Graduate Texts in Physics

Gunter Ludyk

Einstein in Matrix
Form

Exact Derivation of the Theory of Special
and General Relativity without Tensors

@ Springer



Graduate Texts in Physics

For further volumes:
www.springer.com/series/8431


http://www.springer.com/series/8431

Graduate Texts in Physics

Graduate Texts in Physics publishes core learning/teaching material for graduate- and ad-
vanced-level undergraduate courses on topics of current and emerging fields within physics,
both pure and applied. These textbooks serve students at the MS- or PhD-level and their
instructors as comprehensive sources of principles, definitions, derivations, experiments and
applications (as relevant) for their mastery and teaching, respectively. International in scope
and relevance, the textbooks correspond to course syllabi sufficiently to serve as required
reading. Their didactic style, comprehensiveness and coverage of fundamental material also
make them suitable as introductions or references for scientists entering, or requiring timely
knowledge of, a research field.

Series Editors

Professor William T. Rhodes

Department of Computer and Electrical Engineering and Computer Science
Imaging Science and Technology Center

Florida Atlantic University

777 Glades Road SE, Room 456

Boca Raton, FL 33431

USA

wrhodes @fau.edu

Professor H. Eugene Stanley

Center for Polymer Studies Department of Physics
Boston University

590 Commonwealth Avenue, Room 204B

Boston, MA 02215

USA

hes@bu.edu

Professor Richard Needs

Cavendish Laboratory
JJ Thomson Avenue
Cambridge CB3 OHE
UK

rnl1@cam.ac.uk

Professor Martin Stutzmann

Walter Schottky Institut
TU Miinchen

85748 Garching

Germany
stutz@wsi.tu-muenchen.de


mailto:wrhodes@fau.edu
mailto:hes@bu.edu
mailto:rn11@cam.ac.uk
mailto:stutz@wsi.tu-muenchen.de

Giinter Ludyk

Einstein in Matrix
Form

Exact Derivation of the Theory of Special
and General Relativity without Tensors

@ Springer



Professor Dr. Giinter Ludyk
Physics and Electrical Engineering
University of Bremen

Bremen, Germany

Guenter.Ludyk @nord-com.net

ISSN 1868-4513 ISSN 1868-4521 (electronic)
Graduate Texts in Physics
ISBN 978-3-642-35797-8 ISBN 978-3-642-35798-5 (eBook)

DOI 10.1007/978-3-642-35798-5
Springer Heidelberg New York Dordrecht London

Library of Congress Control Number: 2013942312

© Springer-Verlag Berlin Heidelberg 2013

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of
the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation,
broadcasting, reproduction on microfilms or in any other physical way, and transmission or information
storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology
now known or hereafter developed. Exempted from this legal reservation are brief excerpts in connection
with reviews or scholarly analysis or material supplied specifically for the purpose of being entered
and executed on a computer system, for exclusive use by the purchaser of the work. Duplication of
this publication or parts thereof is permitted only under the provisions of the Copyright Law of the
Publisher’s location, in its current version, and permission for use must always be obtained from Springer.
Permissions for use may be obtained through RightsLink at the Copyright Clearance Center. Violations
are liable to prosecution under the respective Copyright Law.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.

While the advice and information in this book are believed to be true and accurate at the date of pub-
lication, neither the authors nor the editors nor the publisher can accept any legal responsibility for any
errors or omissions that may be made. The publisher makes no warranty, express or implied, with respect
to the material contained herein.

Printed on acid-free paper

Springer is part of Springer Science+Business Media (www.springer.com)


mailto:Guenter.Ludyk@nord-com.net
http://www.springer.com
http://www.springer.com/mycopy

To my grandchildren Ann-Sophie
and
Alexander
Hiittermann



Preface

This book is an introduction to the theories of Special and General Relativity. The
target audience are physicists, engineers and applied scientists who are looking for
an understandable introduction to the topic—without too much new mathematics.

All necessary mathematical tools are provided either directly in the text or in
the appendices. Also the appendices contain an introduction to vector or matrices:
first, as a refresher of known fundamental algebra, and second, to gain new experi-
ences, e.g. with the Kronecker-product of matrices and differentiation with respect
to vectors and matrices.

The fundamental equations of Einstein’s theory of Special and General Relativity
are derived using matrix calculus without the help of tensors. This feature makes the
book special and a valuable tool for scientists and engineers with no experience in
the field of tensor calculus. But physicists are also discovering that Einstein’s vac-
uum field equations can be expressed as a system of first-order differential-matrix
equations, wherein the unknown quantity is a matrix. These matrix equations are
also easy to handle when implementing numerical algorithms using standard soft-
ware as, €.2. MATHEMATICA or MAPLE.

In Chap. 1, the foundations of Special Relativity are developed. Chapter 2 de-
scribes the structure and principles of General Relativity. Chapter 3 explains the
Schwarzschild solution of spherical body gravity and examines the “Black Hole”
phenomenon. Furthermore, two appendices summarize the basics of the matrix the-
ory and differential geometry.

After completion of the book, I discovered the paper [37], where Einstein’s equa-
tions of a similar shape are derived.

I would like to thank Claus Ascheron (Springer) who has made great effort to-
wards the publication of this book. Finally, I would like to thank my wife Renate,
without her this book would have never been published!

Bremen Giinter Ludyk
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Notation

Important definitions, facts and theorems are framed, and important intermediate
results are double-underlined.
Scalars are written in normal typeface:

a,b,c,a,B,y,...;
Vectors in the 3-dimensional space (R?) are written in small bold typeface:
x,v,u,a,...;

Vectors in the 4-dimensional spacetime (R*) are written in small bold typeface with
an arrow:

Matrices are written in big bold typeface:
M,G,R,I,....

The identity matrix I, of size n x n is the matrix in which all the elements on the
main diagonal are equal to 1 and all other elements are equal to 0, e.g.,

0
0
I1,= 1
0

- o O O

1 0
0 1
0 0
0 0

The Derivative Operator V is the 3-dimensional column vector

Sl Il Fe

Xiii



Xiv Notation
and VT is the 3-dimensional row-vector

d|a|a
Vi=|—|—|—).
ox|dy|0z

The Derivative Operator V is the 4-dimensional column vector

_139
c ot
o
< _ ax
V=y 9
dy
9
9z
with
1
Y= =
2

Remark The derivative operators V and V are column vector operators and can
act both on the right and on the left! Example:

10ap 0daq day 8(13)

%T_.:_.T%: —_——— e I ~
a=a V<08t+8x+3y+8z



Chapter 1
Special Relativity

This chapter begins with the classical theorems of Galilei and Newton and the
Galilei transformation. The special theory of relativity, developed by Einstein in
1905, leads to the four-dimensional spacetime of Minkowski and the Lorentz trans-
formation. After that the relativity of simultaneity of events, the length contrac-
tion of moving bodies and the time dilation are discussed. This is followed by the
velocity-addition formula and relativistic mechanics. The next topic is the mass—
energy equivalence formula E = mc?, where c is the speed of light in a vacuum.
Then relativistic electromagnetism is treated and the invariance of special forms
of the equations of dynamics and Maxwell’s electrodynamic with respect to the
Lorentz transformation is shown. The energy—momentum matrix is introduced and
discussed.

1.1 Galilei Transformation

1.1.1 Relativity Principle of Galilei

An event is anything that can happen in space and time, e.g. the emission of a flash
of light in a room corner. Events happen at a single point. We assign to each event a
set of four coordinates ¢, x1, xo and x3, or with ¢ and the three-dimensional vector

The position vector x and the time 7 form a reference frame X . In this frame, New-
ton’s fundamental law of mechanics has the form

dp f
dr
G. Ludyk, Einstein in Matrix Form, Graduate Texts in Physics, 1
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2 1 Special Relativity

Fig. 1.1 Two against each T
other shifted reference
systems

w~

or, if the mass m in the momentum

dx

P=m5

is constant,
d2x
" —
dr?

An observer may now execute any motion, for example, he makes an experiment in
a moving train. We want to find the equation that takes the place of

— f. (1.1)

dp
yrintd
for the moving observer. A coordinate system X’ is connected firmly with the mov-
ing observer; it should be axis-parallel to the original coordinate system X. x, is
the location of the origin of X’ measured in X (Fig. 1.1). Then

x=x,+x,

or
X =x—-x,. (1.2)

Here x is the position vector of the event measured by an observer at rest in the
reference system X, and x’ is what an observer measures in the moving reference
system X”. Equation (1.2) differentiated with respect to time ¢,

dx  dx dx,

A ar’

(1.3)
results in the speed addition theorem of classical mechanics:

v (1) =v(t) — vo(2).
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Fig. 1.2 Two reference
systems moving against each
other

For the acceleration one obtains

d2 / d2 d2
Ex_Px dx, 14
dr2 A2 de?

The force f acting on the mass m is independent of the chosen coordinate system,
so f/ = f. This and (1.1) used in (1.4) result in

d%x d%x’
/ o
— =m—. 1.5
fr=m a2 =" ae (1.5)

The fundamental law of mechanics has lost its validity! If the moving observer
knows the external force f’, he can determine with measurements in X’ his ac-
celeration with respect to the rest system X. However, if the motion of X’ with
respect to X" is uniform and rectilinear, i.e. x, = v,¢ with a constant v,, then from
(1.5)
, d?x’

ff=m i (1.6)
and the fundamental laws of mechanics have in X” the same form as in X. Such
a uniform and rectilinear moving coordinate system is called an inertial system.
The moving observer has no possibility to determine his own motion with respect
to the coordinate system X’ by a mechanical experiment. Any free particle moves
in a straight line with constant speed. For example, Galilei considered a uniformly
moving ship in a port, whose occupants cannot decide whether the ship moves with
respect to the port or whether the port moves with respect to the ship. Today as an
example one would take a train in a railway station. This is the Relativity Principle
of Galilei:

Axiom: All natural laws are the same at every moment in all inertial
systems.
All coordinate systems moving uniformly linearly with respect
to an inertial system are themselves inertial systems.




4 1 Special Relativity

If two reference systems X and X’ move with a constant velocity v against each
other (Fig. 1.2), then

!/

x'=x—vt and ¢ =t. 1.7)

With the four-dimensional column vector

~def [t
xé( >GR4
x

the two equations (1.7) can be summarized in one equation, and we get the Galilei
transformation in a matrix form

- 1 o"\. -
x/=(_v I>x:TGalileix~ (1.8)

Looking at the inverse transformation of X” to X, one gets

t=¢ and x=vt+x,

or
- 1 o™\ .. -
X = (v 7 )% = Tcaie -

If both transformations are applied in series, the result is

- 1 o"\ (1 oT\. 1 of\., .
TGalﬂeiT’Galileix/:<_v I)(v I)x/z(o I X =¥,

i.e. the matrix T' /Ga]ilei is the inverse of the matrix T Gajilei-
For the time derivatives of the four-vector X we obtain

dx < 1 ) q d%x 0
— =\ ax and — =| g .
dr S dr? ﬁ

.o def . . .
With f = (?) we can write the fundamental equation of mechanics

- d’x
=m—. 1.9
f=mrs (1.9)
This equation multiplied from the left with the transformation matrix T gailei, in
fact, gives back the same form:

- d’x
T Gaiitei f =m T Galilei 7>
def 7./ )
= def =/
& itfz (1.10)
- &R

Fl=mS

dr?
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The fundamental equation of dynamics is thus invariant with respect to this Galilei
transformation, i.e. it retains its shape regardless of the reference system.

1.1.2 General Galilei Transformation

Up to this point, the Galilei transformation was considered only under the uniform
motion with the speed v of the two inertial systems against each other and a fixed
initial time ¢, = 0, a fixed initial point xo = 0 of the new coordinate system X’ and
with no rotation of the coordinate system.

It is now generally assumed that all laws of nature remain constant, therefore, are
invariant with respect to time shifting. If x(¢) is a solution of m¥ = f, then for all
t, € Ris x(t +t,) also a solution.

Next, it is assumed that the considered spaces are homogeneous, thus the same
features are available at all points. So, if x(¢) is again a solution of m¥ = f, then
x(t) + b is also a solution, but now for the starting point xo + b.

Moreover, it is assumed that the considered spaces are isotropic, i.e. there is no
directional dependence of properties. So again, if x(¢) is a solution of m¥ = f, then
also Dx(t) is a solution for the initial state Dx(. Here, however, also the equality
of the distances

p(x1,x2) = p(Dx1, Dx3)

must be true. For the rotation matrix D this means that it must be orthogonal be-
cause

p(Dx1, Dx3) =+/(Dx> — Dx{)T(Dx> — Dx)

=/(x2—x1)TDTD(x2 — x1) = p(x1,x2)

=/(x2 —x)T(x2 — x1),

SO
DTDLT.

The time invariance, homogeneity and isotropy can be summarized in one trans-
formation, the general Galilei transformation, as follows:
If ¢’ is shifted versus t by 79, i.e. one has

furthermore, the new coordinate system relative to the old is moved by x¢ and ro-
tated by the rotation matrix D, so for v = 0 one gets

x' = Dx + x, (1.12)
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(v)=(0 5)()+(5): 01

By moving the origin of the new coordinate system with the velocity v as mentioned
above, one finally gets the general Galilei transformation:

- 1 oT\. .
x':(_v D>x+x0, (1.14)

Ldef [t o def [ ¢,
xé( ) and x0§<0>.
x X,

This is an affine mapping, or an affine transformation.
One gets a linear transformation by introducing the extended vector:

and so

with

t

x | eR’, (1.15)
1
namely
t 1 o7 1 t
x|=]l-v D xg x|. (1.16)
1 0 oT 1 1

Newton’s fundamental laws are invariant also with respect to such a transforma-
tion. A general Galilei transformation is determined by 10 parameters: ,, x, € R?,
v eR3 and D € R¥3. The rotation matrix D, in fact, has only three main param-
eters since any general rotation consists of successive rotations performed around
the x1-, x2- and x3-axis, so the whole rotation is characterized by the three angles
o1, @2 and @3, where, for example, the rotation around the x;-axis is achieved by
the matrix

1 0 0
0 cose; sing
0 —sing; cos¢p

1.1.3 Maxwell’s Equations and Galilei Transformation

The situation is completely different with Maxwell’s equations of electromagnetic
dynamics. They are not invariant with respect to a Galilei transformation! Indeed,
in an inertial system X, a static charge g generates only a static electric field; in an
inertial frame, moving with the speed v, gv is an electric current which generates
there a magnetic field!
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In the nineteenth century, it was believed that all physical phenomena are me-
chanical and electromagnetic forces could be traced to the stress states of a world-
aether, the Maxwell’s tensions. It was assumed that even a vacuum must be filled
with aether. This aether then is the carrier of the electromagnetic phenomena.

Suppose an inertial frame is a reference system in which Galilei’s principle of
inertia is valid. Then Einstein in his general relativity principle claims:

The laws of nature take on the same form in all inertial
systems.

For the fundamental law of mechanics, this is derived above. The principle of rela-
tivity applies neither to electrodynamics nor to optics. How should the basic equa-
tions of electrodynamics be modified so that the relativity principle is valid? This is
the content of Einstein’s Theory of Special Relativity. He expanded it in the Theory
of General Relativity. This theory treats how the natural laws must be modified so
that they are also valid in accelerating or not uniformly against each other moving
reference systems.

1.2 Lorentz Transformation

1.2.1 Introduction

At the end of the nineteenth century, experiments were conceived which should
determine the velocity of the Earth with respect to the resting cosmic aether. This
speed relative to the aether can only be measured by an electromagnetic effect, e.g.
the light wave propagation. But in the Michelson—-Morley experiment in 1881 and
1887 no drift velocity was found. Einstein concluded:!

The speed of light ¢ is always constant.

Independently of the movement of the light source and the observer, light has the
same speed value in every inertial frame.

Assume a light pulse is produced at time 7 = ¢’ = 0 in the two axis-parallel refer-
ence systems X" and X’ with a common origin. If the light spreads with the speed of
light ¢ in the reference system A", then, for example, it is true that x| = ¢ - . From
(1.7) it follows for the x-direction that if v has the x-directional component, then

X1 =xj+vt=(c+ o),

yielding, contrary to the Michelson—Morley experiment, a propagation velocity for
light of ¢ 4+ v > ¢. Therefore, a transformation must be valid, different from the
Galilei transformation. We try a linear transformation:

t=ft' +eTx/, (1.17)

I'¢ from Latin celeritas: speed.
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Fig. 1.3 Different ways of
light: (a) seen by an observer

in X/, (b) seen by an observer L=ct"
inX a) i
: P
\&\,j\
bemmmmmnes ' “-observer A in X’

------------ I itatety . pmemmmmmaaa
' \ mjrror, moving with X’

\& ------- observer B in X’

x =bt' + Ax/, (1.18)

i.e.

with

1.2.2 Determining the Components of the Transformation Matrix

That ¢’ is different from ¢ (according to Galilei this was not the case, he took ' = 1)
is shown by the following reasoning. We consider two observers; observer A moves
relative to the observer B in a spaceship with velocity v (Fig. 1.3). The spaceship
with observer A has the inertial system X”’, and the observer B on Earth has the
inertial system X'. A beam of light moves from the origin x = x’ = o of the reference
systems X and X’ at time r = ¢’ = 0 perpendicular to the velocity v and reaches
after ¢’ seconds for the observer A in the moving reference system X’ a mirror
moving also with the reference system X’. For the observer B in the stationary
reference system X, the light beam reaches the mirror, which has been moved in
the v direction a distance of v - ¢ after ¢ seconds. Since in all initial systems the
speed of light is constant and equal to ¢, by Pythagorean theorem, one has

(c)? = 00)? + (L)? = W) + (er')?,

or, after solving for ¢,

t=yt (1.19)
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with
y &1 . (1.20)
-2
A comparison of (1.19) with (1.17) provides for x’ = o
f=y. (1.21)

For x” = 0 one has x = vt, and from (1.18) it follows that x = bt’. Thus, bt' = vt,
i.e. b=wv%. From (1.19) it follows, on the other hand, that & =y, so

b=yo. (1.22)

Up to now, the following transformation equations were determined:

t=yt' +eTx/, (1.23)

x=yvt' + Ax’. (1.24)

Equations (1.23) and (1.24) deliver a transformation of X’ to X. If one wants to
invert this transformation, one must replace v by —v, x by x’, and vice versa, and 1
by ¢’ and vice versa (as A and e may depend on v, in the following we first write A
and e):

V=yt+éeTx,
x' = —yvr + Ax,
which can be combined to
o Y el \_def ;-
X = ~ |x = Lx. (1.25)
—yv A
Both transformations performed one after another must result in the identity matrix:

L'iL=1. (1.26)

For the top left (1, 1)-element of the matrix product L'L one gets:

()= et

Hence,
yeTo=7y2—1. (1.27)
Taking for e
el =qavT (1.28)
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and using (1.27) yields

yavt=y? -1,
and moreover,
1 c? | 1 Y2
o= = = y
ve=72\a2_,2 Z_2 2
i.e.
=2 (1.29)
c

Equation (1.29) used in (1.28) finally yields

Y
el = T,

3 (1.30)

Thus, till now we have calculated:

Obviously,
~ 14
et =—=qT.
2
Suppose now that in (1.25) we have A = A. Then for the matrix element in the
lower right corner of the matrix product L'Lin (1.26) we obtain

YT 2
(yv,A)( Cj‘ ):—Z—zva—i—AzéI,

ie.
J/2
A2=I+C—2va. (1.31)
From (1.27), by inserting (1.30), follows
2
Y 2 2
c—zv =y —1.
Plugging this into (1.31) provides
voT
A2=I+(y2—1)7. (1.32)

Since (y — 1)2=y2 —2(y — 1) — 1, for y> — 1 one can write

yr-l=@-D*+2y—1). (1.33)
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Equation (1.33) inserted into (1.32) yields

voT vl voT\2
A2=I+2(V_1)—2+()/—1)2—2=<I+(V—1)—2) )
v v v

where

voToT  v(@Tv)oT w7

v4 v v2

was used. Therefore,

voT
v

It is, in fact, true that A(—v) = A(v), i.e. the above assumption that A=A is cor-
rect.
Thus, the matrix L of the Lorentz transformation is determined completely as

. _ YT
i=(-~ | . (1.35)
o [ I+ —DY

For ¢ — 0o we get y = 1 and the Lorentz transformation turns into the Galilei
transformation with T Gaiilei-

In the often in the textbooks treated special case when the velocity v is towards
the x1-axis, i.e.

v
v=|0],
0
one obtains
Y -4 (v,0,0) y -4 00
i— v v 0 0 _|-vv v 00
vl ol 1+%210 0 o o o0 1 0]
0 0 0 0 0 0 0 1
)
t'=yt—Lox,
[——
x}: yvt +yxy, (1.36)
x5 = X2,
Xy =x3
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Introducing as the time component in the vector ¥ the time multiplied with the speed
of light ¢, i.e. xo = ct, we obtain from (1.35) the transformation

. / y —evT
x/déf(ﬁ/): y‘ £ (ct>’ (137)
< )=t o) (G

i.e. the new transformation matrix

YT
L(v)d§f< ); < WT) (1.38)
—cv | I+ (y—Dx

is now a symmetric matrix, and so

ct' =yct — ZvTx,
c
, vTx
xX'=x4+(y— 1)—2v—yvt.
v

(1.39)

1.2.3 Simultaneity at Different Places

It will be seen that events at different places which are simultaneous for an observer
in X are not in general simultaneous for a moving observer in X”. This is caused by
the finite speed of light. The reference system X’ may move towards the stationary
reference system X with velocity v. If the two events E; and E, in X have the
coordinates ¥ and X», then they are simultaneous if t; = t. Do these two events
then happen also at the same time for an observer in the reference system X”’? Due
to (1.37),

Y
cty =yctp — =vTx;
c
and
Y
cth=yct) — szxz.

Dividing both equations by ¢ and subtracting one from another yields

14
n—th=yti—t)— 6—20T(x1 —Xx2),

SO

14
th—t = c—sz(xl —x2).

The events ¥} and ¥ are also simultaneous only if the velocity v is perpendicular
to the local difference x; — x;. Conclusion:
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Fig. 1.4 Simultaneity
ct
ct’
/
Ty '
/ /
Ty /
/
/ /
4 &
= =
-7 T T X2 x
- - - -
ct) -

—
—

/
cly

Events at different locations, which in the reference system X" are simulta-
neous, need not be simultaneous when seen from the reference system X”.

Example For the special case v = [v, 0, 0]T one only needs to consider the cz- and
the x-coordinate (Minkowski diagram, Fig. 1.4). The Lorentz transformation does
not change the x;- and x3-component. It is therefore possible to restrict the consid-
eration to the two-dimensional transformations:

(¢)=(% 500

The event ()?1 ) is transformed to

ett\ _( v —tv 0\ _ (—%fwux
x1 ) \—tv y x1) U yx

. . . . Yuney
and accordingly the event ()?2 ), simultaneous in X, is transformed to ( };;’;‘2) in

X’. In Fig. 1.4, the difference on the ct’-axis is then
’ r_ Y
cty —ct) = =v(x] —x2) #0,
Cc

if v # 0 and x| # x», i.e. in the moving reference system X’ the two events E| and
E» are no longer simultaneous.

1.2.4 Length Contraction of Moving Bodies

Einstein (1905) was the first who completely demonstrated that length contrac-
tion is an effect due to the change in the notions of space, time and simultaneity
brought about by special relativity. Length contraction can simply be derived from
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the Lorentz transformation. Let the reference system X be stationary and the refer-
ence system X’ moving towards it with the speed v. A yardstick has in the stationary
system the two endpoints x| and x». Its resting length is

lo=x2—1x1, (1.40)
i.e.
If=(x2—x)T(xz —x1). (1.41)

At time ¢/, the endpoints of the yardstick in the moving reference system X’ have
the coordinates x| and x’. With (1.38) we obtain

def

lo=x,—x;=A(x),—x}) = Al'. (1.42)
It follows that
G=11o=1TA (1.43)
With (1.32) one gets
T T1)2
B=1T (1 + (- 1)%)1’ N B L CAL A P
v v

In the product vTZ’, only the component [ /H of I parallel to the velocity v comes into
effect, i.e. it is true that vT1’ = leh. Thus,

(le]l)2
2

B=0"+(*-1) =12+ (2 - 1),

SO

17 =15 —(y* = 1)If. (1.45)

Since always y2 — 1 >0, it follows from (1.45) that

I <lp. (1.46)

The result of the yardstick length measurement therefore depends on the reference
system in which the length measurement was made.

If the yardstick is parallel to the velocity v, then I’ = l]l and (1.45) becomes
yl' =Iy, or

v2

v? (1.47)
2’

I'=—==lp/1—

i.e. as v — ¢ one gets I’ — 0. For example, if the velocity is v = 0.8¢ (i.e. 80 % of
the speed of light), then the length is I’ = 0.61,.
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1.2.5 Time Dilation

Time dilation is an actual difference of elapsed time between two events as measured
by observers moving relative to each other. Using (1.19), it is

At =y At (1.48)

where

— ! > 1
s
a2

Let ¢’ be the time of a light clock, measured by an observer in the moving inertial
frame X after covering the distance between the mirrors. Then ¢ is the time required
for the light to cover the distance between the two mirrors of the moving clock,
which is measured by an observer at rest in X'. The faster the clock moves, i.e. the
greater v is, the longer this time. If, for example, for the moving observer ' = 1
second is elapsed, for the stationary observer t = y > 1 seconds have passed. If v so
large that y = 20, then, for example, for the stationary observer ¢ = 20 years have
passed, and for the moving observer only ¢’ = 1 year is gone!

Twin Paradox There are two twins A and B on Earth. A starts in a rocket and flies
away with high speed, while B stays on Earth. During the flight, A is aging more
slowly than B. After some time the rocket is slowed down and returns with A at high
speed back to Earth. During the flight A has aged less than B, which remained at rest
on Earth, Fig. 1.5. Now comes the paradox: The velocities are relative! One could
take also the twin A in its entrained coordinate system as stationary and consider B
as moving with large speeds. That’s right; but one key difference is that the twin A
is not always in the same uniformly moving inertial frame since, at the turning point
where the return begins, the inertial system changes! This is not the case for B. He
always stays in the same inertial frame. Therefore, there is no paradox.

1.3 Invariance of the Quadratic Form

The Michelson—Morley experiment says that in any reference system the light prop-
agates in all directions at the same speed c. If at the origin x = 0 of X" a flash of
light is ignited, it propagates with the speed of light ¢ spherically. After the time ¢,
the light signal reaches all points of the sphere of radius ct. To points on the sphere
applies:

x% +x% +x32 = (ct)z, ie. (ct)2 — x12 — x% — x% =0. (1.49)

If the origins of the two reference systems X and X" at the ignition time r = ¢’ =0
of the light flash are at the same space point x (f = 0) = X' (¢’ = 0) = o, the light in
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Fig. 1.5 Twin paradox ;
¢

xT
the reference system X’ is also spreading according to the following law:
(ct’)2 — X} =X —x=0. (1.50)
So this quantity is invariant.
One can imagine (1.49) generated by the quadratic form
¥TMx =0, (1.51)

with the Minkowski matrix

1 0 0 O
def{ 0 -1 O 0
M= 0O 0 -1 0
0O 0 0 -1
and the four-dimensional vector
ct
- def | X1
X =
X2
X3

Minkowski was the first who represented Einstein’s Special Theory of Relativity
using four-dimensional spacetime vectors.
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1.3.1 Invariance with Respect to Lorentz Transformation

Now the invariance of the quadratic form (1.51) to a Lorentz transformation is ex-
amined. If ¥ = L¥, then

¥TMY =%TLTML%. (1.52)

Then for the matrix product LT M L with the help of (1.31) and (1.34) one obtains

So for the quadratic forms, in fact, the following is valid:
¥TMx =¥TMx,

i.e. they are invariant with respect to a Lorentz transformation!

When dealing with the quadratic form, the propagation of light was considered
till now. For this the quadratic form X7 MX is equal to zero. Considering, however,
the movement of a particle, the light will spread faster than the particle, i.e. it will
always be true that

(ct)? > xTx
or
(ct)? —xTx =XTMx > 0.

If we denote by Ax the travelled way between two events and the elapsed time by
At, we will obtain the four-dimensional spacetime interval As from

As? = AXTMAX. (1.53)

The “distance” As between the two events is an invariant interval in the four-
dimensional spacetime. Since the right-hand side of (1.53) is invariant with respect
to a Lorentz transformation, As is independent of the chosen inertial frame, it has
always the same length. So the theory of relativity does not relativise everything!
As? is negative when the distance AX is so big that no light signal can traverse the
distance in finite time. This possibility will be examined in the following section.

1.3.2 Light Cone

A flash of light at time 7o = O is spreading spherically in the three-dimensional space
with the speed of light c. At the time #; > #¢, the light has reached the surface of a
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Fig. 1.6 Light propagation T3

sphere of radius r; = ct. At time #; > #1, a spherical surface with a larger radius
ro = cty is reached, and so forth as shown in Fig. 1.6. In this two-dimensional image,
the light wave through space is illustrated by a circle that expands with the speed
of light. One can implement this movement of light waves in a space—time diagram
in which the time coordinate ct is vertical and two of the three spatial coordinates,
e.g. x1 and x», are displayed horizontally (Fig. 1.7). Due to the fact that the time
coordinate is represented by the time  multiplied by the speed of light ¢, the photons
move in straight lines on this diagram, which are sloped at 45°. For photons the
possible paths are in an open top cone whose walls have a slope of 45°. The speed
of a moving particle is always less than the speed of light, therefore the path must
always be run within the light cone with a slope which is always less than 45° to the
time axis.

moving particle ct is reachable from E

>

1

reaches E (is observable in E)

Fig. 1.7 Light cone
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The photons which reach the point E at a time before fy = 0, e.g. in the time
interval of 1_1 < g, all come from a ball of radius ct_; = r_1, etc. Altogether we
obtain again a cone as in Fig. 1.7, the cone of the events which can reach the event
E, i.e. these events are observable from E.

In the Minkowski spacetime of special relativity, in any event the light cones are
aligned in parallel; the central axes of all light cones are parallel to the time axis. In
the general theory of relativity, this is no longer always the case due to the curvature
of space, i.e. the central axes of the light cones are not always parallel to the time
axis.

1.3.3 Proper Time

If one looks at a completely arbitrarily moving clock from any inertial frame, then
one can interpret this movement as uniform at any instant of time. If we introduce
a coordinate system which is permanently connected to the clock, then this is again
an inertial frame. In the infinitesimal time interval d¢, measured with the clock of
the observer in the inertial system X, the moving clock covers a distance of (dx12 +
dx% + dx%)l/ 2. In the inertial system X”, permanently connected to the clock, the
clock does not move, so dx; = dx;, = dx3 = 0, but the elapsed displayed time is d¢'.
The invariant quadratic form

ds? = d¥TM d¥ = dx'TM d¥’
computed for

dxT =[cdt,dx;,dxs,dx3] and dx'T =[cdr’,0,0,0]

gives
ds? = c?dr? — dx} — dx3 — dxf = c?dr’?, (1.54)
SO
ar =Las =1 frar — a0 —ad —ax?
f—; S—EC t—xl— 5~ 3
dx? 4 dx3 + dx?
=dyl-——"5—
c-dt
and taking

2 2 2
Ve d)c1 + dx2 + dx3
dr? ’
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Fig. 1.8 Relativistic velocity T3 Th

s P
addition T

vt

X'
h

where v is the velocity of the moving clock relative to the observer, finally yields

the relationship (1.19)
02
dr' =dr, |1 — —- (1.55)
c

So, if the stationary clock of the observer shows the time interval #, — #1, then the
moving clock shows the interval #; — [ of the proper time,

%) t 2
té—t{:/t ,/1—”(C2) dr. (1.56)
1

The proper time interval of a moving mass is due to (1.55) and (1.56) always smaller
than the time interval in the stationary system. In general, the proper time of a mov-
ing mass is called t instead of ¢’. Due to (1.54), the proper time is thus

dr =ds/c. (1.57)

1.4 Relativistic Velocity Addition

1.4.1 Galilean Addition of Velocities

Galilei observed that if a ship is moving relative to the shore at velocity v, and a
sailor is moving with velocity # measured on the ship, calculating the velocity of
the sailor measured on the shore is what is meant by the addition of the velocities v
and u. When both the sailor and the ship are moving slowly compared to light, it is
accurate enough to use the vector sum

w=v+u

where w is the velocity of the sailor relative to the shore.
Consider the two inertial systems X and X” in Fig. 1.8. The reference system X’
is moving with respect to the other reference system A" with the velocity v. Suppose
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that the vector x” describes the motion of a point P in the inertial system X, and this
point is moving with respect to the reference system X’ with the velocity u = %.

