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Chapter 1 ®
Introduction Check for

The concept of network served for a long time as a metaphor supporting a
structural approach, i.e., an approach that puts the accent on the relations among
the constituents of a given system, in a wide range of scientific fields, from biology
to sociology, and spanning organizational levels from subcellular organization to
social organization. In all those fields we can observe a shift from the use of the
concept of network as a metaphor to a more substantial notion [12, 43, 82], which
has led to what is now known as complex networks science.

The science of complex networks provides an interdisciplinary viewpoint for
the study of complex systems, as it constitutes a unifying language that permits to
abstract from the specific details of a system to focus on its structure of interactions.
The result of this operation of abstraction is a graph model of the system. On its turn,
a graph is a specific mathematical object, and a plethora of mathematical tools has
been developed to deal with it. Admittedly, the real power of representing a complex
system through a graph lies in the hypothesis that the structure and function of the
system under study are intimately related to one another. Paraphrasing Wellman
[82]: It is a comprehensive paradigmatic way of taking structure seriously by
studying directly how patterns of ties determine the functioning of a system.

Now, we understand a complex network as a system whose patterns of interac-
tions cannot be described by a random graph model with a Poissonian distribution
for the connections. From the point of view of a physicist, complex networks
are systems that display a strong disorder with large fluctuations of the structural
characteristics. As such, the tools developed in condensed matter theory and in
statistical physics revealed to be well suited to study the architecture of complex
networks [28]. While statistical physics provides complex networks science with
a set of tools, graph theory stands at its basis providing a formal language. The
first step in complex network research is to represent the structure of the system

© The Author(s) 2018 1
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2 1 Introduction

under study as a graph, followed by an analysis of the topological features of the
obtained representation through a set of informative measures. This first step can be
understood as the formal representation of the system, while the second one can be
seen as the ropological characterization of the system’s structure [22].

Both the peculiar nature of complex networks as topological structures (in
comparison, for example, with a lattice) and the particular nature of the system under
study push the need for the definition of structural metrics. The degree distribution
is the most simple example of a structural metric needed for a gross characterization
of the inhomogeneity of a networked system. The degree of a node in a network is
the number of connections it has to other nodes and the degree distribution is the
probability distribution of these degrees over the whole network. While it is really
uninformative in a homogeneous system (a lattice, a random regular network, or a
poisson random graph), it gives a basic understanding of the degree of the disorder in
the case of complex networks. So much so, that the discovery that many networked
system has power law degree distributions set the start of the current interest in
complex networks science.

On the other hand, the needs of each particular field of research serve as a
guide for the definition of particular structural metrics that quantify some relational
concepts developed in that field. This is the case of the plethora of centrality
measures defined to capture the relation of power in social network analysis
[30]. The topological characterization of a complex network also implicitly allows
for classifications, either of the constituents of the system, or when comparing
different systems. However, understanding the structure of a complex network
means, roughly speaking, to comprehend what is informative, and what is the
result of chance (or of structural constraints). Therefore, a third step in complex
network investigation is its statistical characterization, that is, the quantification of
the statistical significance of network properties and their dependencies. Crucial in
this step is the generation of appropriate null models since once a structural property
is recognized as statistically significant, a mechanism for the emergence of such a
property could be proposed and further investigated [59].

Finally, the core hypothesis that the structure and the function are intimately
related to one another returns. The fourth step is then the functional characterization,
i.e., the study of the relations between the structure and the dynamics (as a proxy of
the function). From a physicist point of view, the interest is in studying the critical
properties of dynamical processes defined on complex networks, as models of real
processes and emergent functions. The crucial point is that many of the peculiar
critical effects showed by processes defined on complex networks are closely
related and universal for different models, basically reinforcing the hypothesis of
the relation between the structure and the function, together with the “statistical
physical” approach [28]. On the other hand, when a particular system is under study,
this part of the investigation deals with the task of finding the structural properties
that may explain the observed phenomena.
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1.1 From Simple Networks to Multiplex Networks

The concept of multiplex networks may be anchored in communication media or
in the multiplicity of roles and milieux. When focusing on the former aspect, one
realizes that the constituents of a complex system continuously switch among a
variety of media to make the system perform properly. On the other hand, focusing
on the latter, one takes into account the fact that interactions are always context
dependent as well as integrated through different contexts.

The term multiplexity was coined in early 1962 in the social anthropology
framework by Max Gluckman (in [32]) to denote “the coexistence of different
normative elements in a social relationship,” i.e., the coexistence of distinct roles
in a social relationship. While this first definition focus on context and roles,
Kapferer offered a second definition based on the overlap of different activities
and/or exchanges in relationships, focusing on the social relationship as a medium
for the exchanges of different types of information [40]. The duality between
media and roles in founding the multiplexity of social relations is still present in
the contemporary debate, with authors like David Bolter and Richard Gusin [7]
advocating the former, and others like Lee Rainie and Barry Wellman the latter [64].
However, whether defined by roles or media, multiplexity always refers to “multiple
bases for interaction” in a network [78].

It is indubitable that new push for the formal and quantitative research in
multiplex networks comes from the social and technological revolution brought
by the Internet and mobile connections. Chats, online social networks, and a
plethora of other human-to-human machine mediated channels of communications,
together with the possibility of being always online (hyper-connectivity [81]), have
accelerated the proliferation of layers that makes “the sociality.” Although it has
a longer history in the field of social sciences, the concept of multiplexity, and
consequently of multiplex networks, is not restricted to them. For example, it is
gaining an important role in contemporary Biology, where we can observe the same
shift from its use as a metaphor to a more substantial notion of the concept of
multiplex networks. In particular, it is associated with the method of integration
of multiple sets of omic data (data from genomics, proteomics, and metabolomics)
on the same population; as well as to the case of meta-genomic networks where
the dynamical interactions between the genome of the host and that of the microbes
living in it, the cross-talk being mediated by chemical and ecological interactions.
As with the case of social multiplex networks, also in biology the origin of the
renovated interest in multiplex networks is largely due to a technological jump that
has made it possible the availability of large and diverse amounts of data coming
from very different experimental settings.

Also in the traditional field of transportation networks, the notions of mul-
tiplexity and multiplex networks have a natural translation in different modes
of transportation connecting the same physical location in a city, a country, or
on the globe. Finally, in the field of engineering and critical infrastructures, the
concept of multiplexity applies to the interdependence of different lifelines [14].
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Even if the notion of multiplexity was introduced years ago, the discussions
included few analytical tools to accompany them. This situation arose for a simple
reason: although many aspects of single-layer networks are well understood, it is
challenging to properly generalize even the simplest concept to multiplex networks.
Theoretical developments on multilayer networks in general, and on multiplex
networks in particular, have gained steam only in the last few years, for different
reasons, among which surely stands the technological revolution represented by the
digitalization and the social transformations that have accompanied it, as we have
mentioned before.

Now, we understand multiplex networks as a nonlinear superposition of complex
networks, where components, being them social actors, genes, devices, or physical
locations, interact through a variety of different relationships and communication
channels, which we conceptualize as different layers of the multiplex network.
This conceptualization of a multiplex network poses a number of challenges to the
science of complex networks: from the formal description of a complex network
(starting from the fact that a constituent of a networked system, represented by a
node in a traditional single layer network, is no more an “elementary” unit, indeed
it has an internal—possibly complex—structure that must be formally represented),
to the ultimate goal of understanding how this new level of structural complexity
represented by the interaction of different layers reveals itself in the functioning of
the system.

In this Springer Brief, we provide, based on our own research experience, a
formal introduction to the subject of Multiplex Networks. Despite the relative
youth of this topic, there are already many results available in the literature, both
concerning the structural and topological characterization of these networks as well
as on the dynamics on top of them. Additionally, ours is not the only approach to
characterize multiplex networks, and therefore, the reader might also find several
references in which the notation and terminology are different to the one discussed
here. In this sense, ours is a “biassed” introduction, although we think it is a natural
one and easier to follow for those that already have some basic knowledge of single
layer networks. It is also worth stressing that we do not revise all the body of
works that deal with the topology of multiplex networks, but those to which we,
as researcher, have contributed the most. Topics such as community detection, time
dependent multiplex networks, and the definition and use of several (perhaps more
secondary) metrics have not been addressed here. A final limitation of the present
book is that it only presents some aspects of general dynamical processes (mainly
diffusion and spreading dynamics) whenever we need them to illustrate the need to
use the multiplex perspective.

The main reason to proceed in this way is because we believe that a first
introduction to the topic needs to address what topological aspects are relevant, and
then discuss what is their impact on dynamics (a second argument is that there are
simply too many dynamics that have been studied already and discussing them is
beyond the scope of the present text). The monograph is organized in a way that once
the basic definitions are understood, the reader can navigate through the different
chapters independently (most of the time). We hope that both the choice of topics
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and the way they are presented help the interested reader to introduce herself in
the subject as well as that the present contribution can be used for an introductory
course to multilayer networks at the postgraduate level.

Acknowledgements We would like to thank all those who have collaborated with us during the
last several years in our journey exploring multilayer networks. The work presented here has
benefited from the following funders: CNPq (grant 305940/2010-4), Fapesp (Grants 2013/26416-
9, 2012/25219-2, and 2015/07463-1), the FPI program of the Government of Aragén, Spain, the
Government of Aragén, Spain through a grant to the group FENOL, MINECO, and FEDER funds
(grant FIS2014-55867-P), and the European Commission FET Projects Multiplex (grant 317532)
and Plexmath (grant 317614).



Chapter 2 ®
Multiplex Networks: Basic Definition Qe
and Formalism

In this chapter, we present and define multiplex networks as they will be used in this
book. It is common to introduce multiplex networks as a particular specification of
the more general notion of multilayer networks [44], conversely, we prefer to have
the former as a primary object. We then show how this structure can be represented
by adjacency matrices, introducing the notion of “supra-adjacency” matrix. A
different algebraic representation of multiplex networks is possible by means of
higher-order tensors, the supra-adjacency matrix being a particular flattening of an
adjacency tensor representing the multiplex network under some assumptions [25].
We will briefly introduce this formalism in Chap. 7 and show some applications.

This introductory chapter represents an effort to set a formal language in this area,
and it is intended to be general and complete enough as to deal with the most diverse
cases. Although it might seem pedantic, setting a rigorous algebraic formalism is
crucial to make it possible and, in a certain sense, automatic, furthermore complex
reasoning, as well as to design data structures and algorithms.

2.1 Graph Representation

A networked system N is naturally represented by a graph. A graph is a tuple
G(V, E),where V is aset of nodes, and E C V x V is a set of edges that connects a
pair of nodes. Nodes represent the components of the system, while edges represent
interactions or relations among them. If an edge exists in G between node u and
node v, i.e., (4, v) € E, they are said to be adjacent, and we indicate the adjacency
relation with the symbol ~, i.e., we will write u ~ v if (u,v) € E. When needed,

. G . . . . .
we write u ~ v to explicitly state that the adjacency relation is referred to the
particular graph G.

© The Author(s) 2018 7
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8 2 Multiplex Networks: Basic Definition and Formalism

In order to represent a networked system in which different types of relations
or interactions exist between the components—a multiplex network—the notion
of layer must be introduced. Let L = {1, ..., m} be an index set, which we call
the layer set. A layer is an index that represents a particular type of interaction or
relation. | L |= m is the number of layers in the multiplex network, i.e., the number
of different kind of interactions/relations in the system. Now, consider a set of nodes
V, where nodes represent the components of the system, and let Gp = (V, L, P)
be a binary relation, where P € V x L. The statement (u, «) € P, withu € V, and
a € L, is read node u participates in layer a. We call the ordered pair (1, ) € P
a node-layer pair and we say that the node-layer pair (u, ) is the representative
of node u in layer «, thus P is the set of the node-layer pairs. In other words,
we are attaching etiquettes to nodes that specify in which type of relations (layers)
the considered node participates in.

Gp = (V, L, P) can be interpreted as a (bipartite) graph where P is the edge
set. | P |= N is the number of node-layer pairs, while | V |= n is the number of
nodes. If each node # € V has a representative in each layer, i.e., P = V x L, we
call the multiplex a node-aligned multiplex, and we have that | P |= mn. As we
shall see later, things are always simpler when the multiplex is node-aligned.

In this way, each system of relations or interactions of different kinds is naturally
represented by a graph Gg(Vg, Eg), where Vg = {(u, o) € P | o = B}, thatis, Vg
is a subset of P composed by all the node-layer pairs that have the particular index
B as second element. In other words, it is the set of all the representatives of the
node set in a particular layer. The edge set Eg € Vg x Vg represents interactions
or relations of a particular type between the components of the systems. We call
Gg(Vg, Eg) a layer-graph and we can consider the set of all layer-graphs M =
{GalaeL- | Vg |= ng is the number of node-layer pairs in layer 8. For node-aligned
multiplex networks we have n, =n, Yo € L.

Finally, consider the graph G¢ on P in which there is an edge between two
node-layer pairs (4, @) and (v, B) if and only if # = v; that is, when the two edges
in the graph G p are incident on the same node u € V, which means that the two
node-layer pairs represent the same node in different layers. We call G¢ (P, E¢) the
coupling graph. It is easy to realize that the coupling graph is formed by n =| P |
disconnected components that are either complete graphs or isolated nodes. Each
component is formed by all the representatives of a node in different layers, and we
call the components of G¢ supra-nodes.

We are now in the position to say that a multiplex network is represented by the
quadruple M = (V, L, P, M):

* the node set V represents the components of the system,

* the layer set L represents different types of relations or interactions in the system,

* the participation graph G p encodes the information about what node takes part
in a particular type of relation and defines the representative of each component
in each type of relation, i.e., the node-layer pair,
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Fig. 2.1 The multiplex

network is represented by the (1 » )
quadruple

M= (V,L, P, M), ie., the a,
layer set L = {ay, az}, the set

of the node-layer pairs P =

{(1,a1), 2,a1), 3, a1), (2, @), (3, a2)},

the node set V = {1, 2, 3). G, ay)
Supra-nodes are [(1, a1)],

[(2,a1), (2, a2)], and

[B,a1), 3, a2)]

(2) aZ)

(3) a'Z)

 the layer-graphs M represent the networks of interactions of a particular type
between the components, i.e., the networks of representatives of the components
of the system.

Figure 2.1 illustrates the notation used to describe the multilayer organization.

Next, consider the union of all the layer-graphs, i.e., G; = Ua G. We call such
a graph the intra-layer graph. Note that, if each layer-graph is connected, this graph
is formed by m disconnected components, one for each layer-graph.

Finally, we can define the graph G oy = G;UG ¢, which we call the supra-graph.
G A 1s a synthetic representation of a multiplex network. Note that supra-nodes are
cliques' in G 4.

To summarize, up to now, we have two different entities representing the compo-
nents of a multiplex network: nodes and node-layer pairs. A node corresponds to a
“physical object,” while node-layer pairs are different instances of the same object.
For instance a node could represent an online user, while node-layer pairs would
represent different accounts of the same user in different online social networks;
or a node could represent a social actor, while node-layer pairs would represent
different social roles (friend, worker, family member) of the same social actor; or a
node could stand for a location in a transportation network, while node-layer pairs
would represent stations of different transportation modes (e.g., streets, highways,
and subways).

The connection between nodes and node-layer pairs is given by the notion
of supra-nodes: i.e., cliques in the supra-graph formed by node-layer pairs that
are instances of the same object. Moreover, for clarity, we denote nodes using
the symbols u, v, w; for brevity, we may indicate a node-layer pair with a single

A clique, C, in an undirected graph G = (V, E) is a subset of the vertices, C < V, such that
every two distinct vertices are adjacent.
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symbol instead of using the ordered pair (4, ), and we will use the symbols i, j, &.
To round off the basic definitions used henceforth, let’s also define /(1) = {(u, @) €
P | o € L} to be the set of all node-layer pairs that correspond to the same
node u. Note that not every node has a representative in every layer, and /(1) may
have cardinality 1. We call «,, = |I(u)| the multiplexity degree of the node u, that
is, the number of layers in which an instance of the same object u appears. We
also define /=1 (i) to be the unique node that corresponds to the node-layer pair i.
Furthermore, when it is clear from the context, we may refer to node-layer pairs
simply as nodes.

2.2 Matrix Representation

Given a graph G(V, E), we can associate to it a matrix A(G) whose elements a,,, =
1 ¢ , where 1, is the indicator function, i.e., it is equal to one if the x is true,
u~v

otherwise it is zero. The matrix A(G) is called the adjacency matrix of G, and
by identifying a network N with its graph representation, we say that A(G) is the
adjacency matrix of N.

We can consider the adjacency matrix of each of the graphs introduced in the
previous section. The adjacency matrix of a layer graph G is a ny X ny Symmetric
matrix A©@ = A(Gy), with alf"j = li(’;"‘ , 1.e., if and only if there is an edge between
i and j in G*. We call them layer adjajcency matrices.

Likewise, the adjacency matrix of Gp is an n x m matrix P = P(Gp), with
Pua =1 ¢, ,i.e., if and only if there is an edge between the node u and the layer
in the pa?ticioll)ation graph; that is, only if node u participates in layer . We call it the
participation matrix. The adjacency matrix of the coupling graph Gc isan N x N
matrix C = C(Gc¢), with ¢;; = 1 ¢ , i.e., if and only if there is an edge between

i

node-layer pair i and j in G ¢; that is, if they are representatives of the same node in
different layers. We can arrange the rows and the columns of C such that node-layer
pairs of the same layer are contiguous. It results that C is a block matrix with zero
diagonal blocks. Besides, rows and columns can be arranged in a way such that the
off-diagonal blocks are diagonals. Thus, ¢;; = 1, with i, j = 1, ..., N represents
an edge between a node-layer pair in layer 1 and a node-layer pair in layer 2 if
i <niandny < j < ny. We call this the standard labeling and we assume that
node-layer pairs are always labeled this way. Note that this labeling also induces a
labeling of node-layer pairs in layer-graphs such that the same row and column in
different layer adjacency matrices correspond to the representative of the same node
in different layers.

In addition, when in the previous section we said that we may use a single symbol
i instead of using the ordered pair (u, o) to indicate a node-layer pair, we were
stating that we identify a node layer pair with its index in the corresponding layer
adjacency matrix. In the same way, /(#) can now be interpreted as the set of layer
adjacency matrix indexes that correspond to a given node u.
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Considering the example in Fig. 2.1, we have:

011
A =100/,
100

Al@) — 01
10]°

and

10
P=|11
11

Note that in this example the labeling is not standard. One has to exchange the
labeling of nodes 1 and 3 in order to have a standard labeling.

2.2.1 The Supra-Adjacency Matrix

Given a supra-graph G, we consider its adjacency matrix A(G ) and we call
it the supra-adjacency matrix A. Just as G rq, A is a synthetic representation of
the whole multiplex M. By definition, assuming the standard labeling, it can be
obtained from the intra-layer adjacency matrices and the coupling matrix in the
following way:

A=A +c, 2.1)

where @D represents the direct sum. We also define A = @, A%, and we call it
the intra-layer adjacency matrix. By definition, the intra-layer adjacency matrix is
the adjacency matrix of the intra-layer graph G;, A = A(Gj). Figure 2.2 shows the
supra-adjacency matrix, the intra-layer adjacency matrix, and the coupling matrix
of a multiplex network.

A takes a very simple form in the case of node-aligned multiplex networks,
that is

th:A'i‘Km ®In, (22)

where ® represents the Kronecker product, K,, is the adjacency matrix of a
complete graph on m nodes, and I, is the n x n identity matrix.
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Fig. 2.2 Example of a
multiplex network. The
structure of each layer is
represented by an adjacency
matrix A9, where i =1, 2.
C(m) stores the connections
between layers / and m. Note
that the number of nodes in

bl
I
T W N

|
each layer is not the same A= AL 0 = 0 Co
0 A? Cy 0
It is even simpler when layer-graphs are identical:
A=1,0A+K, ®I,, (2.3)

where A is the adjacency matrix of each identical layer graph. Equation (2.3) is just
the Kronecker sum of A and K,,,.

For instance, if we have two layers, L = {1,2} with edge set E; =
{{(1, 1), 2, DL 2D, G, DI} and {E2 = [(1,2),(2,2)],[(2,2), 3,D)]}, we
have that

A=DLRA+K,®1Lz

010 100
=[(1)(1)j|® 101 +|:(1)(1):|® 010
010 001

_|AO n 0] [AI
S loA] T [I3o]  [I3A
Some basic metrics are easily calculated from the supra-adjacency matrix. The

degree of a node-layer i is the number of node-layers connected to it by an edge in
G p and is given by

K; ZZJ‘L‘]’- 2.4
J

Sometimes we write i () as an index, instead of simply i, to explicitly indicate that
the node-layer i is in layer « even if the index i already uniquely indicates a node-
layer pair. Since A can be read as a block matrix, with the A on the diagonal
blocks, the index i(«) can be interpreted as block index. It is also useful to define
the following quantities

ew = np, 25)

B<a
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which we call the excess index of layer . Notice that ng is the number of node-
layer pairs in layer B. The layer-degree of a node-layer i, kj(q), is the number of

neighbors it has in G%, i.e., ki) = j a;"j. By definition of A
Ny+ey
kiwy = Ai. (2.6)
j=l+eq

The coupling degree of a node-layer i, c(a), is the number of neighbors it has in the
coupling graph, i.e., ¢j) = Zj c;j. From A we get

ciw= Y. A 2.7)
j<eOtv
Jj>ngteqy
By definition
¢ = Kl_l(i) — 1. (28)

Finally, we note that the degree of a node-layer can be expressed as

Ki@) = Z/—lij = ki(a) + Ci(a)- 2.9)
j

Equation (2.9) explicitly expresses the fact that the degree of a node-layer pair is the
sum of its layer-degree plus its coupling-degree.

2.2.2 The Supra-Laplacian Matrix

Generally, the Laplacian matrix, or simply the Laplacian, of a graph with adjacency
matrix A(G) is given by

L(G) =D — A(G) (2.10)
where D(G) = diag(ky, ka, .. .) is the degree matrix.
Thus, it is natural to define the supra-Laplacian matrix of a multiplex network as
the Laplacian of its supra-graph

L=D-A, (2.11)

where D = diag(Ky, Ka, ..., Ky) is the degree matrix.
Besides, we can define the layer-Laplacian of each layer-graph G as

L@ — D@ _ @ 2.12)
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and the Laplacian of the coupling graph

Loc=A-C (2.13)
where A = diag(cy, ca, ..., cn) is the coupling-degree matrix.
By definition, we have
L=PL® +Lc. (2.14)
o

As it was the case of the supra-adjacency matrix, Eq. (2.14) takes a very simple form
in the case of a node-aligned multiplex, i.e.,

L=PNLD +m—DIy)—Kp ® I, (2.15)

and when layer-graphs are identical:
L=1n® L+ m—1Dl) ~Kn ® I, (2.16)

where L is the Laplacian of each identical layer-graph.

2.2.3 Multiplex Walk Matrices

A walk on a graph is defined as a sequence of adjacent vertices. The length of a walk
is the number of edges it contains. For a simple graph (which has no multiple edges),
a walk may be specified completely by an ordered list of vertices [83]. A step is the
elementary component of a walk, i.e., two adjacent nodes.

