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Preface

During the last few decades, the use of polymeric materials has grown so that they
form the most important class of materials if counted by volume and it can be
regarded as certain that their growth rates will remain high in the future. While at
the beginning of the era of polymers Chemistry was the predominant science,
Engineering and Physics have become more and more requisite for the successful
development of polymeric materials. Engineering, as the efficient production of
materials of good quality and their highly sophisticated processing have developed
into key factors of economic success; and Physics, as material properties have
become decisive for specific applications and the continuing innovation and
improvement of products. These requirements cannot be fulfilled without a
fundamental knowledge of polymeric materials and a profound understanding of
the relations between the molecular structure of polymers and their physical and
processing properties.

These developments and the increasing number of joint uses of various mate-
rials in highly sophisticated technical products led to the foundation of special
institutes devoted to materials science at some universities about 40 years ago.
Besides classical materials like metals, glass, and ceramics, polymers became a
central point of academic teaching and research. This book has its origin in lec-
tures for students in the field of polymeric materials within the Department of
Materials Science and Processing at the Friedrich-Alexander-University Erlangen-
Nürnberg. Its main intention is to teach the basics about polymers necessary for
everybody working with these materials. One part is based on the textbook
‘‘Polymermechanik,’’ which appeared in 1990, the other stems from more recent
lectures.

The book follows two main guidelines. One is a quantitative description of the
molecular structure, though this has sometimes had to be simplified due to its
complex nature. The other presents relationships between molecular quantities and
material properties, which cover the solid and the molten state. The temperature is
the key external parameter according to which the mechanical behavior is com-
prehensively discussed. Nevertheless, this work has to be regarded neither as a
complete text book on the mechanics of polymer materials nor on their rheology.
Rather, it is meant to discuss these fields from a common viewpoint, which
encompasses the transitions between the solid and molten states.
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‘‘Tools’’ are described insofar as they are believed to be necessary for a deeper
understanding of the results presented. They comprise measuring devices as well
as mathematical formalisms required for dealing with large deformations.

Much space is devoted to the linear theory of viscoelasticity as it is coherent in
itself and allows quantitative insights into relations between properties and
molecular structure. Theories covering the nonlinear viscoelastic regime which
dominates processing are not yet in a state of development enabling quantitative
descriptions of properties and processes with a generality comparable to the linear
behavior. This has to be said, although many theories have been published since
1990, the year of the appearance of ‘‘Polymermechanik.’’ Nevertheless, an over-
view of constitutive equations based on various models is given and some of their
predictions are compared with experimental findings.

In many parts of the book, results of investigations performed at the Institute of
Polymer Materials are presented. They are examples of how research and estab-
lished knowledge can become complementary parts of teaching. Regarding the
references, long lists, which could easily be obtained today from various electronic
bibliographies, have deliberately been avoided. Instead, a selection of original
literature is cited, which opens the door to deeper information for those who are
interested in more details.

The book is written from our experience of teaching the knowledge on poly-
meric materials, which we think to be useful for people interested and engaged in
this class of materials. We hope it will be helpful for students to consolidate and
broaden their knowledge, to researchers in the field of polymers at various insti-
tutions, and even to those working in industry, whenever they would like to get
some fundamental questions answered, which arise from dealing with polymers.

As it is obvious from the reference lists, the originality and actuality of the
results presented in this book are based, to a high degree, on the research of
doctoral students under the guidance of the authors of this book. Particularly
appreciated are the contributions from the theses of:

Dr. Dietmar Auhl
Dr. Hans-Jürgen Grieß
Dr. Daniela Hertel
Dr. Jens Hepperle
Dr. Claus Gabriel
Dr. Ute Maria Kessner
Dr. Stefan Kurzbeck
Dr. Julia Maria Resch
Dr. Martin Schwetz
Dr. Florian Stadler
Dr. Jens Stange
Dr. Thomas Steffl
Dr. Erik Wassner
Dr. Friedrich Wolff

Dr. Robert Greiner
Dr. Joachim Kaschta
Dr. Günther Link
Dr. Walter Pfandl
Dr. Michael Wolf
Dr. Franz Zahradnik
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Chapter 1
Introduction

1.1 General Aspects of Polymeric Materials

Polymers consist of macromolecules composed of a great number of basic units
called monomers, which are connected to each other in an identical way. Polymers
that are ubiquitous in nature and can be regarded as the basis of life are called
natural polymers. Examples are proteins and polysaccharides. Proteins are the
basic elements of various nucleic acids or natural silk, for example, polysaccha-
rides of cellulose, starch, or chitin. Cellulose is the main component of the
extremely versatile material wood and starch the base of many kinds of food.
Another example is natural rubber, a cis-isoprene (cf. Table 4.4) which has found
an important technical application in tyres.

Synthetic polymers are products of modern times. Polyvinylchloride was syn-
thesized on a laboratory scale in 1913, but not industrially produced before the
1930s, the time when polystyrene and polymethylmethacrylate made their first
steps in applications. The breakthrough of synthetic polymers started in the 1950s
due to the invention of the Ziegler–Natta catalysts which made an economic
production of polyethylenes and polypropylenes possible. Ziegler and Natta
received the Nobel Prize for their inventions in 1963. Another key for the over-
whelming success of polymers as a new class of materials was the abundance of
cheap monomers based on improved and scaled-up petrochemical processes.

Synthetic polymers can be divided into materials that are able to be shaped and
those that can only be applied together with a substrate. The latter comprise
dispersions, varnishes, paints, and functional polymers. The shapeable polymers
are split into duromers, elastomers, and thermoplastics (cf. Sect. 4.1), whereby
thermoplastics have the largest market share.

Synthetic polymeric materials can be made in a great variety of modifications as
becomes evident from the schematics in Fig. 1.1. Not all thinkable combinations
of chemical moieties arranged in various structures can be synthesized, however,
and even of those feasible to make, only a few show properties interesting for
applications. Nevertheless, Fig. 1.1 gives an idea of the wide scope of products
obtainable by polymerization.
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Linear polymers synthesized from one special monomer, like high density
polyethylene, polypropylene, polyvinylchloride, and polystyrene, for example,
form the largest stake in the market. Besides the chemical nature of the monomer
the chain lengths and their distributions can be varied. As will be discussed later,
these changes in molar mass and molar mass distribution have a decisive influence
on properties of polymeric materials. Additionally, branches can be introduced. As
their length, concentration, and distribution along the main chain can be changed, a
great variation in the architecture and following from that the tailoring of prop-
erties become possible. Low density polyethylene is an example for such a
branched product with a broad field of applications.

The number of products becomes still more diversified if two different mono-
mers are copolymerized. As sketched in Fig. 1.1 this can be done in various ways.
The monomers can statistically be distributed along the chain or arranged in
blocks. These species are named statistical or block copolymers, respectively.
Composing a main chain of blocks of different lengths or generating branches with
one species of monomer by grafting, open up a field of macromolecules with great
chemical and structural varieties. Styrene is suitable for copolymerization with
acrylonitrile or butadiene resulting in engineering copolymers consisting of sta-
tistically arranged styrene and acrylonitrile (SAN) or styrene-butadiene blocks
(SBS), respectively. Once again one can imagine how manifold the chemical and
structural compositions of the molecules could in principle be.

Copolymerization plays an important role for polyethylenes, too. Olefinic
monomers up to eight carbon atoms (octene) are copolymerized with ethylene and
yield short-chain branches. These materials are called linear low density poly-
ethylenes (cf. Sect. 4.1). Copolymerization of ethylene and polar monomers like
vinylacetate result in grades with specific adhesion properties.

Linear homopolymer

Branched homopolymer

Statistical copolymer

Block copolymer

Multi-block copolymer

Graft copolymer

High density polyethylene
(HDPE)

Low density polyethylene
(LDPE)

Styrene acrylonitrile
copolymer (SAN)

Styrene-butadiene
Block copolymer (SB)

Styrene-butadiene-styrene
Block copolymer (SBS)

Styrene-butadiene graft
copolymer (B-g-S)

Fig. 1.1 Schematic examples of molecular architectures of synthetic polymers
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These few examples demonstrate the diversity of polymeric materials and their
potential to get tailored for special applications. Therefore, it is not surprising that
polymers have substituted metals and natural materials like wood in many
applications. Indeed, they have reached a very important economic and technical
position within only 50 years and the industries related to them play an important
role in many countries today.

In parallel to the development of synthetic polymers on a laboratory scale,
scientific questions regarding their structure and physical properties have come up.
Three highlights among the many steps in research should be mentioned. In 1920,
H. Staudinger published his idea on the macromolecular structure of polymers [1].
His scientific achievements were honored in 1953 by the Nobel Prize. In the 1930s,
Guth and Mark [2] and Kuhn [3] postulated the coil structure of macromolecules in
solution, and starting around 1940 the statistical mechanics of coiled molecules by
Flory added an important step to a deeper understanding of the behavior of
macromolecules [4–6]. Flory was awarded the Nobel Prize in 1974. During the
1960s and 1970s a lot of experimental data was collected regarding properties of
polymers in their solid and rubber-elastic states which were complemented by
investigations in the melt later on. These results are the basis for a better under-
standing of many of the application and processing properties of polymeric
materials. Furthermore, the progress in the analytical techniques of polymers made
it possible to correlate properties with their molecular structure. This knowledge
was and is the basis of specific developments of polymeric materials.

This book tries to collect findings and expertise about the deformation and flow
of polymeric materials under the special aspects of how external parameters and
here, in particular, temperature and time, and internal parameters based on the
molecular structure influence this behavior.

1.2 Nomenclature

The generic names of polymers have been standardized by a Working Party of the
International Union of Pure and Applied Chemistry (IUPAC) [7]. Particularly, for
polymeric materials of high technical relevance acronyms are used that can be
found in [8]. For example, for polypropylene the acronym is PP, polyethere-
therketone is designated as PEEK. The generic name of some polymers, the
chemical structure of their repeat units, and their acronyms are presented in
Tables 4.2–4.4. Besides this standardized nomenclature, different trade names for
products of the same chemical structure are common. That goes back to the
intention of companies to assign brand names to their products. As norms do not
exist, only in rare cases the chemical structure or information on some basic
properties can be derived from the trade name.
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1.3 General Classification of Polymeric Materials

Synthetic polymers can be classified according to different aspects. One is the
chemical group they belong to. Polyolefins, polyamides, and polyaryletherketones
are examples. Another classification is related to the kind of chemical reaction like
polymerization (e.g., PE, PP, PS, PVC), polycondensation (e.g., PA, PET), or
polyaddition (e.g., PUR). The products belonging to the acronyms are listed in
Tables 4.2–4.4. More details on the different polymerization methods can be found
in [9], for example. A third classification aspect is related to the dynamic-mechanical
behavior as a function of temperature (cf. Sects. 4.3–4.4). Thermoplastics, which are
either totally amorphous or semicrystalline, can be melted and favorably processed
in this state, elastomers are characterized by a wide-meshed network, and duromers
by a high density of chemical crosslinks.

A very application-related classification is based on the continuous use tem-
perature Tcu the determination of which is standardized [10]. It defines the heat
stability of various polymer materials with respect to a chosen property like the
yield stress, for example. Tcu is of interest in technical applications at higher
temperatures. It is essentially determined by the chemical composition of the
macromolecular chain. In Fig. 1.2 some polymeric materials are presented and
ordered according to Tcu. The different polyethylenes LDPE, LLDPE, and HDPE
(cf. Table 4.7), polystyrene (PS), and polyvinylchloride (PVC) belong to the group
of the so-called standard polymers with the largest market share. The next cate-
gory are the so-called technical or engineering polymers. They are used in
applications more demanding with respect to temperature. Some so-called high
temperature thermoplastics can be applied up to 260 �C for longer periods of time
without loosing too much of their properties. The products belonging to most of
the acronyms can be found in Tables 4.2–4.4. PAEK designates the polyaryle-
therketones which polyetheretherketone (PEEK) is a part of. LCP stands for liquid

High temperature thermoplastics

Tcu = 150 – 260 °C

Technical polymers

Tcu < 140 °C

Standard polymers

Tcu < 90 °C

PAEK

LCP PPS

PSU  PEI PES

PC

PET PA

PP

POM SAN PMMA

PS PVC

LDPE HDPE
LLDPE

Fig. 1.2 Polymeric materials classified according to their continuous use temperature Tcu
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crystalline polymers, PSU for the amorphous polysulphone, and PEI for the
amorphous polyetherimide. Particularly, in case of the semicrystalline PEEK and
PPS the excellent temperature stability is coupled with a pronounced resistance to
a lot of chemicals and aggressive media. For PEEK and PPS, these properties lead
to the designation as high performance products which compete with metals in
some applications. However, due to their demanding prices, high temperature
resistant polymers comprise a relatively small market till now.
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Chapter 2
Physical Structure of Macromolecules

In this chapter, the structure of single macromolecules is discussed, together with
the possibilities for their internal motion. This leads to the concept of the shape
and extension of macromolecules as calculated by random walk statistics, in theta
solution, in bulk and in the melt. The chapter further contains the description of
molar mass and molar mass distribution.

2.1 Structure and Brownian Motion of Macromolecules

Let us consider the spatial shape of a molecule consisting of five consecutive
carbon atoms, i.e., of a pentane or a substituted pentane. The structural formula of
pentane

H    H    H   H    H
⏐ ⏐ ⏐ ⏐ ⏐

H – C – C – C – C – C – H 
⏐ ⏐ ⏐ ⏐ ⏐

H    H     H    H   H

suggests an incorrect picture of the spatial shape of the molecule. In reality, the
four bonds of a carbon atom can never be situated in the same plane; neither will
the single bonds between successive carbon atoms form parts of the same straight
line. The four single bonds of a carbon atom build up a regular tetraeder, as
illustrated in part a of Fig. 2.1.

With the carbon atom in its center, the bonds point to the vertices of the
tetraeder. The spatial angle between each pair of bonds has the same fixed value of
# = 109.47� (cos # = -1/3). In Fig. 2.1, this structure is further illustrated by two
models of the methane molecule. The ‘‘Buechi-model’’ places emphasis on the
direction of the bonds, which are indicated by small tubes. This model allows the
illustration of the change of the spatial shape of a molecule by the rotation around
single carbon-carbon bonds (the conformational changes of the molecule). The

H. Münstedt and F. R. Schwarzl, Deformation and Flow of Polymeric Materials,
DOI: 10.1007/978-3-642-55409-4_2, � Springer-Verlag Berlin Heidelberg 2014
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‘‘Stuart-model’’ visualizes the occupation of space of a molecule by its outer
electron shells. The dimensions of Stuart models are mostly in proportion to the
real molecule (scale 1:108).

Next, we discuss the spatial shape and the conformations of the pentane mol-
ecule as illustrated in Fig. 2.2. The direction of the first carbon-carbon bond
(C1–C2) is assumed to be fixed. On rotation around this bond, the three further
bonds starting from atom C2 will move on the surface of a cone with a generating
line, including the angle # with the direction of the first bond. The next carbon
atom C3 will then be situated anywhere on the basic circle of this cone. Fixing the
position of C3 for the moment, the fourth carbon atom C4 will move on the basic
circle of a cone with a generating line including the angle # with the direction
(C2–C3), and so on.

If all rotations around the bonds C1–C2, C2–C3, C3–C4 can take place inde-
pendently of each other, the last carbon atom C5 can reach a large number of
spatial positions, even if the position of C1 and the direction of (C1–C2) are kept
fixed. The change in shape of the pentane molecule occurring in this manner looks
similar to the twisting of a worm and is called the ‘‘micro-Brownian motion’’ of the
macromolecule.

The micro-Brownian motion of the macromolecule is the conformational
change in shape of the molecule originating from the rotations around the
single C–C bonds of the main chain.

By the continuous micro-Brownian motion originating from the thermally
induced kicks of the environment, a macromolecule will pass through all its
conformations permitted by the positions of its neighbors. Most conformations will
lead to the shape of a coil. A few conformations will adapt the shape of a stretched
ellipsoid, only one will lead to the completely stretched conformation. Conse-
quently, we expect the macromolecule averaged over time to assume the shape of

Fig. 2.1 a The directions of the four single bonds extending from a carbon atom b Buechi-model
of the methane molecule c Stuart-model of the methane molecule. Reprinted from [1]
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a coil, whose details will continuously change with time. Description and calcu-
lation of these coils will be handled in Sect. 2.3.

The completely stretched conformation is defined by the condition that the
distance between the beginning and the end of the molecule is maximal. In
Fig. 2.3, the carbon chain with single bonds is shown in its completely stretched
conformation in the representation of a Buechi-model.

In this conformation, all bonds of the main chain are situated in one single
(horizontal) plane in the shape of a ‘‘zick-zack’’. The other two bonds of the
carbon atoms emerge from this plane, one into the direction upwards and one into
the direction downwards.

The completely stretched conformation is well suited to introduce the concept
of tacticity of vinyl-polymers. The class of vinyl-polymers is characterized by a
structural unit of the following type

H       H   
⏐ ⏐

⎯ C ⎯ C ⎯
⏐ ⏐
H       R 

with R being an arbitrary side-group different from H. The spatial placement of the
side groups R plays an important role for the properties of the vinyl-polymer. This
is illustrated for the case of poly(propylene) PP (R = Me : CH3) in Fig. 2.4.

Fig. 2.2 Conformations of
the pentane molecule

Fig. 2.3 Buechi-model of a carbon chain in the completely stretched conformation

2.1 Structure and Brownian Motion of Macromolecules 9



Consider the completely stretched conformation of the PP–chain. If all methyl-
groups are situated on the same side of the principle plane, the polymer is called
isotactic. If the methyl-groups are alternatively situated above and below the main
plane, the polymer is called syndiotactic. If the position of the methyl-groups is
irregular, the polymer is called atactic. Isotactic and syndiotactic polymers tend to
crystallization, because their molecules fit better into the crystal lattice. Stereo-
specific polymers are obtained by special coordination polymerization methods
with mixed catalysts (Ziegler and Natta).

2.2 Molar Mass and Molar Mass Distribution

Next, we deal with the molar mass of the macromolecules, which is a very
important characteristic property of polymers. The definition of the molar mass
(sometimes also called molecular weight) is reasonable only for uncrosslinked
polymers. For uncrosslinked, not branched homopolymers, the molar mass char-
acterizes the structure of the molecule, apart from its tacticity. For uncrosslinked,
branched homopolymers, this information has to be supplemented by the number,
length and the topology of the branches.

We start with the definition of Avogadro’s number. This number does not have
a physical dimension, but a unit is designated to it, called mol-1, meaning
‘‘per mol’’.

isotactic

syndiotactic

atactic

Fig. 2.4 Illustrating the tacticity of poly(propylene)
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NA ¼ 6:0225 � 1023mol�1 ð2:1Þ

The mol is used as a unit of the amount of a material. The totality of NA

identical items is designated as one mol of those items. Let m be the mass of a
molecule (in kg), then its molar mass is defined as

M ¼ NA � m ð2:2Þ

The unit of the molar mass is kg/mol. The number NA is defined in such a way that
the molar mass of the nuclide 12C becomes exactly 0.012 kg/mol = 12 g/mol.

Consider the molecule of a non-crosslinked, unbranched homopolymer:

AB þ A þ A þ � � � � � � þ A þ AE

The moieties AB and AE of the beginning and the end of the molecule respectively,
will generally differ from its center part, which consists of P repetitions of one
single group A. P is called the degree of polymerization; the repeating unit A is
called the structural unit. If Mg, MB, and ME are the molar masses of the structural
unit, the beginning and the end moiety of the molecule, respectively, the molar
mass of the complete molecule is

M ¼ MB þ P � Mg þ ME � P � Mg ð2:3Þ

The last part of this equation is valid approximately at sufficiently large values
of P. Some examples are:

H H
⏐ ⏐

⎯ C ⎯ C ⎯
⏐ ⏐
H Cl

poly(vinylchloride) PVC M g ≈ 2 .12 + 3.1 +1.35 = 62 g/mol

poly(ethylene) PE

H H
⏐ ⏐

⎯ C ⎯ C ⎯
⏐ ⏐
H H

M g ≈ 2 .12 + 4.1 = 28 g/mol

As P has to be an integer, the molar mass can only assume a finite number of
discrete values, which are, apart from the small term MB + ME, multiples of Mg.

We describe the distribution of the molar mass by either counting or weighing
the molecules with a certain molar mass and arrive at a scheme like that of
Table 2.1, in which the k classes are arranged in increasing order of their degree of
polymerization, i.e., Pi \ Pi+1 for i = 1 to k - 1. Let ni be the number of molecules
with molar mass Mi and let us use the abbreviation:

mi ¼ niMi ð2:4Þ

2.2 Molar Mass and Molar Mass Distribution 11



The mass of the fraction i, Wi, is given by the equation

Wi � niMi=NA ¼ mi=NA ð2:5Þ

We further define the total number n0 of the molecules considered, by

n0 ¼
Xk

i¼1

ni ð2:6Þ

and the number distribution function of the molar mass, f(Mi), as the relative
number of molecules with a molar mass equal to Mi.

f ðMiÞ ¼ ni=n0 ð2:7Þ

The number distribution function obeys the normalization condition

Xk

i¼1

f ðMiÞ ¼ 1 ð2:8Þ

and constitutes a discrete distribution function, i.e., it is not defined for values
M 6¼ Mi . In addition, we define the mass distribution function of the molar mass,
h(Mi), as the relative mass of molecules with a molar mass equal to Mi:

hðMiÞ ¼
Wi

Pk

i¼1
Wi

¼ niMi

Pk

i¼1
niMi

¼ mi

Pk

i¼1
mi

ð2:9Þ

which, of course, is also normalized

Xk

i¼1

hðMiÞ ¼ 1 ð2:10Þ

and also constitutes a discrete distribution function.

Table 2.1 Discrete values for the distribution of the molar mass arranged in k classes

Number of molecules Degree of polymerization Molar mass Mass of the fraction

n1 P1 M1 & P1 Mg W1 = n1M1/NA

n2 P2 M2 & P2 Mg W2 = n2M2/NA

…..
nk Pk Mk & Pk Mg Wk = nkMk/NA
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For mathematical descriptions, it is often necessary to change from the discrete
distribution function f(Mi) to a continuous distribution function, which is defined
for all values of the molar mass. This is achieved in two steps:
Step 1: We extend the range of definition of the distribution function to all values
of the molar mass. Around each point Mi of the M-axis, an interval [Bi Bi+1) is
created, which starts from the midpoint between Mi–1 and Mi, Bi = (Mi–1 + Mi)/2
and ends at the midpoint between Mi and Mi+1, Bi+1 = (Mi + Mi+1)/2. For the first
interval we choose the bounds B1 = M1 - Mg and B2, for the last interval the
bounds Bk and Bk+1 = Mk + Mg. The widths bi of those intervals are

bi ¼ Biþ1 � Bi ¼ ðMiþ1 � Mi�1Þ=2 for i ¼ 2 to k � 1
b1 ¼ Mg þ ðM2 � M1Þ=2 and bk ¼ Mg þ ðMk � Mk�1Þ=2

ð2:11Þ

As f(M) is defined as the relative number of molecules with a molar mass within
the interval [Bi Bi+1), we put f(M) = f(Mi) for Bi B M \ Bi+1. f(M) is the proba-
bility to find a molecule within the interval [Bi Bi+1). If the molar masses would be
equally distributed within this interval, f(M)dM/bi would be the probability to find
a molecule with a molar mass between M and M + dM within this interval.
Consequently, we define a new distribution function

gðMÞ ¼ f ðMiÞ=bi for Bi �M\Biþ1 ð2:12Þ

g(M) is a step function defined for all values of M with discontinuities at the points
Bi. g(M)dM is the probability to find a molecule with a molar mass between M and
M + dM in the interval [Bi Bi+1).
Step 2: Generally, the number of classes k will be sufficiently large to replace this
step function by a continuous function g(M) which will be approximately equal to
f(Mi)/bi at the points M = Bi and is smooth in between. To distinguish between
f(M) and g(M), we will call the latter the number distribution density of the molar
mass. The function g(M)dM describes the relative number of molecules with a
molar mass between M and M + dM. It will occur in all integral representations of
the molar mass. Its condition of normalization reads

Z1

0

gðMÞdM ¼
Xk

i¼1

ZBiþ1

Bi

gðMÞdM ffi
X

i

bigðMiÞ ¼
X

i

f ðMiÞ ¼ 1 ð2:13Þ

Besides the number distribution density, an other distribution function is
introduced, the mass distribution density, which describes the relative mass of the
molecules with a molar mass between M and M + dM:

2.2 Molar Mass and Molar Mass Distribution 13



w Mð Þ ¼ M � g Mð Þ=Mn ð2:14Þ

with

Mn ¼
P

niMiP
ni

¼
P

miP
ðmi=MiÞ

¼
P

miP
ni

ð2:15Þ

The denominator Mn is introduced to normalize the mass distribution density by
the condition:

Z1

0

w Mð ÞdM ¼ 1
Mn

Z1

0

Mg Mð ÞdM ¼ 1 ð2:16Þ

or

Mn ¼
Z1

0

Mg Mð ÞdM ð2:150Þ

Apart from one case, the usual methods for the determination of the molar
mass, do not yield the entire distribution function, but only certain averages of it.
The most important are

Mn number average of the molar mass
Mw weight average of the molar mass
Mz z-average of the molar mass
Mv viscosity average of the molar mass

The number average Mn is the mean value of M calculated by using the number
distribution of the molar mass and was defined in Eqs. (2.15) and (2.150). The
weight average Mw is the mean value of M calculated by using the mass distri-
bution of the molar mass and is defined by

Mw ¼
P

miMiP
mi

¼
P

niM2
iP

niMi
ð2:17Þ

and

Mw ¼
Z1

0

M � w Mð ÞdM ¼ 1
Mn

�
Z1

0

M2g Mð ÞdM ð2:170Þ
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The second part of Eq. (2.170) is found by multiplying Eq. (2.14) with M and
integrating over M. The z-average Mz is the ratio of the number average of M3 to
the number average of M2:

Mz ¼
P

niM3
iP

niM2
i

¼
P

miM2
iP

miMi
ð2:18Þ

and

Mz ¼
Z1

0

M3 � gðMÞdM

,Z1

0

M2 � gðMÞdM ð2:180Þ

Finally, the ath power of the viscosity average Mv is defined as the mass average of
Ma. a is a number between 0 and 1, whose value depends on the choice of the
system (polymer—solvent) and on the temperature (Compare also Sect. 2.4).

Mv ¼
P

miMa
iP

mi

� �1=a

¼
P

niM
1þa
iP

niMi

� �1=a

ð2:19Þ

and

Mv ¼
Z1

0

Ma � wðMÞdM

2
4

3
5

1=a

ð2:190Þ

If and only if, the polymer is monodisperse, (n1 = n2 = ni-1 = ni+1 = … =
nk = 0; ni = n0), all averages of the molar mass will be equal and equal to Mi. For
a polydisperse polymer the following equation always holds

Mn\Mv �Mw\Mz ð2:20Þ

Mv is found between Mn and Mw, generally closer to Mw. The equality Mv = Mw

only holds in the (rare) special case a = 1. Equation (2.20) is not only an
experimental fact, but a mathematical consequence of the definitions of the various
averages.

The ratios Mw/Mn and Mz/Mw increase with increasing width of the molar mass
distribution. Hence,

U � Mw

Mn

� 1� 0 ð2:21Þ

and
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~U � Mz

Mw

� 1� 0 ð2:22Þ

are introduced as measures for the width of the molar mass distribution. U is called
the nonuniformity of Schulz, U + 1 = Mw/Mn the polydispersity factor.

Figure 2.5 shows a schematic drawing of the number distribution density g(M),
the mass distribution density w(M) and the positions of the molar mass averages
for a technical polymer. Plotted over a linear scale of the molar mass as abscissa,
those distribution densities are mostly strongly asymmetric curves with a long tail
at the high molar masses. Their values at low molar masses are often difficult to
determine, and are, therefore, indicated by dashed lines. According to Eq. (2.14)
w(M) is shifted to higher molar masses with respect to g(M). Both curves intersect
at the abscissa M = Mn. The line of gravity of the density function g(M) passes
through Mn, the line of gravity of the density function w(M) passes through Mw.
The standard deviations of the curves g(M) and w(M) are indicated by rn and rw.
The maximum of the curve g(M) is situated left to the maximum of the curve
w(M) and both are situated left to the value of Mn.

The averages may be interpreted as statistical parameters of the distribution
densities g(M) and w(M). If the stochastic quantity M is distributed with the
density g(M), its mean value is equal to Mn and its variance is given by

Fig. 2.5 Distribution densities of the molar mass of a technical polymer and the positions of its
averages
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r2
n ¼

Z1

0

ðM � MnÞ2gðMÞdM ¼ MwMn � M2
n ¼ UM2

n ð2:23Þ

If the stochastic quantity M is distributed with the density w(M), its mean value is
equal to Mw and its variance is given by the equation

r2
w ¼

Z1

0

ðM � MwÞ2wðMÞdM ¼ MzMw � M2
w ¼ ~UM2

w ð2:24Þ

rn and rw are the standard deviations of the distribution densities g(M) and w(M),
respectively. The quotient of standard deviation to mean value is known in statistics
as the variation coefficient c and constitutes a measure for the relative width of the
distribution density. From (2.23) and (2.24) we obtain the statistical meaning of the
polydispersities as the corresponding squares of the variation coefficients

U ¼ r2
n

M2
n

¼ c2
n ð2:25Þ

and

~U ¼ r2
w

M2
w

¼ c2
w ð2:26Þ

Equations (2.23) and (2.24) also prove the general validity of Eq. (2.20). The left-
hand side of Eq. (2.23) is nonnegative, as has to be the right-hand side, proving
that Mw C Mn.

The parameters of the molar mass distribution of some technical polymers are
summarized in Table 2.2. All distributions are rather broad. Values for Mw/Mn

between 1.5 and 3 are quite usual, while PE shows even values as high as 17. In
cases, where U and ~U could be measured, U was found to be larger than ~U.

Table 2.2 Parameters of the molar mass distribution of some technical polymers (M in kg/mol)

Polymer Mn Mw Mz Mw/Mn Mz/Mw Lit.

Poly(styrene) PS N 7000 182 385 771 2.12 2.00 [2]
Poly(styrene) Styron 666 120 250 – 2.08 – [3]
Poly(styrene) PS 158 K 120 278 – 2.30 – [4]
Poly(vinyl chloride) Solvic 38.6 84 154 2.18 1.83 [5]
Poly(methyl methacrylate) Plexiglas 7 N 60 95 1.6 [6]
Poly(ethylene) HDPE HE 6914 17.6 284 2430 16 8.6 [7]
Poly(ethylene) LDPE Lupolen 1840 H 15.5 258 2740 16.6 10.6 [7]
Poly(propylene) Moplen HP 501 N 42.3 254 – 6.0 – [8]
Poly(carbonate) PC1 15 30 – 2.0 – [4]
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Figure 2.6 shows the distribution functions of the molar mass of poly(styrene)
PS N 7000 as determined by Wolf [2] by means of gel permeation chromatog-
raphy. The distribution functions are linearly plotted in the upper part of the figure
versus a linear scale for the molar mass, and in the lower part of the figure versus a
logarithmic scale for the molar mass. Note that the distribution functions are all
very asymmetric when plotted versus a linear M-scale, but nearly symmetric, when
plotted versus a logarithmic M-scale. The measuring points represent the con-
centrations ci of the fractions, corresponding to the molar masses Mi. From these
data it is possible to calculate the number and mass densities of the molar mass, as
will be explained in Sect. 3.4.

Fig. 2.6 Molar mass distributions of the technical poly(styrene) PS N 7000 after Wolf [2]
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For scientific investigations it is often desirable to investigate polymers with
approximately monodisperse molar mass distributions. These may be prepared by
either fractionation of technical polymers or by special control of the polymeri-
zation process. The company Pressure Chemicals Co, Pittsburgh, USA, has sold
anionic poly(styrenes) with narrow molar mass distributions, which have been
often used for scientific investigations. Unfortunately, those polymers are rather
expensive and, therefore, only small portions of them could be investigated.
Table 2.3 shows a summary of the molecular data of some of these materials.
Parameter values in the 2nd and 3rd column are taken from the producer and were
determined by means of osmotic pressure and light scattering. The ratio Mw/Mn

calculated from these values is very sensitive to small experimental errors and,
therefore, not very reliable. A better estimate of those ratios is obtained from GPC-
measurements. In the last colomn,

ffiffiffiffi
U

p
is listed, which describes, according to

Eq. (2.25), the variation coefficient of the number distribution density g(M).

2.3 The Random Walk Problem in Three Dimensions

As to be seen from Fig. 2.2, even a short olefin chain with five carbon atoms
(pentane) shows an enormous mobility, if the micro Brownian motion is fully
developed. If the first carbon atom is fixed, and if full rotation around the carbon-
carbon bonds can take place, the last carbon atom may occupy a very large number
of spatial positions within a sphere with a radius equal to the end point distance of
the completely stretched conformation. To answer the question on the shape of
such a chain as a time and group average, the random walk model is investigated as
a mathematical description of the real chain. This model is also called random
flight model as the steps are assumed to occur in all three dimensions of the space
(Fig. 2.7).

Starting from the origin of a Cartesian coordinate system, n steps of equal
lengths b are performed in succession, the direction of each step being at random
and independent of the directions of the previous steps. We ask for the probability

Table 2.3 Parameters of the molar mass distribution of anionic poly(styrenes) (M in kg/mol)

Polymer Mn osm. pressure Mw light scattering Mw/Mn Mw/Mn from GPC [9]
ffiffiffiffi
U

p
, %

S1 1600 1800 1.12 – –
S2 773 867 1.12 1.14 37
S3 392 411 1.05 1.13 36
S4 164 173 1.05 1.12 35
S5 96.2 98.2 1.02 1.10 32
S6 49 51 1.04 1.10 32
S7 19.7 19.8 1.01 1.09 30
S8 9.7 10.3 1.06 1.10 32
S9 4.6 5.0 1.09 1.10 32
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w(x, y, z) dxdydz to arrive after the last step within a volume element with the
edges dx, dy, dz around the point x, y, z. As the direction of the first step was
assumed to be arbitrary, the problem has spherical symmetry and the probability
function w(x, y, z) can depend only on the distance r between the starting and
endpoint of the random walk.

wðx; y; zÞ ¼ wðrÞ with r2 ¼ x2 þ y2 þ z2 ð2:27Þ

The completely stretched conformation results in the stretched length, rmax, which
corresponds to the product of the number and the length of the steps of the random
walk

rmax ¼ n � b ð2:28Þ

As the maximum length cannot be exceeded, we have

wðrÞ ¼ 0 for r [ rmax ð2:29Þ

The random walk problem can be solved exactly for all values of n and r. For
the derivation of the somewhat complicated solution see the excellent compre-
hensive presentations of Flory [10] and Yamakawa [11]. For most applications,
however, it is sufficient to use a simple approximation of the exact solution, which
is valid under the following conditions (Flory [10]):

(1) n 	 1 (P is large); n [ 10 in practice
(2) We only consider conformations, which are not too close to the completely

stretched one r \ rmax in practice r \ 0.8 rmax

Under these assumptions, the probability function of the random walk problem
is given by the Gaussian approximation

wðrÞ ffi 3
2pnb2

� �3=2

e�3r2=2nb2 ð2:30Þ

Fig. 2.7 The random walk
(flight) problem
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This function shows a maximum at the position r = 0 and decreases rapidly to
zero with increasing r. It does not fulfill, however, the condition (2.29), showing
that Eq. (2.30) cannot be valid for large values of r. The probability function, w(r),
multiplied with b3n3/2 is represented as function of (r/bn1/2) in Fig. 2.8. In this
representation the curve does not depend any longer on the values of n or
b explicitly. The function b3n3/2w(r) shows a maximum of 0.33 at the origin, a
turning point at the abscissa 1=

ffiffiffi
3

p
¼ 0:58 and decreases to 22 % of its maximum

value at the abscissa 1, to 0.2 % of its maximum value at the abscissa 2. In the
figure, the regions of validity [from r = 0 to r/(bn1/2) = 0.8n1/2] and invalidity
[from r/(bn1/2) = 0.8n1/2 to r = ?] of the approximation, are also indicated.

For most questions in polymer physics the conditions for the validity of the
Gaussian approximation will be fulfilled, as n will be of the order of magnitude of
P, and as completely stretched conformations do not play a significant role in most
problems. Exceptions to this rule are

The behavior of very stiff polymers
The behavior of polymers with a very low degree of polymerization
The behavior of rubbers at large deformations and near rupture
The behavior of materials with frozen stresses at high degrees of orientation

Equation (2.30) describes the probability density of the position of the endpoint
of the random walk chain in space, but not the probability of the occurrence of
chains with a certain end to end distance, independent of their orientation. The
latter is called the probability density of the end to end distance W(r). W(r)dr is the
probability to find a chain with an end to end distance between r and r + dr,
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1/2
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1/2

approximation
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   completely 
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n3/
2
b3

w
(r

)

r/bn1/2

    approximation   
          valid

Fig. 2.8 The Gaussian approximation for the probability density of the end point position of the
random walk chain
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irrespectively of the orientation of the vector connecting its beginning and end-
point. To calculate W(r), we integrate the probability w(r) over the space bound by
the spherical shells with radius r and r + dr around the origin. This is achieved by
introducing spherical coordinates and leads to the result

WðrÞ ¼ 4pr2wðrÞ ð2:31Þ

Inserting the Gaussian approximation, we find for the probability

WðrÞ ¼
ffiffiffiffiffi
24
p

r
� 1
b

ffiffiffi
n

p � r

rw

� �2

e� r=rwð Þ2

ð2:32Þ

with the abbreviation

rw ¼
ffiffiffiffiffiffiffiffi
2=3

p
� b

ffiffiffi
n

p
ð2:33Þ

The product bn1=2 � W rð Þ is shown as a function of r/rw in Fig. 2.9.
The distribution of the end to end distance shows a maximum at the value r = rw,
meaning that rw is the most probable end to end distance of the chain. The function
W(r) is normalized, because

Z1

0

WðrÞdr ¼ 1 ð2:34Þ

as to be seen, by introducing n = r/rw as a new integration variable and solving the
integral by partial integration.

0 1 2 3
0.0

0.2

0.4

0.6

0.8

1.0

   0.98 n1/2

   approximation   
       not valid

   completely 
stretched chain

r/rw

     approximation    
           valid

    1.22 n1/2

bn
1/

2
W

(r
)

Fig. 2.9 Gaussian approximation for the end to end distance of the random walk chain
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The most important parameter of the chain statistics is not rw but the average of
the square of the end to end distance, called the mean square distance:

hr2i �
R1

0
r2W rð Þdr ¼ 3

2 r2
w ¼ nb2

ð2:35Þ

Equation (2.35) is obtained by the substitution of n = r/rw and partial inte-
gration. The mean square distance is proportional to the number of steps in the

random walk n. The quantity
ffiffiffiffiffiffiffiffi
hr2i

p
, which represents a measure for the mean

radius of the polymer coil, increases proportional to the square root of the number
of steps (square root of molar mass or degree of polymerization). Using (2.35), the
two distribution densities of the random walk problem may be rewritten as

wðrÞ ¼ 3
2phr2i

� �3=2

e�3r2=2hr2i ð2:36Þ

and

WðrÞ ¼ 3 �
ffiffiffiffiffiffiffiffiffiffiffi

6
phr2i

s

� r2

hr2i � e�3r2=2hr2i ð2:37Þ

Similarly, the averages of all positive integer powers of the end to end distance
may be calculated by repeated partial integration

hr2ki ¼ 1 � 3 � 5 � � � ð2k þ 1Þ
3k

hr2ik ¼ 1 � 3 � 5 � � � ð2k þ 1Þ
2k

r2k
w ð2:38Þ

hr2k�1i ¼
ffiffiffi
6
p

r
2 � 4 � 6 � � � ð2kÞ

3k
hr2ið2k�1Þ=2 ¼ 2ffiffiffi

p
p � 2 � 4 � 6 � � � ð2kÞ

2k
r2k�1

w ð2:39Þ

These formulae are valid for all positive integer values of k and for k = 0.
Equation (2.35) may be derived in another, more illustrative way, which has

been used frequently by Flory [10]. Let r1, r2,…,rn be the connecting vectors
representing the n steps of the random walk (cf. Fig. 2.10). Each of those vectors
has the same length b, but an arbitrary direction in space.

The end to end vector of the random walk is the sum of all the connecting
vectors

r ¼ r1 þ r2 þ r3 þ � � � þ rn ð2:40Þ

Its absolute value, r, which equals the end to end distance, is found as the square
root of the scalar product of the vector r with itself:
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r � r ¼
Xn

i¼1;k¼1

ri � rkð Þ ð2:41Þ

The double sum over i and k may be separated into a sum with equal indices and a
sum with different indices:

r2 ¼
Xn

i¼1;k¼1

ri � rkð Þ ¼
Xn

i¼1

ri � rið Þ þ
Xn

i¼1;k¼1
i 6¼k

ri � rkð Þ ¼ nb2 þ
Xn

i¼1;k¼1
i 6¼k

ri � rkð Þ

ð2:42Þ

This equation is valid for each chain of n steps of equal length, independently of
the law specifying the direction of the successive steps.

The average of the second sum will vanish for the random walk chain, as the
angle between two different connecting vectors is arbitrary and the angle p � #
occurs with equal probability as the angle # . In the first case, the scalar product of
the two vectors will contribute with �b2 cos# to the sum, in the second case with
b2 cos#, and, on the average, both terms will cancel each other, i.e.,

hðri � rkÞi ¼ 0 for i 6¼ k ð2:43Þ

Inserting this into Eq. (2.42), leads again to Eq. (2.35) for the random walk
chain. Though both equations are identical, their requirements are different. We
used the Gaussian approximation for deriving (2.35), but the weaker restriction of
random walk only, now.

Besides the end to end distance, a further measure is often introduced to
characterize the coil dimensions of a polymer, the so called radius of gyration s.
This is explained referring to Fig. 2.10. The random walk chain of n steps contains
n + 1 points (the starting and end points of the vectors), indicated by m0, m1, m2

Fig. 2.10 Definition of the
end to end distance as the
sum of the connecting vectors
and the definition of the
radius of gyration of the
random walk (flight) chain
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… mn. Assuming that the mass of the chain is uniformly distributed over these
(n + 1) segments, the center of gravity 0 of the segments may be calculated as
well as the distances si (i = 0 to n) of the segments from it. The mean value of the
squares of the distances yields the square of the radius of gyration

s2 ¼ 1
n þ 1

Xn

i¼0

s2
i ð2:44Þ

For the random walk chain, it is possible to calculate the expectation value of
the square of the radius of gyration (for a derivation see e.g., [10, 11]):

s2
� �

¼ 1
6

r2
� �

ð2:45Þ

The radius of gyration may be considered as a measure for the dimension of the
coil. From Eq. (2.45), it is seen, however, that the radius of gyration is smaller than
half of the end to end distance. The reason for that is the fact that in the random
walk chain the concentration of segments is much higher in the center of the coil,
than in its outer regions. This is indicated in Fig. 2.11.

2.4 Macromolecules in Solution

Molar masses are determined in dilute solution. Therefore, solubility is an essential
requirement for the determination of molar masses of polymers. The methods most
frequently used are presented in Table 2.4:

In order to understand why the determination of molar masses is to be per-
formed in dilute solution, we consider the shape of the polymer in solution. Micro-
Brownian motion is excited in solution, therefore macromolecules which are not
extremely stiff will assume the shape of coils with the radius h depending on

molar mass
interaction with the solvent

internal mobility of the macromolecule

Fig. 2.11 End to end
distance r and radius of
gyration s of the random walk
chain
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A large number of solvent molecules, however, is included within one macro-
molecular coil. Therefore dm, the average density of the macromolecule in the coil

dm ¼ mass of the macromolecule
volume of the coil

ð2:46Þ

will be small. The properties of the isolated coils can be determined in dilute
solution only, as the coils should not penetrate, not even touch, each other.
Therefore, the weight concentration of the polymer in the solution

c ¼ mass of the polymer
volume of the solution

ð2:47Þ

should be chosen adequately small, viz., c & 1–50 g/l. On the other side, the
dilution should not be too extreme, as the properties of the solution should sig-
nificantly differ from those of the pure solvent to be able to measure their dif-
ference. This requirement often constitutes an experimental difficulty.

For a better understanding of the properties of a polymer solution, some basic
concepts of its thermodynamic properties are to be discussed, especially the
question of the characterization of the quality of the solvent. We consider solution
or mixing at constant temperature T and constant pressure p, i.e., an isothermal-
isobaric dissolving process. The thermodynamic potential under these circum-
stances is the free enthalpy

G ¼ U þ pV � TS ð2:48Þ

where U designates the internal energy, p the pressure, V the volume, T the
absolute temperature and S the entropy. Under isothermal-isobaric conditions, a
system tends to achieve a state with minimum free enthalpy.

We solve n2 mol of the polymer into n1 mol of the solvent and designate

(G)1 the free enthalpy of the solvent before the process of solution
(G)2 the free enthalpy of the polymer before the process of solution
(G)L the free enthalpy of the system after the process of solution

The free enthalpy of mixing Gm is the difference of the enthalpies after and before
the dissolving process and may be decomposed into its energetic part Um, its
entropic part TSm and its volumetric part pVm

Table 2.4 Methods of
determination of molar
masses and their range of
applicability

Method Average
obtained

Range of
applicability, kg/mol

Osmotic pressure Mn 5–1000
Viscometry Mv 0.1–1000
Light scattering Mw 0.1–1000
Ultracentrifuge Mz 10–2000
Gel permeation chromatography c(M) 0.1–1000
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Gm � Gð ÞL� Gð Þ1� Gð Þ2 ¼ Um þ pVm � TSm ð2:49Þ

Sm is the always positive mixing entropy, Vm the change in volume during the
mixing process (which may be neglected for condensed phases) and Um the mixing
energy, which may be positive or negative. The dissolving process is classified
according to the sign of Um (Table 2.5).

For the characterization of the properties of the solution we need an intensive
quantity (which depends on T, p, and the composition of the solution, but not on its
mass). We describe the composition of the solution by the ratio of the mole
numbers

z ¼ n2=n1 ð2:50Þ

or by their mole fractions

x1 ¼ n1

n1 þ n2
¼ 1

1 þ z
ð2:51Þ

and

x2 ¼ n2

n1 þ n2
¼ z

1 þ z
ð2:52Þ

It is shown in thermodynamics that every extensive quantity may be written as
sum of the corresponding intensive quantities multiplied with their mole numbers

GmðT ; p; n1; n2Þ ¼ n1l1ðT; p; zÞ þ n2l2ðT ; p; zÞ ð2:53Þ

l1 and l2 are intensive quantities and may be calculated by partial differentiation
of the extensive quantity Gm with respect to their respective mole numbers:

l1ðT ; p; zÞ ¼ oGm

on1

� �

n2;T ;p

ð2:54Þ

and

l2ðT ; p; zÞ ¼ oGm

on2

� �

n1;T ;p

ð2:55Þ

Table 2.5 Quality of the
solvent and heat balance of
the solution process

Quality of the solvent Heat balance of the
dissolving process

Um \ 0 Very good Exothermal
Um = 0 Good Athermal
Um [ 0 Moderate to poor Endothermal
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l1 is called the chemical potential of the solvent (or the free enthalpy of dilution),
l2 the chemical potential of the solute (or the free enthalpy of solution). A further
intensive quantity may be used for the characterization of the solution, called the
average molar free enthalpy of mixing and is defined by the equation:

GmðT; p; zÞ � GmðT; p; n1; n2Þ
n1 þ n2

¼ x1l1ðT ; p; zÞ þ x2l2ðT ; p; zÞ ð2:56Þ

We turn to the molecular interpretation of the mixing energy. The energy of
interaction of two solvent molecules or parts of two macromolecules as a function
of their distance r is sketched in Fig. 2.12.

At the distance r0 both molecular parts are in equilibrium, at smaller distance
(r \ r0) strong repelling forces occur due to the interaction of the electron shells,
at larger distance weak attractive forces occur. The depth of the energy minimum
w at r = r0 depends on the chemical composition of both partners involved (note
that w is always negative!).

Solvent molecule—solvent molecule w11

Structural unit of the polymer—structural unit of the polymer w22

Structural unit of the polymer—solvent molecule w12

During the process of dissolving the contact of two solvent molecules is broken
up, as well as the contact of two parts of macromolecules, and two new contacts of
parts of the macromolecule and a solvent molecule are created. The change in
energy due to this process will be

w ¼ 2w12 � w11 � w22 ð2:57Þ

As the sign of Um is the same as that of w, three cases can be regarded:

1. w \ 0 and Um \ 0 : very good solvent; The process of dissolving is driven
energetically, too, and is exothermal; the macromolecule is soluble at all
temperatures, the solvent molecules are driven into the coil, which is inflated,
i.e., its radius h becomes large.

Fig. 2.12 Potential energy of
two (parts) of molecules
versus their distance
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2. w = 0 and Um = 0: athermal solvent; the process of dissolving is driven by
entropy changes, only; the macromolecule is soluble at all temperatures, the
coil is inflated.

3. w [ 0 and Um [ 0: poor solvent; the process of dissolving is a competition
between the entropy effect, driving the molecule into solution, and the energy
effect, driving the molecule to precipitate. The process of dissolving is endo-
thermal, the solubility of the polymer will increase with increasing tempera-
ture. The solvent molecules are squeezed out of the coil, the radius of the coil
h will become small.

Flory [12] and Huggins [13] have proposed the following simple expression as
an approximation for the free enthalpy of mixing

Gm ¼ RT n1 ln v1 þ n2 ln v2 þ vn1v2ð Þ ð2:58Þ

Here, v1 und v2 are the volume concentrations of solvent and polymer,

v1 ¼ V1n1

V1n1 þ V2n2
ð2:59Þ

and

v2 ¼ V2n2

V1n1 þ V2n2
ð2:60Þ

with V1 and V2 being their molar volumes. R is the gas constant and k the
Boltzmann constant

R ¼ k � NA ¼ 8:3143 J/K mol ð2:61Þ

k ¼ 1:3805 � 10�23 J/K ð2:62Þ

v is the ‘‘Flory-Huggins parameter’’, which characterizes the interaction between
polymer and solvent. It consists of a contribution, v0, to the mixing entropy and a
contribution, which is proportional to the mixing energy w

v ¼ v0 þ b
w

kT
ð2:63Þ

v0 is positive and b is a coordination number of the order of unity. If Eq. (2.58) is
applied to the description of the free enthalpy of polymer solutions, v is experi-
mentally found not to be constant but to be slightly depending on T, M, and the
concentration v2. Using (2.54), (2.58), (2.59), and (2.60), we find after some ele-
mentary calculations, the following expression for the free enthalpy of dilution

l1 ¼ RT ln v1 þ 1 � V1

V2

� �
v2 þ v1v2

2

� �
ð2:64Þ
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v1 is a new Flory-Huggins parameter, related to v by the equation

v1 ¼ v þ n1

v2

ov
on1

� �

n2;T ;p

¼ v � v1
ov
ov2

� �

T ;p

ð2:65Þ

If v is independent of v2, we have simply v1 = v. As in poor solvents the
solubility increases with temperature, a temperature will be found, at which the
influence of the occupied volume of the polymer molecules is just compensated by
the influence of the polymer-solvent interaction. This temperature is called the
‘‘Theta-temperature’’ and plays an important role in polymer physics. At the H-
temperature the shape of polymer molecules may be calculated by statistics without
taking into account the influence of the occupied volume or the polymer-solvent
interaction. This solution is called a H-solution. The concept of the occupied
volume and the H-temperature will be explained in more detail in the Sect. 3.1.

Table 2.6 Solvents, precipitants, and Theta-solutions of some polymers

Polymer Solvent (T, �C)a Theta-solution (T, �C) Precipitants

PE-HD Hydrocarbon ([80) n-hexane (133) All organic solvents
Hydrogenated At room temperature
Hydrocarbon ([80)

PE-LD Hydrocarbon ([60) Same as for PE-HD Same as for PE-HD
Hydrogenated
Hydrocarbon ([60)

PP atactic Hydrocarbon i-amylacetate (34) Polar organic solvents
Hydrogenated Cyclohexanone (92)
Hydrocarbon

PA 6.6 Phenols 2.3 mol KCl in 90 % Hydrocarbons
Formic acid Formic acid (25) Chloroform

PIB Hydrocarbons Benzene (22.8) Butanol
Tetrahydrofuran (THF) Methanol

PMMA Benzene Butanon/isopropanol 50/50 (23) Hexene
Xylene m-xylene (24) Cyclohexane
Chloroform Methanol

PS Chloroform Cyclohexane (34) Saturated hydrocarbons
Benzene alcohols

PVC THF THF/H2O 89/11 (30) Hydrocarbons
Cyclohexanone Alcohols

PC Benzene Chloroform/ethanol 74.5/25.5 (18) Aliphatic hydrocarbons
Chloroform Acetone

a No indication of a temperature: soluble at room temperature
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For a very large number of polymers, extensive tables have been given of
solvents and precipitants by Bloch [14] and of H-solutions by Elias [15]. A few
examples of solvents, precipitants and H-solutions for some polymers are given in
Table 2.6.

Experimental methods to determine thermodynamic properties of polymer
solutions and H-temperatures will be described in the next chapter. The reader can
find extensive tables for the Flory-Huggins parameters for many polymers, sol-
vents and temperatures in [16].

2.5 Statistical Shape of Linear Macromolecules
in H-Solution

The linear macromolecule in theta-solution may not be directly identified with the
random walk chain. Though the influence of the excluded volume and the inter-
action with the solvent molecules may be neglected in a theta-solution, the detailed
molecular structure of the molecule in question determines the degrees of freedom
for the internal motions and has to be considered in each case separately. The
presence of fixed valence bonds and the partially hindered rotation around these
bonds enlarge the coil dimensions. Nevertheless, it is possible in many cases to
calculate the mean square end to end distance. Most of these calculations have
been performed and presented by Flory [10].

The simplest case is the valence bond chain with free rotation. Consider a linear
not branched chain of a vinyl polymer, for which all bonds of the main chain are
single carbon-carbon bonds. The molecule consists of n0 + 1 carbon atoms, con-
nected by n0 bond vectors r1, r2,… rn0

. Let the length of each bond vector be b0, its
bond angle #. Apart from movements of side groups, the shape of the main chain
(its conformation) is fixed, if the n0-1 rotational angles around the main bonds,
u1;u2; . . .un0�1 are fixed. The definition of such an angle is illustrated in Fig. 2.13
for the first two bond vectors and for the first rotational angle u1.

The zero points of the rotational angles are chosen in such a way, that the set
u1 ¼ u2 ¼ . . .un0�1 ¼ 0 corresponds to the completely stretched conformation.
The fixed angle between successive valence bonds has an effect on the value of hr2i.
Equation (2.42) remains valid, but the average values of the second term on the
right-hand side of this equation do not longer vanish. The averages of the scalar
products of two different bond vectors may be evaluated as shown by Flory [10] in a
very elegant manner. For the scalar product of two successive bond vectors one finds

ðr1 � r2Þ ¼ b2
0 cosðp � #Þ ¼ �b2

0 cos# ð2:66Þ

The scalar product ðr1 � r3Þdepends on the value of the second rotational angle u2

2.4 Macromolecules in Solution 31



ðr1 � r3Þ ¼ b2
0 cos2 #þ sin2 # cos u2

	 

ð2:67Þ

As all values of u2 are equally probable (free rotation), we have to integrate over
all values of u2 and to divide by 2p in forming the average ðr1 � r3Þh i. In similar
way all terms of the double sum of Eq. (2.42) may be calculated with the result

r2
� �

H¼ n0b2
0 �

1 � cos#

1 þ cos#
ð2:68Þ

For vinyl polymers cos# ¼ �1=3 and the quotient in Eq. (2.68) becomes 2.

The valence bond chain with hindered rotation.
If the rotation around valence bonds is hindered by the presence of side groups, the
angles u1;u2; . . .un0�1 are no longer equally probable.

If only side groups of neighbored C–atoms hinder each other, the hindering
effect may be described by the potential energy of a part of the chain as a function
of the rotational angle V = V(u) as shown in Fig. 2.14.

To calculate the expectation value of the scalar products at the right-hand side
of Eq. (2.42), each term has to be weighed with the probability of occurrence of
the corresponding rotational angle. Instead of (2.68), one obtains [10]

Fig. 2.14 Potential energy as
a function of the rotational
angle

Fig. 2.13 The definition of
the rotational angle u1
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r2
� �

H¼ n0b2
0 �

1 � cos#

1 þ cos#
� 1 � cos uh i
1 þ cos uh i ð2:69Þ

The expectation value cos uh i has to be calculated using the Boltzmann factor
(notice the symmetry of V with respect to u = p !):

cos uh i ¼
Zp

0

cos ue�VðuÞ=kT du

,Zp

0

e�VðuÞ=kT du ð2:70Þ

More complicated macromolecules
If the macromolecule is more complicated, e.g., if short parts of the main chain are
not movable, or if the interactions extend further than between neighbored side
groups, a calculation of the end to end distance is still possible. As long as the
interactions occur only between side groups of carbon atoms which are not too far
apart from each other in the completely stretched conformation, a result of the
following form is obtained [10]

r2
� �

H¼ n0 � b2
0 � C ð2:71Þ

where b0 is the distance of the singular C–C bond, n0 the number of bonds in the
principal chain and C is a constant depending on the detailed structure of the
molecule. In many cases, it is possible to calculate C [16]; in very complicated
cases, C may be determined experimentally by osmotic pressure or light scattering
measurements (Compare Table 3.2 for examples of the values of C).

The statistical equivalent random walk chain
So far, we have considered the values of the average of the mean square distance
r2
� �

H, only. If this quantity may be described by Eq. (2.71), being proportional to
the number of bonds, n0, the probability of the end point position will be Gaussian.
Inserting the values found in Eqs. (2.6), (2.68) or (2.69) into (2.36) and (2.37) the
probability densities of the end point position and the end to end distance remains
valid for linear macromolecules in H-solution.

To each linear macromolecule in theta-solution a statistical equivalent
random walk chain with n steps of length b may be attributed, which
behaves equal with regard to their distribution in space. Their completely
stretched lengths and their mean square distances, as well correspond to each
other.

The length and number of steps of the statistical equivalent random walk chain
may be defined by the equations:
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n � b2 ¼ r2
� �

H¼ n0 � b2
0 � C ð2:72Þ

and

n � b ¼ rmax ð2:73Þ

Or vice versa:

b ¼ r2
� �

H

.
rmax ¼ n0b2

0C
�

rmax ð2:74Þ

and

n ¼ rmaxð Þ2
.

r2
� �

H ð2:75Þ

b is called Kuhn’s statistical segment length; rmax is the completely stretched
length of the molecule, which may be calculated from its structural formula. The
manner, in which the statistical equivalent random walk chain may follow the
shape of the real chain, has been indicated in Fig. 2.15.

For the special case of a vinyl polymer we have two C–C bonds in one
structural unit, the bond length b0 = 0.154 nm, and the bond angle # = 109.47�
(cos # = -1/3) and therefore

rmax ¼ b0n0 cosððp � #Þ=2Þ ¼
ffiffiffi
2
3

r
b0n0 ¼

ffiffiffi
2
3

r
2b0 � P ¼

ffiffiffi
8
3

r
b0 �

M

Mg
ð2:76Þ

with
ffiffiffiffiffiffiffiffi
8=3

p
b0 ¼ 0:251 nm. Inserting Eq. (2.76) into Eqs. (2.74), (2.72), and

(2.45), yields the following expressions for Kuhn’s statistical segment, the mean
square end to end distance and the mean square radius of gyration in theta
solution:

Fig. 2.15 The
macromolecule and its
statistical equivalent random
walk chain
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b ¼
ffiffiffi
3
2

r
C � b0 ð2:77Þ

r2
� �

H ¼ a2
H � P ð2:78Þ

s2
� �

H ¼ b2
H � P ð2:79Þ

with

aH ¼ b0 �
ffiffiffiffiffiffiffiffiffiffi
2 � C

p
ð2:80Þ

and

bH ¼ aH=
ffiffiffi
6

p
¼ b0 �

ffiffiffiffiffiffiffiffiffi
C=3

p
ð2:81Þ

Some values for C, b/b0, and bH=b0 will be given in Table 3.3.

2.6 Statistical Shape of Macromolecules in Good Solvents

In good solvents the interaction between macromolecules and solvent molecules
has to be considered. This interaction influences the shape of the macromolecule
and the statistical distribution of its segments. The mathematical problem becomes
much more complicated and is still unsolved (cf. [10]). However, it should be
mentioned, that the coils will be widened in good solvents, i.e.,

r2
� �

[ r2
� �

H and s2
� �

[ s2
� �

H

Neither Eq. (2.45) nor Eq. (2.71) remain valid in this case. Instead, the mean
square values of the end to end distance and of the radius of gyration increase
more than proportional to the degree of polymerization P:

r2
� �

¼ a2 � P1þe ð2:82Þ

and

s2
� �

¼ b2 � P1þq ð2:83Þ

with e and q being positive numbers. Though power laws of the form of
Eqs. (2.82) and (2.83) have not been derived theoretically up to now, their validity
can be checked experimentally. Using gel permeation chromatography (GPC)
coupled with multi-angle laser light scattering (MALLS) it is possible to investigate
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the relation between hs2i and Mw for polymer solutions in good solvents. For some
linear vinyl polymers, power laws of the form of Eq. (2.83) have been found to be
valid, as summarized in Table 2.7.

Two examples of measurements of this kind, taken from [8] are given in
Figs. 2.16 and 2.17.

Figure 2.16 shows the square root of the mean square radius of gyration versus
the weight average molar mass measured by light scattering for GPC-fractions of
three linear low density PE in trichlorobenzene (TCB) at 140 �C, [8]. The broken
line represents the square root of Eq. (2.83) with the parameter values given in
Table 2.7. The three polymers, designated as mLLDPE 2–4 are metallocene linear
low density poly(ethylenes), which are assumed to contain no long chain branches.
They have similar molar mass distributions and similar values of Mw, but slightly
different comonomer composition. Their values of hs2i1/2 lie on or closely to the
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Fig. 2.16 Square root of the mean square radius of gyration versus the absolute weight average
molar mass Mw,LS determined by GPC-MALLS for three linear PE. The dashed line represents
the square root of Eq. (2.83) with the parameter values given in Table 2.7. Reproduced from [7]

Table 2.7 Parameter values of the relation (2.83) between the mean square radius of gyration
and the degree of polymerization for the linear vinyl polymers poly(propylene) and poly(ethyl-
ene) in the good solvent trichlorbenzene (TCB)

Polymer, solvent, T �C b, 10-10 m q Range for P, kg/mol Lit.

PP TCB 140 1.52 0.17 2.5 103 \ P \ 105 [8, 17]
PE TCB 140 1.66 0.16 103 \ P \ 2 104 [8, 17]
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(dashed) reference line for linear PE. This result confirms, that not branched
polymers show a power law relation between hs2i1/2 and Mw. It is well known that
this is no longer true, if the polymer contains long chain branches. Moreover,
hs2i1/2 is then found to be smaller than the radius of gyration of a linear molecule
with the same Mw (c.f. Sect. 2.7).

Figure 2.17 shows the square root of the mean radius of gyration versus the
weight average of the molar mass Mw for two linear PP in TBC at 140 �C,
designated as PP 1 and PP 9 [8]. The dashed line represents the square root of
Eq. (2.83) with the parameter values given in Table 2.7. The polymers are
assumed to be linear with similar molar mass distributions but different weight
average of the molar mass measured by light scattering. Again, the values of hs2i1/2

lie closely to the (dashed) reference line for linear PP, which differs slightly from
the reference line for linear PE.

2.7 Analysis of Branched Macromolecules

As any branching within a polyolefin chain means a change of the mobility of the
carbon atom it is attached to, the melt-state C13 nuclear magnetic resonance, in
principle, is a suitable method to detect branches. Its elegance lies in the fact that a
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Fig. 2.17 Square root of the mean square radius of gyration versus the absolute weight average
molar mass Mw,LS determined by GPC-MALLS for two linear PP. The dashed line represents the
square root of Eq. (2.83) with the parameter values given in Table 2.7. Reproduced from [7]
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quantitative picture of the branching sites can be obtained without any model
assumptions. But according to [18] the analytical power of this technique is
restricted insofar as it is able to merely discriminate between attached molecules
up to 6 carbon atoms. Longer molecules which are typical of long-chain branches
do not give particular signals. This physical fact has two consequences. A reliable
information on short-chain branching can be obtained, only, if any long-chain
branches are absent and, the other way round, conclusions with respect to long-
chain branching can be drawn from NMR-measurements under the precondition
that no short-chain branches longer than 6 C–atoms are present. Particularly the
last requirement is very difficult to fulfill in the case of technically produced
materials. It is well established, for example, that low density polyethylenes may
contain a respectable number of short-chain besides long-chain branches.

Similar arguments hold for results from infrared-spectroscopy which is easy to
perform. In the case of polyethylenes the number of CH3-groups obtained by this
method can belong to short-chain or long-chain branches as well.

Therefore, the gel-permeation chromatography coupled with multi-angle laser-
light scattering (GPC-MALLS) as sketched in Sect. 3.4 is a very valuable method
to get an insight into the long-chain branching structure of a polymer. This
potential is demonstrated by Fig. 2.18 which displays in a double-logarithmic plot
the mean squared radius of gyration of a low density polyethylene (LDPE) which
is well known for its long-chain branching as a function of the absolute value of
the weight average molar mass determined by light scattering in comparison to the
corresponding curve for a linear polyethylene. It is obvious that the coil
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Fig. 2.18 Mean square radius of gyration hs2i as a function of the absolute weight average molar
mass Mw,LS measured by light scattering for polyethylenes of various branching structures [7]
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dimensions of the LDPE are significantly smaller than those of the linear coun-
terpart. This finding can be explained by the assumption that the branches are able
to at least partly fill the free space between the segments of the backbone of the
molecules. According to Fig. 2.18 the differences of the coil dimensions between
linear and long-chain branched molecules become the more pronounced the higher
the molar mass indicating an increasing effect of branching.

A distinctly different result is found from Fig. 2.18 for the long-chain branched
metallocene-catalyzed linear low density polyethylene (LCB-mLLDPE 1). Only at
higher molar masses a deviation from the straight line of the linear material occurs.
This finding can be interpreted in a way that the existence of long-chain branches
is restricted to the longer molecules and the shorter ones behave linear although
they contain short-chain branches according to their chemical structure. As a side
effect this result demonstrates that the influence of comonomers on the coil
dimension cannot be detected by GPC-MALLS at least for the compositions
commonly found with LLDPE.

For a more quantitative discussion of the differences in coil size between linear
and branched molecules the so-called branching index

g ¼ hs2ibr

hs2ilin

ð2:84Þ

is defined. The index ‘‘br’’ denotes the mean square radius of gyration of the
branched, the index ‘‘lin’’ that of the linear species taken at the same molar mass.

Although clearly defined and very descriptive there have been only very few
theories up to now which try to correlate the branching index with the branching
structure [19, 20]. For example, for monodisperse star polymers the conformation
of which can be described by the theory of undisturbed chain statistics the
relationship

g ¼ ð3f � 2Þ=f 2 ð2:85Þ

between g and the functionality f of a branching point is given by Zimm and
Stockmayer in [19].

Furthermore, in [19] the following relationship between g and the number of
statistically distributed trifunctional branching centers m per molecule is derived
for monodisperse polymers:

g � ð1 þ m=7Þ0:5 þ 4m=9p
h i�0:5

ð2:86Þ

From m, the number of branching points per monomer unit Mg can be assessed
as
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k ¼ mMg=M ð2:87Þ
with M being the molar mass. Under the assumption of equal lengths of the
segments between the branching points their molar mass Ms follows as

Ms ¼ M=ð2m þ 1Þ ð2:88Þ

The prerequisite of monodispersity for the application of the Zimm-Stockmayer
theory is fulfilled for an evaluation of the GPC-MALLS measurements as the
fractions obtained are very narrowly distributed. The requirement of trifunction-
ality is very difficult to assess, however, as the branching structure depends on the
polymerization conditions. Therefore, Eqs. (2.85) to (2.88) are of a very limited
value for the description of real long-chain branched polymers, but in some cases
they may be helpful for a qualitative comparison of various products.

2.8 Size of Macromolecules in the Glassy and Molten State

The large importance of the H-solution is due to the fact that shape and extension of
linear macromolecules may be experimentally determined and calculated by means
of Gaussian statistics. Moreover, the coil dimensions of linear macromolecules in
the glassy state and in the melt are similar to those in H-solution. This has been
assumed since long [10], but the experimental proof was conducted by Fischer and
Dettenmaier in 1978 [21]. Their experiment is based on the strong difference in
neutron-scattering between molecules containing hydrogen or deuterium atoms. If
for a small part of the molecules present in the solid polymer hydrogen atoms are
replaced by deuterium, it is possible to detect these molecules by small-angle
neutron scattering similar to the characterization of ordinary macromolecules in
dilute solution by means of light scattering. In both cases the radius of gyration of
the coil is obtained.

For linear vinyl polymers in H-solution the relation (2.89) between the radius of
gyration and the degree of polymerization

s2
� �

¼ b2
H � P ð2:89Þ

holds with bH being a constant only weakly depending on temperature. This
relation remains valid with the same value of the constant b for macromolecular
coils in the solid and molten state as proven by Fischer and Dettenmaier [21]. The
values from their publication are given in Table 2.8. The coefficients b as deter-
mined by light scattering or viscometry in H-solution are compared with results of
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neutron scattering in the solid and molten state of various polymers in a wide range
of molar masses. The agreement of the results in H-solution and in the bulk is very
good.
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Table 2.8 b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
hs2i=P

p
for polymers in the solid and molten state and in H-solution

Polymer Range of molar mass
in kg/mol

b in 10-10 m
solid or molten

b in 10-10 m
in H-solution

PMMA 6–1000 2.56 2.20
PS 20–1000 2.81 2.76
SI 200 2.28 2.24
PVC 70–200 3.24 2.93
PE 10–80 2.33 2.28

60–400 2.44 2.28
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Chapter 3
Experimental Methods to Determine
Molecular Quantities

In this chapter, experimental methods are described which are used to determine the
molar mass and the interaction between macromolecules and solvent molecules.

3.1 Osmometry

Measurements of osmotic pressures are performed with an apparatus, whose
principle is sketched in Fig. 3.1. The cell with the solution is separated by a semi-
permeable diaphragm from the vessel, which contains the pure solvent. The dia-
phragm is permeable for the solvent molecules, but not permeable for the much
larger polymer molecules. After some time, a constant pressure difference is
reached between both reservoirs which is called the osmotic pressure p.

The occurrence of the osmotic pressure may be explained either by molecular
or thermodynamic reasoning.

(I) The osmotic pressure results from the impact of the polymer molecules
bouncing against the walls of the inner cell.

(II) The solution tries to get diluted until the decrease in free enthalpy is bal-
anced by the repulsing pressure difference.

Ad I. If we consider the osmotic pressure as a result of the impact of the
polymer molecules on the walls of the inner cell, we may expect in analogy to the
law for ideal gasses

pV ¼ n R T ð3:1Þ

the equation

p V ¼ n2 R T ð3:2Þ

with V being the volume of the inner cell and n2 the mole number of the solute.
Introducing the mass concentration c of the polymer in the solution

H. Münstedt and F. R. Schwarzl, Deformation and Flow of Polymeric Materials,
DOI: 10.1007/978-3-642-55409-4_3, � Springer-Verlag Berlin Heidelberg 2014
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c ¼ n2M=V ð3:3Þ

into Eq. (3.2), we find Van’t Hoff’s law for the osmotic pressure

p ¼ RT c=M ð3:4Þ

For polydisperse polymers, M in Eq. (3.4) has to be replaced by the number
average molar mass Mn:

p ¼ RT c=Mn ð3:5Þ

The proof rests upon the following arguments: The partial pressure due to the
species with the molar mass Mi is given by pi ¼ ni R T=V and the sum of all partial
pressures forms the osmotic pressure

p ¼ ðRT=VÞ �
X

i

ni ð3:6Þ

For the species i Eq. (3.3) reads ci ¼ niMi=V and for the mass concentration of all
polymer molecules

c ¼
X

i

ci ¼
1
V

X

i

niMi ð3:7Þ

Inserting 1/V from Eq. (3.7) into Eq. (3.6) and using Eq. (2.15), yields Eq. (3.5).
Equations (3.4) or (3.5) may be applied to solutions of low-molar mass mate-

rials, but fail for polymer solutions. This is shown with reference to Fig. 3.2, in
which the ratio between osmotic pressure and mass concentration is plotted versus
the concentration c for solutions of fractions of poly(isobutylene) in two solvents
after Flory [1].

Instead of being constant, the ratio p/c depends significantly on the polymer
concentration c. Therefore, an expansion after powers of the concentration
c should be used

Fig. 3.1 Determination of
the osmotic pressure
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p ¼ RT c=Mn þ Bc2 þ Cc3 þ � � �
� �

ð3:8Þ

to describe the course of the osmotic pressure with polymer concentration. B is
called the second virial coefficient, C the third virial coefficient etc. To determine
the molar mass, the ratio p/c is plotted versus c and, from the intersection with the
abscissa at c = 0, a measure of the reciprocal value of the molar mass M for
monodisperse polymers or for the reciprocal value of the number average molar
mass Mn for polydisperse polymers is obtained.

The influence of the higher powers of c in Eq. (3.8) manifests itself in an
increase of the ratio p/c with increasing c. In the good solvent (cyclohexane) the
ratio p/c strongly increases with increasing c, showing that the second virial
coefficient B is large and positive in this case. In the H-solvent (benzene) the ratio
p/c remains independent of c in the region of smaller concentrations, showing that
in this case B = 0. Hence, the value of the second virial coefficient constitutes a
measure for the quality of the solution.

The second virial coefficient can be interpreted by the excluded volume concept,
applied to a real gas. While for an ideal gas Eq. (3.1) is valid, for a real gas the
influence of the excluded volume b is taken into account leading to the equation

pðV � bÞ ¼ n R T ð3:9Þ

The excluded volume is the volume, which is not for disposal for the molecule
under consideration. The excluded volume, however, will consist of two terms

b ¼ b1 þ b2 with b1 [ 0 and b2 [ 0 or b2\0 ð3:10Þ

b1 is the volume occupied by the other molecules of the real gas and is therefore
always positive. The sign of b2 will depend on the interaction of the gas molecules

Fig. 3.2 Values of p/c
versus c for solutions of
poly(isobutylene) in two
solvents at the temperature of
T = 24 �C after Flory.
Reproduced from [1] by
permission from American
Chemical Society
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with each other. If the gas molecules attract each other, they will stay longer in the
neighborhood of other gas molecules than in the neighborhood of the walls, and
the volume for disposal will appear to be larger, therefore b2 will be negative. If
the gas molecules repulse each other, they will stay longer in the neighborhood of
the walls, than in the neighborhood of the other gas molecules, and the volume for
disposal will appear to be smaller, therefore, b2 will be positive.

A relation between the excluded volume b and the second virial coefficient B for
solutions of monodisperse polymers is obtained as follows: We replace in the
equation for the real gas Eq. (3.9) p by p, n by n2 and V by the value following
from Eq. (3.4), with the result:

p M=c ¼ RT þ p b=n2

In this equation, the second term on the right-hand side is small compared with the
first one. Therefore, we may replace p in the second term by the approximation

p ffi RTc=M þ 0ðc2Þ

and obtain

p ¼ RT � c

M
þ c2

M2
� b

n2
þ � � �

� �
ð3:11Þ

From a comparison of Eq. (3.11) with Eq. (3.8), in which Mn is substituted by
M one gets:

B ¼ b

n2M2
ð3:12Þ

or with

n2 ¼ cV=M
b

V
¼ c � M � B ð3:13Þ

A very important special case is the H-solution, for which the effects of the
attractive forces between the coils and those of their occupied volume just com-
pensate each other, i.e.,

b1 ¼ �b2 b ¼ 0 B ¼ 0 ð3:14Þ

is valid for the H-solution.
Similarly to the decomposition of the excluded volume into a contribution from

the occupied volume b1, and a contribution from the energetic interaction b2, it is
possible to decompose the second virial coefficient into an enthalpy term BH and an
entropy term BS. As shown in thermodynamics (see, e.g., [2]), we have
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B ¼ BH þ BS ð3:15Þ

with

BH ¼ �T
oB

oT

� �
ð3:16Þ

and

BS ¼ B þ T
oB

oT

� �
ð3:17Þ

BH describes the energetic interaction between the coils and BS the influence of
their occupied volume. As a consequence, in a very good solution BH will be
positive, and therefore (qB/qT) negative; in an athermal solution B will be inde-
pendent of the temperature and therefore B = Bs; in a moderate or poor solution
BH will be negative, and therefore (qB/qT) positive; at the H-temperature we have
BH = -BS. The temperature dependence for these three cases is presented sche-
matically in Fig. 3.3.

Ad II: In thermodynamics [2] it is shown that the osmotic pressure is related
directly to the free enthalpy of dilution by means of the equation

p ¼ �l1=V1 ð3:18Þ

If the osmotic pressure has been measured as a function of the polymer concen-
tration c, the dependence of the free enthalpy of dilution may be calculated. From
p = p(c) it follows l1 = l1(v2), when the mass concentration c is replaced by the
volume concentration d2 by means of

c ¼ d2 � v2 ð3:19Þ

Fig. 3.3 Temperature
dependence of the second
virial coefficient for solvents
of different quality
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with

d2 ¼ M=V2 ð3:20Þ

d2 is the density of the polymer in the solution (% density of the polymer in the
unsolved state). The following relation between the Flory–Huggins parameter v1 and
the second virial coefficient may be derived by inserting Eq. (2.61) into Eq. (3.18),
developing the result into powers of c and v2, respectively, and comparing the coef-
ficients of c2:

B ¼ 1

V1d2
2

� 1
2
� v1

� �
ð3:21Þ

and

BH ¼ 1

V1d2
2

� T
ov1

oT

� �
ð3:22Þ

Large positive values of B (good solutions) correspond to small positive values
of v1; for the H-solution we have B = 0 and v1 = 1/2. An overview of the
properties of dilute solutions is given in Table 3.1. v1k is the value of the Flory–
Huggins parameter, at which precipitation occurs.

Some experimental results for B are given in the Fig. 3.4. Figure 3.4 shows the
temperature dependence of the second virial coefficient of solutions of poly(vinyl
chloride) of different molar masses in toluene after Schulz et al. [3]. In this very
good solution, the second virial coefficient shows large positive values, which
weakly increase with temperature.

A completely different behavior was reported for solutions in bad or moderate
solvents by Schulz et al. [4]. They investigated the temperature dependence of the
second virial coefficient of solutions of PMMA in six bad solvents. Values for
B were found which were ten times smaller than for good solvents and partially
negative. For low temperatures B was negative and increased strongly with
increasing temperature. For each system, a temperature was observed, at which the
second virial coefficient vanished, the H-temperature.

Table 3.1 Properties of dilute solutions

Quality of
the solution

Shape of the
coil

Heat exchange B qB/qT BH Um, w v1

Very good Inflated Exothermal Large [ 0 \ 0 [ 0 \ 0 0.0–0.4
Good Athermal Large [ 0 = 0 = 0 = 0 0.40–0.45
Moderate

to poor
Squeezed Endothermal Small [ 0 [ 0 \ 0 [ 0 0.45–0 0.5

H-solution Undisturbed
statistical
shape

Endothermal 0 [ 0 = –BS [ 0 0.50

Precipitation \0 v1k [ 0.5
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As already mentioned in Sect. 2.4, the H-solution is of large significance for
theoretical considerations and molecular interpretations in polymer physics.
Normally, two effects will disturb the simple calculation of the shape of the
macromolecular chain structure. First, other parts of the considered chain end or
other chains may occupy the place, where the chain end could otherwise find a
place in the diffusion process. This restriction is called the occupied volume effect
as discussed before. Second, in bad solutions, the interaction between parts of the
macromolecule and solvent molecules may squeeze the solvent molecules out of
the macromolecular coils, bringing them closer together. In the H-solution both
effects just compensate each other, leaving the end of the macromolecule the
freedom to diffuse undisturbed to each place in its vicinity.

In the H-solution the effects of the attractive forces between macromolecular
coils and those of their occupied volume just compensate each other, and
therefore, the undisturbed chain statistics may be applied to the
macromolecules.

3.2 Viscometry

The measurement of the viscosity of dilute macromolecular solutions is a con-
venient and often used method to determine molar masses of polymers. For the
definition of the viscosity of liquids we consider the laminar shear flow between
two parallel flat plates of large extension, one being fixed, the other being moved
with the constant velocity V in the x-direction (cf. Fig. 3.5).

If the liquid sticks to the walls, a flow field with a constant velocity gradient
will develop. Its velocity components are:

Fig. 3.4 Second virial
coefficient of PS of various
molar masses in toluene
versus temperature, after
Schulz et al. Reproduced
from [3] by permission from
the American Chemical
Society
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vx ¼ q � y vy ¼ vz ¼ 0 q ¼ V=d ð3:23Þ

We define the (velocity) gradient q, the shear stress r, and the (shear) viscosity
g by the equations

q ¼ dvx

dy
ð3:24Þ

r ¼ F=A ð3:25Þ

g ¼ r=q ð3:26Þ

d is the distance between the two plates, A the surface of the upper plate moved by
the shearing force F. g is not necessarily constant, but may depend on the mag-
nitude of the gradient q. If g is independent of q, the liquid is called Newtonian, if
not, it is called non-Newtonian. For example, water is a Newtonian fluid with a
viscosity of g & 10-3 Pas at 20 �C. Examples of non-Newtonian liquids are
polymer solutions and polymer melts. The unit of the velocity gradient is s-1, the
unit of the viscosity is Pas.

Sometimes, the velocity gradient is also called the shear rate _c. As velocity
gradient and shear rate are two different concepts, defined by different experi-
ments, we prefer for the present to use the designation velocity gradient. In a later
stage (in Sect. 8.7) we return to the question of the relationship between both
concepts and prove their identity. But this has to be postponed until the discussion
of large deformations.

The measurement of the viscosity of low-viscous liquids (10-3–10 Pas) is
usually performed by a capillary viscometer. The fluid is forced by a pressure
difference Dp through a circular capillary with the radius R and the length L. The
law of Hagen–Poiseuille,1 valid for Newtonian liquids, predicts for the amount of
liquid Q passing through the capillary during the time t

Q

t
¼ pR4

8L
� Dp

g
ð3:27Þ

Fig. 3.5 Simple shear flow

1 For derivation of this formula see for instance [5] or Sect. 15.1 of this book.
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For the measurement of the viscosity of dilute polymer solutions, the Ubbelohde-
viscometer is often used (cf. Fig. 3.6).

The Ubbelohde-viscometer is a 3-armed vessel, whose arms—designated as
1, 2, 3—may be closed on the upper end. For the measurement one proceeds as
follows:

(1) Filling of the store vessel a
(2) Closing of 2 and sucking up the liquid through the capillary 3 up to a level

above the mark m1

(3) Closing of 3 and opening of 2, which results into separating the liquid at the
joint of 2 and 3. A hanging level is created in 3.

(4) Opening of 3 and measuring the time necessary for the liquid to sink from the
mark m1 at the level h1 to the mark m2 at the level h2.

With g as the acceleration of gravity and q the density of the liquid, the driving
pressure during the measurement becomes

Dp ¼ h1 þ h2ð Þ � gq=2 ð3:28Þ

Inserting Eq. (3.28) into Eq. (3.27) yields for the viscosity

g ¼ Aq � t ð3:29Þ

with the specific constant A of the instrument:

A ¼ pR4 h1 þ h2ð Þg
16LQ

ð3:30Þ

which is determined in practice by calibration.
Polymer solutions are non-Newtonian fluids and may show a flow behavior as

sketched in Fig. 3.7.
For small values of the gradient, a constant value of the viscosity is reached, the

Newtonian viscosity g0. Then, the viscosity strongly decreases with increasing
gradient. For the pure solvent, the lowest value of the viscosity, the solvent

Fig. 3.6 The Ubbelohde
viscometer

3.2 Viscometry 51



viscosity gl is found, which is independent of the gradient. The ratio g/gl strongly
increases with increasing polymer concentration.

The non-Newtonian viscosity of solutions of anionic poly(styrene) in toluene
[6], is shown in the Figs. 3.8 and 3.9. The polymers used in this study were

Fig. 3.7 Non-Newtonian flow behavior of polymer solutions, schematically

Fig. 3.8 Viscosity functions of solutions of an anionic poly(styrene) with a very high-molar
mass in toluene for various polymer concentrations after Kulicke and Kniewske [6]
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commercial products from Pressure Chemical Company (Pittsburgh, USA) and
Polymer Laboratories Ltd. (Church Stretton, UK). Figure 3.8 presents the influ-
ence of the polymer concentration on the viscosity of solutions of a poly(styrene)
with a very high molar mass. The Newtonian region of the viscosity curve, g0, can
be observed only at small values of the gradient, and only for solutions with low-
polymer concentrations. As to be seen from Fig. 3.8, the transition from the
Newtonian to the non-Newtonian region shifts to higher gradients with decreasing
concentration of the polymer.

Figure 3.9 demonstrates the influence of the molar mass of the solute on the
viscosity of solutions with a concentration of 30 g/l. The lower the molar mass, the
more extended is the Newtonian region and the lower the value of the Newtonian
viscosity g0.

For the determination of the molar mass of the solute, the limit of the viscosity
of the solution for small shear rates, the Newtonian viscosity of the solution, is
required. The latter may be developed into a power series of the polymer
concentration:

g0 ¼ gl 1 þ a c þ b c2 þ . . .
� 	

ð3:31Þ

where gl denotes the solvent viscosity. The coefficient of the first power in this
series characterizes the property of the isolated (c ? 0), undeformed (q ? 0)
macromolecular coil. This coefficient is called viscosity number, intrinsic viscosity
or Staudinger index and is designated by [g]. The ratio

Fig. 3.9 Viscosity functions of 3 wt. % solutions of anionic poly(styrenes) of different molar
masses in toluene, after Kulicke and Kniewske [6]
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grel ¼
g0

gl
ð3:32Þ

is called the relative viscosity and the expression

gspec ¼
g0

gl
� 1 ð3:33Þ

the specific viscosity, though both quantities do not have the dimension of a vis-
cosity, but are pure numbers. The viscosity number—which is not a pure number,
but has the dimension of an inverse mass concentration with the unity m3/kg
= l/g,—may be determined by one of the following limiting expressions

g½ � ¼ lim
c!0

gspec

c

h i
ð3:34Þ

or

g½ � ¼ lim
c!0

1
c

ln grel

� �
ð3:35Þ

An example for the concentration dependence of solutions of anionic
poly(styrene’s) in bromo-benzene at 25 �C is shown in Fig. 3.10 [7].

The left-hand side of the figure shows the relative viscosity as a function of the
mass concentration, the right-hand side displays the same values, but in a

Fig. 3.10 Relative viscosity for solutions of anionic poly(styrene) in bromo-benzene at 25 �C
after Daum [7]. The anionic PS used are those listed in Table 2.3
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logarithmic scale for grel over a larger range of concentrations. The convergence of
the two limits in Eqs. (3.34) and (3.35) at c ? 0 is illustrated in Fig. 3.11,
showing gspec/c and (ln grel)/c versus c for solutions of the anionic polystyrene S3.
The quantity gspec/c becomes smaller with c and converges to the limit [g ] for
c ? 0. The function (ln grel)/c grows with decreasing c and attains the same limit
[g] for c ? 0. Because of the inequality

1
c

ln grel\ g½ �\
gspec

c
ð3:36Þ

the two functions represent upper and lower bounds for the error in the extrapo-
lation to the value at c ? 0.

The large importance of the Staudinger index originates from the existence of a
simple relation with the molar mass, which is experimentally found for linear
macromolecules:

g½ � ¼ K � Ma ð3:37Þ

K and a are constants, which depend on the combination chosen for the solute and
solvent and on the temperature. This power law is called the Mark–Houwink
equation. It is valid in the form of Eq. (3.37) for nearly monodisperse polymers.
For polymers with a broader distribution of the molar mass, M has to be replaced
by the viscosity average of the molar mass, Mv, as defined in Eq. (2.19) or (2.190).
The proof of this statement is based on the assumption, that the contributions of the
various fractions to the increment of the specific viscosity behave additive, and
was given by Flory [8]. The constant a is found to be between

Fig. 3.11 Illustration of the
convergence of the both
limits Eqs. (3.34) and (3.35).
Measurements on S3 in
bromo-benzene after Daum
[7]. a is the coefficient of c in
Eq. (3.31)
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0:5� a� 1 ð3:38Þ

and becomes larger with the increasing quality of the solvent. For H-solutions,
a = 0.5 is obtained. K and a are determined experimentally by fractionation of the
polymer, determination of the molar masses of the fractions by osmometry or by
light scattering (see next section), and measurement of the Staudinger index of the
solutions of the fractions.

The Mark-Houwink equation is sometimes inconvenient to handle because of
the complicated dimensions of the quantity K in cases for which a is an irrational
number. This difficulty may be avoided by the introduction of the molar mass of
the structural unit Mg and the degree of polymerization P into Eq. (3.37), which
then reads

g½ � ¼ L � ðM=MgÞa ¼ L � Pa ð3:39Þ

with

L ¼ K � Ma
g ð3:40Þ

for linear, monodisperse polymers and

g½ � ¼ L � ðMv=MgÞa ¼ L � Pa
v ð3:41Þ

for linear, polydisperse polymers. Some examples for values of K, L, and a are
summarized in Table 3.2. For each polymer, at least two different solvents were
chosen, one being a H-solvent, the other being a good solvent. Very compre-
hensive tables of K and a–values have been given by Kurata and Tsunashima [9].

In Fig. 3.12 the viscosity numbers are shown as a function of the molar mass in
a double-logarithmic plot for fractions of poly(styrene) in three different solvents
[29]. For a clearer representation of the accuracy of the measurements, different
scales for [g] were chosen. The three curves have been shifted relatively to each
other in the y-direction by a factor 10. This picture demonstrates that Eq. (3.37) is
valid only for molar masses, which exceed a certain value (here M [ 30 kg/mol).
Above this value the exponent in Eq. (3.37) increases with increasing quality of
the solvent (cf. the different slopes for the three solvents).

Figure 3.13 shows the Staudinger index as a function of the molar mass for PS
in five different solvents, over a still broader range of the molar mass than in
Fig. 3.12. For the matter of clarity, the measuring points have been deleted in this
picture and replaced by average lines.

Above a certain value of the molar mass, the curves fan out as straight lines
with double logarithmic slopes between 0.5 (for the H-solvent cyclohexane) and
0.73 (for chloroform).

Next, we consider an illustrative interpretation of the Mark–Houwink equation.
Einstein [31] derived the following simple equation for the viscosity of a dis-
persion of hard spheres in a fluid:
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g0 ¼ gl 1 þ 2:5 � uð Þ ð3:42Þ

where g0 is the viscosity of the dispersion, gl the viscosity of the pure fluid and u
the volume concentration of the spheres in the dispersion. Assuming that the
solution of the macromolecular coils behaves just as a dispersion of hard spheres
with radius h, Eq. (3.42) can be compared with the linear part of Eq. (3.31), i.e.,

Table 3.2 Parameters of the Mark-Houwink-equation for some combinations of solvent and
polymer

Polymer solvent T, �C 10 3 � K* a L, 10-4 l/g Range of
molar masses, kg/mol

Lit.

Poly(styrene) in
Chloroform 25 1.74 0.73 3.3 70–3730 [10]
Benzene 20 1.78 0.72 3.5 6–5200 [11]
Toluene 25 2.00 0.69 4.2 10–1040 [12]
Methylethylketone 20 2.15 0.58 5.8 10–10000 [12]
Cyclohexane 34.5 2.68 0.50 8.6 30–2000 [13]

Poly(methyl methacrylate)
Chloroform 20 1.22 0.80 1.9 80–2000 [14]
Benzene 25 1.05 0.76 1.8 20–7400 [15]
Toluene 25 1.10 0.73 2.1 40–3300 [16]
Acetone 25 0.82 0.70 1.5 20–7800 [15]
4-heptanone 33.8 1.52 0.50 4.8 10–1720 [17]

Poly(isobutene)
Cyclohexane 30 3.24 0.69 4.4 40–710 [18]
Benzene 24 3.38 0.50 8.0 180–1880 [18]

Poly(vinylchloride)
Tetrahydrofuran (THF) 25 3.24 0.77 3.9 20–300 [19]
Benzyl alcohol 155.4 4.93 0.50 12.3 40–350 [20]

Poly(carbonate)
THF 25 5.02 0.766 19.3 10–270 [21]
Butyl-benzyl-ether 170 6.64 0.50 33.5 40–310 [22]

Poly(ethylene) low pres
Tetralin 130 7.63 0.725 5.73 40–500 [23]
Diphenyl 130 9.55 0.50 16.0 57–270 [24]

Poly(propylene) atac
Decalin 135 2.76 0.80 2.2 20–620 [25]
Phenyl ether 153 3.79 0.50 7.8 37–210 [26]

Poly(amide 6.6)
M-cresole 25 16.2 0.61 65.5 14–50 [27]
90 % formic acid +
2.3 mol KCl 25 8.00 0.50 38.0 14–50 [28]

* The unit for K has been chosen in such a way, that [g] is obtained in l/g, if M is inserted in kg/mol
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Fig. 3.12 Staudinger index, [g], in cm3/g, as function of the molar mass, M, in kg/mol for
solutions of poly(styrene) in three solvents after Meyerhoff [29]

Fig. 3.13 Staudinger index, [g], in l/g as function of the molar mass, Mw, in kg/mol for solutions
of poly(styrene) in five different solvents after Hoffmann. Reproduced from [30] by permission
from Hüthig and Wepf, Basel
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g0 ffi gl 1 þ ½g� � cð Þ

this comparison yields

½g� ¼ 2:5
u
c
¼ 2:5

dm
ð3:43Þ

where dm is the average density of the macromolecule in the coil . The latter is
equal to the ratio of the mass of one macromolecule to the volume of one coil

dm ¼ c

u
¼ M=NA

4ph3=3
ð3:44Þ

and therefore

½g� ¼ 10p
3

NA
h3

M
ð3:45Þ

From the Staudinger index an estimate for the coil radius in dilute solution is
obtained. We insert for the radius of the coil, h, the square root of the mean square

of the radius of gyration h ¼ hs2i1=2 and use Eq. (2.45) with the result

½g� ¼ 10p

18
ffiffiffi
6

p NA
r2
� �3=2

M
¼ U0 �

r2
� �3=2

M

The evaluation of the numerical factor yields U0 & 4.3 9 1023 mol-1. The con-
sideration above is very simplified, as the macromolecular coils are not hard
spheres, but are partially penetrated by the solvent and are flexible.

In two famous publications, Flory [32] and Fox and Flory [33] have calculated
the resistance of the single segments of a pearl string model in the flow field and
arrived at a similar result, but with a different numerical factor

½g� ¼ U �
r2
� �3=2

M
with U ffi 2:6 � 1023 mol�1 ð3:46Þ

This equation by Fox and Flory yields a correlation between the viscosity number,
the end to end mean square distance and the molar mass. Though it was originally
derived under the assumption of a random walk chain, Flory later argued, that it

could also be valid for solutions of good quality [8]. If hr2i3=2 is resubstituted by

hs2i3=2 via Eq. (2.45), Eq. (3.46) could even describe the Staudinger index for
branched polymers.
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For the H-solution the Mark–Houwink equation becomes

½g�H ¼ KHM1=2 ¼ LHP1=2 ð3:47Þ

with

LH ¼ KH � M1=2
g ð3:48Þ

and the Fox and Flory equation reduces to

½g�H ¼ KHM1=2 ¼ U
M

r2
� �3=2

H ð3:49Þ

From the right side of this equation, we obtain the following expressions for the
mean square end to end distance and the mean square radius of gyration

r2
� �

H¼
KH

U

� �2=3

M ¼ a2
HP ð3:50Þ

with

aH ¼
ffiffiffiffiffiffi
Mg

p
� KH

U

� �1=3

ð3:51Þ

and

s2
� �

H¼ b2
HP ð3:52Þ

with

bH ¼
ffiffiffiffiffiffi
Mg

6

r
� KH

U

� �1=3

ð3:53Þ

We calculate brmax/P from Eq. (2.74) and substitute r2
� �

H from Eq. (3.50) to
obtain an expression for Kuhn’s statistical segment, b.

b
rmax

P
¼ Mg

KH

U

� �2=3

ð3:54Þ

The ratio (rmax/P) can be calculated from the geometry of the molecule, the ratio
KH=U can be measured over a wide range of molar masses. Finally, from
Eqs. (3.51) and (2.80), we obtain expressions for the constants KH and LH of the
Mark-Houwink equation for linear vinyl polymers
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KH ¼ U
a3

M3=2
g

¼ Ub3
0

2C

Mg

� �3=2

ð3:55Þ

and

LH ¼ U
a3

Mg
¼ U 2Cð Þ3=2b3

0=Mg ð3:56Þ

and, from Eq. (3.54) with Eq. (2.76), for b, Kuhn’s statistical segment

b

b0
¼

ffiffiffi
3
8

r
Mg

b2
0

KH

U

� �2=3

ð3:57Þ

We conclude, that the combination of the unperturbated chain statistics with the
Fox-Flory equation results in

• The correct expression for the Mark-Houwink equation for theta-solutions,
• expressions for b, a, and b from the results of viscosity measurements,
• and, for vinyl polymers, expressions for KH and LH in terms of the molecular

parameter C.

By the measurement of the viscosity numbers of linear polymers with known
molar mass in theta-solution, it is possible to determine the molecular parameters
b, C, a, and b. Some examples are given in Table 3.3, taken from Flory [34] and

Table 3.3 The parameters KH and LH of the Mark-Houwink equation and the value of the
molecular parameters C, b/b0 and b/b0 for some polymers in H-solution. The values for C and KH

have been taken from Flory [34]. Values for LH, b and bH were calculated using Eqs. (3.53),
(3.56) and (3.57). (‘‘at’’ stands for ‘‘atactic’’)

Polymer Solvent T, �C KH
* LH

* C b/b0 bH/b0

Poly(ethylene) Dodecanol-1 138 97.1 16.3 6.6 8.1 1.49
Diphenylmethane 142 99.6 16.7 6.7 8.3 1.50

Poly(styrene) at Cyclohexane 34.8 25.9 8.4 10.2 12 1.84
Diethyl malonate 35.9 24.3 7.9 9.8 12 1.80

Poly(propylene) at Cyclohexane 92.0 54.4 11.2 6.7 8.3 1.50
Diphenyl ether 153 37.9 7.8 5.3 6.5 1.33

Poly(isobutylene) Benzene 24.0 33.8 8.0 6.5 8.0 1.48
Poly(vinyl acetate) i-pentanon hexane 25.0 27.8 8.2 8.8 11 1.71
Poly(methyl methacrylate) at Various solvents 4–70 15.2 4.8 6.9 8.5 1.52
Poly(dimethyl siloxane) Butanone 20.0 24.7 6.7 6.2 – 1.44
Poly(vinylchloride) Benzyl alcohol 155 49.3 12.3 9.4 10.5 1.77
Poly(carbonate) Butyl-benzyl-ether 170 66.4 33.5 – – 3.93
Poly(amide 6.6) 90 % HCOOH

+ 2.3 mol KCl
25.0 80.0 38.0 6.8 – 3.62

* KH in 10-4 m3 mol1/2 kg-3/2 , LH in 10-4 l/g, b0 = 1.54 9 10-10 m, aH ¼
ffiffiffi
6

p
bH
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completed with the calculation of the LH-, bH- and b-values. Comprehensive tables
of KH, C, b, have been published by Kurata and Tsunashima [9].

3.3 Light Scattering

The principle of the measurement of light scattering is sketched in Fig. 3.14. A
laser beam with the wave length k0 travels through a semi-permeable mirror,
which splits it into two branches. One part of the light falls on a reference photo
cell, the other part reaches the cuvette filled with the polymer solution. The light
scattered at the various angles # is measured by a second photo cell. [Modern
instruments use a larger number of photocells mounted at fixed angles (multiangle
laser-light scattering (MALLS)).]

Let ið#; cÞ be the intensity of the light scattered by the solution with the con-
centration c under the angle #; ið#; 0Þ the intensity of the light scattered into the
same direction by the pure solvent and i0 the intensity of the incident beam. The
intensity of the light scattered under the angle #, minus the intensity of the light
scattered by the pure solvent into the same direction, divided by the intensity of the
incident beam is proportional to the scattering volume V of the cuvette and inverse
proportional to the square of the distance r between cuvette and photo cell.

ið#; cÞ � ið#; 0Þ
i0

¼ V

r2
Rð#; c;M; h=k;BÞ

The scattering volume of the solution depends on the scattering angle #

V ¼ V0= sin#

with V0 being the scattering volume at the scattering angle # ¼ p=2. Therefore, the
measurement yields

Fig. 3.14 Schematic arrangement for the measurement of light scattering
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ið#; cÞ � ið#; 0Þ
i0

¼ V0

r2 sin#
Rð#; c;M; h=k;BÞ ð3:58Þ

The quantity R is called Rayleigh’s ratio. It depends on the scattering angle #,
the wave length of the light in the solution k, and the properties of the solution as
the polymer concentration c, the molar mass of the polymer M, the radius of the
macromolecular coils h,2 and the second virial coefficient B. R has the dimension
of a reciprocal length, and is determined as a function of the scattering angle # and
of the concentration c of the solution.

We consider first the most simple case, that the dimensions are small in
comparison to the wave length of the light (in the solution) and that the solution is
very diluted:

2 h � k highly diluted; incident light unpolarized

Due to the condition 2 h � k, the entire coil may be considered as one single
dipole which is excited by the incident light wave. The dipole oscillates with the
frequency of the incident light in the direction of its polarization. It emits light of
the same frequency with an intensity depending on the angle between the direction
of the dipole and the direction of the irradiation. After summation over all
directions of dipoles and over all coils in the scattering volume one finds for
unpolarized light (for a derivation of this formula see [35] and also [36])

Rð#; c;MÞ ¼ 1 þ cos2 #

2
KcM ð3:59Þ

with

K ¼ 4p2n2
1

NAk4 � dn

dc

� �2

ð3:60Þ

The quantities occurring in this equation are
n1 The refractive index of the solvent
n The refractive index of the solution
dn/dc The refractive index increment of the solution
k = k0/n The wave length of the light in the solution
k0 The wave length of the light in the vacuum
NA Avogadro’s number

2 h is used as an abbreviation for the square root of the mean square radius of gyration

h ¼ s2
� �1=2

.
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The molar mass is obtained by an extrapolation of the measured data to the
scattering angle # ¼ 0 and to the concentration c = 0. For a monodisperse poly-
mer one gets from Eq. (3.59)

lim
#!0
c!0

Rð#Þ
c

¼ K � M ð3:62Þ

and for a polydisperse polymer

lim
#!0
c!0

Rð#Þ
c

¼ K � Mw ð3:63Þ

The proof that the molar mass in Eq. (3.63) is the weight average molar mass Mw

is based on the additivity of the contributions to Rð#; c;MÞ of coils with different
molar masses.

Next, we consider the case of a moderate dilution, for which the coil dimen-
sions are still small in comparison to the wave length:

2 h � k : moderate dilution:
At higher concentrations, the light waves scattered from the single coils do not

longer behave additive, but interfere with each other. Consequently, the intensity
of the scattered light increases less than proportional to the concentration.
A theoretical treatment [35] yields instead of Eq. (3.59):

1 þ cos2 #

2
K

c

Rð#; c;M;BÞ ¼
1

Mw
þ 2Bc þ � � � ð3:64Þ

with B being the second virial coefficient.
In order to determine B and Mw, the data are presented in the so-called Zimm-

diagram (cf. Fig. 3.15). The quantity ð1 þ cos2 #ÞKc=2Rð#Þ is plotted against an
abscissa, which is composed additively of the values of sin2 #=2 and j�c. The
proportionality factor j may be chosen arbitrarily. It has the dimension of l/g and
is introduced only to separate measuring points, which belong to different con-
centrations but to equal values of the scattering angle or vice versa.

Points indicated by circles are obtained directly from the measurement, those
indicated by crosses are obtained by extrapolations to either c ? 0 or # ! 0. The
intersection of the two extrapolated lines lies on the ordinate and corresponds to
the value 1/Mw. From the slope of the line with constant scattering angle # ¼ 0, the
second virial coefficient B is obtained, from the slope of the line with the con-
centration c = 0, a measure for the coil dimension follows according to Eq. (3.68).
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In the case of a moderately diluted solution, for which the coil dimensions are
no longer small in comparison to the wave length, the method yields direct
information on the magnitude of the macromolecular coils:

2h ffi k; moderate dilution.
If the dimensions of the coils become comparable with the wave length

(2 h & 0.1 k), it is not allowed any longer, to add the intensities of the light
scattered from different parts of the macromolecule. Vibrations of the dipoles from
different parts of the molecule show phase differences. This leads to interferences,
which magnify the light scattered into the direction of the incidence of the original
beam, and attenuate the light scattered into the backward direction. While the
scattering curve is symmetrical with respect to the position # ¼ 90	 for small
coils, it becomes asymmetrical for larger ones. This dissymmetry forms a measure
for the coil dimensions. Instead of Eq. (3.64), the following relation holds for large
coils in moderately diluted solutions [35]:

1 þ cos2 #

2
Kc

Rð#; c;M; h=k;BÞ ¼
1

Mw
� 1
Jð#Þ þ 2Bc ð3:65Þ

Fig. 3.15 Zimm diagram for the determination of Mw, B, and h2=k2, schematically. The diagram
was constructed, using Eq. (3.65) and the parameter values Mw = 400 kg/mol, B = 4.10-4

S.I. units and h/k = 0.3
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The function Jð#Þ depends on the shape and the size of the scattering particles.
Jð#Þ ¼ 1 for small particles and Jð0Þ ¼ 1 for particles of all sizes. Jð#Þ has been
calculated for rigid spheres, for rigid rods and for macromolecular coils.3

The result for coils is:

Jð#Þ ¼ 2
u2

� e�u � 1 þ u½ � ð3:66Þ

with

u ¼ 16p2 � h2

k2 sin2ð#=2Þ ð3:66aÞ

h2 ¼ hs2i is the mean square radius of gyration, which may directly be determined
from the initial slope of the curve ð1 þ cos2 #ÞKc=2Rð#Þ against sin2ð#=2Þ for
c = 0, as by developing Jð#Þ into a power series of u, the slope is found as:

d
1 þ cos2 #

2
Kc

Rð#Þ

 ��
d sin2ð#=2Þ
� �

¼ 16p2

3
1

Mw

h2

k2 ð3:67Þ

This slope may easily be obtained from the extrapolated line c ? 0 of the Zimm
diagram, which thus offers a measure for the coil dimensions, viz., the mean
square radius of gyration.

A further possibility for the measurement of the coil dimensions is the dis-
symmetry of the scattering curve. One determines the ratio of the intensity of the
light scattered at the scattering angles 45 and 135� in the limit of c ? 0. This ratio
is called the dissymmetry factor z and is easily calculated from Eqs. (3.65) and
(3.66).

z ¼ Rð# ¼ 45	; c ! 0Þ
Rð# ¼ 135	; c ! 0Þ ¼

Jð# ¼ 45	Þ
Jð# ¼ 135	Þ ¼ 1 þ 8

ffiffiffi
2

p
p2

3
h2

k2 þ O
h4

k4

� �
þ � � � ð3:68Þ

The dissymmetry factor z, calculated as a function of the ratio of the mean
square radius of gyration to the square of the wave length, is presented in Fig. 3.16

The dissymmetry factor increases linearly with (h/k)2 at small values of the
abscissa, with a slope of 37.2 and exceeds unity by more than 30 % already for
values of h=k ¼ 0:1. As examples, in Figs. 3.17 and 3.18 Zimm diagrams of a
technical poly(styrene) in a good solvent and in a theta solution are shown.

In a good solvent, B has high-positive values. Therefore, the line obtained by
extrapolation to # ! 0 with the slope B increases stronger with increasing abscissa

3 Rigid spheres and macromolecular coils scatter differently, as spheres are uniformly filled with
scattering matter, while coils show the density distribution of the random walk chain.
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than the line extrapolated to c ! 0. The first line forms the left boundary of the
rhombus of the Zimm diagram, the latter its lower boundary.

In a theta solution, the line extrapolated to # ! 0 with the slope B ffi 0 forms
the lower boundary of the rhombus of the diagram, the line extrapolated to c ! 0,
its left boundary.

In conclusion it may be stated, that light scattering is one of the most powerful
methods of molecular characterization. Besides the measurement of Mw and B, it is
the only method which yields direct information about the mean square radius of
gyration. Furthermore, light scattering in combination with gel permeation chro-
matography is a very important tool of molecular characterization, as it allows a
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Fig. 3.16 Dissymmetry factor z as a function of the relative coil dimension h/k

Fig. 3.17 Zimm diagram of PS in toluene at 20 �C after Jolk [37]. Measuring points at the
scattering angles # = 30, 37.5, 45, 60, 75, 90, 105, 120, 135, 142, and 150�, and at the
concentrations c = 0.53, 1.0, 1.56, 1.94, 2.98, 4.14, 5.06, and 6.0 g/l and j = 0.1 l/g
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direct determination of the molar mass and the radius of gyration of the molecules
within the various fractions obtained.

3.4 Gel Permeation Chromatography

Gel permeation chromatography (GPC) or size exclusion chromatography (SEC)
has attained a great importance during the last decennia as a tool for the charac-
terization of polymers. By means of GPC it is possible to determine not only
various averages of the molar mass distribution, but also the shape of the distri-
bution functions, which is of special interest in dealing with bi- or multimodal
distributions, and cannot be obtained by other methods.

A schematic setup for gel permeation chromatography is given in Fig. 3.19.
The solvent is pumped from a container through a sampling valve, and then further
through a number of separating columns into the detector. The purpose of the
sampling valve is to inject at a certain time Dv = 0.1 ml of the polymer solution
into of the solvent which is continuously pumped through the columns at a con-
stant flow rate.

While the solution passes the separating columns, it is fractionated. The different
columns are filled with gels of different pore sizes. Frequently used are styrene-
divinylbenzene gels. Polymer coils which fit into the pores are retained there for
longer times, while larger coils pass the column faster. By this process larger
macromolecules arrive earlier at the end of the last column and are measured first

Fig. 3.18 Zimm diagram of PS in cyclohexane at 34 �C after Jolk [37] (H-solution).
j ¼ 0:05l=g. Scattering angles as in Fig. 3.18, concentrations c = 0.66, 1.18, 2.0 g/l
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by the differential refractometer or other probes. In the refractometer the polymer
concentration of the solution is measured as a function of the elution volume by
comparing its refractive index with that of the pure solvent.

The polymer concentration ci, as a function of time or the elution volume ðveÞi,
respectively, already represents a good qualitative picture of the molar mass dis-
tribution. In order to arrive at quantitative results, it is necessary either to deter-
mine the absolute molar mass of the fractions by means of laser light scattering or
to calibrate the chromatogram using nearly monodisperse samples.

As an example for the latter method, Fig. 3.20 shows the gel permeation
chromatograms of three polystyrene standards with known narrow molar mass
distributions. The elution volumes at the concentration maxima are assigned to the
corresponding molar masses. In this way the calibration curve shown in Fig. 3.21
was obtained.

The result of the chromatograms of ten PS-standards with molar masses
between 1 and 2500 kg/mol is shown in the calibration curve in Fig. 3.21.

The closed circles represent the ten PS-standards, the open circle is ascribed to
the styrene monomer. The relation between the logarithm of the molar mass (in kg/
mol) and the elution volume ve (in ml) may be described by the following cali-
bration curve

Fig. 3.19 Schematic setup for gel permeation chromatography. As solvent THF is frequently
used. The numbers on the columns designate the average pore sizes 10-3, 10-4 and 10-5 cm
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logðM=ðkg=molÞÞ ¼ a þ bve þ cv2
e þ dv3

e þ ev4
e þ � � � ð3:69Þ

with

a ¼ 50:6 b ¼ �5:85 c ¼ 0:273 d ¼ �5:76 � 10�3 e ¼ 4:47 � 10�5

In a very coarse approximation, the calibration curve of Fig. 3.21 may be
replaced by a straight line, meaning that only the first two terms of Eq. (3.69) are
retained:

logðM=ðkg=molÞÞ 
 a þ bve ð3:69aÞ

The concentration ci of the ith fraction is measured at the elution volume veð Þi,
to which the molar mass Mi is assigned by the calibration function Eq. (3.69). The
measurement is performed every 12 s, corresponding to an increase of the elution
volume by Dv = 0.1 ml. The width bi of the interval of the ith fraction with
respect to the elution volume is (in analogy to the derivation of Eq. (2.11)) the
same for all fractions, viz.,

bi ¼ veð Þiþ1� veð Þi�1

� �
=2 ¼ Dv ð3:70Þ

Assuming that the fractionating columns separate ideally, i.e., that the fraction
i contains only molecules of the molar mass Mi, the mass fraction Wi of the
molecules with a molar mass Mi in the solution is the product of the concentration

Fig. 3.20 Gel permeation chromatogram of three anionic poly(styrenes) after Wolf [38]
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ci measured at the elution volume (ve)i and the width bi of the interval around this
elution volume, i.e.,

Wi ¼ cibi ¼ ciDv ð3:71Þ

Due to Eq. (2.5) this should be equal to

Wi ¼ niMi=NA

from which one obtains

mi ¼ niMi ¼ ciNADv ð3:72Þ

We insert Eq. (3.72) into the definitions of the number average Eq. (2.15),
the weight average Eq. (2.17), the z-average Eq. (2.18) and the viscosity average
Eq. (2.19) of the molar mass and find the corresponding expressions in terms of
the measured concentrations ci:

Mn ¼
P

niMiP
ni

¼
P

ciP
ci=Mið Þ ð3:73Þ

Mw ¼
P

niM2
iP

niMi
¼

P
ciMiP

ci
ð3:74Þ

Mz ¼
P

ciM2
iP

ciMi
ð3:75Þ

and

Fig. 3.21 Calibration curve of the GPC-setup after Wolf [38]. Circles indicate calibration points,
the drawn line shows the calibration curve according to Eq. (3.69)
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Mv ¼
P

ciMa
iP

ci

� �1=a

ð3:76Þ

Though the width bi of the interval of the ith fraction is independent of i, when
measured on the scale of the elution volume, it is not independent of i, when
measured on a scale of the molar mass. By Taylor development of Eq. (3.70) we
find for the width bi of the interval of the ith GPC-fraction (on the scale related to
the molar mass)

bi ¼
veð Þiþ1� veð Þi�1

2
¼ � dve

dM

� �

i

Mg ¼ �0:43Mg

�
Mi

d log M

dve

� �

i

ð3:77Þ

whereas the size of the classes in the linear molar mass scale is chosen as Mg.4

The derivative occurring in this equation follows from Eq. (3.69) as

d logðM=ðkg=molÞÞ
dve

¼ b þ 2cve þ 3dv2
e þ 4ev3

e þ � � � ð3:78Þ

or from Eq. (3.69a) as

d logðM=ðkg=molÞÞ
dve


 b ð3:78aÞ

Inserting the latter into Eq. (3.77), we arrive at

bi 
 � 0:43Mg

bMi
ð3:79Þ

For the calculation of the mass and number densities of the molar mass dis-
tribution we have to use the definitions Eqs. (2.7) and (2.9) of the mass and
number distribution functions of the molar mass and to insert for ni and mi the
values following from Eq. (3.72). We find for the number distribution function

f ðMiÞ ¼
niP

ni
¼ ci=MiP

ðci=MiÞ
ð3:80Þ

and for the mass distribution function

hðMiÞ ¼
miP

mi
¼ ciP

ci
ð3:81Þ

4 If the size were chosen as a fixed multiple of Mg, this would only multiply the width with a
constant factor, independent of i, and would not change the following argument. The minus sign
is required, because log M is a decreasing function of ve and bi should be positive.
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The number and mass distribution densities are found by multiplying
Eqs. (3.80) or (3.81) with the ratio bi/bi and renormalizing the distribution
densities

MggðMiÞ ¼
ci=Miðd log M=dvÞiP

i
ci=Miðd log M=dvÞi

ffi ci=M2
iP

i
ci=M2

i

ð3:82Þ

and

MgwðMiÞ ¼
ci=ðd log M=dvÞiP

i
ci=ðd log M=dvÞi

ffi ci=MiP
ðci=MiÞ

ð3:83Þ

Figure 3.22 shows the elution chromatogram of a technical poly(styrene) for a
calibrated logarithmic molar mass scale as determined by Wolf [38].

