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Preface

Dear reader,

If you are reading these lines, then you are holding in your hands a book on a
subject that I have been pondering about for a long time.

You see, there is a sizable amount of books on remote sensing, the science,
which was born before the beginning of the Space Era, and which began blos-
soming after the Space Era had begun.

My concern about this literature, since a long time ago, was pretty simple. In the
overwhelming majority of this literature, the methods of solution of the inverse
problems of remote sensing were, and still are, a predominant subject. Nobody is
arguing that effective methods of computation of jacobians—matrices containing
the sensitivities, i.e., derivatives of the observed parameters with respect to
parameters one wants to infer—are important. But with Moore’s Law still at work,
and who knows for how many more years, computers become even more and more
powerful, and computation of sensitivities can still be tackled simply by brute force.
All you need is to buy a more powerful computer, or to add a few more processors
to your cluster already in use, and run your model again and again for small finite
variations of its input parameters, one at a time.

This is not the case in the area of remote sensing, which deals with measure-
ments from orbit of radiances emanating from the atmosphere. The most desirable
parameters to be retrieved are vertical profiles of atmospheric parameters, which
should be specified on a grid of the vertical coordinate running through many
atmospheric scale heights, resulting in (many) tens of grid values of these input
parameters. That is why the methods alternative to the above brute-force approach
began to be developed in the middle of the last century, and their development in
this particular area of remote sensing is still going on. I am referring to the methods
based on the linearization and adjoint approaches. I have also made some contri-
bution to the development and application of the adjoint approach in this area of
remote sensing.

More than a decade ago I realized that these methods—those of sensitivity
analysis of models—can be generalized to be applicable to essentially any area of
remote sensing, where the models (as in radiative transfer) relevant to remote
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sensing based on radiances measured from orbit are based on corresponding dif-
ferential equations with relevant initial and/or boundary conditions.

This is not to say that the adjoint approach, for example, is not used outside the
realm of radiative transfer models. There is a blossoming area of research and
applications called “variational assimilation of data.” A common feature, a hallmark
of this approach, is the single artificial observable, called the cost function (also
known under other names), which is essentially a norm of residuals—differences
between measured and simulated observables. The adjoint approach is used to
compute the sensitivities of this artificial observable with respect to all model
parameters of interest. Since these sensitivities turn out to be proportional to the
residuals themselves, the convergence of the solution of the corresponding (very
nonlinear) inverse problem is notoriously slow.

Instead, I have decided to see what can be done if one keeps the individual
observables, and generalizes the idea of the adjoint approach used in the radiative
transfer models toward a vector of such observables. This generalization turned out
to be very straightforward, and after I applied this idea to a simple zero-dimensional
model of atmospheric dynamics, I moved on to sensitivity analysis of a number of
models in different areas of remote sensing.

A few years ago, I realized that the well-known technique of reducing the
higher-order differential equation to a system of differential equations of first order
can be used as a basis of a general approach to formulation of adjoint problems with
higher-order equations. The general principles of the developed approach and the
results of its application to a number of stationary and nonstationary equations are
presented in this book, and this is the first time they are published.

This book is intended for a variety of readers. For students of remote sensing,
this book will provide an introduction to the goals, objectives, and methods of
sensitivity analysis. Researchers already active in the field will find many alterna-
tive viewpoints on many particular issues of sensitivity analysis. The author
understands that some statements in this book may appear arguable to particular
readers, but hopefully this book will not leave the readers indifferent to its general
subject, sensitivity analysis. In the author’s opinion, sensitivity analysis certainly
deserves more attention among researchers and certainly represents a wide research
field where much more still remains to be done.

Many individuals have supported this chain of research throughout my career.
I owe a great deal of gratitude to them.

It began during my tenure as a Ph.D. student at the Space Research Institute
(IKI) in Moscow, Russia. Prof. Vassili Moroz was my advisor, and he guided me all
the way to defending my Ph.D. thesis in 1978. Later, he invited me to join the
science team of Venera 15&16/PFS instrument successfully flown in orbit around
Venus.

Another productive period of my work on this research theme is associated with my
tenure at the Tartu Observatory in Toravere, Estonia. It resulted in a second Ph.D.
defended at the University of Tartu in 1992. I am much indebted to Charles Willmann,
Kalju Eerme, Uno Veismann, Tonu Viik, and to all the friendly staff of Tartu
Observatory for their support of my work.
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In the mid-1990s, I had an opportunity to apply the results of this research to the
data of remote sensing of atmospheres of Jupiter, Saturn, Uranus, and Neptune
obtained from the Voyager/IRIS instrument, first at NASA Goddard Spaceflight
Center and later at Cornell University. I am grateful to Barney Conrath and Peter
Gierasch for this opportunity.

I continued my research in sensitivity analysis at the Jet Propulsion Laboratory
(JPL), where I was invited in 1998 to participate in development of the retrieval
algorithms for the TES instrument, which was later launched onboard the EOS
Aura spacecraft. I am grateful to Reinhard Beer for this invitation, which opened a
way for me to participate in other exciting projects at JPL while continuing my
research in sensitivity analysis.

All in all, I am much indebted to all of these individuals, who, directly or
indirectly, guided me during all these years. Recently, I have summarized the
results of this research in the form of a short course in sensitivity analysis, which
was sponsored by the Science Division of JPL and delivered at JPL. I am grateful to
Geoff James for making this happen.

This particular book would not see the light, but for a kind invitation from
Springer to write it. I am grateful to Petra van Steenbergen for this invitation, and to
Hermine Vloemans for her kind guidance during preparation of this manuscript.
I am also grateful to my JPL colleagues, Van Snyder, Phil Moynihan, Suniti
Sanghavi, and Bruce Bills for reviewing the draft of this manuscript, for their
suggestions regarding improving the text, and for weeding out my typos and
grammar errors, inevitable for this author, for whom English is not his native
language. Of course, I take responsibility for any remaining typos and errors.

And, last but by no means least, I am immensely grateful to my wife, Lyudmila,
for supporting me in my endeavors in general, and during the writing of this book in
particular.

Altadena, CA, USA Eugene A. Ustinov
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Chapter 1
Introduction: Remote Sensing
and Sensitivity Analysis

Abstract By its basic definition, remote sensing is simply indirect measurement. In
a vast variety of practical applications, we cannot measure quantities of interest
directly, but we can measure some other quantities that are related to quantities of
interest by some known relations. For example, targeted measurements of spectral
radiances on top of the atmosphere in the thermal infrared spectral region provide a
capability to measure atmospheric profiles of temperature and mixing ratios of
atmospheric constituents. Another example: targeted measurements of position and
velocity of a spacecraft orbiting a planet provide a capability to measure spherical
harmonics of the gravity field of this planet.

Keywords Remote sensing - Forward models - Sensitivities

By its basic definition, remote sensing is simply indirect measurement. In a vast
variety of practical applications, we cannot measure quantities of interest directly,
but we can measure some other quantities that are related to quantities of interest by
some known relations. For example, targeted measurements of spectral radiances on
top of the atmosphere in the thermal infrared spectral region provide a capability to
measure atmospheric profiles of temperature and mixing ratios of atmospheric
constituents. Another example: targeted measurements of position and velocity of a
spacecraft orbiting a planet provide a capability to measure spherical harmonics of
the gravity field of this planet.

A mandatory premise of a meaningful remote sensing experiment is the avail-
ability of the quantitative framework, which makes it possible to simulate the
measured quantities for current estimates of quantities of interest. Such quantitative
models are based on available theoretical descriptions of objects under study and
processes there, which ultimately produce the quantities that are measured by the
remote sensing instruments. Correspondingly, there are two mandatory components
of these models: quantitative algorithms, which implement the theoretical
description of objects under study, and quantitative description of the measurement
procedures by remote sensing instruments.

© The Author(s) 2015 1
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2 1 Introduction: Remote Sensing and Sensitivity Analysis

In a nutshell, these models provide a quantitative description of the cause—
effect relationship between the parameters of interest specifying the object under
study and the results of measurements by the remote sensing instruments. In this
sense, these models can be termed as forward models, because they simulate the
corresponding causal link forward: from parameters of interest to measured data.

On the other hand, the very goal of remote sensing is to follow this causal link in
the opposite direction: from measured data to parameters of interest. A plain
analogy with solution of some, generally non-linear, equation f(x) = a would be
instructive here. We have a known function f(x), and we wish to find the value of
its argument x, which when substituted in function f(x) causes it to return the value
a. In the process of finding a solution for this equation, we follow from the known
value a to the argument value x, which yields f(x) = a.

A broad and well populated area of the theoretical basis of remote sensing lies in
exploring and developing different quantitative methods of retrieving (evaluation
of) parameters of interest from measured data. Corresponding, generally nonlinear,
inverse problems can be represented in the form analogous to the above equation
f(x) = a, and methods of their solution are essentially analogous to the Newton-
Raphson method of solution of this equation. This is an iterative method, which, at
each step, requires evaluation of the function f(x) and its derivative df /dx.

As pointed out above, in remote sensing the causal link between parameters of
interest and measured data is followed from effect to cause. This circumstance has
profound ramifications, which complicate the practical solution of corresponding
inverse problems. In many practical cases, these problems are ill-posed and require
application of special methods to stabilize their solutions. Development of these
methods began in the middle of the 20th century and is still underway. Numerous
monographs on theoretical methods of remote sensing are exclusively devoted to
this subject. It is not surprising that there is a popular common perception that
theory of remote sensing is reduced to methods of solution of inverse problems.

Of course, this is not true, and this book is intended to demonstrate the opposite.
Resorting to the analogy with the Newton-Raphson method of solution of non-
linear equations, we see that along with the capability to simulate the measurement
data one has to be able to compute derivatives of the simulated data with respect to
parameters of interest. In other words, one needs sensitivities of simulated data with
respect to these parameters.

In principle, if one considers the simulated data as a (scalar, vector, tensor)
function of the (scalar, vector, tensor) input parameters, sensitivities are nothing
more than corresponding derivatives. But in reality, the situation is more compli-
cated. This book is devoted to methods of efficient computation of these
sensitivities.



Chapter 2

Sensitivity Analysis: Differential Calculus
of Models

Abstract Models in remote sensing—and in science and engineering, in general—
are, essentially, functions of discrete model input parameters, and/or functionals of
continuous model input parameters. In this sense, the sensitivities of model output
parameters are, essentially, derivatives—partial derivatives with respect to discrete
input parameters, and variational derivatives with respect to continuous input
parameters. Specificity of models, as compared to functions and functionals in
general, is due to the fact that they have two mandatory components. The first
component describes the object or process of study, as is. It is a system of a
differential equation, or equations, with initial and/or boundary conditions, which is
referred to as a forward problem. The second component describes the procedure of
deriving the output parameters of the model, which simulate the observed quanti-
ties, observables, from the solution of the forward problem. In contrast to the first
component, it is just an analytic expression, which is referred to as an observables
procedure. In rare practical cases, the forward problem has an analytic solution, and
the output parameters are analytic functions or analytic functionals of the input
parameters. Correspondingly, analytic evaluation of sensitivities is possible. In
most practical cases, only numerical forward solutions are available, and specific
approaches of sensitivity analysis considered in this monograph become
indispensable.

Keywords Model input and output parameters + Forward problem - Observables -
Observables procedure - Sensitivities

2.1 General Considerations

In the context of this book, we define forward models as quantitative tools, which
return the desired output parameters for given input parameters. These models are
assumed to provide an adequate quantitative description of the objects under study,
and this description is specified by given values of the input parameters (model
parameters). The output parameters of these models simulate the results of
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observations (observables). Thus, in a nutshell, we deal with functions, whose
arguments are the model parameters and the values are the observables.

Indeed, as was pointed out in the Introduction, the forward models used in
remote sensing consist of two basic components. The first component, the forward
problem, specifies the quantitative description of the object under study as is, based
on relevant laws of physics, which govern the spatial structure and temporal
behavior of this object. This description—the forward problem—is provided by
corresponding differential equations and initial and/or boundary conditions. The
second component, the observables procedure, specifies the quantitative recipe of
drawing the observables from the solution of the forward problem—the forward
solution. This recipe is provided in the form of a closed-form analytic expression,
which converts the forward solution into the observables.

Thus, abstracting from the inner workings of the forward models, they represent
essentially functions whose arguments are the model parameters and values are the
observables. There is a caveat though. In many practical cases, the models involve
the continuous parameters, which are functions themselves—functions of space
and/or time. Then the forward models become the functionals defined on these
functions. From the viewpoint of practical implementation, there is little or no
difference between functionals and functions of many variables, because the
practical implementation requires a representation of those functions on an adequate
grid of their arguments. But, as we will see in relevant examples below, from the
viewpoint of analytic work that is necessary to conduct the sensitivity analysis in
each specific case, it is instructive to treat the models with continuous parameters as
functionals, and to apply corresponding tools of variational analysis.

In a relatively small number of practical cases, the forward problems used in
practical forward models of remote sensing have analytic solutions. For example,
this is the case in remote sensing of planetary atmospheres in the thermal spectral
region, when atmospheric scattering can be neglected (see Sects. 4.3 and 5.3). In
such cases, the forward solution can be represented as a closed-form analytic
expression, which after the application of the observables procedure results in an
analytic expression of observables directly through the model input parameters.
Then, depending upon whether the given input parameter is just a constant or a
function of space and/or time variables, the observables are functions or functionals.
Accordingly, the sensitivities can be found using standard techniques of the dif-
ferential calculus or variational calculus.

In most practical cases, though, the corresponding forward problems can be
solved only numerically. This means that for given numerical values of the input
parameters, the forward solution is obtained using appropriate numerical methods.
This means that the analytic relation between the model input parameters and
observables does not exist. This is where the methods of sensitivity analysis
become indispensable. At this point we need to take a more detailed look at sen-
sitivities with respect to different types of model parameters and observables.
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2.2 Input and Output Parameters of Models

Without losing any generality, the model input parameters can be divided into two
broad groups: discrete parameters and continuous parameters. Discrete parameters
are constants, which do not depend on any arguments, such as space, time, etc.
Continuous parameters are functions with essentially the same domain of argu-
ments, as the forward solutions. Consider a couple of simplified examples.

Motion of a material point in the planetary gravity field. If the finite size of the
material object in the gravity field can be neglected as compared to the scale of
spatial variation of the gravity field of the planet, then this object can be considered
as a material point, and its motion, assumed here to be non-relativistic, is described
by a forward problem in the form:

d*r
a2 g(r.1)
d
arl _ Yo (2.1)
drl—o
I'|t:O: o

The model input parameters here consist of two discrete parameters, vy and ry, and
one continuous parameter g(r, ). The forward solution r(¢) is a function of time z.

Transfer of thermal radiation in the non-scattering planetary atmosphere.
Neglecting the vertical span of the planetary atmosphere as compared to the radius
of the planet, the radiative transfer in the non-scattering atmosphere can be
described by a forward problem in the form:

e+ 12 (z,0) = ADBE)

I(z,u) =0, for z=0,u>0 (2.2)
1

I(z,u) = 2Afl(z,u') w'du’ + By, for z=2zp,u<0
0

Here we have two discrete parameters, albedo A and source function By of the
underlying surface, and two continuous parameters, extinction coefficient o(z), and
source function B(z) of the atmosphere itself. The forward solution I(z,u) is a
function of the vertical coordinate z and of cosine u of the nadir angle of
propagation.

The practical implementation of the retrieval algorithms in the form of computer
programs intended for the interpretation of practical data involves the representation
of the continuous parameters as finite-dimensional arrays with values corresponding
to an appropriate grid of argument values of those continuous parameters. But in
many practical cases, the analytic work, which is necessary to be done in order to
derive the analytic background of the retrieval algorithms, is easier to perform in
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terms of continuous parameters considered as functions, using appropriate tools of
variational analysis. This will be demonstrated in the sections to follow.

On the other hand, the output parameters, the observables R, are always discrete
parameters due to the nature of measurements themselves. In the first example
above, such observables may be relative distances and velocities of the material
point as measured from some known location of the observer. At each instant of
observation:

R=|r—rj
(2.3)
S=|V-V|
In practice, the measured values are always integrated over some finite span of
arguments of the forward solution: time, space, viewing angle, etc. But the inte-
gration results are always benchmarked by some instant values of these arguments.
More information will be provided in the sections to follow.

2.3 Sensitivities: Just Derivatives of Output Parameters
with Respect to Input Parameters

As mentioned in the Introduction, sensitivity of any output parameter with respect
to any input parameter is merely a derivative of a suitable type. Sensitivity of the
observable R with respect to a discrete input parameter p isa partial derivative:

OR

K:%

(2.4)

Sensitivity of the observable R with respect to a continuous input parameter p(x) is
a variational derivative:

(2.5)

There are a few different definitions of the variational derivative, which sometimes
is also called the functional derivative. For all practical purposes in this book, the
variational derivative with respect to the continuous parameter p(x) is defined as a
kernel of the linear integral expression

OR
OpR = /mép(x) dx (2.6)

DX



2.3 Sensitivities: Just Derivatives of Output Parameters ... 7

Here, the integration is conducted over the domain D, of arguments x of the
parameter p(x); dp(x) is the variation of the input parameter p(x), and J,R is the
variation of the output parameter R caused by the variation dp(x).

For a continuous parameter specified on a grid of its arguments, there exists a
simple relationship between values of the variational derivative on this grid and
values of partial derivatives with respect to grid values of the continuous parameter.
The accuracy of this relationship depends on the mesh width of this grid. As an
example, assume that p(x) is defined on an interval x € [a, b] represented by a set of
grid values p; = p(x;), (j = 1,...n). Then, the output parameter R becomes a
function of n variables {xj}, and Eq. (2.6) can be approximated in the form:

OR OR
5R:/‘ op(x) dx ~ <—) op;iAdix 2.7
P J bp(x) p( ) ; 5p(x) . p] J ( )
From Eq. (2.7) we immediately obtain:
OR ( OR ) . ( OR > 1 OR
— x| — A;x, or vice versa, | —— ~N—— 2.8
op;~ \op( )|, o), awop Y

The definition of variational derivative, Eq. (2.6), has an important practical
value. Throughout this book we will derive the expressions for sensitivities to
continuous parameters—which are variational derivatives—by transforming the
expressions for variations of the output parameters to the form of Eq. (2.6) and
obtaining the sensitivities as kernels of resulting integral expressions. Equa-
tions (2.5) and (2.6) will serve as a definition of sensitivities to continuous
parameters.

Consider a special kind of a functional: the value of a function f(£) defined on
the interval [a, b] at the specified value of its argument ¢ = x. Representing f(x) in
the form

fx) = / 5(& — X)f() dé (29)

we take the variations of both sides of Eq. (2.9):

b

) = [ oe =)o) ac (2.10)

a
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Comparing Eq. (2.10) with the definition of variational derivative, Egs. (2.5) and
(2.6), we obtain:

o (x)
of (€)

= 5(¢ —x) (2.11)

In a similar fashion, one can derive an expression for the variational derivative of
the ordinary derivative of the function f’(x) with respect to the function f(x) itself:

of' (x)
of (£)

= (¢ —x) (2.12)

where ¢'(x) = dd (x)/dx is the derivative of the J-function. We have:

b
of'(x) = / 8(& — x)3(2) e (2.13)
Integrating by parts we obtain:
b
5 (x) = 8(¢ — X)3f(8) / 5(& — 2o (E) dé (2.14)

The off-integral term in Eq. (2.14) equals zero for all values of x within the interval
[a, b]. Comparing the resulting Eq. (2.14) with the definition of variational deriv-
ative, Egs. (2.5) and (2.6), we see that Eq. (2.12) is valid everywhere within this
interval.

In a number of applications considered in chapters that follow, we will need to
convert the linear variational equation

LSX = 6S (2.15)

into an equation for corresponding variational derivatives with respect to some
continuous parameter:

5X 68

== 2.1
da da (2.16)

Here, da is the variation of the parameter a(x), which results in a corresponding
variation of the right-hand term S(x), which in turn, results in a corresponding
variation of the solution X (x). The linear operator may, in general, be a function of x,
too.
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In the applications below, at each given value of the argument x = £, the function
S(x) depends on the parameter a(x) only at the same value of the argument x = £.
This means that S is a function of a(x), not a functional of a(&). Accordingly,

b b

o500 = [ e =) G - da(e) aé = [0l —) Gl du) az (27

a a

Comparing with the definition of the variational derivative, Egs. (2.5) and (2.6), we
have:

oS(x) . 98(x)
5a(8) o(& —x) Pan) (2.18)
Thus, the right-hand term of Eq. (2.12) has the form:
_ 05
oS(x) = da(x) oa(x) (2.19)

On the other hand, the solution 6X(x) of Eq. (2.15) depends on the variation of
the parameter a(&) in the whole interval ¢ € [xg,x;]. In other words, X(x) is a
functional of a(¢&), while still being a function of x:

X(x) = Xla(¢),x] (2.20)
Thus, in the variational equation, Eq. (2.15)

b
[ 6X(x)
) da(é)

a

0X(x) oa(&)dé (2.21)

Substituting Eqgs. (2.17) and (2.21) in Eq. (2.15) and moving the right-hand term
into the left side, we have:

L

OS(x) & i
Fat) Sa(&)dé =0 (2.22)

b b
0X(x)
S D900 - / 56—

a

Recalling that the operator L may be a function of x, and observing that x is not an
integration variable in Eq. (2.22), we can rewrite this equation as

/h (L OX(X) _ 506 ). aS(x)) da(&)dé = 0 (2.23)
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Finally, demanding that Eq. (2.23) be satisfied for an arbitrary variation da, we

obtain the equation for variational derivatives, Eq. (2.16), which, in a detailed form
can be written as

(2.24)

We will use this result in applications of the linearization approach of sensitivity
analysis to various forward problems considered in the chapters that follow.



Chapter 3
Three Approaches to Sensitivity Analysis
of Models

Abstract There are three ways to implement the sensitivity analysis of quantitative
models. The simplest finite-difference (FD) approach requires multiple re-runs of
the forward model according to the number of model input parameters. Although
this approach uses the forward model without any modifications and does not
require any analytic work, its application results in a very computer-intensive
algorithm, which may become a prohibitive factor in practical applications to
models with a large number of input parameters. Two other approaches of sensi-
tivity analysis—the linearization approach and adjoint approach—are substantially
more computer-efficient and require just single runs of a corresponding model
derived from the initial, baseline model. The general formulation and comparison of
these approaches is presented in this chapter.