Here, supra-walk is defined as a walk on a multiplex network in which, either
before or after each intra-layer step, a walk can either continue on the same layer or
change to an adjacent layer. We represent this choice by the matrix:

C(B.y) =BT+ yC (2.17)

where 7 is the N x N identity matrix, the parameter B is a weight that accounts
for the walk staying in the current layer, and y is a weight that accounts for the
walk stepping to another layer. In a supra-walk, a supra-step consists either of only
a single intra-layer step or of a step that includes both an intra-layer step changing
from one layer to another (either before or after having an intra-layer step). In the
latter type of supra-step, note that we are disallowing two consecutive inter-layer
steps. In other words, supra-walks are walks on the supra-graph G 5 with this latter
prescription.
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Roughly speaking, a multiplex walk matrix is a matrix that encodes the permis-
sible steps in a multiplex network. The matrix AC encodes the steps in which after
each intra-layer step a walk can continue on the same layer. On the other hand,
the matrix C.A encodes the steps in which before each intra-layer step a walk can
continue on the same layer. Both matrices AC and CA can be interpreted as the
adjacency matrix of a directed (possibly weighted) graph. We call such graphs
auxiliary supra-graph.

In general, depending on the rules prescribed to walk the multiplex, one can
define an auxiliary supra-graph Gj; whose adjacency matrix is M = M(A, C).
It should be noted that, by definition, the supra-adjacency matrix is also a walk
matrix. The need of such matrices comes from the fact that, as we will see in the
next chapter, often it is of interest to treat intra and inter-layer edges differently,
where changing layer is an action of a different nature with respect to going from a
node to a different one.

2.3 Coarse-Graining Representation of a Multiplex Network

Because of the structure of a multiplex network, it is natural to try to aggregate the
interaction pattern of each different layer in a single network somehow. An operation
that is called dimensionality reduction, whereas the result of such operation leads to
an object named aggregate network. Several candidates for the aggregate network
have been proposed in the literature such as the average network [73], the
overlapping network [6], the projected monoplex network or the overlay network
[25]. Asin [69], we claim that the natural definition of an aggregate network is given
by the notion of quotient network. In addition, the quotient network framework
allows to introduce in a symmetric way another aggregate network, the network of
layers, that encodes the connectivity pattern between layers. In a sense that will be
more clear in Chap. 4, the notion of quotient graph underpins the notion of multiplex
network. Figure 2.3 shows, in a schematic way, a multilayer network and the two
quotient networks that can be derived from it. We next describe in detail how they
are obtained.

2.3.1 Mathematical Background

Let us first provide a brief, but self-contained description of network quotients.

2.3.1.1 Adjacency and Laplacian Matrices

Suppose that {V1, ..., V,,} is a partition of the node set of a graph G(V, E) with
adjacency matrix A(G), and write n; = |V;]|.
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(b)

()

N1
<7

Fig. 2.3 Schematic representation of a multiplex network with 4 layers and 8 nodes per layer (a),
and its two quotients: the network of layers (b), and the aggregate network (c). In (a), dashed lines
represent inter-layer edges. The quotient (b) is undirected, as all layers have the same number of
nodes. The quotient (c) is only partially drawn, it is directed, and the edge thickness is proportional
to the weight. The network of layers (b) corresponds to the layer interconnection structure, while
the aggregate network (c) represents the superposition of all the layers onto one. In this sense, they
can be thought of as “horizontal” and “vertical” quotients, as the figure suggests. Both quotients
clearly represent a dimensionality reduction or coarsening of the original multilayer network

The quotient graph Q of G is a coarsening of G with respect to the partition.
It has one node per cluster V;, and an edge from V; to V; weighted by an average
connectivity from V; to V;

1
bjj = — a, 2.18
ij ps Z kl ( )
keV;
lEVj
where we have a choice for the size parameter o: we will use either o; = n;, or

oj = nj, oroj; = /nj/n;. We call the corresponding graph the left quotient,
the right quotient, and the symmetric quotient, respectively. Fortunately, the matrix
B = (b;;) has the same eigenvalues for the three choices of o (see below). We refer
by quotient graph to any of these three spectrally equivalent graphs with adjacency
matrix B. Observe that the symmetric quotient is undirected, while the left and right
quotients are not, unless all clusters have the same size, n; = n; forall i, j.

The quotient formalism holds in more generality for any real symmetric matrix,
as we explain here. Let A = (a;;) be any real symmetric n x n matrix. Write
X ={L,2,...,n},let{Xq, ..., Xy} be apartition of X, and let n; = | X;|. We write
A;; for the submatrix consisting of the intersection of the k-rows and /-columns of
Asuchthatk € X; and/ € X ;. In particular, A;; is an n; X n; matrix. Define b;; as
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the average row sum of A;;,

1
bij=— 3 au. (2.19)

L kex;
lEXj

The m x m matrix Q;(A) = (b;;) is called the left quotient matrix of A with respect
to the partition {X1, ..., X,,}. We can express Q;(A) in matrix form, as follows.
Let S = (si;) be the n x m characteristic matrix of the partition, that is, s;; = 1
if i € X, and O otherwise. Then ST AS is the matrix of coefficient sums of the
submatrices A;;, and, hence, Q;(A) = A~LISTAS, where A = diag(ny, ..., ny).

There are two alternatives to Q;(A), called the right quotient and the symmetric
quotient, written Q,(A) and Q;(A). They correspond to replacing 1/n; in (2.19) by
1/n; respectively 1/./n; /n;. In matrix form, we have Q,(A) = STASA~! and
0s(A) = A~1/2ST ASA~1/2. Note that Q;(A) is the transpose of Q,(A), and they
are not symmetric unless n; = n; forall i, j.

Nevertheless, these three matrices have the same spectrum (the proof is straight-
forward):

Lemma 1 Ler X, D be m x m matrices, with D diagonal. Then the matrices DX,
XD and D'/2XD'/? have all the same spectrum.

Summarizing, the left quotient, the right quotient, and the symmetric quotient
graph of a graph G with adjacency matrix A is the graph Q with adjacency matrix
B = 0;(A),B = Q,(A), and B = Q;(A), respectively. Consider the left quotient
of A with respect to the partition. Observe that the row sums of Q;(A) are

— 1
i="Ya. (2.20)
i keV;

the average node degrees in V;. Let D be the diagonal matrix of the average node
degrees. Then we define the quotient Laplacian as the matrix

Lo=D—- Q/(A). (2.21)
(See Chap. 4 for a full discussion on this choice.) Moreover, let @ be the loopless

quotient of G, that is, the quotient network Q with all the self-loops removed. As
the quotient Laplacian ignores self-loops (see Chap.4), we have Lg = L 5.

2.3.1.2 Regular Quotients

A partition {V1, ..., V,,} of the node set is called equitable if the number of edges
(taking weights into account) from a node in V; to any node in V; is independent of
the chosen node in V;
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daw=>) ay forallk,k eV, (2.22)
leV; leV;

for all i, j. This indicates a regularity condition on the connection pattern between
(and within) clusters. If the partition is equitable, we call the quotient network
regular. A source of regular quotients is network symmetries [50, 51]. We call a
partition almost equitable if the condition (2.22) is satisfied for all i # j (but not
necessarily for i = j), that is, if the regularity condition is satisfied after ignoring
the intra-cluster edges. In this case, we call the quotient graph Q almost regular.
Note that the quotient Q being almost regular is equivalent to the loop-less quotient
Q being regular.

2.3.2 The Aggregate Network

Define the node characteristic matrix S,, = (s;,,). S, is an N x n matrix with s;;, = 1
if and only if the node-layer i is a representative of node u, i.e., it is in the connected
component u of the graph G ¢. We call it a characteristic matrix since nodes partition
the node-layer set and S, is the characteristic matrix of that partition.

Then, the adjacency matrix of the aggregate network is given by:

A=A""'STAs,, (2.23)

where A =diag{k, ..., k,} is the multiplexity degree matrix.
We also define the average connectivity between nodes u and v as

1 _
dy =— > Ajj. (2.24)
“u et
J€l)

and write d,, for d,,. In this way, in an aggregate network, each node has a self-
loop weighted by d,, and a directed edge from u to v weighted by d,,,. Note that
in general the aggregate network is directed. However, if the multiplex network is
node-aligned, then the aggregate network is not directed.

We also define a loop-less aggregate network, that is just the aggregate network
without self-loops, i.e.,

W = A — diag(A) (2.25)
It is worth noting that

W =A"'STAS,. (2.26)



2.4 Supra-Walk Matrices and Loopless Aggregate Network 19

Finally, we define the sum aggregate network as
W =s74s,, (2.27)
and note that for node-aligned multiplex networks we have

W = mW. (2.28)

2.3.3 The Network of Layers

Likewise, define the layer characteristic matrix S; = {s;,} as an N x m matrix with
si¢ = 1 only if the node-layer i is in layer «, i.e., in the connected component « of
the graph G;. We call it a characteristic matrix since it is the characteristic matrix of
the partition of the node-layer set induced by layers.

In the same way, the network of layers has adjacency matrix given by

A= ATISTAS), (2.29)

where A~! = diag{ny,...,ny}.
Finally, we define the average inter-layer degree from « to § as

1
d*f = - ‘Z aij . (2.30)
ieVy
j EVlg
This represents the average connectivity from a node in G4 to any node in Gg. If
a = B we write d* for d**, and call it the average intra-layer degree. Thus, each
node corresponds to a layer, with a self-loop weighted by the average intra-layer
degree d“, and there is a directed edge from layer « to layer 8 weighted by the
average inter-layer degree d*?.

2.4 Supra-Walk Matrices and Loopless Aggregate Network

By definition, the quantity (A@)?j + (éA)?j counts the number (the weight) of
different supra-walks (or cycles if i = j) of length [ between node-layer pairs i
and j. From the symmetric properties of A and C it follows that

(CAY; = (AD);. (2.31)

Thus, the number (the weight) of supra-walks of length n between node-layer pairs
i and j is given by:

ND)ij = (AO),; + (ACH]. (2.32)
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Here, we want to give the relation between the number of supra-walks in the
multiplex network and the number of walks in the sum aggregate network when
changing layer has no cost. We have the following result connecting the walk
matrices AC(8, y) and C (B, y) and the sum aggregate network in the particular
cases in which changing layer has no cost:

Lemma 2 The right (left) quotient of A@(,B, y) (6(,3, y)A) is equal to the sum-
aggregate network when =y

Proof Observe that 6(,3, B) = PBSST and remember that ST§ = A, then
Qr(AC) = STA.BSSTSA™! = BST AS = W The result for (C.A) follows by
transposition. O

Besides, we can prove the following

Lemma3 Q. (C(8, B)AST =STACB, B)

Proof QL (C(B,HA)ST = PATISTCASST = oA~ISTSSTASST =
aST ASST = STAC(,B B)
The result for C( (B, B).A follows by transposition. O

The previous result follows from the fact that if a walk exists from i to j in Aa
then it exists a walk from j to 7 in CA and vice versa. It is interesting to note that
this implies that the in (out) degree of a node layer i in AC (aA) with respect to an
element of the partition only depends on the element of the partition it belongs to.
Armed with Lemmas 2 and 3 we can prove that

Theorem 1 3,/ jciy N(Dij = 2W

The proof follows from Lemma 3 by induction. The relation established in this
section will be crucial in the next chapter in order to correctly generalize different
structural metrics defined for single-layer networks to multiplex networks.



Chapter 3 )
Structural Metrics Creck fo

A structural metric of a network is a measure of some property directly dependent on
the system of relations between the components of the network, i.e., by representing
the network with a graph, a structural metric is a measure of a property that depends
on the edge set. Since there is a correspondence between graph and adjacency
matrix, a structural metric can be expressed as a function of the adjacency matrix,
but it is not necessary. This fact differentiates structural metrics and other kinds of
metrics, such as spectral metrics, that are defined only once an adjacency matrix is
introduced.

Structural metrics can be local or global. A local metric p measures the property
of a single node or pair of nodes, and we refer to the value of that metric on a node i
or apair of nodes i, j as p;, p;j respectively. The global version P of p measures the
corresponding overall property of the network. In general, a global metric is defined
as a mean of local ones. An example of a structural metric is the connectivity k. As
we have seen, the connectivity k; of a node i is the number of neighbors the node i
has. The global connectivity is defined as the mean connectivity K = % > i ki. The
characteristic path length L is a global metric defined as L = ﬁ > oy l;j, where
l;j is the geodesic distance between the nodes i and j measured as the minimum
number of edges connecting i and ;.

Although in the two examples given above the global metric is simply the mean
of the local one, it is not always the case, as for the clustering coefficient (see
note 2 in Sect.3.1). The term local and global may have a different meaning in
this context; in fact, they may refer to the topological scale at which the system
is considered. In this sense, the connectivity is a local measure since it takes into
account only the first neighbors of a node, while the geodesic distance between
two nodes is a global metric since it takes into account the whole network. The
quantitative description of structural network properties is a core task of complex
network research. Firstly, it allows for the classification of different structures and
the description of different categories. On the other hand, it is the first step for the
investigation of the relations between structure and dynamic/function. Finally, it

© The Author(s) 2018 21
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allows the construction of models that reproduce the structural features of an empiric
system under study, as well as to inquire if a property of a system is the result
of chance or if it reveals something on the particular way the system evolved.
An example of the latter is the fact that recognizing that the clustering coefficient
of an empiric social network is on average greater than that of a random graph
allowed to propose the triadic closure as a crucial mechanism in the evolution of
social networks. The other way around, the quantitative evaluation of the clustering
coefficient between model networks and empirical ones allows the validation of the
triadic closure hypothesis. Thus, it is crucial to define a set of structural metrics for
multiplex networks.

Here, we dare to suggest a list of requirements a structural metric should fulfill in
order to be properly defined. A structural metric for multiplex networks should

 reduce to the ordinary single-layer metric (if defined) when layers reduce to one,
* Dbe defined for node-layer pairs,
* Dbe defined for non-node-aligned multiplex networks.

The first requirement refers to the generalization of standard single-layer metrics to
multiplex networks. It seems reasonable, although it is not trivial. In fact, usually
generalizing “the naive way” leads to metrics that do not fulfill this requirement.
We discuss this point in the next session in the particular case of the clustering
coefficient. The second requirement takes into account the fact that node-layer pairs
are the basic objects that build up a multiplex network, thus, in general, to define
a metric only on some version of the aggregate network is not enough. The third
requirement comes from the fact that, although it is easier to deal with node-aligned
multiplex networks from an analytical point of view, real world multiplex networks
in general are not node-aligned. Because of that, it is worth defining metrics for the
general case, even when an analytic treatment is only possible in the node-aligned
case.
An additional requirement is needed only in the case of intensive metrics:

* For a multiplex of identical layers when changing layer has no cost, an intensive
structural metric should take the same value when measured on the multiplex
network and on one layer taken as an isolated network.

This last requirement, that asks for a sort of “normalization,” is needed in order
to avoid spurious amplification of the value that a quantity takes just because of the
number of layers. This list of requirements has not the pretension to be interpreted as
a set of axioms and surely it is not definitive nor complete, but in our opinion it has
the power to guide the generalization of standard single-layer metrics to multiplex
networks in a systematic way, as well as to guide the theoretical development of
new genuinely multiplex metrics.

In summary, we can recognize that it is insufficient to generalize existing diag-
nostics in a naive manner and that one must instead construct their generalizations
from first principles. In the following sections of this chapter, we will build on the
basic notion of walks and cycles to properly generalize clustering coefficients and
subgraphs centrality to multiplex networks.
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3.1 Structure of Triadic Relations in Multiplex Networks

In the present section, we focus on triadic relations, which are used to describe the
simplest and most fundamental type of transitivity in networks [42, 49, 55, 79, 80].
Following [19], we present multiplex generalizations of clustering coefficients,
which can be done in myriad ways, and (as we will illustrate) the most appropriate
generalization depends on the application under study.

There have been several attempts to define multiplex clustering coefficients [5, 6,
9, 10, 21], but there are significant shortcomings in these definitions. For example,
some of them do not reduce to the standard single-layer clustering coefficient or
are not properly normalized [19]. The fact that some definitions of multiplex
clustering coefficients are mostly ad hoc makes them difficult to interpret. We
present the definitions given in [19] that build on the basic concepts of walks and
cycles to obtain a transparent and general definition of transitivity. This approach
also guarantees that clustering coefficients are always properly normalized. It
reduces to a weighted clustering coefficient [85] of an aggregated network for
particular values of the parameters; this allows comparison with existing single-
layer diagnostics. Two additional, very important issues, are also addressed: (1)
Multiplex networks have many types of connections, and the given definition of
multiplex clustering coefficients are (by construction) decomposable, so that the
contribution of each type of connection is explicit; (2) because the given notion
of multiplex clustering coefficients builds on walks and cycles, it does not require
every node to have a representative in all layers, which removes a major (and very
unrealistic) simplification that is used in other definitions.

In an unweighted single-layer network, the local clustering coefficient C,, of
node u is the number of triangles (i.e., triads) that includes node u divided by the
number of connected triples with node u in the center [55, 80]. The local clustering
coefficient is a measure of transitivity [49], and it can be interpreted as the density
of a focal node’s neighborhood. For the present purposes, it is convenient to define
the local clustering coefficient C,, as the number of 3-cycles 7, that starts and ends
at the focal node u divided by the number of 3-cycles d, such that the second step
of the cycle occurs in a complete graph (i.e., assuming that the neighborhood of
the focal node is as dense as possible).! In mathematical terms, 7, = (A3),, and
d, = (AFA),,, where A is the adjacency matrix of the graph and F is the adjacency
matrix of a complete graph with no self-edges. (In other words, F = J — I, where J
is a complete square matrix of 1s and I is the identity matrix.)

The local clustering coefficient is thus given by the formulas C, = t,/d,.
This is equivalent to the usual definition of the local clustering coefficient: C,, =
ty/(ky(k, — 1)), where k, > 2 is the degree of node u (the local clustering
coefficient being 0 for nodes of degree 0 and 1). One can calculate a single global

INote that we use the term “cycle” to refer to a walk that starts and ends at the same physical node
u. It is permissible (and relevant) to return to the same node via a different layer from the one that
was used originally to leave the node.
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clustering coefficient for a monoplex network either by averaging C, over all nodes
Zu Tu

or by computing C = S Henceforth, we will use the term global clustering

coefficient for the latter quantity.” In the following, we will give the definitions of
the clustering coefficients for multiplex networks.

3.1.1 Triads on Multiplex Networks

In addition to 3-cycles (i.e., triads) that occur within a single layer, multiplex
networks also contain cycles that can traverse different additional layers but still
have 3 intra-layer steps, thus involving three nodes. Such cycles are important for
the analysis of transitivity in multiplex networks. In social networks, for example,
transitivity involves social ties across multiple social environments [76, 79]. In
transportation networks, there typically exist several means of transportation to
return to one’s starting location, and different combinations of transportation modes
are important in different cities [31]. For dynamical processes on multiplex
networks, it is important to consider 3-cycles that traverse different numbers of
layers, so one needs to take them into account when defining a multiplex clustering
coefficient. For these reasons, it is crucial to build the clustering coefficient on the
notion of supra-walk. Thus, the number of 3-cycles for node-layer pair i is then

tmi = [(AC)® + (CA) ;i . (3.1)

where the first term corresponds to cycles in which the inter-layer step is taken after
an intra-layer one and the second term corresponds to cycles in which the inter-
layer step is taken before an intra-layer one, see Chap.2. The subscript M refers
to the particular way that we define a supra-walk in a multiplex network through
the multiplex walk matrices .AC and C.A. However, one can also use other types of
supra-walks, and we will use different subscripts when we refer to them. Exploiting
the fact that both A and C are symmetric, Eq. (3.1) becomes

twi = 2[(AC)*];; . (3.2)

It is useful to decompose multiplex clustering coefficients that are defined
in terms of multilayer cycles into the so-called elementary cycles by expanding
Eq. (3.2) and writing it in terms of the matrices .A and C. That is, write #; =
Y cee we()ii, where & denotes the set of elementary cycles and wg are weights
of different elementary cycles. One can use symmetries in the definition of cycles

2 The definition we adopt for the global clustering coefficient is an example of a global structural
metric that is not defined as the mean value over all the nodes of its local version. Actually, it
is defined as the ratio between the mean number of closed triples and the mean number of open
triples.
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Fig. 3.1 Sketch of the elementary cycles AAA, AACAC, ACAAC, ACACA, and ACACAC.
The orange node is the starting point of the cycle. The intra-layer edges are the solid lines, and
the intra-layer edges are the dotted curves. In each case, the yellow line represents the second
intra-layer step

and thereby express all of the elementary cycles in a standard form with terms
from the set & = {AAA, AACAC, ACAAC, ACACA, ACACAC}. See Fig.3.1
for an illustration of elementary cycles and Sect.3.1.2 for details on deriving the
elementary cycles. Note that some of the alternative definitions of a 3-cycle lead to
more elementary cycles than the ones that we just enumerated.

To define multiplex clustering coefficients, both the number . ; of cycles and a
normalization d, ; are needed. The symbol * stands for any type of cycle: the 3-cycle
defined above, an elementary cycle, or the alternative definitions of 3-cycles based
on alternative ways to walk the multiplex networks, i.e., on different walk matrices.

Choosing a particular definition implies a given way to calculate the associated
expression for #, ;. To determine the normalization, it is natural to follow the same
procedure as with monoplex clustering coefficients and use a complete multiplex
network F = P, F@, where F@ = J@® — 1@ is the adjacency matrix for a
complete graph on layer . We can then proceed from any definition of #, ; to dy ; by
replacing the second intra-layer step with a step in the complete multiplex network.
For example, we obtain dys; = 2(,/45]-'(’3:45)” for ty; = 2[(,/45)3][,-. Similarly,
one can use any other definition of a cycle as a starting point for defining a multiplex
clustering coefficient.

The definition of local and global clustering coefficients for multiplex networks
analogously to single-layer networks follows from the above formulation. We can
calculate a natural multiplex analogue to the usual single-layer local clustering
coefficient for any node-layer pair i of the multiplex network. Additionally, a node
u allows an intermediate description for clustering between local and the global
clustering coefficients. The definitions are

LI (3.3)

el i
D iel(u) i

(3.4)
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Zi Ty i
'd*,i '

1

Ci= (3.5)

N/

where /(u) is as in Chap. 2.
We can decompose the expression in Eq. (3.5) in terms of the contributions from
cycles that traverse exactly one, two, and three layers (i.e., form = 1, 2, 3) to obtain

i =t 1i > + 2By + tesiv’, (3.6)
dyi =dy 1B +ds2iBy? +de3iv, 3.7)

cmy _ itemi (3.8)
* Zi d*,m,i

We can similarly decompose Egs.(3.3) and (3.4). Using the decomposition in
Eq. (3.6) yields an alternative way to average over contributions from the three types
of cycles:

3
Cu(@1, 02, 03) = Y 0 C™, (3.9)
m

where @ is a vector that gives the relative weights of the different contributions. C il),

CiZ) , and Cf) are said layer-decomposed clustering coefficients. There are also
analogs of Eq.(3.9) for the clustering coefficients defined in Egs. (3.3) and (3.4).
Each of the clustering coefficients in Egs. (3.3)—(3.5) depends on the values of the
parameters B and y, but the dependence vanishes if 8 = y. Unless we explicitly
indicate otherwise, we assume in the following calculations that § = y.

3.1.2 Expressing Clustering Coefficients Using Elementary
3-Cycles

An elementary cycle is defined as a term that consists of products of the matrices A
and C, i.e., there are no sums, after one expands the expression for a cycle (which
is a weighted sum of such terms). Because we are only interested in the diagonal
elements of the terms and we consider only undirected layer-graphs and coupling
graphs, we can transpose the terms and still write them in terms of the matrices A
and C rather than also using their transposes. There are also multiple ways of writing
nonsymmetric elementary cycles [e.g., (AACAC);; = (CACAA);;].