Measured ci-values have been indicated by filled circles. From these, the values
of single points of the curve of the mass distribution density (open squares) have
been calculated by means of Eq. (3.83) and the values of single points of the curve
of the number distribution density (open circles) have been calculated by means of
Eq. (3.82). Note, that the c-values represent a discrete distribution function, while
w(M) and g(M) are continuous distribution functions, (distribution densities). This
also explains the difference of the units for these quantities.

1.0 1.5 2.0 2.5 3.0 3.5
0

2

4

6

PS N 7000g(Mi)

w(Mi)

ci

log M, kg/mol

c i ,%

g(M)  10-3 mol/kg
w(M)  10-3 mol/kg

Fig. 3.22 Concentration ci, mass distribution density w(M) and number distribution density
g(M) of a technical poly(styrene), PS N 7000, after Wolf [38]
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Comparing the formulae (3.81), (3.83), and (3.82) explains, why the curves in
Fig. 3.22 for the concentrations of the GPC-fractions, for the mass distribution
density and for the number distribution density are similar over a logarithmic
molar mass scale, but, respectively, shifted into the direction of smaller molar
masses each.

It is seen, that the ci-data are not sufficient to determine the complete curve of
g(M). A significant part of this density remains undetermined due to the lack of c-
data at low-molar masses. Moreover, in the region, where g(M) is to be calculated,
the corresponding c-values are very low, and therefore show a considerable
experimental error. This makes the calculation of the number distribution density
from GPC-measurements rather tedious and uncertain. Though, if Eqs. (3.73) or
(3.74) are used to calculate Mn and Mw from the GPC-data shown in Fig. 3.22, the
correct values of 188 kg/mol and 386 kg/mol are obtained.

Recently, the GPC-equipment has been completed by a very useful tool which
has enlarged its significance considerably. It has been coupled with a multiangle
laser light scattering apparatus (MALLS), which offers the possibility to determine
the absolute value of the weight average molar mass, Mw,LS for each fraction

separately, as well as the square root of its mean square radius of gyration hs2i0:5

evaluating the Zimm-diagram. This substitutes, partially the tedious calibration of
the elution volume. Moreover, by separating a polymer in well defined fractions,

and measuring hs2i0:5 and Mw,LS simultaneously, the relationship between the
mean square radius of gyration and the molar mass can directly be determined
even in the case of non-theta solvents, where calculations are not available. The
method also works for branched polymers.

In the case that a MALLS equipment is not available and for special polymers
where well-defined narrowly distributed samples for setting up a calibration curve
are difficult to obtain, the so-called universal calibration is applied making use of
commercial polystyrene standards (cf. Fig. 3.21).

This method is based on the physical fact that the molecules are separated by
the gel of the GPC-columns according to their hydrodynamic volume. Use is made
of the Mark-Houwink equation

g½ � ¼ KMa ð3:37Þ

with g½ � being the intrinsic viscosity and a and K quantities depending on the
polymer, its solvent and the temperature of the viscosity measurement. Specific
values of the Mark-Houwink equation are listed in Table 3.2, for example.

According to Eq. (3.45), g½ � is proportional to the coil volume and inversely
proportional to the molar mass M. Therefore, at the same elution time or elution
volume, respectively, the following relation holds between two species 1 and 2

g½ �1M1 ¼ g½ �2M2

or with Eq. (3.37)
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K1Ma1þ1
1 ¼ K2Ma2þ1

2

and therefore

M1 ¼ K1=K2ð Þ1=ða1þ1ÞMða2þ1Þ=ða1þ1Þ
2 ð3:84Þ

For example, for the elution volume v1 of species 1 with an unknown molar
mass distribution the corresponding molar mass M2 of polystyrene can be deter-
mined according to the calibration curve of Fig. 3.21. The molar mass M1 of the
unknown species follows then from Eq. (3.84) making use of the adequate
parameters a1, a2, K1, and K2. In this way calibration curves for polymers based on
the well established one of polystyrene can be obtained.
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Chapter 4
Structure and States of Polymers

In this chapter, a short description of the molecular structure of polymeric sub-
stances and their states at various temperatures is given. Polymers may be clas-
sified according to their application or to their molecular structure. Mechanical
properties in the various structural states are addressed.

4.1 Classification of Polymeric Materials

Polymer materials are either totally amorphous or semicrystalline species in the
temperature range of their applications. The morphological structures are of great
importance for the end-use properties. A special feature in comparison to other
materials is that amorphous and semicrystalline polymeric materials as well can be
cross-linked up to various degrees. If in addition one considers the great number of
variations with respect to chemical composition and molecular structure the
immense scale of polymer species becomes evident. The two most important
features for the understanding of the structural states of polymers are crystallinity
and cross-linking. Based on these two properties a classification into the five basic
types of polymers, summarized in Table 4.1, can be made.

Amorphous and semicrystalline uncross-linked polymers are used as plastics.
Because of the absence of chemical cross-links they can be molten and may easily
be processed in this state by extrusion, injection molding or fiber spinning. Both
types of polymers are soluble in organic solvents. The amorphous materials can be
dissolved in a great number of ingredients. The more difficult dissolution of the
semicrystalline species has advantages and disadvantages. On the one hand they
are more resistant against certain environmental influences than their amorphous
counterparts, on the other they have to be handled at temperatures well above room
temperatures if solutions are needed as in the cases of molecular characterization
or solution spinning. Both species can repeatedly be molten and solidified by
thermal treatments, and are therefore called thermoplastics.

Amorphous, weakly cross-linked polymers are used as elastomers. Because of
the presence of chemical cross-links, they cannot be molten. In contact with

H. Münstedt and F. R. Schwarzl, Deformation and Flow of Polymeric Materials,
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swelling agents, they may swell without dissolving. Processing of those materials
is performed in a state at which chemical cross-links are not yet present. By the
cross-linking process, which is called vulcanization in the case of rubbers, the
shape is stabilized. This may be done also during injection molding. This process
is then called reaction injection molding (RIM).

A very high cross-link density can be achieved by certain chemical reactions of
oligomers. In such cases the formation of macromolecular chains and cross-links
run in parallel and dense networks are formed. These materials are called duro-
mers. Shaping occurs during the hardening process, after which duromers no
longer can be molten, are insoluble, and resistant against a wide spectrum of
ingredients. This property and low viscosity and good wettability of the oligomers
before curing are the basic features for their importance as the polymeric com-
ponent of modern fiber-reinforced composites.

Cross-linked semicrystalline polymers like polyethylenes have their largest
applications in the field of cable jacketing and pipe manufacturing. The cross-
linking is initiated after extrusion either by thermal treatment or by electron-beam
irradiation.

In Table 4.2 some amorphous thermoplastics are listed, which have achieved
larger practical importance. The first column of this table gives the official
chemical designation as defined by various international standards committees [2],
the second column the acronym, which is used in the literature. The third column
gives the molar mass of the structural unit in g/mol and the fourth shows the
structural unit.

PVC is an important mass product with a wide field of applications. Common
PVC contains a large portion (about 65 %) of syndiotactic chain parts. Its prop-
erties are typical of an amorphous thermoplastic. However, sometimes a tendency
to crystallization in the melt can be observed. The melting temperatures are below
the usual processing temperatures and the crystallization rates are so low that
crystallinity does not affect the transparency of items manufactured from PVC.

Table 4.1 Basic types of polymers, their processing, and some properties [1]

Structure Melting behavior solubility Processing Type

Amorphous
uncross-linked

Meltable
easy to dissolve

Extrusion
injection molding

Thermoplastic

Semicrystalline
uncross-linked

Meltable
difficult to dissolve

Extrusion, injection molding
fiber spinning

Thermoplastic

Amorphous
cross-linked

Not meltable, insoluble
swellable

Shaping before
vulcanization

Elastomer

Amorphous dense
networks

Not meltable, insoluble
hardly swellable

Shaping before hardening Duromer

Semicrystalline
cross-linked

Not meltable
insoluble

Shaping before cross-linking Cross-linked
polymer
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Nearly half of the PVC is used unmodified. Due to its high stiffness it is often
called ‘‘hard-PVC’’ (PVC-U). PVC can be plasticized by adding phthalates or
special esters of fatty acids. This ‘‘plasticized PVC’’ (PVC-P) has found a lot of
applications as the glass temperature and consequently the viscosity can be varied
in a rather wide range. Moreover, the modulus goes down but the impact strength
can remarkably be increased. A disadvantage of these versatile materials is the

Table 4.2 Some amorphous thermoplastics [1]

Chemical name Acronym Mg, g/mol Structural unit

Poly(vinyl chloride) PVC 62.5

Poly(styrene) PS 104.2

Poly(methyl methacrylate) PMMA 100.1

Poly(methyl acrylate) PMA 86.1

Poly(vinyl acetate) PVAC 86.1

Poly(carbonate) PC 254.3

Poly(ether sulphone) PES 232.1
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gradual diffusion of the plasticizer out of a manufactured item and following from
that the loss of flexibility and toughness.

PS produced by radical polymerization is an atactic product being amorphous.
By stereospecific catalysts it is possible to produce isotactic or syndiotactic
polystyrenes that are able to partly crystallize and show melting temperatures
distinctly above 200 �C. However, the inferior mechanical properties of these
materials have prevented their commercial success up to now. Common PS is a
translucent brilliant product, especially appropriate for the manufacturing of
injection molded parts. It is, however, very brittle and may break already when
falling on a hard floor or being clamped too tight. Its low impact strength is
overcome by copolymers on the base of styrene and butadiene (high impact
polystyrene (HIPS)) or materials using particles of a polystyrene butadiene
copolymer attached to a matrix of polyacrylonitrile by grafting ABS. The loss of
transparency of these copolymers can be compensated for by reducing the buta-
diene domains to sizes smaller than the wavelengths of the visible light and
suppressing its scattering by this modification. Such materials offer good impact
strength combined with transparency.

A translucent amorphous thermoplastic with good mechanical properties is
PMMA which, when polymerized under normal conditions, contains 60 % syn-
diotactic moieties. It is applied as a polymeric glass.

The excellent transparency of polycarbonate PC is the base for optical appli-
cations. Moreover, it has relatively high temperature resistance and excellent
impact strength.

PES is transparent and belongs to the class of high temperature resistant poly-
mers. It is distinguished by a glass transition temperature of 220 �C and also by a
continuous use temperature of about 180 �C due to its excellent chemical stability.

Table 4.3 lists some important semicrystalline thermoplastics. Essential con-
ditions for crystallization are the symmetry of the structural units and the strength
of the interactive forces between different molecules. Structural units with large
symmetries will fit into a crystal lattice if their side groups are not too bulky.
Examples of very symmetrical molecules are the first four materials in Table 4.3.

Usually, for homopolymers, the structural unit is defined as the smallest
repeating unit of the polymer chain. Exceptions to this rule are PE and PTFE, for
which the double of the smallest repeating unit is defined as the structural unit.

Polyethylenes are polymers of the greatest economic importance. They are
divided into several subgroups formally classified according to their density.
HDPE stands for high-density polyethylene with densities between 0.935 and
0.960 g/cm3 at ambient temperatures. The density allows some conclusions with
respect to the structure of the polymer. HDPE reaches crystallinities up to 70 %
due to the prevalent linear molecules that are able to form ordered segments.
LDPE, the acronym for low density polyethylene, covers the density range adja-
cent to the lower values of the HDPE and further down to around 0.918 g/cm3. The
smaller densities point to a lower crystallinity due to the existence of long-chain
branches. In case of short-chain branches that can reach up to six carbon atoms in
commercial products one still speaks of linear materials, but as the side groups
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hinder a close packing of molecules the densities are smaller than those of HDPE.
The densities are determined by the concentration of the comonomers built in and
can reach values still lower than for the LDPE. According to their properties these
products are called linear low density polyethylenes (LLDPE). HDPE and LLDPE
are polymerized under relatively low pressures and moderate temperatures using
catalysts, whereas LDPE is synthesized without any catalyst under pressures up to
3,000 bars and temperatures up to 300 �C. The main field of application for the
various polyethylenes is the packaging sector, but tubes of different kinds and
cable insulations are also their domains.

Table 4.3 Some semicrystalline thermoplastics [1]

Chemical name Acronym Mg, g/mol Structural unit

Poly(ethylene) PE 28.1

Poly(tetrafluoroethylene) PTFE 100.0

Poly(oxymethylene) POM 30.0

Poly(vinylidene chloride) PVDC 96.9

Poly(acrylonitrile) PAN 53.1

Poly(propylene) PP 42.1

Poly(vinyl alcohol) PVAL 44.1

Poly(ethylene terephthalate) PET 192.9

Poly(amide) PA
PA-6.6 226.3

PA-6.10 282.4

PA-6 113.2

Poly(phenylene sulfide) PPS 108.1

Poly(ether ether ketone) PEEK 298.0
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Most of the polypropylenes on the markets are linear products. Their moduli are
larger than those of the polyethylenes and due to their smaller crystallinity and low
crystallization rate the transparency can be rather good. Similar to polyethylenes of
higher densities they are synthesized at moderate pressures and temperatures.
Copolymers of propylene and ethylene are distinguished by a better impact strength
than PP homopolymers and a higher modulus than PE. These two properties can be
adjusted within certain limits by the ratio of the two components. Though PP has
better temperature resistance than PE (it may be used up to temperatures of
120–130 �C), it is, however, less resistant against UV-light, as the hydrogen atoms
bound to the tertiary C-atoms are the weak points for UV-disintegration. Big
markets for such products are the automotive and appliance industries.

PTFE is a highly crystalline polymer for special purposes. It is chemically and
especially thermally resistant, has a high melting temperature, low dielectric losses,
high electric resistance, low friction coefficient, and good abrasion resistance. Its
main applications are in the chemical, electrical, and electronics industries.

POM is a highly crystalline polymer. It has a special hardness and good form
stability. It is used in technical products and replaces metals there.

A complete symmetry of the molecules is not unconditionally necessary for
crystallization. If the molecule contains polar groups with strong interaction, even
less symmetrical molecules will tend to crystallize. Examples are PA, PET, and
PAN. The strongly polar groups are in these cases C=O, N–H, and C:N.

PA and PET have a wide range of applications. Special grades are used for
spinning of synthetic fibers. PET is the preferred material for soft-drink bottles.
Although semicrystalline, this material is suitable for applications requiring some
degree of transparency as the rate of crystallization is low enough to keep it in the
amorphous state during cooling after processing. The modulus is sufficiently high
to reach a satisfactory stiffness of items at wall thicknesses making the use of PET
very economical. Furthermore, the excellent toughness prevents breakage even
under large mechanical stresses.

PA is a versatile material as the chemical structure of its basic unit can be
altered resulting in a change of properties. In Table 4.3 three modifications are
presented. The numbers denote the C-atoms of the diamine and the dicarboxylacid,
respectively. The low viscosities of polyamides are favorable for processing by
injection molding; their good mechanical properties open up the widespread use in
demanding technical applications. To enhance their moduli at higher temperatures,
many grades of PA are filled with up to 50 wt. % short glass fibers. These fillers
reduce the water uptake of the unmodified grades by several percent. Water
improves the impact strength but is of disadvantage for the dimensional stability of
manufactured items.

Polyphenylenesulfide (PPS) has a rather high modulus, particularly in combina-
tion with various fillers that are necessary to improve the inherent notch sensitivity.
Due to the low viscosity of the basic resin even the compounds are suitable for
injection molding. Continuous use temperatures up to 230 �C can be reached with
special fillers. This property is the basis for its classification as a high temperature
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resistant polymer. Similar to other materials of this class, it possesses high resistance
to inflammability and low smoke gas density. These properties have opened up
demanding applications of PPS in the electrical, electronics, and appliance
industries.

Polyaryletherketones are the top products among thermoplastic polymers. The
largest market share has polyetheretherketone (PEEK) which is listed in Table 4.3.
In spite of its high melting temperature of 330 �C, this material can be processed
by common extruders or injection molding machines. Outstanding are the con-
tinuous use temperature of about 250 �C, high resistance against chemicals and
mechanical abrasion, and low inflammability and smoke gas density. PEEK is used
for items applied in harsh environments. Due to its excellent mechanical properties
and stability against bodily fluids, PEEK has found its entrance into medical fields
like bone replacement and orthopedic surgery.

Table 4.4 lists some polymers used for the preparation of elastomers (rubbers).
PIB may be prepared as an uncross-linked polymer with rather sharp molar

mass distributions and widely different molar masses. Therefore, it has often been

Table 4.4 Some elastomers (rubbers) [1]

Chemical name Acronym Mg, g/mol Structural unit

Poly(isobutene) PIB 56.0

Poly(dimethyl siloxane) PDMS 74.1

Poly(cis-isoprene) (natural rubber) NR 68.0

Poly(butadiene) PB 54.0

Styrene-Butadiene SBR –

Poly(chloroprene) CR 88.0

Polyurethane rubber PUR –
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used for investigations into the influence of the molar mass on physical properties.
In the uncross-linked state PIB is applied as adhesive and sealant. After copoly-
merizing isobutylene with small amounts (1–3 %) of isoprene, the product con-
tains some double bonds and may be vulcanized with sulfur. In this way butyl
rubber (BR) is obtained which is less sensitive against oxidation than natural
rubber. Because of its small gas permeability butyl rubber is used for the pro-
duction of gas hoses.

The rubbers with the largest economical significance are natural rubber (NR)
and styrene-butadiene rubber (SBR). They are mainly used for the production of
tires. Natural rubber is produced from poly(cis-isoprene), which is harvested as the
latex of the hevea tree. It is cross-linked with sulfur (vulcanized). Some of the
double bonds of the polyisoprene are replaced by sulfur bridges with length
between 2 and 8 atoms. Lightly vulcanized NR contains about one sulfur bridge
per 300 structural units of the polyisoprene molecule. NR is an amorphous, cross-
linked polymer with large elongations at rupture and large strengths at break.
Under elongation NR crystallizes. This process is mainly responsible for the large
strength at break of this material.

The most important application of butadiene is its copolymer with 20 % sty-
rene. This copolymer cross-linked with sulfur is the basis of styrene-butadiene
rubber (SBR), which does not crystallize under stretching and is, therefore, much
weaker than NR. For this reason, it is filled with carbon black for most applica-
tions. Nevertheless, more than half of all rubbers produced today are SBR, as it is
cheaper.

From poly(chloroprene) (CR), a rubber is produced with large resistance
against oils and fats. It is used for special purposes, e.g., sealings.

Polyurethanes (PUR) are versatile materials for many industrial applications. If
cross-linked with trimethylolpropane and toluene diisocyanate (TDI) they form
networks of adjustable mesh widths, which are decisive for mechanical properties
of a manufactured item. Foaming and cross-linking in parallel lead to lightweight
materials with a wide spectrum of applications.

All polymers listed in Table 4.4 emerge during the polymerization process as
uncross-linked polymers and are vulcanized afterwards. In this way, mostly net-
works are formed with wide meshes leading to materials that are soft and strong at
higher temperatures.

Among plastics, there are also materials with a molecular structure consisting of
very narrow meshes. Examples are the polycondensation products phenol form-
aldehyde resin (PF), urea formaldehyde resin (UF), and melamine formaldehyde
resin (MF). They are called thermohardening polymers, thermosets, or duromers.

Duromers are often applied in combination with fillers of different composition
and used in the electrical industry. Epoxy resins (EP) and unsaturated polyester
resins (UP) are of great technical importance as matrix materials for glass-fiber
filled and carbon-fiber filled plastics. These materials have gained much impor-
tance because of their high strength to weight ratio and their high stiffness to
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weight ratio. They are on the way to replace more and more metallic construc-
tional materials in the airplane and automobile industries. More detailed infor-
mation on thermo hardening polymers can be found in [3].

By changing their states, many physical properties of polymers as electrical
conductivity, dielectric behavior, heat conductivity, density, specific heat, and so
on are altered. The strongest changes, however, occur in the mechanical defor-
mation behavior. In order to describe these changes, some basic concepts are
needed, which are introduced shortly in the following. A more exact definition
with regard to the frequency dependence of moduli and loss tangent is given in
Chap. 5.

We will consider the mechanical properties of isotropic materials. A material is
called isotropic when its properties do not depend on the direction in which the
specimen investigated was cut from the plate or block of the material.

An illustration is given in Fig. 4.1, which represents a plate of a polymer
material from which three samples oriented in different directions were cut (or
machined). If those specimens show identical properties the material is called
isotropic with respect to this particular property.

During the following discussion, we use three characteristic quantities to
describe the mechanical properties of materials, the shear modulus, the com-
pressive or bulk modulus, and the loss tangent. The shear modulus is a measure of
the resistance of a material against a change in shape at constant volume, the bulk
modulus is a measure of the resistance of a material against a change in volume at
constant shape, and the loss tangent is a measure for the dissipation of mechanical
energy into heat during a deformation cycle.

For the definition of the shear modulus we consider Fig. 4.2. A small cube,
oriented in parallel to a right-handed Cartesian coordinate system, is deformed into
a rhomboid by shearing forces. The tangential forces act in x-direction on the two
surfaces that are perpendicular to the y-direction. Their magnitude, divided by the

Fig. 4.1 Illustrating the
concept of isotropy

Fig. 4.2 Definition of simple
shear and shear stress
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surface area on which they act, is called the tangential stress or shear stress and is
designated as r.

The cube is deformed into a rhomboid with the same height and width. The
edges, which were originally parallel to the y-axis, form an angle a with the y-axis
after deformation. This angle is used as a measure for the magnitude of defor-
mation and its tangent

c ¼ tan a ð4:1Þ

is called the shear deformation or shear strain. The type of deformation illustrated
in Fig. 4.2 is designated as simple shear. The quotient r=c defines the shear
modulus.

G ¼ r=c ð4:2Þ

The definition of the loss tangent relates to an experiment with a harmonic
simple shear strain:

cðtÞ ¼ c0 sin xt ð4:3Þ

with c0 being the shear amplitude, x = 2pm the angular frequency, m the frequency
of the shear oscillation, and t the time. The shear stress is, under certain conditions,
also a harmonic function of time and precedes the shear strain by a phase angle d

rðtÞ ¼ r0 sinðxt þ dÞ: ð4:4Þ

The tangent of d is called the loss tangent and describes the ratio of the mechanical
energy dissipated during one period of the oscillation to the maximum mechanical
energy stored during one period.

For the definition of the bulk modulus we refer to Fig. 4.3. A cube with volume
V0 is deformed under a hydrostatic pressure p, acting on all six surfaces of the
cube, into a smaller cube with volume V0 - DV.

Fig. 4.3 Defintion of
isotropic compression and
bulk modulus
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The bulk modulus or compression modulus is defined as

K ¼ p=ðDV=V0Þ ð4:5Þ

The type of deformation illustrated in Fig. 4.3 is designated as isotropic
compression.

For elastic materials, G and K are independent of the duration of the acting
stresses and of the frequency in case of an oscillatory experiment. The loss tangent
is zero. Examples of almost elastic materials are glass, ceramics, and metals below
their limits of plasticity. However:

Polymers are viscoelastic materials, i.e., their moduli G, K, and their loss
tangent tan d depend on the frequency of the oscillation in case of an
oscillatory experiment, or on the duration of the stresses applied.

For the following discussion of the relations between the states of polymers and
the temperature dependence of their mechanical properties we therefore consider
an oscillatory experiment with the fixed frequency of 1 Hz and discuss the tem-
perature dependence of the quantities G1Hz(T), K1Hz(T), and tan d1Hz(T).

4.2 Molecular Structure of Amorphous Polymers

We look at the structure of amorphous uncross-linked polymers. In solution and in
the melt the single macromolecule has the shape of a coil. We assume that this
structure persists during the process of cooling and solidification. The apparent
density of the macromolecule in the coil is small (compare Eq. 3.44 of Sect. 3.2)
viz., of the order of 0.01 g/cm3, while the density of the polymer in the solid state is
about 1 g/cm3 To reach this value, we have to assume that different coils penetrate
each other. Consequently, entanglements have to occur between them. Chemical
bonds between the different molecules do not exist. This consideration leads to the
picture of Fig. 4.4 for the molecular structure of an amorphous uncross-linked
polymer.

Fig. 4.4 Molecular structure of an amorphous uncross-linked thermoplastic
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With respect to the orientation of the different molecular segments, the fol-
lowing remark should be made. If the polymer is isotropic, all directions of the
molecular segments will occur with an equal probability. If however, preferential
directions for the segments exist, the material is called oriented or non-isotropic;
stresses are frozen, and specifically
tensile stresses in the direction of the orientation and
compressive stresses in the direction perpendicular to the orientation.

Whether a polymer contains frozen stresses depends on the conditions during the
processing phase. The degree of orientation increases in the succession casting,
pressing, extrusion, injection molding (Fig. 4.5).

If the polymer is heated above its glass transition temperature (compare
Sect. 4.3), it will shrink in the direction of frozen internal stresses and extend in the
perpendicular direction.

The molecular structure of an amorphous cross-linked polymer can be assumed
to be similar to the structure of an amorphous thermoplastic with the difference
that the various coils are connected by valence bonds between different chains,
which are called cross-links. The distribution of the directions of the segments will
be isotropic if the process of cross-linking has been performed in the isotropic non-
oriented state.

The topography indicated in Fig. 4.6 corresponds to natural rubber, lightly
cross-linked with sulfur. In this case, the short sulfur bridges connect the two
halves of neighboring polymer molecules. This may be designated as a 4-func-
tional cross-linking point, as indicated in Fig. 4.7a. Contrarily, the cross-links of
poly(urethane) rubber are formed by the reaction of TDI with trimethylol propane
(TMP) and connect three chain parts with each other, forming a 3-functional cross-
linking point (cf. Fig. 4.7b). The functionality of the cross-linking points plays a
part in the theory of rubber elasticity and determines together with the number of
cross-links the modulus of the cross-linked rubber.

The cross-linking density may differ widely. For a lightly cross-linked rubber, it
amounts to one cross-linking point for about 1,000 atoms of the main chain, and
for a well hardened duromer it can achieve up to one cross-linking point for about
20 atoms of the main chain. Besides the cross-links, entanglements will exist. But

Fig. 4.5 Illustration of the distribution of preferential directions for the molecular segments and
the occurrence of internal stresses
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they play a significant role for the mechanical behavior only, if the number of
cross-links is low.

Entanglements may be classified as 4-functional connection points (cf.
Fig. 4.7c). They are not fixed at a position, but can slip along the entangled chains.
In the rubbery plateau of the thermoplastics, entanglements play a role similar to
that of cross-links for elastomers.

4.3 States of Order of Uncross-Linked Amorphous
Polymers

Amorphous uncross-linked polymers show three states of order and two transition
regions connecting them. They are listed in Table 4.5 together with a molecular
interpretation.

At temperatures below the glass transition temperature Tg, the polymer is
found in the glassy state. The micro-Brownian motion is frozen and no change in
the shape of the molecular chains between adjacent entanglements occurs. The
shape of the parts between entanglements is fixed. At very low temperatures the
thermal motion only effects a vibration of the molecules around the equilibrium
positions of valence bonds and angles. Additionally, vibrations around the

Fig. 4.6 Molecular structure of an amorphous lightly cross-linked elastomer

Fig. 4.7 Connections between different polymer molecules: a 4-functional cross-link (sulfur
bridges in NR), b 3-functional cross-link (PUR cross-linked with TMP and TDI), c entanglement
(uncross-linked polymer)
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equilibrium positions of van der Waals bonds between neighboring parts of dif-
ferent macromolecules occur. No conformational changes or rotations of side
groups occur.

Under the action of external forces, distances between and angles around
equilibrium positions are changed and twisted elastically. At low temperatures this
results into a high value of the shear modulus, a high value for the strength at
break rb, a small value for the elongation at break eb, and a low value for the loss
tangent

G � 3�4 � 109 Pa; tan d � 0:001�0:01

eb � 0:1�1% rb � 50 � 100 N=mm2 MPað Þ

The material is hard and brittle.
At somewhat higher temperatures, but still in the glassy state, motions of small

parts of the molecules may start and contribute to deformation. These consist of
either motions of small parts of the main chain or of changes in conformation or
rotations of side groups of the principle chain. These regions in the glassy state are
called secondary transition regions as the moduli are not changed remarkably
there. The higher the temperature, at which these motions occur, the larger are the
parts of the molecules involved in them. The contribution of these motions to the
deformation manifests itself in a dispersion step of the shear modulus decreasing
to quantities between three quarters and one half of its original value and in a
maximum of the loss tangent between 0.01 and 0.1. The occurrence, the temper-
ature position, and height of these secondary transitions are material specific. As
the material becomes tougher, after passing the secondary transitions, these effects
have some technological significance. Polymers with pronounced secondary dis-
persions possess an improved impact resistance in comparison to those without
secondary dispersions, which are mostly brittle. We consider this aspect in detail in
Sect. 6.4.

In Fig. 4.8 we have sketched thermal motions and deformation mechanism in
the glassy state.

Around the glass transition temperature Tg we find a temperature region of
30–60 �K, the so-called glass-rubber transition, in which the micro-Brownian
motion starts to develop. This region is also called softening region or freezing

Table 4.5 States, transitions and molecular motions for amorphous uncross-linked polymers

State or transition Micro-Brownian motion Entanglements

Glassy state Frozen Have the effect of fixed network points
Glass-rubber transition Starts developing Have the effect of fixed network points
Rubber elastic plateau Fully developed Have the effect of fixed network points
Flow region Fully developed Are continuously formed and loosened
Melt Fully developed Are continuously formed and loosened
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region, depending on the direction in which it is passed. For the development of
micro-Brownian motion, two conditions have to be fulfilled

(1) The internal rotation around the C–C bonds of the principle chain should be
possible.

(2) There should be enough free volume next to the principle chain to enable the
segments to rotate.

In the glassy state, at least one of both conditions is not fulfilled. Recent inves-
tigations support the opinion that in the glassy state the lack in free volume hinders
the rotation of the single segments. Their rotation around the internal hindering
potentials of the C–C bonds would be possible, if there were enough space.

As seen from Fig. 4.11 (on page 94), the changes in mechanical properties by
passing the glass-rubber transition are enormous. The shear modulus decreases to a
value of about 1/1,000 to 1/10,000 of that in the glassy state, the loss tangent runs
through a broad maximum with values between 1 and 7. The bulk modulus, on the
other hand, decreases only relatively weakly, showing a dispersion step of a factor
between 2 and 3. The elongation at break passes through a maximum, and the
strength at break decreases to about one-tenth of its value in the glassy state. In the
softening region the relaxation phenomena are remarkable. The moduli depend
strongly on the duration of the applied stresses or on the frequency in case of an
oscillatory measurement, and on the temperature. Therefore, the materials are not
appropriate for use in the glass transition region.

After the softening region, the rubber-elastic plateau follows. There, the micro-
Brownian motion is fully developed. The parts of the chains between adjacent still
fixed entanglements change their shape continuously under the thermally induced
motion. The entanglements, however, are not yet loosened. Only the chain parts
between entanglements are able to move (cf. Fig. 4.9).

Under the influence of forces, the parts of the chains between adjacent entan-
glements are oriented. As the oriented state of these chains is less probable than
their isotropic state, the reduction in entropy yields repulsive forces which are
proportional to the absolute temperature T. From the theory of rubber elasticity
based on chain statistics the shear modulus in the rubber-elastic plateau follows as:

Fig. 4.8 Degrees of freedom
and mechanism of
deformation in the glassy
state
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G � ne � kT ¼ Ne � qkT ¼ qRT=2Me ð4:6Þ

with ne being the number of entanglements per unit volume, q the density of the
polymer, Ne the number of entanglements per unit mass of the polymer, and Me the
average molar mass of the parts of the chain between adjacent entanglements. For
the second part of Eq. (4.6) we used the fact that for entanglements (4-functional
movable cross-links) the number of chain parts is just the double of the number of
entanglements.

The value of the shear modulus in the rubbery plateau is of the order of
G & 105 Pa. In contrast to Eq. (4.6) it decreases with increasing temperature. This
experimental result is explained by a gradual decrease of the number of effective
entanglements with increasing temperature. For cross-linked elastomers, however,
the number of cross-links does not change with temperature and the resulting shear
modulus increases proportional to the absolute temperature as expected from
formula (4.6). The loss tangent runs through a minimum at the beginning of the
rubber-elastic plateau with values that depend on molar mass and molar mass
distribution. The extensibility at rupture is high.

At the flow temperature Tf the thermally induced motion becomes so strong that
many entanglements disappear and the polymer changes to the molten state. There,
entanglements are periodically destroyed and formed again by the thermal motion.
That means, each entanglement possesses a finite lifetime, which decreases with
increasing temperature. Under the influence of stresses, disentangled molecules
may change their spatial position and shift with their center of gravity into the
direction of the external forces. Such behavior will lead to irreversible flow
together with the setup of elastic stresses from molecules that have been moved,
but not yet slipped out of their entanglements completely. This is indicated in
Fig. 4.10.

Under external stresses, polymer molecules will be uncoiled and oriented. The
orientation is the source of elastic stresses in the melt. The flow of polymer melts
will therefore always be connected with the occurrence of elastic stresses. The

Fig. 4.9 Degrees of freedom and mechanism of deformation in the rubbery plateau
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flow of polymer melts is viscoelastic, part of the deformation energy is dissipated
as heat and part of it is stored by the orientation of the chain segments.

In the molten state, the shear modulus decreases steeply with increasing tem-
perature. The proper quantity to describe the rheological behavior of a polymer
melt is the viscosity, which is of the order of g & 104 Pa s, and also decreases
with increasing temperature. The loss tangent goes up with temperature in the
molten state and reaches values between 1 and 20.

A survey of the shear modulus, the bulk modulus and the loss tangent for an
uncross-linked amorphous polymer, is given in Fig. 4.11. The moduli and loss
tangent are plotted logarithmically versus a linear temperature scale.

The bulk modulus does not exhibit such steep transition steps as the shear
modulus. Indeed, also the bulk modulus shows small transitions in the regions,
where the transitions in shear occur, but they remain much smaller, and the
compression modulus stays within the limits

109 Pa \K \ 1010 Pa ð4:7Þ

in the entire temperature region covered in Fig. 4.11. It follows that for all tem-
peratures above the glass transition temperature G � K, i.e., the thermoplastic
behaves there like an incompressible material. If shear stresses and compressive
stresses are of the same order of magnitude, the changes in volume will be about
1000 times smaller than the changes in shape and may be neglected.

Two other quantities are important for the description of the deformation
behavior of isotropic materials, the modulus of elasticity, also called Young’s
modulus E, and Poisson’s ratio l. They are defined by simple extension in one
direction under the action of a tensile stress. E is defined as the ratio of the tensile
stress to the longitudinal strain, l as the ratio of the lateral contraction of the
sample to its longitudinal deformation. If two of the four quantities E, G, K, l are
known, the other two may be calculated.

Fig. 4.10 Degrees of freedom and mechanism of deformation in the molten state
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If G and K are known as functions of temperature, the temperature dependence
of the other two is easily given. The course of E with T is similar to that of G with
T. In the glassy state E \ 3G. At the glass transition temperature E approaches 3
times G and keeps this value in the rubbery plateau and in the melt. Poisson’s ratio
is about 1/3 at low temperatures, grows with increasing temperature, and abruptly
attains 0.5 at T = Tg.

4.4 Influence of Molar Mass and Cross-Linking Density

In the glassy state (T \ Tg), cross-linking density and molar mass only weakly
influence G, K, E, and tan d of amorphous polymers. These parameters do not
affect the glass transition temperature except in cases of low molar masses or of
high cross-linking densities.

For T [ Tg, however, the influence of cross-linking density and molar mass on
the temperature dependence of the shear modulus is significant, as demonstrated in
Fig. 4.12. The effect of the molar mass for uncross-linked polymers becomes
obvious from the three curves designated by (1), (2), and (3) corresponding to a
decreasing order of the molar mass. The larger the molar mass, the more

Fig. 4.11 Logarithmic plot of the shear modulus G, the bulk modulus K, and the loss tangent
tan d, at a constant frequency of 1 Hz versus the temperature T for an uncross-linked amorphous
polymer (schematically). The positions of the secondary dispersion regions, the glass transition
temperature Tg and the flow temperature Tf are indicated
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entanglements a single molecule contains. On average, the number of entangle-
ments per molecule N0 will be proportional to its molar mass M

N0 ¼ M=Me ð4:8Þ

Me the average molar mass between two adjacent entanglements does not depend,
in a first approximation, on the molar mass of the molecules. The larger the
number N0, the more difficult it will be for a complete molecule to get rid of all the
restrictions by the entanglements, and the higher becomes the value of the flow
temperature Tf. The extension of the rubber-elastic plateau will therefore increase
with the number of entanglements per molecule N0. For the special case M B Me

of curve (3), a rubber-elastic plateau will not exist at all and the modulus goes
down directly from the glassy level to very low values of the molten material.
Curve (1) designates a material with a high molar mass and curve (2) one with a
moderate molar mass. Me is called entanglement molar mass, and has been found
for different polymers between Me & 1 and 20 kg/mol.

For cross-linked polymers (elastomers), cross-links connect the molecules with
each other, besides entanglements. As the cross-links are not loosened even at very
high temperatures, the rubber-elastic state persists up to the temperature at which a
chemical decomposition of the molecular structure starts to occur. Consequently,
neither a flow temperature nor a molten state is observed for elastomers. Therefore,
one speaks of a rubber-elastic state and not of a rubber-elastic plateau as in the
case of thermoplastics.

Fig. 4.12 Logarithm of the shear modulus as a function of temperature for cross-linked and
uncross-linked amorphous polymers and for duromers
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For the rubber-elastic state the shear modulus becomes

G ffi nc � kT ð4:9Þ

with nc being the number of cross-linking points per unit volume. Consequently,
G depends strongly on the cross-linking density in the rubber-elastic state and
increases proportional to the absolute temperature T.

The case of very high degrees of cross-linking is represented by the duromers,
which show a small dispersion step at their glass temperature only and high
modulus in their ‘‘rubbery state.’’

Figure 4.13 displays schematically the shear modulus, bulk modulus, and loss
tangent as a function of the temperature for a lightly cross-linked amorphous
polymer. Below the glass transition, the temperature dependence of these quantities
is principally the same as in Fig. 4.11. Above the glass transition in the rubber-
elastic state, the shear modulus increases proportional to the absolute temperature.
The loss tangent passes through a high maximum at the glass-rubber transition and
then, decreases with increasing temperature to very low values (down to 0.01).

The difference between an amorphous thermoplastic and an elastomer is pre-
sented in Fig. 4.14. Instead of the shear modulus as a function of temperature
Young’s modulus E is plotted. For a thermoplastic, the temperature region of
usage is in its glassy state, for an elastomer in its rubber-elastic state. Conse-
quently, for thermoplastics, the glass transition temperature forms the upper limit

Fig. 4.13 Logarithm of the shear modulus G, the bulk modulus K and the loss tangent tan d at a
constant frequency of 1 Hz, versus the temperature T for a lightly cross-linked amorphous
polymer (elastomer), schematically. The positions of the secondary dispersion regions and the
glass transition temperature Tg are indicated
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of the usage temperature region, for elastomers, the end of the glass transition
region is the lower temperature limit for its usage. Each thermoplastic reaches its
rubbery plateau region at high temperatures at which it loses the stiffness necessary
for applications. Each rubber attains its glassy state at low temperatures at which it
cannot be used as a rubber any longer.

Figures 4.15 and 4.16 show measurements of various materials at a fixed fre-
quency of 0.64 Hz. Figure 4.15 displays the shear moduli of two elastomers and
three amorphous thermoplastics as a function of temperature and Fig. 4.16 the loss
tangent of the same materials. All three thermoplastics exhibit a secondary dis-
persion region, PS a weak one at low temperatures, PVC at -60 �C, and PMMA at
+30 �C. The latter two are responsible for the good impact resistance of PVC and
PMMA. The glass transition temperatures may be recognized by the sharp tran-
sition steps in the moduli and by the high maxima of the loss tangent. Their
temperature positions increase in the order of NR, PUR, PVC, PS, and PMMA.

As already mentioned, the behavior in the rubber-elastic plateau and in the melt
does not only depend on the chemical nature of the polymer, but also on its molar
mass and molar mass distribution. The measurements in the rubbery plateau of
PMMA shown in Figs. 4.15 and 4.16 were performed by Masuda et al. [4] on a
sample with Mw = 350 kg/mol and Mw/Mn = 1.5. This material shows a signifi-
cant and broad rubber-elastic plateau. The PS is the commercial product Styron
678 with Mw = 240 kg/mol and Mw/Mn = 2.5. Its rubber-elastic plateau is much
less pronounced than that of the PMMA.

Concerning the loss tangent shown in Fig. 4.16, it should be mentioned that the
different maxima of an amorphous polymer are generally designated with Greek

Fig. 4.14 Logarithm of Young’s modulus as a function of temperature T, for an amorphous
thermoplastic and an elastomer (schematically). Tg represents the upper temperature limit for the
use of an amorphous thermoplastic and the end of the glass-rubber transition represents the lower
temperature limit for the use of an elastomer
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Fig. 4.15 Shear modulus G at 0.64 Hz as a function of temperature T for two elastomers and
three amorphous thermoplastics [1]

Fig. 4.16 Loss tangent tan d at 0.64 Hz as a function of temperature T for two elastomers and
three amorphous thermoplastics [1]
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letters. Starting with the maximum at the glass transition temperature which is
designated as the a-maximum, the further maxima are numbered as b-, c-, d-
maximum in the order of decreasing temperature. The secondary maxima shown in
Fig. 4.16 are known as the b-maximum of PMMA, the b-maximum of PVC, etc.
This procedure has been generally adopted. It is of great advantage for describing
and identifying relaxation processes in the literature, which are not yet interpreted
molecularly. By this practice it is possible to speak of and discuss a molecular
process, which still lacks molecular interpretation. Also, the corresponding
molecular process is often named by the same letter. Thus, one speaks about the a-
process of an amorphous polymer, meaning the molecular causes for its glass-
rubber transition.

4.5 Semicrystalline Polymers

4.5.1 Features of Crystallinity

Crystallinity is distinguished by a special order of atoms or molecules that can be
transformed into a disordered state by heat. This process is called melting. Metals
are prototypes of crystalline materials. In the field of polymers, crystalline species
often show a distinct glass transition in addition to the melting point, i.e., they
contain amorphous parts and are called, therefore, semicrystalline. An interesting
but not easy task is to get an insight into the structure of the ordered molecular
regions. Even an evident quantity like the degree of crystallinity is not easy to
determine with high accuracy as amorphous and crystalline regions can penetrate
each other.

The simplest assumption is, the so-called two phase model, i.e., the mass m of
the polymer is additively composed of the mass of the amorphous portion ma and
the mass of the crystalline portion mc.

m ¼ ma þ mc ð4:10Þ

For the volumes, a corresponding relation

V ¼ Va þ Vc ð4:11Þ

is assumed to hold. From this model two different degrees of crystallinity may be
defined. One is based on the mass of the crystalline portion related to the total
mass, i.e.,

xm ¼ mc=m ð4:12Þ
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and the other on the volume of the crystalline phase related to the total volume

xv ¼ Vc=V ð4:13Þ

Introducing the specific volume v of the bulk material and vc and va as the specific
volumes of the crystalline and amorphous phases, respectively, Eq. (4.11) reads
using Eq. (4.10)

mv ¼ mava þ mcvc ¼ ðm � mcÞva þ mcvc ð4:14Þ

or

xm ¼ mc=m ¼ ðva � vÞ=ðva � vcÞ ð4:15Þ

A corresponding relation exists between the volume-based degree of crystallinity
xv and the densities q, qc, qa of the bulk, the crystalline and the amorphous phases,
namely

xv ¼ xm
vc

v
¼ ðq � qaÞ=ðqc � qaÞ ð4:16Þ

The two measures of crystallinity differ. xm/xv becomes the higher, the larger the
ratio between the density qc of the crystalline phase and the density of the sample.

A helpful tool for getting an insight into the degree of crystallinity is the
classical small-angle X-ray scattering technique (SAXS). A typical schematic
diagram of a semicrystalline polymer is shown in Fig. 4.17. The peaks indicate a
molecular order, the non-structured region below them is due to the scatter of the
amorphous regions. The so-called amorphous halo is determined from a totally
amorphous sample that may be obtained by a fast quenching from the melt.

I

ϑ

amorphous halo

Fig. 4.17 Schematics of a small-angle X-ray scattering diagram of a semicrystalline polymer. I
is the intensity and # the scattering angle
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Subtracting the area below the curve of the amorphous halo from that of the
entire curve and relating this difference to the total area gives a value for the
crystallinity. Due to the fact that the crystallinity follows from the areas under
the measured curves and no calibration is necessary, SAXS is a direct method
to determine the crystallinity of a material, which is designated as the X-ray
crystallinity xr.

In contrast to SAXS, the easy and often applied method to obtain the crystal-
linity from differential scanning calorimetry (DSC) is an indirect one. The amount
of crystallinity is proportional to the melting enthalpy obtained from a DSC dia-
gram as shown in Fig. 4.22. To draw any quantitative conclusions the enthalpy has
to be related to the amount of crystallinity. For such a calibration SAXS could be
used.

As Fig. 4.18 shows for polyethylenes, there exists a linear relationship between
the crystallinity xr measured by X-ray scattering and the specific volume v, which
can be described by the equation

xr ¼ ðva � vÞ=ðva � vcÞ ð4:17Þ

whose right-hand side is identical to that of Eq. (4.15).
This finding has two consequences:

1. The X-ray crystallinity xr can be identified with the degree of crystallinity
based on the mass portions at least in the case of the polyethylenes investigated.

2. The simple measurement of a specific volume allows quantitative conclusions
with respect to the crystallinity of a sample, which decisively determines many
mechanical properties. That is the reason for the important role of specific
volume or density in specifications of semicrystalline polymers.

Fig. 4.18 Relationship between the crystallinity xr determined by SAXS and the specific volume
v for various polyethylenes [5]
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In detail, it follows from Fig. 4.18 that vc = 1 cm3/g and va = 1.17 cm3/g.
Particularly, the extrapolated specific volume of the crystalline phase is a quantity
that can be used for checking the compatibility of structural parameters for
polyethylene. Already in 1939, the parameters of the unit cell of crystalline
polyethylene presented in Fig. 4.19 were determined by X-ray scattering [6]. Five
chains that lie parallel to each other belong to one unit cell. Four chains form the
vertices of a rectangle, the fifth lies in its center and is shifted by one carbon bond.
From the distances between the chains the volume of the unit cell can easily be
determined and from the molar masses of the chain segments its mass follows. The
resulting specific volume of 0.99 cm3/g is in excellent agreement with the
extrapolated value of 1.00 cm3/g in Fig. 4.18 for the crystalline phase.

As the mobility of polymer segments is different in the amorphous and crys-
talline regions of a material, methods that are able to measure this property can be
used, in principle, to get insight into its crystallinity. Raman-spectroscopy, e.g., [7]
and nuclear magnetic resonance, e.g., [8] have been used for this purpose.

As the methods applied for the determination of the degree of crystallinity are
based on different physical properties and as the morphology may not be uniform
across a sample and between different specimens, it is evident that the crystallinity
belongs to the quantities that can be determined with a limited accuracy, only.
Nevertheless, even approximate values are frequently discussed as they allow
some conclusions with respect to the structure of a polymeric material and the
assessment of certain application properties.

Besides the degree of crystallinity, details on the structure of the crystalline
regions are of interest. Investigations of this kind are rather complex, mainly
because of two reasons. First, the expected dimensions of the crystallites are so
small that transmission electron microscopy (TEM) has to be applied and,

Fig. 4.19 Unit cell of
ordered polyethylene chains
(the numbers give the lengths
in Angström) [6]

102 4 Structure and States of Polymers



therefore ultrathin cuts have to be available. Second, as the amorphous and
crystalline regions consist of the same kind of atoms their interactions with the
electrons of the beam are indistinguishable and differences between various
regimes of order are not obvious. Staining with osmiumtetroxide, for example, is a
well-known technique to generate contrasts within polymeric materials but it needs
a lot of experience to make sure that the microscopic images of treated organic
materials reflect the reality. In the case of polyethylenes it is assumed that the
osmiumtetroxide attacks the amorphous regions, only, but leaves the crystalline
ones unaffected. To what degree this assumption is fulfilled and how the regions
have to be assessed which do consist of imperfect crystals are still questions of
actual relevance.

Figure 4.20 shows TEM micrographs of selectively stained ultrathin sections of
an LDPE in two different magnifications that were taken from [9]. The bright areas
are interpreted as the crystalline regions not affected by the staining agent. They
are called lamella. Their thickness is around 10 nm and lengths up to 1,000 nm
can be found. As the left picture demonstrates, the lamellas are arranged in some
order. Starting from a center they expand like a fan. This supramolecular feature,
which can be observed for many semicrystalline polymers, is called spherulites.
They are not discussed in detail here. More information on spherulites and their
role for the deformation of semicrystalline polymers can be found in [9].

The question of how a lamella is built up does not seem to be unambiguously
answered up to now. Two models are still under discussion. The so-called bundle-,
fibril-, or fringe-model is based on the parallel arrangement of segments of dif-
ferent macromolecules (cf. left part of Fig. 4.21). The other model postulates sharp
folds of the macromolecules leading to parallel parts of the same molecule as
sketched in the right part of Fig. 4.21. So-called tie molecules may be able to

Fig. 4.20 TEM pictures of selectively stained ultrathin sections of an LDPE [9] (By permission
of Carl Hanser Verlag, München)
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connect ordered regions. None of these two models is able, however, to describe
all the features found for semicrystalline polymers. The majority of recent
investigations assigns the folded chain to polymer molecules crystallized from the
quiescent melt. Polyethylenes and polypropylenes are typical examples. Fibril
structures are found for more rigid or highly extended macromolecules.

4.5.2 States of Order

The fact that semicrystalline polymers consist of an amorphous and a crystalline
phase leads to a greater number of states than in the case of amorphous materials.
In calorimetric measurements a melting peak is found in addition to the step in
heat flow connected with the glass transition.

In Fig. 4.22 an example of such a measurement is presented for a polyethyl-
eneterephthalate (PET) in the temperature range from -150 to 300 �C. At around
80 �C a distinct step of the heat flow is found that can be related to the glass-
transition. Its value is listed in Table 4.7. The endothermic peak starting above
200 �C indicates the melting process of the crystallites. The peak temperature is
denominated as the melting temperature Tm. Its value obtained under the experi-
mental conditions is given in Table 4.7. Between Tg and Tm a flat exothermic
maximum around 170 �C is found which is due to a recrystallization process
taking place (designated as Trc). From its occurrence it can be concluded that the
crystallization rate of the PET investigated is smaller than the chosen cooling rate
of 10 K/min of the crystallization process following the first heating run.

The range between the two characteristic temperatures Tg and Tm is of partic-
ular importance for properties of semicrystalline polymers. Above Tg the mole-
cules of the amorphous region attain high mobility, but due to the crystallites that
are still effective up to temperatures around the melting point Tm the material is not
able to flow and preserves a certain level of mechanical properties. The existence
of this state of order has the effect that the stiffness goes down but the toughness

Fig. 4.21 Schematic pictures of the lamellar structures. a Bundle-, fibril- or fringe-model,
b Chain folding
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increases. Such a behavior is found more or less pronounced for all semicrystalline
polymer materials. In comparison to amorphous products one has to distinguish
and to discuss this additional state of order which is commonly called the leather-
like state as it combines certain stiffness with some kind of toughness typical of the
natural product leather. These relations are summarized in Table 4.6.

For T \ Tg the amorphous phase of the polymeric material is in its glassy state,
i.e., it possesses the highest stiffness. For Tg \ T \ Tm the rubber-elastic state of
the molecules of the amorphous part contributes to the toughness of the material as
long as the crystallites are intact. Above Tm the crystallites are molten.

For many polymers the picture of molecular processes and states based on
calorimetric measurements has to be sharpened as follows from the dynamic-
mechanical experiments (DMA) schematically presented in Fig. 4.23.

Characteristic is the steep decrease in the modulus at the melting temperature
Tm, which is correlated with a distinct increase in tan d corresponding to growing
energy dissipation. The sharp kink schematically indicates that at the temperature
at which the melting has come to an end the molecules still may be in their rubber-
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Fig. 4.22 Heat flow H as a function of temperature T for a PET measured by DSC at a heating
rate of 10 K/min (Second heating)

Table 4.6 States of order in semicrystalline polymers

T Polymer Amorphous phase Crystallites

T \ Tg Rigid state Glassy state Non-molten
Tg \ T \ Tm Leatherlike state Rubber-elastic state Non-molten
T % Tm Melting region Rubber-elastic state Melting
T [ Tm Melt Melt Molten
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elastic state so that a further temperature increase is necessary to reach the state of
flow. Such a situation is met for materials of high molar mass, only. In practice,
ultrahigh molecular weight polyethylene (UHMWPE) is one of the rare examples.
In reality such a transition is difficult to measure, however, due to the immense
change in the modulus around the melting temperature.

For T \ Tm several dispersion steps denominated a, b, and c are marked similar
to the classification chosen for amorphous polymers in Sect. 4.4.

As measurements in Fig. 4.24 on a PP, LDPE, and HDPE demonstrate, these
dispersion steps of the modulus can be difficult to distinguish and often super-
impose each other in the case of real products.

From the representation of the corresponding loss tangents in Fig. 4.25 it is
obvious that the maxima of tan d are more distinct than the steps of the modulus
and that is the reason why they are discussed in the following. The a-maximum
that has been observed for a great number of semicrystalline polymers to be close
to the melting point has been related to changes within the crystalline structure the
exact origin of which is still a matter of discussion, however. Regarding the b- and
c-maximum there is a dispute in the literature which one should be related to the
glass transition. In spite of this formal uncertainty it can be taken for granted that
the low temperature maxima give an important hint to the impact strength of a
semicrystalline polymer in the same way as discussed for amorphous materials
(cf. Sect. 6.6). A maximum of tan d indicates an energy dissipating process due to
an increased mobility of molecule segments, which improves the impact strength.

From Fig. 4.25 it is obvious that the HDPE and the LDPE also exhibit a distinct
c-maximum around -100 �C. For PP, a sharp maximum at low temperatures is not
found, but the flat maximum at around -60 �C can be interpreted as an indication
of broad molecular transition processes that are not as pronounced, however, as in
the case of the PE. This finding may be related to the distinctly higher low-
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Fig. 4.23 Schematic diagram of the storage modulus G0 and the loss tangent tan d as a function
of temperature T for a semicrystalline polymer
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Fig. 4.24 Shear modulus G as a function of temperature T for a polypropylene (PP), a high
density polyethylene (HDPE), and a low density polyethylene (LDPE) measured at a frequency of
1 Hz. The measurements represented by the full lines are taken from [10]

Fig. 4.25 Loss tangent tan d as a function of temperature T measured in shear at a frequency of
1 Hz for a commercial HDPE, LDPE, and PP [10]
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temperature impact strength of HDPE and LDPE in comparison to PP. The PP
shows a distinct b-maximum around 0 �C. That of the LDPE can be assumed to lie
at a slightly lower temperature. For HDPE, a b-maximum is not seen. This finding
may be due to the high degree of crystallinity of the HDPE resulting in small
contributions of the amorphous phase only. Calorimetric measurements on PE do
not show any step in the heat flow from which conclusions with respect to a glass
transition could be drawn. Clearly visible is the melting peak only, which is listed
in Table 4.7. But copolymers of ethylene with about 10 % of propylene, hexane,
or octane exhibit an acceptable agreement between temperatures of the glass
transition found by differential scanning calorimetry (DSC) and those of the
b-maximum determined by DMA [11]. Therefore, it can be concluded that the
b-maximum of the LDPE hidden under the plateau of tan d at around -10 �C
indicates the glass transition and as the chemical components of LDPE and HDPE
are the same this value can be also assumed for HDPE

Regarding the ß-maximum of PP at about 0 �C there are two experimental
findings that support its correlation with the glass transition. First, the heat flow of
a PP previously cooled down from the melt with 10 K/min shows a minute but
significant endothermic step around 0 �C, second, from dynamic-mechanical
measurements on various PP in [12] it follows that the distinct maximum of tan d
close to 0 �C markedly increased with the decrease in density. These examples
demonstrate that calorimetric measurements and the dynamic-mechanical analysis
have to be used together to get a comprehensive insight into the different transi-
tions of polymeric materials.

Melting and crystallization are thermodynamic processes with high relevance
for the application of polymeric materials. The melting process of semicrystalline
polymers is relatively sharp and, therefore, the melting temperature is a distinct
quantity for the assessment of the transition between solid-state and rheological
properties. The melting temperature Tm significantly depends on the chemical
structure of a material, but experimental parameters like heating rate influence its

Table 4.7 Transition temperatures of various semicrystalline polymers

Polymer Tm �C DSC Tg �C DSC Ta �C DMA Tb �C DMA Tc �C DMA

HDPE 126–136 n.m *90 n.m. -110
LDPE 105–118 n.m. 70 *-10 -100
i-PP 160 n.m. 100 0 *-50
POM 160–170 n.m. 130 n.m. -70
PA 6 (dry) 225 55 n.a. 50 -80
PET 250–260 84 n.a. 90 -80
PEEK 340 143 n.a. 150 -80

Tm Melting temperature, Tg Glass transition temperature, Ta, Tß, Tc Transition temperatures from
DMA according to Fig. 4.23. n.m. not found with the method applied, n.a. not achieved within
the temperature range investigated. Tm and Tg were obtained from the second heating run of DSC
measurements at a heating rate of 10 K/min after a preceding cooling from the molten state at a
rate of 10 K/min. The DMA was performed at frequencies of around 1 Hz and at equilibrium
temperatures
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determination within certain limits. In Table 4.7 values for Tm of some engineering
polymers are given. Data from various sources differ, which may be due to the
experimental methods used and slight variations in the chemical composition of
the materials.

In the case of HDPE, for example, a minute comonomer content may be the
reason for deviations, for LDPE differences in long-chain branching may change
Tm. Nevertheless, the clear differences between the melting behavior of some
products allow an assessment of some of their properties. In addition, Tg is given in
Table 4.7, too. For PA 6, PET, and PEEK clear distinctions are possible according
to a pronounced step in heat flow. The differences found in the literature can either
be due to experimental conditions not comparable or to traces of impurities within
a sample. It is well known for polyamides, for example, that a few percent of water
can lower Tg by several degrees.

For the two polyethylenes and in some way for the polypropylene DSC mea-
surements are not sensitive enough to monitor the heat input connected with the
glass transition of the amorphous phase. DMA is more suitable in some cases to
detect these processes but as discussed above the assignment of the different peaks
to the glass transition may not be evident and needs supplementary considerations.
From the above discussion it is probable that the ß-transition corresponds to the
glass transition.

The difficulties arising from a correct interpretation of data from the DMA
exemplarily become evident from the results of POM, PA 6, and PET presented in
Fig. 4.26 in comparison to HDPE. The values of Tb of PET and PA 6 are in
reasonable agreement with Tg if one assumes that the a-maximum was not

-200 -100 0 100 200

0.01

0.1

1

  HDPE
  POM
  PA6
  PET

T [°C]

tan δ

Fig. 4.26 Loss tangent tan d as a function of the temperature T for four different polymer
materials measured at a frequency around 1 Hz and a small heating rate [10]
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achieved at the highest temperatures applied. The same holds for the b-transition
of PEEK [13] (data not presented in Fig. 4.26). These assignments are not so
obvious in the case of POM. One reason is that its glass transition cannot clearly be
determined thermodynamically, the other that the difference between the melting
point and the highest maximum temperature of 130 �C is close to that between Tm

and Ta of the HDPE. Postulating similar relations for the POM investigated, only
an a- and a c-transition may be defined. The b-process can perhaps be assumed to
be hidden under the plateau in the region around -10 �C, but such an interpre-
tation is somewhat speculative, of course.

Much clearer is the determination of the c-maxima that come to lie around
-80 �C for the non-olefinic polymers (cf. Table 4.7). This low transition tem-
perature is decisive for the good impact strength of these polymeric materials. In
the case of the polyamide a second low-temperature maximum is found at about
-140 �C the origin of which is not understood till now. Another still open
question is the specific molecular motions underlying the c-maximum.

4.5.3 Crystallization

Crystallization takes place in a wide temperature region between Tm and Tg.
Around Tm first nuclei are formed but their lifetime is short as the difference
between the free enthalpies of the melt and the crystal are small. Around Tg the
crystal nuclei are thermally more stable, indeed, but the molecular motion is too
small for an effective formation of ordered regions.

The crystallization rates of semicrystalline polymers are thermodynamic
properties interesting from fundamental and application points of view. The
quantitative agreement between various sources of the literature is still much
worse than for Tm or Tg. Significant differences allow some interesting conclu-
sions, however. The extremely high crystallization rate of HDPE makes it
impossible to get amorphous samples even by quenching in liquid nitrogen. In the
case of the distinctly lower crystallization rate of polypropylene a wide variety of
crystallinity can be obtained depending on the cooling conditions chosen. Fur-
thermore, the size of the crystallites can be influenced. At high cooling rates the
crystallites are generally smaller than at lower ones. As the size and, particularly,
the amount of crystals significantly affect optical and mechanical properties of a
polymeric material the cooling conditions can become decisive for properties of
items processed from the molten state.

From the low crystallization rate of the PET as demonstrated in Fig. 4.22 by the
occurrence of recrystallizaton, it becomes clear that this material is suitable for the
manufacture of optical transparent bottles widely used in the beverage industry.
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4.6 The Specific Volume of Polymers

4.6.1 The Specific Volume of Amorphous Polymers

Polymers possess densities between 0.8 and 2.5 g/cm3 at room temperature, values
of about 1 g/cm3 are most frequent ranging them as light construction materials.
Their thermal expansion behavior differs from that of classical construction
materials. Let v be the specific volume and q = 1/v the density, then

a ¼ 1
v

ov

oT

� �

p

ð4:18Þ

is called the (volume) expansion coefficient at constant pressure. Normally, a is
measured at an atmospheric pressure of 1 bar.

For many classical construction materials, the expansion coefficient depends
only weakly on the temperature. In contrast, polymers show a rather high volume
expansion, which, moreover, changes significantly at the glass-transition temper-
ature Tg. Below Tg the expansion coefficient amounts to about one-third of the
value beyond Tg. Table 4.8 lists the volume expansion coefficients of some
materials.

From this table it may be seen that the expansion coefficient of steel is only
about 1/5 of that of polymers in the glassy state. Consequently, we have to expect
the occurrence of strong thermal stresses in all technical applications where steel
and plastics are attached to each other.

The specific volume of amorphous polymers as a function of temperature
depends on the conditions of the experiment (heating or cooling). On cooling a
sample with a constant cooling rate b from the rubber-elastic plateau or state down
to the glassy state, a contraction behavior is found as sketched in Fig. 4.27. The
specific volume decreases linearly with the temperature, i.e., the expansion coef-
ficient1 ar in the rubber-elastic plateau or state is constant.

The expansion coefficient in the glassy state ag is significantly lower. At the
temperature Tg the slope of the v–T curve changes rather abruptly. The intersection

Table 4.8 The volume expansion coefficient of some materials in 10-5 K-1

Quartz glass 0.16 Ice 11 Amorphous Polymers

Glass 2.5 H2O, 20 �C 21 Glassy state T \ Tg a = ag % 10–20

Steel 3.5 Various fluids 20–60 Rubbery state T [ Tg a = ar % 50–60

1 According to the measuring technique, the designation ‘‘contraction coefficient’’ would be
more appropriate. For the matter of simplicity, the notation expansion coefficient is used here,
too.
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of the two extrapolated straight lines defines the volumetric glass-transition
temperature Tg. Such measurement was the method by which the glass-transition
temperature was introduced first. If the experiment is repeated with larger cooling
rates, neither ar nor ag change significantly, but the point of intersection shifts
linearly with the logarithm of the cooling rate to higher temperatures and the level of
the specific volume in the glassy state that is reached, becomes higher (cf. Fig. 4.28).

The following relation between the volumetric glass-transition temperature and
the cooling rate is found for amorphous polymers

Tg ¼ Tg0 þ a � logðb=b0Þ ð4:19Þ

with Tg0 and T0 being the glass-transition temperatures at the cooling rates b and
b0, respectively. Coefficient a is about 3 K (cf. Table 4.9).

Fig. 4.27 Specific volume of
amorphous polymers versus
the temperature during
cooling and the definition of
the glass-transition
temperature

Fig. 4.28 Specific volume as
function of temperature at
various rates of cooling
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As an example, the specific volume of PS is shown in Fig. 4.29 as a function of
the temperature in the vicinity of the glass-transition temperature over a wide
range of cooling rates [15]. The measurements were performed by means of Hg-
dilatometers that were immersed in a bath filled with silicone oil in a thermostat
with transparent walls. The temperature of the thermostatic fluid was programmed
to decrease with constant rate or regulated to constant temperature. The level of
the mercury column was photographed.

Figure 4.30 shows the glass-transition temperatures as functions of the cooling
rates for four different technical polymers. Note that for each polymer a different
temperature scale had to be used, which is indicated by arrows in the figure, which
proves the validity of Eq. (4.19) for the four polymers over a wide range of cooling
rates.

Table 4.9 Some dilatometric data of amorphous polymers [14]

Polymer Tg �C, b = 1 K/min ag, 10-4 K-1 ar, 10-4 K-1 a, K

PS 95 2.30 5.73 3.3
PMMA 110 2.57 6.06 3.2
PVC 69 2.06 5.54 3.2
PC 141 2.15 6.04 2.5

Fig. 4.29 Specific volume versus temperature for a PS at various rates of cooling after Greiner
[15]

4.6 The Specific Volume of Polymers 113



In Fig. 4.31 the thermal expansion behavior is shown of four polymers at a
cooling rate of 2 K/min. The measurements on polystyrene extend from the rubber-
elastic plateau down to the temperature of liquid He (4 �K). The measurements
indicated by filled circles have been performed by Hartwig using a helium cryostat
and a laser dilatometer [16]. Measurements indicated by crosses were performed
using a dilatometer especially constructed in which the length of a specimen was
determined by transducers. The thermostatic medium was nitrogen gas of regulated
temperatures [17]. Measurements indicated by open circles were performed by
means of mercury dilatometers using the technique described above [17].

The change of the slope at the glass-transition temperature is clearly seen for all
four polymers. The thermal expansion coefficient decreases somewhat in the
glassy state of the polymers. For polystyrene, the thermal expansion coefficient
shows a further obvious change at about -210 �C. Approximating the absolute
zero, the thermal expansion vanishes completely.

Fig. 4.30 Volumetric glass transition temperatures for four amorphous polymers versus the rate
of cooling after Greiner [15]
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4.6.2 The Free Volume Theory

The expansion behavior of amorphous polymers may be explained by the theory of
free volume. The specific volume of an amorphous polymer or a liquid may be
assumed to be composed of three terms

v ¼ v0 þ vvib þ vf : ð4:20Þ

The ‘‘Eigen’’ volume v0 is the volume taken by the molecules themselves and is,
therefore, independent of the temperature. The vibrational volume vvib arises from
the thermal vibrations around the equilibrium positions of the van der Waals bonds
between neighboring molecules. As the potentials of van der Waals bonds are
asymmetric (cf. Fig. 2.12), the average distance between neighboring molecules
will become larger with increasing amplitudes of the thermal vibrations, i.e., with
increasing temperature. Consequently, the vibrational volume will increase with
the temperature.

The thermal motion can sometimes move parts of different molecules so far that
holes or vacancies occur, which form the free volume vf. Each additional vacancy
increases the internal energy of the polymer by the surface energy of the vacancies
formed, but also contributes essentially to its entropy. The increase in free volume
with temperature is stronger than that of the vibrational volume. In the thermo-
dynamic equilibrium the course of the free volume with temperature might be as

Fig. 4.31 Specific volume versus temperature at a rate of cooling of b = 2 K/min for the four
amorphous polymers PMMA, PC, PS, and PVC after Greiner [16]
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indicated in the lower part of Fig. 4.32. Above Tg the thermodynamic value of vf is
assumed to increase linearly with the temperature.

The mobility and thus the micro-Brownian motion strongly depend on the
presence of sufficient free volume. If the free volume falls short of a certain critical
value, the mobility decreases suddenly and steeply and the micro-Brownian
motion ceases, as is indicated in the upper part of Fig. 4.32. This figure, like the
following illustrative example taken from all days life, is due to LCE Struik [18]:
During the rush hours, getting on or getting off a bus or an underground car may
become impossible due to overcrowding and the absence of free space.

When an amorphous polymer is cooled down from the rubber-elastic state or
the rubber-elastic plateau to the glassy state, the free volume will decrease as long
as it is able to adopt its thermodynamic value by means of the diffusion of surplus
vacancies out of the material. If the free volume falls short of its critical value, the
micro-Brownian motion ceases and diffusion of vacancies can no longer take
place. The free volume will be frozen within the material, which had just been
present at passing the critical temperature, the glass-transition temperature Tg. The
temperature at which the freezing process occurs depends on the rate of cooling.
The specific volume composed as the sum of v0, vvib, and vf, will show a change in
slope at the glass-transition temperature. The course of the real value of the free
volume is indicated in the lower part of Fig. 4.32.

Fig. 4.32 Freezing of the
free volume at the glass
transition temperature. Upper
part Mobility as a function of
the free volume. Lower part
Real and thermodynamic
value of the free volume
versus temperature, during
cooling
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The sudden decrease in the mobility m with decreasing free volume may be
described by the Doolittle-equation [19] which was successfully used to explain
the temperature dependence of the viscosity of liquids of low molar mass.

ln g0 ¼ ln a0 þ
Bðv � vf Þ

vf
¼ ln a0 þ B

1
f
� 1

� �
ð4:21Þ

In this formula g0 is the viscosity of the liquid with the fractional free volume
f = vf /v, a0 the viscosity of a liquid with the—hypothetical—free volume fraction
unity and B is a constant of the order unity. If m is defined as the logarithm of the
ratio a0/g0, it will show a course similar to that in Fig. 4.32. It should be men-
tioned, however, that the shape of the curve m versus f strongly depends on the
chosen value for B.

The real value of the fractional free volume as a function of temperature (c.f.
lower part of Fig. 4.32) may be approximated by the equation

f ffi f0 for T\Tg

f ffi f0 þ af ðT � TgÞ for T [ Tg
ð4:22Þ

with af being the expansion coefficient of the free volume and f0 the unknown
value of the free volume fraction frozen at Tg. The temperature T? shown in
Fig. 4.32 is the temperature at the point of intersection of the extended straight line
of the equilibrium value of the free volume fraction with the temperature axis at
the level, where the free volume fraction would vanish. Under the assumption that
the difference in the volume expansion in the rubbery and glassy state is com-
pletely due to the increase in free volume, and that ar and ag remain constant
within the considered temperature interval, we obtain

af ¼ ar � ag ð4:23Þ

However, as the value of f0 is not known, the relevance of Eqs. (4.21)–(4.23)
remains limited.

4.6.3 Volume Relaxation and Physical Aging

As polymers in the glassy state normally are not in their thermodynamic equi-
librium, their specific volume will be too high. After quenching, they tend to
assume their equilibrium-specific volume, without being able to reach it. This
process is called volume-relaxation. It was studied intensively first by Kovacs [20].
An example for volume relaxation after quenching to various constant
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temperatures is shown for PS in Fig. 4.33. Plotted is the specific volume of the
polymer versus the logarithm of the time elapsed after the quenching step.

If the temperature at which the quenching was performed is only a few degrees
below Tg, an equilibrium value of the specific volume is reached after some time.
But already 25 �C below the glass-transition temperature, the equilibrium is not
reached within reasonable times. The specific volume continues to decrease
approximately proportional to the logarithm of the aging time.

Volume relaxation is accompanied by the change in various physical properties
of the polymer, a process called physical aging and intensively studied by Struik
[18]. The specific and the free volume of a polymer depend on its age (Age = the
time elapsed between the last quenching into the glassy state and the time of

Fig. 4.33 Volume relaxation of PS after quenching from T0 = 115 �C to various temperatures
Ta in the glassy state, after Greiner [15]. Plotted is the specific volume versus the aging time t
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observation). Some important physical and technological properties of the polymer
change during aging, as indicated in Fig. 4.34.

Especially the viscoelastic behavior is influenced by physical aging. The time-
position of the glass-transition is no longer a function of the temperature only, but
depends on the age too. In particular, shortly after the quenching the proceeding
aging during a creep measurement changes the shape of the creep compliance,
with the effect that the shifting law is violated and the compliance curves not only
shift, but also get flatter.

Struik [21] has presented a theory to describe this effect by introducing the
dependence of the retardation times on aging. Though this theory is clear and
straightforward, its presentation would be outside the scope of this book. We
recommend the reader the monograph of Struik [21] for this purpose.
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Chapter 5
Linear Viscoelastic Deformation Behavior
in Simple Shear

5.1 Theoretical Description of the Deformation Behavior
of Polymers

A general phenomenological theory of the mechanical deformation behavior of
polymers does not exist up to now, as the various states of polymers are very
different and demanding with regard to their description. Such a theory would ask
for the proper description of large deformations in combination with the influence
of the history of stress and temperature, without any simplifications as superpo-
sition principle, linearity, elasticity, or even isotropy. As this task cannot be
accomplished by a mathematical scheme sufficiently simple to be useful in prac-
tice, the setup of a general theory is not pursued further. Instead one looks at the
various states of polymers, and tries to setup theoretical descriptions, dealing with
the essential features, which polymers show in the corresponding states. In each
case simplifications are made, in order to come to manageable relations.

The most important ones are

(I) The material is linear; i.e., in the most simple case r ¼ G � c with G being
independent of deformation. For viscoelastic materials, there exists a
simple and very useful generalization, the superposition principle of
Boltzmann which will be treated in extension in this chapter. This principle
forms the basis of the technical mechanics of polymeric materials, in their
linear range.

(II) The material is elastic; this means that the stress is a unique function of the
strain at the same time, independent of the time history of the strain:
r ¼ f ðcÞ, where f denotes an arbitrary function of the strain. In this case,
there is no energy dissipation.

(III) The deformations are infinitesimal, i.e., c � 1 and therefore c2 ffi 0.
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Some of the theories, based on the postulates mentioned above, are

(1) The Hookean theory of elasticity, which forms the basis of the technical
mechanics of classical construction materials: (I), (II), (III) are assumed to be
valid. This theory is useful for metals below their limits of plasticity, for
glass, ceramics, concrete, etc.

(2) The theory of large elastic deformations: (II) is valid, (I) and (III) are not
needed. This theory is useful for the description of the deformation behavior
of cross-linked rubbers.

(3) The theory of the linear viscoelastic deformation behavior at small defor-
mations: In this theory postulate (I) is assumed to be valid in the form of the
superposition principle and the postulate (III) is used. The assumption (II) is
not needed. This theory forms the basis of the technical mechanics of plastics
in the glassy state, and partially also in the rubbery state. In the case of
polymer melts, however, this theory can offer only a rough picture of the
mechanical behavior, as one of the most important assumptions, the infini-
tesimal deformations are not met by most applications.

(4) For the description of polymer melts one starts with the description of the
kinematics of large deformations, and then tries to set up rheological relations
based on more or less simple molecular concepts.

5.2 Creep, Creep Recovery, and Stress Relaxation

The theory of the linear visco-elastic behavior describes the mechanical behavior
of polymers in all states under the restriction of small deformations and low
stresses. Therefore it is valid within certain limits of the strain, el and the stress rl,
which are called limits of linearity. They will be discussed in more detail in
Sect. 5.3. The basis for the theory of linear viscoelasticity is the superposition
principle of Boltzmann, which will be introduced in Sect. 5.3.

The theory finally offers a correlation between a three dimensional state of
stress and strain for isotropic and anisotropic materials. We will start with the
consideration of one type of deformation, namely simple shear. Later in Chap. 7,
we will generalize the theory to three dimensional states of stress.

The definition of simple shear follows from the Fig. 4.2. A cube, oriented
parallel to a right-handed Cartesian coordinate system, is deformed into a rhom-
boid by shearing forces. The tangential forces act in x-direction on the two surfaces
which are perpendicular to the y-direction. Their magnitude, divided by the surface
on which they act, is called the tangential stress or shear stress and is designated
as ryx. The cube is deformed into a rhomboid, which has the same height and
width as the cube. The edges which were originally parallel to the y-axis, form an
angle a with the y-axis after the deformation. This angle is used as a measure for
the magnitude of the deformation and its tangent is defined as shear strain
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cyx ¼ tan a ð4:1Þ

For a discussion of the relations between ryx and cyx in simple shear the indices
y and x are omitted in this chapter. Furthermore, we will neglect the influence of
the inert mass of the sample on the movements of the specimen.

For an illustration of the concepts elastic, viscous, and visco-elastic we consider
the creep and creep recovery experiment, as defined by the stress history

r ¼ 0 for t� 0
r ¼ r0 ¼ const for 0\t\t0
r ¼ 0 for t� t0

ð5:1Þ

and sketched in part a of the Fig. 5.1. Under the constant stress r0 the shear
deformation as a function of time is measured in a creep experiment. After
unloading of the sample at the time t = t0, the recovery of the deformation is
observed in the recovery experiment.

An elastic deformation behavior exists, if the deformation is a unique function
of the stress at the same time t, i.e., if

Fig. 5.1 Creep and recovery
of an elastic, a viscous, and a
viscoelastic material
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c ¼ FðrÞ ð5:2Þ

Consequently, c has to be constant as long as r remains constant and c has to
become zero if r = 0. An elastic material does not creep and shows complete and
instantaneous recovery in the recovery experiment. (Compare Fig. 5.1b). The
special case, in which c is proportional to r, defines the linear elastic or Hookean
deformation behavior:

c ¼ r=G0 ¼ J0 � r ð5:3Þ

G0 is called the elastic shear modulus and J0 = 1/G0 the elastic shear compliance.
Classical construction materials as steel, glass, ceramics or concrete behave linear
elastic under small stresses and may be described by the classical theory of
elasticity in good approximation.

Viscous flow means that the rate of deformation is a unique function of the
stress, i.e.,

dc
dt

� _c ¼ FðrÞ ð5:4Þ

From r = constant, it follows _c = constant or c = at + b. Consequently, a vis-
cous material shows a linear increase of the deformation in creep with time and no
recovery at all during the recovery period. A viscous deformation is completely
irreversible (see Fig. 5.1c). The special case

dc
dt

� _c ¼ r=g0 ¼ u0 � r ð5:5Þ

defines the linear viscous or Newtonian flow behavior. The constant g0 is called
Newtonian viscosity and its reciprocal u0 the Newtonian fluidity. Gases and low
molecular liquids behave linear viscous and may be described by classical fluid
mechanics.

Polymeric substances may not even approximately be described as elastic or
viscous, but show a visco-elastic deformation behavior (Fig. 5.1d). Under a con-
stant stress, one part of the deformation occurs instantaneously, another part of the
deformation develops under the action of the stress (creep). In the recovery
experiment one part of the deformation recovers instantaneously at the time t = t0,
a further part with some retardation during the recovery period, and a third part
does not recover at all, but remains permanent.

In the special case of a linear viscoelastic behavior, c(t) in Fig. 5.1d is pro-
portional to the magnitude of the constant stress r0 during the creep period. The
deformation in the creep experiment may then be simply written as
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cðr0; tÞ ¼ r0 � JðtÞ for t [ 0 ð5:6Þ

with J(t) being a time function independent of the magnitude of the stress. Creep
curves under different constant stresses coincide if dividing them by the values of
the corresponding stresses. The function J(t) describes the creep behavior of a
linear viscoelastic material completely. It is called the creep function or the time-
dependent creep compliance.

The creep function is a positive, monotonously increasing function of the time,
defined for positive arguments only.

JðtÞ[ 0 and
dJðtÞ

dt
� _JðtÞ� 0 for all 0� t\1 ð5:7Þ

The limit of this function for t ? +0 is designated as J0 and called the
instantaneous creep compliance.

J0 ¼ lim
t!þ0

JðtÞ[ 0 ð5:8Þ

To avoid mathematical difficulties we assume J0 to be always larger than zero.
That means we exclude materials, which behave infinitely stiff directly after
loading. This is no restriction, as no materials are known, which are infinitely stiff.
Even diamond shows a shear compliance of J0 [ 10-13 Pa-1. It should be men-
tioned, however, that Eq. (5.8) does not offer a realistic possibility to determine J0

experimentally. So far, we have neglected the influence of the inert mass of the
sample on its deformation behavior. This is not correct directly after loading, as
the specimen has to be accelerated first and then will oscillate around the creep
curve, until the initial vibrations have been damped out. Only then, the description
by means of Eq. (5.6) is admitted. To determine J0 one has to extrapolate, which in
most cases will not be possible (compare Fig. 5.2).

Fig. 5.2 Schematic example
of a creep experiment (full
line) and its approximate
description by Eq. (5.6)
(dashed line)
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The counterpart of the creep experiment is the stress relaxation experiment,
shown in Fig. 5.3: Upon the sample, which had been free of stress before t = 0, a
sudden deformation is enforced at the time t = 0 and kept constant further.

cðtÞ ¼ 0 for t\0 and cðtÞ ¼ c0 for t� 0 ð5:9Þ

The stress necessary to keep up this deformation is measured. For a linear
viscoelastic material the stress is the product of the constant strain and a time-
dependent function

rðc0; tÞ ¼ c0 � GðtÞ for t� 0 ð5:10Þ

called the relaxation modulus G(t). The relaxation modulus is a positive, monot-
onously decreasing function of the time,

GðtÞ[ 0 and
dGðtÞ

dt
� _GðtÞ� 0 for all 0� t\1 ð5:11Þ

Its limit for small positive times

G0 ¼ lim
t!þ0

GðtÞ[ 0 ð5:12Þ

is designated as the instantaneous relaxation modulus. Similar to J0, also G0 is not
directly measurable. It will be shown later, that

Fig. 5.3 The stress
relaxation experiment,
schematically
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J0 � G0 ¼ 1 ð5:13Þ

Therefore, from the condition that J0 remains finite, also follows that G0 remains
finite.

5.3 The Principle of Superposition

The basis of the theory of the linear viscoelastic behavior is the superposition
principle of Boltzmann, formulated already in 1874 [1]. Its statement is about the
following: Let r1(t) be an arbitrary, time-dependent stress, causing a strain history
c1(t) on the sample, and let r2(t) be another, time-dependent stress, causing the
strain history c2(t) on the sample, then the sum of both stress histories
r1(t) + r2(t) will just effect the sum of both strain histories c1(t) + c2(t).

Cast in mathematical shape, this principle allows the calculation of the strain at
the present time t, if the stress history from the past up to the time t is known. The
stress history in the time interval (-?, t] is given by

rðnÞ for �1\n� t

Stress and strain are assumed to vanish both at the time n = -?. Further we
assume r(n) to be continuous and piecewise differentiable in the complete interval.
For deriving the mathematical form of the superposition principle, we approximate
the stress history by a stepwise curve with step widths Dn, as indicated in Fig. 5.4.

The area under the stress-time curve may be built up by narrow horizontal
sectors. The hatched sector starting at the time n has the step height _rðnÞDn,1 its

Fig. 5.4 Decomposition of
the stress history into
horizontal sectors

1 _r indicates here and in the following the derivative of the function r with respect to its
argument.

5.2 Creep, Creep Recovery, and Stress Relaxation 127



effect on the deformation will be that of a creep experiment starting at the time n
under the stress _rðnÞDn. At the time t, its contribution to the deformation will be

Dc ¼ _rðnÞ � Jðt � nÞDn

Adding all contributions between time -? and t and proceeding to the limit
Dn ? 0 yields the following expression for the deformation at time t

cðtÞ ¼
Z t

�1

Jðt � nÞ _rðnÞdn ð5:14Þ

By partial integration of (5.14) one obtains the following form for the superpo-
sition principle

cðtÞ ¼ J0rðtÞ þ
Z t

�1

_Jðt � nÞrðnÞdn ð5:15Þ

with _Jðt � nÞ representing an abbreviation for the expression dJðyÞ=dyð Þy¼t�n.
In the form of Eq. (5.15), the principle of superposition may also be applied to a

stress history, which is only stepwise differentiable and contains a limited number
of finite discontinuities.

The dual form of the superposition principle, in which the deformation is
considered as the ‘‘stimulus’’ and the stress as the ‘‘response’’, allows in a similar
way the calculation of the stress at time t, if the strain history between -? and t is
known. Let c(n) be the deformation history for -?\ n B t . Then, the stress at
the time t is given by the integral

rðtÞ ¼
Z t

�1

Gðt � nÞ _cðnÞdn ð5:16Þ

Partial integration again yields a form for the superposition principle

rðtÞ ¼ G0cðtÞ þ
Z t

�1

_Gðt � nÞcðnÞdn ð5:17Þ

in which the prescribed strain history may be piecewise differentiable and may
contain a limited number of finite discontinuities. As before, _Gðt � nÞ represents
an abbreviation for the expression dGðyÞ=dyð Þy¼t�n.

The Eqs. (5.15) and (5.17) contain all essential features of the theory of linear
viscoelastic behavior in shear. The two functions J(t) and G(t) are called
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characteristic functions, as they describe the viscoelastic behavior in shear com-
pletely. It is seen that for the calculation of the strain at time t, the complete history
of the stress up to the time t is involved. The form of the function J(t) determines
how long the memory has an effect or, after which time lag the history has been
forgotten.

The superposition principle in the form of Eqs. (5.15) and (5.17) represents the
fundamentals of the technical mechanics of polymeric materials in the linear range
of deformation. Therefore, the important question regarding the limits of validity
of the superposition principle arises. Generally, it is assumed, that the superpo-
sition principle offers a correct description of the mechanical behavior of poly-
meric materials, as long as the applied stresses are not too high, and as long as the
occurring deformations are not too large, that means as long as rj j\rl and cj j\cl.
The limits of the range of validity of the superposition principle rl and cl are called
linearity limits. Their values can only be determined approximately and will
depend, amongst others on the accuracy of the measuring techniques. The fol-
lowing estimates are given under the assumption of an experimental error of about
3 %. This is the accuracy, which at present may be reached for the determination
of moduli or compliances. The value of the limits of linearity will also depend on
the type of the experiment, which is considered. The following data refer to
uniaxial extension. The limits of linearity in shear can be expected to be of the
same order of magnitude.

The change from the linear to the non-linear creep behavior in tension is shown
in Fig. 5.5 for a PVC at 60 �C. This figure shows the creep compliances in
extension as a function of the logarithm of the creep time, under the various
constant tensile stresses indicated. In the case of a linear creep behavior, all

Fig. 5.5 Non-linear creep behavior of PVC at 60 �C under different tensile stresses

5.3 The Principle of Superposition 129



compliances should coincide at one common curve. As can be seen that is only the
case up to tensile stresses of 67 � 105 Pa. Under higher stresses, the compliance
curves shift systematically into the direction of shorter times. We conclude that the
linearity limit for this material is about 5 � 106 Pa. This result is in agreement with
the direction of the deviation from linearity in the case of dispersion regions: The
transitions are shifted to shorter times by higher stresses.

A systematic survey on the limits of linearity has been reported by Yannas [2],
who has performed creep and relaxation measurements on NR, PIB, and PC. In the
glassy state, the limits of linearity were found for the stresses between 10 and
20 N/mm2, for the strains at about 1 %.

Table 5.1 lists some limits of linearity from the literature. The table also
contains in some cases, the tensile stresses rb for rupture after 100 s creep time. A
comparison between rb and rl shows, that only a small part of the deformation of
the polymer fulfils the conditions for the description by means of the theory of
linear viscoelasticity. For PVC, for instance, the stress limit of linearity only
amounts to one fourth of the stress to rupture.

5.4 Relaxation and Retardation Spectra

Considering the time dependences of the creep compliance and the relaxation
modulus, two cases may be distinguished:

Table 5.1 Linearity limits rl and el under uniaxial stress in creep and stress relaxation

Amorphous polymers Tg �C T �C rl in MPa el in % rb in MPa Lit.

NR cross-linked 35 4.7 150 [3]
-72 70 5.6 150 [3]

100 1.5 100 [4, 5]

PIB uncross-linked -70 -70 0.8 10 [6]
-45 0.4 50 [6]
30 0.27 100 [7]

PC 149 23 25 1.2 [2]
85 22.7 1.2 [2]
100 17.7 1.1 [2]
120 12.8 0.85 [2]
130 10 0.80 [2]
167 0.2 25 [8]

PVC 80 20 15 0.5 54 [9]

PMMA 105 20 17 0.6 74 [9]

Semicrystalline polymers
LDPE 20 2.0 1.0 11 [9]
PP 20 4.9 0.4 32 [9]
PA 6.6 20 28 0.9 59 [9]
POM 20 17 0.6 67 [9]
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(A) viscoelastic behavior without flow and
(B) viscoelastic behavior with flow.

The creep compliance J(t) is a positive function, which increases monotonously in
the entire positive time interval. Its slope is maximal at the time t = 0 and decreases
monotonously with increasing time. After long measuring times, J(t) either attains a
straight line with positive slope (case B Fig. 5.7) or reaches a horizontal saturation
value (case A Fig. 5.6). In both cases we define the slope of the creep compliance
after infinite long-creep times as fluidity u0 and its reciprocal as viscosity g0.

lim
t!1

_JðtÞ ¼ u0 ¼ 1=g0 ð5:18Þ

Difficulties may arise with the determination of the limiting slope in Eq. (5.18),
as very often it is not possible to measure long enough to decide with which one of
the cases A or B one has to deal. In those cases, apparent values for u0 and g0 are
found, which depend on the duration of the creep measurement.

The relaxation modulus is a positive, monotonously decreasing function of time.
Its slope has the strongest negative value at t = 0 and increases monotonously until,
after infinite times, the slope reaches the value zero. After long times, G(t) relaxes
either to zero (case B) or to a positive limit (case A). In both cases we define

lim
t!1

GðtÞ ¼ G1 ð5:19Þ

and call G? the equilibrium value of the modulus.
Fluidity and equilibrium value of the modulus are related to each other, as for

viscoelastic behavior without flow u0 = 0 and G?[ 0 and for viscoelastic
behavior with flow u0 [ 0 and G? = 0 or

Fig. 5.6 Creep compliance and stress relaxation modulus, case A viscoelasticity without flow

Fig. 5.7 Creep compliance and stress relaxation modulus, case B viscoelasticity with flow
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u0 � G1 ¼ G1=g0 ¼ 0 ð5:20Þ

is valid in both cases.
The functions J(t) and G(t) and their derivatives play an important role in the

following. They are shown in Fig. 5.8 schematically. The left half of the figure
shows the compliance and its derivatives in the case B, the right-half the modulus
and its derivatives in the case A. The first derivative of the creep compliance is a
positive, monotonously decreasing function of time, the second derivative will be
negative everywhere and tends to zero with increasing time, the third derivative is
again positive, etc.

It is assumed as a postulate, that the alternating monotony of the derivatives
remains valid, also for all higher orders, i.e.,

Fig. 5.8 Creep compliance (case B), relaxation modulus (case A) and their time derivatives
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JðtÞ[ 0; _JðtÞ[ 0; €JðtÞ\0; vJðtÞ[ 0; or

ð�1Þn�1JðnÞðtÞ[ 0 for 0\t\1 and for n ¼ 1; 2; 3; . . .
ð5:21Þ

whereby J(n)(t) denotes an abbreviation for the nth derivative of the function J(t).
A positive function whose derivatives change its sign with its order, is called
totally monotonous. The postulate (5.21) expresses the demand that _JðtÞ should be
a totally monotonous function.

The first time derivative of the relaxation modulus is a negative, monotonously
increasing function of time and tends to zero for long times. The second derivative
is positive, monotonously decreasing. Again, we postulate that, in this case,
G(t) itself should be a totally monotonous function of the time

ð�1ÞnGðnÞðtÞ[ 0 for 0\t\1 and for n ¼ 0; 1; 2; 3; . . . ð5:22Þ

Because of the superposition principle, the two postulates (5.21) and (5.22) are
not independent of each other, from the validity of one of them follows the validity
of the other and vice versa. Of course, the validity of a postulate of the form (5.21)
can never be proven by a finite number of experiments. All what may be stated is
that the consequences of these postulates have been checked in a very large
number of experiments with polymers, and so far never have been found to be
violated. Therefore, we assume their validity.

From the postulates of the total monotony, far reaching consequences may be
drawn concerning the mathematical form of creep compliance and relaxation
modulus. The simplest example for a totally monotonous function is the expo-
nential function

GðtÞ ¼ ae�t=s

with positive values for the constants a and s. A finite sum of exponential func-
tions with positive constants ai and si also constitutes a totally monotonous
function of t.

GðtÞ ¼ G1 þ
Xn

i¼1

aie
�t=si ð5:23Þ

A further possibility to create a totally monotonous function is to replace the
finite sum in (5.23) by an integral

GðtÞ ¼ G1 þ
Z1

0

gðsÞe�t=sds ð5:24Þ

The integration variable s has the dimension of a time and is called the
relaxation time and g(s) is a nonnegative function of the relaxation time and is
called the relaxation spectrum.
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Vice versa, it has been shown by Bernstein [10], that each totally monotonous
function may either be written in a unique manner in the form (5.23) or (5.24) or as
a sum of both, with a nonnegative relaxation spectrum. In the case of the repre-
sentation in the form of Eq. (5.23) one speaks of a line spectrum or discrete
spectrum, and s1; s2; s3; . . . are called relaxation times, the nonnegative coeffi-
cients a1, a2, a3, relaxation strengths and the entity of the n couples (ai, si) and G?

is the line spectrum or the discrete relaxation spectrum. The function g(s) is
designated as continuous relaxation spectrum.

The difference between a discrete spectrum and a continuous spectrum is a matter
of mathematical formality. Though, a mathematical proof can be given, that each
completely known totally monotonous function may be represented uniquely by
either (5.23) or (5.24), this is not true for experimentally obtained moduli. These
functions are always known only for a limited time interval, and only with finite
accuracy. For those functions a discrete spectral representation is always even
accurate as a continuous representation. Moreover, by the finite accuracy of the
measurement, the uniqueness of the representation by the spectrum is lost. Each
experimentally measured relaxation function may be represented by an infinite
number of different spectra, which all describe the experiment within a given small,
but finite, experimental error. This is meant, when one speaks about the determi-
nation of spectra from experiments as an ill-defined mathematical problem.

For the mathematical description of the creep compliance, we start from the
postulate, that _JðtÞ should be a totally monotonous function and, therefore, can be
presented as

_JðtÞ ¼
Z1

0

sðsÞe�t=sds þ 1
g0

with a nonnegative function s(s). Integration of this equation with respect to t and
designating the function ss(s) by f(s) leads to the formula

JðtÞ ¼ J0 þ
Z1

0

f ðsÞ½1 � e�t=s	ds þ t=g0 ð5:25Þ

The integration constant J0 turns out to be the instantaneous compliance of
Eq. (5.8). The integration variable s is called here the retardation time and the
nonnegative function f(s) the retardation spectrum. In the case of a line spectrum
we obtain instead of (5.25)

JðtÞ ¼ J0 þ
Xm

i¼1

bi½1 � e�t=�si 	 þ t=g0 ð5:26Þ
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�s1;�s2;�s3; . . . are called retardation times, the nonnegative coefficients b1, b2, b3,
the retardation strengths and the entity of the m couples (bi, �si) and J0 and g0 is the
line spectrum or the discrete retardation spectrum.

Equations (5.25) and (5.26) suggest a decomposition of the creep compliance
into three components, which behave differently in a creep and a recovery
experiment.

JðtÞ ¼ J0 þ wðtÞ þ t=g0 ð5:27Þ

with

wðtÞ ¼
Z1

0

f ðsÞ½1 � e�t=s	ds ð5:28Þ

or

wðtÞ ¼
Xm

i¼1

bi½1 � e�t=�si 	 ð5:29Þ

J0 is the instantaneous creep compliance, which is time independent and
mechanically reversible, wðtÞ the retarded viscoelastic compliance, which is time
dependent and mechanically reversible, and t/g0 is the flow term, which is time
dependent and mechanically irreversible.

If the creep compliance has been measured completely, i.e., if J0 and g0 both
have been determined, this decomposition may be performed as explained in
Fig. 5.9. First, the constant value of J0 is subtracted from the compliance. Then a
straight line with the slope 1/g0 is drawn through the point (0, J0). The remainder
J(t) - J0 - t/g0 is the retarded viscoelastic compliance w(t). In practice, often not
sufficient experimental information is available to perform this decomposition of
the creep compliance reliably.

Fig. 5.9 Decomposition of
the creep compliance into its
three components
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The viscoelastic deformation behavior is often described by mechanical circuit
diagrams, consisting of linear springs and linear dashpots, which are linked
together, the so-called mechanical viscoelastic models. The elongation of the
model represents the resulting strain, the force on the upper and lower end the
resulting stress. A spring and a dashpot arranged in series is called a Maxwell
model, their parallel link a Kelvin model.

Figure 5.10 shows, on its left-hand side, the so-called generalized Maxwell
model, which consists of n Maxwell-models and one single spring linked in
parallel.

It is easily seen that the stress relaxation modulus of the generalized Maxwell
model is given by Eq. (5.23), if we assume the following relations between the
constants of the model and the discrete relaxation spectrum

ai ¼ fi; si ¼ ri=fi for i ¼ 1; 2; 3; . . .n and G1 ¼ fnþ1 ð5:30Þ

This model shows viscoelastic behavior without flow (case A).
The right-hand side of Fig. 5.10 shows a model composed of n Maxwell ele-

ments and one spring linked in series. This model may show the same viscoelastic
behavior as the model on the left-hand side, on condition that a number of relations
is valid between the constants of the generalized Maxwell model (fi, ri) and those
of the model on the right-hand side (�fi;�ri). In this case we call the two models
mechanically equivalent. For a detailed description of the models and of the
mentioned relations, we refer to the contributions in [11–13].

Figure 5.11 shows the so-called generalized Kelvin model, which consists of
m Kelvin elements, one spring and one dashpot, all linked in series. The creep
compliance of the generalized Kelvin model is seen to be identical with Eq. (5.26),
if we assume the following relations between its constants and the discrete
retardation spectrum

Fig. 5.10 Left side The generalized Maxwell model, showing viscoelastic behavior without flow
and right side: Its mechanically equivalent Kelvin model with m = n
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J0 ¼ 1=�f0; bi ¼ 1=�fi; �si ¼ �ri=�fi for i ¼ 1; 2; . . .m and g0 ¼ �rmþ1; ð5:31Þ

This model describes viscoelastic behavior with flow (case B).
The generalized Kelvin model shown on the left-hand side of Fig. 5.11 behaves

under stress exactly as a generalized Maxwell model without the last spring, as
shown on the right-hand side of the Fig. 5.11. Again, a number of relations have to
be valid between the constants of both models, and n = m + 1.

5.5 The Creep Recovery Experiment

Figure 5.12 shows the stress and strain during a creep recovery experiment.
Between t = 0 and t = t0, the sample is loaded with a constant stress r0 and its
strain is measured. At t = t0 the load is suddenly removed and the residual strain
of the sample during the recovery period, c(t0, t0) is measured as a function of the
recovery time t0.

The residual strain depends on both, the creep time t0 and the recovery time t0.
Its magnitude is found by inserting the definition of the creep recovery experiment
(5.1) into the superposition principle (5.15) as

cðt0; t0Þ ¼ r0 � JðtÞ � Jðt � t0Þ½ 	 ¼ r0 � Jðt0 þ t0Þ � Jðt0Þ½ 	 ð5:32Þ

The retraction cr(t0, t0) of the specimen during the recovery period is found by
subtracting the residual strain c(t0, t0) from the strain which had been reached just
before unloading r0J(t0). The retraction (the recoverable strain) during the
recovery phase is found as

Fig. 5.11 Left side The generalized Kelvin model, showing viscoelastic behavior with flow and
right side: its mechanical equivalent Maxwell model with n = m + 1
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crðt0; t0Þ ¼ r0 � Jðt0Þ þ Jðt0Þ � Jðt0 þ t0Þ½ 	 ð5:33Þ

Introducing the decomposition (5.27) into these equations yields

cðt0; t0Þ ¼ r0 � wðt0 þ t0Þ � wðt0Þ½ 	 þ r0t0=g0 ð5:32aÞ

crðt0; t0Þ ¼ r0 � J0 þ wðt0Þ þ wðt0Þ � wðt0 þ t0Þ½ 	 ð5:33aÞ

Expressing w by the retardation spectrum (5.28) leads to the following formulae
for the retraction and for the residual strain divided by the creep stress

cðt0; t0Þ=r0 ¼
Z1

0

f ðsÞe�t0=s½1 � e�t0=s	ds þ t0=g0 ð5:34Þ

crðt0; t0Þ=r0 ¼ J0 þ
Z1

0

f ðsÞ½1 � e�t0=s	½1 � e�t0=s	ds ð5:35Þ

crðt0; t0Þ=r0 is a monotonously increasing function of both times, the creep time t0,
and the recovery time t0. It will therefore reach its maximum value after infinitely
long creep times and infinitely long recovery times. This maximum value is called
the stationary recoverable compliance J0

e and has attracted considerable attention
of experimentalists, recently, as its value offers information about the deformation
and orientation of the macromolecules during stationary flow.2

Fig. 5.12 The creep recovery experiment, the retraction cr (t0,t0) and the residual strain c(t0,t0)

2 The stationary recoverable compliance is designated here and throughout Chaps. 5 and 6 by
either Je or by Je

0. Later, in considering non-linear creep behavior, the designation Je will be used
only for the non-linear stationary recoverable compliance.
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J0
e ¼ lim

t0!1
t0!1

crðt0; t0Þ=r0 ¼ J0 þ
Z1

0

f ðsÞds ð5:36Þ

In the case of a discrete retardation spectrum, the stationary recoverable compli-
ance becomes instead of (5.36)

J0
e ¼ J0 þ

Xm

i¼1

bi ð5:37Þ

Especially the question, whether t0 and t0 have been chosen long enough to
guarantee sufficient accuracy in the approximation of the limit in Eq. (5.36) or
(5.37) has been a matter of interest. This however, is a very delicate question, as it
depends on the detailed structure of the retardation spectrum in the long-time
region. For, the error in the determination of Je will be equal to

J0
e � crðt0; t0Þ=r0 ¼

Z1

0

f ðsÞ½e�t0=s þ e�t0=s � e�ðt0þt0Þ=s	ds ð5:38Þ

which may be written in the case of a discrete retardation spectrum as

J0
e � crðt0; t0Þ=r0 ¼ ½wð1Þ � wðt0Þ	 þ ½wð1Þ � wðt0Þ	 � ½wð1Þ � wðt0 þ t0Þ	

ð5:38aÞ

In replacing the negative exponential function by a unit step function, which drops
from unity to zero at the time t ¼ �si, the differences of the retarded viscoelastic
compliance may be approximated as follows:

wð1Þ � wðt0Þ ¼
Xm

i¼1

bie
�t0=�si ffi

Xm

i¼rþ1

bi ð5:39Þ

if �sr\t0\�srþ1. Introducing this approximation into Eq. (5.38a) yields the fol-
lowing approximation for the error in the determination of the stationary recov-
erable compliance under the assumption t0 \ t0

J0
e � crðt0; t0Þ=r0 ffi brþ1 � � � þ bs þ 2bsþ1 þ � � � þ 2bu þ buþ1 þ � � � þ bm ð5:40Þ

where the indices are defined by the equations �sr\t0\�srþ1, �ss\t0\�ssþ1 and
�su\t0 þ t0\�suþ1. Every retardation strength, whose retardation time exceeds
either t0 or t0, will contribute once or twice to an error in the determination of the
limits in Eq. (5.36) and (5.37). The calculated limits will always be too small.

If the creep time t0 has been chosen long enough, the first bracket in (5.35) will
reduce to unity, and the retraction per unit stress will tend to the limit
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lim
t0!1

crðt0;t0Þ=r0
� �

¼ JRðt0Þ ¼ J0
e þ

Z1

0

f ðsÞ½1 � e�t0=s	ds ¼ Jðt0Þ � t0=g0 ð5:41Þ

JR(t0) is called the recoverable compliance, which is equal to the creep compliance,
without the flow term. The problem in reaching the limit in Eq. (5.41) is similar to
that of the limit in (5.36).

After long-creep times and long-recovery times, the residual strain (5.34) will
have decreased to its lower limit

lim
t0!1;t0!1

cðt0;t0Þ ¼ r0t0=g0 ð5:42Þ

which equals the viscous contribution of the strain during the creep period. This
equation is sometimes used to determine the viscosity by means of a recovery
experiment. Again, difficulties in connection with the limiting process in (5.42)
will arise.

Finally, a further way for the determination of the viscosity is to plot the creep
compliance, divided by the creep time, versus the logarithm of the creep time.
After creep times long enough a lower limit for the quotient will be reached, which
is equal to the inverse viscosity

lim
t!1

JðtÞ=t½ 	 ¼ 1=g0 ¼ u0 ð5:43Þ

It is highly recommended, in this limiting process as in the other mentioned
cases, to use logarithmic time scales for the abscissa, to elucidate whether the
limiting value was really attained.

5.6 The Creep Compliance of Amorphous Polymers

Summarizing the considerations on the decomposition of creep compliance and
relaxation modulus, we state: The quantities J0, G0, u0 = 1/g0, G?, Je (or J0

e ) and the
function w(t) are defined by mathematical extrapolation processes, and, therefore,
apart from exceptional cases not directly accessible by the experiment. Quantities,
which may be always determined, are the creep compliance and the relaxation
modulus as a function of the time, but within a limited time interval, only,

JðtÞ; GðtÞ for tmin\t\tmax

with tmin being the time needed between loading of the specimen and getting the
first reliable measuring point, while tmax depends on the patience of the experi-
mentalist, the stability of the measuring system and of the material. In favorable
cases, for creep or stress relaxation tmin & 0.1 s and tmax & 3 9 107 s (1 year).
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Though more than 8 decades of the time scale will be accessible as experimental
window, this is this still insufficient to cover all relaxation processes which may
occur in an amorphous polymer at one single temperature.

The creep compliance of amorphous polymers changes in such a wide range and
within such a wide time region, that a comprehensive survey can be presented only
in a double logarithmic plot. A schematic picture is given in Fig. 5.13. A scale for
the logarithmic time axis is not given for reasons which will become clear soon.

In the double-logarithmic plot, the creep compliance shows a number of dis-
persion steps. Each step represents a relaxation phenomenon, which just develops
in the corresponding time region and starts there to contribute to the deformation
process. From left to right, in the Fig. 5.13, the size of the parts of the molecules,
which participate in these processes, increase.

At very short creep times, the compliance of the order of J0 % 3–5 9 10-10

Pa-1 is very low. On loading, only van der Waals’ bonds, valence bonds and
valence angles are distorted. The material behaves stiff, elastic, and brittle. As van
der Waals’ bonds are much weaker than covalent bonds, the van der Waals’ bonds
will chiefly determine the value of the short-time compliance.

At somewhat longer creep times, dispersion regions are found, which lead to a
moderate increase in the compliance (the compliances increase there to the 1.5–2
fold of their value before the process). These dispersions are related to the motion
of small parts of the macromolecules: Either rotations or changes in the confor-
mation of side groups or of small parts of the principle chains are involved. These
dispersions are called secondary dispersions in the glassy state, indicating their
moderate influence on the change of mechanical properties in comparison to the
much stronger influence of the glass-transition. Secondary transitions are material
specific; various polymers show different secondary transitions, according to their

Fig. 5.13 Schematic dependence of the creep compliance on time in a double-logarithmic plot
for amorphous, uncross-linked polymers (full line) and for amorphous cross-linked polymers
(dashed line)
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chemical structure. The material is still in the glassy state, though, it may loose
some of its brittleness after having passed through one of the secondary transitions.

After the glassy state, a very strong dispersion region is observed, which is
common to all amorphous polymers, though the details of the dispersion may
change with the molecular structure. This dispersion region is called the glass-
rubber transition or the softening region, as it leads from the glassy state to the
much softer rubbery state or rubbery plateau with a shear compliance which is
about a factor 1000–10000 times higher than the compliance in the glassy state.
The glass-rubber transition extends over 6–8 decades in the logarithmic time scale,
the slope of J(t) versus t in the double-logarithmic plot is approximately constant
and reaches values, which differ from polymer to polymer, but generally are found
between 0.50 and 0.90. An approximate description of the compliance- time
relation in the glass-rubber transition is therefore

log J ffi m � log t þ C or JðtÞ ffi a � tm ð5:44Þ

The molecular process responsible for the glass-rubber transition is the uncoiling
and change in shape of the polymer chains between adjacent entanglements or
cross-links, leading to much higher extensibilities of the chains and therefore to
much higher values of the compliance (cf. Fig. 4.9).

After the glass-rubber transition follows the rubber-elastic plateau (for uncross-
linked polymers) or the rubber-elastic state (for cross-linked polymers). There, the
values for the compliance increase much less with creep time than in the glass-
rubber transition and are of the order of

J ffi 1=ðnkTÞ ffi 10�6 to 10�5Pa�1 ð5:45Þ

with n being explained below.
For amorphous cross-linked polymers (the dashed line in Fig. 5.13), the com-

pliance remains approximately constant as a function of time and approaches the
limiting value J(?) = Je, because those polymers do not show any viscous flow.
The molecular process governing the deformation in the rubber-elastic state is the
change in shape of the macromolecules under the influence of mechanical forces.
The magnitude of the deformation is limited by the entropic forces of the tem-
perature kicks, which drive the molecules back into their isotropic shape. These
forces may be calculated by means of the theory of rubber elasticity and are found
to be proportional to the absolute temperature and to the number of cross-links per
unit volume, n = nc (cf. Eq. (5.45)).

Also uncross-linked polymers with sufficiently high-molar masses show rubber-
elastic behavior in a certain time region, which we call the rubber-elastic plateau
in this case. The reason for it is the presence of entanglements, which—for some
time—have a similar effect as cross-links. In this case Eq. (5.45) is applicable too,
with n = ne being the number of effective entanglements per unit volume.

At longer times, however, the macromolecules will slip out of the entangle-
ments and will move into the direction of the shear forces, giving rise to viscous
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flow behavior. At the end of the flow region, the shear behavior of the melt may be
approximated by

JðtÞ ffi J0
e þ t=g0 ð5:46Þ

and the double logarithmic slope of J versus t finally approaches the value unity.
The picture of Fig. 5.13 is a simplification, as between the rubber-elastic pla-

teau and the flow region at least one additional dispersion region occurs, which has
been called the entanglement transition, as it is supposed to be connected with
some change of the structure of the entanglement network. If only the creep
compliance is observed, this transition is often masked by the flow term which has
already reached a considerable magnitude there. It may be clearly observed,
however, if the recoverable creep compliance, JR(t), which does not contain the
flow term, is measured instead of the creep compliance.

In Fig. 5.14, the quantities J(t) and JR(t) are sketched in a double logarithmic
representation from the beginning of the rubber-elastic plateau to the flow region.
The curves describe the behavior of two uncross-linked polymers with about the
same weight average molar mass, one with a narrow molar mass distribution and the
other with a broad molar mass distribution. The step height of the transition depends
on the molar mass distribution. While the compliance starts at the beginning of the
plateau with a value of about Jn, it reaches at the end of the plateau a value Je. The
ratio Je/Jn may amount to a factor 2–3 for narrowly distributed polymers, it may
increase however, for broadly distributed polymers up to values of 10–100. In the
creep behavior this difference is reflected by the width of the entanglement transi-
tion, which is much more pronounced for the broadly distributed polymers.

Fig. 5.14 Creep compliances (full lines) and recoverable creep compliances (dashed lines) as a
function of the time, for uncross-linked polymers with a narrow and a broad molar mass
distribution
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Figure 5.13 describes the compliance as a function of time at one fixed tem-
perature. The influence of the temperature consists in a shift of the position of the
various dispersion regions on the logarithmic time scale without changing much
the heights of the dispersion steps and their shape. This empirical finding is called
the time-temperature superposition principle which will be discussed in more
detail in Chap. 6. An increase in temperature shifts all relaxation phenomena to
shorter times on the logarithmic timescale. The magnitude of this shift is about
equal for the softening region and for the flow transition. For secondary transitions
this shift is smaller. Figure 5.15 shows the influence of the temperature on the time
dependence of the compliances for an amorphous uncross-linked polymer.
Because of the different amounts in the shift for the glass-rubber transition and the
secondary transitions, the dispersion steps come closer together with higher tem-
peratures. In the same figure, we have exemplarily indicated the width of the
experimental window [tmin, tmax], which covers only a small part of the interesting
time scale. It is therefore impossible, to measure the curves which were presented
in Fig. 5.13, at one single temperature. On the contrary, different parts of the
curves have been determined at different temperatures and these parts have been
composed to one single curve, using the time-temperature superposition principle.

In the following, the creep compliance of a technical polystyrene with a broad
molar mass distribution, which has been presented in Fig. 2.6, is discussed.
Figure 5.16 shows its creep compliance at different temperatures as a function of
the creep time in a double-logarithmic plot in all the various states of this polymer
from extremely low temperatures up to the melt and the limit of thermal
decomposition. The picture shows the compliance over a logarithmic time axis of
7 decades, while the value of the measured compliance itself changes by about 9
decades.

In order to obtain reliable results within such a broad experimental window and
within all states of consistency, an extreme experimental effort was necessary.
Measurements in shear on materials which are able to keep their shape under the

Fig. 5.15 Creep
compliances as a function of
creep time for an uncross-
linked amorphous polymer at
different temperatures
(T1 \ T2 \ T3 \ T4)
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forces of gravity (the measurement of compliances with a value below 10-6 Pa-1),
can best be performed accurately by the torsion of cylindrical rods with a length to
diameter ratio of about 10. For this purpose a specially developed torsional creep
apparatus was used [14]. Furthermore, for measurements within the glass-rubber
transition, a very accurate and stable thermostating system is necessary. This was
constructed based on the recirculation of heated nitrogen gas [15]. Its long-term
stability and reproducibility is about 0.2 �K with respect to the absolute value of
the temperature.

Fig. 5.16 Shear creep compliance versus creep time for PS N 7000 at various temperatures in a
double-logarithmic representation
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Measurements on materials which are unable to keep their shape against the
forces of gravity (measurements within the rubber-elastic plateau or in the melt)
were performed by means of a dynamic viscometer with a Couette geometry by
Pfandl [16] and with an apparatus originally developed by Plazek [17] and
reproduced by Link [18, 19]. The latter apparatus was equipped with a magnetic
bearing in order to minimize the friction and the disturbing moments of the
bearing. This apparatus was especially constructed for the direct determination of
the recoverable compliance in the rubber-elastic plateau. It uses the torsion of a
disk and an electric heating system for the temperature control.