What is the speed w &ef (é—’t’ of the point P relative to the reference system X'?
Itis
dx  dx (dr\7!
w=—=—\|— . (1.58)
dr de’ \dt

Between X and ¥’ the relationship ¥’ = L(v)X holds, or, solving for X,

¥=L"'w)x. (1.59)
In detail,
t =yt + DTy, (1.60)
C
vTx’
x=x"+ - D—Fv+pr (1.61)
v
From (1.60) follows
dr vy o dx’ vTu
JZVU‘FC—ZUTW:M 1+C—2 , (1.62)
and from (1.61)
dx_dx/+( ])v de’+ v
ar ar T T
vTu
=u+ (= D0+ yov. (1.63)

Equations (1.62) and (1.63) used in (1.58) provide

v+ Lu (1 - LHey
=t v (1.64)
ta

or, after addition of u — u = o in the numerator,

v+ (G — D — TE)

w— (1.65)
1+ 2

So this is the speed of the point P with respect to the reference system X'. For a
double vectorial product one has

ax(bxc)=(aTc)b— (aTb)c. (1.66)
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This allows one to transform the last parenthesis in the numerator of (1.65) as fol-

lows:
vTu vTo vTu 1 ( ( ))
U——V=—U———v=—(v X (u X)),
v? v? v? v2

i.e. instead of (1.65) one can also write

v—i—u—i—v—lZ(%—l)(vx(uxv))

w= 1 vTu
+ 2

(1.67)

If the two velocities v and u are parallel, then v X u = 0 and from (1.67) it is clear
that the sum of the two velocities is

v+u

Y=o
+C_2

(1.68)

If, in contrast, the two velocities v and u are perpendicular to each other, then
vTu = 0 and from (1.65) it follows that the sum of the two velocities is

1
w=v+ —u. (1.69)

Vv

In a further special case which is almost exclusively treated in textbooks and
in which both the vector # and the vector v have only one component in the
x1-direction, i.e.

ui V]
u=1,|0 and v=| 0 |,
0 0
one has wy = w3 =0 and
v +up

1.5 Lorentz Transformation of the Velocity

How does one write the basic laws of mechanics so that they remain invariant under
a Lorentz transformation? We start from the transformation equation

¥ =L% (1.71)

. . . . - def . .
with the four-dimensional spacetime vector x = (it ) and the transformation matrix

(1.38)
P A
LT [ I+ (- )
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Differentiating (1.71) with respect to time ¢/, we obtain
dx’ c dx dr
_— = dx’ =L——.
dr’ a dr dt’

Using (1.35) with u® dt dx (which now has a different u than in the previous section),

i’ d y y
E=E<—c—2v7x+yt>:—c—2|ﬂu+y. (1.72)

c c\ 1 1
=1L —_ 1.
<"/> ( )Vl——””‘ (.73

In (1.73), we see that the velocity vector ( u) is not transformed into the velocity
vector (lf,) using a Lorentz transformation matrix! For this to be the case, the defi-
nition of the velocity has to be modified. For this purpose, a short interim statement:

Thus we obtain

The second block row of (1.73) provides

= 7}/(1 — vTu)( u—yv).

Taking the scalar product of this vector with itself, we obtain
def 1 :
WU = <ﬁ> (uTAT —yvT)(Au — yv).
y(d="3)

2
Since A= AT and A2 =1+ };_2va’ the above is

1 v 2 2 )
2 __ 2 T 2(..T 2.2
=——(u"——=(uTv) =2 u'v) + v
Y21 - —"j;‘>2< aT) —2 W)y

1 1 1
- m<ﬁ“2_ —z(uTv)z—Z(uTv)z—i-vz). (1.74)
p)

c

With

I/l2 U2 2 2 U2M2
S=\l-g )= ——
C C

14
from (1.74) (without y) one gets

1 —uTv)? —v2u? 2
u'? = <u2+ —2(uTv)” +v?). 1.75
(1- ch_zu)Z 2 ( ) ( )
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With the help of (1.75) one obtains
M/Z 1 M2 UZ v2u2
—_—— - = - = 4+ —
c? (1—"5—2")2( 2t )

_ 1 | u? | v?
(- uE)? c2 )

and this implies

or with
Vi o :
=
2
-2
and
y def 1
u/ =
72
-
we finally get
vTu /
y<1——2>=””. (1.76)
c Yu

C C Yu
(o)== (a) a7
( WC,) —L <””c>. (1.78)
Vutt Yult

The thus modified new velocity vector
- def ¢
= vy (u) (1.79)

now is transformed by a Lorentz transformation L into the velocity vector &':

or

=Lu. (1.80)

The so-defined velocity # is much better suited for the formulation of physics laws,
as they have the same shape in every inertial frame. With u this would not be the
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case. For clarification we re-emphasize that a particle or a focal point moves with

the velocity u in an inertial system X”, which itself moves or can move at the speed

v with respect to another reference system. That is the difference between u and v!
By the way, the quadratic form for the velocity

22 2 c* u? 2

ST M — Ty — _

u'Mu=y;c"—y,u'u= - =c (1.81)
u u 2 _u2 2,2

is, of course, invariant with respect to a Lorentz transformation because—as one can
easily show—even #'TMu' = ¢? holds.
In (1.57), the proper time dt = % ds was introduced. We have

R R 1 dxT dx
ds?=XTMx =c2d* —xTx =c2d12<1 — ),

2 drdr

. dx __
so with G =u

1 : u? 2
dr:dt(l—c—zuTu> :dl(l—c—z) s

u? 1

or with y, = (1 — C—z)_i
dt =y, dr. (1.82)
This is the same relationship as in the time dilation in (1.73). t is therefore the time

that a comoving clock displays, while ¢ is the time that an observer at rest measures.
However, the moving clock must no longer move rectilinearly and uniformly!

In (1.79), one has u = ‘(ij—’t‘. Replacing dt by (1.82) in it gives u = i gx_r’ or equiv-
alently, y,u = g—’r‘. Furthermore,
- f(cdt\ _ (cyudr
= ()= ()
o)
dx YuC ) <7/uc) -
dr (Vui—i‘ vau) = (159

When the trajectory in spacetime is parameterized by the proper time 7, X = ¥ (1),

then u = g—’r‘ is the four-velocity along the trajectory.

1.6 Momentum and Its Lorentz Transformation

Multiplying the equation #’ = Lu with the rest mass mg, we obtain

< ’”0””"',> =L (mOV“") . (1.84)
moyy'u moyuu
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Herein we define as usual the momentum

dx
p difm())/uu =myu=my—— a (1.85)
by
def mo
my = moyu = .
12
2
The momentum vector
- def [ my¢C - c
,,;( ’ )=mou=m0)/u(u> (1.86)
is due to (1.84) transformed as
| 7 =Lp. | (1.87)

Also, the quadratic form associated with the momentum vector
TMD = 22T aAg> 22
p'Mp=myu'Mu =mgc (1.88)

is invariant with respect to a Lorentz transformation because also p'TMp’ = m%c2

1.7 Acceleration and Force

1.7.1 Acceleration

The acceleration is generally defined as the time derivative of speed. Differentiating

the modified velocity vector & = (;’: ;) c R* with respect to time ¢, one receives as

the derivative of the second component in this vector

d du
—(yu W)= Ttuty. T (1.89)
In particular, fo
def d_u eR3
dr

and
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the result
dyy d u\ 172 1 W2\ 73?4 u?
=—|1—-— =——|1—-—= — (1= =
dt  dt c2? 2 c? dt c?
1 5 —2uT
— _Ey" = .a, (1.90)
i.e.
dyy J/3
" =C—’§-u7a. (1.91)

With (1.91) one obtains for (1.89)

d Yo o1
E(yuu)zc—zu a-u+vy,-a. (1.92)
Differentiating the velocity transformation equation (1.78),
< Vu’cl) —L (Vuc> ’
Yl Yull
with respect to time ¢, we obtain
d / d dr
(e =L . = (). 2 (1.93)
dt’ \ ywu dr \ yuu dr’
From (1.72) and (1.76) follows
dr
= M (1.94)

J_yu’.

This, used in (1.93), results for the newly defined four-dimensional acceleration

vector
- def d._
= yu-—ueR4 (1.95)
dr
in the Lorentz transformation of the acceleration vector a
\ (1.96)

a=La.

The acceleration vector defined in (1.95),

- d [y
a—Vu‘a<yuu), 1.97)
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is therefore suitable to formulate physical laws in relativistic form! With dt = y,, dt
and # = dx /dt one can write for (1.97)

- 22
G du _dx (1.98)
dr  dr?
The vector a is also obtained using (1.91) and (1.92) as
4
Yu 4T
a:(y4 c e ) ) (1.99)
STula-uty,;-a

If uT Mu = ¢ is differentiated with respect to the proper time 7, we obtain

du™ . . du . du I
—Mu+u"M—=2u"M— =2u"Ma =0,

dr dr dr

i.e. the two four-dimensional vectors # and Ma are orthogonal in R*!

For each point of time of an arbitrarily accelerated motion, one can always spec-
ify a reference system X which is an inertial system, named “local inertial system”.
We obtain the corresponding Lorentz transformation by selecting L () as the trans-
formation matrix. Then, with

def uu’
AW =T+ (=D,

it is indeed true that

_YuyT Ve
" - Vi u L .uTa
d' =L(uwa= yu < A
—Yey| Au) Ve-a+ -uTa-u

T T T T
_ i la)u') R i
yRAWa + y D 4 (y, — Dy eIl s o

B 0 B 0 (0
“\WAwa) T \yla+ i -D%u) " \ad' )

1.7.2 Equation of Motion and Force

The relativistic equation of motion for a particle has to be Lorentz-invariant, and, in
the inertial system of the considered particle, Newton’s equation of motion has to
be true:

du

— = feR>. 1.100
mo- fe ( )
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Let the accompanying inertial system be X. Furthermore, suppose X" is the inertial
system which moves relative to X with the constant speed u(fg). The particle rests
momentarily at time ¢ = 7y in X”. The equation of motion (1.100) refers to a point
of time and its neighbourhood. For this neighbourhood, ¢ = 7y & dt is the desired

arbitrary small speed in X”. For speeds v < ¢ we have (1.100). Hence in X’
d /
0 g =f eR? (1.101)

also holds exactly. From (1.101), the relativistic equations of motion in an arbitrary
reference system may be derived. In (1.101), my is the rest mass and f’ the three-
dimensional force in X”. Expand the vector f’ in (1.101) to a four-vector and call

the result }/:
d c 0\ def -

Thus f is specified in the resting system X". ’. In the inertial system X, in which the
mass particle moves with the velocity u, f is obtained by a Lorentz transformation

with L(—u):

R 0 BeyT £ det fo)

J=L( u)<f/) (A(u)f> <f ) (1.103)
The equation

diye\_<_(fo
o () =7=(7)
ie.
mod = f (1.104)

possesses all the desired properties! The four-vectors @ and f are Lorentz-invariant
and, in the inertial frame of the particle, this equation is reduced to Newton’s equa-

tion of motion
(2)-(7)
no du’ = Y .
d’;/ f

For the last three components of the equation of motion (1.104),

dmeu) 1
TR f (1.105)

with the velocity-dependent mass

mu = yumo. (1.106)

In the theory of relativity, the time derivative of the momentum m,u is also inter-
preted as force. The components f; of the relativistic equation of motion are thus,
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according to (1.103) and (1.104),

d
fo=yua(muc)=%qu’ (1.107)

and

d
f=yua(muu)=A(u)f’. (1.108)

1.7.3 Energy and Rest Mass
Equation (1.107) multiplied with c/y, provides

E(muc2) =uTf. (1.109)
dt

In (1.109), uT f is the instantaneous power. This is the work per unit of time, done
by the force f. So the left-hand side of (1.109) must be the temporal change of
energy, i.e. m,c? = y,moc? is energy. We obtain for the relativistic energy the most
renowned formula of the theory of relativity:

| E =myc>. | (1.110)

When u = 0, i.e. when the particle is at rest, y, = 1, and

] Eo = moc> ‘ (1.111)

is the “rest energy”, Einstein’s famous formula. Weinberg says in [36] about the
content of this formula: “If some mass is destroyed (as in radioactive decay or fu-
sion, or fission), then very large quantities of kinetic energy will be liberated, with
consequences of well-known importance.”

The four-dimensional momentum vector p is then recognised as the combination

of energy and momentum:
- E/c
= . 1.112
= (1) i

pPTMp =mic?

For the quadratic form in (1.88)

we now obtain

E/c

ﬁTMi)Z (E/C, pT) ( _p) =E2/6‘2—p2:m362,
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i.e.

E =1/ (moc?)” + p2c2. (1.113)

For high velocities the momentum term p?c? dominates here: E = pc as for neutri-
nos and particles in accelerators (CERN). For small velocities u < ¢, we may use
the approximation

1
E = moc2 + Emouz.

The first term is the rest energy Eg. The second term is the classical kinetic energy
Eyin. The relativistic kinetic energy is

Exin = E — moc? = (yu — Dmoc>. (1.114)

If v — ¢, then Eyj, — oco. Equation (1.114) gives a reason why mass particles can-
not be accelerated up to the velocity of light!

1.7.4 Emission of Energy

A body, at rest in X’ with the rest mass 71 pefore, radiates at a certain time the energy
Ef, ission i form of light or heat radiation. This radiation is emitted symmetrically
so that the total momentum of the radiated energy in X” is zero, i.e. the body remains
at rest during the radiation process. The energy—momentum vector of the radiation
in X is therefore

'

Emission

0 (1.115)

0

Compared with the inertial system X', the body is moving with the velocity v. In this
inertial system, the total momentum is equal to the momentum of the body pycrore =
Yumo before#. After radiation, the body has the momentum p, ¢, = ¥4 0, afteré, and
the momentum of radiation is calculated using (1.115) with the Lorentz transforma-
tion L(—u) from X’ to X:

1

¢ "“Emission 1 vy
i’ = L(—u) 0 — ( Yu EIEEgnission ) )
8 Yull 3 EEmission

During the emission of radiation, the body has given away the momentum
Vull C%E 4 without changing its speed. This is only possible because the body

Emission’
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has changed its rest mass! Because of the momentum conservation law, one has

1,
YuMmo, before® = YuMmo,afterd + Yull C_ZEEmission'

It follows that

1
/
mo,after = M0,before — c_zEEmission' (1.116)

In Einstein’s words: “If a body emits the energy E’ in the form of radiation, its mass
is reduced by E'/c2”
1.8 Relativistic Electrodynamics

1.8.1 Maxwell’s Equations

The magnetic field associated with the induction b and the electric field with the
field strength?” e, the sources of the charge ¢ and the current j satisfy the Maxwell’s

equations:>
be:%(i—f—}—j), 1.117)
VTe=p, (1.118)
Vxe:—%%, (1.119)
Vb =0. (1.120)

The Derivative Operator V is the 3-dimensional column vector

(o8] =5 D
N |®(< |QJ>< |Q‘i

and VT is the 3-dimensional row-vector
wro (2]
0x 0z

2Since the magnetic induction and the electric field strength are vectors, they are marked by bold
small letters b and e.

0

dy

3In other symbols, V x b = curl b and VTe = div e.
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so that
dey dey, de;
Vie=—"2=4 2 4 — = 1.121
ox + ay 0z ( )
and
ab. by
dy 9z
Vb= B v | e | (1122)
3by  ob,
Bx T Ay
with?
wor 0 —b, by
B, = | b, 0 —by|. (1.123)
—b, by 0

Equations (1.117) and (1.118) can be summed up after minor changes in the follow-
ing four equations:

N L
ax ay 0z
1 de b ab 1
_ =X _ 7z _l’__y = —j,
c 0t ay 9z c
(1.124)
1 dey +abz by 1.
c 0t 0x 9z C]z,
1 de, oby b, 1
c ot ox dy = o
or in matrix form,?
0 eT _139 1 cp 4
cor ) =— . R™. 1.12
(% 5)r (&)= (%) a1
&E/_J
ey, defy def2

The skew-symmetric matrix F g ., composed of By and e, is called Faraday’s ma-
trix. A similarly structured field strength matrix is obtained if (1.119) and (1.120)

4An equation ¢ = a x b cannot in this form be linearly transformed with an invertible transforma-

. 0 —a; a,
. . . def © 0 .. S .
tion matrix 7. But with A, = ( a: 0 —ax ) this is possible in the form of the equation ¢ = A4 b:
—ay ay 0

(Tc)=(TAT V) (Th).

5The factor y has been added on both sides, so that no difficulties arise later in the invariance of
this equation with respect to a Lorentz transformation.
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are gathered and summarized in the following equations:

ab, b, b,

_ —= =0,
ox ay 9z
Lot de e _
c 0t ay 0z
(1.126)
1 0by de, dex 0
c ot dx 9z
Lob, _de,  de o
c ot ax dy
or in matrix form,
0 —bpT _1a 4
| —
<b Ex>y< % >—OGR. (1.127)
dgFE.b v

The matrix F g, is called the Maxwell’s matrix.
So (1.125) and (1.127) contain the Maxwell’s equations in a new four-dimensional
form:

- 1= -
Fp,V=—-j and Fpg,V=o. (1.128)
C

This form has a great advantage of being invariant when transitioning to another
reference system by a Lorentz transformation, i.e. in every inertial system its keeps
the same external form. But the quantities appearing in it take different values in
each reference system. This is shown in the following.

1.8.2 Lorentz Transformation of the Maxwell’s Equations

Multiplying (1.125) from the left with L™" and inserting L™'L = I, we obtain

> 1 ->
L 'Fp L7 'LV=-L""j. (1.129)
—_— C ——
Fy o i

For the new Faraday’s matrix F ’B, o We get

0 €T
Fro=( i)
Yo T 0 T Yo oT
_ [ Y v 4 Yv v
_<%v fi(v))(—e BX> (%v fi(v))' (1.130)
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After multiplying the three matrices, we obtain for the bottom left corner vector e’
with A = A(v) and y = y,:

2
—e’:ZAva—i—y—zveTv—yAe
C C
0
B 2 —
= —(va-l-()/ — 1)vv 2xv) + y—zveTv—ye— rv 3 )vae
v C v
2 2
)4 14 14
:;va— (—C—z—i-p——z)vTev—ye,
—_———
7
1 1-—
¢ = y(e — —va> 4 2") (vTe)v, (1.131)
C v
i.e.
1 T
e’=y(e+—vxb>+(1—y)v—2ev. (1.132)
C v

In the matrix F’y, , in (1.130), for the right bottom 3 x 3 sub-matrix B/ after
performing the matrix multiplication we obtain

()/v—zl) y(veT—evT). (1.133)

Cc

B;:Bx‘i‘

(BxvvT +vv"B,) +

From this matrix equation, the components of the magnetic induction vector b’ can
be filtered out with the help of the row or column vectors of the unit matrix (i is
the jth column of the 3 x 3 identity matrix I3) as follows:

0 - b’y
B.E[ s o -b ). (1.134)
—b; b, 0
We thus obtain
b;:igB’Xiz, (1.135)
b’yzilTB’xi3, (1.136)
b.=ilB ;. (1.137)
Using (1.135) for (1.133) results in
(y—1D

b, =ilBir=b+

=

2 [(=byvi + byv2)va 4+ v3(—b v + byv3)]

+%(U3ey —ez02). (1.138)
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Accordingly, one obtains for the two remaining components

(v

b/y—lTB’ i3=by+ )[( b.vy + byv3)vs + vi (byv) — byv2)]

+%(Ulez_exv3) (1.139)

and

b —lTB/ i1=b,+ ()/ )[(b v — bxv3)v1+v2(bzv2—b),v3)]+%(vzex—eyvl).
(1.140)
Summarizing the last terms in (1.138), (1.139) and (1.140) results in the vector

product

Yexo. (1.141)
C

For the second to last summands one obtains the vector

(y —=1) (_byvl + byv2)vz +v3(—byv1 + byv3)
2 (=bzv2 + byv3)vz +vi(byvi — byv2) |,
(bzv1 — byv3)v1 + v2(bv2 — byv3)

and using 0 = b, ”12 — by ”12 in the first component, 0 = b, v% — by v% in the second,
and 0 = b,v3 — b,v7 in the third,

(—byv} — byvivy — b,1v3) + (bx v} + b3 + byvd)

(y =D
Y 5 (—bxvlvg—byvg—bzv2v3)—i—(byv]z—i—byv%—i—byv%)
(—byxv1v3 — byvavs — b,v3) + (b vi + b V3 + b,v3)
—1
_ 5 )(—(bTv)v+v2b). (1.142)
v

Equations (1.141) and (1.142), together with (1.138), (1.139) and (1.140), yield the
final result

i Th
H:y(b—;vxe)—i—(l—y)vv—zv. (1.143)

One gets the same result for ¢’ and b by a Lorentz transformation of Fg p!
The formulas (1.132) and (1.143) are simplified considerably for small velocities
v < ¢ because then y = 1 and one obtains

, 1
e=e+-vxb
C
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and

b=b- lv X e.
c

The decomposition of the electromagnetic field in an electric and magnetic field
has no absolute significance. If there exists, for example, in a reference system X
a purely electrostatic field with b = o, then, due to (1.143), a magnetic field b =
%v X e # o exists in a reference system X’ that moves with the speed v relative to
the reference system X. Physically this means that all charges rest in A’. But these
charges move relative to X’ with the velocity v. So there exists a current in X’ which
generates a magnetic field in X”.

The equations (1.132) and (1.143) can be summarized in one equation:

/ I+(1—-y)% -ty
(i/)z Y : 4 v2 ‘ [ — <Ie)>ER6, (1.144)
Ly, | yI+ -y

P(v)
with
0 —v v
def 3 2
Ve=1| v3 0 —v
—vy V] 0

The symmetric 6 x 6-matrix P(v) occurring in (1.144) has a formal similarity with
the Lorentz matrix L!
It is, of course, true that P(—v) = P! (v), for, with

V2 =voT =71, (1.145)

one obtains easily P(v)P(—v)=1.
In the special case when only one component of the velocity vector in the x-
direction is nonzero, i.e. v = [v, 0, 0]T, one obtains the matrix

1 0o 0 ]0 0 0
0Oy 010 0 -
00 y |0 = 0
P(v)= (1.146)
00 0 |1 0 0
00 20 y 0
02 0 ]0 0 vy

This special symmetric 6 x 6-matrix can also be found in [33].

1.8.3 Electromagnetic Invariants

For the electromagnetic field quantities e and b one can form invariants which do
not change during the transition to another inertial system. For the scalar product of
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the electric field strength e and the magnetic induction b we obtain

Th r_ 1 T vie o 1
et =\yle —;(vxb) +(1—y)71) yb+;vxe
vTh
TovTh 2
:y2e7b+[2y(l—y)+(l—yz)]%—y—z(vxbﬂ(vxe).
v Ct ———
bTVIV,e
With VT = —V . one obtains due to (1.145)
VLsz—Vi=v2I—va.
This gives

2

2.2
v
¢Th =y?eTh — y—z(vTeva +v’bTe—bTvvTe) = ()/2 — y—z)eTb =eTb,
C C

so the scalar product of the electric field intensity e and the magnetic induction b is
invariant with respect to a Lorentz transformation!

Using a slightly long calculation, one can show that the difference of the squares
of the field intensities is also invariant:

b2 —e? =b>— e (1.147)

You can also arrive at electromagnetic invariants in another way, namely with the
help of the invariant Faraday’s matrix

0 eT
Fp.= (—e BX>

and the invariant Maxwell’s matrix

0 —b7
r (2 ).

With

def 0 —eT
Fr = (0 ).

one gets, e.g.

F* Fp.— 0 —eT 0 eT _ eTe —eTB«
Be® b€ e By —e By —B.,e eeT+ B,B,
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e? sT

- 2 2 2 s
s 2 — b2 — b? o
z_by_bx

. . def . . . .
with the Poynting vector s =exb. By forming the trace of this matrix product, i.e.
taking the sum of the matrix elements on the main diagonal, one obtains

trace(F ,F.) = 2¢* —2b%,

i.e. the above invariant in the form

1
—Etrace(F},eFB,e) =b* -2 (1.148)

One obtains the second invariant eT b above by taking the trace of the product of the
modified Faraday’s matrix F7 , and the Maxwell’s matrix F g p:

1
—Ztrace(F’g’eFE,e) =eTh. (1.149)

Making invariants of this type later plays a role in the consideration of the singular-
ities of the Schwarzkopf’s solution of General Relativity equations.

1.8.4 Electromagnetic Forces

We want to determine the force acting on a charged particle with the charge ¢, which
is in an electromagnetic field moving with the velocity u relative to an inertial frame
X. Let X’ be the inertial frame in which the particle rests at the moment. In this
system,duetou’ =0 and u’ x b’ =o,

/

du 3
m()g =qe/€R‘. (1150)

Generally, due to the relativity principle, the Lorentz force in X is

f:q(e—i—luxb):g[ﬂ—Bx](C)6R3. (1.151)
C C u

The following law expresses how an electromagnetic field acts on a stationary
charge ¢ and current j:

1 1
f:qe~|——jxb:—[e|—Bx](C.q>eR3. (1.152)
c c J
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f is completed to a four-vector } asin (1.108)

}‘Ef%,(”ijp/c) e R4 (1.153)

Equation (1.151) applied to (1.153) yields (with T (u x b) =0)

7= uve/c _ Yu (0 €T c
= qVu e+%uxb =9 \e —B, u
| ——)

MFg,
:ZMFB,eyM<C), (1.154)
C u
——
u
SO
- q N
f=_MFp_u. (1.155)
With (1.152) one can write instead of (1.155)
-1, =
f= EFB’e_], (1.156)

in which again

< cq 4
= . ) eR™.
i=r (%)

Subjecting (1.155) to a linear transformation using the Lorentz matrix L(v), one
obtains

L(—v)
= - 4 N
f=Lf=LL0)MFs,.L ' (v) L), (1.157)
c ~——
MF’B,‘B, u
ie.
> q N
f=imry . (1.158)

The power equation is also invariant with respect to a Lorentz transformation!
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1.9 The Energy—Momentum Matrix

1.9.1 The Electromagnetic Energy—Momentum Matrix

We want to derive one equation which contains the fundamental dynamic equations
of the theory of electricity. This equation should also include the energy theorem
and the momentum theorems of electrodynamics. We will find again the therein
contained energy—momentum matrix in the main equation of the theory of general
relativity.

Due to (1.128), one has

I
FB eV =—]
c
and because of (1.156)
- 1 "
f = ZFB,e.]
Is there a matrix such that
f=T,.V? (1.159)

Wetry Ty, = F’EgyeFB,@ Then

- - eTe _eTBX -
Tb,eV=(F”l},eFB,e)V= (—Bxe eeT+B§<)V
2 T -
e S -
= V= 1.1
(s eeT + bbT —b213> i (1.160)
by considering the Poynting vector

s&exb (1.161)

and the relation Bi = bbT — b*I in conformance with (1.145). The Poynting vector
gives the magnitude and direction of the energy transport in electromagnetic fields.
What is the result when differentiating the first line of (1.160)? It is

1 9(e?)
c ot

T
+V7s;—pu f.

2
%3(861) is proportional to the temporal change of the energy density of the electro-

magnetic field when no magnetic field is present. But then also b = o, i.e. s = 0,
and thus the whole equation is without a statement. The matter would be different
if instead of €2 in top left corner of the matrix T'j ., one would have the expression
(€? +b%)/2, as then

1o(2+b%) 10w
2c ot et
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namely, the temporal change of the energy density w = (e? + b?)/2 of the elec-
tromagnetic field. By adding (b*> — 2)/2 to the upper left, there arises, in fact,
(€2 + b?)/2! Therefore, now the

Definition: The electromagnetic energy—momentum matrix T, , has the form
T). S Fy F +1(b2—e2)1 =" ST
be =T Bl BeTy = s (eeT+bbT —wl3) )
(1.162)
with
e 1
w3 5(e2 +b?) (1.163)
and
. 1=
Tpe - V=—fF. (1.164)
Yv
While doing this, \% again has the form
- _13
and
- LyT
S =Yu ( ¢ f f) .
For the first row of (1.164) now one obtains
10w
T Ty = Byt
c ot + ulf,
ie.
. ow
cdlvs=¥+pqu. (1.165)

On the left is the infinitely small volume unit of the entering or exiting energy flow,
and it consists of the temporal change of the energy density %—’f and the conversion of
the electromagnetic energy into mechanical energy per unit time and volume puT f.
So the whole is the Energy Theorem of Electrodynamics.

Next we get for the second to fourth components of (1.164):

_%% + (eeT)V + (bbT)V — (wI3)V=f. (1.166)

With the help of Maxwell’s equations, we obtain for the first term on the left-hand
side:
1os 1ldexb 1de 1 ab

= = b+ ex —
cdt ¢ Ot catx +cexat
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1
= (curlb — —j) x b+ e x (—curle)
c

1
=——jxb—bxcurlb—e xcurle. (1.167)
Cc

For the first component, the x-component of the three-dimensional vector (eeT)V —
%(621 3)V on the left-hand side, one obtains

1
|:e)26 — —ezlexey|eer:|V

2
dey dey dey de; dey dey  dey de;
=2 T ( Tax 9%y T )Ty e Te gy T e T ey
dey, dey Jde; dey dey de, dey
— — 4 2 4= —— 4ey—— —e,— — ey, —=
ex(ax gy 0z ) T Ty T %x T Yo
=e,dive — (e x curle), =e, - p — (e x curle),. (1.168)
Accordingly, one receives for the y- and z-component together
1
(eeT)V—E(eZI3)V=e~,o—e x curle. (1.169)
Also we obtain with divb = 0:
1
(bbT)V —-E(bzlg)V:=-—b><curlb. (1.170)

Overall, (1.165), (1.168) and (1.170) result for the second to fourth rows of (1.164)
in

1
e-p+-jxb=f. (1.171)

But this is the Momentum Theorem of Lorentz! Thus the above assertion (1.164) is
completely proved.
1.9.2 The Mechanical Energy—Momentum Matrix
A particle at rest at the point x has the speed
. dx d [(ct c
U—=——=— =
dr  dr \ Xo 0

and the momentum p = mo(f)). The zeroth component of p is the rest energy of the
particle divided by ¢. For a moving particle, with E = y,moc?, one gets

- c E/c
p=nm(5)=(15).
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This equation expresses the fact that in the theory of relativity energy and momen-
tum are the temporal and spatial components of the four-vector p. They preserve this
distinction even after a Lorentz transformation just like the four-vector X = (;’ ): its
zeroth component is always the time component and the rest represents the space
components.

