�ð Þ2
vB1
H Uþ � U�ð Þ2� U2þ � U2�

� �
vB1
H

h i
vuut

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Uþ þU�ð ÞH
Uþ � U�ð ÞvB1

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Um;maxH
Um;minvB1

s ð3:135Þ

Thus the instantaneous time corresponding to the peak value of the phase dif-
ference of the carrier wave is

tmax ¼
arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ 1ð Þ kþ l2 þ 1þmð Þþ k� l2 þ 1�mð Þ½ �

m k� l2 þ 1�mð Þ�kþ l2 þ 1þmð Þ½ �
qn o

m _u0
ð3:136Þ

According to Eq. (3.136), the instantaneous time corresponding to the minimum
value of the phase difference of the carrier wave is

tmin ¼
p� arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ 1ð Þ kþ l2 þ 1þmð Þþ k� l2 þ 1�mð Þ½ �

m k� l2 þ 1�mð Þ�kþ l2 þ 1þmð Þ½ �
qn o

m _u0
¼ p

m _u0
� tmax
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Considering the situation in Eq. (3.136), the form of Eq. (3.125) is

vcarrier wave peak ¼ arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2þ 1ð Þþm½ �2k2þ þ l2 þ 1ð Þ � m½ �2k2� � 2 l2 þ 1ð Þ2�m2

h i
kþ k� cos vþ þ v�

� �
l2 þ 1ð Þþm½ �2k2þ þ l2 þ 1ð Þ � m½ �2k2� þ 2 l2 þ 1ð Þ2�m2

h i
kþ k� cos vþ þ v�

� �
vuuut

8><
>:

	
sin arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ 1ð Þ kþ l2 þ 1þmð Þþ k� l2 þ 1�mð Þ½ �

m k� l2 þ 1�mð Þ�kþ l2 þ 1þmð Þ½ �
q� 	

� vþ þ v�
2 þ

h
cos arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ 1ð Þ kþ l2 þ 1þmð Þþ k� l2 þ 1�mð Þ½ �

m k� l2 þ 1�mð Þ�kþ l2 þ 1þmð Þ½ �
q� 	

� vþ�v�
2 þ

h
arctan

l2 þ 1ð Þþm½ �kþ sin vþ þ l2 þ 1ð Þ�m½ �k� sin v�
l2 þ 1ð Þþm½ �kþ cos vþ� l2 þ 1ð Þ�m½ �k� cos v�

� ��
arctan l2 þ 1ð Þþm½ �kþ sin vþ� l2 þ 1ð Þ�m½ �k� sin v�

l2 þ 1ð Þþm½ �kþ cos vþ þ l2 þ 1ð Þ�m½ �k� cos v�

� 	�
9>>=
>>;

� arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m kþ l2 þ 1þmð Þþ k� l2þ 1� mð Þ½ �

l2 þ 1ð Þ k� l2 þ 1� mð Þ � kþ l2 þ 1þmð Þ½ �

s( )
� vcarrier wave 0

ð3:137Þ

The relationship curve in Eq. (3.137) is shown in Fig. 3.18.
From Fig. 3.18, it can be seen that when m = 0, i.e. v = 0, the maximum value

of the phase difference of the carrier wave equals zero. This situation can be
explained by the fact that the constant phase shift is compensated in the expression
of the phase difference of the carrier wave. However, as long as there is a very small
angular oscillation frequency the mutation can occur in the maximum value of the
phase difference of the carrier wave and this situation can be explained by the fact
that at this moment the angular acceleration of the aircraft has a maximum value.
And, with the increase of the angular oscillation frequency the jump amplitude of
this mutation will be reduced.

In Fig. 3.18, vcarrier wave peak with a negative value can be explained by the
following facts: when the angular oscillation frequency changes in a short time, the
phase slopes of the carrier waves of the input signal or the output signal change and
with the increase of the angular oscillation frequency the two slopes approach each

Fig. 3.18 Relationship curve between vcarrier wave peak and m. a Different attenuation coefficients;
b Different detuning coefficients
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other, so that when the angular oscillation frequency takes a certain value the two
slopes are equivalent. The peak value and the instantaneous time t of the charac-
teristic curve in Fig. 3.16, and the measured phase differences of the carrier wave
are equivalent, but vcarrier wave peak = 0.

Continue to increase the angular vibration frequency, or in other words continue
to change the phase slope of the carrier wave of the two signals and they no longer
approach each other but instead keep apart from each other. At the same time, at the
moment of tpeak, the phase difference has the minimum value and not the maximum
value. However, from Fig. 3.16, it can be seen that the maximum value and the
minimum value have many changes, or in other words the phase difference of the
carrier wave has the maximum value at the instantaneous time t3, and according to
the modulus this value will be equal to the difference of vcarrier wave 0 − vcarrier wave
peak (Fig. 3.19).

Fig. 3.19 Relationship curve between vp(t3) − vcarrier wave 0 and m. a Different attenuation
coefficients; b Different detuning coefficients

Fig. 3.20 Relationship curve between vcarrier wave peak and m. a Different attenuation coefficients;
b Different detuning coefficients
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The phase difference of the carrier wave in the curves of Figs. 3.19 and 3.18
according to the modulus are the same, but according to the symbol they are
opposite. In this case, the frequency characteristic of the component that changes is
the peak shape, and this is determined by the modulus of Eq. (3.137), and is also
determined by Eq. (3.138) and the relationship curve of this expression is shown in
Fig. 3.20.

vcarrier wave peak ¼ arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ 1ð Þþm½ �2k2þ þ l2 þ 1ð Þ � m½ �2k2� � 2 l2þ 1ð Þ2�m2

h i
kþ k� cos vþ þ v�

� �
l2 þ 1ð Þþm½ �2k2þ þ l2 þ 1ð Þ � m½ �2k2� þ 2 l2 þ 1ð Þ2�m2

h i
kþ k� cos vþ þ v�

� �
vuuut

8><
>:

�������
	

sin arctan
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ 1ð Þ kþ l2 þ 1þmð Þþ k� l2 þ 1�mð Þ½ �

m k� l2 þ 1�mð Þ�kþ l2 þ 1þmð Þ½ �
q� 	

� vþ þ v�
2 þ

h
cos arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ 1ð Þ kþ l2 þ 1þmð Þþ k� l2 þ 1�mð Þ½ �

m k� l2 þ 1�mð Þ�kþ l2 þ 1þmð Þ½ �
q� 	

� vþ þ v�
2 þ

h
arctan

l2 þ 1ð Þþm½ �kþ sin vþ� l2 þ 1ð Þ�m½ �k� sin v�
l2 þ 1ð Þþm½ �kþ cos vþ� l2 þ 1ð Þ�m½ �k� cos v�

� ��

arctan l2 þ 1ð Þþm½ �kþ sin vþ þ l2 þ 1ð Þ�m½ �k� sin v�
l2 þ 1ð Þþm½ �kþ cos vþ þ l2 þ 1ð Þ�m½ �k� cos v�

� 	i
9>>=
>>;

� arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m kþ mþ l2 þ 1ð Þ � k� m� l2 � 1ð Þ½ �

l2 þ 1ð Þ kþ mþl2 þ 1ð Þþ k� m� l2 � 1ð Þ½ �

s( )
� vcarrier wave 0

�����
ð3:138Þ

Figure 3.20 shows that the angular oscillation frequency increases to a certain
frequency, which will lead to a decrease of the maximum value of the phase
difference of the carrier wave over this frequency, and the increase of the angular
vibration frequency will cause the peak value of the phase difference to increase.

Calculate Eqs. (3.127) and (3.138) and obtain the relationship curves between
the maximum value of the phase difference of the carrier wave and the angular
oscillation frequency of the output signal and the input signal, as shown in
Fig. 3.21.

Fig. 3.21 Relationship curve between vp,max and m. a Different attenuation coefficients;
b Different detuning coefficients
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vp;max ¼ arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ 1ð Þþm½ �2k2þ þ l2 þ 1ð Þ � m½ �2k2� � 2 l2 þ 1ð Þ2�m2

h i
kþ k� cos vþ � v�

� �
l2þ 1ð Þþm½ �2k2þ þ l2 þ 1ð Þ � m½ �2k2� þ 2 l2þ 1ð Þ2�m2

h i
kþ k� cos vþ � v�

� �
vuuut

8><
>:

�������
	

sin arctan
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ 1ð Þ kþ mþ l2 þ 1ð Þ�k� m�l2�1ð Þ½ �
m kþ mþl2 þ 1ð Þþ k� m�l2�1ð Þ½ �

q� 	
� vþ þ v�

2 þ
h

cos arctan
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ 1ð Þ kþ mþ l2 þ 1ð Þ�k� m�l2�1ð Þ½ �
m kþ mþl2 þ 1ð Þþ k� m�l2�1ð Þ½ �

q� 	
� vþ þ v�

2 þ
h

arctan
l2 þ 1ð Þþm½ �kþ sin vþ� l2 þ 1ð Þ�m½ �k� sin v�
l2 þ 1ð Þþm½ �kþ cos vþ� l2 þ 1ð Þ�m½ �k� cos v�

� �

arctan l2 þ 1ð Þþm½ �kþ sin vþ þ l2 þ 1ð Þ�m½ �k� sin v�
l2 þ 1ð Þþm½ �kþ cos vþ þ l2 þ 1ð Þ�m½ �k� cos v�

� 	
9>>=
>>;

� arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m kþ mþl2 þ 1ð Þ � k� m� l2 � 1ð Þ½ �

l2 þ 1ð Þ kþ mþ l2þ 1ð Þþ k� m� l2 � 1ð Þ½ �

s( )
� vcarrier wave 0

�����þ vcarrier wave 0

ð3:139Þ

It should be pointed out that the value determined by Eq. (3.127) can be
regarded as the error of the carrier phase of the effective signal.

When the angular vibration problem of the instrument around the axis of the
aircraft is analyzed, the following conclusions can be drawn:

(1) The accuracy of the angular velocity that the instrument deals with in the input
according to the change of harmonic mode is slightly lower than the accuracy
that the instrument deals with regarding the constant angular velocity.

(2) In order to describe the accuracy with which the instrument processes the
angular oscillation of the aircraft, four frequency relationships should be used,
which represents the relationship among the relative changes of the parameters
of the output signal, the input signal and the angular vibration frequency.

(3) Three frequency characteristics of the maximum envelope, the minimum
envelope and the phase were described previously, and the phase frequency
characteristics of the carrier wave (Fig. 3.17 and Eq. (3.137)) are added, thus
the phase shift represented by this frequency characteristics is different from
that of the input signal.

(4) In ideal flight conditions, the angular vibration frequency of the aircraft is
limited to 2.5 Hz, so the coefficient m can be limited to 0.2. It can be seen from
the analysis and calculation of the angular vibration accuracy of the instrument
that the accuracy of the angular acceleration of the instrument is very poor.
A conclusion can be drawn that in the condition that the angular vibration
frequency is very small—in fact in the full cycle of angular oscillation—the
amplitude and the phase of the output signal are determined by the curves of
Figs. 3.7, 3.8 and 3.17a, and in a short moment that the amplitude of the
angular oscillation velocity changes the symbol, the maximum error of the
output signal is determined by the curves in Figs. 3.12 and 3.21.
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3.4 Performance of Non-driven Mechanical Gyroscope
in a Circumferential Vibration

It is assumed that the input signal has a circumferential vibration form and the
solution for the general motion Eq. (1.46) of the instrument is analyzed. According
to Eq. (3.3), there are

Xn ¼ Xw sin dw cosðwtþ cwÞ
Xg ¼ Xw sin dw sinðwtþ cwÞ

(

where

_q ¼ Xn ¼ Xw sin dw cosðwtþ cwÞ
_r ¼ Xg cos q ¼ Xw sin dw sinðwtþ cwÞ cos q

(

In this case, as with the angular vibration of the aircraft, because q and r are very
small and can be ignored, when comparing with the velocity of the aircraft around
the longitudinal axis it can be considered that the velocity acting on the aircraft is
very small and the following equation can be deduced:

_q ¼ Xn ¼ Xw sin dw cosðwtþ cwÞ
_r ¼ Xg ¼ Xw sin dw sinðwtþ cwÞ

(
ð3:140Þ

From Eq. (3.140), there holds

€q ¼ _Xn ¼ �wXw sin dw sinðwtþ cwÞ
€r ¼ _Xg ¼ wXw sin dw cosðwtþ cwÞ

(
ð3:141Þ

In this case, Eq. (1.46) has the following form:

€aþ 2nx0 _aþx2
0a ¼ H

B1
X sin _u0t � d1ð Þþ _X sin _u0tþ d2ð Þ ð3:142Þ

where

X ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2

n þX2
g

q
¼ Xw sin dw ð3:143Þ

_X1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_X2
n þ _X2

g

q
¼ _wXw sin dw ð3:144Þ

d1 ¼ arctan
Xg

Xn

� �
¼ _wtþ cw ð3:145Þ
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d2 ¼ arctan
_Xn

_Xg

 !
¼ � _wt � cw ð3:146Þ

x0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1 � A1

B1

r
_u0

Substitute Eqs. (3.143)–(3.146) into (3.142) and rewrite them as

€aþ 2nx0 _aþx2
0a ¼ H

B1
Xw sin _u0t � _wt � cv

� 	
� _wXw sin _u0t � _wt � cv

� 	
¼ H

B1
Xw sin _u0 � _w

� 	
t � cv

h i
� _wXw sin _u0 � _w

� 	
t � cv

h i
ð3:147Þ

€aþ 2nx0 _aþx2
0a ¼ H

B1
� _w

� �
Xw sin _u0 � _w

� 	
t � cv

h i
ð3:148Þ

Therefore, it can clearly be seen that the effect of the circumferential vibration is
similar to that of constant angular velocity, and is similar to that of the velocity
instability of the aircraft around the longitudinal axis of the output signal.

In this case, the established output signal looks like:

UoutðtÞ ¼ U jxð Þj j
x¼ _u0� _w

Xw H � _wB1

� 	
sin _u0 � _w

� 	
t � cw þ arctan U jxð Þ½ �

x¼ _u0� _w

( )

ð3:149Þ

or

UoutðtÞ ¼ Uw sin _u0 � _w
� 	

t � cv þ vw
h i

ð3:150Þ

where n0 = 0 and Tdamping is very small, T1 and T2 are very large. According to
Eqs. (2.53) and (2.60), obtain

Uw ¼
KKintegrator 2T1 C1 � A1 þB1ð Þ _u0 � _wB1

h i
Xv

2KmomentKelectric currentTintegratorT2
2

	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nTamplify þ 2nT0
� �

_u0 � _w
� 	

� T2
0nTamplify _u0 � _w

� 	3� �2
þ 1� T2

0 _u0 � _w
� 	2� �2s

2
664

3
775

ð3:151Þ
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vw ¼ p
2
þ arctan Tdamping _u0 � _w

� 	h i
þ arctan T1 _u0 � _w

� 	h i

� arctan
2nintegratorT2 _u0 � _w

� 	
1� T2

2 _u0 � _w
� 	2

2
64

3
75

� arctan
nTamplify þ 2nT0
� �

_u0 � _w
� 	

� T2
0nTamplify _u0 � _w

� 	3
1� T2

0 _u0 � _w
� 	2

2
64

3
75

ð3:152Þ

Because nTamplify is very small, from Eqs. (3.151) and (3.152) obtain

Uw ¼
KKintegrator 2T1 C1 � A1 þB1ð Þ _u0 � _wB1

h i
Xv

2KmomentKelectric currentT2
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nT0 _u0 � _w

� 	h i2
þ 1� T2

0 _u0 � _w
� 	2� �2s

ð3:153Þ

vw ¼ p
2
þ arctan Tdamping _u0 � _w

� 	h i
þ arctan T1 _u0 � _w

� 	h i

� arctan
2nintegratorT2 _u0 � _w

� 	
1� T2

2 _u0 � _w
� 	2

2
64

3
75� arctan

2nT0 _u0 � _w
� 	

1� T2
0 _u0 � _w
� 	2

2
64

3
75 ð3:154Þ

Obviously, the relationship curves with Uw are related not only to the circum-
ferential vibration frequency _w, but also to the velocity instability D _u0 of the
aircraft around the longitudinal axis, and this relationship can be represented in the
resonant state. At resonance, Uw and vw can be obtained as

Uw ¼
KKintegrator 2T1B1 2 _u0 � _w

� 	
Xv

2KmomentKelectric currentT2
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n 1� _w

_u0

� 	h i2
þ 1� 1� _w

_u0

� 	2� �2s ð3:155Þ

vw ¼ p
2
þ arctan Tdamping _u0 � _w

� 	h i
þ arctan T1 _u0 � _w

� 	h i

� arctan
2nintegratorT2 _u0 � _w

� 	
1� T2

2 _u0 � _w
� 	2

2
64

3
75� arctan

2nl 1� _w
_u0

� 	
l2 � 1� _w

_u0

� 	2
2
64

3
75 ð3:156Þ

3.4 Performance of Non-driven Mechanical Gyroscope … 131



When the circumferential vibration frequency _w ¼ 0:

Uw ¼ Kintegrator 2T1B1X
w

KmomentKelectric currentT2
2

ð3:157Þ

It is in accord with the constant angular velocity (2.12) acting on the instrument.
By using the dynamic coefficients in Eq. (3.153), there is

Uw ¼
KKintegrator 2T1 C1 � A1 þB1ð Þ _u0 � _wB1

h i
kwX

w

2KmomentKelectric currentTintegratorT2
2

ð3:158Þ

With the correlation value, how the circumferential vibration frequency affects
the output signal can be studied. Thus introduce the coefficient h ¼ _u

_u0
and when

using the detuning coefficient there holds

Uw

Uw
_w ¼ 0

� 	 ¼ l2 þ 1ð Þ � h½ �kw
l2 þ 1ð Þk ¼ kw

k
� hkw

l2 þ 1ð Þk ¼ kw
k

1� h
l2 þ 1

� �
ð3:159Þ

or

Uw

Uw
_w ¼ 0

� 	 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 1ð Þ2 þ 2nlð Þ2

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 � 1� hð Þ2
h i2

þ 2n 1� hð Þl½ �2
r 1� h

l2 þ 1

� �
ð3:160Þ

Figure 3.22 gives the relationship curves of Eq. (3.160) with different detuning
coefficients and different attenuation coefficients.

According to the curve characteristic given by Fig. 3.22, it can be seen that the
scale factor of the instrument is varied and it is strongly dependent on the

Fig. 3.22 Relationship curve between Uw

Uw
_w¼0ð Þ and (l, n, h). a When n is constant, the

Relationship curves between the magnitude ratio, h and l when n is constant; b Relationship
curves between the magnitude ratio, h and n when l is constant
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circumferential vibration frequency. In fact, the shapes of the curves in Fig. 3.22
can be interpreted in the following way. According to the variation characteristics
the curves in Fig. 3.22 are in accord with the straight line of the k function whose
specular reflection is perpendicular to the symmetry axis and h = 0. With an
increase of the circumferential vibration frequency, the working point in Fig. 1.10
moves leftward and upward until the resonance point. Over the resonance point, it
moves leftward and downward, or in other words increases first and then decreases.
With the increase of the attenuation coefficient the resonance peak is reduced and
the curve is flat. Similarly, with the increase of the detuning coefficient and the
decrease of the attenuation coefficient, the resonant peak is close to the value h = 0.
So the working point moves along the k curve in Fig. 1.10, and the situation can be
explained through the above situation.

In Chap. 1, the circumferential vibration frequency is limited by the possible
ideal value. As has been pointed out, according to Eq. (1.15), _w ¼ 0:05 _u0, then
considering the reserve margin, the circumferential vibration frequency is limited
by h = 0.1.

That is, under the ideal condition of aircraft motion, the amplitude error of the
output signal due to the influence of the circumferential vibration is limited by the
numbers in Fig. 3.23.

Different from the situation of the angular vibration that the aircraft is rotating
around the horizontal axis, the symbol of the circumferential vibration frequency
affects the sign and magnitude of the scale factor error.

Like the angular oscillation of the aircraft, it is more reasonable and feasible that
the scale factor of the instrument is not analyzed but the relationship between the
output signal and the input signal is analyzed, and in the circumferential vibration
case from Eq. (3.148) the input signal has the following form

Fig. 3.23 Impact of the circumferential vibration on the amplitude of the output signal of a
non-driven mechanical gyroscope. a Different detuning coefficients; b Different attenuation
coefficients
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Mintertia ¼ H � _wB1

� 	
Xw sin _u0 � _w

� 	
t � cv

h i
ð3:161Þ

The amplitude ratio of the output signal and the input signal is expressed in the
following form:

Uw

Minertia
¼ KKintegrator 2T1kw

2KmomentKelectric currentT2
2

¼ KKintegrator 2T1
2KmomentKelectric currentT2

2

lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nl 1� hð Þ½ �2 þ l2 � 1� hð Þ2

h i2r ð3:162Þ

The obtained expression belongs to the condition that the circumferential
vibration frequency is zero:

Uw=Uw
_w ¼ 0

� 	
Minertia=Minertia

_w ¼ 0
� 	 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nlð Þ2 þ l2 � 1ð Þ2

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2nl 1� hð Þ½ �2 þ l2 � 1� hð Þ2

h i2r ð3:163Þ

Thus, the amplitude ratio of the output signal and the input signal is determined
by the dynamic coefficient. The difference between Eqs. (3.163) and (3.160) is that
in Eq. (3.160), there is a cofactor, an added entry which is determined by the
circumferential vibration frequency. Comparing these two expressions an important
conclusion can be drawn about the circular frequency of the aircraft. This con-
clusion can be obtained from the comparison of the relationship curves corre-
sponding to Eq. (3.160) in Fig. 3.23 and the relationship curves corresponding to
Eq. (3.163) in Fig. 3.24.

Fig. 3.24 Amplitude ratio of the output signal and the input signal in the case of circular vibration
of the aircraft. a Different detuning coefficients; b Different attenuation coefficients
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The circular vibration brings a large phase shift into the indicator value of the
instrument (Fig. 3.25). Figure 3.25 shows that the phase characteristic curves
corresponding to Eq. (3.164), compensate the constant phase shift caused by

turning the instrument shell and eliminate vw _w ¼ 0
� 	

, namely,

vw ¼ p
2
þ arctan Tdamping _u0 1� hð Þ
 �þ arctan T1 _u0 1� hð Þ½ �

� arctan
2nintegratorT2 _u0 1� hð Þ
1� T2

2 _u
2
0 1� hð Þ2

" #
� arctan

2nl 1� hð Þ
l2 � 1� hð Þ2
" # ð3:164Þ

Obviously, similar to the impact of D _u0, determining the correct Tdamping will
greatly reduce the impact of _w on the phase of the output signal.

In the range of the circumferential vibration frequency, the impact of the
detuning coefficients on the phase of the output signal is much smaller than that of
the vibration attenuation coefficients on the phase of the output signal. In
Fig. 3.25b, with the decrease of the attenuation coefficient, the slope of the phase
characteristics increases. This phenomenon can be explained by the fact that across
the point of the natural non-damped vibration frequency, the phase change of the
oscillation element is very sharp and the natural non-damping vibration frequency,
in this case, with l = 0.9 approaches the point with h = 0.

The above data show that in the case of the circumferential vibration of the
aircraft, increasing the damping in the instrument and improving the accuracy of
tuning can reduce the error of the instrument.

Fig. 3.25 Impact of circumferential vibration on the phase of the output signal of a non-driven
mechanical gyroscope. a Different detuning coefficients; b Different attenuation coefficients
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Chapter 4
The Operating Errors of a Non-driven
Mechanical Gyroscope

The operating error of a rotating aircraft with a rotor vibrating gyroscope can be
divided into two categories.

The first category includes three errors, the error in a non-driven mechanical
gyroscope; the error due to the residual imbalance of the sensitive element; in the
condition of the aircraft with the angular oscillation and circumferential vibration,
the double frequency error with the self-rotating of the aircraft.

The second category includes the error due to the installation accuracy of the
instrument installed on the aircraft and the error due to the temperature instability,
which is limited by the application characteristics of a non-driven mechanical
gyroscope on a rotating aircraft and the structural characteristics of the instrument.

4.1 Error Caused by Static Unbalance of the Framework

As shown in Fig. 4.1, the mass center of the sensitive element is not coincident with
the axis OY while the axis is oscillating around the axis OY and in the condition of
the constant and vibration overload, a harmful moment can be caused, which is
called the unbalanced torque. The center of mass of the sensitive element has some
deviation, x0 6¼ 0; z0 6¼ 0 makes the center of mass of the sensitive element deviate
relative to the crossing point of the rotation axis. Assume that nf is an overload
along the flying direction of the aircraft and nnη is a lateral overload of the aircraft.
The research work is limited to the constant overload and the vibration overload,
whose overload frequencies are equal to the twice frequency and the one times the
frequency around the longitudinal axis of the aircraft respectively.

nng ¼ nng0 þ nng1 sin _u0tþ dng1
� �þ nng2 sin 2 _u0tþ dng2

� �
nf ¼ nf0 þ nf1 sin _u0tþ df1

� �þ nf2 sin 2 _u0tþ df2
� � ð4:1Þ
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The unbalance torque is

Munbalance ¼ msensitive massðz0nx � x0nzÞ

where msensitive mass is the mass of the sensitive element; nx and nz are the projections
of the longitudinal overload and the transverse overload on the axes OX and OZ
which are connected with the sensitive element respectively, or in other words

nZ ¼ nf cos a� nng cosð _u0tþ cÞ sin a
nX ¼ �nf sin a� nng cosð _u0tþ cÞ cos a

Each component of the overload is determined by c. It is necessary to consider
Eq. (4.1), and assume that a is very small:

nZ ¼ nf ¼ nf0 þ nf1 sin _u0tþ df1
� �þ nf2 sin 2 _u0tþ df2

� �
nX ¼ �nng cos _u0tþ cð Þ ¼ �nng0 cos _u0tþ c0ð Þ � nng1 sin _u0tþ dng1

� �
cos _u0tþ c1ð Þ � nng2 sin 2 _u0tþ dng2

� �
cos _u0tþ c2ð Þ

Fig. 4.1 Error from an unbalanced force
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The unbalanced torque is

Munbalance ¼ msensitivemassz0nng0 cos _u0t + c0ð Þ
þmsensitive massz0nng1 sin _u0t + dng1

� �
cos _u0tþ c1ð Þ

þmsensitive massz0nng2 sin 2 _u0tþ dng2
� �

cosð _u0tþ c2Þþmsensitivemassx0nf0
þmsensitive massx0nf1 sin _u0tþ df1ð Þþmsensitivemassx0nf2 sin 2 _u0tþ df2ð Þ

The unbalanced torque component of the effective signal frequency is isolated
and other frequency signals can be filtered in the narrow band circuit such that the
accuracy of the instrument is not affected. The unbalanced torque can also be
written as

Munbalance ¼ msensitivemass z0nng0 cos _u0tþ c0ð Þþ x0nf1 sin _u0tþ df1ð Þ�
þ 1

2
z0nng2 sin _u0tþ dng2 � c2

� ��

That is to say, the unbalanced force of the sensitive element along the rotating
axis, under the action of constant acceleration and acceleration with the frequency
2 _u0 will generate harmful torque, and under the action of the acceleration of the
effective signal frequency, the unbalanced force along the vertical direction will
also generate harmful torque.

According to Eq. (2.4), the unbalanced force is substituted into the motion
equation of the sensitive element in Eq. (1.46) and the following equation is
obtained

DUout ¼ U jxð Þ
x¼ _u0

�����
�����msensitivemassz0nng0 cos _u0tþ c0 þ arctan½U jxð Þ

x¼ _u0

�
( )

þ U jxð Þ
x¼ _u0

�����
�����msensitive massx0nn1 sin _u0tþ df1 þ arctan½U jxð Þ�

x¼ _u0

( )

þ 1
2
U jxð Þ
x¼ _u0

�����
�����msensitivemassz0nng2 sin _u0tþ dng2 � c2 þ arctan½U jxð Þ�

x¼ _u0

( )

ð4:2Þ

The maximum value of the error occurs when the phase shifts of three com-
ponents coincide.

Without considering the phase shift in Eq. (4.2), the form is
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DUout ¼ U jxð Þ
x¼ _u0

�����
����� msensitive massz0nng0 þmsensitivemassx0nf1 þ

1
2
msensitive massz0nng2

� �

sin _u0tþ arctan½U jxð Þ�
x¼ _u0

( )

ð4:3Þ

The impact of the unbalanced force only affects the amplitude of the output
signal because the unbalanced torque has nothing to do with the measured angular
velocity, so with the increase of the measured angular velocity the impact of the
unbalanced force on the amplitude of the output signal is reduced by the form of the
relative value.

It should be pointed out that the torque caused by the unbalanced force of the
sensitive element is generated not only under the action of the various accelerations
outside but also under the action of the centrifugal acceleration which act on the
center of mass and when the center of mass moves along the axis OZ and the axis
OX, the torque is

Munbalance ¼ acentrifugalmz0 ¼ m _u2
0x0z0 ð4:4Þ

The torque at this moment is constant so when the aircraft rotates around the
longitudinal axis the frequency does not produce an alternating and false signal.
The sensitive element acts on this torque and will be slightly deflected by the
constant angle a:

a ¼ Munbalance

B0
¼ mx0z0

l2B1
ð4:5Þ

It should be noted that unlike with the unbalanced torque, the angle has nothing
to do with the instability of the rotating velocity around the longitudinal axis of the
aircraft. In the design of the structure of the instrument, the problem of Eq. (4.5)
should be noted to ensure the design margin of the deflection angle of the sensitive
element. However, the angle a described by Eq. (4.5) is very small under the
condition of good balance. In order to eliminate it, some measures are required to be
taken in advance.

In a similar way that the amplitude of the output signal is affected, the dynamic
unbalance of the sensitive element is also affected. That is to say, the inertia
centrifugal torque of the sensitive element is not zero when the three axes of the
coordinate system connected to the sensitive element are selected as a reference. At
this time, the constant unbalanced torque Munbalance ¼ Jxz _u2

0 can make the sensitive
element deflect by a fixed angle.
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4.2 Error Caused by Angular Vibration
and Circumferential Vibration

Chapter 3 shows that the instrument is capable of measuring the angular velocity of
the aircraft when the aircraft has angular oscillation and circumferential vibration,
even if the frequencies of the angular oscillation and the circumferential vibration
are less than 1=2 of the rotation frequency of the aircraft.

Obviously, continually increasing the angular oscillation frequency and the
circumferential vibration frequency of the aircraft will lead to the result that the
component of the self-rotation frequency of the aircraft is not in the input signal and
the output signal of the instrument and the error of the instrument will rise.

The input signal of the aircraft rudder can correctly process the angular velocity
and must modulate the angular oscillation frequency and the circumferential
vibration frequency by the self-rotating frequency of the aircraft. These frequencies
produce the harmonic signal of the self-rotating frequency of the aircraft at the end
of the output signal.

The instrument’s harmonic signal of the self-rotating frequency of the aircraft
will be explained and occurs in the case that the angular vibration frequency and the
circumferential vibration frequency are twice the self-rotating frequency of the
aircraft.

For any rotating object in fact, there is such a vibration and the rotating element
of a non-driven mechanical gyroscope is no different.

The impact of the angular vibration of the aircraft on the instrument’s output
signal has been analyzed previously and this angular vibration rotates around a
horizontal axis when this frequency is equal to twice the self-rotating frequency of
the aircraft around a longitudinal axis. In this case, the angular velocity of the
aircraft in Eq. (3.2) can be described by the following expression:

Xn ¼ Xm sin dm cos cm cos 2 _u0t

Xg ¼ Xm sin dm sin cm cos 2 _u0t
ð4:6Þ

Select dm ¼ p
2, and the output signal component of the effective frequency in the

form of (3.41) is:

Uout tð Þ ¼ �U� sin _u0tþ cv � v�ð Þ ð4:7Þ

where n0 ¼ 0, the constant Tdamping is very small, and the constants T1 and T2 are
very large.

U� ¼ KKintegrator2T1ðC1 � A1 � B1Þ _u0X
v

2KmomentKelectric currentT2
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
0nTamplify _u3

0 � ðnTamplify þ 2nT0Þ _u0

� 
2 þð1� T2
0 _u

2
0Þ2

q
ð4:8Þ
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v� ¼ p
2
� arctanðTdamping _u0Þ � arctanðT1 _u0Þþ arctan

2nintegratorT2 _u0

1� T2
2 _u

2
0

� �

� arctan
nTamplify � 2T0ðn0 þ nÞ� 


_u0 þ T2
0nTamplify _u3

0

1� T2
0 þ 2n0T0nTamplify

� �
_u2
0

( ) ð4:9Þ

The phase relation of the error indicates that the change of the error occurs in the
case of the opposite of the effective signal phase. The maximum value of the error is
analyzed, namely the amplitude value. Assume that nTamplify is very small, then

U� ¼ KKintegrator2T1ðC1 � A1 � B1Þ _u0X
v

2KmomentKelectric currentT2
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2nT0 _u0Þ2 þð1� T2

0 _u
2
0Þ2

q ð4:10Þ

It is obvious that Eq. (4.10) is zero in the resonance condition, that is, in the
condition of the angular vibration with twice the self-rotating frequency of the
aircraft the instrument has no error.

Because

k2 _u0
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2nT0 _u0Þ2 þð1� T2
0 _u

2
0Þ2

q ¼ l2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2nlÞ2 þðl2 � 1Þ2

q ¼ k ð4:11Þ

Then, by using the detuning coefficient, Eq. (4.10) can be simplified as

U� ¼ kB1KKintegrator2T1ðl2 � 1Þ _u0X
v

2KmomentKelectriccurrentT2
2

ð4:12Þ

The maximum error is

Umax ¼ �U� ¼ � kKKintegrator2T1ðl2 � 1Þ _u0X
v

2B1KmomentKelectric currentT2
2

¼ kB1KKintegrator2T1ð1� l2Þ _u0X
v

2KmomentKelectric currentT2
2

Assume that l2\1, and the amplitude Uout [ 0. Because there is the angular
vibration of the aircraft whose frequency is twice the self-rotating frequency the
amplitude of the effective output signal of the instrument is reduced. The vibration
frequency of the circumferential vibration is equal to the self-rotating frequency of
the aircraft but the signs are opposite.

In this case, the angular velocity of the aircraft in Eq. (3.3) can be described by
the following expressions:

Xn ¼ Xw sin dw cos wt � cw
� �

Xg ¼ �Xw sin dw sin wtþ cw
� � ð4:13Þ
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Select dm ¼ p
2, and the output signal component of the effective frequency in the

form of (3.150) is:

UoutðtÞ ¼ �Uw sin _u0tþ cm � vw
� � ð4:14Þ

Because Eqs. (4.7) and (4.14) are the same, it is certain that in the condition that
the frequency of the circumferential vibration is twice the self-rotating frequency,
the effective frequency of the output signal is generated and the phase and the
amplitude are equal to twice the self-rotating frequency.

It is obvious that when the resonant point is more precisely tuned, the error with
the vibration whose frequency is twice the self-rotating frequency of the aircraft
will be greatly reduced.

4.3 Error Caused by Imprecise Installation

The deflection angles of the self-rotating axis of the aircraft and the vertical axis of
the sensitive surface of the instrument’s sensitive element are investigated in this
book. When the circumferential vibration frequency is equal to the self-rotating
frequency of the aircraft, it can be regarded as the partial circumferential vibration.

In this case, apart from rotating around the longitudinal structure axis OZ1, the
aircraft rotates around the horizontal axes OX1 and OY1 as shown in Fig. 4.2. At the
same time the rotating velocity around the horizontal axes OX1 and OY1 of
the aircraft is constant in the coordinate system connected to the aircraft. Because
the angle d is very small, the rotating velocity around the longitudinal axis OZ1 of

Fig. 4.2 Determination of
the angle by which the
rotation axis of the aircraft
deviates from the longitudinal
axis
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the aircraft, is in fact equal to the rotating velocity around the axis OZ′ of the aircraft
and is equal to _u0 cos c.

The projections of the angular velocity of the aircraft on the three axes of the
coordinate system OXYZ:

XX ¼ XX1 cos aþXZ1 sin a ¼ XX1 � XZ1a ¼ � _u0X � _u0Za

XY ¼ � _aþXY1 ¼ � _aþ _u0Y

XZ ¼ XX1 sin aþXZ1 cos a ¼ XX1aþXZ1 ¼ � _u0Xaþ _u0Z

ð4:15Þ

Substitute Eq. (4.15) into Eq. (1.30) and obtain

�B1€a� C1 � A1ð Þ � _u0Xaþ _u0Zð Þ � _u0Za� _u0Xð Þ � Da _a ¼ 0 ð4:16Þ

�B1€a� Da _aþ C1 � A1ð Þ _u2
0Z � _u2

0X

� �
a ¼ C1 � A1ð Þ a2 � 1

� �
_u0X _u0Z

When the angle a is very small and a2 is compared with 1, a2 can be ignored.
Then

�B1€a� Da _aþðC1 � A1Þð _u2
0Z � _u2

0XÞa ¼ �ðC1 � A1Þ _u0X _u0Z

Because

_u0X ¼ _u0 sin d sin c

_u0Y ¼ _u0 sin d cos c

_u0Z ¼ _u0 cos d

ð4:17Þ

After some replacement:

B1€aþDa _a� C1 � A1ð Þ _u2
0 cos2 d� sin2 d sin2 c
� �

a ¼ C1 � A1ð Þ _u2
0 sin d sin c cos d

ð4:18Þ

Because the angle d is very small, the sine squared of this angle can be ignored.
The solution for the motion Eq. (4.18) of the sensitive element has the following
form:

a ¼ �ðC1 � A1Þ _u2
0 sin d sin c cos d

ðC1 � A1Þ _u2
0 cos

2 d
¼ � tan d sin c ð4:19Þ

While d is very small, there holds

a ¼ �d sin c ð4:20Þ

Equation (4.20) shows that in this case the deflection of the sensitive element is a
constant angle a and this angle is determined by the ratio of the projection of the
rotation velocity _u0 on the axis OX1 and _u0.
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It should be noted that when c = 90°, the angle a will have a maximum value
ða ¼ dÞ. Because, in the ideal movement condition of the aircraft, d may be quite
large, it should be guaranteed that the swing angle of the sensitive element of the
instrument is more than a few times d. d can reach 5°, therefore, a margin of a
reasonable multiple such as 10° should be added to the swing angle of the sensitive
element.

Equation (4.20) can be physically explained in the following way.
As shown in Fig. 4.3, when there is the angle d, the centrifugal acceleration

acting on the sensitive element should make its plane perpendicular to the rotation
vector.

The above description is related to the component _u0X . The impact of the
component _u0Y on the instrument is determined by making the angle a ¼ 0.

According to Eq. (4.20), the angle a ¼ 0, because the component _u0Y is directed
along the vibration axis of the sensitive element, but due to _u0Y , the resulting
gyroscope torque is balanced on the base of the sensitive element. When the aircraft
or the base of the instrument has the velocity _u0Y , the relative velocity of the
sensitive element with respect to the base of the instrument occurs. At this time, the
constant output signal of the instrument is generated and together with this signal
the damping torque is also generated. This torque is proportional to the relative
velocity of the sensitive element with respect to the base of the instrument and this
torque enables the sensitive element to rotate along with the base.

Fig. 4.3 Illustration diagram
of physical meaning
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4.4 Error Caused by Change of Environmental
Temperature

The normal working temperature range of the instrument is −40 to +75 °C. The
effect of the temperature on the output value of the instrument is related to the
temperature characteristics of the magnetic induction of the magnet. The magnetic
induction of different magnetic materials in different temperature ranges can reduce
or increase with an increase of temperature. Thus, the magnetic induction of the
magnet in a general form is as follows:

B ¼ B0 1þ bDtð Þ ð4:21Þ

where B0 is the magnetic induction, which does not change with the change of the
temperature; b is the temperature coefficient (1/°C) (b can be positive or negative);
and Mt is a change of the temperature (°C).