The dependence of the compliance on time and temperature is very different in
the various states of the polymer. The creep behavior in the glassy state is once
more shown in Fig. 5.17, but now on a linear scale for the compliance. The weak
dependence of the compliance on creep time and temperature in the glassy state
becomes obvious. From -170 �C to the beginning of the glass-transition (+80 �C)
the creep compliance does not depend on the creep time and only weakly depends
on temperature. The PS may be described there as an approximately elastic
material with a small temperature dependence. This is due to the fact that PS does
not show secondary transitions in this temperature range. A value for the com-
pliance at -268 �C, has been indicated [20].

The compliance in the glass-rubber transition is well documented in Fig. 5.16.
The complete dispersion step extends over 7 decades of the time axis, the step
height amounts to 3.6 decades of the compliance. The double-logarithmic slope of
the compliance versus time reaches a maximum value of 0.89. The time-temper-
ature shift is the strongest here. A change in temperature of 3 K shifts the creep
compliance curves by a factor of ten on the time axis. In this region, the com-
pliance of the material strongly depends on temperature and creep time, i.e., the
viscoelastic character of the material is especially pronounced there.

Fig. 5.17 Compliance on a linear scale versus the creep time on a logarithmic scale for PS N
7000 in the glassy state
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The creep behavior in the rubber-elastic plateau and in the melt becomes also
obvious from Fig. 5.16. The rubber-elastic plateau is not very pronounced for the
polystyrene measured, however, J(t) in the plateau region is not constant, but
slightly increases with time. As already mentioned, this behavior is related to the
broad molar mass distribution. For approximately monodisperse polymers, a much
more distinct rubber-elastic plateau is found.

At high temperatures and at long creep times, the polymer is in the so-called
molten state. There the compliance is represented in a double-logarithmic scale by
a straight line with the slope one. The viscosity may be obtained by making use of
the extrapolation based on Eq. (5.43). In Fig. 5.18 the quotient J(t)/t is shown in a
double-logarithmic representation versus the creep time for PS N 7000 in the
rubber-elastic plateau and in the melt. J(t)/t is a monotonously decreasing function
of the creep time, which finally reaches a constant horizontal plateau indicating
that the stationary state of flow has been reached. The viscosity may be calculated
in the temperature range between 126 and 290 �C using Eq. (5.43). Figure 5.18 is
a very convincing illustration of the time scale needed to get reliable viscosity data
from the application of Eq. (5.43).

The recoverable compliance JR(t) as a function of the recovery time t has been
measured using the creep apparatus with magnetic bearing and is shown for the
PS N 7000 in a double-logarithmic representation in Fig. 5.19 [18]. A direct
measurement was possible only for temperatures above 140 �C.

Fig. 5.18 J(t)/t versus t in double logarithmic representation for PS N 7000 in the rubber-elastic
plateau and in the melt, after Pfandl [16]
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For lower temperatures the so-called Leaderman technique [21] has been used.
The stationary state of flow has been realized by performing a creep experiment at
the temperature of 170 �C, than the specimen was cooled to the desired temper-
ature and the retraction of the unloaded specimen was measured. The basis of this
technique is the assumption that a stationary state which had been reached at
higher temperatures, remains undisturbed through cooling, as long as the specimen
stays under constant stress. If this hypothesis is true it is possible to reach a
stationary state of flow within a reasonable time and to determine afterward
the viscosity from the shear rate and the recoverable compliance at lower
temperatures.

At temperatures below 126 �C just the creep compliance has been measured as
a function of the creep time, as in this temperature region the contribution of the
flow term to the creep compliance is negligible and therefore JR(t) equals J(t).
Consequently, in Fig. 5.19 the recovery time has been used as abscissa for the
representation of JR and designated by t, while for the measurements below 126 �C
the creep compliance is plotted as a function of the creep time.

Figure 5.19 shows the existence of a further distinct relaxation process between
the glass-rubber transition and the flow transition for the recoverable compliance
JR(t), the entanglement transition. The time-temperature shifts of the three tran-
sitions shown in Figs. 5.16 and 5.19 will be discussed in detail in Chap. 6.

Fig. 5.19 Recoverable compliance versus the recovery time for PS at various temperatures in a
double-logarithmic representation, after Link [18]
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This transition becomes still more pronounced if it is represented in a semi-
logarithmic plot, as in Fig. 5.20. From this figure, the very large step height of this
transition becomes evident, as well as the temperature-independent level of the
limiting value JR(?) = Je. The enlarged section of this figure shows the beginning
of the entanglement transition and the end of the glass transition.

5.7 Relations Between Creep and Stress Relaxation

As the two equations of the superposition principle (5.15) and (5.17) which
express a relation between the stress history and the strain history, have to be
consistent with each other, the two characteristic functions J(t) and G(t), cannot be
independent. They are related by an integral equation which is derived as follows.
Equation (5.17) is used to calculate the stress which belongs to a creep experiment
under the constant stress r0 after the deformation history c(t) = 0 for t \ 0 and
c(t) = r0 � J(t) for t [ 0. Inserting r(t) = r0 and c(t) = r0 � J(t) in (5.17) and
division by the constant stress r0 lead to

1 ¼ G0JðtÞ þ
Z t

0

_Gðt � nÞJðnÞdn ð5:47Þ

Fig. 5.20 Entanglement transition for PS in semi-logarithmic representation after Link [18]. The
curves on the left represent a tenfold magnification of the curves on the right
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By partial integration and introduction of a new integration variable t - n = f we
obtain the equation

1 ¼ J0GðtÞ þ
Z t

0

_Jðt � nÞGðnÞdn ¼ J0GðtÞ þ
Z t

0

_JðnÞGðt � nÞdn ð5:47aÞ

in which the creep compliance and the relaxation modulus are interchanged with
each other. Both equations may be integrated with respect to t and one obtains the
symmetrical relation

Z t

0

Gðt � nÞJðnÞdn ¼
Z t

0

Jðt � nÞGðnÞdn ¼ t for 0� t\1 ð5:48Þ

Differentiating of (5.48) with respect to t yields either (5.47) or (5.47a). The four
Eqs. (5.47), (5.47a), and both sides of (5.48) are equivalent. Each relation repre-
sents an integral equation, from which the creep compliance may be derived, if the
relaxation modulus is known and vice versa. If the creep compliance is known in
an analytical form, the stress relaxation modulus may sometimes be calculated
using one of these equations, but an analytic solution is known only in very simple
cases. Two useful examples are given below.

For t = 0, Eq. (5.47) reads 1 = G0 � J0, which is the relation between the
instantaneous values of creep compliance and modulus (cf. Eq. (5.13)). Adding the
identity

�JðtÞGðtÞ ¼ �J0GðtÞ �
Z t

0

GðtÞ _JðnÞdn

to Eq. (5.47a), we find

1 � JðtÞGðtÞ ¼
Z t

0

_JðnÞ½Gðt � nÞ � GðtÞ	dn ð5:49Þ

As the creep compliance is a monotonously increasing function of time and the
relaxation modulus is a monotonously decreasing function of the time, both factors
of the integrand in Eq. (5.49) are positive, and therefore the integral in Eq. (5.49)
cannot be negative. From this relation the inequality of Zener [22] follows for the
product of creep compliance and relaxation modulus.
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0\JðtÞ � GðtÞ� 1 for all t� 0 ð5:50Þ

Deviations of this product from unity may occur only in one direction. It will be
shown that such deviations occur in the dispersion and flow regions.

In the glass transition region, the creep compliance may be approximated by the
expression JA(t) (5.44):

JðtÞ ffi JAðtÞ ¼ a � tm ð5:44aÞ

with a being a positive constant and 0 \ m \ 1 (cf. Fig. 5.13). It is shown in the
following, that the modulus in the same interval can be described then by the
approximation

GðtÞ ffi GAðtÞ ¼ b � t�m ð5:51Þ

For the proof we insert (5.44) and (5.51) into Eq. (5.48) and obtain after the
substitution n = t � y

t ¼
Z t

0

JAðt � nÞ � GAðnÞdn ¼ tab
Z1

0

y�mð1 � yÞmdy

The integral is the product of two C-functions and may be written as (see [23])

Z1

0

y�mð1 � yÞmdy ¼ Cð1 þ mÞCð1 � mÞ ¼ mp
sinðmpÞ

The integral Eq. (5.48) is satisfied, if we set ab = sin(mp)/(mp). Therefore in the
glass-transition region the approximation follows

JðtÞ � GðtÞ ffi sinðmpÞ
mp

for the glass transition ð5:52Þ

For the slopes m = 0.5, 0.7, 0.9 which are found in practice within glass transi-
tions, this product will be equal to 0.64, 0.37, 0.11.

As an approximation, this equation may also be used in cases, for which the
double-logarithmic slope of the creep compliance stays only nearly constant within
a dispersion region. This is often the case for secondary dispersions, for which the
slope m is small compared to unity. We then find by the development of the sin-
function

JðtÞ � GðtÞ ffi 1 � 1:6 m2 for secondary dispersion regions ð5:53Þ

From this equation it follows that in the glassy state the product G(t)�J(t) may
deviate only slightly from unity, as for m ffi 0:1 we find G � J ffi 0:98.
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A further important application of Eq. (5.48) is the approximation of J(t) in the
flow region of uncross-linked polymers. There the following approximation for the
creep compliance is found

JðtÞ ffi JAðtÞ ¼ J0
e þ t=g0 ¼ J0

e ½1 þ t=se	 for the flow region ð5:46aÞ

In the right-hand side of this equation we used the definition for the longest
relaxation time se

se ¼ J0
e g0 ð5:54Þ

In terms of the generalized Maxwell model of Fig. 5.11a, se is equal to sn = rn/fn, if
the Maxwell elements are arranged in the order of increasing relaxation times. The
corresponding stress relaxation modulus is found to be

GðtÞ ffi GAðtÞ ¼
1
J0

e

e�t=se for the flow region ð5:55Þ

as may be seen by inserting (5.46) and (5.55) into (5.48). While the creep com-
pliance as a function of time approaches a straight line with the slope unity in a
double logarithmic plot in the flow region, the relaxation modulus decreases to
zero with an ever growing negative slope which tends to minus infinity with
increasing time. Therefore the product G(t)�J(t) will vanish very quickly in the
flow region with increasing time.

A schematic representation of the relaxation modulus as a function of time in a
double-logarithmic plot is given in Fig. 5.21. The relaxation modulus is approx-
imately the mirror picture of the creep compliance, apart from the behavior in the

Fig. 5.21 Relaxation modulus versus time in a double-logarithmic representation for an amorphous
uncross-linked polymer (full line) and for an amorphous cross-linked polymer (dashed line)
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flow region (cf. Fig. 5.13). To each dispersion step of the compliance, there cor-
responds a dispersion step of the modulus. On the double-logarithmic scale, the
heights and the positions of the corresponding dispersion steps are approximately
equal. At very short times, the modulus attains constant values of the order G0 ffi 2
to 3 
 109 Pa. At longer times, one can observe the dispersion steps of the sec-
ondary transitions. After the glassy state, the softening region follows, in which the
modulus decreases in a double-logarithmic representation approximately with a
constant slope of -m. After the glass-rubber transition, the rubber-elastic plateau
or the rubber-elastic state is found. For cross-linked amorphous polymers, the
modulus remains constant at the level of G? = 1/Je, which depends on the
absolute temperature and the cross-linking density. For amorphous uncross-linked
polymers, the flow region follows with the modulus steeply falling to zero.

According to the foregoing considerations, the Zener product in a double-
logarithmic representation follows as given in Fig. 5.22. This product is always
smaller or at most equal to unity. At very short times, G(t)�J(t) % G0�J0 = 1. At
the secondary transitions in the glassy state, small minima occur, which only
deviate by some percent from unity (5.53). In the glass-rubber transition, the Zener
product assumes values, which are significantly lower than unity (between 0.1 and
0.6). After this region, the product increases again and tends to unity. For cross-
linked polymers it stays there, for uncross-linked polymers, however, the Zener
product falls steeply to zero with increasing time.

Stress relaxation measurements in linear extension have been performed by
Tobolsky and coworkers [24–26]. The relaxation modulus in extension behaves
similar to the relaxation modulus in shear.

Fig. 5.22 The ‘‘Zener product’’ J(t)�G(t) versus time, in a double-logarithmic representation for
amorphous uncross-linked polymers (full line) and for amorphous cross-linked polymers (dashed
line)
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Figure 5.23 shows the modulus in extension as a function of the time, in a
double-logarithmic representation, for PMMA. In this figure, all four states of
order are present, the glassy state, the glass-rubber transition, the rubber-elastic
plateau and the molten state. The extensional modulus for a PIB with a high-molar
mass is presented in Fig. 5.24. Using the time-temperature shift, Tobolsky con-
structed from these data E(t) over a wide range of time at T = 25 �C. In Fig. 5.25
these data are shown for three PIB with different molar masses. In the glassy
region and in the glass-rubber transition, no influence of the molar mass on the
moduli is visible. The width of the rubber-elastic plateau however, increases with
increasing molar mass.

For amorphous polymers, E(t) equals about 2.5–2.7 times the shear modulus
G(t) in the glassy state, while in the softening region, in the rubber-elastic plateau
and in the molten state E(t) is exactly three times G(t).

Fig. 5.23 Extensional
modulus versus time in a
double-logarithmic
representation for PMMA at
various temperatures, after
Mc Loughlin and Tobolsky,
reproduced from [24] by
permission from Elsevier, UK

154 5 Linear Viscoelastic Deformation Behavior in Simple Shear



5.8 Oscillatory Experiments

It is possible to enlarge the experimental window considerably, if besides creep
and stress relaxation, also oscillatory experiments are used for the characterization
of the viscoelastic behavior. The measuring techniques known today extend over

Fig. 5.25 Extensional
modulus versus time in a
double-logarithmic
representation after a
temperature shift to 25 �C
for three PIB of different
molar masses
(1) Mv = 1.36 9 103 kg/mol,
(2) Mv = 2.80 9 103 kg/mol,
(3) Mv = 6.60 9 103 kg/mol,
after Tobolsky and
Mc Loughlin, reproduced
from [26] by permission
from John Wiley and Sons,
New York

Fig. 5.24 Extensional
modulus versus time, in a
double-logarithmic
representation for PIB with
Mv = 6.60 9 103 kg/mol at
various temperatures after
Tobolsky and Catsiff,
reproduced from [25] by
permission from John Wiley
and Sons, New York
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14 decades of the time or frequency scale, as shown in Fig. 5.26. In this figure, the
extensions of the experimental windows for the different measuring techniques are
presented over a logarithmic time or frequency axis, respectively. The relation
between the time (in seconds) in a creep or stress relaxation experiment and the
frequency m in s-1 in an oscillatory experiment has been set by the equation

x ¼ 2pt ¼ 1=t ð5:56Þ

x is the angular frequency, the number of oscillations in 2p s. The relation (5.56)
is an arbitrary one and has no direct connection with the duration of one period of
the oscillation, which is 1/m. It is shown later that this relation yields good
agreements between the results of oscillatory experiments and those of creep and
stress relaxation.

We may distinguish between four different types of vibration experiments, if we
compare the wavelength of the oscillation with the dimensions of the specimen. As
wavelength and frequency of an oscillation are reciprocal quantities, this division
is at the same time one after the frequency of the measuring technique considered.

Forced Oscillations Below the Resonance Frequency
If the wave length of the oscillation is large against all dimensions of the specimen, the
latter does not form an oscillating system. However, the behavior of the material under
harmonic oscillations may be investigated by exciting the specimen to vibrations with
a frequency below the resonance frequency. The harmonic strain and stress occurring
are compared with each other with respect to their amplitude and phase. In this
experiment, the frequencies have to be chosen low enough that the inertia moments of
the specimen or of moving parts of the instrument do not play any role.

Fig. 5.26 The position and the experimental window of various mechanical measuring
techniques for the determination of the viscoelastic behavior. (Ref 1 from Chap. 4)
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Free Damped Vibrations with Additional Mass or Inertia Moment
For this type of measurements an additional mass or an additional moment of
inertia is added to the specimen. The system is deflected out of its equilibrium
position and then released. It returns by means of damped free vibrations into its
initial position. The eigenfrequency and the logarithmic decrement of the free
damped vibration are measured. For an evaluation of this experiment, the inertia
forces of the additional mass have to be considered.

Resonance of Standing Waves
If the wave length of the elastic waves is of the order of the largest dimension of
the specimen, the system will form an oscillation system without any need for
additional masses or moments of inertia. The specimen can be excited to torsional,
bending or longitudinal vibrations by a wave generator with variable frequency,
and the amplitude of the occurring vibration is determined. If the exciting fre-
quency attains the resonance frequency, the latter is determined together with the
half width of the resonance curve.

Wave Propagation
If the wave length of the excited vibration is small compared to all dimensions of
the specimen, elastic waves propagate through the sample. The velocity of prop-
agation and the attenuation of the wave amplitude are measured. For evaluating
this experiment, one needs the density of the material, just as in the case of
evaluating the resonance of standing waves.

All those experiments yield the magnitude of a modulus or a compliance,
respectively, and an internal damping expressed by the tangent of a phase angle,
which will be introduced in detail below.

Evaluation of the Forced Oscillation Experiment
The experiment of a forced oscillation may be started as follows. The specimen
free of any stress until the time t = 0, is excited by a harmonic stress of an
amplitude r0 and an angular frequency x at the time zero. The prescribed stress
history reads as

rðtÞ ¼ 0 for t� 0
rðtÞ ¼ r0 cosðxtÞ for t [ 0

ð5:57Þ

The deformation as a function of the time is obtained by inserting (5.57) into the
superposition principle (5.15) and making use of the decomposition according to
(5.27). One gets

cðtÞ ¼ r0½A0ðx; tÞ cosðxtÞ þ A00ðx; tÞ sinðxtÞ	 for t [ 0 ð5:58Þ

with A0 and A00 being abbreviations for the following integrals

A0ðx; tÞ ¼ J0 þ
Z t

0

_wðnÞ cosðxnÞdn ð5:59Þ
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A00ðx; tÞ ¼ 1
xg0

þ
Z t

0

_wðnÞ sinðxnÞdn ð5:60Þ

The deformation (5.58) is not a harmonic function of the time, as long as the
quantities A0 and A00 still depend on the time t. If one waits long enough,
the integrals tend to limits, which are independent of the time t and depend on the
parameter x, only.

J0ðxÞ ¼ lim
t!1

A0ðx; tÞ ¼ J0 þ
Z1

0

_wðnÞ cosðxnÞdn ð5:61Þ

J00ðxÞ ¼ lim
t!1

A00ðx; tÞ ¼ 1
xg0

þ
Z1

0

_wðnÞ sinðxnÞdn ð5:62Þ

The existence of these limits follows from the fact that _wðnÞ is a monotonously
decreasing function of n which becomes zero for n ? ? (cf. Fig. 5.8). If these
limiting values have been reached with sufficient accuracy, one says that the
stationary state of the harmonic oscillation has been attained. In this case, the
shear strain reads as

cðtÞ ¼ r0½J0ðxÞ cosðxtÞ þ J00ðxÞ sinðxtÞ	 ð5:63Þ

or

cðtÞ ¼ r0JdðxÞ � cosðxt � dÞ ð5:64Þ

with

JdðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½J0ðxÞ	2 þ ½J00ðxÞ	2

q
ð5:65Þ

and

tan dðxÞ ¼ J00ðxÞ=J0ðxÞ	 ð5:66Þ

J0ðxÞ ¼ JdðxÞ cos d ð5:67Þ

J00ðxÞ ¼ JdðxÞ sin d ð5:68Þ

The quantities J0(x) and J00(x) are called storage compliance and loss compliance,
Jd(x) the absolute (value of the) dynamic compliance and tan d(x) the internal
damping or the loss tangent. All these quantities are functions of the angular
frequency x of the prescribed stress, but independent of its amplitude r0. Jd(x) is
also often designated as |J*(x)|, the magnitude of the complex compliance J*.

Figure 5.27 shows just one and a half period of stress and strain as functions of the
time in the stationary state of a harmonic oscillation. The deformation may be
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described according to (5.64) as a harmonic oscillation with the same angular fre-
quency as the stress, which lags behind it by a phase angle d. Jd(x) is the ratio of the
amplitude of the deformation to the amplitude of the stress. Due to (5.63) the defor-
mation may be decomposed into a sum of two harmonic oscillations of the same
angular frequency, one of them being in phase with the stress and having the
amplitude r0J0(x), the other lagging behind by 90� and having the amplitude r0J00(x).

A complex quantity can be defined whose real part is the storage compliance
and whose negative imaginary part the loss compliance

J�ðxÞ ¼ J0ðxÞ � iJ00ðxÞ ¼ JdðxÞe�id ð5:69Þ

which is called the complex compliance.
An oscillatory experiment started under harmonic strain at the time t = 0 is

defined by

cðtÞ ¼ 0 for t� 0
cðtÞ ¼ c0 sinðxtÞ for t [ 0

ð5:70Þ

The stress as a function of the time is obtained by inserting (5.70) into (5.17)

rðtÞ ¼ c0½B0ðx; tÞ sinðxtÞ þ B00ðx; tÞ cosðxtÞ	 for t [ 0 ð5:71Þ

B0 and B00 are abbreviations for the following integrals

Fig. 5.27 Decomposition of the stationary harmonic deformation in an oscillatory experiment
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B0ðx; tÞ ¼ G0 þ
Z t

0

_GðnÞ cosðxnÞdn ð5:72Þ

B00ðx; tÞ ¼ �
Z t

0

_GðnÞ sinðxnÞdn ð5:73Þ

(5.71) is not a harmonic function as long as B0 and B00 are time-dependent. A
stationary state of harmonic oscillation can be reached as these integrals tend to
limits which are independent of the time, i.e.,

G0ðxÞ ¼ lim
t!1

B0ðx; tÞ ¼ G0 þ
Z1

0

_GðnÞ cosðxnÞdn ð5:74Þ

G00ðxÞ ¼ lim
t!1

B00ðx; tÞ ¼ �
Z1

0

_GðnÞ sinðxnÞdn ð5:75Þ

The convergence of these integrals follows from the fact that _GðnÞ is a monotonously
increasing negative function of n which becomes zero for n ? ? (cf. Fig. 5.8). Due
to the minus sign in the Eq. (5.75), G00 becomes a positive quantity. In the stationary
state the harmonic stress can then be written as

rðtÞ ¼ c0½G0ðxÞ sinðxtÞ þ G00ðxÞ cosðxtÞ	 ð5:76Þ

or

rðtÞ ¼ c0GdðxÞ � sinðxt þ dÞ ð5:77Þ

with

GdðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½G0ðxÞ	2 þ ½G00ðxÞ	2

q
ð5:78Þ

tan dðxÞ ¼ G00ðxÞ=G0ðxÞ	 ð5:79Þ

and

G0ðxÞ ¼ GdðxÞ cos d ð5:80Þ

G00ðxÞ ¼ GdðxÞ sin d ð5:81Þ
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The quantities G0(x) and G00(x) are called storage modulus and loss modulus, the
quantity Gd(x) the absolute dynamic modulus. The latter is also designated as
jG*(x)j, the magnitude of the complex modulus G*. The identity of the quantity
defined in (5.79) with the loss tangent defined in (5.66) will be shown after Eq. (5.82).

The stress in the stationary state of a harmonic oscillatory strain may be
described according to (5.77) as a harmonic function with the same angular fre-
quency as the strain, which precedes the strain by a phase angle d. Gd(x) is the
ratio of the amplitude of the stress to the amplitude of the strain. According to
(5.76) the stress may be decomposed into a sum of two harmonic components with
the same angular frequency, one of them being in phase with the stress and having
an amplitude c0G0(x), the other preceding the stress by 90� and having an
amplitude c0G00(x).

A complex dynamic modulus is defined by the equation

G�ðxÞ ¼ G0ðxÞ þ iG00ðxÞ ¼ GdðxÞeþid ð5:82Þ

Relations between the compliances and moduli in forced oscillations can be
derived from the following consideration. The stationary state of harmonic
oscillations, which occurs after some time has to be the same, independent of the
way in which this state was reached, viz., by prescribing a harmonic stress at the
time t = 0 or by prescribing a harmonic strain at the time t = 0. In both cases, the
resulting expressions for stress and strain should be the same, apart from a phase
shift in the time scale. Therefore, the phase angle between stress and strain has to
be the same, as well as the ratio of their amplitudes, i.e.,

tan d ¼ J00ðxÞ=J0ðxÞ ¼ G00ðxÞ=G0ðxÞ ð5:83Þ

r0=c0 ¼ GdðxÞ ¼ 1=JdðxÞ ð5:84Þ

Comparing (5.69) with (5.82) shows that complex modulus and complex com-
pliance are inverse quantities

J�ðxÞ � G�ðxÞ ¼ 1 ð5:85Þ

Separating the real and imaginary parts of this equation yields

G0 ¼ J0=J2
d ð5:86Þ

G00 ¼ J00=J2
d ð5:87Þ

J0 ¼ G0=G2
d ð5:88Þ

J00 ¼ G00=G2
d ð5:89Þ

5.8 Oscillatory Experiments 161



Equations (5.65)–(5.68) and (5.78)–(5.81) can geometrically be interpreted.
Consider the representation of the complex compliance and the complex modulus
in the complex plane as shown in the left and right half of Fig. 5.28.

In the representation of the complex compliance, J0 and J00 are the abscissa and
the negative value of the ordinate of the point J*, in the representation of the
complex modulus, G0 and G00 are the abscissa and the ordinate of the point G*. The
corresponding rectangular triangles include the angle d between their adjacent leg
and hypotenuse, while Jd and Gd form their hypotenuses.

The characteristic quantities as functions of time or angular frequency,
respectively, are compared in Fig. 5.29 in a region in which a new molecular
process develops and starts to contribute to the deformation. The shape of the
curves J(t), J0(x), and Jd (x) in the dispersion region is similar. Prior to the
relaxation process, J(t) shows a more or less horizontal plateau, in the dispersion
region J(t) increases to another plateau which is reached after a full development
of the new process. Jd (x) and J0(x) show the same plateau values before and after
the relaxation process. Within the dispersion region the validity of the inequality

J0ðxÞ� JRðtÞ� JðtÞ ð5:90Þ

can be shown from the corresponding inequality of their intensity functions (cf.
(5.119) and (5.120)) and from Eq. (5.41). Regarding the order of Jd(x) and J(t) no
general statement can be made. Jd(x) running below J(t) as indicated in this figure
does not pretend to have any general validity. J00(x) passes through a maximum in
the middle of the dispersion step, tan d(x) also passes through a maximum which
is situated left to that of J00(x).

The dispersion steps of the modulus functions appear as mirror pictures of the
dispersion steps of the compliances. The dispersion steps start at high values of the
moduli and end at low values. For the moduli, the inequality

Fig. 5.28 Representation of the complex compliance (left) and the complex modulus (right) in
the complex plane
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GðtÞ�G0ðxÞ�GdðxÞ ð5:91Þ

is valid everywhere. The maximum of the loss modulus is located at lower times
(higher frequencies) than the maximum of the loss tangent and the latter is situated

Fig. 5.29 Development of a molecular process and its contribution to the compliance functions
(above) and to the modulus functions (below). The position on the time or frequency axis is the
same for tan d in both representations, the positions of the maxima in J0 0(x) and G0 0(x) are,
respectively, right and left of the maximum of tan d
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at lower times than the maximum of the loss compliance. The height and the shape
of the dispersion steps may strongly differ for various molecular processes.

A molecular process with characteristic functions which are completely dif-
ferent from those shown in Fig. 5.29, is the flow transition. There, the approxi-
mations for the creep compliance and for the relaxation modulus are using the
Eq. (5.54).

JAðtÞ ffi J0
e þ t=g0 ð5:46bÞ

GAðtÞ ffi
1
J0

e

e�t=se ð5:55aÞ

As (5.46b) contains only a constant term and a flow term, we find from Eqs. (5.61)
and (5.62)

J0
AðxÞ ffi Je ð5:92Þ

and

J00
AðxÞ ffi 1=xg0 ð5:93Þ

and from (5.65), (5.66), (5.86) and (5.87)

tan dAðxÞ ffi 1=ðxseÞ ð5:94Þ

JdAðxÞ ffi J0
e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ 1=ðxseÞ2

q
ð5:95Þ

G0
AðxÞ ffi 1

J0
e

x2s2
e

1 þ x2s2
e

ð5:96Þ

G00
AðxÞ ffi 1

J0
e

xse

1 þ x2s2
e

ð5:97Þ

In the flow region, the storage compliance tends with decreasing angular frequency
to the stationary recoverable compliance, the loss compliance and the loss tangent
grow proportional to the inverse angular frequency and the storage modulus and
the loss modulus are in the limit xse � 1 proportional to the second, respectively,
first power of the angular frequency.

Finally, the storage and loss components of the dynamic compliances are
represented as integral transforms of the retardation spectrum f(s). We differentiate
(5.28) with respect to t and insert the result into (5.61) and (5.62). Changing the
order of the differentiations after n and s and making use of the relations (see [27])
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Z1

0

cosðxnÞe�n=sdn ¼ s
1 þ x2s2

and
Z1

0

sinðxnÞe�n=sdn ¼ xs2

1 þ x2s2
ð5:98Þ

yields

J0ðxÞ ¼ J0 þ
Z1

0

f ðsÞ 1
1 þ x2s2

ds ð5:99Þ

J00ðxÞ ¼
Z1

0

f ðsÞ xs
1 þ x2s2

ds þ 1
xg0

ð5:100Þ

The corresponding equations for the storage and loss modulus in terms of the
relaxation spectrum are found by differentiating (5.24) with respect to t and
inserting the result into (5.74) and (5.75). One gets

G0ðxÞ ¼ G0 �
Z1

0

gðsÞ 1
1 þ x2s2

ds ð5:101Þ

G00ðxÞ ¼
Z1

0

gðsÞ xs
1 þ x2s2

ds ð5:102Þ

Equation (5.101) may be written in a slightly different form. From Eq. (5.24) it
follows for t ? 0

G0 � G1 ¼
Z1

0

gðsÞds ð5:103Þ

Inserting (5.103) into (5.101) yields

G0ðxÞ ¼ G1 þ
Z1

0

gðsÞ x2s2

1 þ x2s2
ds ð5:104Þ

From (5.102) and (5.104), the limiting slopes of G00 and G0 for x ? 0 follow as

lim
x!0

G00ðxÞ=x½ 	 ¼
Z1

0

sgðsÞds ¼se=J0
e ¼ g0 ð5:105Þ
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lim
x!0

½G0ðxÞ=x2	 ¼
Z1

0

s2gðsÞds ¼s2
e=J0

e ¼ g0se ¼ g2
0J0

e ð5:106Þ

The second parts of these equations follow from (5.96) and (5.97) considering
(5.54).

If oscillatory measurements are performed on polymer melts, instead of the
complex modulus, a complex viscosity g* is often used for the description of the
results, which is defined by

g�ðxÞ ¼ G�ðxÞ
ix

¼ g0ðxÞ � ig00ðxÞ ð5:107Þ

with g0ðxÞ being the real part and g00ðxÞ being the negative of the imaginary part
of the complex viscosity. Comparison with Eq. (5.82) yields the positive quantities

g0ðxÞ ¼ G00ðxÞ=x ð5:108Þ

and

g00ðxÞ ¼ G0ðxÞ=x ð5:109Þ

In Fig. 5.30 an overview of the links between different characteristic functions
and quantities of the theory of linear viscoelastic behavior is given. A charac-
teristic function characterizes the viscoelastic behavior completely, so that
knowing it makes the calculation of all other viscoelastic functions possible. For
instance, the retardation spectrum alone does not constitute a characteristic
function, as one needs the additional information of J0 and g0 to calculate J(t).

Fig. 5.30 The structure and the interconnections of the theory of the linear viscoelastic behavior
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Thus the entity of f(s), J0 and g0 together, forms the characteristic function.
Relations between the characteristic functions are marked by connecting lines. The
corresponding equation number is indicated on this line. If the number is missing,
there exists a relation, which, however, has not been discussed in this context. For
this case we refer the reader to [12, 13].

5.9 Approximate Relations Between Measurable
Viscoelastic Functions

Most of the equations cited in Fig. 5.30 are integral transforms and may be used
only, if an analytic expression for the function under the integral exists, which
describes the experimental results with sufficient accuracy and is simple enough to
allow the explicit performance of the integral transformation in a closed form. In
practice, this is very seldom the case. A further complication of the problem are
the truncation errors. For executing the transformations, the function under the
integral has to be known theoretical within its complete region of definition, e.g.,
from t = 0 to t = ? in the case of Eq. (5.61) or (5.62), or from x = 0 to x = ?
in the case of the calculation of J(t) from J0(x) and J00(x). (The corresponding
equations are not shown here.) As measurements can only be performed over a
finite time or frequency scale, experimental information may sometimes be lacking
for the complete evaluation of the integrals. This deficiency may lead to the so-
called truncation errors, which can be large in some cases. Thus, it will often be
necessary to evaluate the integral transforms by numerical methods and to estimate
the possible influence of truncation errors on the result.

Therefore, the question arises whether it is possible to develop numerical
approximate equations for the calculation of values of a measurable characteristic
quantity, if a number of data points of the starting function are known. The most
simplest of those equations are summarized in Table 5.2.

These are so-called two point approximations. Two points of the starting
function are needed to calculate one point of the function which is to be deter-
mined. The arguments of the starting points have to differ by a factor 2 which
corresponds to a constant logarithmic distance log 2. This system may be used in
recursive form and allows to calculate n � 1 successive points of the desired
function from n successive points of the starting function in a simple way. Starting,
for instance, from n successive points of the creep compliance which differ on the
time axis by a factor of 2, Eq. (5.110.1) may be used to calculate n � 1 successive
points of the storage compliance, which have a constant logarithmic distance
corresponding to a factor of 2 for the angular frequency, and Eq. (5.111.1) may be
used to calculate n � 1 successive points of the loss compliance, which however
are shifted by the factor 2 on the angular frequency axis in comparison to the
calculated points of the storage compliance. From the n � 2 data for J0(x) and
J00(x), which are known at the same angular frequencies, using the exact
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Eqs. (5.86) and (5.87), n � 2 logarithmic equidistant points of storage and loss
modulus may be calculated. Finally, using the latter set together with Eq. (5.115.2)
it is possible to arrive at n � 3 logarithmically equidistant points for the relaxation
modulus G(t).

The equations of Table 5.2 are sometimes used in a slightly different form. By a
Taylor development it is possible to show that

Jð2tÞ � JðtÞ ffi t � dJ

dt
¼ dJ

dðln tÞ ¼ J � dðlog JÞ
dðlog tÞ

Inserting this approximation into the conversion formulae (5.110.1) and
(5.111.1) of Table 5.2, one gets

J0ðxÞ ffi JðtÞ 1 � 0:86 � dðlog JÞ
dðlog tÞ

� �
ð5:116Þ

J00ðxÞ ffi 1:06
dJ

dðln tÞ ¼ 0:46
dJ

dðlog tÞ ð5:117Þ

If the double-logarithmic slope of the creep compliance is small against unity,
we further have

tan dðxÞ ffi J00ðxÞ
JðtÞ ffi 1:06

dðlog JÞ
dðlog tÞ ð5:118Þ

From these equations we conclude

(1) J0(x) is always somewhat smaller than J(t); the difference J(t) - J0(x)
increases proportional to the double logarithmic slope of the creep compli-
ance as a function of time and is maximal in the dispersion regions.

(2) J00(x) is proportional to the slope of J(t) as a function of the logarithm of the
creep time and is maximal in the dispersion regions.

(3) if d(logJ)/d(logt) � 1, tan d(x) is proportional to the double logarithmic
slope of J(t) versus t and is maximal in the dispersion regions.

Table 5.2 Some simple approximations for the conversion of viscoelastic functions

Approximate equation (x = 1/t) Bounds for the relative error, % Equation

J0(x) ffi J(t) - 0.86 [J(2t) - J(t)] ±15 tan d (5.110.1)
J0 0(x) ffi 2.12 [J(t) - J(t/2)] Uncertain (5.111.1)
J(t) ffi J0(x) + 0.57 J0 0(x/2) - 0.20 J0 0(x) ±8 tan d; ±7.6 (5.112.2)
G0(x) ffi G(t) + 0.86 [G(t) - G(2t)] ±15 tan d (5.113.1)
G0 0(x) ffi 2.12 [G(t/2) - G(t)] Uncertain (5.114.1)
G(t) ffi G0(x) - 0.57G0 0(x/2) + 0.20G0 0(x) ±8 tan d/(1-tand) (5.115.2)
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For the derivation and error bounds of these formulae we refer to the original
literature [28, 30–33]. Here we want to mention only that the representation of the
measurable characteristic functions by means of the spectra is the basis for all
approximations. For instance, for the derivation of Eq. (5.110.1) we use the
abbreviation t/s = x and write (5.25), (5.99), and (5.100) as integral transforms of
the retardation spectrum f(s) and a known intensity function, which is a function of
x only, as follows:

J0ð1=tÞ ¼ J0 þ
Z1

0

f ðsÞ x2

1 þ x2
ds ¼ J0 þ

Z1

0

f ðsÞv0ðxÞds ð5:119Þ

JðtÞ ¼ J0 þ
Z1

0

f ðsÞ½1 � e�x	ds þ t

g0
¼ J0 þ

Z1

0

f ðsÞuðxÞds þ t

g0
ð5:120Þ

Jð2tÞ � JðtÞ ¼
Z1

0

f ðsÞe�x½1 � e�x	ds þ t

g0
¼

Z1

0

f ðsÞwðxÞds þ t

g0
ð5:121Þ

J00ð1=tÞ ¼
Z1

0

f ðsÞ x

1 þ x2
ds þ t

g0
¼

Z1

0

f ðsÞv00ðxÞds þ t

g0
ð5:122Þ

Instead of an approximation for J0(1/t) in terms of J(t) and J(2t), we derive
an approximation for the difference J(t) - J0(1/t) in terms of the difference
J(2t) - J(t). For this purpose, the intensity function uðxÞ � v0ðxÞ ¼ 1=ð1 þ x2Þ � e�x

which is positive everywhere and increases as x for small x, decreases as 1/x2 for large
x and shows a maximum around x % 0.46, is approximated by the intensity function
wðxÞ ¼ uð2xÞ � uðxÞ ¼ e�xð1 � e�xÞ which is positive everywhere. It increases as
x for small x, decreases as e-x for large x and shows a maximum around x % 0.69 We
arrive at the following approximation for the intensity function uðxÞ � v0ðxÞ ffi
0:86 � wðxÞ from which the approximation (5.110.1) follows by multiplying with f(s)
and integrating over s. The error bound of the formula follows from an estimate of the
error of this formula in terms of the intensity function of J00(1/t), v00ðxÞ ¼ x=ð1 þ x2Þ
and the fact that f(s) is a nonnegative function of the retardation time. The coefficient
0.86 is obtained by trial and error in trying to minimize the error bound. This pro-
cedure for the derivation of approximation formulae has been first introduced by
Ninomiya and Ferry [29]. The derivation of formulae (5.110.1) and (5.111.1) is
explained in full detail in [30].

Despite its simplicity, the approximate formula (5.110.1) may be very useful in
cases of low damping. If tan d\ 0.1 (a condition which is fulfilled in the complete
glassy state and in the rubber-elastic state of cross-linked elastomers), formula
(5.110.1) may be applied, as its error bound is ±1.5 % at the maximum. Similar
remarks apply to formulae (5.112.2), (5.113.1), and (5.115.2).
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If tan d[ 0.1, the accuracy of formula (5.110.1) is no longer sufficient. One of
the more complicated formulae of Table 5.3 has to be selected then. For the
calculation of the storage compliance from the creep compliance, formulae of the
following type may be used

J0ðxÞ ffi JðtÞ � a½Jð32tÞ � Jð16tÞ	 � b½Jð16tÞ � Jð8tÞ	
� c½Jð8tÞ � Jð4tÞ	 � d½Jð4tÞ � Jð2tÞ	 � e½Jð2tÞ � JðtÞ	
� f ½JðtÞ � Jðt=2Þ	 � h½Jðt=4Þ � Jðt=8Þ	

ð5:110Þ

where a; b; c; . . . are constant coefficients which have been chosen to minimize the
relative error of the corresponding approximation, and are listed in Table 5.3.

This table shows seven different conversion formulae, indicated by formula
numbers which are double indexed. The first part of the number, viz., (5.110) refers
to the type of the conversion problem, the increasing end digit of the number relates
to the increasing accuracy of the formula. The column before last lists upper and
lower bounds for the relative error of the formula. Equations (5.110.1) and (5.110.2)
only have bounds for the relative error, which depend on the value of tan d at the
angular frequency x = 1/t, for which J0(x) is to be calculated. The other conversion
formulae have error bounds which are proportional to tan d and those, which are
independent of the value of tan d. In these cases, of course, the more favorable one is
to be used. Formulae with a higher number of each table are more accurate, but
require more experimental information (extend over a wider experimental window).

As to be seen from Table 5.3, it is always possible to find a conversion formula
with an error bound smaller than 1 %. It should be noticed that a possible error
originating from truncation is already included in the given error bounds. The

Table 5.3 Coefficients of the approximations for the calculation of the storage compliance from
the creep compliance with Eq. (5.110)

a b c d e f h Bounds for the
relative error %

Equation

0.855 +14.6 tan d (5.110.1)
-14.6 tan d

0.445 – 0.376 +7.8 tan d (5.110.2)
-7.7 tan d

-0.099 0.608 – 0.358 +7.5 tan d; 5.2 (5.110.3)
-7.5 tan d; -9.1

-0.119 0.680 – 0.225 0.0429 +2.1 tan d; 5.9 (5.110.4)
-2.1 tan d; -2.0

0.0108 -0.168 0.734 – 0.235 +8.8 tan d; 1.5 (5.110.5)
-1.9 tan d; -1.5

0.0109 -0.169 0.739 – 0.214 0.0451 +2.3 tan d;1.6 (5.110.6)
-2.3 tan d; -1.6

-0.000715 0.0185 -0.197 0.778 – 0.181 0.0494 +3.1 tan d; 0.8 (5.110.7)
-3.1 tan d; -0.8
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conclusion can be drawn, that the problem of the conversion from J(t) to J0(x) is
solved in a simple way. At low damping, the problem is especially easy, at higher
damping, at the utmost, an experimental window from t/8 to 32 t is needed to apply
a conversion formula which is better than 1 %.

There is, however, one regime for which the conversion will be very difficult.
This is the flow region of polymers, in which the double-logarithmic slope of the
creep compliance as a function of time approaches unity. Then the conversion
(5.110.7) requires the addition and subtraction of terms of equal order in order to
arrive finally at a result for J0(x), which is one or two orders of magnitude smaller.
In this case, the propagation of the experimental error will prohibit the conversion
(cf. Fig. 5.34, on page 180).

Equation (5.110) and its error bounds remain valid, if the creep compliance
J(t) is substituted by the recoverable creep compliance JR(t). Then, the calculation
may be performed without problems, presuming the recoverable compliance is
known accurately enough from the experiment.

The conversion of J(t) into J00(x) is much more difficult. The approximate
equations are given in formula (5.111).

J00ðxÞ ffi d½Jð4tÞ � Jð2tÞ	 þ e½Jð2tÞ � JðtÞ	 þ f ½JðtÞ � Jðt=2Þ	
þ g½Jðt=2Þ � Jðt=4Þ	 þ h½Jðt=4Þ � Jðt=8Þ	 þ j½Jðt=8Þ � Jðt=16Þ	
þ l½Jðt=32Þ � Jðt=64Þ	 þ n½Jðt=128Þ � Jðt=256Þ	 þ � � � ð5:111Þ

The constant coefficients d; e; f ; . . . have been chosen to optimize the error bounds
of the formulae. Their values, together with the error bounds are given in
Table 5.4.

Table 5.4 Coefficients of the approximations for the calculation of the loss compliance from the
creep compliance with Eq. (5.111)

d e f g h j l n Bounds for the
relative error, %

Equation

2.12 8[1 + 1/tan d]; 26 (5.111.1)
-8[1 + 1/tan d]

-0.470 1.715 – 0.902 0.7[1 + 1/tan d]; 2.3 (5.111.2)
-4.6/tan d

-0.505 1.807 – 0.745 – 0.158 1.1[1 + 1/tan d]; 3.5 (5.111.3)
-1.3/tan d

-0.470 1.674 0.196 0.627 – 0.194 0.7[1 + 1/tan d]; 1.3 (5.111.4)
-2.5[1 + 0.5/tan d]

-0.470 1.674 0.197 0.621 0.011 0.172 0.0475 0.7[1 + 1/tan d]; 2.3 (5.111.5)
-2.5[1 + 0.12/tan d]

-0.470 1.674 0.198 0.620 0.012 0.172 0.0430 0.0122 0.7[1 + 1/tan d]; 2.7 (5.111.6)
-2.5[1 + 0.03/tan d]

-0.470 1.674 0.198 0.620 0.012 0.172 0.0433 0.0108 0.7[1 + 1/tan d]; 2.7 (5.111.7)
-2.7; -2.7/tan d
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The most simplest of these equations, viz.,

J00ðxÞ ffi 2:12½JðtÞ � Jðt=2Þ	 ð5:111:1Þ

provides only a rough estimate of the loss compliance. Even at the favorable case
of high damping (tan d = 1), the error bounds for this approximation will be as
high as ±16 %. In order to arrive at higher accuracies, more complicated formulae
have to be used. If we ask for bounds of ±3 % for the relative error, we may use
the approximation (5.111.2) in the tan d-region [1.5 \ tan d\?], the formula
(5.111.3) in the region [0.45 \ tan d\?], the formula (5.111.5) in the region
[0.2 \ tan d\?] and the formula (5.111.6) in the region [0.075 \ tan d\?].

There exists a formula which is accurate for all values of tan d, viz., (5.111.7).
This formula is an infinite series. After the term with the coefficient 0.0108 an
infinite number of further terms follow whose coefficients are smaller by a factor 4
and which are shifted to shorter times by a factor 4. In this equation J00(x = 1/t) is
controlled by the logarithmic slope of the creep compliance within the entire time
interval left from the point of calculation, t. The influence of those terms decreases
only weakly with their distance, namely inverse proportional to their distance from
the point of calculation. In this formula, the short time truncation problem occurs
explicitly in its structure. The relative error of this formula is limited between
-2.7 % and +2.7 % for all values of tan d. It is not necessary in all cases, to know
the complete behavior of the creep compliance for times smaller than the point of
calculation. Sometimes it will be sufficient to know upper limits for the loga-
rithmic derivatives of the creep compliance of the short-time tail to limit the
possible truncation error. In those cases, the short-time tail of the formula (5.111.7)
may be omitted in the calculation.

How many terms of the formula have to be taken into account, depends on the
special conditions for the conversion. This is illustrated by Fig. 5.31, in which
J(t) is shown in a dispersion region. For the calculation of J00(x) at the beginning
or in the middle of the dispersion region (points A or B) only a few terms of the
conversion formula will be necessary for a reliable result. However, at the point C
at the end of a dispersion region the calculation will be especially troublesome, as
the principal term J(t) - J(t/2) will be small there, while the terms of the short-
time tail in the formula will contribute extraordinarily much to the result.

Fig. 5.31 The creep
compliance in the vicinity of
a dispersion region and the
truncation problem in the
calculation of J0 0(x) at the
points A, B, and C
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If there is not enough information about the short-time behavior available, it
is not possible to apply the complete formula (5.111.7). In those cases, one of
the shorter formulae, the choice of which depends on the extension of the
experimental window, has to be chosen. As those formulae were obtained by
skipping the short-time tail, they will fail if the truncated part exceeds the error
bound. This is the reason, why for all formulae but one of Table 5.3 the lower
bound for the relative error tends to -100 % with vanishing tan d.

We conclude that the calculation of J00(x) from the creep compliance constitutes a
problem, which is the more difficult, the lower the damping at the point of calculation
is. The most simple of the formulae of Table 5.3 does not yield values for J00(x)
which are much too high, it may, however, yield values which are much too low.

The calculation of the creep compliance from the dynamic compliances con-
stitutes an easier problem. In cases, for which the simplest formulae (5.112.1) and
(5.112.2) in Table 5.2 are not sufficient, conversions based on the following
equation may be used

JðtÞ ffi J0ðxÞ þ bJ00ðx=8Þ þ cJ00ðx=4Þ þ dJ00ðx=2Þ
þ eJ00ðxÞ þ fJ00ð2xÞ þ gJ00ð4xÞ þ hJ00ð8xÞ

ð5:112Þ

with b; c; d; . . . being constant coefficients, which have been chosen to minimize
the relative error of the corresponding approximation. They are listed in Table 5.5
[30]. It is seen that a formula with error bounds around 1 % may always be found.

Table 5.5 Coefficients of the approximations for the calculation of the creep compliance from
the storage compliance and the course of the loss compliance with Eq. (5.112)

b c d e f g h Bounds for the
relative error %

Equation

0.446 22.3 tan d; 7.9 (5.112.1)
-10.8 tan d; -1.0

0.566 -0.203 8.0 tan d; 7.6 (5.112.2)
-7.9 tan d; -7.0

0.482 – -0.0920 8.2 tan d; 8.7 (5.112.3)
-8.2 tan d; -8.2

0.0872 0.319 – -0.0532 7.5 tan d; 3.9 (5.112.4)
-7.5 tan d; -3.9

0.103 0.278 – – – -0.0166 3.5 tan d; 3.6 (5.112.5)
-3.3 tan d; -3.6

0.0198 0.0375 0.339 – -0.0122 – -0.0152 3.6 tan d; 2.1 (5.112.6)

-3.6 tan d; -2.1

0.0509 -0.116 0.635 -0.254 0.0383 0.0547 -0.0404 1.3 tan d; 1.3 (5.112.7)

-1.3 tan d; -1.3
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The calculation of the creep compliance from the storage compliance and the
course of the loss compliance is a simple problem, especially simple at low
damping. No problems arise, neither with the width of the experimental window,
nor with a propagation of the experimental error.

A simple and accurate equation should be mentioned here, which uses the values
of J0(x) and J00(x) at two frequencies [31] (bounds for the relative error ±3 %.)

JðtÞ ffi J0ðxÞ þ 0:485J00ðx=2Þ þ 0:200½J0ðx=2Þ � J0ðxÞ	 ð5:123Þ

This formula is especially appropriate for cases of high damping, at which other
approximations with a narrow experimental window fail.

Formulae for the calculation of the storage modulus from the stress relaxation
modulus have the following form [32]

G0ðxÞ ffi GðtÞ þ a½Gð4tÞ � Gð8tÞ	 þ b½Gð2tÞ � Gð4tÞ	
þ c½GðtÞ � Gð2tÞ	 þ d½Gðt=2Þ � GðtÞ	 þ e½Gðt=4Þ � Gðt=2Þ	
þ f ½Gðt=8Þ � Gðt=4Þ	 þ g½Gðt=16Þ � Gðt=8Þ	 þ k½Gðt=64Þ � Gðt=32Þ	 þ . . .

ð5:113Þ

The coefficients together with the error bounds are listed in Table 5.6.
The formula (5.113.1) is dual to the formula (5.110.1). The other formulae of

the Table 5.6 are not dual to the formulae of Table 5.3.3 In deriving Eqs. (5.113.1
to 4), it was tried to minimize the error bounds in terms of tan d. For those

Table 5.6 Coefficients of the approximations for the calculation of the storage modulus from the
relaxation modulus with Eq. (5.113)

a b c d e f g k bounds for the
relative error, %

Equation

0.855 14.6 tan d; 21 (5.113.1)
–14.6 tan d

0.444 – 0.378 7.8 tan d; 17.7 (5.113.2)
–7.8 tan d

–0.138 0.690 0.119 – 0.161 3.2 tan d; 26 (5.113.3)
– 3.2 tan d

–0.142 0.718 0.044 0.102 0.101 – 0.00855 1.0 tan d; 6.4 (5.113.4)
– 1.0 tan d

–0.142 0.717 0.046 0.099 0.103 0.001 0.00716 0.000451 1.0 tan d; 6.9 (5.113.5)
– 1.0 tan d; – 6 .9

3 Two equations, approximate equations or inequalities are designated as dual, if they turn into
each other by the following simultaneous substitutions rðtÞ $ cðtÞ; cðtÞ $ rðtÞ; JðtÞ $
�GðtÞ; J0 xð Þ $ �G0 xð Þ; J00 xð Þ $ þ G00 xð Þ.
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formulae, no absolute bounds for the relative error exist. The formula (5.113.5) is
an infinite series. After the term with the coefficient k follow further terms, each
being shifted by a factor 4 to smaller times and having a coefficient, which is
smaller by a factor 16. This formula has apart from the bounds proportional to tan
d, the absolute bounds ±6.9 %. It is a second example for a formula for which the
short time truncation shows up explicitly.

The calculation of the storage modulus from the stress relaxation modulus
constitutes a simple problem. Very troublesome, on the contrary, is the calculation
of the loss modulus from the stress relaxation modulus. The only formula for
which bounds for the relative error may be given is the one which is dual to
Eq. (5.111.7) [33].

G00ðxÞ ffi �0:470 � ½Gð2tÞ � Gð4tÞ	 þ 1:674 � ½GðtÞ � Gð2tÞ	
þ 0:198 � ½Gðt=2Þ � GðtÞ	 þ 0:620 � ½Gðt=4Þ � Gðt=2Þ	
þ 0:012 � ½Gðt=8Þ � Gðt=4Þ	 þ 0:172 � ½Gðt=16Þ � Gðt=8Þ	
þ 0:0433 � ½Gðt=64Þ � Gðt=32Þ	 þ 0:0108 � ½Gðt=256Þ � Gðt=128Þ	 þ � � �

ð5:114:7Þ

The bounds for the relative error of this formula, which again represents an
infinite series, are ±2.7 %. For the application of this formula, the same remarks
about the truncation error apply which have been discussed in case of
Eq. (5.111.7).

If the value of the storage modulus is known at one frequency together with the
course of the loss modulus, it is possible to calculate the stress relaxation modulus
by means of the following formulae [33]:

GðtÞ ffi G0ðxÞ � aG00ðx=16Þ � bG00ðx=8Þ � cG00ðx=4Þ
� dG00ðx=2Þ � fG00ð2xÞ � gG00ð4xÞ � hG00ð8xÞ

ð5:115Þ

The constants a; b; c; . . . are listed in Table 5.7. The column before last of this
table contains upper and lower bounds for the absolute error, expressed in percents
of the quantity G00(x). It is also possible to present upper bounds for the ratio
G00(x)/G(t) as a function of tan d. For details see [33].

A discussion of the error bounds of the formulae of Table 5.7 shows that the
calculation of the relaxation modulus from dynamic measurements is an easy
problem for low values of tan d. For higher values of tan d, however, the problem
gets more and more difficult. This becomes especially obvious if one tries to apply
these formulae to the flow region of polymers. The problem is additionally
complicated there by the propagation of the experimental error: A large value of
G00(x) has to be subtracted from a large value of G0(x) in order to arrive at a small
value for G(t).
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The stress relaxation modulus may also be calculated, if only the frequency
dependence of the storage modulus is known. For details we refer to [33].

A summary of the problems occurring at the conversion of viscoelastic func-
tions is given in Table 5.8. Examples for the numerical conversion of viscoelastic
functions will be given in Figs. 6.6, 6.7 and 6.8 in the next chapter.

Table 5.7 Coefficients of the approximations for the calculation of the relaxation modulus from
one value of the storage modulus and the course of the loss modulus with Eq. (5.115)

a b c d e f g h Bounds for
the absolute
error %

Equation

0.400 20 G0 0 (5.115.1)

-20 G0 0

0.566 -0.203 8 G0 0 (5.115.2)

-8 G0 0

0.478 – -0.0783 8 G0 0 (5.115.3)

-8 G0 0

0.528 -0.112 -0.0383 8 G0 0 0 (5.115.4)

-8 G0 0

0.0825 0.369 -0.169 0.167 -0.0828 4 G0 0 (5.115.5)

-4 G0 0

0.123 0.179 0.186 -0.168 0.0788 -0.0317 3 G0 0 (5.115.6)

-3 G0 0

0.00378 0.0309 -0.068 0.564 -0.186 -0.0017 0.0677 -0.0428 1 G0 0 (5.115.7)

-1 G0 0

Table 5.8 Problems occurring at the conversion of viscoelastic functions

J(t) ? J0(x) Simple; somewhat more complicated at higher damping; at very
high damping great difficulties due to the propagation of the
experimental error. Solution: replace J(t) by JR(t)

J(t) ? J0 0(x) Difficult; much information about the short-time behavior is
requested; solution: Estimation of the magnitude of the short time
tails.
No problems with the propagation of the experimental error

J0(x), J0 0(x) ? J(t) Easy; little information is sufficient for all values of the damping.
no problems with the propagation of the experimental error

G(t) ? G0(x) Somewhat more difficult than J(t) ? J0(x); no problems with the
propagation of the experimental error

G(t) ? G0 0(x) Very difficult; the short-time tail of G(t) has to be known. No
difficulties with the propagation of the experimental error

G0(x), G0 0(x) ? G(t) Easy for low values of the damping; difficult or even impossible
for high values of the damping; Great difficulties with the
propagation of the experimental error for high values of the
damping
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5.10 The Viscoelastic Behavior of Amorphous Polymers
in Shear

The characteristic viscoelastic functions of amorphous cross-linked polymers are
shown in the Figs. 5.32 and 5.33. Figure 5.32 is a double-logarithmic repre-
sentation of the creep compliance as a function of the creep time, and the storage
compliance, the loss compliance, and the loss tangent, as functions of the angular
frequency, at a fixed temperature. The relation between the creep time t and the
angular frequency is given by Eq. (5.56). Creep compliance and storage com-
pliance show a similar behavior. To each dispersion step of the creep compliance
corresponds one of the storage compliance. Outside the dispersion regions, both
compliances coincide, within the dispersion regions the storage compliance is
lower than the creep compliance. The difference between the two is maximal in
the glass-rubber transition region. The limit of J(t) for t ? 0 is the same as the
limit of J0(x) for x ? ?, viz., the instantaneous compliance J0. The limit of
J(t) for t ? ? is finite and the same as the limit of J0(x) for x ? 0, viz., the
stationary recoverable compliance Je. Jd(x) has not been shown in the picture. It

Fig. 5.32 Schematic double-logarithmic representation of the creep compliance, storage
compliance, loss compliance and the loss tangent as functions of the time or angular frequency
for cross-linked amorphous polymers at a fixed temperature
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would even be closer to J(t) than to J0(x). To each dispersion step of J(t) or
J0(x) corresponds a maximum of the loss compliance and the loss tangent.
According to Eq. (5.118), tan d is approximately proportional to the double-
logarithmic slope of J(t) resp. J0(x). In the dispersion regions of the glassy state,
J(t) and J0(x) differ only by a few percent, while the loss tangent shows there
maxima between 0.05 and 0.1.

The half widths of those maxima may differ considerably between two decades
on the angular frequency axis for a sharp relaxation process and six decades for a
very broad one. In the glass transition, the value of J(t) may exceed that of J0(x)
between 60 % and some 100 %, depending on the double-logarithmic slope of
J(t). The maximum of the loss tangent reaches values between 1 and 6 in this
region. The half width of the damping maximum achieves three to five decades of
the frequency axis. In the rubbery state, J(t) and J0(x) proceed approximately
horizontally and tan d decreases to values of the order of 0.001.

The moduli are shown in Fig. 5.33, again in a double-logarithmic plot at one
fixed temperature. This picture is a mirror image of Fig. 5.32, apart from the run of
the quantity log tan d, which is the same in both figures. Again G(t) and G0(x) show
a similar shape, but now according to Eq. (5.91) G(t) is lower than G0(x). In the
secondary dispersion regions, G(t) and G0(x) differ by a few percents only. The

Fig. 5.33 Schematic double-logarithmic representation of the relaxation modulus, storage
modulus, loss modulus, and the loss tangent as functions of time or angular frequency for cross-
linked amorphous polymers at a fixed temperature
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limit of G(t) for t ? 0 is the same as the limit of G0(x) for x ? ?, viz., G0 = 1/J0.
G(t) shows a finite limit for t ? ?, viz., G? = 1/Je.

The compliances of uncross-linked amorphous polymers are sketched in
Fig. 5.34. The principal differences between Figs. 5.32 and 5.34 are the broader
glass-rubber transition, the less extended rubbery plateau, and especially the flow
region of the uncross-linked polymer. In the flow region, the creep compliance
increases again, and finally becomes proportional to the creep time, according to
Eq. (5.46). The storage compliance J0(x) approaches a horizontal plateau with the
limit Je. The loss compliance at the beginning of the rubber-elastic plateau is lower
than the storage compliance, but strongly increases in the flow region and
approaches there asymptotically the creep compliance. In the limit of large t or
small x, the difference J(t) - J00(x) becomes small compared to the values of
J(t) or J00(x). The loss tangent tan d shows a minimum in the rubber-elastic
plateau. In the flow region the loss tangent increases again and finally tends to ?
with 1/x. In practice, values larger than 1000 for tan d have not been reached, as
chemical decomposition occurs before under the influence of the high tempera-
tures due to the high-energy dissipation.

Fig. 5.34 Schematic double-logarithmic representation of the creep compliance, storage
compliance, loss compliance, and the loss tangent as functions of the time or angular frequency
for uncross-linked amorphous polymers at a fixed temperature
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The moduli are shown in Fig. 5.35. In the whole range G(t) B G0(x) and in
some parts of the glass-transition even G0(x) B G00(x) is valid. At the beginning
of the rubber-elastic plateau, the loss modulus is lower than the storage modulus
and the relaxation modulus. At the end of the rubber-elastic plateau, however,
G0(x) and G(t) decrease so strongly with increasing time (decreasing frequency),
that G00(x) intersects the curves of G0(x) and of G(t). In the flow region, finally,
the moduli scale according to G(t) B G0(x) B G00(x). G00(x) decreases to zero
with x ? 0 as g0x (cf. Eq. (5.105), while G0(x) decreases to zero with x ? 0 as
g0

2Jex
2 (cf. Eq. (5.106), and G(t) decreases to zero as Je

-1�exp(-1/xse) (cf.

Fig. 5.36 Storage modulus and loss modulus of poly(cyclohexylmethacrylate) (PCHMA) as a
function of the reduced frequency at the reference temperature T0 = -80 �C after Heijboer [34].
The broken line indicates the loss modulus for a process with one single relaxation time
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Eq. (5.55). With x ? 0 the ratio G00(x)/x approaches the limit g0, and the ratio

G0(x)/x2 approaches g0se = g0
2Je. Consequently, the ratio G0ðxÞ=½G00ðxÞ	2 reaches

the finite limit Je.
An example for a relaxation process in the glassy state is shown in the

Fig. 5.36. Storage and loss modulus of a poly(cyclohexylmethacrylate) (PCHMA)
are plotted as a function of the reduced frequency in a double-logarithmic repre-
sentation after Heijboer [34].

Fig. 5.37 Storage modulus versus angular frequency for a PIB in the glass-transition, reproduced
from [35] by permission from AIP Publishing LLC
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This dispersion process is caused by the change of the cyclohexyl ring from the
one chair position into the other [34]. It is the sharpest relaxation phenomenon in
polymers known today. Notwithstanding, it cannot be described by one single
relaxation time, as demonstrated by the broken line in the figure, which indicates
the loss modulus for a process with one single relaxation time. The half width of

Fig. 5.38 Loss modulus versus angular frequency for a PIB in the glass-transition [35] by
permission from AIP Publishing LLC
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the G00-maximum of PCHMA extends to two decades on the frequency axis. The
step height of the dispersion of G0(x) corresponds to a factor of 2.

As an example for a dispersion step in the glass-rubber transition region, results
of Fitzgerald, Grandine, and Ferry on poly(isobutene) are shown in Figs. 5.37 and
5.38 [35]. Storage and loss modulus are plotted versus the angular frequency in
double-logarithmic representations. Comparing these curves with the presentations
in Fig. 5.35, one should consider the other direction of the logarithmic frequency
axis in the two latter figures. The maximum of the double logarithmic slope of
G0(x) and G00(x) versus x amounts to 0.64.

As an example for a measurement in the rubber-elastic plateau and in the flow
region, in Figs. 5.39 and 5.40 the storage and loss modulus of PS N 7000 are

Fig. 5.39 Storage modulus versus angular frequency for PS N 7000 in the rubber-elastic plateau
and in the flow region at different temperatures, after Lampel [36]
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presented. In the limit of low frequencies, G00(x) and G0(x) are proportional to the
first and second power of x, respectively, i.e., on the double-logarithmic scale the
curves approximate straight lines with the slope 1 and 2, respectively.

From these measurements, the values of J0(x) were calculated according to
Eq. (5.88) and are presented in Fig. 5.41. While for G0(x) and G00(x) the entan-
glement transition is masked due to the great influence of the flow term, it clearly
shows up as a dispersion step of the storage compliance, which does not contain
the flow term. The broad entanglement transition extends from the beginning of
the rubber-elastic plateau nearly to the steady state value Je at low frequencies.
This is the same molecular process which had been observed for the recoverable
compliance in Figs. 5.19 and 5.20.

Fig. 5.40 Loss modulus versus angular frequency for PS N 7000 in the rubber-elastic plateau
and in the flow region at different temperatures, after Lampel [36]
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Chapter 6
Time-Temperature Shift of Mechanical
Properties

6.1 The Significance of the Time-Temperature Shift
for the Description of the Deformation Behavior
of Polymers

It was already shown in the last chapter that the experimental time or frequency
window at one single temperature is not broad enough to cover the complete
dispersion step from the beginning to the end of a molecular process. Therefore,
it would not have been possible to discuss the complete shape of most of the
dispersion processes of amorphous polymers if not making use of the time-tem-
perature shift phenomenon. Moreover, the overviews given in the Figs. 5.32–5.35
could never have been constructed without the application of this principle.

Most chemical, physicochemical and physical molecular processes are very sen-
sitive to temperature changes. In many cases an increase in temperature enhances the
rate of all molecular processes involved in a certain viscoelastic dispersion process by
the same factor. That means, a change in temperature can be described by multiplying
all relaxation times or retardation times of the process with the same constant factor.
In a representation of the process over a logarithmic time scale or a logarithmic
frequency scale, the characteristic functions of this process then shift without a change
of their shape. In some cases, other minor alterations may take place by varying the
temperature as a slight change in the step height or in the shape of the dispersion curve.
But these effects are of subordinate importance and are often neglected—or over-
seen—when applying the time-temperature shift. If a pure shift of the characteristic
functions in the logarithmic time or frequency-axis occurs without a change of their
shape, the corresponding dispersion process is called a thermorheologically simple
process [1]. Otherwise, it is called a thermorheologically complex process.

Furthermore, molecular processes as the various secondary dispersions in the
glassy region, the glass-rubber transition or the flow transition are differently
influenced by a temperature change and show, therefore, dissimilar shifts along the
logarithmic time scale with a change of temperature, though each of them may
shift without a change in shape of its ‘‘own’’ characteristic dispersion. That means
the characteristic functions as given in Fig. 5.32, for example, never shift as a

H. Münstedt and F. R. Schwarzl, Deformation and Flow of Polymeric Materials,
DOI: 10.1007/978-3-642-55409-4_6, � Springer-Verlag Berlin Heidelberg 2014
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whole with temperature, but changes according to the molecular process being
dominant in the particular temperature range. Consequently, a characteristic
function, governed by more than one single molecular process may not be
expected to behave thermorheologically simple.

In general, the smaller the parts of the molecules are, which are involved in a
certain relaxation process, the shorter is the time at which the dispersion region
occurs and the smaller its shift with temperature. Therefore, the shape of charac-
teristic functions as shown in Fig. 5.32 changes with temperature, but this change can
be predicted, when the temperature shifts for the different processes are known.

First, the mathematical formalisms of the thermorheologically simple processes
will be described and then the time-temperature shifts of the various molecular
processes of amorphous and semicrystalline polymers.

6.2 The Time-Temperature Shift Principle

So far, only measurements at one fixed temperature have been discussed. If a
measurement is repeated on the same material at higher temperatures, dispersion
regions are shifted to shorter times. Some important examples have already been
shown in Figs. 5.16, 5.19, 5.20, 5.23, 5.24, and 5.37–5.41. For a great number of
materials, experimental evidence proved the validity of the time-temperature shift
principle for which synonymously the expression time-temperature superposition
principle is in use.

By an increase in temperature, the positions of dispersion regions of poly-
mers shift to shorter times or higher frequencies, respectively. By this shift,
the shape of the curves of J(t) or G(t) versus log t, respectively, J0(x) and
J00(x) or G0(x) and G00(x) versus log x is preserved. One has to deal with a
simple parallel shift of these curves along the logarithmic time or frequency
axis, only.

The mathematical description of this principle is illustrated by Fig. 6.1, which
shows two creep compliance curves as a function of the logarithm of the creep
time, one at the temperature T0 and the other at the temperature T, whereby
T0 [ T.

A parallel shifting is described by the equation

Jðt; TÞ ¼ Jðx; T0Þ ð6:1Þ

The distance log aT between the corresponding points log t and log x does not
depend on the creep time t, but on the temperatures chosen. T0 is called the
reference temperature, aT(T,T0) the time-temperature shift factor, log aT(T,T0) the
time-temperature shift function and x the reduced time. From Fig. 6.1, one gets
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log aTðT ; T0Þ ¼ log t � log x ð6:2Þ

or

x ¼ t=aTðT ; T0Þ ð6:3Þ

The direction of the shift along the logarithmic time axis is determined by the
sign of the temperature difference (T - T0). For T \ T0 it follows t [ x, aT [ 1,
and log aT [ 0. For an application of the time-temperature shift to oscillatory
experiments, a reduced angular frequency y is defined by the equation

y ¼ aTðT ; T0Þ � x ð6:4Þ

The mathematical description of the time-temperature shifting principle is then
expressed by the set of equations:

Jðt; TÞ ¼ Jðx; T0Þ ¼ JT0ðxÞ ¼ JT0ðt=aTÞ Gðt; TÞ ¼ Gðx; T0Þ ¼ GT0ðt=aTÞ
J0ðx; TÞ ¼ J0ðy; T0Þ ¼ J0

T0
ðaTxÞ G0ðx; TÞ ¼ G0ðy; T0Þ ¼ G0

T0
ðaTxÞ

J00ðx; TÞ ¼ J00ðy; T0Þ ¼ J00
T0
ðaTxÞ G00ðx; TÞ ¼ G00ðy; T0Þ ¼ G00

T0
ðaTxÞ

tan dðx; TÞ ¼ tan dðy; T0Þ ¼ tan dT0ðaTxÞ ð6:5Þ

In these equations the creep compliance at the reference temperature is des-
ignated as JT0ðxÞ, whereby x is the creep time at the temperature T0. The function
JT0ðxÞ is called the master (curve of the) creep compliance, GT0ðxÞ the master
(curve of the) relaxation modulus, J0

T0
ðyÞ the master (curve of the) storage com-

pliance, G0
T0
ðyÞ the master (curve of the) storage modulus, etc.

The existence of a time-temperature superposition makes an essential simpli-
fication of the description of the shear behavior of polymers possible. Instead of
one function which depends on the two independent variables temperature and
time or frequency, respectively, it is sufficient to handle two functions, each of

Fig. 6.1 Illustration of the time-temperature shift of the creep compliance for T \ T0
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them depending on one of the two variables, only. In the case of the creep com-
pliance these are the master creep compliance JT0ðxÞ at the reference temperature
T0 and the temperature-dependent shift factor aT(T,T0).

If the time-temperature superposition has been proven to be valid for one of the
characteristic functions, it will be applicable to all the others. This is a consequence
of the Boltzmann superposition principle presented by Eqs. (5.15) or (5.17).

The application of the time-temperature superposition principle to construct a
so-called ‘‘master curve’’ is illustrated in Fig. 6.2 for the creep compliance as an
example. Within the experimental window, creep compliances at a number of
different temperatures were measured. One of those curves, preferably in the
middle of the experimental window is selected as a master curve and the corre-
sponding temperature as the reference temperature T0. Then, the creep compli-
ances measured at the other temperatures are shifted until they overlap smoothly
with the reference curve. From the shift in time, aT(T,T0) is obtained. The master
curve constructed by the superposition of the creep compliances at various tem-
peratures with respect to time extends the time window accessible.

The consequence of the validity of the time-temperature superposition is that
knowing the shift factor and the time or frequency dependence of a material
function at one temperature, the corresponding curves at other temperatures can be
determined in a simple way.

If the shift function is known from an independent source, it is possible to plot
the data measured at different temperatures versus the reduced time x in order to
obtain the master curve. The time-temperature shift function for a certain process
at the reference temperature T0 can easily be changed to its equivalent at the
reference temperature �T0 by the equation:

Fig. 6.2 Application of the time-temperature superposition principle to construct a master curve
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log aTðT ; �T0Þ ¼ log aTðT; T0Þ � log aTð�T0; T0Þ ð6:6Þ

6.3 The Time-Temperature Shift of the Glass-Rubber
Transition

The logarithm of the creep compliance as a function of the logarithm of the time in
the glass-rubber transition has already been shown in the Figs. 5.16 and 5.19 for
PS. Similar results have been obtained for PC, PMMA, PVC, NR, and for a
cross-linked polyurethane rubber (PUR) [2].

As an example for a cross-linked polymer with a low glass transition temperature,
the data for the PUR are shown in Fig. 6.3. Crosses indicate data points obtained by
the technique of free damped torsional vibrations, circles those from a measuring
device for torsional creep, which automatically registered compliance data at loga-
rithmically equidistant creep times of a factor two. Such data are especially appro-
priate for evaluations by means of the conversion techniques described in Sect. 5.9.
The agreement between the results of the two measuring techniques is convincing and
yields an accurate picture of the strong dependence of the creep compliance on time
and temperature in the glass transition region. Figure 6.3 shows the compliance
within an experimental window of five decades on the logarithmic time scale.

It is obvious that the larger the experimental window of the original data, the more
accurate are the results after the time-temperature superposition. Moreover, shifting
the curves in the center of the transition results in a higher accuracy of the determi-
nation of the time-temperature shift function and of the master compliance than
shifting the data in one of the flanks of the transition where the compliance runs flatter.

The strong influence of time and temperature on the value of the compliance in
the glass transition is evident for all amorphous polymers investigated. This effect is
particularly pronounced for polystyrene, for which an increase in temperature by
3 �C magnifies the compliance to the ninefold, or shifts it to shorter times by about
one decade. Though the general course of the creep compliance with time is similar
for all amorphous polymers in the glass transition region, significant differences
exist with respect to a more quantitative description. The double-logarithmic slope
m = dlog J(t)/dlog t in the center of the glass transition and the step height H of the
transition significantly differ as documented in Table 6.1 on page 194.

The measurements of Fig. 6.3 and those in the glass transition of other amor-
phous polymers permit a time-temperature superposition with a shift function of
the following form

log aTðT; T0Þ ¼ � c1ðT � T0Þ
c2 þ T � T0

ð6:7Þ

This relation has first been proposed by Williams, Landel, and Ferry [3] and is well
known in the literature as the WLF-equation. It is a function of the temperature
difference T-T0, only. T0 is an arbitrary reference temperature, and c1 and c2 are
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two specific material constants. For a given material, the values of c1 and c2

depend on the reference temperature chosen. If a temperature �T0 different from the
reference temperature T0 is selected, the shift function keeps the same form as
(6.7), but with two different constants �c1 and �c2 which are related to c1 and c2 by

�T0 � �c2 ¼ T0 � c2 � T1 ð6:8Þ

and

�c1 � �c2 ¼ c1 � c2 ð6:9Þ

These two combinations of the WLF parameters are independent of the choice
of the reference temperature and are therefore called the invariants of the WLF
equation.

Fig. 6.3 Creep compliance in shear as a function of the creep time, in a double-logarithmic plot,
for a cross-linked polyurethane rubber at various temperatures in the glass-rubber transition
region reproduced from [2]

Table 6.1 Characteristic properties of the glass transition of some amorphous polymers

Polymer H,
decades

m Ts �C cs
1 cs

2 K c1

c2

T?, �C Tg �C Lit.

PS 3.6 0.88 105 8.9 36 320 64 91 [25]
PMMA 2.8 0.65 123.5 8.0 36 288 87.5 107 [2]
PVC 2.4 0.53 73.5 11.2 34.6 388 40 66 [2]
PC 2.7 0.70 146 12.7 44.5 566 101.5 141 [25]
PUR 3.1 0.48 -45 12.5 42.5 531 -87.5 -54 [2]
NR 3.0 0.72 -62 11.4 37.8 431 -99.8 – [2]

194 6 Time-Temperature Shift of Mechanical Properties



Equation (6.7) may be written in an alternative form, which is obtained by
adding and subtracting the term c1�c2/(c2 + T - T0) to Eq. (6.7) resulting in

log aTðT ; T0Þ ¼ �c1 þ
c1c2

T � T1
: ð6:10Þ

This equation has been used for the description of the temperature dependence of
the viscosity of low molar mass liquids by Vogel [4], Fulcher [5], and Tammann
and Hesse [6] and is therefore called the VFTH-equation. The temperature T? is
called the Vogel temperature. It is the temperature at which the shift factor tends to
infinity.

For the characterization and comparison of the glass transition of various poly-
mers, we choose a reference temperature in the following way. In Fig. 6.4, the
logarithm of the creep compliance after 16 s creep time is plotted as a function of
the temperature for four thermoplastics and two rubbers. On the logarithmic scale of
the compliance, the glass transition occurs for all polymers as a pronounced step from
the glassy to the rubbery level. The temperature of the middle of the logarithmic step
height of the compliance is defined as the softening temperature Ts. The softening
temperatures are indicated in Fig. 6.4 by arrows. They are chosen as the reference
temperatures for the WLF-time-temperature shift of the corresponding polymer.

Table 6.1 lists the logarithmic step height H of J versus T, the maximum
double-logarithmic slope m = d logJ/d logt, the softening temperature Ts, the WLF
constants c1

s and c2
s corresponding to the reference temperature Ts and the two

Fig. 6.4 Creep compliance after 16 s creep time versus the temperature for 6 amorphous
polymers in the glass-rubber transition
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invariants c1�c2 and T?. For some polymers, the dilatometric glass transition
temperature Tg as measured at a cooling rate of 1 K/min has been listed, too.

It is not only possible to describe the temperature shift of the glass transition,
but also its absolute position on the temperature scale. Let us designate the creep
time necessary to reach the logarithmic middle of the glass transition as tglass in
seconds. Then, conform to our definition of the softening temperature, the glass
time at the softening temperature equals 16 s

log tglassðTsÞ ¼ logð16Þ ¼ 1:20 ð6:11Þ

and the glass time at the arbitrary temperature T, in seconds, follows from the shift
relation as

log tglassðTÞ ¼ log tglassðTsÞ þ log aTðT ; TsÞ ¼ c0 þ
cs

1cs
2

T � T1
ð6:12Þ

with

c0 ¼ 1:20 � cs
1 ð6:13Þ

The application of this very useful rule of thumb only requires the knowledge of
the WLF constants.

A similar rule of thumb holds for the temperature position of the frequency of
the tan d-maximum. The half of the logarithmic step height of the compliance
J(t,T) and the maximum of the loss tangent tan d(x,T) are situated for the glass
transition at the same position, if x is set equal to 1/t. This may be seen from
Fig. 6.6 and also follows from Eq. 5.118. Therefore, the frequency position of the
maximum of the loss tangent at the temperature T may be derived from Eq. (6.12)
as

ðlog tÞtan d;max ¼ ðlog x=2pÞtan d;max ¼ �2:00 � log aTðT ; TsÞwith t in Hz

ð6:14Þ

For a more detailed discussion of the glass transition the data of the glass-
rubber transition of PS in Fig. 5.16 were shifted to a master curve at the reference
temperature of Ts = 105 �C. The experimentally obtained shift factors marked by
open triangles are shown in Fig. 6.5. The full line through these points represents
the WLF-equation with the parameters indicated in the figure. The parameters
were determined by plotting –(T - Ts)/log a(T,Ts) against (T – Ts) and fitting the
best straight line through these points. The WLF equation describes the experi-
mentally obtained shift function with good accuracy.

The figure also demonstrates the significance of the two parameters of the
WLF-equation, which constitutes a hyperbola. Its vertical asymptote is situated at
the temperature T? and has the distance c2

s from the ordinate axis. Its horizontal
asymptote has the ordinate –c1

s . The invariant c1�c2 is a measure for its curvature.
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The master curve of the creep compliance is shown versus the reduced creep
time (t/aT) in Fig. 6.6. The master curve has been smoothed and the values of the
compliance at logarithmically equidistant time positions corresponding to a
factor 2 have been determined by interpolation. They are shown as closed circles
in Fig. 6.6. From the latter, the other characteristic functions were determined
using the conversion equations of Sect. 5.9. In these calculations the formulae
were used for which the experimental window of the starting data was just wide
enough.

The various compliances are shown in Fig. 6.6, the moduli in Fig. 6.7 and the
products G0(aTx)�J0(aTx) and G(t/aT)�J(t/aT) together with the loss tangent in
Fig. 6.8. The creep compliance shows the well-known shape in the glass transition
with a maximum double-logarithmic slope of 0.88. J0(aT x) deviates significantly
from J(t/aT). In the glassy flank of the transition, J0(aT x) is considerably lower
than J(t/aT), but then increases steeper in the transition region, before it almost
catches up with the value of J(t/aT) at the end of the transition. It shows a max-
imum double-logarithmic slope of 1.28. At the beginning of the rubber-elastic
plateau, J0(aT x) approaches J(t/aT), but runs closely below it.

The loss compliance comes very close to the creep compliance within the
transition and then bends off to a flat maximum at the beginning of the rubber-
elastic plateau. After a flat minimum at the end of the rubber-elastic plateau, it

Fig. 6.5 The time-temperature shift function for the glass transition of PS and the significance of
the WLF equation and its coefficients
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starts increasing again. The loss tangent shows a maximum of 6.2 at the position,
at which the double-logarithmic slope of J(t/aT) attains its largest value.

The moduli are shown in Fig. 6.7. By the conversion, a part of the experimental
window is lost; therefore, the experimental window of Fig. 6.7 (about six decades)

Fig. 6.6 Double-logarithmic plot of the smoothed experimental master curve of the creep
compliance of PS in the glass transition versus the reduced creep time together with the
calculated values of the storage compliance, the loss compliance, and the loss tangent versus the
reduced angular frequency

Fig. 6.7 Double-logarithmic plot of the calculated values of the relaxation modulus versus the
reduced time and the storage modulus, the loss modulus, and the loss tangent versus the reduced
angular frequency for PS in the glass-rubber transition
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is much smaller than that of Fig. 6.6 (about 10 decades). The window for G(t/aT)
even extends over four decades, only. The differences between G(t/aT) and G0(aT x)
are much less than the differences between J(t/aT) and J0(aT x). The decrease of the
moduli in the transition region is steeper than the increase of the compliances. The
minimum values of the double-logarithmic slopes are -1.4 for G(t/aT), -1.3 for
G0(aT x), and -0.9 for G00(aT x).

In Fig. 6.8 the Zener product G(t/aT)�J(t/aT) and the corresponding dynamic
quantity G0(aT x)�J0(aT x) are compared with the loss tangent. The Zener product
has a minimum value of 0.10 at a time somewhat shorter than the time position of
the maximum of tan d which amounts to 6.2. This result demonstrates, how much
in error the ‘‘elastic’’ approximation G�J & 1 would be, viz., by a full order of
magnitude. Even more the product G0(aT x)�J0(aT x) deviates from unity with a
minimum value of 0.025. The maximum of tan d and the minimum of G0�J0 have
about the same position on the time and the reciprocal angular frequency scale,
respectively.

So far, the characteristic functions in the glass transition in dependence on the
logarithm of time or angular frequency were discussed. It was found that their
shape is independent of the temperature at least within the accuracy of the shift
procedures applied. Changing the temperature only shifts these curves on the
logarithmic time or frequency scale.

Considering the glass transition as a function of the temperature at a constant
creep time or angular frequency, does not leave the shape of the transition
unchanged if the creep time or angular frequency are altered. This is demonstrated
in Fig. 6.9.

Fig. 6.8 Double-logarithmic plot of the calculated values of the Zener product J(t/aT)�G(t/aT)
versus the reduced time, the product J0(aT x)�G0(aT x), and the calculated loss tangent versus the
reduced angular frequency for PS in the glass-rubber transition
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The figure shows, in its upper part, the position of the glass-rubber transition in
a time-temperature plane. A coordinate system on this plane displays the tem-
perature T as abscissa and the logarithm of the creep time t as ordinate. Above this
plane, we imagine the built-up of a three-dimensional relief of the logarithm of the
compliance within and around the glass transition region. The glass transition will
show up in this relief as a steep increase from the low glassy level (left below) to
the high rubber-elastic level (right above).

The position of the logarithmic middle of the glass transition is described by the
VFTH-equation and shows the same shape as in Fig. 6.5. The temperature

Fig. 6.9 The position of the glass transition in a time-temperature plane (upper part) and
sections through a three-dimensional relief of the value of the logarithm of the compliance for
three fixed values of the temperature (below left) and three fixed values of the creep time (below
right). Notice the equal shape of the curves and following from that the validity of the time-
temperature shifting law on the left, but the significant differences in the steepness of the curves
on the right-hand side of the lower part of the figure
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positions of the beginning and the end of the glass transition are given by curves
which run in parallel to the curve for the middle of the glass transition and
originate by a parallel shift of the VFTH-curve in the direction of the logarithmic
time axis. These positions have been indicated in Fig. 6.9. The projections of three
sections through the relief at constant temperatures (T1 \ T2 \ T3) on the basic
plane are sketched, as well as the projections of three sections through the relief at
constant creep times (t1 [ t2 [ t3). The lengths of the projections of the sections at
constant temperatures are clearly equal, while the lengths of the projections of the
sections at constant creep times increase significantly with decreasing creep time.
This is a direct consequence of the positive curvature of the VFTH-equation.

Therefore, the sections through the relief at constant temperatures run parallel
to each other as shown in the left lower part of Fig. 6.9, i.e., the time-temperature
shifting law is fulfilled. On the contrary, log J(t) as a function of T at constant
creep time runs more steeply through the transition with higher creep times
(cf. Fig. 6.9 below right). This leads to the conclusion that the curve of the logarithm
of the compliance as a function of temperature cannot simply be constructed by a
shift along the temperature scale, but requires additional changes in shape.

In Sect. 4.6.2 we introduced the concept of the free volume fraction and the
Doolittle-equation (4.21). It has been proposed by Williams et al. [3] that the
time-temperature shift of the glass transition might be explained by the decrease in
the real value of the free volume fraction above the glass transition temperature Tg

(compare Fig. 4.32) together with the relation between the mobility m and the free
volume fraction

m

m0
¼ eB=f ð6:15Þ

where f = vf /v is the fractional free volume, m0 = eB the maximum mobility for
the hypothetical case that the total volume is free volume (f = 1) and B is a
parameter of the order of and nearby to unity.

Assuming that the mobility in the glass-rubber transition is determined by the
free volume, i.e., by Eq. (4.21) and (6.15), respectively, one obtains for the
time-temperature shift of the glass transition in the temperature region T [ Tg

log aTðT; T0Þ ¼ 0:43B
1
f
� 1

f0

� �
ð6:16Þ

with f and f0 being the free volume fractions at the temperatures T and T0,
respectively. Inserting Eq. (4.22) for the free volume fraction above Tg yields

log aTðT ; T0Þ ¼ � 0:43B

f0

ðT � TgÞ
ðf0=af Þ þ ðT � TgÞ

ð6:17Þ

This is the WLF-equation (6.7) with the reference temperature Tg and the
coefficients
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c1 ¼ 0:43B=f0 ð6:18Þ

and

c2 ¼ f0=af ð6:19Þ

Its invariants are

c1c2 ¼ 0:43B

af
ð6:20Þ

and

Tg � c2 ¼ Tg �
f0

af
¼ T1 ð6:21Þ

For the proof of the right-hand side of Eq. (6.21) we insert T = T? into Eq. (4.22).
This yields f = 0 and therefore the following estimate for the frozen free volume
fraction

f0 ¼ af ðTg � T1Þ ð6:22Þ

Using these equations andthe results of the measurements on the glass transition, it
is possible to check the feasibility of the application of the free volume concept to
the mobility at the glass transition.

From Table 4.9, we obtain the expansion coefficients and the expansion coef-
ficient of the free volume fraction using (4.23), and from Table 6.1 we obtain the
invariants. The results are summarized in Table 6.2.

These results are not very encouraging. The constant of the Doolittle equation
B was shown due to calculations by Gibbs and Dimarzio [7] to be close to unity,
while the experimental values are three times as large. The frozen free volume
fraction, on the other hand is much lower, than expected, viz., 1 % instead of
2.5–3 vol% as estimated for instance by Ferry [8]. This leads to the conclusion that
the free volume theory is either not the right explanation for the time-temperature
shift of the glass transition, or at least there may be other molecular processes
involved.

Table 6.2 The constants of the Doolittle equation if applied to the glass transition of some
amorphous polymers

c1 c2, K af, 10-4 K-1 B Tg– T?, K f0, 10-2

PS 403 3.43 3.21 27 0.92
PMMA 288 3.49 2.33 19.5 0.68
PVC 388 3.48 3.13 26 0.90
PC 431 3.89 3.89 29 1.14
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A different more promising proposal to explain the WLF-equation was given by
Struik, who assumed an energy barrier described by the Arrhenius equation to be
the cause of the time-temperature shift, but with a temperature-dependent acti-
vation energy [9]. With increasing temperature the mean distance between adja-
cent molecules increases, leading to a strong decrease of the energy barrier.
Estimates by Struik of the temperature dependence of the corresponding activation
energy led to the conclusion that the time-temperature shift function takes the
shape of the WLF-equation at temperatures near the glass transition temperature,
but the form of the Arrhenius equation at temperatures far above Tg.

6.4 The Time-Temperature Shift in the Flow Region
of Amorphous Polymers

The time-temperature shift of the characteristic functions in the flow region differs
from that in the glass-rubber transition region not only by the shift function itself
but by the much wider temperature range it covers. Therefore, the contributions of
the configurational entropy of the macromolecules to the moduli are expected to
play a role. They are proportional to qT according to the statistical theory of rubber
elasticity with q being the density and T the absolute temperature. Consequently,
within the scope of this theory, shifting laws are to be expected for G(t,T)/qT,
qT�J(t,T) and other functions, correspondingly.

For example, instead of the equations

Jðt; TÞ ¼ Jðx; T0Þ and Gðt; TÞ ¼ Gðx; T0Þ ð6:1Þ

the relations

qTJðt; TÞ ¼ q0T0Jðx; T0Þ and Gðt; TÞ=qT ¼ Gðx; T0Þ=q0T0

are regarded for the shift procedures. Accordingly, the reduced creep compliance
and the reduced relaxation modulus are introduced by means of the definitions

Jrðt; TÞ ¼ b T; T0ð ÞJ t; T0ð Þ
Grðt; TÞ ¼ G t; T0ð Þ=b T; T0ð Þ

ð6:23Þ

with

b T ; T0ð Þ ¼ qT=q0T0 ð6:24Þ

The time-temperature shifting law in the flow region then reads
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Jrðt; TÞ ¼ b T ; T0ð Þ � Jðt; TÞ � JT0ðxÞ ¼ JT0ðt=aTÞ
J0

rðx; TÞ ¼ b T ; T0ð Þ � J0ðx; TÞ ¼ J0
T0

aTxð Þ
J00

r ðx; TÞ ¼ b T ; T0ð Þ � J00ðx; TÞ ¼ J00
T0

aTxð Þ
Grðt; TÞ ¼ Gðt; TÞ=b T ; T0ð Þ ¼ GT0 t=aTð Þ

G0
rðx; TÞ ¼ G0ðx; TÞ=b T ; T0ð Þ ¼ G0

T0
aTxð Þ

G00
r ðx; TÞ ¼ G00ðx; TÞ=b T ; T0ð Þ ¼ G00

T0
aTxð Þ

tan dðx; TÞ ¼ tan dT0ðyÞ ¼ tan dT0 aTxð Þ

ð6:25Þ

In these definitions, the time-temperature shift factor aT (T,T0) for the flow
region is to be inserted, which is different from the shift factor for the glass
transition (cf. Fig. 6.13 on page 209).

The factor b(T,T0) = qT/q0T0, which distinguishes the shifting laws (6.5) and
(6.25) from each other, is near to one in most cases. In the case of the PS whose
flow properties may be determined within a temperature interval from T = 140 �C
to T = 290 �C the factor b(T,T0) related to T0 = 210 �C changes with increasing
temperature from 0.89 to 1.11, i.e., by 22 %. In the same temperature interval,
however, the shift factor aT(T) changes from 1 to 105. Thus, a horizontal shift of
five decades is accompanied by a vertical shift of less than one-tenth of a decade.

For the glass transition, the factor b(T,T0) plays a still minor role. The shift of
the glass transition may be investigated for PS between T = 90 and T = 120 �C.
Within this window and with a reference temperature of 105 �C, the factor
b changes from 0.97 to 1.03, i.e., by 6 %. The horizontal shift in this region
amounts to more than seven decades.

As an example for the validity of the time-temperature shift of an amorphous
polymer above the glass transition, the creep behavior of a technical polystyrene,
which was studied in detail by Pfandl [10], Link [11], and Kaschta [12]), is discussed.
Pfandl’s data are presented in Fig. 6.10, which shows the reduced creep compliance
as a function of the creep time in a double-logarithmic representation over a wide
temperature range which covers the rubber-elastic plateau and the flow region.

The data in the flow region (compliances above 10-4 Pa-1) of Fig. 6.10 can be
brought to an excellent coincidence by a parallel shift along the logarithmic time
axis and result in a master curve of the compliance covering four orders of
magnitude of the reduced time as shown in Fig. 6.11. If, however, the shifting
procedure is extended to the data within the rubber-elastic plateau (compliances
between 10-5 and 10-4 Pa-1), the superposition of the shifted curves becomes less
good than in the flow region. Curves which could be brought to very good
superposition in the flow region, fan out, when shifted down to the rubber-elastic
plateau. The reason for this is that in the rubber-elastic plateau a further transition,
the entanglement transition, occurs which follows a different time-temperature
shifting law and disturbs the superposition there.

The superposition in the flow region was performed by the horizontal shifts at a
compliance level of Jr (t) = 10-2 Pa-1. This level is reached at the reference
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Fig. 6.10 Reduced creep compliance, Jr (t,T), versus the creep time in a double-logarithmic plot,
for a technical PS at various temperatures in the rubber-elastic plateau and in the flow region,
after Pfandl [10]

Fig. 6.11 Reduced creep
compliance Jr (x) versus the
reduced time x in a double-
logarithmic representation in
the flow region of a technical
PS, reference temperature
T0 = 210 �C, Pfandl [10]
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temperature of 210 �C after a creep time of 250 s. As the shifting law again a WLF
equation is found, but with other parameters as for the glass-rubber transition.
Therefore, the parameters of the shifting law in the flow region have to be dis-
tinguished from those valid for the glass transition, and are designated by d1, d2,
and Tf

1. They are listed in Table 6.3.
The time-temperature shifting law in the flow region reads

log aT T ; T0ð Þ ¼ � d1 T � T0ð Þ
d2 þ T � T0

¼ � d1 T � T0ð Þ
T � Tf

1
¼ �d1 þ

d1d2

T � Tf
1

ð6:26Þ

and the time position of the flow transition log tflow(T) characterized by a com-
pliance level of Jr (t) = 10-2 Pa-1, is given by

log tflowðTÞ ¼ log tflowðT0Þ þ log aTðT ; T0Þ ¼ d0 þ
d1d2

T � Tf
1

ð6:27Þ

with

d0 ¼ logð250Þ � d1 ¼ 2:40 � d1 ð6:28Þ

A relation between the time-temperature shift for the flow transition and the
temperature dependence of the viscosity is found, when Eq. 5.46 is inserted into
the first of Eqs. (6.25), resulting in

g0ðTÞ=g0ðT0Þ ¼
qT

q0T0
aTðT ; T0Þ ð6:29Þ

It is, therefore, possible to derive the time-temperature shift in the flow region
from the temperature dependence of the viscosity and vice versa. Similarly, the
reduced time or the reduced angular frequency in the Eq. (6.25) may be replaced
by the expressions

x ¼ qTg0ðT0Þ
q0T0g0ðTÞ

t ð6:30Þ

y ¼ q0T0g0ðTÞ
qTg0ðT0Þ

x ð6:31Þ

Table 6.3 Shift data for the three transitions of PSN 7000 [27, 29]

PSN 7000

Glass
transition

c0 = -7.68 c1 = 8.9 c2 = 36.0 c1 c2 = 320 T?
g = 69.0

Entanglement
transition

e0 = -4.45 e1 = 3.96 e2 = 153 e1 e2 = 606 T?
e = 57.0

Flow transition d0 = -1.86 d1 = 4.3 d2 = 164 d1 d2 = 706 T?
f = 45.7
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A time-temperature shift of the form (6.25) and the relation (6.29) has been
introduced by Ferry [8].

In cases where the factor b(T,T0) is unknown but supposed to play a role,
the correct shift function aT(T,T0) may be determined, nevertheless, by shifting the
curves for the loss tangent, as the shift for the loss tangent does not depend on the
factor b. (Compare the last of Eq. (6.25)). This is always possible for the deter-
mination of the shift factor in the flow region of uncross-linked polymers whether
amorphous or semicrystalline.

It was already mentioned that the molecular processes of the entanglement
transition follow a time-temperature dependence different from that in the flow
region. In a creep experiment the entanglement process is masked by the flow term
(cf. Sect. 5.6). In order to determine the time-temperature shift of the entangle-
ment transition, it has first to be separated from the flow term. This can be done in
two ways. Instead of the creep compliance, the recoverable compliance can be
measured (cf. Fig. 5.19), which very clearly shows the transition and its temper-
ature dependence. Alternatively, from dynamic-mechanical experiments, the
storage compliance can be calculated which is not influenced by the flow term and
also exhibits the entanglement transition, as shown from Fig. 6.12. From this
figure the frequency position of the entanglement transition may be determined as
the level where the transition passes half of its logarithmic step in the temperature
range between 140 and 270 �C.

Fig. 6.12 Reduced storage compliance versus angular frequency calculated from oscillation
experiments in double-logarithmic representation for a technical PS [10]
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The shifts for the entanglement transition were determined at a level for the
reduced storage compliance of J0

r = 5 9 10-5 Pa-1. At the reference temperature
210 �C, this level is reached at an angular frequency of x & 0.8 (t = 1.25 s)
(cf. [10]). As shifting law the WLF-equation

log aTðT ; T0Þ ¼ � e1ðT � T0Þ
e2 þ T � T0

¼ � e1ðT � T0Þ
T � Tf

1
¼ �e1 þ

e1e2

T � Te
1

ð6:32Þ

was found and the time position of the entanglement transition log tent(T), char-
acterized by the level 5 9 10-5 Pa-1 for the reduced storage compliance is

log tentðTÞ ¼ log tentðT0Þ þ log aTðT; T0Þ ¼ e0 þ
e1e2

T � Te
1

ð6:33Þ

with

e0 ¼ logð1:25Þ � e1 ¼ 0:097 � e1 ð6:34Þ

The shift of the glass transition was determined in [11] at a level of the creep
compliance of J = 10-7 Pa-1. At the reference temperature of 105 �C, this
compliance level is reached after 16 s creep time. The time position of the glass
transition is according to (6.12) and (6.1) given by

log tglassðTÞ ¼ log tglassðTsÞ þ log aTðT ; TsÞ ¼ c0 þ
cs

1cs
2

T � Tg
1

ð6:12Þ

with

c0 ¼ 1:20 � cs
1 ð6:13Þ

The three time-temperature shifts obtained for PS are compared in Fig. 6.13
which shows the transition map of the technical polystyrene PS N 7000. On a
plane with the temperature as abscissa and the logarithm of the time positions of
the transitions as ordinate, the glass-rubber transition, the entanglement transition,
and the flow transition are plotted.

All three transitions may be described by a WLF equation, but with different
values for the parameters, indicated as c1, c2, and T?

g = 69.0 K for the glass
transition, as e1, e2, and T?

e = 57 K for the entanglement transition and as d1, d2,
and T?

f = 45.7 K for the flow transition. The values of the WLF constants of these
transitions are listed in Table 6.3. The positions of the different transitions are
given in Eqs. (6.12), (6.33), and (6.27). Though the three shifting laws seem to be
similar, their shifting effect differs considerably. Within the usual experimental
window (between 10 s and 105 s), a temperature change of 3 �C is sufficient to
shift the reduced quantities over one decade in time for the glass transition. For the
entanglement transition a change in temperature of 15 �C is necessary to achieve
the same result, for the flow region, a temperature change of 30 �C.
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One further remark should be made here. For semicrystalline polymers, the
shifting law for the flow transition is always found as an Arrhenius law. The
question arises, whether the transitions shown above could be described by an
Arrhenius law too. For this purpose, the transitions were plotted in a transition map
with 1000/T as the abscissa in Fig. 6.14. In this plot, the positions of the transitions
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Fig. 6.13 Transition map with the temperature as abscissa and the logarithm of the time as
ordinate, for PS N 7000 with the three transitions between the softening temperature and the flow
region. The invariants of their WLF equations are given in Table 6.3

1.8 2.0 2.2 2.4 2.6 2.8

-2

0

2

4

6

entanglement
  transition

   glass 
transition

transition map vs. 1000/T

1000/T,  K -1

flow transition

PS N 7000
log (t

flow
/s)

log (t
ent

/s)
log (t

glass
/s)
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should then appear as straight lines. None of the transitions plotted in this
way occurs even approximately straight, but all show a very significant positive
curvature over the entire experimental window in agreement with the description
by the Eqs. (6.12), (6.33), and (6.27).

The WLF constants for the shift of the flow term of some amorphous polymers
are listed in Table 6.4. Anionic PS have been investigated by Onogi et al. [13],
Schausberger et al. [14], Wolf [15], and Hepperle [16]. All authors report the WLF
equation as the shifting law with WLF invariants independent of the molar mass
apart from specimens with low molar mass (\34 kg/mol). The data for the tech-
nical PS (PS N 7000) are taken from the ref. [10].

Anionic PMMAs have been investigated by Masuda et al. [17], blends of
radicalic PMMAs by Onogi et al. [18] and Wolf [15]. Apart from specimen with a
molar mass smaller than 31 kg/mol, the invariants were approximately indepen-
dent of the molar mass.

6.5 The Time-Temperature Shift in the Flow Region
of Semicrystalline Polymers

In the case of linear semicrystalline polyethylenes the time-temperature superpo-
sition can be applied in the flow region and the transition to the rubber-elastic
regime as it becomes obvious from Fig. 6.15. For the two metallocene-catalyzed
linear polyethylenes mHDPE 2 and mHDPE 3, an excellent overlap over a wide
range of angular frequencies is found for the storage modulus G0 and the loss
modulus G00 as well, although they were not corrected by the vertical shift factor bT

(cf. Eq. 6.24). The experimentally obtained horizontal shift factors aT (T,T0) are
semilogarithmically plotted as a function of the absolute reciprocal temperature
1000/T in Fig. 6.16 using a reference temperature of T0 = 150 �C. All data points
from the shift of G0 and G00 for the two different samples come to lie on one
straight line (full curve), i.e., they can numerically be described by the Arrhenius
equation

Table 6.4 Shift data for the flow term of some amorphous polymers in the flow region

Polymer Mn, kg/mol Mw/Mn T0 �C d1 d2 �K d1 d1 Shifted
quantity

Tf
1 K Lit.

PSN 7000 170 2.2 210 4.3 164 706 Jr(t) 46 [10]

Anion. PS 21–616 1.1 190 5.6 142 800 G0 G0 0 48 [13]
Anion. PS 40–3000 1.05 180 5.7 134 760 Gr

0 Gr
0 0 46.0 [14]

Anion. PS 34–750 1.11 180 5.2 124 644 Gr
0 Gr

0 0 56 [15]
Anion. PS 95–1774 1.1–1.6 170 5.4 117 632 G0 G0 0 51 [16, 17]

Anion PMMA 20–203 [1.2 220 6.7 190 1270 G0 G0 0 30 [18]
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Fig. 6.16 Arrhenius plot of the shift factors aT as a function of the reciprocal absolute
temperature 1/T for the two linear polyethylenes of Fig. 6.15 with the reference temperature
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aTðTÞ ¼ exp
E

R

1
T
� 1

T0

� �� �
ð6:35Þ

E is the so-called activation energy, R the universal gas constant and T the
temperature in degree Kelvin. The activation energy follows as E = 26 kJ/mol in
good agreement with the literature data on various HDPE, e.g., [19, 20]. The result
means that the temperature-time shift of the two polyethylenes-similar results have
been obtained for several other semicrystalline polymers-follows a thermally
activated process and not the free volume concept.

This finding can be made plausible by the following consideration. The thermal
expansion of the free volume and the thermally induced activation of segmental
motions are processes which may be assumed to take place in the flow regime of
all types of polymers. Which one has to be regarded as prevalent and, conse-
quently, which physical description will be the more adequate one, is a question of
the temperature of the experiment in relation to the glass temperature Tg as dis-
cussed in the following.

The probability p of the displacement of a molecule segment is postulated to be
dependent on the probability p1 to overcome the barrier potential for a motion and
the probability p2 to find sufficient free volume for the segment changing its
position. As both conditions have to be fulfilled for a transposition, under the
assumption of an independence of the two processes the total probability p follows
as the product of the particular single probabilities, i.e., p = p1p2.

For p1, the assumption of a thermally induced process is physically reasonable,
i.e.,

p1 � expð�E=RTÞ ð6:36Þ

p2 should be a function of the free volume vf, i.e.

p2 ¼ f ðvf Þ ð6:37Þ

The free volume increases as a function of temperature as can be seen from the
measurements of the specific volume in Fig. 4.31, that means it becomes the
larger, the further away the measuring or processing temperature is from Tg. At a
melt temperature of 200 �C, for example, the difference with respect to Tg is about
100 �C for polystyrene, but much higher for polyethylene. From this simple
assessment, it is not surprising that the temperature dependence of the shift factor
for the latter is given according to a thermally activated process as it can be
assumed that enough free volume is available at the measuring temperatures and
the probability p2 is close to unity. In the case of the polystyrene, it is not
unreasonable to postulate that at 100 �C from Tg the probability of the displace-
ment of a molecule segment is still markedly dependent on the free volume
available and, therefore, the WLF equation based on the free volume assumption
provides a better numerical description of the temperature dependence of the shift
factor than the Arrhenius equation.
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The various molecular processes underlying the temperature dependence of
flow properties of amorphous and semicrystalline polymers lead to marked dif-
ferences of the shift factors as shown in Fig. 6.17. Besides the well-known fact that
the shape of a hyperbolic function as in the case of the WLF equation is different
from that of an exponential one typical of an Arrhenius behavior, it becomes
obvious that within the temperature range chosen the shift factors of the poly-
styrene change much more significantly than those of the polyethylenes indicating
a stronger temperature dependence of the viscosity of the PS the knowledge of
which can be helpful in understanding some aspects of processing.

The other interesting feature of Fig. 6.17 is that the shift factors of the LDPE
follow an Arrhenius equation, too, but that its activation energy of E = 66 kJ/mol is
distinctly higher than that of the HDPE. As the HDPE consists of linear molecules
and the LDPE contains branches of a tree-like architecture this finding gives a hint to
the potential of thermorheological properties for the characterization of polymers
which will be discussed in detail in Chap. 14.

If one wants to use the activation energy for a reliable branching analysis, it has
to be determined with high accuracy. One question is how the vertical shift factor
b(T) introduced in Sect. 6.4 influences this quantity. As mentioned before, the
effect of b(T) can be eliminated when tan d is shifted (cf. Eq. 6.25). As in the
literature very often the moduli or the viscosities are used for a time-temperature
superposition, however, it is of interest which changes of the activation energy
may come into play in case of corrected and uncorrected data.

In Fig. 6.18, b(T) is presented as a function of the temperature for two classical
LDPE, one linear low density polyethylene (mLLDPE), and one long-chain
branched low density polyethylene (LCB-mLLDPE). The latter two were
synthesized by metallocene catalysts. For all the four polyethylenes one gets in
good approximation the same straight line increasing with rising temperature,
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Fig. 6.17 Comparison of the shift factors a(T) for a HDPE, LDPE, and PS in an Arrhenius plot.
The reference temperature was chosen as T0 = 150 �C [28]
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i.e., within the accuracy of the measurements the different molecular structures of
the polyethylenes have no influence on the density changes of the melt. Over the
temperature range of 80 �C which is normally used for the characterization of
polyethylene melts the density corrections are around 5 % at the maximum with
respect to a reference temperature T0 chosen in the middle of this temperature
interval. As these corrections lie within the accuracy limits of the measurements,
the density correction is often neglected in the case of investigations on poly-
ethylene melts.

In the following, it is demonstrated that activation energies calculated from the
corrected data ðEÞ or uncorrected data (E), respectively, are somewhat different,
indeed. Regarding the zero-shear viscosity, the shift factor taking b(T) into account
has to be determined according to Eq. (6.29), i.e.,

aTðT ; T0Þ ¼
g0ðTÞ
g0ðT0Þ

1
b T; T0ð Þ ð6:38Þ

In the case that aT follows an Arrhenius equation as for the polyethylenes one gets

lnðg0ðTÞ=g0ðT0ÞÞ ¼ ln bðT; T0Þ þ
�E

R

1
T
� 1

T0

� �
ð6:39Þ

Neglecting the vertical shift factor, i.e., b(T,T0) = 1, an Arrhenius equation
with a different activation energy E is found.
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Fig. 6.18 b(T,T0) = qT/q0T0 (T in K) as a function of the temperature T in �C for four different
polyethylenes. The reference temperature T0 for the density correction coefficient was chosen as
443 K [21]
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lnðg0ðTÞ=g0ðT0ÞÞ ¼
E

R

1
T
� 1

T0

� �
ð6:40Þ

For the difference between E and �E, it follows

ðE � �EÞ
R

1
T
� 1

T0

� �
¼ ln bðT ; T0Þ ð6:41Þ

and after differentiation with respect to 1/T

ðE � �EÞ
R

¼ d ln bðT ; T0Þ
dð1=TÞ ¼ �T2 d ln bðT ; T0Þ

dT
¼ � T2

b

dbðT; T0Þ
dT

ð6:42Þ

Equation (6.42) has an interesting consequence. If b is introduced, the differ-
ence between the activation energies following from the shift of corrected and
uncorrected data is temperature dependent. It cannot be said, however, whether
E or �E or both of them are dependent on the temperature as the temperature
dependence is so little pronounced that it is not seen within the experimental
accuracy of the measurements as the corrected and the uncorrected shift factors as
functions of the reciprocal temperature in Fig. 6.16 follow a straight line in very
good approximation.

From the straight line in Fig. 6.18, which describes the experimental results
with good accuracy, the slope follows as

dbðT ; T0Þ=dT ¼ 1:6 � 10�3K�1 ð6:43Þ

With this value one gets from Eq. (6.42) at the reference temperature T0 = 443 K,
i.e., b(T,T0) = 1

�E � E ¼ 2:6 kJ=mol ð6:44Þ

The activation energy �E determined from viscosity data corrected by b(T, T0) is
higher than the value obtained by using the uncorrected ones. The relative devi-
ations obviously are the more pronounced the smaller the activation energies, i.e.,
they are expected to lie at around 10 % in the case of linear polyethylenes and
decrease for the branched materials with higher values.

From the straight lines in Fig. 6.16, the activation energy following from the
uncorrected and corrected shift factors can be calculated for the HDPE chosen.
They follow as E = 26.0 kJ/mol and �E = 28.2 kJ/mol. The corresponding data for
the LDPE in Fig. 6.17 are E = 66.0 kJ/mol and �E = 68.8 kJ/mol. The differences
are in rather good agreement with Eq. (6.44).

These results point out that special care has to be taken if an analysis for
slightly branched materials is undertaken from thermorheology. Furthermore, it
becomes clear that a reliable comparability of activation energies from the liter-
ature requires a detailed description of the shifting method applied.
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6.6 The Time-Temperature Shift of Secondary Transitions
in the Glassy State

The relaxation processes occurring in the glassy state shift to shorter times with
increasing temperature, too, but the shape of the curves J(t) versus log t is not
preserved, as the dispersion steps, besides being shifted to shorter times, become
sharper with increasing temperature. Notwithstanding a quantitative description of
the time-temperature shifting is possible approximately on the basis of the last
of Eq. (6.5). The shifting of the maximum of the loss tangent or of the midpoint of
the dispersion steps can be described by a law different from (6.14), namely

ðlog tÞtan d;max ¼ log t0 � 0:43
E

RT
m in Hz ð6:45Þ

In this equation, R is the gas constant, T the absolute temperature, and E the
so-called activation energy characteristic for the molecular process under con-
sideration, m0 is a frequency which according to Fig. 6.21 is about the same for all
the secondary relaxation processes investigated, viz.,

logðt0=HzÞ ¼ 13:5 � 1:0 ð6:46Þ

Equation (6.45) is equivalent to the so-called Arrhenius law for the frequency
position of the damping maximum

ðtÞtan d;max ¼ t0 � e�E=RT ð6:47Þ

From Eq. (6.45), the time position tsec of the logarithmic midpoint of the
transition step in the compliance can be calculated as

ðlog tÞsec ¼ �0:80 � log t0 þ 0:43
E

RT
ð6:48Þ

The time-temperature shifting function follows from (6.48) as

log aTðT ; T0Þ ¼
0:43 � E

R
� 1

T
� 1

T0

� �
ð6:49Þ

Equation (6.45) expresses the fact that the position of the tan d-maxima of
secondary relaxation processes may be described by straight lines in a log m versus
1/T diagram. This has convincingly been shown by Heijboer [24]. The most
comprehensive data are those on polycyclohexylmethacrylate (PCHMA). This
polymer exhibits a distinct secondary relaxation process (c-process) in its glassy
state which was extensively investigated and interpreted by Heijboer. Figure 6.19
presents the storage modulus and the loss tangent of this polymer as a function of
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the temperature at various fixed frequencies from 10-4 Hz (calculated from creep
experiments) to around 106 Hz (propagation of elastic waves). The frequency-
temperature shift can clearly be observed for the dispersion steps in the storage
modulus and the maxima of the loss tangent.

For the maxima of the loss tangent in Fig. 6.19, the inverse absolute temper-
ature is plotted versus the logarithm of the frequency in Fig. 6.20. This figure
proves the validity of the Arrhenius law for the temperature-frequency shift of the
maximum of the loss tangent within an experimental window of 10 decades in
frequency with high accuracy.

Secondary dispersion processes of other polymers in the glassy state have not
been investigated within such a wide experimental window as PCHMA. Though,
also for those polymers the shifting law (6.45) was established as to be seen from
Fig. 6.21, in which the Arrhenius diagram of secondary dispersion processes of
five other polymers is presented.

Fig. 6.19 Storage modulus and loss tangent for PCHMA at 6 frequencies as a function of the
temperature, after Heijboer [22]
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Fig. 6.20 Arrhenius diagram presented as the inverse absolute temperature versus the logarithm
of the frequency of the position of the maxima of the c-process of PCHMA, after Heijboer [22]

Fig. 6.21 Arrhenius diagram presented as the inverse absolute temperature versus the logarithm
of the frequency for the position of the tan d-maxima of various secondary relaxation processes in
the glassy state of amorphous polymers, after Heijboer reproduced from [24] by permission from
Taylor & Francis (UK)
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In Fig. 6.21 the bold lines indicate the regions, in which measurements were
performed, the faint ones are extrapolations to the zero point of the ordinate. From
this figure we conclude

(1) For all the secondary relaxation processes shown, Eq. (6.45) is valid within
the experimental window investigated.

