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Preface

The Virasoro algebra is an infinite dimensional Lie algebra which has ap-
peared in several context. For example, E. Cartan [C] in 1909 classified simple
infinite dimensional linearly compact Lie algebras over C which contains the
Lie algebra W, of all formal vector fields in m determinates. Around 1940,
the Lie algebra of derivations of the group algebra of Z/pZ over a field of
characteristic p > 2 was studied by colleagues of E. Witt, e.g., H. Zassenhaus
[Za] showed that this Lie algebra is simple and H.J. Chang [Ch] studied its
representations. All these works treated the so-called Witt algebra, or the
centreless Virasoro algebra. It was only in 1966 that its non-trivial central
extension first appeared in the work of R. Block [Bl] over a field of posi-
tive characteristic in classifying certain class of Lie algebras. In 1968, I. M.
Gelfand and D. B. Fuchs [GF] determined the cohomology ring of the Lie
algebra of the vector fields on the circle.

In 1970, the Virasoro algebra appeared in the article [Vir] of M. Vira-
soro on his work on string theory, hence the name Virasoro algebra. See,
e.g., [Mand] for an account of this period. A great of impact was made in
1984 by A. A. Belavin, A. M. Polyakov and A. B. Zamolodchikov [BPZ1],
[BPZ2] where they treated the phenomena at critical points in 2-dimensional
statistical mechanical models.

In the 1980s, the representation theory of the Virasoro algebra was inten-
sively studied. In particular, the structure of its Verma modules and its Fock
modules were completely determined by B. Feigin and D. Fuchs [FeFu4]. For
a further beautiful historical description, see [GR].

The aim of this book is to describe some fundamental facts about the
representation theory of the Virasoro algebra in a self-contained manner.
The topics covered in this book are the structure of Verma modules and Fock
modules, the classification of (unitarisable) Harish-Chandra modules, tilting
equivalence, and the rational vertex operator algebras associated to the so-
called BPZ series representations. A detailed description of the contents of
this book will be given in the introduction.
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viii Preface

In 1995, the first author was proposed by his supervisor M. Jimbo to write
a survey about known important facts about the representation theory of the
Virasoro algebra as his PhD thesis, since there confusion in the literature as
the theory was developed both in mathematics and in physics at the same
time. After the PhD thesis of the first author, which had nothing to do with
the proposition, he had occasion to take part in a joint project with the second
author. Around 2000, we decided to realise the proposition and finally it took
us nearly 10 years.
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Introduction

The aim of this book is to describe some fundamental facts about the repre-
sentation theory of the Virasoro algebra. We also collect some non-standard
but basic facts used to describe its representations.

Here is a detailed outline of the contents of the main parts of the book.
Chapter 1 We introduce the Virasoro algebra Vir as the universal central
extension of the Witt algebra. This Lie algebra is a Z-graded Lie algebra and
it is appropriate to work within the framework of what we call Q-graded Lie
algebras. Hence, we also present a categorical setup for representations of
Q-graded Lie algebras and some of their properties such as local composition
series, (co)homologies, and Berstein-Gelfand-Gelfand duality.

Chapter 2 We explain the proof of the conjecture of V. Kac which
says that any simple Z-graded Vir-module with finite multiplicities is ei-
ther a highest weight module, a lowest weight module, or the module of type
tAC[t,t~1](dt)*. The proof is given by the reduction to positive characteris-
tic cases. Hence, for the reader who is not familiar with Lie p-algebras and
their representations, we make a brief survey of the general theory of Lie
p-algebras in Appendix B that are used in the proof. This chapter can be
read independently of other chapters.

Chapter 3  The representation theory of the Virasoro algebra Vir behaves
like a rank 2 Lie algebra with triangular decomposition and the Jantzen filtra-
tion is an effective tool to analyze Verma modules over these algebras. Here,
we present the Jantzen filtration and explain some of their properties. We
also generalise this filtration to analyze Fock modules over Vir in Chapter 8.
The generalisation given here first appeared in this book.

Chapter 4 The so-called Kac determinant formula of Verma modules
over Vir is given with its proof in the language of vertex algebras. This result
plays a crucial role when we analyze the Verma modules in Chapters 5 and 6.
The determinant formulae of the Vir-module maps from a Verma module to
the Fock module (with the same highest weight) and from a Fock module to
the contragredient dual of the Verma module (with the same highest weight)
play an important role to analyze Fock modules in Chapter 8 and they are
also given in this chapter.

Chapters 5 and 6 The structure of Verma modules is analyzed in
detail. Starting from the classification of the highest weights, the structure
of the Jantzen filtration of Verma modules is completely determined from

xvii



xviii Introduction

which the Bernstein—Gelfand—Gelfand type resolution follows. As a simple
corollary, the characters of the all irreducible highest weight modules over
Vir are given. In particular, the characters of minimal series representations,
with fixed central charge, forms a vector-valued SL(2,Z)-modular form and
its modular transformations are also calculated.

Chapter 7 The tilting equivalence for a certain class of Z-graded Lie
algebras is explained. In particular, for the Virasoro algebra, this explains
the structural duality between Verma modules with highest weights (c, h)
and (26 — ¢, 1 — h) which can be observed by analyzing Verma modules. This
chapter can be read independently of other chapters.

Chapter 8 The structure of Fock modules is analyzed in detail as an
application of our generalised Jantzen filtration. Two other topics are also
presented: i) singular vectors of Fock modules in terms of Jack symmetric
polynomials, and ii) the relation between semi-infinite forms and the bosonic
Fock modules. This chapter uses some results from Chapters 5 and 6.
Chapter 9 The rationality of the vertex operator algebras associated to
minimal series representations is given as an application of the results ob-
tained in Chapters 5 and 6. The fusion algebra associated to such a vertex
operator algebra is also given. One of the beautiful and important character-
isations of the BPZ series representations is presented with two appendices
which provide some necessary background.

Chapters 10 and 11 We show that certain irreducible highest weight
Vir-modules are unitarisable with the aid of unitarisability of integrable high-
est weight slo-modules. The complete classification of the unitarisable Harish-
Chandra modules is given as the goal of these two chapters.

There are also three appendices for the reader’s convenience:

Appendix A Some facts from homological algebras are recalled. Most
of them are given without proof.

Appendix B The general theory of Lie p-algebras, in particular, of
completely solvable Lie p-algebras is recalled. A proof of some facts are given.
Appendix C We collect some facts about the rationality of vertex op-
erator algebras. A generalisation to vertex operator superalgebras is briefly
discussed.

Now, we briefly discuss the difference between this book and two other
references: one by V. G. Kac and A. K. Raina [KR] and the other by L. Guieu
and C. Roger [GR].

In [KR], the authors treated the so-called Kac determinant of Verma mod-
ules, that is explained in Chapter 4. They also showed that the condition on
the highest weight given by D. Freidan, Z. Qiu and S. Shenker [FQS1], [FQS2]
for a highest weight module to be unitarisable is sufficient. In this book, we
have shown that, indeed, the above condition is necessary and sufficient for
highest weight modules in Chapters 10 and 11.

In [GR], the authors mainly discussed some algebraic and geometric as-
pects of the Virasoro algebra itself and not its representations. Hence, the
contents of this book are rather complementary.



Chapter 1
Preliminary

In this chapter, we will collect some fundamental objects in the representation
theory of the Virasoro algebra.

In Section 1.1, we will define the Virasoro algebra as the universal central
extension of the Witt algebra, i.e., the Lie algebra which consists of the
derivations of the Laurent polynomial ring with one variable.

In Section 1.2, we will introduce a class of Lie algebras with triangular
decomposition and an anti-involution, called Q-graded Lie algebras [RW1].
In fact, many important Lie algebras, e.g., the Virasoro algebra and a
Kac—Moody algebra, are @Q-graded Lie algebras. We will develop a general
theory on representations over a Q-graded Lie algebra, such as categories of
modules, highest weight modules, Verma modules, contragredient duals and
SO on.

In Section 1.3, we will define Lie algebra homology and cohomology in
terms of derived functors. Moreover, we will state some formulae related
with extensions of modules and duality, e.g., Frobenius reciprocity.

In Section 1.4, we will explain the so-called Berstein-Gelfand-Gelfand du-
ality.

In the appendix of this chapter, we will prove the propositions stated in
Subsection 1.1.1. An alternative proof, in terms of standard (co)complex, of
a proposition proved in Section 1.3 will be also given.

Until the end of this chapter, we assume that K is a field whose charac-
teristic is zero.

1.1 Virasoro Algebra

We introduce the Virasoro algebra as the universal central extension of the
Witt algebra. For the reader’s convenience, we first recall basic properties of
(universal) central extensions. (For the details and the proofs, see § 1.A.)

K. Iohara, Y. Koga, Representation Theory of the Virasoro Algebra, 1
Springer Monographs in Mathematics, DOI 10.1007/978-0-85729-160-8_1,
© Springer-Verlag London Limited 2011
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2 1 Preliminary

1.1.1 Universal Central Extenston

Let a and u be Lie algebras over K, and let V' be a K-vector space. Here, we
regard V' as a commutative Lie algebra. A short exact sequence

0—V-S5u-"5a—0

is called a central extension of a if

[t(V),u] = {0}

V is called the kernel of the central extension. We sometimes refer to u as a
central extension of a.

Definition 1.1 A central extension
0—V-"S5u-"5a—0

of a is called a universal central extension if

1. u is perfect, i.e., u = [u,u],
2. for any central extension B : b — a, there exists v : u — b such that the

following diagram commutes:
u—"=>a.
b

Remark that uniqueness of v in Definition 1.1 follows from perfectness of u.
Indeed, let 4/ : u — b be another homomorphism such that a = $0~’. Then,
for z, y € u, we have

(v =) [z, ])

/

Y(@), v ()] = [ (%), 7' (y)]
Y(@) = (), y(W)] + [ (@), 7(y) = (y)]
Oa

=
=

since v(x) — v/ (x), ¥(y) — ¥ (y) € Keraw = (V). Hence, v =4’ on [u,u].
The following proposition holds:

Proposition 1.1 ([Gar]) 1. A Lie algebra a admits a universal central ex-
tension if and only if a is perfect.

2. A universal central extension is unique up to an isomorphism of Lie alge-
bras.

The kernel of the universal central extension of a can be described by means
of the second homology group Hz(a,K) := Z(a,K)/Bs(a,K) (cf. § A.3):
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= {in/\yz Ti,Yi € a, Z[‘Tiayi] 0}7

By(a,K) :={x Ay, z] +yAlz,z] + 2z Az, y]|lx,y, 2 € a}.

Proposition 1.2 Suppose that a Lie algebra a is perfect. Let ¢ be the kernel
of the universal central extension of a. Then, we have

¢ ~ Hy(a,K).

Next, we recall the following relation between extensions and Lie al-
gebra cohomology. For a K-vector space V, we regard V as a trivial a-
module. The second cohomology group H?(a,V) is defined by H?(a,V) :=
Z%(a,V)/B?(a,V) (cf. § A.3), where

(1) ( ) = _f(ya )7
Z%a, V)= fraxa— V(i) f(z[y,2]) + f(z [x,9]) + f(y, [2,2]) =0,
(Vz,y,2z € a)

B*a,V):={f:axa—V|f(x,y) = g([x,y]), 3g:a—V (linear)} .

Proposition 1.3 There exists a one-to-one correspondence between H?(a, V')
and set of equivalence classes of the central extensions of a by V.

1.1.2 Witt Algebra and its Universal Central
Extension

The Witt algebra D is the Lie algebra which consists of derivations on the
Laurent polynomial ring K[z, z7!]. In fact, D is given by

D =Kz, 27—

- (1.1)

We set d,, := —z"“d%, then

D:@Kdn,

nez

and these generators satisfy the commutation relations:

[dﬂh dn] = (m — n)dm+n
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The Virasoro algebra is the universal central extension of D. Since D is
perfect, there exists the universal central extension of D and it is described
by the second (co)homology group (Propositions 1.1, 1.2 and 1.3).

Proposition 1.4 . dim Hy(D,K) = 1.
2. dim H*(D,K) = 1.

Proof. We show the first assertion. One can show that the set

(m—=n)dpmin Ndo — (M +n)dm Adp | m+n#0AmMm>n
di Nd_, —kdy Nd_y kE>1

forms a K-basis of Z3(D,K).
On the other hand, By (D, K) is spanned by the elements of the form

(m —n)d; Adpgn + (T —m)dy Adjgpm + (0 —Ddm A dpg. (1.2)
By setting [ := 0 in (1.2), we obtain
(m—=n)dpmin Ndg — (m+n)dm Ad, =0 in Ha(D,K).
In the case I +m +n =0, (1.2) can be written as
(+2m)diNd_j+ (1 —m)d_j—m ANdipm + (=21 = m)dy, Ad_p,
= (m — Dvpem — 2L+ m)v,, + (L4 2m)vy,

where we set vg := dx Nd_ — kd; Ad_y. In particular, by setting m = 1, we
obtain
(1-=Duyyr+ (42, =0 in He(D,K).

Hence, we see that dim Ho(D,K) = 1.
We show the second assertion. Notice that for any f € Z%*(D,K) there
exists f € Z2(D,K) such that

f—feB*D,K) and f(do,z)=0 (VzeD).

Indeed, if we define g5 : D — K by

do,dp)/n  ifn#0

then

f(@,y) = f(x,y) + g5 ([x,y])

satisfies the above condition. Hence, for any f + B2(D,K) € H?(D,K), we
can take its representative f such that f(dg,«) = 0 holds for any x € D.
On the other hand, since f € Z?(D,K), we have

f(dly [dmaan + f(dn7 [dl, dm]) + f(dma [dna dlD = 07
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and thus
(m = n)f(di, dsn) + (L= m) f(dns digm) + (0= 1) f(dm, dnyt) = 0. (1.3)
We first set I := 0 in (1.3). Then, we have
(m+n)f(dm,d,) =0,
since f(dp,x) = 0. This implies that f(d,,,d,) can be written as

f(dmadn) = 6m+n,0fm

for some {fn, € C|m € Z} such that f_,,, = —fp,.
Next, by setting m := 1 and n:= — — 1 in (1.3), we get

(I+2)fi—(1—1)frpr — (2L +1)f1 = 0. (1.4)

Hence, {fi|l € Z} satisfies (1.4) and f_; = — f;. It is easy to see that the space
of the solutions of these linear recursion relations is at most 2-dimensional
and both f; = I3 and f; = [ are solutions. Moreover, f € B?(D,K) if and
only if f; = Kl for some K € K. We have proved the second assertion. a

By the above lemma, the Lie algebra Vir defined below is the universal
central extension of D.

Definition 1.2 The Virasoro algebra
Vir := P KL, & KC
neZ

is the Lie algebra which satisfies the following commutation relations:

1
(Lo, Ln] = (M —n) Ly + — 3

12
[Vir, C] = {0},

(m® —m)0mn0C,

where 6; ; denotes the Kronecker delta.

1.2 Q-graded Lie Algebra

A @Q-graded Lie algebra which is defined in this section is a generalisation of
several important Lie algebras such as the Virasoro algebra. Some categories
and their important objects, highest weight modules, Verma modules and the
contragredient dual of modules are also introduced in this section.
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1.2.1 I'-graded Vector Spaces

Let I' be an abelian group. Let Vect]f; be the category of K-vector spaces
defined as follows:
Definition 1.3 1. A I'-graded K-vector space V = GB’YEF V7 is an object of

Vectg if and only if {y € I'|VY # {0}} is at most countable.
2. For I'-graded K-vector spaces V' and W,

Homyeeor (V, W) := {f € Homg (V, W)|f(V") C W™ (vy € I')}.

For simplicity, we set P(V)):={y € I'|V" # {0}}, and denote Homyeer (V, W)
by Homg (V, W).

Next, we introduce bifunctors (-) ®x (-) and Homg(+,-) on the category
Vectl,. For V = D eV and W = P W7 € Ob(Vectf), we define

V @k W and Homg (V, W) as follows:

yel’

Var W=V e W),

yel’

where (V@ W) :=@ .V @x WY, and

Homg (V, W) := @D Homg (V, W)?,
yel'

where Homg (V, W)7 := [], o Homg (V> W7+,

Lemma 1.1. For U, V and W € Ob(Vect]{(:), there exists an isomorphism
Homg (U ®x V, W) =~ Homg (U, Homg (V, W)) (1.5)

of K-vector spaces.

Proof. By definition, we have

Homi, (U @x V, W) ~ [ [ Homx (U @ V)7, W)
2l
~ HHHomK(Uﬁ e V’Y*ﬁ,W'y)
v B
~ HHHomK(Uﬁ,HomK(VA’fﬁ, W)
B v
~ [ [ Homx (U, Hom (V, W)?)
B
~ Hom{ (U, Homg (V, W)). O
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Moreover, we define a functor D : Vecty, — Vects, as follows: For V €
Ob(Vectf, ), we set

D)= DWV) (DV) :=V).
yerl

We introduce two dualising functors on Vectf; .

Definition 1.4 Let V and W be objects of Vect]f(:, and let f be a morphism

from V to W.

1. We define Vit € Ob(Vectk) by V¥t := D(Homg(V,KP)), and fi+ €
Homg (W4 Vi) by the transpose of f.

2. We define Vi~ € Ob(Vectk) by Vi~ := Homg(V,K°) and fi= €
Hom{, (W=, V*~) by the transpose of f.

In the sequel, for a K-vector space V, let us denote Homg (V, K) by V*.

Remark 1.1 Strictly speaking, the transpose 'f of f € Homi (V,W) is an
element of Homy (W*,V*). By noticing that  f (W) C VEE, the above fi*
is just the map * fyex.

Finally, we define a I'-graded Lie algebra as follows:

Definition 1.5 A Lie algebra g = @ g® € Ob(Vect) is called I'-graded,
if it satisfies

acl’

[0°,9°] C g*™? (Va,Be ).

1.2.2 Definitions

Let @ be a free abelian group of finite rank, say r, and let g be a Lie algebra
with a commutative subalgebra b.

Definition 1.6 We say that a pair (g,b) is a Q-graded Lie algebra if it
satisfies the following conditions.

C0. A Lie algebra g = @,,co 9% is Q-graded, h = g%, and {a € Q|g* # {0}}
generates Q.
Cl1. For any a € Q such that g* # {0}, there exists a unique A\, € b* such
that
[h,x2] = Aa(h)z  (Yh € b, Vz € g%).

C2. For any a € @, dim g < oo.
C3. There exists a basis {a;]i = 1,2,--- ,r} of Q such that for any o € Q
with g* # {0}, one has

r r
(NS E ZZOO"L' or o c E Zgoozi.
=1 =1
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For o = ). m;a; € Q, we set hta := ). m;. We say that a Lie subalgebra
a of a Q-graded Lie algebra (g,h) is Q-graded if a = P, a®, where a® :=
ang®.

In the sequel, let mg be the homomorphism defined by

Q—b" ar— A (1.6)

Remark 1.2 Let PV := Homgz(Q,Z) be the dual lattice of Q and (-,-) :
PV xQ — 7Z the dual pairing. We set 0 := K®z PV. We extend the Q-graded
Lie algebra structure of g to g° := g® 0 (the direct sum of K-vector spaces)

as follows:
eya._ J8  aF0
(g9)" = T
hddo a=0

and
[(g:d), (¢, d)] == ([9.9'] + {d, B)g' — (d', )g,0),

where g € g%, ¢’ € ¢° and d,d’ € 0. Let ¢ be the commutative subalgebra
hdo of g¢. We define t: Q — (h%)* by

va)((h,d)) = Aa(h) + (d,a)  (V(h,d) € h©D).

Then, g = @aeQ g% is the simultaneous eigenspace decomposition of g C g°
with respect to the adjoint action of h¢, i.e.,

g% ={g € gllh, g] = () (h) (Vh € %)}

The condition C3 implies that a Q-graded Lie algebra admits a triangular
decomposition. If we set Q1 := 22:1 Z>oa; and

o= P

+acQt\{0}

then we have g = g~ ® h @ g*. For later use, we set g~ := h @ g and
gs =g @b

Let a be a Lie algebra over K. Throughout this book, we denote the uni-
versal enveloping algebra of a by U(a).

A linear map o : a — a is called an anti-involution of a, if it satisfies
o([z,y]) = [o(y),o(z)] (Vo,y € a) and 0? = id. o naturally extends to an
anti-involution of the algebra U(a), and it is denoted by the same symbol o.

The restriction of ¢ to a is called an anti-involution of a, and is denoted
by the same symbol o.

Definition 1.7 Let o be an anti-involution of a Q-graded Lie algebra (g, h).
We call o a Q-graded anti-involution, if o(g®) C g~ for any o € Q\ {0}
and oy =idy.



1.2 Q-graded Lie Algebra 9

1.2.3 Examples

Here, we provide three examples of the ()-graded Lie algebras, the Virasoro
algebra, affine Lie algebras and a Heisenberg Lie algebra.

1. The Virasoro algebra: Let Vir := @, ., KL, ® KC be the Virasoro
algebra (cf. Definition 1.2), and let @) := Za be a free abelian group of
rank one. Setting h := KLy & KC' and

cna . JKL,ifn#0
Vir _{h =0

we have a @Q-gradation Vir = @ﬁeQ Vir®. Let ¢ be the anti-involution
defined by
o(Ly)=L_,, o(C)=C.

Then, (Vir, b) is a @Q-graded Lie algebra with the Q-graded anti-involution
.

2. Affine Lie algebras: Let g be a simple finite dimensional Lie algebra over
C. Let b be a Cartan subalgebra of g, and let ( , ) be a non-degenerate
invariant bilinear form on g. We set

g:=g®C[t,t '] ® CK @ Cd,
and define the bracket on g by

[z t™y@t"] = [z,y] @ """ + mbpin 0z, y) K,
[K,g] :={0}, [dz®t™]:=mzxt",

then g is a Lie algebra, called an (untwisted) affine Lie algebra.
To describe the @-graded Lie algebra structure of g, we first introduce
some notation. Let A be the set of the roots of g with respect to b, and
let g® be the root space of g with root 8 € A. Hence, g = h ® DBsca g°.
In the sequel, we fix a set of the simple roots IT = {a;|i = 1,2,---,7r} of
g. Here, we denote the highest root by 6. Further, let ¢ : g — g be an
anti-involution of g such that |; = idy and (@) =" (V3 € A).
We put

h:=h®1aCK @ Cd,

and regard A C b* via 3(h®1) := B(h), B(K) := 0 and B(d) := 0 (8 € A).
Let 6 € h* such that §(h ® 1) := {0}, §(K) := 0 and §(d) := 1. We set

Q:=ZABZS (Ch*).

For each a € ), we set
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g'et" fa=p+né (IB€ A, neZ)
o bt" ifa=nd(necZ\{0})
' b ifa=0
{0} otherwise

Then, g = @aEQ g% is the root space decomposition with respect to b,
and IT := IT U {ap} (ap := § — 0) is a Z-basis of Q which satisfies C3 in
Definition 1.6. Hence, (g, ) is a Q-graded Lie algebra. We define a linear
map o : g — g by

olzt") =)@t ™" (zeg), oK)=K, o(d)=d

Then, o is a Q-graded anti-involution of (g, b).

Remark 1.3 Let us introduce a Q-graded Lie algebra structure on
g :=lg,0l =80 Cltt |0 CK.
We set b’ := hNg'. Then, (g',b") is a Q-graded Lie algebra with Q-
gradation
NnNo . ga o # 0
(e)" : {b’ e’

which admits the Q-graded anti-involution o|g . In this case, the map mq :
Q — (b')* is not injective. An irreducible highest weight g-module is always
irreducible as g'-module (cf. [Kac4]). The reader should notice that each
weight subspace of the irreducible highest weight g-module with respect to
the b -action is in general not finite dimensional.

The Heisenberg Lie algebra of rank one: Let

H = @Kan ® KKy
nez

be the Lie algebra with commutation relations
[ama an} = m5m+n,0KHa [K'HyH] = {O}
Let Q := Zayy be a free abelian group of rank one. We set b := Kag S KKy
and
e Ka, ifn#0
b ifn=0

for n € Z. Then, H = P4 H? is Q-gradation of H, and (H,b) is a
Q-graded Lie algebra. H admits the @-graded anti-involution o4, defined
by

or(an) = a—n, on(Ky)= K.
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Remark that, in this case, the map mg defined in (1.6) is trivial, hence it
is not injective.

1.2.4 Categories of (g, h)-modules

Before defining categories of (g, h)-modules, we first introduce the notion of
I'-graded modules over a I'-graded Lie algebra g.

Suppose that I" is an abelian group and g = @, g is a I'-graded Lie
algebra.

Definition 1.8 A g-module M is called I'-graded if M = & M e

Ob(Vecty), and it satisfies

acl’

g®. MP c M*tP  (Va,B e ).
For I'-graded g-modules M and N, we set

Hom? (M, N) := {f € Hom{ (M, N)|f(z.v) = 2.f(v) (x € g, v € M)}.

Definition 1.9 Let Modg be the category of all I'-graded g-modules whose
morphisms are given by

Homyoqr (M, N) := Hom} (M, N)

for M, N € Ob(ModgF).

Next, suppose that @ is a free abelian group of finite rank and (g, b) is a
Q-graded Lie algebra. Let mg be the map defined by (1.6).

To consider modules over a Q-graded Lie algebra (g, h) even in the case
where ¢ is not injective, here, we introduce categories which are generalisa-
tions of C(g ) in [RW1] and O in [BGG1].

In the sequel, we fix a homomorphism of free abelian group

¢:Immg — @

such that mg o ¢ = id. Then, we have Im: N Kermrg = {0} and thus Q =
Im: @ Kerng.
For simplicity, we set G := @/Im¢. Let

p:QQ—G (1.7)

be the canonical projection. Then, we have the following isomorphism
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Q — Gaelmrg; a+— (p(a), o). (1.8)

Definition 1.10 1. An h-module M is called h-diagonalisable, if

M = @M,\,

Aebh*

where My :={v € M|h.v = Xh)v (Yh € §)} for XA € h*.
2. An h-diagonalisable module M is called h-semi-simple, if

dim M, < oo VA€ bh*.

Definition 1.11 A g-module is said to be a (g,h)-module, if it is h-
diagonalisable.

We regard g as G x h*-graded Lie algebra via the isomorphism (1.8), i.e.,

8= D, neaxp- 81 and
y _ Jg* ifdae@st y=pla), A =mg(a)
x {0} otherwise .

For a G xh*-graded (g, h)-module M, we denote its (a, \) € Gxh* component
by My. Although, G x h*-graded structure depends on the choice of the map ¢,
we omit the symbol ¢ in the notations for simplicity.

In the sequel, for a G x h*-graded (g, h)-module M = EB(a,,\)erh* Mg,
we set M“ = @/\eh* MY for each a € G, and regard M = @ M as a
G-graded module.

We next introduce categories of G x h*-graded (g, h)-modules. First, we
define the category Cég b

aeG

Definition 1.12 Let Ct_ ¢\ be the category of G x b”-graded (g, h)-modules
defined as follows:

1. M is an object OfCE’g h) if and only if M is a G x h*-graded (g, h)-module.

2. For M,N € Ob(C{, v,).

Home, (M, N) :=Homf (M, N).
We have
Proposition 1.5 Cég b) is an abelian category.

Remark 1.4 In general, a submodule of an object ofC(Lgm is not necessarily
an object of C¢_ .. In the case where g is injective, the linear independence
of the condition C3 ensures that any submodule of an object of C(Lg’h) 1s also
an object ofC(‘g’h).
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Second, we introduce the subcategory of C(L 0. which consists of all h-semi-
simple modules.

Definition 1.13 The category C:, s the full subcategory of Cég b) whose

adm

objects consist of M € Ob(C(Lg’h)) such that M® is h-semi-simple for any
a € G. We call an object of Ct4 . an admissible (g,b)-module.

adm

Remark 1.5 In the case where mg in not injective, an object of C.,. is
in general not h-semi-simple. For example, although a Fock module over the
Heisenberg Lie algebra H (i.e., Verma module over H) is not h-semi-simple,
it is an object of Ct4. (cf. § 4.1.1).

adm

Third, we define a category O*. For (o, \) € G x h*, set

D(a,A) :={(B,n) e Gxbh*[f=a—p(), p=A—mo(y) (y€Q)}

Definition 1.14 The category O" is the full subcategory of C. 4, whose ob-
jects consist of M € Ob(CLy,,) with the following properties: There exist

finitely many (5;, \;) € G x b* such that

P(M) C UD(@‘, Ai)-

In the case where mq is injective, we have G = {0} and ¢ = id. Hence,
in this case, we sometimes omit the symbol ¢+ and o € G in the notations,
namely, we abbreviate C(Lg,h), Cham> O and the weight subspace MY to Cq p),
Cadm, O and M) for simplicity. Remark that the categories C(g4 ) and O are
nothing but the category of h-diagonalisable g-modules introduced in [RW1]
and the so-called BGG (Bernstein—Gelfand—Gelfand) category introduced
in [BGG1] respectively.

Here, it should be noted that in the case where 7 is not injective, a G’ x h*-
graded g-module which has no non-trivial proper G x h*-graded submodule
is not necessarily a simple g-module. This observation leads us to

Definition 1.15 Let M be an object of Cfg,h)'

1. M is called a stmple graded g-module if M has no non-trivial G x h*-
graded submodule.

2. M is called a graded simple g-module if M has no non-trivial submod-
ule.

1.2.5 Some Objects of the Category C(,

In this subsection, let (g,h) be a Q-graded Lie algebra. Here, we introduce
important objects of the category C(Lg ) called highest weight modules and
lowest weight modules. We also classify simple objects in Ob(O*).
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Definition 1.16 Suppose that M € Ob(C{, ¢)) and (o, A) € G x b*. M s
called o highest weight module with highest weight (a, ), if there exists
a non-zero vector v € My such that

1. zv=0 for any x € gT,
2.U(g7)v=M.

The vector v is called a highest weight vector of M.

Remark that a highest weight module is always an object of O
Next, we introduce highest weight modules with some universal property,
called Verma modules. For (o, A) € G x h*, let

S :=K1% (1.9)

be the one-dimensional gZ-module defined by

1. K is a G-graded K-vector space with

ays _ J10} S #a
(K3) _{Kg ifB=a’

2. h.1§ := A(h)15 for h € b,
3. z.1¢ :=0for z € g*.

Definition 1.17 For (o, A\) € G x b*, we set
M(a,A) == Ind®. K§ (= U(g) @u(g2) K3)

and call it the Verma module with highest weight (a, \).

The Verma module M (a, A) is a highest weight module with highest weight
vector 1 ® 1¢. Verma modules enjoy the following properties:

Proposition 1.6 1. (Universal property) For any highest weight module
M with highest weight (c, \) € G X h*, there exists a surjective homomor-
phism ¢ : M(a,\) — M.

2. The Verma module M(a, \) has a unique mazimal proper G x h*-graded
submodule J(a, A) € Ob(O"), i.e., M(a,\)/J(c, A) is a simple graded g-
module. Moreover, J(a, \) is the mazimal proper submodule of M (c, \),
i.e., M(a,\)/J(c, A) is a graded simple g-module.

Proof. The first statement follows by definition. We show the second one.
It is easy to see that there exists a unique maximal proper G x h*-graded
submodule J(«, A) of M(«, \). We show that J(c, A) is the maximal proper
submodule. We assume that there exists a proper submodule J' of M (a, )
such that J' 2 J(«a, A) and lead to a contradiction.

For v € M(a, \), we express v =, vf;, where {(5;, i)} are distinct and
vﬁ’ € M(a, )\)ﬁl Since (B;, ;) € D(a, \) for each i, there exists v; € QT
such that 3; = o — p(v;) and p; = X — mo(7;). Here, we set htv := ), ht~;.
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Let us take a non-zero vector v = Zf\le vﬁ € J'\ J(a, ) such that
htv is minimal. By the minimality of htv, we have g*.v = {0}. Since g* is
G x h*-graded, g"‘.vffzj = {0} holds for any i. Hence, for i such that (5;, p;) #
(a, N), U(g)vﬁ is a proper G x h*-graded submodule of M(a, A), and thus,
v € J(a, A). Notice that if v € J(a,A), then v — vl € J'\ J(a, \)
since J(a, A) C J'. Since ht(v — v/%) < htv, we conclude that N = 1 and
(B1,141) = (a, A). This implies that J' contains a highest weight vector of
M (a, ). Hence, we have J' = M(a, A). This is a contradiction. |

As a corollary of this proposition, we have

Corollary 1.1 Any highest weight module has the unique mazimal proper
G x b*-graded submodule, and it is a maximal proper submodule.

Proof. Let M be a highest weight module with highest weight (a, A), and let
¢ : M(a,\) — M be a surjection given by the proposition. Then, ¢(J(a, A))
is the unique maximal proper G x h*-graded submodule of M. O

We will explain another important property of Verma modules in § 1.4.
We set
L(a, A\) := M(a, \)/J(a, N).

It is obvious that the module L(a, A) is an irreducible highest weight
module with highest weight (a, A), and thus, L(a, A\) € Ob(O"). Moreover,

we have

Lemma 1.2. {L(a, A)|(o, A) € G x b*} ezhaust the simple objects of the
category O,

Proof. To prove this lemma, we introduce a partial order on G x h* as follows:

(B1, A1) < (B2, A2)

(1.10)
& Iy eQt st fr— 1 =p("), da— M =m(y).

Suppose that M is an irreducible module in Ob(O*). Since M is irreducible,
for a maximal element (8, 1) of P(M) and v € MJ\{0}, we have M = U(g).v.
Moreover, by the maximality of (3, i), we have M = U(g~).v. Hence, M is a
highest weight module with highest weight (3, 1), and thus, the lemma holds.

O

Finally, we define lowest weight modules and introduce lowest weight
Verma modules.

Definition 1.18 We say that M € Ob(C(, () is a lowest weight module
with lowest weight (o, \) € G x b*, if there exists v € M \ {0} such that

1. zw=0 for any x € g~
2. U(gM)w=M.
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The vector v is called a lowest weight vector of M.

Definition 1.19 For (o, \) € G x b*, let K™ = K1 be the one-
dimensional g<-module defined by

1. K™ is a G-graded K-vector space with

(Ka:—)ﬁ — {O} Zf 5 7é «
A K¢~ if B=a

2. hA$T = A h)1S for h €b, and
3. 21T =0 for any x € g~.

We set
M~ (o, A) := IndiSK;“_,

and call it the lowest weight Verma module with lowest weight (o, ).

One can similarly show that M~ («, A) has the unique maximal proper G x h*-
graded submodule J~ (a, \), which is also a maximal proper submodule of
M~ (a,A). We set L™ (a, A) := M~ (a, \)/J (ax, \).

Remark 1.6 M~ (a,\) and L~ («a, \) are in general not objects of the cate-
gory O, but are objects of C.

adm*

In the case where mg : @ — b* is injective, i.e., ¢ is the identity, we
abbreviate M (a, A), L(a, A), M~ (o, \) and L™ (a, A) to M(X), L(A), M~ (\)
and L~ (\) for simplicity.

1.2.6 Simple Objects of the Category Caam (the
Virasoro Case)

In this subsection, we classify simple objects of the category C,qm in the case
of the Virasoro algebra. (For the proof, see the next chapter.)
We first introduce irreducible Vir-modules called intermediate series. For
a,b e K, let Vo p := @,z Kv, be the Z-graded Vir-module defined by
Lsv, = (as+b—n)vpis, (111)
Cu, =0.

By definition, V, ; € Ob(Cadm)-

Remark 1.7 For A € Z<q and p € K, let t'K[t,t~]dt = be the module over
the Witt algebra D (1.1) defined by

d

(f(t)a)-ﬂé(t)dt_A = {f ()¢ (t) = Af'(t)o(t)} dt ™,
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where f(t)4 € D, ¢(t) € t"K[t,t7] and ()" denotes the derivative with

respect to t. If a € Z<o and b € K, then
Voo =t Kt ¢ dt ™ (v, — 1270 dE )

as Vir/KC (=~ D)-modules.
Then, the following hold:

Proposition 1.7 1. Ifa # 0,—1 or b & Z, then V, is an irreducible Vir-
module.

2. If a = 0 and b € Z, then there exists a submodule V of V, such that
V ~K and V,,/V is irreducible.

3. If a = —1 and b € Z, then there exists a submodule V' of V, such that
Vap/V =~ K% and V is irreducible.

Proof. We will prove this proposition in a more general setting, i.e., where
the characteristic of K is not necessarily zero. See Proposition 2.1. O

Definition 1.20 The irreducible modules Vyp, Vo /V and V' given in the
above proposition are called the intermediate series of the Virasoro algebra.

Theorem 1.1 ([Mat2]) The intermediate series, the irreducible highest
weight modules and the irreducible lowest weight modules exhaust the Harish-
Chandra modules over the Virasoro algebra, i.e., simple objects of the cat-
€gory Cadm -

This theorem will be proved in Chapter 2.

Proposition 1.7 reveals the structure of the intermediate series. From now
on, we will mainly investigate the structure of highest weight modules, in
particular, Verma modules. The modules V, ; will appear in § 8.5 to construct
fermionic Fock modules.

1.2.7 Dualising Functors

Let (g,h) be a Q-graded Lie algebra. Let a : U(g) — U(g) be the antipode
of the standard Hopf algebra structure on U(g), i.e., the anti-automorphism
defined by a(z) := —z (z € g).

We introduce the antipode dual of an object of C(Lg,h)'

Definition 1.21 We define the functor (-)% :Cfg b C'(Lg h) 48 follows:

1. For M € Ob(C(Lg’h)), we set M*® := M*~ and regard it as G x h*-graded

(g, h)-module via

(2.0)(v) := pla(z).w) (p€ M*, ve M, xeU(g)). (1.12)
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2. For f € Home. (M, N), we let fio .= fi—.

(a,b)
The module M* is called the antipode dual of M.

We have

Lemma 1.3. 1. (-)*@ is contravariant and is evact.
2. L(a, \)#* ~ L™ (—a, =) for (e, \) € G x b*.
3. The category C.g,, 15 stable under taking the antipode dual.

m

We next suppose that (g,5) has a Q-graded anti-involution o. Let us in-
troduce the contragredient dual of an object of C'(Lg b

Definition 1.22 We define the functor (-)¢ C(g 5 — C(g p) @S follows:

1. For M € Ob(Cégﬁh)), we set M€ := M* and regard it as G x h*-graded
(g, h)-module via

(z.0)(v) :=p(o(x)v) (pe M ve M, zeU(g)). (1.13)
2. For f € Homey (M, N), we let f¢:= Jia
The module M€ is called the contragredient dual of M.

Then, one can check the following lemma.

Lemma 1.4. 1. (-)€ is contravariant and is ezact.
2. L(a, \)¢ ~ L(ay, \) for (a,\) € G X b*.
3. The categories C.y,,, and O" are stable under taking the contragredient dual.

1.2.8 Local Composition Series and Formal Character

Throughout this subsection, we assume that (g, h) is a Q-graded Lie algebra
unless otherwise stated. In the following chapters, our main ingredients are
objects of the category O. In general, an object of the category O* does
not necessarily have a composition series of finite length. Hence, we have to
consider a ‘local’ version of a composition series. Here, we recall the local
composition series of an object of O* and its formal character.

We first show the existence of local composition series.

Proposition 1.8 For any V € Ob(0") and (a, A) € G x h*, there ezists a
finite filtration
V=V;DVi_1D---DVi DV, ={0}

of V' by a sequence of submodules, and a subset J C {1,2,--- ,t} such that

(i) if j € J, then V;/V;_1 =~ L(cy, Aj) for some (o, A;) > (ar, A),
(ii) if § & J, then (V;/V;_1)i = {0} for any (B, p) > (a, M),
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where the order < on G x b* is defined in (1.10).

Proof. The proof given here is essentially the same as the one in [DGK]. For
(,A) € Gx b and V=B ) caxp- V2 € Ob(0"), we set

a(V,(a,\) == > dimV/,
(B) (0,2

and show this proposition by induction on a(V, (a, \)).

In the case where a(V, (a, X)) = 0, the statement holds by choosing {0} =
Vo € Vi =V as the filtration. We assume that a(V, (o, \)) > 0. We take a
maximal element (8, 1) of P(V). Let v € V\{0} and set W := U(g).v. Then,
W is a highest weight module with highest weight (3, ). By Corollary 1.1,
there exists the unique maximal proper G' x h*-graded submodule W' of W,
which is, in fact, a maximal proper submodule. We have

.{0}cwW cCcwcV,
2. W /W ~ L(3, ).

Since a(W’, (o, A)) < a(V, (o, A)) and a(V/W, (o, N)) < a(V, (e, A)), we ob-
tain a filtration of V which satisfies the conditions of the proposition by
combining a filtration of W’ with the pull back of a filtration of V/W with
respect to the map V — V/W. |

Any such filtration obtained in Proposition 1.8 is called a local compo-
sition series of V at (a, A).

Here, it should be remarked that Proposition 1.8 does not ensure the
existence of a local composition series V=V, D V,_1 D--- D>V, DV ={0}
such that V;_; is a maximal proper G x h*-graded submodule of V. In the
case where V is finitely generated, the following lemma implies that there
exists a local composition series V=V, D V;_1 D--- DV DV ={0} of V
such that V;_; is a maximal proper G x h*-graded submodule of V.

Lemma 1.5. Suppose that M € Ob(O*) is a finitely generated (g, h)-module.
For any (not necessarily finitely generated) proper G x h*-graded submodule
M’ € Ob(0") of M, there exists a maximal proper G x §*-graded submodule
N € Ob(0") of M such that M’ C N.

Proof. Let V be the set of G x h*-graded (not necessarily finitely generated)
proper submodules V of M such that M’ C V. Then, V is a partially ordered
set via inclusion. Hence, we show that V is an inductive set. Let {V;} C V
be a totally ordered subset. We suppose that |J,V; € V, ie., U, Vi = M,
and lead to a contradiction. Let us take a set of homogeneous generators
{1,202, - ,xn} of M. If |J,V; = M, then there exists ¢ such that z; € V;
for any 1 < k < n, since n is finite. This contradicts V; € V. Hence, V is an
inductive set. By Zorn’s lemma, V has a maximal element N. m|



20 1 Preliminary

Lemma 1.5 also holds for finitely generated (g, h)-modules which are ob-
jects of Cf, gy or Cgp,-

By definition, for (o, A) and (8, ) € G x b* such that (o, A) > (8, u), a
local composition series at (3, 1) is also a local composition series at (a, A). On
the other hand, although a local composition series at (a, A) is not necessarily
a local composition series at (3, ), there exists a ‘refinement’ of a local
composition series at (o, A), which is a local composition series at (3, ).
Before making the statement precise, we define a refinement of a sequence of
submodules.

Definition 1.23 Let V be an object of O and let
VoVidoViiD---DVi DV ={0} (1.14)

be a sequence of G x h*-graded submodules of V' (not necessarily local com-
position series of V). We say that a sequence

V=V/oVli2-- DV D>Vy={0}
of G x h*-graded submodules of V' is a refinement of (1.14) if for any 1 <
i < s, there exists j such that V; = V.
We have
Lemma 1.6. Let V' be an object of O, and let

V=V,DV,e1D:---DV1 DV ={0} (1.15)

be a local composition series of V' at (a, \).

1. Let
V=V/>oV/ ,>--D>V/ D>V, ={0} (1.16)

be a refinement of (1.15). Then, (1.16) is a local composition series of V'
at (a,\) € G x h*.

2. Suppose that (B, 1) € G x b* satisfy (B, 1) < (o, \). Then, there exists a
local composition series

Vv=v/'>V/ > >V >V ={0} (1.17)
at (B, ) which is a refinement of (1.15).

Proof. The first statement follows by definition. We show the second one.
Since V;/V;_1 has a local composition series at («, ), by taking the pull
back of the series under the canonical map V; — V;/V;_; and combining
these series, we obtain a local composition series of V' at (a, A). O

We next show that under a mild condition two local composition series of
V € Ob(0") have a common refinement in the following sense.
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Definition 1.24 1. We say that two sequences
V:MSDMS_lD"'DMlDMQZ{O},
V=M >M/ _;>---D>M DM,={0}

of G x h*-graded submodules of V € Ob(O") are equivalent if s =t and
there exists a bijection ¢ on {1,2,---,s} such that

2. We say that two local composition series

V:NSDstlD"'DNlDNO:{O},
V=N/DN,_,D-D>NjDN|={0}
of V at (a, ) are equivalent as local composition series if there exists

a bijection 1 between the sets J C {1,2,--- s} and J' C {1,2,--- ,t} given
in Proposition 1.8 such that

Nj/Nj_1 =~ N{g,(j)/N{p(jq) (VjelJ)
as G x h*-graded (g, h)-module.

Remark 1.8 The local composition series (1.16) and (1.17) are equivalent
to (1.15) as local composition series at (o, \).

Proposition 1.9 Suppose that V € Ob(O"). Let

V:MSDMS_lD"'DMlDM():{O}, (118)
V:NtDNt_lj"'D]\ﬁDNo:{O}, (1.19)

be local composition series of V' at (a,\) and (B,1) € G X b* satisfying
D(a, \)ND(B,u) # 0. Then, there exists (,v) € D(a, \)ND(B, 1) and local
composition series of V' at (vy,v) which is equivalent to (1.18) and (1.19) as
local composition series at (a, A) and (B, u).

We can prove this proposition by an argument similar to Schreier’s refine-
ment theorem. We need a preliminary lemma.

Lemma 1.7. Let Wy and W/ be G x h*-graded submodules of a G x h*-graded
(g, h)-module V. Let Wy and W4 be G x h*-graded submodules of Wy and W
respectively. Then, the following isomorphism holds.

Wo+ (WinWi)  Wg+ (WinWj)
Wao+ (WinWh) W2/+(W2ﬁW1').

(1.20)

Proof. One can easily check that each side of (1.20) is isomorphic to
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(W1 N W) -
(WL NW3) + (Wi N W)
PROOF OF PROPOSITION 1.9. Foreachi€{1,2,--- ,s}and j€{1,2,--- ,t},
we set
MZJ = M; + (Mi—i-l N ]\fj)7
N; = Nj + (Nj+1 N M7)
Since M = M} | = M; and Nj = N;_, = N;, we have refinements
V=M _ oM=I> oM oM’ =M ,> (1.21)
D MY =MD MET D - D Mg D MY = {0} '
of the sequence (1.18), and
V=N DN D> DON_ DN =Ni,>:-
t—1 t—1 t—1 t—1 t—2 (1.22)

DN =N{DON;'o---DNg >N ={0}
of the sequence (1.19). By Lemma 1.7, we have
j j—1 i i
M /M=) =~ Nj—l/Njfiv

and thus, the sequences (1.21) and (1.22) are equivalent (in the sense of
Definition 1.24. 1). Here, notice that a sequence of G x h*-graded submodules
of V which is equivalent to a local composition series of V at («, \) is also a
local composition series of V at («, A). Hence, by Lemma 1.6. 1, the sequence
(1.21) is a local composition series not only at (o, \) but also at (8, u). By
Lemma 1.6. 2, there exists a local composition series of V' at (v, ), which
is a refinement of (1.21). By Remark 1.8, this local composition series is
equivalent to (1.18) and (1.19) as local composition series at (a, A) and (8, )
respectively. O

The following proposition ensures that the multiplicity of V' at L(a, A) is
well-defined for any V' € Ob(0*). For (o, A) € G x h*, we fix an element
(8, ) such that (8, 1) < (a, A), and take a filtration of V as above. Then, by
Proposition 1.9, we have

Proposition 1.10 The number
HJ € JIVi/Vios ~ Lo, \)}

does not depend on the choice of (8, u) and the filtration.

The number #{j € J|V;/V;_1 ~ L(a, \)} is called the multiplicity of V' at
L(a, \). We denote it by [V : L(a, A)].

Next, we define formal characters for objects in the category O". Let £ be
the K-algebra which consists of the elements of the form
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Z C(a,)\)e(aa )‘)7

(a,\)eGxh*

where c¢(,,n) € K and there exist finitely many ai,---,a, € G and
ALy, Am € b such that Clan) = 0 if

(e, 2) & [ Dlai, Xi).

The ring structure of £ is given as follows. We set e(a, Ne(5, 1) := e(a +
B, A+ 1), and extend to £ by linearity.

Definition 1.25 For V € Ob(0"), we set
chV = Z (dim Vy")e(a, A)
(a,\)eGxh*
and call it the formal character of V.

Notice that, by Lemma 1.2, for any V' € Ob(O"), chV is expressed as a
linear combination of {ch L(a, A)|(a, A) € G x h*}. By definition, we have

Proposition 1.11 ([DGK]) For V € Ob(O"), we have
chV=" " [V:L(a,N)]chL(a,\).
(e,\)eGxh*
Finally, we present some properties of multiplicity.

Lemma 1.8. For each (a,\) € G x b*, [ : L(a, )] is additive, i.e., for any
exact sequence
00—V — Vo, — Vs —0

in the category O,
[Vi: Lo, A)] + [Va : L(a, A)] = [Va 1 L(a, A)]

holds.

The following lemma is a simple but useful application of Proposition 1.8.

Lemma 1.9 ([KT]). Suppose that V € Ob(O") and (o, \) € G x h*. Then,
we have

dim Home. (M (o, A), V) < [V : L(e, M)].

Moreover, if (g,h) is a Q-graded Lie algebra with a Q-graded anti-involuion,
then
dim Home: (V, M (a, A)¢) < [V : L(a, A)].

Proof. Let us take (8,u) € G x b* such that (8,u) < (a,\), and a local
composition series V.=V, D V;_1 D --- D Vi3 D Vp = {0} at (8, ) with a
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subset J of {1,2,--- ¢t} given as in Proposition 1.8. If j € J then there exists
(B, 1j) € G x b* such that (8;, ;) > (8, ) and the sequence 0 — V;_1 —
V; — L(Bj, ;) — 0 is exact. From this short exact sequence, we obtain the
left exact sequence

0 — Homo. (M (e, A), V1) — Homo. (M (a, A), V;)
- HOH’I(/)L (M(Ol, >‘), L(ﬂj, /J’J))

Hence, we have

dim Home. (M (a, M), V) <dimHomo. (M (a, A), Vj—1)
+ dimHome. (M (e, N), L(5;, 1t5))-

In the case where j & J, since Home. (M (e, A), V;/V;—_1) = {0}, we have
dim Home. (M (a, M), V;) = dim Home. (M (o, A), Vi—1)

by a similar argument. Since

s .00 = (2 21203

consequently, we have
dim Home. (M (a, A), V) < [V : L(a, N)].

Hence, the first inequality holds. By taking the contragredient dual, we obtain
the second inequality. O

1.3 (Co)homology of a Q-graded Lie Algebra

We have two different ways to define Lie algebra (co)homology. One is the
definition using the so-called Chevalley— Eilenberg (co)complex (cf. § A.3),
and the other is the definition as derived functors of the (co)invariant func-
tors. Here, we define (co)homology groups of Q-graded Lie algebra (g, bh) with
coefficients in a (g,h)-module M by means of derived functors, and state
their properties.
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1.3.1 Preliminaries

In this section, we use the following notation. Let (g,h) be a @Q-graded Lie
algebra over K. Note that, for some statements, it is necessary that (g, ) is
a Q-graded Lie algebra with a QQ-graded anti-involution.

For a @Q-graded Lie subalgebra a of (g,h) and G x h*-graded (left) a-
modules M and N, we denote the subspace

{f € Homﬂgxh*(M,N) flam)=a.f(m) (a €a, me M)}

by HomS*"" (M, N). We further set

Hom, (M, N) := {f € Homg (M, N)|f(a.m) = a.f(m) (a € a, m € M)}.

Note that in the case where M has a right g-module structure which com-
mutes with the left a-action, Hom, (M, N) is stable under the g-action

(z.f)(m) == f(mz) (2 €g, f€Homg(M,N),me M). (1.23)

Hence, we sometimes regard Homg (M, N) as a left g-module via this action.

Throughout this section, let a be a Q-graded Lie subalgebra of (g, ), which
contains h. (Notice that if a is a Q-graded Lie subalgebra of (g, h), then a+§
is also a @Q-graded Lie subalgebra.) Let C(Lam) be the category of G x h*-graded

(a, h)-modules.
For M € Ob(C(, ), we set

IndiM :=U(g) ®uay M,
and regard it as a left g-module via
z.(y®n):=(zy)@m (xeg, yeU(g), me M). (1.24)

For M e Ob(Cég h))’ we regard M as an a-module by forgetting the unneces-
sary action, and denote the a-module by Resi M. By definition, we have

L. Ind3V € Ob(Cf, ) for any V € Ob(Cf, ;)

2. ResiW € Ob(Cl, ) for any W € Ob(Cfg )-

Hence, Indg(-) and Resi(:) define functors between these categories, i.e.,

Indg () : Cla,py — Clg.p):
Res?(-) : C(Lg,b) — C(Lu,h).
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1.3.2 Frobenius Reciprocity

We first show a preliminary lemma. Let a and b be @-graded Lie subalgebras
of (g,b), which contain h. Suppose that M € Ob(C{, ;) and N € Ob(C, ¢)-

Lemma 1.10. The following isomorphism of K-vector spaces holds:
Hom{ ™" (U(g) @ (a) M, N) = Hom§>*"" (M, Hom, (U(g), N)).  (1.25)

Proof. The left-hand side (resp. the right-hand side) of (1.25) is nothing but
Homy (U(g) ®u() M, N)Y (resp. Homg (M, Homg(U(g), N))3). Hence, it is
enough to show that

Hom (U(g) ®u(ay M, N) ~ Homg (M, Homg (U(g), N)). (1.26)
Let ¥ and & be the following maps:

¥ : Homy (U(9) ®u(a) M, N) — Hom, (M, Homy (U(g), N)),

& : Homg (M, Homy (U(g), N)) — Homg (U(g) @y () M, N)

defined by
@(f)(m))(x) := f(z @m)

where f € Homy (U(g) ®y7(ay M, N), m € M and z € U(g), and
P(p)(z @ m) := p(m)(z),

where p € Homy (M, Homg (U(g), N)), m € M and x € U(g).
In fact, these maps are well-defined.

Map ¥ We check that

1. Z(f)(am)=a¥(f)(m) (Va € a),
2. ¥(f)(m)(b.x) = b.(¥(f)(m)(z)) (Vb € b).

For the first formula, we have
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For the second formula, we have

v (f)(m)(b.x) = f((bx) ©@m) = f(b.(x @ m))
b.(f(z @m)) = b.(¥(f)(m)(x)).

Hence, ¥ is well-defined.
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Map @ We check that

1. &(p)(b.(x @ m)) = b.(P(p)(x @ m)) (Vb € b),
2. 2(p)((z.a) ®@m) = P(p)(z ® (a.m)) (Va € a).

For the first formula, we have

&(p)(b-(x @ m)) = &(p)((b-x) @ m) = p(m)(b.x)
= b.(p(m)(2)) = b.(2(p)(z ©® m)).

For the second formula, we have

P(p)((x.a) @ m) = p(m)(z
= pla.m)(x) = &(p)(z @ (
Hence, @ is well-defined.

By definition, W o® and ®oW¥ are the identity maps. Hence, we have proved
the isomorphism (1.26), and thus the lemma follows. a

As a corollary, we show a graded version of Frobenius reciprocity.

Lemma 1.11. For M € Ob(C{, ;)) and N € Ob(C, ), we have

Hom§™"" (IndSM, N) ~ Hom&*"" (M, Resg N).

a

Proof. We first notice an isomorphism
Homy(U(g),N) ~ N (1.27)
as g-modules. Indeed, for each n € N, we define f,, € Homy(U(g), N) by

falx) :==zn (z € U(g))-

Then, by (1.23), the map from N — Homgy(U(g), N) (n — fp) is a homo-
morphism of g-modules, and clearly it is a bijection. Hence, by taking b = g
in Lemma 1.10, we have

Homg;Xh*(IndgM, N) ~ Homgxb*(Mv Homg (U(g), N))
~ HomGXh*(M7N)

a

~ Hom&>"" (M, Resi N).

a

Now, we obtain the lemma. O
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1.3.3 Definitions

In this subsection, a @Q-graded Lie subalgebra p of (g, h) does not necessarily

contain the subalgebra b. For M € Ob(C{ 1), we set

GP(M) = M/va
Fy(M) := MP(:={m € M|a.m =0 (Va € p)}).

By definition, G, (M) and F, (M) are objects of Vect]gxh*. Hence, F, and G,

define functors from C(L o) 1O Vectﬂcg D" We call Gy and F, the coinvariant
functor and invariant functor respectively.
For a € G, let K* be the trivial representation of p with G-gradation

given by
K« =
&) =% P
{0} B#a
Noticing that the above functors can be written as
Gyp(M) =K’ ®, M, Fy(M)=Hom, (K’ M),
and we obtain

Lemma 1.12. 1. G, is a covariant and right exact functor.
2. F, is a covariant and left exact functor.

Remark 1.9 The functors G, and F, are not exact. Let p = Ke be a one-
dimensional Q-graded Lie algebra with trivial Q-gradation, i.e., p° = p, and
let V := Kvy ® Kvg be the two-dimensional p-module defined by e.v; = 0 and
€.V = V1.

W :=Kuv; s a p-submodule of V. Then, we have the exact sequence

0—W —V —>V/W—0
of p-modules. Since

WP =Koy, VP =Koy, (V/W) =K(vs+W),
Gy(W) — G, (V) is not injective and F, (V') — F,(V/W) is not surjective.

To define the (co)homology group as derived functors of (co)invariant func-
tors, we show the following proposition.

Proposition 1.12 1. C{_ , has enough projectives and injectives (cf. [RW1]).
2. O" has enough projective U(g™)-modules and injective U(g™")-modules.
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Proof. First, we show that C(Lg b) has enough projectives. For any M €

Ob(Cf, ), we have to prove that there exists a projective P € Ob(Cf, /)
such that P — M — 0 is exact. We set

M := Indf(Resy M) = U(g) @y y) Resp M.

We first prove that M is a projective U(g)-module. It is enough to show
that Hom{ " (M) is exact. Lemma 1.11 implies that

Homfxb*(M, N) ~ Homth*(Reng, Resg V)

for any N' € Ob(C{, ;). On the other hand, Homgxb*(Reng,~) is exact,
since any objects of C(Lg,h) are G x h*-graded. Hence, M is projective. More-

over, M — M such that z ® v — z.v gives a surjective g-homomorphism.
Hence, we can take M as a projective P, and we have proved that C(Lg,h) has
enough projectives.

Next, we show that C(Lg’b) has enough injectives, i.e., for any M €

Ob(Cf, ), there exists an injective I € Ob(Cf, ;) such that 0 — M — I is

exact. Let P be a projective U(g)-module such that P — M — 0 is exact.
Then, I := P% is an injective U(g)-module such that 0 — M — I is exact.

We show the second statement. Let M (0,0) be the Verma module with
highest weight (0,0) € G x h*. Since L(0,0) is isomorphic to the trivial
g-module K, there exists a surjective homomorphism M (0,0) — K§. By
tensoring M with this sequence, we have

M(0,0) ® M — K9 ® M ~ M.

Since M (0,0) is a U(g~)-free module, by Corollary A.1 in § A.3.3 we see
that M(0,0)® M is U(g~ )-free, i.e., U(g~)-projective. Hence, O* has enough
projective U(g™)-modules.

Finally, we show that O* has enough injective U (g*)-modules. Let M~ (0, 0)
be the lowest weight module with lowest weight (0,0) € G x h*. Here, for V
and W € Ob(Cf, 1), we regard Homg (V, W) as a left g-module via

(z.f)(v) == z.(f(v)) — f(zw) (z€g, f€Homg(V,W), veV).

Applying the contravariant exact functor Homg(-, M) (M € Ob(C(, (1)) to
M~=(0,0) - K9, we have

M =~ Homg (K9, M) — Homg (M ~(0,0), M).
Hence, it suffices to see that Homyg (M~ (0,0), M) is an injective U(g™)-

module. First, we show that for N € Ob(C(L . h))’ the isomorphism of K-vector
spaces



30 1 Preliminary
Hom$ ™" (N, Homg (M~ (0,0), M)) ~ Hom$ ™" (Nog M~ (0,0), M), (1.28)

given in Lemma 1.1 is, in fact, an isomorphism of g-modules, where N ®g
M~(0,0) is the tensor product of g-modules. One can check that the isomor-
phism is explicitly given by

®(f)(n®@m) := f(n)(m)

for f € HomGXh (N,Homg(M~(0,0),M)), n € N and m € M~(0,0). For
T Eg, we have

P(z.f)(n@m) = ((z.f)(n
I

= (z.(f(n)) — f(z.n))(m)

= z.(f(n)(m)) — f(n)(z.m) — f(z.n)(m)
=2.(P(f)(n@m)) —P(f)(n@x.m+xnQMm)
= (2.9(f))(n @ m),

and thus (1.28) is an isomorphism of g-modules. Taking g™ -invariants of both
sides of (1.28), we obtain

HomS"" (N, Homg (M~ (0,0), M)) ~ HomS" (N @k M~ (0,0), M).
Let § : C(Lgyb — VectG><h be the forgetful functor. Since, Corollary A.1
implies the following isomorphism of gT-modules

N @xg M~(0,0) =~ M~(0,0) @x N ~ U(g") ®k &N,
where gt acts on U(g") @g N via the left multiplication, we have

Hom "™ (N @ M~ (0,0), M) ~ Hom{ " (U(g") @x §N, M).

Moreover, the map
- Hom " (U(g") @k §N, M) — Homg ™" (§N, FM)
defined by

U(f)(n) = f(@n) (f€Hom" (U(g") @x §N, M), n € §N)

is an isomorphism. Since any object of C(L is Gxh*-graded, HomGXh (M)
is exact, and thus, Homg (M ~(0,0), M) is an injective U(g*)-module. Hence,
O* has enough injective U(g")-modules. Now, we have completed the proof
of the proposition. O

We define the homology group H,(g, M) and the cohomology group
H™(g, M) as follows:
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Definition 1.26 For n € Z>q, we set

Hn(Q, M) = L7LGQ(M)7
Hn(g,M) = Ran(M>

Remark that by Lemma 1.12 and Lemma A.2;, we have

HO(gaM) = GE(M)a
H(g, M) = Fy(M).

1.3.4 Some Properties

We state some fundamental properties of homology and cohomology groups
of a @-graded Lie algebra. Using Frobenius reciprocity, we show Shapiro’s
lemma.

Let a be a Q-graded Lie subalgebra of (g, ) which contains b.

Lemma 1.13. For V € Ob(C{, ;) and W € Ob(C{, ), we have
Extg’é . (Ind2V, W) ~ Extgé, [)(V, Res2W).
g, a,bh
Proof. Here we set

x . Gxh*
FgVV = Homgxh (W) :C(QJ)) —>Vect]K><h ,

R i Hom@* (W) 5 Cly ) — VetV

a a

for W € Ob(C{, ;) and W' e Ob(Cf, p))- To prove this lemma, we notice the
following:

(i) Indd(-) = U(g) ®u(a) (-) is covariant exact, since U(g) is a free right U (a)-
module. Hence, the induction functor maps U(a)-projectives to U(g)-

projectives.
(i) Fy¥ oInd§ = FV" (W' := ResiW) by Frobenius reciprocity.

Hence, we have
Extg,  (IndgV, W) ~ (R"FY) o Ind¥(V)
~ R" (F,Y oInd?) (V) (i)+Proposition A.2
~ R"FY' (V) (i)
~ Ext'clz, . (V,ResW). O

Let us prove two useful propositions.
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Proposition 1.13 ([RW1]) For V € Ob(C}

(a.p)) and (o,v) € G X b*, we
have

EX‘GEL(LE%h (M(c,v),V) ~ Hom&*"" (K%, H"(g+, Res;. V).

) b

In particular, for n =0,

Hom{™"" (M(a,v), V) ~ Hom{™"" (K, (ResZ. V)*).

Proof. For simplicity, we set

Fyr 1= Hom " (K, ),

Fh(a’y) = Homgxh* (K2, )s

where K° denotes the trivial representation of g*. A key of our proof is the
following fact:

Home: | (K3, W) = {Fy™" o Fyu }(W) (1.29)
g,

»b)

holds for any W € Ob(C(Lgz h)). From Shapiro’s lemma, we obtain

n ~ Fxct? o g
Bxtgy  (M(o,v), V)~ Bxtg, (K}, Res]. V)
— R" a 9
= R"Home: _ (K5, )(Res. V).

Since Féa’y) is covariant exact, (1.29) and Proposition A.2 imply that

R Homg " (S, ) (Resi, V) = B" (F™) 0 Fyv ) (Res]. V)
~ Féa,u) o (R"Fg+)(Reng V)
= Homgxh*(Kﬁ, H"(g™, Resgzv))~ o

Here, we assume that (g, ) is a Q-graded Lie algebra with a Q-graded
anti-involution o.

Proposition 1.14 ([DGK], [Liu]) Suppose that M € Ob(O"). For each
n € Z>o, the following isomorphism

H”(ng,Mc) ~ Hn(gva)ﬁJr
of G X h*-graded K-vector space holds.

Proof. For simplicity, we denote the functors Homg+ (K?,-) and K° ®4- (-)
by F and G~ respectively. We first show that

Fpo()=()f*oG, (1.30)
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i.e., Homgy+ (K%, M¢) = (K° ®@4- M)** for M € Ob(0"). We introduce

¥ : Homg+ (KO,MC) — (KO ®g- M)ﬁ+,
®: (K°®,- M)* — Homg+ (K, M©)

as follows: For k € K° and m € M,

T(f)(k®m) = f(k)(m) f € Homg (K" M¢),
(@(9)(K))(m) = g(k @m) g € (K® @g- M)**.

Let us check that ¥ and @ are well-defined. Since o(g™) = g*, we have
(f)(k©@zm) = f(k)(z.m) = (o(z).f(k))(m) =0,

for x € g~ and f € Homgy+(K°, M¢). Furthermore, ¥(f)(k ® m) = 0 for
keom € (K®g- M); except for finitely many (6, 1) € G xh*, since f(k) € M®.
Hence, ¥(f) € (K ®,- M)** and ¥ is well-defined. On the other hand, we
have
(y-@(g)(k))(m) = (2(g9)(k))(o(y).m) = g(k @ o(y).m) =0
for y € g*, and (®(g)(k))(m) = 0 for m € ME except for finitely many
(B,p) € G x b*. Hence, @(g) € Homg+ (K° M€) and & is well-defined. By
definition, one can easily check that ® o ¥ = id and ¥ o @ = id, and thus
(1.30) is proved.
Since the functors (-)¢ and (-)** are contravariant exact, we have

H™(g", M) = (R"Fy) 0 (-)°(M)
~ R"(Fy o (-))(M) Proposition A.2
~ R™((-)*" 0 G7) (M) (1.30)
~ () o (L,G™)(M) Proposition A.2
= Hn(gf,M)H.
Therefore, we complete the proof. m|

1.4 Bernstein—Gelfand — Gelfand Duality

In this section, we state the so-called Bernstein—Gelfand—Gelfand duality.
Here, we assume that the map 7g : Q — bh* defined in (1.6) is injective, and
hence, any submodules of an object of the category O* are also objects of
O*. Thus, we abbreviate O*, M (a, A), L(a, A) etc., to O, M(X), L(\) ete. for
simplicity.
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1.4.1 Preliminaries

In this subsection, we introduce the notion of Verma composition series for
objects of the category O, and state some properties.

Definition 1.27 We say that M € ObO has a Verma composition series
(VCS for short) of length 1 if there exists a filtration

M=My>M D> M D M, ={0} (1.31)
of g-modules such that
M; /M1 = M(pi)  (3ui €H%).
For an object M € ObO with a VCS of the form (1.31), we set
[M = M ()] = #{ilp; = p}.

This is well-defined. Indeed, if M has a VCS (1.31), then

l
ch M =Y "chM(p;) =Y [M: M(u)]ch M(p).
i=1 pnebh*

Since {ch M (u)|p € h*} are linearly independent, [M : M (u)] does not de-
pend on the choice of a VCS.
We give some properties of VCS.

Lemma 1.14. Suppose that M € ObO has a VCS of length . For a maximal
element pn € P(M) and v € M*\ {0}, we set M' :=U(g).v. Then,

1. M’ ~ M(u),
2. M/M' has a VCS of length | — 1.

Proof. We show this lemma by induction on [. In the case | = 0, we have
nothing to prove. We suppose that [ > 0. Let

M=MyD>M D---DM DMy ={0}

be a VCS of M. If v € Mj, then the lemma holds by induction hypothesis.
Hence, we may suppose that v € M;. Since My/M; ~ M(ug) for some
1o € b*, by the maximality of u, we have y = g and v + M7 is a highest
weight vector of M (). On the other hand, by the universality of M (u), there
exists

Mu)—M (11, 0v).

Hence, an exact sequence

0— My — My — M(u) —0
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splits, i.e., My ~ M7 ® M (u). Thus, the lemma follows. O

By the above lemma, we have

Proposition 1.15 Let M and N be objects of O such that M & N has a
VCS. Then, both M and N have VCSs.

Proof. Suppose that M @& N has a VCS of length [. We prove this proposition
by induction on I. The case | = 0 follows by definition. In the case [ > 0, let
us take a maximal element p € P(M @ N). We may assume that p € P(M)
without loss of generality. For v € M* \ {0}, we set M’ := U(g).v. Then, by
Lemma 1.14,

(M & N)/M"~ (M/M') & N

has a VCS of length [ — 1. By induction hypothesis, we see that M /M’ and
N have VCSs. By pulling back a VCS of M /M’ via the canonical projection
M — M/M’, the proposition follows. |

1.4.2 Truncated Category

For each A € h*, we introduce a full subcategory C(A) of O. We set

Py ={A-alae @t}

Definition 1.28 For A € b*, let P, be the full subcategory of O consisting
of these objects satisfying
P(M)CPy.

By Lemma 1.5 and Remark 1.4, we have

Lemma 1.15. Let M € ObC(A) be a finitely generated g-module. For any
proper submodule M’ of M, there exists a mazximal proper submodule N €
ObC(A) of M such that M’ C N.

Remark that IV is not necessarily finitely generated.

Proposition 1.16 For any finitely generated g-module M € ObC(A), there
exists finite number of indecomposable modules M®) € ObC(A) of finite type

such that
M~PMm®.
k

Proof. For finitely generated g-module M € ObC(A), we set

rkM := inf{ZdimM

w; € P(M) and @Mm generates M} .
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Since M is finitely generated, rkM < oo. We show the existence of M(¥)s by
induction on rkM.

Suppose that rkM = 1, i.e., there exists u € h* such that dim M, = 1 and
M is generated by M,,. Then, M is indecomposable. Indeed, if M = M; ® Mo,
then (M), # {0} and (Ms), # {0}, i.e., dim M, > 2.

Suppose that the proposition holds for any N € ObC(A) such that
rtkN < [. If M € ObC(A) such that rkM = [+ 1 is not indecomposable,
then M = M; & M,. Since rkM; <[ and rkMs < [, M7 and M5 decompose
into indecomposable modules by the induction hypothesis. Hence, the first
part of this proposition has been proved.

Assuming that M is generated by @, M,,,, M *) is generated by (€D, M,,,)N
M®)  Hence, M*) is of finite type. o

1.4.3 Projective Objects

In this subsection, we introduce a projective object P(u), which plays an
important role in the proof of the duality theorem (Theorem 1.2).

From now on, we suppose that ;1 € P . Let M~ (u) be the lowest weight
Verma module with lowest weight p (Definition 1.19). For simplicity, in this
subsection, we set

N(N’) = @ M_(u)l,,

VEP(M~(1))\Py
and regard it as a gZ-module in a natural way. We further set
W(p) =M~ (n)/N (1)
For each p € P, , we define P(u) by
P(p) :=U(g) @ug=) W(k).

By definition, P(u) € ObC(A), and it is a finitely generated g-module since
dim W (p) < oc.

Proposition 1.17 For any M € ObC(A), there exists the following isomor-
phism of K-vector spaces:

Homg (P(p), M) ~ Homy (K, Resy M).
Proof. By Frobenius reciprocity (Lemma 1.11), we have
Homg (P(p), M) ~ Homg> (W (), Res]. M).

From 0 — N(u) — M~ () — W(u) — 0, we obtain
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0 — Homg> (W (n), Resi> M) — Homg> (M~ (n), Res]. M)
— Homgz(N(u),ResgzM).

Since Homg> (N (), Resﬂ2 M) = {0} by the definition of N(u), we get
Homg> (W (), Res]. M) ~ Homg> (M~ (i), Res?. M).
Moreover, by Frobenius reciprocity, we have
Homg> (M~ (1), Res] . M) ~ Homy (K, Resy M). O

Since Homg(P(p),-) is exact by this proposition, we have
Corollary 1.2 P(u) is a projective object in the category C(A).
Moreover, by the above proposition, we obtain

Corollary 1.3 For any finitely generated g-module M € ObC(A), there exist
w1, € Py such that the following surjection exists:

l

i=1

Proof. Let {my,---,m;} be a set of weight vectors which generates M. Sup-

pose that
mi € M\ {0} (s € Py,

Proposition 1.17 implies that for each i, there exists a map f; : P(u;) — M
such that

where v, is a highest weight vector of M~ (u;). f := ), fi gives the desired

surjection. O
Moreover, the following lemma holds:

Lemma 1.16. 1. For any p € P, , there exist finitely generated g-modules
P(u)®, - P(u)D, which are indecomposable and projective in C(A),
such that

l
P(u) = P P

2. For any finitely generated g-module M, which is indecomposable and pro-
jective in C(A), there exist p € Py and i such that M ~ P(u)®.

Proof. Since a direct summand of a projective module is also projective, the
first statement follows from Proposition 1.16. Since M is indecomposable, by
Corollary 1.3, there exists P(u) — M. Since M is projective, M is a direct
summand of P(u). Hence, the second assertion follows. m|
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Proposition 1.18 1. P(u) has a VCS.
2. For any \,u € Py, we have

[P(X) : M(4)] = dim Homg(P(X), M (11)).

Proof. Let {w;|1 < i <1} be a basis of W (). We may assume that w; is a
weight vector of weight \; and

)\i—)\jEQ+=>iZj
holds for any ¢ and j. Hence, by setting

FkW(/\) = @Kwi,

i>k
{FyW()N)|1 < k < 1+1} defines a decreasing filtration of gZ-modules. We set
FeP(X) :=U(g) ®u(gz) FW(A).
Then, it induces a VCS of P()). Indeed, we have
F,P(\)/Fiep1P(N) =~ U(g) ®@ugz) {FW(A)/FreaW(A)} = M(N).
We show the next statement. By construction, we have
POV : M(p)] = dim W (M),
On the other hand, Proposition 1.17 implies that
dim Homg (P(X), M (1)) = dim M ().

Since dim W(A), = dim M~ (), = dim M (u)», the second statement holds.
O

Hence, we have

Corollary 1.4 Any finitely generated indecomposable projective g-module in
C(A) has a VCS.

1.4.4 Indecomposable Projective Objects

In this subsection, we show the existence and the uniqueness of a projective
cover I(u) of L(p). By definition I(u) is projective and indecomposable, and
there exists a surjection I(p) — L(u).

We start with the next lemma.
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Lemma 1.17. For any finitely generated g-module M which is indecompos-
able projective in C(A), there uniquely exists a maximal proper submodule N
of M.

Proof. By Lemma 1.15, the existence of a maximal proper submodule N of
M follows. Hence, for any two maximal proper submodules N; and N3, we
show that N1 = Ns. Suppose that N7 # N5. By their maximality, we see that
N; + Ny = M. Hence, there exists a surjection

¢: Ny ® Ny — M ((n1,n2) — ny + ng).

Since M is projective, there exists ¥ : M — Nj @ Ny such that ¢ o9 = id.
For ¢ = 1,2, let m; : N1 & No — N; be the canonical projection, and let
t; + N; — M be the inclusion. We set ¢; == ;om0 : M — N; — M. By
definition, 17 + 1o = id. This implies that i1 o Yo = 13 0 ;.

In the sequel, we show that both t; and 1, are nilpotent. We set

I = ﬂ Irmﬂ]f, Ky = U Kerz/Jf.

k€Z~o k€Zxo

We show that
LK, =M. (1.32)

By definition, Iy N K; = {0}. Moreover, since 1), preserves each weight sub-
space, for each v € P(M), there exists k € Z~( such that

LNM, = (Imyf)NM,, K NM,=Kerf)nM,.
Since we have
dim{(Tmy¥) N M, } + dim{(Kery)f) N M, } = dim M,,

(1.32) holds. Then, since M is indecomposable and K7 # {0} by assumption,
we have I; = {0}. Since ¢); preserves each weight subspace and M is finitely
generated, we see that there exists ny € Z~( such that 7' = 0, i.e., ¢ is
nilpotent.

In the same way, one can show that so is 5. Hence, 11 + 15 is nilpotent.
This is a contradiction. a

Proposition 1.19 For any p € P, there uniquely exists a g-module I(f)
such that

1. there exists I(u) — L(u),
2. I(u) is finitely generated,
3. I(u) is indecomposable and projective in C(A).

Moreover, the set {I(u)|n € Py} exhausts the finitely generated g-modules
which are indecomposable and projective in C(A).
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Proof. Since L(u) € ObC(A) is finitely generated and irreducible, by Corol-
lary 1.3, there exists a surjective homomorphism from an indecomposable
component of P(u) to L(u). Hence, it suffices to see that for finitely gener-
ated indecomposable g-modules I; and Iy which are projective in C(A) with
surjections m; : I; - L()\), I; ~ I as g-module. Since I; is projective, there
exists h : I; — I5 such that my 0o h = 7.

We first show that h is a surjection of g-modules. We assume that & is not
surjective. Then, the unique maximal proper submodule of I5 contains Imh.
On the other hand, by the above lemma, Kermy coincides with the maximal
proper submodule. Hence, mo o h = 0, and this is a contradiction. Hence,
h : Iy — I5 is surjective. Since I5 is projective, I is a direct summand of I;.
Since I is indecomposable, I1 ~ I5.

The rest of this proposition follows from Lemma 1.16. O

Corollary 1.5 For any p € P,

P = @ 1™,

A<p
where my , € Z>o and my, = 1.

Proof. By Lemma 1.16 and Proposition 1.19, we have

P(w) = @ 1),

\ePy
Moreover, by Proposition 1.19,
my,, = dim Homg (P(), L(X)).

Since we have Homg (P (u1), L(\)) =~ Homy (K, Resj L())) by Proposition 1.17,
we see that my , = 0 for g £ A and my ) = 1. |

The following is a key of the proof of the duality theorem given in the next
subsection.

Proposition 1.20 For any M € ObC(A) and p € b*, we have
[M : L(u)] = dim Homg (I (), M).
Proof. We take a local composition series
M=M,D>M;_1D>- DM D My={0},

such that there exists J C {1,2,--- ¢} satisfying

1. if j € J, then M;/M;_1 ~ L(u;) for some p; > p,
2. if j & J, then (M;/M;_4), = {0} for any v > p.
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Since I(p) is projective, we see that
dim Homg (I (), M) = > dim Homg (I (), M, /M;11).
J

Since, by the above proposition,
dim Homgy (I(p), L(X)) = 0.,
we have

1 if jedJApj=pn

im Homg (I (), Mj/Mj 1) {0 otherwise

Hence, we have completed the proof. O

1.4.5 Duality Theorem

As an application of some results obtained in this section, we show the fol-
lowing main theorem of this section which was originally obtained by I. N.
Bernstein, I. M. Gelfand and S. 1. Gelfand [BGG1] for a finite dimensional
simple Lie algebra.

Theorem 1.2 For any u, A € P, we have

Proof. By Proposition 1.20, it is enough to see that
[Z(4) : M(N)] = dim Homg (I(12), M(N)).

This follows from Corollary 1.5 and Proposition 1.18. O

1.5 Bibliographical Notes and Comments

In 1948, C. Chevalley and S. Eilenberg [CE] showed that the isomorphic
classes of central extensions of a Lie algebra can be parameterised by the
second cohomology. For the Lie algebra of smooth vector fields on the circle
VectSt, I. M. Gelfand and D. B. Fuchs [GF] showed that the cohomology
ring H*(VectS?!) is generated by two generators, one is of degree two and the
other is of degree three. In 1980, H. Garland [Gar] proved that the kernel of
the universal central extension of a Lie algebra is just the second homology
group. Thus, by a more or less well-known Proposition 1.14, the kernel of the
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universal central extension of VectS' is one dimensional. It seems that the
central extension of the Witt algebra over a field K of characteristic p > 0,
which is defined as the derivation algebra of K[Z/pZ], was first discovered by
R. E. Block [B]] in 1966.

In 1982, A. Rocha-Caridi and N. R. Wallach [RW1] introduced a nice
class of infinite dimensional Lie algebras called Q-graded Lie algebras. Some
fundamental tools of representation theory of @)-graded Lie algebras were
developed, e.g., in [RW1] and [DGK]. Here, we have generalised the notion
of the @-graded Lie algebra and have stated their properties which will be
used in later chapters.

The reader should be careful that, in the infinite dimensional case, there
are two different definitions of the cohomology group. One allows all sort of
cocyles and the other allows only those of compact support. For the interested
reader, we suggest to compare our treatment with the one in [DGK] and
[Liu].

1.A Appendix: Proof of Propositions 1.1, 1.2 and 1.3

PrROOF OF PROPOSITION 1.3. Notice that for each central extension 0 —
V — a; — a — 0, one may associate a 2-cocycle F' € Z?(a, V). Indeed, for
x,y € a, if we set

F(I7y) = [(:ZJ,O), (y,O)] - ([I,y],O) € ay,

then we have F(x,y) € V and F satisfies the 2-cocycle conditions.
Conversely, for each f € Z2(a, V), one can define a central extension

0—V-—a—a—0,

by
[(.%', U), (y7w)]f = ([x,y], f(xvy»v

where z,y € a and v,w € V.

Let f and g be elements of Z2(a,V) such that f — g € B%(a,V), ie.,
(f — g)(x,y) = h([z,y]), where h : a — V is some K-linear map. Now, we
prove that the extensions defined by f and g are equivalent. Let us define
P:ap — ay by

O((z,v)) := (z,v — h(z)).

It is clear that @ is bijective. We check that @ is a homomorphism of Lie
algebras. We have
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[D((z,v)), D((y, w))lg = [(z,v — h(z)), (y,w — h(y))],
= ([z,yl, 9(x,v))
= ([z,y], f(x,y) — h([z,y]))
=& (([2,y], f(z,y)))
= &([(z,v), (y,w)]y)-

Next, we show that for f,g € Z%(a,V) such that the central extensions
af — a and a; — a are equivalent, we have f — g € B?(a,V). Let @ be a
homomorphism of Lie algebras such that

0=V —=0r—a—0

|2l |

0—V—0g—a—0

commutes. We can express @(z,v) = (x,v — h(x)) for some K-linear map
h:a— V. Then, we have

P([(x, ), (y, w)]5) = 2(([z, 9], f(2,9)))
([, ], f (2, y) = h([z,9])),
[2((2,0)), 2((y, )]y = [(z, v = ~(2)), (y,w = h(y))]y
([z,9],9(2,9)),

and thus, (f —g)(z,y) = h([z,y]), i.e., f —g € B%*(a,V). We have completed
the proof. O

PrROOF OF PROPOSITION 1.1. Suppose that a : u — a is the universal
central extension. By definition, u is perfect, and hence,

a=a) = a(u,u]) = [a(w), a(u)] = [a, d.

Next, we suppose that a is perfect. We set

/\a— /{x®@y+yRzlr,y € a)k,
I:= By(a,k) = (x/\[y,z]— [T, y] Nz —y Nz, 2|z, y, 2 € a)g

and W := W’/I. Let w : W' — W be the canonical projection. By definition,
w € Z%(a,W). We consider the central extension

00— W —a, —a—0,

defined by w. Using this central extension, we construct the universal central
extension of a. Let V' be an arbitrary K-vector space and f € Z2(a, V). Since
f(z,y) = —f(y,z), we have a K-linear map
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' W —V  such that w(z,y) — f(z,y).
We define ¢’ : a,, — ay by

(Z)/((l', u)) = (CL‘, W(u))

Then, it is clear that the diagram

0y ———a

N/

a:=[ay, a,].

commutes. Now, let us set

Since a is perfect, it follows that a + W = a,,. This implies that a is perfect
since
a=[a+W,a+W]=]laal.

Furthermore, if we set
c:=Wna,

then we have a central extension
0—c¢c—a—a—0

such that a is perfect. Now, if we define ¢ as the restriction of ¢’ to the
subalgebra a, then the following diagram commutes:

a % a
R %
ar
Therefore, @ — a is the universal central extension and the proof is com-

pleted. O

As a corollary, we obtain Proposition 1.2. Indeed, from the proof of Propo-
sition 1.1, we see that

c= {Za(ﬂiuyi)

9

in Ny; € ZQ(CL, k)}/Bg(a, k)

This leads to Proposition 1.2.
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1.B Appendix: Alternative Proof of Proposition 1.14

In § 1.3, we introduced Lie algebra homology and cohomology as derived
functors. On the other hand, one can define them by means of the stan-
dard (co)complex (see § A.3). Here, using the second definition of Lie algebra
(co)homology and the Koszul complex, we give an alternative proof of Propo-
sition 1.14.

Here, we suppose that M € Ob(Q). It is enough to prove that

H"™(g*, M%) ~ H, (g™, M)*". (1.33)
First, we introduce the following three complexes C1, Cs and Cjs. Let
Criom A" @MB A" g~ @M — . — A% @M —0

be the standard complex of the g~-module M. By taking the contragredient
dual of C'1, we obtain

Coior— (A g~ @ M) £ (Ang= @ M) — - — (A%~ @ M)# — 0,
where d"(f) = f o Op+1. Let
C3i--r— HoIn]K(/ln"'lg"'7 M€) vl Homg (A™g", M®) «—
-+« Homg (A", M¢) «— 0

be the cocomplex defined in § A.3.
By definition, we have

Hn(g™, M) = H"(Ch)

(g M) = H7(Cy) (Vn € Z).

To show (1.33), we first prove the lemma below:

Lemma 1.18.
H"(C3) ~ H"(Cy) (VneZ).

Proof. We define @,, : Homg (A"gt, M¢) — (A"g~ @ M)** by
Sn(f)(@a A Az @m) = fw(x) A Aw(x,))(m),

where f € Homg(A"gt,M¢), 2, € g~ (1 <i<n),mée M and w:= —0 :
g — g (an involution of g).

If f € Ker®d,, then f(w(z1) A+ Aw(zy))(m) = 0 for any z; € g~ and
m € M. Hence, f(w(x1) A+ Aw(z,)) =0 for any x; € g~. This means that
f =0, and thus @,, is injective.

For g € (A"g~ ® M)**, we define f, € Homg(A"g*, M¢) by
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foyr A== Ayn)(m) i= g(w(y) A Aw(yn) ®m)  (y; € g%, m e M).

By definition, &,,(f,) = g. Hence, &, is surjective. Moreover, one can directly
check that @,,11 0 9™ = d"™ o @,,. Hence, we have proved the lemma. O

On the other hand, since (-)** is contravariant exact, the following iso-
morphism holds:
H"(Cy) ~ H,(C1)*t  (Vn € 7).

Hence, we have proved the isomorphism (1.33).



Chapter 2
Classification of Harish-Chandra Modules

In this chapter, we will prove a theorem of O. Mathieu [Mat2] saying that any
simple Z-graded Vir-module of finite type is either a highest weight module,
a lowest weight module, or a simple subquotient of the module of type V,
introduced in Chapter 1. (See Theorem 2.1, for detail.) This was a conjecture
of V. G. Kac [Kac3].

First, we will classify irreducible modules in the case of positive char-
acteristic, and will prove the results in the characteristic zero case by the
semi-continuity principle.

In Section 2.1, we will recall some basic notion, and will state the main
results in a precise form. The rest of the sections are devoted to the proof of
the main results. In Section 2.2, we will recall basic facts about the ‘partial Lie
algebras’ and their ‘modules’ with detailed proof. In Section 2.3, we will prove
some facts about Z-graded Lie algebras, and will prove that the dimensions
of any simple Z-graded Vir-module without highest nor lowest degree are
uniformly bounded. In Section 2.4, we will study representations of Lie p-
algebras W (m), quotients of the Witt algebra in characteristic p # 2,3.
Finally, in Section 2.5, after recalling some facts about Dedekind rings, we
will prove the main theorem.

Through this chapter, an associative algebra is not necessarily unital.
When an algebra has to be unital, we always indicate it.

2.1 Main Result

2.1.1 Notations and Conventions

Let K be a field. For an abelian group G, we say that a Lie algebra g =
D,cq 9 over K is G-graded if it satisfies

[971'7 gﬂ"] C Grtnr (Vﬂ', 77/ S G)

K. Iohara, Y. Koga, Representation Theory of the Virasoro Algebra, 47
Springer Monographs in Mathematics, DOI 10.1007/978-0-85729-160-8_2,
© Springer-Verlag London Limited 2011
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Remark that, in this chapter, the condition dim g, < oo is not necessarily
assumed. Hence, a G-graded Lie algebra with G = @ does not mean a Q-
graded Lie algebra in Definition 1.6. A module M = @, ., M, over a G-
graded Lie algebra g is called G-graded if g,.. M, C My, forany 7,7’ € G.
g (resp. M) is said to be finite if dimg, < oo (resp. dim M, < o) for any
T e G.

Definition 2.1 Let g = @, . 9~ be a G-graded Lie algebra, and let M =
D cq Mr be a G-graded g-module.

1. M is called a simple G-graded g-module if M has no non-trivial G-
graded submodule.

2. M is called a G-graded simple g-module if M has no non-trivial sub-
module.

For simplicity, we often omit G in the terminology.
In this chapter, we mainly deal with the cases G = Z and G = Z/NZ.
Here, we introduce some notations for Z-graded Lie algebras. For a Z-graded

K-vector space M = @, ., M, and an integer a, we set

M>" =P M,, M=*:=PM,.

n>a n<a

For simplicity, we denote M=', M=' M=Z% and M=<0 by M+, M—, M=
and M= respectively. A Z-graded Lie algebra g = @D,.cz 9n has a triangular
decomposition g = g~ ®go © gT.

2.1.2 Definitions

Let K be a field of characteristic p # 2, 3. Similarly to the characteristic zero
case, the Virasoro algebra over K is, by definition,

Virg := @ KL, ® KC
nez

as vector space satisfying

1
(Lo, L] = (M — ) Lypyp + —(m?

T
[C, Virg] = {0}.

_7n)&n+nﬁcl

We set h:= KLy @ KC.
We recall the definition of Harish-Chandra modules over Virg. In this
definition, we suppose that the characteristic of K is zero.
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Definition 2.2 Let M be an absolutely simple module over Virg. M is called
a Harish-Chandra module over Virk if M is h-diagonalisable and any weight
subspaces are finite dimensional.

To state the classification theorem of Harish-Chandra modules over Virg,
we recall the intermediate series of the Virasoro algebra. In the sequel, we
regard Z/pZ C K. For n € Z, we often regard n as an element of Z/pZ C K
via the canonical map Z — Z/pZ. For a,b € K, let

Va,b = @KUH
neZ
be a Z-graded Virg-module defined by
Lsv, = (as+b—n)v,ys,
Cu, =0.

Proposition 2.1 1. Ifa#0,—1 orb ¢ Z/pZ, then V, is simple graded.

2. Ifa=0 and b € Z/pZ, then there exists a submodule V' of Vg such that
the quotient module V, /V is simple graded.

3. Ifa = -1 and b € Z/pZ, then there exists a simple graded submodule V

Of Va,b-

Proof. Suppose that V, ; is not simple graded, i.e., there exists a non-trivial
proper graded submodule M = GBHEZ M, of Vg, where M, C Kuv,. Since
each graded subspace of V ; is one-dimensional, there exists u € Z such that

M, # {0} and { My41 = {0} or M,,_1 = {0} }.

In this proof, we only consider the case M,,_; = {0}, since the other case can
be similarly treated.
Notice that

L_jv, =(—a+b—u)v,—1 € M1 ={0}.
Hence, —a + b — u = 0, and thus
Liv, = (s + 1)avy+s. (2.1)
We consider the following cases.
a=0 Since —a+b—u=0in K, b =u € Z/pZ. In this case, we have
Ly vy, = (u—n)Unys. (2.2)
Hence,

V.= @ Ko,

nez
n=b in Z/pZ



50 2 Classification of Harish-Chandra Modules

is a direct sum of trivial Virg-modules. By (2.2), we see that V, ;/V is simple
graded.

a #0 By (2.1), if s Z —1 (mod p), then v,+s € M. Let us check whether
VUyts € M or not for s = —1 (mod p). Since —a 4+ b — u = 0 in K, we have

Lo vy, ={a(s + 1)+ (u—n)}vpps. (2.3)
In particular, if s +1=wu —n (mod p), then
Ly, =(a+1)(u—n)vpts. (2.4)

a # —1 One can find integers n, s’ € Z such that n Z u (mod p) and n+s" =
u—1 (mod p). Hence, v, € M for any n € Z. This is a contradiction, since
M is a proper submodule. Hence, V3 is simple graded.

a=—1 By (2.3) and (2.4),

V.= @ Kuv,.

nez
n#b in Z/pZ

is a simple graded submodule of Vj ;. O

For each a,b € K, we set

Va,b (a#O,—l/\ngZ/pZ)
Vap =4 Vap/V (a=0AbEZ/pZ) (2.5)
1% (a=—1Abe Z/pTL)

where V,; and V are as in the above proposition.

Definition 2.3 The irreducible representations V, , (a,b € K) over Virg are
called the intermediate series.

The following is the main result of this chapter.

Theorem 2.1 Let V be a Harish-Chandra module over Virg, where the base
field K is an algebraically closed field of characteristic zero. Then, V is iso-
morphic to an irreducible highest weight module, an irreducible lowest weight
module or one of the intermediate series.

2.2 Partial Lie Algebras

A partial Lie algebra introduced in [Mat3] plays an essential role in the proof
of Theorem 2.1. In this section, we recall its definition and state fundamental
properties.
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2.2.1 Definition and Main Theorems

First, we introduce the notion of partial Lie algebras and their modules. Let
(d, e) be a pair of integers such that d <0 <e. Let

= @Fi

d<i<e

be a graded K-vector space. Throughout this section, we always assume that
I' is finite dimensional.