Keywords Sensitivity analysis - Finite-difference approach - Linearization
approach - Adjoint approach

3.1 Finite-Difference Approach

In high-level notations, the forward problem can be written in the form of a gen-
erally non-linear operator equation

N[X] =S5 (3.1)

where the operator N combines all operations on the forward solution X, and the
right-hand term S combines all terms that do not include X. All model parameters
are contained either in the operator N or in the right-hand term S, both of which are
some functions of these parameters. Using similar shorthand notations, computation
of observables R from the forward solution X can be represented in the form:

R=M[X] (3.2)

© The Author(s) 2015 11
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where M is, in general, a non-linear functional describing the procedure of mod-
eling the observables.

To compute the sensitivities of observables R to model input parameters, each
input parameter p, one by one, is varied by a suitable small amount Ap, and the
resulting forward solution X is used to obtain the varied observables R, and cor-
responding sensitivities are obtained as ratios

OR R-R
i e — 3.3
Bp Ap (3.3)

Since this process has to be repeated for each input parameter, the required com-
puter time increases (as compared to the single run of the forward model) by a
factor equal to the number of model input parameters.

3.2 Linearization Approach

Following this approach, the forward model Eq. (3.1) is linearized around its known
solution X, hereafter referred to as the baseline solution. We assume that the model
parameters experience small perturbations. Then, the left-hand and right-hand terms
of Eq. (3.1) experience variations 6(N[X]) and dS correspondingly, and we have:

O(N[X]) = oS (3.4)
The variation d(N[X]) is, further on, represented in the form
O(N[X]) = ON[X] + LoX (3.5)

Here, the linear operator L represents a linearization of the operator N around the
baseline solution X.
As an example, consider the non-linear operator N[X] in the form:

dx

N[X] = a(x) o + b(x)X*(x) (3.6)
Its variation
(N[X]) = a(x) % + da(x) % + 2b(x)X (x)0X (x) + 5b(x)X?(x) (3.7)

can be represented in the form of Eq. (3.5), where

wmzww%+%@ﬁm (3.8)
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and

LoX = a(x) d:S?X +2b(x)X (x)0X (x) (3.9)

Substituting Eq. (3.5) in Eq. (3.4) and re-arranging the terms in the resulting
equation we obtain

L3X = 6S — 6N[X] (3.10)

Note that only the right-hand term of the linearized forward problem Eq. (3.21)
depends on variations of model parameters; the operator L of the linearized forward
problem Eq. (3.10) remains the same. This provides substantial savings of computer
time, as compared to the finite-difference approach.

For discrete model parameters p;, representing variations in Eq. (3.10) in the
form:

Pj

we obtain the linearized forward problem for corresponding sensitivities of the
forward solution X (x):

LOX _ 05 ONIX]
dp;  Op;  Op;

(3.12)

For continuous model parameters p(x), representing variations in Eq. (3.10) in
the form:

o (x) = oe(x) B ey Oe
se ()= | a0 = 0 ) (.13)

Dx

we obtain the linearized forward problem for corresponding sensitivities of the
forward solution X (x):

X (85 N
Lo =0 )<8p(f) ap<¢>> (3.14)

Further on, the observables procedure Eq. (3.2) is linearized with respect to the
forward solution X, resulting into a linear functional, which can be written in the
form of an inner product

SR = (W, 5X) = / W (x)0X (x)dx (3.15)
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This yields resulting expressions for sensitivities of observables R to discrete model

parameters:
OR ( 15).4 )
—=(W,=, 3.16
Ip; Ip; (316
and continuous model parameters:
OR 0X
——= | W,— 3.17
55~ ("5na) G17)

3.3 Adjoint Approach

The adjoint approach is based on the use of the operator L*, adjoint to the linear
operator L of the linearized forward problem Eq. (3.10). Rewriting this problem as

X' =§ (3.18)

where §' = 0S — ON[X| and X' = 06X, and rewriting the linearized observables
procedure Eq. (3.15) as

R = (W,X)) (3.19)

this approach can be outlined as follows. By definition, the adjoint operator L*
satisfies the Lagrange identity

(8, Lf) = (L"g.f) (3.20)

for an arbitrary pair of functions f and g in the domain of L. Then, the solution X* of
the adjoint problem

L'X*=Ww (3.21)
provides an alternative way to compute the linearized observables:
R = (X*,§) (3.22)

This can be demonstrated by multiplying the adjoint problem Eq. (3.21) by X’ and
the linearized forward problem Eq. (3.18) by X*, and then comparing left and right
sides of the resulting equalities:

(L'x*, X" =w, X)), X'LX)=(X"5) (3.23)
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Since the left-hand terms (L*X*,X’) and (X*,LX’) are equal by definition of the
adjoint operator, the right-hand terms (W,X’) and (X*,S') are also equal. Then,
Eq. (3.22) immediately follows from Eq. (3.19).

Now, returning from the abbreviated Eq. (3.18) to Eq.(3.10) and replacing in
Eq. (3.22) R" — 6R and S’ — 0§ — ON[X], we obtain a direct expression of the
variation of the observables through variations of the operator N[X] and the right-
hand term S of the forward problem Eq. (3.1):

SR = (X*, 55 — ON[X)) (3.24)

This yields expressions for sensitivities of observables to discrete and continuous
parameters in the form:

OR (.. 05 ONIX]
o (X "dp;  Op; )7 (3-23)
and
R (.. 85 ON[X]
5p(é)_(x’5p(é) 5p(<>> (3:26)

3.4 Comparison of Three Approaches

As pointed out above, the finite-difference (FD) approach is the simplest one to
implement. No analytic work is necessary, one needs just to add a couple of
additional loops in the computer code—to run the baseline forward problem for
individual varied input parameters, and to feed resulting finite-difference approxi-
mations of resulting sensitivities into the corresponding rows of the jacobian matrix.
Computing time, as compared to a single run of the baseline forward problem
increases by a factor corresponding to the number of input parameters of interest,
which is a significant drawback of the FD approach. On the other hand, the effi-
ciency of computers is still rapidly increasing, year by year, and this trend will
continue years and years ahead. This is why the FD approach will remain a viable
option for many problems, at least in the near future.

The linearization approach is much more efficient than the FD approach. As we
have seen above, the operator L in the left side of Eq. (3.12) or Eq. (3.14) is the
same for all the sensitivities of interest, and only the right-hand terms are different
for different model parameters. The practice of implementing algorithms to solve
the differential equations Partial differential equation tells us that most of the
computations and intermediate data flows are associated with the terms in the left
side of differential equations and of their initial and/or boundary conditions. The
overhead due to right-hand terms is relatively small. On the other hand, the
implementation of the linearization approach needs some additional analytic effort.
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One has to linearize the differential equations and initial and/or boundary conditions
of the baseline forward problem. The good news here is that the resulting linearized
forward problem can be solved with the same method that is used to solve its
parent, the baseline forward problem, and development of the corresponding
computer code is relatively simple.

The adjoint approach becomes more efficient in comparison with the lineariza-
tion approach when the number of model input parameters exceeds the number of
the observables. As in the case of the linearization approach, the adjoint operator L*
is the same for all observables, and only the right-hand terms are different for
different observables. On the other hand, the implementation of the adjoint
approach needs even more additional analytic effort. But, as the linearized forward
problem, the adjoint problem can be solved with the same method, which is applied
to the baseline forward problem. This is because the operations in the left-hand
terms of the adjoint problem are very similar to those of the linearized forward
problem. This will be illustrated by the examples given in the following chapters.

The adjoint approach has definite advantage over the linearization approach,
when the number of model parameters substantially exceeds the number of
observables. This is especially the case, when some, or all model parameters are
continuous and have to be specified on a grid of their arguments. Then the number
of separate grid values of model parameters, and, correspondingly, the number of
different right-hand terms in the linearized forward problem may easily be of the
order of many tens, or even hundreds. Typical examples are profiles of temperature
and composition in planetary atmospheres, or profiles of mass density and bulk
modulus and shear modulus in planetary interiors. In cases like these, the adjoint
approach is definitely preferable.

In the remainder of this book we will consider applications of the linearization
and adjoint approaches to various types of forward models.
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Chapter 4

Sensitivity Analysis of Analytic Models:
Applications of Differential

and Variational Calculus

Abstract Most forward problems in remote sensing can be solved only using
numerical methods. Correspondingly, the resulting models are by necessity
numerical ones. Nevertheless, in some practical cases corresponding forward
problems can be solved analytically, and resulting models become analytical. In
such cases, sensitivities to discrete and continuous input parameters can be found
using the conventional methods of differential and variational calculus. In this
chapter we consider the sensitivity analysis of analytic models. For demonstration
purposes, we first consider two simple demo models. Then a realistic model will be
considered, which is actually used in practice of remote sensing of the Earth and
planetary atmospheres.

Keywords Analytic models - Differential calculus - Variational calculus

4.1 Linear Demo Model

Consider the forward problem for this model in the form:

dx
E—FG(I)X(I‘) =0 (41)
X([()) = Xo

Here, the continuum input parameter a(t) and forward solution X (#) are functions of
a single argument, time ¢. The right-hand term X, of the initial-value condition is a
discrete input parameter. We assume that the forward problem Eq. (4.1) is inte-
grated over the interval [y, #;], and as an observable R we will use the value of the
forward solution at the instant #;:

R=X() (4.2)
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Solution of the differential equation in Eq. (4.1) can be found by rewriting it in the
form:

ax

X0) = —a(t) dr, or dlnX(r) = —a(t) dt

After integration and accounting for the initial-value condition in Eq. (4.1) we
obtain the forward solution X(¢) in the form:
X(t) = Xo exp[—A(1)] (4.3)

where

is the primitive function of a(z), so that its derivative dA/dr = a(z).
The observable, Eq. (4.2) takes the form:

R = Xo exp[A(1) (4.5)

Its sensitivity to the discrete parameter Xy can be found by taking corresponding
partial derivative of Eq. (4.5). We have:

oo = SPlAm)] = 5 (46)

Sensitivity of the observable R to the continuous parameter a(z) can be found by
linearizing Eq. (4.5) with respect to a() and expressing the corresponding variation
of the observable J,R through the variation da(z):

I3 1
5uR = 4 | Xoexp | — / a(t) dr | | = Xoexpl-A(n)]- [ - / Salt) di
to 1o
n
= —R/&a(r) dr
to

Comparing with the general definition of sensitivity to the continuous parameter,
Eq. (2.6), we obtain:

OR
da(t)

— R (4.7)
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As a form of validation, this expression will be obtained again in the Chap. 5 using

two alternative approaches of sensitivity analysis—linearization and adjoint
approaches described in the Chap. 3.

4.2 Non-linear Demo Model

Consider the forward problem for this model in the form:

% +a(t)X*(t) =0

X(to) = Xo

(4.8)

As with the linear demo model, we have one continuum input parameter a(f) and
one discrete input parameter X,. We also assume that the forward problem Eq. (4.8)
is integrated over the interval [fo, 1], and the observable R has the same form as in
Eq. (4.2).

Solution of the differential equation in Eq. (4.8) can be found by rewriting it in
the form:

dx 1
X0 = —a(t) dt, or d{m] =a(t) dr

After integration and accounting for the initial-value condition in Eq. (4.8) we
obtain the forward solution X(7) in the form:

X(1) = (A +x,1)7" (4.9)
The observable, Eq. (4.2) takes the form:
R=(A(n)+X;")" (4.10)

Its sensitivity to the discrete parameter X, is obtained by taking the corresponding
partial derivative of Eq. (4.10). We have:

%, = o LA 1Y) ] = () + x5 (60 = () @i

Sensitivity of the observable R to the continuous parameter a(z) can be found by
linearizing Eq. (4.10):
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0.R = 5a[(A(t1) +X51)71] = —(A(n) —|—X071)72-/5a(t) dr = —Rz/éa(t) dt

Comparing with the general definition of sensitivity to the continuous parameter,
Eq. (2.6), we obtain:

OR
5l ~ —R? (4.12)

This expression will be obtained again in the Chap. 5 using two alternative
approaches of sensitivity analysis—the linearization and adjoint approaches
described in Chap. 3.

4.3 Model of Radiances of a Non-scattering Planetary
Atmosphere

This model is widely used in remote sensing of non-scattering planetary atmo-
spheres in the thermal spectral region of electromagnetic (EM) radiation. The
forward problem is a classic radiative transfer (RT) problem, which for a plane-
parallel model of the atmosphere can be written in the form:

u% + x(2)I(z,u) = x(z)B(z)
z

I(0,u) =0; u>0
I(zo,u) =€By; u<0

(4.13)

Here I(z,u) is the intensity of thermal EM radiation depending on the vertical
coordinate in the atmosphere z measured from the top of the atmosphere (TOA) and
cosine u of the nadir angle of direction of propagation of EM radiation, x(z) is the
absorption coefficient, B(z) is the intensity of source EM radiation in the planetary
atmosphere, ¢ is the emissivity of the planetary surface, and By is the intensity of
source EM radiation emanating from the planetary surface. Note that solutions of
the problem Eq. (4.34) for u > 0 and u <0 are essentially disengaged, with the
upper boundary condition at z = 0 serving as initial-value condition for I(z, u > 0),
and the lower boundary condition at z = zo serving as initial-value condition for
I(z,u<0).

The forward problem, Eq. (4.13), has two continuous model parameters:
k(z), B(z), and two discrete model parameters: ¢, B;. The observable is intensity of
EM radiation at TOA observed at cosine u of the nadir angle of observation
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R(w) =1(0, —p) (4.14)

and thus is drawn from the solution I(z, u <0).
The differential equation of the forward RT problem, Eq. (4.13) has a form of an
ordinary differential equation (ODE) of first order with variable coefficients:

Y +px)y(x) = q(x) (4.15)

Its solution is obtained in a standard way, by multiplying Eq. (4.15) by an auxiliary
function M(x), which satisfies the condition M’ = M(x)p(x) and thus transforms
the left side of Eq. (4.15) into a derivative of the product M(x)y(x). Integrating this
condition on M(x) we have:

M(x) = exp ( / p(x) dx> (4.16)

and integrating the transformed Eq. (4.15) we obtain:

S M(x)g(x) dx+ C

= 4.17

y(x) ks (4.17)

Note that the observable Eq. (4.14) is drawn from the solution /(z, u <0) integrated

from the lower boundary condition of the forward problem Eq. (4.13). Replacing
p(x) — k(z)/u, q(x) — x(z)B(z)/u we obtain:

20 Z 2

1 1 1
I(z,u) = —;/B(z’)exp ;/K(Zﬂ)dz" K(Z)dZ + eBs exp ;/K(ZI)dZ'
Z Z z
(4.18)
Substituting in Eq. (4.14) we obtain the observable R(u) in the form:
l 20
R =, [ B wr(2)dz + 1o, eB, (4.19)
"
where
1 Z
1(z, ) = exp ~ / K(2)dZ (4.20)

is atmospheric transmittance from level z to TOA.
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Sensitivity of the observable Eq. (4.19) to the discrete parameters ¢ and B, can be
immediately found by taking corresponding partial derivatives. We have:

OR) = i ) (421)
81;—(8”) = 1(z0, 1) By (4.22)

Sensitivity of the observable R(p) to the continuous parameter B(z) can be found by
linearizing Eq. (4.19) with respect to B(z):

20 20

S5R(1) = 35 i / B(2)t(z, p)x(2)de + 1(z0, 1)2B, :ﬁ / SB()i(z, p)n(2)dz

Comparing with the general definition of the sensitivity to the continuous parameter,

Eq. (2.6), we obtain:
(4.23)

- ir«z)t(z, W

To obtain the sensitivity to the absorption coefficient x(z), we need to transform
Eq. (4.19) to a more suitable expression. We have:

20 20

R(u) = i / B2)i(z, p)x(2)de + 1(z0, 1)eBy = — / B)dr(e, 1) + (20, 1)¢B,
0 0

After integration by parts we obtain

20

R =B(O) + [ 1z 0dB() + (a0, o8~ Bla)] (424
0
Linearizing Eq. (4.24) with respect to #(z, i) we have:
20
(4.25)

SR(1) = / 51(2, 1)dB(2) + 8t(z0, 1) [eBs — B(z0)]

0

Further on, linearizing the atmospheric transmittance Eq. (4.20) with respect to

k(z), we have:
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Z

Z
1 1 1
Out(z ) = exp| — / K(2)dZ | - ~ / or()dZ" | = —;t(z, 1) / on(2)d!
0

0 0

Z

(4.26)

Substituting Eq. (4.26) in Eq. (4.25) and changing the order of integration in the
resulting double integration term we have:

20

OR(p) = —%/dzéx(z) /t(z/,u)dB(z') + #(z0, 1) [eBs — B(20)] (4.27)
0 z

Comparing with the general definition of the sensitivity to the continuous param-
eter, Eq. (2.6), we obtain:

20

- _i / 12, WdB(Z) + 1(z0, 1) 6By — B(20)] (4.28)

z

OR(u)
0K(2)

Using integration by parts, Eq. (4.28) can be rewritten in a more compact form:

St = e 1, B (4.29)

where the upwelling radiance

Z

rmm=/m&MAm+mwma (4.30)

20
is a byproduct of integration of radiances via Eq. (4.19):

0
R0 = r(0.0) = [ Bla)r(z, 1)+ (a0, B, 431)

20

In the next chapter, the results derived above using direct linearization will be
obtained using the linearization and adjoint approaches.

It is worth pointing out here that the atmospheric Planck function B(z) and
surface Planck function By are not the input parameters of interest per se. Instead, of
interest are the atmospheric temperature T'(z) and surface temperature 7. Corre-
sponding sensitivities can be obtained from Eqgs. (4.23) and (4.21):
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= —| =—-k(2)tz, W)= 4.32
5T(2) ~ 0B() M|y, 1" "o, (432)
and
OR(u) OR(u) OB| OB
or, ~ 0B, ar|, M|, (4.33)

where temperature derivatives of the Planck function are available analytically.

Similarly, the absorption coefficient (z) is not the input parameter of interest per
se. Instead, of interest are the vertical profiles of atmospheric constituents, which
contribute to the atmospheric absorption. As an example, let’s assume that we wish
to evaluate the sensitivity of the observed radiances R(u) to the vertical profile of
some minor gaseous atmospheric constituent, which contributes to atmospheric
opacity at frequencies, where these radiances are observed. The absorption coeffi-
cient of this constituent k,,(z) can be represented in the form:

Km(2) = 0m(2)fn(2) no(2) (4.34)

where 6,,(z), fu(z) are the absorption cross section and mixing ratio of this gaseous
constituent respectively, and ny(z) is the total number density of the atmosphere.
Variation of the total absorption coefficient «(z) due to variation of f,(z) can be
presented in the form:

0K(z) = 06 (2) = Kim(2)0In K, (2) = K (2)0 Infy(2) (4.35)

Accordingly, the corresponding variation of radiance R(p) can be written in the
form:

20

() = [ Sl o2z / ORU () Tnfu(2) iz (436)
0

J 0k(2) 0K (z)

Comparing this result with the general definition of the sensitivity to the continuous
parameter, Eq. (2.6), we obtain the expression for the sensitivity with respect to
mixing ratio in the form:

OR(p) _ OR(w) @) (437)

dInfu(z)  ox(z) "

Substituting Eq. (4.29), we obtain:

(;R(é? = —60(2) ) 1 10B(2) (4.38)
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In the next chapter we will see more examples of relations between sensitivities of
model input parameters and geophysical parameters.
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Chapter 5
Sensitivity Analysis of Analytic Models:
Linearization and Adjoint Approaches

Abstract In this chapter we apply the linearization and adjoint approaches of
sensitivity analysis to three analytic models, for which we have obtained the solu-
tions earlier, in Chap. 4, using the formalism of differential calculus (for discrete
parameters) and variational calculus (for continuous parameters). We will reproduce
these results using the approaches of sensitivity analysis described in general form in
Chap. 3, which will provide a form of validation of these approaches.

Keywords Analytic models - Linearization approach - Adjoint approach

5.1 Linear Demo Model

5.1.1 Linearization Approach

Consider the simplest linear demo model with the forward problem Eq. (4.1) and
observable Eq. (4.2). Assuming that the system Eq. (4.1) experiences a variation
due to the variation of an arbitrary model input parameter, we have:

5 (g 4 a(t)X(t)> ~0

di (5.1)
(SX(Z‘()) = 0Xp
Rewriting Eq. (5.1) in the form
dox
e + da(t)X (1) +a(t)oX () =0 (5.2)
5X(l0) = 0Xp

and re-arranging the terms of the differential equation in Eq. (5.2), we obtain the
corresponding linearized forward problem:
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dox
5 T a()oX (1) = —X(1)dalr) (5.3)

5X(t()) = (3X()

The forward problem Eq. (4.1) has two model input parameters: one discrete
parameter X, and one continuous parameter a(z). We first consider linearization of
the forward problem with respect to the discrete parameter Xy. The linearized
problem Eq. (5.3) takes the form:

déx, X
% +a(t)ox,X(1) =0

5X0X(l‘0) = 5X0

(5.4)
Its solution is obtained in the same way as the solution of the baseline forward
problem Eq. (4.1):

Ox, X (1) = 0Xp exp[—A(?)] (5.5)
where A(r) is given by Eq. (4.4). Then we have:

X (1)
9Xo

— exp[—A(1) (5.6)

and sensitivity to the discrete parameter X is:

OR _ 0X(n)
Xy  0Xo

— expl—A(1)] (5.7)

Comparing with expressions for the forward solution, Eq. (4.3), and for the
observable, Eq. (4.2) we obtain:

OR _X(ll) . R
X, X0 Xo (5-8)

Thus, we obtained the result obtained earlier in Chap. 4, using the conventional
approach of differential calculus.

