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Preface

The aim of this volume is twofold. First, it is an attempt to simplify and
clarify the relativistic theory of the hydrogen-like atoms. For this purpose
we have used the mathematical formalism, introduced in the Dirac theory of
the electron by David Hestenes, based on the use of the real Clifford algebra
CIl(M) associated with the Minkwoski space-time M, that is, the euclidean
R* space of signature (1,3). This algebra may be considered as the extension
to this space of the theory of the Hamilton quaternions (which occupies an
important place in the resolution of the Dirac equation for the central potential
problem).

The clarity comes from the real form given by D. Hestenes to the electron
wave function that replaces, in a strict equivalence, the Dirac spinor. This form
is directly inscribed in the frame of the geometry of the Minkwoski space in
which the experiments are necessarily placed. The simplicity derives from the
unification of the language used to describe the mathematical objects of the
theory and the data of the experiments.

The mathematics concerning the definition and the use of the algebra
CIl(M) are not very complicated. Anyone who knows what a vector space is
will be able to understand the geometrical implications of this algebra. The
lecture will be perhaps more difficult for the readers already acquainted with
the complex formalism of the matrices and spinors, to the extent that the
new language will appear different from the one that they have used. But
the correspondence between the two formalisms is ensured in the text at each
stage of the theory.

The second aim concerns a presentation of the theory of one-electron atoms
starting from its relativisitic foundation, the Dirac equation. The nonrelativis-
tic Pauli and Schrodinger theories are introduced as approximations of this
equation. One of the major purpose, about these approximations, has been
to display, on the one side, the enough good concordance between the Dirac
and the Pauli-Schrédinger theories for the bound states of the electron fur-
thermore, but to a weaker extent, for the states of the continuum close to
the freedom energy, and, on the other side, the considerable discordances for
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the high values of the continuum. A special attention has been drawn to the
verification of the numerical relativistic results by the comparison with those
obtained by means of the nonrelativistic approximations, when the compari-
son is acceptable, and also to the recourse to different mathematical methods
for the resolution of a same problem.

Bassan, Roger Boudet
August 2008
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Introduction

The present volume is devoted to the transitions in hydrogen-like atoms, also
called hydrogenic atoms. One means by hydrogenic atom, an atom considered
as owning one electron as the hydrogen atom. It is the case for an atom whose
all the electrons, except one, are not considered, either because they have been
thrown out or because their action is neglected.

Corrective terms taking into account this action, or the size of the nu-
cleus, may be used. But they are obtained by means of approximative instead
of exact calculations, and they will not be taken into consideration in our
elementary presentation.

So the problem, in its relativistic approach, is the first one of the reso-
lution of the Dirac equation for a central potential of the form eZ/r, where
e > 0 is the charge of a proton (with —e as the charge of the electron) and
Z is the number of protons in the nucleus of the atom. The question of the
transitions between two states of the electron is solved by taking into account
the two solutions of the Dirac equation corresponding to these states, by the
construction of the probability current of transition between these two states
and at least by the determination of the electromagnetic field at large dis-
tance associated with this current. The processes of the transition are also
to be taken into account: spontaneous emission in the absence of all external
field, stimulated transition in the presence of an external plane wave, and
multiplication of the transitions in the case where a magnetic field separates
into several levels of energy, the level common to the states corresponding to
a same level in the absence of a magnetic field (Zeeman effect).



Part 1

The Solutions of the Dirac Equation
in Hydrogenic Atoms
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The Electromagnetic Fields Created
by Time-Sinusoidal Current

Abstract. This chapter is a recall of the properties of the long-range part of the
electromagnetic fields created by time-periodic currents, as they may be observed
in particular in the Zeeman effect. The aim of this part is also to place the vector
frame of these observations, that is, one of the spherical coordinates, which is in the
center of the presentation in the real formalism of the relativistic central potential
problem. This frame is the one in which are expressed the Dirac probability current,
associated with a state and with the transition between two states. But it is to notice
that, as a specificity of the real formalism, the form given by Hestenes to the wave
function of the electron, strictly equivalent to the Dirac spinor, may be presented,
in the case of central potential, as a combination of the vectors of this frame.

2.1 Properties of the Electromagnetic Field Emitted
by an Electron Bound in an Atom

The observation of the electromagnetic fields emitted by electrons bound in
an atom, achieved when a magnetic field is present (Zeeman effect), shows
that the field owns the following particularities:

1. The field is time-sinusoidal and polarized.

2. If the observation is orthogonal to the direction of the magnetic field, the
polarization appears as being linear along this direction.

3. If the observation is parallel to this direction, the polarization appears as
being circular and in a plane orthogonal to this direction.

Such data of the observations allow one to precise the general form of the
electric currents, which are the source of the field.

The extension of these particularities to the transitions where no magnetic
field is present, that is, spontaneous or stimulated emissions processes, is not
directly observable. But it is confirmed not only by other experimental data,
but also by the fact that the theoritical construction of the transition currents
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is deduced from the Darwin solutions of the Dirac equation, and that these
solutions give exactly (if one excepts the small variation called the Lamb shift)
the values of the levels of energy of an electron bound in an atom.

2.2 The Field at Large Distance of a Time-Periodic
Current

The calculation of the field that is used here is based on the pure laws of
Maxwell, without quantization. Indeed, using Quantum Field Theory is not
a necessity in the domain studied here. It leads exactly to the same results
(see [12]), with sometimes longer calculations.

We consider only the long-range part of the field by applying the following
theorem [41]. If the source of the field is negligible outside a small neighbour-
hood of the origin O, the long-range part of the field is deduced from the
integral formula of the retarded potential in such a way that

0 itz —R,r’
E(2°,r) = _q@/“T) ar’, (2.1)
0 nxjt(z®—-Rr’)
H(a",r) = —q5 Il . ) ar, (2.2)

where the coordinates z# are in the form (20 = ct,r) and ¢ is the charge of
the source.

The vector j+ is the component of the spatial part j = (j!, 52, j°) of the
space-time vector j#, orthogonal to the vector n = R/R, where R =1 — 7/,
R = |R|. Note that the time component j° of the current does not intervene.

In the theory of the electron, the vector j* has the meaning of a current
of probability of the presence of the electron and ¢ = —e is the charge.

We can notice furthermore that if j# in time-independent, the long-range
part of the field is null. As it is the case of the Dirac probability current j*
associated with the state of a bound electron, this explains the reason why no
electromagnetic field may be observed outside a passage from a state to one
another.

If the field is time-sinusoidal, the source current is of the form

qj(a:o,r) = ¢ [cos wa’ ji(r) 4 sin wx? Jo(r)], (2.3)

where the vectors j; are to be precised.
At large distance r from the origin O, we may replace r — ' by » = rn in
(2.1) and write

0 .
E(2° r) = —%@ /Jl(xo —r,r')dr’ (2.4)
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and so we can write
w
E(z°,7) = g=[sinw(z® —7) UL — cosw(z® —r) Uz}, (2.5)
T

where
Ui = /j,f(r’) dr’', k=1,2. (2.6)

2.3 Source Currents of Time-Sinusoidal Polarized Field

Let (e1,ea,e3) be an orthogonal frame of the three-space of the laboratory
galilean frame. The most convenient coordinates system for defining the cur-
rent is the (7, 6, p) spherical coordinate system, in which the vector es defines
a privileged direction, the one of the magnetic field in the case of the presence
of this field,

u=cospe;+sinp ey, vV=-—sinye;+cospes,

n=cosf es+sinfu, w=-—sinfesz+cosbu, r=rn (2.7

For taking into account the polarizations, the components j1, 7o of the current
may be then defined in the following way:

J1=cosep jr+sinep jrr, Jo = —sinep jr+cosep jir, (2.8)

where
j[ = b(’l’7 9) v, jII = a(ﬁ 9) U+ C(T7 9) €3, (29)

and where € may be taken equal to 0 or 1. We consider the vector

U = coswz’ U, + sin wz U,, U= /jk-(’l") dr. (210)

2.3.1 Linear Polarization: e = 0

In this case wehave j; = jrand jo = jys. Therelationsdr = (rsin 6dep)(rdf)dr
2m 2 .

and [;"udp=0= [;" v dp give

U, =0,U;=Ces, C= 27r/ / c(r,0)r*sinf drdd U = sinwa® Ces.
o Jo
(2.11)
2.3.2 Circular Polarizations: e = +1
In this case we deduce immediately

G = (£a — b) cos psing e, + (b cos® p + a sin® ) ey + ¢ sin v es,
JF = (£bsin® o+ a cos® @) e; + (a T b) cos psin g ey + ¢ cos p e3
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and after integration

:(J[:tJ[[)eg, Ug::(:b][-i-J]])el,
UT = A(sinwz’ e; + coswa e3), A= Jir +Jp,
U~ = B(sinwz® e; — coswa’ ey), B=J;; — Jy, (2.12)

1—71'/ / 7’01" sin 6 drdé, JH—ﬂ'/ / 7‘9T sinf drdf .

2.4 Flux of the Poynting Vector Through a Sphere
of Large Radius

Let us consider the flux F', per unit of time, through a sphere S of large radius,
of the Poynting vector of the field, created by the transition current between
two states, of an electron bound in an atom. If we consider the energy F
released at each transition, the ratio F/E gives the number of transitions per
second.

If no external field is present, the transition is called spontaneous emission.
The number of these transitions may be experimentally observed, and, for
comparison, the theoretical calculation presents an interest (see Chap.7).

We consider that F' is averaged on a period T' = 27w of the source current
and denoted by

T
! / X dz°,
T Jo
the average of X.

Because E and H = n x E are orthogonal to n, we can write for a sphere

S of center 0 of radius R

_ ) 2
F—47T SO(n (E x H) R*do,
then
c 2\ p2
F = P (E ) R°do, (2.13)

where S is the sphere unity. Now
(cos?w(z® — R)) = (sinw(z® — R)) =
(cos2w(2® — R)sinw(z® — R)) =

In other respect, let (6, po) be the system of spherical coordinates of Sy, such
that the axis of the poles is colinear with one of the vectors Uy.
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We can write (U{)? = U? sin® §, and

2
/ Ui) da—/ / [U% sin? 6] sin 0 dedfy = SﬁUﬁ, (2.14)
So

and taking into account the presence of 1/R? in E?, we can replace in all the
cases of polarization (2.13) by the equation

Cw262

F =
3

(U3 +U3). (2.15)

2.5 Units

The only constants we use are the three fundamental constants (revised in
1989 by B.N. Taylor):

1. The light speed ¢ = 2.99 792 458 x 109 cms™!.

2. The electron charge magnitude e = 4.803 206 x 10710 (e.s.u.).

3. The reduced Planck constant i = h/2m = 1.054 572 x 10~%7 ergs. In addi-
tion we use

4. the electron mass m = 9.109 389 x 10~28 g. All the other constants used
will be derived from these four ones, in particular,

5. the fine structure constant

e? 1
@ = o = 13035080 (ein e.s.u.) (2.16)

and as unit of length:

6. the “radius of first Bohr orbit”

a = h?/(me?) = h/(mea) = 5.291 772 x 10~ cm . (2.17)
Note

In other respects, one introduces in the expression of the electromagnetic
potentials the factor 1/(4mweg) (the presence of 4w is due to the writing 4 j*
instead of j# in the current term of the Maxwell equations), where ¢ is the
permittivity of free space, and e is expressed in e.m.u:

€ = 8.854187 x 1072 F m™', e =1.6021777 x 107 (e.m.u.)

That gives (with ¢ expressed in metres) the same value of « with the expression

62

a=———, (ein e.m.u. 2.18

4dmeghe ( ) ( )

For simplicity and to be in agreement with the largest part of the reference

articles and treatises mentioned here, we use the former expressions of the
potentials and the constant «, in preference to these last ones.
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The Dirac Equation of the Electron in the Real
Formalism

Abstract. This chapter is a recall of the algebraic tool used in the real formalism
and the passage from the Dirac equation of the electron in the complex spinor
formalism to the real form given by Hestenes to this equation. It is completed by
the first paragraph of the Appendix of Part I, which allows a step-by-step traduction
of the complex formalism to the real one and vice versa.

3.1 Algebraic Preliminaries: A Choice of Formalism

The usual presentation of the Dirac theory of the electron uses, on the one
side, the oy, and «y,, Pauli and Dirac matrices, and on the other side, the Pauli
and Dirac spinors. The mathematical language of this presentation is faraway
from one of the experiments described in Chap. 2.

In contrary, the real formalism we present further uses the same mathe-
matical objects as the ones employed in this section. In particular, in the case
of the solutions of the Dirac equation for the central potential problem, the
wave function of the electron may be directly expressed by means of the same
vectors as in (2.7), that is, those of the frame of the spherical coordinates in
E3 = R3Y.

The Pauli and Dirac matrices may be related to the geometry of the E3
and the Minkowski M = R'3 spaces, respectively. Despite their complez and
complicated forms, they obey relations similar to the g;; ones verified by the
orthonormal frames of these real spaces.

Futhermore, it is well known that these matrices allow one to construct
spaces isomorphic to the so-called Clifford algebras CI(E®) = C1(3,0) (or
ring of the biquaternions) and CI(M) = CI(1, 3), associated with E* and M,
respectively (see later).

These isomorphisms become identities as soon as the sets {0} and {~,}
are identified, as was implicitely made by some authors, to an orthonormal
frame of E3 and M, respectively.
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We recall (see Appendix D) that a Clifford algebra Cl(p,n — p) is a real
associative algebra, acting on the vectors of an euclidean space RP""~P  which
associates the signature of this space with the elements of the Grassmann
(or exterior) algebra AR™ in such a way that not only the elements of this
algebra are geometrical objects, but furthermore they may be used for defining
geometrical operations (in particular the isometries) upon these objects.

But the Pauli and the Dirac spinors remain abstract objects, implying the
use of a geometrically undefined “number” /—1.

In a fundamental article [35], Professor David Hestenes has introduced
what he calls the Algebra of Space-Time (STA) in the Dirac theory of electron.
STA is the Clifford algebra CI(M) considered for its applications in Quantum
Mechanics.

But, and that was entirely new, D. Hestenes replaces, in a strict equiva-
lence, the Dirac spinor ¥ by a pure real geometrical object ¢ that we call for
its applications in Quantum Mechanics a Hestenes spinor: an element of the
even sub-algebra CIT (M) of CI(M). As a consequence, the set without any
proper structure of the Dirac spinors is replaced by a ring, and also the matri-
ces and the spinors are unified in a same structure, implying only geometrical
elements of the Minkowksi real space M.

The fact that the Pauli and the Dirac spinors (we repeat, spinors not
matrices) are nothing else but a decomposition in two and four “complex
numbers” of an element of C1(E?) and CI* (M) is recalled in Appendix A.1
and A.2.

The ring C1* (M) may be identified with the ring CI(E?) of the biquater-
nions, by the fact that, if {e,} is an orthonormal frame of M, the set of the
bivectors of M {er = ex Aeg}, k = 1,2,3, generates a E® space, used, for
example, in the writing F' = E + iH of the electromagnetic field F' € A2M.

The subalgebra CI+(E?) of Cl(E3) is the field of the Hamilton quaternions.
We see that this field plays an important role in the theory of the Dirac
electron in a central potential.

Let us consider the rings C1(3,0) ~ C1*(1,3) and CI(1, 3) as algebraic con-
tinuations of the field C17(3,0). Given the fact that the field of the Hamilton
quaternions CI7(3,0) is the only field that may be associated with a space R™
for n > 2, one sees that the signature (1,3) of the R* space and time appears
as algebraically priviledged.

More surprising is the fact that the stucture of all the objects, quarks,
and leptons, defined by means of the Dirac spinor—in the form given by D.
Hestenes—which fill this 4-space, also appears as algebraically priviledged.

It is to emphasize the simplification and the geometrical clarity that the use
of the real Hestenes formalism brings not only to Quantum Mechanics but also
to the other domains of physics with the name of Geometric Algebra [22,37].

All the observed phenomenas of the special relativity are necessarily placed
in the scope of the pure geometry of space-time, and all the mathematical
objects whose aim is to interprete these phenomenas are placed by the real
formalism directly in this scope.
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In particular, for the case of the central potential, all these objects and in
particular the Dirac spinor will be expressed, after a passage from CIT(1,3)
to C1(3,0), by means of vectors of R3Y.

However, the correspondence between this real formalism and the complex
one of the Pauli and Dirac matrices and spinors will be ensured here at each
step of the calculation, in such a way that a reader acquainted with one of
these two formalisms will be able to use the other.

Let us mention that biquaternionic solutions of the central potential prob-
lem had been already achieved by Sommerfeld (see [54]), but in the frame of
the complex formalism, the Dirac spinor being expressed by means of the Dirac
matrices v*. Nevertheless, though, in particular, some ambiguities related to
the role of the “imaginary number” /—1 in the complex formalism had been
removed in this work, the use of the pure real formalism of Hestenes brings
noticeable simplifications and above all the entire geometrical clarification of
the theory of the electron.

3.1.1 Quaternions and Biquaternions

1. The main properties of all Clifford algebra Cl(p,n —p) = CI(E) associated
with a euclidean space E = RP"" P are recalled in Appendix D.

Let us mention that only CI(E) is an associative algebra of dimension 2"
acting on the vectors of E and related to the following:

e The euclidean structure of E. If ajas - --a, denotes the Clifford product
of vectors a € F, the scalar product a - b of two vectors verifies

a.b= %(ab + ba). (3.1)

e The Grassmann (or exterior algebra) AR™. If the vectors ay are orthogonal,
the Clifford product ajas - - - a, is equal to their Grassmann product a; A
as--- A ay (see Appendix D).

In particular, if two vectors a,b are orthogonal, one obtains the important
rule
ab=0 = ab=aAb=—-bAa= —ba. (3.2)

These algebras, in particular, CI(3,0) (or ring of the biquaternions) and
CI(1,3), and their even subalgebras CI7(3,0) (or field of the quaternions),
ClI7(1,3) =~ CI(3,0) (see later), may be used directly for the study of Quan-
tum Mechanics.

What follows in the present paragraph concerns readers already acquainted
with the complex formalism of the Pauli and Dirac matrices, in the purpose
to give an indication on the links of these matrices with these algebras.

For the lecture of the present work, the readers can refer directly to
Sect. 3.1.2 below, then to the real formalism of the Clifford algebras and avoid
all that concerns the correspondence between this formalism and the one of the
complex matrices and spinors. However, the knowlewge of this correspondence
is recommended.
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2. There exists a well known construction of the real Clifford algebra Cl(E3) =
C1(3,0), or ring of the biquaternions, associated with the space E3 = R3? by
means of the Pauli matrices oy, (see [54], IV.5.1).

One considers a real space of dimension 1+ 3 4+ 3+ 1 = 8 but whose a
frame is composed by the following entities:

I
01,02,03
101 = 003,109 = 0301,103 = 0102

i= 010203,

where T is the unit (2 x 2) matrix.

We say that this space may be considered as real because all element of
this space is a linear combination of the aforementioned entities with real
coefficients. This construction is based on the following joint properties.

Let {e1, ez, e3} be an orthonormal frame of E3. One may notice that the
Pauli matrices o), obey the same rule as the vectors ey in Cl(E?)

%(oio'j +o,0;) =0;;I, e -ej = i(eiej +eje;) =4,
and an identification of these matrices to these vectors (the unit matrix I
being identified to 1) explains the possibility of the construction of CI(E3) by
means of the matrices oy.

The subspaces generated by I, oy, iog, i correspond to the subspaces of
AR3, scalar, vector, bivector, and pseudo-scalar spaces of R3.

The space generated by I and ioy, (scalars plus bivectors), whose dimension
is 1 + 3 = 4, corresponds to the even subalgebra ClT(E?) of CI(E?), that is
the field H of the Hamilton quaternions.

3. A real space of dimension 1 +4+ 6 4+ 4 + 1 = 16 generated in the same
way by means of the Dirac matrices 7, and the similitude of the properties of
these matrices with the vectors e, of an orthonormal frame of the Minkowski
space M = RY3 explain the possibility of the construction of CI(M) by means
of the matrices 7, (see [6], (2.5)).

The subspaces of this algebra correspond to the subspaces of AR*, scalar,
vector, bivector, pseudo-vector, and pseudo-scalar spaces of R*.

The sum of the scalar, bivector, pseudo-scalar spaces whose dimension is
146+ 1 = 8 is the even subalgebra CI* (M) of CI(M). It may be identified
to CI(E3) by using the relation o = 70 (see Sect. 3.1.3).

The identifications

Op <= €3, Yu <= €y

allow the identification of the spaces constructed by means of o and 7, to
the entirely real spaces CI(E®) and CI(M).
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The links of the Pauli and the Dirac spinors with CIT(E?) and C1* (M) are
less evident. These spinors are eachone the decompostion into two and four
complex numbers of an element of CIT(E3) and CIT(M). These numbers
are written in the form a + ib in the complex formalism, but the “imaginary
number” i = /=1 is in fact io5 = Yoy (see Sect. 3.1.3) which becomes real
by the above identifications. The presence of v571, that is, the bivector of M,
ese1 = egAey (whose square in C1(M) is equal to —1) in place of the imaginary
number ¢ is closely related to the existency of the spin of the electron.