Definition 2.4 We say that I' is a partial Lie algebra of size (d,e), if
there exists a bilinear map

[]:xI — 1T
with the following properties:
1. fori and j such that d <1i,j5,1+ 75 <e,
(15, 15] € Ty,
2. fori and j such that d <i,j5,i+ j <e,
(@i, 2]+ [zj, 2] =0 (x; € [}, xj € I}),
3. fori, j and k such thatd <i,j,k,i+j,j+kk+ii+j+k<e,

[xia [xja :Ek]] =+ [xka [JU“JUJH + [Q:]? [l'k,l'i” =0
(.Ii e I3, T EFj, Tk EFk).

For a partial Lie algebra I' = @, I, we set

rr=@rn =g rn,

d<i<0 0<i<e

and regard them as partial Lie algebras of size (d, —1) and (1, e) respectively.
Then, we have a triangular decomposition I' =I'" Iy S I'T.

For a Z-graded Lie algebra £ = @, L, we set

Par§L = é L;.
i=d

Then, Par§L is naturally equipped with a partial Lie algebra structure. We
call it the partial part of £ of size (d,e).

Let I" and I be partial Lie algebras of size (d, e). A linear map ¢ : I’ — I/
is called a homomorphism of partial Lie algebras if the following hold:
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1. ¢ is a homomorphism of graded vectors spaces, i.e., for any d < i < e,
o(I3) C I},
2. for i and j such that d <i,j,i+j <e,
O([wi, z5]) = [o(2i), ()] (2s € i, x5 € ).

A bijective homomorphism of partial Lie algebras is called an isomorphism.

Let I be a graded subspace of a partial Lie algebra I', i.e., I = @ ., <, L,
where I; ;= INTI;. I is called a subalgebra (resp. an ideal) of I', if it satisfies
[1;, I;] C Iit; (vesp. [I;, Ij] C I;y;) for any ¢ and j such that d < ¢,5,i4+j <e.

Next, we introduce a partial module over a partial Lie algebra.

Definition 2.5 A pair (V, p) of a graded vector space V= ;.. Vi and a
linear map p: I' — EndV is called a partial module of I' if it satisfies

1. fori and j such thatd <1i,j,1+ 75 <e,

p(xi)v; € Viy; (w; € I}, v; €V)),

2. fori, j and k such that d <i,j,k,i+j,j+kk+i,i+j+k<e,
(p(zi)p(x;) = plx;)p(xs))ow = p([zi, 25])oe - (23 € I3, x5 € Iy, vp € Vi)
For a Z-graded module M = P,., M; over a Z-graded Lie algebra L, we

define the partial part ParjM of M by

Par® M := EB M;,

d<i<e

and regard it as a partial module over ParjL in a natural way.

Let I" be a partial Lie algebra of size (d,e), (Vp) and (V’,p") be partial
I'modules. A homomorphism ¢ : (V, p) — (V’, p') of graded vector spaces is
a homomorphism of partial I"-modules if

d(zivj) = id(v) (2 € I3, vj € V),

for any ¢ and j such that d < 4,j,7 + j < e. A bijective homomorphism of
partial modules is called an isomorphism. A partial module is said to be
simple if there is no non-trivial partial submodule.

The following two theorems are the main results of this section.

Theorem 2.2 Let I' be a partial Lie algebra of size (d,e).

1. There ezists a unique Z-graded Lie algebra Ly.x(I") which satisfies the
following:

a. PargLmax () =~ I as partial Lie algebra.
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b. For any Z-graded Lie algebra g and a partial Lie algebra homomorphism
¢ : I' — Parig, there exists a unique Lie algebra homomorphism & :
Linax(I") — g whose restriction to I' is ¢.

c. As Z-graded K-vector space,

‘Cmax(F) ~ ‘Cmax(r_) EB FO @ ‘Cmax(F+)- (26)

2. There exists a unique Z-graded Lie algebra Lpin(I') which satisfies the
following:

a. PargLmin(I") ~ I' as partial Lie algebra.

b. For any Z-graded Lie algebra g such that g is generated by Pargg and a
surjective homomorphism 1 : Pargg — I, there exists a unique homo-
morphism ¥ : g — Luyin(I") whose restriction to Pargg is .

Theorem 2.3 Let I' be a partial Lie algebra of size (d,e), and let V be a
partial module over I'. Let L := Lyax(I") be the Z-graded Lie algebra given
by Theorem 2.2. Then, we have

1. There exists a unique Z-graded L-module Myax (V) such that

a. ParGMyax(V) =V as partial I'-module.

b. For any Z-graded L-module M and a homomorphism ¢ : V — ParGM,
there uniquely exists a homomorphism of L-modules @ : Muax (V) — M
such that its restriction to the partial part coincides with ¢.

2. There exists a unique Z-graded L-module Myin (V) such that

a. ParGMuin (V) ~V as partial I'-module.

b. For any Z-graded L-module M generated by its partial part as L-module
and a surjective homomorphism ¢ : PargM — V', there uniquely exists
a homomorphism of L-modules ¥ : M — Mp,in (V') such that its restric-
tion to the partial part coincides with .

We prove these theorems in the following subsections.

2.2.2 Proof of Theorem 2.2

In this section, we construct Lyax(I") as a quotient of the free Lie alge-
bra on I' by the ideal generated by the relations of I'. Moreover, we show
that Lmin(I") can be realised as a certain quotient of L,.<(I"). Remark that
we essentially follow arguments used to construct Kac—Moody algebras in
Chapter 1 of [Kac4].
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2.2.2.1 Notation

We first introduce some notation for free Lie algebras. Let V be a vector
space over K, and let

VeVe---®@V (ncopies) n>1

TV)= P 7"(V) TV):= {K A

n€lxo

be the tensor algebra on V. We regard the associative algebra 7(V') as a
Lie algebra in the natural way. The free Lie algebra F (V) on V is the Lie
subalgebra of 7 (V) generated by V. By definition, we have

Lemma 2.1. Suppose that V' is a module over a Lie algebra a. Then, F (V)
is an a-submodule of T (V).

In the case where V = @, Vi is a Z-graded vector space, (V) naturally
inherits a Z-graded Lie algebra structure. We denote this Z-gradation by

FV)=EPFV).

1€Z

2.2.2.2 Construction of G(I')

In the following, let I" be a partial Lie algebra. Here, we introduce a Z-graded
Lie algebra G(I') which plays a role similar to those of g(A4) in Chapter 1
of [Kac4].

Let F(I') be the free Lie algebra on I', and let J(I") be the ideal of F(I")
generated by

{u@v—v@u—|uvrluel;, vel), d<iji+j<e, ij <0}, (2.7)
where [, | denotes the partial Lie bracket on I". We set
g(Ir):=FI)/J(I). (2.8)

By definition, G(I') is a Z-graded Lie algebra. We denote its triangular de-
composition by G(I') =G(I)~ @GN @ g(I)t.
We first show the following proposition (cf. Theorem 1.2. in [Kac4)):

Proposition 2.2 There exists an isomorphism of Z-graded K-vector spaces:
G ~FI )l F(IT). (2.9)

Moreover, G(I')* ~ F(I'*) and G(I")g ~ I'y as Z-graded Lie algebra.

To prove this proposition, we have to introduce an appropriate Lie algebra
structure on the direct sum in the right-hand side of (2.9). Here, we show the
following general statement.
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Proposition 2.3 Let X, be a Lie algebra and let X* be Xo-modules. We
set X =X"@Xo® Xt and

X =F(X )eXoaF(XT).

Let ¢ : XT ®@x X~ — X be a homomorphism of Xg-modules. Then, there
exists a Lie algebra structure [-,-]x on X which satisfies the following prop-
erties:

1. F(X*) and X are Lie subalgebras of X.

2. For any x € Xo and u € F(X*), [z,ulx = z.u, where the action of Xo
on F(X®) in the right-hand side is given by Lemma 2.1.

3. Foranyu e X andv € X, [u,v]x = ¢(u®@v) holds.

Proof. We set XZ := Xo@® Xt and X< := X~ @ X, for simplicity, and

introduce a bilinear map ¢x : X2 x X< — X as follows:

¢X(u’ U) = qb(u@v), (bX(wvwl) = [w’w/]Xov

ox(u,w) = —wu,  dx(w,v) = w.o, (2.10)

where v € X, v € X~ and w,w’ € Xy and [, ]x, denotes the Lie bracket
on Xp. Using this notation, we introduce a K-associative algebra U(X) as
follows: Let KC(X) be the two-sided ideal of the tensor algebra 7(X) on X
generated by

{I®y*y®x—¢x(x,y)\x€X2, yEXS}.

We set
UX):=T(X)/K(X).

In the sequel, we naturally regard U (X) as Lie algebra and realise the Lie
algebra X" as a Lie subalgebra of U(X).

Let D(X) (resp. D(X*) and D(Xj)) be the Lie subalgebra of /(X ) gener-
ated by X (resp. X* and Xj). We denote the Lie bracket on D(X) by [, |p.
By definition, the following commutation relations hold:

[z, y]p = ¢x(z,y), (VxEXZ,VyEXS). (2.11)

By using them, we can show that

Lemma 2.2. There exists an isomorphism of K-vector spaces:
D(X)~D(X )®D(Xo) @D(XT).

Proof. For simplicity, we set D(X) := D(X )& D(Xo) ®D(XT). Notice that
X C D(X) € D(X) and D(X) is generated by X. Hence, we prove that
D(X) is a Lie subalgebra of D(X), i.e.,

[X,D(X)]p € D(X).
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By the commutation relations (2.11), [X*, D(X,)]p C X and [X,, D(X*)]C
D(X*) hold. Hence, it suffices to show that

Xt D(X)CcXZaeD(X), [X,D(XT)]cXsaeDX™M).

Here, we prove the first inclusion since the second one can be proved similarly.
By definition, D(X ) is spanned by elements of the form

T = [Tm, [Tm-1, [+ [22,1]D]D -] (2i € X7).
By induction on m, one can show that
[y, 2] e XZ@D(X™) (YyeXT).
Hence, we have the first inclusion, and thus, the lemma holds. O

On the other hand, by an argument similar to the proof of the Poincaré—
Birkhoff—Witt theorem in [Jac], we can show that

Lemma 2.3. There exists an isomorphism of K-vector spaces:
UX)~T(X7 )@ U(Xo) @x T(XT),
where U(Xy) denotes the universal enveloping algebra of Xo.

Proof. We can prove this lemma in a way similar to the proof of the PBW
theorem in Chapter V Section 2 of [Jac|. Hence, we only indicate an outline
of the proof.

Let {;|i € I*} (resp. {x;|i € I°}) be K-bases of X* (resp. Xp), and let
< be a total order on I°. We set I := I~ UI°UI*. Then, {z;|i € I'} forms a
K-basis of X.

Let us construct a K-basis of U(X) by using {z;|i € I}. For each 4,j € I,
we set
icItTAjel
iceltANjel™
(i, j) == GjeloNi>j .

icI°Njel™
0 otherwise

Remark that for a sequence (i1, - ,4,) consisting of elements of I,

Nk, ik+1) =0 (VE=1,2,---n—1)

Iy, ,is_1 €17
~ isv"'7it—1610/\isg"'§it—l (387 t71§3§t§n+1)
Ggy e i € 1T

(2.12)
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One can easily check that /(X)) is spanned by the vectors of the form
Ty @@y, +K(X)  (n € Zso, nlix,ixt1) = 0 (VK)), (2.13)

where in the case of n =0, we regard z;, ® --- ® x;, = 1. Moreover, the fol-
lowing lemma ensures that these vectors are linearly independent. Let S(Xp)
be the symmetric algebra on Xj.

Lemma 2.4. For each n € Z~q, there exists a linear map
Op TS(X) - T(X7) @x S(Xo) @x T(XT)

which satisfies the following conditions:

1. 4f n(ig,ik4+1) = 0 for any k, then
O'n(l'il (SRR ®l’1n) = (x’il & .- '®xi5_1)® (xis .. '$it—1)® (xit Q- '®$in)?

where s and t are given as in (2.12).
2. if n(ig,ig+1) = 1 for some k, then
Un(xil Q- ®xzn) - Un(xh - Lijtq D Tjy @+ @ xin)
= O—n(xh Q- ¢X(xik7xik+1) Q- ®xin)>

where ¢x : XZ x X< — X is the bilinear map defined in (2.10).

Proof. Using the Jacobi identity of X and the facts that X* are Xo-modules
and ¢ : XT ® X~ — X is an Xo-module map, one can show this lemma by
induction on n. a

The map o, induces a linear map

Tn : (T="(X) + K(X))/K(X) — T(X™) @k S(Xo) ©x T(XT),
(@i @ @@, +K(X))
= (i, ® - ®Ti,_,) ® (@i, -+ Tip_,) ® (T3, @+ @ Ti,).

Qi

Hence, the vectors (2.13) are linearly independent, and thus, Lemma 2.3
holds. O

As a corollary of this lemma, we have
D(XE) ~ F(X%), D(Xo) =~ X,

and hence, D(X) ~ X as K-vector space. Through this isomorphism, we
obtain the required Lie algebra structure on X'. Thus, we have proved Propo-
sition 2.3. O

Next, we introduce a Lie algebra structure on the direct sum in the right-
hand side of (2.9). For simplicity, we denote the direct sum by G(I"). By
Proposition 2.3, there exists a Lie bracket [-,-]s on G(I") which satisfies
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[x,y]gz [z, 9lr (xel3i, yely) (2.14)

for any integers ¢ and j such that d <14,j,i+ j < e and ij < 0. Hence, there
exists a surjective homomorphism of Lie algebras:

ig: G(I") — G(I). (2.15)

Now, Proposition 2.2 follows from the next proposition:

Lemma 2.5. The homomorphism (2.15) is bijective.

Proof. By an argument similar to the proof of Lemma 2.2, one can show
that G(I")* and G(I')y are generated by I'* and Iy respectively. Hence, the
universality of the free Lie algebras F(I'*) implies that ig is injective. O

2.2.2.3 Construction of L(I")

Here, we introduce a Z-graded Lie algebra £(I") which is the quotient of F(I")

by the ideal generated by the relations of I". We also describe the triangular

decomposition of £(I") by using that of G(I"), and in the next subsubsection,

we check that £(I") is equipped with the properties required for Lpax(I).
Let Z(I') be the ideal of F(I") generated by

{u@v—v@u—|uvpluel;, vely, d<iji+j<e} (2.16)
and let £(I") be the Lie algebra defined by
L) :=FT))Z(I). (2.17)
By definition, J(I") C Z(I'), and thus, there exists a canonical projection:
mg: G(I") — L(I).

Using this map, we describe the triangular decomposition of £(I") explicitly.

To describe Kerng, we introduce some notation. By replacing I" with '+,
we define the ideals Z(I'*) of F(I'*) and set L(I't) := F(I'F)/Z(I'*). More-
over, via the isomorphism (2.9), we regard Z(I'*) C F(I'*) C G(I'). Then,
we have

Lemma 2.6. Z(I'*) are ideals of the Lie algebra G(I).

Proof. For simplicity, we set ZT := Z(I'*). Since G(I') is generated by I', it is

enough to show that [I',Z*] C Z%. By using commutation relations of G(I"),

[[o, ZF] C I holds. Hence, we show that [['*,Z~] C T~ and ['~,ZF] C Z+.

We prove the first inclusion, since the second one can be proved similarly.
We denote the linear span of

{u@v—-—vu—[u,vpluel;, vely, d<i,ji+j<—-1}
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by S, where S~ C F(I'") C G(I"). Then, Z~ is spanned by elements of the
form

Y= [Ym: [ym—1,--- s lyrss] -] (e € F(I'™), s €57).
Using the Jacobi identity, we have
[rt,87]cs.
Moreover, one can show that
2,y €Z™ (Ve el (1<k<e)
by induction on m. Hence, the lemma holds. O

By this lemma, Z(I'") ®Z(I'™) is an ideal of G(I"). Moreover, it coincides
with Kermg, namely, the following holds:

Proposition 2.4 The following isomorphism of Z-graded Lie algebras holds:
L(D) = G(I)/(@(I™) & T(I™)). (2.18)

Hence, as Z-graded vector space,
L)~ LI ) Ty® L(IT). (2.19)

Proof. For simplicity, we denote the right-hand side of (2.18) by Z(F ). The
inclusion Z(I'") + Z(I'") € Z(I')/J(I") in G(I') implies that ng : G(I") —»
L(I") factors as follows:

G(I) ———L(I) .

N4
£(r)

On the other hand, the kernel of the composition F(I") = G(I') — L(I") of
canonical projections is an ideal of F(I") which contains

{u®@v—-—v@u—|uvlpluel;, vel), d<iji+j<e}

Hence, this composition factors as follows:

F(I)—G(I') — L(I) -

N4
£(I)

By definition, we have

w |Par3£(1—’) id

Parii([‘)’ w'Pard ldParg,C(F)'
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Hence, 7 and ¢ are isomorphisms, and thus, the proposition follows. O

2.2.2.4 Proof of Theorem 2.2.1

We complete the proof of the first statement of Theorem 2.2. By construc-
tion, £(I") enjoys the universal property required for L. (I"). Moreover, by
Proposition 2.4, the triangular decomposition (2.19) holds. Hence, it suffices
to show that PargL(I") ~ I'. The following lemma is a key of the proof.

Lemma 2.7. Par{L(I'") ~ I't and Par; ' L(I'™) ~ I'~ hold.
Proof. Here, we show this lemma for I'", since the case of I'~ can be shown
similarly. In this case, Par{F(I'") is spanned by elements of the form

m

T = [Tm, [Tm—1," ", [T, 21]F - ]F (i € [n,, 0<m; <e, an <e),
i=1
(2.20)
where [+, |7 denotes the Lie bracket on F(I'"). Hence, there exists a partial
Lie algebra homomorphism

Y ParF(I'T) — I'f
which sends z of the form (2.20) to
[mm; [l’m,17 Ty [.’I}'Q,.’El][‘ e ]F7
where [-,-]r is the partial Lie bracket on I'". Moreover, by the definition of
Z(I'"),
Par{Z(I'") C Ker.

Hence, we have a homomorphism v : Par{£(I't) — I'T.
On the other hand, there is a homomorphism of partial Lie algebra

¢: 't — Par$L(I); z+— z+Par{Z(I'"),

which satisfies 1) o ¢ = idp+ and ¢ o = idpaye £(r+)- Thus, we have proved
Lemma 2.7. O

Combining this lemma with the triangular decomposition (2.19), we obtain
Par§L(I") ~ I'. Now, we have completed the proof of Theorem 2.2.1.
2.2.2.5 Proof of Theorem 2.2.2

Here, we construct Lmin(I") and prove Theorem 2.2.2. Let M(I") be the
maximal Z-graded ideal of £L(I") such that M(I") N I" = {0}.
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We show that £(I")/M(I") gives the Lie algebra Ly (I"). In fact, the first

property
Par§ (L(I)/M(I)) ~ T

follows by definition. Hence, we show the second property (the universal
property).

Let g be a Z-graded Lie algebra and let ¢ : Parjg — I' be a surjective
homomorphism of partial Lie algebras. We show that there exists a homo-
morphism of Z-graded Lie algebras g — L(I")/M(I") whose restriction to the
partial part coincides with .

By Theorem 2.2.1, there exist Lie algebra homomorphisms

Uy L(Pargg) — L(I') and Wy : L(Pargg) — g.

Note that ¥, is surjective, since £(I") is generated by I'. Hence, ¥; maps
an ideal of L(Pargg) to that of L£(I"). Since ¥a|parsy = idpareg, We have
Uy (KerW) NI = {0}, and thus, ¥ (Ker®,) C M(I). Hence, the composition
L(Parig) — L(I') — L(I")/M(I) factors as

L(Pargg) — L(I') — L(I')/M(I)

\/

where the restriction of the homomorphism g — £(I")/M(I") to its partial
part coincides with .

2.2.3 Proof of Theorem 2.3

To show Theorem 2.3, we introduce an Ly, (I")-module M (V') associated
with a partial I-module V' and show that it enjoys the properties required
for Mpax(V).

2.2.3.1 Construction of M(V)

To construct M (V'), we first introduce the semi-direct product of partial Lie
algebra and its partial module. For a partial Lie algebra I' and its partial
module V' the semi-direct product I"x V is defined as follows: We set I'x V' :=
I' ®V (the direct sum as vector space), and define a bilinear operation [, |
on I' x V by

L [z, 25] == [wi, 450 (zi € I, 5 € 1)
2. [$i,yj] =Y (1'1 S Fl‘, Y; € V}),
3. iyl =0 (y; € Vi, yj € V),
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where [, | is the partial Lie bracket of I', and i, j € Z satisfy d < 4,5,i+7 <
e. By definition, I"x V' is a partial Lie algebra of size (d, e). We should remind
the reader that the semi-direct product of a Z-graded Lie algebra £ and its
Z-graded module M is defined by setting d := —oo and e := oo formally.

For simplicity, we set £ := Lpax(I), ' =I'xV and L := Emax(f).
Let ¢1 : I’ — I be the canonical projection. Theorem 2.2 implies that there
uniquely exists a homomorphism of Z-graded Lie algebras

b :L—L (2.21)
such that ¢1|Par35 = ¢1. We set
K := Ker®;.

Remark that K is a Z-graded Lie subalgebra of L.

On the other hand, by Theorem 2.2, the inclusion map I" < I induces
a homomorphism of Z-graded Lie algebras from £ to £. We regard K as £-
module via the homomorphism £ — £. Moreover, [K, K] is an £-submodule
of K.

We define the £-module M (V) by

M(V) = K/[K,K]. (2.22)

In the following, we check that M (V') satisfies the conditions for My (V).

2.2.3.2 Proof of Theorem 2.3.1

We first show that ParjM (V) ~ V. Since ParjKC ~ V by definition, we have
to show that Par§[/C, K] ~ {0}. This fact follows from the following lemma:

Lemma 2.8.

[K.K]=[KT,KF e [K™,K7].
Proof. We first show the following lemma:

Lemma 2.9. The positive part Kt (resp. the negative part K~ ) of K coin-
cides with the ideal of Lt (resp. L™ ) generated by VT (resp. V).

Proof. Let KT (resp. K~) be the ideal of £t (resp. £7) generated by V+
(resp. V7). We set K := K~ @ Vo ® Kt and show that K = K. Since V C K,
it is enough to show that K is stable under the adjoint action of I".

By an argument similar to the proof of Lemma 2.2, one can prove that

MK cKteVvs, [ILKT)cKk eV, (2.23)

Hence, K = K, and thus, the lemma holds. O
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Second, we show the following two facts:

[V,K*] c [KF, KH], (2.24)
[, (K%, K5 C [KF, K*). (2.25)

By the Jacobi identity, we have [T, [K*, K*]] ¢ [[I", K*],K*]. Hence, the
second fact follows from the first one and (2.23) and we show the first fact.
Here, we prove [V,K~] C [K~,K~]. It is enough to show that [VZ,K~] C
K=, K.
By the above lemma, K~ is spanned by elements of the form
Y= Y Y1, [ [y0] ] el ve Vo), (2.26)
Noticing this fact, by induction on m, one can show that

[u,y] € [K7,K7] (Yu e V=),

and thus, (2.24) holds.
We show the lemma. Since K = K~ @ Vo & KT, it suffices to show

K-, KT c K™, K e [T K. (2.27)

Suppose that y € K~ is of the form (2.26) and x € KT. Using the Jacobi
identity, (2.23), (2.24) and (2.25), one can check

[z,y] € [K™,K @ [KT, KT
by induction on m. Hence, (2.27) holds. We have completed the proof. O
This lemma implies that
Par{[KT, K] = {0}, Par,'[K~,K"]= {0},

since [V;, V;] = {0} if d <14,7,i+ j < e. Hence, we have Parg[C, K] ~ {0}.

Next, we state the universal property of M (V). Let M be a Z-graded
L-module. Suppose that there exists a homomorphism of partial I'-modules
¢:V — PariM.

Proposition 2.5 There exists a unique homomorphism of L-modules M(V)—
M whose restriction to the partial part V' coincides with ¢.

Proof. Since Par§(L x M) = I' x PargM, the following homomorphism of
partial Lie algebras exists:

¢o: I — ParS(Lx M); (z,v) — (z,0(v)) (zel,veV).

Theorem 2.2 implies that there exists a unique homomorphism of Z-graded
Lie algebras @9 : L — L x M such that ®s|x = ¢o.
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Let &) : £ — £ be the homomorphism (2.21), and let @3 : £ x M — L be
the canonical projection. By definition, we have @]z = @3 0 @55, and thus,
the following diagram commutes:

~ Dy
f————— L.

Lx M

Hence, $2(K) C M holds, since K = Ker®, and Kerds = M.

Here, we show that @5 : K — M is a homomorphism of £-modules. Let
¥ : £ — L be the homomorphism induced from the inclusion I" < I". Since
@1 0¥ = idg, we see that $g 0 ¥(x) = (2,0) € L x M for x € L. Since the
L-module structure of K is given by ¥, we have

Dy(w.y) = o([P(2),9y]) = [P2 0 ¥(x), P2(y)] = 2.D2(y),

for z € £ and y € K, and thus, @s| is an L-module homomorphism.
Moreover, we have $5([KC, K]) = {0}, since M is a commutative subalgebra
of Lix M. Hence, ®5| induces an £-module homomorphism & : M (V) — M.
By definition, @|y = ¢.
Finally, we show the uniqueness of the homomorphism @, namely, if ¢ = 0,
then @ = 0. In fact, if ¢ = 0, then (L) C L. Noticing that 5|, = id,, we
have Ker®; = Kerd,. Hence, ®s|c = 0, and thus, & = 0. O

2.2.3.3 Proof of Theorem 2.3.2

We construct Mp,in(V) as a quotient of M (V). Let J(V) be the Z-graded
maximal proper submodule of M (V) such that J(V) NV = {0}. Then, one
can show that the quotient module M (V)/J(V) satisfies the conditions for
Miin (V) in Theorem 2.3.2 in a way similar to § 2.2.2.5.

2.3 Z-graded Lie Algebras

In this section, we collect some properties of Z-graded Lie algebras and Z-
graded modules, which are necessary for the proof of Theorem 2.1. Through
this section, let g = @, ., 9, be a Z-graded Lie algebra over K, and let
M = @,,c, My, be a Z-graded g-module.
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2.3.1 7Z-graded Modules

In this subsection, we give a necessary condition for which there exist highest
or lowest degree of a Z-graded module. As an application, we show that
the dimensions of homogeneous component of a simple graded Virg-module
without highest or lowest degree are uniformly bounded.

Lemma 2.10. Suppose that there exist d,e € Z (d < 0 < e) such that g is
generated by its partial part I :== Pargg. If there exist a,b € Z (a < b) such
that M is generated by ParZM as g-modules, then

1. for any s > b, gt -module MZ* is generated by Par®™¢M,
2. for any t < a, g~ -module M=<! is generated by Pari_,_dM.

Proof. We first notice that, by Theorem 2.2, g% are generated by I'* respec-
tively. Since M is generated by ParZM , M is spanned by the elements of the
form

TkTp_1- - T1YZM

where z; € I't, y € U(go), z € U(g™) and m € Par’ M are homogeneous
elements. Suppose that

TRTh_1 - Tryzm € M5,

In the case s > b, we have k > 0. Since 1 < degree of x; < e is satisfied for
each i, there exists k¥’ (1 < k' < k) such that

Tp - z1yzm € ParSteM.

Hence, M=* is generated by ParT®M. On the other hand, in the case s = b,
if £ = 0, then the assertion holds by definition. If £ > 0, then it follows as
above. The other statement for M <! can be proved similarly. O

By using Lemma 2.10, we have

Proposition 2.6 Suppose that a Z-graded Lie algebra g and a Z-graded g-
module M satisfy the following conditions:

g is finite (i.e., dimg, < oo for any n € Z), finitely generated, and
[07,92"] = g for any n € Z~o, and

M is finite (i.e., dim M,, < oo for any n € Z), simple graded, and there
exist s € Z and v € M \ {0} such that g=*.v = {0}.

Then, for some k € Z, M=* = {0}.

Proof. We may assume that v is a homogeneous element without loss of
generality.
We define a subspace N of M by

N = {w € M|g="w = {0} for some I}.
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We first show that N is a graded submodule of M. For w € N, let k be
a positive integer such that g=*.w = {0}. Since for any g € g;, we have
[92F~ g] C g=*, the following holds:

>k—I >k—1

g (gw) C [g2* 7 glw + g.g2FLw = {0}.

Hence, g.w € N for any g € g. Moreover, N is graded by definition. Since
v € N # {0} and M is simple graded, we have

N =M. (2.28)

Next, we show that M ™ is a finitely generated g*-module. We may assume
that M, # {0} for some a € Z~¢. Since M is simple graded, M is generated
by M,. On the other hand, since g is finitely generated, there exist integers
d,e (d <0 < e) such that g is generated by I" := Par§g. By Lemma 2.10, g*-
module M=% is generated by Par®"®M. Hence, Mt is generated by Par{*t¢M.
Since M is finite, Par{™¢M is finite dimensional. Hence, the g*-module M+
is finitely generated.

Let X be a set of generators of the gt-module MT. We may assume that
the cardinality of X is finite. Since M+ = NT by (2.28), there exists s € Z~q
such that

g=%.X = {0}.

Hence, one can easily show that

g=". M " = {0},
since g=* is an ideal of g*.
By the assumption that g is finite and [g~, g="] = g, we have

g C g7+ [ParTyg, 7]
for some t € Z~o. Hence, we obtain
gt M=t C {g=° + [Par”}g,g=%|}. M=
= gZS(Parjg).Mzt
C o> Mt
= {0}.

Taking k € Zso such that k > ¢t and M, # {0}, we see that U(g).M}, is a
non-zero graded submodule of M such that U(g).M; C M=*. Since M is
simple graded, we have M~>* = {0}. O

As a corollary of Proposition 2.6, we have the following proposition on
simple graded modules over the Virasoro algebra.
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Proposition 2.7 Suppose that the characteristic of K is zero. Let M be a
simple graded Virg-module without highest or lowest degree. Then, the di-
mensions of the homogeneous components of M are uniformly bounded.

To show this proposition, a preliminary lemma is necessary.

Lemma 2.11. For each positive integer n € Z~q, let s, be a subalgebra of
Vir% generated by {L,, L, +1}. Then, the codimension of s,, in Viri(f is finite.

Proof. For each positive integer m, we have
L,, € s, if o, B € Z~ such that m = an + S(n + 1).
Notice that if m satisfies nk < m < (n+ 1)k, then
m={(n+1)k—m}n+ (m—nk)(n+1).
Moreover, we have

in the case m =nk,if k >n+1,thenm = (k—n—1)n+n(n+ 1),
in the case m = (n + 1)k, if k > n, then m = (n+ )n+ (k —n)(n + 1).
Hence, we obtain
Ly, €5y,
for any m € Z~¢ such that m > n(n+ 1), and thus, the codimension of s,, in
Vir% is finite. m|
PROOF OF PROPOSITION 2.7. We first show that

{dim M_,|n € Zso}

are uniformly bounded.
By the above lemma, there exists kK € Zs( such that Vir%k C s,. By

Proposition 2.6, if M does not have highest or lowest degree, then VirH%k.v #*
{0} for any v € M, and thus

Mo MVEE" = {0}

Hence, we have
Kerp(L,) NKerp(Ly+1) = {0}, (2.29)

where p : Virg — EndM.
On the other hand, we have

dim My > dimImp(L,,)|p_, = dim M_,, — dim Kerp(Ly,)|ar_,,,
dim M; > dimImp(Ly41)|pm_, = dim M_,, — dim Kerp(Lp+1)|a_,,

and thus,
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dim My + dim M; > 2dim M_,, — dim Kerp(Ly)|nr_,
—dimKerp(Ln+1)|nm_,, -

Here, (2.29) implies that

dim Kerp(Ly)|ar_,, +dim Kerp(Lp11)|ar_,
= dim (Kerp(Ly)|nr_, ® Kerp(Lyi1)|ar_,,)
<dimM_,,.
Therefore, we see that
dim M_,, < dim My + dim M.
One can similarly check that

dim M,, < dim My + dim M _4

holds for any n € Z~(. Now, we have completed the proof. O

2.3.2 Correspondence between Simple Z-graded
Modules and Simple 7Z./NZ-graded Modules

Let g = P, ¢z 9n be a Z-graded Lie algebra over the field K. We first intro-
duce some notation. For a Z-graded vector space V = @, ., V,, and m € Z,
we set

End™V := {f € EndV|f(V,)) C Vyym (Vn € Z)}.

In the case where V is a Z-graded g-module, we further set
Endy"V := End”V N End,V.

For an integer N, one can naturally regard g as a Z/NZ-graded Lie algebra,

ie.,

0= P o0 0= P on

a€Z/NZ nez
a=n+NZ

Let M = @,cz/nz Ma be a Z/NZ-graded g-module. For each n € Z,
we set R ~ R
M = @Mn, (Mn = Mn+NZ) )
neZ

and regard M as a Z-graded g-module in a natural way.
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Definition 2.6 A simple Z/N7Z-graded g-module M is called relevant sz
18 a simple Z-graded g-module.

For \ € K, we define 0, € End"M by

Ox(m) :=m € Mn+N (Vm € l\~/In).

Remark 2.1 1. 0, € EndgM,
2. M is not Z-graded simple, since Im(idg — 6)) is a non-trivial proper sub-
module for A # 0. ~
3. M/Im(idy; — 6x,) ~ M/Im(idg — 0x,) if and only if \y = As.
4. If X =1, then M ~ M/Im(idy; — 6,).
From now on, we assume that the base field K is an algebraically closed
field.

Proposition 2.8 Suppose that a g-module M = @, ., M, is finite simple
Z-graded and not Z-graded simple. Then, there exists a positive integer N
and an invertible homomorphism 0 € EndéVM such that

End,M =K[¢,67"].
0 is called a generating endomorphism of M.

Proof. We divide the proof into two steps.

Step I: We show that Endy* M # {0} for some non-zero integer m. For v € M
such that

V=Vg, + Vg, + 0+ Vg (U;ﬂ EMki\{O}),
where k; € Z (1 <i<s)and k; < ky < -+ < kg, we set

L(v) :=ks — k.

Note that if v is a homogeneous vector, then ¢(v) = 0.
Since M is not Z-graded simple, there exits a non-trivial proper submodule
M’ of M. We set
No := min{l(v)|v € M"\ {0}}.

Since M is simple Z-graded, M’ does not contain homogeneous vectors.
Hence, we see Ny > 0. We fix w € M’ \ {0}, which attains Ny. Suppose
that

W= Wy, + Wk, + -+ wg, (wk, € My, \ {0}),
where k; € Z (1 <i<s)and ky < ka < -+ < ks. Notice that Nog = ks — k1.

Since M is simple Z-graded, we have U(g).wy, = M. Hence, we define f €
EndM by

flrawg,) ==z, (ze€U(g)).
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Indeed, one can check that f is well-defined as follows: It is enough to see
that
T Wk =YW, = T Wk, = Y. Wk,

for any x,y € U(g). We may assume that x and y are homogeneous. Since
(x—y)w=(x—y)wg, + -+ (x —y)wg, €M’

and ks — ko < Ny, from the assumption on Ny, we see that (z — y).w = 0.
Since x and y are homogeneous, we have

T Wgy = Y Wy -

Hence, f is well-defined. By definition, f ¢ Kidy;. Thus, we see that
EndgM # Kidy.

Step II: Remark that, in general,
P End™ M ¢ EndM.
meZ

Nevertheless, the following lemma holds:

Lemma 2.12.
EndgM = @B End]' M.
meZ

Proof. The inclusion D is clear. We show C.
We first show that for f € EndgM,

f € @ End™M.
meZ
Any f can be expressed as
f= Zfi (fi € End’M), (2.30)
i€Z

where the sum in the right-hand side is not necessarily finite. Let us take
a homogeneous vector v € M such that f(v) # 0. It follows from f(v) €
M = @,;c; M; that fi(v) = 0 for all but a finite number of i € Z. Since
f € EndgM, we have
flzw) = fol(v) (2.31)
€T

Since U(g).v = M, we conclude that the sum (2.30) is finite.

Moreover, if 2 € U(g) is a homogeneous element, then (2.31) implies that
fi(z.v) = x.fi(v) for any i € Z. Hence, f; € EndgM for any i, i.e.,
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f € €D Endj' M.

MEZL

We notice that any f € Endy"M \ {0} is invertible. Indeed, since Kerf and
Imf are Z-graded submodules of M, Kerf = {0} and Imf = M.
We set
N :=min{m € Zso|Endj’' M # {0}},

and fix 0 € Endév M \ {0}. Notice that 6 is invertible by the above fact. Let
us show that

End;"M: {0} (m#kN forall k € Z) .
K0*  (m = kN for some k € 7Z)

First, we show the case m = 0. Suppose that f € EndgM. Since M is finite,
we have dim My < oo. Recall that K is algebraically closed. Hence, there
exists an eigenvalue A € K of f|yr. Since f — Aidps is not invertible, the
above fact implies f = Aid;. Thus, Endg = Kidps. The rest of the assertions
follows from the minimality of N. o

We complete the proof of Proposition 2.8. O

Remark 2.2 1t follows from the proof of Proposition 2.8 that for a finite
simple Z-graded g-module M, if EndgM # Kidys, then M is not Z-graded
simple.

Lemma 2.13. Let M be a finite simple Z-graded and not Z-graded simple
g-module, and let 0 be a generating endomorphism of M. We set

M9 = M/Im(id]\/[ — 0)
Then, My is a finite simple Z/NZ-graded relevant g-module.

Proof. One can check that My is finite and simple Z/NZ-graded. Hence, we
show that Mjy is relevant. Notice that M ~ My, since

M, >z z+Im(idy —0) € (Me)n

gives an isomorphism of Z-graded g-modules. Hence, My is simple Z-graded
and thus, My is relevant. O

Remark 2.3 Let M be as above. Then, we have

1. for any generating endomorphisms 6; (i = 1,2) of M (by Proposition 2.8,
91 X 02),
Mgl ~ M92 &0 = (92,

2. for any generating endomorphisms 6 of M,
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1\7[9 ~ M

as Z-graded g-module.

Let M be the set of the pairs (M, 8) such that M is a finite simple Z-graded
and not Z-graded simple g-module, and 6 is a generating endomorphism of
M. We define an equivalence relation ~ on M by

(M,0) ~ (M',0") ©3f: M — M’ : an isomorphism of g-modules such that
(i) f(Mn) C M, (Vn€Z),
(i) fod=6of.

Set M := M/ ~. We further denote the set of the isomorphism classes of
finite simple Z/NZ-graded relevant g-modules by N. Then, we have

Proposition 2.9 There exists a bijective correspondence between the sets M
and N which sends an equivalence class represented by (M,0) to an isomor-
phism class represented by My := M /Tm(idps — 6).

Proof. By Lemma 2.13, My is a finite simple Z/NZ-graded relevant g-
module. On the other hand, one can show that the correspondence defined
from the map M — (1\~/I7 ), where 6 is a generating endomorphism of M,
gives the inverse of the correspondence by Remark 2.1. m|

2.3.3 R-forms

Let R be a subring of the base field K. In this subsection, we state a lemma on
R-forms of a Z-graded Lie algebra, a partial Lie algebra and their modules.

For a finite Z-graded vector space M = @, ., M, let Mg be a Z-graded
R-submodule of M such that

Mg = @(MR)m (MR)pn :== Mgr N M,.
ne”Z

Mg is called an R-form of M if

1. M =K®gr Mg,
2. for each n € Z, (Mg),, is a finitely generated R-submodule of M,,.

For a finite Z-graded Lie algebra g, an R-form gg of g as a Z-graded vector
space is called an R-form of g if it is an R-Lie subalgebra of g. Similarly, for
a finite Z-graded g-module M, an R-form Mg of M is an R-form of M as a
Z-graded vector space and a ggr-submodule of M. For a partial Lie algebra
and its partial module, their R-forms are defined similarly.

Lemma 2.14. Let g be a finite Z-graded Lie algebra generated by its partial
part I' := Par§g, and let M be a finite Z-graded g-module. Set V := ParGM.
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For an R-form I'g of I', and an R-form Vg of V, let gg be an R-Lie sub-
algebra generated by I'r, and let Mg be a gr-submodule of M generated by
Vr. Then, gr (resp. Mg) is an R-form of g (resp. M) with a partial part I'r
(resp. Vg).

Proof. For simplicity, we set U+ := U(g%). Let Uf.t!E be R-subalgebras of U+
generated by Fg. Then, one can show that (Ulf)n is a finitely generated R-
module and K®g U;% = U*. Hence, Uﬁt is an R-form of U*. Let us introduce
filtrations {F,, Uz |n € Zso} as follows:

FU: =Tf®Rl, FU::=T%fF, .U+ F, .U (n>2).
We set
gr=Ug.lp ®(Ir)o®UL.ITE Cag,

where Ulj%[ acts on g via the adjoint action. By induction on n in Fnt%, one
can show that g is an R-Lie subalgebra of g. By construction, for each n € Z,
(gr)n is a finitely generated R-module and K ® g gr = g. Moreover, by def-
inition, Parjgr = I'r. Hence, gr is an R-form which satisfies the conditions
in this lemma.

Similarly, if we set

Mp:=Ug.Vg & (Vr)o @ Ugt.V4 C M,

then Mg is the desired R-form of M. O

2.4 Lie p-algebra W (m)

For the classification of the Harish-Chandra modules over the Virasoro alge-
bra, we use the representations over a Lie p-algebra W(m). In this section,
we estimate the dimension of irreducible representations over W (m).

Through this section, let K be a field whose characteristic is p > 3, unless
otherwise stated.

2.4.1 Definitions

Let m be a positive integer. We first introduce the Lie p-algebra W (m). Let
K[t] be a polynomial ring in a variable t. We set

W(m) := Der (K[t]/(t"™))

1 d
= K i i = —tH_l— .
DK (e i)
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For simplicity, we set e; := 0 for i > pm — 2. Since

ade;)Pe; = T —ik— ey, = —Jjepit; (i=0 (mod p))
(ade;) J kgl( k—1j) pitj {0 (i 0 (modp))’

by Proposition B.2, W(m) is a Lie p-algebra with the pth power operation
given by

0 (10 (mod p))

For study of representations over W (m), we introduce a p-subalgebra and
ideals of W (m). We set

o { (i=0 (mod p)) (232

pm—2

B(m) := @ Ke;.
=0

Then, it is a completely solvable Lie p-algebra (see Definition B.6). Indeed,
by setting

for 1 < k < pm — 1, we have a chain
{0} =: B(m)o C B(m)1 C B(m)2 C --- C B(M)pm—1 = B(m) (2.33)
of ideals of B(m) such that dim B(m); = k. Further, we have
Lemma 2.15. B(m)y, is a p-ideal of B(m).
Proof. 1t suffices to show that

pm—2

(Y. ce)lle Bim)

j=pm—1-k
for any ¢; € K. By Lemma B.3, for any z,y € B(m)s,
si(z,y) € B(m)x (1=1,2,---,p).
Hence, combining this fact with (2.32), we obtain the lemma. O
Next, we set I(m) := B(m), C W(m). By definition, we have
le—1,I(m)] C I(m).

In addition, Lemma 2.15 implies that I(m) is stable under pth power oper-
ation. Hence, I(m) is a p-ideal of W (m). Notice that the pth power of an
element of I(m) for m > 2 is trivial, i.e.,
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Lemma 2.16. Suppose that m > 2. Then,

2Pl =0 (Vz e I(m)).
Proof. By Lemma B.3,

Sz(xvy)zo (i:132a"'7p)7

since [z,y] = 0 for any x,y € I(m). Hence, from the Lie p-algebra structure
(2.32), we obtain the lemma. O

2.4.2 Preliminaries

Until the end of Lemma 2.18, the base field K is not necessarily of positive
characteristic.

Let V be a finite dimensional vector space over K, and let S be a subset
of EndV closed under [, ], i.e., for any =,y € S, [z,y] := zy — yx € S. Here,
let us denote by (S) the associative subalgebra of EndV generated by S. We
first show the following theorem due to N. Jacobson.

Theorem 2.4 ([Jac] Chapter IT) Suppose that any elements of S are
nilpotent. Then, & := (S) is nilpotent, i.e., there exists k € Z~q such that
&* = {0}.

To prove this theorem, we need the following lemma:

Lemma 2.17. Suppose that a subset T of S is closed under [-,-]. Set ¥ :=
(T).

1. If x € S satisfies [T,x] C X, then
T CTr+%T.

2. Suppose that X is nilpotent and T C &. Then, there exists x € S such that
r &% and [T,z] C %.

Proof. The first assertion follows from [T, z] C ¥. Hence, we show the second
one.

We assume that [T, z] ¢ T for any z € S\ T, and lead to a contradiction.
Let us fix z € S\ . By the above assumption, there exists t; € T such that

[tl, x] g ‘I

Moreover, since [t1,z] € S\ T, there exists t € T such that

[tQ, [tl,IH € ‘I
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Hence, for any integer 4, there exists t; € T such that

[ti7 [ti—l, R [tQa [tlﬁx” o ] §—Z <.

On the other hand, since ¥ is nilpotent, there exists k € Z~( such that
Tk = {0}. Then, we have

(adT)?** = {0} in EndV.
This is a contradiction. O

PrROOF OF THEOREM 2.4. We show this theorem by induction on dim V. In
the case where dim V' = 0 or & = {0}, the theorem follows by definition. Let
us assume that dim V' > 0 and & # {0}.

We set

2:={5'18"c S, [5,5]c S, (S) : nilpotent}.

Let T be an element of {2 such that dim(7T") is maximal. To show this theorem,
it is enough to see that & = (T'). For simplicity, we set ¥ := (T').
First, we see that T # {0}. Indeed, for a non-zero element x of S, if we set

={z}h)ns,

then X is closed under [, -], and we have

(X) ={{x}) = ZKQ?

i>1

Hence, X € 2 and dim(X) > 0.
Second, we set W := T.V. Notice that W C V| since ¥ is nilpotent. Here,
we further set

S":={z € Slz.W Cc W}.

By definition, T" C S’. We show that S’ € (2. We may regard S’ C EndW,
and consider an associative subalgebra &) of EndW generated by S’. We
also regard S’ C End(V/W), and consider an associative subalgebra & of
End(V/W) generated by S’. Notice that dim W, dim(V/W) < dim V. Hence,
by induction hypothesis, both &} and &) are nilpotent, i.e., there exist pos-
itive integers k1 and ko such that

(81)" = {0} and (&))" = {0}.
This means that, if we set &' := (S’) C EndV, then

(&2 vV ¢ W and (&) W = {0}.
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Hence, (&")F1+k2 = {0}, i.e., & is nilpotent. Since S’ is closed under [-,-] by
definition, we have S’ € (2.

Third, we assume T C &, and lead to a contradiction. By Lemma 2.17.2,
there exists « € S such that z ¢ T and [T, x] C T. Hence, by Lemma 2.17.1,
we get

e W =23V C (Zx+%).VCW

Hence, x € S’. Since x € T, we have
dim &’ > dim ¥ + 1.

This contradicts the assumption that dim ¥ is maximal. O

Lemma 2.18. Let a be a Lie algebra over an algebraically closed field K,
and let V' be an irreducible a-module. Suppose that for any x € [a,a], p(x) is
nilpotent, where p : a — EndV. Then,

dimV = 1.

Proof. If we set
S = {p(x)|x € [a,d]},

then S satisfies the conditions in Theorem 2.4. Hence, & := (S) is a nilpotent
associative subalgebra of EndV. Hence,

W= {v € Vp([a, a]).v = {0}}

satisfles W # {0}. Moreover, W is an a-submodule of V. Since V is ir-
reducible, we have V' = W. This means that V is an irreducible (a/[a, a)-
module. Since (a/[a, a]) is an abelian Lie algebra and K is algebraically closed,
we conclude that dimV = 1. a

From now on, we assume that K is a field whose characteristic is p > 0
again. Let g be a Lie p-algebra over K with a pth power operation (-)!. For
x € g, we say that x is p-nilpotent if there exist k € Z~( such that

2P = o,

where for n € Z~( we set

2P

o= ((-- - (z PHIPHPT T
—————

n times

Lemma 2.19. Let M (and p : g — EndM) be a g-module with central char-
acter x € g*. For a p-nilpotent element x € g, if

n]

Xz )y =0
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for any n € Z>g, then p(x) is nilpotent. In particular, if any x € g are p-
nilpotent and M has the trivial central character, then p(z) is nilpotent for
any x € g.

Proof. For z € g, let k be an integer such that 2] = 0. Note that zlP""")
commutes with z[P], since

[z 2P = ad (2P (2P7]) = 0.
Hence, we have

k—1
{(zlP))P [p‘*“]}pk‘l‘“

s=0
k—1

_ {(x[ps])pkfb . (:I:[ps#»l})pk—lf‘s}
s=0

— P "]

=27,

On the other hand, since x(z"l) = 0 for any s € Z>y,

s+1]

p(x[ps])p _ p(x[p )= X(x[psl)p = 0.

Hence, p(m)pk =0, i.e., p(x) is nilpotent. ]

Lemma 2.20. Let g be a finite dimensional Lie p-algebra, b be a p-subalgebra
of g and € be a p-ideal of b such that any x € € are p-nilpotent. Let M be an
irreducible g-module with the central character x € g* such that

x(¢) = {0}.

Moreover, assume that there exist x,y € g which satisfy the following condi-
tions:

1.g=Kzdh,

2.y €t and [z,y], [z, [z, y]] €,

3. p([z,y]) is invertible where p : g — EndM.

Then, for any irreducible h-submodule M' of M, the following holds:
dim M = pdim M’.

Proof. Since M is an irreducible g-module, by Proposition B.4, there exists
a surjective map

Ind§(M';x) - M.

Further, since dim h = dim g—1, we have dim Indg (M';x) = pdim M’. Hence,
the inequality
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dim M < pdim M’ (2.34)

holds. Here, we assume that dim M < pdim M’ and leads to a contradiction.
We first show that
eV = {0}. (2.35)

By Lemma 2.19, for any z € ¢, p(z) is nilpotent. Hence, by Theorem 2.4,
{p(z)|ar]z € £}

generates a nilpotent subalgebra of EndM’. This means that £.M’ is a proper
h-submodule of M’. Since M’ is an irreducible h-module, we obtain (2.35).

By the assumption dim M < pdim M’, there exist an integer n (0 < n < p)
and ug, - ,u, € M’ C M such that

n
sz.us =0. (2.36)
s=0

We fix the minimal integer n such that (2.36) holds. Notice that

yr® = xy+; (j) ey a] a] ).

7 times

Since [z, [z,y]] € h and Y_;_, 2" M’ is h-invariant for 0 < s < p, we have

[+ [y, @) a] - a]. M’ C {(ad2)*"*h}.M' C ;IZM/

s times

for s > 2. Hence, there exist u/, € M’ (0 < s < n) such that

n—2

0= y(z 28 ug) = 2" yu, + 2" (Youn 1 4+ nly, 2)u,) + Z x°
s=0 s=0

n—2
= 2" 'nly, 2].u, + E 2l
s=0

since y.u, = y.u,—1 = 0 by (2.35). It follows from the choice of n that
nly, z].u, = 0. Since [z, y] is invertible on M, we obtain u,, = 0. This contra-
dicts the choice of n. Now, we have completed the proof. o
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2.4.3 Irreducible Representations of W(m) (m > 2)

In this subsection, we assume that K is an algebraically closed field. The
main result of this subsection is the following theorem:

Theorem 2.5 Let M be an irreducible faithful representation of W(m).
Then,
dim M > pz(m=D(=1)

For the proof, we need a preliminary lemma. First, we notice that I(m).M #
{0}, since M is a faithful representation, and that I(m).M is a submodule of
M, since I(m) is an ideal of W (m). Hence, we see that I(m).M = M. This
implies that there exists an irreducible B(m)-subquotient M’ of M such that
I(m).M' # {0}. Hence, we have

I(m).M' =M. (2.37)
To prove Theorem 2.5, here, we show
dim M’ > pz(m=De-1),

Let x € B(m)* be the central character of M’. Theorem B.4 ensures that
there exist f € B(m)* and the Vergne polarisation p of B(m) at f constructed
from the chain (2.33) such that the induced representation

Indf(m) (K¢;x)

is isomorphic to M’. We have

Lemma 2.21. 1. There ezists j (pm —p — 1 < j < pm — 2) such that
x(e;) # 0.
2. f=x onI(m).

Proof. By the definition of central character, for j > pm —p —1
x(ej) =0 & ef.M' = {0},

since eEP} = 0. We assume that x(e;) =0 for pm —p—1<j <pm —2, and

lead to a contradiction. We set

Then, S satisfies the conditions in Theorem 2.4. Hence, (S) is nilpotent, Since
I(m) C (S) by definition, there exists k € Z~ such that

I(m)k. M’ = {0}.
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This contradicts (2.37). The first statement follows.
To show the second statement, we notice that I(m) = B(m), and

[B(m)p, B(m)p] = {0}

By definition,
P D cBm), (flB(m),) = B(m), = I(m).

On the other hand, as stated in Remark B.2,

f@) = f@)7 = x()
holds for any x € p. Hence, by Lemma 2.16, the second statement follows. O
PrROOF OF THEOREM 2.5. We set

j = max{ilf(e;) # 0}.
By the above lemma, we see that

Jzpm—p—1

Hence, considering the matrix expression of the form df with respect to the
basis {eg, €1, - ,epm—2} C B(m), we see that

rankdf > rankde;‘» .

Further, considering the matrix expression of the form de}, we have

rankde; = #{(k,l)|dej (ex,e1) # 0}
= t#{(k, D)l (ex-€})(er) # 0}
= {klex.€] # 0},

* via the coadjoint action, i.e.,

where B(m) acts on B(m)
ex-€; = (j — 2k)ej_y.
Hence, we see that

rankde; = (j+1) —#{k[0 <k <jAj—2k=0 (modp)}
>(pm—p-1)+1—(m—1)
= (p—1(m - 1).

Therefore, by Theorem B.4, we obtain

dim M > dim M’ > p%(mfl)(Pfl). 0



82 2 Classification of Harish-Chandra Modules

2.4.4 Irreducible Representations of W (1)

The purpose of this subsection is also to give an effective estimate of dimen-
sion for faithful and irreducible W(1)-modules. In this subsection, we assume
that K is algebraically closed.

To study representations over W (1), it is convenient to use the following
new basis of W (1): Recall that W (1) = Der(K[t]/(¢?)). We set

d
gs = _(1+t)s+1% (S:O7L 7p_1)

Since (14 ¢)? =1 in K[t]/(t?), we can regard {/,} as elements indexed over
Z/pZ. By definition, we have

w1 = P K.

SEL/PL

The above basis elements satisfy the following commutation relations:
[€r Ls]) = (r — 8)lrss,

where r,s € Z/pZ C K.
For each a,b € K, we introduce a W (1)-module M, ;. Set

Moy := B Kug, (2.38)
n€L/pl
and regard M, ; as a W (1)-module via
lsvy = (as+b—n)vpts (s,n € Z/DZ).

It should be noted that any submodule of M, ; is {o-diagonalisable. Hence,
by an argument similar to the proof of Proposition 2.1, we obtain

Lemma 2.22. 1. Ifa#0,—1 or b ¢ Z/pZ, then M, is irreducible.
2. Ifa =0 and b € Z/pZ, then My, contains the trivial representation Koy
as a submodule, and the quotient module

Moy /Koy

18 irreducible.
3. Ifa=—1 and b € Z/pZ, then

@ Kuv,

n#b

is an irreducible submodule of Mg .
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In the sequel, for a,b € K, we set

M (a#0,-1AbEZ/pZ)
wb = Mop/Kv, (a=0Abe€Z/pZ) . (2.39)
D, Ko (a=-1Ab€EZ/pL)

The main result of this subsection is

Theorem 2.6 ([Ch]) Let M be an irreducible representation of W(1). Then,
one of the following holds:

1. dim M > p?,
2. dim M < p? and
M~M,, or M~K

In particular, if M is faithful, then
dimM >p?> or dimM =p, p—1.

Proof (cf. [St]). Let x € W(1)* be the central character of M. We divide the
proof into the following three cases:

Case I: x(ep—2) # 0.

Case II: There exists j (2 < j < p—2) such that x(ex) =0 for all k > j
and x(ej_1) # 0.

Case III: x(ex) =0 for all k£ > 1.

In the following, we show that dim M > p? in Cases I and II and dim M < p?
in Case III.

Case I Let M’ be an irreducible B(1)-submodule of M. Set x’ := x|p(1) €
B(1)*. Then, x’ is the central character of M’. By Theorem B.4, there exist
f € B(1)* and the Vergne polarisation p of B(1) at f constructed from the
chain (2.33) such that

M ~ Indf(l)(Kf;X').
We first show that
flep—2) = x(ep—2). (2.40)
Notice that B(1); = Ke,_2 and [B(1)1, B(1);] = {0}. By the definition of
the Vergne polarisation, we see that

p D ey, (flBay,) = B(1)1.

Hence, by Remark B.2 and eEﬂQ = 0, we obtain (2.40). Hence, by the assump-
tion of Case I, we see that f(ep,—2) # 0. Considering the matrix expression of

df with respect to the base {eg,e1,--- ,ep—2}, we see that

rankdf > rankde,_,.
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One can directly check that rankde;_, = p — 1. By Theorem B.4, we obtain
dim M’ > p%(pfl).

Since p > 3, we have the conclusion dim M’ > p?.

Case II  We use Lemma 2.20. We set

g:=W(1), b:=B(1), t:=PKe,

1>

and z = e_1, y := e;. Indeed, since [z,y] = —(j + 1)ej—1 and €} | =
x(ej—1)Pidas on M, we see that [z, y] is invertible on M. Applying Lemma 2.20,
we see that for any irreducible B(1)-submodule M’ of M,

dim M = pdim M’. (2.41)

We take f € B(1)* and the Vergne polarisation p of B(1) at f constructed
from the chain (2.33) such that

M’ ~Ind]" (Ky; v)

(see Theorem B.4). In this case,
df £0 (2.42)
holds. In fact, if df = 0, then
p D epy(f) = B(1).

Hence, by Remark B.2, f(e;) = x(e;) for ¢ > 1. Moreover, df = 0 implies
f(e;) = 0for i > 1. This contradicts the assumption of Case II. Hence, (2.42)
holds. Hence, by Theorem B.4, we have

dim M’ > p.
Combining this estimation with (2.41), we obtain the conclusion dim M > p2.
Case III  We set

B'(1) == [B(1), B(1)] = @Kei.

From the assumption of Case III, we see that x vanishes on B’(1). By defi-
nition, one can show that zl?) = 0 for any x € B’(1). Hence, by Lemma 2.19,
any z € B’(1) are nilpotent on M, and thus, by Lemma 2.18, any irreducible
B(1)-submodules are one-dimensional. Hence, there exists a non-zero element
u € M such that Ku is an irreducible B(1)-submodule of M. Since e; (i > 1)
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are nilpotent on M, there exists A € K such that

o Ju (i=0)
€iu= (i>1)°

w1
B((l)) (Ku; x),

If we set
N := Ind

then there exists a surjective homomorphism of W (1)-modules N — M, since
M is irreducible.
For this W (1)-module N, we have

Lemma 2.23.
N ~ M)\—l,)\—h (243)

where Mgy, is defined in (2.38).

Proof. Note that

3
A

N=FPKle_ 1) @u.

s
I
=

By using

ejle—1)" = (e—1)'e; + (i (e—1)" "+ [lej e—1],e—1] -+ e—],
> (i)

k times

for j > 1 we have

ej.(e—1) @u= (;) (e—1)" (G +lep®u

+ (j J’r 1) (e_ )i+ Dle 1 @u

= m{(y‘ + DA+ (i — HHe—1) ™ @ u.

Notice that this formula still holds for j = 0, —1. By setting

1 .
R p—1—1i . _
vz.——(p_l_i)!(e,l) ®@u (0<i<p-—1),
{vi]0 < i < p—1} forms a basis of N. Moreover, by direct computation, one
can check that
e = (A= 1)j + (A — 1) — i}vis,

for any 0 <i,5 < p— 1. Moreover, for 0 <i <p—1, we set
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i,
=y ()
Identifying the index set of {u;} with Z/pZ, we have
g ={(A=1)j+(A—1) —i}uy,
by direct computation. Hence, the isomorphism (2.43) has been proved. 0O

Therefore, Case III of Theorem 2.6 follows from Lemma 2.22. Now, we have
completed the proof. |

2.4.5 Z/NZ-graded Modules over Virg

In this subsection, let K be an algebraically closed field of positive character-
istic p # 2, 3.
Let Dg := K[t,t7!]4 be the Lie algebra with commutation relation

(0 1o(t) ] = (RT3 — F ()
For ¢(t) € K[t] such that g(0) # 0, we set

d
I(g(t)) == g(t)pK[ut_l]E C Dk. (2.44)
Since 4 g(t)? = 0, I(g(t)) is an ideal of Dx. Moreover, since K is algebraically
closed, there exist ay, g, -+, a5 € K\ {0} and my,mo, -+ ,ms € Zsg such
that
gt) =t —a)™ (t—ag)™ - (t —as)™.

Now, (t — a)™P = t"P — o™P implies

Kt 1 /(- 0K g = (/e - am) 5
~ Der (K[t — a]/((t — a)™P))
~ W (m)

Hence, we have
Dy /1(g(t)) ~ W (my) & W(mz) & - & W (my).

Here, let us denote the canonical projection Virg — Dk by m. For g(t) €
K[t] such that g(0) # 0, we set
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I(g(t)) =7~ (1(g(t))).

Lemma 2.24. 1. For any ideal I of Dx, there exists a polynomial g(t) € K]t]
such that I =1(g(t)).
2. For any ideal T of Virg, C' € T holds.

Proof. For an ideal I of Dk, we set

Jr = {g(t) e K[t,t™!]

g(t)% EI}.

We first show that J; is an ideal of K[t,¢t~1]. For g(t) € K[t,t~1], we express
it in the form

90 =S a (0l0) €Kit

For g(t) € Jy and a(t) € K[t,t7 Y], a(t)g'(t)—a’(t)g(t) € J; holds by definition.
By taking a(t) = t, we have tg'(t) € J;. Hence,

p—1

D itgttyt e (s>0),

=0

and thus, g;(t?)t* € J; for any i. For a(t) = t™ (m € Z) and g(t) = g(tP)t" €
K[t,t71], we have a(t)g'(t) — a'(t)g(t) = (n — m)g(t?)t™* =1, Specialising
it appropriately, at most twice, we see that g;(tP)t/ € J; for any integer j.
Hence, g(t)t! € Jr, and thus, J; is an ideal of K[t,t~1]. Moreover, since J; is
generated by elements of the form §(t?) for g(t) € K[t,t~!], we have

Jr = (9(t"))

for some G(t?) € K[t,t~1]. Since there exists g(t) € K[t,¢t~!] such that §(tP) =
g(t)P, we conclude that I = I(g(t)).

Next, we show the second statement. Suppose that there exists a non-
trivial ideal Z of Virg such that C' ¢ Z. Let w be the non-trivial 2-cocycle of
D defined by
m3 —m

12 7
where we set L,, := —tm“% € Dk by abuse of notation. Because of the
well-definedness of the commutation relations of Virg/Z, we see that

W(Lma Ln) = 5m+n,0

w(I,Dg) = {0},

where I := 7w(Z). Hence, I is a subset of the radical of w which is given
by @nEpZ {KLp-1 @KL, ®KL,41}. By the first statement, we deduce that
I = {0}. This is a contradiction. O
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Notice that for any integer N, Virk is naturally Z/NZ-graded.

Lemma 2.25. Let N be a positive integer such that there exist integers u
and v satisfying N = vp*, uw > 1 and (p,v) = 1. Let T be a non-trivial and
non-central Z./NZ-graded ideal of Virg. Set G := Virg/Z. Let M be a simple
and faithful G-module. Then, the following three inequalities hold:

A
dim M > pzv@-DE" -1

)

B ifu=1, then
dim M > (p—1)°,

Cif N=pand dim M # p,p — 1, then
dim M > p?.

Proof. By Lemma 2.24, there exists a non-constant polynomial g(¢) with
9(0) # 0 such that Z = Z(g(t)). Since T is Z/NZ-graded, we may assume
that g(t)? € K[t"], and thus, g(¢) € K[t*?""']. Hence, there exists h(t) € K[t*]
such that g(¢) = h(¢)?" . The set of the roots of h(t) = 0 is stable under the
multiplication of vth roots of unity. Hence, g(t) = 0 has at least v roots with
multiplicity equal to or greater than p*~!. This implies that

g ~ @W(mi)7

for {m;} such that f{i|m; > p“~'} > v. Since M is a faithful G-module, the
inequality in A follows from Theorem 2.5, and the inequalities in B and C
follow from Theorem 2.6. m|

Proposition 2.10 Let k be a finite field, and let k be its algebraic closure.
Let g = @,,c; 0n be a finitely generated finite Z-graded Lie algebra over k.
Let M = @,,c;, My, be a simple Z-graded g module which satisfies dim M =
oo and dim M, are uniformly bounded, i.e., there exists d > 0 such that
dim M,, < d for anyn € Z. Then, M is not graded simple.

Proof. Since g is finitely generated, there exists s € Z~( such that g is gener-
ated by the partial part I" := Par® .g. We set £ := Lax(I"). By Theorem 2.2,
there exists a surjective homomorphism

L—g.

In the sequel, we regard M as £ module via the surjection. Since M is a
simple Z-graded g-module, it is a simple Z-graded £-module.

We may assume that My # {0} without loss of generality. We set o :=
Par® ;M and regard it as I'-module. Then, M is generated by ¢ as an £-
module, since M is simple graded. By Theorem 2.3, there is a surjection
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M — Mpyin(0).

We fix a basis {1, , 2.} (a := dim ") of I and {vy,--- , v} (b:= dimo)
of o. Let {c} ;|1 < i,j,l < a} and {d} ;|1 <i < a, 1 <j,1 < b} be the
structure constants

a b
! !
[z, 2] = E Ci Tl TiUj = E d; jur.
=1 =1

Let K be the extension field k(c! ., d. ;). Notice that K is a finite field. We

1,57 i,J
set
I'x ::@Kxi, oK ::@Kvi,

Li = Lmax(T'x) and Mg := Muyin(ok). Then,
F':]%@I‘K, O’Z/%@U[Q AC":];(X)‘CK, Mﬁ%@M}(

In particular,
dim(Mg), =dimM, <d (Vn € Z).

Moreover, it is easy to see that Mg is simple Z-graded.
For each m € Z, setting

o(m)K = @ (MK)'m

m—n|<s

we naturally regard it as partial I'-module. Here, it should be noted that the
cardinality of the equivalence classes of the partial I'-module 7 = @\m <sTn
such that dim7, < d for any n is finite, since K is a finite field. Moreover,
o(m)k # {0} for infinitely many integers m. Therefore, there exist mq,ms €
Z (my # ms) such that

o(mi)g =~ o(me) k.

Here, we allow any degree shift for an isomorphism of partial Lie algebras.
This implies that there exists a generating homomorphism

0 € Endgk (MK)ml—mQ-

By Remark 2.2, Mg is not graded simple, and thus, M is not graded simple.
O
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2.5 Proof of the Classification of Harish-Chandra
Modules

We complete the proof of the classification of Harish-Chandra modules over
the Virasoro algebra.

2.5.1 Structure of Simple Z-graded Modules

In this subsection, we show a proposition on structures of finite simple Z-
graded modules over the Virasoro algebra in positive characteristic.

Proposition 2.11 Suppose that K = pr for p > 0 such that p # 2,3. Let
M =@,y My be a finite simple Z-graded Virg-module such that

1
dim M,, < %(p —1)? (Vnez).

Then, there exist a,b € K such that the following isomorphism holds:
M ~ Va”b
where V,, ,, are defined as in (2.5).

Proof. By Proposition 2.10, M is not graded simple. Hence, by Proposi-
tion 2.8, there exists a generating homomorphism 6 € Endyi, (M) of degree
N > 0. Here, we use the following notation:

M = M/(id]\/[ - Q)M

Let Z be the kernel of Virg — Endg(M). Then, one can show that 7 is a
non-trivial and non-central Z/NZ-graded ideal. Indeed, if 7 is central, then
dim(Virg/Z) = oo. On the other hand, since M is a faithful (Virg /Z)-module,
Virg/Z — Endg(M). But this contradicts dimg M < co. One can also show
that 7 is a Z/NZ-graded ideal by definition.

Let u and v be integers such that N = vp" and (v,p) = 1. Since 6 com-
mutes with Ly, we see that p|N. Hence, v > 1. By assumption, we have

1 1
dimM < N2—p(p —1)? = §Up“71(p —1)2

By Lemma 2.25. A, we have
u— 1
pEv-DE" -1 o §Upuf1(p —1)2

Hence, u = 1. By Lemma 2.25. B, we have
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v 1 2
(p—1)" <5ulp 1)~
Hence, v =1 and N = p. By Lemma 2.25. C, we have
dmM=p, p—1.

By Lemma 2.24, there exists mq,--- ,ms such that

Virg /T ~ @D W (m,).

i=1
Hence, by Theorem 2.5, we obtain s = 1 and m; = 1, and thus
Virg /Z ~ W (1).
By Theorem 2.6,
M ~ M(;b

for some a,b € K. Hence, by Proposition 2.9, we obtain

M ~ Va’7b. O

2.5.2 Semi-continuity Principle

We recall the definition and some properties of Dedekind domain, which we
use in the proof of Theorem 2.1. For definitions and results on commutative
algebra, which we omit in this subsection, see [AtM] or [Matsu].

The aim of this section is the following proposition:

Proposition 2.12 Let K be an algebraic number field, i.e., a finite algebraic
extension of Q, and let R’ be the ring of integers of K , i.e., the integral closure
of Z in K. Let R be a localisation of R’ such that R # K, and let k be a
residue field of R. Let M be a finite dimensional K-vector space, and let Mg
be an R-form of M. We set My := k ®@r Mpg. Then, we have

dim M = dim M.
This proposition is usually refered to as the semi-continuity principle.
Recall the definition of Dedekind domain (see, e.g., [AtM] Chapter 9).

Definition 2.7 An integral domain A is called a Dedekind domain if

1. A is Noetherian,
2. every non-zero prime ideal is a mazimal ideal of A, and
3. A is integrally closed.

An important example is given by the next proposition:
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Proposition 2.13 The ring of integers in an algebraic number field is a
Dedekind domain.

Proof. Theorem 9.5 in [AtM]. O

To show Proposition 2.12; we recall two facts from commutative algebras:

Lemma 2.26. Suppose that A is a Dedekind domain. Then, for any non-zero
prime ideal p of A, Ay, is a principal ideal domain.

Proof. Proposition 9.2 and Theorem 9.3 in [AtM]. O

Lemma 2.27. Let A be an integral domain, and let M be an A-module. M
is torsion free if and only if M, is a torsion free Ap-module for any prime
ideal p.

Proof. Exercise 13 in Chapter 3 of [AtM]. i

PROOF OF PROPOSITION 2.12. First, we notice that Mp is torsion free.
Hence, by Lemma 2.27, for any non-zero prime ideal p of R, (Mg), is a
torsion free Ry-module. On the other hand, it follows from R C R, C K that
(Mpg), is an Ry-form of M. Since by Lemma 2.26, R, is a principal ideal
domain, we see that (Mpg), is a free R,-module of rank dim M. Hence, we
have

dim M}, = dim M. O

2.5.3 Proof of Theorem 2.1

To complete the proof of the classification theorem, we introduce some nota-
tion. We set
I'i= P KL; @ KC C Virg,

li|<2

and regard it as a partial Lie algebra.

We denote the kernel of the map L.y (") — Virg by Z.

Let V = €D;/<, Vi be a graded K-vector space. Let V(V, I") be the variety
of partial I'-module structures on V. It is a closed subvariety of (EndV)dim ",
A partial I'-module o can be regarded as an element of V(V, I"), and we will
often do so.

For a positive integer f, let V(V,I,Z, f) be the subvariety of V(V,I") de-
fined by

ceV(V,I\Z,f)
< o :simple, Z.Mpyin(o) = {0}, dim Myin(0), < f (Vn € Z).
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By definition, V(V, I',Z, f) is a locally closed subvariety.

Let D = (D_9,D_1, Dy, D1, D) be a quintuple of non-negative integers
such that D; < f for —2 < i < 2. Let Vp be a graded K-vector space @Iilﬁ Vi
such that dim V; = D,. We set

V(f) = JV(Vp, I T, f).

D

Moreover, let X be the subvariety of V(f) which consists of ParQ_QVC{’b, where
V.., is the irreducible Virg-module defined as in (2.5).
By Proposition 2.7, for any Harish-Chandra module

M:EBMn

neEZ

without highest or lowest degree, there exists a positive integer f such that
dim M,, < f for any n € Z. Hence, we have

Par? ,M € V(f).

Hence, to show the theorem, it suffices to prove that X = V(f).

It should be noted that the varieties V(V,I"), V(V,I,Z, f), V(f) and X
are defined over Q. Hence, we may assume that the base field K is Q without
loss of generality.

In the sequel, suppose that ¢ € V(f) is defined on some localisation R of
the ring of integers of a number field.

Remark 2.4 Let K be the field of the fractions of R. By assumption, there
exists a K-basis {v;} of o such that the structure constants (cij) defined by

l !
L;v; = g z; ju, Cuwj= E ()
l l

satisfy (¢} ;,y%) C R. Hence, o = @®, Kv; is a partial I'x -module, where
Iy = GBMSQ KL;® KC. Moreover, dimg ox = dimg o holds.

By localising again, if necessary, we may assume that all prime numbers p
such that

1
%(P— )><f

are invertible in R. Moreover,

Lemma 2.28. By localising R appropriately, if necessary, we may assume
that for any residue field k, o, := or Qg k is absolutely simple.

Proof. For simplicity, we put r := dimo. Here, we denote the set of
r X r matrices whose elements belong to a ring A by Mat,(A). To show
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o) is absolutely simple, it is enough to check that the image of the map
U(Lmax(ITk)) — Endg (o) is isomorphic to Mat,.(k).

Since o is absolutely simple, the map ¢ : U(Lmax(I)) — Endg(o) is
surjective, i.e., Imp ~ Mat,(K). Hence, for any 1 < 4,5 < r, there exists
an element X € U(Lmax(I'r)) such that ¢(X) € RE; ;, where E; ; denotes
the matrix unit. Hence, by taking an appropriate localisation R’ of R, the
image @(U(Lmax(I'r’))) is isomorphic to Mat,(R’) where or := or ® R'.
Therefore, oy is absolutely simple, where k&’ is any residue field of R'. O

From now on, we denote the localisation R’ by R for simplicity.

Remark 2.5 Since dimo < oo, we may assume that for infinitely many
prime integers q € Z, q is a prime element of R. We use this assumption at
the end of this proof.

Let Mg be the Lyax(I'r)-submodule of M := Myn (o) generated by og.
By Lemma 2.14, Mp is an R-form of M. Set

M]é = MR®I€,

where k is a residue field of R. Let Ny, be a graded maximal proper submodule
of Mj,. We set
Mk = ]\4,/C /]\f},C

Since oy, is a simple partial module and generates M}, as Lyax(I%)-module,
we have o N N, = {0}. Hence,

ParQ_QMk ~ k.

Moreover, since Mj, is generated by o, by Theorem 2.3, there exists a sur-
jection My, — Mpin (o). Since My, is simple Z-graded, we have

My, >~ Myin(o%).
By Proposition 2.12 and Remark 2.4, we see that
dim(Mg), < f.
Since the residue field k is finite, and the characteristic p of k satisfies

1

[ < %(p— 1)?,

it follows from Proposition 2.11 that

Mk ® ];7 ~ Vl7b:];

a

where V! - denotes the irreducible Virg-module defined as in (2.5), and to

avoid confusion, we specify the ground field .
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In the following, we divide the proof into the following cases:

1.a#0,—-1or b Z/pZ,
2. a=0,-1and b€ Z/pZ,

and here, we prove the theorem in the first case only, since the other case can
be similarly treated.

Case: a #0,—1Vb g Z/pZ If we set o := 01, @4 k, then

dim(a,;)n =1
for any —2 < n < 2. Since, by Proposition 2.12
dim(o),, = dim(oj)n

holds, we have
dim(o), =1 (-2<n<2).

Let us fix vg € (Vp:k)o- Notice that for any —2 < n < 2, there exists
zn, € U(Virg) (—2 < n < 2) such that z,.v9 € (Vop:x)n \ {0}. By using
the elements x_5,x_1, -+ ,22, we define an R-form of the partial module
T .= Par%QVayb by

2
TR = g Rax;vy,

n=—2

and set 73 := Tr ®p k. Then, by the isomorphism M, ®y k ~ V, 1, the
following isomorphism holds:
Ty 20k (245)

Let wp be an element of (o0g)g such that (og)o = Rwy. (Note that
rank(og)o = 1, since dim(o)y = 1.) We define an R-linear map

PR :TR — OR

by ¢r(2i.v0) := z5.wo. Let @ : 5 — o be the k-linear map induced from
@R Since both 73 and oy, are simple and isomorphic to each other, we see
that ¢z gives an isomorphism of Virz-modules. Hence, for any v € 7 and
—2<n<2,

Lnpr(v) — ¢r(Ln-v) € N m|ox
méem-Spec(R)

where we denote the set of the maximal ideals of R by m-Spec(R). Hence,
the following lemma implies that pr commutes with the action of L, for
—2<n<2.



96 2 Classification of Harish-Chandra Modules

Lemma 2.29.

ﬂ m = {0}.

mem-Spec(R)

Proof. By Remark 2.5, for infinitely many prime integers g € Z, (q) € SpecR.
Since R is a Dedekind domain, (¢) € m-Spec(R). This implies the result. O

Thus, we can extend ¢pr to the K-linear map
: 7T — 0.

Then, since dim(c), = 1 for any —2 < n < 2, ¢ gives an isomorphism of
partial module over I" = @i:ﬂ KL, ®KC. Therefore, we have proved that
o € X for any o € V(f). The inverse inclusion X C V(f) holds by definition,
and thus, we have completed the proof of the classification theorem.

2.6 Bibliographical Notes and Comments

In 1981, V. G. Kac [Kac3] proposed some open problems with conjectures.
Among them, the problem of classifying Harish-Chandra modules over the
Virasoro algebra is the theme of this chapter. Let us briefly recall its history
and some relevant topics.

In 1985, I. Kaplansky and L. J. Santharoubane [KaSa] classified the Harish-
Chandra modules all of whose weight multiplicities are 1, which is summarised
in the appendix of this chapter. Later, in 1988, V. Chari and A. Pressley [CP2]
classified the unitarisable Harish-Chandra modules. In 1991, C. Martin and
A. Piard [MaP] proved that any indecomposable Z-graded Vir-module with
bounded weight multiplicities contains a Z-graded submodule whose weight
multiplicities are less than or equal to 1. Thus, in particular, their results
together with Proposition 2.7 gives another proof of the conjecture mentioned
above. All of these results are obtained only by purely characteristic zero
arguments but involve complicated computations. The complete proof of the
conjecture obtained by O. Mathieu [Mat2], as explained in this book, relies
on completely different methods, partial Lie theory and representation theory
in positive characteristic.

In this direction, a more general result was obtained by J. Germoni [Ger].
In 2001, he showed that every block in the category of Z-graded Vir-modules
whose weight multiplicities are bounded is wild. Moreover, he also proved that
the category of finite-length extensions of irreducible highest (resp. lowest)
weight Vir-modules is also wild.

Let us explain the original usage of the partial Lie theory. In [Kac3], V. G.
Kac conjectured that any infinite dimensional simple Z-graded Lie algebras
with finite growth should be isomorphic to either 1) a loop algebra (including
a twisted algebra), 2) a Cartan type Lie algebra or 3) the Virasoro algebra. In
1986, O. Mathieu [Mat1] proved this conjecture in the case when the growth
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is less than or equal to one, and in 1992, again, O. Mathieu [Mat3] gave a
complete affirmative answer to this conjecture. ‘Partial Lie theory’ was the
key technique in his proof of the classification problem.

Finally, let us make a brief remark on the classification of Harish-Chandra
modules over an infinite dimensional simple graded Lie algebra of finite
growth. The classification of the Harish-Chandra modules over a (untwisted-
)loop algebra was obtained by V. Chari [Char] and that for a twisted loop
algebra was obtained by V. Chari and A. Pressley [CP1]. The classification
of Harish-Chandra modules over a Cartan type Lie algebra of rank > 2 was
obtained by I. A. Kostrikin [Kostr], and the only rank 1 case, i.e., what is
called of type W1, was treated by O. Mathieu [Mat2]. Therefore, the classifi-
cation of Harish-Chandra modules over all of the infinite-dimensional simple
Z-graded Lie algebras is complete.

2.A Appendix: Indecomposable Z-graded Vir-Modules
with Weight Multiplicities 1

Here, we state the classification of the indecomposable Z-graded modules
with weight multiplicities 1 following [KaSa] and [Ka].

2.A.1 Definition of A(a) and B(3)

For o, 3 € CP!, the Vir-modules A(a) and B(f3) are defined as follows:
L. A(a) = @,z Cwn; Caw, =0,
i) a €C,

Li.’LUj = (—i —j)wi+j (] 7& O),
Li.’wo = —7,(1 + (’L + 1)0&)11]1'.

Liwj := (=i — j)wit, (j #0),
2. B(8) = D,cz Cwn; Cavp =0,
i) peC,

Liwj = —jwjy;  (J #—1),
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Liwj = —jwjyi (J # 1),
L;w_; = Z(’L + 1)w0.
Notice that in [KaSa], the case @« = 8 = oo was missing owing to an error

in the calculation of, what they call, the inverted module of A(a) and B(3).
These modules are clearly indecomposable. In fact, the next lemma holds:

Lemma 2.30. For o, 3 € CP!,

1. A(«@) is always reducible and its submodule @nﬂ) Cw,, is isomorphic to
the non-trivial proper submodule of V_1 o = A(0).

2. B(B) is always reducible and its irreducible quotient B(3)/Cwq is isomor-
phic to the irreducible quotient of Vj o = B(0).

Remark 1.7 shows the geometric nature of these modules. Indeed, under an
isomorphism V, , = t2~°C[t,t~!](dt)~*, we have

dt
V—1,0/®Cwn = C7, Voo 2 C[t,t71] (wo — 1).
n#0

See also Proposition 1.7.

2.A.2 Classification Theorem

In the previous subsection, we have seen that dim Exty (C1,C[t,t~!]/C1)
and dim Extéadm (C[t,t71]/C1,C1) are at least 2. In fact, by the theorem due
to I. Kaplansky and L. J. Santharoubane [KaSa] which is stated below, it
follows that

Exts (C1,C[t,t7']/Cl)=C?  Ext;_ (C[t,t"']/C1,Cl) = C?
and each isomorphism class is represented by A(«) (resp. B(3)). Indeed, they
have proved the next stronger statement:

Theorem 2.7 ([KaSa]) Any Z-graded indecomposable Vir-module whose
weight multiplicities are 1 is one of the following modules:

Vs (a,b€C),  A(a) (a €CPY),  B(B) (8 €CPY).

Their proof is based on straightforward calculations. For its proof see [KaSa]
together with [Ka] where the errors in the proof of the first lemma which
states that, for a Z-graded Vir-module V = @, ., Cwy,,

if Ly1.w; #0(V j €Z), then 3 a,b € C such that V =V, 4,

was corrected.
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We remark that the modules A(a) and B(3) (a, 3 € CP!) have the fol-
lowing dualities:

1. The antipode-dual:
A(@)' = B(a),  B(B)" = A(B).

2. The contragredient dual:

AlQ)° =B <2a‘11> . BB =A <2ﬁﬂ+ 1) .




Chapter 3
The Jantzen Filtration

The Jantzen filtration is a very useful tool in the representation theory of
Lie algebras. For example, the structure of Verma modules over a rank two
simple Lie algebra (or a Kac—Moody algebra) is completely determined by
means of the Jantzen filtration [Jal].

In the case of the Virasoro algebra, the situation is similar to those in
the cases of rank two simple Lie algebras, i.e., the Jantzen filtration reveals
the structure of Verma modules. However, the original Jantzen filtration is
not necessarily applicable to other Vir-modules, e.g. Fock modules. Hence a
generalisation of the Jantzen filtration was proposed by B. L. Feigin and D. B.
Fuchs in order to study the Vir-modules defined on the space of semi-infinite
forms [FeFu4].

Here we will generalise the Jantzen filtration following [FeFud]. (In this
book, we call this generalisation the Jantzen filtration a la Feigin and Fuchs.)
Recall that the original Jantzen filtration is constructed based on the con-
travariant form of a Verma module. On the other hand, the contravariant
form can be regarded as a map from the Verma module to its contragredient
dual. From this view point, we will generalise the Jantzen filtration based
on an arbitrary homomorphism between two modules both of which have the
same character.

In Section 3.1, we will introduce the Shapovalov form on U(g) of a Q-
graded Lie algebra g with a Q-graded anti-involution ¢ and a contravariant
form on a g-module. These give us motivation for the definition, though here
we will define the Jantzen filtration in a more general setting (see Subsec-
tion 3.1.3). In Section 3.2, we will recall the original definition of the Jantzen
filtration and its properties. In Section 3.3, we will define the Jantzen fil-
tration a la Feigin and Fuchs in an algebraic setting similar to the previous
section. In Section 3.4, we will give a geometric interpretation of the filtration
given in the previous section. In the last section, we will discuss the Jantzen
filtration of some quotients of Verma modules.

Throughout this chapter, let K be an arbitrary field of characteristic 0 and
we assume that a K-algebra is associative and commutative with the unit.

K. Iohara, Y. Koga, Representation Theory of the Virasoro Algebra, 101
Springer Monographs in Mathematics, DOI 10.1007/978-0-85729-160-8_3,
© Springer-Verlag London Limited 2011
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3.1 Motivation

In this section, let g be a @-graded Lie algebra over K with a Q-graded anti-
involution o (see § 1.2.2 for definition). In order to explain the motivation for
the Jantzen filtration, we introduce the Shapovalov form of U(g) and con-
travariant forms on g-modules. The reader who is familiar with this subject
may skip this section.

3.1.1 Shapovalov Forms

First, we remark that the Poincaré—Birkhoff—Witt theorem gives us the
following decomposition as a vector space:

U(g)=U) ®{g U(g) +U(g)g*}.

Let S(h) be the symmetric algebra of h. Since § is commutative, we have the
following linear map

m:U(g) — U(h) = S(b),

where U(g) — U(h) is the projection with respect to the above decomposi-
tion.

Definition 3.1 The bilinear form
F:U(g) xU(g) — S(b)
defined by
F(z,y) :==7(o(z)y) (z,y€U(g))
1s called the Shapovalov form of g.
The universal enveloping algebra U(g) has the following decomposition:

U(s) = P Ulo)s,

BEQ
Ulg)p = {z € U(g)l[h, 2] = B(h)z (Vh € h)}.

We define U(g¥)g, U(g>)s and U(g<)s similarly.
We have

Proposition 3.1 1. F is symmetric.
2. F is contravariant, i.e., F(zx,y) = F(x,0(2)y) for any z,y,z € U(g).
8. For (1, B2 € Q such that B1 # (B,

F(r,y) =0 (Vo eU(g)s,, Yy €U(g)s,)
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Proof. These assertions are proved by using oy = idy. O

Next, we introduce the Shapovalov determinant. For each v € QT, we fix
a basis {X;|i € I} of U(g™)—+.

Definition 3.2 We set
D’Y = det (F(Xi’Xj))i,jEI S S(h)7

and call it o Shapovalov determinant of g.

Needless to say, D~ is determined up to a non-zero scalar depending on the
choice of a basis.

3.1.2 Contravariant Forms

The Jantzen filtration of a g-module M is introduced based on a contravariant
form on M. We define a contravariant form on a g-module.

Definition 3.3 For a g-module M, a bilinear form
(,y:MxM-—K
1s said to be contravariant if it satisfies

(g.z,y) = (z,0(9)-y) (3.1)
for any g € U(g) and z,y € M.

In the case where M is a highest weight module, the following proposition
holds:

Proposition 3.2 Any highest weight module has a unique, up to a constant
factor, contravariant bilinear form.

To show this proposition, we first consider the case where M is a Verma
module.

Proposition 3.3 The Verma module M ()\) has a unique contravariant form
(', Yx, which satisfies
<]' ® 1)\7 1 & 1)\>)\ = ].,

where 1 ® 1y is defined in § 1.2.5.

Since the uniqueness of a contravariant form on M () follows from the prop-
erty (3.1), it is enough to show the existence.
For X,Y € U(g), we set

<X® 1,,Y® 1)\>)\ = F(X,Y)(/\)
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by using F'(X,Y) € S(h) ~ K[h*]. The form (, ), is well-defined by the next
lemma which follows from the Poincaré—Birkhoff—Witt theorem:

Lemma 3.1. The universal enveloping algebra U(g) has the following decom-
position:

U(g) =U(o){g™ + > _K(h—\R)} & U(g).
heb
Proor or ProprosITION 3.3. For X,Y € U(g), by Lemma 3.1,

X=X14+X9, Y=Y1+4Y5, (32)
where

X1,Y1€U(g), X2, YaeU(g){g™+ > K(h—A(h)}.
heh

Since F(X2,Z)(\) =0 = F(Z,Y3)()\) for any Z € U(g), we have
F(X,Y)(A) = F(X1,Y1)(A).

Hence, the form (, ), is well-defined. The contravariance ( , ), follows from
Proposition 3.1. m|

Proposition 3.1 implies that (, ), is symmetric and

(s Wy, xarry, =0, (3.3)

for any p,v € h* such that p # v.

By the contravariance of { , ), the following proposition holds:
Proposition 3.4 For any A € b*, rad( , ) coincides with the mazimal
proper submodule J(\) of M(X), where

rad(, )x:={u e MA\)[{v,u)y =0 (Vv € M(N\))}.

PROOF OF PROPOSITION 3.2. By Proposition 3.3 and Proposition 3.4, a
highest weight module with highest weight A has the contravariant form in-
duced from (, )j. O

Let us introduce some notation. For each A € h* and v € QT, we put

det(/\)w ;= det (<Xz (9 1)\,Xj ® 1)‘>>‘)i,jel ,

where {X;|i € I} is a basis of U(g™)_+.
By definition, we have

det(N)y = D~ (N).
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3.1.3 What is the Jantzen Filtration?

The Jantzen filtration of a Verma module is a decreasing filtration of g-
submodules of the Verma module. Hence, we fix A € §* such that M(\) is
reducible. How can one construct such a filtration?

Intuitively, the Janzten filtration

M) > M(\)(1) D M) 2) D -

of M ()) is introduced as follows. We fix a curve C' C h* containing A and con-
sider a perturbation of A\ along the curve C. To define the Jantzen filtration,
we assume that

M () is irreducible for any p € C'\ {A}. (3.4)

Under this assumption, we introduce a filtration on M () by counting the
degree of ‘degeneracy’ of the contravariant forms ( , ), (u € C) as p — A.
Indeed, the Jantzen filtration satisfies M(A)(1) = J(A) and thus, it gives us
much information on the structure of Verma modules.

Next, let us algebraise the above construction of the Jantzen filtration.
The idea is to use Verma modules over the polynomial ring K[¢], where ¢
corresponds to a local parameter of C' at .

Let gx() be the Lie algebra g ®@x K(t) over the field K(¢), the quotient
fields of K[t], and let ggp be the Lie algebra g ®x K[t] over the ring K[t].
We denote the canonical map K[t] - K[t]/tK[t] ~ K by ¢, and the reduction
functor from Modgyy to Vectx which sends M +— M ®gpy (K[t]/tK[t]) by the
same notation ¢.

Let Mg ) (A(t)) be the Verma module over gg ;) with highest weight A(t) €
h* @k K[t]. We fix A(t) such that A = ¢(A(t)). Moreover, we suppose that
A(t) satisfies

My 1) (A(t)) is irreducible. (3.5)

Let Mg (A(t)) be the K[t]-sublattice of My« (A(t)) generated by 1® 1) €
M) (A(t)) as gkp-module. Note that it satisfies

(Mg (A(1)), Mgy (M) aey € K[E].
For k € Z~(, we set

M (A(t)) (k)
={v € Mg (A®)|(v, whrq) € t*K[t] (Vw € Mgp (A1)},

and define the Jantzen filtration {M(\)(k)}rez., on M(A) by setting

M) (k) = Tm{ Mg (\(£) (k) < Miggy(A(5)) > M)},
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where ¢ stands for a natural inclusion.

Remark that important properties of the Jantzen filtration in the above
setting follow from the fact that K[t] is a principal ideal domain. Moreover,
taking the property (3.3) into account, one may restrict to each weight sub-
space of Mg (A(t)), which is a K[t]-free module of finite rank. Hence, in
the following subsections, we formulate the Jantzen filtration in terms of free
modules of finite rank over a principal ideal domain.

3.2 The original Jantzen Filtration

We recall the original version of the Jantzen filtration [Jal]. The reader who
is familiar with this subject may skip this section.

3.2.1 Integral Form

Throughout this subsection, let R be a K-algebra. For a K-vector space V,
we set Vg := V @k R, and regard V as a subset of Vz via the map v — v® 1.
In the case where V is a Lie algebra or an associative algebra, we regard Vg
as a Lie algebra or an associative algebra over R in a natural way.

Let (g,h) be a Q-graded Lie algebra over K with a Q-graded anti-
involution o. Here, following [Jal], we recall a natural setting to work on
the representation theory of gr.

gr has the following triangular decomposition:

gr =0z D hr ® ok,

where g% = (gi)R. For simplicity, we set g% = (g2)r and b == (b*)=.

Remark 3.1 One has the following isomorphisms:

1. b ~Homg(hr,R),
2. U(g)r ~ Ur(gr), where the right-hand side is the universal enveloping
algebra of an R-Lie algebra gr.

Indeed, the first isomorphism follows by definition, and the second one follows
from the universality of universal enveloping algebras.

First, we introduce weight submodules of gr-modules and formal charac-
ters, and state some properties. Let M be a ggr-module. For e h%, we set

Mj :={m € M|H.m = \(H)m (VH € bz)}.