The temperature on the magnetic induction in the working gap of the mag-
netic system affects the output value of the instrument twice: the first time is to
measure the coefficient of the winding and the second time is to measure the
coefficient of the torque winding. If the measurement of the change of the winding
coefficient leads to a change of the damping effect [Eq. (1.179), then the winding
coefficient change of the torque affects not only the damping coefficient expression
(1.179), but also the amplitude of the instrument output signal (Eq. 2.12)]. Firstly,
the impact of the temperature on the damping of the instrument is analyzed and then
the impact of the temperature on the amplitude and the phase of the output signal is
analyzed:

Dfeedback ¼ B0� �2
wmeasurewmomenta

2c2
R2

R1R7
ð1þ bDtÞ2 ¼ D0

feedbackð1þ bDtÞ2

ð4:22Þ

where D0
feedback is the damping effect that does not change with temperature.

The attenuation coefficient of vibration is

n ¼ Dfeedback

2x0B1
¼ D0

feedback

2x0B1
ð1þ bDtÞ2 ¼ n0ð1þ bDtÞ2 ð4:23Þ

where n0 is the attenuation coefficient that is not related to temperature.
Because b is very small (the temperature coefficient of a good magnetic material

does not exceed 10%/°C), the temperature characteristics in Eqs. (4.22) and (4.23)
can be regarded as linear and as reaching the maximum value at the edge of the
temperature range. The relation curves between the ratio of the maximum error and
D0

feedback, and the temperature coefficient b are shown in Fig. 4.4.
Therefore, the temperature change causes the damping change, which leads to

the change of amplitude and phase of the output signal.
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In order to reduce the influence of temperature, small temperature coefficients of
the magnetic material must be selected as shown in Fig. 4.4. For example, the
temperature coefficient of Nd15Fe77B8ð Þb ¼ �0:000151/°C, and in this case the
change of the variation of the damping coefficient and the attenuation coefficient
within the range of the whole operating temperature is 3.5% (or a relative value
D0

feedback ¼ �1:75%).
The impacts of temperature on the amplitude and phase of the output signal are

analyzed. According to Eq. (2.11) and the impact of the tuning coefficient, the
amplitude of the output signal has the following form:

Uamplitude ¼ ðl2 þ 1ÞB1X
2nKintegrator2

KmomentKelectric current

T1l

T2
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl2 � 1Þ2 þð2nlÞ2

q ð4:24Þ

Using the expressions of the torque winding coefficient and the current amplifier
coefficient (Eqs. 1.176 and 1.178), and the expressions of the integrator parameters
(Eqs. 2.74 and 2.76) obtains

Uamplitude ¼ 2nR7

BxmomentacR4C1

lðl2 þ 1ÞB1Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl2 � 1Þ2 þð2nlÞ2

q ð4:25Þ

Substitute Eqs. (4.21), (4.22) and (4.23) and obtain

Uamplitude ¼ B0xmeasureacR2R7B1ðl2 þ 1ÞXð1þ bDtÞ

R4C1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_u0B1R1R7ðl2 � 1Þ½ �2 þ ðB0Þ2xmeasurexmomenta2c2R2ð1þ bDtÞ2

h i2r
ð4:26Þ

Fig. 4.4 Impact of
temperature on the damping
coefficient
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In the case of resonance ðl ¼ 1Þ, Eq. (4.26) can be simplified as

Uamplitude ¼ R72B1X
ðB0ÞxmomentacR4C1ð1þ bDtÞ ð4:27Þ

From Eq. (4.27) it can be seen that for the stability of the amplitude of the output
signal the parameters of the mechanical and electronic elements of the instrument
must be stable.

When the temperature changes, the ratio of the amplitude of the output signal to
the amplitude at room temperature is analyzed. Therefore, using Eq. (4.26) and n0

obtains

Uamplitude

UamplitudeðDt ¼ 0Þ ¼
ð1þ bDtÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl2 � 1Þ2 þð2n0lÞ2

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl2 � 1Þ2 þ 2n0lð1þ bDtÞ2

h i2r ð4:28Þ

The relationship between Eq. (4.28) and the temperature t is shown in Fig. 4.5.
In order to establish Fig. 4.5, the temperature coefficient and the vibration attenu-
ation coefficient n0 ¼ 0 of Nd15Fe77B8ð Þ are used. Because the amplitude error is
small and the impact of the attenuation coefficient is very small, it is not necessary
to analyze the errors with different n0.When the tuning coefficient is 0.9, the error in
the range of the whole operating temperature is 1.6%.

It should be noted that due to the error caused by the environmental temperature,
the electronic part of the instrument must be chosen from circuit elements with
good temperature stability.

Fig. 4.5 Impact of temperature on the amplitude of the output signal
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The impact of temperature on the phase of the output signal is demonstrated by
the damping. As a result, the temperature only affects the phase component of the
output signal of the oscillating element. According to Eq. (2.23) and the tuning
coefficient

v ¼ � arctan
2nl

l2 � 1

� �
ð4:29Þ

Substitute Eq. (4.23) into Eq. (4.29) and obtain

v ¼ � arctan
2n0ð1þ bDtÞ2l

l2 � 1

 !
ð4:30Þ

The phase of the output signal in Eq. (4.30) is described graphically and the
phase of the output signal at room temperature is deducted as shown in Fig. 4.6.
The precondition of establishing this figure is to use (Nd15Fe77B8) and assume that
l ¼ 0:9 and n0 ¼ 0:5 in Eq. (4.30). In this way, in the range of the whole operating
frequency, the maximum error of the phase is 0.4°.

Fig. 4.6 Impact of
temperature on the phase
of the output signal
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The shape of Fig. 4.6 is actually linear and at the end of the operating tem-
perature range the maximum phase error is obtained, and the relationship between
the maximum error, the attenuation coefficient and the tuning factor can be found
(Fig. 4.7).

Figure 4.7a shows that with an increase of the attenuation coefficient, the phase
of the output signal is reduced. When the tuning coefficient increases, the phase of
the output signal decreases (Fig. 4.7b), and in the case of an accurate tuning the
relation curve between the phase of the output signal and temperature does not
exist.

Therefore, the scheme that is independent of temperature can guarantee stability
of damping and reduce the temperature error to an insignificant level.

Fig. 4.7 Relationship curve between v tð Þ � v(t = 20 °C) and n and l a Relationship curve
between the maximum error and the attenuation coefficient. b Relationship curve between the
maximum error and the detuning coefficient
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Part II
Non-driven Micromechanical Gyroscopes



Chapter 5
The Micromechanical Accelerometer
and the Micromechanical Gyroscope

The micromechanical inertial sensors in the fabrication of micromechanical tech-
nology mainly include the micromechanical accelerometer and the micromechan-
ical gyroscope.

5.1 The Micromechanical Accelerometer

5.1.1 Basic Principle, Technology Type and Applications
of a Micromechanical Accelerometer

The micromechanical accelerometer is usually composed of the masses that meet
the standards and hang in the benchmark framework with the aid of elastic elements
(such as cantilever beams, etc.). Due to the action of acceleration, displacement of
the standard mass occurs and is proportional to the acceleration. The movement of
the mass can be measured by many methods, for example by measuring the
capacitance change between the mass and the auxiliary electrode, or by measuring
the change of the pressure-sensitive resistance through the strain gauge that is
integrated with the elastic element. The basic principles of these two kinds of
measurement methods are shown in Fig. 5.1.

In order to achieve a high sensitivity and low noise it is necessary to use a large
mass, which is suitable for the bulk micromachining process. It is easy to integrate
the surface micromachining process together with electronic circuit, which can
avoid a wafer bonding process in the bulk micromachining process. Now consider
the combination of a bulk micromachining process with a surface micromachining
process, and only one process is needed to achieve a micromechanical
accelerometer with a large mass on a wafer. Micromechanical accelerometers with a
protection function for damping and overload, and the property of self-detection are
produced by surface micromachining technology in large quantities.
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The main application market for micromechanical accelerometers is the auto-
mobile industry, for use in anti-lock braking systems (ABS), suspension systems
(0–2 g) and airbag systems (up to 50 g). Table 5.1 details the automotive appli-
cations of the micromechanical accelerometer in the United States over the ten
years between 1991 and 2000. Only in the United States has the market sales of a
micromechanical accelerometer exceeded two billion Euros. It must be noted that in
this period the price of each micromechanical accelerometer reduced from 100
Euros to 9 Euros, but the sales volume has continued to grow.

In addition to the automotive industry, the micromechanical accelerometer is
widely used in other fields especially in those application fields with a lower fitting
cost or a need for miniaturization such as the active monitoring devices in the fields
of biological medicine and medical equipment. In addition, it also has a wide range
of applications in consumer electronics such as the active anti-shake system in
video cameras. The parameter comparisons of some commercially available
micromechanical accelerometers are brought together in Table 5.2.

The ADXL 250 micromechanical accelerometer is a flexible folding structure
with good linearity and can perform a biaxial measurement. Figure 5.2 shows a
product photo of the CSEM MS 6100, which is a precise low-power capacitive
micromechanical accelerometer (170 lA, 3 V) with a high dynamic stability (at
2 g, the stability is 2 mg), but poor low temperature stability (the typical error is
200 lg/°C).

The variable stress of the mechanical structure is used to change the resonant
frequency of the structure and can produce a resonant micromechanical
accelerometer with high resolution and high stability (Sect. 5.1.6). By enhancing

Fig. 5.1 Basic types and basic principles of a micromechanical accelerometer, a Capacitor;
b Pressure-sensitive resistance

Table 5.1 Micromechanical accelerometers in the United States automotive market (unit:
millions Euros)

Years/Year 1991 1992 1993 1994 1995 1996 1997 1998 1999 2000

Airbag system 21 55 89 88 151 127 129 131 133 135

ABS 0 8 8 16 24 31 50 52 54 56

Suspension system 0 6 13 18 26 19 19 20 21 22

Total 21 69 110 122 201 177 198 203 208 213
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the damping capacity and the rigidity of the micro-resonator, their dynamic ranges
can be further expanded. In the military industry, the micromechanical
accelerometer has also been used in a many ways such as in the rotating flight
control system and so on.

Table 5.2 Parameter comparison of commercial micromechanical accelerometers

Model
(Manufacturer)

XMMAS
401GID
(Motorola)

SMB050
(Bosch)

SMB060
(Bosch)

ADXL50JH
(Analog
Devices)

ADXL250JQC
(Analog Devices)

Parameter

Axis number 1 1 2 1 2

Full scale
range

±40 g ±35 g ±35 g ±50 g ±1 g

Drift error as
g = 0

– – – 1.5 g 0.3 g

Temperature
range/°C

−40–105 – – – −40–85

Direct current/
mA

5 7 12 10 3.5

3dB
bandwidth/Hz

400 400 400 1 300 1 000

Nonlinearity/
%FS

0.5 0.5 0.5 0.2 0.2

Axis
alignment/(°)

N/A N/A 1 N/A 0.1

Noise density/
(mg/Hz)

7.8 – – 6.6 2

Encapsulation 16 foot,
DIP, SIP

28 foot,
PLCC

28 foot,
PLCC

10 foot, TO–100 14 foot, Cerpak

Fig. 5.2 CSEM MS 6100
capacitive micromechanical
accelerometer (assembled
with the corresponding circuit
on the mixed circuit board)
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5.1.2 The Working Principle of a Micromechanical
Accelerometer

There is a standard mass in the basic structure of a silicon micromechanical
accelerometer, which is connected to a relatively fixed frame by one or several
elastic elements. Assuming that the effective elastic coefficient of the elastic com-
ponent is K and the damping coefficient is D, then according to the Newton’s
second law of motion

Fext ¼ dp
dt

¼ ma ð5:1Þ

where Fext is the force acting on the mass; p is the momentum; and a is the
acceleration of the mass m.

The deformation of the elastic element is caused by the force acting on the elastic
element, which leads to the displacement of the mass, that is,

dst ¼ Fext

K
¼ ma

K
ð5:2Þ

The subscript st of the displacement d represents static, that is, Eq. (5.2) is only
applicable to acceleration with a slow change.

Figure 5.3 shows the simplified structure and integrated component composition
model. The dynamic behavior of the system can be analyzed by the following
differential equation:

F1 ¼ Kx

F2 ¼ Dt

m
d2x
dt2

þD
dx
dt

þKx ¼ Fext ¼ ma ð5:3Þ

where Fext is the external force acting on the reference frame, Kx ¼ F1, D dx
dt ¼ F2

and a mass is fixed on the frame.

Fig. 5.3 Integrated
component structure model of
a micromechanical
accelerometer
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By using a Laplace transform, the second order transfer function can be obtained
from the mass displacement due to acceleration:

H sð Þ ¼ XðsÞ
AðsÞ ¼

1
s2 þ D

m sþ K
m

¼ 1
s2 þ xr

Q sþx2
r

ð5:4Þ

where xr is the resonant frequency, xr ¼
ffiffiffiffiffiffiffiffiffiffi
K=m

p
; Q is the quality factor and

Q ¼ xrm=D.
According to these relationships, Eq. (5.2) can be rewritten as

dst ¼ a=x2
r ð5:5Þ

The above equation marks the break point between the resonant bandwidth (the
resonant frequency range) and sensitivity. In order to achieve a higher DC sensi-
tivity, the resonant frequency of the system should be lower. The impact of feed-
back on this equation will be discussed later.

The thermal motion of the standard mass is one of the main factors limiting the
performance of the micromechanical accelerometer. According to the theory of
thermal dynamics, for any form of energy storage the thermal energy of a system
with an equilibrium state is equal to kBT=2, where kB is the Boltzmann constant and
T is the temperature. Therefore, for a smaller mass, its thermal motion is also larger
and is called “the acceleration which is equivalent to the total noise (TNEA)”. It can
be calculated by

TNEA ¼
ffiffiffiffiffiffi
a2n
Df

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4kBTD

p
m

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4kBTxr

p
Qm

s
ð5:6Þ

From Eq. (5.6) it can be seen that in order to measure smaller acceleration a
larger mass and a higher quality factor are needed.

5.1.3 The Micromechanical Accelerometer Manufactured
by a Bulk Micromachining Process

The micromechanical accelerometer manufactured by bulk micromachining can
produce a mass block with a wafer thickness, which is especially suitable for a
micromechanical accelerometer with high sensitivity and low noise. Figure 5.4
gives the section structure of a micromechanical accelerometer manufactured by
bulk micromachining, whose middle part is made up of a mass and a cantilever
beam, and whose upper and lower sides are glued with a piece of glass that protects
the structure and offers a limiting shock amplitude and a damping for the mass
vibration. The voltage sensitive resistor is integrated in the cantilever beam. When
the mass moves, the resistance of voltage sensitive resistor will produce a corre-
sponding change.
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One of the most important characteristics that a micromechanical accelerometer
must possess is off-axis sensitivity. This requires that the device is only sensitive to
the acceleration in a certain direction and is insensitive to other directions. From
Fig. 5.5a it is easy to understand that in the case of a simple cantilever support, the
width of the arm beam is key. A y axial acceleration can cause the mass to rotate
around the x axis so that the cantilever beam is twisted. Figure 5.5 also shows a
variety of beam connection structures for a micromechanical accelerometer which
can be used for bulk micromachining. The double arm structure shown in Fig. 5.5b
has very low sensitivity to the y axial acceleration. However, the x axial acceleration
will make two cantilever beams bend because the gravity center of the mass is
lower than the position of the cantilever plane, and this bending displacement
cannot be distinguished from the amount of the bending caused by the z axial
acceleration. This problem can only be solved by use of a multi-beam structure as
shown in Fig. 5.5c–f. In the structures shown in Fig. 5.5c–f, the z axial acceleration
causes the mass to rotate. The effect of these structures can be detected separately,
so their off-axis sensitivities can be reduced to a very low level. The main problem
of a multi-beam structure is the influence of the residual stress in every cantilever
beam. In addition, when the displacement is large, the tension force in the cantilever
will change the linear characteristic between the acceleration and the displacement.

Fig. 5.4 Structure of a pressure-sensitive resistance micromechanical accelerometer

Fig. 5.5 A variety of beam connection structures for a micromechanical accelerometer which can
be used for bulk micromachining
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The symmetrical structure shown in Fig. 5.5e does not have the above effect. If a
certain stress occurs in the cantilever, the mass will make a small rotation around
the shaft to make the stress effect disappear.

It is easy to make the pressure-sensitive resistance type of micromechanical
accelerometer and electronic circuit for measuring the change of resistance.
However, compared with the capacitance, it is affected by the temperature change
and the sensitivity is low. The advantages of a capacitance type of micromechanical
accelerometer include high sensitivity, good performance in terms of low frequency
response, low noise, little drift, less sensitivity to temperature changes and a low
energy consumption.

Furthermore, the capacitor structure of the capacitive micromechanical
accelerometer can be integrated in production and a closed-loop feedback circuit
with an electrostatic force rebalance can be formed for the automatic detection
system. The automatic detection system is especially important for safety equip-
ment in the monitoring field such as automobile safety air bag systems. The main
drawbacks of a capacitive micromechanical accelerometer include: higher
requirement for the detection circuit; and the fact that in order to reduce the parasitic
capacitance, the interface of the electronic circuit should be as close to the sensor as
possible and in order to prevent the interference of the electromagnetic field, it is
necessary to have good shielding.
The structure of a capacitive micromechanical accelerometer for bulk microma-
chining is shown in Fig. 5.6. The mass can be connected to one or two cantilevers
(or more cantilevers) and its aim is to improve the suspension symmetry of the
sensor and reduce the off-axis sensitivity of the system. On the other hand, the
asymmetry suspension structure can be achieved by measuring three axial accel-
erations with a mass. One example is shown in Fig. 5.7, where the mass has four
electrodes with a shape similar to a four-leaf clover and is suspended on four
cantilever beams. The structure and the shape of the mass block allows for a longer
arm beam and a larger capacitance area in a smaller space. In the z axial acceler-
ation, the mass also moves along the z axis such that all the capacitive reactance of
the four capacitances will be changed (Fig. 5.7b). If the acceleration is on the x axis
or the y axis, then they will make the mass tilt (Fig. 5.7c) and the capacitive
reactance of two capacitances will increase, while the two other capacitances will

Fig. 5.6 Structure of a capacitive micromechanical accelerometer for bulk micromachining
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decrease. Under the condition of a first order approximation, by changing the
magnitude of four capacitances the three axial components of an arbitrary input
acceleration vector can be measured independently.

The sensitive axes of most single axis micromechanical accelerometers with
bulk machining are perpendicular to the surface of the wafer and hence the
accelerometers are called z axis micromechanical accelerometers. One of the rea-
sons for this design is that it is easier to make this structure by wet etching. The
structure of a micromechanical accelerometer whose sensitive axis is perpendicular
to the crystal sphere surface is shown in Fig. 5.8a. This requires that the elastic
element has a high rigidity in the vertical direction, or in other words the thickness
of the cantilever should be much larger than its width. The main advantage of this
structure is that the off-axis sensitivity is very low since it is highly symmetrical.
The usual method of making a cantilever beam with a large aspect ratio was to use
reaction ion deep dry etching, but in 1997 a lower cost method was developed
where a standard KOH wet etching process is used to vertically etch the (100) plane
on the wafer (100). The etching process is shown in Fig. 5.8b. It should be noted
that the amount of wet etching under the oxide mask layer should not be less than 1/
2 the thickness of the wafer so the wet etching time must be carefully designed and
strictly controlled.

Fig. 5.7 Three axis capacitive micromechanical accelerometers for bulk micromachining, a Rest
position; b Vertical displacement due to z axial acceleration; c Tilt due to x axial acceleration;
d Top view of the mass and suspension structure

160 5 The Micromechanical Accelerometer and the Micromechanical …



5.1.4 The Micromechanical Accelerometer Manufactured
by a Surface Micromachining Process

A bulk micromachining process for manufacturing a micromechanical accelerom-
eter also has many disadvantages and one of the most important disadvantages is
that there must be a process where the glass is bonded to both sides of the silicon
wafer with the aim of creating a suitable and mobile air gap for the mass, and to
control its damping capacity and provide a capacitive interface. Because the thermal
compatibility between the silicon and the glass is very poor, their adhesion may
exacerbate the impact of the external temperature on the device and the long-term
stability of the device becomes worse due to the slow self-release of the residual
mechanical force. Therefore, high precision devices can only be manufactured with
a silicon wafer. When a capacitive micromechanical accelerometer is manufactured,
there is a compromise method with a large capacity and a low damping. This
reducing of the air gap can effectively increase the capacitance, and can increase the
damping so the micromechanical accelerometer for bulk micromachining is pack-
aged in the condition of the designed pressure, which can control the damping
performance of the product. The surface micromachining process can integrate the
product in a wafer and it is very easy to integrate with the interface of the electronic
circuit. Also, because it is a thin film structure, the method for making a
through-hole array can be used to control the damping.

Micromechanical accelerometers manufactured by a bulk micromachining pro-
cess and micromechanical accelerometers manufactured by a surface microma-
chining process can also be distinguished by their sensitive axes. In the vertical
structure, the mass is perpendicular to the movement of the wafer surface axial, and
the mass itself constitutes one of the electrodes of the flat capacitor. In the planar
structure, the sensitive axis is parallel to the surface of a wafer, the mass is attached
to a comb structure, and the other group of the fixed comb structure is deposited on

Fig. 5.8 Fabrication process of the z axial micromechanical accelerometer and cantilever beam,
a Micromechanical accelerometers with bulk machining whose sensitive axis is parallel to the
crystal sphere surface; b A large aspect ratio cantilever beam manufactured by a standard wet
etching process
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the base. These two groups of the comb finger structure are crossed and overlapped
to constitute a comb capacitor. When the mass senses the acceleration and moves,
the comb electrode on the mass will move, that is, the acceleration can be measured
by the change of the capacitances between the two groups of comb electrodes. The
advantage of the vertical structure is that it has a much larger capacity than the
parallel structure, and this can be as high as 1 pF, while the capacity of the plane
structure is less than 200 pF. However, the electrostatic force generated by the
asymmetry of the vertical structure and the capacitance between the capacitor
electrodes will push the mass to the surface of the wafer.

Figure 5.9 shows an example of a micromechanical accelerometer with a vertical
structure, where the area of the mass is 400 lm � 400 lm and the mass is sus-
pended on the base by four supporting beams. The mass is one of the electrodes of
the capacitor and the other electrode is made on the surface of the substrate. Firstly,
the through-hole array on the mass completely etches the oxide sacrificial layer
between the mass and the surface of the substrate. Because there is some air
between the mass and the substrate these holes will reduce the damping effect
caused by air compression. In order to optimize the sensitivity of a microme-
chanical accelerometer, the inertial mass must be as large as possible while the
elasticity coefficient in the z axial of the suspension system should be as small as
possible. The upper limit of the dimension of a mechanical structure is dependent
on the smoothness of the polysilicon layer, and also affects the size of the mass. For
micromechanical accelerometers with a micromachined silicon surface, the typical
weight of the mass is about 0.5 lg.

Because the mass is very small, in order to achieve certain sensitivity a soft
elastic element must be selected. However, this must not be too soft otherwise the
mass will droop due to gravity or self-vibrate and even adhere with the substrate. In
Fig. 5.9, the vertical elastic coefficient of the supporting cantilever beam is
designed as 1.1 N/m, thus the 10 mg acceleration can only cause 0.05 nm dis-
placement and also requires a sensor circuit that is very sensitive to position.

Fig. 5.9 Z axial
micromechanical
accelerometer fabricated by a
surface micromachining
process
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As has been mentioned previously, there is a critical defect in the vertical
structure such that the voltage of measuring the change of capacitance can generate
an electrostatic force that pulls downward. In order to solve this problem, in the
design of Fig. 5.9, a circle of a comb structure is added to the periphery of the mass.
A force that is opposite to the electrostatic force is generated by the comb structure
enabling the mass to stay in the normal position as shown in Fig. 5.10. The silicon
substrate surface plays the role of a grounding electrode and can cause an asym-
metric electric field, that is, an asymmetrical electric field distribution around the
active finger electrode is formed and generates a pure pulling force, and if the
displacement is small this force is approximately proportional to the square of the
bias voltage. There is another solution where an auxiliary electrode is added to the
mass but the whole manufacturing process becomes more complex.

Figure 5.11 shows a micromechanical accelerometer with a plane structure—a
product developed by Devices Analog Inc. in 1995. The mass of this microme-
chanical accelerometer is suspended on the substrate through a U-shaped spring
piece and two fixed points, and the mass also has a large number of through holes.
These through holes are also used for etching the oxide sacrificial layer under the
mass as it is difficult to completely remove the sacrificial layer without these
through holes. However, unlike the vertical structure, for the planar structure these
through holes are no longer needed to control the damping properties of the z axial
movement of the mass. A comb structure is assembled onto the sensitive position of
both sides of the mass and the electrostatic field force is applied onto the mass. The
electrostatic field force can also be used for force feedback (Sect. 5.1.5) and
self-detection.

Obviously, as long as one micromechanical accelerometer with a vertical
structure and two micromechanical accelerometers with a plane structure are made
simultaneously on a chip, a three axis micromechanical accelerometer can be
achieved. Figure 5.12 gives the chip photo of this device—a micromechanical
accelerometer with a surface micromachining with three axial accelerations

Fig. 5.10 Microphoto of a comb electrostatic drive actuator and the schematic diagram of the
floating effect caused by an asymmetric electrostatic field force, a Comb electrostatic drive
actuator; b Schematic diagram of a floating effect
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completely integrated in the middle part of the chip. The control circuit (labeled as
Circuitry) and the readout circuit R–D (labeled as RD) of every axial accelerometer
are simultaneously integrated in the chip by the process of 2 lm CMOS.

Compared with a bulk micromachined device, a micromechanical accelerometer
with surface micromachining has many advantages, but its mass is too small and the
noise is too large and these are critical defects. Because the bulk micromachined
accelerometer is very large, the whole bandwidth from DC to 100 Hz can achieve
an equivalent noise level that is less than 1 lg=

ffiffiffiffiffiffi
Hz

p
Eq. (5.6) of a high sensitivity

device, the noise level of a micromechanical accelerometer with surface micro-
machining is 100 times higher than that of a bulk micromachined accelerometer.

Fig. 5.11 Top view of a micromechanical accelerometer made by a surface micromachining
process and with a sensitive axis parallel to the wafer plane

Fig. 5.12 A
micromechanical
accelerometer made by a three
axial polysilicon surface
micromachining process
(middle part), the R–D
readout circuit and control
circuit (a peripheral part of the
chip), and a master clock in
the lower right part integrated
in the chip
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For many commercial applications (such as in the automotive industry), the
micromechanical accelerometer with surface micromachining is not suitable and is
unable to satisfy many systems that require precision measurement such as an
inertial navigation and head mounted display tracking system. One of the solutions
is that as shown in Fig. 5.13, the bulk micromachining process and the surface
micromachining process are combined to create a micromechanical accelerometer.
In this device, when the polysilicon of the two layers is used to make the large mass
and the top cantilever beam, a process of adhering the wafer is not required. The first
layer (bottom) of a polysilicon structure layer is used to fabricate the fixed electrode
between the mass and the top (the electrode on top of the polysilicon is movable),
the fixed polysilicon middle electrode is reinforced by the polysilicon vertical
reinforcing bar which is made by using the method of a thin film deposition and a
backfill aspect ratio trench on the mass. The reinforcement of the upper electrode is
designed to be wider and shorter and some pillars of the electrical insulation are
made on the mass to support the upper electrode. These pillars are made on the first
layer of a polysilicon layer and an insulating layer is formed on the bottom and the
top surface of these pillars. The oxide sacrificial layers between the mass and the
first layer of polysilicon, and between the two electrodes is sealed in the polysilicon
layer, and fixed to enable them to achieve and maintain a necessary height.

Fig. 5.13 Structure of a micromechanical accelerometer made by the combination of a bulk
micromachining process and a surface micromachining process (simplified)
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5.1.5 Force Feedback

From Eq. (5.5) it can be seen that the sensitivity of the micromechanical
accelerometer can be improved effectively by reducing the resonant frequency of
the mass. As long as an appropriate force gives a feedback to the device, the
sensitivity of the micromechanical accelerometer and the mutual restriction relation
between the vibration frequencies can be significantly changed. The feedback
makes the useful bandwidth of the micromechanical accelerometer increase, the
gain in the feedback loop becomes much larger and the bandwidth is increased. In
fact, because the auxiliary circuit can be added, a larger gain can be obtained. Thus
the bandwidth of the integrated micromechanical accelerometer cannot be consid-
ered and the mechanical bandwidth of the micromechanical accelerometer structure
can be used to optimize the sensitivity. In addition, a force feedback cannot improve
the dynamic range, linearity and drift of the device. For a micromechanical
accelerometer with a low resistance and a high Q value, a force feedback is one of
the main measures that prevents the mass from moving resonantly. This large
movement will deteriorate the linearity of this device and the vibration amplitude
also very easily exceeds the electrode spacing of a capacitive micromechanical
accelerometer.

Figure 5.14 gives the block diagram of a micromechanical accelerometer with a
feedback loop. The sensor part of the circuit is composed of a mass and a position
measuring circuit, and a compensator and a force feedback transmitter are added.
The feedback force is exactly opposite to the normal displacement of the mass so it
is necessary to maintain the stability of the system. No compensator system is
unstable because the micromechanical accelerometer is introduced beyond a force
whose phase shift, is 180° and whose frequency is beyond the resonance point.

An electrostatic excitation is generally used to generate the feedback force. As is
well known, there is an electrostatic attraction between the electrodes of the parallel
plate capacitors, i.e.,

Fel ¼ 1
2
ebl
x2

t2 ð5:7Þ

Fig. 5.14 Block diagram of a micromechanical accelerometer with a feedback loop
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where b and l are the sizes of the capacitor plates; x is the distance between the
electrodes; and v is the voltage between the electrodes.

It is can be seen that there is a quadratic relationship between the force and x and
v. If the plate distance is less than a critical value, the system is unstable and the
capacitor may fail. Thus it is necessary to anticipate and prevent the occurrence of
this process.

Because there is a quadratic relationship between the electrostatic attraction and
the voltage, the electrostatic actuator cannot be directly used. It is necessary to
linearize the electrostatic actuator as shown in Fig. 5.11. It is very easy to linearize
the symmetric micromechanical accelerometer. Each finger electrode of the mass is
configured with two fixed finger-shape electrodes to form a capacitance unit and the
voltages t0 þDt and t0 � Dt are loaded. So, if the active finger-shaped electrode is
in the middle position of two fixed electrodes, there is a linear relationship between
the effective force Feff and Dt, i.e.,

Feff ¼ 1
2
ebl
x2

ðt0 þDtÞ2 � 1
2
ebl
x2

ðt0 � DtÞ2 ¼ 2ebl
x2

t0Dt ð5:8Þ

This is of course, not possible, so there will be some nonlinear relationships.
This technique cannot be used for an asymmetrical structure such as the
micromechanical accelerometer with a vertical structure in Fig. 5.9.

The common method and technology used to improve the linearity is to use a
pulse modulated feedback signal, which quantifies the feedback signal into two
electrical levels, and to use a comparator to select the feedback force signal.
Figure 5.15 gives a block diagram of a micromechanical accelerometer with a
digital force feedback loop where the comparator is only opened within a prescribed
time period specified by the sample frequency fs. In this method, the widths of all
feedback pulses are the same so when the unbalance occurs it will only cause
unbalance or increase the error but will not cause a distortion. This system is
equivalent to a modulator that converts A/D into R�D, and the mechanical sensor is
replaced by the noise wave filter. Through a low pass filter, the 1bit digital output
pulse-density tracking input acceleration is selected from 10 pulse-density codes
and outputs.

Fig. 5.15 Block diagram of a micromechanical accelerometer with digital force feedback loop
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5.1.6 The Resonant Micromechanical Accelerometer

Since the emergence of silicon sensors, one of the key research directions has been
to develop a sensor with a high resolution and a high stability, one of which is the
resonant micromechanical accelerometer. The basic working principle of the res-
onant micromechanical accelerometer is that the variable stress of the mechanical
structure can be used to change the resonant frequency of the structure and its
outstanding advantages include high stability, high resolution and quasi-digital
output.

Now, there are many varieties of resonant micromechanical accelerometers and
many successful commercial products have been developed since the 1990s.
However, it is not fast enough to be commercialized and there are not a lot of the
large scale mass products. The reason may be higher manufacturing costs, the fact
that its corresponding electronic circuit is more complex or the fact that its vacuum
packaging technology is more complex and has some specialized requirements.

The development of the resonant micromechanical accelerometer is based on the
resonant pressure transmitter and the difference is that the sensitive element of the
resonant micromechanical accelerometer is installed at a suitable position of the
cantilever beam in the cantilever–mass structure. Generally speaking, the design
and manufacture of a resonant micromechanical accelerometer is much more dif-
ficult than that of the pressure transmitter. The main reason is that the cantilever–
mass structure of the resonant micromechanical accelerometer must have the
appropriate damping characteristics, i.e., characteristics that come close to the
critical damping state, while the damping of the cantilever resonator should be as
small as possible so the sensitive element must be mounted in a sealed vacuum
chamber.

For a resonant micromechanical accelerometer, most common structures of the
sensitive elements is that the strain change of a dual retention cantilever and other
programs are used such as the stiffness change. The structure of a resonant
micromechanical accelerometer based on the stiffness change is shown in Fig. 5.16.
The structure of this sensor is made with a single crystal silicon layer on SOI

Fig. 5.16 Structure of a resonant micromechanical accelerometer based on the stiffness change
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(Silicon on Insulator) wafer. Its thickness is about 10 lm and includes the mass, the
resonator and the retainer connected by both ends of two parallel beams, two nodes
connected to the beam and the mass, and the retainer. There is a comb-shaped
electrode at both ends of the beam resonator, and these are used for capacitance
detection of the resonant state and beam vibration of the electrostatic drive
resonator.

As described in Sect. 5.1.2, the resonant frequency of the cantilever mass is
xr ¼

ffiffiffiffiffiffiffiffiffiffi
K=m

p
, where the elastic coefficient K is

K ¼ Ebh3=l3 ð5:9Þ

where b is the width of the beam (i.e., the width of SOI); h is the thickness of the
beam; and l is the length of the beam.

For the prototype shown in Fig. 5.16, b = 10 lm, h = 1 lm, l = 500 lm, thus
K = 1.36 � 10−2 N/m. In this example m is 6 � 10−9 kg, thus xr = 1 505 rad/s or
fr = 240 Hz can be obtained with this device.

In the mode of a fundamental frequency vibration, the resonant frequency of the
beam resonator can be expressed as

xb ¼
ffiffiffiffiffiffiffiffiffiffi
3EIb
m0l3eff

s
ð5:10Þ

where Ib is the inertia moment of the parallel beam structure; m0 is the mass of the
beam; and leff is the effective length of the beam, which is different from the length l
of the realistic beam because the driving mechanism is at the end of the parallel
beam.

For the bending motion of the parallel beam structure, the inertia moment will be

Ib ¼
Z�d
2þ h

�d
2

by2dyþ
Zd

2

d
2�h

by2dy

where d is the width of the beam (Fig. 5.16). After integration

Ib ¼ 2
3
b

d
2

� �3

� d
2
� h

� �3
" #

ð5:11Þ

If the above-mentioned structural parameters are still selected, and for the beam
structure, d ¼ 20 lm, the initial inertia moment of the beam structure can be
calculated.
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Ibo ¼ 1:81� 10�21 m4

Assume the mass of the end of the parallel beam structure m0 ¼ 2� 10�9 kg, the
effective length of one side of the beam structure leff ¼ 650 lm, and by using the
above equation the initial vibration frequency of a beam structure can be obtained:
xbo ¼ 41 000 rad=s or fbo ¼ 6:52 kHz.

Equations (5.10) and (5.11) show that the resonant frequency is a function of the
parameter d. According to Eq. (5.2), d can be changed by the displacement of the
mass and the vibration frequency of the beam is changed due to the acceleration.

The average width of the beam structure is

�d ¼ d0 � ma
2K

ð5:12Þ

After taking the first order approximation

Ib � 1
2
bh�d2 ð5:13Þ

Substitute Eqs. (5.12) and (5.13) into (5.10) and obtain

xb ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
3Ebh
2ml3eff

s
d0 � ma

2K

� �
ð5:14Þ

Thus

Dxb

xbo
¼ ma

2Kd0
ð5:15Þ

If the acceleration is 1 g, for this example, there is

Dxb

xbo
� 6� 10�9 � 9:8

2� 1:36� 10�2 � 2� 10�5 ¼ 10:8%

The basic design scheme of Fig. 5.16 can also be modified into the design
scheme of Fig. 5.17. In this structure, a pair of resonators is hung at two ends of the
mass respectively. The obvious advantage is that the orthogonal axial sensitivity
can be reduced and the temperature coefficient of the temperature effect is also
small.
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5.2 The Micromechanical Gyroscope

5.2.1 The Structural Basis of a Micromechanical Gyroscope

The structure of a gyroscope made by the process of silicon micromachining is
based on the mutual coupling resonator with two vibration modes. The first
vibration mode is used to drive the structure and the second vibration mode is
induced by the structure input angular velocity under the action of Coriolis force
and its frequency is the same as that of the first vibration mode. The amplitude of
the secondary vibration is proportional to the angular velocity. Because the
amplitude of the second vibration mode is much smaller than that of the first
vibration mode, it is important to match the induced oscillation frequency with each
other and increase the induced amplitude. The electronic regulator with an adjus-
table elastic constant or the design of a high symmetry structure can be used.

The first silicon coupled resonator gyroscope appeared in the early 1990s and its
structural layout is shown in Fig. 5.18. The device is made by the micromachining
process and is supported on the torsion beam. It has a micro mass made by doped
(p++) single crystal silicon. Its peripheral universal support is driven by the static
electricity with a uniform amplitude, and the inner universal support moves due to
the induction. The rate resolution of this gyroscope is very low at only 4 (°)/s, and
the bandwidth is only 1 Hz.

Fig. 5.17 Schematic diagram
of a differential design for the
resonant accelerometer
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By the end of the 1990s, micro gyroscopes made by the polysilicon surface
micromachining process were much more advanced numerous models were
available. The properties of the MARS-RR1 coupled resonator gyroscope are
shown in Table 5.3.

There are a number of other types of gyroscope that can measure the precise rate
such as IDT MEMS (Ion Doping Technology), and ring gyroscopes, etc. The ring
gyroscope also uses Coriolis force to transfer the energy from one mode to another
mode with 45°. In particular, the basic manufacturing process does not require the
use of deep etching technology for the manufacture of the vibrating parts.
Figure 5.19 shows prototype photos of two ring gyroscopes.

The national defense industry is very interested in silicon micromechanical
gyroscopes for applications such as the control of the rotating flight carrier, but with
the decrease in price of commercially available products there are rapidly expanding
civilian industries such as the automobile industry and mobile robot technology.

Fig. 5.18 Coupled resonator gyroscope made with early silicon material

Table 5.3 Properties of the
MARS-RR1 coupled
resonator gyroscope

Parameters Values

Tilt stability 0.018 (°)/s

Noise 0.27 (°)/h

Sensitivity 10 mV/((°)/s)

Nonlinearity <0.2%

Source voltage 15 V

Current (Separation Device circuit) 20 mA

Impact resistance 1000 g
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5.2.2 The Basic Principle of a Micromechanical Gyroscope

Almost all the micromechanical angular velocity sensors are used to sense the
rotational motion of the vibrational element. The speed and rotational motion of the
vibrational element are combined together to generate a Coriolis acceleration that is
perpendicular to the vibrational direction and forces the vibrational element vibrate
according to the second mode. This mode is perpendicular to the first mode and its
amplitude is proportional to its rotational speed.

The Coriolis effect can be easily explained using Fig. 5.20a. Assume that there is
a ball that linearly moves on the rotating disk. Although the ball moves linearly
from the disk center to the disk side, the ball follows an arc trajectory on the disk
and the size of the arc is proportional to the rotating speed of the disk. The Coriolis
force is generated under the action of the acceleration. This Coriolis acceleration is
generated by the combination of the disk’s angular velocity vector X and the
velocity vector v of the ball motion, i.e.,

Fig. 5.19 Ring gyroscopes, a University of Michigan, USA; b British DERA

Fig. 5.20 Coriolis effect, a Motion trajectory of the small ball shows the Coriolis effect on the
rotating disk; b Tuning fork angular velocity sensor with the principle of the Coriolis effect
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aC ¼ 2v� X ð5:16Þ

A good example of Coriolis acceleration is the tuning fork angular velocity
sensor in Fig. 5.20b. The fork finger of the tuning fork is the differential drive but
its amplitude remains unchanged. The rotational movement with the fork handle as
the axis produces a Coriolis acceleration that is vertical to the driving force. This
Coriolis force can be detected by the fork finger bending or the torsional vibration
of the fork handle.