The conversion of the spinors in elements of CI*(E?3) and CIT(M) has
been established in [35], and is recalled in detail in Appendix A, following the
method introduced in [28] and recalled in [44].

3.1.2 The Hamilton Quaternion and the Pauli Spinor

Following (with a change of sign upon 4, j, k) the definition given in 1849 by
Hamilton, a quaternion ¢ verifies the relations

g=d+ia+ jb+ ke, (a,b,c,d€R), (3.3)

PP=32=k=-1; i=kj=—jk, j=ik=—kik=ji=—ij, (3.4)
with the following geometrical interpretation

1=ege3 =eyNes, j=eze;=e3Ne;, k=ees=e€eNesy, (3.5)

where a A b means the Grassmann (not the vector) product of a,b (see Ap-
pendix D). So a quaternion is a real object, the sum of a scalar and a bivector
of B3,
Using the Clifford product in CI(E?), denoting
i: e Nes N\ €3 — e1eqes (36)
one may write because, for example, e% =1, k=e Ney = eije; = teg,

1 :ielv j 21627 k:i€3. (37)

As a consequence, a quaternion may be written in the form ¢ = d+ia, a € E3.
It is easy to deduce from the relations ie;, = eji that

ia=ai, i¥=-1 (3.8)

We can notice that different real objects, i, j, k, i, may own the same important
property: their square is equal to —1.
The relation (see Appendix D)

ab=a-b+aAb, abecFE?

shows that all Clifford product ab of two vectors of E® is a quaternion.
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Let us denote by a x b the vector product in E3, as for example e3 = e xes,
from which we deduce ((3.5) and (3.7)) that e; A es =i(e; x e3) and that we
can write

aANb=1i(a x b). (3.9)

So ¢ takes the form ¢ = a - b+ i(a x b), a writing similar to a formula often
used in the theory of the Pauli matrices.

In what follows the bivector k = ie3 is going to take an important place,
and one of the reason lies in the fact that the ez-axe owns an important place
in the theory of the Dirac electron, in particular, when it is applied to the
study of hydrogenic atoms. Another reason, the fact that ies defines also a
bivector of spacetime (and we repeat that the presence of this bivector is
related to the existency of the spin of the electron), will be evoked later.

The identification of a Pauli spinor ¢ € C? to a Hamilton quaternion ¢
(3.3) may be achieved (see Appendix A.1) by the following rule:

é-:(ullvug)@q:ul_juﬂa V_]-<:> k»
uy <= up =d+ ke, uy <= us = —b+ka,
—jk::i:iel, jzieg, k‘:ieg. (310)
So the ring of the iy, Pauli matrices and the set without any proper structure

of the Pauli spinors may be unified in a single real field, the only field one can
associate with a real space R™ for n > 2.

3.1.3 The Hestenes Spinor and the Dirac Spinor

1. The field H = CI%(3,0) of the Hamilton quaternions may be extended to
the ring of the Clifford biquaternions C1(3,0), whose all element ) may be
written as

Q=q +ig, ¢o=ds+iaa. (3.11)

Let {e,} be an orthonormal frame of the Minkowski space M = R'3.
The bivectors e A eg of M may be associated with the vectors ey,

e =e; Ney = €1€9, ey =ex Ney = €2€p, e3 = e3 N\ ey = esze. (312)
They generate a space E?, associated with ey, which allows the identifica-
tion of CI*(1,3) = CIT(M) to the ring CI(3,0) = CI(E?) of the Clifford
biquaternions, with the rule

a€M, ae=0 = a=aley=aey< Cl"(M), ac E3. (3.13)

We recall that such a rule allows one the well known writing F' = E + iH of
the electromagnetic field F € A2M.
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2. We use the following operation of reversion:
X e Cl(M) — X € Cl(M), so that (XY) =YX, (3.14)

withA=Xanda=aif A€ R, a € M.
An important remark is the following. One can write, both in Cl(E?) and
Cl(M),

i=ejese; =epereze; = i¥ = —1,
(183)2 = 6162)2 = (6261)2 =—1. (315)

It is also important to notice that
ia = ai, a€E3, but ia=—ai, a€eM

3. We emphasize again that two quite different geometrical objects i and eseq,
which play an important role in quantum mechanics, are both such that their
square in STA is equal to —1. They are both represented by the undefined
imaginary number v/—1 in the spinors formalism:

(a) The pseudo-scalar of M, i, corresponds to the i appearing in the V-A
vectors of the electroweak theory (and, we repeat, in the expression E + iH
of the electromagnetic field).

(b) The bivector of M, es A eq = eaeq = ies corresponds to the i of the Dirac
theory. The hidden presence of a bivector in this theory corresponds to the
fact that the spin, or proper angular momentum, of the electron is a bivector.
It has been used in this theory in the form ~57v; by Sommerfeld, probably
from the beginning of the year 1930 (see [54]) and also in [39]. In fact (see
Appendix B.2) the bivector spin is in the form (fic/2)ng Anq, where nq, ne are
deduced from e, es by the Lorentz rotation, which changes ey into the unit
time-like vector v colinear to the Dirac current of the electron.

One of the major advantage, emphasized in [35], of the STA formalism is
to avoid the confusion between these two entities, a bivector and a pseudo-
scalar of M.

The identification of a Dirac spinor with a biquaternion Q € CI*(M) is
recalled in Appendix A.2 and A.3.

We denote 1, that we call a Hestenes spinor, as a biquaternion when it
is applied to a wave function expressed by a Dirac spinor ¥ in Quantum
Mechanics.

One can deduce the equivalences, not at all evident (Appendix A.3),
established for the first time in [35]

U s, AT s etieg, (3.16a)
Y= & wegel, i = vV—1& ese; =1eg, (316b)
which are the key of the conversion in STA of the Dirac spinor not only in

the theory of the electron but also in all the present theory of elementary
particles.
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The Dirac current j € M associated with a Dirac spinor ¥ is given (Ap-
pendix A.3) by the equivalence

P =Ty € R & j=jte, =1begth € M. (3.17)

3.2 The Hestenes Real Form of the Dirac Equation

For avoiding all ambiguity concerning the charge of the electron (see [43],
p.98) in the presentation of the Dirac equation, we denote by ¢ = —e (e > 0)
the charge of the electron.

Using (3.16a,b) in which ¢ means the wave function of the electron, one
can pass immediately from the Dirac equation ([47], (43.1))

hert 0, (W) — me*W — qA, /"W =0, i' =v/-1, q=—e, (e>0), (3.18)

where 0,, = %, to the form given to this equation in [36], (2.15),
hee! 0, hesereq — mc?y) — qAey =0, A= Ayet e M. (3.19)

One can find ejes in place of eseq in this equation ([35], (51.1)). These two
possibilities correspond to the states “up” and “down” of the electron and are
related with the orientation of the bivector spin (see Appendix B.2).

We work only with (3.19), the second equation giving comparable results.

3.3 The Dirac Equation in Real Biquaternion

The use of Cl(E3) instead of CIT(M) is interesting for solving problems, in
particular, the one of the central potential.
Using ege’ = 1, egeF = —eger, = ereg = ey, V = e,0k, we can write

eoetd, =0 +V; A=Ale, € M, A= APe, = egA=A"— A. (3.20)

Writing ese; = ies in (3.19), multiplying this equation on the right and left
by eg, then on the right by ies, we obtain

00+ Vi = e+ a(Ay — AVlies, T =eoveo.  (3:21)

3.4 Notations

In the notations of Hestenes, of his followers, and in some of our own previous
articles, the v, means vectors of an orthonormal frame of M, o3, = v,y means
both vectors or E? and bivectors of M. (Note that the . have been already
implicitely used with the above interpretation by Sommerfeld and in [39]).

For avoiding all confusion in the relations between the complex and the
real formalisms, we have reserved the notations v, and o to the matrices of
the complex formalism. Here i and ieg correspond to the i and iog of Hestenes,
respectively.
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The Solutions of the Dirac Equation
for the Central Potential in the Real Formalism

Abstract. This chapter concerns a presentation of the Darwin solutions of the
Dirac equation, in the Hestenes form of this equation, for the central potential
problem. The passage from this presentation to that of complex spinor is entirely
explicited. The nonrelativistic Pauli and Schrédinger theories are deduced as ap-
proximations of the Dirac theory.

4.1 General Approach

In the STA solutions corresponding to the one of Darwin’s [21], the use of field
H of the Hamilton quaternions brings notable simplifications with respect to
the standard presentation and a geometrical clarity, which cannot be reached
in the complex formalism.

A study of the solutions in the Hestenes real formalism has been achieved
in [29]. The following presentation is based on [9,10,48].

Simplifications. In the form we give to ¢, the use of half integers, which
is a complication, is avoided. Only the integers m € Z that appear in the
associated Legendre polynomials P;* and Peerl are employed. Half integers
m’ = m+1/2 appear, for example, in the formula implying the total angular
momentum operator of the electron (see Appendix C) and will be introduced
in the Zeeman-effect (Chap. 14).

But they do not intervene in the solution for the central potential and the
transition currents between two states and for this reason we prefer to use the
integers m.

The expression of the solution for a given state implies only the associated
Legendre polynomials P/, le+1_ The use of P}, P{ifl is avoided. Further-
more, a much more, simpler way of calculation, at least for the principal states
S1/2, P1/2, P3/2, D3/2, based on a relation of recurrence, is proposed.

The direct use of the frame of spherical coordinates brings important sim-
plifications in the calculations for the cases where two states are implied, as
will be seen in the second part.
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Geometrical clarity. The ez-axe conventionally chosen for the direction of
magnetic field in the Zeeman experiment plays a particular role also in the
Darwin solutions. So the most convenient coordinates system is the (r, 0, ¢)
spherical one (2.7), in which the gradient operator V is of the form

1 v
V= no, + (wn + mag,) (4.1)

and gives the relations, useful for what follows

v
AV = ( 8o+ -8 ) . 4.2
" m\wo + sinf ? (4.2)
Note that
1= eszejey = e3uUv = NWU (4.3)

The vectors {e3,u,v} or {n,w,v} are present in the expressions of the E?
space component of space—time vectors, as the Dirac current corresponding
to a state or the probability transition current between two states. But, with
the use of STA these vectors are also present in the expression of the wave
function v and allow for a simple and clear construction of these currents.

In addition, there exits a simple relation between the states, associated
with the quantum number xk € Z*. Each state may be defined by means of a
vector IN in a form such that

k<—-1, N=Lles+MO)u —r>1, N=LOM-—MO)w, (4.4)

the functions L(0), M (6) being the same for a same value of |x|.

4.2 The Biquaternionic Form of the Solutions
in Spherical Coordinates

4.2.1 A Biquaternionic System

In the case of the central potential we have A = 0. We look for a solution of
(3.21) in the form _ .
V(20 7) = o(r) e les(B/he)z” (4.5)

where now ¢ has the form of a element of CI(E?), from which we deduce

Vo = %[—Eoé + (B +V)glies, Eo=mc*, ¢=-eopeq, V(r)=—qA°.

(4.6)
Writing -
P=¢1+ip2 = ¢ =d1— g, (4.7)
where ¢1, ¢o are Hamilton quaternions, we obtain
V(61 +i0) = 5o [~Fo(01 — i) + (B +V)(01 +idallies,  (45)
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which gives the system

V¢1 = %(7E0 —F— V)gf)geg, (49&)
V(ﬁg = %(*E@ + E+ V)¢163. (49b)

This system is equivalent to (12.4) of [5].

4.2.2 The Fundamental Quaternionic Equation
We can obtain a solution in the form
¢1 = g(r)S, ¢2 = f(r)(—nSes), g(r), f(r) € R, S=F(0,p) € H (4.10)
associated with the quaternionic equation
(rAV)S=AS, A=1+k. (4.11)

The writing A = 1 + k corresponds to the introduction of a conventional
quantum number k.

Note that this equation has already been considered by Sommerfeld ([54],
p. 272), the quaternions being expressed in a complex form, but the solutions
presented here differ in the fact that they are directly expressed by means of
the vectors (u,v) or (n, —w), and (we recall) only the Legendre polynomials
P, P/"*! are employed, the use of P/}, P//{" being avoided.

4.2.3 The Radial Differential System

The following system [27] is to be associted with (11)

d 1+ k
Iy

1
d/]" , = %(EO —+ E —+ V)f, (4123,)
df 1-—« 1
T+ f = (B = E—V)g (4.12b)

(see (14.10) of [5]).

The functions g(r) and f(r) are called great and fine components, respec-
tively.

In the case of the atoms, the central potential is in the form

A 2z 1% Z 2
AO = 76’ V = _qAO = ¢ = — = a Y o = i’ (4'13)
r r he r he
where the charge ¢ = —e of the electron is expressed in e.s.u. and Ze is the

charge of the nucleus.
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We recall (Sect.2.5) that if e is expressed in e.m.u., one writes A° =
Ze/(4megr) and so a = e?/(4meg), which gives the same value o ~ 1/137 to
the fine structure constant .

Indeed (4.12a) is deduced from (4.9a) in the following way. We multiply
on the left of (4.9a) by m, which gives, with the form (4.10) of ¢; and since
n?=1, e% =1,

1

nV(g5) = +

(Eo +E+V)fS.
Taking into account (4.2) and (4.11)

nVS=(nAV)S =

we obtain

d 1+k d 1+k
nV(gS):d—‘ZS—kg - 5—((1*‘7{+ - g>S.

Equation (4.12a) is then obtained after the division by S.
Equation (4.12b) is deduced from (4.9b) and the form (4.10) of ¢2, so that

1
V(fnSes) = %(EO — E—V)gSes

and the relations

Vn=2, V(nS)=(Vn)S-nvs=_-""g (4.14)
r r
which give
V(fnSes) = (jﬁ + 1= Kf) Ses.

Equation (4.12b) is then obtained after the division by Ses.

4.2.4 A General Biquaternionic Solution

One can look for a solution such that [9]

S = Nesel®™ N = L(0)es + M(0)u (4.15)

in such a way that _
¢ = (gNes— finN)e'®™?,
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4.2.5 The Dirac Probability Current and the Conditions
of Normalization

The Dirac probability current j € M takes the form in the real formalism
(3.17) after the elimination of expn, where n = ie3(mep — (E/hc)z®) and since
eol = —1i€g

j =vegh = (gNes — finN)(gesN + fNni)eo. (4.16)
The elimination of expn comes from the relations 1 = i, é3 = —es, 1 = —1),
eol = —ieg, and egn = neg, from which one deduces (expn)eg(expn) = ep.

We obtain then

Ji=1(g>+ f)N*+gfi(NesNn — nNe3zN)]eg

and, from (4.15), using in particular 3 = 1, uesu = —e3, iuez = v:
j = (G°+J)eo,
i’ = (g" + FN?, (4.17a)
j =2gf[(M?*— L?)sinf + 2LM cos f]v. (4.17b)

The conservation 9,j* = 0 of the current j is easy to verify: dyj° = 0 and
n-v=0w-v=0,v-u=0imply

n-0,7=0, w-0gj=0, v-9,5=0.

The condition of normalization of the current in the frame {e,} is
/ o(r)ydr =1 (4.18)
or, since f027r vdy = 0, the important relation (see Sect. 13.1)

/j(r)eo dr = /(jo(r) +j(r))dr = 1. (4.18")

Equation (4.18) gives

[e%s) 27 T
24 fA)N? 72 sinfdrdedf = 1, which implies (4.19a
0 0 0 g
/ (¢ + fHridr =1, (4.19b)
0

s T 1
277/ N? sin9d9:1:>/ N? sin9d9:2—. (4.19¢)
0 0

™
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4.3 The Solution of the Quaternionic Equation
4.3.1 The Differential System Implying the Angle Theta

We use (4.2) and (4.15) for the resolution of (4.11). After derivation, of the
division (4.11) by exp(iesme) and then the muliplication on the right by es
give

nwdp N + %[Mv + mNies) = (1+ k)N, (4.20)
From nw = e3u, nv? = n, nvi = w, wei = w, and wues = n, we
deduce [10]
dL dM

1
T + 9 € + m[(l +m)Mn +mLw| = (1+ k)(Les + Mu). (4.21)

Denoting N = N7 ., we deduce by projection upon es, u, the system

dM"
(k+14+m)LT,, = d;'{ + (1 +m) cot M7 ., (4.22a)
dLT}
(=K +m)M%, = dl(;“ —m cot OLT",,.. (4.22b)

Suppose now that x,m € Z. In the case k = 0, m = 0, a simple calculation
shows that

LY=C, M} =—C cotf— bi (4.23)

inf’

which is an unacceptable solution, because of the singularity for 6 = 0.
This gives the explanation to the fact that x = 0 is a forbidden quantum

number. One takes
keZ, Kk#0 (4.24)

4.3.2 Properties of the Solutions of Equation (r A V)S = AS

We denote now by SV a solution of (4.11) corresponding to A = 1+, (k # 1)
and m, with

N?ln-‘rﬁ = Lgn-l-ne?) + Mﬁn(uﬂ (425)
where T . satisfies (4.19c). We deduce from (4.14), then from (4.11) with
A=1-kK

r AV(nST, .e3) =rnV(nST,,)es = (1 — k)nST ez = (1 — r)ST"

and so

St . =nSTi.e3,= N, =nNT7, e3s= N7, =mN7  es.  (4.26)
A consequence is the following simple passage from the solutions k < —1 to

the ones such that k > 1.
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Since ne% =n, nues = —w, we obtain
k< —1: NP, =L, es+ M u=N" =L n—M" w. (426)
Otherwise, we deduce from the system (4.22) that we can write

Nt =vx NP, (4.27)

4.3.3 Expression of the Solutions by Means of the Legendre
Polynomials

We use the normalized associated Legendre polynomials

(L~ m)!} v {mﬂ} Y e R 1)

P (@) = (=1)" {(l +m)! 2 ﬁ[l dxm+!

They verify the two relations (see [26], p. 45)

:I:%le (cos ) +m cot P (cos )

+H(I£m)(IFm+1)]"2P"F (cosf) = 0 (4.28)
and the recursion one
[(1+m+ 1)1 —m)]"2P™ " (cos 0) 4 2m cot P (cos 6)
+[(l=m+ 1)1 +m)]"2P™ (cosf) = 0. (4.29)
A General Rule.
If /m| > 1, P =0. S0 =l >m < L.

(1) Case. k < —1 (States S1/2,P3/2,...), k=—(+1),1=0,1,...

m [l+m+1
] —

1/2
= 27‘((2[—’—1):| Pl (COS 0), (4303,)

I—m ]Y? 11
m — m . 4
7 [27r(2l n 1)} P" (cos ) (4.30b)
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(2) Case. k> 1 (States P1/2,D3/2,...): k=1,1=1,2,...

I—m 142
= {%(21_’_1)} P/™(cosb), (4.31a)
l+m+1 1/2
M" = — | —— pmti . 4.31
e [27r(21+1)] " (cos ) (4.31b)

Equations (4.30) and (4.31) may be immediately verified by deduction from
(4.22) after replacement of k by —(I + 1) and [, respectively, which leads to
(4.28+) (in which m is replaced by m + 1), and to (4.28—).

4.3.4 Expression of the Solutions by Means of a Recursion Formula

We can write ([10])

[(k—m —1)(k+m+ D]Y2NTIL — 20)NT, +vx NT., (4.32)
— [(k = m)(x + m)}1/2N’f3;1 =0

associated with
N7, =nN7 e, N/ '=vxN, (4.33)

and with the relations deduced from (4.22).

o Ifr<<—-1,k<m<—k-—1,

T 1/2
2 - K o —1—
I = [477/ Sin2“19d9] , Nlﬁf ) = (=) sin™ 7" fes
0

(4.34)
o Ifr>1 —k<m<k-—1,

Cl-&-m - Fl—K:a Niiﬁ = (_1)1—“{014_5 Sil’l’171 Gn (435)

Equation (4.32) may be immediately verified by calculating 9p N’ . by means
of (4.22), then for k = —(I+1) and k = [ by projections upon ez and u, which
give in each case (4.29), with m + 1 replacing m for the projection upon w.

For example, one obtains immediately from these relations (we omit a
factor [1/4x]'/?)

(1) States: k < —1.

e States S1/2, k= —1: Ny =e3, Ny' =u
e States P3/2, k = —2: N1, = —[3/2]'/2 sinfles, N_5 = —[3/2]'/? sinfu
N°, =[1/2]"2(2 cos ez — sinfu), N~1 = [1/2]'/?(sin fe3 + 2 cos fu).
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(2) States: k > 1. They can be immediatly deduced from the previous ones
by the changes e3 — n and u — —w.

e States P1/2, ks =1: Ny =n, N;' = —w
e States D3/2, k = 2: Ni = —[3/2]"/2sinfn, N;* = [3/2]'/? sinfw,
NY = [1/2]Y/2(2 cos fn + sin w), N3 = [1/2]*/?(sinn — 2 cos fw).

