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Introduction

Time is of central importance to science and philosophy. And yet, the simplest
questions — “is time real, or is it an essential part of the structure of human
intellect?” — remain largely controversial. Theories of nature can be broadly
categorized into two sets of information: physical laws which relate the sequence
of states of a system, and initial conditions determined at a fixed moment in time.
Clearly, a description of the succession of states or the choice of an initial moment
where data about the system is defined, also involve time. Understanding this turns
out to be as difficult as probing the origins of the universe since both physical laws
and initial conditions assume a concept of time, which, in most cases, is inseparably
interwoven into the theory and its predicted outcomes. Though time is ubiquitous
and intuitive, it still defies comprehension. Disentangling ourselves from time to
enable objective and independent investigation is the challenge.

Understanding the nature and the direction of time has occupied the minds of
philosophers and scientists throughout history. It continues to do so. As far back
as the fifth century, St Augustine wrote in Confessions, Book 11: “what then is
time? If no one asks me I know. If T wish to explain it to one who asks, I know
not... My soul yearns to know this most entangled enigma”. The enigma persists.
The yearning for understanding has now fallen on physicists working on the most
fundamental questions about the cosmos and the origins of the universe.

What is the enigma of time?

1. The nature of time: is time an inherent and intrinsic ingredient of nature or did it
emerge only at the big bang?

2. The arrow of time: why is there a clear direction from past to future, i.e. what
breaks the time translation symmetry and sets an arrow of time? Why should the
birth of the universe be determined by this direction?

3. The time-symmetry of physical laws: why is it that the laws of physics, which
describe the universe we live in, cannot distinguish between past and future? How
can physical laws respect time translation symmetry when the universe breaks it
at the big bang?

L. Mersini-Houghton and R. Vaas (eds.), The Arrows of Time, Fundamental Theories 1
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2 Introduction

This book describes contemporary views of physicists on the nature of time, the
origin of time translation symmetry breaking, and the implications this enigma has
on the origin and predictions of physical laws.

A consistent treatment of the three time enigmas described above, is presented in
Laura Mersini’s chapter in the context of the multiverse. The problem is addressed
by taking the view that the “local” time in our universe should be distinguished from
the fundamental time of the multiverse. The multiverse is a closed system, thus it
preserves the time symmetry. Our universe is an open subsystem and the event of its
birth breaks the time symmetry locally creating an arrow of time in its domain. Since
the physical laws in our universe are inherited from the multiverse then it follows
that they are time symmetric despite the fact that the whole universe has broken the
time symmetry from the moment of the big bang.

An overview of the many arrows of time and their connections is given by
Riidiger Vaas. He discusses different explanations for their origin and focuses on
useful conceptual distinctions. Furthermore he suggests a multiverse framework in
which the (or our) big bang created the arrows of time. In this framework, the big
bang might have originated as some sort of pseudo-beginning in a quantum vacuum
that has no direction of time (macrotime) but nevertheless some sort of symmetric
microtime. It is even possible that time ends — although paradoxically, it may do
so only temporarily. Some recent cosmological models do in fact instantiate such
pseudo-beginning and -ending scenarios.

The close correlation between timekeeping devices and physical laws is
addressed both in the chapter by Rodolfo Gambini, Rafael A. Porto, and Jorge
Pullin and in that by Andreas Albrecht and Alberto Iglesias. Albrecht and Iglesias
focus on the general case of the ambiguity associated with the choice of clocks,
leading to the immediate implication that we cannot have a fixed set of laws since
different clocks would lead to different predictions of the theory. The view taken
there is that the problem of clock ambiguity may be bypassed if physical laws
emerge statistically from a random time-independent Hamiltonian.

Gambini, Porto, and Pullin present crucial aspects of the impact clocks have
on quantum theory, specifically the measurement problem. Devices that measure
time, like all quantum systems, are subject to quantum fluctuations. Therefore they
are constrained by a fundamental bound on the precision of their timekeeping
ability. The intrinsic uncertainty of clocks, given by this bound, makes it unrealistic
to expect an accurate, deterministic measurement of time in quantum systems,
including physics near the big bang or a black hole.

Martin Bojowald tackles the issue of clock ambiguity and its quantum uncer-
tainty, based on a phenomenological model inspired by quantum gravity, whereby
changing clocks is equivalent to a gauge transformation.

Several implications of time’s arrow, along with proposals that circumvent this
problem, are presented in the chapters by Tom Banks, by Gary W. Gibbons, by
Katherine Freese, Matthew G. Brown, and William H. Kinney, and by H. Dieter Zeh.
The origin of the cosmic arrow of time is closely related to the origins of the universe
by the second law of thermodynamics. According to this law, the universe must have
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started in an incredibly ordered (low entropy) state in order to be consistent with the
observed time’s arrow.

The possibility that the origin of the arrow of time is rooted in quantum
cosmology is presented in the chapter by Claus Kiefer. This origin would be a
consequence of imposing low entropy boundary conditions on the wavefunction of
the universe. A low entropy boundary condition is a natural choice since the deco-
herence process increases the entropy of the wavefunction in an irreversible manner.

Tom Banks advocates applying the holographic principle to the Boltzmann—
Penrose question of why our universe started in such a low entropy state, while
Freese, Brown, and Kinney provide a concrete model of “phantom bounces and
oscillating cosmology” in which the universe is naturally driven through low entropy
states at the start of each cycle. Gibbons proposes a sharp form of Thorne’s hoop
conjecture for the formation of black holes, which relates Birkhoff’s invariant to the
ADM mass of the outmost apparent horizon.

An interesting question related to time’s enigma is the puzzle of why different
arrows of time, such as for example, the cosmic arrow determined by the expansion
of the universe, the biological arrow determined by (say) human ageing or the
thermodynamic arrow determined by the increase in entropy, agree with each other.
H. Dieter Zeh makes the case that the “Master Arrow of Time” (the combination of
all time’s arrows) does not have to be the same as a formal time parameter needed
to measure the succession of global states. Zeh also discusses the arrows in both
classical and quantum physics, the retardation of various kinds of correlation, the
dynamical r6le of quantum indeterminism, and different concepts of timelessness
(quantum gravity included).

Reading through the chapters of this book takes us on a fascinating voyage
through the diversity of current schools of thought on the very basic question —
what is time? A question that remains stubbornly obscure despite centuries of
investigation. Time, the entity we are all intuitively wired to acknowledge and take
for granted from birth.

As Lord Byron wrote: “Time! The corrector when our judgments err...”
Hopefully time will tell which of the judgments presented in this book will stand
the test of time.



Time After Time —
Big Bang Cosmology and the Arrows of Time

Riidiger Vaas

Abstract Time, as familiar as it seems to us in everyday life, is one of the
greatest puzzles of science and philosophy. In physics and cosmology it is especially
mysterious why time appears to be “directed”, that is, why there seems to be an
essential difference between the past and the future. The most basic known laws
of nature do not contain this asymmetry. And yet, several arrows of time can be
distinguished — at least ten, in fact. However, it is unclear whether any of them
are fundamental or whether others can be reduced to these, and it is not known
how the direction of time could be explained convincingly. From the growing but
still astonishingly low entropy of the observable universe, it seems plausible that
the solution of the mystery is connected with cosmology and an explanation of the
big bang. This could require a new fundamental law of nature (which might be
related to a particular geometry) or specific boundary conditions (which might be
comprehensible within the framework of a multiverse theory). Or it may be that
time’s direction is fundamental and irreducible, or an illusion and not explicable,
but can only be “explained away”. It is even more confusing that not all of these
alternatives are mutually exclusive. Furthermore, there is a plethora of approaches
to explain the big bang. Some models postulate an absolute beginning of time, others
an everlasting universe or multiverse in which the big bang is a phase transition, and
maybe there are myriads of big bangs. So the low entropy of the observable universe
might be a random fluctuation — whereas elsewhere even opposite thermodynamic
directions of time may arise. Perhaps the (or our) big bang just created the arrows of
time, if it originated as some sort of pseudo-beginning in a quantum vacuum that has
no direction of time. Thus it seems useful to conceptually distinguish an undirected
microtime and a directed macrotime. It is even possible that time ends — although
paradoxically, it may do so only temporarily.

R. Vaas ()
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Man is ... related inextricably to all reality, known and unknowable ... plankton, a
shimmering phosphorescence on the sea and the spinning planets and an expanding
universe, all bound together by the elastic string of time. It is advisable to look from the
tide pool to the stars and then back to the tide pool again.

John Steinbeck: The Log from the Sea of Cortez (1951)

Talkin’ bout that youthful fountain
Talkin’ bout you and me

Talkin’ bout eternity

Talkin’ bout the big time

Neil Young: Broken Arrow (1996)

1 The Direction of Time

“Time flowing in the middle of the night, / And all things creeping to a day of
doom,” wrote the British poet Alfred Lord Tennyson. Yet this unceasing stream of
time, existing apparently without dependence on its recognition, is perhaps only
an illusion — but also a problem. Because the known laws of physics are time-
symmetric. So they neither entail nor prefer a direction from past to present.

However, our everyday experience teaches us the opposite. For only processes
with a clear direction are observed in the complex systems of nature and culture:
blossoms become apples that later decompose; milk drops into black coffee, making
it brown; a glass falls from the table and bursts into a thousand pieces. Even cyclic
processes of nature such as the seasons or the phases of the moon are parts of irre-
versible dynamics. Whoever watches mold turning into a red apple, milk drops hop-
ping from a coffee cup, or shards being resurrected into a glass probably would feel
like he is in the wrong movie — or simply watching one that is running backwards.

Irreversibility is why — or how — the formation and development of complex
structures is much less likely than their decay or something turning into dust and
ashes. By use of the concept of entropy this can be quantified physically: it is a
measure of a system’s degree of disorder. And disorder is much more probable
than order. There are, for example, significantly fewer possibilities of molecular
combination for a small drop of milk in coffee than for a good mixing. This is why
entropy only increases on average, as the second law of thermodynamics states,
while the first law expresses the conservation of energy (see [28, 29, 32,91] for a
historical introduction to thermodynamics).

The development of local order does not contradict the second law of thermody-
namics. Contrariwise, it creates more disorder within the entire system. In general,
entropy does not decrease globally, but can do so locally. Therefore, the formation
of complex structures, in other words order, is not impossible, but it occurs only at
the expense of a greater amount of disorder in the environment (see, e.g., [65,60]).
Cleaning your desk, for instance, means eating more lettuce, the leaves of which
gain their energy from nuclear fusion in the sun — local order increases, yet so does
the amount of chaos in the solar system.
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So the second law marks a direction of time — or developments in time, which
does not necessarily mean the same thing. Yet the second law is not the solution of
the problem, but its core. Because all of the known apparently fundamental laws of
nature are time-symmetric: they don’t include entropy increase; they don’t contain
a preferred direction of time; they don’t differentiate between future and past in
principle. This time-reversal invariance means that every macroscopic process could
also run in reverse. So why doesn’t it in our universe?

This question could be rejected as meaningless if one argues like this: disorder
increases with time because we measure time in the direction in which disorder
increases. However, this does not solve the problem, because it would still remain
unclear why the thermodynamic direction of time exists in the first place. The
developments could, after all, also alternate between forward and backward — or
not take place at all (see [116]).

It is important to bear in mind that time-reversal invariance and reversibility
are not the same but independent from each other and not necessarily correlated
(following [3]). Time-reversal invariance is a property of dynamical equations and
of the set of their solutions. Reversibility is a property of a single solution of such an
equation. Dynamical equations are time-reversal invariant if they are invariant under
the application of the time-reversal operator T, which performs the transformation
t — —t and reverses all dynamical variables whose definitions as functions of t are
not invariant under this transformation. If f(¢) is a solution of such an equation, then
Tf(¢) is also a solution. These “time-symmetric twins” are temporal mirror images
of each other and only conventionally different if no privileged direction of time
is presupposed. A solution f(¢) is reversible if it does not reach an equilibrium
state where the system remains forever. (In classical mechanics, for instance, a
solution of a dynamical equation is reversible if it corresponds to a closed curve
in phase space.) Time-symmetric laws are, in conclusion, perfectly compatible with
asymmetric solutions (see [182]).

2 Ten Arrows of Time

Why do we remember the past, but not the future? For this asymmetry of our
experience of time — an irreversibility of many processes and thus the direction
of time — Arthur Stanley Eddington [41] coined the metaphorical expression “arrow
of time”.

Itis an open and controversial issue whether there is a single arrow, including and
perhaps “guiding” all physical processes, or whether some processes evolve in some
sense independently of each other, instantiating their own arrows of time (detailed
reviews and elaborations are given, e.g., by [35,67,131, 181]).

Conceptually, at least ten different arrows — categories of phenomena that have a
direction in time — can be distinguished (see [148]):

e The psychological arrow of time: we remember the past, which seems immutable,
but not the future, which isn’t fixed for us yet. We experience a “stream’ of time
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that doesn’t turn back but moves us from birth to death. The psychological arrow
is related to a computational arrow, if cognitive processes are computational — at
least partly (omitting issues of phenomenal content aka qualia here).

The causal arrow of time: effects never precede their causes, and these have
coherent structures (at least in classical systems).

The evolutionary arrow of time: complex natural but also cultural systems
are based upon directed developments and often also upon differentiation.
Exponential growth can only be observed in self-organizing systems.

The radioactive arrow of time: exponential growth is confronted with exponential
decay of radioactive elements which marks a direction in time as well.

The radiative arrow of time: electromagnetic radiation diffuses concentrically
from a point but never coincides at one point after moving in concentrically from
all sides. (This is also true for sound waves, or for waves that result from a
stone being thrown into water, or for the assumed gravitational waves emitted
by rotating, collapsing, or colliding massive bodies.)

The thermodynamic arrow of time: the entropy of a closed system maximises,
so the system seems to strive for its thermodynamic equilibrium. For example,
coffee cools down to ambient temperature and milk drops that have been poured
into it don’t stay together but disperse evenly.

The particle physics arrow of time: the decays of certain particles, the neutral
K mesons (kaons) and B mesons, and there antiparticles lead implicitly to the
conclusion that there is an asymmetry of time because these decays break other
symmetries. (More precisely, some processes governed by the weak interaction
violate time reversal 7', but can also be subsumed under time-reversal invariance
nevertheless, because 7T'-violation is compensated by an application of a unitary
CP-transformation, and according to the CPT-theorem the combination of charge
conjugation C, parity transformation P, and time reversal T is conserved.)

The quantum arrow of time: measurements — or interactions with the environment
(quantum decoherence) in general — interfere with a quantum system which
realizes all possible states in superposition, and lead to only one classical state
being observed. This so-called collapse of the wave function (if it really happens)
describes, for example, why Erwin Schrodinger’s infamous cat is not (observed
as) dead and alive at the same time. Instead of collapsing, reality could also
“split” into different parallel universes that would henceforth be independent of
each other, so that all alternatives were simultaneously realized — in one world
the cat is dead and in another one it is alive.

The gravitational arrow of time: gravity forms structures, for example galaxies
and stars, from tiny density fluctuations within the almost homogeneously
distributed primordial plasma of the early universe (Fig. 1). Gravitational
collapse can even create black holes. They are “one-way streets” of matter,
places of highest entropy, and perhaps even irreversible annihilators of physical
information. This arrow is also called (or subsumed under) the fluctuation
arrow [70].

The cosmological arrow of time: space has been expanding since the big bang.



Time After Time — Big Bang Cosmology and the Arrows of Time 9

entropy increase without gravity

time

Fig. 1 Growing disorder. Entropy — the physical measure of a system’s disorder — can only
increase statistically in the course of time. For this reason it even defines in a way the direction
(“arrow”) of time. If a gas bottle is opened up in empty space, the gas molecules soon spread evenly
throughout the entire volume — then, thermodynamic equilibrium is reached as a state of maximum
entropy (top). Yet in a large space such as the early universe, gravity creates local concentrations of
the originally almost homogeneously distributed gas (bottom) — and this was how stars and galaxies
formed. An increase of entropy follows from this gravitational effect, which was not taken into
consideration for a long time. There is still a debate about whether there can be a thermodynamic
equilibrium, a “heat death”, in an expanding space, and how the total entropy in the universe can
be usefully defined at all.

These ten temporally directed processes seem more or less unrelated to each other
at first glance. Yet given that at least today all arrows point in the same direction, it
seems natural to search for a primordial, super, or master arrow of time that all the
others could be ascribed to. The particle physics arrow of time, the cosmological
arrow of time, and the thermodynamic arrow of time are likely candidates.

The thermodynamic arrow might be responsible for the psychological and
the evolutionary arrow of time (cf. [68]; but see [94] for an argument against
the correlation of thermodynamic and psychological or computational arrows,
respectively). Entropy can also be defined for black holes and hence for gravitational
processes (see [85, 113]). Causality is a difficult issue (see, e.g., [128, 129]) taken
by some to be subjective or as a logical relation, ultimately, and thus reducible
to other arrows (see [117]), but as the “cement of the universe” by others (see,
e.g., [92]); thus perhaps causality is not only a pragmatic consideration but grounded
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in processes governed by conservation laws such as conservation of mass-energy,
linear and angular momentum during transmissions of energy and momentum.

Still mysterious is the origin and implication of the particle physics arrow [15].
Joan A. Vaccaro [172] argued that processes which violate T-symmetry induce
destructive interference between different paths that the universe can take through
time. The interference eliminates most of the possible paths except for two that
represent continuously forwards and continuously backwards progress in time. Data
from accelerator experiments allow the distinction between the two time directions
and indicate which path the universe is effectively following. Thus T-violation might
have large-scale physical effects that underlie the unidirectionality of time.

There have also been controversial discussions about whether the arrow(s) of
time in an evolving closed universe will reverse in the collapsing phase [35, 54,
55,67,71,72,82,107,112, 113, 181]. Perhaps the different arrows of time reduce
to the cosmological arrow, so in some sense the direction of time would switch at
the maximum size of the finite universe, when the expansion turns into contraction.
Sometimes it has been argued that even the psychological and thermodynamic arrow
of time would run backwards (from the perspective of the expanding stage), and
observers would still believe they were living in an expanding phase. In a quantum
cosmological framework, however, everything with classical properties is destroyed
in the maximum stage, due to quantum interference, and the big bang and big crunch
are ultimately the same, amusingly called the big brunch [82, 181].

3 Four Kinds of Answers

Where does the asymmetry of time — or at least the processes in time — originate if
most laws of nature are time-reversal invariant and thus do not prefer a direction in
time? Basically, four kinds of answers can be distinguished [148]:

e Irreducibility. The direction of time is not a derivable phenomenon but an
essential attribute of time: then time simply passes and is independent, for
example, of entropy. Many philosophers share this opinion. Tim Maudlin [98],
for instance, defends it and accuses skeptics of only being able to argue for time
symmetry because they already presuppose it. However, this objection might
be reversed and Maudlin could be accused of not admitting the problem in the
first place.

e Laws. Perhaps there is a fundamental, but still unknown law of nature that is
time asymmetric. Accordingly, Roger Penrose [112] hopes that such an arrow of
time follows from a theory of quantum gravity that unites quantum theory and
the general theory of relativity. This might also explain the mysterious collapse of
the wave function that many physicists assume. Therefore quantum theory would
have to be modified in such a way that it contains a time asymmetry. Then the
past could be calculated from a future perspective but not the other way round.
This possibility would help historians to gain an advantage over physicists. Other



Time After Time — Big Bang Cosmology and the Arrows of Time 11

researchers, Ilya Prigogine [118] for instance, localize arrows of time in the
peculiarities of complex systems far from thermodynamic equilibrium, which
are postulated to have special laws.

* Boundary conditions. Most physicists assume that the irreversibility of nature is
not based upon time-asymmetric laws but is a result of specific, perhaps very
improbable initial or boundary conditions (cf. [4, 131, 181]). The problem would
thus be shifted to the origin of the universe and accordingly to models of quantum
cosmology, though there is no consensus about the nature and form of these
boundary conditions. A subset of such explanations are proposals of cyclicity.
Here the universe oscillates through a series of expansions and contractions (e.g.
[6,27,50,140]) and/or evolves through a perhaps infinite series of big bangs (e.g.
[113], see below). Real cyclic models, which do not shift the problem of time’s
arrow into the infinite past, have to show how the entropy created in each cycle is
destroyed or diluted before or within the subsequent big bang, in order to reset the
stage for the next oscillation. Therefore a decrease of entropy or entropy density
must be explained.

e Illusion. If time is not objective — a property of the world or at least of some
of its objects or their relations — but subjective, physicists are searching for an
explanation in the wrong place. Immanuel Kant assumed time to be a pure form
of intuition or perception, inherent in the human mind, a kind of transcendental
requirement or pre-structure for the possibility of experience itself, hence nothing
that belongs to the things in themselves. He claims that “time and space are
only sensible forms of our intuition, but not determinations given for themselves
or conditions of objects as things in themselves. To this idealism is opposed
transcendental realism, which regards space and time as something given in
themselves independent of our sensibility” ([80], A 369). Other philosophers
suspect time of being a construct of consciousness or of the grammar of our
language. There are also powerful, but controversial arguments from physics,
especially relativity and quantum gravity, emphazising that there is no time
independent from space, only a spacetime unity, or that a time parameter does
not even appear in the fundamental equations of quantum gravity (such as
loop quantum gravity) or quantum cosmology (especially the Wheeler—-DeWitt
equation) (see, e.g., [12,84, 125,181, 182]). So perhaps the arrows of time do not
even exist in the world as such. If the entire history of the universe is there as a
whole or unity, time would be a mere illusion in a certain sense.

Some of these accounts are mutually exclusive, others are not. For example time
could be an illusion (or emergent), but an asymmetrical block universe (if, say,
the big bang has much lower entropy than the big crunch) would still deserve an
explanation, which might consist in a specific boundary condition or law. Or if time
is fundamental (as, e.g., [31, 102] argue), this might be represented by a law too. Or
perhaps specific boundary conditions are really an instantiation of a special law, as
suggested by Stephen Hawking [74].
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4 Fundamental Issues

It is a deep conceptual, physical, and even metaphysical question whether time is
fundamental or not. What does this mean, and how can we know about it?

It is not clear from a conceptual point of view whether the direction of time is a
necessary feature of time. If so, and if time is fundamental, then the arrow of time
is fundamental too. In this case the chances of finding a deeper understanding, or at
least a testable explanation in physics or cosmology, are slim. Time as a fundamental
entity, as well as its arrow(s), could of course be represented as a fundamental
parameter in a future fundamental theory, but this would be no derivation or
explanation, just an assumption. Ultimately, time — and the arrow of time — would
remain a mystery. This might very well be the case. However, methodologically,
it can and should not be a premise or limit of research. On the contrary, scientists
and philosophers alike should try to reduce and/or explain time — and proceed as
far as they can get. Even wrong explanations are better than no explanation at all,
because they can be revised and improved. And their errors may teach useful lessons
nevertheless. If an explanation doesn’t work, it could still tell us something new, if
it is possible to understand why it doesn’t work.

Note also that time could be fundamental whether or not it has a beginning. If
time originated with the big bang, there was no “before”. On the other hand time
might be eternal, thus preceding the big bang, which is compatible with a multiverse
scenario producing countless big bangs and, hence, universes. But the view that
time is emergent is also consistent with either an absolute beginning or temporal
eternity within or without a multiverse.

If time is fundamental, this doesn’t imply logically that the arrow of time is
also fundamental. Perhaps time’s direction requires additional assumptions, such as
causality or specific initial conditions, which might not be fundamental and could
be explained (or they are purely accidental and therefore not further explainable).

For example, the fundamental theory might include a basic time parameter
but still not tell us why the entropy of the universe is as low as it is, nor why
time’s direction could not change. The fundamental theory might be time-symmetric
nevertheless — just as classical mechanics, the theory of electromagnetism, general
relativity, quantum mechanics, and quantum field theory are. Alternatively, there
could be a fundamental, even eternal time within a multiverse scenario where
different universes or parts of the multiverse have different directions of time. Or
microtime may be fundamental while macrotime (including an arrow, see [154,162],
and below) is not; thus there may be places without local or even global arrows of
time — as there could exist islands of reverse arrows (cf. [131-134], but against this
[181]). Perhaps the far future empty universe will approximate to such a timeless
place (cf. [170]), or there may already be localized regions somewhere within the
universe, or there was such a state before the big bang, e.g., a quantum vacuum. Of
course such conceptual possibilities are not solutions of the problem, just surveys,
and conclusions must be supported by scientific arguments.
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If there is no (or no non-reducible) time parameter in the fundamental theory,
which is not known yet, one might argue that time is not fundamental — following
the view that metaphysics should be determined or framed by our best scientific
theory. This reasoning is controversial. But if one accepts the nature of time as a
(at least partly) metaphysical issue at all, then attempts to understand it should be
in accord with the best scientific theories. And if the fundamental theory contains
no time, as some approaches in quantum gravity already suggest, time might be
“emergent” or illusionary indeed. If so, ordinary time — or its many aspects — can
(or must) be explained in a certain sense. And then there are good chances that the
arrow of time can be explained too — at least approximately.

This explanation need not necessarily be a physical or cosmological one, by the
way. Perhaps “time” has something to do with how we are practicing science, that is
predict and retrodict events and facts. But this is based upon our everyday thinking,
how we deal with our experiences and how we order sensations and intentions; it
could have been simply advantageous in the evolution of our cognition and behavior
(perhaps even a kind of useful illusion such as believing in free will or deities, see
[149,160]). Thus it might turn out that it is sufficient to take time as an ordinary-
life concept, a way to describe and handle sensations and actions, to characterize
it phenomenologically, and, perhaps, to search for a neuropsychological (or even
neurophysiological) explanation. If so, the riddles of time would not be a genuine
part of physics, only inherited by physics or transformed into it, but ultimately
solved by cognitive neuroscience (see, e.g., [119, 120, 147]). In this respect, time
might even be fundamental to us, together with space, that is “pure forms of
sensible intuition, serving as principles of a priori knowledge®, as Kant ([80], B
36) put it, and hence experimentally opaque, but for practical reasons transferred
as a parameter into scientific theories. Thus time could be both fundamental (for
observers) and an illusion (not existing mind-independently) — and even emergent
(e.g., arising in complex neural networks of cognitive systems). To avoid conceptual
confusion it is therefore important to clarify notions such as ‘“fundamental”,
“emergent”, “reducible”, “illusionary”, etc. in respect of the scope of application.

Though the concepts of time and its direction are indisputably important for
our cognitive setting, it would require strong arguments assuming it is sufficient
to reduce questions regarding the arrows of time in physics and cosmology simply
to cognitive neuroscience or even philosophical phenomenology. It is trivial that
science requires scientists, but it would be a non sequitur to claim because of this that
there are no features independently from scientists or conscious states and events
in general. It would be very surprising if scientific explanations end in or lead to
scientific minds, rather than starting from them.

S Gravity, Entropy, and Improbability

The second law of thermodynamics results — at least phenomenologically — from
there always being more disordered states than ordered states. This can be illustrated
by a box with many pieces of a puzzle. There is one and only one arrangement in



14 R. Vaas

which the pieces create a picture. Yet there is a high number of combinations in
which the pieces are disordered and do not form a picture. This is similar to the
molecules of stirred milk in a cup of coffee: theoretically they could agglutinate
into a drop; in practice they never do because this is so improbable. The reason for
such extremely low likelihoods is not represented by laws of nature, however, but
by the boundary conditions, respectively the initial conditions. And it is these that
pose a conundrum.

So one can argue like this (see [177]): Why does the thermodynamic arrow of
time exist? Because the present entropy is so low! And why is it so low? Because it
was even lower at earlier times!

This explanation is, however, as elegant as it is insufficient. Because it only shifts
the problem, relocating it to the remote beginning of our universe. Yet the big bang
13.7 billion years ago lies in a dark past — and this is not just meant metaphorically.
There was no light until 380,000 years after the big bang, when the universe had
cooled down enough to release the cosmic microwave background radiation that we
can measure today. Given that this radiation is extremely homogeneous — aside from
tiny fluctuations in temperature on the order of a hundred thousandth of a degree —
matter must have been extraordinarily uniformly distributed at this early epoch and
in thermal equilibrium with the radiation. (Dark matter, if it exists, does not interact
electromagnetically, and would have been 10 to 100 times more concentrated.)

The spectrum of the cosmic background radiation today almost perfectly resem-
bles the electromagnetic radiation of an idealized black-body in thermal equilibrium
with a temperature of 2.725K (with an emission peak at 160.2 GHz). This might
appear paradoxical at first, given that such an equilibrium is often assumed to be the
maximum of entropy — like the heat death of the universe that physicists in the 19th
century imagined to be the bleak end of the world, consisting ultimately only of heat
and perhaps homogeneously distributed particles, if there are any that cannot decay.

Yet appearances are deceptive: the homogeneous fireball of the early universe
did not have a high, but a very low entropy! Because in the balance gravity must
not be ignored — something that was not recognized for a long time. And gravity is
working in the opposite direction: clumping, not homogenizing. So at large scales
homogeneity doesn’t show a high entropy, but contrariwise a very low one, because
gravity’s part of the entire entropy here is very low. The strongest “concentrations”
of gravity, black holes, are also the biggest accumulations of entropy. Physically
speaking, gravitational collapse leads to the greatest possible amount of disorder.
The entropy of a single black hole with the mass of a million suns (such as the one at
the galactic centre, for example) is a 100 times higher than the entropy of all ordinary
particles in the entire observable universe. Yet the homogeneous cosmic background
radiation and further astronomical observations very clearly show that black holes
did not dominate the very early universe, and this has remained so until today.

This extreme uniformity of matter distribution and the “flatness” of our universe’s
spacetime geometry themselves appear almost as a miracle. Penrose [111, 112] was
the first to recognize and even quantify this. Compared to all possible configurations
of matter and energy in our universe, the actual state is extremely improbable.
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Penrose estimated it to be a mere 1:101"', more recent data imply circa 1:10'°"*

[85]. This double exponent is unimaginably huge. It has so many zeros that it would,
if printed in the format of this book, amount to a stack that were considerably higher
than the diameter of our observable universe. Thus a universe filled with black holes
is much more likely than ours. Yet we don’t observe such a black hole entropy
dominated universe — and we couldn’t even live in one. Viewed in this light, 1 11010
becomes a requirement for our existence.

One might argue therefore on the basis of the weak anthropic principle [13, 153]
that we should not wonder about the low entropy, because if it were much higher, we
could not exist and there would be no one to wonder about it. So low overall entropy
is certainly a precondition for complex life. However, a much higher overall entropy
would suffice, making such an argument very unconvincing. Therefore the anthropic
principle is insufficient for a comprehension of time’s direction, because the observ-
able universe is much more ordered than would have been necessary for human exis-
tence. To be more accurate: the probability of our entire solar system including earth
and all its life-forms popping out of coincidentally fittingly arranged particles might
only be 1:10'" — but this is overwhelmingly more probable than the 1:101°" for
the entire observable universe. So the anthropic principle is not helpful here: neither
as a mere tautology stating a necessary condition for life nor as a selection criterion
for a universe that makes life possible within a multiversal realm of possibilities,
because even if there were 1:101°” universes differing in their initial conditions,
this would not render the actual value of entropy in our universe plausible.

6 Beyond the Big Bang

We exist in a world full of order that is friendly to life in the thermodynamical
sense because the big bang was supremely “orderly”. And, as most scientists are
convinced by now, this is exactly the reason why the universe runs like a clock —
indicating a clear direction of time. But what was it that wound up the cosmic
clockwork? How did this supremely special big bang come about? What caused
the low entropy of the early universe?

Some 13.7 billion years ago the observable universe evolved from an extremely
hot and dense region smaller than an atom which expanded enormously. While the
aftermath of this big bang is both theoretically and empirically well established,
and to a large extent understood, it is still a mystery as to how and why the big
bang occurred at all. Was it the beginning of space and time, or only of matter? If
it was a transition, what came before? If not, how could “everything” appear out
of “nothing”? And was it a singular event or one of perhaps infinitely many. Do
other universes also exist, and did they or will they interact with our own? These
are difficult questions and controversial issues — but no longer beyond the scope
of science. In modern quantum cosmology a lot of competing scenarios are being
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pursued [167]. They open up the exciting prospect of going “beyond” the big bang
and even of finding a physical explanation for it.

“Ad fontes” (“to the sources”) — this humanist slogan from the early modern
period could be fitting for today’s physicists too: in order to understand the direction
of time, they also have to discover the origin of time. Yet the early days of the
universe appear as incomplete, misleading, and dark, as historical sources often
are. Considering the far longer periods of time, it is surprising that anything at all
should still be preserved — and that cosmologists can partly decipher it. Indeed, the
observable universe might have “forgotten” much of the information it held in its
primordial times. This could be a result of cosmic inflation (insofar as it actually
happened). The result of this huge expansion of space is that hardly anything
remains in the observable universe from the time of inflation — if inflation had
a beginning at all (and has not been going on since all eternity), something that
most cosmologists presume indeed. But even in this case, our universe might have
separated from the inflationary epoch at a randomly late point. Less than a hundred
volume doublings would have been sufficient to cover all tracks from the time before
inflation. Cosmic inflation has even been assumed to be the source of the low entropy
of our universe [4]. Yet it seems that inflation alone could not have accomplished
all of this (e.g., [100]). On the other hand, it might at least be the key to the door of
such a deeper explanation that would have to make the initial conditions of inflation
understandable — something that can be criticised as yet another shift of the problem
however.

In the end, the breakthrough to a deeper understanding will be up to the
theoreticians — in the form of a theory of quantum gravity that would have to be
confirmed howsoever. The challenges are enormous, and the consequences are as
yet unclear. Even our old companion time will probably not be left unblemished. It
seems to dissolve entirely in the noise of the smallest scales of nature where there
are no longer any clear, regular oscillations, and hence also no “clocks” (see [84]).
The disturbing consequences of the theory of relativity — which reduced time to a
“fourth dimension” and merged it with space into a unity [115] — cannot be reversed
in a quantum theory of gravity, but are here to stay. General relativity implies that
there is no background spacetime — no stage where things move autonomically,
without affecting spacetime. Hence, there is no “time” that everything could flow
along. This seems to be even more true for a theory of quantum gravity. Here the
notion of a spacetime continuum breaks down at the Planck scale, turning lengths
and time intervals into quasi-discrete entities. Perhaps the world must be described
without a concept of time on its fundamental level [83, 123].

Nevertheless the big bang still appears special, and the arrows of time, whether
fundamental or not, deserve an explanation. This might even reach beyond the
big bang. Actually the big bang was not necessarily the absolute beginning of
everything. Whether it was or whether it happened, on the contrary, as a phase
transition — for example a “bounce” of an earlier, contracting universe or an
accidental fluctuation within a quantum vacuum — is an open and very controversial
issue (see below). But in principle the fluctuation or bounce scenario is a promising
candidate for a dynamic origin and, thus, explanation, of the arrow of time.
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Furthermore, if the big bang was not the beginning of everything but a phase
transition, one need not ask how something came out of nothing (which is of course
a different question than why there is something rather than nothing): the big bang
then was not something that sprang into existence ex nihilo, and nor did spacetime
or energy or the laws of nature. It is also meaningless to ask why the entropy was so
small at the beginning, if there was no ultimate beginning at all. Nevertheless this
question reappears in a modified form: Why was the entropy so small at the bounce
or at the beginning of the fluctuation? If it had been large, the big bang would not
have produced the smooth, low-entropy universe which is still observed today, but
a chaotic mess.

7 Big Fluctuation

If the big bang was a fluctuation, the special low entropy of the universe could have
originated as a pure accident (and therefore could be explained away).

But even if our observable universe were only a coincidentally developed island
of order in a much greater ocean of chaos — a statistical fluctuation, as Ludwig
Boltzmann deliberated as early as 1895 — then it would still be incomprehensible
why this fluctuation is so persistent (Fig. 2). After all, about 13.7 billion years
have passed since the big bang. But it appears to be much more probable for
the spontaneous fluctuation to have arisen only last Thursday or a few seconds
before this very moment right now — with all the pseudo-traces of an alleged past:
the memories of earlier tax declarations and children’s birthdays, the fossils of
dinosaurs, the meteorites from the beginning of the solar system and the cosmic
background radiation from the aftermath of the big bang itself. In a nutshell: such a
bogus-universe — or only a single brain in which such a pseudo-world manifests
itself — should arise overwhelmingly more frequently simply by chance than a
highly structured, ordered space of at least 100 billion light years in diameter.
This often disregarded objection was already made (roughly) by Carl Friedrich
von Weizsdcker [176] in 1939 and reappeared in modern dark energy cosmology as
the problem of the Boltzmann brains [39,90, 161]. To give some thermodynamical
numbers of entropy fluctuations in a de Sitter background, the probability of our
observable universe, 1:1010' is extremely tiny in contrast to a spontaneous ex
nihilo origination of a freak observer, perhaps 1:10'°"" for the smallest possible
conscious computer, and between 1:10'" and 1:10'°" for a “Boltzmann brain”
[36]. (Thus, there is a controversial discussion going on about wrong assumptions
underlying those kinds of estimates — not because many scientists believe that such
a solipsistic illusion is true, but because these probabilities indicate possible errors
in cosmological reasoning and deep difficulties of multiverse models, especially the
measure problem in inflationary cosmology.)

Of course, a virtue can be made out of necessity. Sean Carroll and Jennifer
Chen [30] did just that. They argue that our universe really is a mere fluctuation
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Fig. 2 Order from chaos: When a system is in a state of maximum disorder — i.e., entropy —
then temporary “islands of order” and thus local directions of time (point C) develop by means of
chance processes over long periods of time. That’s why there have been recurring speculations
about the entire observable universe being such an island in the midst of chaos. Intelligent observers
could only live within one of these “entropy gradients” (point A). Yet there are two fundamental
difficulties with such a viewpoint. First, it would be much more likely for everything around A
to have originated out of chaos only very recently (as in the case of C) — but then most of what
seems to have happened in the past would be a mere illusion. Second, life-forms in the vicinity of
B would experience the direction of time exactly in reverse to A.

among myriads. This is possible if the entirety of empty space, taken as a quantum
vacuum, contains even more entropy than isolated black holes that only have
the maximum entropy within a specific volume. Such an (eternal) accelerating
expansion of space, driven by the still mysterious dark energy, could indeed entail
an even higher entropy than black holes. Yet such a vacuum must produce random
quantum fluctuations again and again. Some of them become huge because of
inflation, until they deflate entirely due to the perpetual expansion caused by dark
energy. And such cycles, according to Carroll and Chen, are more likely than
random fluctuations of dinosaurs and bogus-universes. Thus, in an infinite future,
time might not be a problem. Eventually, anything could spontaneously pop into
existence due to quantum fluctuations if spacetime is eternal. They would mostly
result in meaningless garbage, but a vanishingly small proportion would contain
people, planets, and parades of galaxies. This book will also reappear again (a
modern version of the well-known philosophy of eternal recurrence, which has
many other versions in current cosmology too, see [168]). And this kind of quantum
resurrection might even spark a new big bang. According to Carroll and Chen, one
must be patient, however, and wait some 1010% years for another recurrence of our
observable universe (if a de Sitter vacuum with a positive cosmological constant A is
the “natural ground state”). Our whole universe might be such an island in a A-sea,
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i.e., a dark energy dominated vacuum (see also [37,38] for a different, but related
scenario). Still, there is no preferred direction of time in this scenario, because in
both directions of time, baby universes emerge by means of fluctuations, empty out,
and beget babies of their own. On an extremely large scale, such a multiverse looks
time-symmetric on average — in the “past” as well as in the “future”, new universes
come into existence and reproduce without limit. An arrow of time appertains to
each one of them, yet in half of the cases it points oppositely to the others.

If it is believed that such cycles are bogus as well, one has to look somewhere
else for an explanation of the low initial entropy of space. In other words, if the
stream of time is not a coincidence, then it must flow from a source. And this might
provide a selection of initial conditions. Perhaps our universe is indeed the result of
a natural selection process within a multiverse, such as the string landscape [142],
if many newborn universes rapidly vanish. Laura Mersini-Houghton [102] proposes
that the out-of-equilibrium quantum dynamics of the landscape of the initial patches
may have provided such a selection mechanism. The tendency of any system is to
reach equilibrium by maximizing entropy. But as matter degrees of freedom tend to
equilibrium by trying to pull the initial patch to a black hole crunch, the gravitational
degrees of freedom contained in the vacuum energy tend towards equilibrium by
trying to expand that initial patch to infinity. These opposing tendencies in this
tug-of-war on the initial patch guarantee that this system is far from equilibrium,
and that its dynamics selects the initial conditions of the universe. If the vacuum
energy wins over matter, the initial patch grows, giving rise to an inflating survivor
universe. But if the pull of matter is stronger, then the initial patch cannot grow
and contracts, resulting in a terminal universe. Therefore, in the ensemble of all
possible initial conditions and energies on the string landscape multiverse, where
every vacuum hosts a potential birthplace for a universe, only a fraction of them
are selected as survivor universes, namely initial states with high vacuum energies.
Although an ensemble of all possible initial states has shrunk to a subset by being
wiped clean of the low energy patches, it still contains a whole multiverse of survivor
universes. Such a selection process might also be a key to understanding the arrow of
time because survivor universes start at high energies and therefore low entropies.
Thus the direction of time would have a dynamical origin. And if the ergodicity
of the phase space is broken, a universe cannot fluctuate back close enough to its
previous state. If so, dynamics would not allow temporary or eternal duplications.
According to Mersini-Houghton our cosmic domain is connected with everything
else in the multiverse through nonlocal quantum entanglement, inherited from the
entanglement of the initial patches, which cannot be lost. And these superhorizon-
sized connections left imprints on the cosmic microwave background and large scale
structure. Actually she predicted the existence of two giant voids (one might have
been detected already [97, 127, 159]), a dark flow of galaxies (some indications of
which have also been discovered [81, 165]), a higher supersymmetry breaking scale
(which could be tested by particle colliders like the Large Hadron collider) if our
universe acquired its initial vacuum energy by breaking supersymmetry, and certain
cosmic microwave background features (a suppressed amplitude of perturbations
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but an enhanced power with distinct signatures at higher multipoles in the power
spectrum, which is in agreement with recent measurements).

8 Big Bounce

Another possibility is that the big bang originated out of a big bounce, a collapse of
a precursor universe or spacetime [104]. To explain the arrow of time, the bounce
had to be special. There are basically two possibilities: either entropy rises forever,
constituting a persistent arrow of time through all eternity, or entropy decreases
during the contracting phase before the bounce and increases after it.

If entropy rises forever and the bounce is the end of an infinitely long contraction,
from eternal past to the moment of the bounce, the entropy somehow stayed quite
low, or else it was reduced at the bounce at least in a region that became the
observable part of the universe. Perhaps there was a “cosmic forgetfullness” at work,
destroying entropy and/or information from the precursor universe (see [17,19,20]).

It is also possible that, while global entropy increases, the entropy density within
local horizons or Hubble volumes decreases from one cycle to the next due to the
dark-energy-driven exponential expansion (see [87,88,140]). Furthermore, there are
scenarios — relying on a strange form of dark energy called phantom energy — that
describe entropy decrease before/during the bounce [27, 50]. Whether our universe
has such subtle properties is, however, questionable and awaits substantiation.

Alternatively, entropy must have had a minimum value at the bounce and was in
fact higher on the other “side”, whence it increased both in the contracting phase
before the bounce and the expanding phase after it. If so, the evolution of the
universe, both in size and in entropy, would be symmetric in time. The time-reversal
symmetry of the laws of physics would be accompanied by the large-scale behavior
of the universe. And the pitfall of temporal chauvinism [116] — the temptation to
treat the “initial” state of the universe differently from the “final” state — would
also have been avoided. Very recently indeed some bounce models came up with
higher entropy and thus opposite thermodynamic arrows of time on either side of
the bounce: both in Euclidean quantum gravity ([69,70, 108]; see also [169]) and in
loop quantum gravity [19, 20] (for opposite arrows in an inflationary scenario see
[1,2]).

The cost of this advantage is a new problem however: Why was the entropy
so low at the bounce? So in a time-symmetric scenario the mystery lies not in
the infinite or most distant past beyond the big bang, but right in the temporal
“center” of the universe (assuming it will expand forever). Is the fine-tuning problem
therefore just shifted again — shifted back to the big bang, even if it were not an
inexplicable singularity? And if entropy is increasing away from the bounce in both
directions, one can argue that there are two opposite arrows of time which prevent
a causal explanation of the bounce. Instead, the bounce can then be understood
as the (uncaused?) origin of two unrelated universes. This would explain away the
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problem of time’s direction, because both directions are realized; thus globally there
is no fundamental asymmetry. But the mystery of the low entropy at the beginning
of the universe(s) would still remain.

9 A Fundamental Asymmetry?

A straightforward explanation for the arrow(s) of time would be a fundamental
derivation of a law or genuine property of nature for understanding the low entropy
as an initial condition with a fundamental origin, not a dynamic one. This basic
asymmetry might be encoded within the spacetime structure itself, i.e., the arrow of
time would be an intrinsic property of spacetime and does not need to be reduced to
non-temporal features [40].

Matias Aiello, Mario Castagnino and Olimpia Lombardi [3] for instance argue
that the subset of time-symmetric spacetimes has measure zero in (or is a proper
subspace of) the set of all possible spacetimes admissible in general relativity,
because symmetry is a very specific property, whereas asymmetry is highly
generic. Therefore, in the collection of all physically possible spacetimes (if it
exists!), those endowed with a global and non-entropic arrow of time should be
overwhelmingly probable, whereas non-existence of the arrow of time would require
an extraordinarily fine-tuning of all the variables of the universe. Furthermore, the
global time-asymmetry could be transferred to local contexts as an energy flow
pointing to the same temporal direction over the whole of its spacetime. Thus in
this approach the arrow of time is defined by the time-asymmetry of spacetime and
expressed by the energy flow.

Brett Mclnnes [99, 100] speculates about a geometrical explanation. Due to the
homogeneity of the cosmic microwave background, low entropy is more precisely
low gravitational entropy and should be based upon spatial uniformity. Thus it has
an intrinsically geometric form and root. Mclnnes therefore argues that the initial
geometry must have been smooth (a perfectly flat spacelike surface, which was
exactly locally isotropic around each point) and that there was a beginning of time,
because something which has no past cannot be distorted by any “prior” conditions.
Furthermore, baby universes can only have an arrow of time if they inherit one; if
so, the problem of explaining the arrow is reduced to its explanation in the case of
the “first” universe which would have come out of “nothing”. If it originated along
a spacelike surface with the topology of a torus, recent results in global differential
geometry suggest that the geometry of this surface had to be non-generic. This
geometric specialness would be communicated then to matter through the inflaton.
The first universe inflated and gave birth to baby universes which inherited the arrow
of time.

John Richard Gott III and Li-Xin Li [57, 58], cf. [166]) suggested another
explanation for the arrow of time. Their model of a self-creating universe assumes
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a cold, low entropy time loop at the onset of the multiverse, a curled-up small time
dimension, comparable to the compactified extra dimensions in string theory. In this
model a region of a closed timelike curve allows the universe to be its own “mother”.
Thus the universe would not have been created out of nothing but out of something —
itself. This also avoids the problems associated with both an eternal spacetime and
an absolute beginning. Although it is sometimes said that asking what happened
before the big bang is meaningless, like asking what is south of the South Pole,
by supposing the universe (or the first of a multiverse) broke out of a time loop,
asking what was the earliest point might be like asking what is the easternmost
point on the Earth: one can keep going east around and around the Earth — there is
no easternmost point. For every event in the very early universe there would have
been events that preceded it, and yet the universe would not have existed eternally
in the past. This also offers a new kind of cosmology in respect to time as the class
of pseudo-beginning models do (see below).

10 A Universe With or Without a Beginning

Did the universe have a beginning or does it exist forever, i.e., is it eternal at least
in relation to the past? This fundamental question was a major topic in ancient
philosophy of nature and the Middle Ages. Philosophically, it was then more or
less banished by Immanuel Kant’s “Critique of Pure Reason” [80]. He argued that
it is possible to prove both that the world has a beginning and that it is eternal (first
antinomy of pure reason, A 426f/B 454f). Kant believed he could overcome this
“self-contradiction of reason” (“Widerspruch der Vernunft mit ihr selbst”, A 740)
by what he called “transcendental idealism”. After that the question as to whether
the cosmos exists forever went out of fashion in philosophical discussions. This
is somewhat surprising, because Kant’s argument is quite problematic (see, e.g.,
[48,75,79,93,130, 135,178, 179]). In the 20th century, however, the question once
again became vital in the context of natural science, culminating in the controversy
between big bang and steady state models in modern physical cosmology ([86]). In
recent years, it has reappeared in the framework of quantum cosmology [147, 148],
where, on the one hand, there are models that assume an absolute beginning of time
while other scenarios suppose that the big bang of our universe was only a transition
from an earlier state, and that there are perhaps infinitely many such events.

General relativity breaks down at very small spatiotemporal scales and high
energy densities, leading to singularities. This is why quantum cosmology is needed.
But in contrast to the framework of general relativity, which is theoretically well
understood and has been marvelously confirmed by observation and experiment, the
current approaches in quantum cosmology are still quite speculative, controversial,
and almost without any empirical footing as yet. Nevertheless they offer promising
new prospects — not only for explaining the big bang, but also for solving the
problems of time.
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Note that “big bang” is an ambiguous term which has led to some misunderstand-
ings and prejudices. One should draw a distinction between at least four logically
different meanings [154, 163]:

(1) the hot, dense early phase of our universe where the light elements were formed,

(2) the initial singularity,

(3) an absolute beginning of space, time, and energy, and

(4) only the beginning of our universe, i.e., its elementary particles, energy,
vacuum state, and perhaps its (local) spacetime, its arrow of time, its invariants
(described by its laws and constants of nature).

That our universe originated from a big bang in the meaning of (1) is almost
uncontroversial, while (2) is relativistic cosmology’s limit of backward extrapola-
tion where the known laws of physics break down. Different models of quantum and
string cosmology try to overcome this limit, and (3) and (4) are two distinct possibil-
ities, broadly classifying many different competing models. Those characterized by
(3) are initial cosmologies. They postulate a very first moment (see [59], [136]) or
a limit or boundary of the past. Those characterized by (4) are eternal cosmologies.
There are different kinds of them, in both ancient and modern cosmology: static ones
(without irreversible changes on a coarse-grained level), evolutionary ones (with
cumulative change), and revolutionary ones (with sharp phase transitions). They
could have either a linear or a cyclic time. Option (4) also allows the possibility that
there are other universes (for different notions of “universe” and “multiverse” see,
e.g., [154, 163]) and that our universe neither exists eternally, nor came into being
out of nothing or out of a timeless state, but that space and time are not fundamental
and irreducible at all, or that there was a time “before” the big bang — “big bang”
in the sense of (1). Such pseudo-beginning models offer (as time-loop models do) a
third option between initial and eternal cosmologies. Thus, although there is already
an overwhelming plentitude of cosmological models [167], from a conceptual point
of view there are not many options. Insofar as they try to explain the big bang they
can be classified roughly into just four types with respect to time (Table 1). Most of
them might be realized either uniquely as one universe, or as a multiverse, especially
if “spatial branching” is possible — as, for instance, in eternal inflation.