We now go over to a distributed matter, such as that in a perfect fluid, i.e. a lig-
uid without internal friction, but of quite variable density. It is described by the two
scalar fields, density p and pressure p, and the velocity vector field #. The aim of
this derivation of the energy—momentum matrix is that this matrix somehow repre-
sents the energy content of the liquid and the transition to the curved world of the
theory of general relativity, which can serve as a source of the field of gravity. The
continuity equation describes the conservation of mass. The conservation of mass
requires that the change of mass dV§p /8¢ in the unit of time, associated with the
local compression 8p /8¢, must be equal to the difference between the entering and
exiting masses per unit of time. In the x-direction, for this difference the following
is valid:

0pu

dx) dydz =— 3 dv.

apu
puy(x)-dy-dz — (pux —
ax X
One gets similar expressions for the y- and z-direction, making a total for the con-
servation of mass

a_pdv __ dpUy n opuy n apu, av.
ot 0x dy 9z

So this is the final continuity equation in differential form:

op  Opuy dpuy dpu,
8t+ ox + ay + 9z

9
=7§+meo=a (1.172)

The dynamic behaviour is described by the Euler’s equation. By using Newton’s
law on the mass contained in a volume element of a perfect fluid, we obtain the
Euler equation of motion, initially only in the x-direction:

d d
dm :tx = pdrdydz—

x ap
—dxdyd (2 4x ) dydz.
dar ydz fo.x (Bx x) ye

which implies
du, ap
— = - —, 1.173
1Y ar fi D,x ax ( )
where fp x is the x-component of the force per unit volume (power density), f p,
e.g. the gravitational force. Using the total differential of Au,,

AMXZ%AZ—FBMX ouy y ou
ot ax ay 0z
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dividing by Ar and passing to the limit At — 0, we obtain

du, Ouy  OJuy Uy Oux
— = Uy +—u
dt at ox ay

(1.174)

With the corresponding equations for the y- and z-direction, we obtain in total

ouy  Ouy Uy ox op
p( ot Tty et azuz>_fD'x ox’

duy  duy ouy ouy ap
L+ Zu+ —uy+ —u ) = fpy — -
p( or Tox et gyt ) = by T 0

du,  dug ou; ou, _ ap
p( o T ox T gy e ) = e T

summarized in

du Ou
p<§+8x—Tu)+gradp=fD- (1.175)

This is the Euler’s equation in modern form. The first term in the parentheses is
called the local and the second the convective change.

The relativistic generalization of the hydrodynamic equations (1.172) and (1.175)
will now be established. pg is the rest density, defined as the rest mass per rest
volume. With X7 = [ct|xT] and uT = y,[c|uT], the Euler’s equation (1.175) can
also be written as

ou
paxTTusz—gradp. (1.176)

With regard to the subsequent application of the operator V., we now start for the
energy—momentum matrix with

T mech, 1 déf PoﬁﬁT~ (1.177)

This matrix is symmetric and built up from the two values pg and %, which describe
completely the dynamics of a perfect fluid with the pressure p and the acting ex-
ternal forces f p. For the use of the operator V and the further investigation of the
result, it is advantageous to first divide the matrix T pech,1 Similarly as the matrix
T},’e:

2

cc cu'l
T mech,1 = POV, (Cu uuT) : (1.178)

In a liquid moving with the velocity u, the volume decreases with y,, while the mass
increases with y,,, thus one obtains the total density p = yu2 po. With this we now
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define

2 T
def ( pC pcu
Tmech,l - <pcu puu"') . (1179)

Multiplying the first line in (1.179) from the right with the operator v yields

ap
_c2r
ot

By setting this expression equal to zero, we obtain with (puT)V = div(pu) the
classical continuity equation (1.172)!

Multiplying now the second row of the matrix in (1.179) from the right with the
operator V, one obtains

+ c(puT)V.

apu du dp u .
o NV =—p — LUt p—u+ud
o + (puuT) Y a[u—i-,oaxTu—i-u iv(pu)
9 + diviou) \u + p — 2% 4 0 (1.180)
=\|\——U 1v(pou u _— —Uul. .
ot p P\ % T axt

The term inside the first parentheses is equal to zero, due to the continuity equation
in the non-relativistic case, and the term in the second parentheses contains the
force- and pressure-free Euler’s equation!

The pressure p must now be incorporated. Presuppose an isotropic liquid, then
the pressure p is direction-independent. In the Euler’s equation, the pressure appears
in the form of grad p which can be written as

p 0 O
gradp=|0 p O]V. (1.181)
0 0 p

If this is taken into account in the matrix T'mech, it must be remembered that (1.181)
holds for a reference system X’ moving with the liquid; therefore, this approach
makes sense:

/ def
mech,2 —

S OO
S OO

(1.182)

()
ocoT O
o © O

p

This matrix can now with the help of the Lorentz matrix

Li-wy=( )" o
—u) =
Lu I3+ (u— D"

be transformed back into the resting inertial system X’
B T
, :
Tmech,Z = L(_u)Tmech,zLT(_u) =p Cz ¢ VZ
Lu I3+ C—ZuuT
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Considering that py?u?/c? = p(y? — 1), this can also be written as

gt (1O
Tmech,2—62uu +17<0 ;)

For the sum of the two matrices T mech,1 and T mech,2, we finally obtain with the
Minkowski matrix M

T mech & </00 + c%)ﬁfﬂ — M. (1.183)

We now summarize everything together to the relativistic generalization of the hy-
drodynamic equations

TmechV = fp. (1.184)

By the way, one obtains, when the energy—momentum matrix T pech from the right
is multiplied with M, the four-vector momentum density po# multiplied by c2:

- P\~ - -
T mechnMii = (,00 + —2>u y*(c? = v?) —pit = ¢? poi. (1.185)
C ———

c2

1.9.3 The Total Energy—Momentum Matrix

The derived energy—momentum matrices include the conservation laws of energy
and momentum of a closed system. For example, if a force density f j, acts from the
outside on the fluid, so that an electromagnetic field acts on the electrically charged
liquid, then

fD:_Tb,eeszeche, (1.186)
or combined,
def
T ol = (Trmech + Th.e). (1.187)
SO
Ttotale = ftotal' (1188)

The conservation laws now apply to the whole system, which is fluid plus the
electromagnetic field. Since the individual matrices are symmetric, the total energy—
momentum matrix T 1S symmetric. If there are other components in the con-
sidered system, they can be incorporated in the symmetric total energy—momentum
matrix 7'yt in a similar way as described above, and one obtains (1.188). This form
of mathematical representation of the dynamic behaviour of physical systems will
play a major role in the main equations of Einstein’s theory of General Relativity!
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1.10 The Most Important Definitions and Formulas in Special
Relativity

For inertial systems, i.e. reference systems that are uniformly moving against each
other, the fundamental physical laws are linked with the Lorentz transformation and
are invariant. In the Theory of Special Relativity, we derived (see (1.20))

and the Lorentz transformation matrix (see (1.38))

L% v l
- T
—Ly ‘ I+ —-D

with the following (see (1.39)) equations:

vTx
C[/:yct_%v'rx’ x/:x—i—()/—l)?l)—)/vt.

In (1.65), we derived the relativistic velocity addition:

vtut (= D= 2

w= 1 vTu
+C—2

If the two velocities v and u are parallel, then (see (1.68))

v+u
w= o
The modified velocity vector in (1.79)
def dx 3 def 1 - def c 4
u=—elR’, = —, u= eR
ar S (i)
c2

is transformed by a Lorentz transformation L into the velocity vector #’ (see (1.80))

= Lii. |

With (1.95),
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is the Lorentz transformation of the acceleration vector a (see (1.96)):

| @ =La. |

Einstein’s famous formula (1.111) reads

‘ Ey= mocz. ‘

The invariance of the fundamental equation of mechanics (mg is the rest mass) is

documented in

moa:} L= <:L_1 moalzf

and in electrodynamics

S Y 13/
FpeV = L= <L"! FopoV' = ¢
FeoV = o Fl, V' = o
and
F=IMFy.u L= <L} F=9MF, u
= c B,e - c B’ e
with
def {0 €T def (O —bT = def (—12
= = = at
Fg,. <—e BX>’FE’}’ <b E. ) and V ( g

With the electromagnetic energy—momentum matrix

T, def(w sT
be=\'s  (eeT+bbT —wls)

where
def 2 2
w = 1/2(e* + b%),
one gets
> 1 -
Tb,e -V = _.fy
Yv

and with the mechanical energy—momentum matrix

def P\--
T mech = (p0+ z)uuT - pM,
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we obtain the relativistic generalization of the hydrodynamic equations

Tmechﬁ = }‘D-

Remark The operator V was somewhat unusual in the above formulas—it was writ-
ten to the right to the approaching object, e.g. in T ech V. This was done so that
column vectors appear on both sides of the equation. The usual order would be if
one transposes the eligible equations. Then there would be row vectors on the left-
and on the right-hand side, and the operators, though provided with a transpose sign,
would have their usual place as, e.g. in

oT 7T
v Tmech:fD-

(Since the matrix T pech is symmetric, it need not be transposed.)



Chapter 2
Theory of General Relativity

The chapter begins with the introduction of the metric matrix G and the effect of a
homogeneous field of gravitation on a mass particle. Then the motion on geodesic
lines in a gravitational field is considered. The general transformation of coordi-
nates leads to the Christoffel matrix and the Riemannian curvature matrix. With the
help of the Ricci matrix, the Theory of General Relativity of Einstein can then be
formulated.

2.1 General Relativity and Riemannian Geometry

In the theory of general relativity, the invariance of the equations with respect to
any coordinate transformation is required. Especially the theorems of physics are to
remain unchanged if one transforms them from one coordinate system in another
coordinate system by the general transformation equations

x;j = x;(xg, x}, x5, x5)  fori=0,1,2and 3. 2.1

Consider an arbitrary coordinate system /C on the infinitely small neighbourhood of
the point P, in which also a field of gravity may be present. In an infinitely small
space and an infinitely small time interval, or in other words, in an infinitely small
spacetime interval, the coordinate system K can be replaced by a coordinate system
K’ which is accelerated to it and in which no field of gravitation is present. K’ is
the local spacetime coordinate system in the neighbourhood of a point, and X the
general coordinate system. It is now assumed that

For all local coordinate systems K’ the Special Relativity is valid in any in-
finitely small four-dimensional neighbourhood.

The point P’ may be infinitely close to the point P, and have the real coordinates
dx, dx,dx> and dx3 in the Cartesian (rectangular) coordinate system. For a line
element, one has

ds? = dx§ — (dx{ + dx3 + dx3) (2.2)

G. Ludyk, Einstein in Matrix Form, Graduate Texts in Physics, 51
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where xq is the time coordinate ct. If ds? is positive, then P’ is reached from P by
a movement with a velocity smaller than the velocity of light. Equation (2.2) can be
written using the matrix

1 0 0 O
0 -1 0 O
M= 0O 0 -1 0
0 0 0 -1
as a quadratic form
ds? = d¥T M d&. (23)

Going on to the coordinate system XK', one gets with

ax; ax; ax; 0x;
dx; = — dx), + — dx! + — dx} + — dx}
' dx}) 0 x| ! ax) 2 ax} 3
and the Jacobi matrix
axg 9x0
daxy T 9xg 9%
X
JE| = (2.4)
dx3 axs x
daxy T 9xg
the connection
dx = Jdx'. 2.5)
This is used in (2.3), yielding
ds? =d¥'T JTM J d¥' = d¥'T G d¥’. (2.6)
So the metric matrix G is defined as
G défJTMJ c RY4. 2.7

The matrix elements g;x are functions of the parameters x;. They may change their
values from point to point. In Special Relativity, G = M in any finite region. An
unforced particle moves in such a region straightforwardly and uniformly.

But if the particle is in a gravitational field, the motion is curvilinear and nonuni-
form. Depending on the nature of the gravitational field, the g;x are functions of
other parameters. At most ten different elements g;; of the symmetric 4 x 4-matrix
G describe the field of gravitation at every point in the coordinate system. In every
local coordinate system the g;; are constant and can be transformed by a similar-
ity transformation into the form M. Because if G = JTM J, then one immediately
obtains with the transformation d¥’ = J~! d§

dX¥'TGd¥ =dg" J'TJTMJ ] dE = dET M dE.
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But this is true only for a point because the matrices J are different from point to
point. There is no transformation matrix J which is valid globally.

2.2 Motion in a Gravitational Field

What influence does a gravitational field have on a mass particle? Following the
relativity principle, in the local inertial system, which means in a coordinate system
moving with the particle, the laws of special relativity are valid. For the movement
of a particle with no external forces acting on it,

d2
— =0. 2.8
) (2.8)
The proper time t follows from
ds? = c2dr? = dE" M dE. (2.9)

_ By integrating (2.8), one gets with the initial position é’ (0) and the initial velocity
£(0)

E(r)=£(0) +£(O0)z.

A photon also moves in a straight line in the local inertial system. But t is then
not the proper time of the photon. A photon has no proper time because for light
ds = 0 = cdr. Therefore, we introduce the parameter A such that

a2
e,
diZ

is the equation of motion of the photon in the local inertial system. Now we move
from the local inertial system with the spacetime vector &€ to the global inertial
system with the spacetime vector X. With

def 3§
T=

one gets for (2.9)
ds? =c?de? =dx¥T JTM J d% = dx7 G dx. (2.10)

For light this becomes

dxT G dx = 0. @2.11)
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2.2.1 First Solution

From (2.8) one obtains for the motion of a particle with

o
-
gl&

= de:
X =

dr\0xTdr )~ dr
and with (A.90)
d - - aJ
il — (¥T -
G UED) =(GTel)=
from (2.12)
5 P J -
x=—-J l(xT®I4)§x,
or

¥=—(xT@J ) S¥=—(FT e L) (@)=

0x
that is,

2 5 _1noJ
x=—(14®xT)U4x4(14®J l)Ex.

. def
With J; = &L € R4 and

d [ 98 d¥ d . d . .
- =—Ux)=—)x+Jx=0,
T dr

- def _noJ
r= : éU4><4(I4®J l)§=U4><4

ﬁ() J_IJ()

one can write in place of (2.14) the compact equation

i—_(Leinit

2.12)

(2.13)

(2.14)

(2.15)

(2.16)

With (2.15) and (2.16) one gets for the individual vector components X according
to the form of the permutation matrix U4x4 in the appendix (j ,:T € R* is row k of

Jh
) . 0J -
. =_—>T I =T _->.
Xk X (4®Jk )B?cx

From (2.15) and (2.17) we can read directly

aJ

fk=(l4®j;:T)ax

2.17)

(2.18)



2.2 Motion in a Gravitational Field 55

The so-called Christoffel matrices I" can be calculated directly from the Jacobi ma-
trix J, that is, from the transformation matrix for the transition from the local in-
ertial system to the accelerated non-inertial system (the coordinate system with a
gravitational field). For the motion of a photon, we obtain in the same manner

2z NPT
d_’C__(14®d—x )rd—x. (2.19)

a2 dx dx

2.2.2 Second Solution

An alternative solution is obtained from the second form in (A.90), namely

I n=2Lier (2.20)
- = —=X . .
dr oxT 4
Thus we obtain from (2.12)
- aJ - : oJ - -
s —1 > s —1 >
x=—-J 07T FRIN¥=—-J aiT(x ®x), (2.21)
that is, with
= def ,_1 0J
r= = 2.22
I (2.22)
written completely as
. oJ |oJ |oJ |0d
r=y! AJ |9 |8 |0 e R¥*16, (2.23)
0xg | 0x1 |0x2 | Ox3
so with ¥ ® ¥ € R!,
| i=-FEeY. | (2.24)
This is an alternative representation of the relation (2.16)!
If one defines
~pdef ,—7 0J
2= h it RS, (2.25)

then for each vector component the following scalar vector product is obtained:

=71 - (X ®X). (2.26)
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2.2.3 Relation Between I' and G

Since G=JTMJand ' = J~'2
is the case.
On the one hand,

axT , the matrix I' must depend on 26 dG . This indeed

JTMaa—JT (2.27)

and, on the other hand, g, = j,TLij, SO

0 ajr
o _ 2Jn (2.28)
8xk BxA
Furthermore,
ag}»v 3_];[ . s
=M 2.29
BXM axH Jv + J)\. BXM ( )
and
ad d 0
S _ ity Jo+iTM Ji. (2.30)
va 8 Xy 3 Xy
If we add (2.28) and (2.29) and then subtract (2.30), we obtain
ad 0 0 0
8uv + S gu)» J}LMJV_Z TM ) (2.31)
0x; 0xy, axy 8 X5

Calling GI def I, then we obtain with (2.27) and (2.31) as the element I;V’\M in the

vth row and the pth column of I';,

= 1/ 9guy g 0gun
> =—(=£ — =R ), 2.32
v 2( x5 + dx, ax, (2.32)

Since ' = G~'GI = G~'T,

a

=6 =G6"'JTM—,
3)6)L

and one finally obtains with the «th row g([[T] of the matrix G~! and the vth ele-

ment g([x_,jl] of this row vector the following relation between the elements in the ath
row and the pth column of I', and the elements of G

gom) 8g;w 3gxu 8gu,k
= TM — . 2.33
=g M UZ (zaxA ok, o (239)

This is the desired relationship between the matrix elements of I" and G!
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2.3 Geodesic Lines and Equations of Motion

The motion of photons and particles in a gravitational field will again be considered,
but now using the calculus of variations. The same results as in (2.16) are expected.
This is to be seen by using the same Christoffel matrix I' in the results. In special
relativity, the motion of a photon is given by ¢?¢> = xTx, that means s> = c?t*> —
xTx =0, or ds? = dxg — dxTdx = dxT M dx = 0 for any small distance dx. If
paths were straight lines, that would mean the shortest possible connection between
the points P; and P;. Also the theory of general relativity demands that light and
particles move on straightest possible paths. These paths are the so-called geodesic
curves for which the length has an extreme value:

P
8/ ds =0. (2.34)
P

1

This produces a system of four differential equations. For the variation of ds’ we
obtain

8(ds?) = 8(dxT G d¥),

(2.35)
2(8ds)ds = (8 diT) Gdx +dxT(8G)dx +dXTG(8dx),
but since G is symmetric, G = GT, we get
2(8ds)ds =2dxTG(5dx) +dXT(8G) dx. (2.36)
Equation (2.36) divided by 2 ds results, with d(§x) = 8 dx and 3—§ déffc, in
> - 1 S -
8ds =xTGd(6x) + ExT(SG) dx. (2.37)
Multiplying the right-hand side by ds provides
3 d 8_' 1. Y
sds = 37699 4 L 56)3 | as. (2.38)
ds 2
For the variation of the matrix G we set
G G G G
8G=—938xg+ —6x; + —38x2 + —6x3. (2.39)
9x0 0x1 0x) 0x3
This is extended to a quadratic form:
S > > aG S S 8G > S BG > S >
XT6Gx =XxT —Xx8x0 +xT—X6x1 +XT—X6x, + XT—Xx6x3 (2.40)
ax0 x| 0x2 9x3
and the right-hand side is collected to a vector product, leading to the result
S S S aG—'»—X aG—‘»—'» 3G;_~. aG—> -
xT5Gx = | xT—Xx,xT—x,xT—Xx,xT—Xx |6x. (2.41)
9x0 ax1 9xo 0x3
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The row vector on the right-hand side with
G \ ¢ef [ G G 3G 0G
axT ) [8xo  ax1’ dxp  dx3
and the Kronecker product can be written as

8G_,~ 0G - -_0G . -_0G . - 0G
T — X, T — X, ¥ T—x,¥T—x | =T —=
0x0 dx1 0x7 0x3 oxT

)(14 ®X). (2.42)

With this relationship we obtain now for the variated integral (2.34)

5[ ds—/ [ d<5x)+ ¥ (8G>(14®x)8x]ds (2.43)
P Py 2 axT

Taking in consideration §X(P;) = 8X(P;) = 0, and performing integration by parts
to the left summand in the integral, gives

1; G R
8/ ds—/ -—— xTG =XT| —= |4 ®x)éx | ds
Py P 2 8xT

d 1. G .
— ——(¥7G) + =XxT 1 X)[8xds=0. 2.44
/Pl [ 01S(x )+ 5% (B;T)( 4®x>} % ds (2.44)

To make the variation of the integral for every arbitrary vector function §x(-) dis-
appear, in spite of the fundamental theorem of the calculus of variations, the vector
function in the brackets must be identically zero:

d . 1. 0G ;
- (E76) + ExT< 8£T>(14®x> =oT, (2.45)

or transposed, where (A ® B)T = (AT ® BT) is used,

1 0G -
2(I4(X)x )ax——(Gx)—o (2.46)

For the second term on the left-hand side one gets

d 3 23 d 3
—(GXx) =Gx + —(G)x. (2.47)
ds ds
And this is
d . oG
— G =(xTRI —
ds( )=(XT®14) 9%
Inserted into (2.47) this finally yields
1 aG - aG -,

3 _ 0O 2q i
Gx_2(14®x )axx (x ®14) axx (2.48)
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or, putting X to the left-hand side,

=i

1 . G -
=G ' (I, ®xT XTRI4) | —x*.
[Ssein - Gran) |5
Taking into account the lemma in the Appendix “Vectors and Matrices”:
BRA=Usxp(A®QB)Uyx;, AcRP* BeR™,

(2.49) can be converted, with the help of ¥T ® I4 = (I4 ® ¥T)U4x4, into

0G -

= — S 1
x=G 1(I4(XUCT)[2116—U4><4] 97

With

59

(2.49)

(2.50)

(2.51)

G 1Liex)=(6"'01)(I4®xT)=(6"'®xT)=(1+®x7)(G™' ® 1)

we finally obtain a form in which X is pulled out to the left and to the right:

G .,

o 5 _ 1
x=(I,®x7)(G 1®I4)|:5116 U4><4i| a7 F

Summarizing

def 1 0G
= (G~ I14)|U —1I
(G'® 4)[ 4x4 = 3 16] PE:

G

_ 1
=Uss(I4®G 1)[5116 — U4x4}§,

one gets the compact equation

.% = —(I4®.%T)f;

(2.52)

(2.53)

(2.54)

(2.55)

which agrees with the equation of motion (2.16), that is, in the language of the

calculus of variations, this equation yields an extremal.
In (2.53) with the kth row g,I of the matrix G is

ng

IG ox
Uswsa— = :

0x T

8g3

ox
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For the four components X, k =0, 1, 2 and 3, one obtains with the kth row g;T of
the matrix G~1,

agl
£
. 5 — 1 BG Ky
Ye=xT(g; " ®14) Nk (2.56)
ag;
K3

With

o et F 156

I = (g7 ® 1) 553 (2.57)

one can also write for (2.56)

K= —XTIx. (2.58)

The so-obtained matrix I'y need not be symmetric. But the value of the quadratic
form (2.58) is unchanged, if the matrix I'y in (2.58) is replaced by the symmetric
4 x 4-matrix

1.
r,& S (Pt ). (2.59)

In this way, the matrix is said to be symmetrised. Expanding (2.57) yields

3 T
o _n/0g; 10G
I, - § : [—1] i
k_l_:ogk’i <8i _Ea_x,)

and transposed

3
N _nfog; 130G
T _ [—1] i
Ti=2 <a5éT - Eax,->'
i=0

For this one can also write

ax
" 10G
T -T .
0g3

I
=
4
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Inserting (2.60) into (2.59), we obtain

deg 980
1 . . 1 dx oxT 9G
Mi=-(Te+T) == o) || : |[+] : |-= 2.61)
2 2 . ( 0%
g3 g3
s ot

Multiplying out yields the results for the components of the Christoffel matrix I'g,
namely the above already derived relationship

rko— Z gk, 0ggi . 08ai _ 08ap ) (2.62)
Tap = 2 0xy dxg 0x;
This can with
.. 1/0 0gyi 0
Foiﬁ def 1 8Bi T 8ai  08ap (2.63)
2\ Oxgy 0xp ox;
also be written as
—1]
= Z g Tug. (2.64)
In addition, from (2.63) the interesting connection follows:
08ai
= F’ + F“ 2.65
9y = Lo+ T (2.65)

Assembling the four components ¥y of the vector X with the matrix I’ x into one
vector yields

XTlox
: (2.66)
xT F3.§‘

respectively,

(2.67)

with

=5
g
=)
O
o
<

Fo a3z

|
=
Y
=
4

G

7 (2.68)

B
0y ..
>~
Y
oQ
Y

r;

=5}

7
<Y
=
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This can also be written as

00
1, G |
r=-(6"'oL)| Wss—nLe—+| : |]. (2.69)
2 ox
083
xT
Introducing the matrix
et 1 G |~
FE- | Usa—Tio=+| || (2.70)
2 ox
083
axT
it can also be written as
r=(G'eI)r. (2.71)

The matrix difference Usx4 — I 16, appearing in the matrix r , has the remarkable
property that the first, (4 + 2)th, (8 + 3)th and the 16%1 row (resp., column) are
equal to a zero-row (resp., zero-column)! For the matrix I" this has the consequence
that thf? corresponding rows consist of ?;fc—OTO, ffv—’Tl, ‘?;1—2? and ‘?;fr—? Furthermore, from
(2.71) it follows that

Ir=GQIyT, (2.72)
that is,
sz(g;®14)T=gkoro+--~+gk3r3,

therefore,

3
Iy = Z grilg. (2.73)
i=0

2.3.1 Alternative Geodesic Equation of Motion

Again the equations of motion can be modified as follows: Firstly,

. 0G G -
xT I - = TS X I N 274
(xT®14) 57 = gaT* ®14) (2.74)
and secondly,
06 XTGo¥
I —'»T _ = —
( 4®x )axx

XTGsx
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Using the vec-operator from the Appendix (A.51) to the scalar component xT kac
yields

vec(chGk?c) = (ch ®}T)vec(Gk) = (vec(Gk))T(?c ® %),

)
(1 ®}T)&§:— 0G (X ®X) (2.75)
) 0%~ oxT ’ '
with
T T
e (ee@onTY  [Foo o Bu
o : —| 810 813 | cpexis, (2.76)
weeGapt) | 520
830 833
where gI . is the jth row of G;.
By the “method of careful examination”, one can write
T B
80,0
7
£1,0
T
82,0
&
S 4
9 30 9G\®
T = : = U4><4_-> y (277)
0x : x
80,3
7
813
T
823
7
833

where the superscript “B” means the block-transposition of the corresponding ma-
trix. The block-transposition of a block matrix is defined as

A\ °?
ABL ] = (4 An).
An
Equation (2.75) used in (2.48) yields
" oG 100G - -
x=—-G! - — |[(*®¥X). 2.78
x [a}T 232T](x®x) (2.78)
With
= def ,_1[ 90G 103G 4x16
r=¢'—--— R , 2.79
|:3xT 20x7 | € @79
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one finally obtains

| P—_FGe. | (2.80)

One can also reach the form (2.80) as follows: It is Xy = XxTI'yx. Applying to this
the vec-operator (see Appendix), one obtains

—X¥p = vec(J"c'TFkJ"c') = (}T ® J?T)vec(rk) = (vec(Fk))T(J"c' ®X).

With
(vec(I'o))T
e : 2.81)
(vec(I'3))T
(2.80) is obtained again. Once again, we can write
. ar\®
r= U4X4§ . (2.82)

Just a word regarding the derivatives with respect to s. If s and ds? are positive,
then it is a so-called time-like event. Then

(ds)? =c?dr> —dxTdx =2 dr? — xTx dr?,
ds =+ c2 —v2dt,
SO
yds =cdr.
Substituting ds = cdt, one obtains
ydr =dr.

A comparison with the results of special relativity theory provides dz = dr’, i.e. the
time that elapses in the moving coordinate system X”. One calls in this context T as
proper time.

2.4 Example: Uniformly Rotating Systems

We will consider a fixed inertial frame X with the coordinates ¢, x, y and z and
a uniformly around the z-axis rotating coordinate system K with the coordinates
7, r, ¢ and z. Then the transformation equations are

t = T,

x = rcos(p+ wt),

y = rsin(g 4+ wt), (2.33)
z = z



2.4 Example: Uniformly Rotating Systems

As Jacobi matrix J one obtains

1 0
J= —r2sin(p +wt) cos(p + wt)
| r%cos(p+wt) sin(p + wt)
0 0
and as the metric matrix
1-— rzc;)_zz
_ _ 0
G=J]J"M]J= 20
C
0
and from this
1 0
1 0 -1
G =l_o &
c c2
0 0

In this case, ds? has the value

ds* = <1

c
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0 0
—rsin(g +wt) 0
rcos(p+wt) O (2.84)
0 1
—r2e
0 0
, 2.85
P (2.85)
0 -1
0
0 (2.86)
=z 0 ‘
-1
(2.87)

2
— rzw—z) dt? —dr? — rdy?® — 22¢ dodr —dz>.
c

If a clock is in the rotating system at the position (r, 8, z) and one considers two
temporally directly adjacent events with dr = dg = dz = 0, then one obtains for the
proper time ds in this case the relationship (with v = rw)

ds =dty/1 —r2w?/c?2 =dty/1 —v2/c?2 =dz/y.

This is the relationship known from the theory of special relativity! For the calcula-
tion of the acceleration, the derivatives of the metric matrix are needed. In this case,

Gyo=G,=G3 =0, but

—2}";’—2
0G
Gi=—"=| 0
or —2r&
0

(=Nl

w
2rc

0
—2r

0
0
0
0 0

Since only the matrix G # 0, in this case (2.56) is simplified to

.1
xk—2

(157) ~ (g T) |6
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In particular, with XT = [c|F|¢|2] we obtain

1. .
Ve L 3TG%
r 3 1X

1 . . . .
=-2 [—2r&?/c — ¢2rw/c | 0| —2rw —2r¢ | 0] = r(w + ¢)* (2.88)
and
¢ =—i[~w/c|0|w?/c* —1/r?|0]Gi¥ = —2Fw/r — 2i-¢/T, (2.89)

or
rg = =2 (¢ + w). (2.90)

Equation (2.88) multiplied by the mass m represents the centrifugal force, and
(2.90) multiplied by the mass m is the so-called Coriolis force! The accelerations
occurring in this rotating system are determined by the elements g;; = g;;j(¥) of
the coordinate-dependent metric matrix G(x). For a local reference system, one
can always specify a coordinate transformation (with J ~1(¥)), so that the trans-
formed system is obviously an inertial frame. In general, for an accelerated or non-
uniformly moving (e.g. rotating) system no globally valid transformation matrix J
can be specified. The given space is curved!

It should now be shown that the Christoffel matrices are the same for the rotating
system by applying the formula (2.18). According to (2.84),

1 0 0 0
J= —rZsin(p +wt) cos(p+wt) —rsin(p+wt) 0 2.91)
| r%cos(p+wr)  sin(p+wr)  reos(p+wr) 0]’ ’
0 0 0 1
i.e.
1 0 0 0
_ 0 cos(p+wt) sin(p+wt) O
1
I = -2 % sin(p + wt) } cos(p+wt) O (2.92)
0 0 0 1

Equations (2.88) and (2.89) can be used for the Christoffel matrices. The non-zero
matrix elements are:

rb=—2 rni=-% L=
02 = rc» 03 = rc, 2="5
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Accordingly, we obtain with (2.18), e.g.

0

2
—r2 cos(o + wt
Folo = [0 | cos(e + wt) | sin(p + wt) | 0] < (¢ )
—r¥y sin(p + ot)

0

w2

= —) —

2’

2.5 General Coordinate Transformations

In the theory of general relativity, the invariance of the mathematical descriptions
is demanded for the general laws of nature with respect to each other arbitrarily
moving coordinate systems. Even more generally:

The invariance of the mathematical descriptions with respect to arbitrary coordi-
nate transformations is required.

