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Chapter 1
Introduction

1.1 Concurrent Engineering Approach and Product
Development Flow

Industrial companies operating today persistently face strong competition and must
adapt to rapid technological progress and fast-changing customer needs. Under
these conditions, if companies want to gain a competitive advantage in global
markets, they must be able to successfully develop innovative products and effec-
tively manage the associated product development (PD) projects. To shorten time-
to-market and lower development/production costs, PD projects often undergo
concurrent engineering (CE). In their landmark report, Winner et al. (1988) define
CE as “a systematic approach to the integrated, concurrent design of products and
their related processes, including manufacture and support. This approach is
intended to cause the developers, from the outset, to consider all elements of the
product life cycle from conception through disposal, including quality, cost, sched-
ule, and user requirements.” A large-scale vehicle development project in the
automotive industry offers a good example. In the late development stage, such a
project involves hundreds of engineers collaborating in dozens of CE teams. The
CE teams are usually structured according to the subsystems of the product to be
developed (e.g. body-in-white, powertrain, interior systems, electronics etc.) and
are coordinated by systems integration and management teams of responsible
engineers who know the entire product (see e.g. Midler and Navarre 2007).
Under an integrated approach to concurrent design of products and processes,
multi-disciplinary teams are formed to develop recommendable configurations of
the intended subsystems. These configurations should satisfy all constraints and
incorporate the different types of technical expertise and methodological approaches
to problem-solving needed in order for a parallel execution of work processes to be
successful (Molina et al. 1995). The constraints and requirements imposed on the
design by the various engineering disciplines (engineering design, production
engineering, control engineering etc.) are discussed by the subject-matter experts

© Springer International Publishing Switzerland 2016 1
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2 1 Introduction

in team meetings and are mapped onto specific design parameters in a process of
intensive collaboration. To avoid unnecessary system integration problems, in CE
the teamwork usually follows a continuous integration rhythm with regular team
meetings that are typically held at intervals of just a few weeks. Additional team
meetings, e.g. to solve time-critical or quality-critical problems and to find sound
compromises for conflicting constraints that have arisen during the design process,
are held as needed.

The subject-matter experts in the multi-disciplinary teams differ in terms of how
they use engineering methods to solve design problems and satisfy constraints, and
thus generate a variety of possible solutions from different technological perspec-
tives and by applying different fields of knowledge (Eversheim and Schuh 2005).
PD projects (and this is not limited to large-scale automotive innovation) thus
involve a considerable amount of creative work in the sense of Rohmert (1983)
and can display highly informative but also highly complex and difficult-to-manage
patterns of project dynamics. These patterns are partly the result of pure creative
thought concerning the relevant aspects of the product and its related processes
from a specific technological perspective, and partly the result of systematic
engineering design. The latter is inherently iterative because of the cyclic interde-
pendencies between facets of the design problem and because loops of analysis,
synthesis and evaluation are fundamental to the design process (Braha and Maimon
1997). Furthermore, the aim of the design process is to generate knowledge that
reduces uncertainty and increases design maturity by incrementally defining design
parameters and concretizing the product on both the functional and physical level
(Feldhusen et al. 2013). During the iteration process the functions of the product
and its constituent components are fully integrated into an overall systems archi-
tecture that involves numerous interfaces between mechanical, electrical and elec-
tronic modules. The product development flow (Reinertsen 2009) has frequent and
sometimes irregular iterations due to the availability of new or updated information
on generalized functions, physical functions, geometric/topological entities, etc. It
is also important for the developer’s workflows to be organized in such a way as to
ensure effective and flexible forms of cooperation. For our purposes, this means that
mutual agreements on design (sub)goals are developed within teams and that
mutually compatible action plans are derived on the basis of those goals and are
executed with a high level of agreement and without dividing the teams (Luczak
et al. 2003; Miihlfelder 2003). In this context, effective cooperation between
developers and production engineers is essential in order to satisfy all constraints
that are necessary to ensure an efficient and timely production ramp-up (sensu Stahl
et al. 2000; Miitze-Niewohner and Luczak 2003). Another important aspect of
collaboration within PD involves sharing knowledge resources within and between
teams, and creating additional resources through continuous interaction between
subject-matter experts (Durst and Kabel 2001; Luczak et al. 2000). Concurrent
development tasks are therefore both highly variable and strongly dependent on
each other and on elements of “surprise,” i.e. on seemingly erratic but profoundly
creative activities that are essential to design work. As Shalizi (2006) and Nicolis
and Nicolis (2007) point out, this coexistence of variability and dependency is
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typical of complex systems in a variety of domains. In this sense, PD projects
employing long-range, cross-functional coordination mechanisms can be regarded
as one of the most authentic prototypes of complex sociotechnical systems. They
provide inspiration for raising new issues and perspectives, and encourage further
research on the sources and mechanisms of complexity.

Clearly, the higher-level cognitive processes underlying human capacities for
reasoning, decision-making and problem-solving represent one of the most impor-
tant sources of complexity in PD projects. The complexity of accessing the knowl-
edge resources on the product and processes in question and the large number of
interlinked technical documents involved usually overwhelm the information-
processing capacity of any project manager, team leader or team member, and
require many assumptions to be made about design ranges, optimal operating points
and other important variables of the system under development (sensu Loch and
Terwiesch 2007). During the iteration process, some assumptions invariably turn
out to be wrong and must be reexamined, others turn out to be too vague and must
be refined, and a few might turn out to be too rigid and must be relaxed. Further-
more, design errors of various kinds are unavoidable in such a distributed and open
organizational system. Accordingly, detecting, identifying and correcting errors is
an essential part of cooperative work in PD. Although most errors are processed
fairly quickly and successfully in the form of ad-hoc design changes, there is an
inevitable disparity between analysis and synthesis efforts, which, from the per-
spective of the product development flow, can lead to significant performance
variability. Borrowing a statistical concept from physics, we can also speak of
unpredictable performance fluctuations. These fluctuations can be found at every
organizational level and are an irreducible feature of the participating organiza-
tional units’ knowledge-generating and knowledge-sharing efforts, which are
intended to reduce uncertainty. By definition, they are not random. Developers in
the current work context often believe them to be random because the intricate
mechanisms in which events unfold in time and manifest in teams are too complex
to be understood by individual reasoning and conjecture. In addition to representing
the negative side effects of the limited capacity for processing information, and
incorporating fundamental mechanisms of error correction in PD, unpredictable
performance fluctuations can be seen as essential components of creative thinking.
As such, they are basic ingredients of success that should not be limited in their
reach and capacity to benefit the product development flow. Nevertheless, due to
the high level of individualization they often make it hard to predict and control the
project as a whole, as a large body of individual knowledge concerning the
development history is required to develop effective managerial interventions,
and progress toward a stable design solution can differ significantly from the
expected (unimpaired) process (Huberman and Wilkinson 2005). Depending on
the kind and intensity of cooperative relationships, some of the development teams
can fall into “vicious cycles” of multiple revisions, which entail significant
unplanned and unwanted effort, as well as long delays (Huberman and Wilkinson
2005). Moreover, the revision cycles can be reinforced, and a fatal pattern of
organizational dynamics termed “design churns” (Yassine et al. 2003) or
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“problem-solving oscillations” (Terwiesch et al. 2002; Mihm et al. 2003; Mihm and
Loch 2006) can emerge. In this case, the progress of the project irregularly
oscillates between being on, ahead of, or behind schedule. Ultimately, the project
must be abandoned entirely to break the cycle. The design churn effect was
analyzed by Terwiesch et al. (2002) and Yassine et al. (2003) in PD projects in
the automotive industry. Aptly summarizing the problem, an anonymous product
development manager at an automobile manufacturer commented, “We just churn
and chase our tails until someone says they won’t be able to make the launch date”
(Yassine et al. 2003). According to the literature review by Mihm and Loch (2006),
design churns occur not only in the automotive industry but also in large develop-
ment projects across different domains.

Design churns are an intriguing example of emergent (or “self-generated”)
complexity in PD projects. They can produce disastrous results, painful financial
losses and a great deal of frustration for all stakeholders concerned. The emergence
is strong, in the sense that the only way to reliably anticipate critical patterns in the
product development flow is to analyze the distant past of each particular instance
of task processing and to have access to a large body of (mostly explanatory)
knowledge on the prior history of the interacting processes (Chalmers 2002). To
cope with this kind of emergent complexity, a deeper understanding of the interre-
lationships between unpredictable performance fluctuations and project dynamics
is needed, as are new methods for analyzing and evaluating quantitative
complexity.

1.2 Goals and Structure of this Book

This book continues the tradition of research works produced by RWTH Aachen
University’s Institute of Industrial Engineering and Ergonomics on the organiza-
tional and ergonomic analysis of work processes in concurrent product and process
development. To gain a detailed understanding of the interrelationships between
unpredictable performance fluctuations and the dynamics of concurrent develop-
ment in an open organizational system, the book’s first goal is to present different
mathematical models of cooperative work on the basis of the theory of stochastic
processes. To promote the development of new methods for analyzing and evalu-
ating quantitative complexity, its second goal is to introduce an information-
theoretical complexity measure that is underpinned by a convincing complexity
theory from the field of theoretical physics (Grassberger 1986; Bialek et al. 2001)
and therefore makes it possible to quantify strong emergence in terms of mutual
information between past and future histories of interacting processes. The com-
plexity measure is a key invariant of generalized stochastic processes; as such, its
formulation makes the same contribution to theory as the famous entropy rate,
which was discovered and popularized much earlier. To model cooperative work in
an open PD environment, we focus on the development tasks and their interactions
in the product development flow and assume that additional dependencies related to
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the design product and design problem domains (see Summers and Shah 2010)
were integrated into a joint model. This approach is supported by the practical
complexity definition put forward by Tatikonda and Rosenthal (2000), who define
project complexity as the nature, quantity and magnitude of organizational subtasks
and subtask interactions within a certain project. The challenge is that, even if the
breakdown and dependency structures of the development tasks, the rate of
processing, the variability in processing and the rules of interaction are given, it
is difficult to anticipate the performance of the project as a whole. Self-reinforcing
feedback processes can exacerbate performance fluctuations and generate effects
that cannot simply be reduced to properties of the constituent components of the
product development flow. Instead, these phenomena emerge from higher-order
interactions and can be considered properties of the organization as a whole
(Huberman and Wilkinson 2005). The combined approach of providing mathemat-
ical models of cooperative work in an open PD environment as well as information-
theoretic complexity measures builds on our previous work on project simulation
and the management of dynamic complexity (see e.g. Schlick et al. 2007, 2008,
2009, 2012, 2013a, b, 2014, 2015; Petz et al. 2015; Tackenberg et al. 2009, 2010).
However, it differs from said work in terms of how discrete-time, continuous-state
models with different internal configurations for gaining a complete description of
the work processes are formulated, and in that the parameterized models are
consistently validated in different validation studies. Furthermore, we present results
of mathematical analyses of emergent complexity and formulate closed-form solu-
tions of different strengths that can be used to identify the variables that are
fundamental in shaping complexity, making it possible to carry out a theory-driven
model selection and to optimize the organization design of the project at hand.
The structure of this book is derived from a theoretical framework on the
dynamic complexity analysis of the product development flow: Chapter 2 lays the
foundations for deterministic and stochastic modeling of cooperative work in PD
projects, and formulates the state equations that are needed to model the time
evolution of the amount of work done in the iteration process. We follow the
principle of successive refinement and begin by formulating a simple linear first-
order difference equation based on the seminal work that Smith and Eppinger
(1997) did on Work Transformation Matrices. These matrices can be regarded as
a task-oriented variant of the popular Design Structure Matrix (see, e.g. Steward
1981; Lindemann et al. 2009; and Eppinger and Browning 2012) and as such can be
easily interpreted in terms of structure and parameters. Following Huberman and
Wilkinson (2005), the deterministic model formulation is generalized towards the
theory of stochastic processes. This means performance variability in the iteration
process is represented by continuous-valued random variables and interpreted as
unpredictable performance fluctuations. Viewing organizational systems in this
way also allows us to apply powerful estimation methods to analyze, predict and
evaluate project dynamics. To model cooperative work in PD projects, we consider
two classes of models. The basic class comprises vector autoregression models of
finite order, which can capture the typical cooperative processing of the develop-
ment tasks with short iteration length. For a first-order model, a transformation into
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the spectral basis is performed in order to uncover the essential dynamic mecha-
nisms. An augmented state-space formulation also makes it possible to represent
more complex autoregressive processes with periodically correlated components.
These processes incorporate a hierarchical coordination structure and can therefore
also be used to simulate the long-term effects of intentionally withholding design
information to improve the implementation of the product architecture. In addition
to autoregression models, Chapter 2 considers the theoretically interesting class of
linear dynamical systems with additive Gaussian noise. With this class of models,
the state of the project is only partially observable. In other words, regular obser-
vations of the work processes required to complete a particular development
activity are correlated with the state of the project, but are insufficient to precisely
determine this state. In this sense, a kind of hidden-state process of cooperative
development is distinguished from the observation process in the product develop-
ment flow. As the term suggests, the state variables cannot be directly observed and
must be inferred through a causal model from other variables that are measured
directly. This fundamental uncertainty in the project state and its evolution can lead
to a non-negligible degree of long-term correlations between development activi-
ties and can therefore significantly increase emergent complexity. In addition to the
mathematical models, we also introduce least squares and maximum likelihood
estimation methods to show how the independent parameters can be efficiently
estimated from time series of task processing. These methods can be very useful for
applying the stochastic models in different project phases. The estimation methods
also help achieve a deeper understanding of the interrelationships between perfor-
mance variability and project dynamics. A case study was carried out in a German
industrial company to validate the models with field data. The validation results are
presented and discussed in detail in separate chapters. Chapter 3 provides a project
management-based review of various complexity frameworks, theories and mea-
sures that have been developed in organizational theory, systematic engineering
design and basic scientific research on complex systems. We analyze an
information-theoretic quantity—called the effective measure complexity—in detail
because of its outstanding construct validity and conceptual advantages for evalu-
ating emergent complexity in the field of application. As mentioned above, the
measure also stands out as a key invariant of stochastic processes. The stochastic
models developed in Chapter 2 also make it possible to calculate the effective
measure complexity and present closed-form solutions with different numbers of
independent parameters. These solutions are derived and discussed in Chapter 4.
The calculations are carried out in considerable detail for both model classes. We
use different coordinate systems to formulate solutions of different expressiveness
and with different structural richness. Simplified polynomial-based solutions for
first-order models representing the processing of two and three development tasks
in the spectral basis are presented to clarify the complicated interrelationships
between the individual parameters. We also put upper and lower bounds on the
effective measure complexity for first-order models, so as to support the interpre-
tation of emergent complexity in the sense of the measure. For the broader class of
linear dynamical systems, we calculate an explicit solution of the effective measure
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complexity as an original contribution to the theory of linear stochastic systems.
Because of the complicated internal structure of this solution, we also present
implicit formulations that are much easier to interpret and can be directly applied.
Following a comprehensive and unified treatment of emergent complexity in PD
projects based on mathematical models of cooperative work and application of
information-theoretic methods, Chapter 5 focuses on the validity of selected closed-
form complexity solutions that were obtained for vector autoregression models as
the basic model class. In terms of methodology, we follow classic validity theory
and evaluate the criterion-related validity. In the validation studies we investigate
project organization forms in which the developers directly cooperate and also
analyze work processes that have periodically correlated components due to a
hierarchical coordination structure. Furthermore, in the strict sense of the concept
of criterion-related validity we investigate whether it is possible to obtain a valid
formulation of a model selection criterion that is based on the effective measure
complexity and can be used to identify an optimal model order within the class of
vector autoregression models from data. By means of this additional theoretical
contribution our aim is to focus not exclusively on PD environments in the
validation studies but also to find a criterion with universal reach in model selection
tasks. This complexity-based criterion is the subject of the first validation study in
Section 5.1. To formulate the criterion, we follow the principles of model selection
developed by Li and Xie (1996) and generalize their solution to vector-valued
autoregressive processes. The corresponding validation studies are based on two
Monte Carlo experiments. These experiments have the same overall objective of
comparing the accuracy of the complexity-based criterion with standard model
selection criteria like the Akaike information criterion and the Schwarz-Bayes
criterion. It is hypothesized that model selection based on the effective measure
complexity makes it possible to select the true model order with a high degree of
accuracy and that the probabilities for the selected model orders are not signifi-
cantly different from the distribution obtained under the alternative criteria. The
parametric models evaluated in the Monte Carlo experiments are not only derived
from field data from the cited industrial company, but are also synthetically
generated in order to allow a systematic comparison of the different criteria.
Sections 5.2 and 5.3 provide a more practical explanation of the theoretical con-
siderations of emergent complexity by using applied examples of optimizing
project organization. To conduct these validation studies, we systematically manip-
ulate different independent variables related to project organization forms in addi-
tional Monte Carlo experiments to see how the levels of these variables affect
emergent complexity and whether it is possible to derive meaningful and useful
organizational design recommendations. The study in Chapter 5.2 has the objective
of designing cooperative work with minimal emergent complexity by selecting the
optimal staffing of three concurrent engineering teams using developers with
different levels of productivity in a simulated PD project. We hypothesize that for
large productivity differences, “productivity balancing” at the team level minimizes
emergent complexity. Productivity balancing is a self-developed concept for sys-
tematically designing interactions between humans, tasks and products that views
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performance fluctuations as an opportunity to innovate and learn (Schlick
et al. 2009). The objective of the final study in Section 5.3 is to optimize the period
for minimal emergent complexity in which information on integration and tests of
components is deliberately withheld by subsystem-level teams and not directly
released to component-level teams. This kind of non-cooperative behavior in a
multi-level hierarchical coordination structure aims at improving solution maturity
and reducing coordination efforts. In both studies, we formulate and solve
constrained and unconstrained optimization problems. For constrained optimiza-
tion, we consider the total amount of work done in all tasks during the iteration
process as the major constraint. Chapter 6 draws the main conclusions and provides
a brief outlook for future research.

1.3 Notation

Throughout this book we will use the following mathematical notation: A.; denotes
the i-th column of the matrix A. AT is the transpose. We use the normal font style for
the superscript T in order to discriminate the transpose from the variable T
indicating the time instant 7 € N in the work processes. A* denotes the conjugate
of A. The conjugate matrix is obtained by taking the complex conjugate of each
element of A. The inverse of A is denoted by A~!. The elements of a matrix are either
written as sub-scripted, non-bold lower-case letters, e.g. a;;, or are indexed by 7 and
J as Af; ;1. The index form stems from the notation of the Mathematica® modeling
and simulation environment. Although quite unusual, additional operations on
matrices and vectors begin with the capital letter of the operation, and the argument
is written in square brackets, e.g. Arg[.], E[.], Cov[.], Corr[.], Det[.], Diag[.], Exp[.],
Eig[.], Erf[.], SVD[.], Tr[.], Total[.], Var[.], Vol[.]. This representation style is also
derived from the Mathematica® modeling and simulation environment. Similarly,
the linear algebraic product of matrices, vectors or vector/matrices is written
explicitly, for instance as A - A = A? for the product of two matrices, and {a}-A
for the multiplication of a scalar a with a matrix A. This rule is only violated if the
terms grow too long and their meaning is clear from the context, e.g. in Sections 2.7,
2.9 and 4.2. An identity matrix of size n is denoted by the symbol /,,. A zero column
vector with n components is denoted by 0,. A continuous-type or discrete-type
random state variable is denoted by a Latin capital letter, e.g. X. An observed value
(realization) of a random state variable is indicated by a lower-case letter symbol,
e.g. x. A random variable that represents unpredictable fluctuations is denoted by a
lower-case Greek letter, e.g. €. The symbol ~means that a random variable is
distributed according to a certain probability distribution, e.g. e~N(u,X). A
multivariate Gaussian distribution with location (mean) y and covariance matrix
Y is written as MN(u,X). The corresponding probability density function with
parameter vector 6 = (u,X) is denoted by f[x] = N (x;u,X). Equations that use
or generate a time series include a time index for the state variables and the
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fluctuations, e.g. x; or &. The complete stochastic state process is written as {X,}.
Finite process fragments (X;,,X;,+1,...,X;,) from time step t;, € Z to t, € Z are
written as Xﬁf Similarly, the term x{> = (x,,,X;, 41, . .., X, ) denotes the sequence of
states that was observed across the same interval of time steps.
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Chapter 2
Mathematical Models of Cooperative Work
in Product Development Projects

The Merriam-Webster dictionary defines the word “project,” a fundamental term in
industrial engineering and engineering management, as “a planned piece of work
that has a specific purpose (such as to develop a new product or introduce a new
manufacturing technology) and that usually requires a lot of time.” The word stems
from the Middle English projecte, from the Medieval Latin projectum, and from the
Latin neuter form of projectus, past participle of proicere to ‘throw forward’, from
pro- + jacere ‘to throw’. Cambridge Dictionaries Online defines a project as a “piece
of planned work or an activity that is finished over a period of time and intended to
achieve a particular aim.” It defines project management as “the activity of orga-
nizing and controlling a project.”

Based on these definitions it is clear that project management originated when
people started to plan, organize and control pieces of work that had a specific
purpose and were intended to achieve a particular aim. Examples from ancient
history include the pyramids of Egypt, the Great Wall of China, the temple in
Jerusalem and the Angkor Wat complex of temples in Cambodia. Modern examples
include product development (PD) projects, construction projects, reorganization
projects, and many more. Although humans have been pursuing projects for
thousands of years, published literature on project management methodologies is
a comparatively new phenomenon. The early work of Henry Gantt, published in the
beginning of the twentieth century, dealt with the scheduling of activities in the job
shop. His Gantt chart was subsequently adopted for scheduling project activities. Its
simplicity and excellent visualization make it a popular tool even today, a century
after its invention.