Note that if M is a torsion-free R-module then M5 = M; # {0} implies
A= . For X and it € h%, we define
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A>ji & A-peQT,

where QT was defined in § 1.2.2, and set D(X) := {ji € b |z < A}. Let € be
the Z-algebra consisting of the elements of the form

Z Z Cﬂ@(ﬂ) (n S Z>07 ;\1 S b%, i € Z),

=1 peD(X)

where the algebra structure on & is defined by e()\)e(ﬁ) = ¢(A + f1). For a
gr-module M such that M = @Aeb* M)\7 where Mj is an R-free module of

finite rank for each )\, we define the formal character of M as follows:

ChM = Z (rkRMS\)e(;\) eé.
Xebk
For a g-module M, we naturally regard My as a gr-module. Let M be a h-
diagonalisable g-module (see Definition 1.10). Then, we have ch Mz = ch M.
Next, we introduce Verma modules over gr. For A € h%, we define the
g%—module structure on the R-free module R5 := R15 by

1. k.15 = M(h)15 for h € b,
2. z15=0forxz € g};.

For \ € b, we set

Mr(X) == Ur(gr) ®,

r(s3) A (3.6)

and call it the Verma module over gz with highest weight X. It has the
following decomposition:

= @ MR(S‘)S\f'y

vEQT

Note that, if A € h* C b%, then the following isomorphism of gr-modules
holds:

We set v; :=1®15 € Mz (). Then, by an argument similar to Proposi-
tion 3.3, one can show that there uniquely exists a contravariant form ( , )5
on Mz ()) such that (vs,v5)5 = L.

Let A be a K-algebra, and let ¢ : R — A be a homonorphism of K-
algebras. In the sequel, we regard A-modules as R-modules via the homo-
morphism ¢.

For a K-vector space V, let V3 be the map defined by

VR — V4, v@a—v@¢(a) (veV, aeR).
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By definition, this is a homomorphism of R-modules. Moreover, if V' is an
associative algebra (resp. a Lie algebra), then V4 is a homomorphism of asso-
ciative algebras (resp. Lie algebras). For \ € b, we set V' := (h*)4(\) € A.
Note that ¢ defines a homomorphism of g%—modules

Rs — Az als— ¢(a)l;, (a€R).

Since U(g)y : U(g)r — U(g).4 is a homomorphism of right g&-modules, the
map

M(X)g : Mr(N) — MA(N);  wwy — (U(g)pu)vs, (a € Ulgr))

is well-defined. Moreover, since U(g), is a homomorphism of left gr-modules,
M(X)g is a homomorphism of gr-modules, where ggr-module structure on
M(XN) is defined via the map g4 : gr — ga. Note that, by definition, the

following formula holds:

¢((v,0)5) = (M(N)gv, M(N)s0")5, (v, v" € MR(X)).

From now on, we denote g, gi, b5 U(g)g, M(S\)d) etc by the same notation
¢ for simplicity.

Let K/K be an extension of fields. By Proposition 3.4, for \ e bk, the
Verma module Mg (X) (A € b%) has a unique maximal proper submodule
Jr(N) = rad( , )5- If A € b* C b, then the irreducible quotient Lx () :=
Mg (N)/ Ik (N) satisfies

Lig(\) =L(\) ok K,

since a contravariant form on M () can be naturally extended to the con-
travariant form on Mg ().
In general, a highest weight module over gr is defined as follows:

Definition 3.4 A gr-module M s called a highest weight module with high-
est weight A € b, if

1. M;\ is an R-free module,
2. there exists a non-zero element v € M5 such that

ghv=1{0}, M =Ugr(gg)v, M;=Ro.

Let ¢ : R — K be a homomorphism of K-algebras. We regard K as an R-
module via ¢. Then, M ®4 K (=~ M /(Ker¢)M) is a highest weight g-module
with highest weight ¢()). Moreover, if M ;i is an R-free module for any /i such
that M, i 7 {0}, then the following formula holds:

ch(M ®4 K) = e(p(\) — A) ch M.
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From now on, we assume that R is an integral domain. Let Q(R) be the
quotient field of R. 5
Take A € bR C by g)- Let Lgr)(A) be the irreducible highest weight

module with highest weight A. Set U5 = v5 + JQ(R)(:\) € LQ(R)(S\) and

M = UR(gR).T};.

Since g.v5 = {0} and Ur(hr).v5 = R5, we obtain
M = Ur(gg)-Us,

and it is a highest weight module with highest weight A Moreover, M is
torsion-free as R-module and My is a finitely generated R-module for each
it € hx since M C MQ(R)(S\). Hence, if R is a principal ideal domain, then
each R-submodule ]\;[,1 is an R-free module. In particular, we have

Lory(Na = Q(R)M;

for any fi € b%, from which we conclude ch M = ch LQ(R)(S\).

3.2.2 Definitions

Throughout this subsection, let R be a K-algebra and a principal ideal do-
main. We fix a prime element ¢t € R and denote the residue field R/tR by
K. Let ¢ : R - K be the canonical map, and regard K as an R-module via
this map. Here, we denote the functor M — M ®pr K from the category
Modg of R-modules to the category Vecty of K-vector spaces by the same
notation ¢. Note that, for a morphism f in Modg, the morphism ¢(f) in
Vectg is defined by f ® idg. In the sequel, we call ¢ a reduction functor.

Let M be an R-free module of rank r € Z~( with a non-degenerate sym-
metric bilinear form

(-,-)NIZMXM%R.

We set M := ¢M. The Jantzen filtration is defined as a filtration on this
K-vector space M. Note that the K-vector space M admits a symmetric
bilinear form induced from (-, -);, defined by

(pv1,dva) := p((v1,v2) 57) (01,02 € M).

Here, by abuse of langauage, we set ¢v :=v® 1 € ¢N for N € Ob(Modg).
In the case when N is R-free, there exists a K-vector space V such that
N 2~V ®g R. In particular, ¢ defined here can be identified with Vs defined
in the previous subsection.
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The original Jantzen filtration is defined as follows:
Definition 3.5 ([Jal]) For m € Z>q, we set
M(m):={ve M| (v, M)y Ct"R }.
Let 1, : M(m) — M be a natural embedding. Then
M(m) := Img(tm)
defines a filtration of the K -vector space M
M=M0O)D>DM1)DM2)D---
This filtration is called the Jantzen filtration.

We remark that, for v € M(m), one has ¢(1m)(¢v) = GLm(v).

Remark 3.2 Since the reduction functor is in general not left exact, it does
not necessarily preserve kernels and the space M(m) does not necessarily
coincide with ¢M(m).

3.2.3 Basic Properties

In general, the Jantzen filtration { M (m)} of M enjoy the following properties.

Proposition 3.5 1.

| M(m)={o}.

meZZO

2. M(1) =rad (-,-), whererad (-,-) = {v € M|(v, M) = {0}}.
3. There exists a symmetric bilinear form (-,-)m on M(m) such that

rad (-, )m = M(m +1).

To show this proposition, we recall the following well-known lemma;:

Lemma 3.2. Any submodule N of M is R-free of rank s less than or equal
to r. Moreover, there exists an R-free basis {v1,--- ,v.} of M such that

N = é Raﬂ}i
i=1

for somea; € R (i=1,---,5).

Lemma 3.2 allows us the following description:
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Lemma 3.3. 1. Let us set M* := Homg (M, R). Then, there exist

{el,e5, -+ e} - R-free basis of M*,
{f1, far-+ , fr} : R-free basis of M

and elements {a1,as, -+ ,a,} C R which satisfy
(fis )y = aieq

fori=1,2,---r
2. For the above R-free bases, we have

Mm)= @ R e P RS

v (a)<m B (a) >m

Proof. 1f we set N := {(v,-); | v € M}, then N is an R-free submodule of
M* of rank r, since the form (-,-),; is non-degenerate on M. By Lemma 3.2,
there exists an R-free basis {e},es,--- ,er} of M* and aj,az2,---,a, € R

such that ,
N = @Raief.
i=1

Taking f; € M satisfying (fis)yr = ase;, we have proved the first statement.
The second statement is an immediate consequence of the first one. O

PrROOF OF PROPOSITION 3.5. The first assertion of the proposition is an
immediate consequence of Lemma 3.3. The second assertion of the proposition
is obvious from the definition of the bilinear form (-,-). Hence we show the
last assertion. To do it, let us define the bilinear form (-,-),, on M(m) as
follows:

(Qv1, v2)im == G(t™ " (v, v2) )  (vi,v2 € M(m))
Indeed, this bilinear form is well-defined, since

£ (v, M (m)) g C ¢~ (M, M(m)) 5
= 47 (0, 3 (m))
ctm TR

for v € M(m) NtM.

Thus, to complete the proof, it is enough to verify that the radical of (-, ),
coincides with M (m + 1). First, we show that M(m + 1) C rad (-, ). For
v € M(m+1), we have

t=" (v, M(m)) g €t~ ™ (v, M) g C t™ ™R,
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Hence, ¢v € rad (-, ). The opposite inclusion follows from Lemma 3.3. 2. O

Recall that the Verma module M(\) over a @-graded Lie algebra with
a @-graded anti-involution possesses a contravariant bilinear form. One can
define the Jantzen filtration {M(A)(1)} of M(A) by the contravariant form.
The next corollary follows from Propositions 3.4 and 3.5:

Corollary 3.1 M(X)(1) coincides with the mazimal proper submodule of
M(N).

3.2.4 Character Sum

Next, we discuss the character sum,
o0
Z dimg M (m)
m=1

which is one of the important properties of the Jantzen filtration. This quan-
tity can be expressed in terms of the valuation of the determinant of the form
(+,-) 5y on M as follows. For a fixed R-free basis {e,--- ,e,} of M, set

D :=det ((ei, e;) 37)

1<ij<r

D is determined up to multiplication of the square of a unit of R, since any
two R-free bases of M can be transformed to each other by an element of
GL,(R). D is called the discriminant of the form (-, -) .

As an application of Lemma 3.3, we obtain

Proposition 3.6
ve(D) =) dimg M(m).
m=1

Proof. Let {€},€5,--- ,e*} be the R-free basis of M* given in Lemma 3.3 and
let {e1, ez, ,e.} be the R-dual basis. Further, let {f1, fa,---, fr} be the
R-free bases of M such that

(fi7 ) v — G‘ie;‘.

By using these R-free bases, we can express v;(D) in terms of v;(a;). We
notice that there exists X := (z;;) € GL,(R) such that e; = Z;fl zjif5,
since both {e1,eq, - ,e,.} and {f1, f2, -, frr} are R-free bases of M.

Then, we have
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D = det ((e;, ej)M)lgi,jST

= det ((ei, xk,jfk)]\])
k=1 1<4,5<r

:ﬁai x det X,

i=1

<

since
(firej) = aiej(ej) = d; ja;.

Therefore, we obtain
T

vi(D) = Z vi(as),
i=1
since X € GL,(R), det X is an unit of R.
On the other hand, the right-hand side of the proposition can be computed
from the fact that
Mm)= P Kéfi

g (as)>m

which is also an immediate consequence of Lemma 3.3. We have

Thus, we have completed the proof. O

Finally, let us remark on the relation between the original Jantzen filtration
and its generalisation constructed in the next section.

The original Jantzen filtration is constructed based on the bilinear form
(-,-);7 on M. On the other hand,

M — M* such that m — (m,-) (3.7)

induces an isomorphism between Q(R)-vector spaces MQ(R) and ]\Zfém
The original Jantzen filtration can be regarded as filtration based on the
morphism (3.7).

In the next section, we will generalise the original Jantzen filtration start-
ing from an arbitrary morphism S : V — W of R-free modules of the same
rank, which naturally extends to an isomorphism VQ(R) — WQ(R) of Q(R)-
vector spaces.
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3.3 The Jantzen Filtration a la Feigin and Fuchs I

In this section, we introduce a generalisation of the Jantzen filtration.

3.3.1 Definitions and Properties

For the reader’s convenience, we recall some notation for commutative rings.
Let R be a K-algebra, which is a principal integral domain. We denote the
quotient field of R by Q(R). We fix a prime element ¢t € R, and set K :=
R/tR. Let v, : R — Z>o U {00} be the t-adic valuation, and let ¢ be the
reduction functor from the category of R-modules to the category of K-vector
spaces defined in § 3.2.1.

The following notation is necessary to define the filtration: Let V and W
be R-free modules of the same rank, say r € Zs¢. Let S:V — W bea
homomorphism of R-modules whose extension S @ idg(r) : VQ( R) — WQ(R)
is an isomorphism of Q(R)-vector spaces. We denote the extension S ®idg(r)
by S’Q(R). Moreover, we set V := ¢V, W := ¢W and S := qb(g) V-W.

Definition 3.6 Suppose that m € Zso. A K-subspace V(m) of V is de-
fined by

V(m) := S~ ImS Nt™w),

V(m) :=Ime(sy,),

where 1Y, - V(m) — V is a natural embedding. The quotient space W (m) of
W is defined by

IK (m) := t~™(ImS N ™ W),
IK(m):= Im¢(ban),
{W/IK(m —1) m>0

W(m) = W o )
m =20

where (1 ﬁ((m) < W is a natural embedding. We denote the projection
W — W(m) by mm,.

Note that we use the notation K (m) to denote the image Im¢ (.25 which
is the kernel of W — W (m + 1) at the same time (not Iohara and Kogal).
By the definition, we have the following filtration:

V=vV0)>oV1)DV(2)D---,

which is called the Jantzen filtration, and one can check
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o0
() Vim) = {0}, (38)
m=1

in a way similar to the proof of Proposition 3.5. On the other hand, there
exists a sequence of canonical projections

W=W(0)—»W(1) »W(2)—>- .

Here and after, we call this sequence the Jantzen cofiltration. The relation
between the filtration {V(m)} and the original one is the following:

Remark 3.3 If V=M, W = M* and
S:M — M* such that v+ (v,-)y,

then the new filtration coincides with the original Jantzen filtration.
Next, we introduce ‘higher derivatives’ S(™ of the map S: V — W.

Definition-Lemma 3.1 Suppose that m € Z~q. For u € V(m), take 4 €
V(m) such that u = ¢(1Y,)(¢@). Then, the element

T 0 G111 (0177 5(@))
does not depend on the choice of u. Hence, the map
SV (m) — W(m), w— mm o0 p(t1K) (qbt_mg(ﬁ))

s well-defined and is called the mth derivative.

Proof. 1t suffices to check that
T 0 9(ufi) (0475 (@)) = 0
for any @ € V(m) NtV. To show this, we notice the following fact:
V(m) NtV =tV (m — 1),

which can be proved easily. Hence, there exists & € V (m—1) such that @ = o,
thus we have ~ ~ .
t=mS(a) =t~ S(0) € IK(m — 1),

ie.,

S(1F) (qsfmé(a)) € IK(m—1). 0
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For simplicity, let us set S(®) := S. The mth step of the Jantzen (co)-
filtration V' (m) and W (m) is characterised by S~ : V(m—1) — W (m—1).
In fact, we have

Proposition 3.7 For any m € Z~q, the following hold:

1. V(m) = KerS(m—1),
2. W(m) = CokerS(m—1),

Proof. First, let us prove that V(m) = KerS(™~Y. Since V(m) C KerS(m—1
is clear by definition, we show that V(m) D> KerS(m~Y. We take u €
KerS(™m=1), There exists @ € V(m — 1) such that ¢(¢” _,)(¢@) = u. It follows
from u € KerS(™~1 that

oty (ot~ 5(@)) € TK (m - 2),
which implies B . ~
t~m TS (@) € IK(m —2) +tW,
i.e.,
S(a) € {t(t’”‘ZVT/ N TmS) + "W N ImS‘} .
Using the fact that S is an isomorphism, we obtain
@ etV(m—2)+V(m).

Hence u € V(m) and thus V(m) D KerS(™~1 is proved.
Second, let us prove that W (m) = CokerS(™~1). By definition, it is enough
to show that
ImS™=Y =7, | (IK(m —1)).

This follows from the definition of S(m—1), O

3.3.2 Character Sum

Similarly to the original version, the character sum of {V(m)|m € Zso} can
be expressed in terms of the valuation of the determinant of S. Let us denote
the determinant of the map S by D, namely, for R-free bases {vy, - ,v,}

and {wy,--- ,w,} of V and W such that
g(vz) = Z Si,j Wy,
j=1

we set

D = det(sij)1<ij<r-
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As was mentioned before, this determinant is determined up to multiplication
of a unit of R. We have

Proposition 3.8
oo
v(D) =" dimg V(m).
m=1

To show this proposition, we use the following lemma.

Lemma 3.4. 1. There exist

{f1, 2, fr} : R-free basis of V,
{e1,€2, -+ ,e.} : R-free basis of W

and {a1,as, - ,a,} C R which satisfy
g(fz) = Qi€

fori=1,2,---r.
2. For the above R-free bases, the following hold:

V(m) = @ Rtm—ljt(ai)fi @ @ Rf;,

isve(a;)<m isv(ai)>m

ﬁ((m): @ Rt~ g.e; B EB Rt "aze;.
v (a)<m ive(ag)>m

Proof. The first assertion easily follows from Lemma 3.2. The second asser-
tion is a direct consequence of the first one. O

PROOF OF PROPOSITION 3.8. Taking R-free bases of V and W as in the
above lemma, we can express the both sides of the proposition in terms of

v¢(a;). Indeed, we have

v(D) = Z vi(aq),

i=1
since S(f;) = ase; (i =1,2,---,7). On the other hand, we see that
Vim)= @ Kof.
ive(an)>m

Thus, we have
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Z dimg V(m Z #{i|lve(a;) > m}

r

= vi(a;)
i=1

= 1y(D).

3.3.3 Duality

The Jantzen filtration defined in this section has the following duality. Let
V*:= Homg(V,R), W*:=Homg(W,R)
be the dual R-modules of V and W. Let
LG
be the transpose of the map S. Moreover, we set
V= gV*, W= ¢W*, 1S :=¢('S").

Under this setting, we define the Jantzen filtration {W*(m)} of W*, the
Jantzen cofiltration {V*(m)} of V* and the higher derivatives

tS0m) W (m) — V*(m)
as in Definition 3.6 and Definition-Lemma 3.1.
Then, we have the following proposition.

Proposition 3.9 For m € Z>q, the following hold:

1. V*(m) ~ V(m)*,
2. W*(m) =~ W(m)*,

where V(m)* and W(m)* are the dual K -vector spaces of the mth step of the
Jantzen (co)-filtration V(m) and W (m).

Proof. Since V is an R-free module, for m = 0, the statement holds. For
m > 0, we set

Vi i={o" € V*[u*(V(m)) = {0} },
Vo i= {w* € W*|lw*(IK(m — 1)) = {0} }.
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By definition, we have
V(m)* ~V*/Vy, W(m)* ~W,,.

Hence, it suffices to see that

Vin =IK*(m —1), W, =W*(m),
where TK*(m) is defined by
IK (m) =t~ (Im'S N ™V,
(P ﬁ(*(m) < V* embedding
TK*(m) := Img (s 7).

Taking the R-dual basis of the R-free basis in Lemma 3.4, the explicit
expressions of IK (m — 1) and W*(m) prove the proposition. m|

3.4 The Jantzen Filtration a la Feigin and Fuchs II

In this section, we briefly explain a geometric interpretation of the Jantzen
filtration a la Feigin and Fuchs.

3.4.1 Notation

The geometric version of the Jantzen filtration is constructed by means of
vector bundles and sheaves of sections on them. Before defining the filtration,
we introduce some notation for vector bundles and sheaves.

Let X be an algebraic variety over the field K, and let (V,7y) be a vector
bundle on X, where my : V — X is the canonical projection. For x € X,
we denote the fibre 7, () of V by V,. For a sheaf F on X and an open
subset U C X, we also denote the sections of F over U and the stalk of
F at P € X by F(U) and Fp respectively. Let Ox be the structure sheaf
of X. For Ox-modules F and G, let Homp, (F,G) be the set of morphisms
of Ox-modules. ¢ € Homp, (F,G) induces an Ox, p-map Fp — Gp on the
stalks, which we denote by ¢p.
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3.4.2 Definitions and Properties

The geometric version of the Jantzen filtration is constructed from two vector
bundles with a common base space and a map between them. To be precise,
the setting is as follows:

Let (V,my) and (W, mw) be vector bundles on X of the same rank, say r.
Let f:V — W be a morphism of vector bundles, i.e., the following diagram

commutes

V—f>W7

N W
X

and its induced morphism at each fibre is a linear map.
Until the end of this section, we fix a point P € X and a curve C C X
containing the point P. We assume that

Assumption 1: C is regular at P.

Let O¢ be the sheaf of regular functions on C'. By the above assumption, O¢ p
is a discrete valuation ring. We denote its valuation O¢ p — Z>o U {o0} by
v. By assumption, O¢, p is a discrete valuation ring with its unique maximal
ideal mg p = (t) (t € Oc,p).

Let (Veo,mv.c), (We,mw o) and fo : Vo — We be the restrictions of 'V,
W and f to the curve C, and let V¢ and We be the sheaves of sections of V¢
and W¢ respectively. For any open set U C C, we define homomorphisms
fo € Home, (Vo, We) and fCP € Homo,. , (Vo,p, We,p) as follows:

Je@N@) =l oy
fe.p = folp,
For simplicity, we assume the following:

Assumption 2: Imfcyp is of full rank, i.e., 7.

Under the above setting, we introduce the Jantzen filtration a la Feigin and
Fuchs (geometric version) associated to the quintuple (V, W, f, C, P), which
gives a filtration {V¢ p(m)} of Vp and cofiltration {We p(m)} of Wp.

Definition 3.7 Suppose that m € Zs>o. We define a subspace Vo p(m) of
Vp by

Ve,p(m) = f p(ma pWep N Imfc p),
Ve, p(m) = {0 ( )0 € Ve, p(m)}.

Further, we define a quotient space We p(m) of Wp by
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IKc.p(m) =t~ (m@ pWe.p NImfe p),
HKC,p(m) = {ﬁ(P)w € Z’Cc,p(m)},
WP/HKp(m — 1) m >0

\WY% = .
C,P(m) {WP m =0

Let mp, : Wp — We p(m) be the canonical projection.

This Jantzen filtration a la Feigin and Fuchs (geometric version) admits
the same properties as those of the algebraic version in the previous section.
For the reader’s convenience, we will list these properties without proof. (The
proofs of them are quite similar to those of the corresponding statements in
the algebraic version.)

First, we construct a map fémp) : Ve p(m) — We p(m) as a ‘higher deriva-
tive’ of fp: Vp — Wp along the curve C.

Definition-Lemma 3.2 Suppose that m € Zsq. For u € V(m), we take
a € Ve,p(m) such that w = u(P). Then,

T (¢ fo,p (@) (P))

does not depend on the choice of . Therefore, the map
¢ Ve,p(m) = We,p(m),  w— mu (" fo,p (@) (P))

is well-defined. In particular, we have fgf}a = fp.

Second, we state a characterisation of V¢ p(m) and We p(m) by means

of the map féTP_l).

Proposition 3.10 For any m € Z~q, the following hold:

1. Vg p(m) = Kerfglpfl),
2. We,p(m) = Coker 75",

Let us fix a point P € X and curves C,C’ C X. Assume that both C
and C' satisfy Assumptions 1 and 2. They define, & priori, two different fil-
trations and cofiltrations {Ve p(m)} and {Ver p(m)} (resp. {We p(m)} and
{Wer p(m)}). Comparing these two filtrations and cofiltrations, we arrived
at the following:

Conjecture 1 For m € Z>, we have
Vc’p(m) = VC/J:'(WL)7 Wc’p(m) = Wc/ﬁp(m).

Third, we state the duality of our Jantzen filtration. Let VV and WY be
the dual vector bundles of V and W respectively, i.e., their fibres satisfy
(V) = (V,)* and (WY), = (W,)* for any = € X. Let
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tf . WV V\/

be the transpose of f : V. — W, ie., " f|wv), = "(flv,). Let us take the point
P € X and the curve C as before, and denote the restrictions by V§,, W,
V¢ and Wp.. By Assumption 2, we see that

tg . Vv Vv
fC,P . WC’P > VC,P

is of full rank.

We can define the Jantzen (co)filtration {W¢, p(m)}, {V¢ p(m)} associ-
ated to the quintuple (WY, VY 'f C, P) as in Definition 3.7 and Definition-
Lemma 3.2. Then, we have the following duality:

Proposition 3.11 For m € Z~q, we have

1. W§ p(m) =~ We p(m)*,
2. V&P(m) >~ chp(m)*.

3.5 The Jantzen Filtration of Quotient Modules

The Jantzen filtration of quotients of Verma modules was first considered in
[Jal], and it played an important role in [RW3] to determine the structure
of Verma modules over the Witt algebra. Although one can formulate the
Jantzen filtration of quotient modules over a general @)-graded Lie algebra
with a (Q-graded anti-involution, it is not only technically cumbersome, but
also it may obscure the essence. Hence, we do not go into the technical details,
instead we describe the construction intuitively. A concrete application will
be given in § 5.6. The informed reader may generalise the construction for a
general Q-graded Lie algebra with a Q-graded anti-involution.

Let g be a Q-graded Lie algebra with a @-graded anti-involution o, and
let M (X) be the Verma module with highest weight A. Suppose that M () is
reducible. Let vy € (M(A)x—)% (v € Q") be a non-zero singular vector.
Here, we are going to consider the Jantzen filtration of the following:

M(X) == M(A)/U(g)-vy.a-

Let & € S(h) ~ K[h*] be an irreducible component of the determinant
D, (Definition 3.2) which satisfies $(\) = 0 for the above A € h*. In order
to define the Jantzen filtration of M()), let us consider the curve C' C b*
defined by @ = 0, and perturb A along the curve C.

We assume that

I. there exists a neighbourhood U; C C' of A such that a non-zero
singular vector v, , € (M(u),—~)%" (p € Ur) which satisfies v, — vy 5
as p — A exists.



3.6 Bibliographical Notes and Comments 123

Remark that by Proposition 3.4 the contravariant form on M(u) (¢ € Uy)
induces a contravariant form on

M(1) i= M(1) /U(8)-t0
Under the following assumption:

II. there exists a neighbourhood Uy C C of A such that M(u) is irre-
ducible for any p € Uy \ {A},

we define the filtration
M) DM\ (1) D MAN)2)D---

of M()), in the same way as in § 3.2.

We expect that the character sum of the filtration {M(\)(k)} can be
described by using the character sums of M () and M (A — ). However,
for pp € C, since M () is always reducible and M (u — «y) is not necessarily
irreducible, one cannot naively define the Jantzen filtrations of these modules.

Hence, we further assume

ITI. there exists a neighbourhood Us C C of A such that M(u — 7) is
irreducible for any p € Us \ {0}.

Moreover, we assume

IV. the existence of a neighbourhood U, C C of A with the following
property: for each 1 € Uy \ {\}, there exists a neighbourhood U,, of i such
that U, N C = {p} and M (v) is irreducible for any v € U, \ {u}.

Under these assumptions, considering the limits ¥ — p and p — A in that
order, one can compare the degeneration of the contravariant forms on M (\),
M(X) and M (X — 7). In fact, under some technical assumptions, we are able
to describe the character sum of M () explicitly by means of character sums
of M(\) and M (X — ).

3.6 Bibliographical Notes and Comments

In 1977, J. C. Jantzen [Jal] introduced the so-called Jantzen filtration in his
study of Verma modules over a semi-simple finite dimensional Lie algebra.
This technique is very useful, in particular, when one tries to study the struc-
ture of Verma modules over a rank 2 Q-graded Lie algebra with a @)-graded
anti-involution (see, e.g., [RW2]). Its generalisation was also considered in
several contexts, e.g., [FeFud], [Jal], [RW3] and so on.

Jantzen’s approach [Jal, Ja3] is algebraic, and is used to study not only
Verma modules but also Weyl modules. A. Rocha-Caridi and N. R. Wal-
lach [RW3] modified the original definition in terms of C*°-language to apply
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it to the Lie algebra of vector fields on the circle, i.e., the Witt algebra. Their
modification also applies to a quotient of a Verma module. After this work, B.
Feigin and D. B. Fuchs [FeFu4] further generalised this filtration to analyze
the modules of semi-infinite wedges over the Virasoro algebra.

Our approach in § 3.3 is based on [FeFu4], but is formulated in an alge-
braic language. Our intuitive explanation of the Jantzen filtration of quotient
modules is also based on the idea of [RW3].



Chapter 4
Determinant Formulae

Determinants of contravariant forms on Verma modules over a semisimple
Lie algebra were calculated by N. N. Shapovalov [Sh], and the result was
essentially used by J. C. Jantzen in order to study the structure of Verma
modules [Jal]. In the case of the Virasoro algebra, to reveal the structures of
Verma and Fock modules by means of Jantzen filtration, it is also important
to compute their determinants.

To calculate the determinants of contravariant forms on Verma modules,
following [Ro], we will use screening currents that appear in the conformal
field theory. On the other hand, in the case of Fock modules, we will com-
pute determinants of homomorphisms from Verma modules to Fock modules
and from Fock modules to the contragredient dual of Verma modules. These
determinants were calculated by A. Tsuchiya and Y. Kanie [TK2]. Here, we
will simplify their proof.

In Section 4.1, we will introduce a Heisenberg Lie algebra and their Fock
modules. Two vertex (super)algebra structures are recalled. In Section 4.2,
we will study some properties of Fock modules as Vir-module to calculate the
determinants. In Section 4.3, we will construct screening currents, and give a
sufficient condition so that compositions of screening currents are non-trivial.
In Section 4.4 we will calculate the determinants of Verma modules, and in
Section 4.5, we will determine those of Fock modules.

From this chapter, we will work over C, the field of complex numbers.

4.1 Vertex (Super)algebra Structures associated to
Bosonic Fock Modules

In this section, we define Fock modules over the Virasoro algebra. Further,
we give some isomorphisms between Fock modules and their duality with
respect to the contragredient dual.

K. Iohara, Y. Koga, Representation Theory of the Virasoro Algebra, 125
Springer Monographs in Mathematics, DOI 10.1007/978-0-85729-160-8_4,
© Springer-Verlag London Limited 2011
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4.1.1 Definitions and Notation

Fock modules over the Virasoro algebra are defined by using the Heisenberg
Lie algebra of rank one defined in § 1.2.3. The Heisenberg Lie algebra

H = Ca, ® CKy

neEZ

is the Lie algebra whose commutation relations are given by
[@m, an] == MOminoKn, [H,Kxn]={0}.

Recall that (H,H°) is a Q-graded Lie algebra with Q = Zag, (§ 1.2.3),
and

H=@H?, Hren = {0 nEo
5eQ ’ Cag®CKy n=0

Since the map mg defined in (1.6) is trivial for the Heisenberg Lie algebra,
G = @ by the definition (1.7) and the map p : @ — G is the identity. Recall
that H* = @iﬁecﬁ\{o} HP, where Q1 = Zsoay, and HZ = H' @ HT,
HE :=H™ & HO.

For n € C, let C,, := C1,, be the one-dimensional HZ-module given by
1. an.ln = 775"70171 (n S Zzo),
Kn1,=1,,
3. G-gradation: for 8 € G,

s_)Cy (6=0)
() {{0} (B#0)

For simplicity, we denote by F" the Verma module over H with highest weight
(0,(n,1)) € G x (H")*, where (1, 1)(ao) :=n and (1, 1)(K3) := 1, namely,

o

F1 =Ind}i. C,.

F7 is often called the (bosonic) Fock module over H. We denote a highest
weight vector 1 ® 1,) by |n).

Remark that F7 is an object of the category O" defined in § 1.2.4, but it
is not (H°)*-semi-simple in the sense of Definition 1.10, since (F7)(, 1) = F"
is infinite dimensional.
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4.1.2 Vertex Operator Algebra F°

Here, we briefly recall a vertex operator algebra structure on F° and its
modules.
A Z-graded vertex algebra structure on F° is defined as follows:

1. (Gradation) For ny <ng <--- <m,, <0, set
deg(an,an, - -+ an,,.|0)) := — an

2. (Vacuum vector) |0).
3. (Translation operator) Set T'|0) := 0 and [T, a,] := —na,_1.
4. (Vertex operators) Set Y (|0),z) :=id and

Y(a_1.|0), 2 = apz "

nez

By the strong reconstruction theorem (cf. Theorem C.1), these data define a
Z-graded vertex algebra structure on F°.

The vertex algebra F° has a one-parameter family of conformal vectors,
namely, for A € C, we set

1
wy = <§a1 + da_ 2> .|0). (4.1)
Then, w) is a conformal vector with central charge
y =1 —12)2, (4.2)

Indeed, setting

Ta(z) ==Y (wr,2) = Y Lpz "2, (4.3)
nez

one can check that this field satisfies the following OPE (cf. § C.1.4):

1
5C 2
22 _id 4

T)\(Z)T)\(’LU) ~ (z — w)

1
(Z = w) 2T)\(’LU) + maT)\(w)
In particular, L* ; = T and L())‘ is the degree operator. Since each graded sub-
space of FU is of finite dimension, the Z-graded vertex algebra F° equipped
with the conformal vector wy becomes a vertex operator algebra.
For any n € C, it is easy to see that F" is an irreducible H-module.
Moreover, it has an (F°,wy)-module structure by letting

Y"(a_1.0), 2) := a(z) € (EndF")[[z*]].
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4.1.3 Vertex Operator Superalgebra V. 5,

In this subsection, we briefly recall a vertex operator superalgebra structure
on V5 = Gane\/ﬁz F" for N € Z~o.
For i € VNZ, let e € Endyy— (V/nz) be the shift operator F7 — Ft#
defined by
e'hn) = n+ p).
A vertex superalgebra structure on V5, is defined as follows:

1. (Z/2Z-gradation)

Vo= P 1, vi= P
neVNZ nevVNZ
n*=0(2) n*=1(2)

2. (Vacuum vector) |0).

3. (Translation operator) T' := > . a_n_1a,, in particular, one has
T.|p) = pa—1|p).

4. (Vertex operators) Set Y (|0),z) :=1id, Y(a_1.|0),2) := a(2).
For i € \/NZ, set

V2= e (3 o (0 227
n n

n>0 n>0

Note that, when we restrict Y (Ju), z) to F7, the factor z#* becomes 2",
so that the operator Y (|u), 2) is well-defined on V5.

By the strong reconstruction theorem (cf. Theorem C.1) for vertex superalge-
bras, these data define a vertex superalgebra structure on V, . In particular,
when N is a positive even integer, V, 5, becomes purely even, i.e., an ordi-
nary vertex algebra, and this is the only case we treat in this chapter. Later,
in Chapter 8, we will treat Vz. For simplicity, we set V) (2) := Y (|\), 2).

Let us explain how the super-structure appears in V, 57,. One can check
that

Vi(2)Vu(w) = (2 — w)™Vy (2)Vu(w)g,

where we set

er] (Z)VN (’LU)g ::e(n+#)qzna0wuao

X exXp (Z a%(mn + /‘wn)> exp <—Z %(772‘” + uw‘”)).

n>0 n>0

This shows that for a sufficiently big M € Z>, it follows that

(z = w)™ (Vy(2)Va(w) = (=1)"V,u(w)Vy(2)) = 0,
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namely, V,(z) and V,,(w) are local in the super-setting.
In the rest of this chapter, we consider only the case when N is even.

Lemma 4.1. Suppose that N is even. The conformal vector (4.1) defines a
Z-graded structure on V. sz, if and only if A € \/—%Z. In particular, in this

case, (V /xy,wa) becomes a vertex operator algebra.

This can be easily verified by noting L}|n) = hY|n), where we set

Wy = gnln—22). (4.4)

In 1993, C. Dong [Do] showed the following theorem:
Theorem 4.1 Suppose that N is even.

1.V /5y is a rational vertex operator algebra.
2. A imple V., -module i th V. ith 0 < i < N, wh
ny simple V. /5, -module is of the form i +VNZ wi <i where

we set

V. = @ FN.
erVNZ ’.
n€ s tvNL

4.2 Isomorphisms among Fock Modules

In this section, we study isomorphisms among bosonic Fock modules as Vir-
modules that are induced from isomorphisms as H-modules. Here and after,
regarding F" as Vir-module via L,, — L and C + c,id, we denote it by Fy.

4.2.1 Notation

For such an (H,H")-module M that the set of the weights P(M) satisfies
P(M) C G x {A\} for some A € (H")*, we often denote the G x (H")*-
graded component M f by M? for simplicity. (See § 1.2.4.) Using this nota-
tion, we have

Fr= P (Fr)ren.

HGZEQ

Moreover, each graded component (F7)~"** can be described as follows: Let
P, be the set of the partitions of n € Zs¢g. For I = (1"272...n™) € P,
we set

ap:=a’" ---a"%a™, € U(H). (4.5)

n
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Then, we have

(]:n)—naH _ @Hépn (Caﬂ|77> ne Z>O (4 6)
Cln) n=0 '

Here, we also introduce some notation for (Vir, Vir’)-modules. Recall that
in this case, G = {0} and g is injective. Let o € @ be the Z-basis of ) such
that a(C) = 0, a(Ly) = —1 (§ 1.2.3), and let A be the element of (Vir®)*
such that A(C) =1 and A(Lg) = 0. Then, (Vit®)* = CA @ Ca.

When the centre C' acts on a (Vir, Vir’)-module M as cidys, we refer to ¢
as the central charge of M. For a (Vir, Vir’)-module M with central charge
¢, we denote M.p_po by Mp. Thus,

My, ={v e M|Ly.v = hv},
and M = @,,cc My. Remark that as vector space,
(FX)ng4n = (FN) 77

holds for n € Zxg.

4.2.2 Isomorphisms arising from Automorphisms of 'H
For \,k € C, we set

Thw(2) = =2a(2)?2 + (A0, + k2™ Ha(z) + %H(H —2\)27 2, (4.7)

| =

and

Tyu(s) = Y LA
neZ

By direct computation, we have
Proposition 4.1 1. The Virasoro algebra Vir acts on the space F' via
L, — Lﬁ’” and C v+ cyidgn,
2. L(A)7ﬂ~(1 ®1y) = hTm(l ® 1),
where ¢y (resp. hY) is defined in (4.2) (resp. (4-4)).

When we regard the space F" as Vir-module via the above action, we
denote it by F) . By definition, we have T o(z) = Tx(z) and Fy , = F}.
Let 7" be the homomorphism H — End(F").

Lemma 4.2. 1. The map iy : H — H defined by
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ap = —Qp, Kpr— Ky
is an automorphism of H. This induces an H-isomorphism
(FT, 7" oidy) = (F~,x™").
2. For each k € C, the map ¢, : H — H defined by
Qp = Gp + Op0 6Ky, Ky— Ky
is an automorphism of H. This induces an H-isomorphism
(F1, 7" 0 ¢) = (FTHE pltr),
Proof. Direct verification. O

These isomorphisms induce Vir-isomorphisms between Fock modules.

Proposition 4.2 As Vir-modules, the following hold:
1. ]:,7\7,5 ~ ]:_7:\77_5,
2. Fl, ~ Fitr.

Proof. Here, we lift the isomorphisms i3, and ¢,; to automorphisms on U (Vir).
By definition, for any u € F" we have

Z'H(T/\’H(Z)).’U, = T,)\’,,{(z),%
b (To0(2)) -t = Ty e(2) 1.

Hence, 1 and 2 of Lemma 4.2 imply the first and the second statements
respectively. O

By virtue of Proposition 4.2, we can assume that x = 0 without loss of
generality. Hence, in the sequel we fix k = 0 unless otherwise stated.

4.2.3 Isomorphisms related to the Contragredient Dual

Recall that H has the Q-graded anti-involution defined by ox(a,) = a—p
and on(Kyn) = Kxn (§ 1.2.3). Let (F7)¢ be the contragredient dual of the
‘H-module F” (§ 1.2.7). Here, we give some isomorphisms of F" related with
the contragrediant dual.

Let us first introduce some notation. For I = (17272 ...n™) € P,,, we put

0= "r. (4.8)
k=1
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For m € Zso and I := (1™27 ...n™), we set

T (k™) := (171272 ... "etm ..l (4.9)
where I — (k™) is defined for I such that r; > m.

Lemma 4.3. (F")¢ ~ F" as H-modules.
Proof. Let {¢1 | I € P} be the basis of {(F")~"*"}* defined by

dr(ay ® 1,) := dp5[1],
where we set

0 = ] rale™
k=1

for T=(1"2"2...n™) € P,.
From the following explicit form of the action:

k?“kaﬂ,(kl) ® 17, (k‘ > 0)
ag.ar @1, = ¢ nar ® 1, (k=0),
ary (k1) ® 1y (k<0)

where the notation I+ (k') is defined as in (4.9) and a_ ;1) ® 1, is regarded
as 0 if r, = 0, we see that ¢y — a7 ® 1,, is an isomorphism of H-modules. O

From this isomorphism of the lemma, we obtain duality of Fock modules
over the Virasoro algebra. Let (F))¢ be the contragredient dual of F as Vir-
modules, where the Q-graded anti-involution o is defined by o(L,) = L_,
and o(C) =C (§ 1.2.3).

From Lemma 4.3, we obtain

Proposition 4.3 For any k € C, (F) )¢~ F", ., as Vir-modules.

Proof. For ¢ € (Fy )¢ and u € F) _, we have

(Ln-¢)(u) =¢(L—p.u)

=¢(L27u)
=(L, M2 9) (w).
Note that the first and the third lines follow from the contravariance of the
anti-involution o and oy respectively, and the second line follows from the
Vir-module structure on Fy . Hence the Vir-module structure of (F ) i

is
given by
Ly.¢ = L™ "0,

and we obtain the desired conclusion. O

Corollary 4.1 (F])¢ ~ F2™" as Vir-modules.
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Proof. Proposition 4.2 and 4.3 imply that

(F)e = (Flp)* = FIy gy = FINP = P70 =

4.3 Intertwining Operators

In this section, we obtain a sufficient condition for a Fourier coefficient of
the vertex operator V,(z) to be an intertwining operator of Vir-modules. As
a corollary, we obtain a non-trivial singular vector of F) which will play a
crucial role in the next section.

Here, we work in the framework of the vertex operator algebra (V, 7, wx)

with NV € 2Z+ and A € \/LNZ (cf. Lemma 4.1).

4.3.1 Vertex Operator V,(z)

In this subsection, we obtain a necessary and sufficient condition for the
zero-mode V,,(0) of the vertex operator

Val2) = 3 Valm)z !

to be an intertwining operator of Vir-modules.
By direct computation, one can check the following OPE:

TValw) ~ Vi) + V()

(z —w)2 "
where hY is defined in (4.4). Hence, by Proposition C.2, we obtain

Lemma 4.4. For each n € Z, we have

Lo Vidw)] = w {4 10+ 1) Vo)

As a corollary, we obtain the following condition:

Lemma 4.5. The Fourier coefficient V,,(m) : Fy — FyV™" gives a Vir-
homomorphism if and only if m =0 and

1 1
A=—p——.
2’u W

Proof. By Lemma 4.4, we have
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[Ln, Vi(m)] = ((n + 1) (A — 1) =m)V(m +n) (m,n € Z).
Hence, the lemma follows from (4.4). m|

The intertwining operator X, := V,,(0) is called a screening operator.
Now, we study non-trivial Vir-homomorphisms of the form

(Z)" FIYY L F (0 € Zso).

From now on, we fix

2 VN 2VN’

and give a sufficient condition so that

(Z5)"In —nVN) #0. (4.10)

4.3.2 Criterion for Non-Triviality

The goal of this section is the following proposition:

Proposition 4.4 Suppose that n € Z~o, N = 2t for an odd prime number t
and n € VVNZ. Then, we have

(Zyx)"In—nVN) #0

ift >n and (n+ 1)t — (u+1) >0, where u := v/ N.
For the proof of this proposition, we start from the following lemma:

Lemma 4.6. Let us take z; € C (1 < i < n) satisfying |z1| > |22 > -+ >
|zn] > 0. We have

Vyx(20)Vyx(22) - Vg (zn).In — nV'N)

- I « _ZJNHZ\F(n nf)HeXp<\/—Z —k k) . (4.11)

1<i<j<n k>0

Proof. We obtain this lemma from the following formula:
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- I Gi-=) Hexp<\ﬁza’“§> VNa

1<i<j<n k>0
% Hexp < Z ag —k) Hzi\/ﬁao
=1 k>0 =1
for |z1] > |z2] > -+ > |zn]. O

To look at the right-hand side of (4.11) in more detail, for j € Zx>, we
introduce polynomials f_; € Cla_j (k € Zs0)] by

ST r zJexp<\/—Z —k ’“)

EZ>U k>0

Note that the polynomials {f_; | j € Z>¢ } are the elementary Schur poly-
nomials with variables {v/Na_y/k | k € Zso}.

Lemma 4.7. The set of polynomials {f_; | j € Z>¢ } forms a transcendental
basis of the polynomial ring Cla_y (k € Zso)].

We set
chz” = H (zi — 2)",
v 1<i<j<n
where v denotes the multi-index (v1,--- ,v) € (Z>0)" and we set z¥ :=

H?:l z

The following lemma is a key step of our proof.

Lemma 4.8. For (my,msa, -+ ,my) € Z™, we have
Vo (m)Vg(ma) - Vg (ma).ln — nV'N) # 0, (4.12)

if there exists (s1,- -+, Sn) € (Z>0)™ such that Zc,, # 0, where the sum runs

over the set
{ (—\/Nn—i—nN—ml—l—sU_l(l), e ,—\/Nn—i—nN—mn—l—sa_l(n)) |oe6,}
without multiplicity.

Proof. From (4.11), we obtain

=y > c <ﬁ zfﬁ\/ﬁ(n_nﬁHjj) ﬁffji.

v (J1ydn) €(Zz0)™ i=1 i=1

(4.13)

n)-
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. . . =1 —ma—1
Counsidering the coefficients of 27 ™™ "z, 27" -

that
ch equals the coefficient of f_s, f_s, -+ fos,.|n) In
v

cozpma—lin (4.13), we see

Ve (ma) Vg (ma) -+ Vo (my).[n — nV/N), (4.14)
since {f_; | j € Z>¢ } forms a transcendental basis. O

PROOF OF PROPOSITION 4.4. Taking 7 € (Z>()" as

U= (D1, 0n), Dii=tn—1) (1 <i<n),

we first show that if ¢ > n, then ¢z # 0. Let

Alzy,- e+, 2n) = H (2 — 25)

1<i<j<n
be the Vandermonde determinant. We see that
Az, z0)?t = A2, ,sz)Q (mod t Z[z1, - , zn])s

since, for an odd prime integer ¢, we have

(zi—zj)tzzf—z§ (mod t Zz1,- -+ , zn])-
Moreover, the coefficient of 21"~ 1A =D K= gy At L 212 s

n(n—1) .
equal to (—1)7 2z nl, since

n—1
Az, - 723)2 = Z sgn(o) z,t,((n) )"'23(2)22(1)

ceS,
t(n—2) t(n—1 n(n=1)
X Z SgH(T) Zg(n) ..’ZT((Q) )ZT((l) ) (71) S ]
T€G,
We see that the coefficient of zi(nfl)zé(”*l) co D gy Alz1, -+ 2)? co-

n(n—1)

incides with (—1)" = n! (mod t), and hence, ¢ # 0 if t > n.
Here, we note that

(n+1)t—(u4+1)>0 & —VNp+nN—1>tn-1).
Hence, choosing (s1,-- -, $n) € (Z>0)" as
si=(—VNnp+nN-1)—t(n—-1) 1<i<n,

we have ch = ¢y # 0. Now, Proposition 4.4 follows from Lemma 4.8. O

v
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4.4 Determinants of Verma Modules

Using the homomorphism (¥ )" studied in the previous section, we com-
pute the determinant of Verma modules over the Virasoro algebra.

4-4.1 Definitions and Formulae

Here, we summarise basic properties of contravariant forms on Verma mod-
ules (cf. § 3.1.2), and state the determinant formula.
Using the notation introduced in § 4.1.1, we have

M(th): @ M(th)h+n~

n€lxo

We sometimes denote the highest weight vector 1 ® 1.5 of M(c, h) by ve p.
Hence M(c, h)n, = Cu.p. We say that a vector v € M(c, h) is of level n if
v € M(e,h)phin-

There exists a unique bilinear form

(-, e M(e,h) x M(c,h) — C
such that

1. <Uc,h7vc,h>c,h = 11
2. for x € U(Vir) and u,v € M(c, h),

(xv,w)en = (v, 0(x) W) (4.15)
where o is the anti-involution of Vir.
By the contravariance, one has

Lo )z mln(enyn, xM(ehyn, = 01f ha # ho,
2. rad(-, )., coincides with the maximal proper submodule J(c, h) of M(c, h).

Definition 4.1 Forn € Zxq, we define det(c, h),, as the discriminant of the
bilinear form

<'7 '>c,h;n = <'7 '>C,h|]\/1(c7h)h+nXM(c,h)h+n .

It should be noticed that
det(c, h),, € Clc, h]

by definition. The following is the main theorem of this section:

Theorem 4.2 Forn € Z~q, we have
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det(c,h)n oc [ @rae, )", (4.16)
r,S€EZL>0
r>s
1<rs<n
where
ht (2 = 1)(c— 13) + 2 (rs — 1)
24" ¢ 5 (T
Lo 1 )
¢T7S(th) = X{ZL—’_ﬁ(s _1)(0_13)+§(T8—1)} if r#s
+—(T2 — 52)2
16 1 X
—(r?=1)(c—1 221 . _
ht o (2 =D(e=18)+50°=1)  if r=s

and p(n) denotes the partition number of n.

4.4.2 Proof of Theorem 4.2

For the proof of the theorem, we first introduce some notation. For I =
(1272 ... n™) we set

ep =L - L% L" € U(Vir). (4.17)

forms a basis of the weight subspaceThen, {er.v. 4|l € P,} forms a basis of
the weight subspace M (¢, h)p4n-

Before carrying out the proof of Theorem 4.2, let us explain the strat-
egy of our proof. As the first step, we estimate the degree of det(c, h), as
a polynomial of &4 (Lemma 4.10). As the second step, exploiting homomor-
phisms (X \/ﬁ)”, we write down as many factors of the determinant as possible
(Lemma 4.11). Comparing the estimation of the h-degree of the determinant,
it turns out that the factors in the second step exhaust those of the determi-
nant.

We carry out the first step. For notation, see (4.8).

Lemma 4.9. Forl, J € P,,

1. h-deg(er-ve hy €3V n)en < min{|[I], [J]},

2. h-deg{er.ve n,eg.ven)en < 1) =1, if [I| = |J] and I # J,

3. h-deg{er.ve n, €1-Ve.pn)e,n = |I|.

Proof. Since the contravariant form (-,-). is symmetric, we may assume

that |I] < |J| without loss of generality. Let us prove the first assertion by
induction on |I|. Using the commutation relations of Vir, we have

Lj.etven = Z crerven  (J € Zso), (4.18)
IePn—;
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where ¢ € Cle, h] such that h- degep < 1. From the property (4.15), the first
assertion is an immediate consequence of (4.18). The rest of the statements
can be proved by induction on |[I. O

Let Iy, - -+ ,L,(,) be the distinct elements of P,,. We have

det(c, h),, ocdet (<€]Iivc7h7 eﬂjvcyh>c,h)1§i7jgp(n)

p(n)
= § Sgno H <€L-Uc,h, 61[(,(1->Uc,h>c,h~
0€S,(n) i=1

The above lemma says that the diagonal part attains the maximal degree of
det(c, h),,. Hence, we see that

h-degdet(c, h), = Z (1]
IePn

Moreover, the right-hand side can be written as follows:

Lemma 4.10.
d= > pln—sr).
IeP, r,8€ZL>0
1<rs<n

Proof. The proof is direct calculation. Indeed, we have

> (Z |H>qN - > 3 irqu””

N€Z~o \IEPN N€Zso \(1"1---N"N)ePy k=1

_ Z Z qukrk H qiri

T1,72, ,€Z>0 k€ZL>o0 i#£k
q* -
j— 1\ —
e I L
ke€Zso i€Z%0
=2 | 2 A 2 i)
k€Z~o SEZ>o JE€Z>o

:Z Z p(N —rs) | ¢V.

NE€Zxo r,s>0
1<rs<N

Thus, we obtain

S = > p(N—rs). m

IePn r,s>0
1<rs<N
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On the other hand, in the right-hand side of Theorem 4.2, we have

h-deg H B, o(c, )P = Z p(n —rs),
r,S€EZL>0 r,s>0
r>s 1<rs<n
1<rs<n

since
2 r#s

h-deg®, s(c,h) = {1 g

Therefore, the maximal h-degrees of both sides of (4.16) coincide, and we
complete the first step.

Let us carrying out the second step, i.e., to find factors of the determinant
det(c, h)p.

The singular vectors given by Proposition 4.4 provide the following van-
ishing locus of the determinant:

Lemma 4.11. Suppose that

(t—1)2 b (rt—s)? —(t—1)32

:]-_6 9 }
¢ / o

forr,s € Zso and an odd prime number t such that t > r. Then, we have
det(c,h)rs = 0.
Proof. By setting

t—1 (r+Dt—(s+1)
N:=2t, \i=— =
n \/2_75

andn :=r,

Lemma 4.5 and Proposition 4.4 imply that
irt
(Zym)™n—nVN) € (F)V\ {0},

since
N -2
A= ——, NneZ, (n+1)t—(VvNn+1)2>0.
s VA ( Jt—(VNn+1)

Furthermore, by Lemma 4.5 we have
Lo(Z /)" In —nVN) = (h+7s)(Z 5)"-In — nVN),

since

1
E(n—nm)(n—n\/ﬁ—%\) =hl+rs=h+rs.
Using these facts, we can show the lemma in the following manner:
Let GY be the Vir-submodule of F} generated by |n), i.e., G} := U(Vir).|n).

Here, we notice that G is a highest weight module, and hence, there exists
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a non-trivial surjective homomorphism M(c,h) — GY. Let us denote the
surjection by ¢.
There are two possible cases.

L (2 5)"In—nVN) € G,
2. (X 5)"In—nVN) € G}

In the first case, we have

M(Cv h)h+7’5 N rad<~, '>C,h 7é {O}a

since there exists a vector v € rad(-, ). » such that ¢(v) = (EW)".\nfn\/N}
Then, from Proposition 3.4, we obtain det(c, h),s = 0. In the second case, we
get

M(c,h)ptrs N Kerg # {0}.

Since Ker¢ is a proper submodule of M (¢, k), we have det(c, h),s = 0. Now,
we have arrived at the conclusion. O

For r, s € Z~o we introduce the curve V, 5 in C? by
Vs :={(c,h) € C* | &, 4(c,h) = 0}. (4.19)
We have

Lemma 4.12. The determinant det(c, h),s vanishes on the curve Vy 5.

Proof. Tt follows from Lemma 4.11 that det(c, h),s = 0 on infinitely many
points of V,. 5. Since det(c, h),s € C|e, h], det(c, h),s = 0 on the Zariski closure
of the set of these points. Moreover, by the irreducibility of the curve V, s,
the closure coincides with V. ;. Hence, the lemma is proved. m|

Using Lemma 4.12 and embeddings between Verma modules, we can obtain
sufficiently many factors of the determinant. To do this, the following two
preliminary lemmas are necessary:

Lemma 4.13. Let V be a finite dimensional vector space over C, and let
A(t) be an element of End(V) ®¢ C[[t]]. If dimKerA(0) = n, then we have
t"| det A(t).

Proof. We choose a basis {e1, -+ ,eqimv} of V such that {e1, - ,eqimv}
forms a basis of Ker A(0). With respect to the above basis, the matrix elements
of the kth row of A(t) are divided by ¢ for any k such that 1 < k < n. Hence,
the lemma is obvious. m|

Lemma 4.14. Fiz a central charge ¢ € C. Suppose that det(c,hg), = 0
for some hg € C and n € Zsq. Let k be the minimal integer such that
det(c, ho)x = 0. Then, det(c, h),, is divided by (h — ho)P"=F),
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Proof. To show this lemma, we state the following simple but important
property of Verma modules: For any singular vector v; € M (¢, h)p1,

U(Vir).uy =~ M(c,h +1). (4.20)

Note that M(c, hg) has a singular vector vy of level k, since det(c, ho)x = 0
and det(c, ho); # 0 for | < k. From (4.20), we see that

dim(U (Vir).vx N M (e, ho)ptn) = p(n — k).
Now, Lemma 4.13 implies this lemma. O

Combining Lemma 4.12 with the above lemma, we carry out the second
step of the proof of Theorem 4.2. For r, s € Z~(, we set

1 1
hifs(c) = E(TQ + 5% —2)(c—13) — 5(%9 -1)
:|:41—8(r2—s2) (I1-¢)(25—1¢)

and
. (=B h = hi(©) (r £ 9)
Pralc h) 1= { (h— hir(e)) (r=s)"

Then, the theorem is equivalent to

det(e, h)p o H B, 4 (c, h)P(=r) (4.21)
r,S€EZL>0

r>s
1<rs<n

since @, 4(c,h) = @, 4(c,h). Lemmas 4.12 and 4.14 imply that the determi-
nant det(c, h),, is divided by

% n—rs
[T @rlc,n)rtn=re).
r,8€L>0
r>s
1<rs<n

Combining Lemma 4.10, we have (4.21). Hence, we complete the proof of
Theorem 4.2.

4.5 Determinants of Fock Modules

In this section, we compute the determinants of two Vir-homomorphisms;
from Verma modules to Fock modules and from Fock modules to the contra-
gredient dual of Verma modules. Note that a key of our computation of the
determinants is duality of Fock modules in the first section.
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4.5.1 Definitions and Formulae

Let us first introduce the determinants of Fock modules to be discussed here.
We consider a Vir-homomorphism

F>\JI : ]\4(6)\7 hg) — .7:;\7
which sends the highest weight vector v, 57 to the vector |n). Moreover, let
LM FY) — M(ey, hY)©

be the Vir-homomorphism which is defined by the composition

L (FP) TR M ey WY = Mea, ),

where the first map is the isomorphism in Corollary 4.1 and the third equality
comes from c_) = ¢y and h" QA = hY. For simplicity, until the end of this
section, we set

c:=cx, h:=h].

Similarly to the case of Verma modules, we restrict the maps I, and
LM to each weight subspace and define their determinants. Let

f;] = @ (Fz)h+m

n€lxo

M(c,h)¢ = @ M(e,h)p1n,

TLGZEO

be the weight space decompositions of Fy and M (c, h) respectively, where

(Fhan = {u € Fl|Lo.u = (h+ n)u},

M(c,h)fyp ={v e M(c,h)°|Lo.v = (h+ n)v}.
Recall that

(e = (F7) 7,
where the subspace (F")~"** is defined in (4.6).
We set
(F/\,n)n = [‘/\,7]|M(c,h)h,+n : M(Q h)thn — (f;\])th'ru

(LA o= LM eyt (F)han — M(c h)j -

)h+n

Here, we fix bases of the weight subspaces M(c,h)nin, (FY)htn and
M(C h)h+n
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{erven | T € Pu}, (4.22)
{ar|n) [ T€ P}, (4.23)
{(erve,n)” | T€ Py}, (4.24)

where for [ := (17272 ...n""),

eg:=L™ - L™ L™, ap:=a’", ---a"%a"y,

and (4.24) is the dual basis of (4.22). Further, we introduce the matrices
Cn(A,n) = (Cu(\m)p)igep,,  Ch(Am) = (CL(A,nL1)LIeP,
by

FA,n(eHWc,h) = Z Cn()‘vn).]],ﬂ G.U-|Tl>a
JeP,

LM (ar ) = Y Cr(An)u (e1:ven),
IeP,

and we define the determinants det(I'\ ), and det(L*"),, by

det(I'yn)n = det Cp (A7),
det(LM),, := det C/,(\, 7).
Note that these determinants are independent of the choice of bases up to

a scalar.
Now, we are ready to give the main statement of this section.

Theorem 4.3 For n € Z~g, the following hold:

1.
det(Dygn o< [ &H (A p)P ), (4.25)
r,S€EZL>0
1<rs<n
2.
det(LM), oc [ @\ m)P ), (4.26)
T,8€2L>0
1<rs<n
where

1 1
TE (A n) = (n—\) £ <§/\+r + 5/\_s) ,

and A4 = X+ VA2 +2 is the solutions of A = %u — % which appear in
Lemma 4.5.

We remark that the right-hand sides of (4.25) and (4.26) are elements of
C[A, n], because if r # s,
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1
s P () = (1= 2% £ 20(r +5) + (N + Drs — S (77 + %)

and if r = s,

U (A ) = (= A) £ Ar.

s

4.5.2 Proof of Theorem 4.3

Let us start the proof with the following lemma, which says that, to show
the theorem, it is enough to look at the determinant det(L 7),,.

Lemma 4.15.
det (I ;)n oc det(L™1724), .

Proof. By definition of the map L the lemma follows. a

Here, we regard the contravariant form (-, -)., as a homomorphism from
M (e, h) to M(c, h)¢ in the following way:

M(Ca h) B M(Ca h)C7
v — (v, Yen-

Then, the following diagram commutes:

M(e, h)

I'xn LA

since a homomorphism from M(c, h) to M(c,h)¢ is unique up to a scalar.
This commutative diagram implies the lemma below.

Lemma 4.16.
det(c, h),, oc det(I'y ,)n x det(LM7),,.

We have already computed det(c, h),, and by Lemma 4.15 the second
factor in the right-hand side can be computed from the first factor.

In fact, to prove Theorem 4.3, we find sufficiently many factors of det(L»"),,
by using the homomorphism (X \/ﬁ)" in § 4.3, and show that such factors ex-
haust factors of the determinant by Lemma 4.16.

For the proof of Theorem 4.3, we need preliminary lemmas. The first one
is a slight modification of Lemma 4.13.
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Lemma 4.17. Let V and W be finite dimensional vector spaces of the same
dimension k, and let {v;} and {w;} be bases of V and W respectively. For
A(t) € Home (V, W) @c C[[t]], we define a k x k matriz M(t) := (m; ;(t)) by

k
At)v;, = ij7i(t)wj
j=1

If dimKerA(0) = n, then det M(t) is divisible by t™.

Lemma 4.18. For any highest weight (c,h) € C? and n € Zsqo, M(c, h)5 ., \
{0} has no singular vector.

Proof. The dual statement is that M (c, h)p4r \ {0} has no cosingular vector,
which is clear, since M (c, h) is generated from its highest weight vector. 0O

Using the above two lemmas, we show the following lemma, which is a key
step of the proof of Theorem 4.3.

Lemma 4.19. Forn € Z~g and r,s € Z~q such that rs < n, we have

1. det(LA1),, is divisible by {, s(A 17) (A7) }p(n TS), ifr# s,
2. det(LM),, is divisible by 7.7,.(/\,77) n=r®) ifr=s.

Proof. By Proposition 4.4, we know that if there exists an odd prime number
t > r such that
t—1 (r+1t—(s+1)

= \/Q_t, n= \/Q_t ) (N:2t)7

then
(Sym)" I =nVN) € {(FDners} " \ {0}
For such A, n and ¢, we set
Gy, == U(Vir).(Ex) In = rVN).
Lemma 4.18 implies that
(X)) n— rVN) € KerLM,

and thus
Gl . C KerLM".

Here, we notice the fact that for each r and s,

det(c,h +78)m #0 (VY m <n—rs)
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hold except for finitely many ¢ (¢ := cx, h := hY for the above A, 17). Hence,
there exist infinitely many ¢, which satisfy

dlm{g N (FDnint =pn —rs).

Since the determinant det(L*7),, is algebraic with respect to the variables A
and 7, the conclusion follows from Lemma 4.17. o

As a consequence of this lemma, we have
Corollary 4.2 The determinant det(L*"),, is divisible by the factor

H )\ ’I’} p(n 7‘5)

r,8€7L>0
1<rs<n

Finally, we complete the proof of Theorem 4.3. Combining Lemma 4.15
and Corollary 4.2 and the fact that

w:s()U 77) = WES(_)‘v n-— 2)‘)1
we see that the determinant det(Iy ), is divisible by

H )\ ’I’} p(n rs)

r,8€ZL>0
1<rs<n

On the other hand, by direct computation, we have

T T () () (£
D, ,(c,h) = L (427)

S0P, () (r =)

Hence, we obtain

det(c,h)n o [ & (AP @ (A, )P
r,8S€~L>0
1<rs<n
Combining Lemmas 4.15 and 4.16, we see that
det(LA’” X H )\ ,'7) p(n— rs)
r,S€EZL>0

1<rs<n

Therefore, we complete the proof.
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4.6 Bibliographical Notes and Comments

The formula given in Theorem 4.2, what physicists call the Kac determinant,
was first stated in [Kacl] without proof. Its proof was given by several authors
in different ways. B. Feigin and D. B. Fuchs [FeFul] proved it through their
study of morphisms between Verma modules and modules of semi-infinite
wedges. A. Tsuchiya and Y. Kanie [TK2] proved it by studying morphisms
between Verma modules and bosonic Fock modules. Since a module of semi-
infinite wedges and a bosonic Fock module with appropriate parameters are
isomorphic (see § 8.5), these two proofs are essentially the same. The lat-
ter approach was slightly simplified by A. Rocha-Caridi [Ro]. The proof by
V. G. Kac and M. Wakimoto [KW1] is given as an application of the coset
construction (see Chapter 10).

Theorem 4.3 was proved by A. Tsuchiya and Y. Kanie [TK2] and by E.
Frenkel [Fr] by another method. Note that this theorem was also proved by
B. Feigin and D. B. Fuchs [FeFul], although the result itself is not stated
explicitly.

Here, we proved these two theorems, based on the approaches due to [Ro]
and [TK2]. Our proof of Theorem 4.3 is slightly simplified from the original
argument given in [TK2].



Chapter 5
Verma Modules I: Preliminaries

In this and the next chapter, we will study Verma modules over the Virasoro
algebra, and will reveal the structure of the Jantzen filtration of Verma mod-
ules. This chapter is a preliminary part for the structure theorem of Verma
modules developed in the next chapter. Namely, first, we will classify highest
weights. Second, we will show the uniqueness of singular vectors and the exis-
tence of Shapovalov elements. Third, we will construct embedding diagrams
of Verma modules (at least partially). Finally, using the classification of high-
est weights, we will compute character sums of Jantzen filtration of Verma
modules and of some quotient modules. For some special classes of highest
weights, which are important in mathematical and theoretical physics, see
Section 5.1.5.

5.1 Classification of Highest Weights

Throughout this chapter, let g be the Virasoro algebra, and let h be the
subalgebra CLo ® CC. We identify h* with C2 as A = (¢, h) if A(C) = ¢ and
ML) = h.

Let @4 (c, h) be a factor of the determinant det(c, k), in Theorem 4.2.
For each highest weight (c, h) € C2, we put

D(c,h) = {(a, B) € (Z=0)?|a> 3 A Do p(c,h) =0} (5.1)
Further, we set ~
D(c, h) :={ap|(e, ) € D(c, h)}, (5.2)
and for n € D(c, h), we set
a(n) == t{(a B) € D(c, h)|af = n}. (5-3)
K. Iohara, Y. Koga, Representation Theory of the Virasoro Algebra, 149
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In this section, we classify the highest weights (¢, h), and for each (¢, h) we
describe D(e, h) and a(n) (n € D(c, h)) explicitly.

Here, we introduce some notation for later use. For ¢ € C\{0} and «, 8 € Z,
we set

(5.4)

Note that (c(t), ha,p(t)) parameterises the curve V, 5 := {(c, h)|Py g(c, h) =

0}.

5.1.1 Strategy of Classification

First we introduce useful parameterisation of highest weight (¢, h) due to
[FeFud]. For P,@Q € C\ {0}, m € C, we set

P
cpg =13 — 6(6 + %), hp,Q;m =

Then, it is easy to see that

m? — (P - Q)?

150 (5.5)

Lemma 5.1. 1. For any (¢, h) € b*, there exists P,Q € C\ {0} and m € C,
such that (c,h) = (cp.Q, hp,g:m)-
2. (cp.g, hp,gm) = (cpr .o, hp g m!), if and only if

[P :Q m|=[P:Q:4m] or [P :Q :m'=[Q:P:+m],
where [P : Q : m] € CP?.

By using this parameterisation, @, g(c, h) factors as follows:

1
7(4PQ)2(m—Poz—l—Qﬁ)(m-i-POé—Qﬁ) (0% )
Pa,p(cp.Q, hrgim) = x(m — Qo+ PB)(m + Qa — PB) :
ﬁ(m—ch—kQa)(m—kPoz—Qa) (a=p)

R (5.6)

Hence, the set D(c, h) is described in terms of integral points on the four

lines Pa — QB = +m and Qo — PG = +m. Indeed, we have
E(CP7Q7 hP,Q:m)

— {0, ) € (Zoo)?la = B, (Pa— Q8 = £m) V (Qa — PA = +m)}. 7

As an immediate consequence of (5.7), we obtain the following lemma.
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Lemma 5.2. Suppose that D(cpg,hp.g.m) 7 0.

1. If the slopes % and g of the lines are not rational, then

ﬁD(CP,Qa hP,Q:m) =1

2. If the slopes of the lines are rational, then

tD(cpg,hpo:m) =00 < Q/P > 0.

Motivated by this lemma, we introduce the following classification Class
VIR of highest weights (c, h):

Class V (Vacant): D(~c, h) =0,
Class I (Irrational): D(c,h) # 0 and Q/P € Q,

Class R (Rational): D(c,h) # 0 and Q/P € Q\ {0}.

Remark 5.1 In the cases of Class V (resp. Class I), it is not difficult to
calculate character sums and to construct embedding diagrams.

From now on, we restrict to the case of Class R. We define subclasses of
Class R by

Class R™: Q/P € Q-o,
Class R™: Q/P € Qo.

In Class R, we may assume that P, € Z and (P, Q) = 1 without loss of
generality. Further, if P,Q € Z and m ¢ Z, then D(c,h) = (. Hence, until
the end of this section, we suppose that

1. P€Zvg, Q€ Z~o and m € Z in Class R™,
2. Pe€Z+y,Q € Z.gand m € Z in Class R™.

Remark 5.2 For a highest weight (c,h) which belongs to Class R*, the
graphs of the lines Pa — QB8 = +m and Qo — PGB = +m are as follows:
If Q/P # £1 and m # 0, then the graphs are given as in Figure 5.1. If
Q/P = £1 or m = 0, then the lines degenerate into two or one line, and
their graphs are given as in Figure 5.2 and Figure 5.3.
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Q/P <0
B

Fig. 5.1 Q/P # +1and m #0

Q/P=1 Q/P=-1
B B

Fig. 5.2 Q/P=+1and m#0

Note that if Q/P < 0 and m = 0, then D(c,h) = 0. Hence in this case, (¢, h)
belongs to Class V.

Motivated by the above remark, we divide Class R* into the following
types:

Type I: Q/P # £+1 and m # 0.
Type II: Q/P = +1 and m # 0.
Type III: m =0 (in this case Q/P > 0).

The strategy of our classification of highest weights of Class R¥ is as
follows:

Step 1 For each (¢, h), let us fix one of the four lines Pao — QB = +m and
Qo — PB3 = +m, and denote it by £ ;. We give a bijection between
D(c, h) and a set of integral points on £ 5. (By virtue of this bijection,
we can describe D(c, h) and a(n) (n € D(c, h)) by means of integral

points on £ j.)
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Fig. 5.3 Q/P>0and m =0

Step 2 We write down the integral points on /. p.
Step 3 For each pair (P,(Q), using the list of integral points, we describe
D(c,h) and a(n) (n € D(c, h)).

5.1.2 Bijection between 15(6, h) and Integral Points on
Ec,h

Here, we carry out Step 1 in the above strategy.

Lemma 5.3. 1. There exists a one-to-one correspondence between D(c, h)
and the following set of integral points on L. p:

Class R* of Type I and Class R~ of Type II:
{(,B) € Z2 N Lep| @B > 03, (5-8)
Class RT of Types II and I11:
{(a, B) € (Z>0)* Nlep}- (5.9)

2. The above correspondence preserves the product of the first and the second
coordinates, i.e., if (o, 8) — (a/, 5") under the correspondence, then a3 =
o/B'. Hence, D(c,h) is described as follows:

Class R* of Type I and Class R~ of Type II:
D(c,h) = {af|(a, B) € Z* Nley A aff > 0}. (5.10)

Class R™ of Types II and I11:
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D(c,h) = {apl|(a,B) € (Z>0)* NLen}- (5.11)

PROOF FOR Class R OF Type I. Let us take the line £ j, as in the following
figure. (For the other choice of lines, the proof is similar.) Note that D(c, h)
is given by the set of integral points on ¢, ¢5 and /3.

B o B
_ o )

L3

b

Considering three subsets ¢/, ¢4, and ¢4 of the line £, , as above, we have the
following bijection which maps integral points of ¢; to those of ¢; (i = 1,2, 3):

el > (aaﬁ) — (ﬁ7a) € 6117
£2 > (aaﬁ) — (a76) € 6/27
l33 (o, B) — (—B,—a) € {5,

It is obvious that this bijection preserves the value af3. Now, the lemma for
Class R* of Type I follows from the above figures. o

PROOF FOR THE OTHER CASES. First, we consider the case of Class R~
of Type I. The set l~)(c, h) is given by the set of integral points on ¢; and £o
in the figure below. Here, let us take . as follows (for the other choice of
lines, the proof is similar):

B B

Cen. Ao
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We take ¢4 and £, as in the figure. Then, the bijection between D(c,h) and
the set of integral points on ¢} L ¢5 C £, is given by

43 (0476) = (O‘aﬂ) € glla
EQ > (Oé,ﬂ) — (6aa) S K/Q

This bijection preserves the product . Hence, the rest of the part for Class
R~ of Type I follows.
_ Next, we consider Class R* of Types II and III: In these cases, the set

D(c, h) is given by the integral points of the following rays or segments, and
thus the lemma follows.

Class R* of Type I1 Class R of Type 1]
B B

Class R~ of Type I]
B

5.1.3 List of Integral Points of €.,

In this subsection, we enumerate the integral points on ¢, p, i.e., Step 2 in
the strategy. The results are given in § 5.A of this chapter.
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Class R* of Type I: Let {(a, 8k)|k € Zo} be the set of integral points
of (5.8). Here, we suppose that

a1 = Il?ei%l{akﬂk}' (5.12)

To write down the integral points, we fix ., as
Lep : Qa— PB =m,

where we choose the signature of m so that
a; >0and 61 >0

hold. Note that this choice of £, is not essential, but is convenient to state
the following lemma.
Lemma 5.4. Suppose that highest weight (c, h) belongs to Class RT of Type
I. Let us define integers o, B, 0a, 03 and § by

a; =a) +0,P (0<a) <P),

B =P +05Q (0< 6 <Q),

§ := max{dq, g}

If we set

~ at, L — , 1= mo
605 {( B+ 30— 1(P.Q) i=1 mod?

then, we have

{(a, Bi)|k € Zso} = {(6, Bi)|k € Zso}

Moreover, {(dk,ﬁk)} satisfy
1.if & Z0 mod P or Z0 mod Q, then

G101 < Gofo < G3fls < Gafy < -,
2.ifd1 =0 mod P and /1, =0 mod Q, then

Q181 = ol < a3fB3 = Gyfly < -+ .
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Proof. In the (a, B)-plane, the integral points {(day, Bk)} are described as fol-
lows:
g

| (Ga, F2) :
(G, B),

From this figure, it is obvious that {(x,B%)|k € Zso} coincides with
{(ak, Br)|k € Zso}. The inequalities of the lemma are consequences of the
assumption (5.12), i.e., &P > a1 61 holds for any k. Hence, the lemma has
been proved. O

Class R* of Types II and I11: Let {(ax, Bc)lk € Z~o} be the set of
integral points of (5.9). We assume that

a1 = krenzil;lg{akﬂk}. (5.14)

We fix £, , as follows:
lep : Qa— PB =m, where m € Z<y.
Then, we have

Lemma 5.5. Suppose that highest weight (c, h) belongs to Class R of Type
II or III. If we set

(6, 8i) = (a1, Br) + (i = 1)(P, Q), (5.15)
then, we have
{(ak, Br)|k € Zso} = {(a, Bi)|k € Zso}-
Moreover, {(ay, B)} satisfy

a1 < Qo < asfB3 < Gyfy <---.
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Proof. The proof is similar to the case of Class R* of Type 1. a

Class R~ of Type I: Let {(ax, Bx)|1 < k < #D(c, h)} be the set of inte-
gral points (5.8). We assume that

apfr = max  {axfk}- (5.16)
1<k<$D(c,h)

Here, we fix ., as
ben : —Qa+ PB =m, where m € Z~y.

Note that in this case, P € Z>0, Q € Z<o, and (aq, (1) is a nearest integral
point on £, j, to the point (— 3G 55). We may assume that

a < -2

2Q
without loss of generality.

Lemma 5.6. Suppose that highest weight (c, h) belongs to Class R~ of Type
L. If we set

i(P,Q) i=0 mod 2
(i—1)(P,Q) i=1 mod?2’

(5.17)
then we have
{(ok, Br)1 <k < §D(c,h)} = {(6n, Br) |1 < k < §D(c, h)}.
Moreover, {(&k,ﬁk)} satisfy
1.if an # —55 and (G + an) # — 26 then
a1B1 > Gofly > azfs > @ufy > -,
2. if &y # —% and %(&1 + ag) = 2Q7 then
Q1B = Gofly > asfs = ufa > -,
3. ifay = 2Q’ then
a5 > Gofly = Azfs > Gufy = - -

Proof. We can draw these integral points on the («, 3)-plane as follows:
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m
2P

g
2Q

Hence, it is obvious that {(&;, 3;)} = {(e,0;)} as a set. Similarly to the
proof of Lemma 5.4, by the assumption (5.16), one can directly check the
inequalities. O

Class R~ of Type II: Let {(ay,3;)|1 < i < #D(c,h)} be the set of inte-
gral points of (5.8). We assume that

apfr = max {axOk}- (5.18)
1<k<tD(c,h)

We choose ¢, , as
lep : a4 B =m, where m € Zsy.

Note that there are at most two integral points on /. j nearest to the point

(%, %), and (a1, 1) is one of the two points. Now, we assume that

m

Oélég.

Lemma 5.7. Suppose that highest weight (c,h) belongs to Class R~ of
Type II. Then, we have

o B — (o1,51) + 3
(0, 5 {(ahﬁﬂ—%

i(1,—1) i=0 mod 2

(t—1)(1,-1) ¢=1 mod 2 ' (5.19)

Moreover, we have
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1. if m is an odd integer, then

&1P1 = Gy > G3f3 = ufs > -,
2. if m is an even integer, then

&101 > Gafly = G3fls > aufa =+ .

Proof. The proof of the lemma is similar to those of previous ones. o

5.1.4 Fine Classification of Highest Weights: Class RT

Here, for each (c,h) of Class R, we present an explicit form of D(c,h)
(Step 3 in the strategy). We first enumerate conformal weight h such that
(¢p,q: h) belongs to Class R* for each p, q.

Let p and ¢ be positive integers such that (p,q) = 1. We set

0<r<p,
K;q::{(r,s)GZQ 025<§rq+sp<pq} (5.20)
and
o 0<r< s
(K,5,) :{(r,s)€Z2 0<S<qu+sp<pq}, (5.21)
For each (r,s) € K\, and i € Z, we set
heg <q> i =0 mod 2
—ip+r,s | = 1= mo
hp,q:r,s:i = p R (522)

q .
h—(i-‘rl)p-‘r'f,—s <]_)) i=1 mod 2
where hq g(t) is defined in (5.4). We sometimes abbreviate Ay, . 5. t0 Rj.
K;f q X Z parameterises highest weights of Class R*. In fact, we have

Lemma 5.8. For any highest weight (c,h) of Class R™, there exist p,q €

Zso ((p,q) = 1), unique (r,s) € K\, and i € Z such that

(e;h) = (cp,gs hp,q,ir,s5:4)-

Note that ¢ € Z is not uniquely determined (see Lemma 5.10). The next
technical lemma is the key step to show Lemma 5.8:

Lemma 5.9. Let p, q € Z~¢ be as above. Then, we have

{£(rq + sp) mod 2pq, £(rq — sp)mod 2pq|(r,s) € K;q} =Z/2pqZ. (5.23)
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Proof. We divide the set K, as follows: K\, = K, U Ky U K3 (disjoint),
where K := (K, )°, Ko := {(7“ 0) € Z10 < v <p}l_l{(0 s) € Z2|0 < s < q}
and K3 := {(0, O) (0,9)}. We further introduce N; (i = 1,2,3) by

Ni := {£(rq — sp) mod 2pq, £(rq + sp) mod 2pq|(r,s) € K;},  (5.24)
regarding them as sets without multiplicity. Then, we have

N1 =4 x Ky =2(p—1)(¢ — 1),
iN2 =2 x 1Ky =2(p+q — 2),
N3 = §K3 =2

and thus, N7 + N2 4+ N3 = 2pq. Since N1, N> and N3 are disjoint, we have
N; U Ny U N3 = Z/2pqZ. Hence, the lemma holds. ]

PROOF OF LEMMA 5.8. Recall that if (c,h) belongs to Class R, then
c=cpq and
m? — (p—q)?

4pq
for some p,q € Zso such that (p,q) = 1 and m € Z. By the definition of
Pp.qir,s:i 1 (5.22), it is enough to check that

h = hp,q:m -

. . . + _
{£(2ipq +rq — sp), =+ (2ipg+rq+sp)li € Z, (r,s) € K, ,} =7

This is an immediate consequence of Lemma 5.9. The uniqueness of (r,s)
easily follows from the definition of K,f . O

From Lemma 5.8, we see that for each central charge ¢ = ¢, 4, the set
K\, x Z parameterises the set of the conformal weights h such that (c, h)
belongs to Class RT. As the next step, we check the degeneration of these
conformal weights, i.e., when two conformal weights hp q:r.s:i and hp g 5700
coincide.

In order to describe the degeneration, we divide K;{, o as follows:

Case 1T:0<r<pand 0< s<gq,
Case 2T:r=0and 0 < s < g,
Case 37: 0 <r <pand s=0,
Case 47: (r,s) = (0,0), (0,q).

Since by Lemma 5.8, (7, s) is uniquely determined for each highest weight,
we define

Definition 5.1 Suppose that (c, 4, h) is a highest weight of Class RT. We

say that (cp.q,h) (or h) is in Case x* (x € {1,2,3,4}), if (r,s) € K.\, such
that h = hy, g.r s for some i € Z, is of Case .

Lemma 5.10. For each case, the degeneration of the conformal weights
{hp,g:r,s:ilt € Z} can be described as follows:
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Case 17:  no degeneration,
Case 27: h_;_1=h; (’L S 220)7
Case 31: hao; = hoi_1 (Z S Z),
h_gi—1="h_9; =ho;—1 =hg; (r,s)=1(0,0)
C 4+: 2i—1 2% 21—1 21 ) )
ase h_9i—9="h_2i_1 = haiy1 = hy; (r,5) = (0,q)

Hence, the following list exhausts the conformal weights h such that (cp q, )
belongs to Class RT:

(i S Zzo).

Case 17 |h; (i € Z)

Case 27 |h; (i € Z>o)

Case 3T h(,l)i—li (Z S Zzo)
Case 4Jr hgi (’L S Zzo)

Below, we restrict the range of ¢ as in Lemma 5.10.

Remark 5.3 The relation between two classification; Type * and Case *'
can be described as follows:

1. Case 17, Case 2% and Case 3™: These cases are of Type I.
2. Case 4™:

s#EO0Vi#£0 s=0Ai=0
(p.q) # (1,1)] Typel |TypeIll (c#1)
(p.q) = (1,1)] Type II |Type IIl (c=1)

Finally, using the list in the above lemma, we describe the set D(c, h) and
a(n) (n € D(c, h)) explicitly.

Lemma 5.11. For each highest weight (c,h) of Class R such that ¢ = ¢,
(p,q € Zso, (p,q) =1), D(c,h) and a(n) (n € D(c,h)) are given as follows:

1. Case 17: Foric Z,
D(c,h;) ={hx —hilk € Z, |k| > |i|, k—i=1 mod 2},

and a(n) =1 for any n € D(c, h;).
2. Case 2%: For i € Z>,

D(C, hl) = {hk — hzlk S Z>07 k> i},

and a(n) =1 for any n € D(c, h;).
3. Case 3T: Fori € Z>o,

D(C, h(,l)i—li) = {h(_l)k—lk - h(,l)ifli‘k € Lo, k> i},

and a(n) =1 for any n € D(c, h;).
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4. Case 47: For i € Z>,
D(C, hgz) = {th — hgi‘k S Z>0, k> i},

and for n € D(c, ha;),

1 4 =(1L,1)V(s=0Ai=0
a(n) — Zf (pa q) ( ) ) (S ? )
2 otherwise
Proof. This lemma is a consequence of Lemmas 5.4 and 5.5 (and Remark 5.3).
For the reader’s convenience, we give the list of the lines ¢, j, and the integral
points (ag, Bx) for each case in § 5.A. O

5.1.5 Special Highest Weights

In this subsection, we list the highest weights of some special irreducible
highest weight representations, which are important in mathematical and
theoretical physics. For physical background, see, e.g., [ID].

1. BPZ (Belavin—Polyakov—Zamolodchikov) series [BPZ1|, [BPZ2]:
(Case 1T)

{(Cp,qv hp,q:r,s:O) ‘p,q € Z>1 (pv Q) = ]-a (7", S) € (K;q)o} )

where the set (K,)° is defined in (5.21).
a. Minimal series [BPZ1], [BPZ2], [FQS1]:
(p,q) = (m+1,m+2) (m € Zx3).
i. Ising model [Is], [Len]:
c= %, ie, (p,q) = (3,4).
ii. Tri-critical Ising model [BEG], [NBRS]:
c= 1_707 Le., (paq) = (435)
iii. 3-state Potts model [P]:
c= %, ie., (p,q) = (5,6).
b. Yang—Lee edge singularity [YL]:
c= _%a Le, (pa Q) - (2a5)
2. Logarithmic series: (Case 27)

{(Cp,la hp,l:r,0:0)|p € Z>2a (S Z7 1 § r< p}

a. Free fermionic point:
c=-2,1e, (p,q) = (2,1).
3. Zy Parafermionic model (N > 1) [ZF1], [ZF2]:
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2(N —1)
N+2

4. Gaussian model: (p,q) = (1,1),
c=1.

Remark 5.4 There seems to be confusion about ‘minimal series represen-
tations’. For one case, BPZ series are called minimal series, and discrete
series are called minimal unitary series. For the other case, minimal
series simply indicates discrete series.

5.1.6 Fine classification of Highest Weights: Class R~

In this subsection, we classify highest weights of Class R~ in a way similar
to Class R™T.

Suppose that (¢, k) is a highest weight which belongs to Class R~. Then,
central charge ¢ can be written as

€= Cp,—q

for some p, q € Z~ such that (p,q) = 1.
Similarly to Class R™, we introduce a set K, , to parameterise conformal
weight h. For each p,q € Z~(, we set

0<r<np,

K ::{(T,S)€Z2 0<_8<q7‘q—sp§pq}. (5.25)

p,q

For each (r,s) € K, , and i € Z, we put

h_iptrs <—}%> i=0 mod 2

(5.26)
h_ (it 1)ptr,—s (—%) i=1 mod 2

hp,q:r,s:i =

where hq g(t) is defined in (5.4). We often abbreviate hy, g s:; to h; for sim-
plicity.
Then, we have

Lemma 5.12. For any highest weight (c,h) of Class R, there exist p,q €

Zxo such that (p,q) = 1, unique (r,s) € K, , and i € Z such that

(C, h) = (Cp,fq7 hp,q:r,s:i)~

Proof. We can prove the lemma similarly to the proof of Lemma 5.8. O
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Next, we describe degeneration of the conformal weights hy, g.r ;. Similarly
to Class R", we divide K, as follows:

Case 1:0<r<pand 0 < —s < g,
Case27:r=0and 0 < —s < q,
Case 37 :0<r<pands=0,
Case 47: (r,s) = (0,0), (0, —q),

Accordingly, we define

Definition 5.2 Suppose that (cp —q, k) is a highest weight of Class R~. We
say that (cp —q,h) (or h) is in Case = (x € {1,2,3,4}), if (r,s) € K,
such that h = hy, ¢.r,s:; for some i € Z, is of Case *~.

One can easily check the lemma below:

Lemma 5.13. For each case, the degeneration of the conformal weights
{hp,qg,:r,s:ilt € Z} can be described as follows:

Case 17: no degeneration,
Case2™: h_,_1=h; (Z € Zzo),
Case 37: ho; = hoij—1 (Z S Z),
_ hooi 1 =h_9;=hgy_1=hy (7’ 5) = (0 0)
C 4~ ’ ’
ase h_9i—2="h_2i_1= hait1 = hy; (r,5) = (0,—q)

Hence, the following list exhausts the conformal weights h such that (cp —q, h)
belongs to Class R~ :

(Z S Zzo).

Case 17 |h; (i € Z\ {0})
Case 27 |h; (1 € Zsyo)

Case 3~ h(,l)i—li (’L S Z>0)
Case 47 |hy; (i € Zsg)

Remark 5.5 Since M(cp,—q, ho) is irreducible, highest weight (¢, —q, ho) be-
longs to Class V.

We may restrict the range of ¢ as in Lemma 5.13.

Remark 5.6 The relation between two classification; Type * and Case *'
1s as follows:

1. Case 17, Case 2~ and Case 37 : These cases are of Type I.
2. Case 47:

(p,q) # (1,1)| Type I
(p,q) = (1,1)| Type 11

Finally, we list the D(c, h) for each (c, h).

Lemma 5.14. For each highest weight (c, h) of Class R~ such thatc = ¢p —q
(p,q € Z>o, (p,q) =1), D(c,h) and a(n) (n € D(c,h)) are given as follows:
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1. Case 17: Fori € Z\ {0},
Dl(e,hi) = {hi — hilk €Z, |k| <|il, i—k=1 mod 2},

and a(n) =1 for any n € D(c, h;).
2. Case 27: Fori € Z~o,

D(c,h;) = {hy — hilk € Z>o, k <i},

and a(n) =1 for any n € D(c, h;).
3. Case 37: Fori € Z~y,

D(C, h(,l)i—li) = {h(_l)k—lk - h(,l)i—li‘k € Z~g, k< i},

and a(n) =1 for any n € D(c, h;).
4. Case 47: Fori € Z~yg,

.D(C7 hgz) = {hgk — hgi‘k S Z>0, k< i},
and for n € D(c, ha;)

a<n):{1 if (pg) = (LD)V(s=0An=ho—hz)

2  otherwise

Proof. This lemma is a direct consequence of Lemmas 5.6 and 5.7 (and Re-
mark 5.6). Note that if s = 0 in Case 4~, then a3 = —% in Lemma 5.17.
Hence, in this case,

2 n<hy— ho
a(n) = .
1 n:ho—hgi

For the explicit forms of the integral points (g, Ok), see § 5.A. O

Remark 5.7 In [FeFu/], Feigin and Fuchs classified highest weights in a
different way. Our classification corresponds to theirs as follows:

Class V [Class I[Case 1¥[Case 2%, 3¥[Case 4T
I, I, I_| T, 1+ 1" 1%

5.2 Singular Vectors

First, we define a singular vector and a subsingular vector of a h-semi-simple
g-module M.

Definition 5.3 1. A weight vector v € M9 \ {0} is called a singular vec-
tor.
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2. A weight vector v € M is called a subsingular vector, if there exists a
proper submodule N of M such that v+ N € (M/N)" \ {0}. Here, we
allow N to be {0}.

In particular, a singular vector is always subsingular.

Here, we say that a singular vector v € M(c, h)9+ is of level n if v €
]\4(07 h)h+n~

5.2.1 Uniqueness of Singular Vectors

In order to construct embedding diagrams of Verma modules, we show the
following uniqueness of singular vectors of Verma modules.

Proposition 5.1 For each n € Z~q, we have
dim{M (¢, R)psn}® < 1.

We first introduce some notation. Let < be the total order on P,, defined as
follows: For I,J € P,, such that I = (17272 ...n"™) and J = (1%12%2 ... n®),
we define

I<] & 3ImeZso;(ry = sk (E<m))A(rm < Sm)-

In the sequel, we denote the maximal element (1) of P,, by Iy. For I =
(17272 ...n™) € Pp and J = (1°12°2 .- n®) € Py, we set

[+]:=(1nEagrdse..yep .
For simplicity, we sometimes denote
(192 (k= 1D)°%"(k+1)°- )
by (k"). In particular, for I = (1272 ...n™) € P,
T+ (k") = (1272 k"™ %" .op™) € Py

Let eg be the element of U(g™) defined in (4.17). Notice that {er.ve p|l € Pp}
forms a basis of M(c,h)ptn, where vep == 1 ® 1.p. For a weight vector
w € M (¢, h)ptn, we express w as follows:

w = g cr’erve .-
IeP,

To prove the proposition, we show the following ‘triangularity’:

Lemma 5.15. Suppose that n € Z~g and w € M(c,h)pin \ {0}. For J =
(1522%2...n%n) € P, \ {Io}, let j > 1 be the positive integer such that so =
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c=sj-1=0and s; #0. Set J :=J — (j1) + (1') € Pp_ji1 and v’ :=
Lj_1.w. We express w' as

w' = Z Cﬁl/)/e]l/.ﬂc,h.
I'ePn—_jt1
Then, there exist {Qf["’JUI > J} € C which satisfy
Cf;/ =5;(2j — )y’ + Z Qrycr’-
1eP,

I>J

Proof. We verify the following assertion: for any I € P,
I<JAG/ " 240 & I=]. (5.27)

Let us first prove the ‘only if’ part of (5.27). Suppose that [= (171272 ...n"")
satisfies
I< A/t ven 20,

For the proof, it is convenient to use the following notation: For a weight
vector

u = Z crek-Veh € M (¢, h)ptn,
KeP,

we set
maxy,_, (u) := max{t;|c} # 0, K= (1"2"2...n') € P, }.
We divide the proof of the ‘only if’ part into three steps.

Step I We show that r; = s;. Since the condition I < J implies that

r1 < s1, we check that s; < r;. Since cf,j’ler'”c’h # 0, we have
s1+1 <maxy ,(Lj_1er.vcn).

On the other hand, by direct calculation, one can show that
maxy,_, (Lj_q1ervepn) <r+ 1

Thus, s; < rq holds.

Step II Let i be the positive integer such that ro =r3=---=r,_1 =0
and r; # 0. We show that ¢ = j. Since r; = s; and I < J, we have i > j. We
assume that ¢ > j and lead to a contradiction.

