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Preface

This contribution to the Springer Lecture Notes in Physics series is intended to
provide an overview of the confinement problem in non-abelian gauge theory, with
a particular emphasis on the relevance of center symmetry and the lattice for-
mulation, and an introduction to the current research. The book is an expanded and
updated version of lectures and review talks on the confinement problem that
I have presented over the years, particularly at the Schladming Winter School in
2005, and the Cracow School of Theoretical Physics in 2009.

It is a pleasure to thank Maarten Golterman and Štefan Olejník for volunteering
to read a first draft of this manuscript, and for their many helpful suggestions.

San Francisco, April 2010 Jeff Greensite
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Chapter 1
Introduction

The standard model of particle physics, put forward almost forty years ago, has
been so successful at explaining observations that there are few experimental hints,
at least from traditional sources such as accelerator centers, that anything more is
needed. Perhaps this situation will change as new data emerges from the Large
Hadron Collider at CERN; it is, after all, unlikely that the standard model is the
end of the story. The Higgs sector seems a little unnatural, among other things.
There is also a strong CP problem, there are many free parameters, there is no
explanation of dark matter (let alone dark energy) or three fermion generations,
and the theory does not accommodate gravity. A minor adjustment is also required
to allow for neutrino masses. On the other hand, given this adjustment, there is
little reason to doubt the validity of the standard model as a description of all the
known elementary particles, and their interactions, down to a distance scale of at
least 10-15 cm, and there is good reason to admire a theory which can describe
such a wide range of phenomena so economically.

Because of the great importance of the standard model, and the central role it
plays in our understanding of particle physics, it is unfortunate that, in one very
important respect, we don’t really understand how it works. The problem lies in
the sector dealing with the interactions of quarks and gluons, the sector known as
Quantum Chromodynamics or QCD. We simply do not know for sure why quarks
and gluons, which are the fundamental fields of the theory, don’t show up in the
actual spectrum of the theory, as asymptotic particle states. There is wide agree-
ment about what must be happening in high energy particle collisions: the for-
mation of color electric flux tubes among quarks and antiquarks, and the eventual
fragmentation of those flux tubes into mesons and baryons, rather than free quarks
and gluons. But there is no general agreement about why this is happening, and
that limitation exposes our general ignorance about the workings of non-abelian
gauge theories in general, and QCD in particular, at large distance scales.

This book concerns the confinement problem, which deals with the behavior of
gauge theories, and the force which is mediated by gauge fields, at large distances.

J. Greensite, An Introduction to the Confinement Problem,
Lecture Notes in Physics, 821, DOI: 10.1007/978-3-642-14382-3_1,
� Springer-Verlag Berlin Heidelberg 2011
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Historically, the word ‘‘confinement’’ in the context of hadronic physics originally
referred to the fact that quarks and gluons appear to be trapped inside mesons and
baryons, from which they cannot escape. There are other, and possibly deeper
meanings that can be attached to the term, and these will be explored in due
course. Although the confinement problem is far from solved, much is now known
about the general features of the confining force, and there are a number of very
well motivated (although not yet compelling) theories of confinement which are
under active investigation. In this volume I will try to give an overview of the main
ideas in this field, their attractive features, and, as appropriate, their shortcomings.

2 1 Introduction



Chapter 2
Global Symmetry, Local Symmetry,
and the Lattice

Confinement in non-abelian gauge theory involves the idea that the vacuum state is
disordered at large scales; our best evidence that this is true comes from Monte
Carlo simulations of lattice gauge theories. So to begin with, I need to explain
what is meant by

• a disordered state,
• a lattice gauge theory,
• a Monte Carlo simulation.

I also need to explain, since this is a book about the confinement problem, what
is meant by the word ‘‘confinement.’’ That, however, is a surprisingly subtle, and
even controversial issue, which will be deferred to the next chapter.

2.1 Global Symmetry and the Ising Model

Let us begin with the concept of a disordered state, as it appears in the Ising model
of ferromagnetism. We know that certain materials (e.g., iron) can be magnetized
at low temperatures, but above a certain critical temperature, known as the ‘‘Curie
Temperature,’’ the magnetic moment disappears, at least in the absence of an
external field. The tendency to retain a magnetic moment at low temperature is due
to an interaction between neighboring atoms in the solid, whose potential energy is
lowered if the magnetic moments of the neighboring atoms are aligned. The Ising
model is a simplified picture of this situation. We imagine that the solid is a cubic
array of atoms, and that each atom can be in one of two physical states: ‘‘spin up’’
or ‘‘spin down,’’ with the magnetic moment oriented in the direction of the spin.
The Hamiltonian of the Ising model is

H ¼ �J
X

x

XD

l¼1

sðxÞsðxþ l̂Þ; ð2:1Þ
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where s(x) = 1 represents an atom at point x with spin up, s(x) = -1 represents
spin down, and J is a positive constant.

At low temperatures, in any dimension D [ 1, the system tends to be in an
‘‘ordered state,’’ meaning that most spins tend to point in the same direction. The
magnetization (average s(x)) is non-zero. At high temperatures the system is in a
‘‘disordered state,’’ in which the average spin is zero, corresponding to a vanishing
magnetization. According to the usual principles of statistical mechanics, the
probability of any given spin configuration {s(x)} at a particular temperature T is

Prob½fsðxÞg� ¼ 1
Z

exp � H

kT

� �
ð2:2Þ

and

Z ¼
X

fsðxÞg
exp b

X

x

XD

l¼1

sðxÞsðxþ l̂Þ
" #

ð2:3Þ

where b:J/kT. Now observe that the Hamiltonian H[{s(x)}], and the probability
distribution Prob[{s(x)}], are left unchanged by the transformation of each spin by

sðxÞ ! s0ðxÞ ¼ zsðxÞ where z ¼ �1: ð2:4Þ

Although the transformation with z = +1 does nothing to the spins, we include it
because the two transformations {1, -1} together form a group, known as Z2. The
operation (2.4) is called a ‘‘global’’ transformation, because every spin s(x) at
every location x is transformed in the same way, by the same factor z.

Now it is obvious that the probability distribution is invariant with respect to the
global Z2 transformations, i.e., Prob[{s(x)}] = Prob[{zs(x)}], and therefore the
average spin

hsi ¼
X

fsðxÞg

1
Nspins

X

x0
sðx0Þ

 !
Prob½fsðxÞg� ð2:5Þ

must equal zero. After all, to any given spin configuration {s(x)} contributing to
the sum, with some average spin sav, there is another configuration with spins
{-s(x)}, with average spin -sav, which contributes with exactly the same prob-
ability. From this argument, it would appear that magnets are impossible. And in a
sense that’s true . . . permanent magnets, permanent at a finite temperature for
infinite time, are impossible! Suppose spins are aligned, at some low temperature,
with sav [ 0. There will be small thermal fluctuations, and the sav will vary a little
from configuration to configuration, but in general, at low temperatures, sav will be
positive for a very long time. A thermal fluctuation which would flip enough spins
so that sav becomes negative is very unlikely. Nevertheless, providing the number
of spins Nspins is finite, and we wait long enough, at some point one of these vastly
unlikely fluctuations will occur, and then sav will be negative, again for a very,
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very long, yet finite time. Averaged over sufficiently long time scales, the mean
magnetization is zero. But the time between such large fluctuations grows expo-
nentially with the number of spins, and for real ferromagnets of macroscopic size
the time between flipping the overall magnetic moment, just by thermal fluctua-
tions, would certainly exceed the age of the universe.

So using (2.5) gives a result which is formally correct at low temperatures, yet
wrong for all ‘‘practical’’ purposes. It is therefore useful to introduce an external
magnetic field h

Hh ¼ �J
X

x

XD

l¼1

sðxÞsðxþ l̂Þ � h
X

x

sðxÞ

Zh ¼
X

fsðxÞg
exp½�Hh=kT �

ð2:6Þ

so that hsi 6¼ 0 at any temperature, and then consider what happens in the pair of
limits where we take first the volume (number of spins) infinite, and then reduce
h to zero

m ¼ lim
h!0

lim
Nspins!1

1
Zh

X

fsðxÞg

1
Nspins

X

x0
sðx0Þ

 !

� exp b
X

x;l

sðxÞsðxþ l̂Þ þ h

kT

X

x

sðxÞ
" #

:

ð2:7Þ

In this pair of limits, done in the order shown, it is possible that m ¼ hsi 6¼ 0:
When this is the case, we say that the Z2 global symmetry is ‘‘spontaneously
broken.’’ The term means that despite the invariance of the Hamiltonian, an
observable (such as average magnetization) which is not invariant under the
symmetry can nevertheless come out with a non-zero expectation value. At high
temperatures, even in the limits shown, the magnetization m vanishes. In that case
we say that the Z2 symmetry is unbroken, and the spin system is in the symmetric
phase. In general, in the unbroken symmetry phase, the symmetry of the Hamil-
tonian is reflected in the expectation values: the expectation value vanishes for any
quantity which is not invariant with respect to the symmetry group. In the broken
phase, non-invariant observables can have non-zero expectation values in the
appropriate infinite volume limit.

We also say that the low-temperature, broken phase is an ‘‘ordered’’ phase, while
the high-temperature, symmetric phase is the ‘‘disordered’’ phase. In the case of the
Ising model, the term ‘‘order’’ obviously refers to the fact that the spins are not
randomly oriented, but point, on average, in one of the two possible directions. This is
not true in the disordered phase, although if a given spin in a typical configuration is
pointing up, its immediate neighbors are more likely to point up than down. This
correlation, however, falls off exponentially with distance between spins. The
quantitative measure is provided by the correlation function of the spins at two sites,
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loosely denoted ‘‘0’’ and ‘‘R,’’ which are a distance R apart in units of the inter-atomic
spacing. The correlation function is defined as

GðRÞ ¼ hsð0ÞsðRÞi

¼ 1
Z

X

fsðxÞg
sð0ÞsðRÞ exp b

X

x;l

sðxÞsðxþ l̂Þ
" #

:
ð2:8Þ

In the disordered phase GðRÞ� exp½�R=l�, where length l is known as the
‘‘correlation length.’’ In the ordered phase, GðRÞ ! m2 as R!1. It turns out
that in D = 1 dimension, a spin system is in the disordered phase at any finite
temperature; there is no phase transition between an ordered and a disordered
phase, i.e., no non-zero Curie temperature. The symmetry-breaking transition
makes its appearance for any dimension greater than one.

The existence of (at least) two phases, broken and unbroken, ordered and
disordered, is characteristic of the statistical mechanics of most many body
Hamiltonians that are invariant under some global symmetry.

2.2 Gauge Invariance: the Unbreakable Symmetry

The spin system which was just described is an example of a lattice field theory.
The number of dynamical degrees of freedom (spins, in the Ising model) is dis-
crete; each field component interacts with only a few neighbors, and they are
usually (but not always) arranged on a square, cubic, or hypercubic lattice, in
D = 2, 3, 4 dimensions, respectively, as illustrated in Fig. 2.1 for D = 3 dimen-
sions. The points of the lattice are known as sites, the lines joining neighboring
sites are links, and, on a hypercubic lattice, the little squares joined by four
connecting links are known as plaquettes.

A gauge transformation is a position-dependent transformation of the degrees
of freedom, in which the transformation can be chosen independently at each site.

Fig. 2.1 A lattice is a
discretization of spacetime.
Gauge fields are associated
with the links between lattice
sites

6 2 Global Symmetry, Local Symmetry, and the Lattice



The trick is to associate the dynamical degrees of freedom with the links of the
lattice, while the gauge transformation is specified at each site. A link can be
uniquely specified by a lattice site x and direction l; the link then runs between
sites x and xþ l̂: The Hamiltonian for the gauge-invariant Ising model, also
known as Z2 lattice gauge theory, is

H ¼ �J
X

x

XD�1

l¼1

XD

m[ l

slðxÞsmðxþ l̂Þslðxþ m̂ÞsmðxÞ: ð2:9Þ

The sum is over all plaquettes (Fig. 2.2), and the quantity which is summed is
the product of spin variables on links around each plaquette. This Hamiltonian is
invariant under the gauge transformation of each link variable sl(x) by

slðxÞ ! zðxÞslðxÞzðxþ l̂Þ; ð2:10Þ

where the z(x) = ±1 can be chosen independently at each site; i.e., gauge
transformations are local transformations, and gauge symmetry is a local sym-
metry. The local Z2 gauge symmetry is vastly larger than the global Z2 symmetry
of the Ising model, and this huge expansion of the symmetry can be shown to have
the following consequence [1]:

Elitzur’s Theorem A local gauge symmetry cannot break spontaneously. The
expectation value of any gauge non-invariant local observable must vanish.

This means there is no analog of magnetization; e.g., the expectation value of a
spin on a link hslðxÞi is zero, even if we introduce an external field h (which
explicitly breaks the gauge symmetry) and then carefully take first the infinite
volume, and then the h! 0 limits. We must look, instead, to gauge-invariant
observables, which are unaffected by gauge transformations. These can be con-
structed by taking the product of spins on links around a closed loop C, known as a
‘‘Wilson loop’’1

i
x x + i

x + k i

s (x)k
k

s (x)i

s (x+i)

s (x+k)

k

Fig. 2.2 A plaquette is the
smallest loop on the lattice.
The gauge field action is
proportional to a product of
link variables around each
plaquette, summed over all
plaquettes

1 The construction was first introduced by Wegner [2].
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WðCÞ ¼
Y

ðx;lÞ2C

slðxÞ
* +

: ð2:11Þ

The product of link variables around a plaquette, found in the gauge-invariant
Hamiltonian (2.9), is just a particular example of a Wilson loop.

We can generalize the Z2 construction to any symmetry group G, just by
choosing link variables which are elements of G. Choosing G to be SU(3), or
SU(2) 9 U(1), we obtain the action of the gauge sector of the strong or electro-
weak interactions, in a discretized spacetime which allows for numerical simu-
lations. A simple example is G = U(1), and the corresponding gauge theory is
known as compact QED. In this example the link variables are elements of the
U(1) group

UlðxÞ ¼ exp½iaeAlðxÞ�; AlðxÞ 2 �
p
ae
;
p
ae

h i
; ð2:12Þ

where a is the lattice spacing, i.e., the distance (in meters, fermis, parsecs, or
whatever) between neighboring sites on the lattice, and e is the unit of electric
charge. The probability distribution of lattice gauge field configurations is

Prob½fUlðxÞg� ¼
1
Z

e�S½U�; ð2:13Þ

where S[U] is known as the ‘‘Euclidean action’’ (to be explained below), and is
given by

S½U� ¼ � b
2

X

x;l\m

UlðxÞUmðxþ l̂ÞU�lðxþ m̂ÞU�m ðxÞ þ c.c. ð2:14Þ

It is customary to associate the link variable Ul(x) with a line running from site
x to site xþ bl in the positive l-direction, and the complex conjugate Ul

*(x) (or, for
matrix-valued variables, the Hermitian conjugate UylðxÞ), with a line running from
site xþ bl to x in the negative l-direction, as shown in Fig. 2.3. In that case the
product of link variables shown in (2.14), and its complex conjugate, can be
visualized as Wilson loops running along the same plaquette in opposite direc-
tions. The Euclidean action S[U] is invariant under local gauge transformations of
the form

UlðxÞ ! eihðxÞUlðxÞe�ihðxþl̂Þ; ð2:15Þ

where the set of transformations gðxÞ ¼ exp½ihðxÞ� belongs to the compact U(1)
gauge group. To see why this theory is called compact QED, make the Taylor
expansion

UlðxÞ ¼ 1þ iaeAlðxÞ �
1
2

a2e2A2
lðxÞ þ � � � ð2:16Þ
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Keeping terms in the action to lowest order in lattice spacing (and dropping an
irrelevant constant)

S ¼ b
2

X

x

a4e2
X

l\m

Amðxþ l̂Þ � AmðxÞ
a

� Alðxþ m̂Þ � AlðxÞ
a

� �2

: ð2:17Þ

Identifying b = 1/e2, we obtain in the limit a! 0, known as the ‘‘continuum
limit,’’

S ¼
Z

d4x
1
4

FlmFlm; ð2:18Þ

where Flm is the standard field strength of electromagnetism. However, in the
action S the repeated indices are simply summed over, rather than contracted
with a Minkowski metric. That is why S is termed a Euclidean action. It is
obtained from the usual action of electromagnetism by rotating the time axis
in the complex plane t! it (it is also necessary to rotate the time component
of the vector potential, i.e., A0 ! �iA0). This is called a ‘‘Wick rotation,’’ and
it essentially takes the metric from Minkowski to Euclidean space. In the
continuum limit, the gauge transformation (2.15) is equivalent to the familiar
form

AlðxÞ ! AlðxÞ �
1
e
olhðxÞ: ð2:19Þ

These constructions are readily generalized to non-abelian groups of interest,
SU(2) and SU(3) in particular. For example, SU(2) is the group of 2 9 2
unitary matrices of determinant one. We let the link variables be elements of
this group

UlðxÞ ¼ eiagAlðxÞ

¼ b012 þ ib � r; b2
0 þ b � b ¼ 1;

ð2:20Þ

U

x+kx

k+xx

k
(x)U

(x)
k

Fig. 2.3 A gauge field variable Ul(x) is represented graphically by a directed line joining points
x and xþ l̂ in the positive l-direction. The hermitian conjugate UylðxÞ is represented by a line
joining the same points, but in the opposite direction
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where Al(x) is a 2 9 2 Hermitian matrix

AlðxÞ ¼ Aa
lðxÞ

ra

2
; ð2:21Þ

and the {ra, a = 1, 2, 3} are the three Pauli spin matrices. The Euclidean action

S ¼ � b
2

X

x;l\m

Tr½UlðxÞUmðxþ l̂ÞUylðxþ m̂ÞUymðxÞ� ð2:22Þ

is invariant under SU(2) gauge transformations

UlðxÞ ! GðxÞUlðxÞGyðxþ l̂Þ; G 2 SUð2Þ: ð2:23Þ

SU(2) is a bit special, in the sense that the trace of any group element is real.
The generalization to an SU(N) gauge theory is simply to take the real part of the
trace, i.e.,

S ¼ � b
2N

X

x;l\m

Tr½UlðxÞUmðxþ l̂ÞUylðxþ m̂ÞUymðxÞ� þ c.c.
n o

: ð2:24Þ

This is known as the Wilson action.
Once again, if we expand Ul(x) in powers of Al(x), let b = 2N/g2, and keep

only terms which survive in the a! 0 limit, we obtain

S ¼
Z

d4x
1
2

Tr½FlmFlm�; ð2:25Þ

where this time Flm(x) is the non-abelian field strength

Flm ¼ olAm � omAl � ig½Al;Am�; ð2:26Þ

and the lattice gauge transformation (2.23) goes over to the continuum gauge
transformation

AlðxÞ ! GðxÞAlðxÞGyðxÞ �
i

g
GðxÞolGyðxÞ; ð2:27Þ

with G(x) an element of the gauge group.

2.3 The Monte Carlo Method

I have already mentioned that the lattice action S is a Euclidean action; spacetime
indices are contracted with a Kronecker delta, rather than a Minkowski space
metric. This Euclidean space formulation has a great advantage: the field theory
can be regarded as a statistical (rather than quantum) system, and this lends itself
to a powerful method of numerical simulation known as the lattice Monte Carlo
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method. Before describing that method, it is important to understand how a sim-
ulation in Euclidean space can yield results which are relevant to the corre-
sponding quantum field theory in Minkowski space.

The connection between the Euclidean path integral, and the Minkowski space
Hamiltonian operator H, is provided by the following relation: Suppose Qt is some
observable which depends on the fields at a fixed time t. Then

hQyt2 Qt1i ¼
1
Z

Z
DAQyt2 Qt1 e�S

¼ hW0jQye�Hðt2�t1ÞQjW0i;
ð2:28Þ

where the second line is an operator expression, with W0 the ground state of
Hamiltonian H. With the help of this relation, it becomes possible to calculate
properties of the Minkowski space theory, e.g., the low-lying spectrum, and the
potential energy between static charges, from the lattice theory formulated in
Euclidean space.

In a lattice Monte Carlo calculation, the idea is to replace the integral over all
configurations {Ul(x)}, weighted by the probability distribution (2.13), by an
average over a finite set of sample lattice configurations {U(n), n = 1, 2, ... , Nconf},
i.e.,

hQi ¼
Z

DUQ½U� 1
Z

e�S½U�

	 1
Nconf

XNconf

n¼1

Q½UðnÞ�;
ð2:29Þ

where the sample configurations are generated stochastically, with probability
weighting Prob fUlðxÞg

� �
� exp �S U½ �½ �:

There are various ways to generate configurations with the desired probability
weighting. The simplest and most general is known as the ‘‘Metropolis algo-
rithm,’’ and the procedure is the following: Start with any convenient lattice
configuration, e.g., all link variables set to the unit element. Sweep through the
lattice link by link. At each link choose at random an element of the gauge group,
denoted U0, as a possible replacement for the existing link variable. Calculate the
change DS in the action, if link variable Ul(x) were replaced by U0. Then

1. If DS B 0, set Ul(x) = U0.
2. Otherwise, for DS [ 0, use a standard random number generator to obtain a

pseudo-random number x, in the interval [0, 1] with uniform weighting.
If x \ exp[-DS], set Ul(x) = U0. Otherwise, leave the link variable unchanged,
and go on to the next link.

It can be shown that by iterating this procedure, one can generate as many
lattice configurations as one likes with the desired probability weighting. Then any
observable, such as a Wilson loop, can be averaged over the Nconf sample con-
figurations to give an estimate of the expectation value. The statistical error
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inherent in this procedure goes down as 1=
ffiffiffiffiffiffiffiffiffiffi
Nconf

p
: While the Metropolis algo-

rithm is easy to explain and easy to implement, it is often not the most efficient
method in practice. For the more sophisticated algorithms which are used in
modern, large-scale lattice Monte Carlo calculations, the reader should consult,
e.g., the text by DeGrand and DeTar [3].

We can use the expectation value of Wilson loops, computed in the Euclidean,
statistical theory, to determine the interaction energy of two static, color-charged
sources in the Minkowski space quantum theory. This interaction energy is known
as the static quark potential, whether or not the sources are massive quarks.
Consider, e.g., adding a massive scalar field to the gauge theory in D-dimensions,
with action

Smatter ¼ �
X

x;l

/yðxÞUlðxÞ/ðxþ l̂Þ þ c.c.
� �

þ
X

x

ðm2 þ 2DÞ/yðxÞ/ðxÞ: ð2:30Þ

This action is gauge invariant, given that the scalar field transforms as /ðxÞ !
GðxÞ/ðxÞ: Let Qt be an operator which creates a gauge invariant particle–anti-
particle state at time t

Qt ¼ /yð0; tÞUið0; tÞUið̂ı; tÞUið2̂ı; tÞ. . . UiððR� 1Þ̂ı; tÞ/ðR̂ı; tÞ: ð2:31Þ

For m2 
 1 the one-link term in Smatter can be treated as a small perturbation.
In this limit it is straightforward to integrate over / in the functional integral, and
we find, to leading order in 1/m2

hQyT Q0i ¼ const.� hTr½UUUU. . . UUU�Ci; ð2:32Þ

where [UUU. . . U]C represents an ordered product of link variables (either U or
Uy), running counterclockwise around a rectangular R 9 T contour C, with the
convention shown in Fig. 2.3. The trace of this quantity is a gauge-invariant
Wilson loop, with expectation value denoted W(R, T). The brackets h. . .i in this
case denote the expectation value of the observable in the gauge theory with no
matter field, and the constant is O(m-4(T+1)).2 On the other hand, in the operator
formalism we also have

hQyT Q0i ¼
P

nmh0jQyjnihnje�HT jmihmjQj0i
h0je�HT j0i

¼
X

n

jcnj2e�DEnT

� e�DEminT as T !1;

ð2:33Þ

2 This leading-order (in 1/m2) result is obtained by neglecting the one-link term in Smatter

everywhere except along the time-like links from t = 0 to t = T, at x = 0 and x = R. On these
links, expand exp½/yU0/þ h.c.� 	 1þ /yU0/þ h.c.. Integration over the scalar field then
yields the result (2.32).
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where the sum is over all energy eigenstates of the Hamiltonian containing two
static charges at the given locations, and DEn is the difference in energy of the nth
excited state and the vacuum. The minimal energy state containing two static
charges, with energy difference DEmin, dominates the expectation value at large T,
and this energy difference is also (apart from R-independent self-energy terms) the
interaction energy between the static color-charged sources. Therefore, the rela-
tionship between the static quark potential V(R) and the expectation value of the
rectangular Wilson loop is

WðR; TÞ� e�VðRÞT ðas T !1Þ: ð2:34Þ

2.4 Possible Phases of a Gauge Theory

Elitzur’s theorem tells us that gauge symmetries do not break spontaneously, in the
sense that any local, gauge non-invariant observable that could serve as an order
parameter must have a vanishing expectation value. There is, nonetheless, a
qualitative distinction between different phases of a gauge theory, based on the
behavior of large Wilson loops. Let us again consider a large rectangular
R 9 T loop, with T 
 R: There are three possibilities:

• Massive phase. The potential is of the Yukawa type

VðRÞ ¼ �g2 e�mR

R
þ 2V0; ð2:35Þ

where V0 is a self-energy term, and the Wilson loop falls off at R [ 1/m as exp(-
2V0T). For a generic, non self-intersecting planar loop C, of extension 
 1=m;

WðCÞ� exp½�V0PðCÞ�; ð2:36Þ

where P(C) is the perimeter of loop C.
• Massless phases. The potential has the form [4, 5]

VðRÞ ¼ � g2ðRÞ
R
þ 2V0; ð2:37Þ

and the rectangular loop falls off as exp½�2V0T þ g2ðRÞT=R�. The effective cou-
pling g2(R) can go to a constant (Coulomb phase), or, in gauge theories with
massless matter fields, it may decrease logarithmically (free electric phase), or
increase logarithmically (free magnetic phase), depending on the type of massless
particles in the spectrum. For R
 V�1

0 ; the Wilson loop again has a perimeter-law
falloff.
• Magnetic disorder phase. The potential is asymptotically linear

VðRÞ ¼ rRþ 2V0: ð2:38Þ

2.3 The Monte Carlo Method 13



Then the Wilson loop falls off asymptotically as exp½�rRT � 2V0T�: More gen-
erally, for a planar non self-intersecting loop with minimal area A(C) and
perimeter P(C),

WðCÞ� exp½�rAðCÞ � V0PðCÞ�; ð2:39Þ

and there is an area-law type of falloff.

The term ‘‘magnetic disorder’’ is a terminology inspired by electromagnetism.
Consider any lattice (or continuum) gauge theory, based on an abelian gauge
group. Let C be a planar loop, whose minimal area A(C) is subdivided into a set
{Ci} of n smaller loops, each of area A0 as shown in Fig. 2.4. If the orientations of
the loops are chosen so that neighboring contours run in opposite directions, it is
easy to see that

UðCÞ ¼
Yn

i¼1

UðCiÞ: ð2:40Þ

Now suppose that if the subareas {Ai
0
} are large enough, the expectation value

of the product of loops is equal to the product of expectation values, i.e.,

Yn

i¼1

UðCiÞ
* +

¼
Yn

i¼1

hUðCiÞi: ð2:41Þ

In that case,

WðCÞ ¼ hUðCÞi
¼ exp½�rAðCÞ�;

ð2:42Þ

C

C C

C

1 2

n

...

...

Fig. 2.4 Subdivison of the
minimal area of a large loop
C into smaller areas bounded
by loops {Ci}. In an abelian
gauge theory, the Wilson loop
around C is the product of
Wilson loops around the {Ci}
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where

r ¼ � loghUðCiÞi
A0

: ð2:43Þ

If we consider varying the size and number of the subloops Ci, it is clear that, so
long as the factorization property (2.41) holds, consistency requires that the string
tension r in (2.43) is independent of the subloop area A0.

The relationship (2.40), for the U(1) gauge group, is simply a consequence of
Stokes Law, since, in the continuum limit, for a planar loop in, e.g., the ij plane

UðCÞ ¼ exp ie

I

C
dxkAkðxÞ

� �

¼ exp ie

Z
dSCFij

� �
;

ð2:44Þ

where the second integration runs over the minimal area of the loop. Then (2.40)
follows from the fact that

Z
dSCFij ¼

X

n

Z
dSCn Fij: ð2:45Þ

If i, j are spacelike directions, then in 3 ? 1 dimensions the integrals over SCn just
give the magnetic flux passing through the area of the loop Cn.

It is Stoke’s Law, in the abelian theories, that tells us that the product of smaller
Wilson loops equals the single larger Wilson loop (2.40). The statement that the
expectation value of the product of smaller loops is equal to the product of
expectation values in (2.41) goes beyond Stoke’s Law, and translates into the
statement that if the minimal area A0 is large enough, then the magnetic fluxes
through the loops in the set {Ci} are completely uncorrelated. This is the property
which leads to an area law falloff for Wilson loops, and which motivates the term
‘‘magnetic disorder.’’

For non-abelian gauge groups, the Stokes law is not so simple (it exists, in fact,
in several inequivalent versions, cf. [6–9]), but still boils down to the fact that a
large planar Wilson loop can be expressed as the product of Wilson loops over
smaller subareas.3

In D = 2 dimensions it is easy to demonstrate that the only phase that exists is
the magnetically disordered phase, for any lattice action of the form (2.24), and for
any gauge group. Take the Z2 gauge theory for simplicity, with

3 One approach, based on the non-abelian Stokes Law, derives an area law for a large Wilson
loop from an assumed finite range behavior of field strength correlators, which means that field
strengths are uncorrelated, i.e. disordered, at sufficiently large separations. This ‘‘field correlator’’
approach to magnetic disorder has been pursued by Simonov and co-workers [10].
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S ¼ �b
X

p

sðpÞ

sðpÞ ¼ s1ðxÞs2ðxþ 1̂Þs1ðxþ 2̂Þs2ðxÞ;
ð2:46Þ

where the sum is over all plaquettes p defined on a rectangular lattice of Np

plaquettes, with free, rather than periodic boundary conditions.4 We use the fact
that, for s(p) the product of links around a plaquette p,

exp½bsðpÞ� ¼ coshðbÞ þ sðpÞ sinhðbÞ; ð2:47Þ

and
X

sl¼�1

sl ¼ 0;
X

sl¼�1

1 ¼
X

sl¼�1

s2
l ¼ 2: ð2:48Þ

Then for a loop C enclosing a region S of area A(C)

WðCÞ ¼
P

slðxÞ
Q
ðx0;l0Þ2C sl0 ðx0Þ

	 
Q
p coshðbÞ þ sðpÞ sinhðbÞð Þ

P
slðxÞ

Q
p coshðbÞ þ sðpÞ sinhðbÞð Þ : ð2:49Þ

The only terms which survive in the numerator and denominator have either zero
or an even number of link variables at each link, i.e.,

numerator ¼
X

slðxÞ

Y

ðx0;l0Þ2C

sl0 ðx0Þ

0
@

1
A
Y

p

coshðbÞ þ sðpÞ sinhðbÞð Þ

¼
X

slðxÞ

Y

ðx0;l0Þ2C

sl0 ðx0Þ

0

@

1

A
Y

p02S

sðp0Þ sinhðbÞ
Y

p 62S

coshðbÞ

¼
X

slðxÞ
sinhðbÞð ÞAðCÞ coshðbÞð ÞNp�AðCÞ

¼ 2Np sinhðbÞð ÞAðCÞ coshðbÞð ÞNp�AðCÞ;

denominatorð¼ ZÞ ¼
X

slðxÞ

Y

p

coshðbÞ þ sðpÞ sinhðbÞð Þ

¼
X

slðxÞ
coshðbÞð ÞNp

¼ 2Np coshðbÞð ÞNp ;

ð2:50Þ

so that

4 The Wilson loop calculation is a little easier in two dimensions with free boundary conditions.
Periodic boundary conditions introduce a correction which is irrelevant for Np large.
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WðCÞ ¼ tanhðbÞð ÞAðCÞ

¼ exp½�rAðCÞ� with r ¼ � log½tanhðbÞ�:
ð2:51Þ

This demonstrates that Wilson loops have an area law falloff, and Z2 lattice
gauge theory is in the magnetically disordered phase, for any value of b[ 0 in
D = 2 dimensions. The calculation for U(1) and SU(N) gauge groups is similar,
with coshðbÞ and sinhðbÞ replaced by other special functions. For abelian gauge
groups such as Z2 and U(1), it is also straightforward to verify the property (2.41);

in the case of Z2 gauge theory both sides of (2.41) equal tanhAðCÞðbÞ. For non-
abelian groups, an expression of the form (2.41) holds, in D = 2 dimensions, for
the product of traces Tr[U(Ci)] of loops.

The underlying reason for magnetic disorder in D = 2 dimensions is the
absence of a Bianchi constraint relating different components of the field strength
tensor. In general, the classical gauge field equations in D = 4 dimensions are of
two sorts. First, there are the genuine equations of motion, which follow from
variation of the action with respect to Al

a

ðDlÞabFb
lm ¼ jam ; ð2:52Þ

where Dl is the covariant derivative

Dab
l ¼ dabol � gf acbAc

l; ð2:53Þ

and jl
a is an external current source. In electromagnetism, where the color indices

a, b are absent, and the covariant derivative is just an ordinary derivative, these
equations of motion are Gauss’s Law and Ampere’s Law. But there are also a set
of conditions on the field strength tensor which follow as identities from the fact
that the field strength is expressed in terms of the 4-vector potential

Fa
lm ¼ olAa

m � omA
a
l þ gf abcAb

lAc
m: ð2:54Þ

These identities are the Bianchi constraint

ðDlÞab�Fb
lm ¼ 0; ð2:55Þ

where *Flm
b is the ‘‘dual’’ field-strength tensor

�Fa
lm ¼

1
2
elmabFaab: ð2:56Þ

In electromagnetism, the Bianchi constraint in D = 4 dimensions consists of
the source-free Maxwell’s equations, i.e., Faraday’s Law plus the condition r �
B ¼ 0: In D = 3 dimensions there is only the condition r � B ¼ 0: In D = 2
dimensions the Bianchi constraint is absent.

Many years ago, Halpern [11] showed that it was possible to change integration
variables in the functional integral from the gauge potentials Al(x) to the field
strength variables Flm, with the result that
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Z ¼
Z

DAl exp �
Z

dDx
1
2

Tr½F2
lm�

� �

¼
Z

DFlmd½IðFÞ� exp �
Z

dDx
1
2

Tr½F2
lm�

� �
;

ð2:57Þ

where I(F) = 0 is the Bianchi constraint, expressed entirely in terms of the
(abelian or non-abelian) field strengths. In this formulation it is clear that the only
thing which correlates the values of the field strength at neighboring points is the
Bianchi constraint. In two dimensions this constraint is absent, and field strengths
fluctuate independently from one point to another. A similar change of variables,
from link to plaquette variables, can be carried out in lattice gauge theory [12],
with the similar result that in two dimensions the plaquette variables fluctuate
independently. Again using Z2 lattice gauge theory as an example, we can use the
gauge freedom to transform some of the link variables to +1:

s1ðxÞ ¼ 1; s2ðx1 ¼ 0; x2Þ ¼ 1: ð2:58Þ

This is a choice of gauge, analogous to the Coulomb or Landau gauge-fixing
conditions in electromagnetism. We may then change variables from the
remaining link variables s2(x) to (an equal number of) plaquette variables
sðpÞ ¼ s2ðxþ 1̂Þs2ðxÞ, so that

Z !
Y

p

X

sðpÞ¼�1

coshðbÞ þ sðpÞ sinhðbÞð Þ; ð2:59Þ

and we see that the probability distribution factorizes into a product of independent
distributions for each plaquette. Using the Stokes Law

Y

ðx0;l0Þ2C

sl0 ðx0Þ ¼
Y

p2S

sðpÞ ð2:60Þ

we can quickly rederive the result for Wilson loops

WðCÞ ¼ 1
Z

Y

p02S

X

sðp0Þ¼�1

sðp0Þ coshðbÞ þ sðp0Þ sinhðbÞð Þ

�
Y

p 62S

X

sðpÞ¼�1

coshðbÞ þ sðpÞ sinhðbÞð Þ

¼ ð2 sinhðbÞÞAðCÞð2 coshðbÞÞNp�AðCÞ

ð2 coshðbÞÞNp

¼ ðtanhðbÞÞAðCÞ:

ð2:61Þ

It is clear in this case that the absence of a correlation among even the smallest
loops (i.e., plaquette variables) is the crucial ingredient which leads to the area-law
expression for Wilson loops of any size. The possibility of changing from link to
plaquette variables, without any additional constraint on the plaquette variables, is
unique to D = 2 dimensions.
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In D [ 2 dimensions, the area law falloff of Wilson loops holds at strong
couplings, i.e., b� 1; the calculation, to leading order in b, gives the same result
as in D = 2 dimensions. At weak couplings, b
 1, the area law certainly does not
hold for small loop areas. This is a good thing; we would not like to end up
predicting a linear potential between positive and negative electric charges in
3 ? 1 dimensions, and in fact one finds that U(1) gauge theory is in the massless
phase in D = 4 dimensions at weak couplings. But the area law falloff has been
found, via Monte Carlo simulations, to hold for sufficiently large loop areas in non-
abelian gauge theories. In the case of the Ising model, the ordered and disordered
phases were distinguished by the breaking of a global Z2 symmetry. Elitzur’s
theorem assures us that the magnetically disordered phase, and the massive/
massless phases, cannot be distinguished by the breaking of the local gauge
symmetry. But is there some other global symmetry which would serve this
purpose? We will turn to this issue in the next chapter.
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Chapter 3
What is Confinement?

What is meant by the word ‘‘confinement’’?
Most efforts aimed at proving (or at least understanding) confinement attempt to

show that the potential energy between a static quark–antiquark pair (the static
quark potential), grows linearly with the separation between the quarks. In other
words, since a linear potential is associated with an area-law falloff for Wilson
loops, the aim is to show that SU(3) gauge theory in D = 4 dimensions is in the
phase of magnetic disorder. But if, by the word ‘‘confinement,’’ we mean that there
is a static quark potential which rises indefinitely with quark separation, then by
this definition QCD is not confining, because the static quark potential must
eventually go flat due to a process, described below, known as ‘‘string breaking.’’

For this reason, since all of the known hadrons are singlets under the SU(3)
color group, many people prefer to define confinement as the absence of color
charged asymptotic particle states. This defines confinement as ‘‘color confine-
ment.’’ Although this definition ties in very well with the historical understanding
of confinement as the absence of free quarks, it has its own problems if taken
seriously. The difficulty is that the asymptotic particle states of a gauge-Higgs
theory, where the forces are all Yukawa-like and the dynamics something like the
weak interactions, are also color singlet states. So if by ‘‘confinement’’ we mean
color confinement, then Higgs theories are also confining.

Before settling on a choice of terminology, at least for the purposes of this
book, it is useful to understand why a linear static quark potential is believed to be
relevant to QCD, why that potential must ultimately level off, and how we know
that the spectrum of a Higgs theory consists only of color singlets.

3.1 Regge Trajectories, and the Spinning Stick Model

What is special about the dynamics of QCD, as opposed to, e.g., the electroweak
theory? A very strong clue comes from the QCD spectrum, when the spin of

J. Greensite, An Introduction to the Confinement Problem,
Lecture Notes in Physics, 821, DOI: 10.1007/978-3-642-14382-3_3,
� Springer-Verlag Berlin Heidelberg 2011
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mesons (and baryons) is plotted against their squared mass, as shown in Fig. 3.1.
In such plots the mesons and baryons of given flavor quantum numbers seem to lie
on nearly parallel straight lines, known as linear Regge trajectories. This is a very
striking feature of the QCD spectrum, nothing similar is found in the electroweak
theory, and the question is why it occurs.

Suppose that we picture a meson as a straight line of length L = 2R, with mass
per unit length r. The line rotates about a perpendicular axis through its midpoint,
such that the endpoints of the line are moving at the speed of light. Then for the
energy (mass) of the spinning stick we have

m ¼ E ¼ 2
ZR

0

rdrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2ðrÞ

p

¼ 2
ZR

0

rdrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2=R2

p

¼ prR;

ð3:1Þ

and for the angular momentum

J ¼ 2
ZR

0

rrvðrÞdrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2ðrÞ

p

¼ 2
R

ZR

0

rr2drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2=R2

p

¼ 1
2
prR2:

ð3:2Þ
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Fig. 3.1 Regge trajectories
for the low-lying mesons
(figure from Bali [1])
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Comparing the two expressions, we see that

J ¼ 1
2pr

m2 ¼ a0m2: ð3:3Þ

The constant a0 is known as the Regge slope. From the data, a0 = 1/(2pr) =

0.9 GeV-2, which gives a mass/unit length of the string, or string tension, of

r � 0:18 GeV2 � 0:9 GeV/fm: ð3:4Þ

The spinning stick model is not perfect; in fact the various Regge trajectories
shown in Fig. 3.1 do not pass through the origin, and have slightly different slopes.
To make the model more realistic, one might want to relax the requirement of
rigidity, and allow the ‘‘stick’’ to fluctuate in transverse directions. This line of
thought leads to the formidable subject of string theory. But since QCD is the
theory of quarks and gluons, the question is how a stick-like or string-like object
actually emerges from that theory.

One possible answer is via the formation of a color electric flux tube. Imagine
that the color electric field running between a static quark and antiquark is, for
some reason, squeezed into a cylindrical region, whose cross-sectional area is
nearly constant as quark–antiquark separation L increases. In that case the energy
stored in the color electric field Ek will grow linearly with quark separation, i.e.

Energy ¼ rL with r ¼
Z

d2x?
1
2

Ea
kðxÞEa

kðxÞ; ð3:5Þ

where Ek
a(x) = F0k

a (x), and the integration is over a cross-section of the flux tube.
This means that there will be a linearly rising potential energy associated with
static sources (the ‘‘static quark potential,’’) and an infinite energy is required to
separate these charges an infinite distance. However, this is not quite what happens
in real QCD.

In real QCD with light fermions, the linear potential does not extend indefi-
nitely. For sufficiently large quark separations it is energetically favorable to

qq

q q

qq

q q q q q q

q qFig. 3.2 String breaking by
quark–antiquark pair
production
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pair-produce a quark and antiquark of masses mq, and thereby break the flux tube
(or QCD ‘string’) as indicated in Fig. 3.2. The static quark potential then looks
something like the sketch in Fig. 3.3. At very small distances asymptotic freedom
prevails, and the static potential is Coulomb-like. At intermediate distances a flux
tube forms, and the potential is linear. At large distances, the color field of the
static quarks is screened by the dynamical matter fields. This screening behavior
can be demonstrated in strong-coupling lattice gauge theory calculations and, more
to the point, it has been seen in lattice Monte Carlo simulations when matter fields
are added to the action [2–4].

3.2 The Fradkin–Shenker–Osterwalder–Seiler Theorem

I have already stated, without giving any reasons, that the spectrum of a gauge-
Higgs theory, like that of QCD, consists only of color-singlet states. The reasons
for thinking this is so were given by Fradkin and Shenker [5], who based their
argument on an earlier theorem due to Osterwalder and Seiler [6].

Consider a lattice gauge theory with the Higgs field in the fundamental rep-
resentation of the SU(2) gauge group, and let the modulus of the Higgs field be
fixed. This theory can be realized on the lattice by the action [7]

S ¼ b
X

plaq

1
2

Tr½UUUyUy� þ c
X

x;l

1
2

Tr½/yðxÞUlðxÞ/ðxþ l̂Þ�; ð3:6Þ

where /(x), like the link variables Ul(x), is SU(2) group-valued, and transforms
under a local gauge transformation as /(x) ? /0(x) = G(x) /(x). For small values
of the Higgs coupling constant c, the dynamics of the theory resembles QCD, in
the sense that there is electric flux tube formation followed by string breaking, and
a potential (extracted from Wilson loops) which rises linearly up to the point of
string breaking, and then goes flat. At large values of c, the situation is much more

R

Coulombic

Linear

String−Breaking
VFig. 3.3 Qualitative features

of the static quark potential in
QCD, including the effect of
quark fields
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like the weak interactions. There is no electric flux-tube formation, there are only
short-range Yukawa-type interactions, and there exist massive vector bosons that
might as well, in analogy to the electroweak theory, be identified as W-bosons.
Many textbooks on quantum field theory, in defiance of Elitzur’s theorem, would
call this region a phase of spontaneously broken gauge symmetry. I will refer to it
as a ‘‘Higgs-like’’ region, in contrast to the ‘‘confinement-like’’ region at small c.

What Osterwalder and Seiler proved was that there is always a path from a
point deep in the confinement-like regime, at b, c � 1, to a point deep in the
Higgs-like region, at b, c� 1, such that the expectation value of all local, gauge-
invariant observables hAðx1Þi; hBðx2Þi; hCðx3Þi; . . .; and products hAðx1ÞBðx2Þ
Cðx3Þ; . . .; i of such observables, vary analytically along the path. What this
implies, as emphasized by Fradkin and Shenker, is that there can be no phase
transition along the path, and no discontinuous change in the asymptotic particle
spectrum. There is no phase boundary which separates the Higgs and confinement-
like regions, and by varying the gauge and Higgs couplings the theory evolves
smoothly from one region to another.

The Osterwalder–Seiler theorem does not cover the entire coupling plane, and it
is in principle possible that there are phase transitions somewhere in the coupling
constant space, at moderate values of b, c. It could be, for example, that there is a
massless phase somewhere in the phase diagram. The theory has been studied by
lattice Monte Carlo techniques, and the situation is indicated schematically in
Fig. 3.4. All indications are that the gauge theory is in a single phase, namely the
massive phase, at all values of b, c except c = 0, where the theory is in a phase of
magnetic disorder. The solid line, from roughly b = 2.0 to b = 2.7 indicates a
region where certain observables (such as plaquette variables) vary very rapidly
with coupling, but still analytically in the infinite volume limit. This is known as a
‘‘crossover.’’ The most recent simulations, by Bonati et al. [8], find that this turns
into a line of genuine first-order phase transitions at b[ 2.7. But whether the line
is a crossover, or a line of genuine first order phase transitions, is not so important.
The point is that that there exists a path from any point in the phase diagram, to
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γ 1

2 4

2
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0
0
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Fig. 3.4 Schematic phase
diagram of the gauge-Higgs
model
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any other point in the phase diagram, such that all local gauge-invariant observ-
ables, and products of such observables, evolve analytically. This means, in
particular, that a discontinuous change from a color-singlet spectrum in the con-
finement-like region, to a color non-singlet spectrum in the Higgs region, is ruled
out.