Following the advent of tools and techniques for operations research in the mid
twentieth century, mathematical models were developed to support project man-
agement. Early tools like the Critical Path Method (CPM; see Kelley and Walker
1959) were based on purely deterministic techniques. By focusing on the longest
sequence of activities connecting the start of a project to its end, the CPM method
identifies the critical activities and the slack of non-critical activities. Each critical
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path problem can be converted into a linear programming problem and solved by
standard mathematical methods. This also permits the inclusion of time—cost
relationships (Salmon 1962). Stochastic tools like the Program Evaluation and
Review Technique (PERT; see Fazar 1959), also developed in the mid twentieth
century, were designed to deal with the uncertain nature of projects and the
associated risk. The development of powerful, inexpensive computers in the
1970s encouraged not only the development of CPM- and PERT-based software
but also the use of computers to allocate project work among participants by means
of the Work Breakdown Structure model (see e.g. Shtub et al. 2004) and the sharing
of project information between stakeholders with the help of distributed databases
and computer networks. Computer technology made it possible to collect, save,
retrieve and analyze large volumes of data and to support the management of the
project scope (the work that is to be done), the product scope (features, functions
and components of the product to be developed), the management of resources
needed for the project (availability of resources, resource required to perform the
work), and to provide cost information. Modern project management software
supports decision-making by offering scheduling algorithms, resource allocation
and resource-leveling algorithms, budgeting and cost-management algorithms, as
well as monitoring and control techniques. Computing power also made it possible
to analyze risk with Monte Carlo simulations. Early simulations focused on project
scheduling risks and sought to estimate the probability that a project activity would
be on the critical path and the probability that the project would be finished by a
given date. System dynamics models were used to simulate the behavior of projects
by modeling cause-effect relationships within feedback loops (see e.g. Sterman
2000). These continuous time, continuous state-space models supported the analy-
sis of different strategies and their impact on project duration, cost and perfor-
mances (see e.g. Williams 2002).

Published research (Cooper 2011) highlights the critical success drivers in PD
projects:

¢ A unique and superior product—a differentiated product that delivers unique
benefits and a compelling value proposition to the customer or user.

¢ Building in the voice of the customer—a market-driven and customer-focused
development process.

¢ Doing the homework and front-end loading the project.

» Getting product and project definitions early on—and avoiding scope creep and
unstable specs.

e Spiral development—build, test, obtain feedback, and revise—putting some-
thing in front of the customer early and often.

¢ The world product—a global product (global concept, locally tailored) targeted
at international markets.

* A well-conceived, properly executed launch with a solid marketing plan at the
heart of the launch.

e Speed counts—accelerate development projects, but not at the expense of
quality of execution.
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These eight critical success drivers are centered around one aspect—effective
cooperative work within and between the development teams. As already pointed
out in the introductory chapter, the challenge is that even when key aspects like the
work breakdown structure, task scheduling, integration rhythm, available resources
for processing the tasks and organizational structures are clearly defined, due to the
intrinsic performance variability it is usually very difficult to ensure a focused and
fast development process that leads to a high-quality product. Depending on the
structure and intensity of interactions in the development process, self-reinforcing
feedback processes can cause continual revisions and lead to significant additional
work and long delays (Huberman and Wilkinson 2005) or to the cited design churns
and problem-solving oscillations as fatal patterns of project dynamics (Yassine
et al. 2003; Mihm et al. 2003; Mihm and Loch 2006), in which the project
irregularly oscillates between being on, ahead of, or behind schedule. These
success-critical phenomena emerge from higher-order interactions and must be
addressed at the level of PD project organization as a whole (Huberman and
Wilkinson 2005).

The following chapters present different mathematical models of cooperative
work in an open PD environment. These models are based on structuring the PD
process into phases and integrating the (concurrent) design and engineering activities
into a coherent and comprehensive PD “funnel” with clearly defined process ele-
ments (subphases). A corresponding PD funnel model developed by Hauser (2008) at
the MIT Center for Innovation in Product Development (CIPD) illustrates the main
phases in Fig. 2.1. The funnel model adopts the stages of opportunity identification
and idea generation, concept development and selection, design and engineering,
testing and launch used by Urban and Hauser (1993) in their classic textbook. The
key management concepts are that it is much less expensive to screen products in the
early phases than in the later phases and that each phase can improve product
functionality, product quality and positioning in the market so that the likelihood of
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Fig. 2.1 Product development funnel model according to Hauser (2008)
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success increases (Urban and Hauser 1993). The funnel model in Fig. 2.1 also
illustrates the concept of pipeline management, in which multiple, parallel sets of
projects move through the company’s development funnel.

In Hauser’s product development funnel model and similar models (see
e.g. Wheelwright and Clark 1992; McGrath 1996; Katz 2011), a particular set of
components in the work breakdown structure of a single system has to be processed
entirely in parallel and, theoretically, no task is processed independently of the
others, since, to arrive at completion, all tasks regularly require information on the
state of system functions or components under development. In this sense, the tasks
are fully interdependent; for instance the tasks for the design of the main functions
and basic components of a new product in the design and engineering phase
(Fig. 2.1). Following Puranam et al. (2011), we say that two tasks are interdependent
when, within the project, the value generated by performing one of them differs
according to whether or not the other task is performed or not. Given the number,
strength and structure of the interdependencies, these phases are often critical to
project success.

2.1 Deterministic Formulation

To analyze the interrelationships between project dynamics and emergent com-
plexity explicitly and from a special complexity-theoretical perspective, a dynamic
model of cooperative work in an open product development environment has to be
formulated and the independent parameters have to be defined. We begin with the
deterministic formulation of a continuous-state, discrete time model based on the
seminal work of Smith and Eppinger (1997), according to which a distinct phase of
the PD project life cycle with p parallel and interacting development tasks can be
modeled by a linear first-order difference equation as

Xy =Ayg-x1 t=1,...,T. (1)

In PD it is generally desirable to process tasks in parallel so as to reduce the overall
development time and to get the product to market earlier (Cooper 2011). The
above state equation is also termed a linear homogeneous recurrence relation. The
p-dimensional state vector x, € R” represents the work remaining for all p tasks at
time step z. Smith and Eppinger (1997) simply speak of the “work vector” x,. It is
assumed that the work vector is observed (or estimated) by the project manager at
equally spaced time instants and therefore that time can be indexed by the discrete
variable 7. The amount of work remaining in the phase can be measured by the time
left to finalize a specific design, by the definable labor units required to complete a
particular development activity or component of the work breakdown structure, by
the number of engineering drawings requiring completion before design release, by
the number of engineering design studies required before design release, or by the
number of issues that still need to be addressed/resolved before design release
(Yassine et al. 2003). The matrix Ag = (af_,-) is a dynamical operator for the iteration
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over all p tasks, also called the “work transformation matrix” (WTM). The WTM is
a square real matrix of dimension p X p, i.e. Ag € R?*?, The WTM can be
regarded as a task-oriented variant of the popular design structure matrix (Steward
1981), which is often used in industry and academia to analyze and optimize
complex products. It enables the project manager to model, visualize and evaluate
the dependencies between the development tasks and to derive suggestions for
improvement or reorganization. It is clear that not only the tasks to be processed but
also the structure of the product (in terms of an envisioned physical and functional
solution) and the formalized design problem are important in meeting the project
goals and satisfying the functional and nonfunctional requirements. However, for
the sake of simplicity, in the following we focus on the tasks and their interactions
and assume that additional dependencies from other domains were integrated into a
joint work transformation model. Given a distinct phase of a PD project, it is
assumed that the WTM does not vary with time, and that the state equation is
autonomous.

In this book, we use the improved WTM concept of Yassine et al. (2003) and
Huberman and Wilkinson (2005). Hence, the diagonal elements a; (i=1... p)
account for developers’ different productivity levels when processing tasks. This
contrast with the original WIM model by Smith and Eppinger (1997), in which
tasks are processed at the same rate. The diagonal elements a;; are defined as
autonomous task processing rates (Huberman and Wilkinson 2005, who also
speak of autonomous task completion rates). They indicate the ratio of work left
incomplete after and before an iteration over task 7, under the assumption that the
tasks are processed independently of the others. Therefore, the autonomous task
processing rates must be nonnegative real numbers (a; € R™). The off-diagonal
elementsg;; € R(i # j), however, model the informational coupling between tasks
and indicate the intensity and nature of cooperative relationships between devel-
opers. Depending on their values, they have different meanings: (1) if a;; = 0, work
carried out on task j has no direct effect on task ; (2) if a;; > 0, work on task j slows
down the processing of task i, and one unit of work on task j at time step ¢ generates
a;; units of extra work on task i at time step ¢+ 1; (3) if a;; < 0, work on task
Jj accelerates the processing of task i, and one unit of work on task j reduces the work
on task i by a;; units at time step ¢ + 1. The only limitation on the use of negative
entries is that negative values of the work remaining in the state vector x; are not
permitted at any time instant. In practice, many off-diagonal elements must be
expected to be nonnegative, because PD projects usually require intensive cooper-
ation, leading to additional work. For instance, Klein et al. (2003) analyzed the
design of the Boeing 767 and found that half of the engineering labor budget was
spent on redoing work because the original work did not yield satisfactory results.
Roughly 25%-30% of the design decisions required reworking, and in some
instances up to 15 iterations had to be done to reach a stable design state.

Following Smith and Eppinger (1997), whose concept lies behind the formula-
tion of state Eq. 1, this book focuses on the design and engineering phase of
Hauser’s product development funnel model (see Fig. 2.1), where a particular set
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of components in the work breakdown structure related to detailed design and
engineering development of the new product, along with simple product tests and
the development of a production plan, have to be processed completely in parallel
and are fully interdependent.

In general, we do not recommend modeling cooperative work on the basis of
linear recurrence relations in the preliminary phases of opportunity identification,
idea generation, concept generation and concept evaluation. This is because the
work processes related to this “fuzzy front end,” to use Katz’s terminology (Katz
2011), are often weakly structured and highly nonlinear. However, this recommen-
dation does not affect the applicability of the model to concurrent product and
process design. In fact, it is sometimes also possible to build models with a similar
structure, estimate their parameters and use the parametric representations to
predict performance for earlier subphases of interest covering the conceptual
system design. This will be demonstrated in Section 2.5 for a PD project executed
at a small industrial company in Germany that develops mechanical and electronic
sensor components for the automotive industry (Schlick et al. 2008, 2012). Fur-
thermore, one can also build corresponding models for later subphases of interest,
e.g. when launching the product.

In our way of structuring time, the initial time step = 0 indicates the beginning
of the detailed design or engineering development phase with fully interdependent
tasks. For instance, if detailed design is modeled by state Eq. 1, the initial time step
usually denotes the start of the set of activities that are carried out concurrently to
describe a product through solid modeling and drawings so that the external
dimensions are specified and the materials, packaging, test and reliability require-
ments are met. The end of the project phase of interest is indicated by time instant
T € N. Decomposing the whole process into distinct phases with fully
interdependent tasks may seem rather inconvenient, but does not limit the general-
ity of the approach. To model and analyze a generalized product development
process architecture in which the development tasks can have arbitrary serial and
parallel interconnections, we simply have to decompose the whole process into
serially concatenated subphases of fully interdependent parallel subtasks. This can
be done by splitting the overlapping tasks in such a way that the partial overlaps can
be assigned to the subphases in a one-to-one relation. For two overlapping tasks, for
instance, in which the first tasks leads to the second, three serially concatenated
subphases are required to model the process. In the first subphase only the
processing of the non-overlapping portion of the first task is modeled. In the second
subphase the simultaneous processing of the overlapping portions of both tasks is
represented, while the third subphase captures only the processing of the portion of
the second task that does not overlap with the first. The corresponding autonomous
task processing rates and the coupling strengths then have to be redistributed
(Murthy et al. 2012). The serially concatenated subphases can be modeled by
separate WTMs in conjunction with separate initial states that are executed
subphase-by-subphase (Smith and Eppinger 1998). Separate initial states unambig-
uously define the interfaces between phases because of the linear first-order recur-
rence relation. In the case of higher-order interrelations in task processing, the states
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have to be recoded in order to define the interfaces (see Section 2.4). As shown by
Murthy et al. (2012), Smith and Eppinger’s (1997) classic WTM model can be
extended towards this kind of generalized product development process architec-
ture. Their results can easily be applied to the improved WTM concept of Yassine
et al. (2003) and Huberman and Wilkinson (2005) and the above model formulation
generalized to formulate extended work transformation matrices and initial work
vectors. For small PD projects, the time index T can also cover the total time spent
to complete the project (see validation studies in Sections 5.2 and 5.3). Moreover,
for PD projects that undergo major reorganization, separate initial states and WTMs
can be defined. The analysis would then apply separately to each reorganized phase
of the project (Huberman and Wilkinson 2005).

In the literature (see e.g. Smith and Eppinger 1997; Yassine et al. 2003;
Huberman and Wilkinson 2005; and Schlick et al. 2007) the initial state xg is
often taken to be a vector of ones, i.e.

X0 = 5 (2)

which defines a relative scale that measures how much work still has to be done on
the development tasks. Using this scale, it is very easy to model overlapping tasks
by setting the work remaining for the corresponding vector components to values
less than one (see the parameter example in Eq. 73). Alternatively, the project
manager can define an absolute scale and assign other nonnegative values to vector
components of x, to indicate the absolute number of work units needed to complete
the tasks. The scale that measures how much work is left then determines the
autonomous task processing rates and the off-diagonal elements of the WTM A,
and can therefore have significant effects on performance evaluation. The transfor-
mation between relative and absolute scales can be carried out using the linear
transformation x; = W - x;, where W = (wi j) is a diagonal matrix of the absolute
work units w;; € R related to task i (cf. diagonal matrix of task times introduced by
Smith and Eppinger 1997, 1998). Depending on the intensity and nature of the
cooperative relationships between developers, the linear transformation can pro-
duce different values for the total time spent to complete the project phase (see
Eq. 5). It is therefore important to choose the scale carefully and to use it consis-
tently to calculate the dependent and independent parameters (cf. Section 2.4).

Owing to the fact that the cooperative task processing modeled by the WTM A,
in conjunction with state Eq. 1 is a linear iteration, the work remaining x, at time
step ¢ can also be expressed as a multiple of the initial state x:

X =Aj - Xo. 3)

From the theory of linear dynamic systems we know that the rate and nature of
convergence of the task processing are determined by the eigenmodes of the
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Fig. 2.2 Types of system equilibria. (a) Unstable equilibrium: the state vector rapidly moves
away from the equilibrium point when the system is perturbed. (b) Asymptotically stable equi-
librium: the state vector returns to the original equilibrium point when perturbed. (c) Stable
equilibrium: the perturbed state vector oscillates interminably around the equilibrium point (“no
resistance") (adopted from Boots 2009)

dynamical operator A,. Following Smith and Eppinger (1997), we use the term
“design mode” ¢; = (4;(Ap), 9i(Ao)) to refer to an eigenvalue 4,(A) inherent to Ag
associated to its eigenvector 9(Ag) (1 <i < p). Strictly speaking, there are an
infinite number of eigenvectors associated to each eigenvalue of a dynamical
operator. Because any scalar multiple of an eigenvector is still an eigenvector, an
infinite family of eigenvectors exists for each eigenvalue. However, these vectors
are all proportional to each other. In this sense, each design mode ¢; has both
temporal (eigenvalue) and structure-organizational (scalar multiple of eigenvector)
characteristics. Every dynamical operator A, has exactly p eigenvalues, which are
not necessarily distinct. Another term used for the eigenvalues is characteristic
values. Eigenvectors corresponding to distinct eigenvalues are linearly independent.

The characteristics of the design modes also determine the stability of the
process. Stability is an important property of dynamical systems in general, not
just PD projects. Stability is usually defined in terms of equilibrium points (see
e.g. Luenberger 1979 or Hinrichsen and Pritchard 2005). According to Luenberger
(1979), if all solutions of the linear system from Eq. 1 that start out near an
equilibrium state x, of work remaining stay near or converge to x,, the state is
called stable or asymptotically stable respectively. This is illustrated in Fig. 2.2 in
a one-dimensional state representation of a simple dynamical system. The illustra-
tion also clearly shows that the notion of asymptotic stability is stronger than
stability.

The origin X = 0 is always a singular point of the vector field x — Ag - x on R”
and therefore an equilibrium point of the linear homogenous recurrence relation
given by Eq. (1). A linear homogeneous recurrence relation is internally stable if its
dynamical operator is stable in the sense of Lyapunov (Hinrichsen and Pritchard
2005). A square real matrix is said to be asymptotically stable in the sense of
Lyapunov if and only if for an operator Ay and any positive semi-definite matrix
C there exists a positive-definite symmetric matrix X satisfying the following
Lyapunov equation (see e.g. Halanay and Rasvan 2000; Hinrichsen and Pritchard
2005 or Siddiqi 2010):
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T-Ap-X-Af =C. (4)

For the first-order linear autoregressive model that will be introduced in the next
Section 2.2, A is the cited WTM, X is the steady-state state covariance matrix
(Eq. 245) and C is the covariance matrix of the unpredictable performance fluctu-
ations (Eq. 9). According to Siddiqi (2010), the Lyapunov equation can be
interpreted as satisfied for a linear autoregressive model if, for a given observation
covariance, there exists a legitimate belief distribution in which the predicted belief
over project state is equivalent to the previous belief over project state, that is, if
there exists an equilibrium point of the distribution.

In the following, we use the convention of listing the eigenvalues of the design
modes in order of decreasing magnitude (|4;(Ag)| > |42(Ag)| > . ..). For the matrix
Ap with these eigenvalues, we define the spectral radius as the greatest-magnitude
eigenvalue and denote it by p(Ap) = max|4;]|. An eigenvalue corresponding to
max I4; (that is, 1) is called the dominant eigenvalue (Gentle 2007).

The Lyapunov equation (Eq. 4) holds for the linear homogenous recurrence
relation given by Eq. (1) if and only if the spectral radius is less than or equal to one,
i.e. p(Ag) < 1 (Hinrichsen and Pritchard 2005). Recall that a matrix M is positive
semidefinite if and only if it holds that vI - M - v > Ofor all non-zero column vectors
v of m =Dim[M] real numbers. Let 1 be a left eigenvalue of Ay and 9; a
corresponding normalized eigenvector satisfying 9, -Ag = {1} -8,'. Then the
Lyapunov equation can be written as

I -C-9=9"(E-A-Z-AJ)- 9
=929 -9 {2}y =-{a}- 8
=9z 9 -{1-2}.

Since the matrices X and C are positive-definite symmetric matrices, it holds that
9F-Z-9,>0 and 9 -C-8;>0. 1t follows that (1 —4%) > 0. Therefore, the
Lyapunov criterion from Eq. 4 is satisfied if the spectral radius is less than or equal
to one and it holds that |A| < 1 (Siddigi 2010).

A modeled PD project phase is said to be asymptotically stable if and only if the
spectral radius is less than 1: that is, p(A¢) < 1. In this case, irrespective of the initial
state xo the work remaining converges to the zero vector, meaning that all tasks are
fully completed. If it holds that p(Ag) = 1, the project phase is stable but not
necessarily asymptotically stable. Asymptotic stability can be relevant for stochastic
model formulations in which unpredictable performance fluctuations are represented
by continuous-type random variables. The integration into the state equation can be
done either by means of additive (Schlick et al. 2007) or multiplicative fluctuations
(Huberman and Wilkinson 2005). We will return to this point in the next Section 2.2.
In the case of stochastic model formulations, for a stable project phase the work
remaining x, would eventually oscillate around x, indefinitely. As already stated and
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illustrated in Fig. 2.2, the notion of asymptotic stability is stronger than stability. For
the first design mode ¢; with the dominant eigenvalue A, the equation |4;| =1
determines the boundary between stable and asymptotically stable regimes. If the
project phase is neither stable nor asymptotically stable and |1; (Ag)| > 1, it is said to
be unstable. If it is unstable, a redesign of tasks and their interactions is necessary,
because the work remaining then exceeds all given limits.

Unfortunately, even if the project phase modeled is asymptotically stable,
theoretically an infinite number of iterations are necessary to reach the final state
where zero work remains for all tasks. Therefore, project managers have to specify
an additional stopping criterion. In the following we use a simple one-dimensional
parametric criterion & € ]0; 1[ indicating that the goal has been reached if the work
remaining is at most 1008 percent for all p tasks. According to Huberman and
Wilkinson (2005), the zero vector represents a theoretically optimal solution, and
the values of the state vector are an abstract measure of the amount of work left to
be done before a task’s solution is optimal. Formally speaking, with an initial state
X0, @ WTM Aj and a stopping criterion J, the total time T spent to complete the
project phase can be determined by the equation (cf. Eq. 3):

; Tax
Ts = mint{maxi x[@ < 5}
=0

Tax

= min, {max,- [A(’) - X0 ]<i> < 5}110 . 5)

xﬁi) denotes the i-th component of the work vector at time step ¢ and [Aé - Xo } ) the i-

th component of the product A - xo. The time index is expressed explicitly in the
min{.} function for greater clarity. The maximum time step 7,,,, must be set to a
value that is sufficiently large to satisfy the specified stopping criterion. We can also
generalize the closed-form solutions derived in the seminal work of Smith and
Eppinger (1997, 1998) and express the total amount of work done in all p tasks
during the iteration process across the time interval T as

Ts Ts
Zx, = Z(Aé - X0 )
=0 =0
Ts
=0
:(IP_AO)_I'(IP_A({EH)'XO . (6)

The above solution is based on the Neumann series generated by A, (Bronstein
et al. 2000); 7, denotes the p x p identity matrix. The total amount of work done
over all tasks, x,,;, can easily be calculated as a scalar indicator of the total effort
involved in completing the deliverables in the modeled project phase by summing
over the components of the cumulated work vectors. We have
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e = Total[(l,, —Ao) (1, — A .xo} . )

The function Total[...] computes the sum of the argument vector’s components.
The formulation of cooperative work processes as a linear recurrence relation
therefore makes it easy to take extra work into account and precisely determine
the total effort involved. The effort-centered approach can also cope with deliver-
ables that do not meet all the original requirements or that have a quality problem
and therefore need to be reworked (Smith and Eppinger 1997, 1998). This is not to
be confused with changes of scope, where separate state variables have to be
defined and a dedicated scope change management system should be used. In the
limit Ts — oo for an asymptotically stable project phase, we have:

2.2 Stochastic Formulation in Original State Space

In their seminal paper on performance variability and project dynamics, Huberman
and Wilkinson (2005) showed how to model cooperative work in PD projects based
on the theory of stochastic processes, and how to apply formal methods of statistics
to analyze, predict and evaluate the dynamics of open organizational systems. An
open organizational system is a sociotechnical system in which humans continu-
ously interact with each other and with their work environment. These interactions
usually take the form of goal-directed information exchange within and through the
system boundary and lead to a kind of self-organization, since patterns of coordi-
nation can emerge that convey new properties, such as oscillations or pace-setting.
Furthermore, there is a regular supply of energy and matter from the environment.
In the work presented here, we follow the basic ideas of Huberman and Wilkinson
and formulate a stochastic model of cooperative work based on the theory of
Gauss—Markov processes (Cover and Thomas 1991; Papoulis and Pillai 2002).
However, we do not incorporate “multiplicative noise” to represent performance
variability as Huberman and Wilkinson do, but rather assume that the effects of
performance fluctuations on work remaining are cumulative. Clearly, there are
subtle conceptual differences between the two approaches, but they are beyond
the scope of this book, which is in this context to carry out a first validation study of
the formulated stochastic model based on field data from an industrial PD project
(Section 2.5) and to analyze the interrelationships between projects dynamics and
emergent complexity explicitly in analytical and numerical studies (Chapters 3, 4
and 5).