(2) For the determination of m0 an extrapolation of the measured data over many
decades is necessary.

(3) Considering the uncertainty connected with an extrapolation over a wide
scale, the value of m0 given by Eq. (6.46) constitutes a reasonable estimate for
all secondary relaxation processes.

If the general validity of Eqs. (6.45) and (6.46) is accepted, the position of the
secondary relaxation processes in the time-temperature plane is fixed by the
knowledge of one single constant of the process, namely the activation energy.
According to Eq. (6.47) a simple relation follows between the activation energy
E and the absolute temperature T1Hz of the maximum of tan d measured at 1 Hz.

E ffi 0:26 � T1Hz in kJ=mol ð6:50Þ

If the position of the tan d-maximum at 1 Hz is known for a secondary
relaxation process, its activation energy can easily be determined, and following
from that the maximum temperatures at other frequencies. This important rule of
thumb goes back to Heijboer, too [24]. From (6.50) it follows that the activation
energies of secondary relaxation processes are the smaller the lower the temper-
ature position of their maximum of tan d.

In Table 6.5, some data on secondary relaxation processes are summarized.
Listed are the temperature positions of the damping maxima at 1 Hz, the
approximate values of the tan d-maximum at 1 Hz, and the activation energies
measured. From the column before last of this table it may be seen that the rule
(6.50) is a reasonable estimate.

For three examples, the molecular interpretation of the motions underlying the
secondary relaxation processes in the glassy state is illustrated in Fig. 6.22. The
b-maximum of PMMA is caused by the rotation of the methyl-ester side group
around the C–C bond which connects this side group with the main chain.

Table 6.5 Some examples of secondary relaxation processes in the glassy state

Secondary relaxation process T1Hz �C (tand)max E kJ/mol E/T1Hz

T in �K
Lit.

b-max of PMMA 40 0.09 75 0.25 [24, 31]
b-max of PVC -60 0.03 59 0.28 [24, 31]
b-max of PC -110 0.03 50 0.31 [24, 31, 32]
c-max of PCHMA -81 0.1 47 0.24 [22]
c-max of poly-n-butylmethacrylate -180 0.06 23 0.25 [32]
c-max of poly-n-propylmethacrylate -188 0.06 22 0.26 [25, 32]
b-max of PS -233 0.007 10 0.25 [23]
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P-n-BuMA shows besides the b-maximum (due to the rotation of the entire
butylester side group) a c-maximum at -180 �C. This is connected with the rota-
tions around the C–C bonds of the alkyl moiety of the side group. The c-maximum
of PCHMA has been shown by Heijboer [22] to be caused by the change of the
cyclohexyl side group from the one chair position to its opposite one. The b-maxima
of PVC and PC have not been interpreted in detail so far, they have to be assigned to
motions of short parts of the main chain, as those polymers do not have side groups.

The dependence of tan d on the absolute temperature is shown in Fig. 6.23 for
four amorphous polymers within the glassy region. For the curves at low tem-
peratures (below 80 K), data measured by Hartwig [23] have been used, which

Fig. 6.22 Molecular interpretation of some secondary relaxation processes in the glassy state of
amorphous polymers

Fig. 6.23 Loss tangent as a function of the absolute temperature at a frequency of about 1 Hz for
four polymers in their glassy state
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were obtained at frequencies changing with temperature between 5 and 8 Hz.
These data conform to data obtained at a fixed frequency of 0.64 Hz at higher
temperatures. (In the region of very low temperatures, the temperature shift is of
much less importance because of the small activation energies of the processes
occurring in this region).

PS shows in its glassy state small tan d-values, apart from a minor maximum at
very low temperatures. This is ascribed to some motions of the phenyl ring. All the
other three polymers exhibit a very distinct broad secondary maximum of tan d in
their glassy state.

These secondary damping maxima have an important influence on the impact
resistance of the polymers. Polymers with secondary damping maxima are often
(not always) impact resistant at ambient temperatures, while polymers without
pronounced secondary damping maxima are brittle [26].

Figure 6.24 shows the energy at break on a logarithmic scale as a function of
temperature of the four polymers presented in Fig. 6.23 together with an impact
resistant PS. The data were obtained on non-notched specimens in a Charpy-
bending test.

The impact resistance of the unmodified PS is very low in the entire glassy
state, i.e., it is extremely brittle. To improve its impact resistance, it can be
modified by copolymerization with a butadiene rubber. This high impact resistant
PS (HIPS) shows a sharp transition of the energy at break around -75 �C cor-
responding to the maximum of tan d of the butadiene rubber at -90 �C and 1 Hz
[27].

Fig. 6.24 Energy at break in a Charpy bending test versus the temperature for five amorphous
polymers in their glassy state
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The polymers PMMA, PVC, and PC show much higher impact resistances than
the unmodified PS. But there is not such a clear correlation with the temperature
position of the secondary damping maxima as in the case of HIPS.
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Chapter 7
Linear Viscoelastic Deformation Under
Three-Dimensional Stresses

7.1 The Stress Tensor and the Equations for the Balance
of Forces

So far we only treated the viscoelastic behavior in simple shear. In order to
generalize these results with respect to three-dimensional states of stress, we need
the stress tensor and the deformation tensor under small strains, which are shortly
explained now. For a more extensive treatment of this matter we refer the reader to
textbooks on classical mechanics [1, 2].

The components of the stress tensor in a Cartesian right-handed coordinate
system are defined referring to Fig. 7.1. Consider a small cube of material with
edges parallel to the coordinate axis at the position (x, y, z). In the stressed state
forces occur acting from one part of the sample to the other and being responsible
for the changes in shape and volume. These forces act on the surfaces of the cube
from the inside of the cube to its outside. Divided by the area of the surface on
which they act these forces are called stresses.

Let S1 be the stress acting on the x-surface of the cube1 in Fig. 7.1 and let rxx,

rxy, rxz be its components in the x, y, z-direction. In a similar manner the stresses
on the y and z-surface are defined.

Components
Stress on the x-surface rxx rxy rxz

Stress on the y-surface ryx ryy ryz

Stress on the z-surface rzx rzy rzz

The nine components rxx, rxy are called the Cartesian components of the stress
tensor S. They are abbreviated by rik whereby the indices run from 1 to 3 (1 = x,
2 = y, 3 = z). Stress components with equal indices are called tensile stresses and
have a positive sign if they act from the inside to the outside of the surface. They
are called pressures (compressive stresses) and are marked by a negative sign if

1 A vector will be designated by an underlined letter, a tensor by a double underlined letter.

H. Münstedt and F. R. Schwarzl, Deformation and Flow of Polymeric Materials,
DOI: 10.1007/978-3-642-55409-4_7, � Springer-Verlag Berlin Heidelberg 2014
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they act the other way round. Stress components with unequal indices are called
shear stresses. No sign is attributed to them.

If the components of the stress tensor are known at a fixed position, the stress on
a plane with an arbitrary orientation at the same position can be derived (cf.
Fig. 7.2).

Let the orientation of the plane be given by its normal vector n with the
components ni and let the stress on the plane be S with the components Si then

S1 ¼ n1r11 þ n2r21 þ n3r31

S2 ¼ n1r12 þ n2r22 þ n3r32

S3 ¼ n1r13 þ n2r23 þ n3r33

ð7:1Þ

or, in tensor notation by using the convention that over indices occurring twice in a
formula, summation from 1 to 3 is to be performed.

Si ¼ nkrki ð7:10Þ

The index i is a so-called free index, to which each number between 1 and 3
may be attributed, while k is a summation index. Equation (7.10) is an elegant
shorthand notation of the system (7.1). Tensor notations are used from now on.
The Cartesian coordinates are designated as x = x1, y = x2, z = x3.

Fig. 7.1 Cartesian
components of the stress
tensor

Fig. 7.2 Stress on a plane
with an arbitrary orientation
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In general, the rik are functions of the position rik = rik (x1, x2, x3); if the
stresses on the sample are moreover time-dependent, the components of the stress
tensor will depend on position and time rik = rik (x1, x2, x3;t).

The dependence of the stress tensor on position and time must not be chosen
arbitrarily, but has to fulfill the conditions for the balance of forces of the New-
tonian mechanics, which read

orik

oxk
þ Fi ¼ qai ð7:2Þ

These partial differential equations are called equations of motion. q is the
density and ai are the components of the acceleration of the material particles
which just pass the position xi at the time t. Fi are the components of the volume
forces acting at the position xi (for instance the forces of gravity).

In the frequently met case of static equilibrium without volume forces, Eq. (7.2)
simplifies to

orik

oxk
¼ 0 ð7:3Þ

The conditions (7.3) are then often called equilibrium conditions. Equa-
tions (7.2) respectively (7.3) must always be fulfilled, independently of the con-
sistency of the material considered. The dependence on the consistency first
emerges by the relations between the stresses and the deformations (the so-called
rheological equations of state).

Besides the conditions for the balance of forces also the condition for the
balance of the angular momentum is to be met. It demands in its most simple form
the symmetry of the stress tensor

rki ¼ rik ð7:4Þ

In most cases the symmetry condition of the stress tensor is met. However,
materials exist, for which the condition for the conservation of momentum takes a
much more complicated form, the so-called Cosserat-media [3]. Fortunately,
Cosserat-media do not play an essential role in rheology and need not to be
discussed here.

In technical mechanics, it is often of advantage to introduce curved coordinate
systems, as, e.g., a cylindrical or a polar coordinate system.

The cylindrical coordinate system (r, u, z) is defined by the equations

x ¼ r cos u y ¼ r sin u z ¼ z ð7:5Þ

In this case, the volume element sketched in Fig. 7.3 is formed by the r, u,
z-surfaces. The stress on the r-surface has the components rrr, rru, rrz, the stress
on the u-surface the components rur, ruu, ruz, and the stress on the z-surface the
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components rzr, rzu, rzz . These nine numbers are the components of the stress
tensor.

The equations for the balance of forces are in this case

orrr

or
þ 1

r

orru

ou
þ orrz

oz
þ 1

r
½rrr � ruu� þ Fr ¼ qar

orur

or
þ 1

r

oruu

ou
þ oruz

oz
þ 2

r
rur þ Fu ¼ qau

orzr

or
þ 1

r

orzu

ou
þ orzz

oz
þ 1

r
rzr þ Fz ¼ qaz

ð7:6Þ

From the condition for the balance of the angular momentum again the symmetry
of the stress tensor follows, i.e., rru ¼ rur ruz ¼ rzu rzr ¼ rrz:

For spherical coordinates one gets

x ¼ r sin# cos u

y ¼ r sin# sin u

z ¼ r cos#

ð7:7Þ

The volume element is formed by the r; #;u-surfaces as sketched in Fig. 7.4.
The stress acting on the r-surface has the components rrr , rr#, rrz etc., and the

conditions for the balance of forces are

Fig. 7.3 Volume element in
cylindrical coordinates
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orrr

or
þ 1

r

orr#

o#
þ 1

r sin#

orru

ou
þ 1

r
½2rrr � r## � ruu þ rr# cot#� þ Fr ¼ qar

or#r

or
þ 1

r

or##

o#
þ 1

r sin#

or#u

ou
þ 1

r
½ðr## � ruuÞ cot#þ 3r#r� þ F# ¼ qa#

orur

or
þ 1

r

oru#

o#
þ 1

r sin#

oruu

ou
þ 1

r
½3rur þ 2ru# cot#� þ Fu ¼ qau

ð7:8Þ

The condition for the balance of the angular momentum is again the symmetry of
the stress tensor.

7.2 The Strain Tensor for Small Deformations

For the description of the deformation the strain tensor is used, which is defined
here under the restriction of small deformations. The generalization to large
deformations will be outlined in Sect. 8.2.

The position of all particles of the material considered is described by their
coordinates in a space-fixed Cartesian coordinate system. We observe the motion
of a particle, which was located at the position ðx0

1; x0
2; x0

3Þ at the time t0, and is
found due to the deformation process at the position ðx1; x2; x3Þ at the later time
t. If the coordinates of all particles are given as a function of the time, the motion
of all particles of the observed medium is documented by the equations

xi ¼ fiðx0
1; x0

2; x0
3; tÞ ¼ x0

i þ uiðx0
1; x

0
2; x0

3; tÞ for i ¼ 1; 2; 3 ð7:9Þ

Fig. 7.4 Volume element in
spherical coordinates
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with xi being the components of the position vector x of the particle at the time t,
which had been at the position x0 at the time t0. The difference of the two vectors

x � x0 ¼ u ð7:10Þ

is called the displacement vector u with the components ðu1; u2; u3Þ.
Next, two material points P1 and P2 are considered which are situated in an

infinitesimal neighborhood before the deformation. Their coordinates are P1 ¼
ðx0

1; x0
2; x0

3Þ and P2 ¼ ðx0
1 þ dx0

1; x0
2 þ dx0

2; x0
3 þ dx0

3Þ at the time t0, and P0
1 ¼

ðx1; x2; x3Þ and P0
2 ¼ ðx1 þ dx1; x2 þ dx2; x3 þ dx3Þ at the time t after the defor-

mation. Let ds0 be the distance of the two points P1 and P2 before the deformation
and ds their distance after the deformation, then

ðds0Þ2 ¼ ðdx0
1Þ

2 þ ðdx0
2Þ

2 þ ðdx0
3Þ

2 ¼ dx0
i dx0

i ð7:11Þ

and

ðdsÞ2 ¼ ðdx1Þ2 þ ðdx2Þ2 þ ðdx3Þ2 ¼ dxidxi ð7:12Þ

Inserting the first term of the Taylor development of Eq. (7.9) with respect to
the variables xi

0 into Eq. (7.12), the following relation for (ds)2 is obtained

ðdsÞ2 ¼ Cikdx0
i dx0

k ð7:13Þ

with

Cik ¼
ofm

ox0
i

ofm
ox0

k

ð7:14Þ

Equations (7.13) and (7.14) have been written in tensor notation. In (7.13) both
indices i and k are summation indices. In (7.14) i and k are free indices and m is a
summation index. The quantities Cik form the nine components of a symmetric
tensor, called the Cauchy deformation tensor. Expressing its components by the
components of the displacement vector yields

Cik ¼ dik þ
oui

ox0
k

þ ouk

ox0
i

þ oum

ox0
i

oum

ox0
k

ð7:15Þ

with dik being the so-called Kronecker-symbol with the components dik = 1 if
i = k and dik = 0 if i 6¼ k.

The motion of a body is rigid, if it does not cause any change in distances of
two points marked on it, i.e., (ds)2 = (ds0)2 for all values of xi

0 and t, viz., if
Cik = dik. Consequently, an appropriate measure of the deformation connected
with the motion is the difference (ds)2 - (ds0)2 which may be written by sub-
tracting (ds0)2 = dik dxi

0 dxk
0 from (7.13) resulting in
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ðdsÞ2 � ðds0Þ2 ¼ 2eikdx0
i dx0

k ð7:16Þ

with

eik ¼
1
2

oui

ox0
k

þ ouk

ox0
i

þ oum

ox0
i

oum

ox0
k

� �
ð7:17Þ

The special case of small deformations is characterized by the condition that all
gradients of the displacement vector are small against unity, viz.,

oui

ox0
k

� 1 for all i and k ð7:18Þ

Therefore, the quadratic terms in (7.17) may be neglected and the deformation
tensor for small deformations reads

eik ¼
1
2

oui

ox0
k

þ ouk

ox0
i

� �
ð7:19Þ

or, if written in components x0 = x1
0, y0 = x2

0, z0 = x3
0, and u = u1, v = u2,

w = u3.

exx ¼
ou

ox0
exy ¼

1
2

ou

oy0
þ ov

ox0

� �
¼ eyx

eyy ¼
ov

oy0
eyz ¼

1
2

ov

oz0
þ ow

oy0

� �
¼ ezy

ezz ¼
ow

ox0
ezx ¼

1
2

ow

ox0
þ ou

oz0

� �
¼ exz

ð7:190Þ

Tensor components with equal indices and positive sign are called tensile
strains, those with equal indices and negative sign are called compressive strains,
and those with different indices are called shear strains. Note that the shear c
defined in Eq. (4.1) is just the double of the shear component exy as for simple
shear

exy ¼ eyx ¼
1
2

c ð7:20Þ

In the technical mechanics of polymers, the deformation tensor for small
deformations (7.19) is mostly used.

Often the use of a curved coordinate system is of advantage. In the case of
cylindrical coordinates, the components of the displacement vector are defined by
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r ¼ r0 þ urðr0;u0; z0; tÞ u ¼ u0 þ
1
r0

uuðr0;u0; z0; tÞ z ¼ z0 þ uzðr0;u0; z0; tÞ

ð7:21Þ

with r0, u0, z0 being the cylinder coordinates of a point before the deformation and
r, u, z those after the deformation. The components of the deformation tensor (for
small deformations) are then given by

err ¼
our

or0
2eru ¼ ouu

or0
� uu

r0
þ 1

r0

our

ou0
¼ 2eur

euu ¼ 1
r0

ouu

ou0
þ ur

r0
2erz ¼

our

oz0
þ ouz

or0
¼ 2ezr

ezz ¼
ouz

oz0
2euz ¼

ouu

oz0
þ 1

r0

ouz

o/0
¼ 2ezu

ð7:22Þ

For the case of polar coordinates, the components of the deformation tensor
may be found in [1, p. 56].

7.3 The Rheological Equation of State for Isotropic Linear
Elastic Materials (Hookean Theory of Elasticity)

The foundation of the technical mechanics of classical construction materials as
metals below their yield stress, glass, ceramics, wood, and concrete is the Hookean
theory of elasticity. In this theory, the components of the stress tensor are assumed to be
linear functions of the components of the tensor of small deformations. If the material
is assumed to be isotropic, this relation simplifies to (see for instance [4, p. 164])

rxx ¼ 2Gexx þ K � 2G=3½ � � ðexx þ eyy þ ezzÞ ; : :
rxy ¼ 2Gexy ; : :

ð7:23Þ

The system (7.23) consists of 6 equations, of which only two have been pre-
sented. The other four equations are found by a cyclic interchange of the indices
(x ? y, y ? z, z ? x). Equations (7.23) contain two constants, the shear modulus
G and the bulk modulus K, which for classical construction materials only weakly
depend on temperature. Defining the inverse of these constants as J = 1/G, the
shear compliance and B = 1/K the compressive compliance (or the compress-
ibility), the system of Eq. (7.23) may be inverted to express the components of the
deformation tensor as linear functions of the components of the stress tensor
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exx ¼
1
2

Jrxx þ
1
3

B=3 � J=2½ � � ðrxx þ ryy þ rzzÞ; : :

exy ¼
1
2

Jrxy; : :

ð7:24Þ

Two elastic constants are sufficient, viz., G and K, for the description of the
behavior at small deformations of isotropic linear elastic materials. All the other
moduli may be derived from these two. Further elastic constants which are often
used are Young’s modulus E and Poisson’s ratio l. Their relations with G and
K are summarized in Table 7.1.

7.4 The Rheological Equation of State for Isotropic Linear
Viscoelastic Materials at Small Deformations

A comparison of the second of Eqs. (7.23) with Eq. (5.17) leads to the general-
ization of (7.23) for isotropic linear viscoelastic materials at small deformations [5].

rxxðtÞ ¼ 2G0exxðtÞ þ 2
Z t

�1

_Gðt � nÞexxðnÞdn þ K0 � 2G0=3½ � � ðexxðtÞ þ eyyðtÞ þ ezzðtÞÞ

þ
Z t

�1

½ _Kðt � nÞ � ð2=3Þ _Gðt � nÞ� � ½exxðnÞ þ eyyðnÞ þ ezzðnÞ�dn ; : :

rxyðtÞ ¼ 2G0exyðtÞ þ 2
Z t

�1

_Gðt � nÞexyðnÞdn ; : :

ð7:25Þ

Also this system consists of 6 equations, of which only two have been pre-
sented. The other four equations are found by a cyclic interchange of the indices.
G and K are not constants now, but time-dependent characteristic viscoelastic

Table 7.1 The elastic constants E, K, G, l as functions of two other elastic constants

(G, E) (G, K) (E, K) (G, l) (E, l) (K, l)

Young’s modulus
E

– 9G � K

3K þ G
– 2G � ð1 þ lÞ – 3K � ð1 � 2lÞ

Shear modulus G – – 3E � K

9K � E
– E

2ð1 þ lÞ
3K � ð1 � 2lÞ

2ð1 þ lÞ
Bulk modulus K E � G

9G � 3E
– –

G � 2ð1 þ lÞ
3ð1 � 2lÞ

E

3ð1 � 2lÞ
–

Poisson’s ratio l E

2G
� 1

9K � 2G

2ð3K þ GÞ
1
2

1 � E

3K

� �
– – –

(7.25)
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functions, which characterize the linear viscoelastic behavior of the material
completely. G(t) is the time-dependent shear modulus already discussed in Chap. 5,
K(t) the time-dependent bulk modulus. G0 and K0 are the corresponding limits for
t ? 0.

For an inversion of this system of equations, we define the time-dependent
shear compliance J(t) and the time-dependent compression (bulk) compliance B(t),
also called the time-dependent compressibility. Then the equations inverse to
(7.25) are

exxðtÞ ¼ 1
2

J0rxxðtÞ þ
1
2

Z t

�1

_Jðt � nÞrxxðnÞdn þ B0=9 � J0=6½ � � ðrxxðtÞ þ ryyðtÞ þ rzzðtÞÞ

þ
Z t

�1

½ð1=9Þ _Bðt � nÞ � ð1=6Þ _Jðt � nÞ� � ½rxxðnÞ þ ryyðnÞ þ rzzðnÞ�dn ; : :

exyðtÞ ¼ 1
2

J0rxyðtÞ þ
1
2

Z t

�1

_Jðt � nÞrxyðnÞdn ; : :

ð7:26Þ

Equations (7.25) and (7.26) are dual, i.e., from one of the equations follows the
other and vice versa. Of course, for this purpose the characteristic functions B(t),
J(t), K(t), and G(t) have to be related to each other by the corresponding integral
equations which are shown below. The conditions for the validity of the above
rheological equations of state are:

(1) The validity of the superposition principle in its general form is fulfilled, i.e.,
not only two shear histories should superimpose undisturbed, but also a shear
history and the history of the compressive stresses. So, for instance, the shear
modulus should not be influenced by a superimposed hydrostatic pressure.

(2) The deformations should be infinitesimal, otherwise the use of the strain
tensor (7.19) would not be justified.

(3) The polymer is isotropic. This condition might be violated, for example, if the
material contains frozen stresses due to processing.

The field of application of Eqs. (7.25) and (7.26) is the technical mechanics of
polymers in the hard or glassy state, partially also in the softening region. Their
use in the rubber elastic state or in the flow region is problematic, as in those cases
mostly the condition 2 will be not fulfilled. For polymers which are anisotropic as
a result of processing, a generalization of the theory of linear viscoelasticity for
anisotropic materials has been given. But this theory involves more than two
independent viscoelastic characteristic functions, the number of which depends on
the symmetry properties of the class of anisotropy in question. This theory is
explained in detail in [6–8].

(7.26)
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The Eqs. (7.25) or (7.26) may be written in tensor notation as

rijðtÞ ¼ 2G0½eijðtÞ � ð1=3ÞdijekkðtÞ� þ K0dijekkðtÞ

þ 2
Z t

�1

_Gðt � nÞ½eijðnÞ � ð1=3ÞdijekkðnÞ�dn þ dij

Z t

�1

_Kðt � nÞekkðnÞdn ð7:27Þ

and

eijðtÞ ¼ ð1=2ÞJ0½rijðtÞ � ð1=3ÞdijrkkðtÞ� þ ð1=9ÞB0dijrkkðtÞ

þ ð1=2Þ
Z t

�1

_Jðt � nÞ½rijðnÞ � ð1=3ÞdijrkkðnÞ�dn þ ð1=9Þdij

Z t

�1

_Bðt � nÞrkkðnÞdn

ð7:28Þ

Equations (7.25) and (7.26) remain valid for curvilinear coordinates. For
cylindrical coordinates the indices x, y, z have to be replaced by r, u, z, for polar
coordinates by r; #;u.

7.5 Simple Shear

The case of simple shear has already been sketched in Fig. 4.2. Surfaces per-
pendicular to the y-direction are sheared in the x-direction. The Cartesian com-
ponents of the displacement vector are

u1 ¼ c � x0
2 u2 ¼ u3 ¼ 0 ð7:29Þ

with c being the shear strain. (Compare Fig. 4.2). The shear c may depend on the
time t, but not on the position in space (x1

0, x2
0, x3

0). From (7.19) the components of
the deformation tensor follow as

exy ¼ eyx ¼ c=2 exx ¼ eyy ¼ ezz ¼ eyz ¼ ezx ¼ 0 ð7:30Þ

Inserting these deformations into Eq. (7.25) yields the components of the stress
tensor

rxx ¼ ryy ¼ rzz ¼ ryz ¼ rzx ¼ 0

rxyðtÞ ¼ ryxðtÞ ¼ G0cðtÞ þ
Z t

�1

_Gðt � nÞcðnÞdn
ð7:31Þ
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The components of the deformation tensor follow by inserting (7.31) into (7.26)

2exyðtÞ ¼ 2eyxðtÞ ¼ cðtÞ ¼ J0rxyðtÞ þ
Z t

�1

_Jðt � nÞrxyðnÞdn ð7:32Þ

Equations (7.31) and (7.32) describe the special case of simple shear which was
already discussed in Chap. 5. From Sect. 5.7 it is known that the relaxation modulus
in shear G(t) and the shear creep compliance J(t) have to obey the integral equa-
tion (5.48) in order to admit the simultaneous validity of Eqs. (5.31) and (5.32).

The experiment of simple shear fulfills the conditions for the balance of forces,
if no volume forces act and if inertia forces may be neglected. Under these con-
ditions, Eq. (7.3) simply reads as

oryx

oy
¼ 0

orxy

ox
¼ 0

and the third equation is fulfilled identically. These equilibrium conditions are met
because c and therefore rxy do not depend on the position in space.

7.6 Isotropic Compression

Consider a cube with edges of the length a under hydrostatic pressure p, as
sketched in Fig. 4.3. On each of the surfaces of the cube a normal force -pa2 acts
and the Cartesian components of the stress tensor are

rxy ¼ ryz ¼ rzx ¼ 0 rxx ¼ ryy ¼ rzz ¼ �p ð7:33Þ

Under the hydrostatic pressure, the cube is compressed in all directions and its
edges are shortened to (1-b)a. If the origin of the Cartesian coordinate system is
placed in the midpoint of the cube, the components of the displacement vector are

u1 ¼ �bx0
1 u2 ¼ �bx0

2 u3 ¼ �bx0
3 ð7:34Þ

The cube is compressed from its original volume V0 = a3 to the volume (b � 1)

V ¼ ða � abÞ3 ¼ V0ð1 � bÞ3 ffi V0ð1 � 3bÞ

and therefore the relative volume contraction D becomes

D ¼ �DV=V0 ¼ 3b ð7:35Þ
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The components of the deformation tensor are found as

exx ¼ eyy ¼ ezz ¼ �b ¼ �D=3 exy ¼ eyz ¼ ezx ¼ 0 ð7:36Þ

The system of equations for the stress components obeys the equilibrium
conditions, because the hydrostatic pressure was assumed to be independent of the
spatial position. Inserting (7.33) and (7.36) into (7.25) and (7.26) results in

pðtÞ ¼ K0DðtÞ þ
Z t

�1

_Kðt � nÞDðnÞdn ð7:37Þ

and

DðtÞ ¼ B0ðtÞp þ
Z t

�1

_Bðt � nÞpðnÞdn ð7:38Þ

These equations describe the principle of superposition for the case of isotropic
compression and are analog to Eqs. (7.31) and (7.32). All definitions and con-
clusions which were drawn for the case of simple shear in Chap. 5 may be
transferred to the case of isotropic compression. Instead of the shear modulus
G(t) the bulk modulus K(t) is to be used and instead of the shear compliance
J(t) the compressibility B(t). In particular, the relation (5.48) between the modulus
and compliance is valid for K(t) and B(t) in the form

Z t

0

Kðt � nÞBðnÞdn ¼
Z t

0

Bðt � nÞKðnÞdn ¼ t for 0� t\1 ð7:39Þ

K(t) may be measured in a stress relaxation experiment under isotropic com-
pression, B(t) in a creep experiment.

7.7 Uniaxial Tensile Stress

In the experiment under uniaxial tensile stress as indicated in Fig. 7.5, only the x-
surfaces are assumed to be loaded by normal forces. Let K be the time-dependent
tensile force on the sample, A0 its cross-section in the undeformed state.

The stress components are

rxx ¼ K=A0 ryy ¼ rzz ¼ 0 rxy ¼ ryz ¼ rzx ¼ 0 ð7:40Þ

This system of equations obeys the conditions for equilibrium as the stress tensor
does not depend on the spatial position.
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The tensile stress causes the specimen to elongate in the x-direction and to
contract in the y and z-direction. If Dl/l0 is its relative longitudinal elongation and
Db/b0 its relative lateral contraction, the components of the displacement vector are

u1 ¼ Dl

l0
x0

1 u2 ¼ �Db

b0
x0

2 u3 ¼ �Db

b0
bx0

3 ð7:41Þ

The components of the deformation tensor read

exx ¼ Dl=l0 eyy ¼ ezz ¼ �Db=b0 exy ¼ eyz ¼ ezx ¼ 0 ð7:42Þ

Inserting Eqs. (7.40) into (7.26) and defining a new viscoelastic function

FðtÞ ¼ 1
9

BðtÞ þ 1
3

JðtÞ ð7:43Þ

results in the following relation between longitudinal elongation and tensile stress

exxðtÞ ¼ F0rxxðtÞ þ
Z t

�1

_Fðt � nÞrxxðnÞdn ð7:44Þ

This equation has the form of the superposition principle (cf. (5.15)) and
F(t) gets the meaning of a creep compliance under uniaxial tensile stress (the
tensile compliance). Equation (7.43) shows that the tensile compliance is related to
the shear compliance and the compressibility in a simple way. The equation which
is dual to (7.44) is

rxxðtÞ ¼ E0exxðtÞ þ
Z t

�1

_Eðt � nÞexxðnÞdn ð7:45Þ

with E(t) being the relaxation modulus under uniaxial tensile stress (the tensile
modulus).

E0 is its limit for t ? 0. Between F(t) and E(t) an equation analog to (5.48) is
valid

Fig. 7.5 Deformation under uniaxial tensile stress
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Z t

0

Eðt � nÞFðnÞdn ¼
Z t

0

Fðt � nÞEðnÞdn ¼ t for 0� t\1 ð7:46Þ

The relation between E(t), K(t), and G(t), which may be derived from (7.25) and
(7.26) is not as simple as (7.43), but a complicated integral equation [5].

For linear elastic materials, Poisson’s ratio l0 is defined in a tensile experiment
by the equation

eyy ¼ �l0exx

A generalization to viscoelastic materials is obtained by the introduction of a
time-dependent Poisson’s ratio l(t). It is defined by the following equation which
is valid between the lateral contraction and the longitudinal elongation under
uniaxial tensile stress

�eyyðtÞ ¼ �ezzðtÞ ¼ l0exxðtÞ þ
Z t

�1

_lðt � nÞexxðnÞdn ð7:47Þ

The physical significance of the functions E(t) and l(t) becomes clear by
considering a relaxation experiment under uniaxial tension which is defined by the
equations exx (t) = 0 for t \ 0 and exx (t) = e0 for t [ 0 and by ryy = rzz = 0.
From (7.44) and (7.47) follows

rxxðtÞ ¼ e0EðtÞ � eyyðtÞ ¼ e0lðtÞ ð7:48Þ

Poisson’s ratio determines the ratio of lateral contraction to longitudinal
extension in a stress relaxation experiment under uniaxial tensile stress. These
relations are shown in Fig. 7.6.

No definite statements can be made about the time dependence of Poisson’s
ratio. From the scare experimental evidence available today, it is probable that
l(t) has the lower limit zero and the upper limit � and is a monotonously
increasing function of the time.

0\lðtÞ� 1=2; _lðtÞ� 0 ð7:49Þ

Further statements as for instance about a total monotony, which were possible for
GðtÞ;KðtÞ;EðtÞ; _JðtÞ; _BðtÞ; _FðtÞ, cannot be made for l(t).

The following conclusion may be drawn: The deformation behavior of isotropic
linear viscoelastic materials at small deformations is completely determined if two
independent viscoelastic characteristic functions are known, as for example, the
shear modulus G(t) and the bulk modulus K(t). All other characteristic functions
may then be calculated, though not always in a simple manner.
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In Table 7.2, the different characteristic functions are listed. In column 2 the
characteristic functions for simple shear are given, in column 3 the corresponding
functions for isotropic compression and in column 4 those related to uniaxial
tension. The relations between the quantities of the second column have been
discussed in detail in Chap. 5 and in Fig. 5.30. The relations between the quan-
tities of the third column and the fourth column may be found by using the
corresponding equations from Chap. 5 under proper change of the symbols. The
fifth column lists quantities in relation to l(t) which are neither a modulus nor a
compliance. Because of the assumption _lðtÞ� 0 the definitions for l0(x), l00(x),
and l*(x) have been chosen in accordance with those of the compliances.
Accordingly, it may be expected that l00(x) is a positive function.

The relations between quantities of different columns of Table 7.2 are generally
more complicated. The most simple equation is (7.43) between the creep com-
pliances in tension, shear, and compression. Corresponding equations are valid
between F0, J0, and B0, between F00, J00, and B00, between F*, J*, and B* and
between the retardation spectra in tension, shear, and compression. Other relations
are complicated integral equations and are discussed elsewhere [5].

There is a simple way to relate the dynamic quantities to each other. For the
complex moduli G*, K*, E*, and l* defined in Table 7.2, the equations of
Table 7.1 remain valid, if all quantities are provided with a star. So for instance
from

E	 ¼ 2G	ð1 þ l	Þ ð7:50Þ

Fig. 7.6 Definition of
E(t) and l(t)
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two real equations for E0, E00 follow, in which E0 and E00 may be expressed in terms
of G0, G00, l0, and l00.

7.8 The Viscoelastic Functions for Amorphous
Uncross-Linked Polymers

Most experimental information on the viscoelastic behavior of polymers is
available in shear or torsion, less in extension, and only a few results are known in
isotropic compression. Generally K(t), K0(x), K00(x), (tand)c and G(t), G0(x),
G00(x), (tand)s show dispersions in the same temperature and time or frequency
regions, respectively. This fact is understandable, as the same molecular processes
effect a change in shape and in volume. But the magnitude of these contributions
may differ considerably. Dispersion steps in K are much less pronounced than
those in G and the maxima of the loss tangent (tand)c are much lower than those of
(tand)s (cf. Fig. 7.7). No flow occurs in isotropic compression, of course. There-
fore, in contrast to E and G, K(t) and K0(x) do not show a steep decrease with
temperature or time in the melt.

The viscoelastic functions are sketched in Fig. 7.7 for an uncross-linked
amorphous polymer. The upper part of the figure shows the three storage-moduli
G0, E0, and K0 as functions of the temperature. In the glassy state the ratio E0/G0

equals 2.6 to 2.7. Secondary dispersion regions show up in both, E0 and G0. At the
glass-transition temperature the ratio E0/G0 increases abruptly to 3.0 and stays there
at higher temperatures.

The ratio E0/K0 is between 1.2 and 0.9 in the glassy state and decreases at each
dispersion step, as the contributions to a change in shape are always (much) larger
than those to a change in volume. In the glass-transition G0 and E0 show very
pronounced dispersion steps (3 or more decades), while the dispersion in K0 only

Table 7.2 Characteristic functions for isotropic linear viscoelastic materials

Experiment Simple shear Isotropic
compression

Uniaxial tension

Relaxation modulus G(t) K(t) E(t) –
Creep compliance J(t) B(t) F(t) l(t)
Storage modulus G0(x) K0´(x) E0(x) –
Loss modulus G0 0(x) K0 0(x) E0 0(x) –
Loss tangent (tand)s = G0 0/G0 (tand)c = K0 0/K0 (tand)e = E0 0/E0 (tand)l = l0 0/l0

Storage compliance J0(x) B0(x) F0(x) l0(x)
Loss compliance J0 0(x) B0 0(x) F0 0(x) l0 0(x)
Complex modulus G* = G0+ iG0 0 K* = K0 + iK0 0 E* = E0 + iE0 0 –
Complex

compliance
J* = J0- iJ0 0 B* = B0- iB0 0 F* = F0- iF0 0 l* = l0- il0 0
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reaches a factor 2 to 3. Correspondingly, the ratio G0/K0 decreases at Tg to very low
values.

The curves of the loss tangents (tand)e and (tand)s with temperature are similar
but not completely identical. The maximum of (tand)c which occurs at the same
temperature is much lower. In the melt, the loss tangents (tand)s and (tand)e

increase steeply with temperature, while (tand)c remains low there. Poisson’s ratio
l shows values between 0.30 and 0.35 in the glassy state. It increases moderately
with temperature, but jumps to � at the glass transition.

Equation (7.43) is valid for all states of the polymer. If applied to the melt, at
longer times the main contributions to the compliances are the flow terms, i.e.,

Fig. 7.7 Characteristic functions of amorphous uncross-linked polymers versus the temperature
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1
ge

¼ 1
9gc

þ 1
3gs

ð7:51Þ

with ge being the extensional viscosity, gc the volume viscosity and gs the shear
viscosity. As no flow is observed in isotropic compression, gc ? ? and Eq. (7.51)
simplifies to

ge ¼ 3gs ð7:52Þ

It should be emphasized that Eq. (7.52) is only valid for linear viscoelastic fluids at
small deformations or under very low elongation rates. It is not generally appli-
cable to polymer melts. In rheology, the ratio ge/gs is called the Trouton ratio.

Finally, in the temperature region above Tg many of the relations between the
characteristic functions in shear and extension simplify considerably as B � J and
therefore

FðtÞ ffi JðtÞ=3 EðtÞ ffi 3GðtÞ for T � Tg ð7:53Þ
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Chapter 8
Fundamentals of the Rheology of Large
Deformations

8.1 Kinematics of Large Deformations

During processing, polymeric materials are mostly handled in the molten state
(T [ Tg or T [ Tm). Deformations and rates of deformation are generally large
under these circumstances. Also rubber elastic materials can be subjected to large
deformations before the occurrence of rupture. Therefore, the basics of large
deformations have to precede the discussion of the deformation behavior of
polymer melts and cross-linked rubbers.1

We consider the motion of material points of a body or a fluid in a space-fixed
Cartesian coordinate system with the origin O. A certain point (or particle) of the
body will be at the position x0 ¼ ðx0

1; x0
2; x0

3Þ
2 at the time t0 in the undeformed state

of the body. The same particle may be found at the position x = (x1,x2,x3) at a later
time t. If we specify the function x ¼ f ðx0; tÞ for one fixed value of x0 and all

t C t0, the path of the particle x0 is known at all times. The particle is identified by
its position vector at the beginning of the experiment. Therefore, we speak of the
‘‘particle x0 ’’and mean the particle which has been at the position x0 at the time t0.

If we want to describe the paths of all particles of the body or fluid, we have to
specify the three functions xi ¼ fi x0

1; x0
2; x0

3; t
� �

i ¼ 1; 2; 3ð Þ designating the i-th
coordinate of the position vector of the particle x0, for all values of the x0 and t.
The three functions of the four independent variables x0

1; x0
2; x0

3; t are called the
path-equations

xi ¼ fiðx0
1; x0

2; x0
3; tÞ ð8:1Þ

1 A very elegant introduction to the kinematics of large deformations in curvilinear coordinates
is given in [1, 2].
2 We will distinguish in the following vectors and tensors of the second rank from scalars by
underlining them once or twice. The Cartesian components of a (positioning) vector x will be
designated as xi, of a tensor f as fik.

H. Münstedt and F. R. Schwarzl, Deformation and Flow of Polymeric Materials,
DOI: 10.1007/978-3-642-55409-4_8, � Springer-Verlag Berlin Heidelberg 2014
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We assume these equations to be given. If there is no danger of a confusion, the
function fi is often designated by the same letter as the value xi of this function by
some authors. The path of the particle x0 is shown in Fig. 8.1.

The system of Eq. (8.1) has to be unique with respect to the position coordi-
nates, otherwise a particle x0 would be at two different places at a later time. This
would mean the occurrence of a rupture surface, a phenomenon which we want to
exclude from our considerations.

Equation (8.1) may be solved for the variables x0
i at each fixed value of the time

t, expressing the coordinates x0
i as functions of x1, x2, x3, and t by means of the

inverse equations

x0
i ¼ giðx1; x2; x3; tÞ ð8:2Þ

The functions gi designate the position of the material point at the past time t0
which is just at the position x at the current time t. Also this system of equations
has to be unique regarding the position coordinates, otherwise a particle of the
deformed state would have been at two different places at the beginning. Such a
situation were only possible if two sides of a rupture surface would have been
glued together during the deformation process.

The coordinates x0 ¼ x0
1; x0

2; x0
3

� �
are called Lagrange-coordinates or body-fixed

coordinates, the coordinates x = (x1,x2,x3) Euler-coordinates or space-fixed
coordinates. If the Euler-coordinates are kept constant, a fixed position in space is
observed, if the Lagrange-coordinates are kept constant, a fixed particle is watched
with time. The Lagrange-coordinates may be imagined as a coordinate system
drawn on the deforming body and changing its metrics with the deformation.

An example from the daily life might be the highway and the cars driving on it.
The milestones along the highway represent the Euler-coordinates, the number
plates of the cars the Lagrange-coordinates.

The velocity of a particle x0, which is located at the position x at the time t is
given by

u ¼
of

ot

� �

x0

Fig. 8.1 Illustrating the path
of the particle x0 with time.
u is the displacement vector
(cf. Eq. (7.10))
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and is obtained by differentiating the Eq. (8.1) after the time t while keeping the
Lagrange-coordinates x0

1; x0
2; x0

3

� �
constant. Its components are

uiðx0
1; x0

2; x0
3; tÞ ¼ ofiðx0

1; x0
2; x0

3; tÞ
ot

ð8:3Þ

Equation (8.3) is called the velocity field in the representation of Lagrange.
The acceleration of a particle x0 at the position x at the time t is given by

a ¼
ou

ot

� �

x0

¼
o2f

ot2

 !

x0

and is obtained by differentiating the Eq. (8.1) twice after the time t while keeping
the values of x0

1; x0
2; x0

3

� �
constant. Its components are

aiðx0
1; x0

2; x0
3; tÞ ¼ o2fiðx0

1; x0
2; x0

3; tÞ
ot2

ð8:4Þ

Equation (8.4) is called the acceleration field in the representation of Lagrange.
Equations (8.3) and (8.4) give the velocity and acceleration of one fixed particle in
dependence on time.

It is also possible to ask for the velocity and acceleration of the particles which
just pass the position x at the time t. We then deal with velocity and acceleration of
different particles. To obtain these quantities the inverse Eqs. (8.2) are inserted
into the arguments of (8.3) and (8.4). After rearranging the new independent
variables x1, x2, x3, and t two new functions are obtained which are designated by vi

and ai:

viðx1; x2; x3; tÞ � ui½g1ðx1; x2; x3; tÞ; g2ðx1; x2; x3; tÞ; g3ðx1; x2; x3; tÞ; t� ð8:5Þ

aiðx1; x2; x3; tÞ � ai½g1ðx1; x2; x3; tÞ; g2ðx1; x2; x3; tÞ; g3ðx1; x2; x3; tÞ; t� ð8:6Þ

v ¼ vðx; tÞ and a ¼ aðx; tÞ are called the velocity field and the acceleration field in
the representation of Euler.

The velocity field in the Euler-representation is shown in Fig. 8.2. A fixed
position x of the space is observed. During three successive times t1, t2, t3 three
different material particles pass through this point. The original positions of these
particles at the time t0 had been gðx; t1Þ; gðx; t2Þ; gðx; t3Þ, their velocity vectors
vðx; t1Þ; vðx; t2Þ; vðx; t3Þ are the tangents of the paths of these particles at the point x.

Returning to the example of the highway: The velocity field in Lagrange rep-
resentation are the velocities of the tachometers of the cars. The velocity field in
Euler-representation is measured by the police at the border of the highway.
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If the velocity field is given in Euler-representation, the acceleration field in
Euler-representation may be obtained in steps: First the path equations are inserted
into the Euler-coordinates to yield the velocity field in Lagrange-coordinates, then
differentiation after t while keeping the Lagrange-coordinates constant yields the
acceleration field in Lagrange representation and finally by inserting the inverse
path equations the acceleration field in Euler-representation is obtained. The
question arises whether the acceleration field in Euler-coordinates may be directly
derived from the velocity field in Euler-coordinates. This may be achieved by
inserting the Lagrange-coordinates as independent variables into (8.5)

uiðx0
1; x0

2; x0
3; tÞ ¼ ti½f1ðx0

1; x0
2; x0

3; tÞ; f2ðx0
1; x0

2; x0
3; tÞ; f3ðx0

1; x0
2; x0

3; tÞ; t�

Differentiating this equation with respect to t while keeping the values of
x0

1; x0
2; x0

3

� �
constant and using the chain rule of differentiation yields

ai ¼
oui

ot

� �

x0

¼ oti

ox1

of1ðx0
1; x0

2; x
0
3; tÞ

ot
þ � � � þ oti

ot

� �

x

Because of (8.3) this equation becomes

aiðx1; x2; x3; tÞ ¼ otiðx1; x2; x3; tÞ
ot

þ
X3

k¼1

vkðx1; x2; x3; tÞ oviðx1; x2; x3; tÞ
oxk

and using the summation convention we arrive at

aiðx; tÞ ¼ otiðx; tÞ
ot

þ vkðx; tÞ oviðx; tÞ
oxk

ð8:7Þ

This equation expresses the acceleration components in Cartesian Euler-coor-
dinates by the velocity components in Cartesian Euler-coordinates. The corre-
sponding equations in cylinder coordinates and in polar coordinates may be found
in [2].

Fig. 8.2 Illustration of the velocity field in Euler-representation
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If changes in temperature are considered, a temperature field in Lagrange
representation H ¼ Hðx0

1; x0
2; x0

3; tÞ, viz., the temperature of a particle x0 at the time
t, and a temperature field in Euler-representation, T ¼ Tðx1; x2; x3; tÞ, viz., the
temperature of the particle which just passes the position x at the time t, should be
distinguished, whereby.

Tðx1; x2; x3; tÞ ¼ Hðx0
1; x0

2; x0
3; tÞ ð8:8Þ

Similarly, to the derivation of Eq. (8.7), the change of the temperature of a
particle with time may be shown to be

DT

Dt
� oHðx0; tÞ

ot
¼ oTðx; tÞ

ot
þ vkðx; tÞ oTðx; tÞ

oxk
¼ oT

ot
þ v � ðgrad TÞ ð8:9Þ

The formation of the gradient on the right-hand side of this equation refers to the
Euler-coordinates. The quantity DT/Dt is called the convective time derivative of
the temperature field.

8.2 Deformation Gradient and Finite Strain Tensors

Consider two infinitesimally neighbored material points which are situated at the
positions x0 and x0 þ dx0 at the time t0. At the later time t they will still be
infinitesimally neighbored but now at the positions x and x þ dx. Their distance
has changed from the value ds0 ¼ jdx0j to the value ds ¼ jdxj as shown in Fig. 8.3.

By differentiating the Eq. (8.1) with respect to the Lagrange-coordinates x0
i we

may express the components of the distance vector dx at time t by the components
of the distance vector dx0at time t0

dxi ¼ Fikdx0
k ð8:10Þ

using the definition of a second rank tensor called the deformation gradient

Fikðx0; tÞ ¼ ofiðx0; tÞ
ox0

k

ð8:11Þ

or we may express the components of the distance vector dx0 by the components of
the distance vector dx

dx0
i ¼ F�1

ik dxk ð8:12Þ

using the inverse deformation gradient

8.1 Kinematics of Large Deformations 247



F�1
ik ðx; tÞ ¼ ogiðx; tÞ

oxk
ð8:13Þ

By means of Eq. (8.10), we write the square of the distance ds in terms of the
components of the distance vector dx0

ðdsÞ2 ¼ dxmdxm ¼ FmiFmkdx0
i dx0

k ¼ Cikdx0
i dx0

k ð8:14Þ

The symmetric tensor of the second rank C is the Cauchy strain tensor already
introduced in 7.2. Its components are given by

Cik ¼ FmiFmk ¼
ofmðx0; tÞ

ox0
i

ofmðx0; tÞ
ox0

k
ð8:15Þ

In a similar way, the square of the distance ds0 in terms of the components of
the distance vector dx may be written as

ðds0Þ2 ¼ dx0
mdx0

m ¼ F�1
mi F�1

mk dxidxk ¼ Aikdxidxk ð8:16Þ

Here a symmetric tensor

Aik ¼ F�1
mi F�1

mk ¼ ogmðx; tÞ
oxi

ogmðx; tÞ
oxk

ð8:17Þ

is defined, the Piola strain tensor. Two further strain tensors are sometimes used,
the Green-tensor G ¼ A�1 and the Finger tensor B ¼ C�1, which are the inverse
of the Piola and the Cauchy tensor. Their components are

Gik ¼ FimFkm ¼ ofiðx0; tÞ
ox0

m

ofkðx0; tÞ
ox0

m
ð8:18Þ

Fig. 8.3 Change of the
distance of two neighbored
points during the deformation.
jdxj and jdx0j are the distances
of the two material points at
the time t and t0, respectively
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and

Bik ¼ F�1
im F�1

km ¼ ogiðx; tÞ
oxm

ogkðx; tÞ
oxm

ð8:19Þ

The four strain tensors can be represented as products of the deformation gradient

F, its transposed ~F, its inverse F�1 and its transposed inverse ~F
�1

:

C ¼ ~F � F A ¼ ~F
�1 � F�1 B ¼ F�1 � ~F�1

G ¼ F � ~F ð8:20Þ

Equations (8.10) and (8.12) describe the change of line elements by the defor-
mation. We consider next the change of volume elements. As shown by Fig. 8.4,
an infinitesimal cuboid is spanned by the three vectors dx0

a; dx0
b; dx0

c of the lengths
dsa, dsb, dsc parallel to the x, y, z-directions in the undeformed state.

The volume of the cuboid is dV0 = dsa�dsb�dsc. Due to the deformation it is
transformed into an infinitesimal parallelepiped spanned by the three vectors
dxa; dxb; dxc. By the deformation the vector dx0

a is transformed into a vector dxa

dxa ¼ F � dx0
a ¼

F11 F12 F13

F21 F22 F23

F31 F32 F33

0

@

1

A �
1
0
0

0

@

1

A � dsa ¼
F11

F21

F31

0

@

1

A � dsa

Corresponding equations are valid, of course, for the vectors dxb and dxc. The
volume of the transformed volume element is equal to the scalar product of the
vector dxc with the vector product of dxa and dxb, viz.,

dV ¼ ðdxa � dxbÞ � dxc ¼ detðFÞ � dV0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
detðCÞ

q
� dV0 ð8:21Þ

det F
� �

means the determinant of the matrix elements of F. Consequently, det F
� �

has to be positive. For the density we have the equation qdV = dm and because of
dm ¼ dm0 it follows

Fig. 8.4 Change of a volume element
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q ¼ q0= detðFÞ ð8:22Þ

To obtain the limits for small deformations we use the representation

xi ¼ x0
i þ uiðx0; tÞ ð7:9Þ

together with the definition (7.19) for eik and the condition (7.18) for the dis-
placement vector and find

Cik ¼ dim þ oum

ox0
i

� �
dmk þ

oum

ox0
k

� �
¼ dik þ

oui

ox0
k

þ ouk

ox0
i

þ oum

ox0
i

oum

ox0
k

ffi dik þ 2eik þ O e2
	 


ð8:15aÞ

and

Aik ¼ dim � oum

oxi

� �
dmk �

oum

oxk

� �
ffi dim � oum

ox0
i

� �
dmk �

oum

ox0
k

� �

ffi dik � 2eik þ O e2
	 


ð8:17aÞ

and because of G ¼ A�1 and B ¼ C�1 and the condition (7.18)

Gik ffi dik þ 2eik þ O e2
	 


ð8:18aÞ

and

Bik ffi dik � 2eik þ O e2
	 


ð8:19aÞ

With regard to the left-hand side of Eq. (8.17a), one should mention that dif-
ferentiation after the variables xi and x0

i give, of course, different results in the case
of large deformations. The difference, however, is of the order e2 and may be
neglected in the limit of small deformations.

8.3 Relative Deformation Gradient and Relative Strain
Tensors

So far we only considered two states during the deformation, the undeformed state
at the beginning of the experiment at the time t0 and the deformed state at the time
t at which the stress is to be calculated (the state of observation). The undeformed
state has been chosen as a reference state. This view is justified for the description
of the rheology of elastic solids which show a natural undeformed (stress free)
state. For the description of fluids, however, this procedure is not appropriate as
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fluids have the essential property of a fading memory and are, therefore, not able to
remember an undeformed state of the past history.

Preferably, for the description of the rheological behavior of fluids the state of
observation at the time t is chosen as the reference state. A third state in the past at
the time t0 has then to be considered for the comparison with the reference state.
This is shown in Fig. 8.5, in which again the paths of two neighbored particles are
sketched, but now at three times, at the beginning of the experiment t0, at a time t0 in
the past history between t0 and the observation time t and at the observation time t.

In order to avoid the occurrence of the fading time t0 in the path-equations (8.1),
the path of the particle x will be fixed now by equations which only contain the times
t and t0, viz.,

x0i ¼ piðx1; x2; x3; t; t0Þ ¼ x0iðx1; x2; x3; t; t0Þ ð8:23Þ

in which xi
0 are the coordinates of a particle at time t0 which will be found later at

the observation time t at the coordinates xi. The inverse equations are

xi ¼ qiðx01; x02; x03; t; t0Þ ¼ xiðx01; x02; x03; t; t0Þ ð8:24Þ

The components of the distance vector at time t0 are given by the expression

dx0i ¼ Fikdxk ð8:25Þ

Fig. 8.5 The paths of two neighbored material particles and their distances, at t0, the beginning
of the experiment, ds0 = dx0

�� ��, at an intermediate time t0 in the past history ds0 = dx0j j and at the
observation time t ds = dxj j

8.3 Relative Deformation Gradient and Relative Strain Tensors 251



with Fik being the components of the relative deformation gradient

Fikðx; t; t0Þ ¼ opiðx; t; t0Þ
oxk

� ox0i
oxk

ð8:26Þ

For the differentiation with respect to the Euler-coordinates, both times t and t0

have to be kept constant. The components of the inverse relative deformation
gradient are

F�1
ik ðx0; t; t0Þ ¼ oqiðx0; t; t0Þ

ox0k
� oxi

ox0k
ð8:27Þ

In order to distinguish more clearly the observation time t from the current time
t0, Wagner [3] proposed the following designation for the relative deformation
gradient

F
t
ðt0Þ ¼ Fðx; t; t0Þ ð8:28Þ

where the basis t (the time of observation) is indicated next to the underlining and
t0 is the current time in the past history. With this nomenclature Eq. (8.25) may be
written in vector notation

dx0 ¼ F
t
ðt0Þ � dx ð8:25aÞ

The dot between the tensor F and the column vector dx indicates their scalar
product. By exchanging t and t0 in Eq. (8.25a) one obtains

dx ¼ F
t0
ðtÞ � dx0 ð8:25bÞ

from which it follows that the tensors F
t
ðt0Þand F

t0
ðtÞ are inverse or

F
t0
ðtÞ ¼ F�1

t
ðt0Þ ð8:29Þ

Exchanging the basis and the current time is equivalent with a change from the
relative deformation gradient to its inverse.

The relative deformation gradient may be used to define relative deformation
tensors. But not all of them turn out to be useful for the formulation of rheological
equations of state. Only tensors whose components transform with a rotation of the
coordinate system like the components of the stress tensor are admitted. Those are
the absolute Green tensor (or its inverse) and the relative Cauchy tensor (or its
inverse).

To describe the rheological behavior of cross-linked rubbers (purely elastic
materials) under large deformations we may use either the absolute Green tensor
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G
t0
ðtÞ ¼ F

t0
ðtÞ � ~F

t0
ðtÞ ð8:30Þ

with the components

Gikðx0; tÞ � G
t0
ðtÞ

� �

ik
¼ Fimðx0; tÞFkmðx0; tÞ ¼ oxi

ox0
m

oxk

ox0
m

ð8:18Þ

or its inverse, the absolute Piola tensor

A
t0
ðtÞ ¼ ~F

�1

t0
ðtÞ � F�1

t0
ðtÞ ¼ ~F

t
ðt0Þ � F

t
ðt0Þ ð8:31Þ

with the components

Aikðx; tÞ � A
t0
ðtÞ

� �

ik
¼ F�1

mi ðx; tÞF�1
mk ðx; tÞ ¼ ox0

m

oxi

ox0
m

oxk
ð8:17Þ

The right-hand side of Eq. (8.31) was found by using (8.29). To describe the
rheological behavior of viscoelastic fluids we may use either the relative Cauchy
tensor

C
t
ðt0Þ ¼ ~F

t
ðt0Þ � F

t
ðt0Þ ð8:32Þ

with the components

Cikðx; t; t0Þ � C
t
ðt0Þ

� �

ik
¼ Fmiðx; t; t0ÞFmkðx; t; t0Þ ¼ ox0m

oxi

ox0m
oxk

ð8:33Þ

or its inverse, the relative Finger tensor

B
t
ðt0Þ ¼ F�1

t
ðt0Þ � ~F�1

t
ðt0Þ ¼ F

t0
ðtÞ � ~F

t0
ðtÞ ð8:34Þ

with the components

Bikðx0; t; t0Þ � B
t
ðt0Þ

� �

ik
¼ F�1

im ðx0; t; t0ÞF�1
km ðx0; t; t0Þ ¼ oxi

ox0m

oxk

ox0m
ð8:35Þ

Using the relative Finger tensor and the relative Cauchy tensor, it is important
to realize that the range for the intermediate time t0 is t0 B t0 B t. For t0 at the
boundaries of this range or outside, special situations occur. If for instance t0 B t0,
no deformation has taken place before t = t0 and x0 is equal to x0. The relative
Finger tensor

8.3 Relative Deformation Gradient and Relative Strain Tensors 253



Bikðx; t; t0Þ ¼ oxi

ox0m

oxk

ox0m
¼ oxi

ox0
m

oxk

ox0
m

¼ Gikðx; tÞ for t0 � t0 ð8:36Þ

then reduces to the absolute Green tensor and the relative Cauchy tensor

Cikðx; t; t0Þ ¼ ox0m
oxi

ox0m
oxk

¼ ox0
m

oxi

ox0
m

oxk
¼ Aikðx; tÞ for t0 � t0 ð8:360Þ

to the absolute Piola tensor.
If on the other hand, t0 = t, x0 is equal to x and the relative Finger tensor and the

relative Cauchy tensor reduce to unit tensors

Bikðx; t; tÞ ¼ oxi

ox0m

oxk

ox0m
¼ dik ð8:37Þ

Cikðx; t; tÞ ¼ ox0m
oxi

ox0m
oxk

¼ dik ð8:370Þ

Finally, the absolute Green tensor and the absolute Piola tensor reduce to unit
tensors for t B t0

Gikðx; tÞ ¼ oxi

ox0
m

oxk

ox0
m

¼ dik ð8:38Þ

Aikðx; tÞ ¼ ox0
m

oxi

ox0
m

oxk
¼ dik ð8:380Þ

In the limit of small deformations, xiðtÞ ¼ x0
i þ uiðx0; tÞ and x0iðtÞ ¼ x0

i þ
uiðx0; t0Þ according to Eq. (7.9) are used and with x0iðtÞ ¼ xiðtÞ þ uiðx0; t0Þ �
uiðx0; tÞ one gets for the relative Cauchy tensor

Cikðx; t; t0Þ ¼ ox0m
oxi

ox0m
oxk

ffi dik � 2½eikðtÞ � eikðt0Þ� þ O½e2� ð8:33aÞ

and for the relative Finger tensor

Bikðx; t; t0Þ ¼ oxi

ox0m

oxk

ox0m
ffi dik þ 2½eikðtÞ � eikðt0Þ� þ O½e2� ð8:35aÞ

8.4 The Rate of Strain Tensor

The state of stress in a purely viscous fluid does not depend on the distances of
neighbored points of the matter but only on the difference of their velocities.
Consequently, we consider the velocity of the change in distance of two
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neighbored points. The corresponding measure is obtained by differentiating (ds)2

with respect to the time while keeping the Lagrange-coordinates of both material
particles constant. The so-called convective time derivative of (ds)2 reads

DðdsÞ2

Dt
� oðdsÞ2

ot

 !

x0

¼ o

ot

oxm

ox0
i

oxm

ox0
k

dx0
i dx0

k

� 
¼ o

ot

oxm

ox0
i

oxm

ox0
k

� �� 
dx0

i dx0
k

Because of (8.3) we find

o

ot

oxm

ox0
i

� �

x0

¼ o

ox0
i

oxm

ot

� �

x0

¼ oum

ox0
i

and may express the convective time derivative as

DðdsÞ2

Dt
¼ 2Dikdx0

i dx0
k ð8:39Þ

with

Dik ¼
1
2

oum

ox0
i

oxm

ox0
k

þ oum

ox0
k

oxm

ox0
i

� �
ð8:39aÞ

Equation (8.39) represents the convective time derivative of (ds)2 in Lagrange-
coordinates. The components Dik are the components of a symmetric tensor, the
rate of strain tensor in Lagrange-coordinates. This tensor is not in use generally,
but the corresponding tensor in Euler-coordinates.

To express the convective time derivative of (ds)2 in Euler-coordinates we
insert

dx0
i ¼ ox0

i

oxr
dxr and dx0

k ¼ ox0
k

oxs
dxs

into (8.39) and (8.39a) and by using (8.5) we obtain

2Dik
ox0

i

oxr

ox0
k

oxs
dxrdxs ¼

oum

ox0
i

ox0
i

oxr

oxm

ox0
k

ox0
k

oxs
þ oum

ox0
k

ox0
k

oxs

oxm

ox0
i

ox0
i

oxr

� �
dxrdxs

¼ ovm

oxr
dms þ

ovm

oxs
dmr

� �
dxrdxs

The result is the well-known formula

DðdsÞ2

Dt
¼ 2dikdxidxk ð8:40Þ
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with

dik ¼
1
2

ovi

oxk
þ ovk

oxi

� �
ð8:41Þ

The dik form the components of a symmetric tensor D the rate of strain tensor
in Euler-coordinates. The rate of strain tensor is used for example to describe the
flow behavior of Newtonian liquids by means of a linear relation between the
stress tensor S and the rate of strain tensor D. This theory forms the basis for
classical hydrodynamics. Attempts to describe the flow behavior of polymer melts
by means of a non-linear relation between the tensors S and D failed, as those
theories cannot explain the elastic behavior of polymer melts and yield a wrong
normal stress behavior, viz., a vanishing first normal stress coefficient [4, 5].

The rate of strain tensor in cylinder coordinates reads [6]

drr ¼
ovr

or
2dru ¼ ovu

or
� vu

r
þ 1

r

ovr

ou
2drz ¼

ovr

oz
þ ovz

or

duu ¼ 1
r

ovu

ou
þ vr

r
2duz ¼

ovu

oz
þ 1

r

ovz

ou
dzz ¼

ovz

oz

ð8:41aÞ

and in polar coordinates

drr ¼
ovr

or
2dr# ¼ ov#

or
þ 1

r

ovr

o#
� v#

r
2dru ¼ ovu

or
þ 1

r sin#

ovr

ou
� vu

r

d## ¼ 1
r

ov#
o#

þ vr

r
2d#u ¼ 1

r

ovu

o#
þ 1

r sin#

ov#
ou

� cot#

r
vu

duu ¼ 1
r sin#

ovu

ou
þ vr

r
þ cot#

r
v#

ð8:41bÞ

8.5 Dynamics of Deformable Bodies

The equations to be discussed in the following are valid for all deformable
materials independent of their consistency, viz., for fluids, gases, solids, polymeric
substances in the non-molten and molten state. These equations are the laws of
conservation of the mass, the momentum, the angular momentum and the energy.
An extensive discussion and derivation may be found in [7]. Here, we restrict
ourselves here to a summarizing presentation.

A substance is discussed which contains only one single component. Then the
law of conservation of the mass reads if expressed by the density q(x,t)
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oq
ot

þ divðqvÞ ¼ oq
ot

þ qdivðvÞ þ v � gradðqÞ ¼ 0 ð8:42Þ

This equation is called the equation of continuity. The vector operations refer to
Euler-coordinates and are valid also for curvilinear coordinate systems.

Mostly we deal with an incompressible material, for which the density does not
change neither with time nor in space and therefore qq/qt = 0 and grad(q) = 0.
From (8.42) it may be seen that the divergence of the velocity field must then
vanish

divðvÞ ¼ 0 ð8:43Þ

This equation reads in Cartesian coordinates

ovi

oxi
¼ 0 ð8:43aÞ

in cylinder coordinates

1
r

oðrvrÞ
or

þ 1
r

ovu

ou
þ ovz

oz
¼ 0 ð8:43bÞ

and in polar coordinates

1
r2

oðr2vrÞ
or

þ 1
r sin#

oðv# sin#Þ
o#

þ 1
r sin#

oðvuÞ
ou

¼ 0 ð8:43cÞ

The equations of motion were already discussed in Sect. 7.1 in tensor notation as

orik

oxk
þ Fi ¼ qai ð7:2Þ

and may be written in vector notation as

r � S þ F ¼ qa ð8:44Þ

with r being the Nabla-operator, which is a row vector with the components
r1 = q/qx1, r2 = q/qx2, r3 = q/qx3, S the stress tensor, F the vector field of the
volume forces and a the vector field of the local acceleration (cf. Eq. (8.7)).

The condition for the conservation of the angular momentum represented in
Eq. (7.4) by the symmetry of the components of the stress tensor may be written as

~S ¼ S ð8:45Þ
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Finally, the law of conservation of the internal energy may be written in the
following form (cf. [7])

qcv
DT

Dt
�r � ðkrTÞ ¼ S : D ð8:46Þ

with cv being the specific heat at constant volume of the material, T = T(x,t) the
temperature field in Euler-coordinates, DT/Dt its convective time derivative
defined in Eq. (8.9), k the heat conductivity and S : D the double-scalar product of
the stress tensor and the rate of strain tensor

S : D ¼ rikdki ð8:47Þ

Equation (8.46) is used for the calculation of the temperature distribution within a
fluid due to heating by internal friction.
The rheological equation of state (constitutive equation) The equations discussed
so far are not sufficient to completely describe the deformation and flow of vis-
coelastic materials. This statement becomes clear by comparing the number of
unknown field functions with the number of independent equations available for
calculations of:

the components of the stress tensor rik(x,t) 9
the Lagrange-coordinates gi(x,t) or
the velocity field vi(x,t) 3
the temperature field T(x,t) 1
the density q(x,t) 1

For the determination of these 14 unknown field functions the following eight
equations are available:

the equations of motion (8.44) 3
the conservation of the angular momentum (8.45) 3
the equation of continuity (8.42) 1
the conservation of energy (8.46) 1

The missing 6 equations for a complete description of deformation and flow are
relationships between the symmetric stress tensor and the rate of strain tensor, the
absolute Piola tensor (Eq. (8.17)), the relative Cauchy tensor (Eqs. (8.33)), or
another appropriate measure of the deformation history. These relationships may
have the form of differential or integral equations. They are symbolically desig-
nated as

rikðx; tÞ , dikðx; tÞ or Aikðx; tÞ or Cikðx; t; t0Þ ð8:48Þ
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While the laws of conservation are the same for all materials, the relations
(8.48) characterize their mechanical properties. Therefore, they are called the
rheological equations of state or the constitutive equations. By those the differ-
ences between elastic, viscous, and viscoelastic materials show up.

It is not always necessary to use all the 14 equations for the solution of rheo-
logical problems. A special case which often occurs is the incompressibility of the
material considered which make the changes in volume negligible in comparison
to the changes in shape. In this case, the density is independent of time and
position and the equation of continuity degenerates to (8.43) restricting the flow
patterns to those of an incompressible medium.

A further simplification may originate from the assumption of isothermal
conditions of the problem, if the temperature rise due to a local energy dissipation
may be neglected. Then the temperature is constant everywhere and at every time
and the equation for the conservation of energy (8.46) is fulfilled approximately in
the sense that the dissipation term on the right-hand side of Eq. (8.46) is too small
to disturb the temperature equilibrium.

8.6 Eigenvalues and Invariants of the Stress Tensor

Prior to the discussion of the various rheological equations of state, the transfor-
mation of symmetric tensors to their system of principal axis should be treated.
This is done using the stress tensor as an example. Let S be the stress tensor at the
location x and rik its Cartesian components. The stress vector S acting on an
arbitrary plane with the normal vector n at the same position is given by Eq. (7.1)
or in vector notation by S ¼ S � n. The question arises whether there exist planes at
the position x at which only normal stresses, but no shear stresses act, or whether
there exist planes for which the acting stresses are parallel to their normal vectors.
Two vectors S and n are parallel if S ¼ k � n with k being a scalar. By inserting
Si = k ni in Eq. (7.1) one gets

ðr11 � kÞn1 þ r12n2 þ r13n3 ¼ 0

r21n1 þ ðr22 � kÞn2 þ r23n3 ¼ 0

r31n1 þ r32n2 þ ðr33 � kÞn3 ¼ 0

ð8:49Þ

This is a system of three linear homogeneous equations for the three unknown
components of the normal vector of the plane we look for. The coefficients rik are
given and the parameter k may be chosen freely. The system of equations has a
non-trivial solution then and only then, when the determinant of the coefficients
vanishes:
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Det S � kE
� �

¼
r11 � k r12 r13

r21 r22 � k r23

r31 r32 r33 � k

������

������
¼ 0 ð8:50Þ

This is an equation of the third degree for k. Developing the determinant after
powers of k leads to the so-called characteristic equation of S.

�k3 þ Irk
2 � IIrk þ IIIr ¼ 0 ð8:51Þ

The coefficients are abbreviations for the expressions:

Ir ¼ r11 þ r22 þ r33

IIr ¼ r11r22 � r12r21 þ r22r33 � r23r32 þ r33r11 � r31r13

IIIr ¼ det S ¼ r11r22r33 þ r12r23r31 þ r13r32r21

� r11r23r32 � r22r13r31 � r33r12r21

ð8:52Þ

and are called the invariants of the stress tensor. If the components of the stress
tensor are known, the invariants may be calculated and the characteristic equation
yields three roots for k. If the tensor S is symmetric and real, all three roots are
real. We designate these roots with r1, r2 and r3. They are called principal
stresses or eigen-values of the stress tensor. For each of these three roots there
exists a non-trivial solution of Eq. (8.49):

Root Normal vector (principal direction) System of equations

k ¼ r1 n ¼ n 1ð Þ ¼ ðn 1ð Þ
1 ; n 1ð Þ

2 ; n 1ð Þ
3 Þ rkin

1ð Þ
k ¼ r1n 1ð Þ

i i ¼ 1 to 3ð Þ

k ¼ r2 n ¼ n 2ð Þ ¼ ðn 2ð Þ
1 ; n 2ð Þ

2 ; n 2ð Þ
3 Þ rkin

2ð Þ
k ¼ r2n 2ð Þ

i i ¼ 1 to 3ð Þ
k ¼ r3 n ¼ n 3ð Þ ¼ ðn 3ð Þ

1 ; n 3ð Þ
2 ; n 3ð Þ

3 Þ rkin
3ð Þ

k ¼ r3n 3ð Þ
i i ¼ 1 to 3ð Þ

ð8:53Þ

The three unit vectors n 1ð Þ; n 2ð Þ; n 3ð Þ are called the principal directions of the
stress tensor. If the three principle stresses differ from each other, the principal
directions are perpendicular to each other and form the basis of a rectangular
coordinate system, called the principal coordinate system as it is easily shown that
from r1 6¼ r2 follows n 1ð Þ? n 2ð Þ: Multiplying the first of Eqs. (8.53) with ni

(2), the
second with ni

(1), forming the sum over all i, subtracting the two equations, and
taking the symmetry of the stress tensor into account results in the equation

ðr1 � r2Þ � nð1Þ
i nð2Þ

i ¼ 0 or because of r1 6¼ r2 nð1Þ
i nð2Þ

i ¼ 0 q.e.d.
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In the principal coordinate system the components of the stress tensor are

S ¼
r1 0 0
0 r2 0
0 0 r3

0

@

1

A ð8:54Þ

i.e. its matrix is diagonal.
If r1 = r2 6¼ r3 then each direction perpendicular to n 3ð Þ is a principal direction

and each coordinate system with one axis parallel to n 3ð Þ will be a principal
coordinate system. If r1 = r2 = r3 each direction will be a principal direction and
each rectangular coordinate system will be a principal one.

The designation invariants for the three expressions (8.52) points to their
independence of the choice of the coordinate system as shown in the following.
Consider besides the original coordinate system with the basis vectors e1, e2, e3, a
rotated coordinate system with the basis vectors e01; e02; e03. If the components of a
vector x in the original rectangular coordinate system are x1, x2, x3, and those in the
new coordinate system are x01, x02, x03, then the transformation

x0i ¼ aijxj ð8:55Þ

relates the new components to the old ones. aij = e0j � e0i
� �

is the cosine of the
angle between the new i-direction and the old j-direction. For the components of a
tensor we have the corresponding transformation rule

r0
ik ¼ aijaklrjl ð8:56Þ

If the matrix of the components of the tensor S is designated with S and the
matrix of the coefficients aik with A then (8.56) may be written as the matrix
equation

S0 ¼ A � S � ~A ð8:57Þ

whereby ~A is the transpose of the matrix A. As A is a rotational matrix, it has to be
orthogonal, obeying the conditions

A � ~A ¼ E and ~A � A ¼ E ð8:58Þ

or

aikalk ¼ dil and aikail ¼ dkl

Though each component of the stress tensor transforms under a rotation due to
Eq. (8.56), the invariants (8.52) remain unchanged, viz.,
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I0r ¼ Ir II0r ¼ IIr III0r ¼ IIIr ð8:59Þ

These equations may be proven by inserting (8.56) into the definitions (8.52)
and making use of the orthogonal properties of the matrix A. An easier and more
elegant proof makes use of the characteristic equation. As this equation determines
the three principal stresses which are independent of the orientation of the coor-
dinate system, this should be true for the characteristic equation and its coeffi-
cients, which are just the invariants.

As the characteristic equation has the three roots r1, r2, r3 it can be written in
the form

�k3 þ Irk
2 � IIrk þ IIIr ¼ �ðk � r1Þðk � r2Þðk � r3Þ ð8:60Þ

Comparing the coefficients of the powers of k yields

Ir ¼ r1 þ r2 þ r3

IIr ¼ r1r2 þ r2r3 þ r3r1

IIIr ¼ r1r2r3

ð8:61Þ

which again proves the invariance of Ir, IIr, IIIr.
Finally, from the characteristic Eq. (8.51), we deduce an equation for the tensor

S and its matrix S. This equation is called the Caley-Hamilton equation and is of
great importance for the formulation of rheological equations of state.

�S3 þ IrS2 � IIrS þ IIIrE ¼ 0 ð8:62Þ

The tensor S and its matrix S obey their own characteristic equation, in which
now E is the unit tensor and O the zero tensor. The proof is simple. If this equation
is valid in its principal coordinate system, it is also valid in each arbitrary coor-
dinate system. S; S2; S3 have the same principal coordinate system. In this system,
(8.62) is equivalent to the following equation for the corresponding matrices

�
r3

1 0 0
0 r3

2 0
0 0 r3

3

0

@

1

Aþ Ir
r2

1 0 0
0 r2

2 0
0 0 r2

3

0

@

1

A� IIr
r1 0 0
0 r2 0
0 0 r3

0

@

1

Aþ IIIr
1 0 0
0 1 0
0 0 1

0

@

1

A

¼
0 0 0
0 0 0
0 0 0

0

@

1

A

For the non-diagonal elements this equation is simply 0 = 0, for the diagonal
elements it reads
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�r3
i þ Irr

2
i � IIrri þ IIIr ¼ 0 for i ¼ 1; 2; 3

This equation is fulfilled for all i as the ri are the solutions of the characteristic
equation.

Using the equation of Caley–Hamilton it is possible to express each integer
(positive or negative) power of the stress tensor by a linear combination of the
tensors E, S and S2. For instance

S3 ¼ IIIrE � IIrS þ IrS2

S4 ¼ IIIrS � IIrS2 þ IrS3 ¼ IrIIIrE þ IIIr � IrIIrð ÞS þ I2
r � IIr
� �

S2

S�1 ¼ IIr
IIIr

E � Ir
IIIr

S þ 1
IIIr

S2

Generally, for each integer power of S one gets

Sk ¼ F0 Ir; IIr; IIIrð ÞE þ F1 Ir; IIr; IIIrð ÞS þ F2 Ir; IIr; IIIrð ÞS2 ð8:63Þ

whereby F0, F1, and F2 are scalar functions of the invariants of the tensor.

As an example we consider the transformation to principal axes for a state of stress
whose one direction is already a principal one.

Such a state of stress may be given by

S ¼
r11 r12 0
r21 r22 0
0 0 r33

0

@

1

A ð8:64Þ

with e3 being a principal direction with the eigenvalue r3 = r33. The other two
principal directions are situated in the e1-e2 plane. Let eI and eII be the principal
directions in this plane (compare Fig. 8.6). A point P with the coordinates x1 and x2

in the original coordinate system (e1, e2) has the coordinates x01 and x02 in the
principal coordinate system spanned by the unit vectors eI and eII. The two
coordinate systems are rotated by an angle v.

The transformation of the coordinates may be read directly from Fig. 8.6 as

x1 ¼ x01 cos v � x02 sin v

x2 ¼ x01 sin v þ x02 cos v

x3 ¼ x03

ð8:65Þ
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Fig. 8.6 Transformation to
principal axes in a state of
stress characterized by
Eq. (8.64)

This transformation is effected by the following rotational matrix

xi ¼ bikx0k with ðbikÞ ¼
cos v �sin v 0
sin v cos v 0

0 0 1

0

@

1

A

Applying the same matrix to the transformation of the components of the stress
tensor yields, because of rik ¼ bilbkmr0

lm and r0
11 = r1, r0

22 = r2,
r0

12 = r0
21 = 0, the equations

r11 ¼ r1 cos2v þ r2 sin2v

r22 ¼ r1 sin2v þ r2 cos2v

r12 ¼ r21 ¼ ðr1 � r2Þ sinv cos v

ð8:66Þ

The inversion of these equations is obtained as follows

r11 � r22 ¼ ðr1 � r2Þ cos 2v

2r12 ¼ ðr1 � r2Þ sin 2v

r11 þ r22 ¼ r1 þ r2

ð8:67Þ

Summing up the squares of the first and second equations of (8.67) yields (r1-r2)2

and dividing the second equation by the first an expression for tan 2v:

r1 � r2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr11 � r22Þ2 þ 4r2

12

q

tan 2v ¼ 2r12=ðr11 � r22Þ
r1 þ r2 ¼ r11 þ r22

ð8:68Þ
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These equations solve the problem of the transformation of the stress tensor to
principal axis. The second equation of (8.68) yields the position of the principal
coordinate system (the angle v). From the first and third equations the two prin-
cipal stresses can be obtained.

Equations (8.68) permit the following interpretation as shown in Fig. 8.7
(Mohr’s stress circle). A circle of the radius (r1-r2)/2 with its center on the
abscissa at the position (r1 + r2)/2 describes the positions of all possible com-
binations of normal stresses and shear stresses in coordinate systems which are
rotated by an angle v against the principal coordinate system.

A diagonal of the circle which includes the angle 2v with the abscissa intersects
the circle at the point P. The coordinates of this point are the normal stress r11 and
the shear stress r12. A line parallel to the abscissa through P intersects the circle at
the point Q. The coordinate of Q yields the second normal stress r22. In the
drawing, r1 was assumed to be the larger of the two principal stresses. The figure
can be used to solve the problem graphically. A circle with its center on the
abscissa is drawn through the points P and Q. This circle intersects the abscissa at
the points r1 and r2.

8.7 Transformation of the Strain Tensors and the Rate
of Strain Tensor to Principal Axis

The derivations given in Sect. 8.6 with respect to the stress tensor can be applied,
of course, to each second order tensor with real and symmetric components. The
finite strain tensors C; A; G,and B are real and symmetric and, therefore, admit a

Fig. 8.7 Mohr’s stress circle
[8]
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transformation to principal axis. Being inverse to each other, the tensors A and G

have the same principal coordinate system as have the tensors B and C. The
principal values of the tensors G and C and those of the tensors A and B are the
same. We call the eigenvalues of A and B b1, b2, b3, and their invariants IB, IIB,
IIIB, the eigenvalues of C and G c1, c2, c3 and their invariants IC, IIC, IIIC. Then
the following equations result directly from Eqs. (8.51), (8.52), and (8.62) of
Sect. 8.6, and the relations G ¼ A�1 and B ¼ C�1 3:

IB ¼ IA ¼ B11 þB22 þB33 ¼ A11 þA22 þA33 ¼ b1 þb2 þb3

IIB ¼ IIA ¼ ðB11B22 �B12B21Þþ � � � ¼ ðA11A22 �A12A21Þþ � � � ¼ b1b2 þb2b3 þb3b1

IIIB ¼ IIIA ¼ detB¼ detA¼ b1b2b3 ¼
dV0

dV

� �2

ð8:69Þ

and

IC ¼ IG ¼C11 þC22 þC33 ¼G11 þG22 þG33 ¼ c1 þ c2 þc3

IIC ¼ IIG ¼ðC11C22 �C12C21Þþ �� � ¼ ðG11G22 �G12G21Þþ �� � ¼ c1c2 þ c2c3 þ c3c1

IIIC ¼ IIIG ¼ detC ¼ detG¼ c1c2c3 ¼
dV

dV0

� �2

ð8:70Þ

For the significance of the eigenvalues c1, c2, c3 we refer to Eq. (8.14) which in the
system of principal axes reads

ðdsÞ2 ¼ c1ðdx0
1Þ

2 þ c2ðdx0
2Þ

2 þ c3ðdx0
3Þ

2

A line element originally parallel to the x1
0-direction (dx2

0 = 0, dx3
0 = 0), changes

to a line element of the length ds according to

ðdsÞ2 ¼ c1ðdx0
1Þ

2 ¼ k2
1ðdx0

1Þ
2

Line elements which are oriented in the principal directions of the strain tensor
C are extended to the k1, k2, k3–fold of their original length, whereby

k1 ¼ ffiffiffiffiffi
c1

p
; k2 ¼ ffiffiffiffiffi

c2
p

; k3 ¼ ffiffiffiffiffi
c3

p

Therefore, k1, k2, k3 are called the principal extension ratios. The basic vectors of
the principle axes are transformed by the deformation into perpendicular line
elements. A cuboid with the edges dx1

0, dx2
0, dx3

0 parallel to the principal axis is

3 A plus-sign followed by two dots in a formula means its completion by cyclic substitution.
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transformed into a cuboid with the edges k1dx1
0, k2dx2

0, k3dx3
0. Because of C = B-1

a corresponding relation between the eigenvalues of B and k follows

c1 ¼ g1 ¼ 1
b1

¼ k2
1; c2 ¼ g2 ¼ 1

b2
¼ k2

2; c3 ¼ g3 ¼ 1
b3

¼ k2
3 ð8:71Þ

Inserting ci = 1/bi and ai = 1/gi into Eq. (8.69) and (8.70) leads to the fol-
lowing relationships between the invariants

IC ¼ IIB=IIIB IIC ¼ IB=IIIB IIIC ¼ 1=IIIB

IA ¼ IIG=IIIG IIA ¼ IG=IIIG IIIA ¼ 1=IIIG
ð8:72Þ

Using the equations of Caley-Hamilton and G ¼ A�1 and B ¼ C�1, one obtains:

C ¼ ICE � IICB þ IIICB2 A ¼ IAE � IIAG þ IIIAG2

G ¼ IGE � IIGA þ IIIGA2 B ¼ IBE � IIBC þ IIIBC2
ð8:73Þ

Similar considerations can be applied to the rate of strain tensor D. Notice,
however, that the principal axes of the rate of strain tensor do not coincide with the
principal axes of the strain tensors. The tensors D and G are in diagonal form in the
same coordinate system only in special cases. Let d1, d2, d3 be the eigenvalues of
D and ID, IID, IIID its invariants. Then the relations between the invariants and the
eigenvalues are

ID ¼ d11 þ d22 þ d33 ¼ d1 þ d2 þ d3 ¼ divðvÞ
IID ¼ ðd11d22 � d12d21Þ þ � � � ¼ d1d2 þ d2d3 þ d3d1

IIID ¼ det D ¼ d1d2d3

ð8:74Þ

As an example we discuss the transformation of the tensors C and D to principal
axes in planar deformation. In planar deformation all material particles move in
the 1–2 plane, i.e., their x3-coordinate remains constant. The path equations then
are

x1 ¼ f1ðx0
1; x0

2; tÞ x2 ¼ f2ðx0
1; x0

2; tÞ x3 ¼ x0
3 ð8:75Þ

and the velocity field in Euler-coordinates reads

v1 ¼ v1ðx1; x2; tÞ v2 ¼ v2ðx1; x2; tÞ v3 ¼ 0 ð8:76Þ

The matrices of the tensors C and D
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Cik ¼
C11 C12 0
C21 C22 0
0 0 1

0

@

1

A ð8:77Þ

and

dik ¼
d11 d12 0
d21 d22 0
0 0 0

0

@

1

A ð8:78Þ

are of similar structure as those of the stress tensor in Eq. (8.64). The 3-direction is
a principal direction with eigenvalues c3 = 1 and d3 = 0, respectively. The
transformation to principle axes proceeds in the same manner as for the stress
tensor (8.64). For the eigenvalues of C we find the equations

C11 � C22 ¼ ðc1 � c2Þ cos 2v

2C12 ¼ ðc1 � c2Þ sin 2v

C11 þ C22 ¼ c1 þ c2

ð8:79Þ

c1 � c2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC11 � C22Þ2 þ 4C2

12

q

c1 þ c2 ¼ C11 þ C22

tan 2v ¼ 2C12=ðC11 � C22Þ

ð8:80Þ

and for those of D

d1 � d2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd11 � d22Þ2 þ 4d2

12

q

d1 þ d2 ¼ d11 þ d22

tan 2v ¼ 2d12=ðd11 � d22Þ

ð8:81Þ

8.7.1 Time-Dependent Simple Shear

Time-dependent simple shear is a special planar deformation for which

x1 ¼ f1 ¼ x0
1 þ cðtÞx0

2 x2 ¼ f2 ¼ x0
2 x3 ¼ f3 ¼ x0

3

x0
1 ¼ g1 ¼ x1 � cðtÞx2 x0

2 ¼ g2 ¼ x2 x0
3 ¼ g3 ¼ x3

ð8:82Þ

c(t) is an arbitrary piecewise differentiable function of the time with the condition
that c(t) = 0 for t \ 0. From (8.11) and (8.13) it follows
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Fik ¼
1 cðtÞ 0
0 1 0
0 0 1

0

@

1

A and F�1
ik ¼

1 �cðtÞ 0
0 1 0
0 0 1

0

@

1

A ð8:83Þ

and from (8.20)

Cik ¼
1 c 0
c 1 þ c2 0
0 0 1

0

@

1

A Aik ¼
1 �c 0
�c 1 þ c2 0
0 0 1

0

@

1

A

Bik ¼
1 þ c2 �c 0
�c 1 0
0 0 1

0

@

1

A Gik ¼
1 þ c2 c 0

c 1 0
0 0 1

0

@

1

A ð8:84Þ

Inserting (8.82) into (8.3) and (8.5) yields

u1 ¼ _cðtÞx0
2 u2 ¼ u3 ¼ 0 and v1 ¼ _cðtÞx2 v2 ¼ v3 ¼ 0 ð8:85Þ

and, therefore, from (8.39)

d12 ¼ d21 ¼ _cðtÞ=2 d11 ¼ d22 ¼ d33 ¼ d13 ¼ d23 ¼ 0 ð8:86Þ

A comparison of (8.85) with (3.23) shows that time-dependent simple shear is
equivalent with laminar shear flow whereby the velocity gradient q(t) equals the
shear rate _cðtÞ.

In order to calculate the principal coordinate system of the Cauchy tensor for
simple shear we insert (8.84) into (8.79) and (8.80) and obtain the equations

c2 ¼ ðc2 � c1Þ cos 2v 2c ¼ ðc1 � c2Þ sin 2v 2 þ c2 ¼ c1 þ c2 ð8:87Þ

c1 ¼ 1 þ c2=2 þ c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ c2=4

p
c2 ¼ 1 þ c2=2 � c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ c2=4

p
tan 2v ¼ �2=c ð8:88Þ

From the third of Eq. (8.88) we conclude that tan 2v is negative and has two
solutions for the angle 2v. One solution is that cos 2v[ 0 and sin 2v\ 0 and 2v is
negative and situated between zero and -90�, the other that cos 2v\ 0 and
sin 2v[ 0 and 2v is positive and situated between 90� and 180�.

We choose the latter solution and find from the first two equations of (8.88) that
c1 is the larger of the two eigenvalues. As the product c1�c2 is equal to unity, we
may designate c1 and c2 by

c1 ¼ k2 c2 ¼ 1=k2 ð8:89Þ

with k C 1. Due to Eq. (8.71), in the system of principle axis of the Cauchy tensor
the length of line elements in the 1-direction is increased to the k-fold, in the
2-direction decreased by 1/k, in the 3-direction it is left unchanged.
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A simple relation between k and c may be obtained as follows. From (8.88) and
(8.89) we find

c1 � c2 ¼ k2 � 1=k2 ¼ 2c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ c2=4

p

and inserting this relation into the first of Eq. (8.88) yields

k2 ¼ 1 þ c2=2 þ c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ c2=4

p
¼ 1 þ c2=2 þ ðk2 � 1=k2Þ=2

which is equivalent to c2 ¼ k2 � 2 þ 1=k2 or

c ¼ k � 1=k ð8:90Þ

The angle v determines the orientation of the principal coordinate system of the
tensor C. From the third of Eq. (8.88) we find that v is positive and a function of
the magnitude of the shear c. For small values of c, -2/c = tan 2v tends to minus
infinity and 2v to 90�. Therefore, the principal axis starts at an angle of 45� for
small values of the shear. With increasing values of c, 2v becomes less negative
and the angle v increases. The type of deformation in principal axes is called pure
shear.

The transformation of the Cauchy tensor for simple shear into its principal
coordinate system written in form of matrices reads

R �
1 c 0
c 1 þ c2 0
0 0 1

0

@

1

A � ~R ¼
k2 0 0
0 1=k2 0
0 0 1

0

@

1

A with R ¼
cos v sin v 0
� sin v cos v 0

0 0 1

0

@

1

A ð8:91Þ

R is the orthogonal matrix which transforms the coordinates from the original
system into the principal system of C and v is given by the positive solution of
Eq. (8.88).

The transformation to principal axes is illustrated in Fig. 8.8, which shows a
square in the x1-x2-plane (full black lines). This square is transformed into a
parallelogram (broken line) by a simple shear strain of magnitude c = 1 resulting
in the angle v = 58� for the inclination of the principal coordinate system (red full
lines) against the direction of shear x1. The rotated square drawn in red changes by
the transformation (8.91) into a rectangle with edges magnified by the ratio
k = 1.62 in the x01-direction and compressed by the ratio 1/k = 0.62 in the
x02-direction compared to the edges of the square.

Equations (8.81) and (8.86) yield for the principal axes of the rate of strain
tensor D
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d1 ¼ �d2 ¼ _cðtÞ tan 2v ¼ 1 v ¼ 45	 ð8:92Þ

For the rate of strain tensor, the principal direction is always inclined by 45�
against the direction of motion, independent of the magnitude of the shear rate.

8.7.2 Multidimensional Time-Dependent Incompressible
(Isochoric) Extension

A cube with edges parallel to the coordinate axes is extended or compressed into a
cuboid without changing its volume. This type of deformation is described by the
path equations

x1 ¼ k1ðtÞx0
1 x2 ¼ k2ðtÞx0

2 x3 ¼ k3ðtÞx0
3 ð8:93Þ

with k1(t), k2(t), k3(t) being arbitrary piecewise differentiable functions of the time
subjected to the conditions ki(t) = 1 for t \ 0 and to the incompressibility
condition

k1ðtÞ � k2ðtÞ � k3ðtÞ ¼ 1 ð8:94Þ

The ki are called the principal extension ratios. Often the so-called Hencky-
strains eH,i (t) are introduced defined by

Fig. 8.8 Illustrating the transformation to principal axis in simple shear of magnitude c = 1 and
an inclination of the principal axis of v = 58�
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eH;iðtÞ ¼ ln kiðtÞ for i ¼ 1 to 3 ð8:95Þ

Using the Hencky-strains Eq. (8.94) reads

eH1ðtÞ þ eH2ðtÞ þ eH3ðtÞ ¼ 0 ð8:940Þ

The velocity field in Euler-representation becomes

v1ðx; tÞ ¼
_k1

k1
x1 ¼ _eH1 x1 v2ðx; tÞ ¼

_k2

k2
x2 ¼ _eH2 x2 v3ðx; tÞ ¼

_k3

k3
x3 ¼ _eH3 x3 ð8:96Þ

The deformation gradient, its inverse, all strain tensors and the rate of strain
tensor are already in their diagonal form with the components

Fik ¼
k1 0 0
0 k2 0
0 0 k3

0

@

1

A and F�1
ik ¼

k�1
1 0 0
0 k�1

2 0
0 0 k�1

3

0

@

1

A ð8:97Þ

Cik ¼
k2

1 0 0
0 k2

2 0
0 0 k2

3

0

@

1

A ¼ Gik Aik ¼
k�2

1 0 0
0 k�2

2 0
0 0 k�2

3

0

@

1

A ¼ Bik ð8:98Þ

dik ¼
_eH1 0 0
0 _eH2 0
0 0 _eH3

0

@

1

A ð8:99Þ

Multidimensional incompressible extension may be classified by introducing a
parameter m relating the extension in the 1-direction to that in 2-direction.

k1 ¼ k k2 ¼ km k3 ¼ k�ð1þmÞ ð8:100Þ

with values of m between -1/2 and +1. Table 8.1 lists some typical modes of
extensional deformation and the first and second invariants of their strain tensors C

and G.
As the comparison of (8.91) with table 8.1 shows, pure shear and planar

extension have the same principle values.
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Table 8.1 Special modes of isochoric multiaxial extension, the values of the parameter m and
their invariants

Type of extension m Principal extension ratios IC = IG IIC = IIG

Uniaxial extension
in the 1-direction

-1/2 k1 = k, k2 = k3 = k-1/2 k2 + 2/k 1/k2 + 2k

Planar extension in
the 1–3 plane

0 k1 = k, k2 = 1, k3 = 1/k 1 + k2 + 1/k2 1 + k2 + 1/k2

Equibiaxial extension
in the 1–2 plane

1 k1 = k, k2 = k, k3 = 1/k2 2k2 + 1/k4 2/k2 + k4
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Chapter 9
Large Deformations of Polymers

9.1 Stress-Strain Behavior of Polymeric Materials

For the mechanical characterization of materials, particularly in the nonlinear
range of deformation, the tensile behavior characterized by the stress–strain curve
plays an important role. In technical applications the stress r is defined by relating
the force F to the initial cross section of the sample A0, i.e.,

r ¼ F=A0 ð9:1Þ

and the strain e by the ratio of the change in length Dl = l – l0 to the initial length,
l0 i.e.,

e ¼ Dl=l0 ð9:2Þ

with l being the actual length of the sample.
The so-called engineering stress and engineering strain are physically mean-

ingful as long as the deformations applied are small as it is usually the case for
investigations on metals, glass, and ceramics. For polymer materials these con-
ditions are a more or less coarse approximation in the glassy state, but not at all
fulfilled in the rubber-elastic or molten state. In these cases, physically well-
defined quantities should be used which take the large changes of the sample
length and the cross section during elongation into account. The ‘‘natural’’
deformation often expressed by the so-called Hencky strain and the ‘‘true’’ stress
are described and discussed in Sect. 12.1.

Due to the importance for the mechanical characterization of materials, the
technical equipment and the methods to measure stress–strain curves are stan-
dardized. The standard [1] describes the test equipment for polymer materials, in
others, e.g., [2] and [3], the test procedures are given.

The characteristic quantities derived from stress–strain curves are the same for
all materials but their values can be very different, of course. These facts may be
briefly discussed by comparing the schematic curves of a metal like steel and a
polymer.
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In Fig. 9.1 the stress as a function of the strain is schematically plotted for steel.
After a steep and approximately linear increase of the stress with strain a small
maximum is reached which is followed by a further increase of the stress which is
not as pronounced, however, as in the first section. Then the curve runs through
another broad maximum before it breaks. As indicated in Fig. 9.1, the first max-
imum due to a yielding of the material is described by the elongation at yield ey

and the corresponding stress ry. The elongation and the stress at break are
denominated eb and rb, respectively. The first part of the deformation is charac-
terized by the slope of the curve which represents the tensile or Young’s modulus
E. As long as the material-specific modulus is independent of strain or stress,
respectively, i.e., the slope is constant, the deformation behavior is linear. The
underlying microscopic processes are deformations of the crystal lattice that are
fully reversible within certain limits of atomic displacements. The elongation after
the yield point is irreversible and goes back to lattice planes slipping along each
other. At too high stresses bonds break and the material fails. Typical data for steel
are given in Table 9.1.

For polymeric materials different states of deformation have to be distinguished
which go back to the molecular mobility changing with temperature. In the glassy
state at temperatures not too close to the glass transition the material can behave
very brittle. A stress–strain curve typical of such a state is schematically presented
in Fig. 9.2. Similar to Fig. 9.1, the stress r increases with the elongation e but the
sample breaks without having reached a yield point before. The failure is char-
acterized by the critical elongation to break eb and the corresponding stress rb.
Typical values for these quantities are given in Table 9.1. The highest moduli of
around 10,000 MPa are found for commercial not reinforced polymers at cryo-
genic temperatures [4]. In contrast to steel, r(e) is not linear up to the point of
failure, however, i.e., a constant modulus only exists for small deformations.

Fig. 9.1 Schematic diagram
of the engineering stress r as
a function of the engineering
strain e for steel. ry is the
yield stress, ey the elongation
at yield, rb the stress at break,
eb the elongation at break

276 9 Large Deformations of Polymers



The fact that the deformation is not totally elastic is expressed by the hysteresis in
Fig. 9.2. The area between the two curves is proportional to the mechanical energy
dissipated during one cycle.

Due to the pronounced curvature of the stress–strain curve, in case of polymeric
materials the tangent modulus is replaced by the secant modulus. The latter
requires the specification of two strains for its defined determination.

Preferably in the leather-like state of semicrystalline polymers and at about
30 �C below the glass temperature in the case of amorphous polymers, a stress–
strain behavior can be observed as sketched in Fig. 9.3. After a steep increase of
the stress as a function of strain a yield point characterized by ry and ey occurs.
Increasing the strain further leaves the stress nearly constant which rises again just
before the failure of the sample. The stress–strain curve specific for polymers
under certain conditions in the solid state is accompanied by a remarkable change
in the geometry of the sample also shown in Fig. 9.3. The yielding falls together
with the formation of a notch (1) which extends along the sample with increasing
stretching. Shoulders are formed which separate the drawn section from the
undrawn ones (2). After the whole sample is elongated, the stress slightly increases
again before failure occurs (3). This phenomenon is called cold-drawing as it leads
to the thinning of a sample far below temperatures usual for drawing processes
from the molten state. Most of the deformation is irreversible as indicated by the

Fig. 9.2 Schematics of a
stress–strain diagram for a
brittle polymer material

Table 9.1 Comparison between typical mechanical data of steel and a polymeric material in
different states of deformation (The definitions of the quantities are given in Fig. 9.1)

E [MPa] ey ry [MPa] eb rb [MPa]

Steel 210,000 0.1–0.2 250 &0.3 400–1400
Polymer
Brittle 3,000–10,000 0.002–0.03 10–200
Cold drawn &3000 0.02–0.03 10–60 2–5 [ry

Rubber-elastic 1–10 2–10 10–50
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pronounced hysteresis loop in Fig. 9.3. For amorphous polymers the cold-drawing
effect has been found to get reversed by heating the sample distinctly above Tg in
the unloaded state.

The molecular process underlying cold-drawing of amorphous polymers is the
orientation of the molecule chains under the large mechanical stresses applied.
This mechanism is more complicated, however, in the case of semicrystalline
polymers as the change of the orientation of crystallites additionally comes into
play.

The stress–strain curve in the rubber-elastic state is sketched in Fig. 9.4. A
constant modulus is only found in a very small range of deformation and yielding
and cold-drawing are absent. The stress increases more or less continuously up to
the failure of the sample which is characterized by the stress rb and elongation eb

at break. As can be seen from Table 9.1 these quantities cover a wide range. eb can
assume rather large values comparable to those of rubbers whereas rb is not too far
away from the range found for polymers in the other deformation states. As it
becomes obvious from Fig. 9.4, nearly up to the point of failure most of the
elongation is reversible. This reversibility is understandable from the entanglement
network still existing in the rubber-elastic regime (cf. Sect. 9.4).

All the three types of the stress–strain behavior described can be obtained for
amorphous polymers if the corresponding temperatures are chosen. They are
summarized in Fig. 9.5. At temperatures far below Tg one finds a pronounced
brittleness. After an approximately linear increase of the stress with strain the
samples break at relatively small elongations. Around 30 �C below Tg first

Fig. 9.3 Schematics of the stress–strain behavior of an amorphous polymer cold drawn some
few degrees below Tg
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indications of yielding occur which extends into wide ranges of cold-drawing
around Tg. Above Tg in the rubber-elastic state the inhomogeneous deformation of
cold-drawing is not found anymore. The modulus becomes comparatively low and
the stress remains nearly constant over a wide range of elongation before it
increases up to the failure of the sample. In this deformation regime a growing
temperature effects a decrease of the stress and elongation to break but the cor-
responding parts of the stress–strain curves remain nearly unchanged.

Besides the temperature, the deformation rate can have a strong influence on the
stress–strain curve. This is typical of viscoelastic materials. Such behavior is pre-
sented in Fig. 9.6 for a rubber-modified polystyrene. For the sake of simplicity the
forces F are plotted as functions of the change in sample length Dl. At the constant
temperature of 23 �C the yield point shifts to higher stresses and slightly larger
deformations with growing deformation rates. The same tendency is seen for the
force at break, but the opposite is observed for the deformation at break. The lower
the deformation rate the larger becomes this quantity and seems to approach a
constant value (cf. Fig. 9.6a). In Fig. 9.6b the dependence on temperature is pre-
sented. At the constant deformation rate of 500 mm/min a higher temperature
decreases the force and the deformation at the yield point. The force at break

Fig. 9.5 Schematic stress–
strain curves of an amorphous
polymer at various
temperatures below and
above Tg

Fig. 9.4 Schematics of a
stress–strain diagram for a
polymer in the rubber-elastic
state
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becomes smaller with growing temperature, the critical deformation increases,
however.

These findings can be qualitatively understood by the interplay of the mobility
of the molecules and the rate of the externally applied deformation. If the defor-
mation is slow enough to be followed by the molecules, the acting stress may be so
small that they are not broken. Increasing the deformation rate leads to a stress
enhancement that may be reduced, however, by a growth in molecular mobility
which can be achieved by higher temperatures.

9.2 Rheological Equation of State for Isotropic Elastic
Materials

For a purely elastic material the stress tensor is a unique function of either the
absolute Green tensor G (cf. Eq. 8.18) or of the absolute Piola tensor A (cf. Eq. 8.
17). If moreover the material is isotropic, the stress tensor has to be an isotropic
tensor function of A or G . For reasons which will become clear in Sect. 9.3 we
prefer the presentation in terms of G which due to Eq. (8.63) can be written as

S ¼ f0ðIG; IIG; IIIGÞE þ f1ðIG; IIG; IIIGÞG þ f2ðIG; IIG; IIIGÞG2 ð9:3Þ

f0, f1, and f2 are three scalar functions of the three invariants of the Green tensor.
These functions characterize the elastic properties and are to be determined by
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Fig. 9.6 Force F as a function of change in length Dl for a rubber-modified polystyrene. The
initial sample length was 100 mm and the rectangular cross section 3 9 10 mm2. a Measurements
at a constant temperature of 23 �C, but different deformation rates v, b Measurements at a constant
deformation rate of v = 500 mm/min and three various temperatures [5]
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experiments. The functions f0, f1, and f2 are not independent of each other, but
related by the elastic deformation energy.

Large elastic deformations are observed, for example, for well cross-linked
rubbers. They are incompressible with a shear modulus many orders of magnitude
smaller than their bulk modulus. Therefore, under non isotropic pressures, the
volume changes are much smaller than the changes in shape and may be neglected
As only isochoric deformations are admitted, i.e.,

IIIG ¼ dV

dV0

� �2

¼ 1 ð9:4Þ

according to Eq. (8.70), the third invariant does not occur as an independent
variable in the scalar functions f0, f1, and f2. Moreover, an arbitrary hydrostatic
pressure may always be added to the stress tensor without changing the state of
deformation. Consequently, the stress tensor can only be determined apart from an
arbitrary hydrostatic pressure p. The first term in Eq. (9.3) may represent this
quantity and the rheological equation of state of a purely elastic isotropic
incompressible material then becomes

S ¼ �pE þ f1ðIG; IIGÞG þ f2ðIG; IIGÞG2 ð9:5Þ

The functions f1 and f2 depend on the two invariants IG and IIG, only.
A further simplification results from the introduction of the elastic deformation

energy. In the principal coordinate system of the tensor G also G2 and S will be in
their diagonal forms and Eq. (9.5) reads as

ri ¼ �p þ f1ðIG; IIGÞk2
i þ f2ðIG; IIGÞk4

i for i ¼ 1; 2; 3 ð9:6Þ

with k being the extension ratio. Then r1 is the first principal stress, i.e., the normal
stress acting on the 1-plane related to the area of this plane in the deformed state.
To calculate the deformation energy it is necessary to introduce the engineering
stress, since energy is defined as the path integral of the forces, not of the stresses.
Let s1 be the engineering stress acting on the 1-plane related to the area of this
plane in the undeformed state then because of the incompressibility condition
k1k2k3 = 1, the following relation between the engineering stress and the true
stress holds:

s1 ¼ k2k3r1 ¼ r1=k1; ð9:7Þ

The deformation energy per unit volume necessary to deform a small cube
parallel to the axes of the coordinate system to the k1, k2, k3-fold of its original
lengths is designated by w. For an incompressible elastic isotropic material this
deformation energy density can only depend on the two invariants IG and IIG of the
strain tensor
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w ¼ wðIG; IIGÞ ð9:8Þ

By changing the principle extension ratios from k1, k2, k3 to k1 + dk1, k2 + dk2,
k3 + dk3, while considering the incompressibility condition

dk1=k1 þ dk2=k2 þ dk3=k3 ¼ 0 ð9:9Þ

the change in the deformation energy density is

dw ¼ s1dk1 þ s2dk2 þ s3dk3 ð9:10Þ

Applying the chain rule of differentiation, the change of the energy may also be
represented by differentiation of w with respect to k1, k2, k3.

dw ¼ ow

oIG

oIG

oki
dki þ

ow

oIIG

oIIG

oki
dki ð9:11Þ

Using (8.70) and (8.71) IG and IIG may be expressed explicitly by the k and the
derivatives become

oIG

oki
¼ 2ki

oIIG

oki
¼ 2kiðIG � k2

i Þ

The second equation may be understood by writing oIIG=oki for the index 1, i.e.,
2k1 (k2

2 + k3
2) = 2k1 (IG - k1

2) and then generalize it to the index i. Inserting these
relations into (9.11) yields

dw ¼ 2
ow

oIG
þ IG

ow

oIIG

� �
kidki � 2

ow

oIIG
k3

i dki ð9:12Þ

The variations dki are not independent of each other because of the incom-
pressibility condition (9.9). Therefore, before comparing the expressions (9.10)
and (9.12) dk3 has to be eliminated from both expressions using Eq. (9.9). After
elimination of dk3, dk1 and dk2 are independent of each other and setting (9.10)
equal (9.12) results in two equations, one of them being

k1s1 � k3s3 ¼ 2
ow

oIG
þ IG

ow

oIIG

� �
ðk2

1 � k2
3Þ � 2

ow

oIIG
ðk4

1 � k4
3Þ ð9:13Þ

The other follows from (9.6) as

k1s1 � k3s3 ¼ r1 � r3 ¼ f1ðIG; IIGÞðk2
1 � k2

3Þ þ f2ðIG; IIGÞðk4
1 � k4

3Þ ð9:14Þ
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Considering that k1 and k3 are independent of each other, from a comparison of the
coefficients in (9.13) and (9.14) follows for the functions f1 and f2 of the consti-
tutive Eq. (9.3)

f1ðIG; IIGÞ ¼ 2
ow

oIG
þ IG

ow

oIIG

� �
f2ðIG; IIGÞ ¼ �2

ow

oIIG
ð9:15Þ

A purely elastic isotropic incompressible material is completely characterized by
one function depending on two independent variables, the deformation energy
density w(IG, IIG).

Using the equation of Caley-Hamilton (Eq. 8.62) G2 can be substituted by a

linear combination of G and G�1 which results in a still simpler form for the
rheological equation of state.

S ¼ �pE þ 2
ow

oIG
G � 2

ow

oIIG
G�1 ð9:16Þ

As an example we consider the case of simple shear. Inserting (8.82) and (8.84)
into (9.16) yields

r12 ¼Gc

r11 � r22 ¼Gc2

r22 � r33 ¼ � 2c2 ow

oIIG

ð9:17Þ

with G being an abbreviation for the expression

G ¼ 2
ow

oIG
þ ow

oIIG

� �
ð9:18Þ

From these equations it follows that simple shear cannot be realized by a shear
stress only, but also requires the application of normal stress differences, a first
normal stress difference r11–r22 and a second normal stress difference r22–r33.
G is the ratio of the shear stress to the shear strain and is called the shear modulus
of the material which is not necessarily a constant, but may depend on the mag-
nitude of the shear c. Only in the case that the deformation energy density depends
linearly on the first and second invariants, the shear modulus is a constant. The first
normal stress difference is always positive, as G and c2 are positive. The ratio of
the first normal stress difference to the square of the shear, the first normal stress
coefficient, is equal to the shear modulus. As a consequence, for values of the shear
larger than one the first normal stress difference will exceed the shear stress. The
second normal stress difference may be positive or negative. It is different from
zero only, if the deformation energy depends on the second invariant.
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An experiment in simple shear does not admit the complete determination of
the deformation energy. This may be seen from the equality of the two invariants
in simple shear which are

IG ¼ IIG ¼ 3 þ c2 ð9:19Þ

In order to determine w(IG, IIG) experiments should be performed in which both
invariants can be changed independently of each other within a range as wide as
possible.

An example for an experiment in which IG and IIG differ is uniaxial extension
which is described by

k1 ¼ k k2 ¼ k3 ¼ 1=
ffiffiffi
k

p
ð9:20Þ

and

IG ¼ k2 þ 2=k IIG ¼ 1=k2 þ 2k ð9:21Þ

As the planes perpendicular to the direction of extension are free of stress, the
stresses for an isochoric uniaxial extension become

r11 ¼ 2
ow

oIG
þ 1

k
ow

oIIG

� �
k2 � 1

k

� �
r12 ¼ r23 ¼ r31 ¼ r22 ¼ r33 ¼ 0 ð9:22Þ

Further combinations of IG and IIG may be realized by other types of multi-
axial extensions as listed in Table 8.1. For instance equibiaxial extension of the
1-2 plane is characterized by

k1 ¼ k k2 ¼ k k3 ¼ 1=k2 ð9:23Þ

and the stresses in the 1 and 2-directions are

r11 ¼ r22 ¼ 2
ow

oIG
þ k2 ow

oIIG

� �
k2 � 1

k4

� �
r33 ¼ 0 ð9:24Þ

In uniaxial extension for k [[ 1 we find IG [ IIG, while in equibiaxial
extension for k � 1 IIG � IG is valid.

9.3 Rheological Equation of State for the Ideal Rubber

An ideal rubber is defined as a purely elastic isotropic incompressible material
with a very simple rheological equation of state:
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S ¼ �pE þ G � G ð9:25Þ

G is the constant shear modulus. The corresponding elastic deformation energy

wðIG; IIGÞ ¼
1
2

GðIG � 3Þ ð9:26Þ

may be derived from a simple model using the Gaussian chain statistics (compare
Sect. 9.4). As the validity of Gaussian chain statistics is limited to those cases in
which macromolecules are not stretched up to the region of their finite length, one
should expect the applicability of Eq. (9.25) to be limited to moderate deforma-
tions. Experimentally, (9.25) turns out to give a reasonable description of the
rheological behavior of rubbers in shear up to c = 1 and in uniaxial extension up
to k = 2 ([6, 7]).

In the undeformed state, i.e., k1 = k2 = k3 = 1 and IG = 3, w vanishes. Fur-
thermore, from (9.17) and (9.18) it follows that G equals the constant shear
modulus and the constant first normal stress coefficient, while the second normal
stress coefficient is zero. If we had used the tensor A instead of G for the
description of the equation of state, a more complicated expression would have
been the result for the rheological law of the ideal rubber. This was the reason for
preferring G as the deformation tensor for the constitutive Eq. (9.25).

The linear relation (9.25) between the stress tensor S and the strain tensor G

may be inverted to

G ¼ J S þ pE
� �

ð9:27Þ

with J = 1/G being the constant shear compliance. The term Jpdik in Eq. (9.27)
remains undetermined because the hydrostatic pressure p is unknown. It may,
however, be derived from the condition of incompressibility which reads as

IIIG ¼ DetðGikÞ ¼ 1 ð9:4Þ

or because of Gik = J(rik + pdik)

DetðGikÞ ¼ J3
r11 þ p r12 r13

r21 r22 þ p r23

r31 r32 r33 þ p

						

						
¼ 1
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Developing the determinant yields just the left-hand side of the characteristic
equation of the stress tensor (8.60) with p = - k. Therefore the condition (9.4)
reads as

p3 þ Irp2 þ IIrp þ IIIr ¼ 1=J3 ¼ G3 ð9:28Þ

This equation has at least one real root for p which can be inserted into (9.27). This
determines the strain tensor uniquely.

In conclusion we may distinguish two cases:

(a) The deformations are given; it follows the state of stress apart from an
arbitrary additional hydrostatic pressure, which remains undetermined.

(b) The stresses are given; the state of deformation follows apart from the
hydrostatic component Jpdik which follows from Eq. (9.28).

For a given state of stress, only one state of strain exists, for a given state of strain
an infinite number of states of stress is possible which differ by their hydrostatic
component.

The predictions of the theory of rubberlike elasticity are compared with some
experimental results taken from [8].

Simple shear:
For the case of simple shear one obtains by inserting (8.84) into (9.25)

r12 ¼Gc

r11 � r22 ¼Gc2

r22 � r33 ¼ 0

ð9:29Þ

The shear stress is proportional to the shear strain, the first normal stress difference
is positive, the second one is zero.