The adopted convention is that in which all elementary cycles are transposed
so that it is selected the one in which the first element is A rather than C when
comparing the two versions of the term from left to right. That is, for two equivalent
terms, we choose the one that comes first in alphabetical order. The set of elementary
3-cycles is thus & = {AAA, AACAC, ACAAC, ACACA, ACACAC, CAAAC,
CAACAC, CACACAC).
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As usual, the normalization formulas can be obtained replacing the second
A term with F. This yields a standard form for any local multiplex clustering
coefficients

Ly i

9
d*,i

(3.10)

Cx,i =
with

tii = [WAAAAAA + waac4c AACAC + w pc A 1c ACAAC

+ wAcAcAACACA + wpc acac ACACAC

+ wea44cCAAAC + we qac4cCAACAC

+ weacAcAcCACACAC); (3.11)
dyi = [WAAAAF A+ wpgsc4c AFCAC + wpgc pac ACFAC

+ wAcAcAACFCA + wacacac ACFCAC

+ weAa4cCAFAC + weaacacCAFCAC

+ weacAcacCACFCACI;: (3.12)

where i is a node-layer pair and the wg coefficients are scalars that correspond
to the weights for each type of elementary cycle (these weights are different for
different types of clustering coefficients). Note that the parameters 8 and y have
been absorbed into these coefficients. Possible elementary cycles are shown in
Fig.3.1.

3.1.3 Clustering Coelfficients for Aggregated Networks

A common way to study multiplex networks is to aggregate layers to obtain either
multi-graphs or weighted networks, where the number of edges or the weight of
an edge is the number of different types of edges between a pair of nodes [44].
One can then use any of the numerous ways to define clustering coefficients for
weighted single-layer networks [58, 70] to calculate clustering coefficients for the
aggregated network. One of the weighted clustering coefficients is a special case of
our multiplex clustering coefficient. References [1, 36, 85] calculated a weighted
clustering coefficient as

Cyuttl = va Wiy Wy Wi N (WS)uu (3.13)
i Wmax Zv;éw Wiv Wiw (W (wWmaxF)W)yy ’ -
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where W is the sum aggregate adjacency matrix as defined in Chap. 2, the quantity
Wmax = Max,, , Wy, is the maximum weight in W, and F is the adjacency matrix
of the complete unweighted graph. We can define the global version Cz of Cz ,
by summing over all the nodes in the numerator and the denominator of Eq. (3.13)
(analogously to Eq. (3.5)).

For node-aligned multiplex networks, the clustering coefficients Cz , and Cz are
related to our multiplex clustering coefficients Cps , and Cyy. Letting § = y =1
and summing over all layers yields Zie[(u)((A6)3)ii = (W3),. (see Sect.2.4).
That is, in this special case, the weighted clustering coefficients Cz , and Cz are
equivalent to the corresponding multiplex clustering coefficients Cps,, and Cyy.
That is, Cyry(B = ¥) = WmaxCzu and Cy(B = y) = wmaxCz. Note that
this relationship between our multiplex clustering coefficient and the weighted
clustering coefficient in Eq. (3.13) is only true for node-aligned multiplex networks.
If some nodes are not shared among all layers, then the normalization of our
multiplex clustering coefficient depends on how many nodes are present in the local
neighborhood of the focal node. This contrasts with the “global” normalization by
wmax used by the weighted clustering coefficient in Eq. (3.13).

3.1.4 Clustering Coefficients in Erdos-Rényi (ER) Networks

Almost all empirical networks contain some amount of transitivity, and it is often
desirable to know if a network contains more transitivity than would be expected
by chance. In order to examine this question, one typically compares values of the
clustering coefficient of a network to what would be expected from some random
network that acts as a null model. The simplest random network to use is an Erdés-
Rényi (ER) network. In this section, we give formulas for expected clustering
coefficients in node-aligned multiplex networks in which each intra-layer network
is an ER network that is created independently of other intra-layer networks and the
inter-layer connections are created as described in Chap. 2.

The expected value of the local clustering coefficient in an unweighted monoplex
ER network is equal to the probability p of an edge to exist. That is, the density
of the neighborhood of a node, measured by the local clustering coefficient, has
the same expectation as the density of the entire network for an ensemble of
ER networks. In multiplex networks with ER intra-layer graphs with connection
probabilities p,, the same result holds only when all the layers are statistically
identical (i.e., p, = p for all «). Note that this is true even if the network is
not node-aligned. However, heterogeneity among layers complicates the behavior
of clustering coefficients. If the layers have different connection probabilities, then
the expected value of the mean clustering coefficient is a nontrivial function of the
connection probabilities. In particular, it is not always equal to the mean of the
connection probabilities. For example, the formulas for the expected global layer-
decomposed clustering coefficients are
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3. 3
P p
() = % pialel (3.14)
o
(C(z)) . 3 Za;ﬁ;{ PaP;% (3.15)
MU =), p2+2 s Pali '
Pa PP
(Cﬁ?) — Z(x;ﬁx,x;ﬁu,u#a XK (316)

(b—2) 3 gsi PaPr

The expected values of the local clustering coefficients in node-aligned ER multi-
plex networks are

(canni) = ZP =p (3.17)
aEL
(cAACAC.) = Z Pu=D (3.18)
ozEL
/c;éoz p/(
(cacaac.i) = Z (3.19)
ozeL ZK#“ pK
(cacacai) = Zp =p (3.20)
ozEL
#a; p#r,a P Pp
(cacacAc.i) L . (3.21)
: b(b ZL Zk;ﬁa P
Note that c( ) = caaa.; and cﬁ?i = CACACAC.i> but the 2-layer clustering

coefficient 051/1)1' arises from a weighted sum of contributions from three different

elementary cycles.

In Fig.3.2 it is illustrated the behavior of the global and local clustering
coefficients in multiplex networks in which the layers consist of ER networks with
varying amounts of heterogeneity in the intra-layer edge densities. Although the
global and mean local clustering coefficients are equal to each other when averaged
over ensembles of single layer ER networks, the same is not true for multiplex
networks with ER layers unless the layers have the same value of the parameter p.
The global clustering coefficients give more weight than the mean local clustering

coefficients to denser layers. This is evident for the clustering coefficients c;,ll) ; and

C,(VII), for which the ensemble average of the mean of the local clustering coefficient

cg,,) is always equal to the mean edge density, whereas the ensemble average of

the global clustering coefficient C 1(1/}) has values that are greater than or equal to the
mean edge density. This effect is a good example of a case in which the situation in
multiplex networks differs from the results and intuition from single layer networks.
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Fig. 3.2 (a, b, ¢) Global and (d, e, f) local multiplex clustering coefficients in multiplex networks
that consist of ER layers. The markers give the results of simulations of 100-node ER node-
aligned multiplex networks that we average over 10 realizations. The solid curves are theoretical
approximations (see Egs. (3.14)—(3.16) of the main text). Panels (a, c, d, f) show the results
for three-layer networks, and panels (b, e) show the results for six-layer networks. The ER
edge probabilities of the layers are (a, d) {0.1, 0.1, x}, (b, e) {0.1,0.1,0.1, 0.1, x, x}, and (c, f)
{0.1, x,1 —x}

In particular, failing to take into account the heterogeneity of edge densities
in multiplex networks can lead to incorrect or misleading results when trying to
distinguish among values of a clustering coefficient that are what one would expect
from an ER random network versus those that are a signature of a triadic-closure
process (see Fig. 3.2).

3.2 Transitivity in Empirical Multiplex Networks

In Table 3.1, we show the values of layer-decomposed global clustering coefficients
for multiplex networks (four social networks and two transportation networks)
calculated in [19]. Note that the two transportation networks are not “node-aligned.”
To help give context to the values, the table also includes the clustering-coefficient
values obtained for ER networks with matching edge densities in each layer.
Those examples show that multiplex clustering coefficients give insights that are
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impossible to infer by calculating weighted clustering coefficients for aggregated
networks or even by calculating them separately for each layer of a multiplex
network.

For each social network in Table 3.1, note that Cyy < Cz(v;) and Cl(é) >

C,(é) > C1(‘,31). Consequently, the primary contribution to the triadic structure of
these multiplex networks arises from 3-cycles that stay within a given layer. We
observe that all clustering coefficients exhibit larger inter-layer transitivities than
would be expected in ER networks with identical edge densities, and that the same
ordering relationship (i.e.,Cj(VlI) > Cﬁ) > CI(SI)) holds. This observation suggests
that triadic-closure mechanisms in social networks cannot be considered purely at
the aggregated network level, because these mechanisms appear to be more effective
inside of layers than between layers. For example, if there is a connection between
individuals # and v and also a connection between v and w in the same layer, then
it is more likely that # and w “meet” in the same layer than in some other layer.

The transportation networks examined exhibit the opposite pattern with respect
the social networks. For example, for the London Underground (“Tube”) network,
in which each layer corresponds to a line, C /(5’,) > C ,(é) > C /(v}) holds. This reflects
the fact that single lines in the Tube are designed to avoid redundant connections.
A single-layer triangle would require a line to make a loop among 3 stations. Two-
layer triangles, which are a bit more frequent than single-layer ones, entail that two
lines run in almost parallel directions and that one line jumps over a single station.
For 3-layer triangles, the geographical constraints do not matter because one can
construct a triangle with three straight lines.

In Fig.3.3a, we show a comparison of the layer-decomposed local clustering
coefficients. Observe that the condition cjé) ;> C%L ;> cﬁ?i holds for most of the
nodes. In Fig.3.3b, the expected values of the clustering coefficients of nodes
in a network generated with the configuration model® is subtracted from the
corresponding values of the clustering coefficient observed in the data to discern
whether we should also expect to observe the relative order of the local clustering
coefficients in an associated random network (with the same layer densities and
degree sequences as the data). Similar to the results for global clustering coefficients,
we see that taking a null model into account lessens—but does not remove—the
difference between the coefficients that count different numbers of layers.

It is known that local values of the clustering coefficient are typically correlated
with the degree of the nodes in single-layer networks. To compare, Fig.3.4a
shows how the different multiplex clustering coefficients depend on the unweighted
degrees of the nodes in the aggregated network for the Kapferer tailor shop. Note
that the relative order of the mean clustering coefficients is independent of the
degree. In Fig. 3.4b, we illustrate the fact that the aggregated network for the airline
transportation network exhibits a nonconstant difference between the curves of

3We use the configuration model instead of an ER network as a null model because the local
clustering coefficient values are typically correlated with nodes degrees in single layer networks
[55], and an ER-network null model would not preserve degree sequence.
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Fig. 3.3 Comparison of different local clustering coefficients in the Kapferer tailor-shop network.
Each point corresponds to a node. (a) The raw values of the clustering coefficient. (b) The
value of the clustering coefficients minus the expected value of the clustering coefficient for
the corresponding node from a mean over 1000 realizations of a configuration model with the
same degree sequence in each layer as in the original network. In a realization of the multiplex
configuration model, each intra-layer network is an independent realization of the monoplex
configuration model. Figure from [19]
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Fig. 3.4 Local clustering coefficients versus unweighted degree of the aggregated network for (a)
the Kapferer tailor-shop network and (b) the airline network. The curves give the mean values of
the clustering coefficients for a degree range (i.e., we bin similar degrees). Note that the horizontal
axis in panel (b) is on a logarithmic scale. Figure from [19]
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Cy . and the weighted clustering coefficient Cz ;. Using a global normalization
(see the discussion in Sect.3.1.3) reduces the clustering coefficient for the small
airports much more than it does for the large airports. That, in turn, introduces a
bias.

The airline network is organized differently from the London Tube network.
When comparing these networks, note that each layer in the former encompasses
flights from a single airline. For the airline network (see Fig. 3.4b), we observe that
the two-layer local clustering coefficient is larger than the single-layer one for hubs
(i.e., high-degree nodes), but it is smaller for small airports (i.e., low-degree nodes).
However, the global clustering coefficient counts the total number of 3-cycles and
connected triplets and it thus gives more weight to high-degree nodes than to low-
degree nodes, and we thus find that the global clustering coefficients for the airline
network satisfy Cj(vzl) > Cz(vll) > Cs). The intra-airline clustering coefficients have
small values, presumably because it is not in the interest of an airline to introduce
new flights between two airports that can already be reached by two flights via the
same airline through some major airport. The two-layer cycles correspond to cases
in which an airline has a connection from an airport to two other airports and a
second airline has a direct connection between those two airports. Completing a
three-layer cycle requires using three distinct airlines, and this type of congregation
of airlines to the same area is not frequent in the data. Three-layer cycles are more
likely than single-layer cycles only for a few of the largest airports.

The examples from empirical data show that different notions of multiplex
transitivity are important in different situations. For example, the balance between
intra-layer versus inter-layer clustering is different in social networks versus trans-
portation networks (and even in different types of networks within each category, as
illustrated explicitly for transportation networks), reflecting the fact that multilayer
transitivity can arise from different mechanisms. Such differences are rooted in the
new degrees of freedom that arise from inter-layer connections and are invisible
to calculations of clustering coefficients on single-layer networks obtained via
aggregation. In other words, transitivity is inherently a multilayer phenomenon:
all of these diverse flavors of transitivity reduce to the same description when
one throws away the multilayer information. Generalizing clustering coefficients
for multiplex networks makes it possible to explore such phenomena and to gain
deeper insights into different types of transitivity in networks. The existence of
multiple types of transitivity also has important implications for multiplex network
motifs and multiplex community structure. In particular, we can conclude that the
definition of any clustering notion for multiplex networks needs to be able to handle
such features.
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3.3 Subgraph Centrality

In this section, we scale up the topological scale at which we consider the system and
we will look at cycles and walks of all lengths. In single-layer networks, subgraph
centrality is a well-established metric to measure the connectedness of a node at all
scales as a generalization of the clustering coefficient that looks at a local scale.
Having established the parallelism between walks in single-layer networks and
supra-walks in multiplex networks, the definition of subgraph centrality and the
communicability can be generalized in a direct and standardized way.

3.3.1 Subgraph Centrality, Communicability, and Estrada
Index in Single-Layer Networks

The f-centrality of a node u in a single-layer network given a function f is
defined as f(A),, and the f-communicability between two distinct nodes u# and
v as f(A),y [29]. Estrada and Rodriguez-Velazquez [29] defined the subgraph
centrality of a node u in a single-layer network in a combinatorial way as the infinite
weighted sum of closed walks of different lengths in the network starting and ending
at vertex i, where the weights are the factorial of the length of each walk, i.e.

N
Gi=Y “l—f) (3.22)
1

where the number of cycles of length [ attached to i is u;(l) = (ADy;;.
It is easy to recognize that the subgraph centrality has the following functional
form:

G; = (exp(A));i. (3.23)

It coincides with the f-centrality, the function f being the exponential. Thus, the
f-communicability is defined in the same way:

Gij = (exp(A));j. (3.24)
The matrix G is the communicability matrix, having on its diagonal the subgraph

centrality of each node, while its off-diagonal elements encode the communicability
between pairs of nodes. The Estrada index of a network is defined as

SC =Y Gi=Trexp(A) = Tr(G) (3.25)

1
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3.3.2  Supra-Walks and Subgraph Centrality for Multiplex
Networks

The f-centrality of node-layer pair i can be defined as a convex combination of

F(AC);i and f(CA);;
ki = c1 f(AC)ii + caf CA)ii, e1, €2 > 0. (3.26)

Accordingly, the f-communicability between two distinct node-layer pairs i and j
can be defined as a convex combination of f(AC);; and f(CA);;

kij = c1 f(AC)ij + c2f CA)ij. c1.c2 > 0 (3.27)

The supra-communicability matrix is defined as KC = ¢ f (AC )te f (CA) c1,cy >
0. Since f AT = f ATy, by using the fact that both .4 and C are symmetric, we
can simplify the previous definition:

K =c1 £(AC) + 2 F(AC)T . (3.28)

As in the case of the clustering coefficient, the f-centrality of a node u results
defined as the mean of the f-centrality of the node-layer pairs representing it:

=— Z ki, (3.29)

“u iel(u)

and the f-communicability between two distinct nodes u and v is defined as the
mean of the f-communicability between each node-layer pairs representing them

~ 1 ~ 1 ~
kw=— Y af(Alij+— > cfCA). (3.30)
“u iel(u)iel(v) Viel(wyiel (v)

We recognize that the matrix K= (IEL,U) is given by:

K = | Qr(f(AD)) + 2QL(f(CA)) =
= ¢1Qr(f(AD)) + c2Qr (f (AC)T, (3.31)
where Qgr(-) (resp. Qp(-)) is the right (resp. left) quotient associated with the

partition induced by supra-nodes. For this reason, we call K the aggregate
f-communicability matrix.
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This suggest c; = ¢ = % as a good choice. It is also straightforward to see from
the previous results that the following also holds*:

Theorem 2 The f-centrality of a node calculated on the supra-walk matrix and
the f-centrality of the same node calculated on the sum-aggregate network are equal
when changing layer has no cost. The same result applies to the f-communicability
between two nodes.

“By induction, f(Qg(AC)) = QL (f(CA)). thatis, K = f(W)



Chapter 4 )
Spectra e

Important information on the topological properties of a graph can be extracted from
the eigenvalues of the associated adjacency, Laplacian, or any other type of graph
related matrix. Thus, like spectroscopy for condensed matter physics, graph spectra
are central in the study of the structural properties of a complex network.

An N x N adjacency matrix A is a real symmetric matrix. As such, has N real
eigenvalues {);},i = ..., N, which we order as A1 < Ay < --- < Ay. The set
of eigenvalues with corresponding eigenvectors is unique apart from a similarity
transformation, i.e., a relabeling of the nodes in the graph that obviously does not
alter the structure of the graph but merely expresses the eigenvectors in a different
base. Accordingly, A can be written as

A =XAX? 4.1)

where the N x N orthogonal matrix X contains, as columns, the eigenvectors
X1,X2,..., Xy of A belonging to the real eigenvalues A; < Ay < .-+ < Apn
and where the matrix A = diag(A;). The eigendecomposition (4.1) is the basic
relation that equates the topology (structural) domain of a network, represented
by the adjacency matrix, to the spectral domain of its graph, represented by the
orthogonal matrix X and the diagonal matrix of the eigenvalues A.

A core subject in network theory is the connection between structure and
dynamics, especially the way in which the structure affects critical phenomena. The
eigendecomposition (4.1) allows to explain this connection in terms of the spectra
of the adjacency matrix thus giving the basic relation that relates the topology of a
network to the critical properties of the dynamics occurring on it.

© The Author(s) 2018 39
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40 4 Spectra
4.1 The Largest Eigenvalue of the Supra-Adjacency Matrix

Consider the adjacency matrix A of a graph. The Perron Frobenius Theorem for
nonnegative square matrices states that Ay is simple and nonnegative, and that its
associated eigenvector is the only eigenvector of A with nonnegative components.
The largest eigenvalue X is also called the spectral radius of the graph. The supra-
adjacency matrix A is real and symmetric. As such, A has N real eigenvalues {A;},
which we order as A1 < A» < --- < Ay. Since A is also nonnegative, we have that
the largest eigenvalue A y is simple and nonnegative possessing the only eigenvector
of A with nonnegative components.

The largest eigenvalue of the adjacency matrix associated with a network has
emerged as a key quantity for the study of a variety of different dynamical processes
[55], as well as a variety of structural properties, as the entropy density per step of
the ensemble of walks in a network.

In order to study the effect of the multiplexity on the spectral radius of a multiplex
network, in the following we will interpret A as a perturbed version of A, C being
the perturbation. This choice is reasonable whenever

I1C <l Al (4.2)

where || - || is some matrix metric.
Consider the largest eigenvalue A of A. Since A is a block diagonal matrix, the
spectrum of A, o (A), is

o(A) = Jo@A, (4.3)

o

o (AY%) being the spectrum of the layer-adjacency matrix A®. So, the largest
eigenvalue A of A is

A = max Ay 4.4)
o

with A, being the largest eigenvalue of A%. We will look for the largest eigenvalue
AN = A of Aas

X=A+ AL, 4.5)

where A is the perturbation to A due to the coupling C. For this reason, the layer &
for which As = A is named the dominant layer. Consider a node-aligned multiplex
network. Let 1, be a vector of size m with all entries equal to 0 except for the §th
entry. If ¢, is the eigenvector of A® associated with A5, we have that

¢=¢s0 1, (4.6)

is the eigenvector associated with A. Observe that ¢5 has dimension #n, while 1, has
dimension m, where n is the number of nodes, yielding to a product of dimension
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N = n x m. In the case in which the multiplex is not node-aligned, we must
construct the vector ¢ with zeros on all positions, except on the position of the
leading eigenvector of the dominant layer.

AA can be approximated as

L¢TCo  17C%

AL + :
oT¢ 1 9Te

.7

Because of the structure of ¢ and C, the first term on the rh.s. is zero, while only
the diagonal blocks of C? take part in the product ¢” C%¢. The diagonal blocks of
C? are diagonals and

)i =Y CivrCiri = c;. (4.8)
i’
Thus, we have that the perturbation is
z
A

A= =2 4.9)
where z the weighted mean of the coupling degree with the weight given by the
squares of the entries of the leading eigenvector of .A:

7= Zcim, (4.10)

and it is called the effective multiplexity. It results that z = 0 in a single-layer
network and z = m — 1 in a node-aligned multiplex network. Summing up,
we have that the largest eigenvalue of the supra-adjacency matrix is equal to the
largest eigenvalue of the adjacency matrix of the dominant layer at a first order
approximation. As a consequence, for example, the critical point for an epidemic
outbreak in a multiplex network is settled by that of the dominant layer at first
order [18].

At second order, the deviation of A from A depends on the effective multiplexity
and goes to zero with A. See Figs. 4.1 and 4.2. Moreover, the approximation given
in Eq. (4.9) can fail when the largest eigenvalue is near degenerated. We have two
cases in which this can happen:

* the dominant layer is near degenerated,
* there is one layer (or more) with the largest eigenvalue near that of the dominant
layer.

The accuracy of the approximation is related to the formula
(¢/C9)
- X

AA%¢TC¢+Zﬁ, (4.11)
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Fig. 4.1 Effective multiplexity z as a function of the fraction of nodes coupled s for a two layers
multiplex with 800 nodes with a power law distribution with y = 2.3 in each layer. For each value
of s, 40 different realizations of the coupling are shown while the intra-layer structure is fixed.
In the panel on the left the z shows a two band structure, while in the panel on the right, it is
continuous. The difference is due to the structure of the eigenvector

1272
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12,64 L

12.60 ) ‘ ‘ ‘ ‘ ‘
12.60 12.64 12.68 1272 0 02 04 06 08 1

A z

Fig. 4.2 Same setting of figure. On the right: calculated 1. We can see two branches corresponding
to the two branches of the previous figure. Left: approximated X vs calculated

where A; and ¢; are the nondominant eigenvalues and the associated eigenvectors.
In the first case it is evident that the second term on the rA.s. will diverge, while in
the latter, because of the structure of C, ¢, and ¢;, it is zero. In that case, we say that
the multiplex network is near degenerated and we call the layers with the largest
eigenvalues codominant layers.