Both initial and eternal cosmologies involve severe explanatory problems, so it
is useful to search for alternatives.

Eternal cosmologies need not assume a first cause or accident, but they shift
the burden of explanation into the infinite past. Although every event might be
explicable by earlier events and causal laws, eternal cosmologies cannot even
address the questions as to why a temporally infinite cosmos exists and why it is
the way it is. And there might be even deeper problems. Since we are able to assign
a symbol to represent “infinity” and can manipulate such a symbol according to
specified rules, one might assume that corresponding infinite entities (e.g., number
of particles or universes) might exist. But the actual (i.e., realized in contrast to
potential or conceptual) physical (in contrast to mathematical) infinity has been
vehemently criticized as not being constructible, implying contradictions (see [76]
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Table 1 Big bang cosmologies with respect to time

types of cosmology sub-types universal  multiversal
initial: absolute beginning yes yes
eternal: no beginning o steady state yes no

e quasi-steady state yes yes

® bounce (with/out arrow of time reversal)  yes perhaps

e oscillation (cyclic) yes yes
time-loop e at the beginning yes yes

e the universe as a whole yes yes
pseudo-beginning e from a static state yes perhaps

e from a fluctuating vacuum no yes

and [141], ch. 5). If this were correct, it should also apply to an infinite past. (A
future-eternal cosmos might be less problematic, if it is viewed as an unfolding,
unbounded, i.e., only potential one.) This is a controversial issue, but it might
be seen at least as another motivation to search for alternatives to past-eternal
cosmologies.

Initial cosmologies, on the other hand, run into deep metaphysical troubles to
explain how something could come out of nothing and why is there something
rather than nothing at all (see [105, 157]). Even the theological doctrine of creatio
ex nihilo does not start with nothing at all but with something, that is God, so
the principle “ex nihilo nihil fit” still holds. And contemporary secularized ex-
nihilo initial cosmologies usually claim, as Alexander Vilenkin has said (quoted
in [150] (p. 45); cf. [175] (p. 205)), that there were at least the laws of physics,
even if there was nothing else. (Concerning his own model, Vilenkin [174] (p. 26)
admitted that “the concept of the universe being created from nothing is a crazy
one”, and an analogy with particle pair creation only deepens the problem, because
matter-antimatter particles do not pop out of nothing, but are transformations of
energy which is already there.) Similarly, Heinz Pagels [109] (p. 347) subscribed
to some kind of platonism with respect to physical laws: “This unthinkable void
converts itself into the plenum of existence — a necessary consequence of physical
laws. Where are these laws written into that void? What “tells” the void that it is
pregnant with a possible universe? It would seem that even the void is subject to
law, a logic that exists prior to space and time.” And Stephen Hawking [73] (p. 174)
asked: “Even if there is only one possible unified theory, it is just a set of rules and
equations. What is it that breathes fire into the equations and makes a universe for
them to describe? The usual approach of science of constructing a mathematical
model cannot answer the question of why there should be a universe for the model
to describe. Why does the universe go to all the bother of existing?” But if one does
not subscribe to an origin of something (or everything) from what is really nothing,
one need not accept platonism with respect to the ontological status of physical
laws [150]. They might simply be seen as the outcome of invariant properties of
nature. If so, they do not govern nature but are instantiated from it. They are abstract
descriptions — just as a model or theory of reality is not to be confused with reality
itself.
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So from what has been sketched here, it is helpful to search for a “third way”
between initial and eternal cosmologies to explain more than the latter but not fall
into the problems of the former. Pseudo-beginning cosmologies, as they can be
called, might offer such a middle course [154, 156, 162]. Based on a distinction
between two kinds of time scale, microscopic and macroscopic, these models also
offer a conceptual and perhaps physical solution of the temporal aspect of Kant’s
“first antinomy of pure reason”, i.e., showing how our universe could in some sense
have both a beginning and an eternal existence.

11 Microtime, Macrotime and the Pseudo-Beginning Proposal

Kant’s first antinomy makes the error of the excluded third option, i.e., it is not
impossible that the universe could have both a beginning and an eternal past. If
some kind of metaphysical realism is true, including an observer-independent and
relational time, then a solution of the antinomy is conceivable [154]. It is based on
the conceptual distinction between a microscopic and a macroscopic time scale.

Only the macroscopic scale is characterized by an asymmetry of nature under a
reversal of time, i.e., the property of having a global or at least wide-ranging evolu-
tion — an arrow of time — or many arrows, if they are independent from each other.
Thus, the macroscopic (coarse-grained) scale, or macrotime for short, is by defini-
tion temporally directed — otherwise it would not exist. (It shall not be discussed here
whether such an arrow must be observable in principle, which would raise difficult
questions, e.g., in relation to an empty, but globally expanding universe.)

On the microscopic scale, however, there exist only local, randomly distributed
events without dynamical trends, i.e., without a wide-ranging time-evolution or
an increase of entropy density. This time symmetry occurs if one or both of
the following conditions are satisfied: first, if the system is in thermodynamic
equilibrium (e.g., if there is a huge number — or degeneracy — of microscopic states
identifiable with the same coarse-grained macroscopic state); and/or, second, if the
system is in an extremely simple ground state or metastable state. (Metastable states
are local, but not global minima of a potential landscape and hence can decay;
ground states might also change due to quantum uncertainty, i.e., due to local
tunneling events or fluctuations.) Thus, while microtime always exists, provided
there are at least some quantum fluctuations, macrotime could vanish or may be
absent altogether. In conclusion, conceptually there are two kinds of timelessness:
genuine timelessness, which means the absence of both micro- and macrotime; and
effective timelessness, in which only macrotime is absent.

Distinguishing between micro- and macrotime does not rely on whether — and
in which sense — time is real or not. It is therefore advantageous or effective to use
temporal concepts even if time is ultimately taken to be an illusion (for example
because only spacetime is real, because time is not fundamental, or because it
emerges only within consciousness or as a fiction of language). Hence the distinction
of micro- and macrotime remains helpful and is largely independent of ontological
considerations.
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A system with microtime but no macrotime does not need to have massive
particles; events of any kind, e.g. quantum fluctuations or gravitational wave
interference would suffice. One might argue that for any kind of time there must
be at least some processes which could, in principle, serve as a clock. If so, then any
kind of microscopic oscillation would be enough for the persistence of microtime.
If photons are exchanged or scattered, for instance, then there is clearly change —
at least conceptually. This is sufficient for the existence of microtime — although
not for a sophisticated clock, which would not only depend on periodic processes
but would also need to be able to track and record them. Such storage ability, or
“memory”, requires a (local) thermodynamic non-equilibrium and thus macrotime.

If macrotime is not fundamental, the arrow(s) of time could have a beginning —
and therefore an explanation. Some still speculative theories of quantum gravity
permit the possibility of a global, macroscopically timeless ground state (e.g.,
quantum or string vacuum, spin networks, twistors). Due to accidental fluctuations,
which exceed a certain threshold value, universes might emerge out of that state.
Due to some also speculative physical mechanism (like cosmic inflation) they
acquire — and thus are characterized by — directed non-equilibrium dynamics,
specific initial conditions, and hence an arrow of time. (It could be defined, for
instance, by the cosmic expansion parameter or by the increase of entropy.) Note
that, strictly speaking, such universes are not “inside” or “embedded in”” the vacuum
ground state, but cut their cords and exist in some respects “somewhere else”.

Systems with an arrow of time undergo a directed development. This is manifest
only on a macroscopic scale. Such a macroscopic time, or macrotime for short,
comes along with an increase of entropy. This macroscopic global time-direction is
the main ingredient of Kant’s first antinomy, for the question is whether this arrow
has a beginning or not. To get a simplified idea of macro- and microtime, classical
thermodynamics and statistical mechanics can serve as an analogy (Figs. 3 and 4,
see [4]).

For example molecules in a closed box (Fig. 3) spread from a corner (1) — if
they were released there, for instance, from a gas cylinder — in every direction and
eventually occupy the whole space (3). Then a state of equilibrium is reached which
has no directed development anymore and thus no macrotime. Coarse-grained “low-
resolution snapshots” of the whole system or sufficiently large parts of it show no
difference (3 and 4). On a fine-grained level there are still changes (3 versus 4). Thus,
a microtime always remains. Due to accidental, sufficiently large fluctuations —
which happen statistically even in a state of equilibrium if there is enough microtime

Fig. 3 Micro- and macrotime in a closed system.
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Fig. 4 Micro- and macrotime in an open system.

available — local structures can arise (from 3 to 1) and a macrotime temporarily
comes into being again.

If the system is not closed but open (Fig. 4), a state of equilibrium does not
necessarily develop, and macrotime does not vanish. For instance, in the universe
this is the case because space expands. Whether there were specific, improbable
initial conditions at the big bang (1) or whether order and a directed development
could have come out of quite different initial configurations is controversial.
Possibly the whole universe is an accidental fluctuation in a macrotimeless quantum
vacuum.

In conclusion, and contrary to Kant’s thoughts, there are reasons to believe that it
is possible, at least conceptually, that time both has a beginning — in the macroscopic
sense with an arrow — and is eternal — in the microscopic notion of a steady state
with statistical fluctuations.

Is there also some physical support for this proposal?

Surprisingly, quantum cosmology offers a possibility that the arrow has a
beginning and that it nevertheless emerged out of an eternal state without any
macroscopic direction of time. So this possible overcoming of the first antinomy
is not only philosophically conceivable but is already motivated by modern physics.
At least some scenarios of quantum cosmology, loop quantum gravity (quantum
geometry), and string cosmology can be interpreted as examples for such a local
beginning of our macroscopic time out of a state with microscopic time, but with a
quasi-eternal, global macroscopic timelessness.

To put it in a more general, but abstract framework and get a sketchy illustration,
consider Fig. 5. Physical dynamics can be described using “potential landscapes”
of fields. For simplicity, only the variable potential (or energy density) of a single
field is shown here. To illustrate the dynamics, one can imagine a ball moving
along the potential landscape. Depressions stand for states which are stable, at least
temporarily. Due to quantum effects, the ball can “jump over” or “tunnel through”
the hills. The deepest depression represents the ground state.

Usually it is assumed that the state of the universe — the product of all its matter
and energy fields, roughly speaking — evolves out of a metastable “false vacuum”
(Fig. 5, top left) into a “true vacuum” (maybe the “ground state”) which has a state
of lower energy (potential). There might exist many (perhaps even infinitely many)
true vacua that would correspond to universes with different constants or laws of
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Fig. 5 Something out of almost nothing.

nature (imagine the graph in Fig. 5 not as a line but as a three-dimensional object
shaped like a sombrero, where every spot on its brim corresponds to a different
universe with a different set of physical laws and constants). The initial condition of
this scenario, however, remains unexplainable and unlikely.

It is more plausible to start with a ground state that is the minimum of what can
exist physically (Fig. 5, top right). According to this view, an absolute nothingness is
impossible. There is something rather than nothing, because something cannot come
out of absolutely nothing, and something does obviously exist. Thus, something
can only change, and this change might be described by physical laws. Hence, the
ground state is almost “nothing”, but can become thoroughly “something” (more).
(Therefore, it is only marginally, but qualitatively incorrect to say that there is
something rather than nothing because nothingness is unstable — a difference which
makes all the difference in the world and, in fact, makes the whole world.) Possibly,
our universe — and, independent from this, many others, probably most of them
having different physical properties — arose from such a phase transition out of
a quasi-atemporal quantum vacuum (and perhaps got completely disconnected).
Tunneling back might be prevented by a deformation of the potential (sketched in
Fig. 5, bottom). For example this might happen due to the exponential expansion
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of this brand new space. Because of this cosmic inflation the universe may have
become gigantic, while the potential hill may simultaneously have broadened
enormously and become (almost) impassable. This preserves the universe from
relapsing into non-existence. On the other hand, if there is no physical mechanism
to prevent the tunneling-back or make it at least very improbable, there is still
another option: if infinitely many universes originated, some of them could be long-
lived only for statistical reasons. But this possibility seems to be less predictive and
therefore an inferior kind of explanation for not tunneling back.

An example of such a dynamical resolution of the arrow of time problem was
recently sketched by Raphael Bousso [24] (see also [143]). He has shown how,
in principle, the string theory landscape can give rise to an arrow of time, inde-
pendently of the initial entropy and without creating a Boltzmann brain problem.
If certain assumptions hold, upward fluctuations spontaneously create metastable
vacua in which the expected number of ordinary observers is greater than that of
Boltzmann brains. If this proposal is correct, or an analogous one within a different
theoretical framework, low-entropy boundary conditions are neither necessary nor
sufficient for macrotime to arise.

The micro-/macrotime distinction is neutral in respect of whether opposite
arrows of time could emerge from a bouncing region or a fluctuating vacuum. This
issue is model-dependent (provided that time’s direction is not fundamental). No
temporal chauvinism should be assumed a priori, but this only poses the question
and does not answer it. Nor does it solve the problem whether and how one can know
about a global time-symmetric cosmos. Opposite arrows arising from a bounce at
least were in some contact, though it is doubtful how influences could propagate
to the other “side” of time, if the causal arrow comes along with the other arrows.
Opposite arrows arising from a huge vacuum, however, could be arbitrarily far from
each other. Perhaps quantum entanglements left their mark, but how might they keep
track of time’s direction in other universes?

Another crucial question remains even if universes could come into being out
of fluctuations of (or in) a primitive substrate, i.e., some patterns of superposition
of fields with local overdensities of energy: Is spacetime part of this primordial
stuff or is it also a product of it? Or, more specifically, does such a primordial
quantum vacuum have a semi-classical spacetime structure or is it made up of more
fundamental entities?

Both alternatives have already been investigated in some respect. Unique-
universe accounts, especially the modified Eddington models — the soft bang/
emergent universe — presuppose a kind of semi-classical spacetime [14,43,44,121].
The same is true for some multiverse accounts describing our universe (and
others) as a fluctuation or collapse/tunnel event — e.g., the models explained in
[11,25,26,30,37,38,49,56,77,138, 146] — where Minkowski space, a tiny closed,
finite space or the infinite de Sitter space is assumed. The same goes for string
theory inspired models like the pre-big bang scenario of [53, 151, 173], because
string and M-theory is still formulated in a background-dependent way, i.e., requires
the existence of a semi-classical spacetime (for some speculative ideas in string
theory that go beyond this, i.e., treating spacetime as emergent, see, e.g., [34]).
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A different approach is the assumption of “building blocks” of spacetime, a kind of
pregeometry [110], and also the twistor approach (see [74], ch. 6), and the cellular
automata approach [180]. The most elaborated accounts in this line of reasoning are
loop quantum gravity ([7,10,19,123,124,126]; see also [152], and for comparisons
with string theory [68, 110, 126]) and its relatives such as spin foams or dynamical
triangulation [5]. Here, “atoms of space and time” underlie everything. According
to the theory of loop quantum gravity, for example, spin networks made out of one-
dimensional structures are the “building blocks” of reality [10]. Their connections
and excited states define matter and forces, but also lead to the emergence of
spacetime in the first place. Thus, spacetime would not be a foundation of nature
but a subordinate product — in the end an illusion, “albeit a very stubborn illusion”,
as Albert Einstein already assumed in the context of relativity. Abhay Ashtekar likes
to quote Vladimir Nabokov in this context: “Space is a swarming in the eyes, and
Time a singing in the ears”. Carlo Rovelli [123, 125] also assumes time to be a
phantasmagoria.

Though the question whether semiclassical spacetime is fundamental or not
is crucial, an answer might nonetheless be neutral with respect to the micro-
/macrotime distinction. In both kinds of conceptualizations of the quantum vacuum,
the macroscopic time scale is not present. And the microscopic time scale has to be
there in some respect, because fluctuations represent change (or are manifestations
of change). This change, reversible and relationally conceived, does not occur
“within” microtime, but actually constitutes it. Out of a total stasis (even on the
microscopic level) nothing new and different can emerge, because an uncertainty
principle — fundamental for all quantum fluctuations — would not be realized. In
an almost, but not completely static quantum vacuum, however, nothing changes
macroscopically either, but there are microscopic fluctuations.

Surely a background-independent approach is more promising philosophically,
for it is simpler and more fundamental and takes the lesson of general relativity
more seriously. The concept of microtime can nevertheless be applied to such a
“spacetime dust”. A good illustration (or candidate) is the spin foam approach in
loop quantum gravity (see [9, 106, 114]), but in principle spin networks would also
suffice (see [123, 124]), and some versions of loop quantum cosmology are indeed
related to a pseudo-beginning [8, 18, 19].

To summarize, the concept of a pseudo-beginning of our universe (and probably
of infinitely many others) is a viable alternative to both initial and past-eternal
cosmologies. Note that this kind of solution bears some resemblance to a possibility
of avoiding the spatial part of Kant’s first antinomy, i.e., his claimed proof of both
an infinite space without limits and a finite, limited space: the theory of general
relativity describes what was considered logically inconceivable before, namely
that there could be universes with finite, but unbounded space [42], i.e., this part
of the antinomy also makes the error of the excluded third option. Thus, the pseudo-
beginning proposal offers a way of steering a middle course between the Scylla
of a mysterious, secularized creatio ex nihilo, and the Charybdis of an equally
inexplicable eternity of the world.
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If our universe has a beginning within the multiverse, one could object that it was
only shown that certain parts of the world had a beginning, but not the world as a
whole, i.e., the sum of all its parts. Thus, the question would repeat itself, although
in a larger context. And, indeed, this is already an issue of contemporary cosmology.

For example Alvin Borde, Alan Guth and Alexander Vilenkin [22] argued that,
within the framework of a future-eternal inflationary multiverse, as well as some
more speculative string cosmologies, all worldlines are geodesically incomplete
and, thus, the inflationary multiverse has to have a beginning. Unfortunately, if
future-eternal inflation is true, all “hypotheses about the ultimate beginning of the
universe would become totally divorced from any observable consequences. Since
our own pocket universe would be equally likely to lie anywhere on the infinite
tree of universes produced by eternal inflation, we would expect to find ourselves
arbitrarily far from the beginning. The infinite inflating network would presumably
approach some kind of steady state, losing all memory of how it started [...]. Thus,
there would be no way of relating the properties of the ultimate origin to anything
that we might observe in today’s universe” ([63], p. 78). (However, there is some
discussion whether early inflationary traces could remain nevertheless, and thus a
cosmic persistence of memory, see, e.g., [51, 52]. It is also controversial whether
eternal inflation happened at all, see [101, 139] for crucial problems.)

On the other hand, Andrei Linde and — at least for the sake of argument —
Anthony Aguirre and Steven Gratton argued that the multiverse could be past-
eternal nevertheless, because either all single world lines would have to start
somewhere, but not the whole bundle of them [89], or there could exist some (albeit
strange) spacetimes with single past-eternal world lines [1, 2].

This issue is not settled, and even in those scenarios a global arrow of time
may not necessarily exist. However, other frameworks are possible — and they
have already been developed to some extent — where a future-eternal inflationary
multiverse is both not past-eternal and beginningless, but arises from some primor-
dial vacuum that is macroscopically timeless. Thus, again, the beginning of some
classical spacetimes is not equivalent to the beginning of everything.

One can also imagine that there is no multiverse, but that the whole (perhaps
finite) universe — ours — was once in a steady state without any macroscopic arrows
of time but, due to a statistical fluctuation above a certain threshold value, started
to expand ([121] and, independently, [14, 43-45]) — or to contract, bounce, and
expand — as a whole, and acquired an arrow of time. In such a case the above-
mentioned reply, which was based on the spatial distinction of a beginning of some
parts of the world and the eternity of the world as a whole, would collapse.

Nevertheless, it is necessary to distinguish between the different notions and
extensions of the term “universe”. In the simplest case, Kant’s antinomy might be
based on an ambiguity of the term “world” (i.e., the difference between “universe”
and “multiverse”), but it does not need to be; and it was not assumed here that it
necessarily was.

The temporal part of Kant’s first antinomy was purely about the question whether
the macroscopic arrow of time is past-eternal or not. And if it is not past-eternal
this does not mean that time and hence the world has an absolute beginning in
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every respect — it is still possible that there was or is a world with some underlying
microscopic time. Thus the pseudo-beginning proposal at least shows that there is
a promising third option besides Kant’s dichotomy and antinomy, but of course this
proves neither that such a possibility is the only consistent one nor that, as a matter
of fact, our universe arose from such a time before time.

12 Conformal Cyclic Cosmology

According to the conformal cyclic cosmology developed by Roger Penrose [113],
the history of the universe consists of a (perhaps endless) succession of acons, where
the indefinitely expanding remote future of each aeon is in some sense identical with
the big bang of the next aeon, and the entropy of the universe of the remote future
seems to return to the small value that it had at the big bang. This is conceptualized
as the conformal continuation of the remote future of a previous aeon of the
universe; the future infinity of our universe precedes the big bang of another aeon;
and this succession continues indefinitely. So the entire succession of aeons taken
together provides a conformal manifold which is non-singular in the past direction.

Penrose’s proposal is promising because, with spacetime conformal rescalings,
the spacetime metric can be changed without affecting the light cones and thus
causal relations. This is a consequence of general relativity. Nine of the ten indepen-
dent components of the metric tensor g, at any one point in spacetime determine
where the light cone is at this point. The remaining independent component provides
the scale of the metric at that point. It fixes the actual passage of time, once the
causal spacetime structure has been determined, since the metric tensor is basically a
measure of clock rates. The causal structure can be understood as more fundamental
than the time rates because various parts of physics — for example James Clerk
Maxwell’s conformally invariant theory of electromagnetism — depend only on
this causal or conformal aspect of g, not on the scaling. This allows a kind of
circumvention of the big bang singularity.

Mathematically, a cosmological singularity can be represented as a conformal
boundary (hypersurface) to a spacetime, where an infinite conformal expansion is
applied; and vice versa the asymptotic infinite future spacetime can be represented
as a hypersurface involving an infinite conformal contraction. Furthermore, the
conformal geometry of the spacetime manifold can be extended in a smooth way
to a region preceding the big bang or to a region extending smoothly to beyond
the future infinity. These boundaries were introduced merely as a mathematical
convenience in the first place. But the conformal cyclic cosmology demands that
both extended regions represent real spacetime regions. Here a past-spacelike
hypersurface boundary is adjoined to a spacetime in which the conformal geometry
can be mathematically extended smoothly through it, to the past side of this
boundary, i.e., to a pre-big bang Lorentzian manifold. Thus the big bang singularity
is expanded out infinitely into what can be described as a smooth past boundary —
a spacelike hypersurface instead of a singularity, such that the conformal metric of
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spactime extends across that hypersurface. This transformation preserves the causal
structure of the original spacetime, although it does not preserve lengths and times.

It seems confusing that the vanishing density and temperature in the infinite
future can somehow be equated with an initial state with the seemingly opposite
properties of an almost infinite density and temperature. And this would indeed be
physically meaningless if the metric geometries of the two regions were to match.
But temperature and mass density depend on the metric structure of spacetime, and
cannot be determined merely from the causal (conformal) spacetime structure. In
other words, matter is sensitive only to the nine components per point provided by
the conformal structure of the universe, the light cones, but is blind to the single
remaining component that provides the scale of the metric which would determine
clock rates and distance measures.

Any particle of mass m can be seen as a “clock” which ticks away with a
frequency v that is proportional to this mass: v = mc?/h, where h is Planck’s
constant. But because of the high temperature in the very early universe, the particles
were effectively massless (they exceeded the Higgs mass), satisfying conformally
invariant equations. If it is further assumed that their interactions are also described
by such equations, no “clocks” existed immediately after the big bang, because
according to relativity theory there is no passage of time for massless particles.
Constructing a clock out of photons and gravitons alone is not possible, because they
are conformally or effectively conformally invariant, respectively. Thus the early
universe loses track of the scaling which determines the full spactime metric, while
retaining its conformal geometry (rather than the slightly more restrictive metric
geometry) — one might even claim that, near the big bang, no conception of the
passage of time should be applied.

Similar conjectures about the distant future of the universe are reasonable too,
but in a mathematically reverse sense: while a conformal factor becomes infinite
at the big bang, it goes to zero at the future boundary, which is spacelike if there
is a positive cosmological constant. So in the very remote future there are also no
clocks in principle, and the universe “forgets” time. With conformal invariance both
in the distant future and at the big bang, Penrose argues that the two situations are
physically identical, so that the furthest future of one phase of the universe becomes
the big bang of the next. Although temperature undergoes an enormous change at the
crossover surface — approaching zero just before it and infinity immediately beyond
it — the frequencies and thus energies of photons are completely rescaled. So without
massive particles, there is no way of defining lengths or times, whence the only
physically meaningful structure is the conformal structure, i.e., the causal structure.
By compressing the conformal factor towards the far future, and expanding it
towards the beginning, the geometry of the future conformal boundary can be joined
seamlessly to the initial conformal boundary.

It is also crucial that the Weyl curvature should be zero on both the future
boundary and the past boundary, so that the big bang is still well-defined in
the model as the unique hypersurface on which the Weyl curvature vanishes.
However, there are black hole spacetime regions of divergent Weyl curvature
that are singularities in the conformal geometry, and these can be encountered as
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future endpoints of particles’ timelike world lines. According to the Weyl curvature
hypothesis, they indicate an asymmetry between past and future, just as a big crunch
singularity does. This would be inconsistent with the conformal cyclic cosmology.
Therefore the Weyl-divergent future-type singularities must have dissappeared by
the time the future hypersurface is reached, in order not to violate the conformal
smoothness. This seems possible indeed, because in the far future all black holes
will eventually disappear due to the quantum effect of Hawking evaporation, which
brings the Weyl curvature back to zero.

Penrose postulates that information is lost in this process and standard quantum
theory is violated. Thereby entropy is also claimed to be effectively renormalized,
decreasing significantly before crossing the hypersurface, which reproduces the
enormous specialness of the big bang. This real information loss during or after
black hole evaporation is in disagreement with other accounts [166], and it remains
unclear and controversial whether the effective reduction of phase space volume
violates the second law of thermodynamics, or even what this means.

The conformal cyclic cosmology is based on some other debatable assumptions.
As in the pre-big bang scenario [53, 173] and in the cyclic universe scenario [140],
there is no inflationary epoch — exponential expansion did not take place after the big
bang but before it, and this generated the scale-invariant spectrum of density pertur-
bations for the post-big bang universe. At the change-over from one aeon to the next,
scalar fields might be produced, or simply remain; these would create dark matter
after the big bang (which must eventually decay into massless particles in the remote
future). And gravity is considered to be infinitely large at the big bang (which is why
its degrees of freedom are zero, i.e., gravitational entropy is low), but gets smaller
with time and eventually falls to zero at the final boundary. Furthermore, in the
remote future there must be only electromagnetic and gravitational radiation, but no
massive fermions and charged particles. This implies that protons will decay, neutri-
nos will become massless (or decay too), and electric charge is not exactly conserved
(or electrons will also decay) — requiring an as yet unknown physical process. Only
then does the conformal geometry become the relevant spacetime structure again.
And quantum fluctuations, which are inevitable in a vacuum with positive energy
density, must not spontaneously create anything from massive particles to black
holes, which is expected on very large time-scales; otherwise they would prevent the
universe from ever reaching an exact state of conformal invariance in the far future.

So conformal cyclic cosmology seems quite speculative. But it should be testable.
For example, gravitational wave bursts arising from close encounters between
black holes might leave their mark on the future boundary, influence its conformal
geometry, and generate spatial variations in the matter density just after the next
big bang. Such bursts of gravitational radiation would cause a superposition of
circular patterns on the celestial cosmic microwave background sphere, similar to
the appearance of ripples on a pond following a sustained period of rain (whether
there are already hints for this is controversial, see [46,47,60-62,64, 103, 145]).

In the conformal cyclic cosmology there is neither a multiversal “surface” of
pseudo-beginning, in contrast to some quantum and string cosmological models of
the emergent universe, nor is there a “branching” of universes in contrast to models
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such as eternal inflation, the recycling universe, or cosmological natural selection.
The conformal cyclic cosmology represents a linear succession of universes (or one
endlessly repeating kind of universe).

Penrose’s model can also be interpreted as a kind of pseudo-beginning (and
pseudo-ending) cosmology. It does not represent an absolute beginning because
even when (macro)time disappears, space remains (at least if it is assumed that
the big bang curvature singularities are overcome). Time, or macrotime, is not
eternal, strictly speaking. The (thermodynamic) arrow of time vanishes, along with
a supposed effective decrease of entropy — or phase space reduction —, if this
really accompanies black hole evaporation. Therefore gaps in macrotime exist in the
conformal cyclic cosmology, namely when there are no longer any massive particles
around (in the remote future of each aecon) or when particles are effectively massless
(in the very early phase of each aecon). But microtime continues. Causality remains,
and there is not nothing — there are still lonely photons and spreading gravitational
waves which may even influence the subsequent aeon.

Thus conformal cyclic cosmology can be categorized as lying between initial
and eternal cosmologies — like some other models, but in a different way. There is
a big bang beginning, in fact there are arbitrarily many, but it is not the beginning
of everything, and it may even bear signs of the preceding aeon in the form of
gravitational wave imprints. The succession of aeons seems to be eternal (if it is
stable, which has not yet been shown), and may never vanish. But there are “chasms”
in macrotime, i.e., recurrent disappearances of the thermodynamic arrow of time
and other arrows — excepting the causal arrow, at least (con)formally. So there
are “periods” where no clocks of any sort could be built and no passage of time
could be observed in principle. In this scenario time ends temporarily, paradoxically
speaking, at least if time is relational. (It may still be claimed, however, that there is
akind of fundamental, global time, pervading all the aeons, and at least conceptually
this is somewhat presupposed by referring to an infinite succession of aeons.)

13 The End of Time

Whether time has a beginning or not and whether it ends at some point remains
puzzling [170, 171].

If time is emergent, either created by fundamental physical entities or by our
consciousness, it would ultimately be an illusion. And the end of time would have
essentially arrived as soon as this illusion is debunked or explained (or as soon
as consciousness comes to an end). Physicists like Julian Barbour [12] and Carlo
Rovelli [125] advocate this idea and call it “the end of time”. It is, strictly speaking,
an epistemological or conceptual issue.

If time is fundamental, however, it remains an open question whether it is finite
or not. This is a matter of physics and/or metaphysics.

An end of fundamental (and also emergent) time is equivalent to a classic global
singularity — for example in the big crunch [16, 122] or in a sudden “freezing”
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of all dynamics, including cosmic expansion [23]. There would no longer be any
classical time.

From the perspective of quantum mechanics, however, a wild superposition of
states without any quasi-classical phenomena is more plausible [78]. This would be
the end of the world as we know it, but not the end of everything.

Future singularities such as the global one in the big crunch or local ones in
black holes might be avoided by means of quantum gravitational effects. Instead
there would be a bounce in which time continues or in which it is reborn.

And there are other doomsday scenarios about how time could end. One is called
big snap [144]. Here it is argued that — just like a rubber band, which cannot be
stretched indefinitely because of its finite number of atoms — the granular nature
of spacetime implies destructive events to come if space has a finite number of
degrees of freedom and expands too much. Equally devastating would be a signature
change [95, 96]. Here the time dimension turns to a fourth spatial dimension if the
universe is a four-dimensional brane, moving through a higher-dimensional bulk,
and approaches the velocity of light. This would cause a big freeze within the brane
— though time would still continue within the bulk.

Another kind of dissolution of classical time could be classified as a pseudo-
ending. It wouldn’t have to be the end of everything, but it could lead to a quantum
vacuum in which there would no longer exist a macrotime albeit there would
still be a microtime — a structureless, reversible state of equilibrium. (Whether
“existence” necessarily takes place “in time” or independently of time is a difficult
terminological and philosophical question, but maybe not a scientific one.) So it
seems possible that the arrows of time end — but not time itself. In other words:
macrotime stops, but microtime goes on. This would be a pseudo-ending analogous
to a pseudo-beginning of the universe. Here the end of time would mean the end
of macrotime. This could happen if the future of space becomes an empty but
eternally expanding de Sitter universe. (Only if it is fundamental would time remain,
displaying itself in the expansion, although the latter cannot be measured.) Then
there wouldn’t be any more (irreversible) events, at least not locally, because there
would be nothing left to change (neglecting virtual quantum processes).

Paradoxically, the end of (macro)time could be a temporary one if a vacuum is
left. If random fluctuations above some threshold value arise, which in the long term
are unavoidable in quantum systems, an arrow of time can develop again. This is
somewhat similar to Boltzmann’s [21] original fluctuation hypothesis, but it is based
upon different physical conditions (quantum processes in a dynamical spacetime
instead of mechanistically conceived atoms and radiation in an infinite static space;
cf. [33]). In a quantum mechanical de Sitter universe, it is even possible for new
big bangs to arise from the vacuum, which is not entirely empty due to quantum
fluctuations (see [30,37,38, 113, 164]). Then new arrows of time emerge, and there
is a time after time, a succession of “interrupted” macrotimes.

“There is a theory which states that if ever anybody discovers exactly what the
Universe is for and why it is here, it will instantly disappear and be replaced by
something even more bizarre and inexplicable. There is another theory which states
that this has already happened”, Douglas Adams once joked. Modern cosmology
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has come up with many strange models and possibilities. Issues of time are central
here. Although it is too early to decide between the competing approaches, it seems
quite probable that the universe is bizarre and perhaps even inexplicable and absurd
to some extent [158]. But one thing seems to be certain already: time is not what it
used to be.
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Fundamental Loss of Quantum
Coherence from Quantum Gravity

Rodolfo Gambini, Rafael A. Porto, and Jorge Pullin

Abstract We discuss the fundamental loss of unitarity that appears in quantum
mechanics when one uses physically realistic devices to measure time and space.
The effect is independent of any interaction with the environment and appears in
addition to any usual environmental decoherence. We discuss the conceptual and
potential experimental implications of this process of decoherence.

1 Introduction

In the usual formulation, quantum mechanics involves an idealization. The ideal-
ization is to assume that space and time can be measured with arbitrary accuracy.
Devices to perform such a feat clearly do not exist in nature, since all measuring
devices are subject to some level of quantum fluctuations. Therefore the equations
of quantum mechanics, when cast in terms of the variables that are really measured
in the laboratory, will differ from the traditional Schrédinger description. Although
this is an idea that arises naturally in ordinary quantum mechanics, it is of paramount
importance when one is discussing quantum gravity. Since general relativity is a
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generally covariant theory where one needs to describe the evolution in a relational
way, one ends up describing how certain objects change when other objects, taken
as clocks, change. At the quantum level a relational description will compare the
outcomes of measurements of quantum objects. Quantum gravity is expected to
be of importance in regimes (e.g. near the big bang or a black hole singularity) in
which the assumption of the presence of a classical measuring devices is unrealistic.
The question therefore arises: is the difference between the idealized version of
quantum mechanics and the real one just of interest in situations when quantum
gravity is predominant, or does it have implications in other settings? We will argue
that indeed it does have wider implications. Some of them are relevant to conceptual
questions (e.g. the problem of measurement in quantum mechanics or the black hole
information paradox) and there might even be experimental implications.

A detailed discussion of these ideas can be found in previous papers [1-3], and in
particular in the pedagogical review [4]. Here we present an abbreviated discussion.

The plan of this paper is as follows: in the next section we will discuss the form
of the evolution in quantum mechanics when the time variable is measured by a real
clock. In Sect. 3 we will consider a fundamental bound on how accurate can a real
clock be and the implications it has for quantum mechanics in terms of real clocks
and its consequences. Section 4 discusses the implications of the formalism.

2  Quantum Mechanics with Real Clocks

Given a physical system we want to study, we start by choosing a “clock”. By this
we mean a physical quantity (more precisely a set of quantities, like when one
chooses a clock and a calendar to monitor periods of more than a day) that we
will use to keep track of the passage of time. An example of such a variable could
be the angular position of the hand of an analog watch. We denote it by 7. We then
identify some physical variables that we wish to study as a function of time. We shall
call them generically O (“observables’). We then proceed to quantize the system
by promoting all the observables and the clock variable to self-adjoint quantum
operators acting on a Hilbert space. The latter is defined once a well defined inner
product is chosen in the set of all physically allowed states. Usually it consists of
squared integrable functions ¥ (g) with ¢ the configuration variables.

Notice that the basis of all this is ordinary quantum mechanics, we are not
modifying the underlying theory in any way. We assume that the system has an
evolution in terms of an external parameter ¢, which is a classical variable, given
by a Hamiltonian and with operators evolving with Heisenberg’s equations (it is
easier to present things in the Heisenberg picture, though it is not mandatory to
use it for our construction). Then the standard rules of quantum mechanics and its
probabilistic nature apply, but in terms of the variable ¢, which we will assume we
cannot observe directly.

We will call the eigenvalues of the “clock” operator 7" and the eigenvalues of the
“observables” O. We will assume that the clock and the measured system do not
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interact (if one considered an interaction it would produce additional effects to the
one discussed). So the density matrix of the total system is a direct product of that of
the system under study and the clock p = psys ® pc1, and the system evolves through
a unitary evolution operator that is of the tensor product form U = Usys @ U. The
quantum states are described by a density matrices at a time #. Since the latter is
unobservable, we would like to shift to a description where we have density matrices
as functions of the observable time 7. We define the probability that the resulting
measurement of the clock variable 7' correspond to the value 7,

Tt (Pr(0)Ua(t) pet Ua (1))

Pt T = 0
@ [ oo dt Tr (Pr(t)par)

ey

where Pr(0) is the projector on the eigenspace with eigenvalue 7' evaluated at
t = 0. We note that f_ozo dtP;(T) = 1. We now define the evolution of the density
matrix,

oo

p(T) = / Urys (1) prgsUsyo(0) P (T) %)

—00

where we dropped the “sys” subscript in the left hand side since it is obvious we are
ultimately interested in the density matrix of the system under study, not that of the
clock.

We have therefore ended with an “effective” density matrix in the Schrodinger
picture given by p(T). It is possible to reconstruct entirely in a relational picture
the probabilities using this effective density matrix, for details we refer the reader
to the lengthier discussion in [4]. By its very definition, it is immediate to see that
in the resulting evolution unitarity is lost, since one ends up with a density matrix
that is a superposition of density matrices associated with different ¢’s and that each
evolve unitarily according to ordinary quantum mechanics.

Now that we have identified what will play the role of a density matrix in terms of
a “real clock” evolution, we would like to see what happens if we assume the “real
clock” is behaving semi-classically. To do this we assume that P, (T) = f(T —
Tmax (1)), where f is a function that decays very rapidly for values of T far from
the maximum of the probability distribution 7Ti,.x. We refer the reader to [4] for a
derivation, but the resulting evolution equation for the probabilities is,

Ip(T)

57 = ilp(T). H] + o(T)H. [H. p(T)]). )

and the extra term is dominated by the rate of change o(7T') of the width of the
distribution f(¢# — Tpnax)(2).

An equation of a form more general than this has been considered in the context
of decoherence due to environmental effects, it is called the Lindblad equation. Our
particular form of the equation is such that conserved quantities are automatically
preserved by the modified evolution. Other mechanisms of decoherence coming
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from a different set of effects of quantum gravity have been criticized in the past
because they fail to conserve energy [5]. Our approach does not suffer from those
problems. It should be noted that Milburn arrived at a similar equation as ours from
different assumptions [6]. Egusquiza, Garay and Raya derived a similar expression
from considering imperfections in the clock due to thermal fluctuations [7]. It is
to be noted that all such effects will occur in addition to the ones we discuss
here. Corrections to the Schrodinger equation from quantum gravity have also been
considered in the context of WKB analyses [8].

In a real experiment, there will be decoherence in the system under study due
to interactions with the environment, that will be superposed on the effect we
discuss. Such interactions might be reduced by cleverly setting up the experiment.
The decoherence we are discussing here however, is completely determined by
the quality of the clock used. It is clear that if one does experiments in quantum
mechanics with poor clocks, pure states will evolve into mixed states very rapidly.
The effect we are discussing can therefore be made arbitrarily large simply by
choosing a lousy clock. Similar effects have actually been observed experimentally
in the Rabi oscillations describing the exchange of excitations between atoms and
field [9].

3 Fundamental Limits to Realistic Clocks

We have established that when we study quantum mechanics with a physical clock
(a clock that includes quantum fluctuations), unitarity is lost, conserved quantities
are still preserved, and pure states evolve into mixed states. The effects are more
pronounced the worse the clock is. Which raises the question: is there a fundamental
limitation to how good a clock can be? This question was first addressed by Salecker
and Wigner [10]. Their reasoning went as follows: suppose we want to build the best
clock we can. We start by insulating it from interactions with the environment. An
elementary clock can be built by considering light bouncing between two mirrors.
The clock “ticks” every time light strikes one of the mirrors. Even completely
isolating the clock from any environmental effects, it develops errors. The reason for
them is that by the time the photon travels between the mirrors, the wavefunctions
of the mirrors spread. Therefore the time of arrival of the photon develops an
uncertainty. Salecker and Wigner calculated the uncertainty to be §t ~ +/t/M
where M is the mass of the mirrors and ¢ is the time to be measured (we are using
units where # = ¢ = 1 and therefore mass is measured in 1/s). The longer the time
measured the larger the error. The larger the mass of the clock, the smaller the error.

So this tells us that one can build an arbitrarily accurate clock just by increasing
its mass. However, Ng and Van Dam [11] pointed out that there is a limit to this.
Basically, if one piles up enough mass in a concentrated region of space one ends
up with a black hole. Some readers may ponder why do we need to consider a
concentrated region of space. The reason is that if we allow the clock to be more
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massive by making it bigger, it also loses accuracy due to finite travel time of
interactions in matter (see the discussion in [12] in response to [13]).

A black hole can be thought of as a clock since it is an oscillator. In fact it is the
“fastest” oscillator one can have, and therefore the best clock for a given size. It has
normal modes of vibration that have frequencies that are of the order of the light
travel time across the Schwarzschild radius of the black hole. The more mass in the
black hole, the lower the frequency, and therefore the worse its performance as a
clock. This therefore creates a tension with the argument of Salecker and Wigner,
which required more mass to increase the accuracy. This indicates that there actually
is a “optimal spot” in terms of the mass that minimizes the error. Taking this into
account one finds that the best accuracy one can get in a clock is given by 67 ~
szlﬁcle/ 3 where Tpnek = 107**s is Planck’s time and 7 is the time interval to
be measured. This is an interesting result. On the one hand it is small enough for
ordinary times that it will not interfere with most known physics. On the other hand
is barely big enough that one might contemplate experimentally testing it, perhaps
in future years.

With this absolute limit on the accuracy of a clock we can quickly work out
an expression for the o (7") that we discussed in the previous section [3, 14]. With
this estimate of the absolute best accuracy of a clock, we can work out again the
evolution of the density matrix for a physical system in the energy eigenbasis. One
gets

—; _ 2 4/3 2/3
p(T)nm = ,Onm(())e Ia)ane w”’"TPlanckT . (4)

So we conclude that any physical system that we study in the lab will suffer
loss of quantum coherence at least at the rate given by the formula above. This is
a fundamental, inescapable limit. A pure state inevitably will become a mixed state
due to the impossibility of having a perfect classical clock in nature to keep track of
things.

4 Possible Experimental Implications

One can ask what are the prospects for detecting the fundamental decoherence
we propose. At first one would expect them to be dim. It is, like all quantum
gravitational effects, an “order Planck” effect. But it should be noted that the factor
accompanying the Planck time can be rather large. For instance, if one would like to
observe the effect in the lab one would require that the decoherence manifest itself in
times of the order of magnitude of hours, perhaps days at best. That requires energy
differences of the order of 10'%V in the Bohr frequencies of the system. Such
energy differences can only be achieved in “Schrédinger cat” type experiments, but
are not outrageously beyond our present capabilities. Among the best candidates
today are Bose—FEinstein condensates, which can have 10° atoms in coherent states.
However, it is clear that the technology is still not there to actually detect these
effects, although it could be possible in forthcoming years.
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A point that could be raised is that atomic clocks currently have an accuracy that
is less than a decade of orders of magnitude worse than the absolute limit we derived
in the previous section. Could not improvements in atomic clock technology actually
get better than our supposed absolute limit? This appears unlikely. When one studies
in detail the most recent proposals to improve atomic clocks, they require the use of
entangled states [15] that have to remain coherent. Our effect would actually prevent
the improvement of atomic clocks beyond the absolute limit!

Another point to be emphasized is that our approach has been quite naive in
the sense that we have kept the discussion entirely in terms of non-relativistic
quantum mechanics with a unique time across space. It is clear that in addition to
the decoherence effect we discuss here, there will also be decoherence spatially due
to the fact that one cannot have clocks perfectly synchronized across space and also
that there will be fundamental uncertainties in the determination of spatial positions.
This is discussed in some detail in our paper [16].

5 Conceptual Implications

The fact that pure states evolve naturally into mixed states has conceptual implica-
tions in at least three interesting areas of physics. We will discuss them separately.

5.1 The Black Hole Information Paradox

The black hole information paradox appeared when Hawking [17] noted that when
quantum effects are taken into account, black holes emit radiation like a black body
with a temperature gy = h/(8wkGM) where M is the black hole mass, k is
Boltzmann’s constant and G is Newton’s constant. As the black hole radiates, it
loses mass, and therefore its temperature increases. This process continues until
the black hole eventually evaporates completely and the only thing left is outgoing
purely thermal radiation. Now, suppose one had started with a pure quantum state of
enough mass that it collapses into a black hole. After the evaporation process, one is
left with a mixed state (the outgoing purely thermal radiation). In ordinary quantum
mechanics this presents a problem, since pure states cannot evolve into mixed states.
(For further discussion and references on the paradox see [18]).

On the other hand, we have argued that due to the lack of perfectly classical
clocks, quantum mechanics really implies that pure states do evolve into mixed
states. The question is: could the effect be fast enough to render the black hole
information paradox effectively unobservable? Our effect is small. But it is also
true that black holes usually take a very long time to evaporate. Of course, a full
calculation of the evaporation of a black hole would require a detailed modeling
including quantum effects of gravity that no one is in a position of carrying out
yet. We have done a very naive estimate [3, 14] of how our effect would take
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place in the case of an evaporating black hole. To this aim we have assumed the
black hole is a system with energy levels (this is a common assumption in many
quantum gravity scenarios), and that most of the Hawking radiation is coming
from a transition between two dominant energy levels separated by a characteristic
frequency dependent on the temperature. A detailed calculation based on this naive
model [3] for the evolution of the density matrix shows that,

Mp \3
[P12(Tmax)| ~ 1p12(0)] (M_BH) . ©)

For astrophysical sized black holes, where Mgy is of the order of the mass of
the Sun, this indicates that the off diagonal elements are suppressed by the time of
evaporation by 10723, rendering the information puzzle effectively unobservable.
What happens for smaller black holes? The effect is smaller. So can one claim
that there still is an observable information puzzle for smaller black holes? This
is debatable. After all, we do expect decoherence from other environmental effects
to be considerably larger than the one we are considering here. If one makes the
holes too small, then none of these calculations apply, and in fact the traditional
Hawking evaporation is not an adequate description, since one has to take into
account full quantum gravity effects. A better calculation than the one we did
could probably be attempted, since both in string theory and loop quantum gravity
there is some understanding of the energy levels of a black hole, even though the
evaporation process is not well understood. Using such levels one could get a better
estimate of how much coherence is lost. An interesting observation is that in certain
recent matrix models of black hole evaporation in AdS black holes, correlators
exhibit “revivals” in future times that our effect would clearly suppress in the long
run [19].

5.2 The Measurement Problem in Quantum Mechanics

A potential conceptual application of the fundamental decoherence that we dis-
cussed is in connection with the measurement problem in quantum mechanics. The
latter is related to the fact that in ordinary quantum mechanics the measurement
apparatus is assumed to be always in an eigenstate after a measurement has been
performed. The usual explanation [20] for this is that there exists interaction with
the environment. This selects a preferred basis, i.e., a particular set of quasi-classical
states that commute, at least approximately, with the Hamiltonian governing the
system-environment interaction. Since the form of the interaction Hamiltonians
usually depends on familiar “classical” quantities, the preferred states will typically
also correspond to the small set of “classical” properties. Decoherence then quickly
damps superpositions between the localized preferred states when only the system
is considered. This is taken as an explanation of the appearance to a local observer
of a “classical” world of determinate, “objective” (robust) properties.
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The main problem with such a point of view is how is one to interpret the local
suppression of interference in spite of the fact that the total state describing the
system-environment combination retains full coherence. One may raise the question
whether retention of the full coherence could ever lead to empirical conflicts with
the ascription of definite values to macroscopic systems. The usual point of view is
that it would be very difficult to reconstruct the off diagonal elements of the density
matrix in practical circumstances. However, at least as a matter of principle, one
could indeed reconstruct such terms (the evolution of the whole system remains
unitary [21]) by “waiting long enough”.

Our mechanism of fundamental decoherence could contribute to the understand-
ing of this issue, since it implies that coherence is irreversibly lost and therefore one
cannot reconstruct the off diagonal elements. Some people claim that we have just
changed the environment by the clock as responsible for the loss of coherence and
therefore the original criticism applies. But in the case of the clock, the minimum
“size” of it in terms of its degrees of freedom if one wishes to view it as “a
particular form of an environment” is determined by the length of the experiment
and guarantees that in that length one will not be able to reconstruct the off diagonal
elements. There is not the luxury of “waiting long enough” in this setting. For further
discussion see our paper [22].

If one can, via this construction, end up with a quantum mechanics without
a reduction postulate, this opens intriguing conceptual questions: such a theory
would have the same predictions as ordinary quantum mechanics with a reduction
postulate, yet it is completely different conceptually. This would imply that the
nature of reality becomes undecidable. An initial discussion of this possibility is
in a recent paper of ours [23].

5.3 Quantum Computing

In quantum computing, when one performs operations one is evolving quantum
states. If one wishes the computers to perform faster, one needs to expend extra
energy to evolve the quantum states. Based on this premise, Lloyd [24] presented a
fundamental limitation to how fast quantum computers can be. Using the Margolus—
Levitin [25] theorem he notes that in order to perform a computation in a time AT
one needs to expend at least an energy £ > wh/(2AT). As a consequence, a system
with an average energy E can perform a maximum of n = 2FE/(mwh) operations
per second. For an “ultimate laptop” (a computer of a volume of one liter and one
kilogram of weight) the limit turns out to be 10°! operations per second.

Such results assume the evolution is unitary. When it is not, as we have argued in
this paper, erroneous computations are carried out. Since the rate of decoherence
we discussed increases with increased energy differences, the rate of erroneous
computations increases the faster one wishes to make the computer.

Can’t one error correct? After all, one expects quantum computers to have
errors due to decoherence from environmental factors. One can indeed error-correct.
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But there are limitations to how fast this can be done. At its most basic level
error correction is achieved by duplicating calculations and comparing results. This
requires spatial communication, which is limited by the speed of light. Our point is
that one cannot simply error correct one’s way out of the fundamental decoherence
effects.