Notice that the condition cﬁj’leﬂ'vc’“ # 0 implies that

maxy,_, (Lj_1er.vepn) > s1+1=r +1.
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On the other hand, we have
maxy,_, (Lj_1er.vep) =71,
since
Lj_vervep = [Lj—1,L™, ---L")L™ wep, + L™, -+ L7, Li L™ v p,
and

maxy,_, ([Lj,l, Linn o Lrji]Lill.Uah) =1,
maxy,_, (LT_nn e LTiLj—lLTyvc,h) <ry,
by the assumption ¢ > j. This is a contradiction, and thus, i = j.
Step IIT We show that r,, = s,, for any m > 1. Since j = i, we have
Lj—lLT_"n ce Llijill-Uc,h
=rj(2j —1)LT, - L:j;_llL:jj_lLTfl.vc,h +u
for some uw € M (¢, h)p4n—j+1 such that max; |, (u) < ry. Hence, we have
W o 1y ) = = - (1) + (1),
Lj_1e1.ve,n

since cj;
has been proved.

0. Hence, 7, = s,, for any m > 1, and the ‘only if’ part
# y y

For the ‘if’ part of (5.27), by direct calculation we get
Li_yegven =5i(25 — Deypven +u'.

for some u’ € M (¢, h)p4n—j+1 such that maxy, , (u') < s1. Since s,(2j —1) #
0, the ‘if’ part follows. Therefore, we have completed the proof of Lemma
5.15. O

PROOF OF PROPOSITION 5.1. Let w be a singular vector of level n. Since
L;_1.w =0 for any j > 1, we have

o = —{s;(25 =D} "> Qyet (5.28)
IeP,
>J

by Lemma 5.15. This means that the coefficient ¢} of the singular vector w
is uniquely determined by the coefficients {¢[’|I > J}, i.e., w is uniquely de-
termined by the coefficient cj! (I = (1")). Hence, w is unique up to a scalar.

0.
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Corollary 5.1 For any h,h' € C, the following holds:

dim Homgy(M (¢, h), M(c,h')) < 1.

5.2.2 Existence of Singular Vectors

In this subsection, we show the existence of homomorphisms between Verma
modules to construct embedding diagrams of Verma modules by showing the
existence of singular vectors. Practically, we prove the existence of an element,
called a Shapovalov element, which was first considered by N. Shapovalov [Sh]
for a complex semi-simple Lie algebra and which defines a desired homomor-
phism. They are also used to define Jantzen filtration of certain quotient
modules (§ 5.6).

Through this subsection, we fix o, § € Z~, and set n := af. Let V, g be
the curve in h* (h = CC & CLy) defined by P, s(c,h) = 0. Let C[Vqy (=~
C[H*]/(@n.5(c, h))) be the coordinate ring of the curve V, g. For simplicity,
we sometimes denote $, g(c, h) by &(c, h) or .

Proposition 5.2 (cf. [RW3]) There exists S, ¢ € U(g™ & b)_y, which is
called a Shapovalov element, such that

1. for any k € Z~q,

LiSne € U(g)®(C, Lo) + U(g)g™, (5.29)
2.
Sp.e = Z erHg 1, (5.30)
IeP,

where e; € U(g™) is defined in (4.17), Hp1 € U(h)(~ C[h*]) and Hp 1, = 1
for Iy = (1™).

Proof. We first show that there exists an element

Sp = Z er®cr € U(g™)—n ®c CVu ]
IeP,

such that ¢, =1 (Ip := (1™)) and
Snlc,h)wen € {M(c,h)nyn}®  (V(c,h) € Vag). (5.31)

The condition (5.31) is equivalent to a system of linear equations in {¢p}
defined over C[V, g], and any solution {c} of this system lies in C(V, ), the
quotient field of C[Vy g]. We may assume that {1} C C[V, g] by multiplying
a non-zero element of C[V, g|. Hence, it is enough to prove that the system of
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linear equations has a non-trivial solution on a Zariski dense subset of V, g.
The set

Daﬁ = Voz,ﬁ N U Vr,s

(r,8)€(Z>0)?
rs<af

is a finite set, i.e., it is a Zariski closed subset of V, g. For any (c,h) €
Vo, \ Da,g, we have

det(c,h)n #0 (Vn' < n),

det(c, h), = 0.
Hence, the system of linear equations equivalent to (5.31) has a solution for
(¢, h) € Va,58\ Da,p and thus, it has a solution for any (¢, h) € V, 5. Moreover,
by (5.28), a solution of (5.31) is uniquely determined from the coefficient ¢y,
(Ip := (1™)). Hence, we may assume that ¢y, = 1.

Let ¢ : U(g™) ®@c Clb*] — U(g~ @ h) be the linear isomorphism which is

defined by 1 ® z9 — x122 for 1 € U(g™) and x2 € Clb*] = U(h). Let mo
be the canonical projection

Ulg™) @c Clh"] = Ulg™) ®c CVa 4l
induced from C[h*] — C[Va,g]. We set 7/, 5 := mq g 0t~ ". Notice that
Kern;, 5 = U(g~ ©b)9, (5.32)
since = P, g(c, h) is irreducible. Let
gn = Z 5]16]1
IeP,

be an element of U(g~ @ h)_,, such that 7ra7ﬁ(§n) = S, and ¢, = 1. Since
the condition (5.31) is equivalent to

y.Sn(c,h) € U(g)at (VB e QT \{0}, Vy € gp)

for any (¢, h) € V, g, we see that

y.S, €U(g)®+U(g)gt (VB e QT \{0}, Vy € gg)

by (5.32). Therefore, setting Sg,, = S,,, we have completed the proof. o

Remark that the universal enveloping algebra of a Lie algebra is an inte-
gral domain, since the graded algebra associated with the standard filtration
(A.6) is isomorphic to the symmetric algebra on the Lie algebra. Hence,
any non-trivial homomorphism between Verma modules is injective, since a
Verma module is a free U(g~)-module of rank 1. Combining this fact with
Corollary 5.1, we have
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Corollary 5.2 Suppose that highest weight (c,h) satisfies ¢ = ¢(t) and h =
ha,g(t) for some o, 8 € Zsg and t € C\ {0}. Then,

dim Homg(M (¢, h +n), M(c,h)) = 1.

Moreover, such a homomorphism is a scaler multiple of the embedding which
maps a highest weight vector ve pyn t0 Sp.@.Ven, where n := aff and @ :=
Qja,g (C, h) .

5.3 Embedding Diagrams of Verma Modules

5.3.1 Embedding Diagrams

Below, we denote a non-trivial homomorphism
tho : M(c,h') — M(c, h),
by [I'] — [h].
Class V: All Verma modules are irreducible, and there is nothing to do.

Class I: The highest weight (¢, h) can be written as ¢ = ¢(t), h = hq g(t)
for some t € C\ Q and o, 8 € Z~¢. By Lemma 5.2, D(c,h) = {(a, 8)}. By
Corollary 5.2, the following holds:

Proposition 5.3 Suppose that highest weight (c,h) = (c(t), hapg(t)) (t €
C\Q and o, 8 € Z~g) belongs to Class I. Then, we have

(7]

[h+ af]
Note that the submodule M (c, h + af3) is irreducible.
Class R": The highest weight (¢, ) can be written as ¢ = ¢, 4, h = h; (5.22)

for some p, q € Z~( such that (p,q) =1, (r,s) € K;q and i € Z.

Proposition 5.4 For Class RT, there exist the commutative embedding di-
agrams of Verma modules given in Figure 5.4.

This proposition will be proved in the next subsection.
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1+ 2+ 3+ q+
/ [ho] [Ro] [ho] [ho]
1
[h—1] \[’H] [h1] [h1] [h2]

o~
\[hs,] [ha) [ha] [he]
o~

[ha] [h4] [h—4] [hs]

Fig. 5.4 Embedding diagrams for Class RT

Class R™: The highest weight (c,h) can be written as ¢ = ¢y —q, h = h;
(5.26) for some p,q € Z~¢ such that (p,q) =1, (r,s) € K, and i € Z\ {0}.

Proposition 5.5 For Class R™, there exist the commutative embedding di-
agrams of Verma modules given in Figure 5.5.

1- 2~ 3~ 4—
[h—4] [ha] [ha] [h—4] [hs]

.
5] \[hs] [is) [hs) o]

.
3] \[hzl (2] o] [hal
- \[hl] (] (1) 2]
N { T T iy
[ho [ho] [ho] [ho]

Fig. 5.5 Embedding diagrams for Class R~
Note. Although (¢, ho) belongs to Class V, to describe embedding diagrams, it is
convenient to use the conformal weight hg.
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5.3.2 Proof of Propositions 5.4 and 5.5

Here, we prove only Proposition 5.4 in Case 1T, since the other cases can be
proved in a similar way.

By Corollary 5.2, there exists an embedding map M(c, h;) — M (c, h;) for
cach (i,7) € Z?* such that |i| = |j| — 1. In this proof, we denote it by Zp, .,
Here, we show that, by multiplying appropriate scalar factors, we can choose
embeddings ¢p; p, such that the diagram in Figure 5.4 commutes.

First, we set tpg byt = Lho,hys-

Second, by Proposition 5.1, we have

Lhosh—1 © Th_y,hy (Ve,ha) O Lhg by © Thy by (Ve,hy )-
Hence, by multiplying scalar factors, we can take Zj,_, », which satisfy
Lho,h—y © th_y,hy = lho,hy © Lhy,ho-
Similarly, we can choose ¢, »_, such that

lho,hq Cth_1,h_5 = lho,hy © lhy,h_o

holds. Hence, we obtain a commutative embedding diagram

[ho]

Third, we suppose that for each (k,l) € Z? such that |k| = |I| — 1 and
|k| < i, there exist embeddings ip,.p, : M(c,hy) — M(c, hy) such that the
following diagram commutes:

We choose embeddings ¢r,_; 4;,, and tp,,n, , such that
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bhi—ishei © hyhipr = Lhi_q,hi © Lhihiga (533)

holds, and show the commutativity of the following diagram:

[h—iy1]
[h—i] [hi]
[hit1]
It is enough to see that
bh_it1,h—i O bh_j hips = bh_ip1,h; © lhi,hiyq- (534)

From (5.33), we obtain
lhi—o,hi—1 Obth;_1,h_; O lh_j,hip1 = lhy_o,hi—1 O lhi_1,h; Olh;hiyq-

On the other hand, by the inductive assumption we have

Chi—z,hi—1 ©lhi_1,h_; = bhi_oh_i41 Olh_ipq,h_s>

Chi—2,hi—1 © thi_1,hi = bhi_a,h_ip1 Olh i1,k
Hence, we obtain
Chi—g,h—iy1 @ bh_iqp1,h; © bh_i,hipr = Chi_o,h_ip1 © bh_ip1,hi © lhyhiqq-

is injective, we obtain (5.34). Similarly, there exist embed-
such that

Since th;_s.h iy

dings th, n_, , and th_,n,

Lhi—1,hi ©thyh_j_y = Ulhi 1y ,h i Olh_ i h_ i1

bh_iy1,hi Olhyh_y_y = Uh_jyi,h; Olh_jhyy-

Therefore, the existence of the embedding diagram of Verma modules in Case
1% has been proved.

5.4 Singular Vector Formulae

There are many studies on singular vectors of Verma modules over g (e.g.,
[BS], [Mill]). However, except for some special cases, completely explicit ex-
pressions of them are still unknown. In this section, we present two formulae
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related with singular vectors which play important roles in mathematical and
theoretical physics [FeFu5].

Through this section, we fix a, 3 € Zsg, and set & := &, g(c, h) € Cle, h]
and n := af for simplicity. Let R := C[¢, €71 be the Laurent polynomial
ring. We set (¢, h) := (c(€), ha,5(§)) € R?. Let

Sn,e 1= el + Z ertHgy1 (Io := (1))
I<Ip

be the Shapovalov element given by Proposition 5.2, where Hg1 € S(h) =~
C[b*]. Note that ~
Sna(c,h) € U(g™) ®c R.

5.4.1 Formula I

For a,b € C, let V5 = @,z Cv, be the g-module defined in (1.11), i.e

u€eZ
Lsv, = (as+b— u)vyts,
C.u, =0.

The first singular vector formula describes the action of S, (¢, h) on the
module Vg p.

Proposition 5.6
Sn.a(6, /~1).v0 = P, pla,b;&)v_p,
where Py g(a,b;€) € Cla,b,&,€71] satisfies
a—1p8-1
Pap(a,b;6) =[] [ @7 (a.b5€),
k=0 1=0
v (a,b:€)
= |6 =) = (ke* — 1 H){(a — k)t — (B- D¢}
x (6= a) = {(k+ Dgd =+ Ve (@ - k- b = (B-1-1)¢H}]
+{(a—2k—1)¢2 — (B —21—1)¢ 7 }2a.
We show this proposition after stating the second formula.

Remark 5.8 By the normalisation of the Shapovalov element, P, g(a,b;§)
is of the form
P, (a,b;€) = b*P + (lower terms),
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as a polynomial in b. Hence, P, g(a,b; &) is uniquely determined by the above
proposition.

5.4.2 Formula Il

Let I<_3 be the two-sided ideal of U(g~) generated by

“1= €p CL..

n<—3

Note that

U(g™)/I<—3~U(g"/lo",07])
~ C[Lfl,L,Q].
Let Pr: U(g~) — U(g~)/I<—3 be the canonical projection. We denote the

map
Ulg™)®cR —{U(g7)/I<-s} &c R

induced from the above projection by the same symbol Pr. The second sin-
gular vector formula describes the image of the Shapovalov element under
this projection.

Proposition 5.7
Pr(Sn.e(¢,h)) = Ras(L_1,L_2;£),

where Ry (x,y; &) € Clz,y, &, €71 satisfies

Rl 56 f[f[ {a—2%— 1)} — (52— g H)2y).
k=0 1=0

5.4.3 Proof of Formula I

For f € R, let {-deg, f (resp. {-deg_ f) be the highest degree (resp. the
lowest degree) of f as a polynomial in §. We define {e1} C R by S,.6.055 €

Mz (E,h) as follows:

S"»’is'vé,l_z == E crer. ’U~ R
IeP,

In particular, ¢j, = 1. To prove the first formula by using embedding dia-
grams, it is necessary to estimate &- deg, P, g(a, b;§) and &-deg_ P, g(a, b; ).
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Lemma 5.16. ([AsFu))

1. maxyep, {{-deg o1} < (a—1)5,
2. mingep, {¢-deg_c1} > —a(f —1).

We need some preliminaries. For each weight vector w € Mg (¢, h);, oy WE

define {c¢f’} C R by
w = Z c’ervg -

IePn

Let {F;U(g")|j € Z>0} be the standard filtration of U(g") (for the definition,
see (A.6)). First, we show a variant of Lemma 5.15.

Lemma 5.17. For J = (1°12%2...n%) € P, \ {Io}, let j > 1 be the positive
integer such that s =---=s;_1 =0 and s; #0. Set J :=J — (j1)+ (1!) €
Pn—j+1. We take

y € U(g")—jr1 = {ueU(g")l[Lo,u = (=j + Du},

and set w' := y.w. We express w' as

’
w' = E ) er.vg .

IePn_ 1
Then, there exist oy € C and {Qf 4] > J} C R satisfying the following :
1. Let N be the positive integer such that
y € FnU(g")\ Fn—1U(g").
Then, §-deg, Qf y < N and {-deg_Qf; > —N.
ot = ayef + D Qe

IePy
>J

2.

Proof. The existence of o, € C and {QY;[I > J} C R with the second
condition can be proved in a way similar to Lemma 5.15. From the proof,
one can directly check that they also satisfy the first condition. O

Remark 5.9 Ify is a ‘monomial’, i.e.,
y= Ly L, - L;, (i1, ,ix € Zso Niy +io+ -+ ik = J),
then ay # 0.

Second, to estimate &-deg_ ¢y and &-deg_cp for each I € P, we introduce
a function ¢, (v € Zsq). For j € Zs(, we set

r(i) =G —1 - [%} ,
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where [z] denotes the greatest integer not exceeding x. Further, for I =
(Im272...n"™) € P, we set

oy (D) =Y s (k).
k=1

Then, one can directly check that ¢, enjoys the following properties.

1. For any ¢,j € Z~q,
Py (i +7) Z oy (i) +91(4) 2 oy (i 4+ 5 —1). (5.35)
2. For s € Z~¢ and 41,19, ,is € Z~g,
oy(in tiz+ - +is +1) = oy (i1) + oy (i2) + -+ 9 (is),  (5.36)

if and only if s =1 and 43 =0 (mod 7).
Note that by (5.35) the inequality

Oy (i1 4io+ - +is+ 1) > oy (i1) + oy (i2) + - + @y (is)

always holds.
We show Lemma 5.16 by using the next lemma.

Lemma 5.18. For any I € P,

1. &-deg cr < oo (I),
2. &-deg_c1 > —pg(I).

Proof. We first show 1. of Lemma 5.18 by induction. For Iy := (1), we have
e, = 1 and @, (Ip) = npa (1) = 0. Hence, 1. of Lemma 5.18 holds for I = I.

Next, we suppose that J < Iy and 1. of Lemma 5.18 holds for any I such
that J < I < I. Here, for w := Sn@.vé,;l and y := L;_;, we apply Lemma
5.17. Since w’ = 0, we have

g = _(ay)71 ZQ]?{,‘]]C]I,
>J
and thus,
§-deg ey < max{¢-deg, e + - deg, Qf )

Moreover, in this case, we have &- deg_s_Qf{)JI < 1. Hence, by the induction
hypothesis, it is enough to show that

Cl. ¢a(I) <@a(l) (VIEP, :I>TAQ{;#0AE-deg, Qf;=0),
C2. pa(l) < pa(l) (VIE€ P, :1>JAEdeg,Qfy=1).

Notice that L;_ier.v;; = vi + v, where
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vy = [Lj_y, LT - L7 L5 - LT
1= i1 —jlH—j+1 —1-Y¢,h>
n T Tji—1
:LT_H...LJ [L] 17L_Jj+1"'L111]'UE,E'

Hence, 1fQM;£0 ie., cy1 er L, then cj} # 0 or ¢j7 # 0. We divide the
proof into the followmg two cases:
Case ¢} # 0: In this case, we have - deg+QM = 0 by definition. Since

v = Ek:j v1,, where

T Tk Ti yTri-1 1 ~
i = L7 o [Ljoq, L8] LT o LT

there exists k (j < k < n) such that cj;* # 0. We first show that, for such
integer k,

Pal = () + ((k =7+ 1Y) < pa@). (5.37)
Indeed, CJI " # 0 means that ey .v, ; has a non-zero coefficient in the expres-
sion of vy j, with respect to the ba51s {ex.v; h|]K € Pn—j+1}. This implies that
J' is obtained by regrouping the partition I' := T — (k) + ((k — j + 1)1),

namely, if I' = (¢},4,--- ,4,) and J' = (41, j5,-- - , j;) such that
i <iyg < <A iyt =n—j+1,
Gy <SG AGL G iy =n =+ 1,
then
Jzzzi;ﬁ(p (I1=1,2,---,0),
u
where

b
{1,2,--+ ,a} = U{kil), kél), -+ } (disjoint union).
=1

Hence, the inequality (5.37) follows from the property (5.35).
Since J' = J — (1) + (11), from (5.37), we obtain

Pa(l) = pa(k) + a(k —j+1) < @a(l) = pali) + ¢a(l).
Hence, we have
Pall) = all) = palk —j+1) + ¢ali) = va(k) =0
by (5.35). Hence, C1 holds.
Case c}? # 0: In this case, we see that if ¢? # 0, then
j—1

rlzslAZrkk:j—l—sl/\rj:sj—lArk:sk (j+1<k<n),
k=1
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for J = (1°t---n®») and I = (1™ ---n"™). Hence, by the property (5.35), w
have

Pa(l) < @al(d). (5.38)
Further, by (5.36), @ (I) < @a(J) holds for I such that

I#T=GH+(G-D) -1 Vi-1£0 (moda). (5.39)
Hence, if T satisfies (5.39), then C2 holds.
To complete the proof, it is necessary to show that
§-deg, Qf; =0 (5.40)
holds for I € P,, such that
I=J-(GH+((G-DH=(1YAj—1=0 (moda).

We take y := (Lo)™ (m1 = (j —1)/a). Since the inequality (5.38) still holds,
if &- dngeriJ = 0, then C1 holds. Indeed, from the explicit form of I, we see
that Qf ; is a C-linear combination of some products of f; € R (I < n), where
fi is given by
[Loza L_O‘HMR(E»;")E+L = flidMR(Ejl);;H'
On the other hand, we have {-deg, fi = 0 by direct computation. Hence,
§-deg, Qf{ 7 = 0 holds. Therefore, we have completed the proof of 1. of Lemma
5.18.
For 2. of Lemma 5.18, since g; € R defined by

[Lg, L— ]|MR(C Wi glidMR(a,ﬁ)w
satisfies - deg_g; = 0, one can similarly prove as above. o

PROOF OF LEMMA 5.16. We prove the first statement. For each k (1 <
k < n), there uniquely exist vy, dx € Z>¢ such that

k=vyra—0p (0<0p<a).

Then, we have ¢u(k) = k — v and oo (I) = > ri(k — ) for T =
(1m272...n"™) € P,. On the other hand, since

n n n
aff=n= Zrkk = azrk'Yk - Z’Wsm
k=1 k=1 k=1

we have >_)'_, revk > B. Hence, o (I) < (o —1)3 for any I € P,.
For the second statement, expressing each k as

k=8=0, (Y0} € Z0, 0< 0, < f3),
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one can similarly show the second inequality. Therefore, Lemma 5.16 follows
from Lemma 5.18. a

Finally, by using Lemma 5.16, we show the singular vector formulae. Here,
we only prove Proposition 5.6, since Proposition 5.7 can be proved similarly.

For the proof, we introduce some notation. For & € C\ {0}, let ¢¢.¢, :
Modgr — Vectc be the reduction functor induced from the projection R —
R/(€—E&)R ~C. Forve M (M € Ob(Modg)), we set

Peieov =V BR 1 € e M = M @r (R/(§ — &0)R)

PROOF OF PROPOSITION 5.6. Since S, ¢ is an Lg-weight vector and
each weight subspace of the module V, ; is of dimension one, there exists
P, 5(a,b;€) € Cla,b, &, such that

Sn.av0 = Popla, b;)v_p.

In the sequel, we show that

Py p(a,b;€) = Pa,g(a,b;§) (5.41)

by induction on n := af.

For n = 1,2, one can compute Shapovalov elements explicitly, and thus
can directly check Proposition 5.6.

For n > 3, by the embedding diagrams in Proposition 5.4 and Proposi-
tion 5.5, there exist a non-zero rational number &g, s € Z>2 and ag, B; € Zsg
(k=1,---,5s) such that

Pe;t0 (Sn,@)-Ve(o) ha 5 (€0)

(5.42)
= ¢5;50 (Sn37453) t ¢5;€0 (Sn27452)¢5;50 (th‘pl )'Uc(fo)ﬁa,/ﬂ(ﬁo)?

where we set ny := o0y and @y, := D, g, (¢, h). Hence, by the uniqueness of
singular vectors (Proposition 5.1), the induction hypothesis and Remark 5.8,
we obtain

Pap(a,b;60) = [ ] Paw.s(@:b: ). (5.43)
k=1

Moreover, by direct computation, one can check that the right-hand side of
(5.43) coincides with P, g(a,b;&p). Hence, (5.41) holds at & = &.
On the other hand, as a consequence of Lemma 5.18, we see that
g_ deg-{-ﬁa,ﬁ(av b7 50) S (Q’ - 1)6a
£-deg_Pap(a,b;&) = —a(f - 1).

Hence, to complete the proof, it suffices to show that there exist enough of
&o such that (5.43) holds, i.e.,
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#{&o| (5.42) holds at £ =&y} > 2a8 —a — . (5.44)

To show the inequality (5.44), we first notice that, from the embedding
diagrams in Class RT and Class R, if (5.43) holds at £ = & € Qso, then
it also holds at & = —&.

Next, to estimate the number of &y € Q¢, we prove the following lemma:
Suppose that p, g € Z~¢ such that (p,q) = 1, and (¢(2), h;) belongs to Class

q
P
R*. Let DZ3 be the union of the following sets:

1. Case 17:
{hk — hl|l€,l €7, |]€‘ > |l| + 2},
2. Case 27:
{hk — hl|k,l € Zzo, k>1+ 2}7
3. Case 3T:
{h(_l)k—lk - h(_l)l—1l|]€,l S Zzo, k>1+ 2},
4. Case 41:

{hgk — hgl‘k,l € Zzo, k>1+ 2}
Note that if n € DY3 (n := ), then (5.42) holds for & = .

Lemma 5.19.

T € Lspg:xZ0 (mod pg), D,q
{x, ypq‘ Y € Zq : not prime - DZQ (5.45)

Proof. Let @gg be the set consists of the following positive integers:
Case 17: for k,l € Z>¢, (k> 1+ 1):
hok — hai, h—ak — h—a1, hogs1 — haiyr, h—op—1 — h—gi—1,
Case 2": for k,l € Z>o, (k> 1+ 1):
hok — hars hogy1 — hat,
Case 37: for k,l € Z>o, (k> 1+ 1):
h_ok — h—ar, hok+1 — hai1,
Case 4": for k,l € Z>, (k> 1+ 2):
hok — hai.

By Lemma 5.9, the left-hand side of (5.45) is a subset of ﬁ’gg. Since ﬁgg C
DL3 by definition, the lemma holds. O

By Lemma 5.19, if p, g € Z~( satisfies
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pg < nA(n#0(mod pg) Vn=uypq (Jy € Z=o : not prime)),

then (5.42) holds at £ = 1. One can check that the cardinality of such ra-

tional numbers % is greater than %(2056 — a— f3). Therefore, we have proved
Proposition 5.6. O

5.5 Character Sums of Jantzen Filtration of Verma
Modules

Using Lemmas 5.11 and 5.14, we compute character sums of Jantzen filtra-
tions of Verma modules.

5.5.1 Notation

Through this section, let R be the polynomial ring C[¢]. Let ¢ : R —
R/ER(~ C) be the canonical projection, and let

¢§ IMOdR — Vectc
M — M &g (R/ER)

be the reduction functor. For simplicity, we set ¢¢v := v Qg 1 for v € M
(M € Ob(Modg)). Here, we denote the ¢-adic valuation R — Zx U {oo} by
OI‘dg.

For (¢,h) € R?, let

Mg(&h)= €@ Mr(Eh);,
n€lxo

be the Verma module over gz with highest weight (¢, h) (see § 3.2.1). Let
(Ve Mr(E,h) x Mg (é,h) — R (5.46)
be the contravariant bilinear form on Mg (¢, ), which is normalised as
<Ue,ﬁvya,}1>e,ﬁ =1

where v, ; :=1® 1, ;. The contravariance of the form (-,-),; implies that

(MR(&h)js s MR(E D)) en = {0} ifn 1.

Hence, we consider the discriminant of the form
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() '>5,E|MR(5,H),;/+W X Mr(&,R);

Remark that the discriminant is determined up to a unit of R. By Theo-
rem 4.2, this discriminant is given by

det(@,h)n = [ @aus(@ h)yr=om. (5.47)
a,BEZL>o
a>
1<ap<n

5.5.2 Character Sum Formula

To deal with the character sum of the Jantzen filtration, we first introduce
some notation. Let £ be the Z-algebra associated to h% introduced in § 3.2.1.
Here, under the identification b* > X\ < (c,h) € C?, where A\(C') = ¢ and
MLo) = h, we denote e(\) € £ by e(c, h).

We set ¢ := ¢¢(¢) and h := ¢¢(h), and introduce the Jantzen filtration of
M(c, h)(~ ¢ Mg (¢, h)).

To define the Jantzen filtration on the Verma module M (¢, h), the following
assumption is important (see § 3.2.2):

Assumption: the contravariant form (-,-).; (on Mg)(¢,h)) is non-
degenerate.

Under this assumption, for [ € Zs(, we set

Mg (&, h)(1) == {u € Mr(E,h)|orde (u,v), 5 > 1 (v € Mr(E,h) )},

and
M(c, h)(1) == Ime(u),

where 1 : Mg (& h)(l) — Mg (¢, h) is the inclusion. Then, {M(c, h)(I)|l €
Z~o} gives a filtration

M(c,h) D M(c,h)(1) D M(c,h)(2) D --- (5.48)
of M(c,h).

Proposition 5.8

Y chM(e,h)(l)= Y orde®ap(éh) x chM(c,h+ af),
l€Zxo (a,8)€D(c,h)

where D(c, h) is defined in (5.1).

Proof. Proposition 3.6 says that
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ordg det(é,h)n, = > dim M(c,h)(I)nin-
l€Z~0

Hence, by (5.47), we have

Z ch M(e,h)(l) = Z orde det(é, h),, e(c, h +n)

l€Z>0 n€l>o
= E ordg H D, 5(¢, ﬁ)p(n—aﬁ) e(e,h+n).
TLGZZU a,BE€EZ~o
a>p
1<af<n

Since p(n — af) = 0 if a8 > n, we obtain

Z ch M(c,h)(l) = Z ordg Do 5(¢,h) x Z p(n — af)g"+"

l€Z>0 a,B€ZL>o n€lxo
az>p
= Z ordg Do 5(¢,h) x ch M(c, h + ap).
a,BEZL>0
az>p
Since orde 4 (¢, h) =0 if D, 5(c, h) # 0, the proposition holds. m|

In the sequel, for each (¢, h) € C2, we fix (¢,h) € R? as

(5.49)

(ah)::{(chf,thg) if c=1,25
(e,h+¢) it ¢#1,25

Remark 5.10 We choose the above ‘perturbation’ (5.49) of (c,h) so that
any curve Vo (defined in (4.19)), which passes through the point (c,h),
transversally intersects with the line {(¢, h)|€ € C} at (¢, h).

One can directly check the lemma below.
Lemma 5.20. For any «a, 8 € Z~o,

1 if @aplc,h)=0

de D, 5(¢,h) = .
orde @a,5(¢,h) {o if Dopc,h) %0

Hence, the following holds:
Proposition 5.9 For each highest weight (c,h) € C2, we have

> chM(e,h)(l)= Y a(n)chM(c,h+mn), (5.50)

l€Z>0 n€D(c,h)

where D(c, h) and a(n) are defined in (5.2) and (5.5).
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5.5.3 Explicit Forms

In this subsection, we list the explicit forms of character sums (5.50).

Class V: In this case, the right-hand side of (5.50) is trivial. Hence, we have
Lemma 5.21. Suppose that (c,h) belongs to Class V. Then,

> ch M(c,h)(1) = 0.

l€Z~0

Class I. In this case, (c,h) can be written as ¢ = c(t) and h = hqy g(t) for
some a, § € Zso and t € C\Q. It was stated in § 5.1.1 that D(c, h) = {(a, §)}.

Lemma 5.22. Suppose that (¢, h) = (c(t), ha,g(t)) belongs to Class I. Then,

Z ch M(c,h)(l) = ch M(c,h + af).
l€Z>0

Class R*. As consequences of Lemmas 5.11 and 5.14, we obtain the following
character sum formulae of Jantzen filtrations of Verma modules.

Lemma 5.23. Suppose that highest weight (c,h) = (cp 1q,hi) belongs to
Class R*. For each (c,h), the character sum of Jantzen filtration
{M(c,h)(D)|l € Z=o} is given as follows:

1. Class RT: ¢ = ¢, 4,
I Case 1":h=h; (i€Z),
Y chM(e,h)l)= > chM(c, hy),

>0 [k|> 7]
k—i=1 mod 2

II. Case 2": h="h; (i €Z>g ),
> ch M(e,h)(1) = > ch M(c, hy),
>0 k>1
III. Case 37: h = h(,l)ifli ( i€ ZZO ),
> ch M(c,h)(1) =Y ch M(c, h_yyr-1z.),
>0 k>1
IV. Case 41: h=hy; (i € Z> ),
i (pg) # (L1 A(s=qVi#0),

> chM(e,h)(1) =2 ch M(c, hay),

>0 k>i
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i. (p,q) =(1,1)V(s=0Ai=0),

> chM(c,h)(1) = > ch M(c, ha),

>0 k>i

2.Class R™: c=cp,—q;
L Casel :h=h; (1€Z\{0}),

Y chM(e,h)(l)= > chM(c, hy),
1>0 [k|<[i|
k—i=1 mod 2

II.Case 27: h=h; (i € Zso ),

> chM(e,h)(1) = Y chM(c, hy),

1>0 0<k<i

III. Case 37: h = h(_1yi-1; (1€ Zso ),

> chM(c,h)(1) = Y ch M(c,h(_yyi-1y),

1>0 0<k<i

IV. Case 47 h:hgz (i€Z>0 ),
i (pg) #(L1)As=0,

ZChM(C, h)(l) =2 Z ch M (e, hay) + ch M (¢, ho),

>0 0<k<i

> chM(c,h)(1) =2 Y ch M(c, ha),

1>0 0<k<i
iti. (p,q) = (1, 1),

> ch M(c,h)(1) = Y ch M(c, hay).

1>0 0<k<i

5.6 Character Sums of the Jantzen Filtration of
Quotient Modules

In this section, following the idea stated in § 3.5, we compute the character
sums of the Jantzen filtration of quotients of Verma modules. The results of
this section will be applied only to Case 4*.
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5.6.1 Integral Forms of Quotient Modules

Let A and R be the following commutative algebra over C:
R :={f € C(¢)If has no pole at & = 0}, A:=Q(R) @c C[[C]],
and let ¢¢ : R — R/ER(~ C) (resp. ¢¢ : A — A/CA(~ Q(R))) be the

canonical projections. We denote the reduction functors

Modgr — Vecte (M — M ®% (R/ER)),
Mod 4 — Vectgr) (N — N ®4 (A/CA))

by the same notation ¢¢ and ¢ respectively. For an element v of M €
Ob(Modg) (resp. an element w of N € Ob(Mod 4)), we set ¢pev :=v@pr 1€
Ge(M) (resp. ¢pew == w @41 € ¢pc(N)). We denote the {-adic valuation on
R (resp. ¢-adic valuation on A) by orde (resp. ordc).

Until the end of the next subsection, we fix (c,h) € C? ~ h* such that
M (e, h) is reducible. Then, there exist a, 8 € Z~g and & € C\ {0} such that
(¢, h) = (e(&), ha,p(€0)). Here, we also fix o, 8 and &.

Notice that, by Corollary 5.2, there exists an embedding M (¢, h + af) —
M (e, h). In the sequel, we introduce the Jantzen filtration of

M(C, h) = M(C7 h)/M(C, h+ 0‘6)7

and describe its character sum. To define the Jantzen filtration, we con-
sider the following perturbation of highest weight (c,h) along the curve
Do p(c, h) =0:

(& h) = (c(& + &), hap(éo +€)) € R* = b (5.51)

For simplicity, we set n := o8 and denote @, g(c, h) by @(c, h) or @. Then,
Proposition 5.2 implies that there exists the Shapovalov element

Sn.e = e, + Z etHop (Ho1 € U(h)),
IeP, \{lo}

where we set Iy := (17). 5 o 5
We set vz jy., = Sn,ov; j, € MRr(E, h)j,,, and define MR (¢, h) by

Mg (&,h) == Mg(E,h) /U(g)nv(a,ﬁ):n

Moreover, for k € Z>(, we set

MR(éa B)B-t,-]g = (MR(67 B)FL-HC + U(Q)R’U(é,;z)n)/U<g)Rv(€,;L)n

and
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Vaj, =05 + U(9)rv, j, € MR(C, 1)y (5.52)
Then, we have
M”R(éa h) = @ MR(éa h);;,_t,-k
kEZZg
and MR(E, iL);l = Rﬁé,fz'
We show that each weight subspace Mg (¢, ﬁ)}} 45 is an R-free module of
finite rank (cf. [Jal]).

Lemma 5.24. For each k € Zx>, set
Pron = {I = (12" ) € Pylny < n}.
Then, Mx(é, ﬁ)ﬁ-s-k is an R-free module with an R-free basis {er.v;;|l €
fkn}
Proof. By definition, one can show that
€1-V(5 )i € e1+IV; f, + Z Reﬂv&ﬁ'
I<Io+J

This formula implies that if & > n then the determinant of the transition
matrix from the R-free basis {er.v; ;|I € Pi} to

{eH’UE,B“I, € ﬁk:n} U {6]]//’11(&7]“1):n|ﬂ" € Pk—n} (5.53)

is equal to 1. Hence, (5.53) forms an R-free basis of Mg (¢, /~1),~L+k, and thus,
the lemma follows. |

This lemma implies that

G Mg (¢, h) =~ M(c, h).

5.6.2 Definition

We set

GF) e {(aiﬂo if c(&) #1,25 (5.54

(E+Ch+¢) if (&) =1,25"

Then, (¢,h) € A2 ~ b% and (6¢(2), dc(h)) = (&, h). Since Gorp (2, h) # 0
for any o/, 3’ € Z~q, the following lemma holds.

Lemma 5.25. MQ(A)(?7 E) is an irreducible ggoa)-module.
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For | € Z~¢, we set

MA(ZZ)(Z) = {1} € Ma(%,h) ord¢ (v, w)

> 1 (Vw e Ma(S, 1) } ,
(5.55)

oR

b
and define the Jantzen filtration of Mg r)(c, ﬁ) by setting
M) (& h)(1) = Tmé (u),

where ¢; : MA(%7 ﬁ)(l) — MA(E E) is the inclusion. Using this filtration, one
can show the following lemma.

Lefma 5~.26. 1. (U(8)RV(z hyn) ®r Q(R) is an irreducible gor)-module.
2. MR (¢, h) ®r Q(R) is an irreducible ggr)-module.

Proof. By direct computation, we have ®q g (E,ﬁ +n) # 0 for any o/,
f' € Z~o. Hence, by Proposition 3.4, Mq(g)(¢, h + n) is irreducible. Since
(U(g)Rv(éﬁ):n)@)RQ(’R) is a highest weight g (r)-module with highest weight

(¢,h +n), we have

(U@ RV 5ym) @R Q(R) = Mo(r) (&, h+n), (5.56)

and thus, the first statement follows.
To show the second statement, we remark the following two facts:

1. & p(C, h) # 0 for any (o, 8') # (o, B),
2. ord ¢aﬁ(§a E) =1.
Hence, similarly to Lemma 5.22, we have

(o9}

> ch Mor) (& h)(1) = ch Mgy (&, h+n) € £. (5.57)
=1

This implies that

(V@R ) ©R QR) = Moy (@ h)(1).

Indeed, since by Proposition 3.5, Mg ) (c, iz)(l) is the the maximal proper
submodule of Mg ) (¢, h), we have

(U(8)RV (2 hym) R Q(R) C Mg(r) (€, h)(1).
Hence, by (5.56) and (5.57), we obtain

MQ(R)(E,iL + TL) =1

. 5.58
0 [>1 ( )

Mor) (& h)(1) = {
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Hence, (U(g9)rV(zh)n) ®r Q(R) is the maximal proper submodule of
Mg (¢, h). The second statement follows. O

By the above argument, we have
rad(, )z = U(9)QR) V(i)

where ( , ). is the contravariant form on Mgg)(C, h). Hence, ( , )z, in-

duces a non-degenerate contravariant bilinear form on Mg (¢ h) ®@r Q(R).
We denote this contravariant form by the same notation ( , ), ;. We set

Qet(@, i) = det (e %)) JEPn
5 k:n

Let us define the Jantzen filtration of M(c, h). For | € Zx, we set

Mg (&h)(1) = {v € Mr(Z,h)|{v,w),; € 'R (Vw € Mz(& h))},

and o

M(c, h)(I) := Tmgg(u1),
where 1 : Mg(¢,h)(l) — Mg(¢, h) is the inclusion. Then, we obtain the
Jantzen filtration

M{(c,h) D M(c,h)(1) D M(c,h)(2) D --- (5.59)

of M(c,h) (associated with the perturbation (¢,h) € h%). Since R is a
principal integral domain, by Proposition 3.5 and Proposition 3.6, we obtain

Proposition 5.10 The filtration (5.59) satisfies the following:

1. M(c,h)(1) coincides with the maximal proper submodule of M(c,h).

2. For each k € Zxo, there exists a non-degenerate contravariant form on
M (c,h)(k)/M(c,h)(k+1).

3. For any k € Z>o,

orde (det(&, h)y) = Z dim M (¢, h) (1) pv.1-

5.6.3 Character Sum Formula

In order to compute the character sum of the Jantzen filtration of M(e, h),
we describe the valuation ordg(det(é, h)x) by using the determinants of the

contravariant forms on Mg (¢, h) and Mg (é h + n).
We start with two technical lemmas.
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Lemma 5.27. 1. 5,00, 5 € Ma(E 1))\ Ma(Z,1)(2).

2. For any x € gy, we have x.Sn7<;vaZ € CMA(?, Z)

Proof. We show the first statement. Since S, ¢ € U(g), we have

st
¢CSn,<15'U% = Sn,qf'vgjl € MQ(R)(Ca h)gR \Q(R>U6,ﬁ’

5 = Snedevy

“h
Since ¢¢Sp, ¢V~ ~ is a non-zero singular vector and is not a highest weight
C,

vector, we have S, ¢v. ~ € MA(Z h)(1). Hence, it suffices to see that
C,

Snav, = & Ma(Z 1)(2). (5.60)

By (5.57), we have

chImee (¢ ch Mg ) (¢, (1)
; 0 lzl o (5.61)

=ch .Z\fQ(R)(E7 iL + TL)

On the other hand, if S, ¢v. ~ € MA(z, E)(2) holds, then
c,

where Mo(r)(&,h)(1)54, = Mq(r)(&,h)(1) N Mg(r)(é h)j_.,. This contra-
dicts (5.61). We have proved the first statement.
For z € g:z, we have

¢Cx Sn qﬂ) (¢C$) n @vgﬁ =0,

since ¢¢x € 95(7{) and Sn@véﬁ is a singular vector. Hence, the second state-
ment holds. O

Lemma 5.28. 1. ord¢({Sy, ¢v. 7 Snavs Z>~ Z) =1.
2. Suppose that det(c, h)r # 0 for k<mn. ’Then

orde (¢<(C1<Sn7¢v% =, S, a0 =)~ Z)) = ordg (¢< (g det(Z, 1) >) :
5.62)

Proof. We show the first statement. By Lemma 5.27, we have
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<Sn7¢'l)§ Z7 S’n,dfv >§ S CA

: h

Sh

Hence, it suffices to show that (S, . 35 Sp BV~ Z>” = g C2A.
Recall that by the proof of Lemma 5. 24,

{Sn)¢'l)§ z} U {eHv? Z|]I € P\ {lo} }

forms an A-free basis of M(7, E)Z-s- . Hence, up to A* (the set of the units
of A), det(Z, E)n is expressed as

= Sn (% :7Sn, Ve = ~|A
det('c, h), = det (Sn.0 Th oy h> h‘
B [@

on

where A, B and C are 1 X (p(n) —1), (p(n) —1) x 1 and (p(n) —1) x (p(n) —1)
blocks (p(n) := §P,, is the partition number of n) given by

A= ((Snovs =, €5 ~ z>§ ’i)JePn\{Ho}v
B = (<eﬂv§,i’ Sn,¢vg)z>§j)ﬂ€7>n\{ﬂo}’
C:= (<eﬂv§727 eJU?7z>§7z)H,JE'Pn\{HO}~
From Lemma 5.27. 1, we see that
<Sn7451}§’z, erv ? Z>? z S C.A (564)

Hence, if (Sn o0~ = Sn,av )z € (%A holds, then by the definition of de-
terminants we have det(c, h)n € A
On the other hand, by direct computation, we have

=2

?'ﬁ

orde (det(Z, 1)) = 1. (5.65)

This is a contradiction. Hence, we have (S, gv. Z’S" SV ﬁ>~ ~ & A (in

C, :

particular, (S, ¢v. 5 5 Sn dVx ﬁ>~ = #0), and thus the first statement holds.
C
We show the second statement By (5.63) and (5.64), we have

-1 ~ _ -1
b¢ (C det(ec, h)n) = ¢¢ <§ <S"’(PU?,Z’ Sn)¢'l)% 7)? = det C) )
On the other hand, we see that

Pe(p¢(det C)) = det({erTe,n, €xTc,h)e,n)L1eP,\{Io}>
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where T, 5, is the highest weight vector of M (c, h). Here, we notice that under
the assumption det(c, h), # 0 for any k < n, the uniqueness of the singular
vectors (Proposition 5.1) implies that

rad({ , Je,n|M(c,h)nsnxM(ch)nyn) = CSnoVen-

Hence, we have ¢¢(¢p¢(det C)) # 0. Now, we have proved the second state-
ment. O

We describe orde (det(é, h)y) as follows:
Proposition 5.11 Suppose that det(c,h); # 0 for any l < n.
1. If k > n, then

Ordg (ﬁ(é, iL)k) = OIdE ((bg (C—p(k—n) det(%, PfL)]J)
— mp(k —n) — orde (det( h + n)r_n),
where we set

m := orde (gzﬁc <C1 det(, Z)n>> .

2. If k <mn, then L ~
Ord);: (det(é, h)k) = ordg(det(é, h)k)

Proof. In the case where k < n, the proposition follows from (5.56) and
Mgr) (¢, h+n)j,;, = {0}. Hence, we may assume that k > n.

Note that, up to A%, the determinant det(?7 E)k is expressed as follows:

det(C,h)k = det [aﬁ] s

where the blocks A, B, C' and D are given by

A= ((efve ~, €]V ~) o ~
({er AR E,h>E,h)H’Jepk"’
B = ((e1vy 5, €35m0V =)= 2)1eP dePi
C:= (<6HS7L,4"’U§;’ eﬂvi’z>§’z)lepk7n,Jeﬁk;n’
D := (<6]IS7L,45U:: 52 eJSn,QUz %>z z)]I,JE'Pkfnv
c,h’ ¢c,h
and the set Pj.,, was introduced in Lemma 5.24.
By Lemma 5.27. 1, we see that
e1Sn.dVUs ~, €0 ~) o~ € CA
< 1Pn, Eh’ J E7h>z,h C )

3
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and thus, the matrix elements in the blocks in B, C' and D are divisible by
¢. Hence, by the definition of determinants, we have

det(Z, h)j, = det Adet D + O(¢PE—m)+1y (5.66)

up to A*. L
From Lemma 5.24, we see that ¢¢(det A) = det(é, h), # 0. Hence, we show
that det D € ¢P(*=™) A*, Notice that
<€HSn7¢’U§j, Q]]Sn’qsv >§,Z = <U(€J)e]l5n,¢v§,z, Sn,¢l}§)z>§)z.

2
Since by the definition of the Shapovalov form F' of g in § 3.1.1, we have
o(es)er = Fler,er) + X (3X € g~ U(g) + Ulg)a").

Moreover, since o(eg)er € U(g)o, by the Poincaré—Birkhoff—Witt theorem,
we may assume that
XegUlag"

Here, we notice that, by Lemma 5.27. 2, for z4 € g% and u € U(g)

(Sn.dVx ~, T_UTL O dVs m) o » = (0(2_)Sp Vs ~, U4 Sy ¢V ~)n €(?A
¢,h c c,h c,

>0

Sk

>0

c,h’c,

holds. Hence, by Lemma 5.28. 1, we have

= F(er,5)(Z, h+n) (S, 005 =, Sn.ov +0(¢?).

)=

>0

2k

This formula implies that

det D = ((Sp.gv~ ~, Sn.ov PE=1) det(T, h + n)p_p + O(CPE-H1)

c,h %,E

)

or

>0

s

since det(?, E—l—n)k_n € A* by Lemma 5.26. Hence, det D € ¢(P(F=) A% and
thus,
ord¢(det Adet D) = p(k —n).

Multiplying ¢ ~P(*=™) to both sides of (5.66) and applying ¢¢, we have

¢ [ P det(2, b))y

= ¢¢(det A)g¢(det D)
p(n—Fk)

= ﬁ(éa B)k det(67 iL + n)k—n¢( <<_1<Sn,45/uz Z’ Sn,&f‘vz >z

W
L } (5.67)
up to R*. By Lemma 5.26, det(¢, k), # 0 and det (¢, h+n)g—, # 0. Therefore,

from Lemma 5.28. 2, we obtain the conclusion. O
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Applying Proposition 5.11 to the Jantzen filtration of M (c, h) associated
with (¢, h), we obtain the following character sum formula:

Proposition 5.12 Suppose that det(c, h)i # 0 for k < n. Then,
> " ch M{(c, h)(1)
=1

= orde {6 (C B (. 1)} x ch M (e, h + n)

+ > ordg {®u (¢, h)} x ch M(c,h + o' 3)
(a,8)€D(e;m)\{(a,8)}

—mch M(e,h+n)

- Z orde{®os 5 (&, h +n)} x ch M(c,h +n+ ' 3).
(a’,ﬁ’)eﬁ(c,h+n)

Proof. First, we notice that, since det(c, h); # 0 for k < n,
orde (det (¢, h)y) = 0.
Hence, combining Proposition 3.6 with Proposition 5.11, we have
> eh M (e, h)(1) = Y orde {m«-p(’f-m det(, Em} e(e.h+ k)
=1 k>n

—mZp(k —n)e(e,h+ k)

k>n

- Z orde det (& h +n)g_ne(c, h + k).
k>n

Since one can directly check that

9

0 otherwise

orde o g (8, 1) = {1 if (o, 5') = (e, B)

we see that

ond { ol @ I = Sl ) onde (2 )

o' ,B'€Zxo
a/zﬁ/
1<a’p' <k
(a',8")#(,8)

+ pk — n) orde {6 (C B 5(Z, 1))}

Hence, by an argument similar to the proof of Lemma 5.8, we obtain



198 5 Verma Modules I: Preliminaries
5~ orde {64 det(E ) e+ )
k>n

= Z Ordg{@a/,gl(é, il)} X ChM(C,h—FO&Iﬂ/)
(a,8)€D(c;m\{(v,5)}

1 orde{de (¢ Ba (2, )} x ch M(e, h + n).

For the other terms, we have

Zp(k —n)e(c,h+ k) =ch M(c,h+n),
k>n

Z orde det (¢, h +n)s_ne(c, h + k)

k>n

= > ordg{®or (¢, h+n)} x ch M(c,h +n+a'f).
(a’,8)€D(c,h+n)

Therefore, the proposition has been proved. O

5.6.4 Explicit Forms

First, we should notice that the character sum formulae of quotient modules
are necessary only for Case 4 of Type I (see Remarks 5.3 and 5.6), i.e.,
(¢, h) = (¢p,+q, hoi) with

(p,q) # (L) A (s #0Vi#0).

Hence, in this subsection, we only deal with Case 4% of Type I.
Let (&, 8) be an integral point of D(c, h) such that

af = min  {opflk}-
(ek,Br)ED(c,h)

For example, one can choose (&, 3) as (a1, /31) in the data of § 5.A. To study
the structures of Jantzen filtrations in Case 4% of Type I, it is enough to

consider the case where («, 8) = (&, 8), i.e.,
M (c, hai) ~= M(c, ha;) /M (c, hagix1))-

Lemma 5.29. Suppose that the highest weight (¢, h) = (c4p,q, h2:i) belongs to
Case 4% of Type I, and (o, 8) = (&, 3). We set n := af3. Then, we have

1. ord {¢<(<1¢a,5(§, Z))} ~ 0.
2. orde Do (€, h) =1 for (o/,3) € D(c,h) \ {(a, B)}.
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3. ordg (qsg (g—l det(?ﬁ)n» = 1.

4. det(c, h). # 0 for any k <n. 3
5. orde o g (6, h+n) =1 for (¢, ) € D(c,h +n).

Proof. One can directly check the first statement.

Let V,, 5 be the curve in h* defined by @, 5(c, h) = 0. In Case 4F of Type
I, for any (a/, 8') € D(c,h)\{(c, B)}, Var s transversally intersects with Vs, 3
at (cp +q, hoi). Hence, the second statement holds.

Notice that, by Lemmas 5.11 and 5.14, there uniquely exists (o/, ') €
D(c,h) \ {(a, B)} such that (cp+q,hai) € Var g and o/ = n. Hence, the
third statement follows from the first two statements and the determinant
formula (Theorem 4.2).

The fourth statement immediately follows from Lemmas 5.11 and 5.14.
Using these lemmas, one can check the last statement by direct computation.
We have proved the lemma. O

As a corollary of Proposition 5.12 and Lemma 5.29, we obtain

Lemma 5.30. Suppose that the highest weight (¢, h) = (cp +q, h2:i) belongs to
Case 4% of Type I and (o, 3) = (&, 3). Then, the following holds:

ich M(c, h)(1) = 0.

=1

5.7 Bibliographical Notes and Comments
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of Verma modules following their ideas.

In 1997, A. Astashkevich [As] reviewed the uniqueness of singular vectors
due to D. B. Fuchs. The uniqueness and the existence of a Shapovalov element
was proved for ¢ = 0 by A. Rocha-Caridi and N. R. Wallach [RW3] in 1984.
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tained by B. L. Feigin and D. B. Fuchs in [FeFu3]. For the proof of these
formulae, we have followed arguments due to A. Astashkevich and D. B.
Fuchs [AsFu].
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5.A Appendix: Integral Points on £,

For the reader’s convenience, we give the list of integral points on £, j, which
corresponds to D(c, h) under the bijection in Lemma 5.3. In fact, we take
the line £, explicitly for each highest weight (c, k), enumerate the points
{(ak, Br)}, and calculate h + o Bp.

We first give the data for Class R™.

O<a<p

Case 17 (r,s)e{(a,ﬁ)GZQ 0<f<g

,qaﬂﬁﬁpq},

1. h = hgifl (Z S Z>())
i. Caserqg—sp<O0:

len t g — pB = —2ipq + rq + sp,
(alaﬂl) = (7",22.(]—8)7
ar, B1) + 2(k—1)(p, k=1 mod 2
(o, Br) = (0, ) 21( ).(p 7 B ,
(a1,B81) — (5k+2i—1)(p,q) k=0 mod 2

h_o;_ k=1 d?2
hoi—1 + apfBr = ikl B mod 2
hoitk—2 k=0 mod 2

ii. Caserqg—sp>0:
len t qov — pPB = 2ipg — rq — sp,
(a1, 61) = (2ip — 1, 5),

(e, )+ 5(k=1)(p.q) k=1 mod 2
(akvﬁk)_{(a1751)—(2%k+2i—1)(p,q) k=0 mod?2’

h21‘+k—1 k=1 mod 2

hoi_1 + = .
2i—1 + Pk {hQikJrQ E=0 mod?2

2. h = hgi (Z € Zzo)Z
Loy i qou—pB = —2ipg+rq — sp

(alaﬁl) = (T7 2“] + 8)7

(o, B) + 3(k=1)(p,g) k=1 mod?2
(ak’ﬂk)_{(ahﬂl)—ék—l—%)(p,q) k=0 mod?2’

h_o;_ k=1 d2
hoi + o, = ik B mod 2
hoivk—1 k=0 mod 2
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3. h=h_git1 (i € Zx)
i. Caserq— sp<O0:

ben g —pf = 2(i — 1)pg + rq + sp,
(051’61) = ((2Z - 1)p+T7q - S)a

~(ar, B) + (k= 1)(p,q) k=1 mod 2
(o, ) = {(al,ﬂl) —(3k+2i—1)(p,q) k=0 mod?2’

h_ i— k=1 d 2
h_2it1+ arBr = aoh e
hQH_k_Q k=0 mod2

ii. Case rq— sp > 0:
len g —pPB=—2(i — 1)pg — rq — sp,
(alaﬂl) = (p -, (27’ - l)q + S)a

_ (al’ﬂl)JF%(k*l)(PaQ) k=1 mod2
(ahﬂk)_{(al»ﬁl)—(%k—&—?i—l)(p,q) k=0 mod?2’

hQH_k_l k=1 mod2
h_9;41 + = .
2t akﬂk {h_Qi_k+2 k=0 mod 2

4. h_o; (Z S Zzo):
Lo qo— pB = 2ipg + rq — sp,
(ah/@l) = (27&0 + T, S)v

(o, Br) = (a1,8) +3(k=1)(p.g) k=1 mod?2
| (a1,61) = (5k+2i)(p.g) k=0 mod?2’

h_9;_ k=1 d?2
h_2i + axfBr = ek B e =
h2i+k71 k=0 mod 2

In particular, for any i € Z,

D(c,h;) ={hy —hilk €Z, |k| > |i], k—i=1 mod 2}.
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Case 27 r=0AN0<s<g,

1. h=hy_1 (Z S Z>0)Z
len : qo — pB = 2ipg — sp,
(alaﬂl) = (2Zp7 8)7

(an. ) = (al,ﬂ1)+%(k71)(p,q) k=1 mod?2
o Pk (1,01) — (3k+2i)(p,qg) k=0 mod?2’
hai—1 + o By = hojpr—1.

2. h = hgi (l € Zzo)i
len g — pB = 2ipq + sp,
(a17/61) = ((22 + 1)p7q - 8)7

(s B) = (a1, 41) + 3 (k = 1)(p, ) k=1 mod 2
oo (al,ﬁl)—(%k—&-%—i—l)(p,q) k=0 mod?2’
hoi + arBx = haiyk.

In particular, for any i € Z>,

D(c, hi) = {hi — hilk € Z>o, k > i}.
Case 31 0<r<pAs=0,
1. h = hgi_l (Z S Z>0)3
b qoe—pB = —2ipg + rq,
(alaﬁl) = (T7 2lq)7

~J(an,B) +3(k=1D)(p,g) k=1 mod?2
(almﬂk) - 1 . — )
(a1, B81) — (5K +2i)(p, q) k=0 mod?2
hai—1 + axBr = h_1)k2i4k—1)-

2. h=h_o (’L S ZZO):
len t qa — pB = —2ipq —rq,
(Oél,ﬂl) = (p - (2i + 1)‘1)7

(an, Be) = (a1,51) + 2(k—1)(p,q) k=1 mod 2
7 (a1,01) — (3k+2i+1)(p,q) k=0 mod2’
h—2i + Oékﬁk = h(,l)k—1(2i+k).
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In particular, for any i € Z>,
D(c, h—yyi-1;) = {h1ys-1 — h—1yi—1i|k € Zso, k> i}
Case 41 r=0As € {0,q},
1. h=hy (i €Z>0), (p,q) # (LA (E>0Vs=gq):
e i qa—pB = (20 + g)pq,

(a1, 81) = (20 +1+ §>p,q>,

1% s = . 5 ’
( kﬁk) {(011,61)_ %k+l+1+§)(p7q) k=0 mod 2
hoi + apBi = h2i+2[k+1

2

b

(a1,51) + 2(k — 1)(p, q) k=1 mod 2
|

where [2] denotes the greatest integer not exceeding z.
2. h=nhy (i € Z>0), (p,q) = (1,1) A (i >0V s=q) (Type II):
lbepa— [ =2i+s,
(o, Bi) = (20 +1+ 2, D)+ (k- 1)(1,1),
hoi + o B = haitak-
3. h=hy,i=0As=0 (Type III): {.p:qu—pB=0,

(akaﬂk) = k(pvq)7
ho + B = hak.

In particular, for any i € Z>,

D(C7 hgz) = {hgk — h22|]€ S Z>0, k > ’L}

203
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Next, we consider Class R™.

O<a<p

Case 1~ (r,—s)e{(a,ﬂ)EZQ 0<f<g

;g +pﬂSpq},
1. h=hy_ (i € Zsy):
len qo+ pB = 2ipg — rq + sp,
(a1, B1) = (ip — ryig+ ),
i. Case rq+ sp <O0:

(o1, 61) + 5(k — 1)(p, —q) k=1 mod 2

1
_ 3
(ak’ﬂk)_{(al,ﬁl)—%k(pa—Q) k=0 mod?2’

hip_1 k=1 mod?2

hoi_1 + = ,
2i-1+ ki {hk k=0 mod 2

where 1 <k <2¢—1.
ii. Case rq+ sp > 0:

(a1,01) —2(k-1)(p,—q) k=1 mod?2

1
B 3
(ok, Br) = {(Oq,ﬂl)‘F%k(pa_Q) k=0 mod?2’

h_ry1 k=1 mod 2
hi_ + « = s
24-1 %+ ol {hk k=0 mod 2
where 1 < k < 2¢—1.
2. h:hgl (i€Z>0)Z

Len : qo+ pB = 2ipg — rq — sp,
(ahﬂl) = (Zp_ T7iq - S)’

(aknﬂk) = {(al’ﬁl) o %(k - 1)(]77 _q) k=1 mod 2

(alyﬂl) + %k(pa _Q) k=0 mod 2 ’
h_p k=1 mod?2
ho; + = ,
il {hk_l k=0 mod 2

where 1 < k < 2i.
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3. h=h_git1 (i € Zso):
et qo+pB=2(i — 1)pg +rq — sp,
(Oél,ﬁl) = ((Z - 1)p+ T, (Z - 1)q - 5),
i. Case rq+ sp <O0:
(1, 01) = 5(k=1)(p,—q) k=1 mod?2
(a1, 81) + 3k(p, —q) k=0 mod?2’

hp—1 k=1 mod 2
h_r k=0 mod?2’

(g, Br) = {

h_giy1 + apfBr = {

where 1 <k <2¢—1.
ii. Caserg+sp>0:

(akvﬂk)_{(alvﬁl)‘i‘%(k—l)(p’—q) k=1 mod?2
2

(a1, 1) — 5k(p, —q) k=0 mod?2’
h_2it1+ apfr = {

where 1 < k < 2i—1,
4. h=h_o (Z € Z>0)t

Len g+ pB = 2ipg + rq + sp,
(alaﬁl):(ip+rviq+s)v

aq, + (k- 1D(p, - k=1 mod 2
(akﬁ){(lﬁl) 3(k = 1), ~q)

(a1, 51) — 5k(p, —q) k=0 mod?2’
h_p k=1 mod?2
h_o; + = ,
2i + ik {hkl k=0 mod 2

where 1 < k < 21.

In particular, for any i € Z \ {0},

D(c,hi) = {hi —hilk € Z, k| < |i|, i—k=1 mod 2}.
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Case 2~ r=0AN0< —s<gq,

1. h=hy_1 (Z S Z>0)Z
lepn tqa+pB = 2ipg + sp,
(alaﬁl) = (Zp72q+ 5)7

ar, B1) + 2(k—1)(p, — k=1 mod 2
(e Bi) = (a1, B1) %( )(p:—q) = 7

(a1, B81) — 5k(p, —q) k=0 mod?2
hai—1 + axfBr = hg—1,

where 1 < k < 2¢ — 1.
2. h=hy (Z S Z>0):
len g+ pB = 2ipg — sp,
(alaﬂl) = (Zpa Zq - 5)7

(o1, B1) = 3(k—1)(p,—q) k=1 mod 2
(e ) = {(041,51) + 5k(p, —q) k=0 mod?2’
hoi + o By = hi—1,

where 1 < k < 2i.

In particular, for any i € Z~,

D(e,hi) = {hy — hilk € Z>o, k < i}.
Case 3~ 0<r<pAs=0,
1. h=hoi_1 (Z S Z>0):
lepn t qoo+pB = 2ipg — rq,
(alaﬁl) = (Zp— rviq)v

a1, — k-1, - k=1 mod 2
(o, ) = 4 (@0 B1) %( )(p; —q) = ’

(a1, 1) + 5k(p, —q) k=0 mod 2
hai—1 + axBe = h_1yr (k-1

where 1 <k <2¢—1.
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2. h=h_y (Z € Z>0)Z

Len g+ pB = 2ipg + rq,
(ahﬁl) = (Zp+ T, Zq>7

(e, 1) + 5(k—1)(p, —q) k=1 mod 2
(“’“’ﬁ’“)_{(al,m—%k(p,—@ k=0 mod2’

h—2i + o B = h(—1)k(—1)s

where 1 < k < 2i.

In particular, for any i € Z~,
D(c, h—1yi-1;) = {h_1yp-1p — h_pyi-1;|k € Zso, k <i}.
Case 4~ r=0Ase{0,—q},
1. h=hy (i € Zs), (p,q) # (1,1),
Cen g+ pf = (20 — g)pq,
(e, B1) = (i = -)pia),

~Jlen,B)+3(k—1)(p,—¢) k=1 mod?2
(ak’ﬁk)_{(011»51)—;(29,—(1) k=0 mod?2’

hoi + ag By, = hQ[HTE-"

wherelﬁkﬁ%—l—%.
2. h = hQi (Z S Z>0)7 (p7 Q) = (17 1) (Type II)
lbep a4+ =2i—s,
. s .
(ak5/8k) = (Z - gal) + (k - 1)(17 _1)5
hoi + ag By = hag_2,

where 1 < k < 4.

In particular, for any ¢ € Z~,

D(c, hgl) = {hgk — h2l|k‘ S Z>0, k< Z}



Chapter 6
Verma Modules II: Structure Theorem

We will completely reveal the structure of Jantzen filtration of Verma mod-
ules over the Virasoro algebra by means of the embedding diagrams and the
character sums described in the previous chapter.

The structure theorems of Jantzen filtration presented in this chapter give
us much information about the structures of Verma modules. For example,
here, we will classify singular vectors and submodules of Verma modules.
Moreover, we will construct BGG (Bernstein—Gelfand—Gelfand) type res-
olutions, and will compute the characters of the irreducible highest weight
modules.

6.1 Structures of Jantzen Filtration

6.1.1 Class V and Class 1

First, we consider Class V. Since the Verma module M (c, h) is irreducible,
the following holds:

Theorem 6.1 Suppose that (¢, h) belongs to Class V. Then, we have

M(c,h)(l) ={0} (I € Z>o).
Next, we consider Class I.
Theorem 6.2 Suppose that (c,h) belongs to Class I, i.e., there exists t €
C\Q and o, B € Zs¢ such that (c,h) = (¢(t), ha,p(t)). Then, we have

M(c,h+apB) if 1=1

M(c,h)(l)z{{o} Fis1

Proof. By Corollary 3.1 and Proposition 5.3, we have
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M(c,h)(1) D M(c,h+ af).

Hence, by Lemma 5.22, we see that M (¢, h)(1) =M (¢, h+af) and M (¢, h)(1)

oo

{0} for [ > 2.
6.1.2 Class RT
Until the end of § 6.1.5, we assume that
¢ = cp,q for p,q € Z~( such that (p,q) = 1.

For simplicity, we introduce the following notation: We set

h; Case 11

h; Case 2t

fi = h C + (61)
(=1)i=14 ase 3
ha; Case 471

where i € Z in Case 17 and i € Z>( for the other cases. By using the
above notation, the embedding diagrams in Figure 5.4 can be described as
follows:

1+ ot 3+ 4t (6.2)
(o] [$o]

[51]/\ \[iﬂ [511]

[51]1\/\[5[2] [;2]

[;Bf/\[i} [;3]

Let v, ¢, + M(c,&;) — M(c,&;) be the embedding map defined by a com-
position of embeddings in the above diagrams. To state the structure theorem
of Jantzen filtration, we introduce an auxiliary filtration

M(Cagi) 2 N(C,ﬁz)(l) ) N(Cvgz)(z) o

of M(Ca gl) by
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Case 1T: fori € Z and | € Z~o,

N(e,&)(1) = e M ey &pia) + teae_ o M (e, §yi 1), (6.3)
Case 21, 37, 4% for i € Z>¢ and | € Z~,
N(Ca gl)(l) = Lfi7fi+1M(C7 gi-&-l)- (64)

By means of these filtrations, we can describe the structure of Jantzen filtra-
tion as follows:

Theorem 6.3 Suppose that (c,h) = (¢, 4,&) (i € Z) belongs to Class RY.
Let {M(c,&) ()|l € Zso} be the Jantzen filtration of Verma module M (c,&;)
introduced in § 5.5. Then, we have

(i) Case 1*: (i €Z),
M (e, &)(1) = N(c, &)(1),
(ii) Case 2T, 37 (i€ Zs ),
M (e, &)(1) = N(c, &)(1),
(iii) Case 4%: (i € Zzo and (p,q) # (1L,L1) A (s =qVi#£0)),

[+1

M (e, &)(1) = N{c, fz‘)(fT])’

(iv) Case 4: (i € Z>o and (p,q) = (1,1)V(s=0A7i=0) ),
M (e, &)(1) = N(c, &)(1),
where [x] denotes the greatest integer not exceeding x.

We prove this theorem in the following three subsections.

Remark 6.1 Pictorially, the structures of Jantzen filtration are described as
in Figure 6.1.
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(i) (i) and (iv) (iii)
&
/-\ I& .
TN Sy SR R o))
oo M)
e e e)3)

®&ita | ZIER Me, £:)(4)

Each @¢ signifies a singular vector, say ue, of Lo-weight £, and @: — @¢ means
ugr € U(Vir).ue.

Fig. 6.1 Jantzen filtration of Class RT

6.1.3 Proof of (i) in Theorem 6.3

In the proof of the theorem, for i,j € Z such that |i| < |j|, we identify
M(c,&;) with its image via the embedding map ¢, ¢, : M(c,&;) — M(c,&).

In order to prove statement (i) in the theorem, we first show the following
lemma.

Lemma 6.1. For any i € Z and l € Z~q, we have

]\4(07 fl)(l> D) ]V(C7 fl)(l)

Proof. We prove the lemma by induction on [. Suppose that [ = 1. Since
M(e,&;)(1) is the maximal proper submodule of M(c,&;) (Corollary 3.1),
M(c,&)(1) D N(c,&)(1) follows.

Next, we suppose that the lemma holds for I < lo. Let vcg,,, and
Vet -y, De highest weight vectors of M (c, &i|1,) and M (c,&_j5—,) Tespec-
tively. These highest weight vectors satisfy

irt
Ve, i 4190 Ve ji—1y € {M(c, &) (lo — 1)}V )

SINCe Ve,g ;s Vet iy € AV (6 &) (lo—1)}V" by definition and N (¢, &) (lo—
1) € M(e, 5,3 (lp — 1) by the induction hypothesis (cf. Lemma 1.12).

On the other hand, Proposition 3.5 says that there exists a non-degenerate
contravariant form on M(c,&;)(lo — 1)/M(c, &) (lg). This implies that

v("’g\’iH’lo b /U(l,f,m,lo E M(C7 S’L)(ZO)

Hence, we have N(c, &;)(lo) C M(c,&;)(lo) by the definition of N(c, &;)(lp). O
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PROOF OF THEOREM 6.3 (i). We show that the theorem holds on each
Lo-weight subspace of weight & +n (n € Z>() by induction on n, i.e., we
prove the following statement P(n):

P(n) : M(c,&)(Dg,4n = N(¢,&)Dey4n (Vi € Z, VI € Zsy).
Here, we use the following auxiliary statement:

M (e, &pijr)e+n N M(e,Ejij—1)es+n :
: ¢ ¢ Vi € Z, Yl € Z~q),
Qn) : _ M (e, i ig1)etn + M(c,Ejil—1=1),4n (vi >0)

and show P(n) by the following steps:

STEP I : P(0) and Q(0).
STEP II : P(m) (Vm < n) = Q(n).
STEP III: Q(n) = P(n).

STEP I: Since
M(C, gl)(l)& = {0} = N(Cv gi)(l)‘fi’
M(c,&xij+n)e; = {0} (I € Zso),

both P(0) and Q(0) are obvious.
STEP II: Since

M(c,&ojij+1)) D M (¢, &n(jij4i+1)) (Yo, € {£1}),

the inclusion

M (e, &jijr1)e+n NV M(c, §ji—1)es+n
D M(¢, &jifrir1)esn + M, Ejij—i-1)gi4n

holds. On the other hand, we see that
M (e, &ji 1) N M (e, §j5—1) C M (e, &) (1), (6.5)

since M (c,§};41)(1) is the maximal proper submodule of M (c, §j;|+;). By the
induction hypothesis, we have

M(C’ gli‘+l)(1)€i+n = N(C’ §|i|+l)(1)5i+ﬂ' (66>

Indeed, since for [ > 0

§i+n=2Eup+ (n+E&— &) and § — i +n <0,

P(n + & — §;41) implies (6.6). Moreover, by definition, we have

N(e,&a40)(1) = M(c, ijigr) + M(e, 6 jij—i-1)- (6.7)
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Hence, by (6.5), (6.6) and (6.7), we obtain the opposite inclusion which im-
plies Q(n).

STEP III: Combining the short exact sequence

0 — M(c, &) N M(c,E_jij—1) — M(c,&jij1) © M(c,€-)ij—-1)
— M(c, &) + M(c,§ i) — 0

with Q(n), we obtain the following exact sequence

0 — N(c, &)l +1)g;1n — M(c, &) +n © M (¢, E_jij=1)e,4n

by the induction hypothesis.
Hence, we have

dimN(Cv gi)(l)fi+n + dimN(C’ 61)(1 + 1)§i+n
= dim M (¢, §js|41)g;+n + dim M (¢, €15 —1)¢;+n,

and thus,
> dim N (e, &) Dein = »_{ dim M(e, €ijran—1)e.n
=1 k=1
+ dim M (¢, & jij—2k+1)g;+n }-

From the character sums in Lemma 5.23, we obtain
D dim N (e, &) Dein = Y dim M(c, &) (e, 4n-
=1 1=1

Hence, by Lemma 6.1,

N(Ca 57)(1)514-% = M(C, fl)(l)fz-‘rn

holds for any i € Z and | € Z~(. Therefore, we have completed the proof. O

6.1.4 Proof of (ii) and (iv) in Theorem 6.3

In these cases, the following lemma holds:
Lemma 6.2.
M(e,&)(1) D N(e,&)(D).
Proof. One can show this lemma in a way similar to the proof of Lemma 6.1.
O
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PROOF OF THEOREM 6.3 (ii) AND (iv). By definition, we see that
ch N(c,&)(l) = ch M(c, &)
Combining this with the character sum formulae in Lemma 5.23, we have
> dim N(e, &)(1) =Y dim M (e, &)(1).
=1 =1

Hence, Lemma 6.2 implies that

N(Cv 51)(1) = M(Cv 52)(1) U

6.1.5 Proof of (iii) in Theorem 6.3

First, we notice that in Case 47,

(p,q) #(1,1)AN(s=qVi#0) & Type I.

(See Remark 5.3.) In this case, multiplicity 2 appears in the character sums
in Lemma 5.23, and an argument similar to the previous subsections does
not work. As a consequence of Lemma 5.30, we have

Lemma 6.3. Suppose that highest weight (c,&;) (i € Z>¢) belongs to Case
4% of Type I. Then, M(c,&;+1) is the maximal proper submodule of M (c,&;).

PROOF OF THEOREM 6.3 (iii). We prove the assertion (iii) by induction
on [. We first show the theorem for [ = 1,2. By Lemma 6.3, N(c¢,&;)(1) is the
maximal proper submodule of M(c,&;). Hence, it is enough to show that

M(c,&)(2) D N(c,&)(1). (6.9)

By Lemma 5.23, we have

> dim M(e,&)(k)w =0 (Vh < &iqa).
k=1

Hence, for k € Z~( we have

M(C’ gi)(k)&'ﬂ C {M(Cv fi)§i+1}Vir+.

Moreover, by Lemma 5.23,

Z dim M(C, gl)(k)fz+1 =2.

k=1
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Since by Proposition 5.1, dim{M(c,&)e,,, }V™ < 1, we see that

Eiv1

dim M (e, &) (1) =1 and dimM(c,&)(2) =1.

Eit1 Eit1

Hence, we have

M(Cv fi)(1)§i+1 = M(C’ &)(2)&4-1 = (Cvcy&-uv

where v, is a highest weight vector of M(c,&;41). Thus, (6.9) holds. The
theorem for [ = 1,2 is proved.

Next, we suppose that the theorem holds for [ < 2[5 — 1. By the character
sum formulae in Lemma 5.23 and the induction hypothesis, we have

> chM(e,&)(k) =2 ch M(c,&yr).
k=2lp—1 k=lo

In particular, for h < &4,

Z dim M (c, &) (k)n =

k=2lp—1

{0 if h < §i+lo (6 10)

2 ifh=E&4,
Hence, by an argument similar to the proof of (6.9), we have

M (e, &:)(2l0) D N(c, &) (lo)-

On the other hand, Lemma 6.3 implies that N(c, &) (lo)(~ M (c,&i+1,)) is the
maximal proper submodule of N(c,&)(lo — 1)(~ M(c,&i+i,—1)). Therefore,
we have

M(C, fl)(Qlo — 1) = ]\4(67 &)(2[0) = ZV(C7 fi)(lo),

since M(c,&)(2lo — 1) € N(¢,&)(lp — 1) by (6.10). Therefore, the theorem
holds for [ = 2l — 1, 2lp, and we have completed the proof. O

6.1.6 Class R—

Through this subsection, we assume that
¢ = cp,_q for p,q € Z~¢ such that (p,q) = 1.
Similarly to Class R™, we introduce Lo-weights {¢;} by

h; Case 1~
h; Case 2~

fi = o (611)
h(_1yi-1; Case 3

ho; Case 4~
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where ¢ € Z in Case 1~ and i € Z>¢ for the other cases. (Although (c, ho)
belongs to Class V, we use &y as in Figure 5.5.) By using this notation, the
embedding diagrams of Verma modules in Figure 5.5 can be described as
follows:

1- 2,37, 4~
(€3] (&3] (&3]
SN,
= \[21 &)
SN
i€ \m 4

\[50]/ [go]

Moreover, we define an auxiliary filtration {N(c,&;)(I)|l € Zso} of the
Verma module M(c,&;) as follows:

Case 1~ : fori € Z\ {0} and | € Z~o,

L§i1§|i\7zM(C» £\i|—l) + LEi»E—\i\+LM(cv 5—|i\+l) L < i
N(C’ 67)(0 = L&‘,&)M(Q 50) l= |Z| ’
{0} > il

Case 27,3  and 4™ : for i € Z~p and | € Z~,

Lfi,fi—lM(c7 fifl> 1<q

N(e,&)(l) = {{0} S

The structure of Jantzen filtration of M(c,&;) is described as follows:

Theorem 6.4 Suppose that (c,h) = (cp—q,&) belongs to Class R™. Let
{M(c,&) ()|l € Zso} be the Jantzen filtration of Verma module M (c,&;)
introduced in § 5.5. Then, we have

(i) Case 17: (i € Z\ {0}),
M (e, &)(1) = N(c, &)(1),
(ii) Case 27, 37: (i € Zy),
M(c,&) (1) = N(c,&)(1),
(iii) Case 47: (i € Zwo and (p,q) # (1,1) A s = 0),
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¢, & 41 i
M(e, &)(1) = {%,@(f #) 12

(iv) Case 47: (i € Zso and (p,q) # (1,1) As = —q),

M(e,)(1) = N(e, &),

(v) Case 47: (i € Zs¢ and (p,q) = (1,1)),
M (c,&)(1) = N(c, &)(1).
Proof. We can show the theorem by an argument similar to Theorem 6.3. O

Remark 6.2 Pictorially, the structure of Jantzen filtration is described as
i Figure 6.2.

(i), (v)

&
Ewl ......... M(c, £)(1)
................ .5‘1;2 M(c,ﬁz)(Z)

.............. M(c,&)(Ji| - 1)

- M(c,&)(]i])
_________________________________________________________________ e
___________ b e ke
............ .51 P ‘51 M(c’&)(27,—2)
............ se T esey
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, Lo e

Fig. 6.2 Jantzen filtration of Class R~
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6.2 Structures of Verma Modules

In this section, we prove two theorems as applications of the structure theo-
rems of Jantzen filtration of Verma modules. One is on structures of submod-
ules of Verma modules, and the other is related to the existence of non-trivial
homomorphisms between Verma modules.

6.2.1 Main Results

The first theorem we are going to prove in the next subsection is as follows:

Theorem 6.5 Any non-trivial proper submodule of a Verma module over
Vir is generated by at most two singular vectors.

In fact, in the next subsection, we classify all submodules of given Verma
modules. This theorem is a consequence of this classification.

The other consequence of the classification is the second theorem we are
going to prove.

By Corollary 5.1, the following theorem completely describes necessary and
sufficient conditions of the existence of a non-trivial homomorphism between
Verma modules.

Theorem 6.6 For each (c,h) € h*, the following list exhausts the conformal
weights h' such that

dim Homvi, (M (¢, '), M (¢, h)) = 1.
Class V: For (c,h) which belongs to Class V,
h' = h.
Class I: For (c,h) = (c(t),hapg(t)) (t € C\Q and o, 8 € Zsy),
W =h, h+ap.

Class R*: For ¢ = c,, (p,q € Zso such that (p,q) = 1),
Case 1": h=¢; (i € Z),

W= (k> i Ak £ i),
Case 27, 3% and 4T: h=¢&; (i € Z>o),
=& (k=i

Class R”: For c=cp _q (p,q € Z>o such that (p,q) = 1),
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Case 17: h=¢; (i € Z\ {0}),
Wo=8& (k< [i| Ak # —i).
Case 2,3 and4™: h=¢& (i € Z>o),

h=¢& (0<k<i).

6.2.2 Proof of Theorems 6.5 and 6.6

The above two theorems are direct consequences of the following classification
of submodules of Verma modules.

Proposition 6.1 Class V: Suppose that (c, h) belongs to Class V. Then,

M (e, h) is irreducible.

Class I: Suppose that (c, h) = (c(t), ha,p(t)) for somet € C\Q and o, 8 €

Z~o. Then, any non-trivial proper submodule of M(c, h) is isomorphic to
M(c,h+ap).

Class R": Suppose that highest weight (c,h) = (¢,&) (i € Z ) belongs to
Class R*. Then, any non-trivial proper submodule of M (c,&;) is isomor-
phic to one of the modules

Case 11:
M(c,641) and M(c,&) + M(c,§-1),

forl € Zsqo such that 1 > |i|.
Case 2+, 3%, 47: (1 > 0)
M(c, &)

forl € Zsq such that 1l > i.

Class R™: Suppose that highest weight (c,h) = (¢,&) (i € Z\ {0} )
belongs to Class R™. Then, any non-trivial proper submodule of M(c,&;)
1s isomorphic to one of the modules

Case 17:
M(Ca é-:tl) and M(C7 fl’) + M(Cv 571/),

for 1l € Z>g such that 0 <1< [i| and 0 <" < i,
Case 27,37,47: (1 >0)
M(Cagl)

forl € Z>q such that 0 <1 < 1.

Proof. We show this proposition in Case 17, since the other cases can be
proved similarly.

Let v.¢; be a highest weight vector of M(c,&;). Then, the image of v ¢,

under the embedding map M(c,&;) — M(c,§;) given in Figure 6.1 is a singu-



6.3 Bernstein—Gelfand—Gelfand Type Resolutions 221

lar vector of M(c,&;). Here and after, we identify M (c,&;) with a submodule
of M(e,§&;) for |i| < |j| via the embedding diagram in Case 17.

Let M be a non-trivial proper submodule of M(c,¢&;). By Theorem
6.3, there exists a positive integer such that M C M(c,&)(k) and M ¢
M (e, &) (k+1), since the filtration {M (¢, &;)(1)} is a decreasing filtration and
M= M(c,&;)(1) = {0}. Theorem 6.3 and Proposition 3.5 imply that

M (e, &) (k) /M (c,&)(k + 1) = L(c, i 1) © L(c, i —k)-
Hence, we have

{M + M(c,&)(k+ 1)}/ M(c,&)(k+1)
=~ L(e,&ij4n) © L(e,§jij—k) or L(c,Ex(jij4))-

This implies that
MM (c,&)(k+1) >~ M(c,&jij4r) +M(c,§—jij—x) or M(c,Ex(jij+k)). (6.12)
In any case, by Theorem 6.3,
Vet €M 0T vee |, €M,

and hence, M (c,&;)(k+ 1) C M. Thus, (6.12) implies the result. O

6.3 Bernstein—Gelfand—Gelfand Type Resolutions

In this section, as an application of Theorems 6.1 — 6.4, we construct BGG
type resolutions, i.e., resolutions of irreducible highest weight representations
by Verma modules (cf. [BGG2] for a semi-simple Lie algebra). Here, we denote
the canonical projection

M(e,h) — L(c, h)

by 7.

6.3.1 Class V and Class I

First, we consider Class V. In this case, the Verma module M (c, h) is irre-
ducible. Hence, the following holds:

Theorem 6.7 Suppose that (¢, h) belongs to Class V. Then, there exists the
following exact sequence:

0 — M(c,h) — L(¢,h) — 0.
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Second, we consider Class I.

Theorem 6.8 Suppose that (c,h) = (c(t), hap(t)), where t € C\ Q and
a, B € Z~q, belongs to Class I. Then, there exists the following resolution of
L(c, h):

0 — M(c,h+ af) i>]\/[(c,h) o, L(c,h) — 0,
where dy = m, and di is the embedding map

thhtap : M(c,h +aff) — M(c, h).

Proof. By Theorem 6.2, the maximal proper submodule of M (¢, h) is isomor-
phic to M (¢, h + af). a

6.3.2 Class Rt

Suppose that ¢ = ¢, 4 for p,q € Zsq such that (p,q) = 1. Let {{;} be the
Lo-weights defined in (6.1). For 4,5 € Z such that |i| < |j], let

IR M(C’ 5]) - M(C, gz)
be the embedding map given by the embedding diagrams in Figure 5.4.

Theorem 6.9 Suppose that highest weight (¢, h) = (cp.q, &) belongs to Class
R™. Then, there exists the following resolutions of L(c,h):

1. Case 17: i€ Z,
dr41 dy
= M(c,&jijpr) @ M(c, 6 jij—k) — -
M (e, €ia) ® M (e, 1) 25 M(e,h) 25 Lie, h) — 0,

where the maps dy are given by

k=0:dy=mp,
k=1: for (z,y) € M(c,§ij+1) © M(c,€_3j-1),

di((z,y)) :== Lh,5|i\+1(x) + Lh7f—|i\71(y)7
k>1: fO’f’ (-'L',y) € M(Ca §|z\+k) D M(C7 £7|i\7k);

di((z,y)) == ( Lejsirh—1:Ei) 4k (z) + LEUH»k—lv'E—li\—k(y)?
Tl k1€ R (l‘) - Lf—|i\7k+11€7\i\fk(y) )’

2. Case 21, 37, 4%: i € Z>,
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d d
0 — M(c,&41) — M(c,h) = L(c,h) — 0,

where the maps d; are given by

k=0:dy:=mp,
k=1:dy:=1tpe

41"

Proof. Here, we show this theorem in Case 1*. By Theorem 6.3 and Corol-
lary 3.1, we have the following exact sequence:

E): 0— N(¢,&)(1) —» M(c,&) — L(c, &) — 0.
On the other hand, for each [ € Z~, there exists a short exact sequence
E(l) :0— N(C, gz)(l + 1) - M(C, E\'L|+l) D M(C, f,m,l) - N(C, &)(D - 07

since (6.8) holds for any n € Z>¢. Taking the Yoneda products of E(I)’s (cf.
§ A.2.2), ie.,
E(0)oE(l)o E(2)0---,

we obtain the result. O

6.3.3 Class R~
Next, we consider the case where (¢, h) belongs to Class R~. We define the
Lo-weights {&;} as in (6.11).

Theorem 6.10 Suppose that highest weight (c,h) = (cp—q,&i) belongs to
Class R™. Then, there ezists the following resolutions of L(c,h):

1. Case 17: i € Z\ {0},
0 — M(c, ) 5 M(e, &) @ M(c,6_1) U5 -
= M (e, &ij—1) © M(c,€—ij41) L M(e,h) 2 L(e,h) — 0,

where the maps dy, are given by

k=0: d() = Th,
k=1: for (z,y) € M(c,&ij—1) ® M(c,& jij11),

dl((xvy)) = Lhiéli\—l(x) + Lh,&_ji)41 (y)v
1<k <[i]: for (z,y) € M(c,&i—x) & M(c, € jij4r),
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di((z,y)) == ( L§|i\—k+1:§|i\—k(x) Flephgr i (y),
- Lf—\i\+k—17£\i|—k(]") T 1€ ik (y) )’

k=|i| : forx € M(c,&),

d\il(x) = ( Lflu’fo(x% - L£_1,£o(-r) )s

2. Case 27, 37,47 : 1 € Z~o,
0 — M(c,&—1) -2 M(c,h) 22 L(c,h) — 0,

where the maps dy, are given by

k=0:dy:=mp,
k=1:dy :=the_,-

Proof. The proof is similar to the case of Class R*. We omit the detail. O

6.4 Characters of Irreducible Highest Weight
Representations

As an application of the BGG type resolutions, we compute the character of
L(e, h) for any (c,h) € C2.

6.4.1 Normalised Character

First, we introduce the normalised character xa(7) for M € Ob(O) with
weight space decomposition

M = @M,\.

AEh*

To discuss modular invariance property of the normalised characters, we use
the following convention: Let H be the Siegel upper half-plane {a + by/—1 €
Cla,b € R,b > 0}. For 7 € H, we set q := 2™V ~17_and for (¢, h) € C? ~ h*,
we specialise e(c, h) € € to ¢~ =ic.

Definition 6.1 For M € Ob(O), we define xa(7) as follows:

Xar(r) =Y dim My, 072 MO, (6.13)
Aebh*
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In the next subsection, we express xp(c,n)(7) by using the Dedekind 7-
function 7n(r)

n(r) =g [ (—q"), (6.14)

n€Zso

and the classical theta function 6, ,,(7) (m € Zso, n € Z/2mZ)

O (r) = 3 g (+a)" (6.15)

kEZ

By the definition of the normalised character, we have

Lemma 6.4. )
XM (e,n) (T) = gl

6.4.2 Characters of the Irreducible Highest Weight
Representations

In this subsection, we compute the characters of the irreducible highest weight
representations.

Theorem 6.11 (Class V)

Z (e _
XL(c,h) (1) = XM(c,h)(T) = qh 2a 1)77(7) L (6.16)
Theorem 6.12 (Class I) ¢ = c(t) and h = hq g(t) for somet € C\ Q and
a, ﬁ S Z>07
L(at?—ft™ ) L(atz+6t77)?2 -1
XL(c,h)(T) = 1q* —q* n(r)". (6.17)

Theorem 6.13 (Class R") ¢ =c¢,, (p,q € Zo such that (p,q) = 1),
Case 1T: 0<r<pAO<s<gqgandh=h; (i€Z),
XL(e.)(T) = (—1)" [Org-sp.pa(T) = Orgsppa(T) = 1i(T)] (7)™, (6.18)

where 2
ri() =) (—1)kgaa (2" Tpa—rat (-1 sp}"

|k|<]1]

k#1

Case 2T: r=0AN0<s<qand h=h; (i €Z>),
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XL(e,n) (T) = [‘Iﬁz{“itl]?q“—l)isp}z

_q4pq{2(1+21pq 5P}:| () :

Case 3": 0<r<pAs=0and h=h_yyi-1; (i€ L),

(—D " Lit1 2
17 2[5 1pa—rq

XL(en) (T) = [q

L {Q[Mbq,rqr .
—q pq 77(7')7 )

Case 47 : (r,s) = (0,0),(0,q) and h = ha; (i € Z>o),
Xi(en(T) = [q%pq(2i+§)2 B qipq(2i+2+§)2} n(r)1,
where [x] denotes the greatest integer not exceeding x.

Proof. We only prove Case 17. By applying the Euler—Poincaré principle
to the BGG type resolution of L(c, h;) in Theorem 6.9, we obtain

XL(c,hi)(T) = Z (_1)i+kXM(c,hk)(T)'
\k\>\ |

—1

Indeed, this is possible, since for each weight subspace, the right-hand side is
a finite sum. Hence, we have

XL(c,hi)(T)

> (—r)itkghe e | ()

|k|>\ \

k#—1

= (-1)" | D~ — N (—1)Rghema(en | ()

kez |k[<lil
i

Since )
n(r) = 0 (<1,

we obtain the formulae. O
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Similarly, we can prove the following theorem:
Theorem 6.14 (Class R™) c=c¢, 4 (p,q € Z>o such that (p,q) = 1),
Case 1: 0<r<pAO<-—s<qgand h=h; (i€Z\{0}),

. 1 k41 Crg—(—1)ksp 12 _
Xeey (™) = (1) [ 3 (m1)kqmama (2IE pamra= (D s} =1,
|k|<]i]

ki

—1

Case 27:r=0A0< —s<gq, and h=h; (i € Zg),

XL(e,h)(T) = q_ﬁ{ﬂi?]pq—(—l)is;}}z

g e 0 )y

)

Case 37: 0<7<pAs=0and h=h_yi1; (i €Zso),

. 2
— b 2 R g
XL(e,)(T) = [q ! { ’ }

*%{2(7(71)1‘(371)“qufrq}z 1
—-q " 77(7—)_ ’

Case 47: (r,s) = (0,0),(0,—q) and h = hg; (i € Zso),

XL(eh) (T) — [q—ipq(%_g)z B q—ipq(2i—2_§)2} 7’(7')71-

Corollary 6.1 Characters of the BPZ series representations: Suppose
that (¢, h) is a highest weight of the BPZ series representations, i.e., ¢ = ¢, 4
for p,q € Zs1 such that (p,q) = 1 and h = hm(%) for ris € Zwqo such
that r < p and s < q. Then, the normalised character of the irreducible
representation L(c, h) is given by

XL(th)(T) = [Org—sp,pa(T) = Orgtsp,pqa(T)] 77(7'>71~ (6.19)

The special case (p,q) = (2,3) and (r,s) = (1, 1) of this corollary provides
us an interesting formula. In fact, we have (¢,h) = (0,0) in this case and
L(0,0) is a trivial one-dimensional Vir-module. Hence, x1,(0,0) = 1 by defi-
nition and Corollary 6.1 gives us the denominator identity for the Virasoro
algebra. Explicitly, it shows n(7) = ©1,6(7) — O56(7) which is equivalent to
the formula
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o0

n= mEZ

by (6.14) and (6.15). This is the formula known as Euler’s pentagonal
number theorem. For its combinatorial proof, see, e.g., [And].

6.4.3 Multiplicity

As a corollary of Theorems 6.9 and 6.10, we compute the multiplicity
[M(c,h) : L(¢', h")] for any (c,h), (¢',n') € C%

Since [M(c,h) : L(¢',h')] = 0 if ¢ # ¢/, we list the pairs (h, h’) such that
[M(c,h) : L(e,h')] # 0 for each central charge c.