4.4 Solutions of the Radial Differential System
for the Discrete Spectrum

4.4.1 Solutions of the System

We have used the same notations for the energy as the ones in [5] and the
method of resolution followed in [43]. With V' = aZ/r in the system (4.12),
the changes

E
G=rg, F=rf p=2r )\:%\/1762, €= & (4.36)
0

lead to the system

1 dG & 1 aZ[1—e]/? F
“Gl=z+-= 4.37
[1+6]1/2(dp+p ) <2+ P [HE] )[1—41/2’ (4.87)

1 dF  w 1 aZ[1+e]Y? G
S (e 2l P el 4.
[1—6]1/2(01/) p ) (2 p [1—6] [14€'/? (4.570)

Asymptotic Behavior. In the case where the terms in 1/p are neglected, the

system gives
GeVitee™? Fo—1—ce /2 (4.38)

We are looking for a solution in the form

G=Vitep e (Q1+Qa), (4.392)
F=V1—ep e ??(Qr— Q). (4.39b)
Introducing the number
aZ
N = , 4.40
T (4.40)
we obtain the system
pQ1 + (v +€eN — p)Q1 + (5 + N)Q2 = 0, (4.41a)

pQy+ (k= N)Q1 + (v —eN)Q2 = 0, (4.41b)
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where the derivatives are taken with respect to p. When p = 0, (4.41) implies
K2 — N? =~% — N2 = 42 = k2 — %27 (4.42)

Taking into account this relation we obtain

PRI+ (27 +1-p)Q1 — (v+1-eN)Q1 =0, (4.43a)
pQ5 + (27 +1—p)Q5 — (v — eN)Q2 = 0. (4.43Db)
Applying (4.62) and (4.61), one can write, introducing the constants Cy, Cs,
Q1 =C1F(y+1—¢€N,2v+1,p), (4.44a)
Q2 = CoF (v —eN,2v + 1, p). (4.44b)
Because p = 0 implies Q1 = C, Q2 = Cs, one deduces from (4.41)

—eN
Ci1= —1 — Oz (4.45)

compatible with (4.42).
A function F(A, C, p) may be reduced to a polynomial if A is taken equal
to a negative integer. Let us write

v—e€eN =—n, (4.46)

where n’ > 0 is an integer.

(a) It n’ = 1,2,..., each of the two functions of (4.44) is reductible to a
polynomial.

(b) It n’ =0, (4.42) and (4.46) give both
k=N, 7—eN=0.

If k < 0, (4.44) shows that because C1; = 0, Q; = 0 and Q2 = Cs. If kK > 0,
then C; = —C5 necessarily, a relation that is to be excluded. So we obtain

n'=0,1,2,... for k<0, n'=12,...for k>0.

The condition of normalization (4.19a) allows one to calculate (see [I, Bechert,
1930]) the constant Cy and so C and to obtain the final normalized result

L2032 [+ el (2y+1+n)]Y?
g,f _ ( /\) ( 6) ( Yy+1l+n ) (2)\r)w—le—kr
Ir'2y+1) AN(N — g)n' !

X[(N = k)F(=n',2vy + 1,2X2r) Fn'F(1 — n', 2y + 1,2\r)],
- E EO aZ

Z A= 1-e N=
By’ he <

2
Ey =mc”, €

— (4.47)
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4.4.2 The Levels of Energy for the Discrete Spectrum

Equations (4.40), (4.42), (4.46) give

r_ _aZe 2 _ o272
n' = k2 —a?Z2, (4.48)
V1—¢?

from which one deduces

—-1/2
E 272
= = |1+ a . (4.49)
Ey (n' + /(K2 — a2Z2)?

One considers the integer n (principal quantum number)
n=n"+|x|. (4.50)
Then the energy E = eEy = emc? is given by

2r72
2[1 n oz ],1/2
(n — |k| + /(K% — a?2Z2)?

The first terms of the Taylor development of the formula giving the energy
E(n, k) of le level n, a state corresponding to the number «, are

272
9 oz 44 1 3
E(n,k) ~mc [1 — 5 @ Z <2n3|/-£ - 8n4>} . (4.52)

E(n,r) = me (4.51)

An useful formula is the following [49]. Because mca/h = 1/a,

E(n,k)  mc? ¢, ol 1 99 1 3
~C i (—— - 2 4.53
h n Ya 2n? o 2n3|k|  8n* (4.53)

Labels Given to the State According to Their Levels of Energy. E depends
on Z and on the couple of numbers (x,n). Using an half integer j so that
j+1/2 = |k|, one denotes, in particular, the states

1

k= —1, ]:5:n31/2,
.3

K= —2, jzi:nP?)/Q,
1

k=1, jzi:nPl/Q,
3

k=2, jzi:nDl/Q.

4.4.3 Case of the States 1S1/2, 2P1/2, and 2P3/2

For the expression of the radial functions we use the following numbers

vy=V1-2%2a2 N=+/2(1+7), §=+V4—-2Z%a>% (4.54)
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151/2:
~y—1
_ g vyt V’H'lexp _Zry (22r (4.55)
a 2I'(2y + 1) a a
1= 7,
4.

1+7 (4.55b)

2P1/2

N BVZ] N [8N<N - 1)(22v+ iv D2y + 1>} .

g=Cexp <_f]’;> 2y +1)(N - 2) [QNZ;"rl_(N ~1) FNZJT ,(4.56a)
fm o (<22 [ 2] vy [22]
(4.56b)

5—1
zZr zZr
—Z ) = , 4.57
26+1)9Xp< 2a>{a} (4.57a)

=[]
= o

4.4.4 Note: The Gamma and the Confluent Hypergeometric
Functions

The Gamma Function

The Gamma function I'(z) of the complex variable z is defined by the integral

e}
I'(z) :/ e Pp*"Pdp, Re(z) >0 (4.58)
0
and satisfies the property
I'z+1)=1I(2)z
in such a way that if p is an integer
I'(z+p)=I'(z)z(z+1)--- (2 +p—1). (4.59)

In particular, since I'(1) =1

I'ip)=@rE-1! (4.60)
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The Confluent Hypergeometric Functions

The confluent hypergeometric function F(A,C,z) of the complex variable z
is defined by the series
Az A(A+1) 22
FAC2)=14—= =+ ——5 —

MG =1+ G 1 5T
so that C' cannot be equal to 0 or a negative integer. This function is conver-
gent for all value of z and so defines an analytic function upon all the complex
plane. If A is a negative integer —p, the series is reduced to a polynomial of
degree p.

The function w = F (A, C, x) satisfies the differential equation

(4.61)

d?w dw
z@+(0—z)g—flz_0 (4.62)

(see [45], p. 268).

4.5 Solutions in the Pauli Approximation
and for the Schrodinger Equation

4.5.1 The Pauli Approximation

In the case of a central potential Ze/r, one can look for the approximation

2 Ze? 2 2
2me” + W+T ~2mc°, W =FE—mc (4.63)

in such a way that the system equation (4.12a) is changed into

d7g 1+x  2mc

= 4.64
ot 9= ) (4.64a)
df 1-«x 1 Ze?

— =—— W+ — 4.64b
dr + r / hc( + r )g ( )
We have
k(k+1)=1(1+1) (4.65)
for the cases k = [ as well as k = —(I + 1). The elimination of f gives the
equation
d?g 2 dg 2m Ze? k(k+1)
89,299, | 2y _EET I . 4.
dr2+rdr+[h2 <W+ r) r2 ]g 0 (4.66)

Taking into account (4.65), this equation is similar to the one of the radial
solution for the Schrédinger equation (see [5], (1.12), also, in a clearer use of
the physical constants, [47], IX, (19), XI, (4)).
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Because h/mc = aa, (4.64a) shows that f is in order of «Z with respect
to g. If one considers that f? is negligible with respect to g2 because in order
(aZ)?, the condition of normalization (4.19a) is reduced to

/ gridr=1 (4.67)
0

in such a way that g is exactly the same as for the Schrodinger equation.
We deduce from (4.52) and (4.53) that the value of the energy E is to be
considered as reduced in such a way that

272 2
2 o Z 2mW 1 |Z
E >~ mc |:]. — 2712:| y and SO 7 = _ﬁ E . (468)
Equation (4.65) becomes
d2g 2dg 1721 2721 k(k+1)
S U P e s ey =0. 4.69
drz = r dr n? {a} +’I”|:CL:| 72 g ( )

The Pauli-Schriodinger Theory

Using system (4.64) associated with (4.66) and (4.67) may be called the Pauli—
Schrédinger theory of the electron. In this approach, the solutions are the same
as for the Dirac theory, except that the radial system is now defined by (4.64),
(4.66), and (4.67), with an energy E given by (4.68).

The use of this approximation of the Dirac theory is interesting for the
study of the transitions in the discrete spectrum, also in the photoeffect for
states of the continuum whose energy is close to mc?, but it is no longer
acceptable for the states of high energy.

When the Pauli-Schrédinger theory will be used, the states S1/2, P1/2, ...
will be denoted as s1/2, p1/2, ....

4.5.2 Solution of the Schrodinger Equation

To be in agreement with the Schrédinger equation, where the number /—1
is to be replaced by ies, the term implying w4 must disappear, the vector N
must be in the form

N = L(H)eg

and the wave function becomes

(20, r) = g(r) e (E/h’ 4 o Ney elesme, (4.70)
The conditions of normalization are then
_ P/ (cos0)
V2T .

A detailed study of the consistency in the formulation of the Dirac, Pauli, and
Schrodinger theories is achieved in [30].

/ g ridr =1, 27r/ L*sinfdf = 1 = L(0) (4.71)
0 0
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4.5.3 Case of the States s1/2, p1/2, and p3/2

The function g being deduced from (4.68), the function f is then

aa dg

1/2: k=-1, f=— — 4.72
s1/2: =1, =2, (172)
aa (dg 2
1/2: =1 =— | =4 - 4.73
pr/2: k=1 f = (dr+rg>, (4.73)
aa (dg 1
k=9 folafds 1) 4.74
p3/2: k=2 = (dr 7,9) (4.74)

Case of the States 1s1/2, 2p1/2, and 2p3/2

The functions g, f may be obtained by two different methods giving the same
results.

1. The function g is calculated as a solution of (4.69) and f is deduced from
the corresponding equation above.
2. The functions g, f are obtained by neglecting in (4.55)—(4.57) Z%a? with
respect to unity. In particular, we can write
Za

Z
14~y~2, 1—7:7‘;‘, N~2 V2-Nxv2—§= 2

and use furthermore the relation I'(n) = (n — 1)! when n is an integer.

We obtain 1s1/2:

3/2
g= [f} 2 exp (_ZJ) ) (4.75a)
3/2
f=—-aZ [f] exp (_ZJ) . (4.75b)
2p1/2:
zZ1%* 1 Zr\ Z
o=-[2 w0 T e
AKGES! Zr Zr
2p3/2:
Z1%?% 1 Zr\ Z
g= [a] ﬁeXP (2;) %, (4.77a)

z1%? 1 Zr\ Zr
__ .2 _Lryar 4.77h
f az[a} 8\/66Xp( Qa) a (4.775)
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The Dirac Transition Currents Between
Two States

Abstract. This chapter is devoted to the form of transition currents between two
states. One can remark that, independent of the choice, real or complex, of the initial
formalism, all that follows is placed in the real geometry of space—time.

5.1 Assumptions on the Source Current and the Release
of Energy

5.1.1 Assumptions on the Source Current

As an imperative necessity, the source current must express that the charge of
the electron associated with the state 2 is entirely found again as associated
with the state 1 after the transition.

So the probability current is to be conservative for the three consecutive
situations: state 2, transition 2 — 1, and state 1. Furthermore, it must corre-
spond to a solution of the Dirac equation, which satisfies the exterior problem
for the periods that concern the states 2 and 1.

The current j € M is deduced from the wave functions 11,19, which are
the solutions, normalized to unity, of the exterior problem, corresponding to
the states 1 and 2.

The current j is decomposed into three part, js, ji2, 71 corresponding to
the three (successive) periods: state 2, transition 2 — 1, state 1

J=J2+jiz +J1, (5.1)

where
Gk = Vreotr, /jg(r)dT =1, k=12, (5.2)
12 = Yreoths + Paegihy. (5.3)

We emphasize that because the two situations, state 2, state 1, are successive,
the right hand side of (5.3) is not to be multiplied by 1/2, as in the case where
the two situations would to be considered as simultaneous.
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We are able to know what happens to an electron bound in an atom only
by means of the long-range part of the electromagnetic field created by the
electron.

This part is null for the two currents j; and jo, because these currents do
not depend on z° and that explains why an electron does not radiate at large
distance during a stationary state. The period of time of the transition 2 — 1
is the only one that is able to manifest its existency.

Note that (see Appendix E)

/jgg(r) dr =0. (5.4)

5.1.2 Assumptions on the Release of Energy

After the assumptions that have been made about the current, the only way
of calculation of the energy E released by one electron during the transition
is given by the relation

E=F, — Fy, (5.5)

where Fs and F; are the levels of energy associated with the state 2 and 1.

In our elementary presentation of the transitions, we will not take into
account the small correction to each of these levels called the Lamb shift. So,
we adopt here for E; and Fy the values given for each state 1 and 2 by the
bare solutions of the Dirac equation in the exterior problem.

5.2 The Transition Current Between Two States

We consider two states 1 and 2 of energy levels £ and F, and magnetic
numbers my and ms. Using (4.5) in which E is replaced by Ej and (4.15), we
denote

ok = (g Nres — frinNR)' ™ Ny = Lyes + Myu (5.6)
and also
E:EQ—El, 6:m1—77’L2:—170,]., w:(EQ—El)/hc. (57)

We deduce from (4.5), (4.15) and (5.3) that the transition current between
two states is of the form (see Appendix E)

j12 = cos(ep + wx®)jr + sin(ep + wx®)jrs . (5.8)

This current verifies the conservation of the charge: e - 0,512 = 0 (see
Appendix F). We are interested only in the spatial component of ji2 in the
form (see Appendix E)
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j =cos wa'j; +sin wa? jo, (5.9)
j1=cos ep g +sin e, j2=—sin ep s +cosep i, (5.10)

and (see Appendix E)
Jr=>0b(r,0)v, jir=a(r0)u+c(rb) es, (5.11)

where

a(r,0) = 2[(fig2 — 91 f2)(L1 L + My My) sin 60
+(g1fo + fr92)(LiMy — ML) cos 6],

b(r,0 = 2(g1.f2 + f192)[(L1 Mz + My Ly) cos 0
+(M1M2 - L1L2) sin 0],

c(r,0) = 2[(f192 — 91 f2)(L1La + My My) cos ¢
—(g1f2 + f192)(L1 Mz — My Ly) sin 6] .

The functions a(r, 8) and c(r, 6) are deduced from
Jir=P(r,0)n+Q(r,0)w, (5.12)
with
P(r,0) = 2(f1g92 — 91f2)(L1L2 + M1 M),
Q(r,0) = 2(f1g2 + g1fo) (LaMa — My L) .
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The Field at Large Distance Created
by the Transition Currents

Abstract. This chapter concerns the emitted light and its polarization in the ab-
sence of an external field.

6.1 Polarization of the Emitted Light

We are going to calculate the vector
U = cos wz’ Uy +sin wz’ Us, Uk:/jk(r)dT. (6.1)
The vector (2.5)
E(z°,R) = e%[sin w(z® = R) Ut + cos w(z® — R) Uy, (6.2)

where U3 is orthogonal to R is the field created by the current at a large
distance R from the source.

So, the behavior of the vector U allows one to define the polarization of
the emitted light.

(a) Linear polarization. U is parallel to the common direction of the polar
axis ez chosen in (4.5) in the solutions giving each state, and time-sinusoidal
(see Sect.2.3.1).

(b) Circular polarization. U describes a time-periodic circular motion in the
plane (e, ez) (see Sect.2.3.2).
We use the relations (see [5], (A.22), (A.20))

(+1-m)(I+1+m)
(2l+1)(20+3)

+ma-m17* .,
{(21—1—1)(21—1)} By, (6.3)

1/2
cos P = [ ] Py
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Perl

l+1+m)(1+2+m)r/2
I+1

A
sin 0P = — [ (20 +1)(20 + 3)

((—m)(l—1-m) 1/2 .
[ (20 +1)(20 — 1) } P (6.4)

6.2 The Forbidden and Allowed Transitions

We can easily deduce from (6.3) and (6.4), and the properties of orthonormal-
ity of the associated Legendre polynomials,

/ P]HP]? sin 0d0 = (Sjk
0

that the vectors j; and j;; are nonnull, and so the transition is observable
at large distance, only in the case where the [ parameters of the two states,
used in the application of (4.30) and (4.31), differ only from unity. Then the
transition is called “allowed.” Otherwise, the transition is called “forbidden.”
However, additional forbidden transitions appear in what follows.

As an example, the transitions of the states P1/2(k = 1) and P3/2(k =
—2) to the states S1/2(k = —1) are allowed transitions.

However, among the forbidden transitions, some transitions may be con-
sidered (as transitions of states k = 2 and kK = —3 to the state S1/2), with
a more complicated definition as the one of the allowed transitions. But their
incidence is weak and their study is outside our elementary presentation.

6.3 Linear Polarization
We suppose m; = mo =m, and if [y = [ then I =1+ 1.
Only the component of j;; on es intervenes in the calculation of U. We

use (2.11) with the value of ¢(r,0) given by (5.11) earlier. We have then to
calculate with help of the relations (6.3), (6.4)

c = 27r/ 2(Ly Lo + My Ms) cosfsin6 do,
0

cy =2m /Oﬂ 2(L1 My — Ly M) sin® 6 do,
and we will have
U, =0, Uy ="Ces,
C=(c1+e2) /°° g1 far?dr 4 (c2 — 1) /OO g2 frrdr,

0 0
U = C sinwz’es . (6.5)
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Several cases are to be considered. We obtain without difficulty:
1. ki=—(1+1), ko =1+1,
n ~ 2(1+2m) 21 +2m)
ATET Ty 0 2T T Ty
2. ki =—(+1), ke =—-(1+2),
41 +1—=m)(I +2+m)/?
2l +3 '

c1+c2=0, c2—c1=

3. Iilil, I€2:l+1,

A[(l = m)(l + 1+ m)]}/?
c1+co=— I );l—&—l ) cog —c1 = 0.

4. k1 =1, :‘62:—(1-1-2)7
ci1+ce=0, co—c1 =0

(forbidden transition). As an example, let us calculate ¢; + ¢o and ¢3 — ¢ in
the case 1.

For calculating 2(Ly Lo + My Ms) cos@ we apply (4.30a) and (4.30b) on
one side and, on the other, (4.31a) and (4.31b), but by replacing in these
two last equations [ by [ 4+ 1. Then we use (6.3). After integration, using
foﬁ PZ-“PJH sin 0 df = 6;; and the elimination of 27, we obtain

. 20+m+1)(l+1—m)—(I—m)(l+m+2) 2(1+2m)

1= =

(2l +1)(20+3) (204 1)(20+3)

In the same way, calculating 2(L; My — My Lo) sin 6 and using (6.4), we obtain
o 20l +m+1D)(I+m+2)—(1—m)(I+1-m) 4+ 1)(1+2m)
20+ 1)(20 + 3)] QI+ 1)2+3)

So, after elimination of 2] + 3 and 2/ + 1, respectively, we obtain the above
value of ¢; + ¢2 and ¢y — ¢1.

6.4 Circular Polarizations
We assume that m; — mg = 1, my =m, [y =1, ls =1+ 1. Then
Ji=cos pjrtsin ¢ gy, Jo=Fsin ¢ j;r+cos ¢ Jrs-

71 and only the component of j;; upon u intervene and we deduce that U,
U, are in the form

Uit:(J[:tJu) €, U$:(:|:J[+JH) e.

Jr and Jrr are given by (2.12), with the values of a(r,60) and b(r, ) given
by (5.11).
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(1) Case my —mg = +1, m = my. Using (6.3) and (6.4) we obtain

o0 o0
A=Jr+Ji = a1/ g1 for? dr + a2/ g2 f1r? dr, (6.6)
0 0

0

UT = A (sin wr® ey + cos wz’ ey). (6.7)

1. ki=—(1+1), ko =1+1,

C2[(l+14+m)(l+1—m))'/? C2[l+ 14+ m)(l+1—m))'/?
- 2+ 1 I 20 +3 '
2. k1 = —(l + 1), Ko = —(l + 2)7

201 +1—=m)(1 +2—m)]/2
=0 o= 23(+3 =

ay

3. ki =1, ko =141,

2((l —m)(Il +1—m)]1/2
B 2041 '

ayp = CL2:0.

4. Hlil, H2:7(Z+2)7
a1 =as =0

(forbidden transition).

(2) Case my —mg = —1, m = my. Using (6.3) and (6.4) we obtain

B=Jy—Jr= b1/ g1for® dr + bz/ gafar? dr (6.8)
0 0
U~ = B (sin w2’ e; — cos wa’ ey) (6.9)

1. ki =—=(+1), ko =141,

b — _2[(l—m)(l+2+m)]1/2 B
1 — 2l+1 ) 2 —

2. R1 = —(l —+ 1), Ko = —(l —+ 2),

2[(1 +2 +m) (I + 3 +m)]'/?
b1 =0, b= 913 .

2l -m)(I+2 +m)|Y/?
20+ 3 '

3. Hlil, K)2:l+1,

20+ 14+m)(+24m)j1)/2

b= 2A+1

by = 0.