Now we consider linearization of the forward problem Eq. (4.1) with respect to
the continuous parameter a(¢). The linearized problem Eq. (5.3) takes the form:

dé X

+a(1)0,X(t) = —X(t)da(r)
5aX(t()) =0

(5.9)

The differential equation of the linearized forward problem Eq. (5.9) has the form of
an ODE of first order with a variable coefficient Eq. (4.15) and is solved using the
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same approach. Introducing an auxiliary function M(¢), which satisfies the condi-

tion M = a(t)M(t), we have:
M(1r) = exp[—A(7)] (5.10)
and

0aX(1) = Ju M(ﬂ)[_xgzga(ﬂ)] e (5.11)

The initial-value condition of the linearized forward problem Eq. (5.9) yields
C = 0, and substituting Eq. (5.10), we have

5]

5uX(1) = — / exp{—[A(Y) — AD]}X(!)da(?) df (5.12)

to

Substituting the solution X (¢') Eq. (4.3) of the baseline forward problem Eq. (4.3),
we have:

51

3.X(t) = —Xo/exp[—A(t’)]éa(t’) dr (5.13)

fo

Comparing Eq. (5.13) with the definition of the variational derivative, Eq. (2.6) we
obtain:

oX() _ —Xo exp[—A(?)] (5.14)

and

OR 5X(ll)
—=—-=-X —A(t 5.15
5a() ~ oalt) oexp[—A(n)] (5.15)
Finally, comparing with expressions for the forward solution, Eq. (4.3), and for the
observable, Eq. (4.2), we obtain:

OR
da(t)

=—-R (5.16)

Thus, we arrived at the result that was obtained earlier in Chap. 4, using the
conventional approach of variational calculus.
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5.1.2 Adjoint Approach

Now we consider the application of the adjoint approach to this linear demo model.
To apply the Lagrange identity Eq. (3.20) and obtain the adjoint operator L* of the
corresponding adjoint problem, we need to explicitly build the corresponding linear
operator L of the operator equation Eq. (3.18). Observing that, on the one hand, the
equation of the linear forward problem Eq. (4.1) is acting on the whole interval
[0, 1], and, on the other hand, the initial-value condition in Eq. (4.1) is acting only
at the instant zyp, we can assemble the operator in the form:

L:%+a(t)+5(t7to)~l (5.17)
Here the delta-function d(7 — fy) ensures that the initial-value condition is applied to
the solution X(¢) only at the instant #,.
Assuming that X(7) and X*(¢r) are two arbitrary functions specified on the
interval [fy,#;], we can write the left-hand term of the Lagrange identity Eq. (3.20)
in the form:

51

(X*, LX) = /X*(t) [iJra(t) +o(t— to)}X(t) dr
" , (5.18)
= /X*(t)%( dt+/X*(t)a(t)X(t) dt + X*()X(1),,

Integrating the first term in Eq. (5.18) by parts, combining the resulting integral and
off-integral terms, and cancelling out the off-integral terms at 7, we obtain:

|

(X*,LX) = — / dfx(;) dr + / a()X* (X (1) di + X" (DX (1),

. o (5.19)
_ / [iﬂ(;) +5(tt1)]X*(t)X(t) dr = (L°X*, X)
where
. d
L ——&+d(l‘)+5([—tl)'l (520)

is the sought-for operator L*, which is adjoint to the operator L, Eq. (5.17). The
form of Eq. (5.20) implies that the adjoint problem has a final-value condition,
rather than an initial-value condition as in the forward problem, Eq. (4.1). In order
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to formulate the adjoint problem in the form of a system of a differential equation
and corresponding final-value condition, we need to formulate the right-hand term
W of the adjoint problem Eq. (3.21). The expression for the observable, Eq. (4.2),
can be rewritten in the form:

R= /X(r)&(z—t,) de (5.21)

which means that the function W (#) describing the observables procedure here has
the form:

W) =0+0(t—1)-1 (5.22)

Now we can assemble the adjoint problem, corresponding to the forward
problem Eq. (4.1) and the form of the observable Eq. (4.2) in the explicit form as

*

e+ a()X' (1) =0
X(1) =1

(5.23)

The solution X*(¢) of the adjoint problem Eq. (5.23) is obtained in the same
manner as that of the baseline forward problem, Eq. (4.1), but the integration
proceeds backwards from the final instant #; to the initial instant #y. We have:

n

X' (1) = exp | - / a(t) df | = explA(r) — A(1)] (5.24)

t

or, using Egs. (4.3) and (4.2):
X'(t)=—=<=—= (5.25)

The right-hand terms of the forward problem Eq. (4.1) can be assembled in a
fashion similar to Eq. (5.20):

S=0+ (5([ — lo) - Xo (526)

Before computing the sensitivities, we can validate the adjoint solution Eq. (5.25)
obtained above. Substituting Eq. (5.25) into the alternative expression for the
observable, Eq. (3.22), we obtain an identity:
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5]

R=(X"S) = /%5@—@)&) dr =

to

R
XX = R (5.27)

To obtain the sensitivity to the discrete parameter Xy, we use Eq. (3.25). From
Egs. (5.17) and (5.26) we have:

o as
Xy  9Xo
Substituting in Eq. (3.25) we have:
1
6(99_; - (X*’;—)D - /X*(t)‘s(f — 1) dr = X" (1o) (5.28)

fo
Substituting Eq. (5.25), we obtain the expression identical to Egs. (4.6) and (5.8):

OR R R
5% = X~ o (5.29)

Thus, we obtained the result obtained earlier in Chap. 4 using the conventional
approach of differential calculus, and above in this chapter using the linearization
approach.

To obtain the sensitivity to the continuous parameter a(¢) we use Eq. (3.17).
From Egs. (5.17) and (5.26) we have:

oL , oS
w:é(r —t),mzo

Substituting in Eq. (3.26) we have:

R (L
da(t) ’

_Wt)x> =" / X (1)0(1 — 10)X () dt = —X*(10)X (r0)  (5.30)

Substituting Egs. (5.25) and (4.3), we obtain the expression identical to Eqgs. (4.7)
and (5.16):

OR R
S = ) K0 = R (5.31)

Thus, we obtained the result obtained earlier in Chap. 4 using the conventional approach
of differential calculus, and above in this chapter using the linearization approach.
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5.2 Non-linear Demo Model

5.2.1 Linearization Approach

Now we consider the simplest non-linear demo model with the forward problem
Eq. (4.8) and observable Eq. (4.2). Assuming that the system Eq. (4.8) experiences
a variation due to arbitrary variations of the model input parameters, we have:

5 (i}: + a(t)Xz(t)) =0

(5.32)
5X([0) = 5X0
Rewriting Eq. (5.32) in the form
dox
— X? 2a(1)X(1)0X (1) =
o 0a()X*(1) + 2a(DX ()X (1) = 0 533

5X(l‘()) = 0X,

and re-arranging the terms of the differential equation in Eq. (5.33), we obtain the
corresponding linearized forward problem:

doX
o T 200X ()X (1) = —X*(1)dal1) (5.:34)

5X<Z‘Q) = 0X,

The forward problem Eq. (4.8) has two model input parameters: X, and a(t). We
first consider the linearization with respect to the discrete parameter Xy. The line-
arized problem Eq. (5.34) takes the form:

ddy, X _
— T 20X (0)oxX(1) =0 (5.35)

5X0X(t0) = 5X0

The solution of Eq. (5.35) is immediately obtained in the form:

Ox, X (1) = 9Xy exp —Z/a(t’)X(t/) dr (5.36)

Io

Transforming the integral in Eq. (5.36) as
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/ a()X(7) df’ = / X(¢) dA(?) (5.37)

where A(z) is given by Eq. (4.4), and substituting the solution X(7) of the baseline
forward problem Eq. (4.8) we can rewrite Eq. (5.37) in the form

1

/ a()X(7) df = / ,ﬁ —mnfa) + X, (5.38)

to fo

Comparing this result with Eq. (4.9), we have:

t
/ / r ﬁ

/a(t )X(') df =1n (X(t) (5.39)

Iy
Substituting Eq. (5.39) in Eq. (5.36), and observing that dy, X (79) = X, we obtain

2
55, X (1) = 5%, (X(t)> (5.40)
Xo

Then

OR _0X(n) _ (X(t1)>2 (5.41)

Xy  0Xo X,

Comparing with the expression for the observable, Eq. (4.2) we have:

OR (R’

Thus, we obtained the result obtained earlier in Chap. 4 using the conventional
approach of differential calculus.

Now we consider linearization of the forward problem Eq. (4.8) with respect to
the continuous parameter a(f). The linearized problem Eq. (5.34) takes the form:

%?+mmﬂmﬂmzfﬁmw@

5aX(l0) =0

(5.43)

The differential equation of this linearized forward problem has the form of an ODE
of first order with a variable coefficient Eq. (4.15). Introducing an auxiliary function
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M(t), which satisfies the condition M= 2a(t)X (1)M(t), we use the standard method
of solution presented in Sect. 4.3. Substituting p(¢) = 2a(#)X(¢#)M(¢t) and applying
the log function to both sides of the resulting equation we have:

In M(1)[; = —Z/a(t’)X(z’) dr’ (5.44)

Iy

Using Eq. (5.39) and discarding the non-essential factors M(#y) and X, we obtain:

M(1) = (5.45)

Now, writing Eq. (4.17) for the variation ,X(7), and substituting
q(t) = —X?(t)da(t), we have:

5.X(1) = i M(t/)[—ij(t()t(;a(t’)] d +C

(5.46)

The initial-value condition of the linearized forward problem Eq. (5.43) yields
C = 0, and substituting Eq. (5.45) into Eq. (5.46), we have

151 |

3. X(t) = =X*(1) /X’2(t’)X2(t’)5a(t/) df' = / [—-X*(t)]da() df  (5.47)

fo to

Comparing Eq. (5.47) with the definition of the variational derivative, Eq. (4.6) we
obtain the expression, which is identical to Eq. (4.12):

OR . 5X(l1)
da(t)  da(t)

— —X2(1) = —R (5.48)

Thus, we arrived at the result, which was obtained earlier in Chap. 4 using the
conventional approach of variational calculus.

5.2.2 Adjoint Approach

Now we consider the application of the adjoint approach to this non-linear demo
model. We assemble the operator of the corresponding linearized forward problem
Eq. (5.34) in the form:
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d
L= ot 2a(1)X (1) + 0(t — 19) - 1 (5.49)

Assuming that X(7) and X*(¢) are two arbitrary functions specified on the interval
[to, tl}, as in the derivation of the adjoint operator L* for the linear demo model
above, after similar manipulations we obtain:

3]

(X*, LX) :/ {i+2a(r)x(t) +0(t—1n)|X*(6)X() dt = (L'X",X) (5.50)
where
L= —%+2a(r)X(r) +o(t—1)-1 (5.51)

is the sought-for operator L*, which is adjoint to the operator L, Eq. (5.49). The
expression for the observable R, Eq. (4.2), is presented in the form of Eq. (5.22).
Now we can assemble the adjoint problem, corresponding to the linearized forward
problem Eq. (5.34) in explicit form as

dx o
+ 2a(OX()X (1) = 0

X*(ll) =1

(5.52)

The solution X*(¢) of the adjoint problem Eq. (5.52) is obtained in the same
manner as that of the linearized forward problem, Eq. (5.34), but the integration,
again, proceeds backwards from the final instant #; to the initial instant zy. We have
[cf. Eq. (5.36)]:

1

X*(t) = exp {—2/a(t/)X(t’) dt/] = exp[A(f) — A(1))] (5.53)

t

or, using Egs. (4.3) and (4.2):

X(n)\° ([ R\’
X*(1) = tW)'_ (R (5.54)
X(r) X(1)
The right-hand terms of the linearized forward problem Eq. (5.34) can be assembled
in a fashion similar to Eq. (5.49):

08 — ON[X] = —X?da + 6(t — 10)0X, (5.55)
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To obtain the sensitivity to the discrete parameter X, we use the definition
Eq. (3.25). From Eq. (5.55) we have:

oS ON
8—)(0—8—)(0)(— 5(l—l0)

Substituting in Eq. (3.25) we have:

31

= /X*(t)é(t —1y) dt = X*(19) (5.56)

)

or
0Xo

Substituting Eq. (5.54), we obtain the expression identical to Eqs. (4.11) and (5.42):

Thus, we obtained the result obtained earlier in Chap. 4 using the conventional
approach of differential calculus, and above in this chapter using the linearization
approach of sensitivity analysis.

To obtain the sensitivity to the continuous parameter a(f) we use the definition
Eq. (3.26). From Eq. (5.55) we have:

oS ON

5a(t) " da(r)X = O 0¥

Substituting in Eq. (3.26), we have:

% T / X' (1)o( = 0X*() df' = =X ()X (1) (5:58)

fo

Substituting Eq. (5.54) and cancelling out the equal factors X?(¢) in the numerator
and denominator of the resulting expression, we obtain the expression identical to
Egs. (4.12) and (5.48):

SR )

Thus, we obtained the result obtained earlier in Chap. 4 using the conventional
approach of differential calculus, and above in this chapter using the linearization
approach of sensitivity analysis.
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5.3 Model of Radiances of a Non-scattering Planetary
Atmosphere

5.3.1 Linearization Approach

Now we consider the model with the forward problem Eq. (4.13) and observable
Eq. (4.14). Assuming that the system Eq. (4.13) experiences a variation due to
arbitrary variations of the model input parameters, we have:

5 (j_i QG u>) = 5(x(2)B(2))

oI(0,u) =0, u>0 (5-60)
ol(zo,u) = 0(eBy), u<0
Rewriting Eq. (5.60) in the form
dol
G+ Oz ) + k()1 0) = OK()B(E) + (2)0B()
(5.61)

o1(0,u) =0, u>0
0l(zo,u) = €0Bs + Bsoe, u<0

and re-arranging the terms of the differential equation in Eq. (5.61), we obtain the
corresponding linearized forward problem:

udd—il + x(z)01(z,u) = x(2)0B(z) + [B(z) — 1(z,u))0K(z)

oI(0,u) =0, u>0
0I(zo,u) = ¢0Bs + Bsoe, u<0

(5.62)

The forward problem Eq. (4.13) has four model input parameters: two discrete
parameters: B; and ¢, and two continuous parameters: B(z) and k(z). We first
consider the linearization with respect to the discrete parameters B and ¢. For By,
the linearized problem Eq. (5.62) takes the form:

dop 1
“Ta
opI(0,u) =0, u>0
0p.1(z0,u) = €0B;, u<0

+ x(z)0p1(z,u) =0
(5.63)
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The solution of the problem Eq. (5.63) for u <0 is immediately obtained in the

form:

20

1
0p,1(z,u) = exp —/K(z/)dz’ €0B;
u
Z

Correspondingly,

20

1
op,R(1) = exp —;/ k(Z')dZ' | €dBs = t(zo, 1)e0B
0

and we obtain

OR
OB;

= 1(z0, W)e

in accordance with Eq. (4.21).
For ¢, the linearized problem Eq. (5.62) takes the form:

dé.1

u—"—+x(2)0.I(z,u) = 0
dz

0.(0,u) =0, u>0

0.l (zo,u) = Byde, u<0

The solution of Eq. (5.67) for u <0 is immediately obtained in the form:

20

1
WA Ly o P
u

Z

Correspondingly,

20
0.R(pn) = exp —i/ k(7 )dZ | Bsde = t(z0, pt)ByOe
0

and we obtain

OR

g = t(ZO; :u)BS‘

in accordance with Eq. (4.22).

(5.64)

(5.65)

(5.66)

(5.67)

(5.68)

(5.69)

(5.70)
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Now we consider the linearization of the forward problem Eq. (4.8) with respect
to the continuous parameters B(z) and x(z). For B(z), the linearized problem Eq. (5.
62) takes the form:

dopl

U=+ K(2)0pl (2, 1) = 1(2)0B(2)
opl(0,u) =0, u>0 (5.71)
opl(z0,u) =0, u<O0
The solution of Eq. (5.71) for u <0 is obtained in the form:
1 20 1 Z
opl(z,u) = ——/ OB(7') exp —/ k(Z")d7" | k()d7 (5.72)
u u
z 7
Correspondingly,
1 20 1 Z 1 20
OpR(p) = ;/ 0B(z) exp —;/ k(Z)d7 | k(z)dz = ;/ t(z0, )k (2)0B(z)dz
z 0 z
(5.73)
and we obtain
OR 1
=_ t 5.74
5B ,UK(Z) (0, 1) (5.74)
in accordance with Eq. (4.23).
For x(z), the linearized problem Eq. (5.62) takes the form:
do,1
u d; + 1(2)d,l (z,u) = [B(z) — 1(z,u])dx(2)
(5.75)

0 l(0,u) =0, u>0
0l (zo,u) =0, u<0
The solution of Eq. (5.75) for u <0 is obtained in the form:

5l (z,u) = —i / B() — 1(2, u)|ox(Z) exp i / ()7 | k(2)de (5.76)

z 4
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Correspondingly,

O R(p) = %/ZO [B(z) — I(z, —p)]ox(z) exp (—%/Z K(z/)dz’) K(z)dz
‘. 0 (5.77)
- % / 0(2)1(2, 1) (B(z) — 1(z, —1))dre()dz
and we obtain
(5.78)

B 0B~

To reduce Eq. (5.78) to the form of Eq. (4.29) we write Eq. (4.18) for u = —u:

I(z,—p) = R(p) |
= %/ B(z/) exp <_i/ K(zl')dZ”> K(Z’)dZ’ + B exp (_i/ K(Zl)dz/>

| (5.79)

Z

Substituting Eq. (5.79) in Eq. (5.78), opening the parentheses in the resulting
expression and evaluating the term #(z, 1)I(z, —p) we have:

20
1
+ &B; exp (— ﬁ/ K(Z')dZ') (5.80)
0
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Using the definitions of the atmospheric transmittance, Eq. (4.20), and of the
upwelling radiance, Eq. (4.30), we have:

20

1(z, WI(z, —p) = %/ B(Z)1(z, p)x(2)dz’ + eBst (20, )
z: (5.81)
= /B(z’)dt(z, ,U) + ngt(Z07 :u) = V(Z, H)
Then, Eq. (5.78) can be rewritten in the form:
OR 1
S~ @~ 1z B (5.82)

in accordance with Eq. (4.29).

5.3.2 Adjoint Approach

To formulate the corresponding adjoint problem, we rewrite the forward problem,
Eq. (4.13), in a general form

LI—S, =0 (5.83)
LI—S=0,2=0, u>0 (5.84)
Lyl —S,=0,z=12), u<O0 (585)

where the subscripts ‘e’, ‘#’ and ‘b’ stand for ‘equation’, upper (‘top’) and lower
(‘bottom’) boundary conditions respectively. Operators L., L;, and L, have the
form:

1
LI= uj— + k(2)I(z,u) (5.86)
Z
LI=10,u), u>0 (5.87)
LbI:I(Zo,M), u<0 (588)

The right-hand terms S,, S;, and S, have the form:

S. = k(2)B(z) (5.89)
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S,=0 (5.90)
S, = B, (5.91)

The operator L, contains the linear operations on I(z, ) over the whole domain
of arguments z € [0, zo] and u € [—1, 1]. On the other hand, the operators L, and L,
are limited in action with respect to both arguments z and u. The operator L, is an
identity operator limited in its action to the upper boundary and upper hemisphere.
Similarly, the action of the operator L, is limited to the lower boundary and lower
hemisphere. To enforce these restrictions, we multiply Egs. (5.84) and (5.85) by
appropriate weighting factors containing Dirac delta functions over z, and Heavi-
side O-functions over u:

8(2)0(u) (L — ;) =0 (5.92)
3(z — 20)0(—10)(Lyl — Sp) = 0 (5.93)

To proceed, we observe that Eqgs. (5.92) and (5.93) remain equivalent to the
boundary conditions, Eqgs. (5.84) and (5.85), if they are multiplied by arbitrary
functions of z and/or u that are non-zero everywhere, where the above weighting
factors are non-zero. To facilitate the application of Lagrange identity, Eq. (3.20),
we multiply Egs. (5.92) and (5.93) by factors u and —u respectively. We have:

0(z)A(u)(Ld — S;) =0 (5.94)
0(z — z0)AM—u)(Lpl — Sp) =0 (5.95)
where the J-function introduced in (Ustinov 2001)
Au) = ub(u) (5.96)
is the primitive function (antiderivative) of 0(u):

dJ
= () (5.97)

Adding Egs. (5.83), (5.94) and (5.95) together, and moving the terms with S, S;,
and S}, into the right-hand side, we obtain the linear operator equation in the form of
Eq. (3.18), where the linear operator L contains all operations on I:

LI = LI + 6(z)AMu)Ld + 6(z — z0) A(—u) Lyl (5.98)
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and the right-hand term

S =84+ (z)A(u)S; + 6(z — 20) A(—u)S; (5.99)
is a scalar function of arguments z and u. Substituting Egs. (5.86)—(5.88) in
Eq. (5.98) and Egs. (5.89)-(5.91) in Eq. (5.99), we have:

LI = uj—i + k(2)I(z,u) + 6(2)A(u)1(z,u) + 6(z — z0) A(—u)I(z, u) (5.100)

S = k(2)B(z) + 0(z)A(u) - 0 + 6(z — z0) A(—u)eBy (5.101)
The observable R(y) is represented in the form of the inner product

20 1

R(w) = (W,I) :/dz / duW (z,u)I(z, u) (5.102)

0o -1
where the observables weighting function
W(z,u) = 6(z)0(u + p) (5.103)

corresponds to the measurements at the top of the atmosphere z = 0, in the direction
u = —u opposite to the viewing direction u.

To obtain the operator L* of the corresponding adjoint problem we apply the
Lagrange identity, written here in the form:

(I',LI) = (L'I",1) (5.104)
Performing integrations of terms containing the o-function, we have:

20

1 1 0
d
(I, LI) = /du/dz1*<u£+;c)1+/du.u1*1 +/ du - ul*

-1 0 0 =0 -1 =2

(5.105)

Integrating by parts

20 20

d/ _ drr
I—dz == — 1d
/ dz ¢ 0 / dz ¢

0 0
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we can rewrite Eq. (5.105) in the form:

1 20 1 =
d
(I',LI) = /du/dz(—ud—+lc)1*1+/duvul*{
z

-1 0 -1 z=0

1 0
+ / du - uI*I‘
=0 —1 =20

+ /du ~ul*l
1 20 0

0
1
= /du/dz(u;z+x>l*l+/du-ul*+ +/duAuI*I
=0 O

-1 0 -1

(5.106)

=2

The resulting expression in Eq. (5.106) is represented in the desired form of the
inner product (L*I*,I) on the right-hand side of the Lagrange identity, Eq. (3.20),
where the operator L* of the corresponding adjoint problem has the form:

LT = LT + 8(2)A(—u)L' T + 8(z — 20) A(u) LI (5.107)

Here, the operator

*

dr
LI = —uo+ k(2)I* (z,u) (5.108)
z

contains the linear operations on /* in the whole domain of z € [0,z and
u € [—1, 1], operators L} and L; are identity operators whose action is limited to the
top boundary and lower hemisphere, and bottom boundary and upper hemisphere
correspondingly.