We have to distinguish a bit between serial and parallel computing. In serial
computing one achieves speed by increasing the energy in each qubit. This enhances
our decoherence effect and significantly affects the performance. In a parallel
machine one increases the speed by operating simultaneously on many qubits
with lower energies per qubit therefore lowering the importance of the effect we
introduced. For a machine with L qubits and a number of simultaneous operations

dp one gets,
INYT [ eI\ \
/7 47
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where the last estimate was obtained by taking the values of parameters for the
“ultimate laptop” (for more details see [26]).

This is actually four orders of magnitude stronger than the bound that Lloyd
found. If one had chosen a serial machine, the bound would have been tighter, 1042
operations per second.

We therefore see that although the effect we introduced is far from being
achievable in quantum computers built in the next few years, it can limit the ultimate
computing power of quantum computer. This is quite remarkable, given that it is a
limit obtained involving gravity. Few people could have foreseen that gravity would
play any role in quantum computation.

6 Discussion

We have argued that the use of realistic clocks and rods to measure space and time in
quantum mechanics implies that pure states evolve into mixed states. Another way
of putting this is that we are allowing quantum fluctuations in our clock. Similar
ideas have been considered by Bonifacio, with a different formulation [27]. In
quantum gravity and quantum cosmology it is natural to consider the clock to be
part of the system under study. This is what motivated our interest in these issues,
but it is clear that the core of the phenomenon can be described without references
to quantum gravity, and that is what we have attempted to do in this presentation.

Even in the absence with current technology of a possibility of directly detecting
these effects, they can have important conceptual implications, as we have illustrated
with the black hole information puzzle, quantum computing and the problem of
measurement in quantum mechanics.
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The Clock Ambiguity: Implications
and New Developments

Andreas Albrecht and Alberto Iglesias

Abstract We consider the ambiguity associated with the choice of clock in time
reparameterization invariant theories. This arbitrariness undermines the goal of
prescribing a fixed set of physical laws, since a change of time variable can com-
pletely alter the predictions of the theory. We review the main features of the clock
ambiguity and our earlier work on its implications for the emergence of physical
laws in a statistical manner. We also present a number of new results: We show
that (contrary to suggestions in our earlier work) time independent Hamiltonians
may quite generally be assumed for laws of physics that emerge in this picture.
We also further explore the degree to which the observed Universe can be well
approximated by a random Hamiltonian. We discuss the possibility of predicting
the dimensionality of space, and also relate the second derivative of the density of
states to the heat capacity of the Universe. This new work adds to the viability of our
proposal that strong predictions for physical laws may emerge based on statistical
arguments despite the clock ambiguity, but many open questions remain.

1 Introduction

Every theory that is invariant under time reparameterization presents a problem
the moment we attempt quantization. Quantization gives a preferential role to time
(in the definition of canonical variables) that cannot be fulfilled in a theory that is
unaltered by its reparameterization. A prominent example of such a theory is given
by General Relativity and in this context there have been extensive discussions of
the problem (see, for example, [1] for an early treatment or [2] for an comprehensive
review). An approach often used in cosmology is to work in “superspace” finding
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time as an “internal” variable after quantization. The invariance is imposed on
the quantum states of the superspace |)s as a physical condition involving the
Hamiltonian constraint,

HNY)s = 0. ey

In [3, 4], we argued that such an approach carries an intrinsic arbitrariness in the
choice of “clock” subspace that leads in turn to an arbitrariness in the predictions
of the theory; the clock ambiguity. We showed that its implications are so severe
that we may need to see the laws of physics as we know them as an approximate
emergent phenomenon.

By taking the clock ambiguity seriously, we look for the emergence of physical
properties derived from a Hamiltonian evolution chosen randomly, corresponding to
an absolute ambiguity in the choice of clock. In [4] we singled out quasi-separability
as a crucial feature of physical laws needed to sustain observers, and argued that
quasi-separability is optimally achieved through locality (and thus through local
field theory). In that context, we find our result from [4] that any sufficiently large
random Hamiltonian can be interpreted (to a sufficiently good approximation) as a
local field theory encouraging: It suggests that combining the randomness suggested
by the clock ambiguity with the need for quasi-separability could yield local field
theory as a prediction.

In this work, Sect. 2 reviews the clock ambiguity and sketches the basic approach
we advocated in [4] to seek predictive power based on a statistical analysis. Section 3
gives a new result that shows that one can quite generally take the physical laws
that emerge in our analysis to have a time independent Hamiltonian (this result is in
contrast to assumptions we made in our earlier work). Section 4 reviews our analysis
from [4] showing that any sufficiently large random Hamiltonian can be interpreted,
to a good approximation, as a local field theory. In Sect. 4.2 we extend that work
to discuss the possibility of predicting the dimensionality of space, and apply our
analysis to a non-standard distribution of random Hamiltonians in Sect. 4.3, with
interesting implications for higher orders in our Taylor series comparison of random
Hamiltonians with field theories. After reviewing our thinking about gravity in
this picture in Sect.5, we extend our treatment to gravitating systems in Sect. 6
by relating the derivatives of the density of states to appropriate thermodynamic
quantities which can be estimated for gravitating systems. The result of this
extension, while very crude, is encouraging. We present our conclusions in Sect. 7

2  Summary of the Clock Ambiguity

The clock ambiguity arises from the treatment of time as “internal” in time
reparameterization invariant theories. “Internal time” means that a subsystem of the
universe is identified as the time parameter or “clock’ and time evolution is revealed
by examining correlations between the rest of the universe and the clock subsystem.
In quantum theories this picture is typically expressed in “superspace”, of which the
clock system is a subspace.
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In previous work [3, 4] we pointed out that regardless of how careful one is to
describe a universe as obeying specific physical laws, the same state in the same
superspace can equally well describe a completely different physical world with
completely different time evolution. One only has to identity a different clock
subsystem to find this new description. This is the clock ambiguity. We have
shown that the clock ambiguity is absolute, in the sense that all possible systems
experiencing all possible time evolution can be extracted from the same superspace
state by a suitable choice of clock.

We refer the reader to this earlier work for the details [3,4]. Here we quote the
main result. We assume a discrete formalism which allows us to write the state in
superspace as

W)s =Y aiplti)elide = D lt)e 18- )
ij i

Here the subscripts S, C and R relate to the decomposition of superspace S
according to S = C ® R, and refer to the full superspace, the clock subspace and the
“rest” of the superspace respectively. The bases |¢;) and | ) span the clock and
“rest” subspaces. The second equality defines (by summing over j) |¢;), giving
the wavefunctions of the “rest” subspace at times ;.

One can see that all the information about the state in the R subspace and
its time evolution is contained within the expansion coefficients o;;. In [3,4] we
show that arbitrary values (xl{j can result from expressing the same superspace
state )¢ according to suitable choices of the decomposition S =C’ ® R/, or
in other words, by making a suitable choice of clock. Thus any state evolving
according to any Hamiltonian can be found, merely by choosing a new clock in
the superspace.

One possible conclusion from the clock ambiguity is that the formalism that
leads to this result must be wrong in some way (that in itself would have interesting
implications). Otherwise, if we conclude that our fundamental theories really must
have the clock ambiguity, the success of physics so far implies that it must be
possible to come up with sharp predictions of specific physical laws, presumably
based on some kind of statistical arguments, given that all possible physical laws
are represented in the formalism. Note that, interestingly, Chris Wetterich has
considered very similar issues using the functional integral formalism [5, 6].

In [4] we explored how one might go about formulating such a statistical
analysis, and gave special emphasis to the quasi-separability of physical laws which
seems so crucial for our ability to survive and thrive as tiny observers. We noted
that locality (as realized in the local field theories that describe the elementary
particles and forces) is the ultimate origin of the quasi-separability we experience
in our physical world. We also noted that in some sense local field theories give
a maximal expression of quasi-locality. Thus we feel our result from [4], that any
random Hamiltonian can yield a sufficiently good approximation to a local field
theory is quite interesting. It suggests that the requirement of quasi-separability may
universally lead to local field theories as one searches for emergent physical laws in
theories with the clock ambiguity. We review and extend that result in Sect. 4.
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3 The Time Independence of H

A randomly chosen clock leads to a randomly chosen set of «;;’s. Random «;;’s
describe a randomly chosen state evolving under a random Hamiltonian. The lack
of any a priori reason to expect correlations between the «;; ’s with differenti values
suggests that in general the random Hamiltonian will be different for each time step
(labeled by 7). We discuss this issue in Sect. ITI-B of [4].

However, in our earlier work we overlooked a rather simple point (kindly brought
to our attention by Glenn Starkman, 2007, private communication). The point is
that «;;’s do not contain nearly enough information to specify a full Hamiltonian at
each time. We can use this fact to add a requirement that the Hamiltonian is time
independent without any loss of generality, assuming one does not take too many
time steps. We show below that this constraint is very easy to meet.

A time step can be written as

[V (ti+1)) g = [ = ih(AL)H@G)] [ () g - (3)

By taking the inner product of this equation with . ((#;+1)| one finds

1= (Y tit1) 1 =ik (A;) H () |V (i) . “4)

The inner product with R(l//J‘(ti+1)| gives

0=r(Y" (tix) 11 —ih (At)H ()| ¥ (6))r ©)

where R(I//J‘(l‘,'+1)| could be any one of N — 1 states orthogonal to (¥ (¢;+1)|. As
shown in (2), the ;; lead directly to the time evolving state vector |y (#;)) . One
uses the information from the state vector at each time step to infer information
about H . Together (4) and (5) give a total of Ni complex (or 2Ny real) constraints
on H. Since a general Np x N Hamiltonian has N 1%1 real degrees of freedom, the
a;;’s do not contain enough information to define a full Hamiltonian at each time
step. After all, the ;s only tell us about the evolution of a single state, whereas the
Hamiltonian contains full information about the evolution of all possible states.

The fact that the Hamiltonian is highly underdetermined by a single time step can
be exploited to add the condition that the Hamiltonian is time independent without
loss of generality. As long as one is looking at no more than Ny /2 time steps, (4)
and (5) provide no more than N 1%1 real constraints which can be used to build at least
one time independent Hamiltonian that describes the full time evolution. And to the
extent that the o;; are randomly generated, the Hamiltonians produced from the a;; s
should be randomly distributed as well. In fact, it seems reasonable to expect that
the central limit theorem will give the distribution of Hamiltonians (generated by
effectively inverting (4) and (5)) an enhanced degree of Gaussianity over whatever
distribution generated the o;;’s.
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For all this to work out, we need to constrain the number of time steps N,
according to
N, < Ny /2. (6)

We can estimate N, as the age of the Universe divided by the minimum time
resolution §¢. Using arguments from Sect. 4, §¢ = 1/AE and the maximum value
of AE (= 10" GeV) gives

AE 10" GeV

== - - =7 0%, 7
H, 10~42GeV 7

N, ~

By comparison, requiring a good match of the density of states to a field theory
leads to (11) giving

-y
B Ey Eo— Es\’ Eo\*

Nyg>—F|1—-|—— b|— 8

H—aEO[ (EM)]GXP[(AI«) &

The quantity Ey/Ak in the exponent is the ratio of the energy of the Universe

to the field theory k-space cutoff. Even choosing values from Sect.4 which

minimize the bound on Ny gives exponentially large values for the exponent in (8)

and gives lower bounds on Ny which easily satisfy (6) and validate the assumption
of a time independent Hamiltonian.'

4 Field Theory and the Wigner Semicircle

4.1 Our Basic Approach

The clock ambiguity implies that any random split of superspace into clock and rest
subsystems should lead to a realization of “physical laws”. However, one expects
that a random split would result in laws described by a random Hamiltonian. In [4]
we discussed possible ways forward under those conditions. One thing we did was
pose the question in the converse form to test this hypothesis. Namely, we evaluated
the extent to which the known physical laws match to those derived from a random
Hamiltonian evolution. In particular, we compared the spectrum of a free field
theory, representing (approximately) the known physics, to the eigenvalue spectrum
of random Hamiltonians.

Following [4], we do not undertake the project of specifically constructing field
operators etc. in terms of the eigenstates of the Hamiltonian. This project is likely to
be challenging, and is also likely to further involve a statistical analysis of different

I'This argument appears to be very robust. For example, refining the time resolution to §t = 1/ Mp
does not change the result at all.
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physical realizations consistent with the same eigenvalue spectrum and initial state
| (#1)) g- We feel that our analysis at the level of the eigenvalue spectrum represents
a first check of the viability of our line of reasoning, and we save the important
question of defining field operators etc. for future stages of this work.?

The distribution of eigenvalues for a random Hamiltonian, represented as an
Np x Ny Hermitian matrix, follows under quite general assumptions [8] the
Wigner semicircle rule in the large Ny limit. Take, for example, the distribution
of eigenvalues of a large Hermitian matrix with elements drawn from a Gaussian
distribution depicted in Fig. 2.

On the other hand, the density of states for a free field theory grows, at large
energies, like an exponential of a power of the energy. On the face of it, these two
forms for dN/dE are dramatically different. In order to press forward with the
comparison we introduced a general parametrization for the random Hamiltonian
and field theory spectral densities respectively:

B\
dNg _ | aln (1—(—’5;53)) |E — Es| < Ey.

4E )

0 otherwise,

dNFp B b E \* 10

dE _EeXp{ (Ak) } (10)
where £y, and Eg represent the maximum eigenvalue of the random Hamiltonian
and an offset energy between the two descriptions, Ak (= 27/ L) is the resolution
in k-space set by putting the field theory in a box of size L and B, b, o and y are
dimensionless parameters.

Expanding both (9) and (10) in a Taylor series around a given central energy
Ey = pRi[ = 10%°GeV, corresponding to the current energy of the Universe, and
trying to equate the results at each order in (E — Ey) we find the level of agreement
between the two descriptions.

Equating the zeroth order sets the size of the space of the random Hamiltonian to
be exponentially large:

-y
B Ey Eo— Es\" Eo\*
Nyg=——7F"|1—|—— b|— . 11
" a EO |: ( EM ) exp Ak ( )
Strictly speaking, this expression only gives a lower bound on Ny, since we only
really know upper bounds on Ak.
Equating the first order (as well assuming equality at zeroth order) sets the offset

energy Eg in terms of the energy of the Universe Ej by the following implicit
expression:

%Lee Smolin has drawn our attention to work by Bennett et al. [7] which may offer a framework
where specific symmetries and representations for elementary particles could be predicted in a
scheme such as ours.
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- (M)ﬁ £\
M

Assuming equality at zeroth and first order, the relative difference at the second
order is fixed and given by

AQE

d o
AGE P (Eo)2 (E — EoP* a3)

(jz_glEo y Ak E}

Table 1 shows the value of A, for different values of the exponent « in (10), the field
theory k-space lattice spacing Ak and the range of validity of the field theoretical
description

AE =FE—E (14)

which can be thought of in terms of a minimum timescale on which field theory is
valid, given by 8¢ ~ 1/AE. The idea is to check if the disagreement between the
density of states of a random Hamiltonian and a free field theory at second order,
A, can be “sufficiently small” for realistic parameters. We find that the parameter
most critical to this analysis is o, and we discuss its value in the next section.

4.2 The Value of a and the Dimensions of Space

The results for the density of states of a field theory in 1 + 1 dimensions for bosons
and fermions can be derived from different instances of the Cardy formula for
conformal field theories in 2d [9]. This formula relates the entropy of the field theory
to its energy E and central charge ¢ in the following way

1 /e c
S =logN(E) = 5/ (E 24), (15)
and implies (10) with exponent « = 1/2. The asymptotic density of states can
also be found for a conformal field theory in higher number of dimensions [10] and
grows as eEjfdil)/d where Ef is the extensive energy. However, if the Casimir energy
E¢ is taken into account the total energy £ = Er + E¢ is sub-extensive and the
dependence of the entropy on energy changes. Verlinde [11], based on holographic
arguments, proposed that the Cardy formula is satisfied also in the case of higher
dimensional field theories.

Taking the extensive energy expression for a field theory in 3 + 1 dimensions
would fix the constant @ = 3/4 in our parametrization of the density of states (10).
A first assessment of Table 1 indicates that the agreement between the field theory
and random Hamiltonian would be poor (with « = 3/4, A, > 1 for all entries).
An alternative interpretation might be to note that the transition from « = 1/2 to
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Table 1 Value of A, for different choices of &, Ak and AE. As in [4], values for AE are set by
accelerator (10°GeV) or cosmic ray (10" GeV) bounds. Values for Ak are set by the photon mass
bound (1072°GeV) or the size of the Universe (10~**GeV)

o Ak (GeV) AE (GeV) As

1/2 107 103 107243
1/2 10725 1011 10716.5
1/2 1074 103 1010
1/2 10742 10! 10~8
3/4 1072 103 10"
3/4 10725 10! 1098
3/4 10742 103 10143
3/4 10— 10! 10225
1 107> 103 10?8

1 1072 10! 1036

1 10~ 10° 10%

1 10~ 10" 103

a« = 3/4 in our table occurs roughly right at the point where A, shifts from small
to large values. Given that all our estimates are very rough at this stage, there may
be a hint here of a way in which our methods could predict the three dimensions of
space, as the maximum value consistent with a random Hamiltonian.

On the other hand, if we assume Verlinde is correct and use the universal Cardy
formula, that implies « = 1/2 for any d. Then the difference A, is negligible and
random Hamiltonians give a density of states that appears strongly consistent with
the field theoretical one, at the expense of any apparent preference for the value of d.

4.3 Wigner’s Tail

It may appear disturbing that we are attempting to match expressions (9) and
(10), the latter having positive second derivative everywhere while the former in
the case of the Wigner semicircle is negative definite; the case depicted in Fig. 1.
As discussed above, it may simply be the case that this discrepancy is negligible,
and is not a problem.

One might also wonder if this may change if the perfectly Gaussian probability
distribution is altered, for example, if the width of the distribution of eigenvalues
is different in different energy ranges.> To be concrete, one may consider the
distribution containing a small cubic piece. In such a case (studied in [12]) the
exponent y in the density of states may be changed from 1/2 (Wigner semicircle) to
3/2 which has regions of positive second derivative near the tails of the distribution
as depicted in Fig. 2. This possibility is included in our parametrization given in (9).

3We thank Jaume Garriga for suggesting this direction of investigation.
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Fig. 1 A plot of the density of eigenvalues for a random Hamiltonian using (9) and a field theory
using (10) matching the zeroth and first order terms in a Taylor expansion around E (the vertical
line).

The corresponding improvement in matching can be inferred from (13); an increase
in y leads to a smaller relative difference A,.

Let us point out, as a curiosity, that a distribution highly distorted from
Gaussianity might lead to a perfect matching with the field theory distribution.
In fact, letting y grow makes the generalized random density of states (9) approach
an exponential of the form of the field theory one (10). In order to see this we may
take £y > Ey — Eg in (12) to find

Eo— Es\’ E Eo\*
(=2 ~ Pl Es) p( 20 ’ (16)
E M ,3 Eo Ak
and choose parameters such that the coefficient in brackets is approximately one.
Therefore, we have that the random density of states has the form

Nk N 14+ ' a7
aNe _ NV )
dE EM Y

where, x = —y(E — Es/En)? ~ b(E/Ak)® for E ~ E, that in the limit of large
y reproduces the exponential behavior of the field theory density of states. However,
we don’t think that such a distortion of the distribution could be the outcome of
a truly statistical averaging procedure. Furthermore, it seems contradictory to the
spirit of this work to seek out an exotic distribution. That would appear to undermine
the hope that our methods could one day offer some real predictive power.
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Fig. 2 A plot of the density of eigenvalues for a random Hamiltonian (Ey, = 1, Ny = 1000)
in the cases of: a Gaussian distribution (black) giving rise to the Wigner Semicircle and Gaussian
plus a cubic “interaction” term (gray) with concave tails.

5 Including Gravity

In this and previous work we have not discussed gravity at length. In [4] we
suggested that gravity could naturally emerge when a more general metric is allowed
when interpreting a random Hamiltonian as a local field theory (vs. the Minkowski
metric implicit in the discussion in Sect. 4). In such a picture we do not expect a full
consistent theory describing arbitrary spacetimes to emerge. It would be enough to
get a theory of spacetime that would be consistent for the actual state of the Universe
and similar states. It is not even clear, for example, that the full number of states
associated with black hole entropy would need to be part of the spectrum in such a
picture, since the microscopic properties of black holes do not really appear to be
part of our physical world . It seems reasonable to proceed carefully with this issue,
and avoid jumping to conclusions about gravity in this picture until some of these
ideas have been worked out more systematically.*

In the next section we will try a different approach. Specifically, we will relate the
curvature of the Wigner semicircle to the specific heat of the Universe. In estimating
the specific heat we use standard notions of the heat capacity of gravitating systems,
and thereby implicitly introduce gravity into our analysis. We do this with the
caveat that this approach may take us even further out on a limb than the other
(admittedly speculative) ideas discussed elsewhere in this paper. Interestingly, the
analysis in the next section yields intriguing results even when the more exotic forms
of gravitational entropy (black hole and De Sitter entropy) are ignored. Thus the

4We find it intriguing that this picture bears some resemblance to approaches that explicitly reject
a full “third quantized” superspace formalism, such as that discussed in [13].
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analyisis of Sect.6 seems to apply even in the context of the more conservative
ideas about gravity reviewed in this section.

6 Heat Capacity and N’

Here we return to curvature of the dN/dE vs E curve, i.e., the third derivative
of N(E), and estimate its value from a thermodynamic perspective. We will use
the fact that the heat capacity (or its intensive counterpart, the specific heat) is
a thermodynamic quantity related to N’”. As discussed in the previous section,
we will incorporate gravity by considering thermodynamic quantities defined for
gravitating systems such as black holes.

Our starting point is the standard canonical ensemble expression for the entropy
of a system with energy in a range A E around a central energy Ej:

S =log (d]\;(EEO) AE) (18)
This leads to
1 dS  d(og(4%AE)) N”
TTdE  dE N {19
andusing C = dE/dT
/ AT

When discussing these thermodynamic quantities one must generally be careful to
state what is being varied and what is being held fixed when differentiating. We will
return to that question a bit later in this section.

Plugging the generalized Wigner form (9) for the density of states into (20) gives

1_,_@=D0-@B-1

c 26770 @b

Here 1/Q = ((Ey — Es)/Ey)P — 1 is an exponentially small quantity if the
order by order matching described in Sect.4.1 is performed. Thus, to an excellent
approximation we have

-1
C=(1+—l_y) . (22)

Taking parameters around the Wigner case (y = 1/2 and 8 = 2) gives C = 9/8.



64 A. Albrecht and A. Iglesias

Originally, the motivation for this line of investigation was the following: The
second derivative of the density of states of the Wigner semicircle has the opposite
sign to that of the field theory density of states (as can be seen by inspecting Fig. 1).
The heat capacity is related to the second derivative of the density of states, and is
negative for strongly gravitating systems. Strongly gravitating systems dominate the
entropy of the Universe, so perhaps the negative specific heat of strongly gravitating
systems in the Universe allows one to more fully reconcile the density of states of
real matter with the Wigner semicircle at second order. This idea is not realized
however, because the the second derivative of the density of states is not related
to the specific heat in a sufficiently simple way. For the cases we consider, the
second derivative of the density of states remains positive, even when the specific
heat is negative. Forced to abandon this simple idea, we none the less move forward
with the comparison with thermodynamic quantities which still turns out to give
interesting results.

Due to the additivity of the entropy, it will be convenient to work with the
derivatives of entropy with respect to £

d"S/dE". (23)

These quantities can be constructed by differentiating S(E) directly, or they can be
constructed from other thermodynamic quantities. For example, the n = 2 case can
be related to the heat capacity using

1 d*s
7°C = dE? &9
(which can be derived from Eqns. 19 and 20).

If we write the entropy of the Universe as a sum over different components (such
as radiation and black holes) labeled by i one has

d>Si, d? 1
dEtZt = Zsi =Y s5r=->" e (25)

i i t

The Wigner density of states (Eqn. 9) gives

d2S B N"2_ N'N™ B 1+'3Qd_5'_ ,3(]+Q)(1+'BQ)
dE2 .~ N2 T E—EsdE P (E—Es)y

(26)

We wish to compare Eqn. 26 with Eqn. 25. To do so we will either estimate
T; and C; or S/ directly for the various components of the Universe. We consider
four main contributions coming from radiation (R), black holes (BH), dark matter
(DM) and dark energy (DE).

Radiation: To compute the radiation component we take a gas of photons with
energy Ex = prH > = Ty H ™3 and temperature Tz = 1071*GeV . Keeping the
volume H 3 = (1074GeV) ™3 fixed we obtain
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1

Cr=2x10%, ——
TZCg

=10"2GeV 2, (27)

and entropy Sg = 4Cr/3 ~ 10%.
Black Holes: We use the total black hole entropy estimate of [14]:

(g l) Epn M
St =N 45 H ~3.2x 10" , 28
BH ZI n, Y 105Gev \107Mg 8
gu

where the sum is over galaxies (Ngu ~ 10'") within the volume H > and
Mgy (gal) is the distribution of masses of supermassive black holes at the galactic
cores, which we approximate here as being peaked at M = 10’ M. Using Epy =
NeaM = 101"10"Mg = 107°Ey and Mg = 10°7GeV (i.e.,, Tgy ~ 10%GeV )
we obtain

M \? 1
Cpy = —2.1x10% , —  ~—1078GeV 2. (29
b (107M@) T2, Cpu 29

Dark Matter: We infer the dark matter temperature by equating the dark matter
kinetic energy with thermal energy:

2
v Mpm —4 —4
Tom ~ 107°GeV ~ 107°GeV 30

bu (IOOkm/s) 100GeV ¢ ¢ (30)
with mpys being the mass of the dark matter particle. We consider that only a
fraction of the energy differential dE, of order v?/c?> ~ 1073, goes into thermal
energy. These leads to a dark matter heat capacity of order

1
Com ~£107°, ——— ~£107°GeV 2. 31)
TDMCDM

In virialized bound systems there would be a negative contribution coming from the
gravitational energy twice as large as the kinetic component leading to a negative
heat capacity (and the negative sign in Eqn. 31). Non-bound dark matter would
contribute with a positive sign. We allow both signs in Eqn. 31 because our analysis
is not detailed enough to consider which effect dominates.

Dark Energy: We use the de Sitter entropy Spr = E*/m?%, ~ 10" (with
E = ppr H™?) giving

d*Spg/dE* ~2/m%, ~ 107°GeV 2 (32)
with a temperature of order Tpr ~ Hy ~ 107*GeV .

Total for the Universe: Because the Universe is comprised of different compo-
nents which are not in equilibrium, we work with Eqn. 24 which is easy to treat as a
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sum of independent components. Plugging all four components into Eqn. 24 (with
i ={R, BH, DM, DE}) leads to an expression of the form

24q.
1 =_Zﬁ (33)

to be compared with (1 + BQ)dS/(Ey — E;)dE (from Eqn. 26) for the random
Hamiltonian.

We notice that the ratios of S; to dS; /dE = Ti_1 and of dS; /dE tod*S; /dE* =
Ti_ZCi_1 for each component in the above estimates are all of order Ey. The
regularity of these ratios makes it possible to reconcile the two descriptions if the

following relation holds:
ﬂ ~ 1 ; (34)
Es—Ey Ep
which at this point of our analysis does not lead to any inconsistency with our
previous results since the parameter Eg was still unconstrained.

Indeed, the generalized distributions we proposed, Eqns. (9) and (10), have
more free parameters than constraining equations, Eqns.(11)-(13), even after setting
a = 1/2. Therefore, it appears that demanding consistency as we have done above
does not produce onerous constrains on the system. A caveat to this conclusion
could come from any insights that suggest that the properties of ratios of derivatives
scaling as E !'is non-trivial for the actual Universe, but on the face of it this seems
to be a straightforward result that obtains for a great variety of functional forms for
S(E).

An interesting feature of the above discussion is that it applies to a variety of
different cases: The entropy and its various derivatives calculated above are clearly
dominated by the contributions from S,. But one could “conservatively” argue
that S is quite abstractly defined, and should not be allowed to contribute to
comparisons with the Wigner density of states. Perhaps the Wigner density of states
should only be equated with degrees of freedom that are more physically observable.
Removing S, from the computation would allow Spy to dominate. Since ratios
of derivatives of Spy have the same properties, the comparison with Wigner goes
through unchanged. Similar arguments might cause one to leave out Sy as well.
Then Spy dominates and again the analysis goes through.

Interestingly, if one considers the dark matter to be dominant, one can consider
integrating the discussion here with the comparison of Wigner with field theory
in Minkowski space in Sections 4.1 and 4.2. The possibility that most of the
dark matter entropy is in states that are only linearly perturbed gravitationally
is consistent with current observations, and under those conditions it may be
reasonable to combine the constraints presented here with those from Section 4. The
value of Eg needed to satisfy Eqn. (34) together with the field theory requirements
is exponentially close to —FE}y, half the width of the Wigner distribution, with
Ey < Ey.
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What are we to make of this comparison? We are trying to learn if the Wigner
semicircle gives a sufficiently good approximation to the density of states of the Uni-
verse. Our current analysis assumes that it is possible to take the Wigner semicircle
density of states in the vicinity of some energy E( and set up a correspondence with
eigenstates of a Hamiltonian that describes the Universe more or less as we know it.
In this section we assume this correspondence allows us to use the thermodynamic
quantities as estimated above. Specifically, the differentiation with respect to E
should reflect the differences between the thermodynamic quantities calculated at
Ey, and for a similar cosmological interpretation of the Wigner density of states an
energy dE away. A careful understanding of how the black holes, radiation, etc.
change as one shifts by dE and reinterprets the density of states cosmologically
would be required to give our calculations more rigor (of the sort commonly
expressed, for example, by holding specified properties fixed when differentiating
thermodynamic quantities). In the absence of such rigor, we hope that the simple
differentiations performed in this section give a reasonable approximation to the
desired result.

The crudeness of our methods warrant a great deal of caution, but we still find
it a curiosity, perhaps even an encouraging curiosity that our comparison yields
results that are comparable within an order of magnitude, and possibly even with
the right sign.

7 Summary and Conclusions

The clock ambiguity suggests that we must view physical laws as emergent from
a random ensemble of all possible laws. We started this article with a review of
our earlier work showing the origin of the clock ambiguity. We then outlined and
expanded upon our earlier ideas about the central role of quasi-separability in such
a statistical analysis, and discussed how this could lead to a prediction that local
field theory should provide the basic form for physical laws. We have shown that
(contrary to our earlier assumptions) one can quite generally assume physical laws
that emerge in this picture will have a time independent Hamiltonian. We reviewed
our earlier work that shows how the density of states of a free field theory can be
well approximated by a random Hamiltonian, and extended this work to include a
possible predictive link to the number of dimensions of space. We also explored a
higher order analysis that (favorably) compares the curvature of the density of states
of a random Hamiltonian with that of the observed Universe using estimates of the
specific heat of the various components of the Universe.

‘While most of our discussion here is rather heuristic, our new results all add to
the case that a statistical approach to physical laws may indeed be viable. In the
case of the time independence of the Hamiltonian, we feel we have presented a
very solid result which gives a significant improvement over our earlier discussions.
All in all, while many open questions remain that could ultimately undermine our
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approach, we feel that a statistical approach to the emergence of physical laws
remains an interesting possibility which has accumulated additional support from
the work presented here.
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Holographic Cosmology and the Arrow of Time

Tom Banks

Abstract I review the holographic theory of quantum space-time and cosmology,
and argue that it may yield insight into the Boltzmann-Penrose question of why the
universe began with low entropy. In this model, the observed low entropy initial
conditions, may be the most general initial conditions for cosmology, which avoid
collapse into a dense black hole fluid phase.

1 General Relativity Is Not a Quantum Field Theory!

The basic paradigm of quantum field theory in a fixed space-time is based on
the Cauchy—Kowalevskaya theorem for second order hyperbolic partial differential
equations. This theorem states that, given smooth values of the fields and their first
time derivatives on a complete space-like slice (a Cauchy surface), there exists a
solution of the equations in a finite region of the space-time, foliated by Cauchy
surfaces to the future of the initial value surface. Thus, the phase space, or space
of solutions of the equations, is parametrized by the values of canonical pairs of
variables on the initial value surface. One quantizes by specifying the operator
algebra of the canonical variables on the initial value surface. For a smooth fixed
background metric, and a renormalizable Lagrangian, the quantum theory can be
constructed in a manner covariant under infinitesimal coordinate transformations.
An analogous formulation of classical GR was given by Arnowitt Deser and
Misner (ADM). Formal quantization of it leads to the Wheeler—DeWitt equation. It
is the basis of the loop quantum gravity program. There are numerous problems with
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this approach,' but I would like to emphasize one in particular. Above three space-
time dimensions (and in three spacetime dimensions with negative cosmological
constant (c.c.)) generic initial data lead to singular solutions.

The field theory paradigm leads to the slogan “one degree of freedom per
space point” on the initial value surface. This idea is problematic from the start
when the formalism tells us that the volume of space associated with a given
coordinate region can change with time. However, when entire regions of space can
be swallowed up inside singularities, we should clearly be thinking more carefully
about precisely what the actual phase space is that we are trying to quantize. There
are precious few global existence theorems in GR, and those that exist [1] obviously
put stronger restrictions on initial data than one would want. The point is that we
believe that some of the singular solutions, namely black holes, actually represent
physical processes which can occur in the real world, and should be included in the
theory.

The correct conjecture to make is called Cosmic Censorship: with some restric-
tions on initial data, the only types of singularities that occur are black holes.? In
formal GR jargon: singularities should always be in the complement of the causal
past of future infinity. Of course, this may not include all possible space-times that
we would like to understand: it legislates away both Big Bang and Big Crunch
singularities. However, Cosmic Censorship gives us a handle on a class of space-
times which we can study reliably, and therefore gain insight into the nature of the
degrees of freedom of quantum gravity.

The Cosmic Censorship conjecture has never been proved. Part of the reason
for this is that one is not sure exactly how to formulate the restriction on initial
conditions, which would guarantee it to be true. I’d like to make a suggestion in
this connection. String theory has shown us that (in asymptotically flat space-time
of dimension higher than four), the gauge invariant observables are all encoded in
the S-matrix for finite numbers of incoming and outgoing stable particles. It would
seem then that the correct initial conditions for the Cosmic Censorship conjecture in

'In two dimensions, where the formalism actually leads to a well defined mathematical construc-
tion, one is forced to include processes in which the universe splits into disconnected pieces, in
order to describe a unitary quantum theory. One obtains the topological expansion of string theory,
which only makes sense for a very restricted class of generally covariant second Lagrangians. The
observables of these well defined models have no obvious connection to local measurements on a
two dimensional world sheet. Similar remarks are valid in one space-time dimension, though the
freedom to choose the world-line Lagrangian is not compromised in this case.

There is a possible modification of this suggested by string theory. We have evidence in string
theory for the existence of naked singularities like orbifolds, orientifolds, conifolds, which are
resolved by the quantum theory. For example, singular limits of K3 manifolds are perfectly regular
string compactifications. One can certainly imagine that one can start with a classically regular
string compactification on K3 and choose initial conditions for the moduli, which send them
through a singular point in moduli space, in some localized region in the non-compact dimensions.
It is possible, that this does not give rise to a black hole, but simply that quantum effects become
important, as new light states have to be included in the effective field theory description of physics
near the singularity.
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asymptotically flat space-time should be incoming scattering data: a finite number
of incoming localized wave packets of arbitrarily small amplitude, but arbitrarily
high energy. In four dimensions, one would have to understand the Fadeev—Kulish
[2] generalization of the S-matrix to include coherent bremstrahlung radiation of
massless particles. One should also be aware of possible exceptions to the theorem
involving resolvable naked singularities, as noted in the previous footnote.

Similarly, Cosmic Censorship in Asymptotically AdS space-time should assume
initial conditions which are sums of infinitesimal waves, satisfying the usual
normalizable boundary conditions [3]. We have plenty of evidence [4] that boundary
conditions only slightly different than these, can cause singularities, and that they
do not correspond to states in the same quantum theory.

This analysis of the phase space of classical GR suggests that the key to
understanding the local nature of the degrees of freedom of the quantum theory,
is to understand black holes. There are other lines of argument, which lead to
the same conclusion. Since Rutherford, we have become used to searching for
the “ultimate building blocks” by performing scattering experiments in a regime
where all kinematic invariants are large. The work of [5] is evidence that, once the
impact parameter becomes smaller than the Schwarzschild radius corresponding to
the center of mass energy, such scattering processes produce singularities, which are
black holes if Cosmic Censorship is correct.

The Bekenstein—-Hawking formula for black hole entropy, also suggests that the
ultimate high energy behavior of theories of quantum gravity is dominated by black
holes. The validity of the AdS/CFT description of asymptotically AdS quantum
gravity depends on the fact that this formula matches that of the boundary CFT.
This can be viewed as rigorous evidence for black hole dominance of high energies,
if we take the CFT as the definition of quantum gravity in asymptotically AdS space-
time. In asymptotically flat space, the black hole entropy formula grows much more
rapidly than any quantum field theory or perturbative string theory. However, as we
will see below, for certain dimensions it is consistent with a field theory description
of the light-cone Hamiltonian.3

I would also remind the reader of the lesson taught us by Feynman and Wilson:
the degrees of freedom we use to describe all known quantum systems, are those
which dominate the high energy behavior. Indeed, the Wilsonian definition of a
quantum field theory (which includes all standard quantum systems with infinite
dimensional Hilbert spaces as special cases) is that it is a relevant deformation of
the conformal field theory which dominates its high energy behavior.

These observations originally led me to formulate the idea of asymptotic
darkness[6]. Originally, I had imagined that one could access a theory of quantum
gravity by starting from black hole states, treated as stable and exactly degenerate,
and use what we know about semi-classical black hole physics to figure out a
consistent theory. The apparent problem is that black holes are thermal systems,

3That is, the light cone Hamiltonian may be identified with a time-like generator in an ordinary
Lorentz invariant field theory.
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and semi-classical physics tells us only about their thermodynamic properties. These
depend only on rather generic features of the Hamiltonian. The idea of asymptotic
darkness is of some utility, as demonstrated by the following examples:

e In d dimensional Anti-de Sitter space (AdS,;), with radius R, the asymptotic
Bekenstein—Hawking formula for black hole entropy reads

S(E) = cg(RREMp)i=.

¢q is a numerical constant. This is identical to the entropy formula of a d — 1
dimensional conformal field theory, compactified on a spatial sphere of radius
R The “number of degrees of freedom” of the CFT is related to the AdS radius
in Planck units. This observation could have been the genesis of the AdS/CFT
correspondence.

e In asymptotically flat space, the BH formula grows more rapidly that E, and
cannot be matched by any quantum field theory. However, the entropy as a
function of light-front energy for d > 4 grows less rapidly than E[7]. For
d > 6, Matrix Theory gives us a model of the light front Hamiltonian of theories
with > 16 supercharges as a limit of quantum field theories with N x N matrix
variables. The finite matrix field theories are a Discrete Light Cone quantization
of Super-Poincaré invariant quantum gravity, and have a density of states which
grows too rapidly at infinite energy, to match to the BH formula. Indeed, the
quantum gravity states are part of the low (0(1/N)) energy spectrum of the field
theory. The DLCQ theory is not a field theory for d = 5, 6, but the BH entropy
formula suggests that the N — oo limit might be a 9 — d dimensional field
theory.

e The BH entropy formula suggests that theories with linear dilaton asymptotics
have a Hagedorn spectrum. This is consistent with the idea that these are Little
String Theories [8], in which the bulk gravitational constant is dialed to zero, so
that perturbative estimates of the high energy density of states are valid. It also
suggests a formulation of the light cone Hamiltonian of these systems in terms
of 1 4+ 1 dimensional field theory. This is indeed correct for the DLCQ of Little
String Theory [9].

These examples also demonstrate a fundamental property of quantum gravity,
which distinguishes it sharply from quantum field theory: the high energy behavior
of the Hamiltonian, and its very definition, depend on the infrared space-time
asymptotics. Indeed, for general space-time asymptotics we should not expect a
time-independent Hamiltonian at all. How then are we to generalize these insights?
I believe that the fundamental clue lies in the covariant entropy bound [10]. This
relates entropy not to a specialized concept like conserved energy, but to the general,
and local, concept of the area of a holographic screen.

A causal diamond in a Lorentzian space-time is the intersection of the interior
of the backward light cone of a point Q and that of the forward light cone of a
point P in the causal past of Q. For sufficiently small time-like separation between
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P and Q, the area of any d — 2 surface on the null-boundary of the diamond is
finite, and there is a unique maximal area d — 2 surface on the boundary, called
the holographic screen of the diamond.* The covariant entropy bound asserts that
the entropy which can be accessed by observers in the interior of the diamond is
bounded by one quarter of this maximal area, in Planck units.

In quantum field theory, one associates an infinite dimensional algebra of
observables® with each causal diamond. The covariant entropy bound thus implies,
as we have remarked above, that quantum gravity is not a quantum field theory.
Strictly speaking, this follows from a slightly stronger statement, formulated by
Fischler and myself [11], to the effect that the entropy referred to in the bound is the
entropy of the maximally uncertain density matrix associated with measurements
made in the causal diamond. In general, as we have noted, gravity does not allow
us to define special operators like the energy for a finite causal diamond, which
could give sense to the concept of canonical, or micro-canonical density matrices. If
the covariant entropy bound is indeed a general feature of quantum gravity, then it
seems reasonable that the covariant entropy bound refers to the maximally uncertain
density matrix on the Hilbert space. In particular, the finite entropy of a causal
diamond, implied by the bound, is the statement that the algebra of observables
associated with that diamond in a quantum theory of gravity is finite dimensional.®

This remark is exciting for several reasons:

e It gives a purely quantum mechanical definition of a quantity which is a
geometrical area, in the limit that that quantity is large.

e Similarly, we can give a purely quantum definition of locality. A subset of the
observables within the algebra of a given causal diamond, corresponds to a
smaller causal diamond included in the original one, if it is a tensor factor in
the full algebra. The complementary factor is associated with the region of the
large causal diamond outside of the smaller one. Note, that in contrast to quantum
field theory, there are no mathematical subtleties about the tensor factorization,
because everything is finite dimensional.

e The fact that the Hilbert space of a local region is finite dimensional has
profound consequences. “Machines” that measure local physics are finite and
have irreducible quantum fluctuations. As a consequence, precise answers to
physical questions about a local region are not possible, in principle. This means
that the mathematical description of this region (which e.g. will have some
precise time dependent Hamiltonian) can never be completely verified and so
has some degree of ambiguity. There are many equivalent descriptions of the
same physics, compatible with our idea that in quantum gravity, local physics

“More precisely, we should discuss foliations of the null boundary by space-like d — 2 surfaces.
The claim is that there is a unique maximal area surface which can be chosen as a leaf of a foliation.
3 Actually, observables are only the hermitian elements of the algebra. We will continue to use the
phrase algebra of observables, with this implicit understanding.

% And thus has a unique unitary equivalence class of representations: the algebra of N X N matrices
in a finite dimensional Hilbert space.
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is gauge dependent. There may be some sense then, in which the holographic
principle and the covariant entropy bound are the quantum origin of general
covariance.

On the basis of these observations, W. Fischler and I attempted to formulate a
general theory of holographic quantum space-time. The theory has three modules,
two kinematic and the third dynamical. The two kinematical modules are called
the arena and the variables and the dynamical module is called the Hamiltonian
constraint.

1.1 The Arena

The arena consists of a collection of Hilbert spaces H;, which, in the limit of large
dimension are to be thought of as the Hilbert spaces of causal diamonds whose
holoscreen area is four times the logarithm of dim ;. For every pair of Hilbert
spaces there is a tensor decomposition

Hi = O;; @ Njj,
H; =0, Nji,
where O;; = Oj;;. O;; represents, in the limit where geometrical language is

appropriate, the Hilbert space of the largest causal diamond in the geometrical
overlap of the diamonds corresponding to the individual spaces. We insist that each
O;; be on the list of H; and that the overlap of O;; with either H; or H; is just O;;
itself. \V;; is the Hilbert space mapped out by all operators in #;, which commute
with all operators in the overlap space. We also impose the condition that the overlap
of O;; with H; be a Hilbert space O;;; symmetric under permutations of i, j and k.
We call this the commutative rule for overlaps. We should go on and define higher
order multiple overlaps, obeying the generalized commutative rule. The process will
stop after a while, because all of our Hilbert spaces (in a finite region of space-time)
are finite dimensional.

Geometrically one should think of the arena as defining the quantum precursor
of a covering of the Lorentzian space-time manifold by causal diamonds. If the
covering is rich enough, one would expect it to be constrained, and to completely
encode the space-time geometry. A Lorentzian geometry is determined up to a
conformal factor by its causal structure, and a rich enough covering by causal
diamonds would determine the causal structure. Furthermore, our association of
Hilbert space dimensions with areas of holographic screens, obviously determines
the conformal factor if the covering is rich enough.

The big surprise for those who thought that quantum gravity had some relation
to a Feynman path integral over Lorentzian geometries is that the kinematically
defined arena, already determines the space-time geometry. However, in order to
ensure that the arena actually corresponds to some kind of space-time geometry we
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(must?) introduce two more postulates, relating to the existence of “observers”.’

Our current understanding of an observer in quantum mechanics is that it represents
a large quantum system, approximately obeying the rules of cutoff quantum field
theory. The observing devices available to an observer are the averages of local
fields over volumes® large compared to the cutoff scale. These “pointer” variables
have exponentially small quantum fluctuations. Obviously, any such observer will
follow a time-like trajectory through space-time.

We define an abstract notion of observer in holographic quantum space-time by
mimicking the last observation. In describing the variables of quantum gravity in
the next subsection, we will introduce the Hilbert space, P, of a single pixel on a
holographic screen. We will define an observer to be a sub-collection of the H;
labeled by a positive integer n ranging up to some value n,,,, which might be
infinite. We insist that

Hn) = Q) P".

Geometrically, we are constructing the analog of a nested sequence of causal
diamonds, corresponding to larger and larger intervals on the observer’s time-like
world line.

The nature of the mapping between observer Hilbert spaces and causal diamonds
in space-time will depend on the nature of the space-time. Two broad classes of
space-times that we might want to find quantum descriptions of are Big Bang, and
TCP symmetric, space-times. In the former, the Hilbert space #(n) will represent a
sequence of causal diamonds whose past tips all lie on the Big Bang hyper-surface.
As n increases, the future tip is a larger and larger positive time-like distance from
the Big Bang. The space-time picture is shown in Fig. 1. The detailed nature of the
mapping between n and some conventional geometrical measure of time evolution,
will depend on the dynamical part of the theory, whose description we give later.
One general point can be made. In a region of space-time which is roughly an
expanding k = 0 FRW, the area of the holographic screen of a causal diamond
grows like =2, where ¢ is the FRW time. The apparent discretization of time
implied by our formalism is not fixed at the Planck length, but scales to zero as
time goes on. Roughly speaking the minimal time interval is related by the time
energy uncertainty relation, to the energy of the maximal black hole that could exist
in the causal diamond at time ¢.

"Despite the traditional bio-centric language, our observers need not be living creatures. The only
requirement is that they be quantum systems with a large number of observables that have very
small quantum fluctuations. Observers have neither gender nor consciousness, only approximate
local fields.

8Tmplicit in the idea that the observer is approximately described by field theory is the assumption
that the region of space-time in which the observer lives is approximately classical. Later on, we
will use the formalism we construct to describe situations in which no such semi-classical observer
could exist.
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Fig. 1 Nested causal diamonds of a pair of observers in Big Bang space-time.

Fig. 2 Nested causal diamonds of an observer in TCP symmetric space-time.

By contrast, for TCP symmetric space-times we should view the sequence of
Hilbert spaces #(n) as describing a nested set of diamonds centered around the
point of time symmetry of the observer’s trajectory. The picture is that of Fig. 2.

As we will see, in this context, the appropriate dynamical object is an approxi-
mate S-matrix, which relates in-coming to out-going states through the diamond’s
holographic screen. If n,,,, = oo, we can hope to define a true gauge invariant
scattering matrix.

Although asymptotically anti-deSitter space-times fit in this TCP invariant
category, they introduce a new wrinkle. In space-times with a conformal diagram
similar to that of Minkowski space, n goes to infinity with the time-like separation
between the past and future tips of the diamond. It is well known however, that in
AdS space, the area of the causal diamond of a geodesic observer, goes to infinity
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Fig. 3 Causal diamonds in anti-deSitter space-time: the proper time/area relation becomes
singular.

when the global time associated with this observer’s trajectory reaches a single AdS
period (Fig. 3).

After this time n = oo but the time continues to grow.” Thus, we expect a time-
like evolution of a system with an infinite number of degrees of freedom. As noted
above, the Bekenstein—Hawking entropy formula suggests, and years of work on the
AdS/CFT correspondence confirm, that this system is a quantum field theory, living
on the conformal boundary of AdS space.'?

The alert reader will have noticed that TCP invariance is, in our formalism, not
a general property of the laws of physics, but an a priori restriction on the class
of space-times. This is entirely analogous to the restrictions imposed by insisting
on Poincare or Anti-de-Sitter invariance. Symmetries in general relativity are all
related to actions on a restricted set of boundary conditions. There is no reason to
think that the quantum theory of a Big Bang space-time is related by symmetry to
that of a Big Crunch. In the next section we will define a mathematical model of a

9In the universal cover of AdS, which has no closed time-like curves.

1parenthetically, the analysis above may shed some light on the difficulties of extracting local
physics from AdS/CFT. Bulk physics on scales much smaller than the AdS radius should be
described by an approximate S-matrix. The connection of boundary time evolution with causal
diamonds larger than the AdS radius suggests that the relation between this S-matrix and the
boundary Hamiltonian might be complicated. It would be interesting to revisit the proposals of
Polchinski [12] and Susskind [13] for extracting the flat space S-matrix from CFT correlators, in
view of this insight.
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Big Bang space-time, which is definitely not related to a Big Crunch. Despite the
intrinsic violation of TCP in the quantum theory of gravity, we will see that we do
not automatically have an explanation of the thermodynamic Arrow of Time (AOT).

One observer does not a space-time make. We will model a non-compact space-
time, which admits a foliation by non-compact space-like hypersurfaces. To this
end, we introduce a d — 1 dimensional lattice, whose points are labeled by a
variable x. Only the topology of the lattice is relevant: our definition of distance
will not be that of the lattice. We will, for the moment, take it to have the topology
of Euclidean space. To each lattice point we attach an observer, so that we have a
collection of Hilbert spaces H.(n, x). We must now add to this collection, a collection
of overlap Hilbert spaces O(n,m,x,y), as well as multiple overlaps obeying the
commutative rule. We postulate that 7 (n, x) has the same dimension for all lattice
points x. We are describing a space-time in terms of a congruence of time-like
trajectories, and this rule simply defines a particular time slicing, which we call
equal area slicing. We further postulate that if x and x,,,, are nearest neighbor points
on the lattice, that the dimension of O(n,n,X,X,,) is dimP”~!. This is what it
means for two observers’ trajectories to be nearest neighbors, for all time. Their
available information, at any time, differs only by one pixel’s degrees of freedom.
The specification of more complicated overlaps, as we will see, is enmeshed with
the dynamical equations.