Proposition 6.2 Class V:

1 W=h

0 otherwise

[M(c,h): L(e,h)] = {

Class I: Suppose that ¢ = c(t) and h = hq g(t) for t € C\ Q. Then

1 W =h, h+ap

0 otherwise

[M(c,h): Le,h)] = {

Class R": Suppose that ¢ = ¢, 4 for p,q € Zsq such that (p,q) = 1.
Case 1T: h=h; (i €Z),

1 h/:hk (kEZv |k|2|l|a k7é77’)

0 otherwise

)

[M(c,h): L(c,h')] = {

Case 2: h=h; (i € Z>o),

1 h/:hk (kEZZo, k‘ZZ)
0 otherwise

b

[M(c,h) : L(c, )] = {

Case 37: h = h(_l)ifli (Z S Zzo),

1 W= h(,l)k—lk (/C S Zzo, k> ’L)

0 otherwise ’

[M(c,h) : L(c, )] = {

Case 47: h = hy; (i € Z>o),



6.4 Characters of Irreducible Highest Weight Representations 229

1 h’:hgk (k‘EZZm ]ﬂZZ)

0 otherwise ’

[M(c,h) : L(c,h)] = {

where Lo-weights {h;} are defined in (5.22).
Class R™: Suppose ¢ = ¢, _q for p,q € Z=¢ such that (p,q) = 1.

Case 17: h=h; (i€Z\{0}),

LW = by (k€ Z, [k <il, k# —i)

0 otherwise ’

[M(c,h) : L(c, )] = {

Case 27: h="h; (i € Zso),

1 h/:hk (kGZZO, kﬁl)
0 otherwise

)

[M(c,h): L(e, )] = {

Case 37: h= h(_l)i—” (Z € Z>0),

1 KW= h(_l)k—lk (k S Zzo, k< Z)
0 otherwise

9

[M(c,h): L(c,h)] = {

Case 47: h = hy; (i € Zg),

1 h,Zth (kEZZQ, kSZ)
0 otherwise

)

[M(c,h): Lce,h)] = {

where Lo-weights {h;} are defined in (5.20).

Proof. Here, we show this proposition in Case 17. By Theorem 6.9 and
Proposition 1.8, for 4, j € Z such that |j| > |i| we have

5i7j = [M(Cv 51) : L(C7 5])} + Z (_1)k_i[M(c7 fk) : L(Cv gj)]

131> k[ > i
k#—j
Hence, by induction on |j| — |i|, we obtain the results. For the other cases,
one can similarly check this proposition. O

6.4.4 Modular Transformation

We first state some fundamental properties of the modular forms n(7) and
O,m (7). Recall that SLs(Z) acts on the upper half-plane H by
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ab T_aT—l—b
cd et +d

0-1 11
S':(1 0)’ T'_(Ol)’

then S and T generate the group SLs(Z) and

Moreover, if we set

1
T-7=7+1, S-7=—-.
T

From now on, for 7 € H, we fix the branch of 7 as 0 < argr < 7. With
respect to this action, () and O, ., (7) transform as follows:

Lemma 6.5. 1.

o+ 1) =BTy, (-2 = (- )énm.

T V-1
2.
O (7 +1) = e5r™V710,, (1),
1
@mm(—%) - (mTﬁ) LY e, 1),
n'€Z/2mi
Proof. These facts are well known (cf. [Chan]). |

Here, let us state the modular invariance property of the normalised
characters xp,(.,»)(7) of the BPZ series representations L(c, k). Suppose that
¢ = c¢pq for p,q € Z~1 such that (p,q) = 1. Recall that (c, h) is the highest
weight of a BPZ series representation if and only if there exists

0<r<np,

Ps 0<s<q

(r,5) € (Kif,)° = {o«, 5 ez

m+w§m}

such that h = hys(1).
For simplicity, we set

X’I‘,S(T) = XL(cpﬁq,h,‘,S(%))(T)-
By Corollary 6.1, we have
Xr,s(T) = [Org—sppa(T) = Orgrsppa(T)) (7).

Now, the transformation law of the normalised characters x, +(7) is described
as follows:
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Proposition 6.3 Let us take positive integers p, q, v and s as above. Then,
we have

Tg—Sp 2
XT,S(T + ]_) — 6{( — ) _1_12}7‘-\/?1)(7”,5(7—)7 (620)
1
Xr,s(_;) = Z S(T,S)7(7",S’)XT/,SI(T)7 (621)
(r',s" ) E(Ki q)°
where
g — é(_l)(T-‘rS)(T’-i-s/) sin (Wr/ (p — q)) sin <7TSS/ (p— q)>
(r,s),(r’,s") + g D p .

Proof. The transformation law for 7 — 7 + 1 is easy. Indeed, we have

(ra=sp)? _ 14 /=
Gl 1) = [e{ IO, ()

{ (Tq+sp) _

. }wrerq+sp,pq<7>] 0.

Since

we obtain (6.20).
Next, we show the transformation law for 7 +— —l.
Let N; be the sets defined as (5.24). Set N° : Nl, ON := Ny U N3. By
the proof of Lemma 5.9, the following hold:

Fact 6.1 1. N° = {£(rq + sp) (mod2pq), +(rq — sp)(mod 2pq)|(r,s) €
(Kj,)°} and N° = 4 x 8(K ], )°,
2. Z/2pgZ = N° UAN (disjoint).

Lemma 6.5 implies

1 1 Cra—sp)n’ /= _ Gratspn’ = _
XT,S(_;): Z \/—{ Ve P \/_1}@”/71,,1(7')7’](7') !

n'€Z/2pqZ
2v/—1 e’ o1 . s _
B () ot

n'€Z/2pqZ

Noticing O, pq(7) = O_ps pe(T), we have
1

>

n'€Z/2pqZ

\/Tq S (rn

n'€%/2pqZ

1 rn’ :
§{€_T”r e ”F}sm< Z W) O pg(T)1(7) ™

T sin () Ol
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If n’ € ON, then sin (”;/’T) sin (%) = 0. Hence, by Fact 6.1, we have

1 2 (/T . (sn'ﬂ') 1
rs(——) =4/ — sin sin O pa(T)n(T) .
(=) =2 5 sin (7 sin () €, (r1ntr)

n’€N°

Moreover, we have, for n’ € N° such that n’ = +(r'q — s'p),

’ ’ , ,
sin (rn 7T> sin (sn W) = (=1)" " *sin (TT qw) sin (—SS p7r>
p q P q
! /
= (=)D sin (F;r (p— Q)> sin (WZS (p— Q)) ;

and for n’ € N° such that n’ = £(r'q + s'p),

rn’ sn’ i rr! ss’
sin< 7T>sin< ”) = (1) +”sm< q”)m( p”)
p q p q

, n o (7! . [ mss'
= (=)D sin ( (p— Q)> sin ( (r— q)) :

p

Hence, Fact 6.1 implies

2 ’ !/ / /
=2,/ — (1) sin (ﬂ(p - Q)> sin (ms (p— Q))
p q

(r',s")€(K7.q)°

i

X [Qr’qfs’p,pq(T) - @r’q+8’p,pq(7)]77(7')

S(r,s),(r’,s/)Xr’,s/ (T)
(7 ()"

and (6.21) holds. O

6.4.5 Asymptotic Dimension

In this section, we consider the behaviour of the normalised character
XL(c,n) (T) under the limit 7 | 0, where 7 | 0 means the limit 7" — 0 with

7:=+/—1T (T € Rs¢). We use the symbol f(7) o g(7) which signifies
m —f(T) =1.
70 g(7)

Following [KW?2], let us introduce the asymptotic dimension of L(c, h).
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Definition-Lemma 6.1 For each irreducible highest weight module L(c, h),
there exist constants A, B and C such that

B

T ) 2 a1 c

c ~ A _— 127
XL(e,h) (T) 110 (ﬁ €
The triplet (A, B,C) is called the asymptotic dimension of L(c, h).

Remark that one can compute the asymptotic behaviour of dim L(e, h),
(n — o0) by means of the asymptotic dimension of L(c, h). For the detail,
see Theorem 9.9.

The existence of the triplet (A4, B, C) for each L(c, h) is guaranteed by the
following theorem:

Theorem 6.15 The following list gives the asymptotic dimension of L(c, h):

Class|Case (c,h) (A,B,C)
Vv (¢, h) (1,1,1)
I (c(t), hap(t)) (2maf,3,1)
R |17 (¢p.q> ho) (S(r,5), (57,0, 1 = 2%

(Cp,qa hz) (Z S Z>0) (27TiTSm, 3, 1)
(¢pgrhi) (i€ Zco) [ (2m(=i)(p—1)s;,3,1)
P (cp,q, hi) (i € Z>o) (27 (i + 1)psizt, 3, 1)
3t (Cp’q, h(_l)i—li) (Z S ZZO) (27T(Z + I)TH_—lq, 3, 1)
47 (cpgrh2i) (i € Z>o)  |(2m(2i+ 14 2)pg,3,1)

R~ | 17 (cp,—gs hi) (i € Zxo) (27i(p —7)s5,3,1)
(cp,—q:hi) (i € Zy) (2r(—i)rsi,3,1)
2~ (cp,—q: hi) (i € Zso) (2mipst, 3,1)
3 (Cp,*qv h(fl)i_li) (Z € Z>0) (27”.77(]) 3, 1)
4~ (Cp,*qv h21) (Z € Z>0) (27T(27’ -1- g)p(b 3; ]-)

where (r',s") in Case 17 is a unique element of (K} ,)° such that r'q—s'p €
{£1} and i :=i+2Z € Z/27Z,

—-s  (0=0)

,  sh= .

g+s (oc=1)

Ty 1= " (o Sg 1= y (o
T lo-r =1 ¥ la-s (o=

In the following, we show Theorem 6.15. We first look at the asymptotic
behaviour of n(r) and O, ,,(7) by using their modular transformations.

Il
= Ol
N=/
I
S R=]
NN
<

_1
For the eta function, we have n(7) = ( z ) ’ n(—1) by Lemma 6.5. Set

/=1
z:=e ¥ Then, 2 — 0 as 7 | 0. Hence, n(-1) = w2 [0, (1 — a™) %
xﬁ, and thus,

T T2 o/ =T
~ e 127, 6.22
o0 5 () (6.22)
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For the theta function, by Lemma 6.5, we have

en,m(f):<\/__1)% 3 e*“;ﬁ/ﬂﬁen,,m(—%). (6.23)

2mrt
n'€L/2m7Z

We first show that

(n”)2
1 - am (n/ Z m mod 2m)
Onim(—==) ~ (12 / . (6.24)
T 70 | 22w (n/ = m mod 2m)

Here, n' € {n| —m < 7 < m} is the representatives of n’ € Z/2mZ. We may
assume 0 < n” < m since O_p p(—2) = Oprm(—1). Since (k + %)2 >
|k + %| for k # 0, —1, we have

1 n// n// n//
Qnﬂm(_;)zzxm(m—myﬁ Z p ke Z oIkt |

keZ k=0,—1 k#0,—1

for 0 < z < 1. Moreover,

) amIH B = (@) 4 gm D) /(1 — ™),
k0,1

(B7)2 < (=14 2792 < 1T and (2)2 < (=14 22)? for n” # m. Hence, we

2m

obtain (6.24). Thus, by (6.23), the following formula holds:

Onm(7) \/% (\/L_J_é . (6.25)

Next, we show Theorem 6.15.

Class V' In this class, xz(c,n)(7) is given by (6.16). Since ¢ — 1 as 7 | 0, by
(6.22) we have

XL(e,h) (T) ~

1
T \?2 ny=1
JR— e 12r

710 (\/—1>

and hence, Theorem 6.15 for Class V' holds.

Class I The normalised character of L(c(t), ha,g(t)) is given by (6.17). For
the numerator of X (c(t),ha 5(6))(T);

qi(at%—,&f%f B q%(at%+ﬁt’%)2 _ q%(at%—ﬁt7%)2(1 ¢ 2maBT) ~ 970 T,
710

(6.26)

Hence, (6.22) implies
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3
T 2 ay=1
XL(c(t)ha (1)) (T) o 2raf (\/__1> e i

and thus, Theorem 6.15 for Class I holds.

Class R Here, we demonstrate the proof for Case 17, since for the other
cases, the proof is easier or an argument similar to Case 17 works. For
simplicity, we set ¢ := cp 4.

First, we consider the case where ¢ = 0. In this case, the normalised char-
acter x,s(7) is given by (6.19). Noticing the modular transformation (6.21),
we look at the asymptotic behaviour of x, o (—2) for (r',s') € (Kf,)°.

Recall that |r'q + s'p| < pq for (r',s") € (K;q)o. Hence, (6.24) implies

1 (r'q—s'p)? 1 (' q+s'p)?

@/7/ —— ) ~ X 4pq @/ ’ — ) ~ X 4pq
rq SP’ZNI( T)TLO ’ 7’11+S:D,PQ( T)TLO

2w

N
where z 1= e~ ¥ . Since (r'q — s'p)% < ('q + s'p)?, we have

1 ('a=s'p? _ 1 6(r'q—s'p)?
X S/(,,) ~ 1 4pq 24 —¢ T (- pa )
’ 7' 710

By the proof of Lemma 5.9, there uniquely exists (1/,s’) € (K,,)° such that
r'q — s'p € {£1}. By (6.21), we have
e (=)

Xr,s(T) o Sr,s),(r,s1)€ 127 =), (6.27)

Hence, we have shown Theorem 6.15 for Case 17 (i = 0).

Next, we consider the case where ¢ # 0. In this case, the normalised char-
acter of L(c, h;) is given by (6.18). Notice that r;(7) in the character formula
can be written as

(r) = [T DR D — g ) (i 0)
P TS DR e - g i) (<)

By (6.26), we have r;(7) TO 27T A(i), where
A() = Z;{)(_l)k(hfkfl —hg) (i>0)
' o (DR (g — hog) (1< 0)

Hence, by (6.27) and (6.22), the following holds:

XL(c,hi)(T)

ok
D
N—
[V
(9]
|
H
L]
S
H

i (—1)'S (), ,50€ 177 = (-5 _(— 1)i27rA(z')(
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Since 1 — % < 1, we obtain

3
i . T 2 LT
Xwen(r) 3, (0 H2maG) (5 ) e
Now, it is sufficient to calculate A(7) explicitly by the definition of h; (cf.
(5.22)).

6.5 Bibliographical Notes and Comments

In 1978, V. Kac [Kacl] announced the character formulae of the irreducible
highest weight modules for ¢ = 1. In 1983, A. Rocha-Caridi and N. R. Wallach
[RW3] constructed the BGG type resolutions of trivial representation and the
irreducible highest weight modules in the series. Almost at the sime time,
B. L. Feigin and D. B. Fuchs completely analyzed the structure of Verma
modules in general, as we explained in § 5.7.

As in [RW3], A. Rocha-Caridi and N. R. Wallach [RW4] constructed
the BGG type resolution of the irreducible highest weight modules for
c = 0,1,25,26 completely in 1984. Here, they did not use the results an-
nounced in [FeFu2]. In 1984, B. L. Feigin and D. B. Fuchs [FeFu3] stated the
general cases. The modular property of the characters of the minimal series
representations were discovered by C. Itzykson and J. B. Zuber [IZ] in 1986.

Here, we have described the structure of Verma modules following an idea
due to F. Malikov [Mal], where he dealt with rank 2 Kac—Moody algebras.

In 1988, V. Kac and M. Wakimoto [KW2] introduced the asymptotic di-
mension for the so-called positive energy representations over infinite dimen-
sional Lie (super)algebras and stated a conjecture on a necessary and suffi-
cient condition for their characters to have the modular invariance property.



Chapter 7
A Duality among Verma Modules

By the structure theorem of Verma modules stated in the previous two chap-
ters, the reader may notice a similarity between Class R and Class R~.
The purpose of this chapter is to give an explanation of such similarity by
the categorical equivalence called the tilting equivalence [Ark], [So]. Here,
following W. Soergel [So], we construct a categorical equivalence and apply
it to the case of the Virasoro algebra.

7.1 Semi-regular Bimodule

Throughout this section, we assume that K is a field whose characteristic is
zero, and g = P,, ¢' is a Z-graded Lie algebra in the sense of § 1.2.1 (with
I' = 7). Moreover, we assume that

dimg’ < oo (Vi€ Z). (7.1)

7.1.1 Preliminaries

We first recall some notation for Z-graded K-vector spaces and Z-graded Lie
algebras from Chapter 1.
For Z-graded K-vector spaces V =, ., V" and W = @, ., W", we set

Homg (V, W) := @5 Homg (V, W)™,
neZ

where

K. Iohara, Y. Koga, Representation Theory of the Virasoro Algebra, 237
Springer Monographs in Mathematics, DOI 10.1007/978-0-85729-160-8_7,
© Springer-Verlag London Limited 2011
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Homg (V, W) := H Homgy (V", W"H9)
nez
— { € Homg(V,W)|p(V") C W (n € Z)}.

For later use, here, we introduce the formal character ch’'V for a Z-graded
K-vector space V = @, ., V"* such that dim V* < oco. Set

ch' V=" (dimV')q" € Z[[q,q']]. (7.2)
€L

Suppose that a and b are Z-graded Lie algebras over K, and V' (resp. W)
is a Z-graded (a, b)-bimodule (resp. a Z-graded K-vector space). Throughout
this chapter, except for the case where we consider the antipode duals, we
regard the space Homg (V, W) as (b, a)-bimodule in the following way:

1. The left b-module structure:
(b.p)(v) == p(v.b) (¢ € Homg(V,W), beb, veV). (7.3)
2. The right a-module structure:
(p.a)(v) := ¢(a.v) (¢ € Homg(V,W), a €a, veV). (7.4)
Moreover, let s be a Z-graded subalgebra of a and let W be a left s-module.
Hom, (V, W) := {i € Homg(V, W)lg(s.0) = 5.(p(v)) (Vs € 5, v € V)}.

Remark that Homg(V, W) is a Z-graded left b-submodule of Homg (V, W).
The following two lemmas are useful in this chapter.

Lemma 7.1. Let a, b and ¢ be a Z-graded Lie algebra. Let L be a Z-graded
(a,b)-bimodule, M be a Z-graded (b, c)-bimodule and N be a Z-graded left
a-module. Then, there exists an isomorphism

Homg (L ®p M, N) ~ Homp(M,Homgy (L, N)) (7.5)

of left c-modules, where we regard both sides of (7.5) as left c-module via

(1.3).

Proof. By the same argument as the proof of (1.26), one can show that (7.5)
is an isomorphism of Z-graded K-vector spaces. The isomorphism is given by

W : Homa(L © M, N) — Hom, (M, Homa (L, N)),
() (m)(1) ==yl ®@m),

where ¢ € Homy(L ®, M,N), m € M and | € L. We show that ¥ is a
homomorphism of left ¢-modules. We have
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¥(a-y)(m)(l) = (a-)(l @m) = (I ®m).a) = Pl © (m.a))
=¥ () (m.a)(l) = (a.¥(¥))(m)(1).

Hence, the lemma holds. O

Lemma 7.2. Let g and ¢ be Z-graded Lie algebras over K, and let s be a
Z-graded Lie subalgebra of g. Let M be a Z-graded (s, ¢)-bimodule, and let N
be a left g-module. Then, there exists an isomorphism

Homg(Ind? M, N) ~ Hom, (M, Res?N) (7.6)
of left c-modules, where we regard both sides as left c-modules via (7.3).

Proof. We apply the above lemma to the case where a = g, b = s and

L =U(g). Then, from (1.27), the lemma follows. O
We recall some notation. For a Z-graded Lie algebra g and an integer j,
we set
=P, =Py (7.7)
i>j 1<j
Moreover, we denote g=*, g=~1, g=° and g=° by g*, g—, g= and g= respec-

tively. For simplicity, we set

b:=g>, n:=g .

Notice that g = n @ b. For n € Z, let K be the Z-graded one-dimensional
K-vector space such that

dim(K™)i = {0 ’,# "
1 n

7.1.2 Semi-infinite Character

Let 7~ : g — n be the projection with respect to the decomposition g = n@b,
and let ¢~ : n — g be the inclusion. Let 7 : g — g be the map defined by the
composition

Ti=i om :1g-—n-—g.

Definition 7.1 The critical cocycle w € Homg (g A g,K) of a Z-graded Lie
algebra g is defined by

w(z,y) := trg([r oadx, o ady] — 7 o [adx, ady]),

where try denotes the trace on g.



240 7 A Duality among Verma Modules
First, we show that w is well-defined.

Lemma 7.3. For x € g"* and y € g2, the following hold:

1. If ny +ng # 0, then w(z,y) = 0.
2. If ny =ny =0, then w(z,y) = 0.
3. If n1 =n and nyg = —n for n € Z~q, then

w(z,y) = trgr _ 4-m(ady o adx).
Proof. By definition, the first statement follows. If n; = ny = 0, then
[roadx,moady] = 7o [adx, ady],

and thus, the second statement follows. We show the third statement.
Suppose that z € g™. In the case where m > 0, we have

[ oadx, woady](z) =0 = 7o [adx, ady](z).
In the case where m < —n, we have
[ o adx, m o ady](z) = 7 o [adx, ady](2).

Moreover, in the case where —n < m < —1, noticing that adz(z) € b, we
have

[ oadx, o ady](z) = 7w o adx(m o ady(z)) = adx o ady(z).
Hence, we obtain
[r o adz, 7 o ady](z) — 7 o [adzx, ady](z) = ady o adz(z).
We complete the proof. |

By the assumption (7.1), @,,_, g~™ is finite dimensional, and thus, w €
Homgk (g ®k g, K(O))O. Moreover, by the following lemma, the critical cocycle
w is well-defined and is, indeed, a 2-cocycle of g.

Lemma 7.4. The map w satisfies the 2-cocycle conditions.

Proof. For u,v € g, w(u,v) = —w(v,u) by definition. Hence, it suffices to
prove that
w([u,v],w) + w([w,u],v) + w([v,w],u) =0 (7.8)

holds for any u € g', v € g™, w € g" such that [ +m +n = 0.
It is enough to check the following three cases:

1. 1>0,m>0and n <0.
2.1>0,m=0andn <0.
3.1>0,m<0andn<0.
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Here, we show the first case, since the second and third cases can be proved
similarly.
By Lemma 7.3, we have

w(lu,v],w) = trg-—» -+ (adw o adu o adv — adw o adv o adu),
w([w,u],v) = —trgm  g-s(adw o adu o adv — adu o adw o adv),

w([v,w],u) = —trgy s (adv o adw o adu — adw o adv o adu).

Thus, we obtain
w([u, v],w) + w([w, u], v) + w([v, w], u)
=trgon o .(adw o adu o adv) — trgn g s (adw o adv o adu)

+ trgm | -+ (adu o adw o adv) — trgyr g (adv o adw o adu).
By the cyclic property of the trace map, we have

trgm | g—(adu o adw o adv) = trgy—» . (adw o adv o adu),

=1+19
trggr g (adv o adw o adu) = trgy—n g (adw o adu o adv).

Hence, the lemma holds. O
In the sequel, let
{wplk e ITY, {hplk € 1%, {ylk €I} (7.9)

be K-bases of g™, g° and n = g~ consisting of homogeneous vectors. For z,
y € g, we denote the coefficients of {zy}, {hr} and {yx} in [z,y] expanded

with respect to these basis vectors by C7* C!E”fy and C¥* respectively, i.e.,

[2,y] = > Coha+ > Clrhe+ Y CUyp

keI+ kel kel-
Lemma 7.5. Suppose that x € g", y € g~ for n € Z~g. Then,
h
my) =3 D CulaCily + D0 D CitaCl
keI® eI~ kel+lel-

Proof. Let I~ be a subset of I~ such that {yi|k € I~} forms a basis of
Dicj<n8” 7. Since [z, 1] € g= for [ € ™, by Lemma 7.3, we have

w(x,y) = trey, . o= (ady o adx)

Z Z Cz?jlhkcﬂ};’fw + Z Z C’gfrkCi’Ll

kel® | cf- kelt jef—
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Since [hx,y], [Tx,y] € 27", we have O =0 = cy , forl g I, and thus,

hi,y
— Yt hi Y T
w(w,y) = Z Z Cy,hkcwayz + Z Z Cyvlkcwvyz'
kelolel— keltlel—
: Yi — Yt :
Using Cy,hk = —C’hk’y etc., we obtain the lemma. a

We give some examples of the critical cocycle.

The Virasoro algebra: Let Vir = @, ., KL, © KC be the Virasoro
algebra. The explicit form of the critical cocycle w of the Virasoro algebra
can be described as follows.

Proposition 7.1

13 1
W( Ly L) = Omgno(——m?> + —m).
’ 6 6
Proof. By Lemma 7.3, it suffices to compute w(Ly,, L_,,) for m > 0. We
have

W(Lm, L—m) = trgm_ xr_,(adL_p, 0 adLyy,).

Since
adL_,, cadL,,(L_,) = (m+n)(n—2m)L_,,
we obtain
W(Lp, L) = i(m+n)(n —2m) = —Em3 + 1m
my —-m/) — - 6 6 .
n=1
Hence, this proposition holds. O

Kac—Moody algebras: Let g = h® @, 9* be a Kac—Moody algebra
(Chapter 1 of [Kac4]). Let A be the root system of g, and let IT = {a;]i €
I} C A (resp. {o)|i € I}) be a set of simple roots (resp. coroots), which
are indexed by a finite set I. Let e; and f; be Chavalley generators of g,
ie.,

[eimfj] = 67;’3'0(;/, [haei] = <aia h>€i, [h7fz] = _<azah>f7,
Here, we regard g as Z-graded Lie algebra via the principal gradation, i.e.,
s=Ps" "= P
mezZ a€A:ht(a)=m

where ht(a) := >
which satisfies

sjer ki for ao= 3" kja; € A Let p € b* be an element
(paf) =1 (Viel).

Then, we have
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Proposition 7.2 ([Ark]) Letw be the critical cocycle of g. For x € g
and y € g°, we have

) 2p([r,y]) a+B=0
w(x’y){o atB#£0

Proof. We may assume that x € g™, y € g=™ for m € Z~¢. Let us show
this proposition by induction on m.

For m =1, since
gl = @K% gl = @Kfi
i€l iel
this proposition follows from Lemma 7.3 and the commutation relations

(£, leis frl] = dinlag, ) fj (4, k € I).

For m > 1, we may assume that = = [e;, 2] for some 2’ € g™~ and i € I.
Then, by Lemma 7.4, we have

w(£7 y) = _w([xla y], ei) - w([yv 61'}7 1'/)
= =2p([[2’, y), es]) — 2p([ly, es], 2])
=2p([z, y]).
Hence, the proposition holds. O

In order to introduce a semi-regular bimodule of g, we suppose the follow-
ing assumption on g:

Assumption There exists 7 € Homg (g, K(?)) such that

w(z,y) = dn(z,y)(:= —n([z,y])) (7.10)
for any z, y € g.

It is needless to say that the cohomology class of w (in a suitable second
cohomology) is trivial.

Under the assumption (7.10), Lemma 7.3 implies that n([g,g]Ng™) = {0}
for m # 0. Moreover, by Lemma 7.3, 1 gives a character of g°, i.e, it satisfies
n([e% ¢°]) = {0}.

Let 7% : g — g° be the projection with respect to the triangular decom-
position of g. For v € Homg(g°, K(®), set 4 := v o7° € Homg(g,K©).

Definition 7.2 v € Homg (g%, K(©) is called a semi-infinite character of
g if w=d7y.

Remark that under the assumptions (7.1) and (7.10), a semi-infinite char-
acter of g exists, and it is unique if g° C [g, g].
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The Virasoro algebra and Kac—Moody algebras satisfy (7.1) and (7.10).
Indeed, semi-infinite characters uniquely exist for these Lie algebras, and they
are explicitly given as follows.

The Virasoro algebra: ~ € HomK(Viro, K(O)) is given by
Y(C) =26, ~(Lo) = 1. (7.11)

Kac—Moody algebras: Let g be a Kac—Moody algebra. By Proposition
7.2, v € Homg (g°, K(©) is given by

v = —2p.

7.1.3 Definition

Let g be a Z-graded Lie algebra over K, which satisfies the assumptions (7.1)
and (7.10), and let v be a semi-infinite character of g. In this subsection, we
construct the semi-regular bimodule of g associated to the semi-infinite
character ~.

We first notice that U(n) is a Z<o-graded associative algebra, and each
homogeneous component U(n)" (n € Z<p) is finite dimensional by the as-
sumption (7.1).

The (n,n)-bimodule introduced here plays important roles in the construc-
tion of the semi-regular bimodule of g. Set

U(n)® := Homg (U (n), K(?),
and regard it as (n, n)-bimodule via (7.3) and (7.4), i.e.,

(u-p)(u1) :=p(urw), (p.u)(ur) := p(uus),
where ¢ € U(n)® and u, u; € U(n). Notice that U(n)® is Z>(-graded, i.e.,
Um)® = @ Um®), (Um)®)" :=Homg(U(n)~",K?).
i€Z30

We set
Sy(g) == Un)® @k U(b). (7.12)

In the following, we define a (g, g)-bimodule structure on S, (g).

The left g-module structure on S, (g) Noticing that v([g°, g°]) = {0}, we

define the one-dimensional Z-graded b-module K(_nﬂz =Kl_, (n € Z) as
follows:

1. K("W) ~ K™ as Z-graded K-vector space,
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2. hd_, =—y(h)1_, (h€g"),
3.el_y=0(eecgh).

Let K(_O,)Y ® U(b) be the tensor product of the left b-modules ]K(_OA)Y and U(b).

Lemma 7.6. The following isomorphisms of Z-graded left n-modules hold.
i1 : S, (g) — Homg (U(n),U(b)), (7.13)
i : Hom, (U (g), K') @ U (b)) < Homg (U(n), U(b)), (7.14)

where Homy (U(g), K(_()zy @k U(b)) and Homg (U(n),U(b)) are regarded as left

n-module via (7.3), and S+(g) is regarded as left n-module via the left multi-
plication.

Proof. The isomorphism i; is given as follows:

i1 : S, (g) = U(n)® @ U(b) — Homg(U(n), U(b)),
pRb—

where ¥ is defined by ¥(f) := ¢(f)b for f € U(n).
The isomorphism iy is given as follows: Since U(g) ~ U(b) ®x U(n) as
(b, n)-bimodule, by Lemma 7.2, we have an isomorphism of left n-modules

How, (U(g), K @ U(b)) ~ Homg (U (n),K") @5 U(b)).
Moreover, let i3 be the following isomorphism of Z-graded K-vector spaces:
iy : KO @Ub) ~U(b) (1_, ©br—b).

Then,
iz : Homy (U (g), K') @x U (b)) — Homg(U(n), U (b))
@ 13 0 Q| (n)

is an isomorphism of left n-modules. a

Moreover, we regard the space
Hom, (U(g), K @x U(b))

as left g-module via (7.3), and introduce the left g-module structure on
S,(g) = U(n)® @k U(b) through the isomorphisms of Lemma 7.6.

The right g-module structure on S, (g) Using the following lemma, we in-
troduce right g-module structure.

Lemma 7.7. There exists the following isomorphism of Z-graded right b-
modules:
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Un)® @k U(b) ~Un)® @, U(g), (7.15)

where we regard both sides of (7.15) as right b-modules via the right multi-
plication.

The right-hand side of (7.15) is a right g-module via right multiplication.
Hence, we regard S, (g) as a right g-module by the isomorphism (7.15).

7.1.4 Compatibility of Two Actions on S,(g)

We show that S,(g) is a (g, g)-bimodule with respect to the two actions
introduced in the previous subsection.

We describe the g-module structure on S, (g) explicitly. Let us introduce
some notation. For f € n, let L; and Ry € Endg(U(n)) be the maps defined
by

Ly(u) :== fu, Ry(u):=uf (ueUn)).
By definition, Ly, Ry € Homg(U(n),U(n)). Recall that the (n,n)-bimodule
structure on U(n)® can be described as

pf=pols fo=poRs (peUMm®, fen) (7.16)
Let {zx|k € IT} and {h|k € I} be K-bases of g* and g° in (7.9). Since
U(g) ~ U(b) ®k U(n), for each v € U(n) and e € g*, there uniquely exist
H¢(u), X£(u), Ne(u) € U(n)

such that

[u,e] = Z hi HY (u) + Zkaf(u) + Ne(u).
k k

Here, we denote the maps from U(n) to U(n) given by u — H%(u), u
XF(u) and v +— N(u) by HF, X* and N, respectively. By definition, we
have H*, Xk N, € Homg(U(n),U(n)).

Then, we have the following lemma:
Lemma 7.8. The left action of g on S,(g) can be described as follows:

1. foree g™,

e(p®b) =p®eb+ Z(p o HY @ (—y(hy) + hy)b
3

+> poXF@ab+poN. @b,
k
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2. for h € g°,
h(p®b)=—poadh @b+ ¢ @ (—y(h) + h)b,

3. for f €n,
flp@b)=poR;®b,

where o € U)® and b€ U(b) (¢ @b € S,(g)).

Notice that by the definitions of H* and X, the right-hand side of the first
formula is a finite sum.

Proof. By the isomorphisms of Lemma 7.6, for ¢ € U(n)® and b € U(b), we

regard ¢ ® b as an element of Homy (U (g), K(,Oﬁ)y ®x U(b)).

Since ¥ € Homy (U(g), K(_()zy @k U(b)) is determined by ¥|¢(n), We compute

(2.(¢®@D))(u) (ueU(n))
for each z € {e, h, f}.
The case z = e € g*:
(e-(p @b))(u) = (¢ @ b)(ue)
= (p®b)(eu + [u,¢e])
= (p@b)(eu+ > heHE(u) + Y 2 XE(u) + Ne(u)).
k k

Since ¢ ® b is a homomorphism of b-modules, we have

e((p@b)(w) + Y hr((p @ b)(HE (w))
k

+ > 2k ((p @ ) (X () + (¢ © b) (Ne (u))
k

= p(u)eb+ > p(HE(w)(—y(hx) + hi)b
k
+ ) @(XE(u))akb + o(Ne(u))b
k

= (p@eb)(u)+ Y _ (9o HE @ (—y(hi) + hi)b) ()

+ <Z¢0X§®xkb> (u) + (po N. @) (u).

k

Hence, the first formula follows.
The case z = h € g°: We have
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(h-(p @ b))(u) = (¢ @ b)(uh)
= (p ®b)(hu — adh(u))
= h.((¢ ®b)(u)) — p(adh(u)) @b
= p(u)(=7(h) + h)b — p(adh(u))b
= (¢ ® (=y(h) + h).b)(u) — (¢ o adh ® b)(u),

and thus, the second formula follows.
The case z = f e n:

(f(e@b)(u) = (p®@b)(uf) = p(uf)b=po Rs(u)b = (po Ry ®b)(u).
Hence, the third formula follows. O

Next, let us describe the right action of g on S, (g) explicitly. Let {yx|k €
I~} be the basis of n in (7.9). The decomposition U(g) ~ U(n) ®x U(b)
implies that for any b € U(b) and f € n, there uniquely exist Yfk (b) € U(b)
and By (b) € U(b) such that

b, f1= 3 weYE(®) + Byb).

kel—

Lemma 7.9. Suppose that ¢ € U(n) and b € U(b) and p @ b € S,(g).

1. Foreec g™,

(p®@b).e = ® (be).
2. For h € g°,

(p @ b).h = o ® (bh).
3. For f €n,

(p@b).f=poLy@b+ Y @oLy, ®Yf(b)+p By(b).
kel—

Proof. We can directly show this lemma. m]

Notice that by the definition of Yfk(b), the right-hand side of the third
formula is a finite sum.

The two g-actions on S, (g), indeed, define (g, g)-bimodule structure on it,
i.e., the following holds.

Theorem 7.1 S,(g) is a (g,g)-bimodule, i.e.,
(z1.-(p®b)).20 = 21.((p R b).22) (21, 22 € U(g)). (7.17)

Proof. Combining the formulae given in Lemma 7.8 and 7.9 with L, o R, =
R, o L,, one can directly check that if z1 € n or z5 € b, then (7.17) holds.
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Hence, it suffices to show the case where (21, 22) = (e, f), (h, f) for e € g7,
h € g®and f €n.

First, we reduce the proof to the case where b = 1. Suppose that b = byby
for by € U(b) and by € b, and assume that the following holds:

(z1(p @ b1)).22 = 21((p @ b1).22) (Y21, 22 € U(g)).

We have

(21(p ®D)).22 = (21( ® b1b2)).22
= (21.(p ® b1))b222
= (21.(¢ ® b1))(22b2 + [b2, 22])
= (21.((p ® b1).22)) b2 + (21.( ® b1)).[b2, 22].

Since by € b, we obtain

(21.((p @ b1).22)).ba + (21.(¢ @ b1)).[ba, 22]
21.(((p @ by).22).b2) + 21.((p @ b1).[ba, 22])
((p ® by)(22ba + [bo, 22]))

((¢ ®b1)(b222))

((p®b)z2)

21
21
Z1

and thus, (7.17) holds for b = b1b2. Hence, we may assume that b = 1.
In the sequel, we show the following two formulae:

h(le®1).f) = (h.(¢®1)).f, (7.18)

e.((p®1).f) = (e.(p®1)).1. (7.19)
For the proof, it is convenient to use the following notation: For any z € g, we
denote the decomposition of z with respect to the triangular decomposition
g=gt®g’®g” by

z=2T 42042 (zi cegt,le a°).
To show the above two formulae, we need the following lemma.

Lemma 7.10. For e € g*, h € g° and f € n, the following formulae hold.
1. Yfk(—w(h) +h)= C,?{f‘"f, Bf(—vy(h)+h)=0.
2. Yfk(e) = 03,1}7 Bf(e) = [evf]+ + [€7f]0'
3. As elements of Homg (U(n)®,U(n)®), the following equalities hold:
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Hi oLy =LyoHy + 3 Cpt, Xi+ Cpiidu,
XFoLp=L;oXF+ Z Cie X+ Citidy ),
NeoLj=LfoNe+ Z Ligny 0 HE + ) Liga,)- © X¢ + Liga-
k k
Proof. The first two formulae follow from
[=(h) + h, f] = Zcﬁfyk,
and the next two follow from

chfyk +[e, 11+ [e, fIT.

We show the last three formulae. For u € U(n), we have
[Ly(u), €] = flu, €] +[f eJu
= D b HE (u) + Zkaf(U) + Ne(u)}
i

+{Zcrkxk+20hkhk+ I” }u
= th{ FHE(u) Zchk Xi(u) + Cplu}
k+ > a{ X chk X2 (u) + Chu}
+ five(u) + Ek:[f, hk]Hé“(U) + Ek:[f, o] XE(u) + [f €] Tu. O

Proof of (7.18) By Lemmas 7.8 and 7.9, we have

h{lp®1).f)=poLl;@(—y(h)+h) —poLjoadh®1,
and by Lemma 7.10,
(h-(p©1)).f
=(p®(—y(h)+h)—¢poadh®1).f
:gooLf®(f'y(h)+h)+Z<poLyk®C’,€fffgooadhoLf®1.
k

Since Zk C}ZﬁfLyk = L[h,f] and adh o Ly —Lyso adh = L[h,f]a we have
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poLy®(—y(h)+h)+Y polLy, ®CP —poadhoL;®1
k

— h((p o 1).f).
Thus, Formula (7.18) holds.

Proof of (7.19) Using Lemmas 7.8 and 7.9, we compute both sides of (7.19).
For the left-hand side, we have

e((¢®1).f)=poLs@e+» @oLsoHF @ (—y(hi)+ i)
k

+Zg00LfOXf®xk+gpoLfoNe®1,
k

and for the right-hand side,

(e(p®1)).f
=pols@e+ Y polLy, ®Yf(e)+¢ Bfle)
k

+Y o HF oLy @ (—y(hi) + hi)+Y o HF o Ly, @ Y (—y(h) + hi)

k.m

+Z<poHf®Bf(f'y(hk)+hk)+2goonoLf®xk
k 3

+ngoX§oLym®Y;n(ajk)+ngoX§®Bf(xk)+<poNeoLf®1.
k,m k

By long but direct computation, we obtain

(e.(p@1)).f —e((p®1).f)

=Y poXi® (e, 10+ Cpr , Corm+ > Cok L OO,
7 k,m k,m
o Yol 1)+ O i+ X O3

Therefore, by Lemma 7.5, if  is a semi-infinite character of g, then

e(lp@1).f) = (e(p@1)).f.

Now, the formula (7.19) has been proved. O
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7.1.5 Isomorphisms

In this subsection, we state two isomorphisms related with the semi-regular
bimodule S, (g) of g. Let ¢ : U(n)® — S,(g) be the embedding map defined
by

Un)® 30— p1eUm)®exUb)=9,(g).

By Lemmas 7.8 and 7.9, one can directly show that the map ¢ is a homomor-
phism of (n, n)-bimodule.

Theorem 7.2 Let v be a semi-infinite character of g, and let S,(g) be the
semi-regular bimodule of g. Then, we have

1.
v 2 U(g) @ UM)® — S5(9)  (u® ¢ — u.u(e)) (7.20)

is an isomorphism of (g,n)-bimodules, where we regard U(g) ®, U(n)® as
a (g,n)-bimodule via

r.(u® @)y = (ru)®(py) (r€g, yen).

tr:UM)® @ U(g) — Sy(a) (p@uri(p)u) (7.21)

is an isomorphism of (n,g)-modules, where we regard U(n)® @, U(g) as
n (n, g)-bimodule via

y(p@u)z:=(y.p) @ (ux) (z€g, yen).

Proof. By using Lemmas 7.8 and 7.9, we can directly check that ¢f, (resp.
tr) is a well-defined homomorphism of (g,n)-bimodules (resp. of (n,g)-
bimodules), since ¢ is a homomorphism of (n,n)-modules. Moreover, by
Lemma 7.7, the map ¢t is a bijection. Hence, we have only to show that
L1, is bijective.

Since for any n € Z>o, dim S,(g)" = dim(U(g) ®» U(n)®)", it suffices to
show that ¢, is surjective. Here, we prove that

U(b).L(UM)*) = S,(g). (7.22)

Remark that (7.22) is an immediate consequence of the ‘triangularity’ (7.23),
stated below, of the left b-action on .S, (g).

Let us first introduce filtrations {F;U(b)[i € Zso} and {F/U(b)|i €
Zso, j € Z>_1} of U(b). Let {F;U(b)|i € Z>o} be the standard filtration of
U(b), i.e.,

FZU(b) = bszlU(b) + szlU(b) (l > 0)7 F()U(b) = KI1.

For each ¢ € Z~o and j € Z>_1, set
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. <JF. )
FlJU(b) — b szlU(b) +F171(b) (
F;_1U(b) (
Then, by definition,
F; ,U(b) = F,'U(b) c FPU(b) C F}'U(b) C F2U(b) C ---,

and

G FIU(b) = F,U(b).

j=—1
We also introduce a filtration of S, (g) = U(n)® ®x U(b) by

FIS,(a) = Uw)® @x FIU(b).
Then, by Lemma 7.8, for ¢ ® b € F;" 'S, (g) and b; € b7 (j € Z>o), we have
bi.(p®b)=9®bb (mod F/7'S,(g)). (7.23)

This fact implies (7.22), and thus, the theorem holds. O

7.2 Tilting Equivalence

Using the semi-regular bimodule S, (g), we construct an equivalence of cate-
gories, which explains a similarity between structures of Verma modules over
the Virasoro algebra with highest weights

(¢c,h) and (26 —c¢,1—h). (7.24)

7.2.1 Preliminaries

In this subsection, we show two isomorphisms related with the (n, n)-bimodule
U(n)®.
For y € U(n), we define ¢, € Homg (U (n)®,U(n)®) as follows:

ly(¢) :=¢oLy, (d€UM)®, yeUn)).

Notice that
4, € Homn(U(n)®, U(n)®)7 (7.25)

since for any y and y; € U(n), we have

ly(y1.9) = by(po Ry,) = dpo Ry, 0oLy =¢oLy,oR, =y.(ly(d)).
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Lemma 7.11. There exists the following isomorphism of left n-modules:
¢:U(n) = Hom,(UM)®,UM)®) (y+——£,).

Proof. The isomorphism ¢ is obtained as the composition of the following

isomorphisms ¢, ¢5 and ¢3 (the isomorphism /¢3 follows from Lemma 7.1):

1.
¢, : U(n) — Homg (U(n)®, KO),

where £1(z)(¢) := p(x) for z € U(n) and ¢ € U(n)®,
2.
ly : Homg (U(n)®, K©) — Homg (U(n) @, U(n)®, K©),

where fo(a)(z @ ) := a(x.¢) for a € Homg (U(n)®, KO)),
3.

l : Hom (U (n) ®, U(n)®, K©) — Homg (U (n)®, Hom, (U(n), K©)),

where £3(3)()(x) := B(z @ @) for # € Homg (U (n) ®, U(n)®, K©).

The composition ¢ = {3 o 5 o ¢y is explicitly given by ¢(y) = ¢, for y € U(n).
Indeed, for any y € U(n) and ¢ € U(n)®, we have

y) () () = l20l1(y)(z@Y) = li(y)(z.0) = (2.0)(y) = ©(y.7) = (poLy)(x).
Hence, {(y) = £,,. O

Remark that ¢ is an anti-automorphism of K-algebras, i.e., £(y1y2) =€(y2)¢(y1)
for y1,y2 € U(n).

Next, we show an isomorphism between U(n)® and the antipode dual
U(n)* of U(n) (Definition 1.21).

Lemma 7.12. There exists the following isomorphism of left n-modules:
ta: Um)® ~ Un)'

where a is the transpose of a : U(n) — U(n) and Un)® is regarded as left
n-module via (7.3).

Proof. To prove the lemma, it is enough to show that *a is a homomorphism
of n-modules. For y € n, p € U(n)® and u € U(n), we have

fa(y.9)(u) = (y-¢)(a(w)) = ¢(a(u
= p(ala(y)u) ="

Hence, ta(y.) = y.ta(y) holds. ]

\_/

Y
y.!
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7.2.2 Some Categories

Recall that Modg is the category of the left Z-graded g-modules whose mor-
phisms are given by

Homyoqz (M, N) = {6 € Homy(M, N)|p(M') C N' (vi € 2)}

for M,N € Ob(Mod?) (Definition 1.9).
The main result of this section is a categorical equivalence between the
following subcategories M and K of Modf.

Definition 7.3 1. M is the full subcategory ofMod? whose objects M satisfy
that there exists a finite dimensional Z-graded K-vector space E such that

ResiM ~ U(n) @k E.

2. K is the full subcategory of Modf whose objects K satisfy that there exists
a finite dimensional Z-graded K-vector space E such that

Res?K ~ U(n)® @k E.

Remark 7.1 M and K are additive categories, but they are not abelian cat-
egories in general.

For later use, here, we define the rank rkM of M € Ob(M) by its rank as a
U (n)-free module. Though the rank of a free module over a non-commutative
ring is not well-defined in general, in our case, rkM is well-defined. Indeed, for
M € Ob(M) such that Res$ M ~ U(n)®g E, we have ch’ M = ch’ U(n) ch’ E,
where ch’ M is defined in (7.2). Hence, rkM = dimg E is well-defined.

Here, we state a characterisation of the objects of the category M. For a
finite dimensional left g°-module E, we regard it as b-module via g*|g = 0,
and set

A(E):=U(g) ®p E. (7.26)

By definition, we have
Res? A(E) = ResiU(g) @ E ~U(n) @k E,
and thus, A(E) € Ob(M).
Definition 7.4 We say that M € Ob(Modg) has a finite A-flag, if there

exist My, € Ob(Mod?) (k=1,2,--- ,n) such that

1. {0}=MOCM1C"'CMn_1CMn:M,
2. for each k = 1,2,--- . n, there exists a finite dimensional irreducible Z-
graded g°-module Ey, such that
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Mk/Mk,1 ~ A(Ek)

as left g-module.

Proposition 7.3 Let M be an object of Mod? Then, M € Ob(M) if and
only if M = {0} or M has a finite A-flag. Moreover, any A-flag {0} = My C
My C--CMy—1 CM, =M of M € Ob(M) satisfies M} € Ob(M) for
any k.

Proof. We first show that if M € Ob(Mod?) has a finite A-flag, then
M € Ob(M). Let {0} = My C My C --- C M, = M be a finite A-flag
of M such that My/Myp_1 ~ A(Ey) for some Z-graded finite dimensional
irreducible g’-module Ej. Since Res$ A(E}) is U(n)-free, it is a projective n-
module. Moreover, by an argument similar to the proof of Proposition 1.12,
one can show that Mod, has enough injectives and projectives. Hence, Propo-
sition A.3 and Lemma A.4 imply that

Extypoq, (ResSA(E;), Rest A(Ey)) = {0}

for any j. Hence, by Lemma A.3, we obtain

Res M ~ @ResﬂA(Ei) ~ U(n) @k (@ EZ>
i=1

i=1

as left n-module, and thus, M € Ob(M).

Next, we show that any M € Ob(M) (M # {0}) has a finite A-flag. We
use induction on rkM. Let {uq,---,u,} (r := rkM) be a U(n)-free basis
of ResiM, and let E = @)_, Ku;. Set ng := max{n € Z|M" # {0}}.
Then, we have M™ C E. Since M™ is a finite dimensional g°-module, there
exists an irreducible g°-submodule F of M™. Since g™.M"™ = {0}, if we set
N :=U(g).F, then

N ~ A(F).

Since Resif M ~ U(n) @k E and Resi N ~ U(n) ®k F, we have
Res?(M/N) ~ ResE M /Resi N ~ (U(n) @k E)/(U(n) @k F)

as Z-graded n-module. Applying the exact functor U(n) ®k () to the exact
sequence F'— E — E/F, we have an exact sequence

0%U(t‘l)@KF—>U(n)®KE—>U(1‘l)®K(E/F) —0
of Z-graded left n-modules. Hence,
Res)(M/N) ~U(n) @k (E/F),

and thus, M/N € Ob(M). Since tk(M/N) < rkM, by induction hypothesis,
M/N has a finite A-flag, and so does M. |
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Here, we state a lemma, which is an immediate consequence of Lemma 7.12.

Lemma 7.13. For any M € Ob(M) (resp. K € Ob(K)), we have M** €
Ob(K) (resp. K* € Ob(M)).

7.2.3 Some Functors

In this subsection, we introduce two functors which give a categorical equiv-
alence between M and K. The proof of the equivalence will be given in the
following subsection.

To introduce the functors, we first show the following lemma.

Lemma 7.14. For M € Ob(M) and K € Ob(K), we have
Sy(g) ®g M € Ob(K),
Homg (S, (g), K) € Ob(M).

Proof. Suppose that Resi M ~ U(n) ®k E, where FE is a finite dimensional
Z-graded K-vector space. By the isomorphism (7.21), we have

Res?(S,(g) ®y M) ~ U(n)® @, ResM
~UM)® @, UM o E
U(t‘l)® Rk E

12

as left n-module. Hence, S, (g) ®3 M € Ob(K).
Next, we suppose that Res$ K ~ U(n)® @k E. Combining the isomorphism
(7.20) with Lemma 7.2, we have

ResgHomyg (S, (g), K) ~ Hom,(U(n)®, Rest K)
~ Hom, (U(n)®,U(n)® @ E)
=~ Hom, (U(n)®, U(n)*) @k E.

Hence, by Lemma 7.11, we obtain

ResgHomg (5, (g), K) ~ U(n) ®k E. O
Definition 7.5 1. Let T : M — K be the functor defined by

T(M) = S,(g) 84 M (M € Ob(M)).
2. Let H: K — M be the functor defined by

H(K):= Ho—mg(S,y(g), K).
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Remark that M and K are not abelian categories in general, the kernel
and the image of a morphism do not necessarily exist (cf. § A.1.3 and A.1.4).
Here, we define a short exact sequence in M or K as follows:

Definition 7.6 We call a sequence 0 — My — My — Mz — 0 in M a
short exact sequence in M if it is an exact sequence in Modg. We define
a short exact sequence in IC similarly.

Then, we have

Proposition 7.4 The functors T : M — K (resp. H : K — M) send a
short exact sequence in M (resp. in KC) to a short exact sequence in IC (resp.

Proof. Let 0 — My — My — M3 — 0 be a short exact sequence in M.
Applying the functor T', we have a sequence of left g-modules

0 — T(M;) — T(Ms) —s T(Ms) — 0. (7.27)

We show that (7.27) is a short exact sequence in K. It is enough to prove
that

0 — ResiT(M;) — ResiT(My) — ResiT(M3) — 0 (7.28)

is an exact sequence of left n-modules. Notice that, by the isomorphism (7.21),
for M € Ob(M),
Res?T(M) ~ U(n)® @, ResI M.

It is clear that
0 — ResiM; — ResiMy; — Resi M3 — 0 (7.29)

is an exact sequence of left n-modules. Since Resf M3 is a U (n)-free module, by
Proposition A.3 and Lemma A.4, the sequence (7.29) splits in Mod,. Hence,

0 — Un)® @, RestM; — U(n)® @, Res?My — U(n)® @, Res® M3z — 0

also splits, i.e., (7.28) is exact. Hence, T sends a short exact sequence in M
to a short exact sequence in K.

Next, we show the assertion for the functor H : L — M. For a short exact
sequence 0 — K7 — Ky — K3 — 0 in K, we prove that

0— H(K;) — H(K;) — H(K3) —0 (7.30)
is a short exact sequence in M. It suffices to show that
0 — ResfH(K;) — Resi H(K2) — ResiH(K3) — 0 (7.31)

is an exact sequence of left n-modules. By Lemma 7.13,
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O—>K§a—>K§a—>K§a—>0
is a short exact sequence in M. Hence, as was seen above, the sequence
0 — Res?(K) — Res?(K*) — Res?(K!*) — 0

splits in Mod,. Noticing that (Res?(K%*))%" ~ Res?K holds for any K €
Ob(K), where a’ is the antipode of U(n) defined by a' := a|y ), the sequence

0 — Res?K; — Resi Ko — Resi K3 — 0
splits. Thus, the following also splits:

0 — Hom, (U(n)®, Res? K3) — Hom, (U(n)®, ResK>)
— Hom, (U(n)®, Res?K;) — 0.

This means that (7.31) is a short exact sequence of n-modules. a

Proposition 7.4 does not ensure that 7' and H send an injection (resp. a
surjection) to an injection (resp. a surjection), since the kernel or the image
of a morphism do not necessarily exist in M and K. The following simple
example of a functor on additive categories adequately explains such a situ-
ation.

Example 7.1 Let C be the category of free abelian groups of finite rank, and
let C' be the category of finite abelian groups. Notice that C is an additive
category, but it is not an abelian category. Let F' be a functor defined by

F:C—C (F(L):=Lw®z(Z/27)).

By definition, F' sends a short exact sequence to a short eract sequence in
a sense similar to Definition 7.6. On the other hand, let f : Z — 7Z be an
injection defined by f(n) :==2n (n € Z). Then, F(f) : Z/2Z — 7Z/2Z s the
zero map, and it is not injection.

Notice that, by Lemma 7.13, contravariant functors
()" : M= K,
(Ve K — M
are well-defined. Since ()% : Modg — Mod? is exact, these functors send a

short exact sequence in M (resp. K) to a short exact sequence in K (resp.
M). Hence, we obtain

Lemma 7.15. The covariant functor
(-)f: K — MoPP (7.32)

sends a short exact sequence in K to a short exact sequence in MOPP,
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7.2.4 Equivalence between M and K

We first show the following theorem.

Theorem 7.3 The functorT defines an equivalence of the categories M and
K.

Proof. We prove that T and H are quasi-inverse functors to each other.
Lemma 7.1 implies an isomorphism

Homg (T(M), K) ~ Homg (M, H(K)),

of Z-graded K-vector spaces, and by restricting this isomorphism to the ho-
mogeneous subspace with degree 0, we have

Homy (T(M), K) ~ Homa (M, H(K)).

Hence, (T, H) is an adjoint pair, and there exist natural transformations
n:idyy = HoT and € : T o H = idg (cf. § A.1.2). In the sequel, we show
that they are natural isomorphisms.
The natural transformation 7 is given as follows. For each M € Ob(M),
Hom (T'(M),T(M)) ~ Homp (M, H o T(M)).
iy = v
Since ResfM ~ U(n) ®k E for some finite dimensional Z-graded K-vector
space E, by Theorem 7.2 and Lemmas 7.2 and 7.11, we have
Res$ H o T(M) = ResSHomg (S, (g), S, (g) @4 M)
~ Homgy(U(g) ®n U(n)®, S, (g) ®q M)

(
~ Homy (U(n)®, Resy (S, (g) ©g M))
~ Hom, (U(n)®,U(n)® @, U(g) ®¢ M)
~ Hom, (U(n)®,U(n)® ®, ResI M)
~ Hom,(U(n)®,U(n)® @ U(n) @k E)
~ Hom,(U(n)®,U(n)® @k E)
~ Hom,(U(n)®,U(n)®) @k E

~ U(n) ®k E ~ Resi M.

Hence, 1,/ is an isomorphism of left n-modules, and thus, it is an isomorphism
of left g-modules. Hence, 7 is a natural isomorphism.
The natural transformation e is given as follows: For K € Ob(K),

Homy (T o H(K), K) ~ Hompap(H (K), H(K)).

ex — idy (i)
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For each K € Ob(K), there exists a finite dimensional Z-graded K-vector
space E such that Res§ K ~ U(n)® ®g E. Then, by Theorem 7.2 and Lem-
mas 7.2 and 7.11, there exists an isomorphism

ResiT o H(K) = Resg(Sw(g) ®q Homg (S, (g), K))
g

)
ZU( )¥ @n U(g) @ mg(s'y( ), K)
U(n)® @y RebgHO—mg(S'y(g)a K)

U(“)®®nH0mg (U(g) @ Um)®, K)
~ U(1n)® ®@, Hom,(U(n )®,R st K)
~ Un)® @, Hom,(Un)®,Un)® ok F)
~ U(n)® ®, Hom, (U(n)®,U(n)®) @x E
~Um)® ®,Um) 2k F
~Un)® @k F ~ ResiK.

Hence, ek is also an isormorphism of left n-modules, and thus, it is an iso-
morphism of left g-modules. Therefore, € is a natural isomorphism. We have
completed the proof. O

Moreover, the following categorical equivalence holds.

Theorem 7.4 The functor (-) : K — MPOPP in (7.32) defines an equiva-
lence of categories.

Proof. For an object M of M or K, we have (Mﬂa)ua ~ M. Hence,
((.)ﬁa)ﬁa ~ id, ((_)ﬁa)ﬁa ~ id pqoms.

These facts mean that (-) : K — MO°PP and (-)% : M°PP — K are quasi-
inverse functors to each other. Hence, (-)* : KL — MOPP defines a categorical
equivalence. O

As a consequence of Theorems 7.3 and 7.4, Proposition 7.4 and Lemma 7.15,
we obtain what is called the tilting equivalence

Theorem 7.5 Let & be the functor from M to MCPP defined by
O(M) =T (M)

Then, @ defines a categorical equivalence, and it maps a short exact sequence
mn M to a short exact sequence in MPOPP,

Finally, we describe ¢(A(E)).
Proposition 7.5 Let E be an irreducible finite dimensional Z-graded left

g°-module. Then, we have

P(A(E)) = AKYD @k E*) (M € Ob(M)).
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Proof. Since FE is irreducible, there exists n € Z such that £ = E and
E?* = {0} for i # n. By Theorem 7.2, we have an isomorphism

T(A(E)) = Sy(g) ®g U(g) @p E
~ Hom, (U(g), K", @x U(b)) @ E

of left g-modules. Hence, we have an isomorphism of left g°-modules
T(AE)" ~KY) ok E,
and T(A(E))? = {0} for j < n. These facts imply that
B(AE)) ™ ~KP o B
as left g®-modules, and ®(A(E))? = {0} for j > —n. Hence,
>—n 0 a
P(A(E)>" ~ KV @ EF

as Z-graded left b-modules, and thus, there exists a homomorphism of Z-
graded left g-modules

AKY @ EF) — O(A(E)). (7.33)
On the other hand, by Lemmas 7.7 and 7.12, we have
Resi®(A(E)) ~ U(n) @k (K @ E#).

Hence, (7.33) is an isomorphism of left g-modules. Now, we have proved the
proposition. O

7.2.5 The Virasoro Case

Similarly to the previous chapters, we identify (Vir’)* with K2 via A +—
(MC), A(Lp)). By (7.11), under the identification, the semi-infinite character
of the Virasoro algebra is (26, 1). By Proposition 7.5, we have

Corollary 7.1 Let @ : M — MPOPP be the functor in Theorem 7.5, we have
the following isomorphism of Vir-modules

D(M(c,h)) ~ M(26 — c,1 — h).
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7.3 Bibliographical Notes and Comments

In [Fe], B. Feigin introduced the semi-infinite cohomology, and showed that
the (semi-infinite) torsion of Verma modules over the Virasoro algebra does
not vanish only if highest weights satisfy the condition (7.24). This result
gave a mathematical meaning to the value ‘26’ called the critical dimension
in the bosonic string theory [GSW], [Pol].

Motivated by the result, S. Arkhipov [Ark] established the Feigin—Arkhipov
—Soergel duality stated in this chapter for Z-graded associative algebras
based on the theory of the semi-infinite homological algebra (cf. [Vorl]).
Later, W. Soergel [So] simplified the proof of the duality without using the
semi-infinite homological algebra in the case where the Z-graded Lie algebra
g is generated by its partial part Par' g (§ 2.2). Note that in this chapter,
we extended his argument to more general Z-graded Lie algebras including
the Virasoro algebra.

We make some remarks on the critical cocycle. The critical cocycle co-
incides with the so-called Japanese cocycle which was discovered through
the study of soliton equations [DJKM]. In [IK6], the authors have shown
the tilting equivalence for a certain class of Z-graded Lie superalgebra which
contains so-called physical conformal superalgebras, classified by V. G. Kac
[Kac6] and G. Yamamoto [Y]. It was also shown in [IK6] that the critical co-
cycle is related to the condition that the square of the BRST charge vanishes.

The Feigin—Arkhipov—Soergel duality is also called the tilting equiva-
lence. In fact, W. Soergel applied the duality to compute characters of tilting
modules over symmetrisable Kac—Moody algebras. For more about tilting
modules and their related topoics, see e.g., [HHK].



Chapter 8
Fock Modules

The main subject of this chapter is the Virasoro module structure of Fock
modules F studied by B. Feigin and D. Fuchs in [FeFu4]. Similarly to Chap-
ters 5 and 6, the Jantzen filtration plays important roles. In fact, the Jantzen
filtration a la Feigin and Fuchs given in Chapter 3 reveals the structure of
Fock modules.

We also show that singular vectors of a Fock module F}' can be expressed
in terms of the Jack symmetric polynomials.

Remark that the Fock modules F) we study in this chapter are the so-
called bosonic Fock modules. On the other hand, the Fock modules which B.
Feigin and D. Fuchs dealt with in [FeFud] are the Virasoro modules defined
on the spaces of semi-infinite forms. At the end of this chapter, we explicitly
establish isomorphisms between these Virasoro modules.

8.1 Classification of Weights (A, )

Here, we classify the pairs (\,7) € C? which parameterise Fock modules.

8.1.1 Coarse Classification

As stated in § 4.5.1, there exist Vir-module homomorphisms
Dy M(ex, ) — FI LM F— M(ca, hY)S,

where 1
ey i=1-1202, hY:= 577(77 —2)).

K. Iohara, Y. Koga, Representation Theory of the Virasoro Algebra, 265
Springer Monographs in Mathematics, DOI 10.1007/978-0-85729-160-8_8,
© Springer-Verlag London Limited 2011
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Taking these homomorphisms into account, we classify the weights (A, 7n) as
follows:

Definition 8.1 We say that (\,n) € C? belongs to Class V, Class I and
Class R*, if (c», hY) belongs to Class V, Class I and Class R* respectively,
where the classes for (c,h) are defined in Chapter 5.

To investigate the Vir-module structure of Fock modules, we list the zeros
of the determinants det(I),), and det(L*"), given in Theorem 4.3. For
T € C\ {0}, set

\T) (T —T71).

— L
V2

Notice that, if T2 = g or T? = %, then

4+ _m

M+ 755

T
C)\(T) =Cp,Q, and h)\(T) = hP,Q;m;
where cp g and hp g, are defined in (5.5). Hence, if (A,n) with A = A(T')
belongs to Class I, Class Rt and Class R~, then T2 ¢ Q\ {0}, T? € Q+
and T2 € Q¢ respectively.
For each A, u, a, B € C, we set

Wig(/\’n) =n—-A)=* (%)\4_04 + %)\_ﬁ) (x\i =AE VA2 + 2) ,

where we choose the branch of VA2 + 2 as —%ﬂ' < argvVA?+2 < %w for
A # £v/=2. Remark that for positive integers v and 3, W7 5(A,n) (0 = %) is
nothing but the factor of the determinants det(I ), and det(LM7),, given
in Theorem 4.3. Similarly to the Verma module case in § 5.1, we introduce

the line (5  in the (a, B)-plane by

S =1{la,B8) € CQWZ,g(/\,n) = 0}.
For Class V', I and R™, the following lemma holds:

Lemma 8.1. Suppose that (A\,n) belongs to Class V, I or R~. Then, there
exists o € {£} such that
gi’n n (Z>0)2 = (Z)

Proof. We first recall the factorisation

of the factor @, g(c, h) of the determinant det(c, h),, (see the formulae (4.27)).
Hence, for A = \(T) with 72 = & or g, the line £, is the one of the four
lines Qa— P = £m and Pa—Q( = +m that appeared in § 5.1.1. Moreover,
we notice that E;\—,n and Z;ﬂ] are symmetric with respect to the origin. Hence,

the lemma holds. O
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By this lemma, for Class V', I and R, at least one of I'\ ,, and LM is an
isomorphism. Thus, we have
Proposition 8.1 For Class V, Class I and Class R™, at least one of the
following holds:
Fy >~ M(cx,hY), Fy =~ M(cy, hY)°.

Hence, in the sequel, we concentrate on Class RT.

8.1.2 Fine Classification: Class RT

Until the end of this section, suppose that (A, n) belongs to Class R, unless
otherwise stated. Hence, there exist p and ¢ € Zsq such that (p,q) = 1 and

A= )\(\/%). For simplicity, set

q
)‘p,q = )\( ;)

Let us describe the set of n such that (), ,4,7) belongs to Class R*.
We first introduce some notation. For r and s € Z>g such that » < p,
s < g and o = %, we introduce 7y .; as follows:

N—i +7‘,s(\/j) (Z = 0 mod 2)
Nrsi = Apg T osgn(i, sp —rq) x ? P (8.1)

M- iper—s(y/8) (i =1mod2)

where 1, 5(T) := (T — BT~1)/+/2 and
L J1 (i=0) . )segn(i) (i#0)
sgn(i) := {_1 (i<0)’ sgn(i, j) = {sgn(j) (i=0) (8.2)

Noticing the relation
o _ .o
npfr,qfszfi - nr,s:i7

we may suppose that (r,s) € K7, defined in (5.20). We often denote 77
by n¢. Here, it should be mentioned that

n_

hy  =hi

holds for any o = %, where h; is defined in (5.22).

Lemma 8.2.

{n € C|(Ap,q,n) belongs to Class R*} = {n7 ;|(r,s) € K,

p,q’

i €7, 0==}
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Proof. Since (c)\pyq,h?\;’zi) = (¢p,gs hp,gir,s:i), the inclusion D follows from
Lemma 5.8. Hence, we show the opposite inclusion. We define the map ¢ by

¢:C* — b (An) = (ex, hY). (8.3)

Then, ¢~'(¢(\n) = {(A\n), (=X, =n), (A, 2\ — 1), (=X, =2\ + n)}. Since

o _ —0
2)\17#1 T Mrsii = Ny g0 W€ have

d)_l((cp,qvhnq:nsﬂ)) = {i()‘p,qan(rj,s:mg =+,i € Z}.
Hence, the opposite inclusion holds. 0O
Remark 8.1 The map ¢ gives a 4-fold cover of b*, and it relates to the
following isomorphisms of Fock modules in Propositions 4.2 and 4.3:
1. Fl~F],
2. (F)e ~ F0.

In particular, if F) is isomorphic to its contragredient dual, then (\,n) lies
in the ramification locus of ¢.

As in § 5.1.4, we divided Class R* into the following four cases:

Case 1T:0<r<pand 0< s <gq,
Case 2T:7r=0A0< s <q,

Case 3": 0<r<pAs=0,

Case 4%: (r,s) = (0,0), (0,q).

=W

Lemma 8.3. For each (r,s) € K|

g the degeneration of {7 ;|i € Z} can be
described as follows:

1. Case 17: no degeneration.

2. Case 2t: 07, | =n? (i € Z>),

3. Case 3": ng, =n3,_, (i €Z),
NZ9i—1 =09 =05 =031 (r,s) =(0,0) .

4. Case 41: '~ > - - i € Z>g),
N%9i-2 = 1791 = 341 = 13; (r,8) = (0,9) ( 20)

Thus, the following list exzhausts the set of n such that (A, q4,m) belongs to

Class R*:

Case 17 ni (i € Z)
Case 27| 1" (i € Z>o)
Case 37 77({1)1'712» (i € Z>0)
Case 47| 3, (i € Z>0)

Remark 8.2 In Case 4%, for (r,s) = (0,0), i = 0, we have nj = 7; -
Besides this case, the n’s in the above table are all distinct.
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8.1.3 Zeros of det(FA,n)n

For the study of the Jantzen filtration defined by the homomorphism I ,,
we list the zeros of the determinants det(I's ,)n (n € Zs(). We set

Dr(\n) = {(a, B) € (Z0)*|] 5(X, ) = 0}, (8.4)
where @1 ;(X, ) is defined in Theorem 4.3, and

Dr(An) = {ap|(a, ) € Dr(\,n)}. (8.5)
Moreover, for n € Dp(X,n), we set
ar(n) = t{(a, ) € Dr(A,n)|af = n}. (8.6)

To describe Dr(\, 1), we introduce and recall some notation. In Case 17,
to parameterise the elements of the set Z._j;) U {i} UZ;, it is convenient
to use the following notation:

i (n=
Indeed, ¢(i,0;n) is one of £(]i| + |n|) and
Zic —5) U{i} U Zsyy) = {L(i,0;n)|n € Z}.
Then, the set Dr(\,n) and ar(n) are described as follows:
Lemma 8.4. 1. Case 1T: n =17 (i € Z),

Dr(\,n) = {he@,o26—1) — hilk € Z>o}.
2. Case 2t: n=n? (i € Z>o),
Dr(M\n) = {hitor—s, . — hilk € Zso} .
3. Case 37: = N0_1yi-1 (i € Z>p),
Dr(A,n) = {h(fl)i‘“k—‘sa,f(i+2k75m_) —h_1yi-1lk € Z>0} .
4. Case 472 n =n3; (i € Zo),
Dr(A\,n) ={hiror — hailk € Z<o}.

For any n € Dr(\,n), we have ar(n) = 1.
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8.2 The Jantzen (Co)filtrations of Fock Modules

In this section, we fix some notations on the Jantzen (co)filtrations defined
for the maps I'y, and LM, As an application of the structure theorem of
Verma modules in Chapter 6, we determine the structure of the Jantzen
(co)filtrations of Fock modules. Throughout this chapter, as in § 5.5.1, let R
be the polynomial ring C[t] and Q its quotient field C(t). We denote the t-adic
valuation @ — ZU{oo} by ord; and the canonical projection R — R/tR ~ C
by ¢¢. The functor Modg — Vectc induced from ¢; is denoted by the same
symbol.

8.2.1 Contragredient Dual of gr-Modules

Let us first recall some notations from § 1.2.2 and 3.2.1. Let (g,h) be a Q-
graded Lie algebra with a ()-graded anti-involution o and ¢ : Immg — @ the
map defined in (1.6). Recall that G := Q/Imu, gr := gk R, hr := h Rk R,
b = (h*) @k R. We denote by o the anti-involution on gz induced from
.

Here, for a G X hy-graded gr-module V, we define the ‘contragredient
dual’ V¢ as follows:
Definition 8.2 Suppose that V = @(a N)EGxb f/j\o‘. We set

Ve .= @ HomR(f/j\o‘, R)
(a,\)EGXh%

and regard it as gr-module via

(@.f)(v) = flor(x)v) (z€gr, fEV, vEV).

8.2.2 Fock Modules over gr

Let H := @,,c5, Can ® CKy be the Heisenberg Lie algebra (see § 1.2.3). For
i1 € R, we define the Fock module F7} over Hr := H ®c R as follows: set
H% := HZ @c R, and introduce an Hz module Rj := R1; of rank one by

_oradation: (R;)°? = Ry (6=0)
1. Q-gradation: (Rj) {{0} (57’50),

2. Hz-action: ag.1; = fjls, Kwn.1; = 15, Hi.15 = {0}.
We set



8.2 The Jantzen (Co)filtrations of Fock Modules 271

Fih = U(Hr) ®, o) Ri

Next, we introduce the action of the Virasoro algebra gr := g ®c R on
FJl. For A € R, we let gr act on F3, by

1 -
—n—2 o 20 . ~
EZan — 50@(3’) o+ Xa(z), Cr— C;\ld}-;,a,
ne

and denote this gr-module by }—;\773

Let (]:;\77{)6 be the contragredient dual of ‘7:;\77% (Definition 8.2). By the
same argument as in the proof of Corollary 4.1, one can show

Lemma 8.5. There exists an isomorphism (fgn)c o~ .7-":\2);;77 of gr-modules.

8.2.3 The Jantzen (Co)filtrations defined by I'y, and
| R

Here, for (), ji) € R?, put (& h) := (c5, h‘;\‘) and (¢, h) := (¢¢(), ¢¢(R)). Notice
that (¢,h) € R2.

First, we recall some notations for Verma modules over g from § 5.5.1.
Let MR(C h) be the Verma module over gr with highest weight (¢,h) and
Mgz (¢,h)° the contragredient dual of Mz (¢, h) (Definition 8.2). Let v;j, be

a highest weight vector of Mz (é h) and (-, &5 the contravariant form on
Mg (&,h) which satisfies (v, ;, Vs p)an = 1. Asin § 3.2.2, we assume that

()& is non-degenerate, i.e., det(c, R)n # 0 (Y1 € Zs).
Notice that, for any (\,7) € C2, if (,7) € R? is so chosen as
i) == A+t + 1), (8.8)

then, one can directly check that (-, -) zj 1s non-degenerate.

Let us introduce the Jantzen (co)filtrations defined from the homomor-
phisms I, and LM under the perturbation (8.8). The universality of
Mg(c, B) implies that there exists the homomorphism of gr-modules

Iy ;: Mr(é,h) — F

SR véﬁo—>1®1ﬁ.

We consider the following transpose of I X25—7

LA F o~ (FM)e 25T Mg (6,02 )0 = Mg (é,h)°.
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Since (-, ") is non-degenerate, the go-modules Mo (¢, h) := Mg (¢ h)®r
Q, 7! 0 = Fl . ®r Q Mg(é,h) := Mo(é,h) ®r Q are irreducible, and
I 9r Q- Mg (& h) — fgg and LM @z Q : fgg — Mg(& h)? are
isomorphisms. Hence, we can consider the Jantzen (co)filtrations defined by

these homomorphisms as in § 3.3. Here, we collect some notation for those
Jantzen (co)filtrations:

1. The Jantzen (co)filtration defined by f;\ﬁ:
M(c,h) D M(c,h)(1) D M(c,h)(2] D---, Fl —-F!A] - F 2] - ---,

F/U] : M(c,h)(k] — F)(k] is the kth derivative, my : Fy — F) (K],
TK(k —1] C F such that IK(k — 1] = Kermy).

2. The Jantzen (co)filtration defined by LA
FIOFRINM)>FN2) D+, M(c,h)—M(c,h)°[1)—M(c,h)°[2)—---,

Lo o F[k) — M(c,h)°[k) is the kth derivative, m) : M(c,h)¢ —
M(c,h)[k) and IK[k — 1) C M(c,h)¢ such that IK[k — 1) = Kermy,.

Here, k € Z is assumed to be positive.

8.2.4 Character Sum Formula

Here, we choose (X, 7) as (8.8), and set (¢, h) 1= (e(cz), ¢t(h7;)). By Proposi-
tion 3.4, one can show the following proposition in a way similar to the proof
of Proposition 5.8:

Proposition 8.2

S chM(e, )l = > ord W) 4(A 7)) x ch M(c,h+ af),
=1 (a.)€Dr (Xn)

where Dr(\,n) is define in (8.4).

The value of ord; II/;r 6(5‘7 7) in the right-hand side of the above formula is
given by
L0 =0)
0 (Zl500m) £0)

From now on, suppose that (A,7) belongs to Class R™, namely, A = X, 4
for some p,q € Z~ such that (p,q) =1 and

ord, @jﬁ(}\’ 7) = {
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ny (1€Z) Case 17
ng (i € Z>p) Case 27
n=q = L (8.9)
N_1yi-14 (i € Z>y) Case 3
ng; (i € Z>p) Case 4T
We recall the following notation introduced in (6.1):
h; Case 117, 27
gi = h(il)i—lz‘ Case 3+ . (810)
hai Case 41

Hence, we have h] = &;. By Lemma 8.4, we have

Lemma 8.6. Suppose that n is chosen as (8.9).

1. Case 11:
ZchM .&)( ZchM iio2b-1)) -
2. Case 27:
ZchMcfz ZChM ¢, Eivan—s, . ) -
k=1
3. Case 37:
ZchMc& ZchM ¢, Eivan—s, ) -
4. Case 41:
ZChM(Q &)l = ZChM (e;&itr) -
=1 k=1

We omit writing the character sum Y~ ch M(c, h)¢[l) for each case explic-
itly, since this follows immediately from this lemma and the duality principle
explained in Proposition 3.9.

8.2.5 Structures of the Jantzen Filtrations defined by
%5 and L7

Here, we determine the structures of the Jantzen filtration {M(c, &;)(n]} and
cofiltration {M (¢, &;)¢[n)} with the aid of the classification of submodules of
M(e,&;) (Proposition 6.1).

Recall that (\,7n) belongs to Class R and n¢ and &; are given as (8.10)
and (8.1). As in § 6.1.3, for ¢,j € Z (in Case 17), i,j € Z>( (in Case 2,
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3%, 4%) such that (|¢| < [j]), we identify M (c,&;) with its image under the
embedding M (c,§;) — M(c,&;).

Proposition 8.3 Suppose that n is chosen as in (8.9). For any n € Zso,

1. Case 17: M(c,&)(n] = M (¢, u(i,0i2n-1)) -
2. Case 27: M(c,&)(n] = M (c,&iq2n—s,.,)-
3. Case 3": M(c,&)(n] = M (¢,&iyon5, ).
4. Case 4%: M(c,&)(n] = M (¢,&4n)-

Proof. Here, we show the proposition in Case 17, since the other cases can
be proved similarly. By Lemma 8.6, we have

Z ch M(C, fl)(l] - Z ch M (Ca EK(i,a;?kfl)) : (811)
=1 k=1

We prove the statement by induction on n. It follows from (8.11) that

{M(Cv gi)(l]gl(i,a;l) }g+ 75 {0}7 [M(67 gl)(” : L(Cv g[(i,a;—l))] =0. (812)

Hence, Proposition 6.1 implies M (c, &;)(1] ~ M(c, {¢(i,0;1)), and the statement
holds for n = 1. Next, we assume that the statement holds up to n — 1. From
(8.11) and the inductive hypothesis, we have

Z ChM(Cv 51)(” = Z ch M (Ca gﬂ(i,aﬂkfl)) .
l=n k=n

Hence, by a similar argument to the case of n = 1, we obtain M(c,&;)(n] ~
M(C7 Eé(i,o’;Zn—l))- Od

Combining Proposition 8.3 with Proposition 3.9, we obtain

Proposition 8.4 Suppose that n is chosen as in (8.9). For any n € Zso,

1. Case 17: M(c,&)¢n) ~ M (c7 fg(iﬁg;,%“))c.
2. Case 2t: M(C, Ez)c[n) ~ ]\4(67 €i+2n,50,7)c.
3. Case 3%: M(c,&)¢[n) ~ M(c,&ivon—s,. )"
4. Case 41: M(c,&;)¢[n) = M(c,&n)C.

8.2.6 Singular Vectors and M (c,&;)(n]

Until the end of this subsection, we fix i € Z and o € {+} (in Case 1T)
and ¢ € Z>o (in Case 2T, 37, 47). Here, we give some diagrams describing
the structure of M(c,&;)(n]. To this end, let us relabel the singular vectors
of M(e,&;) given in Proposition 6.1 as follows:
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1. Case 17: For n € Z, w, € {M(c, fi)&(iyom)}f \ {0}.

2. Case 2%, 3%, 4F: For n € Zsg, w, € {M(¢,&)e,.,. 1 \ {0}.

Recall the diagrams below that describe the structure of M(c,&;) (see § 6.1.2):

Case 1™ Case 21, 3T, 47

AL D
XL
XL
XL
X7 ]

Here, @w denotes a singular vector w, and the arrow we — @w’ indicates
that w' € U(g)w. By using these diagrams, the structure of the Jantzen
filtration stated in Proposition 8.3 can be described as follows:

Case 2T (0 =+) Case 2t (c=-)

Case 11 V Case 3t (0 = —) V Case 3t (c =+) Case 4"
Wo
/.\ ® Wy wo ® Wy
J) (N T . o
w_o 0><0 W @ W1 @ W2 o W1
w-3 @ o ws; o W o w3
A N - .
w_g 0><0 W4y ® W3 ® Wy ® W2
W-s @ .~ e ws o Wy ® Ws
% N S .
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8.2.7 Cosingular Vectors and M (c,&;)¢[n)

Using diagrams similar to those in the previous subsection, we describe the
Jantzen cofiltration {M (c,&;)¢[n)}.
We first explain the structure of M (c,&;)¢. Let

T 2 M(c, &) — M(c,&)° (8.13)

be the surjection obtained by dualising the embedding M(c, &) — M(c, &).
By Theorem 6.6, we have

1. Case 17: For n € Z, Homg (M (¢, &y(i,0:m) ) M (c, &) # {0}
2. Case 2%, 3%, 47: For n € Z>g, Homg(M (¢, &i4n), M (c, &)) # {0}

Hence, there exist the following non-zero vectors wg, € M (c, ;)

1. Case 1*: For n € Z, w € M(c,{i)gm o satisfying m; s(i,om) (wy,) =
Ul?(i,a;n)'

2. Case 2%, 3%, 4%: For n € Z>, wt, € M(c, §i)gi+n satisfying m; ;4 (wS) =
UE -

Here vj is a non-zero vector in M (c, &), -
These vectors are cosingular vectors of M (c, &)°:

Definition 8.3 Suppose that M = @, .c M}, is a (g,b)-module and u € M.
Ifu ¢ U(g9).-Mp—z.,, then u is called a cosingular vector, where Mj,_z_, ==

®n€Z>o Mh_"'

Remark that singular vectors and cosingular vectors are subsingular vectors
(see Definition 5.3) by definition.
The vectors wf, enjoy the following property:

Proposition 8.5 Suppose that m,n € Z (in Case 1), m,n € Zx>q (in
Case 27, 3%, 41). Then, ws, € U(g)wS, if and only if wy, € U(g)wp,.

Proof. We only consider Case 17 since the other cases can be proved simi-
larly.
We first show that for any submodule N of M(c, &;)¢,

IN:L(e.6)] £0 = [N:Le,@)] #0 (<[ +1 < VI <[k —1). (8.14)

Since N — M(c,&;)¢, there exists a surjection f : M(c, &) — N€. Since
[N : L(c,&)] = [N€: L(c,&)], by applying Proposition 6.1 (the classification
of the submodules of M (c,&;)) to Kerf, we obtain (8.14).

Now, we prove the proposition. Set j := £(i,0;n). Let m; _; be the sur-
jection (8.13). It is obvious that w{ € Kerm; _;. On the other hand, (8.14)
implies Kerm; _; C U(g).wg, since [U(g).wt, : L(c,&;)] # 0 and M(c, &)
is multiplicity free. Hence, Kerm; _; = U(g).w?,. Since wg, € Kerm; _; <
|m| < |n| V m = n, the proposition follows. O
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The structure of M (c,&;)¢ stated in Proposition 8.5 can be described by
the following diagrams:

Case 17 Case 2T, 37, 47

(&
wWo .
/! .\ T“’O
we g o><o wy wi
(& (& (&
Wg >< Wy w;
(& C &
we 5 >< w3 ws
C (& C

Here, ow denotes the cosingular vector w, and wo — Ow’ means w’ €
U(g)w.

Next, we describe the structure of the Jantzen cofiltration given in Propo-
sition 8.4 by means of the above diagram. The following diagrams indicate
the structure of the increasing sequence IK[0) C IK[1) C IK[2) C --- of the
submodules which satisfy M(c, &;)°[k) = M(c,&)¢/IK[k — 1).

Case 27 (0 = +) Case 21 (0 = -)
Case 17 V Case 3t (0 = —) V Case 3T (0 =+) Case 4"

wC
0 (& c (&
[ ] ® Wq ® Wq ® Wy
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8.3 Structure of Fock Modules (Class R™)

In this section, we reveal the structure of Fock modules. One of the key facts
in the proof given below is that the multiplicity of L(c, k) in F} is at most 1.

Throughout this section, suppose that (A, n) belongs to Class R™. Hence,
A= Xpq (D, ¢ € Zsg such that (p,q) = 1) and n is taken as in (8.9).

8.3.1 Main Theorem (Case 11)

In this subsection, we prove the structure theorem of Fock modules in Case
1+, After stating them, we give intuitive explanations of these statements by
using diagrams.

We fix i € Z and 0 = =+, and briefly denote £(i,0;n) by £(n). Here, we set
F\[0) := FY for simplicity.

Theorem 8.1 1. For k € Z~,

Gr = IK(k — 1] N FJ[k) ~ L(c, §(—2k41))-

2. Let F1 :=F) /®kEZ>o Gr and let Pt : Fy — F be the canonical projec-
tion. For k € Z>o,

L(c, §o—ar)) © L(c, &pary) (k> 0)

Gr := Pr(IK (K]) Npr(F[K)) = {L(C C00) (k=0)"

3. Let ?Z = FY /@kezzo Gi and let pr' : F) — ?Z be the canonical pro-
jection. Set Pt := pr’ o pr. For k € Z>o,

Gr = DK (k + 1) N DE(F]R)) = L(c, Exaniny),

and ?Z =@rcz., G holds.
We first show a Igreliminary lemma: set C := C(Lgm.
Lemma 8.7. For any k € Z \ {0}, Extg(L(c, &), L(c,€_y)) = {0}.
Proof. From the long exact sequence of Exta( - , L(c,&_)) induced by
0— M(c,&)(1) — M(c, &) — L(c,&) — 0,
we obtain an exact sequence

Home (M (¢, &)(1), L(e,6-1)) — Exte(L(c, &), L(c,€-1))

1 (8.15)
- EXtC(M(C’ gk)v L(C’ g—k))'
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Since Home (M (¢, &) (1), L(e,é-x)) = {0} by Theorem 6.3, it is enough to
show that Extg (M (c, &), L(c,&_1)) = {0}. By Proposition 1.13, we have

EXté(M(Ca gk’)7 L(Ca g—k)) = HOth ((Cc,ﬁk ) H1 (g+7 L(Cv f—k)))a

and H'(g",L(c, &) ~ Hi(g™, L(c,&)) as h-module by Proposition 1.14.
This can be calculated by using the Bernstein—Gelfand—Gelfand type res-
olution for L(c, &) (Theorem 6.9), since it is a g~-free resolution and the
result looks as follows, which is called the Kostant homology:

Hy(g™, L(c,§k)) =~ CC,f\kH»l & Ccvffﬂc\fl' (8.16)
This formula implies
EXté(M(Q k), L(c, k) =~ Homy, ((CC7EIC ) (Cc,§|k\+1 & Ccigf‘k‘—l) = {0}7
hence the lemma is proved. O

PROOF OF THEOREM 8.1. The proof is based on the fact that F} is multi-
plicity free and the following formulae:

2k’
chIK(K]= Y chL(c&ym), chFIE)= > chL(c,&wm)),
n=—2k"'—1 In| > 2K —1

n # 2k —1
(8.17)
which follow from Propositions 8.3 and 8.4.
The first statement is clear since (8.17) implies

UK (k—1]: L(c,h)] =1=[Flk) : L(c,h)] & h=~E—ok+1)-
We show the second statement. By (8.17), we have
LK (K] : L(e.h)] = 1 = [F][k) : Lic,h)

o he {e(—2k+1)s Eu(—21), Se(—2k—1): Eeary b (k> 0) 7
{€o=1), &0y} (k=0)

which implies

Gy = ch L(c, &(—ar)) + ch L(c,&ar)) (k> 0)
ch L(c, §4(0)) (k =0)

by the definition of pr. Combining this with Lemma 8.7, we obtain the second
statement.
We show the last statement. It follows from (8.17) that

[IK(k+1]: L(c,h)] =1 = [FVk) : L(c,h)] < h € Hy,
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where

Hy = {5@(—2k—j1)7£€(2k+j2)|j1 =-1,0,1,2,3, j2 = 0,1, 2} (k > 0)

Hence, we see that chgk = ch L(c, &y(2+1)), and thus, Ek ~ L(c,&p2r+1))- By

comparing both sides at the level of characters, we have .7'; = @kez>0 G-
Now, we have completed the proof. -
Finally, we make a comment on subsingular vectors of Fy.
The following vectors in wf € Fy (n € Z) are subsingular vectors:

.

L. For k € Z>o, w{2k+1 € (gl% )6[(—2k¢+1) \{0}
1,587

2. For k € Z, wly, € 710 )evsan \ {0}

1 =0
3. For k e Z207 wgk—o—l €pr (gk )5((2k+1) \{0}

By definition, wf%_l (k € Z>y) is a singular vector. In particular, we have
Homg (M (c,&o(—2k-1y), Fy) = C. By dualising it for n — 2\ — 7, we obtain
Homg (FY, M(c,&u2r+1))¢) = C. Hence, one may choose wgkﬂ (k € Z>o) to
be a cosingular vector, as a preimage of a cosingular vector.

In [FeFud], B. Feigin and D. Fuchs gave an intuitive description on the
structure of Fock modules in Case 11 by making use of the following diagram.
Here, the symbol @ (resp. O and ©) signifies a singular (resp. cosingular
and subsingular) vector.

w
°

! f
wis e wy
w? wy

!
wlis e Wy

KX XK XKD

Roughly speaking, the arrows in the above diagram can be drawn by patch-
ing the structure of the Jantzen (co)filtration M(c,&;)(k] and M(c,&;)°k).

By Proposition 3.7, the kth derivative Fikg induces an isomorphism
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TK (K|/TK (k= 1] ~ M(c, &)(k]/M (¢, &) (k + 1].
The structure of M (c,&;)(k]/M(c, &) (k + 1] can be described as

O W2k —1

/|

I/.wzk
)
Am

Similarly, the kth derivative L[k) induces an isomorphism

w_2k

W—_2k—1

Fllk)/Fllk+1) ~IK[k)/IK[k—1).
The structure of IK[k)/IK[k — 1) can be described as
WE 511 0
we 9, O owgy,
OWsp 41

By patching these subdiagrams, one can draw the arrows in the above dia-
grams.

Next, we give an intuitive explanation on Theorem 8.1 by using the above

diagram. The symbol x means that, under the map pr or pr, the image of
the corresponding vector vanishes.

A 7 7
o [ ] X
[ ] o X @) X [ J

kel
=

Pictorial explanation of Theorem 8.1
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Finally, we describe the structure of 1K (k] and F}[k).

2 ?
Xl
KA ? 3 SO

>< f 5 >< Fil2)
© O ><o
IK(2]
CIK@) [>< >< _________ _—

Pictorial explanation of IK (k] and F}[k)

Remark 8.3 Here is an alternative proof of Theorem 8.1. For example,
let us show that there exists a submodule Q,g C .7-';\’ which is isomorphic to

L(c, @(72;%1)) as follows:
By Proposition 8.4, we have f;[k)ge(i%ﬂ) + {0}. Hence, G, := U(g).ux
+
(uy € ff[k)g(_%m \ {0}) is a highest weight module. To show that G, is
irreducible, let us consider the following sequence:

g-%—

G — Flk) — Flk)/Fllk+1) ~ IK[k)/IK[k—1) =~ Kermy_op41),0(—2k-1)-

. +
Since (Kerﬂg(,2k+1)’g(,2k,1))ge(iQk) = {0} and F[k+ D)égeon = 10}, we see

n
that (g;c)gz(izk)
Lo-weight §y(+o1). Hence, by Proposition 6.1, G, is irreducible.

= {0}. This means that G, does not have a singular vector of

8.3.2 Main Theorem (Case 2% and 37)

The structure of Fock modules in Case 21 and 31 can be described as follows:

Theorem 8.2 1. (Case 2T Ao =+)V (Case 3" Ao = —):

a. For k € Z>o,
gk = IK(k] n f;[k) ~ L(C7 £i+2k)~
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b. Let 7-";7\ = .7:;7 /@kezzo Gr and let pr : .7:;7 —» ?K be the canonical
projection. For k € Zxg,

Gr =Dt (1K (k+1]) N DT (FY[k)) = L(c, Eitani1),
and FJ = @kGZZO Gy holds.
2. (Case 2T Ao =—)V (Case 3" Ao =+):
a. Fork € Z-o,

gk = IK(k - ].] ﬂ]:;[k) ~ L(C, £i+2k71)~

b. Let fz = Fy /®kez>o Gr and let pr : F) — ?K be the canonical
projection. For k € Z>,

Gr =BT (1K (k]) N BT (F{[8) = Le, iv20),
and fz = @kezzo Gy holds.