So far, almost all vibration gyroscopes are micromechanical gyroscopes. The
simplified equivalent model of the vibration gyroscope is shown in Fig. 5.21. This
equivalent model is a vibrational system with two orthogonal modes: the mass
along the x axis of driving vibration mode, the vibration frequency is xx, the mass
along the y axis of the induced vibrational mode, the vibrational frequency is xy.
When working, the mass is excited to vibrate along the axis x. The driving
vibrational frequency of the excitation is xd, and the amplitude is Ad, thus

x ¼ Adsinxdt ð5:17Þ

If the system rotates around the z axis (a vertical paper) and its angular velocity
is X, there will be a Coriolis force that acts on the mass along the direction of the
y axis:

Fc ¼ 2m _xX ð5:18Þ

Substitute Eq. (5.7) into Eq. (5.18) and obtain

Fc ¼ 2mAdxdXcosxdt ð5:19Þ

The differential equation for the y axis motion of the mass is

Fig. 5.21 Simplified
equivalent model of a
vibrating gyroscope
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m€yþ cy _yþKyy ¼ 2mAdXxd sin xdtþ p
2

� �
ð5:20Þ

where c is the damping coefficient, K is the elastic coefficient, and their subscripts
indicate the motion direction.

The displacement in the y axis direction is

y ¼ Aysin xdtþ p
2
� u

� �
¼ Ay cos xdt � uð Þ ð5:21Þ

where Ay is the amplitude of the induced vibration (the y axis vibration).
Assume that fy ¼ cy=ð2mxyÞ, thus

Ay ¼ 2AdxdX

x2
y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

d
x2

y

� �
þ 4f2y

x2
d

x2
y

r ð5:22Þ

u ¼ arctan
2fyxdxy

x2
y � x2

d

ð5:23Þ

From Eq. (5.22), the amplitude of the induced vibration Ay is proportional to the
angular velocity X. Ay can be measured by a variety of methods and the angular
velocity can be calculated. If the damping ratio fy is smaller, Eq. (5.22) can be
rewritten as

Ay ¼ 2AdxdX

x2
y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

d
x2

y

� �
þ 1

Q2
y

x2
d

x2
y

r ð5:24Þ

where Qy is the quality factor of the induced vibration mode, Qy ¼ 1
2fy
.

If the vibration frequency induction xy is equal to the driving frequency xd ,
Eq. (5.24) can be changed into

Ay ¼ 2AdXQy

xy
ð5:25Þ

Since X is much smaller than xy, and in order to obtain a larger output signal,
the drive amplitude Ad and the sensing pattern Q should be as large as possible,
while xy should be small.

For the gyroscope, the driver can use the electrostatic method, the piezoelectric
method, the electromagnetic method and the electric heating method and the
sensing mode can use the capacitance method, the pressure sensitive resistance
method or the piezoelectric effect method.
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5.2.3 Frequency Bandwidth

Equation (5.25) gives the gyroscope’s sensitivity, but it only has maximum sen-
sitivity in the condition of resonance with xd ¼ xy. Therefore, it is only applicable
to the condition when the angular velocity is constant and the bandwidth is equal to
zero. Generally speaking, the rate signal is dependent on time so it contains a series
of frequency components. Therefore, when the frequency component is non-zero,
the above discussion is insufficient. Two methods are often used to establish a clear
frequency range (bandwidth), which is then used to regulate the frequency com-
ponent of the signal that cannot be avoided:

(1) xd is separated from xy. This method can make the system’s bandwidth large,
but the sensitivity is decreased.

(2) To broaden the bandwidth of the system by using electromechanical feedback
technology, which includes the maximum sensitivity with xd ¼ xy, but it must
be equipped with sophisticated electronic circuits.

Only the first method is discussed here. Assuming that the angular velocity
signal of the radial frequency xs is

XðtÞ ¼ X0cosxst ð5:26Þ

According to Eq. (5.20), the differential equation of the mass along the y axis
motion should be

m€yþ cy _yþKyy ¼ 2mAdX0xdcosxdtcosxst

where the right part of the Coriolis force can be divided into two parts (one part
being the high end and the other part being the low end), the equation can be written
as

€yþ xy

Qy
_yþx2

yy ¼ AdX0xd½cosðxd þxsÞtþ cosðxd � xsÞt� ð5:27Þ

The solution of this equation is

y tð Þ ¼ Bucos½ðxd þxsÞtþ/u� þBl½cosðxd � xsÞtþ/l� ð5:28Þ

where the parameters of the subscript u and l represent the high-end frequency
ðxd þxsÞ and the low-end frequency ðxd � xsÞ respectively. The parameters in
this equation are

Bu ¼ AdX0xdffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½x2

y � ðxd þxsÞ2�2 þ ðxd þxsÞxy

Qy

h i2r ð5:29Þ
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/u ¼ arctan
xdðxd þxsÞ

x2
y � ðxd þxsÞ2

h i
Qy

ð5:30Þ

B1 ¼ AdX0xdffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½x2

y � ðxd � xsÞ2�2 þ ðxd�xsÞxy

Qy

h i2r ð5:31Þ

/1 ¼ arctan
xdðxd � xsÞ

x2
y � ðxd � xsÞ2

h i
Qy

ð5:32Þ

According to Eq. (5.23), the frequency differences between u, and xy and xd

(i.e., Dx ¼ xy � xd) are dependent, and if the difference between xd and xy is not
much, then

u � arctan
xy

2QyDx

For example, if xy ¼ 1 kHz, Q ¼ 1000, Dx ¼ 180 rad=s ð29 HzÞ, then u � 1�.
In general, xd is usually smaller than xy by a few percent and when xs is a fixed

value, /1 is also very small, and it can be approximately taken that with /1 ¼ 0, the
amplitude of the sensing mode is expanded as

y tð Þ ¼ BucosUucosxdtcosxst � Bucos/usinxdtsinxst � Busin/usinxdtcosxst

� Busin/ucosxdtsinxstþB1cosxdtcosxstþB1sinxdtsinxst

ð5:33Þ

The signal is synchronously demodulated with cosxdt, and the output will be

y0ðtÞ ¼ ðBucos/u þB1Þcosxst � Busin/usinxst ð5:34Þ

This equation can also be rewritten as

y0ðtÞ ¼ AðxsÞcos½xst � hðxsÞ� ð5:35Þ

where

AðxsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðBucos/u þB1Þ2 þðBu sin /uÞ2

q
ð5:36Þ

h xsð Þ ¼ arctan � Bu sin /u

Bucos/u þB1

� �
ð5:37Þ

Substitute Eqs. (5.29), (5.30) and (5.31) into Eq. (5.36) and obtain
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AðxsÞ ¼ AdX0xd

xyDx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 1� xs

Dx

� �2 þ 1
Q2

i

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

1� xs
Dx

� �2 þ 1
4Q2

i

1þ xs
Dx

� �2 þ 1
4Q2

i

þ 4 1� xs
Dx

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 1þ xs

Dx

� �2 þ 1
Q2

i

q
vuuut

ð5:38Þ

where Qi is defined as

Qi � Dx
xy

Qy ð5:39Þ

Equation (5.38) shows that the function AðxsÞ is equivalent to the amplitude of
the resonant vibrational system with the effective quality factor Qi. From Eq. (5.39)
it can be seen that Qi is dependent on Dx and is usually much smaller than Qy. For
example, if Qy ¼ 1000, fd ¼ 900 Hz and fy ¼ 1000 Hz, then Qi ¼ 100.

The relationship curve between AðxsÞ and xs is shown in Fig. 5.22. From
Eq. (5.38), in the case that xs ¼ 0, A 0ð Þ � AdX0=Dx, i.e., the amplitude is
inversely proportional to Dx. When xs ¼ Dx, its peak value can be Qi times higher
than A(0), i.e., A 0ð Þ : A Dxð Þ � QiAð0Þ.

The bandwidth of the gyroscope can be calculated using Eq. (5.38). If the signal
frequency is smaller than Dx and their difference is very large, 1=Q2

i in Eq. (5.38)
can be ignored and Eq. (5.38) can be approximated by

AðxsÞ ¼ AdX0xd

xyDx 1� x2
s

Dx2

� � ð5:40Þ

The gain bandwidth Dxs whose gain is 3 dB can be determined by:

1� Dx2
s

Dx2 ¼
1ffiffiffi
2

p ð5:41Þ

Fig. 5.22 Relationship curve between Axs and xs, Qy ¼ 1000; fd ¼ 900 Hz; fy ¼ 1000 Hz
� �
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Thus Dxs ¼ 0:54Dx. This means that if the increase of the 1 Hz bandwidth is
needed ðDxsÞ, Dx must be increased by at least 1.85 Hz.

5.2.4 Thermal Mechanical Noise

The intrinsic thermal mechanical noise of the mechanical structure, in the process of
a small signal detection, often plays a key role in the restrictive function. The noise
level and the inertial force of a micromechanical accelerometer may be very small,
but for the gyroscope the Coriolis force is even smaller than the inertial force so the
influence of the thermal mechanical noise may be very serious.

For the induced vibration, as in Eqs. (5.18) and (5.19),
m€yþ cy _yþKyy ¼ Fc ¼ 2mXxdAd . If the bandwidth of the system is Df , the fluc-
tuating force which is caused by the thermal mechanical noise and is dependent on
the system is determined by

FN ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4kBTcDf

p
where c is the damping coefficient; and kB is the Boltzmann constant.

Therefore, the angular velocity signal Xn, which is determined by the thermal
mechanical noise and is equivalent to the thermal mechanical noise can be calcu-
lated by the following conditions:

2mXnxdAd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4kBTCDf

p
Then

Xn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kBTxyDf
mx2

dA
2
dQy

s
ð5:42Þ

where Qy is the quality factor for the y axis; and xd is usually very close to xy.
According to Eq. (5.42), in order to decrease the angular velocity signal which is

equivalent to the mechanical thermal noise, some measures must be taken to make
the mass of the vibratory gyroscope, the working frequency xd , and the driving
amplitude Ad as large as possible, and the system bandwidth Df limited to a small
value. One of the most effective ways is to seal the device in a vacuum such that the
value Q of the system can be significantly improved.

For example, the parameters of the gyroscope working at room temperature
(T ¼ 300 K) are as follows: Ad ¼ 10 lm, m ¼ 1:2� 10�9 kg; fd ¼ 1000 Hz,
Df ¼ 100 Hz, Q ¼ 1000. Xn ¼ 7:4� 10�4 rad=s is calculated, or 153° per hour.
Obviously, this is not a small amount and cannot be ignored in many applications.
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If you want to extend the bandwidth but do not want to increase the impact of the
thermal mechanical noise on the equivalent angular velocity signal, then advanced
mechanical and electrical technology can be used but the signal processing circuit
must be applied.

5.2.5 Types of Micromechanical Gyroscope

The realization of a vibration gyroscope has many methods but the most commonly
used design method is still the tuning fork gyroscope. However, its structure is
completely unlike the traditional tuning fork shape and only their principles are
similar. The tuning fork gyroscope in Fig. 5.23 has a movable mass plate which is
similar to a tuning fork finger, but is driven by the comb potential driver. These two
movable mass plates can axially vibrate along two mutually perpendicular axes, and
in the structure shown in this figure the x axis has the same plane as the movable
mass plate and the y axis is perpendicular to the movable mass plate. The two axial
intrinsic vibration frequencies are xx and xy, respectively.

When working, two movable mass plates are driven into the different phases of
the vibration mode. When the device rotates around the axis z, the Coriolis force
begins to work on the two movable mass plates. The two forces are perpendicular to
the movable mass plate, but their directions are opposite. As a result, the oscilla-
tions of the two movable mass plates caused by the Coriolis force are in a different
phase. At the same time, such oscillations can be detected by the capacitance
change of the movable mass plate.

It is assumed that the structure in Fig. 5.23 is made of the polysilicon and the
movable mass plate is hung on the substrate and the space is 2 lm. The geometric
parameters of this structure are also assumed as follows: the area of the movable
mass plate is 500 lm� 500 lm, the length of the cantilever beam is 500 lm, and
the width of the cantilever beam is 2.5 lm. From these parameters, the following
results can be calculated: m ¼ 1:165� 10�9 kg, Kx ¼ 0:17 N/m,

Fig. 5.23 Schematic structure of a tuning fork gyroscope
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xx ¼ 12080 rad/s, Ky ¼ 0:109 N/m, xy ¼ 9664 rad/s, and the initial capacitance
C0 ¼ 1:11 pF between the mass plate and the substrate.

If the amplitude of the driving vibration is 1 lm, the value of Q is 1000, and for
an angular velocity signal of 1 (°)/s, the amplitude of the induced vibration is
Ay ¼ 3:61� 10�9 m.

As a result, the relative change of the capacitance is

DC
C0

� Ay

d0
¼ 1:81� 10�3 ð5:43Þ

that is, if the change of the capacitance range reaches about 20% of the capacitance
of the sensor, the operating range of the device will be about 100 (°)/s.

The biggest problem with an angular velocity sensor based on the Coriolis effect
is that the amplitude of the induced vibration is too small. For example, if the
vibration driving structure of the sine wave x tð Þ ¼ Adsin xdtð Þ, the Coriolis accel-
eration in Eq. (5.19) is

ac ¼ 2XAdxdcos xdtð Þ ð5:44Þ

Therefore, when the driving amplitude Ad is 1 lm, the driving frequency xd is
20 kHz, and the angular velocity X is 1 (°)/s, then the amplitude of the Coriolis
acceleration is only 4.4 mm/s2. If it is assumed that the value Q of the induced mass
system is 1 and the resonant frequency is similar to the driving frequency, then from
Eq. (5.5) the displacement is only 0.0003 nm.

In order to increase the amplitude of the induced vibration, two kinds of tech-
nique are usually adopted.

(1) Increase the amplitude of the driving vibration. From Eq. (5.44), the system
sensitivity can be improved by increasing the amplitude of the driving vibra-
tion. The electromagnetic excitation technique can be used to raise the vibration
amplitude to 50 lm, but although this method can greatly improve the output
signal level, it increases the total energy consumption of the system and in the
long-term working process the problem of fatigue damage may occur.

(2) Match the high quality factor, the driving frequency, and the resonant fre-
quency of the induction mode. From Eq. (5.44) it is known that the Coriolis
acceleration is essentially a signal of an amplitude modulation with a carrier
frequency xd . In order to match the resonant frequency of the induction mode
with xd , the gain of the structure can be increased by Q times, but at the same
time the bandwidth will be limited to the level of xd=Q. Therefore, the typical
value of Q in a vacuum is 10,000 and the bandwidth will be reduced to only a
few Hz. As has been mentioned before, in order to achieve an acceptable
bandwidth and improve sensitivity, it should disturb the resonant frequency and
the driving frequency moderately (mildly).

In order to obtain a larger driving amplitude the logical choice is to use elec-
tromagnetic excitation technology. Figure 5.24 shows a diagram of two kinds of
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tuning fork gyroscope manufactured with a micromachining process using an
electromagnetic drive. A permanent magnet is assembled in the package tube to
form a static magnetic field which is necessary and is perpendicular to the surface of
the wafer. The alternating current is input through the finger of a tuning fork and
interacts with the magnetic field to produce a driving Lorenz force. The silicon
structure is bonded between two pieces of glass sheet and the vibration caused by
the Coriolis acceleration is sent through the capacitance, and the capacitance of the
electrode is made on the glass sheet. With the aid of finite element method
(FEM) analysis, the match of the driving and the resonant frequency of the
induction mode is very good. If the single torsion shaft suspension structure is used
as shown in Fig. 5.24b, then the metallization pattern should be deposited on the
tuning fork to conduct the excitation current. The production process of a single
torsion shaft is slightly more complex, but compared with a double torsion shaft it
has many advantages. Firstly, the loss caused by the suspension point is reduced
and the value Q of the single torsion shaft is much higher than that of the double
torsion shaft. In addition, the influence of the package stress and the temperature
fluctuation on the single torsion shaft is small for similar reasons.

In the tuning fork structure shown in Fig. 5.24, two masses undergo linear
acceleration. The effects of linear acceleration on the two masses are the same so the
position difference of the sensor can be used to eliminate the effect of a linear
acceleration. This is also the reason that two blocks of masses are used.

Figure 5.25 Top view of a double shaft angular velocity sensor with four masses
Four masses of a similar motor rotor structure can be chosen (Fig. 5.25) to

replace the above double mass structure. By using this method, the double axis
angular velocity sensor can be realized and the rotation around any input shaft will
force the structure to tilt, whose inclination can be detected by the electrode
capacitance of the structure and the substrate under the structure. Like the structure
in Fig. 5.24b, there is only one fixed point between the double axis angular velocity
sensor and the substrate. Thus the sensitivities of the structure to the mechanical
stress and the thermal stress of the substrate and the packaging can obviously be
reduced.

Fig. 5.24 Tuning fork gyroscope a Double torsion shaft suspension structure; b Single torsion
shaft suspension structure
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Figure 5.26 shows the main manufacturing process of a double axis angular
velocity sensor. Firstly, an oxide layer is generated by thermal oxidation, a silicon
nitride layer is deposited and they constitute the insulation layer on the silicon
substrate. The pattern and the window should be made on the insulation layer to
form a grounding solder joint with the substrate. The polysilicon layer of 300 nm is
deposited and the pattern is etched as the capacitor electrode before a layer of 10%
PSG (phosphor silicate glass) is deposited as a sacrificial layer. Next, a polysilicon
layer of 7 lm thickness is deposited and the second layer of PSG is deposited on
the structure layer. When there is PSG on the structure layer and under the structure
layer, the relatively balanced low impedance layer can be guaranteed to be formed
by the polysilicon during the annealing process. The polysilicon layer is then etched
to form the structure pattern by a rapid ion etching (RIE) process. The comb

Fig. 5.25 Top view of a double shaft angular velocity sensor with four masses

Fig. 5.26 Main manufacturing processes of a double axis angular velocity sensor, a Constituting
an insulating layer; b Forming a grounding solder joint; c Making a capacitor electrode;
d Depositing a buffering layer; e Etching a pattern
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structure part needs doping by the POCl3 diffusion process to further improve
electrical conductivity and finally the sacrificial layer (PSG) is completely removed
in the buffer solution of HF.

The main problem of a double axis angular velocity sensor is the mutual
crosstalk between two induction modes. As has been mentioned previously, in
order to enhance the amplitude of the sensor signal the resonant frequency of the
induced vibration should be close to the driving frequency. But it is clear that if the
resonant frequencies of two induction modes are selected as the driving frequency,
coupling between them is inevitable. The developers of the double axis angular
velocity sensor proposed a solution in which one resonant frequency of the
induction mode is tuned at the upper end of the driving frequency and the other is
tuned at the lower end of the driving frequency. In this way, the resonant fre-
quencies of two modes are very close to the driving frequency, but there is an
optimized isolation between them. The tuning of the induction mode is imple-
mented by controlling the bias voltage of the capacitor electrode.

This scheme also uses force feedback technology in order to better detect the
induction mode vibration as shown in Fig. 5.27. The feedback scheme imitates the
feedback system for an acceleration sensor in Sect. 5.1.5, with the difference being
that this scheme cannot increase the bandwidth because the resonance peak of the
induction mode is usually used to increase the sensitivity with the cost of reducing
bandwidth. The main advantage of this closed-loop system is to enlarge the dynamic
working range and improve linearity. Figure 5.27 shows that differential induction
and the driving process are applied to this structure and like Eq. (5.8) there is a
linear function relationship between the feedback force and the voltage DV .

Figure 5.28 shows another angular velocity sensor based on rotational vibration.
A good performance is obtained through the coupling between the drive and the
mode. There is a ring component in the center of this structure and a square
component around the ring component. These two components are connected to
each other through two torsion springs and the comb driver is made into the spoke
of the inner turntable. The whole structure rotates with an oscillation around the z-
axial rotating oscillation under the electrostatic driving of the comb electrode. Four

Fig. 5.27 Feedback system
of a double axis angular
velocity sensor
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comb drivers are used as the actuators of an initial vibration, while another four
comb drivers are used as a vibration detector. When the device is adjusted to its
sensitive axis (here the x axis), the Coriolis force will cause a rotation with oscil-
lation along the y axis. In this direction, the cantilever beam is very rigid and
completely curbs the vibration of the inner disk. Only the square structure can
respond to the motion of the Coriolis force because it connects the inner disk with a
torsion spring. As mentioned above, the secondary vibration (an induced vibration)
can be detected by the capacitance change of the electrode on the substrate.
There is an angular velocity sensor which is a kind of ring vibrational gyroscope
and its structure is shown in Fig. 5.29. The gyroscope loop is supported at the
center of the circle through eight semicircular leaf springs and a large number of the
driving and detecting electrodes are placed at the surrounding of the structure. The
ring is driven by the electrostatic force and vibrates with an elliptic curve (from the
circle to the ellipse) of the constant amplitude on the plane. When the structure
rotates around the z axis, the Coriolis force will result in the transfer of energy from
the first drive mode to the secondary flexural vibration mode with an angle of 45°.
The variation of the orientation of the long axis of the ellipse and the amplitude of
the secondary vibration are proportional to the angular velocity and can be detected
by the capacitance. The ring vibrating structure has some important characteristics:
due to the inherent symmetry of the structure, the system is less sensitive to par-
asitic and noise vibration and secondly, because the driver and the induction mode

Fig. 5.28 MARS-RR angular velocity sensor, a Sectional drawing; b Top view
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are the same, the matching degree of their resonant frequencies is very good and a
very high sensitivity can be achieved. Because of the asymmetry of the quality of
the mass or the elasticity of the spring sheet caused by the production process,
appropriate bias can be applied to the electrode and the electronic circuit is used to
compensate.

Fig. 5.29 Structure of a ring
vibrating gyroscope
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Chapter 6
The Working Principle of a Non–Driven
Micromechanical Gyroscope

In 1990s, with the development of microelectronic technology there was a variety
of silicon micromechanical gyroscopes available and they used the Coriolis force
generated by the vibration mass that is driven to rotate by the base, to be sensitive to
the rotating angular velocity of the carrier. Because the micromechanical gyroscope
must be driven and the established initial vibration can be sensitive to the rotating
angular velocity of the carrier, the design and the production of this gyroscope is
problematic.

In order to avoid the difficulties that are brought to the design and the production
of a silicon micromechanical gyroscope by the driving component, this chapter uses
the rotation of the rotating carrier as a driver and uses the Coriolis force generated
through the transverse angular velocity that is perpendicular to the self-rotation
angular velocity of the carrier (the pitch or yaw angular velocity) to be sensitive to
the transverse angular velocity of the carrier (the pitch or yaw angular velocity).
This gyroscope has no drive component so its structure is simple and easy to
process.

6.1 The Structure Principle

Figure 6.1 shows the structure principle of a silicon micromechanical gyroscope
which is sensitive to the transverse angular velocity of the rotating carrier (the pitch
or yaw angular velocity) and is driven by the self-angular velocity of the rotating
carrier. Four capacitors are formed between four electrodes and the silicon mass.
The coordinate system oxyz is fixed on the silicon mass of the gyroscope, _a is the
angular velocity that swings around the oy axis of the silicon mass, _u is the rotating
angular velocity of the carrier, and X is the pitch or yaw angular velocity of the
carrier. The gyroscope is fixed on the rotating carrier and with the rotation of the
carrier, so when the gyroscope rotates with the angular velocity _u and pitches or
yaws with the angular velocity X, the silicon mass is subjected to a Coriolis force
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with a periodic change (the frequency of the Coriolis force is the rotating frequency
of the carrier), and the swing along the axis oy is generated, which causes the
capacitance change of four capacitors (C1; C2;C3; C4) consisting of the silicon
mass and four electrodes. As shown in Fig. 6.2, the capacitance change signal is
converted into a voltage change signal and amplified. The voltage signal which is
proportional to the measured angular velocity X is obtained.

Figure 6.3 shows the structure of the silicon mass for the sensitive element of the
gyroscope, where a0; a1; a2; a3 are the sizes of the x axis, b1; b2; b3 are the sizes of
the y axis and h is the thickness of the silicon mass.

6.2 The Dynamic Model

6.2.1 The Mass Vibrational Model

The angular velocity of the rotating carrier is used to drive the mass vibration of the
silicon micromechanical gyroscope, which can be described through the coordinate
transformation in Fig. 6.4. In this figure, ongf is an inertial coordinate system (a
fixed coordinate system); ox1y1z1 is the pitch or yaw coordinate system; ox2y2z2 is

Fig. 6.1 Structure principle of a silicon micromechanical gyroscope
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the spin coordinate system of the carrier; and oxyz is the coordinate system con-
nected to the silicon mass.

In the inertial coordinate system ongf, from the momentum moment theorem of
the fixed point rotation of a rigid body, the following result can be obtained:

Fig. 6.2 Principle of a signal
detection circuit

Fig. 6.3 Structure of the
silicon mass for the sensitive
element of the gyroscope
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where
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A is the momentum moment of the silicon mass of the gyroscope in

the coordinate system ongf, i.e.,
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the silicon mass of the gyroscope in the coordinate system ongf.
When the coordinate system oxyz is selected as the inertial principal coordinate

system of the silicon gyroscope mass, the inertia moment matrix J is constant.

(1) In the inertial principal coordinate system ongf, the coordinate system ox1y1z1
can be reached by rotating around the on axis with the angular velocity X and
the included angle Xt, then
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where A is the transformation matrix, A ¼
1 0 0
0 cosXt sinXt
0 � sinXt cosXt

0
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1
A, which is a

function of the time.
Substitute Eq. (6.2) into Eq. (6.1) and obtain

Fig. 6.4 Coordinate system
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(2) In the coordinate system ox1y1z1, the coordinate system ox2y2z2 can be reached
by rotating around the oz1 axis with the angular velocity _u and the included
angle u, then
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Substitute Eq. (6.4) into Eq. (6.3) and obtain
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(3) In the coordinate system ox2y2z2, the coordinate system oxyz can be reached by
rotating around the oy2 axis with the angular velocity _a and the included angle
a, then
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where C is the transformation matrix, C ¼
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0 1 0
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function of the time.
Substitute Eq. (6.6) into Eq. (6.5) and obtain
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Simplify Eq. (6.7) and obtain
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In the coordinate system oxyz, the momentum moment of the silicon block of the
gyroscope is
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where Jx, Jy and Jz are the inertia moment of the silicon block of the gyroscope on
the axes x, y and z respectively; and wx, wy and wz are the components that are the
projections of the angular velocity vector of the gyroscope silicon block on the
coordinate system oxyz, i.e.,
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Substitute Eq. (6.11) into Eq. (6.8) and obtain three dynamic equations, where
the dynamic equation on the oy axis is
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ðJx þ JzÞX2cos2u sina cosaþðJz � JxÞ _u2sina cosaþ JyX _u cosu cos2a

� JzX _u cosuþ Jy€a� JyX _u cosu� Jy
dX
dt

sinu ¼ My

ð6:12Þ

The external moment on the oy axis is

My ¼ �KTa� D _a

Because X � _u, X2 is ignored. Because a � 0, there holds sin a � a and
cos a ¼ cos 2a � 1. Set dX=dt ¼ 0, then

Jy€aþD _aþ ðJz � JxÞ _u2 þKT
� �

a ¼ ðJz þ Jy � JxÞX _u cosð _utÞ ð6:13Þ

where Jx, Jy and Jz are the inertia moments of the silicon mass on the axes ox, oy
and oz; KT is the torsion stiffness coefficient; and D is the damping coefficient.
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8>>>>>>>>>>>>>>>>>>><
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Assume a0 = 1.0 mm, a1 = 3.2 mm, a2 = 8.0 mm, a3 = 10.6 mm;
b1 = 6.8 mm, b2 = 3.2 mm, b3 = 9.6 mm; h = 0.335 mm; q = 2.33 � 10−3g/
mm3. Substitute these values into Eq. (6.14) and obtain Jx = 0.475 g mm2;
Jy = 0.632 g�mm2; Jz = 1.105 g�mm2.

6.2.2 The Solution of the Angular Vibrational Equation

Simplify Eq. (6.13) and obtain

€aþ 2nx0 _aþx2
0a ¼ f0 cosð _utÞ ð6:15Þ
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where

x2
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1
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� � ð6:16Þ
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Its solution is

a ¼ Ae�ntcos
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

0 � n2
q

tþ d

	 

þB cosð _ut � bÞ

tan b ¼ 2n _u

x2
0 � _u2

where A and d are the integral constants and are determined by the initial motion
conditions; B is the amplitude of the stable vibration; b is the phase difference, i.e.,
the angular vibration phase lag behind the exciting force with a phase angle b; and
n is the damping factor, n ¼ nx0.

With the increase of the vibrational time, the first part of this equation is failing
fast. The second part is determined by the forcing force and its frequency is the
exciting frequency of the forced force (i.e. the spin angular velocity of the carrier),
whose vibration amplitude is determined not only by the exciting force but also by
the exciting frequency and the parameters of the vibrational system Jx, Jy, Jz, KT

and D. The steady state solution of this equation is

a ¼ B cosð _ut � bÞ ¼ f0cosð _ut � bÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2

0 � _u2Þ2 þ 4n2 _u2
q ð6:19Þ

Substituting the parameters and simplifying the result, obtains

a ¼ ðJz þ Jy � JxÞX _u cosð _ut � bÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJz � Jx � JyÞ _u2 þKT
� �2 þðD _uÞ2

q ð6:20Þ

The amplitude of the angular vibration is

am ¼ ðJz þ Jy � JxÞ _uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJz � Jx � JyÞ _u2 þKT
� �2 þðD _uÞ2

q X ð6:21Þ
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In the denominator of this expression there is an elastic torsion coefficient KT .
Therefore, the impact of the unstable parameters (the spin angular velocity _u of the
aircraft) on the output signal cannot be excluded even if it is in the resonant mode.
At the same time, the dynamic viscosity is

l ¼ Jz
Jx þ Jy

¼ 1

According to the proposed measurement precision, the silicon micromechanical
gyroscope uses other strategies to choose the parameters. Firstly, the physical
properties and the existing processing technology of the silicon should be noted. In
the design, the relationship between the inertia moment and the elastic torsion
interaction coefficient is

ðJz � Jx � JyÞ _u2 � KT ð6:22Þ

It should be noted that when the parameters in Eq. (6.21) are selected such that
the parameters in the denominator do not satisfy the following relationship:

KT\D _u ð6:23Þ

the stability of the damping coefficient D is lower than the elastic torsion coefficient
KT . In addition, it is difficult to achieve the parameter relationship because
increasing the damping coefficient D needs a reducing of the space between the
sensitive components (the silicon mass) and the plate, thereby the maximum
deflection angle of the silicon and the tangent of the corresponding output curve
will be reduced. Therefore, in the parameter design there holds

KT [D _u ð6:24Þ

Thus the value of the denominator in Eq. (6.21) is determined by the stable
elastic coefficients of the gyroscope’s sensitive element (the silicon block).

However, in this case, the output signal of the silicon micromechanical gyro-
scope is directly proportional to the rotating angular velocity of the aircraft, and the
output signal is very unstable. In the actual research, in order to eliminate this
drawback the output signal is obtained by measuring the differential angular
velocity in order to calculate the constant _u, which can be obtained by adding a
microprocessor to the gyroscope (or by using the aircraft’s computer). Therefore, in
the silicon micromechanical gyroscope the resonant mode may not be used but in
order to avoid the dynamic error, the lead non-resonant mode should be selected.
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6.3 Analysis and Calculation of Kinetic Parameters

6.3.1 Torsion Stiffness of the Elastic Supporting Beam

The structure of the elastic supporting beam of the gyroscope is shown in Fig. 6.5.
The length, width and thickness of the beam are, respectively, L, w and t. In order to
obtain the torsion stiffness of the supporting beam, the following assumptions are
satisfied:

(1) The torsion angle is proportional to the length of the supporting beam.
(2) The distortions of all the cross–sections for the supporting beam are the same.
(3) The torsion moments for two sides of the supporting beam torque are the same

and their directions are opposite.

In the above conditions, from elastic mechanics the torsion stiffness of the
supporting beam with a rectangular cross–section can be obtained

K ¼ 512Ga3b
p4L

X1
n¼1;3;5;...

1
n4

1� 2a
npb

tan h
npb
2a

	 

ð6:25Þ

where a and b are the width and length of the rectangular cross–section; and G is
the shear modulus for the material of the supporting beam.

From Eq. (6.25), the total stiffness for the supporting beam is obtained by

KT ¼ 0:657Gt3x
L

X1
n¼1;3;5;...

1
n4

1� 2t
npx

tan h
npx
2t

	 

� 2

3
Gt3x
L

ð6:26Þ

Substitute w ¼ 0:8mm, L ¼ 0:8mm,t ¼ 0:025mm and G ¼ 5:1� 1010N=m2

into Eq. (6.26), there holds KT ¼ 5:313� 10�4N � m.

Fig. 6.5 Structure of the
supporting beam
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6.3.2 Parameter Calculation of the Flexible Joints

The size calculation of the elastic joint section is shown in Fig. 6.6.
The function for the torsion rigidity of the section has the following form:

Uðx; zÞ ¼ AGa z2 � 1
4
h2

	 

ðzcotaþ xÞ2 � 1

4
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� �
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ðaþ hcotaÞ2ðzcota� xÞ2 þ 1

16
ðaþ hcotaÞ4

2
664

3
775

¼ AGa z2 � 1
4
h2

	 

ðzcotaþ xÞ2ðzcota� xÞ2

n

� 1
2
ðaþ hcotaÞ2 ðzcotaÞ2 þ x2

h i
þ 1

16
ðaþ hcotaÞ4

�

¼ AGa z2 � 1
4
h2

	 

ðzcotaÞ2 � x2
h i2�

� 1
2
ðaþ h cot aÞ2 ðzcotaÞ2 þ x2

h i
þ 1

16
ðaþ hcotaÞ4

�

¼ AGa z2 � 1
4
h2

	 

z4cot4a� 2z2x2cot2aþ x4
�

� 1
2
ðaþ h cot aÞ2ðz2cot2aþ x2Þþ 1

16
ðaþ hcotaÞ4

�
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Fig. 6.6 Size of the elastic joint section
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4
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According to the minimum integral condition of the section, the coefficient A is
determined as

r ¼
ZZ

S
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" #
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Substitute Eqs. (6.27) and (6.28) into Eq. (6.29) and obtain
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6.3.3 The Damping Coefficient of Angular Vibration
for the Vibrating Element

A rectangular plane whose length is A and whose width is B moves with respect to
the bottom surface with the gap h, and the damping coefficient of the film resistance
is produced as

D¼ Fdamp

dh=dt
¼ AB3l

h3
1� 192B

Ap5
X

n¼1;3;5;...

1
n5

tan h
n pA
2B

" #
ð6:30Þ

where l is the viscosity coefficient of gas.
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Because the infinite series converges quickly, only the first item is selected, i.e.,

D � AB3l
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1� 192B
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tan h
pA
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� �
� 96� l

h3p4
B3A 1� 2

p
B
A
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p
2
A
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� �
ð6:31Þ

Due to the structural complexity for the silicon mass of the gyroscope vibration,
it is difficult to calculate the damping coefficient. In order to simplify the calcula-
tion, the silicon mass of the gyroscope vibration is divided into three regions with
different colors, as shown in Fig. 6.7. Then the overall damping of the gyroscope
vibration can be approximated to the accumulation of three regional dampings
(Fig. 6.3), from Eq. (6.31). The damping coefficients of the angular vibration for
the three regions can be obtained respectively, where r1 ¼ ða3 þ a1Þ=4;
r2 ¼ ða3 þ a2Þ=4; r3 ¼ ða1Þ=4.
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The overall damping coefficient of the angular vibration is
Dðd; aÞ ¼ D1ðd; aÞþD2ðd; aÞþD3ðd; aÞ. When the gaps are d ¼ 0:017mm,
0:020mm and 0:023mm respectively, and the three relation curves between the
damping coefficients D and the vibration a1 swing angles a are shown in Fig. 6.8.
From Fig. 6.8, when d ¼ 0:020mm and a ¼ 0, Dð2� 10�5; 0Þ ¼
1:231� 10�5N � m � s.

Fig. 6.7 Sketch map of the
damping regions
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6.3.4 Relationship Between the Angular Vibration Natural
Frequency, the Angular Vibration Amplitude
and the Measured Angular Velocity

From the calculation of the dynamics parameters, the angular vibration natural
frequency of the gyroscope can be obtained as

xs ¼
ffiffiffiffiffiffi
KT

Jy

s
¼ 917rad=s ¼ 146Hz ð6:33Þ

Substitute the dynamics parameters into Eq. (6.21), the relationship between am
and the measured angular velocity X (Fig. 6.9) and the relationship between kð _uÞ
and _u (Fig. 6.10).

Fig. 6.8 Relationship
between the damping
coefficients D and vibrational
swing angles al

Fig. 6.9 Relationship
between am and the measured
angular velocity X
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When _u ¼ 17Hz, X¼ 0:01rad/s and am ¼ 9:505� 10�7rad, the vibration
amplitude of the outer edge of the silicon vibrating mass of the gyroscope is

Am ¼ am
a3
2
¼ 5:03756� 10�9m

6.4 Signal Detection

The signal detection circuit of the silicon micromechanical gyroscope is shown in
Fig. 6.2. The pendulous reed of the monocrystalline silicon mass rotates with an
angular velocity _u, and the change of the deflection angle a will lead to changes in
the four capacitors C1, C2, C3 and C4 which are composed of the pendulous reed of
the monocrystalline silicon mass and a ceramic electrode plate. The varying signal
of the capacitance is changed into that of the voltage and is amplified, or in other
words the voltage signal change corresponding to the amplitude and the measured
angular velocity X can be obtained. The capacitance change rate of a rotating carrier
with a silicon micromechanical gyroscope is low and is susceptible to influence by
the distributed capacitor. As a result the signal is processed by the transform circuit
which uses the AC capacitance bridge as the interface and the capacitive sensitive
element as the working arm of the bridge. The bridge power supply is an AC
voltage with uniform amplitude, high frequency and stability. When the working
capacitance changes, the signal output of the amplitude modulated wave which is
modulated by the working capacitance change at the output end of the bridge can be
obtained. After the signal of the amplitude modulated wave is amplified and
demodulated, the low frequency signal output can be obtained.

Fig. 6.10 Relationship
between the scale factor kð _uÞ
and the rotating angular
velocity _u of the carrier
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6.4.1 The Relationship Between the Output Voltage
and The Swing Angle

From Fig. 6.2, when the monocrystalline silicon pendulum has no deflection
(a ¼ 0), there holds C1¼C2¼C3¼C4¼C0, but

C0 ¼ e ðb1 � b2Þða1 � a0
2d

Þþ ðb3 � b2Þða2 � a1
2d

Þþ b3ða3 � a2
2d

Þ
h i

ð6:34Þ

When the monocrystalline silicon pendulum has a deflection (a 6¼ 0), there holds
C1¼C4 and C2¼C3, and the capacitance change is

dC¼ e
dþ ar

dS ¼ eDb
dþ ar

dr ð6:35Þ

where d is the gap between the silicon mass and the ceramic electrode; a is the
deflection angle of a silicon mass angular vibration; and e is a dielectric constant.

By integrating Eq. (6.35), the following result can be obtained
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From Fig. 6.2, the AC resistance is

RC1¼
1

2jxeC1

RC2¼
1

2jxeC2

where xe is the AC angular frequency.
Thus

V1¼ 1
1þ 2jxeC1R1

VS

V2¼ 1
1þ 2jxeC2R2

VS

where VS is the AC voltage on the bridge. Because C1 and C2 are very small, there
holds

V1 � V2 � 2jxeðC2R2 � C1R1ÞVS ð6:40Þ

Assume that R1 ¼ R2 ¼ R, there holds

V1 � V2 ¼ 2xeRðC2 � C1ÞVS ð6:41Þ
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where VS is the AC voltage on the bridge; xe is the AC angular frequency; and R is
the bridge resistance.