The reader, especially if she is a string theory aficionada, will be getting
agitated at this point. This all looks like a rather dreary translation of simple-
minded space time concepts into statements about a quantum theory. What about
compact dimensions? What about Stringy Geometry and dualities? It is important to
emphasize that our discussion so far is describing only the non-compact dimensions
of space-time, where I include a single horizon volume of de Sitter space in the
phrase non-compact. Extra, compact, dimensions will be encoded in the algebra of
pixel variables, to which we now turn.

1.2 The Variables

The key notion in the holographic approach to quantum gravity is the connection
between the dimension of the Hilbert space of a causal diamond, and the area of its
holographic screen. It is natural to think of the structure of the holographic screen
as defining the set of geometrical degrees of freedom which appear in the quantum
theory of gravity. So we must first ask what kind of space the holographic screen
is. Mathematicians have long known that the topology and measurability properties
of a space can be encoded in its algebra of functions. In classical topology, the
topological properties are encoded in the C* algebra of continuous complex valued
functions, while the measure properties of the space are encoded in its von Neumann
algebra of measurable functions. The basic idea of non-commutative geometry is
to consider “spaces” whose algebra of functions is a non-commutative C* or von
Neumann algebra.
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Geometrically, a pixelation of a smooth space, replaces it by a finite set of exactly
flat regions, which form some approximation to the original space. This can be
made precise by stating it in terms of the algebra of functions. A basis of functions
on a pixelated space consists of the functions which are equal to 1 on a single
pixel, and vanish on all the others. So, in terms of function algebras, a pixelation
is the replacement of the algebra of continuous or measurable functions by a
finite dimensional algebra. Naive geometrical pixelations always correspond to a
commutative algebra, isomorphic to an algebra generated by commuting orthogonal
projectors on a finite dimensional vector space. We will consider more general,
non-commutative, finite dimensional approximations to the function algebras of
holographic screens,such as fuzzy spheres [14].

Think about a small, geometrical pixel on a holographic screen. Up to a
conformal factor, the geometrical information in this pixel consists of a pair of null
vectors, one ingoing and one outgoing (through the holoscreen surface) and a little
piece of transverse hyperplane. Precisely this information is encoded in a spinor
satisfying the Cartan—Penrose equation:

VY () an s = 0.

This equation implies that the vector Iﬁym// = ny, is null, and that the spinor ¥
is a transverse spinor for this null vector. The tensors lﬁ)’(m...un)llf» alllieinad —2
dimensional transverse hyperplane, and define the orientation of that hyperplane.

The CP equation is Lorentz invariant and invariant under the rescaling ¢ —
Ayl We will treat both of these as gauge equivalences, rather than global
symmetries, in accordance with the idea that global symmetries in general relativity
are properties of specific kinds of asymptotic boundary conditions, and not of the
general local formalism. These two gauge equivalence groups have very different
roles to play and we will treat them quite differently. We will pick a physical gauge
for local Lorentz invariance, reducing the number of degrees of freedom on each
pixel n to the number, in a transverse spinor, S,(n).'> The Lorentz connection
relating spinor bases on different pixels will be encoded in the Hamiltonian we
write for the physical degrees of freedom. This is analogous to the H connection in
the gauge invariant formulation of a G/H sigma model, which is just a function of
the sigma model degrees of freedom.

By contrast, the rescaling invariance of the CP equation will be explicitly broken
to a Z, subgroup by our quantization procedure. Indeed, this redundancy arises
because the CP equation only expresses the orientation of the null vector n;, and of
its transverse hyperplane. In geometrical language, it is insensitive to the conformal
factor of the metric. Rescaling invariance is a direct expression of this fact. The

1) is real or complex, depending on the character of the minimal spinor representation in
dimension d.

12Recall that for a general pixelation of the function algebra, the label n stands for a single element
in the basis of the finite dimensional algebra.
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remaining geometrical information arises from the Bekenstein—Hawking connection
between entropy and area, which is a quantum relation. Thus we may expect that
the quantum commutation relations between the S, (n), break the scaling symmetry
of the CP equation. If we want to preserve the residual SO(d — 2) symmetry of
the fixed Lorentz gauge, and have a finite number of states for a pixel, the unique
quantization rule is

[Sa(n), Sp(n)]+ = Sap.

This formula is appropriate in dimensions where the spinor of SO(d — 2) is real.
When it is complex, we instead have the commutators of creation and annihilation
operators. Note that these anti-commutation relations break the scaling symmetry
of the CP equation to a Z, : S,(n) — —S,(n). The operators associated with
independent pixels should commute with each other, consistent with the idea that
quantum gravity is a system with independent degrees of freedom per unit area of
the holographic screen. However, we can use the Z, gauge invariance to perform a
Klein transformation, and obtain pixel operators satisfying

[Su(l’[), Sb(m)]-l- = Subgmn-

There is an obvious linear action of the pixelated algebra of functions on the set
of operators S, (n). Thus, if f, is a basis of the function algebra we define

fnSa(k) = C,ikSa(l)s

where the structure constants are defined by

fufe =Clifr.

Thus, in the limit where the dimension of the function algebra goes to infinity, and
approaches the algebra of functions'? on a smooth d — 2 manifold (the classical
holographic screen of a large causal diamond) the limit of the S, (n) will be some
sort of operator valued section of the spinor bundle over the holographic screen.

1.3 SUSY and the Holographic Screens

The most remarkable thing about this general holographic approach to quantum
gravity, is that we are close to showing that a theory of quantum gravity, defined
according to our rules, automatically incorporates Supersymmetry (SUSY). To

3We do not yet specify the properties of these functions, with regard to continuity, but they should
at least be measurable.
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make this more precise, let us specialize to the case of asymptotically flat space-
times. In this case, the holoscreens of causal diamonds of geodesic observers are
round d — 2 spheres. Imagine that the limiting S, (n) operators should be thought of
as linear functionals (measures) on the space of measurable sections of the spinor
bundle. A basis thus has the form

Sa(n) — Sa8772(R. Ry),
where £ is a point on the sphere, and
[Sa, Spl+ = Sap-

Thus, the degrees of freedom associated with a point S are those of a massless
superparticle with momentum p(1,+£82). Note that nothing we have said so far
specifies the value of p.

This exciting observation poses a number of immediate questions

* Itis not sensible that the quantum theory of gravity is just a theory of one particle.
Where are multi-particle states?

* What guarantees that the super-multiplet contains the graviton?

¢ What about massive particles?

* Where is the variable describing the overall scale p > 0 of the massless particle
momentum?

* What is the meaning of the £ ambiguity in the association of massless momenta
with the parameter £ labeling pixel operators?

The penultimate question, and the first one, receive a common answer via the
following ansatz: Rather than allowing the the algebra of a finite causal diamond to
converge to the algebra of measurable functions on the sphere, we instead require
that it converge to the tensor product of this algebra with the Cartan subalgebra'* of
the unique hyperfinite I/ factor, R[0, 1], of Murray and von Neumann [15]. This
algebrais generated by finite sums of commuting orthogonal projection operators e; .
It has a trace function which takes on all values in [0, co]. Two projectors with
the same trace are unitarily equivalent via a unitary operator in R[0, 1], and the
permutation of a collection of projectors with the same trace is also a unitary.
The group of outer automorphisms of the algebra is a one parameter group, which
rescales the trace

Tr p,(ef) = e'Tre;.

14T am not sure whether this terminology is standard for the maximal abelian subalgebra of an
associative, rather than a Lie, algebra. Instead of the Cartan subalgebra, we could use the whole
non-abelian von-Neumann algebra, but insist that inner automorphisms of the algebra are gauge
transformations.
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The inner automorphisms (unitary transformations) of R[0, 1] are considered to
be gauge equivalences of the physical theory. '3
The quantum operator algebra consists of all finite collections of operators

Sa(pr)d(K2, ),

with
[Sa(p1). Sa(ps)]+ = SupTresey.

The permutation gauge symmetry is to be implemented as a constraint on quantum
states. This is similar to the operator algebra that describes the asymptotic states of
Matrix theory (if d = 11). Note however that each asymptotic massless particle
is treated in the light cone frame along its momentum direction, so there are no
transverse momenta in the specification of the Hilbert space. As in matrix theory,
the permutation symmetry of particle statistics is the gauge equivalence between
diagonal matrices mod permutations, and commuting matrices. The /[ factor is
the appropriate infinite limit of the space of matrices.

If we take the limit of the operator algebra of a finite causal diamond in this way,
we get an algebra whose smallest representation is the Fock space of a collection of
massless superparticles, with the correct spin-statistics connection. The spin states
of superparticles penetrating the holographic screen are, in this interpretation, just
the quantized degrees of freedom of the screen itself.

There is an ambiguity, a quite standard one, in the representation of this operator
algebra. For single particle states, with fixed momentum, the operator algebra is iso-
morphic to that of a finite number of fermionic creation and annihilation operators.
The “ground state” of the algebra can be chosen to lie in any representation of the
group SO(d — 2) (there are sometimes additional constraints from the requirement
that the spectrum is TCP invariant). In supersymmetric four dimensional particle
physics, this ambiguity allows us to discuss massless supermultiplets with any
maximum helicity. However, well known theorems for asymptotically flat space
[16] show that we cannot have a non-trivial scattering matrix for particles which
have four dimensional helicity greater than two. On the other hand, since we are
trying to construct a theory of gravitation, we should expect to have gravitons in the
spectrum.

For d = 11, there are 16 real generators and the minimal representation of
the algebra consists of precisely the graviton supermultiplet. The construction we
have outlined leads precisely to the Fock space of 11D SUGRA as the Hilbert
space of an infinite causal diamond [17]. I believe that the correct way to obtain
more general theories of quantum gravity in asymptotically flat space, is to view
them as compactifications of this example. This will guarantee that there is always
a graviton in the spectrum, and no higher spin massless particles.

15As noted above we could in fact have required our algebra to be the tensor product of the full
11 factor with the algebra of functions on the sphere, subject to this gauge equivalence.
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As an example, consider compactification on a k dimensional torus. The 16 pixel
operators are denoted S/, where a is a spinor index of SO(9 — k). The algebra
of functions on the k torus is pixelated by replacing it by the algebra of functions
on Zy, X ...X Zy,, and a basis is labeled by a k vector (P ... P;), whose jth
component is in Zy,. If n labels pixels in the non-compact holographic screen

(which approaches S°~* for large causal diamonds) then
[S20m). S 0]+ = Sasbon (8 + () EP,

where 7 are the k dimensional Euclidean Dirac matrices and E is the k-bein
for the torus. If k& > 2 this algebra should be modified to include wrapped brane
charges. Note that, with this prescription, the number of degrees of freedom per
non-compact pixel, depends on the spectrum of the operators P; which label a
basis of the function algebra on the compact space. This should be viewed as the
renormalization of the Planck scale upon compactification:

9—k
(™) = i),

I have not worked out the limiting process, which gives the Fock space of BPS
particle states of M-theory compactified on a k torus, but this should be relatively
straightforward. More interesting would be the construction of theories with less
than maximal SUSY. Here, the “idea for an idea” is to keep the number of operators
per pixel of the non-compact holographic screen equal to 16, in order to guarantee
the existence of gravitons, but to allow operators on the right hand side of the anti-
commutation relations, which do not commute with the S, a’ . Thus, the properties
of the compact space will be encoded in the pixel algebra. Notice that in current
descriptions of M-theory compactifications, it is those aspects of compactification
that appear in the SUSY algebra, which are invariant under dualities.'®

These examples already introduce the question of massive particles. In the limit
of large causal diamonds, we will obtain single particle operators S/§(2, ),
where  is a point on the 9 — k sphere. From the incoming and outgoing positive
energy null momenta pointing in this direction, we can construct p(1, ) +
ap(1, —), with positive . This is a massive four vector, with mass

4p°a.

Thus the relation between the positive parameter p (determined by the trace of the
projector in the I I, algebra and the spatial momentum in the £ direction is

2
r=(r-5)

16This is not precise. The torsion elements of K-theory, which classify stable, non-BPS particles,
do not appear in the SUSY algebra.
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For massive particles, small p corresponds to negative momentum. In [17] I
showed that Lorentz boosts along the direction 2 were implemented with the help
of the outer automorphism of the I/, factor which re-scales p. For a massive
particle, a Lorentz boost along its direction of motion can reverse the sense of the
particle’s motion, so the fact that rescaling p changes the sign of the momentum is
expected.

The parameter m? which appears in the previous paragraph, will enter the
formalism through the definition of the conserved SUSY generators (and thus the
non-compact energy-momentum vector). For BPS states, its value is determined
algebraically. However, string theory also contains stable particles with torsion class
K-theory charges, whose mass is not determined by group theory. The kinematical
formalism we are discussing must take these masses as input parameters, which are
to be determined by the dynamical equations.

Recall that we admitted a sign ambiguity in the assignment of a null momentum
to a pixel on the holoscreen of a large causal diamond. This ambiguity is the
distinction between ingoing and outgoing particles. Thus, we should imagine two
copies of the kinematical algebra of pixel operators, related by the scattering matrix.
A key part of the theory, which has not yet been constructed, is a set of dynamical
equations for the scattering matrix.

1.4 The Hamiltonian Constraint

Classical general relativity is invariant under general coordinate transformations.
In particular, the transformations that change between different time slicings of
the space-time manifold, including moving to the “next” slice of a given slicing,
are gauge transformations. This is expressed through the Hamiltonian constraint
equations

H(x) =0,

[H(x), H))pp = (P'(x) + P'(»));8(x, ).

X,y are coordinates on a given time slice and P’ (x) generates diffeomorphisms
of the slice. H(x) generates a small deviation into the future, at the point labeled
by x. There are many ways to push a particular point a finite distance into the
future. The Poisson bracket relation is a consistency condition which ensures
that, independently of how one moves to the future, the diffeomorphism invariant
quantities at a given space-time point are the same.

In the most naive approach to the quantization of gravity as a field theory, the
Hamiltonian constraint is imposed as an equation for physical states

Hx)|y) = 0.
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When gravity is treated semi-classically, this leads to quantum field theory in curved
space-time, with a (generally time dependent) Hamiltonian generating evolution
along some time parameter of the classical background space-time [18,19].!

These semi-classical ideas suggest a dynamical principle for the arena. I will
state it for cosmological space-times, which begin in a Big Bang. Here one takes
the nested causal diamonds describing a single observer to all begin at the same
point. The system has a time dependent Hamiltonian, which evolves things from the
Big Bang onward. The Hamiltonians H (n) operate in the full Hilbert space of the
maximal causal diamond of the observer. e 7/(") generates time evolution between
the tip of the n — 1st causal diamond and the nth. The time evolution is discrete, but
the implicit time interval becomes shorter and shorter as n, and the dimension of
H(n,x) get larger. For example, in an FRW universe with spatially flat time slices,
the area/entropy, which increases by Indim P when n goes to n + 1, grows as
972 in FRW time. Roughly speaking, the discreteness in time is inversely related
to the energy of the maximal size black hole that can be encompassed by the causal
diamond, by something like the time-energy uncertainty relation.

We insist that the Hamiltonian H(n) be constructed as a sum of operators
H;,(n) + Hyy, (n). Hi, (n) contains only pixel operators S, (n, X) for the nth causal
diamond, while H,, (n) is constructed out of operators which commute with all
of those pixel operators. This postulate imposes causality on the time evolution. If
we view the full evolution on the Hilbert space of the maximal causal diamond,
then at the time labeled by n, degrees of freedom inside the causal diamond have
not yet interacted with those outside it. Note that this framework has both a natural
beginning of time (where the number of accessible degrees of freedom shrinks to
zero) and a natural Arrow of Time.

The natural Arrow of Time is in fact already a feature of the Wheeler—DeWitt
formalism. We build a Hilbert space for the WD equation by expanding around a
particular classical solution, which is usually not time reversal invariant. Adherents
of the fallacious point of view that general relativity is just another quantum field
theory will try to argue that this is some kind of spontaneous breaking of TCP
invariance [19], since Einstein’s Lagrangian is locally invariant. The remarks of the
introduction should prove an adequate refutation of this mistaken point of view.
Different solutions of the same low energy effective gravitational action are not part
of the same quantum theory, unless they correspond to small perturbations of a given
macroscopic geometry. The conclusion is that, like all real symmetries in GR and
QG, TCP invariance is a global/asymptotic symmetry. If it is not a property of the
macroscopic geometry, it is not a property of the theory.'8

17 An often overlooked part of this analysis is that the Hamiltonians and Hilbert spaces for different
classical solutions are not related to each other in any simple way.

181t is perhaps worthwhile to point out a linguistic nicety. We have become used to using the word
theory to mean a particular mathematical model, defined by a fixed evolution operator U(t, ty),
and I am using the term in this sense. The general THEORY of quantum gravity is the broader
subject of this review, which is illustrated by a variety of particular theories. It’s clear that in a
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Now consider the sequence of overlaps O(n, x; ny). For consistency with the
geometrical picture (Fig. 1) each successive overlap should contain the previous
Hilbert space as a tensor factor. Even if we assume pure state initial conditions
for the Hilbert space of each observer we should not expect the states in the
overlap Hilbert spaces to be pure. The Hamiltonians H (k,x) for k < n are not
sums of operators which act only in O(n,x;n,y) and operators which act only
in its tensor complement in H(n,x). Instead, the overlap is, from the point of
view of the observer at x, described by a sequence of density matrices, p(n,X;y)
constructed by evolving the pure state in 7 (n,x) and tracing over the tensor
complement of O(n,x;ny). Similarly, we can use the evolution in H(n,y) to
construct p(n,y; x). The fundamental dynamical consistency condition is that there
exist unitary operators such that

Ut(n.x;y)p(n.x:y)U(n,x:y) = p(n.y;x),

for every n, x,y. This is an infinite set of staggeringly complicated conditions.

In my opinion it is plausible that any solution of these conditions defines a
consistent model of quantum cosmology. Similarly, if we consider TCP symmetric
situations, each observer is associated with an infinite sequence of “partial S
matrices” relating the incoming and outgoing states on successive causal diamonds,
which converge to the gauge invariant S-matrix.!” There will be analogous con-
sistency conditions for the overlap Hilbert spaces and these partial S-matrices.
The interesting difference is that EACH observer’s sequence of S-matrices should
converge to the same answer. The consistency conditions should lead to some sort
of equations for the gauge invariant S-matrix.

One of the most interesting ideas that came out of the ancient era of S-matrix
theory was that Poincare invariance, crossing symmetry, unitarity, and a vaguely
defined notion of analyticity, would determine the S-matrix uniquely and possibly
even compute the spectrum of particle masses. We now know that this is wrong.
Indeed, S matrix theorists proved in the 1960s, that in perturbation theory, with
a finite number of stable particles, these conditions led exactly to the ambiguity
of local field theory. We now know that there are many non-perturbative solutions
of these constraints, defined by relevant perturbations of conformal field theories,
which flow to massive fixed points. However our holographic theory of quantum
gravity suggests stronger constraints on the S-matrix. First of all, we expect to have
a graviton in the spectrum. Secondly, we expect exact super-Poincare symmetry,
though the supergroup is not precisely specified when the dimension of space-

sensible world we would use the word model instead of theory in phrases like “the ¢* quantum
field theory”.

9In AdS space-time this statement is modified, because the label n representing the area of the
causal diamond, becomes infinite for finite proper time separation between tips of the diamond. It
is not clear what the infinite sequence of partial S-matrices converges to. The familiar boundary
dynamics of these space-times most naturally describes what happens to causal diamonds after
they hit the time-like boundary and have infinite area.
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time allows for an ambiguity. It does not seem implausible that the constraints on
the S-matrix that follow from our overlap conditions, combined with symmetries
and unitarity, will determine the scattering matrix up to the sets of parameters
we already know about. For models with at least 16 supercharges, everything
will be parametrized by the known moduli spaces. For 8 supercharges (M-theory
compactified on a Calabi—Yau three-fold), we still do not have a global picture of
the moduli spaces.

The challenge of finding equations for the S-matrix, which complete the old
S-matrix program and reproduce the results we know from string dualities is the
first step in turning the kinematic framework advocated here into a real theory of
quantum gravity. Armed with the solution of that problem we would be much further
along the road to finding a complete quantum theory of the real world.

Since I have not completed that program, I can record here only the progress that
has been made in the kinematic framework. In the next section I will describe the
dense black hole fluid (DBHF) cosmology, which is the only known mathematically
complete solution to the consistency conditions for holographic space-time. Its
coarse grained description is that of a flat FRW cosmology, with equation of state
p = p.Ithen outline an heuristic derivation of normal cosmology from a description
of defects in the DBHF. One of the results of this is the prediction that the future
asymptotic state of the universe is a de Sitter (dS) space, with cosmological constant
(c.c.) determined by the number of degrees of freedom associated with the initial
defect. If one considers the mathematical description of the universe to consist of an
infinite DBHE, sprinkled with a collection of defects of various sizes, holographic
cosmology leads to a multiverse, where different normal regions of the universe
have different positive values of the c.c. This gives us the possibility of using
environmental/anthropic constraints to explain the peculiar value of the c.c. that we
observe. The extent to which other parameters are environmental accidents, depends
on the uniqueness, in the limit of small c.c., of the quantum theory of dS space.
Since the model with vanishing c.c. must be a super Poincare invariant system with
compact moduli space [20], and no such models are known as yet, it may be that the
limit is quite unique. This could lead to a predictive theory of particle physics and
cosmology, with only the c.c. determined by anthropic constraints. Further, we will
see below that this framework may put much stronger anthropic constraints on the
c.c. because many other particle physics parameters are functions of it.

1.5 Executive Summary

The quantum theory of gravity is not a quantum field theory because its typical
localized excitation is a black hole, which satisfies a non-field theoretic relation
between entropy and geometry. We proposed instead a theory where the basic
operator algebra associated with a causal diamond was constructed from variables
describing the orientation of pixels on the holographic screen of the diamond. For
large diamonds the variables associated with a pixel describe the spin information in
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a supersymmetry multiplet and are to be associated with particles entering or leaving
the holoscreen via that pixel. The geometry of finite area holoscreens is determined
by a finite dimensional associative algebra and a pixel is a particular basis element
of this algebra. The pixel variables are operator valued sections of the spinor bundle
over this algebra.

Space-time causal relations are encoded in the tensor factor structure of the
Hilbert spaces associated with different diamonds. The overlap region between
two diamonds is associated with a common tensor factor in the Hilbert spaces of
the individual diamonds. This leads to complicated consistency conditions on the
dynamics of the system. The conformal factor of the space-time is determined
in terms of Hilbert space dimensions, by the Bekenstein—-Hawking rule. We
defined a quantum space-time in terms of the causal diamonds associated with the
trajectories of a set of densely spaced time-like observers, with dynamics obeying
the consistency conditions.

Easier said than done. In the next section I will present the only known solution
to the consistency conditions, an idealized cosmology called the dense black hole
fluid (DBHF). This gives a derivation of a particular Friedmann—Robertson—Walker
geometry from a system with a purely quantum mechanical definition. I then discuss
an heuristic model of real cosmology, whose initial state may be described as a
defect in the DBHF. I show how homogeneity, isotropy, flatness, and low entropy
in localized degrees of freedom, follow naturally from this model. Furthermore, it
predicts that the universe will asymptote to a de Sitter state, with c.c. determined
by the initial conditions. I discuss the possible origin of microwave background
fluctuations in this model, as well as the origin of the Arrow of Time.

2 Holographic Cosmology

2.1 The Dense Black Hole Fluid

The idea for the DBHF cosmology began with the observation of Fischler and
Susskind [21] that a flat FRW cosmology with p = p could saturate the covariant
entropy bound at all times. The question that arises is what this peculiar substance
is. Let me begin by discarding a red herring. Consider a general sigma model, with
Lagrangian

Gij($)g" V—80,9' 3,9’ .

An FRW model based on this Lagrangian, coupled to Einstein gravity, has scalar
fields which depend only on FRW time. Since the Lagrangian has no potential,
and no spatial gradients are excited, the equation of state is p = p. However, this
cosmology has zero entropy density. The entire universe has only a finite number of
degrees of freedom excited, and they evolve along a fixed classical trajectory. If we



Holographic Cosmology and the Arrow of Time 89

consider generic low energy excitations of this model, we get a massless gas, with
p = p/(d — 1), 1in d dimensional space-time.

An heuristic idea of what is involved in getting a substance that saturates the
entropy bound comes from considering an instantaneous configuration of black
holes, separated by a distance of order their Schwarzschild radius. The entropy
density is (in Planck units)

—(d=1) pd—2
o~ Ry RS,

while the energy density is
o~ R§—3Rg(d_1) ~ 0,2'

For an extensive fluid, the first law of thermodynamics (equivalently, covariant
conservation of the stress tensor in FRW cosmology) reads

pdV +Vdp =TodV +VTdo — pdV,

whence

p=To—p,

and
dp = (p+ p)/odo.

For p = p, this implies p & /o, just like the dense black hole fluid. Thus, the
DBHEF is a system of black holes which coalesce as the universe expands, in such a
way that p = k /o at all times. This system has an equation of state p = p.

To construct an actual mathematical model of this system we consult our general
formalism, and begin by concentrating on a single observer’s Hilbert space.”’ A way
to ensure that that the model maximizes the entropy available inside the horizon is to
supply it with a random time dependent Hamiltonian. We will do so, but we choose
our random ensemble in a manner motivated by the pixel variables of quantum
gravity.

Ignoring subtleties associated with compact dimensions, the pixel variables
inside the horizon at step k have the algebra

[Sa (m)s Sb(n)]-i- = Sabgmm

where a, b are indices in the spinor representation of Spin(d — 2), with d the
number of non-compact space-time dimensions. m and n range from 1 to k& and
label a basis for the algebra of functions on the pixelated holographic screen. The

200nce the model is constructed, it will be clear that the resulting universe cannot actually have
any observers in it. Nonetheless, it will be describable by the formalism we constructed to model
the experience of a normal observer.
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Hamiltonian H (k) is constructed from all of the pixel variables, with 1 < n <
Kmax- If dg is the dimension of the spinor representation, then k. Indg is the
maximal entropy accessible to this observer. H (k) is the sum of an operator H;, (k)
involving only 1 < n < k and another, H,,, (k) involving only k + 1 < n < k4.
For the DBHEF it will turn out that we only need to specify H;,.

We begin by choosing the term in H;, quadratic in pixel operators to be

H} (k) =~ Sa(m)h(m., n:k)Sa(n).

For each k, we make an independent choice of h(m,n;k) from the orthogonal
ensemble of anti-symmetric k X k matrices. Note that in writing a scalar product
between spinor indices associated with different pixels, we have implicitly assumed
that there is a flat Spin(d — 2) connection on the holographic screen. In a moment,
we will present evidence that in the large k limit, the emergent space-time we are
constructing has homogeneous and isotropic spatial slices. The holoscreen is a round
sphere, and SO(d — 1) rotations supply the required connection.

Wigner’s semi-circle law for the orthogonal ensemble, implies that the spectrum
of our Hamiltonian for large k is that of a cut-off free massless Majorana fermion
in 1 4+ 1 dimensions.

Polynomials of order 6 or higher in the pixel operators are irrelevant perturba-
tions of the free fermion fixed point, as long as their coefficients are bounded by k
independent constants. We generalize our ansatz by adding an arbitrary, k dependent
irrelevant perturbation to the Hamiltonian. The result of this construction is that, for
large k, independent of the initial state, the system explores the full Hilbert space of
the causal diamond at step k, during its evolution from the Big Bang. All degrees of
freedom inside the horizon are equilibrated, and those outside are decoupled from
them.

To make a fully consistent quantum cosmology, we have to add a full d — 1
dimensional lattice of observers and definite overlaps and dynamics satisfying all
the overlap conditions. Label the lattice points by Y. The equal area time slicing
tells us that

HkT) = @ P

where P is the irreducible representation of the single pixel algebra. We choose the
Hamiltonians

H(k,X) = H(k),

where H (k) is the same random Hamiltonian for all X .
Our overlap Hilbert spaces at equal time are defined to be

(kv?v?) = 7-[(k - d(?v7))v

where d (7, 7) is the minimal number of lattice steps between the two points. Note
that for large enough d the argument becomes negative. We interpret this to mean



Holographic Cosmology and the Arrow of Time 91

that the overlap is empty. That is, for fixed k only some of the points on the lattice
are in causal contact (note that the latter phrase makes sense in our quantum system
without any reference to geometry).

If we choose the same initial density matrix for each observer then this system
satisfies the infinite set of overlap conditions we discussed above. Thus, despite
the fact that the initial state of all degrees of freedom that are ever observable by
any observer is freely chosen, we find a homogeneous cosmology. All observers
experience the same sequence of states. We can inquire whether it would be possible
to have an inhomogeneous cosmology, consistent with the random Hamiltonian
ansatz for individual observers. This seems very implausible: the infinite set of
overlap conditions are not satisfied if one allows the Hamiltonians of different
observers to be different. The claim then is that the DBHF is automatically a
homogeneous cosmology, if it is a cosmology at all.

To prove that it is, we define the coordinate distance between two points on our
lattice, at fixed time, to be d(x, y). By “unfolding the carpenter’s rulers” we see that
as k — oo, the geometry that this defines becomes isotropic. Furthermore, since
it has no scale apart from the k dependent “horizon radius” outside which overlaps
vanish, there is no spatial curvature. Thus, in the large k limit our cosmology is a
flat FRW model.

Further support for this contention comes from examining how the horizon radius
scales with the entropy. This is conveniently done by introducing cosmological time.
If our model is indeed related to a flat FRW model, then the area of the horizon
scales as 772 On the other hand, the horizon entropy in our model scales like k, the
number of copies of the pixel algebra. We conclude that we should define ¢ o< k 7.
The physical volume of the horizon then scales like k¢~3/¢=2  according to the
geometrical model.

Our model contains a quantum mechanical definition of the coordinate distance
to the horizon. It is the minimum number of lattice steps to the point where the
overlap Hilbert space is empty. This is s = k. There is also an intrinsic definition of
the physical distance traversed in one lattice step at time k, which scales like 37,
Thus, the distance to the horizon scales like ¢, which is what we would derive from
a flat FRW model.

2.2 Qur World As the Cosmology of DBHF Defects

The model of the previous subsection is nice mathematics, but is obviously not a
theory of the real world. Nonetheless, it has some aspects that make it an attractive
candidate for the description of the beginning of the universe or Big Bang. First
of all, it represents the most generic possible initial state of a theory of quantum
gravity, if we accept the covariant entropy bound. Secondly, it is well known that
the stiffest fluid available dominates the energy density in an FRW universe, and
we have shown that for large causal diamonds the DBHF behaves like a flat FRW
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universe with the maximally stiff equation of state p = p. Thus, we can view the
DBHF as a quantum resolution of the singular Big Bang cosmology with p = p
and flat spatial sections.

To obtain a model universe which could have real observers in it,>! we try to
modify the maximally generic DBHF in some initially minor fashion. We can then
view our modification as a defect living in the space-time defined by the DBHF.
From the mathematical point of view, what we would like to do is to modify
the assignment of overlaps and Hamiltonians, for some finite set of points on our
lattice, in a way that is compatible with all of the overlap consistency conditions,
but allows regions of the lattice to behave (for large k) like a quantum field theory
in a homogeneous state on some background classical space-time.

Unfortunately, we have not been able to solve this problem. Our proposal is
based instead on geometric intuitions. We view the normal regions embedded in
the DBHF as arising from smaller than horizon filling black holes, which decay
into a normal, radiation dominated FRW universe. We then ask about the evolution
of an inhomogeneous system, in which these normal regions are embedded in a
dense black hole fluid. In accordance with our general setup, we work on time slices
such that in each portion of the universe, the area of an observer’s causal diamond,
reaching back to the Big Bang, is the same.

Let us start with a spherical region of normal fluid, embedded in the DBHF. Its
coordinate size is L (¢), and this must grow at least as fast as the coordinate distance

to the horizon if physics in this region is to remain normal. Thus L, (¢) > ct % w
is the asymptotic future equation of state parameter for the normal region, and we
begin with the assumption —1 < w < 1. On equal area time slices, the cosmological
time in the normal region is related to the cosmological time in the DBHF
region by

t =yT,

1+ 3w

kT

The first Israel junction condition imposes continuity of the metric at the interface:
a(t)Li(t) = (t/10)' L),

where L(t) is the coordinate size of the spherical hole in the DBHF. For the

2
indicated range of w, a(t) o (t/t)30+% . Thus we must have

549w
L(t) > c(t/ty)30+w

2IRecall that for our purposes, observers are large quantum systems, well described by quantum
field theory in a classical space-time, which have many semi-classical observables.
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in order for the normal region to survive.?” This is impossible. Indeed even to
support a static interface between a p = p fluid and a less stiff substance, we need a
boundary stress tensor with equation of state parameter wy > 1, violating the energy
conditions, and causality.

For w = —1, we employ a different strategy. The asymptotic de Sitter cosmologi-
cal horizon is a marginally trapped spherical null surface. Generic flat FRW models,
and the p = p geometry in particular, have black hole solutions of arbitrary horizon
radius, so we can join a de Sitter space interior to such a black hole exterior. The
Israel conditions are satisfied without violating energy conditions.

We will use these results in two ways. Recall that we are trying to find the
most probable way (with a flat measure on the states of our system) to avoid the
DBHF and create a long lived normal universe. Combining the above results with
the conjecture [20] that de Sitter space is a system with a finite number of quantum
states, we see that this will be achieved if the normal region asymptotes to de
Sitter space. Note further, that once the asymptotic de Sitter situation is reached,
the entropy of the system is the same as it would be if it were a homogeneous
DBHE. This may be another way to understand the stability of the asymptotic dS
sphere. Thus, the low entropy of the state of a DBHF with a normal, asymptotically
dS defect, is a temporary phenomenon. Once the universe evolves to its dS vacuum
state, the defect has the same entropy as an equivalent region of DBHF.

From this point of view, the cosmological constant is an initial condition. We
can imagine a meta-verse consisting of the infinite DBHF seeded with a variety of
asymptotically dS defects of varying horizon sizes. Given an a priori flat probability
measure on the states of the system, larger values of the c.c. are preferred. The
c.c. is thus a random initial condition, taking on the largest value compatible with
whatever our prior conditions are for the “existence of a long lived normal universe”.
These might include the criteria of Weinberg [22] and/or Bousso [23], as well as
others, which are determined by the manner in which the parameters of local physics
depend on the c.c.[20,24].

These considerations show that the early universe, prior to its asymptotic
de Sitter phase, cannot begin as a homogeneous spherical defect filling up the
coordinate volume of the eventual cosmological horizon. Rather we view it as a
more complicated shape, pictorially modeled as a “tinker toy” made by joining
together normal spheres, as shown in Fig. 4.

The optimal shape of this region cannot be determined without a more mathemat-
ical understanding of the quantum theory. It is the most probable shape conditioned
on survival of the normal region. We will see some a posteriori constraints on it
below. For the moment, we will need only one parameter, the fraction € of the spatial
volume of the initial value surface pictured in Fig. 4, which is taken up by the normal
defects.

22Note that if w = 1, we do not need this stringent inequality and we satisfy all conditions with
L(t) = L, a constant. The point is that here we simply have the p = p geometry everywhere and
the horizon is outside the artificial sphere we have drawn.
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Fig. 4 Tinker-Toy of normal regions on the initial slice.

Let us pause for a moment to define what we mean by the initial value surface.
This is the surface on which it first becomes reasonable to make the coarse grained
geometrical approximation to the microscopic model of random Hamiltonians given
in the previous section. Roughly speaking it is the value of k, the number of area
steps away from the Big Bang, at which the Wigner semi-circle law becomes a good
approximation to the spectral density. However, we must also insist that the effect of
random irrelevant perturbations to the free fermion model is sufficiently suppressed.

The DBHF provides a background coordinate system, the FRW coordinates
of the flat p = p geometry in which we can define a density of normal defects,
pn(x,1). Note that, as in conventional cosmological discussions, this function
is defined everywhere inside the coordinate patch that will eventually become
the cosmological horizon of the asymptotically de Sitter normal cosmology. Its
definition, in a hypothetical mathematical model of this holographic cosmology,
would involve both the degrees of freedom inside the particle horizon, and those
outside it. This does not violate causality, since the dynamics is designed to allow
interactions only between degrees of freedom inside the horizon at any time. Rather,
this global correlation reflects the necessity of choosing special initial conditions for
all the degrees of freedom which will eventually come into the horizon, in order to
avoid collapse into the DBHF. Our Israel junction condition arguments indicate the
necessity for such global constraints on the initial conditions.

The tinker-toy of normal regions contains interstices which are filled with
DBHE. The density of these regions is determined by the shape of the tinker-toy,
according to

puix.t= [ ds [ &y fx-y.rpuiy.s)
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The transfer function f is translation invariant, because the translation invariance
of the DBHF is broken only by py. We will make one further assumption about
the transfer function, namely that the correlations are short range, in the sense that
the Fourier transform of f goes to a time independent constant at small |p|. This
seems evident from looking at pictures of possible tinker-toy shapes.

We can now use the scale invariance of the large Kk DBHF to constrain the two
point function of py (x, ¢) during the p = p era. Scale invariance manifests itself in
the geometry in the form of the conformal Killing symmetry:

t — bt; x — b*x.

Every flat FRW geometry with a single component equation of state has such a
conformal symmetry, but in most cases this is not a symmetry of the dynamics
of the fluid. In the case of the DBHF, our explicit Hamiltonian becomes invariant
under the symmetry for large k. Thus, although we don’t really know the dynamics
of the density py, the probability [ d3x py should be invariant under the scaling
symmetry. Thus

G(k,s,s""™) = (pn(K)py (—k)) = G(b_%k,bs,bs’).

Similar formulae hold for higher point functions.

In the absence of a mathematical model for the tinker-toy fluctuations, we cannot
prove that the fluctuations are Gaussian. One can invent any distribution for the
initial fluctuations. However, we will see below that in order to insure that the
normal part of the universe does not re-collapse into a DBHF, we must assume that
all of the fluctuations are small. The simplest way for this to happen, would be if the
effective probability distribution for py had the form

P = e—g%F[PN]'

In this case the non-Gaussian fluctuations would be sub-leading. If these fluctuations
have something to do with the CMB, then § ~ 107, and the non-Gaussian
fluctuations would be very small.

Now we come to the key observation which allows a normal universe to exist.
Recall that we are assuming that expansion in the normal region of space-time is not
affected by the interstitial DBHF. Let € be the fraction of the coordinate volume of
the initial?® time slice, which is covered by normal regions. We expect € to be a small
number, because we are looking for the highest entropy configuration consistent
with the emergence of a large normal universe. Taking € close to one would mean
that we are assuming low entropy homogeneous isotropic radiation as the initial
state in most of our present cosmological horizon volume.

2nitial refers to the time at which the microscopic discrete time dynamics of the DBHF is well
approximated by its coarse grained description as a scale invariant p = p FRW universe.
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Fig. 5 After the transition to dilute black hole gas.

On equal area time slices, the physical volume of a given coordinate volume
of normal region grows like 7*/?) >* while in the DBHF regions, physical volume
grows like ¢. Thus, in a time of order élz a better picture of the coordinate volume of
the cosmological horizon, is given by Fig. 5.

Most of the volume of the universe is covered by normal fluid. The interstitial
DBHF now becomes localized regions of maximal entropy, in other words, isolated
black holes. The region inside the eventual cosmological horizon looks like a
radiation filled universe with a distribution of localized black holes. We say that
at this time the universe has made the transition from the DBHF to a dilute black
hole gas. If T is the size of the horizon at this phase transition then the energy
density is ~ #

Indeed, the black holes have a typical mass of order T, the size of the horizon
at the time this transition takes place. The horizon scale 7y at which the DBHF can
be well described as a p = p fluid is somewhat larger than the Planck scale and
T ~ sizto >> M ;1. Thus, the black holes are relatively stable, with an evaporation
time ~ 73. If the black hole gas is approximately homogeneous, it will soon come
to dominate the energy density of the universe. The initial radiation in the normal
regions is negligible by comparison.

24We are here assuming the normal region is radiation dominated. This is motivated by an heuristic
picture in which a normal region contains a black hole smaller than the horizon size, which decays
into radiation. Perhaps a better argument is that, while our definition of normal regions is meant to
imply that the system in these regions is described by effective field theory, we are at a high enough
energy density to expect the relevant degrees of freedom to be described by some conformal field
theory.
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Now suppose that there are inhomogeneous fluctuations in the black hole
positions and/or velocities. Obviously, this will cause the black holes to attract
each other, collide, and form larger black holes. Since we are very close to the
phase transition between DBHF and dilute gas, these collisions are very dangerous.
They tend to return the system to the DBHF state. Even small fluctuations can
be dangerous, because the homogeneous equation of state is now p = 0 and the
fluctuations grow like (z/7T)*3. One possible way to avoid this disaster is for the
black holes to decay to radiation before the fluctuations grow to be of order one.
The condition for this is

5
Pr3Ty « 1.
P

This seems to define a possible universe according to holographic cosmology, and
it was the path followed in [12], before many of the details of this system were
understood. However, it is not the universe we live in. The detailed question of what
happens to the fluctuations generated during the p = p era depends on the nature of
the low energy effective field theory that describes the world, including the strength
of interactions in the radiation gas, the nature of dark matter, etc. However, nothing
can change the fact that the longest wavelength of these fluctuations is the horizon
size T, at the time of transition, scaled up by the expansion of the universe. This
is much smaller than the current horizon size, so these fluctuations could not be
identified with what is seen in the CMB. Furthermore, even though we will see that
the fluctuations are scale invariant, they do not spend a long period with wavelength
larger than the Hubble horizon, and so there is no reason to expect them to be
oscillating in phase. Thus, even if they had the right wavelength, they would not
explain the shape of the CMB curves.

It is well known that these problems are solved by inflation, and that there are no
other universally accepted solutions.>> Holographic cosmology presents a new take
on the question of whether inflationary initial conditions are generic. Low energy
effective field theory (in the presence of a dilute gas of black holes) becomes a valid
description of holographic cosmology, when the universe has expanded by a factor
A > 1, beyond the point we have called the phase transition between DBHF and
dilute gas. We don’t have the tools to estimate A at this point but a reasonable guess
is between 5 and 10. It is completely plausible that the appropriate low energy field
theory has fields in it with a Lagrangian of the form

1 . .
L= \/__g[EGij (@)V' V! — n* V()]

Note that we have taken the natural scale in field space to be the reduced Planck
mass, 2 x 10'® GeV. General arguments [25] suggest that the potential and metric

25T am here classifying pre-Big Bang and cyclic universe scenarios among those not universally
accepted.
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on this scale will have no very small coefficients. It might vary on some much
smaller scale (corresponding to large coefficients), which is generated by dynamical
mechanisms. For such a Lagrangian the general expectation is that the number of
e-folds N, ~ 1% and the density fluctuations produced by quantum fluctuations of
the inflaton field are ~ /N, %, where we recall that all formulae are in reduced
Planck units. Special forms of the Lagrangian [26, 27] can naturally accommodate
large deviations from the latter formula.

Holographic cosmology provides a rationale for why the initial conditions for
these scalar fields, on the time slice when field theory becomes a reasonable approx-
imation, are homogeneous on the scale of the eventual cosmological horizon. Just
like the fluctuations in the dilute black hole gas, large inhomogeneous fluctuations
would lead to black hole collisions and growth, which precipitate re-collapse to the
DBHEF. This is the holographic answer to the Boltzmann-Penrose question of why
the universe appeared to start off in a very low entropy homogeneous state, giving
rise to a thermodynamic arrow of time.”’ The generic initial state for holographic
cosmology is the DBHF, in which no sort of complex organization of degrees of
freedom exists. Our claim is that the most probable initial conditions which do
permit complex organization, lock up their entropy in a dilute almost-homogeneous
gas of black holes. This leads to a rationale for the homogeneous initial conditions
needed for inflation,?® and suggests that inflation is one of only two mechanisms for
avoiding collapse to the DBHF.

Note that in this scenario for inflation, homogeneity, isotropy and flatness are
guaranteed by a non-inflationary mechanism: the combination of these properties
of the DBHF, with the requirement of small fluctuations to avoid re-collapse.
Inflation’s role is to explain the length scale of fluctuations in the CMB, and their
synchronization. Inflationary quantum fluctuations may also be the origin of the
fluctuations we see in the CMB.

Indeed, in this model there are two possible sources of fluctuation in the universe.
The condition for inflation to begin is that at some FRW time ¢t > AT

1 4
pBH’\’W:M-

2650 that N, = 10— 20 is plausible, N, ~ 60 — 100 seems to require some explanation, and much
larger N, seems terribly unlikely.

2TNote that holographic cosmology has a built in arrow of time, coming from the direction in
which the number of degrees of freedom inside the horizon increases. However, in the DBHF
solution, there is no thermodynamic arrow of time since the system inside the horizon is always in
equilibrium.

28Inflation theorists often argue that there is no need for homogeneity over our current horizon
volume, but only over a small patch of order a few times the inflationary Hubble scale. The
argument deals with those degrees of freedom not describable by field theory in that initial patch
(but which are so describable today) by invoking the adiabatic theorem and assuming those degrees
of freedom are in their ground state. But the adiabatic theorem is only valid for very special states
of large quantum systems, so this is tantamount to assuming a particularly low entropy starting
point for the universe.
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Note that, in Planck units, u*A>7* < 1. It does not make sense to postulate a 1
larger than this bound, because the effective field theory description of the universe
is not valid at such large energy densities. The conventional approach to effective
field theories of cosmology would allow us to choose any w less than the Planck
scale, however this is simply not allowed in holographic cosmology.

Inhomogeneities in ppy now translate into inhomogeneities in the classical initial
conditions of the inflaton, according to the equation

p*V' (¢o)8¢ = Spsn .

where

w*Vigo) = (pau)-

Thus, inflationary quantum fluctuations must be superimposed on the classical
fluctuation in the inflaton initial condition imposed by the primordial inhomogeneity
of the universe.

Above we showed that the two point function of the black hole density
fluctuations is (for long wavelengths)

T
<pBH<p,73pBH(—p,T>>~f]"dsds%;uxs,f>

fo

where 7 is the time at which the FRW description of the DBHF becomes valid. Let

po = to_l. Choosing b = (p/po)_%, and changing variables to bs and bs’ in the
integrals, we get

(P/Po)% T
WMWHM#%DM@MWS/ ds ds'G(1. 5,5),

3
(p/po)2to

The lower limit on these integrals is effectively zero, for wavelengths greater than
a few times 7. If we assume that the correlation function G falls off exponentially
at large times (as would be the case for the propagator of any sort of massive or
massless field), then the integral is p independent as long as (p/po)>/>T > t.
Since the integral is falling exponentially, the > symbol in this equation just means
a factor of two or so. Thus the density fluctuation spectrum generated during the
DBHEF fluid era is scale invariant over a fixed range of scales and vanishes outside
that range. Recalling that p is a coordinate wave number, and that physical length
scales have expanded by (7'/1,)'/? the longest wavelengths for which we have scale
invariance, have physical size of order Ry ~ T/ 22/3_ which is of order the horizon
scale at the time of transition to the dilute black hole gas.
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2.3 Phenomenology

We are considering a model where inflation starts at an average energy density

4 1

W= B

where A > 10 is the expansion of the scale factor between the phase transition to a
dilute black hole gas, and the point at which we can make a reliable effective field
theory analysis. The magnitude of primordial fluctuations is constrained by?’

SpBH
PBH

A<,

in order to avoid re-collapse to the DBHF. In what follows, it will be important to
distinguish restrictions on parameters, which follow from consistency of the model,
from phenomenological requirements, and this bound is a consistency condition.

We also note that our philosophy is that #,e and u*° are parameters that we
could in principle determine completely if we had a real mathematical model of
the cosmology we are discussing. However, at present we can only derive rough
bounds on these parameters following from consistency of the picture, and then
further constrain them by phenomenology. The phenomenological constraints will
depend on our assumptions about how the model is related to observation. Apart
from the restriction on fluctuations, the a priori consistency conditions are ¢y, ~ 10,
€ < 0.1, and A ~ 10. Note that A is defined in terms of 7 and pu so this is a
constraint on those two parameters.

We have shown that there are scale invariant fluctuations on a range of physical
scales (at the time of the phase transition) between fy and 7. We will first consider
the possibility that these fluctuations are related to what is seen in the CMB, and then
examine the alternative hypothesis of inflationary quantum fluctuations. First we
note that the beginning of inflation is determined by the local black hole density, so
inhomogeneities of ppy on the equal area time slices, translate into inhomogeneities
in the inflaton field via the equation

S (x,11) = V' (¢o(11))8¢ (x.11) + PodP(x.11),

where ¢ () is the homogeneous inflaton solution.

The first requirement of a successful model is that the range of scales over which
the DBHF gives scale invariant fluctuations, be large enough to include what is
observed. This means 10* if we only want to explain the CMB and 10 if we want

2 Careful readers of previous work will note discrepancies between the present section and those
earlier estimates. I believe the current discussion is the more accurate one.

30 And the number of e-foldings of inflation, N,.
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approximately scale invariant fluctuations down to galactic scales. We will add an
extra order of magnitude to the range of scales required, in order not to have to rely
on a precise fine tuning of the amount of inflation that occurs. Thus

T/ty > 10* —10°.

This corresponds to
e~1072-107",

for the underlying volume fraction parameter. This seems quite reasonable. Recall
also that we have estimated fp = 10m7', where m, = 2 x 10'® GeV is the reduced
Planck mass. We will work in units where mp = 1.

The current value of the largest scale at which we can expect to see approximately
scale invariant fluctuations is

R = TAe™ L(Tgu/ Tyow) = TAe™ L(1*/ Tyow)

31 L is the expansion of the scale factor during the matter dominated period between
the end of inflation and reheating, and we have made the standard estimate of Trp,
the reheat temperature, in terms of the inflaton Lagrangian parameter p. Similar
estimates give L = pu~*. Plugging in Tyow = 1.2 x 1073!, and requiring that R be
at least the current horizon size. 5 x 10°!, we obtain

TAeNgM—l — eNeT3/2A7/4 ~ 1030'

M is bounded from below by the requirement that reheating occur at a temperature
higher than nucleosynthesis 1> > 6MeV = 3 x 1072!. In terms of A and 7, this is
3T32A47/% < A=Y/ x 102", So we get a bound on the number of e-foldings

eNe > 3x10°4Y2% > 10'°.

Holographic cosmology needs only about 20 e-folds of inflation to explain the
universe we see, under the assumption that the CMB fluctuations arose during the
DBHF era.

