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Preface

The concept of intuitionistic fuzzy set (IFS) was originally introduced by Atanassov
(1983) to extend the concept of the traditional fuzzy set. Each element in an IFS is
expressed by an ordered pair which is called an intuitionistic fuzzy value (IFV) (or
intuitionistic fuzzy number (IFN)), and each IFV is characterized by a membership
degree, a nonmembership degree, and a hesitancy degree. The sum of the mem-
bership degree, the nonmembership degree, and the hesitancy degree of each IFV is
equal to one. IFVs can describe the fuzzy characters of things comprehensively, and
thus are a powerful and effective tool in expressing uncertain or fuzzy information
in actual applications. Recently, a lot of research work has been done on the
aggregation and cluster analysis. Since 2006, my research group has been focusing
on the investigation of these interesting and important topics, and achieved fruitful
research results which have been published in some well-known peer-reviewed
professional journals.

This book offers a systematic introduction to the latest research work of my
group on information aggregation and cluster analysis under intuitionistic fuzzy
environments, including the various algorithms for clustering intuitionistic fuzzy
information and the intuitionistic fuzzy aggregation techniques, and their appli-
cations in multi-attribute decision making, such as supply chain management,
military system performance evaluation, project management, venture capital,
information system selection, building materials classification, and operational
plan assessment, and so on. We organized this book as below:

Chapter 1 introduces the intuitionistic fuzzy aggregation techniques. We first
give a survey of the existing methods for ranking IFVs, and then introduce various
operational laws of IFVs. On the basis of these ranking methods and operational
laws, we present varieties of the intuitionistic fuzzy power aggregation operators,
the intuitionistic fuzzy geometric Bonferroni means, the intuitionistic fuzzy
aggregation operators based on Archimedean t-conorm and t-norm, the generalized
intuitionistic fuzzy aggregation operators based on Hamacher t-conorm and t-
norm, the generalized intuitionistic fuzzy point aggregation operators, and their
generalizations in interval-valued intuitionistic fuzzy environments and the
applications in multi-attribute decision making.


http://dx.doi.org/10.1007/978-3-642-28406-9_1
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Chapter 2 introduces the clustering algorithms of IFSs. The chapter first defines
the concept of intuitionistic fuzzy similarity degree, and constructs the intuition-
istic fuzzy similarity matrix and the intuitionistic fuzzy equivalence matrix. Then,
the chapter defines the compound operational law of intuitionistic fuzzy similarity
matrix, and gives an approach to transforming the intuitionistic fuzzy similarity
matrices into the intuitionistic fuzzy equivalence matrices. After that, the chapter
defines the A-cutting matrices of the intuitionistic fuzzy similarity matrix and the
intuitionistic fuzzy equivalence matrix, based on which an approach is presented
for clustering IFSs. Moreover, the chapter defines the concept of association and
equivalent association matrix, and introduces some methods for calculating the
association coefficients of IFSs. Then, based on the association matrix, the chapter
introduces a clustering algorithm for IFSs, and extends the algorithm to cluster
interval-valued IFSs. Additionally, some other clustering algorithms, such as the
intuitionistic fuzzy hierarchical clustering algorithms, the intuitionistic fuzzy
orthogonal clustering algorithm, the intuitionistic fuzzy C-means -clustering
algorithms, the intuitionistic fuzzy minimum spanning tree (MST) clustering
algorithm, the intuitionistic fuzzy clustering algorithm based on Boole matrix and
association measure, the intuitionistic fuzzy netting clustering method, and the
direct cluster analysis based on intuitionistic fuzzy implication are also introduced.

This book can be used as a reference for researchers and practitioners working in
the fields of fuzzy mathematics, operations research, information science, man-
agement science and engineering, and so on. It can also be used as a textbook for
postgraduate and senior undergraduate students.

This work was supported by the National Natural Science Foundation of China
under Grant 71071161.

Nanjing, April 2012 Zeshui Xu
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Chapter 1
Intuitionistic Fuzzy Aggregation
Techniques

Intuitionistic fuzzy set (IFS), introduced by Atanassov (1983, 1986), is the gener-
alization of Zadeh’s fuzzy set (Zadeh 1965). IFS is characterized by a membership
function and a non-membership function, and thus can depict the fuzzy character of
data more comprehensively than Zadeh’s fuzzy set which is only characterized by a
membership function. For example, if a girl wants to find a boyfriend, and evaluates
the boy from five aspects, she may feel satisfied with three aspects, unsatisfied with
one aspect and uncertain with one aspect of the boy. In such a case, fuzzy sets can only
reflect the satisfied aspect, which loses some uncertain information, while IFSs can
describe all the satisfied, unsatisfied and uncertain information. In a variety of voting
events, in addition to the support and the objection, there is usually the abstention
which indicates the hesitation or the indeterminacy of the voter to the object. IFSs are
more suitable to deal with these cases than fuzzy sets. The core of an IFS is intuition-
istic fuzzy values (IFVs) (Xu and Yager 2006; Xu 2007), each of which is composed
of a membership degree, a non-membership degree, and a hesitancy degree. IFVs
are a powerful tool to depict uncertain or fuzzy information. In many fields, such as
decision making, cluster analysis, and information retrieval, etc., information aggre-
gation is an essential process. Therefore, how to aggregate IFVs is an interesting and
important research topic, which has received great attention from researchers and a
lot of intuitionistic fuzzy aggregation techniques have been developed (Xu and Yager
2006, 2009, 2011; Xu 2007, 2010; Xu and Chen 2007b; Boran et al. 2009; Tan and
Chen 2010; Xu and Cai 2010a, b; Zhao et al. 2010; Beliakov et al. 2011; Xu and
Xia 2011). Xu and Cai (2010b, 2012) provided a survey of these intuitionistic fuzzy
aggregation techniques, and their applications in various fields. Recently, Xia and Xu
(2010) developed various generalized intuitionistic fuzzy point aggregation opera-
tors, which can control the certainty degrees of the aggregated arguments with some
parameters. Xu (2011) gave a series of intuitionistic fuzzy power aggregation opera-
tors, whose weighting vectors depend upon the input arguments and allow the values
being aggregated to support and reinforce each other. Xia et al. (2012a, b) proposed
a geometric Bonferroni mean, based on which they defined the intuitionistic fuzzy
geometric Bonferroni means and their generalized versions. Based on Archimedean
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2 1 Intuitionistic Fuzzy Aggregation Techniques

t-conorm and t-norm, Xia and Xu (2011), and Xia et al. (2012c) presented some
intuitionistic fuzzy aggregation operators and their generalizations. In this chapter,
we shall introduce these newly developed aggregation operators for IFVs, and their
applications in decision making.

1.1 Rankings of Intuitionistic Fuzzy Values

1.1.1 Intuitionistic Fuzzy Values

Atanassov (1986) introduced the concept of intuitionistic fuzzy set (IFS):

Definition 1.1 (Atanassov 1986) Let X be a fixed set, then
A= {{x, nalx),vax))|x € X} (1.1)

is called an intuitionistic fuzzy set (IFS), which assigns to each element x a
membership degree 1 4(x) and a non-membership degree v4(x), with the condi-
tions puA(x),va(x) > 0and 0 < pa(x) +va(x) < 1,Vx € X. Furthermore,
Ta(x) =1—palx)—va(x) (Vx € X) is called a hesitancy degree or an intuitionis-
ticindex of x to A. A° = {{x,va(x), ua(x))|x € X} is called the complement of A.

In the special case w4 (x) = 0, i.e., ua(x) +va(x) = 1, the IFS A reduces to a
fuzzy set (Zadeh 1965).

Xu and Yager (2006) called each triple (p4(x), va(x), m4(x)) an intuitionistic
fuzzy value (IFV) (or an intuitionistic fuzzy number (IFN)), and for convenience,
denoted an IFV by o = (g, Vg, Ty ), Where

MasVa =0, g +ve <1, 7w =1— g — Vg (1.2)

Each IFV has a physical interpretation, for example, if « = (0.6, 0.3, 0.1), then
e = 0.6, vy = 0.3 and 7w, = 0.1, which can be interpreted as “the vote for
resolution is 6 in favor, 3 against, and 1 abstention”.

1.1.2 Methods for Ranking IFVs

In the process of applying IFVs to practical problems, one key step is to rank
IFVs. Clearly, there are two basic principles we should follow in ranking IFVs:
the first is that the IFV which has the larger membership degree and the smaller non-
membership degree should be given priority; the second is that the IFV which has a
smaller hesitancy degree should be ranked first. When we use these two principles
to rank IFVs, the first one is top-priority. If it is not applicable individually, then
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we shall consider the two principles synthetically (Zhang and Xu 2012). According
to the first principle we can easily get that «* = (1,0, 0) is the largest IFV and
o, = (0, 1, 0) is the smallest one.

Let o = (Ug;s Va;> To;) (@ = 1,2) be any two IFVs, then we also have the
following conclusions:

(1) If pg, > e, and vy, < vy, then oy > 3.
(2) If pg; < Moy and vy, > Vvy,, then oy < 3.
(3) If o, = ey and vy, = Vg,, then a1 = an.

However, besides the comparisons (1)—(3) above, there are also other situations
left, for example, if g, < to, and vy, < Vg,, then the IFVs do not satisfy the first
principle, which IFV should be ranked first? Zhang and Xu (2012) gave a survey of
the existing results related to this issue.

1.1.2.1 The Method for Ranking IFVs by Using the Score Function

Chen and Tan (1994) introduced the concept of the score function S. Let
o = (g, Ve, Ty) be an IFV, then the score function of « is defined as:

S(a) = g — Vo (1.3)

Now we give an example to illustrate the results derived by using the score
function:

Example 1.1 (Zhang and Xu 2012) Let o1 = (0.4,0.3,0.3), a» = (0.3,0.1, 0.6)
and a3 = (0.3,0.2, 0.5) be three IFVs, the score values derived by Eq.(1.3) are as
follows, respectively:

S(a1) =04-03=0.1, S(@)=03-0.1=02 S(@)=03-02=0.1

and then S(a1) = S(a3) < S(a).

According to Chen and Tan (1994)’s method, we can infer that 1 = o3 < 3.
The result is counterintuitive because that oy and o3 are not the same. So only the
score function is not enough in ranking IFVs as they have the same score value.

For this reason, Hong and Choi (2000) proposed the accuracy function H:

H(a) = pta +va (1.4)

and Li and Rao (2001) defined another score function S’

S' (@) =1 — g (1.5)
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By using Egs.(1.3) and (1.4), Xu and Yager (2006), and Xu (2007) gave the
following method for ranking IFVs:

(1) If S(et;) > S(j), then o; is larger than o;.
(2) If S(e;) = S(c), then

(a) If H(a;) = H(aj), then o; = «j;
b) If H(x;) > H(Olj), then o; > oj.

Instead of the method above, Li and Rao (2001) gave another ranking technique
by replacing the accuracy function (1.4) with the score function (1.5).

Then let’sredo Example 1.1, we calculate the accuracy values and the score values,
respectively:

H()=044+03=07, H(az)=03+02=05
S ) =1-03=07, S(az)=1-02=0.8

then H(o;) > H(az) and S'(aq) < §'(3).

We find that the two methods have different results. Hong and Choi (2000)’s
method emphasizes the amount of information that an IFV contains, but Li and Rao
(2001)’s method is inclined to choose the IFV which has the smaller non-membership
degree.

Although the methods above can be used to rank all IFVs, sometimes it cannot
satisfy our requirements. Let’s see an example:

Example 1.2 (Zhang and Xu 2012) Suppose that there are two major state-funded
projects y1 and y», and a decision maker wants to select one of them by voting. The
results of the voting are expressed by IFVs, the membership degree represents the
proportion of the voters who agree to a project, the non-membership degree means
the proportion of the voters who against the project, and the hesitation degree denotes
the proportion of the abstainers. The results are listed as below:

(1) y1:(0.6,0.15,0.25)—60 % in favor, 15 % against, and 25 % abstain.
(2) y2:(0.5,0,0.5)—50% in favor, 0 % against, and 50 % abstain.

In real situations, a decision maker may choose the first project because there are
more people who support and believe that the project can be carried out better. But if
we use the ranking methods based on the score function, it will produce the opposite
result.

1.1.2.2 The Method for Ranking IFVs by Using the Positive Ideal
Point

Bustince and Burillo (1995) introduced the distance between two IFSs
A = {{x,ma,(x),v4,(x))|x € X} (i =1, 2) as follows:
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l n
di(Ar, A2) = — 3 (a (0) = a1+ vay () = var el (1.6)
j=1
Szmidt and Kacprzyk (2000) extended Eq. (1.6) by adding the hesitancy degrees:

1 n
dr(A1, A2) = ];(ml () = may P+ [vay () = vay ()]
+ |4, (xj) — A, (X)) (1.7)
Motivated by Eqs. (1.6) and (1.7), respectively, we can calculate the distances

between the IFV « and the positive ideal point (i.e., the largest IFV) o* (Xu and
Yager 2008):

1
di(a,a®) = 5 (e = 1+ [va = 0D

= %(1 — Ko + Vo)
1
= 5 (I — (e — va))
= 301 = 5 (1.8)

1
do(a,a”) = 5 (tte = 11+ Ve = O + |e = OD)

1
Zz(l_ﬂa"'va + o)

1
zi(l_ﬂa'i_va'i‘l_,ua_va)
=1— e (1.9)

We can infer from Eq. (1.8) that it has the similar result with Chen and Tan (1994)’s
method, which may produce the same score values even if the two IFVs are different;
while we can infer from Eq.(1.9) that the result only relies on the value of jy, so
it produces the loss of information and cannot distinguish the IFVs which have the
same membership degrees and the different non-membership degrees.

Later, Szmidt and Kacprzyk (2009a, b, 2010) further improved the distance mea-
sure Eq. (1.9) by considering the hesitancy degrees simultaneously:

L) = %(1 + 7o) do(at, &™)

1
:§(1+7Ta) (I — pa) (1.10)
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Obviously, the distance measure (1.9) takes into account all three parameters of
IFVs. Szmidt and Kacprzyk (2000) showed that the third parameter cannot be omitted
when calculating distance between two IFVs. From Eq. (1.10), we can know that the
IFV which has the smaller membership degree and the larger hesitancy degree has
the larger value of L(«). In general, the lower L(«), the better « in the sense of
the amount and reliability of information (Szmidit and Kacprzyk 2009a, b, 2010).
Especially, from Eq. (1.10), we can see that if L(«) = 0, then we get the largest [IFV
a* = (1,0, 0);if L(a) = 1, then we get the “smallest” IFV &, = (0,0,1) in the sense
of the reliability of the information (we have no information at all, which means the
situation with 100 % lack of knowledge, clearly, this result is very different from the
smallest IFVs «,, = (0,1,0) derived by the other ranking methods), and the “quality”
measured by the distance from a* = (1,0,0) (here, the distance is the biggest).

In addition, in some situations, the formula Eq. (1.10) is also not enough in ranking
IFVs. Let’s see an example below:

Example 1.3 (Zhang and Xu2012) Let; = (0.2,0.3,0.5) and o = (0,0.8,0.2) be
two IFVs. Obviously, the IFVs o and «» are intuitively different. But by Eq. (1.10),
we have

1 1
L(ay) = 5(1 +0.5) x0.8=0.6, L(xz)= 5(1 +02)x1=0.6

then L(«1) = L(a2), and thus, in this case the formula (1.10) cannot distinguish the
IFVs a and a5.

1.1.2.3 The Method for Ranking IFVs by Using the Intuitionistic
Fuzzy Point Operators

Liu and Wang (2007) proposed a new score function by using the intuitionistic fuzzy
point operators (Atanassov 1999; Burillo and Bustince 1996):

Jo@)=pg+omg+o(l—0 -0+ +o(l—0c —0)"lng, n=12,...
(1.11)

o
Joo(@) = o + mﬂa (1.12)

where 0,0 € [0,1] and o + 6 < 1. In this way, the larger the value of J,(x),
the more priority should be given in ranking. From Eqgs.(1.11) and (1.12), we can
infer that the hesitancy degree of the IFV « is divided into three parts: om,, Oy
and (1 — o — 0)my, where o, matches uy, 0, matches vy, and (1 — o — 0)my,
is uncertain. In particular, if o + 6 = 1, then the IFV « reduces to a fuzzy value
Wo + omg. In practical applications, the decision maker can choose the suitable
parameters o and 6 according to the actual demands.
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1.1.2.4 The Method for Ranking IFVs by Using the Similarity
Measure and the Accuracy Degree

Szmidt and Kacprzyk (2004) proposed a similarity measure of IFSs:

d(A;, A
91(A1, Ay) = ﬁ (1.13)
L)

where the distances d(Aj, Ay) and d(A1, AS) can be calculated by using Eq. (1.6)
or Eq. (1.7).

Eq. (1.13) not only considers the distance between two IFSs but also reflects if
the compared IFSs are more similar or more dissimilar to each other. However, in
practical applications, it is generally expected that the degree of similarity would
describe to what extent the IFSs are similar, so the most similar IFSs should have the
largest degree of similarity (Hwang and Yoon 1981), which cannot be reflected by
Eq. (1.13). To solve this issue, Xu and Yager (2009) improved Szmidt and Kacprzyk
(2004)’s result according to Hwang and Yoon (1981)’s idea of technique for order
preference by similarity to ideal solution (TOPSIS) and developed the following
similarity measure:

d(Ay, Az) d(Ay, AY)

(A1, A) =1— =
241, A2) d(Ay, A) +d(Ar, AS) — d(Ar, Ay) +d(A;, AS)

(1.14)

The similarity measure (1.14) can not only overcome the disadvantages of
Eq. (1.13), but also examine if the compared values are more similar or more dissim-
ilar to each other so as to avoid drawing conclusions about strong similarity between
two IFSs on the basis of the small distances between these sets (Xu and Yager 2009).

Motivated by Eq. (1.14) and the idea of positive ideal point, Zhang and Xu (2012)
proposed a new method for ranking IFVs. First we give the definition of similarity
function ¥:

Definition 1.2 (Zhang and Xu 2012) Let @« = (i, Vo, 7o) be an IFV, then the
similarity function ¥ about this IFV is defined as:

B dr(a, (1,0,0))
da(a, (1,0,0)) + da (e, (0,1,0))

Ua) =1

1
E(“/La — I+ ve =0l + 7o — 0D

=1-
1 1
5 (tte =11+ Ve = O+ I7ma = O) + 5 (|tta = Ol + v = 1] + |7a — OD)

—1_ I — g + vy + 7g
2+ 2m,
| + 7y + o — Va
24 27y
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- =1-— (1.15)

where 0 < ¥ (a) < 1. We call ¥ («) the 9 value of the IFV. When o = o™ = (1,0,0),
it gets the maximum & value: ¥ (o) = 1; and when ¢ = a, = (0,1,0), it gets the
minimum ¥ value: ¥ (@) = 0.

From Eq. (1.15), we can easily conclude that (Zhang and Xu 2012):

(1) If two IFVs have the same hesitancy degree, then the IFV which has the smaller
non-membership degree or the larger membership degree should be ranked first.

(2) If two IFVs have the same non-membership degree, then the IFV which has the
smaller hesitancy degree should be ranked first.

(3) Iftwo IFVs have the same membership degree, then the IFV which has the larger
hesitancy degree should be ranked first.

When we use Eq. (1.15) to rank IFVs, the derived result is in accordance with the
first principle introduced at the beginning of Sect. 1.1.2, i.e., the IFV which has the
larger membership degree and the smaller non-membership degree should be given
priority. Let’s prove it below:

Proof Leta) = (Uays Vay» Tay) and o2 = (Uay» Vas > Tay) be two IFVs, and suppose
that (o, > e, and vy, < Vg,, then by Eq. (1.15), we get

I — vy () = I — v,

o) = ———, 5
2_Ma1_va1 Z_M(xz_v(xz

Let pg; — oy = Ay and vy, — vy, = Ap, then we have

1-— 1-— 1-—
? (@) = T Yo - ey
Z_Hal_voq 2_(Ma|_A1)_Va1 2_Maz_Va1
— Ve
= Hay) > —m——
2 - Moy — Vay
and similarly,
1- 1-— 1—
Do) = — 2 o S Has
2-— Moy — Vay 2 — Moy — Van 2 — Map — (V(xz - Az)
- I — fha, _ 1 —vg,
2 — Ugy — Ve 2 — Ugy — Ve
— Ve
= () <
— Moy — Vay
Thus, we can obtain
1 — vy,
?(ap) < < ¥(ay) = ?(ay) > F(w)

2 — MKay = Vo
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Fig. 1.1 The results derived by Eq. (1.15) and their contours

But sometimes we will face the situations where the considered two IFVs have
the same value derived by Eq. (1.15), which can be shown in Fig. 1.1 (Zhang and Xu
2012).

In the bottom of Fig. 1.1, we have given the contours of the results derived by
Eq. (1.15), from which we can get the following conclusions:

Theorem 1.1 (Zhang and Xu 2012)
(1) If the membership degree of an IFV is the same as the non-membership degree,

then the & value is —.

(2) If the membership degree of an IFV is larger than the non-membership degree,

then the ¢ value is larger than —.

(3) If the membership degree of an IFV is smaller than the non-membership degree,

1
then the ¥ value is smaller than 3"
Proof Leto = (ug, Vo, 7y) be an IFV, then we calculate the ¢ value of a:

1 —vy 1 —v,y I — v
1+ 7y 14+ (1 — pg — V) (I — pg) + (1 —vg)

which should be discussed in three cases:

Casel [y =vy

1 — v, 1 —v, 1

T At (v At (v 2

= z&‘(a):%
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Case2 g > vy

1—v,y 1—vy 1
= > ==
I—pe)+A—ve) A—=vey)+ (T —vy) 2

1
9 Z
= (ot)>2

Case3 |ty < Vu

1 —vy 1 —vy 1

T 0t (v A+ (v 2

1
3 _
= (oe)<2

In fact, for each value derived by Eq.(1.15), its membership degree (1, and non-
membership degree v, change in specific ranges, which we can see from the contours.
In the following, we shall demonstrate it:

Let o = (g, Vo, Ty) be an IFV, then

(1) If ¥ (o) < 0.5, then

(a) When , = 0, ug and v, get the maximums, i.e.,
Tg=0= g +vy =1

and

1 — vy
() =

=1l—vyg =V =1—-0(@) = peg =)
14+ 7y

(b) When py = 0, vy gets the minimum, i.e.,

1 — vy, 1 — vy, 1 — vy, 1 —29(a)
o) = = = = ——
1+ 7y 14+1—pg —ve 2—vg 1 —9(x)
then the ranges of 1, and v, are as follows, respectively:
0 < <9 () 1—215‘(a)< <1—9@)
a), ——— <y, <1—9%(«
= Mo = 1— 9(a) o
2)If0.5 < ¥ (x) < 1, then
(a) When 7, = 0, uy and v, get the maximums, ie., Uy = () and
Ve = 1 =0(a);
(b) When v, = 0, uq gets the minimum, i.e.,
Vo 1 — vy, 1 _ 20() -1

1_
I = = = =
O = T T me—w 2= "= 9@
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then the ranges of u, and v, are as follows, respectively:

2l < b, 0<ve<l-d@
¥ ()

Based on the analysis above, in what follows, we introduce a new method for
ranking IFVs (Zhang and Xu 2012):

Let o = (Ug;, Vay;> ;) (i = 1,2, ..., n) be acollection of IFVs, then we rank
these IFVs according to the following steps:

Step 1 Calculate the ¥ values of the IFVs «; (i = 1,2, ..., n) using Eq.(1.15).

Step 2 Rank the IFVs «; (i = 1,2, ..., n) according to the order of the ¥ values,
and the IFV with the larger ¢ value should be ranked first. If there exist some IFVs
with the same ¥ value, then go to Step 3.

Step 3 Calculate the accuracy degrees of these [FVs using Eq. (1.4), and then rank
the IFVs according to the following principles:

(D) If 9 (o) > ¥ (axj), then ; > .
(2) If ¥(at;) = ¥ («;), then
(a) If H(e;) > H(eej), theno; > aj;
(b) If H(aj) < H(arj), theno; < aj;
(¢) If H(aj) = H(aj), thena; =aj, (1.16)

which are in accordance with the basic principles introduced at the beginning of
Sect. 1.1.2.

In the following, we give an example to illustrate the method above and compare
it with all the existing ones:

Example 1.4 (Zhang and Xu 2012) Let o1 = (0.6,0.1,0.3), ap = (0.6,0.15,0.25),
a3 = (0.5,0,0.5), a4 = (0.2,0.3,0.5), and a5 = (0,0.8,0.2) be five IFVs. Here, we
rank them using all the methods discussed previously. The derived results are listed
in Table 1.1 (Zhang and Xu 2012).

According to the data in Table 1.1, we can get the following ranking results:

(i) By the formulas (1.3) and (1.4), we get o] > o3 > g > a4 > o5.

Table 1.1 The results derived by the existing methods

a; S(;))  H(ay) S'() di(e,a®) dy(e,0*) L) J() O()
(0.6,0.1,0.3) 0.5 0.7 0.9 0.25 0.4 0.26 6/7 9/13
(0.6,0.15,0.25) 045 0.75 0.85 0.275 0.4 0.25 0.8 17125
(0.5,0,0.5) 0.5 0.5 1 0.25 0.5 0375 1 2/3
(0.2,0.3,0.5) —0.1 0.5 0.7 0.55 0.8 0.6 04 7/15
(0,0.8,0.2) -0.8 0.8 0.2 0.9 1 0.6 0 1/6
Note 1. In the process of calculating J (¢; ), we choose o = i and 6 = Ve

Mo + Vo Ha + Vo
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(i) By the formulas (1.3) and (1.5), we get a3 > a1 > ap > a4 > «5.
(iii) By the formula (1.8), we get oz = o] > a2 > g4 > 5.
(iv) By the formula (1.9), we get o] = oy > @3 > aq4 > 5.
(v) By the formula (1.10), we get oy > o] > o3 > a4 = 5.
(vi) By the formula (1.11), we get a3 > a1 > o2 > a4 > 5.
(vii) By the formula (1.16), we get o1 > ap > a3 > a4 > 5.

From the results above, we can see that the derived rankings in both (ii) and (vi)
are the same, but all the other methods get different rankings. However, if we choose
other values of o and 6, then the results in (ii) and (vi) may be different. Now let’s
give a detailed analysis on the results in (i)—(vii). The rankings in (iii), (iv) and (v)
are mainly based on the distance measures of IFVs, the used methods sometimes
cannot distinguish IFVs. The used methods in (i) and (ii) focus on the differences
between the membership degrees and the non-membership degrees, and consider
these differences as a main factor in ranking IFVs. The used method in (vi) tries
to decrease the uncertainty of an IFV by dividing its hesitancy degree into three
parts, and uses the method of limit to turn an IFV into a fuzzy value. The different
divisions may lead to different ranking results, in actual applications, the decision
maker sometimes cannot give a precise division of the hesitancy degree because of
the complexity and uncertainty of objective thing and the fuzziness of human thought.
Zhang and Xu (2012)’s method in (vii) focuses on the similarity measure between an
IFV and the positive ideal point, by using this method, we can solve lots of problems
such as described in Example 1.2. In short, different methods may produce different
results, and thus, we should choose appropriate ones in accordance with the actual
demands.

1.1.3 The Application of Ranking IFVs Using the Similarity
Measure and the Accuracy Degree in Multi-Attribute
Decision Making

In the above subsection, we have introduced Zhang and Xu (2012)’s method for
ranking IFVs. In what follows, we shall demonstrate how to use the method to solve
a multi-attribute decision making problem through an illustrative example (Zhang
and Xu 2012).

In modern warfare, the status of communication command is very important, and
it plays a key role in campaign’s success and failure. So in order to improve the
capacity of communication jamming, a military unit decides to equip with a commu-
nication jamming system. According to the consultations with different suppliers,
there are four possible systems (alternatives) y; (j = 1,2,3,4) to choose from.
Then the leaders of the military unit invite three experts ex (k = 1, 2, 3) to evaluate
these systems so as to choose the most reasonable one. Based on the expertise and
experiences of these experts, the leaders give the weight vector of these experts as
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n = (0.4,0.3,0.3)T. For a comprehensive assessment, the experts e (k = 1,2, 3)
decide to evaluate the systems y; (j = 1, 2, 3, 4) from four layers:

(1) G1: Reconnaissance capability. It is very useful for a communication jamming
system, because when we want to jam enemy’s communication system, we
should first find them. This capability can be reflected in four aspects:

G11: Search capability;

G 12 Intercept capability;

G13: Parameter measurements capability;
G 14: Recognition capability.

(2) G»: Command and control capability. This capability is a bridge of connecting
the system and the user, from which we can operate the system. It contains three
factors:

G2 : Information processing capability;
G1: Situation display capability;
G13: Reaction time.

(3) G3:Jamming capability. This capability is very important, due to that if a com-
munication jamming system doesn’t have powerful jamming capability, it cannot
destroy enemy’s communication system. There also have three factors about this
capability:

G31: Jamming power;
G3,: The capability of frequency-aiming;
G33: The coverage of frequency domain.

(4) Gy4: Survival capability. It reflects the resistance against enemy’s destroy. It can
be shown in four aspects:

G41: Mobility;

G4;: Hidden performance;

G43: Invulnerability;

G44: Reliability and maintainability.

The experts e; (k = 1,2, 3) evaluate the systems y; (j = 1,2, 3,4) through
the above factors (attributes). Each evaluation value given by the kth expert over
the jth system under ith attribute of the /th layer is represented by an IFV r[(y];’] ) =

(,bbr(k. DoV k) Tk, 7). and all the IFVs given by kth expert about the jth system are
L,i 1,i L,i

contained in the intuitionistic fuzzy matrix R/, shown as follows (Zhang and Xu
2012):

(0.6,0.3,0.1) (0.7,0.2,0.1) (0.7,0.1,0.2) (0.7,0.1,0.2)
(0.7,0.2,0.1) (0.6,0.2,0.2) (0.8,0.1,0.1) -
(0.8,0.2,0) (0.8,0.1,0.1) (0.7,0.1,0.2) -
(0.6,0.1,0.3) (0.7,0.1,0.2) (0.6,0.2,0.2) (0.7,0.2,0.1)

RLL —
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R —

RLA —

R —

RC2) _

RZ3 —

RZ4H —

RGD —

RG2 _

RGI —
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(0.6,0.3,0.1) (0.6,0.2,0.2) (0.6,0.1,0.3) (0.7,0.1,0.2)
(0.7,0.2,0.1) (0.6,0.2,0.2) (0.6,0.1,0.3) -
(0.7,0.3,0)  (0.7,0.1,0.2) (0.7,0.2,0.1) -
(0.5,0.2,0.3) (0.6,0.1,0.3) (0.6,0.2,0.2) (0.7,0.2,0.1)

(0.6,0.3,0.1) (0.6,0.2,0.2) (0.6,0.1,0.3) (0.7,0.1,0.2)
(0.8,0.2,0) (0.7,0.2,0.1) (0.8,0.1,0.1) ~
(0.7,0.3,0)  (0.6,0.1,0.3) (0.6,0.2,0.2) ~
(0.6,0.2,0.2) (0.6,0.1,0.3) (0.6,0.1,0.3) (0.6,0.2,0.2)

(0.6,0.3,0.1) (0.6,0.2,0.2) (0.6,0.1,0.3) (0.7,0.1,0.2)
(0.6,0.2,0.2) (0.7,0.2,0.1) (0.6,0.1,0.3) -
(0.7,0.3,0)  (0.6,0.1,0.3) (0.6,0.2,0.2) -
(0.7,0.2,0.1) (0.8,0.1,0.1) (0.8,0.1,0.1) (0.7,0.2,0.1)

(0.5,0.2,0.3) (0.7,0.2,0.1) (0.7,0.1,0.2) (0.7,0.1,0.2)
(0.7,0.2,0.1) (0.6,0.2,0.2) (0.8,0.1,0.1) -
(0.9,0.1,0)  (0.8,0.1,0.1) (0.7,0.1,0.2) -
(0.6,0.1,0.3) (0.7,0.1,0.2) (0.6,0.2,0.2) (0.6,0.2,0.2)

(0.5,0.2,0.3) (0.6,0.3,0.1) (0.7,0.2,0.1) (0.6,0.1,0.3)
(0.6,0.2,0.2) (0.5,0.1,0.4) (0.6,0.1,0.3) ~
(0.6,0.4,0)  (0.6,0.1,0.3) (0.7,0.2,0.1) ~
(0.6,0.2,0.2) (0.6,0.2,0.2) (0.6,0.2,0.2) (0.6,0.2,0.2)

(0.6,0.3,0.1) (0.7,0.2,0.1) (0.6,0.1,0.3) (0.6,0.1,0.3)
(0.8,0.1,0.1) (0.8,0.2,0) (0.8,0.2,0) -
(0.6,0.4,0) (0.6,0.1,0.3) (0.6,0.2,0.2) -
(0.5,0.1,0.4) (0.6,0.2,0.2) (0.6,0.1,0.3) (0.6,0.2,0.2)

(0.6,0.3,0.1) (0.6,0.2,0.2) (0.6,0.1,0.3) (0.7,0.1,0.2)
(0.6,0.2,0.2) (0.7,0.2,0.1) (0.6,0.1,0.3) -
(0.7,0.3,0)  (0.6,0.1,0.3) (0.6,0.2,0.2) -
(0.8,0.1,0.1) (0.7,0.1,0.2) (0.8,0.1,0.1) (0.8,0.1,0.1)

(0.6,0.3,0.1) (0.6,0.1,0.3) (0.7,0.1,0.2) (0.7,0.2,0.1)
(0.6,0.3,0.1) (0.7,0.2,0.1) (0.8,0.1,0.2) -
(0.8,0.2,0)  (0.8,0.1,0.1) (0.7,0.1,0.2) -
(0.6,0.1,0.3) (0.7,0.1,0.2) (0.6,0.2,0.2) (0.7,0.2,0.1)

(0.6,0.3,0.1) (0.6,0.2,0.2) (0.6,0.1,0.3) (0.7,0.1,0.2)
(0.7,0.2,0.1) (0.6,0.2,0.2) (0.6,0.1,0.3) -
(0.6,0.4,0) (0.7,0.1,0.2) (0.7,0.2,0.1) -
(0.5,0.2,0.3) (0.6,0.1,0.3) (0.6,0.2,0.2) (0.7,0.2,0.1)

(0.6,0.3,0.1) (0.6,0.2,0.2) (0.6,0.1,0.3) (0.7,0.1,0.2)
(0.8,0.1,0.1) (0.8,0.1,0.1) (0.8,0.1,0.1) -
(0.7,0.3,0)  (0.6,0.1,0.3) (0.7,0.2,0.1) -
(0.6,0.2,0.2) (0.6,0.2,0.2) (0.7,0.2,0.1) (0.6,0.2,0.2)
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(0.5,0.1,0.4) (0.6,0.2,0.2) (0.8,0.1,0.1) (0.5,0.4,0.1)
RG4 _ [ 06,0.3,0.1) (0.6,0.2,0.2) (0.7,0.2,0.1) -

(0.6,0.4,0) (0.7,0.1,0.2) (0.6,0.1,0.3) -

(0.8,0.1,0.1) (0.7,0.1,0.2) (0.7,0.2,0.1) (0.7,0.1,0.2)

T3]

where means that there are no elements for the second and the third layers each
of which has only three attributes.

Below we shall use Zhang and Xu (2012)’s method to aggregate the given infor-
mation: We first analyze the importance of the considered attributes. Here we adopt
the method introduced by Xu (2006) to construct the reciprocal judgment matrix
Ji corresponding to the attributes in the /th layer, / = 1, 2, 3, 4, and then construct
the reciprocal judgment matrix J of the layers in this system. After that, we use Xu
(2006)’s model to get the weight vectors w; (I = 1,2, 3, 4) of the attributes in the
Ith layer and the weight vector w of the layers as follows, respectively:

w=(0.2,03,04,0.07, w; =(0.3,0.3,0.2,0.2)7, wy =(0.5,0.2,0.3)7
ws = (0.4,0.4,02)7, w4 = (0.4,0.2,0.2,0.2)T

Then we aggregate the information on the attributes in each layer by calculating the
membership degree u;k) (), the non-membership degree vl(k) () and the hesitancy
degree nl(k) () corresponding to the /th layer of the system y; and the expert ey:

4
o= 001 = 0.6 X 034 0.7 X 0340.7 x 024+ 0.7 x 0.2 = 0.67
i=t 7
4
wWon=>" V0w =03x03+02x03+0.1x02+0.1 x0.2=0.19
i=r
o =1=uPon -G =1-067-019=0.14

Similarly, we can get the membership degrees, the non-membership degrees and
the hesitancy degrees of the other layers, and all the aggregated results corresponding
to the expert e are contained in the intuitionistic fuzzy matrix R®, listed as follows
(Zhang and Xu 2012):

(0.67,0.19,0.14) (0.71,0.17,0.12) (0.78,0.14,0.08) (0.64,0.14,0.22)
(0.62,0.19,0.19) (0.65,0.17,0.18) (0.70,0.20,0.10) (0.58,0.18,0.24)
(0.62,0.19,0.19) (0.78,0.17,0.05) (0.64,0.20,0.16) (0.60,0.16,0.24)
(0.62,0.19,0.19) (0.62,0.17,0.21) (0.64,0.20,0.16) (0.74,0.16,0.10)

RO —
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(0.64,0.16,0.20) (0.71,0.17,0.12) (0.82,0.10,0.08) (0.62,0.14,0.24)
(0.59,0.21,0.20) (0.58,0.15,0.27) (0.62,0.24,0.14) (0.60,0.20,0.20)
(0.63,0.19,0.18) (0.80,0.15,0.05) (0.60,0.24,0.16) (0.56,0.14,0.30)
(0.62,0.19,0.19) (0.62,0.17,0.21) (0.64,0.20,0.16) (0.78,0.10,0.12)

(0.64,0.19,0.17) (0.68,0.10,0.22) (0.78,0.20,0.02) (0.64,0.20,0.16)
(0.62,0.19,0.19) (0.65,0.17,0.18) (0.66,0.24,0.10) (0.58,0.18,0.24)
(0.62,0.19,0.19) (0.80,0.10,0.10) (0.66,0.20,0.14) (0.62,0.20,0.18)
(0.59,0.19,0.22) (0.63,0.25,0.12) (0.64,0.22,0.14) (0.74,0.12,0.14)

R® —

RO —

Also we aggregate the information of the four layers and get the membership
degree ™ (y i), the non-membership degree v (y ;) and the hesitancy degree
O (y ;) of the system y; with respect to the expert ey:

4
pD o0 =D P Gwi = 0.67 x 0.2 +0.71 x 0.3 +0.78 x 0.4+ 0.64 x 0.1 = 0.7230
i=1

4
vy =D v (rwi =019 x 0.2+ 0.17 x 0.3+ 0.14 x 0.4 4 0.14 x 0.1 = 0.1590

i=1

o0 =1-u"Gn =P (1) =1-0.7230 - 0.1590 = 0.1180

In a similar way, we can calculate the values of the rest systems, which are all
represented in the intuitionistic fuzzy matrices F® (k = 1,2, 3) (Zhang and Xu
2012):

(0.7230,0.1590,0.1180) (0.7310,0.1370,0.1320)

s _ [ (0:6570,0.1870,0.1560) | ) _ | (0.6000,0.2030,0.1970)

(0.6740,0.1850,0.1410) | (0.6620,0.1930,0.1450)

(0.6400,0.1850,0.1750) (0.6440,0.1790,0.1770)
(0.7080,0.1680,0.1240)
£G) _ | (0.6410,0.2030,0.1560)
= | (0.6900,0.1680,0.1420)

(0.6370,0.2130,0.1500)

and then calculate the total membership degree (1(y;), the total non-membership
degree v(y;) and the total hesitancy degree of the system y; according to the weights
of the experts:

3
) = D u®yme = 0.723 x 0.4 +0.731 x 0.3+ 0.708 x 0.3 = 0.7209
k=1
3
vy = > v®)m = 0.159 x 0.4 4+ 0.137 x 0.3+ 0.168 x 0.3 = 0.1551
k=1
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m(y1) =1—puly1) —v(y1) =1-0.7209 — 0.1551 = 0.1240

After that, we get the comprehensive evaluation value z(y;) of the system y;:

2(y1) = (0.7209,0.1551,0.1240), z(y2) = (0.6351,0.1966,0.1683)
2(y3) = (0.6752,0.1823,0.1425), z(y4) = (0.6403,0.1916,0.1681)

Using Eq. (1.15), we can calculate ¢ (z(y;)) (j = 1,2, 3,4) as:

?H(z(y1)) = 0.7517, 9 (z(y2)) = 0.6877
?(z(y3)) = 0.7157, 9 (z(y4)) = 0.6921

and thus,
P (z(yD) > F(z(y3)) > Fz(ye)) > ¥ (z(y2))

by which we get the ranking of the systems y; (I =1, 2, 3, 4):

V1> Y3 > Y4 >y
where “>" denotes “be superior to”. Therefore, the most desirable systems is yj.
From the results above, we can see that the first system has the higher Jamming
capability which is the most important capability of a jamming system, and its other
capabilities are not bad. As aresult, the comprehensive evaluation value of this system
is the largest one; while the second system doesn’t have particular capability, and all
of its capabilities are rather mediocre, so its comprehensive evaluation result is very
bad, and thus ranks the last. This ranking of the systems is basically in accordance
with our intuition.

1.2 Intuitionistic Fuzzy Power Aggregation Operators

1.2.1 Power Aggregation Operators

Information aggregation is a process that fuses data from various resources by using
a proper aggregation technique. In order to develop a tool to aid and provide more
versatility in the data aggregation process, Yager (2001) introduced a power average
(PA) operator to aggregate a collection of negative real numbersa; (i = 1, 2, ..., n),
defined as follows:

i (4 T(a))a
S (L +T(a))

PA(alaaZs'-'aan) = (117)
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where T (a;) = Z’}zlSup(a,-, aj), and Sup(a;, a;) is the support for a; from a;,
j#i
which satisfies the following properties:

(1) Sup(ai,aj) €10, 1].
(2) Sup(ai,aj) = Sup(a;, a;).
(3) Sup(ai,aj) = Sup(as, ar), if la; — a;| < |as — a|.
Based on the PA operator and the geometric mean, Xu and Yager (2010) further
defined a power geometric (PG) operator:
n 1+7 (a;)

ST U+T (@)
a.

PG(ar,ay,....an) = [ ] 4, (1.18)
i=1

Obviously, the PA and PG operators are a nonlinear weighted aggregation tool,
whose weighting vectors depend upon the input data and allow the values being
aggregated to support and reinforce each other, that is, the closer two values @; and
aj, the more similar they are, and the more they support each other.

1.2.2 Some Operational Laws of IFVs

Xu and Yager (2006), and Xu (2007) introduced some operational laws of IFVs as
follows:

Definition 1.3 (Xu and Yager 2006; Xu 2007) Let o; = (g Vo> Te;) (@ = 1,2)
be any two IFVs, then

(1) a1 @ az = (Ua; + Moy = Koy Hays Vo Vo> (1= ey ) (1 — Hay) — Vo Vay)-
(2) a1 ® a2 = (o Hays Vay T Vay — VayVas, (1 = Ve ) (1 — V) — oy Ray)-
(3) ray = (1= —pe)* vy (1= pa)* =y ). 2 > 0.

@) af = (ug, . 1= 1 —ve)* (L —vg)* =l ). A > 0.

All the results of the above operations are also IFVs and the following are all
right.

Theorem 1.2 (Xu 2011)

(1) If A1 > Az, then A > Ao, o™ > ! ™42 0 < A, 40 < 1.

2) If oy = Mays Va; < Vay, then Aop > )Lozz,ozi‘ > ot%‘,O <A<l

(3) If oy > Mazs Moy = Hags Vay < Vags Vay < Vay, thena) @ az > a2 @ ag, 01 ®
o3 > a2 @ ay.

Proof (1) If A1 > A2, then

L= (1= pe)™ = 1= (1= o), V' <V (1.19)
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therefore,
L= (1= pu) =3 = 1= (1= o)™ — v (1.20)

o

which implies Aja > A, similarly, we can prove that o' > «!=*2, with the
condition 0 < Ay, Ap < 1.

) If ey > Moy, Vay < Vao, then
L= (1= pe)* = v = 1= (1= pgy)* = v}, (1.21)

and
g — (1= (1 =ve)) > ph — (1= (1 —ve,)") (1.22)

thus Aar; > Ao and of > o).

3) It Koy = Hazs Koy = Hags Vo = Vs and Vay = Vay» then

Moy + Hay — May Moy — VayVa, = I-1- /fLozl) 1 - Maz) — Vo Vay
2 1 - (1 - /’LO@) (1 - H-om) - Va3va4
= Uas + Moy — RazMay — VazVay (1.23)

and

Moy May — (Val +V0t2 - Votlvaz) = Mo May — 1 + (1 - V(xl) (1 - vaz)
= /’La3lua4 -1 + (1 - Vot3) (1 - Vot4)
= Moy My — (V(X3 + Vag, = Vag Va4) (124)

thus, 01 ® a3 > oy Doy and o] @ a3 > oy  o4.
Moreover, the relations of the operational laws above are given as below:
Theorem 1.3 (Xu and Yager 2006; Xu 2007)

1) a1 Por =02 @ ay.

2) 01 Qar =ax .

3) Moy D ap) = Aag D Aap, A > 0.
4 (0] @) = ai‘ ®a§‘, A > 0.
5) Ma® o=+ r)a, L > 0.
6) oM @ o’ =gt )\ > 0.

Based on the ranking method given by Xu and Yager (2006), and Definition 1.3,
Xu (2011) developed a series of intuitionistic fuzzy power aggregation operators,
which allow the input data values to support each other in the aggregation process.
In what follows, we shall give a detailed introduction to them.
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1.2.3 Power Aggregation Operators for IFVs

Let o; = (Ug;s Vo> 7Te;) (G = 1,2,...,n) be a collection of IFVs, and
w = (Wi, wa,...,wp)! the weight vector of o; (i = 1,2,...,n), where w; >
0,i=1,2,...,n,and Z?:l w; = 1, then Xu (2011) defined an intuitionistic fuzzy
power weighted average (IFPWA) operator as follows:

IFPWA(ay, an, ..., o)
= wi1(1 + T(ar)ar) @ wa2(1 + T(@2))az) @ -+ - & Wy (1 + T (ay))an)
i ywil + T ()

(1.25)

By Definition 1.3, Eq. (1.25) can be transformed into the following form by using
mathematical induction on n:

IFPWA (a1, a2, ..., o)

n wj (147 (@;) n wj (147 (@;))
=l1= H a- Maj)27=|wi(1+7(’1i))7 H (Ve )Z, 1”1(1+T(a D
j=1 j=1
wi (14T (@) wj (14T (@)
H (1 — g )z’ ]w<1+T(u,)> _ H (Va )Z, Wi (T () (1.26)
j=1 j=1
where
n
T(a;) = E w;Sup(a;, o) 1.27)
ji=1
J#i

and Sup(e;, a ) is the support for ¢; from o, with the following conditions:

(1) Sup(a;,aj) €[0,1].

(2) Sup(a;,aj) = Sup(aj, a;).

(3) Sup(aj, ;) > Sup(as, o), if d(a;, aj) < d(as, o), where d is a distance
measure, such as the normalized Hamming distance or the normalized Euclidean
distance (Szmidt and Kacprzyk 2000; Narukawa and Torra 2006; Xu and Yager
2008), where

(a) The normalized Hamming distance for IFVs:
1
dH(Oli, aj) = 5 (‘,uot,' - :u'otj‘ + |V01i - votj| + ‘jTOl,' - T[Olj ’) (128)

(b) The normalized Euclidean distance for IFVs:

1
dE(Oli, Ol]) = \/E ((,uai - :u'otj)z + (VOI,' - Votj)z + (jTOl,' - T[aj)z) (129)
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Especially,ifw = (1/n, 1/n, ..., 1/n)T, then the IFPWA operator (1.25) reduces
to an intuitionistic fuzzy power average (IFPA) operator:

IFPA(ay, o, ..., ap)
_ [+ T())e) & (1 + T(@))ar) & - & (1 + T(an))an)
Do L+ T ()

(4T (@;))) (1+T(@;))
_ 1— H(l —Ma 42»1 | (4T (@) H (V )427 1(1+T(a,))
j=1 j=1
_(4T@)) _ (4T@))
[T 1 = ) S0 — [ ) S 0570 (1.30)
j=1 j=1
where
1 n

T i) =~ Z Sup(a, o) (1.31)

j=1

J#
Let («1, @2, ..., ®,) be a vector of n IFVs, then it can be easily proven that the

IFPWA operator has the following desirable properties (Xu 2011):

Theorem 1.4 (Commutativity) Let (a},a),...,a,) be any permutation of
(o1, @2, ..., ), then
IFPWA(a1, o, . .., o) = IFPWA(at}, o), ... ., o)) (1.32)

Theorem 1.5 (Idempotency) If o; = «, for all j, then
IFPWA(ay1, a0, ..., 0,) =« (1.33)

Theorem 1.6 (Boundedness)

o~ < IFPWA(ay, 00, ..., ap) <a™ (1.34)
where
a” = (mjin{ua,-}, mj@lx{va,-}, 1- mjin{uaj} - mj@lx{va,- }) (1.35)
at = (max{ua,}, min{vg; }, 1 — max{uq,} — min{vg; }) (1.36)
J J J J

Based on the IFPWA operator (1.25) and the geometric mean, Xu (2011)
defined an intuitionistic fuzzy power weighted geometric (IFPWG) operator:
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IFPWG(ay, o, ..., ap)
R . w1 (14T (7)) L 1— wp (14T (29))
S wi (14T () ®(oz2) -1 S wi (14T () Q-
— wn(+T (@)

® (@) '\ Tl wilHT e (1.37)

which can be transformed into the following form by using mathematical induction
on n:

IFPWG(a17 a2, ) an)
wj (147(@;)) )

n Y I At LS
n=l T wi (4T ()
[T (o)) Ziz e )

j=1

Wj(l+T(0tj)) )

n 4(1,7
— [ A =vep '\ EpreD
L

)

J
n IR PR G CT n (o il Te)
H (1 _ Va')n71 SE_wi+T) ) H (Ma*)nil S wi (T (o)
J J
j=1 j=1
(1.38)

with the condition (1.27).
Especially,ifw = (1/n, 1/n, ..., 1/n)T, thenthe IFPWG operator (1.37) reduces

to an intuitionistic fuzzy power geometric (IFPG) operator:
IFPG(ay, a2, ..., 0y)
Ll(l_ . 1+7T (o) ) %(1 . 1+T (ap) )
— (al)’k 20 4T () (OlZ) 20 4T () Q- --

L(l— 14T (an) )
1 n (14T (a;
Q (ay) 20 (o))

n 1 - 1+T(ot
J

j=1
" 4(1 L)) ) 4(1_&)
11— H (11— vO,j)"_I 7o (4T @) ('+T<°‘ ) H (1= vq,) I ST (T ()
j=1 j=1
i (g )
— T e "\ H=r 0T (1.39)
j=1

with the condition (1.31).

Similar to the IFPWA operator, the IFPWG operator has the following three prop-
erties (Xu 2011):

Theorem 1.7 (Commutativity) Let (o], o3, . .., @,) be any permutation of (ery, o2,
., 0y), then

IFPWG(ay, a2, ..., 0y) = IFPWG(d}, o5, ..., o)) (1.40)
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Theorem 1.8 (Idempotency) If «; = «, for all j, then
IFPWG(a1, 0, ...,0,) =« (1.41)

Theorem 1.9 (Boundedness) Let o~ and a™ be given by Egs.(1.35) and (1.36),
then

o~ <IFPWG(ay, a2, ..., 0p) <a™ (1.42)

The fundamental characteristic of both the IFPWA and IFPWG operators is that
they weight all the given IFVs themselves, and the weighting vectors depend upon
the input arguments and allow the values being aggregated to support and reinforce
each other. However, in many group decision making problems, such as person-
nel evaluation, diving games, etc., we need to rearrange all the given arguments in
descending (or ascending) order, and then weight the ordered positions of the input
arguments so as to relieve the influence of unfair arguments on the decision result by
assigning low weights to those “false” or “biased” ones. As a result, motivated by
the idea of Yager (1988, 2001)’s ordered weighted average, Xu (2011) introduced an
intuitionistic fuzzy power ordered weighted average (IFPOWA) operator:

IFPOWA(ay, a2, ..., 0p) = W1Uindex(1) D W2Windex(2) D * * * D WnWindex(n) (1.43)
which can be further expressed as:

IFPOWA(a1,ap, ..., Q)

n n n
_ w; w; w;
- 1 - H (1 - Maindﬂx(_/)) / ’ H (vaindex(j)) ! ’ H (1 - Maind@c(_/)) /

j=1 j=1 j=1

n
- H (vaindex(j))wj (1.44)

j=1

where index is an indexing function such that index (i) is the index of the ith largest of
the IFVs o = (,uaj, Ve s Jraj) (j=1,2...,n), and thus, a;ygex(;) is the ith largest
of the IFVs a;(j = 1,2,...,n). w; (i =1,2,...,n) are a collection of weights
such that

D D'—l i n
wi=g (ﬁ) - g( TlV ) . Di= Videxjy TV = Vindexti

j=1 i=1

Vindex(jy = 1+ T (index(j)) (1.45)

and T (jndex(jy) denotes the support of the jth largest IFV a;,g0x(j) by all the other
IFVs, i.e.,
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n
T(aindex(j)) = z Sup (aindex(j)s (Xindex(i)) (1.46)
i=1
i7
where Sup (Ctindex(j)» @index(iy) indicates the support of ith largest IFV ajngex(i) for
the jth largest IFV @jygex(j), and g:[0, 1] — [0, 1] is a basic unit-interval monotonic
(BUM) function, having the properties:

(1) g(0) =0.
(2) g(1) = 1.
(3) g(x) = g(y), ifx > y.

Especially, if g(x) = x, then the IFPOWA operator (1.43) reduces to the IFPA
operator (1.30).

Furthermore, based on the IFPOWA operator (1.44) and the geometric mean,
Xu (2011) defined an intuitionistic fuzzy power ordered weighted geometric
(IFPOWG) operator:

IFPOWG(ay, az, ..., o)
Loy Loy Loy
= (@index(1)) "1 @ (Uindex(2)) ™1 & -+ ® (Uindex(n)) " (1.47)

which can be further expressed as:

n l—w; n l-w;
__J J
IFPOWG(ar. a2, ... o) = | [ ] Getaens) ™1 - 1= [ ] (1 = Vetgers)) ™ -
j=1 j=1
H (1 - Vﬂlindex(j)) n-l— H (I’Laindex(j)) n-l
j=1 j=1
(1.48)
where w; (i = 1,2,...,n) are a collection of weights satisfying the conditions

(1.45) and (1.46). Especially, if g(x) = x, then the [IFPOWG operator (1.47) reduces
to the IFPG operator (1.39).

Clearly, the weighting vectors of both the [IFPWA and IFPWG operators not only
depend upon the input arguments and allow the values being aggregated to support
and reinforce each other, but also emphasize the ordered positions of all the given
arguments. Furthermore, the IFPWA and IFPWG operators have also the properties:
commutativity, idempotency and boundedness.
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1.2.4 Approaches to Multi-Attribute Group Decision Making
with Intuitionistic Fuzzy Information

Xu (2011) utilized the intuitionistic fuzzy power aggregation operators to multi-
attribute group decision making with intuitionistic fuzzy information:
For a multi-attribute group decision making problem with intuitionistic fuzzy

information,letY = {y1, y2, ..., y,} beasetofn alternatives, G={G1, G2, ..., G, }
a set of m attributes, whose weight vector is w = (wy, wa, . ..,wm)T, with
wi >0,i=1,2,...,mand ), w; = l,andlet E = {ey, ez, ..., e5} beasetofs
experts, whose weight vectoris n = (1, 2, .. ., ns)T,with ne>0,k=1,2,...,5s,

and Z,i 1k = 1. Let B®) = (b.@) mxn D€ an intuitionistic fuzzy decision matrix,
where b(k) = (tsk), fl(k), (k)) is an attribute value provided by the expert ex, denoted
by an IFV where tl.; ) indicates the degree that the alternative y; satisfies the attribute
G, while f ) indicates the degree that the alternative y; does not satisfy the attribute

Gi,and JTl; ) indicates the uncertainty degree of the alternative y; to the attribute G;,
such that

k k k k k k k
() e 0, 1], f() ()+f()<1 nl;_) () f(),
i=1,2,...,m; ]:1,2,..., (1.49)
If all the attributes G; (i = 1,2, ..., m) are of the same type, then the attribute

values do not need normalization. Whereas, there are generally benefit attributes
(i.e., the bigger the attribute values the better) and cost attributes (i.e., the smaller
the attribute values the better) in multi-attribute decision making. In such cases, we
may transform the attribute values of cost type into the attribute values of benefit
type, then B® = (b(k))m xn can be transformed into the intuitionistic fuzzy decision

matrix R® = (r( ))mxn, where

bg-k), or benefit attribute G;
(k) = u® O g0y i ) 4 l =12 n
Ml] ) l] ’ 7 - (k) C . ’ - b 9 )
(bij ) , for cost attribute G;
(1.50)
C
where (b@) is the complement of bg‘), such that (blg-k) ) = ( fl(k) lgk) , é-k)),
clearly, (k) (k) f ® ng(c) — vg().

Then, we can ut111ze the IFPWA (or IFPWG) operator to develop an approach to
multi-attribute group decision making with intuitionistic fuzzy information, which
involves the following steps (Xu 2011):

Approach 1.1

Step 1 Calculate the supports:
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Sup( o, ;’)) = 1-de. ), ki=12....s (1.51)

which satisfy the support conditions (1)—(3) in Sect. 1.2.3. Here, without loss of

generality, we calculate d (ri(jk), ri(.l )) with the normalized Hamming distance (1.28):

(k) 0

(k) 0
Mij = My

V..o — V..

(k) (l)
. =3 ( ®

l]’lJ

+

+

) —al)). k=120

(1.52)

Step 2 Utilize the weights n; (k = 1,2, ..., s)of theexpertser (k=1,2,...,5)

to calculate the weighted support T(ri(jk)) of the IFV rl.(jk) by the other IFVs rl;l)
(I=1,2,...,s,and [ # k):

Try) = Z msup (r ") (1.53)
1Zi

and calculate the weights St;k) (k = 1,2,...,s) associated with the IFVs r;jk)

hk=1,2,...,5):

e (14 7¢§)

£®
oo (ere)

k=1,2,...,s (1.54)

where (7 > 0.k =1,2.....s,and 3} _, £ = 1.
Step 3 Utilize the IFPWA operator (1.26):

rij = IFPWAGr ri? . rl?)
=|1-JJa- Ml(]@)iizlﬂk(l”o- H (v</<))2k lnk(l+T(r( "
=1 ]_1
”k(H'T(’(k))) '7k(1+T(r(k)))

x ey _mastey
T] (1 = p)Zimrmesre? H o) i~ | (s
:1

or the IFPWG operator (1.38):
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1 2
ry = IFPWG(r" rP )
i Mi““» (o morey
H(M(k)) U Sisimarrey H 10— (k)) N\ =i ma+rey ’

j=1

e+ >))

s (o (o
H(l (k)) U S imasre? H(“(k)) U mo masrey
k=1

(1.56)

to aggregate all the individual intuitionistic fuzzy decision matrices R®) = (rl.(jk))mxn
(k = 1,2,...,5) into the collective intuitionistic fuzzy decision matrix
R = (rij))mxn, where rjj = (u, vij, myj), i =1,2,...,m; j=1,2,...,n

Step 4 To get the overall preference value r; corresponding to the alternative y;,
we aggregate all the preference values r;; (i = 1,2, ..., m) in the jth column of R
by using the intuitionistic fuzzy weighted average (IFWA) operator (Xu 2007):

ri =IFWA(r1j,r2j, ..., Tmj),

= (1 —[Ta = TTep™ [T —np™ -1 (sz)wi)’

i=1 i=1 i=1 i=1
j=L2....n (1.57)

or the following aggregation operator:

T =1FWG(r1j,V2j,---yrmj)

mn 1—w; mn 1—w; mn 1—w; m 1—w;
= (H (wp =t 1= [T a—vp==t JTa-vp=t =] (m,-)ml),

i=1 i=1 i=1 i=1
j=1,2,....n (1.58)

which is defined based on the intuitionistic fuzzy weighted geometric (IFWG) oper-
ator (Xu and Yager 2006).

Step 5 Rank r; (j = 1,2,...,n) in descending order by using the ranking
method described in Sect. 1.1.2.

Step 6 Rank all the alternatives y; (j = 1,2, ..., n) and select the best one in
accordance with the ranking of r; (j =1,2,...,n).

If the information about the weights of experts is unknown, then we utilize the
IFPOWA (or IFPWG) operator to develop an approach to multi-attribute group deci-
sion making with intuitionistic fuzzy information, which can be described as follows
(Xu 2011):
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Approach 1.2
Step 1 Calculate

zmhx(k) index(l) index(k) __index(l)
Sup ( T ) 1—-d ri 2T )

1 index (k) index(l) index (k) index(l)
(S
[ index) (1.59)

which indicates the support of the /th largest I[FV rlé-"dex(l) for the kth largest IFV

r W of i (1 = 1,2, ).
Step 2 Calculate the support T ( mdex(k)) of the kth largest IFV rmdex(k) by the

other IFVs 7’ (1 =1,2,.... s, and [ # k):

T( mdex(k)) ZS ( mdtx(k) ll]ndex(l)) (160)
1Zk

and utilize Eq. (1.45) to calculate the weight a)fjk) associated with the kth largest IFV

index (k)
(k) (k—1)
D: D::
(k) ) (k) index(l)
gl =5~ v/
g(”u) g( Vi ) Z

ri , Where
TVU Z deex(l) deex(l) 14T ( l]ndex(l)) (1.61)

k)

Wherea) ) >0,k=1,2,. sandzk_la)( =1.

Step 3 Utilize the IFPOWA operator (1.44):

IFPOWA(r,.“) rd ,j?))

— (l B H(l - mdex(k)) lJ H (v mdex(k)) lJ H(l mdex(k)) *
H v zndex(k)) ) (1.62)

or the IFPOWG operator (1.48):
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IFPOWG(r Y rf . 15”)

(H ( mdex(k)) 11— H (1 mde)c(k))1
mdex(k) index(k) 1o
H<1 )t H( ) (1.63)

(k)

to aggregate all the individual intuitionistic fuzzy decision matrices R¥) = (rl.(jk)) mxn
(k = 1,2,...,s) into the collective intuitionistic fuzzy decision matrix
R = (rij))mxn, Where rjj = (uj, vij, ), i =1,2,...,m; j=1,2,...,n

Step 4 See Approach 1.1.
Step 5 See Approach 1.1.

We have introduced two approaches to dealing with multi-attribute group decision
making problems under two different intuitionistic fuzzy situations (i.e., (1) the
weights of experts are known; and (2) the information about the weights of experts
are completely unknown). Both the approaches can take into account sufficiently the
information about the relationships among the arguments being aggregated, and can
reduce the influence of outlier arguments on the decision result by assigning lower
weights to those outliers and thus can make the decision result more reflective of the
total collection of arguments.

1.2.5 Practical Example

Xu (2011) considered a software selection problem in which the alternatives are
the software packages to be selected and the criteria are those attributes under con-
sideration (adapted from Wang and Lee 2009). A computer center in a university
desires to select a new information system in order to improve work productivity.
After preliminary screening, four alternatives y; (j = 1, 2, 3, 4) have remained in
the candidate list. There are three experts ex (k = 1, 2, 3) from a committee, whose
weight vector is n = (0.4,0.3,0.3). There are four attributes to be considered:
(1) Costs of hardware/software investment (G1); (2) Contribution to organization
performance (G2); (3) Effort to transform from current systems (G3); and (4) Out-
sourcing software developer reliability (G4). The weight vector of the attributes
G; (i =1,2,3,4)isw = (0.30,0.25,0.25,0.2)7. The experts ¢, (k = 1,2,3)
evaluate the software packages y; (j = 1,2, 3,4) with respect to the attributes
G; (i = 1,2,3,4), and construct the following three intuitionistic fuzzy decision
matrices B® = (b")4x4 (k = 1,2, 3) (see Tables 1.2, 1.3, 1.4) (Xu 2011).
Among the considered attributes, G is of cost type, and G; (i = 2, 3,4) are of
benefit type, i.e., the attributes have two different types, and thus, we need to transform
the attribute values of cost type into the attribute values of benefit type by using
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Table 1.2 Intuitionistic

fuzzy decision matrix B(" 1 2 Y3 e

Gy (0504,0.1) (04,050.1) (0.8,0.200) (0.50.3,0.2)
G> (0505000 (060400 (0.7,0.3,00) (0.60.20.2)
Gs (07,03,00) (02,0503) (0.4,0.60.0) (0.50.1,0.4)
Gs (03,0.60.1) (050302 (0.50.203) (0.8,0.1,0.1)

Table 1.3 Intuitionistic

fuzzy decision matrix B?® 2l >2 73 4

Gi (06,03,0.1) (03,04,03) (0.9,0.1,00) (0.6,0.2,0.2)
G> (03,0502) (050302 (0.50.203) (0.7,0.3,0.0)
Gy (050203) (02,0602 (04,0402 (0.4,0.20.4)
Gs (04,050.1) (060400 (0.40.60.0) (0.7,0.1,0.2)

Table 1.4 Intuitionistic

fuzzy decision matrix B®® il 22 3 4

Gi (04,050.1) (04,0600 (0.7,0.3,00) (0.7,0.2,0.1)
G> (0504,0.1) (07,0300 (0.604,0.0) (0.50.3,0.2)
Gs (06,0202 (03,0502 (03,0502 (0.9,0.1,0.0)
Gs (03,05,02) (050500 (0.60.202) (0.6,0.40.0)

Table 1.5 Intuitionistic

fuzzy decision matrix RD 21 22 23 24

Gi (04,050.1) (05040.1) (0.2,0.80.0) (0.3,0.50.2)
G> (0505000 (060400 (0.7,0.3,00) (0.60.20.2)
Gs (07,03,00) (02,0503) (0.4,0.60.0) (0.50.1,0.4)
Gs (03,0.60.1) (050302 (0.50.203) (0.8,0.1,0.1)

Eq.(1.50), then B® = (bi(;‘))4x4 (k = 1,2, 3) are transformed into R®) = (rfj">)4x4
(k=1,2,3) (see Tables 1.5, 1.6, 1.7) (Xu 2011).