4. k1 =1, ko = —(l—|—2),

(forbidden transition).
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6.5 Sum Rules for the Intensities of the Emitted Light

For a fixed couple (E, F) of levels, the sums S, ST, S~ of the squares C?,
A% B? of the modulus of the vectors U, U™, U~ verifies §/2 = St = §~.
These sums are calculated by taking into account all the transitions for which
my —meo = 0,1, —1, respectively.

This property may be checked, for example, in the case 1, where xk; =
—(l+1), ko =1+ 1, by summing upon m:

l
my—me =0 : Z (142m)? =2(14+1)(21 +1)(21 + 3)/3 = s,
71
!
my —mg = +1 : Z(l+1+m)(l+l—m)=s/2,
—l
-1
my—mg=—1: Z (l—m)(1+2+m)=s/2.
(1)

As a consequence, in application of (2.15), the total flux of the Poynting
vector is the same for each of the set of the transitions Am = 0,1, —1 since
for the linear polarization U2 = 0 and for the two circular polarizations
|U1|?> = |U3J%. So C? on the one side and 2A? and 2B? on the other side
interverne in (2.15) and the number of transitions per unit of time is to be
considered as the same for each set.

Using the Pauli approximation of the functions g, f, one can find again
the well-known coefficients (see [3], Chap.64) but now deduced directly from
an exact relativistic calculation.

Relation with the Zeeman Effect

The above properties of the transition currents are confirmed by the obser-
vation of the normal (nonrelativistic) and abnormal (relativistic) Zeemann
effect (see Part V), where the levels of energy are separated for all the values
of m; and mgy (see (14.20)) in each state. Such an effect makes possible the
observation of the electromagnetic fields due to the separation of the energies
corresponding to the different values of the number m of a state associated
with a given value of the number k. For this reason the number m is called
the magnetic number, though it is to be considered even in the absence of an
external magnetic field.

For the same reason the different solutions of the Dirac equation corre-
sponding to a same state have been called the Zeeman components of this
state.
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Case of the Transitions P1/2-S1/2
and P3/2-S1/2

Abstract. This chapter concerns the transitions P1/2-S1/2, P3/2-S1/2 and spon-
taneous emission for these states from level 2 to level 1.

7.1 General Formulas

For simplicity we consider only transitions such that the magnetic numbers
mq, mo of the two states verify m; = my = 0. Note that the cases m; =
mg = —1 give the same results (with a change of sign for the transitions
P1/2 — 51/2). Then the theorem of the sum rules may be applied for the
calculation of the intensities.

We denote 1 the wave function of a state S1/2 and 9 the wave function
of a state P1/2 and P3/2.

(a) Transitions P1/2-S1/2. We deduce from (6.5) and Case 1 in Sect.6.3
with [ =0

i 1
Ui =0, Us= 2/ (glfz + 3g2f1) r?dr es. (7.1)
0

(b) Transitions P3/2-S1/2. We deduce from (6.5) and Case 2 in Sect. 6.3
with [ =0

42 [
U,=0, Uy;= T/ gafrr? dr es. (7.2)
0

7.2 The Pauli Approximation and the Schrodinger
Theory

Let
W, = (bl (,’,,) e—i(El/hc)xO’ Wy — (;52(1“) e—i(EQ/hC)xO (73)
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be the Schrodinger wave functions corresponding to two states of energy F,
and Fs. The transition current is such that

G20 r) = %(wngl UV (7.4)
where aa = h/me, which gives
Ji(r) =0, Ja(r) = aa(¢1Vd2 — $2V¢n). (7.5)
For the case S = ¥ and P = Wy, we can write
1 V3 cosf

r)= ), r)= ).
$1(r) \/Egl( ), d2(r) i 92(r)
So U7 = 0 and one obtains without difficulty for the Us vector the vector U,
such that
aa [

. 2
U= [datr)dr = 2% [ (s = gasi + S ar e (76)

Let us denote Uy and U, as the Uy vectors corresponding to the transitions

pl/2 — s1/2 and pl/2 — s1/2, respectively. We are going to establish the

important following relations [13].
U2

U%:?a, U?= 3“, U2=U;+U~ (7.7)

(a) For the transitions pl/2 — s1/2 we can write, using (4.73) and (4.72),

2U2

o0 o0 o0
—aa/ gogir? dr = —2aa/ gogyr? dr + aa/ gogir? dr,
0 0 0

oo 2 oo
= —2aa[ggglr2]8° + 2aa/ g1 <g§ + gg> r2dr + aa/ gogir? dr,
0 r 0
where [g2g17%]5° = 0, and so
o0 o0 o0
—aa/ gogir? dr = 4/ g1 for?dr + 2/ g frr? dr,
0 0 0
then from (7.6) and (7.1)
1 o0
U,| = |—/ (6glf2r2dr+2ggf1r2dr\ = \/§|Ub|. (7.8)
V3Jo
(b) For the transitions p3/2—s1/2 we can write, using (4.74), (4.72), (7.6), (7.2)
o0 o0 2
aa/ 19572 dr = aalgrgor?]° — aa/ g2 (gi + r91> r2dr
0 0

from which we deduce in a same way

V3

3
ﬁlUCL (7.9)

UJ=|—5 200,72 dr| = — / r2dr| =
| ‘ ‘ 3 0 9291 | \/§| 0 ngl |

So the relations (7.7) are verified.
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7.3 Spontaneous Emission

7.3.1 The Energy Balance

The fact that in the absence of all external field an electron bound in an atom
may pass from an energy state to a lower one is called spontaneus emission.
The passage to a higher energy state requires the presence of an incident wave.
We follow the method used in [13] based on the energy balance, quite
different from that used in [1], but which gives comparable results.
Consider two states, of energies Ey and Es (Fy < Es), of an electron
bound in a hydrogen-like atom. Let us write

F

A=—"
B, — B

(7.10)

in which F' is the flux, per unit of time, through a sphere of large radius, of
the Poynting vector of the electromagnetic field created by the source (see
Sect.2.4), E = Ey — Ey is the energy released by the source for one transition
from state 2 to state 1 and so A is the number of transitions per unit of time.

The number A of transitions per second and the mean life of a transition
T = 1/A may be deduced from (2.15) in the following way. Because

FEy — F cw?e? Ey—E; €
Q:%:”C’ Fs— By - n 1'%:“9’
we obtain
A= %(U%JFU@, Q:%. (7.11)
Taking into account the equality of the flux of the Pontying vector for the
cases my —mg = —1,0, 1, it is sufficient to calculate the flux for m; —ms = 0.

7.3.2 Spontaneous Emission in the Transitions 2P1/2 — 151/2
and 2P3/2 — 151/2 for the Hydrogen Atom

We consider only the case of the hydrogen atom (Z = 1). For simplicity we
do the numerical calculation with the use of the Schrédinger approximation
for the transition 2p — 1s. The calculation for the transitions 2pl/2 — 1s1/2
and 2p3/2 — 1s1/2 of the Pauli-Schrodinger approximation will be deduced
by means of (7.7).

The common value in these approximations of {2 is given by (4.68) with
the help of (4.53), with n = 1,2

N=a (7.12)

ool w

ISH e
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(1) Transition 2p — 1s. The number A implies U2 given by (7.6) in which g1,
g2 are given by (4.75a) and (4.76a) (or (4.77a)), respectively. We deduce from
(7.11)

v =g (2] acaic[?] (7.13)
e ] e Y B '
and so i
A=62068x10%s7!, T = 7 = 1:595 107%s (7.14)

in agreement with the experimental value of T = 1.6 x 107 given in [20]
and the theoretical value T' = 1.596 x 10~2 of Wiese et al. 1966, cited in this
article.

(2) Transition 2pl/2 — 1s1/2.

Ay =2.089 x 108571, T, =1.479 x 107 ?s. (7.15)
(8) Transition 2p3/2 — 1s1/2.

A.=4179 x 108571, T,.=10.239 x 10 ?s. (7.16)

Note, as a verification, that the values of A, A, may be found again by means
of (7.8), (4.76) and (7.9), (4.77) associated with (4.75).

The relativistic value obtained in [1], we repeat by a quite different method,
are Ay = 2.088 x 103, A, = 4.177 x 108, giving also T' = 1.596 x 10~7.
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Interaction with Radiation
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Interaction with an Incident Wave:
The Retardation

Abstract. In this chapter, the interactions with radiation in the so-called calcu-
lation with retardation (i.e., the fact that the action of an external plane wave is
taken into account) is studied. The relativistic processing of this last problem has
been considered for a long time as difficult, but we think that the pure geometrical
methods used here allow one to avoid a large part of the difficulties.

8.1 Matrix Element of a Transition

Part IT has been devoted to the field created in a transition between two
states corresponding to the levels of energies F4, E5, and the phenomena of
spontaneous emission (in which the final level is lower), in the absence of all
external action.

Now we are going to take into account the effect of a monochromatic
electromagnetic wave with a propagation vector k of magnitude 27v/c and a
polarization whose direction, orthogonal to k, will be represented by an unit
vector L.

When the light of quantum energy hv falls on an electron, bound in an
atom, whose energy is F; > 0, a quantum may be absorbed and the electron
jumps into a state of energy Fs = Ej + hrv. The energy F; belongs to the dis-
crete spectrum and Es may belong to the discrete (bound—bound transition)
or to the continuous spectrum (photoeffect).

The transition probability is related to what is called the matrix elements
of the transition (see [5], (59.3)), which are related to the transition probability
current between the two states ((5.7)—(5.10) of Chap.5) and are defined by
the scalars

U [ iger « ,
D;(,L -1 /e (er) §.(r) . Ldr, (j=1,2), (8.1)

which are real numbers (see (9.12) later). A justification of the role of these
scalars is made in Appendix G.
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Note. The factor 1/2 is not present in the usual presentation of the matrix
elements, but is present in the usual definition of the transition currents. We
have introduced this factor in the above definition because it is absent in our
definition (5.3) of the current. We recall that the absence of the factor 1/2 in
the definition of the transition current has been justified in Chap. 5. It appears
as a necessity for the concordance of the theoretical calculation of spontaneous
emission and the experimental results concerning this phenomena.

Because L is orthogonal to k, the component of j;(r) upon the direction
of k does not intervene in (8.1) and we can write

1 .
D;(,L =3 /el(k-l‘) jjl(r) .Ldr, (j=1,2), (8.2)

where X is the symbol of the component of the vector X orthogonal to k.
Let us introduce the vectors

T; (k) = %/e“k'ﬂ jjmdr, (j=12). (8:3)

It is to emphasize, as we prove in Chap.9, (9.12), that these vectors are
real:

%/sin(k.r) jj‘(r) dr=0 = Tj‘(k) = %/cos(k.r) jj‘(r) dr. (8.3

We can write L
L _ 1
Dj = L.Tj (k). (8.4)

Indeed, let I; be an unit vector parallel to the vector Tj-(k), and so or-
thogonal to k. Let Iy be an unit vector orthogonal both to k and I;. Because
L is orthogonal to k, it intervenes in the integral only by its components L.I;
and L.Is. Because the integral of the component of exp(ik.r) ‘]JL upon I, is
null, only L.I; is to be taken into account, and can be put outside the integral,
giving the relation (8.4).

As a consequence, we can deduce that the determination of the matrix
elements is reduced to the one of the vectors TjL(k).

Nevertheless, the choice of the direction of the vector L is not innocent for
the determination of the value of a matrix element, and in particular, L can
be chosen in such a way that the matrix element cancels.

Otherwise, the average of [L.Tj-(k)]2 on all the directions of L may be
calculated by denoting

L = cosnl; +sinnly, so that [L.Tj‘(k)]2 = [Tj‘(k)]2 cos?n,

and writing

- [ TR = Py [ e nan =m0 (89

2 Jo

M| =
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Note. The Lamb shift. The vectors T (k) intervene also in the form
T3 (k)] + [T3 (k)] (8.6)

in the Lamb shift calculation by means of the so called Electrodynamics energy
term Wp, which, in addition to the Electrostatic energy term Wg, contributes,
after the correction by the mass renormalization term, to the shift (see [25,40]).
The level E; belongs to the discrete spectrum and F, may belongs to the
discrete or to the continuous spectrum.

So the problem of the determination of the matrix elements is exactly the
same for a transition in general and for the term Wp of the Lamb shift.

8.2 The Retardation and the Dipole Approximation

The fact that the exponential is not taken into account in (8.3) is called the
“electric dipole approximation” (see Sect.9.2.4). The fact that it is taken into
account is indicated for simplicity by the word “retardation” (see [5], p. 249).

For the bound—-bound absorption—emission processes, the effect of the re-
tardation is negligible, as it is well known and as that may be confirmed
numerically in a precise way (see (9.38)—(9.40) later).

However, from a theoretical and also a practical point of view, several
teachings may be deduced. In particular, with the retardation, the Pauli ap-
proximation of the Dirac theory is no longer in strict agreement with the
Schrodinger theory, as it is the case with the dipole approximation, when for
example two states pl/2 and p3/2 are considered as unified in a single state p.
Such a feature has a nonnegligible incidence.

For the bound-free transitions (photoeffect), the relativistic calculation
with retardation becomes an imperative necessity for the high values of the
energy of the electron in the continuum.
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Relativistic Expression of the Matrix Elements

Abstract. In this chapter, the interactions with radiation in the so-called calcu-
lation with retardation (i.e., the fact that the action of an external plane wave is
taken into account) is studied. The relativistic processing of this last problem has
been considered for a long time as difficult, but we think that the pure geometrical
methods used here allow one to avoid a large part of the difficulties.

9.1 Geometrical Construction of the Vectors Tj‘(k)

We use the method developed in [15]. Tt is based on the use of the spherical
system or coordinates defined by (2.7) and the expression of the vectors ji (r),
ja2(r) of (5.10).

Let (I,J,K) be an orthonormal positive frame such that K = k/k, k = |k|.
There is no inconvenient to place the vectors K, I in the plane (es,e1) in such
a way that

K =cosfye3 —sinfy ey, I=sinfyes+cosbye;, J=es. (9.1)
Let vector n may be expressed in the frame (I,J, K):
n=cosK+sind U, U=cospI+singJd. (9.2)
One obtains immediately

k.r = kr cosf,cos = K.n = cos f cos § — sin 0 cos  cos ¢, (9.3)
el =cosfl, ey =0, e§ =sinf I,

ut =cosfycospI+sinpJ, vt = —cosfysing I+ cosp J. (9.4)
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9.1.1 Integration in the Frame (eq, ez, e3)

Because the integrals in the form ffﬂ f(cosp) sinpdp are null, one deduces

from (9.3), (5.10), and (9.4) that the component of T{ (+k) upon I and the
component of T3 (+k) upon J are null for the three cases € = m; —mg = 0, 1,
or —1.

We deduce immediately from (9.4), (8.3), (5.10) and (5.11)

1. For ml—mgzo
1 3 5
T (k) = 5[/ T cosbp (i 0) cos pdr] J, (9.5)

1
)

2. For m; —mo =€ = %1

Ty (£k) [/ eFikr COSé(a(n 0) cos @ cos by + c(r,0) sinby)dr]I. (9.6)

1 ) .
T (+k) = 5[/ b cosO (9 cos? ¢ + ea(r, 0) sin® p)dr] J, (9.7)

1 ; i
Ty (k) = 5[/ eFikr cosO((eh(r, 0) sin? ¢ 4 a(r, 0) cos® @) cos b+

e(r,0) cos psinfy)dr] 1. (9.8)

9.1.2 Necessity of the Integration in the Frame (I, J, K)

Because of the presence of cos ¢, cos? ¢, sin? ¢, and the absence of sin ¢ in the
integrand, the integration in the frame (e, eq, e3) is not possible and we have
to make the integration in the frame (I, J, K) by using dr = r2 sin § df dp dr,
with the help in particular of the formulas deduced from (9.1) and (9.2):

cosf = n.ez = cos f cos By + sin § sin b cos B, (9.9)

sinf cos p = n.e; = — cos fsin By + sin § cos Oy cos . (9.10)

Introducing the spherical Bessel functions

. sinp . 1 3) . 3
jolp) = ——, J2(p)=| —— + — | sinp — — cosp, 9.11
(°) p (v) ( p P p? (611
we can write .
/ etk eost gin §d = 2jo(kr) € R, (9-120)
0

/ etk 001 _ 3 cos? ) sinfdf = 4jy(kr) € R. (9.12b)
0
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Denoting .
F(0)=1-3cos?0

and since
27 27 27
dp = 2, / cos dgp =0, / cos? p dp =,
0 0 0

we can deduce from (9.1) and (9.2) the useful relations

2
2 2 _ 4 -
/ cos?0dp =7 (3 — gF(Q) + F(0) sin® 90) (9.13)
0
27 R
/ cosfsinf cos p dp = TF(0) cos b sin Oy, (9.14)
0
oy 2 an 2 1.5 A\ win?
sin“fcos“ pdp=m §+§F(9)—F(0) sin” 6y | , (9.15)
0
. 2 1.
sin“fsin” p dp =7 §+§F(9) . (9.16)
0

Let g;(r) (great) and f;(r) (fine) (i = 1,2) be the radial components of
the Darwin solutions of the states ¥, ¥,, we notice

Lyij(k) = /OOO js(kr)gi(r) f(r)r® dr. (9.17)

9.2 Case of the Transitions S1/2-P1/2 and S1/2-P3/2

9.2.1 Expression of the Vectors Tj- (k)

As an example, we detail the calculation for a transition between ¢o = P1/2
and ¥; = S1/2, such that ¢ = my; — mo = 0. The calculations for the other
transitions are exactly of the same model.

Using (5.11) and also (4.30) with [ = 0, m; = 0, for the state S1/2 and
(4.31) with [ = 1, my = 0, for the state P1/2, or, in a much more simpler way
the relations we have established in Sect. 4.2.4, we obtain immediately

a(r,0) = 4f1go cosfsinf/4m,

b(r,0) =0,

c(r,0) = 2(2f1g2 cos® 0 — (g1 f2 + fige))/4m,

and from (9.5) and (9.6)

Ti (k) =0,
1.1
T3 (£k) = 5[

2(2f192 cos® 0 — (g1.f2 + f1g2)) sinfoldr] I (9.18)

/ eFikr cos 0 [4f1g2 cosfsin 6 cos ¢ cos g+
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and applying (9.1 (9.13),

4) an
1 o 5 ~
TL +k) =1 [ [ gtikrcosd |:2f192F(9) cos? B sin Oy

+ (2f192 (; - %F(é) + F(6) sin? 90>
—2(g1f2 + f1gz)) sin 90] sin 6 dé] 7‘2d7‘:| I (9.19)

and from (9.12) and (9.17), we deduce finally the relation (9.21).
1. Transitions P1/2 —S1/2: k1 = —1,11 =0, ke = 1,15 = 1.

(a) miy=my =0, (6=1) and m; =mg = -1, (¢ =—1).
T (+k) =0, (9.20)
9 .
Té‘(:l:k) = g[(BLOJZ + L0721 - 2L2,21)(1€)] Sin 00 I (921)
(b) m1 =0, my=—1, (e =1)and m; = —1, my =0, (¢ = —1).
3
Ty (+k) = g[(3L0,12 + Lo21 — 2L221)(k)] J, (9.22)
1
Té‘(ﬂ:k) = g[(3L0,12 + L0721 — 2L2,21)(l€)} COS 90 L (923)
2. Transitions P3/2 — S1/2: k1 = —1,1; =0, ko = —2,1o = 1.
(a) mi =ma =0, (e=1) and my =mg = -1 (¢ = —1).
3
Ti‘(:l:k) = —Eﬁ[(LQ’lg + Lgﬁzl)(k)] COS 9() sin 90 J, (924)
Ly V2 .
T2 (ik) == ?[(4[/0721 - 3L2)12 + L2721)(]€)] Sin 80 L (925)

(b) my =0, me =—1, (¢ =+1) and my = —1, mg =0, (¢ = —1).

V2 9 .
Ti (k) = |:(L0,21 —3Lo 12 —2Lo91 + 3 sin? 0o (Lo 12+ L2,21))(k‘)} J,
(9.26)
n V2
T2 (ik) = 57[(140)21 — 3L2712 — 2L2721)(]€)] COS 00 1. (927)

(¢) m=0,ma=1, (¢ =+41) and m; = -1, my = =2, (¢ = —1).

V2
/3

Ty (+k) =

3 .
Tll(ik) = |:(L0721 + L2’21 - 5 Sln2 90([42)12 + L2721))(k>:| J, (928)

6?[(L0721 + L2721)(k)] COS 00 1. (929)
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9.2.2 The Relativistic Retardation and the Sum Rules

We can establish a rule similar to the rule of the sum of intensities in the
normal [5], p. 254) and the anomal (Sect. 6.5) Zeemann components of the
transitions between two levels of energy Fy, FEs.

We consider the following number

1 2m g
S=1 / (IT1 (k)]* + [T3 (k)]?) sin O deodby (9.30)
T Jo 0

corresponding to an average over all the directions of the vector k for a given
value of k, and for two given states ¥, ¥s.

It has been established in [8] that, in the Schrédinger theory, for a fixed
couple (E1, E3) of levels, the values of S are the same in the three cases
mi—mo =0, m; —mo =1, m —meo = —1.