In Fig. 9.7 the deformation in simple shear of a vulcanized natural rubber is
shown after Treloar [8] and compared with the prediction of (9.29). Up to values of
c = 1 theory and experiment agree well. At higher values of the shear, the shear
stress measured lies below the prediction. Even in the range between c = 1 and
c = 5 the differences between experiment and Eq. (9.29) do not exceed 10 %,
however.

Uniaxial extension:
For uniaxial extension in the 1-direction we insert k1 = k, k2 = k3 = 1/k1/2 into
(8.98) and find G11 = k2, G22 = G33 = 1/k, Gik = 0 for i 6¼ k. From Eq. (9.25)
the principal stresses follow as

r1 ¼ �p þ Gk2 r2 ¼ r3 ¼ �p þ G=k ð9:30Þ

The transversal 2- and 3-planes of the sample are free of stress (r2 = r3 = 0).
On the 1-plane a force acts which, related to the cross section in the undeformed
state, is designated the engineering stress f.
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r1 ¼ kf ð9:31Þ

Eliminating p from Eq. (9.30) by using the condition r2 = 0 results in the
following relation between the engineering stress f and the extension ratio k

f ¼ Gðk � 1=k2Þ ð9:32Þ

The engineering stress-extension diagram of a vulcanized natural rubber is
compared with the prediction (9.32) in Figs. 9.8 and 9.9. Figure 9.8 shows a good

Fig. 9.7 Shear stress versus
shear for a vulcanized rubber
(a) experimental
(b) Eq. (9.29) [8]

Fig. 9.8 Engineering stress f
versus the extension ratio k
for a vulcanized natural
rubber in uniaxial extension
(a) experimental
(b) Eq. (9.32) [8]
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agreement in the range k\ 1.4 between Eq. (9.32) and the experiment. In the
extension range 1.4 \ k\ 5.6 the prediction surpasses the experiment, while at
still higher extension ratios the experimental values of the engineering stress are
much higher than the predicted ones.

The reason for this discrepancy is that the macromolecules are so strongly
oriented at higher extension that the Gaussian chain statistics loses its validity.
By introducing a statistics which approximately takes into consideration the finite
chain length, Treloar [8] could describe the upswing in the curve in Fig. 9.8.

The compression and the uniaxial stress–strain behavior at small deformations
are presented in Fig. 9.9.

The figure shows the excellent agreement between theory and experiment at
small extension ratios and in compression. It can be seen that the stress-defor-
mation diagram is not linear, even close to the undeformed state, but exhibits a
strong negative curvature. One way to define a modulus in uniaxial extension is to
determine the tangent on the f(k) curve at the point k = 1. For the tensile modulus
E then follows from Eq. (9.32)

E ¼ lim
k!1

df

dk
¼ 3G ð9:33Þ

However, even at small deformations, Eqs. (9.25) and (9.27) do not present a
generally valid description of the rheological behavior. This deficiency becomes
obvious when considering the behavior under two-dimensional stresses, for which
Eq. (9.25) fails.

A much better phenomenological description of various deformation modes has
been given by Mooney [9] proposing the following deformation energy density

Fig. 9.9 Engineering stress f
versus the extension ratio k
for a vulcanized natural
rubber in compression and
small uniaxial extension [8]

288 9 Large Deformations of Polymers



w ¼ C1ðIG � 3Þ þ C2ðIIG � 3Þ ð9:34Þ

which according to Eq. (9.16) results in the stress–strain relation

S ¼ �pE þ 2C1G � 2C2G�1 ð9:35Þ

with C1 and C2 being two positive constants. From Eq. (9.18) it follows that
2(C1 + C2) equals the constant shear modulus and the constant first normal stress
coefficient, while according to Eq. (9.17) C2 gives rise to a negative second normal
stress difference in shear.

The influence of the C2-term in the deformation energy density does not show
up in simple shear, but already appears in uniaxial extension. For a rubber with the
stress–strain relation (9.35), the relationship between engineering stress and
extension ratio becomes instead of (9.32)

f ¼ 2ðC1 þ C2=kÞðk � 1=k2Þ ð9:36Þ

By plotting f / (k-1/k2) versus 1/k the relevance of the C2-term is easily proved. In
this way, C2 has been found to be about 10 % of C1 [9]. Consequently, the second
normal stress difference is much smaller—in absolute measure—than the first one.
Moreover, the third term in Eq. (9.35) improves especially the description of the
behavior under two-dimensional stresses. This has been shown by Rivlin and
Saunders [10] who investigated pure shear, pure shear with superimposed exten-
sion, pure torsion and torsion with superimposed extension. They concluded that
within wide limits, the behavior of vulcanized rubbers could be described by the
Mooney-Equation (9.34). They proved that C1 is a material constant independent
of IG and IIG and that C2 is independent of IG but slightly dependent on IIG. The
ratio C2/C1 decreases from 0.25 to 0.04 with increasing IIG.

9.4 Statistical Theory of Rubber Elasticity

The statistical theory of the conformations of macromolecules as described in
Sect. 2.3 has often been used to predict the properties of macromolecular net-
works. We restrict our considerations to the discussion of a simple model for
rubber elasticity as described by Flory and Rehner [11].

As elementary cell of a cross-linked rubber a regular tetraeder is chosen con-
sisting of four chains of equal length and one four-functional cross-linking point P
(cf. Fig. 9.10). The four chains are kept fixed at their end points A, B, C, D while
their other endpoints which are bundled in P have to move together with the point
P, which is assumed to be free in space. The probability of this conformation is
calculated from which its entropy and its free energy follow.
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A linear homogeneous deformation is applied characterized by the principal
extension ratios k1, k2, k3 which is to be followed by the points A, B, C, and D. By
this deformation, the probability of the conformation is changed as is its entropy
and free energy. From the latter the deformation energy of the tetraeder is obtained
as function of the extension ratios.

The first step is the mathematical description of the tetraeder referring to
Fig. 9.11. The origin of the coordinate system is placed in the center O of the
tetraeder.

Point D is assumed to lie on the x3-axis at a distance h0 from the origin; the
points A, B, and C then come to lie in a plane parallel to the 1-2 plane. Under the

Fig. 9.11 Description of the
elementary cell

Fig. 9.10 Elementary cell
for a cross-linked rubber
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assumption that A lies in the 1-3 plane, the coordinates of all four corners of the
tetraeder are fixed as follows:

A ¼
ffiffiffi
8

p

3
; 0;� 1

3

� �
� h0 B ¼ �

ffiffiffi
2

p

3
;

ffiffiffi
2

p
ffiffiffi
3

p ;� 1
3

� �
� h0

C ¼ �
ffiffiffi
2

p

3
;�

ffiffiffi
2

p
ffiffiffi
3

p ;� 1
3

� �
� h0 D ¼ 0; 0; 1½ � � h0

ð9:37Þ

Applying a linear homogeneous deformation, the coordinates x1, x2, x3 change to
x1

0 = k1�x1, x2
0 = k2�x2, x3

0 = k3�x3, and the initial tetraeder changes to a tetraeder
which is not regular any longer and has the corners A0, B0, C0, and D0 with the
coordinates

A0 ¼
ffiffiffi
8

p

3
k1; 0;� 1

3
k3

� �
� h0 B0 ¼ �

ffiffiffi
2

p

3
k1;

ffiffiffi
2

p
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3
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1
3
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� �
� h0
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ffiffiffi
2

p

3
k1;�

ffiffiffi
2

p
ffiffiffi
3

p k2;�
1
3
k3

� �
� h0 D0 ¼ 0; 0; k3½ � � h0

ð9:38Þ

We designate the vectors, OA0, OB0, OC0, OD0 as R1, R2, R3, R4. Of two of the
properties of these vectors is made use: The one is that their vector sum vanishes

R1 þ R2 þ R3 þ R4 ¼ 0 ð9:39Þ

The verification follows directly from Eq. (9.38). The other is the relation between
the sum of square lengths of the vectors and the elongation ratios which follows as

R2
1 þ R2

2 þ R2
3 þ R2

4 ¼ 4h2
0

3
½k2

1 þ k2
2 þ k2

3� ð9:40Þ

For the calculation of the entropy, we consider the tetraeder in its deformed
state. In this case the cross-linking point P of the four chains not necessarily stays
at the origin of the coordinate system. The vector OP is designated by s. The
probability of the conformation for a fixed value of P will be equal to the product
of four probabilities

wðk1; k2; k3;PÞ ¼ w1 � w2 � w3 � w4 ð9:41Þ

whereby w1 is the probability that the endpoint of chain number 1 is situated at P if
its starting point is at A0, w2 the probability that the endpoint of chain number 2 is
situated at P if its starting point is at B0, etc. Equation (2.36) describes the prob-
ability for a random flight chain with its starting point in O to have its end point in
x as follows:
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wðx; y; zÞ � w rð Þ ¼ 3
2phr2i

� �3=2

e�3r2=2hr2i ð2:36Þ

with hr2i being the expectation value of the squared end to end distance of the
chain in its undisturbed state.

From (2.36) the probability w1 for a random flight chain with the starting point
R1 to have its end point at the position s follows as

w1 ¼ w R1 � sð Þ ¼ 3
2phr2i

� �3=2

e�3ðR1�sÞ2=2hr2i ð9:42Þ

and analog expressions are valid for w2, w3, and w4. Inserting these relations into
(9.41) results in

wðk1; k2; k3;PÞ ¼ 3
2phr2i

� �6

e�3½ðR1�sÞ2þðR2�sÞ2þðR3�sÞ2þðR4�sÞ2�=2hr2i ð9:43Þ

The expression in the brackets of Eq. (9.43) simplifies by using (9.39) and (9.40)
to

ðR1 � sÞ2 þ ðR2 � sÞ2 þ ðR3 � sÞ2 þ ðR4 � sÞ2 ¼ 4s2 þ 4h2
0ðk

2
1 þ k2

2 þ k2
3Þ=3

ð9:44Þ

Then the probability reads as

wðk1; k2; k3;PÞ ¼ 3
2phr2i

� �6

e�6s2=hr2ie�2ðk2
1þk2

2þk2
3Þh2

0=hr2i ð9:430Þ

Under a first assumption, the points A0, B0, C0 and D0 are kept fixed, while the
cross-linking point P may be anywhere in space. Consequently, the probability of
the conformation is found by integrating w(k1, k2, k3, P) over all positions of P in
the three-dimensional space with the result

Wðk1; k2; k3Þ ¼
Z1

0

4ps2wðk1; k2; k3;PÞds

¼ 3
2phr2i

� �6

e�2ðk2
1þk2

2þk2
3Þh2

0=hr2i
Z1

0

4ps2e�6s2=hr2ids

The integral over the variable s does not depend on the values of k1, k2, k3, and
constitutes a constant, being without any influence on the result, which reads as
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Wðk1; k2; k3Þ ¼ Const � e�2ðk2
1þk2

2þk2
3Þh2

0=hr2i ð9:45Þ

From the Boltzmann equation for the entropy

S ¼ k ln Wðk1; k2; k3Þ ð9:46Þ

it follows that

S ¼ Const � 2k
h2

0

hr2i ðk
2
1 þ k2

2 þ k2
3Þ

for the entropy of the unit cell in the deformed state. Deducting the entropy S0 in
the undeformed state, which is obtained by setting k1 = k2 = k3 = 1 in S, the
change in entropy of the unit cell due to the deformation is found as

S � S0 ¼ �2k
h2

0

hr2i ½ðk
2
1 þ k2

2 þ k2
3Þ � 3� ð9:47Þ

A difficult problem arises now from the question how to deduce the entropy
change of the complete network from the entropy change of the unit cell.

The simplest assumption is the existence of nc chains per unit volume between
two cross-linking points, which are distributed over nc/4 tetraeders. In this case
Eq. (9.45) should be multiplied by a factor of nc/4 to obtain the change in entropy
per unit volume, the specific deformation entropy s(k1,k2,k3),

sðk1; k2; k3Þ ¼ � G

2T
½ðk2

1 þ k2
2 þ k2

3Þ � 3� ¼ � G

2T
½IG � 3� ð9:48Þ

with T being the absolute temperature and G being an abbreviation for the
expression

G ¼ nckT
h2

0

hr2i ð9:49Þ

Under isothermal conditions the free energy density

w ¼ u � Ts ð9:50Þ

determines the deformation. Assuming that the internal energy density u does not
change with deformation, the deformation energy density is given by

wðIG; IIGÞ ¼
1
2

G½IG � 3� ð9:51Þ
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which is equal to (9.26), the expression for the elastic deformation energy of an
ideal rubber with the shear modulus G. In reality, the deformation energy density
also changes somewhat with the deformation, but these effects are small compared
with those of the entropy changes.

The shear modulus G is proportional to the absolute temperature and the
number of chains between cross-links. This result is restricted to the following
requirements

(1) The deformation does not change the internal energy of the material.
(2) All chains between cross-links have the same length and their statistics follow

that in a theta-condition.
(3) The chains are long enough to be described by the Gaussian chain statistics.
(4) The deformations are limited to a range, in which the finite lengths of the

chains do not affect the repulsive forces.

If these requirements are met, the Flory-Rehner model describes an ideal rubber
with a shear modulus G.

The expression (9.49) for the shear modulus overestimates the repulsive forces
of the network in the deformed state. By distributing the nc chains over the nc/4
tetraeders the assumption was made that also points in the interior of the material
(the points A, B, C, and D of the inner tetraeders) are forced to follow the external
deformation affinely. In reality those network points have more degrees of free-
dom. They are able to move freely, whereby however, the motion of those chain
ends which are connected with chain ends of other tetraeders has to take place in
compliance with the latter. Only chain ends which are on the surface of the
specimen have to move affinely with the deformation.

Considering these facts Duiser and Staverman [12, 13] have refined the cal-
culation of the shear modulus of the network with the following result. Let nc be
the number of chains between adjacent cross-links per unit volume, f the func-
tionality of the cross-links and n the number of cross-links per unit volume, then
the equation

n ¼ 2nc=f ð9:52Þ

expresses the fact that each chain between adjacent cross-links is fixed to exactly
two cross-linking points. For the shear modulus the equation

G ¼ ðnc � nÞkT
h2

0

hr2i ¼ nðf
2
� 1ÞkT

h2
0

hr2i ¼ ncð1 � 2
f
ÞkT

h2
0

hr2i ð9:53Þ

was derived instead of (9.49). h0 is the mean distance between two cross-linking
points, hr2i the mean square end to end distance of the random walk chain. If the
cross-linking takes place in the undeformed state, one may expect
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h2
0 ¼ hr2i ð9:54Þ

and the quotient h0
2/h r2 i does not play any role.

For tri-functional cross-linking points it follows from (9.52) and (9.53)

f ¼ 3 G ¼ 1
2

nkT ¼ 1
3

nckT ð9:55Þ

and for tetra-functional cross-linking points

f ¼ 4 G ¼ nkT ¼ 1
2

nckT ð9:56Þ

Equation (9.56) is identical to Eq. (4.9) for the shear modulus of a rubber with
n tetra-functional cross-links per unit volume.

It is also identical with Eq. (4.6) for the shear modulus of an uncross-linked
polymer in the rubber-elastic plateau. In this case n equals ne, the number of
entanglements per unit volume and the entanglements are considered as temporary
tetra-functional cross-links.

Equation (9.56) is the base for the description of rheological properties of
polymer melts by the Lodge theory of elastic liquids.
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Chapter 10
Equations of State for Polymer Melts

10.1 Introduction

For the description of the rheological behavior of polymer melts, no general
phenomenological framework exists up to now. However, very significant progress
has been made in the development of special molecular theories in this field during
the last 20 years. As the intention of this book is to give an overview of mechanical
properties of polymers, but not to go into the details of molecular theories, we
restrict ourselves to discuss a number of equations of state which have been
proposed for the description of rheological properties of polymers.

For the reader who would like to get deeper into theoretical matters, we rec-
ommend a number of monographs dealing with molecular theories of the rheology
of polymer melts as for example [1–5]. Especially the survey by Dealy and Larson
of recent developments in theory [5] is to be mentioned in this connection.

The majority of the various constitutive equations which have been proposed
for polymer melts contain the time dependence in the form of a simple factor in the
kernel of the integral equation which describes the stress tensor at the observation
time t as the sum of the contributions during the deformation history. This factor—
the memory function m(t)—is related to the linear time-dependent relaxation
modulus G(t) of the melt.

An important result of the theoretical studies by Dealy and Larson concerns the
time dependence of the relaxation modulus G(t) of polymer melts. Due to their
investigations one has to distinguish between linear and branched polymers, while
the former also include short-chain branched structures.

For linear, nearly monodisperse polymers, the storage and loss moduli as
functions of the angular frequency could be described almost quantitatively for a
large number of polymer melts by general equations involving only three material-
specific parameters, which are the molar mass M, the entanglement molar mass
Me, and G0

e , the modulus of the melt before the processes of reptation and
primitive path fluctuations come into action. The polymers discussed by Dealy and
Larson were linear PE, atactic, isotactic, and syndiotactic PP, PIB, cis-PI, PMMA,
atactic and isotactic PS, PVA, and PDMS. The values for G0

e , Me, and Mc were
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tabulated in Appendix A of [5]. The conclusion can be drawn that for linear
monodisperse polymer melts, the linear viscoelastic properties may be approxi-
mately predicted.

They also could explain the existence of the empirical relation between molar
mass and viscosity of linear polymer melts, which is observed with overwhelming
experimental evidence stating that the zero-shear viscosity of linear polymer melts
is proportional to Ma above a certain critical molar mass Mc.

g0 ¼ a M=Mcð Þa for M �Mc and

g0 ¼ a M=Mcð Þ for M �Mc
ð10:1Þ

with a % 3.4–3.6 and a being a constant depending on the type of the polymer and
the temperature. The ratio Mc/Me varies from polymer to polymer showing values
between 2.0 and 3.5.

10.2 Rheological Equation of State for the Elastic Liquid
After Lodge

10.2.1 The Constitutive Equation

A model which has been useful for the description of some aspects of the rheo-
logical behavior of polymer melts, is that of the elastic liquid proposed by Lodge
[6]. This model is based on the assumption that entanglements in a polymer melt
are created and annihilated continuously by the Brownian motion. The polymer
melt is regarded as a temporary network of entanglements with a finite life time
only depending on the temperature. A certain part of the entanglement network
created at the time t0 in the past, is deformed during the following period by the
flow process, and contributes to the stress tensor at the observation time t. Its
contribution to the stress tensor is calculated using the theory of the elasticity of an
ideal rubber as described in the Sects. 9.3 and 9.4.

Consider an entanglement network which had existed from the time t0 = 0 at
which the deformation history started until the observation time t and which
consisted during this time of n entanglements per unit volume. According to
Eqs. (9.25) and (9.56), its contribution to the stress tensor at the observation time
t would be

rikðtÞ þ pdik ¼ G � Gik ð9:25Þ

with G being the shear modulus G = nkT and Gik the components of the absolute
Green tensor.
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Gik ¼
ofi
ox0

m

ofk
ox0

m

¼ oxi

ox0
m

oxk

ox0
m

ð8:18Þ

The functions fi are defined by Eq. (8.1). The absolute Green tensor G measures
the strain at the time t relative to the undeformed state at the time t0.

Consider next a network which was created at the past time t0 and which still
exists at the observation time t. Its contribution to the stress tensor at time t is
given by Eqs. (9.25) and (9.56), whereby the absolute Green tensor is to be
replaced now by the relative Finger tensor (8.35)

Bikðx; t; t0Þ ¼ oxi

ox0m

oxk

ox0m
ð8:35Þ

which measures the strain at the time t0 relative to the state at time t.
The number of entanglements per unit volume which were created in the time

interval between t0 and t0 + dt0, and which still exist at the observation time t, only
depends on the time difference t - t0 and is proportional to dt0. Let this number be
n(t - t0)dt0, then the contribution of these entanglements to the stress tensor at the
observation time t is m(t - t0)�Bik (x,t,t0)dt0 with m(t - t0) = n(t - t0)kT. Summa-
tion over the contributions of all entanglements which were created in the past before
the observation time t yields the constitutive equation of Lodge’s elastic liquid

rikðtÞ þ pdik ¼
Z t

�1

mðt � t0ÞBikðx; t; t0Þdt0 ð10:2Þ

The kernel m(t) is called the memory function. It will be shown in (10.12) to be
equal to the negative time derivative of the time-dependent shear relaxation
modulus of the liquid G(t) at small strains

mðtÞ ¼ � dGðtÞ
dt

ð10:3Þ

The long-time limit of the relaxation modulus vanishes because liquids show
fading memory expressed by the equation

G1 ¼ lim
t!1

GðtÞ ¼ 0 ð10:4Þ

and therefore (10.3) may be integrated to

GðtÞ ¼ G0 �
Z t

0

mðsÞds ¼ G1 þ
Z1

t

mðsÞds ¼
Z1

t

mðsÞds ð10:5Þ
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and to

G0 ¼ lim
t!þ0

GðtÞ ð10:6Þ

Let us assume that the strain history started at t = 0. Then before t = 0 no
deformation was applied to the sample and due to (8.36) and (8.38) the relative
Finger tensor reduces in this time interval to the absolute Green tensor

Bikðx; t; t0Þ ¼ oxi

ox0m

oxk

ox0m
¼ Gikðx; tÞ for t0\0 ð8:36Þ

which does not depend on t0. Using this result and (10.5), the constitutive
Eq. (10.2) may be written as

rik þ pdik ¼ GðtÞ � Gikðx; tÞ þ
Z t

0

mðt � t0ÞBikðx; t; t0Þdt0 ð10:7Þ

This constitutive equation is the most simple one for the description of an elastic
liquid under large deformations. It is a linear integral equation expressing the
stress tensor by the relative Finger tensor with the time-dependent function m(t) as
kernel.

Another form of the Lodge equation is found by partial integration of (10.7) and
using (8.36) and (8.37)

rik þ pdik ¼ �
Z t

0

Gðt � t0Þ oBikðx; t; t0Þ
ot0

dt0 ð10:8Þ

which is valid, if Bik(x,t,t0) is continuous and piecewise differentiable, with respect
to t0.

For small deformations Eq. (10.7) becomes

rikðtÞ þ pdik ffi 2G0eikðtÞ � 2
Z t

0

mðt � t0Þeikðt0Þdt0 ð7:27Þ

Making use of Eqs. (8.18a) and (8.19a), (10.8) changes into

rikðtÞ þ pdik ffi 2
Z t

0

Gðt � t0Þ_eikðt0Þdt0 ð7:28Þ

300 10 Equations of State for Polymer Melts

http://dx.doi.org/10.1007/978-3-642-55409-4_8
http://dx.doi.org/10.1007/978-3-642-55409-4_8
http://dx.doi.org/10.1007/978-3-642-55409-4_8
http://dx.doi.org/10.1007/978-3-642-55409-4_8


which are identical with the equations of state for a linear viscoelastic incom-
pressible material [(cf. (7.27)). (7.28) is found from (7.27) by partial integration.]

10.2.2 The Lodge Liquid in Time-Dependent Simple Shear

The Lodge liquid is discussed in the following for time-dependent simple shear.
Time-dependent simple shear is characterized by the path equations

x1 ¼ x0
1 þ x0

2cðtÞ x2 ¼ x0
2 x3 ¼ x0

3 for t� 0 ð10:9Þ

and by the relative path equations

x1 ¼ x01 þ x02½cðtÞ � cðt0Þ� for 0\t0\t

x2 ¼ x02 x3 ¼ x03
and cðt0Þ ¼ 0 for t0\0

ð10:10Þ

The non-zero components of the relative Finger tensor and of the absolute Green
tensor result by inserting (10.9) and (10.10) into (8.35) and (8.18) as

B11ðx; t; t0Þ ¼ 1 þ ½cðtÞ � cðt0Þ�2 G11ðx; tÞ ¼ 1 þ c2ðtÞ
B12ðx; t; t0Þ ¼ cðtÞ � cðt0Þ G12ðx; tÞ ¼ cðtÞ
B22ðx; t; t0Þ ¼ B33ðx; t; t0Þ ¼ 1 G22ðx; tÞ ¼ G33ðx; tÞ ¼ 1

ð10:11Þ

Inserting these tensor components into Eqs. (10.7) yields the following equa-
tions for the stresses

r12ðtÞ ¼ G0cðtÞ �
Z t

0

mðt � t0Þcðt0Þdt0 ¼ G0cðtÞ þ
Z t

0

_Gðt � t0Þcðt0Þdt0

r11ðtÞ � r22ðtÞ ¼ GðtÞc2ðtÞ þ
Z t

0

mðt � t0Þ½cðtÞ � cðt0Þ�2dt0 � 0

r22ðtÞ � r33ðtÞ ¼ 0

ð10:12Þ

The first of Eqs. (10.12) represents the superposition principle known for the
linear behavior of viscoelastic materials (cf. Eq. 5.17), but in this case it is valid for
large shear strains in the non-linear regime, too. It follows that G(t) of Eq. (10.12) is
equal to the shear modulus of the theory of linear viscoelasticity. Contrary to this
theory, however, the Lodge theory yields a first normal stress difference typical of
polymer melts which according to Eq. (10.12) is positive.

What the Lodge theory is not able to describe is the occurrence of a second
normal stress difference which according to Eq. (10.12) is zero and the shear rate
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dependencies of the shear stress and the first normal stress difference as well,
which are found experimentally for polymer melts (cf. Fig. 11.4). Therefore, the
Lodge theory represents a rudimentary description of the viscoelastic properties of
polymer melts, only, which however, shows some merits in the modelling of the
time behavior.

10.2.3 The Lodge Liquid in a Stressing Experiment
in Simple Shear

A stressing experiment is a special case of time-dependent simple shear with a
constant shear rate _c0. Its time history may be set as

cðtÞ ¼ _c0t for t � 0 and
cðtÞ ¼ 0 for t\0

ð10:13Þ

For the calculation of the stresses, Eq. (10.8) is used. After inserting (10.11) and
(10.13) it follows with n = t - t0

r12ðtÞ ¼ g0ðtÞ _c0 with g0ðtÞ ¼
Z t

0

GðnÞdn ð10:14Þ

r11ðtÞ � r22ðtÞ ¼ n0
1ðtÞ _c2

0 with n0
1ðtÞ ¼ 2

Z t

0

GðnÞndn ð10:15Þ

The viscosity g0ðtÞ is time dependent, but independent of the shear rate. The
flow behavior of the Lodge liquid is, therefore, Newtonian. The first normal stress
coefficient n1

0(t) is time dependent, but independent of the shear rate, too. The
second normal stress coefficient n2(t) is zero.

Both functions g0(t) and n1
0(t) increase monotonously with time and reach a

plateau value after sufficiently long times as G? = 0. They may be expressed in
terms of the relaxation spectrum g(s). For this purpose, the stress relaxation
modulus is written as integral transform of the spectrum using Eq. (5.24) with
G? = 0, then the order of the integrals is changed and the inner integral is
evaluated. The following expressions result for the viscosity and the first normal
stress coefficient

g0ðtÞ ¼
Z1

0

gðsÞs½1 � e�t=s�ds ð10:16Þ
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n0
1ðtÞ ¼ 2

Z1

0

gðsÞs½sð1 � e�t=sÞ � te�t=s�ds ð10:17Þ

The plateau value of the function g0(t) is obtained for t ? ? from (10.14) or
(10.16) and that of n1

0(t) from (10.15) or (10.17) for t ? ?. The plateau values are

g0ðt ! 1Þ ¼ g0 ¼
Z1

0

GðnÞdn ¼
Z1

0

gðsÞsds ð10:18Þ

n0
1ðt ! 1Þ ¼ n1;0 ¼ 2

Z1

0

GðnÞndn ¼ 2
Z1

0

gðsÞs2ds ð10:19Þ

The time dependence of the shear strain, the shear stress, and the first normal
stress difference is sketched in Fig. 10.1. From this figure it may be seen that
N1(t) = r11 - r22 reaches its stationary value later than r12 as for n1,0 the longer
relaxation times have more importance than for g0. It may also be seen that the
Lodge theory is not able to describe a stress overshoot as experimentally found in
Fig. 11.2, for example.

As the stationary values of g0 and n1
0 are independent of the shear rate, Lodge’s

liquid exhibits a shear stress and a first normal stress difference proportional to the

Fig. 10.1 The Lodge liquid in a shear stressing experiment: shear strain (above) and shear stress
and first normal stress difference (below)
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first and second power of the shear rate, respectively, i.e., it exhibits Newtonian
flow behavior and a quadratic dependence of the first normal stress difference on
the shear rate.

For polymer melts, this is only true for small values of the shear rate, as may be
seen from Fig. 11.4, where the stationary values of g and n1 are shown as functions
of the shear rate for LDPE. Outside the Newtonian regime both quantities show a
strong decrease with the shear rate, reaching finally the non-Newtonian regime
where g0(?) decreases approximately linearly with _c0 and n1(?) even decreases
approximately quadratically with _c0. Consequently, Lodge’s theory is unable to
describe the non-Newtonian behavior neither for the viscosity nor for the normal
stress coefficient.

The Eqs. (10.16) and (10.17) allow the derivation of numerical formulae to
convert dynamic shear moduli into the time dependence of the viscosity and the
first normal stress coefficient as predicted by the Lodge theory. A comparison of
the representation of G0(x) and G00(x) as functions of the angular frequency
[formulae (5.101) and (5.102)] with (10.16) yields the following approximation for
the time-dependent shear viscosity

g0ðtÞ=t ffi G0ðxÞ þ 0:27G00ð2xÞ þ 0:115G00ð4xÞ½ �x¼1=t ð10:20Þ

with bounds for the relative error equal to +12 % and -12 %. Meissner confirmed
the validity of this approximation on data for an LDPE melt [7].

More accurate approximation formulae have been derived and checked for
PS-melts by Gortemaker et al. [8]. For the viscosity they read

error bounds
g0ðtÞ=t ffi G0ðxÞ � 0:322G00ðx=2Þ þ 0:580G00ð2xÞ½ �x¼1=t �5:5%

g0ðtÞ=t ffi G0ðxÞ � 1:142G00ðxÞ þ 1:428G00ð3x=2Þ½ �x¼1=t �7:0%

g0ðtÞ=t ffi G0ðxÞ � 0:540G00ð3x=2Þ þ 0:906G00ð2xÞ½ �x¼1=t �9:4%

ð10:21Þ

and for the first normal stress coefficient

error bounds
n0

1ðtÞ=t2 ffi 0:939G0ðx=2Þ � 2:41G0ðxÞ þ 2:47G0ð1:30xÞ½ �x¼1=t �4:8%
n0

1ðtÞ=t2 ffi 1:68G0ð0:6xÞ � 5:41G0ðxÞ þ 4:72G0ð1:20xÞ½ �x¼1=t �4:8%

n0
1ðtÞ=t2 ffi 0:50G0ðxÞ � 0:415G0ð2xÞ � 0:010G0ð4xÞ½ �x¼1=t �9:8%

ð10:22Þ

As far as the Lodge theory may be applied, those formulae are very useful as they
connect the time-dependent viscosity and the first normal stress coefficient with the
dynamic shear moduli. Of course, they are not appropriate for use in the non-
Newtonian regime.
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10.2.4 The Lodge Liquid in Shear Creep and Creep Recovery

Next we compare the stressing experiment in simple shear with a creep experiment
in simple shear, both followed by recovery, for the Lodge liquid. The creep
experiment is defined as follows: At time t = 0, the shear stress r12 is instanta-
neously increased from zero to the value r0 and then kept constant. At the same
time, a normal stress difference r11 - r22 has to be applied in order to maintain
the deformation of simple shear. This may be realized by using an instrument with
constant gap width between the plates.

The first of Eqs. (10.12) expresses the principle of superposition valid between
the shear stress r12(t) and the shear strain c(t). According to Sect. 5.3 an inverse
equation exists which can be written as

cðtÞ ¼ J0r12ðtÞ þ
Z t

�1

_Jðt � t0Þr12ðt0Þdt0 ð5:15Þ

with J(t) being the shear creep compliance which is related to the shear modulus
by the equation

Z t

0

Gðt � t0ÞJðt0Þdt0 ¼ t for all t� 0 ð5:48Þ

The creep experiment in simple shear is defined by

r12ðtÞ ¼ 0 for t\0

r12ðtÞ ¼ r0 for t � 0
ð10:23Þ

and

cðtÞ ¼ r0JðtÞ for t � 0 ð10:24Þ

A Lodge liquid behaves in a creep experiment in simple shear like a linear
viscoelastic incompressible material. But additionally to the shear stress, a first
normal stress difference occurs in case of the Lodge liquid which follows by
inserting (10.24) into the second of Eqs. (10.12).

In Fig. 10.2, the stressing experiment (broken line) is compared with the creep
experiment (full line) for a Lodge liquid in simple shear. The constant stress in the
creep experiment is chosen such that r0 ¼ g0 _c0 where _c0 equals the constant shear
rate in the stressing experiment and g0 the viscosity of the Lodge liquid.

The upper part of the figure shows the shear strain c(t) divided by the constant
shear stress r0, the lower part shows the shear stress. In the stressing experiment,
the shear stress starts at zero and increases monotonously with time until it reaches
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finally its stationary value r0 ¼ g0 _c0. As _c0 was chosen such that g0 _c0 equals the
constant stress r0 in the creep experiment, the shear stress becomes equal in both
experiments in the stationary state as indicated in the lower part of Fig. 10.2.

In the creep experiment, the compliance may be decomposed as

cðtÞ=r0 ¼ J0 þ wðtÞ þ t=g0 ð5:27Þ

and in the stationary state one can write

cðtÞ=r0 ¼ J0
e þ t=g0 ð5:46Þ

with Je
0 being the steady-state recoverable compliance and t/g0 the flow term.

In the stressing experiment

cðtÞ
r0

¼ _c0

r0
t ¼ t

g0
ð10:25Þ

is valid. Hence the shear strain in the stressing experiment equals the flow term in
the creep experiment. In the stationary state, the strain in both experiments differs
only by the constant term Je

0r0 and therefore the molecular state in the melt will be
the same in both the experiments as the effect of the additive component in strain
has reached its equilibrium value in the stationary state.

Fig. 10.2 Shear stressing experiment (broken line) and shear creep experiment (full line) of the
Lodge liquid with recovery: shear strain divided by r0 (above) and shear stress (below)
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At the time t = t0 the shear stress is released, but a first normal stress difference
has further to be applied to maintain during the recovery period a simple shear. If
the recovery experiment starts after reaching the stationary state, it will proceed in
the same way in both experiments. The recovery curve after a creep experiment is
known from Sect. 5.5 and has been drawn in Fig. 10.2. The recovery after the
stressing experiment proceeds in parallel to that of the creep recovery, but r0Je

0

below. The maximum recoverable strain is the same in both cases, viz.,
ce ¼ r0J0

e ¼ g0 _c0J0
e .

The following expression has been derived in Sect. 5.8 for the second moment
of the relaxation spectrum

J0
e g

2
0 ¼

Z1

0

s2gðsÞds ð5:106Þ

Comparing this with Eq. (10.19), we find

lim n0
1ðt ! 1Þ 	 n1;0 ¼ 2g2

0J0
e ð10:26Þ

valid for the Lodge liquid.

10.2.5 The Lodge Liquid in Harmonic Oscillation in Simple
Shear

In analogy to Sect. 5.8 the oscillatory experiment defined by prescribing the shear
strain as

cðtÞ ¼ 0 for t\0
cðtÞ ¼ c0 sinðxtÞ for t� 0

ð5:70Þ

is discussed in the following. Inserting these conditions into the first of
Eqs. (10.12), the shear stress in the stationary state of the oscillation follows like in
Sect. 5.8 as

r12ðtÞ ¼ c0½G0ðxÞ sinðxtÞ þ G00ðxÞ cosðxtÞ� ð10:27Þ

G0(x) and G00(x) are the storage and loss shear modulus, defined by Eqs. (5.74)
and (5.75). For the Lodge liquid, the shear stress is the same as for a linear
viscoelastic material, while the strain amplitude c0 does not need to be small now.
Contrary to the linear viscoelastic case, besides the shear stress an oscillating first
normal stress difference occurs. The normal stress difference is found by inserting
(5.70) into the second of Eqs. (10.12) as
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r11ðtÞ � r22ðtÞ ¼
1
2
c2

0 2G0ðxÞ � cosð2xtÞ½2G0ðxÞ � G0ð2xÞ�f gþ

þ 1
2

c2
0 sinð2xtÞ½2G00ðxÞ � G00ð2xÞ�f g

ð10:28Þ

The first normal stress difference is harmonic too, but with the double frequency.
If G0(x) and G00(x) are expressed as integral transforms of the relaxation

spectrum g(s), Eqs. (5.102) and (5.104), but without the term G?, are found, viz.,

G00ðxÞ ¼
Z1

0

gðsÞ xs
1 þ x2s2

ds ð10:29Þ

G0ðxÞ ¼
Z1

0

gðsÞ x2s2

1 þ x2s2
ds ð10:30Þ

From these equations it is seen that G00(x)/x and G0(x)/x2 stay finite with x ? 0
and these limits are identical with those in (10.18) and (10.19). Consequently, for the
Lodge liquid, the following equations are valid

lim
x!0

G0ðxÞ
x2

¼ lim
t!1

r11ðtÞ � r22ðtÞ½ �
2 _c2

0

¼ g2
0J0

e ¼ 1
2

n1;0 ð10:31Þ

lim
x!0

G00ðxÞ
x

¼ lim
t!1

r12ðtÞ
_c0

¼ g0 ð10:32Þ

In the region of small x (x ? 0) it follows:

G0ðxÞ ffi n1;0

2
x2 ð10:31aÞ

G00ðxÞ ffi g0x ð10:32aÞ

and in the region of small _c0 ( _c0 ! 0)

r11ðt ! 1Þ � r22ðt ! 1Þ
2

ffi n1;0 _c2
0

2
ð10:31bÞ

r12ðt ! 1Þ ffi g0 _c0 ð10:32bÞ

These relations mean that if G00(x) is plotted versus x and r12 (t ? ?) is
plotted versus _c0 whereby x is set equal to _c0, both quantities should coincide and
start increasing proportional to _c0 in the region of small x and _c0, respectively.
Correspondingly, if G0(x) is plotted versus x and [r11(t ? ?) - r22(t ? ?)]/2
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versus _c0 whereby x is set equal to _c0, these two quantities should coincide and
start increasing proportional to _c2

0 in the region of small x and _c0, respectively.
These equations follow from the Lodge theory but are part of another more

general analogy found experimentally between the quantities characterizing a
dynamic experiment and a stressing experiment in simple shear, the analogy of
Cox and Merz [9].

This analogy which is discussed in Chap. 11 [formulae (11.6) and (11.9)]
relates the characteristic quantities found in oscillatory shear in the limit of small
strain amplitudes to those in a stressing experiment in simple shear in the limit of
small shear rates. It may be summarized as follows:

G0(x) as a function of x runs similar to (r11 - r22)/2 as a function of _c0 in
the stationary state of a stressing experiment in simple shear, and G00(x) as a
function of x runs similar to r12 as a function of _c0, if x is set equal to _c0. In
the region of small x resp. _c0 the corresponding functions coincide. For
larger values of x resp. _c0, G00(x) bends horizontally and r12 (t ? ?)
exceeds G00(x) and G0(x) bends horizontally and (r11 - r22)/2 exceeds
G0(x).

It will be shown in Chap. 11 that the following analogies are found experimentally:

gð _c0Þ ¼ gð _c0; t ! 1Þ ffi jg
ðxÞj � G00

x
for _c0 ¼ x ð11:6Þ

and

n1ð _c0; t ! 1Þ ffi 2G0 ð1 þ ðG0=G00Þ2Þ3=2

x2
� 2

G0

x2
for _c0 ¼ x ð11:9Þ

In the limit x ? 0 the loss modulus is considerably larger than the storage
modulus G00 � G0 and therefore the equality sign on the right-hand side of
Eqs. (11.6) and (11.7) will be valid. These are Eqs. (10.32) and (10.31) following
from the Lodge theory. If on the other hand x becomes larger, G00(x) and G0(x)
bend horizontally and even cross each other. In this region, G00(x) % G0(x) and
the[sign in Eqs. (11.6) and (11.7) will be valid. This agrees with the last sentence
of the statement above.

Figure 10.3 illustrates these statements schematically.
Note that due to the Lodge theory r12 and r11 - r22 should follow straight

lines in this double logarithmic plot, while experimentally both are well known to
bend horizontally in the non-Newtonian region. Only at very low values of x and
_c0, the result of Lodge’s theory is found experimentally, viz., that the two corre-
sponding quantities coincide and follow straight lines with the double-logarithmic
slopes 2 and 1, respectively. Later, all curves bend horizontally and spread, while
the moduli run below the shear stress and the first normal stress difference.
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10.2.6 The Calculation of the Relaxation Spectrum
from Dynamic Data

Storage and loss moduli will be mostly determined at small oscillation amplitudes
and, therefore, the formulae of the linear viscoelastic theory are applicable to
evaluate the measurements of dynamic moduli of polymer melts. Two problems
which often occur in this context are the calculation of the relaxation spectrum and
the retardation spectrum of the polymer. Expressed in terms of a discrete relax-
ation spectrum of n relaxation times, the stress relaxation modulus, and the storage
and loss moduli read (cf. Sect. 5.8)

GðtÞ ¼
Xn

k¼1

ake�t=sk ð10:33Þ

G0ðxÞ ¼
Xn

k¼1

ak
x2s2

k

1 þ x2s2
k

ð10:34Þ

G00ðxÞ ¼
Xn

k¼1

ak
xsk

1 þ x2s2
k

ð10:35Þ

Fig. 10.3 Illustration of the analogy of Cox and Merz: The left-hand side shows schematically in
double logarithmic representation the storage modulus G0(x) in oscillating shear and the first
normal stress difference r11 - r22 in a stressing experiment as functions of the angular
frequency x or the shear rate _c0, the right-hand side shows the loss modulus G0 0(x) in oscillating
shear and the shear stress r12 in a stressing experiment. Only at very low values of x or _c0 the
curves run as straight lines with double logarithmic slopes 2 and 1, respectively

310 10 Equations of State for Polymer Melts

http://dx.doi.org/10.1007/978-3-642-55409-4_5


where (s1 \ s2 \…\ sn) are the n relaxation times arranged after their magni-
tude and (a1, a2,… an) the corresponding relaxation strengths.

Applying these equations to derive the relaxation spectrum from dynamic data
measured on a polymer melt, a number of precautions have to be taken into
account.

1. From experimental data for G0(x) and G00(x), the relaxation spectrum cannot be
derived in a unique way, but an infinite number of different spectral represen-
tations is always possible to describe the experimental data with equal accuracy.
Therefore, a limitation of the number of possible descriptions is necessary to
simplify the mathematical problem. This is attained by predetermining the
number and the values of the relaxation times and by calculating the corre-
sponding relaxation strengths which yield the best description of the given data.

2. Moduli and angular frequency mostly extend over several orders of magnitude.
In those cases the experimental error is generally proportional to the magnitude
of the measured quantity, and the property which is to be minimized in
determining the appropriate approximation is not the sum of the squares of the
differences between theoretical and experimental values of G0 and G00 but the
sum of the squares of their ratios minus unity. The quantity which has to be
minimized will therefore be the variance

V ¼ 1
2nm � 1

Xnm

i¼1

G1i

g1i
� 1

� �2

þ G2i

g2i
� 1

� �2
( )

ð10:36Þ

with g1i and g2i being the nm values of the storage moduli and the loss
moduli measured at the angular frequencies xi with i = 1, 2, … nm and G1i

and G2i the corresponding values obtained by inserting the angular
frequencies of the measurements into Eqs. (10.34) and (10.35).

G1i ¼ G0ðxiÞ ¼
Xn

k¼1

ak
x2

i s
2
k

1 þ x2
i s

2
k

ð10:37Þ

and

G2i ¼ G00ðxiÞ ¼
Xn

k¼1

ak
xisk

1 þ x2
i s

2
k

ð10:38Þ

3. All relaxation strengths have to be positive, which can be achieved by an
appropriate choice for the relaxation times. They are chosen logarithmically
equidistant corresponding to a factor

ffiffiffiffiffi
10

p
between two successive times as
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sn ¼ smax sn�1 ¼ jsn sn�2 ¼ j2sn. . .s2 ¼ jn�2sn s1 ¼ jn�1sn :

with j ¼ 1=
ffiffiffiffiffi
10

p
ffi 0:316. Furthermore, the longest relaxation time may not

be chosen too large. Then in most cases a positive relaxation spectrum will
be obtained. If not, the choice of a shorter value for sn may help. If this
procedure does not yield the desired result, a positive spectrum can be
obtained as follows:

4. Determination of the spectrum in two successive steps: First a set of relaxation
times is chosen with a logarithmic distance corresponding to a factor ten
between two successive relaxation times. This always results in a positive
spectrum, which, however, gives a wavy approximation of the experimental
data. Then a second set of relaxation times is chosen which is shifted against
the first one by a factor

ffiffiffiffiffi
10

p
to shorter times and again the relaxation strengths

are calculated. Then both spectra are added and the common set of relaxation
strength is renormalized by multiplication with a common factor a determined
to minimize the variance V2

V2 ¼ 1
2nm � 1

Xnm

i¼1

a
G0ðxiÞ

g1i
� 1

� �2

þ a
G00ðxiÞ

g2i
� 1

� �2
( )

ð10:39Þ

with respect to the choice of a by the condition qV2/qa = 0. This procedure
always results in a positive spectrum with a logarithmic distance
corresponding to the factor j. If both methods yield a positive spectrum,
then the calculation in one step generally gives a slightly more accurate
description of the data (a slightly lower value of the variance.)

The method is illustrated on data measured by Resch for an LLDPE [10], which
are shown in Fig. 10.4. These data were measured during the preparation of the
doctoral thesis [11] but have not been included in it. The authors are much obliged
to Dr. J. A. Resch, Schwanenstadt, Austria for her permission to use these data for
the construction and calculation of the Figs. 10.4, 10.5, 10.6 and 10.8. Figure 10.4
shows, in a double logarithmic representation, the storage moduli (squares) and the
loss moduli (circles) as function of the angular frequency at the temperature
T = 170 �C. Open symbols represent the results of dynamic measurements, while
filled symbols indicate the results of calculations from creep and recovery mea-
surements in shear converted by means of the formulae of Tables (5.3) and (5.4) to
the values of G0 and G00.

From the figure the high accuracy of the oscillatory measurements may be seen,
as well as the excellent fit of the data derived from creep and recovery with those
of the dynamic experiments. By adding the results of creep and recovery mea-
surements, the experimental window is considerably enlarged into the direction of
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lower frequencies. The two drawn lines indicate the limiting slopes of G0(x) and
G00(x) for x ? 0 which are -2 and -1, respectively.

For the data shown in Fig. 10.4, the relaxation spectrum has been calculated in
one step and the 12 relaxation strengths are presented as red stars in the Fig. 10.5
together with G0(x) (black drawn line) and G00(x) (red drawn line) as calculated
from the spectrum. The accuracy of the representation is very good as may be seen
from the figure and from the value of the square root of the variance which equalsffiffiffiffi

V
p

¼ 2:8 %.
The same data as shown in Fig. 10.5, were represented by a relaxation spectrum

calculated in two steps, while simultaneously the longest relaxation time was
shifted to longer times as far as possible to obtain still a positive value for an. In
this case, 13 relaxation times were obtained, the longest relaxation time was
smax = 506 s and a slightly worse value for the square root of the variance
(
ffiffiffiffi
V

p
¼ 3:1 %) was found. (Fig. 10.6)
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Fig. 10.4 Storage and loss moduli versus reciprocal angular frequency in a double logarithmic
representation for a long-chain branched LLDPE at 170 �C, measured by Resch [10] by forced
oscillations (open symbols) and calculated from torsional creep and recovery measurements
(closed symbols)
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10.2.7 Calculation of the Retardation Spectrum
from the Relaxation Spectrum

If the relaxation spectrum is known for a linear viscoelastic material, the retar-
dation spectrum may be calculated from it and vice versa. This problem often
occurs in discussing the flow properties of polymer melts. Though the corre-
sponding formulae seem to be simple, their numerical use can be very trouble-
some. Therefore we consider it to be useful to discuss this problem in some detail
here.

The relation between the spectra is found by the following equation valid
between the Laplace transform of the relaxation modulus, the relaxance

ĜðpÞ ¼ p

Z1

0

e�ptGðtÞdt ð10:40Þ
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Fig. 10.5 Storage and loss moduli versus angular frequency in a double logarithmic
representation for a long-chain branched LLDPE at 170 �C, measured by Resch [10] by forced
oscillations (open symbols) and calculated from torsional creep and recovery measurements
(closed symbols). Further shown are the relaxation spectrum calculated in one step (red stars) and
G0 and G0 0 calculated from the spectrum (lines drawn in black and red)
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and the Laplace transform of the creep compliance, the retardance

ĴðpÞ ¼ p

Z1

0

e�ptJðtÞdt ð10:41Þ

which reads

ĜðpÞ � ĴðpÞ ¼ 1 ð10:42Þ

with p being a complex variable. For the derivation of these and the following
equations, we refer the reader to an article of Baumgärtel and Winter [12].

For a viscoelastic liquid represented by a discrete relaxation spectrum (10.33) is
inserted into (10.40) and the transformation is performed with the result

ĜðpÞ ¼
Xn

i¼1

aip

p þ 1=si
¼ G0 �

Xn

i¼1

ai=si

p þ 1=si
ð10:43Þ
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Fig. 10.6 Storage and loss moduli versus the reciprocal angular frequency in a double
logarithmic representation for a long-chain branched LLDPE at 170 �C, measured by Resch [10]
and the relaxation spectrum calculated in two steps with time shift (red stars) and G0 and G0 0

calculated from the spectrum (lines drawn in black and red)
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with

G0 ¼
Xn

i¼1

ai ð10:44Þ

The relaxance is a complex function of the complex variable p which is analytic
everywhere in the p-plane apart from n positions on the negative real p-axis, where
it has single poles, viz., at p = -1/sn, -1/sn-1, ….-1/s2, -1/s1.

To obtain the retardance, we insert (5.26) into (10.41) and perform the trans-
formation with the result

ĴðpÞ ¼ J0 þ
Xn�1

i¼1

bi=�si

p þ 1=�si
þ 1

pg0
ð10:45Þ

�s1;�s2; . . .;�sn�1 are the n-1 retardation times and b1, b2, … bn-1 the n-1 retar-
dation strengths. The retardance is a complex function of the complex variable
p which is analytic everywhere in the p-plane apart from n positions on the
negative real p-axis, where it has single poles, viz., at p ¼ 0;�1=�sn�1;
�1=�sn�2; . . .� 1=�s1.

From Eq. (10.42) it follows that the n positions of the single poles of the re-
tardance are the positions of the zeros of the relaxance and the n positions of the
single poles of the relaxance are the positions of the zeros of the retardance. Hence
the relaxance is a complex function of the variable p with zeros at p ¼ 0;
�1=�sn�1;�1=�sn�2; . . .� 1=�s1 and single poles at p ¼ �1=sn;�1=sn�1; . . .� 1=s1.
Such a function may be written as the product

ĜðpÞ ¼ G0 �
pðp þ 1=�s1Þðp þ 1=�s2Þ. . .ðp þ 1=�sn�1Þ
ðp þ 1=s1Þðp þ 1=s2Þ. . .ðp þ 1=snÞ

ð10:46Þ

The prefactor G0 is found as the limit of ĜðpÞ for p ?+? in (10.43) and (10.46).
Using (5.13) it follows from (10.42) for the retardance

ĴðpÞ ¼ J0 �
ðp þ 1=s1Þðp þ 1=s2Þ. . .ðp þ 1=snÞ

pðp þ 1=�s1Þðp þ 1=�s2Þ. . .ðp þ 1=�sn�1Þ
ð10:47Þ

Baumgärtel and Winter [12] have shown that the expression (10.47) may be
transformed by partial decomposition into the form of Eq. (10.45), whereby

J0 ¼ 1=G0 ð5:13Þ

g0 ¼ G0sn

Yn�1

i¼1

si

�si
¼
Xn

i¼1

aisi ð10:48Þ

and
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bi ¼ � 1
G0

Yn

k¼1

ð1 � �si=skÞ
,
Yn

k¼1;i

ð1 � �si=�skÞ for i ¼ 1 to n � 1 ð10:49Þ

The subscript k = 1, i to n indicates that the product has to be performed for all
values of the index k between 1 and n excluding the value k = i.

The relaxance ĜðpÞ ¼ Ĝ1ðs; uÞ þ iĜ2ðs; uÞ is a complex function of the com-
plex variable p = s +iu. Along the real axis of p, Ĝðs; 0Þ ¼ Ĝ1ðsÞ is real. As a
function of s the real part of ĜðpÞ viz. Ĝ1ðsÞ is sketched in Fig. 10.7.

For s = +?, Ĝ1ðsÞ ¼ G0. With decreasing s, Ĝ1ðsÞ decreases monotonously
and passes zero at the origin. Along the negative s-axis it becomes negative and
tends to -? if s approaches the first pole s = –1/sn. On the other side of the first
pole, Ĝ1ðsÞ starts from +? and decreases with decreasing value of s, passes zero at
the second root of Ĝ1ðsÞ, becomes negative then and tends to -? if s approaches
the second pole s = –1/sn-1. On the negative side of the last pole s = –1/s1, Ĝ1ðsÞ
starts from +?, decreases with decreasing s, but stays positive and tends to G0 if
s approaches -?. The order of the magnitudes of relaxation and retardation
times follows from Fig. 10.7 as

Fig. 10.7 The real part of the relaxance Ĝ1ðsÞ as a function of s, the real part of p. Zeros of Ĝ1ðsÞ
are indicated by circles, poles by crosses
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s1\�s1\s2\�s2\. . .sn�1\�sn�1\sn ð10:50Þ

To convert the relaxation spectrum into the retardation spectrum, first the n-1
retardation times have to be calculated. Considering that the retardation times
correspond to the roots of the function Ĝ1ðsÞ=s and taking into account
Eq. (10.43), this is effected by determination of the n-1 roots of the expression

Ĝ1ðsÞ
s

¼
Xn

i¼1

ai

s þ 1=si
¼
Xn

i¼1

ai

Yn

j¼1;i

ðs þ 1=sjÞ
 !,

Yn

i¼1

ðs þ 1=siÞ ð10:51Þ

The right-hand side of this equation was obtained by multiplying nominator and

denominator with the same factor
Qn

j¼1
ðs þ 1=sjÞ. Equation (10.51) is rewritten as

Ĝ1ðsÞ
s

¼ G0PðsÞ
,
Yn

i¼1

ðs þ 1=siÞ ð10:52Þ

where P(s) is a polynomial of the degree n-1, for which the coefficient of the
highest power of s is unity:

G0PðsÞ 	
Xn

i¼1

ai

Yn

j¼1;i

ðs þ 1=sjÞ
 !

¼ an�1sn�1 þ an�2sn�2 þ � � � þ a1s þ a0

ð10:53Þ

As the denominator in Eq. (10.52) does not vanish at the roots of the nominator,
Eq. (10.52) and the polynomial P(s) have the same roots. Next we have to cal-
culate the coefficients of the polynomial P(s), ai = ai(a1,a2,… an, s1,s2,…sn) in
Eq. (10.53). This is easy for small values of n. For larger values of n, a recursive
method for computational purposes has been developed.

The most difficult step is to find the roots of (10.53). From (10.50), the interval
is known, where e.g., �s1 has to come to lie, viz., the interval (s1 \ s \ s2). This
interval is divided into 4000 logarithmically equidistant subintervals and within
the subinterval the s-value has to be found where P(s) changes its sign. Then this
subinterval is divided again into 4000 logarithmically equidistant subintervals and
the procedure is repeated. In this manner it is possible to determine the retardation
times with an accuracy of ±0.00001. This high accuracy is necessary to obtain the
retardation strengths from Eq. (10.49) with reasonable accuracy. Once the retar-
dation times are known, they are inserted into (10.48) and (10.49) yielding the
retardation spectrum and the viscosity.

As an example, Fig. 10.8 shows the relaxation spectrum of an LLDPE as
calculated from measurements by Resch at 170 �C [10]. The curve decreasing with
the relaxation time represents the fit to the points obtained by three different
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methods: Calculation in one step (green squares), in two steps (red squares), and in
two steps with time shift (black squares). The various discrete relaxation strengths
all lie very well on the same smooth curve representing—apart from a normali-
zation factor—the continuous relaxation spectrum g(s).

From the relaxation spectra, the corresponding discrete retardation strengths
were calculated together with the retardation times. They are shown as green, red,
and black circles. The various discrete spectra all come to lie very well on the
same smooth curve representing—apart from a normalization factor—the con-
tinuous retardation spectrum f(s).

10.2.8 The Lodge Liquid in Isochorous Multidimensional
Extension

Consider next the Lodge liquid in multi-dimensional isochorous extension. Multi-
dimensional isochorous extension is described by the path equations

-3 -2 -1 0 1 2 3
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                      a(k)
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Fig. 10.8 Discrete relaxation spectra a(k) as functions of the relaxation times trel and discrete
retardation spectra b(k) as functions of the retardation times tret calculated in one step, in two
steps, and in two steps with time shift for a long-chain branched LLDPE measured by Resch at
170 �C [10]
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x1 ¼ k1x0
1 x2 ¼ k2x0

2 x3 ¼ k3x0
3

k1 ¼ kðtÞ k2 ¼ kðtÞm k3 ¼ kðtÞ�ð1þmÞ ð10:54Þ

and k(t) = 1 for t \ 0. The parameter m characterizes the geometry of the
extension as defined in Table 8.1. The relative path equations are

x1 ¼ ½kðtÞ=kðt0Þ� x01 x2 ¼ ½kðtÞ=kðt0Þ�mx02 x3 ¼ ½kðtÞ=kðt0Þ��ð1þmÞx03 ð10:55Þ

or if expressed by the Hencky strain and suppressing the index H for the matter of
convenience [eH(t) : e (t)]. (Compare also Sects. 12.1 and 12.2.)

x1 ¼ eeðtÞ�eðt0Þx01 x2 ¼ em½eðtÞ�eðt0Þ�x02 x3 ¼ e�ð1þmÞ½eðtÞ�eðt0Þ�x03 ð10:550Þ

The components of the relative Finger and of the absolute Green tensor are
found by inserting (10.54) and (10.550) into (8.35) and (8.18)

B11ðx; t; t0Þ ¼ e2½eðtÞ�eðt0Þ� G11ðx; tÞ ¼ e2eðtÞ

B22ðx; t; t0Þ ¼ e2m½eðtÞ�eðt0Þ� G22ðx; tÞ ¼ e2meðtÞ

B33ðx; t; t0Þ ¼ e�2ð1þmÞ½eðtÞ�eðt0Þ� G33ðx; tÞ ¼ e�2ð1þmÞeðtÞ
ð10:56Þ

and those of the relative Cauchy and of the absolute Piola tensor by inserting
(10.54) and (10.550) into (8.33) and (8.17).

C11ðx; t; t0Þ ¼ e�2½eðtÞ�eðt0Þ� A11ðx; tÞ ¼ e�2eðtÞ

C22ðx; t; t0Þ ¼ e�2m½eðtÞ�eðt0Þ� A22ðx; tÞ ¼ e�2meðtÞ

C33ðx; t; t0Þ ¼ e2ð1þmÞ½eðtÞ�eðt0Þ� A33ðx; tÞ ¼ e2ð1þmÞeðtÞ
ð10:57Þ

The tensor components are independent of the spatial coordinates. From (10.7)
the tensile stresses result as

r11ðtÞ þ p ¼ GðtÞe2eðtÞ þ
Z t

0

mðt � t0Þe2½eðtÞ�eðt0Þ�dt0

r22ðtÞ þ p ¼ GðtÞe2meðtÞ þ
Z t

0

mðt � t0Þe2m½eðtÞ�eðt0Þ�dt0

r33ðtÞ þ p ¼ GðtÞe�2ð1þmÞeðtÞ þ
Z t

0

mðt � t0Þe�2ð1þmÞ½eðtÞ�eðt0Þ�dt0

ð10:58Þ

In these equations m(t - t0) is the memory function, which of course differs from
the geometry parameter m.
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The formulae (10.58) become much easier to handle, if the considerations are
restricted to stressing experiments, in which the Hencky strain is a linearly
increasing function of the time, i.e.,

eðtÞ ¼ 0 for t\0 and eðtÞ ¼ _e0t for t� 0 ð10:59Þ

with _e0 being the constant Hencky strain rate in the 1-direction. As this strain is
continuous and piecewise differentiable, Eqs. (10.8) may be used to calculate the
stresses which after introducing the new integration variable n = t - t0 become

r11ðtÞ þ p ¼ 2_e0

Z t

0

GðnÞe2_e0ndn

r22ðtÞ þ p ¼ 2m_e0

Z t

0

GðnÞe2_e0mndn

r33ðtÞ þ p ¼ �2ð1 þ mÞ_e0

Z t

0

GðnÞe�2ð1þmÞ_e0ndn

ð10:60Þ

Three distinguished cases are considered:
Linear extension in the 1-direction: m = -� is inserted into Eq. (10.60), in the

second of the equations r22(t) + p = 0 is set, and the value of p obtained is
inserted into the first and third of the equations with the result

r11ðtÞ ¼ _e0

Z t

0

GðnÞ½2e2_e0n þ e�_e0n�dn r22ðtÞ ¼ r33ðtÞ ¼ 0 ð10:61Þ

The tensile viscosity l(t) defined as the stress divided by the Hencky strain rate

lðt; _e0Þ ¼
r11

_e0
¼
Z t

0

GðnÞ½2e2_e0n þ e�_e0n�dn ð10:62Þ

is a monotonously increasing function of the time t and depends on the strain rate
_e0 as a parameter. In the limit of small strain rates, this viscosity tends to three
times the linear shear viscosity

lim
_e0!0

lðt; _e0Þ ¼ l0ðtÞ ¼ 3
Z t

0

GðnÞdn ¼ 3g0ðtÞ ð10:63Þ
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The dependence of l on t and _e0 is obtained by inserting the discrete spectral
representation of the shear modulus (5.23) into (10.62) and integration after the
time variable as

lðt; _e0Þ ¼
Xn

i¼1

aisi
2½1 � e�ð1�2_e0siÞt=si �

1 � 2_e0si
þ 1 � e�ð1þ_e0siÞt=si

1 þ _e0si

� �
ð10:64Þ

This function shows a finite plateau value only if the product of _e0 and the largest
relaxation time se does not exceed 0.5, i.e., if _e0se\1=2. Otherwise, if _e0se [ 1=2,
the first term in Eq. (10.64) will increase exponentially with increasing time and l
will become divergent.

If the relaxation spectrum is known from oscillation experiments, lðt; _e0Þ may
be calculated and compared with the result of extensional measurements. As an
example, Fig. 10.9 shows the uniaxial tensile viscosities measured by Stadler [13]
on LDPE at 150 �C under different constant Hencky strain rates as indicated by the
experimental points in various colors. As Stadler also determined the relaxation
spectrum of this material at the same temperature [13], the tensile viscosities as
predicted by Lodge’s theory could be calculated by inserting the spectrum into
Eq. (10.64). The result is given by the drawn lines in the corresponding colors.
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Fig. 10.9 Uniaxial tensile viscosities measured by Stadler [13] as function of the time under
various constant Hencky strain rates for a Lupolen (1840 H) at 150 �C (various symbols) and the
predicitions of Lodge’s theory (drawn lines)
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The experiment shows considerable strain hardening which starts the later, the
lower applied the strain rate. The Lodge theory predicts the onset of strain hard-
ening at about the right stressing times. It is, however, not able to predict a finite
viscosity level, as in Lodge’s theory the molecules are assumed to follow the
exponential increase in extension. In reality, the molecules when stretched to their
limit of extensibility will slip out of their entanglements which will lead to a finite
viscosity level. This effect can be described only when the life time of the
entanglements is assumed to depend on the magnitude of the strain or the strain
rate. This aspect is taken into account in Wagner’s theory and treated in the next
section.

Equibiaxial extension in the 1–2 plane: m = 1 is inserted into Eq. (10.60),
r33(t) + p = 0 is set in the third of the equations, and the value of p obtained is
introduced to the first and second of the equations with the result

r11ðtÞ ¼ r22ðtÞ ¼ 2_e0

Z t

0

GðnÞ½e2_e0n þ 2e�4_e0n�dn r33ðtÞ ¼ 0 ð10:65Þ

The equibiaxial elongational viscosity le(t) is defined as the stress divided by
the Hencky strain rate

leðt; _e0Þ ¼
r11

_e0
¼ 2

Z t

0

GðnÞ½e2_e0n þ 2e�4_e0n�dn ð10:66Þ

In the limit of small strain rates, this viscosity tends to six times the linear shear
viscosity.

Planar extension in the 1–3 plane: m = 0 is introduced to Eq. (10.60),
r33(t) + p = 0 is set in the third of the equations, and the value of p obtained is
introduced to the first and second of the equations with the result

r11ðtÞ ¼ 2_e0

Z t

0

GðnÞ½e2_e0n þ e�2_e0n�dn _r22ðtÞ ¼ 2_e0

Z t

0

GðnÞe�2_e0ndn

r33ðtÞ ¼ 0

ð10:67Þ

This case may be realized by applying tensile stresses in the 1- and 2-direction of
different magnitudes and two viscosities may be defined according to

lp1ðt; _e0Þ ¼ r11=_e0 and lp2ðt; _e0Þ ¼ r22=_e0
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10.3 Rheological Equations of State After Wagner

10.3.1 The Constitutive Equation

As shown in the last chapter, the model of Lodge for the elastic liquid is able to
describe the visco-elastic properties of polymer melts in their Newtonian regime as
well as the occurrence of a first normal stress coefficient and the onset of strain
hardening in uniaxial stressing experiments. It fails, however, for the description
of the dependence of the viscosity and the first and second normal stress coeffi-
cients on the shear rate and for modeling the existence of a constant elongational
viscosity after strain hardening. To describe these essential features of the rheol-
ogy of polymer melts, various authors proposed the introduction of damping
functions into the constitutive equation of Lodge. A historical review over various
proposals has been given by Wagner [14], who introduced the following gener-
alization of Lodge’s equation [15].

rikðtÞ þ pdik ¼
Z t

�1

mðt � t0ÞBikðx; t; t0Þdt0 ð10:2Þ

The linearity of this equation is based on the assumption that at a constant tem-
perature the memory function m(t - t0) only depends on the time difference t - t0,
but neither on the magnitude of the strain reached during the time interval [t0,t],
nor on the strain rate to which the network was exposed. In the molecular inter-
pretation of Lodge, the life time of entanglements is determined by the Brownian
motion only, but not by the deformation history within the time interval [t0,t].

This assumption is improbable from the molecular point of view as one should
expect the entanglements to become disentangled at high stretch or rate of
stretching of the molecules connecting them. Therefore, the deformation history
between t0 and t should influence the lifetime of the entanglement network. As the
function m(t - t0) is a scalar, it can depend only on the first and second invariant of
the deformation tensor, but not on the third invariant which is equal to unity. These
considerations led Wagner to the following constitutive equation

rikðtÞ þ pdik ¼
Z t

�1

mðt � t0; IB; IIBÞBikðx; t; t0Þdt0 ð10:68Þ

In this equation, IB = IB(x,t,t0) and IIB = IIB(x,t,t0) are the first and the second
invariants of the relative Finger tensor (8.35). By

1
kT

mðt � t0; IB; IIBÞdt0 ¼ nðt � t0; IB; IIBÞdt0 ð10:69Þ
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the kernel m is related to the number of entanglements per volume which were
created between t0 and t0 + dt0 and still exist at the time t, after the deformation
history within the interval [t0t], as described by IB and IIB.

Wagner further assumed that the kernel may be factorized into two functions,
one depending only on the elapsed time t - t0, the other on the deformation of the
network:

mðt � t0; IB; IIBÞ ¼ mðt � t0Þ � hðIB; IIBÞ ð10:70Þ

m(t - t0) is the memory function introduced in Lodge’s theory describing the
survival probability of the network under the action of the Brownian motion. The
function h(IB, IIB) is called the damping function, varying between unity for
moderate deformations in the region of the validity of Lodge’s theory and zero for
very large deformations. It describes the probability of survival of the network
during the deformation history characterized by IB and IIB. The factorization
(10.70) is equivalent to the assumption that the annihilation of entanglements due
to the Brownian motion and the stretching of molecules are independent processes.

For small deformations, the damping function tends to unity and Eq. (10.68) to
Lodge’s equation. Consequently, Eqs. (10.3)–(10.6) remain valid, under the con-
dition that G(t) equals the time-dependent shear modulus of the viscoelastic liquid
in the linear region. Combining Eq. (10.68) and (10.70), the constitutive equation
of the special Wagner theory follows.

rikðtÞ þ pdik ¼
Z t

�1

mðt � t0Þ � h½IBðx; t; t0Þ; IIBðx; t; t0Þ�Bikðx; t; t0Þdt0 ð10:71Þ

Let us assume that the strain history started at t = 0. Then before t = 0 no
deformation was applied to the sample and in the time interval (-?\ t0 \ 0]
Bikðx : t; t0Þ, IBðx; t; t0Þ and IIBðx; t; t0Þ degenerate to Gikðx; tÞ, IGðx; tÞ and IIGðx; tÞ
which are independent of the integration variable t0 and may be placed outside the
integral. Dividing the integral into two parts one with the limits t0 = -? and 0
and one with the limits t0 = 0 and t0 = t yields with (10.5)

rikðtÞ þ pdik ¼GðtÞ½IGðx; tÞ; IIGðx; tÞ�Gikðx; tÞþ

þ
Z t

0

mðt � t0Þ � h½IBðx; t; t0Þ; IIBðx; t; t0Þ�Bikðx; t; t0Þdt0
ð10:72Þ

Another form is found by partial integration of (10.72), if the necessary con-
ditions of continuity and differentiability are met as
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rik þ pdik ¼ �
Z t

0

Gðt � t0Þ ofh½IBðx; t; t0Þ; IIBðx; t; t0Þ�Bikðx; t; t0Þg
ot0

dt0 ð10:73Þ

This equation may be applied if h½IBðx; t; t0Þ; IIBðx; t; t0Þ� � Bikðx; t; t0Þ is continuous
and piecewise differentiable as a function of t0.

It will be shown in Sect. 10.3.2 that the constitutive Eq. (10.71) is not able to
describe non-zero second normal stress coefficients. To remove this deficiency,
Wagner and Demarmels [16] generalized the theory and completed the integrand
of (10.71) with a second term proportional to the inverse relative Finger tensor and
a second damping function h-1 . In this version, the theory is known as the
constitutive equation of the general Wagner theory

rikðtÞ þ pdik ¼
Z t

�1

mðt � t0Þ � ½h1ðIB; IIBÞBikðx; t; t0Þ þ h�1ðIB; IIBÞB�1
ik ðx; t; t0Þ�dt0 ð10:74Þ

If the deformation history started at the time t = 0, this equation may be written
as

rikðtÞ þ pdik ¼ GðtÞ � ½h1ðIG; IIGÞGikðx; tÞ þ h�1ðIG; IIGÞAikðx; tÞ�þ

þ
Z t

0

mðt � t0Þ � ½h1ðIB; IIBÞBikðx; t; t0Þ þ h�1ðIB; IIBÞB�1
ik ðx; t; t0Þ�dt0

ð10:75Þ

and if the necessary conditions of continuity and differentiability are met, as

rikðtÞ þ pdik ¼
Z t

0

Gðt � t0Þ � o½h1ðIB; IIBÞBikðx; t; t0Þ þ h�1ðIB; IIBÞB�1
ik ðx; t; t0Þ�

ot0
dt0 ð10:76Þ

These are the most general equations of state, which we will consider. They
contain as special cases all rheological laws to be discussed further.

10.3.2 The Wagner Theories in Time-Dependent Simple
Shear

We apply the special Wagner theory to time-dependent simple shear characterized
by the path Eqs. (10.9), the relative path Eqs. (10.10), and the components of
the relative Finger tensor and the absolute Green tensor (10.11). Before inserting
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these relations into Eqs. (10.71), we remark that for simple shear the first and
second invariant for both tensors are equal IG = IIG = 3+ c2(t) and IB = IIB

= 3+[c(t) - c(t0)]2 and the function h(IG,IIG) reduces to a function of one inde-
pendent variable which we will designate by the letter hs and call the damping
function in shear.

h½IGðx; tÞ; IIGðx; tÞ� 	 hsðcðtÞÞ ¼ hsð3 þ c2ðtÞÞ ð10:77Þ

h½IBðx; t; t0Þ; IIBðx; t; t0Þ� 	 hsððcðtÞ; cðt0ÞÞ ¼ hsð3 þ ½cðtÞ � cðt0Þ�2Þ ð10:78Þ

Consequently, the damping function in simple shear can depend only on the
absolute value of the difference between c(t) and c(t0). Inserting these equations
into (10.71), yields for the stresses in simple shear

r12ðtÞ ¼ GðtÞhsðcðtÞÞ � cðtÞ þ
Rt

0
mðt � t0Þ � hsðjcðtÞ � cðt0ÞjÞ � ½cðtÞ � cðt0Þ�dt0

r11ðtÞ � r22ðtÞ ¼ GðtÞhsðcðtÞÞ � c2ðtÞ þ
Rt

0
mðt � t0Þ � hsðjcðtÞ � cðt0ÞjÞ � ½cðtÞ � cðt0Þ�2dt0

r22ðtÞ � r33ðtÞ ¼ 0

ð10:79Þ

For the shear stress and the shear strain, the superposition principle is not valid
any longer, as the integral transforms become non-linear due to the presence of the
damping function. A shear stress is not sufficient to produce a shear strain. In
addition, normal stress differences are necessary. Due to the special Wagner
theory, a first normal stress difference is sufficient, which is always positive, while
the second normal stress difference vanishes.

Equations (10.79) are used to describe the stress relaxation experiment in
simple shear, in which

cðtÞ ¼ 0 for t\0 and
cðtÞ ¼ c0 for t� 0

ð10:80Þ

The integrals in the first two equations of (10.79) vanish and the equations for
stress relaxation due to the special Wagner theory follow as

r12ðtÞ ¼ GðtÞhsðc0Þ � c0 	 Gðt; c0Þc0

r11ðtÞ � r22ðtÞ ¼ GðtÞhsðc0Þ � c2
0 ¼ Gðt; c0Þc2

0
r22ðtÞ � r33ðtÞ ¼ 0

ð10:81Þ

Due to the special Wagner theory, the non-linear stress relaxation modulus
G(t,c0) may be factorized into a time-dependent function, the stress relaxation
modulus in the linear range and a function depending on the magnitude of the
applied shear strain, the damping function in shear. It may be determined as the
ratio of the shear stress to the shear strain or as the ratio of the first normal stress
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difference to the square of the shear strain. According to (10.81) the second normal
stress difference vanishes.

The validity of the two first Eqs. (10.81) has been checked by Laun [17] on an
LDPE melt whose molecular data are given by Meissner [18]. The non-linear time-
dependent shear modulus of this melt is shown in Fig. 10.10 in double logarithmic
representation for different values of the shear strain c0 at 150 �C. Points indicated
by open symbols were obtained from measurements of the shear stress, those
indicated by closed symbols by measurements of the first normal stress difference.
As to be seen from the figure, the values obtained for G(t,c0) are identical in both
cases.

The representation of G(t,c0) as a product of the two functions G(t) and hs(c0) is
justified as the curves in double logarithmic plot may be brought to coincidence by

Fig. 10.10 Time-dependent non-linear relaxation modulus in simple shear of IUPAC I melt
determined by Laun [17] at 150 �C (Mw = 284 kg/mol and Mw/Mn = 28) as function of the time
and the constant shear strain c0. Dt was the time necessary to attain the set value of the constant
shear strain
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parallel shifts in vertical direction. The drawn line, designated by G(t), was cal-
culated from oscillation measurements by Zosel and represents the linear case.
The points obtained at the smallest strains are in good agreement with these data
(see [18]).

From the vertical shifts of the curves in the figure, the damping function in
shear is obtained, which is shown in Fig. 10.11 and which may be represented by
the sum of two exponential terms

hsðc0Þ ffi f1e�l1c0 þ f2e�l2c0 ð10:82Þ

with f1 = 0.57, l1 = 0.31, f2 = 0.43, l2 = 0.106. This simple expression which
was first proposed by Osaki [19] is very appropriate for further calculations in
connection with the spectral representation of G(t).

Measurements on branched and linear polystyrenes were reported by Hepperle
[20], however, within a smaller range of shear strains (0 \ c0 \ 5). Within this
range, the damping functions could be described by one single exponential term.
The decrease of the damping function depends on the degree of branching. The
higher the degree of branching, the smaller is the influence of the shear strain. That
means l1 decreases with increasing branching content. By the way, all figures by
Hepperle show a horizontal dependence of hs(c0) on c0 in the range of very small
c0-values which is not described by Eq. (10.82). This result is in agreement with
the general statement that hs(c0) has to be an even function of c0 as shear exper-
iments under the conditions c0 and -c0 are physically identical.

Fig. 10.11 Damping function in shear for the IUPAC I melt after Laun [17]

10.3 Rheological Equations of State After Wagner 329



If the general Wagner theory is applied to the case of simple shear, besides the
components of the relative Finger tensor and the absolute Green tensor, also the
components of the relative Cauchy tensor and the absolute Piola tensor are needed.
For the case of time-dependent simple shear those are given by

C22ðx; t; t0Þ ¼ 1 þ ½cðtÞ � cðt0Þ�2 A22ðx; tÞ ¼ 1 þ c2ðtÞ
C12ðx; t; t0Þ ¼ �½cðtÞ � cðt0Þ� A12ðx; tÞ ¼ �cðtÞ
C11ðx; t; t0Þ ¼ C33ðx; t; t0Þ ¼ 1 A11ðx; tÞ ¼ A33ðx; tÞ ¼ 1

ð10:83Þ

If these components together with (10.11) are inserted into (10.75) and if the
damping functions in shear of the first and second term in (10.74) are designated
by h1,s(c(t)) and h2,s(c(t)) Eqs. (10.79) change into

r12ðtÞ¼ GðtÞ½h1;sðcðtÞÞ�h2;sðcðtÞÞ��cðtÞþ

þ
Z t

0

mðt�t0Þ�½h1;sðjcðtÞ�cðt0ÞjÞ�h2;sðjcðtÞ�cðt0ÞjÞ��½jcðtÞ�cðt0Þj�dt0

r11ðtÞ�r22ðtÞ ¼ GðtÞ½h1;sðcðtÞÞ�h2;sðcðtÞÞ��c2ðtÞþ

þ
Z t

0

mðt�t0Þ�½h1;sðjcðtÞ�cðt0ÞjÞ�h2;sðjcðtÞ�cðt0ÞjÞ��½cðtÞ�cðt0Þ�2dt0

r22ðtÞ�r33ðtÞ ¼ GðtÞ�h2;sðcðtÞÞ�c2ðtÞþ

þ
Z t

0

mðt�t0Þ�½h2;sðjcðtÞ�cðt0ÞjÞ��½cðtÞ�cðt0Þ�2dt0

ð10:84Þ

For stress relaxation in simple shear instead of (10.81), the equations

r12ðtÞ ¼ GðtÞ½h1;sðc0Þ � h2;sðc0Þ� � c0 ¼ Gðt; c0Þc0

r11ðtÞ � r22ðtÞ ¼ GðtÞ½h1;sðc0Þ � h2;sðc0Þ� � c2
0 ¼ Gðt; c0Þc2

0
r22ðtÞ � r33ðtÞ ¼ GðtÞh2;sðc0Þ � c2

0

ð10:85Þ

result. Generally, |h2,s| � |h1,s| and |h2,s| \ 0 are found experimentally.
Due to the general Wagner theory, the non-linear time-dependent shear mod-

ulus is the product of the linear shear modulus and the sum of the absolute values
of the two damping functions in shear and may be found as the shear stress divided
by the constant shear strain or by the quotient of the first normal stress difference
and the square of the shear strain. The first normal stress coefficient is positive. The
second normal stress coefficient is negative. This shows that within the scope of
the general Wagner theory second normal stresses and second normal stress
coefficients might be fitted to experimental data.
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Finally, the predictions of the general Wagner theory for a stressing experiment
in simple shear are discussed. A stressing experiment is defined by the time-
dependent simple shear as prescribed in Eq. (10.13). Inserting Eqs. (10.11),
(10.77), (10.78), and (10.83) into Eqs. (10.76), we find after the introduction of the
new integration variable n = t - t0

r12ðtÞ ¼ gðt; _c0Þ _c0 with

gðt; _c0Þ ¼
Z t

0

GðnÞ ofn � ½h1;sð _c0nÞ � h2;sð _c0nÞ�g
on

dn
ð10:86aÞ

r11ðtÞ � r22ðtÞ ¼n1ðt; _c0Þ _c2
0 with

n1ðt; _c0Þ ¼
Z t

0

GðnÞ ofn
2 � ½h1;sð _c0nÞ � h1;sð _c0nÞ�g

on
dn

ð10:86bÞ

r22ðtÞ � r33ðtÞ ¼ n2ðt; _c0Þ _c2
0 with

n2ðt; _c0Þ ¼
Z t

0

GðnÞ o½n
2 � h2;sð _c0nÞ�

on
dn

ð10:86cÞ

The viscosity gðt; _c0Þ and the first and second normal stress coefficients n1ðt; _c0Þ
and n2ðt; _c0Þ depend on time and shear rate. The first normal stress coefficient
n1ðt; _c0Þ is positive and the second normal stress coefficient n2ðt; _c0Þ is negative.
The general Wagner theory should therefore be able to describe non-Newtonian
flow behavior.

The two functions gðt; _c0Þ and n1ðt; _c0Þ are no longer monotonously increasing
functions of time, but may exhibit a maximum before reaching a plateau value
after sufficiently long times. This may be seen by the following consideration.
Assuming that the damping function has an exponential decrease similar to
Eq. (10.82), the expressions in the brackets in (10.86a) and (10.86b) will be zero at
very small arguments and at very large arguments. As they are positive every-
where, they will run through a positive maximum in between. Therefore their
derivative after n will show a negative part which will lead to a decrease in the
integral and a maximum in the viscosity and the first normal stress coefficient.
Therefore a picture as given in Fig. 12.12 might qualitatively be described by
means of the Wagner-Demarmels theory.

The functions gðt; _c0Þ and n1ðt; _c0Þ tend to finite limits for t ? ?, the sta-
tionary non-Newtonian viscosity and the stationary non-Newtonian first normal
stress coefficient. These may be calculated by partial integration of (10.86a) and
(10.86b) and performing the limiting process to infinite time and using the fact that
both products t�G(t) and t2�G(t) vanish for t ? ? for liquids with fading memory.
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gðt ! 1; _c0Þ ¼ �
Z1

0

_GðnÞn � ½h1;sð _c0nÞ � h2;sð _c0nÞ�dn ð10:87Þ

n1ðt ! 1; _c0Þ ¼ �
Z1

0

_GðnÞn2 � ½h1;sð _c0nÞ�h2;sð _c0nÞ�dn ð10:88Þ

If damping functions and spectrum are known, the stationary non-Newtonian
viscosity and the first normal stress coefficient may be calculated under the
assumption of the validity of Wagner’s constitutive equation. This has been ver-
ified by Laun on the LDPE IUPAC A melt [17].

10.3.3 The Wagner Theories for Uniaxial Extension

Finally we consider the general Wagner theory for uniaxial extension, assuming
the relative path Eqs. (10.550) with m = -1/2

x1 ¼ eeðtÞ�eðt0Þ x01 x2 ¼ e�½eðtÞ�eðt0Þ�=2x02 x3 ¼ e�½eðtÞ�eðt0Þ�=2x03 ð10:550Þ

The components of the relative Finger and the absolute Green tensor are given by
(10.56) with m = -1/2 and the components of the relative Cauchy and the
absolute Piola tensor by (10.57) with m = -1/2. The invariants are

IBðx; t; t0Þ ¼ e2½eðtÞ�eðt0Þ� þ 2e�½eðtÞ�eðt0Þ� ICðx; t; t0Þ ¼ e�2½eðtÞ�eðt0Þ� þ 2e½eðtÞ�eðt0Þ�

IIBðx; t; t0Þ ¼ 2e½eðtÞ�eðt0Þ� þ e�2½eðtÞ�eðt0Þ� IICðx; t; t0Þ ¼ 2e�½eðtÞ�eðt0Þ� þ e2½eðtÞ�eðt0Þ�

with the consequence that the damping functions can depend only on the difference
e(t) - e(t0).

h1ðIB; IIBÞ 	 h1;eððeðtÞ � eðt0ÞÞÞ h�1ðIB; IIBÞ 	 h2;eððeðtÞ � eðt0ÞÞÞ ð10:89Þ

The functions h1,e and h2,e are designated as damping functions in uniaxial
extension. Inserting these equations into (10.75) results into the following equa-
tions for the tensile stresses in uniaxial extension regarding that r22(t) and
r33(t) vanish:
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rðtÞ ¼ r11ðtÞ � r22ðtÞ ¼ GðtÞfh1;eðeðtÞÞ½e2eðtÞ � e�eðtÞ� þ h2;eðeðtÞÞ½e�2eðtÞ � eeðtÞ�g�

�
Z t

0

_Gðt � t0Þ � fh1;e � ½e2½eðtÞ�eðt0Þ� � e�½eðtÞ�eðt0Þ�� þ h2;e � ½e�2½eðtÞ�eðt0Þ� � e½eðtÞ�eðt0Þ��gdt0

ð10:90Þ

Here again the most simple case is stress relaxation in uniaxial extension
defined by

eðtÞ ¼ 0 for t\0
eðtÞ ¼ e0 for t� 0

ð10:91Þ

where the terms under the integral in Eq. (10.90) vanish with the result

rðtÞ ¼ e0 � Eðt; e0Þ whereas

Eðt; e0Þ ¼ GðtÞ � fh1;eðe0Þ � ½e2e0 � e�e0 � þ h2;eðe0Þ � ½e�2e0 � ee0 �g=e0

ð10:92Þ

The non-linear relaxation modulus in uniaxial extension E(t,e0) may be written
as the product of a function depending on the constant Hencky strain with the
time-dependent shear modulus G(t) of the linear region. From the quotient of
E(t,e0) to G(t) the damping function in extension may be derived, in principle.
Measurements at high steps in elongation are difficult to perform, however, for
several experimental reasons.

The stressing experiment in uniaxial extension was defined by

eðtÞ ¼ 0 for t\0 eðtÞ ¼ _e0t for t � 0 ð10:59Þ

with _e0 being the constant Hencky strain rate. For the tensile stress, the following
expression is obtained from Eq. (10.76)

rðtÞ ¼
Z t

0

GðnÞ d½h1;eð_e0nÞðe2_e0n � e�_e0nÞ þ h2;eð_e0nÞðe�2_e0n � e_e0nÞ�
dn

dn ð10:93Þ

If the special Wagner theory is applied instead of the general one, Eq. (10.93)
may be used with the conditions h1,e = he and h2,e = 0 resulting into:

rðtÞ ¼
Z t

0

GðnÞ d½heð_e0nÞðe2_e0n � e�_e0nÞ�
dn

dn ð10:94Þ
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Wagner [21] analyzed experiments performed by Meissner [18] under various
elongational rates on LDPE (IUPAC I) at 150 �C shown in Fig. 10.12 as the
tensile viscosity 1)

lðt; _e0Þ ¼ rðtÞ=_e0 ð10:95Þ

versus time for various strain rates in a double logarithmic plot. As no second
normal stress differences were measured, he restricted his evaluation to the use of
the special Wagner theory and Eq. (10.94). He has shown how the damping
function may be derived from this equation if the tensile stress has been measured
and the linear relaxation modulus is known.

The predictions of Eq. (10.94) have been indicated by drawn lines in
Fig. 10.12. The higher the extensional rate was, the earlier experiment and theory
deviate from the limiting curve with the lowest extensional rate. The onset of the
strain hardening is predicted in good agreement with the experiment, the magni-
tude of strain hardening seems to be overestimated by the theory particularly at
smaller _e0. Concerning the experimental and theoretical challenges, the agreement
in Fig. 10.12 might be considered as satisfactory.

The damping function shown versus the Hencky strain in Fig. 10.13, can be
described by the expression

heðeÞ ¼ ½ae2e þ ð1 � aÞere��1 ð10:96Þ

with a = exp(-6) & 0.0025 and r = 0.30 being the two fitting parameters. Dif-
ferent from the case of simple shear, Eq. (10.96) is not a sum of exponential
functions. As a consequence, the integral in Eq. (10.94) cannot be solved ana-
lytically, but has to be treated numerically.

Concerning the description of recovery experiments the following remark
should be made. The damping function may be considered as a unique function of
the invariants only in time intervals, in which the deformation increases, i.e.,
where h decreases. During periods of decreasing deformation (periods of recovery)
h is to be interpreted as a functional of the history of the invariants. Entanglements
may be loosened or even disappear by increasing deformation, but are unlikely to
be restored again within periods of decreasing deformation. Broken entanglements
will remain in this state during recovery.

Due to a proposal by Raible et al. [22] in such a case the value of the damping
function should be set equal to the minimum value which was attained during the
deformation history:

h ffi HðIB; IIBÞ ¼ min
s¼t

s¼t0
h½IBðs; t0Þ; IIBðs; t0Þ�
� �

ð10:97Þ

1 With respect to the term tensile viscosity we want to refer the reader to the principle remarks
given in Sect. 12.1.
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Fig. 10.12 Uniaxial tensile viscosities measured by Meissner [18] as function of the time at
various constant Hencky elongational rates for an LDPE (IUPAC I) at 150 �C and the predicitions
of Wagner’s theory as drawn lines. Reproduced from [21] by permission from Elsevier

Fig. 10.13 Damping function in uniaxial extension calculated from the data of Fig. 10.12 by
Wagner. Reproduced from [21] by permission from Elsevier
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As most calculations will be performed numerically this condition will not restrict
the applicability of the theory essentially. It may, however, improve the results of
predictions of recovery processes, considerably.

10.4 The Theory of the Temporary Entanglement Network

10.4.1 The Strain Tensor and the Molecular Orientation

For the understanding of the Doi-Edwards theory and the theory of the temporary
entanglement network with slip the following geometrical interpretation of the
strain tensor is of great importance [23–25]. Let us designate with u unit vectors at
the position x which are isotropically distributed in space. The average of the
tensor hu ui is defined as the average over all directions of the vectors u using a
distribution function f ð#;uÞ for their directions

u uh i ¼ 1
4p

Zp

0

sin#d#
Z2p

0

duðu uÞf ð#;uÞ ð10:98Þ

# and u are the polar coordinates of the unit vectors with the components u1 ¼
sin# cos u; u2 ¼ sin# sin u; u3 ¼ cos# while the components of the tensor (u u)
are u1u1 ¼ sin2 # cos2 u; u1 u2 ¼ sin2 # sin u cos u; u1u3 ¼ sin# cos # cos u etc.
On averaging these components one finds because of the assumed isotropy of the
vectors u (viz., f ð#;uÞ ¼ 1)

u1u1h i ¼ sin2 # cos2 u
	 


¼ 1
4p

Zp

0

sin3#d#

Z2p

0

cos2 udu ¼ 1
3

u2u2h i ¼ sin2 # sin2 u
	 


¼ 1
4p

Zp

0

sin3#d#

Z2p

0

sin2 udu ¼ 1
3

u3u3h i ¼ cos2 #
	 


¼ 1
4p

Zp

0

cos2 # sin#d#

Z2p

0

du ¼ 1
3

u1u2h i ¼ sin2 # sin u cos u
	 


¼ 1
4p

Zp

0

sin2# sin#d#

Z2p

0

sin u cos udu ¼ 0
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Therefore, the dyadic average of isotropically distributed unit vectors equals

uiukh i ¼ 1
3 dik or uuh i ¼ 1

3 E ð10:99Þ

Consider now the state at the position x at the past time t0. There were iso-
tropically distributed unit vectors u0 which obeyed the conditions u0

iu
0
k

	 

¼ dik=3.

By the deformation imposed on the material from the time t0 until the time t the
unit vectors u0 are transformed into vectors u with the components
ui ¼ ½F�1

t
ðt0Þ�imu0

m. For calculating the average huiuki use is made of the distrib-

utive property of the symbol hi and of the fact that the components of the inverse
deformation gradient ½F�1

t
ðt0Þ�ik do not depend on # or u and can be drawn outside

the symbol hi. Therefore, the average can be written as

uiukh i ¼ ½F�1
t
ðt0Þ�imu0

m½F�1
t
ðt0Þ�klu

0
l

D E
¼ ½F�1

t
ðt0Þ�im u0

mu0
l

	 

½F�1

t
ðt0Þ�kl ¼

¼ ½F�1
t
ðt0Þ�im

1
3

dml½F�1
t
ðt0Þ�kl ¼

1
3
½F�1

t
ðt0Þ�im½~F

�1

t
ðt0Þ�mk ¼

1
3
½C�1

t
ðt0Þ�ik

or uuh i ¼ C�1
t
ðt0Þ=3. Wagner designates this average by u0u0h i, because it describes

the change of the dyadic product from the state at the past time t0 to the state at the
observation time t and therefore constitutes a measure for the state of the deformation
at the past time t0.

u0u0h i ¼ 1
3

C�1
t
ðt0Þ ¼ 1

3
B

t
ðt0Þ ð10:100Þ

u0u0h i is the average of the dyadic product of those unit vectors at the position x at
the observation time t, which have been isotropically distributed at the past time t0.
Due to Eq. (8.35) this average equals one third of the relative Finger tensor.

The average of the square of the length of the vectors is found as the trace of the
dyadic u0u0h i i.e.

u02	 

¼ IB=3 ð10:101Þ

Besides this quantity, a further average will play a role in the following, which
is much more difficult to calculate than u02	 


, viz., the average of the length of the
vectors themselves, u0h i. This average differs somewhat from the square root of
u02	 


, and may be calculated by taking the square root of the expression

u02 ¼ u0
mu0

m ¼ ½F�1
t
ðt0Þ�miui½F�1

t
ðt0Þ�mkuk ¼ ½~F�1

t
ðt0Þ�im½F�1

t
ðt0Þ�mkuiuk

¼ ½B�1
t
ðt0Þ�ikuiuk

and averaging over the angles which results in the integral
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u0h i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½B�1

t
ðt0Þ�ikuiuk

qD E
ð10:102Þ

Because of the square root under the integral the evaluation of Eq. (10.102)
leads to elliptic integrals and is possible only in simple cases and by numerical
integration. For deformations in which the tensor B�1 is in its principle coordinate
system, the integrals can be solved for unidirectional extension in the 1-direction,
for equibiaxial extension in the 1 and 2-direction and by numerical integration for
planar extension in the 1 and 2-direction [26].

The difference between the averages u0h i and
ffiffiffiffiffiffiffiffiffi
u02h i

p
is rather small, as may be

seen from Fig. A.1 in the appendix on page 359 in which both quantities are
plotted versus the extension ratio k for the three cases of deformation considered.
Apart from the case of planar extension for which the averages practically coin-

cide, u0h i is only slightly higher than
ffiffiffiffiffiffiffiffiffi
u02h i

p
. Explicit formulae may be found in

Appendix A and in the cited literature.

10.4.2 The Temporary Entanglement Network
with and Without Slip

According to Doi and Edwards [27] and de Gennes [28] linear macromolecules are
not able to penetrate each other, and can move only within a tube formed by the
neighboring molecules. According to an illustrative picture by Janeschitz-Kriegl
[1], they behave as snakes creeping through a dense bamboo wood, and can only
proceed into the direction of their head or tail, creating hereby a new part of their
own tube and leaving behind a corresponding part of their old tube. This motion
called reptation is thought to be one of the principal mechanisms for stress
relaxation in the deformed melt. The tube model as proposed by Doi and Edwards
[27] and the temporary entanglement network model as proposed by Wagner and
Schaeffer [24, 29, 30] are illustrated in Fig. 10.14.

The entanglement model contains slip links. These are parts of rings formed at
the entanglements where the polymer molecule can slide through (cf. Fig. 4.7c).
We discuss the slip link model following the presentation by Wagner and Scha-
effer [29].

The distance vectors r of neighbored entanglements are isotropically distributed
in the undeformed (stress free) state. Their distances r differ, showing a Gaussian
distribution with hr2i = a0

2 where a0
2 is the mean square distance between neigh-

bored entanglements. a0 is also assumed to be the diameter of the tubes in the
undeformed state.

Polymer molecules in the melt may be considered as statistically equivalent
random walk chains with n Kuhn’s statistical segments of length b. In the Gaussian
approximation (/r/ � nb), the probability wðrÞd3r to find a chain with an end-to-
end vector between r and r þ dr is independent of the orientation of the vector r.
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The distribution was already introduced in Chap. 2 as Eq. (2.30) and is written
here again in the following form:

wðrÞd3r ¼ a3

p3=2
expð�a2r2Þdx1dx2dx3 ¼

¼ a3

p3=2
expð�a2r2Þ � r2dr sin#d#du ¼ wA

0 ðrÞw
O
0 ðuÞdrdX

ð10:103Þ

with a2 being proportional to the reciprocal mean square end to end distance of the
entire molecule hr2imol.

a ¼
ffiffiffiffiffiffiffiffiffiffi

3
2nb2

r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3
2 r2h imol

s

ð10:104Þ

and dX ¼ sin#d#du. Expressed in polar coordinates, the function wðrÞd3r is the
product of a distribution function for the distance

wA
0 ðrÞdr ¼ 4a3

p1=2
e�a2r2

r2dr ð10:103aÞ

and one for the orientation

wO
0 ðuÞdX ¼ 1

4p
sin#d#du ð10:103bÞ

For parts of the molecule of sufficient length, the same statistics is valid. For a
part of the molecule with n0 Kuhn segments, Eqs. (10.103), (10.103a), and
(10.103b) remain valid, if n is replaced by n0 and a by a0

Fig. 10.14 Tube model after Doi and Edwards (left) and temporary entanglement network model
after Wagner and Schaeffer (right) in comparison, reproduced from [24] by permission from the
Society of Rheology (U.S.)
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a0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3=ð2n0b2Þ

p
ð10:105Þ

The entanglement network is defined in the undeformed state as follows: After
n0 Kuhn segments the next entanglement point is assumed to follow. The part of
the molecule between two successive entanglements is designated as chain bow. A
chain bow contains exactly n0 Kuhn segments. The distribution function for its end
to end distance becomes instead of (10.103a)

wA
0 ðrÞdr ¼ 4a3

0

p1=2
e�a2

0r2
r2dr ð10:106Þ

and its end to end vector has the mean square distance

r2
	 


ch
¼ 3=ð2a2

0Þ ¼ n0b2 ð10:107Þ

which differs of course from hr2i mol. The entropy of one chain bow with the end
to end distance r equals apart from an additive constant DS ¼ k ln wA

0 ðrÞ ¼
�ka2

0r2 � 2k ln r ffi �ka2
0r2 and, assuming free rotation of the Kuhn segments, its

free energy DF equals

DF ¼ DU � TDS ¼ �TDS ¼ kTa2
0r2 ð10:108Þ

The force to be exerted by the vicinity on the chain bow to hold its end-to-end
vector in position is found by taking the gradient of the free energy and using
Eq. (10.105) as

KðrÞ ¼ gradðDFÞ ¼ dDF

dr
gradðrÞ ¼ 2kTa2

0r ¼ 3kT

nob2
� r ð10:109Þ

This force acts in the direction of the end-to-end vector of the chain bow, is
proportional to its end-to-end distance and the absolute temperature, and inversely
proportional to its number of Kuhn segments.

If interaction between polymer molecules and entanglements only occurs at the
entanglements, the contribution of the chain bow to the stress tensor will be the
dyadic product of the force on the chain bow and its end-to-end vector, averaged
over the distribution of the chains in the deformed state w(r). If for the force and
the end vector the values in the deformed state K 0 and r0 are taken, averaging can
be performed over the distribution of the chains w0(r) in the undeformed state. The
contribution of all chain bows to the stress tensor may be expressed as

r þ pE ¼ cN0 K rh i ¼ cN0

Z
wðrÞKðrÞrd3r ¼ cN0

Z
w0ðrÞK 0ðrÞr0d3r ð10:110Þ

where c equals the number of macromolecules per volume, N0 the number of chain
bows per macromolecule, cN0 the number of chain bows per volume.
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The temporary entanglement network without slip, the Lodge theory:
We first discuss the network under the assumptions that

(1) The shift of the entanglements is affine to the macroscopic deformation
(2) No slip of the chain bows occurs in the tubes, after the deformation

If the entanglement network has been formed in the undeformed state at the past
time t0, the distribution of the end-to-end vectors r ¼ ru will be isotropic, with u
being isotropically distributed unit vectors. By the deformation the vectors r are
transformed into vectors r0 according to

r0 ¼ rF�1
t

� u ¼ r � u0 ð10:111Þ

and the force of the vicinity on the deformed chain bow equals

K 0ðrÞ ¼ 3kT

n0b2
� r0 ¼ 3kT

n0b2
r � u0 ð10:112Þ

The dyadic in (10.110) becomes K 0 r0 ¼ ð3kT=n0b2Þr2u0 u0 and the stress tensor
(10.110) reads considering (10.107) and (10.100).

r þ pE ¼ cN0
3kT

n0b2

Z
w0ðrÞr2u0 u0d3r ¼ 3kTcN0

n0b2

Z
wA

0 ðrÞr2dr

Z
wO

0 ðuÞu0 u0dX ¼

¼ 3kTcN0

Z
wO

0 ðuÞ u0 u0dX ¼ 3kTcN0 u0 u0h i ¼ kTcN0B
t
ðt0Þ

:

ð10:113Þ

Taking into account finally the relaxation of the number of chain bows by
replacing kTcN0 by kTn(t - t0) = m(t - t0) and adding the contributions of all
networks formed in the past by integration after the time t0, results in the equation
of state of the Lodge theory

r þ pE ¼
Z t

�1

kTnðt � t0ÞB
t
ðt0Þdt0 ¼

Z t

�1

mðt � t0ÞB
t
ðt0Þdt0 ð10:2Þ

The assumptions that the tubes are deformed affine to the deformation and no slip
of chain bows occurs within the tubes lead to the equation of state of Lodge.

The temporary entanglement network with slip:
In an extension of the model, the occurrence of slip of the chain bows directly after
the orientation of the tubes is admitted now. After Wagner and Schaeffer [29] slip
will always be accompanied by disentanglement, as parts of the chain which move
from one chain bow into the next, are missing at the end of the molecules for an
entanglement. Therefore, slip will be characterized by two functions depending on
the deformation, the slip function Sðr0Þ and the disentanglement function Dðr0Þ.
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S ¼ n00=n0 is the ratio of the number of Kuhn segments between neighbored
entanglements (of a chain bow considered) after the deformation (n00) and before
the deformation (n0), D = N00/N0 is the ratio of the number of chain bows of the
molecule after (N00) and before (N0) the deformation.

n00 and N00 will generally depend on the orientation and the length of the vector
r0. Wagner and Schaeffer assumed that n00 and N00 only depend on the stretch of the
chain bow, not on its orientation, that means on the absolute value of the vector u0,
viz., on u0: n00 = n00(u0) and N00 = N00(u0) with the consequence

Sðr0Þ ¼ n00

n0
¼ Sðu0Þ ð10:114Þ

Dðr0Þ ¼ N 00

N0
¼ Dðu0Þ ð10:115Þ

Instead of (10.109), the force exerted by the vicinity on the chain bow now
reads

KðrÞ ¼ 3kT

n00b2
� r ¼ 1

S

3kT

n0b2
� r ð10:116Þ

and instead of (10.110), the average of the dyadic becomes

r þ pE ¼ c N 00K 0ðr0Þr0h i ¼ cN0
3kT

n0b2

Dðu0Þ
Sðu0Þ r2u0u0

� �
¼

¼ 3kTcN0

n0b2

Z
wA

0 ðrÞr2dr

Z
wO

0 ðuÞ
Dðu0Þ
Sðu0Þ u0 u0dX ¼ 3kTcN0

Dðu0Þ
Sðu0Þ u0u0

� �

which is equivalent to the equation of state

r þ pE ¼ 3kTcN0
Dðu0Þ
Sðu0Þ u0u0

� �
ð10:117Þ

In this equation, the averaging procedure relates only to the directional coor-
dinates # and u. D(u0) and S(u0) are not independent from each other, but are
related by the condition

Dðu0Þ � Sðu0Þh i ¼ 1 ð10:118Þ

which may be proved as follows: Adding the product n00� N00 over all orientations
of the vectors r in the undeformed state results into n00 � N 00h i and this equals the
complete number of Kuhn segments pro molecule, viz., (n0N0). Dividing n00 � N 00h i
by n0N0 yields (10.118).
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10.5 The Doi-Edwards Theory

10.5.1 The Constitutive Equations of the Doi-Edwards
Theory

The theory of Doi and Edwards [27] is a special case of the temporary entanglement
network with slip. Doi and Edwards proposed that slip occurs in such a manner that
the force between two adjacent entanglements after slip is equal to the force between
them before the deformation started. The macromolecule would then retract in the
deformed and oriented tube to its original contour length. The absolute value of the
force on the chain bow before the deformation is found from (10.109) as
|K(r)| = (3kT/n0b2)�r and after the deformation as |K(r0)| = (3kT/n00b2)�r0. Equating
the two forces results in the condition r0/n0 = r/ n0. Because of r0 = u0r the slip
function becomes

Sðu0Þ 	 n00

n0
¼ u0 ð10:119Þ

Regarding the disentanglement, Doi and Edwards distinguish between two
possibilities:

(1) Disentanglement occurs only at the chain ends: Doi-Edwards theory 1

That means the disentanglement is isotropic and N00 is independent of the
magnitude of the stretch of the chains, or the disentanglement function D(u0) is a
constant independent of u0. From (10.118), then follows hD(u0)S(u0)i =
D(u0)�hS(u0)i = 1 or using (10.119)

Dðu0Þ ¼ 1
Sðu0Þh i ¼

1
u0h i ð10:120Þ

After inserting (10.119) and (10.120) into Eq. (10.117), it follows for the stress
tensor in the Doi-Edwards theory 1

r þ pE ¼ 3kTcN0
1
u0h i

u0 u0

u0

� �
ð10:121Þ

In the Doi–Edwards theory 1, the deformed unit vectors are first divided by the
square root of their length and then multiplied dyadically with each other.

(2) Disentanglement occurs in the different sections of the tube independently.
(Independent alignment assumption): Doi-Edwards theory 2

Another simple solution of Eq. (10.118) is found by the assumption
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Dðu0Þ ¼ 1
Sðu0Þ ¼

1
u0 ð10:122Þ

which implies that anisotropic disentanglement occurs which is inversely pro-
portional to the average stretch of the chain bow under consideration. Inserting of
(10.122) and (10.119) into (10.117) yields for the stress tensor in the Doi–Edwards
theory 2

r þ pE ¼ 3kTcN0
u0

u0
u0

u0

� �
ð10:123Þ

In the Doi–Edwards theory 2, the deformed unit vectors are first divided by their
length and then multiplied dyadically with each other. The tensor in (10.123) is
often used in the literature, it is called the DE-strain tensor and designated by S

S ¼ S
t
ðt0Þ ¼ u0

u0
u0

u0

� �
ð10:1230Þ

The DE-strain tensor is illustrated in Fig. 10.15, which consists of three parts.
In its left part the arrows show the isotropically distributed unit vectors in the
undeformed state within a material element of a circular cross section. During the
deformation the material is compressed in vertical and extended in horizontal
direction. This is indicated by the change of the circular cross-section into an
ellipsoidal one in the middle part of the figure. There the arrows show the ori-
entation and length of the chainbows after the deformation, but before the slipping
process. In the right part of Fig. 10.15 the arrows indicate the orientation and
length of the chainbows after the deformation and the slipping process. According
to Eq. (10.123), the vectors of the right part of the figure are to be multiplied
dyadically with each other.

The dyadic expressions occurring in Eqs. (10.121) and (10.123) are too com-
plicated to admit integration over the directional angles in closed form. The
integration has to be performed numerically in each special case of deformation

Fig. 10.15 Illustration of the orientation and length of isotropic unit vectors (left) by
deformation (middle) and subsequent slip (right) according to the Doi–Edwards theory 2
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separately, similarly to the calculation of the averages hu0i in Sect. 10.4.1 This
problem is more serious for Eq. (10.121) than for (10.123) as in the former a
square root in the denominator of the integrand occurs, which is absent in the
dyadic of (10.123).

Equation (10.123) has a further very essential advantage over Eq. (10.121).
Currie [31] has proven the existence of a very good approximation for the dyadic S

in (10.123) consisting of a linear combination of the tensors B
t
ðt0Þ and B�1

t
ðt0Þ

which are easy to calculate from the given deformation history. The Currie
approximation reads

u0

u0
u0

u0

� �
ffi 1

J
B

t
ðt0Þ � 1

J
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IIB þ 13=4

p B�1
t
ðt0Þ þ 1

3
1 � IB

J
þ IIB

J
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IIB þ 13=4

p

" #

E

ð10:124Þ

with

J ¼ IB � 1 þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IIB þ 13=4

p
ð10:124aÞ

The isotropic term in (10.124) gives rise to an isotropic term in the equation for the
stress tensor which might be comprehended in the hydrostatic pressure and need
not to be regarded further.

For the case of stress relaxation in simple shear and in the limit of small
deformations IB = 0 IIB = 3, J = 7 and

r12 ffi 3kTcN0

J
c 1 þ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IIB þ 13=4

p

" #

¼ 3kTcN0

5
c ¼ c � GðtÞ

is found with G(t) being the linear time-dependent shear modulus of the melt.
Hence, for the Doi-Edwards theory 2, the factor 3kTcN0 has to be related to the

shear modulus by the equation

3kTcN0 ¼ 5GðtÞ ð10:125Þ

and the exact constitutive equation of the Doi-Edwards theory 2 becomes

r þ pE ¼
Z t

�1

5mðt � t0Þ u0

u0
u0

u0

� �
dt0 ¼

Z t

�1

5mðt � t0ÞS
t
ðt0Þdt0 ð10:126Þ

with m being the memory function, related to the time-dependent shear modulus
by Eq. (10.3).

If use is made of the approximation of Currie, the constitutive equation of the
Doi-Edwards theory 2 takes the form of the general Wagner theory
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rðtÞ þ pE ¼
Z t

�1

mðt � t0Þ½h1ðIB; IIBÞBt
ðt0Þ þ h�1ðIB; IIBÞB�1

t
ðt0Þ�dt0 ð10:127Þ

with the two damping functions

h1ðIB; IIBÞ ffi
5
J
¼ 5

IB � 1 þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IIB þ 13=4

p ð10:127aÞ

and

h�1ðIB; IIBÞ ffi
�5

J
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IIB þ 13=4

p ð10:127bÞ

with J given by Eq. (10.124a). The discussion of the consequences of the
Doi–Edwards theory 2 will be based on these equations which are easy to specify
for the various types of deformation.

In proving the validity of the approximation (10.124), Currie further derived the
following exact equations for the two damping functions of the Doi–Edwards
theory 2 which may be obtained by partial differentiation of the scalar function

UðIB; IIBÞ ¼ 5 lnðu02Þ
	 


¼ 10 lnðu0Þh i ð10:128Þ

after the two invariants IB and IIB

h�1ðIB; IIBÞ ¼
oUðIB; IIBÞ

oIB
ð10:128aÞ

h1ðIB; IIBÞ ¼ � oUðIB; IIBÞ
oIIB

ð10:128bÞ

If the two damping functions in a constitutive equation can be derived from a
potential, the equation is called a separable B.K.Z.-equation [32]. Thus Currie
proved that the constitutive equation of the Doi–Edwards theory 2 is a separable
BKZ-equation related to the potential given in (10.128).

The Doi–Edwards theory 2 (Eq. 10.123) is a special case of the general Wagner
theory (Eq. 10.74). But those theories are by no means identical and have a totally
different background. In the Doi–Edwards theory 2, the shape of the two damping
functions is given by the molecular picture, in the general Wagner theory the
damping functions may be chosen to adapt the theory to the experiment.

A corresponding analytical representation of the damping functions of the
Doi–Edwards theory 1 is not known. Doi and Edwards, however, deduced from
Eq. (10.121) the following rheological equation of state [2]
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r þ pE ¼
Z t

�1

15
4

mðt � t0Þ 1
u0h i

u0u0

u0

� �
dt0 ð10:129Þ

The calculation of the dyadic in Eq. (10.129) is much more difficult than that of
Eq. (10.126) as already mentioned. Due to Wagner [22] the differences between
both theories in calculating the tensile viscosities are only small. He therefore
compared the consequences of Eq. (10.126) with the experiment.

In the theory of Doi and Edwards [27] and in the slip link model of Wagner and
Schaeffer [24], the volume of the tubes is assumed to increase proportional to u0

and their diameter to remain unchanged with the deformation. Already more than
10 years before the treatment of Wagner, Marrucci and de Cindio [33] proposed a
slip link model with the different assumption that the volume of the tubes remains
constant while their diameter decreases proportional to 1=

ffiffiffiffi
u0

p
. Using the inde-

pendent alignment assumption, the result is a constitutive equation which is still
more complicated than (10.129) viz.:

r þ pE ¼
Z t

�1

15
4

mðt � t0Þ
ffiffiffiffiffiffiffiffiffi
n0b2

p
1
ffiffiffiffi
u0

p	 

u0u0
ffiffiffiffi
u0

p
� �

dt0 ð10:130Þ

In the Marucci–de Cindio equation the deformed unit vectors u0 are first to be
divided by the fourth root of their length and then multiplied dyadically with each
other.

10.5.2 The Doi–Edwards Theory 2 for Simple Shear
and Multiaxial Extension

Though it is well established today that the Doi–Edwards theory is not able to
describe the rheological behavior of polymer melts, it often serves as starting point
for the development of more advanced theories. Because it is free of parameters, it
is furthermore used for comparison with experimental results to determine the
molecular stress functions of Wagner’s theory experimentally. Therefore, it may
be useful for the reader to summarize some of the most important results of this
theory in the following.