Considering that the weights of the experts are known, here, we utilize Approach
1.1 to select the software packages:

Step 1 Utilize Egs. (1.51)~(1.54) to calculate the weights £ (i, j = 1,2,3,4;
k =1, 2, 3) associated with the attribute values ri(jk) (,j=1,2,3,4 k=1,2,3),

which are contained in the matrices Ay = (éij(-k))4x4 (k =1, 2, 3) respectively:

Table 1.6 Intuitionistic

fuzzy decision matrix R® il > 73 x4

Gi (03,0.60.1) (04,03,03) (0.1,09,00) (0.2,0.6,0.2)
G> (03,0502) (050302 (0.50.203) (0.7,0.3,0.0)
Gy (0502,03) (02,0602 (040402 (0.4,0.20.4)
Gs (04,050.1) (060400 (0.4,0303) (0.7,0.1,0.2)
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Table 1.7 Intuitionistic
fuzzy decision matrix R®

A3

31

Y1 V2

Y3

V4

Gi (0504,0.1) (0.6,0.4,0.0)
G> (0504,0.1) (0.7,0.3,0.0)
Gs (06,0202 (0.3,0502)
Gs (03,0502) (0.5,0.5,0.0)

(0.3,0.7,0.0)
(0.6,0.4,0.0)
(0.3,0.5,0.2)
(0.6,0.2,0.2)

(0.2,0.7,0.1)
(0.5,0.3,0.2)
(0.9,0.1,0.0)
(0.6,0.4,0.0)

0.3909 0.3937 0.3909 0.3847
0.3892 0.3892 0.3921 0.3892
0.3811 0.3864 0.3829 0.4000
0.3864 0.3829 0.3909 0.3921

0.3046 0.2992 0.3046 0.3115
0.3015 0.3015 0.2960 0.3015
0.3055 0.3068 0.3085 0.3124
0.3068 0.3085 0.3046 0.3119

0.3046 0.3070 0.3046 0.3038
0.3093 0.3093 0.3119 0.3093
0.3134 0.3068 0.3085 0.2876

0.3068 0.3085 0.3046 0.2960

Step 2 Utilize the IFPWA operator (1.26) to aggregate all the individual intu-

itionistic fuzzy decision matrices R¥) = (ry

(k

intuitionistic fuzzy decision matrix R = (rjj)4x4:

))4><4 (k = 1, 2, 3) into the collective

(0.4052,0.4938,0.1010) (0.5069,0.3670,0.1261) (0.2038,0.7962,0.0000)

(0.4466,0.4667,0.0867) (0.6086,0.3355,0.0559) (0.6183,0.2910,0.0907)

(0.6162,0.2334,0.1504) (0.2321,0.5288,0.2391) (0.3707,0.5005,0.1288)
(0.3323,0.5365,0.1312) (0.5332,0.3838,0.0830) (0.5062,0.2263,0.2675)

(0.2401,0.5862,0.1737)
(0.6070,0.2562,0.1368)
(0.6668,0.1242,0.2090)
(0.7214,0.1507,0.1279)

Step 3 Aggregate all the preference values r; (j = 1, 2, 3, 4) in the jth column
of R by using the IFWA operator (1.57), and get the overall preference value r;
corresponding to the alternative y;:

r1 = (0.4642,0.4105,0.1253),
r3 = (0.4322,0.4286,0.1392),

ra» = (0.4857,0.3967,0.1176)
r4 = (0.5710,0.2464,0.1826)

Step 4 By Eq.(1.3), we calculate the scores of r; (j =1, 2, 3, 4) respectively:
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Table 1.8 Fuzzy decision

matrix F(D V1 2 3 V4
Gy 04 0.5 0.2 0.3
G2 0.5 0.6 0.7 0.6
G3 0.7 0.2 0.4 0.5
(en 0.3 0.5 0.5 0.8

Table 1.9 Fuzzy decision

matrix F® )1 y2 V3 Va4
Gy 0.3 0.4 0.1 0.2
G2 0.3 0.5 0.5 0.7
G3 0.5 0.2 0.4 0.4
Gy 0.4 0.6 0.4 0.7

Table 1.10 Fuzzy decision

matrix FO® )1 2 3 V4
Gy 0.5 0.6 0.3 0.2
G2 0.5 0.7 0.6 0.5
G3 0.6 0.3 0.3 0.9
Ga 0.3 0.5 0.6 0.6

S(r1) = 0.4642 — 0.4105 = 0.0537, S(rz) = 0.4857 — 0.3967 = 0.0890
S(r3) = 0.4322 — 0.4286 = 0.0036, S(r4) = 0.5710 — 0.2464 = 0.3246

Since S(r4) > S(@r2) > S(r1) > S(r3), then by Xu and Yager (2006)’s ranking
method, we have r4 > rp > r; > r3, and thus, y4 > y» > y; > y3. Therefore, y4 is
the best software package.

In the illustrative example, if we use fuzzy sets, each of which is characterized only
by a membership information, to express the experts’ evaluations, then Tables 1.5,
1.6 and 1.7 can be written as Tables 1.8, 1.9 and 1.10 (Xu 2011).

To get the optimal alternative, the following steps are involved (Xu 2011):

Step 1 Utilize Egs. (1.51)~(1.54) to calculate the weights g,;.’“ (,j=1,273,4;
k = 1,2, 3) associated with the attribute values | (i, j = 1,2,3.4:k = 1,2,3),

which are contained in the matrices Ay = (él;k))4x4 (k =1, 2, 3) respectively (here
we assume that all the non-membership degrees and the hesitancy degrees are zero):

0.3911 0.3911 0.3911 0.4046
0.3911 0.3911 0.4000 0.3911
0.4000 0.3954 0.3954 0.3802
0.3954 0.3954 0.3911 0.4000
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0.3044 0.3044 0.3044 0.2977
0.3155 0.3044 0.3055 0.3044
0.3055 0.2965 0.2965 0.2950
0.3081 0.3081 0.3044 0.2950

0.3044 0.3044 0.3044 0.2977
0.2934 0.3044 0.2945 0.3044
0.2945 0.3081 0.3081 0.3248
0.2965 0.2965 0.3044 0.3055

A3 =

Step 2 Utilize the PA operator (1.17) to aggregate all the individual fuzzy decision
matrices F® = (Fi;-k))4x4 (k = 1,2, 3) into the collective fuzzy decision matrix
F = (Fj)axa:

0.4000 0.5000 0.2000 0.2405
0.4369 0.6000 0.6094 0.6000
0.6094 0.2308 0.3692 0.6004
0.3308 0.5308 0.5000 0.7094

F =

Step 3 Aggregate all the preference values Fj; (j = 1,2, 3,4) in the jth column
of F by using the well-known weighted averaging (WA) operator (Harsanyi 1955),
and get the overall preference value F; corresponding to the alternative y;:

F1 =0.3431, F, =0.5534, F3=0.4529, F4;=0.4988

Since Fy > Fp > F| > F3, and thus, y» > y4 > y3 > y1.

It is noted that the rankings of the alternatives are very different in such two
cases, this is because that all the non-membership information and the hesitancy
information are lost in the second case, and thus, the final results obtained in the
second case are obviously less reasonable than those when the experts’ evaluations
are expressed in IFVs comprehensively.

In the next section, we shall extend the aggregation operators and the decision
making approaches introduced in this section to interval-valued intuitionistic fuzzy
environments.

1.3 Interval-Valued Intuitionistic Fuzzy Power Aggregation
Operators

1.3.1 Interval-Valued Intuitionistic Fuzzy Values

Atanassov and Gargov (1989) extended IFS to interval-valued intuitionistic fuzzy
environments, and defined an interval-valued intuitionistic fuzzy set (IVIFS),
shown as: _

A= {(x. iz, 770)lx € X) (1.64)
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where ji;(x) = [,ug(x), ,u;f(x)] and v;(x) = [V:i (x), v:‘f(x)] are interval ranges,
and each triple (f ;(x), v ;(x), 7 ;(x)) in A is called an interval-valued intuitionistic
fuzzy value (IVIFV) or called an interval-valued intuitionistic fuzzy number (IVIFN)
(Xuand Chen 2007b), where 7 ; (x) = [ ; (x), n} (L7 (x) = 1—/Lj§'(x)—v13 (x)
and n;{ x)=1- /,LX (x)— v; (x),forall x € X.Forconvenience, we denote an IVIFV
by @ = (ftg, Vg, Tg), where [ig, Vs and 75 are the membership degree range, the
non-membership degree range and the hesitancy degree (or the uncertainty degree)
range respectively, and satisfy

fig =g ug1 C L0 1), 95 =[vg.vz1C 10,11, pf +vy <1,
+ 7-[(;“ =1-pu; —v, (1.65)

fg=I[rn,nd1C0, 1], n; =1—p}—vi,

Similar to the comparison method of IFVs, Xu and Chen (2007b) defined the
score function and the accuracy degree of IVIFS & as follows:

1
S@) = (g —vg + ng —vl) (1.66)

o

N D
H(@) = 5 (ug +vg +1g +v7) (1.67)

and they gave the following definition to compare two IVIFVs:

Definition 1.4 (Xu and Chen 2007b) Let &; = (fig,, Vg, Tg,) (i = 1, 2) be any two
IVIFVs, S(&;) (i = 1,2) and H(®;) (i = 1, 2) the scores and accuracy degrees of
a; (i =1, 2) respectively, then

(1) If S(axy) > S(a2), then &y is larger than &3, denoted by o > @3.
2) If S(a;) = S(ap), then
(a) If H(a1) = H(ay), then there is no difference between & and @», denoted
by & ~ @3.
(b) If H(a1) > H(a2), then ¢ is larger than a», denoted by &1 > a».
Later, Wang et al. (2009) gave another two indices called the membership uncer-

tainty index:
91@) = i +v; —pg —vd (1.68)

and the hesitation uncertainty index:

0@ = pnt +vi—pu; —v; (1.69)

o o

respectively to supplement the ranking procedure in Definition 1.4. In the case where
S(a1) = S(ap) and H (1) = H (@), one can further consider these two indices:

(1) If g1 (&1) < g1(@2), then @ is larger than &;, denoted by &) > @.
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(2) If g1 (@1) = g2(c2), then

(a) If g2(a1) < g2(a2), then @ is larger than &, denoted by &1 > a;
(b) If ga(@1) = g2(a2), then @ is equal to &, denoted by & = ;.

Xu (2011) extended Definition 1.3 to interval-valued intuitionistic fuzzy environ-
ments:

Definition 1.5 (Xu 2011) Let & = (g, Va;» 7o) = (g . 13 1, vy . vi ] [y,
n;]) (i =1,2) be two IVIFVs, then

(1) @ @& = (g +ng, — kg 1y 13 +0d —ud ndl vz v vivi],

[0 = ) = ) = Va3, (1= g (1 = iag,) = v, Vi, D

2) @1 ®@a = (g Mg, g Ha | Vg, + Ve, = Va Ve Va, T Vay = Va,Var b
[ =vI A =vi) =g pg, A =vy YA =vg) — g g 1.

(3) Adr = (11— (= pg)™ 1= = pg)" L0z)" 063D,

[0 =g )" = 05" (= )" = (™D, 2> 0.

@ a7 = Ag)h WM = A =g 1= =vi),
[ —vI) = ) A —vy ) = (g )™, 2 >0.

All the results of the above operations are also IVIFVs, and similar to Theorem 1.2,
the following are all right:

Theorem 1.10 (Xu 2011)

(1) If A1 > Ag, then M@ > Ap@, @12 > @l=*2, 0 < A, A < 1.

2) If,u&l > May» Va = v&z,then Ao > )\dz,&i‘ > &%‘,0 <A<l

Q) If g, > Mass Hay = Hay» Ve < Vass Var < Va,.thenda) @ a3 > ar @ ay, a1 ®
az > ay ® dy.

1.3.2 Power Aggregation Operators for IVIFVs

On the basis of Definitions 1.4 and 1.5, Xu (2011) extended all the operators devel-
oped in Sect. 1.2.3 to aggregate interval-valued intuitionistic fuzzy information.
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Let o; = (i, Vs, 7Tg) (0 = 1,2,...,n) be a collection of IVIFVs, and
w= Wwi,wy,..., wn)T the weight vector of &; (i = 1,2, ...,n), where w; > 0,
i =1,2,...,n, and Z?:l w; = 1, then Xu (2011) defined an interval-valued
intuitionistic fuzzy power weighted average (IVIFPWA) operator:

IVIFPWA(ay, ay, ..., 0,)
_ i+ T@)@) & wa(l + T(@))d2) & - & (wa (1 + T(@n))in)
Z?= wi(1 4+ T ()

(1.70)
which can be transformed into the following form:
IVIFPWA(ay, ¢z, . .., 0ty)
i wj 14T @) n W (147G )
/—l j:l
i wj (14T (@)) wj (4T (@)
H (v )z _lw (1+T(a¢l)) H (v )Z _ 1 wi(4+T @)
_/_1 j=1
wj (1+T(06/)) n w_/'(H»T(&j))
H (- T )z _wi(H+T@G) _ H (V&j)z,=l (4T @)
_J—l j=1
w (H»T(a )) wi (1+T(ocj))
H (1 _ M )Z 71W,(1+T((¥l)) _ H (V )z 71M,(1+T(a ) (171)
j=1 j=1
where
n
T(@)= Y wiSup(@d) (1.72)
j=1
J#i

and Sup(a;, ;) is the support for &; from & ;, with the following conditions:

(1) Sup(a;,aj) €0, 1].

(2) Sup(&i, 5[/) = Sup(&j, 5[,‘).

(3) Sup(ai,a;) = Sup(ay,ay), if d(@;, a;) < d(as, ), where d is a distance
measure, such as the normalized Hamming distance or the normalized Euclidean
distance, where



1.3 Interval-Valued Intuitionistic Fuzzy Power Aggregation Operators 37

(a) The normalized Hamming distance for IVIFVs:

- . 1 _ _ _
dH(ai,aj)ZZ(Mai — Mg, +‘M;r,. — W |+ Ve = Ve, | Ve — Ve,
|y — o |+ |t — ) (1.73)

(b) The normalized Euclidean distance for IVIFVs:

dp (@, a;)

= \/i (e — Ha;)? + (1d; —,L;jp + ey —va)? + Ve —VI,V + (10 — 7a))? + (nd _ﬂ;j)z)
(1.74)

Especially, if w = (1/n,1/n, ..., l/n)T, then the IVIFPWA operator (1.71)
reduces to an interval-valued intuitionistic fuzzy power average (IVIFPA) operator:

IVIFPA(ay, ds, ..., dy)
_ ([ +T@)a)@(( +T@)d) & - & ((1+ T(@n))dn)
ST+ T@))

(+7@ ;)
n n (14T (@;))
> <1+T(a,>> B
— + ! (A+T (&
=||1= H(l_ ),, _ H(l_“&j)z’*l @)
j=1 j=1
B (4+T@)) (14+7(@))
H vy )Z’Ll @ H (v )z",l(wr(a,))
_J =1 j=1
(A+T@;)) (+T@ ;)
H (1 —pd )Z",1<1+T(a,)> _ H (v+ )z",law(a,))
Lj=1 j=1
(147(@)) (+T@;)
ni ST (1L T(m
H a- 1y )Z _ (+T@) _ H (V )Z (1+T(a,>) (1.75)
j=1 j=1
where
1 n
T(a) = - E Sup(a;, a;) (1.76)
j=1
J#i

Based on the IVIFPWA operator (1.71) and the geometric mean, Xu (2011) intro-
duced an interval-valued intuitionistic fuzzy power weighted geometric (IVIFPWG)
operator:
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IVIFPWG(&] L0, ..., 0y)
1 re) S (T LGk S )
(Ol]) Z?:11¢’,‘(1+T(5t,')) ® (a2) -1 Z?lei(1+T(&i))
(14T G )

1 (1 - -
®(&n)n71( ST wi T @) (1.77)

which can be transformed into Eq. (1.78) by using mathematical induction on n:

IVIFPWG(ay, ag, ..., 0y)
n %(1 nw (l+7(ct ) ) n %(17 nw./(lJrT(&j))
_ — \n— z 1 Wi (1+T(Ot[)) H z':lwi(1+T(&i»
= ({1 @z (1g)" , :
Jj=1 =1
n Y R
H (1 _ V ) -1 Z;':lvt'i(l+T(&[))
j=1
1 ( w; (14T ;) )
n—=T _ <1+T< )
1—H<1—v> Tme) ||

j=1

n 4(1 M) n L(l wj (TG ) )
4\ n—1 TS W (T (@) + \n—1 X wi (4T @)
[T a —v;,) eyt ) (ug,) Zizy i@ ),

j=1 j=1
n 1(1 w,~<1+r(&,~>)) n 1 (o _wiHT @)
=\ s iy H =\ T S TG
— =1 " i _ =1 Y i
[Ta-v) , [ e z
j=1 j=

(1.78)

with the condition (1.72).
Especially, if w = (1/n,1/n,...,1/n)T, then the IVIFPWG operator (1.78)
reduces to an interval-valued intuitionistic fuzzy power geometric (IVIFPG) operator:

IVIFPG(a1, @y, . . ., @n)

L(l— 1+7@)) ) L(l 1+7 (@3) )
1 n a: 1 n &:
= (@) S HT@ ) @ (@) ST (T G))
%(1_ 147 @) )
~ = i &
®® @)\ T
(o _aHTE) . (14T @;))
_ (’uj)nfl ST (+4T@&) 1(1+T(a,)> H(/“L ) T\ Y l(1+T<a,>)
aj
J j=1
|: (+T@ ;) )

n BN D et S
_ | I (1 —vs )"*1 > T @)
j

i=1

3

n
=1
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n 1 1— (]+T(51j))
_ H (1—viHy! ST (4T @)
aj

j=1

’

S R L. n (o T@)
H (- v ) TN e T H (ui)" T\ 2ie, G T@
Jj=1 il

(1o ) n I T G T
H (1—=vy ) T YL 0+ T@n ) H o) T\ T ey
j=1 je

(1.79)

with the condition (1.76).

Similar to the IFPOWA operator (1.43), Xu (2011) defined an interval-valued
intuitionistic fuzzy power ordered weighted average (IVIFPOWA) operator as fol-
lows:

IVIFPOWA(a1, az, . . ., O0y) = 01Qindex(1) D 028index(2) D -+ - B Onindex(n) (1.80)

which can be further expressed as:

IVIFPOWA(a1, a2, . .., 0ty)

n n
= 1 - H (1 - /L&mdex(j))w‘f, l - H (1 - M&[ndex(j))w] )

Jj=1 j=1
n n
- w; + w;
H (V&indcx(j)) T H (v&index(j)) ! (181)
Jj=1 j=1
where@; = (g, V&, #a;) (j = 1,2..., n)areacollection of IVIFVs, and Gindex(i)

is the ith largest of the IVIFVs &; (j = 1,2,...,n). w; (i = 1,2,...,n) are a
collection of weights such that

D: D'—l i n
wi =g (ﬁ) —9( TIV ) , D= Z Vindex(jy, TV = Z Vindex(i

j=1 i=1
Vindex(jy = 1 + T @index(j)) (1.82)

and T (@index(j)) denotes the support of the jth largest IVIFV &;nqex( ) by all the other
IVIFVs, ie.,

n
T (Qindex(j)) = Z Sup (Xindex(j)» Qindex(i)) (1.83)
i—1
iZ]
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where Sup (@index(j)» Qindex(iy) indicates the support of ith largest IVIFV @jngex(i) for
the jth largest IVIFV &jygex(j), and g : [0, 1] — [0, 1] is a BUM function.
Especially, if g(x) = x, then the IVIFPOWA operator (1.80) reduces to the [IVIFPA
operator (1.75).
Then based on the IVIFPOWA operator (1.80) and the geometric mean, Xu (2011)
defined an interval-valued intuitionistic fuzzy power ordered weighted geometric
(IVIFPOWG) operator:

IVIFPOWG(Qy, &2, . . ., Q)
~ I=oy - 1zoy ~ Loy
= (aindex(l)) =T ® (aina’ex(2)) TR (aindex(n)) n-l (1.84)
which can be further expressed as:

IVIFPOWG(ay, &2, . . ., Oy)

n l—w; M l-w;
ey ]
= - n—1 o n—1I
H (Maindex(j)) ? H (Maindex(j)) ’
j=1 j=1

n l—wj n i lf(u]-
1— H 1 —vo ] — H 1 — 1 =
( Votindex( 7 ) ’ ( vaindex( 7 ) ?

j=1 j=1
n l-w; n l-w; n l—w;
H(l—vfr )ﬁ_H(,ﬁ = H(1_Vr =
Uindex(j) Uindex(j) ’ Uindex(j)
j=1 j=1 j=1
n l-w;
— 1 g )™ (185)
Uindex(j)
j=1
where w; (i = 1, 2, ..., n) are a collection of weights satisfying the conditions (1.82)

and (1.83). Especially, if g(x) = x, then the IVIFPOWG operator (1.84) reduces to
the IVIFPG operator (1.79).

Let (&1, &, ..., &) be a vector of n IVIFVs, then all the IVIFPWA, IVIFPWG,
IVIFPOWA and IVIFPOWG operators have the following properties (Xu 2011):

Theorem 1.11 (Commutativity) Assume that (&, &, ..., &,) is any permutation
of (&1, an, ..., d,), then
IVIFPWA(@1, @2, . .., Gn) = IVIFPWA(&}, &), ..., Q) (1.86)
IVIFPWG(ay, @2, - . ., &) = IVIFPWG(&}, &, ..., a,) (1.87)
IVIFPOWA (&1, @, . . . , Gn) = IVIFPOWA(&,, &), .. ., &) (1.88)

IVIFPOWG (a1, &2, . . . , &n) = IVIFPOWG(&}, &5, .. ., q, (1.89)

n
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Theorem 1.12 (Boundedness) Let@; (j = 1,2...,n) be a collection of IVIFVs,
then

&~ < IVIFPWA(@1, @, ...,a,) <at (1.90)
&~ < IVIFPWG(@y, &2, ..., 0,) <a&™ (1.91)
&~ < IVIFPOWA(&1, @2, ..., 0,) <& (1.92)
&~ < IVIFPOWG(&1, dn, ..., 0,) <a™ (1.93)
where
a” = ([mjm{u&j}, mjln{ug,j}], [m?x{v&j}, mj@lx{v&j}], [1 mjm{udj} mfx{v&j}],
[1 —min{u; } — max{v,;.}]) (1.94)
J I J J
S+ - + T syt
a = ([mj@lx{/&&j}, mjax{u&j}], [mjln{v&j}, m]m{v&j}],

[1 — max{pg } — minfvy }]. [1 — max{ug } — min{v;}]) (1.95)
J / J J J / J /

1.3.3 Approaches to Multi-Attribute Group Decision Making with
Interval-Valued Intuitionistic Fuzzy Information

In the following, we investigate the application of the interval-valued intuitionistic
fuzzy power aggregation operators to multi-attribute group decision making with
interval-valued intuitionistic fuzzy information:

For a multi-attribute group decision making problem with interval-valued intu-
itionistic fuzzy information, suppose that Y, G and E are defined as in Sect. 1.2.4. Let
B® — (b(k))mxy, be an interval-valued intuitionistic fuzzy decision matrix, where

7 (k) (k)
b = (",
an IVIFV, where tlg-k) = [t ;(k)] indicates the degree range that the alternative
7 (k)

y; satisfies the attribute G;, while f

fij(.k) , (k)) is an attrlbute value provided by the expert e, denoted by

= fU ® flj (k)] 1nd1cates the degree range
that the alternative y; does not satisfy the attribute G;, and 7 nij = [ —®, ;’ (k)]

indicates the degree range of uncertainty of the alternative y; to the attrlbute G,
such that
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70 =k +k) 7(k) &) o+ +(k) +(k)
i =10 Orcion, 7P =00 i O1c0m, O+ O <

—(k) _ +(k) (k) +(k) _ —(k) —(k)
my o =ty Sy =y =

i=12,....m; j=12,...,n (1.96)

In general, there are benefit attributes and cost attributes in multi-attribute decision
making, and all the attribute values need to be transformed into the same type.
Without loss of generality, here, we transform the attribute values of cost type into

the attribute values of benefit type, i.e., transform B® — (l;l{jk) )mxn into the interval-

valued intuitionistic fuzzy decision matrix R® = (Fi(jk))mxn, where

7 (k) . )
(k) (,u(k) % .(!()) _ sz R g‘or benefit attribute G i1
iV T (b;ik)) , for cost attribute G; ’ T ’
(1.97)
7 (k) (k) (k) MO
where (bij ) is the complement of le , such that (b ) = ( fl li T ),
where
~ (k) —(k) +(k) —(k) _ +(k) +k) _ +(k) +(k)
Tij _[lj L Tij _l_tij _ftj =1- Ky = Vg s
+(k) _ f(k) (k) —(k) —(k)
g =1- 1 fy =1- Wi =V (1.98)

Then, we can utilize the IVIFPWA (or IVIFPWG) operator to develop an approach
to multi-attribute group decision making with interval-valued intuitionistic fuzzy
information, which involves the following steps (Xu 2011):

Approach 1.3
Step 1 Calculate the supports:
Sup ( 7, ;”) 1—d ( e *15”) L I=1,2,...,s (1.99)

which satisfy the support conditions (1)—(3) in Sect. 1.3.2. Without loss of generality,
here we let

*) =0 1 S R() +(k)
a (7P ) = 3 (i =g Mﬂ e

+|v

k) _ vf")‘

+0) _

— k)
ij T

+(k) ) D
l’j £

l:l,2,...,s (1.100)

Step 2 Utilize the weights g (k = 1,2, ...,s)oftheexpertsex (k =1,2,...,q)
to calculate the weighted support T(r( )) of the IVIFV F(k) by the other IVIFVs

FO=1.2.... sandl # k):
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1Y) = ZmSup( i) (1.10)
l;ék

and calculate the weights 51'5']() (k = 1,2,...,s) associated with the IVIFVs r N(k)
k=1,2,...,s):

k (1 + T(fi(jk)))
Siom(1+ T(f;")))’

B — =1,2,...,s (1.102)

where Eig.k) >0,k=1,2,...,s,and > _, S(k)
Step 3 Utilize the IVIFPWA operator (1.71):

Fij = IVIFPWAG S 7D, .. 7))
s
CE® 1 ®
:([1_ [Ta—u% . 1- H(I—M;( s }
k=1 =

k
[H vy O H (V+<k))s( i
[H (1— M;(k)g,;“ _ H (v;("))#), ﬁ (- M;(/o)s,-j- H W <k>)s(“D

k=1 k=1 k=1 k=1
s (4T >) e +7 )
_ =)y T (147G () 35 _ 1nk<1+l(r( )
=[{1-J]a-u" H(l ) ,
B (47 ))) 47 GH)
=)y Th =y (TG (k) X5 n<1+r<r”‘)))
H(v ) k=1 H(v )Zi=1 ,
j=1
[, nmwu("’)) r/k(HT(rU‘)))
Fh)y iy m TG 0y Ty 47 G)
[T a—pg®y=-mere H(v ) Hh=t1 :
=1
mlw(:“‘))) (TG
—(k)y 25 = 1Uk('+T(' ()y 25 = 1’7k(|+T(’())
H (= pny™) H (! (1.103)
k=1 k=1

or the IVIFPWG operator (1.78):
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~(1) ~(2) ~()
Fij = IVIFPWG(F ., ,, N )
5
—(k k
=( H(u,,”) = H(;J”) E }
Lk=1 k=1
s E(k)
L k=1
- s‘k)
k k
H (1 +( )) = H (/’L+( )) -
Lik=1
s
k —k
[Ta-» ”)sl H(u,,”w D
k=1 k=1
(i TG R o (ie TG
_ H(Mz ®)y’ U oml lvk(l+T(r( ) H( +(k)) - zkzlmwro,}’»

k=1

s e nk(l+T(?(k)))
1— H (1— Vj(k))s’1 §o TGy
ij
k=1

S (e 4TG0
1— H (- (k)) -l zk*]”k(H'T('( )
k=1

”k“*T(r(A))) nk(1+T(r(k))) )

s L l—— = 0= L -
H (- +(k)) '( > ,,kmr(rjj)») H (M+(k)) ‘( o 'ik(|+T(V( )
k=1

147G

. . e+
s Tl w s\l
H (1_vj(k)) Xk AT ) H (5 (k)) Xh o (TG )
ij i
k=1

(1.104)

to aggregate all the individual interval-valued intuitionistic fuzzy decision matrices
R® = (r(k))mxn (k=1,2,...,s) into the collective interval-valued intuitionistic

fuzzy decision matrix R = (r,j) mxn, where

iy = (i %) = (g ) g v ) g ).
i=1,2,....m J=1,2,...,n (1.105)

Step 4 To get the overall preference value 7; corresponding to the alternative y;,
we aggregate all the preference values 7 (j = 1,2, ..., n) in the jth column of R by
using the interval-valued intuitionistic fuzzy weighted average (IVIFWA) operator
(Xu and Cai 2009):
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Fj = IVIFWA(F\j, P, . .., Fmj)

i=1 i=1 i=1 i=1
[H (1= p)" = H o [Ta—wp =11 (v,;)WfD,
i=1 i=1 i=1 i=1

j=L12,....n (1.106)

or the interval-valued intuitionistic fuzzy weighted geometric (IVIFWG) operator
(Xu and Cai 2009):

Fj = IVIFWG(F1j, P2, - - s Fmj)

=([IIU%)L?,IIUQ)37},{ [Ta—p=ta-TTa-v ml}

i=1 i=1 i=1 i=1

hhuﬁwwﬂﬂwwlﬂuw>w—ﬂwﬁﬂb

i=1 i=1 i=1 i=1

j=12....n (1107

Step 5 Rank 7; (j = 1,2,...,n) in descending order by using the ranking
method described in Definition 1.4.

Step 6 Rank all the alternatives y; (j = 1,2, ..., n) and select the best one in
accordance with the ranking of 7; (j =1,2,...,n).

In the case where the information about the weights of experts is unknown, we
can utilize the IVIFPOWA (or IVIFPWG) operator to develop an approach to multi-
attribute group decision making with interval-valued intuitionistic fuzzy information,
which can be described as follows (Xu 2011):

Approach 1.4
Step 1 Calculate

Su (~mdex(k) ;ltjndex(l))

—1-4d (;index(k) ;index(l))

i T
1 —(index(k)) —(index(l)) +(index(k)) +(index (1))
21‘1(“1:/ — ‘+H,~,~ —

i V—(index(k)) _ V—(index(l))‘ T )V_J_r(index(k)) _ V+(i11dex(l))

ij ij g
—(index(k index(k dex(l
(index(k)) j_[l;r(zn ex(k)) +(m ex(1)) ) (1.108)

Tij ij T

_I_

which indicates the support of the /th largest IVIFV rmdex(l) for the kth largest IVIFV

~1na’ex(k) ~(f) —
Fi Ofij (t=1,2,...,5).
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Step 2 Calculate the support 7 ( '"dex(k)) of the kth largest IVIFV F'"dex(k) by
the other IVIFVs f}l.” (I1=1,2,...,s,and [ # k):

s
T (fi,;,dex(k)) _ Z Sup (;iz;zdex(k)’ ,;;J(ldex(l)) (1.109)
1%

and utilize Eq.(1.82) to calculate the weight wl.(f) associated with the kth largest
IVIFV 7{® where

D(k) D(k—l)
(k) i ij (k) mdex(l) index(l)
i = — —_— D E V TV E V

Vl;ndex(l) 14T (~mdex(l)) (1.110)

where o > 0.k =1,2,....s,and 3} _  of} = 1.
Step 3 Utilize the IVIFPOWA operator (1.81):

IVIFPOWA(;“, *152), o fi(;))

= ( 11— H 1 - (Wlex(k))) H = +(lndex(k))) (k>:|
—(index(k)) +(index (k) o
[T e TT e }
k=1

H (1 +(mdex(k))) *) H ( +(mdex(k))) (k) i

s o ®
l—[ (1— (zndex(k))) H (Vl_;(mdtx(k)))w,:i :|) (1.111)
k=1

or the IVIFPOWG operator (1.85):

IVIFPOWG(“(I) f’, . f.(.”)
(k)

w(ls)
(|:H ( —(mdex(k))) = ﬁ ( +(zndex(k)))l j| ’
—o® - w(k)
|:1 . H (l (mdex(k))) H (1 +(mdex(k))) :| 7
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s s b
+(index(k)) Y +(index(k))

FICE e e | T
k=1

i

k=1
s 1—o® s 1—o®
—(i iy —( Y
H a1 —v; (mdex(k))) - H (Mij (mdex(k))) = :|) (1.112)
k=1 k=1

to aggregate all the individual interval-valued intuitionistic fuzzy decision matrices
R® = (Fi(jk))mxn (k =1,2,...,s) into the collective interval-valued intuitionistic
fuzzy decision matrix R = (Fip)mxn-

Step 4 See Approach 1.3.

Step 5 See Approach 1.3.

Clearly, Approaches 1.3 and 1.4 are the extensions of Approaches 1.1 and 1.2 in
interval-valued intuitionistic fuzzy environments, and thus, they have similar char-
acteristics.

In the case where the evaluation values given by the experts are expressed with
IVIFVs in the example of Sect.1.2.5, we can utilize Approach 1.3 to solve the
problem, here omitted for brevity.

1.4 Intuitionistic Fuzzy Geometric Bonferroni Means

The Bonferroni mean was originally introduced by Bonferroni (1950) and then gen-
eralized by Yager (2009). The desirable characteristic of the Bonferroni mean is its
capability to capture the interrelationship between input arguments. Xu and Yager
(2011) further applied the Bonferroni mean to intuitionstic fuzzy environments and
introduced the intuitionistic fuzzy Bonferroni mean and the weighted Bonferroni
mean. Xia et al. (2012a) developed a geometric Bonferroni mean based on the Bon-
ferroni mean and the geometric mean and further extended it to intuitionistic fuzzy
environments.

1.4.1 Geometric Bonferroni Mean

The Bonferroni mean, introduced by Bonferroni (1950), can be defined as follows:

Definition 1.6 (Bonferroni 1950) Leta; (i = 1,2, ...,n) be a collection of crisp
data, where a; > 0, for all 7, and p, g > 0, then

L
p+q

l n
BMPYay,ar,...,a,) = | ————— a’al 1.113
(a1, az n) n(n_l)”ZZI i a; ( )

i#]

is called a Bonferroni mean.
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Especially, if ¢ = 0, then by Eq.(1.113), the Bonferroni mean reduces to the
generalized mean operator (Dyckhoff and Pedrycz 1984) as follows:

1
r+0

1
p,0 IS p 1 C 0 IS rY
BMPOar, . coan) = | - D a] | o5 D 4 =\~ d
i=1

j=1 i=1
J#

(1.114)
If p =1and g = 0, then Eq.(1.113) reduces to the well-known arithmetic
average:

1 n
BM" a1, a, o an) =~ 3 i (1.115)

i=1
Based on the usual geometric mean and the Bonferroni mean, Xia et al. (2012a)

proposed a geometric Bonferroni mean as follows:

Definition 1.7 (Xia et al. 2012a) Let p,g > 0, and @; (i = 1,2,...,n) be a
collection of non-negative numbers. If

n
1
[T pai +qapm@n (1.116)
ij=I
oy

GBMP1(ay, as, ..., a,) =
p+q

then we call GBM -9 a geometric Bonferroni mean (GBM).

Obviously, the GBM has the following properties (Xia et al. 2012a):
(1) GBM?4(0,0,...,0) =0.
(2) GBMP?4(a,a,...,a)=a,ifa; = a, forall i.
(3) GBMP?49(ay,ay,...,a,) > GBMP4(by, by, ..., by,),ie., GBMP4 is mono-
tonic, if a; > b;, for all i.
(4) min{a;} < GBMP?(ay, ay, ..., a,) < max{a;}.
1 l

Furthermore, if ¢ = 0, then by Eq.(1.116), the GBM reduces to the geometric
mean:

1 1 T 1
GBMP (ar,az,....an) = — [ (paym@=0 = [] (a7 (1.117)
P s i =1
J= L=
i)

1.4.2 Intuitionistic Fuzzy Geometric Bonferroni Mean

Let o = (Ug;sVey>To;) (@ = 1,2,...,n) be a collection of IFVs, based on
Eq.(1.116), Xia et al. (2012a) defined a geometric Bonferroni mean for IFVs:
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Definition 1.8 (Xia et al. 2012a) For any p, g > 0, if
(1.118)

1 n 1
® (poi & qaj)™D

ij=1

i#]

IFGBMP 1 (ay, an, ..., 0,) =
p+q

then IFGBM P4 is called an intuitionistic fuzzy geometric Bonferroni mean (IFGBM).

By using the operations and the relations of IFVs given in Sect. 1.2.2, we can

derive the following theorem:
Theorem 1.13 (Xia et al. 2012a) Let p, g > 0, then the aggregated value by using

the IFGBM is also an IFV, and

IFGBMP (a1, @, . .., oty)
7

1

= 1= T (1= = se)? (A = pa)?) @0

ij=1
i#]
p+q

1
(1= (1= 1) (1 = pag)?) =D

i#j
e
(1.119)

—|1- H (l—vgivgf)

_1
nn—1)

Proof By the operational laws (1) and (3) described in Definition 1.3, we have
(1.120)

po; = (1 - (1 - Mai)ps Vgl., (1 - Ma,‘)p - Vgi)
(1.121)

and then
5 Vgivgja (1 - Ma,’)p(l - /’Lc{j)q - vg,-vgj)
(1.122)

pai ®qaj=(1—(1—pa)"(1 = pg)?



50 1 Intuitionistic Fuzzy Aggregation Techniques
Let

Bij = (ugy, vpy» py) = pati @ gt
= (1 = (1= )P (1 = pa))? VG VG (1= )P (1 = phay)? —VZZ,.VZ,-)

(1.123)
then
IFGBMP (a1, 00, ..., 0ty)
1 n 1 1 n L
_ ® (pa ®qa;) @D | = ® B7 7| (1.124)
p+q i,j=l(pl 42) pra
i#j i#j
Since
n
® ﬂn(n nn—1) __ H g(jn 1) 1 H (l_VIB )n(n 1)
ij=1 YIRS =1
i#] oy lz/;tj
n ] n 1
H (1= vg,) D — H u,';f,”’” (1.125)
ij=1 ij=1
i#j i#]

which has been proven by Xu and Yager (2006). Then by replacing Bij, g;. vg;

and mg, in Eq.(1.125) with pa; & qoj, 1 — (1 — pe)P (1 — ,uaj)q,vgivgj and

(1 = )P (1 = pa)? — vay byl ;» respectively, we have

n 1
'®](pai®qaj)n(n71)
L, ]=
i#]
n 1 " (1 D
_ H (1—(1—Ma;)p(l—ﬂa_/)q)"("_”’ 1— H (l—vl’ qj)nn ’
=1 i,j=1
ik i#j
n S n 1
nn—1 nn=T)
H (1—\1” Vq,) - H (1= (1 = pa)” (1 = pra)?) =D
i= ij=1
i#) i

(1.126)
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Then by Eq.(1.126) and the operational law (3) in Definition 1.3, it yields

IFGBM? 1 (ay, an, ..., op)

1 1
® o @ o nn—1)
p n qu_l(P i 09 )
_1
P+aq
1
IT (1= 0 - )? = gy |
i,j=1
i#j
1
r+aq
n
nn—1)
1- H (l—vglvgj) ,
ij=
i#j
7
n
L= JT (1= = sa)? (1 = g )?) =0
ij=
i#j
1
r+q
n 1
~-[1-11 (1—VP g})"("*” (1.127)
ij=1
i#j
i.e., Eq.(1.119) holds. In addition, since
1
r+q
n 1
o<t—[1=J] 1= =pma)’d = pap?)™ o[ <1 (1128)
ij=
i#j
I’Jrq
n 1
nn—1)
o<|1- I (1—vgivgj) <1 (1.129)
ij=
i#j

then

rFq
n
1
= 1= T (1= = pe)?( = pa)?) 7D
ij=1
i#J
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1
p+q
n

_1
_ P4 nn—1)
+1- 1 (1 va’,vaj)
i,j=1
i#]
1
rt+q
n

1
< —1= ] (1= = pe)? (1 = 1)) 7D

1
rP+aq
n 1
+ 1= ] (1= = pe)? (A = p1g)9) 7@ =1 (1.130)
ij=1
i#j
which completes the proof of Theorem 1.13.
Then, in what follows, we introduce some desirable properties of the [IFGBM (Xia
et al. 2012a):

(1) (Idempotency) If all ; (i = 1,2, ..., n) are equal, i.e., ; = & = (Ug, Va, Ta),
for all i, then

IFGBM?P 1 (ay, a0, ..., 0ty)
=IFGB’Y(a,a,...,a)

1 n 1 1 n 1
= X (pa@qa)n(n—l) = ® ((p+q)a),l(n_1)
p+qlij=1 p+aqglij=1
i#] i#j
1 nn—1)
= ((p+ @)= =« (1.131)
p+q
(2) (Commutativity)
IFGBM? 9 (ay, an, ..., o,) = IFGBMP 9 (&, &z, ..., d,) (1.132)
where (a1, &z, ..., &) is any permutation of (o1, &3, ..., &y).

Proof Since (a1, a, ..., &) is any permutation of (ay, a2, ..., ), then



1.4 Intuitionistic Fuzzy Geometric Bonferroni Means

1

n
IFGBMP (a1, 00, ..., 05) = ®
p+q\ij=1
i#j
1 n
Cp+aq|ij=1
i#£j
= IFB"9 (¢, da, .

1

(POli o) quj) nm—1)

® (poi @ qd,-)"wl*”

Sy )

53

(1.133)

(3) (Monotonicity) Let 8; = (ug;,vg,mg) (i = 1,2,...,n) be a collection of

IFVs, if (o, < pg; and vy, > vg,, for all 7, then

IFGBMP (a1, a2, ..., cn) < IFGBMP9(B1, B2, ..., Bn)

Proof Since y; < g and vy; > vg,, for all i, then

(1 - Mai)p(l - /'Laj)q > - Mﬂi)p(l - /’Lﬁj)q

P4 P
Vo Vaj = Vg, Vg,

n

1
TT (1= (1= )P (1= g1, )?) -0
ij=1
i#]

n 1
< IT (0= = pp)P (= pp)?) =D
= Q=1
i#]
- P =D p g
1 (1 —vive,) ™D < 1 (1 /Y
ij=1 i,j=
i#] i#]

n

ij=1

:> n
ij=1
i#]j
n 1 n
1= 11 (=)™ =1 ] (1

ij=1 ij=1
i#] i#]j

1

) nn—1)
J

1
rta

1
L= T1 (1= (1= )P (1 = pg))?) @D

rt+q

> 1= 01 (1= (1= g1 = ug9) D

1
P .q )n(n—l)

Vg V,Bj

(1.134)
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1
P+q

n 1
= 1= TT (1= (= pa)P (1 = pt)7) 7D
i,j=1
i#]J 1
PEq

<i—|1= T1 (1- (= ug)P( = ug)7) @0

N i) 1
Pta
i P .4 %
1—_1_[ (l—vaiv j)"<"‘>
i,j=1
i#] 1
] PFaq
-1 (1= 1)
- L Bi'B
L ]=
i#j
7
n
1
1= 1= J] (1= = pa)? (0 = pg;)?) D
ij=1
i#]
_1
r+q
n 1
nn—1)
—1- H (1—v§ivg_/)
i,j=
i#]j
7
n
1
< —]1=J] (0= =pp)P (1= pg)e)o=D
ij=1
i#]
7
n 1
nn—1)
1111 (1—vgivgj) (1.135)
ij=1
i#]

which completes the proof.

(4) (Boundedness) Let @~ and a™ be given by Egs. (1.35) and (1.36), then
o~ <IFGBMP9(aj,as,...,ay) <at (1.136)

which can be obtained easily by the monotonicity.

If the values of the parameters p and g change in the IFBGM, then some special
cases can be obtained as follows (Xia et al. 2012a):
Case 1If ¢ — 0, then by Eq. (1.119), we have
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IFGBMP (a1, an, ..., o)

L[ & (pes @ qay) T 1(é< >‘)
= o o) = — o) n
p+aq iz PN FAGR
i#j

S|
A
—
|
Il 3
—_
—
—
|
<
L
SN
=
N
1

=1 —(1 -[T(-a —Mai)l’)»i)]

i=1

(- 1u-o —ua»ﬂ)’f)p —(1 ~T10 —vg,ﬂ)p

i=1

= IFGBMP (a1, an, ..., o) (1.137)

which is called a generalized intuitionistic fuzzy geometric mean (GIFGM).
Case 2 If p =2 and g — 0, then Eq.(1.119) is transformed as:

1
IFGBM™ (@1 e, .. ) = 5 (él(za,’)i)
1=

1 1
(=100 ) (- f10-2))
i=1 i=1

1
n

(1 - ﬁ (1-a —ua,v)z)’l‘)2 —(1 -1 (1 - vg,,,)*)z (1.138)

i=1 i=1

which is called an intuitionistic fuzzy square geometric mean (IFSGM).
Case31If p = 1 and g — 0, then Eq.(1.119) reduces to the intuitionistic fuzzy

geometric mean (IFGM) (Xu and Yager 2006):

IFGBM' (a1, an, ..., o)

Q=
=i

i=1
=< (1er) " 1= TT (1= vey) 7. I (1= ve)™ — I (uai)'lr) (1.139)
i=1 i=1

i=1 i=1

S

Case 4 If p = g = 1, then Eq. (1.119) reduces to the following:

IFGBM " (a1, a, ..., o)

n 1
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1
2
n 1
=[1- 1= ] (0= = ) =)™ |
ij=1
i#]

0=

n

1
t= T (0= A = e (1 = pra) @7
1L
li]#j

n

—|1- H (1—vaiva_,.)”<”l—” (1.140)
ij=1
i#j

which is called an intuitionistic fuzzy interrelated square geometric mean
(IFISGM).

1.4.3 The Weighted Intuitionistic Fuzzy Geometric Bonferroni
Mean and Its Application in Multi-Attribute Decision Making

For a multi-attribute decision making problem. Let Y, G and w be defined as in
Sect. 1.2.4. The performance of the alternative y; with respect to the attribute G is
measured by an IFV b;; = (u;;, vij, ), such that w;; € [0, 11, v;; € [0, 1], wij+vij+
mj=1Allb; (i=1,2,...,n; j=1,2,...,m) are contained in an intuitionistic
fuzzy decision matrix B = (bjj)nxm-

To get the priority of the alternatives, we should aggregate the performance of
each alternative, however, it is noted that the IFGBM doesn’t consider the importance
of the aggregated arguments, but in many practical problems, especially in multi-
attribute decision making, the weight vector of the attributes is an important part
in the aggregation, to avoid this issue, Xia et al. (2012a) introduced the following
definition:

Definition 1.9 (Xia et al. 2012a) Let w = (w1, wa, ..., w,) be the weight vector
of the IFVs «; (i = 1,2,...,n), where w; indicates the importance degree of «;,
satisfyingw; >0 (i =1,2,...,n), >/ wi = 1.If
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1 n . ) ﬁ
IFGBMD Y (ay, 00, ... 0n) = —— | ® (paW’EBqam)( Y1, pg>0
p+aqglij=1 ! J
i#j

(1.141)
then I FG BM}? is called a weighted intuitionistic fuzzy geometric Bonferroni mean
(WIFGBM).

Similar to Theorem 1.13, we have

Theorem 1.14 (Xia et al. 2012a) The aggregated value by using the WIFGBM is
also an IFV, and

IFGBMVIJ’q(Oll, Q, ..., 0p)

n 1

o G L A G G DA

i#j
n
L T (= (= = va)™) (1= =g )T |
Res
by
1
p+aq
- H (1_(1—Mg)p(l—uz;))
hoy
n
(1= T 0= (0= =)™)” (1= @ =)
RS
iy
(1.142)

Based on Definition 1.9 and Theorem 1.14, Xia et al. (2012a) developed an
approach for multi-attribute decision making under intuitionistic fuzzy environments,
which involves the following steps:

Step 1 Transform the intuitionistic fuzzy decision matrix B = (b;j)nxm, into the
normalized intuitionistic fuzzy decision matrix R = (rjj),xm by the method given
by Xu and Hu (2010), where
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rij = (tij7 fl]a T[lj)
| bij,  for benefit attribute G ; . C
- [bfj, for cost attribute G; t=b2mi=h2...m
(1.143)

where bf/ is the complement of b;;, such that bfj = (vij, Wij, TTj5).

Step 2 Aggregate all the performance values r;;(j = 1, 2, ..., m) of the ith line,
and get the overall performance value 7; corresponding to the alternative y; by the
WIFGBM:

ri =, fi,7;)) =IFGBME1(ri1,ri2, ..., Tim)

p+aq
: wi\P w ﬁ
y )1 q m(m —
= (1= 1_1_[(1_(1_“1‘1'/) (1_“ikk)) ;
Jk=1
J#k
1
r+aq
i 1
11— H (1 - (1 -1 - vij)W/’)p (1 -1 - vik)wk)q)"'('"*l> ,
Jk=1
j#k
7
- wi\P ) m
1= T (1= (=) (=)
Jk=1
J#k
7
" 1
— 1= J] =@ =a—vp™)? (1= 1 =vy))*)me=D
Jk=1
j#k
(1.144)
where p, g > 0.
Step 3 Rank the overall performance values r; (i = 1,2,...,n) according to

Xu and Yager (2006)’s ranking method, and obtain the priority of the alternatives
vii=1,2,...,n)accordingtor;(i =1,2,...,n).
Next, we give an example to illustrate the proposed method:

Example 1.5 (Xia et al. 2012a) A city is planning to build a municipal library. One
of the problems facing the city development commissioner is to determine what
kind of air-conditioning system should be installed in the library (adapted from
Yoon (1989)). The contractor offers five feasible alternatives y; (i = 1, 2, 3,4,5),
which might be adapted to the physical structure of the library. Suppose that three
attributes: (1) G1: economic; (2) G»: functional; and (3) G3: operational, are taken
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Table 1.11 Intuitionistic

. . . G Ga G3

fuzzy decision matrix B
i (0.3,0.4,0.3) (0.7,0.2,0.1) (0.5,0.3,0.2)
2 (0.5,0.2,0.3) (0.4,0.1,0.5) (0.7,0.1,0.2)
3 (0.4,0.5,0.1) (0.7,0.2,0.1) (0.4,0.4,0.2)
V4 (0.2,0.6,0.2) (0.8,0.1,0.1) (0.8,0.2,0.0)
ys (0.9,0.1,0.0) (0.6,0.3,0.1) (0.2,0.5,0.3)

into consideration in the installation problem, the weight vector of the attributes
G (j =123isw = (0.3,0.5,0.2)T. Assume that the characteristics of the
alternatives y; (i = 1,2, 3,4, 5) with respect to the attributes G; (j = 1, 2, 3) are
represented by the IFVs b;j = (wjj, vij, i), andallb; (i =1,2,3,4,5; j=1,2,3)
are contained in the intuitionistic fuzzy decision matrix B = (b;j)sx3 (see Table 1.11)
(Xia et al. 2012a).

Step 1 Considering all the attributes G; (j = 1,2, 3) are the benefit attributes,
the performance values of the alternatives y; (i = 1,2,3,4,5) do not need
normalization.

Step 2 Utilize the WIFGBM (here we take p = q = 1) to aggregate all the
performance values b;;(j = 1, 2, 3) of the ith line, and get the overall performance
value b; corresponding to the alternative y;:

b1 = (0.8084,0.1034, 0.0882), by = (0.8101, 0.0438, 0.1461)
b3 = (0.8112,0.1269, 0.0619), b4 = (0.8561, 0.0915, 0.0524)
bs = (0.8381, 0.1006, 0.0613)

Step 3 Calculate the scores of all the alternatives:

S(b1) = 0.7050, S(b2) = 0.7664, S(b3) = 0.6843
S(bs) = 0.7647, S(bs) = 0.7375

Since
S(b2) > S(bg) > S(bs) > S(b1) > S(b3)

then the ranking of the alternatives y; (i = 1,2,3,4,5) is

Y2 >=Y4> Y5> Y1 > )3

If we take p=¢g =2, then by b; = (u;,vi, ;) =IFGBMZ22(b;1, bj2, bi3),
we get

b1 = (0.8039,0.1056, 0.0905), by = (0.7924, 0.0465, 0.1611)
b3 = (0.8100, 0.1290, 0.0610), b4 = (0.8406, 0.0971, 0.0623)
bs = (0.8092, 0.1130, 0.0778)
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Then we calculate the scores of all the alternatives:

S(1) =0.6982, S(br) =0.7459, S(b3) =0.6810
S(by) =0.7435, S(bs) = 0.6962

Since
S(b2) > S(bg) > S(b1) > S(bs) > S(b3)

then
V2> V4> Y1 > Y5> )3

It can be seen that as the values of the parameters p and g change according
to the experts’ subjective preferences, the rankings of the alternatives are slightly
different, which can reflect the experts’ risk preferences. If we use the weighted
intuitionistic fuzzy Bonferroni mean (WIFBM) given by Xu and Yager (2011) to
aggregate the alternative performances, different results can be obtained. To give a
detail comparison, we express the scores of alternatives by Figs. 1.2, 1.3, 1.4, 1.5,
1.6, 1.7, 1.8, 1.9, 1.10 and 1.11 (Xia et al. 2012a) as the parameters p and g change
between 0 and 10.

Figures 1.2, 1.3, 1.4, 1.5 and 1.6 describe the scores of alternatives obtained by
Xia et al. (2012a)’s method, and Figs. 1.7, 1.8, 1.9, 1.10 and 1.11 describe the scores
obtained by Xu and Yager (2011)’s method. Itis noted that most of the scores obtained
by Xia et al. (2012a)’s method are bigger than 0 and most of the ones obtained by Xu

The scores for the alternative y; obtained by the WIFGBM

0.78

076
0.8~

0.74

075t
{072

10.7

scores

10.68

Fig. 1.2 The scores for the alternative y; obtained by the WIFGBM
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The scores for the alternative y, obtained by the WIFGBM

scores

Scores

Fig. 1.4 The scores for the alternative y3 obtained by the WIFGBM
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The scores for the alternative y, obtained by the WIFGBM

Scores

Fig. 1.5 The scores for the alternative y4 obtained by the WIFGBM
The scores for the alternative y5 obtained by the WIFGBM
0.76

0.74

scores

Fig. 1.6 The scores for the alternative ys obtained by the WIFGBM
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The scores for the alternative y, obtained by the WIFBM
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Fig. 1.7 The scores for the alternative y; obtained by the WIFBM

The scores for the alternative y, obtained by the WIFBM

015 :

scores

Fig. 1.8 The scores for the alternative y, obtained by the WIFBM
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The scores for the alternative y; obtained by the WIFBM
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Fig. 1.9 The scores for the alternative y3 obtained by the WIFBM

The scores for the alternative y, obtained by the WIFBM
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Fig. 1.10 The scores for the alternative y4 obtained by the WIFBM
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The scores for the alternative y; obtained by the WIFBM

Scores

Fig. 1.11 The scores for the alternative y5 obtained by the WIFBM

and Yager (2011)’s method are smaller than 0, which could indicate that Xia et al.
(2012a)’s method is more optimistic, while the one given by Xu and Yager (2011)
is more pessimistic. Thus, we can choose the right one according to the practical
problem and the experts’ risk preferences.

1.5 Generalized Intuitionistic Fuzzy Bonferroni Means

1.5.1 Generalized Bonferroni Means

Let p,gq,r > 0,and a;(i = 1,2, ...,n) be a collection of nonnegative numbers.
Beliakov et al. (2010) further extended the Bonferroni means by considering the
correlations of any three aggregated arguments instead of any two:

Definition 1.10 (Beliakov et al. 2010) If

_1
p+q+r

1 n
GBMP " (ay., ar, ... ay) = | ———— par
(a1, a2 an) n—Dn—2) ijzk_la, ajay
£tk
(1.145)

then GBMP-4-" is called a generalized Bonferroni mean (GBM).
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Especially, if » = 0, then the GBM reduces to the Bonferroni mean. However, it
is noted that both the Bonferroni mean and the GBM do not consider the situation
thati = j or j = k or i = k, and the weight vector of the aggregated arguments
is not also considered. To overcome this drawback, Xia et al. (2012b) defined the
weighted version of the GBM:

Definition 1.11 (Xiaetal. 2012b) Letw = (wy, wa, ..., wy)T be the weight vector
ofa; i =1,2,...,n)suchthatw; > 0,i = 1,2,...,nand2?=lw,~ =1.1f

1
n ptqg+r
GWBMP-1" = Wi Palar 1.146
(ar,a,...,ay) = WiW jWia; a;ay (1.146)
i,jk=1

then GWBMP-9" is called a generalized weighed Bonferroni mean (GWBM).
Especially, ifw = (1/n, 1/n, ..., 1/n)T, then the GWBM reduces to the follow-
ing:
1 n p+lq+r
REMP" (ar, o, . an) = | — > afafa; (1.147)
ijk=1

which is called the revised Bonferroni mean (RBM).
Moreover, the GWBM has the following properties:

Theorem 1.15 (Xia et al. 2012b)

(1) GWBM?-9:"(0,0,...,0) =0.

(2) GWBMP%"(a,a,...,a) =a,ifa; = a, forall i.

(3) GWBMP1"(ay,as, ...,a,) = GWBMP9"(by, by, ..., by,), ie., GWBMP-9"
is monotonic, if a; > b;, for all i.

(4) min{a;} < GWBMP?" (a1, ay, ...,a,) < max{a;}.

Some special cases can be obtained as the change of the parameters (Xia et al.
2012b):

(1) If r = 0, then the GWBM reduces to the following:

n P+q
P-4.0 — P ad
GWBM (ar,ap,...,ay) = ( E WiW;jwia; aj>
ijk=1

: n\ 7 " 7
= Z w,-w]-alpa? Z Wi = Z winai[’a? (1.148)
k=1

ij=1 i,j=1

which we call a weighted Bonferroni mean (WBM).
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(2) If g = 0 and r = 0, then

1

n P
GwBMP-0-0 (ar,az,...,ay) = E winwkal.’?
ijk=1

1 1

n n n » n ?
= ZW,-alprijk =(Zwialp) (1.149)
k=1

i=1 j=1 i=1

which is the generalized weighted averaging operator (Yager 2004).

The above aggregation techniques can only deal with the situations where the
arguments are represented by exact nonnegative numbers, but are invalid if the aggre-
gation information is given in other forms, such as the IFSs (Atanassov 1983, 1986),
which is a widely used tool to deal with uncertainty and fuzziness.

1.5.2 Generalized Intuitionistic Fuzzy Weighted Bonferroni Mean

Leto; = (o, Vo Te;) (i = 1,2, ..., n) be a collection of IFVs. To aggregate the
intuitionistic fuzzy correlated information, Xu and Yager (2011) extended the Bon-
ferroni mean to intuitionistic fuzzy environment and gave the following definition:

Definition 1.12 (Xu and Yager 2011) For any p, g > 0, if

¥
|
IFBMP (), p, .. ap) = | ——— | & (a{’@a‘?) (1.150)
nn — 1) \ij=1 J
i)

then IFBM P-4 is called an intuitionistic fuzzy Bonferroni mean (IFBM).

Considering the weight vector of the aggregated arguments, the weighted form is
also proposed:

Definition 1.13 (Xu and Yager 2011) Let w = (wy,wo, ..., wn)T be the weight
vector of o; (i = 1,2,...,n), where w; indicates the importance degree of «;,
satisfyingw; > 0,i =1,2,...,nand >/_ w; = L. If

1
Pty

1 n
IFWBMP (a1, a2, ..., 0p) = ni— 1) ;,,@:1 (wiei))? @ (wjaj)?)
i#j
(1.151)

where p,q > 0, then IFWBM?P-9 is called an intuitionistic fuzzy weighted Bon-
ferroni mean IFWBM).
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However, it is noted that if w = (1/n, 1/n,...,1/n)T in Definition 1.13, then
the IFWBM cannot reduce to the IFBM given in Definition 1.12. Moreover, both the
IFBM and the IFWBM can only deal with the situations where there are correlations
between any two aggregated arguments, but not the situations where there exist con-
nections among any three aggregated arguments. To solve this issue, and motivated
by Definition 1.11, we define the following:

Definition 1.14 (Xia et al. 2012b) For any p, g, r > 0, if
1
n ptq+r
GIFWBMP 9" (ay, an, ..., 0p) = ( D wiw;wy (Oll-p ® oz? ® a,ﬁ))
ijk=1

(1.152)
then GIFWBMP 9" is called a generalized intuitionistic fuzzy weighted Bonferroni
mean (GIFWBM).