One way of seeing that there are only singlets in the spectrum is to consider the
color field emanating from a static color-charged source, in both the confinement-
like and Higgs-like regions of the phase diagram. In neither case is the color field
detectable far from the source. In the confinement-like region, a scalar particle will
bind to the charged source, producing a color singlet which has no associated long-
range color field. In the Higgs-like region, gauge forces are short range, and again
the color field is undetectable a short distance away from the source. What this
means, in terms of the Gauss Law, is that the Higgs field in the vacuum has
adjusted itself in the neighborhood of the source to cancel out the static charge.
The Fradkin–Shenker work implies that one charge cancellation mechanism
evolves continuously into the other, as we move along some path from the con-
finement-like to the Higgs-like region in the coupling-constant plane.

One might object that gauge particles appear in the spectrum of Higgs theories
as massive W-bosons. How can these gauge particles evolve continuously, along
some path in the coupling-constant space, from color-singlet states in the con-
finement-like region? The answer is that the same gauge-invariant operators,
which create composite, color singlet vector mesons in the confinement-like
region, also create particle states which can be interpreted as massive gauge
bosons in the Higgs-like region. An example of such operators in the SU(2) gauge-
Higgs theory (3.6) would be

Tr
ra

2
/yðxÞUlðxÞ/ðxþ blÞ

h i
ð3:7Þ

where the ra denote the Pauli matrices. These color-singlet vector meson operators
also create the massive W-bosons in the Higgs-like region, which is made clear by
going to a unitary gauge / ¼ 1, and expanding UlðxÞ � 1þ igAa

lra=2. From this
fact it is evident that W-bosons in the Higgs-like region can evolve continuously,
from states which we would interpret as bound states of scalar particles in the
confinement-like region.

3.3 Remnant Gauge Symmetries

Elitzur’s theorem, and the Fradkin–Shenker–Osterwalder–Seiler theorem, do some
violence to one’s preconceptions about gauge-Higgs theories. Consider a Higgs
field transforming in the fundamental representation of the gauge group, so in an
SU(N) theory the Higgs field u has N components ui. Standard introductions to the
Higgs mechanism often teach that when the Higgs potential has a certain form,
usually a ‘‘Mexican-hat,’’ i.e.
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VðuÞ ¼ kðu � u� lÞ2; ð3:8Þ

such that the potential is minimized away from u ¼ 0, then the Higgs potential
acquires a vacuum expectation value hui 6¼ 0, and the gauge symmetry is spon-
taneously broken. The fact is, however, that in the absence of gauge fixing we have
hui ¼ 0 regardless of the form of the Higgs potential. If, on the other hand, we fix
to a unitary gauge, where one uses the gauge freedom to rotate the Higgs field into
a definite direction in color space, then hui 6¼ 0, also regardless of the Higgs
potential. This is just due to quantum fluctuations away from the classical
minimum.

Certain gauge choices, however, such as Landau and Coulomb gauge, do not fix
all of the gauge symmetry, but leave some global subgroup unfixed. Elitzur’s
theorem does not apply to these remnant gauge symmetries, and in principle such
remnant symmetries can break spontaneously. There are a number of suggestions
in the literature which argue that the distinction between confining and non-con-
fining gauge theories is related to whether or not some remnant gauge symmetry is,
or is not, spontaneously broken. Three examples are the Kugo–Ojima confinement
criterion [9, 10], the Coulomb confinement criterion [11], and the Pisa criterion
[12, 13] associated with dual superconductivity (which will be discussed in
Chap. 8).

3.3.1 Landau Gauge and the Kugo–Ojima Criterion

If a gauge field Al satisfies the Landau gauge condition qlAl = 0, then so does the
gauge-transformed field GAlG�, where G(x, t) = G is a spacetime-independent
gauge transformation; i.e. a global transformation. There is also, as pointed out by
Hata [14, 15], a remnant space-time dependent transformation which preserves the
Landau gauge condition:

GðxÞ ¼ exp½i ^a ðe; xÞ 1
2
ra�

^aðe; xÞ ¼ ea
lxl � g

1

o2 ðAl � elÞa þ Oðg2Þ;
ð3:9Þ

where g is the gauge coupling of the SU(2) gauge theory. This transformation also
counts as global, since it depends on a finite number of parameters el

a, and is
therefore not subject to the Elitzur theorem. These remnant symmetries exist in
any covariant gauge.

Kugo and Ojima introduce the function uab(p2), defined by the expression

uabðp2Þ glm �
plpm

p2

� �

¼
Z

d4xeipðx�yÞh0jT ½DlcaðxÞgðAm � cÞbðyÞj0i;
ð3:10Þ
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where c; c are ghost and antighost fields required, in the Faddeev-Popov approach,
for quantization in any covariant gauge. They then show that the expectation value
of color charge in any physical state vanishes

hphysjQajphysi ¼ 0; ð3:11Þ

providing that (a) remnant symmetry with respect to spacetime-independent gauge
transformations G(x, t) = G is unbroken; and (b) the following condition is
satisfied:

uabð0Þ ¼ �dab: ð3:12Þ

This latter condition is known as the Kugo–Ojima confinement criterion, and it
implies that the ghost propagator is more singular, and the gluon propagator less
singular, than a simple pole at p2 = 0 [10]. A number of efforts have focussed on
verifying this condition (or its corollaries) both analytically [16] and numerically
[17].

It turns out that the Kugo–Ojima condition (3.12) is itself tied to the unbroken
realization of remnant gauge symmetry in covariant gauges. It was shown by Hata
[14, 15] (see also Kugo [10]) that the condition (3.12) is a necessary (and probably
sufficient) condition for the unbroken realization of the residual spacetime-
dependent symmetry (3.9), while an unbroken, spacetime independent symmetry is
required, in addition to (3.12), for the vanishing of hw|Qa|wi in physical states.

Thus the Kugo–Ojima scenario requires that the full remnant gauge symmetry
in Landau gauge, i.e. both the spacetime dependent and the spacetime independent
residual gauge symmetries, must be unbroken. Both of these symmetries are
necessarily broken if a Higgs field acquires an expectation value in a covariant
gauge, so in the Kugo–Ojima scheme the confinement phase is a phase of
unbroken remnant gauge symmetry.

3.3.2 Coulomb Confinement

The Coulomb gauge condition r � A = 0 is preserved by time-dependent, but
space-independent gauge transformations G(x, t) = G(t). This is a remnant sym-
metry which is local in time, but global in space, and if we restrict ourselves to a
single time-slice, or a finite set of time-slices, then in principle this symmetry can
break spontaneously.1 On the lattice, Coulomb gauge is equivalent to maximizing,
on each time slice, the quantity

1 What this means is that the order parameter for the transition can be non-zero in the infinite
3-volume limit at any fixed time, but have different values at different times, averaging to zero if
we average over all times. Thus the symmetry can be spontaneously broken on any single
timeslice, or finite set of timeslices, without violating the Elitzur theorem.
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RðtÞ ¼
X

x

X3

k¼1

Tr½Ukðx; tÞ�; ð3:13Þ

and this quantity is obviously undisturbed by Uk(x, t) ? G(t) Uk(x, t) G�(t). On the
other hand, for timelike links U0(x, t) ? G(t) U0(x, t) G�(t ? 1), so if the remnant
symmetry is unbroken at fixed times t and t ? 1, then necessarily

hTr½U0ðx; tÞ�i ¼ 0 ð3:14Þ

because the left hand side is not invariant with respect to the remnant symmetry. It
will be shown in Chap. 9 that (3.14) implies that the energy of the Coulomb field
associated with a static, isolated color charge is infinite, even when the usual
ultraviolet divergence is regulated with a lattice cutoff. For this reason, Marinari,
Paciello, Parisi and Taglienti [11] (see also [18]) suggested that a possible criterion
for confinement is that the remnant gauge symmetry in Coulomb gauge is
unbroken. In principle the criterion can work even in the presence of string-
breaking matter fields such as quarks, because the Coulomb field is not necessarily
the actual gauge field surrounding a color charge, and the color Coulomb potential
is only an upper bound on the static quark potential.v

3.3.3 Remnant Symmetry Breaking

The problem with confinement criteria which rely on the broken or unbroken status
of a remnant gauge symmetry is that, first of all, different remnant symmetries
break at different couplings (so which is the ‘‘right’’ remnant symmetry to con-
sider?), and secondly, they break where in fact there is no change whatever in the
physical state of the theory. The situation for the gauge-Higgs model of (3.6) is
shown in Fig. 3.5. We may use, as the order parameter for spontaneous breaking of
remnant Landau gauge symmetry, the spatial average of the Higgs field
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Fig. 3.5 The location of
remnant global gauge
symmetry breaking in Landau
and Coulomb gauges, in the
b - c coupling plane. From
[19]
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e/ ¼ 1
V

X

x

/ðxÞ; ð3:15Þ

and for spontaneous breaking of remnant symmetry in Coulomb gauge, the spatial
average of timelike links on any given timeslice

eUðtÞ ¼ 1
V3

X

x

U0ðx; tÞ: ð3:16Þ

The test is whether or not the expectation values of the magnitudes of ~/ and
~UðtÞ extrapolate to zero as the 4-volume V, and 3-volume V3, respectively, are
taken to infinity.

The result of a lattice Monte Carlo simulation [19] is shown in Fig. 3.5. What
we see is that the Coulomb and Landau gauge remnant symmetries break along
lines which coincide along the crossover, but diverge from one another at lower b,
and occur in a theory where there is, in fact, no transition between different
physical states.2 This calls into question both the Kugo–Ojima criterion, and the
Coulomb confinement criterion. A third example (the Pisa criterion [12, 13]),
which identifies confinement as the broken phase of a remnant ‘‘dual’’ U(1) gauge
symmetry, was studied in ref. [20]. It turns out that this criterion also predicts
transitions between confining and non-confining phases, where in fact no such
transitions exist.

3.4 Center Symmetry

In the Ising model example, the distinction between the ordered and disordered
phases corresponded to whether or not a certain global symmetry of the theory is
spontaneously broken. But in the gauge-Higgs theory we have discussed, it seems
impossible to distinguish between the confinement-like and Higgs-like regions of
the theory in terms of the spontaneous symmetry breaking of a gauge symmetry. If
we classify the theory based on the behavior of very large Wilson loops, we find
that the theory is almost everywhere in a massive phase, characterized by a
perimeter-law falloff. The exception is along the line at c = 0. As this line is
approached, string-breaking occurs at ever larger charge separations. Precisely at
c = 0 the Higgs field decouples from the gauge field, string breaking disappears
entirely and (it is believed) Wilson loops have an area-law falloff at arbitrarily

2 Order parameters such as (3.15) and (3.16) are non-local quantities, in the sense that they are
defined via a non-local functional of the fields, i.e. the gauge transformation to Landau or
Coulomb gauge respectively. One could argue that a non-analyticity in these order parameters
(breaking of a remnant symmetry), must, by definition, indicate a phase transition. The point,
however, is that if the non-analyticity in a non-local parameter is unaccompanied by a non-
analyticity in either the spectrum, the scattering amplitudes, or any thermodynamic quantity, then
there is really no physical distinction between phases across the supposed transition.
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large scales. In other words, at c = 0 the system is in a phase of magnetic disorder.
The same thing happens in a gauge theory like QCD, if the quark masses are taken
to infinity. It is then worth asking: is there some global symmetry which distin-
guishes the massive phase from the magnetically disordered phase?

There is. It is known as center symmetry, and, although a global symmetry, it is
associated with the center of the gauge group.

We will need a few basic facts from group theory. First of all, the center of a
group consists of those group elements which commute with all elements of the
group. For an SU(N) gauge theory, this is the set of all group elements proportional
to the identity:

ð3:17Þ

The {zn = exp[2pin/N] } are the elements of the discrete abelian subgroup ZN,
and the set is the ZN subgroup of SU(N). While there are an infinite number
of representations of SU(N), there are only N representations of ZN. This means
that every representation of SU(N) falls into one of N subsets (known as class or N-
ality), depending on the representation of the ZN subgroup. The N-ality k of a given
representation is given by the number of boxes in the corresponding Young
Tableau, mod N. If M[g] is the matrix representation of group element g in a
representation of N-ality k, and z [ ZN is an element in the center, then

M½zg� ¼ zkM½g�: ð3:18Þ

Now consider the lattice action (2.24) of a pure gauge theory, i.e. a gauge
theory with no matter fields. It is easy to see that this action is invariant under the
following transformation: Pick any fixed time t = t0 and multiply the timelike
links on that timeslice by an element of the center subgroup, i.e.

U0ðx; t0Þ ! zU0ðx; t0Þ all x; fixed t0; ð3:19Þ

with z [ ZN if the gauge group is SU(N); all other link variables are unchanged.
The transformation is indicated in Fig. 3.6; transformations defined at other fixed
times are equivalent up to a gauge transformation. The only elements of the lattice
action which might be affected are the timelike plaquettes containing the links
U0ðx; t0Þ but in fact these are unchanged:

Uiðx; t0ÞzU0ðxþ î; t0ÞUyi ðx; t0 þ 1ÞUy0ðx; t0Þz�1

¼ Uiðx; t0ÞU0ðxþ î; t0ÞUyi ðx; t0 þ 1ÞUy0ðx; t0Þ
ð3:20Þ
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because of the fact that the center elements commute with all elements of the
group, and with any link variable in particular.

The reason that center symmetry is so important is that if this symmetry

• is broken explicitly, e.g. by matter fields in the fundamental representation of the
gauge group, or

• is broken spontaneously, which happens at high temperature, and may happen if
there are matter fields in the adjoint representation of the gauge group, or

• is trivial, i.e. the center subgroup consists only of the unit element, as in the
exceptional group G2.

Then the static quark potential cannot be linear asymptotically; it must become flat.
Let’s see why matter fields in the fundamental representation, or in any rep-

resentation of the gauge group of N-ality k = 0, must break the center symmetry
explicitly. A matter field in color representation r couples to the gauge field via a
term in the action

c
X

x;l

/yðxÞUðrÞl ðxÞ/ðxþ l̂Þ þ c.c.; ð3:21Þ

where the superscript r means that the link variables are in the r-representation.
Under the global center symmetry transformation

/yðx; t0ÞUðrÞ0 ðx; t0Þ/ðx; t0 þ 1Þ ! zk/yðx; t0ÞUðrÞ0 ðx; t0Þ/ðx; t0 þ 1Þ: ð3:22Þ

So if the N-ality k of the representation of the matter field is non-zero, the matter
action breaks the global ZN center symmetry. But matter fields of N-ality k = 0 are
exactly the fields associated with string-breaking. Suppose we have two static
color charges, in the fundamental representation of the gauge group. In order to
break the electric flux tube which forms between these sources, by the process
pictured in Fig. 3.2, there must be dynamical particles which can bind to the

zzzzzzzz zzzz z
0

t x

t

Fig. 3.6 The global center transformation. Each of the indicated links in the time direction, on
the timeslice t = t0, is multiplied by the same element z of the center subgroup. The lattice action
of a pure gauge theory is left unchanged by this operation
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sources and produce a color singlet. This is not possible if the particles are in a
color representation with N-ality k = 0 (such as gluons, or any matter fields in an
adjoint representation). Gluons can screen color in the sense that they can bind to a
source of N-ality k = 0, and produce a particle with color in a lower dimensional
representation of the gauge group with the same N-ality k, but it is not possible for
the bound state to change the N-ality of the source. Particles with color charge in
the fundamental representation, however, with k = 1, can bind and form a color
singlet with any color-charged source. So if ZN center symmetry is completely
broken by k = 1 matter fields, then the static potential between any two sources
must ultimately become flat.

In the case of a group such as G2, in which the center subgroup is only the unit
element, gluons can bind with any color charge to form a singlet. So in this theory
also, the static potential between any two sources is flat at large distances.

We will see in the next chapter that, if center symmetry is unbroken, then the
energy of an isolated color charge in the fundamental representation is infinite, and
the potential energy of a particle-antiparticle pair rises without limit as the charges
separate. Conversely, if the symmetry is spontaneously broken, the energy of an
isolated color charge is finite, and a particle-antiparticle pair can be separated.

In short, center symmetry is associated with an infinitely rising static quark
potential, and is therefore the global symmetry associated with the magnetically
disordered phase of a gauge theory. When the symmetry is broken in some way,
then the gauge theory exists in some other phase.

Now it is time to return to the semantic question that opened this chapter. What
is ‘‘confinement’’? We have seen that ‘‘color confinement’’ exists in a Higgs
theory; it is not necessarily associated with a linear potential, flux tube formation,
and Regge trajectories. It is perfectly all right to define confinement as color
confinement, providing it is understood that such a term does not necessarily refer
to the phenomena we are interested in. I prefer to reserve the term ‘‘confinement’’
to refer to a particular phase of gauge theories, namely, the magnetically disor-
dered phase. Confinement in this sense is not the same thing as color confinement
(although that is implied), nor is it the same thing as a mass gap.3 This terminology
has a price; it means that QCD is a ‘‘confinement-like’’ theory, i.e. it resembles a
magnetically disordered theory only below some string-breaking length scale,
which goes off to infinity as the quark masses are taken to infinity. But string-
breaking is easy to understand; the hard problem is to understand the origins of the
linear potential. For this reason it makes sense to concentrate on magnetic dis-
order. The confinement problem is solved if we can understand why non-abelian
gauge theories with a non-trivial center symmetry can only exist, in D B 4
dimensions, in the magnetically disordered phase.

3 The Clay Mathematics Institute offers a large cash prize [21] for proving that Yang–Mills
theory has a mass gap, which would be true in any gauge theory which is in either a magnetically
disordered phase, as in pure Yang–Mills theory, or a massive phase, as in Higgs theories and in
real QCD.
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Chapter 4
Order Parameters for Confinement

There are certain observables whose behavior indicates that a gauge system is, or
is not, in a phase of magnetic disorder. These are the Wilson loop, the Polyakov
loop, the ‘t Hooft loop, and the vortex free energy. The Wilson loop has been
discussed already, to some extent. The Polyakov loop is a Wilson loop which
winds around a finite, periodic lattice in the time direction; it is a crucial probe of
center symmetry and the high temperature deconfinement phase transition, in
which center symmetry is spontaneously broken. The ‘t Hooft loop is an operator
which creates an object known as a center vortex. The center vortex scenario for
confinement will be discussed in some detail in Chaps. 6 and 7.

4.1 The Wilson Loop

The Wilson loop operator [1] can be thought of in two ways:

1. rectangular timelike loops represent the creation, propagation, and destruction
of two static sources of quark and antiquark color charge, respectively, located
at fixed points in space (cf. Chap. 2);

2. spacelike loops are probes of gauge-field fluctuations in the vacuum state,
independent of any external source.

Of course, spacelike and timelike loops are not intrinsically different, but are
related to one another by Lorentz (or, in the Euclidean formulation, rotation)
invariance. This means that the interaction energy between static sources is related
to vacuum fluctuations in the absence of external sources.

Let us again consider the relation of timelike loops to the static quark potential,
this time for static charges in any group representation r. The theory consists of an
SU(N) lattice gauge field coupled to a single, very massive, scalar field in color
group representation r. The action is

J. Greensite, An Introduction to the Confinement Problem,
Lecture Notes in Physics, 821, DOI: 10.1007/978-3-642-14382-3_4,
� Springer-Verlag Berlin Heidelberg 2011
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S ¼ � b
N

X

p

ReTr½UðpÞ� þ Smatter; ð4:1Þ

where

Smatter ¼ �
X

x;l

/yðxÞUðrÞl ðxÞ/ðxþ l̂Þ þ c.c.
� �

þ
X

x

ðm2 þ 2DÞ/yðxÞ/ðxÞ; ð4:2Þ

and Ul
(r)(x) denotes the link variable in group representation r. Again let Q be an

operator which creates a two-particle color-singlet state, with separation R,

QðtÞ ¼ /yð0; tÞ
YR�1

n¼0

UðrÞi ðn̂ı; tÞ
( )

/ðR̂ı; tÞ: ð4:3Þ

The Q operator not only creates the two charged massive particles, but also creates
a thin line of color electric flux running between those particles. In general this is
not the minimal energy configuration for the color electric field.

We then consider the vacuum expectation value hQyðTÞQð0Þi. This expression
can be interpreted as creating a massive color charged pair joined by a line of color
electric flux, which propagates for some Euclidean time T, and is then annihilated.
As m2 ? ?, string-breaking effects can be neglected, and we can integrate out the
scalar field

hQyðTÞQð0Þi�m�4ðTþ1Þ 1
Z

Z
DUvr½UðR; TÞ�e�SU

�m�4ðTþ1ÞWrðR; TÞ:
ð4:4Þ

Note that Wr(R, T) is computed in the pure gauge theory, with no matter fields.
Here vr[g] is the group character of group element g in representation r, SU is the
action without the Smatter term, U(R, T) is the holonomy, i.e. the ordered product of
link variables around the loop, and Wr(R, T) is the expectation value

WrðR; TÞ ¼ vr½UðR; TÞ�h i: ð4:5Þ

A holonomy is just a Wilson loop before taking the trace; a ‘‘group character’’ is
the trace of a group element in the given representation. In the continuum, the
holonomy U(C) is the path-ordered Wilson loop

UðCÞ ¼ P exp ig

I

C

dxlAlðxÞ

2
4

3
5; ð4:6Þ

where the path-ordering symbol P means that, in the power-series expansion of
the exponential, a product of Al(x) operators at different points on the loop are
ordered according to where they appear on the loop relative to some beginning
point on the loop.
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Then we have, by the same logic as (2.33)

WrðR; TÞ /
X

n

jcnj2e�DEnT : ð4:7Þ

where the sum runs over states containing two charged particles separated by a
distance R, and DEn is the energy of the n-th state above the vacuum energy. The
minimal energy state of the color field joining the charged particles is singled out
in the T ? ? limit, and

VrðRÞ ¼ � lim
T!1

log
WrðR; T þ 1Þ

WrðR; TÞ

� �
ð4:8Þ

is the static quark potential for color sources in group representation r. Again, this
is the potential for massive color charged sources. We assume the absence of light
matter fields which could, by pair production, screen the charge of the massive
sources. The confinement problem is to show that

VrðRÞ� rrR ð4:9Þ

at large R, for non-zero N-ality representations, or more generally an area-law
falloff for Wilson loops

WrðCÞ� exp½�rr AreaðCÞ� ð4:10Þ

for contours C enclosing a large minimal area.
The relationship of the Wilson loop to the potential between massive, color-

charged particles, and the fact that the timelike lines of a loop can be interpreted as
the worldlines of static particles, sometimes obscures the fact that the Wilson loop
is an observable which measures the vacuum fluctuations of gauge fields, and that
this observable makes sense even if there are no matter particles whatever in the
theory. This is particularly clear for spacelike loops C, contained entirely in some
spatial volume at constant time. In that case

WrðCÞ ¼ hW0jvr½UðCÞ�jW0i; ð4:11Þ

where W0 is the ground state of the gauge-field Hamiltonian, and there are no
charged sources whatever. In fact, in relating the Wilson loop to the static
potential, we assumed that the mass of the matter field was large but finite. On the
other hand, if the mass is finite there must be string-breaking at some distance
scale. To avoid string-breaking it is necessary to take the m ? ? limit, in which
case the correlator in Eq. (4.4) is actually zero. In extracting the Wilson loop we
have factored out the mass term, retaining the holonomy that depends only on the
gauge field, and whose expectation value makes sense in the m ? ? limit.

It should also be noted that the expectation value of a Wilson loop is always
defined with an implicit (usually lattice) ultraviolet regularization. In the contin-
uum limit, the gluon propagator is singular at short distances, and this leads to a
perimeter contribution to the expectation value with a singular coefficient.
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For timelike loops, this singularity can be viewed as a divergent self-energy of the
charged particles and antiparticles running along the loop. To really make sense of
Wilson loops in the continuum, some ‘‘smearing’’ of the loop, i.e. a superposition
of many nearby loops, is required (see, e.g. [2]). The same is true for the Polyakov
lines discussed in the next section.

4.2 The Polyakov Loop

Consider an SU(N) gauge theory with either no matter fields, or only N-ality = 0
matter fields, formulated on a lattice which is finite and periodic in the time
direction. As we have seen, the action is invariant under the global ZN group of
center symmetry transformations

U0ðx; t0Þ ! zU0ðx; t0Þ; z 2 ZN ; all x; ð4:12Þ

implemented on all timelike link variables at any fixed time t0. This transforma-
tion, which we have already encountered in Sect. 3.4 of Chap. 3, does not change
the action or plaquette variables or Wilson loops. But there are certain gauge-
invariant observables which are affected. Consider the trace of a loop holonomy
that winds once around the lattice in the periodic time direction, i.e.

PðxÞ ¼ Tr U0ðx; 1ÞU0ðx; 2Þ. . .U0ðx; LtÞ½ �; ð4:13Þ

where Lt is the extension of the lattice in the time direction. This observable is known
as a Polyakov loop [3]. Under a center transformation U0(x, t0)? z U0(x, t0), we find

PðxÞ ! zPðxÞ: ð4:14Þ

Since the Polyakov loop is not invariant under the global center transformation, its
expectation value serves as an order parameter for the spontaneous breaking of the
symmetry. There are two possibilities:

hPðxÞi ¼ 0 unbroken ZN symmetry phase
non-zero broken ZN symmetry phase

�
: ð4:15Þ

Which of these possibilities is realized by the theory has a lot to do with
confinement, because Polyakov loops are, in fact, order parameters for the con-
finement property. In order to understand this important point, a brief digression
into the thermodynamics of quantum field theory is called for.

On the lattice, finite temperature is represented by time-asymmetric lattices,
with temperature proportional to 1/Lt, where Lt is the lattice length in the time
direction. The argument for this is straightforward. In quantum statistical
mechanics, the partition function is defined to be

Z ¼ Tre�bH

¼
X

n

hnje�bH jni; ð4:16Þ
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where, in the standard notation, b is not the lattice coupling but rather b = 1/T,
where T is the temperature.1 The sum is over any complete orthonormal set of
states. Now in non-relativistic quantum mechanics, the relationship between the
Hamiltonian and path-integral formulations is given by

hxf je�iHðtf�t0Þjxii ¼
Z

Dxðt0\t\tf ÞeiS; ð4:17Þ

with the integral over paths x(t) subject to boundary conditions x(t0) = xi, x(tf) = xf.
Likewise in field theory, after a Wick rotation to Euclidean time

h/f je�Hbj/ii ¼
Z

D/ðx; 0\t\bÞe�S; ð4:18Þ

with boundary conditions /(x, 0) = /i(x), /(x, b) = /f (y). Here |/(x)i repre-
sents an eigenstate of the field operator; i.e. it is a state in which the quantum field
has a definite value at each point. The set of all such states is a complete set of
states in the field theory. This means that the partition function at finite temper-
ature can be expressed as a path integral

Z ¼
Z

D/ðx; 0ÞD/ðx; bÞd½/ðx; 0Þ � /ðx; bÞ�
Z

D/ðx; 0\t\bÞe�S

¼
Z

D/ðx; 0� t� bÞd½/ðx; 0Þ � /ðx; bÞ�e�S;

ð4:19Þ

where the delta function simply imposes periodic boundary conditions in the time
direction. We can also just write

Z ¼
Z

D/ðx; 0� t\bÞe�S ð4:20Þ

with the understanding that periodic boundary conditions in time are imposed.
Thermal averages, in quantum statistical mechanics, are defined as

hQi ¼ 1
Z

Tre�bHQ; ð4:21Þ

and by the same reasoning as above, this quantity is given by

hQi ¼ 1
Z

Z
D/ðx; 0� t\bÞQ½/ðx; 0Þ�e�S ð4:22Þ

with periodic boundary conditions in the time direction. After lattice regulariza-
tion, b = Lta, where a is the lattice spacing. Then the temperature is related to the
extension of the periodic lattice in the time direction via T = 1/(Lta).

1 The notation, while standard, is potentially confusing, because b is also used for lattice
coupling, and T for time; so I emphasize again that in this section T stands for temperature, not
time. In fact, as we will see, it is b which represents a time extension.
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A quantity of particular interest in non-abelian gauge theory is the difference Fq

between the free energy of a gauge field theory containing an isolated, static quark,
and the free energy of a pure gauge system. Let Trq denote the trace over states
with a single static color charge, due to a massive quark, at some point x. Then

e�bFq � Zq

Z

¼ Trqe�bH

Tre�bH

¼
P

nhWnð1 quarkÞje�bHjWnð1 quarkÞiP
nhWn(0 quark)je�bH jWn(0 quark)i :

ð4:23Þ

Passing to the path-integral representation for thermal averages, the 1-quark state
is obtained by creating a massive quark at point x and time t = 0, propagation of
the static quark to point x, t = b, and annihilation at t = b. Integrating over the
massive quark field at times 0 B t \ b produces a Wilson line running between
(x, 0) and (x, b), and the imposition of periodic boundary conditions results in a
closed Wilson loop running through the periodic lattice. Discarding an overall
constant proportional to m-b, the final result is that

e�bFq / 1
Z

Z
DUlTr U0ðx; 1ÞU0ðx; 2Þ. . .U0ðx; LtÞ½ �e�S

¼ hPðxÞi;
ð4:24Þ

with periodic boundary conditions in the time direction understood.
This is the crucial result: the free energy Fq of a quark on the lattice, at tem-

perature T = 1/(Lta), is infinite if (and only if) the Polyakov loop expectation value
is zero, and the center symmetry is unbroken. We can therefore identify the
unbroken ZN center symmetry phase (the ‘‘disordered phase’’) with the confinement
phase, and the Polyakov line is an order parameter for confinement. In general,
center symmetry is broken spontaneously at high temperatures, so that hP(x)i= 0
and isolated quarks are finite energy states. This means that quarks are unconfined, in
the sense that there exist isolated, finite energy states with the flavor quantum
numbers of quarks. The broken center symmetry phase is known as the deconfined
phase, separated from the confined phase (in a center-symmetric theory) by a
deconfinement phase transition which occurs at some critical temperature.2

2 We note again that an order parameter for the spontaneous breaking of a global symmetry, such
as hP(x)i, is only non-zero, strictly speaking, in the infinite volume limit. In practice what is done
is to compute, on each lattice, the magnitude of the sum of Polyakov loops of the lattice, divided
by the number of loops (cf. 6.62) in (Chap. 6). The expectation value of this quantity, which is
guaranteed to be positive, is then extrapolated to the infinite volume limit, and if the limit is
vanishing, the symmetry is unbroken.
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4.3 The ‘t Hooft Loop

The center symmetry transformation (4.12) can be generalized; it is a special case
of a so-called ‘‘singular gauge transformation.’’ Consider a transformation

U0ðx; tÞ ! Gðx; tÞU0ðx; tÞGyðx; t þ 1Þ ð4:25Þ

in which G(x, t) is non-periodic in the periodic time direction, or more precisely, is
periodic only up to a center transformation

Gðx; Lt þ 1Þ ¼ z�Gðx; 1Þ: ð4:26Þ

This again transforms Polyakov lines P(x) ? z P(x), but plaquettes and ordinary
Wilson loops are not affected. In the continuum, the singular gauge transformation
amounts to transforming the gauge field by the usual formula

AlðxÞ ! GðxÞAlðxÞGyðxÞ �
i

g
GðxÞolGyðxÞ; ð4:27Þ

except that at t = Lt and l = 0 we drop the second term (which would be a delta-
function). Because of this, a singular gauge transformation is not a true gauge
transformation.

Instead of gauge transformations which are discontinuous on loops which wind
around the periodic lattice, we could also consider transformations which are
discontinuous on other sets of loops. Unlike the center symmetry transformations
we have already discussed, these singular gauge transformations do not leave the
action invariant; rather, they create a singular loop of magnetic flux known as a
‘‘thin center vortex.’’ There is, in fact, a familiar example of such a vortex creation
operator in classical electrodynamics: the exterior field of a solenoid is the result of
a singular gauge transformation applied to Al = 0.

So let’s start with electrodynamics. The Wilson loop holonomy (which is an
element in the U(1) gauge group) is

UðCÞ ¼ exp ie

I

C

dxlAlðxÞ

2

4

3

5 ¼ eieUB ; ð4:28Þ

where we take C to be a closed spacelike loop, and UB is the magnetic flux through
the loop. If the loop C winds around the exterior of a solenoid, it is certainly
possible to have B = 0 everywhere along the loop, yet UB =0. In the case of a
solenoid of radius R, oriented along the z-axis, we may have

Ah ¼
UB

2pr
bh ðr [ RÞ; ð4:29Þ
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which is obtained from a singular gauge transformation of Al = 0, with

Gðr; h; z; tÞ ¼ exp �ieUB
h

2p

� �
: ð4:30Þ

Note the discontinuity

Gðr; h ¼ 2p; z; tÞ ¼ e�iUB Gðr; h ¼ 0; z; tÞ: ð4:31Þ

The gauge transformation is discontinuous on a surface (defined by y = 0, x [ 0,
all z) with a boundary at the z-axis. In obtaining A from the gauge transformation g,
we drop the delta-function that would arise in Ah due to the discontinuity of G on the
y = 0, x [ 0 surface, and which would have to be included if this were a true gauge
transformation.

Suppose the gauge transformation G(r, h, z, t) has the discontinuity (4.31) for
any r [ 0. Then the effect of the singular gauge transformation on any loop
winding once around the z-axis is

UðCÞ ! e�ieUB UðCÞ; ð4:32Þ

where the sign in the exponent depends on whether the loop runs clockwise or
counterclockwise around the z-axis. From (4.32) and (2.44) it is clear that the
singular gauge transformation has created a line of magnetic flux along the z-axis.

We can easily generalize this construction, to obtain an operator which creates a
line of magnetic flux running along a closed curve C0. Let S be some surface
bounded by the loop C0, and let C be a loop which is topologically linked to C0,
parametrized by xðsÞ, where s runs from s = 0 to 1, and xð0Þ ¼ xð1Þ lie on S.
Then we consider a singular gauge transformation GðxÞ which is discontinuous on
S; i.e. for any loop C linked to C0

Gðxð1ÞÞ ¼ e�ieUB Gðxð0ÞÞ: ð4:33Þ

Once again, for such loops the singular gauge transformation changes the loop
holonomy according to (4.32), so we must conclude that a singular magnetic field
has been created along the loop C0.

‘‘Linking’’ is a topological concept: two loops are linked if it is impossible to
translate one loop an arbitrary distance from the other loop without the two objects
actually crossing one another. Loops can be linked in three dimensions, but not in
four. Suppose two loops C1 and C2 appear to be linked at a given time t. The loops
can be separated an arbitrary distance, without crossing, by simply translating one
of them in time. So the sorts of objects that can be linked depends on spacetime
dimension, as indicated in Fig. 4.1, and the classification is as follows:

1. In D = 2 dimensions, loops can link to points. A singular gauge tranformation
is discontinuous along a line ending at a point, and any loop linked to the point
is changed by the transformation according to (4.32). The transformation cre-
ates a singular magnetic field (a thin vortex) at a point.
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2. In D = 3 dimensions, loops link to loops. A singular gauge transformation,
discontinuous on a surface S bounded by loop C0, creates a singular magnetic
field (thin vortex) along loop C0. Again, a holonomy along loop C, linked to C0,
is changed according to (4.32).

3. In D = 4 dimensions loops link to surfaces. A singular gauge transformation,
discontinuous on a 3-volume V3 which is bounded by a surface S, creates a
surface of magnetic flux on S. A holonomy along loop C, linked to the surface
S, is changed according to (4.32).

The general case, of course, follows by induction: In D dimensions, loops link
to D - 2 dimensional hypersurfaces. Now in D = 2 dimensions a loop can wind
more than once around a point; the number of times that the loop goes around the
point is known as the winding number. In D = 3 dimensions two loops can
obviously wind more than once around each other, and the topological invariant
which describes this intertwining is known as the linking number. The concept of
linking number generalizes to describe the topological connectivity of a surface
and a loop in D = 4 dimensions, but for now it will be sufficient to consider only
connections with linking number = 1.

Returning to U(1) gauge theory, we see that a singular gauge transformation
which is discontinuous on a region of dimension D - 1, bounded by a hypersurface
of dimension D - 2, creates a singular magnetic field (a thin vortex) on the D - 2
dimensional hypersurface. The D - 1 dimensional region of discontinuity is known
as a Dirac line, surface, 3-volume, etc., depending on the dimension D. The same
procedure can be applied to define a magnetic vortex creation operator in SU(N)
theories, but with one importance difference as compared to abelian gauge theories.
In an abelian gauge theory, the discontinuity (4.33) consists of multiplication by any
element exp[ieUB] of the abelian gauge group. In a non-abelian theory, if the sin-
gular gauge transformation is applied to a non-zero field configuration, this trans-
formation would not only change the action at the location of the D - 2 dimensional
thin vortex, but would also affect the action all along the D - 1 dimensional volume
of discontinuity. To avoid changing the action on the discontinuity volume, in the
same way that this is avoided in (3.20), and create only a magnetic vortex on the
D - 2 dimensional surface, the discontinuity must be restricted to multiplication by
a center element; i.e.

(b)

x
y

z

t

xz
y

(c)

x

y

(a)

Fig. 4.1 A loop can be topologically linked to: a a point, in D = 2 dimensions; b another loop,
in D = 3 dimensions; c a surface, in D = 4 dimensions
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Gðxð1ÞÞ ¼ zGðxð0ÞÞ; z 2 ZN ð4:34Þ

for SU(N) gauge theories. Then any loop holonomy U(C) which is topologically
linked to the vortex, with linking number = 1, will transform as

UðCÞ ! z�UðCÞ: ð4:35Þ

For linking number l, U(C) ? (z*)l U(C). Since z is a center element, the non-
abelian magnetic ‘‘flux’’ created by such singular gauge transformations is quan-
tized, and the magnetic objects themselves are known as ‘‘thin center vortices.’’ As
in QED, the singular magnetic field on the D - 2 dimensional hypersurface can be
smeared out in the directions transverse to the hypersurface into a region of finite
thickness, much like the field of a solenoid. This is a thick center vortex.

The center vortex creation operator is closely related to the center symmetry
transformation (4.12). In D = 2 dimensions we can create a thin vortex at the
plaquette at site x0, y0 by the following operation (Fig. 4.2):

Uyðx; y0Þ ! zUyðx; y0Þ for x [ x0: ð4:36Þ

In higher dimensions, the operation

Uyðx; y0; x?Þ ! zUyðx; y0; x?Þ for x [ x0 ð4:37Þ

creates a line of magnetic flux parallel to the z-axis (D = 3), or a surface of
magnetic flux parallel to the z - t plane (D = 4).

In the Hamiltonian formulation of 3 + 1 dimensional gauge theory, we may
consider an operator B(C) which creates a thin center vortex along loop C at a
particular time t. Then if C and C0 are loops at a given time t, and if the two loops
are linked (with unit linking number) in the D = 3 dimensional timeslice, we have

BðCÞUðC0Þ ¼ zUðC0ÞBðCÞ; z 2 ZN : ð4:38Þ

Using only this relation, ‘t Hooft [4] argued that

z z z zz z
0

x

y

y

x
0

z

Fig. 4.2 Creation of a thin center vortex. The shaded plaquette, and all other x–y plaquettes at
sites (x0, y0, x\) form the center vortex. The stack of vortex plaquettes lie along a line in D = 3
dimensions, or a surface in D = 4 dimensions

44 4 Order Parameters for Confinement



• only an area-law or a perimeter-law falloff for W[C] and hB[C]i is possible; and
• in the absence of massless excitations, it is impossible to have both

WðCÞ� e�aPðCÞ and hBðCÞi� e�bPðCÞ: ð4:39Þ

So a perimeter law falloff for B(C) implies an area-law falloff for W(C), i.e.
confinement. B(C) is known as the ‘t Hooft loop operator. It is a creation operator
for thin center vortices, which (at fixed time t) are loops of color magnetic flux,
and can be thought of as being in some sense ‘‘dual’’ to the Wilson loop operator,
which (at fixed time) creates a closed loop of color electric flux.

4.4 The Vortex Free Energy

‘t Hooft devised another procedure for inserting a center vortex into a finite lattice
[5]. Consider SU(N) gauge theory on a finite two-dimensional lattice. Pick one
plaquette p0, with

Uðp0Þ ¼ U1ðx0; y0ÞU2ðx0 þ 1; y0ÞUy1ðx0; y0 þ 1ÞUy2ðx0; y0Þ; ð4:40Þ

and modify the action by replacing U(p0) by zU(p0), where z[ZN, i.e.

S ¼ � b
2N

X

p6¼p0
ðTr½UðpÞ� þ c:c:Þ þ ðTr½zUðp0� þ c:c:Þ

( )
: ð4:41Þ

On a finite lattice this replacement can be formulated as a modification of the
ordinary periodic boundary conditions, and is known as ‘‘twisted boundary con-
ditions.’’ Twisted boundary conditions can also be regarded as a shift b ? zb in
the coupling constant at the plaquette p0. It is clear that setting all links equal to the
identity matrix (or a gauge transformation of the identity matrix) no longer min-
imizes the action. On an infinite lattice, the action would be minimized by any
configuration gauge-equivalent to

U2ðx; y0Þ ¼ z1N for x� x0; ð4:42Þ

with all other links set equal to the N 9 N identity matrix 1N . This is a Dirac line,
running parallel to the x-axis from x = x0 to x = -?. On a finite lattice the line
has to end somewhere; it must end on a center vortex. There is no need, however,
for the line to end on a thin center vortex, with all of the center flux contained in a
single plaquette. That arrangement costs a great deal of action at large b.
The action is lowered if the center flux is spread over many plaquettes, in a region
of some finite extension.
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In D = 4 dimensions, the twisted boundary conditions involve replacing U(p0)
by zU(p0) in the action, for all plaquettes p0 oriented in the x - y plane, at fixed
x0, y0 and all z, t, i.e.

Uðp0Þ ¼ U1ðx0; y0; z; tÞ U2ðx0 þ 1; y0; z; tÞ Uy1ðx0; y0 þ 1; z; tÞ Uy2ðx0; y0; z; tÞ:
ð4:43Þ

This replacement then creates a thick center vortex sheet somewhere on the lattice,
oriented parallel to the z - t plane and closed by ordinary periodic boundary
conditions in the z and t directions. The actual thickness of the vortex is not
determined by the U(p0) ? zU(p0) replacement; it is instead a dynamical issue. Of
course, there is an upper limit to the thickness of a center vortex on a finite lattice,
the limit is the cross-sectional area of the lattice in the x - y plane.

For simplicity, consider the SU(2) gauge group, with z = -1 for twisted
boundary conditions. We define Z? as the lattice partition function with ordinary
boundary conditions, and Z- as the partition function with twisted boundary
conditions. The magnetic free energy Fmg of a Z2 vortex is defined by

e�Fmg ¼ Z�
Zþ

: ð4:44Þ

The electric free energy Fel is defined by a Z2 Fourier transform

e�Fel ¼
X

z¼�
z

Zz

Zþ

¼ 1� e�Fmg :

ð4:45Þ

Let C be a rectangular loop of area A[C]. The following inequality was proven by
Tomboulis and Yaffe in [6]

WðCÞ� exp½�Fel�f gAðCÞ=ðLxLyÞ: ð4:46Þ

So if the vortex magnetic free energy falls off with cross-sectional area LxLy as

Fmg� LzLte
�qLxLy ; ð4:47Þ

then for large Lx, Ly we have Fmg	 1 and exp[-Fel] & Fmg. The behavior (4.47)
is therefore a sufficient condition for confinement, because it implies, from (4.46),
an area law bound for Wilson loops.

Numerical investigations of these quantities were begun by Kovács and Tom-
boulis [7]; their computation of Z-/Z? is shown in Fig. 4.3, and is consistent with
the vortex magnetic free energy falling very rapidly to zero on large lattice vol-
umes, in accordance with the condition (4.47). Much additional work along these
lines was carried out by von Smekal and de Forcrand [8–10]. Note that, in Fig. 4.3,
the ratio Z-/Z? attains its limiting value of unity for lattice extensions of roughly
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1.25 fm. It appears that the free energy of a vortex is lowered by allowing the
vortex to spread out to this extent, but there is no advantage in spreading to a
thickness much beyond that. This suggests that the thickness of a center vortex on
a large lattice is about 1.25 fm.

4.5 Summary

To summarize the lessons of this chapter: We have seen that the existence of a
non-vanishing asymptotic string tension requires that the gauge group has a non-
trivial center, and that any matter fields must transform trivially with respect to
the center subgroup. When these two conditions are satisfied, the action of the
gauge theory is invariant with respect to a global center symmetry transforma-
tion, which is not a gauge transformation. All of the signals we have seen for
confinement

• an area law for Wilson loops;
• vanishing Polyakov lines;
• perimeter-law ‘t Hooft loops;
• area-law falloff for the vortex magnetic free energy

can only be satisfied if a non-trivial global center symmetry exists, and is not
spontaneously broken.

This motivates the idea that the vacuum fluctuations responsible for the
asymptotic string tension must be associated, in some way, with center symmetry.

Fig. 4.3 The behavior of the
vortex free energy versus
lattice extension (same in all
directions). From Kovács and
Tomboulis [7]
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Chapter 5
Properties of the Confining Force

Any fully satisfactory theory of confinement ought to explain the following fea-
tures of the confining force, for which there is strong theoretical and/or numerical
support:

1. asymptotic linearity of the static potential;
2. Casimir scaling of string tensions at intermediate distance scales;
3. N-ality dependence of asymptotic string tensions;
4. evidence of quantum string-like behavior: roughening and the Lüscher term.

Let’s begin with asymptotic linearity. It was proven by Bachas in [1] that the
static quark potential must be everywhere convex, i.e.

dV

dR
[ 0 and

d2V

dR2
� 0: ð5:1Þ

The inequality is saturated by a linear potential; V(R) can be bounded from above
by a straight line. Monte Carlo simulations provide very convincing evidence that
the static quark potential is indeed linear asymptotically. A sample numerical
calculation of V(R) in SU(3) gauge theory, in units of the ‘‘Sommer scale’’ r0 &
0.5 fm, is shown in Fig. 5.1.