2.5.1 Absolute Derivatives

First, we must clarify how the derivatives eventually have to be modified so that the
derived expressions are invariant under coordinate transformations.

Suppose a vector field a(A) is defined along a curve whose parametric represen-
tation is given by X(1). Going on to another coordinate system K’ with a’, for the
mathematical description of dynamic processes one is especially interested in how
the derivative da/dA is transformed into da’/dA. Because T = T (X¥(1)), it follows
that

(2.93)

= = =T+ (= 01) =a,
. dn i A P

da’  d(Ta) da (diT )8T
- =T— +
da

i.e. da/dA is not transformed into da’/dx as was a by a simple multiplication with
the transformation matrix 7 . For this the reason, the definition of the derivative is

da .oa(A+8)) —a(r)
—=lm ——=,
dr  sa—0 SA

where the difference of the vectors is formed at different places on the curve y, to
which transformation matrices T (1) # T (A 4 1) generally belong.

Thus in order to be always able to take the same transformation matrix, the dif-
ference of two vectors must be taken at the same place of the curve. It is true that

d
sa~ 25 (2.94)
di
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and, if the shift of a is taken along a geodesic line,

-

2 (14 ®aT)Fd— 0,

dr i
SO
da dx
I4®a")[—. 2.95
5 = a@a)l (295)

Here gi is the tangent vector to the geodesic curve y, and ¥ (1) is the parametric

representation of y. Multiplying (2.95) with §A, we obtain

Sa=—(I,®aT)Ié%. (2.96)

Moving the vector a()) from the position X (1) parallel to the position ¥ (A +8A),

the vector
a dﬁf a(A) +da

is obtained, or by (2.96),
a~a(\) — (14 ®a7)I8X. (2.97)

On the other hand, a(X + §A) — @ is a vector at the position y (A + §A), as is
(a(A+681) —a)/5A. As A — 0 the quotient is always a vector at the same location
that varies, however.

The limit of this ratio is called absolute derzvanve of a(}) along the curve y:

-

. aA+6A)—a da 5x
1 —_— =~ —+ 1 1 r—
e TR L UL L

which is obtained with (2.97), and therefore one defines the absolute derivative as

-

Da defda +(Iy®a™)I jx_k:d+(14®aT)F}, (2.98)

dr — da

The differentiated vector can be decomposed into

da -
i= BxTaTx’ (2.99)

so that in (2.98) one can extract X to the right:

D o
d_;l:[aaT (Is®a™)l ] (2.100)
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The expression appearing in brackets is called the covariant derivative of a and
written az7(€ R4*4)y:

def Oa

a”.-x*'r = a T (I4®aT) (2101)

This covariant derivative azT becomes the normal partial derivative ,{LT’ ifIr=0,
that means, there is no gravitational field.

2.5.2 Transformation of the Christoffel Matrix r

In (2.22), the Christoffel matrix is defined:

fciéfj_lﬂ_ ox 9%k

9ET  oE" aRTORT (2102

If one changes over from the coordinate system with ¥ to the coordinate system
with ¥', one obtains with the transformation matrices

def 0%’
= o (2.103)
and
_ ox
7 a;T’ (2.104)
the Christoffel matrix I in the coordinate system with ¥’
praer 0F %6 0% 0% 9 ( 0k
T O9ET 9xTOXT T 9XT pg ox'T\oxT
ax 0 [ 9E ox
gE" ox'T <8xT Bx/T> ( )
- —— \q_/_/
J! ;o1

According to the product and chain rules, one obtains

oJ
J-T)=

A,T<I4®T>+J

—»/T —»/T

(T®I4)(14®T)+J (T®I4)

(2.106)
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Inserting (2.106) in (2.105) reveals

F=TFd o +T = T Tel. (2.107)

The second term on the right-hand side shows the coordinate dependence of the
transformation matrix T

Another important characteristic is obtained as follows. Differentiating I, = T T
with respect to X7 yields

.

or _ T Is®T) (2.108)
axT  axT o o '
Putting this in (2.107), one gets another form of the transformed Christoffel matrix
namely

r (TT)-— ) (2.109)
X
Moreover,
d’¥’  d (ox' dx _Td2£+ oT (dx . \dx 2.110)
dr2  dr \9xT dc /) " dr2 et \dr - Y e '
~—— —_—
T (gl

Multiplying (2.109) by the vector (g %) from the right yields

_,(d¥’  d¥’ dx’  dx’
I —o@—\|=1Tr(ren|— ® —-—
dr dr

dr
(Fom
(T®T)<d—xl d—i‘/> (2.111)
d d
(gl

Adding the two equations (2.110) and (2.111), we finally obtain

23/ RV 2= 5 =
%+f’<i’; ®%>—T[37§+f<§x—f®j—:>}. (2.112)

The vector in the brackets in (2.112) is transformed as a vector in general! The
equation of motion is invariant
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2.5.3 Transformation of the Christoffel Matrix r

By (2.15),
J o 57
I'=Ujyq : —U4x4(14®J )ax
J s
where
0%
I= axXT’
Defining furthermore
08
I
I= X'’

we obtain with the transformation matrices T and T the relation

9E  0E oX  0F
=== =—=T,
I = T T T oRT  aa

i.e. with (2.114)

J=JT,
or
J =JT
Hence
_noJ
r —U4X4(I4®J/ l)ﬁ
With
J/—I_TJ—I
and
oJ 9JT aJ
W o (14®J)
we then obtain
A _ aJ = oT
F=Upalu®T) (150 ] 1)<ﬁT+(14®J)W)

aJ oT
=U4x4(14®T)<( ®J" )xT+E)

71

(2.113)

(2.114)

(2.115)

(2.116)

2.117)

(2.118)

(2.119)
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Furthermore,
oJ oxT 0J -1 oJ
—=—Q14)—==(T 14)—, 2.120
0%’ <a£’® 4)8x T (2.120)
SO
. . ENCY aT
F’=U4x4[(TT®TJ 1)—ﬁT+(I4<g>T)—A/}
0x ox
_ _noJ - aT
=U4><4(TT®T)U4><4U4><4(I4®J 1)§T+U4x4(14®7')ﬁ,
TQTT I
and with (2.113)
Ny e oT
r :(T®T )FT+U4x4(I4®T)F. (2.121)
X

The second term on the right-hand side expresses again the dependence on the trans-
formation matrix 7.

2.5.4 Coordinate Transformation and Covariant Derivative

It is true that

TT =1,
SO
9 (TT)=0= o 7 +U ®T)8T
0% YT 4 0%
or
oT T -
(14®T)§=—§T. (2.122)

Look now at the coordinate transformation
a=Ta (2.123)
and its partial derivative with respect to x':

da’ 0 oT da
—=—Ta)=—a+ I4T)—. 2.124
ax’ 8x/( ) ax’ (L4 )ax/ ( )

On the other hand,
da ( oxT

ox’

oa _ da
— = It) = =(TT®1,)—.
0% ® 4)3x (T e L)
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Inserting this into (2.124) yields

da’
ax

=(T"® T)a— +— 3T (2.125)
ox 8x

How does the product of the matrix I' and the vector a transform? We have
-1

’or =T\ ;o oT
I'a —(T®T )FTTa+U4x4(I4®T)TTa, (2.126)
X

and hence obtain

aT~! aT
-, = — I ®T_1 TT_I.
e = )7
This in (2.126) yields
7 7 T or
I'a :(T®T )Fa—U4X4Fa. (2.127)
X

After adding (2.125) and (2.127), multiplied from the left by U4x4, we get

80/ /! 7T da 7T
P +UssaI'a = (T ® T)ﬁ + U4><4(T T )U4x4U4x4Fa,
SO
da’ - da
8*’+U4X4Fa —(T ®T) £+U4X4Fa . (2.128)
With the definition
850
def 1 1 G oxT
" =Usxal = 5(1 RG™ )| Uis— U4><4) + Usxa| (2.129)
0gs3
axT
the following compact relation is obtained:
da’ da
— 4+ TI"d =(T"®T)| = +TI'*a. 2.130
e =(T'® )[ax+ a] (2.130)

On the right-hand side of this equation, a vector from R is multiplied by a 16 x 16-
matrix! We introduce the abbreviations

(2.131)

and

a;; €ag +Ia, (2.132)
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and call a3 the covariant derivative of a with respect to X. Now (2.130) is written
as

ay=(T"®T)a. (2.133)

The form on the right-hand side of (2.130) reminds us of the right-hand side of
the expression used in the vec-operator (see Appendix), that is,

vec(ABC) = (CT ® A)vec(B). (2.134)

To use this lemma, (2.130) is first written in some detail. With the new matrix

def /. |1 G
ri=@ilec 1)[5116—U4X4}§, (2.135)

where i ,I is the kth row of the unit matrix I4, one obtains for (2.130)

8 / p— 8 /
8)‘:6 ré/a/ ﬁ I‘(ﬁ;/a/
3 R I e COR-T V0 B B el A
da’ I'a da’ I'a
ax} 3 L\ ax} 3
/0
o) (T
=(T"®T) 4] : (2.136)
i)\

Now Lemma (2.134) applied to this equation shows that

oa’ da’
|:8_x(/) 8—xéi|+[1~(’§/a/||l“§/a/]
da Jda
=T{|—|...|— Tia|...|Tkal{T™". 2.137
{|:8)C() B)C3:|+[ Oa‘ | 3“]} ( )
With
3a def 3a 8a Ax4 = def 4x16
axTT:|:a__xO ”a_xS:|ERX and F:[F$|F§]ERX
one obtains
da’ -, , da - 1
E),?_’T+F(I4®a)=T|:8ch +F(I4®a):|T . (2.138)

The sum of matrices

a + T (I;®a)
oxT !
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is therefore transformed by a normal similarity transformation in to the following

sum of matrices
aa/ =/
85{?_/1. +T (14 ® a/).

And again some abbreviations are introduced (now the vector X is transposed!):

def 0a
axT = % (2.139)
and
azt défa\?cT +T'14Q@a) e RV, (2.140)
azT is called again the covariant derivative of a and it is
a\gr =Taz T, (2.141)

Important conclusion:

The formulas in the theory of general relativity are invariant with respect
to coordinate transformations if in formulas of special relativity ordinary

derivatives ;;—“T are replaced by covariant derivatives a 1!

The covariant derivativei defined in (2.140) differs from the derivative defined in
(2.100) by the summand I'(I4 ® a); there one has instead (I4 ® aT)I'. But it is
indeed true that

r;a)=(I1s®a")r. (2.142)

In fact, if we rename the jth row of the sub-matrix I'; by yj.T, then the matrix I'*
is composed as

0T
Yo

1T
Yo

27
Yo

I =Uyu4T' = : ,
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i.e.
iz %
T T
r= "gT y;T (2.143)
Yo - V3
s 3’
WithI'; =T lT one obtains:
vo'a  8Ta)  saTyy  aTyy
1T 1T Tl Tl
_ Yo a Y2 a avy aTy
Fussa=|"00 o4 o)
— Ypa ... y5a a’y; ... avy3
vila  vi'a) \aTyj  aTy3
a’rf a'’l
= : = : =(I4®a")l, (2.144)
a’rj a’l;
so we can instead of (2.140) finally write the same as in (2.100)
ajgr=agr+ (I ®aT)I e RV, (2.145)

2.6 Incidental Remark

If one starts with an equation which is valid in the presence of gravity in general
relativity, then this equation must for v> < ¢ pass over to Newton’s equation. The
force of interaction of two discrete masses m and m is proportional to the product
of the two known masses and inversely proportional to the square of the distance of
the two centres of gravity:

mmj X —X1

f=G

Ix —x1? |x — x|’

or
mi

7(x_
lx —x1[3

For several discrete masses m;, this attraction is obtained as

f=m- GZ |3<x x0),

f:m-G Xx1).

and for a distributed mass with the mass density p

f:m-G/ p(xi)idv.
% lx —x;[3

i
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In an electric field of strength e, which together with a charge g produces the force
f = ge, we define the gravitational field strength e, producing the force f = meg
acting on the mass m. For several discrete masses, the gravitational field strength is

mi
eG :GZ—g(x—xi).
= X —xil

So we can divide the analysis of the problem into two steps. In the first step, the
gravitational field generated by several masses m; at the point x is determined, and
in the second step, the force acting on the mass m at the point x is determined.

The potential energy is the integral of force times distance, so

U=—/des=—m/e£dsd=efm¢>.

If a mass m is displaced by a small distance Ax, the work done is equal to the
change in potential energy

AW =—-AU = fyAx.
Dividing this equation by Ax, this force in the x-direction is given as

AU
Jr= N

Dividing by the mass m, one gets the x-component of the strength of the gravita-
tional field

A¢
Ax’
Whence it follows generally with Ax — 0, that

ex =

e=-V9,
SO
f = _mv¢’
or
2
X Vo), (2.146)

dr
where the gravitational potential ¢, which is a scalar function of the position x,
is obtained from the second-order linear partial differential equation, the Poisson
equation

A¢(x) =47 Gp(x), (2.147)

with the gravitational constant G and the mass density p(x). This equation
shows the relationship between gravitational potential and matter in the Newtonian
Physics. The above two steps are thus:
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Step 1. Find the solution ¢ (x) of the Poisson equation (2.147).
Step 2. Use the solution of (2.147) to find x (7).

This is the approach in the classical Newtonian Physics. How must we do or
modify the two steps in the theory of general relativity, i.e. how does one generally
get the g;x’s and how does one establish the dynamic equations? In the case when
only the element goo depends on x, i.e. only the 00-element of the sub-matrix I'; is
different from zero, then

g
T 0
r;= 0 O
0 O
0 o0

[ el o]
= el

According to (2.146), the acceleration is proportional to the partial derivative of the
gravitational potential ¢ with respect to the coordinates x;. Looking at the equation

x=— (I4®xT)Fx (2.148)

on the left-hand side of the equation one has acceleration and on the right-hand side
there is the matrix I' comprising partial derivatives of the g;;’s with respect to the
coordinates x¢. The g;;’s apparently play in General Relativity the same role as the
gravitational potential ¢ does in classical Physics. There the gravitational potential
¢ was determined by the Poisson equation whose form is, for the most part, given
by the Laplace operator A:
?¢ 0% ¢
Ap=— + — + — =4r1Gp(x).

8x1 8x2 8x3
So one is now looking for a mathematical expression involving the second deriva-
tives of the g;;’s with respect to the four spacetime coordinates x;. Such a term
appears, in fact, in the differential geometry of Gauss and Riemann, to be precise,
in the investigation of the curvature of surfaces or hyper-surfaces in three- or n-
dimensional spaces, where the surfaces are described by quadratic forms with the
gij’s as the corresponding matrix elements. Therefore, the appendix “Some Dif-
ferential Geometry” deals with the theory of curvature of surfaces in three- and
n-dimensional spaces.

2.7 Parallel Transport

For further considerations, we need the definition of parallel transport:

1. The parallel displacement of a vector @, which is tangential to the curved surface
and runs along a geodesic of this surface, is defined as follows: The origin point
of the vector moves along the geodesic and the vector itself moves continuously
so that its angle with the geodesic and its length remains constant. It then changes
by a parallel transport along §x according to (2.96) with §a = —(I4 ® aT)I'éx.
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Fig. 2.1 Parallel transport

2. The parallel displacement of a vector on a surface along a broken line, consisting
of some geodesic pieces, is done so that from the first corner to the second corner
the vector is moved along the first geodesic arc, then along the second arc, etc.

3. Finally, the parallel translation of a vector along a smooth curve is described by
the limiting process, in which the curve is approximated by broken lines consist-
ing of geodesic pieces.

If a vector a in a flat space, where I' = 0, moves in parallel along a closed loop, it
comes back to the starting point with the same length and direction. But if a modified
vector comes back, so it must be true that I' 2 0—there exists curvature.

Example If you move a vector a on a sphere (Fig. 2.1), beginning at the equator at
a point A, along a meridian to the north pole N, then along another meridian back to
the equator at a point B, and finally back along the equator to the starting point A,
then the incoming vector a’ has a direction other than the initial vector a. Calling
the difference between the starting and end vector

def
Aa=ad —a,

the question is: What happens to Aa when the circulated area is smaller and smaller?
Of course, Aa approaches the zero vector, but not the ratio Aa/(circulated area).

We now replace the spherical triangle of the example by a differentially small
square and consider not the difference vector Aa of a complete circulation. Instead,
the initial vector a is moved the half way around the square in one direction. Then
the same vector a is shifted half way in the other direction. At the meeting point
the difference Aa arises. This difference vector is deduced and considered more
precisely in the following section.
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2.8 Riemannian Curvature Matrix

If one moves a vector a(pg) € R* from a point pg by 8x € R* to the point py, then
it changes according to (2.96) by

8a=—(I4®a(po)T)T (po)dx. (2.149)
Therefore,

a(p1) = a(po) +8a =a(po) — (11 ® a(po)") T (po)éx. (2.150)

A further displacement of pj in the direction §x to p, gives the change
6[1:—(14®a(p])T)F(p1)832. (2.151)

For I' (p1) as a first approximation one can write

F(pl)%F(po)+v2::)%3xv=r(po)+§x—rT(ax®14). (2.152)
Equations (2.150) and (2.152) used in (2.151) yield
sa=—(I4+® [a(po) — (I+®a(po)T)T (po)éx]T) (F(po) + %(5x ® 14)>5’?
=—(14®a(po)T)I(po)dx — (14 ® a(po)T)ic—FT(ax Q® 14)8x
+ (I+® [(1s ® a(p)T) '8x]|T) 8% + O (8% - (dx?))

or
= |:—(I4 ®aT)I — (14 ®aT)ax—T(5x ®14)

+ (140 (14 ®a(po)T)I“8x]T)Fj|8.if. (2.153)

The third term in the brackets can be transformed into the following form:
(I14®[(14®a™)I8x]"\T =T (14 ® (14 ®a™)I'8x)
=T(Ie®aT)(I4® I'éx)
=T®a")I4QI14Q x)
(I4®a") (T R I)I4@T)(I4®8x). (2.154)

Using this in (2.153) results in

r —
8[1:—(I4®aT)[F+;x—T(Sx®I4)—(F®I4)(I4®F)(I4®8x)i|832. (2.155)
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If we now first go in the direction §x and then in the direction x, we obtain accord-
ingly

- r —
8[1:—(I4®aT)[F+;x—T(Sic®I4)—(F®I4)(I4®F)(I4®85c):|8x. (2.156)

For the final product in the third summand of (2.155) we can also write
T4 ®68x)8x =(T1®3x)(6x @ 1) = (6x ® 6x) = Usx4(dx ® 5x). (2.157)

It is true that
Aa = (a +38a) — (a + 8a) = a — sa, (2.158)
so with (2.155), (2.156) and (2.157),

Aa=(I4 ®aT)<F(8x — 8%)

+ [;)x—': +TRINI® r)}wm CL)6x® ai)) (2.159)

With the 16 x 16 Riemannian curvature matrix

or
RY [M—T +TRINI4® r)} (Usxa — I1g) € RIIC, (2.160)

we have
Aa=(I4®aT)[I(6x — §%) + R(6x ® 6%)] e R*. (2.161)

We also define a slightly modified curvature matrix:

RE (G ®I1)R. (2.162)

2.9 Properties of the Riemannian Curvature Matrix

2.9.1 Composition of R and R

Which form do the elements of the Riemannian curvature matrix

_|ar = _ 16x16
R= 8xT~I—(F®I4)(I4®F) (Usxa—1T16) €R

have? The property, already mentioned earlier, that in the occurring matrix differ-
ence Ugxaq — 116 the first, (4 + 2)th, (8 4+ 3)th and the 16-th row/column are equal
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to the zero row/column, has for the Riemannian curvature matrix the consequence
that its corresponding columns are zero columns!
Next we obtain with (2.143)

o' 3
1T 1T
- y y — —
r=1"9; 3r | =lo..... T3]
Yo NS
o' i
for
r o o o
— — — 0O r o o0
TRI)U@N=[To®14)..... (31D 5 o f o
0 0 0 r
=[To®INI,...., (T3 1)T].

This matrix product contributes to the matrix element R?;g the sum

(73T @ 1)T ], = [ To+ -+ T5T3),,= > I3 g (2.163)
v

where ! T € R* is the yth row of the sub-matrix I's, i.e. the Sth row of the sub-

matrix I'y,.
Furthermore,
(TR I4)(I4 @ IMNUsxa
r o 0 O
— O r o o
=T ®14) O 0T o Usxa
0O 0 0 r
Yo [ 71 ) | ¥3
=T ®14) [P U I PR I
Yol Vil Y2l V3

This matrix product (y 5 € R0 is the Sth column of I') contributes to the matrix
element Rgg the sum

Vs
()’yT ® 14)

Vs ap
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Vs

o7 @1,y © 14]
Vs ap
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=[(roT @ L)ys, ... (¥iT @ L)ysl,, = [(v}T ® L4)ys],

Z[Fgol’&"‘ +F37’5 Z v b0
In accordance with (2.160), one gets finally with (2.163) and (2.164)

12 9 4
Raﬂ ox ﬂra Z FSO[ ZFSUFCZB

From this form, one can immediately read off the property

1z vB
Raﬂ =—R.

With the help of (2.165) one can also verify the so-called cyclic identity:

1Z) vB
Ry +R ﬂa 5 +R5, =0.

(2.164)

(2.165)

(2.166)

(2.167)

From (2.165), using (2.63), (2.73) and (2.65), one can also derive a closed form

for Ry in (2.160) as follows:

b a a . ) )
= Dokl = Do, T~ 5 oo+ Tl = 105 )
i v v

_ ivy_ iagyi)_<iw_ iagyi)
B <8x/3 Tas ZI,:FM 0xp dxs Faﬂ Xi:Faﬁ x5
+Z o5 — Zfaﬁ%
9~y
(3xﬂ Z ))—(8—)%1““/3
Z ﬂFZS+ )"‘Z v oa — er);r;ﬁ

1 0 886)/ agay 08us el agﬂy ag(xy 880(/3
=—| — + - + —
2\ 9xp \ 0xy 0Xs 0x, 8)63 00Xy dxg 0xy

)



84 2 Theory of General Relativity
i Y i i i vV
Zrojar' =D TusTig+ ) Taplys + ) Tuply
i i i
ald ald
+ 2T = 2T s
v %

After cancelling out some of the terms, we finally get the closed form

pVe 0 y 14 i
Raﬁ—@ﬂxa—a—mr +Z wplys — Zfaa (2.168)

_ 1( 32857/ 328a5 828/3)/ azgaﬁ )

T2\ dxgdxp  dxydxp  Oxgdxs  0xyd
X x,s Xy0xp  0Xq0Xs  0Xy0Xs (2.169)
+Z :3 y(S ZF(YSF
i
or
Iéyszl( gsy  9gas  0’gpy n 328043)
F 2\ 0xedxp  0x,0x5  Ixadxs X, 0% (2.170)

+Z azg( I)F” Zrl Zg( I)F”
i

From (2.170) the following identities are obtained directly by comparing the corre-
sponding forms:

578 B
Ry =— RS, (2.171)

58 5VB
Ryg=—Rys, (2.172)
RV =R (2.173)

Also in this case, a cyclic identity is valid:
R+ R +RP =0 (2.174)
off Bs Sa T :

If the two vectors dx and dx are perpendicular to each other, then the area of the
formed rectangle is equal to |dx| - |dx|. In the differential geometry, the limit of the
ratio of Aa to the area is now called the curvature «:

def .. |Aa(dx, dx)]
K = lim B
|dx|,|d¥|—0 |dx]| - |dx|
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(L8

def gy e

. def gy _ def g
or withn = x| and n = i

=1

)

B

def . |Aa(en, en)
Kk = lim ————.
e—0 62

With the help of (2.161) we then obtain
k=|I4®a")R(n @ n)|. (2.175)

Riemannian Coordinate System For the study of the properties of the Rieman-
nian curvature matrix, it is advantageous to first perform a coordinate transforma-
tion, so that in the new coordinate system, the Christoffel matrices have the property
I' = 0. Such a coordinate transformation is in the case of a curved spacetime, where
G depends on X, only locally possible, but then for each ¥! By the inverse trans-
formation of the obtained statements, they are again globally valid. So, we look for
a local coordinate transformation such that in the new coordinate system I' = 0 is
valid. For geodesic lines the following applies to the four coordinates:

d>xe  (dE\T | dx
0.2 (ds) ry P =0. (2.176)
The x;’s belong to an arbitrary coordinate system in which the geodesic is described
by xx = xx(s) and s is the arc length along the curve. At a fixed point P with the
coordinate ¥, any coordinate can be developed in a power series:

1/ d%x 1 (d3x
0 k k
w=il oo+ (G) wrg(Es) s em

where ¢y is the kth component of the tangent vector

(3
s/p

to the geodesic at the point P. Then, however, according to (2.176),

d2xk T
<2 = ¢ Tope. (2.178)

Plugging this into (2.177), considering a small neighbourhood of P, a small x; —

x,ﬁo), and neglecting powers higher than two gives

1
x=x + g — ECT(F]()’[JCSZ. (2.179)
Now, calling ¢s = X', the following is obtained from (2.179):

1. -
Xk = xlg()) ~|—x]/< — Ex'T(Fk)px'.
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This relation suggests the following coordinate transformation from ¥ to ¥’

/

. . .
o=x =g+ (F =20 Tdop(E - 1), (2.180)
What is the corresponding metric matrix G’ in
ds> =%TG'%"? (2.181)

In this coordinate system, the geodesic has the equation

d’x’ dx'\T dx’

— 1 — r'x)—,|)=o. 2.182

ds2+<“®<ds>) (x)<ds> (2182
But since in the new coordinate system the geodesics are straight lines of the form

X' =¢s, in (2.182) the expression (I4 ® ¢TI (£s)¢ must be equal to the zero
vector. Since ¢ are arbitrary vectors, the following must be valid for s = 0:

r'©)=0. (2.183)

Implications for the Riemannian Curvature Matrix If at a point P for a special
coordinate system one has I'p = 0, then naturally any Fa}:‘i defined in (2.63) is equal
to zero. But since

oo 1
Fee + i =5

Ogei  O8ki _ Ogke))  1(0gic  Ogke 98w _ 98t
0x 0x; dxy

Oxry  Oxe  Ox 2 0xg

(2.184)
also all first partial derivatives of the elements of the metric matrix are zero, i.e.

G

—| =0. 2.185
0% ( )

P

In the local coordinate system with I'> = 0, the Riemannian curvature matrix
has the form
or

R = —==
P oET

(U4xa — I16). (2.186)
’]3

The structure is

(2.187)
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Each sub-matrix R has the form

RS 10 11 12 13
yé 1z 1z 1z

Ry Ry Ry Ry

yé 12 yé yé

Ry R3 R3yp Ry

87

(2.188)

RY? is thus the sub-matrix of R at the intersection of the yth row and §th column.
Furthermore, Rgg is the matrix element of the sub-matrix RY? at the intersection of

the oth row and Sth column.
With (2.68) and (2.185) one has

28y 980
ar 19 ox L
—== = <= G_l 1 : : - —
axT|p  20xT ( ® 4) : + L ox
3gI 083
% axT
1 0 _
= EBET(G 1®I4)[0~|—0—0]
3_2*":5_ 3’go
1 axTax IXTIxT 922G
_ G_l I . . _ ﬁ
t3(G7 el R B XTox
92g7 a’g;
oxTox dxToxT
For
R=(G®INR
with
Fr<eGeiyr
one finally obtains
. ger OT
Rp = =7 (WUaxa—ILe).
x

(2.189)

(2.190)

(2.191)

(2.192)

Naturally, because of the in R occurring matrix difference Usxa — 116, the first,
(4 4+ 2)th, (8 4+ 3)th and the 16th column of R and of Rp are equal to the zero

column. In

~«<
Il

Iy
I
|
s
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r » has the form

(28 006

r,=-
2\ ox oxT  dx,

i.e. the elements of i"v are (see also (2.63))

>, 1/0ggy = 08av 08ap
Yy == - . 2.193
op 2( o dxg  Axy (2199)

For (RZ;)']D from (2.165) one obtains

2 2 2 2
(EZE)P - %(81;2; Bl Bi;&jﬂ B 88xf ;;6 + 8axyg§£5>' (2.154)
From (2.194), by comparing the corresponding forms, follows
(Rip)p = (Rep)p- (2.195)
and the so-called cyclic identity
(R3p)p + (R)p + (Ri3)p =0. (2.196)
From (2.165), at a point P, we get
(RI)p = (%r;& - %F;%)P. (2.197)

Partially differentiating (2.197) yields

3y a? o, ?*
gRozﬂ =\ 3eax Lys— . g ) - (2.198)
K« P Kk0XB Xk 0X§ P

With the help of (2.198), by substituting the corresponding terms, the so-called
Bianchi identity is obtained:

d s 9 e 9
— R4+ —R'"+ —RP=o. 2.199
axK of axﬂ od 8x5 oK ( )

Since this is valid in any event P, it is valid anywhere.

2.10 The Ricci Matrix and Its Properties

The reason for considering the Riemannian curvature theory is to find with its help
a way to determine the components of the Christoffel matrix I', which are needed
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to calculate the solution of the equations
¥=—(1+®x7)rx,

describing the dynamic behaviour of particles in a gravitational field. But the Rie-
mannian curvature matrix has, being a 16 x 16-matrix, 256 components, so, it would
provide 256 equations in extreme cases. Considering, however, that there are 4 rows
and 4 columns of R with all zeros, only 12 - 12 = 144 equations remain—still too
many. The number of equations can be reduced significantly, however, by reduc-
ing, using clever addition of matrix elements, the number of components of the
newly formed matrix. Setting up in this way a symmetric 4 x 4-matrix, we would
get exactly 10 independent equations for the determination of the 10 independent
components of G. Such a matrix is called the Ricci matrix, which can be obtained
in two ways. One way is through the sum of sub-matrices on the diagonal of R; it is
described in the Appendix. The second way is as follows:
The Ricci matrix Rgic consists of the traces of sub-matrices R”® of R

RRic.ys = trace (R7?) ZR (2.200)

Accordingly, the components of the new matrix Rgic are defined as
Rric.ys = ZR (2.201)

From (2.194) one may read immediately that the Ricci matrix Rric is symmetric
pYS _ pdy
because Ry, = Ry, .
Moreover, because of (2.162),

= (G '®I4)R, (2.202)

SO

’g
R” =(g;" @ I)R Z (2.203)

where g, T is the yth row of G~ and k the 16 x 4-matrix consisting of the four
sub-matrices in the §th block column of IV€, i.e. for the matrix elements one has

Rgg = Z gl RS (2.204)

With the help of (2.200), for the Ricci matrix components one gets

RRic,ys = Z RV = Z Zg[ HRKS, (2.205)
v
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or, due to (2.173),
Riicys = »_ »_ g IRYS. (2.206)
Voo

The curvature scalar R is obtained by taking the trace of the Ricci matrix:

R trace(Ryic) = Z Z R

o v

=2 2 D el R =" 8l Rric e (2.207)
a vou )
Conversely, one obtains
3
~ 8 s

Rys=D_ 8yuRly. (2.208)

u=0

Because of (2.165) it follows directly that

3 3 3

d d "

RRic.ys = ) (8—)651}% - B—XVF;S +y gk = F;;Lrya) (2.209)
v=0 u=0 n=0

and from (2.168)

3 3 3
- d - d . .
I 12
RRic.ys =Z<8x5 o g et S rrn - F)f‘vl“vs). (2.210)
v=0 n=0 n=0

2.10.1 Symmetry of the Ricci Matrix Rgjc

Even if the Riemannian matrix R itself is not symmetric, the derived Ricci matrix
Rg;. is nevertheless symmetric; and that will be shown below. The symmetry will
follow from the component equations (2.209) of the Ricci matrix. One sees imme-
diately that the second and fourth summand are symmetric in y and §. Looking at

13):0 Bixal" Jv- it is not directly seen that this term is symmetric in y and . This

can be seen using the Laplace expansion theorem for determinants.! Developing the
determinant of G along the vth row, one gets

def
8 = det(G) = gv1Avt + -+ gusAvs + - + gunAuvn,

IThe sum of the products of all elements of a row (or column) with its adjuncts is equal to the
determinant’s value: det A = Zﬁ:l (=Dt . g j - det A;; (development along the ith row)
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where A, is the element in the vth row and §th column of the adjoint of G. If g(ggl]

is the (8v)-element of the inverse matrix G~ ', then gtggl] = éAv(g, SO Ays = ggc[g;l]
Thus we obtain

g

0gvs vi = 885y
or
-1
5g = g8}, '88us,
and
dg :gglfuagus
axy v dxy,
i.e.
19 _nno
R 2.211)
g dxy dxy

Due to (2.62), on the other hand, one has

i 223: 351; <Bgu3 0gys _agyv>
~ iz X, dxs )’

v=06=0

i.e. the last two summands cancel out, and the following remains:
irv _ 23:2 gl 3gu5
v=0 " v=05§=0 2 8x .