This property may be extended [15] to the Dirac theory in the following
way. Let us denote S(my, ms) as the value of S corresponding to my, meo.

(1) For the transitions S1/2 — P1/2 one has

5(0,0) + S(—1,—1) = 5(0, 1) = S(—1,0). (9.31)

This can be seen on the relations (9.22), (9.23): the integrations over g and
0y introduce a factor respectively equal to 47 and, because of the presence
of cos?fy in the integrand, 47/3, and so a factor equal to 167/3 for the
calculation of S. One observes on (9.20), (9.21) that the factor is, because of
the presence of sin? f in the integrand, 87/3, that is, the half. Since S(0,0) =
S(—1,-1), (9.31) is verified.

(2) For the transitions S1/2 — P3/2 we have

(0,0) + S(=1,—1) = S(0, 1) + S(=1,—2) = S(—1,0) + S(0,1).  (9.32)
Denoting
U= (Loo1+ Loo1)(k), V= (Lai2+ La21)(k), (9.33)

one deduces from (9.24) to (9.29)

5(0,0) = S(=1,-1) = 2%(2U2 —3UV) + %VQ, (9.34)
4, 16,

S(0,-1) = $(=1,0) = - (2U* = 3UV) + =V, (9.35)
12, 12,

S(0,1) = S(=1,-2) = = (2U* = 3UV) + V2. (9.36)

As8x2=4+12 and 14 x 2 = 16 + 12, we see that the property is verified.
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9.2.3 Case of the Transitions 1S1/2—2P1/2 and 1S1/2—2P3/2

We give the values for m; = mg = 0 of the calculation with retardation, in
the cases of the transitions 151/2 —2P1/2, 151/2 —2P3/2. For simplicity we
take the Pauli approximation of the radial functions:

Using (g a positive integer)
1 q+1
{ - NJ 1 (9.37)

< cos Re
e Mt " b (k) dr = ¢!
0 sin Im

and (4.75)—(4.77) we find without difficulty
1s1/2 — 2pl/2:

V2 [21% [1 4 4p2k?) 2a
L o _ | = - 1 g = —
Ty (+k) = Za\/g {3] TS sinfo I, p 37 (9.38)
1s1/2 — 2p3/2:
21* 12 k? 2a
1 — — S — 1 = —
T (£k) = —Za3V3 [3} TR cosfosinby J, 1 37’ (9.39)
1 [2]* [2 - 12k 2a
1 — e S = —
Ty (k) = Zoz\/g {3] T 12k sinfp I, p 37 (9.40)

If we take the value of k = 3«a/8a suitable to the simple absorption—
emission process and if we neglect the terms in a2, one finds again the formulas
of Chap. 7. So we have the confirmation that the retardation is quite negligible
for these transitions.

Note that in the photoeffect (see the tables of Chap. 12), the retardation
takes a considerable importance for the high values of the energy E of the
continuum.

9.2.4 Comparison with the Dipole Approximation

The formulas (9.20)—(9.29) may be verified by comparison with the values
they have in the dipole approximation in which k is taken equal to 0. They
are related to the total transition current vectors

U, = /jj(r) dr

that we have calculated in chap. 6 for all relativistic transition.

In fact, the dipole approximation corresponds to the definition of these
vectors in the absence of an external fieid.

So 0y = m/2 corresponds to the linear polarization (m; —ms = 0) along
the eg axe and 6y = 0 to the circular polarization (m; —mge = £1) in the
plane orthogonal to es.
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For k = 0 we have, since jo(0) = 1,72(0) =0

L0712(0) = / g1f2T2 d?“, L0721(0) = / ggf17“2 d’l“, L2,12(O) = L2721(0) =0.
0 0

It is easy to verify that
U, =2T7(0), U, =2T5(0).

For example, in the case where m; —ms = 0, replacing 0y by 7/2 in (9.21)
and (9.25), in such a way that I = e, and multiplying by 2, we obtain (7.1)
and (7.2) for the transitions pl/2 — s1/2 and p3/2 — s1/2.

In the case m; —ms = %1, one can make the same verification by replacing
0o by 01in (9.23), (9.27) and (9.29), in such a way that I = e, and multiplying
by 2.
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The Photoeffect
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The Radial Functions of the Continuum

Abstract. The general formulas of the previous part are applied to the photoeffect,
that is, the jumping of the electron from a bound state (limited here to 1S1/2) to
a state of the continuum and in this purpose this chapter is devoted to the Darwin
solution for the continuum.

10.1 Solution of the Radial System

10.1.1 General Form of the Solution

In the Darwin solution of the Dirac equation for a hydrogenic atom, the radial
functions g(r) (great) and f(r) (fine) satisfy the system

d K l+e aZ
—_ = = — 10.1
o+ Son) = |25 22 ), (10.12)
d K l—e¢ aZ
- - = = S — 10.1b
e e [} (10.10)
where @ = €2 /he is the fine structure constant and
1 mc? E
— = = 10.2
aa e T me (102)
whose solution is
{ fc } = +C[1 ]2 " (2X) 77" My, (10.3)

My = [(—r + g)F(v —1,27+ 1,2Ar) £ (v =) F(y + 1 = 1,27+ 1,2)r)],

where C'is a constant depending on € (we recall that F'(a, ¢, z) means the
confluent hypergeometric function of z) and where
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[1—e2)V/2 Zae

2 2 211/2
— k2 — Z2q A= — o
7=l I aa 1 —e2]t/2

(10.4)
(as, e.g., in [43], Vol. 4, (36.11)).

It is to be noticed that Z and the Bohr radius a are eachone always to be
associated with a except in the ratio Z/a.

10.1.2 A Choice of Variable

For a level of energy E of the continuum one has 1 — e < 0. We denote

Za
2 e = 111/2 -~
[1—¢] ile =177, n EEe (10.5)
We emphasize that, in no way, the definition of the real number n implies an
approximation. It corresponds simply to the choice of a variable related to the
energy. We deduce

1— 1 1/2 (=2 1 1/2 :
A TN (L L U I R VN
n aa aa na
n Za . B [n? + Z2a?)1/?
cTEogET s 1o

Introducing the real number v whose role is important in what follows

v=[n?+Z%*"Y?, we have n= —iv (10.8)
denoting _
70 g2 Ll.yv (10.9)
—Kk+ 2 —Kk—in

we obtain the radial functions in the normalization on the energy scale € (see
Sect. 10.1.3)

() - A ] () o

S =exp {—i (f + ﬁ)} F (W’ +iv, 2y + 1,12—ZT) (10.11)
na na

This equation may be compared with the (36.19) of [43], Vol. 4), for ex-
ample, by taking into account that here there is a change of sign in (10.5), an
exchange between the real and the imaginary part of S due to our exchange
between cosine and sinus in the asymptotic definition of g and f, that the
normalization is made on the energy scale £ (see Sect. 10.1.3), and also that
the equation cited in reference contains an useless factor 2.

We can notice that

[5—1]1/2* aZ

= e (10.12)
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10.1.3 Normalization on the Energy Scale

Denoting

Cy = Ci (—n n g) el (10.13)

{ ? } ==G {i[[ggtll]]ll//z } Eﬂv rTING, (10.14)

, . 27 . 27
Ni=e i [e—lfF <7+ i, 29+ 1,ir> LR ('y—l— 1+iv, 2y + 1,1r)] .
na na

we obtain

The asymptotic behavior.

Using the asymptotic expansion of F(a,c,z) for large |z| in which one
applies for R = r large R~('*Y) <« R~ and denoting

I(y+1Fiv) = |T(y + 1 — iv)|etX, (10.15)

we obtain for each € > 0

g(R,¢) -~ [e + 1]1/2 I(2y+1)
{f(R, 5)} ~ +Ci(e) {i[g e } TR (10.16)

na na

P [(_D_w [m] —(ER ) 4 i [m] euggw} |

and because we can write

(_i)f'yfiu — ei'y7r/2€71/7r/27 if'eriu _ efi'y7r/2efz/7r/27 @ < vl QZR
na
(10.17)
We obtain
g(R,¢) [e +1]Y/2 ) I'(2y+ 1)e /2 cos ) [ZR

~+C . 2 . — ,

D b =0 e} oo mR 2| —rn | e
(10.18)

with ¢1(e) = x + & — gfy.

The conservation of the charge and the asymptotic behavior on the energy
scale ¢ = E/mc?.

On the one side, the conservation of the charge is given by

€1

R
lim [/ (g(r,e)g(r,e") + f(r,e) f(r,e))r? dr} de’ =l,ep<e<e
R—oo 0
(10.19)

€0
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associated with the relation deduced of the system (10.1)

R n o /
[ atreratne i) e ar LR Z IR AR o

(10.20)

on the otherside, by the solution of this system in which the terms in 1/r have
been removed

(1)~ o2 { -] o

Replacing in (10.20) g(R, ), f(R, &) by their above values and applying (after
convenient rearrangement and changes of variable) the Dirichlet theorem to
the relation (10.19), we obtain

TCE@ P2 — 12 =1 = Cy(e) = \/7?[521_ 73 = ﬁ%' (10.22)

The comparison with (10.18) allows one to identify ¢; and ¢o and gives

_ Py +1-iv)lvn
2T aavaZ I'(2y+1)

Applying F(a,c,z) = e*F(c—a,c,—z)

Cy (10.23)

27 . 27
F <”y Tl4in 2y 41, ir) —eine (7 i 2y £ 1, 1T> . (10.24)
na na

we obtain

Ny =2 { Eﬁ} [exp <—i(§ + Z)) F (’y +iv, 2y + 1,1275:)] (10.25)

and eliminating the number 2 between (10.23) and (10.25) we deduce the
relation (10.10).

Note. When the normalization is made on the p-scale (see [43], Vol. 4
paragraph 36), where p = [¢2 — 1]'/2, de’ is to be replaced in (10.19) by dp/,
and Cy(e) is to be replaced by Cy(e) such that

AC @R - 112 — 1 o Gy =

10.2
e (10.26)

-
™
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10.2 The Different Approximations of the Radial
Functions

Three kinds of approximations may be considered:

10.2.1 The Approximation Z2a? < k2

This approximation only implies that « is replaced by |s|:

L4172
—i —i —i K+1n
v k], e i ~eTito e7i0 = {— ] —|—il/] . (10.27)

That gives

e I IRCRT F ER

7 27
S =exp {—i (fo + T)} (|/»@ +iv, 2|k + 1 17“) (10.29)
na na

and where ¢ = [n? + Z%20?%]'/2/n and v = [n® + Z?a?]'/? remain unchanged.

10.2.2 The Approximation Z2a? < n? or Pauli-Schrédinger
Approximation

It intervernes in addition to the previous one and leads to write

VAo

vkl e4122, [2—1Y2~[2(e - 1)Y= 2=, (10.30)
n

T nen ven Eog, o2 — HTIR 10.31

c m =1, V—n7£—€05 € Ii—f—ln ( . )

Using the relations

1. If k=¢>0: F(a,¢c,z) — F(a—1,¢,z) = xF(a,c+ 1,2)/c,
2. Ifk=—-(L+1)<0:

aF(a,c+1,2) — (a+1—c¢)F(a,c,x) = (c—1)F(a,c+ 1,z),

it is a simple matter to show that g(r) becomes the solution R(r) of the
Schrodinger equation on the energy scale e (see [5]], (4.20), (4.21), (4.23)).

R(r) = 22N+ 1 —in)lVn Z [
- JmJaavaZ (2 +1) na

27
<£+ 1+ in, 20 + 2, IT) (10.32)
na

14
27 ;
’I’:| eler/naF

na
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Thus, this second approximation corresponds to the transformation of the
system (10.1) into the system of the radial functions in the Pauli approxima-
tion for which, in (10.1a) the left hand side is replaced by (2/aa)f(r), (10.1b)
remaining unchanged.

10.2.3 The Schrodinger Approximation

This approximation lies in the use of (10.32) for the radial function associated
with the form of the Schrodinger wave function.

10.2.4 Interest and Validity of the Approximations

Presently the use of computers allows the calculation of the exact relativistic
formulas of the photoeffect even when the effect on the formulas of the pres-
ence of the incident wave (the “retardation”) is taken into consideration. The
degree of exactitude depends only on the chosen precision in the numerical
calculation.

An interest of the above approximations lies in the fact that their common
relation Z2a? < k2 allows the use of the method of Laplace for the calculation
of the confluent hypergeometric functions and lead to analytic results. This
method has been for a long time the only way of calculation.

Another interest is the comparison between the relativistic and the nonrel-
ativistic approachs of the theory of the electron. These approachs give about
the same results concerning the bound-bound transitions, also in the pho-
toeffect when the energy in the continuum is close to the freedom one. The
good concordance of the results obtained by the two methods for the energies
of the continuum close to this energy will give a strong credit to the validity
of the relativistic results for the high energies, which differ widely from the
nonrelativistic ones.

The first approximation coincide with the Pauli approximation only for
the discrete spectrum, but not for the continuum. One can expect that the
first approximation has a weak incidence on the result, independently of the
level of energy considered in the continuum, but the second one is directly
related to the value of the number n in respect with Za and may lead to
important differences for the weak values of n, that is, the high values of the
energy. So in what follows, we mainly use the first approximation, the second
one being devoted only to the verification of the results, by a passage to the
well known nonrelativistic expressions (see [5], Sect. 71) of the matrix elements
in the dipole approximation.
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Matrix Elements for the Transitions
1S1/2-Continuum

Abstract. This chapter concerns the transitions from the state 1S1/2 to the states
P1/2, P3/2 in the dipole approximation (i.e., the fact that the retardation is not
taken into account) and the transitions 1S-P with retardation in the Schrodinger
theory.

11.1 The transitions 1S1/2-Continuum in the Dipole
and Schrodinger Approximations

All the followings approximations use the relation Z?a? < k2 and cannot be
applied for large values of Z.
As it is schown in Sect. 9.1, (9.17) one has to calculate integrals in the form

/ J(kr)gy for?dr  or / J(kr) f1gor?dr, (11.1)
0 0

where J(kr) is the spherical Bessel function jo(kr) or jo(kr) (which is reduced
to unity or zero in the case of the dipole approximation).

The radial functions ¢, f1 corresponding to 151/2 in the Pauli approxi-
mation (4.69), (4.72)

3/2 3/2
9 = [Z] 2e7 710 fy = —aZ [Z] e 71/, (11.2)
a a

The functions gs, fo correspond to a state of the continuum, and thus one
has to consider integrals in the form

(A, C,pi k) = / expl—(1+ 210y P(A, €22 ar,  (11.3)
0 n’ a na

where A = |k|+iv, C =2||+ 1, p=|k| + 1.



74 11 Matrix Elements for the Transitions 1S1/2-Continuum

The calculation of these integral may be achieved in two different ways:

(a) The Laplace method of the representation of a confluent hypergeometric
function (see Sect. 12.2).

(b) The direct integration term by term of the integrals (11.1) which may be
achieved by means of (11.30) below, leading to the calculation of hyper-
geometric series which may be reduced here to polynomials

We will not detail here the calculations. They are explicited in [16].

11.2 Transitions 1S1/2-P1/2 in the Dipole
Approximation

The interest of a calculation with the dipole approximation is to show, by com-
parison, the incidence of the retardation. It may be considered as negliglide
for the discrete spectrum and the values of the energy F in the continuum
close to the freedom energy. But this incidence becomes important and even
considerable for the high values of E.

In (9.17), jo(kr) and jo(kr) are to be replaced by 1 and 0, respectively.

We will consider the case where the difference between the magnetic quan-
tum number m; and ms is equal to zero.

One deduces from (9.20), (9.21) in which 6y = 7/2, and so I = e3

1
Ti(0) = 7U1=0

i 1 - 2 2 (> 2

T2 (0) = §U2 = [ glfQT' dr + g flgz’f' dT} €3 (114)
0 0
in conformity with (7.1). Here |r2| = 1. Using the relation
9 1/2

|02 —iv)| = Vavu[l + v?)/? {} (11.5)

eVTr _ e—Vﬂ'

(see [5], (5.21)), replacing in (10.29) exp(—i&p) by its value (10.27), eliminating
[1 + v2]*/2, one obtains

{gz } e [Z] v o V2yvi {Re}s (11.6)

f2 a 1 —e—2vn]1/2p | Im

S =i[(1+in)(1 —iw)]Y/2e 2T/ P(1 4 v, 3, i%) (11.7)
We obtain (see [16], (11.36)—(11.43))
2\/§ n2./vn e—2ucot71 n 9 [E 4 1]1/2
(14 n?)2[1 —e-2v7]1/2 |:’I”L[E + 1]1/2 fm{Z] - 3Re[L]] |
L=—[(1+4in)(1 —iv)]"2(1 +in) (11.8)

T (0)] = |
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11.3 Transitions 1S1/2-P3/2 in the Dipole
Approximation

We will also consider the case m; = mo = 0.
We deduce from (9.24), (9.25) in which 6y = 7/2, and so I = e

1
T (0) = 5U1 =0
1 2V2 [
Tj‘(O) = §U2 = T ; f1g27’2d7" €3 (119)

in conformity with (7.2). From |ks| = 2 and

9 }1/2

|F@wn¢mﬁmwu%@+ﬂnm[¢wﬂfw (11.10)

replacing exp(—i&) in (10.29) by its value (10.27), eliminating [4+1%]'/2, one
obtains

3/2 211/2
g2 | _ 12 |4 [1+ 7] vnr {Re}
(a2 e () @
S =[(2—in)(2 —iv))Y/2e 2/ (2 4 v, 5, 1227") (11.12)

na
we obtain (see [16], (11.49)—(11.51), with a change of sign in the expression

of J; and the correction of a priting erratum in the term 2v(5 + 2v?)n lying
in N below)

V22 fom n?
ITrj(o)l|2[s+1}1/2[1a_]e_2;7{;2 RelS]], (11.13)

where

N
w(2—iv)(1+v?)

N =1—[3n* +6vn® +6(1 +v*)n? + 2v(5 + 2v%)n

S =[(2—in)(2—iv)]*/?

—2vcot ™l n

3(1 4 n2)?
We give an indication on the method based on the formulas of the Note
below, using the hypergeometric polynomials. We deduce from (11.3) that

because p = 2 + 1, and after the change p = Zr/a, we have to calculate an
integral in the form

+3(1 + 20%) —idv(v? +1)]

. | N
L= [ expl-(4 DR 05, )
0 n n
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We apply the (11.30), below which introduces the functions
2
n+1

F(2+ iv,4,5, )

then (11.32) where appear

in+1 in+1

F(2+iv, 4,2 +1iv, 1), F3—iyl,—iv

in — ’in—l)

These two functions lead, by means of (11.31), to the polynomials

i+ 1 in 41
””1):1, F(=3, —1 — v, —iv, 211

in — in—i

F(0,-2+1iv,2 +iv,

It is easy to verify that the first above polynomial, equal to 1 (it corresponds
to the residue at infinity in the integration by the Laplace method), gives, in
combination with the second polynomial, and with the help of the following

relation
in — 1 v
|:Zn :| — ef2ljcot’1 n

in 41
the number N.

11.4 Transitions 1s-p in the Schrodinger Theory

We follows the method of calculation of [55]. The Schrédinger waves functions
1)1 corresponding to 1s and vy corresponding to p are in the form

2 Z 3/2 —Zr/a _ \/g
¢1(r)=m{a} e Zr/a, wz(r)—\/ECOSHR(rL (11.14)

where R(r) is given by (10.32) in which ¢ = 1, with the help of (11.5) in which
v =n, so that

- 27
Te—zZ7/anF(2 _~_in,4717r) (1115)

R e - -
(T) 1— 672n7r]1/2 na

3aa | a

2 m?’” [[1 + n2]L/2

the definition of n with respect to the energy E, = emc? being given by

(10.30).
Using the properties of the Schrodinger current we can write
h , h . h
TH(k) = — /elk*[quvwlﬁdr =—— /ezk-f[wlwgﬁdr, — =aa
mc me me

(11.16)

Considering the frame I,J,K where K = k/k, defined in Sect.9.1, the
relations
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n.es = cosf = cos 0 cos 0y + sin 0 sin 0 cos ¢

[V(e 2T/t = [n(e=Z7/2) )t = fgefz’“/a sind U (11.17)

2m
dr = r? sin fdAdpdr, / sinf cosf u dg = 7sin? §sin 6T (11.18)
0

T +ikrcos 0 231 A:4 — i — 11.1
/0 e sin” 0df J(kr), J(kr) (k)3 (k)2 ( 9)

and the definition (11.3), we deduces

from wich we deduce (see [16], (11.60)—(11.64))

I(2+in,4, 3; k) sin 61 (11.20)

zr [1+n?"/2
al nf

1— e—2n7‘r]1/2

V3e72"9(2n2 K cosng — (1 4 n? + n?K?)sinne)
Al 2] 21— e S

_ka 1 1 n 1 n
K—Z,9—2<cot {nK—i—l] cot {nK—l])

n? + (nK +1)?
n?+ (nK —1)2]°

To obtain the matrix element of the photoeffect, we have to give to k the value
k = (By — E1)/hc, with Ey — Ey = Ey — mc? + mc? — By, where mc? — Fy is
the ionisation energy Z?a?mc?/2, and so, using (10.30), to write

T (k) =

sinOL, (11.21)

(b;ln[

(11.22)

b

FEy — Fy 1+ n2] Z2a2 1+n2] Za
_ K = “
he n? 2aa n?2 2
We see that for values of Z not too large, the retardation is not very important

in the photoeffect, at least in the non relativistic calculation.