Note that the phenomenological bound on 7" and the requirement A > 10 put an
upper bound on ©

<1071 5 107,

depending on whether we want to explain the fluctuations required for galaxy
formation. For the maximal value of p, obtained when A = 10, and the primordial
black hole fluctuations are seen in the CMB but not at galaxy scales, the required
number of e-folds is 42. The reheat temperature is of order 10'! GeV.

31'We have neglected entropy dumps which occur later than the primordial reheating of the universe.
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In this model, variations in p within the phenomenologically allowed range are
correlated with variations in A, and thus with the a priori bound on the strength
of primordial fluctuations. Note however that we will not be able to obtain an
argument which explains why the observed CMB fluctuations are as small as they
are, for any value of . We have seen that primordial fluctuations in the black hole
density are converted into fluctuations in the initial conditions for the inflaton field.
Those fluctuations which have physical wavelengths longer than the inflationary
Hubble scale will not change their amplitude as the universe inflates. Our bound
on the primordial fluctuations comes from insisting that their amplitude is small
enough for inflation to actually occur. I see no reason why they should be smaller
than say 1072 at the time when inflation begins. If 11 is small, this implies a much
more dramatic bound on the amplitude of fluctuations at the dense to dilute black
hole phase transition.

Now let us consider the possibility that the fluctuations in ppy are, for some
reason, negligible. I believe that a plausible constraint on the volume fraction
on the initial surface, €, of the asymptotic dS cosmological horizon coordinate
volume, which is occupied by normal regions, is € < 0.1.>> This translates into
abound T > 103, whence u* < 107°. Thus, we can build a conventional slow
roll inflation model, which adequately explains fluctuations on both the CMB and
galactic scales, as long as e > 10°. This is in some sense the most conservative
kind of holographic cosmology, but it is somewhat disappointing because there is
no direct observational evidence of the primordial state of the universe. However,
even in this scenario, the primordial state does serve a purpose. It explains why
inflationary conditions are plausible, solving the Boltzmann-Penrose conundrum,
and as a consequence, it relieves some of the model-building tension on inflationary
models. Inflation is now required only to explain the nature of CMB and galaxy seed
fluctuations, and we can make do with fewer e-folds. The only puzzle I see in these
models is why the black hole fluctuations are so small. Our working hypothesis
has been that they are as large as they can be without causing re-collapse into
the DBHF, in order for our universe to qualify as a generic product of collapse
avoidance. The simplest resolution of this puzzle is that the black hole fluctuations
are simply expanded to large scale by inflation. Indeed, the parameters € ~ 0.1 and
o ~ 10 which allow for conventional high scale inflation, give black hole density
fluctuations over only two orders of magnitude in scale. Today these are the scales
eMe (103 — 10%). So if eMe > 1073, these scales are outside our horizon.

2.3.1 Spectral Tilt and Over the Top Inflation

In earlier work on holographic cosmology [28], Fischler and I assumed that the scale
invariant black hole fluctuations simply translated into scale invariant fluctuations of

32Recall that we are trying to find the most probable initial conditions, which can lead to a universe
that escapes collapse into the DBHF.
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the inflaton energy density via the equation that determines the beginning of inflaton
dominance of the energy density,

ppr + 8ppy = %452 + utV(9).
As a consequence we declared that holographic cosmology predicted an exactly
scale invariant spectrum. Current data is marginally inconsistent with that pre-
diction, and so we retreated to the conservative models described in the previous
paragraph.

Some years ago, in unpublished work, Fischler and I realized that we had left
something out, and that our model could produce a spectral tilt. However, for
conventional inflation scenarios, it seemed to produce a tilt in the wrong direction,
towards the blue. Since we could eliminate the tilt by playing with the potential,
there didn’t seem to be much point in publishing. In the course of preparing these
notes, I realized that there might be a way to obtain a red tilt in some part of the
spectrum. The details of this are not worked out, and it is not clear that these models
make sense, but I include a brief description of the idea here for completeness.

Let us expand the initial condition equation around the homogeneous back-
ground, recalling that in holographic cosmology we have a principled reason
for insisting that the fluctuations are small. We get a fluctuating inflaton energy
density

Spr _ dod + 1V ()89
p1 E o] ’

where ¢y is the homogeneous background and E its energy. We see that the black
hole fluctuations induce fluctuations in the initial conditions for the inflaton field.

The interesting questions for observation is the magnitude of each mode of
fluctuation as its scale becomes larger than the inflationary horizon. These are the
quantities that are conserved during the evolution outside the horizon. Since they
exit the horizon during inflation, the velocity of the homogeneous field is negligible
and we have, for the energy density fluctuations at horizon exit

8p(k) _ V'(go(1))
P Vigow)

8¢ (k).

tx is the time at which the mode k exits the horizon. §¢ (k) is a random variable
with scale invariant two point function. However, there is additional & dependence
coming from the motion of the inflaton and the variation of the logarithmic
derivative of the potential. This is similar to what happens for inflationary quantum
fluctuations, but the formulae differ in detail, because the coefficient of the two point
function does not change with k.

Here now is the apparent disaster. For a conventional inflationary scenario, the
logarithmic derivative is increasing with time, because the inflaton is rolling down
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a potential. Modes that go out of the horizon later, have larger amplitudes. But the
usual “last out, first in” rule for inflation tells us that the later modes are those of
shorter wavelength. So this would lead to a blue tilt of the spectrum. The best we
can do is to choose a potential with slowly varying logarithmic derivative, which
leaves us with a scale invariant spectrum.

However, it is possible that a different scenario for the inflaton motion can give
us a more interesting spectrum. Suppose that at the initial momentum of inflaton
dominance, the inflaton is traveling up toward a maximum of the potential, not yet
in friction dominated motion, but that the motion becomes friction dominated, and
inflation begins, as the inflaton struggles up a reasonably steep hill. Suppose further
that the potential to the right of the maximum is much less steep. During the initial,
climbing phase of inflation, the logarithmic derivative of the potential is increasing.
Thus, among modes that exit the horizon during this phase there will be a red tilted
spectrum. The tilt will gradually go away and then be replace by a less dramatic blue
tilt. The whole modulation must be multiplied against a scale invariant spectrum
with cutoffs, and the true spectrum will depend on where the cutoffs sit relative to
the modulation.

I think that, given the quality of the data, there is little doubt that one can cook
up a model like this, which fits the data. The real question is whether the model is
robust and theoretically plausible, or involves fine tuning. I don’t know the answer
to those questions at present, so I will not claim that there is a version of holographic
cosmology that gives a red-tilted spectrum, without invoking inflationary quantum
fluctuations.

2.3.2 Executive Summary

To summarize the phenomenological prospects of holographic cosmology:

* Holographic cosmology explains the homogeneity, isotropy, flatness, and low
entropy initial conditions for the universe in terms of a mathematical model
called the DBHF, and hypothetical variations of it which describe a “normal
tinker-toy” embedded in the dense black hole fluid. A number of properties of
this tinker-toy universe can be established using the Israel Junction condition
and simple considerations about black holes and the growth of fluctuations.
In particular, it must evolve to an asymptotically de Sitter universe, with a
cosmological constant that is determined by initial conditions.

e The highest energy density scale at which this universe can be described by
effective field theory is at most of order 10~° in reduced Planck units. It might be
much lower if it turns out that the parameter 7y must be larger than 10, or, more
plausibly, the volume fraction, € of normal fluid on the initial data surface must
be < 0.1. This is actually required by phenomenology if we want the density
fluctuations generated by the primordial dynamics to leave an imprint in the
CMB. Just below this scale, the universe is described as a gas of black holes, with
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almost uniform density. The density is high and small fluctuations will make the
system revert to the DBHF.
¢ Indeed, if no inflation occurs, then one can derive an a priori bound

5
Prot <« 1,
o

where the factor of 10* might well be larger if #, is larger or € smaller. This
version of the model might well resemble our universe in a coarse grained way,
but could not have correlations in the CMB that span the whole sky, nor an
explanation of the synchronized acoustic oscillations which are evident in the
CMB data.

e If inflation occurs, the bound on primordial black hole density fluctuations
depends on the scale of inflation. Consistency of the model requires that this scale
be less than 1072 — 1073, but there are versions of the model with W as low as
1077, The low j versions have € ~ 1073 and #, ~ 10. The reheat temperature
is close to nucleosynthesis temperature, which has profound implications for
particle physics. SUSY dark matter does not work. The most plausible dark
matter candidate is a QCD axion with decay constant ~ 10" — 10'> GeV.
Baryogenesis proceeds most plausibly via a low scale Affleck—Dine mechanism,
or through the decay of the inflaton, but the latter mechanism requires the
existence of renormalizable baryon violating couplings in the MSSM.

e There is a more conservative version of the model in which inflation takes place at
about 10'°> GeV. CMB and galaxy seed fluctuations are explained as inflationary
quantum fluctuations, in the usual manner. Fluctuations in the black hole density
are much larger than these in magnitude, but take place over only two orders of
magnitude in scale size. The number of e-foldings is such that this range of scales
is invisible at present. This version has 7o = 10 and € = 0.1.

* The radical and conservative versions of the model can in principle be distin-
guished by the tilt of the CMB spectrum. A relatively new analysis shows that the
radical version gives a blue tilted or scale invariant spectrum for any conventional
inflaton trajectory. It might give a more complicated spectrum, red tilted at the
IR end, and blue tilted on the UV side (the scale where galaxies are formed),
in a more complicated inflation scenario, dubbed over the top inflation. The
conservative version of the model gives the usual inflationary prediction of a
red tilted spectrum.

2.4 The Thermodynamic Arrow of Time

Holographic cosmology addresses, but has not yet resolved the question of the
thermodynamic arrow of time. Note that while the holographic formulation of cos-
mology is not invariant under TCP, this does not by itself explain the thermodynamic
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arrow of time. The DBHF is not a TCP invariant system. Its time direction is
correlated with the increase in the number of degrees of freedom which are allowed
to interact with each other by its time dependent Hamiltonian. However, at each
instant, the state of the interacting degrees of freedom is a random state in the
available Hilbert space. Thus, although there is a global sense in which the entropy
of the system increases with time, there is no sense in which the entropy visible to
a localized observer®® increases. It is always at the maximum consistent with the
covariant entropy bound.

Our heuristic tinker-toy cosmology does have a thermodynamic arrow of time.
The initial localized degrees of freedom are a gas of black holes, very close to the
density at which they would coalesce and form the DBHF phase. If the gas is non-
uniform (on the homogeneous equal area slices whose existence is a consequence
of the primordial DBHF) it will re-collapse into the dense phase. The survival of
normal regions of space-time, describable by effective field theory, is impossible
unless the state of the localizable degrees of freedom is quite homogeneous. Thus,
the homogeneity, isotropy, and low entropy initial conditions for the localizable
degrees of freedom in the observable universe are conditions for survival of any
normal region of the universe.>* This argument is satisfactory on a qualitative level,
but we do not yet have a quantitative argument for the size of primordial fluctuations
away from homogeneity.

A model which does provide such an estimate is the original version of
holographic cosmology, with no inflation at all. In this model, the Big Bang
originates from the decay of a nearly homogeneous gas of black holes. A bound
on the size of primordial fluctuations follows from the requirement that the decay
occurs before fluctuations in the density of black holes go non-linear. The bound
would be saturated for generic initial conditions. This model has only one parameter,
the horizon size T at the time of transition between DBHF and dilute black
hole gas. This parameter would be calculable in a full mathematical treatment of
the DBHF-defect cosmology. However, this model is not compatible with either
the wavelengths of the CMB fluctuations, or the synchronization of their initial
velocities, which leads to the observed acoustic peaks.

A fully quantitative explanation of the thermodynamic arrow of time, which
predicts the size of primordial fluctuations, will have to wait for a more detailed
mathematical formulation of the DBHF-defect cosmology.

Acknowledgements This research was supported in part by DOE grant number DE-FGO03-
92ER40689.

31n this bizarre context, a localized observer simply means a subsystem of the states available in
a causal diamond at any time.

34The large scale homogeneity and isotropy and flatness of the DBHF also play a role in this
argument.
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The Emergent Nature of Time and the Complex
Numbers in Quantum Cosmology

Gary W. Gibbons

Abstract The nature of time in quantum mechanics is closely related to the use
of a complex, rather than say real, Hilbert space. This becomes particularly clear
when considering quantum field theory in time dependent backgrounds, such as
in cosmology, when the notion of positive frequency ceases to be well defined.
In spacetimes lacking time orientation, i.e without the possibility of defining an
arrow of time, one is forced to abandon complex quantum mechanics. One also has
to face this problem in quantum cosmology. I use this to argue that this suggests
that, at a fundamental level, quantum mechanics may be really real with not one,
but a multitude of complex structures. I relate these ideas to other suggestions that
in quantum gravity time evolution may not be unitary, possibly implemented by a
super-scattering matrix, and the status of CPT.

1 Introduction

The topic of this volume is The Arrow of Time, but before considering that we should
ask What is the nature of time?

Both Quantum Mechanics and General Relativity have something to say about
this.

But what they say is not quite compatible

For example, in quantum mechanics, there may be observables or operators
corresponding to spatial positions but time is not an observable, i.e. it is not
an operator [117-119].! More precisely, by an argument going back to Pauli,
commutation relations like

!See Pullin’s contribution in this volume.
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[+ P ] = i8} )

are incompatible with the spectrum of p* lying in the future lightcone.

In General Relativity on the other hand, space and time are usually held to be on
the same footing.

Because the nature of time in Quantum Mechanics is less familiar and less
frequently discussed, than it is in General Relativity I shall begin by recalling
[1,8,9,11,12,16,60] how time is intimately connected with the complex (Hilbert
Space) structure of quantum mechanics.

In other words, the use of complex numbers and hence of complex amplitudes
in Quantum Mechanics is intimately bound up with how Quantum States evolve in
time.

i = HWV. @)

In particular there can be no evolution if W is real.”

To proceed it is helpful to contemplate more deeply than is usual in cosmology.

2 The Structure of Quantum Mechanics

If one analyzes the Logical Structure of Quantum Mechanics one discovers that it
consists of two different types of statements:

« I Timeless® statements about states, propositions, the Principle of Superposition,
probabilities, observables etc.

o II Statements about how states and observables change, Schrodinger’s equation
and Unitarity etc.

The upshot of an analysis of Part I (so called Quantum Logic) [4, 5] is that pure
states are points in a Projective Space over R, C or H*.

U = AU, A eR,CorH. 3)

Now any vector space over R, CorH is a vector space V over R with some
additional structure (cf. [1,7]), so let’s use real notation. Observables are symmetric

2Conversely, as shown by Dyson [3] in his three-fold way, if H is time-reversal invariant one may
pass to a real (boson) or quaternionic (fermion) basis.

30f course in splitting the discussion into two parts, in Part I we take the view that Quantum Logic
like its classical Aristotelian special case is timeless. This avoids appealing to Temporal Logic to
resolving such paradoxes as that of “the sea fight tomorrow” [72—74] and puts the burden of its
resolution firmly where it belongs, in Part II.

“By the principle of binary coding, Classical Boolean Logic may, for finite sets at least, be thought

of as projective geometry over the Galois field of two elements. We shall also ignore the exceptional
case of the octonions.
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bilinear forms:

(WOW) = W0V, Oup = Opa. 4)
a=1,2,...,n =dimg V. Mixed states p are positive definite observables dual to
the observables

(0p) = p* Oup = Tr (p0),  p* = p. (5)

There is a privileged density matrix the completely ignorant density matrix which
we may think of as a metric® g,, on V and use it to normalize our states

(W]W) = g, VO, gab = 8har  Ttp = & pup. (6)

The upshot of a conventional analysis of II (Dirac called it Transformation
Theory) is that states change by by means of linear maps which preserves the metric
(i.e. preserves complete ignorance)

W S gy S8 d = gea ©)
Thus S € SO(n,R), n = dimg V. Infinitesimally
Sab=SZ+T“b+..., (8)

where the endomorphism or Operator T“ ) gives a two-form when the index is
lowered
gabTb ¢ = TLL)C = _T(rba. (9)

But Dirac taught us that, just as in Hamiltonian mechanics, fo every (Hermitian)
Operator there is an Observable and vice versa. How can this be? Our vector space
V over R needs some extra structure, in fact a complex structure J¢ j, or privileged
operator which also preserves the metric (i.e. preserves complete ignorance).

gab-]ac-]bd:gcd- (10)
Then
JOpJP e = =80 = wup = —wpa. (11)

where the symplectic two-form w,, = gu.J¢» may be used to lower indices and
obtain a symmetric tensor for every (Hermitian) observable (i.e. one that generates
a transformation preserves the symplectic form)

wabTb c = Tbuc = +Tbcu' (12)

3Strictly speaking the inverse.
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We can think of this more group theoretically.® In regular Quantum Mechanics
V' is a Hermitian vector space its transformations should be unitary, but

U%ﬂD:SmmmnGM%CL (13)

where GL(5,C) C GL(n,R) is the subgroup preserving J, and SO(n,R) C
GL(n,R) is the subgroup preserving the metric g. One also has

w%m:smmwnwmky (14)

where Sp(n,R) C GL(n,R) is the subgroup preserving the symplectic form w, and
of course

m%@:@@@mm%@y (15)

2.1 A Precautionary Principle

Now the main message of this review is that given a vector space V' over R it may
have no complex structure (n must obviously be even!) or if it is does, the complex
structure may not be unique (they are typically members of infinite families).

Thus on four dimensional Euclidean space E* they belong (modulo a choice of
orientation) to a two-sphere S? = SO(4)/U(2).

More generally, every quaternion vector space has such a two-sphere’s worth of
complex structures,’ i.e. a two-sphere’s worth of of times!

To bring out the fact that in physics we use many different complex structures for
many different reasons it is occasionally helpful to indicate explicitly by the symbol
iqm the very particular complex structure on the Hilbert space Hqny of the standard
model and so that Schrodinger’s equation really reads

. dw
lqmw = HW. (16)

At a more mundane level, the use of the notation iy, brings out how dangerous
and misleading, certainly to the beginner, it can be to use complex notation too
sloppily. Suppose one has a theory, with an SO(2) symmetry (gauged or un-gauged).
It is tempting to collect the fields, e.g. scalars ¢, ¢, in pairs

¢ =¢1+ i (17)

%0Or recall what we might know about Kihler manifolds; Quantum Mechanics makes use of a
Kihlerian vector space.

7cf Hyper-Kéhler manifolds such as K3.
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Now the i, which generates the SO(2) action is (17) is not the same as iqy. This is
clear from the fact that charge conjugation

C:pr+ih— 1 —ip (18)

is anti-linear, i.e anti commutes with i but is nevertheless represented on Hyy as
a linear operator, i.e. one which commutes with iy,. Note that there would be no
temptation to indulge in such notational confusion if there were three scalar fields
@1, P2, 3 and the symmetry SO(3).

Just how confusing the sloppy use of the somewhat ambiguous complex notations
currently can be is nicely illustrated in [34] in the context of quantum field theory,
an example which will be of relevance later.

At a purely practical level, the avoidance of an excessive use of complex notation
also helps in formulating action principles in an intelligible fashion. One is often
instructed that in varying an action with, for example complex scalars, that one
should vary the action regarding ‘¢ and its complex conjugate ¢ as independent’.
On the face of it this sounds ridiculous. What is actually meant is that one varies
regarding the real ¢; and imaginary ¢, parts of ¢ as independent. It is easy to check
that, as long as the action is real, then this cook book recipe will give the correct
result, essentially because varying with respect to ¢ gives the complex conjugate of
the equation obtained by varying with respect to ¢. However as a general principle
the cook book recipe cannot be of general validity. It fails, and is inconsistent, if,
for example, one varies a complex valued function of a complex variable and its
complex conjugate. If it only works in special cases and can lead to incorrect results,
it seems best to avoid both the cook book recipe and the misleading notation that
gives rise to it.

In conclusion therefore, it seems wise to adopt a course of action, particularly at
the classical level before quantization, in which one proceeds as far as possible by
considering all physical quantities and their related mathematical structures to be
real until one is forced to introduce complex notation and iy, at the point where one
introduces quantum mechanics.

In other words, in what follows, I plan to follow, in so far as is possible,
Hamilton’s course of action [27]

The author acknowledges with pleasure that he agrees with M. CAUCHY, in considering
every (so-called) Imaginary Equation as a symbolic representation of two separate Real
Equations: but he differs from that excellent mathematician in his method generally, and
especially in not introducing the sign /=1 until he has provided for it, by his Theory of
Couples, a possible and real meaning, as a symbol of the couple (0, 1).

2.2 Dyson’s Threefold Way

In this language, Dyson’s observation [3] is that in standard quantum mechanics an
anti-linear involution ® acting on rays may be normalized to satisfy

02 = +1, (19)
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where the plus sign corresponds to an even spin state and the odd sign to an odd spin
state.To say that ® is anti-linear is to say that it anti-commutes with the standard
complex structure igm, iqgm> = —1

Oign + ign® = 0. (20)

Now for the plus sign ©, is a projection operator and we get what is called a real
structure on the original complex Hilbert space and if the Hamiltonian is time-
reversal invariant, then we may use the projection operator to project onto the
subspace of real states. On the other hand for the minus sign we construct

K =®ig @1

and find that ®, iy, K satisfy the algebra of the quaternions.

2.3 Relation to Jordan Algebras

There is an interesting tie in here with the theory of Jordan algebras [54,55] which
were originally introduced by Jordan as a possible avenue for generalizing quantum
mechanics but in the end led to the same three basic possibilities.

In all three varieties of quantum mechanics the states, i.e. the space of positive
semi-definite Hermitian matrices in Herm, (K), K = R, C, H form a homogeneous
convex self-dual cone, Moreover as observed by Jordan, they satisfy an abelian, but
non-associative, algebra whose multiplication law is

(01,02) — %(01024— 0201). 22)
The algebra J,]lK thus obtained is real and power law associative and thus belongs to
the class of what are now known as Jordan Algebras.
In fact the list of finite dimensional irreducible homogeneous self-dual cones
is quite small and coincides with the list of finite dimensional irreducible Jordan
algebras. The list is:

Cone Algebra  Reduced structure group  Automorphism group
CE-Y Tm-1) Somn-1,1) SO(n —1)

Cy(R) J,lR PSL(k;R) SO(n)

C,(C) J}C PSL(n;C) SU(n)

C,(H) J,fﬂ SU*(2n) Sp(n)

G(0) I3 E6(—26) Fy

« C(E""!) ¢ I'(n — 1) is the usual Minkowski cone, in E"~"! based on a the
sphere S"~2. The automorphism group is the Lorentz group SO(n — 1, 1).
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s Cy(R) C JE: the set of positive semi-definite 7 x n real symmetric matrices.
The reduced structure groups is PSL(n,R) and the automorphism group is
SO(n —1).

« C,(C) C J,ic: the set of positive semi-definite n X n hermitian matrices. The
reduced structure group is PSL(k, C) and the automorphism group is SO (n).

s C,(H) C JH: n x n positive definite quaternionic hermitian matrices. The
reduced structure group is SU *(2k) and the automorphism group is Sp (k).

« CG3(0) C J3(O> : the set of positive semi-definite 3 x 3 octonionic hermitian
matrices. reduced structure group is is Eg—26) and the automorphism group is
Fy.

In all cases the automorphism group Aut(J) of the Jordan algebra J is the
stability group of the unit element in the algebra, which may be taken as a unit
matrix. The reduced structure group of the algebra St (J) = PLSG is the
subgroup of the structure group G = Str(J), leaving the norm of the Jordan
algebra invariant.

Note that these results subsume the foundational Alexandrow-Zeeman [56, 57]
theorem which states that the auto-morphism group of the causal structure of
Minkowski spacetime (defined by the cone C(E"~"!)) consists of dilations and
Lorentz transformations [89].

In the case of I'(n — 1) one may think of v as an element of the Clifford algebra
Cliff(n — 1, 1;R), on sets v = v*y,. However the Jordan algebra I'(n — 1) is
generated by y; and the identity matrix. Then in all cases the commutative but
not associative Jordan product is given by one half the anti-commutator, u e v =
%(uv + vu). The cone C(J) is then obtained by taking the exponential exp(v) of
elements v € J. This is well defined because of the power associativity property
v e =11 of the algebra.

2.4 Special Cases: Low Order Isomorphisms

It is a striking fact that in the case of 2 x 2 matrices over K = R, C, H the Jordan
algebras coincide with the Clifford algebras, fact perhaps more familiar in the form

Spin(2,1) = SL(2,R), (23)
Spin(3,1) = SL(2,C), (24)
Spin(5,1) = SL(2, H). (25)

There is also a closely related statement over the octonions for Spin(9, 1) which
crops up in string theory.

The middle isomorphism in (25) has lead Penrose to attempt, in his Twistor
theory, to connect the use of the complex numbers in spinor analysis with that
in quantum mechanics. A connection which moreover seems to give a privileged
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position to four spacetime dimensions. I think one can take a very different view
[59] but to appreciate it we need to make an excursion into

3 Spacetime Signature and the Real Numbers

The basic point being made here is that in 4 4+ 1, and indeed 9 4+ 1 and
10 + 1, spacetime dimensions, it is possible, by choosing the spacetime signature
appropriately, to develop spinor analysis at the classical level entirely over the reals.
That is, to consistently use Majorana spinors whose components really are real. In
four spacetime dimensions this requires the mainly plus signature convention (the
opposite to that which Penrose uses). The complex numbers need only enter when
one quantizes.
To see this in more detail we need some facts about Clifford Algebras.

3.1 Clifford Algebras

Given a vector space V' with metric g, of signature (s, t) where s counts the positive
and ¢ the negative signs, Clifford algebra Cliff(s, z; R) is by definition the associative
algebra over the reals generated by the relations

YuVv + VoV = 28uvs (26)

where y is a basis for V. As a real algebra, the signature does make a difference.
For example
Cliff(0, I;R) = C, (27)

while
Cliff(0, ;R) = R R. (28)

In fact CIiff(0, 1; R) is identical with what are often called ‘double numbers’ or
‘hyperbolic numbers’, i.e numbers of the form.

a+ eb, a,b eR, et =1. (29)

As an algebra, Cliff(0, 1; R) is not simple, P+ = %(1 =+ e) are projectors onto
two commuting sub-algebras.
In a matrix representation

. (01 (01
l—(]o), e—(lo). (30)

8V is not Hqm thought of as real! A good reference for the properties of Clifford algebras used
here is [112], see also [111].
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However if we pass to the complex Clifford over C we lose the distinction since
Clift(0, 1; C) = CIiff(0, 1; C) = M,(C), (€28
where M,(C) is the algebra of all complex valued two by two matrices.
It is precisely at this point that the precautionary principle comes in. We should
not rush into adopting
Cliff(3, 1; C) = CIliff(1, 3; C) = M4(C), (32)
but rather enquire what are the possible differences between the two signatures’. In

fact
Cliff(3, 1; R) = M4(R), Cliff(1, 3; R) = M,(H), (33)

where
H = CIiff(0, 2; R) (34)

are the quaternions. Despite the differences the spin groups are identical
Spin(3, 1) = Spin(1,3) = SL(2,C), (35)
but if discrete symmetries are taken into account they differ:
Pin(3, 1) # Pin(1, 3). (36)

This has important consequences in spacetimes which are time, space or spacetime
non-orientable [13,32,35,36,38].

3.2 Chiral Rotations

Independently of signature
s =yoyivays,  vi=—l. 37)
Moreover if y,, generate a Clifford algebra, then so do
ey, e = cos 20y, + sin2aysy,, a eR. (38)

Thus by choosing o« = 7 we can reverse the sign of the y,, and so we expect that
no physical consequences should follow from the choice of sign.

°A similar point has been made recently by Schucking [62] but he plumps for the quaternions.
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The chiral rotations maintain the reality properties of the gamma matrices.
Multiplication by i of course reverses the signature.

3.3 Majorana Spinors

It is a striking and, I believe, a possibly rather significant fact that the signature
(3,1) leads directly to a Majorana representation, in which all y matrices are
real. Certainly if one holds that N = 1 supersymmetry and N = 1 supergravity
are important, this fact renders the mainly positive signature rather attractive. The
precautionary principle would lead one to adopt the signature (3, 1) and use a real
notation for as long as one can, certainly at the classical level where one need
never introduce complex numbers. Thus the basic entities are Majorana spinors
belonging to a four dimensional real vector space M with real, or real Grassmann
number components ¥, a = 1,2,3, 4.

Note that if 1 is a Majorana spinor then so is its chiral rotation e*”> /.

The charge conjugation matrix C = —C" satisfies

CyC™' ==y, CysC™'=—yL. (39)

It serves as a Lorentz-invariant symplectic form on M. Thus Spin(3,1) C
Sp(4; R) = Spin(3,2).

3.4 Dirac Spinors

To incorporate Dirac spinors, one considers pairs of Majorana spinors ¥/, i =
1,2 which are elements of R* @ R* = R* ® C> = R® If §;; is the metric and
€;; = 8ixJ* ;, the symplectic and J* ; the complex structure which rotates the
two summands into each other, we can endow D = R® with a symplectic form
o and a pseudo-riemannian metric g, and hence a pseudo-hermitean structure. In
components, for commuting spinors,

g(X.Y) = X"“Cupe;j Y'* = g(Y. X) (40)
o(X.Y) = X"“Cap8;Y'* = —w (Y. X), (41)

so that
o(X,Y)=g(JX.Y). (42)

The signature of the metric g is (4, 4) and of the hermitian form, which is usually
written

v, (43)
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where the Dirac conjugate -
v=y'p (44)

is (2,2). The ‘light cone’ on which ¥ consists of Majorana Spinors

Not that electromagnetic rotations and chiral rotations commute with one
another.

Alternatively we can think of the Dirac spinors as elements of a four dimensional
complex vector space D = M¢ = C*, the complexification of the real space of of
Majorana spinors M.

3.5 Weyl Spinors

To see where Weyl spinors fit in we observe that ys acts as a complex structure
converting M = R* to W = C2. In other words, we write

Elements of W? are chiral spinors for which

Ys¥r = i VR, (46)

Elements of W are anti-chiral spinors for which

Ys¥L = —ivyr, 47)

The projectors %(1 —iys) and %(1 + iys) project onto chiral and anti-chiral Weyl
spinors respectively.

It is of course possible to treat Weyl spinors without the explicit introduction of
complex numbers at the expense of introducing pairs of Majorana spinors ¥, ¥,
subject to the constraint that

Ys¥1 = —y», Ys¥2 = V1. (48)

One then has

Yr=Y1+iv2, ¥ =1 —ivn. (49)

3.6 Signature Reversal Non-invariance

Many people would argue that after all, a choice of signature is only a convention.
That is true, but as we have seen above, this choice of convention comes with
consequences. Moreover reversal of signature is not a symmetry of the basic
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equations of physics. as has emerged very clearly recently in work aimed at
understanding why the observed cosmological constant is so small in comparison
with its expected value. There have been a number of suggestions [30, 31, 39] that
this might be due to a symmetry, analogous to chiral symmetry which is used
to account for the smallness of of the electron mass. One candidate for such a
symmetry, which may be expressed in a manifestly generally covariant, and simple
fashion is the symmetry under change of spacetime signature

g;w - _g;w- (50)

For flat spacetime this is equivalent to the transformation [30]
xH —ixh, (&3]
taking West Coast to East Coast,
EM — E'3, (52)

but complexifying or analytic continuation of coordinates are not without problems
in curved spacetime and so I prefer (50) which does the job just as well. I have a
similar prejudice against formulations in terms of non-generally covariant concepts
such as energy [31].
Under (50) one has
Ry — Ry (53)

and so, if A # 0, (50) is definitely not a symmetry of the equations
Ry = Aguu. (54)

and hence is violated by a non-vanishing cosmological constant.
If scalar fields are present, then (50) is violated by mass or potential terms since
under (50) the Christoffel symbols and hence the connection are unchanged

{u Yot — {/L Yot V. — Vg, (55

but the equation
gMVVMVU¢ = Vl(d’) (56)

is not invariant and neither is the Einstein equation

1

%Ruv = au¢av¢ + gy V(d)), (57

On the other hand, the source free Maxwell equations are invariant, but the
Einstein equation.
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ﬁRuv :ng;wF;u_%guvgaﬂgarFaaFﬁr (58)
is not.

This is part of a more general pattern, for a massless p-form field strength in n
spacetime dimensions (so that p = 1 corresponds to a scalar and in four dimensions,
p = 3 to a pseudoscalar or axion) then while the equation of motion is invariant,
(50) induces

Ty — (=1)PHT,,. (59)

From this it is clear that the Maxwell equations coupled to a complex scalar field,
that is the Abelian Higgs or Landau Ginzburg model are not invariant. This can be
seen from

V,F* = J¥, (60)
Under (50)
F* — FH*, (61)
but
JH— —J", (62)
Similarly the Lorentz equation
d>xH dx® dx* e dxP
o " T = —gh Fop——, 63
dt? +i }d‘( dt m® Pdt (©3)

is not invariant under (50).

Thus the classical equations of motion of the bosonic sector of the standard
model are certainly not invariant under (50). To make them so would entail adding
additional fields whose energy momentum tensor is opposite in sign to the standard
case. These fields would antigravitate rather than gravitate. Various schemes of this
sort have been discussed in the literature (e.g. [41-43]).

If, therefore, the signature reversal is not a symmetry of our world, then it seems
reasonable to me to suppose that one signature is preferred over the other, and that
is the view being advocated here.

Of course one could follow Duff and Kalkkinen that we have simply mistaken the
dimension we are in, [64, 65] or conclude that the signature of spacetime may vary
from place to place, some regions having signature —+ ++ and some signature + —
—— [63]. Perhaps one should say that spacetime signature is an emergent property.

4 More Than One Time: Signature Change

We have been arguing that time, or at least a universal complex structure on
the quantum mechanical Hilbert space single may be an emergent, or historical
phenomenon.
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This seems clearest in certain, instanton based, approximate, treatments of the
birth of the universe based on what Hartle and I have called Tunnelling Metrics
[15], in which a Riemannian manifold Mz and and a Lorentzian manifold M, are
joined on across a surface X of time symmetry which may be regarded as the origin
of time surface. There is no time in M where the metric signature is + 4+ ++. The
metric signature flips to — 4+ ++ across 2. If that can happen why can’t it flip to
— — ++ across some other surface, as suggested by Eddington long ago [85]?

Signature flip also arises in brane-world scenarios in which the brane bends
over in time while remaining a smooth sub-manifold of the Lorentzian bulk
spacetime,ceases to be timelike, but rather spacelike with positive definite (i.e.
Riemannian) induced metric [86—88]. However unless the bulk as more than one
time the transition can only be from Lorentzian to Riemannian. In the model studied
in [86] time certainly emerges after the collision of two branes.

The question therefore arises, could two, or possibly more than two times have
emerged? There has been a fairly large amount of work on the possibility of two
or more times, i.e on spacetimes of signature —, 4+, 4+, + or —, —, —, +, +, +.
A very early example is hinted at by Halsted [113] A later, and for me difficult to
understand example is [93], where the extra temporal coordinate is called ‘anti-time
‘or ‘eternity’).

As far as a can see, little attempt to relate them to the algebraic structure of
quantum mechanics, although a theory of Kostant comes quite close.

In fact, the standard reason for rejecting such theories is the existence of the
instabilities and causality violations that result as a consequence of the fact that the
interior of the light cone is no longer convex. This is clearly shown by Dorling’s
argument [45] that the lowest mass particle is such a spacetime could decay into
particles of heavier mass. In Kaluza—Klein theories, timelike extra dimensions lead
to negative energies for vector fields on dimensional reduction [46] and provides
limits on their size [90].

One way to say this is that necessarily such spacetimes cannot admit a time
orientation and hence, in accordance with our general outlook, cannot admit
standard complex quantum mechanics.

Among multi-time theories, a particularly intriguing case from the mathematical
point of view is that of six-dimensional manifolds with neutral or Kleinian signature
(+ + + — ——. In other words where there is a complete symmetry between space
and time. This has been energetically pursued by Cole over many years [95-105] in
an attempt to make physical sense of it. [ am skeptical but believe it may ultimately
play a role in string theory.

One has the isomorphisms

SO(3,3) = SL(4,R)/Z>,  Cliff(3,3;R) = Ms(R). (64)

The first isomorphism links us to real three-dimensional projective geometry, via a
a real form of Twistor theory [59]. One may think of E>3 as the space of bi-vectors
in L" = —L"* in R* endowed with the metric

1
Jemoe L LT (65)
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By the well-known Pliicker correspondence, lines in RP3 correspond to simple
bi-vectors in and hence to to null six-vectors in E*3. It is also possible to regard
R* or its projectivization RIP? as the space of Majorana spinors in four spacetime
dimensions. Conformally SO(3, 3) is the conformal group of E?2. In Penroses’s
Twistor Theory one complexifies and another real form is SO(4, 2) the conformal
group of ordinary Minkowski spacetime E>!.

Kostant [106, 107] has made the imaginative proposal that our spacetime (with
signature (3, 1)) is a three-brane embedded in a six-dimensional bulk spacetime
with a metric of signature (3, 3). The restriction of the ambient metric to the normal
bundle has signature (0, 2) and the associated SO(2) symmetry allows him to think
of the normal bundle as a complex line bundle over spacetime. This is the origin of
electromagnetism in his theory.

To obtain examples, Kostant noted that the conformal group of E*3 is SO(4, 4).
More accurately SO (4, 4) acts globally on the conformal compactification of E33,
which may be regarded as the space of null rays in E**. To get compactified
Minkowski spacetime (S' x S3/Z, one intersects the null cone of the origin of E**
with a 6-plane through the origin of signature (4, 2). An interesting aspect is that
since we are dealing with SO(4,4) there is a triality which acts. Mathematically,
Kostant’s model has many intriguing features (see [108, 109]) but so far clearly fails
to make much contact with the real world.

Another, purely technical use of three times is to study integrability. Because
E33 admits a para-hermitean structure, in other words it admits an isometric
involution J on the tangent space which, J? = 1, (i.e. para-complex) and such
that g(JX,JY) = g(X,Y), this may be used to obtain the KP equations via a
self-duality condition on s[(2, R) gauge fields [110].

S Examples

The general algebraic considerations considerations may seem rather abstract, but
they have already arisen in the application of quantum mechanics to cosmology.
In what follows, I shall give some examples. Before doing so I note that

The much discussed question of whether black hole evaporation is unitary is
meaningless if there is no complex structure, and ill-posed if there is more than
one.

5.1 Quantum Field Theory in Curved Spacetime

In Quantum Field Theory in Curved Spacetime the main problem is that there is no
unique definition of “positive frequency”. In the free theory, V' = Hpe particle 18 the
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space of real-valued solutions of wave equations. V' is naturally (and covariantly) a

symplectic (boson), or orthogonal (fermion)'? vector space
o(f.8) = [ (F - te)d*x = ~o(g. /) (66)
g = [ (W' Dd*x = g 0) (©7)

To quantize we complexify and decompose
Ve=CoV=VteV" (68)

This decomposition (which defines a complex structure) [10,34,115] is not unique.

This non-uniqueness corresponds physically to the possibility of particle produc-
tion and is an essential part of our current understanding of black hole evaporation
and inflationary perturbations.

At this point it may be instructive to recall [117] why commutation relations of
the form

[#, P, ] = is" (69)

don’t apply in quantum field theory in Minkowski spacetime. If they did, then they
would have, up to natural equivalence, to be represented in the standard Stone—
Von-Neumann fashion on L2(E*!). But then the energy P, could not be bounded
below. Thus L?(E>!) is not the quantum mechanical Hilbert space. Rather, as stated
above, it is the space of positive frequency solutions of the Klein—Gordon or Dirac
equations. These are is much more subtle objects and certainly not uniquely defined
in a curved spacetime manifold {M, g}, unlike L*(M, ,/=gd*x), the obvious
generalization of L>(E*'), which is unambiguous even in a curved spacetime.

5.2 The Wave Function of the Universe

In Hartle and Hawking’s Wave Function for The Universe
W(h,X) = / dlgle ' ®  hi; = giils=om (70)

Is real valued. To get a notion of time one typically passes to a Lorentzian WKB
approximation S,

U = Ae'Sc + Ae™5e (71)

but this is only a semi-classical approximation, in other words

10We use real (Majorana) commuting spinors for convenience: there use is not essential.
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Time, the complex numbers and the complex structure gy of quantum mechanics
emerge only as an approximation at late times.

5.3 Euclidean Quantum Field Theory

In fact in Euclidean Quantum Field Theory it is not sufficient just to compute
correlators.

In order to recoverQuantum Mechanics, rather than merely to indulge in an
unphysical case of Statistical Mechanics, the correlators must exhibit Reflection
Positivity [20,21]. This guarantees the possibility of analytically continuing to real
time.

This can be done for Riemannian backgrounds if they admit a suitable reflection
map, for example static or time-symmetric metrics such as Real tunneling geome-
tries [9, 15-19,22-24].

However most Riemannian metrics do not admit such a reflection map.

Thus generically in such approaches one would not recover standard complex
quantum mechanics. Only for very special classical saddle points of the functional
integral would a well defined complex structure emerge.

5.4 Lorentzian Creation ex nihilo

The next example involves a Lorentzian Born From Nothing Scenario [13, 14, 116].
Essentially, one considers de-Sitter spacetime modded out by the antipodal map
dS |7, (so-called elliptic interpretation).

— (X2 + (X + (X + (X + (XY = % Zr: X' =—X". (72)

Now the antipodal map preserves space orientation but reverse time orientation. But
in quantum mechanics a time reversing transformation is represented by an anti-
unitary operator ® and if all states are invariant up to a factor

OV = AU (73)

then only real linear combinations are allowed.

Thus Quantum Mechanics in dS /Z; is Real Quantum Mechanics.

This jibes with the fact that under the action of the antipodal map is antisymplec-
tic on the bosonic space of solutions V'
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This renders imposing the CCR’s impossible!!
Compare regular time reversal

(pi.q') > ® = (—pi.q') = dp; Ndq' — —dp; Ndq' =—w  (75)

If there is no symplectic form then the Heisenberg commutation relations make no
sense, one cannot geometrically quantize.

This pathology arises quite generally for spacetimes which do not admit a Time
Orientation, i.e. a smooth choice of future lightcone. Such spacetimes always have
a double cover which is time orientable and so may be regarded as the quotient of
a time orientable spacetime by a generalized , time orientation reversing, antipodal
map. The double cover thus realizes various speculative ideas of the past and not so
recent past [47-51] of spacetimes in which the arrow of time runs one way in one
part and the other way in the other.

In other words quantum field theory is not defined unless one may define an
Arrow of Time'?.

Amusingly CTC’s seem to be quiet innocuous from this point of view. It seems
that they can be compatible with quantum mechanics, but not necessarily locality.

6 Topology, Time Reversal and the Arrow of Time

An interesting question, discussed by Chamblin and myself [26], is whether this
arrow is intrinsically defined, or whether both possibilities are on the same footing.

In other words, do there exist time-orientable spacetimes which have an intrinsic
direction of time?

The analogy here is with a quartz crystal which is either left-handed or right
handed. This is because the point group contains no reflections or inversions.

For a spatial manifold X one asks: does X there exist an orientation reversing
diffeomorphism. In other words is there a diffeomorphism taking ¥ with one
orientation to X with the opposite orientation?. For such manifolds a Parity Map
cannot be defined. Such “handed” manifolds are quite common, certain Lens Spaces
and CP? being examples'.

For spacetimes the analogous question is whether there exist a time reversing
diffeo ®?

We found some rather exotic examples, based on higher dimensional Taub-NUT
spacetimes for which no such diffeo ® exists.

Bernard Kay has implemented this argument more rigourously within an algebraic framework
[120].

12 Amusingly CTC’s seem to be quiet innocuous from this point of view. It seems that they can be
compatible with quantum mechanics.

13See Hartle and Witt [114].
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The question can be formulated in Hamiltonian Mechanics. Does there exist

a symplectic manifold {M, w} admitting no anti-symplecto-morphism, i.e. a time
reversal map ® such that

Ow = —w. (76)

The answer to this topological question, which should not be confused with
asking whether any particular Hamiltonian, on a symplectic manifold which does
admit a time reversal map, is time-reversal invariant, i.e. whether

O*H =H?, 7

does not seem to be known.

7 Unification and Spin(10)

If the viewpoint advocated here is on the right track, one might expect that should
be signs in what little information we have about possible unification schemes. A
very popular one is based on the group SO(10) and it is perhaps gratifying that it
seems to fit with the philosophy espoused here.

In the standard electro-weak model, the neutrinos are purely left-handed and a
description of the fundamental degrees of freedom in terms of Weyl spinors is often
felt to be appropriate. One may then argue that this more more convenient with the
mainly minus signature. However nothing prevents one describing it using Majorana
notation and the mainly plus signature. Moreover the discovery of the non-zero
neutrino masses and the so-called see-saw mechanism make it plausible that there
is a right handed partner for the neutrinos and the fact that then each family would
fit into a chiral (i.e. 16) representation of Spin(10) makes it perhaps more attractive
to describe the fundamental fields in Majorana notation. This would tend to favour
the use of the mainly plus signature.

To see this in more detail recall'*
CIiff(10,0; R) = M (R). (78)
Let 'y, a = 1,2,...,10 be a representation of the generators by real 32 x 32
matrices and
Iy =il . Tho. (79)
so that!?
Iy =-1. (80)

14This is clear from the periodicity modulo eight of Clifford algebras Cliff(s +8, ¢)
M 6(R) and the easily verified fact that the that Cliff(2, 0; R) = M, (R).

5The matrices 'y, T'j; generate the M-theory Clifford algebra Cliff(10,1;R) = M3 (R) &
M3 (R).

Cliff(s, 1) ®
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It is customary to describe the Spin(10) model in terms of 16 left handed
spacetime Weyl fermions which are then placed in a single complex chiral 16, W
of Spin(10)

MW =iv, 81)

but this is completely equivalent ,and notationally simpler to regard the 16 spacetime
Weyl fermions as 32 spacetime Majorana fermions and then to regard W as a 32
dimensional Majorana spinor of Spin(10) subject to the constraint

Fllqj = )/5‘11 (82)

In more detail, we start with the 15 observed left handed Weyl fermions of the
electro-weak theory with their weak hypercharges ¥ = Q — t3, where Q is the
electric charge and #; the third component of weak iso-spin

ur _ 1 VL _ 1
(dL)’ r= 6 (eL)’Y 2 (83

i 2 X 1 ,

The first row consists of four iso-doublets and the second row of seven iso-
singlets. The up and down quarks u; and d; are in a 3 of SU(3) colour and their
charge conjugates u{ , d; are in a 3 of SU(3). In fact the, because effective group
is S(UB)x UR)) = SUB) x SUR) x U(1)/Z3 x Z,, where Z3 and Z, are the
centres of SU(3) and SU(2) respectively [33]. This is because the electric charge
assignments are such that acting with Z3 x Z, = Z¢ can always be compensated by
a U(1) rotation.

Now S(U(3) x U(2)) is a subgroup of SU(5) and is well known one may fit all
15 left handed Weyl spinors in a S and a 10. However it is more elegant to adjoin
the charge conjugate of the right handed neutrino, v§ to make up a complex 10 of
Spin(10). In fact the multiplets may be organized into multiplets of the Spin(6) x
Spin(4) = SU(4) x SU(2) x SU(2) subgroup of Spin(10)

ur vV

(dL)’ (eL)‘ (8>
ug vy

(dz)’ (L) (80

In this formalism we have left-right symmetry with the first row consisting of
four weak iso-doublets and the bottom row of four doublets of some other, as
yet unobserved SU(2). The quarks and leptons also form two Spin(6) = SU(4)
quartets.
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8 Gravitational CP Violation?

To conclude I would like to illustrate once more the advantages of the reality
viewpoint by addressing a question of some current interest which is relevant to
the present proceedings. That is whether CP-violating Dirac and Majorana mass
terms for spin half fermions can give rise to detectably different behaviour as the
particles fall in a gravitational field of a rotating body, due to the Lense—Thirring
effect [66-09].

If they could, then a violation of the Weak Equivalence Principle in the form
of the Universality of Free Fall would be entailed, which seems rather unlikely.
The calculations given in [66, 67] are rather complicated and in view of the great
importance of the issue, it seems worth while examining the question in a more
elementary fashion. There are also potential implications for the quantum theory of
black holes.

There are two aspects of the problem:

e The emission and detection of the fermions by ordinary matter
» Their propagation from source to detector through an intervening gravitational
field

It is the latter which I will be discuss here If the fermions are assumed to be
electrically neutral and with vanishing electric and magnetic dipole moments, this
is a well defined problem in general relativity. Clearly if the fermions are moving
in an electromagnetic field and they possess electrc charges and/or magnetic and
electric dipole moments the conclusions might be modified, but then the question is
no longer one of pure gravity.

With our conventions, A system of k Majorana fermions i has Lagrangian

1 1
L= EWCPW - El/’tc(ml + myy’ )y 87)

where m and m, are real symmetric k X k matrices.
The kinetic term, but not the mass term, is invariant under SO (k) transformations

¥ — OV, 0'0=1. (88)
Note that one may write
0 = expwjj, Wij = —Wjk. (89)
The kinetic term, but not the mass term is also invariant under chiral rotations
v — Py, (90)

P = expvij)/s, Vij = Vji 1)
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Combining these two sets of transformations we see that the kinetic term, but not
the mass term is in fact invariant under the action of U(k), i.e. under

v — S, 92)
S = exXp (a),-j + l),'j)/s). (93)
The U(k) invariance is perhaps more obvious in a Weyl basis. Since
5\2
() =-L (94)

one may regard y° as providing a complex structure on the space of 4k real
dimensional Majorana spinors, converting it to the 2k complex dimensional space
of positive chirality Weyl spinors for which

Y =i. (95)
Clearly S then becomes the exponential of the k x k anti-hermitian matrix
Wjj +iUij. (96)

Thus
sst=1. (97)

The mass matrix is then a complex symmetric matrix
m=my +imy, (98)
and under a U (k) transformation
m— S'mS. (99)

At this point we invoke the result of Zumino [70] that S may chosen to render the
matrix m diagonal with real non-negative entries.