Casimir scaling is the property that at some intermediate range of distances, the
slope of the static quark potential for a quark in group representation r, and its
antiquark, is approximately proportional to the quadratic Casimir Cr of the rep-
resentation; i.e.

rr ¼
Cr

CF
rF ; ð5:2Þ

where F denotes the fundamental, defining representation. This relationship is
certainly true at weak couplings in D = 2 dimensional gauge theory, where
Wilson loops can be calculated from one-gluon exchange. The proposal that
Casimir scaling might also hold in higher dimensions [3] is based on the notion of
‘‘dimensional reduction,’’ which suggests that the calculation of a large planar
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Wilson loop in D = 4 dimensions reduces somehow to the corresponding calcu-
lation in D = 2 dimensions. At strong couplings, dimensional reduction is
demonstrably correct; the leading term for the string tension derived from the
strong-coupling expansion is the two-dimensional result. On the other hand, the
non-leading terms do depend on dimension. Arguments for why dimensional
reduction might hold nonetheless, at weak couplings, were advanced indepen-
dently by Olesen [4] and myself [5, 6], and the interested reader can consult those
references. In any case, Casimir scaling in SU(2) and SU(3) gauge theory seems to
hold with remarkable precision. Figure 5.2 shows the data for string tensions of the
static quark potential, in SU(3) lattice gauge theory, in various representations of
the color group. The solid lines shown for each representation are obtained by
multiplying a fit to the static potential of the fundamental (3) representation by the
ratio of quadratic Casimirs Cr/C3.1 It can be argued that Casimir scaling must hold
exactly for the SU(?) gauge group; we will reserve that argument for Chapter 11,
which is concerned with the large-N limit.

Casimir scaling cannot continue out to arbitrary quark-antiquark separations; apart
from D = 2 dimensions or N = ? colors it is an intermediate distance phenomenon.
Consider a quark-antiquark pair in representation r, with N-ality kr. Gluons can bind to
the quark and antiquark, and reduce the color charge to the lowest-dimensional rep-
resentation with the same N-ality. It follows that after screening by gluons (i.e.
asymptotically), string tensions depend only on the N-ality of the representation

rr ¼ rðkrÞ: ð5:3Þ
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Fig. 5.1 The static quark
potential in SU(3) lattice
gauge theory, normalized to
V(r0) = 0. The reference
distance r0 is the ‘‘Sommer
scale,’’ which roughly 0.5 fm.
From Bali [2]

1 It should be noted that the calculation on which this figure is based uses a method which creates
metastable flux tubes, which are then allowed to propagate for a relatively short Euclidean time
interval. This procedure is insensitive to the string-breaking process, and hence one can only
calculate the string tension of the metastable states.
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String tensions of the lowest-dimensional representation of N-ality k are often
called ‘‘k-string tensions.’’

It is not known precisely how k-string tensions depend on k; two proposals are
so-called ‘‘Casimir scaling,’’ and Sine-law scaling. ‘‘Casimir scaling,’’ in this
context, is something of a misnomer. The term as originally introduced by Del
Debbio, Faber, Olejnik and myself [8, 9] refers to intermediate string tensions
(prior to screening by gluons), and is defined in (5.2) above. Somewhat confus-
ingly, Casimir scaling has also been used in the literature in connection with
k-string tensions, which refer to string tensions at asymptotic, rather than inter-
mediate, distances. In that usage, the Casimir Cr is replaced by the Casimir of the
lowest dimensional representation with the same N-ality as r. Then, for an
SU(N) gauge theory, the ‘‘Casimir scaling’’ prediction is

rr ¼ rðkrÞ ¼
kðN � kÞ

N � 1
rF; ð5:4Þ

where rF is the string tension for quarks in the fundamental, defining
representation.

An alternative proposal, motivated by supersymmetric gauge theories, is the
Sine-law dependence

rr ¼ rðkrÞ ¼
sinðpk=NÞ
sinðp=NÞ rF: ð5:5Þ
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Fig. 5.2 Numerical evidence
for Casimir scaling in SU(3)
lattice gauge theory. The
solid lines are obtained from
a fit of the potential in
fundamental representation,
multiplied by a ratio of
quadratic Casimirs Cr/CF.
The reference distance r0 is
again about 0.5 fm. From
Bali [7]
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In practice, the Casimir scaling and Sine-law values for the k-string tensions are
not very different, and there has been some debate in the literature over whether
the Sine law is favored. For our purposes, the crucial point is not Casimir scaling
vs. the Sine Law, but rather the simple fact that asymptotic string tension depends
only on the N-ality of the representation.

An important example is the asymptotic string tension of the adjoint repre-
sentation, which has k = 0. Gluons can screen adjoint color charges and the
confining string should break, leaving two bound states known as ‘‘gluelumps’’,
which can be thought of as a gluon bound to a static quark in the color adjoint
representation. Suppose the gluonic energy of a gluelump state is mGL. Then the
adjoint string should break for quark separations R such that

2mGL\rAR; ð5:6Þ

where rA is the adjoint string tension, which is approximately equal to CA rF/CF in
the intermediate region, according to Casimir scaling. Beyond the string-breaking
distance the static quark potential is flat, and equal to 2mGL.

To observe string-breaking (i.e. color screening by gluons) for adjoint repre-
sentation heavy quark states, using only rectangular Wilson R 9 T Wilson loops, is
computationally demanding, but was achieved in numerical simulations by de
Forcrand and Kratochvila [10], using a noise reduction technique due to Lüscher and
Weisz [11]. The result of their calculation, for SU(2) lattice gauge theory in D = 3
dimensions, is shown in Fig. 5.3. The adjoint string breaks at about ten lattice
spacings, corresponding (at the given value of the lattice coupling) to 1.25 fm in
physical units. We can see that Casimir scaling of the adjoint potential is fairly good
up to 10 lattice spacings, at b = 6.0, after which the potential abruptly flattens out.

Although I have used the terms ‘‘QCD string’’ and ‘‘string breaking,’’ there is
the question of whether, or to what extent, the QCD flux tube really behaves like a
quantum string as described by string theory. If the QCD flux tube resembles
a Nambu string (see Chapter 13), then transverse fluctuations of the string induce a
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universal (coupling and scale independent) 1/R modification to the linear potential
[12, 13] in D-dimensions

VðRÞ ¼ rR� pðD� 2Þ
24

1
R
þ c: ð5:7Þ

This modification is known to lattice gauge theorists as the ‘‘Lüscher term.’’2

Another prediction of the Nambu model is that the cross-section of the QCD flux
tube is not actually constant, but should grow logarithmically with quark separa-
tion, a phenomenon known as ‘‘roughening’’ [14, 15]. There is some evidence in
favor of both the Lüscher term [11, 16] and logarithmic growth of the flux tube
cross-section [17], as well as a spectrum of flux tube excited states which also
appears to correspond to that of a string theory [18]. Perhaps the most accurate
calculations to date [19] have been carried out in 2 ? 1 dimensions, for the
spectrum of closed flux tubes of length R which wind once around the periodic
lattice in a spatial direction. Both the R-dependence of the energy of the ground
state (which includes the Lüscher term), and the pattern of excited flux tube states,
seem to agree rather well with predictions of the Nambu string action.
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Chapter 6
Confinement from Center Vortices I

We have already seen a number of indications that the center of the gauge group
has something to do with confinement. For one thing, the existence of a non-
vanishing asymptotic string tension is tied to the existence, and unbroken reali-
zation, of a global center symmetry. Moreover, two of the order parameters for
confinement, namely the ‘t Hooft loop B(C) and vortex free energy, are explicitly
associated with center vortex creation. But perhaps the strongest motivation for the
center vortex mechanism of confinement, to be discussed below, comes from the
fact that the asymptotic string tension depends only on the N-ality of the quark
charge. Whatever vacuum fluctuations of the gauge field are responsible for an
asymptotic string tension for quarks in the fundamental representation, those same
fluctuations should not also give rise to an asymptotic string tension for quarks in
the adjoint representation, or in any other zero N-ality representation of the gauge
group.

6.1 The Mechanism

There is, of course, no great mystery in the fact that the adjoint string tension
vanishes asymptotically. We have already seen why that must be true. As the flux
tube gets longer, at some stage it is energetically favorable to pair-create some
gluons which bind to each adjoint quark to form a singlet, and the flux tube breaks.
This explanation is certainly correct, but when we talk of pair-creating gluons out
the vacuum, we are using the language of Feynman diagrams, and talking about
particle states. However, the path-integral itself is a sum over field configurations.
When a Wilson loop is evaluated at a given location by Monte Carlo methods, the
configurations which are generated have no knowledge whatever of the location of
the Wilson loop being measured, or where the pair-created gluons should appear.
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The Wilson loop is just an observable, not a part of the action. Nevertheless, the
Monte Carlo evaluation must somehow give us the same answer that we deduce,
on the basis of energetics, from the particle picture of string breaking. So this
raises the question: What feature of a typical vacuum field fluctuation can give us
both a finite string tension for quarks in the fundamental representation, and a
vanishing string tension for zero N-ality quark charges, at large distances? What
we are looking for is a ‘‘field’’ explanation of screening, to complement the par-
ticle picture.

Suppose that there is a certain type of solitonic object, identifiable in typical
field configurations, whose fluctuations in position (or some other degree of
freedom) give rise to an area law for Wilson loops. In order that the string tension
depend only on N-ality, it seems necessary that Wilson loops which are in different
representations, but have the same N-ality, should be affected by these solitonic
objects in exactly the same way. Loops of zero N-ality should not be affected at
all. These requirements are almost a definition of center vortices; I do not know of
any other object with the same properties. Suppose we create a center vortex
linked to loop C. This affects the loop holonomy as follows: U(C) ? zU(C) where
z [ ZN for an SU(N) gauge group. Then, for a Wilson loop in representation r with
N-ality k

WrðCÞ ! zkWrðCÞ; ð6:1Þ

so that Wilson loops of the same N-ality are, indeed, affected in the same way,
while zero N-ality loops are unchanged. Creation of a set of vortices, with center
elements za, zb, zc…, linked to loop C, with linking numbers la, lb, lc … respec-
tively, will transform the loop as

WrðCÞ ! ZkðCÞWrðCÞ
ZðCÞ ¼ zla

a zlb
b zlc

c . . . :
ð6:2Þ

The center vortex scenario for confinement [1–6] is very simple: Any vacuum
(thermalized lattice) configuration can be viewed as a set of center vortices
superimposed on a non-confining configuration, and the area law for Wilson loops
is obtained from random fluctuations in the number of vortices (and their linking
numbers) topologically linked to the loop. More explicitly, we can write for any
holonomy

UðCÞ ¼ ZðCÞuðCÞ; ð6:3Þ

where u(C) is the contribution to the holonomy from the non-confining back-
ground. Then the idea is that

hvr½UðCÞ�i � hZkðCÞihvr½uðCÞ�i
� e�rkAðCÞe�lrPðCÞ: ð6:4Þ
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To get this result, we only need that

(A) For a single large loop C, Z(C) and u(C) are weakly correlated; and
(B) for two large loops C1 and C2, Z(C1) and Z(C2) are weakly correlated; i.e.

hZðC1ÞZðC2Þi � hZðC1ÞihZðC2Þi ð6:5Þ

and in fact this weak correlation applies to the product of any number of large
loops lying in the same plane.

To see how we arrive at an area law from these assumptions, consider a large
rectangular Wilson loop C of area A, in group representation r of N-ality k. We
have, by assumption A,

WrðCÞ ¼ hvr½UðCÞ�i ¼ hZkðCÞihvr½uðCÞ�i: ð6:6Þ

Now subdivide the area A into square L 9 L subareas bounded by loops {Ci}, so
that

hZkðCÞi ¼
YA=L2

i¼1

ZkðCiÞ
* +

�
YA=L2

i¼1

hZkðCiÞi

¼ exp½�rðkÞAðCÞ�; ð6:7Þ

where assumption B is used in going from the first to second line, and

rðkÞ ¼ �
log hZkðCiÞi
� �

L2
ð6:8Þ

for any of the L 9 L subloops Ci. Solving for hZk(Ci)i, we have

hZkðCiÞi ¼ exp½�rðkÞL2�: ð6:9Þ

which means that the string tension extracted from the smaller loops is identical to
that of the larger loop, providing the smaller loops are large enough so that
assumption B holds, i.e. providing the larger loop can be subdivided into smaller
loops such that the Z(Ci) fluctuate independently. Note that we have simply
applied the reasoning given in Sect. 2.4 to the center-valued loops Z(C).

It is interesting to consider the limiting case, where Z(p) fluctuates indepen-
dently from one plaquette p on the lattice to another, for plaquettes lying in the
same plane. Start from

ZðCÞ ¼
Y

p2AðCÞ
ZðpÞ; ð6:10Þ

where A(C) is the minimal area of the loop. For simplicity consider the group
SU(2), where
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ZðpÞ ¼ �1 if the vortex pierces the plane at p
þ1 otherwise

�
; ð6:11Þ

and define f to be the probability that Z(p) = -1 on any given plaquette p. Then,
assuming the Z(p) fluctuate independently,

hZðCÞi ¼
Y

p2AðCÞ
ZðpÞ

* +
¼
Y

p2AðCÞ
hZðpÞi

¼
Y

p2AðCÞ
ð1� f Þðþ1Þ þ f ð�1Þ½ �

¼ exp AðCÞ lnð1� 2f Þ½ �; ð6:12Þ

and the string tension is

r ¼ � lnð1� 2f Þ: ð6:13Þ

Now, what kind of link configurations produce holonomies, for any C, which
are ZN elements U(C) = Z(C) [ ZN? The answer is that these are configurations
which can be transformed, by an SU(N) gauge transformation, into link configu-
rations of ZN lattice gauge theory, i.e.

UlðxÞ ¼ zlðxÞgðxÞg�1ðxþ blÞ; zlðxÞ 2 ZN : ð6:14Þ

The excitations of ZN lattice gauge theory are precisely thin ZN vortices. Then we
may subdivide link variables into degrees of freedom responsible for confinement
zl(x), and those which are simply a non-confining background Vl(x), as follows1

UlðxÞ ¼ gðxÞzlðxÞVlðxÞg�1ðxþ blÞ: ð6:15Þ

This form motivates us to look for the gauge transformation g(x) which would
bring a lattice configuration UlðxÞ into the form of a simple product U = zV. If V,
the non-confining background, is (mainly) a small fluctuation around the unit
element then we can easily determine the large fluctuations zl(x), and, from those,
the center vortex locations.

6.2 Center Gauges and Center Projection

The vortex mechanism is probably the simplest route to confinement, and is well
motivated by the local, gauge-invariant order parameters for confinement (‘t Hooft

1 Vl(x) would also be responsible for ‘‘thickening’’ the flux of the thin vortices, so there must be
some short range correlation between Vl(x) and vortex position.
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loop, Polyakov loop, vortex free energy), and by the known facts about N-ality
dependence. But is it right?

To find out, we turn to lattice Monte Carlo simulations. The first problem is to
figure out how to spot thick center vortices in a list of what looks like random
numbers, i.e. the lattice link variables.

6.2.1 Direct Maximal Center Gauge

We would like to transform the link variables to a gauge in which link variables
can be factored into center elements, whose fluctuations bring about the asymp-
totic string tension, and non-confining fluctuations Vl(x), which have no influence
on the far-infrared physics. But what gauge is that? The most intuitive choice [7] is
to transform the configuration so that the link variables Ul(x) are as close as
possible to some ZN lattice configuration or, to put it another way, the link vari-
ables in the adjoint representation are as close as possible to unity. The center
elements of SU(N) are all mapped to the identity in the adjoint representation, so
the deviation of adjoint representation links from the identity matrix is a measure
of the deviation of the lattice configuration from a pure ZN configuration. The
gauge in which this deviation is minimized is known as ‘‘direct maximal center
gauge.’’ It is defined as the gauge which maximizes

R ¼
X

x

X

l

Tr½UAlðxÞ�

¼
X

x

X

l

Tr½UlðxÞ�Tr½UylðxÞ� � 1; ð6:16Þ

where UAl is the link variable in the adjoint representation. This is simply Landau
gauge in the adjoint representation. In this gauge we decompose

UlðxÞ ¼ ZlðxÞVlðxÞ; ð6:17Þ

where ZlðxÞ1N is the center element in the SU(N) group manifold which is closest
to Ul(x). For example, in SU(2),

ZlðxÞ ¼ signTr½UlðxÞ�: ð6:18Þ

In general, in an SU(N) gauge theory, we take Zl(x) = zn, where zn [ Zn is the
element for which ReTr[zn

* Ul(x)] is largest.
The mapping of the gauge-fixed SU(N) lattice configuration to a ZN lattice

configuration

UlðxÞ ! ZlðxÞ ð6:19Þ

is known as ‘‘center projection.’’ Plaquettes with Z(p)=1 on the projected lattice,
where Z(p) is the product of Zl(x) link variables around plaquette p, are known as
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‘‘P-plaquettes,’’ and together they identify the position of thin center vortices
known as ‘‘P-vortices.’’ The claim is that this procedure locates center vortices on
the unprojected lattice; P-vortices lie somewhere in the middle of the thick vortices
of the original lattice configuration.

P-vortices, strictly speaking, are not located on the original lattice, but rather on
the corresponding ‘‘dual’’ lattice, whose sites are shifted away from the sites of the
original lattice by half a lattice spacing in the l = 1, … , D directions. In D = 2
dimensions, a plaquette is said to ‘‘dual to’’ (intersected in the middle by) a site of
the dual lattice, located at the center of the plaquette. In three dimensions, a
plaquette is dual to a link on the dual lattice, orthogonal to the plaquette, which
runs through the center of the plaquette. In four dimensions a plaquette is dual to a
plaquette on the dual lattice, which is oriented in a plane orthogonal to original
plaquette; the areas of the two plaquettes intersect at a common midpoint. Sup-
pose, for example, that at a fixed time we have a set of P-plaquettes oriented
orthogonal to the x-axis, as shown in Fig. 6.1. A P-vortex in this timeslice is a line
which pierces the center of each P-plaquette, and carries magnetic flux in the
center of the gauge group. As the vortex line propagates in time, it traces out an
area on the dual lattice, formed by plaquettes which are dual to the P-plaquettes.

The center-projected lattice is a configuration of ZN lattice gauge theory, which
of course is an abelian gauge theory, and has a simple Stokes Law

ZðCÞ ¼
Y

p2SðCÞ
ZðpÞ; ð6:20Þ

where S(C) is any surface bounded by C, and the product is over the plaquettes p
which make up that surface. Let C be a planar loop, and S(C) be the minimal
surface. If there are no P-plaquettes in the minimal surface, then Z(C) = 1. If there

x

y

z t

Fig. 6.1 A set of P-plaquettes, oriented parallel to the y–z plane. A thin vortex in D = 3
dimensions is a line running through the middle of the P-plaquettes, carrying a unit of center flux.
The vortex line is dual to the P-plaquettes and runs along links of the dual lattice. In D = 4
dimensions the thin vortex is a surface on the dual lattice, indicated the dashed lines, formed by
plaquettes which are dual to the P-plaquettes. Note that the sites of the dual lattice are displaced
by half a lattice spacing in time, as well as in the space directions
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is one or more, then the product can be restricted to the P-plaquettes (Z(p)=1)
only,

ZðCÞ ¼
Y

p2SðCÞ
ZðpÞ6¼1

ZðpÞ: ð6:21Þ

Since each P-plaquette is dual to a plaquette (four dimensions) or a link (three
dimensions) on a P-vortex which intersects the P-plaquette at a point in the middle,
we say that the minimal surface is ‘‘pierced’’ by a P-vortex at the location of the
P-plaquette.

Let us refer to the maximum distance between any two points on a vortex as the
extension of the vortex, and suppose that there were an upper limit Lmax to vortex
extension. For very large Wilson loops, this means that the only vortices which can
link to the loop are those which are in the neighborhood (i.e. within a distance
Lmax) of the loop perimeter, and the minimal area is irrelevant. It is not too hard to
see that a perimeter, rather than an area-law falloff of center-projected Wilson
loops hZ(C)i would be the result (cf. [8]). This means that if the center-projected
loops do, in fact, have an area-law falloff, then the only possible upper bound on
vortex extension is the finite lattice volume. The picture is that P-vortices are
random surfaces which ‘‘percolate’’ throughout the spacetime volume. The
piercings, by such vortices, of widely separated plaquettes on any given planar
surface are uncorrelated, leading to a lack of correlation among large center-
projected loops.

6.2.2 Finding Thin Vortices

If the gauge-fixing and center projection procedure really locates center vortices
on the unprojected lattice, whose position is initially unknown, then it should also
locate vortices whose position is known beforehand. In other words, suppose we
have some lattice configuration U, and insert by hand a center vortex, via a
singular gauge transformation, somewhere in the lattice. Assuming it is possible to
gauge transform to a unique global maximum of R, will this center vortex be
among the set of vortices identified by the center projection procedure? The
answer is yes, and the argument is as follows: Let U denote some thermalized
lattice configuration. A thin center vortex is created, on the background U, by a
singular gauge transformation. Denote the resulting configuration as U0. Since the
discontinuity of the singular gauge transformation is a center element, this dis-
continuity is invisible in the adjoint representation. It follows that the two lattice
configurations in the adjoint representation, UA and U0A, are gauge equivalent. Then
maximal center gauge will take UA and U0A into the same gauge-fixed configuration
eUA. In the passage to maximal center gauge, the link variables U and U0 in the
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fundamental representation are transformed to configurations eU and eU 0 which

both equal eUA in the adjoint representation. Since they correspond to the same

configuration in the adjoint representation, the eU and eU 0 lattice configurations can
differ only by continuous and/or singular ZN transformations. This means that the
singular SU(N) gauge transformation which inserted the thin vortex in U0 must

appear as a singular ZN transformation relating eU 0 to eU .
What has happened here is that the original singular SU(N) gauge transforma-

tion, which may be quite smooth (up to the discontinuity) and extended, has been
squeezed by the gauge-fixing condition to the identity everywhere except on a Dirac
volume (bounded by the thin vortex sheet), where it has the effect of simply

multiplying a certain set of links by -1. Upon center projection, eUlðxÞ ! ZlðxÞ
and eU 0 ! Z 0lðxÞ, and the projected configurations differ by the same discontinuous
Z2 gauge transformation. This discontinuity then shows up as an additional P-vortex
in Z0, not present in Z, at the location of the vortex inserted by hand.

While encouraging, this argument has two weaknesses: First, the inserted
vortex is thin. The vortices which we are looking for in typical lattice configu-
rations are thick. Secondly, the argument that UA and U0A transform into a unique

configuration eUA in the adjoint representation ignores the fact that there exist a
vast number of local maxima of the gauge-fixing functional R in (6.16), known as
‘‘Gribov copies.’’ Existing numerical techniques are only able to fix the lattice to
one of these local maxima, not to the global maximum. Despite this fact, the
method has been shown, in numerical tests, to successfully locate thin vortices that
were inserted by hand into the lattice [9].

The ability to find thin vortices inserted in the lattice is not unique to maximal
center gauge, according to the above argument, but is shared by any choice of
gauge which is defined as a condition on link variables in the adjoint represen-
tation. It is therefore worthwhile to explore some other possible gauge choices.

6.2.3 Indirect Maximal Center Gauge

This gauge [10] is useful in exploring connections between abelian monopoles and
vortices.

The starting point is maximal abelian gauge [11], which minimizes the off-
diagonal elements of the link variables, leaving a residual U(1)N-1 gauge invari-
ance (we will have more to say about this gauge, and its motivation, in Sect. 8.4)
For SU(2), maximize

R ¼
X

x;l

Tr½UlðxÞr3UylðxÞr3�: ð6:22Þ

This is equivalent to maximizing the (33) matrix element of the SU(2) link vari-
ables in the adjoint representation. The link variables are decomposed as
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UlðxÞ ¼ ClðxÞDlðxÞ; ð6:23Þ

where D is the diagonal part of the link variable, rescaled to restore unitarity

Dl ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½Ul�11

�� ��2þ ½Ul�22

�� ��2
q

½Ul�11 0

0 ½Ul�22

� �

¼ eihl 0

0 e�ihl

" #
: ð6:24Þ

Then we use the residual U(1) symmetry to maximize

eR ¼
X

x;l

jTr½DlðxÞ�j2 ¼
X

x;l

4 cos2 hlðxÞ
	 


; ð6:25Þ

leaving a residual center (in this case Z2) gauge symmetry. This brings the con-
figuration into the indirect maximal center gauge.

Both the direct and indirect maximal center gauges have Gribov copies: for any
lattice configuration there are a huge number of local maxima of R (much like spin
glasses [12]), and there is no known technique for finding the global maximum.
There are two strategies for dealing with this problem. One can just make an effort
to find the ‘‘best’’ copy one can, e.g. by a simulated annealing technique, or else
give up on trying to find a best copy, and average over all Gribov copies. In Monte
Carlo simulations this last strategy is easy; it is equivalent to simply picking a
gauge copy at random.

6.2.4 Laplacian Center Gauge

Laplacian gauges, originally introduced by Vink and Wiese [13, 14], are gauges
which avoid the Gribov problem. Consider a Yang-Mills theory with two scalar
fields /1

c, /2
c in the adjoint representation, where c is the color index. The unitary

gauge

/c
1ðxÞ ¼ qðxÞdc3

/2
2ðxÞ ¼ 0; /1

2ðxÞ[ 0
ð6:26Þ

can be fixed uniquely, leaving a residual Z2 symmetry. In the Laplacian cen-
ter gauge [15, 16], the two scalar fields are taken to be the two lowest eigen-
modes

X

y

�Dabðx; yÞf b
n ðyÞ ¼ knf a

n ðxÞ ð6:27Þ

of the (negative) covariant Laplacian -D in adjoint representation
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�Dabðx; yÞ ¼ �
X

l

½UAlðxÞ�abdy;xþl̂ þ ½UAlðx� blÞ�bady;x�l̂ � 2dxyd
ab

� �
: ð6:28Þ

The Laplacian center gauge is the unitary gauge defined by (6.26), with the two
lowest eigenmodes serving as the two scalar fields /1,2.

6.2.5 Direct Laplacian Center Gauge

This is a hybrid [17], which for SU(2) uses the two lowest eigenmodes of the
adjoint covariant Laplacian to select a particular Gribov copy of direct maximal
center gauge. In practice, the results obtained in this gauge are indistinguishable
from picking gauge copies at random in direct maximal center gauge.

In the end, the only real justifications for using one or another gauge are
empirical. Most of the results I will show were obtained in the direct Laplacian
center gauge, but the corresponding results obtained in direct and indirect maximal
center gauges are very similar.

6.3 The Numerical Evidence

The numerical results which bear on the center vortex mechanism fall into several
categories:

1. Center Dominance: What string tension is obtained from P-vortices?
2. Vortex-Limited Wilson loops: What is the correlation between center-projected

loops and Wilson loops on the unprojected lattice? Do P-vortices really locate
thick vortices on the original lattice?

3. Vortex Removal: What is the effect of removing vortices, identified by center
projection, from the lattice configuration?

4. Scaling: Does the density of vortices scale according to the asymptotic freedom
prediction?

5. Finite Temperature
6. Chiral Condensate/Topological Charge.

6.3.1 Center Dominance

The very first question is whether, under the factorization in one of the center
gauges

UlðxÞ ¼ ZlðxÞVlðxÞ; ð6:29Þ
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the variables Zl(x) of the center-projected configuration carry the disorder
responsible for confinement.

The expectation value of a rectangular R 9 T Wilson loop typically has the
following dependence on R and T:

W ½R; T� ¼ exp½�ðrRT þ lðRþ TÞ � aðT=Rþ R=TÞ þ b�: ð6:30Þ

The term l(R + T) is a self-energy term, and is divergent in the continuum limit.
Creutz noticed that one could form a ratio of rectangular loops2

v½R; T� � � log
W ½R; T �W ½R� 1; T � 1�
W ½R� 1; T �W ½R; T � 1�

� 
; ð6:31Þ

such that the self-energy terms cancel out, and in the limit of large loop areas the
Creutz ratio converges to the asymptotic string tension

v½R; T� ! r: ð6:32Þ

Let Wcp[R, T] be the Wilson loops of the center-projected lattice, i.e. loops con-
structed from the link variables Zl(x) identified in maximal center gauge, and let
vcp[R, T] be the corresponding Creutz ratios. Then the question is whether, at large
R, T, these Creutz ratios converge to the asymptotic string tension of the unpro-
jected lattice.

Figure 6.2 is a first look at vcp[R, R] versus coupling b for R = 1–6. There are
three points, in particular, worth noting:

• At each b, the vcp[R, R] are almost identical for all R [ 1. In other words, the
asymptotic string tension is obtained already at R = 2.

• There is excellent agreement with asymptotic freedom, indicated by the straight
line passing through the data points at R = 2. The slope of this line is a pre-
diction of the Yang-Mills two-loop beta function.

• Even the data for vcp[1, 1] seems to fit with asymptotic freedom.

Creutz ratios in the full theory, by contrast, certainly do depend on R, and only
converge to the asymptotic string tension, at a given b, at large R.

Figure 6.3 displays the (nearly constant) values for the Creutz ratios vcp[R, R]
vs. R at several b values. At each b the central straight line represents the accepted
value of the asymptotic string tension of lattice Yang-Mills theory; the upper and
lower straight lines indicate the associated statistical errors. The agreement of the
string tension on the center-projected lattice with the full string tension is known
as ‘‘center dominance.’’ The fact that vcp[R, R] is nearly R-independent means that
the center-projected potential is linear starting from R = 2. This feature is known
as ‘‘precocious linearity.’’

2 The Creutz ratios v[R, T] should not be confused with the group characters vr[g] discussed
previously.
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In order to understand precocious linearity, recall that center vortices on the
unprojected lattice are thick objects, and the full effect on a Wilson loop, i.e.
multiplication by a center element, is only obtained for thick vortices linked to
large loops. Center projection essentially shrinks the thickness of the vortex to one
lattice spacing, so the full effect of linking to a vortex appears for even the smallest
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center-projected Wilson loops. Thus, if P-vortex plaquettes are completely
uncorrelated in a plane, then we must see a linear potential from the smallest
distances. If this is not seen, then either the vortex surface is very rough, bending
in and out of the plane, or else there are very small vortices. In either case there are
correlations between nearby P-plaquettes, and a delay in the onset of the linear
projected potential.

6.3.2 Vortex-Limited Wilson Loops

The fact that P-vortices in the projected lattice reproduce the correct, or nearly
correct, asymptotic string tension does not, by itself, prove that these objects
locate something physical on the unprojected lattice. P-vortices, after all,
are identified with the help of gauge fixing; perhaps they are artifacts of the
gauge choice. To address that issue, the crucial question to ask is whether
P-vortices are correlated with gauge-invariant observables, such as ordinary
Wilson loops.

A vortex-limited Wilson loop Wn(C) is the expectation value of a Wilson
loop on the unprojected lattice, evaluated in the subensemble of configurations
in which the minimal area of the loop is pierced by precisely n P-vortices (i.e.
there are n P-plaquettes in the minimal area). Here the center projection is used
only to select the data set; the loop itself is evaluated using unprojected link
variables.

If P-vortices on the projected lattice locate center vortices on the unprojected
lattice, then for SU(2) we would expect, asymptotically, that

WnðCÞ
W0ðCÞ

! ð�1Þn: ð6:33Þ

The reason is as follows: In maximal center gauge we have

WnðCÞ ¼ hZðCÞTr½VðCÞ�inpðCÞ¼n

¼ ð�1ÞnhTr½VðCÞ�inpðCÞ¼n; ð6:34Þ

where the h. . .inpðCÞ notation indicates that the planar loop is only evaluated in

those configurations for which np(C) P-plaquettes lie in the interior of the minimal
area of the loop. If we assume that Vl(x) has only short range correlations, then on
a large loop this variable is insensitive to the presence or absence of vortices deep
in the interior of the loop, i.e.

hTr½VðCÞ�inpðCÞ¼n � hTr½VðCÞ�inpðCÞ¼0 ð6:35Þ

for large loops. From this, (6.33) follows immediately.
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Figure 6.4 shows results for W1/W0, and W2/W0 for square R 9 R and rectan-
gular R 9 (R + 1) loops. The data is quite consistent with (6.33). One can also
look at loops with even or odd numbers of P-vortices piercing the loop. We find,
for SU(2) [17]

WoddðCÞ
WevenðCÞ

! �1: ð6:36Þ

From the fact that Wn/W0 ? (-1)n, we conclude that P-vortices are correlated
with the sign of the Wilson loop, in just the way expected if these P-vortices are
correlated with the location of thick center vortices. If we restrict ourselves to
loops with n = 0, or n = even, then there are no fluctuations in the sign of the loop
due to vortices, and in the vortex scenario the asymptotic string tension should
vanish. In fact, Creutz ratios constructed from loops of this kind show exactly the
expected behavior, i.e.

v0ðR;RÞ ! 0; vevenðR;RÞ ! 0: ð6:37Þ

6.3.3 Vortex Removal

A powerful consistency test was devised by de Forcrand and D’Elia in [20].
Suppose we remove center vortices from the unprojected configuration, by
multiplying a lattice configuration, in a center gauge, by its own center projec-
tion, i.e.

UlðxÞ ! U0lðxÞ ¼ Z�lðxÞUlðxÞ ¼ VlðxÞ: ð6:38Þ

The center-projection of U0l(x) has no center vortices at all. What the procedure
actually does is to insert a thin vortex in the middle of a thick vortex.
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The asymptotic fields of the thin and thick vortices would cancel out, removing the
vortex disordering effect on large loops. Thus, if (i) P-vortices locate thick vortices
(the evidence for that comes from the vortex-limited Wilson loops); and (ii) vortex
disorder is confining disorder (the evidence is center dominance); then removing
vortices in this way should also remove the asymptotic string tension. This is, in
fact, exactly what happens, as can be seen in Fig. 6.5.

6.3.4 Scaling of the P-vortex Density

If center vortices are physical objects, it makes sense that their density (vortex area
per unit volume) in the vacuum is lattice-spacing independent in the continuum
limit. If P-vortices lie in the middle of center vortices, it would likewise follow that
P-vortex density is lattice-spacing independent, a property which was first checked
in [21]. Let

Nvor ¼ total no. of P-plaquettes ¼ total P-vortex area in lattice units

NT ¼ total no. of plaquettes ¼ total lattice volume� 6:
ð6:39Þ

Then the density p of P-plaquettes is related to the vortex density q in physical
units via

p ¼ Nvor

NT
¼ Nvora2

NT a4
a2

¼ Total Vortex Area
6� Total Lattice Volume

a2

¼ 1
6
qa2: ð6:40Þ

If q is a physical quantity (i.e. b-independent), then we can substitute the
asymptotic freedom expression for lattice spacing a(b, K) to obtain the prediction
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p ¼ q

6K2

6p2

11
b

� �102=121

exp �6p2

11
b

� �
: ð6:41Þ

The average value of p is obtained from Wcp[1, 1], because

1
2

Wcp½1; 1� ¼ ð1� pÞ þ p� ð�1Þ ¼ 1� 2p ð6:42Þ

Figure 6.6 displays p vs. b; the straight line has the slope predicted from
asymptotic freedom. In Fig. 6.7 we show closely related results by Gubarev et al. [22]
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using the indirect maximal center gauge. This is a plot of q in physical units vs.
lattice spacing, and the insensitivity to lattice spacing at small lattice spacings is
quite evident.

Gubarev et al. [22] also investigated the (gauge-invariant) action density, above
the vacuum average, at the location of P-plaquettes, i.e.

DS ¼ �1
2
bðW1½1; 1� �W ½1; 1�Þ: ð6:43Þ

It was found that this action density is singular in the continuum limit. The result
means that in terms of action density, the middle of a center vortex stands out from
the background, in the continuum limit, as a surface (or ‘‘brane’’) of infinite action
density. The fact that the density of vortices is constant when taking the continuum
limit, despite the infinite action density limit at the location of P-vortices, suggests
a delicate cancellation between surface action and surface entropy.3

6.3.5 Vortices at High Temperatures

We have already encountered Polyakov loops, which measure the quark free
energy in a periodic lattice at finite temperature T = 1/(Lta), where Lt is the
extension of the lattice in the time direction. As the temperature is raised to
Tc = 220 MeV, quantized SU(2) gauge fields theory go through a ‘‘deconfine-
ment’’ transition, where hadrons dissolve into their constituents. One can show
numerically that at T [ Tc the quark free energy, as measured by the Polyakov
loop, becomes finite. On the other hand, the vacuum of the deconfined phase still
retains some features associated with the confined phase, since it has also been
shown that spacelike Wilson loops (which are a measure of vacuum fluctuations)
retain an area law and asymptotic string tension beyond the phase transition, even
though the static quark potential measured by Polyakov loop correlators goes flat.
A theory of confinement must be consistent with both of these features, i.e. an area
law for spacelike loops but non-zero Polyakov loop expectation values; at T [ Tc.

Center vortices fit in nicely with these requirements, and provide an intuitive
picture of the transition which can be checked via numerical simulation. It is
easiest to visualize the situation in 2 + 1 dimensions. Let us consider the expec-
tation value of the product of two Polyakov loops, P(x)P*(x + R). By the same
argument as for a single Polyakov line, this quantity is related to the free energy of
a quark–antiquark pair

e�bFqq ¼ hPðxÞP�ðxþ RÞi; ð6:44Þ

3 Zakharov [23] has argued that surfaces with singular action density fit in well with the need for
certain power corrections in QCD sum rules.
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where b = 1/T. In the confinement phase a flux tube, with some temperature-
dependent string tension, will form between the quark–antiquark pair, and at large
R the free energy of a separated quark-antiquark pair will approximate
rðTÞRþ V0. This means that, in lattice units,

hPðxÞP�ðxþ RÞi / e�rðTÞLtR: ð6:45Þ

In the vortex theory, this exponential falloff, proportional to the minimal area
bounded by the Polyakov loops, is due to random (uncorrelated) piercings of the
minimal area by vortices. However, vortices have a certain thickness, and it is
known from the work of Kovacs and Tomboulis [24], and de Forcrand and von
Smekal [25–27], that when vortices are ‘‘‘squeezed’’ by the finite extension of the
lattice, i.e. the thickness of the lattice is less than the normal thickness of center
vortices, then the free energy of the squeezed vortices rises rapidly away from zero
as the lattice extension is reduced, and at some point squeezed vortices cease to
percolate. The situation in 2 + 1 dimensions is sketched in Fig. 6.8. When the
squeezed vortices no longer percolate, then piercings of the minimal surface
between Polyakov loops are correlated, and the piercings can no longer result in
the exponential falloff shown in (6.45). An exponential falloff of the correlator
guarantees that hP(x)i = 0, but in the absence of this falloff there is no reason for
the expectation value of the Polyakov loop to vanish, and we have

e�bFqq ¼ hPðxÞP�ðxþ RÞi
! hPðxÞihP�ðxþ RÞi
[ 0: ð6:46Þ

Since the ‘‘cost’’ in free energy of having an infinitely separated quark and anti-
quark is finite, this is the deconfined phase.

On the other hand, let us consider spacelike loops at high temperature. The area
law for these loops is due to piercing by vortices oriented in the time direction, as
indicated in Fig. 6.9. However, the thickness of such vortices is not constrained by

tL

Fig. 6.8 Vortices running in
the spacelike directions dis-
order Polyakov loops. When
the time extension Lt is
smaller than the diameter of
the vortex (high temperature
case), then spacelike vortices
are ‘‘squeezed’’ and cease to
percolate
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the finite lattice extension in the time direction, and their free energy on a lattice
with large extension in all space directions is essentially zero. It is necessary,
however, that these unsuppressed configurations are oriented in the time direction
all along their length, which means such vortices will extend through the lattice in
the time direction, and close via the lattice periodicity. Vortices of this type account
for the area law falloff of spatial Wilson loops, even at very high temperatures.

In 3þ 1 dimensions the vortex lines become vortex sheets winding through the
periodic lattice in the time direction, but to visualize the situation it is helpful to
consider a space-slice of the lattice, say at some fixed value of the z-coordinate. In
a space-slice the vortex surfaces are again line-like. The P-vortices which we use
to locate center vortices have, of course, no thickness, and are literally lines. The
distribution of P-vortices in a space-slice is shown schematically in Fig. 6.10. At
low temperatures, the P-vortices percolate throughout the lattice, while at high
temperatures the vortex loops are small, but some of them (the ones responsible for
the spacelike string tension) wind through the lattice in the periodic time direction.

On a time-slice, in D ¼ 2þ 1 dimensions, the P-vortices would simply be a lot
of uncorrelated points (P-plaquettes) in the plane. In D ¼ 3þ 1 dimensions what
we should see is the cross-section of P-vortex surfaces which are closed by lattice
periodicity in the time direction, but percolate in spatial directions. Thus, in a time
slice, we would expect to see large loops percolating throughout the spatial vol-
ume, even at high temperatures.

This picture and its numerical verification are due to the Tübingen group in [8]
(see also Refs. [28, 29]). Figure 6.11 shows some data for a space-slice at finite
temperature. The x-axis is in units of the maximal extension of the vortex loop in

the L2 9 Lt space-slice 3-volume, i.e.
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðL=2Þ2 þ ðLt=2Þ2

q
. The y-axis is the

tL

Fig. 6.9 Vortices running in
the timelike direction dis-
order spacelike Wilson loops.
The vortex cross section is
not constrained by a small
extension in the time
direction
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Fig. 6.10 Schematic picture
of P-vortices in a ‘‘space-
slice’’ of the lattice, below
and above the deconfinement
phase transition. From
Engelhardt et al. [8]
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fraction of P-vortex plaquettes in the space-slice which are dual to a vortex loop of
a given extension. At low temperature, most P-plaquettes belong to vortex loops
whose extensions are comparable to the size of the lattice. At high temperatures,
most P-plaquettes belong to short loops in the space-slice. The same sort of data
for a time slice is shown in Fig. 6.12, at temperatures just below, just above, and
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Fig. 6.11 Histograms of vortex extension in a space-slice at finite temperature, both below (left
figure, T = 0.7 Tc) and above (right figure, T = 1.85 Tc) the deconfinement phase transition. The
data is for b = 2.4 on a 123 9 7 (confined) and 123 9 3 (deconfined) lattices; center projection
in direct maximal center gauge. From Engelhardt et al. [8]
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Vortices are identified by
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figure. From Engelhardt et al.
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well above the deconfinement transition. On a time slice there is little difference
with temperature. At any temperature, most P-plaquettes belong to P-vortices
whose extension is comparable to the size of the lattice. Thus we have percolation
of vortices in a time-slice, and a corresponding area-law falloff for spacelike
Wilson loops.

6.3.6 Chiral Condensates and Topological Charge

Consider a gauge theory with two light quarks, u and d, which together form a
flavor doublet. As long as the masses of these quarks are zero, the Lagrangian is
invariant under the transformations

u
d

� �
! UB � UA � UL � UR

u
d

� �
; ð6:47Þ

where

UB ¼ exp½ihB�
UA ¼ exp½ihAc5�

UL ¼ exp ihi
Lð1� c5Þ

ri

2

h i

UR ¼ exp ihi
Rð1þ c5Þ

ri

2

h i
:

ð6:48Þ

The symmetry with respect to U(1) transformations UB results, via Noether’s
Theorem, in conservation of baryon number. The axial U(1) symmetry with
respect to transformations UA, while a symmetry of the Lagrangian, is not a
symmetry of the full quantum theory. This symmetry is said to be anomalous. One
way of understanding this anomaly in the continuum, in the context of path-
integral quantization, is that the path-integration measure for the fermions is not
invariant under UA [30].4 With most lattice regularizations the lattice measure is
invariant under the axial U(1) symmetry, and the symmetry is instead broken by
the regularized lattice action [32]. Finally, while the chiral SU(2)L 9 SU(2)R

symmetry transformations UL 9 UR are not broken by any anomaly, neither is this
symmetry realized in the spectrum of the theory. If it were, then particles would
appear in equal mass doublets of opposite parity, and this is something which is
not found in nature. Instead, chiral symmetry is spontaneously broken to ordinary
SU(2) isospin symmetry, which consists of the subgroup of transformations for

4 Another picture, in the Hamiltonian formulation, involves the notion of the Dirac sea. Under
the influence of an external gauge field, the energy levels of the Dirac operator shift up or down,
depending on the chirality of the state. This level-shifting can appear as the creation of quark-
antiquark pairs by a gauge field, with quantum numbers violating conservation of the axial U(1)
symmetry [31].
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which hL
i = hR

i . When a continuous global symmetry is broken spontaneously, the
Goldstone theorem assures us that there must be some associated massless parti-
cles; in this case these are the pions, which would be massless if the quarks were
exactly massless.5

Whenever there is a possibility of spontaneously broken symmetry, it is useful to
introduce a local operator which is not invariant under the symmetry, and whose
expectation value would average to zero if the symmetry were unbroken. The
expectation value of such an operator is the order parameter for the symmetry
breaking. For the Ising model the operator was the average spin, whose expectation
value is the magnetization, and this is non-zero if the Z2 global symmetry of the
Ising model is spontaneously broken. In the case of global center symmetry, the
Polyakov loop is the natural order parameter. For chiral symmetry, an appropriate
order parameter is hwwi, and the symmetry is broken when this quantity is non-
zero. This order parameter, known at the chiral condensate, is also of phenome-
nological importance. If the quark masses (known as current quark masses) are not
exactly zero, then the pions, now described as ‘‘pseudo-Goldstone’’ particles,
also acquire a mass, and this mass can be expressed in terms of the pion decay
constant fp, the quark masses, and the order parameter for chiral symmetry
breaking:

m2
p ¼ �2

mu þ md

f 2
p
hwwi: ð6:49Þ

A derivation can be found in standard texts, e.g. [33].
As we saw in the case of the Ising model, a non-zero value for the order

parameter can only be obtained via a careful order of limits: First we introduce a
term which breaks the symmetry explicitly (an external magnetic field, for the
Ising model, or a quark mass term, in the present case), take the infinite volume
limit, and only then remove the explicit breaking term. Proceeding in this way,
Banks and Casher [34] found a beautiful relationship between the chiral con-
densate and the density of near-zero eigenvalues of the Dirac operator. The der-
ivation is as follows: Introduce a small quark mass m, which is to be taken to zero
at the end of the calculation, and let

i 6D/n ¼ kn/n ð6:50Þ

be the eigenvalue equation for the Euclidean-space Dirac operator, with 6D ¼ clDl.
Then the massive quark propagator can be expressed as

hwðxÞwðyÞi ¼
X

n

/nðxÞ/yðyÞ
�ikn þ m

* +
: ð6:51Þ

5 For a theory with Nf massless flavors of quarks, the chiral symmetry is SU(Nf)R 9 SU(Nf)L,
which is spontaneously broken to an SU(Nf) flavor symmetry, and the massless Goldstone
particles belong to a multiplet transforming in the adjoint representation of the remaining flavor
symmetry.
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We set x = y to obtain the chiral condensate, then integrate over x (noting the
orthonormality of the /n), and divide by spacetime volume, which gives

hwwi ¼ �1
V

X

n

ikn þ m

k2
n þ m2

* +

¼ �2m

V

X

kn [ 0

1

k2
n þ m2

* +
; ð6:52Þ

where we have used the fact that, apart from zero modes, the {ikn} come in complex–
conjugate pairs, so the term with kn in the numerator averages to zero. Next take the
infinite volume limit, where the Dirac operator has a continuous spectrum, and

1
V

X

kn [ 0

� � �
* +

!
Z

dkqðkÞh� � �i; ð6:53Þ

where q(k) is the density of eigenvalues per unit volume. This gives

hwwi ¼ �2m

Z
dk

qðkÞ
k2 þ m2

: ð6:54Þ

The infinite volume limit is followed by the zero mass limit, using
m/(k2 + m2)?pd(k), from which we finally obtain the Banks-Casher formula

hwwi ¼ �pqð0Þ: ð6:55Þ

From the point of view of the Banks-Casher formula, the mechanism of chiral
symmetry breaking is tied to whatever property of vacuum field configurations gives
rise to q(0) [ 0. Note that q(0) = 0 at the level of perturbation theory. For example,
the eigenvalues of the ordinary Laplacian operator -r2 are k = p2. Then, from

Z
dDp ¼

Z
dX
Z1

0

dppD�1 /
Z1

0

dkkðD�2Þ=2; ð6:56Þ

we read off that in this case q(k) � k(D-2)/2 in D Euclidean spacetime dimensions,
so that q(0) = 0 for any D [ 2. A similar argument holds for the density of states
of the free Dirac operator.