Proof. In Case 2% and 37, the Fock module F} is multiplicity free. Hence,
arguments similar to the proof of Theorem 8.2 work. We omit the details. O

Similarly to Case 17, we describe Theorem 8.2 by using diagrams. The
structure of Fock modules in Case 2t and Case 31 can be described as

follows:
(Case 2t Ao =+) (Case 2T Ao =—)

V(Case 3t Ao = —) V(Case 3T Ao =+)

° w(’; ° wg
w] i w]
[ ] U}g © wg
wy ° wg
° w;{ © Wy
@ wg ° wg

Similarly to Case 1%, the following diagrams explain the statements of
Theorem 8.2 and the structure of 1K (k] and Fy[k).
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(Case 2t Ao =+) (Case 2t Ao =)
V(Case 3t Ao = —) V(Case 3t Ao = +)
n zn n zn
f)\ f}\ f)\ JT)\
[ ] X [ ] [ ]
0 o [ X
o % X % [
[ ] [ J X
[ X © [ ]

Pictorial explanation of Theorem 8.2

(Case 2t Ao = +) (Case 2t Ao = —)
V(Case 3t Ao = —) V(Case 3t Ao = +)
' Sl
IK(©O ¢
............... }_;][1)
'y
IK(1]
......... }_;\][2)
e 3 :
IK(@2 | e
___________ _ _ 1

Pictorial explanation of IK (k] and F)[k).
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8.3.8 Main Theorem (Case 41)

The structure of Fock modules in Case 417 can be described as follows:

Theorem 8.3 For k € Z>g,
G := IK (k| N FJ[k) ~ L(c,&i11.),
and F) = eakeZZo Gy holds.
Proof. This theorem can be shown in a way similar to Theorem 8.1. O

Similarly to Case 17, 27 and 37, one can draw the structure of Fock
modules in Case 47 and those of IK (k] and F}[k) as follows:

oul

ouw!

ol

f

o W}

Pictorial explanation of Theorem 8.3

1K@

ma o Bl

e o P
—m

Pictorial explanation of IK (k] and F)[k).

Remark 8.4 In the case wherep =q=1,i.e.,c =1 and A =0, Theorem 8.3
immediately follows from the unitarisability of F; and the character formula
for L(1,&;) (Theorem 6.13). Indeed, F, as a module over the Heisenberg Lie
algebra H, admits a contravariant form (-,-) with respect to the anti-linear
anti-involution defined by w(ay) = a_p, w(Ky) = Ky, ie., (xu,v) =
(u,w(z).v) forxz € U(H), u,v € Fy. It follows from the explicit formula (4.3)
with A = 0 that (Ly.u,v) = (u, L_,.v) for any n € Z. Hence, F{ forn € R



286 8 Fock Modules

18 a unitarisable g-module with respect to the anti-linear anti-involution @
defined by W(L,) = L_,, (¢f. Chapter 11), and thus, it is completely reducible.
For example, in the case nj = 0 and i%, the corresponding Lo-weights

are h = 0 and %

1, respectively. By comparing the formal characters in both
sides, we have

+ 1
F~ @ Lan?, 57~ L(1,1(2n+1)2).

nEZZO ’ﬂEZzD

S

These are special cases of the above theorem. Irreducible decomposition of
Fock modules (belonging to Case 4%1) by using their unitarisability can be
found in [KR].

8.3.4 Classification of Singular Vectors

In this subsection, we classify the singular vectors of Fock modules. We first
show the uniqueness of singular vectors in Fock modules.

Lemma 8.8. For any h € C, dim (f;\])}gl+ <1.
Proof. Since dim (f;])}gl+ < [F{ : L(c, h)] by Lemma 1.9, the lemma follows
from the fact that F) is multiplicity free. a

Since for Class V', I and R™, Fock modules are isomorphic either to Verma
modules or their contragredient duals, we deal only with Class R so that
we choose (A, 1) as A = A, 4 and (8.9).

Here, we describe the following set of Lo-weights of singular vectors:

{h eC ‘(fg){ £ {0} } . (8.18)

Proposition 8.6 The set (8.18) is given as follows:

1. Case 1%: {gé(i,a;n)‘n €—-1- QZZO} U {fz}

2. (Case 2" Ao =+) V (Case 3t Ao = —): {&1nln € 2Z>¢}.

3. (Case 2" Ao =—) V (Case 3t Ao =+): {&qnln € 14+2Z50} U{&}-
4. Case 41: {&4n|n € Z>o}.

Proof. First, we show the proposition in Case 17. By the first statement of
Theorem 8.1, we have

{EiomIn € =1 —2Z0} U{E} € {h e CI(FDS # {0}}.

To show the opposite inclusion, it is enough to prove that

FikE = {0} (he {€e=21), Eecany> Searr1) 1), (8.19)
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since [Fy : L(c,h)] = 1 = [F)[k) : L(c, h)] for the above h. Let us consider

Flk) — Fllk)/Fllk+1) ~ IK[k)/IK[k —1).

Since (IK[k)/IK[k—l)){r = {0} for any h € {§y(—an), Se2r)s Eoc2rt1) 5 (8.19)
holds. Thus, the proposition holds in Case 17.

In Case 27 and Case 37, by Theorem 8.2, one can similarly show the
proposition. In Case 4%, the proposition is an immediate consequence of
Theorem 8.3. O

Remark 8.5 The singular vectors of Fock modules in Class R™ can be ex-
pressed in terms of the Jack symmetric polynomials. This follows from The-
orem 8.7 in the next subsection and the following observation: by Proposi-
tion 8.6, one can check that dim(F) )¢, 1n =1 (n € Zs) if and only if there
exists a pair (r,s) € Z2 such that ¥, (\,n) = 0 and rs = n, where ¥~ (X, 1)
is a factor of the determinant of L™ (cf. (4.26)).

8.4 Jack Symmetric Polynomials and Singular Vectors

In this section, we show that homomorphisms between Fock modules are
provided by the so-called screening operators. Here, we recall the definition
and make comments on a sufficient condition for which screening operators
are non-trivial. As an application, we show that singular vectors of Fock
modules can be expressed in terms of the Jack symmetric polynomials.

8.4.1 Completion of Fock Modules and Operators

We introduce screening operators by using the operator V), (z), which was
defined in § 4.3 for p such that u? € Z~o. In order to construct screening
operators appearing in the following subsections, the operators V,(z) with
1 € C and their compositions are necessary. To treat them in a rigorous
manner, following [TK2], we introduce completions of Fock spaces and the
notion of operators on them.

First, we introduce a completion of F"7. We set

Frm [ @y men

TLGZZ()

and regard it as a topological space with the product topology. Note that Fn
is a complete topological space, and F" is a dense subset of F. Hence, the
actions of H and Vir on F" can be extended to those on F7 continuously.
When we regard F as a Vir-module, we denote it by ,7:";7 Further, we can
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uniquely extend the pairing ( , ) : (F7)¢ x F" — C to a continuous bilinear
form

(,):(FN)°x F1 — C.

We introduce operators on F7. We call a linear map O : F — F™ an
operator. An operator O(&y,- - ,&,) from F™ to F2 which depends on
complex variables &1, - , &, is said to be holomorphic if (vf, O(&;,- -+, & )u)
is a holomorphic function for any v € (F72)¢ and u € F.

Next, we define the composition of operators. It should be noted that the
composition of operators Oy : F — Fm and Oy : F12 — F™ does not
always exist.

In order to define the composition of operators, we recall that

Lemma 8.9. There exists a one-to-one correspondence between the set of the
operators from F™ to F"2 and the set of the bilinear maps from (F2)¢ x Fm
to C. In fact, an operator O corresponds to the bilinear form O’ given by

O’ (vl u) := (vf, Ou),
where vi € (F"2)¢ and u € F™.

Using this correspondence, we define the composition of operators as fol-
lows: Let {v;};ez, be a basis of the weight subspace (F"2)~"" and let
{U }iez, be the dual basis. We say that operators O; : F — F™ and
Oy : F12 — F™ are composable if

o0

Z Z<wT’OQUi><UI,01U> < 00

n=0 |i€T,

hold for any w! € (F™)¢ and u € F™. For composable operators O; and
O, the composition Oz := 02,01 : F™ — F™ is defined as follows: Let
Of : (F™)¢ x F — C be the bilinear map given by

Z Z f , Ogvr)( vH,01u>
n=0nepP,

We define the composition Oz as the operator corresponding to O} by
Lemma 8.9.

8.4.2 Screening Operators

To define screening operators, recall some notation introduced in § 4.3. For
n, € Cand z € C*, e' € Homy (g (F", F#) and 2#% € Endy ) (F")
are the linear maps satisfying
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et (1®l) =101y, (11, =z""'(1c1,).

We introduce the vertex operator V,,(z) with p € C, which is an operator
in the sense of the previous subsection.

Definition 8.4 For u € C, we define an operator V,(z) : F! — Fte py

k=1 k=1

Here, it can be verified that vertex operators V,,(zq4 1) : F1H0—Dm — Frtin
(i=1,---,a) are composable (see e.g. [TK2]). In a way similar to the proof
of Lemma 4.6, the next formula is valid:

Vi(21) -+ Viu(za)

L e ()

1<i<j<a i=1 k=1 (8.20)
a
xHexp( ]: i_k>Hzfa°
k=1 i=1
for z1,-- -, 2z, satisfying |z1| > -+ > |2z4|. Taking this formula into account,

we set

- —nag—L(a— 2
Ku(21, ,24) = Vu(zl)"'vu(za)Hzi pao—3(a—1)p ’
i=1

My i={(z1, ,2a) € (C)zi # 2 (1 <i < j < a)},

and regard K, as an operator on M, via the analytic continuation. We denote
the multi-valued part of K, by ¥,, i.e.,

a )2
Uy =W, vz) =[] (i—z) [z 2" (8.21)

1<i<j<a i=1

Let S, and SV be the local system on M, whose local section is given by
47; (resp. ¥, ) up to a constant multiple. For p € Zx, the pth chain group
C (Ma,S#) with coefficients in Sl is defined as the complex vector space
spanned by o ® (¥,,), where ¢ is a singular p-simplex and (¥,), is a fixed
branch of ¥, on the image of . The boundary map 0 : Cp(M,,S)) —
Cp-1(M,, S))) is defined, where we set C_1(M,,S,/) = {0}, in a natural way,
and one can define its (pth) homology which is denoted by Hy(M,,S,/) and
is called the pth twisted homology group (for detail, see, e.g., [AK])

Lemma 8.10. Suppose that A\, n and p satisfy
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1 1
)\ziu—,ufl, nz)\—gau—bufl (8.22)

for some a € Z~q, b € Z. Then, by setting
Sr(p;a,b) = / K, (z1,-- ,za)Hz;bfldzi D F— Fyrer
r i=1

the map Sr(p;a,b) : Fyl — FIT is a homomorphism of g-modules, where
I € Hy(M,,SY).

Proof. The commutation relation

n 0
LoVl = {5 + 10+ D V(o)
stated in Lemma 4.4 holds for any u € C, which implies
[LYN KM(Zh e 7261)]

= ) 1
= Zzin{zia +h5(n+ 1) + pag — §(a+ VYK (21, 2a)
i=1 v

and the lemma holds. O

Corollary 8.1 Suppose that A\, n and p satisfy (8.22) and Sr(u;a,b) is non-
trivial. Then,

1. if b >0, then Sr(u;a,b)(1® 1,) € FYT is a singular vector of level ab,
2. if b <0, then there exists a cosingular vector u € Fy of level ab such that
SF(U; a, b)(u) =1® 1n+au'

The homomorphism Sr(u;a,b) is called a screening operator (associ-
ated with a twisted cycle I').

8.4.3 Non-Triviality of Screening Operators

In this subsection, we state a sufficient condition for the non-triviality of the
screening operator Sr(u;a,b).

We will see later in Lemma 8.11 that if the integral [, ¥, [T, zi_ldzi
does not vanish, then Sr(u; a,b) is non-trivial. In fact, the following theorem

on this integral holds: Set
2, ={xeCldld+1)xgZNdla—d)xr ¢Z (1<Vd<a-1)}. (8.23)

Theorem 8.4 ([TK2]) There exists a twisted cycle I' € Ho(M,,S,]) satis-
fying the following conditions:



8.4 Jack Symmetric Polynomials and Singular Vectors 291

1. Formy, -+ ,mq €7Z, if my +---+mg # 0, then

c dz;
v, zzm—7 =0. (8.24)
A0S

2. Suppose that %uz € (2. Then,

dz; — (G —a)p® )L (LG + 1D +1)
/sp H = ];[ (3 e u22+1) . (8.25)

Proof. We first prove 1. Since M, admits a C*-action and the integrand is
homogeneous, the change of variables

z1 =z, zi=wxyio1 (1 <i<a),
implies

(21,7 y2a) € My <= (,y1," 1 ¥a—1) € C* x Y,

a a—1
v, H zlmifldzi = {xm1+"'+m“_1y7' H ym’l} dx H dy;,
i=1 i=1

where we set

Yaor ={(y1,-- 0a-1) € (C\{0, 1)y #y;(1 <i<j<a—1)}

and

a—1

2 2 —Llig—1)u?
U=y, ve) = [ wi—w)* [TO-w)y 2le—Du’,
1<i<j<a—1 1

.
Il

Let [,X be the local system on Y,_; whose local section is given by W;L up
to a constant multiple. By the Kiinneth type formula, there is an embedding
H(C*,C) ® Ha,l(Ya,l,L'X) — Ha(Ma,S/\j) and we denote the image of
(I'1, I';) via this map by I". We have

a
/Wunzri_ldzi:/ xm1+"'+m“71d9:/ Hyml_ldyl
=1 Al

Hence, if >, m; # 0, then the integral fFl gt tma—ldy becomes 0 for any
Iy which implies 1.

Let us make a brief remark on the proof of 2. The case a = 2 is reduced
to the case of the Euler B-function, and for a > 2, this is reduced to the
so-called Selberg integral due to A. Selberg [Sel] given as follows: For
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n—1"n—-1

/[ H a=1( 1—3:z H |xi—xj|2cdx1~-~dxn
0,1]"

1<i<j<n

_H I'la+ (G -1+ (j— 1)) '(jc+1)
I'la+b+(n+j—2)c)I'(c+1)

a, b, c € C such that Rea, Reb > 0 and Rec > — min {%, Rea ~Reb },

For some proofs of this formula, see, e.g., [AAR]. This implies 2. for some
u € C. An analytic continuation of this formula is given by A. Tsuchiya and
Y. Kanie [TK2] by showing that a non-trivial twisted cycle exists if u? € £2,.
For detail, the reader may consult, e.g., [TK2], [AK] and [OT]. O

8.4.4 Jack Symmetric Polynomials

Let A, := C[zy, -+ ,2,]%" be the C-algebra of the symmetric polynomials
in independent variables L1, ,Ty-

The ring A, admits various basis indexed by partitions. A partition I
is a decreasing sequence I = (1,42, - ,i,) of non-negative integers; i; >
ig > -+ > i, > 0. The sum of iy’s is the weight of I denoted by [I], i.e.,
[I| := >"}_, ix. Given a partition I = (i1, ig, -++ i), its conjugate partition
I’ is defined by I' = (4,145, -- ,i),), where 4}, := #{j|i; > k}. The set of the

partitions will be denoted by P.

The non-zero i are called parts of I and the number of parts is the length
I(I) of I. If T has m,. parts equal to r, we may also write I = (1™12™2...),
The dominance ordering in P is a partial ordering defined as follows:

I<J <:>|]I|=|J‘ and i1+ +ixg < j1+ -+ (Vk‘)

Notice that for I,J € P, it can be shown that
<] = J<xT.

Recall the following basic elements of A,: the monomial symmetric func-
tion, the elementary symmetric function and the power sum. For a partition
I with {(I) < n, the monomial symmetric function my(z1,--- ,x,) is defined
by

mﬂ(x17... ,xn) = Z x'l‘fl...w;};n’
(15 vm)
where (91, ,7n) in the right-hand side runs over all of the distinct per-

mutations of I = (iy,42, -+ ,i¢). For r € Zsg, the elementary symmetric
function e, (z1, -+ ,2,) and the power sum p,(z1,---,2,) are defined by
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er(xlv T vl'n) = m(l’“)(xlv o ,xn) andpr(l'l, t axn) = m(rl)(l'la t axn)a
namely,

n
er(xla"' 7xn): Z Thy * " LTk, pr(xl,"',fl?n):zxﬁ
k1 <--<kp k=1

For a partition I € P, we set e := e;, €;, - - - ;. Notice that

er = myp + Z ar,ymy
J<I

for suitable coeficients ar j.
The Jack symmetric polynomials are characterised as eigenfunctions of
the following differential operator (the Laplace—Beltrami operator): for

a e C, set
- 0
D) .= Z + 0y (8.26)
2= 1<k¢z< g — 2y Oy

Theorem 8.5 For each partition 1 with I(I) < n, there uniquely exists a
symmetric polynomial Jy(x1,- -+ ,xn; ) € Ay, with parameter « such that

1. Ji(x1,- -, xn; @) is an eigenfunctions of D(®) | i.e,
D Jy(zy, - ansa) = ef(@)Ji(x1, - T ). (8.27)

Here, the eigenvalue er(a) is given by

¢
sz k=1 +> (n—k (8.28)
k=1

2.
B wea) = S anmy(en, - o), (8.29)
I<I
where agy € C (depending on o) and, in particular, app = 1.
The polynomial Jy(x1,- -+, xn; @) is called the Jack symmetric polynomial

indexed by 1 with a parameter o € C.

For an outline of the proof of this theorem, see [Macl]. The explicit form
of the eigenvalue ej(a) follows from [Mac2] (Example 3 in Section 3 and
Example 2 in Section 4 of Chapter VI).

Remark 8.6 The Jack symmetric polynomial Jy specialises to some well-
known classical polynomial for particular a:

1. for a = 0, Jy(x1, -+ ,2,;0) = ep(z1, - ,x,) where I is the conjugate
partition to 1,
2. for o= 1, they are the zonal spherical functions on GL,(H)/U(n,H),
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3. for a =1, this is the Schur polynomial sy(x1, - ,Zn),

4. for oo =2, they are the zonal spherical functions on GL,(R)/O(n), and

5. for a — o0, they reduce to the monomial symmetric polynomial
mp(x1,- - ,Ty).

8.4.5 Singular Vectors of Fock Modules

Throughout this subsection, suppose that a, b € Z~g and t € C*. We further
suppose that A\, n and p satisfy (8.22) and p = V2tz.

Let P,p(a—1,a-2, -+ ,a_pn;t) € Cla_1,-+-,a_y,] be the polynomial de-
fined by

Sf(ﬁt%;av b)(]- & 117) = Pa,b(a—la A—2, " ,0_n; t) & 1n+a,u7

where S p(\/it%;a, b) is the screening operator. In this subsection, we show
that P, p(a—1,a_2, -+ ,a_pn;t) can be expressed in terms of the Jack sym-
metric polynomials.

By the formula (8.20), we have

Ku(z1,-++,2a)(1®1y)

00
:1<]:[< (Zz — Zj) ]._[1 ; —3(a—1) u? Hexp ( Z 7k> 177+al“
<i<y<a ) =1

which implies

a b a—1," " a—nvt)
a o0 a
/ _ Zj)2t H Z;(a,l)t,bq exp <\/§t Z %zf) dz;.
r i=1 k=1

In order to relate Py p(a—1, -+ ,a_p;t) with symmetric polynomials, we
consider the isomorphism of C-algebras

=

1<z<g<a

bt Ay = Clacy, - asply pr(@n, o m) e (<1) V22, (1< <n).
Recall that {2, is the set defined in (8.23).

Theorem 8.6 Suppose that a and b satisfy ab < n. If t € (24, then the
following equality holds up to a scalar multiple:

Pa,b(a—17 ERP ¢ P t) = L’n(J(ab)(xlv e ,Z‘n,t))

Below, we set I := (a®) for simplicity. Setting
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=

) :Zer(xla"' ’xn)z’r = (1+$k2),
r=0 k=1
we have
E(2)) = NGk _’f
I (]

where by €Cla_y, - - -, a_y] are defined by 1, (pr (z1, - - -, 75)) = (—1)F /2t 2 by..
Notice that by = a_j for 0 < k < n. Since the degree of P, ; is at most n by
hypothesis, we see that

/ H (2 — 2j)? H zi_(a_l)t_b_l exp (\/ité ; a}:%f) dz;

I'1<i<j<a i=1 1
a oo b
—(a—1)t—b—1 1 k
/ ; — zj)thzi (e=1) exp | V2t2 E ?zf dz;.
F1<z<]<a i=1 k=1

Hence, to prove Theorem 8.6, it is enough to show the following proposition:

Proposition 8.7 Suppose that a satisfies a < n. If t € §2,, then

Ji(z1, - wnt) = / 2 — %j 2tH (a=Di=b=1 5 E(z;)dz;,
F1<1<]<a
(8.30)
where I is the twisted cycle given by Theorem 8.4, and Cqy(t) is the constant
that appeared in the right-hand side of (8.25), namely,

(= a)t) (i + Dt + 1)
1;[ rt+1) '

For simplicity, we denote the integrand in the right-hand side of (8.30) by
ét = ¢t(zl7 ttyZas 1yt 7xn>7 i'e'7

a

@t = H (Zz — Zj)2t H Zi_(a_l)t_b_lE(Zi)

1<i<j<a i=1
and denote dz; - - - dz,, by dz. We first show that integral f Pudz satisfies the
condition (8.29).

Lemma 8.11.

/ Pudz = ZchJ(:cl, S TE), (8.31)
r I<I

where ¢y € C (depends on t) and cp = Cq(t).
Proof. By Theorem 8.4.1., we have
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/ (zi—2zj)* H z;(a_l)t_b_lE(zi)dzi = Z crer(@, - ) (8.32)
r i=1 7

1<z<_]<a

where J runs over the set {K € Pgp||K| < a} and Pgp is the set of the
partitions of ab. Since I = (a’), by definition, I’ < J’ holds. Moreover,
ey(x1,- -+ ,xk) can be expressed as

ey(@1, -, ax) = Z cpkmr (21, Tn)
K<’

where ¢y = 1. Hence, (8.31) holds. By Theorem 8.4.2., we have ¢ = Cy(t).
O

Thus, by Theorem 8.5 and Lemma 8.11, it suffices to show that [}, P;dz

is an eigenfunction of the differential operator D(*) with eigenvalue er(t) =
1ab{(a— 1)t +2n—b—1}.

For polynomials f and g in variables z1,- - , 24, 1, , Ty, We set
f=g9g & / fPidz = / gPidz.
r r
Let us denote the total derivative with respect to z1,--- ,z, by d..

We show three technical lemmas. The first lemma is

Lemma 8.12.

=a(n —b).
11;14"’5]@21 ( )

Proof. We compute d,((—1)""1z;®;dz; - dz - -~dz,), where dz; means dz;
should be omitted. Indeed,

d.((=1) 2y ydzy - dz; - dza)

= —QtZ

T2y
Z+2tzzz—zj a—lt—b—|—21+ v ydz

J([F<9) T j(5>1)
=<2t —(a—=1)t—-0 - — 3 dudz.
Z 2 = Zj =1 i ZH-IkZi 1
J(G#1) k

Here and after, Zj (resp. ) ,,) for the subscript j (resp. k) of z1,- - - , 24 (vesp.
X1, ,T,) means the sum over 1 < j < a (resp. 1 < k < n). By summing
up for ¢ and using the formula
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Z Zi Z; 2 ala —1
i p— E < + J ) _ ( )7
o R TR L \RE TR R T 2

1,4 (i#7) 1,5 (i<j)

we have

- — 1
dz{ZHY 1zi¢tdzl~~dzi~--dza} = a(—b+n>—2;m iz,

9 2

and thus, the lemma holds. O

Let us show the second lemma.

Lemma 8.13.

. 2t - 2
Z Z (14 xrz) (1 + zx24) g 1§kz<l§n (14 zk2:)(1 + x2;)

1<i<j<a k=1 i=1

E{(a—l)t—n—&—b—i—l}ZZ%m.

i=1 k=1

—~

Proof. We compute d,((—1)*"12;(1 4+ xp2;) " Psdzy - - - dz; - - - dz,). By direct
computation,

(_1)i_1zi o~
d, { T wdzy oo dzp - dzg

B 1
1 + Trz;

dz((—l)iilzi@td?fl e (z,;z e dZa) — m

q)tdZ

1 Z; 1
= {2 —(a—1)t—0b —1- dudz.
1+ xrz; jg:#) 2 — 25 (a ) tn Z 14+ a2 vz

By summing up for 7 and using the formula

2 L+ zrzi)(zi — 25) 2 ){(1+$kzi)(ziZj)+(1+$kzj)(zjZi)}

1,5 (i7#4) 1,5 (i<g

1
- Z (1+zp2i) (1 + xp25)

1,5(1<4)

we have
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(-1 =
d, 7@11 ~dz; - dzg
(S

2t
= —(a=1t—-0b-1
Z (14 zkz) (1 + zx24) ti{n—(a }Z l—i—xkzZ

1,5 (i<J)
S
i l(l;ék) Lt apzi)(1+ 2iz:)
By summing up for k, we obtain the lemma. O

We show the third lemma.
Lemma 8.14.

a n

—1n 1
D®@, — |+ L —(a—-1 - -
t l { 2 @ )Z T+ 2p2

=1 k=1

+ Z Z (1+xpzi)(1 4+ $ij) } (8'33>

1<i<j<a k= 1

n— 1 1
[
T Z Z (1 +xpzi) (1 4 212) b

=1 1<k<I<n

where D®) is the differential operator defined by (8.26).

Proof. Notice that

i@ — ZL & 8_2¢ - Z ZiZj &
orp —~ 14z b oz} e i (1+zpz) (1 + 2pzj) t

Hence, by setting

T1.2; 2 125
A= D LY s
i, (i#5) (1+ 2p2) (1 + 212) k1 (kAD) (e — 1) (1 + 2p2;)

we have D@, = {% >k Ak + >, Bi}®;. Thus, the lemma follows from the
following computation:
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1 1 1
Ay = 1— _
' ij(lz;ﬁj) { Ltapz 1+ akz; - (14 zrzi) (1 + wx25) }

9 2
sala-D-@-D) et Y A na (e

‘ 0,3 (<)
x2z; T2z
Bi = k<t + 1% }
M(zk;l) { (xp — z1)(1 + xp2;) (21 — 2) (1 + 212;)
1
- Y i)
kl(k<1) (1 +zp2) (1 + m12;)
n(n —1) 1
_ =0 . .
2 Z (I +zpz) (1 + 212;)

k,l(k<l)

PRrROOF OF PROPOSITION 8.7. Finally, we show that fr ®,dz is an eigen-
function of D). Lemma 8.13 implies that the factor

n

ala—1)n - L ) 1
Nz eVt X Y trnantas

i=1 k=1 1<i<j<a k=1

nn-Da & 1
+#*Z Z (1 + 2r2:) (1 + 212:)

i=11<k<I<n

in the right-hand side of (8.33) is equivalent to

ta(a—n  nn-—1a 1 . 1
5 + = —2{(a71)t+n—b71}zzl+xk%.

i=1 k=1

By Lemma 8.12, this is equivalent to fab{(a — 1)t + 2n — b — 1}, which is
equal to e(t) with I = (a’). Hence, we obtain

D(t)/@)dz:e]l(t)/ ddz
r r

and thus, we complete the proof of Proposition 8.7. O
The next theorem is the main result of this subsection:

Theorem 8.7 Suppose that a and b satisfy ab < n. Then, for any t € C*,
Ln(J(ab)(Jh, RN o t)) & 1ytap € ]:/(PHW
s a singular vector of level ab.

Proof. By Theorem 8.6 and Corollary 8.1, the statements holds for t € (2,.
We show that the theorem holds for ¢t € C* \ {2,.
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Let {a1 ® 1, 4qu|l € Pap} be a basis of (]:j\7+w)h§+““+abv where aj is given
by (4.5). By the definition of Vir-action on Fock modules, the condition that
EHGPa,b crar ® 1,44, is a singular vector is a linear equation with respect
to {ci|l € Pup} with coefficients in C[tz, ¢ 2]. Hence, we may assume that
c € (C[t% , t_%}. On the other hand, for t € §2,, ¢y is given by the coefficient of
ap in en (J(vy (w1, - -+, @p;t)). Since 2, is Zariski dense in C*, we may conclude
that the theorem holds for any ¢t € C*. a

8.5 Spaces of Semi-infinite Forms and Fock Modules

Let Vg be the g-module defined in (1.11). Here and after, we simply denote
by Vib its restricted antipode dual (Definition 1.21). Then, one can define the
‘natural action’ of the Virasoro algebra with non-trivial central charge on the
space of semi-infinite forms /\%JF'VGT{IJ7 whose structure was investigated by

B. Feigin and D. Fuchs in [FeFu4]. In fact, certain submodules of /\%“Vib
are isomorphic to Fock modules studed in this chapter. In this section, we
will establish the isomorphisms between these modules via Fock modules over
the Clifford Lie superalgebra.

8.5.1 Space of Semi-infinite Forms

Here, we introduce the space of semi-infinite forms /\%“Vib and discuss
its natural g-module structure. We first recall that V,; := Cuv,, is the
g-module defined by

ne”Z

Lsv, =(as+b—n)v,4s (s€2Z), Cu,=0.

Then, g acts on the restricted antipode dual (V, ;)% as follows: let {v/,}nez
be the dual basis of {v,, }nez, and
Ly, ={—(a+1)s—b+n}v, C.wl, =0. (8.34)

n—s?

The space of semi-infinite forms /\%Jr'Vaﬁb is defined as the space
spanned by formal semi-infinite exterior products

Vi AV AV A (inyig, e € )

with the boundary condition 4,41 = 7, — 1 for n > 0. More precisely,
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Fe
/\ Vaﬁ’bz @ Cuj, ANvjy ANvj, A=+

11 >09>
int1=ln—1(n>>0)

For each ¢ € Z, we set

oo s

i # / / /
/\ Voy = @ Cvj, Nvgy ANvgyg Aeee o

41 >0 >8>
in=t—n(n>0)

By definition, /\%“Vf,b = @iez/\%HVib, and we define u; € /\%HVG‘{IJ
as follows:
Wi =V AV AV _g Aee (8.35)

As we will see in the next subsection, the space of semi-infinite forms
/\7+'Vib equips with the next ‘natural’ g-module structure:

Lg.(vi, Nvj, A+ ) i= ngl Aviy N+ N Lgvj, A--- (for s #0). (8.36)
k=1

However, for Ly, the above ‘natural’ action is not a finite sum, thus, it is not
obvious whether there exists a g-module structure which satisfies (8.36) or
not.

Later, we will show the existence of such a g-action by means of Fock
modules over a Clifford algebra. Here, assuming its existence, we compute the
actions of Lo and C by using commutation relations of g. By [L1, L_1] = 2Lg
and [La, L_s] = 4Lo + 3C, we have

1 1
Lo’u,i = §L1L,1ui = —i(a—b-i-z)(a—l—b—z—i—l)ul (837)

and C.u; = —(12a% + 12a + 2)u;.

8.5.2 Clifford Algebra and Fermionic Fock Modules

Definition 8.5 Let C be the vector superspace

P con @ @ ol @ Cke

meZ mEZ

with the parity |pm| = |¢f,| =1, |K| = 0, endowed with the Lie superbracket
[-.-] (see § C.4.1) defined by

[(pmv 90”] =0= [‘ij @L]a [@m; SOIL] = 6m+n,OKC7 [CvKC] = {0}
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The quotient algebra U(C)/{(K¢ — 1) is called a Clifford algebra, where
(Kc — 1) signifies the two-sided ideal of U(C) generated by Ke — 1.

Let us introduce the module F€ over C called a fermionic Fock module.
We set

=P Comd @ Col, ®CKe,

meZso ’ITLGZZO

and introduce a one-dimensional CZ-module Cl¢ as follows:
|1c| = 6, SDm-]-C =0 (m>0), gDIn.].C =0 (mZO), Kc.].c = lc.
The fermionic Fock module FC is the following induced representation:

F€:=ndS.Clc.

Next, let us introduce a vertex superalgebra (VSA) structure on FC.
We simply denote 1 ® 1¢ € F€ by |0)c.

Definition 8.6  (Vacuum vector) |0)c.
(Translation operator) T.|0)¢ =0,

[Ta @m} = _(m - 1)@771—1; [T7 SOIn] = _mgpin—l'

(Vertex operators) Y (|0)c, z) := id e,

Y(po.0)c, 2) == p(2), Y(ply.]0)c,2) = ¢l (),

where

w(z) = Z omz ™, ol (2) = Z @l z7mL,

meZ mEZ

A super version of Theorem C.1 implies that the above data uniquely de-
termine a VSA structure on F€.

The fermionic Fock module equips with the g-module structure given as
follows: For a, b € C, we set

Teu(2) = (1+a)30p(2)¢" (2)¢ + ag(2)00' (2):

8.38
+(a—b)z7"p(2)¢"(2)5 — %(a —b)(a+b+1)2"%idge, (539

(SR
o o

where the normal order is defined as in Definition C.4. By direct com-

putation, one can check

—(6a2 + 6a+ Vidge 2T, (w)  OTS, (w)

Tac,b(Z)TaC,b(w) ~ (z —w)t (z — w)? 5 —w
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This operator product expansion implies

Lemma 8.15. The following map defines g-module structure on FC:

D L e TS (2), Cr— —(12a° + 12a + 2)id re. (8.39)
SEZL

When we regard the C-module F€ as g-module via the above action, we
denote it by .7-'57,). The actions of L (s # 0), Lo and C on fgjb can be written
as follows:

Ly— — Z {(a + 1)5 +0— m}(psfm(pjn

meZ
a—"b)a+b+1),
Lo — Z (b—m)p_mel + Z (b—m)apjngo,m—( )(2 )ld]_-c
meEZL>q meZso
C +— —(12a® 4 12a + 2)id .
(8.40)

Remark 8.7 In the case where a = 1 and b = 0, the g-module Vi is
isomorphic to its adjoint representation on g/CC. In particular, the pair
(=3(a—b)(a+b+1),—(12a® + 12a + 2)) which appears in the correction
term of the above formula specialises to (—26,—1) = (—v(C), —v(Lo)), where
v is the semi-infinite character of g given in (7.11). For a relation between a
semi-infinite character and fermionic Fock modules, see [IK8].

For later use, let us introduce some notation. Notice that

C _ T T
Fr = @ C@—’ms o P—m P, @—n1'|0>c
S,tGZzO
0<my <---<mg
0<ny < <ny

by the PBW theorem. For each i € Z, we set
.7:6(2) = @ (Cgoims . W*mlwint e sptnl‘0>c (841)
8,t€L>0,5—t=1

0<m<---<mg
0<ny <---<ny

Moreover, we define a vector |i)e € FC(i) as follows:

—iv1p0-l0)c (i >0)
li)e == 10)c (i=0). (8.42)
pl-ol 0 (i<0)

By definition, F¢(i) is a g-submodule of F¢. We denote it by fgb(z)
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8.5.3 Isomorphism between /\%J”Vaﬂ,b and .’Fg,b

In this subsection, we will show that /\%J”'Vau,b and ]—",ib are isomorphic as
C-module. Such an isomorphism induces a g-module structure on A%+.V£7b
from the action on fg’b defined by (8.39). It turns out that this g-action on
/\%Jr'Vib is nothing but the ‘natural action’ (8.36).

We first introduce some notation in order to regard the space /\%“Vib
as C-module. For =z € V{ib and y € V,p, we define e(x) and u(y) €
End(/\%“‘/j,b) as follows:

e(x). (v, Ao, Av-vv) i=a AV Avj, A
o0
B _ (8.43)
W(y)-(vg, Nvog, A---) = Z(*l)k 1<y,v£k>v;1 AViy Ao AL A
k=1

where () : Vg X Vaﬁ_’b — C signifies the dual pairing, and 171’; means that
v, should be omitted.

Lemma 8.16. The space /\%'F'Vib becomes a C-module via the following
map:

o — (v’ y), gp}L —u(v), Kew id/\%+ovﬁb. (8.44)
Proof. By direct computation, one can show

e(vi)e(vy) + e(v)e(vr) = 0 = e(vr)e(ve) + e(vr)e(vr),

e(vp)e(vy) + e(vy)e(vy,) = Opid 5 oyt - O

Proposition 8.8 There exists the following isomorphism of C-modules:
X te
F NV (0 — o) (8.45)

where the vector ug is defined as in (8.35).

Proof. We have ¢,,.ug := 0 (m > 0), i up := 0 (m > 0) and Kc.ug :=
ug. Hence, the universality of ¢ implies that the surjective homomorphism
F¢ — /\%Jr'Vib (|0)¢ = wug) of C-modules exists. Since F¢ is irreducible,
this homomorphism is injective. O

The g-action (8.39) on F¢ = fgﬁ induces a g-action on /\%“Vaﬁb via the
isomorphism (8.45). 7

Finally, we show that the above g-action on /\%“Vau_b coincides with the
‘natural’ g-action (8.36). Indeed, for s # 0, by (8.40), we have
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M

Lg.(vi, Nvjy A---) {—(a+1)s —b+irtv;, ANvj, N---Nvj, N+

ikfs

ol
Il

1

M

v, AV, Ao ANLgwj A---

b
Il
—

(8.46)

where L.vj, is given by (8.34). Thus, the action of g on /\%“Vau’b coincides
with (8.36).

By definition, the subspace fg’b(i) of }"g’b is a g-submodule. Hence, for
any a, b€ C and i € Z,

. T +i
.7:57,,(2) ~ /\ V(f,b (8.47)

as g-module.
The following theorem is the main result of this section:

Theorem 8.8 For any A\, n € C and i € Z, there exists an isomorphism of
g-modules
T o Tt
A Vi =50
Remark 8.8 1. By Remark 1.7 and the above theorem, the central charge
of the Vir-action on N2 T*(C[t,t=1)(dt)*)? is given by —(12a2 — 12a +
2) = —12By(a), where B,(z) € Clz] (n € Zx¢) is the nth Bernoulli
polynomial (¢f. [AAR]) defined by

temt tn
et—1 ZBn(x)ﬁ'
n>0 :

2. Let C be a genus g (> 2) compact Riemann surface and A\, (n € Zsq) the
determinant line bundle of the vector bundle on (a compactification of ) the
moduli space of stable curves of genus g. By Theorem 5.10 of [Mum] due
to D. Mumford, one concludes that c1(\,) = (6n* — 6n + 1)c1(A1). Two
appearances of the 2nd Bernoulli polynomial B are not a coincidence. In

fact, some relations between these two formulae were explained in [ADKP],
[BMS], [BS] and [Kon).

8.5.4 Boson—Fermion Correspondence

In this subsection, we prove Theorem 8.8 via the boson—fermion correspon-
dence. By the isomorphism (8.47), it suffices to show

Proposition 8.9 For any A\, n € C ¢ € Z, there exists an isomorphism of
g-modules:
f)?f%)\fnf%(l) ~ fg Z.
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As a preliminary step, we show the existence of an isomorphism of H-
modules between the above spaces. To do this, let us introduce an H-module
structure on F€(4). Set

al(2) = 2p(2)¢" (2)2 + nztid e, (8.48)

Then, the operator product expansion

holds. Hence, we have

Lemma 8.17. For any n € C and i € Z, FC(i) becomes an H-module via
the following map:

Zaszfsfl — ag(z), Koy — idge(y. (8.49)
SEZL

Proposition 8.10 For anyn € C and i € Z, there exists an isomorphism of
H-modules:

FE(i) ~ FHi,

Proof. Since ag =3, gam<pT_m—Zm>0 <pT_m<pm+nid].—c, we have ag.|i)¢c =
(n+ i)|i)c. Similarly, one can show HT.|i)c = {0} and Ky.|i)e = |i)c, thus,
by the universality of F7+%, we obtain the homomorphism

pui s FTH— FE(@) (In+i) = li)e)

of H-modules. Since F"*% is an irreducible H-module, the map Pn,i is injec-
tive. We show that it is surjective.
Let us introduce Zsq-gradations of F7+% and F¢ (i) as follows:

L. deg(a—m, =~ am,|n+1)) := %Z( 1) 4>y M,
s t
2. deg(¢om, PP, P, 00e) = 00 e+ S M

Notice that they coincide with the Lo-eigenvalue when (\,7) = (4,0) and
(a,b) = (0,0). We denote the graded subspaces of F"** and FC(i) of degree
k by (F1T9)k and FC(i)* respectively.

Lemma 8.18. For any i € Z and k € Zx¢, dim(F")* = dim FC(i)* holds.

Proof. Let us consider generating functions

Li(i—1) i
Z Z dim(F")kzigh = Ziezqz( Dz

Y =T oy
T vz [lhez.,(1 —4")

Z Z dim FC€(i)k 2k = H (1+2¢" " H(1+271¢").

1€ZL k€Z>o n€Zso
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By the Jacobi triple product identity (cf. (10.4)), these generating functions
coincide. Hence, the lemma holds. O

Notice that deg(|i)c) = 3i(i — 1), so we have

poi(FTHF) € FE@)".
Hence, Lemma 8.18 and the injectivety p, ; imply Proposition 8.10. O
PROOF OF PROPOSITION 8.9. By Proposition 8.10, it suffices to compare

the g-actions on F"+% and F€(i), i.e., it is enough to show

10 o]
ioag(z)Qo + A@Zanc(z) = Tf—%,/\—n—% (2). (8.50)
Here, we indicate briefly a proof of (8.50). Since af,(z) = a§(2) +nz " td ey
and

TN 1oyt (2) = T4 s 1 (2) + 127 af (2) + M= Pidre )

hold, it is sufficient to show the case n = 0. The case n = 0 (8.50) can be
proved by using the formula

Sop(2)¢T (2)500(2)9 " (2)58 = 209(2)¢' (2)8 — S0(2)0¢T (2)3
and so on. Hence, Proposition 8.9 holds, and thus, Theorem 8.8 does. O

Remark 8.9 Here is a remark on an alternative proof of Proposition 8.9 via
verter superalgebras. Let Vz be the lattice vertex superalgebra introduced in
§ 4.1.3. It is known that there exists an isomorphism p : F¢ ~ Vg of vertex
superalgebras (see Section 5.3.2 in [FB]). By setting

1 1
WS = {(\+ 5)(,0_13011 + (A= 5)90090[2}-‘(»6,

one can directly check that Tf_l N1

2 2
the vector wy € Vz is given in (4.1). Hence, p is an isomorphism of g-modules
(cf. Section 5.3.4 in [FB]). Recalling Vi = @,., F*, we have

(2) = Y (oS, 2) and p(w) = wy, where

1€EZ

. C ~ 4

p]: —%7)\—% - @‘7:)\7
i€EL

i.e., p is obtained as the direct sum of the isomorphisms in Proposition 8.9
with n = 0. Moreover, combining the isomorphism p with those of bosonic
Fock modules given in Proposition 4.2, Proposition 8.9 has been proved.
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8.6 Bibliographical Notes and Comments

In this chapter, we described the structure theorem of Fock modules over the
Virasoro algebra due to B. Feigin and D. Fucks [FeFud]. To be precise, B.
Feigin and D. Fucks revealed the Virasoro module structure on the spaces
of semi-infinite forms, and we applied their arguments to the bosonic Fock
modules.

In § 3.3 and 3.4, motivated by [FeFu4], we reformulated the Jantzen fil-
tration of Fock modules, and here, using the Jantzen filtration, we simplified
arguments of B. Feigin and D. Fucks. In particular, thanks to Proposition 3.9,
we reduced the proofs of the structure theorem related with contragredient
Verma modules to those related with Verma modules. The reader who reads
the original proof in [FeFu4] should notice some incorrect statements on the
structures of Fock modules in Case ITI" (Class R~ in this chapter).

In 1986, M. Wakimoto and H. Yamada [WY] found that the singular vector
of a Fock module over Vir for ¢ = 1 can be expressed in terms of the Schur
polynomials. Since then, it was quite natural to expect that the singular
vector of a Fock module over Vir for general ¢ can be expressed in terms of a
deformation of the Schur polynomials. In 1995, K. Mimachi and Y. Yamada
[MY] proved that this is indeed the case, i.e., they proved that the singular
vectors can be expressed in terms of the Jack symmetric polynomials, which
was explained in § 8.4.

We also proved that bosonic Fock modules and the spaces of semi-infinite
forms are isomorphic as modules of the Virasoro algebra. Here, we first showed
that fermionic Fock modules and spaces of semi-infinite forms are isomorphic.
As we have mentioned in Remark 8.8, this correspondence leads us to find
an interesting relation between the Virasoro algebra and (a compactification
of) the moduli space of stable curves of genus g (> 2). As M. Konstevich
[Kon| mentioned, it is an interesting question to study this relation from the
viewpoint of the representation theory.

Next, we constructed isomorphisms between bosonic Fock modules and
fermionic Fock modules via the so-called boson—fermion correspondence.
Combining these isomorphisms, we obtain an isomorphism of Virasoro mod-
ules between the spaces of semi-infinite forms and the bosonic Fock modules.
As far as the authors know, a reference on such isomorphisms does not exist,
though the isomorphisms seem to be well-known to experts.

8.A Appendix: Another Proof of Theorem 8.8

In this section, we give a direct proof of the g-isomorphism

240
2 004 ~ N
/\ Viciaon-1 =%
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in Tlggeorem 8.8 by combinatorial arguments. To parameterise basis vectors
of /\7+0Vaﬁb7 we introduce

Ty = {(insiz, o )lin > d2 > o i = =1 (0> 0)},

and set v} := vj Avj, Avj, A--- for I := (i1,iz,--+) € Zy. Moreover, we
associate a diagram, called a Maya diagram, to each v}. It is a sequence
of boxes indexed by 7Z, some of which boxes are filled with a particle. For

I = (i1,12,--) € Zp, we associate the following diagram to v}:

11 12 i3

For example, v} with I = (4,1, -3, —4,---) is represented by using

| [o] [lo] [ | [e[e]e

We first introduce an H-module structure on the space /\%4'0 Vaﬁ b

Lemma 8.19. For n € C, 'H acts on the space /\%+O Vib via

o0 k

an-(vi, NV, A ) = Z”l/d AUy Ao ANvg Ao (n#0),
k=1

ag — nid/\%+0 ng, KH — id/\%Jro ng.

Proof. Tt is convenient to use the following function: for I = (iy,i9,43, ) €
Zo and x € Z, we set

P(:z) = 0 ifil:.xforsomeleZw.
1 otherwise
Notice that, to show Lemma 8.19, it is enough to check that

AmQn — QpGm = MOm4n,0KH (8.51)

holds for m,n # 0, since the other commutation relations [a,, ap] = 0 and
[@m, K7] = 0 obviously hold. Hence, we show (8.51) for m,n # 0.
Suppose that m,n # 0 and I = (i1,42, -+ ) € Zp. By definition,



310

8 Fock Modules

(8.52)

k !
Ay Ay V] = Z Vi N AU N AU A
k#l
ikfn;éil
k
+ZP(I;ik — )V, N ANV, g N
k

We divide the first term of the right-hand side as follows:

k l

E Ugl/\"'/\ngfn/\"'/\vglfm/\"'

k£l
i —NFEi

k l
/ / /
= g AR AN A AN Vi, N
k£l
ik—n;éil
ilfmyﬁik

(8.53)

k
b LA A A AV A

k£l
ik —n;éil
il —m:ik

Here, we consider the following cases:

Case m +n # 0 (m,n # 0). In this case, if i; — m = i, then i — n # 4.
Hence, the second term of the right-hand side of (8.53) is written as

k#l
ik—n?éil
ilfm:ik
k l
= LA AV g N AU A
- v’il vikfn 'Ull*m
k#l
ilfm:ik
l
=— Vi A AU AN AV A
- 11 7;l_ ik—n
k#l
il—m=ik

:—Z(l—P([;il—m))v;1 Ao NG g N
1

Hence, we obtain
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k
Uy O U = E Vi N AU N A A

i1

k#l
ik 771#2’1
il —m;éik

_ngl/\.../\vglinim/\...
l | (8.54)

!
—l—ZP(I;ig —m)vi, A AUy N
1

k

—|—ZP(I;ik—n)ful’-1 Neos AU gy N
k

and thus, (8.51) holds in this case.

Case m+n =0 (m,n # 0). In this case, iy, —n = i; if and only if i —m = iy.
Hence, we have

k
! !/ !/ /
amaim.’()I: E Uil/\”'/\Uikﬁﬁn/\.../\vilfm/\...
[y
ik +m#i

JrZP(I;iker)vgl A, /\vgg/\--- ,
k

and thus,

(G, a—m] V) =D {P(Isig +m) — P(Iyix — m)}vp.
k

Hence, we have only to show
Lemma 8.20. For m € Z\ {0}, the following holds:

> {P(I;ig +m) — P(Iyix —m)} = m. (8.55)
k
Proof. Tt is enough to prove for m > 0. We first consider the case m = 1.
Let I = (i1,i2,--) € Zp be a sequence such that i; > ig > ---. There
exist s € Z~g and ky, ko, - , ks € Z~q such that

L. 1=k <ko<ksy<-- <k,

2. ik <k < ki+1, then i = iki — (]C — kl),
3. 7;]@1.71 —1> iki,

4. if k > ks, then i = i, — (k‘ — k‘s) = —k.

In this case, v} corresponds to the following Maya diagram

g, lhy—1 Tk, Thy—1 T,
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Since by definition

P(L;i +1) — P(I;i, — 1)

1 ip—1— 1 F i Nig — 1 =141, ie., ]:Izlﬂ

125
—1 dp—1 —1=idg Nig — 1 #igs, e, ]Elzlj
. (22
0 otherwise
we have
k)l+171
Y APUsin+1) = P(Liix = 1)} =0
k=Fk,
fori=1,2,---,s— 1. Hence, (8.55) for m =1 is given as follows:
Y AP(TLik+1) = P(Li, — D} = Y {P(Lik + 1) — P(1;i, — 1)}
kE€Z~o k>k,
= P(L;ig, +1) = P(Iyig, — 1)

:17

and the lemma for m = 1 has been proved.
In the case m > 1, for each r such that 0 < r < m, we set

IT = (anr),zn(;) 5 anr), e )

where n{”,n{” ... € Z such that n{” < n{” < ..., i, =7 (mod m) for
1
l € Z~p, and

m—1
I=|]r5n
r=0

holds. Here and after, I is regarded not only as a sequence of integers but
also as a subset of Z. Then, the left-hand side of (8.55) can be written as

follows:
m—1

> A{PULs i, +m) = P(Li, o —m)}.

=0 IE€Z%¢
Similarly to the case m = 1, for each r, we have
P(Ir; in(r) + m) — P(L«; in('r) — m)
l 1
1 Ty —MFEL Ny —M =1 (r

D, T e Ny %

=< -1 4@ —m=1 Nl —MFL (r
”§—>1 ng ) "5 ) 7& "z(+>1 ’

0 otherwise
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and thus,

> AP iy +m) = P(I3i o) —m)} = 1.

l€Z>0o
Hence, Lemma 8.20 follows. a
We have completed the proof of Lemma 8.19. a

Next, we show the following isomorphism:

Proposition 8.11 For any n € C, as H-module,
NV~ (8.56)

Proof. Let ug € /\%H)Vaﬁb be the vector introduced in (8.35). One can im-
mediately show a,.ug = 0 (n > 0), ap.ug = Nug, Kp.ug = up. Hence, there
exists the H-homomorphism

$40

pn:]:”—>/\

which is injective since F" is irreducible. Hence, we show the surjectivity.
Let (F")* be the graded subspace of degree k with respect to the Z>o-

gradation on F" introduced in the proof of Proposition 8.10. Notice that

dim(F")* = p(k), where p(k) is the partition number of k € Zxq. We further

introduce a Zx>g-gradation on /\%H)Vj,b as follows:

Vi, () — uo),

degvy, Avj, Nvj, \---:= Z(zs +5),
S
and denote the graded subspace of degree k by ( /\%JFOVQ’{(,)]c . By definition,

we have p, ((F")*) C (/\%"_OVib)k.
Here, we remark that there exists a bijection

To =~ U Pr  ((i1,82, ) — {is + slis # —s})

kGZzo

where Py, signifies the set of the partitions of k. This bijection implies that

o k
dim (/\TJFOVau)b) = p(k). Since p,, preserves the above Zx(-gradations, we
conclude that p, is surjective. O

Finally, we show that the H-isomorphism (8.56) between /\%4_0 Vu’b and
F) becomes a g-homomorphism when (a,b) = (A — 2,A —n — 1). As the
g-module structure (L,, — L)) on F) is given by (4.3), to show that (8.56)

is a homomorphism of g-modules, it suffices to prove the following lemma:

Lemma 8.21. For any n € Z \ {0}, the action of L} on (/\%+0Vj’b)k coin-
cides with the action (8.46).
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Proof. For n # 0,

1
L) = 5 Z Ap—m@m + anag — (n+ 1)Aay,. (8.57)

meZ
m#0,n

By (8.54), for I = (41,142, ) € Zo,

k !
Ay Qg U = Z Vj N NG, gy N ANV A
k£l

lk7m7$7,]

ilf(nfm)7éik
k

+ Z {P(L;ip—m)+P(Iyig—n+m)—1}v;, A--- Avj_, A---.

k€Z>o

For the first term on the right-hand side, by setting p := iy, —i; — m+n, we
haveiy—m# iy & p#n,ii—(n—m) #ip & p#0,m#0S i;—(n—p) # iy
and m # n < i — p # 1;. Hence, we have

k
Z Z Uél/\"'/\Uz/‘k—m/\"'/\vgl—ner/\"'

mez kAl

m#0,n i —m#L
ir—(n—m)#ik
/ ’ k /l
:Z Z fvil/\.../\Uil_n_‘rp/\.../\fvik_p/\...,
PEZ k#l
pA0,n i —p#i
i—(n—p)#ik
and thus,
k l
/ / ’
> S U A AV A Ay A =0,
mez k£l
m#AOn i —m#Ai

Hence, by (8.57), for n # 0, we obtain

1 , ,
Lyvi= > 3 > APU;ik —m) + P(Iyig —n+m)—1}4n — (n+ 1)

k€Zx>o MEZL
m#0,n
k
/ /!
X UL A AL A

Here, we notice that
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Hence, to show Lemma 8.21, it suffices to see that

Lemma 8.22. For any k € Zsq and n € Z \ {0} such that P(I;i —n) =1,
we have

> A{PUsik —m) + P(Iyig —n+m) — 1} = 2i, —n+ 1. (8.58)
meZ
m#0,n

Proof. First, we notice that

P(I;ip —m)+ P(l;ixg —n+m) — 1

1 if ];IIJJ:

“ o if or ’
-1 if

where j := i — m and j' := i — n + m. (Notice that j is not necessarily
greater than j'.)
For I, suppose that there exist ¢ € Z and s € Z~( such that

(8.59)

1. @5 # ik, i — N,

2. i <igand i & IU{ix —n}.

For such 7 and s, let I= (21,%2, -++) be a sequence of integers such that
i1 > 1d9 > ---, 4 = —l for [ > 0 and

I=(I\{is}) U {i} (8.60)

as set. Notice that, since the right-hand side of (8.60) is multiplicity free, I
is uniquely determined from ¢ and I. Remark that, by using Maya diagrams,
the procedure I — I is expressed as

r o Je] - Je] [ ] - U
7. ([ Je[ - [e] - |.7|

For this procedure I — I, the left-hand side of (8.58) is invariant, i.e.,

> {P(Iyik —m) + P(L;ix — n+m) — 1}

meZ
m#0,n

= > {PU;ix—m)+ P(Iyix —n+m) — 1},

meZ
m#0,n

(8.61)
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Indeed, this is a direct consequence of formula (8.59).

Let J = (j1,J2,- - ) be the sequence of integers obtained from I by iterat-
ing the above procedure as far as possible. By virtue of formula (8.61), it is
enough to check (8.22) for such J. The list of possible J’s is as follows:

1. For n > 0,
a. iy >n—1:J=(ig,—2,-3,--+), i.e,

of [ [ [ [ [ [e]e]e]e
ik 1e—"N —2-3—4---
b. 0<ip<n—1:J=(ip,—1,—2,-+ ,ig —n,-), ie.,
o | MOMOIOI o]®
i “1—2-3- ip-n ---

—

C. ZkSOJ:(Ov_la_Qv aikv"' 7Z'k_na"')a i‘e~a

| [e]e]e[e[e]e[e] |o]e

/Lk ... /Lkin ...
2. For n <0,
a. i > 0: J = (i, —2,-3,—4,---), i.e,
| [ [ [ef [ | [e/e[e]e
15— ™ —2-3-4--

b. m—1<ip<0:J=(=1,-2 -3 ij,--), ie.,

| | | [ |ejejejee|o]e
ik—n —1-2-— Z;c

—

C. Zkgn_l‘]:(07_17_27 7ik_na"')7i'e'7

| [ee[eje[e] [e[eje]e
12 ipm - -

One can check that (8.58) holds for the above J by direct computation. Hence,
we have proved Lemma 8.22. O

As stated above, Lemma 8.21 follows from Lemma 8.22. Hence, the isomor-
phism (8.56) of H-modules turns out to be an isomorphism of Vir-modules.
We have completed the proof of Theorem 8.8. a
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8.B Appendix: List of the Integral Points on Ein

Here, we explicitly describe the set Ein N (Z50)? with (A, 1) = (Ap.q,n2(2))
belonging to Class R*. Since N (Z0)? is obtained from E;n N(Zs0)? by
replacing o to —o, we only consider E;\“ N (Zso)%.
Let {(ak,Bk)|k € Z=o} be the set EA . N (Z50)?, where we arrange the
points (ax, Bx) as
a1 < agfe < azflz <---.

The integral points (ay, Bx) satisfy (ax,Bkx) = (a1,81) + (k — 1)(p,q), and
here we list (a1, 51). We further compute h; + oy k.

1. Case 1T:n =17 (i € Z),

a. o =+4:
(ip+p—r,g—s) (i=0mod2)Asgn(i,sp—gqr)=1
(a1, 1) = (—ip+r,s) (1 =0mod 2) Asgn(i,sp—qr) = —1
v (ip+p—r1,8) (t=1mod2)Ai>0 ’
(—ip+7r,9—s5) (t=1mod2)Ai<0
b. 0 =—
(r,ig + s) (i =0mod 2) Asgn(i,sp—qr) =1
(a1, 1) = (p—r,—ig+q—3s) (i=0mod2)Asgn(i,sp—qr)=—1
o (ryig+q—s) ((=1mod2)Ai>0 '
(p—r,—iq +s) (i=1mod2)Ai<0

In any case, the following holds:

hi + akﬁk = ha{i+sgn(i,spfqr)(2k:71)}'

2. Case 2T: n=n? (i € Z>o),

a. o = +:
= {0 i
hi + agBr = hiyor—1.
b. 0 =—

(p,(i+1)g+s) i=0mod?2
(p,(i+2)g—s) i=1mod?2’

(a1, 1) :{

hi 4+ o B, = hitor.
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3. Case 3T: 7= n‘(’_l)i_li (1 € Z>o),

a. o= +:
i+ 1)p+r, 1 =0 mod 2
(a1,B1) = (( P 7 . )
(t+2)p—r,q9) i=1mod?2
h(_l)i—li + o B = h(71)1+2k71(i+2k)‘
b. 0 =—

—r(i+1 i =0 mod 2
(o, B) = (p | (i+1)q) = 7
(r, (1 +1)q) i=1mod 2
h(_1yi-1i + Bk = h(_1yit2r(iyorn—1)-
4. Case 47: n =13, (i € Z>o),

a. (r,s) =(0,0) and 0 = +: (a1,01) = ((2¢ + 1)p, q).
b. (r,s) = (0,0) and 0 = —: (a1, 61) = (p, (22 + 1)q).
c. (r,s)=(0,q) and o = +: (a1, 51) = ((2i + 2)p, q)
d. (r,s) =(0,q) and 0 = —: (a1, 1) = (p, (2 + 2)q)

In any case, the following holds:

hai + axfr = ho(iyr)-



Chapter 9
Rational Vertex Operator Algebras

In this chapter, we will consider a vertex algebra structure on a highest
weight Vir-module V.. with highest weight (c,0) € C2. We will prove that the
irreducible quotient L(c,0) of V. is rational if and only if it is a BPZ series.
(Notice that one should exclude the case ¢ = 0, since L(c,0) = C in this
case and it does not contain a conformal vector.) We will also compute the
Fusion rule for the rational cases. It will be shown that L(c,0) is Ca-cofinite
for a BPZ series and a geometric meaning of the Cs-cofiniteness will also be
explained.

In Section 9.1, we will introduce a vertex algebra structure on V. In Section
9.2, we will compute the Zhu algebra of V... As a consequence, it will be shown
that V. cannot be rational. In Section 9.3, we will prove that L(c,0) for BPZ
series is rational. We will also compute the Fusion rule in this case. Section
9.4 is devoted to a geometric characterisation of the BPZ series, namely, we
will show that the irreducible highest weight Vir-module L(c, h) with highest
weight (c, h) € C? is a BPZ series if and only if its associated variety is a point.
For the reader’s convenience, we will recall the definition and some basic
facts about associated varieties in the appendix to this chapter. A Tauberian
theorem will be also recalled with its simple but beautiful application.

9.1 Vertex Operator Algebra Structure

In this section, we introduce a vertex algebra structure on a highest weight
Vir-module V. with highest weight (c,0) € C2. We also summarise some
properties of V. for later use.
For ¢ € C, let C, = C1, be the Vir="! := @,~_,CL, ® CC-module
defined by a
L,1.:=0, C1l.:=cl..

The Vir-module
K. Iohara, Y. Koga, Representation Theory of the Virasoro Algebra, 319
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V. :=Indyi> . C,

is a highest weight module with highest weight (c, 0). Hence, there is a surjec-
tive Vir-module map M (c,0) — V.. By definition, it follows that the vector
L_1vc0 € M(c,0), where v, is a highest weight vector of M (c,0), lies in the
kernel of this map. By the universality of V., this implies

Lemma 9.1. One has the isomorphism
‘/c = M(C, 0)/U(ViI‘_)L_1’Uc70.

We call V., the vacuum representation with central charge c. Let 7 :
V. = L(c,0) be the canonical projection. By Chapter 6, one has the following
structure theorem:
Theorem 9.1 1. Kerm # {0} if and only if there exist coprime integers
Z N2
D,q € Zs1 such that c = cpq:=1— 6u.

pq
2. In the case 1., Kerm is generated by a singular vector v,_1,4—1 of Ve which
is unique up to a scalar. It follows that Lo.vp—1 g—1 = (p—1)(g—1)vp_1,4-1-

Now, we introduce a Z-graded vertex algebra structure on V.. For simplic-
ity, we set v, :=1® 1..

1. (Gradation) For j; < jo <.+ <jp < —1, set

k
deg(Lyj, Ly, -+ Ljy-ve) i= = > ji-
i=1
2. (Vacuum vector) Set |0) := v.
3. (Translation operator) Set T := L_;.
4. (Vertex operators) Set Y (|0),z) :=id and
Y(L_Q.’UC,Z =T ZL z o2 9

neZ

and in general, set

Y(leLj2 "'ij'vmz) = oa( i 2) ( ) a( an= 2)T( )

Here, we set 8( 8” for n € Z>o.

By the strong reconstruction theorem (cf. Theorem C.1), these data define a
vertex algebra structure on V.. Moreover, setting w := L_5.v., one has

Proposition 9.1 (V,,w) is a vertex operator algebra.

By Theorem 9.1, one has the following corollary:
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Corollary 9.1 If ¢ # 0, then L(c,0) has a vertex operator algebra structure
which is induced from that of (V.,w).

9.2 The Zhu Algebra of V.

In this section, we will compute the Zhu algebra of V, explicitly. As a conse-
quence, we will see that V. cannot be a rational vertex operator algebra.

9.2.1 Preliminary

Here, we recall three formulae which will be used to determine the Zhu al-
gebra A(V.). Notice that these formulae are also used in the proof of Theo-
rem C.6. We assume that (V,w) is a vertex operator algebra. For notation,
see Appendix C.

Lemma 9.2. For any a € V, one has L_ja + Loa € O(V).

Proof. We may assume that a € V' is homogeneous. By definition, one has
Loa = (dega)a, a(—2|0) = [T,a_1]|0) = Ta
which implies

(1 + Z)dega

L_ja+ Loa = Res, (Y(a,z) 5 |O>) e O(V). O

z
Lemma 9.3. For any homogeneous a € V and integers m > n > 0, one has

(1 4 Z)deg a+n

R,ESZ <Y(G,Z)Wb) S O(V)

Proof. By the equality
(1 + Z dega+n n 1 + Z)dega
22+m ZO z2+m v )
7=

it suffices to prove this lemma in the cases n = 0 and m > 0. For m = 0, this
is just the definition of O(V'). Suppose that this lemma holds up to m — 1.
By the induction hypothesis, one has

1+ z)desatl
Res, (Y(L_w,Z)%b) cO(V).

On the other hand, one has
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1+2 dega+1
Res, (Y(Lm,z)%b)

d (14 z)desatt d (14 z)desott
:RQSZ <sz(CL,Z)Z7nJ’_1b = 7ReSz (CL Z)d Tb

1 dega 1 dega
=—(dega—m)Res, (Y(a7 z)%b) +(m+1) Resz< +:;+2 b).

The first term in the right-hand side is an element of O(V') by the induction
hypothesis, hence, so is the second term. O

Lemma 9.4. For homogeneous a,b € V', one has the following:

1 degb—1
a * b =Res, (Y(b, Z)%CQ mod O(V), (9.1)
axb—bxa=Res.(Y(a,2)(14 2)%%*1p) mod O(V). (9.2)
Proof. We first show the equality
Y(a,2)b= (1 4 z)~ dega—degby (b, %) a mod O(V). (9.3)
z

By the skew-symmetry (Proposition C.1) and Lemma C.1. i), one has

Y(a,2)b= ey bua(—2) " =Y (=2) 7Y (biya) (—n-1)[0)2"

i€z i€Z n>0

By Lemma 9.2 and Lemma C.1. i), it follows that

1
(b(5)a) (—n—1)|0) =—T(bwa) ~n)|0)
1
=— g(dega +degb+n —i—2)(buya)(—n)|0)
= <—dega—(3legb+z+1> bya mod O(V).

Hence, one has

—dega —degb+i+1\ ,, i
Y(a,z)bzz Z( & ng )z biya(—z)"" 1

i€Z | n>0
_ Z b(z)a(l + Z)fdegafdeg b+i+1(7z)7i71

1€EZ

(1 7dega7deng b —Z
(1+2) (017w

and (9.3) is proved. Now, by (9.3), it follows that
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dega
a* b =Res, (Y(a, z)(l—’—;)b>

z
_ 1 dega
=Res, ((1 +Z)fdegafdegbyv <b, z )a( +Z) )
142 z
1 degb—1
=Res,, (Y(b,w)%(o .
w
Here, in the last line, we have made the change of variable w := — jz

Thus, (9.1) is proved. Let us show (9.2). By definition and (9.1), one has

dega—1
(1+2) b)

z

(1 + Z)dega

a*xb—b*a=Res, <Y(a,z)
z

b) ~ Res. <y<a, 2
=Res. (Y (a,2)(1 + 2)%2*"1p),

which implies the result. O

9.2.2 A(V,)

The main result in this subsection is

Proposition 9.2 ([FZ]) There exists an isomorphism of associative alge-
bras:
A(V,) = Clx); Ww]" —z™ (n € Zso).

Proof. By Lemma 9.3, it follows that, for n € Z>¢, one has

1 2
(L_p—3+2L_, o+ L_,,_1)b=Res, <Y(w, z)( Z_;ri) b) e O(V,). (94)

Hence, for n > 2, one has
(Ll pi1)b=—(L_pirtl _pio)b=---=(=1)""2(L_o+L_1)b mod O(V,),
which implies

L_,b

(Lep+Lopi1)b— (Lopir + Lopyo)b+ -+ (—1)""*(L_o+ L_1)b

+ (=D)L b

(=1)"(n —1)(L_a+ L_1)b+ (=1)"""(L_1 + Lo)b+ (—1)"Lob mod O(V,)
(=1)™{(n =1)(La+ L_1) + Lo}b mod O(V,).

By (9.1) in Lemma 9.4, one has
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142

o] = [Res. (Y 2) 550 | = (22 + L] € AV,

Taking the following formula into account
k
LOL—le—jz e L_jk.vc = (Zjl)L—Jl L—jz T L—jk Ve,
i=1

one obtains
[L—pb] = (=1)"[{(n=1)(L-2+L_1)+Lo}b] = (—=1)"{(n—1)[b]*[w]+(deg b)[b]}

for n € Z~1 and homogeneous b € V. Thus, by induction, one can show that
there exists a polynomial P € C[x] satisfying

[L*le*jz o 'L*jk'vC] = P([W])
Since V, is spanned by the elements of the form

L*le*h"'L*jk'Uc J1>2j22 2 jpg>1,

it follows that the map of associative algebras
F: Clz] — A(V.); x — (W]

is surjective.

To prove that the map F is injective, it suffices to prove that O(V.) is
spanned by the elements of the form (9.4). Indeed, this implies there is no
non-trivial relation for [w] € A(V;).

Let V. = @N€Z>O (Ve)n be the Zsp-graded decomposition. We show

1+ w)N

Res,, |Y(d',w) o bl € O'(V,) Vk>2 (9.5)

for a’ € (V;)n by induction on N. Here, we set
OWV.)={(L_p_3+2L_ o+ L_,,_1)b|n>0, beV.}

For N = 0,1, the left-hand side of (9.5) is 0 and there is nothing to prove.
Assume that (9.5) holds up to N — 1. For N, it is sufficient to prove (9.5) in
the case ' = L_,a where a € (V.)y_, and n > 2 since V, is spanned by the
vectors of the form L_j; L_j, ---L_j, we (j1 > j2 > -+ > ji > 1).

Hence, we consider the elements
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(1 + w)deg a+n )

k

T :=Res,, [Y(Lna7 w)
w

dega+n
:Resz_wReSw |:Y(Y(w7 Z — U})CL, w)(z — w)n+1mmb:|

wk
:Tl - T27

deg a+n
Ty :=Res.Res,, [Y(%Z)Y(a,w)%w(z — w)"“%b} ,

w

1 dega+n
T, :=Res.Res,, [Y(a,w)Y(w,z)Lw,z(z — w)"H%b] .

wk
(Here, we have used the Jacobi identity (cf. Theorem C.4).) Since one has
. 1 —_ n . .
_ —n+1 _ _1\y—n+l—1t i, —n+1—i
b,z (2 — W) zo( 1) ( ; ) z'w
(=

:Z(_l)—n+1—i (1 - TL) PN + (_1)—n+1w—n+1

]
>0

and (1 + w)"w="*T1=% € Clw™!] for i > 0, it follows that

Res.Res,,

_ N ian aaa deg a+n
1 in>zlw (14 w) b]

Y(a,w)Y (w, z) Z(_l)—n+1—i (

i>0

wk
is an element of O'(V,) by the induction hypothesis. Hence, we obtain

1 + w)deg a+n

Ty =Res,Res,, [Y(a,w)Y(w, z)(—1)7”+1( pREeE: b} mod O'(V,)

3 (1+w)dega+n
:Resw |:Y(a,w>(_1) n+1wlx,]b .

By the identity

(1+w)n (1+w>dega w(1+w)dega n n (1+w)dega
‘ = % +Z i whkti-1

wn—1 wk w ,
i=1

the induction hypothesis and Lemma C.1. ii), we obtain
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1 dega
T5 =Res,, {Y(a, w)(—1)""T! %le]
w

1 + w)deg a+1

=Res,, {Y(a, w)(—1)""+ ( L_lb} mod O'(V,)

wF
=Ty — T,
. 1 +w deg a+1
T51 :=L_1.Resy, [Y(mw)(—l) “%b ,
D (1 w)desatt

T22 ::Resw [Y(L_la,w)(—l) ’u)k

b} e O (V).

Now, by definition, one has

T :Z(—l)i (1 ; n> Res,Res,, |:Y(uj,z)Y(a,w)zn+1iw (
i>0

= Z(—l)i (1 ; n) Res,, [L_n_iY(a, w) w'(1+w)ertn b} )

; wk
>0

1 + w)deg a+n :|
- b
w

Since we have L_pb' = (—1)M{(M — 1)(L_o + L_1) — L_1}¥' mod O'(V,)
for M > 2 as we have seen before, we obtain

n=(-1)") (1 A ”)
i>0
X Resy, |:{(Tl+i1)(L_2+L_1)L_1}Y(a, w)Wl}}

=T11 — T1a,

w dega
Ti =(=1)"(n = 1)(L_2 + L_1)Res, {Y(a,w)%b} ’

w

1 dega+1
T2 :=(—1)"L_1Res,, [Y(a,w)%b] .

wF
Here, we have used the identity

1—n . i —n
Z( ; > m+i—Dw'=n-1D1+w)™"™
i>0

Thus, we see that T'= Ty — Ti2 — To1 = T11 mod O'(V,). By the induction
hypothesis, one has

(1 + ,w)dega

Resy, {Y(a,w) o bl € O'(V,).
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Hence by definition, it is enough to prove that (L_3 + L_1)v € O'(V.) for
v=(L_ny_3+2L_N_o+L_n_1)V/ € O'(V,) (N >0). By direct calculation,
it follows that

(L,Q + Lfl)’U
={(N+1)(L-Ns+2L_ N y+L_N3)+NL_Nyg+2L_ N3+ L_n_2)
+ (Lon—3+2L_N_o+ L_n_1)(L_2+ L_1)}b € O'(Vo),

which implies 717 = 0, namely, =0 mod O'(V,). ]

Remark 9.1 From the above proof, it follows that there exists an isomor-
phism
A(V,) = Ho(L, V) ==V, /L.V,

where we set L := @nZO C(L_p—1+2L_p o+ L_,,_3) C Vir .

By Proposition 9.2, Theorem C.7 and Theorem 9.1, one has the following
corollary:

Corollary 9.2 If ¢ is not a BPZ series, then the vertexr operator algebra
L(c,0) =V, is not rational.

9.3 Rationality and the Fusion Algebra of BPZ Series

In this section, we will show that the vertex operator algebra L(c, 0) is rational
for a BPZ series. Moreover, we will compute the fusion algebra and will show
that it is isomorphic to the so-called Verlinde algebra. Hence, in this section,
we assume that ¢ is a BPZ series and ¢ # 0, namely, there exists p,q € Z~1
such that )
c=cpq=1~— 6u
pq

and (p, q) # (2,3),(3,2).

9.3.1 Coinvariants 1

In this subsection, we will compute some spaces of coinvariants which are
related to the Zhu algebra A(L(c,0)) and their bimodules.

Recall that an L(c,0)-module is a Vir-module and any subquotient of an
L(c,0)-module as Vir-module is again an L(c,0)-module. In particular, it
shows that any irreducible L(c,0)-module is of the form L(c,h) for some
h € C. Indeed, it will be shown in the next subsection that L(c, h) is a simple
L(¢,0)-module if and only if there exist integers 0 < r < p,0 < s < ¢ such
that
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(rg —sp)* = (p—q)
4pq

Here, we identify the A(L(c,0))-bimodule A(L(c, h, s)) with a space of coin-

variants (cf. Theorem C.9):

2

h=h,,:=

Lemma 9.5. There is an isomorphism
A(L(07 hT,S)) = HO(L:v L(Ca hr,s))~

Proof. The proof of this lemma can be carried out in a way similar to the
proof of injectivity of the map F' in the proof of Proposition 9.2. The only
necessary modification is that one has to show

(1 + w)deg a’

Res,, |Y(a’,w) e

b] € L.L(c,h) Vk>2,

also for @’ = L_ja. By the induction hypothesis, it follows that

(1 + w)deg a+1 (1 + w)dega+1 b:|

Res,, [Y(Lla,w) - b} = Res,, [%Y(a,w)

w wk
dega+1
= — Res,, {Y(a, w)di%b]
1 dega 1 dega
=(k — dega — 1)Res,, [Y(a7 w)%b} + kResy, [Y(ot7 11))<—|/;}]€LJ21 }
€ L.L(c,h). O

Hence, it suffices to compute Ho(L, L(c, hys))* = HO(L,L(c,hys)*®). (In
general, for a module V over a Lie algebra g, we define a g-module structure
on the full-dual V* = Homg(V,C) by (X.f)(v) := —f(Xw) for X € g,v eV
and f € V* and denote this g-module by V**  cf. § 1.2.7.)

The dual of the surjection M (c, hys) = L(c, by s) induces an injection

HO(L, L(c, hyys)™) = H(L, M(c, hys)*), (9.6)
and it follows from Theorem 6.3 that its image can be described by
{F e H(L,M(c,hrs)* )| F(vrs) =0, F(vp_rqs)=0}, (9.7)

where v, s € M (c, hr,S)Xrlf-i-rs \ {0} and vp_r q—s € M(ec, hm)}fifﬂp_m(q_s) \
{0} are non-zero vectors. Denoting v, s = Sy s.Vc p,, and vp_,q_s =
Sp—rq—s-Ve,h, ., where we set vep, . = 1® 1.y, ,, we fix the normalisation
of S, s and Sp_;q—s asin § 5.4.

We will study the eigenvalues of the action of [w] on A(L(c, h,s)) in detail.
By definition, one has

8



9.3 Rationality and the Fusion Algebra of BPZ Series 329
wkxv=(L_o+2L_1+ Lo)v, vikw=(L_og+ L_1)v,
for v € L(c, hy ), hence we set
Ly:=L_o+2L 1+ Ly, Ly:=L o+ L_;.

Let us compute the action of L{ and L{j on H°(L, M (c, h,)**). For o, B €
C, we denote the simultaneous eigenspace of the action of L{, and Ly with
the eigenvalues a (resp. ) by H(L, M(c, by 5)**)(*P). For a non-zero F €
HO(L, M(c,hy ) )P we set Fj = Flat(enryn, .y Where M(c,hys) =
@jezzo M(c, by s)n,. . +; is the eigenspace decomposition with respect to the
action of Lg. By definition, one has

LyF=aF,  L|F=pBF, (Lpn1+2L_no+L_n 3).F=0 n>0.

By restricting these equations to the weight subspaces of M (c, h; ) and solv-
ing the recurrence relations, one obtains

L pFj=(-1)"{—j—a—hs+nB+1)}F_, n>0,3>0,

where we set F; := 0 for j € Z .. Hence, one has a projection V_g_1,_q—p, .+~
— ;50 CFj; of Vir -modules for any N € Z. (See § 1.2.6 for the def-
inition of the module in the left-hand side.) In particular, one sees that
dim HO(L, M (¢, by s)**)(@P) = 1.

It follows from (9.7) that F' € H(L, M (c, hy.s)**)(®?) lies in the image of
the map (9.6) if and only if F satisfies the equations

a(ST_,s).FTS = 0, a(Sp_nq_s).F(p_r)(q_s) =0. (98)

Hence, we will consider a variant of Proposition 5.6 below.
For t € C* and «,f € Zg, it follows from Corollary 5.2 that there is
irt
a non-zero vector Sq 5(t)-Ve(t),ha 5(t) € M(C(t)vhaﬂ(t))xu,g(tHaﬁ' We nor-
malise S, g(t) € U(Vir™) asin § 5.4.
Proposition 9.3 For a,b € C, we let V,, = @
defined in § 1.2.6 . One has

nez Cun be the Vir-module

a(Sa,5(t))vo = Pag(—(a+1),—b— af;t).v_ag,

where Py g(—(a+1),—b—apB;t) € C[t*!] is a Laurent polynomial defined in
Proposition 5.6.

Proof. For iy,ig,--- i € Z<g such that 25:1 i; = —af, we set
R(a, b)’l),ag = LilLiz s le .0o.-

By definition, one has
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R(a,b) = (aix + b)(aip—1 +b—ix) - - (ai1 +b— (ia + -+ +ix)).
On the other hand, one also has
a(Liy Ly -+ Ly )vog = (—1)FL;, -+ Liy Ly, 0o
=(—1)"(aiy 4+ b)(aig +b —iy) - (aix +b— (i1 + -+ ir_1))V_as,
and it can be checked that
(=1)*(aiy+b)(aig+b—i1) - - - (aig+b—(i1+- - -+ix_1)) = R(—(a+1), —b—ap).

Hence, the result follows from Proposition 5.6. m|

9.3.2 Rationality of L(c,0)

In this subsection, we will determine the Zhu algebra A(L(c,0)) explicitly
and will show that L(c,0) is rational. Moreover, we will show that L(c,0) is
C-cofinite.

By Theorem 9.1, there is a singular vector v,_14-1 € V. such that
Lovp_1,49-1 = (p — 1)(¢ — Dvp_1,4—1 and v,_1 41 generates the maxi-
mal proper submodule of V.. By definition, V. is spanned by the elements
of the form L' L7 --~L:-Z"'.vc, where 71 < iy < --- < i < —2 and
mi,Ma, -, Mg € Zsg. Writing v,_1 4—1 as a linear combination of these
elements, we have

Lp_1)(g—
Lemma 9.6. The coefficient of Li(Qp Dle-1) of vp—1,g—1 € Ve is not zero.
Proof. It follows from Chapter 6 that there is a singular vector Sp_1,g—1.v¢,0 €
M(c,0) such that Lo.Sp—1,g—1.vc0 = (p — 1)(¢ — 1)vp_1,4—1. We normalise
Sp—1,q—1 € U(Vir~) asin § 5.4. Let

m:UVir™) - U(Vir™ /[Vir—, Vir )
be the canonical projection. By Proposition 5.7, we see that

p—2q—2

4
T(Sp-1,4-1)% = H H [L21 - —{(k+1)g— (I 4+ 1)p}’L 2|
k=0 1=0 pq
. L ] . Lip—1)(g—1) .
Since p and ¢ are coprime integers, the coeflicient of L2 is

Q:i%l:ﬁ.p—2q—2

(—i) TT T+ g~ + 1) # 0.

pq k=0 1=0
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Since vp—1,g—1 € V¢ is a scalar multiple of the image of S;,_1 g—1vc,0 under the
canonical projection M(c,0) — V. (cf. Lemma 9.1), we obtained the result.
O

Now, we fix the normalisation of v,_1 4—1 so that the coefficient of L2 2 (p Di=1)

is 1. By Proposition 9.2, there exists G, 4(x) € Clz] satisfying vp lg-1 =
Gpq([w]) mod O(V.). Hence, by Proposition C.3, the following statement is
a corollary to Lemma 9.6:

Lemma 9.7. One has deg G, o =3 (p—1)(¢—1) and A(L(c,0)) 2Clz]/(Gp,q()).
Proof. For each monomial of V, of the type

LZILZZ"'LZ:'“-UC i <y < <ip < —2,

we call Zle m; the length of the monomial. By the proof of Proposition 9.2,
one sees that a monomial of the length n of V. corresponds to a polynomial
of degree n via the map F~!: A(V,.) — C[z].

Since V. is isomorphic to U(ED,,_, CL,,) as graded vector space, it follows
that the monomial in v,_1 4—1 that gives the maximal length is L%(prl)(qfl)
by Lemma 9.6. Hence, we see that deg G, 4(z) = 2(p — 1)(¢ — 1). By the
proof of Proposition 9.2, it can be seen that for any g € U(Vir™), there
exists P € C[z] such that g.v,—1 4—1 = P([w])Gp¢(Jw]) mod O(V,), hence
the result follows by Proposition C.3. m]

Now, we can describe the Zhu algebra A(L(c,0)) explicitly, and the result is
given as follows:

IhDrO)position 9.4 A(L(c,0)) = C2]/(Gpq(®)), Gpg(r)? = TI1Z0 [112) (= —
kl)-

Proof. By Lemma 9.5, we have A(L(c,0)) = Hy(L, L(c,0)), where the Lie
algebra L is defined in Remark 9.1. As in § 9.3.1, we will compute the action
of L{ and L{j on the dual Hy(L, L(c,0))* = H(L, L(c,0)*?).

The dual of the surjection V. — L(c,0) induces an injection

H°(L,L(c,0)"*) — HO(L, (Ve)*)
and its image can be describe by
{F e H(L, (Vo)™ )| F(vp-1,4-1) = 0}.

Since A(L(c,0)) is commutative, it can be seen that the eigenvalues of
the action of L{, and L{§ on H°(L, L(c,0)**) coincide. Hence, for o € C, we
denote the eigenspace of the action of L{ and L] on H°(L, (V.)**) with the
eigenvalue o by HO(L, (V.)**)®. For a non-zero F € H°(L, (V.)**)*, we set
Fj = Fl,), where V. = @;5,(V:); is the Z>o-graded decomposition. As in
(9.8), we have only to consider the equation
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a(Sp-1,4-1)-Fp-1)(g-1) = 0.

By Proposition 9.3 (cf. set a — —a —1, b— —a—(p—1)(¢— 1), a —
p—1, f—qg—1landt— % in the proposition), we obtain

a(Sp-1,4-1)-Flp-1)(g-1) = Pp-1,4-1 (a’a’ %) o

Explicitly, one has

a\? g\ (P~D@=1)pzla-l
Pp1,4-1 (oz,a, 2—)) = <p_q> H H(a + hy1) (kg — Ip)®.

Thus, we obtain

HO(‘CaL(Ca())*a) = @ HO(‘CaL(CaO)*a)ihk’I’v
0<k<p,0<l<q
kq+lp<pq
which implies the result. O

The following theorem is one of the main theorems of this chapter:
Theorem 9.2 ([Wan]) Let ¢ = ¢, 4 be a BPZ series such that ¢ # 0.

1. L(c,0) is a rational vertex operator algebra.
2. Any simple module of L(c,0)-module is of the form L(cp g, hr,s)
O<r<p, 0<s<yq).

Proof. Recall that any L(c,0)-module is a Vir-module and any subquotient
of an L(c,0)-module as Vir-module is again an L(c,0)-module. Hence, any
simple L(c, 0)-module is of the form L(c, h) for some h € C. Thus, by Theorem
C.7, the second statement is proved.

Hence, to prove the first statement, we have only to show that any finitely
generated L(c,0)-module is semi-simple.

Let V be a highest weight Vir-module with highest weight (c, h,s). If
V' is not irreducible, then V' cannot be an L(c,0)-module because it con-
tains a submodule which is not an L(¢,0)-module by what we have proved
in Chapter 6. Notice that one can show the vanishing of the extension
Exté (L(cp.gs hrs)s L(cpgs hir ) (0 < 71" < p, 0 < 5,8 < q) in exactly
the same way as in Lemma 8.7. Hence, by Lemma A.3 and Proposition A.3,
any finitely generated L(c,0)-module is a finite extension of simple modules
from BPZ series, which implies its semi-simplicity. O

In the rest of this subsection, we will see that L(c,0) is Csy-cofinite. (See,
Appendix C for definition.)

Let us show that Cy(L(c,0)) = [Vir™, Vir ].L(c,0). Indeed, if we set A :=
T"w for n € Z>o, we have A(_g) = (n+1)!L_,,_3 by definition which implies
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[Vir™, Vir ].L(c,0) C C3(L(c,0)). Conversely, the opposite inclusion follows
from the definition of the vertex operators and the normal ordered product
of L(c,0).

Hence, we obtain the following lemma:

Lemma 9.8. One has an isomorphism:
L(c,0)/Co(L(c,0)) = Ho([Vir~, Vir~ ], L(c, 0)).

The dimension of the right-hand side of this lemma can be easily computed
as an application of Proposition 5.7 and the result is given by

dim Ho([Vir~, Vir ], L(c, 0)) = %(p —1(g—1).

(See § 9.4.1 for the detail of its proof.) Thus, we obtain

Proposition 9.5 Let c =c, 4 be a BPZ series such that ¢ # 0. The rational
vertex operator algebra L(c,0) is Co-cofinite.

Therefore, Thoerem C.8 implies that the C-span of the characters{x.s(7)|(r, s)
€ (K,,)°}, where we set
Lo—5C

2my/ =17
9

XT,S(T) = trL(c,h,.vs)q q=e€

is stable under the action of SL(2,Z). This fact is compatible with what we
have obtained in § 6.4.4 by direct computation.

9.3.3 Fusion Algebra

In this subsection, we will compute the fusion algebra of L(c,0) for a BPZ
series such that ¢ # 0. Moreover, we will define the so-called Verlinde algebra
of L(c,0) and show that it is isomorphic to the fusion algebra of L(c,0).
For (ri, si) € (K,f,)° (i =1,2,3), (see (5.21) for the definition of (K, )°),
we set
N(T&Sa) =dim 7 L(Cv hT37$3)

(r1,81),(r2,82) °

(L(Ca Py sy ) L(c, hrz,Sz)) -
This is the so-called fusion rule (cf. § C.3.)

Definition 9.1 The fusion algebra of L(c,0) is the free Z-module A, , =
D s)e(rt, o LIL(c, hrs)] with the multiplication * defined by

L, by o)) (L By )] = > NS (e Py )]

(r3,53)€(K74)°
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We will compute the fusion rule N3 ) ((riysi) € (K;F,)°) explicitly.

(7’1,81),(7’2,52
By Theorem C.10 and Lemma 9.5, we have an isomorphism

L(Cv hr3,53)

~ 70 %@\ (—Rrg sy —Nrg,sy)
I(L(C’ hT1781) L(C, hr2,52)> =i (E’L(c’ h’"'lvsl) ) 373 y

(9.9)
where the right-hand side is the simultaneous eigenspace of the action of L
and L{ on H(L, L(c, hy, s,)**) with eigenvalues « (resp. 3).
As was discussed in § 9.3.1, we will solve the equations (9.8), regarded as
a system of equations on 73 and s3, on HO(L, M(c, hy, 5 )*@)(Trsss:=hraiss),
By Proposition 9.3, we obtain the equations

q
PT1751 <h7“2752a *hr3,53 + hﬁ,Slv p> =0
q
:PP—Tl—laq—Sl—l (_h7‘2782’ _h'f"3783 + h7”17$17 5) s

ie.,

T1—1 31—1

H H[(7’177’24’7’372]{371)q+(81+8278372171)p}
k=0 1=0
X [(r14+ro+7r3—2k—1)g+ (s1 —s2 — s3 — 20 — 1)p]
X [(r = ra = v — 2k = 1)g + (51 + s+ 85— 2L — 1)
X[(r1+ra—13—2k—1)g+ (81 —sa+ 83— 20— 1)p] =0,
p—ri—lg—s1—1
H [(r1+7r2—rs—p+2K +1)g+ (51 — 82+ 83— q+ 2" +1)p]
X[(r1—ro—r3—p+2k"+1)g+ (51 + 52+ 83— q+2'+1)p]

X [(ri+r24+rs—p+2k +1)g+ (s1—s2 —s3 —q+ 20"+ 1)p]

X [(r1—ro4+rs—p+2k +1)g+ (s1 + 52 —s3 — g+ 20"+ 1)p]=0.

It can be checked that these equations are equivalent to the equations
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T‘l—l 91—1
H H (h”’S,Ss _h*T’1+T2+2k+1,51+82*21*1)(h‘Ts’S?, _hT1+T2*2k*1,*51+52+21+1) =0,
k=0 [=0

q—

0
p—r1—1 s1—1

1T

H 7’3 sz rl+r2—p+2k’+1,—51+52+q—2l’—1)
I'=0

X (hTs,Ss - h—Tl+T2+P—2k'—1781+52—q+2l’+1) =0.

By the definition of h,,’s, it can be seen that they are equivalent to the
system of equations:

r1—1s;1—1

H H 3,83 r1+r272k:71,51+8272l71) = 0;

k=0 =0
p—ri—lg—s1—1

H H 7“3783 - 1—T2+2k’+1781—82+21'+1) = 0.

— l/ 0
Hence, the solutions (r3, s3) are given by

|r1 —ro| +1 <r3g <max{r; +re,2p— (r1 +72)} — 1,
[s1 — 82| +1 < s3 < max{s; + s2,2¢ — (s1 +s2)} — 1,

rs—1=r1+re, S3—1=s1+5 mod?2.

Thus, we obtained the following theorem:

Theorem 9.3 Let ¢ = cp 4 be a BPZ series such that ¢ # 0. The multiplica-
tion x of Ap 4 is given by

[L(C, hrl,sl )] * [L(C7 th,Sz)]
min{ri+rz,2p—(r1+r2)}—1 min{s1+s2,2¢—(s1+s2)}—1

= Z Z [L(C7 h?”3783)]'

ra=|r1—rz|+1 s3=|s1—s2|+1
rg—1=ri+rs mod 2 sg—1=s1+s2 mod 2

In particular, A, 4 is a commutative associative Z-algebra.

We remark that the above associativity is a corollary of Theorem 9.4.

This fusion algebra can be described in terms of the fusion algebra of
SU(2) WZNW (Wess—Zumino—Novikov—Witten) models as follows.

Recall that the fusion algebra of level k € Z>o SU(2) WZNW model is

the Z-algebra Ay = @f:o Z¢¥ whose multiplication ®y, is given by

min{i+75,2k—i—j}
PrQrgl = > e

I=li—j|
l=i+j mod 2
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By Theorem 9.3, we see that there exists a surjection

T A2 ® Agoz = Apg; ¢f ® (b; — [L(¢, hig1,j41)]-
It follows from the symmetry of the Kac table that the kernel of 7 is given
by

Kerm = @ Z((bf:% ® ¢g:? — P 1 ® ¢q s— 1)

(Tvs)E(K;:fl)o

We denote the image of P2 ® (b?*z in A,y ® A,_o/Kerm by [¢P2, (b?*z].

Identifying [¢"~%, 72 with [L(c, b, )] via the isomorphism A, 2®A, o/Kern
= A, , induced from 7, we obtain the following description:

Theorem 9.4 ([FeMa]) The multiplication rule of A, , can be described as
follows:

—2 g-2 —2 q-2 2 —2 g-2: )
[(bfl 7¢?1 ] * [¢5)2 ?¢?‘2 ] = [¢5)1 ®p—2¢€2 7¢?1 ®q—2¢?2 ]

We will compare the fusion algebra A, ; with the so-called Verlinde algebra.
For (r4,s;) € (K,5,)° (i =1,2,3), we set

——=(r3,s3) — Z S(’l‘l s1),(r,s) S(Tz’sz (r,s) S(TS’SS) (r, S)
(r1,51),(r2,82) "~ S(l 1),(r,s)
(T7S)E(Kp+,q)o

where the matrix S = (S, ),(vs)) is given in Proposition 6.3.

Definition 9.2 The Verlinde algebra is the free Z-module V, 4 =
@(r,s)e(Kiq)O Ly, s with the multiplication o defined by

(r3,s3)
¢7’1,S1 © ¢T27S2 = Z N(r? qj) (7"2792)(25"“.3793

(r3,53)€(Kfq)°

Remark 9.2 One has to modify the definition of the Verlinde algebra for
other models such as WNZW models. See, e.g., [Wak] for details.

We will compute the structure constant NV E:Tz?;

As a preliminary step, one has

(ra,s) €XPlicitly.