The right-hand term W of the adjoint problem Eq. (3.21) is split here into its
components corresponding to the differential equation and boundary conditions in
the same fashion as the adjoint operator L*, Eq. (5.107):

W =W, + 0(2)A(—u)W, + 6(z — z0) A(u) W, (5.109)
Comparing Eq. (5.109) with the definition of W, Eq. (5.103), we have
0(2)0(u+ u) = W, + 0(2)A(—u) W, + 6(z — z0) A(u) W, (5.110)

whence for the components of the equation and bottom boundary condition we
have:

W.=0, W,=0 (5.111)

and the only non-zero component is that corresponding to the top boundary con-
dition. Cancelling out the factors d(z) on both sides of the resulting equality, and
using the definition of the A-function, Eq. (5.96), we have:
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O0(u+ w) = (—u)0(—u)W, (5.112)
Observing that the Heaviside function 0(x) = 1 for x > 0 we have:

Sutp) o(utp
(—)0(=u)  (—u)

Thus, the adjoint RT problem corresponding to the forward problem Eq. (4.13) and
the observables weighting function, Eq. (5.113), has the form:

1
W=Ww = Iué(u+,u) (5.113)

*

B k(@) (z,u) =0
1
I'(O,u) =—0o0(u+u), u<0 (5.114)
U
I'(z0,u) =0, u>0
Its solution I*(z,u) for u<0 has the form:
z
* l S l / /
I"(z,u) :;b(u +uexp| —— [ k(Z)dz
0 (5.115)

Z

1 1 1
=—0(u+ p)ex ——/KZ/dZ/ =—0(u+ p)t(z, 1
u( ) exp ) () #( )t(z, 1)

To verify the obtained adjoint solution we compute the observable R(u) using
the alternative expression, Eq. (3.22). We have:

R(p) = (I, S) :/dz / dul*(z,u)S(z,u)
0 —1

=i (e 1)S(z, — 1) dg

(5.116)

‘S:I'—‘

1z 2) dz + #(zo, 1)eB;

“5:\'—‘

/
/: B(z) + 8(z — 20)ueBy) dz
/

The obtained expression is identical to Eq. (4.19).


http://dx.doi.org/10.1007/978-3-319-15841-9_4
http://dx.doi.org/10.1007/978-3-319-15841-9_3
http://dx.doi.org/10.1007/978-3-319-15841-9_4

5.3 Model of Radiances of a Non-scattering Planetary Atmosphere 47

To obtain the sensitivities to discrete parameters By and ¢ we use Eq. (3.25). For
the surface Planck function By, from Egs. (5.100) and (5.101), we have:

oL _, 05
OB, OB,

= 0(z—z0)(—u)0(—u)e

Substituting in Eq. (3.25), we have:

20

_ / dz / dul" (2, 1)6(z — 20) (—10) O(—u)e
/) (5.117)

OR(p)
OB

1
= ;l(ZOaH)MS = t(z20, Wt

in accordance with Egs. (4.21) and (5.66).
Similarly, for the surface emissivity ¢ from Eqs. (5.100) and (5.101) we have:

oL oS
o = 05 5 = 8(z — ) (~w)0(~u)B,

Substituting in Eq. (3.25), we obtain:

_‘9’;2;“): / dz / dul” (z,10)8(z — 20)(—u)0(—u)B, = t(z0, )B,  (5.118)

0

in accordance with Egs. (4.22) and (5.70).

To obtain the sensitivities to continuous parameters B(z) and i(z) we use
Eq. (3.26). For the atmospheric Planck function B(z), from Eq. (5.100) it follows
that dgLI = 0, and from Eq. (5.101) it follows that d5S = rdB. Therefore we have:

oL 0S(z) .,
F(z’)l =0, 3B 0(7 — 2)x(z) (5.119)

Substituting Eqgs. (5.115) and (5.119) in Eq. (3.26), we obtain:
20

Mw:/&/mm@W$8

0 -1

20 1

_ / 478 — 2)r(z) / du%é(unLu)t(z, W

0

(5.120)

- imz)z(z, W

in accordance with Eqgs. (4.23) and (5.74).
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For the absorption coefficient x(z) from Eq. (5.100) it follows that J,LI = Ik,
and from Eq. (5.101) it follows that §,,S = Bdk. Therefore we have:

1=6(Z = 2)I(z,u), =§(Z — 2)B(2) (5.121)

Substituting Eqgs. (5.115) and (5.121) in Eq. (3.26), we obtain:

1
dz/ld Z, ((?:((ZZ,)) 5’fé/)1(z/,u)>

1

457 — 2) / dui(xu Wiz WBE) — 1(z)]

-1

1(z, W) [B(z) — I(z, — )]

Qo
"‘:

I
= | —_ o\g O\g

Q/)
N

(5.122)

in accordance with Eq. (5.78) converted to Egs. (4.29) and (5.82).

5.3.3 Summary

In this chapter we have applied two approaches of sensitivity analysis to three
analytical models of which the first two are just simple demo models, but the third
model has a definite practical importance. We have demonstrated that these
approaches produce correct results by reproducing the analytic expressions for
sensitivities to discrete and continuous parameters of these models, obtained earlier
in Chap. 4 by direct application of differential and variational calculus to analytic
expressions for observables of these models.
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Chapter 6
Sensitivity Analysis of Numerical Models

Abstract In the previous chapter, the linearization and adjoint approaches were
applied to analytic models, and the obtained results matched those obtained in
Chap. 4 using methods of differential calculus and variational calculus. This pro-
vided, albeit not rigorous but hopefully still convincing validation of general for-
mulations of the linearization and adjoint approaches formulated in Chap. 3. In this
chapter, the linearization and adjoint approaches of sensitivity analysis will be
applied to selected numerical models for which analytic solutions are not available.

Keywords Numerical models - Linearization approach - Adjoint approach -
Adjoint propagator

6.1 Model of Radiances of a Scattering Planetary
Atmosphere

6.1.1 Baseline Forward Problem and Observables

The forward problem in this Section differs from that of the non-scattering model
considered in Chaps. 4 and 5 by an additional term in the equation of radiative
transfer due to atmospheric scattering. To add more generality, a term accounting
for scattering on the underlying surface is included into the lower boundary con-
dition. The corresponding forward problem has the form:

1

o 1@ | 1) -5 / pla )1z, )i | = a()[1 — 0(2)]B(2)
1
1(0,u) =0, foru>0 (6.1)
1
I(zo,u) — ZA/I(zo,u’)u'du/ = (1l —A)B,, foru<0

0
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Here, o(z) is the atmospheric extinction coefficient, p(z; u, u') is the phase function
of atmospheric scattering, and wg(z) is the single scattering albedo, which is the
zero-th expansion coefficient of the phase function over Legendre coefficients

N

p(zu,u) =Y o) P(u)P(ud) (6.2)

1=0

In the lower boundary condition, A is the Lambertian surface albedo. The remaining
entries in Eq. (6.1) are the same as in Eq. (4.13). Note that the right-hand term of the
equation in the system Eq. (6.1) is identical to that of the non-scattering case, Eq.
(4.13), because, by definition

a(l —wy) =« (6.3)
Similarly, in the lower boundary condition of Eq. (6.1)
1-A=¢ (6.4)

There is a wide variety of methods of solution of problems of radiative transfer.
The majority of them represent the continuous angular dependence of the solution
I(z,u) by a finite-dimensional vector function of z. For example, the method of
discrete ordinates represents the solution I(z, u) by the vector I(z) with components
Ii(z) = I(z,u;), where {u;} is a set of nodes of an appropriate Gaussian quadrature.
Once the solution is obtained in its finite-dimensional form, it can be computed for
any angle of propagation cos !u using integration of the atmospheric source
function, which for the equation of the system Eq. (6.1) has the form:

B(z,u) =

| =

[ plaui o + 1 - o)) (6.5)
21

and is complemented by the corresponding surface source function derived from the
lower boundary condition of Eq. (6.1):

I
B, =24 / I(zo,u')u'du’ + (1 — A)Bq (6.6)
0

Using Egs. (6.5) and (6.6), we can rewrite the forward problem Eq. (6.1) in the
form:

uj—i + a(z2)I(z,u) = a(z)B(z, u)

10,u) =0 foru>0 (6.7)

I(zo,u) = By for u<0
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which is similar to that of the forward problem Eq. (4.13). Then, the solution I(z, u)
can be represented in the form, analogous to Eq. (4.18):

20 Z 20

1 1 1
I(z,u) = —;/B(z’,u) exp ;/oc(z”)dz” a(z')dZ + B exp ;/oc(z’)dz’

Z Z z

(6.8)

Then, the observable R(p) = I(z, —u) takes the form analogous to Eq. (4.19):
R = [ Ble =itz 1)a(e)dz + o, B, (6.9)
where the atmospheric transmittance 7(z, u) has the form analogous to Eq. (4.20):

t(z, 1) = exp —%/oc(z’)dz’ (6.10)
0

The similarities of the obtained expressions for the solution of the baseline
forward problem Eq. (6.8), observable Eq. (6.9) and transmittance, Eq. (6.10) will
be exploited below by re-use of results obtained in Chap. 5.

6.1.2 Linearization Approach

We linearize the baseline forward problem using its form of Eq. (6.7)

5 (j_i (I, u>) = 5[(2)B(z, )

01(0,u) =0 foru>0
0I(zp,u) = 0By for u<0

(6.11)

The arguments z and u will be suppressed for brevity. The equation of the linearized
forward problem Eq. (6.11) can be rewritten in the form

ut—él+ odl = (B —I)do + adB (6.12)
z
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Linearizing the expression for the atmospheric source function B(z,u), Eq. (6.5),
we have:

1 1

1 1

0B = 3 / opl du' + 3 / pdl du' + (1 — wy)dB — Bdwy (6.13)
-1 -1

Substituting in Eq. (6.12) and re-grouping the terms, we obtain:

1

dor 1
— / —— Idi'| =B -1
udz—i—océ 2/p5 du ( )oa
-1
| 1
+a 5/5171 du’ + (1 — wg)dB — Bowy
s

(6.14)

Similarly, linearizing the expression for the surface source function By, Eq. (6.6),
we have:

1 1

B, = 25A/1u’ du’ + 2A/5Iu’ du' — 0AB, + (1 — A)SB, (6.15)
0 0

Substituting Eq. (6.15) in the boundary condition of Eq. (6.11) and re-grouping the
terms, we obtain the lower boundary condition in the form:

1 1
51—2A/5Iu’ du' = 2/1u’ du' — By | 8A + (1 — A)SB, (6.16)
0 0

Thus, the resulting linearized forward problem obtains the form:

1
L6l = (B —1I)do+ o % / opl du’ + (1 — wg)dB — Bdwy
g}

Lol =0 forz=0andu >0 (6.17)
I

Lol = Z/Iu’ du' — By | 0A + (1 — A)OB, for 7 = 7o and u<0
0
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where the left-hand terms

1
dor 1
Lol =u—+o| oI —= / pol du/
dz 2
—1

LI = 81 (6.18)

1
Lol = 01 — 2A / ol du
0

contain the same linear operations as in the left-hand terms of the baseline forward
problem, Eq. (6.1). Note that these operations do not depend on variations of
specific parameters, all of which are contained in the right-hand terms of the
equation and lower boundary condition. Also note that we re-use the baseline
solution I(z,u) as well as the atmospheric source function B(z, u) of the baseline
forward problem Eq. (6.5).

The baseline forward problem Eq. (6.1) contains four model input parameters —
two discrete parameters: the surface albedo A and the surface Planck function Bj,
and two continuous parameters: atmospheric extinction coefficient o(z), and the
phase function of atmospheric scattering p(z; u, u’). Single scattering albedo wy(z)
is not an independent parameter, but rather the zero-th expansion coefficient of
p(z;u,u') over Legendre polynomials in Eq. (6.2). By the same token, p(z;u,u’)
should not be treated as a single continuous parameter, but rather a set of contin-
uous parameters {w;(z)}.

We first consider linearization with respect to the discrete parameters. Assuming
that the only non-zero variation is that of the surface albedo, 0A, we rewrite the
linearized problem, Eq. (6.17) in the form:

1

doal 1
i -~ [dd | =
u & + o] s 2/p5A du 0
gy
oAl =0 forz=0and u >0 (6.19)

1 1
Sul — 24 / Ol d' = |2 | I & — B, | A forz = zo and u<0
0 0

Expressing the variation d47 through corresponding partial derivative 9I/0A = IA,
and cancelling out the variation 0A in both sides of the resulting equation and
boundary conditions, we obtain the corresponding linearized forward problem:
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L, =0
L,I/;:O for z=0and u >0
1 (6.20)
Lyl, = Z/IM/ du’ — By for z =70 and u<0
0

Now, assuming that the only non-zero variation in Eq. (6.17) is that of the surface
Planck function dBy, denoting Ié‘_ = 0I /0B, and acting in the same fashion as
above for the surface albedo A, we obtain a corresponding linearized problem in the
form:

Ly =0
Ltlz/aj =0 forz=0andu>0 (6.21)
Lbllv =(1—-A)0B, forz=z and u<0

For continuous parameters we need to take variational derivatives of both sides
of the equation and boundary conditions of the corresponding linearized problems.
Assuming that the only non-zero variation is that of the atmospheric Planck
function, 0B(z), we rewrite the linearized problem, Eq. (6.17) in the form:

1
dogl 1
ud—i—i—a 531—5/[7531 dlzt/ :CX(I —0)0)53
1
opl =0 forz=0and u>0 (6.22)
1
53172A/531u’ d’ =0 forz=2zyand u<0

0

Applying to the equation of the system, Eq. (6.22), the techniques for converting
the variational equation Eq. (2.15) into the equation for variational derivatives Eq.
(2.24), we obtain the linearized forward problem for the variational deriva-
tive (denoted by the “~” sign) 0I(z,u)/0B(z) = I} :

Lely = 6(z —2) - a(2)(1 — wo(2))
LIy =0 foru>0 (6.23)
Lyl =0 foru<0

Further on, assuming that the only non-zero variation is that of the atmospheric
extinction coefficient, da(z), we can rewrite the linearized problem, Eq. (6.17) in the
form:
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Lo I = (B —1)du
Lo, =0 forz=0andu>0 (6.24)
Lyo,] =0 forz =z and u<0

Applying to the equation of the system, Eq. (6.24), the techniques for converting
the variational equation Eq. (2.15) into the equation for variational derivatives Eq.
(2.24) we obtain the linearized forward problem for the variational derivative

ol(z,u)/ou(Z) =1:

Ll,~ = 5(ZI - Z) : (B(Z’ u) - I(Zv u))
Ll =0 foru>0 (6.25)
Lyl =0 for u<0

The last continuous parameter of the baseline forward problem, Eq. (6.1), is the
phase function of atmospheric scattering p(z,u,u’), represented by its expansion
over Legendre polynomials, Eq. (6.2), with coefficients w;(z). Assuming that the
variation of the phase function Jp (including dwg) is the only variation in
Eq. (6.17), we have:

1
Loyl = o % / opl du' — B

Z1 (6.26)
L6, =0 forz=0and u>0
Lyo,I =0 for z =270 and u<0

Substituting the varied expansion, Eq. (6.2),
p(z;u,u') Zaw, )P (u) Py (') (6.27)

into the integral term in the equation of the system Eq. (6.26), we have:

1 1
/5p(z;u,u) (z.u) du/ _Zaw, )Pi(u /Iz, )P(u') du’ (6.28)
-1 2

=0

Assuming that the variation dp is due to an individual variation of the expansion
coefficient dw;, we obtain the linearized forward problem for the variational
derivative 01(z,u)/ow(Z') = 1} :
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L, = 07 —2) - a(z) | zPi(un) / I(z, ) Pi(«') du' | — 60iB(2)

-1 (6.29)
LI~ =0 foru>0
w;

L;,I(;I =0 foru<O0
where d¢; is the Kronecker delta-factor, which engages the second term in paren-
theses of the equation of the system Eq. (6.29) only for [ = 0.

We have formulated the linearized forward problems for all of the model
parameters of the baseline forward problem Eq. (6.1). Solutions of these problems
are further used to compute corresponding derivatives of the observable, R(u),
given by Eq. (4.14), by direct substitution of obtained derivatives of the forward
solution. It is worth emphasizing that these linearized forward problems can be
solved by the same methods as the baseline forward problem Eq. (6.1).

6.1.3 Adjoint Approach

Now we consider the application of the adjoint approach to the numerical model
specified by the forward problem Eq. (6.1) and observable Eq. (6.9). To apply the
Lagrange identity Eq. (3.20) and obtain the adjoint operator L* of the corresponding
adjoint problem, we build the corresponding linear operator and right-hand term of
the operator equation Eq. (3.18). From Eq. (6.1) we have:

1 1

L= uj—i +a(2) (1 - % / pl du’) 4 3(2) M) + 5(z — 20) M) (1 _2A / qud,/) (6.30)

-1 0

Applying the Lagrange identity, we have:

20 1 1
(I, L1 = / dz / dul* |:ujl+oc(1; / pl dz/) + 8w
Z

0 -1 -1

1
+0(z — z0)A(—u) (1 —2A / Iu'du’)]

0

1 2 dal 2 1 | 1
= /du.u/dzl*+/dz/dul*a<l/pldu/>
. dz . 2
0

0 -1 -1

1 1

1
| 0
+/du~uI*I\Z:O—/du-ul*1|zzm+2A/du-ul*|2:20-/du/-u/l\zzm
—1 -1

—1 0
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The inner integral in the first double integral term is integrated by parts:

d/ dr*
I"— dz=1I"] Id
/ dz o /d ©

0 0

Then we exchange the inner integrals over u and u’ in the second double integral
term:

20

1 1 1
1 1
/dz/duloc I—E/pldu /dz/duocl—i/pl du' | 1

0 -1 ~1 -1
and rewrite the term corresponding to the lower boundary condition as

0 1 1 1

24 / du'ul*|Z:ZU~/st/'14/I|Z:ZU :/du~u 2A/du/~u/l*|Z:ZU I,

| 0 0 0
The resulting expression for (I*, LI) can be rewritten in the form of (L*I*, ), where

1

*

I 1
L'l'=—-u—+oa|I" —E/pl* du' | + 6(2)AM(—u)I*
¥4
|
0
+ 0(z — z0) A(u) I*+2A/I*u’du' (6.31)

-1

is the definition of the resulting adjoint operator.

We will use the expression for the observable in the same form Eq. (5.103) as in
Chap. 5. This yields the right-hand term W in the form of Eq. (5.109) with com-
ponents defined by Eqs. (5.111) and (5.113). Then, the resulting adjoint problem
has the form:

1
drr % 1 . I 7 / U -
w20 | 1w 5 [ e i) <o
1
1
I*(O,u):pé(u—i—,u), foru >0 (6.32)

1
*(z0,u ZA/I* 20,4 )u'du’ =0, for u<0
0
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Note that the adjoint problem Eq. (6.32) looks very similar to the forward problem
Eq. (6.1) and can, therefore, be solved by the same numerical methods as Eq. (6.1).

Once the adjoint solution I*(z,u) is available numerically, it can be used to
compute sensitivities of the observable R(u) to discrete and continuous parameters
of the forward problem Eq. (6.1). Here we use, correspondingly, the general
expressions Egs. (3.25) and (3.26) with the forward operator L specified by Eq. (6.30)
and the right-hand term S assembled in a similar fashion from the right-hand terms
of the equation and boundary conditions of Eq. (6.1):

S =a(z)[1 —wo(z)]B(z) + 0(z)A(u) - 0+ 6(z — z0)A(—u)(1 —A) - By (6.33)

To obtain the sensitivities to the discrete parameters of the baseline forward
problem, Eq. (6.1), we use the general expression, Eq. (3.25). For the sensitivity to
the surface Planck function B; we have:

aa;’ =0; 5—; = 3(z — z0)(—u)0(—u)(1 — A)

Substituting in Eq. (3.25) we obtain:

0
aggs‘) - / I (20, ) (—u) du - (1 — A) (6.34)

Note that in Eq. (6.34), and in other expressions for sensitivities below, the value of
—u is non-negative in the whole interval of integration u € [—1,0]. Also, in the
non-scattering limit, with wy(z) — 0, the adjoint solution I*(z,u) converges to
Eq. (5.115), and correspondingly, Eq. (6.34) converges to Eq. (5.117).

For the sensitivity to the surface albedo A we have:

1

= Z/Iu’du’—BS  5(z — 20) (—)0(—1)

0

as_oL
0A OA

Substituting in Eq. (3.25), we obtain:

0 1
6§—§f)= / I"(z0,u) (—u) du- | 2 / I(z0, w)u du — B, (635)
—1 0

Note that there is no direct convergence of Eq. (6.35) to Eq. (5.118) because of an
extra term corresponding to the illumination of the scattering underlying surface by
downwelling radiation, which was neglected in the lower boundary condition of the
baseline forward problem Eq. (4.13).
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To obtain the sensitivities to continuous parameters B(z) and x(z) we use Eq. (3.26).
For the atmospheric Planck function B(z) from Eq. (6.30) follows that dgLI = 0,
and from Eq. (6.33) follows that 63S = o(1 — wo)0B = kJB. Therefore we have:

1=0, ——=6(7 — 2)x(z)

1
5B(Z) :/dz/dul*(Z/’u).éB(Z/):K(Z)_/II*(Z/>u) du (636)

0 -1
For the extinction coefficient o(z), from Egs. (6.30) and (6.33) it follows that

1
1
sutt = (1 / pl i |61, 5,5 = (1 — wy)Boo (6.37)

-1

Therefore, we have:

oL — 5(,/ 1 1 ’ 08(z) s
)~ (1‘2/ " d”)’ a(z) 2 TN DIBED - (638)

-1
Combining these two terms and recalling the definition Eq. (6.5) of the atmospheric
source function B(z, u), we have:

1

1 /!
3 pl du'+(1 — wo)B — I

1=0(7 —2)
— (¢ — B(eu) — 1(z.u)] (6.39)

Substituting Eq. (6.39) in Eq. (3.26), we obtain:

20 1
OR(n) o (28 oL
da(z) o/dz—/l dul”(z, )(5K(z’) ox(Z) I, )>

1

- / 45(7 — 2) / dul* (2, u)[B(z) — 1(z,u)]

-1

0
1

= /1"(17 u)[B(z) — I(z,u)] du (6.40)
|
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To obtain the sensitivities to expansion coefficients {w;(z)} of the phase function
p(z,u), we can use a different approach. Applying the general expression Eq. (3.24),
we have:

OpR(1) = (I*, 6,8 — 6,LI) (6.41)

Varying the phase function in Egs. (6.30) and (6.33), and combining the results, we
have:

1
0pS — OpLI = % / op(z;u, )1 (z,u') du’ — dwy(z)B(z) (6.42)
-1

Using the expansion Eq. (6.2) of the phase function over Legendre polynomials, the
first term in the right side of Eq. (6.42) can be rewritten as

1
1

3 / op(zu, ' )(z,u') du’ = %;&ol(z)ﬂ(u)/l Iz, )Py (') du’  (6.43)

-1

Observing that Po(u) = 1, and f_ll P;(u) du = 0 for all [ > 0, the second term in
the right side of Eq. (6.42) can be transformed to a similar form:

1
on(2)B(2) =y don(@Palu) | BEIPo(u) il

-1

= Swn(z)Pi(u) / B(z)Py(u') du/ (6.44)
=0 0

Substituting the obtained expressions, Eqs. (6.43) and (6.44) in Eq. (6.42), and
substituting the result in Eq. (6.41) we have:

SpR (1) :% / dzo(z) Zéwl(z) (/ I*(z,u)Py(u) du) - { / [I(z,u) — B(2)]P;(u) du}

-1 -1

(6.45)
Thus, J,R(u) can be represented in a form of a series
N
5I7R(:u) = Z 5w/R(:u) (6.46)
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with terms corresponding to separate variations of expansion coefficients dw;(z):

O R(1t) :% / dzéw/(Z)“(Z)(/ I* (z, u)Py(u ) {/ (z,u (2)]Pi(u') d }

_ _ (6.47)

Comparing with the general definition of the variational derivative, Egs. (2.5),
(2.6) we obtain the resulting expression for the sensitivities of the observable R(u)
to the expansion coefficients w;(z) of the phase function of atmospheric scattering
in the form:

1 1

(foljl((’l;)) = (X(Z) / [*(Z; M)P[(M) dul - / [[(Z7 u/) _ B(Z)]P[(ul) du (648)

-1 -1

Of course, there is no non-scattering analog to Eq. (6.48) because in this case all
w; = 0.