Our model generalizes the first-order difference equation (Eq. 1) according to
Smith and Eppinger (1997) to a deterministic random process {X,} (Puri 2010) with
state equation
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X, =Ay- X, _1+¢& t=1,...,T. (8)

In this first-order linear autoregressive model, the multivariate random variable X,
represents the measured (or estimated) work remaining at time step ¢ of the project
phase under consideration. A is the cited WTM. The random vector ¢, is used to
model unpredictable performance fluctuations. In terms of state estimation &, can also
be interpreted as an “error vector.” Each component in the error vector indicates a
specific “error bar” in the sense of a reduced mathematical representation of the
performance variability when processing the corresponding development task.

In PD projects there are many factors shaping performance variability. Although
we do not know their exact number or distribution, the central limit theorem tells us
that, to a large degree, the sum of independently and identically distributed factors
can be represented by a Gaussian distribution A (x; 4, C) with location y = E[e,] and

covariance C = E {(e, — (e — ,u)T} . The location is often simply termed “mean.”

We assume that the performance fluctuations are independent of the work
remaining and therefore that the location and covariance do not depend on the
time index. Hence, we can also write € in place of ¢, in the following definitions of
the entries of the covariance matrix.

The covariance matrix C is a square matrix of size p, whose entry Cyy; ;; in the,
(i,/)-th position is the covariance between the i-th element ¢ and the j-th element
£ of the random vector &, i.e.

Ciijj = Cov[el, ]
— E[(el) — ) (el — )] 9)

C is symmetric by definition and also positive-semidefinite (Lancaster and
Tismenetsky 1985). We assume that C has full rank. The diagonal elements Cj; ;)
represent the scalar-valued variances c?i of vector components ' (i.e. performance
fluctuations in work tasks i):

2=V

i T

)

E[(g@ _ ﬂm)z] . (10)

The square root of the scalar-valued variance ¢ is the well-known standard

deviation c;;. The off-diagonal elements C; j (i # j) represent the scalar-valued
covariances and can be factorized as

PijCiiCjj = Pij Var[e(i>]Var[e(-f>] (i #1J), (11)

where the first factor is Pearson’s famous product-moment coefficient
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Cov[e®), ¢0)]

V/Var[e@]Var[e()]

The Pearson correlation p;; is +1 in the case of a perfect positive linear relationship
(correlation) and —1 in the case of a perfect negative linear relationship
(anticorrelation). It has values between —1 and 1 in all other cases, indicating the
degree of linear dependence between the variables.

In the developed autoregression model of cooperative work it is assumed that the
performance fluctuations have no systematic component and that

p;; = Corr [e(i),em} = (12)

u=0,=(00...0 )T. We imposed no additional a priori constraints on the
covariance matrix C. Hence, the fluctuations

e~N(0,,C)

in the state equation can be expressed explicitly by a Gaussian probability density
function f[x] = N (x;0,,C) (pdf, see e.g. Puri 2010) as

1
(27) "/ (Det[C])'/?

N(x;0,,C) = Exp {—%XT ! .x} (13)

The covariance matrix C can be written in vector form as
T
C =Covle, &) = E[e,et ]

In terms of basic geometric concepts, the covariance matrix C can be visualized in
the prediction error space spanned by the components of Ax through the concen-
tration ellipsoid (see e.g. Bronstein et al. 2000)

AxT-C7' Ax =«

The constant x determines the size of the p-dimensional region enclosed by the
ellipsoid surface. By setting the value of x we can define the probability that the
prediction error will fall inside the ellipsoid. Figure 2.3 shows an illustrative
example of the concentration ellipsis in the two dimensional case. The size and
orientation of the concentration ellipsoid depend on the eigenvalues 4,(C) and
eigenvectors k;(C) of the covariance matrix C (i =1, ..., p). We can determine
the eigenvalues and eigenvectors by solving the well-known eigenvalue problem

C ki(C) = 4(C) - ki(C).

Because C is symmetric by definition, the eigenvectors are mutually orthogonal.
The mutually orthogonal eigenvectors point in the directions of the principal axis of
the concentration ellipsoid, and the eigenvalues determine the length of the

semiaxis /k/4;(C). The concentration ellipsoid containing 68.3%, 95.4% and
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Fig. 2.3 Concentration
ellipse in the
two-dimensional prediction
error space spanned by the
components of Ax (adopted
from Oispuu 2014)

AxTCAx = k

Ax® origin
0,0
Ax™®

99.73% (lo-, 20- and 3c-ellipse) of normally distributed prediction errors are
defined by constants x; = 2.30, k, = 6.17 and x3 = 11.80, respectively (Bronstein
et al. 2000).

In the following we assume that the performance fluctuations are uncorrelated
from time step to time step and that it holds for all time steps {y, v} € Z that

Elesel] = {6} -C

4, is the Kronecker delta which is defined as

1 op=v
5,w{0 uv, (14)

If the covariance matrix is a nonzero scalar multiple of the identity matrix /,,, that is
C= {02} -1 ,, we speak of isotropic fluctuations, and the variance o7 represents the
overall strength (6> € R™). In spite of the stochastic task processing, it is assumed
in the following that perfect initial conditions exist, and that the components of the
initial state vector according to state Eq. 8 are positive real numbers and not random
variables. This assumption is justified by the fact that in most projects the initial
state xq represents the planned amount of work at the beginning of a given project
phase (cf. Eq. 2), which is predefined by the project manager. In this case a real
valued parameter vector @ = [xg Ao C] is sufficient to parameterize the model.
Alternatively, the initial state vector X, can be assumed to be a Gaussian random
vector with location uy and covariance Cy. In Section 2.9 we will present a
stochastic model formulation with hidden state variables that can cover this case
under a more general theoretical framework. When this alternative formulation is
used, the parameter vector must be extended, and becomes 0 = [y, Co Ag C].
A graphical representation of the first-order autoregression model is shown in
Fig. 2.4 in the form of a dynamic Bayesian network (see e.g. Gharahmani 2001).
In a dynamic Bayesian network the random state variables are related to each other
over adjacent time steps and are drawn as nodes of the graph. At any point in time ¢,
the value of a state variable can be calculated from the internal regressors and the
immediate prior value (time step # — 1). The directed arcs represent conditional
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t=0 i t=1 | A A

Fig. 2.4 Graphical representation of the first-order autoregression model in the form of a dynamic
Bayesian network. The nodes in the graph represent the random state variables of the stochastic
process. The directed arcs encode conditional dependencies between the variables

dependencies between the variables. Exogenous inputs to the model are not con-
sidered in the following.

It is not difficult to see that the process {X,} can be decomposed into a deter-
ministic and stochastic part as

t
X, =Ab-x + ZA(;"-& (1>1).
v=1
The deterministic part represents the mean vectors (Eq. 3)
EX,]=A) x

of work remaining, which evolve unperturbed. As shown in the previous Section 2.1,
for an arbitrary project phase with predefined initial state x, and WTM A, we can
derive the following closed-form solution to the expected total amount of work done
in all p tasks during the iteration process until the stopping criterion J is satisfied:

Ts Ts
£[S50] - 3o
=0 =0
Ts

I
—
>
S~
=
(=}
~—

To obtain the above solution we have assumed that the decision on whether the
stopping criterion is satisfied (see Eq. 5) is based on the mean vectors E[X,] of work
remaining at time step ¢ and not on individual instances {x,} of the stochastic
process {X;}. The duration T of the project phase is then determined entirely by
the deterministic part of the process. The expected total amount of work x,,, done
over all tasks until the stopping criterion is satisfied is estimated by:
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Xior = Total[(ll, —Ao)f1 (1, —Ags“) .xo] ) (16)

In the limit Ts — oo for an asymptotically stable project phase, we have the
expected total amount of work done for all p tasks:
Ts
lim E Zx,
t=0

Ts—00

:(IP—A0)71~X(). <17>

In addition to the deterministic evolution of the mean work remaining the stochastic
part of the process {X,} represents the accumulated unpredictable performance
fluctuations. The formulation of the linear model means that the variances and
covariances of the vector components of the fluctuations are independent of the
work remaining. In view of an information processing system, the process {X,}
satisfies the Markov property. The Markov property describes a special kind of
“memorylessness” in the sense that conditional on the present state x, of the
modeled project, its future {X,.1,...} and past {Xi,...,X,_,} are rendered
independent:

Folxer1lxo, -« s x] = folrra|x] Ve>0. (18)

Solxe+1lx05 - - ., x;] denotes the conditional pdf of vector X, , given the sequence of

vectors X, . . ., X, (Papoulis and Pillai 2002).
From the decomposition of the process into a deterministic and a stochastic part
it is evident that the pdf of the current state X, is Gaussian with location A)x, and

covariance X/_ A" C (AOT )’ﬂ, that is
t v
X~N (A{) X0, »_AF- C- (A7) )
v=1
The density function fy[x,] of X, can be written explicitly as (Puri 2010)

1
(27)"*(Det[X,))

1
folx] = T72EXP [—E(x, — A} ~x0)T 2 (e — A -xo)} , (19)

where

t t—1
T=Y A7 -C-(A) T =D A0 C-(A))"
v=1 v=0

The conditional density of state X, given state X, = x; (Eq. 18) is
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1
(27) "/ (Det[C])"/?

1 _
EXp | —=(x11 — Ag- )" - C7" - (31 — Ao - x) |

fo [xt+1 |xt] = )

(20)

Next, we turn our attention to the total time T spent to complete the project phase
described by the stochastic formulation in state space. Owing to the fact that the
state vector is a random variable, the total time Ty is not uniquely determined by
Eq. 5—we can only consider the probability that the project phase ends at a certain
time instant. As we will see below, it is possible to derive a recursive procedure for
calculating the time-dependent probabilities, but there seems to be no obvious way
to obtain a closed form solution. This motivates to use a model for the pdf of the
duration of the process. A reasonable approach is to model the duration by a
log-normal distribution because it possesses many advantageous properties (see
Baker and Trietsch 2009; Trietsch et al. 2012) and a high external validity in the
given application area. As the log-normal distribution shares many properties with
the generalized Rayleigh distribution its density function can also be used to
effectively model skewed execution times. We will return to this point in the
Monte Carlo studies of Sections 5.2 and 5.3. Without loss of generality let us
assume that x, = max; xgi) is the distinct largest component of the previously
introduced state vector. The probability for the process to be finished at time instant
t = 1, i.e. that the work remaining for all tasks is smaller than or equal to §, can be
obtained as follows: Observing that X, is a Gaussian random variable with distri-
bution N (Ap - xg, C) the total probability that the distinct largest component x; is
less than or equal to 8 is given by

S
P1 :/ N(xl;A0~x0,C)dx1

i)

The function Erf[. . .] denotes the Gauss error function (see e.g. Puri 2010). We used
a simplified notation to indicate that the error function only refers to the mean and
variance corresponding to the distinct largest component of the state vector X;. In
the field of detection theory, P; is known as the probability of missed detection of a
signal X; with mean Ay - xo embedded in Gaussian noise with covariance C and a
detection threshold equal to d.

On the other hand, the total probability that the stochastic process exceeds the
threshold & for all tasks and propagates to the second time step is P; = 1 — P, see
Fig. 2.5. The pdf for the work remaining at the first time step and exceeding the
threshold is given by
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Tt
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1 2

Fig. 2.5 Graphical illustration of the recursive procedure for calculating the probabilities that the
project phase ends at a certain time instant T: the total probability that the process exceeds the
threshold determined by the stopping criterion § at time instant# = 1 is given by Pj; this probability
is propagated to the second time step to calculate the total probability P,. The subsequent
probabilities P, for the process to finish at time instant ¢ can be computed iteratively based on
Eq. 21

L teearne 5

1
f(i[xl] = F]

ﬁ
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)

0 X1 <9o.

As we can see, fy[x;] is no longer Gaussian. The pdf for the propagated state at the
second time instant is not Gaussian either and can be computed as

f(,,[xz]:/ Folxalxi] folxi]dxi

—00

2
_i 1 ei(xzf(A(Z).xo))z/z(l+Ag)C | 4 Erf (1 +A0)6 — Ag(xo +x2)
Proi+42 2(1 4+ 42)C

Then, the total probability that the process terminates at the second time step is
given by the integral
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Unfortunately, this integral cannot be solved analytically, and we can only evaluate
the probability numerically. The subsequent probabilities P, for the project to
finish at time instant 7 + 1 are then computed iteratively as

5
P = Fz fg[x,ﬂ|x,}79[x,]dxfdx,+1
[ i
=(1- Pt)/, /fe[x,ﬂ|x,]f9[xt]dx,dx,+1. (21)

Alternatively, we could simulate the stochastic task processing and compute the
probabilities in a Monte Carlo study.

At first glance, the chosen memoryless perturbation mechanism may appear to
over-simplify the problem. However, the correlations p;; between performance
fluctuations between tasks i and j can strongly influence the course of the project
not only at single time steps but also on long time scales and therefore lead to
unexpected stateful behavior. This is the case if the correlations are reinforced
through the informational coupling between the development tasks. To reinforce
the correlations, the covariance matrix C must have nonzero off-diagonal elements:
in other words, the fluctuations must be nonisotropic. Depending on the structure of
the dynamical operator A, the correlations p;; can significantly excite the design
modes and lead to unexpected effects of emergent complexity, such as the cited
problem-solving oscillations in the preasymptotic range of development projects
(Mihm and Loch 2006; Schlick et al. 2008). We will return to the interesting
phenomenon of excitation of design modes in Section 4.1.2, where the interrelation-
ships between project dynamics and emergent complexity are analyzed in detail in
the spectral basis.

Following the theoretical considerations of system stability from Section 2.1, the
first-order linear autoregressive model defined in Eq. 8 is asymptotically stable in
the sense of Lyapunov (Eq. 4) if and only if the spectral radius of the dynamical
operator Ay is strictly less than one, i.e. p(A¢) < 1, and the matrix in Eq. 4 is positive
definite. In contrast to the deterministic model formulation, an autoregression
model with Gaussian performance fluctuations without drift and unit spectral radius
p(Ao) = 1 would steadily move away from the equilibrium state x, and therefore
not be stable (Papoulis and Pillai 2002; Siddigi 2010). If p(Ag) =1, the
autoregressive process is said to be marginally stable (Halanay and Rasvan 2000).

In extension of state Eq. 8, we can formulate a model of cooperative work on the
basis of a forcing matrix K in conjunction with a random variable 7, whose
covariance matrix does not indicate correlations between vector components
(i.e. work tasks) and is therefore diagonal. To do so, the covariance matrix C is
decomposed into eigenvectors and eigenvalues through an eigendecomposition:

C=K -Ag-K', (22)

where
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K-K"=1, and K'=K".

Because the covariance matrix C is symmetric by definition, the forcing matrix
K resulting from the eigendecomposition has mutually orthogonal column vectors
k;(C) = K ;and is therefore orthogonal. These vectors are the eigenvectors of C. Ag
is simply a diagonal matrix with the eigenvalues 4,(C) along the principal diagonal.
The associated state equation is

X, =Ao-Xi-1 +K -1, (23)

with
n~N(0,,Ax) (24)

and
Ag = Diag[4(C)] 1<i<p. (25)

According to the above equation, the eigenvalues 1;(C) of the decomposed covari-
ance matrix C can be interpreted as the variances of the performance fluctuations
along the rotated axes of the identified eigenvectors k,(C). Following our terminol-
ogy we will use the term “performance fluctuation mode,” ¥; = (4;(C), k;(C)), to
refer to an eigenvalue 4,(C) of C along with its eigenvector k,(C) (1 <i < p).

Finally, we analyze the properties of the generated stochastic process {X,} in
steady state and derive a closed-form expression for its joint pdf. Under the
assumption of asymptotic stability (p(Ag) < 1), the pdf of the stochastic process
commutes in the long-term evolution ¢t — oo in a distribution which is invariant
under a shift of the origin. It follows that the stationary behavior is characterized by
a stable distribution for state variable X, with mean (also termed location)

u(t — 00) =0, (26)

and covariance X that satisfies the Lyapunov criterion from Eq. 4 in the sense that
the famous Lypunov equation

T=A4y-Z-AJ +C (27)

for the steady-state covariance matrix X, the dynamical operator Ay and the
covariance matrix C of the performance fluctuations is fulfilled. The closed-form
solution of the steady-state covariance can be written as a simple matrix power
series (see Eq. 245), which we will introduce and dicuss in Section 4.1.1.

Given the Markov property the joint pdf of the process can be factorized as
follows:
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5]
Folxu, - xn] = folxu] H Folxilxe—1] - (28)
t=t;+1
If the initial state and transition probabilities are Gaussians,

folxn] = N(xtﬁopvz) (29)
fg[xz|x171} = N(xz§A0 'xtfhc)’ (30)

then the joint pdf in steady state reads:

1 1 &
FolXes -y x,] = cExp —EX,T IR Z (x, — Ao -x,,l)T CTN (= Ao X))
=t +1
(31)
with the normalization constant
_Ag _1 a1
¢y = (2r) 7 (DetZ)2(Det C)~ 2 (32)

and At = #; — t; + 1 the number of time steps. We can write the joint pdf in a more
compact form:

1
Folxt, - sx,] = c,Exp [—ExT -Cy -x},

where x is a large column vector containing all states from time step #; to f,,

xT = (xle .- -xg ) The elements of the matrix C, are:

Al A —Ag-C! 0
-C Ay clyal-cta —Af-C! (33)
-C A CT'+Af-CTN A AL CT!
0 -7 Ay c!

For the inverse of C,, which is the covariance of the joint pdf, we find the following
closed form:

T zoal z(a0) z(ag)™"!
Ao - y Oz AT z(an)A?
Co=0C' = : 2 ( Os) (34)
: z AL
Atz Ao 2 )
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The above form for the covariance can be easily verified by showing that the
proposed inverse leads to the desired result, i.e. that it holds that C, - C, =1, and
Cx - C, =1,. Because the matrices are symmetric, the second equation follows
from the first one. That means we only have to prove the first one:

Co-Cr=Cl-C)
= (CZ : Cx)T

=1,=1,
For example, the (1, 1)-block of C; - C, is
(T 4+A - CA)Z—AJ - CT A 2=,
The (1, 2)-block is

(' +A]-CTA)ZAf —Af - CTHE=A0+A] - CTAg-Z-A Ay -CTHE
=A] +A;-C'E-C)-Af-C'-x
=Al-cTt2-Al.Cc .2
=0.
The other (1,j)-blocks have just an additonal factor (AOT )j > and thus also yield
zero. The (2, 1)-block is easily computed as

—C ' Ay T+ (CTM+A]-C A Ag-Z—A) -CT A Z=0.
Then the second diagonal block is

—C A Z-Af + (CT'+AJ-CTA)Z—A) - CT1 Ay 2
=-Cc'z-0)+Cc'-z=1,

The other diagonal blocks (except for the last one) are computed in the same way.
For the last diagonal block we have

—C ' AT A+CHE=—ClE-C)+C 2=1,.

All other blocks can easily be computed in a similar way and will yield zero.

The introduced stochastic models of cooperative work in PD projects are quite
closely related to the dynamical model of product development on complex
directed networks that was introduced by Braha and Bar-Yam (2007). However,
there are some important differences: (1) the autoregression models are defined
over a continuous range of state values and can therefore represent different kinds
of cooperative relationships as well as precedence relations (e.g. overlapping);
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(2) each task is unequally influenced by other tasks; (3) correlations p;; between
performance fluctuations among tasks i and j can be captured.