Lemma 9.9. Let k € Zs1 and | € Z be relatively prime integers and
ai,a2,b € Zso be integers such that ai,as,b < k. The following identity
holds:

s (<51%1)sin (721) > (1)
)}

sin (Tbl)

a1 —az|<a<min{ai+asz,2k—(a1+a2
aZ|a1—az| mod 2
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Proof. One has

sin (“‘};bl) sin (%"’bl)
sin (%bl)

m(ayt+ag)b, m(ay—az)b, m(=ajta)b, —m(aitag)b,
3 —e k —e E e E

1
21 JETR—Y

Hence, taking the following formulae into account, one obtains the result:

W(al—aQ)bl ﬂ(—a1+a2)bl w\al—aQ\bl 77r|a1—a2\bl
k + e k = e k +e k R

m(ajtag)b, _ m(agtaz)b,
e k +e k

mmin{ay tag,2k—(ay+ap)}tb, _ mminfay tag,2k—(a3+ag)}b,
=e 2 + e k .

Hence, setting

|r1 —ro| < r < min{ry + ro,2p — (r1 +72)},
Liry s0)(rasa) 7= (78) € Z2 |[51 — sa| < s <min{s; + 2,2¢ — (s1 + 52)},
r—1=|ri—rs], s—1=]s;—s3] mod?2

for (r;,s;) € Z* (i = 1,2) such that 0 < r; < p, 0 < s; < g, one has the
following lemma which is a corollary to Proposition 6.3 and Lemma 9.9:
Lemma 9.10. Let (r;,s;),(r,s) € Z* (i = 1,2) be pairs of integers such that
0<ryr<p, 0<s;,8<gq. One has

S(rl,51),(7’,5)5(7"2,52),(7‘,5) o Z

— S(r’,s’),(r,s)~
S(l,l),(r,s)

(7,8 €L (11 ,51).(rg.59)

On the other hand, by the definition of the matrix S = (S 4) (v s)), it
satisfies 52 = id. Moreover, by Proposition 6.3, S is a real symmetric matrix
which implies that S is a unitary matrix, that is, one has the formula:

D S Sy (v st) = S () (9.10)
(5" E(K7a)°

Hence, by Lemma 9.10 and (9.10), one obtains

—(r3,53) ) S(r1,51),(1,8) S (r2,52),(1,8) O (3,55 ,(1,5)

(o) (rasse) (r,s)E(K;q)o S(l,l)’(r,s)

= Z Z S(r’,s’),(r,s)S(rg,s;;),(r,s)

("8 €1 (ry 51).(ra,52) (r,8)E€(Kifq)°

= Z 6(r/,s’),(?“3783)‘

(r',8) €L (ry,51),(ra,59)
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Thus, combining this result with Theorem 9.3, one obtains the following
theorem:

Theorem 9.5 There is an isomorphism of Z-algebras:
Vo = Apgs Gr,s — [L(c, hys)].

Remark 9.3 In general, for a certain class of vertex operator algebras, Y.-Z.
Huang [Hul], [Hu2] has shown that the Verlinde algebra and the fusion alge-
bra are isomorphic, i.e., the structure constant of the fusion algebra is given
by the Verlinde formula. Here, we proved this fact directly for the rational
vertex operator algebra L(cp 4,0).

9.4 Characterisations of BPZ Series

In this section, we will provide some characterisations of the BPZ series due
to [FeFu5] and [BFM]. Here, we will consider a completion of Vir:

g=pcL,o [[cL.accC.

n<0 n>0

g admits a triangular decomposition g = g+ @ g @ g—, where we set
g =[] CL., ¢":=CLi®CC, g =@5CLn.
n>0 n<0

It should be noticed that any object of the category O of Vir can be extended
to a g-module and the structure of the Verma modules over g are the same
as those over Vir.

9.4.1 Coinvariants 11

Here, we will explain a characterisation of BPZ series in terms of a certain
space of coinvariants that are related to the Cs-cofiniteness.
The main result of this subsection is

Theorem 9.6 For (c,h) € C%, one has
dim Ho([Vir~, Vir~ ], L(e, h)) < 00
if and only if (c,h) is a BPZ series (cf. § 5.1.5).

Proof. Since Verma modules are U([Vir™, Vir~|)-free, one can use the BGG
type resolution proved in § 6.3 to compute the homology
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H,([[Vir—, Vir |, L(¢, h)) for n € Z>o. It follows that dim Hy([Vir™, Vir~],
L(c,h)) < oo only if (¢, h) belongs to Case 1F of Class RT since Ho([Vir~, Vir~],
M(e,h)) 2 C[L_1,L_5]. In this case, the space Hy([Vir™, Vir~], L(c, h)) can
be identified with the cokernel of the map

Ho([Vir™, Vir™], M(c, §541) DM (¢, & (j5+1))) — Ho([Vir™, Vir~|, M(c,&)),

where we assume that h = ¢; for some ¢ € Z. The images of the highest weight
vectors vee, ;14 € M(c,€x(jij+1)) can be described by Proposition 5.7 and
it can be checked that if ¢ # 0, then the images of the highest weight vectors
Ve, (js121)» Veb_(jsy21y CONtain at least one common factor which implies that

dim Hy([Vir™, Vir~], L(c,h)) = oo. Hence, the only possible cases are Case
1% of Class RT and h = &, and in this case, it can be checked that the
images of the highest weight vectors v, +¢, contain no common factor and

1
dim Ho([Vir™, Vir ™|, L(cp.g. hrs)) = Ers(p —7r)(g—s)

as an application of Proposition 5.7. O

9.4.2 Lisse Modules

In this subsection, we briefly recall the definition of lisse modules and some
properties of them for a general Lie algebra. For notation, see § 9.A.

Definition 9.3 Let M be a finitely generated g-module.

1. If VgM = {0} holds, M is said to be lisse.
2. If VgM NI+ = {0} for some subspace | C g, M is said to be lisse along
[

It follows from (9.12) that if a finitely generated g-module is lisse, then its
subquotient is also lisse. In particular, if dim M < oo, then M is lisse.
Let & C g be a subalgebra and K be its algebraic group.

Lemma 9.11. Let M be a finitely generated (g,t)-module. Suppose that a
subspace n C g satisfies

1. dimg/n+¢t < oo and
2. M 1s lisse along n.

Then, one has dim M /n.M < co.

Proof. Let F be a t-invariant good filtration on M. We consider the induced
filtration on M /n.M. It suffices to show that dim gr (M /n.M) < cc.
By Lemma 9.15 2., it follows that

grf (M/n.M) = My, +n.M/My,_y +n.M = My /M1 + My Nn.M,
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and
(g M/n.gr? M)y, = My /My_1 +n.My_;.

Hence, grf’(M/n.M) is a quotient of grf M /n.grf M.

S(g/n 4+ ) is finitely generated by the assumption 1. and grf M /n.grf" M
is finitely generated S(g/n + £)-module since gr’ M is a finitely generated
S(g/t)-module.

On the other hand, it follows from the assumption 2. and (9.12) that
V (Ann(grf M /n.grf M)) N nt = {0}. In addition, one also has
V(Ann(grf M /n.grf' M)) C (n + €)1 since grf M/n.grf M is an S(g/n + £)-
module. Hence, it follows that V (Ann(grf M /n.grf M)) = {0}.

Thus, one obtains dim grf” M /n.gr? M < oc. O

Now, we state a simple application of the involutivity theorem (cf. Theo-
rem 9.8):

Lemma 9.12. Let M be a finitely generated (g, t)-module such that VoM is
finite codimensional in €. Then, J(M) is involutive.

The next corollary follows from Lemma 9.17:

Corollary 9.3 Suppose that the pair (g, €) satisfies the condition: Any Ad* K -
invariant Zariski closed subset of € is either {0} or finite codimensional.
Then, for any finitely generated (g,%)-module M, J(M) is involutive.

9.4.3 Finiteness Condition

In this subsection, we will characterise the BPZ series in several ways. Hence,
we assume that g is the completion of Vir as we discussed before § 9.4.1.
We set g= = g2 := g+ @ ¢° and ¢g=" := g= @ @, CL; for n € Z .

Lemma 9.13. Let M be a finitely generated (g, g>)-module. Then, VM is
given by one of the three: {0}, (g2)% or (=~ 1)+,

Proof. Let K be a pro-unipotent pro-algebraic group of g=. By Lemma 9.17,
VoM C (g=)* is a K-invariant. It is clear that a K-invariant Zariski closed
subset of (g=)= is given by either {0} or (g=")* for some n € Z. It follows
from Corollary 9.3 that (g=")* can be VyM if g=" is a Lie subalgebra and

this happens only for n =0, —1. ]
Corollary 9.4 Let (c,h) be a BPZ series. Then, VyL(c, h) is either {0} or
(@="H*

Proof. By definition, one has VyM(c,h) = (g=)*. Since L(c,h) is a non-
trivial quotient of M(c, h) by assumption, there is ¢ € U(g™) such that
©.Vc,p, = 0 where v, € L(c, h) is a highest weight vector. Hence, its symbol
o(y) vanishes on VyL(c, h) which implies that VgL(c, h) # (g=)*. Thus, the
result follows from Lemma 9.13. m|
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Now, we can state the main theorem of this section as follows:

Theorem 9.7 ([BFM]) We let (c,h) € C? and v., € L(c,h) be a highest
weight vector. The following conditions are equivalent:

1. L(c, h) is lisse.

2. L(c,h) is a BPZ series.

3. dim Hy([Vir™, Vir~], L(c, h)) < 0.

4. dim H°([Vir~, Vir7], L(c, h)) < oc.

5. There exists o € U([Vir™, Vir™]) such that p.v.p = 0.

To prove this theorem, we prepare a technical lemma. For (¢, h) € C2%, we de-
note the eigenspace decomposition of L(c, h) and T := U([Vir~, Vir™]).0. C
M (c, h) with respect to the action of Lo by L(c, h) = ,,5¢ L(¢, h)h4n (resp.
T =6, 50 Th+n-) Here, we set 0cp :=1® 1., € M(c, h).

Lemma 9.14. Let ¢ = cp 4 be a BPZ series and h = h, s for some 0 <7 <p
and 0 < s < q. Then, we have

1

1 1—5\*
dim L(¢, br.s)n,c4n ~ ﬁs(r,s)v(m,so)< pq) Tf%e”m’

2
. ™ m/Zn

dim Ty, ,4n n_)oo12\/§n2e EA

where S = (S(r.s),(,s)) is given in Proposition 6.3 and (ro,s0) € (K, ,)°

such that |roq — sop| = 1.

Proof. By Theorem 9.9, it is enough to compute the asymptotic 7 | 0 of
1
Xrs(T) and trpglo—21C.
The first formula follows from Theorem 6.15. For the second formula, we
see that

(rq—sp)?

_ 1 _
trpg™ 2% = ¢ ma (1—q)(1—¢*)n(r)",

which implies

5
_1 T 2 myve1
tI‘TqLO 220 8’/T2 < ) e 127

710 V=1
by (9.13). O

Now, we return to the proof of Theorem 9.7.

1. = 3. follows from Lemma 9.11. 3. < 4. follows from Proposition 1.14
and 2. < 3. is Theorem 9.6. 5. = 1. follows from Corollary 9.4 since the
symbol o(¢) vanishes on VyL(c, h). Hence, it is sufficient to prove 2. = 5. We
have only to show that the composition of the maps T < M (¢, h) — L(c, h)
cannot be surjective which is a corollary of Lemma 9.14. O
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9.5 Bibliographical Notes and Comments

In 1988, B. Feigin and D. Fuchs [FeFu5] determined the fusion rule of BPZ
series by purely representation theoretical methods. Later, in 1993, a part of
their results were re-interpreted in the framework of vertex operator algebras
by W. Wang [Wan]. In particular, it was shown that the vertex operator
algebra L(c, 0) is rational if and only if ¢ is a BPZ series (and ¢ # 0). Moreover,
W. Wang re-computed the fusion rule for BPZ series. But a nice expression
of the fusion rule was discovered by B. Feigin and F. Malikov [FeMa] in
1997. These results are explained in § 10.1 — 10.3. There, we have also shown
that the fusion algebra of BPZ series is isomorphic to the so-called Verlinde
algebra [Ver]. § 10.4 is one of the beautiful results explained in A. Beilinson,
B. Feigin and B. Mazur [BFM] which was partially announced by [BeSch]
and [FeFub].

9.A Appendix: Associated Variety

In this section, we will briefly recall the definition of the associated variety
etc. In particular, following [Gab], the Gabber involutivity theorem will be
stated in a less familiar form. Here, we assume that a ring always contains
the identity.

9.A.1 Filtration

Let A be a filtered ring, i.e., A = [J,c; Ar where the A;’s are additive
subgroups of A such that

A C Agyq VkezZ,

Ak~AlCAk+l VkleZ,

and 1 € Ag. We let gr A := Ap/Ar_1 and oy : Ax — gri A be the canonical
projection. For © € Ay \ Ax_1, we set o(z) := o (x) and call it the symbol

of x. We set
gr(A) := @grkA.
keZ

Then, gr(A) inherits a graded ring structure, called the associated graded
ring, induced from the filtered ring structure of A. In this section, we assume
that

gr(A) is commutative.
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gr(A) has a Lie algebra structure defined as follows: Let f € grpA and g €
gr;A. Choose any x € Ay with ox(z) = f and y € A; with oy(y) = g. Tt
follows from the commutativity of gr(A4) that zy — yax € Ag1;—1. Set

{f.9} = opqi-1(zy — ya). (9.11)

This bracket is well-defined and is called the Poisson bracket. Indeed, it
satisfies

{f.fr=0,
{fdgrge}} = H{f 1} 92} + {91, {f, 92} },
{f,gng} = {fa 91}92 +gl{f792}a

for any f, g1, g2 € gr(4).
Let M be an A-module. A filtration F' of M is, by definition, a family

{F,M} ez of subgroups of M such that
F,M C FopM  YneZ,

M = U F, M,
nez
Ap.F,M C FouyM YVkonelZ.

Two filtrations F' and F’ are said to be equivalent if there exists c¢1,co € Z
such that
FoyeyM CE!M C FpyoeyM Y ne€Z.

Let I be a filtration on an A-module M. Define
grh M .= F,M/F, M,  gt" M :=Hgrl M.
nez

One defines a gr(A)-module structure on gr’ M.

Definition 9.4 A filtration F' on an A-module M is called good if the cor-
responding gr(A)-module gr™ M s finitely generated.

For example, suppose that an A-module M is finitely generated and mq,- - -, m,
are its generators. Pick integers kq,--- ,k, and define a filtration with this
choice of generators and integers by setting

FoM =" Ap_g,.m;.
i=1
By definition, this is a good filtration. In general, one has the following lemma;:

Lemma 9.15. Let M be an A-module which admits a good filtration.
1. Any two good filtrations of M are equivalent.
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2. Let M’ be an A submodule of M. If F is a good filtration on M, then
E,M' = F,MNM' is a good filtration on M’ and F,,(M/M') := (F, M +
M"Y /M’ is a good filtration on M /M’.

For the second case in this lemma, one obtains a short exact sequence

0 — grf M — gt M — gt (M/M') — 0.

9.A.2 Associated Variety

Let A be a filtered ring and M an A-module as in the previous subsection.
For a filtration F on M, we set

Ip = Anngr(A)(ngM).

Ir is known to be a graded ideal of gr(A). Hence, in particular, it implies
that +/Ir is also a graded ideal of gr(A).

Lemma 9.16. For any filtration F' on M equivalent to F', one has

ViIr = I

Thanks to this lemma, taking a good filtration F' of M, we may set
IO =VIr= () »
peEV(IF)

where we set V(a) := {p € Spec(gr(A))|a C p} for an ideal a of gr(A). One
can check that the support of grf' M

Supp(gr” M) := {p € Spec(gr(4))|(gr" M), # {0}}

coincides with V(Anng,4)(grf"M)) for a good filtration F' on M. For later
use, we set

Suppy (grf M) := {p : minimal in Supp(grf M)},

where the order is taken with respect to the inclusion. Supp,(grf” M) is some-
times called the singular support of gr’” M.

Now, let g be a Lie algebra over C and A := U(g) be its enveloping algebra.
By the standard filtration on A (cf. (A.6)), the PBW theorem implies that
gr(A) = S(g) = @,,5,5"(g). For a subset J C A, we set

V(IJ) ={peg’lflp) =0V feJ)}

Definition 9.5 Let M be a g-module with a good filtration. The set
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VoM =V (J(M))

is called the associated variety of M.

Since J(M) is a graded ideal, VgM is, in general, a cone in g*. If M’ is a
submodule of M, it follows that

V(M) = Vg(M") U Vg(M/M'). (9.12)

Let € C g be a Lie subalgebra and M be g-module.

Definition 9.6 M is called a (g,¢)-module iff ¢ acts on M locally finitely,
i.e., dim U (¥).m < oo for allm € M.

We assume that M is a (g, €)-module which is finitely generated as g-module.
There is a t-invariant good filtration on M, that is, a filtration F on M
such that ¢.F,,M C F,,M for n € Z. Indeed, this filtration can be defined as
follows: Let m1,--- ,m, € M be generators and set FoM := >\, U(€).m;.
We set F, M := U,(g).FoM for n € Z~o. With this filtration, we see that
grf’M is t-invariant, i.e., £.gr” M = {0} which implies that grf’M can be
regarded as an S(g/)-module. Moreover, J(M) is AdK-invariant, where K
is an algebraic group of €. Hence, the next lemma follows:

Lemma 9.17. Let M be a (g, t)-module which admits a good filtration. Then,
VoM is an Ad* K -invariant Zariski closed subset of ¢+ := {p € g*|p() =
{0}}.

For more information about associated varieties, see, e.g., [Ja2].

9.A.3 Involutivity

Let A be a filtered ring and M an A-module with a good filtration as in §
9.A.1. A gr(A)-module gr’ M is called weakly Noetherian if it satisfies

1. grf M is finitely generated, and
2. for every p € Suppy(gr”’ M), (grf" M), is a gr(A),-module of finite length.

We remark that a Noetherian module over a commutative ring is weakly
Noetherian.

Now, a theorem about the integrability of characteristics due to O. Gabber
[Gab] can be formulated as follows:

Theorem 9.8 Let A be a filtered ring such that gr(A) is a commutative Q-
algebra and M be a filtered A-module such that g M is a weakly Noetherian
gr(A)-module. Then, J(M) = \/Anngr(A)(ngM) is involutive, i.e., it is

closed under the Poisson brackets in gr(A). Here, gr’’ M is constructed via
any good filtration F' on M.
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9.B Appendix: Tauberian Theorem

In this section, we briefly recall the so-called Tauberian theorem a la Ingham
[In]. A simple but important example of an application of this theorem is also
given.

Let us define some symbols:

1. 7 | 0 means the limit 7 — 0 along the half-line v/—1R.

f(r)
2. ~ 1 0.
f) i g(7) means e —lasT|
3. an ~ b, signifies lim — =1.
n—oo n—s00 Oy,

The following theorem is proved by E. Ingham [In] and is called a Tauberian
theorem:

Theorem 9.9 Suppose that
f(T) _ q/\ Z anqn (q _ 6277\/—717—)
n=0

is a holomorphic function on H = {7 € C|Im7 > 0}, and satisfies the follow-
ing two conditions:

i. an € R and ap, < apq1 for all n.
ii. There exist A€ C, B € R and C € Ry satisfying

B

T WEC
f(T)TTOA<\/——1> e .

[N

Then ()
L(B+1
0, ~ A(CNT kB /FOn,
n—0o0 \/? 24
We will show a typical application of this theorem which was also treated by
E. Ingham.

By the definition of the Dedekind eta function (6.14) and Lemma 6.5, it

follows that
1 1 1
-1 __ —L n _ L 2 _ =
0 =0 e = () ()

where p(n) is the partition number of n € Z>¢. Hence, it can be checked that

o) (\/L__J ey (9.13)
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Thus, by Theorem 9.9, one obtains the following well-known asymptotic be-
haviour: 1
n) ~ eV n — 00).
p(n) 44/3n ( )




Chapter 10
Coset Constructions for sls

In this chapter, we will construct some irreducible highest weight Vir-modules
out of highest weight sl,-modules, which is called the coset construction. In
particular, we will construct all of the BPZ series representations of Vir (cf.
Section 5.1) in terms of sly-modules.

In Section 10.1, we will recall some basic facts about the affine Lie algebra
sly such as the character formulae of the admissible representations and in
Section 10.2, the so-called Segal—Sugawara construction will be recalled in
terms of vertex algebra. In Section 10.3, we will consider the irreducible

decomposition of the following two cases:

1. (Level 1 integrable module) ® (admissible representation)
as sly’ @ Vir-module,
2. (Level 1 integrable module) as sly @ Vir-module.

In Section 10.4, we will show that the discrete series representations of Vir
(cf. Section 5.1) are unitarisable.

10.1 Admissible Representations

In this section, after a brief review on sl, we recall some basic facts about
its representation theory. The proofs of most of the statements will not be
given here, and the reader should consult, e.g., [MP], for a detailed account.

10.1.1 Affine Lie Algebra s,

Affine Lie algebras are defined as Kac—Moody Lie algebras with generalised
Cartan matrices of affine type. But we do not go into the general theory of
Kac—Moody Lie algebras here, and recall some concepts for later use.

K. Iohara, Y. Koga, Representation Theory of the Virasoro Algebra, 349
Springer Monographs in Mathematics, DOI 10.1007/978-0-85729-160-8_10,
© Springer-Verlag London Limited 2011
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Let g be the simple Lie algebra sly over C, and let {h,e, f} be a basis of
g which satisfies

[ea.ﬂ:hv [h,e}:26, [h;f]:72f'
We set -
h:=Ch, g":=Ce, g :=Cf.
Let (-,-) be the non-degenerate symmetric invariant bilinear form on g nor-
malised by (h,h) = 2.
The affine Lie algebra sls is the following Lie algebra:

g:=g®cC[t,t'|®CK @ Cd
with the commutation relations

[z @t" y@t] = [z,y] @ " + kdpri0(z, y)K,
5, K] ={0}, [d2®t"]=keat",

where z,y € g. Let §’ be the derived subalgebra of §, i.e.,
¢ =[g.8l=g0C[tt '|eCK.

We set .
h:=Ch®1eCK & Cd,

and call it a Cartan subalgebra of §. From now on, we denote x ® t* by z(k)
for simplicity, and regard g C § via the map = — x(0) (x € g).
We recall some notation of affine Lie algebras. Set

ho == K — ha €o ‘= f(1)7 fO = 6(—1)7
hy:=h, e1:=e, f=1f.

Then, it is easy to see that §’ is generated by these elements. They are called
the Chevalley generators. Let {Ag, g, a1} be the basis of h* such that

(Ao, d) (Ag, ho) (Ao, h1) 01 0
(a0, d) (@0, ho) (0, ha) | = |1 2 =2,
<0417d> <041ah0> <Oé1,h1> 0-2 2

where (-, -) denotes the dual pairing between 6* and 6 Further, we set A; :=
Ao+ 3a1. {ho, hi}, {aw, a1 }(=: IT) and {Ao, A1} are called the sets of simple
coroots, simple roots and fundamental weights of s:[g, respectively. For later
use, we set 0 := ag + ag and p := Ay + A;y. Recall that the number (p, K) =
2 =: h" is called the dual Coxeter number of sl,.

Next we recall symmetric bilinear forms on b. Let (+,-) be the symmetric
bilinear form on h defined by
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(K, K) (K d) (K h) 010
(h, K) ( ; ) (h,h) 002

Note that (-, ) is non-degenerate. Hence, we identify h and h* by this bilinear
form, and denote this identification by v : g — §*, i.e

l/(hi) = (Z = O7 1), V(K) = 5, l/(d) = /10.

Further, we define (-,-) on h* by (v(h),v(R')) := (h, ') for h,h' € §.

The Weyl group W of g is defined as follows: For i = 0,1, we define
r; € GL(H*) b

ri(A) = A= (\ hi)a;
Let W be the subgroup of GL(h*) generated by {ro,;}. We call it the Weyl
group. Recall that the following affine action of W on h* is called the ‘shift
action’:
wol:=wA+p) —p (weW).
¢ has the following @Q-graded Lie algebra structure. Set Q := Zag ® Zay

and call it the root lattice of §. We also set QF := +(Z>oag © Z>o1). Then,
g decomposes as § = @aeQ go. Further, we set

A:={a e Q\ {0}ga # {0}}
Z{m15, + a7 + m25|m1,m2 c Z7 mi 7& 0}7

At = AN Q* and
Ao :=WII = {xa; + nd|n € Z}.

They are called the sets of roots, positive roots, negative roots and real Toots
respectively. We also set AL := A, NA*. For 8 = w(a;) € A (w € W and
i =0,1), we use the following notation: g := wr;w="' € W.

We define an anti-involution & of g. Let  : U(g) — U(g) be the anti-
involution defined by a(e) = f, a(h) = h and 5(f) = e. We further define
6 UG) — U(3) by

5(2(k)) == (G(0)(—k) @ €8), 6(K)=K, o(d)=d.

Then, the quadruple (g, 6, Q,5) becomes a Q-graded Lie algebra. From now
on, we fix a triangular decomposition
g=5 ohog’

of g asin § 1.2.2. A
Let M (A) be the Verma module over § with highest weight A € h*, and let
L(A) be its irreducible quotient (see § 1.2.5). Then they have the following
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weight space decompositions:

aceQt acQt

10.1.2 Admissible Representations

In this subsection, we recall the definition of admissible representation, and
classify the admissible weights of sly. In particular, the character formulae of
the admissible representations are also given.

For A € 6*, we set

2(A+p, )
(@, )

Definition 10.1 ([KW2]) 4 € b* is called an admissible weight, if

1. % € Zso for any a € AT,

2. QIT, = QII.

Aj::{aeAﬁ; EZ}, Iy = AT\ (AT + AY).

The irreducible highest weight representation L(A) with admissible highest
weight A € b* is called an admissible representation. Moreover, k € C is

called an admissible level, if there exists an admissible weight A such that
k= (AK).

Suppose that k is an admissible level. We denote the set of the admissible
weights of level k& by P,jdm. Then, we have

Lemma 10.1. 1. k € C is an admissible level if and only if there exists
t € Z>y and s € Zsq such that (s,t) =1 (coprime) and k +2 = L.
2. Letk=-2+ é be admissible level. Then,

PR — LA (k;myn)+adim,n € Z, 0 <m <t, 0<n <s, x€C}, (10.1)
where

A(k;m,n) = (k — )\fn,n)AO + Afﬁm/h
Ao = (m—=1) = (k+2)n.

3. Let A = A(k;m,n) be an admissible weight. Then, we have
Iy ={a; +nd,—ay + (s —n)d}.
Proof. For k,\,x € C, let

/12(]6—)\)/10+)\/11+1'5
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be an admissible weight of level k, and denote ITy = {31, 32}. Since ITy C AL
and (1, f2) < 0, we may assume that

Br =01 +nd, Bz=—a;+nd

for some ny € Z>o and ny € Zxg.
We set m; := (A + p, 5;) for i = 1,2. By definition, m; € Z~¢. Note that

m1 +ma = (A+ p, (n1 +n2)d) = (k+ 2)(n1 + na).

Hence, there exist ¢,s,7 € Z~g such that ny + ne = rs, m; + mg = rt and
k+2==*.

Here, we assume that » > 1 and lead to a contradiction. If > 1, then
either ny > s or ny > s holds, and thus

(1 + (ng — 8)6 € ALV (—aq + (ny — 8)8 € AF).

This contradicts the definition of IT,. Hence, we have r = 1, ny + ny = s,
my1+mgy =t, and thus s > 1 and ¢ > 2. Moreover, ) <n; < sand 0 <mj <t
and

myp = (A+p,ﬂ1) = (k)—‘r?)ﬂl +A+1.

Hence, A = m; — 1 —ny(k + 2). Now, we have proved the lemma. i
For w € W, we set e(w) := det(w) and for A € h*, we set
Wy = {ro|la € AL}
We remark that (Wy, {ro|a € I14}) is a Coxeter system.

Theorem 10.1 ([KW2]) Suppose that A € b* is an admissible weight.
Then, we have
wew, fw)er™!

Dwew E(w)ered

Remark 10.1 This character formula can be shown in a way similar to the
case of the Virasoro algebra, at least for the rank 2 affine Lia algebras, as an
application of the uniqueness of the singular vectors proved in [KT].

chL(A) =

For later convenience, we introduce the normalised character. For A € b*
such that k = (A, K) # —h" (recall h¥ = 2), we set

o AR o
T 2(k+hY) 2RV

The number m, is called the modular anomaly of A. Note that m 4.5 =
ma+ .
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Definition 10.2 For A € 6*, we set
X4 = e 4% ch L(A),

and call it the normalised character of L(A).

Normalised characters of admissible representations can be expressed by using
the classical theta functions defined as follows: Let

b
be the projection with respect to 6* =h* @ Cs® CAy.

Definition 10.3 For A € h* which satisfies k := (AK) = é for s,t € Zsg
such that (s,t) =1, we set

O, = B0 N ghat)
A =€ e s
aceM

where M := sZay, and ty : 6* — 6* for o € b is defined by
1
ta(A) =A+ (A, 8)a—{(A,a) + §|a\2(/1, 5)}é.

O 4 is called the classical theta function of degree k£ with characteristic
A.

By definition, one can check

@A — E e/l-i—ka—i\/\-‘rkaﬁé _ 2 eA+tna1—%\A+tn(x1|26. (102)
aEM neZ

In particular, for k € Z-o and j € Z, the classical theta function 6;; =
O (k—j)Ag+jA, has the following expression (cf. (6.15)):

O = Mo N7 ehnaakn®s (10.3)
nEZ+ £
Now, we have
Lemma 10.2. Suppose that k = —2 —|—§ fort € Z>y and s € Zq. Let

A = A(k;m,n) be an admissible weight, i.e., 0 < m < t and 0 < n < s.
Then, we have

_ @A(k;m,n)ﬂ) - QA(IW*m,n)JrP
XA = .

O 4(0:1,0+p — OA(0:-1,0)4p

Proof. We set
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A= ‘2@5‘2)5 Z ewor,
weWy
—e lp‘ ) Z woO
weW

Then by Theorem 10.1, we have x4 = %. We compute A and B explicitly.
By Lemma 10.1, we have

IIy ={a; +nd, —ai+(s—n)d}.

We set 1 := a1 +nd, B2 := —a1 + (s —n)é and T := rg,ra,. Note that for
le 2207

TN = X+ (N, 0)lsay — (N, Isag + (15)20)8 = tisa, (N).

Hence by direct computation, we have

A= (QA(k;myan - @A(k;—myn)ﬂ’)e_pv
B = (040:1,0+p — Oa(0-1,0)4p)¢ "
Thus, we have obtained the lemma. O

10.2 Sugawara Construction

In this section, we briefly recall a vertex algebra structure on the slo-module
L(kAp). In particular, we will show that L(kAp) is a conformal vertex algebra
if k#£0,—2.

10.2.1 Vertex Algebra Structure of Vacuum
sly-modules

Here, we first define a vertex algebra structure on the so-called vacuum rep-
resentation Vi 4, of level k € C.

For k € C, let Cy := Clgy, be the g= := g ® C[t] ® CK & Cd-module
defined by

ﬁ@C[t].lMo := {0}, K1y, = klga,, d.1gs, :=0.

The induced g[g—module X
VkAO = Indgz (Ck
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is a highest weight sly-module with highest weight kAy. We introduce a Z-
graded vertex algebra structure on Vi 4, as follows.
For simplicity, we set vg := 1 ® 1g4,-

1. (Gradation) For n; <mns <---<n, <0and 1,22, -, T, €7, set
deg(z1(n1)z2(ng) -« Tm(nm).vg) = — an
i=1

2. (Vacuum vector) vy.

3. (Translation operator) Set Tv, := 0 and [T, z(n)] :== —na(n — 1) for
T Eg.

4. (Vertex operators) Set Y (vg,z) :=id and

Y(z(=1)wg, 2) :=x(z) := ZJU(n)z_"_l7

nez

for z €§.

By the strong reconstruction theorem (cf. Theorem C.1), these data define a
Z-graded vertex algebra structure on Vi,,. Since, the maximal proper sub-
module of Vi, is a Z-graded vertex ideal, a vertex algebra structure on Vi 4,
induces a Z-graded vertex algebra structure on L(kAg). In the next subsec-
tion, we will construct a conformal vector on V4, and hence on L(kAyp).

10.2.2 Segal— Sugawara Operator

Here, we briefly recall the so-called Segal—Sugawara operator and some of
its consequences.

Let {ui,us,u3} be a basis of g and {u!,u?,u} be the dual basis with
respect to the form (-,-) on g.

Definition 10.4 Set

T(z) =Y () ui(=1)u'(—1).05, 2)

Sui(2)ut(2)2 =: ZTnz*"*2 € End(Via,)[[z, 27 1])-
1 nez

3
1=
It is called the Segal—Sugawara operator.

By abuse of the language the vertex operator on L(kAy) induced by T'(z) on
Via, is also called the Segal—Sugawara operator. The following lemma is a
simple application of Theorem C.5:
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Lemma 10.3. Suppose that k # —2. Set L,, := an' We have
m3 —m

[Lm7 Ln] == (m - n)Lm+n + 5m+n,07

12 Ck,

[Lyn, z(n)] = —nz(n +m),

3k

where ¢, := e

In particular, this lemma implies that, for k € C such that k # 2, the vertex
algebra Vi, is a conformal vertex algebra with the conformal vector

3
1 .
= i —u'(-1). .
W, 312 ;Zlu (=Du*(=1).vx € Via,

The image of wy under the canonical projection Vi, — L(kAg) is a non-zero
element if and only if & # 0. Hence, the next corollary follows:

Corollary 10.1 Let k € C such that k # 0,—2. Then, (L(kAo),wr) is a
conformal vertex algebra.

In [FZ], I. Frenkel and Y. Zhu showed that the conformal vertex algebra
(L(kAp),w) becomes a rational vertex operator algebra for k € Z~o. But for
an admissible k£ which is not an integer, this is not the case. However, we
should mention the following:

Remark 10.2 Let k € C be an admissible level such that k & Z>q.

1. In [AdM1], D. Adamovié and A. Milas showed that the conformal vertex
algebra (L(kAo),wy) is rational in the category O, that is, if we allow only
L(kAg)-modules that are objects of O, then it is rational.

2. In [DLM1], C. Dong, H. Li and G. Mason showed that the vertex algebra
L(kAg) with the conformal vector

1
wi(a) == w — Qah(—2).vk

fora € Qs such that a < 1 is a rational Q-graded vertex algebra, i.e., any
Q>o-graded weak L(kAg)-module is completely reducible, where the central
charge of the Virasoro algebra is given by cj, — 6ka?.

In both cases, any irreducible module (with the obvious restriction for 1.) is
of the form L(A) (A € pPadm),
10.3 Coset Constructions

In this section, after rewriting the fundamental characters of sly, we consider
the so-called coset constructions of two different kinds.
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10.3.1 Fundamental Characters of sl,

First, we recall two classical formulae which are equivalent to the denominator
identities of Agl) and A;2), respectively (see, e.g., [Chan] for their analytic
proof):

o0

(1—g™1— g " w)(1 —gmw™) = (=1)"g= " Vwn, (10.4)

m=1 neZ

which is called the Jacobi triple product identity and

oo

[Ta-ama =g w1 - g™w™ )1 = ™ 'w?) (1 - ¢ 'w?)
m=1
_ Z{q%n(gnq)wm _ q%n(3n+1)w3n+1} _ Z q%n(Snfl)(an _ w73n+1)7

nez nez
(10.5)

which is called the Watson quintuple identity. Based on these identities,
we rewrite the fundamental characters x4, and x4, as follows.

We recall that the Weyl—Kac character formula for the integrable module
is written in terms of the classical theta function (10.3) as follows: for j, k €
Z>q such that 0 < j <k,

Ojs1k+2 = O_(j41) k42

X(k—j)Ao+jAr = O12—6_14 (10'6>

Clearly, the denominator of the above formula can be factorised as

O12— O 1o =er"% [ (1 —e™)(1 — e (PD0men) (1 — e7m0Fon)  (10.7)
n>0

which is equivalent to (10.4). Hence, we calculate the numerator of (10.6)
below. For j = 0,1, we have

9J’Jr1,3 - @f(jJrl),S
—340 Z {63(n+%(]’+1))a1—3(n+é(j+1))25 _ B(n=3G+D)ar-3(n—} (j+1))26}
nez
— B0+ E () a1— 35 (+1)%8 Ze—n(fm—(j—i-l))é {e—3na1 _ e(3n—(j+1))a1} .

nez

Case-by-case calculations show that
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Zefn(Snf(jJrl)ﬁ {67377,041 _ 6(3n7(j+1))a1}

ne”Z

_ E e—n(?m—l)é {e—3na1,j _ e(?m—l)ozlfj} ,

nez

hence, by (10.5), it follows that

Ojt13 — 9—(j+1) 3
— 3o+ 3 () ar— 15 (i+1)%6 Z —n(3n—1)8 {efsnoq,j _ 6(3n71)a1,j}
nez
—e3Mot5(GH)on— 15 (i+1)%8 H —2m5 6—2(m—1)5—a1—j)(1_6—2m5+°él—j)
m>0
(1 _ e—2(2m—1)6—2a1_j)(1 _ e—2(2m—1)6+20¢1_j).

Simple calculations show

H (1 _ 672(77171)5701171')(1 _ 672(2m71)572a1,j)

m>0

— H (1 - ef(mfl)(sfal,j)(l 4 67(2m71)57()¢1,j)
m>0

_ H (1 _ 67m6+aj)(1 + 672m5+aj),
m>0
H (1 o 672m5+a1,j)(1 - 672(2m71)5+2a1,j)
m>0

— H (1 _ 67777,54»041,]')(1 +67(2m71)5+a1,j)
m>0

— H (1 _ ef(mfl)zifaj)(l + 672(m71)67aj),
m>0

which implies

0113 —O_(j+1),3
— B Mot (+Dan— 45 (j+1)% H ¢~ 2md) 67(m71)57a1)(1 _ emmi+an)
m>0
(1 +ef2(m71)6faj)(1 +672m5+o¢j).

Hence, it follows from (10.6) and (10.7) that

B 6/19-1-%_]’@1_%(]‘24_2]‘)6 Hm>0(1_e—2m§)(1+e—2(m—1)5—aj)(1+e—2m6+aj)
T n(e=?) |
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where 7(q) := ¢ [L.~0(1—¢™) is the Dedekind eta-function (cf. (6.14)). It
follows from (10.4) and the case-by-case computations that

(1 _ e—2m6)(1 + e—2(m—1)5—a_7-)(1 + e—2m6+a_,»)

—

m>0
2 ) _ .
— 2 e—(n —n)d—na; _ § e n(n+j)5+no¢1,
ne neL

from which we conclude

—n26+na1

Ao+2i(i—1)6
efotoi=1) ZnGZJr%je

X4, = —
’ n(e=?)

Thus, by (10.3), we have shown

Lemma 10.4. For j = 0,1, we have

XA, = — -
7 on(e?)

10.3.2 Coset (5[2)1 X (glz)k/(£[2)k+1

In the sequel, we assume that k # —2, —3, unless otherwise stated.

We first recall that, for vertex algebras (A,deg,,|0)a,T4,Ya) and
(B,degp,|0)B,TB,YR), the pair (A® B,deg, +degp, |[0)4 ®(0)p, T4 @id +
id®Tp,Yagn), where we set Yagp(u®w, 2) := Ya(u,2) ® Yp(v, 2), becomes
a vertex algebra.

Let V) (resp. V(¥)) be an L(Ag)-module (resp. L(kAg)-module) such that
Vv vk € Ob(0).

Definition 10.5 We define L, € End(V) @ V() by

D Lnz " =Yy (wi,2) @id +id @ Yy (wh, 2)
nez
1

3
- m Z YV(1)®V(k) (A(ui(—l)ui(—l)),vl ® vk, z),
=1

where A is the coproduct of U(§).

Below, we omit indicating the modules on vertex operators, for simplicity.
We remark that
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3
Q(k;ﬁ-i%) Z Y (Alui(=1)u’(=1)).v1 @ v, )

3 k+
:—3Y(w1, z) ®id + o 31d®Y(wk, k+32uz

k+

Hence, the operators {L,,} satisfy

3
1 .
nEEZan_n =t53 3 {k‘Y(wl, 2)®id+1id @ Y (wg, 2) — i:E . ui(z) ® ul(z)} .
We have

Proposition 10.1 Suppose that k # —2,—3. Let L,, € End(V) @ V(®) g5
above.

1. For any xz € g and m,n € Z,

[Lim, A(z(n))] = 0.

1
[Lm7 Ln] = (m - n)Lm+n + 5m+n,0_ 3

I m

— m)Cidv(1)®V(k),

_ 6
where c=1-— W
Hence, Vir and §' simultaneously act on the space VYD @ V) and their
actions commute.
Proof. Here, we denote Y (w1,2) =) LY z=m=2 and Y(wg,2) =

> onez LE 2=n=2  respectively.
First, we notice that, by Lemma 10.3, the Fourier modes of the vertex
operator

3
1 )
- Db (— _. (k+1) ,—n—2
20+ 3) ;:1 Y (A(u;(—Du*(=1)).v1 @ vg, 2) =: nEGZLn z

satisfy the commutation relation of the Virasoro algebra with central charge
Ci+1- By definition, we have

[Lin, A(n))] =[L5), 2(n)] @ id +id @ [LY, 2(n)] — [LETD, A(z(n))]
=—nz(m+n)®id — nid ® z(m + n) + nA(z(m +n)) = 0.

Next, we show the second statement. The first statement implies that
[Lom, L%kﬂ)} = 0. Hence, we get
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[Lon, Ln] = [Lyn, LY @1+ 1@ L)
=[LWO LW @1+ 1 [LWF LW - LD LM @1+ 1@ LF).
Further, we have
L&D IO @1+1® LP] = [LED, L, + LED] = [LED, LG+,

Hence the following commutation relation holds:

1 .
[Lm, Ln] = (m — n)Lern —+ 5m+n’oﬁ(m3 — m)(cl —+ CcE — Ck+1)ldv(1)®v(k).

Since ¢1 + ¢ — cp41 =1 we have completed the proof. O

-6
(k+2)(k+3)*
From now on, we take an admissible representation L(A) as V) and

L(Ag) @ L(A;) as V(Y. Now we can state the main result of this section.

Theorem 10.2 Suppose that k € Qs _o is an admissible level. Let p,q, m,n
be integers such that ¢ —p > 0, p > 2, (p,q) = 1 (coprime), k + 2 = qu,
O0<m<pand0<n<q—p. Then we have

[L(Ao) © L(M)] @ L(A(k;m,n))
~ P LA+ 1;m',n) B L(cpq, hm,m,(%))

0<m’/<q
as §' ® Vir-module.

For the proof, we first verify the above isomorphism at the level of their
normalised characters as follows. R
For this purpose, we fix a coordinate of h as follows: For

1 ~
v=2my/—1 (—Td-‘r §zh + uK) €b, (10.8)

we denote v by (7, z,u). For (1,2,u) € H x C?, we set

Ou(r, 2,u) = e~ 3 60) 37 gltald)
aEM

and in general, for a normalised character x4 =", caet, we set

XA(Tv 2, ’LL) = Z C)\6<)\’v> .
A

Recall that X r(c,n)(7) denotes the normalised character of the Virasoro alge-
bra defined in § 6.4.
The first step to the proof of Theorem 10.2 is
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Lemma 10.5 ([KW2]).

{XAO (T7 2, U) + XA, (7-7 Zy u)}XA(k;mm) (7-7 Zy U)

= Z XA(Ichl;m’,n)(Ta27u)XL(cp,q,hmm/(%))(7-)~
o<m’<q

The proof of this lemma will be carried out in the next subsection, after re-
calling some facts about the classical theta functions.

PROOF OF THEOREM 10.2. In this proof, for simplicity, we set A, =
Ak +1;m/,5), ¢ = cpg and by := R s ().

By the preliminary lemma, the irreducible representations L(A,,) X
L(c, hpmy) appear in [L(Ag) @ L(A1)] ® L(A(k;m,s)) with multiplicity one,
and they exhaust its irreducible factors. Hence, if we show that

Ext s gvir (L(Amy ) B L(¢, ), L(Apy ) B L(c, by ) = {0},
then we obtain the theorem as a consequence of Lemma A.3. Indeed, we have
EXté’éBVir(L(Am’l) X L(C7 h’m'l )7 L(Am’z) X L(C, hm'z))
= HOII'I@/ ((L(Am’l)v L(Am/z)) ® EXt%/ir(L(Q hm/l )a L(C, hm/z))
D EXté’ ((L(AWL'l )a L(A’mé )) ®@ Homy, (L(C7 hm'l )7 L(C7 hm'z ))
~ {0}.

Hence, we have arrived at the conclusion. 0O

10.3.3 Properties of the Theta Function and Proof of
Lemma 10.5

First, we recall some properties of the classical theta function © 4.
Let A € h* be such that (A, K) = k, where k = é for some t, s € Z~( such
that (s,t) = 1.

Lemma 10.6. If A’ € b* satisfies A — A € tZoy ® C5, then Oy = O 4.

Proof. This follows from (10.2) and the remark that for A € b* such that
MNEK)=EkE#0, N :=)X— %(5 is normalised so as to satisfy (A, \) =0. O

Lemma 10.7. Suppose that A' € §* satisfies (A, K) = k' € Zsq. Then, we

have
t+k's—1

OOy = Z 9A+A/+k’m11/fi(k7kl)(/1,A/)a

=0
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where
|/ A—kA—jkk’aq|? 5

wi(k,k/)(A’A/) _ E e~ 2RK (kR
JEZ
j=i mod (t+k's)

Proof. By Lemma 10.6 and its proof, we may assume that [A]? = |[A'|2 =0
Hence, by definition, we have

T S SRCCI
Beslay yELoy
By the additivity tg+~y = tg o t,, shifting v to v + 3, we obtain

6.0 = Z Z et A+t (A7)

BEslay YELa
sty | At (A28
E e2GFRD T Ontt, (A7)

YEZoy

Since t,, (A") — t,,(A") = k(71 — 72) mod C¢, it follows from Lemma 10.6
that

1 N2
OO0, = E O Ast, (A1) E 7wy [AF 4y (A1
Yy
YEZo1 mod (t+k’s)Zay v E(t+k's)Zar

By |A]? = |A|? = 0, we have

A+ t'y+'y/(/1/)|2 = |KA- Kty (A )|2

k:k’

Since

KA —ktyy(A)=KA—kAN — kK (y+4") mod C4,
we see that
WA = ko (A2 = [ A = A — R (4 )2

Since A+t (A") = A+ A + kv mod Co, putting v =ty (0 <3 <t+Kk's)
and v + 7' = jay, we obtain the conclusion. m|

PROOF OF LEMMA 10.5. Recall that by Corollary 6.1, one has

XL(Cp.q,hm,m/(%))(T) = 77(7')71 [Ogm—pm,pqa(T) — Ogmtpm,pq(T)] -

Hence, by Lemmas 10.2 and 10.4, it is enough to show that
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[9/10 (’7‘, 2, U) + 8/11 (7—, 2, u)] [QA(k;m,n)+p(7_a 2, u) - 8A(k;—7rL,n)+p(Ta 2, ’LL)]
= Z [QA(k—i-l;m’,n)-&-p(T, 2, u) - @A(k-‘rl;—m/,n)-i-p(’ra 2, U)]

0<m’<q

X [Ogm—pm/ pg(T) = Ogm+pm’ pg(T)]

For o € {1} and [ € {0, 1}, by Lemma 10.7, we have

g—1
k+2,
QA(k;om,n)-i-p@Al = Z 8A(k;o'7n,n)+/ll+p+ia1 7/}1( +2 U(A(k, am, Tl) -+ Py Al)
1=0
where
¢§k+271)(/1(k;0—m7n) +p, Al) — Z e (P4 2?2 [om— q—(n+l+2])]2
JEL
j=i mod g

since k + 2 = %p and A; = Ag + %lal. Hence, if we set

q
(p q) [+m
bix= Y e

JEZL
j=t mod 2q

for 0 < i < 2q, then we get

2q—1

[8/10 + @/11] @A kiom,n)+p = Z @A0+A(k om,n)+p+iion wz o-
=0

Here, we notice that
1. .
A(k;om,n) + Ag + §wz1 =Ak+1;om+i+n,n)
by definition. Further, since k + 3 = , Lemma 10.6 implies

@A(k+1,m’+2q,n)+p = 8A(k:+17m’,n)+p' (109)
Hence, we see that

2q—1
[@Ao + @/h] @A(k;im,n)+p = Z 9A(k+1;im+i+n,n)+p¢i,:t
1=0
2q—1
= Z O A(kt1;% (mi),n)+pV+i—n, -
1=0

Since
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~ (r—a)? pj 12
§ : — P [m— P25
1/}1' = 7/)z'—n,+ = 1/)72'771,7 - € 4pe [ q_p] 3
JEZ
j=% mod 2q

we obtain
(@45 + O] [Oatkimny+p = Oaths—m,n)+0)
2q—1

= Z [O At tmtism)+o — OAGht1s—m—iin) o) Vi
1=0

=) X Xt )
m<m’'<q m'=q,2q q<Mm’'<2q 2q<m’'<2q+m

X [QA(k+1;m/,n)+p - @A(k+1;fm/,n)+p:| ’(/;m’fm-

For the first and the fourth term, by (10.9) and {/;ng = Ji,

Z [@A(k+1;m’,n)+p - @A(k+1;7m’,n)+p} J’rn’—m

2g<m’<2q+m

- Z [QA(k+1;m/,n)+p - 9A(k+1;—m/,n)+p} wm/fma
o<m’/<m

and thus,

Z + Z [@A(k+1;m’,n)+p - @A(k+1;—m’,n)+p] ’(’Em’—m

m<m/<q 2g<m’<2q+m

= Z [@A(k—&-l;m’,n)—i-p - @A(k+1;—m’,n)+p] ’(Z;m’fm'

o<m’<q

For the second term, by (10.9),

Z [@A(k+1;m’,n)+p - @A(kJrl;fm’,n)er] {b'm’—m =0.

m’'=q,2q

For the third term,

Z [QA(k+l;m’,n)+p - @A(k+1;—m’,n)+p] Jm’fm
g<m’<2q
= Z [@A(k+1;m’7n)+p - @A(k+1;fm’7n)+p] Jm/—m-

—q<m’/<0

By putting m” := —m/, we have
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Z [QA(k—&-l;m’,n)—i-p - @A(k+1;—7n’,n)+p] Jm’—m

—q<m’/<0

= Z [QA(k+1;m”,n)+p - 9A(k+1;7m’/,n)+p] Yt —m-

o<m’’'<q

Therefore, we obtain

[©4, +6a,] [QA(k;mm)-H) - QA(k;—mm)ﬂJ

= Z [QA(k+1;m',n)+p - 9A(k+1;—m’,n)+p] [i/}vm’fm - fo—mum].

0<m’<q

By evaluating {ljim/,m at vEhasin (10.8), we see that

{/;im/fm (v) = Ogmgpm’,pq (1),

from which we have completed the proof. O

Remark 10.3 One may prove, in a way similar to the above proof, that for
l=0,1, one has the isomorphism

L(A)®L(A(k;m,n)) = & L(A(kﬂ;m',n))mwp,q,hm,m«g))

0<m’<q
m’=l+m+4n mod 2

as §' @ Vir-module.

10.3.4 Level 1 ﬁlz-modules as Vir @ sly-module

Here, we decompose the level 1 integrable sl;-modules as Vir @ sly-module.
By Lemma 10.3, the Virasoro algebra Vir and sls act on L(A;) (I =0,1)
simultaneously and their actions commute. Hence, we may regard L(A;) as
Vir @ sly-module.
For m € Z>y, let T, be the irreducible (m + 1)-dimensional sl;-module.

Theorem 10.3 Forl = 0,1, we have the following decomposition as Vir @
slo-module

LA)= @ Ln*)RTy,.
nEZzo+%l

In particular, one has

L(Ag) © L(A) = @ L(1, inQ) XT,.

HEZZO
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Proof. Once, the relations between their characters are verified, the rest of
the argument is given in exactly the same way as in the previous section.
Hence, we verify the relation at the level of the character and leave the rest
of the argument to the reader.

By Theorem 6.13, one has

Im 1 (m42)2 _
XL(l,imQ)(T) = (¢*™ — q4( +2) ()~
Now, by Lemma 10.4, it suffices to indicate the following formula:

2n
Z ena1—n26 _ Z (e—n26_e—(n+1)25) Z e(n—k)(xl ) 0
k=0

nEZ+ 31 n€EZ>o+1l

10.4 Unitarisable Vir-modules

Here, as an application of Theorem 10.2, we will show that the discrete series
representations of Vir is unitarisable. (For the definition of unitarisability,
see Definition 11.1.)

10.4.1 Unitarisable Representations of sly

Let @ be an anti-linear anti-involution of g defined by
we)=f, o(f)=e @h)=h.
Then an anti-linear map @ : § — g defined by
w(xz(n)):=w0(x)(-n) (re€g, neZ), »K):=K, &) :=d (10.10)

gives an anti-involution of g. For our purpose, it is enough to consider this
anti-involution only. Hence, in the sequel, we fix the anti-linear anti-involution
of g.

First, we recall the existence of contravariant Hermitian form on highest
weight modules.

Proposition 10.2 Suppose that A € fA]ﬁ%, where ﬂﬁ =RABRADRS. Then,
there exists a unique Hermitian form

(1) : M(A) x M(4) — C.
such that

1. (valva)a =1, where vy := 1 ® 14 is the highest weight vector of M(A).
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2. (|)a is contravariant with respect to @.

Moreover, this Hermitian form satisfies
rad(-)4 = J(A),
where J(A) is the mazimal proper submodule of M(A).
Proof. The proof is similar to § 3.1.1. m]

We denote the Hermitian form on L(A) induced from (-|-)4 by the same
notation.

From the following proposition, we see which L(A) is unitary with respect
to w.

Proposition 10.3 Suppose that A € h*. Then, L(A) is unitarisable with
respect to @, if and only if A is a dominant integral weight.

Proof. See Chapter 11 of [Kac4]. |

10.4.2 Unitarisable Representations of Vir

For A, A’ € h*. one can define a Hermitian form (-|-) on L(A) ® L(A’) by
(u@vlu' @v) = (ulu')a(v[v")ar u,u’ € L(A), v,v € L(A).
Hence, we consider the Hermitian form defined on
[L(Ao) ® L(A1)] @ L(A(k;m,n))

where k is an admissible level such that & +2 = %p with p,q € Z, (p,q) =1
and 0 < m < p, 0 <n < g—p. It can be checked by direct computation that,
with respect to the Virasoro action on this space defined in Proposition 10.1,
the form (+|-) is Hermitian with respect to the anti-involution 6 defined by

0(L,)=L_,, 0(C) =C.
Thus, in particular, Theorem 10.2 together with Proposition 10.3 implies the
following theorem:

Theorem 10.4 Let k € Z~o be a positive integer and r,s € Z be inte-
gers such that 0 < r < k+2 and 0 < s < k+ 3. Then, the Vir-module
L(ck+2,k+3, hr,s(ﬁ—fﬁ)) 15 unitarisable.

This theorem implies that the second condition of Theorem 11.1 is sufficient.
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10.5 Bibliographical Notes and Comments
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that the discrete series representations of the Virasoro algebra is unitarisable
(cf. Theorem 10.4). In 1988, V. G. Kac and M. Wakimoto [KW2] obtained an
identity stated in Lemma 10.5, but Theorem 10.2 itself is not treated there.
This theorem seems to be known among the experts although the authors
could not find any appropriate literature.

Theorem 10.3 was stated by V. G. Kac [Kac2] in 1979.

Theorem 10.4 was proved independently by P. Goddard, A. Kent and
D. Olive [GKOZ2], V. G. Kac and M. Wakimoto [KW1] and A. Tsuchiya and
Y. Kanie [TK1].



Chapter 11
Unitarisable Harish-Chandra Modules

In this chapter, we will classify the unitarisable Harish-Chandra modules
over the Virasoro algebra which is given by [CP2]. As it follows from the
classification theorem of Harish-Chandra Vir-modules (cf. Theorem 2.1), it
is sufficient to consider three classes of Vir-modules, highest weight modules,
lowest weight modules, and intermediate series.

Here, we analyze intermediate series by rather direct computations and
highest weight modules following mainly R. P. Langlands’ work [La]. The case
of lowest weight modules follows from the result for highest weight modules
by a simple observation which will also be explained.

11.1 Definition of Unitarisable Representations

In this section, we briefly recall the definition and some basic properties of
unitarisable representations over a complex Lie algebra a.
Let w be an anti-linear anti-involution of a, namely,
1. w(Aa) = Mw(a) for A € C and a € g,
2. w(la, b)) = [w(b),w(a)],
3. w? =id,.

Let V be an a-module with a Hermitian form
(]):VxV—C.

In this book, a Hermitian form is anti-linear with respect to the first compo-
nent and linear with respect to the second component. We say that (-|-) on
V' is contravariant with respect to w, if it satisfies

(a.ulv) = (u|w(a).v)
for any a € a and u,v € V.
K. Iohara, Y. Koga, Representation Theory of the Virasoro Algebra, 371

Springer Monographs in Mathematics, DOI 10.1007/978-0-85729-160-8_11,
© Springer-Verlag London Limited 2011


http://dx.doi.org/10.1007/978-0-85729-160-8_11
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Definition 11.1 An a-module V is called a unitarisable representation,
if there exists an anti-involution w of a and a positive definite Hermitian form
which is contravariant with respect to w.

For later use, we remark some fundamental properties of unitarisable rep-
resentations.

Lemma 11.1. 1. Let Vi and V5 be unitarisable representations of a with re-
spect to an anti-linear anti-involution w. Then Vi ® V, is unitarisable with
respect to w.

2. Let 'V be a unitarisable representation of a. Suppose that V' has a compo-
sition series of finite length. Then V is a semi-simple a-module.

Proof. The first statement is clear. Hence, we only show the second one. We
denote a positive definite Hermitian form on V by (-|-). We may assume that
V' is not irreducible. Let W be a proper submodule of V. If we set

Wt = {veV|ww) =0 (Vwe W)},

then it is easy to see that W+ is an a-module and V = W & W+. Hence the
second statement has been proved. m]

The next result is also simple but useful:

Lemma 11.2. Let V' be a Harish-Chandra module equipped with a Hermitian
Jorm (--).

1. There ezists a Hermitian form (-]-)* on V*°.

2. (V*e (-]-)*) is unitarisable if and only if (V, (:|)) is unitarisable. In partic-
ular, if (V*@, (-|-)*) is unitarisable, then its restriction to the restricted-dual
(VE@, (-]-)*[ysaxysa) s also unitarisable.

Recall that an a-module structure on the full-dual V* was defined in § 9.3.1.

Proof. Since the Hermitian form (:|-) is non-degenerate by assumption, we
may identify V** with V' as graded vector space, i.e, for each f € V*, there
uniquely exists uy € V such that f(v) = (uys|v) holds for any v € V. Now,
we define the Hermitian form (-|-)* by

(flg)* := (usluy) VY f,ge V™.

It is easy to see that this sesqui-linear form is well-defined and satisfies the
contravariance. Hence, the first statement is proved. The second statement
follows by the definition of (-]-)*. O
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11.2 Anti-linear Anti-involutions of Vir

In this section, we classify the anti-linear anti-involutions of Vir. We also
classify the anti-linear anti-involutions with which simple Harish-Chandra
modules can be unitarisable.

11.2.1 The Classification

In this subsection, we classify the anti-linear anti-involutions of Vir.
The first technical lemma we show is

Lemma 11.3. Let § be a mazimal abelian subalgebra which semi-simply acts
on Vir via the adjoint action. Then b coincides with the Cartan subalgebra
of Vir, i.e., h = h(:= CLy & CC).

Proof. Suppose that there exists

z=aC + ZlanLnGB\{O},

n=ngo

where ng < np and a,, # 0, ay, # 0. It is sufficient to see that ng =n; =0
since the maximality of b implies the conclusion.

Let us suppose that ng # 0 or n; # 0. We first assume that n; > 0. Since
6 acts on Vir semi-simply, there exists

y=pC+ > BnL, € Vir

n=mgq

such that mo < mq, By # 0, Bm, # 0, m1 # nq and
[z,y] =7y (3v€C). (11.1)

Since the left-hand side of (11.1) is of the form

anlﬁml (nl - ml)Lml—i-nl + Z 6nLn + 607

n<ni+mi

this is a contradiction. Hence n; < 0. One can similarly show that ng > 0,
and thus ng =n; =0. O

It is easy to see that the Virasoro algebra possesses the following anti-linear
anti-involutions 67 :

1. For a € R\ {0}, let 6} : Vir — Vir be the anti-linear map defined by

0 (Ly) = a"L_,, 05(C)=C.
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2. For a € C (Ja| = 1), let 6, : Vir — Vir be the anti-linear map defined by
0, (Ln)=—a"L,, 6,(C)=-C.

Conversely, the next proposition holds:

Proposition 11.1 ([CP2]) Any anti-linear anti-involution of Vir is one of
the form 0 or 0.

Proof. Let 0 be the anti-linear anti-involution of Vir. By Lemma 11.3 and
the fact that CC is the centre of the Virasoro algebra, we see that () = b
and 0(CC) = CC. Further, since 02 = idyi,, we see that

0(C) =4C, 6(Lo) = BoLo + xC,

where § and 3, satisfy 66 = 1 and £yFy = 1.
Here we set
= Z ﬁn,mLm + OénC
meZ

and look at the conditions that 3, ,, and a,, are satisfied. By applying 6 to
[Lo, L] = —nL,, we have

/60 <Z mﬂn,mLm> =-n Z 671 m m nan

meZ mEeZ

This implies that o, = 0 for n # 0 and Gy = £1.
In the case By = 1, we have 8, ,, = 0 if m # —n. We set 3, := f_pn.
Then 6(L,) = B, L_, for n # 0. Applying 6 to both sides of

! (n® —n)C, (11.2)

L, L_n] = 2nL
[ ] n 0+12

we get 8,0_, =1 (n#0),d =1 and ag = 0. Moreover, from
6*(Ly) = Ln, (11.3)
we obtain (,/_,, = 1, and from the commutation relation
[Lin, Ln) = (M — n)Lppgn, (11.4)

we obtain (3,8, = Bmin for m # —n. Hence we have §,, € R\ {0} and
Bm = (B1)™ for m #£ 0, i.e., 9—0+
In the case By = —1, we have ﬂnm = 0 if m # n. Putting 8, = B,
we have 0(L,,) = BpLy, for n # 0. Similarly to the above, by (11.2), we have
BnfB—n=1(n#0),6 =—1and g = 0. Further by (11.3), we have (3,3, = 1,
and by (11.4), we have (.0, = —Bm+n. Hence we see that |3,,] = 1 and
Bm = —(=01)™ for m #0, i.e., § = 05,- Now we have completed the proof.
O
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11.2.2 Anti-linear Anti-involutions admitting
Unitarisable Vir-Modules

In this subsection, we see which anti-involution, indeed, corresponds to uni-
tarisable representations over Vir.
The result is as follows:

Proposition 11.2 Let V' be a non-trivial Harish-Chandra module of Vir.

1. If V is unitarisable with respect to an anti-linear anti-involution 6, then
6 = 0% for some a € Rxg.

2. If V is unitarisable with respect to 0F, then V is unitarisable with respect
to 0 = 0.

Proof. Suppose that Cly = cidy and V = @,cc Vi, where V, = {v €
V|Lo.v = pv}.

First we assume that V' is unitarisable with respect to 6, and lead to a
contradiction. Since 0 (Lg) = —Ly, if V,, # {0}, then u € v/—1R. On the
other hand, since V' is a Harish-Chandra module, we have V = @, . Viyn.
Hence V), 4, = {0} for n # 0. This is a contradiction, since V' is not trivial.

Next we assume that V is a unitarisable representation with respect to 01
(o € R\ {0}). Let us denote a positive definite contravariant Hermitian form
on V by (-,-)(®). Using this contravariant form, we define a new bilinear form
(-,-y on V by

(v, w) = o™ (v, W)™ (v, € V,4).

Then it is easy to see that (-, ) defines a positive definite contravariant Her-
mitian form with respect to H;L/\ar

Finally we assume that V is unitarisable with respect to 8, and lead to a
contradiction. We set a := CL_1®CLy®CL; and ap := {a € a|0T,(a) = —a}.
Note that a ~ s[(2,C), ap ~ su(2) and any unitarisable representation of su(2)
is a direct sum of finite dimensional representations. Since intermediate series
are not direct sum of finite dimensional su(2)-modules, V' is the highest or
lowest weight module. First we consider the case where V is the highest
weight module L(c, h). Here, we notice that it is enough to consider the case
(c,h) € R? since a Hermitian form which is contravariant with respect to
0", exists only if (¢, h) € R2. (See, e.g., the next section.) Let v be a highest
weight vector of V. Then

(L_pv,L_pvy = (=1)"{2nh + %(n?’ —n)cHv,v) >0

for any n € Z¢. This implies that c = h = 0, i.e., V is a trivial representation.
In the case where V is a lowest weight module, one can similarly show that
V is trivial. Therefore, we have proved the proposition. |

Therefore, without loss of generality, we will consider the only Vir-modules
that admit Hermitian forms contravariant with respect to ;. From now on,
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for simplicity, we set w := 6;". We may naturally extend w to U(Vir) which
we denote by the same symbol w, for simplicity.

11.3 Hermitian Form on Harish-Chandra Modules

In this section, we explicitly construct Hermitian forms on Harish-Chandra
modules contravariant with respect to w. We also study some of their basic
properties.

11.3.1 Intermediate Series

Recall that, for a,b € C, the Vir-module

Vap i= @ Cup,
nez
is defined by
Ly, := (as+b—n)v,ys,
C.py = 0.

(See, e.g., (1.11).) Depending on the irreducibility of V,;, we defined the
intermediate series V , as follows (cf. Definition 1.20):

Vasb a#0,~1V beZ,
ab =4 Vau/Cup a=0 A beZ,
®n7§bcvn a=-1 NDbeZ.

In this subsection, we study the case when V , admits a Hermitian form and
construct it explicitly.
Suppose that there exists a non-trivial Hermitian form on Va’7b

¢l : Va/,b X Va,,b —C

which is contravariant with respect to w. By the contravariance, we have
(Lin—n-vn|0m) = (Un|Lpn—m-vm), i€,

(@m — @+ 1)n+b)(vm|vm) = (—(a+ 1)m + an + b)(v,|v,) (11.5)

for any m, n.
‘The case a #0,—1 V b ¢ Z‘ Setting m = 0 in (11.5), we obtain
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(an + b)(valvn) = (=(@+ L)n + B)(vo|uo). (11.6)
By assumption, an + b can be zero at most for one n € Z. Hence, there

are two possibilities:

1. an+b ¢ Z for any n € Z, i.e.,, b & aZ.
2. d1 k € Z such that ak +b =0, i.e., b € aZ.

The case b & aZ. In this case, we have (vg|vg) # 0 by the non-
triviality of (-|-). Hence, setting n = 0 in (11.6), we obtain b € R. By (11.5)
and (11.6), we obtain

(a+a+ Da(@a+)mn(m —n) + {(a +a+1) + (a* — (@ + 1)*) }omn
—{a(a+1) —a(@+1)}m? =0

for any m,n € Z, which is equivalent to the system of equations:

+a+1la@+1) =0,
+a+ 1)+ (a®> - (@a+1)?) =0,
ala+1)—a(@+1) =0.

o~ o~

a
a

—~

The solutions of this system are given by
1
a€—§+\/71R vV a=0 V a=-1.

In the case a € —3 + /—1R, the equation (11.5) is valid for all m,n € Z. By
(11.6), we obtain
(vn|vn) = (volvo) Vn € Z.

In the case a = 0, the equation (11.5) is consistent for all m,n € Z, and we
obtain

(valva) = “5—(voloo)  Vn € Z.
In the case a = —1, the equation (11.5) is consistent for all m,n € Z, and we
obtain i

(vnlvn) = - n(vo|vo) Vn € Z.
The case b € aZ. In this case, by assumption, we have a # 0, —1. In

the case b =0, (11.5) and (11.6) imply

1
a <€ —5 + Vv —1R,
and in this case, we have

(Vn|vn) = (vo|vo) Vn € Z.
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In the case b = —ak for some k € Z \ {0}, setting n = k in (11.6), we obtain
(volvo) = 0, which implies (vy,|v,) = 0 for any n € Z\ {k}. Setting n = k in
(11.5), we see that this implies (vy|vy,) = 0 for any n € Z which contradicts
to the non-triviality of (-|-).

IThe casea=0 A be Z‘ Similarly to the above argument, we ob-
tain a consistent Hermitian form satisfying

b—n

(vnlvn) = (volve)  Vn €Z)\ {b}.

The case a=—1 A b€ Z‘ Similarly to the above argument, we
obtain a consistent Hermitian form satisfying

(vnlvn) = _bn(v0|v0) Vn € Z\ {b}.

b
Summarising the above discussion, we obtain the following proposition:

Proposition 11.3 Fora,be C, let V! » be the intermediate series. %4 b ad-
mits a Hermitian form if and only if b € R and one of the following condztzons
are satisfied:

1
1. a€—§+\/—1R, 2. a=0, and 3. a=-1.
In each case, a Hermitian form on V , satisfies

1. (vn|vn) = (volvo) VnezZ,
b—n
b

%(WOWO) VneZ\{b}.

2. (vnlvn) =

(volvo) VneZ\{b},
3. (vnlvn) =

Notice that the above description is consistent with Lemma 11.2.

11.3.2 Verma Modules

In this subsection, we construct a Hermitian form which is contravariant with
respect to w on Verma modules.

Recall that the Poincaré—Birkhoff—Witt theorem implies the decomposi-
tion

U(Vir) = S(Vir') @ {Vir~U(Vir) + U(Vir)Vir'},

and we denote the canonical projection U(Vir) — S(Vir®) 2 C[(Vir?)*] with
respect to the above decomposition by 7. For (¢,h) € C? = (Vir®)*, we
denote the canonical projection C[(Vir®)*] — C[(Vit®)*]/(C —¢, Lo —h) = C
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by even, where (C' — ¢, Lo — h) C C[(Vir?)*] is the maximal ideal generated
by C' —c and Ly — h.
Now, on a Verma module M(c, h), we define the Hermitian form (-|-).,p
by
(Ve n|Y-Ve,n)en = €Vep 0 T(w(T)y) x,y € U(Vir), (11.7)

where vep :=1® 1. € M(c, h) is a highest weight vector.

As in § 3.1.2, one can show that this sesqui-linear form is well-defined if
and only if the ideal (C' — ¢, Lo — h) C S(Vir?) is w-stable, i.e., (c,h) € R2.
Thus, in the rest of this chapter, we may assume that (c, h) € R2. Finally, we
state some properties of this form whose proof can be given as in § 3.1.2.

Proposition 11.4 For (c,h) € R2, let M(c,h) be the Verma module with
highest weight (¢, h) and (-|-)c,n be the Hermitian form on M(c, h) defined by
(11.7). This Hermitian form enjoys the following properties:

1. Normalisation:  (vep|ven)en = 1.

2. Contravariance:  (z.ulv)ep = (ww(x).v)en  for any x € U(Vir) and
u,v € M(c,h).

3. Anti-symmetry:  (v|u)en = (u|v)en  for any u,v € M(c, h).

As a corollary, we have

Corollary 11.1 For (c,h) € R?, the radical rad(+|-). is the mazimal proper
submodule of M(c,h), i.e., we have

L(e.h) = M(e, h) /rad(-|Jen-

11.4 Main Results

In Chapter 2, we have shown that the simple Harish-Chandra Vir-modules
are classified into three classes: the irreducible highest weight modules, the
irreducible lowest weight modules and the intermediate series. In this section,
we state the main result of this chapter, that is, the classification of the
unitarisable Vir-modules among them.

The first main theorem is the classification of the unitarisable irreducible
highest weight modules:

Theorem 11.1 The highest weight representation L(c,h) is a unitarisable
representation if and only if one of the following conditions holds:

(i) ¢c>1and h >0,
(i1) there exists m € Z>9 and r,s € Z, 1 < s <r < m such that

6 ((erl)rfms)Q—l'

C Cm,m+1 m(m i 1)7 m,m+1:r,s:0 4m(m i 1)
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Remark 11.1 The second case in Theorem 11.1 for m > 3 exhausts all
of the discrete series (cf. § 5.1.5). Indeed, for such an (r,s), either (r,s)
or (m —r,m+1—s) belongs to (K, .. .1)°, which is a consequence of the

symmetry
1 1
s (ﬂ) s (ﬂ) ,
m m

For the definition of hq g(t), see (5.4).

For (c,h) € C? = (Vir")*, let L™ (¢, h) be the irreducible lowest weight Vir-
module with lowest weight (¢, k). Notice that L™ (¢, h) is the irreducible quo-
tient of M~ (¢, h) := Indyii- gy;,0C,, where C_, := C1_, is the Vir~ @ Vir’-
module defined by

Vir~.1_, = {0}, Lol,, :==h1_,, C1_,:=cl_,.
The second main theorem is the classification of the unitarisable irreducible
lowest weight modules:

Theorem 11.2 The lowest weight representation L~ (c, h) is a unitarisable
representation if and only if one of the following conditions holds:

(i) ¢ < =1 and h <0,
(i) there exists m € Zso and r,s € Z, 1 < s <r < m such that
6 ((m+1)r—ms)? -1

- 14— p=-
¢ + m(m+1)’ dm(m + 1)

The third main theorem is the classification of the unitarisable intermediate
series:

Theorem 11.3 The intermediate series V,, , is a unitarisable representation
if and only if
1
ae—§+\/—1R and beR.

11.5 Proof of Main Results

In this section, we prove three main results stated in the previous section.
Theorem 11.3 is a direct consequence of Proposition 11.3, and Lemma 11.2
implies that Theorem 11.1 and Theorem 11.2 are equivalent since we have
L(c,h)f* = L=(—c,—h) for any (c,h) € C%. Hence, it is sufficient to prove
Theorem 11.1 and this section is devoted to its proof.
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11.5.1 Determinant Formulae

In this subsection, we compute the determinant of the form (-|-). 5 restricted
to each weight subspace M (¢, h)p4n (n € Zsg) of the Verma module M (c, h).
We also compute the determinant of the form induced on a quotient of

M(e,h).
Fix a positive integer n € Zsqg. For I = (17272 ...n™) € P,,, we set

eg:=L"™ - LTEQLTl.

The elements {er.v. 4|l € Pp} form a basis of M(c, h)p4n. Let us compute
the determinant of the matrix

PI(C7 h)n = ((GH.U07}L|€J.Uc7}L)C,h)H7J67)n. (118)
We have
Theorem 11.4 For n € Z~, there exists A,, € Rsq such that

det H(c,h)p = An [ @rsle, )P,

r,8€ZL>0
s<r
1<rs<n

Except for the proof of positivity of A,,, this theorem has already been es-
tablished by Theorem 4.2, since, for (¢, h) € R?, det(c, h),, is proportional to
det(H(c, h)n). The following lemma guarantees the positivity.

Lemma 11.4. For 1, J € P,,

1. h‘deg(eﬂ~vc,h|e.ﬂ'vc,h)c,h S InlIl{|H|, |J|}7

2. h-deg(er.venler-ven)en < |I| =1, if |I| = |J] and T # 17,

3. (er.veplerve,n)en = A+ fi(c, h), for some Ay > 0 and fi(c, h) € R[z, h]
such that h-degfi(z, h) < |I|.

Proof. The proof is similar to that of Lemma 4.9. a

We fix a, B0 € Zso and & € R\ {0}, and set ng := agfo,

(C, h) = (0(50)’ hozoﬂo (§0))7

where ¢(§) and hq g(€) is defined by (5.4).
Let us compute the determinant of the form induced on the quotient

M (e, h) := M(c,h)/M(e,h + ng),

which we again denote by the same symbol (+|)¢ .
By Lemma 5.24, setting ¥, := ven, + M(c,h +ng) € M(c, h) and

Ppoi={l=(1"2"2...) € Pplr1 < no},



382 11 Unitarisable Harish-Chandra Modules
{e1.Vep|I € Py} forms a basis of M (¢, h)pip, for m € Z>g. Set

F(c, h)m = ((eﬂ-@C,h |eﬂ-5c7h)07h)H,Je75m .

Then by using Lemma 11.4, one can show the following proposition similarly
to (5.67) in the proof of Proposition 5.11.

Proposition 11.5 Suppose that n > ng. Then, we have

det H(c,h), x det H(c,h +10)n—no = An.ao.0 H @, .(c, h)P(=Te)

r,8€L>0
s<r
1<rs<n
(r,5)7(c0,80)

for some positive constant Ay o, .3, -

11.5.2 Proof of Theorem 11.1

We divide the proof of Theorem 11.1 into several steps.

11.5.2.1 Step I

Lemma 11.5. If (:|), is positive semi-definite, then ¢ > 0 and h > 0.

Proof. For any n € Z~g,
1 2
(L—nVe,n|LonVe)e,n = 2nh + En(n —1e.

If (-|-)¢,n is positive semi-definite, then these are non-negative for any n.
Putting n := 1 we have h > 0, and taking n large enough we have ¢ > 0. O

11.5.2.2 Step II

Lemma 11.6. If ¢ > 1 and h > 0, then (:|-)¢,n is positive semi-definite.

Proof. Let {e;j(c,h)|i = 1,--- ,p(n)} be the set of eigenvalues of H(c,h),.
Since H(c, h), is symmetric for ¢, h € R, we see that e;(c,h) € R. Here we
show that e;(¢,h) >0 (i=1,---,p(n)) for c > 1 and h > 0.

It follows from Lemma 11.4 that, for each ¢ > 1, if h > 0 (very large),
then e;(c,h) >0 (i =1,---,p(n)). One the other hand, one can easily show
that det H(e,h), # 0 for any ¢ > 1 and h > 0. Combining these facts, we
see that e;(c,h) > 0 for ¢ > 1 and h > 0, and thus e;(¢,h) > 0 for ¢ > 1 and
h>0. O
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As a consequence of Lemmas 11.5 and 11.6, it suffices to analyze the case
0 <e¢<1andh > 0. By Theorem 10.4, we have only to prove that if (-|-)¢n
is positive semi-definite for 0 < ¢ < 1 and h > 0, then (c, h) satisfies (ii) of
Theorem 11.1. Hence, in the following, we suppose that 0 < c¢ < 1 and h > 0,
and exclude the set of weights (¢, h) such that L(c, h) cannot be unitarisable.

11.5.2.3 Step IIT

If det H(c,h), < 0 for some n € Zsg, then (-|-)cn is not positive semi-
definite. By assumption, there uniquely exist m € R>y and M € R>; such
that ¢ = ¢ m+1 and b = Ay, pmy1.0. With such correspondence, we set

—M <ma—-(m+1)6< M,
E(e.h) =14 (,0) €R? | (m+1)a—mf 2 M, (11.9)
a>p3>0

and look at the integral points of E(c, h). By the factorisation (5.6), we see
that for (a,8) € (Z=0)? such that a > 3, (o, 8) € E(c,h) if and only if
D, g(c, h) < 0. Similarly, for @ € Zsg, Po.o(c,h) < 0 if and only if @ > M.
E(c, h) is given as the domain indicated in Figure 11.1:

S
el S

Fig. 11.1 E(c, h)
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Let us show that for any highest weight (¢, h) (0 < ¢ <1 and h > 0), the
region E(c, h) contains at least one integral point.

Lemma 11.7. E(c,h) NZ? # 0.

Proof. Let m and M be positive real numbers such that ¢ = ¢, my1 and
h = by m+1:m where cp g and hp g is defined as (5.5). Notice that m > 2
and M > 1,since 0 <c¢<1andh > 0.

For a € Z such that o > M,

(o, B) € E(e,h) & a_ < f<ay,

where we set a4+ := % In particular, for k € Z>, we have

km km
k E(c,h) & a_ < B < _
(a+k, ) € E(c, h) a +m+1_ﬁ_a++m+1
Hence, it is enough to see that
km km
4 — — 1 NZ
@ +m+1’a++m+1 #0,

for some k € Z>.
By taking « € Z appropriately, we may assume that

1
m+1’

a_ —[a_] <

where [z] denotes the greatest integer not exceeding x. Further, since M > 1,
we have

m
J4l<a_+1< o
[a_]+1<a_+ a++m+1

and hence, we see that

[a_]+1 € |a_ + mL_H,a+ + mLH :
We set
ale, h) == min{a|(a, B) € E(c,h) N 2%},
B(c, h) := min{B|(a, B) € E(c,h) N Z*},
P(z,h) := (ale, ), B(c, h)).

It is obvious that P(c, h) € E(c, h). In the sequel, we call P(c, h) the minimal
integral point of E(c,h).
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11.5.2.4 Step IV

Here we show that if (-|-).,, is positive semi-definite, then P(c, h) is a point
on 0E(c, h) (the boundary of E(c, h)).

Lemma 11.8. If P(c,h) € E(c,h) (the interior of E(c,h)), then (:])en is
not positive semi-definite.

Proof. We show that the assumption of the lemma implies det H(c, h), < 0

for some n. Set (ag, Bo) := P(c, h) and ng := apfBy. Since (ag, Bo) € lOC(c, h),
we have
By 50 (cs 1) < 0. (11.10)

Moreover, for (o, 3) € (Zso)? such that a8 < ng, B < a and (o, 3) #
(a0, Bo), we see that (o, 8) € E(c, h) since (ap, Bp) is the minimal integral
point of E(c, h). Hence, we have

By p(c,h) > 0. (11.11)

Now, in order to determine the signature of det H(c, h),, we study the
signature of @4 (c, h). Set

By = {a € Z=g|la® < ng APy a(c,h) < 0}.

If E; =0, then by (11.10) and (11.11), we have det H(c, h),, < 0.

We suppose that E; # (). Let us put a; := min Ey, n; := o?, and show
that det H(c, h),, < 0. By the assumption on a1, we have &, o(c, h) > 0 for
any a < «ay. But, if @, 4(c,h) = 0, then (o, ) = (M, M) € E(c,h) which
contradicts the hypothesis on (ag, 8o) := P(c, h). Hence, we have @, 4 (c, h) >
0 for any o < aq, and thus det H(c, h),, < 0 by (11.11). O

By Lemma 11.8, it suffices to consider the case where P(c,h) € OE(c, h).

11.5.2.5 Step V

Here we introduce three subcases of the case where P(c,h) € OE(c, h).
We denote the half lines or segment of OE(c, h) in Figure 11.2 by £4(m),
l{p(m) and £o(m):
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Fig. 11.2 9E(c,h)

We consider (M, M) € £g(m) and (M, M) & {c(m), namely,
la(m) :ma—(m+1)B=M a>2
lg(m): (m+Na—mB=M miﬂ<a§M,
le(m) :ma—(m+1)=-M a>M.
We sometimes abbreviate £x(m) (X = A, B,C) to £x for simplicity.

In the sequel, in each case where P(c,h) € £x(m) (X = A, B,C), we
describe the highest weight (c, h). First, we prove

Lemma 11.9. P(c,h) € {c(m).

Proof. Set (oo, fo) := P(c, h). Here, we assume that (ao,8o) € £c(m), and
lead to a contradiction. By assumption, we have M < Gy < ayg.

Since M > 1, we see that o > 1. But then, (ag — 1,60 — 1) € E(c, h)
holds. Indeed, combining M = —mag + (m + 1)8, ag > Bo and m > 2, we
have

M>-m(a—1)+(m+1)(6o—1) > —M,
(m+1)(ap—1)—m(By — 1) > M.

This contradicts the definition of («ayg, 5o).- |

Hence, it is enough to consider the following cases
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Case A : P(c,h) € £a(m), or
Case B : P(c,h) € {g(m).

11.5.2.6 Step VI

In this subsubsection, we obtain the condition for m that P(c,h) € £4(m) or
P(c,h) € £g(m).

In the sequel, we fix (ag, 30) € (Z~0)? such that By < g, and suppose
that the weight (¢, h) satisfies

(Oé(),ﬁo) = P(C7 h)

We notice that if (¢, h) = (¢m,m+1, Pm.m+1:0) (m > 2, M > 1) belongs to
Case A or Case B, then

Case A : h = hm m+1:80,00:05
Case B: h= h’m,m+1:ao,ﬁoz0-

For simplicity, we sometimes use the following notation:
C[m] = Cm,m+1; hoe,ﬁ[m] = hm,7rz+1:a,6:0- (1112)

Then, in the sequel, we assume that

c — (C[mLhﬁo,ag [m]) Case A
o {(c[m}’hao,ﬁo [m]) Case B

and (ao, Bo) = P(c, h).
Lemma 11.10. 1. Case A: Suppose that (¢, h) = (c[m], ha,.a0lm]). Then
(a0, Bo) € La(m) & m > ag+ o — 1.

2. Case B: Suppose that (¢, h) = (c[m], hay,5,Im]). Then

m>ao+0o—1 if (o,00)#(1,1)

(a0>ﬁ0) € EB(m) A {m > 2 Zf (Olo,/BO) = (1’ 1) .

Proof. First, we prove the lemma for Case A.
Since (¢, h) = (c[m], hgy,a0[m]) satisfies (ao,B0) = Pl(e,h) and (oo, o) €
£4(m), the lines £4(m) and £p(m) are given as in Figure 11.3:
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A

Z

I

) (Ozo - 15/30). ‘ ta07ﬁ0)

m+1 m

Here, ¢1 and ¢5 are the lines whose slopes are equal to 1, and they pass through the
points (a0 — 1, 80) and (o, Bo) respectively.

Fig. 11.3 Case A

We show that

P(C[m]7 hﬁo,(xo [m]) € EA(m)
= P(c[m'], hpy a0 [m']) = P(c[m], hpy,a0lm]) € La(m’) ¥ m" = m.
To show this fact, we notice the following:

1. For any m' > m,
(O‘Oa 60) € 3E(C[ml], hﬁoyao [m/Dv

since we have @o, g, (c[m'], hg,y.ao[m']) = 0.

2. The slopes of the lines £4(m) and £5(m) tend to 1 as m tends to oo.

3. The interior of the domain bounded by the lines ¢; and ¢ has no integral
point.

Therefore, from the above figure, we see that this fact follows from

M M

) )

m m+1

M are increasing functions of m. (11.13)
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Indeed these follow from M = m(ag — Bo) — Do, % = ag — By — 22 and

m

m+1 60 - aJ(r)
Furthermore from Figure 11.3 and (11.13), we obtain

(a0, Bo) = P(c[m], hgy,a0lm]) A (0, Bo) € £a(m)
g (ao - 17ﬂ0) ¢ E(C[m]a hﬁo,ao [mD
< (m+1)(ap—1) —mpy < M
S m>ag+ Gy — 1.

Here, we remark that, in this case,

M =m(ao — Bo) — o
> (a0 + o — 1)(a0 — Bo) — Bo
—(ao-12— B tag—1>1.

Thus, we have proved the first statement.

Second, we prove the lemma for Case B. If (c,h) = (c[m], hay,5,(m])
satisfies (o, Bo) = P(c, h) and (ag, Bo) € £p(m), then the lines £4(m) and
£p(m) are as in Figure 11.4.

Similarly to the previous case, we prove that

P(C[m]v hao,ﬁo [m]) €lp (m)
:>P(C[m/]a hoéoﬁo [m/D - P(C[m]a hOéoﬂo [m]) € éB(m/) v om' >m.

Indeed, since (v, Bo) € OE(c[m'], hay g, [m']), this fact follows from

M
M is increasing, and —, are decreasing functions of m. (11.14)

m  m+1
Furthermore, by Figure 11.4 and (11.14), we have

(O‘()vﬁo) = P(c[m], h’ao,ﬂo [m]) A (Oéo,ﬁo) S KB(m)
< (a0, 00 — 1) € E(c[m], hay,g,[m])
< mag—(Mm+1)(Bo—1)>M < m>ap+ 0o — 1.

Since m > 2, we obtain the conclusion. O

Hence, until the end of this section, we assume that

m>ag+0p—1 Case AV (Case B A (ag, o) # (1,1))
m > 2 Case B A (ag, b)) = (1,1)

unless otherwise specified, and determine which m may correspond to a uni-
tary representation.
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‘(040, Bo)

M M
m+1 m

Here, ¢; and ¢5 are the lines whose slopes are equal to 1, and they pass through the
points (a0, Bo) and (ao, Bo — 1) respectively.

Fig. 11.4 Case B

11.5.2.7 Step VII

In this subsubsection, we see that if m is an integer, which satisfies the
previous lemma, then the corresponding weight is given in Theorem 11.1 (ii).
For each m, we introduce points (r(m), s(m)) and («f, ;) as follows:

Case A. Let (r(m), s(m)) be the solution of

(m+ Da—mpB =M,
a—fF=a0—Po—1,

i.e., the intersection of £5(m) and ¢; in Figure 11.3. Let (g, 3)) be positive
integers such that

ap — 1 <r(m) < ap,
ag—ﬂ{):ao—ﬂo—l.

Case B. Let (r(m), s(m)) be the solution of
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ma— (m+1)8=M,
a—fF=ay—PF+1,
i.e., the intersection of £4(m) and ¢ in Figure 11.4. Let (g, 3)) be positive
integers such that
ap—1<r(m) < ag,
ag—ﬂ{):ao—ﬂ0+1.
Further, we set
no := apfo, ng = apB.

For simplicity, we sometimes use the following notation.

him] = hgy.a0lm] Case A '
hao.5,m] Case B

We check that if 7(m) is an integer, then the corresponding weight is one
of the highest weights in Theorem 11.1 (ii).

Lemma 11.11. Ifr(m) € Z, i.e., r(m) = oy, then (c, h) is one of the highest
weights given in Theorem 11.1 (ii).

Proof. In Case A, if r(m) = «f, then s(m) = af — ag + Bo + 1. On the
other hand, since (r(m), s(m)) € £g(m) and M = mag — (m+ 1)5y, we have
m = «a + Po, and thus m € Zss. Since (o), By) = (r(m), s(m)), we have
hgya0lm] = hay py[m]. Hence (¢, h) = (c[m], hay gy[m]) for some m € Z>o
and «af, 8) € Z=o such that 3 < ay < m.

In Case B, if r(m) = af, then s(m) = af — ag+ o — 1 and m = ag + G).
Hence m € Zx>3, and (¢, h) = (c[m], hay,3,[m]) for some m € Z>4 and ag, By €
Z>Q such that 60 < ag <m. O

11.5.2.8 Step VIII

Consequently, to complete the proof of Theorem 11.1 it is enough to show
Proposition 11.6 If r(m) € Z, then (|-).,n is not positive semi-definite.
Here and after, we assume that m € R satisfies af — 1 < r(m) < o).

Lemma 11.12. If (o, 3) € OE(c, h) N (Z0)? and a3 < nj), then

(@, B) = (a0, Bo)-

Proof. We first consider Case A. In this case, the lines £4(m) and £5(m) in
the («, B)-plane are as in Figure 11.5. By Figure 11.5, it is enough to show
that
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In fact, if (11.15)

11 Unitarisable Harish-Chandra Modules

s—t<2 and t —r < 2.

that (11.15) implies the first statement of the lemma in Case A.

Since (r,t) € £a(m) and (r,s) € £g(m), we have s —t = “tL. By the

definitions of (r, s) and («g, o), we also have m = r + y. Hence, we have

t— Bo

r—agt— [

s—t=1+ =1+ <2
r+ Bo r+For—ag
13
/,..- ».'[1
aﬁ — O‘é) 56 //’
s
la
* e .53
// Et/as)
; s
.................. @ =LBh Vg / | e e
: /" ' 8= 08—
(a0 — 1, 60) g
»_.-' a0, B0) (a0 +1,80) 8= Bo

Here, ¢; (i = 1,2,3) are the lines defined by 4; : a— 8= a0 — 8o — (2 — ). We set
(r,s) := (r(m), s(m)). (r,t) (resp. (¢, s)) is the intersection point of £4(m) and o = r

(resp. 8 = s).

Fig. 11.5 Case A

(11.15)

hold, then in the region Sy < 8 < B — 1, £a(m) lies in
between ¢5 and {3, and £p(m) lies in between ¢; and {o, since the interiors
of the regions bounded by ¢s and ¢3 or ¢; and {5 do not contain integral
points, and («ag, o) is the minimal integral point of E(c, h). Hence, we see
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since =50 < 1 is the slope of £4(m). Similarly, r = s + ap — Bp — 1 implies

T —0Qp
t’frzr+s:1+i<2.
m s+ag—1

Next, we show the lemma in Case B. Here, we have the next figure:

.Zl .62
aff = aéﬁé . ey
A P
(ay—2.5) . __‘_;(_o_f‘(),ﬁé)
[ ) (t,S)/
B=pp—1 ya
......................... B e o
B=Po o S o
(Oéo,ﬁof)/

’(‘ééoﬁo -1)

Here, ¢; (i = 1,2,3) are the lines defined by ¢; : o — 8 = ag — Bo — (2 —1). We
set (r,8) := (r(m), s(m)). (r,t') (resp. (t,s)) is the intersection point of £5(m) and
a =7 (resp. B = s).

Fig. 11.6 Case B
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Similarly to Case A, it suffices to see that
r—t<2 and t' —s<2. (11.16)
Since (t,s) € £g(m), (r,s) € £La(m) and m = s + ag, we have

s—|—t:1+t—a0 _1+s—60t—oz0

r—t= = :
m s+ ag s+ ag s— By
Since f:gg is equal to the slope of the line £5(m), we have r —t < 2. Similarly,
TS 5= hetl
S+ «p
since r = s + ag — Bg + 1. Hence, we also have t/ — s < 2. O

By Lemma 11.12, it follows that det H (c[m], h[m]),; # 0. Hence, to prove
Proposition 11.6, it is enough to compare the signature of det H(c[m], h[m|+
n())né),no with

[T @ralelm] Am)y o=
r,8€Z>0

s<r

1§rs§n6
(r,8)#(x0,80)

by Proposition 11.5.

Lemma 11.13. 1. The set z@’(c[m],h[m]) N{(a, B) € (Zs0)?lap < njy} can
be described as follows:

0<k L — Case A ;o
(OISR R e g JU ()8

2. The set E‘(c[m],h[m] +n0) N {(a,B) € (Z0)*laB < nf — ng} can be
described as follows:

O0<k<a)—ay for Case A,
{(a0+ﬁ0»0)+k(1’1)‘0<k§ﬁ(’)_ﬁo for Case B |

Proof. The first statement of this lemma has been essentially proved in the
proof of Lemma 11.12. Hence, we will only prove the second statement.