6.2 Zero-Dimensional Model of Atmospheric Dynamics

All examples of the application of sensitivity analysis considered above were done
for models based on scalar differential equations for scalar functions of a single
argument. In the remainder of this chapter we consider two examples of models
employing the matrix differential equations for vector functions of a single argu-
ment. In the next chapter we will make a next step and consider the models
employing matrix differential equations for vector functions of more than one
argument.

6.2.1 Baseline Forward Problem and Observables

We consider a simplistic atmospheric model with the vector of forward solution
consisting of just two components: surface temperature 7 and cloudiness n at the

tropopause:
X(1) = ( TU)) (6.49)


http://dx.doi.org/10.1007/978-3-319-15841-9_3
http://dx.doi.org/10.1007/978-3-319-15841-9_3
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The forward problem of this model has the form:

e ‘;T + (1 - g)aT4 — (1 - nA)Es(r)
dn T—-7O
L +n= AT (6.50)
T(t) = To
I’l(l()) =ny

The first equation of the system Eq. (6.50) describes the radiative balance
between solar heating, radiative cooling, and the rate of resulting heating/cooling of
the atmosphere. If the cloudiness n = 0, then the radiative balance is defined by
solar heating Es and radiative cooling ¢T* of the planetary surface. If the cloudiness
n = 1, then the radiative balance is defined by solar heating (1 — A)Es and radiative
cooling aT*/2 of the cloud tops at the tropopause having albedo A.

The second scalar equation of the system Eq. (6.50) describes the balance
between the generation of cloudiness specified in the right-hand term by scaled
excess temperature (T — T(O)) /AT, and the decay of the cloudiness with a given
time constant 7. Here, T(*) and AT are empirical model parameters.

The system, Eq. (6.50) can be re-written in matrix-vector form as:

{mmz&

X(1y) = S. (6.51)

Here the non-linear 2 x 2 matrix differential operator of the equation in the system
Eq. (6.51) has the form:

NoJX] = & <T> + (i(l _?)JTH%) (6.52)

T 1

The right-hand terms of the equation and initial-value condition of the system
Eq. (6.51) are correspondingly:

S, = (T(of/s(/ng)), S. = (Zg) =X, (6.53)

The subscripts ‘e’ and ‘c’ denote, respectively, for “equation” and “condition”.
In this model we assume a 2-vector of observables in the form:

R= (T(t‘)> =X(1)) (6.54)
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which can be represented in the form of an inner product, or a convolution

R=(W)X)= / W (1)X(t) dr (6.55)

fp
The corresponding observables weighting function has the form
W) =0(r—n)l (6.56)

where Iis an 2 x 2 identity matrix and J(z) is the Dirac delta function. We consider
the sensitivity analysis of the above model with respect to three model parameters:
the albedo of clouds A, and initial values of temperature 7, and cloudiness ng
represented in the form of a 2-vector Xj.

6.2.2 Linearization Approach

Assuming arbitrary variations dA and X of chosen model parameters, the system
Eq. (6.51) can be linearized around the baseline solution and presented in the
matrix-vector form as follows:

{Leéx = 0S, — ON,[X] 657)
L.0X =0S. att =1
Here, L, is a linear 2 x 2 matrix differential operator
L.0X = dfl_tx + C(1)0X(7) (6.58)
where
T IAT T

The terms in the right-hand side of equation in the system Eq. (6.57) are
2-vectors and have the form:

5S, = 0, N,[X] = < (”ES/()CP)5A> (6.60)
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The operator L, of the initial-value condition of the system Eq. (6.57) is a 2 x 2
identity matrix:

L.=1 (6.61)
and the right-hand term JS, of the initial-value condition is a 2-vector:
0S. = 0Xo (6.62)
There are no non-linear operations in the initial-value condition of the system
Eq. (6.57).

Varying the albedo A and expressing the variations d,X, 54N[X], and d4S,
through corresponding partial derivatives, we have:

X
64X = =7 0A (6.63)
SAN.[X] = ON.[X] oA, 5,8, = Besa—o (6.64)

T OA

The partial derivatives in Egs. (6.63) and (6.64) are 2-vectors:

oX 0T /0A
0A ( 8}1;(% ) (669
81\(1;/&)(] _ <nEs((;)/Cp>, ?{;ﬂ —0 (6.66)

Substituting Eqgs. (6.63) and (6.64) into the system Eq. (6.57), and cancelling out
the variations dA we obtain a corresponding linearized forward problem in a matrix-
vector form:

L OX_ ONX]

‘A OA
x|, (6.67)
0Al,

Note that the albedo A and the initial values T, and n( are independent model
parameters, and therefore J,S, = 9,Xo = 0.

Varying the 2-vector of initial values X, and expressing the variations Jx,X,
0x,N.[X], and Jx,S, through corresponding partial derivatives, we have:

0x, X, 0Xo (6.68)
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N, [ X
Ox,Ne[X] = a@X[o }5X0, 0x,S¢

0S8,
— 0Xo

5Xo (6.69)

Here, the partial derivatives 0X/0Xy, ON.[X]/0Xo, and 0S./0X, are 2 x 2
matrices:

0Xy \ 0n/0Ty On/ong '
ONJX] (0 0\ _, 9S (1 0)_
X, _(O 0):0, 8X0_<0 1)_1 (6.71)

The components of the 2-vector N,[X] do not depend on components of the vector
of initial-value conditions X,. Therefore the corresponding matrix of partial
derivatives reduces to a 2 x 2 null matrix O. On the other hand, the 2-vector
S. = Xy, and the corresponding matrix of partial derivatives reduces to a 2 x 2
identity matrix L.

Substituting Eqgs. (6.68) and (6.69) into the system Eq. (6.57) and cancelling out
the variations 60Xy yields a corresponding linearized forward problem in a matrix-
vector form:

X
L. Xy (0]
0X
0Xp

(6.72)
=1

fo

Expressions for corresponding sensitivities are obtained from Egs. (6.55) and

(6.56):
OR oX o0X
a_A —_ ( ’8_A) —_ a_A t:[l (6.73)
and
OR oX 0X
%= (Wom,) =, (o7

These sensitivities have the form of a 2-vector and of a 2 x 2 matrix respectively.

6.2.3 Adjoint Approach

Now we consider the application of the adjoint approach to the numerical model
specified by the forward problem Eq. (6.50) and observables weighting function
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Eq. (6.56). To apply the Lagrange identity Eq. (3.20) and obtain the adjoint operator
L* of the corresponding adjoint problem, we need to formulate the corresponding
linear operator of the operator equation Eq. (3.18). From the system Eq. (6.57) with
the linear operator of the equation defined by Eq. (6.58), we have:

LoX = dj_tX + C(1)0X(1) 4 6(t — 19)0X(¢) (6.75)

The J-function factor corresponds to the initial-value condition enforced at the
instant ¢t = 1.

Applying the Lagrange identity to two arbitrary functions X(z) and X*(¢), we
have:

dX

(X*, LX) = / X+ (dl + C(O)X () + (1 — zo)x(r)> dt (6.76)

fo

After integrating by parts and regrouping the terms, the resulting expression for the
inner product (X*, LX) can be rewritten in the form:

L

(X", LX) = / (—dd—X:+ CT(H)X*(t) +6(t — tl)X*(Z)>X(I) dr = (L'X", X)
U (6.77)
where
L'X" = — d;(: + CT ()X (1) + 0(t — 1)X"(2) (6.78)

is the resulting adjoint operator. To formulate the corresponding adjoint problem
L*X* =W, we rewrite the definition of the observables weighing function,
Eq. (6.56), in the form:

W(t) = W,(t) + 6(t — t;)W, (6.79)

where W,(t) = O and W, = L. The resulting adjoint problem has the form of a
final-value problem:

X*
ddt +CT()X* (1) =0

X*(Z‘l) =1

(6.80)


http://dx.doi.org/10.1007/978-3-319-15841-9_3
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To obtain the sensitivities to the selected model parameters we use the general
expression, Eq. (3.25). For the sensitivity to cloud albedo A, using Eq. (6.66) we
have:

1

Z—Ijz (X*’_ﬁl\;iX]) = —/X*T(t) 81\;65(} dt (6.81)

4]

In the expanded form we have:

anONX] (X5 () X5,(0)\ [(nEs(f)/c, \ _ [ Xi, () nEs(t)
X0 5 _(Xi*;(t) Xz*;(t)>< 0 )-(Xﬁ(t)) cS, (6.82)

Thus

oT(n)/oAY __n [ (X1()
<8n(t11)/8A> I (sz(t) )"Es(f) dt (6.83)

For the sensitivities to the components T, and ng of the initial-value vector X,
using Eqgs. (6.71), we have:

1
R e BN _ [ xomimnsie— 0 25 dr — X7 (1)1 = X7
X, ~ <X ,axo) = /X (1)o(t to)é)Xo dt=X"(1)I=X"(t9) (6.84)

Iy

or, in the expanded form:

(BT(II)/(?T(IO) aT(zl)/an(zO))

X;,(t0) X3, (1)
On(11)/0T (1) On(ty)/n(10) L X ) (6.85)

- (Xikz(to) X5,(t0)

6.3 Model of Orbital Tracking Data of the Planetary
Orbiter Spacecraft

6.3.1 Baseline Forward Problem and Observables

In the model considered in this Section, the action occurs in the real 3D space. We
consider the spacecraft orbiting a planet. The motion of the spacecraft is assumed to
be defined solely by the gradient of potential of the planetary gravity field (no
atmospheric drag and other interfering forces). The initial formulation of the
baseline forward problem here has the form of an initial-value problem with the 2nd
order ordinary differential equation:


http://dx.doi.org/10.1007/978-3-319-15841-9_3
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d2
d—; — VU(r)

i@ (6.86)
r‘fo: ro,a =V

fo

Here U(r) is the gravity potential, gradient of which, VU, represents the local
gravity acceleration, r is the radius vector of the spacecraft in planetocentric
coordinates, and rp and v, are initial values of 3D position and velocity, also in
planetocentric coordinates. In planetocentric coordinates, the gravity potential U at
a given location r is represented by an expansion over the gravity harmonics J,,,
Cnm» and Snm:

U(r) =U(r, o, 4 { 1+Z( ) [JuPy(sin )
n (6.87)
+ Z PZI(Sin q))(cnm cos mA + Snm sin m/l)l }

m=1

where r, ¢, and A are radial distance, latitude and longitude of the location, a, and u
are the mean equatorial radius and gravitational constant of the planet, P, (sin ¢) are
Legendre polynomials, and P} (sin ¢) are associated Legendre functions.

The 3-vector of the gradient of gravity potential VU has the form:

9 1 v (n+ 1)P,
a
VU = rcrl)s)h'g—g :r_'uz +Z<p) 0
10U o) 2 —cos o(P,)
o (6.88)

—(n+ 1)P(Cpm cos mA + Sy sinmi)
+ Z msec PP (—Cyy cOS M + Sy SinmA)

m=1

cos (p(PZ’)/(Cnm coS mA + Sy, sin mA)

This is the first problem in this book, where we encounter a differential equation of
higher than first order. Obviously, this equation can be linearized in a straightfor-
ward way without any further transformations. But bearing in mind that later on we
will formulate a corresponding adjoint problem, and as before, the elements of the
linearized forward problem will be used for adjoint sensitivity analysis, we wish to
transform the system Eq. (6.86) to that with a matrix differential equation of 1st
order, which is more amenable to application of the Lagrange identity. In the next
chapter, we will routinely apply this transformation to higher-order differential
equations with partial derivatives.
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Introducing the 3-vector of velocity v(z), we rewrite Eq. (6.86) in the form:

gf v(t) =0
%: YU (6.89)

r|tU: ro,v|t0: Vo

Introducing a composite 6-vector

X(1) = <:8> (6.90)

which combines the position and velocity of the spacecraft, we can rewrite
Eq. (6.89) in the form of an initial-value problem with a matrix differential equation
of 1st order:

dX
i + AX(1) = B(X) (691)
X([o) = XO
Here
A= (8 :)I) (6.92)

is a constant block matrix composed of four 3 x 3 matrices, where O is a null
matrix and I is an identity matrix. The right-hand terms in the system Eq. (6.91)
are composite 6-vectors:

B(X) = (vc(/)(r)>’ X, = (52) (6.93)

In this model we assume that we deal with two instant observables: the geo-
centric distance to the spacecraft D, and its geocentric radial velocity V. We also
assume that the geocentric position r, and velocity v, of the center of the planet are
known. Then D and V are magnitudes (Euclidean norms) of sums of corresponding
vectors:

D=lr,+r|, V=|v,+V| (6.94)



70 6 Sensitivity Analysis of Numerical Models

Then, the 2-vector of observables in this model is defined as

R- (6) (6.95)

Obviously, R is a non-linear vector function of vectors r and v, and thus it is a non-
linear function of the 6-vector X:

R = M(X) (6.96)

In the applications below, we will need to linearize Eq. (6.96) with respect to X.
From Eq. (6.94) we have:

D*=(r,+1) (t,+1), V2= (v,+v) (v, +V) (6.97)

Assuming that variations 3(D?) and 6(V?) occur due to variations ér and dv, we
have:

3(D?) = or" (r, + 1) + (r, + 1) 0r =2(r, + 1) or (6.98)
5(V2) = v (vy +v) + (v, +v) ov =2(v, +v) 6v (6.99)
On the other hand,
§(D*) =2DéD, §(V?) =2VsV (6.100)
Comparing Eqs. (6.98) and (6.99) with Eq. (6.100), we obtain:
OR = WEX(1z) (6.101)

where

Wr = (% (k7 T)r(tR)) L (vp —I(—)V(fR)) )

(6.102)

3

and fg is an instant of the measurement. The matrix Wy is a 6 x 2 matrix.

We consider the sensitivity analysis of the model represented by Egs. (6.91) and
(6.102) with respect to the expansion coefficients of the gravity potential U,
Eq. (6.87). The model parameters here are expansion coefficients J,(n = 2,...N)
and Cupyy, Sym(n=2,...N, m=1,...n). For convenience of the derivations
below, these expansion coefficients, hereafter referred to as gravity harmonics, are
combined into an N(N + 1) -vector H.
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6.3.2 Linearization Approach

Assuming an arbitrary variation of the gravity potential U(r), we linearize
Eq. (6.91) in the form [cf. Eqgs. (6.92) and (6.93)]:

dj—tx+ (g :)I>5X<t) - (5[V?](r)]> (6.103)

5X(l0) =0

Performing the transformation 6[VU(r)] = V[6U(r)], we further analyze the var-
iation of the gravity potential 6U(r). It consists of two components: due to (a)
variations of harmonics of the gravity field, and (b) variation of the trajectory of the
spacecraft. We have respectively:

S[U(r)] = duU + 8, U(r) (6.104)
The second term in Eq. (6.104) has the form:

ou ou ou
Or =—6x+——0y+——07=V'US .1
U(r) o X + By Y+ a7 %2 V' Uér (6.105)

and, we have:
S[VU(r)] = suVU + VV' Uér (6.106)

Substituting Eq. (6.106) in Eq. (6.103) and rearranging the terms, we obtain the
linearized forward problem in a form:

doX
— X(t) = 0B
o C(1)0X(r) = oB(r) (6.107)
5X(l‘0) =0
where the 6 x 6 matrix C(¢) and 6-vector 0B(¢) have the form:
(o) -1
C(t) = (vaU(r) o > (6.108)
B = (.0 (6.109)
~ \ ouVU(r) '

It should be noted that the matrix C(z) and vector 0B(f) are computed along the
known trajectory r(), which is the component of the baseline solution X(7), and
therefore they are functions of time ¢ only. Also, note that the variations of gravity
harmonics are confined in the vector 6B(¢). From Eq. (6.88) we have:
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N (n+1)P, w [ =@+ 1)PP(C,y cosmA + S, sinml)

u a,\" ) .
VU =4 2 (i) A 0 + msec QP (—0Cpy, cOs mA + 0y, sinml)
=T —cos (p(Pn)’ cos ¢ (Pf)'((SC,m, cos ml + 0S8, sinmAi)

(6.110)

m=1

Obtaining the expression for the 3 x 3 matrix VV7 U requires performing some
algebra. This matrix can be represented in the form of a row of three 3-vectors

057?) (6.111)

~ =

Trr ou  oUu AU\ _ [ oVU 1. ovVU
VVU*V(O):’ dy? (’)z)*<0r7 rcosep 04

where:
ovU 3 1 N (Vl + I)Pn
u 1 ap\"
= Hlo|+£ (-) Jo(n 42 0
or r3 + r3 Z; r (1 +2) ,
0 "= —cos @(P,)
N . —(n+ 1)P?(Cpyn cos mA + Sy sinmi)
=+ %Z (%) an(n +2) msec QP (—Cyy, cosml + Sy, sinmAi)
n=2 =1\ cos ¢ (P;?)/(Cnm cos M + S, sinmi)
(6.112)
N o (n+ 1)P?(Cym cos mi + Sy sinmi)
! ) W_)U = %Z (a_,,) Z m| msec? 9P (—Cpy €OS MA + Sy sin mA)
rcosp 0 L S A | cos ¢ (PZ’),(—Cnm cosml + Sy, sinmi)
(6.113)

n—+ 1)cos (P, !
r3 " . ! n
sin @(P,) — cos ¢(Py)
—(n+1)cos go(PZ’)N(C,W, cos ma + Sy, sinml)
N n
_HK Z <a_p> Z m(sin @ sec? pP" + (PZ’)’> (= Cp cOS A + Sy sin mA)

n=2 m=1

<cos2 1) (P:’)//— sin ¢ (PZ‘)/) (Cpm cOs mA + Sy, sin mA)
(6.114)

Now, expressing the variations dgX and ogVU through corresponding partial
derivatives, we have:

X
ouX = = oH (6.115)
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ovU
=2 H 11
VU =~ (6.116)

Here, the partial derivative 0X/0H is a matrix with 6 rows and N(N + 1) columns.
The partial derivative 9VU/OH is a matrix with 3 rows and N(N + 1) columns.
Therefore, the partial derivative OB/0H [cf. Eq. (6.109)]:

g_flz (aw?mn) (6.117)

is a matrix with 6 rows and N(N + 1) columns. The elements of the matrix
OV U/OH are obtained from Eq. (6.88). We have:

1P
VU wf 1 DP
:ﬁ(a—”) 0 . n=2,..N (6.118)
ol, r*\r /
—cos ¢(Py)
) —(n41)P" 5 —(n+1)Py
VU u ap\" - VU  p ap\» m |
OVU _ B (a\"| _ P TN AN P
oC,, 12 <r) msec B cos m, OSym 1 (r) msec e " S,
cos qo(Pn’”) cos ¢ (P;”)

n=2,..N, m=1,...n

(6.119)

With all necessary inputs now available, we obtain the corresponding linearized
forward problem in a matrix-vector form:

X _ 0B
‘OH OH
X

| =0

oH|,

(6.120)

where the operator of the equation has the form:

d
L= +C0 (6.121)

The expression for sensitivities with respect to gravity harmonics is obtained from
Eq. (6.101):

OR . 0X
o~ Vg (6.122)

Recalling the definition of the matrix Wg, Eq. (6.102), we see that the matrix of the
sensitivities JR/OH has the form of a matrix with 2 rows and N(N + 1) columns.
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In the next Subsection, we will obtain the sensitivities to gravity harmonics using
an alternative adjoint approach of sensitivity analysis.

6.3.3 Adjoint Approach

To apply the Lagrange identity Eq. (3.20) and obtain the adjoint operator L* of the
corresponding adjoint problem, we formulate the corresponding linear operator of
the operator equation Eq. (3.18). From the system Eq. (6.107) we have:

LoX = dj_tX + C(1)oX(1) + o(r — 19)0X(z) (6.123)

Thus, in the matrix-vector form, Eq. (6.123) is identical to Eq. (6.35) of the pre-
vious Section, and we immediately obtain the adjoint operator in the form [cf.
Eq. (6.78)]:

L'X* = —dd—X: + CT ()X (1) + 0(t — 1)X"(2) (6.124)

We first formulate the corresponding adjoint problem L*X* = W for the sim-
plest case of the observable R obtained at the end of the integration period tz = #;.

We write the definition of the observables weighing function in the form [cf.
Eq. (6.79)]:

W(t) = W,(t) + 0(t — t1)Wg (6.125)

Here W, (7) = O is a null 6 x 2 matrix, and Wg is also a 6 x 2 matrix defined by
Eq. (6.102), where g = t;. The resulting adjoint problem has the form of a final-
value problem:

dx* o
T +C X' () =0 (6.126)
X* (1) = Wg

The solution X*(#) is also a 6 x 2 matrix.