Then it follows by (2.211) that

3

Z ax,g ZZ J_Bx Bx,; (2.212)

v= =06=0

From this form the symmetry in y and § can immediately be observed.
Now remains to show that the third term

3 3
PIPILL AL
v=0 u=0
in (2.209) is symmetric. But this can spotted from the following equalities:
3 3 3
_ _ Iz
2. Tty =20 isTiv= D Tily,
v,u=0 v,u=0 v, u=0

Combining everything together demonstrates that the Ricci matrix Rgjc is, in fact,
symmetric!
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2.10.2 The Divergence of the Ricci Matrix

Multiplying the Bianchi identities (2.199) in the form

a vé
— R+ —

il il
Txe Ras + 5 —Rae =0

oxg 0xs

with g,, and summing over v, we obtain at a point P, where gG 0,

3
0
Wzgva;?;‘f‘ Zgyv 0”/§+ Zgyv =
K v=0

With (2.208) we obtain the following modified Bianchi identity:

3 s 9
— —R =0. 2.213
o Rap +o— " RYS + i ( )

For the third term we can, with respect to (2.172), also write

_ 0 pre
8x5 “’3

Substituting now « = 8 and summing over «, we obtain
RRlc ys + Z RRIC e =0. (2.214)

In the second term, one can, based on (2.171), replace Iéyk by —I{’“". If we set

y = ¢ and sum over y, we obtain from (2.214) with the “curvature scalar” R

213/_0 RRic,yy » the trace of the Ricci matrix RRlc

9 S > 9
ER - ERRiC’aK - Z ERRiC’VK = O (2215)
a=0 y=0

If in the last sum the summation index y is replaced by «, we can finally summarize

d

0X,

3

v 0

R — 2 E ERRiC'aK = 0 (2216)
=0

We would get the same result, when this equation was assumed:

0
2—R

= 2217
X, Va dxg vs = ( )
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Indeed, setting § = y and summing over y, we receive first:

d « 0
ERRic,aﬁ - 2@ RRic,aK =0.

Substituting now « = 8 and summing over «, we receive again (2.216).
A different result is obtained when starting at first from (2.217) (with v instead

of ), multiplying this equation by gg]l],

- a
Uﬁ 2_gotul]Rw(§ =0,
dxp

0X,

then setting y =4, summing over y and v, and using (2.214):
1 1
2 Z g b R 22 50 glw '

ad ad
= ERRic,aﬂ - 2@ RRic,aK =0.

If we now set « = 8 and sum over «, we finally obtain the important relationship

0 ol
R—2» —RRicax =0. 2.218
8x’( ; 3xa Ric,ax ( )
These are the four equations for the four spacetime coordinates xo, .. ., x3. Finally,

the overall result can be represented as

R 1
Al (RRiC - 5Rl4> =0T. (2.219)

2.11 General Theory of Gravitation
2.11.1 The Einstein’s Matrix &

With the Einstein’s matrix

1
&% Rpi — SRI, (2.220)

taking into account that the matrix @ is symmetric, (2.219) can be restated as

Vi =0T, (2.221)

The following is a very important property of the Einstein’s matrix:

The divergence of the Einstein’s matrix & vanishes!
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2.11.2 Newton’s Theory of Gravity

According to Newton, for the acceleration the following is valid:

d%x
7= —Vo(x), (2.222)

where ¢ (x) is the gravitational potential and x € R3. One can also write

d’x

an +Vo(x)=0. (2.223)
The Newtonian universal time is a parameter which has two degrees of freedom,
namely the time origin #y and a, the unit of time, both can be chosen arbitrarily:

t =ty + at. Thus we obtain
a2 Px  a¢ [dr\?
L S L U Y 2.224
dr? dr? + ox (dr) ( )
This can also be written with the spacetime vector ¥ = (¢ ) € R*:
d’x L1y
=t (I4®xT)rx =0. (2.225)

Here I' € R4 has the form

Nl ol loNoRoNel l=Neleliol NN Nol
OO OO |OOoO0C O |ocoo o0 oOo|looc oo
ool ol loNeoBolol ool ol loBo el =}

cociloccilgloccigocco

()
(=)

Now, how can one get the expression of the Poisson equation

92 92 92
59 1 29 L 0 4oy (2.226)
8x1 8x2 8x3

Ag(x) =
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COOO| © OO0 © OO0 © o000

CSOOO| ©O OO O OO0 o oo0

OO0 | ©O OO0 ©O OO © OO0

3
0x3

cooco|lSFooco
[3=1 K3~}

cococol|d
<

=
MOOOz

a
ax

COOO| © OO O OO0 o oo 0

cooco| o coo|o coo| o ooo co ocoo|lcoocoo|loococo|oocoo

cococo| o coo|o coo| o coo co ocoo|lcoocooc|loococo|ocooo
o o co ocoo|lcoococ|locooco|cooo
G ey b

coocollliocco|iffeoco|izooo
< < cgifstlflocco|oooco|oocoo

R ||

COOO| © OO © oo o oo 0

OO0 | ©O OO0 © OO O OO0

General Theory of Gravitation
For the curvature matrix R one needs the matrix

2.11

N~
cooco| o coo| o coo| o coo 3
<+
= = =
cooco|ldloco|ldtococo|d|iocoo |
| | S o< «
=) 3=
~
cCooco| o coo| o coo| © coo
cooco| o coo| o coo| o coo
coco|o ooo|o oo o oo
X
coocolo coolo coolo oo &
Il o
| =
|2 =
© =
<

).

0 0 0|0 O OO|O OOOjOO0O0OO
0 0 0({0 O O O|O O OOjOO0OPO
0 0 0(0 O O Oj]O O OOjO O0O0OTP O
0 0 0|0 O OO|O OOOjO O0O0ODPO

0
d¢

— x|
=\ 3
axy
09

in order to determine the following matrix
0x3



96

2 Theory of General Relativity

However, for the product T QI1,)(IsQT) we get the zero matrix, so that the
curvature matrix is only composed as

It is true that

R = or U 1
_ax_T( ax4 — I16).

0 0 0 0 0000[{000O0I0O0O0O
0 O 0 0 0000|{00O0O0|O0O0O0O0
0 O 0 0 0000|{00O0O0]O0O0O0O
0 0 0 0 0000[{0000J/00O0O
2 2 92
ogT‘f;ajlgxzaj1£3oooooooooooo
0 0 0 0 0000[({00O00O0IO0O0O0O
ar 0 0 0 0 0000[{000O0IO0OO0O0O
~=Usa=10 0 0 0 0000]/000O0|0O0O0O0Y
oxT %9 %9 ¢
0 55m ] Tom 0000[{00O00O0IO0O0O0O
0 0 0 0000[{00O00O0IO0O0O0O
0 0 0 0 0000[0000JO0O0O0O0O
2 2 2
03335’11%% 0000[{0000/00O0O
0 0 0 0 0000/{00O00O0IO0O0O0O
0 0 0 0 0000/{000O0I0O0O0O
finally resulting in
0 0 0 0 0 000 0 000 O 00O
0 0 0 0 0 000 0 000 0 000
0 0 0 0 0 000 0O 00O O 00O
0 0 0 0 0 000 0O 000 0O 000
2 2 2 2 2 2
0 5% wim mom | o 000| 5 000 —555 000
0 0 0 0 0 000 0 000 O 00O
0 0 0 0 0 000 0 000 0O 00O
0 0 0 0 0O 000 0O 000 0 000
R = 2 2 2 2 2 2
0 3,325#;1 % 3)?251))(3 _ajzébxl 000 _% 000|- )?25@(3 000
0 0 0 0 0 000 0 000 O 00O
0 0 0 0 0 000 0 000 0 000
0 O 0 0 0 000 0 000 0 000
2 02 02 2 2 2
0 3)?35361 3)?3('?)62 (;T? _3)?35)61 000 _353£62 000 _37? 000
0 0 0 0 0 000 O 000/ O 000
0 0 0 0 0 000 0 000 0 000
0 0 0 0 0 000 0 000 0 000

(2.227)
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The 4 x 4-sub-matrices on the main diagonal of the curvature matrix R contain
exactly the components of the left-hand side of the Poisson equation. This subse-
quently provides the motivation for the introduction of the Ricci matrix. Here it is
specifically equal to

0 0 0 0
o o _ ¢ ¢
3x12 3)(] axz axl 3)63
Rric=1, __o% e 0% |- (2.228)
0x20x] ax% dx20x3
_ P _ ¥ _ ¥
dx30x] 0x30x2 3x§

If we form the trace of the Ricci matrix, then

3’p %  9?
R =trace(RRjc) = — (—q; + —q; —?) (2.229)
0xy  0xy;  0x3
so that finally the Poisson equation can also be succinctly written as
| —R=4nGp. \ (2.230)

The relationship in Newtonian mechanics between the gravitational potential ¢ and
matter is the Poisson equation

A¢p =4nGp,

where p is the mass density and G the Newtonian Gravitational Constant. In the
theory of General Relativity, it is now required to set up general invariant equations
of gravitation between the g;;’s and matter. It is useful to characterise the matter by
the energy—momentum matrix 7' = T oq].

For the rotating system in Sect. 2.5, we had #* = (w4 ¢)? so that there the poten-
. 22 2.2 . .
tial was ¢ = —“5— and goo = 1 — ’C—‘z‘) =1+ 3—‘5 On the other hand, in Newtonian
non-relativistic limit 3—2 < 1, we obtained for the energy—momentum matrix (see
Sect. 1.9.2) Tyy = ¢?pp and for the remaining T;; =0.

With ¢ = %(goo — 1) we obtain A¢ = éAgoo. So one can write for the above
Poisson equation

8 G
Agoo = c—4T0(). (2.231)

2.11.3 The Einstein’s Equation with &

If one assumes that in the general case, i.e. in the presence of gravitational fields on
the right-hand side of (2.231), the symmetric energy—momentum matrix is 7', a ma-
trix containing the second partial derivatives of the elements of the metric matrix G
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must appear on the left-hand side of the equation. If therefore the Einstein’s matrix
& is taken, one obtains the Einstein’s Field Equation

87 G
6=——2T (2.232)
c
Because the matrix T € R*** is symmetric, also the Einstein’s matrix
1
& = RRic — ERI4 (2.233)

must be symmetric. This is indeed the case because both the Ricci matrix Rg;c and
the diagonal matrix RI4 are symmetric. RRjc is extracted, according to (2.200),
from the Riemannian curvature matrix

or _
R=(ax—T+(F®I4)(14®F)>(U4x4—116). (2.234)

Final Form of the Einstein’s Equation The energy—-momentum matrix 7' on the
right-hand side of the Einstein’s field equation (2.232) has the property that TV = 0,
if one considers a closed system, i.e. if there are no external forces acting. The same
must apply on the left: &V = 0. But that is, due to (2.221), true for the symmetric
matrix &!

Overall, the final Finstein’s Field Equation is fixed as an axiom as

R 87G
& = Rpic — = [y =——T. (2.235)
2 c

This is a matrix differential equation for determining the metric matrix G. This is
no longer an “action-at-a-distance-equation” as Newton’s, but describes the relation-
ships at a spacetime point ¥! Rgjc depends linearly on the second order derivatives
of gik, and depends nonlinearly on the g;; directly. So the Einstein’s equation is a
coupled system of second-order nonlinear partial differential equations for the de-
termination of the components g; of the metric matrix G as a function of the given
distribution of matter, i.e. the matrix T, the source of the gravitational field.
By taking the trace, from (2.235) it follows that

R 8 G
R—24=""7

2 4

)
87 G
rR="2r, (2.236)
c

where

T def trace(T).
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Substituting (2.236) into (2.235), one obtains the following form of the Einstein’s
Field Equation:

8nG (T
Ryic = —= <_14 - T). (2.237)
c 2
By the way, the constant factor 8’;—46 has the numerical value
8n G
T —186-107em/g. (2.238)
c

2.12 Summary

2.12.1 Covariance Principle

Einstein postulated the Equivalence Principle:

Gravitational forces are equivalent to inertial forces.

Gravitational fields can be eliminated by transitioning to an accelerated coordinate
system. In this new local inertial frame, the laws of the theory of special relativity
are valid.

Directly from the equivalence principle follows the Covariance Principle:

The equations of physics must be invariant under
general coordinate transformations.

In particular, this means that even in a local inertial frame the equations must be
valid, so the transition from a metric matrix G to a Minkowski matrix M results in
the laws of special relativity.

The connectionis G = JTMJ and M = J~'TGJ 1, ie. using the special trans-
formation matrix T'(¥) = J~'(¥) leads for a particular event X to a local inertial
frame in which the laws of special relativity apply. Conversely, one passes from
the special local inertial frame with the event § to _the same event in the general
coordinate system ¥ by the transformation ¥ = J~'£.

The physical equations in the theory of general relativity must be formulated so
that they are invariant (covariant) with respect to general coordinate transformations.

Above we derived: The formulas in the theory of general relativity are invariant
under coordinate transformations if one replaces in the formulas of special relativity
the ordinary derivatives a‘;—"T by the covariant derivatives a|x7. Then we’re done!
The law applies generally.
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For a particle on which no force acts, for example, in an inertial system with
g lef

= ;> applies

d—‘»
—E =0. (2.239)
dr

Herein the ordinary differential dg must be replaced by the covariant differential
Du, with it = ¥ def J_lg. According to (2.145), we first obtain

0 N
Du =uzrdx = 855—de+(14®” )Fdx, (2.240)
SO
Du . dx du dx

— =UppT— = — 1 u\[—.
dr u”der dr +( 4®u ) dr

This used in (2.239) instead of % generally yields

Du . (2.241)
dr
or
du N -
o= —(I4®u")lu. (2.242)
T

Through the Christoffel matrix I', the effect of the gravitational field is expressed.
If no gravitational field is present, then I' = 0 and (2.239) is again obtained. A com-
parison of (2.242) with the equation of a geodesic shows that a material particle
moves on a geodesic, so to speak, “on the shortest path in curved space”.

If, in addition to gravitational forces, other forces appear, e.g. exerted by electric
fields, then for an inertial frame one has the equation

% _ f. (2.243)
dr

This equation multiplied from the left with J~! and again used with the covariant
derivative leads with

F LI
to
Du -
m——=fu (2.244)
or
du - R
m—=f,—m(ly@uT)lu, (2.245)
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where on the right-hand side, next to the other forces f,, the gravitational forces
are written.

2.12.2 Einstein’s Field Equation and Momentum

The Einstein’s field equation expresses that each form of matter and energy is a
source of the gravitational field. The gravitational field is described by the metric
matrix G, the components of which must be determined by using Einstein’s Field
Equation

R 87 G
Rgic — 514 =4

So one basically has to perform the same procedure as in Newton’s dynamics:

T. (2.246)

1. Solve the Poisson equation A¢ (x) = 4w Gp(x), to determine the potential func-
tion ¢.

2. Establish the solution of the equation ‘é% =—-Vo¢(x).

In the theory of general relativity, we now arrive at the following procedure:

1. Solve Einstein’s Field Equation (2.246) Rgic — §I 4= —8”—46T, to determine
C
the metric matrix G.
2. Establish the solution of (2.245)

du

mo—= 7. —m(I4QuT)la.

2.13 Hilbert’s Action Functional

Above, the Einstein’s equation was postulated as an axiom. Einstein has found this
equation through years of hard work. As a supplement, we will now shown that
one can obtain the Einstein’s equation with the help of the calculus of variations.
Following Hilbert, this is derived from a variational principle, but initially only for
the free gravitational field, i.e. when T = 0.

The gravitational field is determined primarily by the metric matrix G, i.e. the
curvature of space caused by this field. All curvature parameters are concentrated in
the curvature scalar R which is formed through the trace of the Ricci matrix Ryjc.
Now a variational functional, the Hilbert’s action functional, is formed so that the
space curvature is minimal:

WvaszdV. (2.247)
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However, this integral is not invariant under coordinate transformations @. There-
fore, we need the following considerations: Let

OTX)GX)OX)=M, (2.248)
i.e. @ (X) is the matrix which at the point ¥ transforms the metric matrix G into

the Minkowski matrix M. Computing the determinants on both sides of (2.248), we
obtain

det(G) det(@)2 =det(M) =—1, (2.249)
—— — —
g 02
i.e.
1

In a Cartesian coordinate system, the integral of a scalar with respect to the scalar
dV =dxg - dx; - dx, - dx3 is also a scalar. When passing to curvilinear coordinates
X/, the integration element dV is

1
g dv'=y-gav"

In curvilinear coordinates, ./—g dV behaves as an invariant when integrated over
any area of the four-dimensional space. If f is a scalar, then f./—g, which is in-
variant when integrated over dV, is named the scalar density. This quantity provides
a scalar for its multiplication with the four-dimensional volume element dV .

For this reason, we now consider only the effect

Woray = / R (r(x), ic—l;)«/_—g ey (2.250)

Under d*¥ the four-dimensional volume element dxg - dx; - dx; - dx3 is understood.
The Einstein’s equation will follow from (2.250) and the condition § Wgay = 0 for
any variation 8g;x. R./—g is a Lagrange density which is integrated over the vol-
ume. The elements of I’(fﬁ of the Christoffel matrix I' are (2.62)

3

k g][;]] agﬂi 08ui agaﬂ
rk, = ! s 2.251
ap ; 2 (Bxa + dxg  Oxi > (2251)

and the elements of the Riemannian curvature matrix R are, according to (2.165),

yé d oy d Y 14
Ry = @rmS ~ oy s T Yoy, = . (2.252)
% v
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The curvature scalar R, due to (2.207), is obtained from the Ricci matrix by

R = trace(RRic) = Z Z R
o v
= Z Z Z gl RES =" " el Y Rric e (2.253)
@ u

which, in accordance with (2.210), is
3 ) ) 3 3
R — B a s 1%
RRic,ys = Z(Er;v — ot Yok =" ryﬂurva) (2.254)
v=0 n=0 n=0

The Lagrange/Hamilton theory applied to the action integral (2.250) provides
the Euler/Lagrange equations for the variational problem associated to (2.250). We
consider the elements of g,[{i_l] and F‘fﬂ as independent functions f;(¥). The integral
therefore is a functional of the form

/ (ﬁ(x) i( )) d*%. (2.255)

This yields the Euler/Lagrange equations

3
oL 0 dL
i o Ok (g

The Euler/Lagrange equations for (2.250) are

dg | 11(*/—22&3 RRws) 0, (2.257)

3
9 1y 0 3RR s
s (VD ) = 35 (VR D D)
ap s n 5=0 °0 P L)
(2.258)

The first equation (2.257) provides the Einstein’s field equation. Indeed, one can
first write this compactly:

oL a(J/—gR) 0/—2 aR
- _ OV Vg e R (2.259)
aG™! aG™! aG™! aG™!
For GV 1,one then obtains
9J/—g -1 9
& _ & (2.260)

36" 2J=g G
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In addition,

(2.261)

0 1 1 dg a(l/g)
i\ 8)=0=c e

G 8 gdG G

According to the Laplace expansion theorem for determinants (“The sum of the

products of all elements of a row with their cofactors is equal to the value of the
determinant”), we obtain by developing the determinant of G~ along the y th row:

1
-1\ _ & _ =11 401 [—1] 4[=1] [—11 4[-1]
det(G ) = g —gyo AVO +-'-+gyﬁ Ayﬁ +~~-+gy3 Ayg s (2.262)

where AL is the element in the yth row and Bth column of the adjoint of G™!;

g)[/;;l] is the (yB)-element of G™'. It is, of course, true that

dj(G™!
G=240¢ )
det(G™)
so element-wise gg, = g - A[)/;;“’ or A!/;ll = égﬂl" Thus, we obtain by partial dif-
ferentiation of (2.262) with respect to g)[/jgl]

a(1/g) -1 1
=Ap =8y
9gl 1l ¥B g By

vB
SO
a(l 1
e _lg. (2.263)
G~ 8
Using this in (2.261) provides
dg
— 4G, 2.264
5G] g ( )

and, together with (2.260), finally yields

/=g —I
aG_‘f' = —V=¢-G. (2.265)

All what is missing in (2.259) is -2& Using R=3", 3", g RRic pars

9

oR  _9R 5 .
oR 380o ! by ! RRic,00 -+ RRic,03
== = =l s | =R @260
OR R

T RRic30 -+ RRic,33

T
3353
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Multiplying this matrix with G~!, by the way, yields
Rric = G™' Riic. (2.267)
Inserting (2.265) and (2.266) into (2.259) yields first
«/—_g(%l GR + RRic) =0, (2.268)
i.e. the following particular form of the Einstein’s field equation
Ryic — g -G =0. (2.269)

Multiplying this equation from the left with the inverse metric matrix G~', we fi-
nally obtain the Einstein’s field equation for a source-free gravitational field (T = 0)
as in (2.235)

R
RRic — 314 =0. (2.270)

2.13.1 Effects of Matter

So far, only the gravitational field in vacuum has been treated. To account for the
sources of the gravitational field, e.g. matter, the action functional must include an
additive term W), that describes the source:

W Weray + Wiy = /(kR + La)/—gd*x. (2.271)

The Lagrange equation with respect to G~ is

D(V=BUR+ La) _

0
aG™!

0/—g oR > 0(/—gLm)
—k R+ V=% CQam
<aG—1 TV ) T TG (2272)

The term inside the large parentheses gives the left-hand side of (2.268), i.e. together
we first get for (2.272)

-1 v 0Ly Ly 0J—g
0=k¢Tg<T.GR+RRiC>+¢Tg<8G_I+ = 96 )
——

—%«/—_80
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Now, if we define the energy—momentum matrix as
—-T= —= — LG, (2.273)

then we finally obtain with k = ¢* /(167 G) by left multiplication of (2.273) by G ™!

and with T % G=!T' the Einstein’s field equation

R 81 G
Rpic — —1, =" (2.274)
2 4
2.14 Most Important Definitions and Formulas
Christoffel Matrix (2.68):
agl 9
fo) " oL G
r&i| . =—(G_1®I4) Sl s | = = | eriO*
r) i | o) ®
’ B ot

with the components given, in accordance with (2.63) and (2.64), as

3
—yl/0ggi 08«  08ap
rk — (=112 _ )
op ;gla 2\ 9xq + dxg 0x;

Motion in a Gravitational Field (2.67):

¥=—(I4®X7)rx.

Riemannian Curvature Matrix (2.160):

| ol —
RE [ax—T +TRI)I4® r)}(UM — 1) R,

with the components (2.165)

vo _ 0 Ly d Ly Y v Y v
Raﬂ_axﬁFaS_a_mFaﬂ-i_Zrﬁvrﬁa_ZFSu ap:
v v
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Ricci Matrix Rgjc € R4*4 (2.200):

Rgic, y(; &l trace R”8 Z va

consisting of the traces of the sub-matrices R?? of R with the components in accor-
dance with (2.209):

3 3 3
0 v 9 v v 7 Al
Rr«ws=2(a—mm—afmeaw =2 Ty )
n=0

v=0 n=0

Curvature Scalar R (2.200):

R trace(Ric) = Z Z R,

which is obtained by taking the trace of the Ricci matrix.

Einstein’s Field Equation (2.235) (fixed as an axiom):

R 8 G
Rric — S la=——-T,

C

orwith T def trace T, see (2.237):

Re _8G TI T
Ric — C4 2 4 .




Chapter 3
Gravitation of a Spherical Mass

The chapter begins with the first solution of Einstein’s equations obtained in 1916
by Schwarzschild for a spherical mass. From these results, the influence of a mass
in time and space and the redshift of the spectral lines are given. This gives also a
first indication of the existence of “black holes”. Finally, a brief look at the effect of
rotating masses and on the Lense—Thirring effect is taken.

3.1 Schwarzschild’s Solution

Because of its simplicity, the solution of Einstein’s field equation will now be de-
termined for the outside of a spherically symmetric, uniform, time-invariant mass
distribution. This first exact solution of Einstein’s field equation was given in 1916
by Schwarzschild.

As r — 00, the desired metric should be the Minkowski metric, i.e.

ds? =c*dr® —dr* — 1"2(d92 +sin’6 d(pz). (3.1

where r, 8 and ¢ are the spherical coordinates. For a gravitational field, we now start
with

ds? = A(r) dr* — B(r) dr? — r*(d6? + sin? 0 dg?). (3.2)

Since the field must be spherically symmetric, the factors A and B may depend only
on r and not on 6 or ¢. Due to (3.1), the factor A(r) must tend to ¢? as r — 0o, and
the factor B(r) — 1. The metric matrix thus has the form

Ar) 0 0 0
0 —B(r) 0 0
= o o -2 o (3-3)
0 0 0 —rZsin’6
G. Ludyk, Einstein in Matrix Form, Graduate Texts in Physics, 109
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3.1.1 Christoffel Matrix T

Due to (2.57)
& def T 1 G
r,=I(1 I,o—=-U —
k ( 1Q 8y )[ 16— 5 4-><4i| 0%
and
1
Y] 01 0 0
G—l — O B(r) 0 0
0o 0 = 0 ’
-1
0 0 0 r2sin2 0
with
04
A'(r) 0 0 0
0 —B'(r) 0 0
0 0 —2r 0
G 0 0 0 —2rsin®6
ax | o 0 0 0 ’
0 0 0 0
0 0 0 0
0 0 0 —2r2sinf cosH
04
in which A’ e % and 04 is a 4 x 4-zero-matrix, and
0 0 0 0
-4 0 o0 0
0 0 0 0
0 0 0 0
A’ 0 0 0
o & o 0
0 0 —2r 0
1 G —2r sin?
|:Il6__U4><4i|_-»= 0 0 0 rsin‘ @
2 ax 0 0 0 0
0 0 r 0
0 0 0 0
0 0 0 —2r2sinf cosH
0 0 0 0
0 0 0 ¥ sin? 6
0 0 0 r2sinf cos 6
0 0 0 0

34
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one obtains

111

G
a1
R 1 8
ro=(14®[1/A<r>|0|0|0])[116—EUM] e
30
G
dp
0 0 0O
A/
=[x 000 (3.5)
0 00O
0 0 0 O
Accordingly, we obtain
A/
o3 1(3)’ 0 0
i = 0 55 O 0 ’
0 0 -3 0
0 0 0 —%sin®0
0 0 0 0
- 00 2 0
2=10 0 0 0
0 0 0 —sinfcosé
and
000 0
- 000 2
I3=10 0 0 2c0t6
000 0
Symmetrizing according to
1, .
szi(l“k—}—l",:)
yields the symmetric matrices
A/
2 o 00
ro=| @ 0 0 0 ’
0 0 0 0
0 0 0 0
r=r,
0 0 O 0
00 1 0
I‘ — r
*“lo L o 0
0 0 0O —sinfcos6
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and
00 0 0
00 0 1
Fi=lo 0 o0 cotol
0 1 coto6 0
which put altogether give

A/

f(\)/ &0 0

g0 0 0

0 0 0 0

0 0 0 0

A/

4= g/ 0 0

0o £ 0 0

o 0 -=x 0

r_| 0o 0o o —gsin’e

0 0 0 0

o o ! 0

o 1 o0 0

0 0 0 —sin6 cos@

0 0 0 0

0 0 0 !

0 0 0 cotd

0 1 coto 0

The nonzero Christoffel elements can be read from the matrices as:

ro—ro A ro A R rh=-1

10 — 01_2A’ 00_23’ 11_2B’ 22 — B’
r 1

rs= ~5 sin® 6, rh=ri= = ' = —siné cos,

1
Iy=rj =~ and TI3=1TI3 =cotd.
‘ " k

3.1.2 Ricci Matrix RRgic
The Ricci matrix RRjc is obtained from the Riemannian curvature matrix

ol’ —
R = |:a——|—(I'®I4)(I4®F):|(U4x4_116)
xT

(3.6)
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by summing the 4 x 4-sub-matrices on the main diagonal. For the calculation of R,
in addition to I', we need

or
axT
A”A*A/z
//O 122 2A2 O O
04 A;‘A—;‘ 0 0 0 04 04
0 0 0 0
0 0 0 0
A//B_A/B/
287 //0 2 0 0
00 o BB 0 0 0354 04
0 o BB 0
_ 0 0 0 —sin?9B=B 100 0 —ZFsin0coso
0 0 0 0
04 O 0 -5 0 034 04
0 -5 0 0
0 0 0 0 00 0 —cos’6 +sin’6
0 0 0 0 00 0 0
04 O 0 0 = 00 0 0 04
0 0 0 0 00 0 =]
_1 ~1 31169
0 = 0 0 00 =
and
0 A 00/4 00000 0 000 0 0
A’ B’ 22
F_|2 0 00[0 ﬁooo?—% 0 {00 0 —Zsin?0
0 0000 0 o0l 0o 0100 0 —sinfcosd
0 0000 00200 0 cotd|0 L coto 0

For the Ricci matrix RRjc the 16 x 16-matrix (,ic—l; (U 4x4 — I1¢) contributes the term

A'B'—A"B
232 ” A 92 2 0 O
A"A-A? 2
0 2A2 r2 Borp 0 . 0
B 1
0 0 B2 sin 6 , 0
0 0 0 sin 6 B;% +cos? 0 — sin? 0

and the matrix (I ® I4)(I4 ® I'(Uaxa — I1¢) the term

A/Z A'B’ Al
4AB ~ 4B2 T rB ) 0 0 0
A" A'B’ B’ 2
0 iz~ g stz 0 0
rB rA 2
0 0 F + 2AB + cot 6 ) (/)
0 0 0 LB sin® 6 + 445 sin>6 — cos? 6
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Finally, we obtain for the four elements on the main diagonal of the Ricci matrix
Rric:

A// A/ A/ B/ A/
RRicoo = — 0 4+ —( =+ 2 ) = =, 3.7
Ric,00 2B+4B<A+B) rB 3-7)
A// A/ A/ B/ B/
Rricq1 = — — 2 (24 2) 2 3.8
Riell =74 4A(A + B) rB (3:8)
R — 1 N r (A" B 1 (3.9)
Ric,22 — B 2B\ A B .
and
RRic.33 = sin” 0 RRic.22. (3.10)

The other matrix elements are equal to zero: Rgjc,v, =0 for v # u.