When the multiplex network is near degenerated, the ¢ used in the approximation
of Eq. (4.9) has a different structure. Consider that we have my codominant layers
S, i=1,...,mg. If ¢3i is the eigenvector of A% associated with As;, we have that

mq
p=> o5 1. (4.12)

i=1
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Note that the same comment on Eq. (4.6) also applies here. The term linear in C in
the approximation of Eq. (4.9) is no more zero. We have

_o'Co 1
)

Y $5Cambs,. (4.13)

l,m:l#m

Zc

with C_) being the off-diagonal block (I, m) of C, and we name z. the correlated
multiplexity. We can decompose z. in the contribution of each single node-layer pair

1
i = 514 Y Y 65,Ciits, ;- (4.14)

mm#l

and we call z.; the correlated multiplexity degree of node-layer i. By definition,
coupled node-layer pairs have the same correlated multiplexity degree. So, if we
have my4 codominant layers in the multiplex, we get

D ies &

y (4.15)

Z
Ak%zc"'x:mdzzci"'

i€

4.1.1 Statistics of Walks

Given a network with adjacency matrix A, the number of walks of length [ is
given by

Nij(D) = (ADij =Y xrixjhl (4.16)

where x,; indicates the ith entry of the normalized eigenvector x, belonging to the
eigenvalue A,. Define the entropy H;; (/) of the ensemble of paths {r;;(/)} of length
[ between nodes i and j as

Hij(l) =In N;; (D). “4.17
For large walks I — oo, it results
Hij(l) =InAy —{—ln(xNixNj) (4.18)

The leading term is independent of the positions of the endpoints. So, for large I,
the entropy production rate is

h— fim 2@ _

[—o0

InAy. (4.19)
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That is, & only depends on the largest eigenvalue of the adjacency matrix. Now,
consider walks on multiplex networks that treat in the same way inter- and intra-
layer steps, thus we have the supra-adjacency matrix as the multiplex walk matrix.
From the perturbative approximation above, we have that the entropy production
rate on a multiplex network is:

h=Iniy~1In (A n %) (4.20)

That is, large walks on a multiplex network are dominated by walks on the dominant
layer plus a term due to the entropy production needed to reach the dominant layer
from nondominant ones.

4.2 Dimensionality Reduction and Spectral Properties

In this section, following [69], we relate the adjacency and Laplacian eigenvalues
of a multiplex network to the two quotient networks we have defined in Chap. 2. The
main theoretical result exploited is that the eigenvalues of a quotient interlace the
eigenvalues of its parent network. Let m < n and consider two sets of real numbers

M1 <<y and A <... A,
We say that the first set interlaces the second if
Ai < i < Aigg—my, for i=1,...,m. “4.21)

The key spectral result is that the adjacency eigenvalues of a quotient network
interlace the adjacency eigenvalues of the parent network. The same result applies
for Laplacian eigenvalues, if the Laplacian matrix of the quotient is defined
appropriately, i.e., as defined in Chap. 2.

4.2.1 Interlacing Eigenvalues

All the interlacing results we refer to are a consequence of the theorem below, which
in turn follows from the Courant-Fisher max-min theorem

Theorem ([37, Thm. 2.1(i)]) Let A be a symmetric matrix of order n, and let U be
an n x m matrix such that UTU = L Then the eigenvalues of UT AU interlace those
of A.

Observe that the matrix U7 AU is symmetric, and hence it has real eigenvalues.
If U is the characteristic matrix of a subset @ C {1,2...,n}, thatis, U = (u;;) of
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size nx | @ | and nonzero entries u;q = 1 if i € a, then U AU equals the principal
submatrix of A with respect to . As UTU is the identity, we conclude from the
theorem above:

Corollary ( [37, Cor. 2.2]) Let B be a principal submatrix of A. Then the
eigenvalues of B interlace the eigenvalues of A.

On the other hand, if S is the characteristic matrix of the partition, then STS=A
is a diagonal non-singular matrix, and hence U = SA~!/? satisfies the hypothesis
of the theorem. We conclude that the eigenvalues of UTAU = A~1/2STASA 172
interlace those of A. Using the Lemma 1, we conclude:

Corollary ([10, Cor. 2.3(i)]) Let B be a quotient matrix of A with respect to some
partition. Then the eigenvalues of B interlace the eigenvalues of A.

4.2.2 Equitable Partitions

Equation (2.22) defines equitable partitions. This can be expressed in matrix form as
AS =SQ(A).

We call the matrix Q(A) a regular quotient if it is the quotient of an equitable
partition. If the quotient is regular, then the eigenvalues of Q(A) not only interlace
but are a subset of the eigenvalues of A. In fact, there is a lifting relating both sets
of eigenvalues, as we explain now.

If v, w are column vectors of size m and n, we say that Sv represents the vector
v lifted to A, and ST w the vector w projected to Q(A). The vector Sv has constant
coordinates on each X;, while the vector S” w is created by adding the coordinates
on each X;. The vector w is called orthogonal to the partition if S’w = 0, that
is, the sum of the coordinates over each X; is zero. If the quotient is regular, the
spectrum of A decomposes into the spectrum of B lifted to A (i.e., eigenvectors
constant on each X;), and the remaining spectrum is orthogonal to the partition (i.e.,
eigenvectors with coordinates adding to zero on each X;):

Theorem Let B be the quotient matrix of A with respect to an equitable partition
with characteristic matrix S. Then the spectrum of B is a subset of the spectrum of
A. More precisely, (A, V) is an eigenpair of B if and only if (A, SV) is an eigenpair
of A.

Moreover; there is an eigenbasis of A of the form {Svy, ..., SVy, Wi, ..., Wiu—m)}
such that {vy, ..., Vy)} is any eigenbasis of B, and STw; = 0 for all i.

Proof The first part follows easily from the identity AS = SB (note that Sv # 0
as Ker(S) = 0). For the second part, note that S is an isomorphism onto Im(S), as
it has trivial kernel, so {Svy, ..., Sv,,} is a basis of Im(S). It is easy to show that
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the orthogonal complement Im(S)" equals Ker(S”), hence we can complete the
linearly independent set of eigenvectors {Svy, ..., Sv,,} to an eigenbasis of R" =
Im(S) + Im(S)*+ O

4.2.3 Laplacian Eigenvalues

We want to show that the Laplacian of a quotient graph is the quotient of
the Laplacian matrix, as this will allow to extend the interlacing results to the
Laplacian eigenvalues. First, we need to clarify what we mean by the Laplacian
of a nonsymmetric matrix.

If A = (a;j) is a real symmetric (adjacency) matrix, define the node out-degrees
as

d™ =" ajj (row sum). (4.22)
j

The out-degree Laplacian is the matrix
Lo =D — A (4.23)

where D°" is the diagonal matrix of the out-degrees. We define d}n, D2 and the
in-degree Laplacian LI" analogously. Note that both Laplacian matrices ignore the
diagonal values of A. If A is the adjacency matrix of a graph, we say that the
Laplacian ignores self-loops. Consider the left and right quotients of A with respect
to a given partition. Observe that the row sums of Q;(A) are

-1
di=— Z di (4.24)
i keV;

the average node degree in V;.
Let D be the diagonal matrix of the average node degrees. Then we define the
quotient Laplacian as the matrix

Lo =D — Qi(A) (4.25)

that is, the out-degree Laplacian of the left quotient matrix. Alternatively, we could
have defined L as the in-degree Laplacian of the right quotient matrix, giving a
transpose matrix with the same eigenvalues. (Note that there is no obvious way of
interpreting the symmetric quotient Q(L) as the Laplacian of a graph.) Now we
can prove that the Laplacian of the quotient is the quotient of the Laplacian, in the
following sense.

Theorem Let G be a graph with adjacency matrix A and Laplacian matrix L. Then:
LM(Q1(A) = Qi(L).

The analogous result holds for the right quotients and the in-degree Laplacian.
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Proof By definition:
OiL)=A"ISTLS = A7!ISTMD-A)S=A"'STDS— A"ISTAS=D—-A

The second statement follows by transposing the equation above. O

This theorem allows us to use the interlacing results of Sect.4.2.1 for Laplacian
eigenvalues. We finish by studying equitable partitions in the context of Laplacian
matrices. We demonstrate that a partition being regular for the Laplacian matrix
is equivalent to the partition being almost regular for the adjacency matrix. In
particular, the spectral results of Sect.4.2.2 will hold for almost regular quotients
and Laplacian eigenvalues.

Theorem Let G be a graph with adjacency matrix A and Laplacian matrix L. Then
a partition is equitable with respect to L if and only if it is almost equitable with
respect to A.

Proof By relabeling the nodes if necessary, we can assume the block decomposition

Al ... Al

: .o , (4.26)
Amnl .. Aum
where the n; x n; submatrix A;; represents the edges from V; to V;. The matrix L
has then a similar block decomposition into submatrices L;;. AsL =D — A and D
is diagonal, we have L;; = —A;; for all i # j. In particular, the row sums of L;;
are constant if and only if the row sums of A;; are constant, for all i # j. On the

other hand, as the row sums in L are zero, the row sums in L;; equal the sum of the
row sums of the matrices L;; for j # i, and the result follows. O

4.3 Network of Layers and Aggregate Network

Applying the spectral results we have already presented, we conclude that the
adjacency, respectively Laplacian, eigenvalues of the network of layers interlace the
adjacency, respectively Laplacian, eigenvalues of the multiplex network. Namely,
if @1, ..., u, are the (adjacency resp. Laplacian) eigenvalues of the network of
layers, then

Ai < i < )\.l‘Jr(N,m) fori =1,...,m, “4.27)

where Ap, ..., Ay are the (adjacency resp. Laplacian) eigenvalues of the multiplex
network.
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The network of layers, ignoring weights and self-loops, simply represents
the layer connection configuration (Fig.2.3). The connectivity of this reduced
representation, measured in terms of the eigenvalues, thus relates to the connectivity
of the entire multiplex network via the interlacing results.

Next, we turn to the question of when the layer partition is equitable. This
requires, in particular, that the intra-layer degrees are constant, that is, each layer
must be a d*-regular graph, a very strong condition unlikely to be satisfied in real-
world multiplex networks. Instead, we call a multilayer network regular if the layer
partition is almost equitable, that is, the inter-layer connections are independent of
the chosen vertices. This is a more natural condition, and it is equivalent to require
the multiplex being node-aligned.

If the multiplex network is regular, i.e., node aligned, then, in addition to the
interlacing, the Laplacian eigenvalues of the network of layers are a subset of the
Laplacian eigenvalues of the multiplex, and we can lift a Laplacian eigenbasis of
the quotient, as described in Sect.4.2.3. This latter result has also been derived in
[73] without referring to the theory of quotient graphs.

Finally, using the spectral results, we conclude that the adjacency (respectively
Laplacian) eigenvalues of the aggregate network interlace the adjacency (respec-
tively Laplacian) eigenvalues of the multiplex. Namely, in a multiplex network with
N node-layer pairs and n nodes, the (adjacency resp. Laplacian) eigenvalues of the

aggregate network quotient iy, ..., i, satisfy
Ai S i S AigN—ny fori=1,..., , (4.28)
where A1, ..., Ay are the (adjacency resp. Laplacian) eigenvalues of the multiplex

network. Observe that requiring the aggregate network to be regular, or almost
regular, is in this case very restrictive, as it would require that every pair of nodes
connects in the same uniform way on every layer, and thus it is not likely to occur
on real-world multiplex networks.

The results obtained in this section will be crucial in studying structural
transitions as we will show in the next chapter.!

4.4 Layer Subnetworks

Evidently, the layers of a multiplex form subnetworks, and it is natural to relate the
eigenvalues of each layer to the eigenvalues of the multiplex. The interlacing result
applies to the adjacency eigenvalues of an induced subnetwork, such as the layers,
and partial interlacing also holds for the Laplacian eigenvalues. More precisely,
if a layer-graph G, has n, nodes and adjacency (resp. Laplacian) eigenvalues

1 Although here we deal only with multiplex networks, the spectral theory of quotient graphs also
applies to the more general framework of multilayer networks.
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Ul Lo, and Aq, ..., Ay are the adjacency (resp. Laplacian) eigenvalues of the
whole multiplex network, then

A< ui < )\.i_l’_(N_na) fori =1,...,ng, resp. 4.29)
M < )\.l'_l’_(N_na) fori =1,...,ng4. (4.30)

4.5 Discussion and Some Applications

From a physical point of view, the adjacency and Laplacian spectra of a network
encode information on structural properties of the system represented by the
network related to different dynamical processes occurring on top of it. We now
discuss some consequences and applications of the spectral results derived in the
previous sections. In the following, let us write ; (A) for the ith smallest eigenvalue
of a matrix A.

4.5.1 Adjacency Spectrum

Even if the study of dynamical processes on a multiplex network is out of the
scope of this book, we use some dynamical example to discuss the dimensionality
results presented in the previous section. The spectrum of the adjacency matrix
is directly related to different dynamical processes that take place on the system,
such as spreading processes, for which it has been shown that critical properties
are related to the inverse of the largest eigenvalue of this matrix. As an example,
consider a contact process on the multilayer network M whose linearized dynamics
is described by the equation

pilt+1) =B ayp;(t) - pi(), (431
J

in which p;(¢) is the probability of node i to be infected at time ¢, 8 is the infection
rate, u is the recovery rate, and a;; are the elements of the supra-adjacency matrix A
In this model, each infected node contacts its neighbors with probability 1, and tries
to infect them. The contact between two instances of the same object in different
layers is modeled in the same way as the contact between any two other nodes.
The critical value of the disease rate for which the infection survives is given by

u

= —. 4.32
An(A) 32

Be

From the interlacing result for the layer subnetworks we have that

Mg (A%) < An(A), (4.33)
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This means that the critical point for the multiplex network B. is bounded from
above by the corresponding critical points of the independent layers. This implies
that the multiplex network is more efficient as far as spreading processes are
concerned than the most efficient of its layers on its own. On the other hand, if
Am 1s the largest adjacency eigenvalue of the network of layers, then

Am < AN(A), (4.34)

which means that the connections between layers also impose constraints to the
dynamics on the multiplex network. In particular, the critical point of the spreading
dynamics on the multiplex network is bounded from above by the corresponding
critical point of the network of layers. Interestingly, the existence of this bound
explains the existence of a mixed phase [27].

Consider now the same process (4.31), this time defined on the aggregate network

Pult+1) =B awpy(t) — 1 pu(t). (4.35)

Here a,,, are the elements of Q(fl), the adjacency matrix of the aggregate network.
The critical value is given by
= Iz
Po= ——
C a(Q(A)

where n is the number of nodes in M (the size of the aggregate network). From the
interlacing result we have that

(4.36)

B > Be.

Therefore the spreading process on M is at least as effective as the same spreading
process on the aggregate network. It is important to note that Egs. (4.31) and (4.35)
describe two rather different processes, that is, two different strategies that actors
can adopt in order to spread information across the multiplex network. In the former,
a node can infect any other node on any layer with a probability weighted by
the fraction of layers in which they are in contact, while in the latter, each supra-
node chooses at each time step with uniform probability a layer in which an instance
representing it is present and then contacts all its neighbors in that layer. Our results
show that the latter strategy is more effective than the former, as expressed by the
relation between the critical points.

4.5.2 Laplacian Spectrum

The Laplacian of a network L. = (/;;) is the operator of the dynamical process
described by

Pij®) == pix(®) i (4.37)
k
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where p;;(t) represents the transition probability of a particle from node 7 to node j
at time 7. The second smallest eigenvalue of the Laplacian matrix sets the time scale
of the process. From the interlacing results applied to the Laplacian matrix we have
that for any quotient

(L) < 1(Q(L)). (4.38)

That is, the relaxation time on the multiplex is at most the relaxation time on any
quotient, in particular the network of layers or the aggregate network. If we interpret
Mo of the Laplacian of a network as algebraic connectivity [11], Eq. (4.38) means
that the algebraic connectivity of the multiplex network is always bounded from
above by the algebraic connectivity of any of its quotients.

On the other hand, the Laplacian of the aggregated network is the operator
corresponding to the dynamical process described by

Pur(t) = Z Puw () @yy — dy puy(t) = Z Puw (1) l~wu (4.39)

where p,, () is the transition probability of a particle from supra-node u to supra-
node v at time ¢, a,,, are the elements of the adjacency matrix of the aggregated
contact network, L = (J; ) is the Laplacian matrix of the aggregate contact network
(i.e., L = Q(L_)), and dy, = Y, ayy is the strength or degree of a node in the
aggregate network). Note that if we define the overlapping degree [6] of a node as

Oy = E Aayy
v

then we have that

1
d, = —oy.
u

From the interlacing result for the Laplacian we have that
(L) = 12(Q(L)). (4.40)

That is, the diffusion process on the aggregate network (Eq. 4.39) is faster than the
diffusion process on the entire multiplex network (Eq.4.37). Note that in [73], in
a setting in which the multiplex is node-aligned, the authors obtained by means
of a perturbative analysis that Az(ﬁ_) ~ AZ(Q(E)) when the diffusion parameter
between layers is large enough. In [63] this result is generalized (in a different
framework, since they are interested in structural properties of interdependent
networks) to all almost regular multilayer networks. In the framework of quotient
networks introduced in [69] and that we have presented here those results arise in
a very natural way. Besides, eigenvalue interlacing between multilayer and quotient
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eigenvalues holds for every possible inter-layer connection scheme. In the next
chapter, we will discuss the existence and location of an abrupt transition in the
structure of a multiplex network by capitalizing on the interlacing results for the
Laplacian. We finally note that, in the context of synchronization, the smallest
nonzero Laplacian eigenvalue A; is also related to the stability of a synchronized
state [2], and indeed the larger A; is, the more stable is the synchronized state.
Considering a multiplex network, the bound in (4.38) means that the synchronized
state of a system supported on the multiplex network is at most as stable as the
synchronized state on any of its quotients.

4.6 The Algebraic Connectivity

The algebraic connectivity of a graph G is the second-smallest eigenvalue of the
Laplacian matrix of G [83]. We naturally define the algebraic connectivity of a
multiplex network as the second-smallest eigenvalue of its supra-Laplacian matrix.

Let us call i, the second-smallest eigenvalue of the supra-Laplacian and ,&é”) and

/lg) the second-smallest eigenvalue of the aggregate and of the network of layers
Laplacian, respectively. Since we are considering node-aligned multiplex networks,

we have that m uél) = m, being m the number of layers. From the interlacing results
of the previous section, we know that
iy < il 441
fi2 < fiy (4.41)
o <m (4.42)

IA

We also know from the inclusion relation that m is always an eigenvalue of the
supra-Laplacian, so, we can look for the condition under which > = m holds. By
combining Egs. (4.41) and (4.42), we arrive to the conclusion that

if m > jig2, then o # m.
On the other hand, we can approximate (i as
2 ~ 2 + Auo, (4.43)

where (7 is the second-smallest eigenvalue of L and

Auy = Zcij(xi — Xj)z, (4.44)

i<j

where x is the unity norm eigenvector associated with w, and x; its ith entry.
Because of the structure of C and X, it results

Aur =m — 1, 4.45)
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for a node-aligned multiplex network. Thus, since m is always an eigenvalue of L,
for that approximation to be correct, the following condition must hold

wr+m—1<m, (4.46)
from which we can conclude that
if o < 1then iy # m.
In summary, we have that
ifﬂéa) < mor Wy > 1then iy # m,
the converse not being true in general.
This result points to a mechanism which can trigger a structural transition of

a multiplex network that is different from the one exposed in [52, 63] (see next
chapter).



Chapter 5 ®
Structural Organization and Transitions Qe

Complex networks show nontraditional critical properties due to their extreme
compactness (small-world property) together with their complex organization [28].
The introduction of multilayer networks in general, and multiplex networks in
particular, as a more natural substrate for a plethora of phenomena, poses the central
theoretical question of whether critical phenomena will behave differently on such
networks with respect to traditional networks. So far theoretical studies have pointed
out that such differences in the critical behaviors indeed exist [60, 74]. In [63] and
in [62] it has been shown that a multiplex network can exist in different structural
phases, the transition among them being abrupt under some conditions.

In this chapter, we present how three different topological scales can be naturally
identified in multiplex networks: that of the individual layers, that of the network
of layers, and that of the aggregate network. The notion of quotient graph that
we have introduced in Chap. 2 gives the connection between those scales in terms
of the spectral properties of the parent multiplex network and of its aggregate
representation.

In the rest of this chapter, we will focus on the spectra of the supra-Laplacian in
order to show how the interplay between those scales affects the whole structural
organization of the multiplex network. The spectrum of the Laplacian is a natural
choice to address this problem since it reveals a number of structural properties.
In particular, eigengaps—gaps between two subsequent eigenvalues—are known
to unveil a number of structural and dynamical properties of the network related
to the presence of different topological scales on it, from communities at different
topological scales to synchronization patterns [3, 72]. Thus, the emerging of an
eigengap points to structural changes going on, which will result in qualitatively
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Fig. 5.1 Eigenvalue of a tOy 12 T T T { T T T { T T T { T T T
multiplex with four nodes per - ~|
layers. Continuous lines are
the eigenvalues of the
multiplex networks; dashed
lines are the eigenvalues of
the aggregate network. Figure
from [17]

different dynamical patterns as shown in [17], which we closely follow in
Sects. 5.1, 5.2, and 5.3. We will introduce a weight parameter p for the coupling.
This parameter allows to tune the relative strength of the coupling with respect to
intra-layer connectivity. !

The supra-Laplacian (2.14) with the weight parameter p reads as:

L=EPL" + pLe. (5.1)
o
and in the special case of node-aligned multiplex networks it takes the simple form:
L=P (L(“) + p(m — 1)In) — pKm ® L. (5.2)
o

Remember that, in this special case, the spectrum of the Laplacian of the network
of layers is a subset of the spectrum of the parent supra-Laplacian. In Fig. 5.1 the
full spectrum of a toy multiplex of four nodes and two layers (then eight node-
layer pairs) is shown. The first thing to note—as observed in [35] and [73]—is
that the spectrum splits into two groups: one made up by eigenvalues that stay
bounded while increasing p, and one group of eigenvalues that diverge when
increasing p. The whole characterization of the structural changes in a multiplex
network basically depends on that splitting, i.e., on the emerging of gaps in the
spectrum.

IThe weight p may have a physical meaning, like the (inverse of) commuting time in a
transportation multiplex network; however, it can be always intended as a tuning parameter.
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5.1 Eigengap and Structural Transitions

The Laplacian spectrum of the network of layers is composed of just two eigenval-
ues: 0 with multiplicity 1, and mp with multiplicity (m—1). Because of the inclusion
relation between the coarse-grained and the parent spectra, mp will always be an
eigenvalue of the supra-Laplacian. It results that for low enough values of p, mp
will be the smallest nonzero eigenvalue of £. On the other hand, each eigenvalue fi;
of £, with i = 1...n, will be bounded by the respective Laplacian eigenvalue /11@
of the aggregate network because of the interlace.

It is evident that, by increasing p, at some value p = p*, it will happen that
2 # mp and that it will approach its bound ﬂga). For continuity, at p*, i3 = mp
must hold, since mp is always an eigenvalue of the supra-Laplacian. p = p* is the
point at which the structural transition described in [52, 63] occurs, as already noted
by Darabi Sahneh et al. [68]. Each eigenvalue up to [i,, will follow the same pattern,
following the line fi; = mp and leaving it to approach its bound [Ll@ when it hits
the next eigenvalue ji; = mp (see Fig. 5.1). At the point p = p* at which 1, # mp,
n+1 = mp must hold and it will hold forever, since i+ is not bounded.

Following this reasoning, we realize that the supra-Laplacian spectrum for
p > p° can be divided into two groups: one of n bounded eigenvalues that
will approach the aggregate Laplacian eigenvalues as p increases, and one of
N —n =n(m — 1) eigenvalues diverging with p. Because of that, the system can
be characterized by an eigengap emerging at p®. Moreover, while the splitting of the
eigenvalues in those two groups is always present (because of the interlacing), the
crossing of the eigenvalues at p* and at p® (and between those points) only happens
when the multiplex is node-aligned, since the inclusion relation only holds in that
case.