Substitute e0 ¼ 8:85� 10�12F/m, xe ¼ 3:7� 105rad/s, R ¼ 75kX, VS ¼ 5V
and the size of the mass (mm) into Eq. (6.43), and the relationship between the
voltage and the swing angle can be obtained (Fig. 6.11).
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From Fig. 6.11a, it can be seen that when the values of d are 0.017, 0.020 and
0.023 mm respectively, three curves appear at infinity when a equals 0.00325,
0.00327 and 0.00437 rad. This means that the vibrating silicon mass contacts with
the upper and lower electrode plates. In order to maintain that when the silicon mass
vibrates it does not contact the upper and lower electrode plates, the structure size of
the sensitive element should make the vibration angle a / (0, 0.002). From
Fig. 6.11b it can be seen that with the decrease of d, the changing rate of the output
voltage with respect to the swing angle becomes larger, therefore the value of d
should be reduced. But due to the decrease of d the processing difficulty is also
increased, thus d ¼ 0:020mm. In Fig. 6.11b, when d ¼ 0:020mm, and a lies in the
range of 0� 0:002rad, the amplitude change of the output voltage is

Uout ¼ ð7:875� 6:75ÞmV ¼ 1:125mV

6.4.2 Signal Processing Circuit

1. Circuit Composition

The signal processing circuit is shown in Fig. 6.12. The power regulator pro-
vides a stable voltage for the pulse generator such that the pulse generator generates
a stable pulse signal.

The principle of the pulse generator is that when the input voltage reaches a
certain value, the Schmitt trigger changes from the static state to the working state,
but when the input voltage is dropped to a certain value, it changes from the
working state to the static state and a feedback resistor and a capacitor with a charge
and a discharge are added, and the final output is a periodic rectangular wave Ugen

as shown in Fig. 6.13. In this figure, Usens is the voltage of the signal pick–up
capacitor.

Fig. 6.11 Relationship between voltage and swing angle a a / ð0; 0:005Þ; b a / ð0; 0:002Þ
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Figure 6.14a gives a capacitance–voltage conversion circuit, i.e., a capacitance–
voltage conversion bridge, which obtains the capacitors Cs1 and Cs2 by a variable
spacing signal and is charged and discharged by diodes VD1, VD2 and R1, R2. The
voltage Ugen which is generated by the pulse generator is added to the voltage input
end of the bridge and the charging and the discharging of the diode adjusts the
performance of the bridge. Inside the differential amplifier, there is an instrument
amplifier composed of three operational amplifiers whose amplification factor is
determined by R5, as shown in Fig. 6.14b. The first part of the dual operational
amplifier is the band–pass filtering and the second part is used to correct the phase
and the output amplification as shown in Fig. 6.14c, d.

2. Circuit Analysis

(1) A capacitance–voltage converter

A pulse generator generates a rectangular pulse voltage Ugen, whose high voltage
is +5 V and whose low voltage is 0 V. This voltage is added to the bridge. The
electric current charges the capacitors Cs1 and Cs2 through R1 and R2, and also
charges Cs1 and Cs2 through the reverse diode. But the current through the diode is
small and can be ignored in the actual situation.

When t ¼ 0� T1ðUgen ¼ 5VÞ, the value of the voltage Usens which is picked up
by the capacitor pickup depends on the value of the capacitors when

Fig. 6.13 Voltages of the
generator and the sensitive
capacitor

Fig. 6.12 Diagram of a signal processing circuit
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t ¼ T1 � TðUgen ¼ 0Þ. The voltage is determined by the characteristic of the diode
and can be regarded as 0.

(1) In the process of charging, i.e.,

kT 	 t	 kT þ T1 k ¼ 0;
1;
2; . . .

there holds

Ua ¼ Um 1� e�
t

R1Cs1

� 

ð6:44Þ

Ub ¼ Um 1� e�
t

R2Cs2

� 

ð6:45Þ

where Um is the amplitude of the exciting signal Ugen.

(2) In the process of discharging, i.e.,

kT þ T1 	 t	ðkþ 1ÞT k ¼ 0;
1;
2; . . .

Because the positive conductive resistance of the diode is very small, the charge
of the capacitor Cs1 is abruptly released to zero through the diode VD1, thus Ua ¼ 0.
In the process of charging and discharging (t ¼ 0� T), the DC component at the a
end of the output voltage is

Fig. 6.14 Diagram of a signal processing principle a Bridge; b Amplifier circuit; c Band pass
filter; d Phase correction and output circuit
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Ua ¼ 1
T

ZT1
0

Uadt ¼ Um

T
T1 � R1Cs1 1� e

�T1
R1Cs1

� 
h i
ð6:46Þ

Consider the actual structure of the sensitive element and assume that Cs1 ¼
C0 � DC and Cs2 ¼ C0 þDC where C0 is the intrinsic capacitance between the
electrode plates when the sensitive element is not subject to the Coriolis force, and
DC is the capacitance variation after the sensitive element is subject to the force.
Because DC � C0, there exists Cs1 ¼ C0 � DC � C0, and

Ua � Um

T
T1 � R1ðC0 � DCÞ 1� e

�T1
R1C0

� 
h i
ð6:47Þ

Similarly

Ub � Um

T
T1 � R2ðC0 þDCÞ 1� e

�T1
R2C0

� 
h i
ð6:48Þ

Assume that R1 ¼ R2, there holds

Uab � Ua � Ub ¼ 2UmR1

T
1� e

�T1
R1C0

� 

DC ð6:49Þ

The voltage of the bridge output is simplified as

Uout ¼ G�Uab ð6:50Þ

where G is a magnification factor and G ¼ 49:4kX=R5 þ 1.
Equation (6.50) can be expressed as

Uout ¼ KDC ð6:51Þ

where

K ¼ 2UmR1

T
G 1� e

�T1
R1C0

� 

ð6:52Þ

Because R1, R2 and R5 are selected, G is not changed, T and T1 are two fixed
values which are determined by the pulse generator and the connected resistor and
capacitance, and the amplitude of the exciting signal Ugen is Um, and thus K is a
constant. The output signal is proportional to the size of the capacitance change.
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(2) The transfer function of the circuit

In Fig. 6.14b, the low pass filter is composed of R3, C1 and R4, C2 respectively.
After the signal is amplified the transfer function of the circuit is

H1 sð Þ ¼ G
R3C1sþ 1

¼ 4:94� 104 þR5

R5R3C1sþR5
ð6:53Þ

where R3 ¼ R4; C1 ¼ C2; and s ¼ jx (x is the angular frequency of the voltage
signal).

In Fig. 6.14c, the amplifier can be regarded as an ideal operational amplifier so
the input current of the operational amplifier is zero, I3 ¼ �I5 and I6 ¼ 0. From
Kirchhoff’s law, there holds

I1 þ I2 ¼ I3 þ I4

I1 ¼ U1 � UA

R7
; I2 ¼ U2 � UA

Z1
; I3 ¼ UA

Z2
; I4 ¼ UA

R9
; I5 ¼ U2

R8

where

Z1 ¼ 1
sC5

; Z2 ¼ 1
sðC6 þC7 þC8Þ

Thus the transfer function of the circuit in Fig. 6.14c is

H2 sð Þ ¼ U2ðsÞ
U1ðsÞ ¼

1
R7C

s

s2 þ ðCþC5Þ
R8CC5

sþ 1
R8CC5

1
R7

þ 1
R9

� 
 ð6:54Þ

where C ¼ C6 þC7 þC8.
By adjusting the values of C, C5, R7, R8 and R9 in Eq. (6.54), improved fre-

quency characteristics can be obtained in the range of the spin cycle of the mea-
sured carrier.

In Fig. 6.14d, the amplifier can be regarded as an ideal operational amplifier, the
input current of the operational amplifier is 0, I7 ¼ �I8, so from Kirchhoff’s law,
there holds

I7 ¼ U2

Z2
; I8 ¼ U3

Z4

where Z3 is the impedance after C9, R12 and R11 are mix-connected,
Z3 ¼ R11 þR11R12C9s=½1þðR11 þR12ÞC9s�; and Z4 is the impedance after C10 and
R13 are parallel-connected, Z4 ¼ R13=ð1þR13C10sÞ.
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Thus the transfer function of the circuit in Fig. 6.14d is

H3 sð Þ ¼ U3ðsÞ
U2ðsÞ ¼

R13

R11

1þðR11 þR12ÞC9s
ð1þR13C10sÞð1þR12C9sÞ ð6:55Þ

By adjusting the values of C9, C10, R11, R12 and R13 in Eq. (6.55), the phases lag.
This is generated by the pre-amplifier and can be corrected, and the pre-signal is
amplified again.

The transfer function of the whole circuit is

HðsÞ ¼ H1ðsÞH2ðsÞH3ðsÞ ¼ 4:94� 104 þR5

R5R3C1sþR5

1
R7C

s

s2 þ CþC5
R8CC5

sþ 1
R8CC5

1
R7

þ 1
R9

� 

R13

R11
� 1þðR11 þR12ÞC9s
ð1þR13C10sÞð1þR12C9 � sÞ

ð6:56Þ

By adjusting all the parameters in Eq. (6.56), the performance of the whole
circuit can be adjusted.

6.5 ANSYS Simulation and Analogy

6.5.1 Modal Analysis

The size of the structure and the corresponding material constants of the silicon
mass are imported and by solving and post-processing three modes can be obtained:

Fig. 6.15 Finite element
modal analysis
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the resonant frequency of the first mode is 197.34 Hz as shown in Fig. 6.15. The
frequencies of the second mode and the third mode are 1806 and 2292 Hz
respectively and can be ignored.

6.5.2 Frequency Response Analysis

From the dynamic parameters, the following result can be obtained

KT � ðJz � JxÞ _u2 ð6:57Þ

Thus Eq. (6.13) is simplified as

Jy€aþD _aþKTa ¼ ðJz þ Jy � JxÞX _u cosð _utÞ ð6:58Þ

Equation (6.58) is a standard forced vibration equation with damping.
After the above modal analysis, the analysis type is selected as frequency

response analysis, the range of the load forced frequency is 10� 50Hz, the load
amplitude is changed by the mean of Ramped, the load acts at two edges of the
vibrating silicon mass and forms the couple moment, the damping type is the
constant damping ratio, and finally the frequency analysis result can be solved when
the measured angular velocity rate is X ¼ 0:01rad=s, as shown in Fig. 6.16. This
frequency response analysis curve is the response of the silicon vibrational mass–

Fig. 6.16 Frequency
response curve
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displacement of the edge node–frequency (the rotating frequency of the carrier).
From this figure, it can be seen that when _u ¼ 17Hz, the vibrational amplitude of
the outer edges of the silicon vibrating mass is

A0
m ¼ 4:36� 10�9m
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Chapter 7
Error of a Non-driven Micromechanical
Gyroscope

7.1 Motion Equations of a Vibratory Gyroscope

The vibratory gyroscope is a sensor which is designed to measure the absolute
angular velocity of a non-rotating aircraft, and comprises a platform which is
suspended in a frame by two elastic axes (internal and external), an electrostatic
actuator and an angular pickup capacitor with two axes. Figure 7.1a gives the
principle diagram of the gyroscope. Introduce the following coordinates: x, y and
z is a coordinate system which is fixed with a silicon pendulum; x0, y0 and z0 is a
coordinate system which is fixed with the frame; x1, y1 and z1 is a coordinate system
which is fixed with the aircraft; the aircraft rotates with an absolute angular velocity
x{xx1, xy1, xz1} in absolute space, and xz1 is the angular velocity to be measured.

The position of the platform relative to the aircraft is determined by the angles a
and b. A, B and C are the inertia moments of the platform relative to the axes x, y,
and z; A0, B0 and C0 are the inertia moments of the frame relative to the axes x0, y0
and z0; and the gravity centers for the silicon pendulum and the frame lie at the
midpoint O of the suspension support. On the basis of Fig. 7.1b, the projections of
the frame angular velocities xx0, xy0 and xz0 on the axis and the projections of the
platform angular velocities xx, xy and xz on the axes x, y and z which is fixed to the
silicon pendulum can be obtained:

xx0 ¼ �xz1 sin aþxx1 cos a
xy0 ¼ _aþxy1

xz0 ¼ xz1 cos aþxx1 sin a

8<
: ð7:1Þ

xx ¼ _b� xz1 sin aþxx1 cos a
xy ¼ ð _aþxy1Þ cos bþðxz1 cos aþxx1 sin aÞ sin b
xz ¼ ðxz1 cos aþxx1 sin aÞ cos b� ð _aþxy1Þ sin b

8<
: ð7:2Þ

© National Defense Industry Press and Springer-Verlag GmbH Germany 2018
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From the small angles a and b, there holds

xx0 ¼ �xz1aþxx1

xy0 ¼ _aþxy1

xz0 ¼ xz1 þxx1a

8<
: ð7:3Þ

xx ¼ _b� xz1aþxx1

xy ¼ _aþxy1 þxz1bþxx1ab
xz ¼ xz1 þxx1a� _ab� xy1b

8<
: ð7:4Þ

The projections of the protagonist momentumHII of the silicon pendulum on the

axes x, y, and z, and the projections of the protagonist momentumHP of the external
frame on the axes x0, y0 and z0 are

HII
x ¼ Axx ¼ Að _b� xz1aþxx1Þ

HII
y ¼ Bxy ¼ Bð _aþxy1 þxz1bþxx1abÞ

HII
z ¼ Cxz ¼ Cðxz1 þxx1a� xy1b� _abÞ

8>>>><
>>>>:

ð7:5Þ

HP
x0 ¼ A0xx0 ¼ A0ð�xz1aþxx1Þ

HP
y0 ¼ B0xy0 ¼ B0ð _aþxy1Þ

HP
z0 ¼ C0xz0 ¼ C0ðxz1 þxx1aÞ

8>>>><
>>>>:

ð7:6Þ

Fig. 7.1 Principle diagram of a vibratory gyroscope a Principle diagram. b Coordinate
transformation diagram
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Because the deflection angle of the silicon pendulum in the actual design is less
than 0.1′–0.2′, the terms including the angle product in Eqs. (7.3)–(7.6) are elim-
inated and the following result can be obtained as

xx0 ¼ xx1 � xz1a
xy0 ¼ _aþxy1

xz0 ¼ xz1

8<
: ð7:7Þ

xx ¼ _bþxx1 � xz1a
xy ¼ _aþxy1 þxz1b
xz ¼ xz1

8<
: ð7:8Þ

Due to the higher change frequency of a and b, the small variables xz1a and
xz1b in this expression are retained and in the following Euler equation the
derivatives of two time variables can be obtained as

HII
x ¼ Að _bþxx1 � xz1aÞ

HII
y ¼ Bð _aþxy1 þxz1bÞ

HII
z ¼ Cxz1

8>>>><
>>>>:

ð7:9Þ

HP
x0 ¼ A0ðxx1 � xz1aÞ

HP
y0 ¼ B0ð _aþxy1Þ

HP
z0 ¼ C0xz1

8>>>><
>>>>:

ð7:10Þ

By using the Euler dynamic equations, the dynamic equation of the platform
relative to the internal elastic torsion axis in the coordinate system xyz can be
obtained as

dHII
x

dt
�HII

yxz þHII
z xy ¼ Mx ð7:11Þ

Replace Eqs. (7.8) and (7.9) and obtain

Að€bþ _xx1 � _axz1 � a _xz1Þ � Bð _aþxy1 þxz1bÞxz1 þCxz1ð _aþxy1 þxz1bÞ
¼ Mx

ð7:12Þ
Replace the x axis by

Mx ¼ MB
x þMM

x � Db
_b� Kbb ð7:13Þ

7.1 Motion Equations of a Vibratory Gyroscope 215



where MB
x is the external moment acting on the platform; MM

x is the torsion
moment; Db

_b is the damping torque; Db is the damping coefficient of the x axis;
Kbb is the elastic torque of the internal elastic supporting bar; and Kb is the stiffness
of the internal torsion supporting bar.

From Eq. (7.12) obtain

A€bþDb
_bþKbb� ðAþB� CÞ _axz1 ¼ MB

x þMM
x þðB� CÞxy1xz1

� A _xx1 þA _xz1a ð7:14Þ

On the basis of the Euler dynamic equation, the motion equation of the platform
relative to the y axis in the coordinate system xyz can be obtained as

dHII
y

dt
�HII

z xx þHII
xxz ¼ My

Substitute Eqs. (7.8) and (7.9) and obtain

Bð€aþ _xy1 þ _bxz1 þ b _xz1Þ � Cð _bþxx1 � xz1aÞxz1 þAð _bþxx1 � xz1aÞxz1 ¼ My

ð7:15Þ

The torque relative to the y axis is written as

My ¼ MB
y � Da _aþMR

y ð7:16Þ

where MB
y is the external moment; Da _a is the damping torque acting on the plat-

form; Da is the damping coefficient of the axis y; and MR
y is the restriction moment

(the bending stiffness of the internal torsion bar is infinite).
The dynamic equation of the framework around the y1(y0) axis in the coordinate

system of x0, y0 and z0 can be obtained as

dHP
y1

dt
�HP

z0xx0 þHP
x0xz0 ¼ My1 ð7:17Þ

Substitute Eqs. (7.7) and (7.10) and obtain

B0ð€aþ _xy1Þ � C0xz1ðxx1 � xz1aÞþA0ðxx1 � xz1aÞxz1 ¼ My ð7:18Þ

The external torque My1 acting on the external torsion is

My1 ¼ �KaaþMM
y �MR

y ð7:19Þ

Because b is small it can be thought that the restriction moments of the y axis
and the y1(y0) axis are equivalent on the basis of Eqs. (7.15), (7.16), (7.18) and
(7.19) the following result can be obtained:
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ðBþB0Þ€aþDa _aþKaa� ðC � B� AÞ _bxz1

¼ MB
y þMM

y þðCþC0 � A� A0Þxx1xz1 � ðBþB0Þ _xy1

� B _xz1b� ðCþC0 � A� A0Þx2
z1a

ð7:20Þ

Equations (7.14) and (7.20) are the dynamics equations of the vibratory
gyroscope.

Assume that the gyroscope only measures a constant angular velocity xz1 ¼ X
of the aircraft, and there holds

xx1 ¼ xy1 ¼ _xx1 ¼ _xy1 ¼ _xz1 ¼ 0

From Eqs. (7.14) and (7.20), there holds

A€bþDb
_bþKbb� ðAþB� CÞ _aX

¼ MB
x þMM

x ðBþB0Þ€aþDa _aþKaaþðAþB� CÞ _bXþðCþC0 � A� A0ÞaX2

¼ MB
y þMM

y

ð7:21Þ

It can be thought that the excitation of the main vibration is applied on the y1
axis and the output x axis. At this time, like the result of the preliminary calculation,
the vibration angular velocity _a of the y1 axis is greater than the angular velocity _b
of the output axis. Therefore, compared with the inertia moment ðAþB� CÞ _aX of
the y1 axis, the output axis of the inertia moment ðAþB� CÞ _bX can be ignored.

From Eq. (7.21) there holds

A€bþDb
_bþKbb� ðAþB� CÞ _aX ¼ MB

x þMM
x

ðBþB0Þ€aþDa _aþKaa ¼ MB
y þMM

y

ð7:22Þ

The working mode of the gyroscope can be divided into two types: one is the
ahead non-resonant phase output and the other is the resonant amplitude output.
The two modes work perfectly well but each mode has its advantages and
disadvantages.

Assume that MM
y ¼ M0

y sinðxtÞ, then this harmonic torque can produce a steady
vibration on the y1 axis, i.e.,

a ¼ M0
yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðKa � K 0
aÞ � ðBþB0Þx2

� �2 þðDaxÞ2
q sin xt � uðxÞð Þ ð7:23Þ
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where

uðxÞ ¼ arctan
Dax

ðKa � K 0
aÞ � ðBþB0Þx2

� �
ð7:24Þ

where K 0
a is the additional negative stiffness of the elastic suspension bar on the y1

axis, the negative stiffness is produced by the electrostatic torque generator on the
y1 axis and the constant voltage U0 is applied to the torque generator, whose
principle is shown in Fig. 7.2.

In Fig. 7.2, when the same constant voltage U0 is applied to the electrodes ①
and ②, there is an electrostatic torque in the torsion bar, i.e.,

M ¼ eSLU2
0

ðH � aLÞ2 �
eSLU2

0

ðHþ aLÞ2 ð7:25Þ

where e is the dielectric constant; and S is the surface area of the capacitor plate.
If the spacing of the capacitor plate is much larger than the vibration amplitude

aL of the frame, the following result can be approximately obtained as

M ¼ 4eSL2U2
0

H3 a ð7:26Þ

The additional negative stiffness K 0
a of the output y1 axis is

K 0
a ¼

4eSL2U2
0

H3 ð7:27Þ

The torque generator is used to produce consistent resonance on the inner and
outer frame axes. Therefore, according to the working principle the vibration of the
y1 axis is

a ¼ am sin xpt � uðxÞ� � ð7:28Þ

Fig. 7.2 Working principle of a vibratory gyroscope
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The resonant frequency at this time is

xP ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ka � K 0

a

BþB0

r
uðxÞ ¼ p

2
ð7:29Þ

The torque of the torque generator is MH
y . The system can automatically adjust

the vibration frequency and the vibration amplitude am of the system is detected by
the capacitance extraction circuit and can automatically remain constant.

The input angular velocity X on the z1 axis, the Coriolis force acting on the
framework generates the torque of the internal frame axis, and under the action of
the torque the internal framework begins moving with frequency xP.

The steady solution of Eq. (7.22) (for MB
x ¼ 0 and MM

x ¼ 0) is

b ¼ � ðAþB� CÞXamxpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðKb � Ax2Þ2 þðDbxpÞ2

q sin xt � vðxÞ½ � ð7:30Þ

or

b ¼ �bm sin xpt � vðxÞ� � ð7:31Þ

The negative stiffness coefficient K 0
a is selected such that the resonant frequen-

cies on the vibration axes of the internal and external frames are the same and bm is
maximized. There holds

xP ¼
ffiffiffiffiffiffi
Kb

A

r
vðxpÞ ¼ p

2
ð7:32Þ

bm ¼ ðAþB� CÞXam
Db

ð7:33Þ

Therefore, the amplitude of the framework is proportional to the input angular
velocity X. The accuracy of this method of measuring the angular velocity X
depends on the total resonant precision, the stability of am and the damping coef-
ficient Db. To obtain the larger amplitudes of am and bm, there must be a high
vacuum in the device. At this time, the damping of this device is no longer affected
by the gas dynamics, but is affected by the internal friction of the elastic torsion bar
material such that the damping coefficient Db is relatively stable.

However, for the signal extraction circuit of the angle b, capacitance signal
detection electrodes need to be installed on the inner frame, which will result in an
additional error.

This defect can be solved using the method of adding the feedback system to the
vibratory angle b in the axis of the internal frame. The capacitance pickup and the
electrostatic torque generator are arranged on the axis of the internal framework. If
the torque MM

x is generated holds MM
x ¼ �KMb.
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From Eq. (7.22) (for MB
x ¼ 0), the following equation can be obtained

A€bþDb
_bþKbbþKMb ¼ ðAþB� CÞ _aX

Substitute Eqs. (7.28) and (7.29) and obtain

A€bþDb
_bþKbbþKMb ¼ �ðAþB� CÞXxpam sinðxptÞ ð7:34Þ

Set

M0 ¼ ðAþB� CÞxpamX ð7:35Þ

For the steady vibration, from Eq. (7.34) obtain

b ¼ M0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðKb þKM � Ax2

PÞ2 þðDbxPÞ2
q sin xpt � �ðxPÞ

� � ð7:36Þ

where

� xPð Þ ¼ arctan
DbxP

Kb þKM � Ax2
P

� �
ð7:37Þ

If the resonant frequencies on the input axis and the output axis are the same
(without additional negative feedback), there holds

xP ¼
ffiffiffiffiffiffi
Kb

A

r

then

b ¼ M0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2
M þðDbxPÞ2

q sin xpt � �ðxPÞ
� � ð7:38Þ

� xPð Þ = arctan
DbxP

KM

� �
ð7:39Þ

KM is selected to reduce the impact of Db on the precision of the device and then
there holds

KM � DbxP

Therefore, it is necessary to pump a vacuum and increase the spacing between
the torque generators of the output axes in order to greatly reduce the damping
coefficient. If these conditions are fully satisfied, Km, Dbxp in Eqs. (7.38) and
(7.39) can be ignored, i.e.,
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b ¼ M0

KM
sinðxptÞ;�ðxPÞ ! 0 ð7:40Þ

or

MM
x ¼ KMb ¼ M0 sinðxptÞ ð7:41Þ

MM
x is the torque of the output axis generated by the electrostatic torque gen-

erator, which is formed by negative feedback of the angle b:
MM

x ¼ �KtorquegeneratorU1 ð7:42Þ

where U1 is the voltage applied to the torque generator; and Ktorquegenerator is the
transmission coefficient of the torque generator.

If the voltage U1 is regarded as the output parameter of the gyroscope, the
measurement accuracy of the torque M0 will be increased because there is no
transmission coefficient of the capacitance signal extraction circuit on the x axis in
the expression of the voltage U1. In order to linearize the torque MM

x which is
directly related to the voltage U1, the expression of this torque can be written as

MM
x ¼ � eSL

H2 ðU0 þU1Þ2 � ðU0 � U1Þ2
h i

ð7:43Þ

where U0 is the constant feedback voltage, which is applied to the electrode plate on
both sides of the torque generator that is related to the x axis; e is the dielectric
constant; and S, L and H are the structural parameters determined by Fig. 7.2 and
Eq. (7.26).

Transform Eq. (7.43) into the following form:

MM
x ¼ � 4eSLU0

H2 U1 ð7:44Þ

Compare Eqs. (7.44) and (7.42) and obtain the transmission coefficient
Ktorquegenerator of the torque generator:

Ktorquegenerator ¼ 4eSLU0

H2 ð7:45Þ

Substitute Eqs. (7.41) and (7.42) and obtain

U1 ¼ � M0

4 eSLU0
H2

sin xPtð Þ ð7:46Þ
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Substitute Eq. (7.35) and obtain the pickup voltage of the torque generator:

U1a ¼ ðAþB� CÞxpamX

4 eSLU0
H2

ð7:47Þ

The amplitude am of the input axis is expressed as

am ¼ Um

KTS
ð7:48Þ

where Um is the steady voltage amplitude of the angle pick-up circuit on the input
axis; and KTS is the transmission coefficient of the angle pick-up circuit on the input
axis.

Substitute Eq. (7.48) into Eq. (7.47) and obtain

U1a ¼ ðAþB� CÞxpUm

4 eSL
H2 U0KTS

X ð7:49Þ

Equation (7.49) determines the output characteristics of the device. From
Eq. (7.49), it can be seen that the stability of the output signal is determined by a
series of parameters and their influences are different.

It is noted that compared with the device the processing algorithm of the output
signal of the vibratory gyroscope has many advantages because in the expression of
the output characteristic, there are no unstable parameters such as the damping
coefficient and the transmission coefficient of the angle pick-up circuit on the output
axis.

In Eq. (7.49) the inertia moments A, B and C for the silicon pendulum are
unchanged and can be considered as constant. Similarly, it can also be considered
that the other constant structural parameters are as follows: S is the surface area of
the electrostatic torque generator; L is the space between the rotating axis and the
surface of the torque generator; H is the size of the gap between the electrostatic
oscillators; and e is the dielectric constant.

The parameters are: xP is the resonant frequency, Um is the steady-state
amplitude of the angle pick-up capacitor on the input axis; KTS is the transmission
coefficient of the angle pickup on the input axis; and U0 is the feedback voltage of
the electrostatic torque generator on the output axis.

The approximate expression for the error of the output signal U1a is composed of
these parameters and is expanded by a Taylor series as

DU1a ¼ @U1a

@xp
Dxp þ @U1a

@Um
DUm þ @U1a

@KTS
DKTS þ @U1a

@U0
DU0 ð7:50Þ

Its partial derivative can be obtained as
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@U1a

@xp
¼ ðAþB� CÞUm

4eSL
H2 U0KTS

X

@U1a

@Um
¼ ðAþB� CÞxP

4eSL
H2 U0KTS

X

@U1a

@KTS
¼ �ðAþB� CÞxPUm

4eSL
H2 U0K2

TS
X

@U1a

@U0
¼ �ðAþB� CÞxPUm

4eSL
H2 U2

0KTS
X

ð7:51Þ

The expression of the relative error is

DU1a

U1a
¼ DxP

xP
þ DUm

Um
þ DKTS

KTS
þ DU0

U0
ð7:52Þ

Through the expression for the relative error, when the vibratory gyroscope
measures the angular velocity X under the setting state, the stability of the output
signal can be predicted and the feedback voltage of the auxiliary torque generator is
applied to the output axis.

The resonant frequencies xP on the input axis and the output axis are the same
and are determined by the inertia moment of the silicon pendulum and the stiffness
of the silicon elastic torsion bar, and these parameters can be considered as suffi-
ciently stable. The constant voltage U0 is applied to the torque generator of the
input axis to ensure that the resonant frequencies on the two axes are the same and
the voltage provides an additional negative stiffness. A similar but different voltage
is applied to the output axis of the torque generator. These two voltages provide the
auxiliary stiffness defined by Eq. (7.27) and this stiffness is determined by the
structural parameters and depends mainly on the voltage U0. The stability of U0 is
determined by the electronic circuit but the stability of modern electronic circuits is
very high so the relative error due to the instability of U0 can be predicted to be
0.1% (without considering the specific principle of the voltage regulator). The error
caused by the instability of frequency xP which is caused by the instability of
voltage U0 can be predicted by the same method.

The stability of the angle readout voltage Um on the input axis depends on the
stability of the reference voltage source and the slope of the input vibration exciting
system. The voltage provided by the system at the output end of the angle pick-up
voltage is equal to the voltage of the reference voltage source. The relative insta-
bility of the system lies within 1% (taking into account the level of modern elec-
tronic technology).

The most unstable parameter is the transmission coefficient of the capacitance
angle readout circuit. In Eq. (7.52) the coefficient KTS is determined only by the
stable amplitude am of the input axis. According to the experimental work of the
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capacitance angle pick-up circuit, the relative error caused by the KTS instability is
expected to be not more than 1% (very close to the error caused by the electronic
circuit).

The calculation of the relative error of the vibratory gyroscope has been carried
out, but has not been fully confirmed experimentally so there some features are only
estimated as there are no experimental conditions for their validation. However, the
components of this device (the angle pickup, the torque generator and other parts)
have been tested in other devices. So, it can be deemed that the relative error of the
vibratory gyroscope manufactured on the basis of the previous principle can
achieve a level of 1%.

7.2 Error Principle of a Vibratory Gyroscope

The error of a vibratory gyroscope on a fixed platform will be analyzed. Assume
that in Eqs. (7.14) and (7.20) xx1 ¼ 0, xy1 ¼ 0, _xx1 ¼ 0 and _xy1 ¼ 0. In addition,
from the suspension of the internal framework, it can be seen that B � B0, thus the
latter part of Eq. (7.20) can be ignored. Generally speaking, the main vibration is
excited on the x axis, and its output lies on the y axis. The angular velocity on the
input x axis is far greater than the angular velocity _a on the output y axis, and
compared with ðB� CÞ _axz1 in Eq. (7.20), the acceleration torque ðC � AÞ _bxz1 can
be ignored. From Eqs. (7.14) and (7.20) the following result can be obtained

A€bþDb
_bþKbb ¼ MB

x þMM
x

B€aþDa _aþKaa� ðC � AÞ _bxz1 ¼ MB
y þMM

y

ð7:53Þ

When the input generates the vibration on coordinate b, the output generates the
reversed-phase vibration with the same frequency on coordinate a. The output
vibration around the y axis (phase shift p/2) will change the total oscillation phase
of the output axis, which is proportional to the measured angular velocity xz1. This
data detection method does not rely on the amplitude of the input x axis, and is
beneficial to the stability of the gyroscope. The drawback of this method is that for
the detection interface circuit of the angle a, it is difficult to detect the angular
velocity xz1, and the sensitivity of the device is reduced.

By using the method for studying the error of the vibratory gyroscope, the
vibration amplitude of the output axis xz1 can be obtained. In Eq. (7.53), assume
that

MM
x ¼ M0

x sinxt; MB
x ¼ MB

y ¼ 0 ð7:54Þ

For the stable mode and from Eq. (7.53) obtain
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b ¼ M0
xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðKb � Ax2Þ2 þðDbxÞ2
q sin xt � uðxÞ½ � ð7:55Þ

where

u xð Þ ¼ arctan
Dbx

Kb � Ax2 ð7:56Þ

Select the frequency of the input torque as the resonant frequency, i.e.,

x ¼ xP ¼
ffiffiffiffiffiffi
Kb

A

r
; uðxÞ ¼ p

2
ð7:57Þ

From Eq. (7.55) obtain

b ¼ M0
x

Db

ffiffiffiffiffiffi
A
Kb

s
cosxPt ¼ bm cosxPt ð7:58Þ

where

bm ¼ M0
x

Db

ffiffiffiffiffiffi
A
Kb

s
ð7:59Þ

Substitute Eq. (7.58) into Eq. (7.53) and obtain

MM
y ¼ Caa ð7:60Þ

B€aþDa _aþðKa � CaÞa ¼ �ðC � AÞbmxz1xp sinxpt ð7:61Þ

or

B€aþDa _aþðKa � CaÞa ¼ ðA� CÞM0
x

Db
xz1 sinxpt ð7:62Þ

Select the stable value and obtain the amplitude of the output axis:

a ¼ ðA� CÞM0
xxz1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðKa � Ca � Bx2
PÞ2 þðDaxPÞ2

q 1
Db

sin xPt � vðxPÞ½ � ð7:63Þ
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where

vðxPÞ ¼ arctan
DaxP

ðKa � CaÞ � Bx2
P

ð7:64Þ

Based on the aim that the output axis generates the resonance, in the design Ka

and B are selected and tuned and Ca is selected to satisfy the resonance condition:

Ka � Ca � Bx2
P ¼ 0; vðxPÞ ¼ p

2
ð7:65Þ

However, due to the instability of the parameters, the condition in Eq. (7.65)
cannot be satisfied. Therefore, to define the output data of the device, Eq. (7.63) can
be rewritten as

a ¼ ðA� CÞbmxPxz1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðKa � Ca � Bx2

PÞ2 þðDaxPÞ2
q cos xPt � kðxPÞ½ � ð7:66Þ

where kðxPÞ ¼ p
2 � xðxPÞ and its value is very small.

The measured angular velocity xz1 ¼ X which is defined in a non-driven
micromechanical gyroscope and the output voltage which corresponds to the angles
a and b described by Ua and Ub, are introduced. Then there holds

Ua ¼ KT
a a; Ub ¼ KT

b b ð7:67Þ

where KT
a and KT

b are the transmission coefficient of the associated angles. The
voltage amplitudes Um

a and Um
b can be expressed as

Um
a ¼ KT

a am; Um
b ¼ KT

b bm ð7:68Þ

Therefore, the amplitude of the harmonic voltage on the output axis a is

Um
a ¼ ðA� CÞUm

b xpffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðKa � Ca � Bx2

pÞ2 þðDaxpÞ2
q KT

a

KT
b

X ð7:69Þ

Equation (7.69) can be used to define the principle error of the gyroscope.
From Eq. (7.69) it can be seen that the stability of the output voltage depends on

a series of parameters and the influence of each parameter is different. The inertia
moments A, B and C of the platform actually do not change and can be considered
as constant. The resonant tuning on the coordinate b can be accurately achieved by
changing the frequency of the driver. In addition, the resonant frequency xp can
keep stable accurately, because it is determined only by the inertia moment A and
the stiffness Kb of the internal torsion beam, while the latter only changes with the
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change of load g and temperature. For the silicon beam, these changes can be
neglected (see the parameter calculation of a non-driven micromechanical
gyroscope).

The amplitude bm of the input axis changes with the change of the damping
coefficient Db, so these parameters of the vibratory gyroscope can be stabilized by
adding the feedback to the voltage Ub at the end of the voltage pickup output. The
feedback is provided by the electrostatic torsion force. Thus the value Ub can be
obtained in the range of acceptable error, being less than 3� 5%, and is subject to
the disturbance interference with less impact.

In addition, the transmission coefficients KT
a and KT

b are also affected by the
amplification coefficient of the electronic amplifier, the detection structure design
and the temperature. But if a detection signal which is produced by the same AC
voltage generator and added to these two detection structures, these two detection
structures can be similarly designed and use the same electronic structure such that
the transmission coefficient ratio KT

a =K
T
b in the two coordinates is stable.

Because the coefficients Ka and Kb which are determined by the torsion stiffness
are stable, for the resonant regulation of the output coordinate the stiffness of the
output axis needs to change and this can be achieved by applying the feedback to
the output axis angle a through the torsion torque generator. This additional stiff-
ness is determined by the coefficient Ca, whose stability is secondary to the stability
of the coefficient Ka.

In the analysis of the preliminary theory, define Da as the damping coefficient of
the output axis,Um

b as the detection voltage amplitude of the angle b, and Ca as the
electric elastic stiffness of the output axis. By using these parameter variables, the
amplitude Um

a of the output signal can be written in the form of a Taylor series:

DUm
a ¼ @Um

a

@Da
DDa þ @Um

a

@Um
b

DUm
b þ @Um

a

@Ca
DCa þ 1

2
@2Um

a

@2C2
a

DC2
a þ � � � ð7:70Þ

From Eq. (7.69) obtain

f ðCa;DaÞ ¼ ðKa � Ca � Bx2
PÞ2 þðDaxPÞ2 ð7:71Þ

@Um
a

@Da
¼ � ðA�CÞUm

b xpKT
a

KT
b

x2
pDa

f 3=2 X

@Um
a

@Um
b
¼ ðA�CÞxpKT

a

f 1=2KT
b

X

@Um
a

@Ca
¼ þ ðA�CÞUm

b xpKT
a

KT
b

ðKa�Ca�Bx2
pÞ

f 3=2 X

@2Um
a

@2Ca
¼ � ðA�CÞUm

b xpKT
a

KT
b f

3 X f 3=2 � 3ðKa � Ca � Bx2
pÞ2f 1=2

h i

8>>>>>>>><
>>>>>>>>:

ð7:72Þ
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The relative error is

@Um
a

Um
a

¼ �x2
PDa

f
DDa þ

DUm
b

Um
b

þ ðKa � Ca � Bx2
PÞ

f
DCa

� 1
2f 3

f 2 � 3ðKa � Ca � Bx2
PÞ2f

h i
DC2

a

ð7:73Þ

By selecting the electric elastic coefficient Ca, the condition for realizing the
resonant tuning is

Ka � Ca � Bx2
P ¼ 0 ð7:74Þ

The relative error is approximately expanded as

DUm
a

Um
a

¼ �DDa

Da
þ DUm

b

Um
b

� 1
2

DC2
a

ðDaxPÞ2
ð7:75Þ

In order to estimate the error, the following method can be adopted to select the
parameters. The resonant frequency of the gyroscope needs to exceed the measured
maximum angular velocity frequency by one order of the magnitude. Select
xP ¼ 1000 Hz, consider

xP ¼
ffiffiffiffiffiffi
Kb

A

r

and select

Kb ¼ Ka ¼ 100 g cm, A ¼ 100� 10�6 g cm s2

Such torque can be achieved by installing a specific mass along the z axis. In this
case, there holds

C ¼ 0; 2A ¼ 20� 10�6 g cm s2;

By using Eq. (7.66) to select the damping coefficient Da and substituting it into
Eq. (7.74), the amplitude of the output axis can be obtained as

am ¼ ðA� CÞbm
Da

X ð7:76Þ
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where

Da ¼ ðA� CÞbm
am

X ð7:77Þ

According to the device design and the research experience, select

bm ¼ 20 rad min

By considering the angle pickup structure and the interference of the electronic
circuit, the resolution of the output axis is

amin
m

¼ 0:01 rad min

If the resolution of the vibratory gyroscope is equal to that of a non-driven
micromechanical gyroscope, there holds

Xmin ¼ 1:5 �ð Þ=s

Substitute the parameter into Eq. (7.77) and obtain the damping coefficient Da:

Da ¼ 200 � ð100� 20Þ � 10�6 g cm s2

0:010
� 1:5 �ð Þ=s

Da ¼ 4:2� 10�3 g cm s

If X ¼ 300 �ð Þ=s, the maximum amplitude of the output amplitude on the output
axis is

amax
m

¼ 0:01 rad min� 300=1:5 ¼ 2 rad min

By using the obtained data, on the basis of Eq. (7.75) the error of the vibratory
gyroscope can be pre-estimated.