2.3 Stochastic Formulation in Spectral Basis

In order to analyze explicitly the intricate interrelationships between project
dynamics and emergent complexity in later chapters (see Chapter 3 in conjunction
with Chapters 4 and 5), we use the spectral basis and spectral methods (Neumaier
and Schneider 2001). Spectral methods are based on the eigenvalues of matrix
representations of systems and can therefore capture global information on struc-
ture and dynamics. Where a system’s matrix representation is in the form of a static
design structure matrix of system components (see e.g., Eppinger and Browning
2012 and Section 3.3), a spectral analysis of these dependency structures related to
architectural elements and interfaces can be used to detect modules and assess
modularity (Sarkar et al. 2013, Sarkar and Dong 2014). Facets of structural com-
plexity can then be evaluated on a global level. We focus on persistent components
of task-based, dynamic complexity in the following and carry out a spectral analysis
of the WTM A, as dynamical operator of state Eq. 8. To carry out the transforma-
tion of the state-space coordinates, Ao is diagonalized through an eigendecom-
position (cf. Eq. 22) as

Ag=S-Ag-S7", (35)
with
As = Diag[4i(Ag)] 1<i<p. (36)

The eigenvectors 9;(Ag) = S.; of the design modes ¢; of Aq are the column vectors
of S resulting from the eigendecomposition (i = 1... p). However, because Ag
must not be symmetric, the eigenvectors are in general not mutually orthogonal,
and their elements can be complex numbers. The diagonal matrix Ay stores the
ordered eigenvalues 1A ) along the principal diagonal. The dynamical operator Ag
can always be diagonalized if it has p distinct eigenvalues and therefore also
p linearly independent eigenvectors. On the other hand, if the operator has eigen-
values of multiplicity greater than one a diagonalization can still be carried out if
p linearly independent eigenvectors can be found (Puri 2010). Otherwise, the above
linear transformation does not lead to the diagonal form but to the so-called Jordan
canonical form (see e.g. Puri 2010).

It is easy to analyze the stability of the modeled PD project in the spectral basis.
According to Section 2.1, the autoregressive model defined in Eq. 8 is asymptoti-
cally stable in the sense of Lyapunov (Eq. 4) if and only if it holds for the spectral
radius of the dynamical operator A, that p(Ap) < 1. Based on Eq. 35 we can
conclude that the limit
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lim A = lim S A§ -S™'
k—00 k—00
=S- (k}im Ask) -

is a null matrix, since it is evident that the entries of A% along the principal diagonal
are just the eigenvalues raised to power k, which converge to zero when p(4g) < 1.
Hence, we have

A0 ..
limA§=| 0 2 ...]=o0

k—00

If As = I, the project is said to be marginally stable but not asymptotically stable,
because the work remaining would steadily move away from the equilibrium state
Xe-

In the spectral basis, the dynamic model from Eq. 8 can be represented by the
state vector X, and the vector ¢, of unpredictable performance fluctuations as simple
linear combinations, as follows:

and
= 0
=3 e 9(40), (38)

with coefficient vectors

X;(l)
AV
Xr
and
1
(4
8[: :
&)

For the initial state, we have
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/
Xo =S8 - X,

We obtain the transformed stochastic process {Xt} that is generated by the coeffi-
cient vectors on the basis of the state equation

X =As X, +é t=1,...T, (39)

with
(N (0,.C) (0

and
C=s'.cC. ([ST]*)*. (41)

£
The transformed covariance matrix C = E [ef {eﬁT} } is also positive-semidefinite.

When we substitute the eigendecomposition of C according to Eq. 22 in Eq. 41
we have

C=5"K-Ac-K"- ([ST]*)_I
:S—I.K.AK.([ST}*.K)’I
=5 (kM) Ag - ([ST]* ~K>

— s (KT Ax ([ST]* .K)*‘
:(KT.s)”-AK-([sT]*.K)". @)

. * —1

Let (KT -5) = (d;;) and ([ST] K) = (e;j), 1<i,j< p.Onthe basis of
the matrix elements, we can derive simple formulas for the diagonal and
off-diagonal elements of C’, which are needed in Chapter 4 to calculate the EMC

in an expressive closed form (see Eq. 262 in conjunction with Egs. 260 and 261).
The diagonal elements are

-1

P
Clig = D_ dinn(C)en

n=1

and the off-diagonal elements are
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http://dx.doi.org/10.1007/978-3-319-21717-8_4
http://dx.doi.org/10.1007/978-3-319-21717-8_4
http://dx.doi.org/10.1007/978-3-319-21717-8_4

38 2 Mathematical Models of Cooperative Work in Product Development Projects

[7
Clij) = > " dinhn(Cen.
n=1

Hence, the correlations p;j in the spectral basis are

J” 217 dm)v (C)en'
p n=1 J (43)
lj .
\/ A it (Cen) B dia( )

Interestingly, the correlations p;j can be interpreted in a geometrical framework

(de Cock 2002). Let ¢ §i> be the row vector of the normalized (by 1/ V1) sequence of
samples that were drawn from the i-th vector component of the multivariate

distribution of the random variable 8; representing the performance fluctuations in
the spectral basis, that is

The correlations p’ between the i-th and j-th components of e; are defined as the

(i)

angle between the vectors ¢/;” and ¢; V) for t — oo

t

pl; = lim cos (Egmé 6/(1‘)). (44)

In an analogous way, let x’fi) be the row vector of the normalized sequence of
samples that were drawn from the i-th vector component of the multivariate
distribution of the transformed state variable X,, that is

i 1 i 0i
x;(> = \72()(’(()), ,xri)l).

The correlations between the i-th and j-th components of XJI in the steady state
(t — o0) of the stochastic process are the reinforced correlations /);j between noise
components. The reinforcement factor is 1/ (1 - /li(Ao)lj(Ao)), and there holds
(Neumaier and Schneider 2001)

1 i6) , ()
_— = lim COS Z X, . 45
1 — 2i(A0)2;(Ao) i = o ( ' ) )
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In the above equation the terms 1;(Ag) denote the complex conjugates of the
eigenvalues. As mentioned earlier, this interesting reinforcement phenomenon
will be discussed again in Chapter 4.

If Ay is a symmetric matrix, we can also obtain expressive vector calculus forms
of both the diagonal (representing the variances along the rotated coordinate axes in

the spectral basis) and off-diagonal (representing the correlations p;j between them)

elements of C’, as shown in the following steps. This is because the eigenvectors
9,(Ap) are mutually orthogonal and have only real components. However, if A is
not symmetric, the eigenvectors are not orthogonal, and the following simplifica-
tions are impossible.

If Ay is symmetric, all p components of the eigenvectors are real, and Eq. 41 can
be rewritten as

/

c=s'.c.(s")".

The eigenvectors 9;(Ag) = S.; are mutually orthogonal. The normalized eigenvec-
tors are denoted by 9, (H@ i H = l), the corresponding orthonormal matrix by S |, and
the mutually orthogonal (but not normalized) column vectors of the forcing matrix
K by k; = K.;. We can write

c=(s.-N)"-c ((SL -N)T)il
with
N = Diag||9:(A0)[|], 1<i<p.
Because N is diagonal, the transpose can be written as
=, N"c(v-sT)
and the inverse can be factorized:
c=N"'.stco(sT) N
For orthonormal matrices, S 11 =S I, and we have

C=N"'.sT.c-s,-N"!
:N’1~SI'K~AK~KT~SL-N’1
=N (STK) A (STR)TNT ()

with
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ik Dk
STK=| 8-k 95k

I @1 ki 1?2 ki
(ST-K) =81k 8 -k
. 81 k{4 (C)} 81 kz{/lz ()}
(S1-K) Ak = | 82 ki{a(C)} 8- kz{ﬁz(c }

Now we can formulate a simple geometric relationship for the diagonal elements
of C'

J ~
i = o peg O

as well as for the off-diagonal elements

/ 1 . < -

The closed-form solution for the correlations p;j embedded in (' is:

. _ Il 5L () (i k) (B K)
719l ]| \/(anMn(C) @3- kn)2> <En”:1/1n(C) 3, kn)z)
2P 2a(C) (8 k) (9 - k)

\/(zn () (B k) ) (22124(C) (é,-knf). (47)

When we analyze Eqgs. 46 and 47, it is not difficult to see that the correlations /);j in
the spectral basis are zero, in either of the following cases.

(i) The column vectors of the forcing matrix K and the column vectors of
the transformation matrix S are pairwise collinear, and S =K -Agx
(Ask = Diaglei],c; € R).

(ii) The forcing matrix K is equal to the identity matrix /,,, and the fluctuations are
isotropic with overall strength 6% € R*, that is
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Ak = Diag[A(C)] = {c°} - I,.

In case (i) the off-diagonal elements C/[[i j are zero, because 9; - k, # 0 for only

one column vector &, with index »' that is aligned with &,/ while for this index

9;- k, =0 for all j # i, because the vectors are mutually orthogonal (keeping in
mind that A is supposed to be symmetric). Therefore,

from which C; ;; = 0 and p}; = 0 follow.

In case (i) we can substitute K =1, as well as Ax = {¢*} -1, in Eq. 46:

C=N". (SI ‘Ip) ’ {‘72} Ay (SI 'I[’)T N7
={c’} N'.ST-8, -N"'
={o}- (v
Since N is a diagonal matrix, again C/Hi,.i]] =0 and p;j = 0 follow.

Interestingly, under the assumption of isotropic fluctuations, that is C = {52}
d,orK =1,and Ag = {02} -1, only the dynamic part of the iteration process and
not the fluctuations are relevant for evaluating emergent complexity (see Egs. 250
and 251). This also holds for a dynamical operator A that is not symmetric.

We can also write the state equation (39) in the spectral basis component-wise

(Neumaier and Schneider 2001). For each vector component the eigenvalue 4; = 4;
(Ap) is the dynamical operator of the scalar state equation with coefficient X’ fi):
X0 =2xD e r=1,..,T. (48)

It is important to note that in the scalar state equations the fluctuations are correlated
and that for the expectations it holds for all time steps y € Z that

E {8;0') {4”] } = 0uClj )
_ / / /
= 0 Clia) Cli )y (49)
where p! j(k,l =1, ..., p) is the correlation coefficient defined in Eq. 43 and §,,, is

the Kronecker delta (Eq. 14). From Eq. 48 it follows that for Arg[A] # 0 the
expectations
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E[x) = 2£[x%]
describe spirals in the Gaussian plane represented by

E[x] = 2E x|

= ¢ ety {X;@} (50)

with damping time scales (Neumaier and Schneider 2001)

1

= 51
! log| 4] (51)
and periods
2n
T,‘ = . 52
A >

The function Arg[/;] denotes the argument of the possibly complex eigenvalue
Ai = a; + ib;, which can be computed as

Arg[i] = tan ' ().
rg[4;] = tan <b;)

We use the convention that —n < Arg[4;] < & to ensure that a pair of complex
conjugate eigenvalues of the dynamical operator is associated with a single period
of the described spiral. For a stable stochastic process {X,} all eigenvalues must be
less than one in magnitude and therefore the damping time scale z; is positive and
bounded. If the eigenvalue 4; of interest has a nonzero imaginary part or is real but
negative, the period T; is also bounded. In this case we can consider the scalar
stochastic process {X’ ,(i)} as a stochastically driven damped oscillator (Neumaier
and Schneider 2001). The period of the damped oscillator is minimal if /; is real and
negative and we have T; = 2 (or |Arg[4;]| = =). This period is equivalent to the
famous Nyquist frequency which plays an important role in Fourier analysis and
system theory (see e.g. Puri 2010). In contrast, if the eigenvalue 4; is real and
positive, then the period T; grows over all limits (7; — oo) and the scalar-valued
system spirals indefinitely around the expectation value. In this case, the scalar

stochastic process {X’gi)} can be regarded as a stochastically driven relaxator
(Neumaier and Schneider 2001). Therefore, the linear combinations according to
Eqgs. 37 and 38 decompose the vector autoregression process {X,} generated by
state Eq. 8 into linear combinations of damped oscillators and relaxators with
oscillation and relaxation modes 9;(Ao) that operate on damping time scales t;
and have periods T;.
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Where a stochastic process is asymptotically stable in the meaning of Lyapunov
(Eq. 4), the time evolution of the scalar states {X’ Ei)} of the damped oscillators and
relaxators combined in a linear way can be represented in the complex plane in the
form of three schematic diagrams. These schematic diagrams are shown in Fig. 2.6.

Since the work transformation matrix Ay is real, its eigenvalues and eigenvectors
can be written as complex conjugate pairs. Based on these pairs we can also
decompose the introduced linear autoregression model (Eq. 8) into real rather
than complex design modes (see e.g. Neumaier and Schneider 2001 or Hinrichsen
and Pritchard 2005). In fact, for any complex eigenvalue A; = a; + ib; the scalar

process {X’@} defined by state Eq. 48 can be expressed as a real bivariate
autoregressive process of first order

EHFE% (5 ) PO (53)

with the bivariate random vectors

a _ [ Re [gp] VAR
8[ - Im |:€§1):| - 2 i(e;() _ 8;1)) .

In the above equation the components indexed by i’ are conjugates of the compo-
nents indexed by i. From the definition of the correlated fluctuations in Eq. 49, the
covariance matrix can be written as (Neumaier and Schneider 2001):

Con|  CwatCuntCuantCpn (=Cien + Sy = Cloa + Clany)
4 ’( Cenn + Cey — Ce +Cﬁk,l’ﬂ> Cenn T Crery = Cwy — Cien
g Re [Ck,] +Re [c[[k, ,ﬂ] Im [C’[[,fk]]] +Im [Cﬁ,_’kﬂ
" 2\ m [Clua] +1m[Chy] Re|Chg] —Re[cy]

{

Re|p},CluatChun| +Re[pbClaClun] [ PChunChisa | +1m [ ChunCluar]

i }
2 m{pk,C mien 1]]] +Im [ﬂfg;cgknk'ﬂc[[/,z]]] Re [p;dcﬁk,k]]cl[[l,l]]] —Re [PZ//Cl[[k"k’ﬂCﬁz,zﬂ

=7

uv

The eigenmodes of the decomposed process are given by the real and imaginary
parts of the eigenvector 9;(Ag) = S.;.

For small PD projects with only p = 2 tasks, we can obtain simple analytical
solutions for the eigenvalues, eigenvectors and correlation coefficient in the spec-
tral basis. To do so, we use the following parametric representation of the WTM and
the covariance matrix of the fluctuations in the original state space coordinates:
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(a)

> > > Re

(b)

Re

(c)

X’Z

Re

’
X 5 X’4

Fig. 2.6 Schematic diagrams of the time evolution of the scalar states X’ ,(i) of relaxators and
damped oscillators in the complex plane. The superscript (i) was dropped for greater clarity. The
initial value is therefore represented by XO. The thick arrows represent the scalar states. The thin
arrows indicate the transitions between states. (a) Relaxator: 4; is real and 4; > 0. (b) Stochastically
driven damped oscillator with minimum period T; = 2: /; is real and 4; < 0. (¢) Stochastically
driven damped oscillator with period T; > 2: 4; is complex (adopted from von Storch et al. 1995)
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ai an
Ay = 54
0 <a21 ap + Aa) (54)
C = ( 6%1 ,061£622>7 (55)
P011022 (%)

where {ai1,0611,060} € RT, {Aa,a;5,a,1} €R and p € [—1;1]. Note that the
parametric representation of the autonomous task processing rates a;; andaz; = aj;
+Aa through the rate difference Aa is slightly different than in the applied example
which will be presented Section 2.5. The rate difference is introduced in order to
obtain solutions that are easier to interpret.

The above parametric representation leads to the eigenvalues

1
M= E(zau + Aa — \/g) (56)
A= %(2@ + Aa+/g), (57)

the infinite families ({c1, 2} € R) of eigenvectors

_Aa+g
9 ={a}- 25,
1
Aa — /g
'92 = {6'2} ' 2021 1)
1
and therefore to the matrix
B Aa+ /g B Aa— /g
S = 2a21 2a71
1 1

for the basis transformation. In order to obtain an instance of an autoregressive
model that is asymptotically stable in the sense of Lyapunov (Eq. 4), the spectral
radius p(Ag) must be less than one and therefore it must hold that

1/2(2ay; + Aa+ /3) < 1.
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In the spectral basis, the transformed variances ¢’ %1 = CI[I, j and o’ %2 = CEZ-,Z] are

given by
2 4a} 01, +4p(Aa—Re[\/g]ainci102,) + (Abs[g] + Aa(Aa —2Re[ /3] ) )03,
e 4Abs|g]
o 4a3,0%, +4p(Aa+Re|\/g]ancii62) + Abs[g] + Aa(Aa+2Re |, /2]) 03,
°n= 4Abs[g] '

The correlation coefficient p’ can be expressed in the spectral basis as

) = (—40%16%1 — 4dpay, (Aa — Re[\/g] —+ \/g))a”an + (Abs[g} — Aa(Aa + 2iIm [\/g]))agz
0105 .

In the equations above we have used the coupling constant g which is defined as
g:= Ad® + dapran,.

/& is the distance between the eigenvalues, see Eqgs. 56 and 57. If all entries of the

WTM A, are nonnegative, the correlation coefficient p’ can be further simplified
and we have

2
, on(apnoyn — Aapoy) — asioy;

P = .
\/(“%1"?1 + 2Aapaz 63,62 + (Ad? + 2(1 — 2p?)ainas )o3,63, — 2Aapainci163, + a%zagz)

Furthermore, if not only all the entries of the WTM are nonnegative, but also the
correlation coefficient of the fluctuations in the original state space coordinates is
zero, i.e. p = 0, we arrive at the most simple parametric form:

/ 103, — 07

p = :
2 2
\/((1216%1) + (MA@ + 2a1pa31)07,06%, + (a1203,)

It is evident that the transformed correlation coefficient p’ is zero if the fluctuations
are isotropic and the WTM is symmetric.

2.4 Formulation of Higher-Order Models, Least Squares
Parameter Estimation and Model Selection

Neumaier and Schneider (2001) term the stochastic process that is generated by the
introduced linear autoregression models (Eqs. 8 and 39) a vector autoregressive
process of order 1, abbreviated as VAR(1) process, with zero mean. A VAR
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(1) process with zero mean is the least complex stochastic process in its class. In the
original state-space coordinates, a VAR(1) model can be easily generalized by
increasing the regression order and therefore the correlation length of the process.
When the regression order is increased not only the present state of the development
project is considered to make accurate predictions of its future course but also states
that lay in the finite past. The corresponding vector autoregression model of order 7,
abbreviated as VAR(n) model, is defined by the extended state equation:

n—1

Xo=> Ai-Xii1+e. (58)
i=0

Similar to a VAR(1) model, {X,} is a time series of p-dimensional state vectors
representing the work remaining observed at equal space time instants f. The
probability density function of the vector & was already given in Eq. 13 and it
holds that &, ~ N (0 »C ) One could also include a p-dimensional parameter vector
o of intercept terms to allow for a nonzero mean of the time series (see Neumaier
and Schneider 2001 or Liitkepohl 2005). From a theoretical point of view, this
systematic shift or drift of work remaining is not essential in the model formulation
and is consequently ignored in the following analysis. Like the first-order model
(see Fig. 2.4), Fig. 2.7 shows a graphical representation of the second-order
autoregression model in the form of a dynamic Bayesian network. By generalizing
the graphical model shown, it becomes clear that the VAR(n) model’s memory only
reaches back # time steps into the past because its state is the weighted value of the
last n observations (Rudary 2009).

The VAR(n) model is one of the most flexible models for the analysis of
multivariate time series. This model has proven especially useful for describing
the dynamic behavior of economic time series and for forecasting. Neumaier and
Schneider (2001), Franses and Paap (2004), Liitkepohl (2005) and others developed
efficient and robust methods to estimate the order of the model, the values of its
parameters, spectral information and confidence regions based on empirically
acquired time series. We will describe the parameter estimation methods for vector
autoregression models based on the material from Neumaier and Schneider (2001).
The description of the criteria for model selection is based on the textbooks by
Burnham and Anderson (2002) and Liitkepohl (2005). All methods are standard and

t=0 | t=1 | I N N S

Fig. 2.7 Graphical representation of the second-order autoregression model in the form of a
dynamic Bayesian network. The nodes in the graph represent the random state variables of the
stochastic process. The directed arcs represent conditional dependencies between the variables
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can, in part, be found in many other textbooks, e.g. Box and Jenkins (1976), Marple
(1987), Kay (1988), Soderstrom and Stoica (1989) and Stoica and Moses (1997).

An important result in the theory of stochastic dynamical systems is that
every linear autoregression model of finite order generating a process {X,}lT_n =
(Xi-n,...,Xr) of p-dimensional state vectors can be rewritten as a first-order
model based on the state equation

X, =A-X,_1+& t=1,...,T, (59)

where X, is the augmented state vector

Xi
X, = X’;‘ € R", (60)
Xt—n-H
&, is the augmented noise vector
&t
0

and A is the extended dynamical operator

AO Al An72 Anfl
I, 0 - 0 0
A=| 0 o 00 g (62)
o o . 0 0
0 0 ... I, 0

This order reduction by state-space augmentation makes it possible to develop
relatively simple parameter estimation algorithms (see literature review in
Neumaier and Schneider 2001). However, the only problem with this approach is
that the augmented state vector X, has vector components that are also included in
the previous state vector X,_; and therefore the past and future are not completely
shielded in information-theoretic terms, given the present state. To be able to apply
the complexity measures that will be presented in Sections 4.1.1, 4.1.2 and 4.1.3 in
different closed forms directly to the higher-order model in order to evaluate
emergent complexity in PD projects, one has to find a state representation
with disjoint vector components. This can be easily done as will be shown in
Section 4.1.6.
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If process order n is known in advance, various techniques exist to estimate
coefficient matrices Ao, . ..,A,_; in terms of multiple work transformation matrices
and the covariance matrix C from a time series of empirically acquired state vectors
X; (see Neumaier and Schneider 2001). The most prominent techniques are based on
the well-known Maximum Likelihood Estimation (MLE, see for instance
Brockwell and Davis 1991). For a fixed series of data and an underlying parame-
terized model, MLE picks the value of parameters that maximize the probability of
generating the observations or minimize the one-step prediction error. It is usually
assumed that the fluctuations are uncorrelated from time step to time step and that it
holds for all time steps {y,v} € Z that E [eﬂevT ] = {5,”,} - C. Since the covariance
matrix C depends on the regression parameters, the likelihood must be maximized
in several iterations. The iterative estimates are not only asymptotically efficient as
the sample size grows to infinity, they also show good small-sample performance
(Brockwell and Davis 1991). An alternative iterative MLE technique with good
small-sample performance that can also deal with “hidden” (not directly observ-
able) state variables will be introduced in Section 2.10. Although efficiency and
robustness are advantageous properties for estimation techniques, the iterative
procedure is computationally quite demanding and slows the parameter estimation
for large projects significantly. A much simpler technique is based on the classic
least squares estimation (Neumaier and Schneider 2001). Our analyses have shown
that in the application area of project management least-square estimation is
comparatively accurate and robust. The least-square estimates can also be used as
a bootstrap for subsequent maximum likelihood iterations. Furthermore, least-
square estimation can be intuitively extended by information-theoretic or Bayesian
model selection techniques. This reveals interesting theoretical connections
between selecting a predictive model based on universal criteria and evaluating
its statistical or information-theoretical complexity. We will return to this important
point in Sections 3.2.2 and 3.2.4.