To obtain the matrix of sensitivities 9R/JH to the vector of gravity harmonics
H, we need to represent the right-hand term JS of the operator equation LéX = 6S
[cf. Eq. (3.18)] in the same form as the operator LJX. From the system Eq. (6.107)
we have:

0S =B+ d(t—1)-0 (6.127)

Using the general expression, Eq. (3.25), we obtain an expression for the sensi-
tivities, which can be evaluated numerically:


http://dx.doi.org/10.1007/978-3-319-15841-9_3
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1

OR (. OB\ [ . OB
50 = (X ’8H> = /X (1) g 4 (6.128)

fo

This expression has to be evaluated for each specific set of observables. In the case
considered above, this set consists of the distance D and radial velocity V measured
(simulated) at the end #; of the integration interval [y, #].

In practical situations one has to deal with observables measured (simulated) at
numerous instants 7z within the interval [fo, #;]. Use of a special adjoint solution, the
adjoint propagator, provides an efficient way to deal with such situations. For the
problem considered in this Section, the adjoint propagator P(z) is a 6 x 6 matrix
solution of the finite-value problem:

i) _
~5+ C'(1)P(r) =0 (6.129)
P(l‘l) =1

where the null-matrix O and identity matrix I are 6 X 6 matrices. Availability of
this solution within the whole interval [, 7] provides a way to compute the sen-
sitivities for observables R measured (simulated) at any instant fx € [, #;].

Indeed, assume that our observable is collected at some # € [to,7]. Then, the
corresponding adjoint problem has the form:

dX;F? T * o
g TC X0 =0 (6.130)
X;(Z‘R) = WR

Then, the solution X4(¢) of this adjoint problem can be expressed through the
adjoint propagator as:

X5 (1) = P(t)Pr ' Wg (6.131)

where Pg = P(z). Indeed, substituting Eq. (6.131) into the left side of the differ-
ential equation of the system Eq. (6.130), we have:

( % + CT(t)>P(t)PR1WR =0 (6.132)

By taking the transpose of both sides of Eq. (6.132) we have:

(PRIWR)TKiJrCT(t))P(t)T 0 (6.133)
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Then the adjoint propagator P(7) satisfies the equation in the system Eq. (6.130)

<—%+ CT(I))P(t) =0 (6.134)

Satisfaction of the final condition in Eq. (6.130) can be immediately verified.
From Eq. (6.131) we have:

X (tr) = P(1z)Pr ' Wg = PrP' Wy = Wy (6.135)

Thus, the matrix X5(7) computed using the adjoint propagator P(¢) is a solution of
the adjoint problem Eq. (6.130) for any observable measured (simulated) anywhere
within the integration interval [rg, #].

Note that the bulk of computations, which is associated with the adjoint prop-
agator, do not depend on the specific choice of observables as long as they are
drawn from the same forward solution X(¢). This provides an additional flexibility
in terms of choosing the observables, which are most informative for the particular
inverse problems where the sensitivities of these observables will be used.
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Chapter 7
Sensitivity Analysis of Models
with Higher-Order Differential Equations

Abstract All models considered in previous chapters are based on differential
equations of first order. There exists a wide variety of models however, that are based
on higher-order differential equations, such as the Poisson equation or wave equa-
tion. While application of the linearization approach to forward problems with these
equations poses no substantial problems application of the adjoint approach, which
needs formulation of corresponding adjoint problems, becomes more and more
sophisticated with increasing the order of equations. In a nutshell, one has to apply
the Lagrange identity rule as many times, as the order of the equations dictates, and
this procedure becomes increasingly complicated [see, e.g., (Marchuk 1995)]. In this
chapter we present an alternative approach based on the standard techniques using
the reduction of the higher-order differential equation to a system of differential
equations of first order. Further on, this system is represented in the form of a matrix
differential equation of first order complemented by corresponding matrix initial-
value conditions (IVCs) and/or boundary conditions (BCs). We present the general
principles of application of this matrix approach and the results of its application to a
set of problems based on selected stationary and non-stationary equations of
mathematical physics.

Keywords Higher-order differential equations - Boundary conditions - Initial-
value conditions - Final-value conditions - Indefinite conditions

7.1 General Principles of the Approach

In this section, we present the general principles of this approach for problems in
1D space. Applications to problems in 2D and 3D space will be considered in
Sect. 7.4.
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7.1.1 Stationary Problems

Following the standard technique mentioned above, we reduce the non-specified,
higher-order differential equation to a system of 1st order equations. Let the scalar
dependent variable u# be the solution of this equation. Introducing a chain of
additional dependent variables, each of which is a derivative of the previous one

=4, O©=Tet. (7.1)

and combining all dependent variables in a vector X, we transform the initial
forward problem into a corresponding matrix forward problem. We first consider
the case of a stationary differential equation with corresponding boundary condi-
tions. Assuming that integration occurs on a 1D interval [a, b], we have:

DX +AX =S, (7.2)

B.X|,=S., BpX|,= S (7.3)

where D is a square matrix coefficient at the differential operator ( )/; A, B,, and By,
are square matrix coefficients; their rank corresponds to the dimension of the vector
X; the right-hand terms S,, S,, and S, are vectors of same dimension as X. The
presence of two matrix BCs for a matrix differential equation of first order is
justified because corresponding scalar BCs for additional variables contained in the
vector X are indefinite, as will be demonstrated below.

To formulate the adjoint problemcorresponding to the forward problem,
Egs. (7.2) and (7.3) we convert this problem into a single operator equation in the
form of Eq. (3.18). To ensure that BCs are acting only at the ends of the interval of
integration we multiply them by delta-functions d(x — @) and é(x — b). Also, we
multiply the BCs by factors ¢, and c¢;, which will be specified later. The resulting
operator equation takes the form:

DX' + AX + ¢,6(x — a)B,X + cpd(x — b)BpX
=S, + c,0(x —a)S, + cpo(x — b)Sp (7.4)
Then, the left side of the Lagrange identity Eq. (3.20) can be written as

b
(X*, LX) = / dxX*T(DX" + AX) + ca(X*"B.X) | +cp (X TB,X)|, (7.5)

a
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Integrating the integral term by parts and using the commutative law for transpose
matrices, Eq. (A.7), we have:

b b
T
/X*T(DX’+AX) dx = /dx [ (0"x")+aTx"| X

+ {(DTX*)TX} {(DTX*)TX}

‘ b a

The off-integral terms in Eq. (7.5) are transformed as follows:

ca(XTBX)| = ca| (B1X) "X

, c,,(X*TBbX)|h:c,,{(B,fX*)TX”b (7.7)

a

Then, choosing the specific values of factors ¢, and ¢; as
ca=1, c=-1 (7.8)

we can rewrite Eq. (7.5) as

(X", LX) = /b dx [—(DTX*),—FATX*}TX

+ {[(Ba . D)TX*]TX}

—{ [(B, — D)"X"] TX} ‘b (7.9)

a

The right-hand side of Eq. (7.9) can be represented in the form of the right-hand
side of the Lagrange identity, Eq. (3.20), if we let

L'X* = —(D"X*) +ATX* + 6(x — a)(B, — D)"X* — 6(x — b)(B, — D)" X*
(7.10)

Correspondingly, the right-hand term of the resulting adjoint operator equation,
Eq. (3.21) takes the form:

W=W,+0x—a)W,—o(x—b)W, (7.11)

Thus, we can formulate the matrix adjoint problem corresponding to the matrix
forward problem, Eqgs. (7.2) and (7.3), as follows:

—(D"x*) +ATX* = W, (7.12)

(Bs — D)'X*|,= W,, (B, —D)'X*|,= W, (7.13)
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The general definition of the observable, Eq. (3.19) takes the form:
R=(W,X)=(W,X)+ W.X|,—W,X|, (7.14)

Also, with the choice of values of ¢, and ¢, per Eq. (7.8), the right-hand term of the
operator equation Eq. (3.18) as represented by Eq. (7.4) has the form:

S=S,+0(x—a)S, —dx—b)S, (7.15)
and the alternative definition of the observable, Eq. (3.22), takes the form:

R=(X",8.) +X"|,Sa — X"|,S (7.16)

7.1.2 Non-stationary Problems

If the initial forward problem is non-stationary, then additional variables are
included into the forward solution X, which are corresponding time derivatives. The
resulting matrix forward problem has the form:

CX +DX' +AX =S, (7.17)
BuX|,= Sa(t), BypX|,= Sp(1) (7.18)
CX|,_o= So(x) (7.19)

The matrix initial-value condition (IVC) Eq. (7.19) has to be formulated so that the
constant matrix C is identical to the matrix C in the matrix ordinary differential
equation (ODE) Eq. (7.17). This is necessary to ensure proper conversion of the
IVC of the matrix forward problem, Eq. (7.19) into the final-value condition (FVC)
of the corresponding matrix adjoint problem, as will be presented below.

We can write the corresponding operator equation in the form analogous to
Eq. (7.4) with values of ¢, and ¢, specified by Eq. (7.8):

CX+DX' + AX + 3(x — a)B.X — 8(x — b)ByX + 8(1)CX (720)
=S, +0(x—a)S,— o(x—b)Sy + (2)So

To apply the Lagrange identity we assume that integration over time is performed in

the interval [0, T|, where T is the length of this time interval (not to be confused

with the “transpose” sign). The left side of Eq. (7.20) can be written as follows:
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T b
(X*,LX) = / dr / dxx T (C;} +DX’+AX)
0

a

(7.21)

+ [ar[emBx)|, - ("B + [ axrex)),,

Re-grouping the terms and changing the order of integration over x and ¢ where
necessary, Eq. (7.21) can be further re-written as

b T

(X", LX) = / dx / dx’Tex + (x'7ex)|
o (7.22)
+ / dr / deX T (DX’ 4 AX) + (X" B.X)| — (X" ByX)|,
0 a

The expression in the square brackets in the 2nd integral term of Eq. (7.22) is
identical to that in the right side of Eq. (7.5) with values of constants ¢, and ¢, as in
Eq. (7.8). Substituting the result of its transformation, Eq. (7.9), and integrating by
parts the integral over ¢ in the square brackets in the Ist integral term of Eq. (7.22),
we obtain:

—(c"x) x| + [ (c"x)"X]

t=T

a

(7.23)

The right side of Eq. (7.23) can be represented in the form of the right side of the
Lagrange identity, Eq. (3.20), if we let

L'X* — — (CTX*) _(DTX*)’+ATX*

(7.24)
+0(x—a)(B, — D)’ X* — (x — b)(By — D) X* + (1 — T)CTX*

Correspondingly, the right-hand term of the resulting adjoint operator equation
Eq. (3.21) takes the form:
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W =W, + 3(x — @)Wy — 8(x — bYW, + 8(t — T) Wy (7.25)

The resulting matrix adjoint problem obtains the form:

—(C"X*) = (D"X*) +ATX" = W, (7.26)
(B, —D)'X*|,=W,, (By—D)'X*|,=W, (7.27)
C'X*|_y= Wr (7.28)

The Eq. (7.28) is a FVC imposed on the solution X*. The definition of the
observable, Eq. (3.19) takes the form:

R=(W,X)=(W,X)+ W.X|,—WpX|,+WoX|,_7 (7.29)
and the alternative definition of the observable, Eq. (3.21) takes the form:

R=(X*5)+X*|,Sa = X*|,8 + X*|,_oS0 (7.30)

7.2 Applications to Stationary Problems

In this section, the general results obtained above will be applied to several sta-
tionary problems in 1D space.

7.2.1 Poisson Equation
We consider a forward problem with the Poisson equation and Dirichlet BC, which

in general has the form

Au = f(r) (7.31)
M|S: fs(l's) (732)

Here, the forward solution u(r) and the right-hand term of the equation f(r) are
scalar functions specified in some domain V of coordinates r, and the right-hand
term of the BC, f(rs), is specified on the boundary S of this domain. In the 1D case,
this forward problem has the form of an ODE with BCs:

u" = f(x) (7.33)

ul,=fo, ul="r (7.34)
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Here, the forward solution u(x) and the right-hand term f(x) are scalar functions
specified in some interval [a, b] and the right-hand terms of the boundary conditions
are specified at the ends of this interval x = a, and x = b.

To reduce the ODE of 2nd order Eq. (7.33) to a system of ODEs of 1st order we
introduce the additional dependent variable I' = ’ (gradient of «). Then, Eq. (7.33)
becomes a system of two ODE:s:

W—-T=0 (7.35)
r'=f (7.36)

The system Eqgs. (7.35) and (7.36) is further combined into a single matrix ODE of
Ist order in the form of Eq. (7.2), where X is a two-component vector

X = (lbi) (7.37)

and the 2 x 2 matrix coefficient A along with the 2—vector S, have the form:

A= (8 01>, S, = (?) (7.38)

The matrix ODE in the form of Eq. (7.2) needs to be complemented by BCs for
the vector X. To ensure that the component I" of the vector X does not constrain the
forward solution u, we have to impose on I the indefinite BCs in the form:

0-T|,=0, 0-I,=0 (7.39)

Resulting BCs for the vector X have the form of Eq. (7.3), where

B,=B, = ((1) 8) (7.40)

and we obtain the resulting matrix forward problem in the expanded form of
Egs. (7.2) and (7.3) as follows:

(é ?)(”*(8 Bl)G):(fO) (7.41)
(0 0) ()= (50 D)(F)-(5)  om

Note that the matrix D of Eq. (7.2) is here an identity matrix.

To formulate the corresponding adjoint problem we need to specify its right-
hand term. We assume that the observable R here is a scalar and has a simplest form
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b

R= /p(x)u(x) dx = (p,u) (7.43)

a

where p(x) is the scalar observables weighting function specified on the domain
[a, b]. Then the observable R can be expressed through the vector forward solution
X as

R = / W ()X (x) dx = (W, X) (7.44)

where the matrix observables weighting function W has the form of a column
vector

W = (g) (7.45)

Comparing Eq. (7.44) with the general expression for the right-hand term W of the
operator adjoint equation Eq. (7.11), we conclude that its components have the form:

_(p\ _ (0 (0
WQ(O)W, W“(O)’ Wb(o), (7.46)
Thus, the matrix adjoint problem Eqs. (7.12) and (7.13) in the expanded form is as
follows:
1 0\ /[ u" 0 O0\/uw)\ _ (p
G OE) ) -6) 0w
0 0 u* 0 0 o0 u* 0
(0 D) -0) @ S)E)-@) o
and the adjoint vector solution X* is a two-component vector
«_ (U
X* — (F*) (7.49)

Rewriting the matrix adjoint problem in the form of a system of scalar ODEs and
BCs, we have:
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—u'=p (7.50)

I =0 (7.51)
0-u|,=0, 0-u,=0 (7.52)
r*,=0, I*[,=0 (7.53)

Note that here we have indefinite BCs, Eq. (7.52), for the component «", which will
be discarded.

Now we convert the matrix adjoint problem Egs. (7.47) and (7.48) to a set of
scalar ODEs with scalar BCs. From Eq. (7.51) we have:

=T (7.54)

Substituting in Eq. (7.50) and complementing the resulting ODE of 2nd order with
corresponding BCs, Eq. (7.53), we have:

r =p (7.55)
r',=0, I'[,=0 (7.56)

Thus, the component I'* of the adjoint vector solution X* can be interpreted as the
sought for adjoint scalar solution:

M=w (7.57)

Substituting Eq. (7.57) in Egs. (7.55) and (7.56), we obtain the adjoint problem
corresponding to the forward problem, Eqgs. (7.33) and (7.34):

w' =p (7.58)
wl,=0, w|,=0 (7.59)

Thus, we have derived the scalar adjoint problem for the given scalar forward
problem Egs. (7.33), (7.34). To do that, we have:

1. converted the initial scalar forward problem to a matrix form, corresponding to
Egs. (7.2) and (7.3),

2. formulated the corresponding matrix adjoint problem using its general form,
Egs. (7.12) and (7.13), and

3. converted the matrix adjoint problem to a scalar adjoint problem.

It should be emphasized that these derivations were based on the results of the
previous section, which were obtained in the general matrix-vector form, whereas
the specifics of the ODE and BCs of the initial forward problem were encapsulated
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in corresponding matrices and vectors. This approach will be used throughout this
chapter for various cases of stationary and non-stationary problems.

Now we consider the Poisson equation Eq. (7.33) with Neumann BCs, which
specify the boundary values of the derivative u’ of the forward solution, rather than
the boundary values of the forward solution u itself:

Wl =fo, w,=fa (7.60)
Combining with indefinite BCs imposed on the forward solution u
O0-ul,=0, 0-u/,=0 (7.61)

we obtain the corresponding matrix forward problem in the form:

(5O (5 DE=()  ae
OGN0 e

Using the general results of the previous section, we can immediately formulate
the corresponding matrix adjoint problem in the expanded form:

() NE)-6) 0w
(o6 G -6 o

Rewriting Egs. (7.64) and (7.65) in the form of a system of scalar ODEs and BCs,
we have:

—u'=p (7.66)

I —u" =0 (7.67)
ul,=0, u,=0 (7.68)
0-r|,=0, 0-I"|,=0 (7.69)

Acting in a fashion similar to the previous case, with Dirichlet BCs, and taking into
account Eq. (7.67), we have:
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" =p (7.70)
r’|,=0, I,=0 (7.71)

The component I'* of the adjoint vector solution X* can, again, be interpreted as the
sought for adjoint scalar solution Eq. (7.57). Substituting Eq. (7.57) in Eqgs. (7.70)
and (7.71), we obtain the resulting adjoint problem corresponding to the forward
problem, Egs. (7.33) and (7.60):

w'=p (7.72)
wl,=0, wl[,=0 (7.73)
Thus, the scalar adjoint problem, Eqs. (7.72) and (7.73) has a form of the Poisson

equation with Neumann boundary conditions, again, as in the previous case,
essentially identical to the initial scalar forward problem.

7.2.2 Bi-harmonic Equation

The forward problem consisting of the biharmonic equation with Dirichlet BCs of
2nd kind has the form:

A’u =f(r) (7.74)
ulg= ;" (xs) (7.75)
Aulg= £ (rs) (7.76)

In 1D case, this forward problem has a form of an ODE of 4th order with BCs:

u = f(x) (7.77)
=10, uly=£" (7.78)
=12, =1 (7.79)

To reduce the ODE Eq. (7.77) to a system of ODEs of 1st order we introduce the
additional dependent variables I’ =/, ® = I" and ¥ = @’. Then, we obtain a
system of four ODEs:
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W—-T=0

I'-o=0

o -¥=0
¥ =

The BCs of 2nd order, Eq. (7.79), are rewritten as

o=, =2

(7.80)
(7.81)
(7.82)

(7.83)

(7.84)

To ensure that the components I" and ¥ do not constrain the forward solution u, we
impose two pairs of indefinite BCs in the form:

0-r,=o0, 0-I,=0; 0-¥[,=0, 0-¥,=0 (7.85)
The resulting matrix forward problem in the expanded form of Egs. (7.2) and

(7.3) is as follows:

1 00 0\ /« 0 -1 0 0 u 0
1 r -1 r

oo 1 olle|tlo 0 o Alle]=|o] 0%

000 1)\¥ 00 0 0/)\¥ f

1 000\ /u 1o 1 000\ /u 7Y

00o0oO0||T]|_1|o oo o0o0||lT|_|o

00 1Oo|[fo|] (@] loo1o]fo| |M™

00 00/\¥ 0 000 0/\¥ 0
(7.87)

The corresponding matrix adjoint problem has the form of Eqs. (7.12) and (7.13).
To formulate its right-hand term, we assume the observable R in the form of
Eq. (7.43). Then, from comparison with the general expression Eq. (7.44), we
conclude that the matrix observables weighting function W has here the form of a
column vector

(7.88)

oo

Repeating the pattern of derivations of the previous Subsection, we obtain the
sought for matrix adjoint problem in the expanded form:
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1 0 00O ux' 0O 0 O
10 1 0 0 rv n -1 0 O
0010 o 0O -1 0
00 0 1 e 0o o0 -1
0 0 0 O u* 0 0 0
0 -1 0 O <] 10 0 -1
0O 0 0 O o] (o) |0 o0
0 0 0 -1 b 0 0 0

89
0 u* p
0 re 0
0 o |=1|o (7.89)
0 v 0
0 0 u* 0
0 0 r] 10
0 0 o | |o
0 -1 v 0
(7.90)

Now we rewrite Egs. (7.89) and (7.90) in the form of a system of scalar ODEs
and BCs. After discarding the indefinite scalar BCs for u* and ®*, we have:

—u'=p (7.91)
I —u" =0 (7.92)
-0 —T* =0 (7.93)
P -0 =0 (7.94)
r<,=o, Ir*,=0 (7.95)
¥Y*,=0, ¥,=0 (7.96)
From Egs. (7.92)—(7.94) we have:
—u’ =T = @ =y (7.97)

Substituting equalities Eq. (7.97) in Eq. (7.91), we obtain the scalar adjoint dif-

ferential equation of 4th order:

\I]*IV =p

(7.98)

On the other hand, from Egs. (7.93) and (7.94), we have:

1—** — _(D*l — LI_(*//

Therefore, the first BC, Eq. (7.95) can be written as

7,0,

T*//‘b: 0

(7.99)

(7.100)

The component ¥ of the adjoint vector solution X* can, therefore, be interpreted

as the sought for adjoint scalar solution
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w=W (7.101)

Substituting Eq. (7.101) in Egs. (7.92) and (7.96), we obtain the resulting adjoint
problem corresponding to the forward problem, Eqs. (7.77)—(7.79):

w =p (7.102)
wl,=0, w[,=0 (7.103)
w',=0, w|,=0 (7.104)

The resulting scalar adjoint problem, Eqgs. (7.102)—(7.104), has a form of the bi-
harmonic equation with Dirichlet boundary conditions of 2nd kind, again as in the
previous case, essentially identical to the initial scalar forward problem.

This concludes consideration of stationary 1D forward problems with higher-
order ODEs. In the next section we consider formulation of adjoint problems for
non-stationary 1D forward problems.