This implies that k free massive Majorana (or equivalently Weyl) fermions v
moving in a gravitational field will satisfy

Pyt — eyt =0,

with no sum over k and where the masses p; may be taken to be real
and non-negative. There are no exotic non-trivial effects moving past a
spinning object due to the Lense-Thirring effect. In particular there are no CP
violating effects and gravity alone cannot distinguish ‘Majorana’ from ‘Dirac’
masses.
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8.1 Behaviour in a Gravitational Field

From now on, we assume that the mass matrix m is real and diagonal. If one iterates
the Dirac equation and uses the cyclic Bianchi identity in a curved space one gets

-V + %Rl/f +m?y = 0. (100)

As is well known, there is no ‘gyro-magnetic’ coupling between the spin and the
Ricci or Riemann tensors [71]. To proceed, one may pass to a Liouville-Green-
Wentzel-Kramers—Brilouin approximation of the form

A (101)
One obtains
(iy"9,S +m)x =0, (102)
and
0,8V y=0. (103)

The analogue of the Hamilton Jacobi equation is
(gﬂvaﬂsavs n mz))( - 0. (104)

Now since m is diagonal with diagonal entries u;, say, then each eigenspinor y;
propagates independently along timelike geodesics via

dx* v
i e = g""9,8S. (105)
The spinor amplitude y; is parallelly transported along these geodesics. Of course
the geodesics are independent of the mass eigenvalue p; and the polarization state
given by y;. Indeed if the fermion starts off in a given polarization state with (with
the associated mass), it remains in it. In other words, at the L-G-W-K-B level, the
Weak Equivalence Principle, in the form of the Universality of Free Fall holds

9 Pure States — Mixed States?

The completely thermal character of Hawking radiation (af the semi-classical level)
and the apparent violation of Global Symmetries if black hole decay leaves no
remnants led Hawking [80] to suggest that while the standard propositional structure
of quantum mechanics, and its complex structure, should remain in a full quantum
theory of gravity, the evolution law should change. In particular the evolution law
should allow pure states to evolve to mixed states. In what follows I shall review
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the formalism suggested (and now abandoned) by Hawking and then comment on
its relation to the suggestion I am making about the complex structure of quantum
mechanics. I shall also relate this discussion to issues of reversibility and the arrow
of time.

9.1 Density Matrices

Are positive semi-definite Hermitean operators acting on a quantum mechanical
Hilbert space H with unit trace

p=pl.  Tp=1 (Ylpy) =0, V|y). (106)
If one diagonalizes
p=Y_ Pun)n| (107)
where P, > 0 is the probability one is in the (normalized) state |n), and
P =1 (108)
A pure state is one for which
Trp =1, (109)

in which case, all but one of the P, vanishes and one is in that state with certainty.
In a general orthonormal basis with one writes

P = Pmnlm) & (n| (110)

with
Pmm = 17 Pmn = ,(_)nm (111)

There is a distinguished density matrix ¢ associated with complete ignorance for
which P, = & where N = dim¢7,

9.2 Gibbs Entropy

Normalized density matrices form a convex cone in the space of all Hermitean
operators and the Gibbs entropy

S =-Trplnp=-)_ P,InP, (112)
n
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is a convex function on the cone which is largest at the completely ignorant density
matrix ¢. and vanishes for any pure state.
If N = 2 we may set

p= %(XOHZ + x'07) (113)

where 0;,i = 1,2, 3 are Pauli matrices and the cone corresponds to the future light
cone of four dimensional Minkowski spacetime

x0 > Vxixi =r. (114)
The unit trace condition implies that x* = 1 and thus 7 — +/x7x’ < 1 One finds that

1+7r 14 1—7 1=
2)2(2)]. (115)

S = —In(

The entropy is maximum at the origin and goes to zero on the boundary of unit
ball.

9.3 Evolution by an S-Matrix

In general we might be interested in situations where there is an in and an out Hilbert
space. H" and H°" respectively. Conventionally on thinks of H" and H°" as being
isomorphic, except possibly described in a different basis but one could envisage
more general situations. One has an associated set of states or density matrices for
Hin and HO". The set of such (unormalized ) mixed states we call N or Ao
respectively.

Conventionally one postulates there is a unitary map S : H" — H° called an
S-matrix such that

|out) = Sin) (116)

which acts by conjugation on mixed states or density matrices

% = SpnST, (117)

9.4 Tracing Out

A situation which often arises is when the out Hilbert space " is a tensor product

HOLI[ — %Outl ® %OutZ (118)
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An initial state |in{ which remains pure will have an expansion
lin) = cnp|m) ® [M) (119)

where |m) is a basis for %! and | M) a basis for H°"'2. An observable O; which
acts as the identity on H°"? will have an expectation value

(in|O1lin) = pyn|m) & (n|, (120)
where
Pmn = CmMCuM s (121)
where we use the fact that
(n|01|m) = Te(01]m) ® (n]). (122)

In other words observations made only in H°"!! can tell us nothing about H°"*?
and hence will in general behave as is the final state were mixed.

9.5 Evolution by an $ Matrix

Taking H°"! to be states at infinity and H°"? horizon states shows that in general
outgoing radiation from a black holes with a permanent horizon will be in a mixed
state.

However back reaction means that the horizon is not permanent and the issue
arises whether taking back reaction into account would give a pure or a mixed state.

More generally, one may try to construct a generalization of standard quantum
mechanics in which in general pure states evolve to mixed states. One postulates
that there is a linear map $ : N — A such that

pOut — $pin' (123)

One further postulates that $ is hermiticity, and trace-preserving

(@  Gp)f=p (124)
(b) Tr$p = Trp, (125)
(c) $t=1. (126)

One also demands that $ takes positive semi-definite operators to positive semi-
definite operators.
Some comments are in order.
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e The assumption of linearity, is a form of locality assumption since it amounts
to assuming ‘non-interference of probabilities’. It should be possible to
lump together results of two independent experiments and obtain the same
probabilities.

Thus if in one ensemble consisting of 100 states with 30 in state 1 and 70 in
state 2 these go to states 3 and 4 in 45 and 55 times respectively, and in a second
run of the same experiment 30 in state 1 and 70 in state 2 go to 72 and 28 in states
3 and 4 respectively than it should be the case, if the usual idea of probabilities is
to make sense, that run in which 85 = 30 + 55 are in state 1 and 115 = 70 + 45
in state 2, then 117 = 45 + 72 should land up in state 3 and 83 = 55 + 28 should
land up in state 4.

Of course strictly speaking, this argument only works for commuting density
matrices but, by continuity it seems reasonable to assume linearity for all density
matrices.

e The assumption that the completely ignorant density matrix ¢ is preserved in
time would seem to be necessary for any type of thermodynamics to be possible,
not least because the completely ignorant density matrix ¢ has the largest Gibbs
entropy.

9.6 Invertibility and Factorisability

Standard S-matrix evolution is such that
$p = SpST. (127)

Such $-matrices are said to be factorisable and factorisable density matrices clearly
take pure states to pure states, but a general $ matrix will take pure states to mixed
states. In fact, in general, a $ matrix acts as a contraction on the convex cone of
positive definite Hermitian operators. Thus in general it is not invertible [81, 82].
Indeed there is a

Theorem: A super-scattering matrix $ is invertible iff it is factorisable

Proof: Assume the contrary. Then there exits a mixed out-state p°** which is
mapped to a pure state $0°" = [in). Thus

$ > Pyln.out) ® (n,out| = [in) ® (in| (128)

O

Let |y") be any in state orthogonal to |in) One has

> Pu(y"™ (Sl out) n, out] ) [y™) = 0, (129)
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But $|n, out)(n, out| is a density matrix and so positive semi-definite. Thus a if
|n, out) has P, # 0, then it must be orthogonal to every pure state |™) orthogonal
to |in) and hence

$n,out) = [in) ® (in], V¥ {P,| P, # Ol. (130)

But if $ takes all such states |n, out > to the same state |in) it cannot be invertible.

9.7 Irreversibility and CPT

Thus, as one might have expected, evolution by a superscattering matrix would
irreversible. How does this square with our prejudices about CPT? This is usually
taken to be an anti-unitary invertible (since #2 = 1) # : N — A/ which takes
pure states to pure states, and preserves traces and preserves ignorance.

Let us call its restriction to pure states Strong CPT.

9.8 Strong CPT

assumes an invertible map ® from in states to out states
© =3$07'S. (131)

Thus
$' =07 'se7. (132)

In other words Strong CPT implies that the evolution is invertible. Note that this
rather strong result does not assume that either ® or $ is a linear map. However if $
satisfies the requirements for a superscattering matrix and strong CPT, then it must
be invertible and hence factorisable.

9.9 Weak CTP

Faced with the result above, one could argue that only probabilities are related by
CPT. this
Prob(|y/) — [¢)) = Prob(©~"[¢) — Oly)). (133)

That is
@I$(lv)(v1)g) = (©gIs(107'9) (O~ gl|OV), (134)
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that is
$F=071s707. (135)

Of course for a factorisable $ matrix (135) holds by unitarity of the S matrix.
Moreover (135) implies that the superscattering operator is ignorance preserving

$i =1i. (136)

An interesting set of questions is

e Is (135) equivalent to detailed balance?

e Does (135) imply the H theorem?

e Does (135) imply that only the microcanonical ensemble, i.e. the perfectly
ignorant density matrix i is left-invariant by $?

A full answer to these questions appears not be known but what is well known is
the situation when all density matrices are assumed diagonal.

9.10 Pauli Master Equation

This is essentially the case when the density matrix remains diagonal. One sets

Pr = Z U Py — P, Z Uy, (137)
SFEr sFEr

where U,y > 0 may be interpreted as the transition probability per unit time if a
transition from state |s)(s| to state |r){(r|.
In perturbation theory

Ups = [(r| Hyex|$)|* = (r| Hpere|s)* (7| Hperls) (138)
and hence from the Hermiticity of the Hamiltonian
(r|Hpert|s)™ = (s Hpen|r) (139)
we have detailed balance or microscopic reversibility
U,y = U, (140)

Under this assumption and that all transitions take place, i.e U,y > 0 Vr,s we
have the two following [75-79]

Theorem A. (Existence Uniqueness of Equilibrium) there is a unique equilibrium
state ¢ of total ignorance such that P, = P;, Vr,s and
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Theorem B. (‘H-Theorem’) The entropy S = — >, PrIn P, is monotonic increas-
ing S > 0.
Proof of A. under these assumptions

P, =" U(P,—P). (141)

s,sFEr

If we order the P in numerical order the r.h.s is non-negative and vanishes iff
P =PVr,s O

Proof of B. under these assumptions it is also true that

—5= 3 U (P~ PP, (142)
r.S;r#s

1

=— > U(P-P,)(In Py—1In P, (143)
7S #£s
But

(x—=y)(Inx —Iny) > 0. (144)
O

The problem is that in general U,y # Uy,. In fact
Urs = [(r|Ts) P, (145)
where the S-matrix is given by
S=1+4+iT. (146)

Unitarity them implies that

Y Us=) U (147)

9.11 Consequence of Symmetries

It is well known that in standard S-matrix quantum mechanics that that symmetries
and conservation laws are closely related. In the case of $-matrix quantum mechan-
ics the connection is much less close.
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9.12 S-Matrix Case

Wigner’s theorem tells us that if 7 be a norm preserving map acting on the pure
states preserving probabilities, then 7 must be unitary or anti unitary 7' = 7.
We also assume a similar map 7" acts on the out pure states 7'~' = 7”7, then if the
S matrix is invariant

ST =T'S. (148)
Thus
STS ' =T1". (149)
Now if
T =expieG, G =g, (150)
then
SGS™' =G/, (151)
where T’ = expieG’.
Thus if |out) = $[in)
(in|G|in) = {(out|G’|out). (152)

In other words, H is conserved. More over it also follows that any power G* of G
is conserved and that eigenstates of H and are taken to eigenstates of G'.

9.13 $-Matrix Case

In the S-matrix case, a density matrix transforms under 7" as
p— Tp=TpT". (153)

with
T=T7". (154)

The condition of symmetry is now
$=T"7'$T =T"$T. (155)

It is easy to see with particular examples that, in general symmetries, do not
imply conservation laws [83].
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10 Superscattering and the Reals

Hawking’s original proposal (now famously abandoned by him) assumed the
standard complex structure of quantum mechanics. From the point of view of what
I have been advocating it seems curiously conservative to maintain that while
advocating a much more radical modification of what we mean by the laws of
physics.

In fact the entire discussion above works just as well over the reals, that is when
the density matrices are just real symmetric semi-definite.

The general theory of super-scattering matrices works over all three fields, R, C
and H and interestingly the space of such matrices is itself a convex set. Now any
convex set is, by a Theorem of Minkowski, the convex hull of its extreme points. In
this case, the extreme points are unitary or anti-unitary purity preserving maps, i.e.
S-matrices.

A simpler case to consider is restrict attention to the case of diagonal density
matrices. In this case, $ matrices are the doubly stochastic matrices encountered
in the theory of Markov processes. These are the convex hull of the permutation
matrices which take pure states to pure states.

The general theory of $ matrices, at least in finite dimension, is nicely discussed
in [84].

11 Conclusion

We have seen in this contribution that:

e Time and its arrow are intimately linked with the complex nature of quantum
mechanics

e It is not difficult to construct spacetimes for which no arrow of time exists and
on which backgrounds only real quantum mechanics is possible

e Only Riemannian manifolds admitting a reflection map ® allow the recovery of
standard quantum mechanics

* Even if one can define an arrow of time it may not be possible to define an
operator ® which reverses it

Why then do we have such a strong impression that time exists and that it has an
arrow? When and how did the complex numbers get into quantum mechanics?

Like so many things in life: its all a matter of history. The universe “started” with
very special initial conditions “when” neither time nor quantum mechanics were
present. Both are emergent phenomena. Both are consequences of the special state
we find ourselves in.

Constructing and understanding that state, and its alternatives is the on-going
challenge of Quantum Cosmology.
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Appendix: Complex Versus Real Vector Spaces

In this appendix we review some mathematical facts about complex structures. The
standard structure of quantum mechanics requires that (pure) states are rays in a
Hilbert space Hqm which is a vector space over the complex numbers carrying a
Hermitian positive definite inner product (U, V') such that

(i) h(U,AV) = Ah(U,V),  VAeC. (156)
(ii) h(U,V) = h(V,U). (157)
(iii) h(U,U) > 0. (158)

It follows that (U, V) is antilinear in the first slot

h(AU, V) = Ah(U, V), VA e C. (159)
In Dirac’s bra and ket notation elements of Hy,, are written as kets:
V< |V) (160)

*

and elements of the C- dual space H,,, the space of C- linear maps Hqm — C as
bras: and there is an anti-linear map from Hqm to 13, given by

U — (U] (161)
such that
hU, V)= (U|V), (162)
thus
(Ul =hU,-). (163)
In components
V) =V"|i) (164)
and i
(Ul =(jlU/, (165)

({U|V)=hU.V)=h;0 VI, (166)



142 G.W. Gibbons

where
h; = (j i), (167)

and

:h_

e (168)

ij

Complex Vector Spaces As Real Vector Spaces

A useful references for this material with a view to applications in physics are [2,29].
For simplicity of exposition one may imagine that Hy, as finite dimensional
dim¢Hqnm = n < oo. Since a complex number is just a pair of real numbers [27],
any Hermitian vector space may be regarded as a real vector space V' of twice the
dimension dimg V' = 2n with something added [1], a complex structure J, i.e a

real-linear map such that
J? =1, (169)

and a positive definite metric. g such that J is an isometry, i.e.
g(JX,JY)=g(X.,Y). (170)
It follows that V' is also a symplectic vector space, with symplectic form
w(X,Y)=g(JX,Y) = -, X), (171)
and J acts canonically, i.e.
o(JX,JY)=wlX,Y). (172)
Alternatively given J and the symplectic form @ we obtain the metric g via
gX,Y)=w(X,Jy). (173)

The standard example is the complex plane C = R? where if

e = (1,0), e; = (0,1), (174)
Je) =e,  J(e)=—e (175)
or as a matrix
0-—1
= ’ 17
J (1 0 ) (176)

and thus
J(xe; + yey) = xe; — ye a177)
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which is the same in the usual notation as
i(x4+iy)=—y+ix, (178)
where 1 <> (1,0) and i <> (0, 1).
A complex structure J can be thought of as a rotation of ninety degrees in n

orthogonal two planes. To specify it therefore it suffices to specify the (unordered)
set of planes and the sense of rotation in each two-plane.

A Real Vector Space As a Complex Vector Space

Given the original real vector space, how are the complex numbers actually
introduced? We start with V' and pass to its complexification, the tensor product

Ve=V QzC. (179)

Note that dimg Ve = 4n = 2dim¢ Ve,
We now extend the action of J to V¢, so it commutes with i € C:

JaX =aJX, V aeC X eC. (180)
We may now diagonalize J over C and write
Ve=WeW (181)

where L L
JW =iW, JW =—iW. (182)

Clearly dimg W = 2n = 2dim¢ W = dimg V, and W may be thought of as V' in
complex notation.
Thus if X € V, we have that

1. 1 ,
X =_(=iN)X + (1 +iD)X, (183)

with %(1 —iJ)X € W and %(1 —iJ)X € W. Vectors in W are referred to as type
(1,0) or holomorphic and vectors in W as type (0, 1) or anti-holomorphic.

The Metric on V¢

If V' admits a metric for which J acts by isometries, we may extend the metric g to
all of Vo = W @ W by linearity over C, we find that
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(i) gU.V)=3%UV) (184)
(ii) gU.U) >0, (185)
(iii) g(U,V)=0,YU,V € W,and, VU,V € W. (186)

Negative Probabilities?

The metric g is usually assumed to positive definite because of the demand that
probabilities be positive and lie in the interval [0, 1]. This requirement has been
brought into question, notably by Feynman [28]. In the context of vacuum energy
one should perhaps not be too quick in rejecting this possibility since the expectation
value of the energy momentum tensor for negative probability states in such theories
can of course have the opposite sign from the usual one. This could have applications

the

cosmological constant problem.
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The Phantom Bounce: A New Proposal
for an Oscillating Cosmology

Katherine Freese, Matthew G. Brown, and William H. Kinney

Abstract An oscillating universe cycles through a series of expansions and con-
tractions. We propose a model in which “phantom” energy with a supernegative
pressure (p < —p) grows rapidly and dominates the late-time expanding phase.
The universe’s energy density is then so large that the effects of quantum gravity
are important at both the beginning and the end of each expansion (or contraction).
The bounce can be caused by high energy modifications to the Friedmann equation
governing the expansion of the universe, which make the cosmology nonsingular.
The classic black hole overproduction of oscillating universes is resolved due to
their destruction by the phantom energy.

1 Introduction

The arrow of time is intimately connected to the entropy of the universe. The second
law of thermodynamics inexorably drives us to ever increasing entropy, yet we live
in neither a situation of maximal entropy (a black hole) nor in a minimal entropy
universe. Apparently we thrive in the current “medium entropy” universe. How is
this possible? In this volume, two possible explanations for this homogenous and
isotropic universe we live in are especially discussed: special initial conditions or
eternal inflation combined with anthropic arguments. In fact, there is a third
option: cyclicity. Here the universe oscillates through a series of expansions and
contractions. In a successful model of a cyclic nature, the entropy that has been
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created in each cycle must yet again be destroyed in order to reset the stage for
the next oscillation. We discuss a “phantom bounce” [1] as a proposal for an
oscillating universe in which we postulate violation of the weak energy condition
as a mechanism to destroy the (high entropy) black holes that are produced during
each cycle. A key advantage of our proposal is that the phantom component of our
proposal is testable in astrophysical data soon.

We discuss a scenario in which the universe oscillates through a series of
expansions and contractions. After it finishes its current expanding phase, the
universe reaches a state of maximum expansion which we will call “turnaround”,
and then begins to recollapse. Once it reaches its smallest extent at the “bounce”,
it will once again begin to expand. This scenario is distinguished from other
proposed cyclic universe scenarios [2, 3] in that cosmological acceleration due to
“phantom” energy (i.e., dark energy with a supernegative equation of state, p < —p)
[4] plays a crucial role. In addition, our work differs from recent proposals in that
our model takes place in three space and one time dimension (though the proposed
mechanism for the bounce arises from braneworld scenarios). Since we originally
proposed the phantom bounce in 2004, subsequent related work includes [5, 6]; see
also [7]. Perturbations in this cosmology were discussed in [8].

The idea of an oscillating universe was first proposed in the 1930s by Tolman.
Over the subsequent decades, two problems stymied the success of oscillating
models. First, the formation of large scale structure and of black holes during the
expanding phase leads to problems during the contracting phase [9]. The black
holes, which cannot disappear due to Hawking area theorems, grow ever larger
during subsequent cycles. Eventually, they occupy the entire horizon volume during
the contracting phase so that calculations break down. (Only the smallest black holes
can evaporate via Hawking radiation.) The second unsolved problem of oscillating
models was the lack of a mechanism for the bounce and turnaround. The turnaround
at the end of the expanding phase might be explained by invoking a closed universe,
but the recent evidence for cosmological acceleration removes that possibility. For
the observationally favored density of “dark energy”, even a closed universe will
expand forever. Thus, cyclic cosmologies appeared to conflict with observations.

Our scenario resolves these problems. Our resolution to the black hole over-
production problem is provided by a “phantom” component to the universe, which
destroys all structures towards the end of the universe’s expanding stage. Phantom
energy, a proposed explanation for the acceleration of the universe, is characterized
by a component Q with equation of state

WQZPQ/pQ<—1. (1)

Since the sum of the pressure and energy density is negative, the dominant energy
bound of general relativity is violated; yet recent work explores such models
nevertheless. Phantom energy can dominate the universe today and drive the current
acceleration. Then it becomes ever more dominant as the universe expands. With
such an unusual equation of state, the Hawking area theorems fail, and black holes
can disappear [10]. In “big rip” scenarios [11], the rapidly accelerating expansion
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due to this growing phantom component tears apart all bound objects including
black holes. (We speculate about remnants of these black holes below.)

The phantom energy density becomes infinite in finite time [11, 12]. The energy
density of any field described by equation of state wp depends on the scale
factor a as

po ~ g 3(+wo) )

Hence, for wg < —1, po grows as the universe expands. Of course, we expect that
an epoch of quantum gravity sets in before the energy density becomes infinite.
We therefore arrive at the peculiar notion that quantum gravity governs the behavior
of the universe both at the beginning and at the end of the expanding universe (i.e.,
at the smallest and largest values of the scale factor). Here we consider an example
of the role that high energy density physics may play on both ends of the lifetime of
an expanding universe: we consider the idea that large energy densities may cause
the universe to bounce when it is small, and to turn around when it is large. The
idea is economical in that it is the same physics which operates at both bounce and
turnaround.

We use modifications to the Friedmann equations to provide a mechanism for
the bounce and the turnaround that are responsible for the alternating expansion
and contraction of the universe. In particular, we focus on “braneworld” scenarios
in which our observable universe is a three-dimensional surface situated in extra
dimensions. Several scenarios for implementing a bounce have been proposed in
the literature [13, 14]. As an example, we focus on the modification to the Randall—-
Sundrum [16] scenario proposed by Shtanov and Sahni [13], which involves a
negative brane tension and a timelike extra dimension leading to a modified
Friedmann equation. Another example is the quantum bounce in loop quantum
gravity [6, 15]. Once the energy density of the universe reaches a critical value,
cosmological evolution changes direction: if it has been expanding, it turns around
and begins to recontract. If it has been contracting, it bounces and begins to expand.

We emphasize that the two components we propose here work together: we use
a modified Friedmann equation as a mechanism for a bounce and turnaround, and
we add a phantom component to the universe to destroy black holes. Due to the
phantom component, the same high energy behavior that produces a bounce at the
end of the contracting phase also produces a turnaround at the end of the expanding
phase. In addition, the bounce and turnaround are both nonsingular, unlike the cyclic
scenario proposed by Steinhardt and Turok [3], which is complicated by a number
of physical singularities related to brane collisions near the bounce [17]. This is
currently a very controversial topic.

2 The Bouncing Cosmology

In an oscillating cosmology, what we observe to be “The Big Bang” really is the
universe emerging from a bounce. The universe at this point has its smallest extent
(smallest scale factor a) and largest energy density, somewhere near the Planck
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density. The universe then expands, its density decreases, and it goes through the
classic radiation dominated and matter dominated phases, with the usual primordial
nucleosynthesis, microwave background, and formation of large structure. A period
of inflation may or may not be necessary to establish flatness and homogeneity.
At a redshift z = O(1), the universe starts to accelerate due to the existence of a
vacuum component or quintessence field Q. We take a “phantom” component with
wo < —1. The energy density of this component grows rapidly as the universe
expands. Any structures produced during the expanding phase, including galaxies
and black holes, are torn apart by the extremely rapid expansion provided by the
phantom component. Any physics relevant at the high densities near the “Big Bang”
again becomes important at the high densities near the end of the expanding phase.
Modifications to the Friedmann equation become important at high densities, and
cause the universe to turn around. The universe reaches a characteristic maximum
density 2|o| (which might be anywhere in the range from TeV to M)), and starts
to contract. As it contracts, at first its energy density decreases (as the phantom
component decreases in importance), but then it again increases as matter and
radiation become dominant. Eventually it reaches the high values at which the
modifications to Friedmann equations become important. Once the energy density
again reaches the same characteristic scale 2|o|, the universe stops contracting,
bounces, and once again expands.

In the standard cosmology, there is no way to avoid a singularity for small radius
or scale factor a. In the context of extra dimensions, however, one can have a bounce
at finite a so that singularities are avoided. A nonsingular bounce is obtained if the
Friedmann equation is modified by the addition of a new negative term on the right
hand side:

5 8

=3—M§[P—f(,0)]’ 3)

where the function f(p) is positive. For a contracting universe to reverse and begin
expanding again, we must have ¢ > 0, which results in a condition on f(p),

3(L+w)pf'(p) —2f(p) — (1 +3w)p > 0. “)

Similarly, for an expanding universe, d must be negative for the expansion to
reverse. A modified Friedmann equation of the form of (3) can be motivated in
the context of braneworld scenarios, where our observable universe is a three-
dimensional surface embedded in extra dimensions. Chung and Freese [18] showed
that Einstein’s equations in higher dimensions, together with Israel boundary
conditions on our brane, can give rise to an equation of the form of (3). Different
values of energy/momentum in the extra dimensions (the bulk) can be responsible
for different f(p) in (3).

In particular, we focus on “braneworld” motivated modifications to the
Friedmann equation, where the modification to the Friedmann equation for the
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brane bound observer [13, 18, 19] is

A4 87 47 \? C
2 _ 4 2, =
H" = 3 (—3M§)p+e(3M53) P +a4, 5)

where the last term (C is an integration constant) appears as a form of “dark
radiation” (that is constrained like ordinary radiation), and € corresponds to the
metric signature of the extra dimension [13]. We will also assume that the bulk
cosmological constant is set so that the three-dimensional cosmological constant
Ay is negligible.! Hence the relevant correction to the Friedmann equation is the
quadratic term, f(p) = p?>/2|o|. For € < 0, the Friedmann equation becomes

8 0?
o= |- L. 6
3M2 [p 2|0|} ©)

One way to obtain € < 0 corresponds to an extra timelike dimension: models with
more than one time coordinate typically suffer from pathologies such as closed
timelike curves and non-unitarity. We use the model in [13] to motivate the choice of
sign in the Friedmann equation, but a more detailed treatment would need to address
these other issues to form a fully consistent picture.

Alternatively, in loop quantum gravity, there is a quantum bounce that takes place
at Planck densities in lieu of the singularity in the standard classical Friedmann
equation [6, 15]; if one couples this quantum bounce with a phantom component as
in this paper, one would again obtain the same oscillating cosmology as discussed
in this paper.

The expansion rate of the universe H = 0 at ppounce = 2|0 |; it is at this scale that
the universe bounces and turns around. For this choice of f(p),

3(1+w)pf (p) —2f(p) — (1 4+ 3w)p = 3(1 + w)p, (7

and the required condition on 4 is satisfied at both bounce (w > 0) and turnaround
(w < —1). On one end of the cycle it goes from contracting to expanding (this
bounce looks to us like the Big Bang), and then at the other end of the cycle it
goes from expanding to contracting. In models motivated by the Randall-Sundrum
scenario, the most natural value of the brane tension is ¢ = M, but we treat the
problem generally for any value of 0 > TeV.

At scales above p > o, the validity of (6) breaks down in detail. However, the
approach to H = 0 and thus the existence of a bounce and turnaround remain
sensible. In any case, we use this braneworld model merely as an example of
a correction to the Friedmann equation. Other modifications to the Friedmann

I'This fine-tuning is the usual cosmological constant problem, which is not addressed in this paper.
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equation might work as well, as long as there is the requisite minus sign in the
equation.

3 Destruction of Black Holes

Black holes pose a serious problem in a standard oscillating universe. However,
the Hawking area theorems that guarantee the continued existence of black holes
have been constructed in special settings and may not apply here; e.g., the same
modifications to gravity that give a bounce rather than a singularity in the cosmology
may avoid singularities in the black holes. Indeed, when wgp < —1, Davies [10]
has shown that the theorem does not hold. Recently, Caldwell et al. [11] described
the dissolution of bound structures in the “big rip” towards the end of a phantom
dominated universe. Any black holes formed in an expanding phase of the universe
are torn apart before they can create problems during contraction.

When are the black holes destroyed? We want to be certain that they are torn
apart before turnaround. In general relativity, the source for a gravitational potential
is the volume integral of p + 3p. An object of radius R and mass M is pulled apart
when

4
-5+ 3p)R ~ M. (8)

Writing p + 3p = p(1 + 3wyp) during phantom domination and taking R = 2GM
for the black hole, we find that black holes are pulled apart when —(47/3)p(1 +
3wo)8M3/M ]? ~ M, which happens when the energy density of the universe has
climbed to a value

M,\* 3 1
~MA(E2) 9
Pei P(M) 327 |1 + 3wg| ®

More massive black holes are destroyed at lower values of p, i.e. earlier. It is the
smallest black holes that get shredded last.

We must ensure that the black holes are destroyed before turnaround, so that
P < Pwm = 2|0|. As an example, we can take wg = —3. Then 10° solar
mass black holes, such as those at the centers of galaxies, get pulled apart when
p~10""M ;, which easily satisfies the above condition. The most tricky case
would be Planck mass black holes, which either formed primordially or are relics of
larger black holes that Hawking radiated. Even these should still be disrupted. From
(9) these will be shredded when p ~ 1072M »» before turnaround if the brane tension
ol =M ]‘7‘ . However, for GUT scale brane tension |o| = mg,,;, only black holes
with M > 10°M, are disrupted. Fortunately these black holes Hawking evaporate
inatime r ~ (257M3/M ;) where M is the black hole mass. This occurs in only
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~107%" s for a black hole with M = 10°M »- We also speculate that Planck mass
remnant black holes that cannot disappear (still containing the singularity) may be
dark matter candidates.

4 Discussion

Our proposal contains the novel feature that both bounce and turnaround are
produced by the same modification to the Friedmann equation. However, it does
so at the price of including more than one speculative element: the modified
Friedmann equation requires a braneworld model to achieve, and the cosmology
must be dominated by phantom energy. In many cases a phantom component is
difficult to implement from a fundamental standpoint without severe pathologies
such as an unstable vacuum (see, for example, [22].) However, Parker and Raval
[23] have investigated a cosmological model with zero cosmological constant, but
containing the vacuum energy of a simple quantized free scalar field of low mass,
and found that it has w < —1 without any pathologies. Several additional areas
also remain to be addressed. First, as the universe is contracting, those modes of
the density fluctuations that we usually throw away as decaying (in an expanding
universe) are instead growing. Hence dangerous structures may form during the
contracting phase. At the end of the contracting phase, there is no phantom energy
to wipe out whatever structure is formed. In this sense, the initial conditions
for structure formation in this picture are set either during the phantom energy
dominated epoch near turnaround or by the quantum generation of fluctuations in
the collapsing phase [20]. Black hole formation could still kill the model. Second,
it is not obvious that it is possible to create a truly cyclic (i.e. perfectly periodic)
cosmology within the context of the “Phantom Bounce” scenario. The reason for
this is entropy production. We speculate that it may be possible to create quasi-
cyclic evolution by redshifting entropy out of the horizon during the period of
accelerating expansion. Even more speculatively, we note that the special case of
wo = —7/3, although disfavored by observation, possesses an intriguing duality
between radiation (p,.¢ o a~*) and phantom energy (pp a*). In this case, the
behaviors of these components exchange identity under a transformation ¢ — 1/a
[21], effectively exchanging bounce for turnaround, a symmetry which might be
exploited to achieve truly cyclic evolution.

On the observational side, our key ingredient is testable. The current expansion of
the universe is the subject of much intense investigation. The universe is apparently
accelerating, but the exact nature of the acceleration is not yet known. The previous
value of the equation of state may be discovered over the next decade. The current
uncertainty in the equation of state easily allows for the possibility of a phantom
energy; some [24] have argued that wp < —1 is an excellent fit to the data.
If upcoming observations discover that such a phantom energy indeed exists, then
the community may be forced to conclude that the weak energy condition is violated
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and will need to rethink many basic assumptions. Phantom energy may be forced
upon us, with the helpful consequence of permitting the “medium” entropy universe
we inhabit.

References

1. M.G. Brown, K. Freese, W.H. Kinney, Bounce: A new oscillating cosmology, J. Cosmology
Astropart. Phys. 0803, 002 (2008) [arXiv:astro-ph/0405353]

2. R. Tolman, Relativity, Thermodynamics and Cosmology (Oxford University Press, Oxford,
1934)

3. P. Steinhardt, N. Turok, Phys. Rev. D65, 126003 (2002); J. Khoury, P. Steinhardt, N. Turok,
Phys. Rev. Lett. 92, 031302 (2004)

4. S.M. Carroll, M. Hoffman, M. Trodden, Phys. Rev. D 68, 023509 (2003); A. Melchiorri,
L. Mersini, C.J. Odman, M. Trodden, Phys. Rev. D 68, 043509 (2003)

5. L. Baum, P.H. Frampton (2006), [arXiv:astro-ph/0608138]; 1. Aref’eva, P. H. Frampton,
S. Matsuzaki, Proc. Steklov Inst. Math. 265, 59-62 (2009) [arXiv:0802.1294 [hep-th]]

6.J. Mielczarek, T. Stachowiak, M. Szydlowski, Phys. Rev. D 77, 123506 (2008)
[arXiv:0801.0502 [gr-qc]]

7. S. Nojiri, S.D. Odintsov, Phys. Lett. B 595, 1 (2004) [arXiv:hep-th/0405078]

8. T.J. Battefeld, G. Geshnizjani, Phys. Rev. D 73, 064013 (2006) [arXiv:hep-th/0503160]

9. R. Dicke, PJ.E. Peebles, in General Relativity: An Einstein Centenary Survey, ed. by
S. Hawking and W. Israel (Cambridge University Press, Cambridge, 1979)

10. P. Davies, Ann. Poincare Phys. Theor. 49, 297 (1988); E. Babichev, V. Dokuchaev,
Y. Eroshenko [arXiv:gr-qc/0402089]

11. R. Caldwell, M. Kamionkowski, N. Weinberg, Phys. Rev. Lett. 91, 071301 (2003)

12. R. Caldwell, Phys. Lett. B545, 23 (2002)

13. Y. Shtanov, V. Sahni, Phys. Lett. B 557, 1 (2003)

14. P. Kanti, K. Tamvakis, Phys. Rev. D 68, 024014 (2003); S. Foffa, Phys. Rev. D 68, 043511
(2003)

15. A. Ashtekar, T. Pawlowski, P. Singh, Phys. Rev. D 74, 084003 (2006) [arXiv:gr-qc/0607039]

16. L. Randall, R. Sundrum, Phys.Rev.Lett. 83, 3370 (1999)

17. D. Lyth, Phys. Lett. B526, 173 (2002); J. Martin, P. Peter, N. Pinto Neto, D.J. Schwarz, Phys.
Rev. D 65, 123513 (2002); C. Gordon, N. Turok, Phys. Rev. D 67, 123508 (2003); J. Martin,
P. Peter, Phys. Rev. Lett. 92, 061301 (2004); T.J. Battefeld, S.P. Patil, R. Brandenberger
[arXiv:hep-th/0401010]

18. D. Chung, K. Freese, Phys.Rev. D61, 023511 (2000)

19. P. Binetruy, C. Deffayet, D. Langlois, Nucl.Phys. B565, 269 (2000); E.E. Flanagan, S. Tye,
I. Wasserman, Phys. Rev. D62, 024011 (2000); C. Csaki, M. Graesser, C. Kolda, J. Terning,
Phys. Lett. B462, 34 (1999); J. Cline, C. Grojean, G. Servant, Phys. Rev. Lett. 83, 4245 (1999);
L. Mersini, Mod. Phys. Lett. A16, 1583 (2001); W. Goldberger, M. Wise, Phys. Lett. B475, 275
(2000)

20. L.E. Allen, D. Wands Phys. Rev. D 70, 063515 (2004) [arXiv:astro-ph/0404441]

21. M.P. Dabrowski, T. Stachowiak, M. Szydlowski, Phys. Rev. D 68, 103519 (2003);
L.P. Chimento, R. Lazkoz, Phys. Rev. Lett. 91, 211301 (2003); J.E. Lidsey [arXiv:gr-
qc/0405055]; L.P. Chimento, R. Lazkoz [arXiv:astro-ph/040551]

22. J.M. Cline, S. Jeon, G.D. Moore, Phys. Rev. D 70, 043543 (2004) [arXiv:hep-ph/0311312]

23. L. Parker, A. Raval, Phys. Rev. Lett. 86, 749 (2001)

24. A. Melchiorri, L. Mersini-Houghton, C.J. Odman, M. Trodden, Phys. Rev. D 68, 043509 (2003)
[arXiv:astro-ph/0211522]



Notes on Time’s Enigma

Laura Mersini-Houghton

Abstract Scientists continue to wrestle with the enigma of time. Is time a dynamic
or a fundamental property of spacetime? Why does it have an arrow pointing from
past to future? Why are physical laws time-symmetric in a universe with broken
time-reversal symmetry? These questions remain a mystery. The hope has been that
an understanding of the selection of the initial state for our universe would solve
such puzzles, especially that of time’s arrow.

In this contribution, I discuss how the birth of the universe from the multiverse
helps to unravel the nature of time and the reasons behind the time-reversal
symmetry of our physical laws. I make the distinction between a local emerging
arrow of time in the nucleating universe and the fundamental time with no arrow
in the multiverse. The very event of nucleation of the universe from the multiverse
breaks time-reversal symmetry, inducing a locally emergent arrow. But, the laws of
physics imprinted on this bubble are not processed at birth. Time-reversal symmetry
of laws in our universe is inherited from its birth in the multiverse, since these laws
originate from the arrowless multiversal time.

1 Introduction

Time — the enigmatic building block of the cosmos — has stubbornly challenged
natural philosophers and scientists over millenia. What is time? Why does it have
an arrow? Why isn’t time’s arrow “DNA-ed” into our physical theories? Such
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basic questions that touch upon one of nature’s most fundamental properties remain
mysterious.

The complexity of time’s mystery becomes more enticing within the multiverse
framework. I have been advocating the necessity of viewing the cosmos as a
multiverse since the advent of the landscape of string theory. The reason is: an
investigation of why we started with this universe [1] necessarily leads to the
question, “as compared to what other possible universes?” [2]. The investigation
of the birth of our universe from the landscape multiverse studied in [1, 2, 6],
and described briefly in the next section, shows that the selection of the initial
states for universes born from the multiverse is governed by the dynamics of
matter and gravitational degrees of freedom (D.o.F) and their entanglement with
the background multiverse. Their birth is neither a special event nor is it occurring
at a special moment. Nonequlibrium dynamics of these initial states leads to a
superselection rule that picks only the high energy states as “survivor” universes.
Since the progress with the puzzle of the selection of the initial state of the universe
[1,2,6] and time’s enigma are intertwined, then an extension of physics into the
multiverse framework allows for deeper insights into a conceptual understanding of
time.

In what follows, the fundamental time in the multiverse is distinct from the local
time in the nucleating bubble universes. This letter argues that fundamental time
does not have an arrow. But, that an arrow of time emerges only locally at the bubble
location due to the breaking of time-reversal symmetry by the out-of-equilibrium
correlations between various D.o.F’s of the bubble entangled with the multiverse.
Through this approach [1,2] an arrow of time and physical laws with time reversal
symmetry can be concomitant.

2 The Three Enigmas of Time and the Multiverse

Time’s enigma is comprised of three basic questions: (a) Why do we have an arrow
of time?; (b) What is time, fundamental or emergent?; (c) Why are physical laws
time-symmetric, i.e. independent of the arrow of time?

The first question is closely related to the selection of the initial conditions of
the universe. In Sect. 2.1 I argue that the arrow emerges at the moment of the
bubble nucleation because the entanglement of the initial state with the multiverse
and its nonequilibrium gravitational dynamics, create an information loss about
the underlying reality. The information loss about the multiverse breaks the time-
reversal symmetry at the bubble.

The second question is still open and debated. However, when the nature of
time is treated within the multiverse framework, we may be in a position to draw
more specific conclusions. Based on the conservation of the total information
in the multiverse, the only two options left by the reversal-symmetry of this
conservation are: either time is fundamental; or, it does not exist at all. I reason
in Sect. 2.2 that time in the multiverse is fundamental rather than nonexistent.
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Energy and information conservation lead to time-translation and time-reversal
symmetries. That is, multiversal time becomes a fundamental building block of the
cosmos. Symmetries ensure fundamental time has no direction, no beginning and
no end. Fundamental time is not the same as the local time at the bubble nucleations
since the latter is dynamic, it breaks reversal symmetry and experiences an emergent
arrow.

We now have a way of addressing the third (and probably the toughest) question,
the time-reversal symmetry of the physical laws in a universe where the reversal
symmetry is badly broken. As discussed in Sect. 2.3, when treated in a multiverse
framework, fundamental time is directionless and consequently physical laws inherit
its time-reversal symmetry. Despite that reversal symmetry is broken for the local
time by the bubble nucleation, the bubble still inherits laws of physics at birth from
the multiverse, without modification. Thus the emergent time’s arrow in the bubble
does not affect the time-reversal symmetry imprinted onto the physical laws that the
bubble inherits from birth in the multiverse.

This contribution offers a way of understanding the nature of time, the emergence
of its arrow and the time-reversal symmetry of physical laws in a coherent picture,
by posing time’s enigma problem in the context of the multiverse.

2.1 Time’s Arrow and the Birth of the Universe

We know what the universe looks like at present. We also experience an arrow of
time from past to future. This arrow of time provides a profound insight into the
initial moments of the universe. The reason is the second law of thermodynamics
which leads us to conclude that time’s arrow is a direct consequence of the
asymmetry between the disorder of the present state and the order that must have
existed in the initial state. More specifically, time’s arrow implies that our universe
had to start from a highly improbable state of exquisite order, and its equivalent
low entropy. For this reason, the arrow is closely related to the mystery of the
nucleation moment of the universe. In isolation, the second law of thermodynamics
does not then resolve the enigmatic time’s arrow problem but simply trades it with
the enigma of what selected the initial state of the universe. But an understanding
of the selection of the initial conditions of the universe would definitely represent
progress in resolving the puzzle of the observed time’s arrow in our universe.
However, understanding time’s arrow (a) is not sufficient since we still have to
explore what time is (b), and why the physical laws are “unaware” of this arrow
of time (c).

Exploring such questions requires a reconstruction of events from the present
time to the Big Bang and before. As is well known, reverse-engineering is
generically an ill-posed problem because a multiplicity of initial states can lead
to a single present state. With this warning, even a sensible answer to time’s enigma
that relates it to the birth of the universe, carries a lot of ambiguity and remains in
the realm of speculation until we can test the theory by experiment.
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Nevertheless, exercising caution is useful for only as long as it does not
discourage scientific inquiry. With this in mind, let us start investigating time’s
arrow by using the progress made in [1] for the selection of the initial conditions
of our universe from the multiverse. A knowledge of the multiverse’s structure
would allow us to take a top-down approach and thus bypass reverse-engineeering
ambiguity. In [1] we used the landscape derived from string theory as our working
model for the multiverse structure. For the sake of illustration, let us continue our
discussion of time using the same multiverse structure, the string theory landscape.
The considerations below are applicable to other types, for example eternal inflation
[13], if their structure is known and, crucially, if the selection rule for the surviving
bubbles, (the measure), is governed by dynamics [14] instead of being fixed as an
apriori initial condition.

The question: “why did our universe start in such a low entropy state” was
investigated and addressed in [1] within the framework of the landscape multiverse.
I will sketch briefly the main steps and results of this program since the selection
of the initial conditions mechanism is directly relevant to the study of time’s arrow
here. The birth of the universe from the landscape multiverse in [1] was explored
by proposing to place the wavefunction of the universe on the landscape multiverse,
in order to study the dynamical evolution of matter and gravitational D.o.F’s and
their coupling to the multiverse “bath”. The out-of-equilibrium dynamics in the
initial states entangled with the multiverse “bath” leads to a superselection rule
that eliminates the possibility of low energy initial states from the phase space,
and selects only the highly ordered, high energy (low entropy) states as the most
probable universes. The high energy states were dubbed “survivor universes” as they
lead to the birth of physically relevant universes, and the low energy initial states
were coined “terminal universes” as they can not give rise to expanding bubbles.
The dynamics is contained in the Master Equation for the wavefunctional of the
universe propagating on the multiverse. The Master Equation is a Schrédinger type
equation with the gravitational and matter Hamiltonians being promoted to quantum
operators. Thus it encaptures the dynamics of the wavefunctional of the universe
and of the structure of the multiverse. But the Master Equation is sourced from a
backreaction term of superhorizon matter modes acting on the wavefunctional. This
term describes the entanglement of the multiverse “bath” with the wavefunction,
which “pins down” the high energy branches of the wavefunctional, thereby
triggering decoherence of our branch from the rest.

Locally this initial state is a “battlefield” that bubbles with the nonequilibrium
dynamics of its matter and gravitational D.o.F’s, along with the backreaction
dynamics. The gravitational D.o.F’s are captured by its vacuum energy which is
trying to kick-start the initial bubble into an accelerated expansion. Entanglement
with the multiverse and the backreaction of the matter D.o.E.s tries to crunch that
initial state to a point. (In solid state jargon, the different behaviour of the two types
of D.o.F’s would be ascribed as follows: the matter D.o.F’s constitute a “positive
heat capacity” system while the gravitational D.o.F’s constitute a “negative heat
capacity” system. Thus the first type reaches equilbrium by driving to a crunch and
the latter type reaches equlibrium by expanding to infinity. Having both types of
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dynamics drives the system out of equilibrium). Depending upon which one wins
in this “tug-of-war” determines whether the initial packet survives and grows to
give birth to a universe or terminates in a “stillbirth”. The high energy states can
survive the backreaction of matter and the bath, and can grow to physically relevant
universes. But the low energy states can not survive. The superselection rule, derived
from the nonequilibrium dynamics and entanglement with the multiverse “bath”,
selects the high energy states as the “survivor’” universes and forbids the low energy
“terminal” universes. The initial phase space of all possible states for potentially
starting a universe like ours, thus shrinks to the subset of high energy initial states,
the “survivor” universes. The main implication is that the phase space is not ergodic
when dynamics is taken into account — an important point for the discussion of the
dynamically driven asymmetry between the initial and boundary conditions below.
The birth of the universe from the multiverse in this program thus offers the first
explanation into the obstinate puzzle: why did our universe start in such a highly
ordered (low entropy) state.! This resolution for the asymmetry between the entropy
of the present universe, and the reasons behind the very low entropy of the initial
state, then satisfactorily addresses the observed time’s arrow puzzle.

Although this program [1,2,6] offers a natural explanation to one of the enigmas,
the arrow of time, by facilitating our understanding of why the universe had to start
in such an exquisitely ordered state of low entropy, within the multiverse framework,
itis still an incomplete approach for the following reasons. The study of the dynamic
evolution of the wavefunctional of the universe in the multiverse was carried out by
implictly assuming the existence of time in the multiverse. That means that we still
face two further questions in relation to understanding time, namely: (a) what is
time in the multiverse? (b) why do our physical laws have a time-reversal symmetry
instead of an arrow of time?

The question of what is fundamental time and the mystery of time’s arrow are
distinct, yet closely related. Completing the study for the arrow of time puzzle in
[1] by using the Master Equation of quantum mechanics to study the dynamical
evolution of the initial packet, now demands that we address the issue of the exis-
tence and the nature of multiversal time. Otherwise, until a tractable understanding
of the nature of time is achieved, arguments presented here and in [1] would become
circular.

2.2 Fundamental Time and the Multiverse

A useful way of thinking about entropy in cosmology is as a measure of the
lack of information about the underlying reality. The underlying reality here is

't is interesting that our program for the birth of the universe from the multiverse [1,6] has led to
some intriguing observational consequences [6], with three of its predictions already succesfully
tested so far, namely: the void [7], the dark flow [8], and o3 [4,5].
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identified with the multiverse. Information is contained in physical correlations.
Correlations are determined and quantified by physical laws. Then in principle, once
the correlations are correctly identified, we should be able to estimate them.

In this discussion, energy and entropy are assumed to be meaningful concepts
and, quantum mechanics is assumed to be valid should time exist. I will sometimes
refer to the multiverse as the “bath”, the nucleating universe as the “system” and
time in the multiverse as “fundamental time”. Let us now explore the question:
“what is time in the multiverse”, i.e. does it exist, does it make sense, does it have
an arrow?

By definition the multiverse is all there is. Due to the unitarity principle, the total
information of the “system” + “bath” is conserved. Since no information can be lost
in the multiverse, then the only two consequent possibilites are: (a) either time in the
multiverse does not exist [9]; (b) or, time in the multiverse exists as a fundamental
building block of the cosmos, with no beginning, no end and with the reversability
symmetry from the conservation of information.? Let us now explore where the first
option, namely, time does not exist, leads: if time is nonexistent in the multiverse,
then all the relevant physics to us is local rather then multiversal since time evolution
and dynamics, would take meaning and emerge only at the bubble nucleation. With
this choice, we have no need and no means of access to the underlying reality of
the multiverse since a dynamic evolution would have no prior meaning or existence.
This part of nature becomes redundant and irrelevant to a universe embedded in a
timeless multiverse.

I will ascribe to the latter possibility, namely that fundamental time does exist in
the multiverse because that part of reality is relevant and crucial for the birth of our
universe. The necessity of the multiverse for understanding the birth of our universe,
is based on the arguments presented in [1, 2], sketched in Sect. 2.1. Independently
of time’s enigma, the need for extending physics to the multiverse comes from
basic questions such as: how did our universe come into being with such a special
initial state. Such questions can not be meaningfully asked without the framework
of the multiverse [1, 2]. Besides, the entanglement of our universe with its bath
may have already proven its relevance by leaving testable imprints on astrophysical
observations (see [7, 8] and footnote 1).

The existence of fundamental time in the multiverse becomes a logical conse-
geunce when taking the view that the underlying reality, the bath in which our
universe is a small domain, is relevant to our study of fundamental questions about
nature. In fact, the opposite view that multiversal time may not exist, and the
implication that the underlying reality of the multiverse is irrelevant, could lead
to a “Loschmidt”-type paradox and obscure our understanding of entropy, time
and arrow’s emergence. Similar to the situation arising from the “molecular chaos”
assumption, if multiversal time does not exist then local observers infer that the
universe is a closed system with self-contained correlations. Such an assumption

2An emerging time in the multiverse does not appear plausible since the emergence adds
information on the multiverse that wasn’t there prior.
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then leads to an information loss “sneaked in” by construction — by ignoring the
information “hidden” in correlations between the multiverse and the universe, and
in the gravitational sector — thereby creating an artificial, instead of a physical,
asymmetry between initial and boundary conditions [11].