According to Neumaier and Schneider (2001) the least squares estimates for a
VAR(n) process are most conveniently derived when the process
{X,}len = (Xi_pn,...,Xr) generated by state Eq. 58 is cast in the classic linear
regression form

Xf:A'U[+€t t:1,...,T (63)
g{"’N(Op,C),

with the coefficient matrix
A:(AO Anfl)

and predictors
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X
U, = : eR", n,=pn.
X

The key insight in the derivation of the least squares estimates of the independent
parameters is to consider the casted regression model as a model with fixed pre-
dictors U,. Clearly, this is only an approximation, because for the multivariate time
series the U, are realizations of a random variable. However, the above definition of
the predictors implies that the assumption of fixed predictors leads to treating

Xo
U, = :
len

as a vector of fixed initial states. Since the relative effect of the initial state vanishes
as the length T of the time series approaches infinity, using corresponding param-
eter estimates for the regression model in the autoregressive model formulation can
be expected to be asymptotically correct (Neumaier and Schneider 2001). In fact,
when using a linear regression model, the least squares principle leads to the best
unbiased parameter estimates. We define the following data-related matrices
obtained from the observations x, and u, of the random vectors X, and U/

T
_ T
U= E U,
=1
T
T
V= E XX,
=1
T
_ T
W= E X,
=1

The least square estimate for the coefficient matrix A can be written as the matrix
product

A=w.U". (64)
The corresponding estimate for the covariance matrix is given by

1
T—n,

T
Z (x, —A- u,) (x, —A- u,)T. (65)

t=1

C:

The leading factor 1/ (T —n ,,) is used to adjust the degrees of freedom of the
covariance matrix. In terms of a multivariate regression, the estimated covariance



2.4 Formulation of Higher-Order Models, Least Squares Parameter Estimation and. . . 51

matrix can be interpreted as a point estimate of the inherent one-step prediction
erTor.
Alternatively, the estimate of the covariance matrix can be expressed as

C =

—_ . 71. T
T_np(v w-u-t-wh.

This estimate is proportional to the Schur complement of the composed matrix

u wrt L Uy Uy ’ T
= . :K 'K
<W 1% ) 12:1: <x, X; '

where the aggregated data matrix K is defined as

T T
Uy X

K= .
T T
urp Xp

and therefore assured to be positive semidefinite. Neumaier and Schneider (2001)
have shown that a QR factorization of the data matrix K as

K=0R

with an orthogonal matrix Q and an upper triangular matrix
_ (Ru R

allows the development of an efficient procedure to compute the parameter esti-
mates numerically. Therefore, the above Schur complement is rewritten as

<U WT)_RT.R_(RQI-RH ; RlTl~R1% >
WV RL Ry R -Rp+R), Ry

Based on the rewritten Schur complement, the following least squares estimates are
obtained:

A= (Rfll 'RlZ)T
A 1

The estimate for the initial state is simply
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As an alternative to the QR factorization, the matrix R can be obtained from a
Cholesky decomposition. Furthermore, regularization schemes can be used to
reduce effects of noise. More details are available in Neumaier and
Schneider (2001).

If not only a single time series of empirically acquired state vectors x, is given
but multiple realizations of the stochastic process had been acquired in
N independent measurement trials, the additional time series are simply appended
as additional N — 1 blocks of rows in the regression Eq. 63. Similarly, the predictors
are extended by additional row blocks. The initial state is determined by averaging
over all initial data points.

If not only the coefficient matrices and the covariance matrix of the VAR(n)
process have to be estimated from data but also the model order, a good trade-off
between the predictive accuracy gained by increasing the number of independent
parameters and the danger of overfitting the model has to be found. Overfitting
means in our context of project management that the model is fitted to unpredictable
performance fluctuations instead of the implicit or explicit rules of cooperative
work that are necessary for the functioning of the project. In order to find an optimal
solution to the trade-off in terms of a universal principle, Rissanen’s (1989, 2007)
minimum description length principle aims at selecting the model with the briefest
recording of all attribute information—not only the likelihood of a fixed series of
data and an underlying parameterized model. This integrative view provides a
natural safeguard against overfitting as it defines a method to reduce the part of
the data that looks like noise by using a more elaborate—but in the sense of
Occam’s Razor not unnecessary complex—model. We will come back to this
important model selection principle in Section 3.2.2 when we discuss the stochastic
complexity of a generative model within a simple parametric model class compris-
ing of distributions indexed by a specific parameter set. In the following, we take a
more pragmatic view and select the order of an autoregression model on the basis of
the standard selection criteria of Akaike (Final Prediction Error Criterion as well as
Information Criterion, see Akaike 1971, 1973 and 1974) and Schwarz (Schwarz-
Bayes Criterion, see Schwarz 1978, also termed Bayesian information criterion).
These criteria had been validated in many scientific studies (see e.g. Liitkepohl
1985 and 2005) and can also be calculated easily. For regular parametric distribu-
tion families of dimension p, the simplified two-stage minimum description length
criterion takes the form of the Schwarz-Bayes Criterion (Eq. 71) and therefore
penalizes for stationary data model complexity with the same factor as the Schwarz
criterion (Hansen and Yu 2001). By the simplified two-stage minimum description
length criterion, we mean an encoding scheme in which the description length for
the best-fitting member of the model class is calculated in the first stage and then the
description length of data based on the parameterized probability distribution is
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determined (see Section 3.2.2). However, it is important to point out that Schwarz’s
Bayesian approximation only holds if the number of parameters is kept fixed and
the number of observations goes to infinity. If the number of parameters is either
infinite or grows with the number of observations, then model selection based on
minimum description length can lead to quite different results (see Griinwald 2007).
A detailed comparison of these (and other) criteria can be found in Section 4.3 of
Liitkepohl (2005) and Liitkepohl (1985).

Akaike’s (1971) Final Prediction Error (FPE) is one of the historically most
significant criteria and provides a generalized measure of model quality by simu-
lating the situation where a parameterized model is tested on a different dataset.
Clearly, the approximating model with smallest FPE is favored. The FPE is defined
for a VAR(n) model according to Eq. 58 as

FPE(n) = In ( G“_L—ZZ) " Det [i(n)} ) ,

where

Ty = (66)

is a measure for the not biased corrected variance of the estimator. f(,,) can be
interpreted as the one-step prediction error of order n (Liitkepohl 2005). The

determinant Det [f(n)} is a scalar measure for the not biased corrected variance.

AW denotes the not biased corrected estimate of the accumulated variances and
covariances for the nth order model that was fitted to the time series of task
processing in the project and it holds that

Ap = (T=n,)C
=RJ), - Rn.

In the chosen model formulation with Gaussian random variables, the weighted
least squares estimation is equivalent to the maximum likelihood estimation. Note
that the above definition of the FPE is only valid for an autoregression model
without a parameter vector of intercept terms. If intercept terms are included, the
model-related product 7, in the denominator and numerator of the first factor has to
be corrected by pn + 1 (Liitkepohl 2005). It is evident that the FPE can also be
expressed as the sum

T+n,
T—n,

)

FPE(n) = 1n Det[£,| + p1n
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which is the form of representation most frequently found in textbooks. In this form,
the second summand p ln((T +n p) / (T —n p)) can be interpreted as a penalty term
penalizing project models that are unnecessarily complex in the sense of Occam’s
Razor.

Based on the FPE, Akaike (1973, 1974) later developed an information-theoretic
criterion that the literature calls the Akaike Information Criterion (AIC). The AIC is
the most widely known and used criterion in statistical model selection among
scientists and practitioners. To develop the AIC, Akaike proposed an information-
theoretic framework wherein the estimation of the model parameters and model
selection could be simultaneously accomplished. In fact, the AIC is an asymptot-
ically unbiased estimator of the expected relative Kullback—Leibler distance, which
represents the amount of information lost when we use approximating models g;
within a family G to approximate another model f. The AIC chooses the model with
the smallest expected Kullback—Leibler distance. Model f may be the “true” model
or not. If fitself is only a poor approximation of the true generative mechanisms, the
AIC selects the relatively best among the poor models. Details about the Kullback—
Leibler divergence and its underlying information-theory principles can be found in
Cover and Thomas (1991). For a VAR(n) model, the AIC is defined as (Liitkepohl
2005):

<1 2
AIC(n) = In Det[S, | + = (67)

The variable k in the above definition of the criterion represents the effective
number of parameters of the approximating model. In many publications, not
only Liitkepohl’s (2005) standard textbook on multiple time series analysis, the
effective number of parameters is determined by counting the freely estimated
parameters in the coefficient matrices Ay, ...,A,—1 and can therefore, for practical
applications in project management, be expressed as

k=np*.

The same expression is used in the popular ARfit toolbox. The ARfit toolbox was
published by Schneider and Neumaier (2001) in a paper accompanying their
theoretical considerations and later revised to include multiple time series of
empirically acquired state vectors x,. We will use this toolbox in the numerical
project modeling and simulation example in the following Section 2.5. The above
approximation works well in many areas of application and leads to highly accurate
results in model selection. However, it is important to note that the original criterion
developed by Akaike (1973) determines the number of effective parameters based
not only on the coefficient matrices Ay, . ..,A,_1 but also on the covariance matrix
C of the inherent one-step prediction error. From a theoretical point of view
(Cavanaugh and Neath 1999), we have to count the number of functionally inde-
pendent parameters in the parameter vector § which must be estimated. Hence, the
effective number of parameters of the approximating model must be
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p(p+1)

k=np*+ 2

(68)
in order to consider the functionally independent autonomous task processing rates
a;;, the informational couplings between tasks a;;(i # j), the scalar-valued vari-
ances ¢2 of performance fluctuations in work tasks i (Eq. 11) and the correlations
pi;(i # J) between performance fluctuations (Eq. 12). The increased number of
effective parameters can also be found in the paper by Hurvich and Tsai (1993) and
the textbook by Burnham and Anderson (2002). In the numerical example of
project modeling and simulation that will be presented in Section 2.5 we will use
both expressions to penalize models that are unnecessarily complex and to compare
the selected model orders. It turns out that both approaches lead to the same model
selection decisions. Additional Monte Carlo studies have shown that using the
smaller number of effective parameters does not significantly influence the model
selection accuracy in use cases of practical interest.

The heuristic to estimate the effective number of parameters by counting the
functionally independent parameters in the parameter vector # which must be
estimated can easily be generalized to other model classes, such as linear dynamical
systems. This more complex class of models with latent state variables is intro-
duced and discussed in Section 2.9.

Following the previous interpretation of the penalty term 2k/T, AIC penalizes
model complexity with a factor that scales linearly in the number of effective
parameters and inversely in the number of observations in the joint ensemble.

When the effective number of parameters is expressed by np?, it holds that
(Liitkepohl 2005):

In FPE(n) = AIC(n) + 2% +o(T2).

The third term o(T’z) denotes an arbitrary sequence indexed by T that remains
bounded when multiplied by T2. As the second term 2p/T does not depend on the
model order n, AIC(n) and AIC(n) +2p/T indicate their minimum for the same
value of n. Hence, In FPE(n) and AIC(n) differ essentially by a term of order
O(T’z). Due to this property the difference between In FPE(n) and AIC(n) tends
rapidly towards zero for T — oo and FPE(n) and AIC(n) are asymptotically
equivalent.

If the sample size is small with respect to the number of estimated parameters,
Burnham and Anderson (2002) recommend a version of AIC, which was developed
by Hurvich and Tsai (1993) and is defined as follows:

o1 2
AIC.(n) = In Det[£, | + 2k, (69)

where the scale factor b in the penalty term is given as
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T

b= .
T—(np+p+1)

A simulation study of Hurvich and Tsai (1993) shows that AIC. has superior bias
properties and strongly outperforms AIC for vector autoregressive model selection
in small samples. Burnham and Anderson (2002) advocate the use of AIC. when it
holds that

T
— < 40. 70
o< (70)

To make a decision about using AIC, instead of AIC, one must consider the value of
k for the highest-dimensional model in the set of candidate models (Burnham and
Anderson 2002). It is evident that if the ratio T/k is sufficiently large, AIC and AIC,.
are similar and will strongly tend to select the same model order. In a given
analysis, either AIC or AIC, must be used consistently (Burnham and Anderson
2002).

Finally, the Schwarz-Bayes Criterion is introduced and evaluated. This criterion
is also one of the most widely known and used tools in statistical model selection.
Other terms for this used in the literature are the Bayesian information criterion and
the Schwarz information criterion. In view of the Bayesian methodology used to
derive the criterion it is abbreviated as BIC in the following (note that Sawa (1978)
developed a model selection criterion derived from a Bayesian modification of the
AIC criterion, which is also sometimes called the Bayesian information criterion in
the literature and some commercial software packages, see, e.g., Beal (2007), but
should not be confused with the Schwarz-Bayes criterion). Schwarz derived the
BIC to provide an asymptotic approximation to a transformation of the Bayesian
posterior probability of an approximating model. In settings with a large sample
size, the model favored by this criterion ideally corresponds to the approximating
model, which is most probable a posteriori and therefore rendered most plausible by
the observed data. This is indicated by minimum scores. The calculation of the BIC
is based on the empirical logarithmic likelihood function and does not require the
specification of prior distributions. To briefly explain Schwarz’s deductive
approach, we can refer to Bayes factors (Raftery 1996). They are the Bayesian
analogues of the famous likelihood ratio tests (see e.g. Honerkamp 2002). Under the
assumption that two approximating models g; and g, are regarded as equally
probable a priori, the Bayes factor /(g, g>) represents the ratio of the posterior
probabilities of the models. Which model is most probable a posteriori is deter-
mined by whether the Bayes factor /(g, g>) is greater or is less than one. Within a
specific class of nested models, model selection based on BIC under certain
conditions is very similar to model selection through Bayes factors as BIC provides
a close approximation to the Bayes factor when the prior over the parameters is the
unit information prior. The term unit information prior refers to a multivariate
normal prior with its mean at the maximum likelihood estimate and variance equal



2.4 Formulation of Higher-Order Models, Least Squares Parameter Estimation and. . . 57

to the expected information matrix for one observation (Kass and Wasserman
1995). For a VAR(n) model the BIC is defined as

« 7 InT
BIC(n) = In Det [2(,1)] + nTk. (71)

In a similar manner to the Akaike Information Criterion, the variable k represents
the effective number of parameters of the approximating model (Eq. 68).

Under all three selection criteria, the order n,,,, of the VAR(n) model is consid-
ered to be the optimal one if it is assigned minimum scores, that is

FPE(n)
Nop = arg min, < AIC(n) (72)
BIC(n) .

A substantial advantage in using information-theoretic or Bayesian criteria is that
they are also valid for nonnested models and can therefore also be used to evaluate
sinusoidal performance curves with given amplitudes. Traditional likelihood ratio
tests are defined only for nested models such as vector autoregression models of
finite order, and this represents another substantial limitation on the use of hypoth-
esis testing in model selection (sensu Burnham and Anderson 2002). Vector
autoregression models are nested in the sense that a VAR(n;) model can be
considered as a special case of a VAR(#n,) model if it holds that n; < ny. This is a
direct consequence of the formulation of the state equation (Eq. 58). It is important
to note that for FPE and AIC the estimate 7 = n,, is inconsistent under the
assumption that the maximum order is larger than the maximum evaluated order
Nmax- Furthermore, it can be shown that, under quite general conditions, the limiting
probability for underestimating the model order is zero for both criteria and the
probability of overfitting P,,,.,5 iS a nonnegative constant.

Hence, for FPE and AIC it holds that

T—oo { 0 for FPE
P overfit .
constant > 0 for AIC
(Stoica and Selen 2004; Liitkepohl 2005). In other words, FPE and AIC tend to
overestimate the true autoregression order.

In contrast, Schwarz’s BIC(n) is strongly consistent for any dimension of the
state space. For this criterion it can be shown that, under the assumption that the
data-generating process belongs to the considered model class, the autoregression
order is consistently selected and the probability of correct selection

P correctsetection — 1

as T — oo (Stoica and Selen 2004; Liitkepohl 2005).
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2.5 Product Development Project Example from Industry
and Model Validation

To demonstrate the state-space concept introduced and validate the developed
models of cooperative work in PD projects with field data, a detailed analysis of
the course of PD projects was carried out at a small industrial company in Germany
(Schlick et al. 2008, 2012). The company develops mechanical and electronic
sensor components for the automotive industry. We investigated task processing
by a team of three engineers in a multiproject setting comprising projects A, B and
C. Project A was the research focus, comprising 10 partially overlapping develop-
ment tasks covering all project phases—from conceptual design of the particular
sensor to product documentation for the customer. In addition, the workloads of two
concurrent smaller projects, B and C, were acquired. The acquired time data of all
three projects were very accurate, because the company used a barcode-based labor
time system: an engineer in this company who starts processing a development task
has to indicate this with a manual barcode scan on a predefined task identification
sheet. When the task was finished, the task identifier was scanned again. The
recorded “time-on-development-task™ had a resolution of 1 min and was used as
an estimator for the values of the components of the introduced state variable X,

representing the work remaining. Let y,(i) be the recorded time-on-task for task i at
time step t. The estimated mean work remaining for the i-th component of the state

variable is in) =1- ygi)/ y£’>, where t,,,, represents the time step in which the
processing of task i was completed. The time scale is weeks.

Figure 2.8 shows the obtained time series for the initial five tasks of project A
and the first two tasks of project C. Figure 2.8 also shows the complete work
remaining in project B, a “fast-track project.” Its detailed work breakdown structure
was not considered and only the accumulated time data was analyzed (Schlick
et al. 2012).

The validation study included interviews and informal discussions with man-
agement and engineers to understand the development projects in detail. We found
that the development of sensor technologies is a good subject for PD project
modeling because tasks are largely processed in parallel and frequent iterations
occur.

For simplicity, we focus on the first two overlapping development tasks of
project A, “conceptual sensor design” (task 1) and “design of circuit diagrams”
(task 2), and model only their overlapping range (cf. Fig. 2.8). Concerning the left
bound of this range, the conceptual sensor design had reached a completion level of
39.84% when the design of the circuit diagram began. Therefore, the estimated
work remaining at the initial time step is:
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Fig. 2.8 Time series of work remaining in three real product development projects. The data were
acquired in a small industrial company in Germany. Only the first five tasks of project A and the
first two tasks of project C are shown. Project B was a “fast-track project.” Its work breakdown
structure is not considered and only the complete work remaining is shown. The time scale is
weeks
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(73)

The least square method developed by Neumaier and Schneider (2001) was used to
estimate the additional parameters of the VAR(n) process (see Section 2.4). The
maximum model order to be considered in model selection was set to 71,,,, = 6. The
estimation algorithm and model selection procedures were implemented in
Mathematica® based on the Matlab® source code of the ARfit toolbox. The esti-
mation results were also verified through the ARfit toolbox in the original Matlab®
simulation environment. Note that the fast algorithm introduced by Neumaier and
Schneider (2001) in Section 4.2 of their paper was used to improve computational
efficiency. The fast algorithm does not require separate QR factorizations (see
Section 2.4) for each approximating autoregression model, but instead only one
factorization for the most complex model of order n,,,, = 6. Due to this simplifi-
cation, the least square estimates are slightly less accurate and therefore only
approximate order selection criteria for lower order models can be obtained.

We start by presenting and discussing the parameter estimates for a vector
autoregression model of first order. This model with least independent parameters
was selected due to Schwarz’ Bayesian Criterion (Section 2.4). Afterwards, the
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parameters of a second-order model that is favored by Akaike’s criteria will be
presented.

The model selection procedure showed that Schwarz’ criterion is minimal for a
VAR model of first order and we have BIC (no,,, = 1) = —15.74 for this model. If
the number of effective parameters is determined based not only on the coefficient
matrices Ag, ...,A,_1 but also on the covariance matrix C and we set
k =np*+n(n+1)/2, a first-order VAR model is also selected.