Especially, if » — 0, then the GIFWBM reduces to:

lim GIFWBM? 9" (a1, o, . .., oty)
r—0

1
P 7
((E wk) 69 W,WJ(O( ®aq)) =( @ wle(oc ®otq))
i,j=1 i,j=1

(1.153)

n P q P+q
=\ © wiwjwl(y ®aj)
L]

which is called an intuitionistic fuzzy weighted Bonferroni mean IFWBM).
Especially, if ¢ — 0 and r — 0, then the GIFWBM reduces to:

lim GIFWBMP 4" (a1, a2, . .., )

r—0
q—0

n p P
= D WiW jWia;
i,jk=1

1

n n P
= Z w; Z Wi 6_9 wiaip = (iezalw,-oeip) (1.154)

=
=
~

which is the generalized intuitionistic fuzzy weighted mean (GIFWM) (Zhao et al.
2010).
Based on the operational laws of IFVs, we can derive the following theorem:

Theorem 1.16 (Xia et al. 2012b) Let p, g,r > 0, then the aggregated value by
using the GIFWBM is also an IFV, and
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GIFWBMP 9" (ay, oz, ..., o)

1
FETET

n
WiW Wi
=[(1- ]I (1—/L£,.M2ju§k) :
ijk=1
1
ptqg+r
n
== J] (1= =va)P(d = va)? (1 —vg))"™™ :
ijk=1
i#j#k
T
n
L= [T (1= =va)P A =va )T = vg))" ™7™
ijk=1
i#)j#k
n WiWw;iw, p+111+r
iWjWk
(1= T] (l—u{;,.uz(,.u{xk) (1.155)
ijk=
Proof By the operational laws for IFVs, we have
af = b 1= (1 =vg)?, (1 =ve,)? — ub) (1.156)
of =l 1= 1 =ve)? (1 = ve)? — ) (1.157)
ap = (up 1= (1= vg)" (1 = ve)" — b)) (1.158)

and
of ®af @ = (ué,’,.uzjugk, 1= (1 =vg)? (1 =va )T (1 = ve,)",

(1= o) (1 = ve ) (1 = va)" — il iy, ) (1159)

- P q r
?flw,ijk (ai ®ozj ®ak)

ijk=1

n
W[W./'Wk
=(1— I1 (I—MS,.MZ.,M&) :
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(1= (1 = va)P (1 = e )T (1 = vg)" )™,
i,jk=1
(l—ﬂgiﬂ(qxrﬂgk) iWjWk _ H (1_(1_Vai)p(l_vdj)q(l_vak)r)w,'ijk
ijk=1 ' ijk=1
(1.160)
Therefore,
GIFWBMP 4" (a1, s, .. ., )
n p+q+r
=( ) wiijk(ozf@ot?@a,i))
ijk=1
n T
WiWjWwk
=|[1- H (1—M£iugjuka) ,
ijk=1
1
n ptq+r
L= 1= J] (1= =ve)?(1 = v )71 = vg)")"" ™ :
ijk=1
n e
L= J] (1= =ve)?(1 = v )7(1 = vg)")"™ ™
ijk=1
1
n ] . - ptq+r
(1= TI (1—M§iua,-ﬂak) (1.161)
ijk=1
In addition, since
1
n WiW;iWg prasr
iWj
o<(1- [ (1—Mgiugjugk) <1 (1.162)
ijk=1
and
0<t— (1= J] (1= =va)Pd=va)?(d —vg))"™ ™ =
ijk=1
(1.163)

then we have
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1
n pt+q+r

WiW jWi
-1 (1 - Mé’,-uz,-ugk)
i,j,k=1
1
: TR RN
+ 1—-11- H (1 — (I —vg)P(1 - Va_/-)q(l _ Vak)r)w,-ijk
i,j,k=1
. e
sh+)t- H (1 (= Vai)p(l - Vaj)q(l — Votk)r)WinWk
i,j,k=1
1
. ptq+r
— 11— H (1 - (- vai)[’(l _ Va./)q(l _ Vak)r)w,-wj-wk _q
i,j,k=1
(1.164)

which completes the proof of the theorem.
Moreover, the GIFWBM also has the following properties (Xia et al. 2012b):

Theorem 1.17 Ifalle; (i = 1,2,...,n) are equal, i.e., o; = «, for all i, then
GIFWBMP 9" (ay, an, ..., oy) = GIFWBM? 4" (o, a, ..., 0) = « (1.165)

Theorem 1.18 Let 8; = (ug;, vg;, mg;) (i = 1,2,...,n) be a collection of IFVs,
if e, < g and vy, > vg;, for all i, then

GIFWBMP 9" (a1, ay, ..., a,) < GIFWBMP 1" (B1, B2, ..., Bn) (1.166)
Proof Since iy, < g and vy, > vg,, for all i, then

P a
Fhg; M Py, < g, g, e,

n n
= T (1wt = T1 (1= s i)
ijk=1 ijk=1
n NN " poq oy \ViVivk
=1- H (1 _'ugi'ugj'u“ak) =1- H (1 _Mﬂi'u“ﬁjp“ﬁk)
k=1 k=1
1
n WiWiw, pratr
W Wk
=|1- H (I_Mgiugjugk)
i,j,k=1
1
n Wiw pt+q+r
iWj
<(1- TI (1—M§,-M%jﬂfsk) (1.167)

ijk=1
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and
(1= va)P (1= v )T (1 = vg)” < (1= vg)P (1 = vp)?(1 = vg)
- ﬁ (1= (1= vg)P(1 = v )T (1 = vg)") ™™™

ijk=1

n

z (1 — (=) (1 —vg)?(1 — Vﬁk)r)Wiijk
0 [ETE
= | 1- (1= (1 =ve)? (1 = v )71 —vg) )" ™
i

n pt+qg+r
>[1- (1= (1= vg)P(1 —vp)(1 —vp)")"™™

i,jk=1
1
n ptqg+r
=1-|1- (1= (1= vg)P (1 = v )T (1 = vg)" )" ™™
ijk=1
n e
<1-[1- (1= (1= vp)P (1 —vp)9 (1 —vp)" )" ™™
ijk=1
(1.168)
Therefore,
1
n WiW Wk praer
iwj
1- H (1_M‘I"7i’ugj'u;k)
ijk=1
1
n p+q+r
—(1—(1- (1= (1= va)? (1 = v )T (1 = vgy)") "™
ijk=1
1
n WiW i Wi praer
P 4q Y
=|1- (I_Mﬂiuﬁjurﬁk)
i,j,k=1
1
n ptq+r
(1 1— (1= =vg)P (L =g )T (A —vg)" )™
ijk=1

(1.169)
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Let « = GIFWBMP9"(ay,an,...,0,) and 8 = GIFWBMP97" (B, B2,
..., Bn),and let S(x) and S(B) be the scores of & and B, then Eq. (1.169) is equal to
S(a) < S(B). Now we discuss the following cases:

Case 11If S(«) < S(B), then by Xu and Yager (2006)’s ranking method, it can be
obtained that

GIFWBMP (ay, aa, . .., o) < GIFWBMP4(B1, Ba, ..., Bn) (1.170)

Case 2 If S(«) = S(B), then

1
n FEaT

WiW Wi
- H (1 - Mgi'ug‘jug‘k)
ijk=1
n T
-|1-11- (1—(1—Vai)”(l—Vaj)q(l—vak)r)wiijk
ijk=1
1
n WiW Wi prat
_ P4 Y
il (1_/1“/31'“/3]'“;&)
ijk=1
n EEa
—l1-(1- H (1= (1 —vg)P (1 =) (1 —vg) )" "™
ijk=1
(1.171)
Since po; < g and vy, > vg,, for all i, we have
1
n - pt+q+r
iWj
- J1 (1 —u&’,-uz,.u&k)
ijk=1
n Wi p+31+r
iWjWk
(1= 1 (1 —Mfsf,l*%/l*%k) (1.172)
ijk=1 '
and
1

= 1= [T (1= = )P0 = ve (1 = vg)) "™
ijk=1
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1
n p+q+r

=1-(1- H (1= (1 =vg)P (1 —vg)e(1L —vp)" )"
ijk=1
(1.173)

and thus,

1
n Wiw i ptq+r
W Wi
he=1- ]] (l—ué’iug,ﬂ&k)

n p+q+r
WiW Wi
vl (1= (1—(1—vai)p(l—vaj)q(l—vak)r) :
k=1

1
n I— pt+q+r
— _ _ P ,a . r e
=1 H (1 Mﬂiuﬂju.ﬁk)
i,j.k=1

n — .D+:1+f
T N . (1—(1—vﬁi)l’(l—v,gj)‘l(1—vﬁk)’) /
ijk=1

=hg (1.174)
Then by Xu and Yager (2006)’s ranking method, we get
GIFWBMP " (o), ag, ..., an) = GIFWBMP 9" (B1, B2, ..., Bn) (1.175)

which completes the proof.

Theorem 1.19 Let (¢, &2, ..., &) be any permutation of (o1, @2, ..., @), then
GIFWBMP 9" (a1, a2, . .., o) = GIFWBMP 4" (61, aa, . . ., &ty) (1.176)
Theorem 1.20 Let o~ and o™ be given by Egs. (1.35) and (1.36), then

o~ < GIFWBMP (a1, s, ..., an) <a™ (1.177)

1.5.3 Generalized Intuitionistic Fuzzy Weighted Bonferroni
Geometric Mean

Apparently, the aggregation operators proposed in Sects. 1.5.1 and 1.5.2 are all based
on the arithmetic average, which is one of the basic aggregation techniques and
focuses on the group opinion, and another fundamental one is the geometric mean,
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which gives more importance to the individual opinions. In this subsection, we first
introduce the generalized weighted Bonferroni geometric mean, based on which, the
generalized intuitionistic fuzzy weighted Bonferroni geometric mean is given.

Let p,q,r > 0,anda; (i =1,2,...,n)beacollection of nonnegative numbers,
then

Definition 1.15 (Xiaetal. 2012b) Letw = (wy, wa, ..., wy)T be the weight vector
ofa; i =1,2,...,n)suchthatw; > 0,i = 1,2,...,nand2?=lw,~ =1.1f

1 n
GWBGMP1" (ay, as, ..., a,) = ————— a; +qa; +rap)"iv
(a1, a2 n) p+q+rij1;[—1(pl qa; &)

(1.178)

then GWBGMP 9" is called a generalized weighted Bonferroni geometric mean
(GWBGM), which has the following properties:

Theorem 1.21 (Xia et al. 2012b)

(1) GWBGMP-9-" (0,0, ...,0) = 0.

(2) GWBGMP9"(a,a, ...,a) = a,if a; = a, for all i.

(B)GWBGMP 1" (ay,an, . ..,a,) > GWBGMP-17" (by, by, ..., b,),ie., GWBGMP-9"
is monotonic, if a; > b;, for all i.

(4) min{a;} < GWBGMP1" (a1, ay, ..., a,) < max{a;}.

In addition, some special cases can be obtained as the change of the parameters:

(1) If r = 0, then the GWBGM reduces to:

n
[T (pai+qajy i
ijk=1

GWBGMP9%ay, ay, ..., ay) =
p+q

n
= (pa; + qa;)"™i (1.179)
p+q Z.E] Y

which is called a weighted Bonferroni geometric mean (WBGM).

(2) If g =0and r =0, then

1 . L
GWBGM? " (ay, an, ..., ay) = — | | (pay)Vivivk = | | a’ (1.180)
P, o
k=1 i=1

which is the usual geometric mean.
Let p,q,r > 0 and o; = (Ug;, Vo, Te;) (i = 1,2,...,n) be a collection of
IFVs.
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To aggregate the intuitionistic fuzzy information, we further introduce the
following:

Definition 1.16 (Xiaetal. 2012b) Letw = (wy, wa, ..., wy)T be the weight vector
ofa; i =1,2,...,n)suchthatw; > 0,i = 1,2,...,nand2;’=1wi =1.1If

GIFWBGMP 4" (a1, an, . .., aty)

1 n ww~wk)
= ® o Dga; Drag) 1.181
P +q +l’(i,j,k=1(p i DqU;j k) ( )

then GIFWBGMP-9°" is called a generalized intuitionistic fuzzy weighted Bonferroni
geometric mean (GIFWBGM).

Based on the operational laws of the IFVs, and similar to Theorem 1.16, we can
derive the following theorem:

Theorem 1.22 (Xia et al. 2012b) The aggregated value by using the GIFWBGM is
also an IFV, and

GIFWBGM?P 17" (ay, an, ..., o)

_ 1
n ptq+r

=[1={1= JI (1= =pa)?( = pe)?(1 = pgy)")"™™ :
ijk=1
1
n WiW i Wk praer
- T1 (l—vgivg/_v&k) ! (1.182)

i,j k=1

Now let us discuss some desirable properties of the GIFGBM (Xia et al. 2012b):

Theorem 1.23 Ifallo; (i = 1,2,...,n) are equal, i.e., i = & = (Ug, Vo> Ta),
for all i, then

GIFWBGM?P 1 (a1, 00, ..., 05) =« (1.183)

Theorem 1.24 Let 8 = (g, vg;, mg;) (i = 1,2,...,n) be a collection of IFVs,
if e, < g and vy, > vg;, for all i, then

GIFWBGMP 1 (ay, az, ..., a,) < GIFWBGMP1 (B, B2, ..., Bn) (1.184)
Theorem 1.25 Let (¢, &z, ..., &,) be any permutation of (o1, @2, ..., @), then

GIFWBGM? 4 (ay, a2, ..., an) = GIFWBGMP (&1, &2, ..., dy) (1.185)
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Theorem 1.26 Let ™ and a™ be given by Egs. (1.35) and (1.36), then
a” < GIFWBGM" 9 (ay, a2, ..., 0p) <ot (1.186)

In what follows, we apply the aggregation operators proposed in Sects. 1.5.2 and
1.5.3 to multi-attribute decision making with intuitionistic fuzzy information:

For a multi-attribute decision making problem, let ¥, G and w be defined as
in Sect.1.2.4. The performance of the alternative y; with respect to the attribute
G; is measured by an IFV b; = (#;, fij, m;j), and all b;i(i = 1,2,...,n;
j = 1,2,...,m) are contained in the intuitionistic fuzzy decision matrix
B = (bjj)nxm- Then an approach is given for multi-criteria decision making under
intuitionistic fuzzy environments (Xia et al. 2012b):

Step 1 Transform the matrix B = (b;j)mx into the normalized intuitionistic fuzzy
decision matrix R = (7jj)nxm by Xu and Hu (2010)’s method, where

_ | bij,  for benefit attribute G ;
rij = (Wi vij> Tij) = [ b, for cost attribute G;  °
7
i=12,....m; j=12,...,n (1.187)

where b is the complement of bj;, such that b, = ( fi;, 7, 7jp).

Step 2 Aggregate all the performance values r;; (j = 1,2, ..., n) of the ith line,
and get the overall performance value r; corresponding to the alternative y; by the
GIFWBM or the GIFWBGM:

ri = (Wi, vi, i) = GIFWBME 4" (riy, ria, ..., Tin)
)’l P q r ﬁ
=S e (rff ® Tk ®m) (1.188)

or
ri = (ui, vi, ;) = GIFWBGME"" (ri1, ria, ..., Fin)

1 n W'WkW/)
=— ® rii ® qrik D rrip) ’ 1.189
ptq+r (j,k,l:] (p ij © qTik zl) ( )

where p,q,r > 0.

Step 3 Rank the overall performance values r; (i = 1,2, ...,m) according to
Xu and Yager (2006)’s ranking method and obtain the priority of the alternatives
yii=1,2,...,m)accordingtor; i =1,2,...,m).

Next, we give an example to illustrate the proposed approach:

Example 1.6 (Wu and Chen 2011) We know that human resource management is
very important during the recruiting and hiring stages of employment. Suppose that
the committee of a company intends to choose a project manager from a group of
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Table 1.12 Intuitionistic fuzzy decision matrix B

Intuitionistic Fuzzy Aggregation Techniques

Gy G» Gs G
i (0.33,0.33,0.34) (0.22,0.34, 0.44) (0.23, 0.49, 0.28) (0.15,0.57,0.28)
v (0.24,0.34, 0.42) (0.26, 0.40, 0.34) (0.21,0.28, 0.51) (0.44,0.39, 0.17)
3 (0.11,0.16,0.73) (0.19, 0.47, 0.34) (0.23,0.31, 0.46) (0.35,0.46, 0.19)
V4 (0.19,0.38, 0.43) (0.31, 0.29, 0.40) (0.4, 0.24, 0.32) (0.21,0.25, 0.54)
ys (0.37,0.48, 0.15) (0.29, 0.39, 0.32) (0.32,0.35,0.33) (0.34,0.25,0.41)
6 (0.25,0.34,0.41) (0.24, 0.35, 0.41) (0.30, 0.28, 0.42) (0.45,0.28, 0.27)

candidates. Project management is the application of knowledge, skills, tools, and
techniques to the implementation of project activities for the purpose of meeting
project requirements. The requirements of a project manager are not only morale,
but also proficiency in project management. Suppose that four attributes: (1) G (self-
confidence); (2) G, (personality); (3) G3 (past experience); and (4) G4 (proficiency
in project management), are taken into consideration in the selection problem and
there exist six candidates y; (i = 1,2,...,6). Assume that the performance of
the alternative y; with respect to the attribute G; is measured by an IFV b; =
(wij, vij, i), and then we construct the intuitionistic fuzzy decision matrix B =
(bij)6x4 (see Table 1.12) (Xia et al. 2012b).

To get the optimal alternative(s), the following steps are given (Xia et al. 2012b):

Step 1 Considering all the attributes G; (j = 1, 2, 3, 4) are the benefit attributes,
the performance values of the alternatives y; (i = 1, 2, ..., 6) do not need normal-
ization.

Step 2 Aggregate all the performance valuesry; (i =1,2,3,4; j=1,2,...,6)
of the ith line, and get the overall performance value r; corresponding to the alter-
native y; by the GIFWBM (without of generalization, let p =g =r = 1):

r1 = (0.2061, 0.4744, 0.3195),
r3 = (0.2583,0.3841, 0.3576),
rs = (0.3270, 0.3291, 0.3439),

rp = (0.3156, 0.3532, 0.3312)
r4 = (0.2975, 0.2673, 0.4352)
re = (0.3435,0.2997, 0.3568)

Step 3 Calculate the scores of all the alternatives:

S(r1) = —0.2683,
S(r4) = 0.0303,

S(rp) = —0.0376,
S(rs) = —0.0021,

S(r3) = —0.1259
S(rg) = 0.0439

Since
S(re) > S(r4) > S(rs) > S(r2) > S(r3) > S(r1)

then by Xu and Yager (2006)’s ranking method, we get the ranking of the [FVs:

re >T14 >F5 >1)>r3>1r]
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by which we obtain
Yo > Y4 > Y5> Y2 > Y3 > VI

In Step 2, if we let p = g = r = 2, then we have

ri = (0.2132, 0.4666, 0.3202), r, = (0.3316,0.3516, 0.3168)
r3 = (0.2708,0.3771, 0.3521), r4 = (0.3140, 0.2664, 0.4196)
rs = (0.3278,0.3259, 0.3463), rs = (0.3547,0.2992, 0.3461)

Then we calculate the scores of all the alternatives:

S(r1) = —0.2534, S(r2) = —0.0200, S(r3) = —0.1064
S(r4) = 0.0475, S(rs) =0.0019, S(rs) = 0.0555

and thus,
Y6 > ya > y5 > y2 > Y3 > V1

In Step 2, if we use the GIFWBGM to aggregate the performances of the alterna-
tives (here, we let p = g =r = 1), then

r1 = (0.2401, 0.4773, 0.2826), r» = (0.3111,0.3542, 0.3347)
r3 = (0.2546, 0.3879, 0.3575), rs = (0.2929, 0.2681, 0.4390)
rs = (0.3268, 0.3313, 0.3419), re = (0.3404, 0.3000, 0.3596)

from which we calculate the scores of all the alternatives:

S(r1) = —0.2732, S(r2) = —0.0431, S(r3) = —0.1333
S(rs) =0.0248, S(rs) = —0.0045, S(re¢) = 0.0404

and thus,
Y6 > y4a > Y5> y2 > Y3 > V1

Ifwelet p =g =r =2, then

r1 = (0.2029, 0.4861, 0.3110), r» = (0.3052,0.3577,0.3371)
r3 = (0.2514, 0.4004, 0.3482), r4 = (0.2875,0.2712,0.4413)
rs = (0.3265, 0.3395, 0.3340), rs = (0.3357,0.3016, 0.3627)

and the scores of all the alternatives are:

S(r1) = —0.2832, S(r2) = —0.0525, S(r3) = —0.1490
S(r4) = 0.0163, S(rs) = —0.0129, S(rg) = 0.0341
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Therefore,
Y6 > y4a > y5 > Y2 > Y3 > V1

From the above analysis, the results obtained by Xia et al. (2012b)’s approach are
very similar to the ones obtained by Wu and Chen (2011)’s approach, but the former
is much simpler. In addition, Xia et al. (2012b)’s approach is more flexible than Wu
and Chen (2011)’s one, because it can provide the decision makers (or experts) more
choices as the parameters are assigned different values.

1.6 Intuitionistic Fuzzy Aggregation Operators Based
on Archimedean t-conorm and t-norm

1.6.1 Intuitionistic Fuzzy Operational Laws Based on t-conorm
and t-norm

Definition 1.17 (Klir and Yuan 1995) A function z: [0, 1] x [0, 1] — [0, 1]is called
a t-norm if it satisfies the following four conditions:

() (1, x) = x, for all x.

) t(x,y) = t(y,x), forall x and y.

3) tx,t(y,2)) = t(t(x,y),z), forall x, y and z.
@) Ifx <x’andy < y/, thent(x,y) < t(x’,y).

Definition 1.18 (Klir and Yuan 1995) A function s: [0, 1] x [0, 1] — [0, 1] is called
a t-conorm if it satisfies the following four conditions:

(1) (0, x) = x, for all x.

) s(x,y) =s(y, x), forall x and y.

3) s(x,s(y,2)) =s(x,y),z), forall x, y and z.
4) Ifx <x’andy < y/, thens(x,y) < s/, y).

Definition 1.19 (Klir and Yuan 1995) A t-norm function t(x,y) is called
Archimedean t-norm if it is continuous and t(x,x) < x for all x € (0, 1). An
Archimedean t-norm is called strict Archimedean t-norm if it is strictly increasing
in each variable for x, y € (0, 1).

Definition 1.20 (Klir and Yuan 1995) A t-conorm function s(x,y) is called
Archimedean t-conorm if it is continuous and s(x,x) > x for all x € (0, 1). An
Archimedean t-conorm is called strict Archimedean t-conorm if it is strictly increas-
ing in each variable for x, y € (0, 1).

It is well known (Klement and Mesiar 2005) that a strict Archimedean t-norm is
expressed via its additive generator z as s(x, y) = h=Y(h(x) + h(y)), and similarly,
applied to its dual t-conorm 7T'(x,y) = g ' (g(x) + g(v)) with h(t) = g(1 — 1).
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We notice that an additive generator of a continuous Archimedean t-norm is a strictly
decreasing function g: [0, 1] — 0, 1] such that g(1) = 0. If we assign specific forms
to the function g, then some well-known t-cornorms and t-norms can be obtained
(Xia et al. 2012b):

(1) Let g(1) = —logt,then h(t) = —log(1—1),g ' (1) = e ", h (1) = 1 —e7,
and Algebraic t-conorm and t-norm (Beliakov et al. 2007) are obtained as follows:

Sa(x,y)=x+y—xy, talx,y)=xy (1.190)

(2) Let g(1) = log (5), then

2—(1-1) 1 1 2
h(t) =1 —, t) = , hm@®)=1- 1.191
® og( — ) 0= ) o 19D
and we can get Einstein t-conorm and t-norm (Beliakov et al. 2007):
. X+Yy Xy

sSe(x,y) = , Te(x,y) = 1.192
F) = 1o ) = e a ) (1.192)

(3) Let g(1) = log (M), y € (0, +00), then we have

y+ad—-yIl-0 _1 Y ~1 Y

() og( = ),9 (1) ity 1 () ity —1
(1.193)

and Hamacher t-conorm and t-norm (Beliakov et al. 2007) are obtained as follows:

— — (1=
Sp(x,y) = xty—xy =« y)xy, y € (0, +00) (1.194)
I—(d—=y)xy

xy
y+A=—y)x+y—xy)’

TH(x, y) = y € (0, +00) (1.195)

Especially, if y = 1, then Hamacher t-conorm and t-norm reduce to Algebraic
t-conorm and t-norm, respectively; if y = 2, then Hamacher t-conorm and t-norm
reduce to Einstein t-conorm and t-norm, respectively.

(4) Let ¢(t) = log (yy—‘_ll) y € (1, +00), then
y 1 y—14e¢€”
t)=log| ——— = "—-—
g() Og((l_y)t_l), g ® PR
y

')y =1- —"——
() v

(1.196)
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and get Frank t-conorm and t-norm (Beliakov et al. 2007):

Y =D'Y -1
y —1

Sp(x,y) = 1 —log, (1+ ), y € (1,4+00) (1.197)

"=y’ =1
y —1

tr(x, y) =log, (l+ ), y € (1, +00) (1.198)

Especially, if y — 1, then

. . y —1 ) 1
}ll_)ml g(t) = }}1_)1111 log (yt — 1) = ]}1211 log (ty’—l—l) = —logt (1.199)

which indicates that lim sg(x, y) = sa(x, y) and lim tp(x, y) = t4(x, y).
y—1 y—1

Considering the relationships among all the three components: 7y, = 1— o, — Vg,
we usually denote an IFV o = (i, Vo, Ty) only by its two former components
o = (Mg, vg) for brevity. Based on Archimedean t-norm and t-conorm (Klir and
Yuan 1995), Beliakov et al. (2011) defined the sum operation on two IFVs «; =

(,U«ot[, Va,') (i=12):
01 @ 0 = (5t e, (s Va)) (1.200)

which can be expressed by the following:

241 @ oy = (S(H“Oll ’ I’L(Xz)v T(Val ’ Vﬂlz))
= (17" e +h1a)) g7 90w +90w))  (1:201)

Beliakov et al. (2011) also mentioned that for an IFV a = (uq, vy), let Ao =

(K> Vie), then g(vig) = Ag(vy) and A(use) = Ah(pa).

Let o; = (o, Ve;) (0 = 1,2) and o = (o, Vo) be three IFVs, then with the
above analysis, the operations about these IFVs based on Archimedean t-norm and
Archimedean t-conorm (Klir and Yuan 1995) can be also expressed as below:

Definition 1.21 (Xia et al. 2012b)

(1) o1 ® oz = ($(lays Hay)s TVays Vay))

= (A" 0pta) + hGp1a)). 97 9 0) + 900
(2) a1 ®@ar = (T(ftays han)s SVays V)

= (97" 9ka) + 911 ™ (hva) +h ) )
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®) ra = (h' GhGua)). g7 Ggva))) 3 > 0.
@ = (97" Gg(ua)) h™ Gh D) 2> 0.
Especially, if g(r) = —log(z), then the operational laws (1)—(4) can be trans-

formed into the corresponding operational laws (1)—(4) of Definition 1.3, which are
the ones based on Algebraic t-conorm and t-norm.

If g(¢t) = log (%), then

Koy + My Vo Vay
5) aleaou:( , )
T+ oy play, T4+ (1= ve)(1 = vg,)
Moy Moy Va; + Vay
6) a1 @ar = ( ) )
1+(1 _Mal)(l_udz) 1+V(¥1V(x2
(7)) ra = ((1 + MQ)A —a- Ma)k Zvé‘ ) A > 0.
I+ pa)* + (1= pa)*” Q=va))* +V5 )

r_ 21, (A 4+ve)* — (1 — vo,))")
@8) « _((2_Ma))h+'ua’(1+Vo¢))‘+(1—va))‘ , A>0,

where the operational laws (5) and (6) are the ones defined by Wang and Liu (2011)
based on Einstein t-conorm and t-norm.

If g(¢) = log (M), y € (0, +00), then

Moy + May — Koy May — (I- V)Malﬂag
I—-(1-— V)Malﬂozz '

9 0169&2:(

Vo Vas )
Y+ U =y)Vay + Ve, — VayVar) ’
Moy Moy
(10) o1 ®@ap = ( ,
v+ (1 - J/)(:u“ou + Moy — Maliuotz)
Vay + Vay = Vo Vay — (1 - y)valvaz )
I—(1- V)Voqvaz .

(A1) ho = ( 1+ — Dug)* — (1 — pe)*
I+ = Du)* + (@ — DA — pe)*’
A
yvh
A>0.
A+ =DA=vo) +(y — 1)"3‘,) A=0
Yl

12 = ,
(12) e ((1+<y—1)(1—ua)>k+(y—1>u,§

(L+(y = Dva)* = (1 = ve)* ) 550
I+ = Dvo)* +(r = DU —vx)* )’ ’

which are the ones defined based on Hammer t-conorm and t-norm.
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Especially, if y = 1, then the operational laws (9)—(12) reduce to the correspond-
ing operational laws (1)—(4) of Definition 1.3; if y = 2, then the operational laws
(9)-(12) above reduce to the operational laws (5)—(8).

If g(¢) = log (yy—‘_ll) y € (1, 4+00), then

(y!7Her — 1) (p! e — 1))

(13) a1 Py =(1 —log, (1 +
y —1

Val _l Votz _ 1
logy (1 + % y)—(); ))) , y>1

(yrea =Dyt —1)
y—1 ’

1—ve; _ 1 1=ve, 1
l—logy(1+(y 1 oy ™ ) , v>1L
y —1
(! e — (" =D
(]5)ka:(1_logy(l+()/—1))‘_1)’10gy(]+(y—1))‘_1 ,)\.>0,)/>1.

Lo _ 1)\A 1—vy _ 1\A
(16)a)‘:(logy(l+H),l—logy(l+w)),A>O,y>1,

which are the ones defined based on Frank t-conorm and t-norm. Especially, if y = 1,
then the operational laws (13)—(16) reduce to the corresponding operational laws (1)—
(4) of Definition 1.3.

(14) a1 ®@ar = (logy (1 +

Moreover, in what follows, we discuss some relationships of the above operational
laws of the IFVs:

Theorem 1.27 (Xia et al. 2012c)
(D) oy @z =2 @ .

2) a1 ®@ar =02 R ay.

3) Alar @ o) = Aa] @ Axa.
@) (01 @) =af ®aj.

(5) Mo ® rra = (A1 +A2)a.

(6) all ®a)\2 — gMTh2
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Proof (1) and (2) are obvious, we prove the others:

(3) A1 B a2)
= h(h " (h(pay) + 1(1tay))s 97 (90vay) + 9(var)))

= (" (2 (1 e + 1)) 67 (29 (97" G0 + 900D ) ))
= (A" (- (hta) + 1 (10))) 7" (1 (9000 + 900))))
ho @ hoy = (™! (Mz(ua. ). 97! (Ag0va))) @ (h7! (Ah(par)) . g™ (h90e)))
= (7 (a (h7 (h(e)) (0 (M (ka))
g7 (g (7" (g0va)) +9 (97" (hg(va)))))
= (™" (h () + 2h(1a) 97" (hg0e) + 2902))
= Ma; & a2).
) e ®hoa = (h7 Gah(aa)) g7 Gaga)) @ (K o)) 7" Gag(v)))
= (n7" (1 (7" Gahuan) + 1 (B! G2h1a)))
g7 (9 (57" iga) +9 (97 Ragu))))

= (h7" (1A + 22 (1)) . g7 (1g(00) + A2900))) = Gt + R2)e

Similarly, (4) and (6) can be proven which completes the proof of the theorem.

Theorem 1.28 (Xia et al. 2012c¢)

(1) (@) = ()¢, 1 > 0.

(2) M) = (@), A > 0.

(3) af ®af = (a1 ® ).

4 af @ a; = (a1 ®x)",

where a¢ = (vy, 1y) denotes the complement of the IFV «.

Proof Based on the operations defined in Definition 1.21, we have

() @) = (97" Q) , h 1 (Gh(ie)) ) = ().

@) @) = (' Mhv) g7 (hg(va)) ) = (@)°.

B3) af@as= (A" (h(va) +h0a)) 97" (9(a) + 9(1ay))) = (@1 © @2)°.
@ of®as = (97" (90a) + 90ar))  h (ha) + 9(1ar))) = (@1 © @2)°,

which completes the proof.
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1.6.2 Intuitionistic Fuzzy Aggregation Operators Based
on Archimedean t-conorm and t-norm

The operational laws defined in Sect. 1.6.1 can be used to aggregate the intuitionistic
fuzzy information, which is the focus of this subsection.

Definition 1.22 (Xiaetal. 2012c) Letw = (wy, wa, ..., w,) be the weight vector
of the IFVs o; = (ig;, Vo) (i = 1,2,...,n), where w; indicates the importance
degree of «;, satisfyingw; > 0(G =1,2,...,n) and Z?:l w; = 1, if

ATS — IFWA(ay, oo, - .. o) = @ (wici) (1.202)
=1

1=

then ATS-IFWA is called an Archimedean t-conorm and t-norm based intuitionistic
fuzzy weighted averaging (ATS-IFWA) operator.

Theorem 1.29 (Xia et al. 2012¢) The aggregated value by using the ATS-IFWA
operator is also an IFV, and

ATS — IFWA (a1, 07, ..., 0,) = és Wit
i =1

=

= (h“ (Z wz-h(ua,-)) 97! (Z Wig(vai)))
i=1 i=1

(1.203)

which has been investigated by Beliakov et al. (2011), Xu and Yager (2009), Xu and
Cai (2010a), and next we give a further study:
Proof By using mathematical induction on n: For n = 2, we have

ATS — IFWA(a1, o))

2
= & wia; = wia; G wrao
i=1

(h" (A0 o1 (ra)) + BT (02D (1a))))

g7 (957 0190w + 90 On90))))
= (97" (m19Gta) +w291e)) 7 (010 + o)) (1204)

Suppose that Eq. (1.203) holds for n = k, that is,
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k
ATS — IFWA(aq, a0, ..., 05) = @D wia; = wia] Dwrar @ ... D wray
i=1

k k
= (h‘ (Z w,-h(ua,.)) g (Z wig(va,.)))
- ! (1.205)
then
ATS — IFWA(aq, 02, « .oy Ok, Ok 1)

k
= '@lwiai D Wi+ 10k +1
1=

k k
(h‘ (Z w,-h(ua,.)) N (Z mg(va,.)))
i=1 i=1

® (h" (W 1h (e, ) 97" (190, )

= (h“ (h (h“ (i‘; Wih(Mai))) +h (B (wiet 1h(Mak+1))))’
g! (g (g‘1 (é:l Wig(Va;))) +g(97" (wey lg(vak+1)))))

k k
= (h_1 (z Wih(/’LO(,') +Wk+1h(:u“(¥k+]))’ g_l (Z Wig(voz,-) + Wk+]g(vak+])))

i=1 i=1

k+1 k+1
= (h—‘ (Z w,»hwan) g (Z w,-gwm))) (1.206)
i=1 i=1

i.e., Eq.(1.203) holds for n = k + 1. Thus Eq. (1.203) holds for all n.
In addition, we have known that 4 (¢) = g(1 —1¢),and g: [0, 1] — O, 1]is a strictly
decreasing function, then /(¢) is a strictly increasing function which indicates that

0o<n! (Z wih(uai)) g (Z w,»g(va,o) <1 (1.207)

i=1 i=1

and

h! (Z Wih(,uot;)) +g7! (Z Wig(Vou))

i=1 i=1

<h! (Z wih(ua,-)) +g7! (Z wig(l — W)

i=1 i=1
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n n
=h-1(z wih(uai>)+ 1—h~! (Zwih<ua,.))=1 (1.208)
i=1 i=1
which completes the proof of Theorem 1.29.

Then we can investigate some desirable properties of the ATS-IFWA operator:

Theorem 1.30 (Xia et al. 2012¢) If all o; (i = 1,2,...,n) are equal, i.e., o =
o = (g, Va), for all i, then

ATS — IFWA(at1, 0, . . ., ) = @ (1.209)

Proof Leto; = o = (g, Vo), We have

ATS — IFWA(a1, o, ..., a,) = ATS — IFWA(0, ..., 00) = & wia

= (/’l_l (Z Wih(ﬂa)) , g_l (Z Wig(va)))
i=1 i=1

= (17" ) g7 (g00) = (1.210)

Theorem 1.31 (Xiaetal. 2012c) Let ; = (ug,, vg,) (i =1,2,...,n) be acollec-
tion of IFVs, if gy, < ug, and vy, > vg;, for all i, then

ATS — IFWA(a1, a2, ..., o) < ATS — IFWA(B1, B2, - - -, Bn) (1.211)
Proof We have known that A(¢t) = g(1 —t), and g: [0, I] — 0, 1] is a strictly

decreasing function, then A (¢) is a strictly increasing function. Since po; < g, and
Va; = Vg, then we have

n! (Z Wih(ua,.)) <n! (Z Wih(uﬂ,q) (1.212)

i=1 i=1

g (Z Wig(Vai)) > g} (Z wig(v,g,.)) (1.213)

i=1 i=1
and thus,

S(ATS-IFWA (a1, a2, . .., a0y)) < S(ATS-IFWA(B1, B2, ..., Bn)) (1.214)

which completes the proof.
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Based on Theorem 1.31, the following property can be obtained:

Theorem 1.32 (Xia et al. 2012¢) Let @~ and ot be given by Egs.(1.179) and
(1.180), then

o < ATS — IFWA(a1, o, ..., o) <o (1.215)

Theorem 1.33 (Xia et al. 2012c) Let w = (w1, wa, ..., w,)T be the weight vector
of the IFVs «; (i = 1,2, ..., n), such that Z?:] w; = 1.If B = (ug, vg) is an IFV,
then

ATS —IFWA(o; @ B, a2 B B, ..., 0, B B) =ATS — IFWA(x1, 002, ..., a) D B
(1.216)

Proof Since

@ @ = (" (huua) + (i), g7 90 + 90))) (1.217)
then

ATS — IFWA(a1 @ B,ar D B, ..., an @ B)

= (h‘ (Z wih(h™ () + h(Mﬂ)))) g (Z wig(g~ (gOve;) + g(v,g)))))

i=1 i=1

= (h“ (Z wi (h(they;) +h(l/~ﬁ))) g (Z wi (9 (V) +9(Vﬁ)))> (1.218)

i=1 i=1
and

ATS — IFWA(op, a0, ..., 000) @ B

= (h1 (Z W,‘h(,bbai)), gil (Z Wig(vai))) D (H“/S’ V/S)

i=1 i=1

= (h‘ (h (h‘ (Z wih(ua,.))) + h(uﬁ)) :

i=1

g (g (g‘ (; wig(ve, ))) + g(vm))

= (h—1 (Z wih(ite;) + hw)) g7 (Z wig(ve;) + g(vm))

i=1 i=1

= (h—l (Z wi (h(tte;) + h(uﬂ») g7 (Z wi(g(va;) + g(vﬂ)))) (1219)

i=1 i=1

which completes the proof.
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Theorem 1.34 (Xia et al. 2012c¢) If » > 0, then
ATS — IFWA(raq, rag, ..., roay) = rATS — IFWA(aq, ag, ..., o) (1.220)
Proof According to Definition 1.21, we have
ra = (K h(a)), 7 rg(v) (1.221)
then

ATS — IFWA(raq, rag, ..., roy)

k+1 k+1
= (h—1 (Z w,»h(h—l<rh(ua,.>>>),g—1 (Z mg(g“(rg(va,.)))))

i=1 i=1

k41 k+1
= (h—1 (Z wi (rh(um») g7 (Z Wi (rg(vm»)) (1.222)
i=1 i=1

rATS — IFWA(aq, aa, ..., ap)

(7 () (ol (o))
= (h‘1 (ri’_ilw,-hwa,.)) g (réw,-g(va,-))) (1.223)

According to Theorems 1.33 and 1.34, we can get the following result easily:

and

Theorem 1.35 (Xia et al. 2012¢c) If r > 0, and 8 = (ug, vg) is an IFV, then

ATS — [FWAGray ® B,ras @ B, ..., ran @ B) = rATS — IFWA(a1, @, . . ., an) @ B
(1.224)

Theorem 1.36 (Xia et al. 2012c) Let 8; = (ug,,vg) (. = 1,2,...,n) be a
collection of IFVs, and w = (wq, wy, ...,w,,)T their weight vector, such that
>_ywi =1, then

ATS — IFWA(a; @ B1. a2 @ Ba ..., oty @ Bu)
= ATS — IFWA(a1, a2, . .., ay) D ATS — IFWA(B1, Ba. ... Bn)  (1.225)

Proof According to Definition 1.21, we have

@ @ fi = (™ (hGpta) + h(1g)), g7 90 + 905)) (1.226)
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then

ATS — IFWA(a1 @ B1, a2 ® Ba, - .., on @ Bn)

= (h—l (Z wih(h™" (e, + h(u,g,->)>),g—1 (Z wig(g™" (g(va,) + g<Vﬁ,.>>>))

i=1 i=1

= (hl (Z wi (h(pta;) + h(u,a,-))),g' (Z wi (g(ve;) + Q(Vﬁ,-)))) (1.227)

i=1 i=1
and

ATS — IFWA(ay, a2, ..., an) @ ATS — IFWA(B1, B2, - -, Bn)

= (h1 (2 Wih(uai)),g‘ (2 Wig(va,.)))
(0 () (S o))
e () (o)

= (h—l (Z wih(te) + w,-h(u,sa) g (Z Wiga,) + D wl-g(v,s,.>))

i=1 i=1 i=1 i=1
(1.228)

which completes the proof.

If the additive generator g is assigned different forms, then some specific intu-
itionistic fuzzy aggregation operators can be obtained (Xia et al. 2012c):
Case 1 If g(r) = —log(t), then the ATS-IFWA operator reduces to the following:

n n
IFWA(a1, a2, ..., 0p) = (1 —[Ta=we™. T] v};) (1.229)

i=1 i=1

which is the IFWA operator defined by Xu (2007).
Case2 If g(t) = log (?) , then the ATS-IFWA operator reduces to the following:

EIFWA(a1,ap, ..., a,)

= (H?:l (1 + p)" — H?:l (1 — pg)" 2H?=1 Vovzvii )
[Tt A pe) + 12 (= )™ TT7 ) Q= ve)¥i + 172 ver
(1.230)

which is called an Einstein intuitionistic fuzzy weighted averaging (EIFWA) operator.



92 1 Intuitionistic Fuzzy Aggregation Techniques

Case 3 If g(t) = log (M), y € (0, +00), then the ATS-IFWA operator
reduces to the following:

Mo, A4+ = Dpe)” =172, A = pe)™
A+ = Due) + (= DI 2 (1= pg)Y

’

HIFWA(ay, ap, ...,0,) = (
[1

VH?:lVovzvf )
[TFo A+ = DA = v + (v = DT vey
(1.231)

which is called a Hammer intuitionistic fuzzy weighted averaging (HIFWA) operator.
Especially, if y = 1, then the HIFWA operator reduces to the IFWA operator; if
y = 2, then the HIFWA operator reduces to the EIFWA operator.

Cased4 If g(r) = log ()):,—__11), t € (1, +00), then the ATS-IFWA operator reduces
to the following:

FIFWA(ay, g, ..., )

n I=pia; _ 1ywi n Vaj _ 1)Wi
=(1—logy(1+H’:1(7;_l ) ),logy(ljtl—[’zlf/y_1 ) ))

(1.232)

which is called a Frank intuitionistic fuzzy weighted averaging (FIFWA) operator.
Especially, if y — 1, then the FIFWA operator reduces to the IFWA operator.
Motivated by the geometric mean, the following definition is given:

Definition 1.23 (Xia et al. 2012c) If

ATS — IFWG(ay, @, ..., ap) =

1

1 ) (1.233)

I®=s

then ATS-IFWG is called an Archimedean t-cornorm and t-norm based intuitionistic
fuzzy geometric (ATS-IFWG) operator.

Based on the operational laws of the IFVs given in Definition 1.21, we can derive
the following theorem:

Theorem 1.37 (Xia et al. 2012c) The aggregated value by using the ATS-IFWG
operator is also an IFV, and

ATS — IFWG(a1, @2, .., ) = ® wict

i=1

= (g‘ (Z w,-g(ua,-)) ! (Z w,-h<va,.>))
i=1 i=1

(1.234)
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Similarly, we can prove the ATS-IFWG operator also satisfies the properties that
the ATS-IFWA operator has, here we will not repeat them. Moreover, if the addi-
tive generator g is assigned different forms, then the following intuitionistic fuzzy
aggregation operators can be obtained (Xia et al. 2012c¢):

Case 1 If g(r) = —log(t), then the ATS-IFWG operator reduces to:

n n
IFWG(a1, a2, ..., 0y) = (H uyi 1= JTa- va,)w") (1.235)

i=1 i=1

which is the IFWG operator defined by Xu and Yager (2006).
Case 2 If g(t) = log (?), then the ATS-IFWG operator reduces to:

EIFWG(ay, oy, ..., ay)

= ( 21_[7:1“’:;: H?:l(l_{_vai)Wi _H?:l(l_vai)Wi)
H?:l (2 = pg )™ + H?:l /*Lgii ’ H?:l (1 + g™ + H?:l (1 — v )i
(1.236)

which is the Einstein intuitionistic fuzzy weighted geometric (EIFWG) operator
defined by Wang and Liu (2011).

Case 3 If g(t) = log (M) ,¥ € (0, +00), then the ATS-IFWG operator
reduces to:

7
[T, A4+ = DU = pe))i + (= DI e
[T/ (4 (= Dy =17 (1= v
[T (L+ (v — Dy +(y = D[P, (- va,.wt')
(1.237)

HIFWG (a1, a7, ...,0,) = (

which is called a Hammer intuitionistic fuzzy weighted geometric (HIFWG) opera-
tor. Especially, if y = 1, then the HIFWG operator reduces to the IFWA operator; if
y = 2, then the HIFWG operator reduces to the EIFWG operator.

Case 4 If g(r) = log (;’,—__11), t € (1,400), then the ATS-IFWG operator
reduces to:

FIFWG(ay, a1, ..., ay)

n- met _ 1ywi n- I=ve; _ 1ywi
— IOgy(1+Hl_l(y_l ) ),1—10gy 1+H1—1(y_1 )
14 14

(1.238)

which is called a Frank intuitionistic fuzzy weighted geometric (FIFWG) operator.
Especially, if y — 1, then the FIFWG operator reduces to the IFWG operator.
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1.6.3 An Approach to Intuitionistic Fuzzy Multi-Attribute
Decision Making

For a multi-attribute decision making under intuitionistic fuzzy environment, let ¥
and G be defined as in Sect. 1.2.4. To evaluate the performance of the alternative y;
under the attribute G ;, the expert is required to provide not only the information that
the alternative y; satisfies the attribute G ;, but also the information that the alternative
yi doesn’t satisfy the attribute G ;. These two part information can be expressed by
wij and v;; which denote the degrees that the alternative y; satisfies the attribute G ;
and doesn’t satisfy the attribute G, then the performance of the alternative y; under
the attribute G ; can be expressed by an IFV «;; = (u;;, v;j) with the condition that
0 < wij, vij < 1and w; +v;; < 1. When all the performances of the alternatives are
provided, the intuitionistic fuzzy decision matrix B = (bjj))mxn = ((mj, Vij))mxn
can be constructed. To obtain the ranking of the alternatives, the following steps can
be given (Xia et al. 2012c):

Step 1 Transform the intuitionistic fuzzy decision matrix B = (b;j),x, into the
normalized intuitionistic fuzzy decision matrix R = (r;j)nxn, Where

| bij,  for benefit attribute G; 19 _ 192
Tij =1 pe for cost attribute G; P=hsn it ] =150
(1.239)

Step 2 Aggregate the intuitionistic fuzzy values r; (i = 1,2,...,m) of the
alternatives y; (i = 1,2, ..., m) by the HIFWA operator:

lj’

ri = ATS — IFWA(rj1, rigsorin) = @ wiry, i=1,2....m  (1.240)
j=1
or the HIFWG operator:

ri=ATS—IFWG(ri1,ri2,...,rm)=é)lr;.}j, i=1,2,...,m (1241
]:

Step 3 Calculate the scores S(b;) of b; by using Xu and Yager (2006)’s ranking
method, and obtain the priority of the alternatives according to the ranking of r;
(i=1,2,...,m), the bigger the r;, the better the alternative y;.

To illustrate the proposed method, we give an example adapted from Chen (2011)
as follows:

Example 1.7 The purchasing manager in a small enterprise considers various cri-
teria (or attributes) involving: (1) G: financial factors (e.g., economic performance,
financial stability); (2) G»: performance (e.g., delivery, quality, price); (3) G3: tech-
nology (e.g., manufacturing capability, design capability, ability to cope with tech-
nology changes); and (4) G4: organizational culture and strategy (e.g., feeling of
trust, internal and external integration of suppliers, compatibility across levels and
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Table 1.13 Intuitionistic

fuzzy decision matrix B G G Gs G4

yi (0.60,0.18) (0.24,0.44) (0.10,0.54) (0.45,0.23)
y2 (0.41,0.25) (0.49,0.09) (0.10,0.39) (0.52,0.45)
y3 (0.62,0.18) (0.67,0.28) (0.36,0.42) (0.12,0.67)
v+ (0.21,0.58) (0.76,0.22) (0.48,0.34) (0.15,0.53)
ys (0.38,0.19) (0.65,0.32) (0.06,0.29) (0.24,0.39)
y6 (0.56,0.12) (0.50,0.41) (0.21,0.07) (0.06,0.28)

functions of the buyer and the supplier). The set of evaluative criteria is denoted by
G = {Gy, G2, G3, G4}, whose weight vector is w = (0.34, 0.23,0.22, 0.21)T.
There are six suppliers available, and the set of all alternatives is denoted by
Y = {y1,», ..., ye}. The characteristics of the suppliers y; (i = 1,2,...,6) in
terms of the criteria in G are expressed by the intuitionistic fuzzy decision matrix B
(see Table 1.13) (Xia et al. 2012c¢).

To obtain the alternative(s), the following steps are given (Xia et al. 2012c):

Step 1 Considering all the criteria G; (j = 1, 2, 3, 4) are the benefit criteria, the
performance values of the alternatives y; (i = 1,2, ..., 6) do not need normaliza-
tion.

Step 2 Aggregate the intuitionistic fuzzy values b; of the alternative y; by the
HIFWA operator (without loss of generality, let y = 1):

b1 = (0.4075,0.2964), by = (0.4005,0.2466), b3 = (0.5079,0.3163)
by = (0.4437,0.4049), bs = (0.3783,0.2734), by = (0.3955,0.1689)

Step 3 Calculate the scores S(b;) of b; by using Xu and Yager (2006)’s ranking
method:

S(by) =0.1111, S(b;) = 0.1539, S(b3) = 0.1915
S(bs) = 0.0388, S(bs) = 0.1049, S(bg) = 0.2266

Since
S(be) > S(b3) > S(b2) > S(by) > S(bs) > S(bs)

then we can obtain the priority of the alternatives y; (i = 1,2, ..., 6):

Yo > Y3 > Y2 > Y1 > Y5> V4

To investigate the variation trends of the scores and the rankings of the alternatives
with the change of the values of the parameter y, we use the figures to illustrate these
issues (Xia et al. 2012c¢).

Figure 1.12 gives the scores of the alternatives obtained by the HIFWA operator as
y is assigned different values, we can find that the scores for the alternatives decrease
as the values of the parameter y increase from 0 to 10. Figure 1.13 shows the scores
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The scores for alternatives obtained by the HIFWA operator
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Fig. 1.12 The scores for alternatives obtained by the HIFWA operator

of the alternatives obtained by the HIFWG operator, and as the values of y increase
from O to 10, we can find that the scores for the alternatives increase. Figure 1.14
illustrates the deviation values between the scores obtained by the HIFWA operator
and the ones obtained by the HIFWG operator. It is noted that the scores obtained by
the HIFWA operator are bigger than the ones obtained by the HIFWG operator, and
as the values of y increase, the deviations decrease. Moreover, if y = 1, then the
scores and the ranking of the alternatives obtained in Fig. 1.12 are the ones obtained
by the IFWA operator (Xu 2007), and the results obtained in Fig. 1.13 are just the
ones obtained by the IFWG operator (Xu and Yager 2006).

If we use the FIFWA or FIFWG operator instead of the HIFWA or HIFWG
operator to aggregate the attribute values for the alternatives, then scores for each
alternative can be found in Figs. 1.15 and 1.16 (Xia et al. 2012c¢), respectively.

Figure 1.15 gives the scores of the alternatives obtained by the FIFWA operator
as y is assigned different values, we can find that the scores for the alternatives
decrease as the values of the parameter y increase from 0 to 100. Figure 1.16 shows
the scores of the alternatives obtained by the FIFWG operator, and as the values of
y increase from O to 100, we can find that the scores for the alternatives increase.
Figure 1.17 (Xia et al. 2012c¢) illustrates the deviation values between the scores
obtained by the FIFWA operator and the ones obtained by the FIFWG operator. It
is noted that the scores obtained by the HIFWA operator are bigger than the ones
obtained by the HIFWG operator as the values of y increase.

From the above analysis, we can find that the parameter y can be considered
as a reflection of the decision makers’ preferences, as the parameter y is assigned
different values, the scores of the alternatives are different, and the rankings of the
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The deviation values between the HIFWA and HIFWG operators
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The scores for alternatives obtained by the FIFWA operator
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Fig. 1.15 The scores for alternatives obtained by the FIFWA operator
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Fig. 1.16 The scores for alternatives obtained by the FIFWG operator

alternatives are also different. Therefore, the proposed aggregation operators with
parameters can provide the decision makers more choices and thus are more flexible
than the existing ones, because we can choose different values of the parameters
according to the different situations. This is an interesting topic and is worthy to be
further studied in the future.
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The deviation values between the FIFWA and FIFWG operators
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Fig. 1.17 The deviation values for alternatives between the FIFWA and FIFWG operators

1.7 Generalized Intuitionistic Fuzzy Aggregation Operators
Based on Hamacher t-conorm and t-norm

Yager (2004) proposed the generalized ordered weighted aggregation operators,
which give the aggregated arguments a function and a corresponding reverse function
to the arguments after being aggregated, and as the function changes, a family of
aggregation operators can be obtained. Based on this useful idea and using the basic
operations given in Definition 1.21, in this section, we shall introduce the generalized
intuitionistic fuzzy aggregations based on Hamacher t-conorm and t-norm.

Let o; = (Mo;>Ve;) (@ = 1,2,...,n) be a collection of IFVs and w =
wi,wa, ..., w,,)T the weight vector of o; (i = 1,2, ..., n), where w; indicates
the importance degree of o, satisfyingw; >0 (i = 1,2,...,n)and >/ _, w; = 1.

Then based on Eqs. (1.194), (1.195), and Definition 1.21, we define the following:
Definition 1.24 (Xia and Xu 2011) If

1

*
GHIFWA(a1, @3, . . . aty) = (_é% wiai}‘) (1.242)

i=1

then GHIFWA is called a generalized Hamacher intuitionistic fuzzy averaging
(GHIFWA) operator.
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Theorem 1.38 (Xia and Xu 2011) The aggregated value by using the GHIFWA
operator is also an IFV, and

v (ih, =15 ,)

n
1
A

W+ 2= ) o= (i, - wh )

1
(vll’n +(? - Dvy n) (vl -V n)A

(vl],n + (y2 - ])Vll,n))L + =D (Vll,n - vl],n)

GHIFWA(ay, o2, ..., ap) =

)

>

Yo

>

>|—

(1.243)
where
l - A 2 2\
ih =TT (O + 0 = D0 = ) + 07 = i) (1.244)
i=1
n
wi
wha= ] +@ =D =) =) (1.245)
i=1
! - 2 2 2\
=TT (0 + = DA =) + 7 = v} (1.246)
i=1
n
wi
via= [T+ =Da—va)* —vi) (1.247)
i=1
Proof Let B;i = wia *_then Eq.(1.242) can be written as:
1 1
n A
GHIFWA(a1, s, ..., ap) = ( D wia ) = ( @ ﬂ,-) (1.248)
i=1 i=1

and we first prove the following equation by using mathematical induction on n:

n ( [Ti_ A+ & —Dup) —TTi= (1= pg)
NI Z A+ & = Dug)+ = DI 2 (=g’
VH?:lVﬂ[ )
[ A+ =D =)+ = DI, v

For n = 2, Eq. (1.249) holds obviously. Suppose that Eq. (1.249) holds for n = k,
that is,

(1.249)
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P (“ﬁ ﬁ)

( [Ii_ A+ (v = Dug) = [TE=y (0 — pp)
[E_, U+ (= Dug) + = DT, A= g

- 14 Hf:l Vi - ) (1250)
[l 0+ @ =DA=vg)+ & —DILi=va

I =

i

Then we prove that Eq. (1.249) holds for n = k + 1, that is,

(élﬁi) @ Br+1

1 -1 1 -1 —(1- 1—
( + )Miélﬂ")( +(y )lu’ﬁkJrl) ( M-élﬁ‘)( 'U“ﬂk+1)

i=

(1 + (- I)M[élﬂi)(l + (= Dupeyy) + (v — 1)(1 - Mélﬁ") (1= 1ps)

i=

YV ik VB

IBI

k
52
i=1

i

(1 +(y — 1)(1 — vélf‘f)) I+ -D(1—vg,,))+ - 1)vé ﬂivﬂ,m

- (1.251)

By the operational laws for IFVs, we have

<1+(y - D K ﬂ) (1+ = Dupeyy)

. i
i=

T (4 (= Dug) = TTE_ (1= gy )
I+ -1 ! J I+ —-Dp
( [ A+ (= D)+ (v = DITEZ (=g ( pieer)
[T A+ = Dug) =TT (= g
-1~ % % (l_“ﬂkﬂ)
T 4+ (= D)+ (= DT, (4= g
yITE_ O+ & = Dug) (+ (= D) — v TTEZ =) (1= g, )
Mo A+ = D)+ = DT (=g
yIIFEY A+ v = Dug) — v TTIFEL (4 — gy

_ 7 . Y= - (1.252)
[Tio i A+ @ =Dug)+ @ —=DITi= (1 —ug)
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(1 - Mélﬂ") (1 - H‘ﬂk+1)

ZC_ [T (4 O = Dpg) = TTE- 3 (L= i) )U—uﬂ)
[T A+ & = Dug) + = DITEZy (= g o
VH{'(:I (1 — pp) (1 - /’“ﬂk+1)
I 04+ = Dug) 4+ v = DT (A= g
y T2 (= p)

= — T (1.253)
[l O+ @ —=Dug)+ @ —=DIL= (1 —ug)
v L Vﬁ — ‘}/H;{:lvﬂi Vﬂ
e T A+ = DU —vg) + (& = DIy
= — rILiZ1vs . (1.254)
M, A+ =D =g+ — DI, vs
and
(+o=n(i=rs,))0re-n0-m
_ VH?:] I+ =D —=vg)) (1 +-D (1 - Vﬂk+1))
M, A+ =D =g+ — DI, vs
_ I U+ & = DA = vp)) (1.255)
o, A+ =D —vg)) + = DI v
Therefore,
(lélﬁi)@ﬂkﬂ

(1+<y1mé ﬁi)(lJr(V])#ﬂkJrl)(]l’- i ﬂ‘)(luﬂkﬂ)

i=1

(l+(7/—l)l/« k )(l+(V—1)l‘ﬁk+l)+(y_l)(l_M & ﬁ)(l_"ﬁkﬂ)
i

@ B ®
i=1" i=1

i=

I+ -Df1-v 1+ —-D(1—v +(@ =Dy VB
(T (N | [ e E s
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B y Iy A r=Dup ) A+ =Dugy | D=7 TTE 2y A=np)U=np )
yITf 2y A+ =Dug) I+ =Dpg . DA+G=Dug, . D+o=Dy TTfZ ) (—np)(U—ng )

¥? Hf: 1VBi VBr +1
k _ _ _ _ _ k
yIIF_ A+ —Da v,g,.»(u(y 1)(1 "ﬁk+|))+y(7 DITi= 1 v8; v 41

[ IR v =D - TIEE, (=g vy T2 v, 1256
- k+1 k+1 ’ k+1 k+1 ( . )
IDG A+ =Dup)+@=DIL T, A=pg) T A+ =DU=vg N+ =D LI vg

which indicates that Eq. (1.251) holds for n = k + 1. Thus Eq. (1.249) holds for all
n. Since

Bi = (g, vg) = wia}

A wi A wi
_ Yy _ _ YHe
(H—(V l)(l+()/7l)(l—ua))’~+(yfl)ug;) (1 (1+(y71)(lfﬂa))*+(y*1)ﬂé)

(1+0-1 2t )" +o-n (1- i )"
I+ =D =pa))* +y =Dl I+ =D =pa))* +y =Dl

( U+ —Dve)* —(1—ve)* )W"
Y\ 0F 0= Dva) +G—D—v)”

_ _ (4@ =Dy)*=(1=v)* ))W’ _ ( (I+(y=Dve)* = (1=ve)* )Wi
(H—()/ D (1 (I+(y=Dva)* +(y =D (1—ve)* +r=D (I+(y=Dve)* +(y =D (1—ve)*

_ ( (A+@=DA=p)*+ 2 =Dpg)"™ = (A+¢ =D —pa)*—pre)™

(A+G=DU =)+ 2 =Dpd)" + =1 (A+ =D —pe))—pk)"™"
y (A4 =Dva)* =1 =v)*)" )

(L4 =Dy + (2 =D (1=v)*) " +(y—1) ((L+(y = Dve) —(1—ve)*)™
(1.257)

then we have

[T a+@=Dus)— T A-np)

i=1 i=1
3 H L G-1) (A+G=DU=pe D+ 2=l )" = (A= U —pg ) =iy, )"
(1 =D A =pa D+ (2 =Dd )™+ =1) (A =D (=g )~ )™
- H (A4+@=DA=pe D+ 2=Dpud )" = (A+ =D U —pa ) —pul,)"
(A =D U —pta, D+ 2= Dpey ) +(r=1) (A =D (I—pra ) i)

i=1

i=1

y [l = 1 (A+ =D A=pa, )+ 2 =Dk )" =y TT (A+r=D A=) =l )"
i=1

T (=D (=) 402 =Dy )"+ =D (I =D (=g )1ty )™ )
(1.258)

k k
[Ta+e=Dusp)+@=0 ] a-us)

i=1 i=1
3 H YT (A4 =DA=pe D+ 2=Dpd )" = (A+ =D U —pa)) o —pul)"
(A+@=DA=pa )4+ =Dl )"+ =1 (A4 =D (A= pg, V=i, )™

i=1
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(A+@=DA=pa)*+2 =Dk )™
+Hy—1 ;
v- )H,( (=D (=t V42— Dy )™

— (A4 =D =pe)* =y )"
+=D (A+@=DA—pe )V =, )"
T (=D =t )+ 2= D) 4y (=1 TT (=D A=) =1t )"

i=1 i=1

1721 (A+ =D =)+ @2 =D )"+ =1 ((+ =D —pe)—u,)")

(1.259)

n
)/HVﬁ[
i=1

y? ﬁ (1 + (& = Dva)* = (1= v )™
0Dy 70 Ty y— )

+ @ =D (A + @ = Dyg)* — (1 —ve)")")
(1.260)
and
k k
[T a+@=na—ven+@=1 ] s

i=1 i=1

= ﬁ I+(y—Df 1- v ((1+(V*1)Vai))"*(1*"az)A)W’
Pl (A+@=Dve + @2 =D A =ve)*)" + =1 (A4 = Dve )y —(1—ve, )"
>H ¥ (4 =Dy —(1=ve))"

(A+@=Dva)* + G2 =D (L=, )*)" + =1 (A+(y —Dve ) —(1=vg)*)™

_ Vl_lﬁv’:. ((1“1‘()/_1)‘/0(,-))\“!‘(72_1)(1_Voz,) )y =D I (A4 =Dve =1 =ve))
[T (A4 =Dva) + (2= DU =ve)")" + =1 (U+y—Dve)* —(1—ve)*)™)

wi

(1.261)

Iy (a+0=D0-nq; ))*+(y2—l)uéi)w"— "y (<1+<y_1)<1_,mi))k_ugi)‘“"

=1 (H,-”1(<1+(y—1)<1—ua,->>A+<y2—1)ué,.)w"+(y—1)H;f1(<1+<y D= pta =it )

)\’ Wi ’
B a Wl
v =y (=D ==, )*)
n A (2 A\Vi n A A
T =y (0 =Dva P+ 2D =va*) T +G=D T2 ((A+G—Dvep) 2 —(1-vg)?)

(1262)
Let
ih =TT (0 + @ = DA =) + 02 = i, ) (1263)
i=1

W =10+ =D0 = pe))* = ply)™ (1.264)
i=1
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n

wi
=11 ((1 + (= DA —ve)) + (2 - 1)vgi) (1.265)
i=1
n
Wi
vie =[] (0 + & =D0=ve)" =) (1.266)
i=1
then ,
k Ml,n - M,i,n VV’L"
® =\ ST, T (1.267)
i=1 M n + )'ul,n Vin + (v )Vl,n
and

>-\—-

,31

k
69
1
Mln I’Lln *
y | —2—r—
wh o,y =Dut

=

1
I’Lln Mln g 'ull.n_/“an
+r=b ( wh =Dt ,,)) tr=D (u’l,,ﬁ(y—l)u’.,,,)

1 1
VV|,, » _ _ yvq,n -
1+(y 1)’ R 1)v1n) (1 vll’n+(y—1)vq,n)

1

1
M ) _ i )
(1 + (y 1)vl n+(y ])vl n) + (V 1) (1 Vll,n+(y_l)v}i,n)
1
- M'i,n))h

+ -1 (u’l,n - u{,,,)

% (,U«ll

)

|
e
>

(Mll’n + (- 1)%")

1

1 1
(vll,n + (y2 - l)vq,n) i (vll,n - vll,n))h

: (1.268)
(ot 2= 0,) + o= ()

>

which completes the proof.

Then in what follows, we introduce some desirable properties of the GHIFWA
operator (Xia and Xu 2011):

Theorem 1.39 Ifalle; (i =1,2,...,n) areequal, ie., ; = o = (g, Vo), for all
i, then
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1
x

GHIFWA(aq, o, ...,a,) = GHIFWA(a, o, ..., ) = ( é w,-oc)‘) =«
i=1
(1.269)

which is called of idempotency.

Theorem 1.40 Let 8; = (ug,vg) (i = 1,2,...,n) be a collection of IFVs, if
Me; < g and vy, > vg,, forall i, then

GHIFWA (a1, a2, - . ., an) < GHIFWA(B1, Ba, - - -, Bn) (1.270)

which is called of monotonicity.

Proof Let f(x,y) = W, then

e yy, = AZCVNAAY)xn) Horty = @=y)xy) A=)y
T (A=(1=y)xy)?
1-Q2=p)y—(1=p)xy+ Q=) (1=p)xy* +(1—p)xy+(1—y)y*—2—y) (1 —y)xy?
(1—(1—y)xy)?
_ 1=@opy+d-p)y? _ ([A=p)y=DO=D (1.271)
(1=(1—=y)xy)? (I—=(1=y)xy)? '

Since 0 < x,y < land y > 0, then f(x,y), = % > 0, which
indicates that f(x, y) is an increasing function of x. Similarly, we can prove that
f(x, y) is also an increasing function of y.

— Xy
Let 9(x, ¥) = yxa=pitrr—my- then

yy+UA—=—y)x+y—xy)—xyly + 1 —y)d—y)
y+d=y)x+y—xy)
yy+ (1 —yxy+ A —y)y* = A —pxy* = A —y)xy + (1 — p)xy?
y+U—-py)x+y—xy)
vy d=yyt vy =y +y) o (1272)
y+U-—py)a+y—xy) y+U-p)x+y—xy)

glx, )y =

which indicates that g(x, y) is an increasing function of x. Similarly, we can prove
that g(x, y) is also an increasing function of y.

_ (+p=hor—-x* _ yx*
Let h(¥) = 36 “ho+o-na—vr @47 = g oo e

then
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(=D A+ =D A=) (A+ = D) =y = D(1-x)%)
((I+ =D+ (=D (1 —x)*)?
(14 =D)* = (1=20)*) (A =D+ =D =r(y =D (1-x)*")
(14 =D+ (=D (A —x)*)
A=) A4+ (= D) Ay = D21 —0) A+ —Dx) !
- (1 =D+ =D (1 —x)*)?
Ay =1 (A= (4= D) LAy = D (1—x)* L (14— Dx)*
((I+ =D+ (=D (1 —x)*)?
2= A+ =Dt
(=D == (1—x))

h(x) =

+

>0 (1.273)

and
)
ayt L (A =De =D ) =y (A =D+ =D0)r =2 —=Da*1)
(=10 (=)

a2 A4 (=Dt
((14+(y=Dx)y+(y —D)x*)?

=0 (1.274)

Therefore, both /1 (x) and r(x) are the increasing functions of x.

Based on the above analysis, for two collections of IFVs «; = (g;, Vo) (i =
L,2,....n)and B; = (ug;,,vg) (. =1,2,...,n),if ny; < pug, and vy, > vg,, for
all i, we have

S(GHIFWA(at1, o, . . ., a)) < S(GHIFWA(B1, Ba, - - ., Br)) (1.275)

which completes the proof.
Based on the monotonicity, the following property can be obtained:

Theorem 1.41 (Xia and Xu 2011) Let o~ and a™ be given by Egs.(1.35)
and (1.36), then
o~ < GHIFWA(ay, g, ..., o) < at (1.276)

which is called of boundedness.

As the values of the parameters change, some special cases can be obtained (Xia
and Xu 2011):
Case 1 If A = 1, then Eq. (1.243) is transformed as:
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HIFWA(aq, aa, ..., op)
_ ( [To A+ = Dpe)™ =TT 2 (4 — )™
T, A+ @ = Dug)i + (v = DTy (A = pg)¥i
J/H?zl"gf
[T A+ —=DA =) + @ — D2 ve

) (1.277)

which is the Hamacher intuitionistic fuzzy averaging (HIFWA) operator (Xia et al.
2012c¢).