7.3 Applications to Non-stationary Problems

7.3.1 Heat Equation

The heat equation with Dirichlet BCs and a corresponding IVC has the form:

% —o(r,t)Au = f(r, 1) (7.105)
ulg= fs(rs, 1) (7.106)
u],—o=fo(r) (7.107)

In the 1D case, we write the forward problem, Eqgs. (7.105)—(7.107) in the form:

— t+a(x, " = —f(x,1) (7.108)
ul,=fa(t),  uly=£(@0), (7.109)
ul,_o= folx) (7.110)

First, we consider the case when o(x, f) = const. Then, by the same substitution
u' =T, as before, we reduce the equation Eq. (7.108) to a system of two equations
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W —T=0 (7.111)

— 4ol = —f (7.112)

For the function I' we impose indefinite BCs in the form of Eq. (7.39) and an
indefinite IVC in the form:

0-T|,_g=0 (7.113)

The resulting matrix forward problem in the expanded form can be written as:

<Ol 8><?>+(é 2><;>+<8 _ol><1bi)=(0f> (7.114)
(6 OOLG)-GOmI-G)  ons
(—01 8>(F) ,_0:<—(}o> (7.116)

This matrix forward problem has the form of Eqgs. (7.17)—(7.19), and corresponding
matrix adjoint problem has the form of Egs. (7.26)—(7.28). In the expanded form we
have:

(0 )(E)-[G DET D))

§OEEO6 VEQ -

= (8) (7.118)
(0 )~ (0) 119

Now we rewrite Eqgs. (7.117)—(7.119) in the form of a system of scalar ODEs
with corresponding BCs and an IVC. After discarding the indefinite BCs and FVC
at t = T, we have:

I —u’=p (7.120)

—(aI™) —u* =0 (7.121)
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r<,=o,r1r+,=0 (7.122)
I'",_;=0 (7.123)

From Eq. (7.121) we have:
—u = (al*" (7.124)

Substituting in Eq. (7.120), we obtain:

(oI =p (7.125)

Introducing the scalar adjoint solution w = I'*, Eq. (7.57), we rewrite the ODE
Eq. (7.125), BCs Eq. (7.122) and FVC Eq. (7.123) in the form of the resulting
adjoint problem corresponding to the initial forward problem, Egs. (7.108)—(7.110):

w+(ow')=p (7.126)

wl=0, wl,=0 7.127
a b

w|,_y=0 (7.128)

The above derivation was based on the assumption that « is a single coefficient.
In general, this is not case, and the heat equation has the form:

pc% ~ Vi (kVu) =f (7.129)

where p is the mass density, and ¢ and k are coefficients of heat capacity and
thermal conductivity, which may depend on the space coordinates. (For the sake of
simplicity, we make a realistic assumption that p and ¢ do not depend on time.) In
the 1D case, Eq. (7.129) can be written in the form:

—pcu+(ki') = —f (7.130)
Here we introduce the intermediate variable I = ki’ so that
W——=0 (7.131)
Substituting Eq. (7.131) in ODE Eq. (7.130), we have:

—pcu+T" = —f (7.132)
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Combining Eqgs. (7.131) and (7.132) into a matrix ODE, we have:

(e 8><§>+(é D)+ (0 ) ()= (5) am

We will use the Dirichlet BCs, Eq. (7.109). As for the IVC, we multiply the scalar
IVC, Eq. (7.110) by a factor —pc to make the matrix C of the resulting matrix IVC

(—?)c 8) (;) o <_£Cf0> (7.134)

to be identical to the matrix C of the matrix ODE Eq. (7.133).
Now we can directly apply the general results of Sect. 7.1. The corresponding
matrix adjoint problem in the expanded form is written as:

(G (E) -G D) (e ()= (6)

EEOC DO o
COEL e

Rewriting Eqs. (7.135)—(7.137) in the form of a system of scalar ODEs with the
corresponding BCs and FVC, and discarding the indefinite BCs and FVC, we have:

pcT* —u” =p (7.138)
I -’ =0 (7.139)
r,=0, I'[,=0 (7.140)
r|,_,=0 (7.141)

From Eq. (7.139) we have:

—u = (kT (7.142)
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Substituting in Eq. (7.138), we obtain:

peT* (k") =p (7.143)
And, introducing the scalar adjoint solution w =T", we rewrite the PDE

Eq. (7.143), BCs Eq. (7.140) and FVC Egq. (7.141) in the form of the scalar adjoint
problem corresponding to the forward problem, Egs. (7.130), (7.109) and (7.110):

pew +(kw')'=p (7.144)
wl,=0, w[,=0 (7.145)
wl,_;=0 (7.146)

Note that in this derivation we have implicitly assumed that the product pc does not
depend on time.

With the adjoint solution w(x) at hand, we can use the general expression,
Eq. (3.26), to obtain the sensitivity dR/Jk(x). Replacing the non-linear operator N
in Eq. (3.26) by the linear operator L of the problem under consideration and
observing that §S/dk(x) = 0, we have:

SR 5L
- (WWx)”) (7.147)

Note that the parameter k(x) is situated in the operator L under the sign of deriv-
ative. This complication can be resolved in a following way. Observing that

N
(w,%(l‘x)u) = (w,%) (7.148)
and re-writing the corresponding term of the operator L as
(k') = k" + K'u/ (7.149)
we have:
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For the first intra-integral term in Eq. (7.150) we have [cf. Eq. (2.11)]:

T b
/dt/déw(é,t) 55[];8] u'(ér) =
0 a

b

i / dEw(E,00(E — ) (E.1)

a

O\ﬂo\ﬂ

w(x, )u” (x,t) dt (7.151)

For the second intra-integral term, we have [cf. Eq. (2.12)]:

T b T b
SIK (O] : /
dr [ dEw(é ) —u' (&) =— [ dr [ dEw(&,8)0" (& —x)u'(&,1)

(7.152)

Integrating the integral over the interval [a, b] by parts:

b
/ dEw(E,1)0"(& — )il (&,1) = 8¢ — X)w(E, 0l (¢.1)[]

b

- /df 3(& —x)[w(&, ' (&,1)]'

= 3(& — x)w(& 0 (&, 1)~ w(x, 0 (x,1)]'
(7.153)

and substituting the result in Eq. (7.152), we obtain that everywhere within the
interval [a <x<b]:

T b

T
/dz/déw(é,t) 5([;25 "(&,1) :/ " dr (7.154)
0

0 a

Then, substituting Eqs. (7.151) and (7.154) into Eq. (7.150) and the result in
Eq. (7.148) and then in Eq. (7.147), we obtain:

R [ ; o
k() = 0/ {w(x, )u" (x, 1) + wlx, )i (x,1)]' } dr (7.155)


http://dx.doi.org/10.1007/978-3-319-15841-9_2
http://dx.doi.org/10.1007/978-3-319-15841-9_2

96 7 Sensitivity Analysis of Models ...

The baseline forward solution u(x, ) is available in a numerical form. Therefore, its
derivatives u'(x,¢) and u”(x,t) are also available via suitable numerical differenti-
ation schemes.

7.3.2 Wave Equation

The wave equation with Dirichlet BCs and a corresponding IVC has the form:

2
—é%JrAu:f(r,t) (7.156)
ulg= fs(rs, 1) (7.157)
Ulg=1o(r), | =fi(r) (7.158)

where c is the propagation speed of the wave. In the 1D case, denoting o = 1/c* we
write the forward problem, Eqs. (7.156)—(7.158) in the form:

—a(x, 1) U +u" = f(x,1) (7.159)
ul,=fa(t), ul,=f(1), (7.160)
Ug=hox), 4| =hH) (7.161)

Here we introduce the intermediate variables v = % and T’ = / , so that

u—v=0 (7.162)
and
W —-T=0 (7.163)
Then, Eq. (7.159) can be rewritten in the form:
—av4T =f (7.164)

Combining Egs. (7.162)—(7.164) into a matrix ODE, we have:

0 10 00 0\ /v -1 0 0 v 0
0 00 +(o 1 o0« ]+l 0 0 —1 ul=10] (7.165)
-2 0 0 00 1/\I" 0 0 0 r f

e ece
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Complementing the Dirichlet BCs, Eq. (7.160) by two indefinite BCs for compo-
nents v and I', we obtain the matrix BCs in the form:

01 0\ /v fa 01 0\ /v Jo
00 0)J{ull=(0]), {00 O0])]lul|l=]0O (7.166)
00 0 r/i, \o 0 0 0 r/|, \o

Similarly, complementing the IVC Eq. (7.161) by an indefinite IVC for the com-
ponent I we obtain the matrix IVC in the form:

01 0 ) ﬁ)
1 0 0]fu =|A (7.167)
00 0/\I'/|_, \O

To proceed, we need to interchange the upper two rows of the matrix coefficient B
and right-hand term in the matrix BCs, Eq. (7.166), to make compatible the matrix
coefficients B and D in the transformed Eq. (7.165) for further derivations of the
matrix adjoint problem. Also, we need to interchange the lower two rows of the
matrix coefficient C in the matrix IVC, Eq. (7.167), and multiply the resulting lower
row by —o to make this coefficient identical to the matrix coefficient C in the
transformed Eq. (7.165).

The resulting matrix BCs and IVC obtain the form:

0 00 v 0 0 00 v 0
010 ull=1(f]{0 10 ulll =1k (7.168)
0 00 r/i, 0 0 00 rj 0
0 1 0 v fo
0 00 u = 0 (7.169)
—a 0 0 '/ —afi

The corresponding matrix adjoint problem has the form of Egs. (7.26)—(7.28). To
formulate its right-hand term, we assume the observable R in the form of Eq. (7.43).
Then, from comparison with the general expression Eq. (7.44) we conclude that the
matrix observables weighting function W has here the form of a column vector

W= (7.170)

o< O

Making a realistic assumption that the wave propagation speed does not depend on
time, and repeating the pattern of derivations of the previous Subsection, we obtain
the sought for matrix adjoint problem in the expanded form:
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0 0 —u v* 0 00 v -1 0 0 v* 0
{10 o0 =101 of{luw ]+l 0 0 of{w|=|p
00 0 > 00 1/)\r* 0 -1 0/)\r* 0
(7.171)
00 0 v* 0 00 0 v* 0
00 0 w ll=10],10 0 o0 w ll=[0] (7.172)
oo —1/\r /| \o oo —1/\r /|, \o
0 0 —« v* 0
1 0 0 u* =10 (7.173)
o0 o/\r/|_, \o

Rewriting the Egs. (7.171)—(7.173) in the form of a system of scalar PDEs with
corresponding BCs and a FVCs and discarding the indefinite BCs and FVC, we have:

ol * —0* =0 (7.174)

-0 —u'=p (7.175)

. (7.176)

r,=0, I*[,=0 (7.177)

r*,_,=0, I'*| =0 (7.178)
=T

[In the second FVC of Eq. (7.178) we made use of Eq. (7.174)]. From Egs. (7.174)
and (7.176) we have:

—v = —al*, —u’ =T (7.179)

Here we made a realistic assumption that the propagation speed of the wave does
not depend on time. Substituting in Eq. (7.175), we obtain the scalar adjoint wave
equation:

—al* 4+ T =p (7.180)

Introducing the scalar adjoint solution w = I'*, we can rewrite the PDE Eq. (7.180),
BCs Eq. (7.177) and FVCs Eq. (7.178) in the form of the scalar adjoint problem
corresponding to the forward problem, Egs. (7.159)—(7.161):



7.3 Applications to Non-stationary Problems 99

1.'

—C—zw—i—w/’ =p (7.181)
w|,=0, w|,=0 (7.182)
wl_,=0, w| =0 (7.183)

where in the scalar PDE, Eq. (7.181), we returned to the wave propagation speed
via the relation o = 1/c2.

All forward problems considered in this chapter so far were limited to 1D space.
Now we move on to higher-dimensional spaces.

7.4 Stationary and Non-stationary Problems in 2D and 3D
Space

7.4.1 Poisson Equation

We consider a forward problem with the Poisson equation and the Dirichlet BC,
Egs. (7.31) and (7.32), where the Laplacian A in the equation is represented as a
product of two V—operators:

VIVu =f(r) (7.184)
uls= fs(rs) (7.185)

To reduce the PDE of 2nd order Eq. (7.184) to a system of PDEs of Ist order we
introduce the additional dependent variable, the vector I' = Vu. Then, Eq. (7.184)
becomes a system of two PDEs of 1st order:

Vu—-T =0 (7.186)
viT =f (7.187)

The system Eqgs. (7.186) and (7.187) is further combined into a single matrix ODE
of 1st order similar to Eq. (7.2). In expanded form we have:

GO NE-() o
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Note that in Eq. (7.188), the analog of the matrix coefficient D in Eq. (7.2) becomes
a matrix differential operator.

The form of Eq. (7.188) implies that the BC imposed on the component u has to
have a vector form. The natural way to implement this requirement is to multiply
both sides of Eq. (7.185) by a unit vector n, normal to the boundary S at a given
point rg:

nu|g= nfs (7.189)

To ensure that the component I' does not constrain the forward solution u, we
impose on it an indefinite BC in the form:

0'T|=0 (7.190)

The resulting matrix forward problem in the expanded form is as follows:

o) ®)-6 -0 .
(5 o) (1)~ (%)

Thus, it has the form similar to that of the system Eqgs. (7.2) and (7.3):

DX +AX =S,
{ BX|s= S (7.192)
where
(Vv Oy , (0 I\ . (0 . (n O\ ., [nfs
=7 w)a=(o ot )is=(7)o=(5 o)iss= ()
(7.193)

And, in matrix operator form we have the higher-dimension analogue of Eq. (7.4):
DX + AX — o(r —rs)BX = S, — o(r — r5)Ss (7.194)

Now we derive the matrix adjoint operator using the Lagrange identity, where
the inner products (X#,LX) and (L*X*,X) are understood as integrals over the 2D
or 3D domain V. For the 2nd and 3rd terms in the left side of Eq. (7.194), we
immediately obtain:

/ XTAX dV = / (ATx*) xdv (7.195)

Vv Vv
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/ XT5(r — rg)BX dV = / XTBX dS = / (B"x*)'x ds (7.196)
v s s
For the first term in the left side of Eq. (7.194), we consider the 2D and 3D cases
separately.

In the 2D case, representing the integration over the domain V explicitly by
integration over x and y, we have:

fonar= fa[o(1) (S &)(1)

1%

:/dx/dyGi)T(VVT”F) :/dx/dy(u*TVu+r*vTr)

(7.197)

Representing all vector quantities through their x- and y-components, denoting
0y = 0/0x, 0y = 0/0y, and re-grouping the terms, we have:

/ X TDX dvV = / dy / dx ('O + T°0,T) + / dx / dy (u;aywr*ayry)
v v %

(7.198)
Integrating by parts the inner integrals in the right side of Eq. (7.198), we have (cf.
Fig. 7.1):
ymux
* * * * x2(y)
/ dy / dx (uOu + T*0,Ty) = / dy (uyu + T°T) |7
Vv Ymin
- / dv (duu + 0, Ty) (7.199)
14

Xmax

/dx/dy (u;é)qurF*@yFy) = / dx(u;quF*Fy)

1% Xmin

= / av (Buu+ o, (7.200)
Vv

y2(x)

y1(x)
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(a) sl (B) yp

; Y4(X)

min X —— Xmax X —

Fig. 7.1 Limits of integration over the 2D domain: a in Eq. (7.199), b in Eq. (7.200)
Substituting Egs. (7.199) and (7.200) in Eq. (7.198) and re-grouping the terms, we have:

/X*TDX dv = — / dV[(axu; + 8yu;)u +o,I'T, + avr*l"},}

Vv Vv
Ymax Xmax
) () N
+ dy(uxu + F*Fx) + dx(u;‘u +T Fy)
x1(y) ’ yi(x)
Ymin Xmin
(7.201)

Now, representing the outer normal n to the boundary contour § in the form (cf.

Fig. 7.2):
() e

and substituting dx = —n,dS and dy = n,dS into integrals over x and y, we can re-
write Eq. (7.201) in a vector form:

dx<0;dy>0
n,>0;n,>0

dx>0;dy>0
n.>0;n,<0

Fig. 7.2 Definition of the outward normal n to the boundary S of a 2D domain using components
dx and dy of the differential dS. By absolute value, |n,| = |dy/dS|, and |n,| = |dx/dS|. With the

chosen counterclockwise direction of integration along the boundary, n, = dy/dS, and
ny, = —dx/dS
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/X*TDX dv = —/dV[(VTu*) u+ (V)]
14 14
+ /dS (n"u*u +I'"n'T)
N

S e [ () () o

In the 3D case, representing the integration over the domain V explicitly, by
integration over x, y, and z we have:

/X*TDde—/dx d/d (“*>T< v”)
- Y] S\ ) \vrr
v v

(7.203)

= /dx/dy/dz(u*TVu+F*VTF)
v
= / dz / dy / dx (;0u +T*9,T,) (7.204)
v
+/dz/dX/dy (u;favu+F*3yFy)
v

+/dz/dy/dx(u:81u+l"*8zl“z)
v

Representing all vector quantities through their x-, y- and z-components, denoting
0, = 0/0z, re-grouping the terms, and integrating by parts the inner integrals in the
right side of Eq. (7.204), we have:

/dy/dz/dx(u;f)‘xu—i-r*axrx) = /dy/dz (u;‘u—i—r*rx)
14 Vyz

x2(:2)

x1(v:2)
(7.205)
- / dV (Qaiiu + 0, Ty)
Vv
2(x,2)
/dx/dz/dy (u;(?yu—i—l“*ayl“y) = /dx/dz (u;u+r*ry> y( Z)
yi(x,z
v Y (7.206)
- /dV (%u;u + 8yF*I“y)

14
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/dx/dy/dz(ujazu+F*6ZFZ)z/dx/dy (iu+1"T.)
e

Vxy

2(xy)

z1(x,y)
(7.207)
- / dv (0.ulu + 0.I°T;)

\%

where Vyz, Vxz,and Vxy are 2D projections of the volume V at planes of coordi-
nates (v,z), (x,z), and (x,y) respectively. Substituting Egs. (7.205)—(7.207) in
Eq. (7.204) and re-grouping the terms, we have:

/ XTDX dV = — / av [(axu; + o+ azuj) u+ 0,7 Ty + 0,1, + 8;*1“4
\%4
x2(y,2)

x1(y:2)

14
+/dy/dz (wju+T7T)
Vyz

+/dx/dz (u;qur*ry)

Vxz Vxy

y2(x,2) 2(xy)
+/dx dy (ufu+TI"T)

y(xz

21 (xy)
(7.208)

Now we represent the outer normal n to the boundary surface S in the form

Ty +dy - dz/dS
n=|n | =| +dv dz/ds |, (7.209)
n, +dx - dy/dS

where dS is the element of the boundary dx, dy, and dz are its projections at the
corresponding axes of coordinates, and the signs of the components at a given point
of the boundary are chosen to keep the normal n pointing outward. Substituting
dydz = £n,dS, dxdz = £n,dS and dxdy = £n.dS, we can re-write Eq. (7.208) in
the same vector form as Eq. (7.203). Further on, representing

Vi (VT O\ [u* and nu*) (n” O0)\/u
vl )\ o Vv r ) n[* ) L0 n r*
for both 2D and 3D cases, we obtain
XTDX dV = VEON (NI (T 0 (W] ()
Jrroxav=— {5 Q) (E)] (o 105 2) )] (E)
|4 \4 N
- - / (D"x*) xdV + / (IX)"Xds

v N

(7.210)
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where

J= (2; 2) (7.211)

is a quasi-identity matrix, a higher-dimensional analog of the identity matrix.
Summing Egs. (7.210), (7.195) and (7.196) together, we obtain:

(X", LX) = / (—DTX* +ATX*) X aV — / (BT —7)x*]'x ds  (7212)
14 s
Resulting adjoint matrix operator has the form:
L'X* = —D'X* +ATX* — §(r —r5) (B" —J)X* (7.213)
And we obtain the corresponding matrix adjoint problem in the form

_ Ty Ty« _
{ DTX* +ATX* =W, (7214)

(BT — )X*|s= W,

We assume the observable R in the form analogous to Eqs. (7.43) and (7.44):

R:/mmmnwzwﬂ) (7.215)
R= / Wi(r)X(r) dV = (W,X) (7.216)
Vv

where the matrix observables weighting function W has the form of a column block
vector

W= (p ) (7.217)
0
In the expanded form we have:

(o o)) () (r)=6)
(5 %) (F)- (2
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The corresponding system of 1st order PDEs with BCs has the form:

Vi =p
—VI"—u* =0
(0"w* +0-T%)[ =0
nl™*|=0

(7.219)

Applying the operator V7 to the 2nd equation of the system Eq. (7.219), and
substituting the result in the 1st equation of this system, we obtain a PDE with
respect to a scalar function I™*:

VIV =p (7.220)

Discarding the indefinite BC in the system Eq. (7.219), we rewrite the remaining
BC in this system in the form:

=0 (7.221)

And, introducing the scalar adjoint solution w = I'*, we obtain the scalar adjoint
problem corresponding to the scalar forward problem, Eqs. (7.184), (7.185):

VIVw =p (7.222)

wlg=0 (7.223)

7.4.2 Wave Equation

We consider a forward problem with the wave equation, Dirichlet BC, and an IVC,
Egs. (7.156)—(7.158). Representing the Laplacian A in the equation as a product of
two V—operators, and denoting again « = 1/c?, we have:

—a(r,1) U +VTVu = f(r,1) (7.224)
uls= fs(rs, 1) (7.225)
Uy =for), | =fi(r) (7.226)

To reduce the PDE of 2nd order Eq. (7.224) to a system of PDEs of 1st order we

introduce additional dependent variables v —=u and T = Vu. Then, Eq. (7.224)
becomes a system of three PDEs:
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w—=0 (7.227)
Vu—-T=0 (7.228)
—a0+VIT =f (7.229)

The BC imposed on u and an indefinite BC imposed on I' in the form of
Egs. (7.189) and (7.190) are complemented by an indefinite BC for the additional
dependent variable v:

0-v|g=0 (7.230)

The IVCs, Eq. (7.226), imposed on u and v are complemented by an indefinite IVC
for the additional dependent variable I':

or|_,=0 (7.231)

To proceed, we need to perform transformations of the resulting matrix BC and
IVC as we did in the 1D case with Egs. (7.166) and (7.167). The resulting matrix
forward problem in the expanded form is as follows:

0 1 0" D 0 0 o0 v -1 0 0 v 0
OOOL.tJrOVO ul+1 0 0 —I ul=10
-2 0 0"/ \r o o V') \TI 0 0 oF r f
0o 0 oF v 0 0o 1 0 v fo
(o) ul=1ns51;] 06 0 O u = 0
00 0)\I'/g 0 -2 0 0"/ \I') _ \-o
(7.232)
Thus, it has the form similar to that of the system of Eqgs. (7.17)—(7.19):
BX|g= S5;CX|,_o=So
where the block matrix C in the matrix ODE and IVC has the form:
0o 1 o
C= 0 0 O (7.234)
-0 0 0F