In order to quantify an eigengap, we introduce the following metric:

_ log(fix+1) — log (i)

5.3
log(ftg+1) )

and we will focus on g,(p), i.e., the gap emerging between the last bounded
eigenvalue and the first unbounded at p°.
By construction

gn(p°) =0. (5.4)

For p > p°, log(jt,s1) will diverge while log(ji,) will remain bounded by ﬁf{l),

so g, will approach 1. For p < p°, in general both 1,4 and f,, will be in the
continuous part of the spectrum, so g, will be 0 in the large size limit. That is,

gn=0,p<p°®
g #0,p > p°. (5.5)
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This phenomenology is confirmed by numerical experiment (see Fig. 5.2), and it
describes a structural transition occurring at p°. In the case of a non-node-aligned
multiplex network, where p° is not defined since there is no crossing, g, (p) can be
used to define it operationally.

An upper bound for p® can be given in terms of the structural properties of the
(@)

layers. If w;”" is the strength of node u in layer a, its strength in the aggregate

network is @; = % Do w;a). Next define
CZ)ijZCT)i—l—C?)j,ViNj (5.6)

where i ~ j indicates a link between i and j in the aggregate network. We have
that [23]

A <max;~ j{@ij}, (5.7
and we can give the following bound for p*©

maX,'Nj {(;)l'j }

p° < — (5.8)
and
,  maXi~, {Za w?}}
p’ = 2 (5.9)

The exact value of p® can be derived following [68] to be
1
P’ = 3hn Q (5.10)

being, for the case of two layers, Q = L+ — L-L+'L~, L* = %(L] +L,),and AT
the Moore-Penrose pseudo-inverse of A.



5.2 The Aggregate-Equivalent Multiplex and the Structural Organization of a. .. 59

5.2 The Aggregate-Equivalent Multiplex and the Structural
Organization of a Multiplex Network

In order to characterize this transition, we want to compare a multiplex network M
with the coarse-grained networks associated with it. However, a direct comparison
is not possible, since those structures have different dimensionality. To overcome
this problem, in [17] an auxiliary structure that has the same properties of the
aggregate network and the network of layers, but also the same dimensionality of
M is defined: the Aggregate-Equivalent Multiplex (AEM). The AEM of a parent
multiplex network M is a multiplex network with the same number of layers of
M, each layer being identical to the aggregate network of M. Additionally, node-
layer pairs representing the same nodes are connected with a connection pattern
identical to the network of layers. Formally speaking, the AEM is given by the
Cartesian product between the aggregate network and the network of layers. Thus,
its adjacency matrix is given by

A=1,8A+pK, ®1,. (5.11)
and its Laplacian matrix is given by
L=1,®L,+pL; ®1,. (5.12)

Its Laplacian spectrum is completely determined in terms of the spectra of L, and
of the spectra of L;. In particular, we have

o (L) = {fia + fu | fia € 0(La), fu € (L)} (5.13)

In words, each eigenvalue of L is the sum of an eigenvalue of L, and an eigenvalue
of L;. We can note that since 0 is an eigenvalue of both coarse-grained Laplacians,
the spectra of both La and I:l are included in the spectrum of f,a.

To compare the parent multiplex network with its AEM, we compute the quantum
relative entropies between the former and the latter. The quantum entropy (or Von-
Neumann entropy) of M being defined as

Sq(M) = Tr(plog p) (5.14)

where p = m, with E being the number of intra-layer links in M [61],
i.e., p is the supra-Laplacian normalized by the degree sum. Thus, the quantum
relative entropy of the multiplex network M with its associated AEM is defined as

Ry (M || AEM(M)) =Trp(log p —logo), (5.15)

with o being the supra-Laplacian of the AEM normalized by its degree sum.
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Fig. 5.3 Relative entropy (x10) (top) and Quantum Entropy (bottom) for the same system of
Fig. 5.2. The vertical line indicates the exact transition point p°. Figure from [17]

Figure 5.3 shows the quantum relative entropy between the parent multiplex and
its AEM: it goes to O by increasing p, meaning that the parent multiplex will be
indistinguishable from the AEM. Finally, it is informative to look at the quantum
entropy of M. S, (M) shows a clear peak after p* and before p© (see Fig.5.3),1i.e.,
in the region after the transition observed in [52, 63] and before that one we have
introduced here. By studying the sign of the derivative of S, it can be proven that
the quantum entropy must have a peak before p°.

5.3 Dynamical Consequences and Discussions

To gain intuition on the phenomenology, it is enlightening to look at it in terms
of diffusion dynamics. The large time scale is dominated by the bounded group
of eigenvalues for p > p°. Those eigenvalues are close to that of the aggregate
network, meaning that each layer shows practically the same behavior of the
aggregate network. This is because the fast time scale is dominated by the diverging
group of eigenvalues that are close to those of the aggregate network plus those
of the network of layers. In summary, the network of layers determines how each
node-layer pair accommodates with its replica on a fast time scale, being always “at
equilibrium,” while the aggregate network determines how and on what time scale
the global equilibrium is attained. From that point of view, the “world” will look the
same from each layer and it will look like in the aggregate network. From a random
walk point of view, we can look at the average commute time c(i, j), i.e., the mean
time needed by a walker starting in i to hit node j for the first time and coming
back. It can be expressed in terms of the eigenvalue of LT, the pseudo-inverse of the



5.4  Structural Transition Triggered by Layer Degradation 61

supra-Laplacian. Since the eigenvalues of LT are the reciprocal of the eigenvalues
of L, the aggregate network mean commute time ¢ (i, j) is a good approximation of
c(i, j) after p® [67]:

—1
el j) — &G, j) 1< E”(”;—p) (5.16)

It is interesting to note that the eigenvalues of the aggregate network do not depend
on p.

Altogether, we have that before p* the system is structurally dominated by the
network of layers, whereas after p® it is structurally dominated by the aggregate
network. Between those two points the system is in an effective multiplex state, i.e.,
neither of the coarse-grained structures dominate. In this region, the VN-entropy—
a measure of structural complexity—shows a peak. Finally, the relative entropy
between the parent multiplex and its AEM varies smoothly with p, meaning that
the two transitions are smooth from a global point of view.

5.4 Structural Transition Triggered by Layer Degradation

It is of interest to study the robustness of a network under degradation, that is,
by random links removal (failures), deterministic links removal (attack), or the
lowering of links’ strength. Networks degradation models real-world processes like
failures in traffic networks [84], neurodegenerative diseases [71], and many others.

Among others, the algebraic connectivity is a good graph-theoretically based
measure of network robustness since it measures the extent to which it is difficult
to cut the network into independent components [39]; in fact, it is a lower bound
for both the edge connectivity and node connectivity of a graph, i.e., the minimal
number of edges and nodes that have to be removed to disconnect the graph. Besides
its structural relation to the network robustness, it is also a good measure from a
dynamical point of view. For example, the time needed to synchronize a network of
oscillators is related to it [2], as well as the time scale of a diffusion process. In this
sense, the algebraic connectivity represents the connection between the structural
and the dynamical robustness of a network.

The algebraic connectivity of a multiplex network follows two distinct regimes
during the process of layer degradation too. The system experiments an abrupt
structural transition as in the case of the transition experimented when varying the
coupling parameter p, due to the crossing of two eigenvalues. More interestingly,
unlike the structural transition observed when the coupling parameter varies, during
the layer degradation it stays constant for a finite fraction of links removed as well as
for a finite interval of variation of the intra-layer weights before it starts to decrease.
This also differentiates the behavior of a multiplex network from that of a single-
layer network.
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5.5 Continuous Layers Degradation

In this section, we focus on the continuous degradation of layers connectivity. In
order to model the process, we introduce a set of intra-layer weight parameters
{14}, with 7, being the weight of the links in layer «. Besides, we fix the coupling
parameter p at a given value pg < p*, such that the system is in the disconnected
phase, i.e., the algebraic connectivity is i = mpg. The supra-Laplacian now reads

L= @taL(“) + poLc. (5.17)

Without loss of generality, we set all the 7,’s equal to 1 but one, t5 = ¢. In particular,
we chose the layer § as the layer with the lowest algebraic connectivity ,ugs) and we
call it the Laplacian dominant layer (in assonance with the definition of the dominant
layer given in Chap. 4).

By construction, the algebraic connectivity for t = 1 is i = mpg, while the
next eigenvalue can be approximated as [53]

fis ~ 1) + (m — 1)po. (5.18)

The eigenvalue fi3 will decrease with ¢ and, for continuity, at a given point ¢* it will
hit the value mpg. Thus, we can conclude that the algebraic connectivity follows
two distinct regimes:

__mpo, if t >1*

o =
~ g 4 m—Dpo, if t <t*

(5.19)

Actually, the r.h.s. of Eq. (5.18) is an upper bound for 13 [75] and by equating it to
mpo we get a lower bound for the point #* at which the algebraic connectivity enters
a distinct regime:

)
%
2

(5.20)

As we can see in Fig. 5.4, the bound (5.20) is sharp for low values of pg, where
the approximation (5.18) is good. Besides, we can appreciate that the transition only
exits when pg < p*, while for larger values the algebraic connectivity is already in
the regime in which it smoothly decreases (this happens for values of pg larger than
0.4 in the particular setting of Fig. 5.4). We can understand this behavior as well as
the mechanism that triggers the structure transition by calculating the exact value of
t* in a particular setting.
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Fig. 5.4 Continuous degradation of the Laplacian dominant layer

5.5.1 Exact Value of t* for Identical Weights

Consider that all the intra-layer weight parameters #, are equal, i.e., t, = f, V.
In this case, we can give the exact value of the transition point * by reformulating
the eigenvalue problem for the supra-Laplacian in terms of a polynomial eigenvalue
problem, whose formulation will be discussed in detail in Chap. 6.

In general, a polynomial eigenvalue problem is formulated as an equation of the
form

QMx=0 (5.21)
where Q is a polynomial matrix and the solutions are given by
det(Q(r)) =0 (5.22)

The eigenvalue problem for the supra-Laplacian of a multiplex of two layers is
given by

o [Lapl %] _ [x] _
= [m] H =4 H = 629
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From the previous expression we get the system of equations

Laxa - PIXb = AX,
Lyxp — pIx, = AXp, (5.24)

then, from the second equation we can isolate x,, obtaining
1
x, = ——(Lp — AD)Xp. (5.25)
p
Plugging the previous expression for X, in the first of (5.24), we obtain
1
—(Ly = AD@Lp —AD — pI|x2 =0 (5.26)
4

in which we can recognize a quadratic eigenvalue problem

QM) =AA+Br+C=0 (5.27)
with

A=1

B=—(L,+L,+2pl)

C=L,L, + p(L, +Ly). (5.28)

Observe that such approach will be further explored in Chap. 6, where we will be
able to easily obtain an expression for the structural transition, p*. For more see
Sect. 6.3.1 and Eq. (6.23). Complementary, if we now take into account the weights
t, = t, = t and fix the value of the coupling po = p, Eq. (5.29) reads

det(t,LatpLp(t,La +15Lp)" — pol) = det(tLyLp(Lg +Lp)" — pol) =0, (5.29)

and it follows

. Po _»
o (LLp(Lg +Lp)T)  p*

(5.30)

In other words, we want pg to be the first nonzero eigenvalue of the matrix H(¢) =
tL,Ly (L, + L)%, i.e., we want the value r* of ¢ for which

po = A (H(t%) = t*Aa(LgLp(Lg + Lp)") (5.31)

from which we get Eq. (5.30).
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5.5.2 General Mechanism

In general, it is always possible to write an equation of the form

po = A (H({13})) (5.32)

that implicitly defines the point {¢}'} of the structural transition, being this the point
that solves the parameter inverse eigenvalue problem (5.32). In other words, the
mechanism that triggers the structural transition is, as in the case of the transition in
p, an eigenvalue crossing that results in the fact that the actual value of the coupling
p is the first nonzero eigenvalue of the matrix H ({r}). For the transition in p this is
obtained by directly varying it, i.e., it can be found by solving a direct eigenvalue
problem, while for the transition in ¢ this is obtained by changing the values of
the intra-layer weights until pg is the first nonzero eigenvalue of H ({r}), i.e., it
can be found by solving a parameter inverse eigenvalue problem [15]. The case
of identical layers is the only one in which we can give an explicit equation for ¢*
as in Eq. (5.30). However, the parameter inverse eigenvalue problem can be always
solved at least numerically.

In our model, the weights are constrained to be 0 < #, < 1. This causes that there
exists a value of the coupling parameter py above which it is impossible to observe
the transition in 7. In fact, if we consider the Eq. (5.30) for a value of pg > p* we
have

_ Po
P

* > 1. (5.33)
In general, given a range of variation for the intra-layer weights, it always exists

a value p. of the coupling parameter above which it is impossible to observe the
transition in ¢. p. can be calculated by solving

po = M (H({t}) (5.34)

being 7, the extremal values of 7, in its range of variation. For the setting of Fig. 5.4,
in which we have two layers, one of which with fixed intra-layer weight equal to 1,
we have the dependency of p. on the extreme value of the intra-layer weight as
depicted in Fig. 5.5.

5.6 Links Failure and Attacks

In this section we focus on discrete layer degradation, that is, the discrete removal of
links in the multiplex network. As in the previous section, we fix one layer in which
the links will be removed, picking the one with the lower algebraic connectivity,



66 5 Structural Organization and Transitions

Fig. 5.5 Dependency of p. 0.7
on the extreme value of the

intra-layer weight for the 06

same setting of Fig. 5.4 /
0.5 /

0.2 //

0.1

0.0

0 1 2 3 4 5
Intralayer weight

which is the Laplacian dominant layer. If we take the layer § as isolated, when
removing an edge e, its algebraic connectivity can be approximated by

5— 8
ud= ~ S 2 (5.35)
where M;S—e) is the algebraic connectivity of the layer § with the link e removed,

g” associated

and r = (xéf) - xé‘j.)), where x; is the ith entry of the eigenvector x

with Mg&).

As before, for a given pg < p* the algebraic connectivity of the system is ji, =
mp, while the next eigenvalue when a link e is removed can be approximated as

iz ~ 1y~ + (m — 1po. (5.36)

In general, when a set E of links is removed we have r = ) ij (xé?) — xé(j.)), where

the sum is over all the links in £ [53]. Since Eq. (5.36) is an upper bound, as before,

we obtain a lower bound for the critical value of /,L;S_E) from which the removal of
an edge will cause a drop in the algebraic connectivity, i.e.,

,ugs_E)* > mpo. (5.37)

In this case, we have two different scenarios, the random removal of edges, which
we call failures, and the targeted removal of edges, which we call attack. Let us
analyze the latter scenario first. Looking at Eq. (5.36), we have two evident strategies
based on the entries of the eigenvector xé‘s). We can rank the links according to the
value of r associated with them and remove them in ascending or descending order.
The critical fraction of edges that has to be removed in order to cause a drop in the
algebraic connectivity is obviously larger in the second case, as can be observed in
Fig.5.6.
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Fig. 5.7 Discrete layer degradation with random removals of links (left panel). Standard deviation
(right panel)

In the case of failures, links are removed at random from the Laplacian-dominant
layer. We show this result in Fig. 5.7. Moreover, in Fig. 5.7 we can also appreciate
the variation of the standard deviation of the algebraic connectivity. When py is low
enough in order to have a structural transition, as expected, the standard deviation is
constantly zero till the critical fraction of edges removed is reached.

If we look to the Fiedler eigenvector, i.e., the eigenvector associated with the
algebraic connectivity, we can understand the mechanism that triggers the transition.

Without loss of generality, consider the case of a two-layer multiplex network.
In the disconnected phase, namely, when py = p, the Fiedler vector has the form
Xo=0...1]—1,..., —l)T, i.e., all the nodes in the same layer have the same
entry of the Fiedler vector.

The structural impact on the algebraic connectivity of removing a link in a given
layer can be approximated as [53]

Afly = Z(szi —X25) =0,

1

(5.38)
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which is true till pg < p*, but the removing of a link has the side effect of
lowering p*. Thus, there will be a point in the link removal process at which pg is
no longer lower than the actual p*, the Fiedler vector will have a different structure
and thus At # 0 causing a drop in the algebraic connectivity. Note that these
considerations are valid also for the continuous degradation model.

5.7 The Shannon Entropy of the Fiedler Vector

Motivated by the final considerations of the last section, we also study the Shannon
entropy of the Fiedler vector, defined as

S=-Y x5 logiy, (5.39)
i

considering that the Fiedler vector has a unitary norm. Moreover, as can be observed
in Figs.5.8 and 5.9, the entropy of the Fiedler vector starts at its maximum,
stays constant, and experiments a discontinuous jump in correspondence with the
transition. The entropy indicates the level of homogeneity of the entries of the
Fiedler vector. Obviously, it is maximal when all the entries are the same, i.e.,
before the transition, while after that it reflects the internal organization of the
multiplex network. The behavior is identical to the case of the transition in p [52],
indicating that the Shannon entropy of the Fiedler vector is a good indicator of the
structural transition.

5.7.1 Transition-Like Behavior for No Node-Aligned Multiplex
Networks

The structural transition, both in p and in ¢, is due to an eigenvalue crossing between
the always present eigenvalue mpg and the next eigenvalue. However, mpq is an
eigenvalue of the supra-Laplacian £ only in the case of node-aligned multiplex
networks, while for no node-aligned multiplex networks, mpq is only a bound [69].
This means that for no node-aligned multiplex networks a true transition doesn’t
exist. Interesting enough, if we perform a layer degradation by links failure we
observe a similar behavior of the standard deviation as shown in Fig. 5.10.

In the initial regime, the variation is not O but its fluctuations are more or less
constant, while in the last regime the fluctuations follow the same behavior of the
true transition of the node-aligned case. Besides, we can observe a phase transition-
like behavior also in the case of continuous degradation, see Fig. 5.11 in which it is
shown the value of the algebraic connectivity.



5.7 The Shannon Entropy of the Fiedler Vector 69

-1.0
5 .
-0.9
08
4 .
07
V4
34 0.6
= 0.5 <
= |
2 .
N /\ 0.4
SN —
7é)<p j 0.3
1 -
0.2
0.1
0 : : . : .
0.0 0.2 0.4 0.6 08 1.0

Intralayer weight

Fig. 5.8 Shannon entropy of the Fiedler vector under continuous layer degradation
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Fig. 5.9 Shannon entropy of the Fiedler vector under discrete layer degradation with descending
(left panel) and ascending (right panel) ordering of the links according to p

Finally, the same happens to the Shannon entropy of the Fiedler vector (Fig.5.12)
except that now we cannot observe a jump. At variance with traditional single-
layer networks, in which removing links or lowering their weights will cause in
general a finite variation of the algebraic connectivity, for a multiplex network
in the disconnected phase the degradation of layers will not affect the algebraic
connectivity till a critical point is reached. Importantly, this is not the case for the
structural transition triggered by the degradation of the coupling between layers. In
this sense, multiplex networks are more resilient to damages and attacks to their
layer structures than an isolated layer is if they are in the disconnected phase.
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The results shown here are directly applicable also to regular interdependent
networks [44], since the transition is driven by an eigenvalue crossing that also
applies in this case [17, 69].



Chapter 6 ®
Polynomial Eigenvalue Formulation Qe

In the previous chapters, we have dealt with the matricial representation for
multiplex systems. Here, we focus on the matricial representation and explore
the block nature of such representation. As we will show in the following, this
allows us to derive interesting results based on an interpretation of the traditional
eigenvalue problem. More specifically, we will reduce the dimensionality of our
matrices, but increase the power of the characteristic polynomial, i.e., a polynomial
eigenvalue problem. Such an approach may sound counterintuitive at first glance,
but it allows us to relate the quadratic problem for a 2-Layer multiplex system with
the spectra of the aggregated network and derive bounds for the spectra among many
other interesting analytical insights. The main motivation for this approach can be
found in [33, 46, 77]. Finally, we must also mention that this formalism is still
under development. We believe it will allow us to derive new important results for
multilayer network in the future. In other words, it is also a new perspective for the
structural analysis of multilayer networks.

6.1 Definition of the Problem

Here we will focus our attention on 2-Layer node-aligned multiplex network
composed by undirected layer-graphs. In the following sections, we will relax a little
bit those assumptions, but this constraint will be useful for our first analysis of the
problem. In fact, we will define the problem for a general matrix M, in Sect. 6.1.1,
and then constraint it to multiplex networks in Sect. 6.1.2.

© The Author(s) 2018 73
E. Cozzo et al., Multiplex Networks, SpringerBriefs in Complexity,
https://doi.org/10.1007/978-3-319-92255-3_6


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-319-92255-3_6&domain=pdf
https://doi.org/10.1007/978-3-319-92255-3_6
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6.1.1 Quadratic Eigenvalue Problem

In addition to the eigenvalue problem, one might also think of a higher order
matricial problem. Define a matrix polynomial of degree 2, also called A-matrix
[33, 46, 77],

Q) = AX> +Br+C, (6.1)
the associated quadratic eigenvalue problem (QEP) is given by
det (Q(A)) = 0. (6.2)

We emphasize that a quadratic eigenvalue problem is a special case of polynomial
eigenvalue problems [46], for an arbitrary matrix polynomial order in X.
In addition to the eigenvalues, we have the right and left eigenvectors defined as

Q(M)x = 0, 6.3)
y'Q() = 0. (6.4)

Without loss of generality, we assume in the following that the eigenvectors are
unitary.

6.1.2 2-Layer Multiplex Networks

A general form of any matrix (adjacency, Laplacian or probability transition) of a
multilayer network composed by two layers is given by a block matrix. Thus, the
standard eigenvalue problem can be expressed as

|:M11 MIZ] |:Ul] 1 I:Uli| ’ 6.5)
My My | | vz v2
where My = MZT], since we assume undirected edges. Interpreting it as a system

of equations and isolating vy on the first row, the dependence of the components of
the eigenvector is expressed as

v = =M, (My; — ADv;. (6.6)

Finally, inserting it on the second row we have
(M1 = ADMG,! Moz = 2D = M2 | 12 =0, 6.7)

which is a QEP, whose coefficient matrices are

A =M, (6.8)
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B=- (MHME1 + Mle Mzz) , (6.9
C = M;M,)M, — Mj, (6.10)

In our context, exchanging M; and M»; does not change the system, neither the
solutions. However, if the polynomial considering the first layer is Q(A), then,
for the second one (relabeling the layer indices) it is Q(X)T. In this way we
found a relation between the right and left eigenvectors and these two possible
configurations of our system. Formally, such observation implies x = v and
y = v1. Note, however, that if the right eigenvector x is normalized, then the
eigenvector of the standard eigenvalue problem, [y x7]7, is not normalized. In
the following, we assume that x is unitary to simplify the equations. Although
in this chapter we focus on static networks where only the coupling matrices are
a function of a coupling parameter, all the presented formalism can be extended
to more general problems. Another example of application of this formalism was
shown in Sect. 5.5.1, where we analyzed the problem of layer weight degradation.