3.1.3 The Factors A(r) and B(r)

To finally write down the metric matrix G, the two factors A(r) and B(r) are re-
quired. Since we search for the solution of Einstein’s field equation outside the
sphere containing the mass and having the energy—momentum matrix 7' equal to
the zero matrix, the Ansatz RR;. = 0 thus yields

A// A/ A/ B/ A/
_EJFE(XJFE)_E:Q (3.11)
A// A/ A/ Bl B/
ﬂ_ﬂ<X+§>_EZO’ (3.12)
and
1+L<ﬁ_§/)_ —o. 3.13)
B 2B\ A B

Adding to (3.11) divided by A (3.12) divided by B, we obtain the condition
A'B+AB' =0, (3.14)
which means nothing else than that

A B = constant. (3.15)
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However, since A(co) = ¢2 and B(co) = 1 as r — oo, the constant must be equal
2
to c¢~, so

2

AG)B(r) =c and B(r):ﬁ.

Substituting this into (3.13), we obtain A +rA’ = ¢2, which we also can write

d(rA
(rA) — 2 (3.16)
dr
Integrating this equation yields
rA=c*(r+K), (3.17)
SO
5 K K\™!
Ar)=c"|1+ — and B(r)=[(14+ — . (3.18)
r r

K still remains to be determined. In Sect. 2.8, a uniform rotating system was treated.
In (2.85), we obtained the element ggo of the metric matrix G as

r2w?

g0=1-— (3.19)
c

and in (2.88) the centrifugal force mrw?. According to Sect. 2.8, the centrifugal
force f depends, on the other hand, on the centrifugal potential ¢, so together

f=—mVo. (3.20)
Taking
r2w2
=— 3.21
¢ > (3.21)

(3.20) provides just the above centrifugal force. Equation (3.21) inserted into (3.19)
provides the general connection

2¢
goo=1+ = (3.22)

Outside of our spherical mass M, as Newton’s approximation the gravitational po-
tential

GM
p=—— (3.23)
,
is obtained. This used in (3.22) and compared with (3.18) yields
2GM
K=- , (3.24)

c2
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so that we finally obtain the Schwarzschild’s metric in matrix form:

| — 2GM 0 0 0
“r 2GM 1
ds? = d%T G d¥ = dx 7 0 —(1==355) 0 0 .
0 0 _2 0
0 0 0 —rZsin?6
(3.25)
with
cdt
_def | dr
w=1 g |
de

and the calculated Schwarzschild’s metric is then

2GM 26M\™!
ds? = (1 - T)ﬁ dr® - (1 -= ) dr? — r?(d6? +sin? 0 dg?). | (3.26)
cr cor

For the so-called Schwarzschild’s radius

def 2GM
rs =

3.27
s (327)

the Schwarzschild’s metric shows a singularity as for r = 0. Of these, however,
only the singularity at » = 0 is a real singularity. This is suggested even by the fact
that, when r = rg, the determinant of G, namely g = —r4sin? 0, has no singularity.
The singularity at » = rg is not a physical singularity but a coordinate singularity,
which depends entirely on the choice of the coordinate system, i.e. there would exist
no singularity at this place if a different coordinate system were chosen! More about
this in the next section on black holes.

3.2 Influence of a Massive Body on the Environment

3.2.1 Introduction

The Schwarzschild’s solution (3.26) is valid only outside the solid sphere of
radius rp; generating the gravity, so only for ryy < r < oo. Because for the
Schwarzschild’s radius rg the element g1 = (1 — %)’1 goes to infinity, rg is also a
limit. In general, rg < rys, but for the so-called Black Holes one has ry; < rg, and
in this case the solution is limited to rg < r < o0.
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3.2.2 Changes to Length and Time

How does a length change in the environment of a massive body? For a constant
time, i.e. for df = 0 one receives, due to (3.26),

26M\™!
de? = (1 -= ) dr? +r?(d6?* + sin? 0 dg?). (3.28)
cr
On the surface of a sphere of radius r > ry; with the centre being the centre of mass,
as also for dr =0, the tangential infinitely small distances are given by

172, (3.29)

dL =r(do* + sin® 0 dy?)
This is a result that is valid on every sphere, whether with or without gravity. But
what happens with a distance in the radial direction? In this case, df and d¢ are
equal to zero, thus for infinitely small distances in the radial direction, according to
(3.28), one obtains

26M\ /?
dR = (1— ) dr, (3.30)

c2r

so dR > dr, and so the length is much longer, the larger the mass M and the smaller
the distance r from the mass! dr is through the mass ‘elongated’, caused by a cur-
vature of space.

Let us now turn to the time. For a clock at the point, where r, 6, and ¢ are con-
stant, we obtain from the Schwarzschild’s metric (3.26)

2GM
ds2=c2dr2=c2<1 — )dtz,

C2r

SO

c2r

26M\ /?
df:<1_ ) ar. (331)

If dt < dt, the closer one is located to the mass, the shorter are the time intervals, i.e.
the slower the time passes! For an observer the time goes slower the closer he is to
the mass. Particularly large is the time dilation near a Black Hole in which the mass
is so concentrated that the body radius is smaller than its own Schwarzschild’s ra-
dius. For a black hole with a mass of ten solar masses, the Schwarzschild’s radius is
rs = 30 km. At a distance of 1 cm from the so-called horizon, which is the spherical
shell around the centre of mass with radius rg, y = (1 — ZCGTIVVI)I/Z =1.826-107>, so
the time goes by about 55000 times slower than far away: after a year near the hori-
zon of the black hole, in a place far away, e.g. on the home planet of an astronaut,
55000 years would have gone by! All is summed up into a popular statement:
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If you climb a mountain, you are smaller and age faster!

The relations (3.30) and (3.31) are very similar to the relationships of space and
time contractions for the relatively to each other moving reference frames in special
relativity; see Chap. 1. There with

def U2 -2
y=\1-=
c

for the length contraction we had
d¢ = —dey
4

and for the time dilation
dr =ydr.
If we introduce the pseudo-velocity

2GM
WG E ==

then with

2 —1/2
o (1)
C

the above gravitational relationships can be written as follows:

dr =
Y (r)

dR and dr=ys(r)dr.

By the way, vg(r) is the escape velocity of a planet with the diameter 2r and
mass M.

3.2.3 Redshift of Spectral Lines

Suppose in the gravitational field of a mass a light signal is sent from a transmitter
at a fixed point x7 = [rr, 67, ¢r]T and it drifts along a geodesic line to a fixed
receiver at the point x g = [rg, Or, @r]T7. Let, furthermore, A be any parameter along
the geodesic line, with A = A7 for the sent event and A = Ay for the received event.
Then for a photon, by (2.11), the following is valid:

AT ¥
T JdE
dr  da

’
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so here

of . 2GMY [ dr\? 2GMN\ " (dr\? L[ (dON? . ,(dp)?

cl 11— — ) —({1- — | —r — | +sin“{ — =0,
c2r da cr da da da

i.e.

dr 1 2GMN\ 2 (dr\? 2GMN\ ' Lo\, (de\*\1?

—=—|(1- — ) +{1- r — ) +sin”| — .

dr ¢ c2r dA ctr da dA

From this we obtain the signal transmission time
. t_1/*R | _2GM\TP(dr\?
R=T =0 ar c2r da
L[, _26M /(e 2+ o (dg\? Uzdk
— r — sin“( — .
cr dx dxr

This time depends only on the path that the light takes between the spatially fixed
transmitter and the spatially fixed receiver. So for two consecutive transmitted sig-
nals 1 and 2 the duration is equal:

g1 —1s1=1tE2 — 15,2,
and also
def def
Atgp =tgp —tg1 =152 —ts,1 = Atr,

so the Schwarzschild’s time difference at the transmitter is equal to the Schwarzs-
child’s time difference at the receiver, though the clock of an observer at the trans-
mitter location would show the proper time difference to

26M\?
Aty = (1 — ) Att

Cer

and accordingly at the receiving location the proper time difference would be

2G6M\ 2
ATRZ(I— > Atg.

CZI’R

Since Atgp = Atr, one obtains the ratio
_2GM 12
Atg _ 1 c2rp /
ATT 1 _ 2GM :

L'er

If the transmitter is a pulsating atom, emitting N pulses in the proper time interval
Atr, an observer at the transmitter would assign to the signal a proper frequency
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def
vr = AAI’ An observer at the receiver w1ll see the N pulses arriving in the proper

time Atg, thus at the frequency vg = A—TR. Then the frequency ratio is obtained as

2GM

_ 1/2
VR (1&) / . (3.32)

If the transmitter is closer to the mass compared to the receiver (rr < rg), then a
shift to the red in the “colour” of the signal takes place. Conversely, if the transmit-
ter is further away than the receiver, one gets a blueshift. For rg,rg > 2GM one
obtains the approximation

and the relative frequency change

AVdEfVR_VTNGM<1 1)

5 -

1% vr C rr rr

If the transmitter (e.g. a radiating atom) is on the solar surface and the observing
receiver on the surface of the Earth, then

Av -~
—~2.107°
vrT

This effect is indeed poorly measurable due to a variety of disturbances by the at-
mosphere. However, this redshift is measurable using the Mdssbauer’s effect (see
the relevant Physics literature).

3.2.4 Deflection of Light

According to (2.11), for light one has
¥TGx =0. (3.33)
Differentiating (3.33) with respect to the orbital parameter A, one obtains

oxT _ox

— _G= = 3.34
oA O0A (3:34)

Setting for G the Schwarzschild’s metric, we obtain

(=2)GE) - 05) G (3 ()=

(3.35)
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Without loss of generality, especially in the present centrally symmetric solution,
we can assume that 6 = /2 and % =0, and that the solution is in a plane through
the centre of mass, then (3.35) simplifies to

2 -1 2 2
A=Y (=) () Z2(22) 2o (3.36)
AR r A IA ' ’
For a light ray in the gravitational field the following holds:

%% _ Lo XN\ (3.37)
a2z Ut an ) o :

With the Christoffel elements from Sect. 3.1.1 and X7 = [xo|r|0]¢] expanding
(3.37) yields

d%xo A’ dxg dr
ch_ 25T (3.38)
dx? A di dr

d?r A (dxo\> B’ [dr\?> r (dO\? rsin?0 (dp\>
—=——(=) —==) +=(=) + — ], (339
da B\ dx 2B \ d\ B \ dA B dA

d26 2d0d do\?

2T L sinbeoso 2 (3.40)
da2 r di da dx

d? 2dpd do d

Sl e ST ey (3.41)
d)2 r d di d dx

If the coordinate system is selected so that for the start time Ao one has

36
=m/2 and — =0, 3.42
m/2 and = (3:42)

then from (3.40) ?127(; =0, so (1) = /2, i.e. the entire path remains in the plane
through the centre of mass. With this 6 value from (3.41) one obtains

d>¢ 2dgydr

FTVAREPTIE T

which can be summarized as follows:

1d d
— (2% oo (3.43)
r2 da di
It is therefore true that
2 de

r“— =const. = h. (3.44)
di
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Equation (3.38) can be converted to

d In dxo +InA)=0
dx dx
and integrated to yield

dxo
A—— =const. =k.

Equations (3.42), (3.44) and (3.46) used in (3.39) provide

&r KA B (dr\*  W?
w2 aagtag\a) " Be
da?2 " 2A2B " 2B\dr)  Br

Multiplying this equation by 2BY o » We obtain first

d Bdr+h2 P\ _y
d\"dr 2 A)

5 dr 2+h2 k2 C—o
— — — — =const. =0,
dr r2 A

and after integration

or

a VB
But we don’t look for (1), we want ¢(r). Since
d(p d(p da
dr  dadr’
it follows by (3.44) and (3.50) that

dp h B

o P E_E
A

and integrated

() = p(ro) + / 2
Y A(w/f)h2

=0.

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

Let ro be the smallest distance from the centre of mass, having a passing fly-
ing photon. It moves in the plane through the centre of mass with 6 = 7 /2. The
coordinate system is still placed such that ¢ (r9) = 0. If gravity is not present, the
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photon will continue to fly straight and as r — oo we will have ¢(oc0) = 7 /2. It
comes from ¢(—o00) = —m /2. Overall, therefore, the photon has covered an angle
of Ay = p(c0) — ¢(—0o0) = m. Considering the gravity, the photon is “bent” to
the mass. It passes from (rg, ¢(r¢)) to ¢(00) = /2 + /2 as r — oo. For reasons
of symmetry, it is then ¢(—00) =7 /2 — a/2 as r - —o0, so that the photon has
covered an overall angle of Agp = p(00) — ¢(—00) = m + «. This angle « is now
calculated for the solar mass Mo = 1.9891 x 10°3 g.
Since r¢ should be the minimum distance, it is true that

dr
—_| =0. (3.53)
de|,,
On the other hand, d—‘f is precisely the integrand of (3.52), whence it follows
k> A(ro) 3.54)
) ’
h 5
The integral used in (3.52) yields
B(r
p(00) = dr. (3.55)
2A(Vo)
g A(r)

For this integral no simple antiderivative exists so that it should be calculated by
approximations. One has

2GM
Ay =1-=52 (3.56)
and
2GMp\ ! 2G M,
B(r):(l— : @> 2 (3.57)
c2r c2r
Furthermore,
A(”O)_ 1 2G Mg 1 2G Mg -1
A(r) c2r c2r
2GMg 2G M 2GMg (11
(- ) )2
and
rzA(ro) r2 2GMpr
gae g T @ (339
0 0
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Therefore, the integral (3.55) becomes

p(00) = —
ro r2 _rg
[2_ 2
GM, re—=r GM, — *
= [arccos o, © 0 + G,/ : T r0i| , (3.59)
r ro

1 GMy  GMg
"
ro 22 2@ +rg)

r c2r0 r 02}"() o
o)
9(00) = % + 2?;;?, (3.60)
from which one can read off
o= 452%@. (3.61)
If ro is precisely the solar radius Ry = 6.957 x 10% m, we obtain
a=1.75". (3.62)

This prediction was one of the first confirmations of the Theory of General Relativity
in 1919 at a solar eclipse measured by Eddington.

3.3 Schwarzschild’s Inner Solution

For the determination of the metric inside a symmetric sphere, the right-hand side of
Einstein’s field equation with the energy—momentum matrix is needed. The hydro-
mechanical energy—momentum matrix was deduced in Chap. 1 in (1.183) as

P\~
T nech = (/OO + C—z)uuT - pM.
This was done in the Lorentz basis of an inertial frame. It can thus also be the local
inertial system of a general coordinate system. If for the relationship between the

local coordinates d¥ and the global coordinates d¥’ the transformation equation is
dx = J d¥’, then for the velocities one has # = Ju'. If used above this yields

T mech = </00 + C%)Jﬁ/ﬁ”ﬁ -pM. (3.63)
Now multiplying this equation from the left with the matrix product JTM and
from the right with the matrix product M J, we finally obtain with MM = I and

JIMJ] =G

Tmech,Riemann = (QO + %)Gﬁ/ﬁ/TG —pG. (3.64)
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Now the metric matrix G appears globally.
The Einstein’s field equation is used in the form (2.237)

8nG (T

It is assumed that the masses inside the sphere do not move, the velocity components
are zero: u; =0, fori =1, 2, 3. Therefore, from the condition

A =uTGi'
there remains

2 2
™ = goouy-

If the metric matrix is chosen again as in (3.2), namely

ds? = A(r)dr* — B(r) dr? — r*(d6? + sin® 0 d?), (3.66)
then
C
uyp = .
VA(r)

Thus we get for T the diagonal matrix
T = diag(oc*A(r), pB(r), pr?, prsin®6). (3.67)

With the trace T = ¢%¢ — 3 p of the local energy—-momentum matrix, we obtain for
the right-hand side of the Einstein’s field equation

8nG (T

T (51T)

= TG iag((0c® +3p)A. (0¢ — p) B. (0¢ — p)r*. (0c* — p)rsin )
= — diag((e P)A, (ec® — p)B, (oc® — p)r?, (oc® — p)r :

(3.68)

This with the elements (3.7), (3.8), (3.9) and (3.10) on the main diagonal of the
Ricci matrix RRjc gives

A// A/ A/ B/ A/

RRicoo = —— + — (= 4+ =) - 2,

Ric.00="5p +4B<A + B) B
A// A/ A/ B/ B/

RRic 1] = — — —(Z 4+ =) - 2=,
Riell =24 4A<A + B) rB

1 r (A" B
RRic,22=§+ﬁ ——— -1
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and
RRic,33 = sin 0 Rg;
Ric,33 = SIN Ric,22

(the remaining matrix elements are equal to zero: Rgjc,v, = 0 for v # p), com-
bined with Einstein’s field equation yielding the three determining equations for the
factors A(r) and B(r):

AT N (N BN A 47tG( LA, .69
2B 4B\ A "B) T rB " ec-Top :
A" A (A BN\ B 475G
4 LA i —)B 3.70
2A+4A< +B> 5= e =) (3.70)
and
1 r (A B 47 G
SN (L I L e 371
B 2B ( A B ) 1= (o~ p)r. ©71)

Adding together (3.69) multiplied by r2/(2A), (3.70) multiplied by r2/(2B) and
(3.71), we obtain

B'r +1 1 8G , (3.72)
— — —=——pr". .
B2 B ¢
This can also be rewritten as
d r 8nG ,
— =1—-——or-. 3.73
dr B(r) 2 (3-73)
Integrating this equation provides
r " &G 2 2G
o= /0 (1 - 38 oo )da =r = 2T M0, (3.74)
with
def d by
M(r) =4rn o(a)a” da. (3.75)
0
Solving (3.74) for B(r) finally yields
26GM(r)\ !
B(r)= (1 — f(r)) . (3.76)
c°r

The density function o(r) is zero for r > R, i.e. outside the spherical mass, so
M(@r) = M(R) = M forr > R. We thus obtain the same coefficient B(r) forr > R
as for the Schwarzschild’s outer solution.

Now A(r) is still to be determined. For that, B(r) and

2GM
B'(r)=B (r)(— (r)r —T;r))
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is used in (3.71), which gives

A (r)r< B ZGM(r)) 47TGQ(r)r2 + GM(") — 47;#(@02 _p)rzv

T 2A(r) ctr c? cZr
i.e.
Al(r)y d 87 G 2GM(r) 2GM(@r)\ !
AR = a(lnA(r) + const.) = (C—4p(r)r + W) (1 - T)
= r0).

The sum In A(r) + const. is thus the antiderivative for the right-hand side f (r) of
this equation. Therefore, In A (r) equals the integral of f(r). If we use as integration
limits r and co and A(oo) = 1, we finally obtain

2G (> 1 26 M\ ™!
A(r):exp[—c—zﬁ a—z(/\/l(ot)+4na3p(a)/c2)(1— = > dai|. 3.77)

For r > R, this solution is equal to the Schwarzschild’s outer solution because for
r > Ronehas o(r) = p(r) =0 and M(r) = M(R) =M, so

2G (M rs\ !
¢t ), o o
With the new integration variable £ =1 — r7s we obtain for r > R
| , rs
A(r) =exp / —d&'[=1——, (3.79)
& r

i.e. the same solution as the Schwarzschild’s outer solution. The calculated fac-
tors A(r) and B(r) therefore apply both inside and outside the spherical mass of
radius R.

3.4 Black Holes

3.4.1 Astrophysics

The three most interesting celestial objects are white dwarfs, neutron stars and black
holes. Stars like the Sun are built up by compression of interstellar clouds, caused
by gravity. The contraction process comes to a standstill when the temperature in-
side becomes so great that nuclear fusion starts. By the nuclear fusion, hydrogen
is converted into helium. The further fate of a star depends on its initial mass: The
initial mass equal to
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e ~(.05 solar mass ends up as a brown dwarf;

e =] solar mass and of volume comparable to that of the Earth grows into a red
giant and ends after an explosion (supernova) as a white dwarf;

e ~3 solar masses, with a corresponding radius of about 12 km, grows into a su-
pergiant and ends after explosion (supernova) as a neutron star;

e ~30 solar masses grows into a supergiant and ends after explosion (supernova)
as a black hole.

A white dwarf is composed mostly of carbon and oxygen, produced by nuclear
fusion, that are left over when the nuclear solar fuel is consumed. A white dwarf
has a mass about that of our Sun and the diameter of the Earth, so a fairly compact
structure. However, a neutron star is much more compact, i.e. it has a factor of 10°
higher density. It has roughly the mass of a white dwarf but a diameter of only
24 km! A black hole, on the other hand, has different masses, sizes, and densities,
as is further explained below.

The Schwarzschild’s solution (3.26)

-1
ds? = <1 - rr—s)cz dr? — (1 = r75> dr? — r2(d6 + sin® 0 dg?)
applies only outside the considered spherical mass. This formula gives the tiny
spacetime interval ds which mass elements cover, moving from an event A to a
closely adjacent event B. The Schwarzschild’s radius is therefore only interesting
for very large masses or masses with sufficient density, where rg > R is the radius
of the spherical mass.
However, for the solar mass Mg 2 2 - 10°° kg the Schwarzschild’s radius is

rse ~ 3 km,

i.e. it is much smaller than the solar radius ro ~ 7 - 103 km, so our solution is valid
only outside the mass of the Sun! For the Earth with a mass of Mg, ~ 6 - 10** kg we
even obtain a Schwarzschild’s radius of

rg@%9mm!

It seems that the Schwarzschild’s radius only plays a role for highly concentrated
matter. But that is not the case. Indeed, consider just the radius of a spherical mass
R =rg, thatis, R = 2?;”. The so-called Schwarzschild’s density ps would in this
case be

deft M M
S: p—
= g e
3¢° 71 -2 | K&
=5~ 2210 M s |

The required density decreases inversely proportionally with the square of the mass!
If one wants to do a black hole from Earth’s mass, i.e. shrink the Earth to a radius
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of 9 mm, then the resulting body would have a density of 8.58 - 10?2 kg/cm?. For
the Sun a density of approximately 8.6 - 10'0 kg/cm® would be necessary; that is,
86 million tons per cubic centimetre! So still the enormous density of the neutron
liquid is in a neutron star. In the centre of the Milky Way, there is a black hole with
a mass of 5.2 - 1036 kg, or 2.6 million solar masses, and in the centre of the Virgo
galaxy cluster, a black hole with the mass of 6 - 10 kg (3 billion solar masses).

3.4.2 Further Details about “Black Holes”’

A spherical mass of radius less than the Schwarzschild’s radius, R < rg, is called a

black hole. The name is explained as follows. The Schwarzschild’s solution (3.26)

for constant angles 6 and ¢, i.e. for dd =dg =0, with rg = 2fZM, is

-1
ds? = (1 - r_S)c2 dr? — (1 - r—s> dr?. (3.80)
r r

For light, i.e. photons, one has ds? =0, so from (3.80) follows
-2
d?r = (1 — r—S) dr2,
r

—1
cdt::l:(l—r—s> dr =+

r

giving

dr,

r—rs

which integrated yields

! oy r—rs
c| dt=ct—ctp= dr==4|r+rgln — 1o
fo ro " —Ts ro—rs

and with co = ¢ty — ro — rs In(rg — rs) finally

ct =:l:(r+r5 In(r —rg) +co), (3.81)

where the constant ¢y depends on the start time 7y and on the starting location Ry,
and ct has the dimension of a length. The substance of this formula can be pictured
in the (ct — r)-half-plane, as shown in Fig. 3.1.

The light cones are to the right of the dividing line at r = rg upward open towards
the time axis, i.e. particles (including photons) in the picture fly only upwards. In
particular, even photons on the minus-sign trajectories seemingly not exceed the

INeutron liquid consists predominantly of neutrons, and their average density is approximately
equal to that of atomic nuclei.
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Fig. 3.1 Schwarzschild’s ct — — _ _ _
solution
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~|
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o
-
[9)
<

dividing line r = rg, so can never arrive at the field with » < rg. This is particu-
larly recognised at the speed of the particles or photons, resulting from the above

equations in
dr rs
—=x(1-—=)c
dr < r )C

This velocity goes to zero as r goes to rg. For r < rg the light cone shows the future
in the direction r = 0. No particle or photon can escape from the field r < rg! No
light can overstep the limit of rg; the “black hole” is, in fact, “black”! For a particle
at rg as is in Fig. 3.1, the time ¢ decreases, so runs backwards! It is obvious that for
this region, the time ¢ is not very suitable. On the other hand, it is a fallacy that the
boundary r = rg cannot be exceeded from the outside because the formulas report
only the behaviour which would be seen by an observer. An observer, flying with
the particle, would normally exceed the limit » = rg because for him the speed in
the vicinity » = g would not tend to zero, he would fly continuously through this
sphere with finite speed. This can be shown as follows:
Due to Newton’s theory, we arrive at the following context. Integrating the equa-
tion
dv Mm

t)=my—=G
moa(t) mog, )

with respect to

dv dvdr dv
a=—=——=1V—
dt drde dr

v 2 r r
GM GM
/ﬁdﬁ:v—zf adfzf S dF=
0 2 0 0 T r

9

one obtains
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[12GM /
r r

The mass m( would pass the Schwarzschild’s spherical shell for r = rg and accord-
ing to (3.82) with the speed of light ¢, which is not possible according to the special
theory of relativity! For r < rg the velocity would even be greater than light’s! The
velocity equations have to be modified. What happens then? If one passes through
the Schwarzschild’s spherical shell in the direction » — 0, we will never be able to
learn from him what he experienced because neither he nor a signal from him to us
outside the Schwarzschild’s spherical shell will ever reach us. We only can analyse
theoretically what happens.

or solving for the velocity

Within the Schwarzschild’s Radius From (3.82) for the proper time we have

1/ r\"?
dr:——(—) dr. (3.83)

C\Trs

From this we get the time t needed when flying through the Schwarzschild’s spher-
ical shell to reach the singularity » = 0. It is

1 0 1/2 2
3@2—/<i> dr==2", (3.84)
¢ Jrg \7s 3¢
therefore, a finite time.

If a particle is located to the left of the parting line r = rg, then the particle
flies left in the direction » — 0. Photons, starting left of the parting line cannot also
exceed this border. Therefore, no light (photon) is coming outward from inside the
sphere of radius rg, a “black hole” is given there. Further, it is interesting that an
ensemble of boundary trajectories (each characterized with a minus sign) proceeds
in the negative direction of time, thus decreasing time. If one starts, for instance, at
the point (o =0, r = rgp < rs) on a ‘minus-trajectory”, then one travels to the past!
The result, however, contains no logical contradiction because one cannot act from
the inside of the sphere with the radius rg on the outside: one only passively receives
signals, i.e. one can “look into the past”.

3.4.3 Singularities

The solution (3.26) has two singularities: a real singularity at » = 0 and an apparent
one at r = rg. The apparent singularity is a so-called coordinate singularity which
could have been avoided by a better coordinate choice. Such a favourable coordinate
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system would have been obtained, for example, if we had introduced a different
radial coordinate r* as follows:

Then

SO

Used in (3.26) this yields

= 4r

1_ V_S* 2 4
ds? = <1+—4r) Ad? — (1 + V—S*> (dr*2 + r*z(dO2 + Sin29d<p2)).
4r*

In these coordinates, in fact, only a singularity at r* = 0 exists!

The authenticity of the singularity at » = 0 can be seen by examining the invari-
ants. A function of coordinates is invariant under a transformation if it remains un-
changed applying the transformation to the coordinates. This is precisely the mark
of a true singularity, which does not depend on the randomly selected coordinate
system. Such invariants were already encountered in the investigation of electro-
magnetic fields and the Lorentz transformation, e.g.

1
—Etrace(F"g’eFB,e) =b* -2 =b?—¢?
and
1 * T T
—Ztrace(FB‘eFE,b) =e'b=¢TDh".

Such an invariant for our problem now is the so-called Kretschmann’s invariant,
which is defined with the aid of the modified symmetric Riemannian curvature ma-
trix
def _
R*=(L,®G "R
as follows:

Ix € trace(R*R*). (3.85)

Because the Ricci matrix Rpgjc equals the zero matrix, it is unsuitable for an in-
variant. The newly defined matrix R* will now be derived step by step for the
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Schwarzschild’s metric. First, we have

& 2
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2m

1-—

def

and h

With the help of (2.165) R can be calculated. The result is
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msin? 0

(=)

The first, (4 + 2)th, (8 4+ 3)th and 16th row/column are zero rows/columns, as it

must always be in the matrix R. With R the following symmetric matrix is obtained

(I,®G™")R
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0 0O 0 0 0 0 0 O
0 0O 0 O 0 0 0 O
:”—3 0o 0 O 0 0 0 O
0 0O 0 O % 0 0 O
0 0O 0 O 0 0 0 O
0 0O 0 O 0 0 0 O
0 % 0 0 0 0 0 O
0 0O 0 O 0 % 0 O

— :"—3 0O 0 O 0 0 0o of
0 - % 0 0 0 0 0 O
0 0O 0 O 0 0 0 O
O 0 0 Zjo o0 -Z 0
0 O 0 0 |— % 0 0 O
0 0O 0 O 0 —:"—3 0 O
o 0 0 -0 0 Z 0
0 0O 0 O 0 0 0 O

and finally the Kretschmann’s invariant is
m2 }’2
Ix =trace(R*R*) = 48— = 12r—g.

Hence, it is now quite apparent that the only real singularity occurs at r = 0!

Event Horizon Detector In [13], a possibility is given, how to determine if one
approaches the event horizon (the spherical shell of radius rg) of a black hole or
even exceeds it. To this end, the authors give the invariant

T20M*(2M —r)

L=
r9

which for r = 2M = rg is zero and outside the horizon is positive with a maximum
at r = 9M /4. An observer falling to the black hole can detect the presence of a
horizon by observation of ;. If the event horizon is crossed, it is too late for the
observer. But he may, if the maximum is exceeded, use it as a warning and quickly
initiate the trajectory reversal.

3.4.4 Eddington’s Coordinates

The coordinate singularity at r = rg of the Schwarzschild’s metric can be elimi-
nated, for example, by using the following coordinate transformation.
In (3.81), from the Schwarzschild’s solution we derived

ct = :i:(r +rsin|r —rg| +co).