11.5 A recapitulative Verification

1. We can obtain a verification of (11.22), in which 0y = 7/2 and so I = es, by
the passage to the matrix element used in the calculation of the photoeffect
without retardation.

Using the relation the for small values of K

8n*K3

2n2K COSTL(,b — (1 —+ TL2 —+ n2K2) Sinnd) ~ m,

(11.23)
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which may be proved by means of Taylor developments, we obtain the modulus
of the vector U of the transition in the Schrodinger approximation, that we
will denote U, as in Sect. 7.2,

8n3e—2n cot™'n
=i 2T (k)| = =2
|Uq| kli% 2T (k)| = Ua(n), Ua(n) \/§[1+n2]3/2[1_e—2n7r]1/2
(11.24)
then using
U, h E,—-FE
= v = 22 i, (Xal =] [ il
2 me he
(11.25)

(see [5], Eq. (59.4)) we obtain, with the value (11.22) of Ey — E1), the well-
known expression ([5], eq.(71.4))

286—4ncot71n n2 5 ((XCL)Q
3(1—e2m) [1 + nQ} (Za)*

used in the calculation of the photoeffect without retardation.

2. On the other hand, using the approximation e+1 = 2, v = n, equivalent
to the Pauli approximation of the Dirac radial functions, we see immediatly
on (11.8) and (11.13) that, denoting U, and U, the vector Uy corresponding
to the transitions s1/2 — pl/2 and s1/2 — p3/2 respectively, we can write

1 V2
Uy = —=Uy(n), |U.=-—=<Uy(n 11.27
U | 7 (n), U 7 (n) (11.27)
in conformity with the relation (7.7), which holds in the Pauli approximation
for all transitions s1/2 —pl/2 and s1/2 — p3/2, now including a state p of the
continuum

| Xon|* =

(11.26)

2 2

Uczz = %7 U(zz = Qgca

We can deduce from relations established in Sect. 9.2 that a direct passage

of the vectors T+ (k) of the transitions s1/2 — p1/2 and s1/2 — p1/2 to a

vector T+ (k) of a transition s — p is not possible. In other words, one of

the effect of the retardation is to break the possibility to find an equivalence

between the Pauli approximation and the Schrddinger theory, and the reason

lies on the incidence of the retardation on the spherical parts of the Dirac

wave functions, related to the presence of the spin. The incidence is already

sensible, in the transitions of the discrete spectrum (see (9.38), (9.39), (9.40))

and this incidence may be amplified in the contribution of the continuum,
independently of the incidence of the chosen values for the radial functions.

U2 =U? 4+ U? (11.28)

Note : Integral formula implying the hypergeometric series.

The hypergeometric function, denoted F(A, B, C, z), is defined by the series

B AB z A(A+1)B(B+1) 2*

(11.29)
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which:

— is reduced to a polynomial of degree p in z if A or B is a negative
integer —p,

— if not, is an holomorphic function defined on the disk of convergence |z| < 1
of the series.

In both case it allows the calculation of integrals by means of the following
formula
| e - S0 s.0.%) (11.30)
0
with, in the case (b), Re(8) > 0, Re(\) > Re(u) > 0 (see [45], p.278).
This formula is nothing else but the integration term by term of the series

A AA+1) (up)?
Ap -1 _% up
A o e TR ro PP s K R

with the help of the relations ([45], p.9)
| eerriap= TR r(4p) = 1955+ 05+ 1)
0
The following formulas are usefull :
F(A,B,C,2)=(1-2)"4"BF(C—-A,C-B,C,z) (11.31)
I'C—-A-DB)
Irc-B)Ircc-2A)

c-a_pl'(A+B-C)
I'(A)I(B)

F(A,B,C,z) = D(O)] F(A,B,A+B—C+1,1-2)

+(1—2) F(C—AC-B,C—A—-B+1,2z)]

(11.32)
(see [45], p. 47).
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Matrix Elements for the Relativistic
Transitions with Retardation 1S1/2-Continuum

Abstract. This chapter gives exact calculation of the matrix elements of the tran-
sition by the use of hypergeometric series and its verification by using the Laplace
method. The incidence of the diverse approximations with regard to the exact solu-
tion are drawn out numerically. A conclusion is the necessity of the use of retardation
and considerable divergence between relativistic and nonrelativistic approachs for
the high values of energy in the continuum.

12.1 General Formulas

The formulas established here allow us to calculate the matrix elements, up to
all wanted degree of precision. They concern any Z number, provided that the
potential created by the nucleus can be supposed of the form Ze/r. For large
Z, a high degree of precision would not be compatible with the absence of
corrections due to the size of the nucleus. However, concerning the transitions
to the continuum, these corrections are probably negligible.

For Z > 2 a high degree of precision would require that the atom is
considered as strictly hydrogen-like. Precise results cannot be obtained, for
example, with the usual screening correction approximations to the value of
Z, which is made for the K shell. Nevertheless, experiments are made with
atoms whose all electrons except one have been drived away, and for these
experiments, except the question of the size of the nucleus, the calculation is
to be considered as suitable as for the hydrogen atom.

We will only consider here the transitions 1S1/2-continuum and the cases
where the variation in the transition of the magnetic number m is null.

The calculation for the others states of the discrete spectrum and for the
cases where the variation of m is equal to =1 can be made on the same model.

We recall the formulas we need.

L, ;(k) = /000 js(kzr)gi(r)fj(r)err, (12.1)
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where js(2) represents the spherical Bessel function such that s =0 or s = 2
and g;(r), fi(r) (i = 1,2) are the radial components of the Darwin solutions
of the states 11, 9.
1. Transitions S1/2 — P1/2: my = mge =0, (¢ = 1) and m; = my = —1,
(e =-1).
T (£k) =0 (12.2)

E .
Ty (+k) = 5[(3L0,12 + Lo21 — 2L2.91) (k)] sinfp I (12.3)

2. Transitions S1/2 — P3/2: my = ma =0, (¢ = 1) and my = mg = —1,
(e=-1).

TL (k) = —g%[@m 4 Loor) (k)] cos o sin 6y (12.4)
N V2 ,
T2 (ﬂ:k) = ?[(4L0’21 — 3L2’12 + L2’21)(]€)] S1n 90 I (125)

(a) The radial functions.

The radial functions g;, f; corresponding to the state ¢y = 151/2 ((17.14)
will be written here

7 3/2 VA 3/2
gi(r)=C [—] 2e Pt fi(r) = —CdaZ [Z] e Pp~l (12.6)
a
with s
222 -
m = [1—a?Z%2, 52[1+a2 ]
7
Cognm [ Lkd 2 ooyt
N 2y +1) T aZ [1+9
and P
r
p= o (12.7)
Let us denote
E 4
1.2 2 7211/2 _ _ 2 2,211/2
’y_[K’ _aZ]/7 E_w? n_[82—1]1/2’ V—[’[’L +aZ]

(12.8)
the parameters that are associated with the state 5.
Then the radial functions of a state o (energy E) in the continuum,
(10.10), is written

(0} e [ i () o (e
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—r —in]"/? 2p
S=|———| e ""F(y+iv;2v+1;iC 12.9
[ v +iv ] (v v ) (12.9)

The allowed transitions are such that )5 is a state P1/2 (k = 1) or a state
P3/2 (k= —2).

(b) The integrals L, ;;

Let us define
K pr—

NE

(12.10)

The determination of the integrals (12.1
in the form

~—

implies the calculation of integrals

oo . )
Is(K,n) =/ exp[—(1+%)p]js(Kp)p”“F(%Liw27+1;i Pydp, (12.11)
0

n
where s = 0, 2.
Using the equalities

[e+1]Y2 = % [5_1]1/2:\/5[;:?741/2 (12.12)
and denoting
e 2 D(y+ 1 —iv)|y/n 2 Y=k —in]"/?
Hn)=C VT (27 +1) M [ v+ iv } (1213)
we can write
2
Loa(k) = e Tl H () ()] (12.14)
Lo (k) = A L) (12.15)
NG

The substitution of these real numbers in the (12.2)-(12.5) (and (9.20)—
(9.29) for all the degenerencies) gives the values of the vectors Tj-(:l:k).

Note that for verifying the calculations which use the dipole approxima-
tion, we have to consider also the integral Iy(0,n), in which jo(K p) is replaced
by unity.

12.2 Numerical Calculation of the Formulas

The calculation of H(n) does not present difficulties, but the one of integrals
in the form

I,(K,n) =/ e P js(Kp)F(a; ¢; pp)dp (12.16)
0
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with
sinx

jola) = 2L () —3[

12.1
3 22 x (12.17)

sin x cos:v] sin x
where A = 1+4i/n,a =~v+iv, p =y +7v, c =2y + 1, p = i2/n, requires
explanations.

These integrals imply confluent hypergeometric functions and two ways

may be envisaged for their calculation.
(a) Analytic calculation.

For a long time it has been the only way, by the use of the Laplace method.
Such a method is based on the representation in the complex plane of the
confluent hypergeometric functions and the use the residues theorem. But it
needs the approximation Z2a? < k2, which allows one to replace in (12.16)
the numbers a, ¢, p by integers.

This method is suitable only for small values of Z, but allows a verification
of the validity of the results obtained by the second way below. We recall that
it is the natural continuation of an approach initiated in [55] and which has
been used in the study of the photoeffect especially in [5,32], Sect. 71.

We will not detail the calculation made in [18] and will only recall the
numerical results given by (12.41)—(12.48) of this article.

(b) Numerical calculation on computers.

The calculation of the integrals Ly ;;, (12.1), may be presently achieved by
means of sophisticated computer softwares.

Nevertheless, given the good convergence of the hypergeometric series, a
simple calculation can be made with the use of (11.31) (except for the calcu-
lation of Ly 1, in the case of P1/2, which implies more elaborated processes,
but this integral is negligible for small values of the energy in the continuum).

12.3 Some Numerical Results

The numerical results presented here concern the square of the matrix ele-
ments deduced from (12.2), (12.3) for P1/2 and (12.4), (12.5) for P3/2, in
which 6y = /2, i.e. the number

L(k) = |T5 (k)[?, where k= k| = E ;CEl = 27” kes=0 (12.18)
E; is the energy of 151/2 and E the energy of a state P1/2 or P3/2 of the
continuum, A the wave length of the incident wave.

The number L(k) is dimensionless but to be in conformity with the defi-
nition of [5], Eq. (73.1), it may be considered as a quantity expressed in unit
(mc?/h)? = (1/aa)?.

The calculation gives results obtained by the Laplace method and their
comparison with the ones obtained by the use of the hypergeometric series.
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In the limit £ — 0, (12.41)—(12.48) of [18] allow one to recover the ex-
pressions of the numbers L(0) = |T5(0)|> = |Uz|?/4 (see (12.8), (11.13))
corresponding to the relativistic, non retarded case.

In the Pauli approximation (here v = n in addition to Z?a? < x?) the
numbers L(0) satisfy the relations L(0) = |Xg1/?/3 and L(0) = 2|Xg1]?/3
for the transitions s1/2-p1/2 and s1/2-p3/2, respectively (see 11.29), where
| Xz1]? (see [5], Eq. (71.4)) is the matrix element of a transition 1s — p in the
Schrodinger theory. (We recall that this matrix element has been used for a
long time as the main element of the theoretical verification of the experi-
ments on the photoeffect ([5], Sect. 71)). This property has been analytically
verified on the relativistic non retarded formulas of the Sect. 12.10, and nu-
merically verified for the small values of k on the relativistic retarded formulas
of Sect.11.4.

Here we compare L(k) with the non relativistic retarded matrix elements
of the transitions 1s — p established in conformity with the calculation of [55]
(see (11.22) with 6y = m/2) (multiplied by 1/3 and 2/3 for the transitions
1s1/2-p1/2 and 1s1/2-p3/2, respectively). That gives the error made by the
use of the nonrelativistic retarded theory.

1. In Tables I, II, III, the line (a) gives the values L.(k) of L(k) calcu-
lated with the use of hypergeometric series, and which are obtained by means
of (11.31)

We emphasize that the high degree of precision allowed by this method
concerns only atoms considered strictly as hydrogenic and whose number Z
in not too large, in such a way that the corrections due to the presence of
other electrons or the size of the nucleus are not to be taken into account.

For simplicity, because the calculation of I>(K,n) for the transitions
1S1/2-P1/2 requires sophisticated numerical methods, we have leaved out
the calculation of this number. For the values of K = ak/Z not too large its
contribution is negligible. For the large values of K, the matrix elements of
these transitions are not mentioned.

Table 12.1 is relative to the numbers

L.(k) : hypergeometric series.

L, (k) : Laplace method.

L(0), (k= 0) : relativistic non retarded (see (11.8) and (11.9)).

Lo(k) : non relativistic (Schrédinger) retarded (see (11.22)) multiplied by
1/3 and 2/3 for the transitions 1s1/2 — p1/2 and 1s1/2 — p3/2, respectively.

The line (b) gives the ratios L, (k) /L. (k) and allows a numerical comparison
between the two methods.

The line (c) gives the ratios L(0)/L.(k) and allows the evaluation of the
incidence of the retardation in the relativistic calculation.

The line (d) gives the ratios Lo(k)/Le(k). It allows the estimation of the
errors which are made when the retarded non relativistic calculation is used.
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Table 12.1. Matrix elements L(k) (see [19])

A(A) E —mc® (Kev) K =ak/Z 1S1/2 — P1/2 1S1/2 — P3/2
LH(Z =1)

828.42 0.00136 0.004 a 0.110973 0.221954

b 1.00005 1.00007

¢ 1.00004 1.00003

d 1.00005 1.00001
0.608 20.4 5.47 a  1.0997 x 1078  2.3179 x 1078

b 0.99988 0.99982

c 0.9357 1.0034

d 1.1080 1.0514
0.0091 1360.6 364.9 a  3.37x107  6.035x10713

b 0.99963 1.0021

c 0.1479 0.3276

d 0.9434 1.0553
0.006 2040.8 547.3 a - 3.032x10713

b - 1.0024

¢ - 0.1625

d - 0.093
9x107° 136056 36487 a - 9.40x1071¢

b - 1.001

c - 4.83%x107°

d — 2.44x10711

II:Na(Z = 11)

7.457 0.0165 0.041 a 0.12723 0.25549

b 1.006 1.009

c 1.005 1.003

d 1.006 1.002
0.502 23.05 0.602 a  5.692x107%  1.2282x 1073

b 1.0004 0.995

c 0.927 1.006

d 1.141 1.057
0.075 162 4.01 a  3.73x107%  1.3317x 107°

c 0.585 0.997

d 2.6 1.45
0.015 821 20 a - 2.283 x 1077

c - 0.611

d - 4.8

(Continued)
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Table 12.1. Continued

MA) E—-mc® (Kev) K =ak/Z 181/2 — P1/2  1S1/2 — P3/2
II:Cs(Z = 55)

0.3 0.041 0.2 a 0.10806 0.24347
b 1.170 1.251
c 1.139 1.070
d 1.164 1.033

0.2 20.57 0.301 a 0.05 0.1226
c 1.067 1.071
d 1.301 1.038

0.03 370 2 a - 0.00219
c - 0.955
d — 1.8

L(k) = [TE )%, k=[] = 2 thl _ 27” kes =0

Lc(k) (hypergeometric series), Lq(k) (Laplace method), L(0) relativistic
non retarded, Lo(k), non relativistic retarded.
a = Le(k),b = La(k)/Le(k),c = L(0)/Le(k),d = Lo(k)/Le (k).

Comments.

For E close to mc?, i.e. for K small, and small values of Z, all the lines

(b) to (d) must be close to 1, as can be seen on Table I (Z = 1) for K=0.004.
That constitutes a very credible confirmation of the validity of all the formulas
used.

For small values of Z the line (b) must be close to 1 as that can be seen
on table I (Z=1) and II (Z = 11). So, for these values, the formulas (12.27)—
(12.34) whose running time on a computer is shorter than for the ones of the
hypergeometric series, can be used. But for large values of Z, the table III
shows that the Laplace method gives wrong results.

The incidence of the retardation, in the relativistic calculation, begins to
be important (for Z = 1) around E — mc? = 300 Kev and then becomes very
large, as it is schown in the line (c).

The errors (line (d)) due to the use of the retarded non relativistic formulas,
with respect to the retarded relativistic ones, are not very large for E—mc? <
1,300Kev (Z = 1), but then they increase fastly, and become considerable
for E very large. That shows the profound difference between the relativistic
and the nonrelativistic calculations. One can notice on Table 12.1 incidence
of the value of Z on these errors.

We recall that the nonrelativistic calculation cannot be applied in the cases
of degeneracies (for reasons analog to the differences between the normal and
anomal Zeeman effect), as it is schown by the formulas (9.20)—(9.29).
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12.4 Conclusion

We have a numerical confirmation of the validity of the formulas giving the
exact relativistic matrix elements with retardation of the photoeffect of hy-
drogenic atoms, by the good concordance, for small walues of Z, of the results
in the two ways of calculation which have been employed, the exact one, based
on the use of the hypergeomtric series, and the Laplace method which implies
the approximation o222 < k2.

An important point is the necessity of the use, in the photeffect, of the
relativistic calculation in place of the nonrelativistic one, even when the re-
tardation is taken into account in this last calculation.
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The Radiative Recombination

Abstract. This chapter concerns what is called the radiative recombination, that
is, the inverse of the photoeffect: one considers the emission of a plane wave after
the capture by a bare nucleus of an electron whose state is placed in the continuum.

13.1 Motivations and Definition of Cross Sections

The radiative recombination (RR) for an hydrogenic atom is the inverse of
the photoeffect. Instead of considering that a photon of energy hv = fw falls
on the electron, bound in a state of energy E7, and that the electron jumps
to a state of the continuum of energy Es = F; + hw, one supposes that an
electron in a state of the continuum of energy E5 may be captured by the
bare nucleus until a bound state of energy Fy with the simultaneous emission
of a photon whose energy is hw.

The recent studies about this process has been achieved in particular by
Jorg Eichler and Akira Ichihara (see [24] and [38], named here [I/E]). Such
a process “plays an important role in plasma physics, in particular for the
spectroscopic analysis of fusion plasmas” ([I/E], p. 2).

Given the kinetic energy T of the incident electron, so that ([E/I], (13.7))

T=Ey,—mc®=hw—¢ (Bi=mc*—¢, €>0) (13.1)

cross sections opp for the study of RR are considered. We will follow the
definition given in [I/E], (13.11)

a.
ORR = % (13.2)

(a) oy, is defined as ([I/E], (13.6))

8m2amc?(\E)?

hw(2j +1) (13.3)

Oph =
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where j + 1/2 = |k| and & is the principal quantum number of the state of
energy F1, and A& = h/mc is the reduced Compton wavelength.
The number L is defined as

” / ([T (k)]? + [T5 (k)]?) sin Opdodby (13.4)

The vectors Tj- (k) allow one to define the matrix elements, (8.1), (8.3), of
the transition from the state of energy Fy to the state of energy FE;. The
propagation vector k of the emitted wave is such that |k| = k = fw and 6y,
such that K.e3 = cos 6y, (K = k/k), defines the angle between k and the e
direction of the Darwin solutions of the Dirac equation. So (8.4) corresponds
to an average upon all the directions of the vector k.

Note that op, may be also written

pn = 2ma2 s iy (A= 27T7}_”), (13.5)
[x] | k
where a = A/amec is the Bohr radius and A the wavelength of the emitted
photon.
If @ and A are both expressed in Angstrém (10~%c¢m) and o, in barn
(1072% em?), it is necessary to multiply the right hand part of (13.5) by a

conversion factor equal to (107%)2 x 1024 = 108,
(b) The number f is defined ([I/E], Eq. (12)) a
T*+2T . T
fe o L e L —510.99906keV  (13.6)
(T +¢€)? mc? mc?

in which T, € and mc? are expressed in Kiloelectronvolt.

13.2 Some Numerical Results

The values of orpr have been published in [I/E], p. 10-121, for the bound
states 1S1/2, 251/2,...3D5/2, from Z =1 (1 < T < 5 x 10* eV) to Z = 112
(1<T <8x105eV).

We give here the way of calculating these values for 1S1/2 by means of
the formulas established in the previous sections and gathered together in the
Chapter 11.

The number L will be considered as corresponding to the transitions P1/2-
1S1/2 and P3/2-1S1/2, in the case where the variation in the transition of
the magnetic number is null (linear polarization). Furthermore, L will be
considered in (13.4) as corresponding to the sum of these two transitions.

The radial functions g1, f1 of the state of energy E; are given by (12.6)
where € is given by (4.53) withn=1, |k| =1:

2 2 2 2
Z o (1+ Z o )
2 4

e:mc2

(13.7)
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The radial functions gs, fo for P1/2 and P3/2 are given by (12.9) (|| =1
and |k| = 2) by means of the suitable value of the number n of (12.8)
corresponding to the energy Fj.