The view that the multiverse is a closed system but the universe is an open system
entangled with the multiverse bath naturally leads to the second option, namely:
fundamental time exists. Then, conservation of information in the multiverse results
in the reversability symmetry of fundamental time. Which implies, time in the mul-
tiverse is arrowless. Universally laws of physics carry this time-reversal symmetry.
Energy conservation would imply time-translation symmetry. This option leads us
to conclude that multiversal time is fundamental, it has no direction, no beginning
and no end.

Local time at the position of the nucleating universe, although related, is not
the same as the fundamental time of its underlying bath. Entanglement with the
multiverse and the coupling between the matter and gravitational D.o.F’s, mentioned
in Sect. 2.1 and derived in [1, 6], drives a dynamical evolution of correlations. That
is, the universe is an open and out-of-equlibrium system. Initially, the wavepacket
has a superposition of geometries. As the bath “pins down” the branches it entangles
with, (the system decohering), then there is a flow of information not only between
the matter and gravitational sectors but also to the multiverse. This information is
contained in the off-diagonal terms of the reduced density matrix for our branch of
the wavefunction that describes how fast the superposition of different gemoetries
decohere from each-other, as a result of entanglement with the bath [1]. Other
channels of information loss are given by the intrinsic interaction of matter with
gravitational D.o.F.s, such as, particle creation from curved spacetime, which
describes a transfer of information from the varying gravitational fields with zero
entropy to the matter sector, as well as the generic coupling of matter to curvature,
(gravity), contained in Einstein equations. These channels contain the excitations of
the gravitational vacuum correlated nonlinearly to matter. Despite some intriguing
attempts [15], the issue of gravitational entropy and its information transfer to
the particle sector is still elusive and will be discussed in a subsequent paper.
From the local observers point of view, more and more correlations “hide” as
irrelevant when the bubble goes through the nonequlibrium dynamics of expansion
and decoherence. The information is lost to the bath and the gravitational sector.
As the universe grows, local observers in the branch continue to lose information
about the underlying reality, which breaks the reversal symmetry of time locally —
the “hidden” information is contained in the entanglement, information about the
fact that this bubble is part of a bigger phase space, the multiverse. From the
bubble’s perpective, the information is lost in a non-reversible way due to the
local nonequlibrium dynamics and decoherence for reasons described next. Such
dynamics guarantees that the untangling of our branch from the multiverse bath
does not occur, thus the irreversability of the process.

Time’s arrow emerges only locally because time reversal symmetry is broken
locally only, at the bubble nucleation, although the fundamental time of the
multiverse is arrowless. If local observers were able to move away from the
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trajectory of the entangled and decohered branch, they would find time-symmetry
restored away from the bubble. Thus, local breaking of time-reversal symmetry is
due to the correlation changes between the system and the bath, which is driven by
the gravitational dynamics of the system. Such local nonequilibrium, irreversable
dynamics induces an asymmetry between the starting point, the initial state of the
universe on the multiverse and the final state of the system. The system undergoes
nonequlibrium dynamical evolution, which renders its phase space nonergodic, and
ensures that the system can never return to its initial state [1]. We perceive this
change in the correlations of the system from the bath as a separation of the system
from the multiverse and deduce locality since the observer in the system defines the
relevant degrees of freedom locally.

In the birth of the universe from the multiverse scenario [1, 2, 6], the initial
conditions are not “hand-picked”. Rather, they are dynamically superselected from
a generic set. The high energy, out-of equlibrium, initial system then tries to
drive towards a symmetric final state, thereby driving an increase in entropy. The
superselection rule for the initial states derived in [1], separates “terminal” from
“survivor” universes, by wiping out the former from the phase space available
to our initial states. As a consequence of the superselection arising from the
nonequilibrium dynamics and entanglement to the multiverse, phase space is not
ergodic and Poincaré recurrences do not occur. The implication is that the system
can never return to its initial state. Thus the symmetry between the initial and
final state can not be restored, resulting in an emerging arrow in the bubble. The
asymmetry between the initial and boundary conditions, in this theory [1], is not
an artifact of breaking the symmetry by placing arbitrary conditions on the initial
state while ignoring the boundary conditions, as rightly critized by H. Price [11].
The asymmetry is governed and driven by the superselection rule on the multiverse
arising from nonequlibrium dynamics of matter and gravitational D.o.F’s. This
reasoning remains valid for contracting universes thus a reversal of time’s arrow
during the transition from an expanding to a contracting phase in an open system,
such as the universe, also can not occur.

2.3 Time-Reversal Symmetry for the Laws of Physics

Although fundamental time in the multiverse from which the universe nucleated,
has no arrow, the local observer experiences that an arrow of time has emerged at
the bubble due to the information of the entanglement with the bath lost and hidden
to the gravitational sector. At the bubble, time reversal symmetry is broken by the
very act of nucleation and entanglement with the bath, since there is information loss
about the underlying reality of the multiverse and about the gravitational entropy. As
the bubble decoheres such entanglement with the bath is deemed as irrelevant, and
these correlations ignored. The initial state is selected dynamically by the underlying
physical laws. The nonequlibrium dynamics also ensures the nonergodicity of phase
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space which induces an asymmetry between the initial and boundary conditions —
the bubble can never return to its initial state.

However, the system inherits the same laws of physics from the multiverse that
were valid before its decohering, without processing or changing them. But since
globally fundamental time has no arrow, and the laws of physics therefore are
symmetric with respect to time reversal operations, then each nucleating universe
inheriting these laws from birth to a multiverse, would carry the same time-reversal
symmetry for their laws. The time reversal symmetry of laws is a direct consequence
of the fundamental time in the multiverse and not the local time in the bubble.
For this reason, the emerging arrow of time at the bubble location and the time-
symmetry of the laws of physics are concomitant since they are independent in
origin. Unlike the arrow of time, laws do not emerge at the bubble nucleation, they
are inherited from the underlying theory. This addresses our second mystery in a
cohesive way: the physical laws a universe is born with, can be time-symmetric
despite the breaking of this symmetry locally that induces the emergence of the local
time’s arrow. The time-symmetry of laws inherited by “survivor” universes does not
imply that physical laws are the same in every bubble. It simply makes a statement
about a feature they all have in common from their origin in the multiverse, they
share the time-symmetry property.

Here we have demonstrated how, within a multiverse framework, we can achieve
a coherent existence of both phenomena, an emerging local arrow of time and time
symmetric laws. The separation of the system from the bath produces an arrow of
time but does not modify or process the physical laws.

3 Discussion

The situation with time’s enigma and the reversal symmetry of physical laws
is similar to the resolution of the Loschmidtz paradox concerning Boltzmann’s
H-theorem. The reason for the entropy increases in Boltzmann’s approach was the
assumption of “molecular chaos”, which ignored the correlations and information
about interaction and the microdynamics of particles. A similar situation arises in
our case. Based on classical results of [16] that assume equlibrium for the closed
system, the gravitational entropy is usually taken to be zero, except for objects
with horizons, such as DeSitter geometries and black holes. Yet the entropy of
particles created from these gravitational fields in the universe is not zero. Besides,
the interaction between the matter and gravitational sector is always present, which
ensures that the open system remains out-of-equlibrium. The transfer of information
from the particle sector to the gravitational sector, for the open system immersed in a
bath, results in a loss since the role and the nonequilibrium dynamics of gravitational
degrees of freedom is not taken into account. The assumption of independence
of the system from the multiverse bath, together with information transferred to
the gravitational sector and contained in the gravitational entropy are ignored as
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irrelevant. Information lost via these channels by enforcing locality, equilibrium,
and choosing local matter D.o.FE’s as the only relevant D.o.F’s, breaks time-reveral
symmetry and leads to the emergence of a local arrow of time. In [1, 2, 6] we
showed how to incorporate the superhorizon nonlocal entanglement with the bath,
into the system’s correlation. A general approach to quantifying correlations and
information loss to the gravitational sector would require an understanding of the
role of gravitational D.o.F’s to Boltzmann’s kinetic equation and H-function. Once
we have a handle on the information lost via correlations of the particle with
the gravitational sectors, we would be in a position to test the theory. The coupling
between the matter and gravitational sectors results in nonequilibrium dynamics
with the rate of information transferred from one sector to the other providing a
concept of clocks. Clocks could not be build in a universe in perfect equlibrium,
such as the thermal bath of radiation of a pure DeSitter geometry since in this
case thermal equilibrium requires that entropy remains a constant, and that particle
creation from the gravitational vacuum excitations becomes extinct.

A universe nucleating from the multiverse through the dynamic selection of
its initial conditions results in the following picture: time in the multiverse is
arrowless, with no beginning, no end and it is a fundamental building block. Laws
of physics inherit the time-symmetry of the underlying theory. But local time in
the bubble universe is a dynamic parameter with an emerging arrow at birth, since
more and more information is lost about the underlying reality and transferred to
the gravitational sector, which creates an asymmetry between the initial and final
states of the local universe. The bubble inherits the arrowless physical laws despite
it breaking the time-symmetry. The initial conditions of the bubble are dynamically
chosen from physical laws from a generic state. The bubble tries to drive towards
symmetric boundary conditions. Therefore the emerging arrow is not a consequence
of an artificially imposed symmetry breaking between the selection of a preferred
initial condition, without the selection of a boundary conditions [11]. Initial and
boundary conditions are both governed and dynamically selected by physical laws
from generic sets, which can be achieved when the birth of the universe is studied
within a multiverse framework with a fundamental arrowless time. The asymmetry
arises from the information loss to the universe and the nonequlibrium dynamics
of matter and gravitational D.o.F’s that leads to a nonergodic phase space. Such
asymmetry renders local time to be dynamic and have an emerging arrow (Fig. 1).

As I tried to caution at the start, any attempts at tackling time’s enigma remain
in the realm of speculation until the calculational tools of information transfer and
gravitational entropy are discovered. Without these tools it is hard to make testable
predictions of the theory since the information contained in the interactions between
matter and gravitational vacuum can not be estimated. Yet, the theory described in
this contribution, for time’s enigma in the context of the dynamically selected birth
of the universe from the multiverse, provides a coherent picture of the concomitant
co-existence of the three aspects of this enigma: a locally emerging time’s arrow,
from a fundamentally arrowless time, for a universe that inherits the time-symmetry
of its laws from the multiverse.



Notes on Time’s Enigma 167

MULTIVERSE

s - 4 3
~ Fundamental [ ime: No f_‘).:‘grhmhg, No F nd No Direction -

Fig. 1 A schematic drawing of the birth of the universe from the multiverse. Only the high energy
initial states in the multiverses are dynamically selected to give borth to a universe. Low energy
states become “terminal”. Information is conserved in the multiverse thus multiversal time is
fundamental and directionless. The nucleating universe is an open system. Its out-of-equlibrium
dynamics and entanglement with the multiverse break the time-reversal symmetry locally. But
physical laws of the bubble originate from the multiverse thus carry the reversal-symmetry.
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A Momentous Arrow of Time

Martin Bojowald

Abstract Quantum cosmology offers a unique stage to address questions of time
related to its underlying (and perhaps truly quantum dynamical) meaning as well as
its origin. Some of these issues can be analyzed with a general scheme of quantum
cosmology, others are best seen in loop quantum cosmology. The latter’s status
is still incomplete, and so no full scenario has yet emerged. Nevertheless, using
properties that have a potential of pervading more complicated and realistic models,
a vague picture shall be sketched here. It suggests the possibility of deriving a
beginning within a beginningless theory, by applying cosmic forgetfulness to an
early history of the universe.

1 Introduction

Time in quantum theory is something of a black sheep. In non-relativistic quantum
mechanics it remains a classical parameter labelling the evolution of states, but is
not allowed to fluctuate as position does. Even in relativistic systems and quantum
field theory, time often appears as a disciplined parameter trained to order events,
much as it is used in classical physics. Crucial for particle physics is the direction
time provides for interaction events scattering initial states into final ones. But any
directedness is simply put into the formalism. At the level of elementary reactions,
time knows no order: if a reversal of time were allowed, events would still occur in
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any way, nearly unchanged.' It is only our choice of initial and final states which
determines a scattering amplitude.

All this is different on the macroscopic level and especially in cosmology. Here,
structures change with a trend. One often thinks of a simple initial state evolving
into complexity, a puzzle to be explained by an arrow of time. If this is to be derived
rather than postulated, a theory of initial states is required.

The main part of this contribution will be an exploration of the possibility that
true quantum degrees of freedom, those such as fluctuations which completely lack
a classical analog, could play a role of or for time. In this way, we will take seriously
quantum space-time, not (just) as a new and possibly discrete structure but as a fully
dynamical quantum entity. More specifically, cosmological models will lead us to an
analysis of quantum correlations as quantities changing with a trend. If consistently
realized, such a perspective is very different from the traditional ones regarding
time: time would be inherently quantum; it would not exist in a classical world. In
semiclassical physics, it remains only as a shadow of the quantum physics that lies
beneath.

We will take advantage of a useful description of quantum dynamics (sketched
in the Appendix) based on the evolution of characteristic quantum variables, rather
than whole but partially redundant wave functions. The same kind of description
can be used to explore the nature of non-singular big bangs. Such events, while
still playing the role of the moment of commencement for the part of the universe
accessible to us, can no longer be viewed as entire initial states of the universe: with
the singularity being resolved, there is a universe before the big bang. But specific
realizations of such scenarios do have derived features of special initial states as
they may be posed at the big bang. In this way, dynamical properties give insights
into the question of initial states and the directed evolution that ensues. Especially
the phenomenon of cosmic forgetfulness shows that much of the state before the big
bang remains hidden after the big bang. Without remembrance, the arrow of time
might well be considered blunt — or do we just see the blunt end of a reversed arrow?

By its nature, our analysis will be incomplete and preliminary. No clear scenario
emerges yet; just several indications exist. But they may show that the topics touched
here are still worth pursuing.

2 The Problem and the Arrow of Time

Many questions are to be addressed in the context of time. The most important one
is, of course, the aptly named problem of time [2]. It arises mainly in canonical
formulations of gravity and attempted quantizations, but its nature reaches farther.
Independently of technical aspects, it is about the question whether there is an
unambiguous degree of freedom in generally relativistic theories which can play

IThe laws are, of course, not completely time reflection symmetric, which might be exploited in
the context discussed here [1].
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the role of time, or of a parameter whose values arrange causally related events and
thus separate the past, present and future.

This is to be distinguished from the question of the arrow of time [3], which
irreversibly orders events already separated into past, present and future by the time
variable. Such an arrow is often related to thermodynamical questions via entropy,
or to the selection of special initial states in quantum cosmology. The question of
the arrow of time builds on an existing time variable and is thus to be separated
from the problem of time, which is more basic. In this contribution, we start with a
discussion of the problem of time.

The problem initially arose in canonical quantizations of gravity, with a dynamics
governed only by a Hamiltonian constraint, not by a true Hamiltonian. Thus,
quantum states do not seem to evolve, quite obviously in conflict with the perception
of change.? Without any notion of space-time coordinates in canonical quantizations
of gravity, which provide operators for geometrical quantities derived from the
space-time metric but nothing for coordinates, the usual way out by coordinatizing
time is blocked. One is forced to identify an appropriate time degree of freedom
from the physical variables, such as geometrical ones or matter fields. The problem
is that none of them seems to be a globally valid choice for time as an unambiguous
labelling of events.

While this problem becomes technical and pressing in canonical quantum
gravity, it is more general as well as deeper than might be indicated at first sight.
If we were able to identify a global time variable from the physical degrees of
freedom, we would be led to attributing a new physical meaning to time. Time
would cease to be a conventional description of observed change and become a
physical quantity on par with all others. It would be subject to physical laws, and
would fluctuate in quantum theories. In that case, one might as well look for a global
time variable among the true quantum degrees of freedom of a relativistic system, a
degree of freedom such as quantum fluctuations or correlations without a classical
analog. From a dynamical systems perspective, these are degrees of freedom in their
own right. (Such variables do play a special role from the perspective of quantum
observables since they are not obtained through expectation values of one linear
operator. But quantum fluctuations, for instance, are certainly measurable in the
same statistical sense as expectation values.) The fundamental notion of time would
crucially be tied to quantum physics, while classical physics would have to resort to
time coordinates, a poor substitute for a truly deep notion.

2It is interesting to note that the problem of time and motion becomes pressing when quantum
gravity is considered. Quantum gravity is often tied to another expectation, that of discreteness or
an atomic nature of space-time. Maybe solving the problem of time would lead us to establishing an
atomic nature of time? If so, this would be reminiscent of a much older debate among pre-sokratic
philosophers: Parmenides denied any reality to motion and change, which he logically argued to be
pure illusion. His most basic statement was that nothingness does not exist, and so a body cannot
move from where it is now to a place of empty space which was thought not to exist. The logical
conflict was resolved by the atomists who accepted the notion of empty space and were led to the
concept of material atoms.



172 M. Bojowald

Several indications exist for the squeezing of quantum matter [4—7] or gravita-
tional waves [8] to play the role of time. Here, following suggestions in [9, 10] we
describe results to explore a possible relation to quantum gravity states,’ indicating
an emergent concept of time in a quantum description of universe models. If these
models and ideas are correct, the quantity ultimately playing the role of time is
not the one put in initially to set up the evolution equations, and it is not the one
used in a classical description. This quantity, the true nature of time in the picture
proposed, does not at all exist in the classical theory. So far, these considerations
are inconclusive concerning the problem of time. But the methods will set the stage
for a discussion of the arrow of time.

3 Classical Dynamics

We start with a cosmological system where the problem of time is solved trivially:
a model sourced by a free, massless scalar field ¢. Thanks to the absence of any
non-trivial potential, the value of the scalar is monotonic in any time coordinate and
thus can itself be used as time. While these models are rather simple, some exactly
solvable versions provide a basis for a much more general analysis.

With a free, massless scalar as the sole matter content of an isotropic universe
with cosmological constant A, the expansion history, for the different choices of
spatial curvature via k = 0 or k = =£1, is determined by the Friedmann equation

N 2
a k 4G Py
s Sl )
(a) +a2 3 a6+

for the scale factor a. The dot denotes a derivative by proper time, leading to the
Hubble parameter ¢ /a. The coupling to matter is quantified by the gravitational
constant G, multiplying the energy density of matter. Here, for a free, massless
scalar, only kinetic energy is contributed via the momentum pg = a3qS. In what
follows, we will use k = 0 and A < 0 to be specific, though not realistic. (The
case of a positive cosmological constant is very similar to the negative sign as far as
classical dynamics is concerned, but is much more subtle at the quantum level. One
can find hints of this subtlety in the existence of different self-adjoint extensions of
the quantum Hamiltonian [12] or in the dynamical behavior of quantum states.)

To employ canonical quantization later on, we now introduce the classical canon-
ical formulation. Choosing the (rescaled) volume V = a®/47G as configuration
variable, it follows from the Einstein—Hilbert action that its momentumis P = a/a:
we have the Poisson bracket {V, P} = 1. In these variables, the Friedmann equation
takes the form

3A different perspective on the importance of gravitational degrees of freedom is discussed in [11].
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1
2 2
C := (P + AV T3 Gp¢ =0 (1)
of a constraint rather than an equation of motion. A Wheeler—DeWitt quantization
[13] would turn this expression into an operator C - for instance in the volume
representation where wave functions are of the form ¥ (V,¢) and P acts as
—ihd/0V while py acts as —i#hd/d¢, with Planck’s constant # — and solve the
state equation ¢ ¥ = 0. Compared to the Schrodinger equation, time is absent and
change would have to be recovered indirectly from the solution space.

What must be absent is time coordinates since they have no role in a quantum
theory of gravity, not based on classical space-time manifolds. But other, more
physical time parameters may well and should indeed exist. Realizing this is
facilitated by eliminating time coordinates already at the classical level, and finding
an alternative formulation of classical evolution. To do so, we write equations of
motion for V' and P with respect to the scalar ¢p. Such equations can be obtained
by dividing equations of motion with respect to coordinate time, such as dVv/d¢ =
14 /¢. But any reference to coordinate times can be avoided altogether if we solve
the Friedmann equation for the momentum

Py = 237GV /P2 +|A| =t H(V, P) (2)

and take H(V, P) as the Hamiltonian for evolution in ¢. (We will choose the +-
sign in what follows, letting ¢ run along with coordinate time.) The Hamiltonian
equation of motion dO/d¢ = {O,H} = 00/dV - dH/dP — d0/dP - d0H IV
for any function O of V and P then equals what we would obtain from dividing
coordinate equations of motion.

The case A = 0 is particularly simple. It provides a quadratic Hamiltonian
H o |VP| and thus constitutes an example of harmonic cosmology [14, 15]. Just
as the harmonic oscillator in mechanics, it leads to an exactly solvable quantum
system — not just in the sense that solutions can be found in closed form, but with
the much stronger property that no quantum back-reaction occurs. The evolution of
expectation values is entirely unaffected by changing shapes of a state. In the next
section we will see what that entails for dynamics, and how perturbation theory can
be used to step from the exactly solvable model to more realistic cases as they are
obtained for A # 0 or with a non-trivial matter potential.

4 Quantum Dynamics

We now turn to the quantum dynamics of our systems. A quantum system is
characterized by the presence of additional, non-classical degrees of freedom which
can change independently of the classical variables, given by V and P above.

A

While the latter can be brought in correspondence with expectation values (V')
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A

and (P) in a quantum state, a whole wave function (or density matrix) contains
much more information. Indeed, while classical phase space functions f(V, P) are
merely combinations of the canonical coordinates and are fully determined if only
a phase space point is specified, products of operators in a quantum system provide
independent kinds of information. In general, for instance, (172) can take values
irrespective of what the value of (17)2 is. The difference (AV)? = ((17 — (17))2)
is a measure for quantum fluctuations, an important quantity in a quantum system.
Similarly, all moments
VeV PP R R . .
G ¢ v == (VDUP = (P)hwey 3)

defined for a +b > 2 are independent parameters of a (density) state. (The subscript
“Weyl” indicates that operator products are ordered totally symmetrically before
taking the expectation value.) As discussed in the Appendix, these moments are all
dynamical, forming an infinite-dimensional coupled system. Solutions tell us how
expectation values of a state behave, but also how the state and its moments evolve.
Figure 1 shows the example of a quantum cosmological state during a recollapse,
with the spreads changing characteristically.
From these moments we will attempt to form an arrow of time.

10020 T T T
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Fig. 1 Dispersing wave at the recollapse of a Friedmann—Robertson—Walker model with k = 0
and A < 0. The top and bottom curves indicate changing spreads AV around the central
expectation value trajectory of volume V' as a function of the scalar ¢. The latter serves as a
measure for time in this free, massless case. For the solid lines, the state is unsqueezed, without
quantum correlations, at the recollapse point, and fluctuations symmetric around the recollapse
result. Non-vanishing correlations (dashed lines), on the other hand, lead to non-symmetric
fluctuations.
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4.1 Monotonicity

When a quantum state changes, its moments change. Just like the expectation values,
the moments must satisfy equations of motion which, as derived in the Appendix,
follow from the Hamiltonian. Having equations of motion for the second order
moments, we can check if any one of them would serve as a good time coordinate
[10]. Since quantum states tend to spread out, one may expect fluctuations to have
an interpretation of internal time. For G*, however, this is clearly not the case
since its change (16) depends on the sign of curvature (13) It would decrease in
an expanding universe but increase in a collapsing one. Around a recollapse or a
bounce, this behavior cannot be monotonic. Similarly, the sign of the rate of change
of volume fluctuations G"" is not unique from (18) since neither G"” nor (13) is
required to have a definite sign throughout the history of a universe.
Of more interest for our purposes is the covariance, subject to

dg"" 3 (V) GPP

o 2
¢ (P)? +1A]*?

from (17). With G’? = (AP)? required to be positive, the covariance can only
grow. Thus, the positivity of fluctuations, or the uncertainty relation in even stronger
form, implies a fixed tendency for correlations.

The monotonicity of G"” hints at a possible role in the context of time. In the
model considered so far, it certainly does not improve the problem of time since it
can anyway be solved trivially by using the scalar (with respect to which G"* now
is monotonic). But if we have a look at models with a non-trivial scalar potential
W(¢) # 0, where ¢ would no longer serve as global time, one can see that G"”
is better behaved than just ¢. In such a case, with a time-dependent potential in
the formulation where ¢ plays the role of time, equations can be derived as before
provided that the potential is not too large [16, 17]. The classical constraint (still for
A < 0)now is

(P2+|A|—%W(¢)) V2 Py =0

127G
and effective equation of motion for the covariance changes to

dG'" 3 (N)(AI=87GW(@)/3)  .pr @
dp 2((P)2 +|A| - 8xGW(9)/3)32

For sufficiently small potentials, G'* is still monotonic for wide ranges of
evolution. Also here, this refers to monotonicity with respect to ¢, which now is
a good time variable only for finite stretches between turning points in the potential.
If we approach a turning point of ¢, however, the behavior changes. At a turning
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point, py = 0 and thus (1‘3)2 = —|A| + 87 GW(¢)/3 from the constraint. Near a
turning point, |A| — 87 GW(¢)/3, appearing in the numerator of (4), thus becomes
negative. Even before the turning point of ¢ is reached, G according to (4) turns
around.

Near a turning point the potential is important and there may be extra terms in
the quantum equations of motion. Our analysis at this stage remains incomplete,
but it suggests a situation as follows. As a global time variable through periods of
oscillation of ¢, G'* appears no better than the scalar. But it is monotonic in a range
around the turning point and can thus be used as local internal time, to which we may
transform from ¢ (or other time choices) when a turning point is approached. Thus,
it would extend its role of time into a wider region. As a quantum variable without
classical analog, this at least suggests that time in a fully relativistic situation can be
assisted by quantum aspects.

4.2 Before the Big Bang

So far, we have discussed only low-curvature regimes where P < 1. At larger
curvature, new effects from quantum gravity and quantum geometry are expected
to take over which are not included in the Wheeler—-DeWitt quantization [13]
understood up to now. Loop quantum cosmology [18] is one such candidate for an
extension, and one of its effects is to provide higher order terms to the Friedmann
equation. Its new form then is

sin?(uP) 1 Pé
w> 127G V?

&)

where u is a length scale (see, e.g., [19]).

Such higher order terms of P or a are expected in quantum gravity if we
realize the Friedmann equation as the time-time component of Einstein’s tensorial
equation. Higher curvature corrections change the action, and thus the Einstein
tensor. Correspondingly, the Friedmann equation is amended by higher order terms.
(The same reasoning would suggest higher derivative terms, too, which generically
are also present. We will, however, be dealing with a solvable model of a free,
massless scalar where they are absent [14, 15].) With this analogy, the expansion
parameter w is the same as the one multiplying higher curvature terms, and thus
should indeed be dimensionfull. One may think of it as being near the Planck length,
which is in fact often assumed. But in loop quantum gravity, it has a dynamical
origin related to the discreteness of an underlying quantum gravity state [20, 21].
Generically, ; changes as the universe expands or contracts and cannot always
be close to the Planck length. In fact, if it were, other corrections (from inverse
scale factor terms [22], based on [23]) would have to be considered as independent
quantum corrections, which we avoid here.
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The form of the higher order terms, obtained by expanding sin(uP) by powers
of P when curvature is small, as well as the length scale p determining when
quantum corrections become important, is not fixed. It may be constrained further
by relating such a Hamiltonian to one that is formulated in the full theory, without
any symmetry assumptions. But this has currently not been achieved, and so the
precise form remains subject to quantization ambiguities. What we discuss in what
follows only involves generic qualitative features which depend on some crucial
aspects of the loop quantizaton but not on the specific form. As an important
effect we include lattice refinement, leading to a possible V-dependence of the
parameter u: the characteristic length scale where discreteness effects happen might
depend on the volume and change dynamically [20]. Conceptual [24] as well as
phenomenological constraints [25,26] on the dependence exist, and it is clear that
1 cannot be V-independent in all models [27]; but in no case has it been fixed
uniquely. A power-law dependence of u o V* on V, which can realistically
describe at least bounded ranges of evolution, can be taken into account by a
canonical transformation P +— V<P, V + V!7¢/(1 — k) which will not change
the following results.

Now, the Hamiltonian for ¢-evolution is not quadratic in V' and P even for
k = 0 = A, suggesting non-perturbative effects at strong curvature P > 1/pu.
Fortunately, the system is “resummable” [14]: it is solvable and free of quantum
back-reaction if we use the variables V', J = V exp(iu P) instead of canonical ones.
These variables satisfy a linear Poisson algebra

(V. JY=ind, {V.Jy=—inJ, {J,J}==2iuV (6)

and they provide the basis for solvability even at the dynamical level. In fact, the
Hamiltonian for ¢-evolution, solving (5), is py = 2+/37GImJ which is linear
in the basic variables. Linearity implies that all these relations have direct analogs
at the quantum level: [I} f] —th [V JT] = /,LhJT and [J JT] = Z,uhV
together with the Hamiltonian H= — l\/37‘[G(J -J T) This strong form of
solvability allows us to analyze the evolution of a state in precise terms, especially
when it approaches the classical singularity.

First, thanks to solvability there is no quantum back-reaction and expectation
value equations of motion form a closed set:

aWv) WV HY gy + ity S WL HD armiy,

(N
These equations can be combined to dz( y/d¢? = 127G (V ) easily integrating to

(V)(¢) = o coshv37G ) + B sinh(2v/37G )

with constants of integration « and B to be fixed by initial values. Using (7), we then
obtain
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Re (J)(¢) = N%_G% = o sinh(2v37G¢) + B coshv37G ).

The imaginary part of (J) is fixed to be

A — M
m (J)(¢) = (V sin(uP)) W Tl
by the preserved ¢-Hamiltonian, using (5).

The constants of integration o and f determine whether or not (17) can reach
zero, where a singularity would occur. Due to reality conditions, these constants
are not arbitrary: classically we have |J|?> — V2 = 0, which is to be imposed as
an operator equation JJT = V2 = 0 after quantization. (Otherwise the curvature
parameter P would not become self-adjoint and physical states obtained by solving
the evolution equations would not be correctly normalized.) Since the reality
condition is quadratic, it implies

= (JJT =V = (NI =V + G —G"Y + uh(V) (8)

with extra terms from fluctuations. (The last term arises from ordering JJt
symmetrically.) A state which is semiclassical at a given time has fluctuations of
the order O (%), such that the reality condition takes the classical form up to small
terms of order #. Then, our dynamical solutions must satisfy
2
(Re(J))? + (Im(J))? = (V) = —a? + B2 + - p} = O(h)

which determines B in terms of «. With Vi, :=upy/12nG and the identity
B cosh(x + cosh™'(4/B)) = Acosh(x) + ~/A2 — B2 sinh(x) for arbitrary A and
B, the volume is

(V)(¢) = Vinin cosh(2v/37G ¢ + ) ©))
with § = cosh™!(et/ Vinin). This function never becomes zero, proving that the

model has a bounce but no singularity. At the bounce point, the density of the scalar
field takes the value

P h 3
2a5  3272G2V2,  8nGu?

Perit = ( 1 0)

which depends on the scale p but is independent of any initial condition. (The same
behavior initially arose from numerical studies [28].)

To evaluate the reality condition, we have used semiclassicality. One might
worry that this invalidates conclusions about the bounce, typically expected to
occur in a highly quantum regime. However, we had to make assumptions about



A Momentous Arrow of Time 179

V(9)

Fig. 2 Dispersing through a bounce. Here, the volume V' (¢) as a function of the scalar, again
indicating time, is shown for a bounce rather than a recollapse as in Fig. 1. As before, the top and
bottom curves indicate fluctuations AV around the expectation value V' — solid curves for a state
uncorrelated at the bounce, dashed curves for a correlated one. Fluctuations “before” the big bang
may have been quite different from what they are “afterwards” — see also (11) — to a degree that
can be considered forgetful.

semiclassicality only at one time, which can be arbitrarily far away from the bounce.
We only need G’/ —G"V = O(#) throughout, which is at first ensured by an initial
condition at large volume. As the state evolves, it may become more quantum.
But from equations of motion for the moments it follows that G’/ — G"" is a
constant of motion [15], even if the state spreads, making GV change. Thus, if
this combination is of the order % once, it will remain so. In this solvable model the
bounce is realized even for states which may not be semiclassical at the bounce.

The high control in this solvable model persists at the state level. Dispersions
as well as squeezing can be followed for general states, as well as specifically for
the moments of dynamical coherent states; see Fig. 2 for examples. In principle,
we could thus test how covariances evolve and whether they remain monotonic.
However, moments with easy access are now those of V' and J, not P. Volume
fluctuations thus can easily be studied, but the covariance G"? of our earlier interest
would, with P related non-linearly to J, be a complicated expression in terms of all
the moments involving V' and J. Nevertheless, we can find approximate information
about the behavior of covariance. Near the bounce, we have uP ~ /2 for sin(uP)
and thus the scalar density to be close to its maximum. This allows us to use the
approximation

~ 1 ~— — . 1 . ~ ~ . ~ ~
Re(J) = 5( et 4 emI Py o E(e’”/ZVi(,uP —7/2) — e (P — w/2)V)
A A A A T~
- —%(VP + PV)+ (V) ~ -G



180 M. Bojowald

by Taylor expansion around uP ~ /2. Noting that
Re(J) = Viin sinh(2v37G ¢ + 8)

from (7) and (9) is monotonic in ¢, we are led to suggest that also the covariance
on the right hand side is monotonic. Combining all conclusions, it will thus be a
good measure for time through several cosmological phases, including recollapses
and bounces.

S Beyond Exactitude

So far, we have considered a free, exactly solvable model to shine some light on the
universe at small volume. Such models rarely give the full picture of a physical
situation they may be applied to. There are several additional ingredients to be
required for a physically reliable analysis of a whole universe through and before the
big bang, most importantly inhomogeneous configurations. No general description
of inhomogeneities is available around bounce regimes in loop quantum cosmology,
not even in perturbative form.

A crucial issue is that of the consistency of higher order terms, such as those
appearing in (5), in a context which is no longer homogeneous. Then, the full
anomaly issue strikes and modifications to the classical constraints are highly
restricted: it is not easy to implement quantum corrections while still maintaining
the same level of general covariance as it is realized classically. If covariance
transformations are broken, the theory will be anomalous and inconsistent; such
transformations could only be deformed by quantum corrections but must remain
present in the same number. (Effective actions starting from quantum corrected
isotropic equations have been determined [29-31]. But trying to embed a finite-
dimensional model in a fully inhomogeneous system is highly ambiguous, and so
quantum corrections for inhomogeneities remain unknown in the presence of higher
order corrections such as (5); examples do, however, exist for special modes [32,33]
or other effects of loop quantum gravity [34-38].)

Consistency issues arise due to general covariance, which implies that one is
dealing with a system of constraints, or an overdetermined set of equations. While
there is only one, trivially consistent constraint (5) in isotropic models, several
independent ones exist when geometries become inhomogeneous. Their algebra
under Poisson brackets obeys certain conditions for the system to be well-defined,
which must also be realized for the quantum representation. A possibility to sidestep
the quantization of constraints is reduced phase space quantization, where one tries
to find the classical solution space to all constraints and quantizes it. The usual
problems are that (1) constraints may be difficult to solve completely and (2) the
solution space may be of complicated structure, for instance in its topological
properties, and thus be difficult to quantize in its own right.
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In the context of perturbative inhomogeneities, the first problem does not arise at
least at the linear level since all gauge-invariant perturbations can easily be written
down; see e.g. [39—45]. For linear perturbations, moreover, topological properties
of solution spaces mostly disappear such that a reduced quantization here may
be viable [46,47]. Alas, it cannot present a full theory if it is simply added on to
the bouncing background as treated so far, which was by the Dirac rather than the
reduced phase space procedure. One may deal with the background dynamics also
by reduced phase space techniques [48,49], but that would work easily only for a
free, massless scalar trivializing the problem of time. By the Dirac procedure, on the
other hand, the theory can be formulated for general interacting scalars [50], even
though it may be solved easily only in free scalar cases or perturbations around
those.

In a reduced phase space quantization of perturbative inhomogeneities, no fully
defined theory would be available. This may be acceptable if it can be seen as a
valid approximation to some other full theory, but this is not the case. In fact, in
systems not involving the bounce, where consistent quantizations of perturbative
inhomogeneities in loop quantum gravity are available [34], one can see that a
reduced phase space quantization would overlook crucial effects. As shown in [35],
quantum corrections can induce effective anisotropic stress terms even in systems
which classically have no anisotropic stress. A reduced phase space formulation
based on the classical identities between gauge-invariant quantities could not see
this new quantum effect, and thus must remain incomplete. Similarly, gauge-fixed
treatments (as used e.g. in [51,52] for recent examples) often hide crucial quantum
properties. (Also the more general reduced phase space formulation of [44, 45]
is subject to these remarks. Moreover, even in this reduced context, consistency
conditions remain which are yet to be implemented in a possible quantization. While
valuable, these formulations so far do not suffice to see how an inhomogeneous
universe may evolve through a bounce.)

Such a situation makes the task of developing cosmological scenarios based on
bounces difficult. But some indications can nonetheless be derived from models if
they are understood for the local behavior of a patch of space-time near the moment
of its smallest size. How different patches connect may be impossible to say in the
absence of a fully inhomogeneous description, but the evolution of a single patch
may still carry some surprises. Concrete properties, such as the density when a patch
bounces, may easily change or go away when a sufficiently general situation is
considered. But in addition to such positive, affirmative properties there are negative
ones which tell us about limitations of what can be said for early stages of the
patch. Negative statements of this form are much more reliable, for if knowledge of
something is constrained in a simple model, it is unlikely to become better known
in a general situation.

There is such a negative property which, rather surprisingly, shows up even in the
exactly solvable model [53]. It is not about classical variables, or the expectation
values, but rather about quantum fluctuations or other moments. As before, we
can derive equations of motion for all the moments, say of second order, forming
a closed set of equations. There are several independent second order moments
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and their equations, with correspondingly many initial values to be chosen for a
state. One can cut down the number of parameters by selecting dynamical coherent

states: those that saturate the uncertainty relations at all times. The calculations
are somewhat lengthy but can be completed [54], with the result that volume

fluctuations at early and late times are related by
GVV GVV
:=‘ im & im & (a
=00 (V)2 400 (V)2
(AH)? 1 A2 H? (AH)*
. T )

_ o
~ Vain Vi o4V o) V2o 42

min
where H is the expectation value of the ¢-Hamiltonian and A H its fluctuation. This

parameterizes the behavior for all dynamical coherent states.
Of particular interest is the behavior when H is large, which means that one

would use the model for a patch containing a large amount of matter. As shown in

Fig. 3, the asymmetry in such a case depends very sensitively on the parameters,
for instance the ratio Vi, /H . Moreover, its value can differ significantly from one;
fluctuations of the state by no means have to remain unchanged when phases before
and after the bounce are considered. There is a degree of cosmic forgetfulness [53]:

50 — :

1.05

1.04
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ol ~ v =

1.01 1.02
Vmin/H
Fig. 3 Sensitivity: The asymmetry A of volume fluctuations from (11), depending on the ratio
Vinin/H with H the value of the scalar momentum as a measure for the amount of matter. Different
curves correspond to various values of H, growing to the left. Thus, the steep leftmost curves are

obtained for a universe with a large amount of matter, the more realistic scenario within the simple

solvable models used here. The asymmetry (11) depends very sensitively on the initial values
that determine V,y;,/H ; unrealistically sensitive measurements would be required at one side of

the bounce to determine the volume fluctuations at the other side. It is practically impossible to

recover the complete state due to this cosmic forgetfulness [54].
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due to the high sensitivity it is practically impossible to recover the full state before
the bounce from its properties after the bounce.

6 An Arrow of Moments

In our discussion of the covariance, the big bang, resolved to a bounce, did not
appear special in any way regarding the direction of time. It did not suggest a turn-
around in the rate of change of the covariance. Had it done so, it would have led us to
conclude that G"? cannot serve as a good time in that phase, rather than suggesting
a flip of the arrow of time.

The role of moments concerning the arrow of time is more subtle. We will first
reformulate the usual context to see how it may be related to evolving quantum
states. One often says that what distinguishes the past from the future is that we
remember the former and try to predict the latter. It may be more honest to define
the past as what we can (and typically do) forget. For human behavior, one of
the most important and most annoying consequences of the arrow of time is indeed
forgetfulness. In a more general sense, this is true also for thermodynamical systems,
although it may not be so clear whether this is really annoying. A thermodynamical
system evolving toward equilibrium forgets any sense of being special as it might
have been encoded in its initial configuration. In quantum cosmology, even the
whole universe has a case of cosmic forgetfulness which one may relate to the arrow
of time.*

To illustrate this, we return to the resummed solvable model of loop quantum
gravity. Now considering its own moments for V' and J, we can look for all
choices giving rise to dynamical coherent states: evolving states which saturate the
uncertainty relations at all times. Such states provide the best control one may have
on a quantum system, and thus highlight when anything becomes inaccessible —
for instance by being forgotten. As already described, this is exactly what happens.
Although one could not easily use the solvable model to draw strong conclusions
about the universe before the big bang, what it tells us about limitations has to be
taken seriously.’

The kind of cosmic forgetfulness realized in this model provides an orientation of
time, telling us not only which of the properties before the big bang can be forgotten,

“In thermodynamics, coarse-graining plays an important role. Cosmic forgetfulness may be
interpreted as forcing us to coarse-grain over many of the quantum variables. One should also note
that cosmic forgetfulness is much stronger than decoherence (see e.g. [3]) since it appears even in
exactly solvable models. It takes into account the specific dynamics of loop quantum cosmology,
rather than being a generic property of quantum systems with many degrees of freedom.

SCosmic forgetfulness has been perceived as a challenge, heroically taken up in [55] by deriving
bounds alternative to (11) for semiclassical states. However, those bounds are much weaker,
allowing changes in the fluctuations by several orders of magnitude [56]. (Also this renewed
challenge has been taken up in [57], though less heroically so.)
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but also what direction “before the big bang” is. An observer after the bounce would
be unable to reconstruct the full state before the bounce, but could easily predict
the future development toward larger volume. This arrow agrees with the standard
notion.

Now asking how an observer before the big bang would experience the same
situation, the answer is also clear: such an observer would be unable to determine
the precise state at larger values of ¢ beyond the bounce, but could easily extrapolate
the state to smaller values of ¢. The state at smaller values of ¢ can be predicted,
while the state at large values of ¢ is forgotten once the bounce is penetrated. Since
one cannot forget the future, such an observer must be attributed a reversed arrow of
time, pointing toward smaller ¢. At the bounce, two arrows would emerge pointing
in opposite directions as far as ¢ is concerned. In this sense, the model resembles
[58-61].

While degrees of freedom propagating in a bouncing universe still have to be
understood much better, indications do exist that what appears as a simple bounce in
homogeneous models may have to be interpreted rather differently when degrees of
freedom other than the purely classical homogeneous ones are considered. Here, this
has been discussed for homogeneous quantum degrees of freedom; inhomogeneities
will be the next crucial and decisive step.’

7 Conclusions

“If he had smiled why would he have smiled? To reflect that each one who enters
imagines himself to be the first to enter whereas he is always the last term of a
preceding series even if the first term of a succeeding one, each imagining himself
to be first, last, only and alone, whereas he is neither first nor last nor only nor alone
in a series originating in and repeated to infinity.”” This describes the thoughts of
Leopold Bloom after a long eventful day. Will we be led to similar thoughts after a
long eventful journey in quantum gravity?

If we cannot reconstruct the entire past, we may as well forget about it. The
part of the universe we see would appear to have originated with its big bang,
even though a theoretical formulation, but only the theoretical formulation, may
contain a pre-history. Two questions should immediately be asked: Would this be
testable? And why would we not apply Occam’s razor to the pre-history? Clearly,
we could not directly test whether there is a part of the history of the universe that is
inaccessible. But we may attempt to access it and, if we succeed, falsify the claim;
this makes it scientifically viable as a hypothesis. More importantly, the underlying
scenario would have further implications for the structures we see after the big bang.
Then, we would have an option to test such a model indirectly.

SNumerical indications for a similarly sensitive behavior of inhomogeneities [62] already exist
from Gowdy models with a loop-quantized homogeneous background [63].

7James Joyce: Ulysses.
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Why do we then consider the pre-history as part of the mathematical modelling?
Also this has its justification. Describing a true physical beginning of the universe,
where nothing would turn into something, has proved to be challenging. Pretending
that there was something before the big bang and describing it by deterministic but
forgetful equations may be the best solution to deal with a beginningless beginning,
even though we may not be able to use those equations to fully reconstruct the past.

Taking the simplest models of loop quantum cosmology at face value is often
seen as suggesting the big bang transition to be viewed as a smooth bounce, as
one further element not just in a long history of the universe itself but also in a
long history of bouncing cosmological models [64]. Some indications, however,
suggest otherwise. The bloomy scenario of loop quantum cosmology may well
be this: a universe whose time-reversed pre-history we cannot access but which
we grasp in the form of initial conditions it provides for our accessible part;
a pseudo-beginning [65]; an orphan universe, shown the rear-end by whatever
preceded (and possibly created) it.

Acknowledgements This work was partially supported by NSF grant PHY0748336 and a grant
from the Foundational Questions Institute (FQXi).

Appendix: A Momentous Formulation of Quantum Mechanics

Quantum dynamics can usefully be described in terms of the moments (3) of a
state. Taken together, they form an infinite-dimensional phase space which can be
used to describe the quantum system. At order @ + b = 2 we have the fluctuations
G** = (AV)?and G*? = (AP)? as well as the covariance G "' = J(V P+ PV)—

(V)(P). While independent variables, the moments cannot be chosen arbitrarily.
They are subject to constraints, most importantly the uncertainty relation

GVVGPP _ (GVP)Z > h_z
p— 4 .

Poisson brackets between the moments can be computed using the general identity

o UdB
A,y = 20 (12)

as well as linearity and the Leibniz rule. This immediately gives {(17), (ﬁ)} =1
and, e.g., {G"V,GPP} = 4G"? . (See [66,67] for further details.)

The moments allow a convenient description of quantum evolution without
having to take the usual detour of solving for states first, followed by computing
expectation values. Instead, expectation values obey the general evolution law
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d(0) _ ([0.H))

dé ih

which can be used to derive a coupled set of equations of motion for expectation
values together with the moments. For non-polynomial H, it may be difficult to
compute the commutator, followed by taking an expectation value. Semiclassical
equations can more easily be obtained in an expansion by moments, which
is formally analogous to background-field expansion around expectation values.
We write [66]

(H(V,P)) = (H(V) + (V= (V). (P) + (P — (P)))) (13)

1 P H(V). (P))

— % p . a,b
_H(W)’(P)HWZH,Z#!’?! sy O (9
and use this in .
WD _ 6y 0. by, (15)

Poisson relations between the moments then provide all equations of motion order
by order in the moments.
For the cosmological systems with Hamiltonian (2) introduced before, we have
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expanded by the moments (kept here to second order only). This is accompanied by
the evolution of moments

PP
di 3 P e (16)
¢ ()2 + |A]
dG"" 3 V) PP
= A — GPP 4 ... 17
N T "
Vv % p
= 3|A|A2(+)3/2 s B grhl as)
¢ ((P)>+ 14D (P)2 + |A



A Momentous Arrow of Time 187

Solving or analyzing this coupled set of equations would tell us how the state
changes its shape by the evolving moments, and how this back-reacts on the motion
of expectation values. In some regimes it is possible to summarize the effect of
all moments in an effective potential for expectation values depending only on the
classical variables. But in general, higher-dimensional effective systems including
the moments as independent variables are required.
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Can the Arrow of Time Be Understood
from Quantum Cosmology?

Claus Kiefer

Abstract I address the question whether the origin of the observed arrow of time
can be derived from quantum cosmology. After a general discussion of entropy in
cosmology and some numerical estimates, I give a brief introduction into quantum
geometrodynamics and argue that this may provide a sufficient framework for
studying this question. I then show that a natural boundary condition of low initial
entropy can be imposed on the universal wave function. The arrow of time is then
correlated with the size of the Universe and emerges from an increasing amount
of decoherence due to entanglement with unobserved degrees of freedom. Remarks
are also made concerning the arrow of time in multiverse pictures and scenarios
motivated by dark energy.

1 Introduction

The fundamental laws of physics, as they are presently known, are mostly invariant
with respect to a reversal of time: to every solution there exists an equally viable
solution in which ¢ is replaced by —¢. The only exceptions are some processes
described by the weak interaction, but these cases can also be subsumed under time-
reversal invariance in the broad sense because its violation there can directly be
compensated by an application of a unitary CP-transformation; the latter is possible
because the combination of charge conjugation (C), parity transformation (P), and
time reversal (T) is conserved (CPT-theorem).

Despite this fundamental invariance, most classes of phenomena observed in
Nature distinguish a specific direction of time. These are the famous “arrows of
time” which are discussed at length in [1], see also [2] and other contributions
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to this volume. This observed discrepancy between the symmetric laws and the
asymmetric facts does not constitute an inconsistency; asymmetric phenomena are
compatible with symmetric laws, and most solutions of the fundamental equations
are not symmetric by themselves. What is peculiar is the fact that the time direction
of the phenomena is always the same.

Usually one distinguishes between various manifestations of the arrow of
time [1]. The electrodynamic arrow expresses the preference of the retarded over
the advanced solutions. The thermodynamic arrow is given by the non-decrease of
entropy for closed systems, as expressed by the Second Law of thermodynamics.
The electrodynamic arrow can, in fact, be derived from the Second Law by
using the thermodynamical properties of absorbers. The quantum-mechanical arrow
expresses a direction through the measurement process or, in the Everett picture, the
branching of the wave function. A central role is there played by decoherence — the
irreversible and unavoidable emergence of classical properties through interaction
with the environment. Finally, gravitational systems exhibit a preferred direction
either through gravitational collapse or through the expansion of the Universe. The
question raised by the presence of all these arrows is whether a common master
arrow of time is behind all of them.

One might wonder whether the arrow of time points into different directions
for different subsystems of the Universe, for example, for different galaxy clusters.
Using arguments that can be traced back to Emile Borel in the 1920s, one can
recognize that there is no strict isolation of subsystems and that therefore all arrows
in the Universe must point into the same direction. This suggests that the master
arrow of time may be found in cosmology.

Can one explain the presence of these distinguished time directions in the
framework of physics? Is there a master arrow of time and, if yes, where does it
come from? One might speculate that a new, hitherto unknown, fundamental law
exists, which is asymmetric in time. Models of wave-function collapse are explicit
examples for such new laws. However, no empirical evidence exists for them. The
alternative to such a speculation is the presence of a distinguished cosmic boundary
condition of low entropy at or near the Big Bang. One would then expect that the
entropy of the Universe increases in the direction of increasing cosmic size. The
question remains, however, where such a boundary condition could come from.