Case2 If L = 1 and y = 1, then Eq.(1.243) becomes the IFWA operator (Xu
2007):

IFWA(ay, o, ..., 0p) = (1 — [T @ =wa)". T v};) (1.278)

i=1 i=1

Case 3 If y = 1, then Eq.(1.243) becomes the generalized intuitionistic fuzzy
weighted averaging (GIFWA) operator (Zhao et al. 2010):

GIFWA(xy, an,...,ap)

1

- (1 - H (a _uz,.)““f)* 1 —(1 - H (- —vai)x)w,-)i

i=1 i=1

(1.279)
Case 4 If y = 2, then Eq.(1.243) is written as:
GEIFWA(ay, ap, ..., o)
1 1 1
2 (Mll,n - H‘q n) ’ (Vll,n + 3V€ n) ’ Vll n V1 n) ’
= T T 1 T
('ull,n + 3“’?,11) ' + ('ull,n - ,qu n) ’ (Vll n + 3vll n) ’ + (Vll n_ V? n)A
(1.280)
where
n n
wi Wi
wig =TT @+ = pa ) +3u)" uh, =] (A + A = pa)* =)
i=1 i=1
(1.281)
n n
wi r wi
V= [T+ —ve )™ +33)" v, =[] (A + @ —ve))* =)
i=1 i=1

(1.282)
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which is called a generalized Einstein intuitionistic fuzzy weighted averaging
(GEIFWA) operator.
Case 5 If y = 2 and A = 1, then Eq.(1.243) is transformed as:

EIFWA(ay, az, ..., o)

- (H:‘l=1 (L4 pe)" =172 (A = pa)" 21172 ve! )
[Tt A4 pa) +T1 2 (= )™ Ty Q= v )W+ TT7 v
(1.283)

which is the EIFWA operator (Xia et al. 2012c).
Combining the GHIFWA operator and the geometric mean, then we introduce the
following:

Definition 1.25 (Xia and Xu 2011) Let w = (w1, wa, ..., w,)T be the weight
vector of the IFVs «; (i = 1,2, ..., n), where w; indicates the importance degree
of &, satisfyingw; >0 =1,2,...,n)and D7 _, w; = 1,if

| .
GAIFWG(en an.....on) = — ( ® m;”’) (1.284)
i=1

then GAI FWG is called a generalized Archimedean intuitionistic fuzzy geometric
(GHIFWG) operator.

Similarly, the following theorem can be obtained:

Theorem 1.42 (Xia and Xu 2011) The aggregated value by using the GHIFWG
operator is also an IFV, and

1 1
l 2 x I l x
(Ml,n + "= DM}i,n) - (Ml,n - Ml,n)
GHIFWG(xy, ag, ..., ap) = )

T
(ull,,, + (2 - l)ull,,,) "+ (Mll’n - Mll’n)
1
7 (=)

(Vll,n + (y2 - 1)v']‘,n) +@-D (Vll,n - Vq,n)

>l—=

>—= 3
>|—

(1.285)

where

=TT (A + 0 = DA =) + 7 = D) (1.286)
i=1

who =1+ = D0 = pe))* = )™ (1.287)
i=1
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n

via=1] ((1 (= DA —ve)) + (2 — 1)vg[)w" (1.288)

i=1
n

Vi, = [+ @ =D —ve))* =)™ (1.289)
i=1

In the same way, we can prove that the GHIFWG operator also satisfies idem-
potency, monotonicity and boundedness, and some special cases of the GHIFWG
operator can be discussed as below (Xia and Xu 2011):

Case 1 If 1 = 1, then Eq. (1.285) reduces to:

HIFWG(aq, aa, ..., op)
_ ( VH?=1 /’Lgii
1o A+ = DA = pe)i + (v = D2 pa
H?:] (1 + ()’ - l)v()ti)Wi - H?:] (1 - V()t,‘)W[ )
[Ti= A+ = Dve)i +(r = D2 (1 —=vg)™

(1.290)

which is the Hamacher intuitionistic fuzzy geometric (HIFWG) operator (Xia et al.
2012c¢).
Case 2 If y = 1 and A = 1, then Eq. (1.285) is transformed as:

n n
IFWG(ay, o, ..., 0p) = (H w1 =T (- va,.)w") (1.291)
i=1 i=1

which is the IFWG operator (Xu and Yager 2006).
Case 3 If y = 1, then by Eq. (1.285), we have

GHIFWG(ay, g, ..., ay)

1 1
=[1- (1 ~[T@-a- Nai)k)Wi) ,(1 -[l@- VQ,)W")
i=1 i=1

(1.292)

which is the generalized intuitionistic fuzzy weighted geometric (GIFWG) operator.
Case 4 If y = 2, then Eq.(1.285) is transformed as:

GEIFWG(ay,ap, ..., 0y)
x i x
('ull,n + 3#?,,) - (I’Lll,n - 'u’i,n) 2 (vll,n - Vq,n)

(0 +30.)

>
>

+ (lull,n - 'u“q,n)
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where
n n
wi wi
wh, =TT+ = o)) +3ul)" . wi, =] (O + A =g =)
i=1 i=1
(1.294)
n n
wi wi
vig =[]+ a=ve ) +35)" v, =[] (a+a—ve)* i)
i=1 i=1
(1.295)

which is a generalized Einstein intuitionistic fuzzy weighted geometric (GEIFWG)
operator.
CaseSIf y =2 and A = 1, then Eq. (1.285) is transformed as:

EIFWG(a1, a2, ..., 0p)

- ( 21172 mer [T (U +ve)" =TT (0 — V“i)Wi)
[T 21 Q= pa )i + 1172y ey T 21 (e + 172 (1= v
(1.296)

which is the EIFWG operator (Xia et al. 2012c).

In what follows, we apply the GHIFWA and GHIFWG operators to decision
making (Xia and Xu 2011):

For a multi-attribute decision making problem, let ¥, G and w be as defined pre-
viously. The expert provides the performance of the alternative y; under the attribute
G denoted by the IFVs a; = (wj, vij) (0 = 1,2,...,m; j =1,2,...,n). All
the IFVs o (i = 1,2,...,m; j = 1,2,...,n) construct the intuitionistic fuzzy
decision matrix B = (bjj)nxn-

To obtain the alternative(s), the following steps are given (Xia and Xu 2011):

Step 1 Transform the intuitionistic fuzzy decision matrix B = (bjj),x, into the
normalized intuitionistic fuzzy decision matrix R = (r;j)nxn, Where

| by, for benefit attribute G; . .
rij = b; for cost attribute G; o i=L2m j=1,2,...n
(1.297)

Step 2 Aggregate the intuitionistic fuzzy values r; of the alternative y; by the
GAIFWA or GHIFWG operator:

1
*
ri = GHIFWA(ri1, ia, - - . Fin) = (él wjri)/f) (1.298)
j= '

or

1 )
ri = GHIFWG(ri1, rig, - Tin) = ( ® ,\r,.‘j”f) (1.299)
j=1
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Step 3 Calculate the scores S(r;) of r; by using Xu and Yager (2006)’s ranking
method, and obtain the priority of the alternatives according to the ranking of r;
(i=1,2,...,m), the bigger the value r;, the better the alternative y;.

Now we utilize Example 1.7 to illustrate the proposed method. To obtain the most
preferred supplier(s), the following steps are given:

Step 1 Aggregate the intuitionistic fuzzy values r; of the supplier y; by the
GHIFWA operator (without loss of generality, let y = 2 and A = 2):

r1 = (0.4439,0.2936), r = (0.4231,0.2475), r3 = (0.5348,0.3099)
ra = (0.4904,0.3971), rs = (0.4226,0.2733), re = (0.4351,0.1708)

Step 2 Calculate the scores S(r;) of r; by using Xu and Yager (2006)’s ranking
method:

S(r1) =0.1502, S(rp) =0.1756, S(r3) =0.2248
S(r4) =0.0933, S(rs) =0.1493, S(re) = 0.2643

Since
S(re) > S(r3) > S(rz2) > S(r1) > S(rs) > S(ra)

we can obtain the priority of the suppliers y;(i = 1,2, ..., 6):

Yo > Y3 >Y2> Y1 > Y5> Y4

As the parameters A and y are assigned different values, the scores of the suppliers
obtained are different, and the rankings of the suppliers are also different, some cases
can be found in Tables1.14 and 1.15 (Xia and Xu 2011), when the GHIFWA and
GHIFWG operators are used, respectively.

To investigate the variation trends of the scores and the rankings of the suppliers
with the change of the values of the parameters A and y, we use figures to illustrate
these issues. Figures 1.18, 1.19, 1.20, 1.21, 1.22 and 1.23 (Xia and Xu 2011) give
the scores of suppliers obtained by the GHIFWA operator as A and y are assigned
values between 0 and 10.

It is noted that the scores increase as A increases, but not suitable for y.
Figures 1.24, 1.25, 1.26, 1.27, 1.28, 1.29, 1.30, 1.31, 1.32, 1.33, 1.34 and 1.35 (Xia
and Xu 2011) give the scores of suppliers obtained by the GHIFWG operator as A
and y are assigned values between 0 and 10. It is noted that the scores decrease as
A increases, but not suitable for y. Therefore, the proposed aggregation operators
with parameters can provide the decision makers (or experts) more choices and thus
are more flexible than the existing ones, because we can choose different values
according to the practical problems, which is worthy to be further studied in the
future.
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Table 1.14 Scores and rankings for the alternatives based on the GHIFWA operator
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V1 Y2 Y3 Y4 Y5 Y6 Rankings
Z:(()); —0.0881 0.1377 0.1685  0.0077 0.0801 0.2018 yg > y2 > y5 > y3 > ¥1 > Y4
K:ll 0.1111 0.1539 0.1915  0.0388 0.1049 0.2266 ys > y3 > y2 > Y1 > ¥5 > Y4
I: 110 0.3012 0.2839 0.3621  0.3453 0.3116 0.3773 ye > y3 > y4a > Y5 > Y1 > Y4
Z:IZ 0.0910 0.1401 0.1689  0.0083 0.0867 0.2080 ys > y3 > y2 > y1 > ¥5 > V4
i:j 0.2537 0.2341 0.3218  0.2725 0.2584 0.3341 yg > y3 > y4 > Y5> y1 > Y4
Z:§ 0.2193 0.2094 0.2900  0.2121 0.2221 0.3100 ye > y3 > y5 > Y1 > Y4 > ¥2
Z:SS 0.3017 0.2762 0.3677  0.3611 0.3124 0.3667 y3 > Y6 > y4 > Y5 > Y1 > 2
K: 110 0.0528 0.1128 0.1274 —0.0407 0.0479 0.1669 ys > y3 > y2 > y1 > ¥5 > Y4
I: ll(()) 0.3679 0.3702 0.4325  0.4688 0.3960 0.4374 ys > y6 > y3 > y5 > y2 > i
Table 1.15 Scores and rankings for the alternatives based on the GHIFWG operator
Y1 Y2 Y3 Y4 Y5 Y6 Rankings

Z:(())TZ —0.0178 0.0506 0.0363 —0.1168 —0.0145 0.0800 ys > y2 > y5 > ¥3 > y1 > Y4
Z: ]1 —0.0388 0.0312 0.0058 —0.1368 —0.0278 0.0541 ys > y2 > y3 > ¥1 > Y5 > Y4
Z: 110 —0.2678 —0.1815 —0.3392 —0.3065 0.0087 —0.1916 y5 > y2 > Y6 > Y1 > Y4 > Y3
Z:IZ —0.0175 0.0483 0.0374 —0.1153 —0.0126  0.0761 ys > y2 > y3 > ¥5 > Y1 > Ya
Z:: —0.1937 —0.1013 —0.2432 —0.2631 —0.1068 —0.1025 y> > ys > y5 > ¥1 > Y3 > Y4
K:? —0.1485 —0.0563 —0.1729 —0.2307 —0.0748 —0.0549 ys > y2 > y5 > Y1 > Y3 > Y4
Z:SS —0.2584 —0.1717 —0.3442 —0.3072 —0.1555 —0.1635 y5 > yg > y2 > ¥1 > Y4 > V3
Z: ]10 0.0155 0.0771 0.0846 —0.0795 0.0087 0.1131 yg > y3 > y2 > y1 > Y5 > Y4
K: 11(()) —0.3714 —0.2840 —0.4779 —0.3723 —0.2666 —0.2855 y5 > y2 > Y6 > Y1 > Y4 > V3
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The scores for y, obtained by the GHIFWA operator
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Fig. 1.18 The scores for the supplier y; obtained by the GHIFWA operator

The scores for y, obtained by the GHIFWA operator
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Fig. 1.19 The scores for the supplier y, obtained by the GHIFWA operator
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The scores for y; obtained by the GHIFWA operator
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Fig. 1.20 The scores for the supplier y3 obtained by the GHIFWA operator

The scores for y, obtained by the GHIFWA operator
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Fig. 1.21 The scores for the supplier y4 obtained by the GHIFWA operator
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The scores for y5 obtained by the GHIFWA operator
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Fig. 1.22 The scores for the supplier ys obtained by the GHIFWA operator
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Fig. 1.23 The scores for the supplier ys obtained by the GHIFWA operator
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The scores for y, obtained by the GHIFWA operator
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Fig. 1.24 The scores for the supplier y; obtained by the GHIFWG operator
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Fig. 1.25 The scores for the supplier y, obtained by the GHIFWG operator
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The scores for y; obtained by the GHIFWG operator
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Fig. 1.26 The scores for the supplier y3 obtained by the GHIFWG operator

The scores for y, obtained by the GHIFWG operator
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Fig. 1.27 The scores for the supplier y4 obtained by the GHIFWG operator
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The deviation values for y, between the GHIFWA and GHIFWG operators
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Fig. 1.30 The deviation values for y; between the GHIFWA and GHIFWG operators

The deviation values for y, between the GHIFWA and GHIFWG operators
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Fig. 1.31 The deviation values for y, between the GHIFWA and GHIFWG operators
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The deviation values for y; between the GHIFWA and GHIFWG operators
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Fig. 1.32 The deviation values for y3 between the GHIFWA and GHIFWG operators

The deviation values for y, between the GHIFWA and GHIFWG operators
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Fig. 1.33 The deviation values for y4 between the GHIFWA and GHIFWG operators
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The deviation values for y5; between the GHIFWA and GHIFWG operators
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Fig. 1.34 The deviation values for ys between the GHIFWA and GHIFWG operators

The deviation values for ys between the GHIFWA and GHIFWG operators
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Fig. 1.35 The deviation values for ys between the GHIFWA and GHIFWG operators
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1.8 Point Operators for Aggregating IFVs

ForanIFS A = {(x, na(x),va(x))|x € X},letk, 1 € [0, 1], Atanassov (1995) gave
the following operators:

(1) Dy (A) = {x, {(pa (x) +ma(x),va (x) + (1 —k)7wa (X)) x € X}.

(2) Fea(A) = {x, {na (x) +kmwa (x),va (x) + Ama (x))|x € X}, where x + 1 < 1.
(3) G (A) ={x, (kpa (x),Ava (¥))x € X}.

@) Hep (A) = {x, {kpa (x),va (x) +Ama ()| x € X}.

(5 H; (A ={x, (kpa x),va(x) +A (1 —xpa(x) —va(x))x € X}.

(6) Jea (A) ={x,{ua (x) +xma (x), Ava ()| x € X}.

(7) S5 (A) ={x, (pa (x) +x (1 = pa (x) = Ava (x)), Ava (x))|x € X}.

(8) Py (A) ={x, (max (k, ua (x)), min (X, v4 (x)))|x € X}, where k +A < 1.

9) Ok (A) = {x, (min (k, 4 (x)), max (A, v4 (x)))|x € X}, where x + X1 < 1.

Let IFS(X) be the set of all IFSs on X. For A € IFS (X), Burillo and Bustince
(1996) defined an operator D, (A) for each point x € X:

Dy, (A) = {x, {ma (x) +rxma (x),va (x) + (1 —kx) w4 (%)) x € X} (1.300)

where «, € [0, 1].
Then, Liu and Wang (2007) defined an intuitionistic fuzzy point operator for IFSs:

Definition 1.26 (Liu and Wang 2007) Let A € IFS(X), for each point x € X,
taking k, Ay € [0, 1] and kx + A, < 1, then an intuitionistic fuzzy point operator
Fi. a, (A): IFS(X) — IFS(X) is as follows:

Fieoo, (A) = {x, (ua (x) +kxwa (X)) ,va (X) + Axma (x))|x € X} (1.301)

and if let ng . (A) = A, then

1 — (1 =k — A"
F" A) = 1{x, X) + ks (X ,
e, (A) [ <MA() xTTA (X) PR
I — (1 — ke — A"
VA (X) + A4 (X) xeX (1.302)
Ky + Ax

Xia and Xu (2010) defined a series of point operators for aggregating IFVs:

Definition 1.27 (Xia and Xu 2010) For an IFV o = (g, Vo), let ko, e € [0, 1],
we define some point operators as follows:

(1) Dy, 2, (@) = (g + Ko T, Vo + (1 — k) 7T8)-
2) Fl(a,)»a (o) = (o + KaTtos Vo + AgTty), Where Ky + Ag < 1.
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() Grgrg (@) = (Kalbas raVa)-

) Hka,ka (o) = (Kghas Vo + AaTT).

5 H,j;’)w (@) = (Koo Vo + ra (1 — Kglta — V).

(6) JK(,,AO, (o) = (Mo + KaTa, AaVa)-

(7 J,:;’)\a (@) = (Uo + ke (1 — g — AaVa) 5 AaVar)-

®) P, 2, () = (max (kq, ) , min (Ay, Vy)), Where kg + Aq < 1.
9) Qryirg (@) = (min (ky, ha) , Max (Ay, Vo)), Where kg + Ay < 1.

Based on Definition 1.27, let

F’?m)tx (A) = D’E—),¥3AX (A) = GSX»A‘X (A) = HKQXVA‘X (A) = H:x’f))\x (A)
=72, (A)= :;f)xx (A =P, (A=0), (A=A (1.303)

then we have the following theorem:

Theorem 1.43 (Xia and Xu 2010) Let « = (uq, vo) be an IFV, and n a positive
integer, taking ko, Aq € [0, 1], then

(D Dga (@) = (g + kqTtg, Vo + (1 — kg) 7o) -
I— (1 —kqg —Ag)"
Ko + Ag

’VOl

(2) F;Z,,AD, (@) = (:u'ot + Koo

1 — (1 —kyg — X))
+ AaTlq ( Ko @) ), where ko + Ay < 1.

3) GZMM () = (/c(’;,ua, AZVO,) .

@) H ;, (a)= (Kg,ua, va + (1 =ve)(1 = (1 = 2a)")

n—1
—Uaha (Z k21— w)).
=0

%) H,(*:)fl (@) = (Kgﬂou Ve + (1 —vy) (1 -1 - )La)n)

n—1
—Makary (z K&’_l_[ 1 - )w)t)) .
t=0

(6) Jiyro (@) = (Ma + (1= pe) (1= (1 = ka)")

n—1
— VaKa (Z (1 — ko) kg_l_’) , Agva) .
t=0
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(D T, s, (@) = (Ma + (1= pe) (1= (1 = ka)")

n—1
— Vakaha (Z (1 — k)" /\g—l—f) : AZva) .

t=0
3) Plfa,)»a (o) = (max (kg Ho) , Min (Ay, Vo)), Where kg + Ay < 1.

(9) Ouyorg (@) = (min (kq, o) , max (g, Vo)), Where kg + 21y <1,

which translate one IFV to another IFV.

Proof (1), (3), (8) and (9) are obvious. By the idea of Liu and Wang (2007), we can
also easily prove (2). Next, motivated also by the idea of Liu and Wang (2007), we
prove (4), (5), (6) and (7) using mathematical induction on n:

(4) For n = 1, we have

Hxla,,\a (@) = (MHKIG‘,\Q(“)’ vH;(la_Aa(a)) = (KaMa> Vo + AaTq)

= (K;Ma, vt (=) (1= (1= 2)")

1-1
— lara (Z k=17 —,\O,)f)) (1.304)
t=0

For n = 2, we have

M2 @)= K21 (1.305)

Ka

V2 (@) = Vo + Ao + Ao (1 — kglha — Vo — AaTla)

K\ ha

=vg + (1 —=vg) (hg + Ao (1 = Aa)) — ptora (1 — Aa + ko)

2—1
— vy + (1 — vg) (1 — (- Aa)z) — Uala (Z K21 - Aa)t> (1.306)
t=0

Suppose that it is true for n = p, that is,

MHKPA(“) = K(gﬂa (1.307)

p—1
VHP (@) = Ve + (1 =ve) (1 = (1 = 1a)?) — e (Z Ké"]" (11— Aa)’) (1.308)
. t=0

then, when n = p + 1, we have

— — +1
,quJrl (@) - KK({Z/J'O( - Kg Mo

Koo ha
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Vyptl = vy + (1 —vy) (1_(1_ a)l’ ZKp =1 (1 — )

o ra (@)

+ Ag 1_’(5/101_1’01_(1_Voz)(l_(l_)\oc)p)

+ ke | D071 =)
= Vo + (1 =va) (I = (1 = 2a)” + Aa — Ao (1 = (1 = 2a)"))

p—1
— I'L(X)\'C{ z K(f_l_l (1 _ )\'a)l"rl +K,O]l7
t=0

P
=ve+ (1= va) (1= (1 = 2)"!) = paia (Z k§ (1~ w)
t=0

(1.309)
and thus, (4) holds for n = p + 1. Therefore, (4) holds for all n.
(5) For n = 1, we have
H:o;,lko, () = (MH*l @'’ (a)) = (Kafas Va + Ao (1 = Kglla — Vo))

= (K;ua, vt (1= 1) (1= (1= 2)")

1-1
— lakaha (z k717 —,\a)’)) (1.310)
t=0

For n = 2, we have

= k2 11q (1.311)

=Vg + Ao (1 — Kglha — Vo)

/LH*,Z

Kotv)not(a)
YH @
+ Ao (1 - Kil'l’()l — Vo — A (1 — Ko plo — Va))

=vg + (I = vg) (hg + Aq (I = X)) — pakarea (1 + Ko — Ag)

2—1
= o+ (1 =) (1= (1 = 20)?) = akaha (Z T w)
=0

(1.312)

Suppose it is true for n = p, that is,
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ESP (o) =« g (1.313)

Ko shor

VH:’p)L (@) = Ve + (1 —vy) (1 - - )‘a)p) — Hakary Z Ké’ilit (1- )W)t
(1.314)

then, when n = p + 1, we have

Rt g = = iil g = kP g (1.315)

K, ha

Vg* p)j:( y = =g+ (1 —vy) (1 -(1- )La)p) — UaKara Z Ko’:_l_t (1- )\a)t

Ka

+ e [ 1=t e = v = (1 =) (1= (1 = 2e)?)

p—1

+ Uakary Z Ké?_l_t (1- )La)t
t=0
=vg + (1 _Voz) (1 =) = ke (1 _)\a)p))

OlKOl o Z p—1— t(l )‘-0()[+1 +K5

p
= vo+ (1 =) (1= (1 = 2)"!) = pakara (Z AU Aa)’)

t=0
(1.316)

and thus, (5) holds for n = p + 1. Therefore, (5) holds for all n.
(6) For k = 1, we have

J/(lo(,)w (o) = (g + KaTlas AaVa)

= (u + (= pa) (1- (= xa)')
1-1
— VK (2 A== —Ka)[),)»éva) (1.317)

t=0
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For k = 2, we have

/L]’(Za.ka(a) = Uq + KaTlo + Ko (1 — AgVey — o — KaTTa)

= g + (1 — pg) (Ko + ko (1 — kg)) — Vake (1 — kg + Ao)

2—1
= e + (1= o) (1= (1 = ka)?) = vk (Z r - m’)
t=0

(1.318)

V2 (@) = AaVa (1.319)

Ko Aot

Suppose it is true for n = p, that is,

p—1
Wy? @y = et (U= pa) (1= (=) = vaka [ D 287711 = ko)
Aol t:0
(1.320)
VP = MoV (1.321)
then, when n = p + 1, we have
p—1
Myt g = ot (= ) (1= (1= ka)”) = vara | D477 (1 = ka)'
ot t=0
+ Kq 1_)\5"0: — g — (I — pg) (1 - _Ka)p)
p—1
+ VaKo Z )\g_l_t (1 Ka)t
t=0
= po + (1 — po) (1 — (1 = k)P + kg — Ko (1 -1 _Ka)p))
p—1
— VeKa Z AT (1 —a) ) + 28
t=0
p
= e+ (1= o) (1= (1 = k)" 1) = vk (Z (- Ka)’)
t=0
(1.322)
Ut = PR = A 1329

and hence, (6) holds for n = p + 1. Therefore, (6) holds for all n.
(7) For n = 1, we have
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.1
S ra (@) = GV, o + Ko (1 = AaVe — o))

= (Aiva, o+ (1= o) (1= (1 = k")

1-1
— VaKgha (Z A=t —;ca)’)) (1.324)

t=0

For n = 2, we have

Kot (@) = Ha + ko (1 = AgVa — Ha)

+ Ko (1 - )\éva — g — Ko (I — Agvy — Ha))
= g + (1 — o) (kg + Ko (1 — Kg)) — Vakghe (1 + Ao — ko)

2—1
= i+ (1= 1) (1= (1 = ka)?) = Vakiaa (Z r - m’)

t=0
(1.325)

v =2y, (1.326)

2
JK*QM (D)

Suppose it is true for n = p, that is,

p—1
/LJ:’pA (@) = Ma + = ue) (1 -(1- ’Ca)p) — VaKahra Z )»5_1_' (1 - Ka)t
Ao t=0

(1.327)
VP gy = 2 (1.328)

Ko her

then, when n = p + 1, we have
p—1
MJ:J’;H(O[) = po + (1 — o) (1 — (1= Ka)p) — VaKahra Z )»5714 (r— Ka)l
o =0

+ o [ 1= v = e = (1= o) (1= (1 = ka)?)

p—1
+ Vokary Z Ag_l_t (1 —kq)'
t=0
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= po + (1 — pg) (1 - ((1 —Ka)! = ko (1 = Kot)p))

p—1
— VyKgha Z Ag_l_’ A —ke) ) + AP
t=0
P
= i+ (1= 1) (1= (1 = k)"*1) = Vakiara (Z M- m’)
t=0
(1.329)
JrH g = KK Ve = ALy, (1.330)

K(x ha

and hence, (7) holds for n = p + 1. Therefore, (7) holds for all n.

In addition, by Definition 1.27, we can easily get that intuitionistic fuzzy point
operators translate one IFV to another IFV. In the following subsection, we introduce
some generalized intuitionistic fuzzy point averaging operators (Xia and Xu 2010)
combining the developed point operators with Zhao et al. (2010)’s operators.

1.9 Generalized Point Operators for Aggregating IFVs

Definition 1.28 (Xiaand Xu2010) Let V bethesetofall IFVs,oj = (ia;, va;) (j =
1,2,...,m) acollection of IFVs, and n a positive integer, taking Kajs AO,J. e [0, 1],
j=1,2,...,m, p > 0,and let GIFPWA: V" — V if

(1) GIFPWAD! (a1, 02, ..., 0p)

(1 (B2, @) @a (DL, @) @ @ (DL @) )"

(2) GIFPWAF" (a1, as, ..., o)
=(wi (F2 o, @) @wa (F2 @) @ - ow (FL (am>)p)%
where ko, +ha; <1, j=1,2,....m
(3) GIFPWAG' (a1, az, ..., o)
= (i (62 @) @2 (G2 @) @@ (G @))

(4) GIFPWAH (a1, a2, ..., 0ty)

:( (H:a ey (a]))p@WQ (Hl?ar)haz ((Xz)) @D - @Wm( Ky » et (am)) )
(5) GIFPWAH"(aj,02,...,0m)

= (wi (2", @) @ (B2, @) @ @wy (HI" (am))ﬂ)%.

b\'—
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(6) GIFPWAJ, (a1, 02, ..., 0p)

(o (o )

Kay s)“d2

(7) GIFPWAJ (a1, a2, ..., ay)

1

P P AN

= (wi (92, @) @ (12, @) @ @wn (12, @) )"
(8) GIFPWAP (a1, 02, ..., o)

@) & @wa (I (am))p)%.

n P n
= (w1 (P2, s, @) @2 (P,

o ; PN\ 3
@) @ @wn (P2, @) )
where/caj +)»a, <1,j=12,...,m.

(9) GIFPWAQ, (a1, a2, ..., o)

= (wl (Qﬁal,)w1 (Oll))p ® w2 (Qﬁaz,)\az (a2))p S B wm (Qn (am))p)%

Koy sham

Whereica/.—l-)Wj <Lj=12,...,m.

Then, the functions GIFPWAD),, GIFPWAF',, GIFPWAG), GIFPWAH,
GIFPWAH;", GIFPWAJ",, GIFPWAJ ", GIFPWAP!,, and GIFPWAQ, are called
the generalized intuitionistic fuzzy point weighted averaging (GIFPWA) operators,
where p > 0,w = (W, wp, ..., w) T is a weight vector associated with the GIFPWA
operators, withw; >0, j =1,2,...,n,and Z’}zl wj =1

Theorem 1.44 (Xia and Xu 2010) The aggregated values by using the GIFPWA
operators are also IFVs, and

1/p
m
(1) GIFPWAD,(a1.02, ... am) = [ [ 1= ] (1= (te; +xa;ma;)")" | .
j=1
m 1/p
1— I—H(l—(l—vaj (1 = ko) ma;)")"
j=1
" W) 1/p
(2) GIFPWAF!(ay, a2, ... ap) = 1—H(1—M§Kn ) (a)) :
j:1 Otja(l
1/p
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Wherexaj +)Laj <l,j=12,...,m,and

n

1—(1- Ka; — )‘“./)

o N = Mo + Ko To; (1.331)
FK” Ha (aj) “ A Ka; + Aq;
1= (1= ke; = 2o;)"
VF’ZY o (@) = j+kajnaj Kaj +J)Lotj (1332
1
mn P Wj
(3) GIFPWAG) (a1, az,....am) = | [1-]] (1 - (xgjuaj) ) ,
j=1
1
m w
J
= (=TT (- (1 =2w)))
j=1
1
m pAW; 4
@) GIFPWAH (@1, ez, ... am) = | [ 1= ] (1 _ (K;;juaj) ) ,
j=1
1
m O\ W
1— 1—H(1 (l—v . (a,)) )
j=
where
n n—1 . :
—1—t
o =) 0= =) (S 120)
t=0
(1.333)
1
" P\ W] ?
(5) GIFPWAH®"(a1, 2, ..., cim) IT (1= (xmay)) )
j=1

D=

1—(1- H (1 (1 —vH, (a,))p)wj
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where
n
Kan)‘a (Ot)_ o) (1—Va/)(1 l— ) )
n—1
=0
1
m wi\ »
(6) G]FPWAJ?V(O[LC(Z, N H (1 m s (oz])) ’
j=1
1
m P
P\WJ
S0 (r-2))
j=1
where
n
o, () T Mo T (1= pay) (1= (1 = k)"
n—1
—1— t
~ VaKa; (Z )‘Zj = (1 B M“./) ) (1.335)
t=0
1
m M/J 14
(7) GIFPWAJ ;" (ar, 2, ..., o) = - H (1 N Mi:j ~A .(%‘)) ’
j=1 Je
1
m w °
= (=TT (- (1=2w)")
j:l
where

Rsn  (ay) = Haj T (1= pa,) (1= (1= K“/)n)

Ka )»oc
n—1
— Vo Ka, ha (ngj” (1 —Maj)f) (1.336)

t=0
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134
1
i .
(®) GIFPWAP, (a1, aa,....am) = | [ 1= [] (1 = (max (ka;. 12,))")" |
j=1
1
m P
1—(1- (1 = (1 —min ()Wj, vaj))p)wj
j=1

Whereica/.+kaj <lLj=12,...,m.

D=

= [T (1 = min 0 )))" )

(9) GIFPWAQ, (a1, 02, ..., Olpy) =
j=1

=

m
L (1= T (0= (1= max Gy )))”

Jj=1

wherekaj+kaj <l,j=12,...,m.

Proof Now we prove (2) (the others can be proven similarly). We first prove the
following equation by using mathematical induction on m:

@) @w (F_,,, @) @ @wn (F2 . @)

1
m Wj o
= _ _ P
= 1 H (1 MF:aw}ta' (aj)) ,
j:l J J
1
m N »
== (1 - (1 - MFK';,M,(aj)) ) (1.337)
j=1 J J
where
1— (1= ka; = 2o;)"
‘ j) = M Tl 1.338
MF““.f‘k“j (aj) = Hay + Kaj T Kaj + da; ( )
1= (1= ke — 2;)"
VF:aj,)»aj (aj) = Ve + )»ajffotj Ko, + )»a_,- (1.339)
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(1) For m = 2: Since

P o
(Flzlals)»al (Oll)) (I’LFH (a1)’ 1 - (l —VF Kml Kal(al)) ) (1340)

Koy s )‘0‘1

P 0
(F:azv)taz (OC])) (/’l’F:Dt2 rary (2)’ 1—- (1 — \}]4":‘0[2'%(2 (0{2)) ) (1341)

then

p

wi (Fl @) @wa (F1 L @)

2 wj 2 P\ Wj
a H ( M ‘ (al)) ' H (1 B ( B VF':I"‘I ey (al)) )
j=1 :

x T
0( Dll j=1

(1.342)

(2) If Eq. (1.332) holds for m = p, that s,

wi(Fl s @) @ws (R, @) @ aw, (F L, (@)

P wj %
= I‘H(l “F:C,A(a,)) ’

j=1
1

o

P P\ Wi
1—1-1] (1— (1—VFKn ) (a/)) ) (1.343)

j=1

then, when m = p + 1, by the operational laws given in Sect. 1.8, we have

P P L
wi (FL o @) @wa (FL @) @ @wpi (FS%HMH (ap+1))

_ (1 - ﬁ (I—M e (aj))wj, ﬁ (1 —( TR ) (Dlj))p)wj)

Jj=1 j=1

Wp+1 P\ Wptl
? (] B (1 B M ':lo‘erl 1( ”+1)) ’ (1 - (] - VF’:’%H""‘/JH (a,,+1)) ) )
ptl wj  ptl o\ W)
- (1‘ I (1 Y (a,)) gl (=(=rr ) ) ) (1349

j=1

i.e. Eq.(1.337) holds for m = p + 1. Thus, Eq. (1.337) holds for all m. Therefore,
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GIFPWAF (a1, 002, . . ., Q)

Wi m P\ Wi
i a_(a,-)) 11 (1 B (“W; » (a,)) )
J J j:]

1

o

I
I
—=
—
I
=
2
L

Il
—_
|
—1s=
N
—
|
=
z3
L
1=}
.
=
N
\—<
\Q
h~)

o

1-(1-11 (1 —d=ve . <a,»>>ﬂ) J (1.345)

Jj=1

Moreover, from Definition 1.28 and the operational laws given in Sect. 1.8, we
can easily prove that the aggregated values by using the GIFPWA operators are also
IFVs.

Theorem 1.45 (Xiaand Xu2010)IfalltheIFVsa; = (Kajsvay) G=1,2,...,m)
are equal, i.e. ; = o, for all j, then
(1) GIFPWAD; (a1, a2, ...y Oyy) = D,’(’a’ka (o).

() GIFPWAL (a1, 02, ..., ) = F!; (a), where ko, + Aoy < |1,
j = 1, 2, .., m
3) GIFPWAG@(al,az,...,a,n):G" 2 (@)
(4) GIFPWAH (a1, 2, ..., o) = H! 5 ().
(5) GIFPWAH ;" (a1, @2, ..., &) = H.", ().
(6) GIFPWAT, (a1, a2, ..., o) = J! ; (a).
(7) GIFPWAT " (a1, @2, ..., o) = J2" (@),
(8) GIFPWAP) (a1, 2,...,am) = P!, (@), where kg, + Aoy < 1,
j=1L2....m
9) GIFPWAQ (1,00, ...,0) = QZQ’M (o), where Kaj + Aa; = 1,
j=12,.
Proof We first prove (2), by (2) in Theorem 1.44, we have
GIFPWAF) (a1, o2, . .., Q)
. p n P %
- (m ( (051)) @ w, (anz,xaz (ozz)) BB wi (Fkam’ka (ozm)) )

= (01 (Fl, o, @) @2 (FL, @) @ - @i (FL 5, @)")7
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=

(w1 +wa+ -+ wy) (F!

(JU)"(Y

1
= ((F} ;. @)") = Fl . ().

@)”)

Similarly, we can prove the others.

Theorem 1.46 (Xia and Xu 2010)
() ap, < GIFPWAD (a1, @2, ..., ap) < agn.

) ap < GIFPWAF.(a1,@2,...,0n) < af, where ko, + Ao; < 1,
=12 ...,m.

(3) ag, < GIFPWAG), (a1, @2, ..., &) < af; .
4 ay; < GIFPWAH (a1, @2, ..., &) < &fy
(5) aps < GIFPWAH " (a1, 02, ..., o) < @fye.
(6) a) < GIFPWAT (a1, 2, ..., ) < & .
(D ay. < GIFPWAT (@1, 02, ... o) < aj

(8) ap < GIFPWAP}(a1,a2,...,0p,) < af, where «g; + ho; < 1,
j=12,...,m.
9) @y < GIFPWAQ) (a1, @2, ..., an) < azn, where ko, + Ao, < 1,

j=1,2,...,m,and

o = {min ), max(vpn .
Dn (/’ (MDQ%‘*‘“J‘(“’)) j (D““j**“j (af)))

max ), min(v .
J (MD%;'*“/‘ (@) J (Dgaj'*“j (a’)))

~

MIEL, g, ) MOV, <a,->>)

max n ), min(v pn )
j ('LLFK(Y],}\O,J. (ot_/)) j ( Flfaj .Aaj (Dl_/))

Q
Q
3

Il

min y), max(v, )
: (MGﬁaj,xaj (“1)) j (Gzaj.xaj (0‘1))

~

MAXUGY, s, @) 0G| @)

J
0[_ =
H, Jj Kaj
of, = max (i gn ), min(vgn )
H, j /(a/. .Aaj (Ol_/') ’ j Kaj ,)\a/- (aj)

Q
Q+
=
Il
NN N N NN TN TN

i (Xj K [X]s Otj

min w0 , max (v xn )
J (MH”“N%‘ @) J (Hmr*‘*j @)
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O‘H ma x(,uH* n
o, = \minGer,
o, = ma X(MJ”

n

ap = mm(,u,P
J
+
ap = |m x(,u,P
aQn = mjm(,u,Qn
+
OlQn m X(I,LQn

Proof We first prove (2), since

i <
Injln( Ka s (O‘/)) MF,?O,

and

min | v <v
! ( Flo (a,>) Foa,

for all j, then

m wj
1—u?, >
[1 ( KR s, (a_,-)) =

j=

and then

j=1

Similarly, we have

1 Intuitionistic Fuzzy Aggregation Techniques

ray @) VHE ,->))
hay €))L <a_,->))

ray @D OO )

)) max(vJ:an ” (a/-))

(a )) mm(vjm raj (aj))

N N N’

s, (@) MAXVPE ()
haj J Kajoha

N— N

_(Olj))’ mjn(an . A(aj))
haj J Kajtaj

Koyt (aj)))

) (Olj))’ m;?lx(ina- X
b (aj)))

_ <a,->)’ min(vgn
J J

daj (o) fmjax (MF;?Q D (O‘./))

Dot (aj) = = mjaX (V K,J Dot (“1))

P
(o)

m Wj %
p
1- H (1 - 'u n (a,)) = m]'ng (MF,:; Ha (‘)‘j))

(1.346)

(1.347)

m P\ Wi
[1 (1 - (m;f‘X (“F;; o (an)) )

(1.348)

(1.349)
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m wi\ °
1- H (1 I’LF,ZY s (oz])) z In]ln (MF;?O, A ("‘/)) (1.350)

m 14 m P\ Wi
Il (1 - (1 TR ) (a,)) ) =11 (1 - (1 e (VF;; ra; (a/))) )
j=1

j=1

o
=1- (1 mjax (VF'?a e (ij))) (1351)
m wj P
1- H (1 - (1- VF:a_,.Aaj (aj))") > (1 mjax (VFK'L » (a,)))

j=1
(1.352)
m oo\ 7
(o)) ) )
j:] o) j Kot o
(1.353)
m n\ Wj »
- H( (1_VF” W (0‘/)) ) = max (V L (0‘/))
j:] Ko jsra j ] o)
(1.354)

Similarly, we have

=

m P\ Wi
=111 (1— (1 TVEL (an) ) Z min (VF:a,M.wj)) (1359

Let
GIFPWAF; (a1, a2, ..., 0y) = 0, = (MaFn , VaFn)

then

S(aF,) = ap, = Vap, < mflx (“FSD, A (“1)) mm (V Feaj ra; (“1)) ( ;r")
(1.356)

§(on) = e, = Ve, 2 min (“F;; . (a/)) i (VF;; o, (a,>) =5 (o)
(1.357)
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If S(ap,) < S (a;rn) and S (ap,) > S (oz;n), then by using Xu and Yager
(2006)’s ranking method, we have

ot;n < GIFPWAF} (a1, 02, ..., ay) < a}'n (1.358)
IS (ar,) = S (o, ) e

Hap, — Vap, = mj;lx (,uF:a . (a])) m1n (v :a . (aj)) (1.359)

then by Eqgs. (1.349) and (1.355), we have

Hap, = max (“F;; s (a,)) Yy, = min (V Py, (a,)) (1.360)

then

H (aFn) Map, + Vap, = maX (M’F’:’a s (a])) + mln (VF:a A (Otj)) =h (a;,,)

So we have

GIFPWAF) (a1, 02, . .., 0tyy) = a;” (1.361)

IS (ar,) = $ (o7, ) i

Hap, — Vap, = m/in (pLFZy » (a])) max (v :a - (aj)) (1.362)

then by Eqgs. (1.350) and (1.354), we have

Kar, = mjin (“Ffa et (O‘J)) Var, = Max (VFK'L. A ,(af)) (1.363)
. T

hence

( 1’1) aE, vaFn jin ( 1!:10(. s (Ot])) JaX (VI : A (Ot])) h ( ;n)
Jj i uj' O(j i Dtj
(1.364)
Thus, it follows that

GIFPWAF (a1, 02, ..., Qy) = arp (1.365)

and then from Egs. (1.358), (1.361) and (1.365), we know that (2) always holds.
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Theorem 1.47 (Xia and Xu 2010)

(D) If MDZ ” (ot]) < /'LD” cis (otj) and VD/?ajJ»ozj @) > VD,V(t . (ot}f)v for all J» then
“5e “
GIFPWAD) (a1, o2, . .., o) < GIFPWAD', (o}, 5, ..., oy) (1.366)

) 1If [,Lp)f _ (a]) < MF" o @) and VE! . (@j) Z VED @) for all j, then
B j a/

4 Kok bk
I ./ ./ I

GIFPWAF (a1, a2, ..., o) < GIFPWAF (af, 5, ..., o)) (1.367)

Wherexaj+Aaj <1,j=12,....m

QI 'uGZaj 2 @) < MGEQ*.AO(* (@) and VGZO,/ A @) > VGﬁa*‘)‘a* CHE for all j, then

Jo : ’ Joi
GIFPWAG! (a1, o2, . .., &) < GIFPWAG! (], a5, ..., a) (1.368)
@It ,LLH;! (O‘/) < /‘LH’:’ v *(ot*) and VH'I (Otj) > VH’:l .y (a7), for all J» then
* e “ji%i
GIFPWAHCV(OQ, o, ..., 0y) < GIFPWAH"L(OJT, aik, e, Ot;';l) (1.369)

) If ,U,H:n ﬂ (a,) < V“H*" *(a;) and VH:&’;,MJ- @) > VH:,n*,k (@) for all j, then
o “j %

GIFPWAH" (a1, a2, . .., o) < GIFPWAH" (o}, o5, ..., ot) (1.370)

m
(6) If /,LJ: 3 (Otj) = /,L]’:l A, (a;f) and V‘]:' (0{1) = Vjﬂ *(a;)’ for all j, then
“j / * J “j
GIFPWAJ" (a1, a2, . .., o) < GIFPWAT" (o, 0, ..., ") (1.371)

(7)If/,LJ:n (a)_/,LJ*n (a*)andvj*n (a)_vj*n

K*)»* Ka)» K*)\
1 ./ ./ J

L@ for all j, then

GIFPWAJ:" (a1, @2, . .., o) < GIFPWAT " (af, o, ..., af)  (1.372)

OV I ppy, e S e AAVEL @ Z Ve, s Torall /, then
e o A 77

GIFPWAP} (a1, 02, ..., o) < GIFPWAP} (o}, 005, ..., o) (1.373)

m

wherexaj+kaj <1l,j=12,....,m
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O If mor (@) = Hor @) and Vo (@) Z VO L (@) for all j, then
jreg ajrey ot e

K% A%
i i %

GIFPWAQ" (a1, 2. . .., ay) < GIFPWAQ (af, o}, ..., ") (1.374)

<1,j=12..,m.

where ko; + Aq;

i < * >
Proof Here, we prove (2), since I j’)“"i(a D= MFKZMC,# @) and vF:anj @) =

Jo
VEN (@) for all j, then
iy
m wj m wj
P P
H (1 B MF:a Ao (0{1)) = H (1 B MF: #, *(a;)) (1375)
j= j=1 e
n wj n wj
P P
=11 (1 “HEL (aﬂ) =t-11 (1 “F;;*.waﬁ) (1:376)
j= j=1 VR
1
n wj » m wi\ »
P P
1 - (1 ~ W (a,)) <(1-T] T= M )
j=1 j= A
(1.377)
n wj m wj
(1 —a —VF;;..M,@]-))”) =1 (1 =g, *w;*))p) (1.378)
j=1 J j=1 a./ oz/.
m wj m wij
j= J J ]: Otj Dtj
(1.379)
1 1
m wi\ ? m wi\ p
(1— H (1_(1_VF:a»,Aa-(“f))p) ) =< (1— H(l_(l—VF:*'k*(ajf))p) )
izt TR j=1 oY
(1.380)
1 1
n wi\” m wi\ »
- (1_ 1 (1_(1_‘)%-.@.(%))0) ) = <1_ H<l_(l_vF:*n<“?))p) )
j=1 Y j=1 KA
(1.381)
1 1
m wj r m wj 3
(1 — H (1 — M‘;&‘ R (a,)) ) —|1- (1 — H (1 -1 - VFK"uj.xaj (a},‘))p) )
j=1 i j=1
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m Wi /l) m Wi %
P
< 1—1_[(1—//“@:'*)_*(01*;)) ol R I_H(l_(l_VF:*,x*(“f*'))p)
i=1 A j=1 e

(1.382)

Let o = GIFPWAF), (a1, az, ..., ay) and «* = GIFPWAF? (af, a3, ..., o),
then by Eq. (1.382), we have

S(ar,) < S(ak,) (1.383)

If S(ar,) < S(a’;”), then by using Xu and Yager (2006)’s ranking method, we
have

GIFPWAF (a1, a2, ..., o) < GIFPWAF (af, o3, ..., o) (1.384)

m

If S(ar,) = S(aj‘,n), then

1

1
m w; » m w;j ,
P
- H (I_MF:aj.mj (aj)) -1 H (1_(1_VF':‘D‘!")'“J' (aj))p)
: i=1

ji=1
1 1
m Wi\ * m wji\ »
) (1_ H (1—,11’}:*% *(017)) ) " (1_ H (1_(1_‘)%[%&% (a-7))p) )
i—1 ot’. Dtj j:] 7 J
(1.385)
Since Mpgaiwj (@) < MF’:;’PM% @) and VF':txj,Aaj (@j) = VE e @) for all j, then
X J J J J
1 1
m wi\ "’ n Wi\ *
— p— P ‘ = —_ —_ P
1 H (1 I/LFSH.,AQ,(‘X]')) - 1 H (1 /VLF: LA *(aj))
j= 7% j=1 oy
(1.386)

)

mn wj
1—|1- H (1 —(1- VEl (a,))p)

m Wi %
=1-(1-]] (1 ——vgr | *(aﬁ)ﬂ) (1.387)

j=1 i Y
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1

U wj ,
1-|1- H (1_(1_‘}1%,-»*&,- (a,))p)

j=1

Il
—
—_
|

=
—
|
=
£1°
g
Nl
\—/
=
+

m Wi\ P wi\ »
— 4
- 1= H (I_MF: ® k% (Qj)) + = (1_(1_VF:a’f')‘af (aj))p)
j:1 aj aj ] 1 J J

s

thus, we have
GIFPWAF (a1, a2, . .., ) = GIFPWAF, (], 5, ..., a}) (1.389)

From Eqgs.(1.384) and (1.389), we know that (2) always holds. Similar to the
proof of (2), we can prove the others.

We now look at some special cases obtained by using different choices of the
parameters 7, w and 7:

Theorem 1.48 (Xia and Xu 2010)
(1) If n = 0, then the GIFPWA operators reduce to the following:

D=

GIFWA, (a1, a0, ..., 0p) = (wlozf ® wzocg DB wmaﬁ) (1.390)

which is the GIFWA operator (Zhao et al. 2010).
2)If p = 1 and n = 0, then the GIFPWA operators reduce to the following:

TFWA, (a1, 02, ..., ) = Wido (1) ® W2l 2) @ -+ - © Wil (m) (1.391)

which is the IFWA operator (Xu 2007).
3) If p — 0 and n = 0, then the GIFPWA operators reduce to the following:

IFWG,, (a1, 02, ..., Q) = a;v(ll) ® oc:(lz) ® --Qa’ (1.392)

o(m)
which is the IFWG operator (Xu and Yager 20006).
@) If p — 400 and n = 0, then the GIFPWA operators reduce to the following:

IFMAX,, (a1, a2, ..., ;) = max(a;) (1.393)
j

which is called an intuitionistic fuzzy maximum operator (Chen and Tan 1994).
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G)Ifw=(1/m,1/m,...,1/m)T, n = 0and p = 1, then the GIFPWA operators
reduce to the following:

1
IFAW(alv a21 ceey am) = ; (al @ Olz @ st @ am) (1394)

which is called an intuitionistic fuzzy average operator (Xu 2007).

©)Ifw=(1/m,1/m,...,1/m)T, n =0and p — 0, then the GIFPWA operators
reduces to the following:

1

which is the [IFGM (Xu and Yager 2006).

Definition 1.29 (Xia and Xu 2010) If
(1) GIFPOWAD; (a1, a2, ..., o)

. n P ( n )P
o (Wl (DK“(’(I)‘A“U(I) (O[O'(l))) S w2 DK“J(Z)’A“a(Z) (aUQ)) ®

1
oL
SV (D’?%mwxacf(m) (aa(”’))) )p
where D"

o (cto(j)) is the jth largestof D2 (o) (i =1,2,...,m).
% (j) M () o e
(2) GIFPOWAF! (a1, a2, ..., 0ty)

0 0
= (Wl (F?%(]),A%(,) (“a<1>)) S w2 (FK"%(Z),A%(Z) (%(2>)) SRR

1

Y
SWin (F:"rf(m)’)“%(m) (‘xa(m))) )

. < | — n
Wilere Kay ;) -|T)»a,,(,) <l,j=12,...,m, FK%(/‘)’)‘%(/)
F"ai*)‘ai () i =1,2,...,m).

(3) GIFPOWAG) (a1, a2, ..., 0y)

(oc(,( j)) is the jth largest of

_ n L n p
= (Wl (G"%(l)’)‘%m (Olg(l))) @ wn (GKU(Z)»)»a(z) (otg(z))) P---
p) 1
@Wm (Gzao(m)’)ho‘a(m) (aO'(m))) )p

where G" (@5 (j)) is the jth largest of Gy, () (i =1,2,...,m).

Ko () ot ()
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(4) GIFPOWAH! (a1, 00, ..., 0y)

o P
- (Wl (H‘Zr(len (a"(l))) Sw2 (H‘?o(zwla(z) (a“(2))) o
1
P\ o
@ (H, 50, @) )
where H':Lr,(,),/\a(,(,) (ct(jy) is the jth largest of H,fal_ g (@) G=1,2,...,m).

5) GIFPOWAH;’" (a1, 00, ..., 0,)
= (Wl (H*’" (Ol (1)));0 SPR%) (H*’" (Ol (2))),0 ®---
Kag(1y oy O Kag ) gy N
1
o L
(@m)’)’

where H™" (at(jy) is the jth largest of HY", (@) (i=1,2,...,m).

Ko () P ()

(6) GIFPOWAJ" (a1, a2, . ... )

Swp, (H*’n A

K"‘rr(m) M (m)

_ n 14 ( n ),O
- (Wl (J"%uykaun (a"(l))) w2 J"ao<2>"\“a(2> (o)) ®
oL
®Wm (]I:l”a(m)’xaa(m) (aa(m))) )p

where J" hag (aa(j)) is the jth largest of J,fal_’/\a’_ () (i=1,2,...,m).

Kag ()

(7) GIFPOWAJT;"(O“ L0, ..., Q)
= (Wl (J*’n (Ol (1)));0 D wr (J*’n (Ol (2)))0 P---
Kag(1y oy ¥ O Kag ) gy
1
o L
(@m)’)’

where J " (@) is the jth largest of ", (i) (i = 1,2, ..., m).

Ko () P ()

(8) GIFPOWAP" (a1, 2, ..., 0tp)

- ( P

K"‘rr(m) M (m)

B ) o ( ; )p
- (Wl (P"%uy’\“a(l) (a"(l))) D w2 PK"J(Z)’)‘%(Z) (@we)) ®
oL
@Wm (Plzl”a(m)’xaa(m) (aa(m))) )p

where Ko, ;) + Aoy < 1, Jj=1,2,...,m, P! (o)) is the jth largest of

n s %o (j) ’)“"rr(_i>
Pe o, (@) (=1,2,....m).
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(9) GIFPOWAQ; (a1, 0, ..., 0y)

_ n P ( n )P
o (Wl (Qkaa(l)’)\aa(l) (aa(l))) S w2 QK"‘U(Z)’)LO‘G(Z) (aU(Z)) ®

S (02, 1, (o))’

Ko‘(r(m) ’)L“a(m)

where K, ;) + tagy < 1. J =1,2,...,m, O} (o (jy) is the jth largest

, : Katg () Ptg )
of QKozis)\ai () (=1,2,...,m).

Then the functions GIFPOWAD,, GIFPOWAF',, GIFPOWAG},, GIFPOWAH',

w2

GIFPOWAH?;", GIFPOWAJ',,, GIFPOWAJ;", GIFPOWAP), and GIFPOWAQ, are

w?

called the GIFPOWA operators.
The GIFPOWA operators have some properties similar to those of the GIFPWA
operators.

Theorem 1.49 (Xia and Xu 2010) The aggregated value by using the GIFPOWA
operators are also IFVs, and

(1) GIFPOWAD! (a1, 2, ..., cty)

m

= 1= H (1- (“%m + Kﬂfa(j)”%(j))p)Wj ’
j:

D=

m
I—q1- H (1-(01- Voo (j) — (1- "“a(./)) ”%(j))p)Wj
j=1

(2) GIFPOWAF! (a1, a2, ..., 0ty)

m WVJ' P
_ _ o
o ! H (1 Ker (%u))) ’

i=1 Kt ()Mo ()

m P\ Wj
1- ]_H(l_(]_vl’f NS .(%m)))
j=1 %o (j) "% (j)

where Koy T )\'aa(j) <1l,j=12,...,m,and

1
P
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n
1-(1- Kagjy — Aaa(j))
Kag(jy T Mgy
n
1—(1- Kag(jy — )‘%u))

Karg(jy T Mag

KEy (%)) = Mao() T Kag(jTag()) (1.396)

K%m Mg (j)

VE, (@) = Vet T Aas( Tasg) (1.397)

Kag () A (j)

(3) GIFPOWAG) (a1, a2, ..., 0ap)

1

. 1
P\W;
- - H (1 - (Kgllrr(,/)'u““a(j)) ) ’
j=1

m

P\ Wj
- (1-T1 (1 - (1 —Aga<j)vaa(j)) )

(4) GIFPOWAH" (a1, a. ..., oty)

1

m P

P\ Wj
= - H (l - (Kgom““a(j)) ) ’

Jj=1
m P\ Wi
-11 (1 - (1 T VHe iyt @ a(j))) )

j=1

1

)

where

VHY e (@) T Vo) T (1= ) (1= (1= 2ap)")
() ())
~ Hag(jy o) (2 K, (]1) i aa(]))n) (1.398)

(5) GIFPOWAH " (a1, a2, ..., 0p)

1

m P

P\ Wj
= 1— H (1 - (K&’Umu%m) ) ,

j=1

m P\ Wj
o H (1 - (1 - VH:"Zm ragy ”("))) )

j=1

> =
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where
ZVO((,(I') + (1 - Vc(“(j)) (1 - (1 - )\,a”(j))n) (1399)

n—1
n—1—t n
= K ) Katg (jy Aot ) Z Koo (1- )‘%m)

t=0

V pyx.n
H Uy (j
Kaa(j)')‘ao(j)( U(J))

(6) GIFPOWAJ™ (a1, 2. . ... atp)

m wj
Vi X s
ke ) o) (@)

=

m
P\ W;
t= (=TT (1= (1 =7 o))

where
= Ragjy T (1- /L%(./)) (1=~ Kaa<j>)n)

ra (@o(j) =
n—1
1— t n
vaU(J)Ka”(j) (Z )\'g{;( 2 K(Xo(j)) ) (1400)

Ty ()M ()
(7) GIFPOWAJ"(ay, oz, ..., o)

1

m Wi\ ?
Je .
() gy (270

=

m
P\Wj
H ( ( U‘U(])vao(])) )

where

= Rag(y T (1 - “%(j)) (1 - (1 - K%(j))n)

n—1
—1—t n
Vet (jy Keto (jy et () (Z )“Za(j) (1 - Kaa(j)) ) (1.401)

t=0

M]*,n o )
PN L0
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(8) GIFPOWAP; (ay, 0, ..., o)

m P
= 1— H (1 — (max (K%m, ,ua(,(j)))p)wj .
j=1
1
m 14
I—11- H (1= (1~ min ()‘%(_/w V%(n))p)w
j=1

where Kay(j) +Aao(j) <l,j=12,...,m.
(9) GIFPOWAQ; (a1, a2, ..., 0p)

m P
= 1— H (1 — (min (K%(j), ,u%(j)))p)wj ,
j=1

1

m P
I={1- H (1- (1 — max ()‘%o)"’%(j)))p)w
j=1
where Koy T )‘aa(j) <l,j=12,...,m.

Theorem 1.50 (Xiaand Xu2010) Ifalle;(j =1,2,...,m)areequal,ie. o = a,
for all j, then

(1) GIFPOWAD\ (a1, 0. . ... &) = D (@)

(2) GIFPOWAF' (a1, 02, ..., 0p,) = F»Zy,)»a (o), where Ka; + )\.aj < 1,
j=12,...,m.

(3) GIFPOWAG! (a1, a2, . .., 0p) = Gza,)‘a ().

(4) GIFPOWAH (a1, 02, . .., otp) = H,fwka ().

(5) GIFPOWAH? (a1, g, ..., Q) = H;:t’)w ().

(6) GIFPOWAJ (a1, a2, ..., otyy) = ,:‘a’)\a ().

(7) GIFPOWAT" (a1, a2, - . ., Op) = :Q"M ().

(8) GIFPOWAP! (a1, 02, ...,0) = jP’:la;}‘va (a), where ko; + Aoy =< 1,
j=12,...,m.

(9) GIFPOWAQ! (a1, a2, ...,0m) = QZa,Aa (a), where ko, + Ag; =< 1,

j=12,....,m.
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Theorem 1.51 (Xia and Xu 2010)
() ap, < GIFPOWAD, (a1, @2, .. ., tp) < agn.

) ap < GIFPOWAFj (a1, 2, ..., an) < of , where ko, + Aoy < 1,
i=12,....m

(3) ag, < GIFPOWAG), (a1, @2, ..., ap) < af; .

#) ay; < GIFPOWAH (a1, @2, ..., @) < afy .

(5) ay. < GIFPOWAH, (a1, 02, ..., 0m) < Otfy..

(6) a; < GIFPOWAJ) (a1, 2, ..., am) < .

() aj. < GIFPOWAT, (1, 02, ..., o) < aj

®) OlP < GIFPOWAP! (a1, 002, ..., 0p) < a;n, where Ka; + )Wj < 1,
j=1, 2 .., m.

9) ay < GIFPOWAQ, (a1, @2, ..., an) < a'én, where ko; + Aoy, < 1,
j=12,....,m.

Theorem 1.52 (Xia and Xu 2010) Let oz;‘ = (,ua;f, va;) (j=1,2,...,m) be a
collection of IFVs, then

(])If'uDZa o) = < /"LDI? i, (Ot*) and VDn (@) > Vpn . (a;f),for all j,then
ok oAk j i J K gk ok

e ’ Jo

GIFPOWAD' (a1, 3. . .., &) < GIFPOWAD! (aF, 0%, ..., acf)  (1.402)

m

) If ,up’:l » (a/) < MF: ol *(a*) and VF" (a,) > VE *(Dt*)’ for all ] then

J J / ]

GIFPOWAF" (a1, a2, ..., &) < GIFPOWAF" (af, o, ..., af)  (1.403)

Where;caj +)La,. <l,j=12,.
(3) If /,LGM ) (Ol/) = [,LGVL ((x*) and VGH (al) = VGZ . *(a;#), for all j, then
./ ./ e

GIFPOWAG" (a1, a2, . . ., &) < GIFPOWAG' (o}, 5, ..., ) (1.404)

m
(4) If /LH,:L N (o[]) = /,LH: iy ((x*) and VHH 2 (ot]) = VH,:‘ . (a}‘), for all j, then
oj ] ]

GIFPOWAH (a1, a2, . .., o) < GIFPOWAH', (Oll , 052, o ak) (1.405)

m

(5) If MH:" (a,) < H“H:Z i, *(Ol*) and VH:,n. . (D(j) > VH:’” N (a;f)’ for all j, then
“jY A o e
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GIFPOWAH ;" (a1, @2, . .., o) < GIFPOWAH ;" (e, 05, ..., ap)  (1.406)

m

6) If /,L]: 5 (a]) < MJ" - (a;) and V‘]}f . (Oéj) > v (a*)7 for all j, then

I I ./

GIFPOWAJ (a1, aa, ..., ) < GIFPOWAJ, (af, 5, ..., o) (1.407)

7 Iful:n (a = /LJK o @) and VJ:an e (@) > vy TNy *(a*), for all j, then

] J J J

GIFPOWAT" (a1, oz, . . ., ) < GIFPOWATS" (af, o, ... o) (1.408)

m

) If ,LLPKn N (a,) < upn (a*) and Vp'l _(aj) > Vpn (a*), for all j, then
: - o

K*)\ Ka*)u
J J J J

GIFPOWAP! (a1, @3, . .., ap) < GIFPOWAP! (af, o, ..., )  (1.409)

Whereica/.—l-k <1l,j=12,.

) If /,LQZ (ot]) < /LQK - (a*) and VQ" j(a].) > vQZQ*.ka* (a;f), for all J, then

G Jo

GIFPOWAQ' (a1, a2, . .., &) < GIFPOWAQ" (o}, o, ..., ak)  (1.410)

m

Wherexaj+kaj <1l,j=12,....m

Theorem 1.53 (Xia and Xu 2010) Let (o}, 5. .., o/ )T be any permutation of
(o1, 00 ..., 07, then

(1) GIFPOWAD! (a1, @3 . . ., a) = GIFPOWAD!, (&}, ) ..., atly).

(2) GIFPOWAF™ (al,az . aw) = GIFPOWAF (o}, ) ..., ), where ko, +
hay <1 j =1, 2.

3) GIFPOWAva(al, o ..., o) = GIFPOWAG), (a}, df ..., a;,).
(4) GIFPOWAH ) (a1, a2 . . ., ) = GIFPOWAH, (o}, ot . .., aty,).
(5) GIFPOWAH*" (a1, 3 . .. ) = GIFPOWAD?" (o}, o} . .., ct},).
(6) GIFPOWAJ) (a1, &2 . . ., aty) = GIFPOWAJ) (o}, ot . .., @p).

(7) GIFPOWAJ " (a1, @2 - . ., o) = GIFPOWAJT ™ (o, o5 .. ., ay).

(8) GIFPOWAP (a1, 2 ..., o) = GIFPOWAP}, (o}, o) ..., a,), Where Ka; +
ey <L j=1,2,....m
(9) GIFPOWAQ}, (a1, 2 ..., ay) = GIFPOWAQ) (., ) ..., a;,), where Ka; +
ey <L j=1,2,....m

We now look at some special cases obtained by using different choices of the
parameters n, w and p:
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Theorem 1.54 (Xia and Xu 2010)

(1) If n = 0, then the GIFPOWA operators reduce to the generalized intuitionistic
fuzzy ordered weighted average operator (Zhao et al. 2010).

(2) If p = 1 and n = 0, then the GIFPOWA operators reduce to the intuitionistic
fuzzy ordered weighted average operator (Xu 2007).

3) If p — 0 and n = 0, then the GIFPOWA operators reduce to the intuitionistic
fuzzy ordered weighted geometric operator (Xu and Yager 2006).

(4) If p - 4o0andn = 0, then the GIFPOWA operators reduce to the intuitionistic
fuzzy maximum operator (Chen and Tan 1994).

O Iftw=~U0/m,1/m, ..., l/m)T,n = 0,and p = 1, then the GIFPOWA operators
reduce to the intuitionistic fuzzy average operator (Xu 2007).