The change of the damping coefficient Da of the output axis is determined by the
change of the dynamic viscosity coefficient l of the gas in the device box with the
temperature. For nitrogen, there holds

Dl ¼ 29:3%=ð100 �CÞ

In the given temperature range of −40 to +75 °C, the error caused by the change
of the damping coefficient is

DDa=Da ¼ 	17%

The error caused by the inaccurate operation of the exciting axis amplitude stable
system is determined by the repeat accuracy of the standard voltage and the slope of
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the feedback voltage Ub, with the latter determined by the angle pickup output
signal. As mentioned above, the predictive error is

DUm
b

Um
b

¼ 3% ~ 5%

The change of the electrical elastic stiffness Ca is caused by the angle pickup
component and the torque tester of the output axis along with the instability of the
electronic circuit. But the effect of Ca on the whole gyroscope error is very small
because the emergence of the electrical elasticity is related to the accurate selection
and the manufacture of a gyroscope which has the same natural resonant frequency
on the input axis and the output axis. The resonant frequency can be adjusted by
introducing an electrical elastic Ca Ca; Oð Þ (the relative elastic torsion stiffness Ka).
By using a sufficient margin (on the basis of the possible calculation and manu-
facture), Ca ¼ 0:1Ka and DCa ¼ 0:1Ca, there holds DCa ¼ 0:1Ka.
Thus, by using the selected parameters Da and xp, the impact of Ca on the whole
gyroscope error is calculated as

1
2

DC2
a

ðDaxPÞ2
¼ 3%

Therefore, it is concluded that the accuracy of the existing vibratory gyroscope
can be comparable to that of a non-driven micromechanical gyroscope. Both kinds
of gyroscope need error compensation and this is greatly affected by a change of
temperature. A temperature sensor is used in both kinds of the gyroscope and the
temperature is compensated in advance. The error compensation can be carried out
on the ALU of the aircraft.

7.3 Error Calculation of a Non-driven Micromechanical
Gyroscope

From Eq. (7.21) and when the measured angular velocity is X, the oscillation
amplitude of a non-driven micromechanical sensitive element (the silicon wafer) is

am ¼ ðCþB� AÞ _uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC � A� BÞ _u2 þK½ �2 þðD _uÞ2

q X

Assume that the inertia moment of the gyroscope’s sensitive element (chip) is a
constant in the process of calculation, the rotating velocity of the aircraft is _u, the

230 7 Error of a Non-driven Micromechanical Gyroscope



torsion rigidity is K, and the damping coefficient is D, then the error Dam of the
angle am caused by the above unstable parameters is

Dam ¼ @am
@ _u

D _uþ @am
@K

DK þ @am
@D

DD ð7:78Þ

Substitute the expression of am and the specific derived expressions, and con-
sider the relationship between the parameters of the silicon micromechanical
gyroscope:

K � ðC � A� BÞ _u2 ð7:79Þ

There holds

Dam
ðCþB� AÞX 
 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

K2 þD2 _u2
p � _u2D2

ðK2 þD2 _u2Þ3=2
" #

D _u� _uK

ðK2 þD2 _u2Þ3=2
DK

� D _u3

ðK2 þD2 _u2Þ3=2
DD

ð7:80Þ

The expression of the relative error can be written as

Dam
am

¼ ðCþB� AÞX
ðK2 þD2 _u2Þ3=2

K2� �
D _u� _uKDK � D _u3DD

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2 þ D _uð Þ2

q
ðCþB� AÞ _uX ð7:81Þ

or

Dam
am

¼ 1
_uðK2 þD2 _u2Þ K2� �

D _u� _uKDK � D _u3DD
� � ð7:82Þ

Then, according to the acceptable technical index the damping coefficient D is
selected.

The error of the inertia moment of the gyroscope’s sensitive element (chip) is
small and the characteristic equation of Eq. (7.13) is

BS2 þDSþKa ¼ 0

S2 þ 2nx0Sþx2
0 ¼ 0

where x0 is the undamped natural oscillation frequency of the gyroscope’s sensitive
element (chip); x0 ¼

ffiffiffiffiffiffiffiffiffi
K=B

p
; and n is the relative damping coefficient;

n ¼ D
2Bx0

¼ D
2
ffiffiffiffiffi
KB

p .
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Compare with a non-driven micromechanical gyroscope and assume

n ¼ 0:5 ð7:83Þ

Then select
D =

ffiffiffiffiffiffiffi
KB

p
ð7:84Þ

By simplifying Eq. (7.82) there holds

K2 	 _u2D2 ¼ K2 	 _u2KB ¼ KðK 	 B _u2Þ ð7:85Þ

For the choice of the lead non-resonant mode, there is

_u\x0 ð7:86Þ

Then

B _u2 � Bx2
0 ¼ K

i.e.,
K � B _u2

Compared with K2, _u2D2 in Eq. (7.85) can be ignored. Therefore, Eq. (7.82)
can be written as

Dam
am


 D _u
_u

� DK
K

� D2 _u2

K2

DD
D

ð7:87Þ

As mentioned above, there holds

K � D _u

Thus
D2 _u2

K2 � 1 ð7:88Þ

Therefore, it can be considered that for the given parameters the influence of the
damping coefficients on the instability has been greatly reduced. Then in the
experimental mode the parameters of the gyroscope are

K ¼ 5:33 g cm
B ¼ 6:3� 10�6 g cm s2

_u ¼ 100 s�1

D2 _u2

K2 ¼ KB _u2

K2 ¼ B _u2

K ¼ 6:3�10�6 g cm s2�10�4 s�2

5:33 g cm ¼ 1:18� 10�2
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At the same time the influence of the damping on the error can be ignored in the
pre-computation.

It is considered that the elastic torsion coefficient is the most stable parameter in
the gyroscope. In all the experiments, the change of the elastic torsion coefficient
(DK=K) is not more than 3.5%. The relative error Dam=am depends on the mea-
surement accuracy of the rotating frequency of the aircraft and the measurement
accuracy of the angle am, but it does not contain in Eq. (7.87). The relative error
Dam=am of the preliminary device will be estimated.

The measurement accuracy of the rotation velocity of the aircraft is determined
by the output signal of the gyroscope, in other words it is determined by the
measurement precision of the time interval between the zeros of the output signal,
which is mainly affected by the noise of the output signal. The experiment of the
silicon sensitive element shows that the error is 10–20%.

In addition, the measured angle error am is affected by the nonlinear influence of
the angle pickup signal, and the influence of the longitudinal acceleration on the
output signal curve. The latter influence needs the improved design to increase the
linear stiffness of the torsion beam. The nonlinearity of the angle pickup signal can
be improved by the method of compensating and optimizing the angle pickup
structure design. By adopting the above method, the relative error of the angle
pickup is not more than 10–20%.

The expected error of the prototype is estimated to be less than 20–40%, but the
error can be quite small by compensating the algorithm of the parameter value and
optimizing the parameters of the prototype. If the size of the device is smaller and
the silicon etching technology is improved, then under the same condition the
non-driven micromechanical gyroscope has more advantages.

The final parameter accuracy of this device is obtained only from the experi-
mental model of a non-driven micromechanical gyroscope and experiments with
the prototype. The experimental model of a non-driven micromechanical gyroscope
is tested under the laboratory conditions and the measurement range is ±300 °/s
and the resolution is 1.5 °/s.

7.4 Error of a Non-driven Micromechanical Gyroscope

The balance of the gyroscopic torque can be measured by the stable elastic torque of
the silicon elastic torsion beam and its advantage is that the rotating velocity _u of
the aircraft can be obtained by measuring the frequency of the output signal of the
aircraft. But the damping torque of manufacturing and packaging the gyroscope
prototype caused by the attenuation is also needed because the impact of the filling
gas pressure on the damping coefficient should be small, and a high vacuum
(0.133 Pa or lower) is needed. In such a thin state, the electronic elements will
release gas molecules and affect the vacuum degree. It is not feasible to place the
electronic device in another package because it will then be greater than the size of
the device.
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Therefore, in order to make the gyroscope the nitrogen is pumped into the
gyroscope under standard atmospheric pressure to reduce the manufacturing cost
and reduce the size of the device.

By using the previous data, the amplitude of the output oscillation voltage of the
angle a is

Um ¼ KTSðCþB� AÞ _uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC � A� BÞ _u2 þK½ �2 þðD _uÞ2

q X ð7:89Þ

where KTS is the angle pickup transmission coefficient; _u is the rotation velocity of
the aircraft; K is the torsion stiffness coefficient; and D is the damping coefficient.

When these parameters change the error can be expressed by the following
approximate form:

DUm ¼ @Um

@ _u
D _uþ @Um

@K
DK þ @Um

@D
DDþ @Um

@KTS
DKTS þ � � � ð7:90Þ

In this expression, for the silicon micromechanical gyroscope there is

K � ðC � A� BÞ _u2

For high damping devices there is

K � D _u2 ð7:91Þ

In this case, by using Eqs. (7.78)–(7.87) the relative error of the output signal
can be obtained as

DUm

Um
¼ K2

D2 _u2

D _u
_u

� K2

D2 _u2

DK
K

� DD
D

þ DKTS

KTS
ð7:92Þ

Compared with (7.87) the coefficients are changed, and this determines the
damping and rotation velocity of the aircraft. These changes are very important and
from Eq. (7.91) the impact of the instability of _u and K on the gyroscope can be
ignored.
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From Eqs. (7.91) and (7.92) the error of the output signal of a non-driven
micromechanical gyroscope is mainly affected by the instability of the damping
coefficient and the angle pickup. As mentioned before, the change of the damping
coefficient caused by a change of temperature can be up to ±17%.

The measurement error of the angle a is determined by the parameters of the
electronic circuit (in fact the frequency characteristic of the electronic circuit) as
mentioned earlier, and can be up to 10–20%. The error of the output signal caused
by the design concept change of a non-driven micromechanical gyroscope does not
exceed the error caused by the instability of the parameter.
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Chapter 8
Phase Shift of a Non-driven
Micromechanical Gyroscope

8.1 Phase Shift Calculation of a Non-driven
Micromechanical Gyroscope

Set the following coordinate systems: xa, ya and za is the inertial coordinate system;
x0, y0 and z0 is the coordinate system of a silicon pendulum; and x, y and z is the
frame coordinate system.

The absolute angular velocity of a silicon pendulum in its coordinate system is

�xa ¼
xxa

xya

X

0
@

1
A ð8:1Þ

where xxa and xya are the projection of measuring the angular velocity of the
aircraft; and X is the rotating angular velocity of the aircraft around its symmetry
axis.

In the coordinate system x0, y0 and z0, which is connected to the silicon pen-
dulum, there holds

�x0 ¼
cosu sinu 0
� sinu cosu 0

0 0 1

0
@

1
A xxa

xya

X

0
@

1
A ¼

xxa cosuþxya sinu
�xxa sinuþxya cosu

X

0
@

1
A ð8:2Þ

The absolute angular velocity of the framework is the sum of the relative angular
velocity of the silicon pendulum and the implicated angular velocity _hx of the
aircraft around the axis x0:
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x ¼
1 0 0
0 cos hx sin hx
0 � sin hx cos hx

0
@

1
A xx0 þ _hx

xy0

X

0
@

1
A ¼

xx0 þ _hx
xy0 cos hx þX sin hx
�xy0 sin hx þX cos hx

0
@

1
A ð8:3Þ

Because the deflection angular velocity of the framework is very small, the
matrix can be changed into

A ¼
1 0 0
0 1 hx
0 �hx 1

0
@

1
A xx0 þ _hx

xy0

X

0
@

1
A ð8:4Þ

The absolute angular velocity of the framework is

x ¼
xx0 þ _hx
xy0 þXhx
�xy0hx þX

0
@

1
A ð8:5Þ

Therefore, each part of the absolute angular velocity can be written as

xx0 ¼ xxa cosðXtÞþxya sinðXtÞ
xy0 ¼ �xxa sinðXtÞþxya cosðXtÞ

ð8:6Þ

From Eq. (8.6) obtain

_xx0 ¼ Xxy0 þ _xxa cosðXtÞþ _xya sinðXtÞ ð8:7Þ

xx ¼ xx0 þ _hx
xy ¼ xy0 þXhx

ð8:8Þ

The equation of the framework is

A _xx þðC � BÞXxy ¼ Mx ð8:9Þ

The torque of the framework is

Mx ¼ �Cxhx � Dx
_hx ð8:10Þ

where Cx is the torsion angle stiffness; and Dx is the damping coefficient.
EliminateMx from Eq. (8.10) and eliminate xx and xy from Eqs. (8.8) and (8.9),

thus there holds

Að _xx0 þ €hxÞþ ðC � BÞXðxy0 þXhxÞþCxhx þDx
_hx ¼ 0 ð8:11Þ

Equation (8.11) can be changed into
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Ap2 þDxpþðC � BÞX2 þCx
� �

hx ¼ �ðAþC � BÞXxy0

� A _xxa cos Xtð Þþ _xya sin Xtð Þ� � ð8:12Þ

where xy0 ¼ xya cos Xtð Þ � xxa sin Xtð Þ; and p is the differential operation. Assume
that

x2
a ¼

ðC � BÞX2 þCx

A
; n ¼ Dx

2Axa
; q ¼ AþC � B

A

then Eq. (8.12) can be changed into

p2 þ 2nxapþx2
a

� �
hx ¼ �qXxy0 � _xxa cos Xtð Þ � _xya sin Xtð Þ ð8:13Þ

Assume that the aircraft vibrates along a vertical axis (e.g. the axis xa) and its
torque is

xxa ¼ x0cos vtþuð Þ
xya ¼ 0

(
ð8:14Þ

then

xy0 ¼ xya cos Xtð Þ � xxa sin Xtð Þ
¼ �x0 cosðmtþuÞ sin Xtð Þ

_xxa ¼ �x0m sinðmtþuÞ

Substitute Eq. (8.14) into (8.13) and obtain

p2 þ 2nxapþx2
a

� �
hx ¼ qXx0 cosðvtþuÞ sin Xtð Þþx0v sinðvtþuÞ cos Xtð Þ

¼ 1
2
qXx0 sin ðXþ vÞtþu½ � þ sin ðX� vÞt � u½ �f g

þ 1
2
x0v sin ðXþ vÞtþu½ � � sin ðX� vÞt � u½ �f g

¼ 1
2
Xx0 qþ v

X

� �
sin ðXþ vÞtþu½ � þ q� v

X

� �
sin ðX� vÞt � u½ �

n o
ð8:15Þ

From Eq. (8.15) the steady state torque can be obtained as

hx ¼ Dx h1 sin ð1þDmÞXtþu� u1½ � þ h2 sin ð1� DmÞXt � u� u2½ �f g ð8:16Þ

where Dx ¼ x0
X , Dm ¼ v

X, Dc ¼ xc
X .
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For n\1, there holds

u1 ¼ arctan
2nDcð1þDvÞ
D2
c � ð1þDvÞ2

u2 ¼ arctan
2nDcð1� DvÞ
D2
c � ð1� DvÞ2

h1 ¼ ðqþDvÞ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2
c � 1þDvð Þ2

h i2
þ 2nDcð1þDvÞ½ �2

r

h2 ¼ ðq� DvÞ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2
c � 1� Dvð Þ2

h i2
þ 2nDcð1� DvÞ½ �2

r

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

ð8:17Þ

From n[ 1, there holds

u1 ¼ arctan
1þDv

n�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � 1

p� �
Dc

þ arctan
1þDv

nþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � 1

p� �
Dc

u2 ¼ arctan
1� Dv

n�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � 1

p� �
Dc

þ arctan
1� Dv

nþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � 1

p� �
Dc

h1 ¼ qþDv

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � 1

p� �2
D2
c þ 1þDvð Þ2

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � 1

p� �2
D2
c þ 1þDvð Þ2

r

h2 ¼ q� Dv

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � 1

p� �2
D2
c þ 1� Dvð Þ2

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � 1

p� �2
D2
c þ 1� Dvð Þ2

r

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

ð8:18Þ

Equation (8.16) can be changed into

hx ¼ A sinðwþu0Þ ð8:19Þ

where w ¼ Xt; u0 is the phase shift; and A is the fluctuation range of the frame-
work, which is equivalent to

A ¼ Dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h21 þ h22 þ 2h1h2 cos 2DvXtþ 2uþu1 � u2ð Þ

q

u0 ¼ arctan

¼ cosðDvwþuÞðh1 sinu1 þ h2 sinu2Þþ sinðDvwþuÞðh1 cosu1 � h2 cosu2Þ
cosðDvwþuÞðh1 cosu1 þ h2 cosu2Þ � sinðDvwþuÞðh1 sinu1 � h2 sinu2Þ

ð8:20Þ
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When u ¼ 0�, the curve of the phase shift caused by the fluctuation with the
frequency m of the aircraft (Eq. 8.20) is shown in Fig. 8.1.

When u ¼ 0�, the instability of the phase shift is shown in Fig. 8.2. From this
figure it can be seen that the phase shift is no more than 5°. In the range of large
frequencies, the phase shift has high stability and can be compensated by adjusting
the angle of the non-driven micromechanical gyroscope on the aircraft.

8.2 Phase Shift of a Non-driven Micromechanical
Gyroscope

Assume that uc is the rotation angle of a non-driven micromechanical gyroscope in
the direction of the rotation axis of the aircraft; X is the rotation angular velocity of
the aircraft; v is the vibration frequency of the input axis; w ¼ Xt is the rotation
angle of the framework around the axis x; u is the vibration phase of the framework
with the frequency X; u1 is the vibration phase of the framework with the fre-
quency Xþ v; u2 is the vibration phase of the framework with the frequency X� v;
h1 is the vibration amplitude of the framework with the frequency Xþ v; h2 is the

Fig. 8.1 Phase shift curve caused by fluctuation of the frequency m of the aircraft when u ¼ 0
�

Fig. 8.2 Instability of the phase shift when u ¼ 0
�
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vibration amplitude of the framework with the frequency X� v; D is the damping
coefficient; n is the relative damping coefficient; A is the angular momentum of the
framework on the y axis; B is the moment of inertia of the framework on the x axis
(the vibration axis of the framework); C is the moment of inertia of the framework
on the z axis; K is the elastic torsion stiffness on the axis y; xx0 is the magnitude of
the input velocity, xx ¼ xx0 cosðvtþuÞ; and xc is the natural resonant frequency
of the framework when the aircraft rotates. The phase shift u0 of the framework
vibration is determined by

u0 ¼ arctan

¼ cosðvtþuÞðh1 sinu1 þ h2 sinu2Þþ sinðvtþuÞðh1 cosu1 � h2 cosu2Þ
cosðvtþuÞðh1 cosu1 þ h2 cosu2Þ � sinðvtþuÞðh1 sinu1 � h2 sinu2Þ
	 

� uc

When t ¼ 0 and u ¼ 0
�
, there holds

u0 ¼ arctan
h1 sinu1 þ h2 sinu2

h1 cosu1 þ h2 cosu2

� �
� uc

where

u1 ¼ arctan
2nDxcð1þDvÞ
D2
xc � ð1þDvÞ2

" #

u2 ¼ arctan
2nDxcð1� DvÞ
D2
xc � ð1� DvÞ2

" #

h1 ¼ 0:5DxcðqþDvÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2
xc � 1þDvð Þ2

h i2
þ 2nDxcð1þDvÞ½ �2

r
8>><
>>:

9>>=
>>;

h2 ¼ 0:5Dxcðq� DvÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2
xc � 1� Dvð Þ2

h i2
þ 2nDxcð1� DvÞ½ �2

r
8>><
>>:

9>>=
>>;

q ¼ 1þ C � A
B

; n ¼ D
2Bxc

;xc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC � AÞX2 þK

B

s
;Dv ¼ v

X
;Dxc ¼ xc

X
;Dx0

¼ xx0

X
:
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8.3 Feasibility of Adjusting the Position to Compensate
the Phase Shift of the Output Signal

In order to explain the feasibility we compare the following two kinds of output
signal—without a phase shift and with a phase shift—but the non-driven
micromechanical gyroscope has been adjusted on the aircraft.

(1) Output signal without a phase shift. Compared with the elastic torque of the
elastic bar, the damping torque of a non-driven micromechanical gyroscope is
very small. When the harmonic angular velocity is measured the dynamic
equation of this device is

B€aþD _aþKa ¼ ðC � AþBÞmX cos xtð Þ sin Xtð ÞþBmx sin xtð Þ cos Xtð Þ

The parameters of this device are k ¼ 5:3� 10�4 N m; D ¼ 0:001�
10�4 N m s and X ¼ 16 Hz.

When the rotation velocity of the aircraft is constant the phase of the output
signal is

u ¼ � arctan
DX
K

� �
¼ � arctan

0:001� 16� 2p
5:3

� �
¼ �1:08�

The output signal of this device on a computer is shown in Fig. 8.3.

Fig. 8.3 Phase of the output signal when the rotation velocity of the aircraft is constant
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(2) The installation on an aircraft with angle u0 is equivalent to the phase shift of
the output signal when the angular velocity is constant and the motion equation
of a non-driven micromechanical gyroscope is

B€aþD _aþKa ¼ ðC � AþBÞmX cos xtð Þ sin Xtþu0ð ÞþBmx sin xtð Þ cos Xtþu0ð Þ

Thus the damping of the device is very large.
When the angular rotation velocity of the aircraft is constant the phase of the

output signal is

u ¼ � arctan
DX
K

� �
¼ � arctan

0:1� 16� 2p
5:3

� �
¼ �62:2

�

The output signal of this device on a computer is shown in Fig. 8.4.
Comparing the curves in Figs. 8.3 and 8.4, the phase shifts of these two output

signals are less than 10°.

(3) The experiment with a non-driven micromechanical gyroscope with a phase
shift u0 is analyzed. At the time of installation, when the rotation angle of a
non-driven micromechanical gyroscope is u0 and the constant angular velocity

Fig. 8.4 Phase of the output signal when the rotation velocity of the aircraft is constant

cFig. 8.5 Phase shift experiments of a non-driven micromechanical gyroscope which rotates at
angle u0 a The output waveform when the initial position rotates with an angle for the first time.
b The output waveform when the initial position rotates with an angle for the second time. c The
output waveform when the initial position rotates with an angle for the third time. d The output
waveform when the initial position rotates with an angle for the fourth time. e The output
waveform when the initial position rotates with an angle for the fifth time. f The output waveform
when the initial position rotates with an angle for the sixth time. g The output waveform when the
initial position rotates with an angle for the seventh time
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Fig. 8.5 (continued)
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is measured, the phase shift can be eliminated. When the installed device rotates
at angle u0 and the constant angular velocity is measured, the output signals are
shown in Fig. 8.5a–g.

When the harmonic angular velocity is measured and the installed device rotates
at the angle u0, the signals are also shown in the same figures. Comparing the
curves in Fig. 8.5a–g, it can be seen that the phase shift is not more than 10°.
The phase is determined by the zeros of the output signal in the region that the
amplitude of the input angular velocity is close to the peak value.

8.4 Characteristic Calculation of a Non-driven
Micromechanical Gyroscope in the Angular Vibration
Table

Define

h ¼ h1 sin ðXþ tÞtþ/þ/1ð Þþ h2 sin ðX� tÞt � /þ/2ð Þ
A ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
th21 þ h22 þ 2h1h2 cosð2vtþ 2/þ/1 � /2Þ

q

Assume that n is the number of the vibration period of the framework; N is the
number of vibration periods starting from 0; w is the phase angle of the framework;
v is the vibration frequency of the framework; t is the time; Dm ¼ m=X; X is the
angular velocity of the angular vibration table; / is the vibration phase of the
framework corresponding to the frequency X; /1 is the vibration phase of
the framework corresponding to the frequency Xþ m; /2 is the vibration phase of
the framework corresponding to the frequency X� m; h1 is the vibration amplitude
corresponding to the frequency Xþ m; h2 is the vibration amplitude corresponding
to the frequency X� m; and A is the vibration amplitude of the framework. The
relationships between the amplitude, phase, and frequency are shown in Fig. 8.6a,
b, and the relationship between the phase and the frequency is shown in Fig. 8.6c.
The relationship between the phase and the angular vibration is shown in Fig. 8.7.

n ¼ 10; u ¼ N � 360
� ðN ¼ 0; 1; . . .; nÞ; Dv ¼ 0; 0:1; . . .; 1

/1ðDmÞ ¼ � arctan 1:248
1þDm

0:253þ 2Dm þD2
v

 !
180
p

/2 Dmð Þ ¼ � arctan 1:248
1� Dm

0:253� 2Dm þD2
v

 !
180
p
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h1 Dmð Þ ¼ 1:747þDmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0:253þ 2Dm þD2

vÞ2 þ 1:557ð1þDmÞ2
q

h2 Dmð Þ ¼ 1:747� Dmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0:253� 2Dm þD2

vÞ2 þ 1:557ð1� DmÞ2
q

hðDm;/;wÞ ¼ h1 Dmð Þ sin ð1þDmÞwþ/þ/1 Dmð Þ½ � p
180

n o
þ h2 Dmð Þ sin ð1� DmÞw� /þ/2 Dmð Þ½ � p

180

n o

Fig. 8.7 Relationship between the phase and the angular vibration of a non-driven microme-
chanical gyroscope a Relationship between phase /0 and Xt. b Relationship between /0 and
change of angular vibration frequency

JFig. 8.6 Frequency characteristics of a non-driven micromechanical gyroscope a Relationship
between amplitude and phase. b Relationship between amplitude and frequency. c Relationship
between phase and frequency
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AðDm;/;wÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h21 Dmð Þþ h22 Dmð Þþ 2h1 Dmð Þh2 Dmð Þ cos 2Dmwþ 2/þ/1 Dmð Þ � /2 Dmð Þ½ � p

180

n or

A11ðDm;/;wÞ ¼ cos ðDmwþ/Þ p
180

h i
h1 Dmð Þ sin /1 Dmð Þ p

180

� �
þ h2 Dmð Þ sin /2 Dmð Þ p

180

� �h i

A12ðDm;/;wÞ ¼ sin ðDmwþ/Þ p
180

h i
h1 Dmð Þ cos /1 Dmð Þ p

180

� �
� h2 Dmð Þ cos /2 Dmð Þ p

180

� �h i

A21ðDm;/;wÞ ¼ cos ðDmwþ/Þ p
180

h i
h1 Dmð Þ cos /1 Dmð Þ p

180

� �
þ h2 Dmð Þ cos /2 Dmð Þ p

180

� �h i

A22ðDm;/;wÞ ¼ sin ðDmwþ/Þ p
180

h i
h1 Dmð Þ sin /1 Dmð Þ p

180

� �
� h2 Dmð Þ sin /2 Dmð Þ p

180

� �h i

/0ðDm;/;wÞ ¼ a tan
A11ðDm;/;wÞþA12ðDm;/;wÞ
A21ðDm;/;wÞ � A22ðDm;/;wÞ
� �

180
p
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Chapter 9
Static Performance Test of a Non-driven
Micromechanical Gyroscope

9.1 Performance of the Prototype of a Non-driven
Micromechanical Gyroscope

9.1.1 Temperature Performance of the Prototype

The prototype of non–driven micromechanical gyroscope with a circuit is tested.
The test is performed on a dynamic turntable controlled by a computer. The rota-
tional velocity of the gyroscope is set to be 12� 22 Hz through the simulator and
the environment temperature is provided by a special incubator.

During the test, the following parameters are adjusted: the gyroscope’s resolu-
tion, zero bias signal and its dependence on the temperature, the scale factor and the
nonlinearity of the output signal and its dependence on the temperature and rotation
frequency of the simulator. The test results are shown in Tables 9.1, 9.2, 9.3, 9.4,
9.5, and 9.6.

(1) Resolution. The prototype of the micromechanical gyroscope is mounted on the
turntable, and the measured angular velocity is smoothly increased by the
turntable until the measured signal appears. The results are shown in Table 9.1.

(2) Zero bias. The micromechanical gyroscope is mounted on the turntable and the
output signal is measured in the absence of an angular velocity. The results are
shown in Table 9.2.

(3) The temperature performance test of the sensor. The relationships between the
output signal (V) of the prototype of the micromechanical gyroscope and the
temperature t, and between the rotating angular velocity _u of the simulator and
the measured angular velocity X are shown in Table 9.3.

(4) The scale factor and its stability. The scale factor for the prototype of the
micromechanical gyroscope is 27.7, and the stability of the scale factor with
respect to its average value is shown in Tables 9.4, 9.5 and 9.6.

(5) The relationships between the output signal and the temperature, and between
the measured angular velocity and the rotating velocity of the simulator.

© National Defense Industry Press and Springer-Verlag GmbH Germany 2018
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Table 9.1 Resolution of the prototype of a micromechanical gyroscope

t/°C Resolution ((°)/s)

CW CCW

+25 1.00 1.00

+50 1.09 1.12

+75 1.26 1.30

Table 9.2 Zero bias signal of the prototype of a micromechanical gyroscope

t/°C Zero bias (mV/(°)/s)

DC AC

+25 7.3 4.1

+50 7.5 4.5

+75 7.8 5.0

Table 9.3 Relationships between the output signal (V) of the prototype of the micromechanical
gyroscope and the temperature, and between the rotating angular velocity and the measured
angular velocity

X (°/s) 50 100 150 200

t (°C) _u/Hz CW CCW CW CCW CW CCW CW CCW

+25 12 1.247 1.254 2.461 2.468 3.808 3.815 5.032 5.042

16 1.409 1.416 2.795 2.798 4.230 4.290 5.700 5.709

22 1.475 1.478 2.926 2.930 4.494 4.500 5.985 5.993

+50 12 1.304 1.31 2.573 2.577 3.979 3.983 5.258 5.264

16 1.463 1.468 2.914 2.921 4.471 4.479 5.953 5.961

22 1.598 1.606 3.055 3.059 4.692 4.698 6.253 6.257

+75 12 1.368 1.376 2.700 2.708 4.177 4.185 6.522 6.531

16 1.546 1.553 3.030 3.070 4.700 4.706 6.255 6.263

22 1.618 1.621 3.209 3.214 4.932 4.937 6.568 6.575

Table 9.4 The scale factor for the gyroscope (in the ranges of the rotating angular velocity of the
simulator _u and the measured angular velocity X) under the condition of the room temperature
(+25 °C) (Unit: mV/°/s)

X (°/s)

50 100 150 200 Stability of
scale factor
(%)

_u (Hz) CW CCW CW CCW CW CCW CW CCW

12 24.94 25.08 24.61 24.68 25.39 25.43 25.16 25.21 ±1.64

16 28.18 28.32 27.95 27.98 28.20 28.60 28.50 28.55 ±1.15

22 29.50 29.56 29.26 29.30 29.96 30.00 29.93 29.97 ±1.25

Stability of
scale factor
(%)

±8.34 ±8.47 ±8.32 ±8.68
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The output signals of the prototype of the micromechanical gyroscope with
different angular velocities and rotating frequencies of different simulators and
different temperatures are shown in Figs. 9.1, 9.2 and 9.3.

Table 9.5 The scale factor of the gyroscope when the rotating frequency of the simulator is
16 Hz (in the ranges of the measured temperature t and the measured angular velocity X) (Unit:
mV/°/s)

X (°/s)

t (°C) 50 100 150 200 Stability of
scale factor
(%)

CW CCW CW CCW CW CCW CW CCW

+25 28.18 28.32 27.95 27.98 28.20 28.60 28.50 28.55 ±1.20

+50 29.26 29.36 29.14 29.21 29.81 29.86 29.77 29.81 ±1.22

+75 30.92 31.06 30.30 30.70 31.33 31.37 31.28 31.32 ±1.10

Stability of
scale factor
(%)

10.21 9.82 11.24 9.89

Table 9.6 The scale factor of the gyroscope (in the ranges of the change of the temperature t and
the rotating frequency _u of the simulator) when the measured angular velocity is 100°/s (Unit:
mV/°/s)

_u (Hz)

t (°C) 12 16 22 Stability of scale
factor (%)CW CCW CW CCW CW CCW

+25 24.61 24.68 27.95 27.98 29.26 29.30 ±8.47

+50 25.73 25.77 29.14 29.21 30.55 30.59 ±9.71

+75 27.00 27.08 30.30 30.70 32.09 32.14 ±9.65

Stability of scale
factor (%)

10.00 9.82 9.83

Fig. 9.1 Relationship
between output signal and
measured angular velocity at
room temperature (when the
rotating frequencies of the
simulator are different)
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9.1.2 Performance of the Prototype

Tests of five prototypes are carried out on the dynamic turntable controlled by the
computer. The rotating velocity of the device is set at 12–22 Hz through the
simulator and a special temperature box is used to provide the temperature envi-
ronment. The performances of the prototype are as follows:

(1) The resolution is 1°/s.
(2) Zero bias: DC 6 mV and AC 5 mV (The simulator rotates at a certain

frequency).
(3) When the simulator rotates at different frequencies the relationship between the

output signal and the input angular velocity of the prototype is shown in
Table 9.7.

Fig. 9.2 Influence of
temperature on output signal
when the measured angular
velocity is 100°/s (the rotating
frequencies of the simulator
are different)

Fig. 9.3 Influence of
temperature on output signal
when rotating frequency of
the simulator is 16 Hz (when
the measured angular
velocities are different)

Table 9.7 The relationship between the output signal and the input angular velocity of the
prototype

X (°/s)

_u (Hz) 50 100 150

CW CCW CW CCW CW CCW

12 1.942 1.960 3.920 3.905 6.000 6.000

17 2.140 2.138 4.315 4.315 6.600 6.600

22 2.258 2.260 4.556 4.560 6.900 6.900

Stability (%) ±7.38 ±7.00 ±7.37 ±7.60 ±6.82 ±6.82
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(4) The scale factor is 42.76 mV/°/s.
(5) The relationship between the input angular velocity and the scale factor of the

prototype is shown in Table 9.8.
(6) The relationship between the output signal and the input angular velocity of the

prototype is shown in Fig. 9.4.
(7) The relationship between the output signal of the prototype and the frequency

of the simulator is shown in Fig. 9.5.

Table 9.8 Relationship between the input angular velocity and the scale factor of the prototype

X (°/s)

_u (Hz) 50 100 150 Stability (%)

CW CCW CW CCW CW CCW

12 38.84 39.20 39.20 39.05 40.00 40.00 2.94

17 42.80 42.76 43.15 43.15 44.00 44.00 2.86

22 45.16 45.20 45.56 45.60 46.00 46.00 1.84

Fig. 9.4 Relationship
between output signal and
input angular velocity of the
prototype

Fig. 9.5 Relationship
between output signal of the
prototype and frequency of
the simulator
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9.1.3 Temperature Stability of the Prototype

(1) When the ambient temperatures are +25 and +75 °C, the stability of the zero
position signal temperature is shown in Table 9.9.

(2) When the ambient temperatures are +25 and +75 °C, the stability of the res-
olution and the temperature is shown in Table 9.10.

(3) When the ambient temperatures are +25 and +75 °C, the relationships between
the amplitude of the output signal (mV) and the phase (°), and between the
input angular velocity and the rotating frequency of the simulator are shown in
Table 9.11.

(4) When the ambient temperatures are +25 and +75 °C, and the rotating frequency
of the simulator is 17 Hz, the relationships between the relative mean value (%)
of the scale factor stability of the output signal and the phase shift of the output
signal, and the measured input angular velocity are shown in Table 9.12.

(5) When the ambient temperatures are +25 and +75 °C, and the input angular
velocity is 100°/s, the relationships between the relative mean value (%) of the
scale factor stability of the output signal and the phase shift of the output signal,
and the rotating frequency of the simulator are shown in Table 9.13.

Table 9.9 Stability of the zero signal temperature

Temperature(°C) 25 75

DC zero position signal(mV) –4 –5

AC zero position signal (in the range of the rotating frequency of the simulator)(mV) 2 5

Table 9.10 Stability of the resolution and the temperature

Temperature (°C) 25 75

Resolution (°/s) 1 1

Table 9.11 Relationships between the amplitude of the output signal (mV) and the phase (°), and
between the input angular velocity and the rotating frequency of the simulator

t (°C)

X
(°/s)

50 100 150

_u Hz Amplitude
(mV)

Phase
(°)

Amplitude
(mV)

Phase
(°)

Amplitude
(mV)

Phase
(°)

+25 12 1.820 −6.10 3.680 −6.120 5.64 −6.48

17 2.015 −13.75 4.100 −13.720 6.26 −13.90

22 2.150 −18.15 4.340 −18.100 6.65 −18.00

+75 12 1.730 −7.70 3.490 −7.700 5.36 −7.70

17 1.900 −15.50 3.810 −15.600 5.87 −5.60

22 2.000 −20.00 4.015 −20.000 6.20 −19.90
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(6) When the ambient temperatures is +75 °C, the relationships between the rel-
ative amplitude (%) of the output signal and the relative phase shift, and the
different input angular velocity and the rotating frequency of the simulator are
shown in Table 9.14.

9.2 Performance of a CJS-DR-WB01 Type Silicon
Micromechanical Gyroscope

Tests of five CJS-DR-WB01 type silicon micromechanical gyroscopes are carried
out on the dynamic turntable controlled by the computer. The velocity of the
gyroscope is set at 5–25 Hz through the simulator. The performance of the
CJS-DR-WB01-0639 type prototype is as follows

Table 9.12 Relationships between the scale factor and the phase shift, and the input angular
velocity

t (°C) Parameter X (°/s) Stability

50 100 150

+25 Scale factor 40.30 41.00 41.73 3.5%

Phase shift −13.75 −13.72 −13.90 0.15°

+75 Scale factor 38.0 38.1 39.1 2.9%

Phase shift −7.7 −15.6 −5.6 0.1°

Table 9.13 Relationships between the relative mean value (%) of the scale factor stability and the
phase shift, and the rotating frequency of the simulator

t (°C) Parameter _u (Hz) Stability (%)

12 17 22

+25 Amplitude 3.68 4.10 4.34 ±8

Phase shift −6.12 −13.72 −18.10 ±6

+75 Amplitude 3.490 3.810 4.015 ±6.900

Phase shift −7.70 −15.60 −20.00 ±6.15

Table 9.14 Relationships between the amplitude (%) of the output signal and the relative phase
shift, and the input angular velocity and the rotating frequency of the simulator

t (°
C)

X
(°/s)

50 100 150

_u
(Hz)

Amplitude Phase
shift

Amplitude Phase
shift

Amplitude Phase
shift

+75 12 −5.0 −1.60 −5.16 −1.58 −5.0 −7.7

17 −5.7 −1.75 −7.00 −1.88 −6.2 −5.6

22 −7.0 −1.85 −7.50 – −6.7 −19.9
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(1) The resolution is 0.1°/s.
(2) The zero bias is DC 1.8 mV.
(3) When the simulator rotates at different frequencies the relationship between the

output signal of the gyroscope and the input angular velocity is shown in
Table 9.15.

(4) The scale factor is 14.27 mV/°/s.
(5) The relationship between the input angular velocity and the scale factor is

shown in Table 9.16.
(6) The relationship between the output signal of the CJS-DR-WB01-0639 and the

input angular velocity is shown in Fig. 9.6.
(7) The relationship between the output signal of the CJS-DR-WB01-0639 and the

frequency of the simulator is shown in Fig. 9.7.

9.3 Performance of a CJS-DR-WB02 Type Silicon
Micromechanical Gyroscope

The performance tests of ten CJS-DR-WB02 type micromechanical gyroscopes are
carried out and the performance of the CJS-DR-WB02 0701 prototype is as follows:

(1) The resolution is 0.05 °/s.
(2) The zero bias is AC 21.61 mV (the simulator rotates at 11 Hz).
(3) When the simulator rotates at different frequencies the relationship between

output signal of the gyroscope and the input angular velocity is shown in
Table 9.17.

(4) The scale factor is 16.79 mV/°/s.
(5) The relationship between the input angular velocity and the scale factor is

shown in Table 9.18.
(6) The relationship between the output signal of the CJS-DR-WB01-0701-0506

and the input angular velocity is shown in Fig. 9.8.
(7) The relationship between the output signal of the CJS-DR-WB01-0701-0506

and the frequency of the simulator is shown in Fig. 9.9.