The value of the component of L for P1/2 is given by (12.2) and the (12.3)
with an integrating factor 8w/3, for P3/2 by (12.4) with a factor 87 /15 and
(12.5) with a factor 87 /3.

The values of orpr (expressed in barn) in function of T' (expressed in eV)
are rounded off at three numerals in [I/E]. We give some values, rounded
off at four numerals, obtained by the way of calculation based on the use of
hypergeometric series (Sect.12.2) and verified (for Z = 1,2 only, for larger
values of Z the verification is less legitimated) by the Laplace method:

Z=1 :1eV: 1088b, 10eV : 75.93b, 100eV : 1.652b
Z=2 :1eV: 4512b, 10eV : 406.6b, 100eV : 19.80b
Z=11: leV: 1.380 x 10%, 10eV : 1.350 x 10%b

These values are in agreement with those obtained by Professor Ichihara
(private communication, 2001).
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Interaction with a Magnetic Field
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The Zeeman Effect

Abstract. This chapter is relative to the calculation in other external fields, lim-
ited here to a weak magnetic field, giving one of the most important phenomena
associated with the Dirac theory, the anomalous Zeeman effect.

14.1 An Approximation Method for Time-Independent
Perturbation

We consider the electron of an hydrogenic atom that is submitted to a poten-
tial A € M in the form
_ e2Z

A= A%+ Aey, eA'=V(r)= (14.1)

r

We suppose that A is sufficiently small for considering its incidence as a
perturbation of the Darwin solution corresponding to a state, in the central
potential Ag, of energy E. The energy E’ of the electron will be then written

in the form E —E+AE (14.2)

The method of perturbation that we are going to use is based on the following
hypothesis.
1. The wave fonction 1 may be considered in the form

1/)(1,07 I‘) _ (ZS(I,)efjeS(E’/hc)mO (143)
in such a way that (4.6) becomes

Vo= %[—EO(E—F (E+AE+V —eA)dlies, FEo=mc®, ¢ =eopey (14.4)

2. Both ¢(r) corresponds to the Darwin solution for the state whose energy
is E, and (14.4) is acceptable in average by means of an integration on the
E? space of a formula in which the Dirac current

j = deod = %0 + jeo

of the state intervenes (H. Kriiger, 1991, private communication).
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Multiplying (14.4) on the right by epiesgey, taking into account (4.6) we
can write

AE/gbeoqNSeo dr :e/Ad)eog{)eodT (14.5)

Applying (4.18))

/cﬁeo(ﬁeo dT:/jeo dT=/(j0+j) dr=1

AE:e/A(j0+j) dT:e/(j0A+A.j+A/\j) dr. (14.6)

we obtain

Since AF is a scalar, the right-hand part of this equation must be a scalar
and so the two following relations must be verified

/jOA dr =0 (14.7)
/A/\de:O (14.8)

Then we can write
AFE = e/A.j dr. (14.9)

14.2 The Margenau Formula: The Landé Factor

We consider that the atom is submitted to a magnetic field in the form H =
Hes where H is constant. The corresponding potential A is such that we can
write

H
A:E(egxr) = H=VxXxA=Hes (14.10)

Indeed,
H
A= ?rsmHv (14.11)

and, using (4.1), it is easy to verify that
H
5V x (rsinfv) = Heg

Since j° is independent of ¢ (4.17a) and fOQW vdy =0, (14.7) is verified.

Since j is colinear to v (4.17b), (14.8) is also verified.

So if H is sufficiently weak in such a way that its effect may be considered
as a perturbation of the Darwin solution, (14.9) may be applied.
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The shift AE of the state of energy E is called the Zeeman effect, more
precisely “anomalous effect,” with respect to the shift obtained in the nonrel-

ativistic theory named “normal effect.”
We deduce from (14.9), (14.11), (4.17b),

AE =eH xIxJ (14.12)
I= 27r/ (M?* — L?)sin® @ + 2L M cos 0 sin 0) sin 6 d6 (14.13)
0
o
J:/ (gfr)r? dr (14.14)
0

(a) Calculation of I
We will use the fact that L, M are in the form

C D
inpm, Mzipm-‘rl
V2T ! V2T !

(4.30), (4.31) and the relation
/ PIPfsing df = dj
0
Writting sin? 6 = 1 — cos? 0 in (14.13) and I = I; + Iy,

I = 27r/ (M? — L?)sinf d§ = D* — C? (14.15)
0

I, = 27r/ (—(M? — L?) cos? @ + 2L M cos 6 sin 0) sin 6 dé (14.16)
0

using (6.3), (6.4) for the integration of the terms (M cos®)?, (Lcos6)?,
(Lsin@)(M cos ) in I, one obtains, after surprising simplifications in the
calculation of I,

1.k=—(1+1):
I 2m +1 _ 2m +1
T T @+ 1)(20+3)
2m+1)2(1+1) (2m +1)2k
I=— = 14.17
20+ 1)(20 +3) (26+1)(2k — 1) ( )
2. k=1
I 2m +1 _ 2m +1
Torg1 P @i+ n@-1)
I (2m +1)21 _ (2m +1)2k (14.18)

QI+1DRI-1) @r+1)2s-1)
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(b) Calculation of J:
Deducing fgr from (4.12) we can write

/= 277::@ /0 [9% + f2 + K(g® = %) + (99" + ff')r]rdr,

where m. means the mass of the electron (for evoiding a confusion with
m € Z). Since

/00(92 + fArfdr=1= /{/m(g2 — fAHridr = k(1 — Q/Oo F2r2dr)
0 o o

> 1 3 [ 3
J R e e e R
0 0
and because 1 4+ k — 3/2 = k — 1/2 we obtain
h 1 >
=5 c[n 3~ 2I<L/O fAr2dr] (14.19)

The Margenau formula:
Now we can deduce from (14.12)

% 1 2
2m + 1) —— i

AE=H [z —
2mec 26+12 2k—1

o0
/ fAr2dr] (meZ) (14.20)
0
i.e. the Margenau formula [46], expressed here by means of the principal quan-
tum number « and the magnetic number m € Z.

The consequence of this formula is that the levels of energy of the states
corresponding to the different values of the magnetic number m appear as sep-
arated. So the number of the transitions between two states whose energies
were F1 and Es in the absence of a magnetic field is increased by new tran-
sitions between states of energies Fy + AEj(mq) and Ey + AFEs(ms2), where
AE;(my) and AE5(ms) are given by (14.20).

For a given walue of Am = mj — mgy, the correspondent transitions are
indescernible in an unperturbated experiment but, given the separation of the
levels, there are as many observable transitions as different couple of numbers
(m1, m2) when a magnetic field is present.

For the transitions P1/2 — S1/2 the couples (mq,ms) are

(070)7(_1a_1) T (07_1) - (_170)
For the transitions P3/2 — S1/2 the couples are
(an)v(_lv_]-) - (1,0),(0,—1) - (_1»0)7(_2a_1)

So two linear polarizations instead of one may be observed in the transitions
P1/2—51/2 and P3/2 — S1/2, and four circular polarizations instead of two
for the transitions P3/2 — S1/2,
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The Landé Factor:
Introduced in the Pauli theory, the Landé factor G is defined as follows

G
I+

1
L Jt g =Isl (14.21)

DO

(see [5], Egs (46.6), (14.28)).

Denoting
ho_ m+ L m’
2mee Ho, 2

(meZ)
since

o1 2k I+1 j+3
A T G s S Sl

1 2k ! j+3
k=1, l=j+= = - -
7Ty 2v+1 I1+1 1+1

one can write as in [5], Eqs (47.1), in a form mixing the numbers j, [, s but
including the Landé factor,

AE:Jﬂmm%J+f)u— '“1/ f2r2dr] (14.22)
l+§ 0
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The Contribution of the Discrete Spectrum
to the Lamb Shift of the 1S1/2 State

Abstract. This chapter is devoted, in close relation with Part I11, to the relativistic
calculation of the contribution of the states of the discrete spectrum to the Lamb
shift of 1S1/2.

15.1 The Lamb Shift

A complete description of one of most complex calculation concerning the
hydrogenic atoms, the Lamb shift, is outside of the scope of our elementary
presentation. However, the matrix elements of the transition between two
states play an important role in this calculation, which cannot be omitted in
our presentation.

A precise observation of the levels of energy of an electron in an hydrogenic
atom shows a slight shift of the value of a level with respect to the one given by
the Darwin solution of the Dirac equation. This phenomena has been observed
for the first time by Lamb and Retherford [42] and is called the Lamb shift.

An interpretation of the shift of a level has been given by Bethe [4] as an
incidence of all the virtual states, belonging to the discrete spectrum and the
continuum, of the electron upon this level.

The calculation of the contribution of a state to the Lamb shift of a par-
ticular state is based on the consideration of three terms (see [25,40]: the
Electrodynamics energy term Wp, the Electrostatic energy term Wg, and the
Electromagnetic mass operator Wy, in such a way that the contribution is in
the form Wp + Wg — W),.

For the contribution of the states whose energy is low, in particular those
of the discrete spectrum, only the term Wp is taken into consideration. We
will only consider this contribution.

The interest of the calculation of the contribution of the discrete spectrum
is to refine the usual calculation in which, for the low energy contribution, an
approximative formula is used.
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Another interest lies in the fact that this contribution could have some
importance in future experiments with atoms closed inside a cavity, in such
a way that the contribution of the continuum would not to be taken into
account (see [53] and [33]).

At least the study of the term Wp will allow us to show the difference
of the values of this term between those obtained by the relativistic and
nonrelativistic calculations. This difference is weak for the contribution of the
discrete spectrum and the low levels of the continuum but becomes consider-
able (see Note below) for the ones of the continuum of high levels and explains
the necessity of the mass renormalization represented by the term Wy,.

We will consider only the case of the Lamb shift of the 151/2 state of the
hydrogen atom.

The formula giving the term Wp of the contribution to the shift of a state
of energy F» to a state of energy FEj is the following

a(Br = By) [ [T1(k)]* + [Ty (k)]?
47T2 E1 — E2 — hek

AE12 = he dT(), (Adl)
where the vectors Tj (k) are defined by (8.3), k = [k|, and, following the
notations (¢, 6y) of sec. 8,

27 ™ [e%¢)
/f(SO, 0o, k)dry = / / / f(p, 00, k) sin Opdpdbydk.
o Jo Jo

It is to emphasize that this integral is convergent whatever the values of
FE, and Es may be.

15.2 Nonrelativistic Calculation

In the nonrelativistic calculation the Dirac equation is replaced by the
Schrodinger one. The formula that is obtained (see [2]), which is convergent, is,
if the dipole approximation is applied (i.e. Tj(k) are replaced by TJ-L(O)), the
formula used in [4] for the first calculation proposed for the explanation of the
Lamb shift. But this last formula is divergent and its use implies that the in-
tegration upon k is cut off for a k = kmaz. In [23] the value of kmazr = amc?
has been proposed and was used in the following calculations of the Lamb
shift.

Here we are only interested in the calculation with retardation. A calcu-
lation of the contribution of the 2p state on the shift of 1s, in the case where
my = mg has been achieved in [7], Eq. (37), and gives

AE12 054 27 4 11

This formula is deduced from (7.4), (7.5) for the construction of the vectors
T+ (k).
J
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Exactly the same formula lies in [52], Eq. (16) but has been established
by J. Seke quite independently.

For taking into account also the cases where m; — mo = +£1, and so the
total contribution of the 2p states, this result is to be multiplied by 3 giving
256.8 MHz.

The total contribution of the p states of the discrete spectrum to the shift
of 1s have been calculated in [8] and also quite independently in [31].

The values of the cumulative contributions due to the states 2, 3, 4...00
are in these two articles :

Blaive. 2: 256.95; 3: 325.37; 4: 353.28: ...00: 395.01. MHz
Seke. 2: 257.04; 3: 325.49; 4: 353.40; ...00: 395.76. MHz

These values are not very different from the ones (see below) obtained
in the relativistic calculation. But when the contribution of the continuum
is taken into account especially for the levels of energies greater than amc?
the divergence is such that all comparison between the relativistic and the
nonrelativistic calculation is to be abandoned (see Note below).

15.3 Relativistic Calculation

We have calculate in [14] the contribution of 2P1/2 and 2P3/2 to the shift of
151/2. We have used (Ad.1) in the case where the magnetic numbers my, mo
are null. For simplicity we have also used the Pauli-Schédinger approximation
which gives results very close to the exact relativistic ones in such a way that
Ey — E; = 3a/8a and the expressions of T (k) (9.20), (9.21) and (9.24),
(9.25), are reduced to Eqgs (9.38), (9.39), (9.40). We obtain

2P1/2 :

AEY, ot 27 1 4 137 6
—t = —  — . —[lIn— — — + = = 33.7TMH Ad.3
he ar 38 3[ . « tgloor v z ( )

-2P3/2 :

AE? at 2T 2 4 1
hcu =3 g[ln o % - 3%] or v = 53.7 MHz (Ad.4)

(note that the above number 137 is not to be confused with 1/« but comes
from (141/2+1/3+1/44+1/5)/2=137/120).

So the total contribution is v = 33.7 + 53.7 = 87.34 MHz close to the non
relativistic 85.6.

The values obtained in [53] are about the same :

Table 9 : 101.073/3=33.69 MHz and Table 10 : 161.298/3=>53.766 MHz.

In the same article J. Seke gives the values of the contributions of all the
discrete spectrum (including those corresponding to the electric and mag-
netic quadrupole transitions) to the shift of 151/2 and finds a total value of
429.7 MHz.
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We recall his values only for the contributions of the P1/2 and P3/2
(corresponding to the electric dipole transitions) :
Table 9. P1/2. 2: 101.073; 3: 128.168; 4: 140.162; ... co : 157.491. MHz
Table 10. P3/2. 2: 161.298; 3: 203.900; 4: 221.205; ... oo : 247.499. MHz

The sum of the contributions of the P1/2 and P3/2 is then

P1/2+P3/2. 2: 263.37; 3: 332.07; 4: 361.37; ... 0o : 404.99. MHz

It to emphasize the good concordance of results obtained quite indepen-
dently and despite the difference of the methods which have been used. On one
side, the real formalism and the employ of the pure law of Maxwell without
quantization. On the other, the spinors formalism and the use of the Quantum
Field Theory.

15.4 Note

The experiments on the shift of 151/2 give 8,173 MHz. A nonrelativistic cal-
culation, implying not only the contribution of the discrete spectrum but
also all the continuum, achieved by B. Blaive (see [17]) gives 396 + 4,759 =
5,146 M Hz. One could think that the passage to the relativistic calculation,
i.e. the use of (Ad.1) and the Dirac theory, would allow to reach the 8,173 MHz.
And so, as suggested by Bethe in his article of 1947 the relativity (associated
with the retardation) applied to the formula he proposed, could give the exact
way of the calculation of the Lamb shifts. We have achieved a calculation of the
contribution of the state P3/2 on the shift of 1/51/2 upon all the continuum
and the result is around 10% MHz !. So the W term must be corrected by a
renormalization as that was sensed by several authors only just some months
after the publication of the article of Bethe. Note that even if the terms Wp,
Ws, Wiy could be calculated separatively with a good precision, this precision
would not be right enough to give a small number as the difference of two very
large numbers. The calculation level by level of Wp 4+ Wg — Wy, for the high
values of the continuum, which has been used until now (to our knowlegde)
seems a necessity.
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The Hestenes Spinor and the Pauli
and Dirac Spinors

Note. In what follows, the identification of the Hamilton quaternion ¢ and
the Hestenes spinor ¢ with the Pauli spinor £ and the Dirac spinor ¥ is based
on the articles [28,44]. Perhaps, it is not the shortest one, but it allows a
step-by-step conversion of ¥ into 1 and vice versa when ¥ is expressed by
means of its four complex components.

The spinors € and ¥ are defined as columns of complex numbers, without
any proper structure, and their properties follow only from the fact that the
matrices oy, and 7y, act on these columns.

In contrast, in the real formalism, the spinors are replaced by objects
already endowed with a proper structure, which do not need anything else for
their employ.

The following operations of identification are complicated by the ambigu-
ities of the complex formalism in which the “imaginary number” /—1 may
correspond to two different real objects.

A.1 The Pauli Spinor as a Decomposition
of the Hamilton Quaternion

Using i = —jk, (2.4) may be written as
qg=u; —jus, uy=d+ke, us=—b+ka. (A1)

Applying (2.5), we immediately obtain
iq = (kug) — j(ku1), jq=uz—j(-w), kq=(ku),—j(—kuz) (A.2)

and forgetting 7, let us write ¢ as a doublet of “complex numbers” (uj,uq) in
which the “imaginary” number \/—1 is replaced by k.

Now, we consider the Pauli spinor £ = (uf,u}), where uj = d + ¢, uy =
—b+i'a and i’ = v/—1. Introducing the matrices i'o}, we can write



110 A The Hestenes Spinor and the Pauli and Dirac Spinors
01§ < iq, ol <= jq, V03¢ <= kq, i'=vV-1<k. (A3)

Note that i'ul, = u/,i’ as well as ku, = u,k. But this operation corresponds
to the change of ¢ into gk, i.e., the multiplication of ¢, on the right (because of
the presence of j in (A.1)), by k. That cannot be seen by writing i'¢ = &1/, and
though that the use of the standard formalism remains coherent; it forbids the
interpretation of the spinor £ otherwise than an abstract entity instead of the
element of a field closely related to the group of the rotations in £3 = R3:0,

For convenience, we write now ¢ = ieq, j = ieq, and k = ies.

Multiplying in the relations (A.3) ig, jq, kq on the right by —k = —ies and
because —iexqies = erges and —(i'0€)i’ = o€, we obtain

U}cg <~ erqges. (A4)

A.2 The Dirac Spinor as a Decomposition
of the Biquaternion

We consider a Dirac spinor ¥ = (uf, ub, uy, u}). We will suppose that each
uy,uh, with i’ = /=1, is in the form a + i'b, and, in the purpose to be in
agreement in particular with Bethe and Salpeter [5], we will suppose that
each u}, /) is in the form i”(a + i'b) with also i” = /—1.

For the traduction in the real formalism, ¥ is a biquaternion @ that, for
the while, we consider as an element of C1(3,0). We will write

Q=q +ig, ¢ =u —iesus, igx = us —ieguy, (A.5)

where each w1, us is in the form a + iesb, identified to a +i'b, and each us, 14
is in the form i(a + iegb), identified to i’ (a + i'b) with ie; < i’ and i < .
However, the identification of the Dirac spinor ¥ to a biquaternion element
¥ of CIT(1,3) requires a justification. It lies through the consideration of the
action of the Dirac matrices v* upon the Dirac spinor, for the while only
defined as an element of C*, more precisely as a doublet of elements of C?.

A.3 The Hestenes Spinor and the Dirac Matrices

As the v* matrices use the oy, ones, we are obliged to take the identification
(A.4) into consideration and now to introduce es inside Q.
Because iqg = igeZ = (qgies)es, one can write a quaternion Q € CI(3,0) in
the form
Q=q +ig2 =q + ¢ees, G2 = goies, (A.6)

with g1 = wy — lequs, §o = U3 — iesty, and, forgetting es, consider @) as a
doublet (g1, G2) of quaternions.
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Note that uz, us are now replaced by tuges, tiges, and so uj, u} are replaced
by %, @) each one in the form i’(a+1i'b). But there is no matter in the complex
formalism to distinguish a4, @) from uf, u.

Now, we consider the quaternion @ as an element 1) of Cl+(1, 3) and look
for the concordance

Y =q + Goes ~ (q1, G2) <=V = (£1,&2). (A7)
Because eligae’ = —igeleg = —does and e = —e, = —epeq, we obtain
e1peg = €(q1 + does)eo = q1 — Goes = (&1, &) = 7"P,
eFpeg = —ee’Yey = exdoes — (exqies)es <= (oréa, —01&r) = VM,

and so
etipey <= YU . (A.8)

All the concordances (3.16) are justified.
Taking 1 in the form (A.7), identifying each component to the correspond-
ing one of ¥, a simple calculation shows the concordance (3.17):

=T € Re e (Yegt)) € R. (A.9)

A.4 Solution for the Central Potential
Expressed by Means of the Dirac Spinors

Using (4.26), we can write
¢ = (gNT}e3 — FINT.  e3)e'®™? (A.10)

and the introduction of NY* .
the presence of P}, Pl’ﬂ'l in the solutions written in spinor formalism.

The expression of the biquaternion ¢ in a Dirac spinor is the following:

is the explanation, as we are going to see, of

¢ = ¢1+idy = uy —iegus + uz — ieguy. (A.11)

Note that in (A.10), N7, and N7, are each one to be calculated with the
help of (4.30), where [ = 0,1,... or (4.31), where [ = 1,2,..., so with values
of [ which differ from 1, when in (A.11) the chosen values of [ in the expression
of uy, us and ug, uy are the same for these two couples of numbers.