Chiral symmetry breaking clearly does not require a non-vanishing asymptotic
string tension, since the asymptotic string tension in real QCD, with light quarks,
vanishes due to the string breaking mechanism. Chiral symmetry breaking does
not even require gauge fields. The breaking can occur in theories with other types
of forces between fermions, as in the Nambu Jona-Lasinio model [35], where the
effect is due to four-fermion interactions. Nor is chiral symmetry breaking a
necessary feature of asymptotically free gauge field theories; some counterex-
amples in supersymmetric confinement-like theories are known [36]. But for
present purposes it is sufficient to note that chiral symmetry breaking certainly
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does occur in QCD, and hwwi is perfectly well-defined even in a theory without
dynamical fermions; it is simply the trace of the quark propagator evaluated in a
pure gauge theory.6 It is entirely possible that the mechanism for chiral symmetry
breaking in non-abelian gauge theories is not so closely related to the confinement
mechanism. But it would be more economical, and more satisfying, if the objects
which we suspect are responsible for confinement, i.e. the center vortices, are also
somehow essential for a non-zero value for the chiral condensate.

On the lattice the chiral condensate can be computed directly, and it is also
possible to numerically compute the low-lying spectrum of the Dirac operator.
However, the lattice regularization of this operator introduces some thorny tech-
nical issues, which are discussed in most modern texts on lattice gauge theory (cf.
in particular, Smit [37] and DeGrand and DeTar [38]). Briefly, the problem is that
a naive lattice discretization, simply replacing covariant derivatives in the con-
tinuum by the one-link lattice covariant derivatives, leads to the notorious dou-
bling problem: instead of one light fermion, one actually ends up with 2D light
fermions on a hypercubic lattice. One method of handling this problem, by
introducing a one link mass term with a carefully tuned coefficient, breaks the
chiral symmetry explicitly, at least at finite lattice spacing. Another formulation,
known as staggered fermions, which places different fermionic components on
neighboring lattice sites, reduces the multiplicity to four (known as ‘‘tastes’’) in
D = 4 dimensions, while preserving a subgroup of the chiral symmetry. A
variation of staggered fermions, known as asqtad fermions, introduces some next-
to-nearest neighbor operators in order to reduce lattice artifacts, and improve
convergence to the continuum limit. It has been used extensively in numerical
simulations. Finally, the overlap Dirac operator has no doubling problem what-
ever, and is endowed with an exact invariance which, while not exactly the chiral
symmetry shown in (6.48), approximates the standard SU(2)L 9 SU(2)R symmetry
for a sufficiently smooth lattice gauge field background. We will not be detained
by these issues here, except to mention that the results described below were
obtained using either the staggered or the asqtad discretization of the Dirac
operator. The overlap formulation is not so suitable for our purposes, because
center-projected configurations are as far from smooth as possible, and the sym-
metry of the overlap operator is therefore not so close to the standard
SU(2)L 9 SU(2)R chiral symmetry (cf. the discussion in [39]).

Lattice simulations by de Forcrand and co-workers [16, 20] have found that
when vortices are removed via the procedure of Eq. 6.38, then the chiral con-
densate vanishes in the vortex-removed configuration, while in center-projected
configurations, the value of the condensate is greatly enhanced, compared to its
value in unprojected configurations. Their results are shown in Fig. 6.13. The low-
lying spectrum of the Dirac operator in center-projected and vortex-removed
configurations has also been calculated, in Ref. [39], and the results for the first

6 It should be noted, however, that hwwi diverges like log(m) in theories with no dynamical
fermions, as m?0.
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twenty complex–conjugate pairs of smallest-magnitude Dirac eigenvalues are
shown in Fig. 6.14 (numerical details can be found in the cited reference). What is
striking is that when vortices are removed, a large gap opens up around the zero
eigenvalue; the eigenvalue density is clearly zero at k = 0. In the center-projected
configurations, the density of eigenvalues appear to be larger than in the
unmodified configurations. This is all consistent with the Banks-Casher relation,
and the results shown in Fig. 6.13. The evidence is that center vortices are not only
responsible for the confining force, but also, by themselves, can be responsible for
the spontaneous breaking of chiral symmetry.

Fig. 6.13 Chiral symmetry
breaking order parameter
hwwi vs. lattice bare quark
mass mq, for the unmodified
(plus), center-projected (open
square), and vortex removed
(times) configurations in pure
SU(2) lattice gauge theory.
The order parameter for vor-
tex removed configurations
extrapolates to zero, as
mq ? 0. From Alexandrou
et al. [16]
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Fig. 6.14 Spectrum of the lowest-lying eigenvalues of the lattice Dirac operator (asqtad for-
mulation), for unmodified, center projected, and vortex-removed configurations, in a pure SU(2)
gauge theory. See Hollwieser et al. [39] for details of the simulation
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Next, let us return to the axial U(1) symmetry, which is broken at the quantum
level by an anomaly. In the absence of the anomaly, Noether’s theorem would lead
to a conserved current, qlj5l = 0, where

j5lðxÞ ¼ wðxÞclc5wðxÞ: ð6:57Þ

In fact the correct answer for massless quarks is [40]

olj5l ¼ �
g2Nf

16p2
elmabTr½FlmFab�; ð6:58Þ

where Nf is the number of light flavors (¼ 2, if we consider only a doublet of u, d
quarks). The integral of the right-hand side of this equation is proportional to a
quantity known as the topological charge

Q ¼ 1
32p2

Z
d4xelmabTr½FlmFab�: ð6:59Þ

The integrand elmabTr[FlmFab] can be expressed as a total divergence. There are,
however, finite action configurations (such as instantons) for which the integral of
this quantity is non-vanishing, and Q is an integer [41]. The restriction to integer
values is of course no accident. There is a celebrated result in mathematics (known
as the Atiyah-Singer Index Theorem) which tells us that the topological charge of
any given gauge-field configuration is equal to the number of zero modes of the
Dirac operator of positive chirality (i.e. they are also eigenstates of the c5 Dirac
matrix with positive eigenvalue), minus the number of zero modes with negative
chirality; this difference is obviously an integer. The mean-square variation of the
topological charge, per unit spacetime volume, is known as the topological
susceptibility

v ¼ hQ
2i

V
; ð6:60Þ

and this quantity also plays an important role in phenomenology. If the axial U(1)
symmetry were conserved but spontaneously broken, then there would be an
associated massless Goldstone boson (if the quarks were massless) or a light
pseudo-Goldstone boson (if the quarks had a small current mass). This would be the
g0 boson, which at about 1 GeV is far to heavy to be considered a pseudo-Goldstone
particle. An important result due to Witten [42] and Veneziano [43] relates the
topological susceptibility v, computed in a pure gauge theory, to the g0 mass

m2
g0 ¼

2Nf

f 2
p

v; ð6:61Þ

and this is known, naturally enough, as the Witten–Veneziano mass formula.
The topological susceptibility, like the chiral condensate, is a property of the

vacuum state, and has a well defined expectation value in a pure gauge theory with
no quark fields whatever. It is not obvious that topological susceptibility has any
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direct connection to the ultra long-range property of confinement, or to center
vortices. It could be that other non-confining configurations are responsible for the
density of topological charge, and instantons (which carry integer amounts of
topological charge) have been the traditional candidates. An indication that center
vortices might play a role was the result, due to de Forcrand and D’Elia [20], that
topological charge plummets to zero when vortices are removed from lattice
configurations. A more detailed analysis is due to Engelhardt [44], who has
pointed out that on a thin vortex surface, topological charge density can arise at
sites on the surface where the tangent vectors to the surface are in all four space-
time directions. These sites are of two sorts:

• Self-intersections, where two surface segments intersect at a point in four
dimensions.

• ‘‘Writhing’’ points, in which the vortex surface twists about in such a way as to
produce four linearly independent tangent vectors to the surface.

Writhing points are best illustrated rather than described, and both types of sites
generating topological charge are indicated in Fig. 6.15. One can show that zero
modes of the Dirac operator tend to peak at these intersection and writhing points;
the plot in Fig. 6.16 shows the modulus of Dirac zero modes in a background of
four intersecting P-vortex sheets.

Calculation of the topological charge of vortex surfaces still requires the
assignment of an ‘‘orientation’’ for the field strength, and a suitable algorithm was
proposed by Engelhardt [44]. Using this proposal, Bertle et al. [47] have calculated
the topological susceptibility derived from P-vortices, and have found results
which are consistent with the conventional measurements of this quantity.

6.3.7 Center Symmetry Breaking by Matter Fields

We have so far only considered center vortices in theories with a center-symmetric
action. But what happens in a theory where the center symmetry is explicitly broken

(a) (b)

Fig. 6.15 Intersection points
(a) and writhing points (b)
which contribute to the topo-
logical charge of a P-vortex
surface. From Reinhardt [45]
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by dynamical matter fields (such as quarks) in the fundamental representation of the
gauge group? Theories of this sort are at most ‘‘confinement-like,’’ in the sense that
the static quark potential rises linearly only up to some string-breaking scale, which
increases with the mass of the matter fields. Beyond that scale the string tension is
zero. The question is whether the assumed dominance of large-scale vacuum
fluctuations by center vortices can be consistent with this behavior.

This question is easiest to address numerically in a theory where the matter
fields are scalar, rather than fermionic, such as the SU(2) gauge-Higgs theory
introduced in Sect. 3.2, Eq. 3.6. We recall that the phase diagram of this theory,
sketched in Fig. 3.4, has a line of sharp crossover behavior. The confinement-like
region (with a string tension at intermediate scales) lies below this line, and the
Higgs-like region above. In this theory we can locate vortices in the usual way, by
gauge-fixing to direct maximal center gauge and then applying center projection.
The aim is to test center dominance in the confinement-like region, but close
enough to the crossover line so that the screening effect of the scalar field is
detectable numerically. Screening is easiest to observe, in both the full and center-
projected lattices, in the expectation values of Polyakov loops, and Polyakov loop
correlators.

Center-projected Polyakov loops in the SU(2) gauge-Higgs theory were com-
puted in [48]. At b = 2.2, the crossover to the Higgs-like region occurs at about
c = 0.84, while center symmetry is unbroken at c = 0. In the latter case the
expectation value of a Polyakov loop, like any order parameter for spontaneous
symmetry breaking, is vanishing in a finite volume. It is standard practice to
instead measure

hPi � 1
L3

X

x

PðxÞ
�����

�����

* +
ð6:62Þ
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Fig. 6.16 Quark zero modes
in a background of intersect-
ing P-vortex sheets. From
Reinhardt et al. [46]
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where P(x) denotes the Polyakov loop passing through the point {x, t = 0}. In the
case of unbroken center symmetry, at c = 0 and on an L3 9 LT lattice, we must
find

hPi /
ffiffiffiffiffi
1
L3

r
ð6:63Þ

The reason is that if Polyakov loops have a finite correlation length l, then they
must fluctuate independently in regions of extension L/l, and the number of such
regions is proportional to the spatial volume L3. This means, by the usual laws of
statistics, that the magnitude of the average value of P, in any large-volume lattice
configuration, must be proportional to L-3/2. For explicitly broken center sym-
metry (c = 0) we must instead find that hPi has a non-zero limit at L ? ?.

The data for center-projected Polyakov loops in the confinement-like region at
b = 2.2 and c = 0.71, and also in the center-symmetric case of c = 0, are shown
in Fig. 6.17a, for lattice sizes L3 9 4 up to L = 20. The straight line is a best fit
through the c = 0 data, and errorbars for some data points are smaller than the
symbol size. It is clear that the c = 0 data is consistent with Eq. 6.63, and hPi in
center projection extrapolates to zero in the infinite volume limit. At c = 0.71 the
system is still below the line of sharp crossover behavior, and in the temporary
confinement region. It appears from the data that at this coupling hPi has stabilized
(at L = 14, 16, 20) to a non-zero value of hPi & 0.120(4). So at b = 2.2,
c = 0.71, color screening of Polyakov loops by the matter field is detectable. A
similar result was obtained in [49], for the variable Higgs-modulus version of the
theory.

Figure 6.17b displays the correlator of center-projected Polyakov loops
hP(x)P(x + R)i at b = 2.2, c = 0.71, on a 203 9 4 lattice. The dashed line is a
best fit to the data, for R C 2, by the function

f ðRÞ ¼ c0 þ c1 exp½�4rR� ð6:64Þ
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Fig. 6.17 (a) Center-projected Polyakov loop values in the SU(2) gauge-Higgs model at
b = 2.2, c = 0 and c = 0.71, on L3 9 4 lattice volumes with L = 10, 12, 14, 16, 20 The
straight line is a best fit to the c = 0 data. ( b) Polyakov loop correlator hP(0)P(R)i on the center-
projected lattice. From [48]
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From the fit we find c0 = 0.0182, r = 0.211. Not surprisingly, c0 is close to the
square of the expectation value of the Polyakov loop in center projection. The
transition from a linear static quark potential, in the region where the correlator
falls exponentially, to a constant potential, occurs at around five lattice spacings.
This agrees with the corresponding results on the unprojected lattice. It was also
found that in the Higgs-like region, the center-projected Polyakov-loop correlator
shows no evidence of a linear potential at any length scale.

What we learn from this data is that in a confinement-like theory, where the
center symmetry is broken explicitly by matter fields, center vortices do not simply
disappear. In the SU(2) gauge-Higgs theory they appear to be responsible for the
string tension at intermediate scales, while allowing for a vanishing string tension
asymptotically. There is still, however, an unsettled question of exactly how the
vortex structure in confinement-like theories differs asymptotically from the vortex
structure in center-symmetric theories, so as to avoid generating an asymptotic
string tension. Matter fields which break center symmetry explicitly will cause the
Dirac volume associated with center vortices to acquire an action density. We
therefore expect that on large scales the size of the Dirac volumes will be far
smaller than in the center-symmetric theory. Since the vortices themselves do not
generate an asymptotic string tension, vortex piercings of the minimal area of a
Wilson loop must be correlated at large scales. It has been suggested [48] that the
shrinking of the Dirac volume, and loss of an asymptotic string tension, could be
achieved if the vortex surface has a branched-polymer structure at large scales, but
at present this is only a speculation.
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Chapter 7
Confinement from Center Vortices II

There are still a number of important questions relating to center vortices and
confinement which must be addressed. First in importance is the issue of Casimir
scaling. We have seen that there is some intermediate range of distances for which
the string tension is proportional to the quadratic Casimir of the quark color
representation; the dependence shifts to N-ality only at asymptotic distances. How
is Casimir scaling to be understood, in the context of the center vortex mechanism?
A second question is whether vortices can be understood as the classical solutions
of some effective gauge theory action, which is relevant to large scales. Finally, is
it possible to devise a simple theory of fluctuating vortex surfaces, which would
describe the behavior of non-abelian gauge theories in the infrared regime?

7.1 Casimir Scaling and Vortex Thickness

Let’s begin with Casimir scaling. Although the asymptotic string tension only
depends on N-ality, so that for SU(2)

rj ¼
r1=2 j ¼ half-integer
0 j ¼ integer

;

�
ð7:1Þ

there is still an intermediate range of distances where Casmir scaling applies (at
least approximately), i.e. for SU(2)

rj / jðjþ 1Þ: ð7:2Þ

How do vortices fit in, since they are motivated by (and seem to only give rise to)
N-ality dependence?

The essential observation is that while j = integer Wilson loops are unaffected
by thin center vortices, they can be affected by thick center vortices, if the vortex
core overlaps the loop. But how thick are center vortices? We have already seen
that, in D = 3 dimensions, the observed adjoint string breaking occurs at 1.25 fm
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[1], when ‘‘physical units’’ are obtained by fixing the string tension at r =

(440 MeV)2. It was also found, in D = 4 dimensions, that the center vortex free
energy drops to zero at around 1.25 fm [2]. Finally, from Fig. 6.3 of Chap. 6, one
may estimate that W1/W0 & -1 for 5 9 5 vortex-limited Wilson loops, which
translates, at b = 2.3 into an extension of roughly 0.85 fm. Each of these obser-
vations suggests a vortex thickness of around one fermi. This is not so small, and
the question is whether this finite thickness makes a difference for Wilson loops of
dimensions less than one fermi.

A simple model, which shows how Casimir scaling at intermediate distances
might emerge due to the finite thickness of vortices, was put forward in [3],
improving on an earlier suggestion in [4].1 Consider the projection of a vortex onto
the plane of a planar Wilson loop; we will refer to this projection as a vortex
‘‘domain’’ in the plane. In this model, it is assumed that the effect of a domain (2D
cross-section of a vortex) on a planar Wilson loop holonomy is to multiply the
holonomy by a group element

Gðan; SÞ ¼ S exp½ian �H�Sy; ð7:3Þ
where the {Hi} are generators of the Cartan subalgebra (the largest subset of group
generators which commute with one another), S is a random group element, {ai

n}
depends on the location of the domain relative to the loop, and n indicates the domain
type. If the domain lies entirely within the planar area enclosed by the loop, then

ð7:4Þ
where

zn ¼ e2pin=N 2 ZN ð7:5Þ
and N is the N 9 N unit matrix. At the other extreme, if the domain is entirely
outside the planar area enclosed by the loop, then

ð7:6Þ

For a Wilson loop in representation r, the average contribution from a domain will be

ð7:7Þ

where dr is the dimension of representation r, dr is the dr 9 dr unit matrix, and vr

is the group character in representation r.
Consider, e.g., SU(2) lattice gauge theory, choosing H = L3. The center

subgroup is Z2, and there are two types of domains, corresponding to z0 = 1 and

1 See also Deldar [5]. A still earlier idea along these lines was put forward by Cornwall [6].
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z1 = -1. Let f1 represent the probability that the midpoint of a z1 domain is
located at any given plaquette in the plane of the loop, with f0 the corresponding
probability for a z0 = 1 domain. Let us also assume that the probabilities of
finding domains of either type centered at any two plaquettes in a plane are
independent. Then, for a planar loop C,

WjðCÞ �
Y

x

ð1� f1 � f0Þ þ f1Gj½a1
CðxÞ� þ f0Gj½a0

CðxÞ�
� �

Wpert
j ðCÞ

¼ exp
X

x

log ð1� f1 � f0Þ þ f1Gj½a1
CðxÞ�

�
"

þ f0Gj½a0
CðxÞ�

�
#

Wpert
j ðCÞ; ð7:8Þ

where the product and sum over x runs over all plaquette positions in the plane of
the loop C, and aC

n (x) depends on the position of the vortex midpoint x relative to
the location of loop C. The expression Wj

pert(C) contains the short-distance, per-
turbative contribution to Wj(C); this will just have a perimeter-law falloff.

The question is what to use as an ansatz for aC
n (x). The ansatz of [3] was motivated

by the idea that the magnetic flux in the interior of vortex domains fluctuates almost
independently, in subregions of extension l, apart from the restriction that the total
flux results in a center element. For the SU(2) gauge group, this leads to

a1
CðxÞ

� �2 ¼ Av

2l
A

Av
� A2

A2
v

� �
þ 2p

A

Av

	 
2

a0
CðxÞ

� �2 ¼ A0v
2l

A

A0v
� A2

A02v

� �
; ð7:9Þ

where Av, A0v are the cross-sectional areas of the n = 1 and n = 0 domains,
respectively, and A is the area of the domain which is contained within the interior
of the minimal area of the loop. The parameter l controls the magnitude of the
magnetic fluctuations in the subregions. The result is a vortex-induced potential
which is proportional to the quadratic Casimir of the representation at small R
(compared to the vortex thickness), and depends only on the N-ality at large R. A
sample calculation for the j ¼ 1

2; 1;
3
2 representations is shown in Fig. 7.1. Details of

the calculation are found in [3].
Casimir scaling for the smaller loops is not an accident, and not specific to the

SU(2) gauge group. In generalizing to SU(N) we must take into account the fact
that there are N types of center domains, so that

hWrðCÞi �
Y

x

1�
XN�1

n¼0

fn 1� ReGr½an
CðxÞ�

� �
( )

Wpert
r ðCÞ

¼ exp
X

x

log 1�
XN�1

n¼0

fn 1� Rer½an
CðxÞ�

� �
( )" #

Wpert
r ðCÞ; ð7:10Þ

where
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fn ¼ fN�n; Gr½an� ¼ G�r ½aN�n�: ð7:11Þ

For very small loops, which are associated with small a, we have that

1� Gr½an� � 1
2
an

i a
n
j

1
dr

Tr½HiHj�

¼ 1
2ðN2 � 1Þa

n � anCr; ð7:12Þ

where Cr is the quadratic Casimir for representation r. Once again, if an � an is
proportional to the area of the vortex in the interior of the loop, for small loops,
then the result for small loops is a linear potential whose string tension is pro-
portional to the quadratic Casimir. For large loops, if the vortex domain lies
entirely in the loop interior, we must have

1
dr

vr exp½ian �H�½ � ¼ eiknp=N ; ð7:13Þ

where k is the N-ality of representation r. Again we obtain a linear potential,
whose string tension depends only on the N-ality. It is possible to choose the fn so
that for very large loops the k-string tensions follow either the Sine Law, or are
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proportional to the Casimir Crmin of the lowest dimensional representation of N-ality
k; cf. [7] for a full discussion of this point.

G2 gauge theory is a special case of particular interest, because the center of the
G2 group consists only of the unit element. In this theory there would be only one
type of vortex domain, corresponding to the single element of the trivial center
group. One would then expect all color representations to give rise to Casimir
scaling in the intermediate distance regime, and flatten out asymptotically. Casimir
scaling in this theory has in fact been observed, cf. [8].

7.2 What About ‘‘Gluon Confinement?’’

Center vortices account for the asymptotic string tension of the static quark
potential. This asymptotic string tension depends only on the N-ality, not the
dimension, of the color representation, and the string tension of N-ality = 0
representations is zero, as it should be. But then, one may ask, what about gluons?
These are in the adjoint representation, so their N-ality is zero, yet gluons are not
members of the asymptotic particle spectrum. So what accounts for the ‘‘con-
finement’’ of gluons?

To understand this point, it is worth reflecting on the fact that one would never
encounter superheavy nuclei, of some very large but fixed baryon number A, with
charge greater than or equal to some critical amount Qc � A, even if such nuclei
were stable to nuclear decay [9]. The reason is simple: the vacuum of quantum
electrodynamics at any instant is a superposition of states containing virtual e+e-

pairs, as seen in Fig. 7.2. If a superheavy nucleus–antinucleus pair were somehow
created with electric charges exceeding the critical value (Fig. 7.3), then the

Fig. 7.2 Virtual electron–
positron pairs in the QED
vacuum
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associated electric field energy would be so strong that it is energetically favorable
for some of the virtual electrons and positrons to bind to these objects, screening
their charges down below the critical value (Fig. 7.4). Nuclear charge at Qc and
above is therefore ‘‘confined’’ in nuclei of fixed baryon number A, in the sense that
nuclei with such high electric charges will never be observed.

Similar reasoning (illustrated in Figs. 7.5, 7.6, 7.7) explains why isolated par-
ticles such as gluons, with N-ality = 0 color charge, are absent in the asymptotic
spectrum. The QCD vacuum contains, in addition to virtual quarks and antiquarks,
also virtual gluons. As two particles in the adjoint representation become widely

cQ
−Q

c

Fig. 7.3 Introduction of
nuclei with charges ±Qc

beyond the threshold value

Q  −1c
c

−Q + 1

Fig. 7.4 Response of the
vacuum is to screen the
nuclear charge below the
critical value
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separated and enter the Casimir scaling regime, the energy of the color electric
field becomes large. At some point it becomes energetically favorable for virtual
gluons to bind to the sources, resulting in two color-singlet states. This is essen-
tially the string-breaking mechanism discussed previously. While it is only a
matter of semantics whether one calls this process confinement, I prefer, for
reasons discussed in Chap. 3, to refer to it as color screening, and reserve the term
‘‘confinement’’ for magnetic disorder.

Fig. 7.5 Virtual gluons in
the QCD vacuum

Fig. 7.6 Two gluons (or
other particles of adjoint
color charge) become widely
separated, momentarily. The
effective coupling at this
separation is large, and the
associated color electric field
energy is large

Fig. 7.7 Response of the
nearby gluons is to reduce the
color charge separation via
the mechanism of string
breaking
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These remarks about gluon confinement also apply to G2 gauge theory. As
already noted, the center of G2 is trivial, and this has led some authors [10] to
argue that since G2 is a confining gauge theory with a trivial center, center sym-
metry (and the vortex mechanism) cannot be necessary for confinement. However,
since all of the usual order parameters for confinement, such as Wilson loops and
Polyakov loops, exhibit a non-confining behavior in the G2 case, it brings us back
to the question of what is meant by the term ‘‘confinement.’’ If all that is meant is
that the theory has a color-singlet spectrum, then it is certainly true that vortices
are not required. As we have seen, a color-singlet spectrum is also obtained in a
gauge-Higgs theory. If, on the other hand, by confinement we mean a certain
property of the vacuum state, i.e. magnetic disorder at arbitrarily large scales, then
G2 gauge theory does not have this property. From this point of view, the G2 gauge
group is better regarded an example of, rather than a counter-example to, the
relevance of vortices to confinement [3]. No center vortices means no asymptotic
string tension. The absence of color non-singlet quarks in G2 gauge theory is no
different, in principle, from the absence of colored gluons in SU(N) theory. In both
cases, the absence of colored states can be attributed to a color screening mech-
anism, rather than the large-scale vacuum fluctuations of gauge fields, which are
required for magnetic disorder at all distance scales.

7.3 The Random Surface Model

We have seen that center projected field configurations can account for most of the
long-range physics associated with Yang-Mills theories; i.e. confinement, chiral
symmetry breaking, topological susceptibility, and spatial string tension in the
deconfinement phase. This raises a natural question: Can one construct a field
theory of vortices alone, which would capture the same physics? Such a theory
was introduced by Engelhardt and Reinhardt [11], and further developed by
Engelhardt and collaborators [12–15, 18].

Vortices are surfaces in D = 4 dimensions, so the Engelhardt–Reinhardt model
is a theory of fluctuating random surfaces; i.e. a kind of string theory. In its
simplest form, the model contains only one dimensionless coupling c, and a fixed
lattice spacing a. The finite lattice spacing corresponds to the fact that center
vortices in Yang-Mills configurations have a finite thickness; it therefore makes no
sense to take the a ? 0 limit, which would describe infinitely thin vortices. The
vortex sheets, in the SU(2) gauge theory, are closed surfaces on a hypercubic
lattice, and the lattice action is simply

SV ¼ cNbend; ð7:14Þ

where Nbend is the number of cases in which two neighboring vortex plaquettes
share a link, but lie in orthogonal planes. In other words, the action density is
proportional to the extrinsic curvature of the vortex worldsheet. This is in contrast
to a Nambu-style string action, in which the action is proportional to the area of the
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world sheet. In fact one could add such a term, with an associated coupling s, but
Engelhardt and Reinhardt have shown that there is a line of constant physics in the
c–s coupling plane, so one may as well drop the Nambu term and just work with
the extrinsic curvature.

In the SU(2) version of the random surface model, one evaluates Wilson loops
in the obvious way, assigning a value (-1)n to a Wilson loop, where n is the
number of vortex piercings of the minimal area of the loop, and averaging this
quantity over an ensemble of vortex configurations generated, via Monte Carlo
simulation, with the action (7.14). One can vary temperature by varying the
extension of the lattice in the time direction, and, in the SU(2) case, a second-order
phase transition is found. Then the coupling c is fixed to reproduce the
dimensionless quantity TC=

ffiffiffi
r
p

, where TC is the deconfinement transition tem-
perature, and r is the string tension, with both quantities obtained in the random
surface model in lattice units. Given c, the lattice spacing a is fixed by setting
r/a2 = (440 MeV)2.

With coupling c and lattice spacing a in hand, the random surface model
becomes predictive, and the following results have been obtained for the SU(2)
version of the theory:

• The spatial string tension in the deconfined phase vs. temperature [11]. The
values are in good agreement with the full theory.

• The topological susceptibility [12] (Fig. 7.8). Again the values are in good
agreement with the full theory, e.g. the topological susceptibility v in the full
theory, at zero temperature, is known to be v1=4 � 190 MeV:

• The chiral condensate [13].

It was already mentioned that for the SU(2) theory, the model finds a second
order phase transition, in agreement with the known result for the full theory. The
random surface model can be extended to the SU(3) [14, 15] and larger gauge
groups, and for SU(3) it is found that the deconfinement transition is weakly first-
order, and, for baryons, the area law behaves as though the electric flux tubes
between quarks are in a ‘‘Y’’ configuration, rather than a D configuration, as shown

0
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T  Tc
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Fig. 7.8 Fourth root of the
topological susceptibility vs.
temperature, in the random
surface model. From Engel-
hardt [12]
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in Fig. 7.9. These features are also in agreement with the known properties of
SU(3) lattice gauge theory.

In order to measure the topological susceptibility, it is necessary to measure the
topological charge density. As already noted in the previous chapter, a non-zero
topological charge density is associated with vortex plaquettes which meet at a
point, and which are orthogonal to one another; these are the ‘‘writhing’’ and self-
intersection points displayed in Fig. 6.15. However, in the Z2 random surface
model there is no indication of the sign of Flm, which is needed to define the
topological charge. This is handled by the surprising procedure of assigning ori-
entations (signs) stochastically to vortex plaquettes; this amounts to inserting
monopole lines on the vortex surfaces with some weighting. One would think that
this would introduce some new coupling parameter, and that while one might be
able to fit a known value of v, there would be no predictive power. It turns out
however, for geometrical reasons explained in [12], that v is insensitive to the
density of monopole lines, and therefore the measurement of this quantity is a
genuine prediction of the model, whose result is displayed in Fig. 7.8.

As also noted in the last section, the chiral condensate hwwi is proportional,
according to the Banks-Casher relation, to the eigenvalue density q(0) of the zero
modes of the Dirac operator. This has also been computed in the random surface
model, by assigning a continuum gauge-field configuration to a vortex surface, and
evaluating the continuum Dirac operator in this configuration. The results derived

Fig. 7.9 The electric flux tube between three static quarks in an SU(3) gauge theory can have
either the ‘‘D’’ (left) or the ‘‘Y’’ (right) configuration shown. The random surface model predicts a
‘‘Y’’ configuration, in agreement with the known result [16, 17] found via standard Monte Carlo
simulations

Smooth volume, smooth transition

λ 0.39 fm.

πρ
MeV3

0

(368)3

(464)3
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(585)3

0 0.2 0.4 0.6 0.8 1

T=0
cT= 0.83 T

cT=1.66 T

Fig. 7.10 Dirac spectral
density in the random vortex
model. From Engelhardt [13]
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from the model are displayed in Fig. 7.10, and we see that the model predicts
q(0) [ 0 at temperatures below the deconfinement transition, and therefore a
non-vanishing chiral condensate and chiral symmetry breaking, while q(0) = 0
above the transition temperature, which means that chiral symmetry is restored.

In general, the random surface model works remarkably well for SU(2) and
SU(3) gauge theories, with only a single dimensionless coupling and lattice
spacing required to account for a wide range of non-perturbative phenomena. For
larger gauge groups, where there is more than one type of vortex and various
vortex joinings are possible, it seems to be necessary to introduce additional
couplings to describe the data, and consequently the model is much less predictive
in those cases [18].

7.4 Vortices as Solitons

The only classical solutions which are known in pure gauge theories are the
instanton solutions discovered by Belavin et al. [19], and their finite temperature
variants known as calorons, to be discussed in the next chapter. If matter fields are
added, there are other interesting possibilities. In particular, in an SU(N) gauge
theory, suppose we add enough matter fields in the adjoint color representation to
give a mass, via the Higgs mechanism, to all of the gauge bosons. In that case, the
theory typically contains center vortices as classical solutions.

A particularly interesting case has long been advocated by Cornwall [20] on the
grounds that the dynamics of a pure gauge field should generate a mass for the
gluon, and that this effect could be represented by an effective local action with a
gauge-invariant mass term. Consider the action

S ¼
Z

d4x
1

2g2
Tr½F2

lm� þ
m2

g2
Tr½ðDlUÞU�1�2

� �
; ð7:15Þ

where U(x) is an N 9 N unitary-matrix valued field, transforming under an SU(N)
gauge transformation G as U(x) ? G(x)U(x). This theory has center vortex
solutions [20, 21], specified by a closed two-surface S, and a gauge field given by
the integral over this surface:

AlðxÞ ¼ �2piQaelmabom

Z
drab

1
2
½Dmðx� x0ðrÞÞ � D0ðx� x0ðrÞÞ�; ð7:16Þ

where Dm,0(x) is the standard propagator for a free scalar of mass m or mass zero,
respectively, and Qa is any one of the diagonal matrices

Qa ¼ diag
1
N
;

1
N
; . . .;�1þ 1

N
;

1
N
; . . .

� �
ð7:17Þ

with the -1 ? 1/N entry in the a-th position. These matrices have the property
that
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e2piQa ¼ e2pi=N : ð7:18Þ

In the special case that the 2-surface is the z - t plane (so at a fixed time the
middle of the center vortex runs along the z-axis), the solution (in cylindrical
coordinates z, q, /) is

AlðxÞ ¼ �ib/Qa
1
q
� mK1ðmqÞ

� �
; ð7:19Þ

where K1 is a modified Bessel function. It is not hard to see that for large Wilson
loops (at large q, in this example) which are linked topologically to the surface S,
the loop holonomy P exp½i

H
dxlAl� approximates the center element exp[2pi/N].

Center vortices carrying larger amounts of center flux are constructed by replacing
a single Qa with a sum of different Qa’s with different values of a.

The effective theory specified by (7.15) is quite rich. In addition to vortex
solutions, the theory also contains ‘‘nexus’’ solutions [21] which correspond to
magnetic monopoles running along the vortex sheets. These have, in fact, been
seen in numerical simulations (as will be discussed in the next chapter) and are
required for the generation of topological charge, as realized independently by
Engelhardt and Reinhardt [12, 22]. In the case of SU(3), the effective theory
predicts a ‘‘Y’’ configuration for baryonic (i.e. three-quark) flux-tube states [23], in
agreement with numerical simulations [16, 17].

7.5 Critique

I have presented a fair amount of evidence in favor of the center vortex scenario of
confinement. There are still, however, some unsettled issues.

First of all, in numerical simulations, there is the question of what to do about
Gribov copies in maximal center gauge. Should these be averaged over, or should
one attempt to fix to a ‘‘best’’ copy? Apart from a question of principle, the
strategy chosen makes a substantial quantitative difference (perhaps 25%) to the
projected string tension, with the ‘‘average copy’’ procedure yielding the better
results. Secondly, the vortex scenario gives us no real insight into the origin of the
Lüscher term in the static quark potential. Presumably this term is hidden in some
subtle correlations among vortex piercings, but we can’t claim that it appears
naturally. Finally, I have mainly shown numerical results for the SU(2) gauge
group. The corresponding numerical results in SU(3) have both good and less good
features, from the point of view of the vortex scenario. In SU(3) the data for
vortex-limited Wilson loops does trend to the desired result [24]

W1ðCÞ
W0ðCÞ

! exp½�2pi=3� ð7:20Þ
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for large loops, and vortex removal sends the string tension to zero. Both of these
findings support the vortex picture. On the other hand, in SU(3) the center-pro-
jected string tension comes out to only about 2

3 the full string tension [24], which is
substantially worse than for the SU(2) case.
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Chapter 8
Monopoles, Calorons, and Dual
Superconductivity

In a type II superconductor, magnetic fields are collimated into flux tubes known
as Abrikosov vortices. If stable magnetic monopoles existed, and could be pair
produced within a type II superconductor, then a magnetic flux tube would run
between widely separated monopoles and antimonopoles, and the static monopole
potential would rise linearly with monopole separation.1 It was suggested by
‘t Hooft [2] and Mandelstam [3] in the mid 1970’s that the QCD vacuum might
resemble a type II superconductor, except with a reversal of the roles of the
electric and magnetic fields. Instead of a condensate of electrically charged par-
ticles (the Cooper pairs of a superconductor), there would be a condensate of
magnetic charge; and magnetic monopoles were invoked to fill this role. Then,
instead of collimation of the color magnetic field, it would be the color electric
field that would be squeezed into a flux tube, and color electric, rather than
magnetic, charges would be confined by a linear potential.

This idea of ‘‘dual’’ superconductivity is simple and attractive, and has had an
enormous influence on people’s thinking about confinement, but it is essentially an
abelian mechanism, because the magnetic monopoles of interest are normally
defined with respect to abelian groups. In the context of a non-abelian gauge
theory, it is necessary to single out an abelian subgroup, and this is done with the
help of either a Higgs field, or a composite operator, in the adjoint representation
of the gauge group. This approach has certain difficulties with N-ality, which I will
come to. But let us begin with a success: Polyakov’s demonstration, in 1975 [4],
that magnetic monopoles are responsible for confinement in compact QED in
D = 3 dimensions.

1 For a review of magnetic monopole solutions in abelian and non-abelian gauge theories, cf.
Coleman [1].

J. Greensite, An Introduction to the Confinement Problem,
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8.1 Magnetic Monopoles in Compact QED

Compact QED in three and four dimensions has monopole excitations, and these
excitations are responsible for the confinement of electric charge. The confinement
property exists only at strong lattice couplings in D = 4 dimensions, but it is found
at all lattice couplings in D = 3 dimensions. The word ‘‘compact’’ refers to the
compactness of the U(1) gauge group in the lattice (as opposed to the continuum)
formulation of electrodynamics. In D = 3 Euclidean dimensions it is sometimes
useful to continue referring to BiðxÞ ¼ 1

2 eijkFjk (rather than only the F12 compo-
nent) as the ‘‘magnetic’’ field, and its integral over an area as the magnetic flux. I
will follow that convention in this chapter.

Consider a plaquette variable U(p) = exp[ih(p)], i.e., the product of link vari-
ables around a plaquette, in U(1) lattice gauge theory in D = 3 dimensions
(compact QED3). Obviously the lattice action is minimized for both magnetic flux
zero, h(p) = 0, and magnetic flux h(p) = 2p. This double minimum is a reflection
of the compactness of the gauge group in the lattice formulation. Suppose we have
a series of parallel plaquettes with h(p) = 2p arranged along, e.g., the positive x-
axis. A line piercing this series of plaquettes can be thought of as an infinitely thin
solenoid, known as a ‘‘Dirac line,’’ of flux 2p. At x = 0 this 2p flux cannot simply
disappear, but must spread out through the plaquettes of a cube, one side of which
has the incoming magnetic flux 2p (cf. Fig. 8.1). In other words, 2p flux enters
through one plaquette of the cube, and then exits through the remaining sides of
the cube. The flux which leaves the cube also adds up to 2p, but is less than that
amount at any given plaquette. The 2p flux of the Dirac line is undetectable, and in
fact the position of the Dirac line can be moved around via U(1) gauge trans-
formations, but the endpoint of the line is gauge invariant, and appears as a point-
like source of magnetic field; i.e., a magnetic monopole. The Dirac line either goes
off to infinity or, on a finite periodic lattice, ends in an antimonopole. In D = 3
dimensions monopoles are point-like objects, i.e., instantons. In D = 4 dimensions
monopoles trace out trajectories, and are line-like objects.

Monopole

Dirac line

Fig. 8.1 In compact QED3, a Dirac line is a line piercing the middle of plaquettes with flux
UB = 2p/e. The line is bounded at one end by a Dirac monopole, and at the other by an
antimonopole
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Given a lattice configuration Ul(x) = exp[ihl(x)], how do we locate the
monopoles and determine their charges? The basic idea is to use Gauss’s Law.
Let’s start in either D = 3 dimensions, or in a three-dimensional timeslice of a
D = 4 dimensional lattice, and define the flux through a plaquette

flmðxÞ ¼ olhmðxÞ � omhlðxÞ; ð8:1Þ

where, in this case, the partial derivatives must be defined as ‘‘forward’’ lattice
derivatives, i.e., finite differences

olhmðxÞ ¼ hmðxþ l̂Þ � hmðxÞ: ð8:2Þ

Now if we would simply add up the flux around a cube (or any closed surface), it
would just sum to zero as an identity. The trick is to remove from flm(x) any flux
which is due to a Dirac string. If that flux is removed, then the remaining magnetic
flux is no longer necessarily divergence free. So, following DeGrand and
Toussaint [5], let us express flm as

flmðxÞ ¼ f lmðxÞ þ 2pnlmðxÞ; f lmðxÞ 2 ½�p; p�; ð8:3Þ

where nlm(x) is a positive or negative integer. Let ê(p;c) be the normal vector to
plaquette p, pointing away from the center of cube c, and define
Uðp; cÞ ¼ 1

2 eijkeiðp; cÞf jk. Then we obtain, from f lmðxÞ, the Gauss law for magnetic
fields

2pm ¼
X

p2c

Uðp; cÞ

¼ 1
2
eijkoif jkðxÞ:

ð8:4Þ

It is understood that the location of the magnetic charge m is at the center of the
cube. The centers of all cubes on a D = 3 dimensional lattice are the sites of the
dual lattice (cf. Chap. 6), and the magnetic monopoles are located at the sites of
that structure.

It is natural to wonder if it is possible to express the action for compact QED3 in
terms of the magnetic monopoles and their interactions, integrating out all other
degrees of freedoms. For this purpose, it is useful to use an approximation known
as the Villain or periodic Gaussian model, in which the partition function is

Z ¼
Zp

�p

Y

x;l

dhlðxÞ
X1

nabðxÞ¼�1
exp � 1

4g2a

X

p

ðflmðxÞ � 2pnlmðxÞÞ2
" #

; ð8:5Þ

where a is the lattice spacing, and gL
2 = g2a is the dimensionless lattice coupling in

three dimensions. Like the Wilson action, the action in the Villain model is
periodic with respect to flm ! flm � 2p, and in fact the Villain model approaches
the usual Wilson action formulation as charge g2 ? 0. In this model the
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integration over hl can be carried out analytically, and after a number of steps that
can be found in [4, 6, 7], one arrives at an action, for N monopoles, which involves
only the monopole charges and their locations:

Smon ¼
2p2

g2a

X

i 6¼j

mimjGðri � rjÞ þ
2p2

g2a
Gð0Þ

X

i

m2
i ; ð8:6Þ

where the indices i, j run from 1 to N, and G(r - r0) is the lattice Coulomb
propagator in D = 3 dimensions

�r2
latticeGðr � r0Þ ¼ dr;r0 ; ð8:7Þ

going as 1/4p|r - r0| at large separations. This expression was first derived by
Polyakov [4, 6, 7], and it represents the action of a gas of monopoles in three
dimensions interacting via Coulombic forces; i.e., a monopole plasma. A Wilson
loop, in this formulation, can be thought of as a current loop interacting with the
magnetic field due to the monopole background. The loop expectation value can be
calculated explicitly in D = 3 dimensions, and the result is that for a Wilson loop
associated with n units of electric charge [4, 6, 8, 9]

hUnðCÞi � exp �nr areaðCÞ½ �; ð8:8Þ

where string tension r is a calculable function of coupling b, and the loop hol-
onomy Un(C) = (U1(C))n in compact QED3.

A very rough image of what’s going on is this: A Wilson loop can be thought of
as a current loop which itself is the source of a magnetic field. In a monopole
plasma, the free magnetic charges, i.e., the monopoles and antimonopoles, will
tend to line up along the minimal area of the loop, and screen out the magnetic
field that would have been generated by the Wilson (current) loop source (cf. Fig.
8.2). The area law falloff for Wilson loops is associated with the screening sheet of
monopoles and antimonopoles along the minimal loop area.