And, in matrix operator form we obtain the higher-dimensional analogue of
Eq. (7.20):
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CX +DX +AX — 3(r — rs)BX + 0(1)CX = S, — d(r — r5)Ss + ()So  (7.235)

Now we derive the matrix adjoint operator using the Lagrange identity, where the
inner products (X*, LX) and (L*X*, X) are understood as integrals over the 2D or 3D
domain V complemented by integration over the time interval of integration [0, T].
Once again, we make a realistic assumption that the wave propagation speed does not
depend on time. For the 3rd and 4th terms in the left side of Eq. (7.235), importing the
results of the previous Subsection, we have [cf. Eq. (7.195) and (7.196)]:

T T

/ dr / dVXTAX = / dr / dv(a™x*) x (7.236)

0 Vv 0 Vv

T T
/ XT§(r — rg)BX dS = / dt / dSX*'BX = / dt / dS(BTX*)TX (7.237)
0 0 S

Vv S

For the 2nd term, following the pattern of derivations in the previous section, we
have [cf. Eq. (7.210)]:

T T T

/dt /dVX*TDX = —/dr /dV (D"x)"'x +/dz /dS X)X (7.238)

0 14 0 0 S

where [compare with Eq. (7.211)]

0 0" 0
J=[0 nT o0 (7.239)
0 O n
Finally, the Ist term is handled by integration by parts over #:
T T T
. L4 =
/dz /dVX*TCx: - /dt /dV (CTX*) X—l—/dV [c"x*]"x , (7:240)
=
0 4 0 4 4
Substituting Egs. (7.236)—(7.238) and (7.240) into Eq. (7.235), we obtain:
z T
(X*, LX) = / dt / dV(—CTX* —DTX*+ATX*> X
0 v
T
f/dt/dS[(BTfJ)X*]TX+/ dv(c'x*)"'x . (1241)
t=
0 s 14
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The resulting adjoint matrix operator equation has the form:

LI'X' = -C'X* —D'X* + A"X* — §(r —r5)(B" —J)X* + 6(t — T)C"X*

(7.242)
And we obtain the resulting matrix adjoint problem in the form
—CTX* —-D'X* + ATX* =W,
(B" — J)X*|s= W (7.243)

CTX*|,_;= Wr

Assuming the observable R as defined in the form analogous to Eqs. (7.215) and
(7.216)

R= [ dr | dVp(r,t)u(r,t) = (p,u) (7.244)
o/ v/
R= [ dr [ dVvWI(r,0)X(r,t) = (W,X) (7.245)
0/ v/

in the expanded form we have:

0 o' —qu v*
—(1 07 0) w —(
0 0 0 e
0o o' o v* 0
0o 0" o uw | =10];
B8 o)) )

Rewriting the system Eq. (7.246) in the form of a system of scalar PDEs with
corresponding BCs and an FVC and discarding the indefinite BCs and FVC, we
have:

0 0" o v* -1 0" o v* 0
o Vvl o ut | + o' o uw|=1|p
0 O V r -1 0 I 0

(7.246)

al™—v"=0 (7.247)

—v =Viu' =p (7.248)

—VI* —u' =0 (7.249)
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nl*|,=0, nI"[,=0 (7.250)
r“|_,=0, T* =0 (7.251)

[In the second FVC of Eq. (7.251) we made use of Eq. (7.247)]. From Eqgs. (7.247)
and (7.249) we have:

v* —aT*, —V0iu* =vIvr (7.252)

Substituting in Eq. (7.248), we obtain the scalar adjoint wave equation:
—a T 4VIVI* =p (7.253)
Introducing the scalar adjoint solution w = I'*, we can rewrite the PDE Eq. (7.253),

BCs Eq. (7.250) and FVC Eq. (7.251) in the form of the adjoint problem corre-
sponding to the forward problem, Eqs. (7.224)—(7.226):

1 (1]
wlg= 0 (7.255)
wl_;=0, W =0 (7.256)

where in the PDE, Eq. (7.254), we returned to wave propagation speed via the
relation o = 1/c2.
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Chapter 8
Applications of Sensitivity Analysis
in Remote Sensing

Abstract In this chapter we consider the practical applications of sensitivity
analysis in remote sensing. After a brief review of various types of sensitivities, we
consider three main areas of applications: the error analyses of input and output
parameters and the solution of inverse problems. The error analysis of output
parameters with given errors of input parameters is most straightforward. The
corresponding algorithm involves, essentially, only matrix multiplication. The error
analysis of input parameters with given requirements to errors of output parameters
becomes more complicated if the matrix of sensitivities cannot be inverted directly.
The solution of inverse problems is the most sophisticated area of application of
sensitivity analysis. Here, the simple forms of least squares method and of the
method of statistical regularization are presented.

Keywords Random variables - Error analysis « Inverse problems

8.1 Sensitivities of Models: A Summary

As stated in Chap. 2, in general, both input and output parameters of models used in
remote sensing can be of two types: discrete parameters and continuous parameters.
The latter, by their nature are functions of some arguments, which are considered to
be independent variables. In this Section we consider both types of parameters, as
well as sensitivities to discrete and continuous parameters.

8.1.1 Discrete Parameters and Continuous Parameters

We will refer to discrete input and output parameters as D; and D,, respectively.
Accordingly, we will refer to continuous input and output parameters as F;(¢) and
F,(n), respectively. As shown in Chap. 2, sensitivities of any output parameters to
discrete input parameters are partial derivatives:
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oD, OF,(n)
871)14 s and 8Dl

(8.1)

And, sensitivities of any output parameters to continuous input parameters are
variational derivatives:

5F,(n)
h(E ™ SR

(8.2)

Sensitivities to functions that are the continuous parameters of the models do
depend on the arguments of these functions. Let £; and &, be two different types of
arguments of the input functions. Then, for any type of output parameter denoted
here by P,, we have:

0P, 0P, &
OFi(&)  OFi(&)) 9

(8.3)

The functional interdependence between &; and &, is assumed to be known, and the
partial derivative 0&,/9¢&, is available.

In practical applications, the continuous parameters of the models, both input
and output parameters, are tabulated on suitable grids of their arguments, thus
spawning the sets of corresponding discrete parameters. Sensitivities of output
parameters on grid values of continuous input parameters become corresponding
partial derivatives, which are expressed through the values of variational derivatives
at the gridpoints {&;} as follows:

oP, oP,

OF(&) SR, M (8.4)

where A4;¢ is a mesh width at a gridpoint &;.

In the remainder of this chapter we assume that the continuous input and output
parameters are represented by their grid values. We will denote the resulting set of
the grid values of input parameters by an m—vector X. The corresponding set of the
output parameters is denoted by an n—vector y.

8.2 Error Analysis of Forward Models

Any model that is intended to be compared with observations is associated with
intrinsic uncertainties. The output parameters of forward models bear uncertainties
caused by errors of knowledge of the input parameters. The values of input
parameters retrieved from measurements of output parameters are associated with
uncertainties caused by measurement errors. In general, any quantitative result in
science and technology has to be associated with its uncertainty. The science of
remote sensing is, of course, not an exclusion from this rule.
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8.2.1 Statistics of Multidimensional Random Variables

Consider a set of random variables x, which obeys a multi-dimensional Gaussian
distribution, specified by the average (x) and a covariance matrix

L= (x—{x)x-x)") (8.5)

Note that by definition, the covariance matrix X is symmetric: ¥7 = ¥. This means
that its inverse is also a symmetric matrix (See Appendix). This circumstance will
be used in derivations below.

Up to a non-essential normalization factor, the Gaussian probability distribution
function (PDF) of x has the form:

1 -
o)~ exp(— 50— )2 (x x) ) (86)
which can be reduced to a simpler form:
1 7 T
P(x) ~ exp —5X Wx +w'x (8.7)

where
w=x" (8.8)

is the inverse of the covariance matrix X of the Gaussian distribution Eq. (8.6), and
thus is also symmetric, and

w = W(x) (8.9)

is a constant vector directly associated with the average (x).

In derivations below we will reduce the PDFs of random variables of question to
the form of Eq. (8.6) and will use Egs. (8.8) and (8.9) to obtain the average (x) and
the covariance matrix X, which are used here for various applications.

8.2.2 Error Analysis of Output Parameters

When planning a remote sensing experiment, it is of obvious importance to estimate
the uncertainties of the output parameters, i.e., the observables, as defined by tol-
erable errors of the input parameters to be retrieved. With this capability available,
one can place the requirements on the errors of measurements as defined by
requirements on the retrieval errors. Availability of the matrix of sensitivities—a
jacobian
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_

K= 7% (8.10)
provides this capability.
We assume that the vector of measurement errors
e=y—(y) (8.11)
obeys the Gaussian distribution with the inverse covariance matrix
Wy = (eg”) (8.12)

and the average (g¢) = 0. Denoting 0x = x — (x) and assuming a linear approxi-
mation, we have:

¢ = Kox (8.13)
Using the general definition of the covariance matrix Eq. (8.5) we have:
¥, = (Kox(Kox)") (8.14)

After a few transformations, and using Eq. (8.5), with the substitution
0x = x — (x), we obtain the covariance matrix of the output parameters as
expressed through the covariance matrix of the input parameters Xy and the jaco-
bian K, which is the product of the sensitivity analysis of the model considered:

r, = K3,K' (8.15)

8.2.3 Error Analysis of Input Parameters

When retrieving the input parameters from measurements of the output parameters,
it is of obvious importance to estimate the uncertainties of the retrieved parameters
as defined by given errors of measurements. If the jacobian matrix K can be
inverted, then from Eq. (8.13) we have:

ox=Kle (8.16)
Using the general definition, Eq. (8.5) we have:
-1 —1.\7 1/ peT -\T —1 -\T
Zo= (K 's(K'e) ) =K' (se ) (K ) = K '5, (K ) (8.17)

The general case, when the jacobian K cannot be inverted directly is considered
below.
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8.3 Inverse Modeling: Retrievals and Error Analysis

Inverse modeling represents the essence of remote sensing. The measurements of
the output parameters, observables, provides information that is used to constrain
the model input parameters of interest, i.e., to obtain their estimates, along with the
estimates of their uncertainties, i.e., retrieval errors.

8.3.1 General Approach to Solution of Inverse Problems
in Remote Sensing

Most books on inversion methods begin with this matrix equation:
Kx =y (8.18)

where the vector y represents the difference between the vectors of measured and
modeled output parameters, and the vector x represents corresponding increment of
the current vector of input parameters. This increment is the solution of the line-
arized inverse problem as represented by Eq. (8.18). Of course, the matrix of
sensitivities K (the jacobian) as assumed to be known.The vector y is treated as a
random variable, with the average (y) corresponding to the set of measured
observables and covariance matrix Xy describing the measurement errors. In the
case of non-correlating measurement, Xy is a diagonal matrix

X, = diag(s7) (8.19)

where the set {s;} represents the error measurements of the components {y;} of the
vector y.

The vector x is treated as a random variable, with the conditional PDF of x,
which up to a non-essential normalization factor is defined as

1
P(x]y) ~ exp(— 5xTwa + w,{x) (8.20)

where Wy and wy are derived from given parameters Wy and wy of the PDF of the
vector y and from the jacobian K = dy/dx. Also, if the system of equations rep-
resented by the matrix equation Eq. (8.18) is underdefined, then some a priori
information on the solutions x should be exploited. The cases of corresponding
well-posed and ill-posed inverse problems are considered in the subsections below.
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8.3.2 Well-Posed Inverse Problems and the Least Squares
Method

We re-define the vector y as y — y + € by singling out its measurement error &.
Then Eq. (8.18) takes the form:

Kx=y+¢ (8.21)

Correspondingly, X; = Xy, and we have:

1 751
P(g) ~ exp (—58 )% s) (8.22)
Then the conditional probability P(x|y) takes the form:
P(x]y) = P(¢) = P(Kx —y) (8.23)

And, up to a non-essential normalization factor, we have:

PUoty) ~ exp(~  (x — y) "W, (Kx - y) ) (8.24)

The matrix-vector expression in the argument of the exponential function in
Eq. (8.24) can be transformed as follows:

(Kx — y)"Wy(Kx — y) = (Kx)"W,Kx — y/ W,Kx — (Kx)" W,y + y' Wyy

(8.25)
The term that is quadratic in x is transformed as:
(Kx)"W,Kx = x"K"W,Kx = x’ W,x (8.26)
and we obtain:
W, = K'W,K (8.27)
which yields the covariance matrix of the solution x [cf. Eq. (8.8)]:
L, = (K'W,K) ™' (8.28)

The terms that are linear in x are transformed to an identical form, because the
matrix Wy is symmetric [cf. Appendix, Eq. (A.7)]:
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v W,Kx = (K'W,y) x (8.29)
(Kx)" W,y = (Wyy) Kx = (K"W,y) x (8.30)
Their sum is transformed as
v WyKx + (Kx)" W,y = 2(K"W,y) x = 2w’x (8.31)
where the vector
wy = K'W,y (8.32)

yields the average of the solution x of Eq. (8.21) in the form [cf. Eq. (8.8), (8.9) and
(8.28)]:

(x) = (K'W,K) K" W,y (8.33)

Equations (8.33) and (8.28) provide the least squares solution of the inverse
problem Eq. (8.18).

The least squares method (LSM) works well if the non-linearity of the forward
problem is not too pronounced. If the non-linearity becomes essential, then the
iterations based on the use of LSM might not converge to the final solution. The
method developed by Levenberg and later refined by Marquardt is more robust in
such a case. A description of this method may be found elsewhere (see the Ref-
erences Section).

8.3.3 Ill-Posed Inverse Problems and the Statistical
Regularization Method

In some sense, this method can be considered as an extension of the LSM. In a
number of situations, direct application of the LSM to the inverse problem Eq. (8.2)
results in a non-physical solution. For example, retrievals of profiles of atmospheric
parameters specified on a fine grid might result in a solution with large variations of
the grid values from one gridpoint to another.

In such cases, one remedy is in exploiting of additional, a priori information
about the solution. The widely used technique is based on specifying this infor-
mation in the form of its expected average X, and covariance matrix Xy ,, which are
obtained from available statistics about the solution, such as long-term averages, or
merely from physically reasonable assumptions about it. The off-diagonal terms of
Y o describe the expected correlation between the elements of the solution x. Then,
up to a non-essential constant factor, the a priori PDF of the solution x has the form:
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P,(x) ~ exp (— % (X — X0) Wya(x — xa)) (8.34)

where Wy, =X . The conditional probability P(x|y) given by Eq. (8.24) is
replaced by the product

(Kx — 3)" W, (Kx ) = (x - ) W %))

(8.35)

P(x]y) = P(x]y)Pu(x) ~ exp(_%

The first term of the matrix-vector expression in the argument of the exponential
function in Eq. (8.35) is identical to the matrix-vector expression in the argument of
the exponential function of Eq. (8.24), and it is split into the quadratic and linear
terms, as given by Egs. (8.26), (8.29) and (8.30). The second term is transformed in
an analogous way:

(x — xa)TWw (X — Xg) = X' Wy X — X Wy X — X' Wy X, + X Wy X, (8.36)

Summing the terms that are quadratic in x given by Eq. (8.26) with those contained
in Eq. (8.36),we have:

X' K'WyKx + x" Wy .x = x" (K"W,K + Wy, )x (8.37)
And we obtain:
Wy = K"W,K + Wy, (8.38)
which yields the covariance matrix of the regularized solution x:
T, = (K'W,K + Wy,) ' (8.39)

The terms in Eq. (8.36), which are linear in x, are equal to each other because the
matrix Wy, is symmetric:

T
XZWWX = (Wz’axa> X = (Wx‘axa)Tx, XTWx,aXa = (Wx_,,,xa)rx (8.40)
Their sum is transformed as

X Wy X 4 X" Wy X, = 2(Wy x,) ' x (8.41)
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Adding the transformed linear terms in Egs. (8.31) and (8.41) we obtain:
2(K'Wyy) X+ 2(Wyox,) 'x = 2(K"Wyy + Wy ox,) ' x = 2w!x  (8.42)
where
wy = K'Wyy + Wy x, (8.43)
yields the average of the solution x of Eq. (8.21) in the form [cf. Eq. (8.9)]:
(x) = (K'W,K + Wy,) ' (K'Wyy + W, x,) (8.44)

Equations (8.44) and (8.39) provide the regularized solution of the inverse problem
Eq. (8.18).
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Appendix
Operations with Matrices and Vectors

This Appendix contains the minimum information necessary to understand the
material in this monograph involving the matrices and vectors.

A.1 Definitions

Throughout this monograph, matrices are understood as rectangular tables, com-
posed of scalar elements consisting, in general, of m rows and n columns:

Ay Ap oo Ay
Ay Ap ... Ay

A= . (A1)
Ami A ... A

and referred to as m X n matrices. Vectors are, essentially, n x 1 matrices (column
n— vectors, or just n—vectors) or 1 X n matrices (row n—vectors):

The scalars can be considered as 1 x 1 matrices, or 1—vectors.
The transpose A7 of matrix A, Eq. (A.1 ), is an n x m matrix with elements
(A7)

A =1 mj=1,.n) (A.3)
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In particular, vectors a and b in Eq. (A.2) are mutually transpose to each other if
a,‘:b,‘ (i: 1,...n):

b=a’ a=b" (A4)

The square matrix A is called a symmetric matrix if A7 = A.

Block matrices are defined as matrices, elements of which are matrices them-
selves (or vectors and scalars, in particular). These elements should satisfy two
requirements: (1) matrix elements of each row of the block matrix should have
equal numbers of rows; (2) matrix elements of each column of the block matrix
should have equal numbers of columns. In particular, an m X n matrix can be
considered both as a column m—vector consisting of m row n—vectors, and as a
row n—vector consisting of n column m—vectors.

A.2 Algebra of Matrices and Vectors

Matrices with matching numbers of rows and columns are added to, and subtracted
from each other just element by element:

(A);

)

+(B),

g

(A£B); (A.5)
The elements of the product of a matrix A with m columns and a matrix B with m
rows are defined as a sum of m terms:

m

(AB)ij: Z (A)ik(B)kj (A-6)

k=1

The resulting matrix AB has the number of rows corresponding to that of the matrix
A and number of columns corresponding to that of the matrix B. The number of
rows of the matrix A and number of columns of the matrix B can be arbitrary. In
general, the matrix product is not commutative, and AB # BA.

By direct substitution it can be seen that

(AB)T: BTAT7 (ABC)T: CTBTAT, etc. (A7>

Important particular cases are presented below.
The product ab of the row n—vector a and the column n—vector b is a scalar:

ab =" (a), (b), (AS3)
k=1
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The product ba of these vectors is an n X n matrix with elements:
(ba),; = (b)(a);, (i,j=1,...n) (A9)

The product ab of the scalar a and the row n—vector b is a row n—vector with
elements:

(ab),= a(b),

; (A.10)

The product ab of the column n—vector a and the scalar b is a column n—vector
with elements:

(ab),= (a);b (A.11)

In the remainder of this Appendix, speaking of vectors we mean column vectors.
The scalar, or inner, product (a,b) = a - b of two n—vectors a and b is defined
as a scalar:

c:a~b:aTb:zn:(a)k(b)k (A.12)
k=1

The tensor, or outer, product a ® b of an m—vector a and n—vector b is defined as
an m X n matrix

C=a®b=ab’ (A.13)
with elements
(C);= (a);(b); (A.14)

The identity matrix I is a square matrix with diagonal elements (I), = 1 and non-
diagonal elements (I), 2= 0. It commutes with any square matrix A of matching

size:
AI=TA=A (A.15)

The inverse matrix A~' of the square matrix A is defined as a square matrix
satisfying the equality

AAT =T (A.16)

By definition A~! commutes with A.



124 Appendix: Operations with Matrices and Vectors
The transpose and inversion operations are commutative:
~1 _I\T
(A7) "= (A7) (A17)

The simple proof of this consists in reduction of Eq. (A.17 ) to an identity I = I by
identical transformations: multiplication of both sides of Eq. (A.17 ) by AT,
application of Eq. (A.7 ) to A and A~!, and application of Eq. (A.16 ) to pairs

A, A" and AT, (AT)71 in both sides of the resulting equality.

A.3 Differential Operations

Derivatives of matrices and vectors with respect to a single scalar argument are
carried out element by element. In the general case of an m x n matrix, Eq. (A.1)
the derivative with respect to an argument x is an m X n matrix with elements:

(%),--: AA); (A.18)

dx dx

Derivatives with respect to spatial coordinates r in 2D and 3D space, which are
combined, correspondingly, in a 2— or 3— vector

X
r= (x), orr= |y (A.19)
Y z

are represented by the nabla operator V, which is, correspondingly, a 2— or 3—
vector

0/0x
0 <6/8x> 0
V=—= ,orV=—=1|09/0y (A.20)

The nabla operator can be applied both to scalars and vectors following the mul-
tiplication rules presented above. If a (r) is a scalar function, then

Oa/Ox
Vaz?z (gaégx>, 0rVa=?: da/dy (A.21)
r arey r da)dz
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is, correspondingly, a 2— or 3— vector. The result is a gradient of a: Va = grad a.
If a(r) is a 2— or 3— vector function, then

ox Ody 0z
The result is a divergence of a: V'a = div a.
Derivatives of products of matrices and vectors are, in suitable notations, the
straight forward generalizations of the case of scalar functions of a single scalar
argument:

(uv)'= u'v + w' (A.23)
For the general case of the product of a matrix A with m columns and a matrix B
with m rows, by direct substitution it can be seen that the elements of the derivative

with respect to a single scalar argument have the form [cf. Eq. (A.6 )]:

(AB)=A'B + AB’ (A.24)

A.4 Integral Operations

Integration of matrices and vectors with respect to any scalar argument are carried
out element by element. In the general case of an m x n matrix A, Eq. (A.1 ) the
integral over an argument x is an m X n matrix with elements:

(/A dx)ij:/(A)ij dx (A.25)

Integration over a multidimensional domain D, of arguments x is reduced to a
corresponding multiple integration:

/Adx = / (A); dx (A.26)

By analogy with the inner product (a,b) of two scalar functions a(x) and b(x)

(a,b) = / a()b(x) dx (A27)

Dy
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the inner product of two vector functions a(x) and b(x) has the form:
(a,b) = / a’ (x)b(x) dx (A.28)
D.\'

Similarly, the inner product of two matrices A and B with a matching number of
rows has the form:

(A,B) = / AT(x)B(x) dx (A.29)

In particular, the inner product of an n x m matrix A and an n— vector b has the
form:

(A,b) = / AT(x)b(x) dx (A.30)

Dy
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