For the description of time-dependent simple shear by the Doi-Edwards theory
2, the corresponding equations of the general Wagner theory (10.74) are spe-
cialized to the Doi-Edwards theory 2 by introducing the expressions (10.127a) and
(10.127b) as damping functions. The latter contain the invariants of the relative
Finger tensor, which are for simple shear equal and equal to
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IB ¼ IIB ¼ 3 þ cðtÞ � cðt0Þð Þ2 ð10:131Þ

The following equations for the stresses result

r12ðtÞ ¼ GðtÞn1ðt; 0ÞcðtÞ þ
Rt

0
mðt � t0Þn1ðt; t0Þ � cðtÞ � cðt0Þ½ �dt0

r11ðtÞ � r22ðtÞ ¼ GðtÞn1ðt; 0Þc2ðtÞ þ
Rt

0
mðt � t0Þn1ðt; t0Þ � ðcðtÞ � cðt0Þ½ �2dt0

r22ðtÞ � r33ðtÞ ¼ GðtÞn2ðt; 0Þc2ðtÞ þ
Rt

0
mðt � t0Þn2ðt; t0Þ � cðtÞ � cðt0Þ½ �2dt0

ð10:132Þ

where use is made of the abbreviations

n1ðt; t0Þ ¼
5ð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
IBþ13=4

p
Þ

Jðt;t0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
IBþ13=4

p n1ðt; 0Þ ¼
5ð1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞþ25=4

p
Þ

Jðt;0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞþ25=4

p

n2ðt; t0Þ ¼ � 5
Jðt;t0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
IBþ13=4

p n2ðt; 0Þ ¼ � 5
Jðt;0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞþ25=4

p

Jðt; t0Þ ¼ IB � 1 þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IB þ 13=4

p
Jðt; 0Þ ¼ 2 þ c2ðtÞ þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðtÞ þ 25=4

p
ð10:133Þ

For stress relaxation in simple shear, the terms under the integrals in (10.132)
vanish and the stresses become

r12ðtÞ ¼ GðtÞn1ðc0Þc0

r11ðtÞ � r22ðtÞ ¼ GðtÞn1ðc0Þc2
0

r22ðtÞ � r33ðtÞ ¼ GðtÞn2ðc0Þc2
0

ð10:134Þ

with the non-linearity factor n1(c0) and the second normal stress coefficient (in
stress relaxation) n2(c0) given by

n1ðc0Þ ¼
5ð1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2

0 þ 25=4
p

Þ
Jðc0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2

0 þ 25=4
p ð10:134aÞ

n2ðc0Þ ¼ � 5

Jðc0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2

0 þ 25=4
p ð10:134bÞ

and with

Jðc0Þ ¼ 2 þ c2
0 þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2

0 þ 25=4
q

ð10:134cÞ

The non-linearity factor n1(c0) starts with unity for c0 = 0 and decreases as 5/c0
2

for high c0. The ratio of the second to the first normal stress difference
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r22 � r33

r11 � r22
¼ n2ðc0Þ

n1ðc0Þ
¼ � 1

1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2

0 þ 25=4
p ð10:135Þ

is negative, its absolute value approaches 2/7 at small shear strains and decreases
with increasing shear strain. According to the Doi–Edwards theory 2 in a relax-
ation experiment in simple shear, a positive first and a negative second normal
stress difference should occur besides the shear stress.

The stressing experiment in simple shear may be calculated by Eqs. (10.76),
inserting (10.127a) and (10.127b) as damping functions with the result

r12ðtÞ ¼ gðt; _c0Þ _c0 with gðt; _c0Þ ¼
Rt

0
GðnÞ o½n � n1ð _c0nÞ�

on
dn

r11ðtÞ � r22ðtÞ ¼ n1ðt; _c0Þ _c2
0 with n1ðt; _c0Þ ¼

Rt

0
GðnÞ o½n

2 � n1ð _c0nÞ�
on

dn

r22ðtÞ � r33ðtÞ ¼ n2ðt; _c0Þ _c2
0 with n2ðt; _c0Þ ¼

Rt

0
GðnÞ o½n

2 � n2ð _c0nÞ�
on

dn

ð10:136Þ

with n1 and n2 given by (10.134a) and (10.134b).
For the stressing experiment in simple shear, the Doi–Edwards theory 2 predicts

a time-dependent non-linear viscosity gðt; _c0Þ, a time-dependent non-linear posi-
tive first normal stress coefficient n1ðt; _c0Þ and a time-dependent non-linear neg-
ative second normal stress coefficient n2ðt; _c0Þ. The dependence of those quantities
on _c0 is free of parameters, and can be calculated if the stress relaxation modulus
in shear under small deformations is known.

In the description of stressing experiments in multiaxial extension by the
Doi–Edwards theory 2, the following invariants

IB ¼ e2_e0n þ e2m_e0n þ e�2ð1þmÞ_e0n

IIB ¼ e�2_e0n þ e�2m_e0n þ e2ð1þmÞ_e0n
ð10:137Þ

with n = t – t0 occur. They depend on the value chosen for the geometry
parameter m. If these are inserted into (10.127a) and (10.127b) to obtain the
damping functions for multiaxial extension, these also will depend on the value of
m and are therefore designated by

h1;mð_e0nÞ 	 h1ðIB; IIBÞ ¼
5
J

ð10:137aÞ

h�1;mð_e0nÞ 	 h�1ðIB; IIBÞ ¼
�5

J
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IIB þ 13=4

p
�

ð10:137bÞ
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and J given by (10.124a). For the invariants IB and IIB, Eqs. (10.137) with the
corresponding value of m should be inserted. The equations for the tensile stresses
become

r11ðtÞ þ p ¼
Z t

0

GðnÞ o

on
½h1;mð_e0nÞe2_e0n þ h�1;mð_e0nÞe�2_e0n�dn

r22ðtÞ þ p ¼
Z t

0

GðnÞ o

on
½h1;mð_e0nÞe2m_e0n þ h�1;mð_e0nÞe�2m_e0n�dn

r33ðtÞ þ p ¼
Z t

0

GðnÞ o

on
½h1;mð_e0nÞe�2ð1þmÞ_e0n þ h�1;mð_e0nÞe2ð1þmÞ_e0n�dn

ð10:138Þ

These are to be specified for the three cases m = -1/2, 1, and 0.
Uniaxial extension is found by inserting m = -� into Eqs. (10.138), subtracting
the second of the equations obtained from the first one and putting r22 = 0. If we
use the abbreviation _e0n 	 z, the result may be written as

r11ðtÞ ¼ _e0
Rt

0
GðnÞ d

dz fh1;�1=2ðzÞ½e2z � e�z� þ h�1;�1=2ðzÞ½e�2z � ez�gdn

r22ðtÞ ¼ r33ðtÞ ¼ 0
ð10:139Þ

h1,-1/2 and h-1,-1/2 are found by inserting m = -1/2 in Eqs. (10.137), (10.137a),
(10.137b), and (10.124a). The uniaxial extensional viscosity is given then as

lðt; _e0Þ ¼ r11ðtÞ=_e0 ð10:139aÞ

Developing (10.139) in powers of z, differentiating the expression between
curved brackets after z and forming the limit of _e0 to zero, results in

lðt; 0Þ ¼ 3g0ðtÞ ð10:139bÞ

which corresponds to Eq. (10.63) with g0(t) given by Eq. (10.14) or (10.16).
Equibiaxial extension is found by inserting m = 1 into Eqs. (10.138), sub-

tracting the third of the equations obtained from the first one and putting r33 = 0.
This results in

r11ðtÞ ¼
Rt

0
GðnÞ o

on fh1;1ð_e0nÞ½e2_e0n � e�4_e0n� þ h�1;1ð_e0nÞ½e�2_e0n � e4_e0n�gdn

r22ðtÞ ¼ r11ðtÞ
r33ðtÞ ¼ 0

ð10:140Þ
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h1,1 and h-1,1 are found by inserting m = 1 in Eqs. (10.137), (10.137a), (10.137b),
and (10.124a). The equibiaxial viscosity follows then as

leðt; _e0Þ ¼ r11ðtÞ=_e0 ð10:140aÞ

with the limiting curve for small _e0 equal to

leðt; 0Þ ¼ 6g0ðtÞ ð10:140bÞ

Planar extension in the 1–3 plane is found by inserting m = 0 into
Eqs. (10.138). From the equations obtained, the third one is subtracted from the
first and then from the second one. Putting r33 = 0 results into

r11ðtÞ ¼ _e0
Rt

0
GðnÞ d

dz
fh1;0ðzÞ½e2z � e�2z� þ h�1;0ðzÞ½e�2z � e2z�gdn

r22ðtÞ ¼ _e0
Rt

0
GðnÞ d

dz
fh1;0ðzÞ½1 � e�2z� þ h�1;0ðzÞ½1 � e2z�gdn

r33ðtÞ ¼ 0

ð10:141Þ

h1,0 and h-1,0 are found by inserting m = 0 in Eqs. (10.137), (10.137a), (10.137b),
and in (10.124a). This deformation may be realized by loading the 1-plane and the
2-plane with stresses of different magnitude and leaving the 3-plane stress free.
Consequently, two planar extensional viscosities may be defined as

lp1ðt; _e0Þ ¼ r11ðtÞ=_e0 ð10:141aÞ

lp2ðt; _e0Þ ¼ r22ðtÞ=_e0 ð10:141bÞ

with the limiting curves for small _e0

lp1ðt; 0Þ ¼ 4g0ðtÞ ð10:141cÞ

lp2ðt; 0Þ ¼ 2g0ðtÞ ð10:141dÞ

In conclusion it may be stated that the Doi-Edwards theory 2 describes qualita-
tively a number of characteristic properties which are found for polymer melts, as a
non-Newtonian time-dependent shear viscosity, a positive non-linear time-depen-
dent first normal stress coefficient, a negative non-linear time-dependent second
normal stress coefficient, and non-Newtonian extensional viscosities in uniaxial,
equibiaxial, and planar extension. As the two damping functions h1,m(IB, IIB) and
h-1,m(IB, IIB) of the Doi-Edwards theory are free of parameters, the applicability of
the theory can be checked by the experimental determination of those properties and
their comparison with the predictions.
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This had been done by Wagner [23], who compared measurements of the
damping function in shear obtained in stress relaxation for the IUPAC-melt at
150 �C by Laun [17] with the Doi-Edwards prediction (10.134), measurements of
the damping function obtained from stressing experiments in linear extension on
the same melt at 150 �C by Laun and Münstedt [34] with the prediction (10.139),
measurements of the damping functions in uniaxial, equibiaxial, ellipsoidal, and
planar extension in stressing experiments on PIB at room temperature by De-
marmels and Meissner [35] with (10.139) (10.140), and (10.141).

His conclusion was that the Doi-Edwards theory 2 predicts damping functions
which are much stronger than those obtained by the experiment. In some cases, the
difference was as large as one half of a decade. He concluded that the stresses
predicted by the Doi-Edwards theory 2 are too small, the one predicted by the
Lodge theory are too high in comparison with the experiment. The most promising
description should be searched for in a theory situated in between those two
extremes. This is the M.S.F.theory using the molecular stress function, which will
be described in Sect. 10.6.1.

10.6 Theory of the Molecular Stress Function (MSF)

10.6.1 The Constitutive Equation of the MSF-Theory

For the reasons mentioned at the end of Sect. 10.5.2, Wagner and Schaeffer
changed the theory of Doi and Edwards in a way that the predictions come to lie
between those of the Lodge theory and the Doi-Edwards theory 2 [23, 29]. Both
theories may be considered as based on temporary entanglement networks treated
in Sect. 10.4.2. The Lodge theory was shown to be identical with the temporary
entanglement network without any slip. The force on the deformed chain bows is
then given by Eq. (10.109). In the Doi-Edwards theory, complete slip is assumed
meaning that the absolute value of the force on the deformed chain bows jKj is the
same as the force before the deformation:

Kj j ¼ Kequi

  ¼ 3kT

nob2
r ð10:142Þ

The assumption of partial slip means that the force on the deformed chain bow
containing n00 Kuhn segments is

K 0ðrÞ ¼ 3kT

n00b2
� r0 ¼ 1

S

3kT

nob2
� r0 ¼ 1

S

3kT

nob2
� ru0 ð10:143Þ

with the slip function S(u0) defined by (10.114). The absolute value of the force K0

becomes

352 10 Equations of State for Polymer Melts



K 0j j ¼ 1
S

3kT

nob2
� ru0 ð10:144Þ

The assumption is made that the force on the deformed chain bow is larger than
Kequi. The ratio jK 0j=jKequij is assumed to be independent of the orientation of the
chain bow, but dependent on an average of the extension of all chain bows. This
ratio is designated by f and is called the molecular stress function. From (10.144)
and (10.142) it follows

jK 0j
jKequij

¼ u0

Sðu0Þ ¼ f ð ln u0h iÞ ð10:145Þ

Being the ratio of two scalars, f is a scalar function, too. First, Wagner assumed
that f is a function of the average hu0i, viz., f = f(hu0i), later he proposed hln u0i to
be the argument of the molecular stress function as indicated in Eq. (10.145). The
two assumptions are not equivalent, as hu0i and hln u0i are not connected in a
unique way with each other. Their relation depends to some extent on the type of
the deformation considered (cf. Appendix A page 358).

From (10.145) the slip function is found as

Sðu0Þ ¼ u0

f
ð10:146Þ

If the independent alignment assumption (10.122) is further accepted to be valid,
the disentanglement function follows as

Dðu0Þ ¼ f

u0 ð10:147Þ

Inserting these functions into the Eq. (10.117) for the temporary network with slip
and considering that the scalar f may be drawn in front of the acute brackets, the
dyadic becomes

r þ pE ¼ 3kTcN0
f

u0
f

u0 u0u0
� �

¼ 3kTcN0f 2 u0

u0
u0

u0

� �

For the shear modulus in the linear regime (10.125) is valid and the constitutive
equation of the MSF theory follows as

rðtÞ þ pE ¼
Z t

�1

5mðt � u0Þf 2 u0

u0
u0

u0

� �
dt0 ð10:148Þ
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m is the memory function, related to the time-dependent shear modulus by
Eq. (10.3). If use is made of the approximation of Currie (Eq. 10.124), the con-
stitutive equation takes the form of (10.127), i.e.,

rðtÞ þ pE ¼
Z t

�1

mðt � t0Þ½h1ðIB; IIBÞBt
ðt0Þ þ h�1ðIB; IIBÞB�1

t
ðt0Þ�dt0 ð10:149Þ

with the damping functions

h1ðIB; IIBÞ ffi
5f 2

J
ð10:149aÞ

and

h�1ðIB; IIBÞ ffi � 5f 2

J
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
IIB þ 13=4

p ð10:149bÞ

instead of (10.127a) and (10.127b). The molecular stress function will be larger
than or equal to unity and can be used to fit the theory to experimental results. As
f is a scalar, changes of the first normal stress coefficient will automatically effect
the second normal stress coefficient in the same way and their ratio (10.135) will
remain unchanged.

As the molecular stress function is assumed to depend on the argument hln u0i,
the relation between hln u0i and the extension ratio k, the Hencky strain e or the
shear strain c is essential. This problem is similar to that of the relation between
hu0i and k, which was shortly addressed in Sect. 10.4.1. It is also treated in
Appendix A.

Of course, only if one succeeds to describe the different experiments for a
certain polymer by means of the same molecular stress function, the MSF theory
can be considered to be successful. At present, such a conclusion seems to be far
away.

10.6.2 The MSF Theory for Simple Shear and Multiaxial
Extension

In the constitutive equation of the MSF theory (10.149), the molecular stress
function f is assumed to be a function of the argument h(ln u0)i which should be a
scalar depending on the two invariants IB and IIB. The dependence of h(ln u0)i on
IB and IIB is complicated and has to be calculated numerically. As shown in
Appendix A, in the cases of simple shear and multiaxial extension, this depen-
dence is somewhat easier to handle as the following expressions were derived
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ln u0h i ¼ UsðcÞ for simple shear ð10:150Þ

ln u0h i ¼ HuðeÞ for uniaxial extension ð10:151Þ

ln u0h i ¼ HpðeÞ for planar extension ð10:152Þ

ln u0h i ¼ HeðeÞ for equibiaxial extension ð10:153Þ

These functions all depend on one independent variable but only (10.151) can be
described explicitly. The others still involve one numerical integration. All functions
start with the value zero, then increase with increasing argument and finally
approximate their asymptotes which are ln c - 1, e - 1, e - 1 and e + ln2 – 1,
respectively.

The calculation of time-dependent simple shear or multiaxial extensions pro-
ceeds in the same way as for the Doi-Edwards theory 2. The corresponding
Eqs. (10.132)–(10.136) and (10.137)–(10.141) may be used if the values of
Eqs. (10.149a) and (10.149b) are inserted for the damping functions instead of
(10.127a) and (10.127b).

For simple shear Eqs. (10.132) remain valid if the non-linearity factor and the
second normal stress coefficient are multiplied by

f 2ðt; t0Þ ¼ f 2½UsðcðtÞ � cðt0ÞÞ� ð10:154Þ

and

f 2ðt; 0Þ ¼ f 2½UsðcðtÞ� ð10:154aÞ

respectively. For stress relaxation in simple shear, Eqs. (10.134) change to

r12ðtÞ ¼ GðtÞn1ðc0ÞF2ðc0Þ � c0

r11ðtÞ � r22ðtÞ ¼ GðtÞn1ðc0ÞF2ðc0Þ � c2
0

r22ðtÞ � r33ðtÞ ¼ GðtÞn2ðc0ÞF2ðc0Þ � c2
0

ð10:155Þ

with F2ðc0Þ ¼ f 2½Usðc0Þ�. These equations offer a simple way to determine the
molecular stress function experimentally by measuring the three stress combina-
tions in simple shear and dividing the result by the corresponding equations of the
set (10.134). The quotient represents the square of the molecular stress function as
a function of c0.

For a stressing experiment in simple shear Eqs. (10.136) may be used if n1ð _c0nÞ
and n2ð _c0nÞ are replaced by n1ð _c0nÞf 2ð _c0nÞ and n2ð _c0nÞf 2ð _c0nÞ. As the molecular
stress function f depends on the elapsed time n = t – t0, the time dependence of the
non-Newtonian viscosity and the normal stress coefficients may change consid-
erably due to the introduction of the molecular stress function.
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To derive the equations for multiaxial extensions in stressing experiments under
constant Hencky strain rate _e0, the damping functions (10.137a, b) have to be
multiplied by f 2

mð_e0nÞ. The molecular stress function fm to be used depends on the
type of deformation, viz.,

f�1=2ð_e0nÞ ¼ f ½Huð_e0nÞ� for uniaxial extension ð10:156aÞ

f0ð_e0nÞ ¼ f ½Hpð_e0nÞ� for planar extension ð10:156bÞ

f1ð_e0nÞ ¼ f ½Heð_e0nÞ� for equibiaxial extension ð10:156cÞ

Note that in the limit _e0 ! 0 all three functions assume the value unity. The further
procedure is equal to that for the Doi-Edwards theory 2. We again use the
abbreviation _e0n ¼ z.

The uniaxial tensile viscosity becomes equal to

lðt; _e0Þ ¼
Z t

0

GðnÞ d

dz
ff 2

�1=2ðzÞ � ½h1;�1=2ðzÞðe2z � e�zÞ þ h�1;�1=2ðzÞðe�2z � ezÞ�gdn

ð10:157Þ

Its limiting curve for _e0 ! 0 is given by (10.139b).
The equibiaxial viscosity becomes

leðt; _e0Þ ¼
Z t

0

GðnÞ d

dz
ff 2

1 ðzÞ � ½h1;1ðzÞðe2z � e�4zÞ þ h�1;1ðzÞðe�2z � e4zÞ�gdn

ð10:158Þ

with its limiting curve for _e0 ! 0 given by (10.140b)
The two planar viscosities are

lp;1ðt; _e0Þ ¼
Z t

0

GðnÞ d
dz

ff 2
0 ðzÞ � ½h1;0ðzÞðe2z � e�2zÞ þ h�1;0ðzÞðe�2z � e2zÞ�gdn

lp;2ðt; _e0Þ ¼
Z t

0

GðnÞ d
dz

ff 2
0 ðzÞ � ½h1;0ðzÞð1 � e�2zÞ þ h�1;0ðzÞð1 � e2zÞ�gdn

ð10:159Þ

and their limiting curves for _e0 ! 0 are given by (10.141c) and (10.141d).
For linear polymers Wagner et al. proposed the following form for the molecular

stress function [36]
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f 2 ¼ 1 þ ðf 2
max � 1Þ 1 � e�ðx�1Þ=ðf 2

max�1Þ
h i

with x ¼ e lnðu0Þh i ð10:160Þ

fmax determines the maximum stretch of the molecules in uniaxial extension
resulting in the plateau values of the elongational viscosity. For x = 1, f starts with
unity and increases with increasing x until its saturation value fmax.

An example for the use of the molecular stress function (10.160) in the
description of stressing experiments in uniaxial, planar, and biaxial extension for a
linear polyethylene and a linear polystyrene melt is given in a publication of
Wagner et al. [36].

If all experiments at one temperature performed on one polymer could be
described with satisfactory accuracy by one molecular stress function which were
a function of the logarithmic average orientation of the chain bows h(ln u0i) only,
formulating a descriptive theory of the rheological behavior would be straight-
forward. With the knowledge of the molecular stress function, determined in one
experiment and the linear shear modulus measured over a sufficiently broad fre-
quency range all rheological experiments should be predictable.

Unfortunately, this situation is by far not realized. First, the molecular stress
function is not a unique function of the average hln u0i, but differs for rotational
and rotation free flows. Simple shear (rotational flow) and planar extension
(rotation free flow) have the same value of hln u0i but show different molecular
stress functions. In planar flow f 2(hln u0i) starts with unity at small elongations and
increases monotonously until it reaches the saturation value f 2

max. In shear flow,
f2(hln u0i) first follows the function in planar flow, but soon deviates from it, passes
through a maximum at hln u0i % 0.5 and then decreases to unity again. Wagner
et al. [37] described this behavior theoretically and applied it to measurements on a
HDPE and an LDPE melt in extensional and shear flow. They could describe the
occurrence of maxima in the shear viscosity and the first normal stress coefficient
for both, linear and long-chain branched melts.

Secondly, the molecular stress function is not a unique function of the average
stretch but also depends on strain rate and strain history. This is accounted for by
the introduction of an evolution equation for the molecular stress function. This is
a first-order differential equation for f2 expressing qf2/qt as a function of the
components of the Doi-Edwards strain tensor S and certain combinations with the
rate of strain tensor D (cf. Eq. 8.41) as, e.g., a term expressing the dissipated
energy density as the double scalar product ðD : SÞ ¼ DikSik.

In simple cases, the molecular stress function may be calculated by solving the
corresponding evolution equation without the knowledge of the time dependence
of the strain tensor. In those cases, the function f2(hln u0i) obtained can be inserted
into Eq. (10.148) and the latter may be solved.

In the majority of cases, however, the integration of the evolution equation
involves the time dependence of the strain tensor S. In those cases, the evolution

equation and the constitutive Eq. (10.148) are coupled equations and are to be
solved simultaneously which is possible only numerically. This makes the
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procedure difficult and non-transparent. For branched polymers, Wagner et al. [38]
and Rolon-Garrido and Wagner [39] proposed various different forms for the
molecular stress function, but a real breakthrough seems to be still far away.

Appendix A: The Averages h(u0)i and h(ln u0)i
and the Components of the Strain Tensor

We first consider the evaluation of the average

u0h i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½B�1

t
ðt0Þ�ikuiuk

qD E
ð10:102Þ

which was introduced in Sect. 10.4.1. Because of the square root in (10.102) its
evaluation leads to an elliptic integral and is possible only in simple cases. For
deformations in which the tensor B�1 is in its principle coordinate system, the
integrals can be solved analytically for unidirectional extension in the 1-direction,
for biaxial extension in the 1 and 2-direction and, by numerical integration, for
planar extension in the 1 and 2-direction (pure shear) [25]. The results and the
integral to be solved numerically for planar extension are summarized in
Table A.1. The same table also shows the formulae for the corresponding values of

the averages
ffiffiffiffiffiffiffiffiffi
u02h i

p
which are obtained from Eq. (10.101) as follows. From the

definition of the tensor h(u0 u0)i in (10.100), we find for multiaxial extension that

xi ¼ kix
0
i for i ¼ 1; 2; 3 ðA:1Þ

with x0i and xi being the coordinates of a material point at the past time t0 and at the
observation time t, respectively. From the definition (8.35), the components of the
Finger tensor follow and from (10.101) its trace and its square root divided by

ffiffiffi
3

p

as listed in the third column of the table.

The difference between the averages u0h i and
ffiffiffiffiffiffiffiffiffi
u02h i

p
is rather small, as may be

seen from Fig. A.1 in which both quantities are plotted versus the extension ratio k
for the three cases of deformation. Values calculated for u0h i are indicated by filled

squares, circles, and triangles, those for
ffiffiffiffiffiffiffiffiffi
u02h i

p
by drawn lines. Apart from the

case of planar extension (pure shear), for which the averages practically coincide,

u0h i is only slightly higher than
ffiffiffiffiffiffiffiffiffi
u02h i

p
.

The asymptotic equations for k � 1 are straight lines with different slopes
according to

u0h i  p
4 k for biaxial extension

u0h i  1ffiffi
3

p k for planar extension

u0h i  1
2 k for uniaxial extension

ðA:2Þ
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As the molecular stress function introduced in Sect. 10.6.1 was assumed to
depend on the argument h(ln u0)i, the question concerning the relation between
h(ln u0)i and the extension ratio k, the Hencky strain e or the shear strain c arises.
This problem is treated next.

For uniaxial extension the equation for h(ln u0)i is obtained in explicit form; for
the other cases, one numerical integration is involved. The formulae valid for
k C 1 are given in Table A.2 where a and c are used as abbreviations for the terms
in the integrand of the integral as presented in the first row. For uniaxial extension
a = 1 and c = k2 and the integral may be solved analytically.

The solutions of the integrals are designated as Wb (k), Wp (k), and We (k) in the
case of biaxial, planar, and uniaxial extension. These functions are shown in
Fig. A.2 versus the extension ratio k. All curves start with h(ln u0)i = 0 for k = 1,
increase with a positive curvature in the region of very small extension ratios (only
visible under large magnification), then further increase with a negative curvature
and finally run parallel to ln k. Their asymptotic behavior for large values of k is
indicated in the figure.

Table A.1 Formulae for u0h i and
ffiffiffiffiffiffiffiffiffi
u02h i

p
as functions of the extension ratio k for biaxial

extension, planar extension (pure shear), and uniaxial extension, for k C 1

Type of deformation u0h i ffiffiffiffiffiffiffiffiffi
u02h i

p

Biaxial extension 1
2k2 þ k

2
ffiffiffiffiffiffiffiffiffiffiffi
1�1=k6

p arctanð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
k6 � 1

p
Þ

ffiffi
2
3

q
k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ 1

2k6

q

Planar extension
1
2k þ 1

p

Rp=2

0

1þðk2�1Þ cos2 uffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk2�1Þðcos2 uþ1=k2Þ

p arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðk2�1Þðcos2 uþ1=k2Þ

1þðk2�1Þ cos2 u

r
du

kffiffi
3

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ 1

k2 þ 1
k4

q

Uniaxial extension k
2 1 þ 1ffiffiffiffi

k3
p ffiffiffiffiffiffiffiffi

k3�1
p lnð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k3 � 1

p
þ

ffiffiffiffiffi
k3

p
Þ

� �
kffiffi
3

p
ffiffiffiffiffiffiffiffiffiffiffiffi
1 þ 2

k3

q

1 2 3 4 5

1

2

3

4

planar extension

uniaxial extension

biaxial extension

<u´>, (<u´2>)1/2

λ

Fig. A.1 Comparison of the averages u0h i (triangles, circles, and squares) and
ffiffiffiffiffiffiffiffiffi
u02h i

p
(drawn

lines) as functions of the extension ratio k for uniaxial extension, planar extension (pure shear),
and biaxial extension
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As h(ln u0)i is a scalar, it is the same for simple shear and pure shear (planar
extension). Therefore, the relation between h(ln u0)i and c is found by inserting
into Wp(k) the value for k which results from (8.88) and (8.89) as function of c

k ¼ ffiffiffiffiffi
c1

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ c2=2 þ c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ c2=4

pq
ðA:3Þ

This function is designated by UsðcÞ 	 WpðkðcÞÞ and shown in Fig. A.3. Us(c)
starts with zero at c = 0, then increases with a positive curvature until c = 1,
changes to a negative curvature, and finally increases parallel to ln c -1. It runs
above its asymptote which is shown as a broken line.

To obtain the averages h(ln u0)i as functions of the Hencky strain e = ln k, the
extension ratio k = exp(e) is to be inserted into the formulae of Table A.2 prior to
the numerical integration. The functions obtained are designated by

5 10 15 20
0

1

2

3 Ψ
b
(λ) ~ lnλ + ln2 - 1

uniaxial extension  Ψ
e
(λ)

planar extension  Ψ
p
(λ)

Ψ
e
(λ) ~ ln λ - 1

biaxial extension   Ψ
b
(λ)

λ

<ln(u')>

1

Fig. A.2 The average h(ln u0)i versus the extension ratio k for uniaxial, planar, and equibiaxial
extension for k C 1. Indicated are the formulae for the asymptotic behavior at large values of k

Table A.2 Formulae for ðln u0Þh i as functions of the extension ratio k for uniaxial extension,
planar extension (pure shear), and biaxial extension, for k C 1 [25]

ln u0h i ¼ WðkÞ ¼ 1
2 ln c � 1 þ 2

p

Rp=2

0

ffiffiffiffiffiffi
a

c�a

p
arctan

ffiffiffiffiffiffi
c�a

a

p
du

Biaxial extension ln u0h i ¼ WbðkÞ a ¼ k2 cos2 u þ sin2 u
k4 c ¼ k2

Planar extension ln u0h i ¼ WpðkÞ a ¼ cos2 u þ sin2 u
k2 c ¼ k2

Uniaxial extension ln u0h i ¼ WeðkÞ ¼ ln k � 1 þ 1ffiffiffiffiffiffiffiffi
k3�1

p arctan
ffiffiffiffiffiffiffiffiffiffiffiffiffi
k3 � 1

p
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Hb(e) = wb (exp(e)), Hp(e) = wp (exp(e)) and He(e) = we (exp(e)) for biaxial,
planar, and uniaxial extension, respectively, and are shown in Fig. A.4. These
functions start with zero at e = 0, show a short increase with positive curvature
and finally change into straight lines with the slope unity.
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Fig. A.3 The average h(ln u0)i versus the shear strain c for simple shear (pure shear). Indicated
is the asymptotic behavior at large values of c as a broken line
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Chapter 11
Shear Rheology

Measurements in shear are widely used to characterize rheological properties of
polymer melts. Rotational rheometers as described in Sect. 15.3 are the instru-
mental base for rheological experiments at small shear rates or shear stresses,
respectively, capillary rheometers are used for characterizations at higher shear
rates (cf. Sects. 15.1 and 15.2). The advantages of rotational rheometers are that
different experimental modes can be applied. In stressing experiments the viscous
and elastic components of polymer melts as a function of time can be determined in
parallel at a given constant shear rate, in the dynamic-mechanical mode these
properties are measured in dependence on frequency. Creep recovery is another
mode interesting for investigating the viscoelastic behavior of polymeric materials,
particularly of those with long retardation times. In the linear range the viscoelastic
functions obtained by various experiments are related to each other according to the
theory of linear viscoelasticity as shown in Fig. 5.30. The mathematical procedure
can be complicated in some cases, however. Therefore, approximate relations
between measurable viscoelastic functions were developed (cf. Sect. 5.9).

At the beginning of the experimental rotational rheology, stressing experiments
with cone-plate geometries were favored as the shear rate is nearly constant within
the gap (cf. Sect. 15.3). Due to an easier sample preparation parallel plates are
preferred today. Besides viscosity functions, the steady-state first normal stress
differences as a function of the shear rate can be obtained from stressing experi-
ments. Nowadays, dynamic-mechanical measurements dominate the field of
rotational rheometry. The real and imaginary parts of the complex modulus or
compliance are the quantities which are determined. But more and more the
advantages of creep and creep recovery are realized if slow molecular processes
have to be investigated. From these modes the viscous and elastic parts of
deformation follow directly.

H. Münstedt and F. R. Schwarzl, Deformation and Flow of Polymeric Materials,
DOI: 10.1007/978-3-642-55409-4_11, � Springer-Verlag Berlin Heidelberg 2014
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11.1 Experiments at Constant Shear Rate
(Stressing Experiments)

A stressing experiment in shear is defined by the following specifications of the
time dependence of the shear strain c

cðtÞ ¼ 0 for t\0
cðtÞ ¼ _c0 � t for t � 0

ð10:13Þ

with _c0 being the constant shear rate. The resulting shear stress r in general
depends on both parameters, the shear rate _c0 and the time t, i.e., r = r ( _c0; t).
From the given shear rate and the resulting shear stress r, a time-dependent
viscosity can directly be determined as

gð _c0; tÞ ¼ rð _c0; tÞ=_c0 ð11:1Þ

Strictly taken, the shear stress is the component r12 of the stress tensor.
Whenever a shear deformation is discussed in the following, the indices are
omitted for the matter of convenience, however.

Pioneering work in the field of stressing experiments with cone- plate geometry
was performed by Meißner [1] using a rotational rheometer the principle of which
goes back to Weissenberg [2]. Typical of such kind of experiments on polymer
melts is the occurrence of a normal force FN acting on the surface of the plate A in
addition to the torque exerted on the rotational axis (cf. Fig. 15.13). The first
normal stress difference is defined as

N1 ¼ FN=A ¼ r11ð _c0; tÞ � r22ð _c0; tÞ ð11:2Þ

with r11 being the normal stress in the flow direction and r22 the normal stress in
the direction of the flow gradient. From the first normal stress difference the first
normal stress coefficient may be calculated as

n1ð _c0; tÞ ¼ ðr11ð _c0; tÞ � r22ð _c0; tÞÞ= _c2
0 ð11:3Þ

In Fig. 11.1, the shear stress r and the first normal stress difference N1 mea-
sured in parallel are presented as functions of time in a linear plot for the LDPE
IUPAC A at a temperature of 150 �C and a shear rate of _c0 ¼ 10 s�1 [1]. A
complete characterization of this material can be found in [3]. N1 is significantly
larger than r over the time range measured. Both quantities exhibit a steep decay
at smaller times and seem to approach plateau values at longer ones.

Plotted on a logarithmic timescale, in Fig. 11.2 two features of the normal stress
difference become obvious. For _c0 = 10 s-1, N1 runs through a steep maximum at
around 0.6 s. Due to the timescale chosen for the linear plot this maximum cannot
be seen in Fig. 11.1. A steady-state is difficult to determine, however, as the
measuring time was not chosen long enough. In addition, in Fig. 11.2 the normal
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stress differences obtained at a smaller shear rate of _c0 ¼ 2 s�1 is presented. The
maximum becomes lower and is shifted to longer times.

The maxima for the shear stresses are smaller but broader than those for the
normal stress differences. Like for N1, a steady-state is not clearly seen, however,
in the plot of Fig. 11.2 due to the limited experimental time.

Figure 11.3 shows the viscosities as a function of time from stressing experi-
ments in a wide range of constant shear rates. The curves at lower shear rates do not
exhibit a maximum any more and reach stationary states which become indepen-
dent of the shear rate if it is chosen small enough. The rate-independent curve
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Fig. 11.2 Shear stress r and first normal stress difference N1 as functions of time t for the LDPE
IUPAC A at T = 150 �C and two constant shear rates _c0. (Reprinted from [1] with permission
from John Wiley and Sons)
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Fig. 11.1 Shear stress r and first normal stress difference N1 as functions of time in a linear plot
for the LDPE IUPAC A at the shear rate _c0 = 10 s-1 and T = 150 �C. (Reprinted from [1] with
permission from John Wiley and Sons)
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represents the time-dependent linear shear viscosity g0(t) which is of some interest
for an assessment of the reliability of elongational experiments (cf. Sects. 12.2 and
12.5). Its steady-state is the so-called zero-shear or Newtonian viscosity g0.

Measurements with a specially designed rheometer made it possible to attain
stationary values of the shear stress r and the first normal stress difference N1 as
well in a wide range of shear rates. From the steady-state values, the steady-state or
stationary viscosities g( _c) = r=_c and the first normal stress coefficients n1 = N1/ _c2

can be obtained. These two quantities are plotted in Fig. 11.4 as functions of the
shifted shear rate for the LDPE IUPAC A [4]. The wide range presented was
achieved by measurements at various temperatures and by shifting them to master
curves (cf. Chap. 6). It should be pointed out that n1 has to be related to the square
of the shift factor aT, as the normal stress coefficient scales with _c2.

As can be seen, the data come to lie on one curve for the shifted viscosities and
on another one for the shifted first normal stress coefficients. At small shear rates
the viscosity reaches the zero-shear viscosity g0 which is typical of polymer melts
(cf. Sect. 13.1.2). The first normal stress coefficient approaches a constant value,
too, for small shear rates. According to Eq. (10.26), the steady-state linear
recoverable compliance Je

0 can be determined from this value making use of g0

measured in parallel. Both material functions in Fig. 11.4 show a decrease in
dependence on the shear rate which is more pronounced for the first normal stress
coefficient than for the viscosity.

Reliable measurements of the first normal stress differences need a lot of
experimental care due to their sensitivity to already small temperature variations
and flow instabilities which may occur close to the rim of a sample at certain shear
deformations [5]. That is the reason why only few reliable data on the first normal
stress coefficient of polymer melts can be found in the literature. The experimental
requirements are still more challenging for measurements of the second normal
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Fig. 11.3 Shear viscosities g as functions of the time t for the LDPE IUPAC A at 150 �C and
various constant shear rates _c0. (Reprinted from [1] with permission from John Wiley and Sons)
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stress coefficient [5] and, therefore, only its negative sign and its order of mag-
nitude being around 10 % of the first normal stress difference can be taken for
granted up to now.

11.2 Relation Between the Time and Shear-Rate
Dependence of the Viscosity

An interesting relationship between measurements of the time-dependent linear
viscosity in a stressing experiment

g0 tð Þ ¼ lim
_c0!0

g _c0; tð Þ ð11:4Þ

and the viscosity function, i.e., the dependence of the steady-state viscosity on the
shear rate, was found first by Gleissle on a silicone oil and a polyethylene [6].
Further experiments showed the validity of this relation for other polymer melts,
too. The essence of this so-called ‘‘mirror relation’’ is depicted in Fig. 11.5
making use of the results shown in Fig. 11.3 on a polyethylene. The symbols in the
right part of Fig. 11.5 mark the viscosities at the longest times from the left part of
this figure. They are plotted as a function of the shear rates at which they were
attained. Surprisingly, they fall together with the time-dependent linear viscosity
function g0(t) if _c ¼ 1=t is chosen. This curve is represented by the full line in the
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Fig. 11.4 Steady-state values of the shifted viscosity g/aT and the normal stress coefficient n1/aT
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as functions of the shifted shear rate aT _c for the LDPE IUPAC A. The curves were obtained from
measurements at different temperatures making use of the time-temperature superposition with
the shift factor aT. The reference temperature was chosen as T0 = 150 �C. The symbols mark the
different measuring temperatures indicated in the figure [4]
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right part of Fig. 11.5, i.e., g0(t) from the left diagram is mirrored with respect to
the viscosity axis. This ‘‘mirror relation’’ is purely empirical and, therefore, in
principle its validity has to be shown for each material separately.

11.3 Dynamic-Mechanical Experiments

Dynamic-mechanical experiments in the linear range of deformation are very
versatile for the rheological characterization of polymer melts. The basics of
dynamic-mechanical experiments are presented in Sect. 5.8. They provide the
zero-shear viscosity g0 and the linear steady-state elastic compliance Je

0 at fre-
quencies small enough, i.e., in the so-called terminal regime which is distinguished
by the validity of Eq. (5.105) in the case of G00 and of Eq. (5.106) for G0. To make
use of these relationships the amplitude of the oscillatory strain or stress has to be
chosen in a range in which the corresponding material function is independent of
the amplitude. The most straightforward way to obtain g0 and Je

0 from
dynamic-mechanical measurements is the plot of the real part J0 and the imaginary
part J00 of the complex compliance J* = J0 - iJ00 as functions of the angular
frequency x. From Eqs. (5.99) and (5.100) it is obvious that Je

0 corresponds to the
value of J0 for x ? 0 and g0 can be determined from the linear part of J00(x) in a
double-logarithmic plot (cf. Fig. 11.12).

More often, however, the storage modulus G0 and the loss modulus G00 are
discussed as functions of the angular frequency x. These functions reflect
molecular processes which often become more transparent by the calculation of
relaxation spectra. According to Eq. (5.105), g0 can be obtained in the terminal
regime from a double-logarithmic plot of G00 as a function of x. Knowing g0, Je

0

can experimentally be determined from G0(x) according to Eq. (5.106) at low
enough frequencies.
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Fig. 11.5 Comparison between the linear time-dependent viscosity g0 (t) plotted as a function of
_c � 1=t and the steady-state viscosities gs measured at different constant shear rates _c0 for the
LDPE IUPAC A at 150 �C
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Figure 11.6 shows measurements of G0(x) and G00(x) in a double-logarithmic
plot of a metallocene-catalyzed linear low density polyethylene (mLLDPE) with a
narrow molar mass distribution. The slope of 1 for G00(x) and that of 2 for G0(x),
i.e., the terminal regime, is attained as indicated by the broken lines. The devia-
tions from the terminal regime occur at smaller frequencies for G0 than for G00.

From dynamic-mechanical experiments further information on the molecular
structure of a polymer can be obtained. At high enough frequencies, G0 may reach
the so-called rubber elastic plateau described by G0

N from which the average molar
mass Me of chains between entanglements can be calculated according to Eq. (4.6)
based on the theory of rubber elasticity. This state is by far not reached by the
sample shown in Fig. 11.6, however.

Formally, a complex viscosity can be defined according to Eq. (5.107).
In Fig. 11.6, its magnitude

g�j j ¼ G�j j=x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G02 þ G002

p

x
ð11:5Þ

as a function of x is presented, too. After a regime of approximately constant
viscosity, a distinct decrease of the viscosity is observed at frequencies higher than
x � 10-1 s-1. The linear range of |g*(x)| is much wider than the terminal regime
of G0 but in agreement with that of G00. This finding is due to the fact that at lower
frequencies, G00 is distinctly larger than G0 and, therefore, dominates the complex
viscosity according to Eq. (11.5).
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Fig. 11.6 Typical results for the storage modulus G0, loss modulus G0 0, and magnitude of the
complex viscosity |g*| as functions of the angular frequency x for a linear low density
polyethylene (mLLDPE) of Mw = 100 kg/mol, and a narrow molar mass distribution of
Mw/Mn % 2 at T = 150 �C [7]
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11.3.1 Relations Between Dynamic-Mechanical
and Stressing Experiments (Cox-Merz Rule)

The function |g*(x)| is of importance insofar as for a great number of polymer
melts it is found to be identical with the viscosity function g( _c), i.e.,

gð _cÞ ¼ lim
t!1

gð _c; tÞ ffi g�ðxÞj j for _c � x ð11:6Þ

The validity of this relationship called the Cox-Merz rule [8] is depicted in
Fig. 11.7. The full line represents averaged data from dynamic-mechanical mea-
surements, the dots stand for the steady-state viscosities obtained from stressing
experiments at definitely chosen shear rates. The material was a long-chain
branched polyethylene very similar to the IUPAC A. The agreement over a shear-
rate range of six decades is excellent. For very small x, i.e., G0 \\ G00, the
magnitude of the complex viscosity becomes (cf. Eq. 11.5)

lim
x!0

g�j j ¼ lim
x!0

G00=x ¼ g0 ð11:7Þ

The Cox-Merz rule has an interesting consequence. As |g*| = |G*|/x in a
dynamic-mechanical experiment and g = r/ _c in a stressing experiment it follows

lim
t!1

rð _c; tÞ ffi G�ðxÞj j for _c � x ð11:8Þ

The validity of the Cox-Merz rule is reported in the literature for many polymer
melts, but it is purely empirical and that means its validity has to be shown, in
principle, for each class of materials before it can be applied. From the wide scope
of data which were obtained over the years the probability is very high, however,
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Fig. 11.7 Comparison of the magnitude of the complex viscosity |g*| as a function of the angular
frequency x and the stationary viscosity g as a function of the shear rate _c obtained in stressing
experiments for an LDPE similar to LDPE IUPAC A at T = 150 �C
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that the Cox-Merz rule can be used for the melts of unfilled linear polymers
without any restriction.

A relationship between the first normal stress coefficient n1 and the dynamic-
mechanical quantities G0 and G00 as pendant to the Cox-Merz rule for the viscosity
was proposed in [9] as

n1ð _cÞ ffi L1ðxÞ � 2G0 ð1 þ ðG0=G00Þ2Þ3=2

x2
for _c � x ð11:9Þ

For small x, i.e. G0 \\ G00, and taking Eq. (5.106) into account, Eq. (11.9)
reads

lim
_c!0

n1ð _cÞ ¼ n1:0 ¼ lim
x!0

2G0=x2 ¼ 2J0
e g

2
0 ð11:10Þ

In Fig. 11.8, it is shown for an LDPE similar to IUPAC A that, indeed, normal
stress and dynamic-mechanical measurements can be related to each other if
n1 _cð Þ ¼ L1 xð Þ and _c � x are chosen. This result is an empirical one and was not
confirmed by investigations on other polymeric materials up to now, probably
because of the experimental difficulties to reliably determine steady-state normal
stress differences over a wide range of shear rates.

Taking the equivalence given by Eq. (11.9) for granted, this relationship rep-
resents a convenient way to get some insight into the normal stresses of polymer
melts making use of dynamic-mechanical measurements which are comparably
easy to perform.
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The Cox-Merz rule together with the ‘‘mirror relation’’ is of some interest
insofar as it allows to determine g0(t) from dynamic-mechanical experiments,
which can be carried out over a wide frequency range. |g*(x)| can be set
approximately equal to g( _c) and g0(t) can then be obtained by applying the
‘‘mirror relation’’. Such a procedure is of particular advantage if viscosity data at
short times are required, as measurements at higher frequencies corresponding to
shorter times can reliably be performed up to x ¼ 100 s�1.

It has to be stressed once more, however, that the two relations which are the
base of such a procedure are of a purely empirical nature.

11.3.2 Van Gurp-Palmen Plot

Another way of evaluating dynamic-mechanical data is the so-called van
Gurp-Palmen plot [10]. In this presentation, the phase angle d is plotted as a function
of |G*|. Such an evaluation of dynamic-mechanical measurements seems to be
straightforward at the first glance as d and |G*| = r0/c0 are directly measured
quantities. r0 and c0 are the stress and strain amplitudes, respectively (cf. Sect. 5.8).
The obvious disadvantage, however, is that G0 and G00 and, therefore, material
properties as a function of time or frequency cannot be discussed by using this plot.
Its elegance can be seen in a quick and sensitive assessment of the thermorheological
behavior of a material. In the case of a thermorheologically simple material, van
Gurp-Palmen plots at different temperatures fall on a master curve. This may be seen
as follows. A van Gurp-Palmen plot is a parameter presentation of the quantities
d ¼ f1 xð Þ versus |G*| ¼ f2 xð Þ originating from an elimination of the parameter x.
In case of the validity of the principle of time-temperature superposition for a
thermorheologically simple material, d and |G*| become equal to f1 aTxð Þ and
f2 aTxð Þ at other temperatures. After the elimination of the parameter aTx, the same
curves are found. However, time-temperature shift factors obviously cannot be
determined from the van Gurp-Palmen plot and, therefore, its significance for
thermorheology is limited. In the case of a thermorheologically complex material,
the curves of d G�j jð Þ measured at different temperatures do not fall together.

Although the van Gurp-Palmen plot provides less information on the visco-
elastic behavior of a polymer melt than the usual analysis of the complex modulus
or compliance and lacks the possibility of a spectral analysis, it has been used
during the last years for a rheological characterization of long-chain branched
materials [7, 11–13]. Its merits lie in a first hint to the existence of longer relax-
ation times if compared to the curve of a linear standard. Longer relaxation times
are typically induced by long-chain branches, but it has to be taken into account
that the conclusions may not be without some ambiguity as the spectrum of a
polymer melt is determined by relaxation times the molecular origin of which can
be different.
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11.3.3 Large Amplitude Oscillations (LAOS)

At large amplitudes, i.e., in the non-linear range of deformation, a sinusoidal
mechanical excitation leads to a periodic answer which is more or less distorted.
The determination of a complex modulus is not possible then any more. In pub-
lications between the 1960s and 1970s it was tried to analyze the non-linear
behavior and correlate it with molecular or morphological structures of soft
materials. An overview of these first experiments and the further development of
LAOS is given in a review article [14].

The breakthrough of the LAOS technique has its roots in the design of
monochromatic mechanical excitation devices and sensitive special torque trans-
ducers. The adoption of the signal processing technique developed to a high
standard in the field of nuclear magnetic resonance was another decisive step for
making LAOS more easy to use. The pioneering work regarding this experimental
progress is documented, for example, in [15] and [16]. The base of the evaluation
of the large amplitude oscillations is the Fourier Transformation Analysis. The
distorted signal is decomposed into the harmonics of the exciting frequency and
the corresponding amplitudes are determined. The ratio of the first to the third
harmonic and quantities derived from that are usually assessed to find correlations
with the structure of a sample. Thus, it could be shown, for example, that the
answer of a linear polypropylene to a non-linear excitation was different from that
of a long-chain branched sample [14]. A deeper understanding of these results and
their description by existing theories is still in a rudimentary state, however.

11.4 Creep Recovery Experiments

The creep recovery experiment schematically presented in Fig. 5.12 is defined by

r ¼ 0 for t\0

r ¼ r0 for 0	 t\t0

r ¼ 0 for t � t0

ð5:1Þ

At the constant stress r0 the shear deformation c is measured as a function of the
creep time t.

For polymer melts with a pronounced non-linear range of deformation, the creep
compliance J which presents the material function depends on stress and time, i.e.

Jðr0; tÞ ¼ cðr0; tÞ=r0

which in the linear range of deformation becomes
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JðtÞ ¼ cðr0; tÞ=r0 ð5:6Þ

When r0 is set to zero after the creep time t0, a viscoelastic material recovers
and the recoverable strain cr, is obtained as a function of the recovery time tr.
Generally, the recoverable compliance Jr is determined as

Jrðr0; t0; trÞ ¼ crðr0; t0; trÞ=r0

For long enough creep times t0 and recovery times tr one gets the steady-state
recoverable compliance Je defined as

lim
t0!1
tr!1

Jrðr0; t0; trÞ ¼ Jeðr0Þ ð11:11Þ

which in the linear range, i.e. r ? 0, becomes the linear steady-state recoverable
compliance J0

e .
The linear regime of a creep recovery experiment is of particular interest in so

far as from the theory of linear viscoelasticity presented in Sect. 5.5 the creep
compliance can be decomposed according to

JðtÞ ¼ J0 þ wðtÞ þ t=g0 ¼ Jr tð Þ þ t=g0 ð5:27Þ

with J0 being the instantaneous elastic compliance, w(t) the retarded viscoelastic
compliance, and g0 the zero-shear viscosity.

The zero-shear viscosity g0 and the linear steady-state recoverable compliance
J0

e are of special importance for relationships between rheological properties and
molecular parameters (cf. Chap. 13).

Stress-controlled plate-plate and cone-plate rotational rheometers are princi-
pally suited for creep recovery experiments. Three experimental conditions have to
be fullfilled, however, to get reliable results for g0 and J0

e . First, the stress has to be
chosen in the linear range of deformation, second, stationary states have to be
attained in the creep and the subsequent recovery experiment and third, the
influences of the bearing of the rheometer during recovery have to be kept neg-
ligibly small or get corrected.

The last requirement is the most demanding one as due to the mechanical
positioning of the sample during shear, bearings cannot be avoided. In [17] it was
shown that, in principle, bearings can have two negative effects on creep recovery
measurements. Friction leads to a recoverable shear which is lower than the real
one and some unbalanced torques within the bearing may superimpose a drift on
the recovery. To minimize these effects special rheometers were constructed [18].
One example is an apparatus described in [19] which is based on a magnetic
bearing with a very small amount of friction and a low residual torque. While the
resulting stress is small in comparison to the stresses applied in a creep experiment
and can be neglected, it may give rise to a drift, however, when the recovery is
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determined. The recoverable compliance measured can be corrected for this effect
to give the real material property as was shown in [17]. A more detailed discussion
of creep-recovery experiments and an example for the procedure correcting the
influence of the residual torque is given in [20].

An example for an experimental determination of the stationarity of a creep and
creep recovery experiment is shown in Fig. 11.9 on a polypropylene. At a shear
stress of r0 = 10 Pa it is clearly seen that the steady-state recoverable creep
compliance becomes higher with longer preceding creep times t0. For t0 = 2,700
and 3,600 s the data come to lie on one curve indicating that the preceding creep
was large enough to reach the maximum recoverable deformation. Furthermore,
Fig. 11.9 demonstrates that the time necessary to attain the steady state of the
recovery process becomes the smaller the shorter t0. The creep curves J(t) up to
different creep times t = t0 only show small deviations from each other demon-
strating the good reproducibility of the creep experiments.

An example for testing the range of linearity of a creep and recovery experi-
ment is shown in Fig. 11.10 for the PP of Fig. 11.9 [21]. Up to the applied shear
stress of 20 Pa, the time-dependent recoverable compliances Jr(t) measured come
to lie on one curve representing the linear recoverable compliance. For all stresses
the preceding creep times t0 were chosen long enough to reach the stationary
regime (cf. [21]).

From the creep and recovery curves in Fig. 11.10 it becomes evident that Jr(t) is
much more sensitive to the stress applied than J(t). Up to a stress of 200 Pa, the
creep curves are indistinguishable from each other. For 5000 Pa, J(t) is slightly
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Fig. 11.9 Determination of the stationary state of a creep recovery experiment at 180 �C on a
polypropylene with the molar mass Mw = 560 kg/mol and the polydispersity factor Mw/Mn = 6.3.
J is the creep compliance, Jr the recoverable creep compliance, t the creep time, tr the recovery
time and t0 the creep time after which the recovery was started. r0 is the constant stress of the creep
experiment [21]

11.4 Creep Recovery Experiments 375



higher indicating a non-linear creep behavior with a lower viscosity typical of
polymer melts. This finding indicates that the non-linearity is more strongly
reflected by elastic than by viscous properties as the recovery curves show already
a nonlinear behavior at a stress of 50 Pa. The same tendency is seen in Fig. 11.4 as
the normal stress coefficient markedly decreases already at smaller shear rates than
the viscosity.

As Jr(t) approaches a constant value with time it follows from Eq. (5.27) that
for long enough creep times the approximation

JðtÞ � t=g0 ð11:12Þ

is valid, i.e., in a double-logarithmic plot the creep compliance as a function of
t approaches a straight line with the slope 1 the intercept of which corresponds to
the reciprocal viscosity. In Fig. 11.11, J(t) at 5 and 10 Pa from Fig. 11.10 is shown
once more to demonstrate that for the PP presented the slope of 1 is attained at
long creep times. A more direct way to obtain g0 from creep experiments is the
plot of log t/J(t) as a function of log t as shown in Fig. 11.11, too [22]. The plateau
value corresponds to g0.

Although Eq. (5.27) was derived for the linear range of viscoelasticity its
validity has been shown empirically for nonlinear creep recovery experiments, too.
In this case Jr and the viscosity become functions of t and the stress r. For
experiments performed long enough the steady-state compliance Je(r) and steady-
state viscosities g(r) can be determined by procedures corresponding to those in
the linear regime.
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Fig. 11.10 Determination of the linear range of a creep recovery experiment at 180 �C for the
polypropylene of Fig. 11.9 [21]. The physical quantities are the same as in Fig. 11.9
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11.4.1 Comparison of Creep Recovery with Dynamic-
Mechanical Experiments

How accurately the correction procedure regarding the bearing influence works, is
depicted by Fig. 11.12 which shows the loss compliance J00 and the storage
compliance J0 as functions of the angular frequency x for a long-chain branched
metallocene-catalyzed polyethylene [7]. The filled symbols were obtained from
dynamic-mechanical tests down to the commonly applied frequency range of
around x = 10-2 s-1. The open symbols were calculated from creep and creep
recovery experiments making use of the relationships derived from the theory of
linear viscoelasticity in Chap. 5 in the following way.

From the steady-state recoverable compliance, the retardation spectrum f(s) was
determined by Eq. (5.36) according to [23] and [24]. Using Eq. (5.99), J0 was
calculated and with Eq. (5.100) and g0, obtained from the creep curve, J00 was
assessed. The overlapping of the values from the different methods is excellent and
gives confidence with respect to two aspects. The one is the hint to the reliability
of the recovery measurements, the other that creep recovery experiments can be
used to extend the range of dynamic-mechanical measurements to low frequencies
difficult to attain with conventional rheometers. The results obtained are in perfect
agreement with the theory of linear viscoelasticity regarding the frequency
dependence of the real and imaginary part of the complex compliance.
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Fig. 11.11 Determination of the zero-shear viscosity from the creep compliance J(t) for the
polypropylene of Fig. 11.9 [22]
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11.5 Capillary Rheometry

For viscosity measurements on polymer melts at higher shear rates, capillary rhe-
ometers are used. Common geometries for the capillaries are cylinders and slits. As
discussed in detail in Sect. 15.1.1, the shear stress is calculated from the pressure
acting on the melt and the shear rate from the throughput taking the geometry of the
dic into account. Capillary rheometers are not well suited to measure the time
dependence of the viscosity as with pressure-driven devices the output naturally
cannot continuously be determined and for piston-driven instruments the correct
pressure indication may be retarded by various experimental effects. In any case, the
stationarity of the measurement has to be assured before reliable readings are made.

Elastic properties are reflected by the swell of the extrudate. An accurate
determination of this quantity requires some experimental care. Strands of the
extruded material are cut and their equilibrium diameters after a separate annealing
procedure have to be measured to obtain data which are independent of the cooling
conditions the samples experience after exiting the capillary. The extrudate swell
is interesting in practice for an assessment of the geometry of extruded items. For
fundamental research on elasticity, the extrudate swell is of minor importance as
there is no theory available up to now which reliably correlates it with well-defined
elastic quantities like the recoverable compliance, for example, and as the linear
regime is generally difficult to attain in capillary rheometry.
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Fig. 11.12 Loss compliance J0 0 and storage compliance J0 as functions of the angular frequency
x for a long-chain branched metallocene-catalyzed polyethylene as measured in a dynamic-
mechanical test at 150 �C compared to the corresponding values calculated from a creep recovery
experiment [7]
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11.5.1 Viscosity Functions

Capillary rheometry plays an important role for the determination of viscosities at
higher shear rates relevant for processing. This is shown by Fig. 11.13, which
displays a viscosity function of a commercial polystyrene measured over a range
of shear rates covering seven decades. Various rheometers and the time-temper-
ature shift were applied to obtain this curve. Conventionally, only positive shear
rates are used in practice even in the case of capillary rheometers for which a
physically correct description of the flow behavior leads to a negative sign of the
shear rate (cf. Sect. 15.1.1).

From the constant zero-shear viscosity at small shear rates, the viscosity
decreases by about four decades at _c ¼ 104 s�1. This immense amount of the so-
called shear thinning is one key for the favorable processability of polymer melts
as even for products with high molar masses necessary for good mechanical
properties, but resulting in high zero-shear viscosities much lower viscosities and
consequently smaller energy uptakes can be expected in the range of shear rates
occurring in processing operations like extrusion or injection molding. As indi-
cated in the figure, viscosity measurements with rotational rheometers have their
upper limits at shear rates between 1 and 10 s-1 if performed in the stressing mode
and may be extended up to some few hundred s-1 by dynamic-mechanical
experiments making use of the Cox-Merz relation (cf. Eq. (11.6)). Processing
relevant viscosity data are the domain of capillary rheometers. Furthermore, they
play a dominant role for the determination of the so-called melt flow rate (MFR)
which has got a strong position in quality control (cf. Sect. 17.1).
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Fig. 11.13 Shear viscosity g as a function of the shear rate _c for a commercial polystyrene at a
temperature of 190 �C measured by rotational and capillary rheometers
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11.5.2 Numerical Descriptions of Viscosity Functions

Besides their constant viscosity at small shear rates, another feature of viscosity
functions of polymer melts is their power-law behavior at high shear rates (cf.
Fig. 11.13). This property is the base of the so-called Ostwald-de Waele law

log g ¼ log C � k log _c ð11:13Þ

or

r ¼ g _c ¼ C _c1�k ¼ C _cn ð11:14Þ

n = 1 - k is called the power-law index with -k representing the negative slope
of the viscosity function as shown in Fig. 11.13. As the double-logarithmic slope
of the viscosity function is found experimentally to lie between 0 and -1, i.e.,
0 \ k \ 1, it follows 0 \ n \ 1. The Eqs. (11.13) and (11.14) are frequently used
in practice for numerical calculations, but they have obviously to be restricted to
rather high shear rates occurring in injection molding, for example.

For lower shear rates typical of extrusion, the Carreau-Yasuda formula

g ¼ g0

1 þ k_cð Það Þk=a
ð11:15Þ

is often applied [25, 26]. It describes the viscosity function in a wider range of
shear rates than the Ostwald-de Waele law. g0 is the zero-shear viscosity, k a
characteristic relaxation time to be fitted. The fit parameter a describes the width
of the transition from the Newtonian to the non-Newtonian regime and -k is the
linear slope of the viscosity function on the double-logarithmic scale. For k _c 
 1,
Eq. (11.15) gives the zero-shear viscosity and for k_c � 1 one gets Eq. (11.13)
with C = g0k

�k. From Eq. (11.15) it follows that k�1 can be interpreted as the
shear rate at which the viscosity according to the Ostwald- de Waele law formally
reaches the value of the Newtonian viscosity. For viscosity functions of polymers
with uniform molar mass distributions which are typical of many commercial
products, numerical descriptions can be obtained by the adaption of the parameter
k of the Carreau-Yasuda formula which are the better the more accurately g0 and
k are known. Difficulties arise if the molar mass distribution of a material contains
components resulting in clearly distinguished relaxation times. In [27] it was
shown that viscosity functions of such materials can be described by products of
Carreau-Yasuda formulas of the type of Eq. (11.15) with different sets of
parameters. Besides Eq. (11.15) other empirical formulas of a similar structure are
sometimes applied which lead to approximations of comparable accuracy.

Obviously not applicable is the Carreau-Yasuda formula for the numerical
descriptions of viscosity functions which do not exhibit a Newtonian region but an
increase of the viscosity at small shear rates due to flow restrictions which can be
interpreted by the existence of a yield stress.
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Materials of that kind are, for example, rubber-modified thermoplastics. A
viscosity function of a styrene-acrylonitrile copolymer filled with 18 wt. % of an
acrylic ester rubber is shown in the Fig. 11.14. The data over the wide range of
shear rates and viscosities were obtained by various rheometers making use of the
time-temperature superposition principle. At low shear rates the viscosity function
possesses a slope of approximately -1 which indicates the existence of a yield
stress. This interpretation can easily be verified by assuming that the acting stress r
is the sum of the constant yield stress ry and the variable stress rfl effecting the
flow. If rfl \\ry one gets

g ¼ ry þ rfl

� ��
_c ffiry

�
_c ð11:16Þ

which describes the slope of -1 in Fig. 11.14. At higher shear rates or shear
stresses, respectively, the yield stress may be negligibly small compared to the total
stress and the material shows the usual shear thinning advantageous for processing
operations like extrusion and injection molding. Similar types of viscosity functions
can be found for particle-filled materials which play an important role today.

Taking this general feature of viscosity functions into account, two inherent
deficiencies of Eq. (11.15) become obvious. The one is its inaccuracy in the
transient regime between the Newtonian and the power-law behavior and the other
its inability to describe viscosity functions which miss a Newtonian region as in
the case of heterogeneous polymer melts, for example.

For a comprehensive modeling of the flow of polymer melts sometimes a
simple analytical description covering a wide range of the viscosity function is
desirable. Polynomials are suitable pragmatic tools for that purpose, although they
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Fig. 11.14 Viscosity function of a styrene-acrylonitrile copolymer modified with 18 wt. % of an
acrylic ester rubber (ASA) at T = 190 �C and its numerical description by a polynomial
according to Eq. (11.17). (Reprinted from [28] with permission from John Wiley and Sons)
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lack any physical background. In the case of viscosity functions, for a broad
variety of commercial polymers the polynomial of the fourth order

log g ¼ A0 þ A1 log _c þ A2ðlog _cÞ2 þ A3 log _cð Þ3þA4 log _cð Þ4 ð11:17Þ

has proven its potential for a rather accurate numerical description [29]. Its lim-
itation is that due to principal differences between the graphical representation of
the polynomial (11.17) and curves of viscosity functions a good agreement can
only be expected in a distinct region of shear rates and, therefore, extrapolations
are not meaningful.

Regarding the limitations of numerical descriptions of viscosity functions a
further remark has to be made. The Carreau-Yasuda formula is sometimes used in
the literature to determine g0 by fitting viscosity functions only known in a very
restricted range of shear rates. Such a procedure usually leads to wrong values,
particularly, if the Newtonian region is not approached closely enough by
experimental data.

11.5.3 Entrance Pressure Loss

As shown in Sect. 16.3.1, the melt at the transition from the reservoir of a capillary
rheometer to a die much smaller in diameter exhibits complex flow patterns which
reduce the flow energy. Therefore, the pressure driving the extrusion of the melt
through the die is lower than that in the reservoir. The so-called pressure loss has
to be taken into account for the correct determination of the viscosity if for
experimental reasons the pressure cannot be measured inside the die like for
circular capillaries (cf. Sect. 15.1.1). On the other hand, the entrance pressure loss
can become an essential part of the total extrusion pressure for short dies as in the
case of the holes of pelletizing plates, for example. Therefore, its knowledge
complements the rheological description of a polymer melt related to applications.

In Fig. 11.15, the entrance pressure loss of a polystyrene is presented as a
function of the shear stress at the wall of the capillary. It was determined by so-
called Bagley-plots (cf. Sect. 15.1.3). In the double-logarithmic presentation, the
measured data for the four temperatures between 190 and 250 �C come to lie in
good approximation on one straight line which follows the power law

pe ¼ cr m
w ð11:18Þ

with m and c being material-specific empirical parameters and rw the shear stress
at the wall of the capillary. Equation (11.18) makes it possible to assess the
entrance pressure losses for the polystyrene investigated at least in the temperature
and stress ranges of Fig. 11.15. Similar relationships were found for other com-
mercial polymers. The temperature insensitivity of pe suggests that elastic effects
may play a decisive role for the entrance pressure loss as they are not strongly
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dependent on temperature in contrast to viscosities (cf. Fig. 11.18). Such an
interpretation gets some support from the measurements of the flow fields in the
entrance region of a die in Sect. 16.3.1.2. They show a fast change of the elon-
gational rates within short times for the entrance flow supporting the assumption of
dominating elastic effects.

11.5.4 Extrudate Swell

The extrudate swell is schematicallyshown in Fig. 11.16. A strand exiting a die of
the length L and the diameter d0 attains the diameter d outside. The extrudate swell
S is defined as

S ¼ d�d0ð Þ=d0 ¼ d=d0 � 1 ð11:19Þ

In the literature also the definition d/d0 can frequently be found for the extrudate
swell. In the following, preference is given to the definition of Eq. (11.19) as in the
case of the absence of extrudate swell, S is zero, which is in accordance with a
subject-specific logic.

As the velocity measurements by laser-Doppler velocimetry demonstrate, the
entrance as well as the exit flow of polymer melts is rather complicated (cf. Chap. 16).
Furthermore, the elastic deformation is composed of elongational components in the
entrance region of the die and shear within the die. Therefore, the modeling of the
extrudate swell is complex and has not been very straightforward up to now.

Moreover, determining the extrudate swell is not as easy as it may look at a first
glimpse. One reason for it is that the extrudate may freeze before it reaches its
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Fig. 11.15 Entrance pressure loss pe as a function of the shear stress at the capillary wall rw in a
double-logarithmic plot for a commercial polystyrene at various temperatures
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maximum recovery. The other difficulty which is particularly evident in the case of
samples of lower viscosities lies in the sagging of the exiting strand under its own
weight. This effect can significantly be reduced by extruding the strand into a
liquid of a specific weight similar to that of the melt (cf. Sect. 12.3.5). The
equilibrium state can be approached by annealing the extrudates in a silicone oil
bath above their glass or melting temperatures, respectively. This procedure needs
some care, too, as the surface tension between the melt and the annealing liquid
superimposes the recovery. An example of such an annealing procedure is given in
Fig. 11.17 for a commercial polystyrene extruded through a circular capillary. At
an annealing temperature of T = 210 �C the equilibrium value seems to be nearly
reached on the linear timescale after 20 min, at 170 �C the extrudate swell even
after 100 min is still lower by about 5 % than the values attained at the higher
temperatures. This may be due to the fact that the stationary state has not been
reached. Nevertheless, measurements of the extrudate swell have led to some
qualitative insights into elastic properties and contribute to the characterization of
polymeric materials.
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Figure 11.18 represents the extrudate swell after annealing as a function of the
ratio of the length L of a capillary to its radius R for a commercial polystyrene at
various conditions. The equilibrium data were taken from strands extruded at two
wall shear stresses rw and three temperatures through dies with three different radii
R. As it is clearly seen, the extrudate swell is a function of L/R and the shear stress
as well. Interesting is the fact that within the accuracy of the experiments the
extrudate swell does not depend on the radius of the capillary and the extrusion
temperature, at least within the range of the parameters chosen. For the polysty-
rene of Fig. 11.18 the extrudate swell for the die of L/R = 1 is larger by a factor of
two than that one for L/R = 60. The decrease of S is distinctly more pronounced at
low L/R values than at higher ones. The extrudate swell significantly increases
with stress. The two curves obtained run approximately in parallel in the semi-
logarithmical plot indicating a constant factor between the values at the two
stresses chosen. For the capillary of L/R = 1, i.e., of 1 mm radius and 1 mm in
length, the shear deformation is small. Therefore, it can be concluded that the
extrudate swell has its main origin in the recoverable part of the elongational flow
exerted in the entrance region.

Due to the significant extensional flow in the entrance region, the higher ex-
trudate swell at larger wall shear stresses is easily understood. As according to
Fig. 11.15 the entrance pressure loss increases with the shear stress at the wall it
can be assumed that the tensile stress becomes larger, too. From Fig. 12.18 it
follows for an LDPE that the recoverable elongation increases with the tensile
stress. This finding is qualitatively valid for other polymeric materials, too.

Taking into account that the elongational deformation in the entrance region is
evidently independent of the length of the die, the extrudate swell decreasing with
growing L/R can be explained in the following way. If R is assumed to be constant,
two effects may come into play. The one is that the elastic deformation of the
molecules generated at the die entrance recovers to some extent during the flow
through the die. This recovery increases with time or with the length of the die,
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Fig. 11.18 Extrudate swell
S of a commercial
polystyrene after annealing as
a function of the length to
radius ratio L/R of the
capillaries extruded at three
temperatures T and two shear
stresses at the wall rw
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respectively, giving rise to a smaller extrudate swell. The other conclusion is that
elastic deformations due to shear are small in comparison to those in elongation.

The temperature independency of the extrudate swell after annealing which
follows from Fig. 11.18 is understood from the fact that the recoverable elongation
does not depend on the temperature (cf. Sect. 12.5.4).

In summary it can be concluded, that for a given capillary geometry the
extrudate swell of polystyrene after annealing is approximately independent of
temperature, but a distinct function of shear stress. Similar dependencies are found
for other polymeric materials as shown, for example, for polypropylenes in [30].
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Chapter 12
Extensional Rheology

For many processing operations of polymeric materials, elongational properties of
their melts play an important role. Examples are fiber spinning, extrusion coating,
thermoforming, film blowing, and foaming. With the exception of spinning which
is dominated by uniaxial extension, the deformation kinematics of the other pro-
cesses are generally much more complex making their quantitative description
difficult. Other processes like extrusion or injection molding which are usually
regarded to be determined by shear can contain some elongational components,
too, which are not as obvious as for the operations mentioned above. In case of
extrusion, any geometrical change of the flow channels leads to some kind of
extension of the melt and in injection molding the molecules entering the tool are
exposed to components of elongational flow.

12.1 Basics of Uniaxial Extension

As the extensional deformations are normally very large, the tensile stress, strain,
and strain rates have to be defined differently from the case of small elongations
discussed in Sect. 7.7. For large extensions, the strain and stress are related to the
actual geometry taking the volume constancy into account. The tensile stress is
given then by

r ¼ F=A ð12:1Þ

with F being the force acting on the actual cross-section A of the sample which
changes according to

A ¼ A0l0=l ð12:2Þ

A0 and l0 are the cross-section and the length, respectively, of the initial sample
and l is the actual sample length.

H. Münstedt and F. R. Schwarzl, Deformation and Flow of Polymeric Materials,
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In contrast to small deformations, the differential strain is defined by relating
the change in length dl to the actual length l and not to the initial length l0, i.e.,

deH ¼ dl=l

or

eH ¼
Z l

l0

de ¼
Z l

l0

dl=l ¼ ln l=l0 ¼ ln k ð12:3Þ

The quantity eH is called the Hencky strain or natural strain and k ¼ l=l0 the
stretching ratio (cf. Sect. 8.7.2). The Hencky strain, different from the so-called
Cauchy strain or engineering strain e ¼ ðl � l0Þ=l0, is preferably used in all the
fields of polymer research and applications in which large elongational deforma-
tions are discussed. That is obviously the case when dealing with mechanical
properties of rubbers and polymer melts. For small deformations, A & A0 and
eH & e and the definitions related to a constant geometry of a sample during
deformation are valid as expected.

From Eq. (12.3) the Hencky elongation rate follows as

_e ¼ deH

dt
¼ d ln l=l0ð Þ

dt
¼ 1

l

dl

dt
¼ v

l
ð12:4Þ

with v being the stretching velocity. For the matter of convenience, the index ‘‘H’’
is omitted and _e stands for the Hencky elongational rate if not stated otherwise.

The elongational viscosity is defined in analogy to the shear viscosity as

l ¼ r=_e ð12:5Þ

and the elongational compliance as

D ¼ eH=r ð12:6Þ

The time functions of these quantities depend on the experimental mode and,
therefore, it has to be stated what the conditions of the experiments are, e.g.,
constant stress in a creep or constant elongational rate in a stressing test. The
steady-state values are independent of the mode, of course.

The recoverable Hencky strain er follows according to Eq. (12.3) as

er ¼
Z l

lr

dl=l ¼ ln l=lr ð12:7Þ
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with l being the elongated sample before recovery and lr the length of the sample
at any time t of the recovery process. lr reaches an equilibrium value after com-
plete retardation and the corresponding recoverable strain is denominated ers.

The recoverable compliance in elongation Dr is defined then as

Dr ¼ er=r ð12:8Þ

12.2 Multiaxial Extensions

In the three-dimensional case of pure elongation or contraction, the stress tensor
defined in Sect. 7.1 consists of the three diagonal components r11, r22, and r33,

only. They act as normal stresses on the three faces of a cubic volume element as
shown in Fig. 12.1.

The stresses applied lead to the elongation rates _e11, _e22, and _e33 which are not
independent of each other as the volume can be assumed to be constant during a
deformation after which the edges l0 of the cube in Fig. 12.1 may have attained the
lengths l1, l2, and l3, i.e.,

VðtÞ ¼ l1ðtÞ l2ðtÞ l3ðtÞ ¼ l30 ¼ V0 ð12:9Þ

or

lnðl1ðtÞ=l0Þ þ lnðl2ðtÞ=l0Þ þ lnðl3ðtÞ=l0Þ ¼ 0

and after differentiation with respect to time

_e11 þ _e22 þ _e33 ¼ 0 ð12:10Þ

11 0

ε =

ε

33σ

22

σ11

σ 022 ε
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m

33 ( ) 01 ε+−ε = m

0l

Fig. 12.1 Tensile stresses r
and elongation rates _e in
multiaxial extension
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Assuming that

_e11 ¼ _e0 and _e22 ¼ m_e0 ð12:11Þ

with m being a time-independent constant, it follows from Eq. (12.10) that

_e33 ¼ �ð1 þ mÞ _e0 ð12:12Þ

For a constant elongational rate _e0, the rate tensor D in the principal coordinate
system reads

D ¼ _e0

1 0 0
0 m 0
0 0 �ð1 þ mÞ

0
@

1
A ð12:13Þ

The deformation rate induces a stress within the melt. Stress and strain rate are
related to each other by the so-called constitutive equation. The search for a
comprehensive constitutive equation covering the non-linear state of polymer
melts is still an unsolved matter of research (cf. Chap. 10). In the linear range and
at small deformations, however, the relationship between the stress tensor S and
the rate tensor D for incompressible materials is given by (cf. Eq. 7.27)

S tð Þ þ Ep tð Þ ¼ 2
Z t

�1

G t � t0ð ÞD t0ð Þ dt0 ð12:14Þ

with G(t) being the time-dependent relaxation modulus in shear introduced in the
theory of linear viscoelasticity and E the unity tensor. p(t) is an arbitrary hydro-

static pressure, which may always be added to the stress tensor of an incom-
pressible material. This hydrostatic pressure may be used to satisfy the boundary
conditions of the experiment. By introducing the rate tensor (12.13) into the
constitutive Eq. (12.14) and using the condition, that _eiiðt0Þ ¼ 0 for t0\0, one gets
for the tensile stress components the equations

r11 þ p ¼ 2_e0

Z t

0

Gðt0Þdt0 ¼ 2_e0g
0ðtÞ

r22 þ p ¼ 2m_e0

Z t

0

Gðt0Þdt0 ¼ 2m_e0g
0ðtÞ

r33 þ p ¼ �2ð1 þ mÞ_e0

Z t

0

Gðt0Þdt0 ¼ �2ð1 þ mÞ_e0g
0ðtÞ

ð12:15Þ
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with

Z t

0

Gðt0Þ dt0 ¼ g0ðtÞ ð12:16Þ

g0ðtÞ is the time-dependent linear shear viscosity (cf. Eq. 11.4). Equations (12.15)
are discussed in the following for the special cases of uniaxial, equibiaxial, and
planar deformation. In the case of an uniaxial deformation in x1-direction, _e11 ¼ _e0

and _e22 ¼ _e33 and according to Eqs. (12.11) and (12.12), m = -0.5. An equibi-
axial extension is defined by equal elongation rates in two directions. Such a
condition is fulfilled for m = 1 in Eq. (12.11) resulting in _e11 ¼ _e22 ¼ _e0 and
_e33 ¼ �2_e0. A planar deformation is defined by a constant geometry in one
direction, for example _e22 ¼ 0; i:e: m ¼ 0, and from Eq. (12.12) _e11 ¼ _e0 and
_e33 ¼ �_e0 follows. Any other type of deformation lying between these well--
defined modes can be described by appropriate values of m between -0.5 and 1.
The values of m for the extensions discussed are listed in Table 12.1

For the uniaxial deformation, i.e., m = -0.5, Eqs. (12.15) become

r11 þ p ¼ 2_e0g
0ðtÞ

r22 þ p ¼ �_e0g
0ðtÞ

r33 þ p ¼ �_e0g
0ðtÞ

ð12:17Þ

From the conditions r22 = r33 = 0, it follows p ¼ �_e0g0ðtÞ and, therefore,

r11 ¼ 3_e0g
0ðtÞ ð12:18Þ

r11=_e0 ¼ l0ðtÞ ¼ 3g0ðtÞ ð12:19Þ

In the linear range of deformation, the uniaxial time-dependent elongational
viscosity l0ðtÞ is three times the time-dependent shear viscosity. For the steady-
state values this relationship was first found by Trouton and, therefore, is often
named after him.

Table 12.1 Specifications of the three extensional modes discussed

Mode m Stress conditions Viscosities

Uniaxial -0.5 r11 = r, r22 = r33 = 0 l0 tð Þ ¼ r=_e0 ¼ 3g0 tð Þ
Equibiaxial 1 r11 = r22 = r, r33 = 0 l0

e tð Þ ¼ r=_e0 ¼ 6g0 tð Þ
Planar 0 r11 = r, r22 = r/2, r33 = 0 l0

1p tð Þ ¼ r11=_e0 ¼ 4g0 tð Þ
l0

2p tð Þ ¼ r22=_e0 ¼ 2g0 tð Þ
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For the equibiaxial deformation, i.e., m = 1 and r33 = 0, Eqs. (12.15) read

r11 þ p ¼ 2_e0g
0ðtÞ

r22 þ p ¼ 2_e0g
0ðtÞ

p ¼ �4 _e0g
0ðtÞ

ð12:20Þ

Introducing the last of Eqs. (12.20) into the first two ones results in

r11=_e0 ¼ r22=_e0 ¼ l0
eðtÞ ¼ 6g0ðtÞ; ð12:21Þ

i.e., the time-dependent linear equibiaxial elongational viscosity l0
e is six times the

time-dependent linear shear viscosity.
For the planar deformation, i.e., m = 0 and r33 = 0, Eqs. (12.15) become

r11 þ p ¼ 2_e0g
0ðtÞ

r22 þ p ¼ 0

p ¼ �2 _e0g
0ðtÞ

ð12:22Þ

Introducing the last of Eqs. (12.22) into the first and second one gives the
tensile stresses in the 1- and 2- direction, i.e., r11 ¼ 2r22 and the two planar
viscosities follow as

r11=_e0 ¼ l0
p1ðtÞ ¼ 4g0ðtÞ ð12:23Þ

and

r22=_e0 ¼ l0
p2ðtÞ ¼ 2g0ðtÞ ð12:24Þ

which are four or two times, respectively, the time-dependent zero-shear viscosity.
The various viscosities are summarized in Table 12.1. They follow from the

theory of linear viscoelasticity. That means they are only valid for very low
elongational rates or small deformations and do not describe the often significant
non-linear behavior of the elongational viscosity for polymer melts. The fulfill-
ment of the linear relation is a good check, however, for the reliability and
accuracy of the experimental method applied (cf. Sect. 12.5).

12.3 Experimental Devices for Uniaxial Extension

The determination of the stress–strain curves of materials in their solid state is a
standard practice of their mechanical characterization. The tensile machines used
for these purposes are not suitable for the measurement of the extensional behavior
of polymer melts, however, for two main reasons.
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One problem is fixing the samples to the measuring device as the melt flows out
of the usual clamps. Another is the avoidance of sagging of the specimen under
gravity. Furthermore, very sensitive force transducers are needed due to the low
tensile stresses and small cross-sections occurring at the high deformations nec-
essary for the characterization of polymer melts and last not least sophisticated
control units are necessary to perform experiments at constant Hencky elongation
rates (cf. Eq. (12.4)) or real constant stresses (cf. Eq. (12.1)).

For all these reasons, special devices for investigating elongational properties of
polymer melts were designed. The experimental developments during the 1970s
can be regarded as the base of the remarkable progress in better understanding the
extensional rheology of polymer melts.

Some basic devices are shortly described in the following.

12.3.1 Elongational Rheometer After Meissner

Pioneering experimental work on the elongational behavior of polymer melts was
performed by Meissner. The device he built up is presented in Fig. 12.2 [1, 2].

The preferably cylindrical polymer sample of the length L0 is drawn by two
pairs of toothed wheels Z1 and Z2 which counter rotate to each other with n1 and n2

revolutions per second, respectively. According to Eq. (12.4), the elongational rate
follows as

Fig. 12.2 Principle of the elongational rheometer developed by Meissner [1, 2]. LS leaf spring;
T transducer; M1, M2 driving units; Z1, Z2 pairs of toothed wheels; S sample with length L0; C1 to
C11 positions of 11 pairs of scissors, LA distance between two scissors
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_e ¼ p d ðn1 þ n2Þ=L0 ð12:25Þ

with d being the diameter of the toothed wheels.
Due to the unchanged length of the sample during deformation, constant

elongation rates can be achieved in a very simple way by keeping the revolutions
of each pair of the wheels constant which is easily done by using commercially
available driving motors M1 and M2. Z1 and M1 are suspended on an elastic leaf
spring LF the deformation of which is measured by the transducer T and can be
related to the tensile forces F by calibration. Assuming a uniform deformation of
the sample and volume constancy, the actual cross-section A(t) follows from
Eq. (12.2) as

AðtÞ ¼ A0 expð�eHÞ ¼ A0 expð�_e0tÞ ð12:26Þ

making use of the definition of the Hencky strain in Eq. (12.3). Relating the
measured force to the actual cross-section, the elongational viscosities for given
constant elongation rates can be determined according to Eq. (12.5).

At any state of the experiment, the stretched sample can be cut into pieces by
scissors located at equal distances at 11 positions C1 to C11 (cf. Fig. 12.2). The 10
strands serve two purposes. By weighing them, some information about the uni-
formity of the sample deformation can be obtained and from measuring their
lengths after annealing, the recoverable portion of the total elongation can be
determined according to Eq. (12.7).

The sample floats on a silicone oil bath which is heated to the measuring
temperature. Together with a glass lid covering the oil bath it provides the required
temperature constancy along the specimens up to 800 mm in length. In addition,
the gravity of the sample is compensated by buoyancy and, therewith, sagging is
avoided.

This unique machine, although large in size and not easy to handle, possesses
great advantages. At various constant elongation rates, drawing ratios up to
k = 400 could be reached [3] which correspond to Hencky strains up to eH = 6.
Accurate force measurements at such high elongations resulting in very small
cross-sections and a control of the uniformity of elongation are the experimental
base for reliable measurements. Furthermore, the recovery can be determined by
averaging over 10 samples for each measurement. Very elegant from an experi-
mental point of view are the rotating clamps which convey the stretched material
away from the measuring area.

Clear disadvantages are the relatively large amounts of material necessary and
the tedious work to extrude samples of uniform geometry over the lengths needed.
Furthermore, the maximum measuring temperatures are limited to around 200 �C
due to the lack of suitable silicone oils.

394 12 Extensional Rheology



12.3.2 Rheometrics Extensional Rheometer

To overcome the difficulties mentioned above, Meissner designed a rheometer the
principle of which is sketched in Fig. 12.3 [4]. It became the base of a commercial
machine. The rotating clamp technique is preserved but a new type of clamp is
used. The toothed wheels of the former design are replaced by metal conveyor
belts. One clamp is mounted to a leaf spring the mechanical deformation of which
is proportional to the force applied. It was shown that very low forces could be
measured with high accuracy. Like for all the extensional apparatuses, the per-
formance of the force transducer is one clue for reliable viscosity measurements at
high elongations at which the sample cross-sections become very small. A detailed
description of the device and results on different materials can be found in [4].

The essential improvements in comparison to the rheometer sketched in
Fig. 12.2 are the following. The sample length is significantly reduced. Instead of
cylindrical strands of several hundred millimeters, rectangular plates about 60 mm
long, 10 mm wide, and 2 mm thick are used which can be prepared from com-
pression-molded sheets. These dimensions enable investigations on samples which
are available on the scale of grams, only.

The oil bath is avoided. The sample floats on a cushion of an inert gas which does
not interact with the polymer material investigated. The gas stream supporting the
molten sample is achieved by pressing the preheated gas through a flat metal frit.

Using inert gases as the supporting media and applying electrical heating, the
temperatures are not restricted any longer to 200 �C, but can be chosen distinctly
higher. Inert gases have the additional effect that they reduce the thermal degradation
of the polymer samples. A good temperature constancy is reached by an electrical
heating of the walls of the chamber in which the whole measuring device is located.

A window allows the visual observation of the sample deformation and its
recording by a video system. Information of this kind is essential insofar, as the
uniformity of sample deformation belongs to the most important preconditions for

sample

Air cushion

conveyor  beltFig. 12.3 Principle of the
Rheometrics Extensional
Rheometer (RME) [4]
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reliable experimental results (cf. Sect. 12.7). On the other hand, slip of the melt at the
rotating clamps can occur which may reduce the real elongation rate. Optical mea-
surements using particle tracking are applied to determine the real deformation rates.

In spite of its sophisticated design and the broad range of experimental
parameters, the RME has not become an instrument for the routine laboratory work.

12.3.3 Sentmanat Extensional Rheometer

The work horse in the field of extensional rheometry is based on a design
developed by Sentmanat [5]. Its principle is represented in Fig. 12.4. A polymer
sheet is clamped to two drums which counter rotate to each other driven by the
shaft of the ‘‘master drum’’ the rotation of which is transferred to the ‘‘slave drum’’
by intermeshing gears as shown in Fig. 12.4. From the torque exerted on the
‘‘master drum,’’ the tangential force acting on the sample can be determined. This
device gets its popularity from the fact that it can be built into the housings of
commercial rotational rheometers making use of their existing heating chamber,
driving unit, and torque sensor.

torque shaft

chassis

bearings

slave drum

securing clamps

sample

bearings

intermeshing gears

drive shaft

master drum

Fig. 12.4 Principle of the Sentmanat Extensional Rheometer (SER). L0 unsupported length; X
drive shaft rotation; T torque; F tangential force [5]

396 12 Extensional Rheology



Several rheometer manufacturers offer this equipment commercially. It has
proven its performance in the field of routine measurements, but its contribution to
fundamental research has been very limited up to now for several reasons. The one
is that sagging of the samples cannot be avoided even for the geometries chosen as
a supporting medium is not applied. This effect is particularly pronounced in the
case of samples with low viscosities. It reduces its versatility for measurements at
high temperatures which, in principle, could easily be achieved by making use of
the ovens of commercial rheometers. Another deficiency may arise from a too high
friction of the bearings and the intermeshing gears which negatively affects the
measurement of the torque acting on the sample. Furthermore, the uniformity of
the sample deformation cannot be checked which is very important, however, for
an assessment of the accuracy of the elongation rate and the tensile stress and,
therewith, the elongational viscosity.

Measurements of the recovery of the sample are not possible due to the prin-
cipal design of the device.

12.3.4 Filament Stretching Rheometer

Around the year 2000 several devices were presented in the literature which made
use of the stretching of a sample between two coaxial cylindrical clamps by
holding one clamp fixed and moving the other one apart. Most of these equipments
were designed for measuring the elongational behavior of polymer solutions at
room temperature. Some of them are described in a review article by Mc Kinley
and Sridhar [6]. This principle is the base of a rheometer developed for polymer
melts [7]. The cylindrical sample is stretched between two plates. The lower one is
fixed and the upper one driven in a way that the radius in the middle of the sample
decreases exponentially with time in order to keep up a constant Hencky strain
rate. This assembly is placed in a temperature-controlled oven with glass covered
slits allowing the measurement of the sample diameter by a laser device. The
exerting force is registered by a load cell mounted to the lower plate. The upper
plate and the laser are driven by the same motor. Using an appropriate gear, the
laser is moved at half the velocity of the upper plate which results in a position just
in the middle between the two plates. If the symmetry is preserved during the
experiment, then the elongational viscosity at the given constant elongation rate
can be determined. Typical sample geometries of initial diameters around 10 mm
and lengths between 2.5 and 4.5 mm [7] lead to small aspect ratios which are
favorable for high Hencky strains but are not free of problems regarding the
fastening and the uniform deformation of the specimens.

This technique is not easy to handle and needs a lot of experimental skill. It is
limited to samples of relatively high viscosities as sagging may come into play
due to the absence of a supporting medium. Therefore, the filament stretching
rheometer is not widely used for investigating elongational properties of polymer
melts.
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12.3.5 Tensile Rheometer After Münstedt

This type of rheometer goes back to the principle of tensile testing machines but
avoids their disadvantages with respect to polymer melts which were shortly
addressed in the introduction to this section. Cogswell [8] can be named to publish
a first version using a load via a specially constructed mechanical cam to apply a
constant actual stress on a sample suspended in a silicone oil bath to counter-
balance the gravity of the sample by buoyancy. The one disadvantage of this creep
rheometer was that a special cam had to be used for each initial sample length, the
other that due to a certain friction of the air bearing supporting the rotation of the
cam and the unavoidable moment of inertia, reliable experiments were only
possible within a very limited range of stresses.

Based on the idea of a vertically suspended sample, Münstedt and co-workers
developed a versatile instrument [9, 10] which has been used to characterize the
elongational properties of a great number of polymer materials, particularly, in
dependence on their molecular structure (see Sect. 13.3). For such kind of
investigations the rheometer is particularly suited as comparably small amounts of
samples are needed and, therefore, the elongational behavior of polymeric mate-
rials can be investigated which are available on a laboratory scale, only. As
cylindrical samples are used, they can comfortably be prepared by extrusion
through appropriate capillaries or the compression of a molten powder in pre-
formed glass tubes which are removed after solidification. For typical sample
diameters of around 5 mm and lengths between 10 and 25 mm, small amounts of
material are sufficient to get comparative results on the elongational behavior of
polymers. The problem of fixing the samples to the measuring device was solved
by gluing them to metal clamps which are easy to handle. The gluing needs some
know-how, but by adequate preparations using etching or plasma pretreatments a
wide scope of polymers could be investigated.

The function of the rheometer becomes obvious from Fig. 12.5. The sample is
vertically suspended in a silicone oil bath of a density adapted to that of the
polymer melt. The one end is fixed to the force transducer and the other to the
pulling device. Besides compensating the weight of the sample by buoyancy, the
oil serves as a medium transferring the heat from the hollow wall of the glass
vessel to its inner part which houses the sample during deformation. The heating is
performed by an outside unit, pumping another temperature-controlled silicone oil
through the hollow wall. An evacuated outer zone around the vessel provides a
good thermal insulation without disturbing the visual observation of the sample.
By such a device, a temperature gradient not larger than 1 �C over a sample length
of 500 mm up to a measuring temperature of 200 �C could be obtained. Tem-
perature constancy is an important condition for reliable elongational measure-
ments as the viscosity of polymer melts is very temperature sensitive.

The vessel can easily be lowered and, thereby, opens up the possibility to freeze
the samples at arbitrary stages of deformation and to remove them for further
investigations like a check of the uniformity of sample elongation by manually
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measuring the diameters along the length or a screening of morphology changes in
the case of polymer blends, for example.

Elongational rates between 0.001 and 5 s-1 can be applied. The maximum
Hencky strain reaches a value of 4. The driving unit consists of a servomotor
which moves the pulling rod by means of a toothed belt. The rod is guided by a
sledge. The elongation of the sample is measured by a photoelectric transducer.
The force resolution is around 0.2 mN. The drift of the force transducer is very
small as it is directly located in the temperature-controlled oil bath.

Since the sample length does not remain constant as for the devices by Mei-
ssner, but becomes larger during stretching, the velocity v has to be enhanced
proportional to the actual length according to Eq. (12.4) in order to apply a given
constant Hencky strain rate, i.e.,

v ¼ _e0l ð12:27Þ

This relationship corresponds to an exponential increase of v with time as
according to Eq. (12.3)

l ¼ l0 exp eH ¼ l0 exp _e0 t ð12:28Þ

The proportionality between v and l is relatively easy to achieve by a corre-
sponding electronic unit controlling the rotational speed of the servomotor.

The rheometer described so far has the unique feature that creep experiments
can be performed which have the advantage of reaching a steady-state at smaller

Fig. 12.5 Principle of the
tensile rheometer developed
by Münstedt (MTR)
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deformations than in the case of stressing experiments (cf. Sect. 12.5.1). Keeping
the true stress constant, requires a special control of the force, however, as the
cross-section of the sample can significantly change during elongation. In the case
of a constant stress r0 it follows

r ¼ F=A ¼ r0

and with the assumption of volume constancy during deformation

F ¼ r0A ¼ r0A0l0=l ð12:29Þ

That means, the product of F and l has to be kept constant in order to perform
experiments at a constant stress. Details of the control loops applied can be found
in [11].

By adequately programming the electronic control of the driving unit, relaxa-
tion and retardation experiments after various deformation histories can be per-
formed making the rheometer a rather universal device for the investigation of
elongational properties of polymer melts.

The recoverable portion of the elongation can be obtained by setting the force to
zero and determining the length of the recovering sample as a function of time.
The time-dependent recoverable Hencky strain er follows then according to
Eq. (12.7). However, this mode can be performed with a sufficient accuracy, only,
if the recovery is not too fast. Easier to perform is the determination of the steady-
state of the recovery.

As in all elongational experiments the uniformity of the sample deformation is
the prerequisite for reliable experiments, an optical device was installed which
makes it possible to get in situ images of the sample at different states of extension.
Its principle features are described in [12]. The core is a high-resolution telecentric
lens with the entrance pupil located at infinity. Its advantage is that in parallel light
it delivers frames with very uniform brightness, and distortions, perspective errors,
and edge position uncertainties are very small. This performance is a good base for
the image acquisition by a video camera which is digitally synchronized with the
rheometer driving unit. More detailed information on this technique can be found
in [12, 13].

12.4 Experimental Devices for Multiaxial Extension

Biaxial and planar deformations play an important role in processing operations. In
spite of this fact, the development of devices being able to measure rheological
properties of polymer melts under such conditions has not attained a state com-
parable to that for the investigation of uniaxial flow. The reasons for this situation
are the demanding experimental conditions which have to be fulfilled for getting
reliable results. Furthermore, the range of elongational rates is rather limited.
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12.4.1 Hachmann-Meissner Rheometer

The most advanced and versatile apparatus for measuring multiaxial properties is
an apparatus described in detail in [14]. The basic elements of this rheometer are
the rotating clamps already introduced in the presentation of the RME. Metal belts
driven by a separate motor each and equipped with separate force transducers are
used. The sample is located above a sintered bronze table and supported by a
temperature-controlled inert gas flowing through it. The whole device is sur-
rounded by a temperature-controlled housing. Eight clamps can symmetrically be
arranged in a circle. In the case of an equibiaxial test, they rotate at the same speed
and pull the different parts of the sample with an equal elongational rate as
required per definition. For a planar extension, two clamps are placed opposite to
each other. They do not rotate but measure the force necessary to keep the sample
fixed. Rectangular to them, three parallel belts on each side deform the sample at
the same rate. As two different stresses occur, the planar deformation is determined
by two viscosities (cf. Eqs. 12.23 and 12.24).

The rheometer is extremely versatile as, in principle, uniaxial experiments can
be performed by stretching samples between two clamps located opposite to each
other.

A window allows the observation of the sample. For the different modes, the
optical tracking of small particles put on the surface of the sample allows the
control of the uniformity of the extension which is essential for reliable
experiments.

Elongational rates between 0.003 and 0.1 s-1 are reported in the literature for
the equibiaxial and the planar extension while total Hencky strains up to three and
five, respectively, are documented [14].

Due to the complexity of the method, only one prototype does exist up to now.
The experimental results it delivered so far are valuable contributions to the field
of elongational rheology.

12.4.2 Lubricated Squeeze-Flow Rheometer

The physical principle of this type of multiaxial extensional rheometer is relatively
simple. Two parallel plates with lubricated inner surfaces centered along one axis
are moved toward each other and according to the geometry chosen a planar or an
equibiaxial deformation is achieved. If the melt is squeezed between two plates
and not restricted in its flow, the extension is equibiaxial; in the case of corre-
sponding limiting walls it is planar. One prerequisite to avoid any shear defor-
mation during squeezing is the careful lubrication of the walls in contact with the
melt. The basics of a commercial biaxial rheometer are described in detail in [15],
for example. The disk-shaped sample is located between two parallel plates. One
of them is moved with respect to the other which is fixed squeezing the material
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out of the rim. The gap height can be changed in a controlled way by a suitable
driving unit and the force is measured by a load cell. Relating the force to the
cross-section of the sample, which remains constant during deformation, results in
the stress. The viscosity is calculated then in the usual way.

The few experiments found in the literature were performed at constant elonga-
tional rates which can be obtained in analogy to Eq. (12.4). In contrast to the increase
of the sample length during uniaxial elongation with the MTR, the distance between
the plates becomes smaller during biaxial deformation. Therefore, the velocity has to
be controlled in a way that it exponentially decreases with time. Of great importance
for the accuracy of the measurements is once more the uniformity of the deformation
which is strongly dependent on the perfection of the lubrication. It can be monitored
indirectly, only. Comparing a circular pattern on the sample before and after the
experiment is a way of checking the uniformity of the deformation.

12.5 Fundamental Features of Uniaxial Flow

12.5.1 Comparison of Basic Experiments at Constant
Elongational Rate or Tensile Stress

For fundamental uniaxial experiments, a low density polyethylene named ‘‘IUPAC
A’’ in the literature was used. Its density is 0.918 g/cm3 at room temperature and
its zero-shear viscosity g0 = 5.0 9 104 Pa at 150 �C. The thorough molecular and
rheological characterizations of this material are documented in [16].

Extensional experiments on the LDPE IUPAC A at two different constant
elongational rates are presented in Fig. 12.6 [3]. They were performed with the
rheometer after Meissner described in Sect. 12.3.1. The initial length of the rod-
like sample was 650 mm. It was elongated up to a stretching ratio of 400 which
corresponds to a maximum Hencky strain of six. The uniformity of the sample
deformation was determined by cutting the strand after stretching and weighing the
various cuts obtained. At the elongational rate of _e0 = 0.03 s-1 and the temper-
ature of 150 �C, the diameters of 10 cuts along the stretched sample deviate from
each other by maximal 2 % up to eH = 5 and by 5 % at eH = 6 (cf. [3]). These
relatively small differences stand for an excellent uniformity of the samples whose
data are presented in Fig. 12.6.

The curves in Fig. 12.6 demonstrate the typical tensile behavior of an LDPE
melt in stressing experiments at the constant elongational rates of _e0 = 0.03 s-1

and _e0 = 0.1 s-1. After a steep increase of the stress as a function of strain at the
beginning of the experiment, a region with a growing slope of the stress–strain
curve follows for 1 \ eH \ 3. Such a behavior is called strain hardening. For a
polymer melt it was reported for the first time by Meissner [17]. For eH [ 4, the
stress remains constant within the accuracy of the experiments. The different
symbols mark various samples and demonstrate the satisfactory reproducibility of
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Fig. 12.6 Tensile stress r as a function of the Hencky strain eH for an LDPE (IUPAC A) at two
constant elongational rates _e0 and T = 150 �C. The different symbols mark experiments on
different samples [3]. k is the stretching ratio
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Fig. 12.7 Hencky strain eH as a function of time t for an LDPE (IUPAC A) at two constant
stresses r0 and T = 150 �C. The different symbols represent measurements on different samples
[3]. k is the stretching ratio
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the measurements, particularly, if one takes the large stretching ratio of 400 into
account. At the higher elongational rate a larger stress level is reached.

The reliability of the values in the steady state gets some support from the
measurements presented in Fig. 12.7. It exhibits creep measurements performed at
stresses very similar to those attained as plateau values in the stressing experiments
of Fig. 12.6. The general behavior for the two stresses is rather similar. The strain
increases as a function of time and reaches a constant slope after some time or
elongation, respectively, indicating the attainment of a steady-state of flow. The
constant strain rates of 0.098 s-1 for the higher stress and 0.033 s-1 for the lower
one are in good agreement with the rates of 0.1 and 0.03 s-1 chosen in the
stressing experiment. The elongational viscosities obtained from these data are the
same as those of the stressing experiments within �3 %. The agreement is very
remarkable as the data were measured by two different rheometers, the Meissner
oil bath rheometer and the MTR, and in two different experimental modes.

The finding that the steady state of elongation is reached at lower total strains in
creep than in stressing experiments has an interesting consequence for extensional
experiments. As the uniformity of the deformation becomes the more problematic
the thinner the sample, creep experiments are less demanding with respect to the
total strains required to measure steady-state values.

The great advantage creep experiments offer if the steady state in elongation is
investigated becomes evident from measurements on a long-chained branched
polypropylene which are presented in the Figs. 12.8 and 12.9. In Fig. 12.8, a creep
experiment is presented at a stress of 103 Pa the constancy of which is demon-
strated in the upper part of the figure. The spikes are due to the electronic control
unit and do not have an influence on the sample deformation. As can be seen from
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Fig. 12.8 Creep experiment on a long-chained branched polypropylene (LCB-PP) at T = 180 �C
[11]. _e stands for the elongational rate obtained by the differentiation of the creep curve

404 12 Extensional Rheology



the elongational rate as a function of time, the steady-state of flow is reached at
around 350 s corresponding to a total elongation of eH = 2.5. Over the duration of
the experiment, i.e., up to a creep time of 1100 s or a total elongation of 3.8, there
is no indication of a deviation from the constant elongational rate attained. The
elongational rate as a function of time was calculated from the derivative of the
spline used as a numerical description of the creep curve.

From the results of Fig. 12.8 r0=_eðtÞ is determined and plotted as a function of
time in Fig. 12.9. This quantity reaches a pronounced stationary state from which a
steady-state elongational viscosity of ls ¼ 5 � 105 Pas follows.

As can be seen from Fig. 12.9, too, in the stressing experiment performed at a
constant strain rate of _e0 = 0.002 s-1 up to the maximum total strain of eH = 3.8 a
steady state of r tð Þ=_e0 is not reached. The value of 3 9 105 Pas at this position is
still distinctly lower than ls in the steady state of the creep experiment. Further-
more, the shapes of the two viscosity functions are totally different. From the two
curves in Fig. 12.9 it becomes evident that the material property viscosity which
should be independent of the experimental mode, of course, can be determined in
the steady state of deformation, only. Therefore, to be precise the time-dependent
ratios of stress and strain rate should be designated as stress coefficients. This
distinction is rarely found in the literature and for the matter of convenience the
expression ‘‘viscosity’’ is frequently used for the ‘‘stress coefficient’’, too.
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Fig. 12.9 l tð Þ ¼ r tð Þ=_e0 as a function of time t for a long-chain branched polypropylene at
T = 180 �C and a constant elongation rate of _e0 = 0.002 s-1 [11] in comparison with l tð Þ ¼
r0=_eðtÞ from the creep experiment in Fig. 12.8 (open circles). The creep test was performed with
a constant stress of r0 = 103 Pa and attained a steady-state elongational rate of _e0 = 0.002 s-1.
The full line describes three times the time-dependent zero-shear viscosity. Two initial sample
lengths l0 were used for the stressing experiments
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Another quantity which can be determined from extensional experiments is the
recoverable strain er (cf. Eq. 12.7). In Fig. 12.10, this quantity measured in creep
recovery experiments is shown as a function of time for the LDPE IUPAC A.

The creep experiments were performed with the MTR at T = 125 �C. Each
plotted value of er represents a sample elongated over different creep times after
which the recovery to the stationary state was performed in the rheometer by
setting the stress to zero. Compared with the measurement in Fig. 12.7 at nearly
the same stress but at 150 �C, the constant strain rate is reached at distinctly longer
creep times, the total elongations are very similar, however. The recoverable strain
first increases but reaches its steady-state indicated by the plateau at a time which
is somewhat higher than the corresponding time at which the creep curve attains its
constant slope. The finding that the results on samples with two different initial
lengths overlap each other is an experimental hint to the reliability of the
experiments.

In Fig. 12.11, the recoverable strains attained in stressing experiments up to
various elongations are plotted together with the corresponding curves for the
stresses. Each circle of the curve of the recoverable strain stands for one sample
and the different symbols of the stress–strain curve demonstrate the reproducibility
of r (eH) up to a Hencky strain of 6. Like in the creep experiments, a plateau ers of
the recoverable strain er is reached within the accuracy of the experiments which
goes along with that of the stress.

The creep and stressing experiments and the recoverable strains determined in
these two different experimental modes, as well, convincingly demonstrate that a
steady state of elongation exists for the LDPE investigated which is attained,
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Fig. 12.10 Total strain eH and recoverable strain er of an LDPE (IUPAC A) in creep recovery
experiments performed at different creep times and T = 125 �C [18]. ers is the steady-state
recoverable strain, l0 designates the initial sample length
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however, at Hencky strains which are rather high, especially in the case of tests at
constant elongational rates. Thus, special care has to be taken with respect to a
reliable performance of the measurements and, in particular, to the uniformity of
sample deformation.

12.5.2 Dependence of the Elongational Viscosity
on Elongational Rate

The ‘‘elongational viscosity’’ defined as l tð Þ ¼ r tð Þ=_e0 is represented in the upper
part of Fig. 12.12 as a function of time in a double-logarithmic plot for constant
elongational rates _e0 covering four decades from 0.001 to 10 s�1

.

The measurements of the stress r as a function of the total elongation eH at
_e0 ¼ 0:03 s�1 and _e0 ¼ 0:1 s�1 from Fig. 12.6 are now presented as l(t) on a log-
arithmic time scale. The extended plateaus of Fig. 12.6 shrink to a small region due to
the logarithmic time scale used. From such a presentation it may be difficult to decide
whether a steady-state viscosity is reached, but taking Fig. 12.6 into account there is
no doubt about its existence.

The presentation of Fig. 12.12 has the advantage, however, that the develop-
ment of the elongational viscosity as a function of time becomes very obvious
before it reaches its steady-state. At small elongational rates or short times, all the
measurements in Fig. 12.12 come to lie on the curve 3g0(t) indicating a linear
behavior according to Eq. (12.19). This agreement is a hint to the reliability of the
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Fig. 12.11 Tensile stress r and recoverable strain er as functions of the total strain eH for
stressing experiments at _e0 = 0.1 s-1 and T = 150 �C on the LDPE IUPAC A [18]

12.5 Fundamental Features of Uniaxial Flow 407



extensional experiments. The linear range extends not further than eH & 0.7
indicating that for the LDPE investigated the linear regime is rather small in
comparison to eH & 4 necessary to reach the steady-state.

The increase of the elongational viscosity as a function of time or strain,
respectively, is a feature typical of the elongational flow of the LDPE investigated
as becomes clear from the lower part of Fig. 12.12. It shows the shear viscosity as
a function of time at various constant shear rates, taken from [19] and already
presented in Fig. 11.3. After a weak maximum in the case of higher shear rates, the
shear viscosities decrease as a function of time and approach constant values
which, starting from the shear-rate independent viscosity g0(t) in the linear range,
become smaller with increasing shear rate as it is well known from the shear
thinning of viscosity functions of polymer melts (cf. Sect. 11.5.1).

From this comparison of the time dependencies of the shear and elongational
viscosities, it becomes obvious that the elongational behavior in the non-linear
range of deformation cannot generally be derived from shear data. Only in the
linear range, the simple relationship l0(t) = 3g0(t) holds for uniaxial flow.

For the description of the increase of the elongational viscosity, the so-called
strain-hardening factor
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Fig. 12.12 Comparison of the time dependence of elongational viscosity l and shear viscosity g
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v ððt; _e0Þ ¼ l ððt; _e0Þ=3g0 tð Þ ð12:30Þ

is defined which is of some relevance for the assessment of the processing
behavior of polymeric materials (cf. Sect. 17.5).

Besides the envelope of the elongational viscosity as a function of time which
describes the linear viscoelastic limit of the deformation, the steady-state values
can be regarded as distinguished data characterizing a material. For the LDPE
IUPAC A presented in Fig. 12.12 the steady-state elongational viscosity ls is
shown as a function of elongational rate in Fig. 12.13. The data obtained from
stressing and creep experiments are in good agreement. Starting from 3g0 at small
elongational rates, ls runs through a pronounced maximum which is seven times
higher than the linear value. In addition, the shear viscosity as a function of shear
rate is plotted in Fig. 12.13 showing the typical shear thinning behavior. The direct
comparison demonstrates how different the two viscosity functions are. In elon-
gation, the LDPE investigated exhibits strain-hardening (thickening) starting from
the linear regime which is followed by strain thinning similar to that in shear.

12.5.3 Dependence of the Recoverable Tensile Compliance
on Stress

Analogous to shear, the elasticity in elongation is described by a material function,
the recoverable elongational compliance Dr defined by Eq. (12.8). As demon-
strated in Fig. 12.10 and Fig. 12.11, the recoverable strain and following from that
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data from stressing experiments, the open triangles those from creep tests
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the recoverable compliance is a function of time or elongation, respectively. In
order to investigate the elasticity in the steady state of extension, creep experi-
ments were performed as stationarity is reached at smaller total strains than in
measurements at constant strain rates.

Comprehensive recovery experiments using the MTR rheometer were carried
out on an LDPE with the same density but a higher molar mass than the LDPE
IUPAC A [21]. To obtain time-independent values which are the base for corre-
lations with molecular parameters it has to be made sure that steady states in the
preceding creep as well in the following recovery experiment have been reached
similar to creep experiments in shear (cf. Sect. 11.4).

In Fig. 12.14 the recoverable elongational compliance in the steady state Drs is
shown as a function of the stress previously applied. It starts from a plateau at small
stresses indicating the linear regime. Its value is one-third of the linear steady-state
recoverable shear compliance predicted from the theory of linear viscoelasticity.
At higher stresses, Drs decreases, i.e., values far above the linear range as in the case
of the elongational viscosity of strain-hardening polymers are not found. The
attainment of stationary states in elongation at the high stresses of Fig. 12.14 is
demonstrated in [22].

12.5.4 Temperature Dependence

The temperature dependence of the extensional behavior of the LDPE IUPAC A
was investigated by performing creep experiments at different temperatures. The
creep compliance D defined by Eq. (12.6) is presented in the left part of Fig. 12.15
as a function of the time in a logarithmic scale at temperatures between 120 and
180 �C and a tensile stress of r0 = 3.1 9 104 Pa. As the right part of Fig. 12.15
demonstrates, a master curve can be obtained by shifting the compliances with
respect to the time axis.
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In Fig. 12.16 the resulting shift factors aT are plotted semi-logarithmically as a
function of the reciprocal absolute temperature 1/T. They come to lie on the full
line representing the factors obtained from the shift of viscosity functions in shear
measured for the same LDPE (cf. Sect. 6.5). The agreement indicates that the
time–temperature superposition is the same in shear and elongation. Similar results
were found for a polystyrene [23]. This result supports the assumption that the
temperature dependence of the molecular processes underlying the shear and
elongational viscosity is the same.
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Fig. 12.16 Shift factor aT as
a function of the reciprocal
absolute temperature 1/T for
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Fig. 12.15 Temperature dependence of the tensile creep compliance D as a function of the time
t and its representation by a master curve at the reference temperature T0 = 150 �C [20]. aT is the
shift factor
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In constant elongational rate experiments, the validity of the time–temperature
superposition principle can be checked in an indirect way, only. It implicates that
the stress–strain curve measured at a temperature T0 and a constant elongational
rate _e0(T0) should remain unchanged at another temperature T if _e0(T) is chosen
according to

_e0 Tð Þ ¼ _e0 T0ð Þ=aT ð12:31Þ

From Fig. 12.17 it is obvious that all the data measured come to lie on one
curve.

In Fig. 12.18 the steady-state recoverable strains ers measured in creep exper-
iments at three different stresses are presented as functions of the temperature. For
the LDPE IUPAC A it is found that ers does not depend on temperature within the
accuracy of the measurements. According to these results the elastic properties in
elongation may be regarded to be temperature independent in good approximation.

These results have consequences interesting for the application of data of
elongational flow. Using the shift factors from shear experiments which are easier
to determine than in elongation, rheological properties determined at one tem-
perature in extension, only, can be modeled for other temperatures. For example,
extensional data comfortably measurable at temperatures and strain rates lower
than those occurring in processing can be extrapolated to higher temperatures and
elongational rates approaching conditions common in practice.
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12.6 Comparison of Uniaxial and Multiaxial Extensions

Multiaxial extensional experiments are less frequently found in the literature than
uniaxial ones due to the demanding experimental conditions and the small number
of reliable instruments available. Moreover, the range of total elongation and
elongational rates which can experimentally be achieved is not so broad compared
to uniaxial elongation.

Extensional data are generally still far away from being quantitatively used for
modeling processing operations but, particularly, the effect of strain hardening is
exploited to qualitatively predict some processing aspects (cf. Sect. 17.5). As most
of the processing operations involve biaxial or planar extensional components it
may be helpful to get at least some knowledge about the comparability of the
strain-hardening effects in the different stretching modes.

In [24] elongational viscosities obtained for various polymeric materials in uni-
axial and equibiaxial extension are compared. For the uniaxial experiments, the MTR
rheometer described in Sect. 12.3.5 was used, the equibiaxial experiments were
performed by the lubricated squeeze-flow rheometer (cf. Sect. 12.4.2). Figure 12.19
shows the results on the LDPE of a higher molar mass than the LDPE IUPAC A
which was already used before for the investigations of the recoverable compliance
(cf. Fig. 12.14). Whereas the uniaxial experiments were performed up to a Hencky
strain of nearly 4, in the equibiaxial tests only elongations up to 1.5 were possible.

This strain level is marked by the dotted line added to the uniaxial elongation
curves as base for a comparison. The numbers on the curves give the elongational
rates at which the experiments were carried out. For a better distinction, the equ-
ibiaxial data are shifted by a factor of 10 along the viscosity axis. Also plotted in the

120 130 140 150 160 170 180
0.8

1.0

1.2

1.4

1.6

1.8

2.0

.

.