In D = 3 dimensions, monopoles and antimonopoles form a plasma at any
lattice coupling, rather than being bound in monopole-antimonopole pairs. This is
because of the fact that, in three dimensions, the entropy of monopole location
wins over the cost in monopole action. In D = 4 dimensions, monopoles trace out

Fig. 8.2 Monopoles and
antimonopoles in the plasma
line up along the minimal
area of the loop (solid line),
to screen the magnetic field
generated by the loop
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worldlines, and the creation and eventual annihilation of a monopole-antimono-
pole pair is associated with a closed worldline loop. At weak couplings, the cost in
monopole action of a long loop exceeds the entropy associated with the size and
shape of large loops. This means that there are only small loops, and in a timeslice
one would find that every monopole was close to an antimonopole, with a sepa-
ration on the order of the typical extension of the small loops. In that case there is
no monopole plasma and no confinement. But as the coupling increases and the
monople action *1/g2 decreases, there is a point where the entropy wins, and
monopole loops percolate through the volume. Now if we take a timeslice of the
loop, the monopoles and antimonopoles can be very far apart. The system is then
in a plasma phase, and confinement of electric charges is the result.

Polyakov’s demonstration of confinement in compact QED3 is quite beautiful
and it has been very influential, so the calculation is worth displaying (in the n = 1
single charge case) in a little more detail. First of all, at weak couplings monopoles
are very heavy, with action proportional to the square of magnetic charge, so
monopoles with charges |mi| [ 1 are suppressed. Then, allowing for the fact that
the number N of monopoles + antimonopoles is variable, the partition function for
a monopole Coulomb gas is

Zmon ¼
X1

N¼0

nN

N!

X

frng

X

fmn¼�1g
exp � 2p2

g2a

X

i 6¼j

mimjGðri � rjÞ
" #

; ð8:9Þ

where

n ¼ exp � 2p2

g2a
Gð0Þ

� �
ð8:10Þ

and Gð0Þ � 0:253 in lattice units [10]. Introducing a field v(r) to localize the
action,

Zmon ¼
Z Y

r0
dvðr0Þ exp �g2a

4p2

X

r

1
2
ðolvðrÞÞ2

" #
X1

N¼0

nN

N!

X

frng

X

fmn¼�1g
ei
P

n
mnvðrnÞ

¼
Z Y

r0
dvðr0Þ exp �g2a

4p2

X

r

1
2
ðolvðrÞÞ2

" #
X1

N¼0

nN

N!

X

r

2 cosðvðrÞÞ
" #N

¼
Z Y

dvðrÞ exp �g2a

4p2

X

r

1
2
ðolvÞ2 �M2

0 cos vðrÞ
� �" #

;

ð8:11Þ

where

M2
0 ¼

8p2

g2a
exp �2p2

g2a
Gð0Þ

� �
: ð8:12Þ
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To make the expressions a little more compact, we switch to continuum
notation. The translation is

ðolÞlattice ! aðolÞcontinuum; a3
X

r

!
Z

d3r; ð8:13Þ

so that

Zmon �
Z

DvðrÞ exp � g2

4p2

Z
d3r

1
2
ðolvÞ2 �M2 cos vðrÞ

� �� �
; ð8:14Þ

where

M2 ¼ a�2M2
0 : ð8:15Þ

In the Coulomb gas approximation, the magnetic field due to the monopoles at
sites {rn} can be obtained from the monopole density q(r)

olHlðrÞ ¼ 2pqðrÞ; i:e:; HlðrÞ ¼
1
2

Z
d3r0
ðr � r0Þl
jr � r0j3

qðr0Þ; ð8:16Þ

where

qðrÞ ¼
XN

i¼1

midðr � riÞ ð8:17Þ

In particular we find, if C denotes a closed curve and S(C) a surface with C as
boundary, that

I

C

drlAlðrÞ ¼
Z

SðCÞ
dSlðrÞHlðrÞ ¼

Z
d3rgSðCÞðrÞqðrÞ; ð8:18Þ

where

gSðCÞðrÞ ¼ �
1
2

o

orl

Z

SðCÞ
dSlðr0Þ

1
jr � r0j: ð8:19Þ

If C is a planar curve in the (x, y) plane and S(C) the planar surface with C as
boundary curve, then we have

o2gSðCÞ ¼ 2pd0ðzÞhSðCÞðx; yÞ; ð8:20Þ

where hS(C)(x, y) = 1 for a point on S(C) inside the boundary C, and
hS(C)(x, y) = 0 for a point outside the boundary C. For points close to the surface S

gSðCÞðrÞ ¼ p signðzÞhSðCÞðx; yÞ; ð8:21Þ

i.e., this quantity jumps by 2p across the surface.
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A planar Wilson loop can now be expressed in terms of the monopole charge
density, using (8.18), as follows2:

hU1ðCÞi � hei
H

drlAlðrÞi ¼ hei
R

d3rgSðCÞðrÞqðrÞi: ð8:22Þ

Repeating the steps which lead from (8.9) to (8.14), inclusion of the Wilson loop
(8.22) leads to a shift of v(r) by gS(C), i.e.,

hU1ðCÞi ¼
1

Zmon

Z
DvðrÞ exp �g2

4p

Z
d3r

1
2
ðolðv� gSðCÞÞÞ

2 �M2 cos vðrÞ
� �� �

:

ð8:23Þ

The dominant contribution to the expectation value (8.23) comes from the
classical solution to the effective action in (8.23); the saddlepoint approximation is
to estimate the functional integral by evaluating the exponent at the classical value.
Choosing the planar loop to lie in the (x, y) plane we obtain from (8.20):

o2v ¼ 2pd0ðzÞhSðCÞðx; yÞ þM2 sin v: ð8:24Þ

The solution of this equation is discontinuous across the minimal surface of the
loop, and at large M falls rapidly to zero away from the surface. Substituting this
solution into the effective action results in an action density peaked in the
neighborhood of the minimal area, and the increase in the action due to the Wilson
loop source is proportional to the minimal area of the loop. In this way Polyakov
obtained an the area law falloff for large Wilson loops

hU1ðCÞi � exp �rareaðCÞ½ �; ð8:25Þ

from the three dimensional Coulomb gas of monopoles characteristic of compact
QED in three Euclidean dimensions.3

8.2 The Georgi–Glashow Model in D 5 3 Dimensions

Confinement by monopoles in three-dimensional electrodynamics is a beautiful
mechanism, but is it also relevant to non-abelian theories? The first place to look is
in non-abelian theories, such as the Georgi–Glashow model, which have magnetic
monopoles as solitonic solutions of the equations of motion.

The Georgi–Glashow model, also known as the SU(2) adjoint Higgs model, is
an SU(2) gauge theory with a Higgs field in the adjoint representation. In D = 3
dimensions the action is

2 A factor of electric charge g has been absorbed into the definition of Al.
3 A rigorous proof of confinement in compact QED3 was later published in [11].
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S ¼
Z

d4x
1
2

Tr½F2
lm� þ

1
2
ðDl/

aÞ2 þ 1
4
kð/a/a � v2Þ2

� �
; ð8:26Þ

where /a has three color components, and Dl is the usual covariant derivative. The

potential is obviously minimized at j/j ¼
ffiffiffiffiffiffiffiffiffiffiffi
/a/a

p
¼ v. Let us define

b/a ¼ /a

j/j : ð8:27Þ

If we transform to a unitary gauge, where b/ ¼ da3, then there is still a residual

U(1) local gauge invariance, which leaves b/ invariant. It is tempting, in this
gauge, to regard the model as a gauge theory of ‘‘photons,’’ i.e., the gauge
potentials Al

3, which are neutral with respect to the U(1) subgroup, coupled to
electrically charged ‘‘W-bosons‘‘ W�l ¼ ðA1

l�iA2
lÞ=

ffiffiffi
2
p

. The corresponding abe-

lian field strength due to the photons would be f 3
lm ¼ olA3

m � omA3
l. ‘t Hooft [12]

found a gauge invariant field strength

Flm ¼ olðb/aAa
mÞ � omðb/aAa

lÞ �
1
g

eabcb/aol
b/bom

b/c

¼ Fa
lm
b/a � 1

g
eabcb/aDl

b/bDm
b/c;

ð8:28Þ

which obviously reduces to the abelian field strength in unitary gauge. This tensor
is used to define the electromagnetic field strength gauge-invariantly in the
Georgi–Glashow model.

‘t Hooft [12] and Polyakov [13] found that the equations of motion of the
Georgi–Glashow model contain magnetic monopole solutions which are instan-
tons, in D = 3 dimensions, or static solutions, in D = 3 ? 1 dimensions. A
monopole centered at the origin has, in a convenient gauge, the ‘‘hedgehog’’ form

/aðxÞ ¼ v
xa

r
f ðrÞ;

Aa
i ðxÞ ¼ eaij

xj

gr2
aðrÞ;

ð8:29Þ

where f(r), a(r) satisfy certain differential equations, with f(0) = a(0) = 0, and
f(?) = a(?) = 1. This solution can be identified as a magnetic monopole
because the abelian magnetic field, derived from the electromagnetic field strength
Fij, has the monople form at large r

Bi ¼
1
2
eijkFjk ! �

1
g

xi

r3
; ð8:30Þ

so that the surface integral of the B-field, evaluated on a large closed surface (e.g. a
sphere at large r) enclosing the origin will be
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Z
dS � B ¼ � 4p

g
: ð8:31Þ

Since the flux integrated over a closed surface is equal (Heaviside–Lorentz con-
vention) to the charge contained inside, we conclude that the magnetic charge of
the magnetic monopole is -4p/g. The mass of a magnetic monopole, in
D = 3 ? 1 dimensions, is

Mmon ¼
4pv

g
h

k
g2

� �
; ð8:32Þ

where h(x) is a slowly varying function of order one.
In a unitary gauge, where /a is rotated to point in the positive color 3 direction,

the Al
3 field is the photon, and the charged W bosons are the W�l ¼ ðA1

l�iA2
lÞ=

ffiffiffi
2
p

fields. In this gauge the ‘t Hooft–Polyakov monopole lies in the color 3 direction,
and has the form of a Dirac monopole at large r. In other words, if we consider a
surface enclosing the monopole, then there is a physically undetectable Dirac
string, carrying a magnetic flux of 4p/g in the color 3 direction, which enters the
surface, and an equal magnetic flux, diverging from the center of the monopole,
which leaves the surface. As in compact QED3, the location of the Dirac string can
be varied by a gauge transformation, although its endpoint on the monopole is
fixed. A point to note is that the Higgs field vanishes at the center of the monopole
in any gauge; this will be important when we come to the abelian projection
proposal for identifying monopoles in pure gauge theories.

‘t Hooft–Polyakov monopoles again interact via a Coulombic potential, and the
partition function for the corresponding monopole Coulomb gas can be brought to
the form of Eq. 8.14, except that now the parameter M, which diverges in compact
QED3 in the lattice spacing a ? 0 limit, is replaced by a finite constant, dependent
on the coupling g and W-boson mass. Wilson loops can be computed exactly as in
compact QED3, and a finite string tension r	 exp½�Smon� is obtained [7]. It would
seem that in the Georgi–Glashow model, the goal of separating the gauge field into
a piece A, which carries only the confining fluctuations, and the remaining non-

confining fluctuations eA ¼ A�A has been accomplished unambiguously: The
instruction is to go to unitary gauge, identify the monopole positions {xk

l} from the
zeros of the Higgs fields, and let Aa

lðxÞ ¼ da3Al be the vector potential of Dirac
monopoles at those positions. The corresponding long-range magnetic field at
point x, due to monopoles and antimonopoles centered at points {xk} is then

B3
lðxÞ ¼

X

k

qk

ðx� xkÞl
jx� xkj3

; ð8:33Þ

where qk = ±1/g. This identification of the confining fluctuations is certainly
correct for compact QED3. It is a little problematic, however, in the Georgi–
Glashow model.
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The problem is connected with loops of multiple electric charge. Consider, in
unitary gauge, loops of the form

UnðCÞ ¼ exp in
1
2

I

C
A3

lðxÞdxl

� �
: ð8:34Þ

If the confining fields are those generated by a monopole Coulomb gas, then the
charge-dependence of the string tension is the same as for compact QED3,
namely

UnðCÞh i	 e�nrAðCÞ: ð8:35Þ

with A(C) the minimal area. But this answer cannot be correct in the Georgi–
Glashow model, as pointed out in ref. [9], because there are charged W ± bosons
carrying two units of the minimum electric charge. This means that static charges
carrying n units of electric charge are screened to n mod 2 units of charge, and
therefore

UnðCÞh i	 e�rAðCÞ n odd
e�lPðCÞ n even

�
: ð8:36Þ

The vector potential obtained from the monopole Coulomb gas action leads to the
wrong answer for these observables, and from this it follows that confining
magnetic flux derived from Aa

lðxÞ is not distributed in accordance with a
monopole plasma, at least, not at very large distance scales.

What we learn from this is that the infrared effects of W bosons cannot be
neglected in constructing an effective long-range action for the Georgi–Glashow
theory. The usual justification for ignoring the W bosons is that these are massive
objects, and therefore cannot affect the dynamics at large scales. For a confining
theory, that argument is simply wrong. Moreover, confining fluctuations must
organize themselves at large scales in such a way that n = even charged loops
have a vanishing string tension. The most obvious way to satisfy this condition is
for the confining flux to be collimated into Z2 vortices, rather than being distrib-
uted as in a monopole Coulomb gas [9].

On the other hand, the monopole Coulomb gas approximation ought to have
some range of validity in the D = 3 Georgi–Glashow model. On the basis of
simple energetics arguments, the electric flux tube between static sources carrying
two units of U(1) electric charge will break by W pair creation only when the
energy of the flux tube is greater than the combined mass of the two W bosons; i.e.,
when L r2 [ 2 mW. The double-charge string tension r2 is zero beyond the string-
breaking distance; however, up to that point, the monopole Coulomb gas result that
r2 = 2r1 should hold. Then the string-breaking distance is L & mW/r1, and up to
that length scale a monopole Coulomb gas analysis ought to give a good account
of the dynamics.

What about D = 4 dimensions? In four dimensions the Georgi–Glashow model
has a confining phase and a non-confining phase [14–16], and only in the
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non-confining phase, where it is possible to perturb (in, e.g., unitary gauge) around
a non-zero value of the scalar field, are there stable magnetic monopole solutions.
Monopoles and antimonopoles trace out worldlines in four dimensions, and
monopole antimonopole pairs trace out closed loops. In the non-confining phase
these loops are small and do not percolate (in the Euclidean theory) throughout the
spacetime volume. In a time slice, one would find that every monopole was paired
with an antimonopole. The monopoles do not form a plasma, and it appears that
the Polyakov calculation is not applicable.

A possible way to extend the D = 3 physics a little way into D = 4 dimensions
is to consider a pure gauge theory in a four-dimensional space in which one of the
space dimensions is compactified, i.e., we apply periodic boundary conditions in
one of the dimensions, so space is not R4 but R3 9 S1. Polyakov lines through the
compact direction then play a role somewhat analogous to the Higgs field in
the Georgi–Glashow model. However, the expectation value of the trace of the
Polyakov line is non-zero if the radius of S1 is small, so from the 4D viewpoint
the compactified model is in the deconfined phase, and a phase transition separates
the large and small radius regimes. It has been pointed out by Shifman and Ünsal
[17] that this deconfinement transition could be avoided by adding to the action of
an SU(N) gauge theory the following term

DS ¼
Z

R3

d3x
2

pL3

X½N=2�

n¼1

dn

���TrUnðxÞ
���
2
; ð8:37Þ

where L is the extension of the compact direction, U(x) is a Polyakov loop
holonomy winding around the compact direction, x denotes coordinates in R3,
and [N/2] is the integer part of quantity in brackets. For small L and judiciously
chosen values dn, the eigenvalues of the Polyakov line U(x) are driven as far
apart as possible, so that the action is minimized at P(x) = TrU(x) = 0, and
center symmetry is unbroken. It is then possible to demonstrate confinement via
a monopole mechanism, along the same lines as the D = 3 Georgi–Glashow
model. At large L, of course, center symmetry arises in a rather different fashion;
it is due to large and random fluctuations in the eigenvalues of the Polyakov line.
At large L there is no obvious abelian confinement mechanism, and the ana-
lytical control available at small L is lost. Nevertheless, the Shifman-Ünsal
approach does demonstrate confinement in non-supersymmetric theories in
D = 4 dimensions for small L, and L can be regarded as a parameter which may
interpolate continuously between an abelian monopole mechanism, and (since
DS is negligible at large L) whatever mechanism is operative in R4. The
approach has been extended to theories with fermions in various representations.
In fact, with massless fermions in the adjoint representation, DS can be dis-
pensed with, because a similar effect is found at the level of the effective action,
obtained after integrating out the massive Kaluza–Klein excitations that arise due
to the compact direction [18].
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8.3 Dual Superconductivity, and the Seiberg–Witten Model

When a type II superconductor is placed in an external magnetic field, the mag-
netic field can only penetrate the superconductor in cylindrical regions known as
Abrikosov vortices, which carry only a certain fixed amount of magnetic flux.
Abrikosov vortices are magnetic flux tubes, and in principle such a flux tube could
begin at a monopole, of appropriate magnetic charge, and end on an antimonopole.
The constant energy density along an Abrikosov vortex then implies a linear
potential between the monopole and antimonopole. In other words, a type II
superconductor, which is a system in which bosons (the Cooper pairs) of electric
charge 2e are condensed, is a system which squeezes magnetic fields into tubes of
quantized flux, and confines magnetic charge via a linear potential. So if there
were real magnetic monopoles and antimonopoles present in a material of this
kind, we would observe that these objects were confined.

The example of type II superconductors becomes even more suggestive in view
of the electric/magnetic duality symmetry of Maxwell’s equations. If we are
willing to allow for the existence of elementary magnetic charges gM, then the
corresponding Maxwell’s equations

olFlm ¼ je
m; ol
Flm ¼ jm

m ð8:38Þ

are symmetric with respect to the interchange of fields Flm ! 
Flm,
*Flm ? - Flm,

and currents, i.e.,

E! B; B! �E; je
l $ jm

l ; jml $ �jel; ð8:39Þ

where *Flm is the dual field strength tensor


Flm ¼
1
2
elmabFab: ð8:40Þ

Conservation of both the electric and magnetic currents implies separate electric
and magnetic U(1) symmetries. It occurred independently to ‘t Hooft [2] and
Mandelstam [3], in 1976, that quark confinement in QCD might be due to some
type of dual superconductivity, in which the QCD vacuum state can be regarded as
a condensate of a magnetically charged boson field (magnetic monopoles), con-
fining electrically charged particles (the quarks). In other words, a dual super-
conductor is like an ordinary superconductor in which the roles of the E and B
fields, and electric and magnetic charges, have been interchanged. This approach
entails, as in the Georgi–Glashow model, singling out an abelian subgroup of the
full gauge group.

The idea is expressed more concretely in a relativistic generalization of the
Landau-Ginzburg theory of superconductivity. The relativistic action is the abe-
lian Higgs model
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S ¼
Z

dDx
1
4

FlmF
lm þ ðol þ ieAlÞu

�� ��2þ k
4
ðu
u� v2Þ2

� �
: ð8:41Þ

The abelian Higgs model has magnetic flux-tube solutions analogous to Abrikosov
vortices, which are known as Nielsen–Olesen vortices [19]. For a vortex along the
z-axis, the Nielsen–Olesen vortex in cylindrical (r, /, z) coordinates has the fol-
lowing asymptotic form:

uðr;/Þ ¼ vf ðrÞein/

A/ðrÞ ¼
n

er
aðrÞ;

ð8:42Þ

with f(0) = a(0) = 0 and f(?) = a(?) = 1. The topological stability of these
vortices is related to the fact that the Higgs potential has its minimum away from
u = 0, and that the complex phase of the Higgs field along a closed loop around
the vortex has a non-zero integer winding number n. The magnetic flux carried by
a Nielsen–Olesen vortex is 2pn/e. In the dual version of the abelian Higgs model,
the Higgs field is magnetically charged, and it couples, not to the usual vector
potential Al, but rather to a ‘‘dual’’ photon field Cl whose associated field strength
is *Flm. Then the Nielsen–Olesen vortex is an electric, rather than magnetic flux
tube, and it is electric charge which is confined.

The dual-superconductor idea is not only very attractive, but it can also be
demonstrated to be operating in a particular theory: the Seiberg–Witten model.
The important work of Seiberg and Witten on duality and confinement in super-
symmetric gauge theories is beyond the scope of this book, and the reader is
referred to the original articles [20, 21] and reviews [22–24] for an exposition. A
few comments, however, are relevant at this point.

The Seiberg–Witten work is concerned with supersymmetric Yang–Mills the-
ory. Supersymmetry is an extension of Poincare symmetry, adding to the usual
group generators (translations, rotations, and boosts) of the Poincare Lie algebra a
set of N supersymmetry generators. These enlarge the Lie algebra to include
certain anticommutator relations among the supersymmetry generators. The
number N of different supersymmetry generators is, in general, a power (C0) of
2. Irreducible representations of supersymmetry contain both bosonic and fermi-
onic particle states, with equal numbers of bosonic and fermionic degrees of
freedom in the supermultiplet. The (bosonic + fermionic) field content of a
supersymmetric field theory, as well as the interaction terms in such theories, are
highly constrained.

N ¼ 2 super Yang–Mills theory, like the Georgi–Glashow model, has scalar
fields in the adjoint representation of the gauge group, which can be used to single
out a compact abelian subgroup, which is U(1)N-1 for the SU(N) gauge group. The
theory does not have a unique vacuum; rather there is a continuous set of
inequivalent vacua, which are specified by the values (‘‘moduli’’) of certain scalar
field operators. Seiberg and Witten were able to show that there is a point in
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moduli space at which the magnetic monopoles of this theory become massless.
On adding a soft supersymmetry breaking term, which reduces the N ¼ 2
supersymmetry to N ¼ 1, the theory goes into a confining phase associated with a
condensation of the monopole field. Seiberg and Witten derive in this case an
effective low energy action which is a supersymmetric generalization of the dual
abelian Higgs model. This is a truly remarkable result: the dual abelian Higgs
model is expressed in terms of dual (magnetically charged) fields, even though
such fields were invisible in the Lagrangian of the starting point, which is N ¼ 2
super Yang–Mills theory. Once a dual abelian Higgs model has been obtained,
electric flux tube formation and confinement of electric charge follows, along the
same lines as magnetic flux tube confinement of magnetic charge in the ordinary
abelian Higgs model, and in type II superconductors. The Sine Law rule for
k-string tensions, already mentioned in Chap. 5, was motivated by the
SU(N) version of the Seiberg–Witten model, where the Sine Law was derived by
Douglas and Shenker [25]. These authors also pointed out that the SU(N) gauge
group leads to N - 1 separate copies of the dual abelian Higgs model, and thus
N - 1 distinct types of electric flux tube, which is not what one expects in a pure
SU(N) gauge theory.

The validity of the effective low energy theory at very large distance scales is
questionable, however. A flux tube will also form between objects which carry
two units of the U(1) electric charge, and there is nothing in the effective dual
abelian Higgs model which would allow that flux tube to break. On the other
hand, in the SU(2) theory these electric charges have zero N-ality, and the flux
tube must break at some point, in this case via pair creation of W-bosons. Just as
in Polyakov’s monopole gas treatment of the D = 3 dimensional Georgi–
Glashow model, the Seiberg–Witten low-energy effective action neglects the
W bosons of the theory, on the grounds that they are massive and should not
contribute to long-range physics. But we have already seen that the W bosons are
very relevant to long-distance physics; the N-ality dependence of string tensions
rr cannot be obtained without them. This means that the Seiberg–Witten
effective action cannot be the whole story at sufficiently large distance scales. To
put it another way: the ‘‘low-energy’’ effective action is not necessarily the long-
distance effective action. In the Seiberg–Witten theory, the effective action is
obtained keeping only local terms with no more than two derivatives of the
bosonic fields. It is not obtained by actually integrating out the massive W bo-
sons, for otherwise the effective action would have the correct N-ality depen-
dence built in. At distance scales on the order of the color screening length,
L � mW=r, the dual abelian Higgs action arrives at the wrong N-ality depen-
dence for abelian Wilson loops, and on those grounds it is inadequate to describe
the large-scale vacuum fluctuations in the theory. There is, as in the Georgi–
Glashow model, an intermediate range of distances up to the screening scale for
which the Seiberg–Witten effective action gives a good account of the physics.
Beyond that scale the contributions of virtual W bosons are important, and can
no longer be ignored.
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There have been interesting efforts in recent years to construct supersymmetric
models in which the confining dual Higgs theory, and the confining flux tube, are
essentially non-abelian in character; cf. [26–28] and references therein for reviews.
For this purpose it seems crucial to add some number of matter ‘‘hypermultiplets,’’
containing both Fermi and Bose fields in the fundamental representation of the
gauge field (which would imply string breaking, as in real QCD). The first models
of this kind were found in N ¼ 2 super Yang–Mills theory with a gauge group
SU(N ? 1) broken to U(1) 9 SU(N), and N = Nf equal-mass matter hypermulti-
plets containing complex scalar fields (‘‘squarks’’) and Weyl fermions in the
fundamental representation. Squark condensates ‘‘break’’ (in the sense of breaking
a global subgroup, cf. Chap. 3) both the SUC(N) color and SUF(N) flavor groups,
leaving an unbroken diagonal SU(N)C+F global subgroup. This pattern of sym-
metry breaking is known as ‘‘color–flavor locking.’’ The model has magnetic flux
tube solutions in which the chromomagnetic flux is free to rotate in the
SU(N) color directions, and it is on these grounds that the flux tube solutions are
referred to as ‘‘non-abelian’’ vortices. Many other dual models with non-abelian
vortices have been constructed, for which the reader is referred to the cited ref-
erences. It is not clear that these constructions, which rely on a special choice of
fundamental representation matter fields and pattern of symmetry breaking, would
be relevant to the flux tubes encountered in simpler confining theories, such as
pure gauge theories with no fundamental matter fields, and having no string
breaking by such fields.

8.4 The Abelian Projection

The example of monopole confinement in compact QED, in the Georgi–Glashow
model, and in the Seiberg–Witten model, raises the hope that some similar
mechanism might exist in pure gauge theories, or gauge theories without funda-
mental matter fields. To make this idea work, one has to identify an abelian
subgroup of the gauge group, associated with the abelian magnetic monopole field.
Since there is no elementary Higgs field in the adjoint representation, whose
unitary gauge would single out an appropriate abelian subgroup, ‘t Hooft [29]
suggested that a composite operator involving only gluonic fields, and behaving
under a gauge transformation G(x) like a matter field in the adjoint representation,
might serve the same purpose. For a matrix-valued operator X(x), the gauge
transformation law would be

XðxÞ ! GðxÞXðxÞGyðxÞ: ð8:43Þ

An example of such an operator would be any spatial component of the non-
abelian field strength tensor, e.g. F12(x). The analog of a unitary gauge would be
the gauge in which the operator X is diagonal. In an SU(N) theory X is an
N 9 N matrix, and in the gauge where
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X ¼ diag½k1; k2; . . .; kN � with k1\k2\ � � �\kN ð8:44Þ

there is left unfixed an abelian subgroup U(1)N-1, whose generators belong to the
Cartan subalgebra of the gauge group. The Cartan subalgebra is the largest subset
of group generators which commute with one another, but the choice is not unique.
For example, the generators of SU(2) are the three Pauli matrices (�1

2). The U(1)
subgroup generated by any one of the Pauli matrices can be taken as the Cartan
subgroup. For SU(3), one could choose, e.g., the third component of isospin I3, and
hypercharge Y, forming the subgroup U(1) 9 U(1). In general, for any
SU(N) group, the Cartan subgroup is U(1)N-1.

In a gauge in which the operator X is diagonal, the gauge theory can be thought
of as an abelian U(1)N-1 gauge theory, with ‘‘photon’’ and monopole excitations,
the photons corresponding to the generators of the Cartan subalgebra. In addition
there are ‘‘matter’’ fields (the remaining gluons), which are electrically charged
with respect to the Cartan subgroup. The idea is that confinement is due to
monopole condensation, as in the dual abelian Higgs model. The locations of the
monopoles are taken to be at those sites where the unitary gauge fixing is
ambiguous, and this is where two of the eigenvalues of the X operator coincide
(recall that the Higgs field, which is used to define the unitary gauge, vanishes at
the center of a ‘t Hooft–Polyakov monopole). Of course, the locations of such
monopoles are entirely dependent on the choice of operator X; it is not at all
obvious that there is any real physical content associated with points or worldlines
located in this way. Indeed, the gauge based on the operator X = F12 has not led to
anything interesting.

Gauges which fix the gauge symmetry only up to the residual symmetry of the
Cartan subgroup are known as abelian projection gauges, and they do not nec-
essarily require that we know the operator X explicitly. In particular, since the goal
is to identify an abelian confinement mechanism inside a non-abelian gauge the-
ory, it is reasonable that the idea might work best, in an SU(N) gauge theory, in a
gauge where the theory looks most like a U(1)N-1 gauge theory. This would be a
gauge where the quantum fluctuations of ‘‘charged’’ gluon degrees of freedom are
much suppressed, compared to the quantum fluctuations of the ‘‘photon’’ degrees
of freedom. So we look for a gauge in which the link variables are as diagonal as
possible. This is known as the maximal abelian gauge [30], and in SU(2) gauge
theory, it is specified by the condition that

R ¼
X

x;l

Tr½UlðxÞr3UylðxÞr3� ð8:45Þ

is maximized.
Fixing to the maximal abelian gauge leaves a residual U(1) gauge symmetry

UlðxÞ ! ei/ðxÞr3 UlðxÞe�i/ðxþblÞr3 : ð8:46Þ

Let ul(x) be the diagonal part of Ul(x), rescaled to restore unitarity
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ð8:47Þ

Then, make the decomposition

UlðxÞ ¼ClulðxÞ

¼
1� jclðxÞj2
	 
1=2

clðxÞ

�c
lðxÞ 1� jclðxÞj2
	 
1=2

2
64

3
75

eihlðxÞ

e�ihlðxÞ

" #
:
ð8:48Þ

What is interesting is that under the remnant U(1) gauge symmetry, hl(x) trans-
forms like an abelian gauge field, and cl(x) transforms like a matter field carrying
two units of the abelian charge, i.e.,

eihlðxÞ !ei/ðxÞeihlðxÞe�i/ðxþblÞ

clðxÞ !e2i/ðxÞclðxÞ;
ð8:49Þ

so the particle content of the theory in maximal abelian gauge consists of ‘‘pho-
tons’’ coupled to double-charged matter fields. The abelian projected lattice is
obtained by the replacement UlðxÞ ! exp½ihlðxÞ�.

The U(1) gauge symmetry is compact, and there are monopole currents kl(x) in
the theory, which can be extracted from the abelian-projected links exp[ihl(x)],
using the generalization, to D = 4 dimensions, of (8.4)4

klðxÞ ¼
1

4p
elabcoaf bcðxÞ: ð8:50Þ

One can then construct link variables from the Coulombic fields of those mono-
poles alone, discarding the ‘‘photon’’ contributions, just from the Dirac string
variables nlm [31]

umon
l ðxÞ ¼ exp½ihmon

l ðxÞ�
hmon

l ðxÞ ¼ � 2p
X

y

Gðx� yÞo0mnlmðyÞ; ð8:51Þ

4 The monopole currents actually live on the links of the dual lattice (cf. Chap. 6) in four
dimensions.
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where G(x - y) is again the lattice Coulomb propagator (inverse of the lattice
Laplacian), and this time ql

0
denotes the backward lattice derivative. Replacing

link variables by the ul
mon(x), and calculating observables (such as Wilson loops) in

that ensemble, is known as the monopole dominance approximation [32, 33].
One suggested application of abelian projection is to help define a monopole

creation operator l(x), whose expectation value could serve as an order parameter
for dual superconductivity in a non-abelian gauge theory [34, 35]. Recall that in a
compact U(1) gauge theory the conserved magnetic current is associated with a
dual U(1) gauge symmetry, and the total magnetic charge generates a global
subgroup of this dual gauge symmetry. If we define an operator l(x) which acts on
states in the Schrodinger representation by inserting a monopole field configura-
tion Ai

M(y) centered at the point y = x, i.e.,

lðxÞjAii ¼ jAi þ AM
i i; ð8:52Þ

then l does not commute with the total magnetic charge, and hli 6¼ 0 is a signal
that the associated global symmetry is spontaneously broken. In a non-abelian
gauge theory, an abelian projection gauge is introduced to single out an abelian
U(1)N-1 subgroup, and l is defined in terms of the gauge fields associated with
that abelian subgroup. If the expectation value of l is non-zero, it means that the
system is in the phase of ‘‘dual superconductivity.’’ The proposal is that a gauge
theory is in a confinement phase if and only if hli[ 0, and a phase transition to
hli ¼ 0 is therefore a transition from the confined to the deconfined phase. In fact,
in very many cases it has been shown numerically that the high-temperature
deconfinement transition does coincide with hli ! 0. The problem with the
proposal, however, is that the transition hli ! 0 is also found in cases where there
is a bulk transition that is not associated with a transition to the deconfined phase,
and there are even cases where the transition hli ! 0 occurs in the absence of any
thermodynamic transition whatever [36]. This appears to be further evidence that
the breaking of a remnant gauge symmetry is an unreliable guide to the presence or
absence of a confined phase, as already argued in Chap. 3.

8.4.1 Monopoles and Vortices

The monopole dominance approximation has been investigated numerically
[31–33] in SU(2) lattice gauge theory, and in this approximation the string tensions
come out about right (i.e., almost equal to the tension of gauge invariant loops) for
single charged (n = 1) Wilson loops. We write

Wabel
n ðCÞ ¼

D
exp½inhðCÞ�

E
;

Wmon
n ðCÞ ¼

D
exp½inhmonðCÞ�

E
:

ð8:53Þ
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as the Wilson loops corresponding to n units of electric charge in the abelian
projected lattice Ul(x) ? exp[ihl(x)], and in the monopole dominance approxi-
mation Ul(x) ?exp[ihl

mon(x)], respectively, where h(C) is the lattice ‘‘loop inte-
gral’’ of link angles hl(x) around the loop C. Because of screening by the double-
charged (off-diagonal) gluons, we should have

rn ¼
r1 n odd
0 n even

�
: ð8:54Þ

However, charge screening is difficult to check numerically in Wilson loop
operators. Instead, the expectation values of double-charged Polyakov loops have
been computed in both the abelian projection, and the monopole dominance
approximation. Because of charge-screening, we expect

hPnðxÞi ¼
¼ 0 n odd
6¼ 0 n even

�
: ð8:55Þ

For single-charged n = 1 loops, below the deconfinement transition tempera-
ture, both the abelian projected and monopole dominance Polyakov loops have
expectation values consistent with zero, as they should. However, the abelian
projection and monopole dominance approximation give drastically different
results for double-charged loops [37]. For the n = 2 loops, the expectation values
of abelian-projection Polyakov loops are non-zero, as they should be. In contrast,
the corresponding expectation values in the monopole dominance approximation
are found to be consistent with zero, and this conflicts with the requirements of N-
ality, and the existence of charge screening. It follows that, even if the confining
disorder is dominated (in some gauge) by abelian configurations, the distribution
of abelian flux cannot be that of a monopole Coulomb gas; such a distribution
disorders both n = 1 and 2 loops. A similar argument applies to dual supercon-
ductors: if there is confinement for n = 1 electrically charged objects, then n = 2
charge is also confined, and this is incompatible with the existence of charge
screening. In a type-II dual superconductor there would simply be two, rather than
one, electric flux tubes running between doubly-charged sources.

On the other hand, the abelian projection does get some things right, such as the
string tension of the fundamental representation Wilson loop on an abelian pro-
jected lattice [31, 38]. To see what may be going on, let’s think of how vortices
would look in maximal abelian gauge, at some fixed time t. Figure 8.3 is a sketch
of a thick center vortex in the absence of gauge-fixing. In this case the vortex field
strength Flm

a points in random directions in the Lie algebra. Fixing to maximal
abelian gauge, the field tends to line up in the ± r3 direction, but there will still be
regions where the field strength rotates in the group manifold, from ? r3 to - r3

(Fig. 8.4). Now, if we keep only the abelian part of the link variables ul(x) (i.e.,
abelian projection), we get a monopole-antimonopole chain (Fig. 8.5), with ± p
magnetic flux running between a monopole and neighboring antimonopole. The
total monopole flux is ± 2p, as it should be. Then a typical vacuum configuration
at a fixed time, after abelian projection, looks something like the sketch in Fig. 8.6.
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Fig. 8.3 Vortex field strength before gauge fixing. The arrows indicate direction in color space

Fig. 8.4 Vortex field strength after maximal abelian gauge fixing. Vortex strength is mainly in
the ± r3 direction

Fig. 8.5 Vortex field after abelian projection
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Fig. 8.6 Hypothetical collimation of monopole/antimonopole flux into center vortex tubes on
the abelian-projected lattice
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Double-charged Wilson loops and Polyakov loops, in the abelian projection, are
insensitive to linking with such vortices, and this will ensure that the string ten-
sions rn will satisfy (8.54) as required.

The picture outlined above can be tested by numerical simulation. We work in
the indirect maximal center gauge, which uses maximal abelian gauge as an
intermediate step, and identify the locations of both monopoles (by abelian pro-
jection) and vortices (by center projection). We also measure the excess action
(above the average plaquette value S0), on plaquettes belonging to monopole
cubes, and on plaquettes pierced by vortex lines. The following results are
obtained for SU(2) lattice gauge theory at b = 2.4 [37]:

1. Almost all monopoles and antimonopoles (97%) lie on vortex sheets.
2. At fixed time, the monopoles and antimonopoles alternate on the vortex lines,

in a chain.
3. Excess (gauge-invariant) plaquette action is highly directional (cf. also Gubarev

et al. [39]), and lies mainly on plaquettes pierced by vortex lines as indicated in
Fig. 8.7. The presence or absence of a monopole in the cube is not so important
to the excess action. Very similar results are obtained from 23 and 33 cubes.

8.5 Calorons

As we saw earlier in this chapter, Polyakov managed to derive confinement ana-
lytically in compact QED3, by summing over classical solutions, in this case
monopoles, of the Euclidean field equations. Monopoles are instantons in compact
QED3, and it is natural to wonder if confinement could be derived from some

-0.02S   =

One Monopole

One Vortex One  Vortex
No  Monopoles

0.20

0.20

0.18

0.18

0.01

Fig. 8.7 The left figure shows the plaquette excess action distribution on an isolated monopole
cube (no nearest neighbor monopole currents) pierced by a single P-vortex. In the illustration the
bottom and top plaquettes are pierced by the vortex. For comparison, the excess action
distribution is also shown for a no-monopole cube (right figure) pierced by a P-vortex. The
simulation is at b = 2.4 in SU(2) lattice gauge theory. From Ambjørn et al. [37]
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semiclassical treatment of Yang–Mills theory based on the instanton solutions of
non-abelian gauge theories. The standard instantons, introduced by Belavin et al.
[40], do not seem to work; their field strengths fall off too rapidly to produce the
desired magnetic disorder in the vacuum. In recent years, however, it has been
realized that instanton solutions at finite temperature, known as calorons, might do
the job. These caloron solutions were introduced independently by Kraan and van
Baal [41, 42] and Lee and Lu [43] (KvBLL), and they have the remarkable
property of containing monopole constituents which may, depending on the type
of caloron, be widely separated.

The monopole constituents of the KvBLL calorons are also called dyons
because they are a source of both electric and magnetic fields. For an SU(N) gauge
group there are N types of dyons, and in a suitable gauge, far from the dyon center,
their field strengths are abelian (i.e., taking values in the Cartan subalgebra).
Asymptotically, for the n-th dyon, we may write [44]

�EðnÞk ¼ BðnÞk ¼
1
2

xk

r3
CðnÞ; ð8:56Þ

where the Cn ¼ diag½0; . . .; 1;�1; 0; . . .; 0� (with 1 in the n-th position) for n from
1 to N - 1, and CðNÞ ¼ diag½�1; 0; . . .; 1�. The dyon solutions were discovered by
Bogolmolny, Prasad, and Sommerfield [45, 46], and are known as BPS monopoles.
A naive superposition of dyon fields is in general not a saddlepoint of the classical
action; calorons, however, are not naive at all. A (topological) charge one caloron
has N dyon constituents, and is indeed a solution of the Euclidean field equations.

A characteristic feature of the KvBLL caloron is the fact that the Polyakov loop
holonomy (i.e., the Wilson line closed by periodicity in the time direction, before
taking the trace) need not be a center element far away from the caloron. In general
we can write the Polyakov loop holonomy as

PðxÞ ¼ P exp i

Z
dtA0ðx; tÞ

� �

¼ Sdiag½e2pil1 ; e2pil2 ; . . .; e2pilN �S�1;

ð8:57Þ

where S is some SU(N) matrix which diagonalizes P, and
P

nln = 0. There are
different caloron solutions, depending on the holonomy far from the caloron
center. If P is a center element, then all the ln are equal; this is the ‘‘trivial’’
holonomy which characterizes the finite temperature instanton solutions found by
Harrington and Shepard [47, 48]. Caloron solutions allow for non-trivial holono-
my. If we order the {ln} such that li B li+1, then the maximally ‘‘non-trivial’’
holonomy is where the {ln} are equally spaced and as far apart as possible, i.e.,

lmax
n ¼ �1

2
� 1

2N
þ n

N
: ð8:58Þ

In this special case, Tr½P� ¼ 0. In a vacuum dominated by calorons of this special
type, a Polyakov loop at a given location would tend to fluctuate around
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Tr½P� ¼ 0, with the the probability density peaked at Tr½P� ¼ 0. This is in sharp
contrast to the center vortex confinement scenario, where the probability density
would be peaked at center elements, and in fact Polykov loop holonomies are only
center elements in center-projected configurations. The vanishing of the Polyakov
loop expectation value in the vortex scenario is due to an unbroken center sym-
metry, leading to an exact cancellation between positive and negative contribu-
tions, whereas in a purely caloron configuration, with maximally non-trivial
holonomy, the vanishing of the Polyakov loop is a property of the configuration
itself, rather than arising from quantum fluctuations among such configurations.

One of the features of the KvBLL caloron is that the positions of dyon con-
stituents are set by the parameters (‘‘moduli’’) of the caloron solution. The con-
stituents can be widely separated; in fact they can be placed anywhere, depending
on the choice of moduli. An example for the SU(2) group is shown in Fig. 8.8,
which displays the action density of two SU(2) caloron solutions in a timeslice at
t = 0. Because the caloron is an instanton solution, one might think that the dyon
constituents appear and then disappear in a certain time interval. In fact, this is true
for small dyon separations. When the dyons are widely separated, however, they
persist throughout the entire periodic time interval, as seen in Fig. 8.9.

The fact that calorons are saddlepoints of the Euclidean Yang–Mills action, and
can have both non-trivial holonomy and widely separated monopole constituents,
has led to the conjecture that these constituents form a kind of dyon gas, which
gives rise to the necessary magnetic disorder for confinement. Then the Yang–
Mills functional integral might be approximated by summing over dyon config-
urations. To formulate this proposal precisely, one really needs the integration
measure for the moduli of multi-dyon configurations, and this measure is
unknown. Diakonov and Petrov, generalizing from the known measure of a single
caloron, have proposed a measure for the many dyon case, and with this choice
have been able to derive a number of interesting results [44]:

1. At finite but low temperatures, the free energy of the dyon gas is minimized at
the maximally non-trivial Polyakov holonomy, where Tr½P� ¼ 0.

(a) (b)

Fig. 8.8 Action density of an SU(2) caloron in a timeslice t = 0, with l2 = -l1 = 0.125. The
parameter q determines the separation of the consituent dyons; the figure on the left is at q = 0.8,
and the figure on the right has q = 1.6. From Kraan and van Baal [49]
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2. k-string tensions extracted from Polyakov line correlators, and from spacelike
Wilson loops, agree with one another, and follow the Sine Law. The calculation
of spacelike string tensions is similar to Polyakov’s determination of the string
tension in compact QED3.

3. At high temperatures, the free energy is minimized at the trivial holonomy
(deconfinement), and there is a phase transition between the confined and de-
confined phases at a critical temperature Tc, with Tc=

ffiffiffi
r
p

in impressive agree-
ment with lattice simulations.

4. Tr½P� ¼ 0 is also obtained in G2 gauge theory, leading to a claim [50] that
center symmetry is of no fundamental importance to confinement.

While the Diakonov-Petrov calculation is impressive, their proposed measure is
not positive definite, as pointed out by Bruckmann et al. [51], which violates a
known property of the exact measure. A different approach, in which the measure
for the dyon gas is parametrized and the system is then simulated numerically, has
been followed by Gerhold, Ilgenfritz, and Mueller-Preussker [52]. Their results
also indicate, not too surprisingly, that a dyon gas gives rise to a confining
potential.

The caloron idea is probably the most promising current version of monopole
confinement in pure non-abelian gauge theories, but it is basically (in certain
gauges) a superposition of monopoles with spherically symmetric abelian fields,
and this leads to the same questions raised in connection with monopole Coulomb
gases. In a gauge in which the dyons are asymptotically abelian, what is the
behavior of a double charged abelian loop? In a monopole Coulomb gas, the string
tension of a double charged loop is simply twice the string tension of a single
charged loop, yet this cannot be correct in a non-abelian theory, due to screening
by gluons. In numerical simulations it has been found that monopole fields are
concentrated along vortex lines, and this distribution avoids generating a string
tension for double-charged abelian Wilson loops. If the dyon gas, like the
monopole Coulomb gas, predicts an area law for double-charged abelian loops,
then the spherically symmetric magnetic field distribution assumed for dyons
cannot be right.
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Fig. 8.9 Action density of SU(3) calorons as a function of time and one space coordinate. Each
caloron has three dyon constituents, and the dyon separations are increasing from right to left.
Note the persistence in time of the widely separated consituent dyons. From Diakonov [50]
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Another issue is the probability distribution for Polyakov holonomies. If the
Polyakov loop vanishes for a loop in the fundamental representation, then the
corresponding Polyakov loop in the adjoint representation is negative. In fact, if
PðxÞ is the Polyakov holonomy, one can express the probability density q(g) that
PðxÞ is equal to group element g via a character expansion. For, e.g., the case of
SU(2), we have

q½g� ¼ hd½PðxÞ � g�i
¼ h
X

j

vj½PðxÞ�vj½g�i

� 1þ a1v1½g�;

ð8:59Þ

where a1 ¼ hv1½PðxÞ�i is the expectation value of the Polyakov line in the adjoint
(j = 1) representation. The j = half-integer representations can be dropped, since
they should vanish if center symmetry is unbroken, and the expectation values of
PðxÞ in representations j [ 1 are negligible. If a1 \ 0 then the maximally non-trivial
holonomy is the most probable, in conformity with the dyon gas idea. If, on the other
hand, a1 [ 0, then q½P� is peaked at P ¼ a center element, as would be expected in
the center vortex picture. The expectation value of an adjoint Polyakov line in the
confined phase is actually quite small and difficult to measure, nevertheless there are
measurements of this quantity in SU(3) gauge theory just below the deconfinement
transition, and the result is that the expectation value is small but positive [53].