©6) fw=_>0/m,1/m,..., l/m)T, n =0, and p — 0, then the GIFPOWA opera-
tors reduce to the IFGM (Xu and Yager 2000).

7)) Ifw=(1,0,..., O)T and n = 0, then the GIFPOWA operators reduce to the
intuitionistic fuzzy maximum operator (Chen and Tan 1994).

8) Ifw = (0,0,..., DT and n = 0, then the GIFPOWA operators reduce to the
intuitionistic fuzzy minimum operator (Chen and Tan 1994).

The GIFPWA operators weight only the IFVs, while the GIFPOWA operators
weight only the ordered positions of the IFVs instead of weighting the IFVs them-
selves. To overcome this limitation, motivated by the idea of combining the weighted
averaging operator and the OWA operators (Torra 1997; Xu and Da 2003), Xia and
Xu (2010) developed a generalized intuitionistic fuzzy point hybrid aggregation
(GIFPHA) operator, which weights each given IFV and its ordered positions.

Theorem 1.55 (Xiaand Xu2010) The GIFPHA operators of dimension m is a map-
ping GIFPHA: V™ — V, which has an associated vector w = (w, wa, ..., wm)T,
withw; >0,/ =1,2,...,m, Z’;Lle = 1, such that

(D GIFPHAD’V’V’w(ozl, o), ..., 0y)

p p
= (o (22 o)) @ (D} o))
(Wl ( Kag (1) Ay (1) (aa(l)) S w2 K (2) hig(2) (ag(z))

1
. LAY
D Dwy (D” . (ag(m))) )p

Kég imy »
where D!
(i) ()

(2) GIFPHAF" (a1, 0, . . ., Q)

w,w

(o'za(j)) is the jth largest of mw; D" () G=1,2,...,m).

Ka; ;)\oc,-

B . ) P ( . . )p
o (Wl (F"%m*)‘%(l) (aa(l))) w2 F’%(z)’*%(z) (Olg(z))

(o))’

@"'@Wm(F" 5

Kda (m)> G (m)



154 1 Intuitionistic Fuzzy Aggregation Techniques

<lL,j=12,...,m,F"

Ki () Mo ()

where Ko‘[a(j) + A (¢ (j)) is the jth largest of

Yo (j)

mw; F, o () (i=1,2,. m).

3) GIFPHAGW’w(otl, a2, ..., 0p)

0 P
- " . (@ ) wa (6" '
(Wl ( K"‘o(l)’)\‘ya(l) ( 0(1)) o(l) ® 2( otg(Z) )Laa(Z) ( 0(2)))
. P\
D OWn (G"%(m) Ay (m) (oc(,(m))) )

where G"
Kig ()Mo ()

“4) GIFPHAHW’w(oq,az, e, Oy)

o
(Wl (Hl?g(l),ka(l) (ag(l))) ® w2 ( Ko (2): Ao (2) ( ‘7(2)))

1
LAY
DD wn ( Kot ) At () (@ V”)) )

(& (j) is the jth largest of me; HY! (o) (i = 1,2,....m).

(@ (jy) is the jth largest of mew; G, () (i =1,2,...,m).

where H”"
Kig () ag ()

(5) GIFPHAH;" (a1, az, . .., 0y)

P
— (wi (H*" . & )EBW(M . )
( 1( P 220 2B ) iy (Go)
oy L
69 @ Wm( :an(m) )\aa(m) (J(m))) )p
where H*
"“am Hag(j)

(6) GIFPHAJY, (a1, 02, .., 0t)

o o
— n . n o
o (Wl (J’(%u)')‘do(l) (aa(l))) S w2 (J"dou)')‘%(z) (Ola(z)))

: P\s
@ @ Wm ( K"‘o(m) )\D’(r(m) (ao'(m))) )

(aU(J)) is the jth largest of mw; H x () (=1,2,...,m).

where J"
Kag (j)» )”"‘0(1)

(7) GIFPHAJ", (ay, a2, .. ., otm)

. . p
- (W] (J:’;:(l)‘kdo(l) (a‘r(l))) Sw2 ( Kig 2y iy 2 (@ "(2)))

& @ (12, (om)”)’

K‘Xa(m) )Wo(m)

(6o (j)) is the jth largest of mw J? , (ei) (i=1,2,...,m).
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where J*
K"‘a(/) )”"‘0(1)

(8) GIFPHAP,, (1, 02, ... ., Q)

. . P
- (Wl (Pgd(r(l)’)‘%u) (a”(l))) w2 ( Kig (2) M ) (@ "(2))>

1

. PN %
D ®wy, (P,f%(m),k%(m) (%(m))) )

(¢ (jy) is the jth largest of ma; J; A () (G=1,2,...,m).

<1l,j=12,...,m, P’

where «g_. . + Ag
Ola(,) Kag A“G(/)

(¢ (j)) is the jth largest of

U (j) —

mai Py (@) ((i=1,2,....m).

) GIFPHAQW’w(oel L0, ..., Q)

= n N e ( n . ),0
- (Wl (Q’(dam)'*da(l) (a“(]))) Sw2 Q"%(zwkag(z) (¢0)
oy L
D---Dwy (QKa”(m) )\D‘a(m) (G(m))) )/)

where kg, ;) + Ad <1l,j=12....,m, Q"

Kag(jy»

a (da(j)) is the jth largest
Yo (j)

Olrr(J) —

ofma),-QZai’)wi (j) (=1,2,...,m).

Let ag(j) = (Mo‘za(,-), vda(j)),j =1,2,...,m,then, similar to Theorem 1.45, we
have

Theorem 1.56 (Xia and Xu 2010)

(1) GIFPHAD:’V’w(oz] LQD, ., Cy)

= 1- H (1- (Mda(_/) + Kda(./)”do<j>)p)Wj )

=

m
I—q1- H (1-(- Viig(jy — (1- Kda(j)) ”%m)p)wj

(2) GIFPHAF}, (a1, a2, ..., 0p)

m Wi\ *
- = H (1 M : (O'la(j))) ’
ji=1 Ko (j) Mg ()

m P Wj
- I_H(l_(_v% re (a(j))))
: ()% (j)

Jj=1

)



156 1 Intuitionistic Fuzzy Aggregation Techniques

where Kay(j) + A <l,j=12,...,m,and

o ()

n
1_(1_"%<j>_’x%<j)) (1411)
Kag(jy Fhig )

BEL o (o) = og) T Ko o)
o (j) "% (j)

n
1*(1*"%(/) *A%(/))
e (1.412)
b (j) T (j)

N =y Ao T
VF;;n(j)')Lda(j) (&0 (j)) by T Ade () Tao())

1

P\W;
n .
1- (K%U)MO‘U(/’)) ) ’

Il
T
—~

._
|
—_

mn " PA\W;
- H (1 - (1 - )‘da(_/)vd‘rr(.m) )

(4) GIFPHAH, (a1, a2, ..., Op)

={{1-T1

P\Wi
n .
1— (Kd(y(j)uo‘a(j)) ) ’
i=1

1
m P\ Wj p
o H (1 - (1 - VH:“’/*K"’/ (d“m)) )

j=1

.
Il
—_

—

where

VHE (o) T Vaeg) T (1= i) (1= (1= )")
J

K i, ha
n—1
. . —1-t . t
o Ma“(/))\aﬂ(j) (Z thlg(j) (1 - )\'aa(j)) ) (1413)

t=0

(5) GIFPHAH}", (a1, 2, ..., p)

1
o

m
P\Wi
=1|'- H (1 - (Kgam'“do(j)) ) ;
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where
VHK(Y] r, (60)) = Veoih T (1= Vi) (1= (1= )‘dnu))n)

n—1

—1—t t
— Mgy Kato (j) Mo ) (Z Kgn'(j) (1- Mo ) (1.414)

t=0

(6) GIFPHAJ,, (a1, a2, ..., )

1

m Wi\ P
= 1 -

H( Ku g (aU(J))) ’

j:

m
P\Wi
t= (=TT (= (* o va0))

=1

—_

1
P

~.

where

Kup s (do) = Haoi) + (1= paq) (1= (1= "dn(n)n)
J 7

n—1
taon—1-—t
Vo (j)Kdo () (Z (1 - Kdta(j)) )\(51[5(].) ) (1.415)

t=0

(1) GIFPHAJ}" (a1, 00, ..., cty)

m wj %
= L—uln :
H( MHKQ A (%m))

J=

J—

m
P Wj
- (-] (1 - (xgﬁmvdgm) )

=1

~.

where

REz" ., (Go) = Haog) + (1 - “dnu)) (1 - (1 - Kda(j))n)
J 7

n—1
1—t
Ve () Ko () Mg ) (Z (1- Kdn(/)) Mo (i) ) (1.416)

t=0
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(8) GIFPHAPW (@1, 00, .., Q)

D=

m

= - H (1 — (max ("dou)’ /‘dao)))p)Wj )

j=1

=

m
= 1= H (1 - (1 — min ()‘douw Vda(j)))p)w

=1

<1,j=12,.

where Kéy(jy T+ )‘do(,)

9) GIFPHAQ:‘V’w(oq, Az, ..., 0n)

1
P

m
= H 1 — (min ( "drr(/)’“%(/)))p)wj ’
j=1

D=

m
I={1- H (1 - (1 — max ()‘da(j)"’do<j>))p)Wj

j=1
where Kéy(j) +)\a0m <1,j=1,2,.

Theorem 1.57 (Xia and Xu 2010)

() fw=({1/n,1/n,..., l/n)T and n = 0, then the GIFPHA operators reduce to
the GIFWA operators (Zhao et al. 2010).

(@) Ifw=(1/n,1/n,...,1/n)T and n = 0, then the GIFPHA operators reduce to
the GIFOWA operator (Zhao et al. 2010).

(3) If n =1 and n = 0, then the GIFPHA operators reduce to the following:

m
IFHA, o(01, 00, ..., 0y) = 1—H(1—Moza(,~)) Hva() (1.417)
j=1 j=1

which is called an intuitionistic fuzzy hybrid averaging operator (Xu 2007).



Chapter 2
Intuitionistic Fuzzy Clustering Algorithms

Since the fuzzy set theory was introduced (Zadeh 1965), many scholars have
investigated the issue how to cluster the fuzzy sets, and a lot of clustering algo-
rithms have been developed for fuzzy sets, such as the fuzzy c-means clustering
algorithm (Fan et al. 2004), the maximum tree clustering algorithm (Christopher and
Burges 1998), and the net-making clustering method (Wang 1983), etc. However,
the studies on clustering problems with intuitionistic fuzzy information are still at an
initial stage (Wang et al. 2011, 2012; Xu 2009; Xu and Cai 2012; Xu and Wu 2010;
Xu et al. 2008, 2011; Zhang et al. 2007; Zhao et al. 2012a, b). Zhang et al. (2007)
first defined the concept of the intuitionistic fuzzy similarity degree and constructed
an intuitionistic fuzzy similarity matrix, and then proposed a procedure for deriving
an intuitionistic fuzzy equivalence matrix by using the transitive closure of the intu-
itionistic fuzzy similarity matrix. After that, they presented a clustering technique
of IFSs on the basis of the A-cutting matrix of the interval-valued matrix. Xu et al.
(2008) defined the concepts of the association matrix and the equivalent association
matrix, they introduced some methods for calculating the association coefficients of
IFSs, and used the derived association coefficients to construct an association matrix,
from which they derived an equivalent association matrix. Based on the equivalent
association matrix, a clustering algorithm for IFSs was developed and extended to
cluster interval-valued intuitionistic fuzzy sets (IVIFSs). Xu (2009) introduced an
intuitionistic fuzzy hierarchical algorithm for clustering IFSs, which is based on
the traditional hierarchical clustering procedure, the intuitionistic fuzzy aggregation
operator, and some basic distance measures, such as the Hamming distance, the nor-
malized Hamming distance, the Euclidean distance, and the normalized Euclidean
distance, etc. Xu and Wu (2010) developed an intuitionistic fuzzy C-means algorithm
to cluster IFSs, which is based on the well-known fuzzy C-means clustering method
(Bezdek 1981) and the basic distance measures between IFSs. Then, they extended
the algorithm for clustering IVIFSs. Xu et al. (2011) extended the fuzzy closeness
degree (Wang 1983) to the intuitionistic fuzzy closeness degree, and defined an intu-
itionistic fuzzy vector, the inner and outer products of intuitionistic fuzzy vectors.
Based on the intuitionistic fuzzy closeness degree, they put forward a new method of
constructing intuitionistic fuzzy similarity matrix. Zhao et al. (2012a) developed an

Z. Xu, Intuitionistic Fuzzy Aggregation and Clustering, Studies in Fuzziness 159
and Soft Computing 279, DOI: 10.1007/978-3-642-28406-9_2,
© Springer-Verlag Berlin Heidelberg 2012
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intuitionistic fuzzy minimum spanning tree (MST) clustering algorithm to deal with
intuitionistic fuzzy information. Zhao et al. (2012b) gave a measure for calculating
the association coefficient between IFVs, and presented an algorithm for clustering
IFVs. Moreover, they extended the algorithm to cluster IVIFVs. Wang et al. (2011)
proposed a formula to derive the intuitionistic fuzzy similarity degree between two
IFSs and developed an approach to constructing an intuitionistic fuzzy similarity
matrix. Then, they presented a netting method to make cluster analysis of IFSs via
intuitionistic fuzzy similarity matrix. Wang et al. (2012) developed an intuitionistic
fuzzy implication operator and extended the Lukasiewicz implication operator to
intuitionistic fuzzy environments, and then defined an intuitionistic fuzzy triangle
product and an intuitionistic fuzzy square product. Furthermore, they used the intu-
itionistic fuzzy square product to construct an intuitionistic fuzzy similarity matrix,
based on which a direct method for intuitionistic fuzzy cluster analysis was given.

Considering their wide range of application prospects of the intuitionistic fuzzy
clustering techniques in the fields of medical diagnosis, pattern recognition, etc. (Xu
and Cai 2012), in this chapter, we shall give a detailed introduction of the above
intuitionistic fuzzy clustering algorithms.

2.1 Clustering Algorithms Based on Intuitionistic Fuzzy
Similarity Matrices

Leto = (e, Va), @1 = (Uays Vay)s and @ = (e, , Vo, ) be three IFVs, Zhang et al.
(2007) defined some basic operational laws as below:

(1) a° = (o, ta);
(2) ay Aaa = (min{ite;, ey}, Max{ve,, Va, });
B) a1 Vay = (max{ﬂm s Maz}: min{vm , Vot2})§
Based on the operational laws above, Zhang et al. (2007) derived the following
conclusions:

Theorem 2.1 (Zhang et al. 2007) Let o; = (lo;, Vo) (@ = 1, 2, 3) be the IFVs,
then

(D) (@1 Var) ANag = (o Aas) V(a2 Aaz).
(2) (01 Aap) Vas = (o) Vaz) A Vasz).
3) (1 Var) Vaz =a1 V(a2 V az).
4) (1 Aoo) Ao = ag A (a2 Aaz).

Proof

(D) (a1 Vaz) Aaz = (min{max{uy,, la, }, Lz}, max{min{vy,, ve,}, vas})
= (max{min{itq,, a3}, Min{ia, Las}}s
min{max{vy, , Vas}, Max{Ve,, Va; }})

= (a1 Vaz) A (a2 Vaz)
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(@) (o1 Aap) vz = (max{min{ie,, Uay }s Uay b, min{max{vy, , Ve, }, Vas})

= (min{max{pa,, Las}, Max{ia,, Las}}s
max{min{ve,, Va; }, min{ve,, Vs }})

= (a1 Vaz) A (a2 Va3)

3) (xivVar)Vaz= (max{max{ual , Maz}a /La3}’ min{min{v(xl , Vaz}, Vag )
= (max{,ua] s Man » Ma3}a min{"oq » Vag s Vot3})
= (max{fte,, Max{flo,, os }, Min{vy,, Min{ve,, ves})
=a; V (xy Vaz)

4) (a1 Aag) Aaz = (min{min{iig,, Ky} Lay b, max{max{ve,, va, }, vas})
= (min{ﬂal s Mag s Ma3}» maX{Val » Vag s Vot3})
= (min{pq,, Min{ia,, Ko}, max{vy,, max{vy,, ves})
=a; A (0 Aag)

which completes the proof.

Let X = {x1,x2, ..., x,} be a finite universe of discourse, A| = {(x;, ta, (x;), va,
(x;))|xi € X}and Ay = {{x;, pta, (xi), va, (x;))|x; € X} be two IFSs. Atanassov (1983,
1986) suggested the inclusion relations between the IFSs as follows:

(1) A1 € Ay ifand only if a, (x;) < pa,(x;) and va, (x;) > va, (x;), for any x; € X;

(2) Ay = Az if and only if A} € Ay and A| D A, ie., ua,(x;)) = pa,(x;) and
VA, (i) = va, (x;), for any x; € X.

In fuzzy mathematics, the similarity matrix with reflexivity and symmetry is a

common matrix. Zhang et al. (2007) introduced the similarity matrix to the IFS
theory, and defined the concept of intuitionistic fuzzy similarity degree:

Definition 2.1 (Zhang et al. 2007) Let D (IFS(X))? — IFS(X), where IFS(X)
indicates the set of all IFSs, and let A; € IFS(X) (i = 1,2, 3). If 9 (A1, A) satisfies
the following properties:

(1) 9(A1,Ayp) is an IFV.
(2) D(A1,Ay) = (1,0) if and only if A} = A,.
(3) P(A1,A2) =V (A2, A).

Then 1§(A1 ,As) is called an intuitionistic fuzzy similarity degree of A; and A,.

Liu (2005) gave a formula for calculating the similarity degree between A;
and Ajy:

F(A1LA) =1 - [Z wi (Bil1eay () — peay ) |* + Balva, () — va, (x)*

i=1

1
x

+ B3lma, (xi) — ma, (xi)l'\) i| (2.1)
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where & > 1w = (wi,wa, ..., w)", wi € [0,1],5; € X,i = 1,2,...,n, and
Z?:l wi = 1.

Eq. (2.1) can weight not only the deviation of each IFV, but also the deviations of
the corresponding membership degree, the non-membership degree and the hesitancy
(indeterminancy) degree. It is more general than the similarity measure:

V' (A1, Ap)

1 n
=1- J n Z (1, () — 1Ay (D)% 4 (Va, (X)) — va, ()% + (714, (X)) — A, (7))
j=1
(2.2)

and thus, Eq. (2.1) is of high flexibility. If we take ¥ (A1, A2) as the function of w,
then it is a bounded function. Let

d(w) = D wilpta, () = pa, )" + Balva, () — va, G |* + Balma, (i)
i=1
— A, )M, A =1 (2.3)

then we need to solve the maximum and minimum problem of Eq. (2.1), which can
be transformed to solve the maximum and minimum problem of d(w). Since

d(w) = D" wilBilpa, (%) — pa, ()" + Balva, (i) — va, ()|
i=1

+ Balma, (xi) — mwa, (x)17)

< max{Bilea; (i) = par ()" + Balva, (i) — va, ()l

+ Balma, (v) = ma, )l*), A= 1 2.4)
There must exist a positive integer k such that

max (B, () = a, @)™ + Balva, 6) — va, ) |* + B3lma, (xi) — 7ma, ()|}

= Bulpa, (k) — pa, ) 1™ + Balva, (k) — va, (i) + Balma, ()
— a0t} A= (2.5)

Hence, when wy = 1 and w; = 0, i # k, the equality holds. Also since

d(w) =D wilBilua, (%) — pay ()" + Balva, (xi) — va, ()|
i=1

+ Balma, (xi) — ma, (x) ")
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. A
= min{f[pa, () — pa, (x)|” + Balva, (xi)
1
A A
— VA, ()" + B3lma, (i) — wa, )7}, A =1 (2.6)
There must exist a positive integer s such that

min{B |, () — ta, 6+ Balva, (x) — va, 61" + B3lma, (xi) — 74, ()|}

= Bula, (xs) — pa, )™ + Balva, (x5) — va, ()" + Balma, (x5)
— A, ()M}, A= 1 2.7)

As aresult, when wy = 1 and w; = 0, i # s, the equality holds. Let
du(A1, A2) =min{Bula, () — pa, ()" + Balva (i) = va, ()"
+ B3lma, () — ma, ()M}, A= 1 (2.8)
d* (A, Az) =max{Bulpa, ) = par ()1 + Balva, (i) = va, ()l
+ Balma, () — ma, ()M}, A =1 (2.9)

Thus
1 — Jd*(A1,A2) <9'(A1,A2) <1 — {d(A1,Ar), A > 1 (2.10)

Based on Eqs. (2.8) and (2.9), Zhang et al. (2007) gave a formula for calculating
the similarity degree between two IFSs:

Theorem 2.2 (Zhang et al. 2007) Let A| and A, be two IFSs. Then

BarAr) = (1= Y@ A1, A, Jd(Ar An)) 2 = 1 @11)

is called the similarity degree between A; and Aj.

Proof (1) We first prove that 19(A 1,A») is an IFV. Since

0 < Bilia, (i) — pay )™ + Balva, (i) — va, Gl + B3lma, (xi) — 7a, (i) *
< (B1 + B2 + B3) max{|pa, () — pa, )1, [va, () — va, ()%,
|7ma, (x0) — 74, (i) |*)

= max{|pa, (%) — pa, DI, [va, () — va, ()17, 14, () — a, () 1M} < 1,
A>1

then

0<1-Yd*(A1,A2) <1,0 < Jdi(A1,A2) < 1,1 > 1 (2.12)
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Also since
0 < dy(A1, A7) < d*(A1,A) < 1 (2.13)
then
0 < Jd* (A1, Ar) — Jdo(A1,A2) <1, A >1 (2.14)
ie.,

0 < 1 — J/d*(A1, Az) + Vdu(A1, A2)
=1 - (V& @A) - YA a)) 1, az 1 (2.15)

Thus d(Aq, Ay) is an IFV.
Q) If (A, A2) = (1,0), then

1 — Jd*(A1, A2) = 1, Vda (A1, A2) =0, A>1 (2.16)

Also since

1=1-Jd*(A1,A)) <O (A1,A2) <1 — Jd(A1,Ar), A>1 (2.17)
ie., ¥(A1,A2) = 1, by Eq. (2;1), we get A| = Ajp; otherwise, if A| = A, then by
Egs. (2.8) and (2.9), we have (A1, Az) = (1,0).

(3) Obviously, we have z§(A1 LAr) = z§(A2, A1). This completes the proof of the
theorem.

Definition 2.2 (Zhang etal. 2007) Let Z = (z;j)nxn be a matrix, if all of its elements
zj (i,j=1,2,...,n) are IFVs, then Z is called an intuitionistic fuzzy matrix.

Definition 2.3 (Zhang et al. 2007) Let Z; = (zfjl))nx,, and Z, = (zsz))nm be two
intuitionistic fuzzy matrices. If Z = Z; o Z,, then Z is called the composition matrix
of Z| and Z,, where

noo () ) . .
Zii = V (2, NZ. )= (maxymin (1), @), MIN{Maxy\v_cay, V_) s
ij k=1( ik ki ) =( £ { {Mzik Mzkj } k { { Ve 1))

i,j=1,2,...n (2.18)

Theorem 2.3 (Zhang et al. 2007) The composition matrix Z of the intuitionistic
fuzzy matrix Z; and Z; is also an intuitionistic fuzzy matrix.

Proof LetZy = (2 Yxm Z2 = (2 Inxn and Z = (Z)nxn- Then by Eq. (2.18), we
have
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1
Zj = \/ (ka) A zkj)) = (max{mm{u W, 1, <2>} mlH{maX{V (), v <2>}})
= (max{min{uzg]u, /szz-)}’ -, minfpu (s H ot}
i j ’7/
min{max{v_u,v.o},.. max{v m,V.o}}) (2.19)
31 le Zin an
Since
0< max{min{,uzm, ,uz(z)}, e min{,uz(l), uzm}} <1 (2.20)
il 1) in nj
0 < min{max{v_n,v.»}, .. max{v m,v.olh) <1 (2.21)
21 le Zin an

There must exist two positive integers k| and k> such that

maX{min{uzgll), Mziz)},. »min{p ), i, <2>}} = min{u, s I, (2)} (2.22)

i j Zin

min{max{vzu), vz(z)}, . max{v 1,V (2)}}) = max{v 1,V (2)} (2.23)
il 1 Zin Zik 2 21

Accordingly, we have

max{min{uzm, MZ@)}, ~omin{p ), MZ&)}} + min{max{v_ ),V (2)}
max{v_ Y (2)}}) = min{u_ (1), I, (2)} + maX{VZ<kl>, % /((2)} (2.24)
' (49 2

In the case of k1 = k», we get

min{pu ), it <2>} +max{v_m,v e} =minfu, <1>, 1, <2>} +max{v._n,v.o} <1
o ¢

k1j ikq kz/ Ztkl Zk]/
(2.25)
Also when k| # k», it yields

min{p_ ), 4@} +max{v.a,v o} <minf{u_ o, 4@} +max{v.a,v.e} <1
Sy Ckyj Liky  Chpj liky  Ck2j liky ko)

(2.26)
Hence
maX{min{Mzgln, MZ§2>}, cosmin{p ), @ (2>}}
i j Zin
+ min{max{v_m,v.»}, .. max{v m,v.olh) <1 2.27)
1 le Zin an

Consequently, the composition matrix of two intuitionistic fuzzy matrices is also an
intuitionistic fuzzy matrix. This completes the proof.

Definition 2.4 (Zhang et al. 2007) If the intuitionistic fuzzy matrix Z = (Z;j)uxn
satisfies the following condition:



166 2 Intuitionistic Fuzzy Clustering Algorithms

(1) Reflexivity: z;; = (1,0),i=1,2,...,n.
(2) Symmetry: z;; = zj;, i.e., Mz = Mg Vo = Vi Lj=12,...,n

Then Z is called an intuitionistic fuzzy similarity matrix.
Based on Theorem 2.3 and Definition 2.4, we have

Corollary 2.1 (Zhang et al. 2007) The composition matrix of two intuitionistic
fuzzy similarity matrices is an intuitionistic fuzzy matrix. However, the composition
matrix of two intuitionistic fuzzy similarity matrices may not be an intuitionistic
fuzzy similarity matrix. For example, let

(1,0)  (0.2,0.3) (0.5,0.2)]
Zi=1|(0203) (1,00 (0.1,0.7)
| (05,02) (0.1,0.7) (1,0) |
M (1,00 (0.4,0.4) (0.9,0.1)7]
Z>=|(04,04) (1,00 (0.3,0.3)
| (0.9,0.1) (0.3,0.3) (1,0)

Obviously, both Z; and Z; are intuitionistic fuzzy similarity matrices, but the
composition matrix of Z; and Z; is as follows:

(1,0)  (0.4,0.3) (0.9,0.1)
Z=Z10Z =] (04,03) (1,0) (0.3,0.3)
0.9,0.1) (0.4,0.3) (1,0)

where 723 # 232, i.e., Z does not satisfy symmetry property. Thus, Z is not an intu-
itionistic fuzzy similarity matrix. But when the composition matrix of an intuitionistic
fuzzy similarity matrix and itself is an intuitionistic fuzzy similarity matrix:

Theorem 2.4 (Zhang et al. 2007) Let Z; = (zi(jl))nxn be an intuitionistic fuzzy
similarity matrix. Then the composition matrix Z = Z; o Z; = (g;j)nxn 18 also an
intuitionistic fuzzy similarity matrix.

Proof (1) Since Z; is an intuitionistic fuzzy similarity matrix, by Corollary 2.1, the
composition matrix Z of Z; and itself is an intuitionistic fuzzy matrix.
(2) Since

N ¢} My _ : :
Zii = k\=/1(z”‘ ANz') = (mlflx{mm{ﬂz;(l), “z,ﬁ})}}’ mkm{max{vztgkw, VZ;U!)}}) (2.28)

then when k = i, we have

DAy =1,00 A 1,00} =(1,0) (2.29)

ii

So
Zi = k\_"/l(zl?,? Ay =(1,0) (2.30)
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(3) Since Z; is an intuitionistic fuzzy similarity matrix, then we have zl(,: ) — z,((:).

Thereby

6]

a
Zji = V (Zk Az Wy = (max{mln{u TR <1>} mln{maX{V 05V (1)}})

= (max{min{u_u), u_m }, min{max{v_a), v_a)
Sy ax {szk,uzik} in| {ij, N N

(max{min{u (1), M}, min{max{v_u, v.iy}})
Zjk k Tk Lk

l l

= ZU (2.31)

Theorem 2.5 (Zhang et al. 2007) Let Z; = (zi(jl))nxn, Z) = (zfl.z) Ynxn and Zz =

z@ axn be three intuitionistic fuzzy similarity matrices. Then their composition
ij y y p
operation satisfies the associative law:

(Z1oZp)oZz=2Z10(Zro0Z3) (2.32)

Proof Let(Z102Zy)0Z3 = (Zit)nxn and Zy 0 (Zr 0 Z3) = (zl’.t)nxn. Then by Theorem
2.1, we have

n n
=V {(/v @ A (2))) Az,(j))] =V V(G Az /\2(3))]
= = j=
n n n n
=V V (z(l) A (z(,?) A zkt))) VoV (z(l) A (z(,f) A Zk,)))
k=1j=1 j=lk=1 J
n 1 2
= (e )]

|
N ~.

=

i,t=1,2,...,n

Hence, Eq. (2.32) holds, which completes the proof.

Corollary 2.2 (Zhang et al. 2007) Let Z be an intuitionistic fuzzy similarity matrix.
Then for any positive integers m and m,, we have

gmitmy _ zmi g 7zm;

where Z™! and Z™2 are the m| and my compositions of Z, respectively. Furthermore,
Z™  Z™ and their composition matrix Z "2 are the intuitionistic fuzzy similarity
matrix.

Definition 2.5 (Zhang et al. 2007) If the intuitionistic fuzzy matrix Z = (Z;j)uxn
satisfies the following condition:

(1) Reflexivity: z;; = (1,0), i=1,2,...,n

(2) Symmetry: z;; = zji, i.e., gy = Uz Vo = Ve 6J=1,2,...,n
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e . . n P
(3) Transitivity: Z> C Z,ie., V (zx Azgg) <z, i,j=1,2,...,n.
k=1
Then Z is called an intuitionistic fuzzy equivalence matrix.

In order to save computation, motivated by the idea of Wang (1983), we have the
following conclusion:

Theorem 2.6 (Zhang et al. 2007) Let Z be an intuitionistic fuzzy similarity matrix.
Then after the finite times of compositions:

Z—)Zz—>Z4—>---—>Z2k—>---

_ 20D

. .. . k k. . ..
There must exist a positive integer k such that Z> ,and Z*" is an intuition-

istic fuzzy equivalence matrix.

Definition 2.6 (Zhang et al. 2007) Let Z = (z;j),,x» be an intuitionistic fuzzy simi-
larity matrix, where z;j = (tz;, vz;) i,j = 1,2, ..., n. Then Z, = (32;)nxn is called
the A-cutting matrix of Z, where

0, i]‘k>l—vzij,
1

2Zij = o gy <A S 1=y, (2.33)

2
L, if:uz,y E

Definition 2.7 (Wang 1983) If the matrix 7= (Zij)nxn satisfies the following con-
ditions:

(1) Reflexivity: z;; =1,i=1,2,...,n,and forany z;; € [0,1],i,j=1,2,...,n.
(2) Symmetry: z; = zj;.
(3) Transitivity: m]?x{min{iik, g} <z, foralli,j=1,2,...,n.

Then Z is called a fuzzy equivalence matrix.

Theorem 2.7 (Zhang et al. 2007) Z = (z;j)nxn 1S an intuitionistic fuzzy equivalence
matrix if and only if its A-cutting matrix Z;, = (5zij)nxn i a fuzzy equivalence matrix,
where z;; = (/inj, inj)’ i,j=1,2,...,n

Proof (Necessity)

(1) (Reflexivity) Since z;; = (1,0), 2 € [0, 1], then A < puy, =1, 2;; = 1.

(2) (Symmetry) Since z;; = zj;, i.e., Mz = My Vo = Vi thus ;z;; = 1z

(3) (Transitivity) Since Z = (z;j)uxx 1S an intuitionistic fuzzy equivalence matrix,
we have

ml?x{min{ﬂzikv szj}} = Mgy (2.34)

min{max (v, vz, )} < vz, (2.35)
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Also since the intuitionistic fuzzy equivalence matrix Z = (z;j)nxn and the compo-
sition matrix of itself is an intuitionistic fuzzy matrix, it yields

ml?x{min{ﬂzikv l/szj}} = mkin{max{vzik, Vzkf}} (2.36)
(a) When A < Kz and ;z; = 1, also since
m}?X{min{AZik, 22t} € [0, 1] (2.37)

then
ml?x{min{xz,-k, A < azij =1 (2.38)

(b) When 1 — Vi

1}

< X and ;z; = 0, also since
ij

mkin{max{vz[k, Vgt = vy > 1= A (2.39)

then, for any k, we have max{v,, , Vzk,} > 1 —A,i.e., for any k, it can be obtained that

min{,zi, 12k} = 0 (2.40)

Then
m,gx{min{xz,-k, Az} =0 (2.41)

Thus
mlglx{min{xzz'k, A2} < aZij (2.42)

(c) When My < A<1-— vz, We have ; z;; = 1/2. In this case, if

mkin{rnax{vzl,k, vij}} > vy > 1—A (2.43)
then by (b), we get
mlgx{min{/\zik, 22ty =0 (2.44)
Therefore
m]flx{min{xz,-k, a2kt < azij (2.45)
If
m]flx{min{uzik, :u'ij}} = A = 1 - mkin{max{vzik, Vzkj}} (246)
then

) 1 .
mlflx{mm{,\zl'k, AZH = > ml?-x{mln{kziks A2k} = A% (2.47)
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From the known condition, it follows that

max(min(uz, . s )) < pzy < (2.48)
which indicates that the case

A=< m}gx{min{uzik, Mz th (2.49)

does not exist. Therefore, when Mz < A<1-— V> We have

m]flx{min{le'k, 221 < aZij (2.50)

Hence, Z) = (5.2jj)nxn satisfies the transitivity property.
(Sufficiency)

(1) (Reflexivity) Since 5z; = 1, then for any A € [0, 1], A < pg,, and then let
A = 1. Then Zii = (1, 0)

(2) (Symmetry) Since for any i, k, »zit = a2k, if there exists zjx # zii, 1.€.,
Mzy 7 My OF Vo # vz, without loss of generality, suppose that i, < fiz;, and let
A= (g + Hg;) /2, then pugy < A < Uy, zi = 0or 1/2,and w2k = 1, 5zi # 22kis
which contradicts the known condition. Therefore, Z = (z;j)nxn 1s Symmetry.

(3) (Transitivity) Since for any i, j, we have

m]?X{min{AZik, A2t < azij (2.51)

and each element in Z, takes its value from {0, 1/2, 1}. Then

(a) When ;z; = 1, for any A € [0, 1], we have My = A, taking A = 1, it can be
obtained that y1;; = 1 and v;; = 0. Consequently,

ml?x{min{ﬂz,-kv Mzkj}} = Mg mkin{max{vz,-k, Vzk_/-}} =V (2.52)

(b) When ,z;; = 1/2, forany 2 € [0, 1], we have u;; < A <1 —v,,. Also since

(2.53)

N =

m]?x{min{,\zz‘k, Azt <

then .
mlgx{min{AZik, a2kt = 0 or 3 (2.54)

Thus, for any k, we get
min{yzjk, 12k} = 0 (2.55)
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or there exists a positive integer s, such that

min{; zjs, 125} = %
Case 1 If for any k, we have
min{; zjx, 22%} = 0
Then for any A € [0, 1], it yields

max{vy,, vz} > 1—2

hence
mkin{max{vzik, Vg ty = vy > 1= A

Considering the arbitrary of A, when A tends to be infinitely small, we get

m]?x{min{y“z;kv Mzkj}} = 1— mkin{maX{VZ[k, Vzkj}} =0

As a result,
m]?x{min{uz,.k, Mij}} = My

Case 2 If there exists a positive integer ki, such that

. 1
min{; zik, , 2%k} = 3

and for any k = ki, let
min{yzjk, 12k} = 0

Then according to Case 1, we have
/g/:}{max {VZ,’/{ ’ vij}} 2 inj

max{min{it,, , iz 1} < Wz
n kl{ (e ot} < gy
and when k = kj, suppose that

mln{ﬂzikl ) Mzk”-} = Hazpy s Mz, = Mz

Then let A = (uz; + ,uzikl)/Z, and thus, pz; <A < Mz, - Accordingly,

AZiky = AZkj = 1, min{pzi,, 22k} = 1
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(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

2.61)

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)
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m}?X{AZik, Ak =1> 5z (2.68)

which contradicts the known condition. Therefore,

g%{min{uz[k, Hzidh < phg (2.69)
Similarly, we get
min{max vz, v, )} = vz, (2.70)

(c) When ;z;; =0, i.e., forany A € [0, 1], we have 1 — Vg < A. Then by
m,?X{min{xZik, Ak} <z =0 (2.71)
It can be seen that for any &, we get
min,zi, 12} = 0 (2.72)
max{vg,, vz} >1—2 (2.73)
Considering the arbitrary of A, it yields p;; =1 —v;; =0, and

mfx{min{ﬂzik» /’szj}} = 1= mkin{max{vzik s vij}} =0 (274)

Thus Z satisfies the transitivity property.
From the above analysis, the sufficiency of Theorem 2.7 holds. The proof is
completed.

Definition 2.8 (Zhang et al. 2007) Let A;(i = 1, 2, ..., n) be a collection of IFSs,
Z = (Zjj)nxn is the intuitionistic fuzzy similarity matrix derived by Eq.(2.11), Z* =
(zl’.kj) nxn 18 the intuitionistic fuzzy equivalence matrix of Z, and ; Z* = (12})nxn is the
A-cutting matrix of Z*. If the corresponding elements in both the ith line (column)
and the jth line (column) of 3 Z* are equal, then A; and A; are classified into one type.

Note: Since A-cutting matrix ,Z* has the transitivity property, then if A; and Ay
are of the same type, while Ay and A; are of the same type, then A; and A; are of the
same type.

On the basis of the above theory, Zhang et al. (2007) introduced a clustering
algorithm for IFSs, which involves the following steps:

Algorithm 2.1
Step 1 For a multi-attribute decision making problem, let Y = {y1, y2, ..., yn} be
a finite set of alternatives, and G = {G1, G2, ..., G, } the set of attributes. Suppose

that the characteristic information on the alternative y; is expressed in IFSs:
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yi = {(G]7 ,uy,-(Gj), Vy,(G])H G] € G}a J = 15 27 cee,m (275)

where 1y,(G;) indicates the degree that the alternative y; satisfies the attribute
Gj, vy, (Gj) indicates the degree that the alternative y; does not satisfy the attribute
G;j, my;(Gj) = 1 — 1y;(Gj) —vy,(G;) indicates the uncertainty degree that the alterna-
tive y; to the attribute G;. By the intuitionistic fuzzy similarity degree formula (2.11),
we establish the intuitionistic fuzzy similarity matrix Z = (z;j)uxn, Where

2= 00y = (1= Y iy, Jdutioyp) i =1.2....on (276)

du (i, ) = min {Bi1111,(Gi) = 1y (GOI" + Balvy, (Go) = vy (GoI*

+ Bslmy (Gr) — 7y, (G} (2.77)

du (i, ) = min {B1|11y, (Gi) = 1y (GOI™ + Balvyy (Gr) = vy (GO

+ B3lmy, (Gr) — 7y, (G} (2.78)

d* (yi, yj) = max {B1ty,(Gr) — 113, (GOI* + Balvy, (Gi) — vy, (Go)I*
+ Balmy, (Gr) — my, (G} (2.79)

and A, B1, B2, B3 are the predefined parameter, A > 1, 5; € [0, 1],i = 1,2, 3, and
Z?:l ,Bi =1L

Step 2 Check whether the intuitionistic fuzzy matrix Z is the intuitionistic fuzzy
equivalence matrix or not (i.e., check 72 C Zor not); otherwise, do the composition
operation: Z — 7> — Z* — ... — 72 5 o until 22 = 22" Then 22 is the
derived intuitionistic fuzzy equivalence matrix. For the sake of convenience, without
loss of generality, let Z* = (Z;'kj)nxn be the derived intuitionistic fuzzy equivalence
matrix, where zl’; = (,uz;,vz?;), Lj=1,2,...,n

Step 3 For the given confidence level A, by Eq. (2.33), we calculate the A-cutting
matrix ; Z* = (AZ?}) nxn Of the intuitionistic fuzzy equivalence matrix Z*.

Step 4 According to the A-cutting matrix , Z* and Definition 2.8, we cluster the
given alternatives.

Example 2.1 (Zhang et al. 2007) Consider a car classification problem. There are
five new cars y;(i = 1,2,...,5) to be classified in the Guangzhou car market in
Guangdong, China, and six attributes: (1) G1: Fuel economy; (2) G2: Aerod. Degree;
(3) G3: Price; (4) G4: Comfort; (5) Gs: Design; and (6) Gg: Safety, are taken into
consideration in the classification problem. The characteristics of the ten new cars
vii = 1,2,...,5) under the six attributes G;(j = 1,2, ..., 6) are represented by
the IFSs, shown in Table2.1 (Zhang et al. 2007).
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Table 2.1 The characteristics of the ten new cars

G G, Gs G Gs G

i (0.3,0.5) (0.6,0.1) (0.4,0.3) (0.8,0.1) (0.1,0.6) (0.5,0.4)
v (0.6,0.3) (0.5,0.2) (0.6,0.1) (0.7,0.1) (0.3,0.6) (0.4,0.3)
3 (0.4,0.4) (0.8,0.1) (0.5,0.1) (0.6,0.2) (0.4,0.5) (0.3,0.2)
V4 0.2,0.4) (0.4,0.1) (0.9,0) (0.8,0.1) (0.2,0.5) (0.7,0.1)
Vs (0.5,0.2) (0.3,0.6) (0.6,0.3) (0.7,0.1) (0.6,0.2) (0.5,0.3)

Step 1 By Eq. (2.11), we construct the intuitionistic fuzzy similarity matrix (with-
out loss of generality, let A = 2, 81 = B2 = B3 = 1/3):
We first calculate

1
1= Yd*Gi,y) =1— ﬁ[max{|0.3 —0.6>+10.5— 0317+ 02— 0.1]%,

10.6 —0.5]> +10.1 —0.2> + 0.3 — 0.3/, 10.4 — 0.6> + 0.3 — 0.1]*> +10.3 — 0.3,
0.8 —0.7)> +10.1 — 0.1+ 0.1 = 0.2]%,]0.1 — 0.3]*> + 0.6 — 0.6|> + 0.3 — 0.1},
0.5 — 0.412 +10.4 — 0312 + 0.1 — 0.3%}]2 = 0.78

1
ds (1, y2) = ﬁ[min{|0.3 —0.6>+10.5— 031>+ 02— 0.1]%,

10.6 —0.5]> +10.1 —0.2]> + 0.3 — 0.3/, 0.4 — 0.6]> + 0.3 — 0.1]*> +10.3 — 0.3,
10.8 —0.7)> +10.1 — 0.1 4+0.1 — 0.2/%, 0.1 — 0.3]*> +10.6 — 0.6/> + 0.3 — 0.1,
10.5—0.412 + 0.4 —0.3]> + 0.1 — 0.3]2}]2 = 0.08

Thus, z12 = (0.78, 0.08), similarly, we can calculate the other intuitionistic fuzzy
similarity degrees, and then get the intuitionistic fuzzy similarity matrix:

(1,0)  (0.78,0.02) (0.72,0.02) (0.64,0) (0.63,0.08)
(0.78,0.02)  (1,0)  (0.78,0.08) (0.71,0.08) (0.71,0)
Z = (0.72,0.08) (0.78,0.08)  (1,0)  (0.67,0.14) (0.59,0.08)
(0.64,0) (0.71,0.08) (0.67,0.14)  (1,0)  (0.63,0.08)
(0.63,0.08) (0.71,0) (0.59,0.08) (0.63,0.08)  (1,0)

Step 2 Calculate

(1,0) [0.78,0.92] (0.78,0.08) (0.71,0) (0.71,0.08)
(0.78,0.08)  (1,0)  (0.78,0.08) (0.71,0.08) (0.71,0)
72 =7Zo0Z =1 (0.78,0.08) (0.78,0.08)  (1,0) (0.71,0.08) (0.71,0.08)
(0.71,0) (0.71,0.08) (0.71,0.08)  (1,0)  (0.71,0.08)
(0.71,0.08) (0.71,0) (0.71,0.08) (0.71,0.08)  (1,0)
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Since Z? # Z, then Z is not an intuitionistic fuzzy equivalence matrix. Thus we need
to calculate

74 =7%207>
(1,0)  (0.78,0.08) (0.78,0.08) (0.71,0) (0.71,0.08)
(0.78,0.08)  (1,0)  (0.78,0.08) (0.71,0.08) (0.71,0)

— | 0.78,0.08) (0.78,0.08)  (1,0)  (0.71,0.08) (0.71,0.08) | = 22
(0.71,0) (0.71,0.08) (0.71,0.08)  (1,0)  (0.71,0.08)
(0.71,0.08) (0.71,0) (0.71,0.08) (0.71,0.08)  (1,0)

Therefore, Z? is an intuitionistic fuzzy equivalence matrix.

Step 3 By Eq. (2.33), we can see that the value of confidence level A is only related
to the membership degree e and the non-membership degree Ve of the elements
z;"j = (le{;, sz;-) in the intuitionistic fuzzy equivalence matrix Z* = Z? = (zz’;)5x5. In
general, we can make a detailed discussion by taking Mz and 1 — Ver corresponding
to each element of Z* as the bounded values of the confidence level A of the A-cutting
matrix ) Z*:

(1) When A < 0.71, we have

11111
11111
Zr=111111
11111
11111
(2) When 0.71 < A < 0.78, we have
1 1
1 11 - =
2 2
1 1
111 - =
2 2
* 1 1 1 L1
W= 2 2
1 1 1 q 1
2 2 2 2
1 1 1 1 1
2 2 2 2
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(3) When 0.78 < A < 0.92, we have

11111
2 2 2 2
11111
2 2 2 2
s |1
M= 2 2 2 2
11111
2 2 2 2
11111
2 2 2 2
(4) When 0.92 < A < 1, we have
1
1 0 0 = O
2
1
01 00 =
2
Z5=10 0 10 0
1
-0 01 0
2
01001
2

Step 4 According to ;Z* and Definition 2.8, we make the following discussions:

(1)If0 <A <0.71,thenthecarsy; (i =1, 2,...,5) are classified into one type:

{y1,¥2,¥3, ¥4, ¥5}

2)If0.71 < A <0.78, thenthe cars y; (i =1, 2, ..., 5) are classified into three

types:
{1, y2, ¥3} {va), (s}

3)If0.78 < A < I,thenthecarsy; (i = 1,2,...,5) are classified into five

types:
{1}, {2, {vads vald, (s}

From the above analysis, it can be seen that the clustering of the alternatives
(or IFSs) is closely related to the predefined confidence level L. How to select the
confidence level A is an interesting issue. We suggest the interested readers should
refer to the literature (Wang 1983).
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2.2 Clustering Algorithms Based on Association Matrices

In the above section, we have introduced an intuitionistic fuzzy clustering algorithm,
which is on the basis of the intuitionistic fuzzy similarity matrix. In this clustering
technique, all the given intuitionistic fuzzy information is first transformed into the
interval-valued fuzzy information. The intuitionistic fuzzy similarity degrees derived
by using distance measures are interval numbers, and both the intuitionistic fuzzy
similarity matrix and the intuitionistic fuzzy equivalence matrix are also interval-
valued matrices. As a result, this clustering technique requires much computational
effort and cannot be extended to cluster IVIFSs, and more importantly, it produces
the loss of too much information in the process of calculating intuitionistic fuzzy
similarity degrees, which implies a lack of precision in the final results. To overcome
this drawback, Xu et al. (2008) proposed a straightforward and practical clustering
algorithm for IFSs, and extended the algorithm to cluster IVIFSs.

Xu and Chen (2008) gave an overview of the existing association measures for
IFSs (or IVIFSs). Based on the association measures, in the following, we introduce
the concept of association matrix:

Definition 2.9 (Xu et al. 2008) Let A; (j = 1,2,...,m) be m IFSs. Then
C = (¢ij)mxm is called an association matrix, where ¢; = c(A;, A;) is the asso-
ciation coefficient of A; and A; (which can be derived by one of the intuitionistic
fuzzy association measures introduced by Xu and Chen (2008)), and has the follow-
ing properties:

M O0=<¢;=<Lij=12,...,m.

(2) ¢;j =1lif and only if A; = A;.

3) cj=cji,i,j=1,2,...,m.

Definition 2.10 (Xu et al. 2008) Let C = (cjj))mxm be an association matrix. If
C?=CoC= (Cij)mxm- then C? is called the composition matrix of C, where

Cij = ml?x{min{cik, il ij=12,....,m (2.80)

According to Definition 2.9, we have

Theorem 2.8 (Xu et al. 2008) Let C = (cjj)mxm be an association matrix. Then the
composition matrix C? is also an association matrix.

Proof (1) Since C is an association matrix, then for any i, j = 1, 2, ..., m, we have
0 <c¢j < 1. Thus

0<¢j= ml?x{min{c,-k, ity <1,i,j=12,....m (2.81)
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(2) Since ¢;j = lifand only if A; = A;,i,j = 1,2, ..., m, it yields

cij = m]?x{min{cik, o}y =lifandonlyif A; = Ay =A;, k=1,2,...,m (2.82)

(3) Since ¢;j = ¢ji,i,j = 1,2, ..., m, we get

Cij = m]flx{min{cik, cil} = m}?X{min{Cki, cjk}}

= ml?x{rnin{cjk, aily=¢ji, i,j=1,2,...,m (2.83)

which completes the proof of the theorem.
According to Theorem 2.8, we can derive the following conclusion:

Theorem 2.9 (Xu et al. 2008) Let C = (¢jj)mxm be an association matrix. Then for
any positive integer k, we have

ok+1

A =¥ (2.84)

.. . k+1 . .. .
where the composition matrix C is also an association matrix.

Definition 2.11 (Xu et al. 2008) Let C = (cjj)mxm be an association matrix. If
C?cC(,ie., for any i,j = 1,2, ..., m, the following inequality holds:

m}flx{min{cik, cill < cjj (2.83)

Thus, C is called an equivalent association matrix.
By the transitivity principle of equivalent matrix (Wang 1983), we can easily
prove the following theorem:

Theorem 2.10 (Xu et al. 2008) Let C = (cjj)mxm be an association matrix. Then
after the finite times of compositions:

Co>C st . (2.86)

. e k (k1) k.
there must exist a positive integer k, such that C> = C?" ', and C? is also an
equivalent association matrix.

Based on the equivalent association matrix, we give the following useful concept:

Definition 2.12 (Xu et al. 2008) Let C = (c;j)mxm be an equivalent association
matrix. Then C), = (.¢jj)mxm is called the A-cutting matrix of C, where

0, ¢cj<x, |
ACU_[L CUZ)»,’I’J_LZ’-“’m (2.87)

and A is the confidence level with A € [0, 1].
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From the above theoretical analysis, we introduce an algorithm for clustering IFSs
as follows (Xu et al. 2008):

Algorithm 2.2
Step 1 Let X = {x1,x2,...,x,} be a discrete universe of discourse, and let
w = (w1, wa,...,wy)T be the weight vector of the elements x; (i = 1,2,...,n),

withw; € [0,1],i=1,2,...,n,and Z;’:l w; = 1. Consider a collection of m IFSs
Aj(j=1,2,...,m), where

Aj = {(x, pa; (xi), va; (x) [xi € X} (2.88)

with JTAI.(X[) =1- /LA_/(x,-) — VA_/,(x,-),j =1,2,...,m.
Step 2 Select an intuitionistic fuzzy association measure, such as

c(Ai, Aj)
D=1 wi(pa, () - pra; () =+ va; Oe) - va; Oo) + 7a, () - 7245 (1))

max (34 _ w3, () + 93, () + 72, 00), X wh (1 ) + 9%, @) + 73 () )
(2.89)

to calculate the association coefficients of the IFSs A; and A; (i,j = 1,2, ..., m).
Then construct an association matrix C = (c¢jj)mxm>» Where c¢;j = c(A;, Aj),
Lj=1,2,...,m.

Step 3 If the association matrix C = (cjj)uxn iS an equivalent association
matrix, then we construct a A-cutting matrix C, = (1¢jj)mxm Of C by using
Eq.(2.87); otherwise, we compose the association matrix C by using Eq.(2.86) to
derive an equivalent association matrix C. Then we construct a A-cutting matrix
C. = (.jj)mxm of C by using Eq.(2.87).

Step 4 If all elements of the ith line (column) in C; (or Cy) are the same as
the corresponding elements of the jth line (column) in C; (or C;,), then the IFSs
A; and A; are of the same type. By this principle, we can classify all these m IFSs
A (G=1,2,...,m).

By using the cutting matrix of the equivalent association matrix, Algorithm-IFSC
classifies the IFSs under the given confidence levels. Considering that the confidence
levels have a close relationship with the elements of equivalent association matrices,
in practical applications, people can properly specify the confidence levels according
to the elements of the equivalent association matrices and the actual situations, and
thus, the algorithm has desirable flexibility and practicability. However, in some
cases, people may expect that the algorithm can automatically generate the “optimal”
clustering without any interaction with them. In other words, the algorithm should
have the ability to set the optimal A according to cluster structure. To fulfill this
requirement, here we use the Separation Index (SI), one of the relative measures for
cluster validity, which was introduced by Nasibov and Ulutagay (2007).
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For two clusters C; and Cj, let 9(C;, C;j) (i # j) be the inter-cluster similarity
degree of C; and Cj, and let ' (C;) be the intra-cluster similarity degree of C;. Then
the similarity-based SI can be defined as:

max ﬁ(Cl‘, Cj)
17

£
Sl = ——M—— 2.90
sim mjn 9(Cr) ( )
1
where
?(Ci, C)) = max (A, B) (2.91)
AeCi,BeC;
9/ (C;) = min 9(A, B) (2.92)
A,BeC;

As arelative measure, SI does not depend on the cluster number, but on the structure
of clusters. Therefore, the optimal A can be selected as:

A =arg mkin Slgim (L) (2.93)

where ST, (1) is the SI of the resultant clusters with A being the confidence level of
the equivalent association matrix.

In the following, we shall extend the algorithm for clustering IVIFSs. Before
doing so, we first introduce the basic concepts related to IVIFSs:

Atanassov and Gargov (1989) defined the concept of IVIFS:

Definition 2.13 (Atanassov and Gargov 1989) Let X be a fixed set. Then
A = {{x, iy (), 73(0)lx € X ) (2.94)

is called an interval-valued intuitionistic fuzzy set (IVIFS), where ji;(x) C [0, 1]
and v; (x) C [0, 1], x € X, with the condition:

sup iz (x) +supvi(x) <1, x € X (2.95)

Clearly, if inf ji3(x) = sup fi7(x) and inf V5 (x) = supV;(x), then the IVIFS A
reduces to a traditional IFS.

Atanassov and Gargov (1989) further gave some basic operational laws of IVIFSs:

Definition 2.14 (Atanassov and Gargov 1989) Let A = {(, Lz (x), V3 (0) |x
€ X} A = {(x, iz, (0), vz ())|x € X} and Ay = {(x, i1z, (x), vz, () |x € X}
be three IVIFSs. Then
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(1) Z (. 7300, i3 (@)lx € X).
(2) A1 N Ay = {(x, [minfinf fig, (), inf fig, (©)}, min{sup fig (), sup ji, (0},
[max{inf ‘7,5 (x), inf ‘7,& (x)}, max{sup ‘7,& (x), sup \7;‘ ) x € X}.
(3) Ay UA; = {{x, max{inf /i Az, (), inf iz (o)}, max{sup iz, (x), sup iz, (0},
[min{inf v Vi, (x), inf v Vi, (x)}, min{sup v Vi, (x)), sup vA2 @I |x € X}.
(4) A1+ Ay = {{x, [inf i, () +inf iz, (x) —inf iz (x) - inf iz, (%),
sup /:LAI (x) + sup /1/32 (x) — sup ﬂAl (x) - sup ,&Az )1,
[inf 17/31 (x) - inf ‘N};\z (x), sup 17/31 (x) - sup f};\z @] |x € X}.
(5) A1+ Ay = {(x, [inf iz (x) - inf iz, (x). sup fiz (x) - sup i, ()],
[inf 73, (x) + inf 5 (x) — inf ¥3 (). inf 75 (x),
sup ‘~’A1 (x) + sup \7/;2 (x) — sup T’Al (x) - sup GAz(x)])Ix € X}.

Taking into account the needs of the application, Xu and Chen (2007a) further intro-
duced another two operational laws:

(6) A = {{x, [1 = (1 —inf 5 (), 1 = (1 = sup iz ()],
[(inf 73 (0))*, (sup 73 () 1) |x € X}, & > 0.

(7) A* = {(x, [(nf i3 (x))*, (sup iz ()],
[1— (1 —inf¥;(x)*, 1 — (1 —sup¥;(x)*Dlx € X}, 4 > 0.

Let X = {x1, x2, ..., x,} be a discrete universe of discourse, Al = {(x;, [LAI (x7),
\7A1 (xi))lx,- (S X} and Az = {(x,-, ,CLAz (xi), \N/Az (xi))|xi (S} X} two IVIFSS, where

g, 00) = [ng (6), ng ()l g, () = [g (), ni Gl (2.96)
B3, () = vy (), vy ()l 73, () = v (), vy (o) (2.97)

Atanassov and Gargov (1989) defined the inclusion relation between two IVIFSs:
(1) Ay € Ayifandonlyif uf (4) < pf (), u (@) < pg (), vi () 2 v (x0)
and v (x;) > v> (x;),x; € X.
A A2 .
(2) A; =Asifandonly if A C A3 H_Al D Aj.
Similar to Definition 2.9, we have
Definition 2.15 (Xu et al. 2008) Let A G = 1,2,...,m) be m IVIFSs. Then

C = (Cij)mxm 1s called an association matrix, where Cij = C(A,,A ) is the asso-

ciation coefficient of A; and A (which can be derived by one of the interval-valued
intuitionistic fuzzy association measures introduced by Xu and Chen (2008)), and
has the following properties:
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) 0=<¢<1li,j=1,2,...,m
(2) &5 = 1ifand only if A; = A;.
(3) C"ijZC"j,',i,jI 1,2,...,m
Based on the association matrix of the IVIFSs, in what follows, we introduce an
algorithm for clustering IVIFSs (Xu et al. 2008):

Algorithm 2.3
Step 1 Let X = {x1,x,...,x,} be a discrete universe of discourse,
w = (Wi,wa, ..., wn)T the weight vector of the elements x; (i = 1,2,...,n),

withw; € [0,1],i=1,2,...,n,and D 7_, w; = 1,andletA,~ G=1,2,...,m)be
a collection of IVIFSs:

Aj = (i, fiz, (). V3, () € X) (2.98)
where
[z, () = [/L;:j(xi), ;L;\“j(xi)] Cl0,1], ¥ (x) = [v;:j(xi), V;{j(xl')] c [0, 1],
,uj{j (i) + v;{j(xi) <l,xeX (2.99)
Additionally, ﬁA (x;) = [n?(x,-), nfr(x,-)] c [0, 1], mo) =1 - :“::;(xi) 11—

viGa) (o) = 1—p (xz) L= vy ().

Step 2 Utilize the 1nterva1 valued mtumomstlc fuzzy association measures:

ZZ_1WJ<( L)y (Xk)+u ) - g (xk)
+vz (xk) vy <xk>+v+<xk) v+(xk>

+T[A,~(xk) ﬂAj(xk)‘i‘ﬂ;;(Xk) Jle;(xk))

c(Ai, A)) = > . — (2.100)
max (342 we (15 @0) "+ (1 0w) "+ (v )
1 2 1
+(v/{(Xk)) +(n (xk)) + (75{ (xk)) )
1 1 2 2
Z’;ZIWk(( (xk>) (u;{_(xk)) + (v W)
J ) J
+ +
+(vAj<xk>) (nAj<xk>) +(rrew)))
to calculate the association coefficients of the IVIFSs A; andA ,j=1,2,...,m),
and then construct an association C = (¢)mxm» Where & = é(A,,Aj),
i,j=1,2,.
Step 3 If the association matrix C = (c,])mxm is an equivalent association

matrix, then we construct a A-cutting matrix CA = (WCij)mxm Of C by using
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Eq. (2.87); otherwise, we compose the association matrix C by using Eq. (2.86) to
derive an equivalent association matrix E, and then construct a A-cutting matrix
EA = (WCi))mxm ofE by using Eq. (2.87).

Step 4 If all elements of the ith line (column) in Cx (or_E;L) are the same as the

corresponding elements of the jth line (column) in C, (or C), then the IVIFSs A;
and A; are of the same type. By this principle, we can classify all these m IVIFSs
A G=1,2,...,m).

Example 2.2 (Xu et al. 2008) We conduct experiments on both the real-world and
simulated data sets in order to demonstrate the effectiveness of the proposed cluster-
ing algorithm for IVIFSs.

Below we first introduce the experimental tool and the experimental data set,
respectively:

(1) Experimental tool. In the experiments, we use Algorithm 2.2 as a tool imple-
mented by ourselves in MATLAB. Note that if we let 7(x) = 0, for any x € X,
then Algorithm 2.2 reduces to the traditional algorithm for clustering fuzzy sets
(denoted by Algorithm-FSC). Therefore, we can use Algorithm 2.2 to compare the
performance of both Algorithm 2.2 and Algorithm-FSC.

(2) Experimental data set. We use two kinds of data in our experiments. The car
data set contains the information of ten new cars to be classified in the Guangzhou
car market in Guangdong, China. Lety; (i = 1,2, ..., 10) be the cars, each of which
is described by six attributes: (1) G1: Fuel economy; (2) G»: Aerod degree; (3) G3:
Price; (4) G4: Comfort; (5) Gs: Design; and (6) Gg: Safety. The weight vector of
these attributes is w = (0.15, 0.10, 0.30, 0.20, 0.15, O.IO)T. The characteristics of
the ten new cars under the six attributes are represented by the IFSs, as shown in
Table2.2 (Xu et al. 2008).

We also use the simulated data set for the purpose of comparison, and assume
that there are three classes in the simulated data set, denoted by C;(i = 1, 2, 3). The
number of IFSs in each class is exactly the same: 300. The differences of the IFSs
in different classes lie in the following aspects: (1) The IFSs in C; have relatively
high and positive scores; (2) the IFSs in C; have relatively high and negative scores;
and (3) the IFSs in C3 have relatively high and uncertain scores. Along this line, we
generate the simulated data set as follows: (1) w(x) ~ U(0.7,1) and v(x) + m(x) ~
U@O,1—pu(x)),foranyx € C1;(2)v(x) ~ U(0.7,1) and p(x)+m (x) ~ U(0,1—v(x)),
for any x € Cp; and (3) w(x) ~ U(0.7,1), u(x) +v(x) ~ U(0,1 — m(x)), for any
x € C3,where U(a, b) means the uniform distribution on the interval [a, b]. By doing
so, we generate a simulated data set which consists of 900 IFSs from 3 classes.

Now we utilize Algorithm 2.2 to cluster the ten new cars y; (i = 1,2, ..., 10),
which involves the following steps (Xu et al. 2008):
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Table 2.2 The car data set

& Gy G3 Gy Gs Ge

Hy; Vyi Hy; Vyi Hy; Vyi Hy; Vyi Hy; Vyi Hy; Vyi

(Gy) (G1) (G2) (G2) (G3) (G3) (Gy) (Gy) (Gs) (Gs) (Ge) (Ge)
i 0.30 0.40 0.20 0.70 0.40 0.50 0.80 0.10 0.40 0.50 0.20 0.70
2 0.40 0.30 0.50 0.10 0.60 0.20 0.20 0.70 0.30 0.60 0.70 0.20
3 0.40 0.20 0.60 0.10 0.80 0.10 0.20 0.60 0.30 0.70 0.50 0.20
V4 0.30 0.40 0.90 0.00 0.80 0.10 0.70 0.10 0.10 0.80 0.20 0.80
ys 0.80 0.10 0.70 0.20 0.70 0.00 0.40 0.10 0.80 0.20 0.40 0.60
Y6 0.40 0.30 0.30 0.50 0.20 0.60 0.70 0.10 0.50 0.40 0.30 0.60
y7 0.60 0.40 0.40 0.20 0.70 0.20 0.30 0.60 0.30 0.70 0.60 0.10
8 0.90 0.10 0.70 0.20 0.70 0.10 0.40 0.50 0.40 0.50 0.80 0.00
y9 0.40 0.40 1.00 0.00 0.90 0.10 0.60 0.20 0.20 0.70 0.10 0.80
Y10 0.90 0.10 0.80 0.00 0.60 0.30 0.50 0.20 0.80 0.10 0.60 0.40

Step 1 Utilize

(i, i)

i1 Wk (1 (G - 11y (Gi) + vy, (G - vy, (Gi) + 703, (Gr) - 71y, (Gi))

max (7 wi (13, (Go) + 3, (Go) + 72 (Go) » iy we (143 (G +13 (Go) + 72 (Go) )
2.101)

to calculate the association coefficients of y; (i = 1,2, ..., 10), and then construct
an association matrix:

1.000 0.667 0.645 0.709 0.633 0.919 0.696 0.609 0.666 0.611
0.667 1.000 0.909 0.661 0.666 0.665 0.913 0.820 0.665 0.640

0.645 0.909 1.000 0.768 0.740 0.576 0.937 0.862 0.771 0.670
0.709 0.661 0.768 1.000 0.755 0.610 0.717 0.728 0.968 0.711
0.633 0.666 0.740 0.755 1.000 0.623 0.713 0.476 0.764 0.861
0.919 0.665 0.576 0.610 0.623 1.000 0.634 0.579 0.566 0.622
0.696 0.913 0.937 0.717 0.713 0.634 1.000 0.889 0.722 0.692
0.609 0.820 0.862 0.728 0.476 0.579 0.889 1.000 0.740 0.811
0.666 0.665 0.771 0.968 0.764 0.566 0.722 0.740 1.000 0.732
0.611 0.640 0.670 0.711 0.861 0.622 0.692 0.811 0.732 1.000
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Step 2 Calculate

c’=CocC

1.000 0.696 0.709 0.709 0.709 0.919 0.709 0.709 0.709 0.709
0.696 1.000 0.913 0.768 0.740 0.667 0.913 0.889 0.771 0.811
0.709 0.913 1.000 0.771 0.764 0.665 0.937 0.889 0.771 0.811
0.709 0.768 0.771 1.000 0.764 0.709 0.768 0.768 0.968 0.755
0.709 0.740 0.764 0.764 1.000 0.665 0.740 0.811 0.764 0.861
0.919 0.667 0.665 0.709 0.665 1.000 0.696 0.665 0.666 0.640
0.709 0.913 0.937 0.768 0.740 0.696 1.000 0.889 0.771 0.811
0.709 0.889 0.889 0.768 0.811 0.665 0.889 1.000 0.771 0.811
0.709 0.771 0.771 0.968 0.764 0.666 0.771 0.771 1.000 0.740
0.709 0.811 0.811 0.755 0.861 0.640 0.811 0.811 0.740 1.000

then C2 C C does not hold, i.e., the association matrix C is not an equivalent
association matrix. Thus, by Eq. (2.86), we further calculate

ct=cC?oC?