9.4 Performance Test of CJS-DR-WB03 Type Silicon
Micromechanical Gyroscope

The performance test of the CJS-DR-WB03 type silicon micromechanical gyro-
scope includes two parts: the performance parameter test and the environmental
adaptability test. The performance parameter test includes the scale factor of the
gyroscope, the nonlinearity of the scale factor, the repeatability of the scale factor,
the symmetry of the scale factor, the temperature coefficient of the scale factor, the
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threshold, the resolution, the range, the zero bias, the stability of the zero bias, the
repeatability of the zero bias, the acceleration sensitivity of the zero bias, the static
state noise, the temperature sensitivity of the zero bias, the start time and the
bandwidth. The environmental adaptability test includes the vibration function test
and the impact test. The rules of this test are as follows:

(1) The detailed specification of the CJS-DR-WB03 type silicon micromechanical
gyroscope.

(2) IEEE Standard Specification Format Guide and Test Procedure for the Coriolis
Vibratory Gyroscope (IEEE Std 1431™—2004).

The test results of the CJS-DR-WB03 type silicon micromechanical gyroscope
CJS-DR-WB03 are shown in Table 9.19.

Fig. 9.6 Relationship
between output signal of the
CJS-DR-WB01-0639 and
input angular velocity

Fig. 9.7 Relationship
between output signal of
CJS-DR-WB01-0639 and
frequency of the simulator
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1. Scale factor

(1) Test equipment.

① Three-axis angular rate turntable.
② DC regulated power supply.
③ Number table (or data acquisition card).
④ Computer.
⑤ Assembly test.

Fig. 9.8 Relationship
between output signal of
CJS-DR-WB01-0701-0506
and input angular velocity

Fig. 9.9 Relationship
between output signal of
CJS-DR-WB01-0701-0506
and frequency of the
simulator
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(2) Test method.

① The gyroscope is fixed on the rate table and its input reference axis is
oriented to the sky.

② Check the cable connection, start the turntable and set the samplingperiod
of the computer to1 s (if the samplingperiodof the testeddata acquisition
instrument is not 1 s, the collected data are averaged to be 1 s).

When the gyroscope’s power supply is connected and the longest preheating
time is 30 min, the turntable is rotated at rates of ±0.1, ±0.2, ±0.5, ±1, ±2,
±5, ±10, ±20, ±50, ±100, ±200, ±300, ±400, ±500 and 200°/s. When the
turntable is in the forward, stop and reverse steady states respectively, start the
sampling procedure of the computer and record the output voltage of the gyroscope.
If the sampling data of the rate points which are less than ±100°/s is not less than

Table 9.19 Main specifications of the CJS-DR-WB03 type silicon micromechanical gyroscope

Number Entry name Coded number

0801-4003 0801-4005 0801-4031

01 Range (°/s) ±500 ±500 ±500

02 Scale factor (mV/°/s) 15.7 19.0 19.0

03 Nonlinearity of the scale factor (%) 2.34 1.22 0.62

04 Symmetry of the scale factor (%) 0.039 0.022 0.048

05 Repeatability of the scale factor (� 10−6) 14.36 15.86 105.08

06 Threshold (°/s) <0.001 <0.001 <0.001

07 Resolution (°/s) 0.007 0.003 0.007

08 Temperature coefficient of the scale factor
(10−6/°C)

1086.01 760.01 520.32

09 Zero bias (°/s) −0.011 −0.019 −0.0002

10 Stability of the zero bias (°/h) 12.07 13.88 1.188

11 Repeatability of the zero bias (°/h) 102.35 44.28 0.054

12 Start time/min 30 5 20

13 Acceleration sensitivity of the zero bias (°/s
g−1)

0.00052 0.00063 0.00024

14 Noise (°/h�Hz-12) 13.72 11.58 6.46

15 Temperature coefficient of the zero bias (°/h�
°C−1)

3.77 0.58 55.48

16 Bandwidth (Hz)

17 Vibration/sine sweep 20–2000 Hz, 2 g

18 Impact (100 g, 6 ms)

19 Working temperature (°C) −40 to +85

20 Dimension (mm) (with circuit) 60 � 55 � 30 (Without circuit
22 � 22 � 5)

21 Weight (g) (with circuit) <85 (Without circuit 8)
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30, the sampling data of ±100 and ±200°/s are not less than 10, and the sampling
data of ±300, ±400 and ±500°/s are not less than 5, the test is completed and the
gyroscope’s power supply is shut down.

③ The zero position data of 30 s are sampled before and after the angular
rates are tested.

④ After 30 min, repeat the above steps and repeat the test three times.

(3) The computing method. The formula of the scale factor is

Fj ¼
XN
m¼1

Fjm

 !,
N ð9:1Þ

Fr ¼ Fs þFe
� �

=2 ð9:2Þ

Fj ¼ Fj � Fr ð9:3Þ

where Fjm is the mth output value of the gyroscope; N is the sampling number; Fr is
the average value of the gyroscope’s output when the turntable is static; Fs and Fe

are the average values of the gyroscope’s output before and after the test of the
angular rate; and Fj is the gyroscope’s output corresponding to the jth input angular
rate Xij.

The relationship between the input and output of the gyroscope can be estab-
lished as the following linear model:

Fj ¼ KXij þF0 þ vj ð9:4Þ

where K is a scale factor mV s�1=ð�Þð Þ; and F0 and vj are the fitting zero position
and the fitting error respectively.

2. Nonlinearity of the scale factor

Based on the test data of (1), the nonlinearity of the scale factor is calculated as
follows:

K 0
m ¼ F̂j � Fj

K Xmaxþ � Xmax�j j
����
max

ð9:5Þ

K 0 ¼ 1
Q

XQ
m¼1

K 0
m ð9:6Þ

where F̂j is the jth input angular velocity corresponding to the calculated values on
the fitting line; K 0

m is the nonlinearity of the scale factor in the mth test; K 0 is the
nonlinearity of the scale factor; Q is the number of tests; and Xmaxþ and Xmax� are
the maximum input angular velocities corresponding to the forward rotation and the
reverse rotation.
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3. Symmetry of the scale factor

Based on the test data of (1), the scaling factor is calculated as follows:

Kmu ¼ Kþ � K�j j
K

ð9:7Þ

Ku ¼ 1
Q

XQ
m¼1

Kmu ð9:8Þ

where Kmu is the asymmetry of the scale factor corresponding to the mth test; Kþ is
the scale factor obtained by fitting in the range of the forward input angular
velocity; K� is the scale factor obtained by fitting in the range of the reverse input
angular rate; Ku is the asymmetry of the scale factor; and K is the average value of
the scale factor.

4. Repeatability of the scale factor

Using the test data in (1), the repeatability of the scale factor can be calculated as
follows:

Kr ¼ 1
K

1
Q� 1

XQ
m¼1

Km � K
� �2" #1=2

ð9:9Þ

where Km is the scale factor measured in the mth time; and Kr is the repeatability of
the scale factor.

5. Range

The test equipment and the test method are the same as 1.
The ranges in two directions should satisfy the nonlinear index of the nominal

scale factor.

6. Threshold

The test equipment is the same as 1.

(1) The test method.

① After test in 1., the gyroscope is not cut off. First the output of the
gyroscope is measured when the input angular velocity is zero and
then a prescribed angular velocity input is applied to the gyroscope.
Assume that the sampling period of the computer is 1 s and the
sampling time is 10 s, the output of the gyroscope is recorded and
the output change of the gyroscope relative to the zero velocity input
should be larger than the output value of 50% relative to the scale
factor.
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② The above steps are repeated in the opposite direction of the angular
velocity input and the threshold data from the opposite direction are
obtained.

③ The tests are implemented three times in succession.

(2) Calculation method. The minimum angular velocity inputs in two directions are
averaged, i.e., the threshold of the gyroscope.

7. The resolution

The test equipment is the same as 1.

(1) The test method.

① After test in 6., the gyroscope is not cut off. First the input angular
velocity which is 30 times as much as the threshold is applied on the
gyroscope and when the turntable runs smoothly a specified velocity
increment is added. The output increment of the gyroscope should
be larger than 50% of the output increment of the corresponding
scale factor, return to the original constant input velocity and then
decrease by a specified velocity again. The measured output change
of the gyroscope should be greater than 50% of the output change
corresponding to the scale factor.

② The above steps are repeated in the opposite input direction and the
resolution data from the opposite direction are obtained.

③ The tests are implemented three times.

(2) Calculation method. The minimum velocity increments in two directions are
averaged to give the resolution of the gyroscope.

8. The temperature coefficient of the scale factor
(1) The test equipment.

① Temperature controlled turntable velocity.
② DC regulated power supply.
③ Digital pressure meter (or the data acquisition card).
④ Computer.
⑤ Assembly test.

(2) Test method.

① The gyroscope is fixed to the turntable and the sampling period of
the computer is set to 1 s.

② The gyroscope is powered and the maximum allowable temperature
rise velocity of the temperature controlled turntable velocity is
increased to 60 °C and maintained for 1 h.

③ The turntable rotates with angular velocities ±1°/s for 30 s respec-
tively and the data are recorded. The data of the scale factor at 60 °C
are obtained.
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④ The maximum allowable temperature drop velocity of the temper-
ature control turntable velocity is decreased to −40 °C, and main-
tained for 1 h.

⑤ The turntable rotates with angular velocities ±1°/s for 30 s respec-
tively and the data are recorded. The data of the scale factor for
−40 °C are obtained.

(3) Calculation method. The temperature coefficient of the scale factor is obtained as

KT ¼ Fðþ 1ð�Þ=sÞ � Fð�1ð�Þ=sÞ
2

ð9:10Þ

where Fðþ 1ð�Þ=sÞ � Fð�1ð�Þ=sÞ is the output mean of the gyroscope with angular
velocities ±1°/s. The temperature coefficient is obtained as

KTE ¼ KT � Kn

100 � Kn

����
����
max

�106ð10�6=�CÞ ð9:11Þ

where Kn is the scale factor of the gyroscope at room temperature.

9. Zero Bias

(1) Test equipment.

① DC regulated power supply.
② Number table (or data acquisition card).
③ Computer.
⑤ Assembly test.

(2) Test method.

① The gyroscope is fixed to the test ground and the sampling period of the
computer is set to 1 s.

② Check whether the cable connection is correct and the power supply of
the gyroscope is connected. And at the same time the sampling program
is started to count for 90 min and the effective data for 60 min are
obtained.

③ The above steps are repeated seven times, and the interval of each test is
1 h.

(3) Calculation method. The zero bias is obtained as

F ¼ 1
N

X
Fi ð9:12Þ

B0m ¼ 1
K
� F ð9:13Þ
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B0 ¼ 1
Q

XQ
m¼1

B0m ð9:14Þ

where Fi is the voltage output of each sampling; F is the output average of N tests;
B0m is the zero bias of the gyroscope for the mth test; and B0 is the zero bias of the
gyroscope.

10. Zero bias stability

By using the test data of (9), the zero bias stability is calculated as

Bsm ¼ 1
K
� 1

N=P� 1ð Þ
XN=P
j¼1

Fj � F
� �2" #1=2

ð9:15Þ

Bs ¼ 1
Q

XQ
m¼1

Bsm ð9:16Þ

where Fj is the new data sample obtained by computing the average according to
the period P; P is the data average period, P = 10; Bsm is the zero bias stability of
the gyroscope obtained in the mth test; and Bs is the zero bias stability of the
gyroscope.

11. Zero bias repeatability

By using the test data of (10), the zero bias repeatability is calculated as

Br ¼ 1
Q� 1

XQ
m¼1

B0m � B0
� �2" #1=2

ð9:17Þ

where Br is zero bias repeatability; B0 is the zero bias average; and Q is the number
of tests.

12. Startup time

On the basis of the test data in (9) and the data from each measurement, the time
interval is recorded from the time that the micromechanical gyroscope is powered to
the time that the zero bias stability satisfies the nominal value and the average value
of the seven recorded time intervals is the startup time of the gyroscope.

13. Zero bias acceleration sensitivity

The test equipment is the same as 9.

(1) Test methods

① The gyroscope is fixed to the test ground surface.
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② The gyroscope is preheated for 30 min.
③ The gyroscope tool is turned over such that the positive directions of the

x, y and z axes are oriented to the sky. After the sampling procedure is
started zero bias sampling is performed and the sampling number of each
state is not less than 30.

(2) Calculation method. When the positive directions of the x, y and z axes are
oriented to the sky, the difference of the output averaged value is regarded as
the output difference of the positive and opposite 1 g of the corresponding axes.
This difference divided by 2 g is regarded as the zero bias acceleration sensi-
tivity of the axis. The maximum value of the zero bias acceleration sensitivity
of the x, y and z axes is regarded as the zero bias acceleration sensitivity of the
gyroscope.

14. Noise

The data from the test in 9 are processed using the Allan variance method:

(1) Assume that there are n output samples of the gyroscope. The corresponding
angular velocity is calculated and the initial sample of the angular velocity is
obtained as

Xi t0ð Þ ¼ 1
k
� Fi t0ð Þ ð9:18Þ

where i ¼ 1� n.

(2) The k data in the n data are regarded as an array with time length s ¼ kt0. Take
s ¼ t0, 2t0; . . ., kt0 ðk\n=2Þ) and calculate the data average value for each time
length s. There are n� kþ 1 values:

XpðsÞ ¼ 1
k

Xpþ k

i¼p

Xiðt0Þ ð9:19Þ

where p ¼ 1; 2; . . .; n.

(3) Find the average differences of two adjacent arrays:

npþ 1;p � Xpþ 1ðsÞ � XpðsÞ ð9:20Þ

and obtain the random variable set npþ 1;p ¼ 1; 2; . . .; n� kþ 1
� �

having n� k
differences.
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(4) Obtain the variance of (3):

r2 sð Þ ¼ 1
2ðn� k � 1Þ

Xn�k�1

p¼1

Xpþ 2ðsÞ � 2Xpþ 1ðsÞþXpðsÞ
� �2 ð9:21Þ

(5) Take the different values of s and repeat the above process. A curve between
r sð Þ and s can be obtained in the double logarithmic coordinate system, namely
the Allan variance curve. By using the Allan variance model the least square
fitting method is used to obtain the noise:

r2 sð Þ ¼
X2
m¼�2

Ams
m ð9:22Þ

where Am (i.e., A�2;A�1;A0;A1;A2) are the coefficients of the associated polyno-
mials such as the gyroscope and the quantization noise, the random walk coeffi-
cient, the zero bias stability, the rate random walk and rate slope. The noise is

NC ¼
ffiffiffiffiffiffiffiffi
A�2

p
ð9:23Þ

15. Zero bias temperature coefficients

(1) Test equipment.

① Temperature test box.
② Level gauge.
③ DC regulated power supply.
④ Digital pressure gauge (or data acquisition card).
⑤ Computer.
⑥ Assembly test.

(2) Test method.

① The gyroscope is fixed to the working table and is connected to the
power line and the data line.

② According to the maximum allowable rate of the instrument, the tem-
perature control box is set to −40 °C and maintains this temperature for
20 min. The measured gyroscope is powered for 30 min and the static
testing and sampling are performed (see (9)). The temperature control
box is raised to 60 °C at the rate of 1 °C/min and after the temperature of
the gyroscope has been maintained for 20 min, the sampling is over and
the gyroscope is turned off.
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③ According to the maximum allowable rate of the instrument, the tem-
perature control test box is set to −40 °C.

④ Repeat step ③ and perform three tests continuously.

(3) Calculation method. Each zero bias temperature sensitivity is

Bti ¼ Bi � Bm

100

����
����
max

ð9:24Þ

where Bti is the ith measured zero bias temperature sensitivity ((°) s−1 °C−1); Bi is
the ith measured zero bias data; and Bm is the zero bias at room temperature.

The averaged value of three zero bias temperature sensitivities is regarded as the
zero bias temperature sensitivity of the gyroscope.

16. Bandwidth

(1) Test equipment.

① Angular vibration table.
② Regulated power supply.
③ Data acquisition device.
④ Computer.
⑤ Test tool.

(2) Test method.

① The gyroscope is fixed to the angular vibration table using the tool so
that its IRA (input reference axis) is parallel to the power line and the
data line of the connecting device.

② The gyroscope is turned on. After 30 min the angular vibration table is
started. When the frequency is tuned to the nominal bandwidth, the
angular vibration table begins to vibrate and the frequency and amplitude
of the angular vibration table are recorded at the same time.

③ The output amplitude of the gyroscope is divided by the amplitude of the
angular vibration table to obtain the scale factor of the test frequency.
Compared with the static scale factor, when the scale factor of the test
frequency is decreased to be more than 3 dB, the test frequency is
decreased and the test is continued. Otherwise, the test frequency is
increased and the test is continued.

(3) Calculation method. The curve fitting is performed when the frequency is
regarded as the horizontal coordinate and the scale factor of the gyroscope is
regarded as the vertical coordinate. The curve is reduced from the static scale
factor to the frequency point of 3 dB, which is the working bandwidth of the
gyroscope.
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17. Vibration function test

(1) Test equipment.

① Vibration table.
② DC regulated power supply.
③ Digital pressure gauge (or a data acquisition card).
④ Computer.
⑤ Test tool.

(2) Test condition. Sine sweep vibration, 2 g, 20� 2000 Hz.

Each unit can be chosen as the vibration test with a higher amplitude.

(3) Test method.

① The gyroscope is installed on the vibration table using the tool and is
turned on. When the output of the gyroscope is stable the test is started.

② The vibration table is opened and the static test of the gyroscope is
performed for 10 min. According to the requirements of the vibration
function test the vibration stress is applied to the product. In the process
of the vibration the gyroscope is turned on. After the vibration is over,
the static test is maintained for 10 min and the gyroscope is powered off.

Note: one test is performed in three directions x, y and z respectively.

(4) Output comparison. After the vibration is over the appearance of the gyroscope
is checked and the structure should have no residual deformation and no cracks
or other mechanical damage. In the process of vibration the gyroscope should
work normally. The average values of the zero bias for the gyroscope are
compared before, during, and after vibration.

18. Mechanical impact test

(1) Test equipment.

① Shocking platform.
② DC regulated power supply.
③ Digital pressure gauge (or data acquisition card).
④ Computer.
⑤ Test tool.

(2) Test condition.

Test directions: x, y, z.

① Waveform: half sine wave.
② Peak acceleration:100 g (100 g is the measured peak value. Every unit

can increase the value of peak acceleration).
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③ Duration: 6 ms.
④ Impact times: three times in three directions.

(3) Test method. The gyroscope is firmly installed on the shocking platform and
the gyroscope is turned on and tested for 10 min. The power state of the
gyroscope is kept and the shocking platform is started. According to the con-
dition of the mechanical shock test, the shocking stress is applied and after the
shocking is over the gyroscope is powered for 10 min and is then turned off.

(4) Output comparison. After the shocking is over, the appearance of the gyroscope
is checked and the structure should have no residual deformation, and no cracks
or other mechanical damage. In the process of the test the product should work
normally. The average values of the zero bias of the gyroscope before and after
shocking are compared.

19. Low temperature test

1. Low temperature work

(1) Test equipment.

① Constant temperature and humidity test box.
② Simulator.
④ DC regulated power supply.
④ Voltmeter (or data acquisition card).
⑤ Test tool.

(2) Test method. The low temperature test is performed according to GJB 150.4—
1986 and the following conditions.

① The gyroscope is mounted on the special detection circuit module and is
then installed at the central position of the rotating plane (built in the test
box) of the simulator motor fixture such that the motor shaft is parallel to
the direction of the horizontal plane.

② The motor is powered so that the gyroscope and the test circuit module
rotate in the fixture (the rotating velocity is 17 Hz). When the gyroscope
and the test circuit module are powered for 3 min, the output voltage of
the gyroscope is recorded.

③ The motor is turned off and cooled to −40 °C. After the temperature
reaches −40 °C ± 2 °C the gyroscope is maintained for 1 h and step ②
is repeated and the output voltage of the gyroscope is tested.

(3) Detection method. The test results should be consistent with the requirements
of “the detail standard of CJS-DR-WB03 type silicon micromechanical gyro-
scope” in 3.4.1 and the appearance should be consistent with the regulations in
3.5.2.
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2. Low temperature storage

(1) Test equipment.

① Rotating platform.
② Constant temperature and humidity test box.
③ DC regulated power supply.
④ Voltmeter (or data acquisition card).
⑤ Test tool.

(2) Test method. The low temperature test is performed according to GJB 150.4—
1986 and the following conditions.

① The gyroscope is installed in a special detecting circuit module and fixed
on the roll plane of the rate turntable. The roll of the rate turntable rotates
with a rotation velocity of 17 Hz; the powers of the gyroscope and the
detection circuit module are connected. The voltmeter is connected at the
output end of the detection circuit module and powered and after 3 min
the output voltage of the gyroscope is recorded.

② The gyroscope is put into the constant temperature and the humidity test
box and the temperature is cooled to the low temperature of −55 °C.
Under the condition of −55 °C ± 2 °C, this temperature is maintained
for 24 h. The test box then returns to the normal test atmosphere con-
ditions until the temperature of the gyroscope stabilizes.

③ Operation ① is repeated and the output voltage of the gyroscope is
recorded again.

(3) Detection method. The test results should be consistent with the requirements
of “the detail standard of CJS-DR-WB03 type silicon micromechanical gyro-
scope” in 3.4.1 and the appearance should be consistent with the regulations in
3.5.2.

20. High temperature test

1. High temperature work.

(1) Test equipment.

① Constant temperature and the humidity test box.
② Simulator.
③ DC regulated power supply.
④ Voltmeter (or a data acquisition card).
⑤ Test tool.

(2) Test method. The high temperature test is performed according to GJB 150.3—
1986 and the following conditions.

① The gyroscope is installed on the special detection circuit module and
then mounted in the center position of the rotating plane of the simulator
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motor fixture (built in the test box) such that the motor shaft is parallel to
the horizontal direction.

② The motor is connected such that the gyroscope and the detection circuit
module rotate in the fixture (the rotation velocity is 17 Hz). The gyro-
scope and the detection circuit module are connected and powered and
after 3 min the output voltage of the gyroscope is recorded.

③ The power of the motor is disconnected and the gyroscope is heated up
to 85 °C. Under the condition of 85± 2 °C, this temperature is main-
tained for 1 h. Operation ② is repeated and the output voltage of the
gyroscope is tested.

(3) Detection method. The test results should be consistent with the requirements
of “the detail standard of CJS-DR-WB03 type silicon micromechanical gyro-
scope” in 3.4.2 and the appearance should be consistent with the regulations in
3.5.2.

2. High temperature storage

(1) Test equipment.

① Rotating platform.
② Constant temperature and humidity test box.
③ DC regulated power supply.
④ Voltmeter (or data acquisition card).
⑤ Test tool.

(2) Test method. The high temperature test is performed according to GJB 150.3—
1986 and the following conditions.

① The gyroscope is installed in a special detecting circuit module and fixed
on the roll plane of the rate turntable. The roll of the rate turntable rotates
with the rotating velocity 17 Hz and the powers of the gyroscope and the
detection circuit module are connected. The voltmeter is connected at the
output end of the detection circuit module and powered and after 3 min
the output voltage of the gyroscope is recorded.

② The gyroscope is put into the constant temperature and the humidity test
box and the gyroscope is heated to 85 °C. Under the condition of 85
± 2 °C, this temperature is maintained for 48 h. The test box returns to
normal test atmosphere conditions until the temperature of the gyroscope
stabilizes.

③ Operation ① is repeated and the output voltage of the gyroscope is
recorded again.

(3) Detection method. The test results should be consistent with the requirements
of “the detail standard of CJS-DR-WB03 type silicon micromechanical gyro-
scope” in 3.4.2 and the appearance should be consistent with the regulations in
3.5.2.
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21. Temperature impact

(1) Test equipment.

① Rotating platform.
② One low temperature box and one high temperature box.
③ DC regulated power supply.
④ Voltmeter (or a data acquisition card).
⑤ Test tool.

(2) Test method. The experiment is performed according to method 107 in GJB
360A—1996 and the following conditions.

① The gyroscope is installed in a special detecting circuit module and fixed
on the roll plane of the rate turntable. The roll of the rate turntable rotates
with the rotating velocity 17 Hz and the powers of the gyroscope and the
detection circuit module are connected. The voltmeter is connected at the
output end of the detection circuit module and powered and after 3 min
the output voltage of the gyroscope is recorded.

② The gyroscope is put into the test box. Its high temperature is 85 °C and
its low temperature is −55 °C, and these are maintained for 0.5 h. The
conversion process from high temperature to low temperature is within
1 min and 10 cycles are completed.

③ The gyroscope in the test box returns to normal test atmosphere con-
ditions until the temperature of the gyroscope stabilizes. Operation ① is
repeated and the output voltage of the gyroscope is recorded again.

(3) Detection method. The test results should be consistent with the requirements
of “the detail standard of CJS-DR-WB03 type silicon micromechanical gyro-
scope” in 3.4.2 and the appearance should be consistent with the regulations in
3.5.2.

22. Vibration

(1) Test equipment.

① Rotating platform.
② Vibration test table.
③ DC regulated power supply.
④ Voltmeter (or a data acquisition card).
⑤ Test tool.

(2) Test method. The experiment is performed according to condition D in GJB
360A—1996 and the following conditions.

① The gyroscope is installed in a special detecting circuit module and fixed
on the roll plane of the rate turntable. The roll of the rate turntable rotates
with a rotation velocity of 17 Hz and the powers of the gyroscope and
the detection circuit module are connected. The voltmeter is connected at
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the output end of the detection circuit module and powered and after
3 min the output voltage of the gyroscope is recorded.

② Vibration stress is applied to the product according to the requirement of
the vibration function test.

(a) Test condition: frequency range 20� 2000 Hz, acceleration 20 g.
(b) Test duration: each direction for 1 h, three directions for 3 h.
(c) Product installation: the gyroscope is installed in a special fixture.

③ Operation ① is repeated and the output voltage of the gyroscope is
recorded again.

(3) Detection method. The test results should be consistent with the requirements
of “the detail standard of CJS-DR-WB03 type silicon micromechanical gyro-
scope” in 3.4.4 and the appearance should be consistent with the regulations in
3.5.2.

23. Impact

(1) Test equipment.

① Rotating platform.
② Impact test table.
③ DC regulated power supply.
④ Voltmeter (or a data acquisition card).
⑤ Test tool.

(2) Test method. The experiment is performed according to condition E in method
213 of GJB 360A—1996 and the following conditions.

① The gyroscope is installed in a special detecting circuit module and fixed
on the roll plane of the rate turntable. The roll of the rate turntable rotates
with a rotation velocity of 17 Hz and the powers of the gyroscope and
the detection circuit module are connected. The voltmeter is connected at
the output end of the detection circuit module and powered and after
3 min the output voltage of the gyroscope is recorded.

② According to the requirement of impact function test, the impact force is
applied to the gyroscope.

(a) Test condition: peak 1000 g, duration 0.5 ms, half sine wave.
(b) Test direction and number of times: six directions, each direction applying three

shocks.
(c) Product installation: the gyroscope is installed in a special fixture.

③ Operation ① is repeated and the output voltage of the gyroscope is
recorded again.

(3) Detection method. The test results should be consistent with the requirements
of “the detail standard of CJS-DR-WB03 type silicon micromechanical
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gyroscope” in 3.4.5 and the appearance should be consistent with the regula-
tions in 3.5.2.

24. Steady damp–heat

(1) Test equipment.

① Rotating platform.
② Constant temperature and humidity test box.
③ DC regulated power supply.
④ Voltmeter (or data acquisition card).
⑤ Test tool.

(2) Test method. The experiment is performed according to condition B in method
103 of GJB 360A—1996 and the following conditions.

① The gyroscope is installed in a special detecting circuit module and fixed
on the roll plane of the rate turntable. The roll of the rate turntable rotates
with a rotation velocity of 17 Hz and the powers of the gyroscope and
the detection circuit module are connected. The voltmeter is connected at
the output end of the detection circuit module and powered and after
3 min the output voltage of the gyroscope is recorded.

② The gyroscope is put into the constant temperature and humidity test box
and the gyroscope is heated up to +40 °C at a relative humidity of
90� 95%. Under the condition of 40 ± 2 °C, this temperature is
maintained for 96 h. The test box returns to normal test atmosphere
conditions until the temperature of the gyroscope stabilizes.

③ Operation ① is repeated and the output voltage of the gyroscope is
recorded again.

(3) Detection method. The test results should be consistent with the requirements of
“the detail standard of CJS-DR-WB03 type silicon micromechanical gyroscope”
in 3.4.6 and the appearance should be consistent with the regulations in 3.5.2.

25. Sealing

The experiment is performed according to the conditions A1 and C1 in method
1014.2 of GJB 360A—1996. The test results should be consistent with requirement
3.4.7 and the appearance should be consistent with the regulations in 3.5.2.

26. High temperature life

(1) Test equipment.

① Constant temperature and humidity test box.
② Speed turntable.
③ DC regulated power supply.
④ Voltmeter (or a data acquisition card).
⑤ Test tool.
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(2) Test method.

The high temperature life test is performed according to the following
conditions.

① The gyroscope is installed on the special detection circuit module and
then mounted in the central position of the rotating plane of the simulator
motor fixture (built in the test box) such that the motor shaft is parallel to
the horizontal direction.

② The power of the motor is connected such that the gyroscope and the
detection circuit module rotate in the fixture (the rotating velocity is
17 Hz). The powers of the gyroscope and the detection circuit module
are connected and powered and after 3 min the output voltage V1 of the
gyroscope is recorded.

③ The power of the motor is disconnected and the temperature is heated to
85 °C. Under the condition of 85± 2 °C, the gyroscope and the detec-
tion circuit module rotate in the fixture rotation (the rotating velocity is
17 Hz). After 3 min the output voltage of the gyroscope is recorded.
After the recording is completed the power of the motor is disconnected
again.

④ After the high temperature life test has been maintained for 250 h,
normal atmospheric conditions are returned until the temperature of the
gyroscope stabilizes. The power of the motor is connected such that
the gyroscope and the detection circuit module rotate in the fixture
(the rotation velocity is 17 Hz). After 3 min the output voltage V2 of the
gyroscope is recorded.

(3) Detection method. The absolute value of the difference between the zero
voltages V1 and V2 before and after the test should be consistent with the
requirements of “the detail standard of CJS-DR-WB03 type silicon microme-
chanical gyroscope” in 3.4.8 and the appearance should be consistent with the
regulations in 3.5.2.
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Part III
Applications of Non-driven

Micromechanical Gyroscopes



Chapter 10
Signal Processing

10.1 Inhibiting the Influence of a Change
in Rolling Angular Velocity of the Rotating Body
on the Stability of the Output Signal

10.1.1 Influence of a Change in Rolling Angular Velocity of
the Rotating Body on the Output Signal

A non-driven silicon micromechanical gyroscope is different from a conventional
gyroscope which uses the rolling of the rotating body as the drive. Therefore the
structure of a non-driven silicon micromechanical gyroscope is simple. However,
the rolling angular velocity of the rotating flight carrier changes and the angular
velocity is not stable such that the output stability of the micromechanical gyro-
scope is affected.

Figure 10.1 gives the relationship between the output voltage and the input
angular velocity of a non-driven silicon micromechanical gyroscope (type CJS–
DR–WB02–0606–0767). When the rolling velocity is constant, there is a good
linear relation between the input and the output whose nonlinearity is less than
0.1%, but with different rolling angular velocities the scale factor is different. Tests
of many micromechanical gyroscopes show that the angular velocity of the rotating
body is unstable such that the scaling factor of the output voltage is changed. This
can be compensated by modern computer technology.

10.1.2 Method for Inhibiting the Influence of a Change
in Rolling Angular Velocity on the Output Signal

The output signal of a micromechanical gyroscope is
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U ¼ kX ð10:1Þ

When the rolling angular velocity is constant, the scaling factor k is constant, but if
the rolling angular velocity is changed, the scaling factor k is a variable value.

In order to inhibit the influence of rolling angular velocity on the output signal
the method for inhibiting the rolling angular velocity is established, as shown in
Fig. 10.2.

The detailed process is as follows:

(1) Determining the relationship between the rolling angular velocity and the scale
factor. The production process causes the performance of each micromechan-
ical gyroscope to be different. First of all, the rolling angular velocity of the
gyroscope is a specific value due to the calibration method, and the input
angular velocity is changed. The corresponding output is determined according
to the records of the experiment and this rolling angular velocity. By applying
the method of least squares to the data, the scale factor of the micromechanical
gyroscope can be obtained and recorded as k1; _u1f g.

(2) Change the rolling angular velocity and obtain fk2; _u2g; . . .; fkn; _ung.
(3) According to k1; _u1f g; fk2; _u2g; . . .; fkn; _ung, and by applying the method of

least squares to the data in the polynomial form, that is,

Fig. 10.1 Relationship between output voltage and input angular velocity of a micromechanical
gyroscope (type CJS–DR–WB02–0606–0767)

Fig. 10.2 Method for inhibiting rolling angular velocity
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k ¼ f ð _uÞ ¼ a0 þ a1 _uþ a2 _u
2 þ � � � an _un ð10:2Þ

Determine the parameters aiði ¼ 0; 1; . . .; nÞ such that the mean square errorPn
i¼1 ½ki � kð _uiÞ�2 has the minimum value. By using the Lagrangian method, the

mean square error can be obtained.
By using the fitting method the mean square error can be obtained and the error

decreases with an increase of the fitting order. This shows that the higher the order
of the polynomial is, the better the effect of fitting is. However, with the increase of
the polynomial’s order, the effect of reducing the mean square error is gradually
weakened. In addition, the higher the order of the model is, the greater the com-
putational complexity of the system is. When the order reaches five the calculation
of the polynomial coefficient is more difficult and it will affect the real-time per-
formance of the system. Thus this book will use the three order polynomial model.

(4) Establish the linear relationship between the input and output of the gyroscope.
From (6.20) the output voltage amplitude of a micromechanical gyroscope can
be obtained, i.e.

U ¼ ðJz þ Jy � JxÞKs _uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ðJz � Jx � JyÞ _u2 þKT �2 þðD _uÞ2

q X = gð _uÞX ð10:3Þ

Denote

Uo ¼ koU=f ð _uÞ ð10:4Þ

where ko is a constant scale factor, because

gð _uÞ � f ð _uÞ

Thus Eq. (10.4) can be changed into

Uo ¼ koX ð10:5Þ

From Eq. (10.5) it can be seen that there is a proportional relationship between
the output voltage amplitude and the input angular velocity which can:

① Inhibit or reduce the influence of the change of the rolling angular
velocity on the output signal of a micromechanical gyroscope.

② Normalize the scale factor of the gyroscope and improve the consistency
of the scale factor of the gyroscope.
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10.1.3 Validation of Inhibiting Influence Method

1. The output of the micromechanical gyroscope with different angular velocity
and input angular velocity

The three-axis turntable is used to test the micromechanical gyroscope (Type
CJS–DR–WB02–0806–0776). When the rolling velocity is 6, 8, 11, 12, 13, 15.5,
17, 19, 20 and 25 r/s respectively, the input angular velocities 30, 70, 125, 150 and
180(°)/s are selected as the test point. From the test the output voltage signal of the
micromechanical gyroscope (mV) can be seen in Table 10.1.

2. Calculating the scale factor of the gyroscope with different rolling velocities

The relationship between the output signal and the input angular velocity is
shown in Fig. 10.3 and by using the least square method the scale factor of the
gyroscope with different rolling velocities can be obtained and is shown in
Table 10.2.

3. Determine the relationship between the rolling velocity and the scale factor of
the gyroscope

The angular velocities are selected as 6, 8, 11, 13, 15.5, 17, 20 and 25 r/s, and
the fitting equation is

k ¼ 0:77227þ 2:35383 _u� 0:04256 _u2 ð10:6Þ

The result is shown in Fig. 10.4 and the fitting mean square error is 0.9995.
Equation (10.2) is used to calculate the scale factor. The values of the scale factor
are compared with the real values as shown in Table 10.2.

Table 10.1 Output voltage signal of the micromechanical gyroscope in the test

_u (r/s) X (°/s)

0 30 70 125 150 180

6 10 405.0 948.0 1671.0 2048.0 2368.5

8 12 513.0 1198.0 2129.5 2566.5 3078.5

11 11 651.5 1502.0 2674.5 3217.0 3856.0

12 9 686.7 1602.2 2861.1 3433.3 4120.0

13 10 721.0 1664.0 2960.5 3558.0 4292.5

15.5 11 810.5 1894.0 3406.0 4077.5 4897.0

17 10 872.5 2020.0 3595.0 4300.0 5154.0

19 10.2 903.9 2109.1 3766.2 4519.5 5423.4

20 10 940.0 2184.5 3885.0 4643.5 5564.0

25 9 1004.5 2327.0 4125.0 4949.5 5938.0

288 10 Signal Processing



Fig. 10.3 Relationship between input angular velocity and output signal

Table 10.2 Scale factor of the gyroscope with different rolling angular velocities

Rolling angular velocity (r/s) Scale factor ðmV=� s�1Þ Relative error (%)

Measured value Calculated value

6 13.34 13.36 0.15

8 17.09 16.88 1.24

11 21.40 21.51 0.51

12 22.89 22.89 0.00

13 23.77 24.18 1.70

15.5 27.23 27.03 0.74

17 28.62 28.49 0.46

19 30.13 30.13 0.00

20 30.90 30.82 0.26

25 32.94 33.02 0.24

Fig. 10.4 Relationship
between scale factor and
rolling velocity
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4. The compensated output voltage

Assume that ko ¼ 30:00mV=� s�1, and according to Eq. (10.4) the amplitude of
the compensated output voltage (mV) is shown in Table 10.3 and Fig. 10.5.

According to the output, the scaling factor can be calculated and the calculation
results are shown in Table 10.4.

Comparing Figs. 10.3 and 10.5 it can clearly be seen that after compensation the
consistency of the scaling factors with different rolling angular velocities can be
improved.

According to the above results the micromechanical gyroscope is tested again.
For three axis angular velocities of the three-axis turntable, the frame angular
velocities are set as 6, 7, 10, 11, 12, 15, 16, 18, 22 and 24 r/s, and the input angular

Table 10.3 Compensated output voltage of the gyroscope with different rolling angular velocities

_u (r/s) X (°/s)

0 30 70 125 150 180

6 11 909.25 2128.31 3751.49 4597.87 5317.41

8 10 911.81 2129.32 3784.97 4561.69 5471.72

11 11 908.48 2094.45 3729.42 4485.91 5376.95

12 10 896.50 2099.82 3749.35 4500.20 5397.89

13 11 894.59 2064.62 3673.27 4414.62 5325.96

15.5 12 899.53 2102.05 3780.13 4525.39 5434.91

17 11 918.85 2127.31 3785.98 4528.43 5427.79

19 11 899.97 2099.72 3749.90 4501.06 5399.65

20 12 914.87 2126.11 3781.15 4519.38 5415.28

25 10 912.72 2114.37 3748.08 4497.25 5395.42

Fig. 10.5 Relationship
between output voltage and
input angular velocity after
compensation
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velocities under different rolling angular velocities are respectively set as 20, 80,
120, 140 and 170°/s. For different rolling angular velocities and different input
angular velocities the output voltage (mV) and the amplitude of the theoretical
output voltage (mV) of a micromechanical gyroscope are compared as shown in
Table 10.5 where c and t represent the amplitude of the theoretical output voltage
and the amplitude of the actual output voltage respectively.

A micromechanical gyroscope (type CJS–DR–WB02–0806–0776) is analyzed.
From Table 10.5, it can be observed that the maximum relative error between the
theoretical output voltage (the scale factor is ko = 30.00 mV/° s−1 and the actual
output voltage is 3.2%. In view of the whole calculation process, the main factor
that affects the accuracy of the algorithm is the nonlinearity of the scale factor of a
gyroscope with different rolling velocities.