Finally, if it were really true that the Polyakov line expectation value vanishes
exactly in G2 gauge theory at low temperatures, then center symmetry is indeed
irrelevant to confinement, as claimed in [50]. However, it is much more likely that
this prediction of the dyon gas approximation is just incorrect. In G2 it is necessary
to bind at least three gluons to screen a Polyakov line in the fundamental repre-
sentation, and a gluelump of this sort will be very heavy. As a result, the Polyakov
line in G2 gauge theory will be very small indeed, and it will be exceedingly
difficult to measure this tiny non-zero value by numerical simulation. But unless
current ideas about charge screening are completely wrong, the Polyakov line in
G2 must be non-zero. For the same reason, any large G2 Wilson loop can be
screened by gluons, and the asymptotic string tension must vanish.This means that
the lack of center symmetry implies the absence, at sufficiently large scales, of
magnetic disorder. The fact that the dyon gas approximation misses this fact
should not be taken as implying that center symmetry is irrelevant; instead it
means that the dyon gas approximation is itself missing something which is
important to the asymptotic physics.

8.6 Critique: Monopoles and N-ality

The principal critique of the monopole confinement mechanism, at least in the
form of a monopole Coulomb gas or a dual abelian Higgs model, has been stated
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repeatedly in this chapter. Confinement of electric charge by monopole conden-
sation is an abelian mechanism, and objects with n units of the fundamental
electric charge will be confined, for any n [ 1. In a suitable gauge, the expectation
value of any abelian Wilson loop, or any power of any abelian loop, will have an
area law falloff. This prediction is at odds with N-ality, and with color-screening
by gluons. The implication is that the distribution of magnetic monopoles, and the
magnetic flux associated with those monopoles, cannot be as predicted by the
simple theories just mentioned.

Let us consider, as an example, a Wilson loop in the adjoint representation of
SU(2) pure gauge theory. In all of the monopole confinement theories we have
discussed there is some gauge, defined by either an adjoint Higgs field or (as in the
abelian projection and caloron cases) by some composite operator, in which the
monopole fields, far from the monopole locations, all point in the same direction in
color space. Let us suppose that this is the color 3 direction. The approximation
which yields confinement is to replace the full gauge field by the field due to the
monopoles, in which case

WA½C� ¼ vj¼1 P exp ig

I

C

dxlAa
l
ra

2

8
<

:

9
=

;

2
4

3
5

* +

� vj¼1 exp ig

I

C

dxlA3
l
r3

2

8
<

:

9
=

;

2
4

3
5

* +

¼
X1

m¼�1

exp img

I

C

dxlA3
l

2

4

3

5
* +

:

ð8:60Þ

This quantity does not have an area-law falloff, due to the m = 0 contribution.
From this fact it would seem that the monopole confinement mechanism is
compatible with the N-ality condition.

That conclusion is mistaken, however. Consider instead the trace, in the fun-
damental representation, of the square of the Wilson loop holonomy, i.e.,

W ð2ÞðCÞ ¼ Tr fUðCÞg2
h iD E

; ð8:61Þ

where U(C) is the holonomy

UðCÞ ¼ P exp ig

I

C

dxkAa
k

ra

2

2
4

3
5: ð8:62Þ

The square of U(C) is a zero N-ality operator in SU(2) gauge theory, and cannot
have an area law falloff. This should also be clear from the identity

W ð2ÞðCÞ ¼ hTrA½UðCÞ�i � 1: ð8:63Þ
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However, the same logic as above leads to the estimate, in the monopole con-
finement picture

W ð2ÞðCÞ ¼
X

m¼�1

exp img

I

C

dxlA3
l

2

4

3

5
* +

: ð8:64Þ

This time the m = 0 component is absent, and the operator corresponds to a sum
of two loops, with opposite orientations, each carrying two units of the abelian
charge. If a Wilson loop with one unit of abelian charge has an area law, in the
monopole confinement picture, so does a loop with two units of abelian charge, as
can be verified explicitly in compact QED3 [9]. This means that the monopole
Coulomb gas scenario is simply not compatible with the N-ality condition.

To obtain an effective long-distance theory involving only the abelian degrees
of freedom, it is necessary to integrate out the charged degrees of freedom (the
‘‘W-bosons’’); these degrees of freedom cannot be ignored simply because they are
massive. When this is done, the distribution of magnetic fields emanating from the
monopoles in the effective theory must bring the abelian theory into compliance
with N-ality. The simplest possibility is that the monopole worldlines lie on vortex
sheets, and monopole magnetic fields are collimated along thick center vortices, as
illustrated in Figs. 8.5 and 8.6 above. As we have noted, there is numerical evi-
dence for this kind of monopole-vortex connection in pure lattice Yang–Mills
theory, from abelian projection in maximal abelian gauge.
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Chapter 9
Coulomb Confinement

In Coulomb gauge, the longitudinal electric field Ea
L ¼ �r/a associated with a

static charge is obtained by solving the Gauss Law D � Ea ¼ qa for /a, and the
energy density EL

2 associated with this electric field, integrated over all space, is the
Coulomb energy. There is an ongoing effort, pioneered originally by Gribov [1]
and Zwanziger [2, 3], to demonstrate that the Coulomb potential associated with
quark–antiquark sources is confining. The argument that the Coulomb potential
might have this property relies, in an essential way, on the fact that in Coulomb
gauge the functional integration cannot range over all possible gauge fields sat-
isfying the gauge condition, but instead must be restricted to a subspace in the
space of all gauge fields, bounded by a hypersurface known as the Gribov horizon.

9.1 The Gribov Horizon

We have already seen that the Coulomb and Landau gauge conditions do not fix
the gauge uniquely. In each case there is some remnant symmetry left, which may
or may not be spontaneously broken, depending on the gauge theory and the gauge
and matter coupling constants. Beyond this, however, there is a further ambiguity,
first pointed out by Gribov [1]: In a gauge theory, each gauge field is a member of
a set of gauge-equivalent configurations known as a gauge orbit. If we imagine
that the gauge-fixing condition restricts the functional integral to a certain sub-
space S of the space of all gauge fields, then it turns out that a typical gauge orbit
intersects this gauge-fixing hypersurface many times (not counting the multiplicity
due to remnant symmetries), and these multiple intersections are known as Gribov
copies. At each Gribov copy, the Faddeev–Popov (F–P) determinant may be
positive or negative, which raises the alarming possibility that by summing over all
copies, the functional integral may actually vanish! In fact, something of the sort is
exactly what happens in BRST quantization of lattice gauge theories at the non-
perturbative level, according to a famous result [4] known as

J. Greensite, An Introduction to the Confinement Problem,
Lecture Notes in Physics, 821, DOI: 10.1007/978-3-642-14382-3_9,
� Springer-Verlag Berlin Heidelberg 2011
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Neuberger’s Theorem Let Q be a gauge or BRST invariant observable in a
lattice gauge theory with compact link variables, with Sgf the gauge-fixing part of
the action, and let c; c; b denote the ghost, antighost, and auxiliary fields,
respectively, that arise in the BRST quantization procedure.1 Then

hQi ¼
R

DUDcDcDb Qe�ðSþSgf Þ
R

DUDcDcDb e�ðSþSgf Þ

¼ 0
0
:

ð9:1Þ

This means, of course, that BRST quantization is not really defined at the non-
perturbative level. The problem can be traced, in the Faddeev–Popov approach, to
the exact cancellation of contributions due to Gribov copies with F–P determinants
of opposite sign [4].

It was suggested by Gribov that the domain of functional integration in Cou-
lomb and Landau gauges should be restricted to a subspace, now known as the
Gribov region, where the eigenvalues of the F–P operator, and hence the F–P
determinant, are all positive. In this proposal the different Gribov copies cannot
cancel. Consider, in the continuum, the gauge which minimizes the quantity

R½A� ¼
Z

d4x Tr½AlðxÞAlðxÞ�: ð9:2Þ

If Al(x) is a (local) minimum of R[A], and

hAlðxÞ ¼ eihaðxÞLa AlðxÞe�ihaðxÞLa � i

g
eihaðxÞLaole�ihaðxÞLa ð9:3Þ

is a gauge transformation of Al(x) (with {La} the group generators), then it must be
that R[hA] is minimized at h(x) = 0. This requires, first of all, stationarity with
respect to infinitesimal variations of h(x), i.e. that

dR½hA�
dhaðxÞ

 !

jh¼0

¼ 1
g

olAa
lðxÞ ð9:4Þ

must vanish, which is the usual Landau gauge condition. Secondly, for a local
minimum the Hessian

d2R½hA�
dhaðxÞdhbðyÞ

 !

jh¼0

¼ 1
g2

Mab
xy ð9:5Þ

1 BRST quantization is described in most modern textbooks on quantum field theory, e.g. [5, 6].
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must have only positive semidefinite eigenvalues, where

Mab
xy ¼ �olDab

l d4ðx� yÞ ð9:6Þ

is the F–P operator, with Dl
ab = dabql - gfacbAc the covariant derivative. From

this it is clear that the Landau gauge Gribov region consists of all local minima of
R[A] for each gauge orbit.

The lattice version of Landau gauge, restricted to the Gribov region, is the
gauge which minimizes

R ¼ �
X

x

X

l

ReTr½UlðxÞ�: ð9:7Þ

Denoting gauge-transformed links by

hUlðxÞ ¼ eihaðxÞLa UlðxÞe�ihaðxþblÞLa ; ð9:8Þ

the stationarity condition for R[hU] is

oR½hU�
ohaðxÞ

 !

jh¼0

¼ i
X

l

Tr½LaðUlðxÞ þ Uylðx� l̂Þ� ¼ 0; ð9:9Þ

which becomes the usual Landau gauge condition qlAl
a(x) = 0 in the continuum

limit. The lattice F–P operator Mab
xy is again obtained from the Hessian matrix and,

as in the continuum, the condition that the field configuration is a local minimum of
R is that the eigenvalues of Mab

xy are all positive (i.e. all directions on the gauge
orbit away from the stationary point increase the value of R).

In Coulomb gauge, the sum over the spacetime index l = 0, 1, 2, 3 in the
above expressions is replaced by a sum over a space index k = 1, 2, 3, and the
four-dimensional delta function in (9.6) is replaced by a three-dimensional delta
function.

In lattice simulations one generates configurations in the usual way, and
observables are computed after fixing these configurations to the required gauge. But
the techniques which are used to gauge fix on the lattice only obtain local minima of
R[U], rather than arbitrary stationary points, and this guarantees that the eigenvalues
of the F–P operator Mab

xy are almost all positive. The exceptions are the trivial zero

modes, whose origin is the remnant global symmetry UlðxÞ!GUlðxÞGy; where
G [ SU(N) is any position-independent group element. The remnant symmetry
implies that at any stationary point of R there must be flat directions along the gauge
orbit, corresponding to the generators of the global transformations, and these flat
directions mean that there must be zero modes of the F–P operator. These are the
trivial eigenstates of the F–P operator M, which are easily seen, by inspection of
(9.6), to be

/a
nðxÞ ¼

1ffiffiffiffi
V
p dna;¼ 1; 2; . . .;N2 � 1: ð9:10Þ
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The statement that the F–P determinant is positive in the Gribov region really
refers to the determinant of the operator in the subspace orthogonal to these trivial
zero modes.

The problem with defining the path integral, in Landau or Coulomb gauge, as a
sum over all copies in the Gribov region is that it cannot be guaranteed that all gauge
orbits are weighted equally; it may be that different gauge orbits intersect the Gribov
region different numbers of times. Ideally, one would like to restrict the region of
functional integration to a subset of the Gribov region, which each gauge trajectory
intersects only once. An example is the Fundamental Modular Region suggested by
Zwanziger [3], which consists, among all local minima of R, of configurations which
give the absolute minimum of R along the gauge orbit. These configurations, pre-
sumably, are unique. Unfortunately there is no known procedure for locating such
absolute minima in practice, nor is there any reason to think that, if we ordered the
local minima in order of their value of R, the gauge copy with the lowest minimum in
the set is more physically relevant than, say, the copy with the ten-thousandth
minimum in the sequence. Lattice simulations in Coulomb and Landau gauges
generally ignore this issue, in the hope that the choice of gauge copy will not make a
serious difference to the final results. Some simulations, however, apply a technique
known as simulating annealing [7], which supplies a local minimum of R that is
almost always lower than that of a gauge copy chosen at random. But it is not entirely
clear, on physical grounds, why a lower minimum should be preferred.

The Gribov region is bounded in its entirety, and the Fundamental Modular
region is bounded in part, by a hypersurface known as the first Gribov horizon, as
illustrated in Fig. 9.1. Consider the eigenvalue equation for the F–P matrix

 Gribov

x

x x

x x

FMR

Gauge−Fixing Hypersurface

Gauge Orbit

 Gribov
region

region

First Gribov Horixon

Gauge Orbit

Fig. 9.1 The rectangular region indicates the subspace, in the space of all gauge configurations
satisfying the (Coulomb or Landau) gauge condition. A typical gauge orbit intersects the
subspace many times; the intersections (marked ‘‘x’’) are known as ‘‘Gribov copies.’’ Within the
Gribov region the non-trivial eigenvalues of the F–P operator are all positive; this region is
bounded by the first Gribov horizon, where one non-trivial eigenvalue is zero. One can also define
subregions within the Gribov region, such as the Fundamental Modular region (FMR), which are
intersected only once by each gauge orbit
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Mab
xy /bðnÞ

y ¼ kn/
aðnÞ
x ; ð9:11Þ

where summation (lattice) or integration (continuum) over the repeated
y-coordinate is implied. The Gribov region, by definition, is the region in which
all the kn are positive, apart from (in SU(N)) the first N2 - 1 zero eigenvalues
of the trivial zero modes. The first Gribov horizon is the boundary of the
Gribov region, where the lowest non-trivial eigenmode also has a zero eigen-
value, while all other eigenvalues are positive (here I will use the terms
‘‘Gribov horizon’’ and ‘‘first Gribov horizon’’ interchangeably).

The speculation that all this has something to do with confinement is based on
the fact that the Coulomb potential, as we will see below, involves the inverse of
the F–P operator M. Zwanziger [3] has argued that most of the volume of the
Gribov region is concentrated near the boundary, i.e. at the first Gribov horizon, in
much the same way that the volume of a sphere of radius R, in d dimensions, is
concentrated at r&R for large d. Since the first non-trivial eigenvalue of M
vanishes at the first Gribov horizon, it is possible that the near-zero eigenvalues of
M, for configurations very near the Gribov horizon, will considerably enhance the
Coulomb potential, and possibly strengthen it to a confining form. In the next
sections we will see evidence that this speculation is probably correct.

9.2 Coulomb Potential on the Lattice

Coulomb gauge, like axial and temporal gauge (but unlike the covariant gauges) is
a ‘‘physical’’ gauge, in the sense that it is possible to formulate a ghost-free
Hamiltonian operator, and avoid the introduction of propagating ghost fields. The
classical Coulomb-gauge Hamiltonian of Yang–Mills theory is H = Hglue ?

Hcoul, where [8]

Hglue ¼
1
2

Z
d3xðE2

T þ B2Þ

Hcoul ¼
1
2

Z
d3xd3y qaðxÞKabðx; yÞqbðyÞ

Kabðx; y; AÞ ¼ ðM�1Þac
xzð�r2ÞzðM�1Þcb

zy

h i

qa ¼ qa
m � gf abcAb

kEc
Tk;

ð9:12Þ

and where ET denotes the transverse E-field r � Ea
T ¼ 0.2 The color-charge density

due to matter fields is given by qm(x). If this charge density is due to static

2 At the quantum level, the Hamiltonian contains factors of (det M)1/2 and (det M)-1/2, which
cancel out in the classical limit where the ordering of operators is irrelevant [9]. These factors
also cancel out in the expression for the Coulomb energy due to static color sources.
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quark–antiquark color charge sources separated by a distance R, then the corre-
sponding Coulomb interaction ? self-energies are given by

ECoulðRÞ ¼
1
2

Z
d3xd3y qa

mðxÞKabðx; yÞqb
mðyÞ

� �
: ð9:13Þ

In the path-integral formulation it is useful to introduce Faddeev–Popov ghost
fields, but in Coulomb gauge these ghost fields do not propagate in time. Their

propagator at equal times is given by hðM�1Þab
xyi:

A glance at the operator K(x, y; A) in (9.12) shows that it involves two factors of
the inverse F–P operator M-1. If the functional integration is dominated by con-
figurations at or near the first Gribov horizon, then the eigenvalue spectrum of
M begins at or near zero. This leads to the suggestion, long advocated by Gribov
[1] and Zwanziger [3], that hqmKqmi is so greatly enhanced in the infrared by the
near-zero eigenvalues of M that a linear potential

hKðx; y; AÞi� rjx� yj ð9:14Þ

is obtained. Since hK(x, y; A) i is essentially the instantaneous piece of the cor-
relator hA0ðxÞA0ðyÞi; confinement could then be understood as arising from one-
gluon exchange with a (highly non-perturbative) dressed gluon propagator.

We would like to study the validity of this Gribov–Zwanziger scenario
numerically, and the first step is to figure out how to compute the Coulomb energy
on the lattice. Let us begin with a physical state containing a heavy quark–anti-
quark pair, separated by distance R:

jWqqi ¼ qð0ÞqðRÞjW0i; ð9:15Þ

where W0 is the vacuum state of Yang–Mills theory in Coulomb gauge. Note
that this is not necessarily the lowest energy state containing the two static
sources, but it is the state in which the qð0ÞqðRÞ interaction energy is entirely
Coulombic, i.e.

ECoulðRÞ ¼ hWqqjHjWqqi � hW0jHjW0i
¼ VcoulðRÞ þ Ese;

ð9:16Þ

where the Coulomb potential Vcoul(R) comes from the non-local qmKqm term in
the Hamiltonian, and Ese is some R-independent self-energy term. We would like
to know, first of all, if Vcoul(R) is confining. If it is confining, then is it
asymptotically linear? If linear, does the Coulomb string tension rcoul equal the
string tension r of the static quark potential? Finally, is there any connection to
the center vortex mechanism? What happens to the Coulomb potential if vortices
are removed?

In order to compute the Coulomb potential numerically, we begin with

GðR; TÞ ¼ hWqqje�ðH�E0ÞT jWqqi; ð9:17Þ
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where E0 is the vacuum energy. For very massive quarks in an SU(N) gauge
theory, by the same that reasoning that led to introducing Polyakov lines, and up to
an overall constant of O(m2T),

GðR;TÞ ¼ 1
N
hTr½Lyð0; TÞLðR; TÞ�i; ð9:18Þ

where

Lðx; TÞ ¼ P exp i

ZT

0

dt A0ðx; tÞ

2

4

3

5 ð9:19Þ

is a Wilson line in the time direction. Here T is some finite time lapse, but it is not
the full extension of the lattice in the time direction. Inserting a complete set of
states in (9.17)

GðR; TÞ ¼
X

n

hWnjWqqi
�� ��2e�ðEn�E0ÞT : ð9:20Þ

Denote

VðR; TÞ ¼ � d

dT
log½GðR; TÞ�: ð9:21Þ

Then it is easy to see that

EcoulðRÞ ¼ hWqqjH � E0jWqqi
¼ VcoulðRÞ þ Ese

¼ VðR; 0Þ;
ð9:22Þ

while

EminðRÞ ¼ VðRÞ þ E0se

¼ lim
T!1

VðR; TÞ; ð9:23Þ

where Emin is the lowest energy that can be obtained among states which contain
the static qq system, and V(R) is the static quark potential. In general there is no
reason that the minimal energy state should be the Wqq state defined in (9.15),
which is used to extract the Coulomb potential. With lattice regularization, Ese and
E0se are negligible at large R, compared to V(R). Then, since Emin�Ecoul; it fol-
lows that

VðRÞ�VcoulðRÞ; ð9:24Þ

as first noted by Zwanziger in [10]. Therefore, if confinement exists at all, there
must also be a confining Coulomb potential.
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On the lattice

Lðx; TÞ ¼ U0ðx; 1ÞU0ðx; 2Þ � � � U0ðx; TÞ

VðR; TÞ ¼ 1
a

log
GðR; TÞ

GðR; T þ 1Þ

� �
:

ð9:25Þ

Then

VðR; 0Þ ¼ VcoulðRÞ þ const.

lim
T!1

VðR; TÞ ¼ VðRÞ þ const.;
ð9:26Þ

where, using the fact that Lðx; 0Þ ¼ 1 by definition,

VðR; 0Þ ¼ � log½GðR; 1Þ� ð9:27Þ

in lattice units. This relation allows us to derive the lattice Coulomb potential
(= V(R,0) up to a constant) from the timelike link-link correlator G(R,1) at equal
times, and compare to the static potential V(R) on the lattice.

We may also consider the Coulomb energy of a one-particle state
Wa

q ¼ qaðxÞW0. By the same reasoning as above, the Coulomb energy computed on
the lattice will be

Eq / � log½hTr½U0ðxÞ�i�; ð9:28Þ

and therefore the Coulomb energy of this one-particle state is infinite if the
expectation value of a timelike link vanishes in Coulomb gauge. Recall that this
was also the condition, discussed in Chap. 3, that the remnant gauge symmetry
U0ðx; tÞ ! gðtÞU0ðx; tÞgyðt þ 1Þ is unbroken. It should be understood, however,
that Eq is the energy of a specific state, and as such it is only an upper bound on the
minimal energy of a states containing a single static quark. Therefore Eq ¼ 1 is a
necessary but not sufficient condition for the non-existence of finite-energy iso-
lated charge states.

Returning to the lattice Coulomb potential for static qq sources, we begin with a
check: Define r(T) from a fit of V(R,T) to

VðR; TÞ ¼ cðTÞ � p
12R
þ rðTÞR; ð9:29Þ

where -p/12R is the Lüscher term, and see if r(T) ? r in the large-T limit. This
seems to work out as expected, as seen in Fig. 9.2. Figure 9.3 shows the data for
V(R,4), and Fig. 9.4 shows the data for V(R,0), at b = 2.5. At this coupling V(R,4) is
not far off the static quark potential V(R), while V(R,0) gives us the Coulomb
potential Vcoul(R) up to some constant. Each plot also displays the result (lower line)
obtained from lattice configurations with vortices removed by the de Forcrand-
D’Elia procedure, which was introduced in Section 6.3.3. There is a very substantial
difference in the slope of the Coulomb potential (Fig. 9.4) and of the static quark
potential (Fig. 9.3). Figure 9.5 shows the ratio of rcoul/r of the Coulomb and
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asymptotic string tensions vs. coupling b, where rcoul is extracted from a fit to (9.29)
both with and without the Lüscher term. At b = 2.5 we find that

rcoul � 3r: ð9:30Þ

The evidence, then, is that the Coulomb potential is linear but overconfines, in
agreement with the Zwanziger inequality.3
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Fig. 9.2 Falloff of r(T) with
increasing T at
b = 2.3, 2.4, 2.5. Solid lines
indicate the accepted values
of the asymptotic string
tension at each b value, with
dashed lines indicating the
error bars. From [11]
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Fig. 9.3 V(R, 4) at b = 2.5.
The ‘‘without vortices’’ data
points are obtained on lattices
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de Forcrand–D’Elia
procedure. From [11]

3 Another approach is to calculate hKabðx; y; AÞi directly, via Monte Carlo simulations. This
computationally more demanding procedure has been followed in [12] for the SU(3) gauge
group, with the result that the Coulomb potential is linearly confining, with a string tension that
is greater (by a factor estimated at 1.6) than the asymptotic string tension.
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When vortices are removed, the string tensions of both the Coulomb potential
and the static quark potential vanish, as shown by the lower data set in Figs. 9.3
and 9.4. This brings up two interesting questions. First, what property of Yang–
Mills vacuum configurations is responsible for the confining Coulomb potential?
Secondly, how is this property related to the existence of center vortices?

9.3 Faddeev–Popov Eigenvalue Density,
and the Coulomb Self-Energy

In a confining theory, the energy of a color-nonsinglet state is infinite. In Coulomb
gauge, such a state is, e.g.

Wa½A; x� ¼ qaðxÞW0½A�: ð9:31Þ
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There is nothing intrinsically unphysical (or gauge non-invariant) about such a
state, at least in an infinite volume. Gauge invariance in a Hamiltonian formulation
amounts to satisfying the Gauss Law in one way or another. In Coulomb gauge
only physical degrees of freedom appear, and Gauss’s Law is solved explicitly,
resulting in the Hcoul term in the Hamiltonian. In A0 = 0 gauge, Gauss’s Law is an
operator constraint on physical states, requiring that such states are invariant under
infinitesimal gauge transformations. In QED, the state in A0 = 0 gauge which
corresponds to the state (9.31) in Coulomb gauge is

W½A; x� ¼ exp ie

Z
d3z AðzÞ � r 1

4pjx� zj

� �
qðxÞW0½A�: ð9:32Þ

This conversion of the charged Coulomb gauge state to temporal gauge can be
extended to non-abelian theories [14].

While the state corresponding to an isolated color non-singlet particle (9.31)
qualifies as a physical state in Coulomb gauge, we would nevertheless expect
that the self-energy of such a state is infinite in a confining theory, even with an
ultraviolet cutoff. Before studying this Coulombic self-energy in Yang–Mills
theory, it is instructive to do the calculation in an abelian theory, but in a way
which will easily generalize to the non-abelian case. In the abelian theory we
have

H ¼
Z

d3x ðE2
T þ ðr � AÞ2Þ þ Hcoul

Hcoul ¼
1
2

Z
d3xd3y qðxÞKðx; yÞqðyÞ

Kðx; yÞ ¼ M�1
xz ð�r2ÞzM�1

zy ;

ð9:33Þ

and also

E ¼ e2Kðx; xÞ; ð9:34Þ

where E is the Coulomb self-energy of a static charge at point x. As in the non-
abelian theory, the abelian F–P operator is obtained from the stationarity of the
integral over AlAl, but in this case M is independent of the gauge field

Mxy ¼ �r2dðx� yÞ: ð9:35Þ

The eigenstates of the F–P operator, satisfying

Mxy/
ðnÞ
y ¼ kn/

ðnÞ
x ; ð9:36Þ

are simply the plane wave states, with eigenvalues kn ¼ kn � kn for wavenumber
kn: These states are discrete in a finite volume, and integration over position
become summation over position in a lattice regularization. We can write the
Green’s function in the form
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Gxy ¼ M�1
� 	

xy¼
X

n

/ðnÞx /ðnÞ	y

kn
: ð9:37Þ

With some simple manipulations, on a lattice of spatial volume V = L3,

E ¼ e2

L3
M�1ð�r2ÞM�1

 �

xx

¼ e2

L3

X

x

X

y1y2

Gxy1ð�r2Þy1y2
Gy2x

¼ e2

L3

X

x

X

y1y2

X

m

X

n

/ðmÞx /ðmÞ	y1

km
ð�r2Þy1y2

/ðnÞy2
/ðnÞ	x

kn

¼ e2

L3

X

y1y2

X

n

/ðnÞ	y1
ð�r2Þy1y2

/ðnÞy2

k2
n

;

ð9:38Þ

we can express the Coulomb self-energy in the form

E ¼ e2

L3

X

n

FðknÞ
k2

n

; ð9:39Þ

where

FðknÞ ¼ /ðnÞ ð�r2Þ
�� ��/ðnÞ

� 
: ð9:40Þ

Let q(k) denote the density of eigenvalues, scaled so that
Z

dk qðkÞ ¼ 1: ð9:41Þ

Then at large volumes the sum over eigenstates can be approximated by an integral

E ¼ e2
Z

dk
qðkÞFðkÞ

k2 : ð9:42Þ

In QED it is easy to show (see Eq. 6.56 with D = 3) that

qðkÞ ¼
ffiffiffi
k
p

4p2
; FðkÞ ¼ k: ð9:43Þ

The minimum eigenvalue in a volume of extension L is kmin * 1/L2, and the
maximum eigenvalue kmax * 1. Putting it all together, we find (in lattice units)

E ¼ e2
Z

dk
qðkÞFðkÞ

k2

� e2 1� 1
L

� �
:

ð9:44Þ
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In physical units (divide the lattice expression by lattice spacing a), this energy has
the familiar UV divergence as a ? 0. The second term is a finite volume effect,
which goes to zero in the infinite volume limit. However, finiteness at L ? ? at
fixed a clearly depends on the small k behavior of q(k)F(k). If we had instead

lim
k!0

qðkÞFðkÞ
k

[ 0; ð9:45Þ

then the Coulomb energy would be divergent in the large volume limit.
Typical configurations in the Gribov region are expected to approach the

Gribov horizon in the infinite-volume limit. This is true even at the perturbative
level, where kmin * 1/L2. But what counts for confinement is the density of
eigenvalues q(k) near k = 0, and the lack of smoothness of these near-zero
eigenvalues, as measured by F(k). This is what determines whether the Coulomb
confinement criterion (9.45) is satisfied.

In Yang–Mills theory the calculation of the self-energy of a static charge goes
in much the same way, except that the F–P operator (9.6) depends on the gauge
field, and for an arbitrary gauge group, with static charge in color representation r,

Er ¼
g2Cr

dA
E; ð9:46Þ

where Cr is the quadratic Casimir of representation r, dA is the dimension of the
adjoint representation, and

E ¼
Z

dk
qðkÞFðkÞ

k2

� �
;

FðknÞ ¼ /ðnÞ ð�r2Þ
�� ��/ðnÞ

� 
:

ð9:47Þ

In order to test ifE is infrared divergent, we can calculate q(k), F(k), numerically,
on finite-size lattices, and extrapolate to infinite volume. This was done in [15], at a
coupling b = 2.1 corresponding to a rather large lattice spacing, which allows us to
probe fairly large volumes in physical units. The procedure is to generate field
configurations by the lattice Monte–Carlo method, and fix each of them to Coulomb
gauge (i.e. to a gauge copy in the Gribov region). Then, for each configuration, the
first 200 eigenstates of the lattice F–P operator on each lattice time-slice are com-
puted numerically, via the Arnoldi algorithm [16]. From these we calculate the
average, over all gauge-fixed configurations, of q(k), F(k). The results, for lattice
sizes 84 to 204 are shown in Fig. 9.6 for q(k), and Fig. 9.7 for F(k). From the scaling
of this data with lattice size at small k (cf. [15] for details), it is found that

qðkÞ� k0:25; FðkÞ� k0:4; ð9:48Þ

and therefore
Z

dk
qðkÞFðkÞ

k2 !1 ð9:49Þ
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is divergent in the infinite volume limit, due to the degree of divergence of the
integrand at the lower (k = 0) end of the integration region. This means that the
Coulomb energy of an isolated color charge, in the state represented by Wa in (9.31),
is infinite, even when the usual ultraviolet divergence is regulated on the lattice.

9.3.1 The Role of Center Vortices

Next we can ask whether center vortices are related, in some way, to the divergent
Coulomb energy of an isolated charge. The simplest thing to do is to repeat the
above calculation for center-projected configurations (‘‘vortex-only’’), and for
configurations with the vortices removed via the de Forcrand-D’Elia prescription
[17]. Figures 9.8 and 9.9 show the results for q(k) and F(k) in the center-projected
lattices. From a lattice size scaling analysis it is found that, at small k,
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qðkÞ� k0
0:05; FðkÞ � 1; ð9:50Þ

and again the expression (9.49) is divergent.
Figures 9.10 and 9.11 (left) show the corresponding results for q(k) and F(k) in

vortex-removed configurations. This time there is a drastic change, as compared to
the unmodified, and center-projected lattices; the density of states shows a series of
peaks, and F(k) has a ‘‘band’’ structure. The peaks and bands correspond, in the
sense that the eigenvalues belonging to the same peak of q also belong to the same
band of F.

It turns out that the structure of peaks in q(k) is essentially perturbative in
origin. On a finite lattice, the density of states of the ordinary Laplacian -r2 (the
g = 0 approximation to the covariant Laplacian) is a series of delta functions, each
of which is singular at one of the eigenvalues of the Laplacian. The degeneracy of
each eigenvalue is computable, and one finds that the numbers of eigenvalues in
the peaks of q(k) precisely match the degeneracies of the low-lying eigenvalues
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of -r2. The effect of the vortex-removed lattice fields is to broaden the delta
functions into peaks of finite width. The impression that the vortex-removed
configurations are only a perturbation of the free theory is strengthened by the fact
that the lowest-lying eigenvalues go to zero like 1/L2, where the L is the lattice
extension, just as in a free theory. Moreover, if we plot our data for F(k) vs. k at all
volumes, as in Fig. 9.11 (right), we see that F(k) � k, again as in a free theory.

From all of this data, it appears that the enhancement of q(k) and F(k) near k = 0,
which is responsible for the infrared divergent Coulomb self-energy of an isolated
charge, is correlated in some way with the presence of a center vortex ensemble.

9.4 Critique

Although all available numerical evidence favors a confining Coulomb force, and
indeed this is a necessary condition for the existence of a confining static quark
potential, there are also good reasons to doubt that the confining force between static
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color charges is simply the Coulomb force in Coulomb gauge. In the first place, a
necessary condition is not a sufficient condition, and there is also numerical evidence
that the Coulomb force is confining at high temperatures, past the deconfinement
transition [13]. We have also seen that even at zero temperature, the Coulomb string
tension is several times larger than the asymptotic string tension. Finally, there is no
reason to expect that the Coulombic color electric field, which depends on color

charge density q according to E ¼ rðr � DÞ�1q;will be collimated into a flux tube,
and this would lead to long-range dipole or van der Waals forces between color-
singlet states. Nevertheless, it is possible that the confining Coulomb potential is an
important element in understanding the formation of confining flux tubes, because
this formation might be understood as a response which brings the Coulombic string
tension down to the asymptotic value. The gluon chain model, to be discussed in
Chap. 11, is one proposal along these lines.
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Chapter 10
Ghosts, Gluons, and Dyson–Schwinger
Equations

Shortly after the recognition, in the 1970s, that the static quark potential ought to
be linear with quark separation, there was an effort to show that the momentum
space gluon propagator, in covariant gauges, goes as 1/k4 as k ? 0. The reason this
was considered desirable is that if we naively evaluate the static quark potential
from one-gluon exchange, then it is not hard to show that a 1/k4 limit at low
momenta leads to a linear potential. Attempts to derive this 1/k4 behavior were
based on trying to solve a truncated set of Dyson–Schwinger equations (DSEs), but
because of various ambiguities, and the doubtful validity of the truncation, the
effort was abandoned after a few years.

In the late 1990s a series of articles by Alkofer and co-workers [1–4] revived
interest in the Dyson–Schwinger approach, and there has been much work on the
topic since then (cf. the review article by Fischer [5]). In the new approach
the gluon propagator was not found to go as 1/k4; in fact the prediction was that
the gluon propagator actually vanishes in the k ? 0 limit, and it is instead the ghost
propagator which should have an enhanced singularity (i.e. more singular than 1/k2)
in the infrared. This solution of the Dyson–Schwinger equations is referred to as the
scaling solution. The enhanced infrared singularity of the ghost propagator, found in
the scaling solution, is necessary for the Kugo–Ojima confinement criterion (3.12) to
be satisfied [6]; it is also the ‘‘horizon condition’’ advocated—together with the
vanishing of the gluon propagator at k = 0—by Zwanziger [7, 8]. In recent years
there has been a concerted effort to check these predictions by calculating ghost and
gluon propagators numerically, on the lattice. Surprisingly, the lattice simulations
appear to support the scaling solution in Landau gauge in D = 2 dimensions [9], but
not in D = 3 and 4 dimensions [10–13]. Further investigation has shown that there
exists another consistent solution of the Dyson–Schwinger equations, known as
decoupling solution [14–16], and this solution does appear to be in harmony with the
D = 3 and 4 dimensional lattice results.

The DSE effort is ongoing, and not everyone is in agreement that the current
numerical results are decisive in favoring the decoupling solution. At the very
least, we are seeing a very intriguing interplay between analytical arguments and

J. Greensite, An Introduction to the Confinement Problem,
Lecture Notes in Physics, 821, DOI: 10.1007/978-3-642-14382-3_10,
� Springer-Verlag Berlin Heidelberg 2011
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numerical simulations, and much has been learned, in the last few years, about the
infrared behavior of ghost and gluon propagators on the lattice. In this chapter I
will briefly review the main developments in this area.

10.1 Dyson–Schwinger Equations and the Scaling Solution

Dyson–Schwinger equations are derived in many standard textbooks on quantum
field theory (see, e.g., [17]); they follow from the fact that the functional integral of
a total derivative is zero. Consider any field theory involving a set of fields {/k}.
Then

0 ¼ 1
Z

Z Y

k

D/k

( )
d

d/iðxÞ
exp �Sþ

Z
dDx

X

i

jiðxÞ/iðxÞ
" #

¼ � dS

d/iðxÞ
þ jiðxÞ

� �
:

ð10:1Þ

Further differentiation with respect to the sources {jk} yields the Dyson–Schwinger
equations.1 As an example, the Dyson–Schwinger equation for the ghost propa-
gator is derived from setting /i(x) equal to the antighost field cðxÞ and then
differentiating with respect to the corresponding current source at point y, yields
the Dyson–Schwinger equation for the ghost propagator

dSgf

dcaðxÞ c
bðyÞ

� �
¼ dabdDðx� yÞ; ð10:2Þ

where Sgf is the gauge-fixing part of the action of a non-abelian gauge theory
quantized in a covariant gauge. With the help of some manipulations that can be
found in Ref. [18], the above equation can be brought into a form which is easiest
to indicate diagramatically, in Fig. 10.1. The left hand side of the illustrated
equation is the inverse of the full (or ‘‘dressed’’) ghost propagator, the line on the
right hand side is the inverse of the bare ghost propagator, and the rightmost
loop diagram contains dressed ghost and gluon propagators connected by one bare
and one dressed ghost-gluon vertex. This is one of the simplest of the Dyson–
Schwinger equations, the other being the equation for the ghost-gluon vertex
shown in Fig. 10.2. The important insight of Refs. [1–4] is that if the momentum
on either of the external ghost lines of the loop diagram in Fig. 10.2 goes to zero,
and the loop integral is finite, then the whole diagram vanishes. This means that in
the infrared limit the dressed ghost-gluon vertex should resemble the bare vertex.

1 In a gauge theory quantized in Landau or Coulomb gauge, where the functional integration is
restricted to the Gribov region, the integration does not result in a boundary term, because the
Fadeev-Popov determinant vanishes on the boundary (i.e. on the Gribov horizon).
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The simplicity of the ghost-gluon vertex was then used in the Dyson–Schwinger
equation for the ghost propagator, to derive an interesting relationship between the
infrared behavior of the ghost and gluon propagators in the infrared limit. Let us
write the full ghost and gluon propagators in the form

GabðqÞ ¼ �dab Jðq2Þ
q2

;

Dab
lmðqÞ ¼ dab dlm �

qlqm

q2

� �
Zðq2Þ

q2
;

ð10:3Þ

and suppose that, as q ? 0

Jðq2Þ / ðq2Þ�jghost ; Zðq2Þ / ðq2Þjgluon : ð10:4Þ

If the external momenta are very small in the Dyson–Schwinger equation for the
ghost propagator, then the loop integral is dominated by momenta of the same
magnitude as the external momenta, and one can replace the dressed propagators
by their assumed power law behavior in the infrared. Matching powers of external
momenta leads to a coupling of the ghost and gluon exponents

jgluon ¼ 2jghost: ð10:5Þ

This kind of analysis has been extended to other n-point functions. The result is
as follows: Let C(n,m)(q2) represent the dressing function for a one-particle irre-
ducible Green’s function with 2n external ghost lines and m external gluon lines,
and all external momenta set equal to q. Then, as q ? 0,

Cðn;mÞðqÞ / ðq2Þðn�mÞjghost : ð10:6Þ

Fig. 10.2 Diagrammatic representation of the Dyson–Schwinger equation for the ghost-gluon
vertex, with the same conventions as in Fig. 10.1. From Fischer [5]

Fig. 10.1 Diagrammatic representation of the Dyson–Schwinger equation for the ghost propa-
gator. Lines with (without) filled circles represent dressed (bare) propagators, the dashed lines are
ghost propagators (or inverse propagators), and the wavy line is a dressed gluon propagator. The
loop diagram contains one bare and one dressed ghost-gluon vertex. From Fischer [5]
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The exponent jghost has been determined from a further analysis of the gluon
Dyson–Schwinger equation to have the value

jghost ¼
93�

ffiffiffiffiffiffiffiffiffiffi
1201
p

98
� 0:595: ð10:7Þ

For a derivation of these relations, cf. [19, 20]. With this value of jghost, the scaling
solution is making a clear prediction that the ghost propagator is more singular, in
the infrared, than a simple 1/q2 pole, while the gluon propagator should actually
vanish as q ? 0. This prediction for the ghost propagator is in perfect harmony
with the Kugo–Ojima confinement criterion, which also requires an infrared sin-
gular behavior for the ghost dressing function. Given the infrared behavior of
propagators and vertices, one can calculate the various running couplings asso-
ciated with three gluon, four gluon, and ghost-gluon vertices, and these all run to
finite non-zero values in the infrared.

One might wonder how a gluon propagator which vanishes at zero momentum,
and running couplings which are finite in the infrared, will ever produce a con-
fining static quark potential. Alkofer et al. [21] have addressed this question, and
they argue that the quark-gluon vertex, unlike the ghost-gluon vertex, is singular in
the infrared, and that this singularity overwhelms the suppression factor of the
gluon propagator to produce a confining potential. Specifically, the prediction is
that at low momentum

Cqgðq2Þ� ðq2Þ�0:5�jghost ; Zf ðq2Þ� const.; Zðq2Þ� ðq2Þ2jghost ; ð10:8Þ

where Cqg is the quark-gluon vertex, and Zf is the dressing function for the quark
propagator. This leads to a running coupling

aqgðq2Þ� ½Cqgðq2Þ�2½Zf ðq2Þ�2Zðq2Þ� 1
q2
: ð10:9Þ

Figure 10.3 shows the skeleton expansion of the four-quark Green’s function.
Already the first term has a 1/q4 behavior, leading to a linear potential. Note the
contrast to earlier treatments, which tried to derive from the Schwinger–Dyson
equations a gluon propagator behaving as 1/q4. In the scaling solution, it is the
combination of the quark-gluon vertices with the (non-singular) gluon propagator
that produces a 1/q4 behavior, which implies a linear potential.

One objection that could be made at this point is that the same kind of analysis
seems inevitably to lead to long range interactions, i.e. van der Waals forces,

= + + (..)

Fig. 10.3 The four quark one-particle irreducible Green’s function. From Alkofer et al. [21]
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between color singlet bound states. If the combination of quark-gluon vertices and
gluon propagators leads to a long range interaction between color non-singlets, it
would seem that the same combination would generate long-range forces also
between color singlets. Such a long-range force would contradict the existence of a
mass gap, which requires that there are only short-range forces between color
singlet objects. It has not yet been shown that the scaling solution is consistent
with this condition. A closely related issue is that it is not at all obvious, in this
analysis, that a color electric flux tube forms between heavy, widely separated
quarks. But however serious these problems may be, the scaling solution must first
contend with a more direct challenge, coming from the lattice data.

10.2 Numerical Results for Ghost and Gluon Propagators

In view of the strong and remarkable predictions derived from the Dyson–
Schwinger equations, there has naturally been an effort to check them via lattice
Monte Carlo simulation. The simulations have been carried out independently, on
very large lattices, by Cucchieri and Mendes [10–12], and by Bogolubsky et al.
[13]. Both groups report similar results, and these appear to contradict the pre-
dictions of the scaling solution.

The gluon propagator on the lattice is defined in the usual way:

Dab
lmðqÞ ¼ h~Aa

lðkÞ~Ab
mð�kÞi

¼ dlm �
qlqm

q2

� �
dabDðq2Þ;

ð10:10Þ

where ql ¼ ð2=aÞ sinðpkl=LÞ with kl 2 ½�1
2L;

1
2 L�. The variable ~Aa

lðkÞ is the
Fourier transform, in a finite lattice volume, of the gauge field defined from link
variables

Aa
lðxÞ ¼

1
2iag
ðUlðxÞ � UylðxÞÞ: ð10:11Þ

The lattice ghost propagator, in momentum space, is given by

GabðqÞ ¼ a2
X

x;y

e�2pik�ðx�yÞ=L M�1
� �ab

xy

* +

¼ dabGðqÞ;
ð10:12Þ

where Mxy
ab is the lattice F-P operator in Landau gauge. The calculation of D(q) and

G(q) in lattice Landau gauge has been carried out for both the SU(2) gauge group,
in D = 3 and D = 4 dimensions, and also for SU(3) gauge theory, in D = 4
dimensions. The results in all cases are quite similar; here we will just display the
results of Bogolubsky et al. [13] for the SU(3) gauge group in D = 4 dimensions,
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at Wilson lattice coupling b = 5.7, with lattice volumes up to 964. Using the
appropriate lattice spacing a = 0.17 fm at b = 5.7, all quantities can be expressed
in physical units.