6.2 Spectral Analysis

Up to this point, we have defined our main mathematical tools, making as less
constraints as possible. Now we restrict ourselves on diagonal coupling matrices
and assume a linear function of the parameter p, Mj> = pD, where D is a diagonal
invertible matrix (such constraint will be relaxed later). Then, defining the scalar
equation that describes each eigenvalue as the product of Q(A) by its left and right
eigenvectors, we have

yTQ(A)x = a(yT, x)k2 + b(yT, XA+ c(yT, x) =0, 6.11)

where a(y”, x) = yTAx, b(yT, x) = yTBx, and c(y”, x) = yT Cx. Since this is a
scalar quadratic equation, its solution is given by

—b(y",x) £ VAT, x)

+ _
AT = 2a(yT, x)

6.12)

where A(yT,x) = b(yT,x)2 — 4a(yT,x)c(yT,x). Note that for each pair of
right and left eigenvectors we have two possible equations, but just one of them
is an eigenvalue of Q(A). Additionally, differentiating Eq.(6.11) by p we obtain
information on how the eigenvalues change as p changes. Formally, we have

TQMx  13Q()
y
ap ap

X+ yTQ(k)d—x + d—yQ(A)x =0, (6.13)
dp dp
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where
A A A B

— 4+ . 6.14
op dp dp op  9p (619

Note that the eigenvalues and eigenvectors are also a function of p. Moreover,
dy” dx
observe that for non-crossing points the relations dLQ(A)x = 0and yTQ(A) T =
0 hold, since the derivatives are bounded for non-crossing points. However, on the
crossings we have two eigenvectors associated with the same eigenvalue, which
imply two solutions of the derivatives. Then, isolating the derivative of A we have

T( , 0B ac>

yl-r2——-—]x

d

= o ) (6.15)

dp T (2AD~! + B) x

As an application, such relation can be used to drive a system through different
regimes. For instance, considering the adjacency matrix, one can use this equation
in order to choose an edge or set of edges to be removed (or weighted) in order
to reduce the leading eigenvalue and consequently the critical point of spreading
processes, such as epidemic spreading. The same also applies to the Laplacian.
Obviously, the matrix under study depends on the process. Aside from that,
another application would be the design of a numerical method to follow the right
eigenvalues as a function of p.

6.2.1 Bounds

Aiming to find bounds to Eq.(6.12), we study the scalar polynomial defined by
xIQ(M)x = 0, where x is an eigenvector (left or right), which guarantees that
the polynomial is equal to zero. In order to simplify the problem we multiply
Q(») by Mj,, obtaining a monic polynomial matrix. Then we must bound the
terms b(x”, x) and A(x”, x), which will allow us to bound both solutions. Those
terms can be bounded by the numerical range of the matrices in which they
are related. The numerical range [38] is formally defined for any matrix X as
F(X) = {x"Xx : x € Cand x"x = 1}. Additionally, o(X) € F(X), where o (X)
is in the set of eigenvalues of X. Moreover, if X is an Hermitian matrix x7 Xx is the
Rayleigh quotient [38] of X, which implies A1 (X) < xIXx < anX). Finally,
to bound a non-Hermitian matrix we use the relation of the spectral norm and
the numerical range [38], given as %|||X|||2 < r(X) < |IX|llo, where r(X) is its

numerical radius, defined as r(X) = Hnﬁaxl|x*Xx| =max{|z| : z € F(X)}.
Xll2=

Consider the term b(x”, x), which is bounded by

— IBIll; < b(x", x) < lIBll, (6.16)
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however, in many cases B is an Hermitian matrix, allowing us to improve this
bound to

Amin(B) < b(x", X) < Amax(B) (6.17)

More precisely, observe that B is often related to the aggregated network, thus
enlightening the connection between both scales.

Next, we evaluate A(x”, x) = (x'Bx)? — 4x7Cx. Firstly, we can analyze the
term (x” Bx)?, by observing that: (a) min{x;} < x”Bx < max{u;}, (b) min{u?} <
xB2x < max{u?}, and (c) min{|p;[}* < (xTBx)? < max({|u;|}?, since min{u?} =
min{|u;|}?, hence, from (b) and (c), bounding (x”Bx)? is equivalent to bounding
xB%x. Secondly, we can factorize A(x”,x) = xT(B? — 4C)x and defining the
matrix A = B? — 4C, we can focus on the problem x” Ax instead of the initial
definition of A(xT, x), since both have the same bounds. Besides, since in most of
the problems on networks we are dealing with symmetric matrices, we might also
impose that A(xT, x) > 0 because the spectra is real. In summary we have

0< AT, x) < Al (6.18)

The bounds can be further improved when applied to the analysis of particular
matrices (adjacency, Laplacian, probability transition, ... ), since their particularities
also impose constraints on the solutions and can be explored to improve those
results.

6.2.2 Comments on Symmetric Problems: HQEP

The matrix polynomial defined by the matrix coefficients presented in (6.8) are not
symmetric in most of the cases; however, a class of problems that arise naturally is
defined by M2 = pl. In this case the matrices A and B are Hermitian; however,
C is not. On the other hand, we can use the Toeplitz decomposition [38] in
order to analyze a simplified problem. Such decomposition states that any square
matrix can be uniquely written as the sum an Hermitian (X = X*) and a skew
Hermitian matrix (X = —X*) as X = %(Xl +X5*) + %(Xl — X5*). It allows us
to decompose pC = %(Mllez + MxMyy) + %(MuMzz — MxMy)) + p°lL
In this way we can rewrite our QEP into two parts, one composed by Hermitian
matrices, which is called Hyperbolic Quadratic Eigenvalue Problem (HQEP) [77],
and a skew Hermitian matrix, that can be interpreted as a perturbation if the
layers are similar. The advantage of such an approach is that HQEP presents
interesting features, for instance the left and right eigenvalues coincide. The natural
consequence of the perturbation theory is that the matrix pC of the HQEP is
perturbed by %(Ml 1M3; — M»>Mj;) and such a matrix norm goes to zero as the
layers are more and more similar. From the Bauer and Fike theorem [38] we can
write a quality function for the approximation of the perturbed matrix C as
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~ 1
’A — A‘ < K(U)H'E(MuMzz — MM )

), (6.19)

where 1 is the eigenvalue of C = Cg + Cs, Cg = UAU™! and « (-) is the condition

number with respect to the matrix norm [||-|||. Considering the spectral norm [||-|||,

X)

we have k(X) = %‘ If «(U) is near 1, small perturbations imply small

changes on the eigenvalues. On the other hand, large values of « (U) suggest a poor
approximation. Observe that such an analysis concerns only the matrix C and not
the whole QEP; however, it can be an estimate of the quality of the approximation
and show that the general solution interpolates between a HQEP to a general QEP.

6.2.3 Limits for Sparse Inter-Layer Coupling

So far we assumed a node-aligned multiplex, whose coupling matrix M, fulfill the
invertibility condition, which is a necessary condition to formally define the QEP
problem. However, we can use the limit of D;; = € — 0 in order to obtain results for
the sparse coupling. Observe that Eq. (6.1) can be analyzed in two different steps,
first calculating the limit of decoupled nodes and next the remaining system. The
first limit is analyzed as follows. From (6.1) the absent edges are factorized as

Pl D)2 = ple™! (M D@H)+D()Ma2 ) 2t p ™' e My DM —pD = 0,
~ (6.20)
where D = eD~!. Multiplying Eq. (6.20) by pe and using the following limit

s Lot [ eo(l),
lim [D] = ji e 6.21)
e~>0L djj 0 otherwise.
we get
D)2 — (M“f) + f)M22) A+ M DMy = 0, (6.22)

where the term of order O (¢) in D vanishes in the limit € — 0. The main trick of
this manipulation is to build a matrix, whose inverse does not diverge when € tends
to zero. In such a matrix, all the elements associated with non-coupled nodes vanish,
allowing us to extract information only about part of the spectra.

Observe that D = limc_.o[eD™!] = I if both layers are decoupled and the
polynomial equation can be factorized as (Mj; — AI) Mz — AI) = 0, whose
solutions are the union of the solution of the standard eigenvalue problem of each
layer. An important observation is that the number of nodes that are not connected
to the other layer is also the number of eigenvalues that do not change as a function
of p.

As mentioned before, Eq. (6.22) only presents the solution of the nodes that do
not have any counterpart on the other layer. In order to calculate the remaining



6.3 Applications 79

solutions we have to redefine the original problem in terms of the Moore—Penrose
pseudoinverse, denoted by X', for a matrix X. Denoting by D = p~'D we have
D;; = ’]D;jl if D;; # 0and D;; = 0 otherwise. Observe that the zeros of D
are ones in ﬁjj.

For the sake of simplicity, in the following sections we assume that Mj is
invertible; however, the strategy mentioned above can be applied if it is not the case.
From the computational point of view, we can reduce the cost to calculate the whole
spectra as a function of a closed range of p by separating it into two components,
where a subset is constant and the remaining subset varies.

6.3 Applications

Our main formalism is now developed and we will show some applications on the
Laplacian and adjacency matrices in Sects.6.3.1 and 6.3.2, respectively. In both
cases, we show bounds for the spectra and also properties of the derivatives of the
eigenvalues as a function of the coupling parameter p. Additionally, in the Laplacian
case we were able to discuss another way to calculate the structural transition [63],
however, avoiding the mathematical difficulties found in [68]. Finally, note that
those matrices are related to many dynamical processes, for instance, epidemic
spreading, for the adjacency matrix and diffusion and synchronization of coupled
oscillators in the case of a Laplacian.

6.3.1 Supra-Laplacian Matrix

The most general Laplacian matrix considering a diagonal coupling matrix is
M1 = —pD, where D is a diagonal matrix and D;; # O (for a comment on
sparse coupling, see Sect. 6.2.3). The QEP of such a matrix is defined by A = D™,
B = — (LaD~! + D7'Ly, +2pI) and C = LoD™'Ly, + p (La + Ly). The analysis
of this QEP is not trivial, since the matrices are not symmetric; however, the
comparison with the diagonal coupling can give us some insights about the behavior
of more general cases. For the sake of simplicity, let us consider the simplest case,
where D = 1. Thus, we have a monic polynomial matrix, where B is the aggregated
network, which is semi-positive definite. Besides, C is a matrix that contains the
product of both layers and accounts for similarities between them.

6.3.1.1 Structural Transition

Firstly, we discuss the structural transition presented in [63] on the Laplacian
matrix. However, here we calculate the exact transition points using the QEP
formulation. Note that we can easily derive such transition points using our
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formalism. It is noteworthy that those transition points were also calculated
in [68] using two different methods: eigenvalue sensitivity analysis and a Shur’s
complement approach. Both derivations are quite complicated, contrasting with our
approach, where the solutions are given using simple arguments. Note, however,
that our approach yields a different expression if compared to the method presented
in [68], but both expressions lead to the same final result. We do not prove this
equivalence mathematically but just verified their equivalence numerically.

To begin with, we must recall that . = 2p is an eigenvalue of the supra-Laplacian
and the crossing points are a consequence of this eigenvalue crossing the bounded
part of the supra-Laplacian spectra, producing the so-called structural transitions. In
this way, from our definition of QEP, we have that

det (Q(2p)) = det (Lg + Ly) det (LbLa (La + Ly — pI) , (6.23)

which have two possible solutions: (1) det (Ly +Lp) = 0, which is always
true, since the sum of two Laplacian matrices is also the Laplacian of the
aggregated network and also has determinant equal to zero and (2) the solution
of det (LbLa (La + Ly — pI), which are the crossing points or eigenvalues of
multiplicity larger than one. Since it is also an eigenvalue problem in terms of
p, we have p* = A; (LbLa (La + Lb)T). There are N possible values of p that
solve (6.23), each one representing one crossing. Observe that it only crosses the
N lowest eigenvalues. The first crossing is trivial, at p = 0, and the second one
is the so-called structural transition [63], which impacts on dynamical processes.
As previously mentioned, the obtained expression is different from the previous one
presented in the literature, derived in [68]; however, both exhibit the same solutions
as we numerically observe.

6.3.1.2 Bounds

The QEP of the supra-Laplacian can be bounded considering the individual bounds
of B, which is semi-positive definite Hermitian matrix, leading to

2p < —b(x",x) <2p + Amax(La + Lp). (6.24)

Besides, the discriminant function is also bounded by
min {xT ((La —Ly)? —2p (La + Ly) + 4p21) x} < AGT, %)
AGT . x) < max ix ((La — Lb)2) + 4]721} , (6.25)

where the upper bound can be defined as a function of the spectral properties of
(La — Lb)z. On the other hand, regarding the lower bound, it can be improved
by realizing that the matrix A = (Ly — Lb)2 —2pLa+Lp) + 4p21, defined
in Sect.6.2.1, is semi-positive definite for undirected networks, A > 0. Thus,
(La — Ly)>—=2p (La + Ly)+4p®I = 0, hence (Ly — Lp)>4+4p2I = 2p (La + Ly),
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implying that A; ((La — Lp)* +4p?I) > 4; (2p (La + Ly)).! From these proper-
ties, we can establish the lower bound as 4 p?. Formally,

4p* < AGT,2) = s ((La = Ly)?) + 4 (6.26)

The previous bounds imply that in the asymptotic analysis formalism we have
A(xT, x) € ®(p?). Moreover, observe that the lower and upper bounds converge to
each other as the layers are similar. Finally, combining the formerly obtained bounds
we have,

0 <27, x) < $Amax(La + Ly) (6.27)

and

\/)vmax (La_Lb)2 +4P2
2p < )\.+(XT,X) <p + )tmax(l-éa‘f‘Lb) + ( 5 ) . (628)

Interestingly, these bounds can be analyzed in terms of their asymptotic behavior
(approximation), where for a sufficiently large value of p they can be approxi-
mated to

0<r (T, x) < m’

Amax (La + Lb)
—2 .

(6.29)

2p <At x)<2p+ (6.30)
Observe that from the asymptotic point of view we have A~ (x) € ©(1) and AT (x) €
®(p). Additionally, we can establish a condition when such bounds can be adopted.

To round up this section, we present an example in Fig. 6.1, where we present
the evaluation of the eigenvalues as a function of the coupling parameter p of
a multiplex network composed by two Erdds-Renyi layers with n = 10° nodes,
the first layer having average degree (k) = 12, while for the second (k) = 16.
Furthermore, we also observe that as p — oo it also tends to the spectra of the
network of layers, as expected by the interlacing properties.

6.3.1.3 Spectral Properties as a Function of the Coupling p

In this section, we analyze the spectral behavior of the supra-Laplacian matrix as a
function of the coupling parameter. In other words, in this section, we explore and
contextualize the analysis performed in Sect. 6.2. As usual, multilayer matrices can
be understood as a function of the coupling parameter, p, allowing us to study their
structural behavior as a function of this parameter.

11 addition, let us recall that if M; — M, > 0, for semi-positive matrices M and My, M| > M»,
then A; (M) > A; (M2), where the eigenvalues are in descending order.
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Fig. 6.1 Evaluation of the 120
eigenvalues A(L) as a
function of the coupling 100+
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First of all, consider the simplest case, where D = I. In such a case we have
a monic polynomial matrix, where B is the aggregated network, which is semi-
positive definite. Besides, C is a matrix that contains the product of both layers and
accounts for similarities between them. Hence, (6.15) can be expressed as

di (ZAyTx —5(yT,x))

dp (2(/\ —p)yTx = by, x)) ’

(6.31)

where b(yT,x) = yT(La + Lp)x and y7x = cos(6) is the cosine of the angle
between the left and the right eigenvectors of our QEP. Note that part of the spectra

di
has s — 0, while for the other part s — 2 as p increases, which can be proved
14 p

as follows. Firstly, suppose that A is constant as a function of p, then ZI—A —- 0
because the denominator grows as a function of p and the numerator is bounded as
supposed. Secondly, suppose that A grows with p”, where r < 1. In this case Z—; —
0, by the same arguments as before, since the linear function of the denominator
dominates it. However, if 7 = 1 we have Z—A — 2, since both grow linearly. Finally,
with p”, where r > 1, both the numerator and the denominator are dominated by p”,
which implies that for large p the derivative Z—A — 1. This is also a contradiction,

since it was supposed to be a linear function of p. In this way, we conclude that
the derivatives of A, for large values of p, cannot grow faster than linearly and their
growth will be one of two values, 0 or 2. Those results are in agreement with the
previously obtained bounds. Additionally, as an example, in Fig. 6.1 we can also
observe such a behavior.

In addition to the identity coupling matrix, we also evaluate the sparse coupling
case, whose analytical counterpart was presented in Sect. 6.2.3. As predicted, each
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uncoupled node results in a pair of eigenvalues that does not depend on p. Due to
the nature of the Laplacian matrix, where just one eigenvalue varies with p, while
the other remains bounded, the set of bounded eigenvalues increases by one. For
example, if we have i uncoupled nodes, the bounded part have n + 7 eigenvalues,
while the “unbounded” part have n — n eigenvalues. Note that the upper bound
for the bounded part is not %Amax(La + Ljp) anymore. However, the general upper
bound for D = I seems to be also an upper bound for the sparse problem, as we
numerically verified in our case. The figures for these experiments are not shown
since they are visually similar to Fig. 6.1.

6.3.2 Supra-Adjacency Matrix

In addition to the supra-Laplacian case, in this section we extend our analysis
for the supra-adjacency matrix, whose general QEP is defined as A = D!,
B=- (A,ID_1 + D_lAb) andC = A,D!A, — p2D. The analysis of such QEP is
not trivial since the matrices can be asymmetric; however, the comparison with the
diagonal coupling can help with the analysis of more general cases. For the sake of
simplicity, let us consider the simplest case, where D = 1. In such a case, we have a
monic polynomial matrix, where B is the aggregated network. Besides, C is a matrix
that contains the product of both layers and accounts for similarities between them.
Summarizing, in this section, we follow a similar approach as previously done for
the supra-Laplacian case, finding bounds for the spectra and evaluating its behavior
as a function of the coupling parameter p.

6.3.2.1 Bounds

Regarding the D = I case, we can also find bounds for the spectral distribution of
the adjacency matrix. Beginning with B, we can bound it based on its eigenvalues as

Amin(Aa + Ap) < —b(x) < Amax(Aa + Ap). (6.32)
Similar to the case of the supra-Laplacian, for the discriminant we have

Amin (A = Ap)?) = AGT ) = Amax (A0 — Ab)?)

Next, combining these bounds, we can bound both solutions by

% ()\min(Aa + Ap) — \/)‘max ((Aa - Ab)z) + 4P2> <A

= % (Amax(Aa + Ap) — \/)\max ((Aa - Ab)z) + 4]’2) . (6.33)
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and

1

3 (Amm(Aa + Ap) + \//\max ((Aa — Ap)?) + 4 p2) <7t

1
. 5 (Amax(Aa + Ap) + \/)Lmax ((Aa - Ab)z) + 4172) ) (6.34)

which asymptotically converges (approximation) to

+ )Lmin(A; + Ab)

+ Amax (Aa + Ab) ]

<A@ <p 5

(6.35)
In other words, the spectral density of the adjacency matrix is bimodal and one
part of the eigenvalues grows linearly with p, while the other part decreases at the
same rate.

In Fig.6.2 we show the previously obtained bounds for a range of values
of p. Interestingly, we observe that the obtained bounds seem to present a good
visual correspondence with the expected behavior of our spectral distribution.
Additionally, we also note that as p — o0, it also tends to the spectra of the network
of layers, as expected by the interlacing properties.

6.3.2.2 Spectral Properties as a Function of the Coupling p

Aside from the bounds, we also intend to better understand the spectral behavior as
a function of p. In this section, we focus on the first derivative as a function of the
coupling. From Eq. (6.15) and following a similar analysis as previously done, the
first derivative is given by

Fig. 6.2 Evaluation of the
eigenvalues A(A) as a
function of the coupling
parameter p of a multiplex
network composed by two
Erdos Renyi layers with

n = 103 nodes and the first
layer have average degree
(k) = 12, while the second
with (k) = 16. The
continuous lines are the upper
bounds, while the dashed
lines the lower bounds
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dr 2pyTDx
dp (2ryTD1x + b(y7, X))’

(6.36)

where x and y” are the right and left eigenvectors associated with A.
Focusing on D = I and using similar results as applied to the Laplacian case,
we can suppose that A is a constant function of p or a function of p” with r < 1;

. . dx Lo _
however, it would give us T ~ p, which is a contradiction. Next, we can suppose
D

that it is a linear function of p, which implies Z—A — =+£1, depending on the sign of
the linear coefficient. Finally, supposing that it is a function of p” with r > 1 we
obtain that d_A — 0, since the denominator grows faster than the numerator, which
again is a contradiction. Therefore, we infer that the first derivative of A can assume
only Z—)\ — =+1.

Next, we evaluate the sparse coupling case, whose analytical study was presented
in Sect. 6.2.3. As predicted, each uncoupled node results in a pair of eigenvalues that
does not depend on p. Thus, if we have n uncoupled nodes, the central part of the
spectra will have 2n eigenvalues that do not change as a function of p and n — 12
that grow linearly with p, while the other n — 7 eigenvalues decay with — p. This is
illustrated in Fig. 6.3. Interestingly, also note that the obtained bound for the D = 1
case seems to perform as well as on the case of Fig. 6.2, suggesting that they are
also applicable in this context.

0 10 20 30 40

p
Fig. 6.3 Evaluation of the eigenvalues A(A) as a function of the coupling parameter p of a
multiplex network composed by two Erdés Renyi layers with n = 103 nodes and the first layer
have average degree (k) = 12, while the second with (k) = 16. The coupling matrix is sparse. The

continuous lines is the adapted upper bound, the dashed line is the adapted lower bound, and the
dotted line was obtained experimentally at the largest value of p and extended for reference



Chapter 7 ®
Tensorial Representation Qe

In the previous chapters, we presented and explored the matricial representation
of multiplex networks. Complementary to that formalism, in this chapter, we
introduce a formalism based on higher order tensors. In the case of node-aligned
multiplex networks, the two representations are completely equivalent, since the
supra-adjacency matrix is a particular flattening of the adjacency tensor. Tensors are
elegant mathematical objects that generalize the concepts of scalars, vectors, and
matrices. A tensorial representation provides a natural and concise framework for
modeling and solving multidimensional problems and is widely used in different
fields, from linear and multilinear algebra to physics. Here we will present the ten-
sorial projections, and next we will analyze the spectral properties of the adjacency
tensor, showing the mapping between the tensorial and the matricial representation.
Finally, we show an application of this notation to obtain a concise expression
for degree—degree correlation on multilayered systems in Sect.7.4.1, allowing the
characterization of different levels of correlation. The original introduction to
the tensorial notation for multiplex networks is in [25]. We adopt the Einstein
summation convention, in order to have more compact equations: if two indices are
repeated, where one is a superscript and the other a subscript, then such operation
implies a summation. Aside from that, the result is a tensor whose rank lowers by 2.
For instance, A%AY = )", A%Al. We use Greek letters to indicate the components
of a tensor. In addition, we use a tilde (*) to denote the components related to the
layers, with dimension m, while the components without tilde have dimension n and
are related to the nodes.

© The Author(s) 2018 87
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7.1 Tensorial Representation

A general multilayer network is represented as the fourth-order adjacency tensor
M e RWWmIn - which can represent several relations between nodes [25].
Formally we have

M“‘i = Z Cﬂ(hk)E‘S (hky= "> wij(flk)g"“s(z]hk) (7.1)

h,k=1 hk=11Jj=1

where E%/ (hk) € R™ ™ and Egg (ijlez) € RPxmxmxm jndicates the tensor in its
respective canonical basis.