ε
rs

0.5 104

3.1 104

5.5 104

σ0 [Pa]

.

°

Fig. 12.18 Steady-state recoverable strain ers of LDPE IUPAC A at various constant tensile
stresses r0 as a function of the temperature T [20]
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figure are the curves which relate shear and elongational data in the linear range of
deformation to each other (cf. Eqs. 12.19 and 12.21). The satisfying agreement
between the envelope of the extensional viscosities and the corresponding linear
curves derived from shear supports the confidence in the methods applied.

Strain hardening is seen for both deformation modes. But while strain hard-
ening increases with decreasing rate for the equibiaxial extension, remarkable
differences in strain hardening for the strain rates applied cannot be seen in the
uniaxial case at the relatively low total strain of 1.5 which is still far away from the
elongations at which plateaus may be attained.

For a long-chain branched polypropylene, strain hardening is found in both
modes, too [24]. Compared to the relatively low total strain, a significant rate
dependence of the strain hardening cannot be stated, however. This finding is
similar to that on the LDPE presented in Fig. 12.19.

With the Hachmann-Meissner rheometer introduced in Sect. 12.4.1, equibiaxial
measurements up to a total strain of about 3 were performed. An LDPE and an
HDPE were investigated and compared with results from uniaxial flow [14].
Qualitatively it can be stated that the strain hardening found for the uniaxial
elongation occurs in the equibiaxial mode, too, but less pronounced.

This rather universal rheometer makes it possible to apply a planar deformation.
In this case two viscosities can be defined (cf. Eqs. 12.23 and 12.24). From the
data in [14] a comparison between the uniaxial and the two planar viscosities is
possible. For the LDPE and the HDPE investigated, it can be concluded that the
strain hardening in the direction of planar deformation is very similar to that
obtained in uniaxial extension. For the other direction, a viscosity independent of
the elongational rate was found for the LDPE and values slightly decreasing with
_e0 for the HDPE up to total elongations of 5.
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Fig. 12.19 Comparison of the uniaxial and equibiaxial elongational viscosities l and le as
functions of the time t for an LDPE [24]. The dotted line in the diagram of the uniaxial
elongational viscosity marks the total elongation eH corresponding to that achieved in the
equibiaxial experiments. The curve of the equibiaxial viscosity is shifted by a factor of 10 along
the viscosity axis for the matter of clarity
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From the few reliable data on multiaxial extension available in the literature it
can be concluded that if strain hardening is existent in uniaxial extension, the
probability is very high to find it in equibiaxial and planar deformations, too,
which are the dominating extensional modes in processing.

12.7 Role of the Uniformity of Sample Deformation
for the Accuracy of Extensional Experiments

For all the extensional devices presented in Sect. 12.3, a uniform sample defor-
mation is one of the experimental preconditions to attain a good accuracy of the
measurements. In the case of the MTR, this fact becomes evident from the basic
equations underlying the control of the driving unit (cf. Sect. 12.3.5), but in a
corresponding way it is valid for the other devices, too. The uniformity of a sample
during extension is naturally limited by the experimental condition that its ends
have to be fastened in some way or the other to a pulling device. The influence of
these end effects obviously is the larger the shorter the sample. Other reasons
which can lead to a lack of uniformity are deficiencies of the initial sample
geometry, temperature gradients, sagging effects, or the formation of cracks. The
latter becomes the more probable the thinner the sample, i.e., the larger the
elongation. Therefore, an in situ visualization of the sample during the experiment
is a desirable experimental tool but it is available for some few devices, only.

The role of sample uniformity comes particularly into play when the existence of an
overshoot or a maximum of the elongational viscosity is discussed. This topic is less
relevant for an assessment of processing than for proving the validity of theoretical
models. Whereas from the pioneering measurements displayed in Fig. 12.6 a distinct
steady state of the elongational viscosity is obvious, in some papers maxima are
presented for polystyrene [25] and polyethylene [4, 10]. Using the filament stretching
rheometer described in Sect. 12.3.4, even an overshoot of the elongational viscosity is
reported in [26] for a low density polyethylene, i.e., after running through a maximum
the viscosity approaches a steady state at very high Hencky strains of around 5.
Reports on the sample uniformity at such large elongations are not given, however.

A ‘‘pom-pom’’ model modified for randomly long-chain branched polyethyl-
enes [27] was shown to match the elongational viscosities measured for several
low density polyethylenes as a function of time. It predicts plateaus at high total
elongations which were not reached in the experiments, however. Other models
support the appearance of an overshoot [28] or are even able to fit a maximum or a
steady state [29]. For all the experiments described by models, nothing is said
about the reliability of the experiments and, particularly, about the uniformity of
the sample during extension.

The visual in situ observation of a sample during elongation as presented in [12]
is an experimental tool to get a direct insight into the uniformity during defor-
mation. In the left part of Fig. 12.20, the elongational viscosity is represented as a
function of time and in the right part as a function of the Hencky strain for a
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commercial LDPE. A maximum in viscosity is shown as frequently reported in the
literature.

The pictures of the sample at different states of elongation are displayed in
Fig. 12.21. They clearly exhibit necks marked by the dotted squares occurring
around a total elongation at which the elongational viscosity starts to decrease.
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Fig. 12.20 Elongational viscosity l as a function of time (left) and of the total Hencky strain eH

(right) for an LDPE at _e0 = 0.015 s-1 and a temperature of 140 �C. (Reprinted from [12] with
permission from Elsevier)

Fig. 12.21 Geometry of the LDPE sample elongated at _e0 = 0.015 s-1 and T = 140 �C at
different states of deformation [12]: a eH = 3.55, b eH = 3.56, c eH = 3.58, d eH = 3.59,
e eH = 3.60, f eH = 3.62, g eH = 3.63. The images are not on scale. (Reprinted from [12] with
permission from Elsevier)
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At somewhat higher extensions, a second neck can be observed which forms
within a rather narrow increase of eH. Necking lowers the tensile stress and,
consequently, the elongational viscosity. According to the in situ imaging pre-
sented, the maximum of the elongational viscosity in the case of the polyethylene
investigated can be related to necking. For other materials possibly other geo-
metrical non-uniformities may come into play which form during deformation and
lead to the occurrence of similar maxima. More detailed discussions on the
appearance of a maximum in elongational viscosity can be found in [12].

These results underline once more the requirement of careful observations of
the sample uniformity during an extensional experiment if the reliability of data
particularly at high deformations has to be proven. From this point of view, the
measurements presented in Fig. 12.6 on the LDPE IUPAC A gain a particular
importance as concomitant investigations demonstrated the uniformity of the
sample deformation which support the reliability of the experimental findings
(cf. Sect. 12.5). The results obtained clearly point to a significant strain hardening
of the material which changes over to a steady state of the elongational viscosity at
high elongations. Other findings which describe a maximum of the elongational
viscosity of long-chain branched polyethylenes or even an overshoot may be an
artifact caused by the formation of necks within a sample.
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Chapter 13
Rheological Properties and Molecular
Structure

As shown before, rheological properties are dependent on temperature and
mechanical quantities like stress or deformation rate, respectively. Some relations
describing these dependencies were presented in the preceding two chapters. They
are very useful for an assessment of the processing behavior. Moreover, the rhe-
ological behavior of polymer melts is significantly governed by the structure of the
molecules which for a given chemical composition is described by the molar mass
distribution and the architecture of the polymer chain. The different moments of
the molar mass distribution are defined in Sect. 2.2. In common use are the first
moment or number average Mn, the second moment or weight average Mw, and the
third moment or centrifuge average Mz of the molar mass. The polydispersity
factors Mw/Mn and Mz/Mw are related to the width of the distribution curve.

Characterizing the branching structure is difficult insofar as the branches are
distinguished by their chemical composition, their length, concentration, and
distribution. In the case of a polymerization with a chosen comonomer the first
three characteristic features may be known, but the fourth one is difficult to
determine. Even if only one monomer is used as for polyethylenes, for example,
the branching analysis may become difficult as the widely used nuclear magnetic
resonance techniques are not able to discriminate between branches with more
than six carbon atoms. By gel permeation chromatography coupled with multi-
angle laser light scattering (GPC/MALLS) the radius of gyration can be measured.
From a comparison with the coil dimensions of the corresponding linear species
qualitative conclusions with respect to the existence of branches can be drawn, but
an analysis regarding their length and distribution is not possible (cf. Sect. 2.7).

A differentiation between short-chain and long-chain branches is rather arbi-
trary, but it is not unreasonable to designate those branches as long-chain ones
which are able to form entanglements. In practice, for polymerising short-chain
branched polyethylenes, a-olefins up to octenes are used. For the latter the length
of the branch comprises six carbon atoms. Typical long-chain branched polyolefins
are polyethylenes made under high pressures and temperatures (LDPE). Their
structure is very complicated as branches of various lengths are generated during
polymerization which can be branched, too, giving rise to a tree-like architecture.

H. Münstedt and F. R. Schwarzl, Deformation and Flow of Polymeric Materials,
DOI: 10.1007/978-3-642-55409-4_13, � Springer-Verlag Berlin Heidelberg 2014
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Modern metallocene catalysts make it possible to attach few but long chains to the
backbone. Their structure is difficult to determine, however.

Relationships between molecular parameters and rheological properties are
interesting from two points of view. On one hand, they can contribute to tailor
materials with a special rheological behavior and, consequently, to predetermine
some aspects of processing. On the other, rheological measurements are able to
support the molecular analysis of unknown species.

In general, relations between the viscoelastic behavior of polymers and their
molecular structure are very complex. Therefore, the discussion is divided into that
of viscous, elastic, and elongational properties in dependence on molar mass,
polydispersity, and branching in each case.

13.1 Viscous Properties of Polymer Melts

Due to the significant non-linearity of the viscosity relevant for processing and the
importance of the linear quantities for analytical purposes, linear and non-linear
properties are discussed separately.

13.1.1 Viscosity Functions in Dependence on Molecular
Structure

In Fig. 13.1 the shear viscosity g as a function of the shear rate _c of three poly-
styrenes with different molar masses is presented. Polystyrene is a very suitable
material to investigate the effects of molar masses and their distributions as the
molecules are linear. From the inset of Fig. 13.1, it can be seen that the molar mass
distributions of the three samples are very similar, but their weight average molar
masses Mw are clearly different. Their viscosity functions are typical of polymer
melts. Starting from the constant zero-shear viscosity g0, the viscosity decreases by
around two decades at shear rates of several hundred s-1 which are of relevance
for processing. This shear thinning effect observable for various types of polymer
melts is one of their advantages in processing. It is understood by the concept of
entangled macromolecules, which loose the more of their entanglements the larger
the shear rates or shear stresses are. The zero-shear viscosity becomes distinctly
higher with growing molar mass. However, the differences of the viscosities get
smaller with growing shear rate.

The influence of the molar mass distribution on the viscosity function is shown
in Fig. 13.2 for two polystyrenes with the same weight average molar mass of
Mw = 340 kg/mol, but distinctly different molar mass distributions (cf. inset). As
expected, the zero-shear viscosities are the same. The viscosity of PS 2 with the
broader distribution starts to decrease already at shear rates lower than those of the
more narrowly distributed PS 4. The curves of the two samples approach each
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other at higher shear rates and even intersect in the shear rate range between
102 s-1 and 103 s-1. This effect of a broader molar mass distribution on shear
thinning has been observed for many classes of polymers and is one of their
common features. The viscosities of the two polystyrenes were measured over
nearly six decades of shear rates by using rotational rheometry for the lower shear
rates and capillary rheometry for the higher ones.
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Fig. 13.1 Viscosity g as a function of the shear rate _c for three polystyrenes with different weight
average molar masses Mw, but very similar molar mass distributions [1]
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Fig. 13.2 Viscosity g as a function of the shear rate _c for two polystyrenes with equal weight
average molar masses Mw, but different molar mass distributions [1]
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Besides the molar mass distribution, long-chain branches have a significant
effect on viscosity functions, too. This finding is not new, but in order to separate
these two influences, samples with well-known molecular structures have to be
investigated. Polyethylene exists in a wide range of molecular variations and,
therefore, this type of polymer was chosen to demonstrate the effect of long-chain
branching on the shape of the viscosity functions.

Table 13.1 gives the molecular data of three types of polyethylenes with dif-
ferent branching structures, but very similar molar mass distributions according to
the values of Mw/Mn and Mz/Mw . The relatively small polydispersity factor Mw/Mn

of 2.1 was obtained by using metallocene catalysts as indicated in the nomen-
clature by ‘‘m.’’ The mHDPE 1 contains a tiny amount of butene, the mLLDPE 1
is a copolymer with a rather high butene content. LCB-mLLDPE is a long-chain
branched metallocene-catalyzed copolymer with octene as comonomer. More
detailed information about these three samples can be found in [2].

The viscosity functions of these three samples normalized by the zero-shear
viscosity g0 are shown in Fig. 13.3. The data were obtained from dynamic-
mechanical experiments. Applying the Cox-Merz relation (cf. Sect. 11.3.1) the
conclusions can be expected to be valid for the viscosity g as a function of the
shear rate, too. The normalization with the zero-shear viscosities g0 given in
Table 13.1 makes the assessment of the shear thinning more distinct, as it brings
the regions of constant viscosities to the same level. It is evident from Fig. 13.3
that the decrease of the viscosity of the long-chain branched LCB-mLLDPE 1
starts at a distinctly lower reduced angular frequency g0x than that of the two
linear products. In addition, it can be stated that the concentration of comonomers,
which is significantly different between mHDPE 1 and mLLDPE 1 does not seem
to influence the shape of the viscosity function as the corresponding curves come
to lie on each other.

This result has a direct consequence for processing. The disadvantages of
metallocene-catalyzed polyethylenes in extrusion caused by their only small shear
thinning can be overcome by introducing long-chain branches. The amount of
LCB necessary to create such an effect does not seem to be high as the radius
of gyration as a function of the molar mass only weakly deviates from the curve of
the linear polyethylenes (see Fig. 2.18 and [2]).

Table 13.1 Molecular data and zero-shear viscosity g0 of the three polyethylenes presented in
the Fig. 13.3 [2]

Mn

(kg/mol)
Mw

(kg/mol)
Mz

(kg/mol)
Mw/Mn Mz/Mw g0

a

(kPas)
qb

(g/cm3)

mHDPE 1 46 98 170 2.1 1.7 6 0.935
mLLDPE1 55 114 188 2.1 1.7 14 0.900
LCB-mLLDPE 1 48 99 170 2.1 1.7 42 0.902
a measured at 150 �C
b measured at 23 �C
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Besides on the typical molecular parameters discussed, the shape of the vis-
cosity function of a polymer depends on its chemical composition. This interesting
finding is demonstrated by the Figs. 13.4 and 13.5 which were taken from [2]. In
Fig. 13.4, the molar mass distributions of three metallocene-catalyzed polyolefins
(two polyethylenes and one polypropylene) and one polystyrene are compared. All
the four samples have a linear structure. As they possess different weight average
molar masses, the distribution curves are shifted to superimpose their maxima.
From Fig. 13.4 follows that their distributions are very similar. This fact allows a
qualitative assessment of the influence of the chemical structure on the shear
thinning which is shown in Fig. 13.5. The viscosity functions are plotted in their
normalized form in order to facilitate the comparison of their shapes. The curves of
mHDPE 1 and mLLDPE 1 which only differ by the amount of the comonomer
butene incorporated are not distinguishable from each other as was already shown
in Fig. 13.3. The polypropylene exhibits a distinctly stronger shear thinning than
the two polyethylenes, but that of the polystyrene is still more pronounced.

The following conclusions on the viscosity functions can be drawn:

• The comparison of the linear polyethylene, polypropylene, and polystyrene
indicates that for comparable molar mass distributions the shear thinning may
be the stronger the bulkier the monomer unit.

• For a given type of polymer the non-linearity of the shear viscosity as a function of
shear rate or shear stress, respectively, is the more pronounced the broader the
molar mass distribution and/or the higher the ‘‘efficiency’’ of long-chain branches.
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Fig. 13.3 Normalized viscosity functions of the three narrowly distributed polyethylenes with
different branching structures listed in Table 13.1 [2]. |g*| is the magnitude of the complex
viscosity, x the angular frequency. The zero-shear viscosities g0 are given in Table 13.1. The
measuring temperature was 150 �C
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Fig. 13.4 Molar mass distributions of polymers with similar polydispersities, but different
chemical structures [2]. The curves are shifted along the axis of the molar mass by the factors A
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Fig. 13.5 Normalized viscosity functions of the polymers presented in Fig. 13.4 [2]. The data for
PS N 7,000 are taken from [3]
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• Therefore, from viscosity functions even qualitative conclusions with respect to
molecular parameters can only be drawn for linear samples.

• Although only qualitative relationships between viscosity functions and
molecular parameters are known, viscosity functions play an important role,
however, for the assessment of the flow behavior regarding processing.

13.1.2 Zero-Shear Viscosities

As it is well known, simple power-laws between g0 and the absolute value of Mw

can be found for a variety of linear polymers, e.g., [4]. Nearly any textbook on
rheology contains corresponding data which underline that

g0 ¼ K1Mw for Mw \ Mc ð13:1Þ

and

g0 ¼ K2Ma
w for Mw [ Mc ð13:2Þ

K1 and K2 are parameters depending on the type of polymer and the temperature.
The unit of K1 follows as Pas kg-1 mol, that one of K2 is a fractional rational
depending on the exponent a which varies in the literature, but can be assumed to
lie between 3.4 and 3.6. Mc is a critical molar mass which is approximately two to
three times the molar mass Me between entanglements. This quantity is signifi-
cantly different for various polymers, e.g., [5]. Up to now there is no theory which
provides the exact value of the exponents of Eq. (13.2).

Different opinions exist in the literature about the question whether the power-
law relation is independent of the molar mass distribution. For blends of polysty-
renes [6] and blends of polyisobutylenes [7], it was shown that g0(Mw) can be
described by Eq. (13.2), i.e., the molar mass distribution which significantly
changes within a series of blends does not influence the simple relationship between
the zero-shear viscosity and the weight average molar mass. For linear polyethyl-
enes this topic was addressed in [8]. The results are given in Fig. 13.6, which
presents g0 as a function of Mw for 24 samples covering the range of nearly four
decades of molar masses up to 103 kg/mol. The molar masses and the polydispersity
factors of the samples can be found in Table 13.2. Down to molar masses of 20 kg/
mol, Mw was determined by gel permeation chromatography coupled with multi-
angle laser light scattering (GPC-MALLS) (cf. Sect. 3.4), the data of the products
with very low molar masses (samples W1–W7) were calculated from the known
chemical structure of these ethylene waxes and the molar masses in between were
obtained using the universal calibration method (cf. Sect. 3.4). For Mw [ Mc =
3 kg/mol, the data measured follow the full line the parameters of which are given
in Fig. 13.6. As the polydispersity factors range from 1.8 to 16 there is some
experimental evidence that g0(Mw) can be regarded as independent of the molar
mass distribution. It should be mentioned that the samples A7 and A8 are bimodally
distributed and C2, C4, and A5 contain a high molar mass shoulder.
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For Mw B 3 kg /mol a linear relationship between the zero-shear viscosity and
the weight average molar mass is found in agreement with results from the lit-
erature for other polymers. If one agrees that Mc is two to three times the entan-
glement molar mass Me, this quantity follows to lie between 1 and 1.5 kg/mol in
agreement with the range of 0.9 and 1.8 kg/mol found in the literature for poly-
ethylene, e.g., [5].

There are few papers which state zero-shear viscosities above the power-law of
Fig. 13.6 for linear polyethylenes, but these laboratory samples possess an
extremely high molar mass tail resulting in Mw/Mn values around 10 and Mz/Mw

ratios of about 20, e.g., [9]. These products were shown to follow the relation

g0 ffi 0:51 KMa
w

Mz

Mw

� �b

ð13:3Þ

with a ¼ 3:4 and b ¼ 0:8. Equation (13.3) is an approximation of a rather com-
plicated expression based on a double-reptation approach [10].

As it is obvious from Table 13.2, the Mz=Mw values of the listed samples lie
between 2 and 3. Then the differences between Eqs. (13.3) and (13.2) are in the
range of the given uncertainties of the measurements, particularly with respect to
the determination of Mw and Mz. A relation similar to Eq. (13.3) was published in
[11] together with the assessment that the maximum deviation of g0 is about 20 %
for Mw=Mz ratios between 2 and 5 if compared to the power-law of Eq. (13.2).
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Fig. 13.6 Zero-shear viscosity g0 at T = 150 �C as a function of the weight average molar mass Mw

for linear polyethylenes of different molar mass distributions. The molecular data of the samples are
given in Table 13.2 [8]. Mc follows as about 3 kg/mol. For the units of K1 and K2 see text
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Even in the case that Eq. (13.3) gives an appropriate description of the influ-
ence of the molar mass distribution on g0 Mwð Þ as shown in [9] for extremely broad
distributions, it has to be stated that there are only very few commercial linear
polyethylenes with Mz=Mw [ 3. Similar arguments hold for other linear polymeric
materials like polypropylene, polystyrene, and polyamide. Therefore, the widely
used power-law (13.2) can be assumed to be a very reasonable relation for linear
polymers to assess g0 from Mw and vice versa.

Furthermore, in [12] it is reported for ethylene copolymers that various com-
onomers from butene (4 carbon atoms) to hexacosene (26 carbon atoms) with
contents between 2.2 and 6.8 mol % do not influence the relationship g0(Mw)
found for linear polyethylenes at 150 �C. Such a finding is confirmed in [13] for
ethylene copolymers based on butene, hexene, and octene between 0.7 and
8 mol % with Mw=Mn not exceeding 5 and Mz=Mw distinctly below this value.
This result is somewhat surprising insofar as the activation energy increases with
the comonomer content (cf. Sect. 14.2), i.e., the agreement found at 150 �C may
become worse at other temperatures. For example, the largest activation energy of
Ea = 34 kJ/mol determined in [13] for an ethylene copolymer with 8 mol %
butene leads to an expected difference of about 20 % for g0 at 190 �C compared to

Table 13.2 Weight average
molar mass and
polydispersity factors for the
polyethylenes presented in
Fig. 13.6

Sample Mw (kg/mol) Mw/Mn Mz/Mw

W1 0.24 1.0 -

W2 0.44 1.1 -

W3 0.4 1.1 -

W4 0.5 1.1 -

W5 0.655 1.1 -

W6 0.85 1.1 -

W7 1 1.1 -

G1 2.8 2.9 -

E7 4.7 2.5 2.0
E2 6.5 2.1 1.5
E1 11.5 1.8 1.8
E4 14.8 2.5 2.1
A9 19 6.5 3.8
A81 28 7.8 3.5
C12 42 3 2.0
E5 52 2 1.8
C23 114 16 2.3
C3 120 2 1.6
A71 178 4 3.5
C44 224 3 1.7
A54 403 2.6 2.3
A1 665 3.5 1.8
A4 564 4.3 2.1
A2 923 3.8 1.9

1 bimodal 2 low molar mass shoulder 3 low- and high molar
mass shoulder 4 high molar mass shoulder
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a linear homopolymer with the same zero-shear viscosity at 150 �C, but an acti-
vation energy of 27 kJ/mol. Such a deviation is hard to be seen, however, in a
double-logarithmic plot like that of Fig. 13.6.

The existence of a power law between g0 and Mw for linear polyethylenes only
weakly dependent on molar mass distribution and usual comonomer composition is
of importance insofar, as long-chain branches effect significant deviations. Examples
become obvious from Fig. 13.7 which presents the results on a variety of commercial
products with different branching structures. Their generic designations are listed in
the figure. The linear ethylene homopolymers (mHDPE) described by the circles
follow the relationship of Fig. 13.6 for the linear laboratory products (full line). The
values of the three copolymers, two of them polymerized with Ziegler-Natta cata-
lysts (ZN-LLDPE) (stars) and one by metallocenes (mLLDPE) (square) are in good
agreement with those of the corresponding linear homopolymers. The results on the
long-chain branched samples significantly deviate from the curve for the linear
products. But there exists a striking difference between them. The LDPE, for which a
tree-like branching structure is assumed due to their radical polymerization, lie
below the reference line, the metallocene products (LCB-mHDPE and LCB-
mLLDPE) with postulated star-like structures above it.

Theories related to such a behavior are not very straightforward for the reason
of the complicated and variable molecular architecture of long-chain branches.
Nevertheless, for star-like molecules three papers give a rather similar expression
for the dependence of g0 on the ratio of the molar mass of the branched arm Ma to
the entanglement molar mass Me [14–16]
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Fig. 13.7 Zero-shear viscosity g0 at 150 �C as a function of the weight average molar mass Mw

for linear and long- chain branched polyethylenes [2]. The full line represents the power-law for
linear polyethylene. The arrow indicates that the steady state for the viscosity was not reached
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g0 � Ma=Með ÞaexpðmMa=MeÞ ð13:4Þ

They only differ with respect to the values of a and m. a is in the order of 1, m
around 0.5. In the case of symmetric star polymers with the functionality f, the
molar mass of the arm follows from the total molar mass M as

Ma ¼ M=f ð13:5Þ

Although the influence of long-chain branches on the zero-shear viscosity is not
understood quantitatively up to now, measurements of this rheological quantity
and its discussion as a function of the absolute weight average molar mass can be
used to get a qualitative insight into the branching architecture of polymers. If
g0 (Mw) lies distinctly above the reference line for linear materials, a star-like
structure is probable. Values significantly below indicate a more complicated
structure which may be similar to that of LDPE which contains branching points
on other branches. Such an analysis has to be done with care, however, as Fig. 13.7
demonstrates. The LDPE with the highest molar mass possesses a zero-shear
viscosity, which is very close to that of the linear reference with a corresponding
molar mass. Further results on the zero-shear viscosities of LDPE and their rela-
tionship to the molecular structure are given in [17].

From the foregoing results and discussions the following conclusions can be
drawn with respect to relations between the zero-shear viscosity and the molecular
structure of polymers:

• The zero-shear viscosity as a function of the absolute weight average molar
mass can be regarded to be approximately independent of the molar mass
distribution for usual linear polymers and follows a power law.

• The high sensitivity of the zero-shear viscosity to the weight average molar mass
makes the power law suitable for investigating the quantitative change of the
molar mass after thermal or mechanical treatments in the case of linear polymers.

• Long-chain branched materials show distinct deviations from the power law.
• The deviations from the reference line for linear products can be used for a

classification of long-chain branches into categories with mainly star-like or
tree-like structures.

13.1.3 Analysis of Long-Chain Branched Polypropylenes
Using go(Mw)

Despite the limitations discussed above, g0 (Mw) can contribute to the character-
ization of long-chain branched materials of an unknown structure. This power is
demonstrated on electron beam irradiated polypropylenes. The preparation of a
variety of different samples starting from an isotactic polypropylene homopolymer
is described in detail in [18]. The samples and some of their molecular properties
are listed in Table 13.3. The doses of the electron irradiations are given in the
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second column of this table. They range from 1 to 150 kGy and are indicated by
the numbers of the denominations of the samples. As expected, Mw goes down
with increasing dose. Interesting is the finding that the polydispersity factor does
not change much. The molar mass distribution becomes slightly narrower up to
doses of 10 kGy, but then remains nearly constant up to the highest applied dose of
150 kGy.

In Fig. 13.8 investigations of the degree of long-chain branching of the sample by
GPC-MALLS are presented. As can be seen from the radius of gyration as a function
of the absolute molar mass, for 5 kGy a significant indication of branching is
detectable which becomes more distinct at higher doses. The slope of 0.625 for the
non-irradiated linear polypropylene is higher than 0.5 indicating the non-theta
conditions of the used solvent trichlorobenzene at 150 �C (cf. Eq. (3.38)). The slope
of the experimentally found straight lines in the double-logarithmic plot of the
irradiated samples decreases with the dose and reaches a value of 0.42 at 150 kG.

Figure 13.9 displays the zero-shear viscosities of the irradiated samples in
comparison to various commercial isotactic polypropylenes. For the commercial
linear PP, the g0 data plotted as a function of the absolute weight average molar
mass determined by GPC-MALLS can approximately be connected by a straight
line in a double-logarithmic plot indicating the validity of the power-law rela-
tionship Eq. (13.2) as known from the literature. For the exponent a = 3.5 and for
the prefactor K2 ¼ 1:25 � 10�4 at 180 �C are found. The data points of the
samples irradiated with doses up to 60 kGy lie distinctly above the reference line
of the linear products, the samples PP-100 and PP-150 just below. As the poly-
dispersity factor remains nearly the same, the viscosity increase can be related to
the existence of long-chain branches without any doubt. In comparison to the
polyethylenes of different branching structure shown in Fig. 13.7, it can be con-
cluded that the samples irradiated with doses up to 60 kGy exhibit a star-like
architecture which gradually seems to change into a more tree-like one at higher
doses. Such a picture is not unreasonable, of course, as one can imagine that at
higher doses functionalized sites occur at branches previously formed giving rise
to branches on branches.

Table 13.3 Molecular data of electron beam irradiated polypropylenes. The number behind PP
gives the irradiation dose in kGy

d (kGy) Mw (kg/mol) Mw/Mn Branching degree

PP-0 0 669 4.2 -

PP-1 1 604 3.8 Not detectable
PP-2 2 565 3.6 Not detectable
PP-5 5 473 3.8 Weak
PP-10 10 444 3.6 Weak
PP-20 20 384 3.5 Weak
PP-60 60 285 3.4 Medium
PP-100 100 279 3.4 Strong
PP-150 150 268 3.5 Strong
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Impressive is the high sensitivity of the rheological characterization in com-
parison with that of GPC-MALLS for small degrees of long-chain branching.
Whereas the radii of gyration of PP-1 and PP-2 cannot be distinguished from that
of the non-irradiated PP and, therefore, are not plotted in Fig. 13.8, g0(Mw) for
these samples already differs from the corresponding linear reference by a factor of
around two. Although very sensitive, the rheological method applied—like all the
others—is not able, however, to give a quantitative insight into the branching
structure with respect to the length, concentration, and distribution of branches.

13.2 Elastic Properties

13.2.1 Quantities Reflecting Elasticity

Whereas the viscosity has widely been used for the characterization of the
molecular structure of polymers and an assessment of their processability as was
shown in previous sections, elastic effects play a comparably minor role in the
literature of today, although they are able to very sensitively reflect some molecular
features. Furthermore, the elasticity may affect properties of manufactured items
like the geometry of extruded parts or internal stresses within injection molded
parts. A very obvious appearance of elasticity is the so-called extrudate swell,
which can be observed while extruding a melt through a die (cf. Sect. 11.5.4).
Other phenomena reflecting the elasticity of polymer melts are the occurrence of
normal stress differences during shearing (cf. Sect. 11.1) and the existence of
distinct storage moduli and storage compliances in dynamic-mechanical experi-
ments (cf. Sect. 11.3). Recovery experiments after deformation in shear and
elongation can be used to get an insight into elasticity, too, (cf. Sect. 11.4).

These effects are the base of experimental devices for the determination of
elasticity the principles of which are described in Chap. 15 of this book. Using the
various methods and quantities, one has to be aware of their advantages and
disadvantages. These are compiled in Table 13.4.

13.2.2 Extrudate Swell in Dependence on Molecular
Structure

Measurements of the extrudate swell in dependence on the molar mass and the
molar mass distribution were performed on various polystyrenes. The extrudate
swell as a function of shear stress for the three polystyrenes of very similar molar
mass distributions, but distinctly different Mw (cf. Fig. 13.1) is shown in Fig. 13.10.
The data were obtained by extrusion through a capillary with a length to radius ratio
of L/R = 16 at different shear stresses rw at the wall. It is clearly seen that the
extrudate swell defined as

432 13 Rheological Properties and Molecular Structure

http://dx.doi.org/10.1007/978-3-642-55409-4_11
http://dx.doi.org/10.1007/978-3-642-55409-4_11
http://dx.doi.org/10.1007/978-3-642-55409-4_11
http://dx.doi.org/10.1007/978-3-642-55409-4_11
http://dx.doi.org/10.1007/978-3-642-55409-4_15


S ¼ d � d0ð Þ=d0 ¼ d=d0 � 1 ð11:19Þ

for samples with similar molar mass distributions are not or at least very weakly
dependent on Mw. Figure 13.10 shows the interesting experimental finding that the
extrudate swell S as a function of the wall shear stress rw follows a straight line in
the double-logarithmic plot. According to the results of Fig. 11.18, it can be
assumed to be independent of the temperature at which it was measured. That
means, S(rw) can be described by the power law

S ¼ ars
w ð13:6Þ

with a and s being material-specific parameters if the geometry of the capillary is
kept constant. A physical background of this empirical relation has to be left open.
What can be said from the measurements of the velocity fields in the die entrance

Table 13.4 Methods for the measurement of elastic quantities and their special features

Method Measured quantity Advantage Disadvantage

Capillary rheometry Extrudate swell • Rheometers available • Annealing necessary for
equilibrium values

• Sagging has to be avoided
• Only measurement of

diameter necessary
• Flow not well defined
• Linear regime difficult to

attain
Rotational rheometry

Dynamic-mechanical
analysis

Storage modulus and
elastic
compliance

• Sophisticated
frequency analysis
available

• Frequency range and time
window limited

• Terminal regime for some
products difficult to attain• Direct measurement

of elastic
compliance

Stressing experiment Normal stress
differences

• No direct measurement of
elastic compliance

• Method difficult to handle
Creep recovery in

shear
Elastic shear

compliance
• Linear range

attainable
• Drift correction necessary

• Large time window
accessible

• Direct measurement
of elastic
compliance

Extensional rheometry

Creep recovery in
elongation

Elastic elongational
compliance

• Straightforward
method

• Equipment not commercial
• Measurement of time

dependence not very
accurate

• Visual observation of
samples possible

• Linear range difficult to
attain
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region by laser-Doppler velocimetry, however, is that the elongational rates and
therewith the recoverable strains become higher with larger output rates which are
connected with an increase of the wall shear stresses rw, of course, (cf. Sect. 16).
Therefore, Eq. (13.6) has to be regarded as an approximation which can be used
for some kind of cautious interpolation, if the order of magnitude of swell data at
stresses different from the measured ones is requested. But the dependence on the
length to diameter ratio L/R of the die has to be taken into account (cf. Fig. 11.18).

σw [Pa]

Fig. 13.10 Extrudate swell S
as a function of the wall shear
stress rw for three
polystyrenes of different
molar masses but very similar
molar mass distributions. The
extrusion temperature was
190 �C, the length to radius
ratio of the capillary
L/R = 16. The samples were
annealed to their equilibrium
after extrusion

σw

PS 6

PS 5

PS 5

PS 6

Fig. 13.11 Extrudate swell S
as a function of wall shear
stress rw of two polystyrenes
with similar Mw, but different
molar mass distributions. The
length to radius ratio was
L/R = 20 and the extrusion
temperature T = 170 �C. The
samples were annealed to
their equilibrium after
extrusion
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Clear differences of the extrudate swell are found in Fig. 13.11 for two
polystyrenes of similar weight average molar masses, but distinctly different molar
mass distributions. PS 6 with the broader molar mass distribution exhibits a sig-
nificantly larger extrudate swell than the distinctly more narrowly distributed PS 5.
This result indicates that the polydispersity has a strong effect on the elasticity of a
polymer melt.

All the measurements of the extrudate swell of the polystyrenes following the
power law of Eq. (13.6) were performed in the non-linear range of deformation
which is the domain of processing. For a more quantitative insight into the effect of
the molecular structure on the elasticity of polymer melts, other quantities which
allow a description by the linear theory of viscoelasticity have to be discussed.

13.2.3 Steady-State Linear Recoverable Compliance

The steady-state linear recoverable compliance J0
e defined by Eq. (5.36) is a very

suitable quantity to characterize the elasticity of a polymer as it can directly be
related to the retardation spectrum (cf. Sect. 5.5) which is a fingerprint of
molecular motions. J0

e can be determined by different methods (cf. Chap. 11), but
the most direct one is the creep-recovery experiment as described in detail in Sect.
11.4. It is preferentially used as the experimental base for the relationships
discussed in the following.

As J0
e is a steady-state linear quantity, it is independent of time and stress per

definition. From Fig. 13.12, it follows for a commercial isotactic polypropylene
that the recoverable compliance Jr as a function of time depends on temperature,
but that it becomes a temperature-independent quantity in its steady state at least in
the temperature range between 180 and 220 �C [19]. Similar results were obtained
for three other linear polypropylenes of various molar masses and some linear
polyethylenes [19]. The temperature independence of J0

e is not a general feature of
all kind of polymers, however, as it is discussed in Sect. 14.2.3.
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13.2.3.1 Dependence on Molecular Structure

Separating the influence of various molecular parameters on elastic properties is
demanding even in the case of linear materials as the molar mass distribution has a
significant effect according to the results of the extrudate swell shown in
Fig. 13.11. The molar mass distribution is sometimes not easy to determine in all
its details due to high molar mass components which may be difficult to detect.
Anionic polystyrenes are distinguished by a very narrow molar mass distribution
and, therefore, they are very suitable to investigate the influence of the molar mass
on the recoverable compliance.

Figure 13.13 shows J0
e for various anionic polystyrenes with molar masses Mw

between 200 and 800 kg/mol [3]. In this range, J0
e is constant, indicating that the

elasticity is independent of the molar mass. This result is in agreement with the
textbook knowledge that J0

e above a critical value of about five times the molar mass
between entanglements Me becomes independent of Mw (e.g., [20]). For smaller
molar masses J0

e linearly increases with the molar mass according to the Rouse-
Bueche theory of unentangled polymers [21, 22]. Compared to Me & 16 kg/mol for
polystyrene, the molar masses of the samples of Fig. 13.13 are distinctly higher than
the critical value of about 5 Me. Similar results on polystyrene are reported in [23]
and on polyisobutylene in [24]. These correlations explain the finding that elastic
properties of an engineering polymer are not dependent on Mw as long as their
polydispersities are not much different (cf. Fig. 13.10). Molar masses of engineering
polymers are generally large in comparison to Me.

Elastic effects are strongly dependent on the molar mass distribution, however.
The significant effect on Je

0 which the addition of a high molar mass component to
a matrix of a lower molar masses can have, for example, is depicted in Fig. 13.14.

Some few percents of an anionic PS of the molar mass 700 kg/mol within
another anionic polystyrene of Mw = 40 kg/mol result in an increase of J0

e by
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Fig. 13.13 Steady-state
linear recoverable
compliance J0

e as a function
of Mw for anionic
polystyrenes of various molar
masses [3]
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about two decades. J0
e runs through a maximum at around 1 wt. % of the larger

molar mass component and approaches a recoverable compliance J0
e , which is

higher than that of the lower molar mass component, but lies significantly below
the maximum. The enhanced J0

e for the anionic sample of larger molar mass can be
explained by its somewhat broader molar mass distribution. A similar but not so
pronounced effect is obtained, if an anionic PS of Mw = 125 kg/mol is used as the
matrix (cf. Fig. 13.14). These results show the significant effect a high molar mass
component can have on the elasticity in the linear range of deformation. It may be
mentioned that 1 wt. % of the high molar mass component with Mw = 700 kg/mol
in a matrix with Mw = 40 kg/mol or Mw = 125 kg/mol is very hard to detect by
gel permeation chromatography. A similar effect of increasing the elasticity of a
polymer significantly by adding a small amount of a high molar mass component
to a matrix of lower molar mass was reported for blends of polyisobutylenes [7].

The results on the polystyrenes shown in Fig 13.14 indicate, however, that the
effect of increasing J0

e of a matrix by the addition of a high molar mass component
may be the less distinct the closer the molar mass of the species added is to that of
the matrix. Therefore, the elasticity of a material with an already broad molar mass
distribution is enhanced to a much smaller extent than that of a narrowly dis-
tributed one.

The relationships obtained for polystyrenes are found for polypropylenes of
various molar masses and polydispersities, too, which show a linear molecular
structure due to the polymerization process. In Table 13.5, the weight average

Fig. 13.14 Steady-state linear recoverable compliance Je
0 of polystyrene blends as a function of

the mass percentage cPS of the high molar mass component (Mw = 700 kg/mol). The lower molar
masses are Mw = 40 kg/mol or Mw = 125 kg/mol, respectively, [25]
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molar masses Mw and the polydispersity factors Mw/Mn are listed together with the
linear steady-state elastic compliances J0

e for six polypropylenes [19]. PP 1–PP 4
possess very similar molar masses, but distinctly different polydispersity factors
ranging from 2.5 to 7.7. J0

e of these samples clearly increases with Mw/Mn. PP 3,
PP 5, and PP 6 have polydispersity factors around 6, but various molar masses. For
these samples, the values for J0

e can be regarded as similar, if the uncertainties of
the measurements of the compliances are taken into account. The differences of
Mw by a factor of about three are not reflected in the compliances of these samples
as it should be expected according to Me � 7 kg/mol for polypropylene [5].

As the molar mass distribution very significantly influences elastic properties of
a polymer melt, it has to be well known, if the influence of long-chain branches is
to be reliably assessed. For such an investigation, the linear mLLDPE 1 and the
long-chain branched LCB-mLLDPE 1 of Table 13.1 are well suited, whose molar
mass distributions shown in Fig. 13.15 are indistinguishable. A distinct high molar
mass component not detected by GPC is improbable to exist due to the poly-
merization kinetics.

The steady-state recoverable compliances of the two LLDPE presented in
Fig. 13.16 show remarkable differences. This quantity is higher by a decade for the
long-chain branched sample LCB-mLLDPE 1 in comparison to the linear
mLLDPE 1 demonstrating the strong influence long-chain branches can have on

Table 13.5 Molecular data
and Je

0 of various
polypropylenes [19]

Mw (kg/mol) Mw/Mn J0 a
e (10-4 Pa-1)

PP 1 265 2.5 1.0 ± 0.1
PP 2 244 3.5 2.7 ± 0.1
PP 3 263 6.4 9.3 ± 0.1
PP 4 268 7.7 12.1 ± 0.1
PP 5 525 6.0 9.1 ± 0.2
PP 6 738 6.0 11.5 ± 1.0
a measured at T = 180 �C

10-1 100 101 102 103 104

  LCB-mLLDPE 1
  mLLDPE 1

M[kg/mol]

W

  LDPE 2

Fig. 13.15 Molar mass
distributions of the linear
mLLDPE 1 and the
long-chain branched
LCB-mLLDPE 1 of
Table 13.1 in comparison
with a classical low density
polyethylene (LDPE 2).
The samples were dissolved
in trichlorobenzene (TCB)
at 135 �C [26]
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elastic properties of polymer melts [27]. Furthermore, it is obvious from Fig. 13.16
that the time-dependent recoverable compliance Jr (t) of the LCB-mLLDPE 1
reaches its steady state after significantly longer times than the mLLDPE 1. This
behavior points to the longer retardation times due to the long-chain branches.

Although the effect of long-chain branches on elastic properties is obviously
very pronounced, it is not straightforward to employ this quantity for a branching
analysis. For such purposes, the knowledge of the molar mass distribution is one
prerequisite. But even if that is known, only qualitative conclusions can be drawn
due to the fact that a quantitative correlation between the polydispersity factor and
a well-defined elastic quantity like Je

0 does not exist, which could be used for
taking the contribution of the molar mass distribution into account. One reason for
this deficiency is that the interactions between molecules of different lengths are
too complicated to be related to one number. Moreover, the polydispersity factor
describing the width of a distribution curve is not bijective by its nature and can
stand for various distributions.

From the comprehensive investigations of the elasticity of polymer melts in [2] it
is evident that the architecture of long-chain branches affects the elasticity mea-
sured by the linear recoverable compliance in a complicated way. This is demon-
strated by a comparison of the LCB-mLLDPE 1 with the highly branched LDPE 2
of a broad molar mass distribution which is shown in Fig. 13.15. The branching
structure of these two samples is totally different, as can be concluded from
Fig. 13.17, which shows the expectation value of the squared radius of gyration as a
function of the molar mass for these two materials in comparison to the relationship
for linear polyethylenes as obtained by GPC coupled with MALLS (cf. Sect. 3.4).
The LDPE 2 is significantly long-chain branched even at relatively low molar
masses, whereas for the LCB-mLLDPE 1 a weak indication of branching can be
detected only above a molar mass of 500 kg/mol. This finding indicates that the
metallocene-catalyzed sample may consist of a blend of linear and branched
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molecules with the long-chain branches mainly restricted to the molecules of high
molar mass.

Furthermore, according to the polymerization processes different branching
architectures have to be assumed. The structure is tree-like, i.e., branches on
branches, in the case of LDPE and star-like for the metallocene-catalyzed product.
As follows from Fig. 13.16, Jr(t) of the LDPE 2 is only slightly higher than that of
the LCB-mLLDPE with long-chain branches, which are only weakly reflected by
the radius of gyration. This may be due to their small concentration.

A hint to an explanation of the high elasticity of the LCB-mLLDPE carrying
few branches, only, may be obtained from Fig. 13.14, which demonstrates the
immense influence some few, but long molecules can have on the recoverable
compliance of linear polystyrenes. Taking these results into account, it may not
seem surprising any more that a similar increase of elasticity can be affected by a
small amount of very long branches existing in the LCB-mLLDPE.

13.2.4 Recoverable Compliances at Higher Stresses

By a variation of the stresses applied in the creep-recovery experiment, investi-
gations of the non-linear range of deformation can be performed. In Fig. 13.18, the
stress dependence of the steady-state recoverable compliance Je is shown for some
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Fig. 13.17 Expectation value of the squared radius of gyration \s2[ as a function of the weight
average molar mass MLS determined by light scattering for the two long-chain branched
polyethylenes LCB-mLLDPE 1 and LDPE 2 in comparison to linear polyethylenes. The solvent
is trichlorobenzene (TCB) at T = 135 �C [2]
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of the linear polypropylenes from Table 13.5 and the long-chain branched poly-
propylene LCB-PP. The linear polypropylenes possess different polydispersity
factors (cf. Table 13.5). For an easier discussion, the steady-state recoverable
compliances Je obtained at different stresses are normalized by the corresponding
steady-state linear recoverable compliances Je

0 which are listed in Table 13.5, too.
The normalized compliances decrease as a function of the shear stress from their
constant linear value. It is obvious that this non-linearity starts at the lower stresses
the broader the molar mass distribution characterized by the polydispersity factor
increasing from PP 2 over PP 3 to PP 4.

The influence of long-chain branching on the stress dependence of the recov-
erable compliance becomes obvious from the curve of the LCB-PP. Its linear range
is fairly small and the decrease of the steady-state compliance Je with stress is
distinctly more pronounced than that of the linear sample PP 4 with the highest
polydispersity factor. The results that a broader molar mass distribution or long-
chain branching shorten the extension of the linear range of the recoverable
compliance is in a formal agreement with the findings on the transition of the
viscosity from the linear to the non-linear regime (cf. Figs. 13.2 and 13.3).

13.2.5 Conclusions on the Relationships Between Elasticity
in Shear and Molecular Structure

The following conclusions can be drawn from the results of the dependencies of
elastic properties of polymer melts on the molecular structure:

• An influence of the weight average molar mass Mw on the melt elasticity has
not been found for various polymers of distinctly higher Mw than the molar
mass between entanglements Me.

10
0

10
1

10
2

10
3

10
4

10
-1

10
0

σ[Pa]

J
e
/J

e
0

PP 2

PP 3

PP 4

LCB-PP

Fig. 13.18 Steady-state
recoverable compliances Je

normalized by the
steady-state linear
recoverable compliance J0

e
as a function of the shear
stress r for polypropylenes
with different polydispersities
(cf. Table 13.5) in
comparison to a long-chain
branched polypropylene
(LCB-PP) at T = 180 �C [19]

13.2 Elastic Properties 441



• The molar mass distribution has a significant effect on the melt elasticity of
linear polymers. The broader the distribution, the larger are the extrudate swell,
or the recoverable compliance, for example.

• Small amounts of high molar mass components can lead to a large increase of
the linear steady-state recoverable compliance.

• Long-chain branching contributes to an enhancement of elasticity.
• Long-chain branching or broadening of the molar mass distribution increase the

non-linearity of the recoverable compliance.

13.3 Elongational Properties of Polymer Melts

In Sect. 12.5 it was demonstrated that rheological properties in elongation gen-
erally cannot be derived from those in shear. Only in the linear range of defor-
mation a simple relationship exists between the viscosities in shear and uniaxial
elongation, i.e., the elongational viscosity is three times the shear viscosity (cf.
Eq. 12.19). In Fig. 12.12 the effect that long-chain branching leads to a significant
increase of the elongational viscosity with time or strain, respectively, the
so-called strain hardening, is presented. This typical feature is discussed in the
following in dependence on the molecular structure of the polymeric materials.

13.3.1 Influence of Molar Mass and Molar Mass
Distribution

Three polypropylenes with different molar masses and polydispersity factors were
chosen to investigate the influence of these parameters on the elongational vis-
cosity of this linear polymer [28]. The molecular data of the polypropylenes are
listed in Table 13.6. The weight average molar masses differ by a factor of about
two and the polydispersity factors indicate broad molar mass distributions. The
elongational viscosities of these samples as a function of time at various elonga-
tion rates are shown in Fig. 13.19. Up to the total maximum elongation of
eHmax = 3 and for strain rates _e0 covering a factor of around 300, strain hardening
does not occur. All curves come to lie on the full lines which represent 3g0 tð Þ
measured in shear. From these results it can be concluded that for the linear
polypropylenes neither the molar mass nor the polydispersity give rise to strain
hardening at least in the ranges chosen.

Table 13.6 Molar masses
and polydispersity factors of
three linear polypropylenes
[28]

Mw (kg/mol) Mw/Mn

PP-A 669 4.2
PP-B 452 5.8
PP-C 345 3.3

442 13 Rheological Properties and Molecular Structure

http://dx.doi.org/10.1007/978-3-642-55409-4_12
http://dx.doi.org/10.1007/978-3-642-55409-4_12
http://dx.doi.org/10.1007/978-3-642-55409-4_12


That this conclusion cannot be generalized for linear polymers, however,
becomes evident from results on polystyrenes which possess a linear molecular
structure according to their polymerization process, too. Figure 13.20 shows the
elongational viscosities of the two anionic polystyrenes PS II and PS III whose
molar mass distributions are displayed in the inset. The narrowly distributed PS III
does not exhibit any strain hardening in the range of the elongational rates applied.
The addition of a small high molar mass component to a very narrow distribution
(cf. the tiny high molar mass peak of the distribution curve of PS II in the inset of
Fig. 13.2) leads to a very pronounced strain hardening which diminishes at very
small elongational rates [29].

The strain-hardening effect due to a high molar mass component observed for
anionic polystyrenes can be found principally but less pronounced for broadly
distributed polystyrenes, too, as the Figs. 13.21 and 13.22 demonstrate. The rad-
ically polymerized PS-r-95 (Mn = 95 kg/mol) was mixed with small amounts of
anionic PS with the different molar masses of 600 kg/mol (PS-a-600) and
1.800 kg/mol (PS-a-1800), respectively. PS-r-95 itself does exhibit a small strain
hardening effect at the two highest strain rates of 1.0 and 0.3 s-1 (cf. Fig. 13.21).
At the lower strain rates of 0.1 and 0.06 s-1 the elongational curves are in good
agreement with 3g0 tð Þ. The addition of 1 wt. % of the PS-a-600 does not show any
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Fig. 13.19 Elongational viscosity l as a function of time t for three linear polypropylenes with
different molar masses and polydispersity factors at various constant elongation rates _e0. The full
lines correspond to three times the linear shear viscosities measured. The factors on the curves
indicate the shift along the viscosity axis with respect to PP-C which was applied for a clearer
presentation [28]
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Fig. 13.20 Elongational viscosity l as a function of time t at various constant elongational rates
_e0 for two anionic polystyrenes with different molar mass distributions. (Reprinted from [29] with
permission from The Society of Rheology)
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Fig. 13.21 Elongational viscosities of blends of the radically polymerized polystyrene PS-r-95
of Mn = 95 kg/mol and Mw/Mn = 1.6 with w2 = 1 wt. % and 5 wt. % of the anionic polystyrene
PS-a-600 of a molar mass of 600 kg/mol measured at T = 169 �C. The curves are shifted along
the viscosity axis by the factors indicated [30]. The weak maxima at small elongational rates are
due to the beginning of the nonuniformity of sample deformation
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effect, 5 wt. % of the anionic polystyrene enhance the strain hardening, however.
The effect of adding the PS-a-1800 is more pronounced (cf. Fig. 13.22). 1 wt. %
leads to a significantly higher strain hardening than for the matrix PS-r-95 which
becomes still more pronounced for 5 wt. %. These results shine some light on the
effect of high molar mass components on strain hardening. Their efficiency is the
more pronounced the larger the ratios of the molar masses. This finding indicates
the molecular route one can go if strain hardening for a linear polymer is intended
to be generated.

13.3.2 Influence of Long-Chain Branches

As follows from the polystyrene blends in the Figs. 13.20 to 13.22 and the LDPE in
Fig. 12.12, strain hardening can be related to two molecular parameters, high molar
mass components or long-chain branches. In order to separate these two effects,
elongational experiments were performed on the two metallocene polyethylenes
mLLDPE 1 and LCB-mLLDPE 1 whose molar mass distributions cannot be dis-
tinguished from each other as shown in Fig. 13.15. As Fig. 13.23 demonstrates,
mLLDPE 1 which should not contain any long-chain branches according to the
GPC/MALLS analysis and the way of polymerization does not show any strain
hardening. The slight decrease of the curves is related to a nonuniformity of sample

10-1 100 101 102

99 / 1x 8

x 4

x 2

95 / 5

99.9 / 0.1

100 / 0

ε
0 
[s-1]

 1.0
 0.3
 0.1
 0.06

 t [s]

μ[Pas]
.

3 η0(t)

105

106

107

w1/w2

Fig. 13.22 Elongational viscosities of blends of the radically polymerized polystyrene PS-r-95
of Mn = 95 kg/mol and Mw/Mn = 1.6 with 0.1, 1 and 5 wt. % (w2) of the anionic polystyrene PS-
a-1800 of a molar mass of 1800 kg/mol measured at T = 169 �C. The curves are shifted by the
factors indicated [30]. The weak maxima at small elongational rates are due to the beginning of
the nonuniformity of sample deformation
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deformation. The viscosities measured at different elongation rates come to lie on
one curve within the accuracy of the measurements. The elongational viscosity of
the long-chain branched LCB-mLLDPE clearly increases as a function of time at all
the elongational rates covering two decades. This result is a clear indication that
long-chain branching induces strain hardening [31].

Another experimental hint to the strain-hardening effect of long-chain branches
are measurements on two polypropylenes [32]. The linear polypropylene (PP) and
the long-chain branched polypropylene (LCB-PP) are commercial products. The
elongational viscosities of these samples are shown in Fig. 13.24. They were
measured over a wide range of elongational rates _e0 covering three decades. The
linear PP does not exhibit any indication of strain hardening similar to the linear
polypropylenes shown in Fig. 13.19. Its molar mass of Mw = 409 kg/mol and its
polydispersity factor of Mw/Mn = 4.1 lie within the range of the other linear PP
investigated (cf. Table 13.6). The increase of the elongational viscosity of the
long-chain branched sample is very pronounced. At the maximum elongation of
eHmax = 2.8 no indication of a bending off of the curves can be seen. Experi-
mentally very convincing is the finding that the elongational viscosities of the
linear PP fall together with 3g0 tð Þ and that the envelope of the curves of the
branched sample matches the relationship following from the theory of linear
viscoelasticity, too.
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Fig. 13.23 Influence of long-chain branching on the elongational viscosity l of a metallocene-
catalyzed linear (mLLDPE 1) and a long-chain branched polyethylene (LCB-mLLDPE) with
very similar molar mass distributions at T = 150 �C and a maximum Hencky strain eHmax = 2.7.
g0(t) describes the linear time-dependent shear viscosity. (Reprinted from [31] with permission
from The Society of Rheology)
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Although the elongational behavior of polymer melts and, particularly, their
special feature of strain hardening is affected by high molar mass components and
long-chain branches as well, it can be very helpful for the analysis of branching in
some cases. This power is demonstrated by Fig. 13.25, which shows the elonga-
tional viscosities of polypropylenes electron irradiated with small doses [18]. Their
molecular data are given in Table 13.3. For the linear non-irradiated sample PP-0
which is identical with PP-A presented in Fig. 13.19, strain hardening cannot be
observed at all the elongational rates applied. For PP-1 which was irradiated with
the lowest dose of 1 kGy a faint but significant viscosity increase can already be
detected at low elongational rates. This strain-hardening effect becomes more
pronounced by increasing the dose up to 10 kGy. According to Table 13.3, the
polydispersity factor slightly decreases at low irradiation doses and remains nearly
unaffected by higher doses. Therefore, a broadening of the molar mass distribution
can be excluded as the source of the strain hardening observed and it can be taken
as an indication of long-chain branching. This result demonstrates that strain
hardening very sensitively reacts on long-chain branching as for PP-1 and PP-2
branching could not be found by GPC/MALLS. This method reveals first indi-
cations of branching at doses of 5 and 10 kGy (cf. Table 13.3).

In Fig. 13.26 the strain-hardening coefficient v defined by Eq. (12.30) is plotted
as a function of the constant elongational rate. It was determined at a Hencky
strain of eH = 2.7. The strain-hardening coefficient increases with the irradiation

3η0(t)

ε0 [s-1]· 

Fig. 13.24 Elongational viscosities l of a linear polypropylene (PP) and a long-chain branched
polypropylene (LCB-PP) at various elongational rates _e0 and T = 180 �C. (Reprinted from [32]
with permission from The Society of Rheology)
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dose. Up to doses of 20 kGy, v decreases with growing elongational rate, for 100
and 150 kGy a distinct increase is found.

Definite conclusions on the architecture of the branched molecules cannot be
drawn, however, from the elongational viscosity alone. This insight is demon-
strated by the upper and lower graph of Fig. 13.27, which exhibit the elongational
viscosities of blends of a linear and a long-chain branched polypropylene similar to
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Fig. 13.27 Elongational viscosities of blends of a linear and a long-chain branched polypro-
pylene at T = 180 �C. Above: lower weight percentages, below: higher weight percentages. The
curves were shifted according to the factors indicated. (Reprinted from [33] with the permission
from The Society of Rheology)
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that shown in Fig. 13.24 [33]. Whereas the viscosity function of the linear sample
is in good agreement with 3g0 tð Þ, already 2 wt. % of the branched material lead to
an indication of strain hardening which becomes more pronounced with growing
amount of the long-chain branched species. The samples were elongated up to a
maximum Hencky strain of eH = 2.7. The strain-hardening coefficient decreases
with increasing elongational rate up to the highest content of 50 wt. % of the
branched material as depicted by Fig. 13.28 similar to the samples irradiated with
low and medium doses in Fig. 13.26. For the branched blend component, a slight
increase of the strain-hardening coefficient with elongational rate occurs within the
range of strain rates applied.

This result demonstrates that the strain hardening obtained by electron beam
irradiation can qualitatively be mimicked by blending a long-chain branched
polypropylene to a linear one. This result poses the question whether the irradiated
sample is only partly branched, i.e., whether linear molecules exist besides some
branched ones. A strong argument for branching structures of the irradiated
samples different from those of the blends can be derived, however, from
Fig. 13.29 which shows g0(Mw) for the blends. All data points are distinctly
located below the straight line for linear polypropylenes. They differ significantly
from the irradiated samples for which g0(Mw) comes to lie above the reference line
in a wide range of doses (cf. Fig. 13.9).

Fig. 13.28 Strain hardening coefficient v at a Hencky strain of eH ¼ 2:7 and T = 180 �C as a
function of the elongational rate _e0 for the blends of Fig. 13.27. (Reprinted from [33] with the
permission from The Society of Rheology) [33]
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13.3.3 Conclusions on the Relationships Between
Elongational Viscosity and Molecular Structure

The following conclusions can be drawn from the results presented:

• For polymers with linear chains, e.g., polypropylenes and anionic polystyrenes,
the elongational viscosity as a function of time is three times the time-
dependent zero-shear viscosity within a wide range of elongational rates. The
elongational viscosity in this regime is only determined by the influence of the
molecular structure on the time-dependent zero-shear viscosity and no strain
hardening occurs.

• High molar mass components can lead to a significant increase of the elon-
gational viscosity above the linear regime, the so-called strain hardening.

• Strain hardening is found for long-chain branched polymers, too.
• The elongational viscosity very sensitively reacts on long-chain branches.
• From the strain hardening alone conclusions with respect to the branching

architecture cannot be drawn, however.

Mw [kg/mol] 

η0 [Pas] 

T= 180°C

Fig. 13.29 g0(Mw) for the blends of a linear and a long-chain branched polypropylene at
T = 180 �C. The numbers below the symbols correspond to the weight percentage of the long-
chain branched component. (Reprinted from [33] with the permission from The Society of
Rheology)
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Chapter 14
Thermorheological Behavior of Various
Polymer Melts

As discussed in Chap. 6, a great number of polymer melts follow the time-tem-
perature superposition principle. The temperature dependence of the shift factors is
different, however. An Arrhenius equation with specific activation energies was
found for the polyethylenes investigated. These results open up the question on
relationships between activation energies and the molecular structure of semi-
crystalline polymers. The shift factors for the linear polystyrene in Sect. 6.4 follow
a WLF-equation with two invariants as known for amorphous polymers. For this
kind of polymeric material it is of practical and fundamental interest in which way
the coefficients of the WLF-equation depend on the type of polymer and its
molecular structure.

14.1 Amorphous Polymers

In Fig. 14.1 the shift factors of a variety of polystyrenes with different molecular
structures are presented. They were obtained from dynamic-mechanical mea-
surements in the flow region exhibiting a thermorheologically simple behavior for
all the samples investigated [1]. The shift factors aT of the polystyrenes listed in
the Fig. 14.1 are indistinguishable from each other and come to lie on a curve
typical of a WLF-equation as described by Eq. (6.26). This relation corresponds to
Eq. (6.7) with the coefficients c1 and c2 valid in the glass transition.

‘‘r’’ and ‘‘a’’ describe radically and anionically polymerized samples, respec-
tively, the numbers denote the molar masses Mn in kg/mol. The standard devia-
tions of aT lie within the accuracy of the experiments, although Mn of the samples
distinctly differ and the molar mass distributions vary over a wide range. These
results mean that the coefficients aT and following from them the invariants of the
WLF-equation are independent of the molar mass and its distribution. The mean
values of the invariants d1d2 and T1 (cf. Eqs. (6.20) and (6.21)) of the blends and
their components are listed in Table 14.1 together with their standard deviations.
Similar results can be found in the literature [2, 3].

H. Münstedt and F. R. Schwarzl, Deformation and Flow of Polymeric Materials,
DOI: 10.1007/978-3-642-55409-4_14, � Springer-Verlag Berlin Heidelberg 2014
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In Fig. 14.2 the shift factors of nine polystyrenes with different branching
architectures are plotted. Their structure follows from the nomenclature given in
the caption to the figure.

Again no differences can be seen within the accuracy of the plot. The invariants
given in the third and fourth columns of Table 14.1, show small standard deviations
which indicate that there is no influence of the various branching topographies on
the shift factors as a function of the temperature. A comparison of the invariants of
the blends and the long-chain branched samples does not point to any significant
difference, either. The similarity of the WLF-equations valid for the glass transition
and in the molten state of amorphous polymers suggests to relate d1 to the free
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Fig. 14.1 Shift factor aT as a function of T-T0 for various anionic (PS-a) and radical (PS-r)
polystyrenes and their blends [1]. The numbers within the designations of the products denote Mn

in kg/mol, the numbers in brackets give the blend ratios. The reference temperature is
T0 = 170 �C. d1 and d2 are the coefficients of the corresponding WLF-equation (cf. Eq. 6.26)

Table 14.1 The glass temperature Tg measured by differential scanning calorimetry (DSC) and
mean values of the invariants d1d2 and T1of polystyrenes and polycarbonates with various
molecular structures [1] and polymethylmethacrylate from the literature [4]. Tg represents the
value extrapolated to the heating rate zero for PS and PC, for PMMA it was determined at a
heating rate of 10 K/min. ‘‘st’’ denotes the syndiotacticity of the PMMA

Tg [�C] d1d2 K½ � T1½�C�
Polystyrene blends 99.6 � 1:7 631 � 23 53 � 2
Branched polystyrenes 98:3 � 1:1 648 � 27 51 � 2
Linear and branched polycarbonates 145.2 � 1:2 401 � 22 110 � 2
PMMA (81 % st) [4] 130 1648 � 28 15 � 1
PMMA (*59 % st) [4] 117 1536 13.3
PMMA (*55 % st) [4] 105 1211 47.0
PMMA [5] – 1270 30
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Fig. 14.2 Shift factor aT as a function of T-T0 for polystyrenes with different branching
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Fig. 14.3 Shift factor aT as a function of the temperature difference T-T0 for four different
polycarbonates. ‘‘b’’ denotes branching. d1 and d2 are the coefficients of the WLF-equation. The
reference temperature is T0 = 200 �C [1]
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volume and d1�d2 to the expansion coefficient according to Eq. (6.18) for c1 and
Eq. (6.20) for c1�c2 [6]. Therefore, one can assume from these experimental find-
ings that neither the thermal expansion coefficient nor the size of the descriptive,
but physically not well defined free volume are affected by the length and the
distribution of the macromolecules attached to the backbone, at least in the case of
the relatively small numbers of branches of the polystyrenes investigated.

In Fig. 14.3, the shift factors of two linear polycarbonates (PC) and two branched
polycarbonates (PC-b) are plotted semilogarithmically as a function of T-T0. They
were obtained from temperature-frequency shifts of G0 and G00 which do not show
any indication of a thermorheological complexity [1]. PC-1-2 has a slightly larger
Mn than PC-1-1, Mw/Mn = 1.9 is the same for both samples. PC-b-3 is distinguished
from PC-b-2 by a higher degree of branching and a somewhat larger Mn. The
polydispersity indices are Mw/Mn = 2.3 for PC-b-2 and Mw/Mn = 2.7 for PC-b-3.
All the measured points can be connected by one curve the shape of which is typical
of the WLF-equation. Like for the polystyrenes in the Figs. 14.1 and 14.2, the
molecular structure of the polycarbonates has no influence on the shift factor as a
function of the temperature. The mean invariants d1d2 and T1 are listed in the
Table 14.1. They are similar to those found in the literature [7] on linear polycar-
bonates. The standard deviations of the invariants as determined from measurements
on four different samples are of the order of those of the polystyrenes. The values are
significantly different, however, indicating other properties of the free volume.

The Table 14.1 contains the data of another commercially important amorphous
polymer, namely polymethylmethacrylate [4]. The invariants for the PMMA of
81 % syndiotacticity are the averages of seven samples covering a range of Mn

between 41 and 340 kg/mol. The polydispersity factor is about 1.1 for all the
samples. Similar to polystyrene and polycarbonate, the invariants are not depen-
dent on the molar mass as the standard deviation is small. The invariants are
markedly different from those of the polycarbonate and the polystyrene, however.
This finding is not surprising at all if one takes the various chemical structures of
the three materials into account.

The results on the PMMA of different syndiotacticities in Table 14.1 demonstrate
that the syndiotacticity has a remarkable influence on the invariants and following
from that on the parameters of the free volume. A systematic effect of the syndio-
tacticity cannot be derived, however, from the limited number of data available.

14.2 Semicrystalline Polymers

As shown in Fig. 6.17, the activation energies of the linear polyethylene (HDPE)
and the branched polyethylene (LDPE) are different, i.e., contrary to the poly-
styrene and the polycarbonate discussed in the previous section, long-chain
branching has an influence on the temperature dependence of the shift factor of the
melt. In addition, another distinction comes into play as not for all polyethylenes
a thermorheological simplicity is found. This feature becomes obvious from
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Fig. 14.4, which shows the phase angle d as a function of the magnitude of the
complex modulus |G*|. As discussed in Sect. 11.3.2, all the data measured at
different temperatures should come to lie on one curve in the case of thermo-
rheological simplicity. Deviations from such a common curve are an indication of
thermorheological complexity. Obviously, the metallocene-catalyzed linear low
density polyethylene mLLDPE 1 behaves thermorheologically simple. For the
other two samples, temperature-independent master curves are not obtained, i.e.,
their behavior is thermorheologically complex. The two long-chain branched
polyethylenes were synthesized by metallocene catalysts which are assumed to
generate a mixture of linear and star-like branched molecules. This example shows
that investigations on the thermorheological behavior of a polymer may be used to
answer the question whether a material is purely linear or contains long-chain
branches.

14.2.1 Thermorheological Simplicity and Its Application
to the Analysis of Short-Chain Branching

Linear homopolymers like HDPE or PP behave thermorheologically simple, i.e.,
the data can be shifted over a wide time or frequency scale to obtain master curves.
An answer to the question whether the activation energy depends on the molar
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Fig. 14.4 Phase angle d as a function of the magnitude of the complex modulus |G*| for the
linear polyethylene mLLDPE 1 and the two long-chain branched polyethylenes LCB-mLLDPE 1
and LCB-mHDPE 2 at various temperatures. m indicates the synthesis with metallocene catalysts
[8]
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mass or the molar mass distribution is given by the data in Table 14.2. For the two
HDPE of significantly different molar masses, but very similar polydispersity
factors the same activation energies are found. For the three polypropylenes which
differ in molar mass and polydispersity the same activation energies EA follow
within the accuracy of the measurements, but they are distinctly higher than those
of the polyethylenes. Taking these data and others from the literature into account,
it can be concluded that molar mass and molar mass distribution do not have an
influence on the activation energy of linear polyethylenes and polypropylenes.

A thermorheologically simple behavior can be found for short-chain branched
polyethylenes, too, as demonstrated by the plot of d (|G*|) in Fig. 14.5 for ethylene
copolymers with various contents of the comonomer hexene. The concentrations
range from 1.2 mol % for L6-1 to 3.0 mol % for L6-4 [11]. The inset with a higher
resolution of the phase angle close to 90� demonstrates the excellent superposition
of the curves measured at temperatures between 130 and 210 �C even in a range,
in which the requirements regarding the accuracy of a measurement are very
challenging. A thermorheologically simple behavior was found for butene and
octene copolymers with comonomer contents up to 7.6 mol %, too [11].

Although the presentation of d (|G*|) is very sensitive and versatile to dis-
criminate between thermorheologically simple or complex materials, the activa-
tion energy cannot be determined from it, however. For that purpose, a rheological
quantity has to be plotted as a function of time or frequency at various tempera-
tures in order to get the shift factor as a function of temperature from the master
curve. In principle, all the functions can be used the time-temperature behavior of
which is governed by relaxation or retardation spectra, respectively. Frequently, G0

and G00 are measured as functions of the angular frequency at different tempera-
tures and shifted onto a master curve.

An interesting question is in which way the short-chain branches of ethylene/
olefin copolymers affect the activation energy. Due to the finding that the acti-
vation energy is not dependent on the molar mass and its distribution
(cf. Table 14.2), in principle clear correlations between activation energies and
comonomers should be possible to get. A difficulty, however, is the detailed
knowledge of the real amount of comonomers built into a chain and their

Table 14.2 Activation energies EA of linear ethylene and propylene homopolymers with various
molar masses Mw and polydispersity factors Mw/Mn. The data for the mHDPE are taken from [9],
those for the isotactic PP from [10]. Tm is the melting temperature

Tm [�C] Mw [kg/mol] Mw/Mn EA [kJ/mol]

mHDPE 1 135 205 2.6 27
mHDPE 2 134 45 2.7 27
PP 1 165 219 4.9 40
PP 2 165 325 5.9 40
PP 3 165 525 6.0 42
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distribution along the backbone, as in many cases the polymerization is not easy to
perform in a definite way. The amounts of the comonomers nc listed in mol-% in
the Table 14.3 for various copolymers were obtained from melt-state or solution
NMR and in some cases from the fast Fourier transform infrared spectroscopy
(FT-IR). The side-chain content sc of the short-chain branches was calculated
according to
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Fig. 14.5 Phase angle d as a function of the magnitude of the complex modulus |G*| at different
temperatures for ethylene/hexene copolymers with various hexene contents [11]. L6-1:
1.2 mol %, L6-2: 2.6 mol %, L6-3: 2.6 mol %, L6-4: 3.0 mol %. For a better distinction the
curves are shifted along the |G*|- axis by the factors indicated

Table 14.3 Activation energies EA of ethylene copolymers with various comonomers. nc is the
comonomer content in mol-%, sc denotes the weight percentage of the short-chain branches [12]

Name Comonomer nc [mol-%] sc [wt%] EA [kJ/mol]

mHDPE 1 – 0 – 27
mHDPE 2 – 0 – 27
L4 Butene 6.8 6.4 32
L6 Hexene 5.9 10.6 33
L8 Octene 1.0 2.9 28
F18F Octadecene 3.0 21.8 35
F18G Octadecene 4.4 26.0 39
F26C Hexacosene 2.3 21.6 37
F26F Hexacosene 2.7 26.5 39
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sc ¼
ncðl � 2Þ

ncðl � 2Þ þ 2
ð14:1Þ

with l being the number of carbon atoms of the comonomer and nc its molar ratio.
L4, L6, and L8 in Table 14.3 are commercially available butene, hexene, and
octene copolymers. The copolymers with octadecene and hexacosene are labora-
tory products. Detailed information on their polymerization processes and some of
their rheological properties can be found in [9] and [12].

From the data given in the Table 14.3 the tendency can be seen that the acti-
vation energy EA increases with the molar content nc for octadecene and hexac-
osene. From results in [13] on various butene, hexene and octene copolymers a
trend of a slight increase of EA with the number of carbon atoms of the comonomer
may be deduced, but the experiments are not elaborate enough to draw founded
conclusions. A clearer tendency occurs from Fig. 14.6 which presents the acti-
vation energies EA of the samples listed in Table 14.3 as a function of the side-
chain content sc of the short-chain branches generated by the comonomers built
into the ethylene backbone. One gets a linear relationship between the activation
energy and the side-chain content in weight percent. The dependency presented
Fig. 14.6 is physically reasonable insofar as the extrapolation of the straight line to
sc = 0, i.e., to linear chains, gives an activation energy typical of a HDPE.

Values from the literature for ethylene copolymers with hexene and octene as
comonomers presented in Fig. 14.6 as filled symbols [14] do not contradict the
straight line found, particularly, if one takes the uncertainties of a reliable deter-
mination of the comonomer content into account.
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Fig. 14.6 Activation energy of flow EA as a function of the weight percentage sc of various short-
chain branches in ethylene copolymers. The filled symbols were taken from [14]. EA0 describes
the activation energy without any short-chain branches, i.e., that of an HDPE. c is the slope of the
straight line. (Reprinted from [9] with permission from John Wiley and Sons)
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Intuitively, the increase of the activation energy with the content of short-chain
branches following from Fig. 14.6 is plausible. Due to the fact that for all the
copolymers investigated the temperature of the measurement lies distinctly above
the glass transition temperature, the overcoming of potential barriers within the
chain can be regarded as the decisive mechanism for a local displacement of
molecule segments (cf. Sect. 6.5). The energy necessary for this process will be the
higher the more side groups along a chain hinder the motions of particular seg-
ments. Additionally, the bulkiness of a side group will affect the mobility of the
chain segment to which it is coupled. Therefore, the weight percentage of the
short-chain branches may be a not too bad parameter for a relationship between
activation energies of ethylene copolymers and their comonomer contents.

14.2.2 Thermorheological Complexity and Its Potential
for the Analysis of Branching

In the case of thermorheological complexity the time-temperature shift factor is
not the same for all the relaxation times, and, therefore, it becomes dependent on
the value of the physical quantity, at which it is taken. As was explained before,
thermorheological simplicity implies that the time-temperature shift is equal for all
the functions related to a definite relaxation or retardation spectrum or, vice versa,
it should not matter which material function is chosen for the determination of the
shift factor. Such a behavior is not valid anymore for thermorheologically complex
materials as the Fig. 14.7 shows for an LDPE [15]. While from the shift of d(x) a
value of 66 kJ/mol follows for EA which is independent of d within the accuracy of
the measurements, the activation energies determined from the frequency-tem-
perature shifts at various values of the moduli are somewhat smaller and decrease
with increasing modulus. Within the uncertainties of the evaluation, the curves
related to the moduli do not differ significantly from each other.

These results can formally be explained by assuming that the moduli G0 and G00

change with temperature by a temperature-dependent factor bT (T) i.e.,

G0 x; Tð Þ ¼ bT Tð Þ � G0 aTx; T0ð Þ G00 x; Tð Þ ¼ bT Tð Þ � G00 aTx; T0ð Þ ð14:2Þ

which corresponds to a vertical shift in a double-logarithmic plot. Therefore,
bT(T) is called the vertical shift factor.

As for tand = G00/G0 the shift factor bT is eliminated, i.e.,

tan d x; Tð Þ ¼ tan d aTx; T0ð Þ ð14:3Þ

it follows that d at a given angular frequency is independent of a vertical tem-
perature shift and, therefore, a constant activation energy is found, if all relaxation
times change with the same temperature-dependent factor aT. That means in the
case of the LDPE the nonexistence of master curves for G0 and G00 as functions of
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x, but their existence for d can be explained by a shift factor in vertical direction
which is temperature dependent.

A constant activation energy from the frequency-temperature dependence of the
phase angle d is not found for all long-chain branched polyethylenes, however, as
Fig. 14.8 demonstrates [16]. EA (d) for the LCB-mLLDPE 1 and LCB-mLLDPE 2
synthesized with metallocene catalysts show activation energies which do not
change much down to phase angles of about 60� and are close to those of the
LDPE. For smaller angles, they distinctly decrease with declining phase angle and
seem to approach the constant activation energy of the linear sample. Obviously,
these metallocene long-chain branched polyethylenes reveal a thermorheological
complexity which is different from that of the LDPE. As a vertical shift is elim-
inated if d is plotted as a function of x at different temperatures, a non-constant
activation energy points to different shift factors for the relaxation times of the
material. In the case of the two LCB-mLLDPE of Fig. 14.8 higher activation
energies at larger phase angles corresponding to longer relaxation times, and lower
activation energies approaching that of linear species at smaller phase angles are
found. This result can be interpreted assuming the existence of linear and branched
molecules within the LCB-mLLDPE. It is obvious that the branched molecules
possess the longer relaxation times which come into play at smaller frequencies or
higher phase angles, respectively, if compared to the linear molecules.

Such an interpretation is supported by the closed symbols in Fig. 14.8, which
present results on a blend of 25 wt. % of the linear mLLDPE L6-1 and 75 wt. % of
the long-chain branched LDPE 2 with totally different maximal relaxation times of
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Fig. 14.7 Activation energy EA for LDPE 2 determined from the frequency-temperature shifts at
different values of the material functions d(x), G0(x), G0 0(x) and |G*| (x). (Reprinted from [15]
by permission from The Society of Rheology)
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smax = g0Je
0 = 35 s at 150 �C for the LDPE 2 and smax = 0.5 s for the mLLDPE

L6-1 [11]. At higher phase angles, i.e., lower angular frequencies, the longer
relaxation times of the LDPE component come into play and, therefore, it is not
surprising that its thermorheological properties dominate and the activation
energies of the blend are very close to those of the LDPE component. At lower
phase angles, corresponding to higher frequencies, the molecular motions within
the LDPE cannot follow the oscillatory deformation and the linear component with
its distinctly shorter maximal relaxation times determines the rheological behavior.

Taking these results into account, the activation energies of the LCB-mLLDPE
presented in Fig. 14.8 could be interpreted in the way that the composition of the
samples is not homogeneous, but consists of a blend of linear and long-chain
branched molecules. This example demonstrates, in which way thermorheological
measurements could contribute to an analysis of unknown branched polyethylenes.

In [11] it was shown that activation energies independent of the phase angle can
be obtained for various LDPE. However, at a given density their values depend on
the molar mass. For example, within a series of products of the same density of
0.919 g/cm3 at ambient temperatures made by the same tubular process, EA

spreads from 58 kJ/mol for Mw = 150 kg/mol over 64 kJ/mol for Mw = 250 kg/
mol to 72 kJ/mol for Mw = 370 kg/mol. This finding may be explained by the
assumption that branches become longer with increasing molar mass and give rise
to an entanglement network which makes the thermally induced motion of mol-
ecule segments more difficult.

The different activation energies of LDPE and the fact that long-chain branched
polyethylenes polymerized by metallocene catalysts do not show constant acti-
vation energies, even if the phase angle is used for the shift, demonstrate that the
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Fig. 14.8 Activation energy EA as a function of the phase angle d for the LDPE of Fig. 14.7, the two
metallocene long-chain branched LCB-mLLDPE 1 and LCB-mLLDPE 2, the linear copolymer
mLLDPE L6-1 and its blend with 75 wt. % of the LDPE 2 (blend LL/L 25/75). (Reprinted from [16]
by permission from Elsevier)
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effect of the highly variable architectures of branched molecules on the thermal
activation is not easy to understand quantitatively. Nevertheless, from thermo-
rheological properties qualitative conclusions can be drawn which support the
analysis of branched polymers.

14.2.3 Interpretation and Determination of the Vertical Shift
Factor

For accurate time-temperature shifts in the glass transition a vertical shift factor
corresponding to the density correction q0T0=qT is usually applied (cf. Sect. 6.4).
For polyethylene melts this factor is not sufficient for an explanation of the
experimental findings, as follows from the interpretation of the vertical shift factor
according to [17] and its determination by measurements.

In the terminal range

G0ðx;TÞ ¼ g0ðTÞ2 � J0
e ðTÞ � x2 ð5:106Þ

and

G00ðx; TÞ ¼ g0ðTÞ � x ð5:105Þ

are valid (cf. Sect. 5.8). Taking the shift factors according to Eq. (14.2) into
account, Eq. (5.106) reads

g0 Tð Þ2�J0
e Tð Þ � x2 ¼ bTa2

Tg0 T0ð Þ2J0
e ðT0Þx2 ð14:4Þ

or

g0 Tð Þ
g0 T0ð Þ2

2 J0
e Tð Þ

J0
e T0ð Þ ¼ bT a2

T ð14:5Þ

From the loss modulus in Eq. (5.105) it follows correspondingly

g0 Tð Þx ¼ bT aTg0 T0ð Þx ð14:6Þ

or

g0 Tð Þ
g0 T0ð Þ ¼ bT aT ð14:7Þ

Inserting Eq. (14.7) into Eq. (14.5) results in
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bT ¼ J0
e T0ð Þ

J0
e Tð Þ ð14:8Þ

As a consequence, for thermorheologically simple materials, which in a first
approximation do not need a vertical shift to obtain master curves, i.e., bT = 1, J0

e

should be independent of temperature.
As is discussed in Sect. 11.4, J0

e can be determined by creep recovery experi-
ments. The data obtained for the linear mLLDPE L6-1, the LDPE 2, the
LCB-mLLDPE 1 and the LCB-mLLDPE 2 are listed in the Table 14.4. J0

e for the
linear sample is found to be constant within the accuracy of the measurement, i.e.,
the density correction according to Rouse (cf. Eq. (6.16)) is not reflected. This
result is reasonable due to the weak temperature dependence of T0q0=Tq for
polyethylenes (cf. Fig. 14.9). For T = T0 � 40 �C, T0q0=Tq changes by �7 %
according to Fig. 14.9, for example. This correction is distinctly smaller than the
uncertainties of J0

e given in Table 14.4.
In the Fig. 14.9 J0

e Tð Þ related to the values at the reference temperature
T0 = 170 �C obtained from the Table 14.4 are plotted linearly as a function of the
reciprocal absolute temperature. All of them are distinctly stronger functions of
1/T than q0T0=qT .

In case of the LDPE 2 with bT 6¼ 1, master curves for G0, G00 or |G*| have to be
expected if these quantities are corrected by bT determined from Table 14.4.
Figure 14.10 does show, indeed, that the resulting constant activation energies do
not differ from each other within the accuracy of the measurements and are the
same as the value from the shift of d(x). These findings demonstrate that for LDPE
a method-invariant activation energy EA can be found by using the vertical shift
factor bT determined from the temperature dependence of the linear steady-state
compliances. Consequently, in the case of LDPE from the shift of d (aTx; TÞ the
constant activation energy can be obtained without knowing bT and, therefore,
the time-temperature behavior of the phase angle is very suitable to determine the
material-specific activation energy.

As Fig. 14.8 demonstrates, however, constant activation energies cannot be
obtained for the two long-chain branched polyethylenes made by metallocene
catalysts even if a vertical shift factor is eliminated using the phase angle for the
frequency-temperature shift. Such a behavior can formally be interpreted by

Table 14.4 Linear steady-state recoverable compliances J0
e in [10-5 Pa-1] for polyethylenes of

different molecular structures [11]

T [�C] 130 140 150 170 190 210

mLLDPE L6-1 n.d. 3.8 ± 0.4 3.7 ± 0.3 3.8 ± 0.2 3.9 ± 0.3 3.9 ± 0.8
LDPE 2 81.3 ± 0.4 n.d. 73.5 ± 0.6 66.6 ± 0.9 59.9 ± 0.8 55.0 ± 0.5
LCB-mLLDPE 1 31.8 ± 0.7 n.d. 28.4 ± 0.3 26.0 ± 0.4 24.6 ± 0.8 n.d.
LCB-mLLDPE 2 61.3 ± 1.1 n.d. 54.6 ± 1.3 47.6 ± 1.0 43.4 ± 1.8 n.d.

n.d.: not determined
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assuming different temperature dependencies of the relaxation times of various
parts of the spectrum. Due to the dependence of the activation energies of poly-
ethylene molecules on the kind and degree of branching, this interpretation is
conclusive in the case of samples consisting of various species, as the results on
the blend in Fig. 14.8 demonstrate.

Considering the results presented, for long-chain branched polyethylenes two
types of thermorheological complexity could be distinguished. In the case of
several LDPE investigated, master curves of rheological quantities as a function of
angular frequency were obtained by introducing a vertical shift factor bT. Using the
phase angle for shifting, eliminates bT and directly provides a method-invariant
activation energy. But there are other long-chain branched polyethylenes which
cannot be shifted to a master curve in this way. For such materials, activation
energies may be determined which are dependent on the rheological quantity
chosen. Such findings point to a heterogeneous composition of the sample. For
example, blends of linear and long-chain branched polyethylenes do show such a
behavior, which was found for metallocene catalyzed long-chain branched poly-
ethylene, too (cf. Fig. 14.8).

From the results on LDPE it could be concluded that its molecular structure is
rather homogeneous.
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Chapter 15
Rheometry

Due to the importance of rheological measurements for applications and basic
research, various rheometers have been in use to determine viscous and elastic
properties of polymer melts. They cover a wide range of shear rates or shear
stresses, respectively, and are based on different geometries and principles. During
the early stages of rheology, viscosity measurements were performed with capil-
lary rheometers, only. Instruments of such kind have preferably been used for the
rheological characterization of polymer solutions discussed in Sect. 3.2 and are
still the basic equipment for the determination of viscosity functions of polymer
melts in the range of high-shear rates relevant for processing. Rotational rheom-
eters are widespread tools, today, for basic research and quality control on a
variety of polymeric systems. In order to understand the principles of the mea-
suring techniques and to assess their performances, the equations underlying the
data evaluation are given in the following.

15.1 Capillary Rheometry

Figure 15.1 illustrates the principle of a capillary rheometer. From a barrel the
melt is pushed through a capillary with the radius R and the length L. The
quantities directly measured are the pressure p acting on the melt and the passing
volume per time _V . This so-called throughput can either be determined from the
given velocity of a moving piston and the barrel cross section or in case of a
pressure-driven rheometer by weighing the strands extruded during a certain time
interval and calculating their volume at the measuring temperature using the
corresponding density. From the pressure the shear stress is calculated and from
the throughput the shear rate. For the characterization of the flow behavior of the
melt the viscosity is considered either as a function of shear rate or shear stress. In
addition to the viscous properties, some insight into the elasticity can be obtained
by determining the swell of the extruded strand. This quantity has been discussed
in some detail in Sect. 13.2.2. Another interesting effect occurring at high shear
rates is the distortion of the surface of the extruded strands which is commonly
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called melt fracture. Capillary rheometry is a very useful method to investigate this
phenomenon interesting for processing. It is discussed in Sect. 16.3.4 in connec-
tion with quantitative investigations of the flow fields.

Due to the pronounced geometrical differences between the barrel and the cap-
illary, for viscoelastic materials complex flow patterns in the entrance region can
occur which extend into the capillary. These effects normally can only be captured
indirectly as at the high temperatures and pressures necessary for the investigation of
polymer melts steel is commonly used as the wall material which obviously makes
accurate measurements of local velocity fields impossible. Generally, a capillary
rheometer is a ‘‘black box’’ with respect to the detailed flow behavior of polymer
melts (cf. Sect. 15.1.3 on the Bagley-correction). Chapter 16 on the laser-Doppler
velocimetry applied to the capillary flow of polymer melts demonstrates which
interesting insights can be obtained by this technique. Thus, it is shown, for example,
that a flow pattern independent of the axial position within a die can only be achieved
if the capillary is long enough. The equations for this type of flow are derived in the
following under the assumption of a uniform flow field, i.e., L[[R.

15.1.1 Calculation of Shear Stress and Shear Rate

A cylindrical coordinate system with the coordinates r, u, z is chosen whereby the
z-axis represents the symmetry axis of the capillary. The position z = 0 designates
the entrance of the capillary and z = L its exit. It is assumed that the z-coordinate
describes the direction of flow. Then r is the direction of the velocity gradient and
u the neutral direction. The velocity components for a fully developed flow are

vr ¼ 0 vu ¼ 0 vz ¼ f rð Þ ð15:1Þ

„

p

2R

L

Fig. 15.1 Principle of the
capillary rheometer. L is the
length and R the radius of the
capillary. p denotes the
pressure acting on the melt.
The swell of the extrudate is
due to the elasticity of the
melt
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Three additional assumptions are made:

1. The melt adheres to the capillary wall, i.e., v r ¼ Rð Þ ¼ 0.
2. The flow is isothermal.
3. The viscosity is independent of pressure.

Whereas the assumption 1 is fulfilled for a great number of polymer melts in
good approximation, 2 and 3 are the better matched the smaller the shear rates and
the lower the extrusion pressures, respectively.

From inserting the velocities (15.1) into Eq. (8.41a) the components of the
deformation rate tensor follow as

drr ¼ dru ¼ duu ¼ duz ¼ dzz ¼ 0 2drz ¼ df rð Þ=dr ¼ _c ð15:2Þ

Due to dru ¼ 0 and duz ¼ 0, the corresponding components of the stress tensor rru

and ruz are zero and as the stresses do not depend on u for symmetry reasons, the
equation of motion for the z-direction which is relevant for the capillary flow
follows from Eq. (7.6) for a creeping flow, i.e., a flow with Reynolds numbers
much smaller than 1, and negligible volume forces as

orrz

or
þ orzz

oz
þ 1

r
rrz ¼ 0 ð15:3Þ

or

1
r

o

or
rrrzð Þ ¼ � orzz

oz
ð15:4Þ

Under the assumption that rrz is a unique function of drz, only, the left side of this
equation does not depend on z, consequently rzz in its most general form can be
written as

rzz ¼ Az þ B ð15:5Þ

and with the boundary conditions rzz ¼ �p1 at z = 0 and rzz ¼ �p2 at z = L one
gets

A ¼ p1 � p2

L
¼ Dp

L
ð15:6Þ

which is a positive quantity as per definition p1 [ p2: p1 is called the entrance
pressure and p2 the exit pressure which can be neglected in many cases. Intro-
ducing rzz from Eq. (15.5) into Eq. (15.4) for the shear stress rrz, leads by
integration to
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rrz ¼ � 1
2

Ar þ b

r
ð15:7Þ

As rrz has to be finite at any position within the die, i.e., for r = 0, too, b is zero
and the shear stress in dependence on the radius follows as

rrz ¼ �Dpr

2L
ð15:8Þ

It attains the maximum negative value at the wall (r = R), i.e.,

rrz r ¼ Rð Þ ¼ rw ¼ �DpR

2L
ð15:9Þ

Equation (15.8) for the shear stress which was derived from the balance of
forces in combination with the additional assumption rrz ¼ f drzð Þ can be obtained
by a simple consideration based on the force balance on the wall of a cylindrical
element of the melt with the radius r and the length L. From the balance of the
driving force

Fd ¼ pr2Dp ð15:10Þ

and the force acting on the curved surface of the cylinder

Fs ¼ 2prL rrz ð15:11Þ

it follows straightforward Eq. (15.8) above

rrz ¼ �Dpr

2L
ð15:8Þ

The shear rate necessary for the determination of the viscosity is calculated
from the measurable volume flow rate _V in the following way.

The volume flow rate d _V through a differential cross section element 2prdr of
the cylindrical capillary is given by

d _V ¼ 2pr v rð Þdr

with v(r) being the flow velocity in z-direction. _V then follows as

_V ¼ 2p
ZR

0

rv rð Þdr ð15:12Þ

and by partial integration one gets
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_V ¼ pr2v rð ÞjR0 � p
ZR

0

r2 dv=drð Þdr ð15:13Þ

With the boundary condition v r ¼ Rð Þ ¼ 0 and the relations dv=dr ¼ _c ¼ rrz=g,
this equation becomes

_V ¼ �p
ZR

0

r2 _c dr ¼ �p
ZR

0

r2rrz=g dr ð15:14Þ

This integral can be evaluated in closed form for some special cases, only. For a
Newtonian fluid the viscosity is constant, i.e., g ¼ g0, and with Eq. (15.8) for the
shear stress rrz it follows

_V ¼ pDp

2Lg0

ZR

0

r3dr ¼ pR4Dp

8Lg0
ð15:15Þ

which is the so-called Hagen-Poiseuille law (cf. Eq. 3.27)
For non-Newtonian fluids the viscosity in general is a function of the shear rate

or the shear stress, respectively, and, therefore, not constant over the capillary
diameter. But Eq. (15.8) describing the distribution of the shear stress across the
capillary and Eq. (15.9) for the stress at the wall are independent of the material as
they are derived without making use of the rheological law of a fluid. For New-
tonian fluids with a linear distribution of the shear rates across the radius of the
capillary (cf. Fig. 15.2) the shear rate D at the wall follows from Eq. (15.15) as

D ¼ � 4 _V

pR3
ð15:16Þ

which can be regarded as a reduced volume rate.
In the case of a non-Newtonian fluid Eq. (15.16) is often used, too. D is then

called the apparent shear rate at the wall due to the fact that it represents an
approximation as the velocity distribution is not linear anymore.

However, the true shear rate _cw at the wall can be determined from D in a
straightforward way as derived in the following.

Substituting in Eq. (15.14) the integration variable r by rrz, i.e., r ¼ �rrz2L=Dp
results in

_V ¼ p
2L

Dp

� �3Zrw

0

r3
rz

�
g drrz ð15:17Þ
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and with Eqs. (15.9) and (15.16) in

D r3
w ¼ 4

Zrw

0

r3
rz=g drrz ð15:18Þ

By differentiation of Eq. (15.18) with respect to rw and with rw=g ¼ _cw one gets

dD

drw
r3

w þ 3Dr2
w ¼ 4r3

w=g ¼ 4r2
w _cw ð15:19Þ

or

_cw ¼ 1
4

dD

drw
rw þ 3

4
D ð15:20Þ

Replacing the linear differentials by the logarithmic ones which may be convenient
in case of the widely used double-logarithmic plots it follows the so-called
Weissenberg-Rabinowitsch relation [1]

_cw ¼ 1
4

d log �Dð Þ
d log �rwð ÞD þ 3

4
D ¼ 3 þ ~n

4
D ð15:21Þ

with
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Fig. 15.2 Schematics of shear stress, shear rate, and flow velocity of a Newtonian in comparison
to a non-Newtonian fluid. z marks the flow direction and rrzis the shear stress in cylinder
coordinates. rw is the shear stress and _cwthe shear rate at the wall
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~n ¼ d log �Dð Þ
d log �rwð Þ ð15:22Þ

The minus sign has to be introduced as D and rw are both negative according to their
derivation. In practice, for the shear rates and the shear stresses as well their absolute
values are used. This convention is applied in all the parts of this book where
material functions depending on the shear rate or the shear stress are discussed.

15.1.2 Velocity Profiles

From the definition of the viscosity it follows for the velocity distribution in a
circular capillary

dv=dr ¼ _c ¼ rrz=g ¼ �Dpr

2Lg
ð15:23Þ

or

v ¼
Z

dv ¼ �Dp

2L

Z
r=gdr ð15:24Þ

This integral can be evaluated in closed form for special viscosity functions, only.
For example, in the case of a constant Newtonian viscosity g0 Eq. (15.24) reads

v ¼ � Dp

2Lg0

Z
rdr ¼ � Dp

4Lg0
r2 þ C

and with the boundary condition v ¼ 0 at r = R one gets

v ¼ Dp

4Lg0
R2 � r2
� �

ð15:25Þ

The velocity profile of a Newtonian fluid according to Eq. (15.25) is plotted in
Fig. 15.2 together with the profiles for the shear stress and the shear rate. These
functions are compared with the profiles of a non-Newtonian shear thinning fluid.
Obviously, the local distribution of the shear stress has to be independent of
rheological properties. The shear stress is zero in the middle of the capillary and
increases linearly up to its maximal absolute value at the wall. The region around
the maximum of the parabolic flow profile for the Newtonian fluid flattens as
according to Eq. (15.25) the non-Newtonian viscosity smaller than g0 enhances v.
The slope near the wall becomes distinctly steeper due to v ¼ 0 at the wall. The
shear rate being the gradient of the velocity follows as a simple consequence.
Near the center of the capillary it increases more weakly than for Newtonian fluids,
but more pronounced by approaching the wall.
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15.1.3 Viscosity Functions and Bagley-Correction

As a first result from capillary rheometry the extrusion pressure as a function of the
apparent shear rate is commonly presented. In Fig. 15.3 an example of measure-
ments on a commercial polystyrene is shown with capillaries of a radius of
R = 0.6 mm and different lengths described by the length to radius ratio L/R. First
qualitative considerations regarding the flow behavior of a material can already be
deduced from such a presentation.

To determine the viscosity functions which have a great importance in practical
rheology a special evaluation has to be applied which is explained by making use of
the data in Fig. 15.3. At seven different apparent shear rates marked by the broken
lines the corresponding pressures are presented as functions of L/R in Fig. 15.4.
This so-called Bagley-plot [2] reveals two features. The points obtained at a distinct
apparent shear rate D can be connected by a straight line which is expected
according to Eqs. (15.15) and (15.16) for a viscosity independent of the pressure
applied. The slope corresponds to twice the shear stress at the wall (cf. Eq. 15.26).
Positive curvatures of p(L/R) indicate a viscosity increasing with pressure.

The second feature which has some interesting consequences is the finding that
the pressure at the capillary entrance (L = 0) is not zero, but positive and becomes
larger with increasing shear rates. This so-called entrance pressure loss has its
origin in particular flow patterns. Extensional flow occurring due to the pro-
nounced differences between the cross sections of the barrel and the capillary is
one reason, the other can be seen in the formation of vortices in the entrance region
observed for some polymers. These flow fields were quantitatively investigated by
laser-Doppler velocimetry and are discussed in Chap. 16.

For an accurate determination of the viscosity the driving pressure in the
capillary Dp has to be determined as sketched in the Fig. 15.5. Neglecting the

40
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L / R

1 2 5 10 20 50 100 200 500
D [s-1]

101

102

p [bar]

Fig. 15.3 Double-logarithmic plot of the extrusion pressure p as a function of the apparent shear
rate D for a commercial polystyrene at T = 190 �C and different length to radius ratios L/R of the
die (R = 0.6 mm)
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small exit pressure, the true shear stress at the wall rw then follows from the slope
tana as

rw ¼ p � pe

2L=R
¼ 1

2
tan a ð15:26Þ

The entrance pressure loss pe is of importance insofar as in the case of short dies it
can represent a remarkable portion of the total pressure. The practical relevance
of this fact is discussed in more detail in Sect. 11.5.3 on shear rheology. From
Fig. 15.5 it becomes obvious that the Bagley-plot sometimes is formally inter-
preted by assuming a virtual capillary which is longer than the real one.

For practical purposes the apparent viscosity ga calculated as the quotient of the
true shear stress obtained by means of the Bagley-plot and the apparent shear rate at
the wall is often discussed as the latter one is directly correlated with the volume rate
_V (cf. Eq. 15.16). Making use of the numerical description of the apparent viscosity
log ga as a function of log D by a polynomial as presented in Sect. 11.5.2, the true
shear rate _cw at the wall can be determined by calculating the factor ~n for the
Weissenberg-Rabinowitsch correction from its definition in Eq. (15.22) according to

1
~n
¼ d log rw

d log D
¼ d log ga

d log D
þ 1 ð15:27Þ

As the true viscosity calculated from measured quantities at the wall is a
material function and, therefore, does not depend on the location at which it was
determined the index ‘‘w’’ is usually omitted.
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Fig. 15.4 Presentation of the
extrusion pressure p as a
function of the length to
radius ratio L/R of the
capillaries for various
apparent shear rates
D (Bagley-plot). The
experimental data were taken
from Fig. 15.3
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In Fig. 15.6 the apparent viscosity ga as a function of the apparent shear rate
D is compared with the true viscosity g as a function of the true shear rate _c for a
standard polystyrene with Mw = 400 kg/mol at a temperature of 190 �C.
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ppαtan =−=
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D = const.
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p=ps+p e

p [bar]

Fig. 15.5 Interpretation of the Bagley-plot. pe is the entrance pressure loss and ps the pressure
loss due to the flow through the capillary
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Fig. 15.6 Apparent viscosity ga as a function of the apparent shear rate D in comparison with the
true viscosity g as a function of the true shear rate _c for a standard polystyrene with
Mw = 400 kg/mol at 190 �C. The curves were obtained by a time-temperature shift. (Reprinted
from [3] with permission from Carl Hanser Verlag, München)

478 15 Rheometry



The differences between the apparent and the true viscosities taken at the same
values of the corresponding shear rates are small and, therefore, are often
neglected for applications. According to Eqs. (15.27) and (15.21) the true and the
apparent shear rates are the same in the Newtonian region. They become the more
different the more pronounced the shear thinning is, i.e., the more the viscosity
function approaches the slope of -1.

15.2 Slit Rheometry

The elaborate method of determining the viscosity function by measurements with
circular capillaries of different L/R ratios and the use of the Bagley-plot could be
avoided if the pressure gradient were obtained directly from transducer readings.
In the case of a circular capillary, it is not possible for geometrical reasons to place
suitable gages within the wall. The slit geometry, however, allows the flush-
mounted installation of transducers as sketched in the Fig. 15.7. The first who
published this idea and measurements with a self-constructed slit rheometer was
Janeschitz-Kriegl [4, 5, 6]. Later on this method became commercialized.

The positions of the pressure gages have to be chosen far enough from the inlet
of the die to be able to investigate the locally constant flow. As it is shown in
Sect. 16.3.1.2 the effect of the entry flow can still be seen within the slit at some
distance from the entrance.

For the calculations of the shear stress rw and the shear rate D at the wall, a slit
element of the length DL between the two pressure gages is regarded. A Cartesian
coordinate system as sketched in Fig. 15.8 is introduced. According to the con-
vention widely found in the literature, for the discussions of the flow in slits the
x-coordinate is chosen in the direction of flow, the y-coordinate in that of the
velocity gradient, and z describes the neutral direction.

p2p1

ΔL

B

H

pressure gauges

Fig. 15.7 Flow profiles and positions of the pressure transducers p1 and p2 in a slit die. B is the
width and H the height of the slit
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From a simple balance of the forces acting on the volume element sketched in
Fig. 15.8 for a slit with the height H much smaller than the width B, the shear
stress rxy follows as

rxy ¼ �Dpy

DL
ð15:28Þ

Dp is the pressure difference measured by the pressure gages mounted at the dis-
tance DL from each other. The shear stress rw at the upper wall, i.e., for y = H/2,
then reads

rw ¼ �DpH

2DL
ð15:29Þ

that one at the lower wall, i.e., y ¼ �H=2, is positive.
By considerations similar to those for the circular capillary the velocity dis-

tribution within the slit for a Newtonian liquid with the viscosity g0 follows as

v ¼ Dp

2DLg0

H2

4
� y2

� �
ð15:30Þ

the volume rate _V as

_V ¼ BH3Dp

12DLg0
ð15:31Þ

and the apparent shear rate D at the lower die wall as

D ¼ 6 _V

BH3
ð15:32Þ

y

x
z

H

B

Fp
H/2

-H/2

y=0

ΔL

Fs

Fig. 15.8 Coordinate system used for the slit die and schematics of the force balance for the
marked volume element. H and B are the height and the width of the slit, DL is the distance
between the pressure transducers. Fs is the tangential force, Fp the force exerted by the pressure
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The true shear rate at the wall _cw can be calculated by a relation similar to that
of Weissenberg and Rabinowitsch for the circular capillary, viz.,

_cw ¼ D
2
3
þ 1

3
d log D

d log rw

� �
¼ 2 þ ~n

3
D with ~n ¼ d log D

d log rw
ð15:33Þ

The shear stress rxy (Eq. 15.28), the flow velocity v (Eq. 15.30) and the shear
rate _c ¼ dv=dx are schematically presented in the Fig. 15.9 for a Newtonian and a
non-Newtonian liquid. In both cases the shear stresses obviously are the same as
they are independent of material properties. The velocity fields differ insofar as the
parabola for the Newtonian fluid flattens in case of the non-Newtonian liquid and
consequently the linear increase of the velocity gradient over the slit height typical
of a Newtonian fluid changes remarkably (cf. lower parts of Fig. 15.9). The
velocity fields sketched in Fig. 15.9 for a non-Newtonian liquid are verified in
Fig. 16.13 by investigations with the laser-Doppler velocimetry.

By measuring the pressure p0 in the barrel of a slit rheometer the entrance
pressure loss pe can be determined according to Fig. 15.10. Assuming a linear
pressure distribution within the slit, the pressures at the slit entrance (x = 0) and
exit (x = L) can be calculated from the pressure readings p1 at the positions x = L1

and p2 at x = L2. The pressure at the exit is generally small for polymer melts and,
therefore, not much discussed in the literature. The entrance pressure loss pe which
can be of some relevance for processing (cf. Sect. 11.5.3) follows as

pe ¼ p0 � p x ¼ 0ð Þ ð15:34Þ
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Fig. 15.9 Shear stress rxy, shear rate _c, and velocity field v in a slit die for a Newtonian and a
non-Newtonian fluid
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The fact that in spite of their obvious methodical elegance slits are not as
widely used as circular capillaries for the determination of viscosity functions goes
back to very simple technical reasons. Pressure transducers are to handle with
great care as their membranes are prone to mechanical damage, particularly, due to
fouling by solidified melt residues. Furthermore, precise slits of small heights are
not easy to manufacture and cleaning them may be hard. In all the cases for which
plane walls are required as for optical investigations on flowing polymer melts, for
example, the slit is the geometry of choice, however, (cf. Sect. 16.2.2).

15.3 Rotational Rheometry

One great advantage of rotational rheometers is the small amount of material needed
for a comprehensive rheological characterization. Moreover, they are distinguished
by a wide variety of experimental modes which can be applied to the samples. These
are described in Chap. 11. The principle of rotational rheometers is that the material
is sheared between two walls, one of them fixed and the other rotating. Widely used
today in the field of melt rheology are plate-plate and cone-and-plate geometries.
Measuring quantities are the angular velocity and the torque. In the following it is
presented how the shear rate and the shear stress and, consequently, material
functions characterizing a polymer melt can be derived from them.

15.3.1 Plate-Plate Rheometer

Figure 15.11 shows the principle of a plate-plate assembly. Between the two parallel
plates with the radius R the sample of the height H is placed. The upper plate may be
driven with a constant angular velocity X and the resulting torque M measured at the

pressure

diereservoir

position
L 1 L 2 L0

pa

p2

p1

Δp

ΔL
pe

p0

p'

Fig. 15.10 Schematics of the
pressure distribution in a slit
die. pe: entrance pressure
loss; pa: exit pressure loss; p0,
p1, p2: pressure readings in
the barrel and at the positions
x = L1 and x = L2 within the
slit, respectively
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lower plate. In addition, the normal force FN can be registered. For a quantitative
description of the flow and stress fields a cylindrical coordinate system is introduced
with z pointing into the direction of the rotational axis of the system and its origin
located at the upper side of the lower plate (cf. Fig. 15.11). The azimuth angle
is denominated as u. The u-direction is the direction of flow (1-direction), the
z-direction that of the velocity gradient (2-direction) and r designates the neutral
direction (3-direction). It is assumed that in the stationary state all fluid particles at a
distinct z-coordinate perform a rotation around the driving axis with the angular
velocity x zð Þ. The velocities in the three directions then follow as:

vr ¼ 0 vz ¼ 0 vu ¼ rx zð Þ ð15:35Þ

and the components of the deformation rate tensor from Eq. (8.41a) as

drr ¼ dzz ¼ duu ¼ dru ¼ drz ¼ 0 ð15:36Þ

2duz ¼ r
ox
oz

¼ _c ð15:37Þ

As the shear stresses rr# and rrz are zero and due to symmetry reasons the stress
field does not depend on the u-coordinate, the equations of motion for a creeping
flow without volume forces then follow from Eq. (7.6) as

orrr

or
þ rrr � ruu

r
¼ 0 ð15:38Þ

oruz

oz
¼ 0 ð15:39Þ

orzz

oz
¼ 0 ð15:40Þ

Ω

sample

H plate
0 r

z

M
R

FN

Fig. 15.11 Schematics of a
plate-plate assembly.
H sample height, R sample
radius, X angular velocity,
M torque, FN normal force
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ruz depends on duz only and, therefore, from the Eqs. (15.39) and (15.37) follows
that

o2x
oz2

¼ 0

Taking the boundary conditions x z ¼ 0ð Þ ¼ 0 and x z ¼ Hð Þ ¼ X into account
the solution of this differential equation is

x zð Þ ¼ X
H

z ð15:41Þ

and with (15.37)

_c ¼ X
H

r ð15:42Þ

The shear rate is a linear function of the radius r. It becomes zero at the rotation
axis and attains

_cR ¼ XR

H
ð15:43Þ

at the rim.
Whereas in the case of the capillary and slit rheometers the stress distributions

are given for a distinct geometry, for the plate-plate rheometer it is the shear rate
which according to Eq. (15.42) is the preset quantity. The rheological law then
determines the stress distribution which is reflected by the integral of the torque M
acting on the plate, i.e.,

M ¼
Z2p

0

ZR

0

rruzrdrdu ¼ 2p
ZR

0

r2ruzdr ð15:44Þ

With ruz � r and the new integration variable _c ¼ Xr=H the integral (15.44)
becomes

M ¼ 2p H=Xð Þ3
Z_cR

0

_c2r _cð Þd _c ð15:45Þ

For a further evaluation one needs the rheological law, i.e., a relation between r
and _c. In the simplest case of a Newtonian liquid r ¼ g0 _c is valid and the torque
follows as
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M ¼ p
2

R4

H
g0X ¼ p

2
R3g0 _cR ¼ p

2
R3rw ð15:46Þ

with rw being the shear stress at the rim. From this equation it is obvious that the
radial dimension of a sample has to be determined very carefully to get reliable
values for the viscosity as inaccuracies propagate with the fourth power of R.

For a non-Newtonian fluid the exact stresses can be determined experimentally
by a procedure similar to that one applied in case of the shear rates for the capillary
rheometer (cf. Sect. 15.1.1). For this purpose, an apparent shear stress S at the rim
is defined according to Eq. (15.46) by

S ¼ 2M

pR3
ð15:47Þ

assuming a Newtonian viscosity. With M from Eq. (15.45) and _cR from
Eq. (15.43) the following relationship between the apparent and the true stress is
obtained

S ¼ 4
_c3

R

Z_cR

0

_c2r _cð Þd _c ð15:48Þ

Differentiation of the product S _c3
R with respect to _cR leads to the equation which

relates the true stress at the rim r _cRð Þ to the apparent stress S, viz.,

r _cRð Þ ¼ S
3
4
þ 1

4
d log S

d log _cR

� �
ð15:49Þ

This equation is of a similar structure as that of Weissenberg and Rabinowitsch (cf.
Eq. 15.21). As the differential quotient in Eq. (15.49) comes to lie between 0 and 1
for polymer melts it follows

3
4

S� rR\S ð15:50Þ

i.e., real and apparent shear stresses at the wall are not extremely different from
each other.

Shear rate and shear stress distributions in a plate-plate assembly are sketched
in the Fig. 15.12. The shear rate increases linearly from zero to its maximal value
at the rim. It is determined by the rotational velocity and the plate geometry and,
therewith, independent of material properties. Evidently, for a Newtonian liquid
the shear stress rises linearly from zero to its value S at the wall. The true stress of
a non-Newtonian liquid becomes smaller than its Newtonian counterpart by
approaching the rim.
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From measurements of the normal force acting on the rheometer plates some
information about the normal stress difference can be obtained as shown in the
following. Differentiating the identity

rzz ¼ rrr þ rzz � rrrð Þ

with respect to r, then multiplying the result with r and using Eq. (15.38) one gets

r
orzz

or
¼ ruu � rrr

� �
þ r

o

or
rzz � rrrð Þ

or by introducing the notations r11 for the stress component in the flow direction,
r22 for that in the direction of the velocity gradient and r33 for the neutral direction
it follows

r
orzz

or
¼ r11 � r22ð Þ þ r22 � r33ð Þ þ r

o

or
r22 � r33ð Þ ð15:51Þ

With

r11 � r22 ¼ n1 _cð Þ _c2

being the first normal stress difference (cf. Eq. 11.3),

r22 � r33 ¼ n2 _cð Þ _c2

the second normal stress difference and replacing the differentiation after r by that
after _c according to

γ

σ

R

Newtonian

non-Newtonian

Fig. 15.12 Schematics of the
shear rate _c and the shear
stress r in a plate-plate
assembly for a Newtonian
(broken line) and a non-
Newtonian (full line) fluid
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r
o

or
¼ _c

o

o _c

one gets from Eq. (15.51)

drzz

d _c
¼ n1 _cð Þ _c þ n2 _cð Þ _c þ d

d _c
n2 _cð Þ _c2
	 


ð15:52Þ

n1 _cð Þ and n2 _cð Þ are the corresponding normal stress coefficients.
This equation can be integrated for constant normal stress coefficients n1 _cð Þ ¼

n1;0 and n2 _cð Þ ¼ n2;0 which are valid in good approximation at small shear rates.
Substituting _c by r and setting rzz r ¼ Rð Þ ¼ rzz Rð Þ one obtains

rzz rð Þ ¼ 1
2

n1;0 þ 3n2;0
� �X2

H2
r2 � R2
� �

þ rzz Rð Þ ð15:53Þ

Assuming that the radial stress at the rim is zero, i.e.,

rrr Rð Þ ¼ 0

from the second normal stress difference at the rim

r22 � r33 ¼ n2;0 _c
2
R ¼ rzz � rrr

it follows

rzz Rð Þ ¼ n2;0 _c
2
R

and, therefore,

rzz rð Þ ¼ 1
2

n1;0 þ 3n2;0
� �X2

H2
r2 � R2
� �

þ n2;0
X2

H2
R2 ð15:54Þ

For the normal force FN acting on the lower plate one gets with Eq. (15.54)

FN ¼ 2p
ZR

0

rzz rð Þ rdr ¼ � p
4

n2;0 � n1;0
� �R4X2

H2
ð15:55Þ

The normal force increases quadratically with the angular velocity X whereas
the torque increases linearly with X (cf. Eq. 15.46). Again the dominant role of the
sample diameter for the accuracy of the measurements becomes obvious due to its
influence by the fourth power. As Eq. (15.55) shows, some information on the
normal stress coefficients can be obtained from a measurement of the normal force.
The results are of a limited value insofar, as the sum of the first and the second
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normal stress coefficients can be determined from Eq. (15.55) in the linear range,
only. Changing the experimental parameters R, H or X, in principle offers a
possibility to calculate the two normal stress coefficients as long as the experi-
ments are performed in the linear range. But the measurements are generally not
accurate enough to be of much practical importance. A better method for normal
stress measurements is the cone-and-plate rheometry which is discussed in the next
section.