136 3 Gravitation of a Spherical Mass

If we define
7 ¥ s nGr = rg), (3.86)
we get from
dr* Ty
dr  r— rs
the differential
. Is T rs 1 -1
dr*=— dr=— y dr. (3.87)
rr—rs r\1-7%=

It looks like the term

1 )‘1 5
— - dr
(=

in the Schwarzschild’s metric, which was the reason for the coordinate singularity!
If (3.87) were squared, indeed dr?> would appear, but the parenthesis would have
too much negative power. If one installs, however, the term r* into a new time
coordinate ¢*, then within the Schwarzschild’s metric it would again be multiplied

by r_’rs , 1.e. have the “right” power! Now the new time coordinate is set as

def
ct*Ect+r*=ct+rsln|r —rgl. (3.88)
Differentiation with respect to r gives

dr* dt  dr*

a7 _ & o7 3.89

Cdr Cdr+dr ( )
)

cdt* =cdt +dr* =cdr + 'S dr,
r—rs

i.e.

cdt =cdr* — 3 dr,

r—rgs

and squared

2
Fdt=dr? -2 _cdarrdr + ( s ) dr2.
r—rgs r—rgs

Used in the Schwarzschild’s metric this yields

2
ds2=(l—r—s)czdt*z—zr—scdt*dr—l—r r5<r—5> dr2—( d )drz,
r r r r—rs r—rs
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Fig. 3.2 Eddington’s
solution
so finally,
r—r r r—+r
ds? =522 _ 28 cdrtdr — S ar?. (3.90)
r r r

When we remove the restriction df = dg = 0, we finally get the full Schwarzschild’s
metric in Eddington’s coordinates

r+rs

r—r r
ds? = — 5242 — 28 cdrdr —
r

dr? — r*(do? +sin? 0 dg?). (3.91)
p

This metric has, in fact, a singularity only at » = 0!
How will we see movements in the new (ct*, r)-plane? For photons one has
ds? = 0; so, if we divide (3.90) by ¢? dr*2, we receive

Ozr—rs_zr_s dr _r—l—rs( dr )2.
cdr*

r r cdr* r

This quadratic equation has the solutions

dr —rsEtr r—rg
= = and — 1, (3'92)
cdr* r+rg r+rg
or
dr —rsgtr r—rs
- = c= cand —c. (3.93)
dr* r+rg r+rg

The first solution provides for » = rg the zero slope, i.e. a vertical line; for r < rg the
slope is negative, and it is positive for r > rg. The second solution in the (ct*, r)-
plane is an inclined at 45° straight line. It shows that the velocity of an ingoing
photon is constant and equal to c. Overall, one obtains Fig. 3.2.
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3.5 Rotating Masses

3.5.1 Ansatz for the Metric Matrix G

From a non-rotating mass of radius R generated gravitation effect on the outside,
i.e. for r > R, is described by the Schwarzschild’s metric. A non-rigid rotating mass
bulges out along its equator, so it cannot be described by a Schwarzschild’s metric,
which assumes a symmetric spherical mass. A rotating mass has in addition to the
mass M also an angular momentum J, which is directly proportional to the angular
velocity w. M and J are the only physical quantities for a rotating black hole that
are required for the physical description of the gravitational field and how powerful
the rotating mass is (there are possibly millions of solar masses in a black hole in
the centre of a galaxy)! The Nobel-prize laureate Chandrasekhar has expressed it as:

Rotating black holes are the most perfect macroscopic objects in the uni-
verse. And as the theory of general relativity provides a single, unique, two-
parameter solution for their description, they are also the simplest objects.

For the mathematical description, spatial polar coordinates r, 6 and ¢ are se-
lected. The polar axis is the axis of rotation around which the body rotates with
constant angular velocity w. The elements of the metric matrix G are allowed to
depend neither on the angle 6 nor on time ¢. One can also use a priori, for reasons of
symmetry, some matrix elements equal to zero. Because if one takes a time reflection
t — —t, this also changes the direction of rotation @ = ‘il—‘f - —w= —?j—‘f = d(;w) .
But if we introduce two transformations t — —¢ and ¢ — —¢ simultaneously, then
the gravitational field is not allowed to change at all, also the metric matrix G is
not changed. So that being the case, the matrix elements g,y and g, must be zero
because in the calculation of the metric here—with the indicated transformations—
drdf — —drdf and dr dr — —drdr. And so one can start from the following the

metric matrix which must always be symmetric:

8t 0 0 &
G = 0 8rr  8ro 0
0 go 8o O

8ty 0 0 8y

The symmetric 2 x 2-matrix in the centre of the matrix G can be brought to diagonal
form with the help of a similarity transformation so that, without loss of generality,
one may start with the symmetric matrix:

8tt 0 0 gy
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3.5.2 Kerr’s Solution in Boyer—Lindquist Coordinates

Without derivation we here directly give as solution the so-called Kerr’s metric in
Boyer-Lindquist coordinates:

2 : 29 2
ds? = (1 — _mzr)CZ dr? +4marsm2 cdtdy — L dr?
P o A

2
_ptdo? — <r2 +a® + 2l a? sin? 9) sin26 dg?, (3.94)
r

with

def
A2 —2mr +a?,

def
,o2 = 2 + a? cos? 0,

def MG
m=——

c2

and the angular momentum (spin) J per unit mass

[=9
=

E.Ix

€
a =

As system parameters, in fact, only the two physical parameters occur: the modified
mass, m, and the angular momentum per unit mass, a! For J =0, i.e. for a non-
rotating mass, one obtains, of course, the Schwarzschild’s solution.

A simpler form of the solution is obtained for M/r <« 1 and a/r < 1, i.e. for
weak fields and slow rotation, namely

2 4J 2
ds? = <1 — —m)c2 dt*> + —sin®Ocdr dp — (1 + —m>er
r r r

— r?(d6? + sin® 6 dp?).

3.5.3 The Lense-Thirring Effect

Two electric charges g; and g» of opposite polarity attract according to the
Coulomb’s law with the force

I qigpri2

47‘[60 r122 r12'

S electr —
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Here the vector r12 € R? shows from q1 to g2. Newton’s law of attraction between
two masses m and m, has almost the same shape, namely
mima ri2

fmech =G 2
rp T2

Going over in both laws from the action at a distance theory to the theory of con-
tiguous action, i.e. the field theory, with the electric field strength vector

det 1 q1ri2

e= T 5 —
4meo ri, 12

one can also write the electric force as

S electr = €cq2-

With the appropriate nomenclature for the mechanical parameters and the field
strength

def M1 T2
em =0 5
ry 2
one finally obtains

S mech = €mm2.

If an electric charge is moving, then there is in addition a magnetic field b, which
depends on the speed and the load of the charge. The magnetic field b acts on the
moving charge g having speed v, generating, together with the electric field e, the
force:

f:q(e—i—lv xb).

c

The question now is: Does a moving mass have a similar additional effect to
another moving mass? This is indeed the case, for example, the precession of gyro-
scopes in the vicinity of large rotating masses like the Earth. This first was treated
by Foppl [11]. The Austrian physicists Lense and Thirring calculated exactly this
effect from the gravitational equations of Einstein in 1918.

One speaks in this context of a so-called gravitomagnetic field in analogy with
classical electromagnetism. To this end, we first define with the help of the angular
momentum J of a spherical rotating mass the field

def ~Jxr AGMR?*w x r
h(r)=-2 =—
) r3 5¢3 r3

, (3.95)

where w is the angular velocity of the rotating mass M with the radius R, and r > R
is the distance from the centre of mass. Next we define the gravitomagnetic field:

7 def J=3¢Tr 2GMR? 3(0Tr)r — wr?

REV xh=2"—"0"m == 3 (3.96)
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The angular momentum here thus plays the same role as the magnetic dipole mo-
ment in electrodynamics, and the vector & plays the same role as the vector potential.
In summary, we obtain an analogue of the Lorentz force, namely

d’x de -
m? =m (emech + E X h) . (397)

In the case of stars orbiting close to a spinning, supermassive black hole, the
Lense—Thirring effect should cause the star’s orbital plane to precess about the black
hole’s spin axis. This effect should be detectable within the next few years via as-
trometric monitoring of stars at the centre of the Milky Way galaxy.

3.6 Summary of Results for the Gravitation of a Spherical Mass

The solution of Einstein’s field equation for the outside of a spherically symmetric,
uniform, time-invariant mass distribution is this Schwarzschild’s metric (3.26):

2GM 26M\ !
ds? = <1 - T>c2dt2 - (1 - = ) dr? — r?(d6?* + sin? 0 dg?),
c°r c°r

and the so-called Schwarzschild’s radius is (3.28):

def 2GM
rs = (,‘2 .

The Schwarzschild’s metric in matrix form is (3.25):

1—’73 0 0 0
- .. 0 —(1=5)-1 9 0 -
2 _q%T — d%T r
ds*=dxTGdx =dx 0 0 _2 0 dx,
0 0 0 —r2sin%0
with
cdt
~def | dr
dx = do
de

This changes the length (3.30) and time (3.31) according to:

26M\ " 1/?
dR:(l— ) dr,

c2r
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2GM
c2r

12
dr = (1 — ) dr.

For the redshift of spectral lines the frequency ratio is obtained (3.32):

_2GM 12

VR (1 rr ) /
o~ 12
C°FrR

The necessary Schwarzschild’s density pg for the existence of a black hole is

p deft M M
S = =
g gn
3¢° 71 a2 | K€
=5z~ P10 Mia s |

The Eddington’s coordinates for a black hole are given with the new time coordinate
(3.88)

def
ct* = ct +rgln|r —rgl,

SO

rs
r—rgs

cdt* =cdt + dr.

The Schwarzschild’s metric in Eddington’s coordinates is (3.91):

r+rs
r

r—rs rs
ds? = —=2c2dr*? —2=2cdr*dr —

dr? —r?(d6? +sin® 6 dg?).
r r

The Lense—Thirring effect for a rotating mass generates a gravitomagnetic field in
analogy with classical electromagnetism. With the help of the angular momentum
J of a spherical rotating mass, the field is (3.95):

h(r) & —

Jxr AGMR> @ x r
2 =—
r3 5¢3

s

3

where w is the angular velocity of the rotating mass M with the radius R, and r > R
is the distance from the centre of mass. Then the gravitomagnetic field is defined as
(3.96):

M v xh=2

J=3¢THr 2GMR?3(0Tr)r — or?
3 - 5¢2 5 :

r r
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An analogue of the Lorentz force is obtained (3.97):

d’x dx -
mﬁzm emech—i-axh .

3.7 Concluding Remark

In the theory of Special Relativity, the effects are most clearly visible when the
masses move quickly; however, in the theory of General Relativity, the effects are
the greatest when the mass densities are very large and thus the spatial curvature
is very pronounced.




Appendix A
Vectors and Matrices

A.1 Vectors and Matrices

If the speed of a body is given, then its size and the direction need to be identified.
For the description of such a directional quantity, vectors are used. These vectors
in the three dimensional space require three components which, e.g. in a column
vector, are summarized as follows:

v=| vy |. (A.1)

A second possibility is to present a transposed column vector
T = (v1 ) v3) , (A2)

a row vector.

In another way, we get the concept of the vector when the following purely math-
ematical problem is considered: Find the solutions of the three coupled equations
with four unknowns x1, x3, x3 and x4:

anxy +apxy +aizxs +ajsxs =y, (A3)
ax1x1 + axnxs + axpxs + axxs =y, (A4)
az1x1 +aznxy +azzxs + azaxs = ys. (A.S)

The four unknowns are summarized in the vector

X1
def | X
P I (A.6)
X3
X4
G. Ludyk, Einstein in Matrix Form, Graduate Texts in Physics, 145
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the variables y;, y» and y3 form the vector

i
def
y= 1|, (A7)

Y3

and the coefficients g;; are included into the matrix

wp (@11 a2 a3 ai
A=|an axn a3 axu]|. (A.8)
as| a4z as;  azy

With the two vectors x and y and the matrix A, the system of equations can com-
pactly be written as

Ax =Y. (A9)
If the two systems of equations
ayjlxi +apxy =yi, (A.10)
a1x1 +apx2 =y (A.11)
and

aizi +apnz =vi, (A.12)
a2121 +a»2 =112 (A.13)

are added, one obtains
ajr(x1 +z1) +anx +z2) = (1 + v, (A.14)
az1(x1 + z1) +axn(xz + z22) = (y2 + v2). (A.15)

With the aid of vectors and matrices, the two systems of equations can be written as
Ax=y and Az=v. (A.16)

Adding the two equations in (A.16) is formally accomplished as
Ax+Az=Ax+z2)=y+v. (A.17)

A comparison of (A.17) with (A.14) and (A.15) suggests the following definition of
the addition of vectors:
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Definition:
Y1 V1 Y1+
2 v2 def 2 + v
y+v=| . |+]| . | = . (A.18)
Yn Un Yn + Un

Accordingly, the product of a vector and a real or complex number c is defined by

Definition:

cox= | (A.19)

A.2 Matrices

A.2.1 Types of Matrices

In the first section, the concept of the matrix has been introduced.

Definition: If a matrix A has n rows and m columns, it is called an n x m matrix
and denoted A € R"*"™,

Definition: If A (with the elements a;;) is an n x m matrix, then the transpose of
A, denoted by AT, is the m x n matrix with the elements al.Tl. =aj;.

So the matrix (A.8) has the matrix transpose

ail  ax  as
AT |92 an axn
aiz  az  ass
a4 axy asg

(A.20)

In a square matrix, one has n = m; and in an n x n diagonal matrix, all the elements
ajj, i # j, outside the main diagonal are equal to zero. An identity matrix I is a
diagonal matrix where all elements on the main diagonal are equal to one. An r x r
identity matrix is denoted by I,. If a transposed matrix AT is equal to the original
matrix A, such a matrix is called symmetric. In this case, a;; = a;;.
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A.2.2 Matrix Operations

If the two systems of equations

aylxy +appxy+---

anxy+axnxy+---

anp1X1 + ap2xy + - -

and

biix1 +bppxy+---
bo1xy +bpxy+ -

by1x1 + bpoxy + - -

are added, one obtains

(ar1 +br)x1 + (a2 +b12)xz + - -
(a21 + b21)x1 + (a2 +bp)xy + -+

(@n1 + bp1)x1 + (an2 + bp2)x2 + - -

or, in vector—matrix notation, with

Ax =y

A Vectors and Matrices

+ aimxm = y1,

+ a2mxm = y2,

+ GnmXm = Yn

+ bimxm = 21,

+ bomxm = 22,

+ bumXm = Zn

+ (@1m + b1m)xm = (1 + 21),
+ (azm + bo)xm = (y2 + 22),

+ (@nm + bum)xXm = O + 20),

and Bx =z,

the same can also be written symbolically as

(A+B)x=y+z. (A.21)
A comparison of the last equations suggests the following definition:
Definition: The sum of two n x m matrices A and B is defined by
ai ccc dim bii -+ bim
A+B=]| : : + :
P R bni1 bym
(ar1 +b11) (aim + bim)
&of : : . (A.22)
(an1 + bn1) (@nm + bum)
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The sum of two matrices can only be formed when both matrices have the same
number of rows and the same number of columns.
If the relations

y=Ax and x =Bz (A.23)

are given, what is the connection between the two vectors y and z? One may write

aplxy +apxz + -+ aimXm = Y1,

a1 xy +axnxy + -+ apxXm = y2,

an1X1 + ap2Xx2 + -+ + AGpmXm = Y

and

bi1z1 +biaza+ -+ breze = x1,

bo1z1 +bypza+ -+ bz = x2,

bm1z1 +bmazo + -+ bz = X,

then one obtains, by inserting the x;’s from the latter system of equations into the
former system,

anbuzi+---+buze)+ - +aimbmzi + -+ bmeze) = y1,
an bz +---+buze) + - +aumbmizi + - + bmeze) = y2,

an1(bnizi+ -+ breze) + -+ apm bmrz1 + - - + beze) = yn-

Combining the terms with z;, we obtain

(atbir + -+ aimbmi)z1 + - -+ (@nbie + - -+ + aimbme)ze = y1,
(a21bi1 + -+ -+ asmbm1)z1 + -+ - + (@21b1e + - - - + asmbme)ze = ¥2,

(anib1r + -+ apmbm1)z1 + - - + (@nibre + - - + Apmbme) e = Yn-

If, on the other hand, we formally insert the right-hand side of (A.23) into the left
equation, we obtain

y=ABz¥ Cz. (A.24)
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Definition: The product of an n x m matrix A with an m x £ matrix B is the
n x ¢ matrix C with the matrix elements

m
Cij = Zaikbkj, (A.25)
k=1

fori=1,2,...,nand j=1,2,...,¢.

The element ¢;; of the product matrix C is obtained by multiplying the elements of
the ith row of the first matrix A with the elements of the jth column of the second
matrix B and adding these products. It follows that the number of columns of the
first matrix must be equal to the number of rows of the second matrix, so that the
matrix multiplication can be executed at all. The product matrix has as many rows
as the first matrix and as many columns as the second matrix. It follows that, in
general, AB # BA.
We get another matrix operation through the following problem. In

Ax =b, (A.26)

the 3 x 3 matrix A and the 3 x 1 vector b shall be given. Wanted is the 3 x 1 vector
x that satisfies the system of equations (A.26). Written out this is the linear system
of equations:

arixy +appxz +ajzxs = by,
az1x1 + axpxy + a;xz = by,
az1x1 + aszx + aszxs = bs.

Denoting the determinant of the square matrix A by det(A), the solutions are ob-
tained by using Cramer’s rule

by ap apz
det| bo axp ax3 |, (A.27)
by azx az;

det(A)

1 ain b1 ap
a1 by ax |, (A.28)
a1 b3 az;z

Xy = det
det(A)

1 ailr ap b
ay apn by |. (A.29)
a1 axn b3

= det
B era) ¢
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If we develop in (A.27) the determinant in the numerator with respect to the first
column, we obtain

1 axp ax; az ai aiz an
= by det — by det b3 det
i det(A)( ree (asz ass 26¢ asy asjz Hhade axp az3

(b1A11 +b2A2 +b3A31)

= det(A)
1
det(A)

(A1 Ay A3)b. (A.30)

Accordingly, we obtain from (A.28) and (A.29)

1
= A A A3 )b A3l
det(A) (A2 An A3) (A.31)
and
1
= A A A33)b. A.32
x3 det(A) (A3 Az As3) (A.32)

Here the adjuncts A;; are the determinants which are obtained when the ith row
and the jth column of the matrix A are removed, and from the remaining matrix the
determinant is computed and this is multiplied by the factor (—1)**/.

Definition: The adjuncts are summarized in the adjoint matrix

def Al Ay Az
adj(A) = | Ap An Az . (A.33)
Az Ay Aszz

With this matrix, the three equations (A.30) to (A.32) can be written as one equation

adj(A)
= b. A.34
o det(A) ( )
Definition: The n x n matrix (whenever det(A) # 0)
dj(A
A1 det adi(A) (A35)
det(A)
is called the inverse matrix of the square n x n matrix A.
For a matrix product, the inverse matrix is obtained as
(AB)"'=B'Aa7! (A.36)

because

AB)(B'A™)Y=A(BB A '=4A"" =1L
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A.2.3 Block Matrices

Often large matrices have a certain structure, e.g. when one or more sub-arrays are
zero matrices. On the other hand, one can make a block matrix from each matrix
by drawing vertical and horizontal lines. For a system of equations, one then, for
example, obtains

An|Ap] AR\ (XL Eal
Ar1 | A |-+ Aoy X2 Y2
. .. . = ] . (A.37)

Aml AmZ T Amn x_n Y

The A;;’s are called sub-matrices and the vectors x; and y; sub-vectors. For two
appropriately partitioned block matrices, the product may be obtained by simply
carrying out the multiplication as if the sub-matrices were themselves elements:

AnlAn) (Bu|Bi2 _ A B +AnBy|AuBi+AnBy
Az1|Axn ) \ By|Bx A21Bi1+ A B2i|A2i B+ ApBy )

In particular, the subdivision into blocks of matrices is of benefit for the calcula-
tion of the inverse matrix. Looking at the system of equations

Ax1+ Bxa =y, (A.38)

Cx|+ Dxy=y,, (A.39)
A[BY (*1) _ (31
(e5) (52) =) A0
A|B
M= <F\3> (A.41)

can be expressed by more easily calculated inverse sub-matrices. When the matrix
A is invertible, one gets from (A.38)

or combined into the form

the inverse of the matrix

x1=A"ly, — A7 !'Bx,. (A.42)
This, used in (A.39), yields
y,=CA 'y, — (CA™'B - D)x; (A.43)
and, solving for x»,

x2=(CAT'B-D)"(CA™ "y, - y,). (A.44)
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Equation (A.44) used in (A.42) yields

xi=[A"'—A"'B(CA"'B—D) 'cA” ']y, +A7'B(CA'B- D) y,.
(A.45)
Thus, the solution of the system of equations (A.40) is obtained, namely

(ﬂ> =M (ﬂ> (A.46)
X2 Y2

with

M-l (A‘ ~A'B(CA™'B-D)"'CA"'|[A"'B(CA™'B - D)—1>

(CA"'B-D)"'1CA™! | —(cA~'B—-D)!
(A.47)

and the inverse matrix of M can be calculated by using the inverse matrices of the
smaller sub-matrices A and (CA~' B — D). If the sub-matrix D is invertible, (A.39)
can be solved for x», and then, in a similar way, also the inverse matrix of M can

be calculated. One then obtains a different form of the inverted matrix, namely

M1:< —(BD"'C-A)"" | (BD'C —A)"'BD! )

D-'c(BD-'C—A)'|D-' =D 'Cc(BD~'C — A)"'BD!
(A.48)

So there are two different results available for the same matrix. It follows that the
corresponding sub-matrices must be equal. From the comparison of the northwest-

ern blocks, if D is replaced by — D, the known matrix-inversion lemma follows:

(A+BD7'C) ' =a"'~a"'B(cA”'B+ D) 'cA™L. (A49)

A special case occurs when we have a block-triangular matrix, for example, if
C = 0. Then we obtain

AlB\"' (A'|-a"'BD!
(ﬁ) :<0| D! ) (A0
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A.3 The Kronecker-Product
A.3.1 Definitions

Definition: The Kronecker-product of two matrices A € R"*™ and B € R”*4
is a matrix C € R">*™4 denoted as

ARQB=C.
Here, the sub-matrix C;; e RP*9, fori =1ton and j =1tom,is
defined by

Ci; € a;B,

so that, overall, the matrix C has the form

anB alzB almB
a1 B apB ... ay,B
aB apB ... au.B

The matrix elements of the product matrix C can be directly calculated using the
following formula

Ciji=a,i- i—1 -b. i =l
LTS LU L T =L =L

where | x] is the integer part of x.

Definition: If a matrix A is composed of the m columns a; € C",
A=(a; ay ... ay),
the vec-operator is defined as follows:
ai

| a2
def
vec(A)E | T | ecm.

A.3.2 Some Theorems

The following is very interesting:

Lemma: vec(AXB)= (BT ® A) vec(X). (A.51)




A.3 The Kronecker-Product

Proof Let B € C"*™, then one has

AXB=(Ax; Ax; ... Ax,)B
=(Ax; Axy ... Ax,)(by b2 ... by)
(b11Ax1 + b1 Axy + -+ by Axy,)

Applying the vec-operator to the last equation, we obtain

(b11Ax1 +by1Axy+---+by1Axy)

vec(AXB) = :
(bimAx1+byyAxs+ -+ bynAxy)
bitA ... DbyA
= : : vec(X)
bimA ... bnA

= (BT ® A)vec(X).

As corollaries of this lemma, we get the following results:

| vec(AX) = (I ® A)vec(X). |

Proof Set B = I in the lemma.

vec(XB) = (BT ® I)vec(X).

Proof Set A =1 in the lemma.

vec(baT) =(@®hb).

Proof Simply write vec(baT) = vec(blaT) = (a ® b)vec(1) =a Q® b.

N ((blmAxl+b2mAx2+"'+bnmAxn) >

155

(A.52)

(A.53)

(A.54)
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A.3.3 The Permutation Matrix U , 4,

Definition:

The permutation matrix
dof
€
Up Y BRI R ELT R (a59)
ik

has just one 1 in each column and each row. In the formation of
matrix
EPX1 et (A.56)
ik i€ps
e; is the ith column of I, and e is the kth column of I,. How-
ever, only the matrix element E;; = 1; the other matrix elements are
Zeros.

For example, the permutation matrix Usx4 €

has the form

R16%16__often used in this book—

1 00 0/0 0 O0OO|0OOUO[O0OOOO
00 0 O0[1 0O0O0]|0O0O0OTO0[0O0O0O0
00 0 0[O0 O0OOO|1 0O0O0[0O0O0O0
000 0/0O0OOO0|0O0O0OGO 0|1 0O0O
01 00/0OOOGUO|/0OOOGO O[O OO O
00 0 0[O0 1000 0O0O0[0O0O0O
00 0 0{0OOOO0|0O1O0O0[0O0O0O0
00 0 0[O0 O0OOO0|0O0OOGO0O[0O1O0O0
Via=50 1T 0[0 000|000 00000 (A.57)
000 O0[0O0OT1 0[/00O0TO0[0O0O0O
00 0 0[O0 O0OO0OO0]|0O0OT1O0[0O0O0O0
00 0 0[O0 O0OO0OO0|0O0OOGO0[0O0T10O0
000 1|0 OOO[0O OO O[O0 OO O
00 0 0/0O0OT1|00O0OO0[0O0O0O
00 0 0[O0 O0OOO0|0O0OOT1[0O0OO0O
00 0 0[O0 0O O0OO0|0O0O0OO0[0O0O0 1
Permutation matrices have the following characteristics [4]:
Ujwy=Ugxp, (A.58)
Uiy =Ugxp. (A.59)
Up><1=U1><p=Ip’ (A.60)
Unsn =Ul = Ui (A.61)
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Permutation matrices are mainly used to change the order of the factors in a
Kronecker-product because

U p(BR AU, i =A® B if AcRP* and B € R**, (A.62)

A.3.4 More Properties of the Kronecker-Product

The following important properties are listed also without proof (see [4]):

(A B)®C=AQ(B®C(), (A.63)
(A®B)T=ATQ®BT, (A.64)
(A® B)(C® D)=AC ® BD. (A.65)

A.4 Derivatives of Vectors/Matrices with Respect to
Vectors/Matrices

A.4.1 Definitions

Definition: The derivative of a matrix A € R"*" with respect to a matrix M €
R is defined as follows:
9A 9A . A
oM oMo IM
0A gef A A A )
— é oMy oMy o IMog S RP7xms (A66)
oM . . .
94 94 04
OM; M, Mg
With the r x s-operator
3 3 3
M M aM
a 011 a12 o alx
def | 91 M aM
é .2] .22 '2,r (A67)
oM : D
3 3 . 3
OM; M, M5

the definition of the derivative (A.66) is also written as

0A det O

94 def 9 (A.68)
IM ~ aM



158 A Vectors and Matrices

Thus one can show that

AT d T o \T 0AT
- — _ — _ T

For the derivatives of vectors with respect to vectors one has:

api ap1 pi ap1
aft h ..
ofT def i T || 2 My | o Rrxn (A.70)
op  Ip : Do
afT h . U
opr opr apr ops
and
0 d d T IfTN\T
Jat 0 or(Lorr) =(2L) err, (A1)
opT  opT op op

A.4.2 Product Rule

Let A = A(x) and B = B(«). Then we obviously have

AB) 9A IB
0AB) 04, 4

=— — A.72
o o o ( )
In addition, (A.66) can be rewritten as:
0A ! 0A
= L E e MeR™ (AT3)

ik

Using (A.72) and (A.73), this product rule can be derived:

d(AB) 9(AB) A OB
— E%‘Xt — E;X[ —B+A
oM ; ik ® Omiy ; ik ® ik Omijk

0 0
=<W®A>(11®B)+(IS®A)<W®B>

A L em+d,eall (A74)
oM i IM’ :
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A.4.3 Chain Rule

When a matrix A € R is a function of a matrix B € R¥*¢ which is again a
function of a matrix M € R"*¥, then the chain rule is valid [4]:

iABM 0A dvec(BT) I
oM (BOD) = ( 8(vec(BT))T)( oM 2 ’”)

_ (9(vec(B)T A
= (731” ®In> (IS® 781)30(3))' (A.75)

A special case of this is

dA(x(t)) A [dx [dxT L —
= (dt ® Im> = (— ® In)— eR (A.76)

A.5 Differentiation with Respect to Time

A.5.1 Differentiation of a Function with Respect to Time

Suppose a function a that depends on the three space variables x1, x; and x3 is given.
The local space variables themselves are, in turn, dependent on the time parameter ¢.
Soitis
a=a(x(@), (A.77)
if the three space variables are summarized in the vector x.
We want to find the velocity

_da (A.78)
T ‘
To determine this velocity, we first define the total difference
0 da da
ey Sy —Ax; (A.79)
x| 9x2 0x3
After division by At, in the limit A¢ — 0, one has
. da . Aa da P da n da (A.80)
a=—=lim — =— —X —X .
ar armoar o T ot g

The right-hand side of this equation can be presented by the scalar product of the
column vectors X and g—ﬁ in two ways, namely

gogrde_oa o (A81)
ax 8xT
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A.5.2 Differentiation of a Vector with Respect to Time

If two functions a; and a, are given, they have the same dependence on time ¢ as
a(t) in (A.77), and are summarized in the column vector

def (a1 (x(2))
@= (az(xa)))’ (A.82)

we obtain initially for the derivative with respect to time using (A.81)

. ¢ T a1 day 4
. a X' = 7 X
a=<dl>=<_T§;>:<g;_>. (A.83)
2 ' ox Fratd

The next-to-last vector in (A.83) can be decomposed as follows:

xTda ) ( T ol ) ( day ) 9
. ox 3 ax :
a = = 2(12®xT)(a®_)_ (A84)
.13 T o7 3
(x o/ \os XTI\ 0x
Computing the last Kronecker-product, we would formally get q; % which, of
course, should be understood as %. With the help of the permutation matrix Uy x g
and the exchange rule (A.62)

(A® B)=Usy,(B® AU, if AR and B e R**,

in the appendix, the last product in (A.84) can be written

. . 0 . 9
a= [glxz(xT ®12) szr]|:Ur><2 <£ ®a> leli| = (xT ®12)£_ (A.85)
I, 1

I da
2r s

For the second form in (A.83), one obtains

3a1 .
. e i__ 0 . Oa .
a= ( 3“%&) = <a® ax>x— |:U1X2<—8xT ®a> ler]x— Py (A.86)
1

axT 5 I,

so that combined, these two possible representations are written as

. . da Oda .
a=x"T® 12)523;7"' (A.87)
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A.5.3 Differentiation of a 2 x 3-Matrix with Respect to Time

For the derivative of a 2 x 3-matrix with respect to time, with the above results, one
obtains

. . . 1o p7da12 .7 9a13
_fan anx a\_ (¥ B XY o Y
a1 G a xT0a1  grdan  pva

ax ax 0x

T o] d il
= AR — = x| A —
(0; xT>< ®8x> (2% )( ®8x)

([

3 IA

=[Uix2(xT® 1) UzX,][U,XQ <— ® A) ngl} = (*T®1)-—, (A.88)
—— ax —— 8x
I, I3 -

I 9A
2r Fre

or, with the second representation in (A.81) for the 4;;,

day . dap . daj3 s, X o0 o
SR IR Ll W o i o
dan| * 6a22x das3 - oxT .

o 0o X

axT axT oxT x

A

0 . 0A .
= [UIXZ (— ®A> U3><r:|[Ur><3(x ® I3) U3X1] =—x®I3). (A.89)
—— \ OXxT —— oxT
I, I3
0A I3,
axT N

Here the Kronecker-product is also present.

A.5.4 Differentiation of an n x m-Matrix with Respect to Time

In general, one gets for a matrix A € R**™ and a vector x € R"

. 9A and 9A
A=()’CT®I,L)§a£dM—T(X®Im) c R, (A.90)

The derivation is given below without any comment.