The result for the gluon propagator is shown in Fig. 10.4. There is no sign that
the gluon propagator vanishes at zero momentum; rather it appears to reach a
plateau. The ghost dressing function J(q2) = q2G(q2) is displayed in Fig. 10.5, and
in this case there is no evident power-law singularity on the log-log plot. Rather,
the indication is that J(q2) also reaches a plateau. Putting these results together,
one can calculate a renormalization-group invariant running coupling associated
with the ghost-gluon vertex

asðq2Þ ¼ g2

4p
J2ðq2ÞZðq2Þ; ð10:13Þ

Fig. 10.4 The lattice gluon
propagator in momentum
space, D(q) vs. q2, at b = 5.7
and lattice volumes up to 964.
From Bogolubsky et al. [13]

Fig. 10.5 The ghost dressing
function in momentum space,
J(q) vs. q2, at b = 5.7 and
lattice volumes of 644 and
804. From Bogolubsky et al.
[13]
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and this coupling is seen in Fig. 10.6 to run to zero at small momentum. The
results displayed in all three of these figures clearly contradict the predictions of
the scaling solution.

To make matters a little more confusing, it turns out that the situation is dif-
ferent in D = 2 dimensions in Landau gauge. Lattice Monte Carlo simulations
have shown that in D = 2 dimensions the Landau gauge gluon propagator does
vanish, and the ghost dressing function is singular, in the q2 ?0 limit. In D = 2
dimensions the scaling solution predicts, for the exponents of the ghost and gluon
dressing functions,

jgluon ¼ 2jghost þ 1 and jghost ¼ 1=5; ð10:14Þ

and these predictions appear to be quite consistent with the D = 2 lattice Monte
Carlo data obtained by Maas [9].

10.3 The Decoupling Solution

The discouraging results of the numerical simulations in D [ 2 dimensions have
led to a re-examination of the Dyson–Schwinger equations. If the lattice Monte
Carlo data is not misleading us, then the scaling solution cannot be the only
consistent solution of the Dyson–Schwinger equations. There must be another
solution, more in line with the lattice results.

Such a solution was soon found [14–16], and it is known as the decoupling
solution. The term ‘‘decoupling’’ refers to the fact that the exponent jghost of
the ghost dressing function is no longer tied to the exponent jgluon of the gluon
dressing function, as expressed in Eqs. 10.5. Instead, the decoupling solution
has

Fig. 10.6 The running
coupling as(q

2) associated
with the ghost-gluon vertex.
From Bogolubsky et al. [13]
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Jðp2Þ� const.; Zðp2Þ� p2; ð10:15Þ

or jghost = 0, jgluon = -1 in the infrared, which clearly violates (10.15). This is
not a very exotic solution; the condition on the ghost dressing function just says
that the ghost propagator behaves as a simple 1/p2 pole near p = 0, while
Z(p2) * p2 means that the gluon propagator is finite at p = 0, as is the case for
any massive propagator. To see what is happening, we have to go back to the
Dyson–Schwinger equation for the ghost propagator, with couplings and renor-
malization constants defined with respect to some renormalization point l. The
equation displayed diagrammatically in Fig. 10.1 is, in its full glory [22],

J�1ðp2; l2Þ ¼ ~Z3 � ~Z1
g2ðl2ÞN
ð2pÞ4

Z
d4qCð2;1Þð0Þl ðp; q; lÞ dlm �

klkm

k2

� �

� Zðk2; l2ÞJðq2; l2Þ
k2q2

Cð2;1Þm ðq; p; lÞ: ð10:16Þ

In this equation, k : p ? q, ~Z3 and ~Z1 are ghost and ghost-gluon vertex renor-
malization constants, Cl

(2,1)(0) is the bare ghost-gluon vertex, and Cl
(2,1) is the

dressed ghost-gluon vertex. Schematically,

J�1ðp2; l2Þ ¼ ~Z3 � ~Z1g2ðl2ÞIðp; lÞ: ð10:17Þ

If the ghost dressing function is infrared singular, so that the left hand side of this
equation vanishes at p = 0, then it must be that the two terms on the right hand
side exactly cancel at p2 = 0. But a low-momentum behavior of this type is not the
only possibility. One can obtain perfectly valid solutions of the Dyson–Schwinger
equations, and these are the decoupling solutions, in which there is not perfect
cancellation on the right hand side at p2 = 0 [14–16]. Another way to put it is that
the choice of J-1(0, l2) is a boundary condition for the solution of the Dyson–
Schwinger equations [22]. If we subtract, from (10.17), the same equation at
p2 = 0, then we have

J�1ðp2; l2Þ ¼ J�1ð0; l2Þ � ~Z1g2ðl2ÞðIðp; lÞ � Ið0; lÞÞ: ð10:18Þ

The choice J-1(0, l2) = 0 generates the scaling solution, and J-1(0, l2) [ 0 gives
the decoupling solution. From this point of view, the scaling solution is only the
endpoint of a family of solutions of the Dyson–Schwinger equations.

If the decoupling solution is the correct choice in D [ 2 dimensions, it means
that the Kugo-Ojima criterion cannot be correct (as already argued in Chap. 3), and
it also means that we cannot hope to understand the confining static quark potential
from a few combinations of vertices and propagators in a covariant gauge. The
decoupling solution does, however, allow for the possibility that the gluon prop-
agator violates positivity, so that one doesn’t expect to see color charged gluons
showing up in the asymptotic spectrum. This is a condition of color confinement,
which, as explained in Chap. 3, also holds in a Higgs theory, and so it is a little
different from the phenomenon of confinement as it is understood in this book.
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There remains, as of this writing, a considerable ongoing effort in the Dyson–
Schwinger approach. There has been speculation that perhaps the scaling solution
would be realized if it were possible to gauge fix to the Fundamental Modular
region, and some studies appear to show the gluon propagator becoming a little
smaller in the deep infrared, when the gauge fixing algorithm is adjusted to select
copies with smaller values of R than would be obtained at random [23, 24].2 There
is also an argument, by Fischer, Maas, and Pawlowski [22], that the decoupling
solution is at odds with global BRST symmetry in the confining phase. But even if
the scaling solution were obtained in some very special subset of gauge copies,
there is a question of whether that is really important, if the vast majority of gauge
copies do not support the scaling solution, and yet any gauge copy exhibits the
confinement property. If the scaling solution were crucial to understanding con-
finement in covariant gauges, one would be hard pressed to explain the existence
of the confinement property in the vast majority of Landau gauge Gribov copies. In
any case, lattice results so far favor the decoupling solution. Whether this is the
final answer, time will tell.
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Chapter 11
Large-N, Planar Diagrams,
and the Gluon-Chain Model

The Lagrangian of a pure SU(N) gauge theory

S ¼
Z

d4x
1
2

Tr½FlmFlm�

Flm ¼ olAm � omAl � ig½Al;Am�
ð11:1Þ

appears to contain only one parameter, namely the coupling g, and one would
think that the Feynman diagrammatic expansion for Green’s functions, n-point
correlation functions, Wilson loops, and other observables can only be organized
in powers of g. But it was pointed out by ‘t Hooft [1], in 1974, that the number of
colors N of the SU(N) gauge group can also be regarded as a parameter, and
the Feynman diagram series can be reorganized as a double expansion in powers of
1/N2, and in powers of the ‘t Hooft coupling

k � g2N; ð11:2Þ

so that the diagrammatic series for any observable has the form

hOi ¼ Np
X1

n¼0

N�2nTnðkÞ; ð11:3Þ

where each of the Tn(k) is an (infinite) series in powers of k. If we take the N? ?
limit with the ‘t Hooft coupling k held fixed, then only the leading term T0 is
important, and this term can usually be represented by planar diagrams, which are
Feynman diagrams that can be drawn on a sheet of paper, such that no gluon line
crosses over any other gluon line.

The planar contribution seems to dominate in SU(N) theories for many
observables, even down to N = 2. Lattice calculations for, e.g, the string tension r,
from N = 2 to N = 5, indicate that the tension is almost independent of N when
the ‘t Hooft coupling k is held fixed, while the dimensionless ratio of glueball mass
m to

ffiffiffi
r
p

varies only a little as N is increased from 2 to 5 [2]. The great hope is that
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certain remarkable simplifications, that are inherent in the N = ? limit, may
provide new insights into (or perhaps even allow a solution of) non-abelian gauge
theories in this limit.

11.1 Double-Line Notation and Factorization

The rationale for the double expansion in k and 1/N begins with the observation
that the gluon field is a matrix-valued field, i.e. Al

ab = Al
c Lc

ab, where the {Lc} are
SU(N) group generators, and a, b are matrix (or ‘‘color’’) indices which run from
1 to N. The gluon propagator is then

hAab
l ðxÞAcd

m ðyÞi0 ¼ daddbc � 1
N

dabdcd

� �
Dlmðx� yÞ: ð11:4Þ

When N is very large, the term proportional to 1/N on the right hand side is
unimportant, and can be dropped. Alternatively, we may consider the gauge group
U(N) as an approximation to SU(N). This gauge group is essentially a product
U(1) 9 SU(N), since one gluon decouples from the others, and for most gauge-
invariant observables that single gluon, out N2 gluons, makes a negligible
contribution when N is very large. For the U(N) gauge group the 1/N term in
Eq. (11.4) is absent from the start, and the color indices at the beginning of a gluon
propagator match the indices at the end. This fact motivates ‘t Hooft’s double-line
notation for the gluon propagator, in which each line carries a matrix index. Then,
because the interaction terms are just products of matrices (i.e. matrix-valued
fields), there is a simple flow of color indices through the interaction vertices
which can also be represented in double line notation, as shown in Fig. 11.1. Using
this notation, it is quite straightforward to count the power of N associated with
any particular diagram. The general rule is that any single line which forms a

c

ab ba

ab

bc

ca

ab bc

cdda

b

a

a
c

b

b

d
a

Fig. 11.1 ‘t Hooft double-
line notation for propagators
and vertices. Only the index
dependence is shown; vector
indices are suppressed
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closed loop contributes a factor of N, because it represents a color index which is
summed from 1 to N.

As an important example, let us consider the perturbative evaluation of a Wilson
loop, assuming that the loop is small enough to be amenable (because of asymptotic
freedom) to such methods. Fig. 11.2 shows a few low-order diagrams in both
ordinary and double-line notation, and for purposes of index counting the dashed
lines representing the Wilson loop are to be counted as part of the index loops. The
first, zeroth-order diagram is just equal to the number N of colors. The second
diagram, with one gluon exchange, has two powers of the gauge coupling, and two
index loops which contribute a factor of N2. So the diagram is of order g2N2, which
we write as N k. The next three diagrams are fourth order in the coupling, but have
three index loops, and are therefore of order g4 N3, equal to N k2. The pattern (an
overall factor of N, times a power of k) is becoming clear, and it can be shown that
the contribution of any planar diagram (no crossing gluon lines) is of order N kp.
These diagrams contribute to the term NT0(k) in the series Eq. (11.3).

On the other hand, consider the leading non-planar contribution shown in
Fig. 11.3. This diagram is fourth-order in the coupling, but has only a single index
loop, so it is of order g4 N which can be expressed as (1/N2) (N k2). That is the
leading contribution to the term NT1 in the large-N series expansion of the Wilson
loop. In general if we take the simultaneous limits N ? ? and g ? 0 in such a
way that the ‘t Hooft coupling k = g2 N is non-zero and finite in the limit, then all
non-planar contributions are negligible, i.e. down by a power of at least 1/N2 as
compared to the planar contribution.1 A similar reorganization can be carried out

N 2 2 22 22
N(g N)                   N(g N)                     N(g N)N(g N)2

Fig. 11.2 Planar Feynman diagram contributions to a rectangular Wilson loop, in the usual
(upper row) and double-line (lower row) notation

1 The power of N associated with any graph actually depends on certain topological properties of
the graph, cf. [1] and [3].

11.1 Double-Line Notation and Factorization 161



in the strong-coupling expansion of lattice gauge theory; in that case the double
expansion is in powers of 1/N2 and 1/k.

If it would be possible to sum up all the planar Feynman diagrams for large
Wilson loops at N = ?, and demonstrate confinement in that limit, that would be
a spectacular advance. This has so far proved impossible. The hope that it might be
possible is based in part on a striking property of the N = ? limit which seems
quite unlike the case for N = 2 or N = 3, and this is the property of factorization.
Let O1 and O2 be any two gauge-invariant operators. The factorization property
says that, to leading order in 1/N2,

hO1O2i ¼ hO1ihO2i: ð11:5Þ

For example, let O1 and O2 be Wilson loops. Feynman diagrams which spoil the
equality of the left and right hand sides of (11.5) are diagrams in which gluon lines
connect the two loops, and these diagrams are always down by (at least) a factor of
1/N2, compared to planar diagrams in which there are no gluon lines connecting
the loops.

An immediate consequence of the factorization property is Casimir scaling.
Let U(C) be a Wilson loop holonomy. Then the trace of the holonomy in group
representation r (the group character vr[U(C)]) can be always be expressed in
terms of products of characters in the fundamental defining representation. To
leading order in 1/N2

vr½UðCÞ� ¼ vF½UðCÞ�ð Þn v�F½UðCÞ�
� �n þ sub-leading terms: ð11:6Þ

Taking the expectation value of both sides, and applying the factorization
property (11.5), it follows that as N ? ? the string tension rr of loops in
representation r is an integer multiple of the string tension rF in the fundamental
representation, i.e.

rr ¼ ðnþ nÞrF : ð11:7Þ

4N g 

Fig. 11.3 The leading
non-planar contribution to a
rectangular Wilson loop, due
to two-gluon exchange, in the
usual and in double-line
notation
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In particular, the string tension of the adjoint loop is simply twice the string
tension of the fundamental loop radj = 2rfund, Now in the large-N limit, the
quadratic Casimir of representation r is Cr ¼ ðnþ nÞN=2: Then (11.7) is simply
the statement of Casimir scaling.

In the N = ? limit, the Casimir scaling regime extends from the confinement
scale out to infinity, and this is in contrast to any theory at finite N, where the
asymptotic string tensions depend only on N-ality. The reason for this difference is
that string breaking is a 1/N2-suppressed process [4], and therefore the loop size
where string-breaking occurs, and the asymptotic string tension is obtained, runs
off to infinity as N? ?.2

The factorization property also implies, since hO2i ¼ hOi2 and by definition

DO2 ¼ hO2i � hOi2; that the rms deviation DO of any gauge-invariant observable
from its mean value vanishes in the large-N limit. This fact has an astonishing
consequence. If we would imagine carrying out a numerical simulation of SU(N)
gauge theory at some enormous value of N, such that all non-leading powers of N
could be neglected, then a gauge-invariant observable, evaluated in any set of
thermalized configurations, would have the same value in each configuration. This
means that it is not necessary to average over many configurations to obtain the
expectation value of a gauge-invariant observable; a single configuration (if it is
the right configuration) would be sufficient. This led Witten [6] to the idea of the
large-N master field; i.e. there should exist a field configuration Al

master such that
for any gauge invariant observable O, up to 1/N2 corrections,

hOi ¼ O½Amaster
l �; ð11:8Þ

where the right hand side is simply the operator evaluated at the master field
configuration. This is very different from what happens at finite N. For example, In
a Monte Carlo evaluation of a large Wilson loop Tr[U(C)]/N in SU(2) or SU(3)
gauge theory, the trace of the loop is usually not small, when evaluated in a typical
thermalized configuration, and the trace divided by N varies wildly between ±1.
The expectation value of this quantity becomes exponentially small, for large
loops, due to near-perfect cancellations between the large positive and negative
values obtained in different configurations. In contrast, as N ? ?, the same
quantity is tiny, for large loops, in any thermalized configuration. For loops
evaluated in such configurations, or in the master field configuration, the wild
fluctuations between positive and negative values, and the near-perfect cancella-
tion, really takes place among the eigenvalues of the loop holonomy U(C), which
nearly cancel among themselves when taking the trace.3

It would be wonderful to find a master field for N = ? gauge theory which has
such marvelous properties. Unfortunately, although the master field is known

2 For a discussion of the center vortex theory at large but finite N, cf. [5].
3 In D = 2 dimensions and N = ?, the spectral density of the eigenvalues of U(C) was worked
out by Durhuus and Olesen [7].
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explicitly for certain models with matrix-valued fields in very low dimensions [8],
where knowing the master field amounts to knowing its eigenvalue spectrum, we
do not know the master field for U(?) gauge theories in the interesting cases of
D = 3 and D = 4 dimensions. Despite this fact, one has the feeling that the
large-N limit is still a huge simplification in non-abelian gauge theory, and a
number of important advances in the field are based on it. Perhaps first among
these is the AdS/CFT correspondence, to be discussed in Chap. 13 Another
intriguing idea is known as large-N reduction, in which the D-dimensional theory
is replaced by a zero-dimensional theory; i.e. a theory defined at a single point.
The original proposal, due to Eguchi and Kawai [9] was to replace the periodic
lattice in D-dimensional lattice gauge theory by a single (periodic) hypercube, and
this turns out to work at strong, but not at weak couplings. More sophisticated
versions of large-N reduction were introduced soon after [10, 11], but it has been
shown recently that these models also encounter technical difficulties at weak
couplings [12], at least for pure gauge theories. In any case, it does not seem to be
any easier analytically to solve the reduced models than to solve the full theory.

A further feature of the large-N expansion, pointed out by ‘t Hooft in his
seminal work [1], is more suggestive than quantitative. Suppose that the
diagrammatic expansion would somehow be relevant to large Wilson loops, and
that the expansion is dominated by very high order planar diagrams, as indicated
schematically (in double-line notation) in Fig. 11.4. This high-order diagram looks
like a discretized surface, and if we would take a time-slice, the particle content is
a static quark and antiquark source, with a series of virtual gluons between the
sources. This picture suggests a discretized string of some kind, leading to the idea
that the color-electric flux tube between a quark–antiquark pair might be thought
of as a chain of gluons, bound together by attractive forces. This is known as the

quark gluon gluon gluon antiquark

timeslice

gluon

Fig. 11.4 The gluon chain as a time slice of a planar diagram, which is shown here in double-
line notation for propagators introduced by ‘t Hooft. A solid hemisphere indicates a quark color
index, and an open hemisphere an antiquark color index
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gluon-chain model (cf. [13] and references therein, and ref. [14]), and it has a
number of attractive features. In the next section we will discuss some tests of this
idea, as formulated in Coulomb gauge.

11.2 The Gluon Chain Model

We have seen in Chap. 9 that the color Coulomb potential is linear in pure SU(2)
gauge theory, but there are (at least) two serious objections to claiming that the
Coulomb potential explains confinement. First, the Coulomb string tension seems
to be about three times larger than the asymptotic string tension of the static quark
potential. Secondly, a Coulombic electric field, which depends on the charge
distribution q in this way:

EL ¼ r 1
r � D

q; ð11:9Þ

will result in long-range Coulomb dipole fields, and long-range van der Waals
forces among hadrons. This problem is really generic to any model of confinement
based on ladder diagrams or (dressed) one-gluon exchange, as found, e.g., in the
Dyson-Schwinger approach discussed in the previous chapter.

The underlying problem is that Coulomb confinement, while providing a linear
potential, does not involve the collimation of the color-electric field into a flux
tube. This raises the question, given the existence of a linear Coulomb potential, of
how a flux tube forms in Coulomb gauge.

Let us recall that the Coulomb potential is simply the R-dependent part of the
energy expectation value in the quark–antiquark physical state

Wq�q ¼ �qað0ÞqaðRÞW0: ð11:10Þ

But there is no reason that this state should be the minimal energy state out of
all states containing a static quark–antiquark pair of separation R, and it should be
possible to construct lower-energy states with the help of additional gluon
operators, creating ‘‘constituent’’ gluons. Schematically, we are looking for lower
energy states of the form

W0q�q ¼ �qað0Þ c0d
ab þ c1Aab þ c2AacAcb þ � � �

� �
qbðRÞW0: ð11:11Þ

States of this form may also have a very much smaller, or non-existent, long
range dipole field.4

4 In fact, a Wilson line running between the quark–antiquark pair has exactly this form, if one
expands the path-ordered exponential in powers of the Al-field, and has no associated color
electric dipole field.
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The gluon-chain model is the idea that a quark–antiquark pair, as they separate,
pull out a chain of gluons (Fig. 11.5), with nearest neighbors in the chain bound by
attractive forces between them. Thus the minimal energy state W0q�q will be dom-
inated, for large quark–antiquark separations, by components with many constit-
uent gluons. In its original form, it was supposed that as the quark and antiquark
separate, the field energy increases faster than linearly, and at some point it is
energetically favorable to insert a gluon between the quark–antiquark charges to
reduce the effective charge separation. In fact, we have seen that the Coulomb
energy grows only linearly, but it may still be the case that the energy of physical
states with widely separated color charges can be lowered by the inclusion of
constituent gluons.

One of the strongest motivations for the gluon chain model is that a gluon chain
can be regarded as a time-slice of a high-order planar Feynman diagram, as we have
already seen in Fig. 11.4. The gluon chain also has string-like properties (e.g. a
Lüscher term) due to fluctuations in the position of its gluon constituents, it features
Casimir scaling at large N, and also has the right N-ality properties due to string-
breaking [13]. For example, at large N there are two chains between heavy sources in
the adjoint representation, giving rise to twice the string tension as in the funda-
mental representation, which is the correct Casimir ratio at large N. Interaction
between the two chains is 1/N2 suppressed, but at finite N the chains can interact and
rearrange themselves (Fig. 11.6) into two ‘‘gluelumps,’’ having negligible energy
dependence on the quark separation R. In general, for a quark and antiquark in
representation r satisfying (11.6), there will be nþ n chains running between the
static sources. Neglecting string-breaking or other interactions between the chains,
this leads to the large-N Casimir scaling result rr ¼ ðnþ nÞrF , and when string-
breaking is taken into account, the number of remaining chains depends only on the
N-ality of representation r.

q

q

q

q

q

time

gluon

gluon gluon gluon

q

Fig. 11.5 Formation of a gluon chain, as a quark–antiquark pair separates
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11.2.1 Numerical Investigation in Coulomb Gauge

In Euclidean lattice gauge theory, the transfer matrix T ¼ exp½�Ha� is the
Euclidean time version of the Minkowski space time evolution operator, where a is
lattice spacing in the time direction. It is useful to define the rescaled transfer
matrix

T ¼ exp½�ðH � E0Þa�; ð11:12Þ

where E0 is the vacuum energy. To compute the static quark potential of a quark–
antiquark pair separated by a distance R, one would ideally diagonalize the transfer
matrix in the infinite-dimensional subspace of states which contain a single
massive quark, and a single massive antiquark, located at sites x and y with
R = |x - y|. The minimal energy eigenstate of the transfer matrix, in this sub-
space, is the state with the largest eigenvalue kmax of T, and the energy of the state
in lattice units is given by

VðRÞ ¼ � logðkmaxÞ: ð11:13Þ

In practice, we seek to diagonalize T in the subspace spanned by a finite number
of q�q states of the form

jki ¼ �qaðxÞQab
k qbðyÞjW0i; k ¼ 1; 2; . . .;M; ð11:14Þ

where the Qk operators are functionals of the lattice link variables. This program
has recently been carried out in ref. [15], with a set of M = 6 operators involving
up to two gluon fields on the lattice, creating up to two ‘‘constituent’’ gluons in the
region between the quark and antiquark sources. The Qk operators specify the set
of fjkig states, and from these an orthonormal set fjukig is constructed by the
Gram-Schmidt procedure. The transfer matrix is diagonalized in the subspace
spanned by the fjukig; and the lowest energy eigenstate in this subspace

I.

II.

III.Fig. 11.6 Adjoint string-
breaking in the gluon chain
model. Two gluons in
separate chains (I) scatter by
a contact interaction, result-
ing in the re-arrangement of
color indices indicated in
(II). This corresponds to
chains starting and ending on
the same heavy source. The
chains then contract down to
smaller ‘‘gluelumps’’ (III)
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jwðRÞi ¼
X6

k¼1

akðRÞjuki ð11:15Þ

is determined. The corresponding energy depends on a variational parameter in the
Qk operators, which is then selected to minimize the energy of the lowest energy
state. Since u1 is just the vacuum (no gluon) state, u2 is a one-gluon state, and the
remainder are two-gluon states, it follows that a1

2 is the fraction of the norm of
w(R) due to the zero (constituent) gluon component ju1i ¼ j1i; a2

2 is the fraction of
the norm w(R) from the one-gluon component ju2i / j2i; and 1 - a1

2 - a2
2 is the

fraction of the norm due to the remaining two-gluon component states.5

The energy of this state is

VchainðRÞ ¼ � logðkmaxÞ; ð11:16Þ

which can be compared to the Coulomb (self ? interaction) energy

VCðRÞ ¼ � logðT11Þ; ð11:17Þ

where T11 ¼ hu1jT ju1i ¼ h1jT j1i is the matrix element of T in the zero constit-
uent gluon state. Note that VC(R) = V(R, 0), in the notation of Sect. 9.2 in Chap. 9

The resulting potentials, for SU(2) lattice gauge theory at b = 2.4 are shown in
Fig. 11.7, where the static quark potential, computed by standard methods, is also
displayed. Two features worth emphasizing in this figure is that Vchain(R) remains
linear, and its slope is much closer to that of the asymptotic string tension, as
compared to the Coulomb string tension.

Fig. 11.8 is a comparison of the zero, one, and two constituent-gluon content of
the minimal energy state at each R, where by ‘‘content’’ is meant the fraction of the
norm of the minimal energy state. The zero gluon content obviously dominates at
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small q�q separation. This is of course expected, because placing a gluon between
the quark and antiquark comes with a price in kinetic energy. Around R & 1 fm,
however, the zero and one-gluon contributions to the minimal energy state are
about equal. It is important to note also that the gluon content versus R in physical
units is almost coupling independent, which serves as a check of the whole
procedure.

As already mentioned, the color Coulomb field is not expected to be collimated
into a flux tube. This means that there should be strong sensitivity to lattice
volume, on a lattice of spatial extension L, for quark–antiquark separations close to
R = L/2. The reason is that for separations of that size, the finite volume cuts off a
region where the field energy is still significant. If, instead, the field energy were
collimated into a flux tube of diameter d, then so long as L [ d, there would not be
a similar sensitivity to the finite volume. Fig. 11.9 shows the Coulomb energy
VC(R), and the multi-gluon variational state energy Vchain(R) computed at b = 2.4,
at a variety of lattice sizes. The Coulomb energy shows a strong sensitivity to
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lattice extension, with the potential flattening out as R ? L/2. In contrast, Vchain(R)
appears to be rather insensitive to the lattice size. This suggests that the chain state
has no long-range dipole field, or at least that the long-range field is greatly
suppressed relative to the color dipole field of the zero-gluon state. It is possible
that, in the multi-gluon state, we are beginning to see the formation of a color
electric flux tube.

I have already noted that one of the main motivations of the gluon chain model
is the resemblance of high-order planar Feynman diagrams to a discretized surface,
and the time-slices of such diagrams to a discretized string; i.e. a chain. There is an
approach due to Bardakci and Thorn [16], which explicitly formulates the planar
Feynman diagrams of matrix /3 field theory as the diagrams of a discretized string
theory in light-cone coordinates. This approach has been extended to gauge the-
ories by Thorn in ref. [17]. Since this is a string formulation of any planar diagram,
including low-order Feynman diagrams, the discretized string formulation is not
sufficient in itself to establish the existence of confinement, the QCD flux tube, or
the gluon-chain nature of the QCD flux tube. On the other hand, the ‘‘stringy’’
properties of a gluon-chain seem rather natural in this approach; perhaps gluon-
chain excitations will emerge in some new approximation scheme, specifically
adapted to the Bardakci-Thorn reformulation of planar QCD.
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Chapter 12
The Vacuum Wavefunctional

The static quark potential arises from vacuum fluctuations of the gauge fields; this
is clear from the fact that the potential is extracted from the vacuum expectation
value of a Wilson loop. In a Euclidean functional integral, the orientation of a
rectangular R 9 T loop is obviously irrelevant to the expectation value, and in
particular it can be oriented in a plane at a fixed time. In that case

WðR; TÞ ¼ hW0jTr½UðCÞ�jW0i; ð12:1Þ

where, in a physical gauge such as temporal (A0 = 0) or Coulomb gauge, the
ground state W0[A] of the Hamiltonian can be expressed in path-integral form

W0½Aðx; 0Þ� ¼
1ffiffiffi
Z
p

Z
DAðx; t\0Þ dðF½A�ÞdetðMÞ exp �

Z 0

�1
dt L½Aðx; tÞ�

� �
:

ð12:2Þ

Here L[A] is the Lagrangian, and F[A] = 0 is the gauge-fixing condition with
det(M) the corresponding Faddeev–Popov determinant. In Coulomb gauge an
additional restriction of gauge fields to the Gribov region (or some subspace
thereof) is understood, as discussed in Chap. 9. A physical gauge is a gauge with a
ghost-free Hamiltonian (which requires, among other things, no time-derivatives
in the gauge-fixing condition) and in such gauges W0 satisfies1

HW0½AkðxÞ� ¼ E0W0½AkðxÞ�: ð12:3Þ

Then, given (12.1), it seems possible that something could be learned about
confinement if we knew the form of the vacuum wavefunctional W0[A].

1 As already mentioned in Chapter 9, it may still be useful in a physical gauge to introduce
Faddeev-Popov ghosts in the path integral, but the essential point is that in a physical gauge these
ghosts do not propagate in time.
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12.1 Dimensional Reduction

It was proposed long ago [1, 2] that for gauge-field configurations in which the
field strength is weak, and which are ‘‘slowly varying’’ in the sense that gauge-
invariant observables vary slowly with respect to the characteristic scale (set by
KQCD), the vacuum wavefunctional in 3 ? 1 dimensions has the simple form

W0½A� � Weff
0 ½A� ¼ N exp �1

2
l
Z

d3x Tr½F2
ij�

� �
: ð12:4Þ

If this form for W0
eff[A] correctly describes the properties of the vacuum at large

scales, then the vacuum has the property of dimensional reduction, in the sense
that the computation of the string tension of a large Wilson loop, in D = 4
Euclidean dimensions, reduces to the same calculation in D = 3 dimensions with
an effective coupling 1/2geff

2 = l, i.e.

WðR;TÞ ¼ hTr½UðCÞ�iD¼4

¼ hW0jTr½UðCÞ�jW0i

�
Z

DAðxÞ dðF½A�ÞdetðMÞTr½UðCÞ�

� exp �l
Z

d3x Tr½F2
ij�

� �

¼ hTr½UðCÞ�iD¼3:

ð12:5Þ

It was also suggested [3] that the vacuum state of Yang–Mills theory in 2 ? 1
dimensions has, at large scales, the same form (12.4) as in 3 ? 1 dimensions, but
in one less spatial dimension. If this is so then dimensional reduction can be
applied one more time, and we would find, for large Wilson loops

WðR; TÞ � hTr½UðCÞ�iD¼2

¼ exp½�rAreaðCÞ�;
ð12:6Þ

where the last step follows from the fact that Wilson loops have an area-law falloff
in D = 2 dimensions.

The proposal (12.4) has been supported in two ways. First of all, it can be
shown to be true in strong-coupling lattice gauge theory. In temporal gauge
(U0 = 1), the ground state of the lattice Hamiltonian has the form

W0½U� ¼ N exp½�RðUÞ�; ð12:7Þ

and R(U) can be computed systematically in a power series in 1/g2 (the procedure
is worked out in ref. [2]). At leading order, in SU(N) gauge theory

W0½U� ¼ N exp
N

g4ðN � 1Þ
X

P

TrUðPÞ þ c.c.

" #
; ð12:8Þ

174 12 The Vacuum Wavefunctional



where the sum is over spacelike plaquettes P, and U(P) is the product of links
around plaquette P. We see that the exponent has the form of the Wilson action in
one lower dimension, and therefore at strong-coupling the dimensional reduction
form of the vacuum wavefunctional is seen to be correct.

The second source of support comes from direct measurement, by numerical
methods, of the wavefunctional evaluated on a finite set of configurations [4–6].
This method begins with the identity, in temporal gauge

W0½UiðxÞ�j j2¼ 1
Z

Z
DUi d½UiðxÞ � Uiðx; 0Þ�e�S: ð12:9Þ

Suppose, in d ? 1 dimensions, we pick any set of Md-dimensional lattice con-
figurations {Um

i(x), m = 1 … M} that may be of interest, and define

eZ ¼
XM

m¼1

Z
DU d½UmðxÞ � Uðx; 0Þ�e�S: ð12:10Þ

Then eZ defines a lattice system in which the configurations at time t = 0 are
constrained to be member of the given set of M configurations. The statistical
probability associated with the k-th configuration in the set is given by

Prob½Uk� ¼ 1
eZ

Z
DUðx; tÞ d½UkðxÞ � Uðx; 0Þ�e�S: ð12:11Þ

In a Monte Carlo simulation of the lattice system described by eZ ,

Prob½Uk� ¼ lim
Ntot!1

Nk

Ntot
; ð12:12Þ

where Ntot is the number of times the configuration on the t = 0 timeslice is updated
by the Metropolis algorithm, and Nk is the number of times the k-th configuration,
out of the set {Ui

m(x)}, m = 1, 2 … M, is generated by the updates. In practice,
links at t=0 are calculated by some efficient algorithm, such as heat bath for the
SU(2) gauge group, while the configuration at t = 0 is updated by selecting one of
the M configurations at random, and accepting or rejecting the choice via the
Metropolis algorithm. With this technique we can also compute the ratio

jW0½Um1 �j2

jW0½Um2 �j2
¼
R

DUd½Um1ðxÞ � Uðx; 0Þ�e�S
R

DUd½Um2ðxÞ � Uðx; 0Þ�e�S

¼
R

DUd½Um1ðxÞ � Uðx; 0Þ�e�S=eZ
R

DUd½Um2ðxÞ � Uðx; 0Þ�e�S=eZ

¼ lim
Ntot!1

Nm1

Nm2

;

ð12:13Þ

and in this way it is possible to measure, via a slightly non-standard Monte Carlo
simulation, the relative values of the Yang–Mills vacuum wavefunctional in any
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given set of configurations. The computation was carried out long ago for non-
abelian constant configurations (the Ui(x) are independent of x, and [Ui, Uj] =0 if
i=j), and also for slowly varying abelian plane wave configurations, with wave-
lengths comparable to the lattice size. In every case, the results were consistent
with the dimensional reduction form

W0½U� ¼ exp lðbÞ
X

P

TrUðPÞ þ c.c.

" #
; ð12:14Þ

where l(b) in lattice units varies with b in such a way that, when converted to
physical units, l is constant at any b. This behavior was found in both three and
four dimensions [4–6].

The above results also apply to Coulomb gauge, since the Coulomb gauge
wavefunctional W0

coul is identical to the temporal gauge wavefunctional W0

Wcoul
0 ½Atr� ¼ W0½Atr�; ð12:15Þ

when the latter is restricted to transverse gauge fields satisfying the Coulomb
gauge condition r�Atr = 0 [7]. This means, in particular, that if the temporal
gauge vacuum wavefunctional is, at large scales, gaussian in the field strength Fij,
then the Coulomb gauge vacuum wavefunctional is also gaussian in the field
strengths. There is, however, a suggestion by Szczepaniak and Swanson [8, 9] that
the vacuum wavefunctional in Coulomb gauge is gaussian in the gauge fields
instead, i.e.

Wcoul
0 ½A� ¼ N exp �1

2

Z
d3k

ð2pÞ3
Aa

i ðkÞxðkÞAa
i ð�kÞ

" #
; ð12:16Þ

with some kernel x(k) to be determined by minimization of the vacuum energy.
Reinhardt and Feuchter [10, 11] have suggested that this expression should be
multiplied by a factor of the inverse square-root of the F–P determinant M-1/2. The
advantage of these proposals is that a wavefunctional which is gaussian in
the gauge fields, rather than field strengths, lends itself to analytical methods, and
an infrared enhancement of the ghost propagator, and a confining Coulomb
potential, have been obtained. The disadvantage is that it is difficult to see how
such a wavefunctional could ever lead to an area law for spatial Wilson loops,2 and
the proposal also seems to be at odds with the existing evidence, obtained in
temporal gauge, for the dimensional reduction form at large scales.

However, the dimensional reduction form of the wavefunctional cannot be
exact. If it were, then Green’s functions in four-dimensional Yang–Mills theory
would be identical to those in three-dimensional Yang–Mills theory, which cer-
tainly cannot be true at short distances (it would violate perturbation theory, at
distance scales where perturbative calculations are valid). Moreover, while

2 For a recent attempt to overcome this difficulty by inclusion of monopole fields, cf. [12].
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reduction to two dimensions seems fine if the Wilson loop is in the fundamental
representation, it is clearly wrong for Wilson loops in the adjoint representation,
where Wilson loops must ultimately fall off with a perimeter law, due to color
screening. The problem is that in two-dimensional Yang–Mills theory the string
tension is proportional to the quadratic Casimir of the color representation of the
Wilson loop, and therefore we have Casimir scaling rather than N-ality depen-
dence asymptotically. For a more accurate picture of the Yang–Mills vacuum
state, it is certainly necessary to go beyond the dimensional reduction form. Most
of the recent progress in this area has been in D = 2 ? 1 dimensions.

12.2 Temporal Gauge Vacuum State in 2 1 1 Dimensions

The Yang–Mills Hamiltonian in D = 2 ? 1 dimensions, in temporal gauge, is

H ¼
Z

d2x �1
2

d2

dAa
kðxÞ

2 þ
1
2

BaðxÞ2
( )

; ð12:17Þ

where B = F12, and we will consider, for simplicity, the SU(2) gauge group. A
special feature of A0 = 0 gauge is that the Gauss law Dk

abEk
b = 0, which normally

follows from stationarity of the action with respect to variations in A0, must be
imposed in the quantum theory as a constraint on physical states, i.e. Dk

abEk
b

W = 0. In Schrodinger representation this constraint is

dacok � g�abcAb
k

� � d
dAc

k

W ¼ 0; ð12:18Þ

which is equivalent to requiring the invariance of W[A] under infinitesimal gauge
transformations.

The Yang–Mills Schrödinger equation HW0 = E0W0 is analytically soluble in
two limits: the free-field limit g?0, in which the vacuum state is found to be

W0½A� ¼ exp �1
2

Z
d2xd2y BaðxÞ dab

ffiffiffiffiffiffiffiffiffiffi
�r2
p
� �

xy

BbðyÞ
" #

; ð12:19Þ

and also in the zero-mode limit, where one considers only gauge fields which are
constant in space.3 In this limit the Lagrangian is

L ¼ 1
2

Z
d2x otAk � otAk � g2ðA1 � A2Þ � ðA1 � A2Þ

	 


¼ 1
2

V otAk � otAk � g2ðA1 � A2Þ � ðA1 � A2Þ
	 


ð12:20Þ

3 In quantum gravity this subspace of the set of all configurations is known as ‘‘minisuperspace.’’
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with corresponding Hamiltonian

H ¼ �1
2

1
V

o2

oAa
koAa

k

þ 1
2

g2VðA1 � A2Þ � ðA1 � A2Þ; ð12:21Þ

where V is the volume of 2-space, and the cross-product and dot-product are
defined with respect to SU(2) color indices, i.e. Ai = Ai

ara/2, and

ðAi � AjÞa ¼ eabcAb
i Ac

j : ð12:22Þ

In this case it can be shown that the ground state wavefunction is

W0 ¼ exp �1
2

gV
ðA1 � A2Þ � ðA1 � A2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jA1j2 þ jA2j2
q

2

64

3

75: ð12:23Þ

It is not hard to find an expression for W0[A] which satisfies the Gauss Law
constraint (12.18), and also agrees with both soluble limits of the Yang–Mills
Schrodinger equation. It was suggested in [13] that

W0½A� ¼ exp �1
2

Z
d2xd2y BaðxÞ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�D2 � k0 þ m2
p

 !ab

xy

BbðyÞ

2
4

3
5: ð12:24Þ

could be a good approximation to the ground state wavefunctional in temporal
gauge, where D2 is the covariant Laplacian, k0 is the lowest eigenvalue of -D2,
and m2 is a parameter which vanishes as g ? 0.4 Agreement with the free-field
expression in the g2 = 0 limit is obvious. If we instead consider the limit in which
the zero modes of the gauge field are much larger than all other modes, then

ð�D2Þab
xy ¼ g2d2ðx� yÞ ðA2

1 þ A2
2Þd

ab � Aa
1Ab

1 � Aa
2Ab

2

	 

ð12:25Þ

and m2 is negligible. It is then found, after some algebra, that the proposed
wavefunctional (12.24) reduces to the zero-mode solution (12.23).

The dimensional reduction form is obtained in the following way: Let

ð�D2Þab/b
nðxÞ ¼ kn/

aðxÞ ð12:26Þ

denote the eigenvalue equation of the covariant Laplacian, and expand the field
strength

BaðxÞ ¼
X1

n¼0

bn/
a
nðxÞ: ð12:27Þ

4 The subtraction of k0 is introduced so that spectrum of D2 - k0 + m2 begins at m2, rather than
infinity in the continuum limit. Apart from this subtraction, the proposal is the same as an earlier
suggestion by Samuel [14].
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Let us define the ‘‘slowly varying’’ component of the B-field by inserting a cutoff
in the mode sum

Ba;slowðxÞ ¼
Xnmax

n¼0

bn/
a
nðxÞ ð12:28Þ

such that knmax � k0 � m2. Then

Z
d2xd2y Ba;slowðxÞ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�D2 � k0 þ m2
p

 ! ab

xy

Bb;slowðyÞ

� 1
m

Z
d2x Ba;slowðxÞBa;slowðxÞ; ð12:29Þ

and the part of the (squared) vacuum wavefunctional involving only Ba,slow is

jW0j2 ¼ exp �1
m

Z
d2x BslowBslow

� �
: ð12:30Þ

This has the dimensional reduction form W0
2 * e-S, where S is a two-dimensional

gauge theory, and the string tension can be computed, in terms of m, analytically.
For the SU(2) gauge group this is

r ¼ 3
16

mg2; ð12:31Þ

or, in terms of the lattice coupling b = 4/g2, r = 3m/(4b). If we turn this around,
and write m (b) = 4br(b)/3, then we have a complete proposal for the Yang–Mills
vacuum wavefunctional, in 2 ? 1 dimensions.

To test this proposal, we need to use it to calculate some quantities which can or
have been calculated by other means. The string tension is not a test, of course, it is
an input. But we could look at other observables, such as the mass gap, computed
from the connected equal-times correlator

Gðx� yÞ ¼ hðBaBaÞxðBbBbÞyi � hðBaBaÞxi
2 ð12:32Þ

in the probability distribution

P½A� ¼ jW0½A�j2 ¼ exp �
Z

d2xd2y BaðxÞKab
xy ½A�BbðyÞ

� �
; ð12:33Þ

where

Kab
xy ½A� ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�D2 � k0 þ m2

p
 ! ab

xy

: ð12:34Þ
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Numerically, the computation of G(x - y) looks hopeless. Not only is the
kernel Kxy

ab[A] non-local, it is not even known explicitly for arbitrary Ai
a(x), which

would seem to rule out any lattice Monte Carlo approach. But suppose, after
eliminating variance along gauge orbits by a further gauge choice (this is allowed
in temporal gauge on a given time-slice at t = 0), that Kxy

ab[A] has very little
variance among thermalized configurations (i.e. the configurations which are
generated by Monte Carlo simulation). In that case, the situation is more
promising.

Let us define a probability distribution for gauge fields A which is controlled by
a second, independent gauge field A0

P A; K½A0�½ � ¼ exp �
Z

d2xd2y BaðxÞKab
xy ½A0�BbðyÞ

� �
; ð12:35Þ

where B is computed from A, not A0, and P[A] = P[A;K[A]]. Then, assuming the
variance of K is small,

P½A� � P A; hKi½ �

¼ P A;

Z
DA0K½A0�P½A0�

� �

�
Z

DA0 P A;K½A0�½ �P½A0�: ð12:36Þ

This expression is amenable to an iterative solution:

Pð1Þ½A� ¼ P A; K½0�½ �

Pðnþ1Þ½A� ¼
Z

DA0 P A; K½A0�½ �PðnÞ½A0�:
ð12:37Þ

The numerical simulation then proceeds in this way: Fix the gauge in the D = 2
time-slice to an axial A1 = 0 gauge, and introduce a lattice regularization. Initially,
set also A2 = 0. Then

1. Set A02(x) = A2(x).
2. P[A; K[A0]] is gaussian in B. Diagonalize Kxy

ab[A0], and generate a new B-field
stochastically.

3. Given B, calculate A2 in the A1 = 0 gauge, and compute observables.
4. Return to step 1, repeat as many times as necessary.

This procedure will generate configurations with probability distribution P[A] if
the kernel Kxy

ab converges to a fixed matrix (in lattice regularization) in the color-
position indices, as the iterations proceed. The lattices which are generated in this
way are called recursion lattices. Whatever observables are calculated in this way
can be compared to a computation of the same (equal-time) observables on lattices
generated by the usual Monte Carlo simulation in temporal gauge, with the
remaining (time-independent) gauge symmetry used to fix to A1 = 0 gauge on a
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time-slice at t = 0. These lattices at time t = 0, are referred to as MC lattices, and
are drawn from a probability distribution |W0

true[A]|2, where W0
true is true lowest

energy eigenstate of the lattice Hamiltonian.5

An important quantity to compute is the correlator

Gðx� yÞ ¼ ðK�1Þab
xy ðK�1Þba

yx

D E

K�1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�D2 � k0 þ m2

p
;

ð12:38Þ

which is of interest for two reasons. First of all, the underlying assumption of the
numerical simulation is that the variance of K is negligible among recursion lat-
tices; this means that the variance of K-1K-1 should also be negligible. Secondly,
in the probability distribution governing recursion lattices,

hB2ðxÞB2ðyÞiconn / Gðx� yÞ; ð12:39Þ

and the mass gap is extracted from the exponential falloff of G(R) with R = |x - y|.
Figure 12.1 shows the results for G(R) obtained from ten recursion lattices, and ten
MC lattices. The two data sets match almost exactly, but what is equally important
is that we find accurate values for G(R) down to magnitudes on the order of 10-12.
The only way that this can be possible is that there is virtually no dispersion at all,
from one lattice to the next, in the value of G(x - y), and the same must therefore
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Fig. 12.1 The correlator G(R) computed (i) on two-dimensional lattice configurations generated
from the vacuum wavefunctional by the method described in the text; and (ii) on constant-time
slices of three-dimensional lattice configurations generated by the usual lattice Monte Carlo
method. Lattices generated by the first method are denoted ‘‘recursion,’’ and by the second as
‘‘MC.’’ In each case, the lattice extension is 50 sites at b = 18. From [13]

5 More precisely, it is the eigenstate of the lattice transfer matrix T = exp[-Ha] with the highest
eigenvalue.
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be true for Kxy
abab. This absence of dispersion verifies the basic assumption under-

lying the simulation method.
In order to extract the mass gap M as a function of b, G(R) is fit to the analytic

form (R = |x - y|)

GðRÞ ¼ dabdba
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�r2 þ ðM=2Þ2

q� �

xy

" #2

¼ 3
4p2
ð1þ 1

2
MRÞ2 e�MR

R6
;

ð12:40Þ

which in fact fits the recursion lattice result very well, as shown in Fig. 12.2. The
value of the mass gaps obtained are plotted in Fig. 12.3, and compared to lattice
results for the mass gap obtained by Meyer and Teper [15] in three-dimensional
SU(2) lattice gauge theory by standard methods. The agreement is quite good.