In addition to the tensor M € R™*"*™>™M 'we are usually interested in a weighted
tensor, in particular the case in which inter- and intra-layer edges have different
weights. Such a tensor is denoted as

Ris ) = MY ES (7 a)ay + ngj EZ (7 U] = 0) (7.2)
and we call it the supra-contact tensor, whose name comes from its definition in the
case of epidemic spreading [24]. Note that the intra-layer edges are weighted by
n, while the inter-layer edges are weighted by A. Furthermore, since a scalar does
not change the spectral properties of our tensor—it just rescales the eigenvalues—

we divide it by A, remaining with just one parameter, the so-called coupling
parameter, %

7.2 Tensorial Projections

One of the advantages of the tensorial representation is the easiness with which one
can consider projections that allow to have very compact equations. In the context
of multilayer networks, those projections often have a physical meaning, allowing
to characterize different levels of the system. First of all, observe that we can extract
one layer by projecting the tensor M/‘;“S to the canonical tensor E J/(rr) Formally,
from Ref. [25] we have

M3 E! (77) = C§(7F) = A% (P), (1.3)
where 7 € {1,2,...,m} is the selected layer and A% (r) is the adjacency matrix

(rank-2 tensor). Moreover, aiming at having more compact and clear equations we
define the all-one tensors u, € R" and U B8 ¢ RM*M Here, we restrict our analysis
to multilayer networks with diagonal couplings [44], of which mutliplex networks
are a subclass. Roughly speaking, each node can have at most one counterpart on
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the other layers. In addition, for simplicity, we focus on unweighted and undirected
connected networks in which there is a path from each node to all other nodes.

The network of layers characterizes the topology of the system in terms of the
mean connectivity between layers, see Chap. 2. Formally, in tensorial notation, we
have,

Y
v = MIUf,

(7.4)
where W/ e R™*™ Note that such a network presents self-loops, which are
weighted by the number of edges in the layer. Additionally, since we assume that
the layers have the same number of nodes, the edges of the network of layers have
weights equal to the number of nodes 7.

Another important reduction is the so-called projection [25]. Such network
aggregates all the information into one layer, including self-loops that stand for the
number of layers in which a node appears. Formally, we have

Py =MBU?, (75)

where P € R"™*". Complementary, a version of the projection without self-edges
is called the overlay network and is given as the contraction over the layers [25],
ie.

o __ ay
Oﬂ_M

57 (7.6)

Observe that the overlay network does not consider the contribution of the inter-
layer connections, whereas the projection does. As we will see later, comparisons
between the assortativity of those two different representations of the system reveal
the key role of such inter-links.

7.3 Spectral Analysis of R(A, 1)

A deep analysis of the spectral properties of the adjacency tensor R(X, n) can
inform us about the structure of multilayer networks and, consequently, give
us information about dynamical processes occurring on top of such systems.
First of all, the generalization of the eigenvector problem to the eigentensor is
described in Sect.7.3.1, allowing us to use some well-established linear algebra
tools. Additionally, in this section, we generalize the spectral results of interlacing,
obtained in [20, 69] and presented in Chap. 4, to the tensorial description adopted
here. Besides, we also make use of the inverse participation ratio, IPR(A), as a
measurement of eigenvalue localization [24, 34], a well-known tool to study the
eigenvectors, which also provides important insights for epidemic processes. As a
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convention, we assume that the eigenvalues are ordered as A1 > Ay > ... > Ay
and the individual layer eigenvalues are denoted as Aﬁ. Note that, in contrast to
Chap. 4, here we use a different eigenvalue order.

7.3.1 Eigenvalue Problem

The usual eigenvalue problem can be generalized to the case of a rank-4 tensor. In
the case of the supra-contact tensor, it reads

R Jay (M) = Afyg5(A), 7

where A is an eigenvalue and f 8 5(A) is the corresponding eigentensor. In addition,
we are assuming that the eigentensors form an orthonormal basis. Importantly, the

supra-contact matrix, R, in [18] can be understood as a flattening of the tensor
R;g (%, n). Consequently, all the results for R also apply to the tensor R. As argued

in [25], that supra-adjacency matrix corresponds to unique unfolding of the fourth-
order tensor M yielding square matrices. Following this unique mapping we have
the correspondence of the eigensystems.

7.3.2 Inverse Participation Ratio

In addition to the eigenvalues, we can study the behavior of the eigenvectors in terms
of their localization properties, i.e., how the entries of a normalized eigenvector are
distributed. One way to study this phenomenon is using the inverse participation
ratio, which is also used in the context of epidemic spreading in [24, 34].
Mathematically, the inverse participation ratio is defined as

4 -
IPR(A) = (f45(8)) U, (7.8)

In the limit of nm — oo, if the IPR(A) is of order O(1), then the eigentensor
is localized and the components of fﬁg(A) are of order O(1) only for a few

nodes. On the other hand, if IPR(A) — O then this state is delocalized and

the components of fﬁg(A) ~ O (ﬁ) Additionally, another possible scenario

completely different from the traditional single layer one is possible if we consider
a layer-wise localization [24], i.e., localization on layers, instead of on a fraction of
nodes. In such a case, the 7 P R(A) will be of order O(1/n) in the localized phase,
whereas it will be of order O(1/nm) in the delocalized phase. A deeper analysis of
this scenario is presented in Sect.7.3.5.5.
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7.3.3 Interlacing Properties

Invoking the unique mapping presented on the previous subsection and considering
the results of Sanchez-Garcia et al. and Cozzo et al. [20, 69], we can use the
interlacing properties to relate the spectra of the multilayer network with the spectra
of the network of layers. First, we define the normalized network of layers (see
Sect. 7.2) in terms of the supra contact tensor as

~ 1 ~
4 —_ _paY B
7 () = R (.MU, (7.9)

where we are implicitly assuming a multilayer network in which the layers have
the same number of nodes (the demonstration that the matrix used in [69] is an
unfolding of such a tensor is shown in Sect. 7.3.4 in order to have a more fluid text).
Additionally, let’s denote by w1 > 2 > ... > u, the ordered eigenvalues of

@g (A, 7). Following [69], the interlacing properties imply
Anm—m+j =MHj= Aj, (7.10)

for j = m,..., 1. As examples, Table 7.1 shows the spectrum of three simple
networks of layers that can be computed analytically: a line with two and three nodes
and a triangle. Figure 7.1 shows a schematic illustration of those three multilayer
networks.

Furthermore, using similar arguments we can also obtain results for the normal-
ized projection, formally given as

1 _ -
o ay )
Pﬁ = _RﬁS (A, n)Uy, (7.11)

Table 7.1 Structure and spectra of the normalized network of layers <1>3§7 X, n)

Network <I>§ (A, m) Eigenvalues
Line with two nodes - ky — 1
k=1 % zki + ?7
i % <kl:2) A
Line with three nodes - - (k)
W= 30 k) — V21
b g ok
L 0 n (kl—3)_ (k> + ‘/EX
Multiplex - - ky—1
o=y 1 Wl
o (k) + 24
L % n <kl—3)_ r

Assuming that the average degree of each layer, (k"y, is the same, i.e., (k') = (k), VI
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Fig. 7.1 Schematic illustration of the three multilayer networks cases considered as examples.
Top panels represent the original networks which give rise to three distinct configurations for the
networks of layers. See the text for more details

whose ordered eigenvalues, denoted by v; > vy > ... > vy, also interlace those of
the supra-contact tensor satisfying

Anm—n+j S vj < Aj, (7.12)

for j = n, ..., 1. Finally, the eigenvalues of the adjacency tensor of an extracted
layer also interlaces those of the parent multilayer networks, yielding

Apm—nyj < Al < A, (7.13)

for j = n, ..., 1. These results show that the largest eigenvalue of the multilayer
adjacency tensor is always larger than or equal to all of the eigenvalues of the
individual isolated layers as well as that of the network of layers.

7.3.4 Proof of Eq.(7.9)

In this subsection we show the equivalence of the results presented in [20, 69],
presented here in Chap. 4, and Eq. (7.9). Consider the matricial representation of a
multilayer network, given by

Al C12 . Clm
~ C21 AZ ... C2m
A=PAa +c=| . . (7.14)

C;n] C;nZ A'm
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where A € RM™>Xnm A% ¢ R™" s the adjacency matrix of the layer a €
{1,2,...m} and C is a coupling matrix (see Chap.2). Since we assume multilayer
networks in which the layers have the same number of nodes we have C*# = [ if
layers o and B are coupled. We assume a partition of such network, represented by
S € R™>*™ which is the characteristic matrix of such partition, where S; ;= 1if
i € V; and zero otherwise (V; is the partition of the network of layers).

In order to use the results of Sanchez-Garcia et al. and Cozzo et al. [20, 69] one
has to prove that the network of layers contact matrix Risan unfolding of our tensor

d>3§7 (7, 1), with R formally given by

R=T"'sTAS, (7.15)

where I' is a diagonal matrix with normalizing constants (for more, see Ref. [20,
69]). In words, the product AS is a summation over the blocks of the matrix A,
resulting in a matrix with the degree of each node. The subsequent left product with
ST imposes another summation, whose result is a matrix composed by the sum of
all elements of the blocks. Finally, the product by I'"! normalizes the result by %
Formally we have,

kll k12 col flm
_ k21 k22 . kZm
as=| . .. (7.16)

)

where k'/ € R"™ ! is a vector with the number of edges emanating from each node
on layer i to layer j and AS € R""*™ Then,

Zkll ZkIZ Zklm

STA_S_ ZkZI Zk22 ZkZm

: _— : (7.17)
kal kaZ kam’

where )" k'/ € R are scalars with the number of edges that connect a node on layer
i to a node on layer j. Finally, the product by I'"! introduces the average degree
instead of the summation, producing the same results as Eq. (7.9).

7.3.5 2-Layer Multiplex Case

In the next sections, we analyze the spectral properties of simple multilayer
networks varying the configuration of the layers.
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7.3.5.1 Eigenvalue Crossing

Let us analyze the spectra of a simple setup: multiplex networks composed by [
identical layers. Such class of networks provides insights about the spectral behavior
as a function of (%) Although they are not very realistic a priori, there are situations
in which this representation is helpful: for instance, in the context of disease
contagion, one might think of a multi-strain disease in which each strain propagates
in a different layer allowing coinfection of the host population.

The supra contact tensor can be written as

ay _ gpas? Mooy
Rﬁg()"n)_A,BSS —}-)\5/3]{8, (7.18)

where A% is the 2-rank layer adjacency tensor, K 3 is the adjacency tensor of the
network of layers, which is a complete graph on the multiplex case, and 6% is
the Kronecker delta. Observe that in this case the supra-adjacency matrix is given
by a Kronecker product, see Chap. 2. In this way, the eigenvalue problem can be
written as

) ) _—
Rys fay = AGSS fuy + 85K fays (7.19)

where the sum of the eigenvalues of A, Af, and K, u;, are also eigenvalues of
the adjacency tensor, hence R‘;gfa); = (A +2pu)) fuy.i=1,2,...nand j =
1,2,...m. Then,

n n
(Aﬁ n Xuj) — (Ai n X”*‘) . (7.20)
The eigenvalues of the complete graph on m nodes are £t = m—1,and u; = —1,
Vi > 1, yielding
AL — Al
L S (7.21)
A m

which imposes crossings on the eigenvalues of the adjacency tensor for identical

layers, since (1) is a continuous parameter.

7.3.5.2 Identical Layers

Consider a multiplex network made up of two layers with the same configuration.
Each layer of the multiplex is a network composed by n = 1000, (k) ~ 6,
Al = 14.34, with degree distribution P(k) ~ k~%7. Aside from the intra-edge
configuration, we also impose that inter-edges connect a node with its counterpart
on the other layer, i.e., every node has the same intra-layer degree on all layers. Such
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Fig. 7.2 Spectral properties 10" ——rrr——rm
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a constraint imposes a high correlation between the degree of nodes in different
layers, in fact, it is the maximal correlation possible given the degree distribution.
Figure 7.2 shows the behavior of the spectra of such a multiplex network as a
function of the parameter (%) In the top panel, we represent the inverse participation
ratio associated with the first three eigenvalues, while on the bottom panel, we plot
the first ten eigenvalues. When the ratio % = 0 the eigenvalues have multiplicity
two, as can be seen on the left side of the bottom panel (approximately, since
the figure starts from 10~2). More importantly, those eigenvalues tend to behave
differently: one increases, while the other tends to decrease. This behavior leads
to an eigenvalues crossing. The inset of the bottom panel zooms out the region
where the crossing takes place. Note that the eigenvalues cross at the same value for
which the inverse participation ratio shows an abrupt change. Indeed, the jump in
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the IPR(A) has its roots in the interchange of the eigenvectors associated with each
of the eigenvalues that are crossing. Moreover, we stress that the abrupt change
observed for IPR(A) is always present in such scenarios, but it could be either from
the lower to the higher values or vice versa depending on the structure of the layers.

7.3.5.3 Similar Layers

In addition to the identical case, we have also considered a multiplex network
composed by two layers with the same degree distribution (i.e., the same degree
sequence), with P (k) ~ k=27 but different random realizations of the confi guration
model. Furthermore, the inter-edges follow the same rule as before, connecting
nodes with their counterparts on the other layer assuring that every node has the
same intra-degree on all layers. Each layer of the multiplex network is composed by
n = 1000 and (k) &~ 6. Since each layer is a different realization of the configuration
model, both present a slightly different leading eigenvalue, the first A} = 15.21 and
the second A% = 14.34.

Figure 7.3 shows the spectral behavior of such a multiplex network in terms of
the largest eigenvalues, on the bottom panel, and the IPR(A), on the top panel. Here,
in addition to the global inverse participation ratio, we also present the contribution
of each layer to this measure. Such analysis is meaningless on the identical case
since the contribution is the same. As shown in the figure, we observe that for small
values of %, with respect to the first eigenvalue, the system is localized on the first
layer and delocalized on the second. On the other hand, the picture changes when we
focus on the second eigenvalue, as it is localized on the second layer, but delocalized
on the first one. For larger values of %, both layers contribute equally to IPR(A).
Analogously to the identical case, there is a change on IPR(A3), which seems to
be related to the changes on Aj, as one can see on the bottom panel and in the
inset. Note that for this case, there is no crossing, i.e., the eigenvalues avoid the
crossing—also referred to as near-crossing.

7.3.5.4 Different Layer

In this section, we focus on the case of two completely different layer structures,
with spaced leading eigenvalues. Consider a multiplex network made up of two
scale-free networks with y =~ 2.2 and y ~ 2.8. Both layers have (k) ~ 8 and
n = 103 nodes on each layer and the leading eigenvalues are Al = 42.64 for the
first and A% = 21.29 for the second.

Figure 7.4 shows the spectral properties of the tensor R (A, n) as a function of the
ratio % In contrast to the identical layers, Sect. 7.3.5.2, and the case of statistically
equivalent layers, Sect. 7.3.5.3 (also see Figs. 7.2 and 7.3), where some eigenvalues
increase while others decrease, here all the observed eigenvalues always increase.
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Moreover, we do not observe any crossing or near-crossing behavior. Regarding
IPR(A), the same pattern as for the case of similar multilayer configuration is
found: for small values of % and considering the first eigenvalue, the system appears
localized on the first layer and delocalized on the second, while for IPR(A>), it is
the contrary. For larger values of %, both layers contribute equally to the IPR(A).
Furthermore, the main difference we observe for the current setup with respect to
the two similar networks (see Fig.7.3, presented in Sect.7.3.5.3) is that now no
drastic change on the inverse participation ratio is found, as expected since there is

no near-crossing.
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7.3.5.5 Layer-Wise Localization

One of the main results of de Arruda et al. [24] is the layer-wise localization
phenomena. As mentioned previously in Sect.7.3.2, in such a case, the I PR(A)
will be of order O(1/n) in the localized phase, whereas it will be of order O(1/nm)
in the delocalized phase. This is because in the layer-wise localized phase the
components of the eigentensor are of order O(1/4/n) for all the nodes in the
dominant layer and of order zero for nodes in other layers. Noting that, one easily
realizes that the correct finite-size scaling analysis to take in order to characterize
such a transition is m — 00, i.e., the number of layers goes to infinity while the
number of nodes per layer stays constant. In fact, in this limit / P R(A) will vanish
on one side of the transition point while remaining finite on the other side. In this
way, we can observe localized states also in the case in which there is no possibility
for localization in each of the layers if isolated [24].
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Fig. 7.5 Diagram of the contribution of each layer to the IPR(A) for different values of
the spreading ratio . The dashed line represents the case where both layers have the same
contribution, i.e., a line with slope one. On the inset we show the angle 6 between the vector

composed by the contributions of each layer to the IPR(A), v = [IPR(A}), IPR(A%)]T, and
the x-axis. The multiplex network used here is composed of two Erdos-Rényi networks, both
with n = 5 x 10% the first layer (k) = 16 ((A])~! ~ 0.0625), while the second (k) = 12
(A1~ ~0.0833)

Complementary, Fig.7.5 shows the contribution of each layer to the IPR(A)
considering different values % Calculations were performed over a multiplex
network composed by two Erdos-Rényi networks, both with n = 5 x 10%, the first
layer (k) = 16, while the second (k) = 12. Observe that for lower values of % the
main contribution comes from one layer, configuring a layer-wise localized state and
consequently placed on one the x-axis of Fig.7.5. Then, increasing the ratio % we
also increase the inverse participation ratio of the second layer, however decreasing
the inverse participation ratio of the first layer, implying that the points tend to be on
the diagonal line with slope one, where the contributions of both IPRs are the same.
Such observation is also confirmed by the angle, 6, between the vector composed by

the IPR contributions, v = [IPR(A{), IPR(A)] T and the x-axis, where we observe
it changing from 0° to 45°.

7.3.6 3-Layer Multilayer Case

Following the main ideas of the last sections, we explore the spectral properties in
multilayer networks with more than two layers. Specifically, we have carried out
numerical simulations for a 3-layer system. We generate multilayer networks using
three scale-free networks, with y =~ 2.3, y & 2.6, and y = 2.9, with (k) ~ 8
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Fig. 7.6 Distribution of the eigenvalues. On the rows, from top to bottom, for the interconnected
networks of Lines 2.342.6+2.9,2.34+2.94-2.6, 2.642.3+2.9, and the multiplex. On the columns,
from left to right, we varied the ratios % =1, 10, 100, and 1000, respectively. All histograms were
built with 100 bins

and n = 10’ nodes on each layer. Note that we have two possible topologies for
the network of layers: (1) a line graph and (2) a triangle (which is a node-aligned
multiplex). In its turn, the first can be arranged in three possible configurations by
changing the central layer. That is, we have four possible systems. Consequently, the
structure of the network of layers imposes itself more strongly on the eigenvalues of
the entire interconnected structure.

7.3.6.1 Spectral Distribution

Asin [24], where the authors evaluated the spectral distribution as a function of the
coupling parameter, we present the same results in this section. Figure 7.6 shows
the spectrum of the four configurations of networks when varying the ratio % =
1, 10, 100, and 1000. Observe that we do not show the ratio % = 0 since it is just
the union of the individual layers’ spectrum. For % = 1, the four configurations
are very similar, especially the line graphs. In such case, the inter-layer edges are
treated in the same way as the intra-layer ones. In other words, they are ignored
and the network can be interpreted as a monoplex network. As the spreading ratio
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increases, the spectrum tends to be clustered near the values of the eigenvalues of
the network of layers. Such spectra was analytically calculated in Sect.7.3.3 and
shown in Table 7.1 on the main text.

Regarding the triangle configuration, the clustering of the spectrum as %
increases is even clear. Triangles present the lowest eigenvalue with multiplicity
two. On the extreme case of % > 1, see Fig. 7.6, we have 2/3 of the values near
the left extreme value while 1/3 is near the leading eigenvalue. On the other hand,
for the line configurations, the frequencies of the eigenvalues distribution is related
to the position of the central layer. However, in the limiting cases, such differences
are reduced. This pattern is naturally related to the increase of the spreading ratio:
When % increases so does the role of the inter-layer edges relative to the intra-layer
connections. Consequently, the structure of the network of layers imposes itself
more strongly on the eigenvalues of the entire interconnected structure. This comes
as a consequence of the interlacing theorems shown in Sect. 7.3.3 on the main text.

Our findings can be related to the structural transition shown in [63], where
the authors evaluated the supra-Laplacian matrix as a function of the inter-layer
weights. Their main result is an abrupt structural transition from a decoupled regime,
where the layers seem to be independent, to a coupled regime where the layers
behave as one single system. Here, we are interested in the supra-adjacency tensor;
however, we found a similar phenomenological behavior and a structural change of
the system as a function of the inter-layer weights, which in our case are determined
by a dynamical process.

7.3.6.2 Localization Analysis

Figures 7.7 and 7.8 show the IPR(A ). On the main panel we present the individual
contribution of each layer, while on the insets we have the total IPR(A1). On Fig. 7.7
on the top panel we have the line (2.3 4 2.9 +2.6), whereas on the bottom panel we
have the multiplex network. Similarly, Fig. 7.8 shows the IPR(A) of tensor R for
the lines (2.3 + 2.6 4+ 2.9) and (2.6 + 2.3 4 2.9) on (a) and (b), respectively.

As observed in [24], an interesting phenomenon can be observed comparing the
different configurations of the network of layers. The largest eigenvalue of the whole
system, A1, has its associated eigenvector localized in the dominant layer, that is, in
the layer generated using y = 2.3. Regarding the line configuration, depending on
the position of that layer in the whole system—i.e., central or peripheral layer—the
contribution of the nondominant layers to the IPR(A1) varies. In particular, when
the dominant layer corresponds to an extreme node of the network of layers, the
contribution of the other two layers will be ordered according to the distance to
the dominant one. Consequently, when the dominant layer is in the center of the
network of layers, the contributions of the nondominant ones are comparable.

Furthermore, for the first eigenvalue, which is usually enough to analyze the
localization as a first order approximation, we observe that the layer with the largest
eigenvalue dominates the dynamics. In addition, note the similarities between the
multiplex and the line configuration (2.6 + 2.3 + 2.6) (see also Fig.7.8), where
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the nondominant layers behave similarly. This is because for small values of % the
effect of the extra edge in the network of layers (closing the triangle) is of second
order and thus the similar behavior observed for the two configurations. As % grows,
the symmetry in the node-aligned multiplex dominates the eigenvector structure and
the contributions of all layers are comparable.

Finally, Fig. 7.9 shows the tenth larger eigenvalues of the 3-layer multiplex case.
The dashed lines represent the leading eigenvalue of each layer. Note that the leading
eigenvalue of the layer with P (k) ~ k=29 is the seventh larger on the network
spectrum when % = 0. We observe that there are no crossings on the observed
eigenvalues, which is an expected result since the layers have different structures.
Furthermore, it is important to remark that all networks of layers evaluated also
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show similar qualitative behaviors. The topology of the network of layers does
not lead to qualitative differences on the dependence of A; on % for the firs

A

t

ten eigenvalues. We also notice that although it is only an approximation, the
perturbation theory would be valid roughly up to % < 10.
It is worth mentioning that the results presented in this section are closely related

to an epidemic spreading, as shown in [24]. In such case, the spreading of a disease
through different layers can be related to the individual contributions of each layer
to the total IPR(A 1). Additionally, in the context of disease spreading, the so-called
barrier effect was found, where the central layer act as a barrier for the spreading.
In this phenomenon the IPR(A ) plays a major role. We believe that we could
potentially find similar behaviors for other dynamical processes. Naturally, their
physical interpretation would depend on their particular context.
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Fig. 7.9 Evaluation of the 8 first eigenvalues of R(A, n) for the multiplex configuration as a

function of the ratio % It is noteworthy that such plot is visually equivalent for all the layer

topologies composed by three layers. The dashed lines represent the individual layer leading
eigenvalues

7.4 Degree-Degree Correlations in Multilayer Networks

Degree—degree correlations is a fundamental property of single-layer networks,
impacting the spreading of diseases, synchronization phenomena, and systems’
resilience [4, 55]. Additionally, it has been reported that different correlations arise
in different kinds of networks: social networks are in general assortative, meaning
that highly connected nodes tend to link with each other, whereas technological and
biological systems have disassortative structures, in which high degree nodes are
likely attached to low degree nodes [54].