We can write, using the relations ues = —iv, v = eg exp(iesy),

Neg:L+Mue3:L—Mi’u:L_MieQeiew (A.12)
and so
gLTJrneiegmiP = uy, gM{‘VJlrn&iea(m-l-l)ga = Uy,

_fL71n+Helegmgoi = ug, _fM{riﬁe;eg(m-‘rl)cpi = uy.
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Introducing the spherical functions Y;(6, ) in which v/—1 has been replaced
by ies,

1 .
Y, (0, 0) = ﬁPIm(COS f)etesme, (A.13)

we can write
Case (a). k<=1, m=m'—1/2

For this value of &, we apply (4.30), and for K’ = —x = (I + 1) > 2 we have
to apply (4.31) in which [ is to be replaced by I + 1 (for respecting the fact
that the value of [ in uy, us and us, uy is the same for these two couples of
numbers):

. I+m+11"%_ Ltm + (1212 1)
gL =g {W} "=y —ir1 Y, = u,
I —m1Y? L—m' +(1/2) 1/2 12
M™ = Lo ym — et/ 4) Ym _
g g[2l+1] ! { 20 +1 } 1 Uz,
. I+1-m]*"*_ L—m/ +(3/2)1"% o 1)2.
_le+2__f[ 21 1 3 ] Yihi=—f [T] Y i= us,
m L+m+2]" +1s L+m +(3/2)]"? m'+1/2.
MY, = f [W] Yiri=f {W} Y i=1uy
Case (b). k> 1, m=m'—1/2
For this value of k one applies (4.31), and for ' = —k = —1 < 0 we have

to apply (4.30) in which [ is to be replaced by I — 1 (for respecting the fact
that the value of [ in uy, us and us, uy is the same for these two couples of
numbers):

ot =o[5rs] =[]
ot = —o |5 i = g [ U] i,
o=y [52] vim [E0)
ey =i [ s [

So, one can obtain the spinor expression of the solutions (14.3) and (14.4)
for the case (a), and (14.7) for the case (b) of Bethe and Salpeter [5] (with
a change of sign for uz and uy due to a change of the convention of the
orientation of the plane (ey,es)).
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The Real Formalism and the Invariant Entities

B.1 Properties of the Hestenes Spinor

Let ¢ € CIT (M) such that Yih # 0. We can write
Ve CIT(M) = Y =X+ B+iu, MpeR,BeAN’M
and from (1/1@[))~: Y, B=—B, 1i=1i, we deduce B = 0 and
=X +in=pe’, p>0, BER,

then [35]
v _ ¥ B2 H_ PR
eld 1, R= \/ﬁem/Q = ¢Y=,pe’’*R, RR=RR=1. (B.1)

So, R verifies R = R! and corresponds to a representation of SO™(1,3) in
CI*(M). Because ai = —ia if a € M,

aeM=b=RaRe M, a)=pbe M. (B.2)

If ¢ is associated with a Galilean frame {e,}, all the properties of invariance
met in the Dirac theory are immediately deduced, in particular the one of the
Dirac current

j=tvegh =pv, p>0, v>=1, (B.3)
where p expresses the invariant probability density.

B.2 The Proper Angular Momentum or Bivector Spin
The bivector spin o is deduced from (B.2) by (see [36], (1.6))

\ ] -
o= EC(TLQ Ani), ng=RexR= Uffipki/l' (B.4)

The change ese; into ejes in the Dirac equation inverses the orientation of
the bivector spin.
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B.3 The Energy—Momentum Vector

The energy—momentum vector is the value p = T'(v) € M for v of the energy—
momentum (Tetrode) tensor pT. We have shown (see [9]) that it is in the
form
he
p= Ol eA, w, = (0un2) -ni = —ng - (0uyni), (B.5)

where w may be interpreted as expressing the infinitesimal rotation upon
itself of the “spin plane” m(z) = (n1,n2). Also, we have verified in [9] with
this geometrical interpretation of w that the energy

I I
E= Ecw ceg = ?Cwo =p°+eA® (B.6)
of the electron in the Galilean frame {e,} where the nucleus is at rest is
effectively the E of (3.5) for the hydrogenic atoms.
So, the total angular momentum

J=xAp+o (B.7)

implies not only, inside o, the direction of the plane 7(x), but also, into p, the
proper infinitesimal rotation of this plane.

We recall that the group of the finite rotations upon itself of this plane
corresponds to the gauge U(1) in the theory of the electron, as it simply
deduced from (B.2) (see [35] but also, in the complex formalism, [31,39]).

So, three fundamental properties in the theory of the electron, the energy,
the spin, and the gauge, are directly related to a plane orthogonal to the Dirac
current.

Note. It is to emphasize that the above entities are independent of the proba-
bility density p, and so are relevant of the part D (four real scalar equations)
of the Dirac equation D which is independent of p. Let Dy, (four real scalar
equations) be the part of D which depends on p. About the role of the den-
sity p with respect to these entities, we have established in [11] the following
theorem.

Dyy is implied by D; and the three conservation relations

u(pv™) =0, u(pT™™) =pf", Ou(pS™e) = p(T® = T*%),

where f € M is the Lorentz force, S = v Ao € A3 M.
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The Total Angular Momentum Operator

In the usual presentation of the Dirac theory, one considers the following
operator, here expressed in a STA form

1
LZUO'(.’E/\a)—iJO (0’0261/\62, 8:6“8#). (C].)
Writing 2 A0 = (2%eg+rn)A(e°0p+¢e*dy), because oo+ (nAe’) = 0, and noting
that e = —ep, a,b € M, a.eg=0=b-e¢g =aAb=—aAb, eg Aey = —ies,
we obtain
, 1, TSN
L=—ies- (rAV)+ Sles = 0, + gles, leg=ez Aer. (C.2)

Taking S as in (4.15), because J,ue; = ves = uesies, we obtain
1\ .. .
LS = (m + 2) Sies, iesz = ey Aey. (C.3)
Applying (A1.10), we have
1
) = (m + 2) heqger, ege1 = ex Aep, (C.4)
from which we deduce the relation
1
ic(I)~t = (m + 2) he(ng Any), meZ, (C.5)

which implies the bivector spin o = (h¢/2)ns A ny and also the magnetic
number m € Z.
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The Main Properties
of the Real Clifford Algebras

The field H = C17(3,0) of the Hamilton quaternions and the ring CI(3,0) of
the Clifford biquaternions are relevant of the general theory of the Clifford
algebra C1(F) = Cl(p,n — p) associated with an euclidean space E = RP"" P,
They correspond to the initial construction of the Clifford algebras. Especially,
the field of the Hamilton quaternions plays an important role in the solution
of the central potential problem.

The general definition and properties of the Clifford algebras may be seen
in [34]. We simply mention here that CI(E) is an associative real algebra acting
upon the elements of R and the vectors of E, in relation with the Grassmann
algebra AF.

We recall that the Grassmann (or exterior) algebra AR™ of R™ is an asso-
ciative algebra generated by R and the vectors of R™ such that the Grassmann
product a; Aas A --- A ay, of vectors aj, € R" is null if and only if the a; are
linearly dependent. If this product is non-null, it is called a simple (or de-
composable) p-vector and owns the geometrical meaning of a p-paralleloid (a
parallelogram if p = 2). The linear combination of simple p-vectors is called a
p-vector, and the set of the p-vectors is a sub-space, denoted APR™, of AR™.

One deduces easily that AR™ is the direct product of the sub-spaces
APR™ (p = 0,1,...,n), each one of dimension CP, with A°R" = R, and
so dim(AR™) = 2™,

Certainly, AR"™ is the first algebra to be associated with R"™ because it is
based on the notion of linear independence of vectors, which is in the founda-
tion of the definition of the vector spaces.

The elements of APR™ are presented in Physics as “tensors completely
antisymmetric of rank p,” but their use needs in this case the resort to a
frame of R™, which is not necessary. Associated with a signature of R™, they
have generally a physical meaning, as for example the electromagnetic field
F e A’M.

The interest of the use of a real Clifford algebra CI(E) of an euclidean
space F lies in the fact that the elements of this algebra are identified to the
ones of AE. Then, CI(F) not only contains the geometrical elements of the
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space E but also can express the transformations of these elements, and so
by means of objects which are also geometrical elements of F.
Let us denote a-b the scalar product of two vectors of a space E = RP'"™" P,
The Clifford product of two elements A, B of CI(E) is denoted AB and
verifies the fundamental relation

a>=a-a, Va€E, (D.1)
from which we deduce
(a+b)?=a*+ab+ba+b>=(a+b)-(a+b)=a-a+2a-b+b-b

and so 1
a-b= é(ab—i—ba). (D.2)

Now,

1 1

ab = =(ab+ ba) + = (ab — ba)
2 2

and identifying (ab — ba)/2 to a A b, a convention that nothing forbids, one

can write

ab=a-b+aAb (abekE), (D.3)

in such a way that
a-b=0 = ab=aAb=—-bAa= —ba. (D.4)

We will not detail here the identification of the elements of C1(E) to elements
of AE (see [34]). We only mention a property we need: if p vectors a; € E are
orthogonal, their Clifford product verifies

ai...ap=a1N---Nap, (ar € E, a;-a; =0, ifi# j). (D.5)

The even sub-algebra C1T(E) of CI(E) is composed by the sums of scalars
and elements a; . ..a, such that p = 2q.

One can easily deduce from (D.5) that, using an orthonormal frame of E,
the corresponding frame of C1(E) may be identified to the frame of AE and
that dim(Cl(E))=dim(AFE) = 2", and dim(Cl*(E)) = 2"~

So the use of C1(3,0) or C17(1, 3) allows one to replace the manipulation of
the Pauli and Dirac matrices and spinors by vectors of E = R>% or M = R'3
with a simple rule of an associative product on these vectors without the
obligation of resorting to a frame of E® or M, which is a necessity in the
complex spinors formalism.

Note. Equation (D.3) is accepted with difficulty by many physicists. What
does that mean the sum of a scalar and a bivector?
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One may identify C1*(E?) with the so well-known (and often used need-
lessly) field C' of the complex numbers by the following relations:

ey \e; = eseq, (6261)2 = —1, ese| <— 1 (DG)
=ab=a-b+aAb=p(cos 0+ ey Aeisin f) = e®2¢? = ¢

which show that ab may be associated with a rotation in the plane E2.

In E3, ab is a Hamilton quaternion in which, associated with a frame of
E3, three different bivectors appear whose square is equal to —1, and may be
associated, as it is well known, with a rotation in E3.

So, the use of CIT(E?) and C17(E3) may replace the use of U(1) and
SU(2).

What does that mean? That means that the imaginary number v/—1 is a
symbol which hides a geometrical object. And, this object may be different
following the use of this symbol: different bivectors, but furthermore, objects
of different geometrical nature as shown in (2.15).

In a general way, in all C1(E), the Clifford product aqas . .. a,, where (a) €
E, a2 # 0), may be associated with an isometry in the space E, and so C1(E)
may replace the general theory of the representations of the orthogonal group
O(FE) in complex spaces.

Consider the relation

y=—bzb, ¥®*=b-0#0, bzekE. (D.7)

Let the decomposition z = 2+ +z!l, where !l and 2 are parallel and orthog-
onal to b, respectively. Equation (D.4) allows one to write

y=0(zt -zl e E,

and we see that the transformation x € F — y € E is a symmetry with
respect to the hyperplan orthogonal to b, followed by the multiplication by
the scalar b2. The relation z = —aya = abxba is a rotation followed by the

multiplication by the scalar a?b?. So, the relation
_ _ _ 1 — _ aj
y=(-1Phal ' I, =aas...ap, ;" =a,' .. a3 ar ' af #0,0; " = ol
k
(D.8)

defines an isometry in E. We see the tight links between the orthogonal group
O(E) of the space E and its Clifford algebra CI(E). There exists a proof using
Cl(E) (H. Kruger 1998, private communication), quite different of the one of
Cartan-Dieudonné, of the Elie Cartan theorem by which all isometry in E is
the product of symmetries each one with respect to a non-isotropic hyperplan.

A combination of ajas...a, does not give necessarily an isometry but
some of them can lead to euclidean transformations (obtained with difficulty
by means of the complex formalism) whose role in Quantum Mechanics is
important (as the one associated with the angle of Yvon-Takabayasi-Hestenes
B of (A1.2.1)) (see [35,56,57]).
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The Expression of the Transition Current

We denote
Yy = Ty eies (e —(Bre/he)z®)
Since (ie3)” = —ies and epies = iesep, using the notations of Chap.4 we
can write

1/)1601/;2 = cos(ep + wa)TleOTQ + sin(ep + wa)TliegeOTQ,

wgemﬁl = cos(ep + wa)TgeOT1 — sin(ep + wa)T21e3eOT1.

We use the relation
XeNM+ANM =X+ X =[X],

where [Y], means the vector part of Y € CI(M). So, (5.8) is proved with the
vectors j; and j;; in the form

jr = TiegTs + ToeoTy = 2[T1eoTa],
and because (iegeg)” = —ieseg
jrr = Thieseo Ty — ThieseoTh,
jir = ThieseoTs + [ThieseoTo]” = 2[Thieseq Do),
(a) The spatial parts j; and j;; of j; and j;; may be calculated in the fol-
lowing way.

(1) Since egi = —ieg, we can write

Jr = 2[(91N1e3 — f1inN;)(g2e3N2 + foNani)eg),
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and since eZ = 1, we obtain
jr = [jreolv = 2[(91N1e3 — f1inNy)(g2e3N2 + foNon)i]y,

where [X]y means the vector part of X € CI(E®). Equation (5.11) may be
deduced without difficulty.
The coefficients of g;g> and f; f» are null as parts of elements of C1*(E?),
and so sums of a scalar and a bivector.
We give, for example, the calculation of the coefficient of fgs.
Using
ab=a-b+aAb, aAnb=i(axb),

we may write
—2[inN1e3N2]V = 2[—(1(11 . Nl) +n X Nl)(eg . N2 —|—i(eg X NQ)]V

with
[(n X N1)1(63 X NQ)]V = —i((n X Nl) AN (e3 X NQ)) =0,

because n x N7 and e3 x Ny are each one colinear to v, and so we obtain
72[1HN163N2}V = 2[(1’1 . Nl)(eg X NQ) + (83 . Ng)(n X Nl)]

= 2[(Ly cos 6 + My sin 0)Ms + Lo(My cos 6 — Ly sin 6)]v.

The coefficient of fog; is obtained in the same way and the expression of
jr is proved.

(2) We can write

jrr = [jrreolv = 2[(91N1e3 — f1inN; )iesz(g2e3N2 + foNoni)]y .

The coefficients of g1g2 and fi fo are null as vector parts of the sum of ele-
ments of A°E3, A2E3 and A3E3. Then

jrr = 2[f192nN1N2 — g1 2N Non]y.
The coefficient of f1g2 is, because n(u A e3) = n(ues) = —w,
nN1N2 = H(Nl . Ng + N1 A\ Ng) = (L1L2 + MlMQ)n + (L1M2 — LQMl)W.

The coefficient of fag; is calculated in the same way and (5.12) is proved.

(b) Concerning J? and JY;, we obtain

I} =2(g1go + f1f2)N1-No,  J7; =0

and since N7 - Ny contains terms in the form PJH P! with j # k, and so
N P/ P}'sin0df = 0, (5.4) is proved.
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Conservation of the Charge Transition Current

Letae M, X =V +T, where V€ A'M = M, T € A3M. We can write
a-V=[X]s, a-V=V-a=[Xds, [Y]s+[Z]s=[+Zs,

where [Y]s means the scalar part of Y € CI(M).
So if Ly; = Yreorpj, we can write

e 0, Lhg = [0, 1e0t)s + [1h1eod,aet]s

or taking into account (3.19)

1 - - -
e-0,L12 = %[(m02¢160+qA1/)1)6162601/}2+1/11€o€2€1(m02€0¢2+q1/’214)}5 =0,

since ejes = —ege; and since the term containing ¢ is in the form [AX]g —
[XA]s =0.
In the same way, one can write e* - d,L2; = 0 and so e - 0,512 = 0.
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An Approximation Method
for Time-Dependent Perturbation

For justifying the form (8.1)—(8.4) of the matrix elements, we will follow the
method of perturbation described in the Sects.29 and 32 of [50]. But here,
this method will be directly applied to the Dirac theory of the electron and
with the use of the real formalism.

Let us consider a wave function ¢ in the form

Zan Vb (2°,1),  an(2°) € R, (G.1)

where each 1), is the solution (4.5) of (3.19) for an electron in an hydrogenic
atom in a state of energy F,,.
We suppose that, at a time ¢t = xy/c, a potential A = AFey, is added to
the central potential A% such that, as in (4.6), eA° = V(r), (e = —¢ > 0).
Then, the function ¢ obeys the relation

etop = —%(mc%ﬂeo —e(A%;q + AFepip)ies). (G.2)
We suppose furthermore that this change of potential will affect only the
coefficients a,, and not the functions v,,. Such a supposition may be justified
by the fact that the effect of the perturbative potential is the passage from a
state of energy F; to a state of energy Fj,.
We can write

eto ) = Z(dneown + a,e"0, ), (G.3)

where @, (2°) means the derivative of a, (z°) with respect to z°.
Since v, is a solution in the absence of the perturbating potential A, we
deduce from (G.2) and (G.3), multiplying on the left by e® = ey,

Z anwn = % Z Akeoekanwnie& (G4)



126 G An Approximation Method for Time-Dependent Perturbation
Considering the transition current between a state m and a state n
Jmn = Ymeotn + Yneom € M and  jp, = jma €0, (G.5)
we deduce easily

.o e .7 .
Z an]?rm = %Ak Z Qn, [606k¢nle3¢m + ¢m631¢n6k60] c€0. (Gﬁ)

Using the relation

[eoex X + Xekeo] ceq = [e%ekX}S + [Xekeg]s =e, - [X + X],

we deduce
zn: anjo, = %Akek . ; an (Pniesthm + Pmesit,) (G.7)
and using the same methods as in (G.1)
zn: anjl, = %A . zn:angmn, A = Ake, (G.8)
with
Smn = sin(wmnxo)jl,mn — cos(wmnxo)jg,mn7 Wmn = %a (G.9)

where jimn and jo ., are defined as in (5.10) and (5.11). So, a new time-
periodic vector g appears related to the spatial component j ((5.9) of the
transition current between two states).

Now, we use (4.18) and (5.4)

and we obtain

o (2°) = h—ec /A 3 a0 (2°) g (2°, 1) dr. (G.11)

We are going to use the perturbation approximation method (see Sect. 29
of [50]) which consists in replacing A by AA and expressing each a,, as power
series in A:

an = al® + XV + N2 ... (G.12)

Each term of the series corresponds to an order of approximation. We will
consider only the first order.
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Equating the coefficients of equal power of A\, we obtain

(1)
hc/A chgmn (z”,r)dr, (G.13)

where each ¢, is a constant. Indeed, (G.11) and (G.12) (with A replaced by
AA) give
B0 =0 = a® = (G.14)

m
and as (G.13) may be written for all index n, we can write al? = ¢, for all n.
Now, we consider two particular states j and k. The first one will be
considered as the state of the electron before the beginning of the perturbation
and the second one as the expected final state.
Choosing the constants ¢,, such that ¢, = d;;, we obtain

aM (x /A g;x(20,1)dr. (G.15)
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Perturbation by a Plane Wave

In this case, the potential A is such that
eA =Ucos(k-r—wz’ + ¢)L, (H.1)

k=wK, K?’=L?2=1, K-L=0,

where U is a constant and £ is a phase constant.

The way that we follow here differs partially from the one of Schiff [50] but
leads to the same conclusion. It is applied here directly to the Dirac theory of
the electron instead of the Schrodinger one.

We denote now j = 1,k = 2 and use the notations of Sects. 4.2 and 7.1
with w = (E2 — El)/hC

A simple calculation shows that (G.15) becomes

dgl)(xo) =aUL- [/ cos(k-r— oz’ + f)(sin(wxo)jl - cos(wmo)jg)dT .

(H.2)

Taking into account (8.3) (in such a way that the terms containing sin(k-r)
may be omitted in the calculation), we obtain without difficulty, denoting
=w-—-w,

a\V(2%) = 2aUL - [sin(22° + )T (k) — cos(22° + OTx (k)] + I, (H.3)

where I implies terms containing w + @ which will not be taken into account
(see Sect. 35 of [50]) because the probability of finding the system in the state
2 after the perturbation requires that w — w is close to zero.

We consider the integration with respect to z:

o) = [ @, (H.4)
0
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which gives

_ 2aU

0 (@) = =5

L-[(cos & —cos(& 4 22°)) T (k) + (sin € —sin(€ + 22°)) Ty (k)]
(H.5)

The average of [agl)(xo)]Q upon the phase factor £

o

1 271‘
(@) = 5 [l @O
leads to the formula

sin?((w — @)2°)/2)

(Ja{? (2°)]2) = 802U (IL - T (K)]? + [L - T2 (K)]?) @)

(H.6)
The average upon all the directions of the vector L gives (see (7.5))

sin?((w — w)xo)/Q).

(" (@*)) = 4a?U*([T (k)] + [T5 (k))?) .

= (H.7)

These formulas are similar to the one of (35.16) of [50]. They show that
the probability for the transition from the state of energy E; to the state of
energy FEs is maximum (see Fig. 27 of [50]) when @w = w. Then, k = wK
and the numbers L - le(k) correspond to the matrix elements as they are
considered in Chap. 8.
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