1.000 0.709 0.709 0.709 0.709 0.919 0.709 0.709 0.709 0.709
0.709 1.000 0.913 0.771 0.811 0.709 0.913 0.889 0.771 0.811
0.709 0.913 1.000 0.771 0.811 0.709 0.937 0.889 0.771 0.811
0.709 0.771 0.771 1.000 0.768 0.709 0.771 0.771 0.968 0.771
0.709 0.811 0.811 0.768 1.000 0.709 0.811 0.811 0.771 0.861
0.919 0.709 0.709 0.709 0.709 1.000 0.709 0.709 0.709 0.709
0.709 0.913 0.937 0.771 0.811 0.709 1.000 0.889 0.771 0.811
0.709 0.889 0.889 0.771 0.811 0.709 0.889 1.000 0.771 0.811
0.709 0.771 0.771 0.968 0.771 0.709 0.771 0.771 1.000 0.771
0.709 0.811 0.811 0.771 0.861 0.709 0.811 0.811 0.771 1.000

cd=c*ocC?

1.000 0.709 0.709 0.709 0.709 0.919 0.709 0.709 0.709 0.709
0.709 1.000 0.913 0.771 0.811 0.709 0.913 0.771 0.771 0.811
0.709 0.913 1.000 0.771 0.811 0.709 0.937 0.889 0.771 0.811
0.709 0.771 0.771 1.000 0.771 0.709 0.771 0.771 0.968 0.771
0.709 0.811 0.811 0.771 1.000 0.709 0.811 0.811 0.771 0.861
0.919 0.709 0.709 0.709 0.709 1.000 0.709 0.709 0.709 0.709
0.709 0.913 0.937 0.771 0.811 0.709 1.000 0.889 0.771 0.811
0.709 0.771 0.889 0.771 0.811 0.709 0.889 1.000 0.771 0.811
0.709 0.771 0.771 0.968 0.771 0.709 0.771 0.771 1.000 0.771
0.709 0.811 0.811 0.771 0.861 0.709 0.811 0.811 0.771 1.000
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c'®=ctoc®

1.000 0.709 0.709 0.709 0.709 0.919 0.709 0.709 0.709 0.709
0.709 1.000 0.913 0.771 0.811 0.709 0.913 0.771 0.771 0.811
0.709 0.913 1.000 0.771 0.811 0.709 0.937 0.889 0.771 0.811
0.709 0.771 0.771 1.000 0.771 0.709 0.771 0.771 0.968 0.771
0.709 0.811 0.811 0.771 1.000 0.709 0.811 0.811 0.771 0.861
0.919 0.709 0.709 0.709 0.709 1.000 0.709 0.709 0.709 0.709
0.709 0.913 0.937 0.771 0.811 0.709 1.000 0.889 0.771 0.811
0.709 0.771 0.889 0.771 0.811 0.709 0.889 1.000 0.771 0.811
0.709 0.771 0.771 0.968 0.771 0.709 0.771 0.771 1.000 0.771
0.709 0.811 0.811 0.771 0.861 0.709 0.811 0.811 0.771 1.000

hence, C1¢ = C8,ie., C8isan equivalent association matrix.

Step 3 Since the confidence level A has a close relationship with the elements of
the equivalent association matrix C8, in the following, we give a detailed sensitivity
analysis with respect to the confidence level A, and by Eq.(2.87), we get all the
possible classifications of the ten new cars y; (i = 1,2, ..., 10):

(1) f0<x<0.709, theny; (i =1,2,...,10) are of the same type:

{1, 2,3, Y4, Y5, Y6, Y7, ¥8, Y9, Y10}

(2) If0.709 < 2 <0.771, theny; (i = 1,2, ..., 10) are classified into the follow-
ing two types:
{1, v6}, {2, ¥3, ¥4, ¥5, 7, ¥85 ¥9, Y10}

3) If0.771 < » <0.811,theny; (i = 1,2,...,10) are classified into the follow-
ing five types:
{y1, v}, {y2}, {¥3, ¥5, ¥7. y10}, {ys}, {v4, yo}

4) If0.811 < 2 <0.861,theny; (i =1,2,...,10) are classified into the follow-
ing six types:
1.y}, {y2), 3, v}, (s}, (v, yol, {vs. 10}

(5) If0.861 < X <0.889,theny; (i =1,2,...,10) are classified into the follow-
ing seven types:
{1, ye}, 2}, {y3, y7}, 4, o), {ys}, (s} {vi0}

(6) If0.889 < A <0913, theny; (i = 1,2,..., 10) are classified into the follow-
ing six types:
{1, v} {v2, y3, y7}, {4, yo}, {ysh, {ys}, {vio}

(7) If 0913 < A <0919, theny; (i = 1,2,...,10) are classified the following
into seven types:

{1, ye}, 2}, {y3, y7}, 4, yo), {ysh, (s} {v10}
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(8) If0.919 < X <0.937, theny; (i = 1,2, ..., 10) are classified into the follow-
ing eight types:

i} 2}, (ys) eds (3, y73s {va, o), {8}, (vio}

(9) If0.937 < X <0.968, theny; (i = 1,2, ..., 10) are classified into the follow-
ing nine types:

i} {2} (3), (s) sds (7}, (s), (4, yols {(vio}

(10) If 0.968 < A < 1,theny; (i = 1,2,...,10) are classified into the following
ten types:

{yih {2} (yah (vad, (s) shs (7}, {os), (o), {10}

If we utilize Algorithm 2.1 to cluster the ten new cars y; (i = 1, 2, ..., 10), then
we first need to transform all the given IFSs (see Table 2.2) into the interval-valued
fuzzy sets, listed in Table2.3 (Xu et al. 2008).

After that, we utilize Eq.(2.11) (without loss of generality, here we let A = 2,
B1 = B2 = B3 = 1/3) to calculate the intuitionistic fuzzy similarity degrees of
Vi (i =1,2,...,10), and then construct the intuitionistic fuzzy similarity matrix
R = (Fij)10x10:

Table 2.3 The transformed car data set
G Gy G3 Gy Gs Ge

[1y; (G), [y (G2), [y (G3), [14y; (Ga), L1y, (Gs), [y, (Ge),
I=v,(GDI 1=w,(G2)] 1=w(G3)] 1—v,(G)] 1—-v,(Gs)] 1—w,(Ge)l

Y1 [0.30, 0.60]  [0.20,0.30]  [0.40,0.50]  [0.80,0.90]  [0.40,0.50]  [0.20, 0.30]
y2  [0.40,0.70] [0.50,0.90] [0.60,0.80]  [0.20,0.30] [0.30,0.40]  [0.70, 0.80]
y3  [0.40,0.80] [0.60,0.90] [0.80,0.90]  [0.20,0.40]  [0.30,0.30]  [0.50, 0.80]
ys  [0.30,0.60]  [0.90,1.00]  [0.80,0.90] [0.70,0.90]  [0.10,0.20]  [0.20, 0.20]
ys [0.80,0.90]  [0.70,0.80]  [0.70,1.00]  [0.40,0.90]  [0.80,0.80]  [0.40, 0.40]
ye  [0.40,0.70]  [0.30,0.50]  [0.20,0.40]  [0.70,0.90]  [0.50,0.60]  [0.30, 0.40]
y7  10.60,0.60]  [0.40,0.80]  [0.70,0.80]  [0.30,0.40]  [0.30,0.30] [0.60,0.90]
yg  [0.90,0.90] [0.70,0.80]  [0.70,0.90] [0.40,0.50]  [0.40,0.50]  [0.80, 1.00]
yo  [0.40,0.60] [1.00,1.00] [0.90,0.90] [0.60,0.80]  [0.20,0.30]  [0.10, 0.20]
yio [0.90,0.90]  [0.80,1.00]  [0.60,0.70]  [0.50,0.80]  [0.80,0.90]  [0.60, 0.60]
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[1,1] [0.507, 0.918] [0.545, 0.859] [0.428, 1.000] [0.592, 0.859]
[0.507, 0.918] [1,1] [0.837,0.918] [0.545, 0.918] [0.568, 0.859]
[0.545, 0.859] [0.837, 0.918] [1,1] [0.576, 1.000] [0.592, 0.859]
[0.428, 1.000] [0.545, 0.918] [0.576, 1.000] [1,1] [0.465, 0.859]
[0.592, 0.859] [0.568, 0.859] [0.592, 0.859] [0.465, 0.859] [1,1]
[0.859, 0.918] [0.545, 1.000] [0.545, 0.918] [0.545, 1.000] [0.545,0.918]
[0.568, 0.859] [0.784, 0.918] [0.717, 1.000] [0.503, 0.918] [0.592, 0.837]
[0.465, 1.000] [0.644, 0.918] [0.626, 0.918] [0.411, 0.918] [0.568, 1.000]
[0.384, 0.918] [0.510, 0.918] [0.568, 0.918] [0.918, 0.918] [0.545, 0.784]
[0.465, 0.837] [0.592, 0.918] [0.545, 0.859] [0.428,0.918] [0.784,0.918]

[0.859, 0.918] [0.568, 0.859] [0.465, 1.000] [0.384, 0.918] [0.465, 0.837]
[0.545, 1.000] [0.784, 0.918] [0.644, 0.918] [0.510, 0.918] [0.592,0.918]
[0.545,0.918] [0.717, 1.000] [0.626, 0.918] [0.568, 0.918] [0.545, 0.859]
[0.545, 1.000] [0.503, 0.918] [0.411, 0.918] [0.918,0.918] [0.428,0.918]
[0.545, 0.918] [0.592, 0.837] [0.568, 1.000] [0.545,0.784] [0.784,0.918]
[1,1] [0.626, 0.784] [0.545, 0.918] [0.490, 0.918] [0.592, 0.859]
[0.626, 0.784] [1,1] [0.755,0.918] [0.490, 0.918] [0.545, 0.918]
[0.545, 0.918] [0.755, 0.918] [1,1] [0.384, 0.837] [0.673, 1.000]
[0.490, 0.918] [0.490, 0.918] [0.384, 0.837] [1,1] [0.510, 0.918]
[0.592, 0.859] [0.545, 0.918] [0.673, 1.000] [0.510, 0.918] [1,1]

=
Il

—_— — — —

By the composition operation of interval-valued matrices, we have

[1,1] [0.568,0.918] [0.592, 1.000] [0.545, 1.000] [0.592, 1.000]
[0.568,0.918] [1,1] [0.837,0.918] [0.576, 0.918] [0.592, 0.918]
[0.592, 1.000] [0.837,0.918] [1,1] [0.576, 1.000] [0.592, 1.000]
[0.545, 1.000] [0.576,0.918] [0.576, 1.000] [1,1] [0.576,0.918]
[0.592, 1.000] [0.592, 0.918] [0.592, 1.000] [0.576, 0.918] [1,1]
[0.859, 1.000] [0.626, 1.000] [0.626, 1.000] [0.545, 1.000] [0.592, 0.918]
[0.592,0.918] [0.784, 0.918] [0.784, 1.000] [0.576, 1.000] [0.592,0.918]
[0.568, 1.000] [0.755,0.918] [0.717, 0.918] [0.576, 1.000] [0.592, 1.000]
[0.545,0.918] [0.568, 0.918] [0.576, 0.918] [0.918, 0.918] [0.568, 0.918]
[0.592, 1.000] [0.592, 0.918] [0.626, 0.918] [0.545, 0.918] [0.784, 1.000]

[0.859, 1.000] [0.592, 0.918] [0.568, 1.000] [0.545, 0.918] [0.592, 1.000]
[0.626, 1.000] [0.784, 0.918] [0.755, 0.918] [0.568, 0.918] [0.592, 0.918]
[0.626, 1.000] [0.784, 1.000] [0.717, 0.918] [0.576, 0.918] [0.626, 0.918]
[0.545, 1.000] [0.576, 1.000] [0.576, 1.000] [0.918, 0.918] [0.545, 0.918]
[0.592, 0.918] [0.592, 0.918] [0.592, 1.000] [0.568, 0.918] [0.784, 1.000]
(1,11 [0.626,0.918] [0.626,0.918] [0.545, 0.918] [0.592,0.918]
[0.626,0.918]  [1,1]  [0.755,0.918] [0.568,0.918] [0.673,0.918]
[0.626,0.918] [0.755,0.918]  [1,1]  [0.568,0.918] [0.673, 1.000]
[0.545,0.918] [0.568, 0.918] [0.568,0.918]  [I,1]  [0.545,0.918]
[0.592, 0.918] [0.673, 0.918] [0.673, 1.000] [0.545,0.918]  [I,1]
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[1,11  [0.626,0.918] [0.626, 1.000] [0.576, 1.000] [0.592, 1.000]
[0.626,0.918]  [1,1]  [0.837,1.000] [0.576, 1.000] [0.592, 0.918]
[0.626, 1.000] [0.837,1.000]  [1,1]  [0.576,1.000] [0.626, 1.000]
[0.576, 1.000] [0.576, 1.000] [0.576,1.000]  [1,1]  [0.576, 1.000]
— = = | 10.592,1.000] [0.592,0.918] [0.626, 1.000] [0.576, 1.000 (1, 1]
[0.859, 1.000] [0.626, 1.000] [0.626, 1.000] [0.576, 1.000] [0.592, 1.000]
[0.626, 1.000] [0.784, 0.918] [0.784, 1.000] [0.576, 1.000] [0.673, 1.000]
[0.626, 1.000] [0.755, 0.918] [0.755, 1.000] [0.576, 1.000] [0.673, 1.000]
[0.576, 0.918] [0.576, 0.918] [0.576, 0.918] [0.918, 0.918] [0.576, 0.918]
[0.592, 1.000] [0.673, 0.918] [0.673, 1.000] [0.576, 1.000] [0.784, 1.000]

[0.859, 1.000] [0.626, 1.000] [0.626, 1.000] [0.576, 0.918] [0.592, 1.000]
[0.626, 1.000] [0.784,0.918] [0.755, 0.918] [0.576, 0.918] [0.673, 0.918]
[0.626, 1.000] [0.784, 1.000] [0.755, 1.000] [0.576, 0.918] [0.673, 1.000]
[0.576, 1.000] [0.576, 1.000] [0.576, 1.000] [0.918, 0.918] [0.576, 1.000]
[0.592, 1.000] [0.673, 1.000] [0.673, 1.000] [0.576, 0.918] [0.784, 1.000]
[1,1] [0.626, 1.000] [0.626, 1.000] [0.576, 0.918] [0.626, 1.000]

[ ]

[ ]

[ ]

[ Rt e i e

[0.626, 1.000] [1,1] [0.755,1.000] [0.568, 0.918] [0.673, 0.918
[0.626, 1.000] [0.755, 1.000] [1,1] [0.576,0.918] [0.673, 1.000
[0.576,0.918] [0.568, 0.918] [0.576, 0.918] [1,1] 0.576,0.918
[0.626, 1.000] [0.673, 0.918] [0.673, 1.000] [0.576, 0.918] [1,1]

[1,1] [0.626, 1.000] [0.626, 1.000] [0.576, 1.000] [0.626, 1.000]
[0.626, 1.000] [1,1] [0.837, 1.000] [0.576, 1.000] [0.673, 1.000]
[0.626, 1.000] [0.837, 1.000 [1,1] [0.576, 1.000] [0.673, 1.000]
[0.576, 1.000] [0.576, 1.000] [0.576, 1.000] [1,1] [0.576, 1.000]
R R o R = [0.626, 1.000] [0.673, 1.000] [0.673, 1.000] [0.576, 1.000] [1,1]
[0.859, 1.000] [0.626, 1.000] [0.626, 1.000] [0.576, 1.000] [0.626, 1.000]
[0.626, 1.000] [0.784, 1.000] [0.784, 1.000] [0.576, 1.000] [0.673, 1.000]
[0.626, 1.000] [0.755, 1.000] [0.755, 1.000] [0.576, 1.000] [0.673, 1.000]
[0.576,0.918] [0.576,0.918] [0.576, 0.918] [0.918, 0.918] [0.576, 0.918]
[0.626, 1.000] [0.673, 1.000] [0.673, 1.000] [0.576, 1.000] [0.784, 1.000]

[0.859, 1.000] [0.626, 1.000] [0.626, 1.000] [0.576, 0.918] [0.626, 1.000]
[0.626, 1.000] [0.784, 1.000] [0.755, 1.000] [0.576, 0.918] [0.673, 1.000]
[0.626, 1.000] [0.784, 1.000] [0.755, 1.000] [0.576, 0.918] [0.673, 1.000]
[0.576, 1.000] [0.576, 1.000] [0.576, 1.000] [0.918, 0.918] [0.576, 1.000]
[0.626, 1.000] [0.673, 1.000] [0.673, 1.000] [0.576, 0.918] [0.784, 1.000]
(1,11 [0.626, 1.000] [0.626, 1.000] [0.576, 0.918] [0.626, 1.000]
[0.626,1.000]  [1,1]  [0.755,1.000] [0.576,0.918] [0.673, 0.918]
[0.626, 1.000] [0.755, 1.000]  [1, 1] 0.576, 0.918] [0.673, 1.000]
[0.576, 0.918] [0.576,0.918] [0.576,0.918]  [1,1]  [0.576,0.918]
[0.626, 1.000] [0.673, 0.918] [0.673, 1.000] [0.576,0.918]  [1,1]

[ Bt St R s St

—_ e, — =
[ttt R Bt
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[1,1]  [0.626, 1.000] [0.626, 1.000] [0.576, 1.000] [0.626, 1.000]
[0.626, 1.000 (1,11 [0.837, 1.000] [0.576, 1.000] [0.673, 1.000]
[0.626, 1.000] [0.837,1.000]  [1,1]  [0.576, 1.000] [0.673, 1.000]
[0.576, 1.000] [0.576, 1.000] [0.576,1.000]  [1,1]  [0.576, 1.000]
216 _ 78 78 _ | [0-626,1.000] [0.673,1.000] [0.673, 1.000] [0.576,1.000]  [1,1]

[0.859, 1.000] [0.626, 1.000] [0.626, 1.000] [0.576, 1.000] [0.626, 1.000]
[0.626, 1.000] [0.784, 1.000] [0.784, 1.000] [0.576, 1.000] [0.673, 1.000]
[0.626, 1.000] [0.755, 1.000] [0.755, 1.000] [0.576, 1.000] [0.673, 1.000]
[0.576, 0.918] [0.576, 0.918] [0.576,0.918] [0.918, 0.918] [0.576, 0.918]
[0.626, 1.000] [0.673, 1.000] [0.673, 1.000] [0.576, 1.000] [0.784, 1.000]

[0.859, 1.000] [0.626, 1.000] [0.626, 1.000] [0.576, 0.918] [0.626, 1.000]
[0.626, 1.000] [0.784, 1.000] [0.755, 1.000] [0.576, 0.918] [0.673, 1.000]
[0.626, 1.000] [0.784, 1.000] [0.755, 1.000] [0.576, 0.918] [0.673, 1.000]
[0.576, 1.000] [0.576, 1.000] [0.576, 1.000] [0.918, 0.918] [0.576, 1.000]
[0.626, 1.000] [0.673, 1.000] [0.673, 1.000] [0.576, 0.918] [0.784, 1.000]
]
]
]
]

[t e e SR s e B

[1,1] [0.626, 1.000] [0.626, 1.000] [0.576, 0.918] [0.626, 1.000
[0.626, 1.000] [1, 1] [0.755,1.000] [0.576,0.918] [0.673, 0.918
[0.626, 1.000] [0.755, 1.000] [1,1] [0.576,0.918] [0.673, 1.000
[0.576,0.918] [0.576,0.918] [0.576, 0.918] [1,1] 0.576,0.918
[0.626, 1.000] [0.673, 0.918] [0.673, 1.000] [0.576, 0.918] [1,1]

Rl

Thus, R'® = R®. Let R* = R* = (7)10x10, where 75 = [uf, 1 — Vil i,j =

1,2, ..., 10, then the A-cutting matrix of R* can be constructed as I}i = (ﬁ’;-)mx 105
where

0, if 1—vj<n,
L
A= 5 fup<i=1-=vi ij=1,2,...,10, A €[0,1]  (2.102)
Loif wj = A

Considering that the confidence level A is directly related to the lower and upper
limits of each 7}; in the interval-valued matrix R*, we get, based on R}, all the possible
classifications of the tennew cars y; (i = 1,2, ..., 10):

(1) If 0 < A < 0.576, then

{1, 2, ¥3, ¥4, ¥5, Y6, Y7, Y8, Y9, Y10}

(2) If0.576 < 1 < 0.626, then

{y1,¥2:¥3,¥5, Y6, ¥7, ¥8, Y10}, {v4, yo}

(3) If0.626 < A < 0.673, then

{1, ¥6}, 1v2, ¥3, ¥5. ¥7. ¥8, Y10}, {4, yo}



2.2 Clustering Algorithms Based on Association Matrices 191
(4) If0.673 < 1 < 0.755, then

{1, ye}, 2, ¥3, y7. y8}. {v4, yo}, {ys. y10}

(5) If0.755 < A < 0.784, then

{1, y6}, {y2, ¥3, y7}, {ys}, {v4, yol, {ys, yio}

(6) If0.784 < A < 0.837, then

{1, ¥6}, {v2, 3}, {ys}, {7}, (s}, 1o}, (v, yol

(7) If 0.837 < A < 0.859, then

1, ve}, {v2, {v3hs {ysh, {v7)ds {vshs {vio}s {v4, yo}

(8) If 0.859 < A < 0.918, then

{1}, 2}, {yah, (s}, {ve}, D7), {vsh (1o} {4, ol

(9) If0.918 < A < 1, then

{y1}, {y2}, {3}, (va}, (ysh (veds (7}, {os)s o), (1o}

From the above numerical analysis, we know that Algorithm 2.1 only takes into
account the maximal and minimal deviation information, and ignores all the other
deviation information, more importantly, it cannot take into account any information
on attribute weights, and thus produces the loss of too much information, while
Algorithm 2.2 can not only avoid losing the given information, but also require less
computational effort and is more convenient in practical applications.

Now we further compare Algorithm 2.2 with Algorithm-FSC on the simulated
data set:

We first exploit Algorithm 2.2 on the simulated data set. In the experiment, we
set a series of A values ranging from 0.6 to 1.0, and compute the values of the SI
measure for each clustering result. The results can be found in Table2.4 (Xu et al.
2008):

Table 2.4 The results derived by Algorithm 2.2 with different A levels on the simulated data set

A 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00
SI 0.437 0.437 0.437 0.437 0.437 0.437 0.437 0.437 0.995
K 3 3 3 3 3 3 3 3 900
Note: (1) K is the number of clusters found by Algorithm 2.2.

(2) Since c? =c 26, we get the equivalent associate matrix C?° after six iterations.
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Table 2.5 The results derived by Algorithm-FSC with different A levels on the modified data sets
Modified data set I

A 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00
SI 0.466 0.466 0.466 0.466 0.466 0.466 0.466 0.466 0.999
K 2 2 2 2 2 2 2 2 2
Modified data set 1T

A 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00
SI 0.474 0.474 0.474 0.474 0.474 0.474 0.474 0.474 0.999
K 2 2 2 2 2 2 2 2 2

As can be seen from Table 2.4, for most of the A levels, Algorithm 2.2 produces
three clusters, and the smallest SI values are exactly the same as 0.437. In fact, if
we take a closer look at the assigned cluster label of each IFS, then we can find
that Algorithm 2.2 recognizes the cluster structure perfectly under these A levels.
Clearly, by incorporating the uncertainty degree into the correlation computation
of IFSs, Algorithm 2.2 has the ability to identify all the three classes. However,
this is not the case for traditional clustering algorithms for fuzzy sets. To illustrate
this, we also exploit Algorithm-FSC on the simulated data set. As mentioned above,
Algorithm-FSC does not take into account the uncertain information. Therefore, to
make sure p(x) + v(x) = 1 for any x in the simulated data set, we should modify
the data set by adding 7 (x) to either v(x) or u(x). We produce the two modified data
sets and then exploit Algorithm-FSC on them. The results can be found in Table 2.5
(Xu et al. 2008).

As can be seen in Table?2.5, the clustering results of Algorithm-FSC on the two
modified data sets are poor, since it cannot identify all the three classes precisely.
This further justifies the importance of the uncertain information in IFSs.

In summary, by comparing the performance of Algorithm-IFSC with that of
Algorithm-FSC on the simulated data set, we know that (1) Algorithm-IFSC is capa-
ble to cluster large scale IFSs; and (2) the uncertain information captured by IFSs is
crucial for the success of some clustering tasks.

2.3 Intuitionistic Fuzzy Hierarchical Clustering Algorithms

Xu (2009) introduced an intuitionistic fuzzy hierarchical algorithm for clustering
IFSs, which is based on the traditional hierarchical clustering procedure, the intuition-
istic fuzzy aggregation operator, and the basic distance measures between IFSs. Then,
the algorithm was extended for clustering IVIFSs. The algorithm and its extended
form were applied to the classifications of building materials and enterprises respec-
tively. In this section, we shall give a detailed introduction to the intuitionistic fuzzy
hierarchical algorithms.
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We first introduce some basic operations and distance measures for IFSs and
IVIFSs:

Let X = {x1, x2, ..., x,} be a discrete universe of discourse, A; = {{x;, oy (x),
va; (xi))lxi € X} G =1,2,...,m) acollection of m IFSs. Then based on the opera-
tions of IFSs, Xu (2009) defined the average of m IFSs A; (j = 1,2, ..., m) as:

1
JALA, - Ap) = — (A1 @ A2 S - B An) (2.103)

which can be further transformed into the following:

m m
Fr Az A = i1 = [T = @, [T o Gymin e x
j=1 j=1
(2.104)
Xu (2009) defined the weighted Hamming distance, the normalized Hamming
distance, the weighted Euclidean distance, and the normalized Euclidean distance
for measuring IVIFSs:

Let Aj = {{xi, ,&Aj(x,-), ﬁAj(x,-)Hxi € X }(j = 1,2) be two IVIFSs in X, where
iz, () = [y (). pf ()] C [0, 1] and 93 (v) = [v; (). vy ()] C [0, 1]
J J J J

(j =1,2). Then

(1) The weighted Hamming distance:
dyri (A1, A2)

1 n
= 3 2o willig () = g el + e () = pf )l + vy () = vy ()l
i=1

+ v ) = v @l + I () = )l + o ) — 7 ()l (2.105)

Especially, if w = (1/n, 1/n, ..., 1/n)T, then Eq.(2.105) reduces to the normalized
Hamming distance:

dyr (A1, Az)
1 < - - + + - -
=1 Z (WAI (x;) — MAQ(Xi)l + |MA1 (x;) — MAZ(Xi)l + |VA1(Xi) - VAz(xi)|

i=1
+ IV 00 = v )l + g () = ()l + e () — 7 (al) - (2.106)
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(2) The weighted Euclidean distance:
dye(A1, A2)
= (i Z wil(ug @) = g () + (uf () = ud ()* + 07 (o) = vy ()’

i=1

1
2

2 — — 2 2
+ 07 () = vy ()" + (g () =y () + (] () — 7 (x0)) )) (2.107)

Especially, if w = (1/n, 1/n, ..., 1/n)T, then Eq. (2.107) reduces to the normalized
Euclidean distance:

dyg(A, As)

1l <, _ _ _ _
= (4,1 i;«u;h (i) = ug @) + (ud (o) = wf () + 07 @) = v ()
1
2

2 - 2 2
+ (Vj{l (xi) — ng (i)™ + (3 (i) — 73 ()" + (ﬂ;] (x;) — ﬂg_z(xi)) )) (2.108)

Moreover, let A; = {(ni. g, (). 93, ()l € X}, where fiz (x) = 17 (%),
"y (x,)] C [0, 1] and ¥ Vi, x) = [v (x,) v+ xp]cl0,11(G=1,2,...,m). Then,

based on the operations of IVIFSs, Xu (2009) defined the average of a collection of
mIVIFSsA G=1,2,...,m)as:

~ o~ ~ 1 - ~
f(Al,Azs--.,Am)zZ(AléBAzEB-”GBAm) (2.109)
which can be further transformed into the following:

fA1, Ay, ... Ay)

=1 (x, I—H(l—u ()7 I—H(l—u ) |

j=1 j=1

H(v ()7 H(v ) )i € X (2.110)

Jj=1 ! j=1

The traditional hierarchical clustering algorithm (Anderberg 1972) is generally
used to cluster numerical information. However, in many fields including medical
informatics, information retrieval and bio-informatics, where the data information
sometimes may be imprecise or uncertain, and is suitable to be expressed in IFSs or
IVIFSs, the traditional hierarchical clustering algorithm fails in dealing with these



2.3 Intuitionistic Fuzzy Hierarchical Clustering Algorithms 195

situations. Based on the distance measures (2.105) and (2.106), and the intuitionistic
fuzzy aggregation operator (2.103), Xu (2009) extended the traditional hierarchical
clustering algorithm to the IFS theory:

Algorithm 2.4

Given a collection of m IFSs A; (j = 1,2,...,m), in the first stage each of
the m IFSs A; (G = 1,2,...,m) is considered as a unique cluster. The IFSs A;
G = 1,2,...,m) are then compared among themselves by using the weighted
Hamming distance:

dywr (A1, A2)

1 n
=5 Zwi(IMAi(xi) = A, () |+ [va, (i) — va; ()| + |4, () — 4, (%))
i=1

(2.111)
or the weighted Euclidean distance:

dye(A1, A2)

n 1/2

1

= (2 D wil(pa, () = pa; ) A+ 4, (x0) = va, () + (4, () — 7, (x,->>2>)
i=1

(2.112)

The two clusters with smaller distance are jointed. The procedure is then repeated
time after time until the desirable number of clusters is achieved. Only two clusters
can be jointed in each stage and they cannot be separated after they are jointed. In
each stage the center of each cluster is recalculated by using the average (derived
from Eq. (2.103)) of the IFSs assigned to the cluster, and the distance between two
clusters is defined as the distance between the centers of each clusters.

If the collected data information is expressed as IVIFSs, then based on the distance
measures (2.105) and (2.107), and the interval-valued intuitionistic fuzzy aggregation
operator (2.110), Xu (2009) gave an interval-valued intuitionistic fuzzy hierarchical
algorithm for clustering IVIFSs:

Algorithm 2.5

Given a collection of m IVIFSs Aj G = 1,2,...,m), in the first stage each of
the m IVIFSs ;\j G = 1,2,...,m) is considered as a unique cluster. The IVIFSs
;\j(j = 1,2,...,m) are then compared among themselves by using the weighted
Hamming distance (2.105) or the weighted Euclidean distance (2.107). The two
clusters with smaller distance are jointed. The procedure is then repeated time after
time until the desirable number of clusters is achieved. Only two clusters can be
jointed in each stage and they cannot be separated after they are jointed. In each
stage the center of each cluster is recalculated by using the average (derived by
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the interval-valued intuitionistic fuzzy aggregation operator (2.110)) of the IVIFSs
assigned to the cluster, and the distance between two clusters is defined as the distance
between the centers of each clusters.

Example 2.3 (Xu 2009) Given five building materials: sealant, floor varnish, wall
paint, carpet, and polyvinyl chloride flooring, which are represented by the IFSs
A; G =1,2,3,4,5) in the feature space X = {x1,x2,...,x8}. w = (0.15, 0.10,
0.12,0.15,0.10,0.13,0.14, 0.1 )7 is the weight vector of x; (i = 1,2,...,8), and
the given data are listed as follows:

Ay ={(x1,0.20, 0.50), (x>, 0.10, 0.80), (x3, 0.50, 0.30), (x4, 0.90, 0.00),
(x5, 0.40, 0.35), (x6, 0.10, 0.90), (x7, 0.30, 0.50), (xg, 1.00, 0.00)}
As ={{x1,0.50, 0.40), (x2, 0.60, 0.15), (x3, 1.00, 0.00), (x4, 0.15, 0.65),
(x5, 0.00, 0.80), (x6, 0.70, 0.15), (x7, 0.50, 0.30), (xg, 0.65, 0.20)}
Az ={{x1,0.45,0.35), (x2, 0.60, 0.30), (x3, 0.90, 0.00), (x4, 0.10, 0.80),
(x5, 0.20, 0.70), (x6, 0.60, 0.20), (x7, 0.15, 0.80), (xg, 0.20, 0.65)}
Ay ={{x1, 1.00, 0.00), (x>, 1.00, 0.00), (x3, 0.85, 0.10), (x4, 0.75, 0.15),
(x5, 0.20, 0.80), (x6, 0.15, 0.85), (x7, 0.10, 0.70), (xg, 0.30, 0.70)}
As ={{x1,0.90, 0.00), (x2, 0.90, 0.10), (x3, 0.80, 0.10), (x4, 0.70, 0.20),
(x5, 0.50, 0.15), (x6, 0.30, 0.65), (x7, 0.15, 0.75), (xg, 0.40, 0.30)}

Now we utilize Algorithm 2.3 to classify the building materials A;
G=1,2,3,4,5):

Step 1 In the first stage, each of the IFSs A; (j = 1, 2, 3,4, 5) is considered as a
unique cluster:

{A1}, {A2}, {A3}, {A4}, {As)

Step 2 Compare each IFS A; with all the other four IFSs by using the weighted
Hamming distance (2.110):

dywy (A1, Ay) = dywy(Az, Ay) = 04915, dywu (A1, A3) = dyw (A3, A1) = 0.5115
dwra (A1, Ag) = dywg(Ag, A1) = 0.4310,d,,5q (A1, As) = d,g(As, Ap) = 0.4045
dyi (A2, A3) = dyy(Az, Ay) = 0.2170, d\ypy (Az, Ag) = dywig(Ag, Ap) = 0.4515
dywi (A2, As) = dypg(As, Ay) = 0.4545, dywy (A3, Ag) = dywi(Ag, Az) = 0.4480
dyp (A3, As) = d7(As, A3) = 0.3735, d, i (A4, As) = d,yg(As, Ag) = 0.1875

Since

dyp (A1, As) = min{d, g (A1, A2), dyg (A1, A3), dywr (A1, Ag), dyg (A1, As)} = 0.4045
dyp (A, A3) = min{dypg (A2, A1), dyg (A2, A3), dywp (A2, Ag), dyyp (A2, As)} = 0.2170
dywh (A4, As) = min{d, (A4, A1), dyyr (A4, A2), dyp (A4, A3), dyyr (Ag, As)} = 0.1875
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and considering only two clusters can be jointed in each stage, the IFSs A;
G = 1,2,3,4,5) can be clustered into the following three clusters at the second
stage:

{A1}, {A2, A3}, {Ag, As)

Step 3 Calculate the center of each cluster by using Eq. (2.103):

c{A1} = A
c{A2, A3} = f(A2, A3)
— {(x1,0.48, 0.37), (x2, 0.60, 0.21), (x3, 1.00, 0.00), (x4, 0.13, 0.72),
(xs5,0.11, 0.75), (xg, 0.65, 0.17), (x7,0.35, 0.49), (xg, 0.47, 0.36)}
c{Aq, As} = f (A4, As)
— {(x1, 1.00, 0.00), (x2, 1.00, 0.00), (x3, 0.83, 0.10), (x4, 0.73, 0.17),
(xs5,0.37, 0.35), (xs, 0.23, 0.74), (x7,0.13, 0.72), (xs, 0.35, 0.46)}

and then compare each cluster with all the other two clusters by using the weighted
Hamming distance (2.111):

dwr (c{Ar}, c{A2, A3}) = dwr (c{A2, A3}, c{A1}) = 0.4921
dyr (clAr}, c{A4, As}) = dywr (c{A4, As}, c{A1}) = 0.4007
dwr (c{A2, A3}, c{A4, As}) = dywr (c{As, As}, c{A2, A3}) = 0.3879

Hence, the IFSs A; (j = 1,2, 3,4, 5) can be clustered into the following two
clusters at the third stage:
{A1}, {A2, A3, A4, As}

Finally, the above two clusters can be further clustered into a unique cluster:
{A1, A2, A3, A4, As}

All the above processes can be shown as in Fig.2.1 (Xu 2009).
In the process of clustering, the number of clusters can be determined according
to practical applications.

Example 2.4 (Xu 2009) Given four enterprises, represented by the IVIFSs ;\j
G = 1,2,3,4) in the attribute set X = {x1,x2,...,x6}, where (1) x1: The
ability of sale; (2) xp: The ability of management; (3) x3: The ability of pro-
duction; (4) x4: The ability of technology; (5) x5: The ability of financing; and
(6) x¢: The ability of risk bearing (the weight vector of x; (i = 1,2,...,0) is
w = (0.25,0.20, 0.15,0.10, 0.15, 0.15)7. The given data are listed as follows:
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Fig. 2.1 Classification of the building materials A; (j = 1,2, 3,4, 5)

{{x1,[0.70, 0.75], [0.10, 0.15

x3, [0.15, 0.20], [0.60, 0.65]), (

x5, [0.10, 0.15], [0.50, 0.60]), {(xs, [0.70, 0.75], [0.10, 0.15])}
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1
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4=
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{
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, (x4, [0.50, 0.55], [0.30, 0.35]),

,[0.70, 0.90], [0.00, 0.10]),

x3,[0.10, 0.20], [0.70, 0.801), {x4, [0.15, 0.20], [0.70, 0.75]),
{x6, [0.60, 0.70], [0.20, 0.30])}
{

{(x1, [0.60, 0.65], [0.30, 0.35]), {x2, [0.45, 0.50], [0.30, 0.40]),

]
x3,[0.20, 0.25], [0.65, 0.70]
x5, [0.00, 0.10], [0.75, 0.80]),

k]

{ )
{ )
{ )
{ )
{ )
{ )
{{x1,[0.20, 0.30], [0.40, 0.45]), (x2, [0.80, 0.90], [0.00, 0.10]),
{ )
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{ )
{ )
{ )

{
{

)
)
x4, [0.20, 0.30], [0.50, 0.60]),
x6, [0.50, 0.60], [0.20, 0.25])}

Here we can use Algorithm 2.4 to classify the enterprises Aj G=1,2,3,4):

Step 1 In the first stage, each of the IVIFSs Aj (G =1,2,3,4) is considered as a

unique cluster:

{A1}, (A2}, {43}, {Ag}

Step 2 Compare each IVIFS A; with all the other three IVIFSs by using the
weighted Hamming distance (2.111):

dwir (A1, A2) = dyp (A, A}) = 0.4600, dyi (A1, Az) = dyr (Az, A)) = 0.4012

dwr (A1, Ag) =

dyr(Ag, Ay) = 0.2525, dyi (Az, A3) = dyr (A3, Ay) = 0.4237
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dyti (A2, As) = dyri (A4, A2) = 0.4237, dypy (A3, Ag) = dynr (As, A3) = 0.2288

then the IVIFSs Aj (G =1,2,3,4) can be clustered into the following three clusters
at the second stage:

A1}, {A2}, (A3 A4}
Step 3 Calculate the center of each cluster by using Eq. (2.109):

clA1}y = A1, oA} =4,

c{A3, Ag} = f (A3, Ag)
= {{x1, [0.43, 0.51], [0.35, 0.40]), {(x», [0.67, 0.78], [0.00, 0.20]),
(x3,[0.15, 0.23], [0.67, 0.75]), (x4, [0.18, 0.25], [0.59, 0.67]),
(xs, [0.00, 0.10], [0.77, 0.851]), (x5, [0.55, 0.65], [0.20, 0.27])}

and then compare each cluster with all the other two clusters by using the weighted
Hamming distance (2.111):

dywrr (c{A1}, cfAz)) = dym(c{Aa)}, c{A1}) = 0.4600
dywri (cfA1}, clAs, Ag)) = dywn(clAs, As}, cfAr}) = 0.3211
dywri (c{Az}, clAs, Ag)) = dyi(c{As, As}, c[A2)) = 0.3871

As a result, the IVIFSs ;\j (G = 1,2,3,4) can be clustered into the following two
clusters at the third stage:

{A2}, (A1, A3, Ag)
In the final stage, the above clusters can be further clustered into a unique cluster:
{A, A, A3, Ag)

All the above processes can be shown as in Fig. 2.2 (Xu 20009).

2.4 Intuitionistic Fuzzy Orthogonal Clustering Algorithm

We first introduce some basic concepts:

Definition 2.16 (Bustince 2000) Let X and Y be two non-empty sets. Then

R = {{(x,y), ur(x,y), ve(x, y))lx € X,y € Y} (2.113)

is called an intuitionistic fuzzy relation, where
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Fig. 2.2 Classification of the enterprises Aj G§=1,2,3,4)

ur: X xY = [0,1],vg : X x Y — [0, 1] (2.114)

and
0 < urx,y)+vr(x,y) <1,forany (x,y) e X x Y (2.115)
Definition 2.17 (Bustince 2000) Let R be an intuitionistic fuzzy relation. If

(1) (Reflexivity). ug(x, x) = 1, vg(x, x) = 0, for any x € X.

(2) (Symmetry). ur(x,y) = ur(y, x), ve(x, y) = vg(y, x), forany (x, y) € X x Y,
then R is called an intuitionistic fuzzy similarity relation.

Definition 2.18 (Xu et al. 2011) Let o = (a1, a2, ..., ®,) be a vector. If all o; =
(Ma;, va;) (@ =1,2,...,n) are IFVs, then we call @ an intuitionistic fuzzy vector,
and denote o! as the transpose of o, where a7 is a n-dimensional column vector.

Definition 2.19 (Xu et al. 2011) Let «, 8 € Xix,, Where X1, denotes the set of
intuitionistic fuzzy vectors. Then

o - B = (max{min{sie,. j1p,}}. minfmax{va,. vg,}})
n n
= (V (o App)s A O VVg)) (2.116)
is called the inner product of @ and g, where v and A denote the max and min
operations respectively.

Definition 2.20 (Xu et al. 2011) Let &, 8 € Xixp, if @ - B = (0, 1) or (0, 0). Then
we call that « is orthogonal to §.
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Definition 2.21 (Xu et al. 2011) Let «, B € X1x,,. Then

a o f = (min{max{ue;, ng 1}, max{min{vy,, vg }})

n n
= (ii\l(ﬂai VLB il/l(v‘”" AVE)) (2.117)

is called the outer product of & and 8.

Theorem 2.11 (Xuetal. 2011) Let «, 8 € X1 x5. Then
(@-B) =a“op (@xop) =a g (2.118)

where ¢ = (af, a5, ..., a5 and B¢ = (Bf,B5, ..., B, af = (Va;, le;) and
ﬂlc = (vﬁi’ /,Lﬂ,.), = 1, 2, col,n.

Proof By Definitions 2.19 and 2.21, we have

@ B) = (A o, Vg, Y (o, A pip)) = a0 B° (2.119)

@0 ) = (¥ Ou Avg). A (o V 1)) = o - B (2.120)

Similarly, we can easily prove the following properties:

Theorem 2.12 (Xuetal. 2011) Let o, 8 € X{xp. Then

a-f=B-a, aof=PBou« (2.121)

Theorem 2.13 (Xuetal. 2011) Let o, B, ¥ € Xixn. Then

a-(B-y)=(-B)-y, ao(Boy)=(xopf)oy (2.122)
Theorem 2.14 (Xuetal.2011) Leto, 8 € Xix,. Thena - f and o o B are also [FVs.

Definition 2.22 (Xu et al. 2011) Let A and B be two IFSs on X. Then
A+ B = {x, {y(ua(0) A pp(x), Aa(X) V vp(x)), x € X} (2.123)
AoB = {x, (Ara@) Vv pp(x)), Y (valx) A vp(x))), x € X} (2.124)
are called the inner and outer products of A and B respectively.

Definition 2.23 (Xu et al. 2011) Let A and B be two IFSs on X, R(A, B) is a binary
relation on X x X. If
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(1,0),A =B,

(A-B)N(AoB),A # B, (2.125)

R(A,B) = [

then R(A, B) is called the closeness degree of A and B.
By Eq.(2.125), we have

Theorem 2.15 (Xu et al. 2011) The closeness degree R(A, B) of A and B is an
intuitionistic fuzzy similarity relation.

Proof (1) We first prove that R(A, B) is an IFV, since A and B are two IFSs on X,
we have

(a) IfA =B, then R(A, B) = (1, 0);
(b) IfA # B, then

0 < patx),valx) =1, 0 < palx) +valx) <1 (2.126)
0 < pupx),vp(x) <1,0 < uplx) +vpx) <1 (2.127)
(AoB) = {;(/(VA(X) A vp(x)), g(\(l/«A(x) V g (x))} (2.128)

R(A,B) = (min{g(\(MA(X) v up(x)), ;(VA(X) Ave(x))},

min{A(a () Vv vp(x)), Alra ) vV up(x)} (2.129)

Thus, R(A, B) is an IFV.

(2) Since R(A,A) = (1, 0), then R is reflexive.

(3) Since R(A,B) =(A-B)A(AoB) =(B-A)AN(BoA)X =R(B,A), then R is
symmetrical. Thus, R(A, B) is an intuitionistic fuzzy similarity relation.

Definition 2.24 (Xuetal.2011) LetR = (7;j),x, be an intuitionistic fuzzy similarity
matrix, where rij = (,bL,'j, v,-j), i,j = 1,2,...,n. Then (A,S)R = (()L,g)}’,‘j)an =
(A Mij> 8VijJnxn 1s called a (A, §)-cutting matrix of R, where (A, §) is the confidence
leve, 0 <XA,6<1,0<A+d5<1,and

(150)7 lf‘u’l] Z )"a Vl'j S 89

o tij = Glij» svij) = [(0’1)’ if 1y < hovy > 6. (2.130)

Theorem 2.16 (Xu et al. 2011) R = (rjj)uxx is an intuitionistic fuzzy similarity
matrix if and only if its (A, §)-cutting matrix (5 5 R = ((5.,5)%ij)nxn 1S an intuitionistic
fuzzy similarity matrix.

Proof (Necessity) If R = (rj)nxn 1 an intuitionistic fuzzy similarity matrix, then

(1) (Reflexivity) Since r; = (1,0),0 < A, <1, 0 < A +§ < 1, then
w.ori = (1,0).
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(2) (Symmetry) Since r;; = rj;, i.e., ujj = pji, vij = Vvji, from Eq.(2.130), it
follows that O = n.8)ji-

(Sufficiency) If (5, 5)R = ((1,5)ij)nxn 1S an intuitionistic fuzzy similarity matrix,
then

(1) (Reflexivity) Since ;5 = (1,0),forany 0 < 1,8 <1, 0 <A +46 <1,
Wii = A, vij <8, wehave u;; =1, v =0,1.e., r; =(1,0).

(2) (Symmetry) If there exists r;j # rj;, i.e., [Ljj 7 ji OF Vj 7# Vji, in this case,
without loss of generality, suppose that p;; < wj;, and let A = (u;; + w;)/2. Then
wij < A < i, i = 0, uji = 1, and thus, 57 # (.,5)7ji» Which contradicts the
condition that ¢ 5)7;; = (x,s)%ji> for any i, j. Therefore, R = (rjj)nx, i symmetrical.

In what follows, we introduce the orthogonal principle of intuitionistic fuzzy
cluster analysis:

LetY = {y1,y2, ..., ya} be a collection of n objects, and G = {G1, G2, ..., Gy}
the set of attributes related to the considered objects. Assume that the characteristics
of the objects y;(i = 1,2, ..., n) with respect to the attributes G; (j = 1,2, ...,m)
are represented by the IFSs, shown as follows:

yi = {{Gj. 1y, (G)), v, (GG € G}, i=1,2,....n; j=1,2,....m (2.131)

where w,,(G;) denotes the degree that the object y; should satisfy the attribute Gy,
vy;(G)) indicates the degree that the object y; should not satisfy the attribute G;,
7y,(Gj) = 1 — 1y;(Gj) — vy,(G;j) indicates the indeterminacy degree of the object
yi to the attribute G;. By Egs.(2.125) and (2.131), we construct the intuitionistic
fuzzy similarity matrix R = (rjj)nxn, Where rj; is an IFV, and r; = (u;, vij) =
R, y),i = 1,2,...,n;j = 1,2,...,m. After that, the (A, §)-cutting matrix
,85)R = ((n,8)Tij)nxn can be determined under the confidence level (4, §). If we

denote (1,8) 17 = ((.,5)"1j» (1, 8)72s - - - » (A,(g)r,,j)T as the vector of the jth column of

0.0 R, then g s)R = ((,8) 715 (1,8) 725 - - 5 (1.,8) Tn)-
The orthogonal principle of intuitionistic fuzzy cluster analysis is to determine the

N

orthogonality of the column vectors of (A, §)-cutting matrix (, 5)R. Let (;\,5)?;{, 0.8 Tt

N

and (5 1; (k,t,j=1,2,...,n) denote the kth, rth and jth column vectors of (; s R
respectively. Then the orthogonal principles for clustering intuitionistic fuzzy infor-
mation can be classified into the following three categories:

(1) (Direct clustering principle) If

- - 1,1);
ATkl = [ El 0; (2.132)

then (5 sy 7x and (5, 5 1; are non-orthogonal. In this case, y; and y; are clustered into
one class.
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) (Indlrect clustering principle) If (;,, 5) rk and (5 s) r, are non-orthogonal, (; s) r,

and () j 7 are non- orthogonal, then (; 4 rk and (. 5) j 7 are non- orthogonal. In this
case, Yk and y; are clustered into one class.
(3) (Heterogeneous principle) If

- - 0, 1);
Tk o)1 = [ EO 0; (2.133)

then (; g rk is orthogonal to (j, ,;) rj. In this case, y; and y; do not belong to one class.

Theorem 2.17 (Xu et al. 2011) (Dynamic clustering theorem) If the objects y; and
y; are clustered into one class by the orthogonal principle under the confidence level
(A1,01), then when A, < A1,82 > &1, yx and y; are still clustered into one class
under the confidence level (A, 67).

Proof Since the objects y; and y; are clustered into one class by the orthogonal
principle under the confidence level (A1, 61), then two column vectors (., 51)7k and
O b of (A1, 61)- cuttmg matrix ()R are non-orthogonal, i.e., the inner product

of 1,51 rk and (, s,) #; is equal to (1, 0) or (1, 1). Suppose that in the ith line, there
exist wjx > A1 and pwj; > Aqp. Then  uyx = 1and y, u; = 1, and if A < A1, 8, >
81, ik > Az and p; > Ao, then ),y =1 and i =1 under the confidence level

(A2, 82). Thus, two column vectors (,s,) rk and (y,, 52) i are also non-orthogonal,
i.e., yr and y; are clustered into one class.

Based on the orthogonal principle, Xu et al. (2011) presented an orthogonal algo-
rithm for clustering intuitionistic fuzzy information:

Algorithm 2.6

Step 1 Let Y = {y;,y2,...,y} and G = {G1, G2, ..., Gy} be defined as in
Sect. 2.1, and assume that the characteristics of the objects y; (i = 1, 2, ..., n) with
respect to the attributes G;(j = 1, 2, ..., m) are represented as in Eq. (2.131).

Step 2 Construct the intuitionistic fuzzy similarity matrix R = (7j),x» by using
Eqgs.(2.125) and (2.131), where r; is an IFV, and r;; = (u;j, vij) = RQi, ),
i=12,...,mj=1,2,...,m

Step 3 Determine the (A, §)-cutting matrix (5 R = ((1,5)7ij)nxn Of R = (rij)nxn
by using Eq. (2.130) under the confidence level (A, §).

Step 4 Calculate the inner products of the column vectors of the (A, §)-cutting
matrix ()R, and then check whether each pair of the column vectors are orthogonal
or not.

Step 5 Cluster the objects y;(i = 1,2, ..., n) by the orthogonal principles.

Example 2.5 (Xu et al. 2011) In the supply chain management, supplier strategies
are to formulate the different levels of strategies considering the relationships among
the suppliers. From the procurement point of view, the supplier classification is to
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Table 2.6 The characteristics of the suppliers
G G, G3 Gy Gs G

V1 (0.61,0.32) (0.24,0.53) (0.14,0.76) (0.77,0.18) (0.36,0.62) (0.54,0.42)
V2 (0.18,0.65) (0.81,0.17) (0.12,0.84) (0.62,0.24) (0.21,0.68) (0.43,0.37)
3 (0.62,0.11) (0.26,0.62) (0.33,0.25) (0.91,0.08) (0.22,0.75) (0.12,0.86)
V4 (0.45,0.35) (0.62,0.24) (0.74,0.15) (0.41,0.52) (0.18,0.81) (0.32,0.65)
Vs (0.13,0.76) (0.26,0.75) (0.24,0.68) (0.81,0.12) (0.74,0.13) (0.55,0.36)
V6 (0.32,0.45) (0.45,0.25) (0.73,0.24) (0.62,0.36) (0.12,0.82) (0.22,0.75)
7 (0.55,0.35) (0.24,0.75) (0.03,0.84) (0.39,0.61) (0.49,0.28) (0.85,0.14)
8 (0.65,0.25) (0.38,0.45) (0.92,0.06) (0.24,0.57) (0.82,0.17) (0.04,0.92)

divide the suppliers into several groups in the supply markets, which is based on a
variety of different factors. It aims at implementing the different supplier strategies
according to the different types of suppliers.

A purchasing company wants to classify its eight suppliers y; (i = 1,2, ..., 8),
The six factors which are considered here in assessing the suppliers are: (1) Gi:
Prices; (2) G: Product quality; (3) G3: The degree of market impacting; (4) G4:
After-sales service; (5) Gs: Current assets efficiency; and (6) Gg: Deliveries. Assume
that the characteristics of the suppliers y; (i = 1, 2, ..., 8) with respect to the factors
G; (j =1,2,...,6) are represented by the IFSs, shown as in Table2.6 (Xu et al.
2011).

In what follows, we utilize the intuitionistic fuzzy orthogonal clustering algorithm
to classify the eight suppliers, which involves the following steps (Xu et al. 2011):

Step 1 By Eqgs. (2.125) and (2.131), we first calculate y; - y» = (0.62,0.24), (y; o
)¢ = (0.75,0.14), R(y1, y2) = (0.62,0.24), and then calculate the others in a
similar way. Consequently, we get the intuitionistic fuzzy similarity matrix:

(1,0)  (0.62,0.24) (0.62,0.26) (0.45,0.36) (0.68,0.24) (0.62,0.36) (0.55,0.35) (0.45,0.38)
0.62,024)  (1,0)  (0.62,0.24) (0.62,0.24) (0.62,0.24) (0.62,0.25) (0.43,0.37) (0.37,0.45)
(0.62,0.26) (0.62,0.24)  (1,0)  (0.45,0.25) (0.62,0.26) (0.62,0.25) (0.55,0.35) (0.62,0.25)
(0.45,0.36) (0.62,0.24) (0.45,0.25)  (1,0)  (0.36,0.52) (0.73,0.24) (0.45,0.41) (0.65,0.32)
(0.68,0.24) (0.62,0.24) (0.62,0.26) (0.36,0.52)  (1,0)  (0.45,0.36) (0.55,0.28) (0.45,0.38)
(0.62,0.36) (0.62,0.25) (0.62,0.25) (0.73,0.24) (0.45,0.36)  (1,0)  (0.39,0.45) (0.73,0.24)
(0.55,0.35) (0.43,0.37) (0.55,0.35) (0.45,0.41) (0.55,0.28) (0.39,0.45)  (1,0)  (0.55,0.38)
(0.45,0.38) (0.37,0.45) (0.62,0.25) (0.65,0.32) (0.45,0.38) (0.73,0.24) (0.55,0.38)  (1,0)

Step 2 Take the different values of the confidence level (X, §) from the elements
of R, and determine the (A, §)-cutting matrix . 5yR = ((5,5)7;))8x8 of R by using
Eq. (2.130) under the different values of the confidence level (%, §).

Then we classify the suppliers y; (i = 1,2, ..., 8) by the orthogonal principles.
Concretely, we have
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(D) If (A, 8) = (1, 0), then each pair of the column vectors of the (1, 0)-cutting
matrix (1,0)R are orthogonal. Thus the suppliers y; (i = 1,2, ..., 8) are clustered

into eight classes: {y1}, {y2}, {va}. {va}, {ys}, {ye}, {y7}, {ys}
2) If (1, 8) = (0.73, 0.24), then we get the (0.73, 0.24)-cutting matrix:

(1,00 (0,0) (0,1) (0,1) (0,0) (0,1) (0,1) (0,1)
0,0) (1,0) (0,0) (0,0) (0,0) (0,1) (0,1) (0,1)
0,1) (0,0) (1,00 (0,1) (0,1) (0,1) (0,1) (0,1)
r_ | @D 00 ©D (1.0 O (10 ©.1) O
(0.73,0.24) 0,0) (0,0) (0,1) (0,1) (1,0) (0,1) (0,1) (0,1)
0,1) (0,1) (0,1) (1,0) (0,1) (1,0) (0,1) (1,0)
0,1) (0,1) (0,1) (0,1) (0,1) (0,1) (1,0) (0,1)
0,1) (0,1) (0,1) (©0,1) (0,1) (1.0) (0,1) (1,0)

Calculating the inner products of all pairs of the column vectors of (0.73,0. 24)R

we know that (0.73,0.24) rla (0.73,0.24) ’"2 (0.73,0.24) r3 (0.73,0.24) 7'5 and (0.73, 024) r7
are orthogonal to each other column of (0.65)0.32)R (0.73,0.24) V4, (0.73,0.24) I’6 and

N

(0.73,0.24) ' are non-orthogonal. Then the suppliers y; (i = 1,2,..., 8) are clus-

tered into six classes: {y1}, {y2}, {y3}, {ys}, {y7}, {va, y6, ys}.
(3) If (1, 8) = (0.68, 0.24), then we get the (0.68, 0.24)-cutting matrix:

(1,00 (0,0) (0,1) (0,1) (1,0) (0,1) (0,1) (0,1)
0,0) (1,0) (0,0) (0,0) (0,0) (0,1) (0,1) (0,1)
0,1) (0,0) (1,00 (0,1) (0,1) (0,1) (0,1) (0,1)
r_ | @D 0.0 ©D (10 O (1,0 (0.1 ©1
(0.68,0.24) (1,0) (0,0) (0,1) (0,1) (1,0) (0,1) (0,1) (0,1)
0,1) (0,00 (0,1) (1,0) (0,1) (1,0) (0,1) (1.0)
0,1) (0,1) (0,1) (0,1) (0,1) (0,1) (1,0) (0,1)
0,1) (0,1) (0,1) (0,1) (0,1) (1,0) (0,1) (1,0)

Calculating the inner products of all pairs of the column vectors of (0.68,0. 24)R
we can see that (0.68,0.24) 7”1 is non-orthogonal to bOth (0.68,0.24) 7‘3 and (0.68,0.24) 7‘5,

(0.68,0.24) r4 is non- OrthOgOHal to both (0.68,0.24) 76 and (0.68,0.24) rg; (0.68,0.24) V3,

(0.68,0.24) r2 and (0.68,0.24) r7 are orthogonal to each other column of (g 63,0.24)R. Then
the suppliers y; (i =1, 2, ..., 8) are clustered into four classes:

1, ysh, {2}, (sds {vrds s, e, vs)

For the case where (A, ) = (0.65, 0.32), we can also get the above clustering
result.
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@) If (A, 8) = (0.62, 0.36), then we get the (0.62, 0.36)-cutting matrix:

(1,0) (1,0) (1,1) (0,1) (1,0) (1,1) (0,1) (0,1)
(1,0) (1,0) (1,0) (1,0) (1,0) (1,1) (0,1) (0,1)
(1,0) (1,0) (1,0) (0,1) (1,1) (1,1) (0,1) (1,1)
r— | @D 1.0) (0.1 (1,0) 0.1) (1,0) (0.1) (1,1)
0620307 =1 (1,0) (1,0) (1,1) (0,1) (1,0) (0,1) (0,1) (0,1)
(1,1) (1,1) (1,1) (1,0) (0,1) (1,0) (0,1) (1,0)
(0,1) (0,1) (0,0) (0,1) (0,1) (0,1) (1,0) (0,1)
0,1) (0,1) (1,1) (1,0) (0,1) (1,0) (0,1) (1,0)

N N N

Since (0:62,0.36) 71 is non- OrthOgOIlal to (0.62,0. 36) 22 (0.62.036) 3+ (0.62.0.36) T4»

(0.62,0.36) 75 (0.62,0.36) V6 (0.62,0.36) "8, and (0.62,0.36) 7 1 s orthogonal to (9.62,0.36) 7,
then the suppliers y; (i = 1,2, ..., 8) are clustered into two classes: {y1, y2, ¥3, 4,
¥s5. Y6, ¥}, {y7}.

For the cases where (1,5) = (0.62,0.26), (0.62, 0.24), we can get the same
clustering result as above.

S) If (A, 8) = (0.55, 0.38), then we get the (0.55, 0.38)-cutting matrix:

(1,0) (1,0) (1,0) (0,0) (1,0) (1,0) (1,0) (0,0)
(1,0) (1,0) (1,0) (1,0) (1,0) (1,0) (0,0) (0,1)
(1,0) (1,0) (1,0) (0,0) (1,0) (1,0) (1,0) (1,0)
2 | ©0)(1.0)(0.0) (1,0) 0.1) (1,0) (0.1) (1,0)
0350387 =1 (1,0) (1,0) (1,0) (0,1) (1,0) (0,0) (1,0) (0,0)
(1,0) (1,0) (1,0) (1,0) (0,0) (1,0) (0,1) (1,0)
(1,0) (0,0) (1,0) (0,1) (1,0) (0,1) (1,0) (1,0)
(0,0) (0,1) (1,0) (1,0) (0,0) (1,0) (1,0) (1,0)

Since the inner products of all pairs of the column vectors of (9 55,0.38)R are (1, 0),
i.e., all pairs of the column vectors of (9.55,0.38)R are non-orthogonal, the suppliers
yi i=1,2,...,8) are clustered into one class: {y1, y2, ¥3, Y4, ¥5, Y6, ¥7, Y8}

In the other cases where (A, §)=(0.55, 0.35), (0.55,0.28), (0.45,0.41), (0.45,0.38),
(0.45,0.36), (0.43,0.37), (0.39,0.45), (0.37,0.45) or (0.36,0.52) or (0.36,0.52), all the
suppliers y; (i = 1,2, ..., 8) are also clustered into one class.

If we use the transitive closure clustering algorithm (Algorithm 2.1) to classify
the suppliers, then we first derive the intuitionistic fuzzy equivalence matrix R* after
the finite times of compositions of R:

(1,0) (0.62,0.24) (0.62,0.24) (0.62,0.24) (0.68,0.24) (0.62,0.24) (0.55,0.28) (0.62,0.24)
(1,0)  (0.62,0,24) (0.62,0.24) (0.62,0.24) (0.62,0.24) (0.55,0.28) (0.62,0.24)
(1,0)  (0.62,0.24) (0.62,0.24) (0.62,0.24) (0.55,0.28) (0.62,0.24)
(1,0)  (0.62,0.24) (0.73,0.24) (0.55,0.28) (0.73,0.24)
(1,00 (0.62,0.24) (0.55,0.28) (0.62,0.24)
(1,0)  (0.55,0.28) (0.73,0.24)
(1,00 (0.55,0.28)
(1,0)
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and then take the different values of the confidence level A from the elements of R*,
by which we classify the suppliers y; (i = 1,2, ..., 8). Concretely, we have

(1) If 0.73 < A < 1, then the suppliers y;(i = 1,2,...,8) are clustered into
eight classes:

i}, 2}, (3}, sl s, (e) s (7} {ys)

(2) If 0.68 < A < 0.73, then the suppliers y; (i = 1,2, ..., 8) are clustered into
six classes:

i}, a2, st (st (7, s, e, vsd

3)If0.62 < A < 0.68, then the suppliers y;(i = 1, 2, ..., 8) are clustered into
four classes:

. ys), (2}, (v3d, ), (04, 6, y8)

(4) If 0.55 < A < 0.62, then the suppliers y;(i = 1,2, ..., 8) are clustered into
two classes:

V1,2, ¥3. ¥4, ¥5, Y6, ¥8} . {y7}

(5) If 0 < A < 0.55, then the suppliers y;(i = 1, 2, ..., 8) are of the same class:

V1, 2,3, ¥4, Y5, Y6, ¥7, ¥8}

From the above numerical analysis, we can see that the intuitionistic fuzzy orthog-
onal clustering algorithm and the transitive closure clustering algorithm derive the
same clustering results under the different confidence levels. Since the intuitionistic
fuzzy similarity matrix generally does not has the transitivity property, and thus, the
transitive closure clustering algorithm needs to derive the intuitionistic fuzzy equiva-
lence matrix after the finite times of compositions of the intuitionistic fuzzy similarity
matrix, and then get the A-cutting matrix under the confidence level A, by which the
considered objects are clustered. However, the composition process of the transitive
closure clustering algorithm is somewhat cumbersome, and is not easy to calculate;
while the intuitionistic fuzzy orthogonal clustering algorithm only needs to derive
the (X, 6)-cutting matrix of the intuitionistic fuzzy similarity matrix according to the
confidence level (A, §), and then directly clusters the considered objects by judging
the orthogonality of the column vectors of the cutting matrix. The intuitionistic fuzzy
orthogonal clustering algorithm does not need to take time to derive the intuitionistic
fuzzy equivalence matrix, and is very easy to be implemented on a computer, and
thus, it is more straightforward and convenient than the transitive closure clustering
algorithm in practical applications.
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2.5 Intuitionistic Fuzzy C-Means Clustering Algorithms

The algorithms presented previously are straightforward, but cannot provide the
information about membership degrees of the objects to each cluster. To overcome
this drawback, Xu and Wu (2010) developed an intuitionistic fuzzy C-means algo-
rithm to cluster IFSs, which is based on the well-known fuzzy C-means clustering
method (Bezdek 1981) and the basic distance measures between IFSs. Then, they
extended the algorithm for clustering IVIFSs.