Due to the cited design of the selection algorithm for fast processing, the first
Npay — 1 data points of the mean work remaining are ignored in the implementation
of the ARfit toolbox. Although this approach does not affect the accuracy of results
asymptotically, for short time series such as in our industrial case study it can
constitute a significant loss of information. Therefore, the least square fitting was
repeated with 7,,,, = 1. The estimated WTM A, for this model is given by

;o ann = 0.9406 app = —0.0017
Ao = (a21 =0.0085 ay = 0.8720 (74)
The estimated covariance matrix C of the normally distributed random variable ¢, is
given the representation (cf. Eq. 55)

2 _ 2 - _ . .
e,~N(<8>,<"11_(0'0135) ponion = 0.38 0.01325 0.0416)) (75)
PO11022 03y = (00416)

In the above probability distribution, the variable pe[—1; 1] represents Pearson’s
correlation coefficient in the original state-space coordinates. We can also rewrite
the formulation of the covariance matrix and assume that the standard deviation
oii = cii = /Cj; of the fluctuations is proportional with the proportionality
constant s; to the autonomous task processing rate a;;:

£~ 0 (s1a11)2 = (00144 . 09406)2 p(slan) (32022)
t N((())’ ( p(siair) (s2a2) (s2022)* = (0.0477 - 0.8720)2)>'

Figure 2.9 shows the list plots of work remaining in the overlapping range of tasks
1 and 2 over 50 weeks. The figure not only presents the empirical time series of task
processing which had been acquired in the industrial company but also the results of
a Monte Carlo simulation based on the parameterized model of the focused project
phase (see state Eq. 8 in conjunction with parameter estimates from Eqs. 73, 74 and
75). A total of 1,000 separate and independent simulation runs were performed.
Concerning the field data, the fact that the conceptual design of the sensor was
processed entirely in parallel with the design of the circuit diagram and continued
after the circuit diagram was finished is of particular interest (Fig. 2.8). More than
ten iterations are necessary to reach a stable conceptual design state after week 35.
In the list plot of Fig. 2.9, the simulated task processing is represented by the means
and 95% confidence intervals of work remaining. The estimated stopping criterion
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Fig. 2.9 List plot of work remaining in the real product development project. The data were
acquired in a small industrial company in Germany. Only the overlapping range of the first two
tasks, “conceptual sensor design” (task 1) and “design of circuit diagram” (task 2), is shown. The
plot also shows means of simulated time series of task processing as note points and 95%
confidence intervals as error bars. The Monte Carlo simulation was based on state Eq. 3 in
conjunction with the least square estimates of the independent parameters according to Egs. 73, 74
and 75. A total of 1000 separate and independent runs were calculated. Note points have been
offset to distinguish the error bars. The stopping criterion of 2% is marked by a dashed line at the
bottom of the plot

of 6 =0.02 is plotted as a dashed line at the bottom of the chart. According to
Fig. 2.9, 49 out of 50 confidence intervals of the simulated work remaining of task
1 include the empirical data points from the real project before the stopping
criterion is met. Only the confidence interval computed for week 1 is a little too
small. Furthermore, the center of the confidence interval calculated for week 50 is
approximately 2% and therefore the simulated processing of task 1 will—in line
with the definition of the stopping criterion—be completed at week 50 on average.
The task completion is therefore accurately predicted. In contrast, when the
processing of task 2 is compared against the field data, the goodness-of-fit is
significantly lower, and only 28 out of the 31 confidence intervals cover the
empirical data points before the stopping criterion is met. Moreover, the quite
abrupt completion of task 2 in week 18 is poorly predicted by the smoothly
decaying means of the autoregression model of first order (Schlick et al. 2008,
2012). On average task 2 is predicted to complete in week 31, which is 13 weeks
later than the real time point. However, the predictive accuracy in singular cases can
be much better because of the large variance of the fluctuation variable ¢, in the
second dimension covering task 2.
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The root-mean-square deviation (RMSD) between the work remaining in task
1 predicted by the 1000 simulation runs and the empirical data is
RMSDy,k1 = 0.046. For task 2, the deviation is more than twice that value:
RMSDy s> = 0.107. Regarding the established scientific standards of organiza-
tional simulation (see Rouse and Boff 2005), the total deviation is low, and this
confirms the validity of the model.

In total, a parameter vector ) = [xél) x(()z) ajy ap ax ay o1 6x P 6}

with 10 components is necessary for modeling task 1 and 2 in this phase of the
project based on a VAR(1) model.

If the alternative formulation with a forcing matrix K in the original state-space
coordinates is used for project modeling (Eq. 23), we have in addition to the initial
state xo (Eq. 73) and Aq (Eq. 74) the estimated independent parameters

R —0.1355 0.9908
~\ 09908 0.1355

and

L ((8> (AI(C):((?'OO]W Az<C>=<%.00015)2)>'

The parameter vector is = {xél) x(()z) ay ay az ax kiy kiz 41(C) 12(C) 5} .

For the sake of completeness, the estimated independent parameters in the
spectral basis (Egs. 39 and 40) are presented as well. The eigendecomposition of
the dynamical operator A, according to Eq. 35 leads to the matrix of eigenvectors:

o (09924 0.0247
~\0.1228 09997 /-

The estimate of the initial state X, = S ~1. % is given by
o ) =0.5830
O\ xP =09287 )
the transformed dynamical operator is given by

Ao (F(40) =0.9404 0
5 0 Ja(Ag) =0.8722 )

and the estimated covariance C of the normally distributed performance fluctua-
tions is represented by



2.5 Product Development Project Example from Industry and Model Validation 63

s’~N<<0> (a’fl = (0.0141)* p'd} 65, = — 0.48-0.0141 -0.0424))
0)’ P 6110 03 = (0.0424)° .

Interestingly, the basis transformation slightly reinforces variances ¢/ %1 =C /[1A1] and

o %2 = Cl[2~2] and correlation coefficient p),. The corresponding parameter vector is

0= [0 ¥ L(A0) h(a) ol o o 8-

It is important to note that in contrast to Schwarz’ criterion, Akaike’s FPE and
AIC model selection criteria lead to a result, in which minimum scores were
assigned to a model of second-order, n,, = 2, not to a first-order autoregression
model. In this case we have FPE(nO,,, = 2) =—16.06 and AIC (nn,,, = 2) =—12.45.
A second-order model is also selected under the FPE and AIC criteria, if the larger
number of effective parameters is considered and it holds thatk = np?+n(n+1)/2.
As before, the model selection results are invariant in the heuristics to count the
effective number of parameters. As the AIC. version of Akaike’s Information
Criterion has superior bias properties for small samples, it assigns minimum scores
to a model of second order under both counting heuristics. Hence, the model
selection results for these criteria are consistent and robust. In contrast to model
selection based on the BIC criterion the least square fitting was not repeated with a
maximum model order of 7n,,, =2 to make use of more data points from the
beginning of the project phase, as it leads to inconsistent results. Under this
condition a first-order model is assigned minimum scores. However, the differ-
ence to the second-order model is very small. This inconsistency seems to be a
negative consequence of the preferred design of the selection algorithm for fast
processing.

For the second-order model the estimated work remaining at the initial two time

steps is:
P 0.6016
o~ \ 1.0000
= 0.6016
'\ 07154 ) (76)
The estimated WTMs Ao and A, are given by
p 1.1884 —0.1476
Ao = (0.0470 1.1496) w

A= (—0.2418 0.1344>' (78)

—0.0554 —0.2622

The estimated covariance matrix C is given by the representation
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Fig. 2.10 List plot of work remaining in the real and simulated product development projects. As
in Fig. 2.9, only the overlapping range of the first two tasks is shown. The means of simulated time
series of task processing are shown as note points and 95% confidence intervals appear as error
bars. The Monte Carlo simulation was based on state Eq. 58. The selected order of the
autoregression model was n,,; = 2. The least square estimates of the independent parameters
are given in Eqs. 73, 76, 77, 78 and 79. A total of 1000 separate and independent runs were
calculated. Note points have been offset to distinguish the error bars. The stopping criterion of 2%
is marked by a dashed line at the bottom of the plot

0 (0.0116)? —0.013-0.0116 - 0.0257
N . (79
& N((o)’ <—0.013-0.0116-0.0257 (0.0257)° )) (79)

Figure 2.10 shows the corresponding list plots of real and simulated work remaining
in the overlapping range of tasks 1 and 2 over 50 weeks.

The simulation model is based on state Eq. 58 in conjunction with parameter
estimates from Eqs. 73, 76, 77, 78 and 79. As before, 1,000 separate and indepen-
dent simulation runs were calculated. The RMSD between the work remaining in
task 1 predicted by the project simulations and the field data is RMSDy,g; = 0.053.
For task 2, the deviation is almost twice that value: RMSDy,4» = 0.103. For both
tasks the root-mean-square deviations for the second-order model are similar to the
first-order model. Although the deviations are similar, significant qualitative dif-
ferences between the two models exist and can be clearly seen in Fig. 2.10 between
the first and fourth week of task 1 and the fifth and eighth week of task 2, in which
the confidence intervals related to the second-order model do not include the data
points from the real project, and an “undershoot” effect can be observed for both
tasks. In particular the confidence intervals computed for weeks 1, 2, 4, 5, 6, 7,
8 and 9 of task 2 demonstrate low goodness-of-fit indices. In this context, it is
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important to note that the center of the confidence interval that was calculated for
week 18 for task 2 is approximately 2%, which means that on average the simulated
processing of task 2 will be completed by this point in time. Hence, in contrast to
the first-order autoregression model, the rapidly decaying means accurately predict
the relatively abrupt completion of task 2. The goodness-of-fit for task 1 is compa-
rable to the first-order model, and 46 of the 50 confidence intervals cover the
empirical data points before the stopping criterion is satisfied. In spite of these
apparent similarities in terms of goodness-of-fit, the center of the confidence
interval calculated for week 47 is approximately 2% and therefore the simulated
processing of task 1 will, on average, be completed in the same week and not in
week 50 as it is in the real development project. In conclusion, we can say that the
parameterized first- and second-order VAR models lead to a similar overall pre-
dictive accuracy. The first-order model has the advantage that it is not only a
simpler representation but also predicts the completion of task 1 with high accu-
racy. Conversely, the second-order model can predict the completion week of task
2 with high accuracy, while the first-order model leads to an entirely unacceptable
prediction error of 13 weeks on average. However, attaining the high predictive
accuracy of the second-order model concerning the completion time comes at the
cost of having a significant deviation of the means at the beginning of the
processing of both tasks. Therefore, on a phenomenological level of project man-
agement and schedule control, it is impossible to find a low-order model with
optimal properties. In Section 2.9 we will introduce with linear dynamical system
models an advanced approach based on hidden state variables that makes it possible
to reach a higher predictive accuracy for both tasks without an unnecessarily
complex internal configuration.

2.6 Stochastic Formulation with Periodically Correlated
Processes

An extension of the introduced autoregressive approach to modeling cooperative
work in PD projects that is especially interesting from theoretical and practical
perspectives is to formulate a so-called “periodic vector autoregressive” (PVAR)
stochastic process (Franses and Paap 2004; Ursu and Duchesne 2009). In principle,
a PVAR model can capture the dynamic processing of the development tasks with
short iteration length, and the long-term effects of inadvertent information hiding
due to the asynchronous exchange of engineering design data. According to the
previous validation study, short iterations for a given amount of work are necessary
to process and disseminate component-level design information within CE teams
and to develop the corresponding system components. Short iterations are also
necessary if the scope of predictability for the development project is small and
only a few stable assumptions can be made about the design ranges or physical
functions of the product under development. A corresponding simulation study is
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Fig. 2.11 V-model of the systems engineering process (Eppinger and Browning 2012, adapted
from the U.S. Department of Transportation)

presented in Section 5.1. However, designing complex products that include
mechanical, electrical and software components not only requires detailed design
and implementation of units, but also a definition of the product architecture.
According to Eppinger and Browning (2012), defining product architecture often
involves breaking the product down into smaller elements such as subsystems,
modules, components and parts, and then defining their interfaces. These elements
must be integrated at different levels of abstraction and aggregation so that they can
work together efficiently and thus perform the intended function of the system as a
whole and achieve the desired levels of performance, robustness and reliability. In
Fig. 2.11, the traditional V-model of the systems engineering process illustrates the
main activities involved in developing complex products. The downward-facing
side of the V represents design and decomposition activities, and the upward-facing
side shows the complementary component-level-to-system-level integration and
testing activities. The upward-facing side also includes model integration and data
aggregation activities. The basic activities involve developing the components to
perform the single or multiple physical functions that will ensure the product can
function as a whole. Following the same logic of decomposition, implementation,
and integration, it is also possible to design and develop an ultra-large-scale
“system of systems” (see, e.g. Maier 1998).

To meet their specification, projects that develop complex products therefore
need frequent iterations between teams doing detailed design and component
development work, and between teams at the system, subsystem, and module
levels. At every level of system design, the problem-solving processes are orga-
nized in such a way that, by definition, the tasks are cooperatively processed and
that information on functional, topological, and geometrical entities and the pro-
gress of the work is not hidden but freely accessible and widely disseminated. An
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additional long-term effect, however, can occur in large-scale projects with a
hierarchical coordination structure and globally distributed engineering service
providers. This is because teams working at the system, subsystem or module
level may withhold, for a limited period, certain pieces of information on the
design, integration and testing of these entities (Yassine et al. 2003). Between the
releases, new information is hidden (kept secret) and work in the subordinate teams
is based on the old knowledge. Such a hold-and-release policy is typical for PD
projects in the automotive and aerospace industries. This kind of uncooperative
behavior is justified by the desire to improve the implementation of the product
architecture through better system-level design and validation and thus release only
those designs that have a sufficient level of maturity. This can significantly reduce
the overall amount of coordination required by the teams in the development
project. A deterministic model capable of capturing both cooperative and nonco-
operative task processing was developed by Yassine et al. (2003). In their seminal
paper, a time-variant (nonautonomous) state equation was formulated and validated
based on simulation runs. We build directly upon their results in the following.
However, the PVAR approach we have developed can also account for
unpredictable performance fluctuations (Schlick et al. 2011, 2014) and provides a
firm basis for analytical and numerical complexity evaluations (see Section 5.3).

To develop a PVAR model of cooperative work in PD projects with a multi-level
hierarchical coordination structure, we assume that a small amount of finished work
related to concept development and systems engineering accumulates over the short
iterations by the corresponding team, and that this work is released to the compo-
nent development level only at time steps ns(n € N) with fixed, predetermined
period s > 2. At all other time steps, ns + v(n =0,1, ...;v=1, ...,5 — 1), the
tasks are processed by short iterations, and the detailed design and development
information is freely accessible within teams and widely disseminated between
teams. As a consequence of the hold-and-release policy, certain components, their
constituent parts or interfaces regularly need to be reworked, which leads to
additional work in the component development teams. For the sake of simplicity,
we start by modeling a hierarchical coordination structure with two levels: System
Level 2, in line with Fig. 2.11, which represents system-level design and integration
activities; and System Level 5, which focuses on component development (and, to a
certain extent, integration testing) in the mathematical formulation of the basic
PVAR model. An additional subsystem level will be integrated into the model after
defining the state equation and the independent parameters.

Under the assumption of a hierarchical coordination structure with two levels,
the stochastic difference equation 8 can be generalized to a process {X,,} with
periodically correlated components. The state equation is

anJrv - CI)1 (V) . XnSJrvfl + Enstv, (80)

where the index n indicates the long time scale with period s, and v the short time
scale. X, = (X,(1). ....X,(d))" is ad x 1single random vector encoding the state of
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the project at time step r =ns+v(n=0,1,...;v =1, ...,s). The leading com-
ponents of the state vector X, represent the work remaining of the p¢ € N
component-level and p% € N system-level tasks that are processed on the short
time scale. As already mentioned in Section 2.1, the amount of work remaining can
be measured by the time left to finalize a specific design, by the definable labor units
required to complete a particular development activity or component of the work
breakdown structure, by the number of engineering drawings requiring completion
before design release, by the number of engineering design studies required before
design release or by the number of issues that still need to be addressed/resolved
before design release (Yassine et al. 2003). For the component-level and system-
level tasks that are processed on the short time scale, the work transformation can
be captured by a combined WTM A, as

AC ASC
P N
o= (i %

In the combined WTM A, the submatrix Ag of size p® x p© is the dynamic
operator for the cooperative processing of component-level tasks. The pS x p®
submatrix Aj refers to system-level tasks in an analogous manner. The p€ x p®
submatrix A(S)C determines the fraction of work remaining created by system-level
tasks for the corresponding component-level tasks in each short iteration, whereas
the p5 x p© submatrix ASS determines the fraction of work remaining created by
component-level tasks for the system-level tasks. Moreover, the substates
(X,(1), ..., X,(p€ 4+ p3)) have to be augmented by other p° substates to account
for the periodic hold-and-release policy of system-level design information. The
augmented p° substates do not represent the work remaining as the leading states
do, but represent the amount of finished work on the system level that has accu-
mulated over the short iterations. The finished work remains hidden for the
component-level teams until it is released at time step ns. Through the PVAR
model formulation, the finished work can be placed in a hold state. The associated
pS x pS submatrix ASH covers the fraction of work that has been generated by the
system-level tasks in each iteration at time step v=1,...,5s —1 and has been
finished and put in a hold state to reduce the amount of coordination needed. After
release, additional work is generated for the component-level tasks. This work is
calculated based on the WTM ASIC. This WTM is of size p€ x pS. There,d = p“+
2p® holds.

The periodically correlated work processes in the project are represented by the
time evolution of the state vector X,;, based on the autoregressive coefficients
®,(v). The two time scales correspond to indices n and v. The long time scale is
indexed by 7. In seasonal macroeconomic models, for instance, n indicates the year
that the acquired samples of the time series refer to (e.g. income and consumption).
However, in large-scale projects the release period is much shorter and covers
typically intervals of four to eight weeks. On the other hand, the short time scale is
indexed by v. On this scale, the iterations usually occur on a daily or weekly basis
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(see Section 2.5). In the terminology of macroeconomic models, v indicates a
specific “season” of the “year.” Furthermore, the length s of the period between
releases of hidden information about system integration and testing (‘“number of
seasons within year”) has to be specified by the project manager. For a
predetermined period length s, the random vector X, contains the realization of
work remaining during the vth iteration over all component-level and system-level
tasks at the release period n and the amount of finished work on the system level that
is ready to be released to component-level tasks in period n + 1. According to the
previous analysis the state vector can be separated into three substate vectors and
defined as

with

X:(p+ p®)
Xt(PC +_ PS +1)

X,(p€ +2p%)

Furthermore, the task processing on the long and short time scales has to be
modeled, and for this aim, two independent dynamical operators are introduced
(Yassine et al. 2003). These operators correspond to the autoregressive coefficients
®,(v) in state equation 80. The release of hidden information over s time steps is
modeled by the first dynamical operator ®(s). It is assumed that the release occurs
at the end of the period, that is at relative time step v = s. The operator ®(s) can be
composed of the previously defined submatrices as

AS  ASC Al
@(s) = [ ASS A} 0 : (81)
0 0 {8} -[ps

In the above equation the e-symbol denotes an arbitrarily small positive quantity.
The definition of positive interactions between the augmented p° substates is
necessary for explicitly evaluating the emergent complexity of the periodically
correlated work processes on the basis of the chosen information-theoretic measure
EMC, which is presented and discussed in Sections 3.2.4 and Chapter 4. EMC
simply scales linearly with e. For practical purposes, it is recommended to calculate
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with ¢ = 107*. By doing so, the finished work after release is set back to a nonzero
but negligible amount in terms of productivity.

The task processing inthe v =1, ...,s — 1 iterations before release is modeled
on the basis of a second dynamical operator ®,(1). In contrast to macroeconomic
models, it is assumed that the cooperative processing of the development tasks
by short iterations without withholding information follows a regime in which
the kind and intensity of interactions does not change before the end of
period s and therefore the autoregressive coefficients are constant, that is
®;(1)=... = D¢(s— 1). No other dynamical operators are needed to capture
project dynamics within the period. ®;(1) can be composed of the previously
defined submatrices in an analogous manner as

AS  ASC 0
o (1) = [ A A] 0 : (82)
0 A" {1—e}-Ls

By the same reasoning, it is assumed that the covariance of the noise vector &,y
representing unpredictable performance fluctuations when processing the develop-
ment tasks cooperatively by short iterations is constant for all v=1,...,s — 1
iterations before the end of period s and no other unpredictable effects influence the
cooperative work within the period.

The evolution of the process state X, over ¢ time steps can therefore be expressed
by two dynamical operators ®@(1) and ®;(s) in conjunction with two noise vectors
€1 and g in the form of a recurrence relation with switching regime as

X - ®,(1)- X1 +¢& fort=ns+v
T @i(s) - X, +& for t=(n+1)s

withn=0,1,...andv=1,...,5s — 1.
The noise vectors €, and g, correspond to zero-mean white noise and have zero
means and covariances C; and Cj, respectively:

e1~N(04,Ch)

€s~N(0d; CS). <83>
Hence, the combined error process {51} can also be expressed by a zero-mean
periodic white noise process. {1y} is composed of d x 1 random vectors, such
that E[e,4,] = 04 and E[EMH S,ITHV] =Cyforv=1,...,5s—1,and E[ey,] = 0,4
and £ [8m‘+v enTS H,] = (C, forv = s. It is assumed that the covariance matrices C; and
C are not singular.
If all parallel tasks are initially to be completed in full and no finished work
exists in hold state, the initial state is simply
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Xo = : )

0
where the first row vector of ones has size IAgI, the second row vector of ones has
size IAgI and the third vector of zeros has size IASHI. The inner brackets of the vector
notation are there to clarify the structure of the substates and do not have any
mathematical relevance.