As indicated by the singularity theorems of general relativity, a consistent
description of the Big Bang may require a new framework such as quantum gravity.
The question then arises whether the origin of the arrow of time can be understood
there. This is the topic of my essay. I shall start in the next section by making more
precise the arguments in favour of a cosmic boundary condition of low entropy.
I shall then present a framework of quantum gravity in which the above question
can be addressed — quantum geometrodynamics, the direct quantization of Einstein’s
theory of general relativity. In the last section I shall then present how, in fact, the
origin of irreversibility could be understood from quantum cosmology. I shall also
speculate there about possible quantum effects and the fate of the Second Law in
the future of our Universe. The Appendix contains numerical estimates concerning
the entropy and the maximal entropy of our Universe.
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2 Entropy and Cosmology

Already Ludwig Boltzmann had speculated that the Second Law has its origin in a
gigantic fluctuation in the Universe. His picture was that the Universe is eternally
existing and at its maximal entropy most of the time, but that at very rare occasions
(which, of course, can happen in an eternal Universe) the entropy fluctuates to a very
low value from which it will then increase; this would then enable our existence
and lead to the arrow of time that we observe. The weak point in this argument
was disclosed in the 1930s by Carl Friedrich von Weizsicker: if one takes into
account the possibility of entropy fluctuations, a fluctuation that produces at once the
world that we observe including our existence and our memories, although by itself
extremely unlikely, would still be much more probable than Boltzmann’s fluctuation
which has to create the whole history of the world in addition to the present state.
Strange observers which according to such a fluctuation could spontaneously pop
into existence have recently been discussed in the context of a “multiverse” picture
and there been called “Boltzmann brains”, cf. [3] and the references therein. The
multiverse picture can be motivated by inflationary scenarios of the early Universe
(e.g. Linde’s “eternal inflation) and describes the full Universe as being infinitely
extended and very inhomogeneous on large scales, but containing many Friedmann
subuniverses of the kind that we observe. In such a gigantic Universe, even the tiniest
entropic fluctuation would occur somewhere. I shall briefly address the multiverse
picture below, but focus in the following on the observable part of the Universe,
which is approximately homogeneous and isotropic.

In order to know how special our Universe in fact is, one would like to
calculate both the actual entropy of our Universe as well as the maximal possible
entropy. The non-gravitational entropy is dominated by the photons of the Cosmic
Microwave Background (CMB) radiation; it contributes about 2 x 108 kg [4]. Linde
and Vanchurin have, moreover, given an estimate of an upper limit for the non-
gravitational entropy, which would be obtained if all particles were ultra-relativistic:
their value is about 10% kg and thus only about one order of magnitude more than
the CMB value [5]. These are very large numbers, but they are much smaller than
the gravitational contribution to the entropy. Unfortunately, a general expression for
gravitational entropy does not exist. Because of the universal attractivity of gravity,
one can only expect that gravitational entropy increases during a gravitational
collapse, in contrast to the entropic trend of ordinary matter which prefers a
homogeneous state. However, for the most extreme case of gravitational collapse,
an entropy formula exists: the Bekenstein—-Hawking entropy for black holes. It
reads

kBC3A _ A

LA 1
4Gh Parz M

SBH =

where A is the surface area of the event horizon and Ip = /G#/c3 is the Planck
length; in the following estimates we shall set Boltzmann’s constant kg equal to one.
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To see how large the Bekenstein—-Hawking entropy can become, let us estimate
its value for the Galactic Black Hole — the supermassive black hole in the centre of
our Milky Way with a mass M ~ 3.9 x 10® M. Neclecting its angular momentum,
which would anyway decrease the estimated entropy, one gets from (1)

Rs ? 90
SgeH = 7 E ~ 6.7 x 107", 2)

where Rg denotes the Schwarzschild radius. This already exceeds by more than
one order of magnitude the non-gravitational contribution to the entropy of the
observable Universe. According to a recent investigation [4], all supermassive black
holes together yield an entropy of S = 314_'13;) x 10104,

Roger Penrose has pointed out in [6] that the maximal entropy for the observable
Universe would be obtained if all its matter were assembled into one black hole.
Taking the most recent observational data, this would yield the entropy (calculated
in the Appendix)

Smax &~ 1.8 x 1021, 3)

This may not yet be the maximal possible entropy. Our Universe exhibits currently
an acceleration which could be caused by a cosmological constant A. If this is true,
it will expand forever, and the entropy in the far future will be dominated by the
entropy of the cosmological event horizon (the “Gibbons—Hawking entropy” [7]).
The estimate, presented in the Appendix, yields

3
Sei = A—’; ~2.88 x 102 4)

P

which is about one order of magnitude higher than (3).
Following the arguments in [6], the “probability” for our Universe can be
estimated as

exp(S)  exp(3.1x 10194
exp(Smax)  exp(2.9 x 10122)

~ exp(—2.9 x 10'%2). 5)

Our Universe is thus very special indeed. It must have “started” near the Big
Bang with an extremely low entropy; the Universe must have been very smooth
in the past, with no white holes being present. Penrose has reformulated this
observation in his Weyl-tensor hypothesis: the Weyl tensor is zero near the Big
Bang (describing its smooth state), but diverges in a Big Crunch (provided the
Universe will recollapse). Since the Weyl tensor describes in particular gravitational
waves, this hypothesis entails that all gravitational waves must be retarded. This
is analogous to the Sommerfeld condition in electrodynamics and the absence of
advanced electromagnetic waves [1]. There, the electromagnetic arrow can be traced
back to the thermodynamic arrow and the Second law by using the thermodynamic
properties of absorbers, but this is not possible here because the absorption cross
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section of gravitational waves is too small. Still, we shall argue in the last section that
all arrows of time can be traced back to one common origin — a universal boundary
condition of low initial cosmic entropy.

The Weyl-tensor hypothesis is not yet an explanation, but only a description of
the low initial cosmic entropy. Penrose has recently reformulated his hypothesis
in the framework of his “Conformal Cyclic Cosmology” (CCC) [8]. A central
role is attributed therein to a proposed information loss in black holes and the
ensuing nonunitary evolution. His whole picture, however, remains classical as far
as gravity is concerned. Here, I would like to adopt instead the point of view that
the gravitational field is fundamentally of quantum nature. This is not a logical
necessity, but one can put forward physical arguments in favour of quantum gravity
as the more fundamental theory [9, 10]. Although there exist non-singular classical
solutions, the singularity theorems of classical relativity suggest the abundance of
singularities in the classical theory; a more general framework is therefore needed
to exorcize them. Moreover, gravity acts universally, so it couples to all other fields
of Nature, all of which are so far described by quantum theory. It could then at least
be considered unnatural to leave the gravitational field classical; this would become
especially awkward in the context of a unified theory of all interactions.

In the next section I shall briefly describe an approach to quantum gravity which
is very conservative and which despite its limits should be able to provide insights
into the origin of the arrow of time.

3 Quantum Geometrodynamics

A full quantum theory of gravity remains elusive [9]. Can one nevertheless say
something reliable about quantum gravity without knowing the exact theory? In
[11] I have made the point that this is indeed possible. The situation is analogous to
the role of the quantum mechanical Schrédinger equation. Although this equation
is not fundamental (it is non-relativistic, it is not field-theoretic), important insights
can be drawn from it. For example, in the case of the hydrogen atom, one has to
impose boundary conditions for the wave function at the origin r — 0, that is,
at the centre of the atom. This is certainly not a region where one would expect
non-relativistic quantum mechanics to be exactly valid, but its consequences, in par-
ticular the resulting spectrum, are empirically correct to an excellent approximation.

Erwin Schrodinger has found his equation by “guessing” a wave equation from
which the Hamilton—Jacobi equation of classical mechanics can be recovered in the
limit of small wavelengths, analogously to the limit of geometric optics from wave
optics. The same approach can be applied to general relativity. One can start from
the Hamilton—Jacobi version of Einstein’s equations and “guess” a wave equation
from which they can be recovered in the classical limit. The only assumption that is
required is the universal validity of quantum theory, that is, its linear structure. It is
not yet needed for this step to impose a Hilbert-space structure. Such a structure
is employed in quantum mechanics because of the probability interpretation for
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which one needs a scalar product and its conservation in time (unitarity). The status
of this interpretation in quantum gravity remains open, see below.

The result of this approach is quantum geometrodynamics. Its central equation
is the Wheeler—DeWitt equation, first discussed by Bryce DeWitt and John Wheeler
in the 1960s. In a short notation, it is of the form

HY =0, (6)

where H denotes the full Hamiltonian for both the gravitational field (here described
by the three-metric) as well as all non-gravitational fields. For the detailed structure
of this equation I refer, for example, to the classic paper by DeWitt [12] or the
general review in [9]. Two properties are especially important for our purpose here.
First, this equation does not contain any classical time parameter . The reason
is that spacetime as such has disappeared in the same way as particle trajectories
have disappeared in quantum mechanics; here, only space (the three-geometry)
remains. Second, inspection of H exhibits the local hyperbolic structure of the
Hamiltonian, that is, the Wheeler—DeWitt equation possesses locally the structure
of a Klein—Gordon equation. In the vicinity of Friedmann universes, this hyperbolic
structure is not only locally present, but also globally. One can thus define a new
time variable which exists only intrinsically and which can be constructed from
the three-metric (and non-gravitational fields) itself. It is this absence of external
time that could render the probability interpretation and the ensuing Hilbert-space
structure obsolete in quantum gravity, for no conservation of probability may be
needed.!

How, then, can one understand the emergence of an arrow of time from a
fundamental equation which is itself timeless? I shall address this issue in the next
section.

4 Arrow of Time from Quantum Cosmology

Quantum cosmology is the application of quantum theory to the Universe as a
whole. In a first approximation, the Universe is homogeneous and isotropic. The
three-metric is then fully characterized by the scale factor, a, of the Universe.
Classically, the Universe evolves in time, a(t); the same holds for the matter fields.
In quantum cosmology, ¢ has disappeared and all available information is encoded
in the wave function ¥ (a, . ..), where the ... denote homogeneous matter degrees
of freedom. For the simple two-dimensional configuration space consisting of the
scale factor and a minimally coupled scalar field ¢, the Wheeler—DeWitt equation

I'The situation is different for an isolated quantum gravitational system such as a black hole; there,
the semiclassical time of the rest of the Universe enters the description [13].
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reads (withc = 1)

2 92 2 a2
fu_ (276 PR P
3 002 2 0¢?

6a A 4o k _
+e (V () + %) —3e %) U(a,¢) =0, (7)

with cosmological constant A and curvature index k = +1,0. The variable ¢ =
In a has been introduced for convenience.

In order to discuss thermodynamical issues, additional degrees of freedom must
be added. One option is to consider small inhomogeneities in the vicinity of
homogeneity. This can be achieved, for example, through a multipole expansion
on the three-sphere (assuming the Universe is closed) [14, 15]. Schematically, the
Wheeler—DeWitt equation (6) then assumes the form

27Gh? 92 n A2 92
3 da? i 2 9x?

+ Vi(e, x;) v =0 (8
N—— —

—0 for a—>—00

where the {x;} denote the scalar field as well as the inhomogeneous degrees of
freedom; V;(a, x;) are the corresponding potentials. One recognizes immediately
that this Wheeler—DeWitt equation is hyperbolic with respect to the intrinsic time c.
Initial conditions are thus most naturally formulated with respect to constant c.

The important observation is now that the potential in (8) is asymmetric with
respect to «; if written out, it contains explicit factors of €% etc., and vanishes in the
limit @ — —co. In contrast to almost all the other fundamental equations in physics,
it thereby distinguishes a direction in (intrinsic) time. One could thus envisage
a solution to the Wheeler—DeWitt equation, that near the Big Bang would be an
approximate product state between all degrees of freedom [1],

o —>—00

v T o) [ i) 9

Introducing the entropy of the Universe as an entanglement entropy, in which
irrelevant, that is, unobservable or unobserved degrees of freedom (such as small
gravitational waves described by some of the x;) are integrated out, the state (9),
which is a product state, would yield a vanishing entropy. For increasing «, this
solution would evolve into a superposition of « and the inhomogeneous modes
(as well as between the inhomogeneous modes). Integrating out all or part of the
x; would then yield a non-vanishing and increasing entropy with respect to «.
Increasing entanglement would then cause increasing decoherence for the relevant
degrees of freedom [15-17]. Decoherence — the unavoidable emergence of classical
properties through interaction with irrelevant degrees of freedom — is perhaps the
most fundamental irreversible process and thus stands behind all arrows of time
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[1, 17]. Because of the asymmetry of (8) with respect to «, substituting ¢ — —«
would not yield a solution of the Wheeler—DeWitt equation. If a solution of the
form (8) were the one describing our Universe, we could understand from it the
irreversible appearance of our world. A full understanding of quantum gravity would
perhaps single out a unique solution for the Wheeler—DeWitt equation, a possibility
already envisioned by DeWitt [12].

There are indications that the above quantum state would evolve into a symmetric
state where all perturbations are in an (at least approximate) de Sitter-invariant
vacuum state. Such a vacuum state is a good candidate for the early Universe
[18]. The state for each perturbation mode would describe a superposition of
inhomogeneous states, that is, a non-classical state. However, the mechanism of
decoherence also comes into play here, generating a classical behaviour for the
modes which may then serve as the seeds for the origin of structure in the
Universe [19].

We have not yet discussed the connection between the intrinsic time « and
the “observed time” ¢ which should be at our disposal at least in an appropriate
semiclassical limit. This can be achieved through a Born—Oppenheimer type of
approximation scheme, cf. [9] and the references therein. Some degrees of freedom
such as the scale factor may serve as the semiclassical variables from which a
semiclassical time ¢ can be defined in appropriate situations. This will be the time
variable which controls the dynamics in this approximation and which enters an
effective and approximate Schrodinger equation for the non-gravitational quantum
variables. The arrow of time aligned along increasing scale factor a thus trivially
extends to the semiclassical time ¢ — as long as the semiclassical approximation is
valid.

The above ideas may, with slight elaborations, also apply to the idea of the
multiverse, that is, to a Universe with many approximately homogeneous sub-
universes, cf. [5] and the references therein. Quantum entanglement is not limited
to sub-horizon scales and may thus be effective also in the full multiverse.
Decoherence should then distinguish the same arrow of time everywhere in the
multiverse. Applying also here the idea that quantum fluctuations, after their
effective classicality due to decoherence, become the seeds for galaxy formation,
Linde and Vanchurin estimate in [5] the number of realizations of the emergent
classical fluctuations in the gigantic multiverse. This number would also correspond
to the number of branches of the universal wave function in the Everett interpretation
when applied to our Hubble domain. After decoherence, each realization can serve
as a classical initial condition for the subsequent evolution of the Universe. They find
for the total number of distinguishable locally “Friedmann universes” the estimate

N

. (10)

S e
e pert 5 e

where Sper is the total entropy of the perturbations, see also [19,20], and N is the
number of e-folds of slow-roll (post-eternal) inflation. In the simplest models of
chaotic inflation, one thereby gets the incredibly high number [5]
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(A much lower number — two instead of three exponentials — is obtained in the case
of a positive cosmological constant.) Adopting, in addition, the landscape picture of
string theory, this estimate would correspond to the case of one vacuum. Taking all
the vacua into account, the number will be even higher. The issue of the Wheeler—
DeWitt equation on a configuration space mimicking the landscape picture and the
question of a low-entropy initial condition was discussed, for example, in [21].

The idea of quantum cosmology is that the whole Universe at all scales is
described by quantum theory. Thus, a priori, quantum effects are not restricted
to the Planck scale. In the case of a classically recollapsing quantum universe,
for example, one can predict the occurrence of quantum effects near the classical
turning point [22], see also [1,23] for a detailed explanation. Because the arrow of
time in the above scenario is correlated with increasing scale factor @, the quantum
universe would in this case consist of many branches in which the arrow of time
always points in the direction of increasing a. These branches would be decohered
components of the universal wave functions and would thus become independent of
each other for most of their existence, but they would interfere destructively at the
classical turning point in order to fulfill the boundary condition ¥ — 0 for a — oo,
which is necessary for a model in which the classical trajectories recollapse.
Consequently, no classical observers would be able to survive a transition through
the turning point, and time as well as the classical evolution would come to an end
there.

This is an impressive example for a quantum effect at large scales. Other
examples can be found in models that are of interest because they may describe
a dynamical dark energy in our Universe. Examples are models which classically
exhibit a big-rip or a big-brake singularity; in the first case, the Universe can
become infinitely large in a finite time, while in the second case it comes to an
abrupt halt in the future. In both cases, this corresponds to a singular region.
One can now study solutions of the corresponding Wheeler—-DeWitt equations and
finds that the singularities will be avoided, cf. [23] and the references therein:
the semiclassical approximation breaks down when approaching the region of the
classical singularity, and for the big brake the wave function even becomes zero
there. What are the consequences of this scenario for the arrow of time?

Since the semclassical time comes to an end, so does the arrow. The Universe
enters a genuine quantum era which no classical observers (and others are not
known) could survive. This is analogous to the above discussed turning point. The
world then becomes truly timeless.

One might wonder what happens in the case of models which classically describe
bouncing cosmologies [24]: the Universe would then undergo many, perhaps
infinite, cycles of expansion and recollapse. What would happen with the entropy
in these cases? If the entropy were indeed correlated with the scale factor, as the
scenario discussed above suggests, the arrow of time would not continue through
a turning point. The bouncing models would thus make no sense in quantum
cosmology; one would only have branches of the wave function in which the arrow
would point from small to large universe and where time would end when a classical
turning point is approached.
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We have restricted the discussion to quantum geometrodynamics. At least for
scales above the Planck length, which includes the above discussed quantum
scenarios for a big universe in the future, this should provide a reliable framework.
Modifications are, however, expected when approaching the Planck regime, that
is, the region of the Big Bang. Such modifications have been addressed in string
theory and loop quantum gravity [9]. In the case of loop quantum cosmology, the
Wheeler—DeWitt equation is replaced at the most fundamental level by a difference
(instead of differential) equation. For a big universe, the differences to quantum
geometrodynamics are negligible; this concerns, for example, the examples of the
big rip and the big brake. Near the big-bang singularity, however, the situation is
different. The emerging scenario is discussed at length in another contribution to this
volume [25]. Also there, the author suggests “the possibility of deriving a beginning
within a beginningless theory”. Thus, although the approaches may be different, the
common fundamental challenge is to understand the observed time and its arrow
from a scenario of the world which is fundamentally timeless.

Acknowledgements I thank Max Dorner and Tobias Guggenmoser for a careful reading of this
manuscript.

Appendix: Some Numerical Estimates

Here we recapitulate the numerical estimates about the maximal possible entropy in
the Universe, presented by Penrose in [6], in the light of recent cosmological data
[26]. Since our Universe is spatially flat to a high degree of accuracy, the mass of
the matter (both visible and dark) in our present Hubble volume is given by

_ Ampmc?
EEYE

) (1D

where py, is the matter density, and Hy ~ 70.5 km/s Mpc ~ 2.27 x 1078 57! is
the Hubble constant. Introducing the critical density

_ 3H; (12)
Pe= 8nG’
we can use the density parameter 2, = pn/pc &~ 0.274 and write
My = E5n (13)
Y 2GH,

In order to estimate the maximal entropy, we shall assume that the Universe up to the
Hubble scale consists of one black hole with mass My. Since our present Universe
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is dominated by dark energy, which for our purpose here can be approximated by
a cosmological constant A, we have to take into account that the metric outside
this hole is, in fact, the Schwarzschild—de Sitter metric, see, for example, [27].
Numerically we have A & 1.25 x 107 cm™ and 24 = Ac?/3H¢ ~ 0.726 [26].
In the Schwarzschild—de Sitter metric, the black hole has a maximal mass given by

3
C
" 3./32.GH,

which corresponds to the case of the Nariai metric (therefore the index N). We thus
have to check whether My is greater or smaller than My; only in the latter case can
the Universe accommodate one single black hole. A short calculation shows

My ~4x 107 g, (14)

My 332,2m
U 2VIRATIm 061, (15)
My 2

so all of My can indeed be assembled into one black hole.
We now assume that the maximal entropy is given by a Schwarzschild black hole
with mass My (a non-vanishing angular momentum would give a smaller entropy).

Thus,
R\2
Smax =70 (—h) , (16)
Ip
where Ry denotes the radius of the black-hole event horizon (as opposed to the
cosmological horizon R.). In the Schwarzschild—de Sitter metric we have

L
Rh=3G1f_2Ug(1_ 1_%)=%<1_ 1—6—23), (17)

where £7! = My/My and § = cos(3 cos™![(7']) & 0.95. With the above numbers
we have

GMy 28
Ry, ~2.13 T A 0.38 x 10°° cm (18)
c
and therefore
Smax ~ 1.8 x 10121, (19)

This is the number that should replace the estimate 10'23 in [6] if one makes use of
the data presented in [26].

Expressed in grams, the mass (11) is My ~ 2.4 x 10% g and would therefore
correspond to about 1.5x 107 baryons if all mass were in baryons (the actual number
is smaller because of the non-baryonic dark matter). In the case of 10% baryons, as
used in [8], one would find £~' > 1, that is, the corresponding mass would exceed
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the Nariai mass (14) and it would thus not be possible to assemble this mass into a
single black hole.

In the case of a non-vanishing cosmological constant there occurs also the
gravitational entropy S, associated with the cosmological event horizon R. [7],
where

3GMylE 1 28
R°=c—2(1+ 1_6_?)%1.29“0 cm. (20)
It reads
R 2
Sy=n (l_) ~ 1.99 x 10", 2D
P

One should thus in principle consider the sum of S, and the entropy associated
with all matter being trapped in a single black hole. However, the maximal entropy
is reached for asymptotic times ¢ — oo when the matter content becomes irrelevant
(because it will be diluted and no black hole with mass My will be formed); the
radius of the event horizon then approaches

3 28
Re =/ ~ 1.55x 10% em. (22)

The entropy associated with this event horizon then approaches the “Gibbons—
Hawking” entropy [7]

Sou = 3T ~ 2.88 x 10?2, (23)
e
which is about 16 times the black-hole maximal entropy (19). The numerical value
in (23) is also presented in [4].

Taking the case of the Nariai mass (14), one would have the total entropy Sx +
Sa = 2Sgu/3, which would give further support to consider (23) as the maximal
possible entropy of the observable Universe, as suggested by current observational
data.
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Open Questions Regarding the Arrow of Time

H. Dieter Zeh

Abstract Conceptual problems regarding the arrow of time in classical physics,
quantum physics, cosmology, and quantum gravity are discussed. Particular atten-
tion is paid to the retardation of various kinds of correlations, the dynamical role of
the quantum indeterminism, and to different concepts of timelessness.

1 Laws and Facts

The Second law of thermodynamics is usually regarded as the major physical
manifestation of the arrow of time, from which many other consequences can be
derived. I have discussed the relations between these different forms of the arrow
in detail elsewhere [1], so I will occasionally refer to this source in the following
by TD (“Time Direction™) for short. This article is meant to review some open
conceptual problems, which are often insufficiently realized, or of actual interest
for other reasons.

In statistical thermodynamics, the Second law is derived from the assumption
that a closed system must evolve towards a more probable state. In this context,
entropy is defined as a measure of probability. This explanation is incomplete for
various reasons. First, the concept of evolution already presumes a direction in time.
To regard it as a direction of time would even apply this asymmetry to the very
definition of time. This would go beyond a purely mechanistic concept of time,
which is defined in accordance with time-symmetric laws of motion. Newton’s
absolute “flow of time” is a similar metaphor; its direction would be physically
meaningful only if one assumed asymmetric laws. For example, Newton regarded
friction as representing a fundamental force that would slow down all motion.
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So in his opinion God had to intervene once in a while to set things in motion again.
Without such an external, metaphysical, or at least law-like fundamental direction
in or of time, one can only speak of an asymmetry of the facts (which may well be
compatible with symmetric laws).

Second, the concept of probabilities requires a measure that is usually defined
with respect to ensembles of possible states. Since in classical physics every
system is assumed at any time to be in one definite microscopic state, the latter
must be “coarse-grained” in order to define a macroscopic or “thermodynamic
state”, that is, an ensemble of microscopic states which may thus define a non-
trivial probability measure. Various kinds of coarse-graining (omissions of actual or
possible information) have been discussed in the rich literature on this subject, or
were invented in the context of a new theory. The justification of such ensembles
by a macroscopic (that is, incompletely defined) preparation procedure would
refer to the time-directed concept of preparations as a deus ex machina (similar
to Newton’s divine interventions). Arguments based on incomplete observability
or controllability of certain degrees of freedom may also presume external time-
asymmetric observers.

The mechanistic concept of time is usually postulated together with the deter-
ministic dynamical laws that are assumed on empirical grounds to control the facts.
Eugene P. Wigner called the distinction between laws and initial conditions (initial
facts) Newton’s greatest discovery. In a deterministic theory, initial conditions could
as well be replaced by final ones, or by conditions at any intermediate time. This
mechanistic concept requires only that time can be represented by the real numbers
(without any preference for their sign) — thus defining a linear order of physical
states or global “Nows”. Deterministically, the size of an ensemble (the number
of microscopic states, or an appropriate measure if this number is infinite) does
not change in time, while its coarse-grained size would, in general. This is why
Ludwig Boltzmann’s statistical measure H, which up to a factor may be assumed
to represent “negentropy” for a diluted gas, may change in time (see Sect. 2).
It will decrease even under deterministic equations of motion in the direction of
calculation — provided the fixed concept of coarse graining was used to define
the input ensemble. Further conditions studied in ergodic theory are necessary to
exclude exceptional cases that are usually of measure zero. There is no a priori
reason to calculate only in the conventional “forward” direction of time, but this is
empirically the only direction in which statistical arguments lead to correct results —
thus indicating a strong asymmetry of the facts. For applications to cosmology
let me emphasize that the conservation of exact (not coarse-grained) ensemble
entropy under deterministic equations of motion would include the situation of a
deterministically inflating universe, which has often erroneously be claimed to cause
a low entropy condition.

Although irreversible phenomena are mostly observed locally, the thermody-
namical arrow of time seems to possess a common global direction. Its origin has,
therefore, usually been discussed in a cosmological context. For example, one may
assume a special cosmic initial condition at the big bang. Boltzmann, who assumed
the universe to be eternal, argued instead that a giant chance fluctuation must have
occurred in the distant past in order to form a low entropy state. A physical “future”
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would then be characterized by any time direction away from such a low entropy
state. Boltzmann’s proposal seems to imply, though, that it would be far more
probable to assume that the present state of the universe — including all memories
and conscious brains — had just formed in a chance fluctuation, since this state would
possess very low, but nonetheless much higher entropy than the otherwise required
state in the distant past (see, however, Sect. 2). This idea has recently been discussed
under the name “Boltzmann brains”, mainly in some as yet speculative cosmologies.
If, on the other hand, the low entropy is related to a global special condition at high
densities, the thermodynamical time arrow would have to change direction in an
oscillating universe, while simultaneous opposite arrows in causally connected parts
of the universe seem to be excluded for dynamical reasons [2, 3].

The arguments based on deterministic dynamics do not directly apply to stochas-
tic dynamics. However, a stochastic law by itself does not necessarily characterize
a direction in time. If all states at some time #; had two possible successors at a
later time ,, say, and if this law held on all states, then each successor must on
average also have two dynamically possible predecessors at time #;. Therefore, such
a stochastic law defines a time-asymmetric indeterminism only when applied to a
genuine subset of possible initial states, while not restricting the set of final states.
This would be just another way of applying the “double standard” that has been duly
criticized by Price [4]. The asymmetry is not a consequence of the stochastic law
itself (see Sect. 3.4 of TD and the concept of “forks of indeterminism” mentioned
therein). On the other hand, even deterministic laws may be asymmetric, but this
would not by itself offer a way to explain the increase of entropy. Examples are the
Lorentz force of an external magnetic field or CP-violation. In these and similar
cases, formal time-reversal symmetry violation is compensated for by another
symmetry violation, which may be either physical, such as a CP transformation,
or just formal, such as complex conjugation in the Schrodinger equation.

Our world is known to obey quantum theory, which is characterized by an
indeterminism occurring in measurements and other “quantum events”. There is
absolutely no consensus among physicists about the interpretation and even the
precise dynamical role of this “irreversible coming into being” of the observed facts,
such as the click of a counter. Has it to be regarded as a specific part of the dynamical
laws (as assumed in the form of von Neumann’s “first intervention” or more
explicitly in collapse theories), as representing events that (according to Wolfgang
Pauli) occur outside the laws of nature, as a “normal” increase of information (as
claimed in the Copenhagen interpretation), as determined by hidden variables that
are not counted in conventional ensemble entropy (as in David Bohm’s theory), or
as the consequence of inderministically splitting quantum observers (as in Hugh
Everett’s interpretation)? Some quantum cosmologists refer to initial uncertainty
relations or “quantum fluctuations” in order to justify the stochastic evolution of
their quantum universe, although a global quantum state is never required to be
“uncertain” (only classical variables had to be assumed to be uncertain if they
were used).

In the pragmatic Copenhagen interpretation, this problem is essentially circum-
vented by denying any microscopic reality, while other above-mentioned proposals
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suggest novel laws or concepts, which may or may not be confirmed or ruled out in
principle. Although these various interpretations must have drastic consequences
for the resulting model of the universe, they play surprisingly almost no rdle
in actual cosmology. For example, the thermodynamical arrow might be the
consequence of a time-asymmetric collapse mechanism if this were part of the laws.
In the Copenhagen interpretation, there simply “is no quantum world” — hence no
complete cosmological model. Most cosmologies are therefore based on classical
concepts, just allowing for some “quantum corrections”, while indeterministic
master equations are often derived from unitary equations of motion by using certain
“approximations” in analogy to classical statistical physics. Such equations may
then even appear to explain stochastic and irreversible quantum events, although
they are instead implicitly using them.

Much philosophical debate has also been invested into the pseudo-distinction
between a block universe and an evolving universe (a world of being versus a
world of becoming). However, these apparently different pictures describe only
different representations of the same thing. One should realize that a block universe
picture is by no means restricted to a physical context. Historians have always
been applying it to the past, although they never had doubts that Cesar crossed the
Rubicon according to his free will. We can similarly use space-time diagrams to
represent actual motions or potential histories (individual members of an ensemble
of possible histories) even in the case of an indeterministic law. Moreover, a block
universe picture has nothing specifically to do with relativity (except that it is just
convenient in the absence of a concept of absolute simultaneity).

2 The Arrow in Classical Physics

It is essential to keep in mind that time-symmetric laws are perfectly compatible
with asymmetric solutions. Almost all solutions of the fundamental equations of
motion are time-asymmetric, while reasonably defined quasi-recurrence times for
isolated systems would exceed the age of the universe by enormous factors. The
symmetry of the laws of motion requires only that for every asymmetric solution
that is realized in nature there must mathematically — not necessarily physically —
exist precisely another, time-reversed one. In reality, though, very few systems can
be considered as being isolated [5]. This means that the reversed solution would
require an exact time reversal of its complete environment — an argument that
must then be extended to the whole causally connected region of our universe.
An extremely small “perturbation” (change of the state at some time) would with
overwhelming probability turn a deterministic solution with decreasing entropy into
one with increasing entropy (in both directions of time) [2].

Remarkable is only that there are whole classes of asymmetric solutions that
are found in abundance, while members of the reversed class are rarely or never
observed. As an example, consider the contrast between retarded and advanced
Maxwell fields for a given type of source. This asymmetry may be understood as a



Open Questions Regarding the Arrow of Time 209

consequence of the presence of absorbers (including the early radiation era of our
universe). Absorbers are based on the thermodynamical arrow of time, since they
describe the transition to thermal equilibrium between radiation and matter. So they
produce “retarded shadows”, which, when forming a complete spatial boundary,
give rise to local initial conditions of no incoming radiation at frequencies above the
thermal spectrum (see Chap. 2 of TD). But why do all physical absorbers absorb in
one and the same direction of time only?

The precise microscopic states of systems consisting of many interacting con-
stituents can hardly ever be known even in a classical world. So it is common
practice to use an incomplete description for them (a generalized coarse-graining).
For example, a gas may be described by the mean phase space distribution
Pu(p, q,t) of its molecules. Its evolution in the forward direction of time is
then successfully described by Boltzmann’s stochastic collision equation. This
asymmetric success must be a consequence of properties of the thereby neglected
correlations between molecules, since the increase of Boltzmann’s entropy Sg,

Sp:=—Nkglnp, = —NkB/p,L lnpﬂd3pd3q, (1)

where kg is Boltzmann’s constant and N the particle number, can be deter-
ministically understood as a dynamical transformation of information represented
by the p-space distribution into information about correlations. Both kinds of
information are described by the 6 N -dimensional I"-space distribution p, whereby
the analogously defined ensemble entropy S does not change under deterministic
dynamics. While dynamical models readily confirm that correlations produced in
a scattering process remain irrelevant for p, for an extremely long time, one has
to assume asymmetrically that only “retarded correlations”, required to reproduce
the past, are relevant for the single-particle distribution. This absence of advanced
correlations is even “probable”, while the low-entropy initial condition that leads
to retarded correlations — such as a special initial p-space distribution p, is not.
Explaining this asymmetry by referring to “causality” would beg the question.

There are many appropriate ways to distinguish between macroscopic and
microscopic (“irrelevant”) degrees of freedom. They can all be formally described
by some idempotent “Zwanzig” operator P that acts on the I"-space distributions
p = pr (see Sect. 3.2 of TD),

P = P p+ Pirrer P, with Przel =P and Py =1- Prel, (2)
where the macroscopically relevant part, pr) = Pre1p, defines a generalized “coarse-
grained” distribution. Macroscopic properties are characterized by a certain robust-
ness or controllability, which may vary with the physical situation. For example,
correlations between molecules or ions are stable and relevant in solid bodies, while
the corresponding lattice vibrations can then mostly be treated thermally. Although
the exact dynamics requires a coupling between pe and pjyel, there often exists a
probabilistic effective “master equation” for py; that reflects the dynamical future
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irrelevance of pjy for the dynamics of py|, as exemplified by Boltzmann’s collision
equation, where p can be defined in terms of p,,.

The physically appropriate relevance concept used to define p,.; may thus change
in time. In such cases, the usual ignorance of microscopic degrees of freedom can be
deterministically transformed into “lacking information” about arising macroscopic
(“relevant”) ones — such as the positions of droplets formed during a condensation
process. This happens, in particular, in symmetry-breaking phase transitions, or in
measurements of microscopic variables (but these processes assume a completely
new form in quantum theory). Strictly speaking, only the complete ensemble
entropy, measured by the mean logarithm of p itself (without any coarse-graining),
is conserved under deterministic equations of motion. Physical entropy is usually
defined not to include that part which represents lacking information about macro-
scopic variables, but rather as a function of them. However, the transformation of
physical entropy into entropy of lacking information about variables that are usually
assumed to be “physically given” cannot be used in a cyclic process to construct a
perpetuum mobile of the second kind [6,7]. Although the formal entropy of lacking
information is in general thermodynamically negligible, it may become essential for
fundamental considerations — such as those involving Maxwell’s demon. While the
precise definition of entropy (its specific relevance concept or Zwanzig projection)
is in principle a matter of convenience, the initial cosmic low-entropy condition that
would “cause” an arrow of time must represent a specific property of the universe,
and its precise nature should therefore be revealed.

The robustness of macroscopic properties together with the retardation of all
correlations between them means that there are many redundant macroscopic
“documents” (including fossils and personal memories) about the macroscopic past.
The latter is therefore said to be “overdetermined” by the macroscopic present or
future [8]. It appears fixed because it could not have been different if just one
(or a few) documents were found to be different. Precisely this consistency of
the documents makes them trustworthy and distinguishes them from mere chance
fluctuations with the same low value of physical entropy. Julian Barbour has called
states that contain consistent documents (regardless of their causal origin) “time
capsules” [9]. Since conventional concepts of physical entropy are local (based on
an entropy density), they cannot distinguish between consistent and inconsistent
documents. An evolved (‘“historical”) state has much lower statistical probability
than indicated by its physical entropy, and this fact may rule out Boltzmann brains
for being “statistically unreasonable” (see Sect. 3.5 of TD).

In most cosmological models, the low-entropy initial condition is represented
by a “simple” state of high symmetry — very different from a later state of still
low but larger entropy that describes complexity and dynamical order as it exists
in organisms, for example. While an exactly symmetric state could not evolve
into an asymmetric one by means of symmetric and deterministic laws, a state
consisting of classical particles cannot be exactly (microscopically) homogenous:
the information capacity of a single continuous variable is infinite, and any exact
value of a spatial variable would violate homogeneity. Nonetheless, a Laplacean
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universe that is symmetric after appropriate coarse-graining may determine all later
arising complexity.

While, in a laboratory situation, thermal equilibrium normally requires macro-
scopically homogeneous ensembles, such states are still extremely improbable
(and hence unstable) in self-gravitating systems. Gravitating stars and galaxies,
for example, possess negative heat capacity: they become hotter and denser when
losing energy (see Sect. 5.1 of TD). Classically, this negative heat capacity would
even be unbounded. Therefore, the initial homogeneity of the universe is a major
candidate for the specific low entropy condition that characterizes this universe.
Roger Penrose has formulated this condition in general relativity by postulating
a vanishing Weyl tensor on all past singularities. This source-free part of the
spacetime curvature tensor can be interpreted as representing gravitational radiation.
The Weyl condition would thus mean that all gravitational radiation must be retarded
(possess sources in its cosmic past that begins at the singularity). An analogous
condition had been proposed for electromagnetic radiation by Planck in a debate
with Boltzmann, and later by Ritz in a debate with Einstein. However, because of
the weak coupling of gravity to matter, the Weyl tensor condition cannot similarly
be explained by the thermodynamic properties of absorbing matter. It may then itself
establish the causal nature of the universe, that is, be responsible for the absence of
future-relevant early correlations.

3 The Arrow in Quantum Theory and Quantum Cosmology

Although the quantum formalism of irreversible processes is formally quite analo-
gous to its classical counterpart (see Sect. 4.1 of TD), there are at least three genuine
quantum aspects that are important for the arrow of time: (1) the superposition
principle, (2) a quantum indeterminism of controversial origin — often described by a
collapse of the wave function, and (3) quantum nonlocality — a specific consequence
of (1).

The superposition principle allows exactly symmetric elementary states for all
kinds of symmetries. Such symmetric states may then form candidates for an
entirely unspecific initial pure state. Although they cannot unitarily evolve into
asymmetric states by means of a symmetric Hamiltonian, they could do so by
means of an appropriate indeterministic collapse of the wave function that does
not obey the principle of sufficient reason. While such a collapse has always to be
used in practice in order to describe measurements or phase transitions in terms of
quantum states, a non-unitary modification of the Schrédinger equation that would
satisfactorily describe it in a general way has never been experimentally confirmed.
Therefore, Everett’s “branching” of the quantum universe (including all observers)
into different autonomous components describing quasi-classical “worlds” must
be taken seriously as forming an alternative — whatever it means. This branching
is objectively specified by an in practice irreversible decoherence process that is
described by the Schrodinger equation.
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While the collapse would define a time-asymmetric law, the time arrow of
decoherence (formation of retarded entanglement) must again arise as a conse-
quence of an initial condition — now for the global wave function. A universally
valid Schrodinger equation would in principle also admit the anti-causal process of
recoherence, but this is very rare under an appropriate initial condition. Although
any initial symmetry of the global state must be conserved under a symmetric
Hamiltonian, a non-entangled (“simple”) symmetric state can evolve into a sym-
metric superposition of many asymmetric Everett branches (independent “worlds”
possessing a complex structure). This subtlety is neglected in many quantum
cosmological models — in particular when other formally arising Everett branches
are simply disregarded for being “meaningless”. Unitarily calculating backwards
in time, however, would require knowledge of all Everett branches or collapse
components (including the unobserved ones) and their phase relations as an input.
While the macroscopic past (“history”) is overdetermined by the present even in
an individual branch, the microscopic past is underdetermined even if all present
branches (in conventional language “possibilities” that could have occurred) were
known independently of one another.

A stochastic collapse by itself (that is, when neglecting the accompanying
decoherence processes) would reduce nonlocal entanglement, since it is usually
defined to select components that factorize in the relevant subsystems (see Sects. 4.6
and 6.1 of TD). This consequence applies as well to the transition into an individual
Everett world that is experienced by local (themselves branching) observers which
are in definite states. Such a dynamical reduction of entanglement is required, in
particular, in order to obtain definite outcomes in measurement-like processes, or to
allow the preparation of pure initial states in the laboratory or during a process of
self-organization.

This indeterministic transition into less entangled states must reduce any physical
entropy measure that is defined by means of a Zwanzig projection of locality (as
required if entropy is to be an extensive quantity). It is here important to recognize
the difference between classical microscopic states, which are local by definition
(that is, they are defined by the states of all their local subsystems), and generically
nonlocal quantum states. Therefore, the physical (local) entropy of a completely
defined (“real”) classical state is minimal (minus infinity), while that of a pure
quantum state is not only non-negative, but in general also much greater than zero
(non-trivial). The permanent creation of uncontrollable quantum entanglement by
decoherence must dominate the creation of physical entropy, which would for large
times lead to those apparent local ensembles (improper mixtures) that represent
thermodynamical equilibrium. It is tacitly used in phenomenological “open systems
quantum mechanics”. The reduction of entropy in a process of symmetry breaking,
on the other hand, is usually very small when compared with thermodynamic
entropy, but it may be cosmologically essential when, for example, it leads to new
Goldstone type particles that usually possess an enormous entropy capacity (see
Sect. 6.1 of TD).

Another novel consequence of quantum theory that regards the arrow of time is
the entropy bound that governs gravitational contraction. It is characterized by the
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Bekenstein—Hawking black hole entropy, given by

kpGM?

” 3)

SBH =4n

for spherical and electrically neutral black holes. Here, G is the gravitational
constant. The fact that Spy is quadratic in the mass M indicates that it must describe
some kind of correlations. According to classical general relativity, spacetime
geometry is regular at the black hole horizon, while there has to be a future
singularity inside. However, the interior cannot causally affect the external region
any more: it must for all times remain in the future of all external observers. This
leaves much freedom for the unknowable physics inside. In particular, quantum
gravity does not allow one to distinguish between past and future singularities any
more (see below). Therefore, one can only postulate a Weyl tensor condition on
all space-like singularities. Such a time-symmetric condition is not only compatible
with all observations — it may even prevent black hole interiors and horizons to form
(thus avoiding any genuine information loss paradox) [10, 11].

Most of these genuine quantum aspects of the cosmic arrow of time have so
far received little attention — perhaps because they seem to depend on the inter-
pretation of the quantum formalism. Cosmological models are mostly presented in
classical terms rather than in terms of quantum states (superpositions). In particular,
arguments based on Feynman’s path integral often replace this integral, which
describes a superposition of paths (precisely equivalent to a wave function [12])
by an ensemble of paths in classical configuration space. Selecting a subensemble
or an individual path from them is nonetheless equivalent to a time-asymmetric
collapse of the wave function. Similar objections apply to tunneling probabilities,
since any decay process must quantum mechanically be described as a coherent
superposition of different decay times as long as the corresponding partial waves are
not irreversibly decohered from one another (thereby letting decay events appear to
be “real” rather than virtual — Sect. 5 of TD).

A consistent quantum description requires that classical general relativity is
replaced by quantum gravity. This does not necessarily require a complete under-
standing of this theory. While the problem of the arrow of time can probably be
finally answered only in an ultimate theory, the meaning and validity of existing
proposals (such as in string theories) have remained highly speculative as yet.
Standard quantization of the canonical form [13] of General Relativity in the
Schrodinger picture, on the other hand, leads to the Wheeler—DeWitt equation (or
Hamiltonian quantum constraint) [14],

Hy =0, “4)

which may be expected to form an effective theory of quantum gravity at “low”
(that is, normal) energies. The wave functional ¥ depends on spatial geometries
and matter fields on arbitrary simultaneities. Since the Schrodinger equation now
takes the form d¥/d¢ = 0, there exists no time parameter any more that could be
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used to formulate a direction in time. This “timelessness” has occasionally been
regarded as a severe blow to this approach, although it must apply to all quantum
theories that are reparametrization invariant in their classical form. However, the
physical concept of time — and even its arrow — can be recovered and understood in
a satisfactory way under very reasonable assumptions [15, 16].

The first important observation for this purpose is that the Wheeler—DeWitt
equation for Friedmann type universes is globally of hyperbolic type, with a time-
like variable o := In a, where a is the cosmic expansion parameter [17-20]. This
fact defines an intrinsic “initial” value problem in « or a, for example at the big bang
(¢ = —o0), which would in configurations space be identical with a big crunch. The
Wheeler—-DeWitt equation is drastically asymmetric under a change of sign of «,
thus suggesting an asymmetric solution without explicitly postulating it by means
of asymmetric boundary conditions. The second step for recovering conventional
time is a Born—Oppenheimer expansion in terms of the inverse Planck mass, which
equals 1.3 x 10" proton masses [21,22]. This mass characterizes all geometric
degrees of freedom. The expansion leads to an approximately autonomous evolution
of partial Wheeler—-DeWitt wave functions for the matter degrees of freedom along
WKB trajectories that are defined in most regions of the configuration space of
geometries. This is analogous to the adiabatic evolution of electron wave functions
along classical orbits of the heavy nuclei in large molecules. This evolution has
precisely the form of a time-dependent Schrodinger equation (plus very small
corrections) [23]. The concept of time recovered in this way represents arbitrary
time coordinates for all possible foliations, and independently for all dynamically
arising quasi-classical spacetimes (branches).

Note that this WKB approximation does not by itself justify an ensemble of
trajectories, since it preserves the global superposition that they form. Similarly,
small molecules (for which the positions of nuclei are not decohered to become
quasi-classical variables) are known to exist in energy eigenstates (wave functions)
in spite of the validity of the Born-Oppenheimer approximation. However, since
observers would also possess different states in the different autonomous partial
waves for the universe, they can observe only their own “branch” as an apparently
evolving quantum world. The global intrinsic dynamics would be required, though,
in order to dynamically derive the initial conditions for all partial Schrodinger wave
functions that have to be used in the WKB region of geometry (at some distance
from the big bang).

According to arguments used in loop quantum cosmology, the Wheeler—DeWitt
equation (in this theory replaced by a difference equation with respect to a) can
be continued through a = 0 to negative values of a [24, 25]. The configuration
space of three-geometries is in this way duplicated by letting the volume measure
assume negative values (turning space “inside out” while going through a = 0).
Since the Hamiltonian does not depend on the newly invented sign of a, however,
the Wheeler—DeWitt wave function must be expected to be symmetric under this
parity transformation, too, in the absence of any artificial boundary condition. Its
continuation would then have to be interpreted as an enlarged superposition of
components that are all individually experienced as expanding universes. Since their
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WKB times, which represent classical times, can not be continued through a = 0,
where the WKB approximation breaks down, the interpretation of negative values of
a as representing pre-big-bang times is highly questionable. The fundamental arrow,
including its consequence of decoherence with respect to a even outside the validity
of a WKB approximation, must depend on some low entropy (no entanglement)
“initial” condition in this time-like variable for all other (“spacelike”) degrees of
freedom that occur as physical arguments of the Wheeler—-DeWitt wave function. It
would be hard to understand how the low entropy state at @ = 0 could have been
“preceded” by an even lower entropy at @ < 0 in order to avoid a reversal of the
thermodynamical arrow in the classical picture of an oscillating universe.

In spite of the success in recovering physical time for the autonomous Everett
branches that represent quasi-classical spacetimes, “timelessness” has recently
become a hot issue that is based on some severe misunderstandings. It has even
been used as a motivation to present obscure and speculative solutions to this non-
existing problem. I will, therefore, now give a brief review of different concepts of
timelessness that have been discussed and confused in this connection.

4 A Brief History of Timelessness

Newton described planetary motions in the form r(¢), ¢(¢) that required a concept
of absolute time. He concluded from his laws, that absolute time ¢ can be read from
appropriate clocks, such as the rotation of the Earth, « = w¢. Elimination of ¢
from the first two functions leads to Kepler’s orbits r(¢). Similarly, its elimination
from all three functions leads to a clock dependence r(«) and ¢(«). This trivial
elimination of time has recently been used by some authors to argue that one
should “forget time” in all dynamical considerations [26]. However, this argument
completely neglects the fact that it is precisely Newton’s time that simplifies his laws
of motion, as has been clearly emphasized by Henri Poincaré. So, in Newtonian
physics there is a preferred time parameter that could indeed be interpreted as
representing “absolute” time.

The concept of absolute time was not only questioned for philosophical reasons
by Leibniz and Mach, it also lost its empirical justification in general relativity. In
special relativity, absolute time is replaced by an absolute spacetime metric that still
defines path-dependent proper times. According to the principle of relativity, they
control all physical motions in the same preferred way as Newtonian time did in
non-relativistic physics. In particular, local clocks measure proper times along their
world lines, while the spacetime metric is assumed to exist even in the absence of
physical clocks.

In general relativity, the spatial metric defined on arbitrary simultaneities
becomes itself a dynamical object [13] — just as any matter field. Its evolution
gives rise to a succession of spatial curvatures that defines a foliation of spacetime.
It can be parametrized by an arbitrarily chosen time coordinate, but there is no
preferred coordinate or time parameter any more. Barbour has discussed this
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Machian property, which he called timelessness, in great detail, including many
consequences that were historically important [27]. However, the arising metric
still defines proper times for all world lines (Wheeler’s many-fingered time), and the
evolving spatial metric can itself be regarded as a many-fingered physical clock [28].
Although there are many different time-like foliations of the same spacetime, each
one defines a parametrizable succession of states, and this dynamical construction
allows in general the formulation of a unique initial value problem — hence an initial
condition of low entropy. There are also mathematically consistent non-relativistic
Machian (“relational’) theories [29].

The complete absence of any time parameter from the Wheeler—-DeWitt wave
function (genuine timelessness), discussed in the previous section, is a specific
quantum property: it is a consequence of the fact that in quantum theory there
are no trajectories (in configuration space) that could be parametrized. Hence, in
quantum gravity there are no classical spacetimes that could give rise to a time-like
foliation. There is only a probability amplitude for spatial geometries (many-
fingered physical clocks) entangled with matter fields [30]. For the same reason,
the recently proposed concept of “relational observables” [26] is inappropriate,
since it is based on a classical concept of orbits, required to define such relations
between variables. Entanglement describes also the decoherence of macroscopically
different geometries from one another if matter is regarded as an environment to
geometry [15, 16]. Among the parameters characterizing these spatial geometries
is the “intrinsic time” o = In «. It is remarkable that this genuine timelessness
(the inapplicability of any external time parameter) was known before its weaker
classical versions were discussed under this ambitious name. Unfortunately, it
seems to have initially been mostly regarded as a merely formal problem. The
reason may be that early physicists working on quantum gravity did not take
the Wheeler-DeWitt wave function seriously as representing reality. They either
used semi-classical approximations for its interpretation (even where they were
not justified), or they preferred a Heisenberg picture, in which the problem is less
obvious [31].
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