15.3.2 Cone-and-Plate Rheometer

A schematic of the cone-and-plate assembly is presented in the Fig. 15.13. A cone
with small angles b up to 5� which just touches the fixed plate by its somewhat
flattened tip is driven with the angular velocity X. The sample which approxi-
mately forms a spherical sector is sheared between cone and plate. For an eval-
uation of the rheological data it is assumed that the melt adheres to the surfaces of
both of them. The torque and the normal force generated at the fixed plate are
measured. Technical details can be found, for example, in [7].

For a quantitative description of the flow kinetics a polar coordinate system is
chosen, the origin of which comes to lie at the cone tip. The polar angle # is
counted from the rotation axis and becomes 90� at the plate. The azimuth angle is
denoted by u, and r designates the distance of a volume element from the origin.
Its projection on the plate is given by q ¼ v cos 90� � #ð Þ ¼ v sin #. It is assumed
that in the stationary state the surface of a cone formed by the material rotates with
the angular velocity x #ð Þ around the symmetry axis which is X at # ¼ 0 and
becomes 0 on the plate at # ¼ 90�: The velocities follow as:

rβ

Ω

R ρ

0

M

FN

ρ

N

Fig. 15.13 Schematics of a
cone-and-plate assembly.
b cone angle, # polar angle,
R plate radius, r radial
position of a volume element,
q projection of its position on
the lower plate, X angular
velocity, M torque, FN normal
force
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vr ¼ 0 v# ¼ 0 vu ¼ qx #ð Þ ¼ rx #ð Þ sin # ð15:56Þ

According to Eq. (8.41b) the components of the strain rate tensor in polar coor-
dinates are

drr ¼ duu ¼ d## ¼ dr# ¼ dru ¼ 0 ð15:57Þ

2d#u ¼ 1
r

ovu

o#
� cot #

r
vu ¼ sin #

dx #ð Þ
d#

¼ _c #ð Þ ð15:58Þ

These relations correspond to a viscometric flow shearing the surfaces of the cones
(#-areas) in u-direction which is the direction of flow (1-direction). The #-
direction is that of the velocity gradient (2-direction) and the r-direction is the
neutral direction (3-direction).

The equations of motion for creeping flow without volume forces follow from
Eq. (7.8) under the assumptions that for symmetrical reasons the components of
the stress tensor are independent of u and the two shear stresses rru and rr# are
zero as

orrr

or
þ 2rrr � r## � ruu

r
¼ 0 ð15:59Þ

or##

o#
þ r## � ruu
� �

cot# ¼ 0 ð15:60Þ

or#u

o#
þ 2r#u cot# ¼ 0 ð15:61Þ

The shear stress r � r#u follows as;

r ¼ C
�

sin2 #

which can directly be verified by insertion into Eq. (15.61). If the shear stress at
the lower plate # ¼ p=2ð Þ is called rw one gets

r ¼ rw

�
sin2 # ð15:62Þ

and for the torque acting on the lower plate

M ¼ �2p
ZR

0

rrwrdr ¼ � 2p
3

rwR3 ð15:63Þ

The minus sign has to be chosen as the gradient ox=o# and according to
Eq. (15.58) the shear rate and following from that the shear stress is negative.
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According to Eq. (15.62) the shear stress is minimal at the plate (# ¼ p=2) and
reaches its maximum at the cone, i.e., # ¼ p=2 � b. For small cone angles b the
differences of the stresses at cone and plate become negligible as

r p=2 � bð Þ ¼ rw

�
sin2 p=2 � bð Þ ¼ rw= cos2 b ð15:64Þ

With a cone angle of b ¼ 5� it follows r ¼ 1:008rw. As for such a marginal
change the viscosity does not vary much, the shear rate _c can be regarded as
constant, i.e., from Eq. (15.58) follows with sin # ¼ sin p=2 � bð Þ ffi 1 in good
approximation

_c ffi dx
d#

¼ const:

and with the boundary conditions x # ¼ p=2ð Þ ¼ 0 and x # ¼ p=2 � bð Þ ¼ X one
gets

x #ð Þ ¼ X
b

p=2 � #ð Þ ð15:65Þ

and

_c ffi dx
d#

¼ �X
b

ð15:66Þ

This direct relation between the shear rate and the angular velocity together
with the shear stress according to Eq. (15.63) leads to a simple formula which
allows the determination of the viscosity from the directly measured quantities
torque and angular velocity by

g _cð Þ ffi 3b
2pR3

M

X
ð15:67Þ

From Eqs. (15.66) and (15.67), data of the viscosity function can be obtained
directly without any corrections. Similar to capillary rheometry, only positive values
of the shear rate and the shear stress are conventionally used (cf. Sect. 15.1.1).
The range of the shear rate is limited, however, as at values relevant for processing a
fracture of the melt at the rim may occur which leads to inaccurate measurements,
e.g., [8, 9]. Therefore, the cone-and-plate rheometer is a preferable instrument for
the determination of viscosities at small shear rates used for the characterization of
polymers (cf. Chap. 13).

The analysis of the normal stress distribution and following from it the method
to determine normal stresses with the cone-and-plate rheometer start from
Eq. (15.59) and (15.60) by identifying the u-coordinate with the 1-direction, the
#-coordinate with the 2-direction, and the r-coordinate with the 3-direction. One
gets
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r
or33

or
þ 2r33 � r11 � r22ð Þ ¼ r

or33

or
� r11 � r22ð Þ � 2 r22 � r33ð Þ ¼ 0 ð15:68Þ

or22

o#
þ r22 � r11ð Þ cot # ¼ 0 ð15:69Þ

The following considerations based on the special conditions valid within the
slit of a cone-and-plate rheometer with a small enough cone angle lead to inter-
esting conclusions regarding the determination of the normal stress differences.
According to Eq. (15.69), at the plate (# ¼ 90�) it follows or22=o# ¼ 0, i.e., r22

depends there on r, only. As in good approximation _c is constant within the gap,
the normal stress differences r11 � r22ð Þ and r22 � r33ð Þ, which depend on _c2, are
constant there, too, and their derivatives with respect to r are zero. One conse-
quence is that or22=or ¼ or33=or and according to Eq. (15.68)

� or22

or
¼ � r11 � r22ð Þ þ 2 r22 � r33ð Þ½ � 1

r
ð15:70Þ

As the normal stress differences are independent of r, from the integration of
Eq. (15.70) follows with the boundary condition r r ¼ Rð Þ ¼ r Rð Þ

�r22 rð Þ ¼ � r11 � r22ð Þ þ 2 r22 � r33ð Þ½ � ln r=R � r22 Rð Þ ð15:71Þ

At the rim, the stress component in r-direction has to be zero, i.e., r33 Rð Þ ¼ 0
and

r22 Rð Þ ¼ r22 Rð Þ � r33 Rð Þð Þ ¼ n2 _cð Þ _c2 ð15:72Þ

The normal force FN acting on the plate follows from Eq. (15.71) as

FN ¼ �2p
ZR

0

r22 rð Þrdr

¼ �2pr22 Rð Þ
ZR

0

rdr � 2p r11 � r22ð Þ þ 2 r22 � r33ð Þ½ �
ZR

0

r ln r=Rdr ð15:73Þ

and with partial integration of the second integral

FN ¼ �pr22 Rð ÞR2 þ p
2

r11 � r22ð Þ þ 2 r22 � r33ð Þ½ �R2 ð15:74Þ

As the term in the squared bracket is the same for all r it can be taken at r = R and
with the consequence r33 Rð Þ ¼ 0 it follows
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FN ¼ pR2

2
r11 � r22ð Þ ð15:75Þ

This result means that in the case of small cone angles b cos b ffi 1ð Þ the first normal
stress difference can directly be determined from a measurement of the force acting
on the plate of a cone-and-plate rheometer. By changing the angular velocity the
first normal stress difference can be obtained as a function of the shear rate.

In [10] an interesting way is proposed how to measure the first and the second
normal stress difference from cone-and-plate experiments. The basic idea is to
partition the plate with the radius R into two coaxial parts by a circular slit. The
normal force FN is monitored then on the inner plate with the radius Ri. The stress
acting on the inner plate has to be integrated up to Ri instead of R in case of the
non-separated one. Equation (15.73) becomes with the boundary conditions
already introduced before

FNi ¼ �2p
ZRi

0

r22 rð Þrdr

¼ pR2
i

2
r11 � r22ð Þ þ pR2

i r11 � r22ð Þ þ 2 r22 � r33ð Þ½ � ln R=Ri ð15:76Þ

This equation contains the first and the second normal stress difference as the
two unknown quantities. Changing R or Ri results in the corresponding normal
forces. From the at least two conditional equations both normal stress differences
can be determined as a function of shear rate. In practice, the inner plate connected
with the sensors is changed. This obvious concept requires a lot of effort, however,
and is not much in use, therefore. As reported in [9] the results obtained for
commercial polystyrene were found to be slightly dependent on the cone angle.

To reduce the experimental time for determining the shear stress and the two
normal stress differences in parallel, in [11] a partitioned cone-and-plate assembly is
introduced which avoids the time-consuming change of the inner plate. The torque
and the normal forces are measured at the inner plate and the outer ring. The viscosity
and the first normal stress difference can be obtained directly from the readings of the
sensors connected with the inner plate. Based on Eq. (15.76) a direct relation for the
second normal stress difference can be derived [11]. It was found, however, that this
elegant experimental method gives less stable results for the second normal stress
differences than the one with exchangeable inner plates as the signals of the outer
plate are more prone to occurring edge fractures and flow irregularities [11].

These experimental difficulties are the reason why there are not many reliable
measurements of the second normal stress difference in the literature. Consent exists,
nowadays, that it is negative and dependent on the shear rate applied. A value of
around 10 % of the first normal stress difference may be used as an approximation.

The great advantage of the cone-and-plate rheometer is the relatively good spatial
constancy of the shear rate within the gap at correspondingly chosen cone angles.
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Therefore, this instrument is very suitable for direct measurements of viscosity
function and the shear rate dependence of the first normal stress difference in par-
allel. It is very versatile as by a special control of the drive unit a variety of modes can
be applied. Stressing and creep experiments are possible and dynamic-mechanical
tests are very common, today.

A limitation of the cone-and-plate rheometer is the fact that at longer experi-
mental times and higher shear rates secondary flow phenomena can occur which
disturb the linear flow profiles as was explicitly shown for polymer solutions in [8]
and for polymer melts in [9], for example. Additionally, a fracturing of the melt at
the rim has been observed by several authors the probability and intensity of which
become the higher the larger the shear rate. Such irregularities affect the mea-
surements of shear and normal stresses even in the case of a partitioned plate
assembly [9]. Therefore, in the case of polymer melts the cone-and-plate rheom-
eter is a suitable instrument for investigations of rheological properties at shear
rates not too far away from the Newtonian region. An extension to higher shear
rates interesting for applications can be attained from dynamic-mechanical mea-
surements when use of the Cox-Merz relation can be made (cf. Sect. 11.3.1). But
for this mode, too, an undisturbed flow profile within the gap is the base of reliable
experiments.

15.3.2.1 Alternative Derivation of the Equations for Shear Rate
and Shear Stress

A simple derivation of the equations for shear rate and shear stress of a cone-and-
plate geometry is given in the following. The shear rate _c defined as the gradient of
the velocity vu in u-direction with respect to the #-direction can approximately be
written as (cf. Fig. 15.13)

_c � � dvu

dr sin p=2 � #ð Þ ¼ � dvu

rd cos #
¼ dvu

r sin #d#
ð15:77Þ

The velocity vu follows as

vu ¼ x #ð Þq ¼ x #ð Þr sin # ð15:78Þ

For the small cone angles b chosen, it follows sin # � 1 and then the shear rate
_c becomes

_c � dx #ð Þ
d#

ð15:79Þ

As the plate is fixed, i.e., x ¼ 0 at # ¼ p=2, and the cone # ¼ p=2�bð Þ rotates
with the angular velocity X one gets for the angular velocity of a sample adhering
to the walls
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x #ð Þ ¼ X
b

p=2 � #ð Þ ð15:65Þ

and

_c � �X
b

ð15:66Þ

For a shear rate which is independent of the position within the slit, the shear stress
r is constant, too, and the torque exerted on the rotational axis becomes

M ¼ �2p
ZR

0

rrrdr ¼ � 2p
3

rR3 ð15:63Þ

From the measured rotational velocity X and torque M of a cone-and-plate
geometry with the cone angle b and the plate radius R the shear viscosity can be
determined. In practice, the minus signs for the shear rate and the shear stress
following from the exact physical derivation are neglected.

The equations for the shear rate and the shear stress were derived without using
polar coordinates and the somewhat complicated corresponding components of the
stress and deformation rate tensors as in Sect. 15.3.2. Such a simplified consider-
ation cannot be applied, however, for the evaluation of the normal stress differences
from cone-and-plate measurements.
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Chapter 16
Measurements of Flow Fields of Polymer
Melts by Laser-Doppler Velocimetry

16.1 Motivation

The formulas for the evaluation of material functions from rheological experi-
ments as presented in the foregoing sections are based on certain assumptions
concerning the underlying flow fields. Adhesion to the wall is the fundamental
condition for all the derivations. But not all polymer melts stick to the wall and
there are cases for the processing of polymer melts in which slippage on the walls
of a tool is deliberately generated (cf. Sect. 17.3). Therefore, it is of fundamental
interest to know the conditions under which the flow of a polymer melt takes place.

Besides that, there are phenomena particularly connected with capillary flow
which can only be understood by looking at the flow fields in detail. Examples are
the extrudate swell and the various appearances of melt fracture. In general, the
flow in a capillary rheometer, which is frequently applied to determine viscosity
functions and which is the base of the widely used melt indexer, has to be regarded
as very complex as it is composed of an entry flow region and the shear flow in the
capillary.

Some attempts were undertaken to get an insight into the flow pattern by
observing differently dyed polymer layers during or after extrusion. A big disad-
vantage of this method is that the single fluid elements cannot be distinguished
from each other and, therefore, a quantitative evaluation of the velocities is
difficult.

Another visualization method is the streak photography. It is based on tracer
particles added to the fluid the motion of which is followed up by photography or
more recently by particle image velocimetry. From these methods, in principle,
particle velocities can be determined, but the results from the literature show that
the accuracy is not high enough for getting reliable quantitative results for geo-
metrically complex flows.

A method to measure velocity fields with a much higher accuracy is the laser-
Doppler velocimetry (LDV). Developed for the determination of velocities in
gases, it was used in the 1960’s for measurements in water [1]. Later, first LDV
measurements were performed on polymer solutions, e.g., [2, 3, 4, 5].
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LDV-measurements on polymer melts are very scarce in the literature. First
results were reported 1980 on a low density polyethylene [6], and later ones on low
and high density polyethylenes [7], on a high density polyethylene [8] and a
polybutadiene [9]. Particularly for polymer melts, the accuracy of the measure-
ments was not good enough to get a quantitative picture of the velocity distribu-
tions in the secondary flow regions which are of special interest, however, with
respect to the features of the entry flow and their dependence on the molecular
structure of the polymers. One reason for this is the high temperature sensitivity of
the viscosity of polymer melts, and following from that, unsymmetrical flow fields
due to a nonuniformity of the temperature along the ducts occurred. The other
reason are vibrations from external sources which superimpose the motion of the
scattering particles in the melt.

Further developments in applying the LDV-technique [10, 11] made it possible
to investigate flow phenomena in polymer melts with high accuracy. Therefore,
laser-Doppler velocimetry can now be regarded as a reliable and interesting
experimental method to investigate the flow behavior of polymer melts and to add
new information to the knowledge already obtained with classical rheological
methods as discussed before.

16.2 Measuring Principle and Setup of a Slit Die

16.2.1 Measuring Principle of Laser-Doppler Velocimetry

The requirements for LDV measurements on polymer melts are very special from
two points of view. Firstly, the velocities are small in comparison to those in gases
and liquids and, therefore, very prone to disturbances from outside. Secondly, the
temperature distribution has to be very uniform, as the viscosity of polymer melts
and following from it the velocity distributions are very temperature sensitive.
This fact represents a great experimental challenge, particularly, in the case of
large and complicated flow geometries.

The physical base of the laser-Doppler velocimetry is the optical Doppler effect.
If a light source of a frequency fS moves with the velocity v relative to an observer,
then a frequency fD is measured which for v � c reads

fD ¼ fS= 1�v=cð Þ ð16:1Þ

with c being the velocity of light and v the velocity component in the direction
given by the connecting lines between the light source and the observer. The
fundamentals of LDV can be found, for example, in [12]. They are not simple
enough to become a part of this book. But a few features are outlined here which
are necessary for an understanding of some of the results. In practice the so-called
two beam method is applied which is sketched in Fig. 16.1. The laser-Doppler
velocimeter consists of two main components, the optics and the burst spectrum
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analyzer for the evaluation of the laser signals. The incident laser beam is optically
split up into two beams which are guided by a glass fibre to the measuring probe
and focused on the sample volume to be investigated. At their intersection, the
interference of the two beams forms a fringe pattern with bright and dark planes
separated by the distance Dx from each other. The ellipsoidal measuring volume
has typical dimensions of a & 30 lm and c & 300 lm which determine the
spatial resolution of the method (cf. Fig. 16.1). The light which is backscattered
from a particle traversing the measuring volume contains the velocity information,
i.e., the Doppler frequency fD. The scattered signal is detected by the measuring
probe and conducted through glass fibers to a photomultiplier which transforms it
into an electrical signal as shown in Fig. 16.1. This so-called Doppler burst con-
tains the Doppler frequency fD which is related to the velocity component v?of the
particle vertical to the main axis of the measuring volume by

fD ¼ v?=Dx ¼ v?2sin Uair=2ð Þ=k0air ð16:2Þ

Uair is the angle between the two beams crossing each other and k0air the wave
length of the laser light measured in air.

The Doppler frequency fD can be obtained by a Fourier analysis of the pho-
tomultiplier signal a typical example of which is shown in Fig. 16.1. This so-called
back scattering device needs only one window whereas two windows are needed if
the forward scattering is exploited.
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Doppler-burst
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Fig. 16.1 Interference pattern and Doppler burst [11]
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The temporal resolution of the LDV-system used was 2 ms, the velocity range
covered 50 lm/s to 50 m/s. The parallel velocity component vjj can be obtained by
an additional measurement after having rotated the optical plane around the optical
axis by 90� or making use of the second wavelength of a two color laser. This
method is very elegant, but needs separate optics. The modern glass fiber tech-
nique for guiding the light beams allows to mount the optics to a three-dimensional
translation stage which offers the possibility to position the measuring volume with
a spatial resolution better than 10 lm. More detailed information on the technique
underlying the results presented is given in [11].

16.2.2 Experimental Setup of a Slit Die

In principle, the LDV-device described can be used to measure velocity profiles of
polymer melts in various geometries. The only prerequisite is a window to let the
laser light pass. Therefore, in addition to laboratory experiments, LDV has the
potential to investigate the flow of polymer melts in processing equipments.
Results of flow profiles of a polypropylene melt extruded through a flat die of
300 mm in width are reported in [13] and shortly addressed in Sect. 17.4. For
fundamental investigations, particularly on the influence of the geometry of a tool
or the molecular structure of the polymeric material on the flow behavior, labo-
ratory-scale equipments are used. Rectangular ducts and slit dies are preferred as
they are simpler to handle with respect to the optical techniques than circular
geometries.

An example of a die which was particularly designed for LDV-experiments is
represented in Fig. 16.2. The flow channel consists of a reservoir of a squared
cross section of 14 9 14 mm and a slit capillary of 50 mm in length, 1.0 mm in
height, and 14 mm in width. The entrance angle from the reservoir to the slit is
180�, the contraction ratio 14:1. On one side the channel is covered by a glass
window. The Cartesian coordinate system is chosen as shown in Fig. 16.2. The slit
dimensions and the entrance geometry can be varied rather easily by changing the
insets forming the die. The flow channel is equipped with four pressure trans-
ducers. One is located at x = - 35 mm, i.e., in the reservoir, the others are
mounted along the slit at x = 5 mm, x = 21 mm, and x = 37 mm.

The challenge of measuring flow profiles of polymer melts accurately sets some
standards for the flow channel with respect to a uniform temperature distribution.
In order to get a symmetrical velocity field the temperature has to be constant
independent of the local position. This goal is not easy to achieve in a device for
which obviously the window must not be covered by heating elements which
normally are not transparent for light, of course. For the experimental device
shown in Fig. 16.2, a local temperature constancy of 0.2 �C could be reached
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within the channel by using 12 separately controlled heat cartridges. The channel
can be connected to machines which are able to supply a continuous and steady
flow of melt without generating disturbing vibrations of the channel. A laboratory
extruder in combination with a melt pump was found to fulfil these requirements.

16.3 Flow Fields in Different Sections of the Slit Die

The flow fields in different parts of the channel presented in the Fig. 16.2 are of
interest from the processing and the fundamental point of view. It is well known
that polymer melts can show complex patterns when flowing through a narrowing
duct as it is the case at the entrance of a capillary, for example. These phenomena
are dependent on external parameters like throughput, temperature, and geometry
as well as on the molecular structure of the material.

Of great importance for an understanding of the processing of polymers is the
knowledge about the flow behavior of their melts in circular and rectangular ducts.
Slippage or adhesion on the wall of a die, for example, determine some important
features of the processing performance of polymer melts. Investigations on the
velocity fields at the die exit are very helpful in understanding some aspects of
melt fracture. Furthermore, they give some insight into the kinematics of the
extrudate swell.
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main flow 
direction
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die inserts

extruded
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Fig. 16.2 Flow channel.
W = Hres = 14.0 mm.
Hslit is variable. The
contraction ratio is defined
as CR = Hres/Hslit
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16.3.1 Entrance Flow

It has been known for a long time that contraction flows of polymer melts and
polymer solutions can be accompanied by flow irregularities although the Rey-
nolds numbers are far below the critical value for turbulence. These irregularities
which are called secondary flow appear as vortices in the corners of the contrac-
tion. An example for a polymer melt, in this case a low density polyethylene, has
been published in [14]. The results were obtained by streak photography which
gives a good overall picture of flow phenomena, but is not a quantitative method
for determining flow profiles. They describe the somewhat surprising feature that
the pronounced secondary flow found for a long-chain branched polyethylene
cannot be observed for a linear polyethylene.

This puzzling result was tried to be explained in [15] by the assumption that the
larger elastic properties of the long-chain branched material is the source of the
secondary flow. From this interpretation, the notation ‘‘elastic turbulence ‘‘may
have been derived which is sometimes used in the literature instead of secondary
flow. It should be taken into consideration, however, that special linear polyeth-
ylenes can also exhibit an amount of elasticity similar to that of long-chain
branched species (cf. Table 16.1). Later on, it was postulated, that the differences
in strain hardening are responsible for various secondary flow patterns as long-
chain branched polyethylenes show strain hardening, but linear polyethylenes not
[16]. Therefore, the molecular origin of secondary flow has to be left open.

The secondary flow phenomena have initiated some efforts to model them e.g.,
[17, 18]. In many cases, these attempts have been of limited value, only, as
accurate quantitative measurements of the velocity fields and, therefore, a com-
parison of theory and experiment were not available at that time.

Besides a general fundamental interest in the phenomena of secondary flow
there are some aspects regarding the processing of polymer melts. If the flow
pattern is stable and the velocities within the vortices are low then the residence
times for a polymer molecule can be very long giving rise to thermal degradation

Table 16.1 Characteristic data of the polyolefins investigated

LDPE 2 LDPE 3 HDPE LCB-PP L-PP

q (25 �C)[g/cm3] 0.918 0.918 0.953 0.909 0.908
Mw [kg/mol] 250 410 300 587 245
Mw/Mn 17 24 15 10 5
g0 [kPas] 26a 800b [660c 34c 24c

Strain hardening ++ ++ + ++ -

Elastic properties ++ ++ ++ ++ +

a T = 170 �C, b T = 150 �C, c T = 180 �C
++very significant, +weak, -absent
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which may go thus far that gels or carbon particles originate. In processing, these
degradation products are called ‘‘fish eyes’’ or ‘‘black specs’’, respectively.

16.3.1.1 Flow Profiles in the Reservoir

In Fig. 16.3 the velocity profiles vx (y) in the reservoir at different positions x
upstream the slit are plotted for LDPE 2, some properties of which are given in
Table 16.1. The measurements were performed at an apparent shear rate of
D = 122 s-1 and a temperature of T = 150 �C. All the profiles show an excellent
symmetry which demonstrates the high reliability of the measurements and a
sufficient uniformity of the temperature distribution across the channel. The shapes
of the profiles change completely within a distance of about 10 mm upstream the
slit entry. They indicate a pronounced convergent flow. At x = - 20 mm, i.e.,
20 mm above the entrance plane in the reservoir, the velocity profile vx(y) is fully
developed and no longer influenced by entrance effects as it does not differ from
the profiles at x = -30 and -40 mm (For the matter of clarity the corresponding
curves are not explicitly shown). From Fig. 16.3 it is obvious that there exist
strong elongations of the melt near the center of the reservoir. 1 mm in front of the
slit, i.e., at x = -1 mm, the velocity on the channel axis, i.e., y = 0 mm and
z = 0 mm, is about eight times that in the fully developed region, whereas 2 mm
away from the center line (|y| = 2 mm) the velocities become comparably small.
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Fig. 16.3 Velocity components vx (x,y) over the width of the reservoir at different distances x
from the entrance plane for LDPE 2. (Reprinted from [10] by permission from The Society of
Rheology)
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16.3.1.2 Flow Along the Channel Axis

The flow along the axis of the channel which is purely elongational and changes
significantly close to the entrance region deserves special attention as it offers
interesting insights into features related to rheological measurements with the
capillary rheometer, the basics of which are discussed in Chap. 15. Assumptions
are made the validity of which, strictly taken, have to be proven for each material
separately. In Fig. 16.4, the velocity component vx (x) along the axis (y = z = 0)
of the flow channel consisting of the reservoir and the slit is shown for the LDPE 2.

Four different flow regions can be distinguished:

1. The fully developed flow upstream the slit entry (x \ -10 mm)
2. The converging flow (-10 B x B 0 mm)
3. The developing flow within the slit (0 B x B 15 mm)
4. The fully developed flow within the slit (x [ 15 mm)

Within the fully developed flow regime in the reservoir, a constant velocity of
v = 3 mm/s is found for an apparent shear rate in the slit of D = 122 s-1. By
approaching the slit entry plane x = 0, the velocity vx increases rapidly. In the slit
(0 \ x \ 0.5 mm) the velocity profile shows an overshoot. The origin of this
phenomenon which was observed, for example, in [6] too, was an open question
for many years, particularly, as an overshoot was not found for LLDPE. From
LDV-measurements conducted with very high accuracy it was concluded in [19]
that the three-dimensional flow of the LDPE in the entrance region can be regarded
as the reason for the overshoot confirming the modelling predictions in [18].
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Fig. 16.4 Velocity profile vx (x) along the center line of the channel, i.e., z = y = 0 mm, for
LDPE 2 [11]
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Besides the overshoot, Fig. 16.4 points to a behavior of the LDPE melt which
has some relevance for viscosity measurements using capillary rheometers. Within
the slit, the shear flow is fully developed not before x � 15 mm, i.e., a length of 15
slit heights of 1 mm is needed to achieve the constant velocity of vx = 26 mm/s
under the conditions given. This feature has to be considered, if measurements of
the shear viscosity are carried out using a slit viscometer. A pure shear flow does
not exist along a rather considerable distance from the slit entrance within the
capillary for the LDPE 2. That means, in this range the basic assumptions for the
determination of the shear viscosity are not fulfilled. Therefore, the lengths of slit
dies chosen for rheometers have to take the properties of the material investigated
into account and the pressure gauges have to be positioned correspondingly.

This insight is underlined by the readings of the four pressure gauges mounted
to the rear of the flow channel (cf. Fig. 16.2) which are presented in Fig. 16.5. It is
clearly seen that the reading of the pressure gauge at x = 5 mm is higher than the
linear extrapolation according to the other two gauges located in the region of the
fully developed pure shear flow. Thus, the pressure gradient has to be determined
from the transducers at x = 21 mm and x = 37 mm. The die entry pressure loss pe

(cf. Sect. 15.1.3) is obtained by means of the pressure difference between the
reading of the transducer in the reservoir and the pressure extrapolated to the die
entry plane at x = 0. The exit pressure loss pa is found to be very small in
comparison to the entrance pressure loss pe for the long-chain branched polyeth-
ylene investigated.

From the pronounced changes of vx with x around the contraction as shown in
Fig. 16.4, a large elongational deformation becomes obvious. The elongational
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Fig. 16.5 Pressure profile measured in the flow channel at the three positions po, pm, pu in the slit
and p in the reservoir for LDPE 2. pe is the entrance pressure loss and pa the exit pressure loss.
The temperature was T = 150� and the apparent shear rate D = 122 s-1 [20]

16.3 Flow Fields in Different Sections of the Slit Die 503

http://dx.doi.org/10.1007/978-3-642-55409-4_15


rate _exx = qvx/qx along the channel axis is plotted in Fig. 16.6 in addition to vx(x).
In the regions of the fully developed flow upstream and downstream of the con-
traction the elongation rates _exx are zero, of course. In the converging flow region,
_exx strongly increases, reaches its maximum shortly before the slit entrance, and
then decreases almost spontaneously to negative values which are caused by the
velocity overshoot shortly behind the slit entrance. Though the corresponding
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Fig. 16.6 Velocity vx(x) and elongational rate _exx along the channel axis for LDPE 2 at
T = 180 �C and an apparent shear rate D = 100 s-1

10 LDPE 2

6

8

2

4

 
  

0

-15 -10 -5 0 5 10
-2

x-position [mm]

Fig. 16.7 Elongational rate _exx in flow direction and _eyy perpendicular to it measured along the
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504 16 Measurements of Flow Fields of Polymer Melts by Laser-Doppler Velocimetry



apparent shear rate of around 100 s-1 is at the lower limit of those occurring in
processing operations, the maximum elongational rate of 9 s-1 is already rather
high in comparison to values which can be achieved by laboratory elongational
rheometers (cf. Sect. 12.3).

An important aspect of the elongational deformation along the center line of the
channel becomes obvious if the two components _exx and _eyy of the strain rate tensor
are compared (cf. Fig. 16.7). The experiment on the LDPE shows that _exx(x) is
equal to –_eyy(x). As the velocity components vy cannot be measured in the slit due
to geometrical restrictions, this result was experimentally only verified within the
reservoir. For the incompressible polyethylene melt the equality of _exx and -_eyy

means that the elongation is planar for z = 0 (cf. Sect. 12.2). It has to be con-
sidered, however, that this relation is only valid within the accuracy of the mea-
surement as it was shown by the more sophisticated investigations in [19] that the
flow of the LDPE is not truly two-dimensional even in the central plane.

16.3.1.3 Flow Beyond the Channel Axis

As Fig. 16.3 shows, vx decreases from the center to the wall and seems to become
zero at some distance from the barrel axis. If the velocities vx in the marked area of
the left part of Fig. 16.8 are plotted at a higher resolution, however, it is obvious
that negative vx components exist which indicate a mass flow opposite to the main
stream (right part of Fig. 16.8). Their values are small, but due to the excellent
performance of the LDV-device used they can be measured with a rather high
accuracy. The extension of the negative velocities along the y-direction is the
larger the smaller the distance from the entry plane. The velocities at the walls of
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positions x from the entrance plane for LDPE 2. The temperature was T = 180 �C and the mass
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the reservoir (|y| = 7 mm) diminish as it should be for a melt sticking to the wall.
The distribution of the velocity component vy along the y-axis which is represented
in Fig. 16.9 shows a point-symmetric feature. Whereas 8 mm away from the entry
plane the velocity distribution reflects the main flows into the directions of the slit
inlet, distinct components opposite to the main flow can be observed by
approaching the entry plane. These velocity components indicate that in distinct
regions the melt flows towards the wall and not to the center of the channel.
Velocity vectors resulting from the separate measurements of vx and vy in the
Figs. 16.8 and 16.9 are plotted in Fig. 16.10 and give a quantitative picture of the
vortices already qualitatively described in [14]. As the flow fields in the channel
were found to be highly symmetric with respect to the center line of the reservoir
only one half is plotted and discussed in the following. The velocities within the
vortex presented in Fig. 16.10 lie distinctly below 1 mm/s. In comparison to those,
the velocities in the region of the main flow towards the slit inlet are much higher.
In the literature the main flow is often designated as primary flow and the vortices
are called secondary flow.

For a more detailed investigation of the influence of different experimental
conditions and molecular parameters on the secondary flow phenomena, a quan-
tification of the vortices is introduced which is described in detail in [20]. Based on
a velocity balance, the full line in Fig. 16.10 was determined separating the vortex
from the main flow. Using this procedure, the vortex area A can be quantified.
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Fig. 16.9 Velocity components vy over the reservoir width at z = 0 and different distances x
from the entrance plane for LDPE 2 at T = 180 �C and the apparent shear rate D = 100 s-1. The
error bars indicate the reproducibility of the measurements [22]
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16.3.1.4 Secondary Flow of Linear and Long-Chain Branched
Polyolefins

In [14] and [21] visually observed vortices were reported for a long-chain branched,
but not for a linear polyethylene. A similar behavior was found in [22] for a linear
and a long-chain branched polyethylene (cf. Fig. 16.11) and a linear and long-chain
branched polypropylene (cf. Fig. 16.12) which were quantitatively investigated
using the LDV-technique. The branching structure—although important for some
properties of a polymeric material—is surely not the quantity from which a corre-
lation with secondary flow phenomena can be expected. Rather, the rheological
behavior should be considered as it provides direct insights into the flow of polymer
melts.

Some characteristic data of the LDPE, the HDPE and the two PP are given in
Table 16.1. The two long-chain branched polymers LDPE 3 and LCB-PP show a
pronounced strain hardening at elongational rates larger than 0.05 s-1 whereas the
strain hardening of the HDPE is small in this range, but becomes higher at lower
rates [22]. The elasticity measured by the extrudate swell is significantly larger for
the LCB-PP than for the linear PP. The extrudate swell data for the three poly-
ethylenes are very similar, as shown in [22]. This finding is surprising and points to
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a high molar mass component of the HDPE which could not be detected by gel
permeation chromatography, however. Whereas from the results on the polypro-
pylenes one could suppose that the elasticity plays a decisive role for the formation
of vortices, this heuristic deduction does not hold in case of the polyethylenes and,
therefore, is not of a general validity. The findings are inconsistent with assertions
from the literature that elasticity has to be regarded as the origin of secondary flow
resulting in the annotation ‘‘elastic turbulence’’ for the occurrence of vortices.

The correlation between vortices and strain hardening as proposed in the lit-
erature (e.g., [23] ) does not hold at a first glance, either, since the HDPE which
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characteristic data of the materials are given in Table 16.1 [22]
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does not exhibit vortices shows at least an indication of strain hardening. It is very
small in the range of the higher elongational rates, however, which dominate in the
entrance region (cf. Fig. 16.6). Empirical correlations discussed in [24] give at
least a hint that strain hardening and secondary flow may be related to each other.

From the investigations of the flow patterns in the entrance region it becomes
obvious that the significant elongation of the melt and the vortices may contribute
to the measured entrance pressure loss. As for the linear polypropylene and
polyethylene, which do not exhibit any secondary flow, entrance pressure losses
are found it may be concluded that the elongational deformation is their main
source.

16.3.2 Flow Inside the Slit Capillary

In Fig. 15.9 qualitative pictures of the shear rate and the velocity profile of a
non-Newtonian liquid in a slit are shown. With the LDV setup presented, it is
possible to quantitatively measure the velocity across a slit capillary and to derive
the shear rate from it. In this way the validity of assumptions underlying the use of
a slit rheometer to determine viscosity functions can be checked. An example of
such a flow profile measured for LDPE 2 is shown in Fig. 16.13. For an analytical
presentation of the experimental data two formulas were used. The polynomial
with the coefficients ai

vx yð Þ ¼
Xm

i¼1

ai 1 � 2y=Hð Þ2
� �i

ð16:3Þ

provides a more formal description without a physical background, whereby the
relationship

vx yð Þ ¼ v0 1 � 2y=Hj j nþ1ð Þ=n
� �

ð16:4Þ

is based on the power law (cf. Eq. 11.14). v0 is the velocity in the center of the slit,
H the slit height and the parameter n specifies the power-law index. A detailed
derivation of Eq. (16.4) can be found in [20]. According to the presupposition
made it is obvious that with Eq. (16.4) good results can only be expected if the
experiment is conducted in the range of the viscosity functions following a
power-law behavior, i.e., it is not as generally applicable as the polynomial.

From Fig. 16.13 it can be concluded that for m = 4 the measured velocity data
are described with good accuracy. The fitted curve resulting from Eq. 16.4 with
n = 0.36 can hardly be distinguished from the polynomial. The fit parameter n is
in good agreement with n obtained for LDPE 2 directly from its viscosity function
(cf. Fig. 11.4).
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It is interesting to note that the two different fit functions were obtained by
setting the slit height H to 1.0 mm. A velocity of vx = 0 at the walls is obtained
from both of the fits, i.e., the melt of LDPE 2 sticks to the wall as assumed for the
determination of viscosity functions by measurements of the pressure gradient and
the throughput in a capillary rheometer (cf. Sect. 15.1.1).

For comparison, the velocity profile of a Newtonian liquid of the same output
rate is plotted as a dotted line. It becomes obvious to what extent the shear thinning
of the polyethylene for this output rate flattens the parabolic flow profile.

In Fig. 16.14 the shear rate _c yð Þ ¼ dvx=dy obtained as the derivative of the
velocity profile is plotted as a function of the position y across the slit height. The
magnitude of the shear rate in the Newtonian range achieves its maximum at the
walls of the capillary and decreases linearly to zero in the center of the slit at
y = 0. In the non-Newtonian regime the curve of the shear rate exhibits an S-shape
which was qualitatively derived according to the considerations presented in
Fig. 15.9. The shear stress shown by the dotted line in Fig. 16.14 was obtained
from the pressure gradient (cf. Fig. 16.5).

Using the shear rates obtained from the difference quotients of the point-wise
measured velocities and the shear stresses at various y-positions, the viscosity as a
function of the shear rate can be presented. The values are plotted as open triangles
in Fig. 16.15. They show a big scatter at low shear rates due to the inaccuracy of
the measurement of small velocities. The full line represents the viscosity
according to the description of the LDV data by the power law. The filled circles
stem from measurements of the volume output rate applying the usual evaluation

-0.50 -0.25 0.00 0.25 0.50
0

10

20

30

40

50

60

  powerlaw fit (n = 0.36)
  polynomial fit (m=4)
  Newtonian fluid (m=1)

v
x
 [mm/s]

y-position [mm]

LDPE 2
T=150 °C, D= 227 s-1

z = 0 mm
x = 40 mm

Fig. 16.13 Velocity profile of LDPE 2 measured across the slit in the non-Newtonian regime
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procedure described in Sect. 15.2 for the determination of the viscosity function
from output rate and pressure gradient in a slit die.

As can be seen from Fig. 16.15, the agreement between data from LDV and
capillary rheometry is excellent in the range of shear rates which is reasonably
accessible by measuring the output rate. At smaller shear rates which are the
domain of rotational rheometry the data from the LDV measurements show a large
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Fig. 16.15 Comparison of viscosity data obtained by different methods [11]
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scatter due to the inherent limited accuracy of the technique. The drawn curve
which goes back to a numerical description of the measured velocity profiles by a
power law has a physical meaning for higher shear rates, only, as the power law is
principally not valid for small shear rates (cf. Sect. 11.5.2).

From Fig. 16.15 it becomes obvious how narrow the measuring regime of LDV
is if this method would be taken into consideration to determine viscosity func-
tions. Moreover, measurements with LDV are much more complicated than those
using conventional rheometers. Laser-Doppler velocimetry demonstrates its
potential if velocity profiles are required to assess the flow behavior of polymer
melts within ducts.

16.3.3 Stick-Slip Phenomena Investigated by Laser-Doppler
Velocimetry

Determining viscosity functions from capillary flow is based on the assumption
that the melt sticks to the wall. This condition is not always fulfilled as qualitative
experiments on PVC [25] and HDPE [26], for example, show. Laser-Doppler
velocimetry can offer a quantitative answer to the question which flow conditions
one has to deal with.

The occurrence of stick and slip plays a decisive role in the case of melt fracture
and, particularly, for the occurrence of the so-called ‘‘shark skin’’ (cf. Sects. 16.3.4.1
and 17.3) which can be a limiting factor for the efficiency of extrusion processes.

Another phenomenon which occurs in capillary flow and has some practical
importance for processing operations like extrusion is the so-called ‘‘spurt effect’’,
i.e., a spontaneous fast flow under certain conditions. It is found for linear poly-
mers as high density polyethylenes, but has never been observed for long-chain
branched polyethylenes. There are some hints that slip effects are responsible for
this behavior which is occasionally exploited for the processing of high density
polyethylenes as it decreases the pressure necessary for extrusion.

An example of the peculiarities of the flow of a HDPE, some characteristic
molecular and rheological data of which are given in Table 16.1, is presented in
Fig. 16.16.

Three regions for the extrusion pressure as a function of the apparent shear rate
can be distinguished. In region I, one gets pressure readings constant with time at
the shear rates applied which result in a smooth flow curve. Region II is defined by
the range of shear rates in which pressure oscillations occur, and in region III the
pressure p as a function of time is constant again but the slope of p (D) is smaller
than in the first part of region I. It is interesting to note that the pressure at the
beginning of region III starts at a value which is lower than that at the end of
region I which means that the melt flows more easily at least in some parts of
region III. Therefore, this behavior is often called superflow.
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Related to the flow characteristics are various features of melt fracture as shown
in the pictures above the curves in Fig. 16.16. Up to a distinct pressure or shear
rate, respectively, the extruded strand is smooth, followed by a surface roughness
which is called ‘‘shark skin’’. Within the range of pressure oscillations smooth and
rippled sections follow each other in a periodical manner. At the beginning of
region III the strand is smooth again, but it gets heavily distorted at still higher
shear rates (not shown here). This feature is typical of gross melt fracture found in
a variety of geometries for all polymers at high enough pressures or shear stresses,
respectively.

LDV makes it possible to measure the flow fields in the different regions
offering some insights into the origin of the phenomena observed.

16.3.3.1 Velocity Profiles in Region I

Figure 16.17 shows the velocities across the slit at different apparent shear rates
D for the HDPE in the regime of stable flow and Fig. 16.18 those of LDPE 2 for
comparison. The curves of the LDPE can numerically well be described by
assuming adhesion of the melt to the wall at all the apparent shear rates measured.
The most remarkable differences of the profiles for the HDPE are that the
velocities close to the wall do not become zero, i.e., that a measurable slippage
exists, even in the range of a smooth flow curve. If a slip velocity vs at the wall is

log D

log p
smooth sharkskin

pressure
oscillations

superflow

direction 
of extrusion

region I region II region III

Fig. 16.16 Schematic presentation of the extrusion pressure p as a function of the apparent shear
rate D in a double-logarithmic scale during the extrusion of a linear polyethylene in a capillary
rheometer. The photographs display the various features of melt fracture which can be observed
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added to Eqs. 16.3 or 16.4, the experimental data can numerically be described
with good accuracy as Fig. 16.17 demonstrates.

It is obvious that vs depends on the shear rate or the shear stress at the wall rw,
respectively. The values of vs taken from Fig. 16.17 are plotted double-logarith-
mically as a function of rw in Fig. 16.19. log vs linearly increases with log rw first
and then bends off. The linear region in Fig. 16.19 can be described by

vs ¼ a r m
w ð16:5Þ

with a = 743 and m = 2.31, if vs is measured in mm/s and rw in MPa.
A power law for the stress dependence of the slip velocity of a high density

polyethylene was reported in [27] and [28] using Mooney’s method of measure-
ments with different capillary radii [29]. The values found for a and m are dif-
ferent, however. But neither the wall materials nor the polymer samples used can
be assumed to be comparable.

The finding that a significant amount of slip at the wall is detectable for the
HDPE investigated even for smooth pressure readings has an important conse-
quence with regard to the determination of viscosity functions using a capillary
rheometer. In such a case the total volume output rate _V is composed of a fraction
_Vs related to slip and _Vv following from viscous flow, i.e.,
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_V ¼ _Vs þ _Vv ð16:6Þ

with

_Vs ¼ WHvs ð16:7Þ

W is the width and H the height of the slit.
From _Vv and the corresponding pressure the viscosity function can be calculated

which is a material property and, therefore, has to be independent of the geometry
of the measuring device. This becomes obvious from Fig. 16.20 which displays
viscosity functions for the HDPE determined in different ways. The shear stress at
the wall was calculated from the pressure gradient measured. The open circles in
Fig. 16.20 were obtained by using the shear rates from a graphical differentiation
of the velocity curves in Fig. 16.17. The large scatter at small shear rates goes back
to the fact that the numerical determination of the shear rates can only be carried
out with some kind of uncertainty due to an inherent inaccuracy of the measure-
ments. The full line follows from the description of the measured velocity data
using a power law. The filled squares represent viscosity data based on the shear
rates determined from the total volume rate _V applying the Weißenberg-Rabi-
nowitsch correction. Their values are obviously too low compared with those from
the velocity profiles. If the viscous part _Vv of the total volume rate _V is taken, i.e.,
the flow due to slip is subtracted, then the filled circles are obtained. They are in
good agreement with the open circles.

This finding demonstrates on the one hand, that the slip of the HDPE observed
in region I is not an artefact of the LDV measurement, on the other, that one has to
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Fig. 16.20 Viscosity function of the HDPE determined without and with slip corrections.
(Reprinted from [33] by permission from The Society of Rheology)
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be sure that the melt adheres to the wall of a capillary if the usual procedure to
determine viscosity functions with capillary rheometers is applied. In the case of
slip, the viscosity function defined as a material property of a material can only be
obtained if the slip velocities are known whose determination requires some
experimental effort, however. For example, in the case of circular dies the method
after Mooney needs measurements with three capillaries of different radii R, but
constant length to radius ratios [34]. For rheological methods based on parallel
plates and cone-and-plate geometries comprehensive and time-consuming exper-
imental work is necessary to determine the slip velocity [35].

Interesting is the fact that in region I ‘‘shark skin’’ above a certain shear rate is
observed, although neither oscillations of the pressure nor of the flow velocity can
be found. This topic is addressed in more detail in Sect. 16.3.4 on the flow
behavior at the exit of the die.

16.3.3.2 Velocity and Pressure Profiles in Region II

Region II is characterized by an oscillating pressure. The transition from the steady
to the unsteady behavior is rather sharp as Fig. 16.21 demonstrates. The small
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Fig. 16.21 Pressure oscillations of the HDPE as a function of time at different positions x within
the channel (one in the reservoir three in the slit) at T = 170 �C. The hatched area marks the time
necessary to change the revolution of the extruder screw. D designates the reduced output rate
according to Eq. (15.32) (Reprinted from [33] by permission from The Society of Rheology)
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increase of the apparent shear rate from D = 110 s-1 to D = 124 s-1 changes the
pressure readings in the channel significantly. Whereas for the smaller shear rate
the pressure is constant as a function of time at all the four positions of the pressure
transducers, oscillations occur at the higher shear rate which show an excellent
reproducibility with time. The critical shear stress for the onset of the pressure
oscillations is found to be 0.19 MPa which is in good agreement with the literature
[28]. The frequencies of the oscillations at the various positions are the same, but
their shapes differ. The pressure amplitudes 35 mm upstream the entrance plane
(x = -35 mm) and 5 mm downstream (x = 5 mm) look very similar, but further
down the slit the pressure minimum becomes broader. At the positions x = 21 mm
and x = 37 mm in the slit, a very distinct spike occurs.

As the photograph of a strand extruded in region II demonstrates, the feature of
the occurring melt fracture can be related to the period of the pressure change (cf.
Fig. 16.21). Around the pressure minima the surface of the strand is smooth, but it
becomes wavy with increasing pressure. This pattern very regularly follows the
pressure oscillations.

In parallel to the pressure fluctuations, significant changes of the velocity within
the slit are observed as Fig. 16.22 shows. Pressure and velocity are plotted as a
function of f�t with f being the frequency of the oscillations. It is obvious from
Fig. 16.22 that velocity and pressure oscillate with the same frequency, but the
shapes of their curves are very different. Two features of the velocity curve are
evident. First, the velocity does not become zero at any time and second, the
velocity at the maximum is eight times higher than the minimum value. Starting
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from the minimum, the velocity increases slowly, but then jumps up steeply and
comes down again forming a small shoulder before reaching the minimum again.

The minimum and maximum velocities of the cycles do not vary much across
the slit height as Fig. 16.23 demonstrates. Near the wall, significant velocities are
still measured, giving evidence of a pronounced slip at the wall. Although the
minimum slip velocities close to the wall are around ten times smaller than the
maxima values, they still exist showing that slip never diminishes during a pres-
sure and velocity cycle in case of the HDPE investigated.

16.3.3.3 Velocity and Pressure Profiles in Region III

As shown in Fig. 16.24, for HDPE a smooth flow can be obtained again by further
increasing the output rate. Changing the reduced output rate from D = 163 s-1 to
D = 176 s-1 results in a disappearance of the pressure oscillations. The constant
pressure readings do not exhibit any indication of an unsteady behavior over a long
period of time. The hatched area in Fig. 16.24 marks the time for setting the
extruder to higher revolutions. Due to the way of the melt from the extruder head
to the channel it takes about 15 s before the pressure corresponding to the changed
flow conditions is obtained.

The velocity profiles in the superflow region at different positions in the slit are
shown in Fig. 16.25. The shape of the velocity profiles indicates a very pro-
nounced slip velocity at the wall which is approximately independent of the
position along the axis of the slit. The velocities in the center of the slit are not
much higher than at the walls indicating a kind of plug flow in the superflow
region.
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There is a slight dependence of the shape of the velocity curve on the position
along the slit axis. Approaching the slit exit, the velocities become smaller and
more constant across the slit height.

The deficiency to calculate a viscosity function in region II is evident, since
pressure and output rates oscillate and, therefore, a material function cannot be
obtained. A determination of accurate viscosity functions for the HDPE within
region III remains illusive, too, as the flow is dominated by wall slip effects.
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Fig. 16.24 Pressure readings at the transition from the oscillating to the superflow regime for the
HDPE at 170 �C. D designates the reduced output rates according to Eq. 15.32. (Reprinted from
[33] by permission from The Society of Rheology)
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At still higher output rates the velocities and pressures become unstable again
as it is known from experiments with high pressure capillary rheometers. This
region could not be reached, however, with the LDV-setup used.

16.3.4 Flow at the Die Exit

Quantitative investigations of the velocity fields at the die exit during the extrusion
of a polymer melt are of interest as two phenomena are observed there which are
of relevance for processing, namely extrudate swell and melt fracture. Whereas the
extrudate swell can be related to elastic properties of a polymer, the various
appearances of melt fracture are not fully understood up to now. Widely accepted
is the assumption that ‘‘sharkskin’’ is caused by stress concentrations at the die exit
which were found in [30], for example, using birefringence. By this method,
insights into the localized distribution of stresses are not possible, however, and,
therefore, the determination of flow fields which can be measured by LDV with
high spatial resolution bears the potential to get more detailed insights into the
processes taking place at the die exit.

In Fig. 16.26 some velocity profiles of LDPE 2 near the slit exit are presented.
The polymer was extruded at a temperature of 135 �C and an apparent shear rate
of D = 12.5 s-1. The origin of the coordinate system is located at the slit entrance
(cf. Fig. 16.2). Due to the length of the slit of 50 mm positions smaller than
50 mm lie within the die and those larger than this value are outside. The relatively
high scatter of the velocities measured for the extruded strand (cf. Fig. 16.26) is
due to the experimental fact that outside the flow channel the melt is not guided
any more by walls and tends to wobble around the center axis of flow. Never-
theless, clear tendencies can be observed. The layer of the melt sticking to the wall
within the capillary, i.e., having the velocity zero there, attains the finite velocity
of the extruded strand at some distance from the exit. As a consequence, the outer
layer of the extruded sample is elongated. The maximum velocities in the middle
of the strand decrease with the distance from the capillary exit and gradually
become equal to those at the rim, i.e., these parts are compressed.

The velocities vy perpendicular to the extrusion direction at different distances
from the slit exit can be measured, too, as Fig. 16.27 demonstrates for the LDPE 2.
They describe how the strand expands and give an insight into the kinematics of
the extrudate swell. Obviously, vy yð Þ shows a point symmetry. As vy is found to be
at least partially a linear function of y, the gradients and therewith the elongational
rates in the direction perpendicular to the flow can easily be assessed. The highest
values are obtained close to the die exit. They become smaller with growing
distance from the exit due a superposition of two effects: The tendency of the
extrudate swell to approach its equilibrium and the cooling of the strand leading to
longer retardation times.
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The flow profiles of an LLDPE near the exit inside and outside the slit which
was extruded under the same conditions as the LDPE are presented for the
x-direction in Fig. 16.28 and for the y-direction in Fig. 16.29. They are qualita-
tively similar to those of the LDPE.
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Fig. 16.28 Velocity profiles in extrusion direction for an LLDPE near the exit of the slit.
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HJ Unpublished results)
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For both melts adhesion to the slit wall can be assumed and a distinct velocity
maximum occurs along the slit axis. The strands of the LLDPE and the LDPE reach
a constant velocity of 1.5 mm s-1 in extrusion direction at some distance from the
slit exit. The velocity perpendicular to it, which describes the time dependence of
the swell of the extrudate, obviously approaches zero within the accuracy of the
measurements when the extrusion velocity has equilibrated. The flatter flow profile
of the LDPE within the slit in comparison to the LLDPE goes back to its more
pronounced shear thinning as discussed in Sect. 17.2. It is interesting to note, that
this effect is still visible 0.4 mm from the exit (x = 50.4 mm) demonstrating the
memory effect of the molecules.

Close to the slit exit the gradient of vy which corresponds to the elongational
rate perpendicular to the extrusion direction is distinctly higher for the LDPE than
for the LLDPE which goes along with the larger extrudate swell observed for the
LDPE. With further distance from the exit the elongation rates approach each
other.

The results presented show the complexity of the flow at the exit. Besides the
obviously non isothermal state, the elongational deformation is of a biaxial nature.
Moreover, the elongational rates in extrusion direction and perpendicular to it
change along the extruded strand from their largest values close to the slit exit to
zero in the totally recovered or solidified state.

16.3.4.1 Relation Between Exit Flow and ‘‘Shark Skin’’

The local flow profiles in the exit region are taken as the base for a discussion of
‘‘shark skin’’. As ‘‘shark skin’’ is a surface defect, the flow fields and the elon-
gational rates at the rim, i.e., at yj j ¼ 0:5 mm are of special interest. For a qual-
itative discussion the elongational rate in extrusion direction _exx is assessed by

_exx � Dvx=Dx ð16:8Þ

and that one perpendicular to it by

_eyy � Dvy=Dy ð16:9Þ

Within the capillary, the velocity vx is zero at |y| = 0.5 mm for the LDPE and
the LLDPE investigated as the melts stick to the wall. Obviously the elongational
rates and following from them the tensile stresses are the highest close to the exit
and decrease along the extruded strand. Therefore, it can be assumed that the flow
conditions existing around the exit are decisive for the formation of ‘‘shark skin’’.
As x = 50.1 mm is the position closest to the slit exit for measurements by the
LDV setup used, the velocities there were taken for an assessment of the elon-
gational rates. From the velocity profiles shown in the Figs. 16.26 and 16.28
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averaged elongational rates of about 13 s-1 for the LDPE and 11 s-1 for the
LLDPE follow in flow direction. The corresponding elongational rates perpen-
dicular to the flow direction are 2.3 s-1 and 1.8 s-1 at x = 50.1 mm, i.e., in a first
approximation the exit flow may be regarded as mainly uniaxial. Knowing the
viscosity functions in uniaxial elongation, the stresses could be calculated. That is
not possible, however, as reliable viscosity data at the rather high elongational
rates and short times around 0.1 s-1 are not available.

‘‘Shark skin’’ can neither be observed for the LDPE nor the LLDPE under these
conditions [31]. Due to experimental limitations, a larger output rate could not be
reached at 135 �C. This situation changes at T = 220 �C and the higher apparent
shear rate of 70 s-1 at which the LLDPE does exhibit visually observable ‘‘shark
skin’’, but the LDPE not [31]. From measurements of the velocity profiles it
follows that the melts stick to the walls. Even for the experiments on the LLDPE
showing ‘‘shark skin’’ no indications of velocity fluctuations within the die are
observable indicating that it is an effect developing outside the slit (Griess HJ
Unpublished results).

At a distance of 0.1 mm from the exit the elongational rate _exx determined
according to Eq. (16.8) reaches a value of 85 s-1 for the LDPE, and 65 s-1 for the
LLDPE, i.e., the velocity fields are not very different. This finding means that
differences of the failure behavior of the two polyethylenes have to be taken into
account. A quantitative discussion of the relations between flow fields, material
properties and the occurrence of ‘‘shark skin’’ is hampered by the following
conditions, however:

The time scales to be regarded lie at around 0.01 s. Stress-strain curves in the
molten state are not able to be measured under these conditions. Even if the time-
temperature superposition principle would find application for the stress-strain
curves, it is an open question whether it could be assumed to be valid for failure
properties which obviously govern the appearance of ‘‘shark skin’’.

In spite of a lack of a quantitative understanding of ‘‘shark skin’’ it can be
concluded that

1. ‘‘Shark skin’’ is an effect originating from flow conditions in the exit region of
a die.

2. ‘‘Shark skin’’ goes back to a failure of the surface layer of the extruded strand.
3. ‘‘Shark skin’’, therefore, is related to both, the abrupt change of the flow field

exerted in the exit region and the resistance to failure of the extruded melt.
4. ‘‘Shark skin’’, is governed by extrusion conditions and material properties.

The findings in [32] and Sect. 17.3 that ‘‘shark skin’’ can be reduced by gen-
erating slip at the wall of a die support the conclusions made above.
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Chapter 17
Rheological Properties and Processing

Rheological properties of a polymer can be very useful to assess some aspects of
processing. For a successful application of rheological data it has to be taken into
account, however, that they strongly depend on temperature, time, and stress or
strain rate, respectively. Therefore, the rheological behavior measured in labora-
tory tests can be of relevance for processing only, if the regimes of the parameters
mentioned above are comparable to each other. While matching the temperatures
normally is not a big problem due to the validity of the time-temperature shift for
most of the polymer melts, particular attention has to be paid to the time scale,
which in many cases is distinctly shorter in processing operations than in rheo-
logical measurements. Additionally, it has to be taken into consideration that
pronounced nonlinear deformations are dominant, the range of which sometimes is
not easy to cover by rheological experiments.

In spite of these restrictions, experiments on a laboratory scale have the
potential to show directions to go for the optimization of processing operations,
particularly with respect to selecting suitable materials. Some examples are given
in the following.

17.1 Melt Flow Rate

The rheological quantity most frequently used today in practice is the melt flow rate
(MFR). It is easy to determine using commercial equipments based on a capillary
rheometer with fixed geometries of the barrel and the die laid down in various
standards, e.g., [1]. The melt heated up to a prescribed temperature is extruded
under different loads generated by a piston with definite weights. They are given in
the standards and chosen in order to get output rates conveniently to measure. The
mass of the exiting strand is determined and registered in the somewhat unusual, but
prescribed unit g/10 min. For this quantity the expression melt flow index (MFI)
can be found in the technical literature, too, which may be misleading insofar as an
index normally stands for a dimensionless quantity. Besides the melt flow rate
(MFR) measured in g/10 min, the melt volume rate (MVR) in cm3/10 min is

H. Münstedt and F. R. Schwarzl, Deformation and Flow of Polymeric Materials,
DOI: 10.1007/978-3-642-55409-4_17, � Springer-Verlag Berlin Heidelberg 2014
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sometimes determined. This quantity is of advantage, whenever a device is used
which continuously measures the extruded volume by monitoring the displacement
of the piston. Although the MFR reflects only one point of the viscosity curve of a
material, i.e., the viscosity at one single shear rate around 1 s-1, it has become well
established over the years. One reason is that data are relatively easy to acquire with
standardized equipments available on the market.

Besides the very narrow shear rate range the MFR is restricted to, there is
another fact which limits its quantitative significance. As the radius of the capillary
is R = 1.048 mm and its length L = 8 mm, the relatively small value of L/R may
imply a remarkable contribution of entrance effects which have to be taken into
consideration if the material property viscosity is determined (cf. Sect. 15.1.3). All
in all the importance of the MFR has to be seen more in the field of a simple
quality control than in an assessment of the flow behavior of a polymer melt for
processing.

17.2 Role of Viscosity Functions

The viscosity function in shear, i.e., the dependence of the shear viscosity on the
shear rate, has to be considered if a deeper insight into flow properties is required.
It is widely used today as the base for modeling extrusion processes or designing
screws and tools. An example of the significance of viscosity functions is shown in
the following.

An LDPE and an LLDPE were processed by a single screw extruder with a screw
diameter of D = 30 mm and a screw length of 20 D which feeds an annular die with
a diameter of 36 mm and a gap width of 0.6 mm. The pressure was measured just in
front of the die. The throughput was 2 kg/h corresponding to an apparent shear rate
of D = 31 s-1 in the die. Details of the equipment are given in [2].

The viscosity functions of these two polyethylenes are shown in Fig. 17.1. They
exhibit the typical feature already discussed in Sect. 11.5.1. At smaller shear rates
the viscosity of the LDPE is higher than that of the LLDPE reflecting the melt flow
rate which is lower by about 10 % for the LDPE. As the shear thinning of the
LDPE is much more pronounced than that of the LLDPE, the viscosity of the
LDPE comes to lie significantly below the curve of the LLDPE in the range of
shear rates typical of extrusion processes. The pressures corresponding to an
apparent shear rate of D = 31 s-1 measured just in front of the die were distinctly
lower for the LDPE than for the LLDPE as expected from the viscosity functions
in Fig. 17.1. This result is just contrary to what one would have expected from the
melt flow rate (MFR) and it exemplarily demonstrates the very limited value of the
MFR if the knowledge of the flow behavior of a melt relevant for processing is of
importance. In fact, viscosity functions in dependence on shear rate and temper-
ature are essential for an assessment of extrusion processes.
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17.3 Influence of Additives on the Surface Defect
‘‘Shark Skin’’

An assessment of the performance of polymer melts with respect to processing is
not only based on viscosity functions, however, as the following examples
demonstrate.

A phenomenon which plays an important role for the processing of polymer
melts is the surface defect ‘‘shark skin’’ (cf. Sect. 16.3.4.1). It is evident that it
limits the extrusion velocity and following from that the efficiency of processing in
all the cases in which a smooth surface is needed. Such a requirement holds for the
wide field of films for packaging applications and a great number of various
extruded items as well. In practice, additives are used to enhance the critical output
rate for the occurrence of ‘‘shark skin’’. The additives generate slip of a melt in a
die which normally sticks to the walls.

In Fig. 17.2, examples for the surface roughness of strands of a commercial
linear low density polyethylene are presented. The LLDPE was extruded under
various conditions through the slit die of the LDV-setup described in Sect. 16.2.1.
At the small mass throughput of 0.07 g/s, the surface of the sample is smooth
(Fig. 17.2 a), at the higher throughput of 0.23 g/s, a distinct roughness of several
lm is measurable (Fig. 17.2b). If a fluoropolymer is added, the strand becomes
smooth again, even at the somewhat higher output rate of 0.25 g/s (Fig. 17.2c).
But this effect was reached after a continuous extrusion with the additive over 2 h,
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Fig. 17.1 Viscosity functions of an LDPE and an LLDPE at a temperature of 190 �C. The data
were obtained from dynamic-mechanical experiments applying the Cox-Merz rule
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only. That means some time is needed before the additive shows its full effec-
tiveness. This finding provokes the question how the flow profiles change under
the influence of the additive. Investigations of this kind offer the chance to better
understand the mechanisms on which the effectiveness of additives is based that
reduce ‘‘shark skin’’. Laser-Doppler velocimetry as discussed in Chap. 16 was
applied to elucidate the effect of the additive. The results are presented in the
following.

From the flow profiles of the LLDPE in Fig. 17.3, it can be concluded that up to
the highest output rate of 0.23 g/s at which ‘‘shark skin’’ is pronounced, the flow
velocities can be extrapolated to zero at the wall of the slit. Slippage is not obvious
and irregularities like oscillations of the melt, for example, are not observed. This
experimental finding underlines the previous conclusion that the origin of ‘‘shark
skin’’ has not to be sought in flow irregularities within the die, but is an exit effect
(cf. Sect. 16.3.4.1).

A totally different picture is obtained, if the fluoropolymer is added. Its con-
centration was set to 0.1 wt. % using a master batch of 5 wt. % fluoropolymer in
LLDPE. At an output rate of 0.23 g/s the surface of the extruded strand was still
rough at the beginning, but after 2 h of extrusion it became smooth and was
comparable to that without additive at the smaller output rate (cf. Fig. 17.2c). The
shear stress at the wall decreased from 0.22 MPa to 0.11 MPa during 2 h of
extrusion and to 0.09 MPa after 3 h. These data are distinctly lower than the value
of 0.18 MPa at which a pronounced ‘‘shark skin’’ comparable to that in Fig. 17.2 b

Fig. 17.2 Surface roughness of an LLDPE after extrusion at T = 220 �C and different mass
throughputs. a and b unmodified material, c with 1000 ppm of the fluoropolymer additive
DynamarTM [3]. The profiles were obtained by scanning electron microscopy
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sets in. These observations are in agreement with results from the literature which
give a range between 0.14 and 0.26 MPa as critical shear stresses for ‘‘shark skin’’
observed for various LLDPE in steel dies [4, 5].

The velocity profile of the LLDPE with 0.1 wt. % fluoropolymer after an
extrusion time of 2 h is shown in Fig. 17.4. Due to the turbidity of the melt
modified by the additive, the measurements were performed at z = -2 mm, i.e.,
two mm closer to the glass window than in the case of the profiles of the melt
without additive which are usually determined in the center plane of the capillary.
The turbidity and following from it the attenuation of the laser beam originates
from the known nonmiscibility of the fluoropolymer and the polyethylene. The
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Fig. 17.3 Velocity vx in flow direction for the unmodified LLDPE within a slit die at various
mass flow rates _m [3]. The flow profiles were measured at x = 30 mm from the slit entrance
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Fig. 17.4 Velocity profile
of the LLDPE mixed with
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of the glass window [3]
(cf. Fig. 16.2)
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extrapolation of the measured velocity data to the walls reveals a distinct slippage.
This finding explains the observed drop of the shear stress in comparison to the
nonmodified LLDPE. In addition, from the remarkable slip velocities it becomes
evident that the change in elongational velocity of the outer layers of the strands
when exiting the slit is smaller than in the case of adhesion to the wall. Corre-
spondingly, the stress acting on the sample surface is lower.

The slippage can be related to a layer of the fluoropolymer on the wall which is
incompatible with the LLDPE. Obviously, the slippage occurs at stresses lower
than those needed for shearing a melt sticking to the wall. Remarkable is the fact
that it takes some time to build up the fluoropolymer layer. This finding is inter-
esting from a fundamental and a practical point of view, as well. From detailed
measurements a lot more could be learnt about the basic mechanisms of the layer
formation, e.g., which role the diffusivity of the fluoropolymer within the poly-
ethylene melt plays and how it could be optimized.

An example for the relevance of flow profiles for the practice of extrusion can
be obtained from measurements related to the durability of the slip effect. Fig-
ure 17.5 shows the velocity profile of the LLDPE without any additive in the
carefully cleaned slit die. Sticking to the wall is evident at the output rate chosen.
The other curve in this figure represents the velocity distribution of the same
unmodified LLDPE after 2 h of extrusion through the capillary which had pre-
viously been exposed to a 3 h extrusion of the melt with the fluoropolymer. The
fact that a pronounced slip at the wall is still found, demonstrates the long-term
efficiency of the preceding treatment. The conclusion is that even after 2 h at the
extrusion conditions chosen the formed fluoropolymer layer is still effective in the
slit die used.

The efficacy of the additive, although surprisingly durable, is finite, however, as
the results of Fig. 17.6 demonstrate. After 12 h of extrusion with the neat LLDPE
following the 3 h of pre-extrusion with the modified product as described before,
slip is still observable but its feature has changed. From Fig. 17.6, it is obvious at a
first glance that the flow profiles have become asymmetrical. The material
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Fig. 17.5 Velocity profiles
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across the slit after different
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measured at x = 38 mm, i.e., relatively close to the capillary exit sticks to the wall
again, at least on one side of the slit. At the positions further away from the exit,
slip is still found, but the slip velocities on this wall are lower than after 3 h of
extrusion (cf. Fig. 17.5). In parallel to the decrease of wall slip, the formation of
‘‘shark skin’’ is observed which gradually spreads across the surface of the
extruded strand and mirrors the asymmetry of the change of the slip velocities.

The results described show that investigations of flow profiles within a slit die
using laser-Doppler velocimetry are an interesting method to get an insight into the
efficiency of additives for the reduction of ‘‘shark skin.’’ Measurements of the slip
velocities bear the potential to tailor additives for different polymers and wall
materials in laboratory experiments.

17.4 Flow Profiles Inside a Flat Die for Film Casting

17.4.1 Motivation

Many processing operations comprise complicated flow patterns of polymer melts.
Therefore, it is difficult to model them comprehensively using adequate equations
of state and suitable rheological material functions. Laser-Doppler velocimetry is a
method to quantitatively investigate flow fields in a tool and draw at least quali-
tative conclusions with respect to an optimization. An example is given for film
casting using a flat die.
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Fig. 17.6 Velocity profiles across the slit at different distances x from the slit entrance after 3 h
extrusion with the modified LLDPE followed by 12 h extrusion of the neat material at
T = 220 �C and a mass throughput of 0.26 g/s [3]
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There exist two methods to produce thin films on an industrial scale: film
blowing and film casting. The film blowing process is the more economical one. It
will shortly be addressed in Sect. 17.5. The film casting process is usually pre-
ferred when films of good thickness uniformity are required which are favorable
for many applications. Therefore, getting a deeper understanding of the basics of
film casting is a challenging task.

There is quite a number of numerical simulations published in the literature,
e.g., [6–8] based on one-, two-, or three-dimensional models which have been of
only limited success, however, regarding their applicability. The number of
experimental studies on film casting is much smaller, particularly, with respect to
the investigation of velocity fields. In [9] LDV-measurements of flow profiles are
presented for a polyethylene terephthalate (PET) in machine direction as well as in
transverse direction. Convincing conclusions from these observations could not be
drawn, however, due to the limited resolution of the experiments.

The laser-Doppler setup described in Sect. 16.2.1 was used to measure the flow
fields along a flat die of 300 mm in width. Some few results are presented as
examples of what can be learnt from a quantitative investigation of the flow in such
an equipment. More comprehensive investigations can be found in [10] and [11].

17.4.2 Experimental Device

A principal view of the die used is shown in Fig. 17.7. The flat die is fed through
the inlet I by a gear pump coupled to an extruder. The melt is distributed then by
the manifold M, which has the shape similar to a coat hanger. The exit region of

Fig. 17.7 Schematic view of the experimental setup of the flat die. I inlet, M manifold, W1 - W5

windows, P1 - P4 pressure transducers. Left: front view of the die. The crosses within the
windows indicate the LDV measuring positions. Right: lateral view of the die, x is the extrusion
direction and s the slit height. (Reprinted from [10] by permission from John Wiley and Sons)
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the die is accessible for the laser light by the five glass windows W1–W5. A three-
dimensional translation stage is applied to position the measuring volume with a
spatial resolution of around 10 lm. The slit width was 300 mm, the slit height was
chosen as 2 mm for all the measurements discussed. The extruded films were
drawn by a special unit allowing a variety of drawing ratios.

The coordinate system is located in the center of window W3, its distance from
the rim of the die is 60 mm. The x-coordinate points into the direction of flow, the
y-coordinate marks the positions along the die width and the z-coordinate stretches
across the slit height.

17.4.3 Flow Profiles

The polypropylene investigated had a weight average molar mass of
Mw = 530 kg/mol and a polydispersity factor of Mw/Mn = 5.3. The flow profiles
across the slit (z-direction) measured in the windows W1, W3, and W5 are presented
in Fig. 17.8 under the conditions given in the caption.

As expected, the linear polypropylene PP1 exhibits profiles principally similar to
those of the LDPE in the slit rheometer (cf. Fig. 16.18). They are symmetrical with
respect to the center of the die. Their extrapolations by making use of Eq. 16.4 give
the velocity zero at the walls and, therefore, it can be assumed that the polypro-
pylene melt sticks to the wall. Within the accuracy of the measurements the max-
imum velocity reached in the center of the slit is the same in the outer windows W1

and W5, but somewhat lower in the middle window W3.
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Fig. 17.8 Velocity profiles across the slit for a polypropylene of Mw = 570 kg/mol and
Mw /Mn = 5.3 (PP 1) at a throughput of _V = 90 cm3 min-1 and a temperature of T = 230 �C The
z-coordinates represent apparent positions across the slit as they were not corrected for the
different refractive indices between air and glass. The solid lines are fitted according to Eq. (16.4).
(Reprinted from [10] by permission from John Wiley and Sons)
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As a uniform velocity distribution along the slit can be regarded as one con-
dition for a uniform film thickness, velocity measurements along the die present
the focus of the following investigations with LDV. For the matter of clarity, only
the maximum velocities v0 are discussed instead of the whole profiles. In Fig. 17.9,
v0 obtained in the various windows is shown at the two temperatures of 200 and
230 �C for various throughputs. At 200 �C (upper part) the velocities in the middle
of the die at y = 0 mm are significantly higher than at the rims 150 mm away.
This effect becomes the more pronounced the higher the volume rate. With respect
to applications the finding of a uniformity of the flow field decreasing with
increasing output rate is of disadvantage as high extrusion rates are required in
practice. The situation becomes more convenient at 230 �C as the lower part of
Fig. 17.9 demonstrates. At this temperature the velocity distribution along the slit
is not much different, particularly, at higher output rates.

As parameters like the temperature and the volume rate obviously have a
measurable influence on the velocity distribution along the flat die the question
arises which effects can be expected from variations of the molecular structure of
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the extruded material. Of particular interest in this aspect are long-chain branched
materials which are favorable with respect to the uniformity of sample deforma-
tion if elongation comes into play. For this purpose another linear PP with
Mw = 360 kg/mol and Mw/Mn = 6.9 (PP 2) and a long-chain branched, distinctly
strain-hardening sample with Mw = 600 kg/mol and Mw/Mn = 9.6 (LCB-PP) were
chosen.

Figure 17.10 clearly demonstrates that under comparable conditions, PP 2 does
not exhibit a constant velocity distribution along the die comparable to that of PP 1
in Fig. 17.9. particularly at the higher output rates. The velocities in the middle of
the die are smaller than at the rims.

According to [12] the power-law index n related to the slope of the viscosity
function by Eqs. (11.13) and (11.14) plays the decisive role for the velocity dis-
tribution along the die, whereas the zero-shear viscosity reflecting Mw is not of
importance. The modeling described in [13] predicts a tendency to lower velocities
in the center of the die for power-law indices higher than that one used for the die
design. The die was optimized for PP 1 with the power-law index n = 0.42. The
experimental results for PP 2 with n = 0.53 in Fig. 17.10 follow these predictions
if compared with those in Fig. 17.9.

In the case of the LCB-PP, a power-law index similar to that of the PP 2 at
220 �C is obtained if the temperature is set to 200 �C. Figure 17.11 exhibits the
results on the velocity distributions. The velocity profiles are rather similar. From
this experimental finding it can be concluded that strain hardening does not
influence the velocity distribution along the flat die chosen, but that the power-law
index seems to be the decisive material parameter which allows the optimization
of the uniformity of the flow at the die exit. This result supports the role of the
power-law index as an important material-specific parameter for the modeling of
extrusion through a flat die.
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17.5 Role of Elongational Viscosity for Processing

17.5.1 General Considerations

The most outstanding feature of elongational flow is the occurrence of strain
hardening for some types of polymers (cf. Sect. 12.5.2). This property should have a
favorable influence on the uniformity of the geometry of a sample during extension
as it becomes obvious from an experiment of thought presented in Fig. 17.12,
which shows in a simplified form the elongational viscosity as a function of the
Hencky strain for a non strain-hardening and a strain-hardening material. Let us
regard the extension of a sample with a localized thinning of its diameter the reason
of which can be manifold in practice. If stretched, the elongation of the thinner part
becomes higher than that of the thicker one under conditions presented by the lower
curve in Fig. 17.12. For a constant viscosity, the portion with the smaller diameter
elongates more and more and the sample may fail, at least. In the case of strain
hardening represented by the increasing viscosity curve in Fig. 17.12 the larger
deformation would lead to a comparatively higher elongational viscosity which
naturally results in a more pronounced resistance to deformation. A kind of
self-healing mechanism occurs which should effect a more uniform extension of the
sample than in the case of the absence of strain hardening.

17.5.2 Uniformity of the Elongation of Samples
with Different Strain Hardening

The relevance of this experiment of thought was checked by investigations of the
uniformity of sample deformation using the MTR tensile rheometer described in
Sect. 12.3.5. The samples were video-recorded and then their diameters manually
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measured at various positions along their length. As an example, results at a low,
medium, and high tensile stress are depicted in Fig. 17.13 for a commercial LDPE.
The initial sample of 25 mm in length and 5.5 mm in diameter was stretched 18
fold which corresponds to a Hencky strain of 2.9.

strain hardening

no strain hardening

no strain hardening

 [Pas] .
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ε

ε

Fig. 17.12 The role of strain hardening for the uniformity of the sample geometry during
extension
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Fig. 17.13 Diameters along the samples of a commercial LDPE stretched at low, medium, and
high constant stresses r. The temperature was 150 �C. The initial length of the sample was
25 mm, its diameter 5.5 mm. The curves at the medium and high stress are shifted for the matter
of a clear presentation. (Reprinted from [14] by permission from John Wiley and Sons)
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The diameter after deformation calculated under the assumption of a constant
sample volume is shown in Fig. 17.13 as a broken line. The fact that the measured
diameters are generally smaller than those expected from a uniform extension is
due to the fastening of the samples to metal clamps by gluing which inhibits any
deformation at their ends.

In order to simplify the assessment of the performance of an elongational
experiment with respect to the uniformity of deformation, a so-called nonunifor-
mity index u is defined as

u ¼ a=dc ð17:1Þ

with

a ¼ 1
n

Xn

i

jdi � dcj ð17:2Þ

dc is the diameter calculated for a uniform elongation at constant volume, di the
diameter of the sample at the position i along the sample and n the number of
positions at which the diameters were determined.

Figure 17.14 compares the nonuniformity indices as a function of the elonga-
tional rate for samples of an LDPE and an LLDPE with geometries very similar to
those in Fig. 17.13. The specimens were elongated using the MTR. Two features
are evident. The LLDPE deforms much less uniform than the LDPE, particularly, at
higher elongational rates and the scatter of the diameters obtained from several
measurements is distinctly larger. The nonuniformity index u of the LDPE becomes
smaller with increasing rate and stays nearly constant between 10-2 and 1 s-1.
However, the nonuniformity significantly grows with _e0 for the LLDPE.

10-3 10-2 10-1 100

0

10

20

30

40

50

60

LLDPE

 LDPE

0 [s-1]

u [%]

.ε

Fig. 17.14 Nonuniformity
index as a function of
elongational rate for an LDPE
and an LLDPE stretched in a
stressing experiment. The
temperature was T = 150 �C
and the maximum Hencky
strain eH ¼ 2:9. The scatter
bars give an idea of the
reproducibility of the
experiments. (Reprinted from
[14] by permission from John
Wiley and Sons)
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The elongational viscosities as a function of time for the two polyethylenes
throw some light on these results. They are shown in Fig. 17.15. The LDPE
exhibits the well-known pronounced strain hardening at higher rates, which
becomes smaller at lower ones and is hardly existent any more at _e0 = 0.002 s-1.
The LLDPE shows a strain hardening behavior just the other way round. It is not
significant up to _e0 = 0.05 s-1, but becomes pronounced at lower rates.

The nonuniformity indices of Fig. 17.14 correlate with these strain hardening
features surprisingly well. In all the regimes in which the strain hardening is small
the uniformity of the sample deformation is distinctly worse than in those with
higher strain hardening. At the lowest elongational rates measured, at which a
pronounced strain hardening for the LLDPE is found the nonuniformity indices of
the two polyethylenes even approach each other.
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Fig. 17.15 Elongational
viscosities l of the two
polyethylenes of Fig. 17.14
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were stretched up to a
maximum Hencky strain of
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3.0 [15]
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17.5.3 Uniformity of Films Blown from Two Polyethylenes
with Different Strain Hardening

Film blowing is a widely used technique, which is governed by distinct extensional
flows. Over the years, it was tried by several authors to quantitatively describe this
rather complicated technical process using rheological data, e.g., [16–18], but a
comprehensive model is still missing. Particularly, the uniformity of the film
thickness has not found much theoretical attention in the literature, although it is of
crucial importance in practice. Therefore, in the following this topic is addressed
from an experimental point of view.

The two polyethylenes whose uniformity during uniaxial elongation in the
MTR device was discussed in the foregoing section were blown into films using an
equipment of a laboratory scale the technical data of which are given in [15]. The
uniformity of the films blown at various processing conditions is presented in
Fig. 17.16, which shows the nonuniformity index u as a function of the take-up
ratio TUR at a blow-up ratio BUR = 2. The ratios are defined as

TUR ¼ v=v0 ð17:3Þ

with v being the velocity of the take-up device and v0 that of the parison at the exit
of the die and

BUR ¼ d=d0: ð17:4Þ

d stands for the diameter of the film bubble in its equilibrium state and d0 for that
of the circular die extruding the parison.

The nonuniformity index u was determined according to Eqs. (17.1) and (17.2)
replacing the diameter of the elongated cylindrical sample by the thickness of the
extruded film. The data necessary for the calculation of the nonuniformity index
were obtained in the following way. Over a length of 25 cm in extrusion direction,
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Fig. 17.16 Nonuniformity
index u as a function of the
take-up ratio TUR for films
blown from the two
polyethylenes characterized
in the Figs. 17.14 and 17.15.
The blow-up ratio was
BUR = 2 and the processing
temperature T = 205 �C.
(Reprinted from [19] by
permission from John Wiley
and Sons)
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the thickness of the solidified film was measured at distances of 1 cm. Five dif-
ferent positions across the film were chosen and averaged to get a mean thickness
to which all the other thickness data were related according to Eq. (17.1). The
nonuniformity indices u obtained in this way are plotted in Fig. 17.16. It is obvious
that the LDPE films are more uniform than those from the LLDPE. At the smallest
take-up ratio the two indices lie very close together. The index for the LDPE does
not change much as a function of the take-up ratio whereas that of the LLDPE
increases significantly. This behavior reflects the general favorable effect of strain-
hardening on the uniformity of deformation as presented by the Figs. 17.12 and
17.14.

The qualitative agreement of the investigations on the uniformity of the blown
film with those obtained by the well-defined elongational experiments is not
necessarily conclusive and needs some further discussion as the experimental
conditions are rather different. The most striking difference is that the laboratory
experiment was performed in the uniaxial mode while in film blowing the
deformation is biaxial. As shown in Fig. 12.19, however, strain hardening
occurring in uniaxial elongation is reflected in a biaxial deformation, too, and,
therefore, the beneficial effect of strain hardening with respect to the uniformity of
deformation can be assumed for the film blowing of the LDPE.

Furthermore, the elongational rates are not at all constant along the blown film.
They are obviously zero just at the die exit and beyond the frost line and attain a
maximum value of 0.8 s-1 in case of the lowest take-up ratio and 2.2 s-1 at the
highest displayed in Fig. 17.16 according to [15]. These elongational rates are in
the range in which a distinct strain hardening is found for the LDPE, but not for the
LLDPE (cf. Fig. 17.15). Insofar, the qualitative agreement between the laboratory
and film blowing experiments with respect to the uniformity of deformation is not
surprising.

The other big difference between the parameters of uniaxial extension and film
blowing is that the elongational experiments with the rheometer were performed
under isothermal conditions, whereas the film blowing is strongly nonisothermal.
However, as discussed before (cf. Sect. 12.5.4), the strain hardening itself is
existent in a wide range of temperatures, but shifts with respect to time and
elongational rate if the temperature is changed. Therefore, strain hardening can be
assumed to be effective under the nonisothermal conditions of the film blowing
experiment, too.

The results presented convincingly demonstrate that uniaxial elongational
experiments performed on a laboratory scale bear the potential for predictions
regarding the uniformity of films blown in a technical process. Furthermore, from
established relationships between molecular parameters and strain hardening in
uniaxial elongation (cf. Sect. 13.3) conclusions can be drawn into which direction
the molecular structure of polymers should be changed if the uniformity of blown
films is intended to be improved.
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17.5.4 Elongational Viscosity and Foaming

Another processing operation of great practical importance dominated by elon-
gational flow is foaming. Particularly, the difficulties to generate polypropylene
foams of high quality led to investigations on the relationship between rheological
properties and foaming. Evidently, the elongational behavior became the focus of
the research in this area and it was shown that the ‘‘melt strength,’’ i.e., the
maximum force an extruded melt strand can be loaded with before it breaks is a
decisive property [20–22]. This failure quantity is usually determined with the so-
called ‘‘Rheotens’’ [23] by drawing down the polymer melt between two counter
rotating wheels and measuring the force. The value of the melt strength depends on
quite a number of experimental conditions and, therefore, is not a well-defined
material function. Strain hardening is experimentally more clearly defined and thus
it may be a more suitable quantity to describe the foaming behavior of a polymeric
material.

To answer the question whether such a relationship exists, a linear and a long-
chain branched polypropylene and blends from them were investigated with
respect to their foaming performance. The foaming was carried out by a laboratory
equipment based on a capillary rheometer which is described in detail in [24] and
[25]. As a chemical blowing agent azodicarbamide was applied. The temperature
for the decomposition of the azodicarbamide was chosen as 200 �C, the foaming
temperature for the investigations presented in the following was 160 �C.

The elongational viscosities of the various blends are shown in Fig. 17.17. For
the linear PP (L-PP) the curves obtained at elongational rates between 0.01 and
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Fig. 17.17 Elongational viscosities l of blends of a linear polypropylene (L-PP) and a long-
chain branched polypropylene (LCB-PP) used for foaming. The curves are shifted to each other
according to the factors indicated [24]
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1 s-1 fall together and agree very well with the linear relationship 3g0 (t). No
strain hardening is observable up to a total strain of about 3 as expected for a linear
polypropylene (cf. Fig. 13.19). The slight decreases at lower elongational rates are
due to nonuniform sample deformations. The long-chain branched material
(LCB-PP) exhibits significant increases of the elongational viscosity which are
approximately the same for the elongational rates applied. The strain hardening of
the blends shows a distinct dependence on the concentration of the LCB-PP. At
5 wt. % of the LCB-PP a strain hardening is visible at lower elongational rates,
which becomes more pronounced at higher concentrations. At 50 wt. % LCB-PP
the strain hardening has nearly reached the level of the neat LCB-PP and is
approximately similar for all the elongational rates applied.

Electron micrographs of strands foamed from the two blend components L-PP
and LCB-PP and blends of 5 and 50 wt. % of the branched material are displayed
in Fig. 17.18. They were extruded at a temperature of 160 �C and an apparent
shear rate in the capillary of D = 360 s-1.

It is obvious that the samples foamed from the LCB-PP and the material with 50
wt. % LCB-PP do show a distinctly more homogeneous cell structure and thinner
cell walls than those of the other two products. Particularly, the foam from the
L-PP contains areas at which foaming cannot be seen. An addition of 5 wt. % of
the branched PP does not much change the morphology of the foam.

200 µm

200 µm 200 µm

(a) (b)

(c) (d)

200 µm

Fig. 17.18 Electron micrographs of foams from a the linear PP (L-PP), d the long-chain
branched PP (LCB-PP) and two blends with b 5 and c 50 wt. % LCB-PP, respectively. The
foaming temperature was 160 �C and the apparent shear rate in the die D = 360 s-1 [24]
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A characteristic property of a foam is its porosity defined as

P ¼ 1 � q
q0

ð17:5Þ

with q being the density of the foam and q0 that of the bulk material. This quantity
is plottedin Fig. 17.19 as a function of the content of the branched PP in the blend.
The porosity of the foam increases up to around 80 % with growing content of
LCB-PP. Up to about 25 wt. % LCB-PP the dependence is very pronounced, but
for higher concentrations the curve levels off and approaches a plateau at about
50 wt. %. As the strain hardening significantly increases with the content of LCB-
PP up to about 50 % and then remains nearly constant (cf. Fig. 17.17), a quali-
tative correlation between strain hardening in uniaxial extension and foam mor-
phology is obvious, although foaming is a biaxial deformation. In Sect. 12.6 it was
shown, however, that if strain hardening occurs in uniaxial extension it can be
observed in the biaxial mode, too. Therefore, the ‘‘self-healing’’ effect of
strain-hardening materials with respect to nonuniformities developing during
deformation (cf. Sect. 17.5.1) can be assumed to be the reason for the better
foamability of the samples containing long-chain branched PP. The cell walls can
be stretched to a higher extent than in the case of a non strain-hardening material
before they break.

Another interesting finding from Fig. 17.19 is the nearly constant degree of
foaming for LCB-PP contents higher than 50 % which corresponds to the strain
hardening not changing much in this range of LCB-PP addition.

These results demonstrate that elongational experiments and strain hardening in
particular bear the potential for an assessment of the suitability of polypropylenes
for foaming. The findings may be generalized with respect to other polymers, too.
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Compressibility, 230
-, time dependent, 232, 235

Conformation, 8
-, completely stretched, 8, 20

Conservation of mass, 256, 257
momentum, 256
angular momentum, 256, 257
energy, 256, 258

Constitutive equation, 258, 259, 390
Doi-Edwards theory 1, 343
Doi-Edwards theory 2, 345
general Wagner theory, 326
isotropic elastic materials, 283
Lodge’s elastic liquid, 299

MSF-theory, 352, 353, 354
special Wagner theory, 325

Coordinates
-, body fixed, 244
-, Cartesian, 224, 257
-, cylindrical, 225, 230, 233, 256, 257
-, polar (spherical), 226, 227, 233, 256,

257, 336, 339
-, space fixed, 244

Copolymer, 2, 381
Copolymerisation, 2
Cox and Merz, analogy of, 309, 310, 370, 422
Creep

uniaxial, 100, 102
Creep-recovery experiment, 123
Creep experiment in elongation, 403, 404
Creep experiment in simple shear, 305, 306,

373
Creep recovery, 373, 377

linearity, 376
steady state, 375

Creep time, 137
Cross-link, 88

-, functionality of, 88, 89, 294
Cross-link density, 94

influence on shear modulus, 95
Cross-links per unit volume, 96, 142, 294
Crystallinity

degree of, 99
X-ray, 101

Crystallization, 10, 110
rate, 104, 110

Currie approximation, 345

D
Damping function, 325, 346, 354
Damping function in shear, 327, 329
Damping function in uniaxial extension, 332,

335
Deformation, see also extension

-, elastic, 123
-, Hookean, 124
-, linear viscoelastic, 124
-, viscoelastic, 124

Deformation energy, 290
-, elastic, 281
density, 281, 282, 285, 288, 289, 293

Deformation gradient, 247
-, inverse, 247, 248
-, relative, 252

Deformation tensor, see strain tensor
Degradation, 500
Density, 111, 249, 250

correction, 214, 466
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Disentanglement, 341
Disentanglement function, 341, 342, 343, 353
Dispersion region, 163
Dispersion steps, 106, 141, 239

a-maximum, 99, 106
b-maximum, 99, 106
c-maximum, 99, 106

Displacement vector, 228, 250
Dissymmetry factor, 66, 67
Doi-Edwards strain tensor, 344

theory 1, 343
theory 2, 343, 344, 347

Doolittle equation, 118, 201
Doppler burst, 497
Drift correction, 374
Duality of equations, 174
Duromer, 4, 78, 84, 96
Dynamic mechanical analysis (DMA), 105
Dynamic-mechanical experiment, 368, 371,

377
Dynamics of deformable bodies, 256

E
Eigen-values of the stress tensor, 259
Eigen-values (principal values), 260, 266, 267
Einstein-equation, 56, 57
Elastic materials, 87
Elastic properties, 432, 441

measurement, 433
Elastic turbulence, 500, 508
Elastomers, 4, 77, 83
Electron micrographs of foams, 545
Elongation, see also extension

at break, 276, 277
at yield, 276, 277

Elongational rate, 388
Elongational viscosity, 451

dependence on branching, 446, 447
dependence on molar mass, 443
dependence on polydispersity, 444, 445
maximum, 416
overshoot, 415
steady state, 409, 417

Elution volume, 69
End-to-end distance, 22
Energy

at break, 221
-, mixing, 27, 29

Entanglement, 89, 298, 324
-, life time, 324

Entanglement molar mass, 92, 95, 297, 425
Entanglement network, 340, 278

-, temporary, 338, 341
-, theory of the temporary, 336

Entanglements per molecule, 95
Entanglements per unit mass, 92
Entanglements per unit volume, 92, 142, 295,

299
Entanglement transition, 143, 148, 204

-, time position, 208
-, time-temperature shift, 208

Entrance pressure loss, 382, 476, 478, 503,
509, 528

dependence on shear stress, 383
dependence on temperature, 383

Entropy, 293, 340
-, mixing, 27, 29
-, specific deformation, 293

Equation of continuity, 257
Equations of motion, 225, 226, 227, 257
Equilibrium conditions, 225
Euler coordinates, 244, 255, 256
Exit pressure loss, 477, 503
Expansion coefficient, 111

in the rubber-elastic plateau, 111
in the glassy state, 111

Experimental window, 141, 156, 192, 193, 312
Extension

-, biaxial, 543
-, equibiaxial, 284, 323, 350, 356, 391
-, multiaxial, 271, 273, 319, 356, 389, 413
-, planar, 323, 351, 356, 392, 414
-, uniaxial, 284, 286, 322, 332, 350, 356,

387, 391, 413, 543
Extension ratio, 281, 287, 289
Extrudate swell, 383, 384, 432, 524

dependence on annealing, 384
dependence on geometry, 385
dependence on molar mass, 434
dependence on polydispersity, 435
dependence on stress, 385
dependence on temperature, 385

F
Fading memory, 251, 299
Film blowing, 542
Film casting, 533
Finger tensor, 248, 249

-, relative, 253, 299, 301, 320, 330, 337,
349

Flat-die extrusion, 533, 534
Flory-Huggins approximation for the free

enthalpy of mixing, 29
Flory-Huggins parameter, 29
Flory-Rehner model, 289, 294
Flow

-, Newtonian, 124
-, rotational, 357
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Flow (cont.)
-, rotation free, 357
-, secondary, 507
-, viscous, 124

Flow fields, see velocity profile
Flow region, 143, 152, 184, 185, 186, 210
Flow temperature, 92
Flow term, 135
Flow transition, 164

-, time position, 206
-, time-temperature shift, 204, 210

Fluidity, 124
Fluoropolymer

additive, 530, 531, 532
layer, 532

Foaming, 544
Forced oscillations below the resonance fre-

quency, 156, 157
Fox and Flory equation, 59, 60
Free damped vibrations with additional mass,

156, 157
Free energy, 340
Free enthalpy, 26

of dilution, 28, 47
of mixing (dissolving), 26
of solution, 28

Free volume, 115, 116, 212, 456
-, expansion coefficient, 116, 117, 456
-, fractional, 201
-, frozen fraction of, 202

Freezing region, 90
Frequency, 86

-, angular, 86, 156
-, reduced angular, 191, 206

G
Gas constant, 29, 216
Gauß distribution, 20
Gaussian chain statistics, 285, 288
Gel permeation chromatography (GPC), 38, 68

coupled with laser-light scattering (GPC/
MALLS), 419, 425, 432

Glass-rubber transition, 90, 142, 182, 183, 194
-, time position, 208
-, time-temperature shift, 193

Glass-temperature, 90, 112, 114, 115, 194,
212, 454

Glass-transition region, 151, 195, 198, 199
Glassy state, 89

-, thermal motions and deformation mech-
anism, 90, 91

-, loss tangent, 220

Green-tensor, 248
-, absolute, 253, 280, 301, 320, 330

H
Hagen-Poiseuille, law of, 50, 473
Heat flow, 105
Hencky strain, 271, 272, 320, 388
Hookean theory of elasticity, 23

I
Impact strength, 106, 110
Incompressible material, 93, 257, 281
Independent alignment assumption, 343
Infrared spectroscopy, 38
Interference pattern, 497
Internal damping, see also loss tangent
Invariants

of the strain tensors, 266, 267, 273
of the stress tensor, 260
of the WLF-equation, 194, 197

Isotropy, 85, 280

K
Kelvin model, 136

-, generalized, 136, 137
Kinematics of large deformations, 243
Kuhn’s statistical segment (length), 34, 35, 60,

338

L
Lagrange coordinates, 244, 255
Lamella, 103
Large amplitude oscillation (LAOS), 373
Laser-Doppler velocimetry (LDV), 495, 496,

533
Leadermann technique, 148
Light scattering, 62
Linearity limits, 129, 130
Linear viscoelastic behavior, 121, 176
Loss tangent, 86, 98, 106, 107, 109, 158, 163,

164, 198, 239

M
Macromolecules per volume, 340
Mark-Houwink equation, 55, 57, 60, 61, 74
Marrucci-de Cindio equation, 347
Maxwell model, 136

-, generalized, 136
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Master curve, 191, 192, 211, 367, 411
Mean square end to end distance

in theta solution, 60, 61
of a vinyl-polymer in theta solution, 35
of linear macromolecules in good solvents,

35
of macromolecules in the glassy and mol-

ten state, 40
of the random walk chain, 23, 59

Mean square radius of gyration, 431, 440
in theta solution, 60, 61
of a vinyl-polymer in theta solution, 35
of linear macromolecules in good solvents,

35
of macromolecules in the glassy and mol-

ten state, 40
of the random walk chain, 25

Measuring techniques
-, mechanical, 156

Melt flow index, 527
Melt flow rate, 527
Melt fracture, 470, 513
Melting temperature, 104, 458
Melt strength, 544
Melt volume rate, 527
Memory function, 297, 299, 325
Metallocene catalyst, 422
Micro-Brownian motion, 8, 19, 89, 90
Mirror relation, 368
Modulus, 163, 198

-, bulk, 87, 230
-, complex, 161, 162, 166, 238
-, equilibrium value of the, 131
-, instantaneous relaxation, 126
-, linear shear, 327, 330
-, loss, 160, 161, 163, 164, 165, 166, 185,

198, 211, 307, 310, 313, 369
-, magnitude of the complex, 160, 161,

163, 164, 457, 459
-, non-linear shear, 327, 328, 330, 348
-, relaxation, 126, 131, 133, 163, 166, 198,

297, 310, 314
-, shear, 85, 86, 98, 107, 124, 230, 283,

285, 289, 294
-, storage, 160, 161, 163, 164, 165, 166,

184, 198, 211, 307, 310, 313, 369
-, tensile (Young’s), 236, 276, 277, 288
-, time-dependent bulk, 232, 235
-, time dependent shear, 232, 299, 325

Modulus in simple shear, see shear modulus
Modulus under uniaxial tensile stress, see

tensile modulus

Modulus under isotropic compression, see
bulk modulus

Mohr’s stress circle, 265
Molar mass, 10, 59, 94, 297

-, critical, 298, 425
-, determination of, 26
-, influence on the shear modulus, 95
-, mass distribution density, 13, 16, 73
-, mass distribution function, 12, 72
-, number average, 14, 16, 44, 71, 419
-, number distribution density, 13, 16, 73
-, number distribution function, 12, 72
-, viscosity average, 15, 16, 55, 72
-, weight average, 14, 16, 64, 71, 419, 427,

438, 442, 443, 458
-, z-average, 15, 16, 71, 419

Molar mass distribution, 69, 438, 444
anionic polystyrenes, 19, 70
technical polymers, 17
technical polystyrene, 18, 73, 421, 424
polyethylenes, 424, 438
polypropylenes, 424

Molar mass of the structural unit, 56, 78, 79,
81, 83

Mole, 11
Molecular stress function, 353, 357

-, evolution equation, 357
-, theory of, 352

Molecular weight, see molar mass
Mooney equation, 288, 289
Mooney method for determination of slip, 514,

517
Multi-angle laser light scattering, 35, 62, 74

N
Nabla-operator, 257
Nomenclature, 3
Non-uniformity index of molar mass distribu-

tion (after Schulz), 16
Nonuniformity index of stretched sample, 540,

542, see also uniformity of deformation
Normal stress coefficient

-, first, 283, 285, 289, 302, 330, 331, 349,
364, 371, 487

-, second, 283, 285, 289, 302, 330, 331,
348, 349, 366, 487

Normal stress difference
-, first, 283, 301, 307, 308, 327, 364, 365,

492
-, second, 283, 327, 492

Nuclear magnetic resonance (NMR), 37, 102
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O
Orientation, 88

-, degree of, 88
Oscillation, 307
Osmometry, 43
Osmotic pressure, 43
Ostwald-de Waele law, 380, 509

P
Path equations, 227, 243, 251, 267, 271, 301,

319, 320, 332
Phase angle, 86, 457, 459, 463
Piola tensor, 248

-, absolute, 253, 280, 320, 330
Planar deformation, 267
Plasticizer, 79
Poisson’s ratio, 231, 237

-, time-dependent, 237
Polyamide (PA), 108
Polycarbonate (PC), 454, 455

branched, 455
Polydispersity, 15, 44, 56
Polydispersity factor, 16, 419, 427, 438, 442,

443, 458
Polyetheretherketone (PEEK), 108
Polyethylene (PE), 1, 214, 422, 427, 465

blends, 463, 467
-, linear high density (HDPE), 2, 107, 108,

211, 423, 440, 458, 500, 508, 514, 516,
520

-, linear low density (LLDPE), 369, 427,
438, 446, 459, 463, 529, 531, 533, 540,
541

-, long-chain branched (LCB-PE), 39, 423,
428, 438, 440, 446, 463, 467

-, low density (LDPE), 2, 38, 103, 107,
108, 403, 406, 407, 408, 409, 410, 411,
416, 438, 440, 462, 463, 466, 467, 500,
508, 510, 515, 529, 539, 540, 541

-, short-chain branched, 423, 427, 459, 460
Polyethyleneterephthalate (PET), 105, 108
Polymer

-, amorphous, 453
-, engineering, 4, 109
-, high-temperature resistant, 4
-, monodisperse, 15, 55
-, natural, 1
-, semicrystalline, 99, 104, 210, 456
-, standard, 4
-, stereospecific, 10
-, synthetic, 1

Polymeric materials according to their
acronyms

HDPE, 17, 36, 41, 80, 81
LDPE, 17, 81, 322, 328, 329, 335
LLDPE, 81, 313, 314, 315, 319
NR, 83, 84, 98, 194, 195
PC, 17, 79, 80, 113, 115, 195, 220, 221
PMMA, 17, 79, 80, 98, 113, 115, 194, 195,

210, 220, 221
PP, 17, 37, 81, 82
PS, anionic, 19, 52, 53, 54, 70, 71, 210
PS, high impact, 80, 221
PS, techn., 79, 80, 98, 113, 115, 118, 145,

146, 147, 148, 149, 184, 185, 186, 194,
195, 197, 198, 199, 205, 207, 209, 210,
220, 221

PUR, 83, 84, 98, 194, 195
PVC, 17, 78, 79, 98, 113, 115, 129, 194,

195, 220, 221
Polymerisation, 4

-, degree of, 11, 56
Polymethylmethacrylate

(PMMA), 1, 454
syndiotactic, 454

Polyoxymethylene (POM), 108
Polypropylene (PP), 1, 107, 424, 435, 438,

441, 442, 447, 458, 500, 508, 535, 536,
538, 544, 545

blends, 449, 451, 544, 545
branched (LCB-PP), 404, 405, 429, 430,

431, 441, 447, 500, 508, 538, 544, 545
irradiated, 430, 448

Polystyrene (PS), 1, 379, 421, 434, 454
anionic, 436, 444, 454
blends, 437, 444, 445
branched, 454, 455
rubber-modified, 280

Pom-Pom model, 415
Power-law index, 380, 509, 537
Porosity of foams, 546
Precipitant for polymers, 30, 31
Pressure, 223

distribution in slit, 482, 503
-, hydrostatic, 234
oscillations, 517

Principal coordinate
system, 260, 265

Principal extension
ratios, 266, 271, 273, 290

Principal stresses, 260, 265
Processing, 78, 500, 527, 538
Pure shear, 270
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R
Radius of gyration, 25, 38, 66, 431
Random walk chain, 19

-, Gaussian approximation, 20
-, probability density of the end point

position, 21, 292
-, probability density of the end to end

distance, 21, 22
-, statistical equivalent, 33, 338

Random walk model, 19
Rate of strain tensor, 255, 256, 267, 390
Rayleigh’s ratio, 63, 64, 65
Reaction injection moulding, 78
Recovery, 305
Recovery experiment, 137, 334
Recovery time, 137
Recrystallization, 104, 110
Reduced time, 190, 206
Reduced creep compliance, 203, 205
Reduced storage compliance, 207
Reduced relaxation modulus, 203
Relative lateral contraction, 236
Relative longitudinal elongation, 236
Relative volume contraction, 234
Relaxance, 314
Relaxation experiment, 126
Relaxation experiment in simple shear, 327
Relaxation function, see relaxation modulus
Relaxation modulus in uniaxial extension, 333
Relaxation spectrum, 133, 166, 302, 314, 315,

319
calculated from dynamic data, 310, 314,

315
Relaxation strength, 134, 311, 314, 315
Relaxation time, 133, 311, 318

-, longest, 152
Reptation, 297, 338
Residence time, 500
Resonance of standing waves, 156, 157
Retardance, 315
Retardation spectrum, 134, 166, 314, 319, 377

calculated from the relaxation spectrum,
314

Retardation strength, 134, 316
Retardation time, 134, 316, 318
Retraction, 137
Rheological equation of state, 258, 259, see

also constitutive equation
for isotropic linear elastic materials, 230
for isotropic linear viscoelastic materials at

small deformations, 231
for isotropic elastic materials, 280, 281,

283

for the elastic liquid after Lodge, 298
for the entanglement network with slip,

342
for the Doi-Edwards theory 1, 346, 347
for the ideal rubber, 284

Rheometer
after Meissner, 393
after Münstedt, 398, 538
-, capillary, 421, 469
-, cone-and-plate (Weissenberg), 488
-, filament stretching, 397, 415
-, Hachmann-Meissner, 401, 414
-, lubricated squeeze flow, 401, 413
-, plate-plate (Mooney), 423
-, Rheometrics extensional, 395
-, Rheotens, 544
-, rotational, 421, 422, 482
-, Sentmanat extensional, 396
-, slit (Janeschitz-Kriegl), 479, 498
-, tensile creep, 400

Rubber elasticity
-, statistical theory of, 289

Rubber-elastic plateau, 91, 142, 184, 185, 186,
369

Rubber-elastic state, 95, 142
Rubber, see elastomers

S
Secondary transition, 90, 141, 151, 181, 182,

219
-, Arrhenius diagram, 217, 218
-, time position, 216
-, time-temperature shift function, 216

Self-healing mechanism, 538
Shark skin, 513, 524, 525, 529, 530, 533
Shear flow, 49
Shear rate, 50, 269, 470, 472, 474, 481, 493,

511
-, apparent, 473, 478
-, true, 473, 478

Shear rheology, 363
Shear strain, 86
Shear stress, 50, 86, 224, 365, 470, 472, 474,

477, 480, 481, 511
-, apparent, 485
-, true, 485

Shear thinning, 379, 422, 475
Shift factor, 211, 213, 411, 454, 455, see also

time-temperature shift factor
-, vertical, 213, 461, 464, 466, 467

Simple shear, 86, 234, 268, 283, 286, 301, 326,
347
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-, stress relaxation in, 330, 348, 355
Size exclusion chromatography, see gel per-

meation chromatography
Size of macromolecules

in good solvents, 35
in the glassy and molten state, 40
in H-solution, 60, 61

Slip, 341, 529
Slip function, 341, 342, 343, 353
Slip in capillaries

region I, 514, 516
region II, 518
region III, 520

Slip velocity, 514, 515
Softening region, 90, 142
Softening temperature, 195
Solutions

-, properties of dilute, 48
Solvent, 30, 31

-, athermal, 29, 47
-, good, 28, 47
-, poor, 29, 47
-, quality of the, 27

Specific volume of amorphous polymers, 111
Spherulites, 103
Spurt effect, 513
States of order, 104, 105

glassy, 89, 105
leather-like, 105
molten, 105
rubber-elastic, 105

Stationary state of flow, 147
Stationary state of the harmonic oscillation,

158, 160
Statistical shape of linear macromolecules in

H-solution, 31
Staudinger index, 53, 59
Steady-state linear recoverable compliance,

435, 438, 441
dependence on branching, 439
dependence on molar mass, 436, 438
dependence on polydispersity, 437, 438
dependence on temperature, 435, 465, 466

Strain
-, compressive, 229
-, engineering, 276
-, recoverable, 388, 406, 407, 413
-, shear, 229, 233
-, tensile, 229

Strain hardening, 409, 413, 414, 448, 450, 500,
508, 537, 538, 543, 546

Strain tensor, 336
-, Cauchy, 248
-, Finger, 248, 249
-, Green, 248
-, Piola, 248

Strain tensor for small deformations, 229, 230
Stress, 223

at break, 276, 277
at yield, 276, 277
coefficient, 405
-, engineering, 276, 281, 286, 389
-, tensile, 223, 387, 403
-, thermal, 111
-, true, 281, 196

Stressing experiment, 321, 364
simple shear, 302, 305, 306, 331, 349, 355
uniaxial extension, 333, 405, 407
multiaxial extension, 349, 356

Stress relaxation
in uniaxial extension, 333

Stress-strain curve, 275
glassy state, 277
leather-like state, 277
rate dependence, 280
rubber-elastic state, 279
rubber-modified PS, 280
steel, 276
temperature dependence, 279, 280

Stress tensor, 223
-, symmetry of, 225, 257

Stretching ratio, see extension ratio
Structural unit, 11, 78, 79, 80, 81, 83
Stuart model, 8
Super flow, 513, 520
Superposition principle, 128, 301
Surface defects, 513

T
Tacticity, 9
Take-up ratio, 530
Tangential stress, see shear stress
Temperature

-, continuous use, 4
-, reference, 192

Temperature dependence, 411, 412, 413
Temperature field, 247
Tensile experiment, 403
Terminal regime, 368
Thermohardening polymer, see duromers
Thermoplastics, 4, 77

556 Subject Index



-, amorphous, 78, 79
-, semicrystalline, 80, 81

Thermorheological behavior, 215, 372, 453
complexity, 189, 372, 457, 461, 467
simplicity, 189, 372, 453, 457

Theta-solution, 30, 31, 46, 48
Theta-temperature, 30, 48
Tie molecule, 103
Time

-, current, 252
-, elapsed, 325
-, observation, 251, 299
-, past, 299

Time-temperature shift, 210, 412
entanglement transition, 208
flow region, 204, 210
glass transition, 193

Time-temperature shift factor, 190
Time-temperature shift function, 190
Time-temperature shift principle, 190, 191
Transition

-, entanglement, 143, 148, 204
-, flow, 164
-, glass, 90, 142, 182, 183, 194
-, secondary, 90, 141, 151, 181, 182, 219

Transition map, 208, 209
Transition temperatures, 108

glass temperature, 108
melting temperature, 108
secondary transition temperature, 108

Transmission electron microscopy (TEM), 103
Trouton ratio, 241, 391
Tube model, 338
Two-phase model, 99

U
Uniformity of deformation, 538, 539

visualization, 415, 416
Unit cell of polyethylene, 102
Universal calibration, 74

V
Valence bond chain in H-solution

with free rotation, 31
with hindered rotation, 32

Van’t Hoff’s law, 44
Van Gurp-Palmen plot, 372
Velocity field, 245, 267, 272
Velocity gradient, 49, 269

Velocity profile, 475, 481, 495, 499, 501, 531,
533, 535

along channel axis, 474, 502, 510
beyond channel axis, 505
entrance region, 506, 507
flat die for casting, 535, 536, 537, 538
fluoropolymer additive, 531, 533
inside capillary, 509
Newtonian melt, 474, 510
non-Newtonian melt, 474, 510
oscillations, 518
plug flow, 520
region I, 514, 515
region II, 515, 518, 519
region III, 520
reservoir, 501
secondary flow, 500
slit entrance, 500
slit exit, 522, 523
uniformity in flat die, 536
vortices, 508

Vinyl polymers, 9, 34, 60
Virial coefficient, second, 45
Visco-elastic materials, 87
Viscometer

-, Ubbelohde, 51
Viscometry of polymer solutions, 49
Viscosity, 302, 331

-, apparent, 478
-, complex, 166, 369, 370
-, elongational, 388, 407, 408, 409
-, equibiaxial, 323, 351, 356, 414
-, extensional, 241, see also elongational

viscosity
-, intrinsic, 53
-, linear shear, 321
-, Newtonian, 51, 124, see also zero-shear

viscosity
-, non-Newtonian, 52
-, planar (extensional), 323, 351, 356
-, relative, 54
-, shear, 50, 241, 302, 366, 408, 409
-, solvent, 51, 52
-, specific, 54
-, steady-state elongational, 409
-, tensile, see also elongational viscosity,

241, 321, 334, 335
-, time-dependent linear, 366, 391, 408
-, time-dependent non-linear, 349, 366, 408
-, uniaxial extensional, 322, 350, 356, 414
-, volume, 241
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Viscosity function, 379, 381, 420, 424, 476,
511, 516, 529

dependence on branching, 423
dependence on chemical composition, 423,

424
dependence on molar mass, 421
dependence on polydispersity, 421
normalization, 423
numerical description, 380

Viscosity number, see Staudinger index
Viscosity of polymer solutions, 49
Vogel-Fulcher-Tammann-Hesse (VFTH)-

equation, 195
Vogel-temperature, 195
Volume

-, excluded, 45
-, fractional free, 117, 201
-, free, 91, 115
-, specific, 101, 111, 112, 113, 115, 118

Volume relaxation, 117, 118
Vortex area, 500, 506, 507
Vulcanisation, 78

W
Wave propagation, 156, 157
Weissenberg-Rabinowitsch relation, 474, 481
Williams-Landel-Ferry (WLF)-equation, 193,

197, 208, 212, 454

X
X-ray scattering, 100

Y
Yield point, 276
Yield stress, 381

Z
Zener

-, inequality of, 150
Zener product, 151, 153, 199
Zero-shear viscosity, 368, 374, 377, 422, 425,

537
dependence on long-chain branching, 428
dependence on molar mass, 426
dependence on molar mass distribution,

426
dependence on short-chain branching, 427

Ziegler-Natta catalyst, 1, 428
Zimm-diagram, 64, 65

technical PS in a good solvent, 67
technical PS in a theta-solution, 68
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