Following the modeling concept with distinct dynamical operators and com-
bined work transformation matrices, we can also easily model multi-level hierar-
chical coordination structures. Consider for instance a project in which the system-
level and component-level design teams do not cooperate directly and an interme-
diate organizational level exists where a highly specialized team of systems engi-
neers designs subsystems and carries out subsystem integration testing. The
subsystems integrate the components in the same manner as the whole system
integrates the subsystems, and therefore they improve modularity, adaptability and
testability of the product. This three-level decomposition means that the develop-
ment team responsible for subsystem design and integration hide a certain amount
of finished work, accumulate it and then later release it to the subordinate
component-level team. It also means that, at the system-design level a dedicated
organizational unit hides, accumulates and releases a certain amount of its finished
work to the subsystem level to improve the implementation of the product archi-
tecture as a whole. It is reasonable to assume that these high-level coordination
processes occur on a very large time scale. We represent this time scale by the
variable s'. To simplify the definition of the switching regime of the recurrence
relation (see below), we assume it holds that s’ = 2s. The basic mechanisms of
inadvertent information hiding and releasing remain the same. To model this three-
level  hierarchical coordination structure, the  previous substates
(X, (1), ...,X,(p€ + p5> + p%)) have to be augmented by additional p55 + p3
substates to account for the extra periodic correlations that are generated by the
tasks at the subsystem level. Following hierarchical system decomposition, the
work remaining for subsystem tasks is stored in the components in the upper-
middle section of the state vector, i.e. between vector components related to the
component-level and system-level tasks. The amount of finished work for sub-
systems placed in a hold state is indicated by the lower-middle components of the
state vector. We have:
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with

ti +pss
X( +p55+ 1)

X:(p© + pss +p%)
X(pC+pSS+pS+1)
X5SH — :
X:(p©+2p* + p)
X (pC+2p5+p°+1)
XM = :
X,(pC€+2p% 4 2p°%)

The indices “C”, “SS” and “S” in the state variables above refer to component-
level, subsystem-level and system-level tasks, respectively. The three time scales of
information exchange mean that we also have to formulate three dynamical oper-
ators. We define them as follows:

A5 APC 0 0 0
AOCSS A(S)S ASSS 0 0
o ()= 0 A A} 0 0
0 AP 0 {1—¢} Iss 0
0 0 A 0 —¢e} L
AS APC 0 AgCe 0
ASS AY A 0 0
Qi(s)=| 0 A} A} 0 0
0 0 0 {e}- Lss 0
0 0 0 0 {1- e} Ls
A5 APC 0 AYC
AOCSS A(S]S A(S]SS’ 0 AgSS
Oi(s)=| 0 AP A 0 0

0 0 0 {e-Is 0
0o 0 0 0 {e}-Is



2.6 Stochastic Formulation with Periodically Correlated Processes 73

In this representation with nine distinct work transformation matrices, the matrix
ASSH determines the fraction of finished work that is generated by the subsystem-
level tasks in each short iteration and is accumulated through the associated sub-
states  (X,(p€+ pSS+ pS+ 1), ..., X, (p¢ +2p5 + p)). The release of this
work is indicated by AHC, as before. Similarly, the matrix AgH is needed to compute
the fraction of finished work that was processed by the system-level team in
each short iteration. The accumulated work is stored in substates
X:(pC+2p5 + pS+1), ..., X, (p© +2p5 +2p3)). However, the release of
the accumulated finished work now occurs at time steps 2(n + 1)s, and not at
(n+ 1)s as was the case for the two-level hierarchical coordination structure that
we developed previously. This can also be seen in the above definition of the
dynamical operator ®;(s’). The variable AB{SS is related to the work that the
subsystem design and integration team has put in a hold state and is transferred to
the system-level at time steps (n + 1)s. The matrices AS, ASSS, ASSC, ASS, ASSS,

A(S)SS/ and AJ have the same meaning as before. They describe the short-cycle work
transformation processes on the three distinct levels, and the coupling between
levels. According to the above definitions of the dynamical operators, for a given
amount of work, the task processing at the system and component levels is
decoupled and only “mediated” through the design activities at the subsystem
level. It is also quite easy to develop additional operator representations of period-
ically correlated work processes that describe fully or partially synchronized release
processes at the system and subsystem levels. We will leave this as an exercise for
the interested reader.

The evolution of the process state X, under the developed regime of the three-
level hierarchical coordination structure can obviously be expressed by three
dynamical operators ®;(1), ®;(s) and ®;(s") in conjunction with three noise vectors
€1, &, and gy as

(1) X1 +¢& for t=ns+v
X, =< @i(s) - X1 + & for 1=2n+1)s
Qi(s) X1 +ey for t=2(n+1)s

withn=0,1,...andv=1, ...,s — 1.
The noise vectors ¢, &5 and &y correspond to zero-mean white noise as before:

e1~N(04,C)
&}’VN(Od,CS)
£y ~N(0d,Csr).

An important result from the theory of stochastic processes (Franses and Paap 2004;
Ursu and Duchesne 2009) is that the PVAR process with two time scales in Eq. 80
also offers a compact representation as a VAR(1) model:
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Ed * * K *
q)O 'Xn = q)l 'Xn—l + 8n7 (84)
*_ (yT T T \T (LT T T \T
where X, = (an+s7X11.y+s—17 - ,Xm+1) and €, = (8ns+s7 Epsis 1y ,e’mH) are

ds x 1 state and error vectors, respectively. The matrix ®;; and the autoregressive
coefficient @7 are given by the nonsingular matrices

]d —Cbl(s) 0 0 0
0 I —®y(s—1) --- 0 0
q)z‘): .
0 0 0 I, —®(2)
0 0 0 0 1
Id —(D](S) 0 0 0
0 1y —®(1) 0 0
0 0 0 I, —®(1)
0 0 0 0o I (85)
and
0 () ()
S 50
@ (1) 0 -~ 0

The matrices @ and @7 are both of sizeds x ds. Similar representations can also be
developed for PVAR processes with multiple time scales.

The process {&)} corresponds to a zero-mean periodic white noise process as
before, with E [e:] = 04 and E[e; SZT} = C". The covariance matrix C" is not
singular. We assume that the vectors €, e |, ... are temporally uncorrelated
and that C* can be expressed by

c

>y

0 O
* 0 ¢ 0
0 O
0 0

C:

—_

(87)

o
Nocoo

1

If all parallel tasks are initially to be completed in full, the initial state in the VAR
(1) representation is
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0
where the row vectors of zeros following the original initial state x have size Ixgl. A
total of s — 1 row vectors of zeros must be appended to the original initial state for a

complete state representation.
It is clear that the VAR(1) model according to Eq. 84 can be rewritten as

* *

* s\ —1 * # s\ —1
Xn = (q)O) : d)] 'Xn—l + (q)O) “Ey- (89)
The matrix @ can be easily inverted:
(@p) "
Ig @i(s) Di(s—1)Pi(s—2) ... O(s—1DDy(s—2)...91(3) Dy(s)Pi(s—1)...D4(2)
Q Id cD](S*l) ¢1(S72)...‘I)1(3) cD](S*l)....‘I)](Z)
Lo o 0 I, ®,(2)
0 0 0 0 Iy
I ®i(s) & (1) - @ (1) ()@ (1)
0 d @) e (1) @)
1o o 0 o,(1)
0 0 0 0 1,
(90)

The most convenient VAR(1) representation is therefore

X =A)-X,  +e

n?

with the combined dynamical operator

@, (s)(@1 (1) 0 0 0

\ el s (@ (1) 0 0 0
Ay = (@) @y =| (@) 0 0 0
: 0 :

D (1) 0 0 0

s\ —1 £ . .
and the transformed vector en* = (@0) . 8; with covariance
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Analogous to Sections 2.1 and 2.2, a closed-form solution to the expected total
amount of work done during the iteration process until the stopping criterion 0 is
satisfied can be calculated across Ts = ngs time steps for an arbitrary process with
predefined initial state x;; and combined dynamical operator Aj as

ns

ns . .
E ;X = ;E[Xi]

The expected total amount of work x,,, done over all tasks across Ts = ngs time
steps can be estimated by:

i = Total | (1, = Ag) ™"+ (1, = (45)"™") - x).

In the limit ns — oo, for an asymptotically stable project phase with periodically
correlated work processes the expected total amount of work done over all tasks we
have:

ns

. * sy —1 *
Jim E ;x,. =(I,—Ay) - xp (91)

To evaluate explicitly the intricate interrelationships between project dynamics and
emergent complexity, the stochastic process must satisfy the criterion of strict
stationarity. We will return to this point in Section 4.1. A strictly stationary process
has a joint probability density that is invariant with shifting the origin, and therefore
the locus and variance do not change over time. It is clear that the periodic
autoregression model in Eq. 80 is a non-stationary model as the variance and
autocovariances take different values in different time steps (“seasons”). In order
to facilitate the analysis of stationarity, the introduced time-invariant representa-
tions as VAR(1) models (cf. Eq. 84) have to be considered. Using general properties
of these models (see e.g. Brockwell and Davis 1991), it follows that the stochastic
process {X} is stationary if
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Det[®, — ®,z] # 0

for all z € C satisfying the condition |z| <1 (Ursu and Duchesne 2009). The
characteristic equation can be simplified to

Det[@; — ®]2] = Det |14 — (@) @})]
= Det Id—<H(I>1s— )]
k=0
— Det [Id —@y(s) - (@1 (1) 2

for all z such that |z| < 1. Hence, the process {X] } is stationary if the eigenvalues of

the matrix product @ (s) - (®(1))""" are all strictly smaller than one in modulus
(Franses and Paap 2004; Ursu and Duchesne 2009).

2.7 Extended Least Squares Parameter Estimation
and Model Selection

The autoregressive coefficients and the error covariances of a PVAR model of
arbitrary order (not necessarily limited to a first-order autoregressive process for
each season as previously formulated) without linear constraints on the independent
parameters can be calculated efficiently on the basis of standard least-squares or
maximum-likelihood estimation techniques from textbooks (see, e.g. Brockwell
and Davis 1991; Franses and Paap 2004; Liitkepohl 2005). To apply these tech-
niques, one only has to bring the introduced linear recurrence relations into a
standard regression form and then execute the (usually iterative) estimation pro-
cedures. However, in the developed model formulation we had to pose the con-
straint that some entries of the dynamical operators ®(1) (Eq. 81) and ®(s)
(Eq. 82) must be zero in order to be able to model the typical hold-and-release
policy of design information in a PD project with periodically correlated work
processes or must be equal to € or (1 — ¢) for an analytical evaluation of emergent
complexity in later chapters. Furthermore, some coefficients of the work transfor-
mation submatrices are linear dependent. Consequently, we cannot use the standard
estimation techniques but instead have to use an extended algorithm developed by
Ursu and Duchesne (2009) that is able to carry out least-squares estimation with
linear constraints on the regression parameters. For the given model formulation
with zero-mean periodic white noise the least squares estimators are equivalent to
maximum likelihood estimators. In the following sections we will present closed-
form solutions of the estimators of different strength based on the original work of
Ursu and Duchesne (2009). To allow the interested reader to follow the accompa-
nying proofs in the original material, we will use a similar notation to the
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developers of the algorithm. We start by presenting a convenient regression form
and then proceed with the specification of the least square estimators for the full
unconstraint case and the more complex restricted case.

In principle, the asymptotic properties of the least square estimators could be
derived from generalized results for time series based on the multivariate represen-
tation from Eq. 84 (see, e.g. Brockwell and Davis 1991; Liitkepohl 2005). However,
to estimate the statistical properties of the autoregressive coefficient matrices for
each release period v of the formulated model of a PD project with periodically
correlated work processes, the multivariate stochastic process generated by state
Eq. 84 needs to be inverted. This operation seems to be unnecessarily complex in
the multivariate setting. Instead, it is more efficient to use the individual PVAR
components directly in parameter estimation. Consider the sequence of aggregated
random variables {X,;;1,,0 < ns 4+ v < Ts} representing the task processing in the
PD project over T time steps,t = 0,1, ..., T — 1. Ateach time stepthev =1, ...,s
short iterations of the development teams without purposefully withholding design
information are aggregated and therefore the states in between the n long iterations
in which the release of hidden information occurs are combined. Hence, we have a
total sample size equal to n’ = T's. For a convenient state representation let

Z(V) = (Xv;Xerw s aX(Tfl).FH') (92)
E(V) = (gva Estvy - - ag(Tfl)&H’) (93)
X(v) = (Xo(v), ... Xr-1(v)) (94)

all be d x T random matrices, where
Xr(V) = Xis1v-1

denotes the d x 1 random vectors of work remaining of the component-level and
system-level tasks at time steps ¢t =0,1, ...,T — 1. Utilizing these aggregated
variables, the PVAR model from Eq. 80 can be recast and written in the following
convenient regression form:

Zv)=B() - X(v)+E(v), v=1,...,s. (95)

The independent parameters of the regression model are collected in the d x d
parameter matrix B(v). Using the definitions of the dynamical operators ®(1) and
@, (s), the parameter matrix can be defined as:

[ @(1) forv=1,...,s—1
B(v) = { D (s) forv=s.

Since for all v=1,...,5s — 1 the regression equation 95 contains the same
unknown regression parameters, it is convenient to concatenate them into one
equation
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Z.=®(1) - X. + E,, (96)
where
Z.=(Z(1),....Z(s - 1)) (97)
Xe = (X(1), . X(s - 1)) (98)
E. = (E(1), . E(S* 1)). (99)

Convenient vector representations of the regression equations 95 and 96 can be
obtained by using the Kronecker product ®. A vectorization of the dependent
variables based on the Kronecker product leads to

21 =vec[Z] = (X! ®1,) - B(1) + veclE,] (100)
and
7 = vec[Z(s)] = (X' (s) ® 1;) - B(s) + vec[E(s)]. (101)
The vectors of the regression coefficients are given by
Bv) =vec|® (v)] v=1,...,s.
In general, the vector operator vec[A] represents the vector obtained by stacking the

columns of the matrix A onto each other. We can also combine both regression
equations in one large equation:

o [2] B [X;(?[d XT(S())®Id] ' V(l)} e 10

The combined error vector is given by

The vector of regression coefficients

_ ﬂ(l)}
/ [ﬁ(S)
contains by parts the same elements (see the definitions of the matrices in Eqgs. 81

and 82), i.e. they are linear dependent. Furthermore, many elements of § are known
to be zero. This can be expressed by the following linear relation:
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B=R-E+D. (103)

The vector & represents a K x 1 vector of unknown regression parameters in the
restricted case. It is evident that the parameter setting

R=Lpy and b=0

represents the full unconstraint case, in which no constraints are imposed on the
entries of the dynamical operators ®@,(1) and ®,(s). Through the specification of the
entries in R and b, additional linear constraints can be imposed on the parameters
for each release period v. If, for instance, a matrix entry in ®;(1) must be zero, the
corresponding row vector of R and vector component of b are set to zero. Through
this encoding the null entries in the dynamical operators are ignored in least squares
estimation and only the non-zero informational couplings between tasks are deter-
mined. Secondly, if the n-th component of £ is related to the m-th component of the
irreducible regression vector ¢ then we set the element Ry, ,)) = 1.

When we convert the linear relation from Eq. 103 into a vector representation
that is similar to Eq. 101, we arrive at the following expression for z:

zZ = (XT®Id)ﬂ+€
— (X" 1) (R-E+b)+e, (104)

where

X= [’f) XT0<s>}

The least squares estimators of the parameter vector £ are calculated by minimizing
the generalized least squares criterion:

J,(&) =e"(IraC,) e (105)

The matrix C, represents the covariance matrix of the combined error vector e, that
isC, = Ele - e]. It can be easily composed of the individual covariance matrices C;
and C,.

In the unrestricted case, an equivalent representation of the least squares esti-
mators based on the above generalized least squares criterion J,(£) can be obtained
by minimizing the ordinary least squares:

Jp)=e"-e.

A similar result holds for VAR models, see Schneider and Neumaier (2001) and
Liitkepohl (2005). To obtain the ordinary least squares estimators, the function J(/)
is differentiated with respect to each “vectorized” dynamical operator ®(v):
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53(B) =

W 9 Xistv— v)s =1,...,s.
Svec[®@(v)] ;( isv—1 @ Eisy)s VY s

Setting the derivatives to zero yields the following system of equations for a given
release period v:

T— l
® Etv+v = Odz
r:O

In the above equation 0, is the d* x 1 null vector. Since the fluctuations can be
expressed as &y = Xpsiv — (X, (v) ® I4)B(v), the normal equations for each
short iteration v are given by

®XIS+L = ( ®Id)>ﬂ( )

t:O =0
Hence, the desired least squares estimators [;' (v) satisfy the relation:
B (v) = ((X(v) X)) X0 ® Id)z(v). (106)
The estimated residuals are given by the difference:
bnsv = Xnspr — (X (V) ® Id)ﬁ (v). (107)

In the above estimators the independent variables X(v) and X,;,,, respectively
denote the time series of empirically acquired state vectors as single realizations of
the periodically correlated work processes in the PD project. If multiple realizations
of the PVAR process had been acquired in N independent trials as opposed to
merely a single time series is being given, the additional time series are simply
appended as additional N — 1 blocks of rows in the regression Eq. 95. Similarly, the
predictors are extended by additional row blocks. The initial state is determined by
averaging over all initial state vectors.

Solving the least squares problem directly, Ursu and Duchesne (2009) give the
following alternative equation for the least squares estimators:

B(v) =Z(v)- XT(v)(X(v) - X"(v)) . (108)

Based on the above relation one can also express the difference between estimator
B (v) and B(v) as:



82 2 Mathematical Models of Cooperative Work in Product Development Projects

B(v) —B() = {;} E() - X'(v) <{;} - X(v) - XT(V)) N

Noting that for the sum over T time steps it holds that

~

vec ey - X, (v)] = vec[E(v) - X" (v)],

Il
o

t

it follows for the convergence in distribution (symbol “ 4, ) that

{%} -vec[E(v) - X" (v)] LN (0,900 @ C(v))

and for the convergence in probability (symbol “ 2 ””) that
1 T p
T vec[E(v) - X' (v)] = 0.

The function A/(0,2, Q(v) ® C(v)) denotes the d*-variate Gaussian distribution with
location 0, and covariance Q(v) ® C(v). The pdf of this distribution is given in
Eq. 13. Q(v) denotes the d x d covariance matrix of the aggregated random vector
X,(v), see Ursu and Duchesne (2009).

After the derivation of the least square estimators for the full unconstraint case,
we proceed with the restricted case, i.e. the case in which additional linear con-
straints must be satisfied. If the parameters satisfy the linear constraint in Eq. 95, the
least squares estimators of £(v) minimize the generalized criterion J (&) (Eq. 105).
It is evident that the generalized criterion is not equivalent to the ordinary least
squares criterion J(#) (see e.g. Liitkepohl 2005). Rearranging the regression
Eq. 104 leads to the following relation for the combined error vector:

e=z— (X'®14)(R-E+D).

This relation is sufficient to derive the asymptotic properties of the least squares
estimator of £ under linear constraints. Owing to limited space we will not present
the stepwise derivation of £ in this book but only cite the result from the original
work by Ursu and Duchesne (2009):

E=R"(X- X" 2, )R) 'R (X2C,") (= (X" @1,)b).

Ursu and Duchesne (2009) show that the estimator & is consistent for & and
asymptotically follows a Gaussian distribution:
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z d T -1 -1
(VT}- (-9 L (0n R (@aCHR) ).

However, the estimator ¢ is unfeasible in almost all practical applications in project
management because it relies on the (usually) unknown covariance matrix C,.
Instead, a consistent estimator C . of the covariance matrix C, can be used and we
have the alternative representation:

E=R"(X X"@C,R) R" (X2 T (z— (X" @ 1,)b). (109)

According to Ursu and Duchesne (2009) good candidate consistent estimators are
given by the unconstrained least squares estimators:

ég{Tid}(zé-X)(zé.X)T. (110)

In the above equation B denotes the least squares estimators from Eq. 108, which
were obtained for the full unconstraint case. The resulting estimator of f is given by

p =R & +b. (111)

Its asymptotic distribution is Gaussian:
{vT}- (B =) SN (0,0 R(RT (@2 C;)R) " 'RT).

The detailed proof of the above results can be found in Ursu and Duchesne (2009).
It follows lines of reasoning similar to the proof in Liitkepohl (2005). However,
Liitkepohl (2005) established the asymptotic properties of least squares estimators
only for VAR models in which the model parameters satisfy linear constraints
according to Eq. 103 and he did not generalize his results to PVAR models.

For applied studies in project management and schedule management/control, it
can also be of interest not only to estimate the coefficient matrices ®(v) and the
error covariance matrices C(v) of the PVAR process from time series data based on
the introduced model formulation, but to follow a fully data-driven approach and
also include the regression order for each iteration v and the corresponding multiple
dynamical operators in a combined estimation procedure. Similar to model selec-
tion in the class of VAR(n) models from the previous Section 2.4, in a fully data-
driven approach a good trade-off must be found between the predictive accuracy
gained by increasing the number of independent parameters and the danger of
overfitting the model to performance fluctuations and not persistent patterns of
cooperation. We start by formulating an extended model of periodically correlated
work processes with iteration-dependent correlation lengths and then proceed with
solving the more subtle problem of selecting the “right” regression order for each
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iteration. To incorporate iteration-dependent correlation lengths into a PVAR
process, the state Eq. 80 has to be extended towards multiple interacting
autoregression models (Ursu and Duchesne 2009):

n(v)
an+v = Z q)k(v> : anJrvfl + Enstv- (1 12>
k=1

The variable n(v) denotes the autoregressive model order at iteration v of the work
process and ®,(v) represents the multiple dynamical operators holding for that
period of time. n(v) must be smaller than the the length s of the period between
releases of hidden information. Both the autoregressive model order n(v) and the
dynamical operators ®;(v), k=1, ...,n(v), are the model coefficients during
iteration v =1, ...,s. Therefore, the regression order of the extended PVAR
model is not just a non-negative integer as for the VAR(n) model, but an s-tuple
(n(1),...,n(s)) of multiple regression orders in which the vector components
determine the regression order for the individual iterationv =1, ...,s.

Similar to the previous model formulation, the combined error process {&,sv}
corresponds to a zero-mean periodic white noise process. {&,s+,} is composed of
d x 1 random vectors, such that Ele,y,] =0; and Eleusiy ensv '] = C(v)
for v=1, ...,s. It is assumed that the covariance matrices C(v) for the iterations
are not singular.

Following the same procedure as before, we can develop a generalized state
representation for the extended PVAR model:

Z(V) = (XV5XX+V7 cee ;X(T—l)s+v) (113)
E(v) = (E‘,, Egiyy e - ,S(T,I)H‘,) (114)
X(Ov) = (xo(v), - 01 (v). (115)

In the generalized state representation Z(v) and E(v) are the same d x T random
matrices as before. By contrast, X(v) is a (dzn(v)) x T matrix, where the entries

T
T T
x[(v) = (thJrvfl’ s 7th+v7n(v))

denote the (dzn(v)) x 1 random vectors of work remaining of the component-level
and system-level tasks at time steps t = 0,1, ..., T — 1. It is evident that the full
PVAR model can be rewritten as Z(v) = B(v) - X(v) + E(v), v=1, ...,s. This
regression form was already introduced in Eq. 95.