Here, we first introduce the intuitionistic fuzzy C-means (IFCM) algorithm for
IFSs. We take the normalized Euclidean distance between the IFSs Z; and Z;:

dne(Z;, Z))

j=1

1 n
= J o > (nz7,(5) — 1z, ()% + (vz,(5) — vz, ()% + (z,(x) — 77,(x)))2
(2.134)

as the proximity function of the IFCM algorithm. Then the objective function of the
IFCM algorithm can be formulated as follows:

min J,, (U, V) = ZZM "d3p (A, Vi) (2.135)
j=1li=1

Subject to

;
Duj=1l1<j<p

i=1

u; >0,1<i<c¢,1<j<p

E u; >0,1<i=<c
j=1

where A = {A1,A2, ..., Ap} are p IFSs each with n elements, ¢ is the number of
clusters (1 < ¢ < p),and V = {V1, V5, ..., V.} are the prototypical IFSs, i.e., the
centroids, of the clusters. The parameter m is the fuzzy factor (m > 1), u;; is the
membership degree of the jth sample A; to the ith cluster, U = (ujj)cxp is a matrix
of ¢ x p.

To solve the optimization problem in Eq.(2.135), we employ the Lagrange mul-
tiplier method (Ito and Kunisch 2008). Let

14 c
L= ZZ“ e (Ap V) = D (D uy = 1) (2.136)

j=li=1 j=1 i=1
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where

drp (AL Y

NE(Ajs Vi)

1 n
= o 2 (a (0) = 1y 00))* + (v, () = vy, () o+ Gy () — 720, ()°)
=1

(2.137)
Furthermore, let
oL .
— =0,1<i<c1=<j=<p
oL
ag =TSP
J
we have |
uyj = . l<i<els<j<p (2.138)
dng (A}, Vi) N m=T
S (deivs)
Next we compute V, the prototypical IFSs. Let
oL oL oL 0.1 | <]<
= = =V, <1=<¢C, = n
Oy, (xp) vy, (xp)  dmy, ()
We get
5'?:1 i pa; (x1) .
Mvi(x,)zﬁ,lflfc,lflfn (2.139)
o U
/j ij
5’7=] MZ'IVA,' ()C[) .
w) = ———,—1<i<c¢l=<l<n (2.140)
N
/j ij
;=1 ulr";ln’Aj ()Cl) .
nVi(xl)zﬁ,lflfc,lflfn (2141)

j=14j

For simplicity, we define a weighted average operator for IFSs as follows: Let
w = (wi, wa,. ..,wp)T be a set of weights for the IFSs A; (G = 1,2,...,p),
respectively, withw; € [0,1],j =1,2,...,n, and Z;’:] w; = 1. Then the weighted
average operator f is defined as:

P P
FAwy =1 (a, D wina ), D wiva, ()| 1 <1 <n (2.142)
j=1 ji=1
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According to Egs. (2.139)—(2.142), if we let

w(’):{ e = e =t },1§i§c (2.143)
Zj:]”ij Zj:]”ij j=1HUij

then the prototypical IFSs V. = {V|, V,, ..., V,} of the IFCM algorithm can be
computed as:

Vi = (A, w?)

P P
= <xs, ZWJ(-O[LA/(XS), Z w;l)vAj(xS)> I<s<ng,l1<i<c (2.144)
j=1 j=1

Since Egs. (2.138) and (2.144) are computationally interdependent, we exploit an
iterative procedure similar to the fuzzy C-means to solve these equations. The steps
are as follows:

Algorithm 2.7 (IFCM algorithm)

Step 1 Initialize the seed V(0), let k = 0, and set ¢ > 0.
Step 2 Calculate U (k) = (u;;(k))cxp, Where

(1) If for all j, r, di (A}, V+(k)) > 0, then

1
u;j (k) = —,1<i<ec1<j<p (2.145)

. dng(A;,Vi(k)) \ m—1
> (S
(2) If there exist j and r such that dyg (A, V,(k)) = 0, then let u,;(k) =1
and u;j(k) = 0, for all i # r.
Step 3 Calculate V(k+ 1) = {Vi(k+ 1), Vo(k+ 1), ..., Vo(k+ 1)}, where

Vik+1) =fA,wPk+1),1<i<c (2.146)
where
; i1(k) up (k) uip (k) )
D41y =§ O Lt =iz
" (k)T 30wy (k) =1 uij(k) e
(2.147)

Step41f >¢_, w < ¢, then end the algorithm; otherwise, let k :=
k + 1, and return to Step 2.

For cases where the collected data are expressed as IVIFSs, Xu and Wu (2010)
extended Algorithm 2.7 to the interval-valued intuitionistic fuzzy C-means (IIFCM)
algorithm. We take the basic distance measure (2.134) as the proximity function of



212 2 Intuitionistic Fuzzy Clustering Algorithms

the IIFCM algorithm, then the objective function of the IIFCM algorithm can be
formulated as follows:

4 Cc
minJ,, (U, V) = D" ulldyp(Aj, V;) (2.148)
j=1li=1

Subject to

c
Duj=1,1<j<p

i=1

u;>0,1<i<c,1<j<p

p
Zuij>0,1§i§c
j=1

where Aj G =1,2,...,p) are p IVIFSs each with n elements, c is the number of
clusters (1 < ¢ < p), and \7[ (i=1,2,...,c) are the prototypical IVIFSs of the
clusters. The parameter m is the fuzzy factor (m > 1), u;; is the membership degree

of the jth sample Aj to the ith cluster, U = (u;j)cxp is a matrix of ¢ x p.
To solve the optimization problem in Eq. (2.148), we also employ the Lagrange
multiplier method. Let

P < p c
L=> > uldp A Vi) =D 5O uy— 1) (2.149)
j=li=1 j=1i=1
where

diE(Aj, Vi)

1 n
= 2w (((u/gj (k) = g, () o (e f (k) — e, () + (v () = v, ()
I=1

+ 07 ) = v G0) o+ (g () — g () o G o) — n;l_(xl))Z) (2.150)

Similar to Algorithm 2.7, we can establish the system of partial differential func-
tions of L as follows:
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oL . .
—=0,1<i=<c¢1<j<p
Buij
oL
—=0,1<j<
e =J=r
JdL oL oL
- N = =0,1<i<e¢1=<l=<n
g, () vy () O, ()
9L oL oL
o 3o gty — o lsiselsisn
[ Oug G BV () By ()
The solution for the above equation system is:
1
wj = . (2.151)

s dwe(Aj, V) "
= dWE(Ajs Vr)

p p
Vi=f@A,w") = <xk, Doz o), > wud ) |
J J

j=1 j=1

p p
@, — @, + .
Ele VAj(xl)’_E]Wj VAj(xl) > l1<l<nt,l1<i<c
j= j=

where

(i) _ Uil U2 Uip .
wt = , e, JI<i<e (2.153)
[ Zf:l Mij Zj?:l MU ZJP:l ul]

Because Eqgs.(2.152) and (2.153) are computationally interdependent, we also
exploit an iteration procedure as follows:

Algorithm 2.8 (IIFCM algorithm)

Step 1 Initialize the seed ‘7(0), letk =0, and set ¢ > 0.
Step 2 Calculate U (k) = (u;j(k))cxp, where

(1) If for all j, r, d\g (A;, V,(k)) > 0, then

1

u;i(k) = 1<i<ecl<j<p (2.154)

2

¢ due@;Vit) !
2 (dWs(Aj,Vr(k»)
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(2) If there exist j and r such that d,,g (Aj, Vr(k)) = 0, then let u,j(k) = 1 and
ujj(k) = 0fori #r.

Step 3 Calculate V(k + 1) = {\71 k+1), Valtk+1), ..., Velk + 1)}, where

Vik+1) =fAwOk+ 1) 1<i<c (2.155)
Dk +1) = uj1 (k) up (k) . ujp (k) i<
v : { jflull(k) ij_lul/(k) j,lu,,(k) =t=c
(2.156)

i (Vi) Vi(k+1)
Step 4 If >°¢_ M

k:=k+1,and return to Step 2.

< ¢, then end the algorithm; otherwise, let

Example 2.6 (Xu and Wu 2010) We conduct experiments on both the real-world
and simulated data sets (Xu et al. 2008) in order to demonstrate the effectiveness of
Algorithm 2.7 for IFSs.

Below we first introduce the experimental tool, the experimental data sets, and
the cluster validity measures, respectively:

(1) Experimental tool. In the experiments, we use Algorithm 2.7 implemented by
ourselves in C language. The parameters that can be set in Algorithm 2.7 are shown
in Table 2.7 (Xu and Wu 2010).

Note that if we let w(x) = O for any x € X, then Algorithm 2.7 reduces to the
traditional fuzzy C-means (FCM) algorithm. Therefore, we can use the [FCM tool
to compare the performance of both Algorithm 2.7 and the FCM algorithm.

(2) Experimental data sets. We use two kinds of data in our experiments. The car
data set contains the information of ten new cars to be classified in the Guangzhou
car market in Guangdong, China. We also use the simulated data set for the purpose
of comparison. All these data are shown as in Example 2.2 (Table 2.2).

(3) Cluster validity measure. One of the unavoidable problems for Algorithm 2.7 is
the setting of the parameter c, i.e., the number of the clusters. To meet this challenge,
here we use two relative measures for fuzzy cluster validity given by Nasibov and
Ulutagay (2007): Partition Coefficient (PC) and Classification Entropy (CE). The
descriptions of these two measures are shown in Table 2.8 (Xu and Wu 2010).

Now we utilize Algorithm 2.7 to cluster the ten new cars y; (i = 1,2, ..., 10),
which involves the following steps (Xu and Wu 2010):

Step 1 Let ¢ = 3 and ¢ = 0.005. Randomly select the initial centroid V (0) from
the data set, say for instance,
Y9
V(O0) = | yi0
8
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Table 2.7 IFCM parameters

Parameters Explanation

f The input file name

c The number of clusters, the default value is 3

m The fuzzy factor, the default value is 2

w The type of the sample weights, 0-equal (default), 1-user specified

s The type of the initial centroids, O-random (default), 1-user specified

i The maximal number of iterations until convergence, the default value is 100
t The threshold for stopping the iterations, the default value is 0.001

Table 2.8 Descriptions of two cluster validity criteria

Validity criteria Functional description Optimal cluster number
C 14
Partition coefficient Vpc = 217 > > uizj argmax.(Vpc, U, ¢)
i=1j=1
c P
Classification entropy Vce = —}) > > ujjlogu arg min.(Vcg, U, ¢)

i=1j=1
where p is the number of samples in the data set, and ¢ is the number of clusters

Step 2 Calculate the membership degrees and the centroids iteratively. First,
according to Eq. (2.154), we have

[0.401 0.317 0.281 ]
0.215 0.252 0.533
0.289 0.231 0.480
0.896 0.054 0.051
0.166 0.631 0.203
0.319 0.390 0.291
0.179 0.213 0.607
0.000 0.000 1.000
1.000 0.000 0.000

| 0.000 1.000 0.000 |

U0) =

Step 3 According to Eq. (2.155), update the centroids as follows:

(0.365,0.382) (0.838,0.084) (0.782,0.153)
V(1) = | (0.762,0.151) (0.677,0.136) (0.586,0.258)
(0.678,0.211)  (0.574,0.206) (0.666, 0.165)

(0.625,0.182) (0.207,0.700) (0.190, 0.737)
(0.488,0.203) (0.707,0.221) (0.509, 0.457)
(0.361,0.516) (0.369,0.561) (0.667, 0.130)
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Step 4 Check whether we should stop the iterations:

3
ZdwE (Vi(0), vi(1))/3 = 0.088 > 0.005

i=1

Since this value is not small enough, we continue the iterations as follows:
K=1:
[70.399 0.326 0.275]
0.138 0.169 0.693
0.202 0.176 0.622
0.919 0.042 0.039
0.128 0.724 0.148
0.309 0.410 0.280
0.101 0.127 0.772
0.071 0.164 0.766
0.899 0.054 0.048
| 0.057 0.840 0.102

U(l) =

(0.356,0.387) (0.841,0.086) (0.776,0.157)
V() = | (0.753,0.150) (0.661,0.172) (0.585,0.236)
(0.587,0.258) (0.530,0.187) (0.668, 0.179)

(0.647,0.160) (0.198,0.705) (0.181, 0.757)
(0.494,0.176) (0.710,0.225) (0.479, 0.490)
(0.321,0.553) (0.344,0.601) (0.630, 0.158)

3

Z dwe (Vi(1), Vi(2))

3 = 0.024 > 0.005

i=1

[0.388 0.335 0.277 |
0.086 0.105 0.809
0.140 0.127 0.733
0.932 0.035 0.034
0.104 0.785 0.111
0.298 0.422 0.280
0.064 0.082 0.854
0.110 0.245 0.645
0.894 0.056 0.050

| 0.074 0.813 0.113

UQ) =
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(0.759, 0.146) (0.661,0.184) (0.587,0.224)
(0.542,0.276) (0.513,0.176) (0.670,0.183)

(0.655,0.152) (0.193,0.709) (0.176, 0.766) }

{ (0.355,0.389) (0.852,0.080) (0.780, 0.154)
V(3) =

(0.496,0.165) (0.715,0.224) (0.473, 0.498)
(0.299,0.574) (0.331,0.620) (0.614, 0.170)

= 0.011 > 0.005

23: dye (Vi(2), Vi(3))
3
i=1

[0.383  0.337 0.280 ]
0.0645 0.079 0.856
0.114 0.105 0.782
0.939 0.030 0.030
0.094 0.811 0.095
0.295 0.423 0.282
0.058 0.073 0.869
0.127  0.283 0.590
0.901 0.052 0.047

| 0.077 0.813 0.110 |

U@i3) =

(0.763,0.144) (0.662,0.186) (0.590, 0.218)
(0.524,0.280) (0.509,0.172) (0.671, 0.184)

(0.657,0.150) (0.190,0.711) (0.174, 0.769) }

{ (0.356,0.389) (0.856,0.077) (0.783,0.152)
V4 =

(0.494,0.164) (0.716,0.223) (0.474, 0.497)
(0.291,0.581)  (0.326,0.626) (0.609, 0.175)

23: dyi (Vi(3), Vi(4))
3

= 0.004 < 0.005

i=1

So we stop the iterations, and finally have
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Table 2.9 The clustering

result of the car data set by Instance Cluster ID
IFCM Y4, Y9 1
Y5, Y10 2
Y2,¥3, Y7 3
Y1, Y6, Y8 No significant membership

of any cluster

[0.381 0.336 0.283 ]
0.085 0.071 0.871
0.105 0.097 0.798
0.942 0.029 0.029
0.090 0.819 0.090
0.294 0.422 0.284
0.059 0.075 0.867
0.132 0.298 0.569
0.905 0.050 0.045

| 0.077 0.817 0.106 |

U@) =

According to U(4), we get the cluster validation measures Vpc and Veg:

3 10 3 10
1 5 1
Vpc = 521 Elulj =0.638, VCE = —E .El.gluijloguij = 0.947
I1=1]= 1=1j=

If we further assume that u;; > 0.75 = A; € C; (1 <j < 10,1 < i < 3), where
C; denotes Cluster i, then we have the clusters as follows (see Table 2.9) (Xu and Wu
2010).

Next, we pay special attention to the convergence of Algorithm 2.7 on the car data
set. Figure 2.3 (Xu and Wu 2010) shows the movements of the objective function
values J,, (U, V) along the iterations:

As can be seen in Fig.2.3, Algorithm 2.7 indeed can decrease the objective
function value continuously by iterating the two phases—updating the membership
degrees in Eq. (2.154) and updating the prototypical IFSs in Eq. (2.156).

If we utilize Algorithm 2.2 to cluster this car data set, the results are shown in
Table2.10 (Xu and Wu 2010).

By comparing the above result by Algorithm 2.2 with the result by Algorithm
2.7, we know that Algorithm 2.2 can only produce “crisp” clusters. That is, each
instance of the car data set can only be assigned to one cluster if Algorithm-IFSC
is used. For Algorithm 2.7, however, things are different. By using the membership
degree matrix U, Algorithm 2.7 can produce “overlapped” clusters in which the
instances have different membership degrees. This is noteworthy, since in many real-
world applications, it makes sense that one instance shares some common grounds of
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Table 2.10 The clustering results of the car data set by Algorithm-IFSC in different A levels

A level Clustering results

0<x=<0.709 {¥1, ¥2, ¥3, ¥4, ¥5, Y6, 7, ¥85 ¥9, Y10}

0.709 < A < 0.771 {y1, v}, {v2, ¥3, y4, ¥5, ¥7, ¥8, ¥9, Y10}

0.771 < » < 0.811 {1, ye}s 2}, (135 ¥5, y7. y10}, {vs)s {va, yo}

0.811 < A < 0.861 {1, vehs {v2}, {3, 73, {vsh {va, yo}, (s, yio}
0.861 < A < 0.889 {v1, v}, (v}, {v3, y7}, {va, yo}, s}, s}, {vio}
0.889 <1 <0.913 {1, ye}s 12, ¥3, 7}, 4, yo}, {ysh, (s}, {vio}
0.913 < A <0919 {1, y6}, (v}, {v3, y7}, (va, yo}, (s}, {ysh, {vio}
0.919 < A <0.937 {1} {2} {vsh (ve}, {v3. y7}, {va, yo}, {vs}, (1o}
0.937 < 1 <0.968 ), 2}, s}, (st eds () (s {vas yols {10}
0968 <1 <1 {1}, (v}, {v3), {val, {vs), (e}, (v}, (s}, {vo}, {y10}

Note: (1) A is used to cut the association matrix of Algorithm 2.2 to produce the clusters

several clusters. For instance, a VOLVO car is often famous for its safety equipment.
On the other hand, it is also a luxury car with a relatively high price. So a VOLVO
car can naturally be grouped into the safe car cluster and the luxury car cluster
simultaneously. Viewing from this angle, Algorithm 2.7 indeed can generate more
valuable information than Algorithm 2.2.

Furthermore, compared with Algorithm 2.2, Algorithm 2.7 has lower compu-
tational complexity. Roughly speaking, the storage required by Algorithm 2.7 is
O (p(n + c) 4 cn), where p is the number of samples in the data, # is the number of
IFSsin a sample, and c is the number of clusters. The time requirement for Algorithm
2.71is O (Icpn), where I is the maximum number of iterations preset for the optimal
value searching process. Since in most cases n and ¢ are much smaller than p, we
can view Algorithm 2.7 as a linear algorithm in the sample size p. As to Algorithm-
IFSC, it must compute and store the association matrix for each pair of samples, so
the computational complexity of Algorithm-IFSC is roughly O (p?). Therefore, for

0.24
0.22

0.2
20.18
£

2 o.16

0.12
0 1 2 3 4

The Number of lterations

Fig. 2.3 Illustration of the convergence of IFCM on the car data set
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Table 2.11 The results derived by Algorithm 2.7 with different cluster numbers on the simulated
data set

¢ 2 3 4 5 6 7 8 9 10
Obj 76.760 7.087 5.853 5.389 3.543 3.138 2.743 2536 2161

Vec 0.744 0.949 0.779 0.710 0.475 0.420 0.367 0.338 0.289
Vce 0.582 0.198 0.563 0.809 1.198 1.404 1.598 1.749 1.927

Note: (1) “Obj” is the objective function value after the convergence of Algorithm 2.7
(2) The optimal values of the measures are highlighted in bold and italic fonts

80

8 9 10

5 6 7
The Number of Clusters ¢

Fig. 2.4 Comparison of Obj and Vpc given different ¢ values

a data set with a large sample size, say, 1,000,000, Algorithm-IFSC may encounter
some computational troubles.

In summary, while Algorithm 2.2 has some unique merits such as simplicity
and flexibility, it cannot provide the information about the membership degree of
the samples to all the clusters, and has a relatively high computational complexity,
which indeed motivates Algorithm 2.7.

In this part, we compare the performances of Algorithm 2.7 with the traditional
FCM algorithm. We first exploit Algorithm 2.7 on the simulated data set. In this
experiment, we set a series of ¢ values in the range of 2 to 10, and compute the Vpc
and Vg measures for each clustering result. The results can be found in Table2.11
(Xu and Wu 2010).

As can be seen in Table2.11, when ¢ = 3, Vp¢ reaches its optimal (maximum)
value 0.949, and Vg also reaches its optimal (minimum) value 0.198. This implies
that both Vpc and Vg are capable of finding the optimal number of clusters, i.e.,
c. The objective function value, however, is not the case. Let us look at Fig.2.4 (Xu
and Wu 2010).

As the increase of the number of clusters, Obj decreases continuously and finally
reaches 2.161 when ¢ = 10. This just illustrates why we employ Vpc and Vg to
evaluate the clustering results produced by Algorithm 2.7.
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Table 2.12 The results derived by Algorithm 2.7 with different cluster numbers on the simulated
data set

Modified data set I

c 2 3 4 5 6 7 8 9 10
Vpe 0.982 0.648 0.531 0.469 0.324 0.289 0.239 0.216 0.196
Ve 0.073 0.750 1.163 1.465 1.750 1.975 2.153 2.335 2.395
Modified data set 11

c 2 3 4 5 6 7 8 9 10
Vpe 0.982 0.648 0.531 0.381 0.324 0.289 0.266 0.248 0.235
VcE 0.072 0.750 1.164 1.465 1.750 1.976 2.163 2.325 2.463

Note: (1) The optimal values of the measures are highlighted in bold and italic fonts

Next, we exploit the traditional FCM algorithm on the simulated data set for the
comparison purpose. As mentioned above, the FCM algorithm does not take into
account the uncertain information. Therefore, to make sure 1« (x) 4+ v(x) = 1 for any
x in the simulated data set, we should modify the data set by adding 7 (x) to either
w(x) or v(x). We produce the two modified data sets and then exploit Algorithm 2.7
on them. The results can be found in Table2.12 (Xu and Wu 2010).

As indicated by the Vpc and Vg measures in Table2.12, Algorithm 2.7 prefers
to cluster the modified simulated data sets into two clusters, which is actually away
from the three “true” clusters in the data. In other words, the FCM algorithm cannot
identify all the three classes precisely. This further justifies the importance of the
uncertain information in IFSs.

2.6 Intuitionistic Fuzzy MST Clustering Algorithm

Zhao et al. (2012a) developed an intuitionistic fuzzy minimum spanning tree (MST)
clustering algorithm to deal with intuitionistic fuzzy information. To do so, they first
introduced some concepts related to the graph theory.

A graph is composed of a set of points called nodes and a set of node pairs called
edges, which can be denoted by (V, E), where V is the set of nodes and E is the set of
edges. In fact, the set E in a normal graph is a crisp relation over V x V. That is to say,
if there exists an edge between x and y, then the membership degree uz (x,y) = 1;
otherwise uz (x,y) = 0, where (x,y) € (V X V) If we define a fuzzy relation R
over V x V, then the membership function ug (x, y) takes various values from O to
1, and such a graph is called a fuzzy graph.

Definition 2.25 (Chen et al. 2007) Let V= {Vl, Vz, e, Vn} be a collection of n
nodes, and R = (rjj)uxn a fuzzy relation over the set V. Then (V R) is called a
fuzzy graph. If E = {Ex = V;V;|VV;, V; € V}, then (V, E) is called a basic graph of
(V.R).
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Definition 2.26 (Zhao et al. 2012a) Let V = {Vy, V3, ..., V, } be a collection of n
nodes, and R = (7j),x, an intuitionistic fuzzy relation over VxV.Then G = (V, R)
is called an intuitionistic fuzzy graph. If E = {Ek = Vi\7j|VVi, Vj € V} then (V, E)
is called a basic graph of (V, R).

A path in a graph is a sequence of edges joining two nodes as (ABCD). A circuit
is a closed path as (ABCA). A connected graph has paths between any pair of nodes.
A tree is a connected graph with no circuits and a spanning tree of a connected graph
is a tree in graph (V R) which contains all nodes of (V R) (Zahn 1971).

If we add every edge a weight and define the weight of a tree to be the sum of the
weights of its constituent edges, then

Definition 2.27 (Zahn 1971) A minimum (maximum) spanning tree of a graph
(V, R) is a spanning tree whose weight is minimum (maximum) among all span-
ning trees of the graph (V, R).

We usually compute the minimum (maximum) spanning tree of a graph (V, R)
by Kruskal method (Kruskal 1956) or Prim method (Prim 1957). Because of the
complexity of the objective world and the fuzziness of the human perception, the data
information needed to be clustered is often imprecise or uncertain and sometimes
is given by IFSs. In such situations, some effective and convenient intuitionistic
clustering algorithms are needed. The MST (minimum spanning tree) clustering
algorithm was first proposed by Zahn (1971), whose basic idea is that: a multi-
attribute sample point can be considered as a point of a multi-dimensional space.
If the density of the sample points in some regions in the multi-dimensional space
is high, while in other regions is low or even blank, then the high-density regions
can be separated from the blank or the low-density regions naturally, so that we get
the clustering structure of the sample points which best embodies the distribution of
the sample points. Based on the idea of Zahn (1971), Zhao et al. (2012a) introduced
an intuitionistic fuzzy clustering method called intuitionistic fuzzy MST clustering
algorithm based on the graph theoretic techniques and the intuitionistic fuzzy distance
measure to cluster intuitionistic fuzzy information. In the following, we firstintroduce
the concepts of intuitionistic fuzzy distance measure and intuitionistic fuzzy distance
matrix:

Definition 2.28 (Zhao et al. 2012a) LetA; (j =1,2,...,n) be n IFSs. Then D =
(dij)nxn is called an intuitionistic fuzzy distance matrix, where d;; = d (Al-, Aj) =
1 - z§‘(A 1, Az) is the intuitionistic fuzzy distance between A; and A;, which has the
following properties:

(1) dy(i,j=1,2,...,n) are IFVs.
(2) di = (0,1)if and only if A; = A;.
(3) d,'j =dji,forall i,j = 1,2, Y (%

where 1§(A1, A») is defined in Theorem 2.2.
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Based on the idea of the traditional MST clustering algorithm and the intuitionistic
fuzzy distance matrix above, Zhao et al. (2012a) proposed an intuitionistic fuzzy MST
clustering algorithm:

Algorithm 2.9

Step 1 Construct the intuitionistic fuzzy distance matrix and the intuitionistic
fuzzy graph:

(1) Calculate the distance dj; = d (Ai, Aj), then we get the intuitionistic fuzzy
distance matrix D = (d,;/)nxn.
(2) Construct the intuitionistic fuzzy graph (V D) with n nodes associated to the
samples A;(i = 1,2, ..., n) to be clustered which are expressed by IFSs and every
edge between A; and A; having the weight d;j, which is an element (expressed by IFV)
of the intuitionistic fuzzy distance matrix D = (djj),x, and denotes the dissimilarity

degree between the samples A; and A;.

Step 2 Compute the MST of the intuitionistic fuzzy graph (V, D) by Kruskal
method (Kruskal 1956) or Prim method (Prim 1957):

(1) Arrange the edges of (V, D) in order from the smallest weight to the largest
one. Because the weight of each edge is an IFV, we can firstly compute the score
and the accuracy degree of each IFV, and then we use Definition 2.27 to sort all the
intuitionistic fuzzy weights.

(2) Select the edge with the smallest weight.

(3) Select the edge with the smallest weight from the rest edges which do not form
a circuit with those already chosen.

(4) Repeat the process (3) until (n — 1) edges have been selected where 7 is the
number of the nodes in (V, D). Thus we get the MST of the intuitionistic fuzzy graph
(V.D).

Step 3 Group the nodes (sample points) into clusters by cutting down all the edges
of the MST with weights greater than a threshold A (where A is an IFV), we can get a
certain number of sub-trees (clusters) automatically. The clustering results induced
by the sub-trees do not depend on some particular MST (Gaertler 2002).

Moreover, Zhao et al. (2012a) improved Algorithm 2.9 by changing the intuitionis-
tic fuzzy distance measure by Eq.(2.111) or (2.112) so as to lessen the computational
effort. They first defined another intuitionistic fuzzy distance matrix:

Definition 2.29 (Zhao et al. 2012a) LetA; (j=1,2,...,n) be n IFSs. Then D =
(), ., is called an intuitionistic fuzzy distance matrix, where d;; = d (A;, A)) is
the distance between A; and A;, which has the following properties:

() 0=<dj <1 foralli,j=1,2,...,n
(2) dij =0ifand only if A; = A;.
(3) dj =dj, foralli,j=1,2,...,n.
Based on Definition 2.29, Zhao et al. (2012a) developed another intuitionistic
fuzzy MST clustering algorithm:
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Algorithm 2.10

Step 1 Compute the intuitionistic fuzzy distance matrix and draw the fuzzy graph:

(1) Calculate the distance d;; = d (A,-, Aj) by Eq.(2.111) or (2.112) and get the
intuitionistic fuzzy distance matrix D = (d,:/) which is actually a fuzzy similarity
relation.

(2) Draw the fuzzy graph (V, D). Although the n nodes associated to the samples
Aij(i=1,2,...,n) tobe clustered are still expressed by IFSs, the weight d;; of every
edge between A; and A; changes into a real number which comes from the second
kind of intuitionistic fuzzy distance matrix D = (d;j)nxn» (the graph here is really a
fuzzy graph and is quite different from the one in Algorithm 2.9).

nxn

Step 2 Compute the minimum spanning tree (MST) of the fuzzy graph (V, D),
which is similar to Step 2 of Algorithm 2.9.

Step 3 See Step 3 of Algorithm 2.9.

In the following, we use an example to illustrate Algorithms 2.9 and 2.10:

Example 2.7 In an operational mission (adapted from Zhang et al. (2007), there are
six operational plans y; (i = 1,2, ..., 6). In order to group these operational plans
with respect to their comprehensive functions, a military committee has been set up
to provide assessment information on the operational plans. The attributes which are
considered here in assessmentofy; (i = 1,2, ..., 6)are: (1) G;: The effectiveness of
operational organization; and (2) G»: The effectiveness of operational command. The
military committee evaluates the performance of all the operational plans according
to the attributes G; (j = 1, 2), and gives the data as follows:

y1 = {{Gy,0.70,0.15), (G2, 0.60, 0.20)}
y2 = {{Gy, 0.40, 0.35), (G2, 0.80, 0.10)}
y3 = {(G1, 0.55,0.25), (G», 0.70, 0.15)}
ya = {(Gy,0.44,0.35), (G2, 0.60, 0.20)}
ys = {{G1,0.50, 0.35), (G2, 0.75, 0.20)}
v6 = {{G1,0.55,0.25), (G2, 0.57, 0.15)}

Let the weight vector of the attributes G; (j = 1,2) be w = (0.45, 0.55)T. We
first utilize Algorithm 2.9 to group these operational plans y; j = 1,2, ..., 6):

Step 1 Construct the intuitionistic fuzzy distance matrix and the intuitionistic
fuzzy graph:

(1) Calculate the distance d;; = d (y,-, yj) (see Definition 2.28), and let A = 2,
o =pf =y =1/3. Then
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d(y1,y2) =d@O2,y1) = (0.141,0.784), d(y1,y3) =d(y3,y1) = (0.059, 0.892)
di(y1,y4) = dy(y4, y1) = (0, 0.808), d(y1,ys) =d(ys, y1) = (0.123, 0.837)
d(y1,y6) = d(ye, y1) = (0.057,0.892), d(y2,y3) = d(y3,y2) = (0.059, 0.892)
d(y2,y4) = d(ya,y2) = (0.033,0.859), d(y2,y5) =d(y5,y2) = (0.071,0.918)
d(y2,y6) = d(ye, y2) = (0.108, 0.829), d(y3,v4) = d(y4,y3) = (0.071,0.914)
d(y3,ys) = d(ys, y3) = (0.071,0.929), d(y3,ys) = d(ys, y3) = (0, 0.894)
d(ys,ys) = di1(ys,y4) = (0.049,0.878), d(ys,ys) = d(ys,y4) = (0.057,0.914)
d(ys, y6) = d(y6,y5) = (0.071, 0.829)

Accordingly, we get the intuitionistic fuzzy distance matrix as follows:

0,1) (0.141,0.784) (0.059,0.892)  (0,0.808)  (0.123,0.837) (0.057,0.892)
(0.141,0.784) 0,1) (0.059,0.892) (0.033,0.859) (0.071,0.918) (0.108,0.829)
(0.059,0.892) (0.059.0.892) 0,1) (0.071,0.914) (0.071,0.929)  (0,0.894)

(0,0.808)  (0.033,0.859) (0.071,0.914) 0,1) (0.049,0.878) (0.057,0.914)
(0.123,0.837) (0.071,0.918) (0.071,0.929) (0.049,0.878) 0,1) (0.071,0.829)
(0.057,0.892) (0.108,0.829)  (0,0.894) (0.057,0.914) (0.071,0.829) 0,1)

(2) Draw the intuitionistic fuzzy graph (V, D) with 6 nodes associated to the
samples y; (i = 1,2, ...,6) to be clustered and every edge Ej between y; and y;
having the weight d;;, which is an element of the intuitionistic fuzzy distance matrix
D = (djj)6x6 and denotes the dissimilarity degree between the samples y; and y; (see
Fig.2.5) (Zhao et al. 2012a).

Step 2 Compute the intuitionistic fuzzy MST of the intuitionistic fuzzy graph by
Kruskal method (Kruskal 1956):

(1) Arrange the edges of (V, D) in order from the smallest weight to the largest
one. Because the weight of each edge is an IFV, we can first use the scores and the
accuracy degrees of each IFV in the intuitionistic fuzzy distance matrix to sort all
the intuitionistic fuzzy weights (based on Definition 2.28) as follows:

S(d12) =0.141 — 0.784 = —0.643, S(d13) = 0.059 — 0.892 = —0.833
S(d14) = 0—0.808 = —0.808, S(d5) =0.123 — 0.837 = —0.714
S(dig) = 0.057 — 0.892 = —0.835, S(dr3) =0.059 — 0.892 = —0.833
S(dr4) = 0.033 — 0.859 = —0.826, S(d25) =0.071 —0.918 = —0.847
S(dx) = 0.108 — 0.829 = —0.721, S(d34) = 0.071 — 0.914 = —0.843
S(dzs) = 0.071 — 0.929 = —0.858, S(d3¢) =0 —0.894 = —0.894
S(dze) = 0.049 — 0.878 = —0.829, S(dse) = 0.057 — 0.914 = —0.857
S(dse) = 0.071 — 0.829 = —0.758

Thus

dye < d3s5 < dag < drs < d3g < dig < di3
=dy3 < dys < day < di4 < dse < dys < di5 <di2
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Fig. 2.5 The intuitionistic Vs
fuzzy graph
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and then we sort all the intuitionistic fuzzy weights as follows:

(2) Select the edge with the smallest weight, that is the edge E3 between 3
and ye.

(3) Select the edge with the smallest weight from the rest edges, that is the edge
E35 between y3 and ys.

(4) Select the edge with the smallest from the rest edges which do not form a circuit
with those already chosen (we can choose the edge E4¢ between y4 and yg). Repeat
(4) until five edges have been selected. Thus we get the MST of the intuitionistic
fuzzy graph (V D) (see Fig.2.6) (Zhao et al. 2012a).

Step 3 Group the nodes (sample points) into clusters: by choosing a threshold A
and cutting down all the edges of the MST with the weights greater than A, we can
get a certain number of sub-trees (clusters).

(1) If » = dje = (0.057, 0.892), then we get {y, ¥2, ¥3, Y4, V5, V6}-

(2) If A = drs = (0.071, 0.918), then we get {y1}, {v2, ¥3, y4, ¥5, V6.

(3) If A = dae = (0.057, 0.914), then we get {y1}, {y2}, {y3, y4, y5, y6!.
(4) If A = d3s = (0.071, 0.929), then we get {y1}, {y2}, {va}, {3, ys, ye}-
(5) It A = dse = (0,0.894), then we get {y1}, {y2}, {va}, {ys}, {v3, e}
(6) If A = (0, 1), then we get {y1}, {y2}, {v3}, {ya}, {y5}, {ye}-

Furthermore, we use Algorithm 2.10 to cluster these battle projects y; (j =
1,2,...,6) as follows:
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Step 1 Construct the intuitionistic fuzzy distance matrix and the fuzzy graph
where each node is associated to a sample to be clustered which is expressed by IFS:

(1) Calculate the distances d;; = d (yi, yj) G,j=1,2,...,6) by Eq.(2.111):

d(y1,y3) = d(y3,y1) = 0.1225, d(y1,ys) = d(ys, y1) = 0.117
d(y1,ys) =d(ys,y1) = 0.1725, d(y1,ys) = d(ys,y1) = 0.1115
d(y2,y3) =d(y3,y2) = 0.1225, d(y2,y4) = d(ys4,y2) = 0.128
d(y2,y5) =d7(ys,y2) = 0.1,  d(y2,y6) = d7(ys, y2) = 0.194
d(y3,y4) = d(y4,y3) = 0.1045, d(y3,ys) = d(ys,y3) =0.1
d(y3,y6) = d(ye, y3) = 0.0715, d(y4, ys) = d(ys, y4) = 0.1095
d(y4,y6) = d (6, ya) = 0.088,  d(ys, ys) = d(ys,ys5) = 0.1715

then we get the intuitionistic fuzzy distance matrix as follows:

0 0.245 0.1225 0.117 0.1725 0.1115

0245 0 0.1225 0.128 0.1 0.194

D— 0.1225 0.1225 0 0.1045 0.1 0.0715
— | 0.117 0.128 0.1045 0 0.1095 0.088
0.1725 0.1 0.1 0.1095 0 0.1715

0.1115 0.194 0.0715 0.088 0.1715 O

(2) Draw the fuzzy graph G = (V, D) with 6 nodes associated to the samples
yi i=1,2,...,6)tobeclustered and every edge between y; and y; having the weight
d;j, which is an element of the intuitionistic fuzzy distance matrix D = (d;j)¢x6 and
denotes the dissimilarity degree between the samples y; and y; (see Fig.2.7) (Zhao
et al. 2012a).

Step 2 Compute the MST of the fuzzy graph G = (V, D) by Kruskal method
(Kruskal 1956):

(1) Arrange the edges of G in order from the smallest weight to the largest one:

d36 < dus < d3s
=dys < dzy < dss <dig < dis < diz =dyz < dy <dse <dis < dy <ds

(2) Select the edge with the smallest weight, that is the edge E3¢ between y3
and ye.

(3) Select the edge with the smallest weight from the rest edges, that is the edge
E 6 between va and ye.

(4) Select the edge with the smallest weight from the rest edges which do not form
a circuit with those already chosen, we can choose the edge E35 between y3 and ys.

(5) Repeat the process (4) until five edges have been selected. Thus we get the
MST of the fuzzy graph G = (V, D) (see Fig.2.8) (Zhao et al. 2012a).
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Fig. 2.7 The fuzzy graph ¥
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Step 3 Choose a threshold A and cut down all the edges of the MST with weights
greater than A so that we could arrive at a certain number of sub-trees (clusters)
automatically.

(1) If » = dj¢ = 0.1115, then we get {y1, ¥2, ¥3, Y4, ¥5, Y6}

(2) If A = dos = d35s = 0.1, then we get {y1}, {y2, y3, y4, ys, Y6}

(3) If 2 = dae = 0.088, then we get {y1}, {y2}, {ys}, {y3, 4, ye}.
(4) If A = d3e = 0.0715, then we get {y1}, {y2}, {va}, {ys}. {y3, ye}
(5) If A =0, then we get {y1}, {y2}. {y3}, va}. {ys}, {ye}.

From the results of Algorithms 2.9 and 2.10, we have found that they coincide
with each other on the whole.

Sometimes, it is not suitable to assume that the membership degrees and the non-
membership degrees for certain elements are exactly real numbers, but fuzzy ranges
can be given. As a result, Zhao et al. (2012a) defined the concept of interval-valued
intuitionistic fuzzy distance matrix:

Definition 2.30 (Zhao et al. 2012a) Let y; (j=1,2,...,n) be m IVIFSs. Then

D = (dij)nxn is called an interval-valued intuitionistic fuzzy distance matrix, where

dij=d (yi, yj) is the distance between y; and y;, which has the following properties:

() 0=<dj <1 foralli,j=1,2,...,n
(2) dij =0if and only if y; = y;.
3) dijzdj,',foralli,jz1,2,...,n.
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Drawing support from the interval-valued intuitionistic fuzzy distance matrix, we
can extend Algorithm 2.10 to the interval-valued intuitionistic fuzzy environment
and raise the interval-valued intuitionistic fuzzy MST clustering algorithm:

Algorithm 2.11

Step 1 Construct the interval-valued intuitionistic fuzzy distance matrix and the
fuzzy graph:

In this step, we first calculate the distance djj = d (y,-,yj) by Eq.(2.105) or
(2.107) to get the interval-valued intuitionistic fuzzy distance matrix D = (dif)nxn’
and then draw the fuzzy graph (V, D) with n nodes associated to the samples y;
(i =1,2,...,n) which are expressed by IVIFSs and every edge between y; and
y; having the weight d;;, which is a real number coming from the interval-valued
intuitionistic fuzzy distance matrix D = (djj)nxn-

Step 2 Compute the minimum spanning tree (MST) of the fuzzy graph (V, D) by
Kruskal method (Kruskal 1956) or Prim method (Prim 1957).

Step 3 Cluster through the minimum spanning tree (see to Step 3 of Algorithm
2.10).

Example 2.9 can also be used to illustrate Algorithm 2.11 when the evaluation
information is expressed in IVIFSs (here omitted for brevity).

2.7 Intuitionistic Fuzzy Clustering Algorithm Based on Boole
Matrix and Association Measure

2.7.1 Intuitionistic Fuzzy Association Measures

Since clustering is the grouping of similar objects, we usually need to find some sort
of measure that can determine the degree of the relationship between two objects.

Generally, there are three main types of measures which can estimate this relation:
distance measures, similarity measures and association measures. The choice of a
good measure will directly influence the clustering effect. Next we shall seek for
some association measures to be prepared for cluster analysis.

An association measure is an important tool for determining the degree of the rela-
tionship between two objects. Many scholars have given various association measures
(see Xu and Chen 2008 for a review). For example, Xu et al. (2008) introduced the
associate measures (2.89) and (2.100). Gerstenkorn and Mafiko (1991) proposed a
method to calculate the association coefficient of IFSs, which was formulated in the
following way:

27:1 ma(xp) - up(x;) +va(x) - vp(x;)

(2.157)
VI )+ @) X (1) + v )

c1(A,B) =
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Hong and Hwang (1995) further considered the case where the set X is infinite
and defined another association coefficient of A-IFSs as follows:

Jx (ma(x) - mp(x) + va(x) - vp(x)) dx

(A, B) =
VI (0 12 0) dr- [y (130 + 3 0) de

(2.158)

where c1(A, B) and c;(A, B) satisfy the three conditions: (1) 0 < c¢(A,B) < 1;
(2)c(A,B) = 1if A = B; and (3) c(A, B) = c(B, A). But they cannot guarantee the
necessity in the condition (2). Hong and Hwang (1995) and Mitchell (2004) pointed
out that if association coefficients don’t guarantee the necessity in the condition (2),
then some situations where the obtained results are counter-intuitive will appear,
although in most cases the association coefficient may give reasonable result. For
this reason, Xu et al. (2008) proposed an axiomatic definition for the association
measure of IFSs, which is an improved version of Gerstenkorn and Mafiko (1991)
and Hong and Hwang (1995):

Definition 2.31 (Xu et al. 2008) Let ¢ be a mapping c: (IFS(X )2 = [0, 1], then the
association coefficient between two IFSs A and B is defined as c(A, B), which has
the following properties: (1) 0 < c(A,B) < 1;(2) c(A,B) = l ifand only if A = B;
and (3) c(A, B) = ¢(B, A).

Furthermore, Szmidt and Kacprzyk (2000) pointed out that omitting any one of
the three parameters may lead to incorrect results, and therefore, we should take the
three parameters into account when computing the association coefficients between
IFSs.

Based on the two ideas above when constructing an association coefficient
between IFSs, Zhao et al. (2012b) improved Eq.(2.155) to a new form, satisfy-
ing all the conditions proposed by Hong and Hwang (1995), Mitchell (2004) and
Szmidt and Kacprzyk (2000):

c3(A, B)
i1 (raGy) - mp(y) +valy) - ve(g) + ma(x) - TR (X)))

S ) ) i) - S (3 + i) + i)
(2.159)

It is clear that c3(A, B) takes the third parameter of an IFS (the hesitancy degree)
into consideration, moreover, we will prove that it also satisfies all the three conditions
of Definition 2.31:

Proof Because A, B € IFS(X), then from the concept of IFS and Eq.(2.159), we
know that c3(A, B) > 0. To prove the inequality c3(A, B) < 1, we can use the famous
Cauchy-Schwarz inequality:
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D aibi < (Z aiz) (Z b%) (2.160)

i=1 i=1 i=1

with equality if and only if the two vectors a = (aj, az, . .,a)T and b =
(by, ba, ..., by)T are linearly dependent, that is, there is a nonzero real number
A such that a = Ab. From Eq.(2.160), we know that c3(A, B) < 1 with equality if
and only if there is a nonzero real number A such that

ma(x;) = App(xi), va(x;) = Avp(x;), ma(x;) = Amp(x;),
for all x; € X (2.161)

while because

wA(x) =1 — pa(x) —valx), mp(x) =1 — up(x;) —vp(x),
forall x; € X (2.162)

then by Eq. (2.161), we know that A = 1, and thus, c3(A, B) = 1 ifand only if A = B.
Hence we complete the proof of the conditions (1) and (2) in Definition 2.31.

In addition, by Eq. (2.159) we know that

c3(A, B)
B i1 (raG) - mp(y) +val) - ve(g) + ma(x) - TR (X))
S )+ A+ ) S (1) + v0n) + )
B i1 (mB () - may) +ve(y) - va(x) + Tp(x) - TA (X))
I 30 )+ T0) - S (1) O + i)
_ es(BA) (2.163)

Thus, the condition (3) in Definition 2.31 also holds.

It’s very interesting that when we add the third parameter, i.e., the indeterminacy
degree of IFSs, to c1(A, B), we get a good association coefficient ¢3(A, B), which
not only takes the third parameter of IFS (the hesitancy degree) into consideration,
but also satisfies all the three conditions of Definition 2.31.

In many cases, for instance, in cluster analysis, the weights of the attributes are

always different, so we should take them into account, and thus extend c3(A, B) to
the following form:
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c4(A, B)
Z}': VWi (A () - wB(x) +va(x)) - vB () + A (x)) - TR (x)))

\/ > ywy (30 + v ) + mF) - sy wi (uF o) +v3@) + 730)
(2.164)

where w = (wy, wa, ..., w,)T is the weight vector of x; (j = 1,2,...,n) with
wj>0,j=1,2,...,nand Z}'zl w; = 1. Similar to Eq.(2.159), Eq.(2.164) also
satisfies all the conditions of Definition 2.31.

If the universe of discourse, X, is continuous and the weight of the elementx € X =

[a, b] is w(x), where w(x) > 0 and f ab w(x)dx = 1, then Eq.(2.164) is transformed
into the following form:
c5(A, B)
_ Jo w0 (AC)RBO) +vA VB () + TA()T()) d
\/ff w(x) (uf‘(x) + vf‘(x) + ni(x)) dx - f: w(x) (u%(x) + vlzg(x) + né(x)) dx
(2.165)

If all the elements have the same importance, i.e., w(x) = ﬁ € [0, 1] (in this

case, (b —a) > 1), for any x € [a, b], then Eq. (2.165) is replaced by

12 (A0 @) + vA()VE () + T4 (X)) dx

\/ [P (13 + V30 + 120) dx - [P (1300 + vE(0) + TR () dx
(2.166)

c6(A, B) =

2.7.2 Intuitionistic Fuzzy Clustering Algorithm

Let C = (cjj)mxm be an association matrix, where c¢;; = c(A;, A;) is the association
coefficient of A; and A;, which is derived by one of the intuitionistic fuzzy association
measures (2.157) and (2.162)—(2.164). Then by Definition 2.12, we can directly
derive the following result:

Theorem 2.18 (Zhao et al. 2012b) Let C), = (A c,;/)mxm be a A-cutting matrix of the
association matrix C = (cjj)mxm- Then C is an equivalent association matrix if and
only if C), is an equivalent Boole matrix, for all A € [0, 1], that is,

(1) Cisreflexive,ie.,I € Cifandonlyifl, € C,,i.e.,I C Cy.
(2) C is symmetric, i.e., cT = Cifand only if (CT))L =C,,1i.e., (C)\)T =C,.
(3) C is transitive, i.e., C?c Cifand only if Cj o C), € C,.
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From Theorem 2.18, we can see that if the association matrix is equivalent, then
its A-cutting matrix is an equivalent Boole matrix, and then we can use the equivalent
Boole matrix to do clustering directly. But if the association matrix doesn’t satisfy the
transitivity, then we know that the A-cutting matrix of C is just only a similar Boole
matrix, and thus, we cannot do clustering. In this situation, we can transform the
similar Boole matrix into an equivalent matrix for clustering. Let’s see the following
theorem:

Theorem 2.19 (Lei 1979) Let Bo be a similar Boole matrix over a discrete universe
of discourse X = {x1, x2, ..., X,}, then Bo is transitive if and only if Bo has not the
following special sub-matrices:

11\ (11\ (10\ (01
(10)’(01)’(11)’(11) (2.167)

no matter how the matrix Bo is arranged.

We can judge from Theorem 2.19 whether or not a similar Boole matrix is an
equivalent one.

Based on Theorems 2.18 and 2.19, Zhao et al. (2012b) developed an intuitionistic
fuzzy clustering algorithm based on Boole matrix and association measure as follows:

Algorithm 2.12

Step 1 Use Eq.(2.159) or (2.164) (if the weights of the attributes are the same,
we use Eq. (2.159); otherwise, we use Eq.(2.164)) to compute the association coef-
ficients of the IFSs A; (j = 1,2,...,m), and then construct an association matrix
C = (¢ij)mxm» Where ¢;j = c3(A;, Aj) or ¢;j = c4(Ai, Ap), i, j=1,2,...,m.

Step 2 Construct a A-cutting matrix Cj, = (x¢jj), ., of C by using Eq.(2.87).

Step 3 If C, is an equivalent Boole matrix, then we can cluster the m samples
as follows: If all the elements of the ith column are the same as the corresponding
elements of the jth column in Cy, then the IFSs A; and A; are in the same cluster. By
this principle, we can cluster all these m samples A; (j = 1,2, ..., m).

If C, is not an equivalent Boole matrix, then by Theorem 2.19, we know that
no matter how the matrix C, is arranged, it must have some of the special sub-
matrixes in Eq. (2.167). In such cases, we can transform the elements O into 1 in such
special sub-matrices until C, has not any special sub-matrix, and thus, we get a new
equivalent matrix C;.

Step 4 Employ the equivalent matrix C} to classify all the given IFSs A;
(G =1,2,...,m) by the procedure in Step 3.

Step 5 End.

The principal of choosing A: Based on the idea of constructing the association
matrix whose elements are association coefficients between every two alternatives
(samples) in this paper, we balance the similarity degree between two alternatives
mainly through the association coefficient (that is, the confidence level) of them. We
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choose the confidence level A from the biggest one to the smallest one in the associ-
ation matrix. After that, in terms of the chosen confidence level A, we construct the
corresponding A-cutting matrix. With this principle, the clustering results come into
being, the smaller the confidence level A is, the more detailed the clustering will be.

2.7.3 Numerical Example

Example 2.8 (Zhao et al. 2012b) A military equipment development team needs to
cluster five combat aircrafts according to their operational effectiveness. In order to
group these combat aircrafts y; (i = 1, 2, ..., 5) with respect to their comprehensive
functions, a team of military experts have been set up to provide their assessment
information on y; (i = 1,2,...,5). The attributes which are considered here in
assessment of y; (i = 1,2,...,5) are: (1) Gy is the aircraft power; (2) Gy is the
fire power (a military capability to direct force at an enemy); (3) G3 is the capacity
for target detection; (4) G4 is the controlling ability; (5) Gs is the survivability; (6)
Gy is the range of voyage; and (7) G7 is the electronic countermeasure effect. The
military experts evaluate the performances of the combat aircraftsy; (i = 1,2, ..., 5)
according to the attributes G; (j = 1,2, ...,7), and gives the data as follows:

{(G1,0.5,0.3), (G2, 0.6,0.3),
G4,0.8,0.1), (Gs, 0.7,0.2),
{(G1,0.6,0.2), (G2, 0.5, 0.3),
G, 0.6,0.2), (Gs, 0.6, 0.3),

y1 = G3,0.4,0.3),
(
Y2 =
(
v3 = {(G1, 0.7,0.1), (G2, 0.6, 0.3),
( (
Y4 =
(
ys =

G, 0.5,0.2), (G7,0.4,0.3)}
Gs,0.5,0.2),
Gs, 0.6, 0.3), (G7,0.5,0.2)}
Gs,0.7,0.2),
G, 0.5,0.2), (G7,0.6,0.3)}
Gs,0.5,0.3),
G, 0.4,0.3), (G7,0.7,0.2)}
Gs,0.6,0.2),
G, 0.6,0.1), (G7,0.6,0.1)}

_ —~

N~

3

= Z =
_ ~

G4,0.5,0.3), (Gs, 0.5,0.2),
{(G1,0.4,0.3), (G2, 0.7, 0.2),
G4,0.6,0.2), (Gs,0.7,0.1),
{(G1,0.6,0.2), (G2, 0.6,0.3),
(G4,0.5,0.3), (Gs, 0.8,0.1),

’

=
—~ Y~

—

Suppose that the weights of the attributes G; (j = 1,2, ..., 7) are equal, now we
utilize Algorithm 2.12 to group these combat aircrafts y; (i = 1,2, ...,5):

Step 1 Use Eq.(2.160) to compute the association coefficients of the IFSs y;
(i =1,2,...,5), and then construct an association matrix C = (c;)5x5, Where
Cij = C3(yl',yj), i,j = 1, 2, ey 5:

1.000 0.964 0.917 0.952 0.947
0.964 1.000 0.948 0.941 0.963
C =1 00917 0.948 1.000 0.946 0.957
0.952 0.941 0.946 1.000 0.957
0.947 0.963 0.957 0.957 1.000
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Step 2 By Eq. (2.87), we give a detailed analysis with respect to the threshold A,
and then we get all the possible clusters of the combat aircrafts y; (i =1,2,...,5):

(H)IfA=1,theny; (i=1,2,...,5) are grouped into the following nine types:

{yi}, (2}, (3}, a) s {ys)

(2) If » = 0.964, then by Eq. (2.87), the A-cutting matrix C, = ()‘Cij)st of C is:

11000
11000
CG.,=]100100
00O0T1OQO0
00001

According to Theorem 2.19, we know that C;, is an equivalent Boole matrix, we
can use C, to cluster the combat aircrafts y; (i = 1,2,...,5) directly, and then
yi (i=1,2,...,5) are grouped into the following four types:

(i, y2}, {3}, (e}, {ys)

(3) If 2 = 0.963, then the A-cutting matrix C;, = (5.cjj)s, s of C is:

11000
11001
CG.,=]100100
00O0T10QO0
01001

From Theorem 2.19, we know that C, is not an equivalent Boole matrix, we
should first transform Cj, into an equivalent Boole matrix by changing the element
“0” in the special sub-matrices into “1” and get

11001
11001
C;=100100
00010
11001

and thus, y; (i = 1,2, ...,5) are grouped into the following three types:

{1, 2, y5}, {y3}, (vl
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Table 2.13 Comparisons of the derived results

Types The results derived by Zhao The results developed by Xu The results developed by
et al. (2012b)’s method et al. (2008)’s method Pelekis et al. (2008)’s
method

5 {id 2t {ysds {vad, st ks D ds {3 h {vads {ys) D h (2} (s ) (e} {ys)
4 (v, 2} (s}, {ya}, {ys} {yi, y2}, {3}, {yal, {ys} {v2, ys}, {1}, {3}, {va}

3 v, y2, ys}, {y3}, {ya} (v, y2, 5}, {3} {va} {y2, ya, y5}, {1}, {v3}

2 {vi, 2}, {3, 4, 5}

1 {y1,y2, ¥3, ¥4, ys} {y1,y2, 3, ¥4, ys} {y1,y2,¥3, ¥4, 5}

(4) If . = 0.957, then the A-cutting matrix C; = (i.cjj)s, s of C is:

11000
11001
CG,=]100101
00O0T1°1
01111

Similarly, Cj, is not an equivalent Boole matrix, we should first transform Cj into
an equivalent Boole matrix by changing the element “0” in the special sub-matrices
into “1” and get

11111
11111
ci=|11111
11111
11111

and thus, y; (i = 1,2, ..., 5) are grouped into the following one type:

{1, ¥2, 3,4, Y5} -

In the following, some simple comparisons are made among Zhao et al. (2012b)’s
method, Xu et al. (2008)’s method which may be regarded as a generalization of
Yang and Shih (2001)’s method and Pelekis et al. (2008)’s method in Table2.13
(Zhao et al. 2012b).

Through Table2.13, we know that Zhao et al. (2012b)’s method has the same
clustering results with those of Xu et al. (2008)’s method, and Pelekis et al. (2008)’s
method can make more detailed clustering results.

In order to demonstrate the effectiveness of the intuitionistic fuzzy Boole cluster-
ing method, we further conduct an experiment with more samples to compare these
methods:
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Example 2.9 (Zhao et al. 2012b) Below we first introduce the experimental data
sets, and then make a comparison among these methods:

Experimental data sets: Suppose that the military experts evaluate the perfor-
mance of another group of combat aircrafts y; (i = 1,2, ..., 10) according to the
attributes G; (j = 1,2, ..., 7), and give the data as:

= {(G1,0.5,0.3), (G2, 0.6,0.3), (G3,0.4,0.3),
(G4,08 0.1), (Gs,0.7,0.2), (Gs, 0.5,0.2), (G7, 0.4, 0.3)}

{(G1,0.6,0.2), (G2, 0.5,0.3), (G3,0.5,0.2),

(G4,0.6,0.2), (Gs, 0.6, 0.3), (G, 0.6, 0.3), (G7, 0.5, 0.2)}
= {(G1,0.7,0.1), (G2, 0.6,0.3), (G3,0.7,0.2),
(G4,0.5,0.3), (Gs, 0.5,0.2), (G, 0.5,0.2), (G7,0.6,0.3) }
= {(G1,0.4,0.3), (G2,0.7,0.2), (G3,0.5,0.3),
(G4,0.6,0.2), (Gs, 0.7,0.1), (Gg, 0.4, 0.3), (G7,0.7,0.2)}
= {(G1,0.6,0.2), (G2, 0.6,0.3), (G3, 0.6, 0.2),
(G4,0.5,0.3), (Gs, 0.8, 0.1), (G, 0.6, 0.1, (G, 0.6, 0.1)}
= {(G1,0.8,0.1), (G, 0.5,0.2), (G3,0.7,0.1),
(G4,0.7,0.1), (Gs, 0.7,0.2), (G, 0.8, 0.1, (G7, 0.7, 0.2)}
= {(G1,0.7,0.2), (G2, 0.6,0.3), (G3,0.8,0.1),

(
(G4,0.8,0.1), (Gs, 0.6,0.3), (Ge, 0.5, 0.4), (G7,0.8,0.1)}
{(G1,0.5,0.2), (G,0.7,0.2), (G3,0.7,0.2),

( (

G1,0.6,0.2), (Gs, 0.5, 0.3), (Ge, 0.7, 0.1), (G7, 0.6, 0.2))

= {(G1,0.6,0.2), (G2, 0.5,0.3), (G3, 0.6,0.3),
(

Gs,0.5,0.2), (Gs, 0.8,0.1), (Gg, 0.8, 0.1, (G7,0.5, 0.2)}
le - {(Gl 1) 0'97 0‘0>7 <G27 0'97 0’1>7 (G37 0‘85 0'1)5
(G4,0.7,0.2), (Gs, 0.5, 0.15), (Gg, 0.3, 0.65), (G7, 0.15, 0.75)}

Comparison results among these methods are listed in Table 2.14 (Zhao et al. 2012b).

Again we can see from Table2.14 that Zhao et al. (2012b)’s method has the
same clustering results with those of Xu et al. (2008)’s method, and Pelekis et al.
(2008)’s method can make more detailed clustering results. It is worthy of pointing
out that the clustering results of Zhao et al. (2012b)’s method are exactly the same
with those of Xu et al. (2008)’s method, but Zhao et al. (2012b)’s method does not
need to use the transitive closure technique to calculate the equivalent matrix of the
association matrix, and thus requires much less computational effort than Xu et al.
(2008)’s method. Let’s examine into the computing process of the two methods:
whether in Xu et al. (2008)’s method or Zhao et al. (2012b)’s method, the clustering
processes are all based on A-cutting matrix. Before getting the A-cutting matrix,
Xu et al. (2008) first transformed the intuitionistic fuzzy association matrix into
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an intuitionistic fuzzy equivalent association matrix by transitive closure technique,
which needs lots of computational effort. In Zhao et al. (2012b)’s method, we get
the A-cutting matrix directly from the intuitionistic fuzzy association matrix.

Furthermore, Let m and n represent the amount of alternatives and attributes
respectively. Then the computational complexity of our method is O (nm?), Xu
et al. (2008)’s method is O ((1 4+ k)nm?) where k (usually, k > 2) represents the
transfer times until we get the equivalent matrix, and Pelekis et al. (2008)’s method
is O (nm?* 4 jem) where c is the number of the clusters, j is the times of judgment if
|7t — Ul|| . > & is valid.

In summary, Xu et al. (2008)’s method and Pelekis et al. (2008)’s method have
relatively high computational complexity, which indeed motivates the intuitionistic
fuzzy Boole clustering method given by Zhao et al. (2012b).

Furthermore, from Examples 2.8 and 2.9, we can see that the clustering results
have much to do with the threshold A, the smaller the confidence level A is, the more
detailed the clustering will be.