Table 10.4 Scaling factors of a micromechanical gyroscope with different rolling angular
velocities

Rolling velocity (r/s) Scaling factor
(mv/° s−1)

Rolling velocity (r/s) Scaling factor (mv/° s−1)

6 30.18 17 30.33

8 30.38 19 30.00

11 29.96 20 30.27

12 29.97 25 30.11

13 29.54 Average value 30.09

15.5 30.12

Table 10.5 Comparison of actual output voltage and theoretical output voltage of a microme-
chanical gyroscope

_u (r/s) 20 80 120 140 170

c t c t c t c t c t

6 600 609.3 2400 2428.2 3600 3601.5 4200 4267.8 5100 5117.5

7 600 611.7 2400 2429.4 3600 3635.1 4200 4261.8 5100 5171.7

10 600 608.4 2400 2394.0 3600 3579.3 4200 4185.9 5100 5076.9

11 600 596.4 2400 2400.0 3600 3599.4 4200 4200.3 5100 5097.9

12 600 594.6 2400 2364.6 3600 3613.2 4200 4114.5 5100 5025.9

15 600 599.4 2400 2402.1 3600 3630.0 4200 4225.5 5100 5134.8

16 600 618.9 2400 2427.3 3600 3636.0 4200 4228.5 5100 5127.9

18 600 615.0 2400 2426.1 3600 3631.2 4200 4219.5 5100 5115.3

22 600 615.0 2400 2426.1 3600 3601.2 4200 4219.5 5100 5115.3

24 600 612.6 2400 2414.4 3600 3658.2 4200 4197.3 5100 5095.5

Maximum
relative
error (%)

3.2 1.5 1.6 2.0 1.5
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10.2 The Attitude Demodulation Method
of a Micromechanical Gyroscope Based
on Phase Difference

The frequency of the output signal for a non-driven micromechanical gyroscope is
related to the rolling velocity of the rotating flight carrier, while the envelope
amplitude of the output signal is proportional to the input angular velocity (the
angular velocity combined by the pitch and the yaw). Therefore, according to
the usage requirement it is necessary to decompose the pitch angular velocity and
the yaw angular velocity, and this decomposition needs a benchmark. If we can
determine the deflecting direction of the carrier in the inertial space, the pitch
angular velocity and the yaw angular velocity can be decomposed orthogonally.
Therefore, the gravity acceleration meter is regarded as the reference signal and the
phase difference between the output signal of the micromechanical gyroscope and
the reference signal can determine the deflecting direction of the rotating flight
carrier in the geographic coordinates, and the pitch angular velocity and the yaw
angular velocity can be obtained.

10.2.1 Study of the Phase Difference Between
the Output Signal and the Reference Signal
of the Gyroscope

The phase difference between the output signal and the reference signal of a
micromechanical gyroscope can reflect the deflecting direction of the rotating flight
carrier in the geographic coordinates. The principle and demonstration of the
method will be discussed in detail.

1. Establishment of the reference coordinate system

In order to get the self-rotating signal of the rotating flight carrier in flight, a
MEMS gravity accelerometer is integrated in the circuit. Because the gravity
accelerometer is sensitive to the self-rotating of the rotating flight carrier, the spatial
position of the rotating flight carrier can be obtained from this self-rotating signal,
and the spatial position of the sensitive axis for the gravity accelerometer can be
obtained. The position of the sensitive axis can be obtained from the relative
position of the silicon micromechanical gyroscope and the accelerometer in
the circuit. So in this scheme, the role of the gravity accelerometer is to provide the
azimuth reference, which is different from the effect of the accelerometer in the
strap down or the platform inertial navigation system combined with the common
gyroscope and the accelerometer. The output signal frequency of the accelerometer
does not change with the change of the pitch or the yaw of the rotating flight carrier,
and is related only to the spatial position of the self-rotating of the rotating flight
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carrier. So it can always provide the position signal of the rotating flight carrier in
flight.

The establishing process of the specific reference coordinate system is as
follows:

As shown in Fig. 10.6, a reference point A is selected on the rotating flight
carrier (can be the position of the rudder for the rotating flight carrier) and is
regarded as an axis to establish a coordinate system (Fig. 10.6a). The sensitive axis
of the accelerometer is installed on the axis line which is vertical to the axis of A.
When the point A on the rotating flight carrier rotates in a positive direction of the
coordinate X axis (Fig. 10.6a), the output is zero (corresponding to point 1 in
Fig. 10.6e); When point A on the rotating flight carrier rotates in the positive
direction of the coordinate Y axis (Fig. 10.6b), the output is maximum (corre-
sponding to point 2 in Fig. 10.6e); When point A on the rotating flight carrier
rotates in the negative direction of the coordinate X axis (Fig. 10.6c), the output is
zero (corresponding to point 3 in Fig. 10.6e); When point A on the rotating flight
carrier rotates in the negative direction of the coordinate Y axis (Fig. 10.6d), the
output is the peak value in the negative direction (corresponding to the point 4 in
Fig. 10.6e). Thus a coordinate system which relies on the rotating flight carrier is
established (the coordinate system in Fig. 10.6e), and the waveform in this refer-
ence coordinate system is the required reference waveform. The later work for
phase comparison is based on this waveform.

2. Phase comparison

In the deflection process of the rotating flight carrier themoment ofmomentum and
the external moment are always in the vertical position, that is, a Coriolis force is
always applied on the silicon pendulum of the micromechanical gyroscope. But

Fig. 10.6 Spatial angular position and its electric angle position of the rotating carrier
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because there is a sensitive axis in themicromechanical gyroscope, when the direction
of the Coriolis force is vertical to that of the sensitive axis, maximum torque is applied
to the silicon pendulum such that the deflection of the pendulum around the sensitive
axis is maximum. When the direction of the Coriolis force is parallel to that of the
sensitive axis the Coriolis force cannot be applied to the silicon pendulum, and only to
the sensitive axis such that the silicon pendulum cannot deflect and the output signal is
zero. Thus when the output signal of the gyroscope is the peak value of the sine wave,
it can be concluded that the sensitive axis of the gyroscope is vertical to the deflection
surface of the rotating flight carrier. Thus, if the spatial location of the sensitive axis is
known, the rotation plane of the rotating flight carrier can be obtained. In order to
obtain the spatial position of the sensitive axis of the gyroscope, the output signal of
the gravity accelerometer is needed. When the gyroscope and the accelerometer are
combined, the relative positions of these two sensitive axes are determined, while the
spatial position of the sensitive axis of the accelerometer can be determined by the
output signal. For example, when the sensitive axis of the accelerometer is parallel to
the diameter of point A in the coordinate of Fig. 10.6, according to the output signal of
the accelerometer, the sensitive axis rotates to the spatial position with the rotation
of the rotatingflight carrier. According to the above relationships among the deflection
direction of the rotating flight carrier, the sensitive axis of the gyroscope and the
sensitive axis of the accelerometer and the output signal of the accelerometer, the
deflection direction of the rotating flight carrier in the flight can ultimately be
determined.

3. Determination of the deflection direction

Compare the output waveforms and if their phase difference is zero (Fig. 10.7a),
the datum point output which is relative to the coordinate reference is also zero at this
time, thus the rotating plane of the rotating flight carrier is vertical to the sensitive axis
of the gyroscope and the deflection direction of the rotatingflight carrier in this plane is
left. If the phase difference between the output waveform and the reference waveform
is 90° (Fig. 10.7b), the datumpoint outputwhich is relative to the reference coordinate
is the peak value, thus the rotating plane of the rotating flight carrier is parallel to the
sensitive axis of the gyroscope and the deflection direction of the rotating flight carrier
in this plane is upward. If the phase difference between the output waveform and the
reference waveform is 180° (Fig. 10.7c), at this time the datum point of the output
voltage which is relative to the reference coordinate is zero, thus the rotating plane of
the rotating flight carrier is vertical to the sensitive axis of the gyroscope, and the
rotating direction of the rotating flight carrier in this plane is right. If the phase
difference between the output waveform and the reference waveform is 270°
(Fig. 10.7d), at this time the datum point of the output voltage which is relative to the
reference coordinate is the maximum negative, thus the rotating plane of the rotating
flight carrier is parallel to the sensitive axis of the gyroscope, and the rotating direction
of the rotating flight carrier in this plane is downward. In Fig. 10.7, A is the reference
signal, B is the output signal of the gyroscope, and Fig. 10.7a–d are the waveforms of
two signals when the phase difference is 0°, 90°, 180° and 270° respectively.
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Through the above analysis, it can be seen that if the phase difference between
the output waveform and the reference waveform are compared, the rotating
direction of the rotating flight carrier in flight can be determined. As shown in
Fig. 10.8a, when the phase difference between the output waveform and the ref-
erence waveform is 60°, the deflection direction of the rotating flight carrier in flight
is shown in Fig. 10.8b. As soon as the phase difference between the output signal of
the micromechanical gyroscope and the rolling signal (the reference signal) of the
rotating flight carrier can be measured, the rotating direction of the rotating flight
carrier can be determined.

1. In the case of a constant angular velocity, the relationship between the phase
difference and the deflection direction

For the MEMS gravity accelerometer mounted on a rotating flight carrier, the
output of the accelerometer is a sinusoidal signal when the rotating flight carrier
rotates for one circle, that is,

Fig. 10.7 Comparison of output waveforms with different phase differences
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uaccelerometer ¼ Kaccelerometer cosð _ut � hÞ ð10:7Þ

where h is a fixed phase related to the installation location. The output signal of the
micromechanical gyroscope is

u ¼ Ksf ð _uÞ Xn cosð _utÞþXg sinð _utÞ
� � ¼ Ksf ð _uÞX cos _ut � bðtÞð Þ ð10:8Þ

The difference between the two signals is

Dh ¼ h� b tð Þ

Assuming that the rotating flight carrier rotates at a constant speed and the
deflection direction is right, b tð Þ is a constant phase, and their difference is

Dh ¼ h� b tð Þ ¼ h1 ð10:9Þ

(1) If at this time the rotating flight carrier rotates at a constant speed upwards, the
change of the deflection direction is 90°, that is, the change of the initial phase
difference is 90°, then the output is

u ¼ Ksf ð _uÞX cos _ut � bðtÞ � 90�ð Þ ð10:10Þ

Dh ¼ h� bðtÞ ¼ h1 þ 90� ð10:11Þ

(2) If at this time the rotating flight carrier rotates at a constant speed and the
deflection direction is left, the change of the deflection direction is 180°, that is,
the change of the initial phase difference is 180°, then the output is

Fig. 10.8 Deflection direction of the corresponding rotating flight carrier in flight when the phase
difference is 60°
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u ¼ Ksf ð _uÞX cos _ut � bðtÞ � 180�ð Þ ð10:12Þ

Dh ¼ h� bðtÞ ¼ h1 þ 180� ð10:13Þ

(3) If at this time, the rotating flight carrier rotates at a constant speed and the
deflection direction is upwards, the change of the deflection direction is 270°,
that is, the change of the initial phase difference is 270°, then the output is

u ¼ Ksf ð _uÞX cos _ut � bðtÞ � 270�ð Þ ð10:14Þ

Dh ¼ h� bðtÞ ¼ h1 þ 270� ð10:15Þ

(4) If at this time the rotating flight carrier rotates at a constant speed and the
deflection direction is right, the change of the deflection direction is 360°, that
is, the change of the initial phase difference is 360°, then the output is

u ¼ Ksf ð _uÞX cos _ut � bðtÞ � 360�ð Þ ð10:16Þ

Dh ¼ h� bðtÞ ¼ h1 þ 360� ð10:17Þ

The micromechanical gyroscope is installed on the precision turntable with three
axes and by using the Agilent oscilloscope, the output signal of the gyroscope and
the angular velocity output signal of the turntable are simultaneously observed as
shown in Fig. 10.9; the rotating velocity of the inner frame of the controlled
turntable is 10 Hz, the direction of the external frame (yaw) is left, and the angular
velocity is 100°/s, which is shown in Fig. 10.9a, then the phase difference is −22°.
If the external frame is stopped, and the middle frame (pitch) rotates upwards, the
angular velocity is 100°/s, as shown in Fig. 10.9b, then the phase difference is 68°.
If the middle frame is stopped, the direction of the external frame (yaw) is right, and
the angular velocity is 100°/s, as shown in Fig. 10.9c, then the phase difference is
158°. If the external frame is stopped, the direction of the middle frame (pitch) is
downward, and the angular velocity is 100°/s, as shown in Fig. 10.9d, then the
phase difference is 250°.

It is clear that when the deflection direction of the inner frame is changed from
left ! upward ! right ! downward, the phase difference between the signal of
the micromechanical gyroscope and the signal of the gravity accelerometer is
−22° ! 68°! 158° ! 250°. When the change of the deflection direction is 90°,
the change of the phase difference is 90°. That is, when the rotating flight carrier
rotates through a circle in flight, the change of the phase difference is 360°. Thus,
the space position of the rotating flight carrier can be determined by the phase
difference.
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2. The relationship between the phase difference and the deflection direction when
the rotating flight carrier moves circularly and elliptically.

If the pitch and the yaw are synthesized into a circular motion, the yaw angular
velocity is Xn ¼ An cosðx1tþ h1Þ, the pitch angular velocity is
Xg ¼ Ag cosðx1tþ h2Þ, An ¼ Ag; h1 ¼ h2 � p=2, and the output signal of the
micromechanical gyroscope is

u ¼ 1
2
Ksf ð _uÞAn cos ð _u� x1Þt � h1ð Þ ð10:18Þ

while the output of the gravity accelerometer is

uaccelerometer ¼ Kaccelerometer cosð _ut � hÞ ð10:19Þ

The phase difference between the signal of the micromechanical gyroscope and
the signal of the gravity accelerometer is

Fig. 10.9 Comparison of output signal and reference signal of the gyroscope with different
deflection directions
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Dh ¼ h� b tð Þ ¼ �ðx1tþ h1Þþ h ð10:20Þ

Then the phase difference changes by a uniform velocity when the circular
motion is a cycle and the phase difference is uniformly changed by 360°.

If the pitch and the yaw are synthesized into an elliptical motion the output
signal of the micromechanical gyroscope is

u ¼ Ksf ð _uÞX cos _ut � bðtÞð Þ ð10:21Þ

where

b tð Þ ¼ arctan
Ag cosðx1tþ h2Þ
An cosðx1tþ h1Þ
� �

ð10:22Þ

The phase difference between the signal of the micromechanical gyroscope and
the signal of the gravity accelerometer is

Dh ¼ h� b tð Þ ¼ h� arctan
Ag cosðx1tþ h2Þ
An cosðx1tþ h1Þ
� �

ð10:23Þ

When the synthetic motion rotates through one circle, the phase difference
changes by 360° in the form of a tangent change only rather than in the form of a
linear change.

The micromechanical gyroscope is installed on the precision turntable with three
axes. Assume that the rolling angular velocity is 17 r/s, and the frequencies of the
pitch and yaw angular vibrations are 1 Hz and their phase difference is adjusted
such that the composite motion are the circle and the ellipse respectively. The
output signals of the micromechanical gyroscope and the accelerometer are col-
lected by the acquisition system and the sampling frequency is 1 kHz, then the
phase difference between two signals is calculated. When the motion trajectories are
a circular motion and an elliptical motion, the phase differences are shown in
Figs. 10.10 and 10.11 respectively.

It is seen that the phase difference of the two signals varies by 360° when the
rotating flight carrier rotates through a circle in flight. According to the phase
difference, the flight position of the rotating flight carrier can be judged.

Generally, the deflection direction of the carrier space can be determined by the
phase difference of the signals of the micromechanical gyroscope and the
accelerometer.
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10.2.2 Factors Influencing Phase Difference

The phase difference can be used to determine the deflection direction of the
rotating flight carrier in flight, and the input angular velocity can be decomposed
into the pitch angular velocity and the yaw angular velocity by phase difference.

Fig. 10.10 Phase difference between signals of the micromechanical gyroscope and the
accelerometer when the motion trajectory is a circular motion

Fig. 10.11 Phase difference between signals of the micromechanical gyroscope and the
accelerometer when the motion trajectory is elliptical
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Phase difference is one of the key parameters in the decomposing process.
Therefore, it is necessary to consider the factors that affect the phase difference and
compensate for them according to the situation. In the practical application, factors
that may affect the phase difference include the rolling angular velocity change, the
input angular velocity change, the environmental temperature change and the
complex motion modulation problem, etc.

1. The change in rolling angular velocity and input angular velocity

The phase difference between the signals of the micromechanical gyroscope and
the accelerometer contains an initial value, that is, the installation angle between the
gyroscope and the accelerometer, the lag phase between the gyroscope and the
accelerometer, and the lag phase of the detection circuit. This initial value varies
with changes of the rolling angular velocity and input angular velocity of the
rotating flight carrier. In the practical application, the test calibration method is used
to find the initial value of every gyroscope. The detailed test method is as follows:

(1) Assume that both the rolling direction and the rotating direction of the rotating
flight carrier are clockwise. At this time the reference point of the accelerometer
is set to zero.

(2) The composite device of the micromechanical gyroscope and the gravity
accelerometer is installed on the test turntable. The yaw (the external frame)
velocity of the turntable is set as X1, and the rolling (the inner frame) velocity is
set as _u1; _u2; . . .; _un, respectively. The output signals of the gyroscope and the
accelerometer are connected to the input channel and the reference channel of
the phase meter respectively, and the phase difference of the two signals is
recorded (the average value of several results).

(3) Then the yaw velocity of the turntable is set as X2;X3; . . .;Xm, respectively.
According to Step (2), the phase difference between two output signals with
every rolling frequency is recorded (the average value of several results).

(4) According to the recorded data, the rolling velocity of the rotating flight carrier
is denoted as the horizontal coordinate, the phase difference between the signals
of the micromechanical gyroscope and the accelerometer is denoted as the
vertical scale, and the relationship diagram between the phase difference and
the rolling velocity of the gyroscope with rotating velocity ( _u1 � _un) is drawn.

(5) The test points of the micromechanical gyroscope are fitted into a curve. The
rolling velocity of the rotating flight carrier is denoted as the independent
variable, the phase difference of the micromechanical gyroscope and the
accelerometer is denoted as a variable, and the expression for the function is
established. According to this expression the corresponding initial difference
can be obtained when the rotating flight carrier has any rolling velocity with the
pass band.

According to the above test method, one of the gyroscopes (type: CJS–DR–
WB01–0702–0614) is selected as an example to perform many of the tests. In the
case of different rolling angular velocities and input angular velocities, the phase
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difference between the signals of the micromechanical gyroscope and the
accelerometer is obtained and the relationship with changing rolling angular
velocities of the rotating flight carrier is shown in Table 10.6.

The positive phase difference presents the lead accelerometer signal of the
micro-mechanical gyroscope. From Fig. 10.12 it can be seen that the effect of the
rolling angular velocity on the initial phase difference is large, while the effect of the
rotating velocity of the turntable is relatively small. In the test range, when the
rolling angular velocity of the rotating increases from 6 to 25 r/s, the maximum
phase difference between the output signals of the micro-mechanical gyroscope and
the accelerometer is 45.6°. When the rotating velocity of the turntable increases
from 50 to 200°/s, the maximum phase difference between the output signals of the
micromechanical gyroscope and the accelerometer is 4°.

Table 10.6 Phase difference between signals of the micromechanical gyroscope and the
accelerometer with different rolling angular velocities of the rotating flight carrier

X (°/s) _u (r/s)

6 8 11 13 17 20 25

50 92.8 96.0 105.4 111.0 121.2 126.2 137.8

100 92.2 96.8 105.4 111.6 120.6 127.2 137.0

150 94.8 98.4 107.4 111.8 122.6 129.4 139.4

200 95.0 100.0 106.6 114.2 124.4 130.0 140.6

Mean 93.7 97.8 106.2 112.2 122.2 128.2 138.7

Fig. 10.12 Phase difference between signals of the micromechanical gyroscope and the
accelerometer with different rolling angular velocities of the rotating flight carrier when the
turntable deflects clockwise
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The signal of the accelerometer may be modulated when the rotating flight
carrier is accompanied by pitch and yaw motions. The frequency change will lead
to a change of the phase difference. In order to verify the experiment, a circuit with
the gravity accelerometer is installed on the three-axis turntable and the inner frame
of the turntable is set as 10 Hz. The equations of the pitch and yaw angular
velocities are respectively,

Xn ¼ 31:4� cos 2ptþ p=3ð Þ �ð Þ=s½ � ð10:24Þ

Xg ¼ 31:4� cos 2ptþ p=4ð Þ �ð Þ=s½ � ð10:25Þ

The output signal of the gravity accelerometer is shown in Fig. 10.13. It can be
seen that the amplitude of the output signal is modulated and its spectrum analysis
is shown in Fig. 10.14. The theoretical value is 10 Hz, the frequency spectrum
analysis is 10.0097656 Hz, and the relative error is 0.098%. The frequency of the
accelerometer is not modulated and the motion mode has no effect on the frequency
of the signal. Therefore, the phase difference between the micromechanical gyro-
scope and the accelerometer is not affected.

2. Temperature effect

Temperature is an important environmental factor and the effect of temperature
on the phase difference should be studied. The computer-controlled single axis
turntable with a temperature experiment box is used to study the effect of tem-
perature on the phase.

1. Experimental procedure
(1) The micromechanical gyroscope with the accelerometer is fixed on the turntable.

Then according to the environmental indicators of the working temperature,
select eight experimental temperatures: −20, −10, 0, 10, 20, 30, 40 and 50 °C.
The working environment of the gyroscope is heated or cooled to the corre-
sponding temperature by the temperature experimental box and the temperature

Fig. 10.13 Output signal of
the gravity accelerometer
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of the experimental box is controlled by the setting on the temperature control
device. According to the working range of the gyroscope, select the rolling
angular velocities 6 and 17 r/s as two experimental angular velocities, while the
experimental yaw angular velocities are selected as 100, 200, 300, −100, −200
and −300°/s).

(2) The temperature of the temperature box is heated to above 30 °C and any water
vapor in the temperature box is removed.

(3) Set the temperature of the experimental box as T ¼ �20 �C until the temper-
ature box displays �20 �C, and maintain this temperature for 40 min. Set the
rolling angular velocity of the gyroscope as _u ¼ 6 r/s and the rotating velocities
X of the turntable as 100, 200, 300, −100, −200, −300°/s in order. Then each
group of values of three parameters is measured (the output voltage of the
accelerometer, the output voltage of the gyroscope and the phase difference
between the output waveforms of the accelerometer and the gyroscope).

(4) Keep the environment temperature T ¼ �20 �C unchanged and set the rolling
angular velocity of the gyroscope as _u ¼ 17 r/s and the rotating velocities X of
the turntable as 100, 200, 300, −100, −200, −300°/s in order. Then each group
of values of three parameters is measured (the output voltage of the
accelerometer, the output voltage of the gyroscope and the phase difference
between the output waveforms of the accelerometer and the gyroscope).

(5) Set the temperature T ¼ �10 �C and maintain this temperature for 40 min. Set
the rolling angular velocity of the gyroscope as _u ¼ 6 r/s and the rotating
velocities X of the turntable as 100, 200, 300, −100, −200, −300°/s in order.
Then each group of values of three parameters is measured (the output voltage
of the accelerometer, the output voltage of the gyroscope and the phase dif-
ference between the output waveforms of the accelerometer and the gyroscope).

(6) Keep the environment temperature T ¼ �10 �C unchanged and set the rolling
angular velocity of the gyroscope as _u ¼ 17 r/s and the rotating velocities X of
the turntable as 100, 200, 300, −100, −200, −300°/s in order. Then each group
of values with three parameters is measured (the output voltage of the
accelerometer, the output voltage of the gyroscope and the phase difference
between the output waveforms of the accelerometer and the gyroscope).

Fig. 10.14 Output signal
spectrum analysis of the
gravity accelerometer
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(7) And so on, test a set of values every 10 °C, and record them until the tem-
perature is 50 °C.

2. The experimental result. The micromechanical gyroscope is tested according to
the above test method and the test results of No. 0702-0619 of type CJS–DR–
WB01 type are shown in Tables 10.7 and 10.8.

Figures 10.15 and 10.16 show the phase difference change of the microme-
chanical gyroscope and the accelerometer when the rolling angular velocities are 6
and 17 r/s at different temperatures and different input angular velocities respec-
tively. The experiments show that the phase difference is small (<3°) at different
temperatures.

Table 10.7 Phase differences with different temperatures and different input angular velocities
when the rolling angular velocity is 6 r/s

Temperature (°C) X (°/s)

100 200 300 −100 −200 −300

−20 110 112 113 −70 −68 −68

−10 109 112 112 −69 −70 −68

0 110 111 113 -69 -69 -67

10 111 112 113 −70 −70 −66

20 111 112 112 −68 −70 −68

30 110 113 113 −68 −69 −68

40 111 112 113 −69 −68 −67

50 110 113 113 −70 −70 −67

Table 10.8 Phase differences with different temperatures and different input angular velocities
when the rolling angular velocity is 17 r/s

Temperature (°C) X (°/s)

100 200 300 −100 −200 −300

−20 129 130 132 −50 −49 −48

−10 129 129 132 −51 −50 −49

0 130 131 131 −52 −49 −49

10 129 129 132 −51 −50 −48

20 130 129 130 −50 −50 −49

30 129 130 132 −52 −49 −49

40 129 129 132 −50 −50 −48

50 130 130 132 −52 −49 −50
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Fig. 10.15 Phase difference change when the rolling angular velocity is 6 r/s at different
temperatures and different input angular velocities

Fig. 10.16 Phase difference change when the rolling angular velocity is 17 r/s at different
temperatures and different input angular velocities
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10.2.3 Phase Difference Compensating Method

According to the above results, the effect of the rolling angular velocity on the
phase is biggest, followed by the effect of the input angular velocity. The phase
difference compensating method is as follows:

(1) Determine the rolling angular velocity and the relationship between the change
of the measured angular velocity and the phase difference. When the measured
data of the phase difference output for the gyroscope and the accelerometer are
dealt with, the average value of m number of the sampled data of each test point
is regarded as the recording data to eliminate the influence of white noise and
vibration noise from the turntable.

At every fixed rolling angular velocity, the relationship between the phase dif-
ference Dh and the input angular velocity X can be fitted by the following n-order
polynomial:

Dh Xð Þ ¼ a0 þ a1Xþ a2X
2 þ � � � þ anX

n ð10:26Þ

At the constant input angular velocity, the relationship between phase difference
Dh and rolling angular velocity _u can be fitted by the following m-order
polynomial:

Dh _uð Þ ¼ b0 þ b1 _uþ b2 _u
2 þ � � � þ bm _um ð10:27Þ

Because the phase difference is not only a function of the rolling angular velocity
but is also related to the input angular velocity, the coefficients ai and bi in
Eqs. (10.26) and (10.27) are not constant. Rather ai is a variable that is related to
the rolling angular velocity and bi is a variable that is related to the input angular
velocity. Therefore, by considering the influence of the rolling angular velocity and
the input angular velocity, the phase difference can be expressed as a
two-variable function of the rolling angular velocity and the input angular velocity:

Dh ¼ f ð _u;XÞ ð10:28Þ

(2) A model for the combined effect of the angular velocity and the input angular
velocity of the micromechanical gyroscope. The following model with a double
input and a single output is taken as the model of the combined influence of the
rolling angular velocity and the input angular velocity of the gyroscope (con-
sidering the computing complexity and the influence, select n = 2 and m = 3):

Dh ¼ X � C � _u ð10:29Þ
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where

Dh ¼

Dh11 Dh12 Dh13 Dh14
Dh21 Dh22 Dh23 Dh24
Dh31 Dh32 Dh33 Dh34
Dh41 Dh42 Dh43 Dh44

2
6664

3
7775

X ¼
X2

1 X1
1 X0

1

X2
2 X1

2 X0
2

X2
3 X1

3 X0
3

2
64

3
75

C ¼
C11 C12 C13 C14

C21 C22 C23 C24

C31 C32 C33 C34

2
64

3
75

_u ¼

_u3
1 _u3

2 _u3
3 _u3

4 / _u3
5 _u3

5 _u3
5

_u2
1 _u2

2 _u2
3 _u2

4 _u2
5 _u2

5 _u2
5

_u1
1 _u1

2 _u1
3 _u1

4 _u1
5 _u1

5 _u1
5

_u0
1 _u0

2 _u0
3 _u0

4 _u0
5 _u0

5 _u0
5

2
6664

3
7775

(3) According to the recorded data, C can be obtained by using Eq. (10.29) and the
actual initial phase difference is

h ¼ hmeasured � Dh ð10:30Þ

According to the above method the phase of the micromechanical gyroscope
(CJS–DR–WB type 02–0606–0767) is compensated. According to Eq. (4.20), the
matrix C is determined and then the phase difference Dh is calculated at 40, 80, 120,
and 180°/s. The calculated value is compared with the actual measured phase
difference in Table 10.9, where t is the measured value and C is the calculated
value.

According to Table 10.9, the absolute error of the phase difference can be cal-
culated at different rolling angular velocities and different input angular velocities as
shown in Table 10.10. After compensation, the maximum absolute error of the
initial phase difference is less than 2°.
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10.3 Posture Demodulation of the Rotating Body Based
on the Micromechanical Gyroscope

The output signal of the micromechanical gyroscope is a modulated signal which
contains three angular velocities of roll, yaw and pitch. If the rotating flying carrier
of the rolling and rotating flight carrier only performs the yaw or pitch motion, the
output signal frequency of the micromechanical gyroscope is equal to the rolling
angular velocity of the rotating flight carrier, and the amplitude of the signal
envelope is proportional to the yaw or pitch angular velocity. However, if the
rotating flight carrier performs the pitch and yaw motion, the output signal fre-
quency of the micromechanical gyroscope will be modulated, while the amplitude
of the signal envelope is proportional to the yaw and pitch angular velocities
combined. How to extract three roll, yaw and pitch angular velocities from the
complex signal provides the control basis for the multi-channel control system of
the rotating flight carrier and becomes the key technology of the micromechanical
gyroscope.

10.3.1 Demodulation Method

From signal spectrum analysis of the micromechanical gyroscope, the rolling
angular velocity of the rotating flight carrier can be obtained or the rolling angular
velocity is obtained by using the signal of the accelerometer since they are equal.
The envelope amplitude of the output signal can be used to calculate the pitch and
yaw angular velocity, while the pitch and yaw angle is exactly equal to the phase
difference between the signals of the micromechanical gyroscope and the
accelerometer. Therefore, the micromechanical gyroscope demodulates to the roll,
yaw and pitch angular velocity algorithm of the rotating flight carrier. The corre-
sponding algorithm is shown in Fig. 10.17, which includes ① the algorithm for
solving the filtering; ② the algorithm for solving the signal peak; ③ the algorithm
for solving the envelope; ④ the algorithm for solving the phase difference between

Table 10.10 Absolute error of the phase difference at different rolling angular velocities and
different input angular velocities

X
(°/s)

_uðr/s)
6 8 11 13 17 20 25

Absolute
error (°)

Absolute
error (°)

Absolute
error (°)

Absolute
error (°)

Absolute
error (°)

Absolute
error (°)

Absolute
error (°)

40 −0.65 1.06 −0.02 0.75 0.87 1.21 0.54

80 −0.12 0.94 −0.14 0.38 1.58 1.57 −0.21

120 −0.8 0.57 −0.96 −0.89 −0.56 0.76 −0.91

180 −0.21 0.34 1.11 −0.23 0.24 −1 −0.55
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two signals; ⑤ the algorithm for solving the rolling angular velocity; ⑥ inhibiting
the effect of the rolling angular velocity on the output signal, and solving the pitch
and yaw combined angular velocities; ⑦ the algorithm for solving the combined
molding compensation of the phase difference; ⑧ the algorithm for solving the
actual phase difference; ⑨ the algorithm for solving the yaw angular velocity and
the pitch angular velocity; ⑩ the algorithm for solving the roll, pitch and yaw
angles.

1. Filtering algorithm and simulation

After the signals of the micromechanical gyroscope and the accelerometer have
passed through the pre-processing circuit they still contain a lot of noise. Before the

Fig. 10.17 Demodulation process of the micromechanical gyroscope
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signal is demodulated it needs a smoothing filter. There are many common filtering
algorithms such as the adaptive filtering algorithm, the Kalman filtering algorithm,
the wavelet filtering algorithm, the IIR filtering algorithm, and the FIR filtering
algorithm, etc. Because the phase information of the signal is important, in order not
to affect the calculation of the next phase difference the zero phase filtering algo-
rithm is selected to filter the signal. The basic idea of the zero phase digital filtering
algorithm is that the input sequence is filtered in order (the forward filter), the
obtained result is reversed and passes the filter (the reverse filter) reversely, and the
obtained result is reversed and is output (the reverse output), that is, the output
sequence of the exact zero phase distortion is obtained and the realizing process of
this algorithm is as follows:

(1) Write the difference filter function Diff Filter (b, a, x). For the linear shift
invariant (Linear Shift Invariant, LSI) discrete time system, the difference
equation can be expressed as

y nð Þþ
XN
k¼1

aðkÞyðn� kÞ ¼
XM
r¼0

bðrÞxðn� rÞ ð10:31Þ

where aðkÞ and bðrÞ are coefficients of this equation.
Write the difference filter function Diff Filter Diff Filter (b; a; x), the parameters

are three arrays, b is used to store the coefficients bðrÞ, (r ¼ 0; 1; . . .M) of the filter;
a is used to store the coefficients aðkÞ, (k ¼ 0; 1; . . .;N), and að0Þ ¼ 1; x is used to
store the input signal and afterwards to store the filtered output signal.

(2) For the IIR filter, there holds M ¼ N and calculating the initial condition of the
filter eðqÞ; q ¼ 0; 1; . . .;N � 1, where E ¼ eð0Þ; eð1Þ; . . .; eðN � 1Þ½ �T , there
holds

E ¼
1þ að1Þ 1 �1 � � �
að2Þ 0 1 � � �
..
. ..

. ..
. � � �

aðNÞ 0 0 � � �

2
6664

3
7775	

bð1Þ � bð0Það0Þ
bð2Þ � bð0Það1Þ

..

.

bðNÞ � bð0ÞaðN � 1Þ

2
6664

3
7775 ð10:32Þ

(3) The head and the end of the original input sequence xðnÞ is expanded and 3 N
numbers are added before xðnÞ and 3 N numbers are added behind. The
expanded sequence is denoted by x0ðnÞ, n ¼ 0; 1; . . .;Pþ 6N.
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x0ðnÞ ¼
2xð0Þ � xð3N � nÞ;

xðn� 3NÞ;
2xðPÞ � x P� 1� ðn� P� 3N � nÞð Þ;

n\3N
3N 
 n\Pþ 3n

Pþ 3N
 n
Pþ 6N

8<
:

9=
;

ð10:33Þ

(4) Forward filtering is performed. The function Diff Filter (b; a; x) is called b; a
and x0ðnÞ. The output y0ðnÞ of x0ðnÞ is calculated by

HðzÞ ¼
XM
m¼0

bðmÞz�m= 1þ
XM
m¼1

aðmÞz�m

 !
ð10:34Þ

Then a unit pulse signal h(n) with length Pþ 6N þ 1 is generated and the
function Diff Filter (b; a; x) is called by z; a and hðnÞ. The output y00ðnÞ of the hðnÞ
is calculated by

HðzÞ ¼
XM�1

m¼0

y0ð0ÞeðmÞz�m= 1þ
XM
m¼1

aðmÞz�m

 !
ð10:35Þ

where denotes yðnÞ ¼ y0ðnÞþ y00ðnÞ.
(5) Inverse filtering is performed and the result of the forward filtering is inversed.

Denote x0ðnÞ ¼ yðPþ 6N � nÞ, repeat Step (4) and obtain the result after
inverse filtering.

(6) The results of the inverse filtering are inversed and the extension of the head
and the end is removed and the final filtering result can be obtained.

Set the inner frame of the turntable as 10 Hz and the pitch and yaw as the
angular vibration at 1 Hz and 5° and record the output signal of the microme-
chanical gyroscope and the signal of the accelerometer. Figure 10.18 shows a piece
of the original data output of the micromechanical gyroscope and Fig. 10.19 shows
the zero phase filtering, where A and B represent the original signal of the
micromechanical gyroscope and the filtered signal. Figure 10.20 shows the wave-
forms after IIR and FIR filtering, where C, E and G represent the original signals of
the micromechanical gyroscope, the waveform after the IIR filtering and the
waveform after the FIR filtering respectively.

Figure 10.21 shows a piece of data of the original signal of the accelerometer
and Fig. 10.22 shows the zero phase filtering, where B and H represent the original
signal and the filtered signal of the accelerometer. Figure 10.23 shows the wave-
forms after IIR and FIR filtering, where B, D and F represent the original signal, the
IIR filtered waveform and the FIR filtered waveform of the accelerometer
respectively.
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Fig. 10.18 Original signal of the micromechanical gyroscope

Fig. 10.19 Zero phase filtered result for the signal of the micromechanical gyroscope
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Fig. 10.20 IIR and FIR filtered result for the signal of the micromechanical gyroscope

Fig. 10.21 Original signal of the accelerometer
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By using three kinds of the filtering methods the signal-to-noise ratio before and
after filtering is shown in Table 10.11. It can be seen that after filtering the
signal-to-noise ratios of the signal of the micromechanical gyroscope and the
accelerometer are raised by 6 dB. However, for the IIR and FIR filtering algorithms
there is a filtered phase shift and a large error at two ends of the filtering. These two
drawbacks do not affect the zero phase shift filtering algorithm. Therefore, the zero

Fig. 10.22 Zero phase filtering result for the signal of the accelerometer

Fig. 10.23 IIR and FIR filtering result for the signal of the accelerometer

316 10 Signal Processing



phase shift filtering algorithm is utilized in the signal filtering of the microme-
chanical gyroscope.

2. Algorithm for the rolling angular velocity and angular position

The signal peak algorithm is to find the peak value of the de-noised signal of the
micromechanical gyroscope and the accelerometer through three points and record
the time value of the wave crest. The rolling angular velocity is obtained by the time
difference of the adjacent peak values as follows

_u ¼ 1
t2 � t1

� 360� ð10:36Þ

The rolling angular position is obtained by

/ ¼
Xn
i¼1

_uiti þ/o ð10:37Þ

where /o is the initial angular position; and _ui is the angular velocity at time ti.

3. Calculation of the signal envelope

The amplitude of the signal envelope of the micromechanical gyroscope is
proportional to the combined pitch and yaw angular velocities. The envelope
information is solved by using the Hilbert transformation method.

Given a continuous time signal xðtÞ whose Hilbert transformation x̂ðtÞ is defined
as

x̂ðtÞ ¼ H xðtÞ½ � ¼ 1
p

Zþ1

�1

xðsÞ
t � s

ds ¼ 1
p

Zþ1

�1

xðt � sÞ
s

ds ¼ xðtÞ 	 1
pt

ð10:38Þ

Table 10.11 Signal-to-noise ratios of three filtering algorithms before and after filtering

Method The
signal-to-noise ratios
for the signal of the
micromechanical
gyroscope/db

The
signal-to-noise ratios
for the signal of the
accelerometer/db

Method The
signal-to-noise ratios
for the signal of the
micromechanical
gyroscope/db

The
signal-to-noise ratios
for the signal of the
accelerometer/db

Before
filtering

30.2 28.3 After
FIR
filtering

36.5 33.8

After
IIR
filtering

36.4 34.1 After
zero
phase
shift
filtering

37.6 34.7
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x̂ðtÞ in Eq. (10.38) is regarded as the output of xðtÞ through a filter and the
Fourier transformation of the unit impulse response h tð Þ ¼ 1=pt of this filter is a
sign function sgn(X). Thus the frequency response of the Hilbert converter is

H jXð Þ ¼ �jsgn Xð Þ ¼ �j; X[ 0
j; X\0

�
ð10:39Þ

Denote HðjXÞ ¼ HðjXÞj jejuðXÞ, thus HðjXÞ ¼ 1

u jXð Þ ¼ � p
2 ; X[ 0

p
2 ; X\0

�
ð10:40Þ

In other words, the Hilbert converter is an all pass filter with the amplitude 1. After
the signal xðtÞ passes through the Hilbert converter, its negative frequency com-
ponent has a +90° phase shift, while its positive frequency component has a −90°
phase shift.

Assume that zðtÞ is the analytic signal of the signal xðtÞ, thus there holds

zðtÞ ¼ xðtÞþ jx̂ðtÞ ð10:41Þ

Applying the Fourier transform to both sides of Eq. (10.41) obtains

ZðjXÞ ¼ XðjXÞþ jX̂ðjXÞ ¼ XðjXÞþ jHðjXÞXðjXÞ ð10:42Þ

that is,

ZðjXÞ ¼ 2X jXð Þ; X[ 0
0; X\0

�
ð10:43Þ

In this way, the analytic signal is obtained by the Hilbert transform, which
contains the positive frequency component only and is twice the positive frequency
component of the original signal.

For the discrete time signal xðnÞ, its analytic signal zðnÞ can be obtained by the
same method and the detailed steps are as follows:

(1) xðnÞ is performed by FFT and the negative frequency of X kð Þ; k ¼
0; 1; . . .;N � 1; k ¼ N=2; . . .;N � 1 can be obtained.