It is also possible to use the vacuum wavefunctional to compute the ghost
propagator in Coulomb gauge
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Fig. 12.2 Best fit (dashed
line) of the recursion lattice
data for G(R) by the analytic
form given in eq. (12.40).
From [13]
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Gghðx� yÞ ¼ 1
�r � D

� �aa

xy

* +
; ð12:41Þ

and the color Coulomb potential, which is proportional to

Vðx� yÞ ¼ � 1
r � Dð�r

2Þ 1
r � D

� �aa

xy

* +
; ð12:42Þ

and to compare these with the values obtained from MC lattices [16]. In either case,
the generated lattice configurations are transformed to Coulomb gauge, and the
observables evaluated in the transformed configurations. The result for the ghost
propagator, obtained from both recursion and MC lattices, is shown in Fig. 12.4. It
is evident that there is almost no difference between the two data sets. The Coulomb
potential is very sensitive to ‘‘exceptional’’ configurations with very small eigen-
values of the Faddeev-Popov operator -r�D; these lead to huge errorbars. To
compare recursion and MC results, we impose cuts on the data, throwing away these
rare configurations. The same cuts are applied to both the recursion and MC data.
The aim here is not to get an accurate result for the Coulomb potential, since a cut on
the data can obviously affect the outcome, but rather to see whether the recursion
and MC lattices will yield the same value for the observable, when the same cut is
applied to each set. The result is shown in Fig. 12.5. Obviously, the results for both
the ghost propagator and Coulomb potential obtained from our proposed wave-
functional closely agree with those obtained by standard methods.

12.3 New Variables

Although the numerical results just presented suggest that the proposal (12.24) is
on the right track, it is really only an educated guess for the vacuum
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Fig. 12.4 The Coulomb
ghost propagator evaluated
on both recursion and MC
lattices, at lattice coupling
b = 6 and lattice extension
L = 24 in D = 3 dimensions.
From [16]
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wavefunctional in 2 ? 1 dimensions, and the value of the string tension is an
input, rather than emerging as an output. A much more ambitious program, ini-
tiated by Karabali, Kim, and Nair (KKN) in ref. [17, 19], aims at computing the
2 ? 1 dimensional wavefunctional, and the string tension, systematically. An
essential feature of their approach is the transformation to a set of new, gauge-
invariant variables.

KKN begin in temporal gauge and combine the remaining gauge fields A1 and
A2 into a complexified gauge field

A � Az ¼
1
2
ðA1ðxÞ þ iA2ðxÞÞ; A � Az ¼

1
2
ðA1ðxÞ � iA2ðxÞÞ; ð12:43Þ

where z = x1 - ix2, and z ¼ x1 þ ix2 are the usual holomorphic variables in the
complex plane. The complexified field A can be related to a matrix field M taking
values in the group SL(2, C),

A ¼ �ðozMÞM�1; A ¼ My�1ozM
y; ð12:44Þ

which transforms covariantly, M?GM, under a gauge transformation G. Next,
define the gauge-invariant variables

H ¼ MyM

J ¼ CA

p
oH

oz
H�1;

ð12:45Þ

where CA is the quadratic Casimir in the adjoint representation. In terms of these
gauge invariant variables, the Hamiltonian becomes

HKKN ¼ T þ V ; ð12:46Þ
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where T is derived from the E2 term in the standard Hamiltonian

T ¼ m

Z

u
JaðuÞ d

dJaðuÞ þ
Z

u;v
Xabðu; vÞ

d
dJaðuÞ

d
dJbðvÞ

� �
; ð12:47Þ

with

Xabðu; vÞ ¼
CA

p2

dab

ðu� vÞ2
� ifabc

JcðvÞ
pðu� vÞ ð12:48Þ

and ðo � ozÞ

V ¼ 1
2g2

Z
B2ðxÞ ¼ p

mCA

Z
oJaoJa ð12:49Þ

and also

m ¼ g2CA

2p
: ð12:50Þ

Inner products are evaluated with respect to the integration measure

hW1jW2i ¼
Z

dlðHÞe2CASWZW ðHÞW	1ðHÞW2ðHÞ; ð12:51Þ

where dlðHÞ is the standard integration measure for a matrix-valued variable
(known as the Haar measure), and SWZW is the Wess-Zumino-Witten action [20],
whose precise form will not concern us here.

It is important to note that, although the theory is now expressed in terms of
gauge-invariant variables H and J, a new local invariance, holomorphic invari-
ance, has appeared in the problem. This is the transformation

Mðz; zÞ ! Mðz; zÞhyðzÞ; Myðz; zÞ ! hðzÞMyðz; zÞ; ð12:52Þ

under which

Hðz; zÞ ! hðzÞHðz; zÞhyðzÞ

J ! hJh�1 þ CA

p
ohh�1:

ð12:53Þ

It can be seen that J transforms under a holomorphic transformation h(z) much like
a gauge field under a gauge transformation. The Hamiltonian HKKN is invariant
under these local transformations, and it is crucial that the eigenstates of HKKN are
also invariant. In effect, by going to the new variables one trades gauge invariance
(in temporal gauge formulation) for holomorphic invariance.

In these new variables, it is possible to carry out a systematic strong-coupling
expansion in the continuum formulation. However, since the coupling g2 has
dimensions of mass and simply sets the scale, the question is what parameter
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controls the convergence of the expansion. KKN suggest that the effective
parameter is k/g2 or (equivalently) k/m, where k is some characteristic momentum
in the problem. To leading order, KKN find

W0 ¼ exp � p
m2CA

Z
d2xTr½oJoJ�

� �

¼ exp � 1
2mg2

Z
d2xTr½B2�

� �
: ð12:54Þ

In the usual variables, this ground state has the dimensional reduction form, and
spacelike Wilson loops can be computed analytically. These have an area law
falloff, and for Wilson loops in the fundamental representation of the SU(N) gauge
group, the string tension is

r ¼ g4

8p
ðN2 � 1Þ: ð12:55Þ

Very remarkably, this value is within a few percent of the value found by Teper
and Bringoltz [18] in lattice Monte Carlo simulations of the the 2 ? 1 dimensional
theory.6

On the other hand, we already know that the dimensional reduction form cannot
be quite right. It leads to incorrect behavior at high momenta, and string tensions
follow the Casimir scaling rule, rather than depending on N-ality. So the question
is what is the effect of higher order terms in the perturbation series. KKN manage
to sum up all terms in the series, for log(W0), which are bilinear in the J’s. The
result is

W0 ¼ exp � 2p2

g2C2
A

Z
d2xd2yoJaðxÞ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�r2 þ m2
p

þ m

� �

xy

oJaðyÞ
" #

¼ exp � 1
2g2

Z
d2xd2y BaðxÞ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�r2 þ m2
p

þ m

� �

xy

BaðyÞ
" #

; ð12:56Þ

which has the attractive feature of agreeing with the known result of the free
theory at high momenta. The problem with this expression, however, is that in
terms of the new variables (top line) it is not holomorphic invariant, and in terms
of the old variables in temporal gauge (bottom line) it is not gauge invariant.
Because physical states must be gauge invariant (this is demanded by the Gauss
law constraint), it means that the KKN proposal is incomplete, in the sense that we
don’t really know what W0[A] is equal to for an arbitrary gauge field configuration.

6 Recently some corrections to r have been calculated [19], and they are small. At present it is
not entirely clear why the correction is so small, since it involves a sum of rather large (positive
and negative) contributing terms, which for some reason nearly cancel.
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There are an infinite number of ways in which (12.56) could be modified such
that W0 becomes gauge-invariant, but reduces to (12.56) in the special case that the
gauge field is abelian (i.e. [Ai, Aj] = 0). One possibility, suggested by KKN in
their original paper, is that the neglected terms in the perturbation series, which
involve higher powers of J, will sum up to convert the Laplacian operator r2 to a
Laplacian which is covariant under holomorphic transformations (when the
wavefunctional is expressed in new variables), or covariant under gauge trans-
formations, when the wavefunctional is converted to old variables. In that case

W0 ¼ exp � 1
2g2

Z
d2xd2y BaðxÞ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�D2 þ m2
p

þ m

� �

xy

BaðyÞ
" #

: ð12:57Þ

In this form, the wavefunctional can be latticized and simulated by the technique
outlined in the previous section. Unfortunately, when this calculation is performed
[13], the resulting string tension differs substantially, by at least 50%, from the
known value. The reason is easy to understand: Although the spectrum of -r2

begins at zero, in an infinite volume, the spectrum of the covariant Laplacian -D2

begins at a positive value k0 [ 0. Hence the approximation of simply dropping this
operator when calculating large-scale Wilson loops, on the grounds that the
operator is dominated at long wavelengths by its lowest eigenvalue—namely
zero—is unjustified, as shown explicitly by the numerical calculation. This fact
implies that the summation of the perturbation series, if done correctly, presum-
ably does not lead to the form (12.57). But there are other reasonable gauge-
invariant extensions of (12.56) which would avoid this problem, e.g.

W0 ¼ exp � 1
2g2

Z
d2xd2y BaðxÞ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�D2 � k0 þ m2
p

þ m

 !

xy

BaðyÞ

2

4

3

5; ð12:58Þ

in which case the KKN wavefunction is rather close in form to (12.24). At present,
however, the gauge-invariant extension of (12.56) is not known, so the amplitude
of an arbitrary vacuum gauge field is likewise unknown, and the proposal is, in this
sense, incomplete.

An ingenious approach to deriving a holomorphic-invariant wavefunctional in
the new variables was put forward by Leigh, Minic, and Yelnikov [21]. These
authors start from the approximation

W0 ¼ exp � p
2CAm2

Z
d2xd2y oJaðxÞKxyðLÞoJaðyÞ

� �
; ð12:59Þ

where L = -D/m2, and D is the holomorphic-covariant Laplacian. They then
derive and solve a differential equation for K(L), where L is treated as a number,
rather than an operator, and by solving this equation they arrive at

KðLÞ ¼ 1ffiffiffi
L
p J2ð4

ffiffiffi
L
p
Þ

J1ð4
ffiffiffi
L
p
Þ
: ð12:60Þ
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If the infrared limit means L ? 0, then K ? 1, and W0 has the dimensional
reduction form (12.54), leading to a very accurate estimate of the string tension.
The correct free-field limit is also obtained. By computing various equal-time
correlators of the J field in the vacuum state (12.59), Leigh et al. obtain predictions
for the glueball mass spectrum in 2 ? 1 dimensions, which appear to be in
remarkable agreement with standard lattice Monte Carlo results.

Although the Leigh et al. approach seems quite successful, two cautionary
remarks are in order. First, the differential equation for K(L) is derived by
assuming the validity of the operator identity

TOn ¼ ð2þ nÞmOn; ð12:61Þ

where T is the kinetic term of the KKN Hamiltonian, and

On ¼
Z

oJDnoJ: ð12:62Þ

This identity has not been proven, however. Secondly, the results for the corre-
lators (and the string tension) are obtained by replacing the holomorphic covariant
Laplacian by the ordinary Laplacian, and the effect of this replacement on the
values of observables is not entirely clear.
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Chapter 13
Anti-deSitter Space and Confinement

AdS/CFT, also known as the Maldacena conjecture, deserves a book in itself. The
initials refer to an equivalence (‘‘duality’’) between Type II superstrings propa-
gating in a ten-dimensional background space, which is a product of anti-deSitter
space (AdS) and some other manifold, with a conformal field theory (CFT). This
duality, and its extension (AdS/QCD) to non-conformal, confining gauge theories,
is one of the most important results obtained in the modern (i.e. post-1984) era of
string theory, and the literature on this topic is vast. Unfortunately, the subject does
require a substantial background in superstring theory and conformal field theory,
both of which are beyond the scope of this book. Nevertheless, because of the great
potential importance of AdS/CFT and AdS/QCD to non-abelian gauge theory and
the confinement problem, this chapter aims to provide an inkling of the general
idea, together with a sample calculation of Wilson loops via the AdS/CFT
approach. The interested reader may wish to consult some of the recent texts
on string theory, e.g. [1–3], or specialized review articles [4–6], for a deeper
exposition of the subject.

Historically, string theory began as a theory of strings, which are one-dimen-
sional objects propagating in time, but it is now recognized that the theory
encompasses other dynamical objects, known as D p-branes (or ‘‘D-branes,’’ for
short), which are p-dimensional hypersurfaces in space, propagating in time.
However, let’s begin with strings. The first question is how to represent the motion
of a string, and what action should be used, and here it is useful to back up a little
further, and consider point particles. The motion of a point particle in d ? 1
dimensions can be represented by a trajectory xðtÞ; but this form treats the time
coordinate x0 = t differently from the spatial coordinates xi, i = 1 … d. A more
natural representation, from the point of view of relativity theory, is
xl(s), l = 0, 1 … d, where s simply parametrizes the motion. The action of the
trajectory xl(s) for a free particle of mass m is just the relativistically-invariant
proper length L of the trajectory times the mass of the particle:

J. Greensite, An Introduction to the Confinement Problem,
Lecture Notes in Physics, 821, DOI: 10.1007/978-3-642-14382-3_13,
� Springer-Verlag Berlin Heidelberg 2011

191



Sparticle ¼� mL ¼ �m

Z
ds

¼� m

Z
ds

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�osxlosxl

p
:

ð13:1Þ

The corresponding equations of motion, in flat Minkowski space,

pm ¼ mosxm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�osxlosxl

p ; osp
m ¼ 0; ð13:2Þ

describe the motion of a free relativistic particle. Of course, there are an infinite
number of ways of choosing the parameter s, since for any reparametrization
s = s(s0), the expressions xl(s) and xl(s0) :xl(s(s0)) describe the same trajectory.
It is easy to check that the action Sparticle is invariant under arbitrary reparamet-
rizations of s.

A particle is a pointlike object, and traces out a trajectory, or ‘‘worldline’’ as it
propagates in time. A string is a one-dimensional object, and therefore it traces out
a two-dimensional manifold, or ‘‘worldsheet’’ as it propagates. To specify the
location of the worldsheet in the d ? 1-dimensional background (or ‘‘target’’)
space requires two parameters, s, r, and it is useful to think of the coordinates
xl(s, r) of the worldsheet as a field in two-dimensional s – r space. The action of
the corresponding two-dimensional field theory, i.e. the action of the worldsheet, is
defined by analogy to the point particle. Introduce the notation r0 = s, r1 = r and

_xl � oxl

os
; x0l � oxl

or
: ð13:3Þ

Since the particle action is proportional to the length of a particle worldline, it is
natural that the string action is proportional to the area of a particle worldsheet

S ¼�T� Area

¼�T

Z
d2r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� det ½cab�

q
;

ð13:4Þ

where the constant of proportionality T must have units of energy per unit length,
or, in other words, T is a string tension. The metric cab (with a, b = 0, 1) is the
two-dimensional induced metric on the world sheet. This induced metric is simple
to express in terms of the parametrized worldsheet xl(s, r) = xl(ra). Suppose we
have two nearby points on the worldsheet xl(ra) and xl(ra + dra). Then the
squared distance between them is

ds2 ¼ glmdxldxm ¼ glm
oxl

ora

oxm

orb
dradrb

¼ cab½xðs; rÞ�dradrb;

ð13:5Þ
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where

cab ¼ glm
oxl

ora

oxm

orb
: ð13:6Þ

This induced metric gives us the Nambu action

S ¼ �T
Z

dsdr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð _xÞ2ðx0Þ2 � ð _xlx0lÞ

2
q

: ð13:7Þ

which is the starting point of string theory.
The Nambu action is invariant under the reparametrizations

s! sðs0; r0Þ; r! rðs0; r0Þ; ð13:8Þ

which allow us to choose, if we wish, some special parametrization. This amounts
fixing the reparametrization invariance by a special choice of (or conditions on)
the coordinates on the worldsheet, and that choice, in analogy to what is done with
ordinary gauge invariance, can be regarded as a choice of gauge. For the calcu-
lations in this chapter it is the static gauge, which identifies the x0 coordinate of a
point on the worldsheet with the parameter s, that will be the most useful.

Strings can be open or closed, and in the case of open strings the equations of
motion must be supplemented with boundary conditions. The endpoints of an open
string can either be free to move in the d spatial dimensions (Neumann boundary
conditions), or each end can be fixed to some definite point in space (Dirichlet
boundary conditions). Neumann and Dirichlet boundary conditions may also be
mixed, with p coordinates of an endpoint satisfying Neumann conditions, and
the rest of the coordinates fixed by Dirichlet boundary conditions. More generally
the endpoints of a string may be restricted to move only on a p ? 1 dimensional
hypersurface known as a D p-brane, as illustrated in Fig. 13.1.

If the degrees of freedom of a string are only the coordinates of the string in the
d ? 1-dimensional target space, as is the case for the Nambu action, then all of
the quantum excitations of the string (whether open or closed) are bosonic.
Because inner products of the vector operators x0l and _xl involve a spacetime
metric glm which has both positive and negative components, there is a danger of
having negative norm states known as ‘‘ghosts.’’ This situation is encountered in
quantum electrodynamics, where the ghost states are eliminated by imposing a
certain operator constraint, related to the Landau gauge condition, on physical
states (the Gupta-Bleuler procedure). A similar strategy in string theory only works

Fig. 13.1 The endpoints of
open strings may be restricted
to lie on a D p-brane
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in d ? 1 = 26 dimensions. In this critical dimension the spectrum of open bosonic
strings (with Neumann boundary conditions) includes a tachyon, with
m2 \ 0, massless vector particles which can be identified with abelian gauge
bosons, and an infinite tower of massive states, lying along Regge trajectories (see
Chap. 3) with slope a0 ¼ 1=ð2pTÞ: The spectrum of closed bosonic strings also
includes a tachyon, as well as a massless spin-2 state that can be identified as the
graviton, and another infinite tower of massive bosonic states. It is not hard to
compute scattering amplitudes among these states up to one-loop level. The non-
perturbative formulation of bosonic strings is problematic, however, because of the
unphysical tachyon states.

Tachyon-free theories can be formulated by introducing fermionic degrees of
freedom on the string worldsheet, i.e. there are fermionic fields w(s, r) as well as
bosonic fields xl(s, r) on the string worldsheet. Several consistent, tachyon-free
string theories (type I, IIA, IIB and heterotic) with fermionic degrees of freedom
are known; these are the superstring theories. While these theories were once
considered to be entirely independent, they are now understood to be related by
various duality transformations, and are believed to be only particular vacua of an
underlying theory known as ‘‘M-theory.’’ The theory relevant for AdS/CFT is the
type IIB theory, which is formulated in terms of interacting closed strings, and is
consistent (no negative norm states) in the critical dimension d ? 1 = 10.
If we take the string tension T!1 (or, equivalently, the zero Regge-slope limit
a0 ? 0) in the type IIB theory, then the mass of the massive string excitations goes
to infinity, and only the zero mass particles remain. These include the graviton, and
some other massless fermions and bosons which fill out the supermultiplet of type
IIB supergravity in ten dimensions.

D-branes enter the picture in an interesting and unexpected way. They are not
merely allowable boundary conditions restricting the motion of open string end-
points, but turn out to be physical objects in their own right, with their own
dynamics. There are several reasons for this. In the first place, string interactions
include gravitational interactions, and having an object at a fixed point in space,
insensitive to the passage of gravitational waves or any other gravitational phe-
nomena, is simply inconsistent with general relativity. D-branes must, therefore,
be dynamical. Secondly, the zero-slope limit of superstring theories, which are
various types of supergravity theories, contain p-branes as classical, solitonic
solutions of the equations of motion (much as the Georgi-Glashow theory contains
magnetic monopoles), and these possess a certain type of charge which can be
identified with the charge of D p-branes in string theory. Finally, it was discovered
in the 1990s that all the known superstring theories with spatial directions com-
pactified on a circle (‘‘toroidal compactification’’) are related by various duality
transformations, and D p-branes arise inevitably as a consequence of some of these
transformations.

D-branes also have an interesting effective action at low energies [7]. Among
the quantum states of open strings whose endpoints lie on D-branes are massless
vector particles, i.e. photon excitations. Therefore, electromagnetic fields can live
on D-branes. Let us identify the first p ? 1 coordinates ra = xa, a = 0, 1 … p as
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coordinates along the brane worldvolume, and the remaining coordinates
xm, m [ p are in directions transverse to the brane. This is the static gauge for the
brane. Then in a bosonic theory, the low-energy D-brane dynamics is described by
the Dirac-Born-Infeld action

SDBI ¼ �Tbrane

Z
dpþ1r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� detðgab þ oaxmobxm þ 2pa0FabÞ

p
; ð13:9Þ

where gab and Fab are the Minkowski metric and electromagnetic field strength,
respectively, on the brane, so the argument of the determinant is a
(p ? 1) 9 (p ? 1) matrix. Expanding the square root determinant in powers of
qaxm and Fab, one finds to leading order

SDBI ��
1
4
Tbraneð2pa0Þ2

Z
dpþ1r FabFab þ 2

ð2pa0Þ2
oaxmoaxm

 !

�TbraneVpþ1 þ OðF4Þ;
ð13:10Þ

where Vp+1 is the worldvolume of the p-brane. To this lowest order, the D-brane
action is simply Maxwell electrodynamics plus some real scalar fields in p ? 1
dimensions.

13.1 The Maldacena Conjecture

Consider some set of N D 3-branes whose locations exactly coincide. Each end-
point of an open string can lie on any one of the N D p-branes, which makes
N2 massless vector particles in all. In bosonic string theory, the low-energy
dynamics of the brane turns out to be U(N) gauge theory,1 and in the case of
superstrings it is N ¼ 4 super Yang–Mills theory in 3 + 1 dimensions. The latter
is a gauge theory with N colors and matter content such that the beta function is
zero, which means that the theory is conformally invariant, and non-confining.
Conformal invariance is a symmetry which implies, among other things, that there
are no dimensionful constants in the theory, such as the QCD K-parameter, or the
gauge coupling constant itself in d ? 1 = 4 dimensions.

The relevant constants, in this setup of coinciding D 3-branes, are the
following:

• The string tension (energy/unit length) of strings in type IIB string theory
T ¼ 1=ð2pa0Þ. This sets the scale for the masses of the massive string
excitations.

• The string coupling constant gs of type IIB string theory. This constant controls
the strength with which strings interact with each other.

1 Which is really U(1) 9 SU(N) gauge theory, since one gauge boson decouples from the rest.
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• The coupling constant for the N ¼ 4 super Yang–Mills theory, g2 = 4pgs;
• The number of N of coinciding D 3-branes;
• The d = 10 dimensional Newton constant 16pG = (2p)7gs

2a04.

The AdS/CFT connection begins with an observation about the low-energy
excitations of type IIB string theory, in d = 10 dimensions, containing a stack of
coinciding D 3-branes. The observation is that there are two quite different
descriptions of these low-energy excitations in two different limits, depending on
the strength of the string coupling constant gs. Let’s begin with the weak-coupling
limit. D-branes are massive, and since the low-energy limit of type IIB string
theory is type IIB supergravity, these D-branes should (like any massive source),
curve spacetime. However, there are N of these branes, and Newton’s constant is
proportional to gs, so in the limit that gsN � 1 the effect of the branes on the
spacetime background should be negligible. Also, in the limit that gs is small,
strings hardly interact with each other. So at low energies the excitations in the
theory are of two kinds (see Fig. 13.2):

1. the massless excitations of the strings tied to the D-branes, and their interac-
tions, which is described by N ¼ 4 super Yang–Mills theory;

2. very weakly interacting gravitons, and their superpartners (which make up the
spectrum of type IIB supergravity), propagating in flat D = 10 dimensional
Minkowski space.

Now consider the opposite limit, with gsN� 1, but still gs� 1. Here the effect
of the N D-brane sources on the background geometry cannot be ignored, and in
this limit that effect can be treated semiclassically, just by solving the field
equations of supergravity (a generalization of Einstein’s equations) with the static

Fig. 13.2 First description,
at gsN� 1, of the low energy
excitations in a
ten-dimensional
space containing
a stack of N parallel
D 3-branes. These are
N ¼ 4 super Yang-Mills
theory (from strings on
the branes) and
non-interacting massless
particles (a supergravity
multiplet) in the ‘‘bulk’’
10-dimensional
Minkowski space
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D-brane source. The solution for the d = 10 dimensional spacetime metric turns
out to be

ds2 ¼ f�1=2 �dt2 þ
X3

i¼1

dx2
i

 !
þ f 1=2ðdr2 þ r2dX2

5Þ

f ¼ 1þ R

r

� �4

R2 ¼ a0
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4pgsN

p
;

ð13:11Þ

whose salient features are represented in Fig. 13.3. At r ? ?, the geometry is
simply flat Minkowski space. But as r ? 0 (where the stack of D-branes are
located), the geometry develops a long ‘‘throat’’, and the circles around the throat
represent a five-dimensional sphere S5, whose radius R, far down the throat, is
almost constant. The type IIB string excitations of this system, which have very
low energy with respect to an observer in the flat Minkowski region (i.e. at very
large r), are of two sorts. First, there are the massless excitations of the string in the
large r Minkowski region. On dimensional grounds, if the strings have energy E,
they would interact with strength GE8, where G is the 10-dimensional Newton
constant. Therefore, the low-energy closed strings are essentially non-interacting,
and moreover, because their wavelengths are much greater than the radius of the
throat, they are insensitive to the excitations deep inside the throat region.
The other type of low energy excitations in this geometry, as seen by the observer
in the asymptotic region, are the string excitations deep within the throat region.
These excitations are so strongly red-shifted, with respect to the outside observer
in the asymptotic, Minkowski-space region, that they appear to have an arbitrarily
low energy, as seen by that observer, providing the string is sufficiently near the

5

Minkowski space

R

string

string

AdS  x S5

Fig. 13.3 Second descrip-
tion, at gsN � 1, of the low
energy excitations in a
ten-dimensional space with a
p = 3 brane source. These are
type IIB superstrings close to
the r = 0 horizon,
and non-interacting
massless particles
(a supergravity multiplet)
in the asymptotic
ten-dimensional
Minkowski space
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horizon at r = 0. Therefore, in this opposite gsN � 1 limit, the low energy
excitations of the theory again fall into two categories:

1. Type IIB superstrings close to the r = 0 horizon;
2. Very weakly interacting gravitons, and their superpartners, propagating in the

asymptotically flat Minkowski space.

Both the gsN� 1 and gsN� 1 limits include weakly interacting gravitons in the
low energy limit. However, the other class of low energy excitations is N ¼ 4 super
Yang–Mills theory, at gsN � 1, and type IIB superstrings in the near-horizon (or
‘‘throat’’) region of the metric in (13.11), at gsN � 1. Maldacena [8] made the
important conjecture that N ¼ 4 super Yang–Mills theory is equivalent (‘‘dual’’) to
type IIB superstrings propagating in the throat region, so that the latter theory, at gsN
� 1, is somehow describing N ¼ 4 super Yang–Mills theory at strong couplings.
The metric in the throat region, far from the asymptotic Minkowski space region, is
obtained by simply neglecting the constant 1 in the definition of f(r), i.e.

ds2 ¼ r2

R2
�dt2 þ

X3

i¼1

dx2
i

 !
þ R2

r2
ðdr2 þ r2dX2

5Þ; ð13:12Þ

which is the product of anti-deSitter space in five spacetime dimensions AdS5 and
the five-sphere S5. Thus the conjecture: N ¼ 4 super Yang–Mills theory in 3 ? 1
dimensions (which is a conformal field theory) is dual to type IIB string theory in
an AdS5 9 S5 spacetime background. This is actually just one particular example
of the AdS/CFT correspondence; other dualities follow from other arrangements of
D p-branes.

To make this conjecture precise, it is still necessary to specify what is meant by
the correspondence; i.e. what does ‘‘duality’’ mean, exactly? The basic idea, first of
all, is that to every string field U(x, r) (one of the string excitation modes such as
the graviton, dilaton, etc.) there corresponds a local, gauge-invariant observable
OðxÞ in the gauge theory. Let /(x) be a source term for the operator OðxÞ.
The AdS/CFT correspondence then says that

Z
d4x/ðxÞOðxÞ

� �

CFT

¼ Zstring Uðx; r ¼ 1Þ ¼ /ðxÞ½ �; ð13:13Þ

where the left hand side is the expectation value in the gauge theory, while the
right hand side is the partition function for the string theory, with the string field
U(x, r) held fixed and equal to /(x) on the boundary. There is a kind of dictionary
relating operators OðxÞ in N ¼ 4 super Yang–Mills theory to string fields U(x, r)
on AdS5 9 S5, which we cannot go into here.

In order to use the AdS/CFT correspondence to calculate observables in the
gauge theory, it is necessary to be able to solve the string theory in the AdS5 9 S5

background spacetime. This is a difficult thing to do, in general. In order to make
the string theory tractable, we require that the string coupling constant is small, i.e.
gs ? 0, and that the radius of curvature R of AdS5 9 S5 spacetime is very large

198 13 Anti-deSitter Space and Confinement



compared to the length scale characteristic of strings, which is set by the Regge
slope a0. In these two limits, the string theory is well approximated by its super-
gravity limit, which can be evaluated semiclassically, i.e.

Zstring	 e�Ssugra ; ð13:14Þ

where Ssugra is the (on-shell) supergravity action. But then, since

R4

a02
	 gsN � 1; ð13:15Þ

it means that this semiclassical approximation also requires taking the large-N
limit. However, when one analyzes the leading (planar) diagrams in any SU(N)
gauge theory, it turns out that the effective coupling is not g2, but actually
k = g2N, as discussed in Chap. 11. Because g2 *gs, the condition (13.15) means
that a calculation on the string theory side in the supergravity limit provides
information about the gauge theory in the strong ‘t Hooft coupling k� 1 regime,
which is not easily accessible by any other method.

13.2 Wilson Loops in AdS Space

Consider a loop C at the boundary of AdS5 space, i.e. at r = ?, and the worldsheet
of a superstring which has C as its boundary. Let Ssheet(C) be the action of this
worldsheet at the saddlepoint (i.e. the minimal area string configuration). It was
argued by Maldacena [9] that in the limit of large N and large ‘t Hooft coupling k,
where the semiclassical, supergravity approximation to string theory is valid, the
gauge/string correspondence for Wilson loops would be

TrP exp½i
I

C

dxlAl�
* +

� exp½�SsheetðCÞ�: ð13:16Þ

Choosing rectangular L 9 T loops, with T� L, the static quark potential can be
extracted from Wilson loops in the usual way. On the gauge theory side, one can
calculate the left hand side of (13.16) perturbatively at small ‘t Hooft coupling k
� 1, and determine the potential V(L) * -k/L. On the string theory side, the
right hand side of (13.16) can be computed at large k � 1, with the result that

VðLÞ	 �
ffiffiffi
k
p

=L: In either limit the potential is non-confining, as expected in a
conformal theory such as N ¼ 4 super Yang–Mills. Since there is no dimen-
sionful scale in a conformal theory, there is nothing to set the scale of the string
tension; it can only be zero. Therefore, on dimensional grounds, the only possi-
bility is that V(L) * -1/L. In order to use the gauge/string correspondence to
investigate confining theories, conformal invariance has to be broken in some way,
and a dimensionful scale introduced.
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Conformal invariance can be broken in a number of ways, and one possibility,
suggested by Witten [10], is to introduce a finite temperature. On the gauge theory
side, a finite temperature can be introduced by going to a Euclidean metric sig-
nature and toroidally compactifying the time variable, so that the periodic time
direction has some finite extension b. Then it is necessary to impose periodic
boundary conditions on the bosons, and antiperiodic boundary conditions on the
fermions. While this leaves some zero-energy bosonic modes, there are no zero
energy fermion modes, and supersymmetry is completely broken. At scales much
larger than the time compactification scale the theory is effectively three, rather
than four dimensional, and the scalars acquire a large mass from one-loop quantum
effects. Effectively, the N ¼ 4 super Yang–Mills theory will appear, at large
scales, like a pure, non-supersymmetric Yang–Mills theory in three Euclidean
dimensions, and this theory is, of course, confining.

On the string theory side it is also possible to go to a Euclidean signature and
compactify the time direction. Then, as shown by Hawking and Page [11], there
exist black hole solutions in AdS spacetime. There is a temperature on the string
side as well: it is the Hawking temperature which is associated with any black hole
horizon. The relevant metric is

ds2 ¼ a0
U2

eR2
½hðUÞdt2 þ dx2

i � þ
eR2

U2
h�1ðUÞdU2 þ eR2dX2

5

( )
; ð13:17Þ

where we have rescaled

U ¼ r

a0
; eR ¼ Rffiffiffiffi

a0
p ð13:18Þ

and

hðUÞ ¼ 1� U4
T

U4
; eR2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4pgsN

p
: ð13:19Þ

The black-hole horizon is at U = UT, and the corresponding Hawking temperature

is UT=ðpeR2Þ: The conjecture is that type IIB string theory in this background is
dual to N ¼ 4 super Yang–Mills theory at high temperature, which at distance
scales much larger than b should be equivalent to D = 3 dimensional (non-
supersymmetric) Yang–Mills theory at zero temperature. Then the computation of
a large Wilson loop in D = 3 Yang–Mills theory, at large ‘t Hooft coupling, can be
solved by finding the minimal area of the string worldsheet bounded by the curve
C at the boundary U = ? of the AdS space.

The calculation goes as follows [12]: Consider rectangular L 9 T contours C,
which lie in the x – x0 plane (e.g. x = x1, x0 = x2) at some fixed point in S5, and at
the boundary U = ? of the AdS space. It is convenient to adopt a static gauge in
which worldsheet coordinates r, s are identified with the spacetime coordinates
r = x, s = x0. It is assumed that T� L, and the string is static in the sense that the
transverse position U(r, s) of the worldsheet depends only on x. Using the
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10-dimensional metric glm from the line element (13.17) to contract spacetime
indices in the Nambu action, and integrating over s = x0

S ¼ T

2p

ZL=2

�L=2

dxffiffiffiffiffiffiffiffiffiffi
hðUÞ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðoxUÞ2 þ ðU4 � U4

TÞ=eR4
q

: ð13:20Þ

Since the Lagrangian in (13.20) does not depend on x explicitly, there is a constant
of motion (if we think of x as ‘‘time,’’ the constant of motion is analogous to
energy)

U4 � U4
T

ffiffiffiffiffiffiffiffiffiffi
hðUÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðoxUÞ2 þ ðU4 � U4

TÞ=eR4
q ¼ constant: ð13:21Þ

If we evaluate this constant at x = 0, where by U(x) = U(-x) symmetry we have
qxU = 0, and let U0 = U(x = 0) denote the minimal value of U(x) in the interval
x 2 ½�1

2L;
1
2L�; then

U4 � U4
T

ffiffiffiffiffiffiffiffiffiffi
hðUÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðoxUÞ2 þ ðU4 � U4

TÞ=eR4
q ¼

eR2

ffiffiffiffiffiffiffiffiffiffiffiffi
hðU0Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U4

0 � U4
T

q
: ð13:22Þ

Solving for qxU, and writing

y ¼ U=U0; e ¼ hðU0Þ ¼ 1� U4
T

U4
0

; ð13:23Þ

one finds

x ¼
eR2

U0

ZU=U0

1

dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðy4 � 1Þðy4 � 1þ eÞ

p ; ð13:24Þ

which determines U(x) implicitly, given U0. But U0 = U(0), while the ends of the
string are at x = ±L/2, where U = ?, so that

L ¼ 2
eR2

U0

Z1

1

dyffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðy4 � 1Þðy4 � 1þ eÞ

p ð13:25Þ

gives U0 as a function of quark separation L.
The energy of the static worldsheet E = S/T is calculated from (13.20) by using

the relationships (13.22), and changing integration variable from x to y via (13.24)

EðLÞ ¼ U0

p

Z1

1

dy
y4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðy4 � 1Þðy4 � 1þ �Þ

p : ð13:26Þ
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It is clear that this energy is infinite, but we should recall that the expectation value
of a Wilson loop in continuum gauge theory vanishes (and hence the static quark
potential is infinite), due to the infinite self-energy of a static charge. In order to
extract the L-dependence of the potential, it is necessary to discard the infinite, and
L-independent, self-energy. Following Maldacena [9] we regularize by integrating
y only up to ymax = Umax/U0, and then subtract

E0 ¼
UT

p

ZUmax=UT

1

dy1

¼Umax � UT

p
;

ð13:27Þ

so that in the Umax ? ? limit

Eint ¼ EðLÞ � E0

¼U0

p

Z1

1

dy
y4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðy4 � 1Þðy4 � 1þ eÞ

p � 1

 !
� U0 � UT

p
:

ð13:28Þ

At any finite L there is a corresponding finite U0 [ UT, with U0 ? UT in the
L ? ? limit, and with energies given by the expression in (13.26). Some typical
solutions for U(x) at various U0/UT, are shown in Fig. 13.4. Note that as e ? 0 and
L ? ? the string worldsheet flattens out along the horizon U(x) = UT, in the
finite interval |x| \ L/2.

For small interquark separation L, the mimimal value U0 is much larger than
UT, and e & 1. In the e = 1 limit all of the integrals can be carried out analytically,
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Fig. 13.4 String contours
U(x) for various
e = 1 - (UT

4/U0
4) and eR ¼ 1;

with units chosen such that
UT = 1. The asymptotes of
each curve lie at x = ±L/2.
Note the approach to the
horizon (here at U = 1),
as e ? 0
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and L � 1/U0, while Eint(L) � -U0. From this, it is clear that Eint(L) � -1/L.
The precise result is

EðLÞ ¼ � 1
L

4p2ð2g2NÞ1=2

Cð14Þ
4 : ð13:29Þ

For large interquark separation, we have U0 ? UT (and e ? 0) as L? ? for
spacelike loops. Both L and E(L) diverge, for spacelike loops, as -log(e).
The main contribution to the integrals in (13.25) and (13.26) comes from the
integration region near y = 1, where the integrands are identical. Extracting a
constant of proportionality by inspection, we find

EintðLÞ ¼
U2

T

2peR2
L: ð13:30Þ

The result is easy to interpret: the coefficient of L is simply the action density for a
worldsheet lying on the horizon, in the x – x0 plane, at U = UT, i.e.

EintðLÞ ¼
1
T

lim
U!UT

S½U; oxU ¼ 0� ¼ U2
T

2peR2
L: ð13:31Þ

This makes sense because, as is clear from Fig. 13.4, the minimal area string
worldsheet falls from U = ? to U = UT, and flattens out along the horizon as
L ? ? (e ? 0). As a result, the string tension for spacelike loops is essentially the
action density of a worldsheet on the horizon.

13.3 AdS/QCD

We have arrived at a truly remarkable conclusion: confinement on the gauge
theory side can be derived from the corresponding AdS black hole metric on the
string theory side. The main requirement was to work with an AdS geometry, on
the string side, dual to a non-conformal gauge theory, and the high temperature
approach suggested by Witten is only one possibility. Other setups of branes in the
D = 10 dimensional space, suggested by Polchinski and Strassler [13], Klebanov
and Strassler [14], Maldacena and Nunez [15], DiVecchia et al. [16], and others,
are also dual to confining gauge theories. The proposal by Sakai and Sugimoto
[17], which is dual to a gauge theory including quarks, is perhaps the closest to
realizing QCD itself. This general approach, which begins with a particular setup
of D-branes and then works out the ten-dimensional geometry and the corre-
sponding gauge theory, is sometimes referred to as the ‘‘top-down’’ approach to
AdS/QCD. The ‘‘CFT’’ initials are no longer really appropriate, since the dual
gauge theories are non-conformal and confining.

There is an alternative philosophy, known as the ‘‘bottom-up’’ approach to
AdS/QCD. Here the idea is just to cook up a field theory, in some truncated version
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of AdS space, from which one could ‘‘solve’’ QCD, using the field-operator cor-
respondence. The fields that are taken to propagate in the AdS space are chosen
based on the known properties of QCD, and the AdS geometry is modified (by
hand) in such a way, for example by truncation of the space near r = 0, that the
string worldsheet calculation will lead to an area law for Wilson loops. This is
obviously a phenomenological, rather than fundamental approach, but it has had
some impressive numerical successes. For an assessment of the promise and the
drawbacks of this approach, cf. [18, 19].

Returning to the top-down models: do these prove confinement in non-abelian
gauge theories? The answer is no, or at least, not yet. First of all, the Maldacena
conjecture itself has not yet been proved, although there is a great deal of evidence
in its favor (cf. the cited texts and review articles). Apart from that, the main
limitation seems to be that a controlled calculation of the Yang–Mills string ten-
sion on the string theory side requires a strong ‘t Hooft coupling k = g2N� 1. In
this sense, the situation is reminiscent of the strong-coupling expansion in lattice
gauge theory. In that case we can also derive confinement analytically, from first
principles, but not asymptotic freedom, which can only be seen at weak lattice
couplings. Relaxing the k = g2N � 1 condition on the string side would require
solving the string theory beyond the supergravity approximation, and this is a
difficult task, perhaps as difficult (or more difficult) than solving the gauge theory
directly, without recourse to duality. One advantage that the AdS/CFT approach
does have, over the lattice strong-coupling expansion, is that the universal
‘‘stringy’’ corrections to the static quark potential (i.e. the Lüscher and higher-
order terms observed in numerical simulations) arise in a natural way, already in
the supergravity approximation [20].

The AdS/CFT approach remains under very active investigation, and an
important recent application is to the study of gauge theories in the deconfined
phase. It has been argued that strongly coupled N ¼ 4 super Yang–Mills theory at
high temperatures, which can be treated via AdS/CFT, may be a reasonable
approximation to non-supersymmetric gauge theories in the deconfinement
regime. An important result, derived from the gauge/string duality, is the (very
low) viscosity of the quark gluon plasma [21], which seems to be in accord with
experimental results [22]. This is perhaps the first time that string theory has made
contact with accelerator data, and demonstrates the potential power and impor-
tance of this very intriguing approach to the physics of gauge field theories.
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Chapter 14
Concluding Remarks

The ideas surveyed in previous chapters do not exhaust all of the suggestions that
have been made over the years, regarding the confinement mechanism. To include
every proposal would have required an encyclopedia, not an introduction to the
subject. I have included those ideas which seem to me to be the most promising,
and the most likely to survive as part of our eventual understanding of confine-
ment. But the selection comes without any guarantees. The solution of the con-
finement problem may eventually emerge from a further development of ideas
which have been presented here. It may also come from some other direction
entirely.

I have tried to stress, in this volume, a few main themes. Among these are the
importance of carefully defining the problem that we are actually trying to solve,
and the relevance of the center of the gauge group. The word ‘‘confinement’’
means different things to different people, and the existence of a color singlet
spectrum and a mass gap is a feature not just of QCD, but also of Higgs theories
having purely Yukawa-like forces. A color-singlet spectrum may have little to do
with linear potentials and color electric flux tube formation, and if we are inter-
ested in the latter properties, it is better to focus on the asymptotic behavior of
Wilson loops in the vacuum state. A vacuum state in which Wilson loops have an
area-law falloff for arbitrarily large loops is qualitatively different, in its large-scale
structure, from a vacuum state which does not have this property, and the sym-
metry which distinguishes between the two different types is an unbroken, and
non-trivial, global center symmetry.

A strong clue about the nature of magnetic disorder responsible for the con-
fining force is the dependence of the string tension on the color representation of
the static charges. Asymptotically, the string tension depends only on the N-ality of
the group representation, suggesting that vacuum fluctuations must arrange
themselves, at large scales, in such a way that a Wilson loop is affected only via its
N-ality. The existence of center vortices, or at least of domains whose color
magnetic flux is quantized in units of the center subgroup, seems for this reason
almost inevitable. At intermediate distance scales, extending to infinity as the
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number of colors N? ?, the string tension appears instead to be proportional to
the quadratic Casimir of the color charge representation. A theory of confinement,
in terms of the field configurations which dominate the vacuum state, must ulti-
mately account for not only the asymptotic dependence on N-ality, but also the
Casimir scaling found at intermediate distances, as well as the transition between
the two regimes.

Not every proposed explanation of confinement is based on the nature of
vacuum field configurations (such as vortices, monopoles, and calorons). The
Green’s function approach, which relies on solutions of the Dyson–Schwinger
equations, the Gribov–Zwanziger scenario, and especially the AdS/CFT approach,
relating gauge theory to a dual theory of strings in 10-dimensional space–time, are
important counter-examples. It is, of course, possible that confinement can be
understood in more than one way, and it could happen that more than one approach
will ultimately succeed. We would then expect the successful explanations to be
related to one another, and somehow interdependent.

Confinement, in any case, is the hard problem of hadronic physics. It is also the
hard problem for non-abelian gauge theories in general. Asymptotic freedom at
short distances has been understood since the 1970’s, but a similar grasp of the
confining property of non-abelian gauge theories at large distances has so far
eluded us. A number of ideas about confinement, introduced in previous chapters,
seem well-motivated and promising in various degrees. But until non-abelian
gauge theories are solved analytically, there is likely to be disagreement about the
structure of the vacuum state, the origin of the mass gap, and the origin of the
confining force. While there has been a great deal of progress, as outlined in this
volume, the confinement problem is still open. As long as this problem remains
open, a large gap will also remain in our understanding of the strongest of the
known fundamental forces in Nature.
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