Either in Example 2.8 or in Example 2.9, we all use the association coefficient
Eq.(2.159) but not Eq. (2.157), the reason is that Eq.(2.157) cannot guarantee the
necessity in the condition (2) of Definition 2.31 and omits the hesitation degree,
which may lead to the incorrect results. The following example shows these ideas:

Example 2.10 (Zhao et al. 2012b) Suppose that the military experts evaluate the
performance of another group of combat aircrafts y; (i = 1,2, ..., 9) according to
the attributes G; G = 1,2, ...,7), and give the data as:

y1 = {{G1,0.5,0.3), (G2, 0.6, 0.3), (G3, 0.4, 0.3),

(G4,0.8,0.1), (Gs,0.7,0.2), (Gg. 0.5,0.2), (G, 0.4, 0.3)}
y2 = {(G1,0.6,0.2), (G2, 0.5,0.3), (G3,0.5,0.2),

(G4, 0.6,0.2), (Gs, 0.6,0.3), (Gg, 0.6, 0.3), (G7,0.5,0.2)}
y3 = {(G1,0.7,0.1), (G,, 0.6, 0.3), (G3,0.7,0.2),

(G4,0.5,0.3), (Gs,0.5,0.2), (Gg. 0.5,0.2), (G7, 0.6, 0.3) }
y4 = {(G}, 0.4,0.3), (G2, 0.7,0.2), (G3,0.5,0.3),

(G4, 0.6,0.2), (Gs,0.7,0.1), (G, 0.4,0.3), (G7,0.7, 0.2)}
ys = {(G1,0.6,0.2), (G2, 0.6,0.3), (G3, 0.6, 0.2),

(G4, 0.5,0.3), (Gs, 0.8,0.1), (Gg. 0.6, 0.1), (G7, 0.6, 0.1)}
y6 = {(G1,0.8,0.1), (G2, 0.5,0.2), (G3,0.7,0.1),

(G4,0.7,0.1), (Gs,0.7,0.2), (Gg, 0.8,0.1), (G7,0.7, 0.2)}
y7 = {{G1,0.7,0.2), (G»,0.6,0.3), (G3, 0.8, 0.1),

(G4, 0.8,0.1), (Gs, 0.6,0.3), (Gg, 0.5, 0.4), (G7, 0.8, 0.1)}
yg = {(G1,0.5,0.2), (G2,0.7,0.2), (G3,0.7,0.2),

(G4, 0.6,0.2), (Gs,0.5,0.3), (G, 0.7,0.1), (G7, 0.6, 0.2)}
yo = {{G1,0.6,0.2), (G2, 0.5,0.3), (G3, 0.6, 0.3),

(G4,0.5,0.2), (Gs, 0.8,0.1), (G, 0.8,0.1), (G7, 0.5, 0.2)}
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If we use Eq.(2.157) to compute the association coefficients of the IFSs y;
(i=1,2,...,9), then the association matrix C = (c;j)ex6, Where ¢;j = ¢1(yi, yj),
i,j=1,2,...,9 will be:

1.000 0.971 0.931 0.960 0.945 0.933 0.934 0.943 0.948
0.971 1.000 0.973 0.956 0.970 0.970 0.971 0.972 0.970
0.931 0.973 1.000 0.945 0.968 0.964 0.965 0.973 0.953
0.960 0.956 0.945 1.000 0.962 0.923 0.952 0.950 0.938
C =] 0.9450.970 0.968 0.962 1.000 0.967 0.946 0.965 0.985
0.933 0.970 0.964 0.923 0.967 1.000 0.963 0.969 0.971
0.934 0.971 0.965 0.952 0.946 0.963 1.000 0.960 0.923
0.943 0.972 0.973 0.950 0.965 0.969 0.960 1.000 0.960
0.948 0.970 0.953 0.938 0.985 0.971 0.923 0.960 1.000

If we use Eq.(2.159) to compute the association coefficients of the IFSs y;
(i=1,2,...,9), then the association matrix C = (¢jj)mxm, Where ¢;j = ¢3(yi, yj),
i,j=1,2,...,9 will be:

1.000 0.964 0.917 0.952 0.947 0.914 0.914 0.934 0.933
0.964 1.000 0.948 0.941 0.963 0.959 0.950 0.959 0.964
0.917 0.948 1.000 0.946 0.957 0.945 0.948 0.969 0.936
0.952 0.941 0.946 1.000 0.957 0.908 0.934 0.950 0.923
C =] 0.947 0.963 0.957 0.957 1.000 0.950 0.930 0.960 0.976
0.914 0.959 0.945 0.908 0.950 1.000 0.956 0.953 0.961
0.914 0.950 0.948 0.934 0.930 0.956 1.000 0.947 0.911
0.934 0.959 0.969 0.950 0.960 0.953 0.947 1.000 0.955
0.933 0.964 0.936 0.923 0.976 0.961 0.911 0.955 1.000

Based on the above two association matrices, using the intuitionistic fuzzy Boole
clustering method, we can make comparisons between the clustering results of the
two association coefficients (See Table 2.15) (Zhao et al. 2012b).

We can see from Table 2.15 that Eq. (2.159) can derive more detailed clustering
results than Eq. (2.157). Since Eq. (2.157) cannot guarantee the necessity in the con-
dition (2) of Definition 2.31, and omits the hesitation degree, some information may
be missing. Namely, Eq. (2.157) cannot reflect all the information that the intuition-
istic fuzzy data contains. Considering the stated reasons above, it is not hard for us
to comprehend why Eq. (2.159) can get more detailed types than Eq. (2.157). There-
fore, Compared to Eq.(2.157), Eq.(2.159) has much more potential for practical
applications.
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Table 2.15 Comparisons of the clustering results of Eqs. (2.157) and (2.159)

Types  The clustering result using Eq.(2.157) The clustering result using Eq. (2.159)

9 (i} {2} {ys)s ads {ysh {ved, {v7), (o ds {2} {v3)s (vads {ysh, {vel}, {7},
{ys}, {yo} {8}, {yo}

8 {ys.yo b {yi}s {2}, {vads {vads {ve s (7}, {ys.yolds {vi ) (v} {3, {vads {yve ) {7},
{ys} {ys}

7 {y3.y8}, {yss yol, (v}, {32}, {ya}, {6,

{y7}

6 b vz, y3.¥8): (s, yo ), {va}, {ve}s {y7}

5 {y1, y2, y5, yo . {3, y8} 5 {val}, {ye}, {7}

4 {1, y2. ¥5. ¥6, yo }, {y3, ¥}, {ya}, {y7}

3 {v1> y2, ¥3, ¥7. y8}- {5, ¥, yo ), {va} {1, ¥2: ¥3, 5, Y6, ¥8, Yo}, {ya}, {7}

2 {¥1, y2, ¥3, ¥5. Y6, ¥7, ¥8, ¥o }, {va} {y1, ¥2, ¥3, ¥4, ¥5, ¥6, ¥8, o }, {y7}

1 {1, ¥2, ¥3, Y4, ¥s, Y6, Y7, ¥8, Y9 } {1, ¥2, ¥3, ¥4, Y5, Y6, Y7, Y8, Y9 }

2.7.4 Interval-Valued Intuitionistic Fuzzy Clustering Algorithm

Let IVIFS(X) be the set of all IVIFSs over X, Xu et al. (2008) defined the concept
of association coefficient between two IVIFS as follows:

Definition 2.32 (Xu et al. 2008) Let ¢ be a mapping ¢: (IVIFS(X )% — [0, 1], then
the association coefficient between two IVIFSs A and B is defined as ¢(A, B), which
satisfies the following conditions: (1) 0 < ¢(A,B) < 1;(2) ¢(A,B) = 1 if and only
if A = B; and 3) ¢(A, B) = ¢(B, A).

In the case where X = {x1,x2,...,x,} is a discrete universe of discourse, we
extend c3(A, B) to IVIFSs to calculate the association coefficient between two IVIFSs
A and B as below:

i ifis ()

é7(A, B) = = -
\/Zj:l 8z (%) - 2=185 (%)

(2.168)

where
e () = (5 () + (5 )+ (75 )+ (uF ()
+ (vt (x,-))2 +(wf (x,»))2 (2.169)
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& () = (15 () + (v5 )+ (75 )+ (i ()

+ (v (x,‘))2 + (7 (x-))2 (2.170)
fig () =y () ng () +vi () vy (%)

+ g (9) g (9) + g () g (g

+vi (g) vy () + 3 () 75 (%) 2.171)

If we need to consider the weights of the element x; € X, then Eq. (2.166) can be
extended to its weighted counterpart:

S wifi s ()

ég(A, B) = (2.172)
n n
\/Z;’: 1 Wi84 (xj) ’ Zj: 1 Wi8p (xj)
where w = (wi,wp, ..., wn)T is the weight vector of x; (i = 1,2,...,n), with
wj > 0,i = 1,2,...,nandzj’-l=1wj=l.Ifwl =wy, =--- =w, = 1/n, then

Eq.(2.172) reduces to Eq. (2.168).
In the following, we prove that Eq. (2.172) satisfies all the conditions of Definition
2.32:

Proof Since A, B € IVIFS(X), then
0<p) <pf0y)<10<vi0p)=vily) =<1 0<m () <7y =L

forall x; € X (2.173)

0<pz() =pf) =10=v() <viey) <1, 0=<7y (g <7)(y) <1,

forall x; € X (2.174)

and thus, by Eq.(2.172), we get ¢3(A,B) > 0. According to the famous Cauchy-
Schwarz inequality Eq. (2.160), we have

n

Dowifip = || 2o wiga () ) [ Do wigs () (2.175)

j=1 j=1 j=1

and thus, ¢g (;\, E) < 1 with equality if and only if there exists a nonzero real number
A, such that
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1y () = Ay (), 1 () = Aud (), vy () = dvy ()
Vi) =iy, my () = Ay (), 7w () = A ()

forall x; € X (2.176)
while because

nA_(xj) =1- ,u:{(xj) — vg()q/), n;(xj) =1- /Lg(xj) — VA_ (xj), forall x; € X
2.177)
ni;(xj) =1- ,ug(xj) — v;;(xj), nli;(xj) =1- u;(xj) — vé (xj), forall x; € X
o (2.178)
Then by Eq.(2.178), we have A = 1, i.e., A = B, which completes the proofs of
the conditions (1) and (2) in Definition 2.32. Furthermore, by Eq.(2.172), we have

27:1 Wifi B ()
s wiga (5) - S wigg ()
_ o wifpa (%)
VZo i (o) - - wigs ()

é3(A, B) =

= ¢g(B, A) (2.179)

Thus, we can prove that ¢g (A, B) also satisfies the condition (3) of Definition 2.32.

If the universe of discourse, X, is continuous and the weight of the element x €
X = [a, b] is w(x), where w(x) > 0 and fah w(x)dx = 1, then we get the continuous
form of Eq. (2.172):

b
o (0 d
oA, B) = Ju WO () dx (2.180)

P w@gs @ dx - [P wingp () dx

where

0 = (155 @) + (5 @)+ (r; @) + (1 @) + (5 @) +(7F @)

A
(2.181)
600 = (5 @)+ (5 @)+ (5 @) + (7 0) + (5 ) +(nf @)
(2.182)

fig () = ny () py @) +vy vy @)+ @)y )+t () pg (0
+vi @) vg (x) + n; (x) nlz; (x) (2.183)

If all the elements have the same importance, then Eq. (2.181) reduces to
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b
o - (0 d
¢0(A, B) = Jutip 09 (2.184)

VIL g a7 g5 ) dx

For convenience, we introduce the concept of interval-valued intuitionistic fuzzy
association matrix:

Definition 2.33 (Xu et al. 2008) Let /Nlj G = 1,2,...,m) be m IVIFSs, then
C= (Cij)mxm 1s called an association matrix, where ¢;; = ¢(A, ;\j) is the interval-
valued intuitionistic fuzzy association coefficient of A; and A;, which has the follow-
ing propertieS' (D0 <¢j<lforalij=12,...,m;(2)¢; = 1if and only if
A; —A ;and (3) ¢;j = ¢j, forall i, j=1,2,.

Based on the definition above, in what follows, we introduce an algorithm for
clustering IVIFSs (Zhao et al. 2012b):

Algorithm 2.13

Step 1 Use Eqgs. (2.168) or (2.172) (if the weights of the attributes are the same,
we use Eq. (2.168); otherwise, we use Eq.(2.172)) to calculate the association coef-
ﬁcients of the IVIFSs A (G =1,2,...,m), and then construct an association matrix

= (Cij)mxm> Where ¢;; = C7(A,,A ) or cl] = Cg(Al,A ), i j =1,2,.

Step 2 Construct a A-cutting matrix C = (ACU) of C by using Eq (2.87).

Step 3 See Algorithm 2.12.

Step 4 See Algorithm 2.12.

Step 5 End.

mxm

Example 2.11 (Zhao et al. 2012b) Suppose that there are six samples
yi (i = 1,2,...,6) to be classified. According to the attributes G; (i = 1,2),
their attribute values are expressed by IVIFSs as follows:

= {{G1, [0.60, 0.80] , [0.10, 0.201]), (Ga, [0.50, 0.70] , [0.10, 0.30])}
y2 = {(G1, [0.30, 0.50], [0.25, 0.45]), (Ga, [0.70, 0.85] , [0.00, 0.15])}
y3 = {(G1, [0.45, 0.65] , [0.15, 0.351]), (Ga, [0.60, 0.80] , [0.05, 0.20])}
ya = {(G1, [0.34, 0.54] , [0.25, 0.45]), (Ga, [0.50, 0.70] , [0.10, 0.30])}
ys = {(G1, [0.40, 0.60] , [0.25, 0.40]), (Ga, [0.65, 0.80], [0.10, 0.20])}

6 = {(G1,[0.45,0.65] , [0.15, 0.35]), (Ga, [0.47, 0.67], [0.05, 0.25])}

Suppose that the weights of the attributes G; (j = 1, 2) are equal, now we utilize
Algorithm 2.13 to group these samples y; (i = 1,2, ..., 6):

Step 1 Use Eq.(2.168) to compute the association coefficients of the IFSs
yi i =1,2,...,6), and then construct an association matrix C = (c;j)6x6, Where

cjj =C7071,)’])a17J = 1,2, ...,6:



2.7 Intuitionistic Fuzzy Clustering Algorithm 245

1.000 0.908 0.973 0.944 0.950 0.977
0.908 1.000 0.979 0.975 0.987 0.950
0.973 0.979 1.000 0.982 0.992 0.986
0.944 0.975 0.982 1.000 0.981 0.983
0.950 0.987 0.992 0.981 1.000 0.967
0.977 0.950 0.986 0.983 0.967 1.000

Step 2 By Eq.(2.87) we give a detailed analysis with respect to the threshold A,
and then we get all the possible clusters of the samplesy; i = 1,2, ..., 6):

(OIfA=1,theny; (i =1,2,...,6) are grouped into the following six types:

{1}, 2}, {3}, (e}, s, (e}

(2)If 2 = 0.992, then by Eq. (2.87), the A-cutting matrix Cj, = (.c;j) of Cis:

mxm

Cy,

Il
cocoococo~
cococor~o
o~ o ~OO
co~ocoo
o~ o—~oOo
—o o oo Oo

According to Theorem 2.19, we know that C) is an equivalent Boole matrix,
we can use C, to cluster the samples y; (i = 1,2,...,6) directly, and then y;
(i=1,2,...,6) are grouped into the following five types:

1}, 2}, (3, y5), va) s (el

(3) If & = 0.987, then the A-cutting matrix C; = (,.c;j),, ., of C is:
1 0000O0O0
01 00T1PO0
C; = 0010T1PO0
000100
011010
000O0O0T1

Similar to (2), y; (i = 1,2, ..., 6) are grouped into the following four types:

{1}, 2, y3, ¥5) . {va}, {ve}
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(4) If 2. = 0.986, then the A-cutting matrix C;, = (5.c;j) of Cis:

mxm

100000
010010
001011

G=1000100
011010
001001

By Theorem 2.19, we know that C}, is not an equivalent Boole matrix, to transform
C, into an equivalent Boole matrix, we should change the element “0” in the special
sub-matrices into “1” and then we get

SO OO O
—_— O = = O
_——_— 0 = = O
SO = O OO
—_— O = = O
_——_— 0 = = O

Obviously, C; is an equivalent Boole matrix, by which we can group y;
(i=1,2,...,06) into the following three types:

1}, (2, 3, y5. y6} s {va}

(5) If A = 0.982, then the A-cutting matrix C; = ()‘Cij)6><6 of C is:

G,

S OO OO~
——_ O O = O
— = =0 O
SO == OO
S = O == O
— O O = = O

Similar to (4), y; (i = 1,2, ..., 6) are grouped into the following two types:

{1}, {2, 3, ¥4, ¥5, Y6}
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(6) If 1 = 0.977, then the A-cutting matrix C;, = (5.¢jj), ¢ Of C is:

Cy.

I
—_—0 00O~
— e = = e O
—_— = = = = O
e e =)
— e = = = O
— e

Similar to (4), y; (i =1, 2, ..., 6) are grouped into the following one types:

{1, 52, ¥3, Y4, ¥5, Yo}

2.8 A Netting Method for Clustering Intuitionistic
Fuzzy Information

2.8.1 An Approach to Constructing Intuitionistic Fuzzy
Similarity Matrix

Now we consider a multi-attribute decision making problem, let ¥ and G be as
defined previously. The characteristic of each alternative y; under all the attributes
G; (j=1,2,...,n)is represented as an IFS:

vi = UGj, 1y, (G, vy (GG € GYi= 1,2, ... om;j=1,2,...,n  (2.185)

where iy, (Gj) denotes the membership degree of y; to G;, and vy, (G;) denotes the
non-membership degree of y; to G;. Obviously, 7y, (Gj) = 1 — wy,(Gj) — vy, (G))

is the uncertainty (or hesitation) degree of y; to Gj. If let rj = (wi, vy) =
(1y,(Gj), vy;(Gj)), which is an IFV, then based on these IFVs r; (i = 1,2, ..., m;
Jj=1,2,...,n), wecan construct an /n X n intuitionistic fuzzy matrix R = (¥jj)mxn-

Next, we shall introduce an approach to constructing an intuitionistic fuzzy sim-
ilarity matrix based on the intuitionistic fuzzy matrix R = (7j)mxn-

For any two alternatives y; and yi, we first use the normalized Hamming distance
to get the average value of the absolute deviations of the non-membership degrees
vijand vy, forallj =1,2,...,m

. 1< _
dnu i, yi) = P E vij —wiil, i, k=1,2,...,m (2.186)
j=1

Analogously, we get the average value of the absolute deviations of the member-
ship degrees p;; and uyj, forallj =1,2, ..., n:
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1 - ,
dng Vi, yi) = - Z‘T lij — gl ik =1,2,...,m (2.187)
j:

Obviously, the distances (2.186) and (2.187) show the closeness degrees of the
characteristics of each two alternatives y; and y. The smaller the values of dNH iy Vi)
and dyy (vi, yi) are, the more similar the two alternatives y; and yy.

In an intuitionistic fuzzy similarity matrix, each of its elements is an IFV. To get
an intuitionistic fuzzy closeness degrees of y; and y;, we may consider the value of
dNH (i, yx) as a non-membership degree v, and then it may be hopeful to define

, I < :
Mk=1—;2|ug—ukj|,z,k=1,2,...,m (2.188)
]:

as a membership degree. Now we need to check whether O < iz + vix < 1 holds or
not. However,

) ] 1 n 1 n
i+ Vi = 1= = > I = gl + 2 > vy = vl 2 0 (2.189)
j=1 j=1
1 - 1 -
,l'/vik—i‘\'/ik:1—;Z‘”sz_ﬂkﬂ‘i‘zz‘”"zj_vkﬂ
J= J=

n

1< 1
=1-- Z% (= ) = (= )| + Z; lvi —vgl  (2.190)
J= J=

1 n 1 n
=1 == > 15 +75) = (g +7) + — > Ivij = vl

j=1 j=1
1 « 1 «
=1 == > 1y = vig) + (= 7g) | + = > v = vigl
j=1 j=1
1 < 1 « 1 «
= 1= D vy = vl = - D by — gl > vy — v
j=1 j=1 j=1
1 n
=1—;Z‘Tm,-j—nkﬂ,i,k:l,z,...,m (2.191)
]:

where 77;; = 1 — f1;; — v;;. Thus, 0 < fix + Vix < 1 cannot be guaranteed.

In the numerical analysis above, we can see that in an IFV, the membership degree
is closely related to both the non-membership and the uncertainty degree. Motivated
by this idea, we may modify Eq.(2.188) as:
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. 1< I < .
l/Lik:1_ZZ:IWU_Vkﬂ—ZZ:IVTij—ﬂkle,k:1,2,...,m (2.192)
j= j=

with p = 1if and only v;; = Vyj and 71;; = 735, forallj = 1,2, ..., n.
Based on Eqgs. (2.186) and (2.192), we have the following concept:

Definition 2.34 (Wang et al. 2011) Let y; and y; be two IFSs on X, and Z(y;, y) a
binary relation on X x X, if

(1»0)7 Yi = Yk,
| - | - | -
Zoiy) =\ 1= X i —vgl =5 2 [mi —mgl. 5 2 vy — v ).
= = =
Yi # Vi

(2.193)
then Z(y;, yx) is called a closeness degree of y; and y.
By Eq.(2.193), we have

Theorem 2.20 (Wang et al. 2011) The closeness degree Z(y;, yx) of y; and yi is an
intuitionistic fuzzy similarity relation.

Proof (1) Let’s first prove that Z(y;, yx) is an IFV:

(a) Ify; = yx, then Z(y;, yr) = (1, 0);
(b) If y; # yk, then

1 — 1 —
"k=1——§ |V"_Vk'|_—§ |7rij — 745
Mi " ij L ij G

Jj=1 j=1

A

l n
1_;Z|th_vkj+nij_ﬂkj|
j=1

1 n
=1- - Z‘; [ — Mgl (2.194)
j:

Obviously, we have 0 < i < 1, with i = 1 if and only if u; = ., for
allj = 1,2,...,n, and with /1 = 0if and only if u; = 1 and ug; = 0, for all
J=12,...,n0orpuj=0and uy =1,forallj=1,2,...,n.

Similarly, we have 0 < v, = Z;':] [vij — vijl/n < 1, with vy = 1 if and only if
vij = vij, forallj = 1,2, ..., n, and with v = 0 if and only if v;; = 1 and v}; = 0,
forallj=1,2,...,n,0orvj=0and v; = 1,forallj =1,2,...,n

Also since
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1w 1 « 1 —
'~+\'/‘=1——E v~~—v~——E 7'[“—7['—}-—2 Vij — Vkj
Mik ik " - [vij k]| "y |7z k]| " - [vij k]|
j=1 j=1 j=1

1
:1_;Z:I|7Tij_nkj| <1 (2.195)
j=

then we have 0 < fi;; + vy < 1, with 1 + vy = 1 if and only if ;; = my;, for
allj = 1,2,...,n,and fijx + v = 0, if and only if m;; = 1 and m; = 0, for all
Jj=12,...,normj=0andm; = 1,forallj=1,2,...,n

(2) Since Z(y;, yi) = (1, 0), then Z is reflexive.

(3) Since |vij — vijl = |vij — vijl and |7y — mpi| = | — 750, then Z(y;, yi) =
Z(yk, i), i.e., Z is symmetrical. Thus, Z(A, B) is an intuitionistic fuzzy similarity
relation.

From Eq.(2.193), we can see that if all the differences of the non-membership
degrees and the differences of the uncertainty degrees of two alternatives y; and yj
withrespect to the attributes G; (j = 1, 2, ..., n) get smaller, then the two alternatives
are more similar to each other.

In the following section, we shall use Eq. (2.193) to introduce a clustering method.

2.8.2 A Netting Clustering Method

The so called netting means a simple process: Firstly, for an intuitionistic fuzzy
similarity matrix Z, we should choose a confidence level A € [0, 1], and then get a
A-cutting matrix Z and change the elements on the diagonal of Z; with the symbol of
the alternatives. Under the diagonal, we replace ‘1’ with the nodal point ‘*’ and ignore
all the ‘0’ in Z, . From the node ‘*’, we draw the vertical line and the horizontal line
to the diagonal and the corresponding alternatives on the diagonal will be clustered
into one type (He 1983).

Netting method was first used to cluster data in the field of fuzzy mathematics (He
1983). With this method, we can get the clustering results by ‘netting’ the elements of
similarity matrix directly. Wang et al. (2011) proposed a netting method for clustering
the objects with intuitionistic fuzzy information:

Step 1 For a multi-attribute decision making problem, Let Y = {y;, y2, ..., ym}
and G = {Gq, Gy, ..., G,} be defined previously, and assume that the charac-
teristics of the alternatives y; (i = 1,2,...,m) with respect to the attributes
G; (j=1,2,...,n) are represented as in Eq. (2.185).

Step 2 Construct the intuitionistic fuzzy similarity matrix Z = (z;})uxm by using
Eq.(2.193), where z;; is an IFV, and z;; = (w;j, vij)) = Z(i, i), i,j = 1,2, ..., m.

Step 3 Delete all the elements above the diagonal and replace the elements on the
diagonal with the symbol of the alternatives.
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Table 2.16 The characteristics information of the cars

G G, Gs G Gs Gs
i (0.3,0.5) (0.6,0.1) (0.4,0.3) (0.8,0.1) (0.1,0.6) (0.5,0.4)
v (0.6,0.3) (0.5,0.2) (0.6,0.1) (0.7,0.1) (0.3,0.6) (0.4,0.3)
3 (0.4,0.4) (0.8,0.1) (0.5,0.1) (0.6,0.2) (0.4,0.5) (0.3,0.2)
V4 (0.2,0.4) (0.4,0.1) (0.9,0.0) (0.8,0.1) (0.2.0.5) (0.7,0.1)
Vs (0.5,0.2) (0.3,0.6) (0.6.0.3) (0.7,0.1) (0.6,0.2) (0.5,0.3)

Step 4 Choose the confidence level A and construct the corresponding A-cutting
matrix. Replace ‘1’ with “*’ and delete all the ‘0’ in the matrix before drawing
the vertical and horizontal line to the symbol of alternatives on the diagonal from
“*7_ Corresponding to each “*’, we have a type which contains two elements. Unit
the types together which have the common elements, and then we get the types
corresponding to the selected A. Update the values of A before all the alternatives are
clustered into one type.

The principal to choose A: Based on the idea of constructing the similarity
degree matrix, we balance the similarity degree of two alternatives mainly through
the membership degree of the corresponding IFV. We choose the confidence level A
from the biggest one to the smallest one. When we encounter that two membership
degrees are equal, we firstly choose the one with the smaller non-membership degree.
If both of them are equal, they are clustered into the same type. After that, in terms of
the chosen A, we construct the corresponding A-cutting matrix. With this principle,
the clustering results will be more detailed.

2.8.3 Illustrative Examples

Example 2.12 (Wang et al. 2011) An auto market wants to classify five different
cars y; (i = 1,2,3,4,5) into several kinds (Liang and Shi 2003). Each car has six
evaluation factors: (1) Gp: Oil consumption; (2) G»: Coefficient of friction; (3) G3:
Price; (4) G4: Comfortable degree; (5) Gs: Design; (6) Gg: Safety coefficient. The
evaluation results of each car with respect to the factors G; (j = 1,2,...,6) are
represented by the IFSs, shown as in Table2.16 (Wang et al. 2011).

In the following, we utilize the intuitionistic fuzzy netting method to classify the
five cars, which involves the following steps (Wang et al. 2011):

Step 1 By Eq. (2.192), we calculate

6

6
. 1 1
fri2=1- EJZ; [vij — vail — EJZ; |71 — 79
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1
=1- 8(0.2—}—0.1 +0.240.040.040.1)

1
— 201 4+00+0.0+0.1+02+02)
-038

1
P12 = £(02+0.14+02+00+0.0+0.1) =0.1

and then calculate the others in a similar way. Consequently, we get the intuitionistic
fuzzy similarity matrix:

(1,00  (0.8,0.1) (0.72,0.12) (0.75,0.13) (0.65,0.22)

0.8,0.1) (1,00  (0.82,0.08) (0.72,0.1) (0.68,0.18)

z=1 (0.72,0.12) (0.82,0.08) (1,00  (0.7,0.05) (0.63,0.23)

(0.75,0.13) (0.72,0.1) (0.7,0.05)  (1,0)  (0.63,0.25)
(0.65,0.22) (0.68,0.18) (0.63,0.23) (0.63,0.25)  (1,0)

Step 2 Delete all the elements above the diagonal and replace the elements on the
diagonal in Z with the symbol of the alternatives y; (i = 1, 2, 3,4, 5):

yi
(0.8,0.1) v

7' =1 (0.72,0.12) (0.82,0.08) 3
(0.75,0.13) (0.72,0.1) (0.7,0.05) V4
(0.65,0.22) (0.68,0.18) (0.63,0.23) (0.63,0.25) ys

Step 3 Choose the confidence level A properly, and get the corresponding clus-
tering results with intuitionistic fuzzy netting method:

(1) When 0.82 < A < 1.0, we have

Y5

and then each car is clustered into a type: {y1}, {y2}, {y3}, {v4}, {5}
(2) When 0.8 < A < 0.82, we have
Y1
Yo
7" = JQ_)’%
Va4

Vs
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and then the cars y; (i = 1,2, 3,4,5) are clustered into following four types:

{1} {2, y31s {yals {ysh
(3) When 0.75 < A < 0.8, we have

Vi

Ya
Vs

and then the cars y; (i = 1,2, 3,4,5) are clustered into three types: {y1, y2, y3},

{va}, {ys}-
(4) When 0.72 < A < 0.75, we have

Y1

e

7" = yL

Y3

Yy
Vs

then the cars y; (i = 1, 2, 3,4, 5) are clustered into two types: {y1, y2, ¥3, Y4}, {y5}.
(5) When 0.68 < A < 0.72, we have the following two cases:

(a)
Y1
T
Z// — y3
’Ly“
Vs

In this case, the cars y; (i = 1,2, 3,4,5) are clustered into two types: {yi, y2,

v3, yah {ys}:
(b)

Z//= y3

Yy
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Table 2.17 Comparisons of the derived results

Types The result derived by intuitionistic The result developed by Zhang
fuzzy netting method et al.’s method (2007)

5 ik {2} (vshs {va), {ys} (i} {2} {yshs {va), {ys}

4 (i} {y2, y3}, {val, {ys}

3 (v, y2, 3} {4}, {ys} {v1,y2, y3}, {4}, {ys}

2 {1, y2,v3, ya}, {ys}

1 {yi, y2. y3, ¥4, ys5} {y1,y2, y3, y4, 5}

In this case, the cars y; (i = 1, 2, 3, 4, 5) are also clustered into two types: {y1, y2,

¥3, v4}, {ys}.
(6) When 0.65 < A < 0.68, we have
Y1

Yo
Z//: y3

Vs

Vs

andthenthecarsy; (i = 1, 2, 3, 4, 5) are clustered into one type: {y1, y2, ¥3, Y4, ¥5}.

In the following, let’s make simple comparisons between the intuitionistic fuzzy
netting method and Zhang et al.’s method (2007) in Table2.17 (Wang et al. 2011).

Through Table2.17, we know that the intuitionistic fuzzy netting method has
some desirable advantages over Zhang et al.’s method (2007): (1) It does not need to
calculate the equivalent matrix, and thus requires much less computational efforts;
(2) It can derive more detailed clustering results. Therefore, Compared to Zhang
et al. (2007)’s method, the intuitionistic fuzzy netting method has more prospects for
practical applications.

Why the intuitionistic fuzzy netting method has these characteristics? For one
thing, the proposed netting method can rely on similarity relation instead of equivalent
relation as in fuzzy environment. For another, whether in Zhang et al. (2007) method
or in Wang et al. (2011)’s work, the type stander are all based on A-cutting matrix,
S0 A is an important parameter to decide the type scalar. Before getting the A-cutting
matrix, Zhang et al. (2007) first transformed the intuitionistic fuzzy matrix into an
intuitionistic fuzzy similarity matrix, and then calculated its equivalent matrix which
needs lots of computational efforts. Wang et al. (2011) not only got the A-cutting
matrix directly from the intuitionistic fuzzy similarity matrix, but also improved the
principle of choosing A. Since Zhang et al. (2007)’s work needs to transform the
intuitionistic fuzzy similarity matrix into an intuitionistic fuzzy equivalent matrix,
and some information may be missing during this process. Namely, the intuitionistic
fuzzy equivalent matrix cannot reflect all the information that the intuitionistic fuzzy
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Table 2.18 The characteristics of the cars

G G, Gs Gy Gs Gs

i (0.8,0.1) (0.4,0.1) (0.6,0.1) 0.7,0.3) (0.6,0.2) (0.5,0.0)
v (0.0,0.3) (0.1,0.3) (0.0,0.6) (0.0,0.5) (0.5,0.3) (0.4,0.2)
3 (0.2,0.0) (0.9,0.1) (0.0,0.7) 0.0,0.1) (0.3,0.2) (0.8,0.2)
V4 (0.0,0.5) (0.3,0.0) (0.7,0.1) 0.6,0.1) (0.0.0.7) (0.7,0.2)
Vs (0.4,0.6) (0.2,0.4) 0.9.0.1) 0.6,0.1) (0.7,0.2) (0.7,0.3)
6 (0.0,0.2) (0.0,0.0) (0.5.0.4) (0.5,0.4) (0.3,0.6) (0.0,0.0)
V7 (0.8,0.1) (0.2,0.1) (0.1.0.0) (0.7,0.0) (0.6,0.4) (0.0,0.6)
s (0.1,0.7) (0.0,0.5) (0.8.0.1) 0.7,0.1) (0.7,0.1) (0.0,0.0)
o (0.0,0.1) (0.5,0.1) 0.3.0.1) 0.7,0.3) (0.1,0.3) (0.7,0.2)
Y10 (0.3,0.2) (0.7,0.1) 0.2.0.2) (0.2,0.0) (0.1,0.9) (0.9,0.1)

similarity matrix contains. Considering the stated reasons above, it is not hard for
us to comprehend why the intuitionistic fuzzy netting method can get more detailed
types than Zhang et al. (2007).

Here we only make a comparison with that of Zhang et al. (2007), because that the
method in Zhang et al. (2007) is a representation of solving this class of problems,
some closely-related results can be found in Xu et al. (2008) and Cai et al. (2009).

In order to demonstrate the effectiveness of the proposed clustering algorithm, we
further conduct experiments with the simulated data through comparing these two
methods:

Example 2.13 (Wang et al. 2011) As we have explained above, the computational
complexity is mainly related with the computations of intuitionistic fuzzy similarity
matrix and intuitionistic fuzzy equivalent matrix. Next, we shall illustrate this with
simulated experiments. Below we first introduce the experimental tool, the exper-
imental data sets, and then make a comparison with other method (Zhang et al.
2007):

(1) Experimental tool. In the experiments, we use the netting algorithm imple-
mented by MATLAB. Note that if we let w(x) = O for any x € X, then the netting
algorithm reduces to the traditional fuzzy netting algorithm. Therefore, we can use
this process to compare the performances of both the netting algorithm under intu-
itionistic fuzzy environment and the netting algorithm under fuzzy environment.

(2) Experimental data sets. The car data set contains the information of ten new
cars to be classified in an auto market. Let y; (i = 1, 2, ..., 10) be the cars, each of
which is described by six attributes: (1) Gy: Oil consumption; (2) G»: Coefficient
of friction; (3) G3: Price; (4) G4: Comfortable degree; (5) Gs: Design; and (6) Gg:
Safety coefficient, as in Example 2.12 (For convenience, here we do not consider
the weights of these attributes). The characteristics of the ten new cars under the six
attributes, generated at random by MATLAB, are represented by the IFSs, as shown
in Table2.18 (Wang et al. 2011).

In order to express the validity of the netting method, we shall make a comparison
with Zhang et al. (2007)’s method:
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With the netting method, we have the following clustering results (Wang et al.
2011):

Using Zhang et al. (2007)’s method, we first construct the intuitionistic fuzzy
similarity matrix based on the data in Table 2.18.

(1,0)  (0.41,0.08) (0.33,0.24) (0.43,0.08) (0.63,0.08)
(0.41,0.08)  (1,0)  (0.41,0.08) (0.49,0.16) (0.36,0.14)
(0.33,0.24) (0.41,0.08)  (1,0)  (0.46,0.08) (0.35,0.08)
(0.43,0.08) (0.49,0.16) (0.46,0.08)  (1,0)  (0.49,0.00)
(0.63,0.08) (0.36,0.14) (0.35,0.08) (0.49,0.00)  (1,0)

(0.38,0.14) (0.57,0.08) (0.22,0.16) (0.33,0.22) (0.27,0.22)
(0.55,0.0) (0.41,0.14) (0.43,0.36) (0.43,0.08) (0.30,0.08)
(0.46,0.08) (0.43,0.14) (0.25,0.29) (0.33,0.08) (0.27,0.08)
(0.35,0.0) (0.49,0.16) (0.33,0.08) (0.67,0.00) (0.36,0.08)
(0.43,0.24) (0.57,0.22) (0.49,0.08) (0.63,0.14) (0.46,0.16)

(0.38,0.14) (0.55,0.00) (0.46,0.08) (0.35,0.00) (0.43,0.24)
(0.57,0.08) (0.41,0.14) (0.43,0.14) (0.49,0.16) (0.57,0.22)
(0.22,0.16) (0.43,0.36) (0.25,0.29) (0.33,0.08) (0.49,0.08)
(0.33,0.22) (0.43,0.08) (0.33,0.08) (0.67,0.00) (0.63,0.14)
(0.27,0.22) (0.30,0.08) (0.27,0.08) (0.36,0.08) (0.46,0.16)
(1,0)  (0.38,0.22) (0.55,0.00) (0.33,0.08) (0.22,0.22)
(0.38,0.22) (1,00  (0.38,0.08) (0.34,0.21) (0.36,0.22)
(0.55,0.00) (0.38,0.08)  (1,0)  (0.33,0.16) (0.22,0.36)
(0.33,0.08) (0.35,0.22) (0.33,0.16)  (1,0)  (0.43,0.08)
(0.22,0.22) (0.36,0.22) (0.22,0.36) (0.43,0.08)  (1,0)

In order to get the clustering result with Zhang et al. (2007)’s method, we should
get the equivalent matrix. By the composition operations of similarity matrices, we
have

(1,00 (0.43,0.08) (0.43,0.08) (0.49,0.00) (0.63,0.08)
(0.43,0.08)  (1,0)  (0.49,0.08) (0.57,0.08) (0.49,0.08)
(0.43,0.08) (0.49,0.08) (1,00  (0.49,0.08) (0.46,0.08)
(0.49,0.00) (0.57,0.08) (0.49,0.08)  (1,0)  (0.49,0.00)
(0.63,0.08) (0.49,0.08) (0.46,0.08) (0.49,0.00)  (1,0)
(0.46,0.08) (0.57,0.08) (0.41,0.08) (0.49,0.08) (0.38,0.08)
(0.55,0.0) (0.43,0.08) (0.43,0.08) (0.43,0.08) (0.55,0.08)
(0.46,0.08) (0.55,0.08) (0.41,0.08) (0.43,0.08) (0.46,0.08)
(0.43,0.0) (0.49,0.08) (0.46,0.08) (0.67,0.00) (0.49,0.00)
(0.46,0.08) (0.57,0.08) (0.49,0.08) (0.63,0.08) (0.49,0.08)

72 =707 =
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74 =7%07% =

(0.46,0.08) (0.55,0.00) (0.46,0.08) (0.43,0.00) (0.46,0.08)
(0.57,0.08) (0.43,0.08) (0.55,0.08) (0.49,0.08) (0.57,0.08)
(0.41,0.08) (0.43,0.08) (0.41,0.08) (0.46,0.08) (0.49,0.08)
(0.49,0.08) (0.43,0.08) (0.43,0.08) (0.67,0.00) (0.63,0.08)
(0.38,0.08) (0.55,0.08) (0.46,0.08) (0.49,0.00) (0.49,0.08)
(1,0)  (0.41,0.08) (0.55,0.00) (0.49,0.08) (0.57,0.08)
(0.41,0.08)  (1,0)  (0.46,0.08) (0.43,0.00) (0.43,0.14)
(0.55,0.00) (0.46,0.08)  (1,0)  (0.43,0.08) (0.43,0.14)
(0.49,0.08) (0.43,0.00) (0.43,0.08)  (1,0)  (0.63,0.08)
(0.57,0.08) (0.43,0.14) (0.43,0.14) (0.63,0.08)  (1,0)

(1,0)  (0.49,0.08) (0.49,0.08) (0.49,0.00) (0.63,0.00)
(0.49,0.08)  (1,0)  (0.49,0.08) (0.57,0.08) (0.49,0.08)
(0.49,0.08) (0.49,0.08)  (1,0)  (0.49,0.08) (0.49,0.08)
(0.49,0.00) (0.57,0.08) (0.49,0.08)  (1,0)  (0.49,0.00)
(0.63,0.00) (0.49,0.08) (0.49,0.08) (0.49,0.00)  (1,0)
(0.49,0.08) (0.57,0.08) (0.49,0.08) (0.57,0.08) (0.49,0.08)
(0.55,0.00) (0.49,0.08) (0.46,0.08) (0.49,0.00) (0.55,0.00)
(0.46,0.08) (0.55,0.08) (0.49,0.08) (0.55,0.08) (0.49,0.08)
(0.49,0.0) (0.57,0.08) (0.49,0.08) (0.67,0.00) (0.49,0.00)
(0.49,0.08) (0.57,0.08) (0.49,0.08) (0.63,0.08) (0.49,0.08)

(0.49,0.08) (0.55,0.00) (0.46,0.08) (0.49,0.00) (0.49,0.08)
(0.57,0.08) (0.49,0.08) (0.55,0.08) (0.57,0.08) (0.57,0.08)
(0.49,0.08) (0.46,0.08) (0.49,0.08) (0.49,0.08) (0.49,0.08)
(0.57,0.08) (0.49,0.00) (0.55,0.08) (0.67,0.00) (0.63,0.08)
(0.49,0.08) (0.55,0.00) (0.49,0.08) (0.49,0.00) (0.49,0.08)

(1,0)  (0.46,0.08) (0.55,0.00) (0.57,0.08) (0.57,0.08)
(0.46,0.08) (1,00  (0.46,0.08) (0.49,0.00) (0.49,0.08)
(0.55,0.00) (0.46,0.08)  (1,0)  (0.49,0.08) (0.55,0.08)
(0.57,0.08) (0.49,0.00) (0.49,0.08)  (1,0)
(0.57,0.08) (0.49,0.08) (0.55,0.08) (0.63,0.08)
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After computation, we have Z® = Z* thus we can make cluster analysis with
Zhang et al. (2007)’s method. The clustering results are shown in Table 2.20 (Wang

etal. 2011).

We can see from Tables2.19 and 2.20 that the netting method can make more

detailed clustering results than Zhang et al. (2007)’s method.

In order to illustrate the computation complexity, we generate an amount of IFVs
at random by MATLAB. Then we measure the computation time before we get the
corresponding matrix that can make cluster analysis for the two methods respectively.

The results are shown in Table2.21 (Wang et al. 2011).
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Table 2.19 The clustering results with the netting method

Alevel Clustering results

067 <xr<1 {ids 2, {vsds {vad {vsh {veds {v7), {vsh, {ve}, {yi0}
0.63 < 1 <0.67 {va, o}, (ih {2} {ysh {vsh {ve}, {v7}, {vs}, {vio}
(0.63,0.14) < A < (0.63,0.08) 1, ys} {va, yo}, {v2)s {3} {veds {v7)s {ys)s {vio}
0.57 < A <0.63 1 ys)s (4. yo. yio)s {2}, {y3)s (e, {y7)s (s}
(0.57,0.22) < A < (0.57,0.08) {1, ys}, {4, yo, yio}s {v2, e, {v3}, {7}, {ys}

0.55 <A <0.57 {1, ys} {v2, y4. y6, y9, y10}, {y3}, {7}, {ys}

0.49 < A <0.55 {1, y5. ¥735 { 2, Y4, Y6, ¥8, ¥9. Y10}, {y3}

(0.49,0.16) < A < (0.49,0.08) {1, ¥s5, y7}, {2, ¥3, ¥4, Y6, ¥85 ¥9, y10}

0<A=<049 {y1, ¥2, ¥3 ¥4, ¥5, Y6, Y7, ¥85 ¥9, Y10}

Table 2.20 The clustering results with Zhang et al. (2007)’s method

Mevel Clustering results

067 <r=<1 {rid 2}, {vsd, {vads {ysh {veds {v7)s (s {yo)s {10}
0.63 < 1 <0.67 {vayo b, (i}, {2 }h {vsh {ysh (el {v7} {ysh {vio}
0.57 <1 <0.63 {v1.ys}, {ya, yo.yio}s {323, {y3}, {vels {y7}s {8}

0.55 <1 <0.57 {y1, ys} {v2, y4. y6, y9, y10}, {y3}, {v7}, {ys}

0.49 <1 <0.55 {1, ¥s5, y7}, {2, ¥3, ¥4, Y6, ¥85 Y9, y1o}

0<A=<049 { y1, ¥2, ¥3, Y4, ¥5, Y6, Y7, ¥85 ¥9, Y10}

Table 2.21 Elapsed time for each method

Alternatives 10 50 100 500 1000 2000
Time(Seconds)

Methods

Netting method ~ 0.000174  0.004637  0.013933  1.585204 11.721117  102.472592
Zhang et al. 0.002361 0.035407 0.167295 10.636214  78.620455 691.554396

(2007)’s method

Let n and m represent the amount of alternatives and attributes, respectively. Then
the computational complexities of our method and Zhang et al. (2007)’s method are
O(mn + 12n%) and O(mn + 12n* + kn?) respectively, where k(k > 2) represents
the transfer times until we get the equivalent matrix. The elapsed time may become
closed as n increases. Considering the practical application, we think the netting
method can save much more time and computational efforts.
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2.9 Direct Cluster Analysis Based on Intuitionistic
Fuzzy Implication

2.9.1 The Intuitionistic Fuzzy Implication Operator
and Intuitionistic Fuzzy Products

Definition 2.35 (Kohout and Bandler 1980, 1984) Let U;(i = 1, 2) be two ordinary
subsets, and L C Uj x U, an ordinary relation. Then for any a, b € U, Lb = {a|aLb}
and aL = {b|aLb} are respectively called a former set and a latter set.

Definition 2.36 (Kohout and Bandler 1980, 1984) Let U;(i = 1, 2, 3) be ordinary
subsets, L1 C Uy x Uz and Ly C U, x Uz, then atriangle product L1 < Ly C Uy x U3
of L; and L, can be defined as:

aLi <Lyc < aly C Lyce, for any (a,c) € Uy x Us (2.196)
Similarly, a square product L; [J L, is defined as:
aLi O Lyc < aly = Lyc, forany (a,c) e U x W (2.197)

where al.; = Lyc if and only if al; C Loc and alL; D Lac.
Wang and Liu (1999) introduced a fuzzy implication operator as follows:

Definition 2.37 (Wang and Liu 1999) Let I; be a binary operation on [0, 1], if
(0,00 =1,0,1)=0;(1,1) =1land I(1,0) =0 (2.198)

then [; is called a fuzzy implication operator.

For any a, b € [0, 1], I1(a, b) is a fuzzy implication operator, which can also be
denoted as a — b. Especially, the well-known Lukasiewicz implication operator is
given as ¢(a, b) = min(1 — a + b, 1), which means that the result of “a imply b” is
min(1 —a+ b, 1).

Motivated by the idea of Definition 2.37, Wang et al. (2012) defined the concept
of intuitionistic fuzzy implication operator:

Definition 2.38 (Wang et al. 2012) Let /; be a binary operation on the set of all
IFVs, V., if

11((0, 1), (0, 1)) =11((0, 1), (1,0)) =11 ((L, 0), (1,0))
=(1,0), 1((1,0),(0,1)=(0,1)

then /; is called an intuitionistic fuzzy implication operator.
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Now we extend Lukasiewicz implication operator to intuitionistic fuzzy environ-
ment. For any two IFVs a = (uq,vy) and B = (g, vg), if we only consider the
membership degrees ity and ug of o and B, then min{1 — uq + g, 1} cannot reflect
the superiority of IFVs, so we should consider the non-memberships v, and vg as
well. Then based on the components of IFVs and the form of Lukasiewicz implica-
tion operator, Wang et al. (2012) defined an intuitionistic fuzzy Lukasiewicz impli-
cation operator ¢ («, 8), whose membership degree and non-membership degree are
expressed as:

min{l, min{l — pq + pug, 1 —vg +ve}} =min{l, 1 — pug + g, 1 —vg + vy}
and
max {0, min{1—(1—pug+png), 1 —(1—vg+vy)}} = max{0, min{uq —ug, vg —va}}
respectively, i.e.,
@(a, B) = (min{l, I — 1o + up, 1 — vg + vo}, max{0, min{ue — pg, vg — val})
(2.199)
Clearly, we need to prove that the value of ¢ («, 8) should satisfy all the conditions
of an IFV. In fact, from Eq.(2.199), we have
min{l, 1 —pe+ug, 1=vg+ve} > 0, max{0, min{uy —ug, vg—ve}} > 0 (2.200)
and since
max {0, min{ug — mg, vg — vo}} = 1 — min{l, max{l — py + pug, I —vg +vy}}
(2.201)
min{l, max{1—pue+pug, 1 =vg+ve}} = min{l, 1 —pg+ug, 1—vg+vy} (2.202)
then

1 —min{l, max{l — e +pug, 1 =vg+ve}}+min{l, 1 — g +ug, 1 —vg+ve} < 1

which indicates that the value of ¢ («, 8) derived by Eq.(2.201) is an IFV.

Example 2.14 (Wangetal.2012)Leta = (0, 1) and 8 = (1, 0), thenby Eq. (2.198),
we have

o, @) = (min{l,1 —=0+0,1 —1+4 1}, max{0, min{O — 0, 1 — 1}}) = (1, 0)
¢(B,8) = (min{l,1 — 1+ 1,1 -0+ 0}, max{0, min{l — 1,0 — 0}}) = (1,0)

¢(a, ) = min{l,1 =0+ 1,1 — 0+ 1}, max{0, min{O — 1,0 — 1}}) = (1, 0)
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¢(B,a) = (min{l,1 —1+0,1 — 14 0}, max{0, min{l — 0, 1 —0}}) = (0, 1)

With the intuitionistic fuzzy Lukasiewicz implication, the traditional triangle
product and the square product (Kohout and Bandler 1980), below we further intro-
duce an intuitionistic fuzzy triangle product and an intuitionistic fuzzy square product
respectively:

Definition 2.39 (Wangetal. 2012) Leto = {ory, @2, ..., 1}, ¥ = {¥1, V2, - - - s Vin}
and B8 = {B1, B2, ..., Bn} bethreesetsof IFVs, Z; € F(axy)andZ; € F(y x ) two
intuitionistic fuzzy relations, then an intuitionistic fuzzy triangle product Z; < Z; €
F(a x B) of Z and Z; can be defined as:

1 < 1 <
(Z1 < 22) (i, By) = (E z MZy (i yi)—>2Z2 (i B) » m Z vz, (Dti,yk)ﬁzz(yk,ﬂj))v

k=1 k=1
forany (a;, B)) € (@, B),i=1,2,....,1; j=1,2,...,n
(2.203)

where “—” represents the intuitionistic fuzzy Lukasiewicz implication.

Similarly, Wang et al. (2012) defined an intuitionistic fuzzy square product
Z1 027, € F(a x B) of Z; and Z; as:

(21 O 22) (oo B) = min (pemin(Z1 (01,7022 0 ), 22 0, )= 21 @172

Vmin(Zy (@i, yk)—Za (k- )22 (v B)) = 21 (Oti,Vk)))

forany (a4, Bj) € (, B),i=1,2,....L;j=1,2,...,n
(2.204)

For convenience, we denote z;; as Z(«;, yx) for short, and the same with others.
As a result, Egs. (2.203) and (2.204) can be respectively simplified as:

] m 1 m
(Z1222) @ B) = | — D Beymzge — D Vaozy (2.205)
j=1 j=1

(21 O 2) (a;, B) = lg}(igm (Mmin(l,‘k*)Zk_/,ij‘)Z,'k)7 Vmin(z,»k%zk,-,zkjﬁzt'k)) (2.206)

Indeed, the intuitionistic fuzzy triangle product and the intuitionistic fuzzy square
product are very closely-related with each other. That is, the former is the basis of
the latter, due to that (Z; O Z)(«;, ;) is directly derived from (Z; <Z3)(«;, B;) and
(Z2 <« Zy)(a;, B)).
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2.9.2 The Applications of Two Intuitionistic Fuzzy Products

In this subsection, we shall apply the intuitionistic fuzzy triangle product to com-
pare any two alternatives in multi-attribute decision making with intuitionistic fuzzy
information, and then use the intuitionistic fuzzy square product to construct an intu-
itionistic fuzzy similarity matrix which is used as a basis for further investigating
intuitionistic fuzzy clustering technique.

Consider a multi-attribute decision making problem, let ¥ and G be as defined
previously. The characteristic (or called attribute value) of each alternative y; under
all the attributes G;(j = 1,2, ..., m) is represented as an IFS:

vi = {(Gj, 11y, (G, vy (GG € GYi= 1,2, ...,m; j=1,2,...,m  (2.207)

where (ty,(Gj) denotes the membership degree of y; to G; and vy,(G;) denotes
the non-membership degree of y; to Gj. Obviously, 7y, (G;)) = 1 — uy,(Gj) —
vy, (Gj) is the uncertainty (or hesitation) degree of y; to G;. If we let z; =
(ij, vij) = (iy;(Gj), vy;(Gj)), which is an IFV, then based on these IFVs z;; (i =
1,2,....n;j=1,2,..., m), we can construct an n X m intuitionistic fuzzy decision
matrix Z = (Zjj)nxm-

2.9.3 The Application of the Intuitionistic Fuzzy Triangle Product

For the above problem, the characteristic vectors of any two alternatives y; and y; are
expressed as Z; = (zi1, 22, - - -» Zim) and Z; = (31, Zj2, - - - » Zjm) respectively. The
implication degree of the alternatives y; and y; can be calculated with the following
intuitionistic fuzzy triangle product:

_ 1 — 1 —
(Zi<z Yy = (; PR vzm,.k) (2.208)
k=1 k=1

which shows the degree that how much the alternative y; is preferred to the alternative

vi, where Z/_l denotes the inverse of Z;, which is defined as (Z; l)kj = ) =

Zjks Mzg—z; and vy, -z, are respectively as shown in Eq. (2.199) for any k.
Similarly, we can calculate

3 1 m 1 m
(Zj <7 i = (E P IyTE—— — > vzjk_)zik) (2.209)
k=1 k=1

which shows the degree that how much the alternative y; is preferred to the alterna-
tive y;.
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From Egs. (2.208), (2.209) and Xu and Yager (2006)’s ranking method, we can
get an ordering of the alternatives y; and y;. Concretely speaking, (1) if (Z; <1Zj_1 )ij >

(Zi<Z; ! )ji» then the alternative y; is preferred to the alternative y;; (2) if (Z; <1Zj_1 )ij =
(Zj <« Zi_l) ji» then there is no difference between the alternatives y; and y;; and (3) if
Zi < Zj_l) i< (Z<Z D) ji» then the alternative y; is preferred to the alternative y;.

Example 2.15 (Wang et al. 2012) We express the evaluation results of the cars
yi (i = 1,2,3,4,5) in Table2.16 as the vectors Z; = (zi1,2i2,...,2i6) (I =
1,2,3,4,5), respectively, where z;; = (u;,vij)) (. = 1,2,3,4,5; j =1,2,3,
4,5,6):

Zi = ((0.3,0.5),(0.6,0.1), (0.4,0.3),(0.8,0.1),(0.1,0.6),(0.5,0.4))
7> = ((0.5,0.3),(0.5,0.2), (0.6,0.1),(0.7,0.1),(0.3,0.6),(0.4,0.3))
Z3 = ((0.4,0.4),(0.8,0.1), (0.5,0.1),(0.6,0.2),(0.4,0.5),(0.3,0.2))
Zs = ((0.2,0.4),(0.4,0.1), (0.9,0.0),(0.8,0.1),(0.2,0.5),(0.7,0.1))
Zs = ((0.5,0.2),(0.3,0.6), (0.6.0.3),(0.7,0.1),(0.6,0.2),(0.5,0.3))

Then we utilize the intuitionistic fuzzy triangle products Egs. (2.208) and (2.209)

to calculate the implication degrees (Z; < ijl)l-j and (Z; < Zfl)ji (i=1,2,3,4,5;
j=1,2,...,6)respectively:

6
Z Vaik—z20)
k=1

AN =

6
B 1
(Z1<Z, D = (8 D ez
k=1

6
1 )
:(6 E min{l, I — g + pok, 1 — vor +vig},
k=1

6
1 .
6 E max{0, min{/1x — (ok, vax — Vlk}})
k=1

=(0.9500, 0.0167)

N =

6
B 1
(Z<Z; Do = (8 D ay—ai
k=1

6
Z Vak—=z1x)
k=1

6
1 )
= (3 E min{l, I — uox + pix, 1 — vig +vai},
k=1

6
1 .
6 E max{0, min{uor — ik, Vixk — Vzk}})
k=1

=(0.8833, 0.0667)
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Similarly, we have

(Z1 «Z5 13 = (0.9333,0.0167), (Z3 < Z; )31 = (0.8333,0.0500)
(Z1 «Z; )14 = (0.9500, 0.000), (Zs <« Z; )41 = (0.8333, 0.1000)

(Z1 <Z5 15 = (0.9000, 0.0500), (Zs < Z; )51 = (0.8167,0.1000)
(Zr <25 M3 = (0.9333,0.0333), (Z3 < Z5 )3 = (0.9167, 0.0333)
(Za <Z; " )oa = (0.9167,0.0167), (Zs <« Z; ' )an = (0.8833, 0.0500)
(Zr <Z5 )25 = (0.9000, 0.0333), (Zs < Z5 )52 = (0.9000, 0.0500)
(Z3 < Z; )34 = (0.8667,0.0000), (Zs < Z3 ")az = (0.8333, 0.0500)
(Z3 <Z5 )35 = (0.8667,0.0833), (Zs <Z5 )53 = (0.8500, 0.0667)
(Zs < Z5 " )45 = (0.8167,0.1000), (Zs < Z; )54 = (0.8833, 0.0833)

According to Xu and Yager (2006)’s ranking method, we know that

(Z <1Zz_1)12 > (L <1Zl_1)21, (Z <1Z3_1)13 > (43 <1Zl_1)31
(Z1<Z e > (Za<Z Dar, 2 <25 s > (Zs <27 s
(Z2<Z5 )3 > (Z3 <2y Vs, (<2 V24 > (Za <2y ao
(22 <1ZS_1)25 > (Zs <1Zg_1)52, (73 <1Z4_1)34 > (Z4 <1Z3_1)43
(Z3 <1Z5_1)35 > (Zs <1Z3_1)53, (Zy <125_1)45 < (Zs<Z;Ysa

from which we get y4 > ys5 > y3 > y2 > y1.

From the above process, we can see that the intuitionistic fuzzy triangle product
can be used to compare the alternatives in multi-attribute decision making with
intuitionistic fuzzy information, but the computational complexity increases rapidly
as the numbers of the alternatives and attributes increase.

2.9.4 The Application of the Intuitionistic Fuzzy Square Product

From Eq.(2.204), we know that the intuitionistic fuzzy square product (Z; [J Z3);;
can be interpreted as: it measures the similarity degree of the ith row of an intu-
itionistic fuzzy matrix Z; and the jth row of an intuitionistic fuzzy matrix R, mathe-
matically. Therefore, considering the problem stated at the beginning of Sect.2.9.2,
(z; Zj_1 )ij reflects the similarity of the alternatives y; and y;. We can use the follow-
ing formula to construct an intuitionistic fuzzy similarity matrix for the alternatives
yvii=1,2,...,n):
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sim(y;, yj) = (Z; U Zjil)ij = lrgnkirgln (Mmin(ZikQij,ij*Zik)’ Vmin(Zik—>Z_/k,ij—>Zik))
(2.210)
Equation (2.210) has the following desirable properties (Wang et al. 2012):
(1) sim(y;,y;)is an IFV.
(2) sim(yi,yi) =(1,0) (1 =1,2,...,n).
(3) sim(yi, yj) = sim(y;, yi) (i,j = 1,2,...,n).
Proof (1) Let’s prove that sim(y;, y;) is an IFV:
Since the results of zjx — zjx and zjx — z;x are all IFVs as proven previously,
then (Mmiﬂ(zz‘k%z/‘k»zj‘k%z,'k)’ Vmi“(zik"ij»ij"Zik)) is an IFV, for any k.

(2) Since

. 1 .
sim(y;, yi) = (Z; U Z,' )i = lglklg (Mmin(zikezik’zikezik)s Vmin(zikezikszikez,-k))
<k<n

and with Definition 2.4, we can easily know that sim(y;, y;) = (1, 0).
(3) Since

. | .
sim(y;, Yj) =(Z 0 Z] )z] = 1r<nk12 (Mmin(zikezjk,szezik)v Vmin(z,-k—>z,~k,zjk—>zik))
=K=n X :

= 1r<nk11<1 (V“min(Z/k—ﬂik,Zik—ﬂjk)’ vmin(zik—’zikvzik—)ij))
Sk<n . . .

(Z; Oz = sim(yy. i)

then sim(y;, y;) = sim(y;, yi) (i,j = 1,2,...,n).

From the analysis above, we can know that Eq.(2.210) satisfies the conditions
of intuitionistic fuzzy similarity relation, and thus, we can use it to construct an
intuitionistic fuzzy similarity matrix.

2.9.5 A Direct Intuitionistic Fuzzy Cluster Analysis Method

After we have gotten an intuitionistic fuzzy similarity matrix R, with this method,
there is no need to seek for its equivalent matrix before doing cluster analysis. Starting
with an intuitionistic fuzzy similarity matrix, we may get the wanted cluster analysis
results as with an intuitionistic fuzzy equivalent matrix, which has been proven
strictly (Luo 1989). Luo (1989) introduced a direct method for clustering fuzzy sets
which can only consider the membership degrees of fuzzy sets. In this section, we
shall introduce a direct intuitionistic fuzzy cluster analysis method, which can take
into account both the membership degrees and the non-membership degrees of IFVs
under intuitionistic fuzzy environments. The method involves the following steps
(Wang et al. 2012):
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Step 1 Let Z = (z;j),xn be an intuitionistic fuzzy similarity matrix, where z;; =
(mij, vij) (A,j = 1,2,...,n) are IFVs, then we select one of the elements of Z to
determine the confidence level A1, which obeys the following principles:

(1) Rank the membership degrees of r;; (i,j = 1,2, ..., n) in descending order,
and then take A1 = (uy,, vi,) = (Wiyj;» Viyjy)» Where w;j, = rr}f}x{ulj}.

(2) If there exist two IFV's (i, , viyj; ) and (g, , Viyj,) in (1), such thatv; j, # vij,
(without loss of generality, let v;,;; < V;,;,), then we choose the first one as Ap, i.e.,
)‘-1 = (Mi1j| s Vi1j|)'

Then, for each alternative y;, we let
AD g —
ilz" = {yjlzij = A1} (2.211)

In this case, y; and all of the alternatives in [yi](zl) are clustered into one type, and
each of the other alternatives is clustered into one type.
Step 2 Choose the confidence level A2 such that Ay = (iy,, Vi,) = (Kigjps Vinja)s

with @, = ‘ _)r;lé?x ' ){Mij} (in particular, if there exist two or more IFVs whose
L) 71,1
membership degrees have the same value (;,,, then we can follow the policy in (2)

of Step 1. Then, we let [y,](zz) = {yjlzij = A2}, in this case, y; and all of alternatives in

[y,-](Zz) are clustered into one type, and each of the other alternatives is clustered into

one type. Merging [y,-](zl) and [yi](Zz), we get [yi](zl’z) = {yjlzij € {*1, A2}}, and thus,

y; and all of the alternatives in [y,-](zl’z) are clustered into one type, and the types of
the other alternatives keep unchanged.

Step 3 Take the other confidence levels and do cluster analysis following the
procedure of Step 2 until all the alternatives are clustered into one type.

From the above processes, we can see that the direct method can realize the cluster
analysis just based on the subscripts of alternatives, and there is even no need to get
the A-cutting matrix, which is a notable advantage of the direct method. In practical
applications, after choosing some proper confidence levels, we just need to confirm
their locations in the intuitionistic fuzzy similarity matrix, and then we can get the
types of the considered objects on the basis of their location subscripts.

Example 2.16 (Wang et al. 2012) We use the same example as Example 2.15, and
utilize the direct method developed above to classify the five cars, which involves
the following steps:

Step 1 By Eq. (2.208), we calculate
. —1 .
sim(yr, y2) = (Z1 0 Z, )12 = 1211326 (Mmin(11k—>12k»22k—>11k)’ vmin(zlk_)ZstZZk_’Zlk))

and get sim(y1, y2) = (0.7,0.2).

Then we calculate the others in a similar way. Consequently, we get the intuition-
istic fuzzy similarity matrix:
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(1,0)  (0.7,0.2) (0.7,0.1) (0.5,0.3) (0.5,0.4)
(0.7,0.2) (1,00 (0.7,0.1) (0.6,0.1) (0.6,0.3)
Zz=1(0.7,0.1) 0.7,0.1) (1,0) (0.6,0.1) (0.5,0.5)
(0.5,0.3) (0.6,0.1) (0.6,0.1) (1,0) (0.6,0.3)
(0.5,0.4) (0.6,0.3) (0.5,0.5) (0.6,0.3) (1,0)

Step 2 Choose the confidence levels properly, and get the corresponding clustering
results with the direct method:

(1) When 0.7 < u;, < 1.0, by Eq.(2.210), we know that there is no value z;;

in R such that z;; = Ay, i.e., [yi](Zl) = ¢. Thus, each car is clustered into one type:

{1}, (2}, {3}, {va} and {ys}.
(2) When 0.6 < u;, < 0.7, we have the following two cases:

(1) z13 = z23 = (0.7,0.1): In this case, by Eq.(2.209), we know that y1, y» and
y3 can be clustered into one type: {y1, y2, y3}. Then, by Step 2 of the clustering
method, we get that the cars y; i = 1,2,3,4,5) are clustered into three types:
V1, y2, y3}, {y4} and {ys}.

(1) z12 = (0.7,0.2): In this case, y; and y; can be clustered into one type. Thus,
by Step 2 of the clustering method, we know that the cars y; (i = 1, 2, 3,4, 5) are
also clustered into three types: {y1, y2, y3}, {va} and {ys}.

(3) When 0.5 < py; < 0.6, we have the following two cases:

(1) z24 = z34 = (0.6,0.1): In this case, y», y3 and y4 can be clustered into one
type. Then, merging the clustering results of (1) and (2), we can see that the cars
yi(i =1,2,3,4,5) are clustered into two types: {y1, y2, ¥3, y4} and {ys}.

(i) z25 = (0.6,0.3): In this case, yp and y5 can be clustered into one type.
Then, merging the clustering results above, it can be obtained that the cars y; (i =
1,2,3,4,5) are clustered into one type: {y1, y2, ¥3, Y4, ¥5}.

Compared with Zhang et al. (2007)’s method, we can know that the direct method
with less calculation amount can have better clustering results.
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Intuitionistic fuzzy value, 2
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Lagrange multiplier method, 209
Lukasiewicz implication operator, 260
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Mathematical induction, 20
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Membership degree, 2

Membership uncertainty index, 34
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Multi-attribute decision making, 12
Multi-attribute group decision making, 25
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Netting clustering method, 250
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Objective function, 209
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Partial differential function, 212
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R
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Revised Bonferroni mean, 66



278

S

Score function, 3
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Similarity function, 7
Similarity matrix, 161
Similarity measure, 7
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Strict Archimedean t-norm, 80
Support condition, 26
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