ð2Þ ZðkÞ ¼
XðkÞ k ¼ 0
2XðkÞ k ¼ 1; 2; . . .; N2 � 1
0 k ¼ N

2 ; . . .;N � 1

8<
: ð10:44Þ

(3) Z(k) is performed by inverse FFT and the analytic signal zðnÞ of xðnÞ can be
obtained.

(4) zðnÞj j is the envelope of xðnÞ.
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The micromechanical gyroscope is installed on the three-axis turntable. The
inner frame of the turntable is set at 17 Hz and the frequencies of the middle frame
and the outer frame are set as 2 Hz. The amplitude is a 5° angular vibration. The
output signal of the micromechanical gyroscope is collected by the acquisition
system and the Hilbert envelope program is written using Matlab7.0. The diagram
for the output signal and the envelope of the micromechanical gyroscope is shown
in Fig. 10.24.

The input angular velocity (the combined angular velocity of the pitch angular
velocity and the yaw angular velocity) is proportional to the signal envelope, but
because of the influence of the change of the rolling angular velocity, the combined
angular velocity of the pitch and the yaw can be obtained by the algorithm of
attenuating the influence of the rolling change for the output signal.

4. Phase difference between the micromechanical gyroscope and the accelerometer

The phase difference reflects the deflection direction of the carrier space. By
subtracting the wave peak positions of the micromechanical gyroscope and the
accelerometer, the phase difference between the micromechanical gyroscope and
the accelerometer can be obtained. However, the obtained phase difference is due to
the difference between the peak value points and the distance between the wave
peaks is 1/f, thus the points of the sampling rate with respect to 1 ms are too sparse.
Here the Cubic Spline Interpolation method is adopted to complete the wave data
and each 1 ms then corresponds to a phase difference. However, because of the
influence of the input angular velocity and the rolling angular velocity on the phase

Fig. 10.24 The signal and its envelope of the micromechanical gyroscope
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difference, the initial phase difference is obtained by using the phase difference
composite modeling compensating algorithm, and the final actual phase difference
is obtained by their subtraction.

5. The yaw and pitch angular velocity and angular position

According to the envelope the input angular velocity Xi (the yaw and pitch
composite angular velocity) can be obtained and the yaw and pitch instantaneous
angular velocities are Xn and Xg respectively. According to the above theory the
phase difference Dhi can be obtained as shown in Fig. 10.25. By using orthogonal
decomposition the yaw angular velocity and the pitch angular velocity can be
obtained.

Xn ¼ Xi � cos Dhið Þ ð10:45Þ

Xg ¼ Xi � sin Dhið Þ ð10:46Þ

where i ¼ 1; 2; . . .; n.
By integrating the yaw angular velocity and the pitch angular velocity in

Eqs. (10.45) and (10.46), the yaw and pitch angular positions Xjn and Xjg can be
obtained:

Xjn ¼
X

Xn � 0:001þXno ð10:47Þ

Xjg ¼
X

Xg � 0:001þXgo ð10:48Þ

where Xno and Xgo are the initial yaw and pitch angular positions.

Fig. 10.25 Decomposition
diagram of the yaw angular
velocity and the pitch angular
velocity
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10.3.2 Simulation Experiment

The rolling angular velocity of the inner ring of the three-axis turntable is set at 20 Hz
and the outer ring and the middle ring move bymeans of the angular vibration motion
whose frequency is 1 Hz and whose amplitude is 10°. The position of the three-axis
turntable, the output signal of themicromechanical gyroscope and the output signal of
the accelerometer are recorded by the collecting card. By using the above algorithm,
the angular velocity and the angle information are demodulated and compared. The
comparison of the rolling angular velocity and the demodulated angular velocity of the
turntable is shown in Fig. 10.26. The comparison of the demodulated yaw angular
velocity and the angle of the turntable and the comparison of the actual yaw angular
velocity and the angle of the turntable are shown in Figs. 10.27 and 10.28. The
comparison of the demodulated pitch angular velocity and the angle of the turntable
and the comparison of the actual pitch angular velocity and the angle of the turntable
are shown in Figs. 10.29 and 10.30.

The maximum relative error between the demodulated rolling angular velocity of
the turntable and the actual rolling angular velocity of the turntable in 5 s is less
than 0.3%. The maximum absolute error between the demodulated yaw angular
velocity of the turntable and the actual yaw angular velocity of the turntable in 5 s is
5.2°/s; the maximum absolute error between the yaw angle and the demodulated
yaw angle is 4°; the maximum absolute error between the demodulated pitch
angular velocity of the turntable and the actual pitch angular velocity of the turn-
table in 5 s is 4.1°/s and the maximum absolute error between the pitch angle and
the demodulated pitch angle is 3°.

Fig. 10.26 Comparison of actual rolling angular velocity (L) and demodulated rolling angular
velocity (M) of the turntable
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Fig. 10.27 Comparison of actual yaw angular velocity (B) and demodulated yaw angular velocity
(H) of the turntable

Fig. 10.28 Comparison of yaw angle (B) and demodulated yaw angle (A)
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For this demodulating algorithm of the micromechanical gyroscope three
angular velocities can be calculated. When the angle (angle position) is calculated it
is necessary to know the initial position information of the rotating carrier. The
angle information is obtained by the integral of the angular velocity, thus the
angular velocity error will directly affect the accuracy of the angular position.

Fig. 10.29 Comparison of actual pitch angular velocity (C) and demodulated pitch angular
velocity (K)

Fig. 10.30 Comparison of actual pitch angle (B) and demodulated pitch angle (A)
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Chapter 11
Applications in the Flight Attitude Control
System

11.1 Calculation Method Design and Software Creation

11.1.1 Calculation Method and Software

Due to the breakthrough provided by the calculation method and software, the
output of multi-information from a “non-driven structure silicon micromechanical
gyroscope” can be realized. The function of the software is shown in Fig. 11.1.

Figure 11.1 shows the output voltage signal of the “non-driven structure silicon
micromechanical gyroscope” top left; the position (angle) graphic of the vertical
axis endpoint (the laser spot on the inner ring of three-axis turntable) that moves in
flight is top right; the yaw angle curve XðtÞ (the angle vibration change of the outer
ring of the three-axis turntable) is bottom right; and the yaw angle curve that is
calculated from the output of the “non-driven structure silicon micromechanical
gyroscope” is bottom left.

The position (angle) graphic of the vertical axis endpoint that moves in flight has
a great significance. Its long radius presents the maximum deviation angle and
direction, but the composite angular velocity is minimal. This shows that the
rotating carrier moves in an ellipse from the long radius to the short radius (con-
vected motion), but the rotating direction of the absolute motion is generally the
same (when the rolling is not reversed).

11.1.2 Computer Software Design

1. Wavelet function and transformation

The wavelet transform calculates the inner product of the basic wavelet that is
scaling transformed and shifted with the signal to be analyzed.

© National Defense Industry Press and Springer-Verlag GmbH Germany 2018
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The wavelet is a function family generated by panning and zooming a function
that satisfies

R
R uðtÞdt ¼ 0, i.e.,

ua;bðtÞ ¼
1ffiffiffi
a

p u
t � b
a

� �
; a; b 2 R; a 6¼ 0 ð11:1Þ

Given an energy-limited signal xðtÞ, whose continuous wavelet transform is
defined as

CWTxða; bÞ ¼ 1ffiffiffi
a

p
Z þ1

�1
xðtÞ _u t � b

a

� �
dt; xðtÞ 2 L2ðRÞ ð11:2Þ

where _u is the conjugate of the wavelet function u.

uðtÞ is called the basic wavelet (the mother wavelet), and the non-zero real scalar
a is called the scale factor which is the scale expansion parameter of the basic
wavelet uðtÞ on the time axis. The real scalar b is called the time shift parameter and
the different value of b indicates that the wavelet moves along the time axis to a
different position. The function of the coefficient 1=

ffiffiffi
a

p
is normalization. The

change of the scale factor a determines the change of the function shape, but the
size of the time/frequency window does not change. Thus when the low frequency
(smaller a) is analyzed the time resolution of the wavelet transform is low and the
frequency resolution is high. When the high frequency (higher a) is analyzed the
time resolution of the wavelet transform is high and the frequency resolution is low,

Fig. 11.1 The function of the software
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which is consistent with the characteristics that the low frequency signal changes
slowly and the high frequency signal changes rapidly.

When a smaller a is used to analyze the high frequency of the signal the high
frequency wavelet is actually used to observe the signal. When a larger a is used to
analyze the low frequency of the signal the low frequency wavelet is actually used
to observe the signal. This characteristic of the wavelet transform is consistent with
the law by which the signal is actually analyzed.

Although the Fourier transform is very widely used it gives the time domain
(spatial domain) integrated information and cannot express the time/frequency
domain of the signal. In order to give the local time-frequency information of the
signal, a sliding “time window” can be added on the Fourier transform to analyze
the signal. Assume that the non-stationary signal f ðtÞ is stable within a short time of
the analysis window function gðtÞ, the analysis window function is moved such that
gðsÞ f ðt � sÞ is a stable signal in the different finite time width and the power
spectrums at different moments can be calculated. In essence, this method is still a
single resolution method which cannot describe the detailed information of the
signal at different scales.

Wavelet analysis is the development and the extension of the Fourier analysis
method. It no longer uses the fixed window function to locally process the signal,
instead it uses the wavelet function to process the signal. The essence of the wavelet
function is similar to that of the time frequency window whose size is fixed and
whose shape can be changed, while the widths of the time window and the fre-
quency window can also change the window function.

2. Multi-resolution analysis

Because the wavelet transform can analyze the signal at the different scales it can
be used to for multi-resolution analysis of the signal. The idea of multi-resolution is
that the square integral function xðtÞ 2 L2ðRÞ is regarded as the limit case of a
gradual approach and each level approximation uses a low-pass smoothing function
uðtÞ to smooth xðtÞ, but in the case of the gradual approach the smooth function
uðtÞ is also gradually expanded, that is, the different resolution is used to gradually
approach the analyzed function. The most important aspect is the construction of a
series of orthogonal wavelet basis functions. The required wavelet basis function
can be constructed by the scaling function.

In the digital signal processing system the signal envelope usually has three
extraction methods: the Hilbert amplitude demodulation method, the
demodulation-filtering method and the high pass absolute value demodulation
method. The real part of the analytical signal obtained by the Hilbert transform is
the signal itself and the imaginary part is the Hilbert transform. The amplitude of
the analytic signal is the envelope of the signal. The demodulation-filtering method
is to demodulate the original signal with the non-zero mean and then normalize it
by the zero mean and set the band pass filter with the center frequency f to obtain
the envelope signal with the main component f. The high pass absolute value
method is to apply high pass filtering to the time domain signal with the zero mean,
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take the absolute value and apply the low pass filter. The selection of the low pass
frequency determines the frequency components of the signal envelope.

The high pass absolute value method is the envelope of the signal center line and
the demodulation-filtering method is the envelope of the signal positive half cycle
center line. These two amplitude demodulations are not the actual amplitude
envelopes. However, the absolute value of the signal can be demodulated by the
Hilbert method where the demodulation amplitude is the actual envelope and the
Hilbert transform can be realized easily by FFT.

The specific implementation can not be realized by the Hilbert transform
directly, but it can be realized by FFT. The derivation procedure is as follows:

Given a continuous time signal xðtÞ whose Hilbert transform x̂ðtÞ is defined as

x̂ðtÞ ¼ H xðtÞ½ � ¼ 1
p

Z1

�1

xðsÞ
t � s

ds ¼ 1
p

Z1

�1

xðt � sÞ
s

ds ¼ xðtÞ � 1
p t

ð11:3Þ

where x̂ðtÞ is regarded as a filter output of xðtÞ and the unit impulse response of this
filter is hðtÞ ¼ 1=p t.

From the theory of the Fourier transform, the Fourier transform of jhðtÞ ¼ j=p t
is a sign function sgnðXÞ. Thus the frequency response of the Hilbert converter is

HðjXÞ ¼ �jsgnðXÞ ¼ �j; X[ 0
j; X\0

�
ð11:4Þ

Denote HðjXÞ ¼ HðjXÞj jejuðXÞ, thus HðjXÞj j ¼ 1, i.e.,

uðXÞ ¼ � p
2 ; X[ 0

p
2 ; X\0

�
ð11:5Þ

That is to say, the Hilbert converter is an all pass filter with amplitude charac-
teristics 1. The signal xðtÞ passes through the Hilbert converter and its negative
frequency component has a phase shift of +90° and its positive frequency com-
ponent has a phase shift of −90°.

Assume that zðtÞ is an analytic signal of the signal xðtÞ. Then there holds

zðtÞ ¼ xðtÞþ jx̂ðtÞ ð11:6Þ

Apply the Fourier transform to both sides of the above formula and obtain the
following result from Eq. (11.4)

ZðjXÞ ¼ XðjXÞþ jX̂ðjXÞ ¼ XðjXÞþ jHðjXÞXðjXÞ ð11:7Þ

that is
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ZðjXÞ ¼ 2XðjXÞ; X[ 0
0; X\0

�
ð11:8Þ

In this way, the analytic signal is composed by the Hilbert transform, contains
the positive frequency component only and is twice the original signal.

For the discrete time signal xðnÞ the same method can be applied to obtain its
analytic signal zðnÞ and the detailed procedure is as follows:

(1) xðnÞ is applied by FFT to obtain XðkÞ; k ¼ 0; 1; . . .;N � 1, where
k ¼ N=2; . . .;N � 1, corresponds to the negative frequency.

(2) ZðkÞ ¼
XðkÞ; k ¼ 0
2XðkÞ; k ¼ 1; 2; . . .; N2 � 1
0; k ¼ N

2 ; . . .
N
2 � 1

8<
:

(3) zðkÞ is applied by inverse FFT and obtains the analytic signal zðnÞ of xðnÞ.
(4) zðnÞj j is the envelope of xðnÞ.

11.2 Influence Connected Motion (Angular Vibration)
as Three Axes Move Simultaneously

When the three axes of the three-axis turntable work simultaneously (the inner loop
rotation, the middle loop and the outer loop angular vibration), the angular velocity
(frequency) of the inner loop is always different from the given frequency.

As shown in Fig. 11.2, the self-spin is 17 Hz, the angle vibration of the middle
loop is 1 Hz and ±5°, the angle vibration of the outer loop is 1 Hz and ± 5°, and
the space motion trajectory (angular position) is an ellipse. When the motion tra-
jectory is elliptical there are two frequencies (16 and 18 Hz) in the FFT analysis
(implicated motion). This is an important discovery. Using the Matlab FFT soft-
ware, two frequencies can be observed. The appearance of the above phenomenon

Fig. 11.2 Implicated motion phenomenon
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can be understood in flight, but it is not clear whether this phenomenon exists in the
controlled rotating carrier.

The single channel control shows that the rotating body flies with a “straight
line” and without a “circle” movement phenomenon as shown in Fig. 11.3.
Whether the control result is a “closed circuit” needs to be studied.

For the experiment of the three-axis turntable the gyroscope is an open loop and
is not controlled by the three-axis turntable. In the experiment, the above phe-
nomenon is real (the phase between the yaw angular vibration and the pitch angular
vibration determines that the motion trajectory is either an ellipse, circle or linear
angular vibration).

If the three-axis turntable can be used as a gyroscope to control the (closed
circuit) experiment, it will be a leap in the experiment and the experimental
equipment, and the domestic and foreign information has not been reported.

11.3 DSP Digital Output of the Gyroscope

11.3.1 Hardware Circuit Design

Figure 11.4 shows the signal processing circuit diagram of the micromechanical
gyroscope with a core processing circuit based on DSP.

The core of the signal processing circuit is the digital signal processor. This contains
the sensitive components, the signal conditioning circuit module, the signal sampling
circuit module, the serial communication circuit module and the peripheral circuit. The
gyroscope and the accelerometer make up of some sensitive components and the
gyroscope signal contains the rolling, pitching and yaw angular rates of the high speed
rotating aircraft. The gravity accelerometer is a benchmark of the signal decomposition.

The signal conditioning circuit A is mainly to detect, filter and amplify the weak
signal of the gyroscope as the core of MS3110. The signal conditioning circuit B is
mainly composed of the amplifier OP27 and a filter circuit to pre-process the signal of
the accelerometer. The signal sampling circuit is mainly composed of CD4051B,
TLP281-4 and AD977a. Through controlling the control switch of TLP281-4, two
channel signals of the gyroscope and the accelerometer can be alternately sampled,
consistent with the characteristics of the one channel input of AD977a. The peripheral
circuit is composed of the power module, the reset circuit, EPROM and the crystal

Fig. 11.3 Flight trajectory of
the rotating body
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oscillator circuit, etc. The power module is composed of LM2576_5.0V,
LM1117_3.3V and LM1117_1.8V, which provides power supplies of 5, 3.3 and
1.8 V for this circuit. The serial communication circuit is composed of MAX232,
which transfers three angular rates of the sensor to the host computer. The detailed
circuit design is shown in Fig. 11.5. Finally the corresponding real object is shown in
Fig. 11.6.

11.3.2 Algorithm and Software Realization

A flow chart diagram of the signal decomposition is shown in Fig. 11.7. The
angular velocity signal (frequency) of the MEMS gyroscope is equal to the rolling
angular velocity of the aircraft, while the amplitude envelope is proportional to the
pitch and yaw composite rate.

The phase difference between the signals of the MEMS accelerometer and the
gyroscope reflects the space attitude of the rotating aircraft. According to the phase
difference, the pitch and yaw angular rate can be decomposed to obtain the three
axial angular velocities in real time. Based on this, the signal is filtered and operated
by the non-phase shift filtering method and the signal envelope is obtained by using
the Hilbert transform method. The frequency is obtained by using the fast Fourier
transform method.

The detailed algorithm is as follows:

(1) After the signals of the gyroscope and the accelerometer are filtered, their
smooth signals can be obtained.

(2) Calculate the peak value of the gyroscope signal and its corresponding time, the
peak value of the accelerometer signal and its corresponding time are obtained
along with the envelope of the gyroscope signal.

Fig. 11.4 Signal processing
circuit diagram of the
micromechanical gyroscope
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Fig. 11.5 DSP signal processing circuit
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(3) From the times corresponding to the peak points of the gyroscope signal and
the accelerometer signal, calculate the phase difference between the signals of
the gyroscope and the accelerometer. From the peak value of the accelerometer
signal, calculate the self-spin frequency of the gyroscope, and calculate the
self-spin angular velocity and the angular position of the rotating body.

(4) Calculate the scaling factors of the yaw and the pitch.
(5) From the envelope of the gyroscope signal the phase difference between the

gyroscope signal and the accelerometer signal, and the scaling factors of the
yaw and the pitch of the gyroscope, calculate the angular velocities and the
angular positions of the yaw and the pitch of the rotating carrier.

Fig. 11.6 DSP signal processing circuit system

Fig. 11.7 Flow chart diagram of the signal decomposition

11.3 DSP Digital Output of the Gyroscope 333



The function of the hardware system is realized by the software system. The
software design of this system is mainly the data acquisition and the processing
part, which is written in C language and assembly language. The data acquisition
and the processing program is the core of the software program, whose flow chart is
shown in Fig. 11.8. According to Fig. 11.8, the data acquisition and the processing
program consists of the following parts:

① System is initialized.
② The software initiates the DSP sequence generator for data conversion

and the data is stored in the data storage area.
③ When the acquisition is completed, the DSP will collect data for data

processing.
④ After the processing is complete the data are sent to the external device.

11.3.3 Test Results

The attitude sensor of the micromechanical gyroscope based on DSP is installed on
the three-axis turntable and the three-axis turntable is set to work under different
working conditions. The results can be directly transmitted to the PC display.

The inner frame of the three-axis turntable is set at 10 Hz, the external frame
(yaw angular velocity) is set at 100°/s, the middle frame (the pitch angular velocity)
is 0°/s, and the test results are shown in Fig. 11.9. The first column, the
second column and the third column represent the rolling angular velocity, the yaw
angular velocity and the pitch angular velocity respectively.

Fig. 11.8 Flow chart of the
computer program
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According to the DSP processing system, the signals of the micromechanical
gyroscope can be decomposed into three angular velocities: the rolling angular
velocity, the yaw angular velocity and the pitch angular velocity. From the output
results, the maximum relative error of the rolling angular velocity is 0.44%, while the
maximum absolute error of the pitch and the yaw angular velocity is less than 2°/s.

The self-spin angular velocity of the inner frame of the three-axis turntable is set
as 9000°/s, the vibration frequency of the external and the middle frames is set as
1 Hz, and the vibration amplitude is set as 5°. The acquisition card records the
angular position of the turntable and the output signal of micromechanical gyro-
scope is compared with the angular velocity of the turntable and the actual angular
velocity of the turntable. Figures 11.10, 11.11 and 11.12 present a comparison of
the actual yaw angular velocity, the pitch angular velocity and the rolling angular
velocity with the corresponding angular velocities of the micromechanical gyro-
scope output signal respectively.

Fig. 11.9 Output results of the yaw motion

Fig. 11.10 Calculated yaw
angular velocity of the
turntable and actual yaw
angular velocity of the
turntable. A—Angular
velocity of the turntable
external frame; B—Measured
yaw angular velocity
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This experiment shows that the three angular velocities of rolling, pitch and the
yaw can be obtained from the signal of the micromechanical gyroscope. The rel-
ative error of the obtained rolling angular velocity is less than 1% and the maximum
relative error of the pitch and yaw angular velocity is 17%. The demodulation
accuracy of the rolling angular velocity is relatively high such that the demodula-
tion precision error of the pitch and the yaw is mainly the phase difference between
the micromechanical gyroscope and the accelerometer. The calculation effect is
directly affected by the phase difference.

Fig. 11.11 Calculated pitch
angular velocity of the
turntable and actual pitch
angular velocity of the
turntable. A—Angular
velocity of the turntable
middle frame; B—Measured
pitch angular velocity

Fig. 11.12 Comparison of
actual rolling angular velocity
and measured rolling angular
velocity. A—Angular
velocity of the turntable inner
frame; B—Measured rolling
angular velocity
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11.4 Attitude Sensing System for Single Channel Control
of the Rotating Flight Carrier

Relay control is a simple and reliable method used in the attitude control application
of the rotating flight carrier and is also widely used in the control of the rotating
flight carrier. The control scheme is different from the three channel attitude control
scheme and has the advantages of high efficiency, low cost and good real-time
performance.

The “non-driven silicon micromechanical gyroscope” in Fig. 11.13 is applied to
the rotating flight carrier in Fig. 11.14, which replaces the liquid floating pendulum
in Fig. 11.15. Both of them can get the output waveform (carrier and envelope) in
Fig. 11.16 such that the cost performance of the rotating flight carrier is substan-
tially increased.

The single channel control of the rotating flight carrier uses the “CJS–DR–
WB01 type non-driven silicon micromechanical gyroscope”, whose output signal is
shown in Fig. 11.17 and whose control method is shown in Fig. 11.18. The control
equation is as follows:

Uk ¼ Ut þUs ¼ Ah sin ðxtþuÞþUs sin 2pxotð Þ ð11:9Þ

Udk ¼ sgn Ah sinðxtþuÞþUs sin 2pxotð Þ½ � ð11:10Þ

Fig. 11.13 Silicon
micromechanical gyroscope

Fig. 11.14 Rotating flight
carrier
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The different transverse angular velocities generate pulse width modulation
control signals which have constant amplitudes and inconstant widths (Fig. 11.19).
There is a linear relationship between the width of the pulse signal and the trans-
verse angular velocity. Therefore, when the output signal of the gyroscope meets
the above formula, the linear relationship between the pulse width modulation
control signal and the transverse angular velocity can be established by introducing
the linear signal. When the rotating flight carrier spins one circle, the phase of the
rudder surface shifts four times such that the pitch control and the yaw control of

Fig. 11.15 Liquid floating pendulum

Fig. 11.16 Outputs of the non-driven silicon micromechanical gyroscope and the liquid floating
pendulum
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Fig. 11.17 Output signal of
the non-driven
micromechanical gyroscope.
a Carrier signal; b Envelope
signal; c Modulation signal

Fig. 11.18 Control method
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the rotating flight carrier can be simultaneously achieved through a pair of rudder
surfaces, that is, the single channel control of the rotating flight vector.

The analog output angular velocity of the gyroscope controls the rudder surface
by the linearization of the function such that the attitude of the rotating flying carrier
is controlled. The control signal is shown in Fig. 11.19.

11.5 Three Channels Attitude Sensing System
of the Rotating Flight Carrier Through
the Rectangular Coordinate Transformation

1. Calculation of Attitude Parameters of the Rotating Flight Carrier

By using the output signal of a “CJS–DR–WB01 type non-driven silicon
micromechanical gyroscope” with geographic coordinate reference, six attitude
parameters of the rotating flight carrier in the space can be calculated (three angular
velocities and three accelerations).

The non-driven silicon micromechanical gyroscope is a type of angular velocity
gyroscope whose angular velocity can be measured as long as it changes.

Design of the signal processing block diagram is shown in Fig. 11.20 and the
calculation process is shown in Fig. 11.21.

Fig. 11.19 Pulse width modulation control signal

Fig. 11.20 Signal processing
block diagram
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The gyroscope is installed for testing on the inner loop workbench of the
three-axis turntable. The experimental conditions are: the rolling frequency of the
turntable inner loop is 24 Hz; the angular vibration frequency of the middle loop is
1 Hz and its amplitude is 5°; the angular vibration frequency of the outer loop is
1 Hz and its amplitude is 5°.

The signals of the gyroscope and the accelerometer are shown in Figs. 11.22 and
11.23.

Fig. 11.21 Calculation process of the DSP software

Fig. 11.22 Output signal of
the gyroscope
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The laser space position of the inner loop of the three-axis turntable is shown in
Fig. 11.24 and the calculated spatial attitude (angle) position of the vertical axis
endpoint of the rotating flight carrier is shown in Fig. 11.25.

By comparison, the output yaw and pitch angular velocities of the gyroscope as
well as the angular position error are shown in Table 11.1. The rolling frequency
f ¼ 10:987Hz, and the relative error is 0.135%.

2. Test of the three-axis turntable

The flying state of the rotating flight carrier is simulated by the three-axis
turntable: a gyroscope (with an accelerometer) is installed on the inner loop plat-
form, the inner loop rotates (rolling of the rotating flight carrier), the angle vibra-
tions of the middle loop the external loop are synthesized into an elliptical or a

Fig. 11.23 Output signal of
the accelerometer

Fig. 11.24 Angle positions
of the middle and external
loops of the three-axis
turntable
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circular motion (or an angular vibration), and the real-time signals of the gyroscope
and the accelerometer are extracted.

(1) Simultaneously extract and process the three axial outputs of the three-axis
turntable and get the “roll, pitch and yaw signals (angle and angular velocity)”
of the “rotating flight carrier”.

(2) Process the output signal of the gyroscope and calculate the roll, pitch and yaw
signals (the angle and the angular velocity).

(3) Perform the whole calculation and compare the above steps and test the degree
of compliance (accuracy) and real-time performance.

(4) Add the test of the pitch angle and perform the complete calculation.

3. Synchronous acquisition, processing and comparison

The rotating angular velocity of the inner axis of the three-axis turntable rep-
resents the rolling angular velocity of the rotating flight carrier. The vibration
angular velocity of the middle loop represents the pitch angular velocity and the
vibration angular velocity of the external loop represents the yaw angular velocity.
The signal of the accelerometer provides the geographic coordinate reference. The
light on the wall (generated by the laser which is installed on the inner loop of the
turntable) represents the attitude angle position of the longitudinal axis endpoint of
the rotating flight carrier in flight.

The signal of the gyroscope, the signal of the accelerometer, and the signal of the
three-axis turntable (the analog rotating flight carrier) are synchronously acquired
and processed in real time, and then compared.

Fig. 11.25 Calculated yaw
and pitch angle position of the
gyroscope

Table 11.1 Calculated error of the gyroscope signal

External loop position 0.997025 External loop velocity 0.988534

Middle loop position 0.99096 Middle loop velocity 0.996228
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By using the attitude calculation software for the silicon micromechanical
gyroscope (computer software copyright: 2009 5R030870), the yaw, pitch and roll
angular velocities and the angles (incremental) can be obtained, and the angle
measuring precision can reach 2°/25 s, 0.1°/7 s and 1°/60 s.

11.6 Attitude Sensing System of the Rotating Flight
Carrier Through the Polar Coordinate
Transformation

As shown in Fig. 11.26, where O is a fixed point on the longitudinal axis of the
rotating flight carrier, OZ is fixed on the longitudinal axis of the rotating flight
carrier, and two points are selected on the rotating flight carrier such that OM⊥ON
and the plane OMN⊥OZ. The coordinate system Oxyz of the rotating flight carrier is
established through OM, ON and OZ, where the directions of the axis x and OM are
the same, the directions of the axis y and ON are the same, and the directions of the
axis z and OZ are the same.

When the rotating flight carrier in Fig. 11.26 rotates around the axis z with the
rolling angular velocity _u, the coordinate plane Oxy will also rotate around the
axis z with the rolling angular velocity _u. Assume that the rotating flight carrier
begins to rotate and the points M and N are M0 and N0 on the axes OM0 and ON0

respectively. The coordinate system Ox0y0z is established through OM0; ON0 and
OZ, where the directions of Ox0 and OM0 are the same, the directions of Oy0 and
ON0 are the same and the directions of Oz and OZ are the same. If the coordinate
system Ox0y0z is defined as the coordinate system of the quasi-rotating flight car-
rier, there exists the following relationship between the coordinate system Oxyz of

Fig. 11.26 Coordinate
system transformation of the
rotating flight carrier
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the rotating flight carrier and the coordinate system Ox0y0z of the quasi-rotating
flight carrier:

x0
y0
z

0
@

1
A ¼

cosu �sinu 0
sinu cosu 0
0 0 1

0
@

1
A x

y
z

0
@

1
A ð11:11Þ

that is, the coordinate system Ox0y0z of the quasi-rotating flight carrier rotates
around the axis z counterclockwise with angle uðtÞ, and the coordinate system of
the rotating flight carrier can be obtained.

The positional relationship between the sensitive elements A and B of the
non-driven silicon micromechanical gyroscope is shown in Fig. 11.27. The sensi-
tive axes of the sensitive elements A and B are perpendicular to each other, the
sensitive axis of the sensitive element A is in the y axis, and the sensitive axis of the
sensitive element B is in the x axis. The coordinate plane Oxy of the coordinate
system Oxyz of the rotating flight carrier (Fig. 11.26) is connected to the sensitive
element, that is, Oxy is connected to the rotating flight carrier, and the rotates by the
angular velocity _u. Therefore, assume that the angle of the transverse angular
velocity xðtÞ relative to the x axis of the coordinate system of the rotating flying
carrier is aðtÞ and the angle of the transverse angular velocity relative to the axis x0
of the coordinate system Ox0y0z of the quasi-rotating flight carrier (Fig. 11.26) is
uðtÞþ aðtÞ. Therefore, in order to obtain the transverse angular velocity and its
direction relative to the coordinate system of the quasi-rotating flight carrier, it is
necessary to get xðtÞ, the azimuth angle aðtÞ relative to the coordinate system of the
rotating flight carrier and the rolling angle uðtÞ relative to the coordinate system of
the quasi-rotating flight carrier.

Fig. 11.27 Positional
relationship diagram between
the sensitive elements A and
B of the non-driven silicon
micromechanical gyroscope
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11.6.1 Method for Obtaining the Transverse Angular
Velocity Relative to the Rotating Coordinate System
of the Rotating Flight Carrier

When there is an arbitrary transverse angular velocity xðtÞ as shown in Fig. 11.27
and the coordinate system Oxyz is the reference coordinate system, the output
voltage signals of the non-driven silicon micromechanical angular velocity sensitive
elements A and B are as follows:

VAðtÞ ¼ kAxðtÞ sin aðtÞ ð11:12Þ

VBðtÞ ¼ kBxðtÞ cos aðtÞ ð11:13Þ

where VAðtÞ and VBðtÞ are the output voltage signals of the sensitive elements A
and B; kA and kB are the scale factors of the sensitive elements A and B; and aðtÞ is
the angle between the transverse angular velocity xðtÞ and the axis x.

It is easy to find that VAðtÞ and VBðtÞ are orthogonal (Fig. 11.28). Thus by using
the orthogonal envelope detection method in Fig. 11.29, the transverse angular
velocity and the azimuth angle of the relative coordinate system Oxyz can be
obtained.

Fig. 11.28 Phase relationship between output voltage signals of sensitive elements A and B
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From Eqs. (11.12) and (11.13), obtains

x2ðtÞ ¼ ðVAðtÞ = kAÞ2 þðVBðtÞ = kBÞ2 ð11:14Þ

tan aðtÞ ¼ VAðtÞkBð Þ = VBðtÞkAð Þ ð11:15Þ

From Eq. (11.14) the transverse angular velocity is obtained as

xðtÞj j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðVAðtÞ = kAÞ2 þðVBðtÞ = kBÞ2

q
ð11:16Þ

From Eq. (11.15) the azimuth angle is obtained as

aðtÞ ¼ arctan VAðtÞkBð Þ = VBðtÞkAð Þ ð11:17Þ

Therefore, from Eq. (11.16) the transverse angular velocity xðtÞ can be deter-
mined and from Eq. (11.17) the azimuth angle aðtÞ can be determined.

If the scale factors of the sensitive elements A and B are the same, that is,

kA ¼ kB ¼ k ð11:18Þ

Substituting Eq. (11.18) into Eqs. (11.16) and (11.17) the transverse angular
velocity xðtÞ can be expressed as

xðtÞj j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2
AðtÞþV2

BðtÞ
q

= k ð11:19Þ

The azimuth angle aðtÞ can be expressed as

aðtÞ ¼ arctan VAðtÞ =VBðtÞ ð11:20Þ

Therefore, for the silicon micromechanical gyroscope with scale factor
kA ¼ kB ¼ k, the transverse angular velocity xðtÞ relative to the coordinate system

Fig. 11.29 Theory of orthogonal envelope detection

11.6 Attitude Sensing System of the Rotating Flight Carrier … 347



Oxyz of the rotating flight carrier can be determined by Eq. (11.19) and the azimuth
angle aðtÞ can be determined by Eq. (11.20).

11.6.2 Method for Obtaining the Rolling Angular Velocity
Relative to the Coordinate System of
the Quasi-Rotating Flight Carrier

The scale factors of the sensitive elements A and B are adjusted to be the same such
that kA ¼ kB ¼ k. The angle of the transverse angular velocity xðtÞ relative to the
axis x0 of the coordinate system of the quasi-rotating flight carrier is uðtÞþ aðtÞ,
while it is assumed that the rolling axis rotates with a rolling frequency f, then the
azimuth angle induced by rolling at time t is uðtÞ ¼ 2p ft. Because _uðtÞ ¼ 2p f �
_aðtÞ; uðtÞþ aðtÞ can be expressed by uðtÞ ¼ 2p ft. Thus Eqs. (11.12) and (11.13)
can be expressed as

VAðtÞ ¼ kxðtÞ sin ð2p ftÞ ð11:21Þ

VBðtÞ ¼ kxðtÞ cos ð2p ftÞ ð11:22Þ

The voltage output signals VAðtÞ and VBðtÞ are proportional to the transverse
angular velocity which is modulated by the carrier with frequency f, and scaling
factor is k. From the characteristics of the modulation signal it can be known that
the frequency of the modulated signal contains the two main frequencies of f1 and f2
respectively,

f1 ¼ f � fx ð11:23Þ

f2 ¼ f þ fx ð11:24Þ

In order to obtain the frequency f of the rolling axis in real time, it is necessary to
eliminate the frequency fx of the low frequency signal xðtÞ. The carrier frequency
is usually extracted by using the orthogonal frequency detection method and its
principle block diagram is shown in Fig. 11.30.

Firstly, calculate the derivatives of VAðtÞ and VBðtÞ respectively,

_VAðtÞ ¼ k _xðtÞ sin ð2p ftÞþ k2p fxðtÞ cos ð2p ftÞ ð11:25Þ
_VBðtÞ ¼ k _xðtÞ cos ð2p ftÞ � k2p fxðtÞ sin ð2p ftÞ ð11:26Þ

_VAðtÞVBðtÞ ¼ k2xðtÞ _xðtÞ sin ð2p ftÞ cos ð2p ftÞþ k22p fx2ðtÞ cos2ð2p ftÞ ð11:27Þ
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VAðtÞ _VBðtÞ ¼ k2xðtÞ _xðtÞ sin ð2p ftÞ cos ð2p ftÞ � k22p fx2ðtÞ sin2ð2p ftÞ ð11:28Þ

From Eqs. (11.27) and (11.28) obtain

_VAðtÞVBðtÞ � VAðtÞ _VBðtÞ ¼ k22p fx2ðtÞ ð11:29Þ

Because

V2
AðtÞþV2

BðtÞ ¼ k2x2ðtÞ ð11:30Þ

When V2
AðtÞþV2

BðtÞ 6¼ 0, from Eqs. (11.29) and (11.30) obtains

_VAðtÞVBðtÞ � VAðtÞ _VBðtÞ
V2
AðtÞþV2

BðtÞ
¼ 2p f ð11:31Þ

Thus the rolling frequency is obtained as

f ¼
_VAðtÞVBðtÞ � VAðtÞ _VBðtÞ

2p V2
AðtÞþV2

BðtÞ
� � ð11:32Þ

According to the rolling frequency f in Eq. (11.32) the effect of the transverse
angular velocity frequency fx is eliminated and the rolling angular velocity
_u ¼ 360� � fo. Because all the values in the above calculation can be obtained at a
certain time, the delay of the actual process is only the inevitable operation time.

Fig. 11.30 Theory of
orthogonal frequency
detection
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11.6.3 Method for Obtaining the Pitch Angular Velocity
and the Yaw Angular Velocity Relative
to the Coordinate System of the Quasi-Rotating
Flight Carrier

By using the mentioned methods for obtaining the transverse angular velocity and
the rolling angular velocity, the transverse angular velocity xðtÞ and the azimuth
angle aðtÞ relative to the coordinate system of the rotating flight carrier can be
obtained in real-time, and the rolling angular velocity _u relative to the coordinate
system of the quasi-rotating flight carrier is obtained. According to the coordinate
transformation in Eq. (11.11), the yaw angular velocity xph and the pitch angle
velocity xfy relative to the coordinate system Ox0y0z of the quasi-rotating flight
carrier can be calculated as follows

xph ¼ xðtÞj j � cos aðtÞþuðtÞ½ � ð11:33Þ

xfy ¼ xðtÞj j � sin aðtÞþuðtÞ½ � ð11:34Þ

where aðtÞ is the azimuth angle of the transverse angular velocity xðtÞ relative to
the coordinate system of the rotating flight carrier, and uðtÞ is the rotating angle of
the rotating carrier.

uðtÞ ¼
Z t

0

_uðtÞ dt ð11:35Þ

By integrating Eqs. (11.33) and (11.34) with respect to t, the yaw angle Xph and
the pitch angle Xfy can be obtained as

Xph ¼
Z t

0

xph dt ð11:36Þ

Xfy ¼
Z t

0

xfy dt ð11:37Þ
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11.7 Applications in the Non-rotating Flight Carrier

The silicon micromechanical gyroscope has no driven structure, and its invisible
driving force is provided by the rotating flight carrier to produce the gyroscope
effect. For the non-rotating flight carrier, the rotating flight carrier cannot provide
the driving force, thus it is necessary that the micromechanical gyroscope is driven
by a motor. The schematic diagram of the silicon micromechanical gyroscope with
a motor drive is shown in Fig. 11.31.

The performance of the active rotating micromechanical gyroscope can satisfy
the requirements of the rotating flight carrier. The appearance of the product with
the installation benchmark is shown in Fig. 11.32.

Fig. 11.32 Active rotating
silicon micromechanical
gyroscope

Fig. 11.31 Photo and assembly sketch of the motor-driven silicon micromechanical gyroscope
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The “active rotating silicon micromechanical gyroscope” is applied to the
rotating flight carrier such that the swing angle and other technical requirements of
the detection launch are satisfied before the rotating flight carrier leaves the car-
tridge (Fig. 11.33).

Fig. 11.33 Launching
diagram of the rotating flight
carrier
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