T ... 0 ; ;
1 . . . I T e
A=| : . (A®8x>_(l”®x)(A®ax>
o ... iT
=[Uixn (T ®1,) Unx,]|U 9 ga\U | :(xT®1)%.
Xn n nxr rxn ax mX n ax
I, Ly -

I, 24

x



162 A Vectors and Matrices

0

| Y S ) .
o ... x

=|U i@A U [Uyxm(x ® 1)U ]—%(x@)l)
= 1xn axT mxr rxm m mx1 _BxT n)-

04 Ly

A.6 Supplements to Differentiation with Respect to a Matrix

For the derivative of a 4 x 4 matrix with respect to itself, one has

% — Uara, (A91)
where Uiy is defined by
4 4
U4x4ngZEik®Eik

ik

1 00001 000 O 1 00 0 0 1
0O 00 0[O0 O O O0jJO O OO0O[O0 O0 0O
0O 0 0 0[O0 O O O0OjJO OO O[O0 O 00O
0O 0 0 0[O0 O O OJO O OO0 O0 00O
0O 0 0 0[O0 O O O0OjJO O O O0O(O0 O 00O
1 00 0j0O1 0 0j0O O 1 0|0 O O 1
o0 0 00 0 O 0|0 O 0 00 O 0 O

_ o0 o0 O0{0 OO0 O0jO O O0OO0O[O0 O 0O (A.92)

o0 0 O0{0 OO0 0jO O O O0O(O0 O 0O
0O 00 0[O0 O O O0JjO OO0OO0O[O0 O0 0O
1 0 00O 1T O0O0(]0 01 0j0 0 01
0O 0 0 0[O0 OO O0OjJO O OO0O[O0 O 00O
0O 0 0 0[O0 OO O0O|JO O OO0 O0 00O
o0 o0 0j0 0 O 0|0 O 0 00 O 0 O
o0 o0 0|0 0 O 0|0 O 0 00 O 0 O
10 0 0j]0O1 0 0|0 O 1 00 O O 1

This fact can be easily made clear just by the definition of the differentiation of a ma-
trix with respect to a matrix. The result is more complex when the matrix M = MT



163

A.6  Supplements to Differentiation with Respect to a Matrix

is symmetric because then

4

Y Ei®E;

oM
oM

U4x4 + U4><4 -

i

00 0fO0

(A.93)

1

0 0 O

1

1

0

0

1

1

0

1

0 0 0O

1

0j0 0 O

1

00 0j0 0 OO

1

0j0 0 O

1

0 0j{0 0 O0 O

1

0j0 0 O

1

00 0 0(0 0 0O

1

00 0 O

1

0 0j]0 O

1

00 0j]0 O O O0OjO O0 OO

1

0 0j]0 O

1

0j{0 0 0 0O|0O O 0 O

1

0 0j]0 O

1

000 O0lO0O O OO(O O0 OO

1

0 0|0 O

1

1

00 0O

000 00 0 OO

0 00 0j]0 OO0 O0J]0 00O

0

1

0 00 00 0|0 O O OO O O O

1

0 0 O0fO0
0 0 0 0[O0 O OOfO

000 O0(0O OO O(O0O OO0 O0|O

0{0 0 0O 0O|O OO O0|O0 0 OO

0 1
0 00 0j]0 O

0

0 0 0fO0

1

000 O0(0O OO O|O0O OO0 O0]O0 O

1

0 00 0|0 0O

0 00

0 00 0|0 O OO0 0O

0 0 00

1




Appendix B
Some Differential Geometry

From a sheet of letter paper, one can form a cylinder or a cone, but it is impossible
to obtain a surface element of a sphere without folding, stretching or cutting. The
reason lies in the geometry of the spherical surface: No part of such a surface can
be isometrically mapped onto the plane.

B.1 Curvature of a Curved Line in Three Dimensions

In a plane, the tangent vector remains constant when one moves on it: the plane has
no curvature. The same is true for a straight line when the tangent vector coincides
with the line. If a line in a neighbourhood of one of its points is not a straight line, it
is called a curved line. The same is valid for a curved surface. We consider curves in
the three-dimensional space with the position vector x (¢) of points parametrized by
the length ¢. The direction of a curve C at the point x(g) is given by the normalized
tangent vector

def X'(q)
‘D= or

with x'(q) &ef %. Passing through a curve from a starting point x(qo) to an end-
point x(g) does not change the tangent vector ¢ in a straight line, the tip of the
tangent vector does not move, thus describing a curve of length 0. If the curve is
curved, then the tip of the tangent vector describes an arc of length not equal to
zero. As arc length we call the integral over a curved arc with endpoints go and ¢

(g > q0):
q q ., q
/ +x12+x§2+x§2dq=/ \/x/Tx/dqu |x'(| dg- (B.1)
40 0 0

This formula arises as follows: Suppose the interval [go, ¢] is divided by the points
qo < q1 < -+ < qn = q, then the length o, of the inscribed polygon in the curve
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arch is

On = Z \/[xl (gr) — x1 (qk+1)]2 + [x2(q0) — X2(61k+1)]2 + [x3(q0) — x3(f]k+1)]2-
k=0

(B.2)
By the mean value theorem of differential calculus, for every smooth curve between
qk and g+ there exists a point q,ﬁl) such that

xi(qi) — xi (@re1) = X (4”) (st — qi) (B.3)

fori =1, 2 and 3. Inserting (B.3) into (B.2) yields

%-Z[c;m a5 @) + @) P+ [%eD)F. B

From (B.4) one gets, as gx+1 — gk — 0, (B.1).

A measure of the curvature of a curve is the rate of change of the direction. The
curvature is larger when the change of direction of the tangent vector ¢ is greater.
Generally, we therefore define as a curvature of a curve C at a point x (go)

length of t ||t'(qo)ll

, (B.5)
q%qo length of x  [1x/(q0) |l

d f
K(q0) =

where

q
length of ¢ déf/ ¢ dg
40

and
length of x _f || “ dqg.

A straight line has zero curvature. In the case of a circle, the curvature is con-
stant; the curvature is greater, the smaller the radius. The reciprocal value 1/« of the
curvature is called the curvature radius.

B.2 Curvature of a Surface in Three Dimensions

B.2.1 Vectors in the Tangent Plane

Already in the nineteenth century, Gauss investigated how from the measurements
on a surface one can make conclusions about its spatial form. He then came to his
main result, the Theorema Egregium, which states that the Gaussian curvature of a
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surface depends only on the internal variables g;; and their derivatives. This result
is deduced in the following.

Suppose an area is defined as a function x (g1, ¢2) € R of the two coordinates
q1 and g>. At a point P of the surface the tangent plane is, for example, spanned by

def t
the two tangent vectors x| = Bgy an nd x 3;2 If the two tangent vectors x| and
x; are linearly independent, any vector in the tangent plane can be decomposed in
a linear combination of the two vectors, e.g. as

lel +v2x2.

The scalar product of two vectors from the tangent plane is then defined as

v-w) (v'x] +v2x )(wlxl +w2x2)

xlx; x]x)

=T [x1, x2]w=0T w=vTGw.
T T T

x] xJx; x1x;

——

As xTx, =x]x, the matrix GT = G is symmetric. In addition, one has

lv]| =+/(v-v) =~ vTG.

Now we want to define the curvature by oriented parallelograms. Let v A w be the
oriented parallelogram defined by the vectors v and w in that order. w Av = —v Aw
is then the parallelogram with the opposite orientation, area(w A v) = —area(v A w).
The determinant of the matrix G is then obtained as

g = detG = x1]]? - 2] — (1 - x2)?
= [lx11? - lx2l* = llx 111 - lx2])* cos® ©
= [lx1]? - lx201*(1 = cos* @) = ||x || - [lx2]* sin> ©.
On the other hand, one has |[x| x x2| = [|x1]| - [[x2] - sin®, and so

lx1 x x2]| = /g = area(x1 A x2). (B.6)

For the vector product of two vectors v and w from the tangent plane, one gets, on
the other hand,

(lel +v%x2) x (wlxl + wzxz)

=vlw! (x1 xx1) +v1w2(x1 X X2) + v2w! (x7 x x1)+v2w2 (xy X x2)
— —— —

0 —(x1%xx3) 0
= (v'w? —v*w!)(x1 x x2),
[

et R
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or
area(v A w) =det R - area(x| A xp),
SO

area(v A w) =detR \/g. (B.7)

The area of the parallelogram spanned by two vectors in the tangential surface is
thus determined by the vector components and the surface defining the matrix G.

B.2.2 Curvature and Normal Vectors

For two-dimensional surfaces, one should define the curvature at a point without
using the tangent vectors directly because there are infinitely many of them in the
tangent plane. However, any smooth surface in R? has at each point a unique normal
direction, which is one-dimensional, so it can be described by the unit normal vector.
A normal vector at x(q) is defined as the normalized vector perpendicular to the
tangent plane:

def X1 X X2

n(g) = —————.
lly x x2l

If the surface is curved, the normal vector changes with displacement according to

def On(q)
ni(q) = ———.
dq

These change vectors n; lie in the tangent plane because

d(n - n) on on
— =0=—n)+|n-— | =2(n; -n).
aq! aq' aq'

The bigger the area spanned by the two change vectors 7] and n; lying in the tangent
plane, the bigger the curvature at the considered point. If £2 is an area of the tangent
surface which contains the point under consideration, then the following curvature
definition is obvious:

@ im TRoRE@) _ [fo In1(@) x n2(@)11dg" dg?
2-—q areaof 2 2—q [[o 1x1(@) x x2(9) ] dg' dg?

_ lrn(g) x n2(q)l _ area of n1(q) Ana(q)
lx1(q) x x2(q)||  areaof x;(g) Ax2(q)

(B.8)

Since both n; and n; lie in the tangent plane, they can be displayed as linear com-
binations of the vectors x; and x»:

n = —b%xl — b%xz and np = —béxl — b%xz. (B.9)
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Combining together the coefficients —bij in the matrix B, this corresponds to the
matrix R in (B.7), and (B.6) then yields the Gauss-curvature

k(g) =detB. (B.10)
To confirm the Theorema Egregium of Gauss, one must now shown that B depends
only on the inner values g;; and their derivatives!
B.2.3 Theorema Egregium and the Inner Values g;j

First, we examine the changes of the tangent vectors xj by looking at their deriva-
tives

ax 3%x
e 22 (B.11)
: dg/  09q/dqgk
which implies that
Xk =Xj. (B.12)

Since the two vectors x1 and x; are a basis for the tangent plane and the vector n is
orthonormal to this plane, any vector in R3, including the vector x j;, can assembled
as a linear combination of these three vectors:

Xji=T}xi 4+ Txo+bjn. (B.13)

The vectors x j; can be summarized in a 4 x 2-matrix as follows:

9%x X111 X2
= =TI ®x1+Ix2,+Bn, B.14
3947 (le Yo 1®x1 2®x2 (B.14)
where
aef (T T,
r :< 11 12)
o\ I
and

Multiplying (B.14) from the left by the matrix (I, ® nT), due to nTx; = 0 and
I, ®nT)(B®n)=B ® (nTn) =B ® 1 = B, one finally obtains

9%x nTxyy nTxqp
_ T _
B = (12 ®n )8q3qT = (nTx21 nTxy ) (B.15)




170 B Some Differential Geometry

i.e. the 2 x 2-matrix B is symmetric. This matrix is called the Second Fundamen-
tal Form of the surface. The First Quadratic Fundamental Form is given by the
connection

_ oxT 0x

or more precisely, by the right-hand side of the equation for the squared line element
ds of the surface:

ds’>=dqT G dg.

Gauss designates, as is still in elementary geometry today, the elements of the matrix

G in this way:
E F
6=(£ 1)

While G therefore plays a critical role in determining the length of a curve in an area,
B is, as we will see later, decisively involved in the determination of the curvature
of a surface. A further representation of the matrix B is obtained from the derivative
of the scalar product of the mutually orthogonal vectors n and x;:

Tax

2T T
aqT

3

because this derivative is, according to (A.73),

9 dx anT  Ix 9%x
(nT >=—-—+(12®HT) =02x2.

@ aqT aq dqT aqoqT
With (B.15) we obtain
onT 0x
B=——.—, (B.17)
dq 0qT

i.e. a further interesting form for the matrix B

T T

n, x n, x

B:_<§.1 §2> (B.18)
n,x| n,x;

The two equations (B.9) can be summarized to a matrix equation as follows:

on ax —bi —b% ox —
[niln2] = — = — 2 5 |=%="B. (B.19)
g7 0qT \ b7 —b; aqT

This used in (B.18) together with (B.16) yields

B:_ET.E.a_x:_ETG
dq oqT ’
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or transposed
B=—-GB, (B.20)

since B and G are both symmetric matrices. Our goal remains to show that the
Gaussian curvature depends only on the g;;’s and their derivatives with respect to
qk, 1.e., according to (B.10), one must show that for the matrix B

k(q) =det B

is valid. We first examine the matrix G. For this purpose, its elements are differen-
tiated:

gij
I Tt xT
Dg. = e T

With (B.13) we obtain

T
xjxikzl“i

}Cx]T.xl + Fiix]T.xg + bikx]T.n
—_rl,. Ir2e.
=181+ 1382
If we define
v j def 1 2
Iy = Tagj + g

and assemble all four components into a matrix r j» we obtain

ST 1 2
Ijjll I:jzl _ Fj]I Fj2] (811 g2 > _I,GT (B.21)
Iy Tp Iy I 821 822

or, because of GT = G,

I;=r;G. (B.22)
It is therefore true that
08ij _ pi o i
—= =I5 +1. B.23
aqk ik jk ( )

With the following expression of three different derivatives, one obtains

9gij , 08ik  08jk _

I+ + Tk T T -1k, B.24
86]k 8qj qu lk+ jk+ lj+ jk ik Jji ( )
SO
v 1/0g;; 0g; 0g i
F%kz_ 8ij I 8ik 8jk . (B.25)
2\ dgr - 9q;  dgi
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Multiplying (B.22) from the right with

one gets the relation

i.e. element by element

so with (B.25)

a agi
¢ _ —1] gz] 08ik
M=y D (G + g

0qk BQJ

08 jk

9gi

)

(B.26)

(B.27)

(B.28)

This clarifies the relationship of the Christoffel-symbols Fffk with the g;; and their
derivatives. Now the direct relationship of these variables with the Gaussian curva-
ture « has to be made. One gets this finally by repeated differentiation of x j; with

respect to q@:

def axjk
Xjke = Z—xz +Z gx1€+ n+b]k”£
i

dq

. . ob
X (O e (2 S

Interchanging in (B.29) k and ¢, we obtain

i

ar, . b
ijk:Z< aq +Fl l bjfb;{>xl+<ﬁ+zrjlszk
p

i

Subtracting the two third-order derivatives, we obtain

0= —xjie =) _[RY} — (bjebj — bjeby)Jxi + ¢-)m

i

with

ari ar
j¢ def 77 j& Jk P i P i
R;k = —— + E F'eF;ae — E ijl“[’)k.

agk

(B.29)

(B.30)

(B.31)

(B.32)
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Since the vectors x1, x2 and n are linearly independent, the square bracket in (B.31)
must be zero, which implies

RY =Dbjeb} — bjib). (B.33)
Defining
R =" gunRik, (B.34)
i
one gets
RY = gunbjebi — gnbjkby + g2nbjebi — 824 jkbi = bjebin — bjiben. (B.35)

In particular,

R{3 = bybyy — by1by) = det B. (B.36)

It is therefore true that

detB 1?11%

=detB = =12
K =detB= 6T
R12
k(q) = ?12, (B.37)

which has finally proved the Theorema Egregium because, due to (B.34), Ié’]‘f{ de-
pends on R;‘f{; according to (B.32), Rﬁ only depends on Fll; and their derivatives

and, in accordance with (B.25), the 1“/]‘ ’s depend only on the g;;’s and their deriva-
tives. In the form

det B
= B.38
k(q) oG’ (B.38)

the paramount importance of the two fundamental forms is expressed.

Remarks

1. Euclidean geometry of is based on a number of Axioms that require no proofs.
One is the parallel postulate stating that to every line one can draw through a
point not belonging to it one and only one other line which lies in the same plane
and does not intersect the former line. This axiom is replaced in the hyperbolic
geometry in that it admits infinitely many parallels. An example is the surface
of a hyperboloid. In the elliptical geometry, for example, on the surface of an
ellipsoid and, as a special case, on a spherical surface, there are absolutely no
parallels because all great circles, which are here the “straight lines”, meet in
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two points. In Euclidean geometry, the distance between two points with the
Cartesian coordinates x1, x2, x3 and x; + dx1, x2 + dx2, x3 4+ dx3 is simply

ds = \/dx? + dx3 + dx3,
and in the other two geometries this formula is replaced by
ds? =ay dx% +a dx22 + a3 dx%,

where the coefficients a; are certain simple functions of x;, in the hyperbolic
case, of course, different than in the elliptic case. A convenient analytical repre-
sentation of curved surfaces is the above used Gaussian parameter representation
x =x(q1, q2), where Gauss attaches as curved element:

ds?> = Edg? +2F dgq; dgz + G dg3.

As an example, we introduce the Gauss-specific parameter representation of the
unit sphere, with 6 = g; and ¢ = ¢»:

X1 =siné cosg, X =sin#é sing, X3 = COS Q.
For the arc element of the unit sphere, we obtain
ds? = d6? + sin® 6(de)>.

Riemann generalized the Gaussian theory of surfaces, which is valid for
two-dimensional surfaces in three-dimensional spaces, to p-dimensional hyper-
surfaces in n-dimensional spaces, i.e. where

x=x(q1,...,qp) €R"

is a point on the hypersurface. He made in addition the fundamentally important
step, to set up a homogeneous quadratic function of dg; with arbitrary functions
of the g; as coefficients, as the square of the line elements (quadratic form)

ds® =) " gikdg; dgx = dgT G dg.
ik

2. The above-occurring R%( can be used as matrix elements of the 4 x 4-matrix R,
the Riemannian Curvature Matrix, to be constructed as a block matrix as follows:

Rll R12
R = <R21 Rzz) ,

where the 2 x 2 sub-matrices have the form:

i _ (RS R
R" = Rit pit |-
21 22
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In particular, Iég is the element in the top right corner of the matrix R=GR.
3. Expanding the representation of x (¢ + Aq) in a Taylor series, one obtains

1
x(g+Aq) =x(g)+ inAq,» +5 ijx,-kAq,»Aqk +a(3).
i i,

Subtracting x(g) on both sides of this equation and multiplying the result from
the left with the transposed normal vector nT, we obtain

1
nT[x(q +Ag) —x(q)] = ZnTxi Agi + 5 ZnTxig AgiDgr 40 (3)
i 0 i,k bix
=nTAx(q) & A,
Thus

1
dl =~ > Zbik dg; dgx.
ik
The coefficients of the second fundamental form, i.e. the elements of the ma-

trix B, Gauss denotes by L, M and N. Then the distance df of the point
x(q1 + dq1, g2 + dg2) to the tangent surface at the point x (g1, g2) is

1
(Ldg} +2M dg1dg> + N dg3).

dl =~ —
2

The normal curvature k of a surface at a given point P and in a given direction ¢
is defined as

et Ldg? +2M dqy dg> + N dg?
Edgq} +2F dqi1dg> + Gdg3

(B.39)

The so-defined normal curvature depends, in general, on the chosen direc-
tion dg. Those directions, in which the normal curvatures at a given point as-
sume an extreme value, are named the main directions of the surface at this
point. As long as we examine real surfaces, the quadratic differential form
E dq12 +2Fdq1dg2 + G dq% is positive definite, i.e. it is always positive for
dg # 0. Thus the sign of the curvature depends only on the quadratic differential
form L dq]2 +2Mdqidg; + N dc]22 in the numerator of (B.39). There are three
cases:

(a) LN—M 250, ie. Bis positive definite, and the numerator retains the same
sign, in each direction one is looking. Such a point is called an elliptical
point. An example is any point on an ellipsoid, in particular, of course, on a
sphere.

(b) LN —M? =0, i.e. B is semi-definite. The surface behaves at this point as at
an elliptical point except in one direction where is « = 0. This point is called
parabolic. An example is any point on a cylinder.
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(¢) LN — M? <0, i.e. B is indefinite. The numerator does not keep the same
sign for all directions. Such a point is called hyperbolic, or a saddle point.

An example is a point on a hyperbolic paraboloid.
Dividing the numerator and the denominator in (B.39) by dg, and introducing

dg1/dqz & 5., we obtain
L+2M)+ N2
E+2FA+ G)A2

and from this the extreme values from
dx
——0
da
as those satisfying
(E+2Fx+GA*) (M + NA) — (L +2Mxr+ NA*)(F+Gr)=0.  (BA4l)

In this case, the resulting expression for « is
L+2Mi+NX* M+ N
o= L eMAt NAm M A NA (B.42)
E +2FA+GA? F+GA

Since furthermore
E+2FA+ G\ = (E + FA) + A(F + G))

and
L+2MA+ N2 =(L+ M) + 1M+ NX),

(B.40) can be transformed into the simpler form
L+ M
K= * . (B.43)
E+Fx

From this the two equations for « follow:
KE—-L)+ «kF—M)1=0,
kF—M)+ (kG — N)L=0.

These equations are simultaneously satisfied if and only if

KE—L kF—M
det<KF_M KG_N>=0. (B.44)

This can also be written as
det(kG — B) =0. (B.45)
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This is the solvability condition for the eigenvalue equation
kG —B =0,
which can be transformed into
kI -G 'B=0. (B.46)

This results in a quadratic equation for k. The two solutions are called the principal
curvatures and are denoted as k| and k. The Gaussian curvature k of a surface at a
given point is the product of the principal curvatures x| and «; of the surface in this
point. According to Vieta’s root theorem, the product of the solutions is equal to the
determinant of the matrix G~ B, so finally,

detB LN — M?
K :K1K2=det(G_1B) = dZtG = G _F2




Appendix C
Geodesic Deviation

Geodesics are the lines of general manifolds along which, for example, free particles
move. In a flat space the relative velocity of each pair of particles is constant, so that
their relative acceleration is always equal to zero. Generally, due to the curvature of
space, the relative acceleration is not equal to zero.

The curvature of a surface can be illustrated as follows [21]. Suppose there are
two ants on an apple which leave a starting line at the same time and follow with
the same speed geodesics which are initially perpendicular to the start line. Initially,
their paths are parallel, but, due to the curvature of the apple, they are approaching
each other from the beginning. Their distance & from one another is not constant,
i.e., in general, the relative acceleration of the ants moving on geodesics with con-
stant velocity is not equal zero if the area over which they move is curved. So the
curvature can be indirectly perceived through the so-called geodesic deviation &.

The two neighboring geodesics x (1) and ¥ (1) have the distance

def .

§(u) =xu) —x(u), (C.1)

where u is the proper time or distance.
The mathematical descriptions of these geodesics are

I+ (ILexT)Fi=0, (C2)
¥+ (I14®xT)Ix=0. (C.3)
The Christoffel-matrix I is approximated by
. or
=T+ —EQI). (C.4)
oxT

Subtracting (C.3) from (C.2) and considering (C.1) and (C.4), one obtains

. . . .or .
E+ (14 @xT)Ix — (14 ®@xT)Ti + (14 @fT)ax—T(E ®I)x=0. (C5)
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With ¥ = § + x and neglecting quadratic and higher powers of & and ’g‘ , one obtains
from (C.5)

E4(LodNri+ (LioiNrE+(Lesn) _Eelyt=0  Co

Hence

D .

d—j =&+ (1L ®&T)IE (C.7)
and
D? D .

=&+ %{(14 RENIi}+ (4@ [E+ (14 @&ET)T%]")T%

i+ L (etnre) + (e ENre+ (1o [(Le )]s,
(C.8)

For the second term, by (C.3), one gets

%{(14 ®ET)Mi}=(I4®E )i+ (14 ®§T);x—i(5c ® I+ (14 @ETI'E

. or
=(l4@ENTi+ (14 ® §7) 5 ;& @ Lo
—(14®§T)I‘(14 ®5cT)FJ'c. (C.9
Equation (C.9) used in (C.8) yields

DX . , ar
—f =E+(LQENTi+ (L1®ET)— G @It — (14 ®§T)I (I, @%T)T'%
du oxT

+ (I @ENTi+ (14 ® (14 ®£T)I%]") T (C.10)
Remark Since the sub-matrices I'; are symmetric, it is generally true that

(I+®a™\Tb=(I4®b")la. (C.11)

In addition, one has (I4 ® a")Fb=T(I4®a)b=T(b®a) and 14 ®bT)Ia =
IrI;®b)a=T(a®b), thus, due to (C.11),

ThRa)=T(@®b). (C.12)
With (C.11), one has from (C.10)

E+(Li@ENTi+ (1, @iT)TE
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D¢
du
+ (L4 @& F(14@x7)Ii — (14 ® [(I4@&T)I%]") k. (C.13)

(14®§T)—(x®14)x

For (I4® ET)I (14 ® xT)I'x one can write

(I4QENI(14@xT) Ik =(14@&T)IT(14Q%)x, (C.14)

and the expression (I4 ® [(I4 ® ET)I'x]T)I'x can be rewritten as
(Is@[(I4®&T)IE]")Ix
:T(I4 ® (14 ®ET)I‘X)J'C
=T(16QETN)I40TH)i=(14@ET) (T @I1)(I4® TN (14 ®%)x. (C.15)

With (C.14) (in somewhat modified form) and (C.15) one obtains for (C.13)

E+ (L@ )i+ (1, 0i7)rE

D2
=1 f (14 ®§T)—(x QI4)x
+ (It @ET)[IT - (T I)I1 ] @%). (C.16)

Equation (C.16) used in (C.6) provides

D2$

or
o (14®xT)—(§®I4)x (l4@ET) (k@ L%

+(LQET)IT - T 1)I4T)](x @ %). (C.17)

As the 16 x 16-matrix Z?—FT is symmetric, the first term of the right-hand side can

transformed as follows:

. or . . or .
(14 ®xT)ax—T(’§ @ Ipx = (I4 ®xT)ax—TU4x4(14®§)x

a T X
ThlS m (C.l ;) pl‘()VIdeS

D? ar 9
Jg_( ET)[axT dax TU4X4](x®I4)x

+(I4®ET)[IT - (T @114 ® ]G ® %), (C.18)
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and finally,

D% nlar - L
W=(14®€ )|:8x—.|.(116_U4><4)+(FF_(F®I4)(I4®r)):|(X®X).

-R
(C.19)
Using a slightly modified Riemannian curvature matrix R, we finally obtain for the
dynamic behavior of the geodesic deviation

D—2;’:+(1 QET)RE®X%)=0 (C.20)
du? 4 =9

In a flat manifold, i.e. in a gravity-free space one has R = 0 and in Cartesian co-
ordinates D/du = d/du so that (C.20) reduces to the equation d?£ /du® = 0 whose
solution is the linear relationship & (u) = & - u + &,. If R # 0, gravity exists and the
solution of (C.20) is nonlinear, curved.



Appendix D
Another Ricci-Matrix

The Ricci-matrix RRgjc is now defined as the sum of the sub-matrices on the main
diagonal of R

Rpic & Z R". (D.1)
Analogously, we define
def s
v Y
RRic = Z R . (D.2)
v=0

From (2.194) it can immediately be read that the Ricci-matrix IviRic is symmetric
because Rgg = Rgg It is also true that

R=(G"'® )R,

SO

R = (g, ® L)k Zgw” R (D3)

where g;T is the y th row of G~! and Ivi is the matrix consisting of the sub-matrices

in the §th block column of R , i.e. the matrix elements are
§
Rl = Z gl IRy (D.4)
With the help of (D.3), the Ricci-matrix is obtained as

Rric=)Y RV = ZZgyv” R" (D.5)
14
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i.e. for the components one has
RRic.ap = Z Z el IR, (D.6)

or with (2.173)
RRic.ap = Z Z gl RS, (D.7)

The curvature scalar R is obtained from the Ricci-matrix by taking the trace
def i
RE D Rrican =2 2.2 e Ry =22 ey ey (DF
Y v
Conversely, we obtain a corresponding relationship
3
s
Rgﬂ - Z gy Ry (D.9)

From (2.165) it directly follows that

3 3
a
RRic,aﬁZ E (ax ayy_TFB—i— E ngp;a E F)}/‘)F;ﬁ) (D.10)
=0

y=0

and from (2.168)

3
. 0 y
RRic,aﬂZX:(—axﬂFay——ax ! +Z ry, Z w Vﬁ> (D.11)

y=0

Symmetry of the Ricci-Matrix Rgrjc Even if R itself is not symmetric, the from
R derived Ricci-matrix Rgjc is symmetric; this will be shown in the following. The
symmetry will follow from the components equation (D.10) of the Ricci-matrix.
One sees immediately that the second and fourth summands are symmetric in o
and 8.

The symmetry of the term Z Fa,, in « and B is not seen directly. This can

y=0 3Xﬂ
be checked using the Laplace-expansion theorem for determinants.! Developing the
determinant of G along the yth row yields

def
g = det(G) = gy1Ay1 + -+ gypAyp+ -+ gynAyn,

IThe sum of the products of all elements of a row (or column) with their adjuncts is equal to the
determinant’s value.
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where A, g is the element in the y th row and Bth column of the adjoint of G. If g}[g;l]

is the (By)th element of the inverse of G, then g};}l] = éAyﬁ, so Ayg = ggé;l].
Thus we obtain

0g [—1]
_— A = gg ,
dgyp vB By
or
-1
dg= gg};y 18,8,
or
g ~1108
=5 =gl N
0Xy 0Xgy
i.e.

19g  [-1198yp

= . D.12
g 0xg BY  3xq ( )
Using (2.62), on the other hand, one has
Z[‘V - ZZ gﬂy (agVﬁ 08ap agay)’
0xy dxg
y=08=0
i.e. the last two summands cancel out and it remains to deal with
3 1 ag B
[-1]%Y
DL =220 5%,
2 0Xqy
y=0 y=0p=0
It follows from (D.12) that
3 3 3 2
B 1 0
PIELTE D B) By .13
o, oxg 0 5=0 |g| 0xq0xp

But this form is immediately seen symmetric in & and B.
Now it remains to shown that the third term in (D.10) is symmetric. Its expression
is

3
Y v
> Y
y=0v=0
Now one can see that this term is symmetric because
3 3
Y v Y v
ST SEcAI SE
y,v=0 y,v=0 v,y=0

All this shows that the Ricci-matrix RRgjc is symmetric.
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Divergence of the Ricci-Matrix Rgjc Multiplying the Bianchi-identities (2.199)
in the form of
d d 0

_RVS VK _Rvﬂ_o
TR xg Ras * 553

with g,,, and summing over v, we obtain in P, since there %G 0,

3 3 3
d d d
— > RS+ g RE+— Y gnRE =0
axK Uzogyv (o7¢] 8x/3 v:Ogyv od axé vzogyv oK

Combined with (D.9) this becomes

9 g 0 v, 0 4
— — R —0. D.14
X, 81 x, dxg Ras + axs ** ( )

The second term, according to (2.172), may be written as

a
8x,3

pYd
Roz/(

Substituting now y = § and summing over y, one obtains

J
RRic,aﬁ RRlc ak + E —RZ,/? =Vu. (D.15)
X a Xy

In the third summand, one can, according to (2.171), replace RLE by R .If we

set « = B and sum over «, we obtain for (D.15) with the trace R oo Zgzo RRic,ax

of the Riccati-matrix RRiC
3 3

0 9 9
RR - RRRic,aK - Z ERRic,yK =0. (D.16)
a=0 y=0

If in the last sum the summation index y is replaced by «, we can finally summarize:

0

0X,

3

M 0

R-2) RRREM =0. (D.17)
=0

One would get the same result, if one were to start with the equation:

—2—RY=o. (D.18)
i
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Indeed, if we set § = y and sum over y, we get first
0 0
_RRic,aﬁ - 2—RRic,aK =0.
X 0xp
If we now set @ = 8 and sum over «, we will again arrive at (D.17).
A different result is obtained when starting from (D.18) (with v instead of y)

first, multiplying this equation by g)[,_,,” to get

d « 0
[—I]RUS B, T l]szS =0,
3x, gyv ap ox ﬂgyv

then again setting y = § and summing over y and v and noting (D.6):

ad
Y g By 2 DT i R

= ERRic,aﬁ - 2@ RRic,aK =0.

If we now take ¢ = n and sum over «, we finally obtain the important relationship

0 0
R-2 —Rg; =0. D.19
8)CK Xa: axa Ric,ak ( )
These are the four equations for the four spacetime coordinates x, ..., x3.

Finally, this overall result can be represented as

- 1
v’ <RRic - ER14> =0T, (D.20)
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