For networks made up of more than one layer, only recently, Nicosia and
Latora [56] considered the correlation between the degrees in two different layers.
However, their methodology is only for node-aligned multiplex networks, which
are special cases of multilayer networks (see [44]). In fact, multiplex networks are
made up of n nodes that can be in one or more interacting layers. The links in each
layer represent a given mode of interaction between the set of nodes belonging to
that layer, whereas links connecting different layers stand for the different modes of
interaction between objects involved in [44].
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In this section, we study degree—degree correlations in multilayer systems and
propose a way to generalize previous assortativity metrics by considering the
tensorial formulation introduced in [25]. Our approach also covers a weighted
version of assortativity [47] and the case in which the assortativity is given by the
Spearman correlation coefficient, generalizing the definition in [48]. The study of a
real dataset corresponding to the airport transportation network shows a contrasting
behavior between the analyses of each layer independently and altogether, which
reinforces the need for such a generalization of the assortativity measure.

7.4.1 Assortativity in Multiplex Networks

Using the tensorial notation, presented in Sect.7.1 and following Einstein’s sum-
mation convention, the assortativity coefficient (originally proposed in [54]) can be
written as

MTIWE 0B 0y~ [1/2/\/1—1 (Wg Quuf+ W3 Qﬁua)]z

pOVE) = ;
M- (Wg(Qa)Zuﬂerg(Qﬂﬂua) - [1/2/\4—1 (Wg‘Qauﬂ—FWgQﬂua)]
(7.32)

where u is the 1-tensor, which is a tensor of rank 1 and has all elements equal to 1,
Wg‘ is a second order tensor that summarizes the information that is being extracted

and M = Wg‘ Uf is a normalization constant.
Let us explain in more detail all terms appearing in the expression of p(Wg).
First, we define

0 =Wgu?, (7.23)
which is a 1-contravariant tensor and
0p = Wgua (7.24)

which is a 1-covariant tensor. Moreover, the indices are related to the direction of the
relationships between nodes. Such a choice ensures a more general expression, cap-
turing degree correlations on nonsymmetric tensors and, consequently, in directed
and weighted networks.

Due to the multiplex nature of such systems, we obtain different types of
correlations, which can be uncovered by operating on the adjacency tensor. As
operations on the nodes we might cite the single layer extraction (Eq.(7.3)), the
projected network (Eq. (7.5)), and the overlay network (Eq. (7.6)). Complementary,
if we extract the network of layers (Eq.(7.4)), the correlation between different
layers can also be evaluated (see Sect. 7.2 and Ref. [25]). In other words, we define

the tensor Wg as one of the above-cited projections.
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Regarding the overlay and the projected networks, extracting degree—degree
correlations, nodes with similar degrees connected in the same or different lay-
ers contribute positively to the assortativity coefficient. On the other hand, the
connections between hubs and low degree nodes in the same or different layers
decrease the assortativity. Self-edges always increase the assortativity, which yields
different values of assortativity for the overlay and the projected networks. This
gives information on the nature of the coupling between different replicas of the
same object among different layers.

Complementary, if we extract the network of layers (Eq.(7.4), Sect.7.2), the
correlation between different layers can also be evaluated. We use W = \IJ;’ It
is important to stress that the components of this adjacency tensor are not binary,
but weighted by the number of edges inter each layer. Moreover, also in this
case, the resulting tensor presents self-edges that encode the information about the
density of connections inside a single layer. Finally, we can consider only inter-layer
relationships over two different layers. Such information is extracted by projecting
the adjacency tensor on the canonical base as

Wi = Cj(ih) = M"“SEV( h). (7.25)

Note that this is only applicable to multilayer networks and does not make sense in
multiplex networks, since in the latter case the coupling is diagonal.

Moreover, in some applications, it is interesting to calculate a pair-wise correla-
tion between a set of nodes, for instance, between couple of layers. Thus, we propose
a new operation, that we call selection, which is a projection over a selected set of
layers:

WE(L) = S5(L) = MELQY (L), (7.26)

where Qg is a tensor used to select the set of layers we consider in the projection

(£). The components of the tensor are equal to unity when the layers § and 7
are selected, and zero otherwise. Note that by selecting all layers together we
recover the 1-tensor U and consequently Eq. (7.5). Another special case is § = 7,
which yields Eq. (7.3), or the layer extraction. The tensor can also be generalized
to weight different layers. In this case, each element of Q(}; contains the weight

of the relationship between two layers § and 7. Such projection is similar to the
covariance matrix in statistics, which generalizes the concept of variance. The
covariance between two variables is quantified in each entry of the matrix and the
main diagonal has the variance of each variable. Thus, we can define a matrix that
generalizes the assortativity in a similar way as the covariance matrix generalizes
the concept of variance, i.e.

7 =p (Sg(ﬁ - {7, S})) , (7.27)

which belongs to a RE*L space. We call S the P-assortativity matrix.
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Also in this case, a similar operation for the overlay network can be considered,
yielding

L
WE(L) = Z§(L) =Y C(hh), (7.28)
hel

which can also be generalized in a similar way as Eqgs. (7.26) and (7.27), resulting
in the matrix

7/ =p (zg(c — 7 S})) . (7.29)

We call Z the O-assortativity matrix. A similar inter-layer correlation was also
proposed in [56], where the authors suggested measuring the degree correlation
between two different layers of the replica of the same object (or node). Fur-
thermore, they proposed three different ways: the Pearson correlation coefficient,
Spearman rank correlation, and the Kendall’s t index. However, it is worth pointing
out that such an approach does not consider the intra-layer relationship because it is
only for node-aligned multiplex networks [44]. Here, we generalize such a measure
in terms of tensorial notation.

Finally, the assortativity coefficient can also be defined in terms of the Spearman
rank correlation [48], since the traditional definition of this coefficient based on
the Pearson correlation [54] can lead to incomplete results, as discussed in [48].
The generalization of assortativity coefficient allows to consider the Spearman rank
correlation coefficient by changing Eqs. (7.23) and (7.24). Specifically, instead of
considering the values of Q% and Qg, one substitutes them by their respective
ranks.! Such transformation is performed by using

Q% = rank(W5u”) (7.30)
and
Qp = rankWgue), (7.31)

where rank(X;) is the rank of the tensor X;.
We henceforth denote by p” (Wg) and p° (Wg) the Pearson and Spearman

correlation coefficients, respectively. Furthermore, we adopt (S” )3;‘/ and (S% )g for
the pair-wise correlation matrices using the Pearson and Spearman correlation

coefficients, respectively. The same notation can be used for the matrices (Z” )g

!One may not confuse rank in this context with the tensorial rank. Here it is the position in the
ordered set of values, whereas the rank of a tensor is the number of covariant and contravariant
indices.
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and (Z5 )g. Monoplex assortativity, i.e., assortativity in single-layer networks [54],
is recovered by considering the adjacency matrix, Wg = A‘g, and consequently
Q% and Qg are analogous to in-degree and out-degree, respectively. Note that
Q% = Qg for undirected networks. Moreover, M is equal to twice the number of
edges, recovering the equation introduced in [54], which also captures correlations
of weighted networks, as exposed in [47].

Each approach presented here gives a different descriptor of the multilayer
structure. For instance, the projected and overlay networks gather the information of
all layers into a single layer structure, aiming at describing the whole system using
single descriptors. Aside from those, we also provide a pair-wise descriptor which
gives another type of information. Besides, there is also the network of layers, which
possesses information about yet another level of the system. In this way, approach
gives a set of metrics that capture information about the whole multilayer structure.
However, it is worth mentioning that the interpretation and choices depend on the
application.

7.4.2 Application to Real Data

We analyze the airport transportation network [16], whose multilayer representation
was studied in [13]. The network comprises 450 airports and 37 companies, which
are mapped as nodes and layers, respectively. More specifically, in each layer, the
edges represent the directed flights operated by a given company and nodes, airports.
Figure 7.10 shows a representation of 12 layers of such multiplex network. The
inter-layer connections link the airports shared by pairs of different companies.
This approach gives us a multiplex network that is not a node-aligned multiplex
network since the latter considers a diagonal coupling between all nodes in all
layers. Note that the way proposed in [13] to create the aggregated monoplex
network is the union of all layers considering multiple edges as single ones. This
is in contrast to our approach, because we consider the projections and overlay

Fig. 7.10 Example of an airport transportation multiplex network. Each layer represents an airline,
in which each node represents an airport and the edges are flights between two airports. This
visualization was generated using MuxViz [26]
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Table 7.2 Structural properties of the airport transportation multiplex networks

Network N M (0% PP etV
Network of layers (\Ilf,‘) 37 30398.0 821.568 0.377 0.286
Overlay (03) 450 7176.0 15.947 —0.050 —0.025
Projected network (Pg) 450 30398.0 67.551 0.795 0.560

networks as weighted networks, thus retaining the information of the number of
different connections between the same pair of airports.

Previous studies [13, 16] showed that the airport transportation network presents
the rich-club effect, which refers to the tendency of highly central nodes to be
connected among themselves. This is also captured by the assortativity as shown
in Table 7.2, where we verify that the projected network has positive assortativity
coefficients, agreeing with previous analyses. However, note that the projection has
a positive value of the assortativity, whereas the overlay has a negative one. Thus,
the assortativity of the projection indicates that many companies share hubs airport,
not that hubs connect between them. This apparent contradiction results from the
fact that the rich-club effect is masked out in the overlay setup by a large number of
peripheral nodes connecting to hubs.

The analysis of each layer separately (see Table 7.3) shows a different result,
where most of the layers are disassortative. The only exception is the Netjet layer,
which presents a positive coefficient for the rank correlation. Usually, the companies
focus their activities in one city or country, for example, Lufthansa in Germany
or Air France in France, and have flights to other airports where their activity is
lower. This leads to the disassortative behavior of each layer. Additionally, the
disassortative correlations found in single layers is more pronounced than that of the
overlay representation, which can be explained by noticing that hubs of a company
are peripheral (or secondary) airports for other companies, but when the layers are
collapsed they are also hubs in the overlay network and are connected.

Figures 7.11 and 7.12 show the pair-wise correlation between layers. Interest-
ingly, the latter is disassortative, in contrast to the results obtained for the projected
network, but of the same sign as those computed for the overlay representation
(see Table 7.2). Furthermore, our construction of the adjacency tensor leads to an
assortative network of layers, suggesting that bigger companies tend to share similar
airports. This analysis agrees with [13], where the authors argued that the main
airports are connected to each other via directed flights. In addition, considering the
Pearson correlations, the O-assortativity matrix presents lower values if compared
to the P-assortativity matrix due to the intra-layer contributions, as discussed before.
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Table 7.3 Structural properties of each layer of the airport transportation multiplex networks

Company N M (0% efcy | p5CH
Lufthansa 106 488.0 4.604 —0.668 —0.473
Ryanair 128 1202.0 9.391 —0.321 —0.348
Easyjet 99 614.0 6.202 —0.428 —0.470
British Airways 65 132.0 2.031 —0.775 —0.754
Turkish Airlines 86 236.0 2.744 —0.697 —0.567
Air Berlin 75 368.0 4.907 —0.501 —0.434
Air France 59 138.0 2.339 —0.637 —0.661
Scandinavian Airlines 66 220.0 3.333 —0.681 —0.521
KLM 63 124.0 1.968 —1.000 —1.000
Alitalia 51 186.0 3.647 —0.572 —0.538
Swiss International Air Lines 48 120.0 2.500 —0.728 —0.618
Iberia 35 70.0 2.000 —0.900 —0.838
Norwegian Air Shuttle 52 174.0 3.346 —0.511 —0.523
Austrian Airlines 67 144.0 2.149 —0.823 —0.744
Flybe 43 198.0 4.605 —0.560 —0.489
Wizz Air 45 184.0 4.089 —0.350 —0.381
TAP Portugal 42 106.0 2.524 -0.779 —0.610
Brussels Airlines 44 86.0 1.955 —1.000 —1.000
Finnair 42 84.0 2.000 —-0.915 —0.858
LOT Polish Airlines 44 110.0 2.500 —0.658 —0.598
Vueling Airlines 36 126.0 3.500 —0.438 —0.456
Air Nostrum 48 138.0 2.875 —-0.571 —0.569
Air Lingus 45 116.0 2.578 —0.670 —0.625
Germanwings 44 134.0 3.045 —0.628 —0.482
Panagra Airways 45 116.0 2.578 —0.625 —0.593
Netjets 94 360.0 3.830 —0.106 0.107

Transavia Holland 40 114.0 2.850 —0.585 —0.535
Niki 36 74.0 2.056 —0.838 —0.784
SunExpress 38 134.0 3.526 -0.797 —0.542
Aegean Airlines 38 106.0 2.789 —0.583 —0.560
Czech Airlines 42 82.0 1.952 —1.000 —1.000
European Air Transport 53 146.0 2.755 —0.416 —0.423
Malev Hungarian Airlines 35 68.0 1.943 —1.000 —1.000
Air Baltic 45 90.0 2.000 —0.844 —0.812
Wideroe 45 180.0 4.000 —0.293 —0.311
TNT Airways 53 122.0 2.302 —0.415 —0.346
Olympic Air 37 86.0 2.324 —0.754 —0.662
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Fig. 7.11 Pair-wise assortativity coefficient using Spearman rank correlation, oS (S%). Observe
that the main diagonal presents the same coefficient considering the layer extraction operation,
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Conclusions

As mentioned in the Introduction to this Springer Brief, the main goal of this text
is to further motivate research in the topic of multiplex/multilayer networks. By
presenting the main concepts of the multilayer framework, we hope that we have
provided the reader with a set of tools and concepts that will eventually allow
using the formalism and gaining a stronger formal basis. We believe that choosing
the matricial or the tensorial notation is a matter of taste and convenience. For
some problems, one might be easier or more natural than the other, since each one
emphasizes a different set of properties of our system. Additionally, knowing both
also allows the researcher to make use of their specific advantages.

We would also like to highlight some important and interesting research per-
spectives in this area. For instance, in Chap. 3, we formally defined a small set of
properties needed to properly define a structural metric. Based on these concepts, we
believe that many measures and metrics can be extended from monoplex networks
to multilayer ones. In doing that, we must be careful when interpreting the results
as well as when doing some approximations as both have been shown to depend on
the dynamics and the problem been tackled more often than not.

Regarding the spectral properties of multilayer systems, we also stress that the
richness of this kind of system is directly reflected on its spectra. In this Springer
Brief, we mainly used perturbation theory and interlacing properties of quotient
graphs in Chap. 4 and the new polynomial eigenvalue interpretation in Chap. 6. With
these tools, we were able to extract many structural and even dynamical insights for
processes occurring on top of multilayer networks. However, new analytical and
numerical tools and techniques are needed for the cases in which the multilayer
structure is more complex, which will surely allow exploring more realistic systems.

Finally, we also reiterate that this book has an introductory character, presenting
the main formalism that several authors have developed in the last few years. In this
sense, this text is not exhaustive as we have not presented alternative approaches.
Likewise, we have focused on formal and structural aspects of multilayer net-
works, leaving aside the already vast literature dealing with dynamical processes
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in multilayer systems. We however hope that the reader has grasped the basic
formalism and aspects of multilayer systems so as she/he can develop her/his own

research agenda in this fascinating area.
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Matricial Notation

e G(V, E): a graph, where V is a set of nodes and E is a set of edges

* (u,v) € E withu,v € V: and edge of a graph G(V, E); u and v are said to be
adjacent

* u ~ v: adjacency relation

e M= (V,L, P, M): ordered quadruple representing a multiplex network

e L =/{l1,...,m}: layer set of a multiplex network; a layer « € L is an index that
represents a particular type of interaction or relation

e | L |= m: the number of layers in a multiplex network

* Gp=(V,L, P),where P C V x L: abinary relation that indicates which node
of a multiplex participates in which layers. Gp = (V, L, P) can be interpreted
as a (bipartite) graph where P is the edge set

* (u,a) € P: an ordered tuple called node-layer pair; it is the representative of
node u in layer o

e P: the set of the node-layer pairs

* | Vg |= ng: the number of node-layer pairs in layer 8

* node-aligned multiplex: a multiplex network in which each node u € V has a
representative in each layer« € L,i.e., P =V x L

* Gg(Vg, Eg), where Vg = {(u,a) € P | @ = B}: a layer-graph

* M = {Gy}qeL: the set of all layer-graph

* G¢(P, Ec): the coupling graph in which there is an edge between two node-
layer pairs (u, o) and (v, B) if and only if u = v

* supra-nodes: the n =| P | disconnected components which formed G¢. Each
component is formed by all the representatives of a node in different layers

* G; = U, Gq: the intra-layer graph. The union of all the layer-graphs, i.e.,
G = Ua Gy

* Gz = G UGc: the supra-graph
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* [(u) = (u,a) € P |a e L: the set of node-layer pairs that correspond to the
same node u

* [71(i): the unique node that corresponds to the node-layer pair i

* A(G): the adjacency matrix of the graph G(V, E)

e L(G): Laplacian matrix of the graph G(V, E)

* K, : the adjacency matrix of a complete graph on n nodes

« A@: layer adjacency matrix; the adjacency matrix of the layer-graph G

+ L®: Jayer-Laplacian, the Laplacian matrix of the layer-graph Gy

e P: participation matrix; the adjacency matrix of the participation graph G p

* (C: the coupling matrix; the adjacency matrix of the coupling graph G¢

e L the Laplacian of the coupling graph

» standard labeling: a labeling of the node-layer pairs such that the coupling matrix
results in a block matrix whose diagonal blocks are all zeros and such that the
same row and column in different layer adjacency matrices correspond to the
representative of the same node in different layers

+ A: the supra-adjacency matrix; the adjacency matrix of the supra-graph G .
Assuming the standard labeling A = @, A% + C

o A=A intra-layer adjacency matrix; the adjacency matrix of the intra-layer
graph Gy

o L = L(Ga): the supra-Laplacian matrix; the Laplacian matrix of the supra-
graph G p4. Assuming the standard labeling £ = D., LO 4 Lo

* K;: the degree of a node-layer i; the number of node-layers connected to it by an
edge in G pq

* ey =) g, np: excess index of layer o

* ki(): layer-degree of a node-layer i; the number of neighbors it has in G*

* Ci(a: the coupling degree of a node-layer i; the number of neighbors it has in G¢

* CB.y) =BT+ yC

* multiplex walk matrix: a matrix that encodes the permissible steps in a multiplex
network

. AC: multiplex walk matrix that encodes the steps in which after each intra-layer
step a walk can continue on the same layer

. CA: multiplex walk matrix that encodes the steps in which before each intra-layer
step a walk can continue on the same layer

* elementary cycle: a term that consists of products of the matrices A and C (i.e.,
there are no sums) after one expands the expression for a cycle (which is a
weighted sum of such terms)

* auxiliary supra-graph: the graph defined by a multiplex walk matrix when
interpreted as an adjacency matrix

* dimensionality reduction: an operation that aggregate the interaction pattern of
different layers

* aggregate network: the result of a dimensionality reduction of a multiplex
network

* quotient graph Q(G): a coarsening of a graph G with respect to a partition
{V1, Va, ..., Vy,}. It has one node per cluster V;, and an edge from V; to V;
weighted by an average connectivity from V; to V; (see Sect.2.3.1 for the
definitions of left, right, and symmetric quotient)
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 equitable partition: a partition of the node set of a graph such that the number
of edges (taking weights into account) from a node in V; to any node in V; is
independent of the chosen node in V;

* regular quotient: the quotient graph associated with an equitable partition

* almost equitable partition: a partition for which the regularity condition is
satisfied for all i # j (but not necessarily for i = j)

* almost regular quotient: the quotient associated with an almost equitable
partition

e A =diag{ki, ..., k,}: the multiplexity degree matrix

e S, the node partition characteristic matrix; s;,, = 1 if and only if the node-layer
i is a representative of node u

* S;: the layer characteristic matrix; s; = 1 only if the node-layer i is in layer o

« A=A ISTASn the adjacency matrix of the aggregate network

c W=A-— diag(A): the adjacency matrix of the loop-less aggregate network

s W =SI'AS,,: the adjacency matrix of the sum aggregate network

« A the adjacency matrix of the network of layers

* local clustering coefficient Cy,: in an unweighted single-layer network it is the
number of triangles (i.e., triads) that include node u divided by the number of
connected triples with node u in the center

» global clustering coefficient: the ratio between the mean number of closed triple
and the mean number of open triples

: local clustering coefficient of the node-layer i

Cx,i = d
t. . .
o Cyy= % local clustering coefficient of the node u
iel(u) i

e Cy= %' global clustering coefficient

* f-centrality of a node u in a single-layer network: defined as f(A),,

e sub-graph centrality G, of a node in a single layer network: is given by
exp(A))uu

e f-communicability between two distinct nodes u and v in a single-layer network:
defined as f(A)uy

* communicability matrix: G = exp(A)

* f-centrality of a node-layer pairi: k; = clf(Aa,, + czf(aA),,, c1,c2 >0

* f-communicability between two distinct node-layer pairs i and j: kjj =
le(AC)zj + sz(CA)lj9 cr,c2>0

* supra-communicability matrix: K = c f (AC) + co f (AC)T

e aggregate f-communicability matrixK = ¢ Qg (f(AC)) + c2Qr (f(.AC))T

* spectral radius: the largest eigenvalue of the adjacency matrix of a graph

* algebraic connectivity: the second-smallest eigenvalue of the Laplacian of a
graph

* dominant layer: the layer with the largest spectral radius in a multiplex network

* Laplacian dominant layer: the layer with the lowest algebraic connectivity in a
multiplex network

* effective multiplexity z: the weighted mean of the coupling degree with the weight
given by the squares of the entries of the leading eigenvector of .4

* correlated multiplexity 7, = ¢¢TC¢¢,

where ¢ is the eigenvector associated with
the largest eigenvalue of A
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o Aggregate-Equivalent Multiplex (AEM): the Cartesian product between the
aggregate network and the network of layers of a given multiplex network

e ||-]ll is a matrix metric

* |||AJll, is the spectral norm of the matrix A

Tensorial Notation

o M e RWmmxm: the fourth-order adjacency tensor of a multilayer network with
m layers and n nodes on each layer

. Rgg (A, n): supra contact tensor

* AS(F): the second order tensor for the layer 7

* uy € R": all one tensor

« UP% ¢ R™™: all one tensor

. \Dg € R™*™: network of layers

. Pg € R™™": projection or projected network

e 0% € R™": overlay network

e A;: Eigenvalue i. Note that on the tensorial notation we ordered as A; > Ay >
N A

. Af: individual layer eigenvalue i associated with the layer [

e IPR(A): Inverse participation ratio of the eigentensor (also applies for an
eigenvector) associated with the eigenvalue A

. CIDg (A, n): normalized network of layers

¢ P%: normalized projection

. p(Wg): Assortativity coefficient of the graph/projection represented by the
tensor Wg

o pf (Wg): the Pearson correlation coefficient of the graph/projection represented
by the tensor Wy

. pS (Wg): the Spearman correlation coefficients of the graph/projection repre-
sented by the tensor Wy

. Sg € REXL: P-assortativity matrix

. Zg e REXL: O-assortativity matrix
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