We first consider Case A. In this case, we have Figure 11.7.

From this figure, we see that the following inclusion holds:

E(elml, b aolm] + a080) N {(c, 8) € (Z50)*|aB < a8y — B}
{(ao + Bo,0) + k(1,1)|0 < k < oy — o }-
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Lo

(o8 =0 +1)

P o

e+ By ey — o)

Qy

.
#(ao+060,0)
B Y Ao, ~Bo)

where M := mag + (m + 1),
la:ma—(m+1)=M, lg:(m+1)a—mB=M,
bo:ma—(m+1)8=—M,
C:aff = apfhy — aofo = (aj + Bo)(ap — ao) + ap,

P(ag + Bo + ﬁle,ozg — o) and Q(af + Bo — 7y, @ — o)

Fig. 11.7 Case A

By the assumption ay—1 < r(m) = m— [y, it follows that the above inclusion
is, in fact, the equality.

Similarly, for Case B, Figure 11.8 and the assumption ay — 1 < r(m) =
m + 1 — [y imply the equality:
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%(C[mL a8 M) + a0Bo) N {(c, B) € (Z>0)?|af < apBy — aoBo}
={(ao + B0,0) + k(1,1)]0 < k < By — Bo}- U

Lemma 11.13 together with Proposition 11.5 implies Proposition 11.6.
Therefore, the proof of Theorem 11.1 has been completed.

Lo

e

\\,p (BeotL1.8—=Fo) "
N Bien 5= 0)

A

s
- @ (B)+ao,B)—Bo—1)

where M := (m + 1)ag + mfo,

la:ma—(m+1)=M, lp:(m+1)a—mB=M,
be:ma—(m+1)8=—-M,
C:aB = oayfh — aofo = (o + By)(B5 — Bo) + 5o,

’
ap—1

P(B) + a0 + 221, By — o) and Q(B) + a0 — 7224, B — Bo).

m

Fig. 11.8 Case B
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11.6 Bibliographical Notes and Comments

In 1984, D. Friedan, Z. Qiu and S. Shenker [FQS1] has announced a necessary
condition of the irreducible highest weight modules to be unitarisable, and
their detailed proof appeared in [FQS2] in 1986. A different proof was given
by R. Langlands [La] in 1988; the proof given in this chapter basically follows
his arguments except for the proof of Proposition 11.6 in Step VIII which is
our original. R. Langlands’ proof relies on the analysis of the contravariant
form as m — oo, whose limit is a Vir-module with central charge 1, with the
aid of its structure of the Jantzen filtration we have discussed in Chapter 6.

As we have explained in Chapter 10, the sufficiency of the above-mentioned
condition was proved by P. Goddard, A. Kent and D. Olive [GKO1], [GKO2]
in 1985.

One of the important applications of Theorem 11.1, which was proved by
R. Goodman and N. R. Wallach [GW1], [GW2] (see also [To]), says that some
completeions of descrete series representations of the Virasoro algebra can
be lifted to projective representations of the group Diff , (S*) of orientation
preserving diffeomorphisms of the circle S*.



Appendix A
Homological Algebras

In this appendix, for the reader’s convenience we briefly recall basic facts
about homological algebras used in this book. In particular, some statements
concerning Lie algebras are explained with proofs.

In Section A.1, we will recall the definition and some fundamental proper-
ties of categories and functors. In Section A.2, we will recall derived functors.
In Section A.3, we will explain Lie algebra homology and cohomology.

A.1 Categories and Functors

In this section, we recall some basic notions such as categories, functors etc..
In particular, we will explain some subtleness when one treats additive cate-
gories. For detail, the reader may consult [HiSt], [Wei].

A.1.1 Categories

Here, we recall the definition of the category.

Definition A.1 A category C is a collection of three pieces of data:

1. a family Ob(C), whose members are called objects,

2. for all pairs (X,Y) of Ob(C), a set Home (X, YY), whose elements are called
morphisms from X to Y,

3. for any triple (X,Y,Z) of Ob(C), a map

Home(X,Y) x Home (Y, Z) — Home (X, Z); (fig)— fog
called the composition map.
These data satisfy
K. Iohara, Y. Koga, Representation Theory of the Virasoro Algebra, 399

Springer Monographs in Mathematics, DOI 10.1007/978-0-85729-160-8,
© Springer-Verlag London Limited 2011


http://dx.doi.org/10.1007/978-0-85729-160-8

400 A Homological Algebras

1. the composition of morphisms is associative,
2. for any X € Ob(C), there exists idx € Home(X, X) such that foidx = f
and idx o g =g for any f € Home(X,Y) and any g € Home(Z, X).

Notice that the morphism idx is uniquely determined.

A morphism f € Home(X,Y) is called a monomorphism (resp. an epi-
morphism) if the equality fog; = fogs € Homc(W,Y) (g1of =ga0of €
Home (X, Z)) implies g1 = g2 € Home (W, X) (resp. g1 = g2 € Home (Y, 2)),
and is called an isomorphism if there exists ¢ € Home(Y, X) such that
fog:idy andgof:idx.

A subcategory C’ of C is a category C’ such that Ob(C") C Ob(C) and
for any pair (X,Y") of Ob(C’), Home/ (X,Y) C Home(X,Y) with the induced
composition law, and idx € Home/ (X, X).

If in addition Homes (X,Y) = Home (X, Y') always holds, then C’ is called
a full subcategory of C.

For any category C, the opposite category C°PP is the category defined
by Ob(C°PP) = Ob(C) and Homeorr (X, Y") := Home¢ (Y, X) with obvious com-
position laws.

A.1.2 Functors

Here, we recall the definition of functors.

Definition A.2 Let C and C' be two categories. A functor F from C to C’

consists of the following data and rules:

1. a map F : Ob(C) — Ob(C');

2. for any pair (X,Y) of Ob(C), a map F : Hom¢(X,Y) — Home: (F(X),
F(Y)),

satisfying

F(idx) = idpx),
F(fog)=F(f)oF(g).

In particular, one says that F is a covariant functor, and a functor from
COPP to (' is called a contravariant functor from C to C'.

For any two categories C and C’, the family of functors from C to C’ forms
a category if one defines the morphisms of functors in an appropriate way.
This is done as follows:

Definition A.3 Let F' and G be two functors from C to C'. A morphism
of functors (or a natural transformation) t from F to G consists of
following data:

For any X € Ob(C), an element t(X) € Home (F(X), G(X)),
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such that the following diagram commutes for any f € Home(X,Y):

#(X)

Fx) —5 G(x)
kF(f) lG(f)
(¥) —57 GV,

A functor F from C to C’ is said to be a categorical equivalence iff there
exists a functor G from C’ to C such that F o G =2 id¢s and Go F 2 ide. In
this case, G is called a quasi-inverse of F'.

In such case, it quite often happens that (F, G) is an adjoint pair, namely,
there exists an isomorphism of bifunctors C°PP x C’ to the category of sets
Home/ (F(X),Y)) = Home(X,G(Y)). We say that G is a right adjoint to
F and that F is a left adjoint to G. However, this is equivalent only to the
following: there exist natural transformations

a:FoG —ide, B:ide — G o F,

such that the composition G(Y) PG GoFo G(Y) Glei) G(Y) is equal
to idg(yy for any Y € Ob(C’)

and the composition F(X) PO pogo F(Xx)“

idp(x) for any X € Ob(C).

Sals o) F(X) is equal to

A.1.3 Additive Categories

Here, we briefly recall the definition of the additive category and the additive
functor.

Definition A.4 A category C is called an additive category if it satisfies
the following:

1. for any pair (X,Y) of Ob(C), Home (X, Y) has a structure of abelian group,
and the composition law is bilinear,

2. there exists an object 0 such that Home(0,0) = 0,

3. for any pair (X,Y) of Ob(C), their product, called the direct sum of X
andY and denoted by X @Y, exists.

Here, for a family {X;};er of the objects of the category C indexed by I, a
product (X;m;) of the objects X; is an object X, together with morphisms
m; © X — X, called projections, with the universal property: for any
Y € Ob(C) and morphisms f; : ¥ — X, there exists a unique morphism
f:Y — X with f; =m0 f.
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Definition A.5 Let f € Home(X,Y).
1. A pair (K,i) is called the kernel of f if it satisfies

i. foi=0 and
. for any morphism such that f oj = 0 there exists a unique morphism k
such that j =iok.

In such case, the object K is often denoted by Kerf.
2. A pair (C,p) is called the cokernel of f if it satisfies

. pof =0 and
1. for any morphism such that qo f = 0 there exists a unique morphism r
such that g =1 o p.

In such case, the object C is often denoted by Cokerf.

Notice that the kernel and the cokernel of a morphism may not exist, but
if they exist they are unique up to isomorphism. We also remark that in an
additive category, a monomorphism (resp. an epimorphism) is a morphism
having zero kernel (resp. zero cokernel).

The cokernel of the kernel of a morphism f, if it exists, is called the
coimage of f and is denoted by Coimf. Similarly, the kernel of the cokernel
of f, if it exists, is called the image of f and is denoted by Imf.

Let C and C’' be additive categories. A functor between C and C’ often
satisfies an additional property:

Definition A.6 A functor F from C to C' is called additive if for any pair
(X,Y) of Ob(C), the map F : Home(X,Y) — Home/ (F(X), F(Y)) is a
homomorphism of groups.

Notice that this condition is equivalent to the condition that F' preserves the
direct sum.

A.1.4 Abelian Categories

Here, we briefly recall the definition of the abelian category and the exactness
of functors.

Definition A.7 An additive category C is called an abelian category if it
satisfies the following conditions.

1. For any morphism f: X — Y, Kerf and Cokerf exist.
2. The canonical morphism Coimf — Imf is an isomorphism.

An abelian category is a generalisation of the category of abelian groups. In
fact,
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Remark A.1 It has been proved by B. Mitchell [Mit] that every small abelian
category is equivalent to a full subcategory of the category of A-modules for
some ring A. Here, a category is said to be small if its class of objects forms
a set.

We also remark that a morphism in an abelian category is an isomorphism
if and only if it is a monomorphism and an epimorphism.

Definition A.8 A sequence of morphisms
x Ly Lz

in C is called an exact sequence if it satisfies

1. gof=0 and
2. the natural morphism Imf — Kerg is an isomorphism.

More generally, a sequence of morphisms is called exact if any successive
pair of arrows is exact.

We remark that a sequence 0 — X Ly (resp. X Ly - 0) is exact if
and only if f is a monomorphism (resp. an epimorphism).
Let C and C’ be abelian categories.

Definition A.9 Let F be an additive functor from C to C'. F is said to be
left exact (resp. right exact) if

0— F(X) — F(X/) — F(X”),
(resp. F(X)— F(X') — F(X”)—0)

is exact in C' for any exact sequence 0 —» X — X' — X7 (resp. X — X' —
X7 —0) inC. In particular, F is said to be exact if it is both left exact and
right exact.

If an additive functor between two abelian categories is one-sided exact, i.e.,
either left exact or right exact, then one may measure how far it is from the
functor being exact. This will be the subject of the next section.

A.2 Derived Functors

In this section, we briefly recall the definition of derived functors and their
properties. Throughout this section, we assume that all the categories we
consider are abelian unless otherwise stated.
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A.2.1 Definition

After recalling some basic notion such as projective objects and injective
objects, we define the derived functors of either a left exact or a right exact
additive functor between abelian categories.

Let C be an abelian category.

Definition A.10 1. Let X € Ob(C). X is called projective (resp. injective),
if the functor Home (X, -) (resp. Home (-, X)) is exact.

2. We say that C has enough projectives, if, for any object X € Ob(C),
there is a projective object P € Ob(C) and an epimorphism P — X. Du-
ally, we say that C has enough injectives, if C°PP has enough projectives.

Remark A.2 Let X € Ob(C). In general, the functor Home(X,-) is only
left exact. Hence, the condition that P € Ob(C) is projective is equivalent to
the following: if for any X, Y € Ob(C), f € Home(P,Y) and an epimor-
phism g € Home (X, Y), there exists h € Home (P, X) such that the following
diagram commutes:
i
l
<+

1N

X—Y 0.

The dual statement to the above also holds.

Definition A.11 Let X € Ob(C).

1. An exact sequence
On [ 01 €
—-P, 3P, 1—>--—>P>P 5P —>X—-0 (A1)

consisting of projective objects P,, is called a projective resolution of
X.
2. An exact sequence

0 1 n
o-xSoippde o pdma

. (A2)

consisting of injective objects I, is called an injective resolution of X.

By definition, we have

Lemma A.1. Suppose that C has enough projectives (resp. injectives). Then,
any X € Ob(C) admits a projective (resp. an injective) resolution of M.

Let C and C’ be abelian categories and F : C — C’ be a covariant additive
functor. We define functors R"F' and L, F as follows:
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1. Suppose that F' is left exact and C has enough injectives.
For X € Ob(C), take an injective resolution of X:

0 1 n
ooxSsSoLpnd e o omd ma

Consider the cocomplex

0= PI)=F(I)—=F(1%) = - — F(I") "5 Pty —

and define R"F(X) := KerF(d")/ImF (d"~1).
2. Suppose that I is right exact and C has enough projectives.
For X € Ob(C), take a projective resolution of X:

On o o
— P, 8PP 3P 3PS5 X 0.

Consider the complex

F(9n)

— F(P,) — F(Pp-1) — -+ — F(Py)—F(P)—F(F) — 0,

and define L, F(X) := KerF(9,,)/ImF (Op41)-

For a contravariant additive functor F' : C — C’, one may similarly define
functors R"F and L,F. (Regard F as a covariant functor from C°PP to C’
and apply the above definition.)

Notice that since any two projective (resp. injective) resolutions of an
object are homotopic, the above definition does not depend on the choice of
a projective (resp. an injective) resolution.

A particular case of the derived functor is given by the following lemma:

Lemma A.2. 1. If F is left evact, then ROF(X) ~ F(X) for any X €
Ob(C).
2. If F is right exact, then LoF(X) ~ F(X) for any X € Ob(C).

Definition A.12 1. For a left exact additive functor F', the functors R™F
are called the nth right derived functors of F'.

2. For a right exact additive functor I, the functors L, F is called the nth
left derived functors of F.

Let us summarise the definition of the derived functors as follows:

derived functor functor resolution
R"F covariant  left exact | injective
L., F covariant right exact|projective
R"F contravariant left exact |projective
L, F contravariant right exact| injective

The following propositions is a practical tool to calculate the nth derived
functors.
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Proposition A.1 Let F be a covariant one-side exact functor from C to C’.
Suppose that 0 — X — Y — Z — 0 is an exact sequence in C. Then, we
have the following long exact sequence in C':

1. F: left exact,

0—>F(X) —>F(Y) —>F(Z) —
—R'F(X) - R'F(Y) - R'F(Z) — ---
- »R'F(X) - R'FY)— RF(Z)— ---

2. F: right ezact,

 SLiF(X) — LiF(Y) — LiF(Z) — -
=L F(X)— L1WF(Y)— L F(Z) —
—LyF(X)—FY)— F(Z)—O0.

Here is a simple corollary of the Grothendieck spectral sequence [Gro]:

Proposition A.2 1. Let G : C — C' be a covariant one-side exact functor,
and let ' : C' — C" be an exact functor.

(i) Suppose that F is covariant. If G is left exact, then R"(F o G) = F o
R"G.

(i) Suppose that F is contravariant. If G is right exact, then R™*(F o G) =
FolL,G.

2. Let G:C" — C" be a covariant one-side exact functor, and let F' : C — C’
be an exact functor.

(i) Suppose that F is a covariant functor, which maps injectives to injec-
tives. If G is left exact, then GoF is left exact and R™(GoF) = R"GoF.

(i) Suppose that F is a contravariant functor, which maps projectives to
injectives. If G is right exact, then Go F is left exact and R"(Go F) =
L,GoF.

A.2.2 Extension of Modules

One of the most typical examples relevant to this book is the extension of
modules we are going to review here.
Let C be an abelian category. For A, B € Ob(C), an exact sequence

0—-—B—FE,1—-—FE—A—0

is called an nth extension of A by B.
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We first introduce an equivalence relation on the set of nth extensions of
A by B. It should be noticed that, at this moment, C does not necessarily
have enough projectives and injectives.

For a pair (A, B) of Ob(C), let

F:0-B—FE, 1—--—FEy—A—Q0,
E:0-B—E, ,— - —E —-A—-0

be nth extensions of A by B. Let us denote E »— E’, if there exists a com-
mutative diagram

E: 0—B—F, 11— —FEy—A—0.
| l
E: 0—B—E,  — —E/—A—0

Note that for n > 2 the relation F ~— FE’ is not symmetric. Let ~ be an
equivalence relation on the set of n-extensions of A by B generated by the
relation —, i.e.,

E ~ FE' if and only if there exists a sequence E(0),---,E(m) such that
E =E(0), E' = E(m) and E(i) — E(i+ 1) or E(i +1) — E(i) hold for
any ¢t =1,---,m— 1.

We denote the equivalence classes of E by [E], and set
Extp (A, B) := {nth extensions of A by B}/ ~ .

It is known that for any [E_],[HE'] € Exty (A, B), one can define [E] 4 [E'] in

terms of extensions, and Ext.(A, B) becomes an abelian group. Moreover,

E—th(7 -) is an additive bi-functor from C to the category of abelian groups.
For two exact sequences

E:0—>BL>E1—>---ET—>A—>O,
F:OHCHF1H~~HFSLBHO,

in C, we obtain a new exact sequence F o F', called the Yoneda product of
FE and F:

0—>C—>F1—>~-~—>Fsdlﬁl>E1—>~-~—>ET—>A—>0.
Note that Yoneda product defines
Exte (A, B) x Exty(B,C) — Bxty (A, C).

For the details, see, e.g., [HiSt].
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Using mg(, -), we see the splitting of modules whose composition factors
do not have any non-trivial first extensions.

Lemma A.3 ([RW1]). Let M = My D> My D --- D Mg D Mgr1 = (0) be a
filtration in C. Put W; :== M;/M;+, fori=20,---,d. Suppose that

Exto (Wi, W,) =0

forany1 <i< j<d. Then M is isomorphic to the direct sum of {W;}, i.e.,

d
M~ Pw;.
i=0
Proof. In the case where d = 1, we have M = My D My D My = (0) and
mé(Wo, W1) = 0. Hence the short exact sequence

0—-W,—-M—Wy—0

splits, and thus M ~ Wy @& W;. By induction on d, the lemma is proved. O

In the case when C has enough injectives and projectives, E—XtZ(A, B) can
be interpreted as the Ext bi-functor defined as derived functors. Noting that
F4 = Home(A,-) (resp. F’CB := Home(-, B)) is a covariant (resp. a con-
travariant) left exact functor, we define the Ext bi-functor Extg(-,-) as
follows:

Definition A.13 1. Ext}(A, B) := (R"FZ)(B) if C has enough injectives,
and

2. Ext;(A,B) := (R”F’CB)(A) if C has enough projectives.

By definition, the next lemma follows:

Lemma A.4. Let X € Ob(C).

1. If P € Ob(C) is projective, then Exti (P, X) =0 for any n > 0.

2. If I € Ob(C) is injective, then Exts(X,I) =0 for any n > 0.

In the case where C has enough injectives and projectives, these definitions

coincide:

Proposition A.3 Suppose that C has enough injectives and projectives.
Then for any A, B € Ob(C), we have

Exte (A, B) = (R"F&)(B) ~ (R"F'Z )(A).

A.3 Lie Algebra Homology and Cohomology

In § 1.3.3, we introduced Lie algebra (co)homology groups as derived functors.
On the other hand, they can be defined by means of the Chevalley—Eilenberg
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(co)complex. Here, we recall the definition and see that two different defini-
tions lead to the same result.

Through this section, let a be a (not necessarily @-graded) Lie algebra
over a field K of characteristic 0.

A.3.1 Chevalley— Eilenberg (Co)complex and Lie
Algebra (Co)homology

First, we recall the Chevalley—Eilenberg complex of a. (See, [CE] and [Kosz1]
for details.)

Let V be an a-module. For n € Zsg, we let A™a be the pth exterior
product of a. In particular, we set A% := K and A~ 'a := {0}. The natural
left a-module structure on A®a ® V' is denoted by 0, i.e., for x € a, we set

O(z) : A"a®V — A"a V;
x1A~~~/\xn®vr—>ixl/\~~/\[x,xi]/\~~/\xn®v
i=1
+r1 NNz K0
Indeed, it satisfies
0(x)0(y) — 0(y)0(x) = 0([z,y])  w,y€a
The exterior product e(x) of 2 € a is defined as follows:

e(z) A"a®V — Ao V;
TIN Ny QUi— T AT N NT)y Q0.

One can check
O(x)e(y) —e(y)(z) = e(fz,y]) @y ea
Now, for n € Z>(, we define
Op : A"a@V — A" la @V,
inductively by
Opoe(r)+e(x)odp_1=—0(z) x € a.

By direct calculation, one can verify
Lemma A.5. {0, }nez., satisfy the following:
1. 0p 0 8(x) = 8(x) 0 Oy, holds for any n € Z>o and z € a.
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2. Op—1 00y, =0 holds for any n € Z~q.

Notice that the second formula can be proved only by using the relations
given above. Hence, we define

Definition A.14 Let V' be an a-module. The complex of a-modules

-—>A"a®V%An_1a®V—>-~-—>/10a®V—>0, (A.3)

1s called the Chevalley— Filenberg complex of V. The boundary operator
On 1s explicitly described as follows:

I

8

1IN AT, QU)

[M]=

(=) ATy Ay @ 3.0
1

Z (—1)i+j[xi,xj]Ax1/\-~-a?i---a?j---Axn®v,
1<i<j<n

+ 5

where x1\---Ax, € A™a, v € V| and the symbol T; indicates x; to be omitted.
The Lie algebra homology of V is defined by

H,(a,V) :=Kerd, /Imd,, 11 n € Z>o.

Next, we introduce the dual version of the above construction.
The natural left a-module structure on Hom(A®a, V') is denoted by L, i.e.,
for x € a, we set

L, :Hom(A"a,V) — Hom(A"a,V);

(Lz'f)(xlﬂ"' 7$n) = ;C(f(.%‘1, =$n)) _Zf(xlﬂ"' ,[$7$i],-~- 7xn))

i=1
Indeed, it satisfies
L.Ly—LyLy =Lz, x,y € a.
The interior product ¢(z) of x € a is defined by

v(z) :Hom(A"a, V) — Hom(A" ta, V);
() ) (@1, yxn_1) = flz, 21, Tpn_1).

One can check

Lou(y) — u(y)Le = o([2,y]) z,y €0

Now, for n € Z>(, we define
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9" : Hom(A"a, V) — Hom(A"a, V),

inductively by
t(x)o 8™ + 0" ou(z) = L, x € a.

By direct calculation, one can verify

Lemma A.6. {0"},cz., satisfy the following:

1. 0" o Ly = Ly 0 0™ holds for any n € Z>¢ and x € a.
2.0 09" =0 holds for any n € Z>o.

Notice that the second formula can be proved only by using the relations
given above. Hence, we define

Definition A.15 Let V an a-module. The cocomplex of a-modules
-+ Homg (A" a, V) il Homg (A"a, V) « - -+« Homg (A%, V) <0
(A.4)

is called the Chevalley— Eilenberg cocomplex of V. The coboundary oper-
ator O™ is explicitly described as follows:

@)1 A== N nga)

n+1
= (=D flar A A Tpy)
=1
+ Z (—1)H f([wg, @] Ay Ao Ty By e ATng)s
1<i<j<n+1

where 1 A -+ A, € A"a and the symbol T; indicates x; to be omitted. The
Lie algebra cohomology of V is defined by

H"(a,V) := Kerd" /Imo" .

A.3.2 Koszul Complex

Here we recall the Koszul complex, intorduced in [Kosz2] for an abelian case,
and show that the two definitions of Lie algebra (co)homology coincide.

First, we recall the Koszul complex of a Lie algebra. We denote the natural
right module structure on U(a) ®x A®a by 0", i.e., for x € a, we set

0" (z) :U(a) @k A™a — Ul(a) @k A™a;
PRXTI N NTp—=prR@xT1 N+ NIy

n
—Zp@:rl/\-~-/\[;U,xi]/\~-~/\acn.
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Indeed, it satisfies
0"(x)0"(y) = 0"(y)0" (x) = —=0"([z,9]) zy€ea

Notice that the module U(a) Qg A®a has a compatible left a-module struc-
ture which is described as follows: Regard U(a) as a left module via the left
multiplication and A®a as trivial modules.

The exterior product e(x) of « € a is defined as follows:

e(x) :U(a) ®g A"a — U(a) @x A" a;
PRTIN- - ANTp—=DpRQTNXTI N+ NTy.

One can check
0" (z)e(y) —e)0"(2) = —e(lz,y])  zyea
Now, for n € Z~, we define
dy : U(a) @ A"a — U(a) @x A" 'a,
inductively by
dpoe(x)+e(z)od,—1=06"(2) x € a.
By direct calculation, one can verify

Lemma A.7. {d,}nez., satisfy the following:

1. d, 00" (x) = 0"(x) od,, holds for any n € Zsy and = € a.
2.dyodyyr1 =0 holds for any n € Z~yg.

Hence, we define

Definition A.16 For n € Z>g, we set
D, :=U(a) @k A"a.
The complex of right a-modules
D: =Dy ® Dy — - — D —Dy—K— D0, (A.5)

is called the Koszul complex of a. Here, the boundary operator d,, is explic-
itly described as follows:

n
= S (1) @@y A B A

+ Z (~1)Hp@ [z, )] Axy ATy Ty A T,
1<i<j<n
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where n € Zso, p € U(a) and z; € a. Forn =0,
dQ : DO — K

is defined as the augmentation of U(a), i.e., the algebra homomorphism
defined by do(1) := 1 and dy(a) = {0}.

From the explicit formula of {d,}, it follows that this complex is also a
complex of left a-module with the module structure explained above. Hence,
D can be regarded as a complex of (a, a)-bimodules.

Proposition A.4 1. D, are projectives of Mod,.
2. The sequence (A.5) is exact.
Hence, the sequence D gives a projective resolution of the trivial a-module

K.

The proof of this proposition can be reduced to the case when a is abelian
because of the standard filtration on U(a) defined as follows.
For N € Z>(, we set

o {E N =0,
YO = ke @Y @Y N>

{Tn(a)}Nez, defines an increasing filtration on the tensor algebra T'(a) of
a and it induces a filtration on U(a), called the standard filtration,

FnU(a) := n(Tw(a)), (A.6)

where 7 : T'(a) — U(a) is the canonical projection. For detail, see, e.g., [HiSt].

Next, we discuss the relation between the two definitions of Lie algebra
homology. Below, we regard D as a complex of left a-modules unless otherwise
stated. Using the Koszul complex, we can construct a projective resolution
of V€ Ob(Mod,) as follows:

S D@k VT D @y Vo s Dyeg VoV 0. (A)

Since each D,, is a free U(a)-module, the tensor identity in Corollary A.1
implies that D, ® V is also U(a)-free. Hence, the complex (A.7) gives a
projective resolution of V.

Applying the coinvariant functor to the above complex, we obtain

dn
— K@U(a) (Dn ®]K V) — K®U(a) (anl ®K V) s .
= K&y (Do @k V) — 0,

where cZn = idg ® d,, ® idy, and we regard K as a trivial right a-module. By
definition, we have isomorphisms of vector spaces
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&, :K QU (a) (Dp®V) — A"a@g V;
1@{p@ (@1 A Azp)] Qv — 21 A+ Az @ alp)v,

where a : U(a) — U(a) is the antipode of the standard Hopf algebra struc-
ture on U(a). Moreover, by direct computation, we have

Lemma A.8. ~
Opo®p =&, 10d, (n € Z>O)~

Therefore, the two definitions of Lie algebra homology coincide.
Next, we consider the case of Lie algebra cohomology. Applying the functor
Homg (-, V') to the Koszul complex, we have

— Homg (D1, V) & Homg(Dy, V) - -- — Homg(Do, V) — V — 0,
) (A.8)
where we define d" : Homg(D,,, V) — Homg(Dp+1,V) by

d"fllp@zi A Azpgr) = fldar1(P@z1 Ao AZpgr))

for n € Zso and define d=* : V' — Homg(Dg, V) by d~1(v)(p) := p.v.

Since the functor Homg(-, V') is contravariant and exact, the sequence
(A.8) gives an injective resolution of V. It can be checked that this complex
restricts to its a-invariant. Hence, we obtain

- e Homg(Dny1, V) & Homg(Dy, V) « - -+ < Homg(Do, V) < 0, (A.9)

where d" is the restriction of d” to the invariants. One can easily show that

Lemma A.9. The isomorphisms of K-vector spaces
v, : Homy(D,,,V) — Homg (A"a, V)

defined by W, (f)(x1 A+ -Axp) = fF(AQTIA- - -Axy) satisfy Upi10d™ = O™ oW,.

Hence, the two definitions of Lie algebra cohomology also coincide.

A.3.3 Tensor Identity

Here, we explain a general isomorphism which is valid for any Hopf algebra,
called the tensor identity.

To state the tensor identity, we use the following notation of Hopf algebras.
Let A be a Hopf algebra over the field K with the coproduct A: A — A® A,
the antipode a : A — A, the counit € : A — K and the unit v : K — A. For
simplicity we use the convention

Alr) = 2 @) =201) @ 3(2).

(2
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By the co-associativity of A, we can write
(A1)A(x) =1 A)A(x) = Z(1) ® T(2) ® T(3)-

Proposition A.5 Let A be a Hopf algebra over K and let B be a Hopf sub-
algebra of A over K. Let M be a B-module and N be an A-module. Then we
have

(A M)@g N ~ A (M ®k N)

as an A-module, where the module M in the right-hand side is regarded as a
B-module via the restriction.

Proof. Define linear maps ¢ and v as follows:

AR (Mg N) — (A®p M) ®k N,
T ®(men)— (1) ®m)® z@en,
(A M) g N — A®p (M @k N),
(r®@m)®@n+— x1)® (M & a(xo))n),

where x € A, m € M and n € N. First, one can check that these maps are
well-defined, i.e., for y € B,

L. ¢z @y(m®n)) = ¢p(xry © (m @n)),
2. P((zy @m) @ n) = ¢((x @ym) ®n).

Hence, it is enough to show that

1. ¢ and @ are A-homomorphisms,
2. 1/} [¢] (b = id.A@g(M®KN) and ¢ o ’(/} = id(.A@z;M)@n(N'

This follows by direct verification. m]

Corollary A.1 Let M and N be A-modules. If M is A-free, then M ®j N
becomes an A-free module.

Proof. Since M is A-free, there exists a K-vector space V such that M ~
A®g V as an A-module. By Proposition A.5, we have

Mg N~ Ak V)®x N~ Ak (Vox N).

Since A ®x (V @k N) is A-free, we obtain the conclusion. O



Appendix B
Lie p-algebras

In this appendix, we will collect some definitions and some basic concepts
in the representation theory of the Lie p-algebra. Further, we will state a
few properties of irreducible representations over a completely solvable Lie
p-algebra, which have used in Chapter 2.

B.1 Basic Objects

In this section, we first define the Lie p-algebra, and introduce its restricted
enveloping algebra. Further, we introduce the notion of the central charac-
ter and the induced representation twisted by a central character. For these
basics in the representation theory of Lie p-algebras, see e.g. [Jac] and [SF].
Throughout this section, let K be a field whose characteristic is p > 0.

B.1.1 Definition of a Lie p-algebra

A Lie p-algebra g is defined as a Lie algebra over the field K with a mapping
(-)[1’] : g — g called a pth power operation. This operation has properties
similar to the Frobenius map x — zP. Here, we first recall some properties of
the map defined by z +— P on an associative algebra over K.

Lemma B.1. Let R be an associative algebra. For n € Z~q and x,y € R,
we have

e () = 31 () (B.1)

=0
where we set
n\ n!
i) dl(n =)
K. Iohara, Y. Koga, Representation Theory of the Virasoro Algebra, 417

Springer Monographs in Mathematics, DOI 10.1007/978-0-85729-160-8,
© Springer-Verlag London Limited 2011


http://dx.doi.org/10.1007/978-0-85729-160-8

418 B Lie p-algebras
Proof. Let L, (resp. R;) be the left (resp. right) multiplication by x. Then,
adx = L, — R,. Since L, and R, commute, we have

n

(Lo = Ba)" = 3 (-1 (’;) LyRy™.

i=0
Hence, this lemma follows. O

From now on, let R be an associative algebra over K. We have
Lemma B.2. For xz,y € R, the following hold:

1. (adz)? (y) = (ada?)(y),
2. (adz)P~1(y) = P atyaPr 10

Proof. Since (f) =0 (0 <i < p), by setting n := p in (B.1), we obtain the

first assertion. The second assertion also follows from (B.1), since ( ; 1) =
(—=1)" and (-1)P"! =1in K. 0

To define the Lie p-algebra, we introduce the following notation: Let A be
an indeterminate. For i = 1,2,--- ;p—1 and z,y € R, we define s;(z,y) € R
by

p—1
(xA+y)P = 2PN + 4¢P + Z si(z,y) N (B.2)

i=1

Remark B.1 By Lemma B.3, we see that s;(x,y) can be expressed by using
commutators of x and y.

Indeed, for p = 2 and p = 3, s;(z,y) are written as follows:

1. For p =2;
si(z,y) = zy +yz =yzr —ay = [y, 2|,
2. For p = 3;

si1(z,y) = 2y® + yzy + ¥’z = 3y — 2yzy + vz = [y, [y, 7],
2s5(z,y) = 2(2°y + 2yz + y2?) = —2’y + 2ayr — y2® = [z, [y, z]].

In general, we have

Lemma B.3.

{ad(z\ +y)}P~ 1 Zzsz z,9) )\Z L
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Proof. By differentiating (B.2) with respect to A, we have

p—1 p—1
> (@A +y)alar+y) T = Y isia N
=0 i=1

On the other hand, by (B.1),

p—1

(ad(ar 4 )77 0) = Y0 (P st

i=1
Since (—1)P~1~7 (p ; 1) =1 in K, we obtain the lemma. 0

Remark that, by setting A := 1 in (B.2), we obtain

p—1

(@+y)P =2+ 9P+ si(w,y).
1=1

On the other hand, for ¢ € K we have

(cx)P = PaP.
Now, these formulae and (adx)?(y) = (ada?)(y) in Lemma B.2 lead us to the
following definition of the Lie p-algebra.

Definition B.1 A Lie algebra g over K is called a Lie p-algebra if it equips
with a map ()P : g — g which satisfies

(ada?)(y) = (adz)?(y), (B.3)

(cx)lP) = PplP], (B.4)

(@ + )Pl = Pl 4 PP 4 pi: si(@,y). (B.5)
i=1

The map ()] : g — g is called a pth power operation of g.
We give some examples of Lie p-algebras.

Example B.1 We set g := gl,,(K) and regard it as a Lie algebra via the usual
commutator [x,y] := xy —yx. Let E;; be a matriz unit of gl,,(K). Notice that
(adE;;)? = adE;; and (adE;;)P =0 for i # j. Hence, by Proposition B.2,

Ey; 1=j
Ei[?] = 0
0 i#]j

gives a Lie p-algebra structure of g.
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Example B.2 Let R be an associative algebra over K. We regard it as a Lie
algebra via the commutator [x,y] := vy —yx. R admits a pth power operation
given by

zlPl = P (x €R), (B.6)

which defines a Lie p-algebra structure on g.

In the following, we regard an associative K-algebra as a Lie p-algebra via
(B.6).

Next, we recall the definitions of a homomorphism, a subalgebra and an
ideal of Lie p-algebras. Let g and g’ be Lie p-algebras. A linear map f: g — ¢’
is called a homomorphism of Lie p-algebras if it satisfies

1. f is a homomorphism of Lie algebras, and
2. f(zlPly = f(2)lP! for any x € g.

Let g be a Lie p-algebra and let a be a subalgebra (resp. an ideal) of a Lie
algebra g. We call a a p-subalgebra (resp. a p-ideal) of g if 2Pl € a for any
T ea.

B.1.2 Restricted Enveloping Algebra

Let g be a Lie p-algebra over K with pth power operation (-)[Pl. A restricted
enveloping algebra of g is defined as follows:

Definition B.2 Let U be a unital associative algebra over K, and let i :
g — U be a homomorphism of Lie p-algebras. We call (U,i) a restricted
enveloping algebra of g if

Jor any unital associative algebra R over K and any homomorphism f :
g — R of Lie p-algebras, there exists a homomorphism f : U — R of
associative K-algebras such that the following diagram commutes:

! ®.
— 7

Let g and g’ be Lie p-algebras and ¢ : g — g’ be a homomorphism of
Lie algebras, which is not necessarily a homomorphism of Lie p-algebras. For
T € g, we set

3

T¢+— @

() = p(x)P) — p(aP)). (B.7)

In order to construct a restricted enveloping algebra of a Lie p-algebra g,
here, we show the following lemma.

Lemma B.4. 1. &, is semi-linear, i.e., for any x,y € g and c € K,
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§o(x +y) = o) + Ep(y), §olcx) = P&y ().

2. For any x,y € g,
[§s(x), d(y)] = 0.

Proof. By definition, one can check this lemma. m|

In the case where g’ is the universal enveloping algebra of g and i is the
canonical inclusion map g — U(g), we denote

&9 —Ulg)
by & for simplicity. By the second statement in Lemma B.4, we see that
Im¢ C Z(g)

where Z(g) denotes the centre of U(g). We set

J(g) :=U(g).Im&. (B.8)
It is a two-sided ideal of U(g). We define (U(g),%) by

U(g) :=U(g)/J(9),

o, o (B.9)
i:g—U(g) — Ulg),

where 7 denotes the canonical projection. Then, the following proposition
holds.

Proposition B.1 (U(g),1) is a restricted enveloping algebra of g.

Proof. Let R be a unital associative algebra and let f : ¢ — R be a ho-
momorphism of Lie p-algebras. By the universality of U(g), there exists a
homomorphism [ : U(g) — R such that f = f oi. Since the pth power
operation on U(g) is the pth power operation as an associative algebra, f
is a homomorphism of associative algebras and f is a homomorphism of Lie
p-algebras,

Fee)) = 7)) - Fa) = Fe) — 1)
= FG@)7 - 1) = (@) - 1)
= ()P = fa) = 0.

Hence, f(Im¢) = {0}, and thus there exists f : U(g) — R such that the
following diagram commutes:

g : Ul(g
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Remark that, by the universal property, if a restricted enveloping algebra
of g exists, then it is unique up to an isomorphism of associative K-algebras.

Next, we describe PBW type basis of U(g). Let {x;]i € I'} be a basis of g,
where [ is a totally ordered set. By the PBW theorem, the following holds:

Lemma B.5. The following set gives basis of U(g):

i1 <idg < - <1 (r>0)
wlt e wE (g, ) () | < Je < - <Js (s20)
1<mp<p, n>1

Since U(g) := U(g)/U(g).Im¢&, this lemma implies the following theorem:
Theorem B.1 The following set gives a basis of U(g):

yma (o yme | <22 < <y
{7‘(‘(5(1“) (@)™ | S _

Hence, we obtain the following:
Corollary B.1 The map i : g — Ul(g) is injective.

From the following proposition, we see when a Lie algebra becomes a Lie
p-algebra.

Proposition B.2 Let g be a Lie algebra over the field K. For a given basis
{x;]i € I} of g indexed by a totally ordered set I, there exist {y;|i € I} such
that

(adxi)p = adyz (VZ € I)

Then, g has a unique Lie p-algebra structure such that pr] =1;.

Proof. We first notice that ¥ —y; € Z(g), by Lemma B.2. Let J’ be the
two-sided ideal of U(g) generated by {z? — y;|i € I'}. We set U’ := U(g)/.J',
i = n'oi:g— U, where 7’ : U(g) — U’ is the canonical projection.
Similarly to the above corollary, we see that 4’ is injective. Hence, there exists
a homomorphism g — Imi’ of Lie algebras. Here, we notice that Imi’ is a Lie

p-subalgebra of U, since
P(a)P =7 (@)P = (e + TV =2l + T =y + T =7 (y5).

Hence, if we define a Lie p-algebra structure on g by the induced one from

the isomorphism g — Imi’, then it satisfies ZCEP I = y; for any ¢ € I. The

uniqueness follows from (B.4) and (B.5). m|

B.1.3 Central Character

From now on, we assume that the field K is algebraically closed.
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Let M be an irreducible g-module. Since 2P — zP! € Z(g) for any = € g,
Schur’s lemma implies that for each z € g, there exists A, € K such that

(aP — 2Py v = Ao (Vo e M).

Sxm

Here, we recall that for a € K, a pth root of a is unique. We set x(x) := AZ.
The following lemma follows from Lemma B.4.

Lemma B.6. x € g*.
Motivated by this lemma, we define

Definition B.3 Let M be a (not necessarily irreducible) g-module. We say
that M has central character y € g* if

(zP — 2Py v = x(x)Pv (Y € g, Yo € M).

B.1.4 Induced Representations
To introduce induced representations, we first define a y-reduced enveloping
algebra of g.

Definition B.4 Let Ux be a unital associative algebra over K, and let iy :
g — Uy be a homomorphism of Lie algebras such that

iy (@)P =iy (@) = x(@)P.1 (Vo € g).
(Uy,iy) is called a x-reduced enveloping algebra of g if

for any unital associative algebra R over K and any homomorphism f :
g — R of Lie algebras such that

f@)? = f(@P) = x(2)P.1 (Va € g),

there exists a homomorphism f: Ux — R of associative K-algebras such
that f = foi,.

Let Jy (g) be the two-sided ideal of U(g) generated by {£(z) —x(z)?|x € g},
where &(z) := 2P — z[P]. We set

Uy (g) :=U(g)/Jx(a),

and define 7, by the composition

iy 19 Ulg) = Uy(g),
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where 4 is the canonical inclusion and m, is the canonical projection.
One can show the following proposition similarly to the proof of Proposi-
tion B.1.

Proposition B.3 (U,(g),iy) is a x-reduced enveloping algebra of g.

A x-reduced enveloping algebra is unique up to isomorphisms of associative
algebras. Remark that (Uy(g), i) is just the restricted enveloping algebra of

g.
Moreover, the following theorem holds:

Theorem B.2 The following set gives a basis of Uy(g):

{”x(xz‘l)ml ey (@)

o |11 <dg <o <idp (r>0)
1<mp<p ’

where {xz;|i € I} is a basis of g indexed by a totally ordered set I.
Corollary B.2 The map i, : g — U, (g) is injective.

Next, we define induced representations twisted by a central character.
Let a be a p-subalgebra of a Lie p-algebra g. In the sequel, for x € g*, we
denote the restriction of x to a by x|.. Let M be an a-module with central
character y|q.

Definition B.5 We set
Indg(M;X) = Ux(g) QU M (UXlu = UX\a(a))a
and regard it as a left g-module via
z.(u@m):= (iy(x)u)®@m  (z€g, uecUylg), meM).

The following lemma follows from the PBW theorem.

Lemma B.7. Let {y;|j € I} U{y;li € I'} be a basis of g such that {y;|i € I}
form_a basis of a, where I and I' are totally ordered sets. Then, Uy(g) is a
free Uy, (a)-module with a basis

eI, iy <ig<- - <i r>0),
{Wx(ygl)m17rx(y§2)m2 "'Wx(ygr)mT ! 2 e ( ) .

0<mr<p
By the above lemma and the definition, one can directly show the following
proposition.

Proposition B.4 Let g be a Lie p-algebra, and let a be a p-subalgebra of g.
Let M be an a-module with central character x|, € a*, where x € g.

1. Assume that dimg < oo and dim M < oco. Then,

dim Ind%(M; x) = ptime=dime qim A7,
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2. Let b be a p-subalgebra of g such that b C a, and let N be a b-module.
Then,
Ind§ (Indg (N5 x|a); x) ~ Indg (N; x).

3. Let V' be a g-module with central character x € g*, and let ¢ : M — V be
a non-trivial homomorphism of a-modules. Then, the following map is a
g-homomorphism:

U Ind§(M;x) — V, P(u®m):=u.p(m),

where u € Ux(g) and m € M. Hence, if V is irreducible and v is non-
trivial, then V is a quotient of IndS(M; x).

B.2 Completely Solvable Lie Algebras

In this section, we define completely solvable Lie algebras and prove some
general facts about them. For these topics, the reader may consult [BGR]
and [Di]. In the first two subsections, the base field K does not necessarily
have positive characteristic unless otherwise stated.

B.2.1 Definition

Let g be a finite dimensional Lie algebra over K.

Definition B.6 A finite dimensional Lie algebra g is said to be completely
solvable if there exists a chain

{0}=goCo@C---Cga=g (d:=dimg), (B.10)

of ideals of g such that dimg; =1 for any 1 <i <d.
By definition, we have

Proposition B.5 Suppose that K is an algebraically closed field of charac-
teristic 0. Then,

g : solvable < g : completely solvable.

B.2.2 Polarisation

First, we recall the definition of a polarisation of a Lie algebra g. For f € g*,
we define df : g x g — K by df (x,y) := f([z,y]), and set
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¢g(f) = Kerdf = {z € gldf(z,y) = 0 (Vy € g)}.

Definition B.7 A subalgebra p of g is called a polarisation of g at f if p
18 a mazimal totally isotropic subspace for df, i.e.,

4 (p.) = {0}, dimp = (dimg+dimeg(f))

We denote the set of polarisations of g at f by Pg(f).

Next, we introduce a special polarisation of a completely solvable Lie al-
gebra, called a Vergne polarisation. For the definition, we first recall the
following lemma.

Lemma B.8. Let g be a Lie algebra and f € g*. Let g1 be a Lie subalgebra
of g such that dimg; = dimg—1. We denote the restriction of f to g1 by f1.
Then, we have

1. If Kerdf C g1, then for any p1 € Py, (f1), p1 € Py(f).
2. If Kerdf ¢ g1, then for any p1 € Pg, (f1), p1 + Kerdf € Py(f).

Proof. Case: Kerdf C g1. For any p1 € Py, (f1), p1 is a totally isotropic
subspace of g for f. In this case, Kerdf C Kerdfi, and thus dimcg(f) <
dim cg, (f1). Hence, we have

1 1
dimp; > 3 (dimg — 1+ dimeg(f)) = dimp — 2
which implies
dimp; > dimp.

By the maximality of p;, we have p; € Py(f).
Case: Kerdf ¢ g1. We show that

Kerdf, = Kerdf N g;. (B.11)

The inclusion (D) is clear. Hence, we prove (C). Since the codimension of gy
is one and Kerdf ¢ g1, there exists © € Kerdf such that g = Kz 4 g;. Since
for any y € Kerdf; C g1,

Hence, we have y € Kerdf, and thus (C).

(B.11) implies that dim Kerdf; = dimKerdf — 1. On the other hand, for
p1 € Pg,(f1), p1 + Kerdf is a totally isotropic subspace of g for f. Since
dim(p; + Kerdf) = dimp; + 1, p; + Kerdf is a maximal totally isotropic
subspace. We have completed the proof. O

Let g be a completely solvable Lie algebra with a chain
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{0}=goCoC---Cga=9g (B.12)
of ideals of g such that dimg; = i. For f € g*, we set
fi := flq; : the restriction of f to g;.
Then, we have

Proposition B.6 For each integer m such that 1 < m < d, we define a
subspace Py of gm by

Pm = Z Cgi(fi)-
=1

Then, we have
pm € Py, (fm)- (B.13)

In particular, for m = d, we have pq € Py(f).

Proof. Here, we show (B.13) by induction on m. For m = 1, (B.13) obviously
holds: Hence, we assume that m > 1.
Case: Kerdf,, C gm—1. By definition, we have

Cg (fm) C gy s (frn—1).

Thus, we see that
m—1
Pm = Z Cg,(fz) =Pm—1-
i=1

By the induction hypothesis, p—1 € Pg,,_, (fm—1). Hence, from Lemma B.8.
1, we obtain (B.13).
Case: Kerdf,, ¢ g:n—1. By definition,

Pm CQL(fZ)

1

¢g: (i) + ¢, (fm)

I
RANGE

Il
-

=Pm-1 + Kerdfm'

By the induction hypothesis, we have p,,—1 € pg,._, (fm—1). Hence, (B.13)
follows from Lemma B.8. 2. a
d
Definition B.8 Z ¢g; (fi) is called a Vergne polarisation of g at f.
i=1

Remark that a Vergne polarisation depends on the choice of a chain of ideals
as in (B.12).
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When we show the irreducibility of induced representations of completely
solvable Lie algebras, the following lemma is helpful.

Lemma B.9. Let g be a completely solvable Lie algebra. For f € g*, let p
be the Vergne polarisation of g at f defined by the chain (B.12). Let a be a
subalgebra of g such that

codima=1 and p C a.
Then, there uniquely exists i (1 <i <d—1) such that
giNna=gi11Na,
and a is a completely solvable Lie algebra with the chain of ideals of a:
{geNal <k <d, k#i}. (B.14)
Moreover, p is a Vergne polarisation of a at f|,.

Proof. We fix x € g\{0} such that g = Kz®a. By considering the composition
of linear maps
g~ 9/Kz ~a—a/(geNa),

we see that
dim(gr Na) + 1 = dim(gx + Kz).

Hence, a is a completely solvable Lie algebra with a chain (B.14).
Next, we show that p gives a Vergne polarisation of a. For 1 < k < d, we
set

cp :={z € glf([z,y]) =0 (Vy € g)} C g.

By definition, ¢4, (fx) = ¢x N gi. Hence, for any k, we have
cNgr CHpCa,

and thus,
(gkﬂa)ﬂck:(gkﬂck)ﬁa:gkﬂck.

On the other hand, by setting
o = {z € g|f([z,9]) = {0} (Vy € g N a)},
we have ¢ C 0. Hence, we obtain
¢arna(flarna) =06 NaNdE DgrNanc, =gk Nep = cg, (f).
This implies that

d
Z cgkﬁa(flgkﬁa) op.
k=1
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On the other hand, since Kerdf C p C a, by Lemma B.8. 1, the dimension
of a polarisation of g at f coincides with that of a polarisation of a at f|,.
Hence, we have

d
Z cgkﬂu(f‘gkﬂﬂ) =p
k=1

and thus, p is a Vergne polarisation of a. O

B.2.3 Completely Solvable Lie p-algebras

In the sequel, we suppose that K is an algebraically closed field of character-
istic p > 0.

Let g be a completely solvable Lie p-algebra over K. In this subsection, we
show the following proposition:

Proposition B.7 Let g be a completely solvable Lie p-algebra. Then, there
exists a chain as in (B.10) such that all g; are p-ideals of g.

To show this lemma, we recall a lemma on a property of abelian Lie p-
algebras.

Lemma B.10. Let a be a finite dimensional abelian Lie p-algebra. Then,
there exists x € a\ {0} such that z!P! € Ka.

Proof. We fix an element y € a\ {0}. Let m be the maximal integer such
that

{y, 7, gLyl
are linearly independent over K. If m = 0, then we may choose y as x. Hence,

we assume m > 0.
. m1y
By the assumption, yP"" | is expressed as

7n+1]

g = agy + aay + -+ gy
If ap = 0, then by replacing y with y?!, we have
Y = ary + aoy” 4 4 gy,

Hence, we may assume that ag # 0. We set
i k k41
F(t):=> ab " —t

Let to be a zero of the equation F(t) = 0 such that ¢y # 0. We introduce a
sequence {cg,c1, -+ ,¢m} by
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co=thao, ¢i=c | +tha; (1<i<m), cpm:i=to,
and set

T = zm: cl-y[pi].
i=0

Notice that x # 0, since ag, tg # 0.
Since a is abelian, by using (B.4), (B.5) and Remark B.1, we have

m m
o = 35 = gy + S+ oy
=0

i=1
Hence,
Cre1 Ftoam = (em—2 + thaum—1)F +tgamn,
2
= + 15 apy +tham
™ k k+1
= Z ab it
k=0
= tO = Cm’
and thus, z[?! = z. Now, we have completed the proof. m|

Proposition B.7 is an immediate consequence of the following lemma.
Lemma B.11. For a completely solvable Lie p-algebra g, there exists a one-
dimensional p-ideal of g.

Proof. First, we suppose that Z(g) # {0}. By the above lemma, there exists
x € Z(g) \ {0} such that Kz is a p-ideal of g.

Next, we suppose that Z(g) = {0}. Since g is completely solvable, there
exists z € g such that Kz is an ideal of g. Since adz(g) C Kz, we have

(adz)*(g) = {0}.
In particular,
adz'(g) = (adz)?(g) = {0},

and hence, z[P! € Z(g) = {0} by the assumption. Thus, Kz is a p-ideal of g.
O

PrROOF OF PROPOSITION B.7. We show this proposition by induction on
d := dimg. The above lemma ensures that there exists a one-dimensional
p-ideal £ of g. By the induction hypothesis, there exists a chain

{0} Cg1 C---Cga_1 =g/t

of p-ideals of g such that and dimg; = i. For ¢ > 2, let g; be the pre-image
of g;—1 under the projection g — g/¢. Then, g; is a p-ideal of g and
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{0}CctCgaC---Cga=g

such that dim g; = 7. |
We state a lemma on a polarisation of a Lie p-algebra for later use.

Lemma B.12. Let g be a Lie p-algebra, and let f € g*. If p is a polarisation
of g at f, then p is a p-subalgebra of g.

Proof. For x € p, we set p, := p+ KzlP!. We show that p, C p for any z € p.
Since for any y1,y2 € p and ¢, ¢ € K|

fere? + y, eoal? + o)) = 0,

P, is a totally isotropic subspace for f. By the maximality of p, we have

P =Pz O

B.3 Irreducible Representations of a Completely
Solvable Lie p-algebra

In this section, we recall a theorem on the dimension of irreducible represen-
tations over a completely solvable Lie p-algebra. Throughout this section, let
g be a completely solvable Lie p-algebra with a chain

{0}=goCaC--Cga=g, (B.15)

of p-ideals of g such that dim g; = 1.

B.3.1 Simplicity of Induced Representations

First, we discuss the irreducibility of induced representations of g. We intro-
duce some notation. We fix f € g*. Let p be the Vergne polarisation of g
at f defined from the chain (B.15). Let K; := Kvy be the one-dimensional
p-module defined by

zwy = f(x)vy (Y €p). (B.16)
Since f([p,p]) = {0} by definition, the above action of P is well-defined.
Note that there exists x € g* such that the restriction of x to p is the central
character of Ky, i.e.,

f(@) = f@) = x(2)?  (vz €p).
The main result of this subsection is the following:

Theorem B.3 The induced representation
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Indg(K £1X)
s an rreducible g-module.

For the proof, a preliminary lemma is necessary. For a p-ideal a of g, we
set

Cg,a(f) = {x € g|df(:c, Cl) = {0}}
Remark that cg o(f) is a p-subalgebra of g. We have
Lemma B.13. Suppose that a satisfies

1.aCcqalf),
2. the codimension of ¢ := ¢q q(f) in g is one.

Moreover, let N be a c-module whose a-action satisfies
zw = f(z)v (x€a, veN).

We set
M = Ind?(N;x).

Then, for any non-trivial a-submodule M' of M,
M'Nn(1® N) #{0}.

Proof. We fix x € g\ c¢. Then, g = Kz +¢. Since = ¢ ¢, there exists y € a such
that f([z,y]) = 1. Let us fix such y.
By definition, we see that

p—1
M= @Kxi ® N.

=0

For j =0,1,--- ,p— 1, we set
j .
M, :=PKa' @ N.
i=0

It is enough to show that
M'nMc; #{0} = M'N Mgy # {0} (B.17)

for any j > 1. Recall that

J .
ya! = Z (IZ?> xj_k[”_ ly, ], ], ,z].
k=0 k times

Since [ - [y, 2], z], - ,z] € a, we have
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vy (1)« nalual,ooe ol o

k=0

;Zo (1)« @ 0l oo

¥ ® Fly)o— i @ f(ayl)y (modMe_s).

Hence, for any w € M’ N M<; \ {0},

(y = f(y)w e M N Mcj 1 \{0}.
Hence, (B.17) holds and thus the lemma holds. O

PROOF OF THEOREM B.3. Let us fix a chain of ideals (B.15) and set

d
p= ZKerdfi € Py(f),

=0

where we set d := dim g and f; := f|g,. We show this theorem by induction
on dim g — dim p.
Notice that
Kerdf:chcd_1 c---C¢=g,

where we set
G = nggi(fi)'
In the case g = p, there is nothing to prove. Hence, in the sequel, we suppose

that g # p, i.e., g # Kerdf.
Let j be the minimal integer such that ¢; # g. The following lemma holds.

Lemma B.14. 1. g; Cp C¢;.
2. ¢j is a subspace of g of codimension one.

Proof. Let us fix x; € g; \ gj—1. Note that g; = Ka; + g;_1. Since ¢;_; =g,
we have g;_1 C Kerdf and

¢; = {z € glf([z,2;]) = 0}.

Hence, the second statement of the lemma holds.
Moreover, we have
f(lg5,951) = {0},

since g;j_1 C kerdf and
95,0;] = Kz +g;1,Ke +g; 1] C [Ke +g;5-1,9;5-1]-

This means that g; C ¢;. Hence,
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d d
p:ZKerdfi:Zgiﬂci Dg;jNe =g;.

i=1 i=1

Further, we have f([g;,p]) = {0}, since f([p,p]) = {0}. Thus, p C ¢;. Hence,
the first statement has been proved. O

Combining this lemma with Lemma B.9, we see that p is a Vergne polari-
sation of ¢; at f]c;.

Let Ky = Kvs be the one-dimensional representation of p defined as in
(B.16). By the induction hypothesis,

Ind;J (K x")

is an irreducible ¢;-module, where x’ := x|, .
We set r:=dime¢; — dimp. Let us fix {x1,---,2,} C ¢; such that

Cj:p@KfL‘l@“'EBer.

By definition,
Indy’ (K5 x') = KX @ vy,

nel
where I := {(n1,--- ,n,) € (Z>0)"|n; < p} and for n = (n4,--- ,n,) € I, we
set
X% =gt apr.
For m = (mq,---,m;) € I, m < n means 0 < m; < n; for any i. For

m,n € [ such that m < n, we set
n—m:= (nl_mla"' anr_mT)

for simplicity.
By induction on r, one can easily show that for y € g,

an — Z (::1) Xn—mYm’
m<n

where we set

() =110
m L\ ’
and
Y = [...[y’le... ’x1]7...xr]7... 7xr]].
my times m,. times

Hence, for y € g;, we have
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yX"@up=Y <I‘:l) XY, @ vy

m

since Y, € [g;, ¢;] for m # (0,---,0) and f([g,,¢;]) = {0}.
Now, we take g;, Ind,’ (Ky; ') and

Ind§ (K3 x) (= Indg, (Indy (K3 )5 )

as a, N and M and apply Lemma B.13. If there exists a non-trivial g-
submodule M’ of Indp(Ky; x), then

M0 {1 ®Indg (Kp;x')} # {0},
Since by the induction hypothesis Ind,’ (Ky; x’) is irreducible, we have
M' 5 1@IdY (K x),

and thus M’ = Ind}(Ky; x). This means that Indp(Ky; x) is irreducible. O

B.3.2 Dimension of Irreducible Representations over a
Completely Solvable Lie Algebra

The following is a key of the proof of the main theorem (Theorem B.4).

Lemma B.15. Let M be an irreducible g-module. Then, there exists f € g*
and v € M\ {0} such that Kv is isomorphic to Ky as p-module, where p is
the Vergne polarisation of g at f defined from the chain (B.15), and Ky is
the one-dimensional p-module (B.16).

Proof. We prove this lemma by induction on d := dim g. In the case d = 1,
any irreducible g-module is one-dimensional, since g is abelian.

Suppose that d > 1. Let M’ be an irreducible gg_1-submodule of M. By
the induction hypothesis, there exists f' € g;_, and v" € M’ \ {0} such that
Kv" ~ Ky as p’-module, where p’ is the Vergne polarisation of gq—; at f
defined from {g;|1 <i <d—1}.

Notice that [g, g] C g4—1. We consider the following cases:

Case I: For any « € g\ ga—1, f'([z,g]) # {0}.
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Case I1I: For some z € g\ ga—1, f'([z,g]) = {0}.
We take a linear map f € g* such that f|g, , = f’. In this case,
Kerdf C gg—1.

Hence, by definition, p’ is a Vergne polarisation of g at f. If we take the
vector v’ as v, then the proposition holds.

Notice that for any f € g* such that flg, , = f’, we have
x € Kerdf. Since Kerdf ¢ gq_1, by definition p’ + Kerdf = p’ + Kz is a

Vergne polarisation of g at f. We set p := p’ + Kz. Here, let us fix y € g*
such that

F@)P = ful) = x(u)P (Yu € p)
and set

V = Ind}, (Kv'; x).

Then, {2' ® v'|i = 0,1,--- ,p — 1} forms a basis of V. Notice that p’ is an
ideal of p, since
[p',Kz] C [g.g] Np Cga—1Np=p"

Hence, any y € p’ acts on V as f/(y)idy, since

ymi®1}/: "L‘ly_i_ (;)xz_.][.[y7x].x] ®v/

J times

= f'(y)a’ @',
On the other hand, there exist v € V' \ {0} and ¢ € K such that z.v = cv,
since V is finite dimensional and K is algebraically closed. Therefore, by

taking f € g* such that f(z) = ¢ and flg, , = f’, we have Kv ~ K; as
p-module. a

Combining Theorem B.3 with the above key lemma, we obtain the follow-
ing theorem due to B. J. Veisfeiler and V. G. Kac [VK]:

Theorem B.4 Let M be an irreducible g-module and let f be an element of
g* given by Lemma B.15. Then, we have

dim M = p®,
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where 2s := rankdf .

Proof. By Lemma B.15, there exists v € M such that Kv ~ Ky as p-module,
where p is a Vergne polarisation of g at f. On the other hand, by Theorem
B.3, the induced representation Indg(K £, X) is irreducible, where x € g is the
central character of M. By Proposition B.4, we see that M ~ IndfaJ (K, x)-
Hence,

dlmM — pdim gfdimp'

We have completed the proof. O

Remark B.2 For the above f € g* and central character x of M,

f@) = f@P)s = x(2) (Vo ep).



Appendix C
Vertex Operator Algebras

In this appendix, we briefly recall the definition of vertex (operator) algebras
and their basic properties. In particular, the operator product expansion
(OPE, for short) and the rationality are reviewed.

C.1 Basic Objects

Here, we recall the definition of a vertex (operator) algebra and summarise
some useful theorems for practical computation.

C.1.1 Notation

Let R be a C-vector space and z1, 29, -+ , 2, be formal variables. We denote
the vector space of R-valued formal series

% i
D D Aia Ay A, €R,

11 EZL in €L

by R[[zfﬂ, -+, 2] and the vector space of R-valued formal Taylor series

e Allv"' yin Zl Znn Allv"' ytn € R’

11E€ZL>0 in€Lxo
by R[[z1,- -, 2zn]]. For a formal variable z, the space of R-valued formal Lau-

rent series
Z i
Aiz )
i€Z

K. Iohara, Y. Koga, Representation Theory of the Virasoro Algebra, 439
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where A; € R and there exists N € Z such that A; = 0 for all ¢ < N, is
denoted by R((z)). We also set R((z))((w)) := S((w)) where S := R((2)).

For a Z-graded vector space V' = @, ., Vy,, we say that a vector v € V' is of
degree n and is denoted by degv = n if v € V,,. A linear operator ¢ € EndV
is called homogeneous of degree m and is denoted by deg¢ = m if it
satisfies ¢(V},) C Vi, for all n € Z.

C.1.2 Definition of a Vertex Operator Algebra

Recall that a formal series A(z) € EndV[[2*!]] is called a field if, for any
v €V, it satisfies A(z).v € V((2)).

Definition C.1 A wvertex algebra is a pair of data consisting of

1. (Space of states) a vector space V,

2. (Vacuum vector) a vector |0) € V,

3. (Translation Operator) a linear operator T : V — V|
4. (Vertex Operators) a linear operation

Y(,2): V — EndV][[z,27]],

taking each A € V to a field acting on V,

Y(A4,z2) = Z A(n)zinil,

ne”Z

called the vertex operator associated with A.
These data are subject to the following axioms:

1. (Vacuum Aziom) Y (|0), z) = Idy and for each A € V', one has Y (A, 2)|0) €
V{[z]]. In particular, the specialisation |,—q is well-defined and

Y(A7 Z)|O> ‘z:O = A

2. (Translation Aziom) T|0) = 0. For each A € V', one has
[T,Y(A,2)] =0.Y(A4,z).

0
Here and after, we set 0, = — for simplicity.

z
3. (Locality Aziom) For any A,B €V, the fields Y (A, z) and Y (B, w) are
local, i.e., there exists N € Z>¢ (depending on A, B) such that

(z — 'LU)N[Y(A, z), Y (B,w)] = 0.
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A wertex algebra V' is called Z-graded if V is a Z-graded vector space
V =,csVa, [0) € Vo, degT = 1, and for A € V,,, the field Y (A, z) =
Y onez A(n)z_"_l satisfies deg Ay = —n+m —1 for alln € Z. (Such a field
is said to have conformal dimension m.)

We remark that some authors also consider a Q-graded vertex algebra (see,
e.g., [DLM1]).

Now, a homomorphism of vertex algebras, a subalgebra and an ideal is
defined as follows:

Definition C.2 1. A homomorphism of vertex algebras
p: (V7 |0>7T7 Y) I (Vlv |0>/7T/7Y/)

is a linear map V. — V' mapping |0) to |0), intertwining the translation
operators, and satisfying

p(Y(4,2)B) = Y'(p(A),2)p(B)  A,BEYV.

2. A T-invariant subspace V! C V is called a vertex subalgebra if it satisfies
Y(A,2)B € V'((2)) for any A,Be V',

3. A T-invariant subspace I C V is called a vertex ideal if it satisfies
Y(A,2)B € I((z)) forany Ae I and BEV.

Remark C.1 It can be shown that a vertex ideal is in fact a two-sided ideal
and V/I naturally possesses a structure of vertex algebra.

A special class of vertex algebras, which is of our interest, is defined as follows:

Definition C.3 A Z-graded vertex algebra V = @, .,V is called a con-
formal vertex algebra, if it possesses a non-zero element w € Vo such that

1. the Fourier modes of

Y(w,2) = Z LY 72

neE”Z

satisfy the commutation relations of the Virasoro algebra with central
charge cy, i.e.,

1 )
[an LZ] = (m — n)LYn-l—n + E(md —M)bmynocvidy m,n € Z,

2. LY, =T and Lo|y, = nldy, forn € Z.

w is called a conformal vector and cy € C is called the central charge
of V. In addition, if a conformal vertex algebra V satisfies dimV,, < oo for
any n € Z and there exists N € Z such that V,, = {0} for alln < N, then V
is called a vertex operator algebra.
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C.1.3 Strong Reconstruction Theorem

In this subsection, we recall a PBW type theorem for a vertex algebra. For
detail, the reader may consult, e.g., [FB].

Let V be a vertex algebra. For A, B € V, the nalve product Y (A4, 2)Y (B, w)
may not be well-defined. In order to obtain a ‘well-defined product’, one con-
siders a kind of renormalisation defined as follows:

Definition C.4 1. For two fields
Az) =Y Agyz ™", B(w) =Y Bz ",
mEZ nez

o

we define the normally ordered product $A(z)B(w)S by

JA(2) B(w)g
= Z Z A(m)B(n)Z_m_l + Z A(m)B(n)Z_m_l w !
neZ | m<0 m>0

=A(z)4+B(w) + B(w)A(z)—.

Here and after, for each formal series f(z) =, o fn2", we set

FEe=) fad" f)- =) far"

n>0 n<0

2. For fields A;(z;) (i = 1,---,n), we define the normally ordered product
inductively by

oAi(21) - An(zn)g
= A1(21) (6 (6 An—1(2n-1)An(2n)o) -+ 0)a-

Now, we are in a place to explain a PBW type theorem.
Suppose that we are given a vector space V', a non-zero vector |0) and a linear
operator T € EndV. Let S be a countable ordered set and {a*},es C V be
a set of vectors in V. Assume, in addition, that we are given a field

a“(z) = Z a?n)z_"_l

neZ
for each a € S satisfying the following conditions:

(1) For any o € S, one has a®(2)|0) = a® + O(2).

(Here, the symbol O(z) is the Landau symbol.)
(2) T)0) =0, and [T,a*(z)] = 0,a%(2) for any o € S.
(3) All fields a®(z) are mutually local.
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(4) V is spanned by the vectors of the form
agjy o agylo) i <0.
A proof of the following theorem, called the strong reconstruction theo-
rem, can be found in [FB]:
Theorem C.1 Under the above assumption,

1. by setting

¥ (a; 0),2) = 2L ~Da (2) - 9L D (2):,

G (Jk |

one defines a vertex algebm structure on V.
Here, for n € Z>y, 8( 8" is the nth divided power of 0.

2. This is a unique vertex algebm structure satisfying (1) — (4) and that
Y(a®, z) = a%(2).

3. Moreover, if V is a Z-graded vector space, deg|0) =0, degT = 1, the vec-
tors a® are homogeneous, and the fields a®(z) have conformal dimension
dega®, then V is a Z-graded vertex algebra.

C.1.4 Operator Product Expansion

In this subsection, we briefly recall several useful formulae for practical com-
putation. Here, V always stands for a vertex algebra unless otherwise stated.

The first theorem we should recall is a uniqueness theorem due to P. God-
dard:

Theorem C.2 (Field-State Correspondence) Let A(z) be a field on V.
Suppose that A(z)|0) € V[[z]] and

A(2)[0) = TA(2)[0),  A(2)|0)]. = @

for some a € V. If, in addition, A(z) is mutually local with Y (b, w) for any
b eV, then one has A(z) =Y (a, 2).

Let us recall two formulae related to the translation operator:
Lemma C.1. For a € V, one has

i) Y(a,2)|0) = e*T.q,

i7) Y(Ta,z) =0,Y (a, z).

Notice that the second formula is a corollary of Theorem C.2. The following
technical proposition is a corollary of this lemma and the locality:
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Proposition C.1 (Skew-Symmetry) For any A, B € V, one has the fol-
lowing formula in V((2)):

Y (A, 2).B =e"TY (B, —2).A.

As an application of this proposition, one can prove the following important
theorem:

Theorem C.3 (Associativity) For any A, B,C €V, the three elements

Y (A, 2)Y(B,w).C € V((2))(w)),
Y(B,w)Y(4,z).C € V((w))((2)), and
Y(Y(A,z—w)B,w).C € V((w))((z —w))

are the expansions of the same element of
VHZ? w”['z_lv w_lv (Z - w)_l]'

The so-called Jacobi identity, which was originally used in the definition of
vertex algebras, is a corollary of this theorem stated as follows.

Let f(z,w) be a rational function with only possible poles at z = w =0
and z = w. Denote the Laurent series expansion of f(z,w) in the domain
|z| > |w| by tzwf(2z,w). The following identity follows from the Cauchy
theorem:

Res,—w(tw, z—wf(z,w)) = Res, (bz0f (2, w)) — Res, (- f (2, w)),

where one sets Res, f(z) := a_; for a formal Laurent series f(2) = >, o, anz
Hence, Theorem C.3 implies the following theorem:

Theorem C.4 (Jacobi identity) For A,B € V and m,n,l € Z, one has

Res,—w (Y (Y (A, 2 — w)B, W)ty r—wF (2, w))
=Res, (Y (4, 2)Y(B,w)t,F(z,w)) —Res, (Y (B,w)Y (A, 2)ty . F(z,w)),

where F(z,w) = 2w (z — w)’.

An important corollary of the associativity (Theorem C.3) is the operator
product expansion which is explained below.

First, we recall a useful proposition which follows from the definition of
the normally ordered product:

Proposition C.2 Let A(z), B(w) be fields. The following statements are
equivalent:

1. There exist fields Cj(w) (j =0,1,--- ,N — 1) such that
N—1

[A( Cj(w)dDd(z — w).

j=0

<.
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2. A(z)B(w) (resp. B(w)A(z) ) has an expression

N—1
S G s B

— (2 —w)/

<

Here, ﬁ is expanded in the positive power of % (resp. =).

3. A(z)B(w) converges to the formula in 2. on the domain |z| > |w| and
B(w)A(z) does on the domain |w| > |z|.

Here, 6(z — w) is the delta function defined by

1 1
0z —w) =ty — L.z = Z 27y,

Z—w Z—Ww

Taking just the singular part, the second statement in this proposition is

often expressed as
N—1
G

A@Bw) ~ Y 2

o(z_

<.

which is called the operator product expansion (or OPE for short).
This proposition together with Theorem C.3 implies the following theorem:

Theorem C.5 For A, B € V', one has the following equivalent identities:

V(A2 (Bow) = 30 ST ey (4 oy (B
n>0
V(A 2),Y(Bw)] =Y Y(Ap)B,wdis(z— w).
n>0

C.2 Rationality

In this section, we recall the definition of a module over a vertex operator
algebra and the rationality of a vertex operator algebra. We also briefly recall
some facts about rational vertex operator algebras.

C.2.1 Modules

Here, we recall several versions of the definition of a module over a vertex
operator algebra (V,w) and denote the central charge of V by cy .

Definition C.5 A weak V-module is a pair (W, Yw ), where W is a vector
space and Yy is a linear map from V to EndW/|[z, z71]] satisfying
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1. Yw (|0), 2) = Idw and the Fourier modes of Yw (w,z) = >, 5 L)V 2772
satisfies the commutation relations of the Virasoro algebra with the central
charge cy .

d

2. For A€V, one has Yw (TA, z) = d—YW(A7 z).
z

3. For A,B €V, there exists N € Z>q such that

(z —w)N[Yiw (4, 2), Y (B, w)] = 0.
One may impose some conditions on the above definition which are stated as

follows:

Definition C.6 1. A weak V-module (W,Yw ) is called a Z>¢-graded weak
V-module if

i) W admits a Zxo-gradation W = €D,z
ii) For any a €V and m,n € Z, one has

Wh,.

a'(m)-Wn C Wdeg a+n—m—1-

2. A Z>o-graded weak V-module (W = @
module if

Wa,Yw) is called a V-

HEZEO
i) Lo acts semi-simply on W,,.
it) For any n € Z>q, one has dimW,, < co.

Remark C.2 We remark that, in some literature such as [DLM2], o Z>-
graded weak V -module here is called an admsissible V-module.

C.2.2 The Zhu Algebra

In this subsection, we recall the Zhu algebra associated to a vertex operator
algebra. Some fundamental results of Y. Zhu [Zh] are also reviewed.
Let (V = @,,cz Va,w) be a vertex operator algebra.

Definition C.7 1. For a homogeneous a € V and b €V, set

dega
a * b := Res, <Y(a7 z)%b) .

2. Let O(V) CV be the vector subspace spanned by
1 dega
Res. (Y(a, z)%b) a € V : homogeneous, beV,
z

and set A(V') :==V/O(V).
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We denote the element of A(V) represented by a € V by [a].
The basic structure of A(V) is described in the following theorem:

Theorem C.6 (Y. Zhu) O(V) CV is a two-sided ideal with respect to the
multiplication *, hence it defines a multiplication on A(V'). Moreover, one
has

1. * is associative on A(V).
2. [|0)] € A(V) is the unit element, where |0) € V is the vacuum vector.
3. [w] € A(V) belongs to the centre.

The associative algebra A(V) is called the Zhu algebra of V. By definition,
one has

Proposition C.3 ([FZ]) Let I CV be a vertex ideal such that w & I. The
image A(I) of I in A(V) is a two-sided ideal and A(V/I) is isomorphic to
A(V)/A(D).

Definition C.8 For a homogeneous a € V', we set

o(a) := adega-1),
and extend this symbol linearly to any a € V.
The importance of the Zhu algebra is explained by the following theorem:
Theorem C.7 (Y. Zhu) 1. Let M =D, My be aZ>o-graded weak V -
module. One can introduce an A(V')-module structure on My as follows:
[a]|at, = o(a) acV.

2. Conwversely, for an A(V)-module W, there exists a Zx>-graded weak V -
module M = €D,,c5_ My such that Mo = W and that one has N = {0}

for any Zzo—gmdediweak V-submodule N = @ N, C M satisfying
No = {0}.

’I’LGZZO

Therefore, in particular, the isomorphism classes of V-modules and those
of A(V')-modules are in one-to-one correspondence.

C.2.3 A Theorem of Y. Zhu

Here, we first recall the definition of the rationality of a vertex operator
algebra V. We also recall an important theorem of Y. Zhu [Zh] in a refined
form.

Definition C.9 A vertezx operator algebra V is said to be rational if

1. every Z>o-graded weak V -module is completely reducible,
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2. V has only finitely many isomorphism classes of Z>¢-graded weak simple
modules, and
3. every Zx>o-graded weak simple module is a V-module.

Here and after, we assume that V is a rational vertex operator algebra with
the central charge cy . It follows from Theorem C.7 that the Zhu algebra A(V)
is a semi-simple associative algebra; in particular, it is of finite dimension.

Remark C.3 In [DLM?2], it is shown that if a vertex operator algebra satis-
fies the condition 1. in the above definition, then the conditions 2. and 3. are
automatically satisfied.
Let {M; = @,,cz.,(Mi)n| 1 < i < m} be the complete list of simple V-
modules, and let h; € C be the Lo-eigenvalue on (M;)o, i.e., Lol = hiid.
For each 1 <7 < m, set

xi(7) = trMiqL"*iC = Zdim(Mi)nqhiJr"’ic"7
n>0

where we set q := ¢2™V=IT ¢ C*. Under this setting, one has the following
theorem:

Theorem C.8 (Y. Zhu) If a rational vertex operator algebra V' satisfies the

Cs-cofiniteness, i.c., the space Co(V) := the linear span of {A_2)B|A, B €

V'} is finite co-dimensional in V', then

1. xi(7) (1 <4 < m) is holomorphic on H := {7 € C|Imr > 0}, and

2. the space @), Cxi(T) is SL(2,Z)-invariant, where the SL(2,Z)-action
on H is given by the Mébius transformation.

Notice that if V satisfies the Ca-cofiniteness, then it is shown in [DLM3] that
V satisfies the condition C' of Y. Zhu in [Zh].

Remark C.4 M. Miyamoto has shown (Theorem 5.5 in [Miy]) that if a ver-
tex operator algebra, not necessarily rational, satisfies the Cy-cofiniteness,
then the space spanned by ‘generalised characters’ is SL(2,7Z)-invariant.

C.3 Fusion Rule

In this section, we recall the definition of a fusion algebra and some of their
basic properties. In particular, we assume that V' is a rational vertex operator
algebra.

C.3.1 Intertwining Operators

Here, we recall the definition and a basic property of intertwining operators.
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Definition C.10 Let M® (i = 1,2,3) be Z>q-graded weak V-modules.

1. An intertwining operator of type ( Ve M2> is a linear map

I(2): veM' +— ZWZIC,
keK

(where v, € Home(M?,M3) and K = \J;_,{a; + Z} for some o; € C)
satisfying (intertwining property):
Res,—w (I(Y(a,z — w)v,w)(z — w) ™ty z—w((z — w) + w)™)
=Res, (Y(a,z)I(v,w)t;w(z —w)™2")
—Res, (I(v,w)Y (a, 2)tw, (2 —w)™2"),

foranya €V, ve M and m,n € Z, and

d
I(L_y.v,w) = %I(v,w).
2. Denote

1 1
1 <M2 M M3> = {z’ntertwim’ng operators of type <M2 M Mg) } ,

and the dimension of this vector space is called the fusion rule of the
corresponding type.

By definition, one has
Proposition C.4 Let M' = @, ;. M, (i = 1,2,3) be Zxo-graded weak
V-modules such that Lo|psi = (hi +n)id for some h; € C. An intertwining

3
operator I1(-,2) of type <M1 M M2> has the following Fourier expansion:

I(v,z) = E Vpy2 ! .z ~M—haths,
nez

In particular, if v € M is homogeneous, then the following inclusion holds
form € Z>y:
’U[n]MTQn c M3

m+degv—n—1°*

C.3.2 A(V)-Bimodule associated to a V-Module

In this subsection, we recall an A(V')-bimodule associated to a V-module.

Definition C.11 Let M be a Z>o-graded weak V-module, and a € V be a
homogeneous element.
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1. Forve M, set

dega
a*v := Res, <Y(a, z)%v> .
z

2. Forve M, set

1 dega—1
v*a:= Res, (Y(a,z)%v) .

3. Set
dega
LSty

22

O(M) = {Resz <Y(a, 2)

a € V. homogeneous, v € M} .

We extend the operations x linearly to any a € V and v € M.

The next structure theorem is proved by I. Frenkel and Y. Zhu [FZ]:

Theorem C.9 Let M be a Z>o-graded weak V-module and set A(M) :=

1. A(M) has a left A(V)-module structure by the operation *.
2. A(M) has a right A(V)-module structure by the operation .
3. The left action and the right action of A(V) on A(M) commute.

A(M) is called the A(V)-bimodule associated to a Z>o-graded weak
V-module M.

C.3.3 Fusion Rule

In this subsection, we describe the space of intertwining operators of a type
corresponding to simple modules in terms of A(V)-bimodule recalled in the
previous subsection. Here, we assume that V is a rational vertex operator
algebra.

Let M' = P M (i =1,2,3) be Z>o-graded weak V-modules such
that Lo|as = (hi+n)id for some h; € C and consider an intertwining operator

nel>g

M3 ”
of type (Ml MQ). By Proposition C.4, one has U[degv,l].Mg C Mg for
a homogeneous v € M*!.

Definition C.12 For a homogeneous v € M*, set

OI(U) ‘= Vldegv—1]
and extend this symbol linearly.

By direct calculation, one can show the following lemma:
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Lemma C.2. Fora € V, v € M! and v' € O(M?), the following identities
hold:

o(a)o' (v) = o' (axv),
o' (v)o(a) = o' (v *a),
o) =0

Let (-,-) be the dual pairing between (Mg)* and MJ. We regard (M3)*
as a right A(V)-module via the adjoint of the left A(V)-module structure on
Mg defined in Theorem C.7. Looking at the zero-mode of an intertwining
operator, one obtains the next proposition (see [FZ]):

Proposition C.5 Under the above setting, the pairing (vs,o (vi)va) (v1 €
A(MY), vy € M§,vg € (M§)*) defines a functional fr on (Mg)* ®av
A(Ml) ®AWv) Mg

We remark that the pairing in this proposition is well-defined by Lemma C.2.
Hence, by this proposition, one obtains a linear map,

M3 .
wit (3™ ) — OB Sa) AT Say M (C)

As a special case, one has the next theorem due to I. Frenkel and Y. Zhu
[FZ]:

Theorem C.10 Suppose that M* (i = 1,2,3) are simple V-modules. Then,
the linear map (C.1) is an isomorphism.

For a more general case, see [Li].

C.4 Vertex Superalgebras

Here, we briefly recall the definition of a vertex superalgebra and some prop-
erties of them analogous to those recalled in § C.1. For details, see, e.g.,
[Kac5].

C.4.1 Notations

A vector space V is called a superspace if it is Z/2Z-graded
V=vlevl

where 0 and 1 stand for the coset in Z/27Z of 0 and 1. If V is a superspace,
then EndV naturally inherits the superspace structure
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¢ e (EndV)Y =  $(V)cCVH VieZ/2Z.

We say that an element a € V has parity |a| € Z/2Z if a € V1%, An element

of VO\ {0} is called even and that of V! \ {0} is called odd. o
“Let R be an associative superalgebra, i.e., R = R*® R! satisfying R'- R’ C

R for i,j € Z/27Z. One defines a bracket operation [-,-] on R by letting

[a,b] := ab — (—1)!9llblpq,

for homogeneous a, b € R. Via this bracket, R becomes a Lie superalgebra. We
recall that a Lie superalgebra g is a vector superspace g = g’ ®g' equipped
with a bilinear operation [-,-] : g x g — g, called a Lie superbracket,
satisfying

1. [¢°,¢’] C g't7 for i,j € Z/2Z,

2. for homogeneous =,y € g,

[Qf,y] = _(_1)\x\|y|[y7x]7

3. for homogeneous x,y, z € g,

[1‘, [ya ZH = Hxv y]’ Z] + (_1)|$H?J|[y7 [xv Z”

The second property is called the skew-symmetry and the third property
is called the super Jacobi identity.

C.4.2 Definition of a Vertex Superalgebra

A field A(z) = 33, Ajz77 € EndV[[z*']] is said to have parity |A| € Z/2Z
if A; € (EndV)l4l for all j € Z.
Definition C.13 A wvertex superalgebra is a pair of data consisting of

1. (Space of states) a vector superspace V.=V @ V1,

2. (Vacuum vector) a vector |0) € VY,

3. (Translation Operator) an even linear operator T : V — V,
4. (Vertex Operators) a linear operation

Y(,2): V — EndV][[z,27]],
preserving the parity, and taking each A € V' to a field acting on V', which
1s called the vertex operator associated with A.

These data are subject to the following axioms:

1. (Vacuum Aziom) Y (|0), z) = Idy and for each A € V, one has Y (A, 2)|0) €
V{[z]]. In particular, the specialisation |,—q is well-defined and
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Y(4,2)[0)] .= = A-

2. (Translation Aziom) T|0) = 0. For each A € V, one has

[T,V (A, 2)] = .Y (A, z2).

3. (Locality Aziom) For any A,B €V, the fields Y(A,z) and Y (B,w) are
local, i.e., there exists N € Z>o (depending on A, B) such that

(z —w)N[Y(4,2),Y(B,w)] = 0.

Here, the bracket is defined as in the previous subsection.

C.4.3 Operator Product Expansion

As one can imagine, most of the statements recalled in § C.1.4 are still valu-
able for a vertex superalgebra without any change. Here, we recall the only
statements that have to be modified in the supersetting and we assume that
V' is a vertex superalgebra.

Proposition C.1 should be read as follows:

Proposition C.6 (Skew-Symmetry) For any homogeneous A,B € V
with respect to the Z/27-gradation, one has the following formula in V((z)):

Y (A4,z2).B = (-1)AIBle2Ty (B, —2) A.

For homogeneous fields A(z), B(w) acting on V, the normally ordered
product $A(z)B(w)? is defined by

2A(2)B(w)S = A(z)3 Bw) + (~1) AP B(w) A(z)._.

Proposition C.2 should be read as follows:

Proposition C.7 Let A(z), B(w) be homogeneous fields with respect to the
Z./2Z-gradation. The following statements are equivalent:

1. There exist fields C;j(w) (j =0,1,--- ,N — 1) such that

A, B = Y G )z - ).

2. A(2)B(w) (resp. (—=1)AIBIB(w)A(2) ) has an expression



454 C Vertex Operator Algebras

N—-1
3G ) B,

— (2 —w)’

<

Here, ﬁ is expanded in the positive power of ¥ (resp. Z).

3. A(z)B(w) converges to the formula in 2. on the domain |z| > |w| and
(—=1)MIBIB(w)A(z) does so on the domain |w| > |z|.

Hence, Theorem C.5 also holds for a vertex superalgebra by interpreting the
bracket in the theorem as a Lie superbracket.



Further Topics

Here, we provide a quick guide for further reading on some topics that are
not treated in this book.

Combinatorics  The famous Rogers—Ramanujan identities is related to
the so-called Lee—Yang model (cf. § 5.1.5), i.e., (2,5)-series, and its gener-
alisation due to G. E. Andrews (see, e.g., [And] for several related topics)
is related to the (2,2k + 1)-series which was discovered by B. Feigin and E.
Frenkel [FeFr4]. These identites can be regarded as equalities relating bosonic
expressions and fermionic expressions. The former, namely, the factorisation
problem was systematically treated by A. G. Bytsko and A. Fring [BF] and
an interesting generalisation was obtained by E. Mukhin [Mu]. The latter
was first considered by R. Kedem et al. [KKMM] in the context of the regime
IT of the RSOS model (or Andrews—Baxter—Forrester model) of statistical
mechanics. This approach was generalised by T. A. Welsh [Wel] for all of the
BPZ series representations.

Group of diffeomorphisms of the circle The group Diff { (S1) of
orientation preserving diffeomorphisms of the circle, whose commutator sub-
group was proved to be simple by D. B. A. Epstein [E], is known to be a
Fréchet Lie group (see, e.g., [Ham], [Miln]) which appears in several con-
texts such as dynamical systems (see, e.g., [Gh]) and Teichmiiller spaces
(see [Kon]). A non-trivial 2-cocycle of the Witt algebra, which defines the
universal central extention, can be extend to a 2-cocycle of its smooth com-
pletion and the corresponding 2-cocycle of Diff , (S1) is explicitly given by R.
Bott [Bott]. A. Kirillov [Kirl] showed that the infinite dimensional manifold
M := Diff, (S1)/Rot(S!), where Rot(S!) signifies the group of rotations of
the circle, admits a Kéhler structure and L. Lempert [Lem| showed that the
central extension of Diff ; (S*) by R is a C*-bundle over M, in particular, it
admits the Kéhler structure inherited form on M. Some discrete series rep-
resentations are shown to be realisable [Kir2] in terms of M. See, e.g., [GR]
for more information in this direction.

Logarithmic conformal field theory An interesting example of con-
formal field theories, which can be regarded as a non-semisimple theory, called
the logarithmic theories has been studied recently. For example, B. Feigin
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et al. have studied the logarithmic (1,p) conformal field theory [FGST1],
[FGST2] and the logarithmic extension of the (p, ¢) minimal models [FGST3],
[FGST4]. It was shown by D. Adamovié¢ and A. Milas [AdM2] that the triplet
vertex operator algebra W (p) associated to (1, p)-series provides an example
of a vertex operator algebra which is Cs-cofinite but irrational.
Semi-infinite cohomology In 1976, C. Becci et al. [BRS] and inden-
pendently I. Tyutin introduced a new method to treat quantum field theory
with gauge invariance. In 1984, B. Feigin [Fe] introduced a new cohomology
theory, which nowadays is called a semi-infinite cohomology to explain the
critical dimension 26 of the string theory. This theory was formalised and
generalised by I. Frenkel et al. [FGZ] to a certain class of Z-graded Lie al-
gebras. In particular, they showed what is called the no-ghost theorem. B.
Kostant and S. Sternberg [KS] showed that this theory can be regarded as
a quantisation of Hamiltonian reduction (cf. [MW]). In 1993, A. Voronov
[Vorl] initiated semi-infinite homological algebra. See, e.g., [FeFrl], [FeFr3]
and [Vor2], for further topics.

Super Virasoro algebras There are several super-extensions of the Vi-
rasoro algebra, among which we briefly discuss some known facts for N =1
and N = 2 super Virasoro algebras. The N = 1 super Virasoro algebras
have two classes, the Neveu—Schwarz and Ramond algebras. The structure
of Verma modules were studied by the authors [IK2], [IK5] and that of Fock
modules in [IK3]. The fusion algebras associated to minimal series represen-
tations were also determined by D. Adamovié¢ [Ad1] and the authors [IK1],
[IK7]. The necessary condition for a highest weight module to be unitarisable
was proved by F. Sauvageot [Sau]. The N = 2 super Virasoro algebras have
several variants among which we mention the twisted and untwisted sectors.
The untwisted sector has been extensively studied by B. Feigin and his col-
leagues [FST], [FSST], [SeF], [ST]. See also [Ad2] and [Ad3]. For the twisted
sector, the structure of Verma modules and Fock modules was determined by
the authors [IK4] and the classification of unitarisable highest weight modules
was given in [Io]. See also [BFK].

Wh-algebras V. Drinfeld and V. Sokolov [DS1], [DS2] showed that a
certain Hamiltonian structure, called the second Gelfand—Dickey structure,
of generalised mKdV hierarchies can be obtained from a more simple struc-
ture by a Hamiltonian reduction. A quantisation of such structure has been
studied by several authors, e.g., [FaZ], [FaLu], [Lu] and [LuFa] but the quanti-
sation in the esprit of BRST cohomology was first proposed by B. Feigin and
E. Frenkel [FeFr2] and the algebra obtained in this way is called a quantum
W-algebra, which contains the Virasoro algebra as the simplest example. A
conjectural character formula of it was proposed by E. Frenkel, V. Kac and
M. Wakimoto [FKW] which was proved by T. Arakawa [Ara].

Now, the reader might be impressed by the artistic achievements of B.
Feigin, one of the most important founders of the representation theory of
the Virasoro algebra.
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Selberg integral, 291
semi-continuity principle, 91
semi-infinite character, 243, 303
semi-regular bimodule, 244
sequence of submodules
equivalent -, 21
refinement -, 20
Shapiro’s lemma, 31
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- determinant, 103

- element, 170, 177

- form, 102
skew-symmetry, 444, 452, 453
space of semi-infinite forms, 300
space of states, 440, 452
strong reconstruction theorem, 443
super Jacobi identity, 452
superspace, 451
support of grf” M, 344

singular -, 344
symbol, 342

Type I, I1, I11, 152

tensor identity, 415

tilting equivalence, 261

translation operator, 127, 128, 302,
320, 356, 440, 452

tri-critica ising model, 163

unitarisable representation, 372
- Vir, 369
- g, 369

V-module, 446
vacuum representation, 320, 355
vacuum vector, 127, 128, 302, 320,
356, 440, 452
vector
cosingular -, 280
singular -, 166, 176, 280, 286, 299
subsingular -, 167, 280
Verlinde algebra, 336
Verma composition series, 34
Verma module, 14, 351

Index

- over gr, 107
lowest weight -, 16
vertex algebra, 440
conformal -, 441
vertex ideal, 441
vertex operator, 127, 128, 289, 302,
320, 356, 452
- associated with A, 440
vertex operator algebra, 441
rational -, 447
vertex subalgebra, 441
vertex superalgebra, 302, 452
Virasoro algebra, 5, 9, 48, 242

W

Watson’s quintuple identity, 358
weak V-module, 445

weakly Noetherian, 345

Witt algebra, 3, 73, 82, 86

Yang—Lee edge singularity, 163
Yoneda product, 407

Z-graded Lie algebra
homomorphism -, 51
ideal -, 52
isomorphism -, 52
subalgebra -, 52
Z-graded vertex algebra, 441
7Z/27Z-gradation of vertex superalge-
bra, 128
Z/NZ-graded module
relevant -, 69
Zn parafermionic model, 163
Z>o-graded weak V-module, 446
Zhu algebra, 323, 331, 447
zonal spherical function, 293, 294
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