The dynamical operators of the full PVAR model are collected for each short
iteration in the extended d x (dn(v)) parameter matrix B(v). The parameter matrix
is defined as
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B(v) = (®1(v), ..., Py (v)). (116)

It is important to note that the generalized state representation according to
Egs. 113—116 is in principle sufficient to estimate the independent parameters in
the full unconstraint case, and the least squares estimators for the parameter matrix
(Eq. 106) and the error covariance (Eq. 107) can be directly applied. To make the
estimation procedure fully operational, the parameters simply have to be stacked
into the parameter vector

pv) = (vec[@1(1)], ..., vec" [ @y (v)])

of dimension d*n(v) x 1.

If a least square estimation with linear constraints on the parameters of the
dynamical operators needs to be carried out, we have to define an extended
(d’n(v)) xK(v) matrix R(v) of rank K(v) and an extended (d’n(v)) x 1 vector
b(v) to satisfy the linear relation given by Eq. 103. Similar as before, the vector &(v)
represents a K(v) x 1 vector of unknown regression parameters. The parameter
setting R(v) =1z, and b(v) =0 reflects the full unconstraint case. If certain

matrix entries in @ (v) must be zero, the corresponding row vectors of R(v) and
vector components of b(v) have to be set to zero. Such a coherent theoretical
framework for constraint satisfaction allows us to use the feasible least squares
estimator from Eq. 109 directly. A more complicated estimation relation is not
necessary. According to Ursu and Duchesne (2009) good candidate consistent

estimators for the error covariance matrix C (v) are also given by the unconstrained
least squares estimators from Eq. 110.

If the s-tuple (n(1), .. ., n(s)) of regression orders holding for the individual short
iterations v = 1, ..., s has to be estimated from time series data for an unconstraint
or constraint model in a fully data-driven approach, the cited trade-off between the
predictive accuracy gained by increasing the regression order and the danger of
overfitting the model can be resolved in a similar fashion as in the previous
Section 2.4 by using the standard selection criteria of Akaike (1971, 1973 and
1974) and Schwarz (1978). This is due to the fact that PVAR processes do not
constitute a model class in their own right, but can be expressed as basic vector
autoregressive processes (see Eq. 89). In this chapter we focus on the Schwarz-
Bayes Criterion (cf. Eq. 71) because within the scope of this book it has the same
consequences for regression order selection as the (simplified two-stage) minimum
description length criterion (Hansen and Yu 2001), which in turn is well grounded
in Rissanen’s theory of minimum description length that will be presented and
discussed in the complexity-theoretic Section 3.2.2. Generalizing the fundamental
ideas of McLeod (1994) on diagnostic checking periodic autoregression models,
Ursu and Duchesne (2009) introduce a heuristic approach in which Schwarz’s BIC
criterion is decomposed to obtain separate selection criteria for each short iteration
v =1, ...,s. For the unconstrained model, they define the cumulative criterion
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BIC = BIC () (v) (117)
v=1
and the iteration dependent criteria
N InT
BIC, ) (v) = In Det| Sy ()] + = k(v), (118)

where

For each separate criterion, the variable f(,l(\,))(v) denotes the not bias corrected
least squares estimate of C(v) (cf Eq. 107) for the approximating autoregression
model of order n(v). i(n(‘,))(v) can also be interpreted as the one-step prediction
error resulting from the separate autoregression model with parameter matrix
(D1(v), ..., Dyuy(v)). Similarly to the definition of the Akaike information criterion
presented in Section 2.5, the last factor k(v) represents the effective number of
parameters for a given iteration v. In the paper of Ursu and Duchesne (2009) the
effective number of parameters is estimated by counting only the freely estimated
parameters in the coefficient matrices. As already pointed out in Section 2.5, from a
theoretical point of view, all functionally independent parameters in the parameter
vector € which must be estimated have to be considered and therefore the effective
number of parameters of the approximating model is

k(v) = n(v) p? +p(%+l). (119)

For a constraint model, the reduced effective number of parameters

p(p+1)

k) = () p? = () + 22

(120)

must be used (cf. Songsiri et al. 2010). Y'(v) denotes the total number of constraints
that are posed in iteration v on the work transformation submatrices to model the
hold-and-release policy of design information (in the form of O or 1 matrix entries)
and to allow an analytical evaluation of emergent complexity (in the form of € or
(1 — ¢) matrix entries). A calculation of the cumulative criterion from Eq. 117 must
also take account of the coefficients of the work transformation submatrices that are
linear dependent.

The heuristic to estimate the effective number of parameters by counting the
functionally independent parameters in the parameter vector can easily be gener-
alized to other model classes, such as linear dynamical systems, which are intro-
duced and discussed in Section 2.9. For practical purposes, the regression order
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can be varied systematically in the range of n(v) € {1,...,s} at each iteration v
and the one-step-ahead prediction error is evaluated using the criterion from
Eq. 118.

The regression order n,,(v) of the generative model holding at a given short
iteration v is considered to be the optimal one if it is assigned minimum scores,
that is

Nope (V) = arg min,, ) BIC () (v). (121)

The optimum tuple 7,,, of regression orders for the extended PVAR model is
given by:

ot = (ope (1) -+, o (5)) - (122)

Ursu and Duchesne (2009) used the introduced model selection criteria to fit a
PVAR model to quarterly seasonally unadjusted West German income and con-
sumption data for the years 1960-1987 and found the autoregressive orders
(2,1,3,1) to be the optimal ones. The same data were also analyzed by Liitkepohl
(2005) based on the classic PVAR model formulation from Section 2.4. Using the
BIC selection criterion according to Eq. 71, Liitkepohl (2005) obtained a minimum
score for a VAR(5) model.

After a model for the full unconstraint case has been fitted to data from a PD
project on the basis of the above two-step procedure, it is sometimes also possible to
reduce the number of independent parameters by setting selected entries in the
dynamical operators ®@;(v), ..., ®,,)(v) to zero. Ursu and Duchesne (2009) use a
straightforward selection heuristic in which the standard errors of the individual
regression coefficients are evaluated: If the absolute value of the #-statistic of the
given autoregressive parameter is less than one, the corresponding parameter is set
to zero. The t-statistic is computed as the value of the least squares estimator
divided by its standard error. In a third step these additionally identified constraints
on the parameters are defined in the form of the linear relationship (Eq. 103) and the
parameters are re-estimated using the feasible estimators from Eq. 109 in conjunc-
tion with the consistent estimators from Eq. 110. The effectiveness of this kind of
heuristic parameter reduction was also demonstrated by the authors on the basis of
the quarterly seasonally unadjusted West German income and consumption data.
They were able to reduce the number of independent parameters from 28 for the
full unconstraint case to only 22 for a PVAR model with 6 null regression
coefficients.
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2.8 Simulation Study of Periodically Correlated Work
Processes, and Validation of Estimation and Model
Selection Procedures

Having comprehensively analyzed least squares estimation for applied studies with
and without linear constraints on the entries of the dynamical operators, and having
defined the cumulative and iteration-dependent Schwarz’s criteria for model selec-
tion in periodic vector autoregression models, we now focus on the accuracy of the
methods for estimating the independent parameters of the constraint model
according to the two-level formulation from Eq. 80 (in conjunction with Egs. 81,
82 and 83) in a fully data-driven approach (Schlick et al. 2014). By fully data-driven
approach, we mean an applied study where the work transformation matrices (AS,
Ags, A(S)C, A(s), ASH, Agc), the covariance matrices (C1, C,) and the initial state vector
have to be estimated from data, as does the regression order for each short iteration
v. Although the model formulation according to Eq. 80 assumes that a first-order
autoregression is sufficient for capturing the essential dynamics of project phases
with periodically correlated work processes, we have to verify whether or not larger
regression orders are needed to make good predictions in real product development
environments. We carried out a comprehensive simulation study to evaluate the
accuracy of the estimation methods in a laboratory-style setting with complete
control of confounding factors. The study is based on Monte Carlo experiments,
which are a special class of computational algorithms that rely on repeated random
sampling of the work processes to numerically evaluate their results. The repeated
random sampling and the statistical analysis was carried out in a simulation
environment that we developed in-house. For the Monte Carlo experiments, a
PVAR model of cooperative task processing is formulated that connects the
dynamics of module design and integration in a vehicle door development project
with component development. This model forms a reference model that can then
simulate the work processes and generate samples of different size. We try to use
this data to reconstruct the reference model representation. Technically speaking,
we investigate the identifiability of the reference model and the associated param-
eter uncertainty in repeated trials. The main question concerns how the accuracy of
the estimation of the model matrices (AS, ASS, ASC, A5, ASH, ALC, C, and C,) is
influenced by the length T of the time series of simulated task processing that is
used for numerical estimation, and whether the introduced heuristic model selection
procedure can reliably select the correct regression orders of the reference PVAR
model. Another important question is whether the obtained model representation
can also accurately capture the underlying geometry of the subspaces and whether
or not it just leads to a small root mean square deviation between the corresponding
model matrices as a conventional measure of distance. To answer this question, we
have to use subspace angles from the theory of linear dynamical systems. Sec-
tion 2.9 will provide an extensive evaluation of this class of linear models with
latent state variables. We follow the mathematical formulation given in de Cock
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(2002) to compute these angles and to evaluate the squared cepstral distance as the
last (Eq. 135) and probably most important independent variable in the Monte Carlo
experiments (see below).

We start by defining the structure and parameters of the reference PVAR model.
As previously stated, the idea is to model the dynamics of cooperative work in a
vehicle door development project. To simplify the analysis and numerical compu-
tation, we focus on the door module of the vehicle door subsystem. A door module
typically consists of a functional carrier plate and other components that are fitted
onto it. The carrier plate is usually made from plastic or steel. It is rubber-sealed to
separate the wet and dry sides of the door system. Various door components, such
as the window lift mechanism, locks, wiring harness, switches, loud speakers, crash
sensors and cables connecting the latch to the inner release handle have to be
integrated. The major automotive manufacturers usually outsource the design,
development and manufacturing of the door module to selected first-tier suppliers
to save costs and weight. We focus on the periodically correlated work processes in
the supplier’s development organization. At the supplier, the corresponding devel-
opment work is located on the first level of the work breakdown structure and is
supported by additional functions, such as manufacturing, procurement, sales,
controlling and quality management. To build our reference PVAR model, we
focus on system design and the related component development and integration
activities. In what follows, we have to greatly simplify the real industrial project
organization so as to obtain simulation models of reasonable complexity that can be
analyzed in Monte Carlo experiments conducted in our simulation environment.
However, this does not limit the generality of the model-driven approach. The
interested reader can easily upscale the reference model to build organization
designs for projects that are much larger and have more complex hierarchical
coordination structures.

We assume in the simulation study that the project work in the engineering
design department of the first-tier supplier mirrors the system structure of the door
module and breaks it down into development teams focusing on mechanical and
electrical/electronic functions. A dedicated module design and integration testing
team handles the systems engineering process and the integration of the compo-
nents into a fully functional module. The team also coordinates the design of the
interfaces to the complete door system and the car body. We focus on the cooper-
ation between the module design and integration testing team and two subordinate
teams dealing with the mechanical design of the functional carrier plate and the
mechanical/kinematic design of the window lift mechanism (including safety and
convenience electronics). As we said at the beginning of this chapter, the module
design team inadvertently hided, for a certain amount of time, information on the
integration and testing of geometric/kinematic entities and thus do not immediately
pass it on to component-level teams. This kind of non-cooperative behavior is
justified by the desire to make the module architecture more mature and to focus
communication with customers and suppliers. To make it easier to evaluate the
accuracy of the estimation methods, we define a PVAR model for the Monte Carlo
experiments that includes only one module-level task and two component-level
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tasks. The three teams process the tasks simultaneously. Each team is assigned one
task in the model. For the sake of simplicity, we do not consider individual task
processing. The three vector components of the state variable X,,;, that relate to the
simultaneous processing of the module-level and component-level tasks represent
the relative number of labor units required to complete the tasks. We assume that
the first component-level team, which designs the functional carrier plate, works
with autonomous task processing rate a = 0.91. The second component-level
team, which designs the window lift mechanisms, can use a standard mechanism
and several internally standardized parts and therefore processes the task faster,
with autonomous task processing rate ay; = 0.88. The cooperative relationships
within both component-level teams are very similar and therefore the tasks are
coupled with symmetric strength a5 = aS; = 0.03. Due to a well-designed system
architecture and experienced members, the team responsible for module design and
integration testing works with autonomous task processing rate a™ = 0.80. The
module-level task generates 5% of finished work at each short iteration that is put in
a hold state until it is released at time step ns(n € N). Hence, &M = 0.05.
Furthermore, both component-level teams generate 5% of finished work at each
iteration for the module-level, and we have a(flM = a%vl = 0.05. Conversely, the
module design team only feeds back 2% of the unresolved issues at each short
iteration to the two component-level teams, and there is aIIV{C = ag’{c = 0.02. The
accumulated development issues of the module-level are released to the
component-level team responsible for designing and developing the functional
carrier plate at the end of the period (a'fllC =1 and azﬁlc = 0). This team transfers
the accumulated unresolved issues to the second component-level team at the next
time step and holds regular discussions to find appropriate solutions. Additional
dynamical dependencies were not considered and therefore all other matrix entries
were defined as zero. The release period s, in which component-level teams receive
information on the overall module design and on integration testing of specific
geometric/kinematic entities, is considered as an independent variable.
The complete PVAR representation for state Eq. 89 is as follows:

*\ — *

Combined dynamical operator Ay = (®;) Lo

@ (s)(@1(1))" 0 0 0

ol (@(1))"! 0 0 - 0
((DO) .(I)l = (‘1)1(1'))5_2 0 0 0
: 0 :

@ (1) 0 0 0

Work transformation sub-matrices, vectors and real-valued parameters:
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AC _ (091 0.03
= 10.03 0.88
A =aM =0.80

ASM = (0.05 0.05)

e _ (0.02
A" = <0.02

AMH — gMH — 0,05

AfC = (é)

A AYC 0

o (1) = [ AM A} 0

0 A {1-¢}
091 0.03 002 0
0.03 0.88 002 0
0.05 0.05 0.8 0
0 0 005 0.9999
AS AYC AfC
Q(s)=| AM A} 0

0 0 {e}

091 0.03 0.02 1
0.03 0838 0.02 0
0.05 0.05 0.8 0
0 0 0 00001

Transformation matrices:

91

(123)

(124)
(125)

(126)
(127)

(128)

As explained in the previous chapter, the variable ¢ is necessary for an explicit
complexity evaluation. We calculated with £ = 10™* to set the finished work, after

release, back to a nonzero but negligible amount in terms of productivity.

The initial state x; was defined using the assumption that all concurrent
development tasks are to be fully completed initially and that no issues are left
unresolved from the previous phase. Hence, for the minimum release period

Smin = 2 we have the initial state vector:
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For larger release periods, we appended additional zeros to the initial state vector.

Furthermore, we have to make reasonable assumptions about the variances and
covariances of the unpredictable performance fluctuations of the development
teams. We assumed that the standard deviation c;; of performance fluctuations
(Eq. 10) influencing task i in the module development project is proportional to
the autonomous task processing rate: as the task processing rate increases (i.e. as the
speed of task processing slows down), so the expected root square deviation from
the mean will also increase. We chose a proportionality constant of r = 0.02.
Additional correlations between vector components were not considered. We also
assumed that the variance of the fluctuations related to the issues put in a hold state
is reduced by the factor & = 1073 and that the same reduced variance holds for the
fluctuations when releasing the hidden information. Through these variance reduc-
tions, the performance variability related to the augmented substate accounting for
the periodic hold-and-release policy of module-level design information is
extremely small and does not influence the basic mechanisms of cooperation
between teams in the model. Hence, we have the covariance matrix

C" = Ele, €,"]:
¢, 0 0 0
« |10 C 0 0
¢ = o o - 0}
0 0 0 ¢

where the sub-matrices are given by
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@) o 0 0
2
Ci = () 0 (a%) 0 X 0
0 0 (a™) 0
0 0 0 £(1—¢)?
091> 0 0 0
_ | 0 088 0 0
= {0.02°} 0 0  0.80 0 , 129
0 0 0 107%(1—-107% (129)
and
@) o 0 0
2
C, = {?} 0 (a%) 0 i 0
0 0 (a™ 0
0 0 0 £(1—¢)?
091> 0 0 0
B 2 0 082 0 0
{0027} 0 0  0.80 0 , 130
0 0 0 107°(1—107%) (130)
The covariance of the transformed error vector ¢, is given by

*

Cc* = (<I>Z;)71 C" (@0)4. Due to space limitations, we do not show the covari-
ance matrix.

As mentioned earlier, our initial aim was to estimate as many independent
parameters from data as possible. Therefore, we defined the matrix R from
Eq. 103 in a way that only posed linear constraints on the cells in the transformation
matrices ®@(1) and ®,(s) that are needed to incorporate the essential mechanisms of
putting a certain amount of finished module work at each short iteration in a hold
state and releasing it at time step ns. To model the hold part of the hold-and-release
policy, the entries [[4,1]], [[4,2]], [[1.4]], [[2,4]] and [[3,4]] in ®(1) must be zero
and protected from least square estimation. Conversely, to model the release part of
the policy, the entries [[4,1]], [[4,2]], [[4,3]], [[2,4]] and [[3,4]] of the transforma-
tion matrix @;(s) must be null entries, and on entry [[1,4]] we have to impose the
additional constraint that it must equal one. Through the positive integer constraint
on entry [[1,4]], we express that all the accumulated finished work in a hold state is
released to the component-level teams at the corresponding time step. Hence, for
the regression coefficient f(1) related to the transformation matrix ®(1), we
defined
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It holds that

The intercept vector b; (cf. Eq. 103) for the regression coefficient (1) was defined

as a null vector with Dim[vec[®; (1)]]

16 components, that is
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by=(0 00 00O O0OO0OO0O0OO0O0O0 0 0),

because we only posed constraints on @(1) that said selected entries must be zero.
On the other hand, the intercept vector b, for the regression coefficient $(s) has to
indicate that the first component of the parameter vector A must be one and
therefore, on the corresponding entry [[1,4]] of ®;(s), a positive integer constraint is
defined. We have

by=(0 0 000 00O O0OO0OO0GO0OT1O0 0 0)

The aggregated intercept vector is, simply

b= [b ! ]
by

We used the Mathematica software package from Wolfram Research to carry out
the Monte Carlo experiments. We developed the functions and procedures for least
squares estimation with linear constraints and model selection based on Schwarz’s
adapted BIC criterion ourselves. Dr. Ursu kindly provided us with the original
Matlab routines that Ursu and Duchesne (2009) used to fit a PVAR model to
quarterly seasonally unadjusted West German income and consumption data for
the years 1960-1987. This meant that we could verify and validate our own
Mathematica code. To “reconstruct” the introduced reference model representation
for different release periods s using data on periodically correlated task processing,
we computed repeated Monte Carlo trials for each PVAR model instance. We
systematically varied the release period between s,,;,, = 2 and s, = 5 time steps,
increasing the value of this variable by one per step. We also systematically
varied length T of the time series being used for parameter estimation. The range
was T, = 100 and T, = 1000 time steps with increments of 100 time steps. The
minimum length 7,,;, = 100 was chosen so that, even for the longest release period
Smax Of 5 time steps, the mean work remaining for all three tasks was less than 0.05. To
obtain a good statistic, a total of 1000 separate and independent Monte Carlo runs
(which the literature also refers to as “replications”) were calculated for each setting of
the independent parameters. To increase external validity, we decided not to use a
“warm-up interval” in the simulated task processing, and therefore the T data points
were all the information available.

In order to answer to the main question of how the accuracy of the estimation of
the independent parameters is influenced by the length T of the time series gener-
ated by the reference model with given release period s, we considered the root
mean square deviation (RMSD) between the entries of the reference transformation
and covariance matrices ®(1), ®(s), C; and C; (embedding the work transforma-
tion sub-matrix A§, the vectors ASM, AMC, and AlC, as well as the real-valued

parameters @™ and ™) and their corresponding least square estimates @1(1),
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&)l(s), C, and C,. We used the following mathematical formulations to calculate
these dependent variables in the Monte Carlo runs:

Tr[(‘b1(l) —&’1(1)) (‘Dl(l) —&)1(1))1

RMSDg, (1) = Dim[vec[®;(1)]] 1
Tr{(fbl(s) —&)1@)) (<I>1(s) _&)1(‘?))1
RMSDg,(5) = Dim[vec[® (s)]] 1
T(ci - ) (e -¢)']
RMSD¢, = ] Dim|vec[C1]] 13
(.- c)(c )]
RMSDe, =\ —— el e

We also computed the difference of the subspace angles between the reference
model and its estimated representation to evaluate the accuracy of the introduced
estimation methods. Following the mathematical analysis of de Cock and Moor
(2002) and of de Cock (2002), the subspace angles are defined as the principal
angles between the row spaces of the infinite observability matrix of the model and
of the infinite observability matrix of the inverse model. In this sense, the principal
angles between two subspaces are the angles between their principal directions and
can be used to construct a cepstral distance for VAR and PVAR models (and other
classes of dynamic models, see de Cock and Moor 2002). The subspace angles
allow a holistic evaluation of the estimated model representation in view of the
information dynamics of the true model, as the measurement shows whether the
underlying geometry of the subspaces is accurately reflected and whether or not
only apparent similarities between model matrices in Euclidian space exist. The
cepstral distance between two autoregression models is zero if the underlying
geometry of the subspaces is equivalent and therefore the canonical correlations
(see Section 4.1.3) of the past and future output processes are one, given that both
models are driven by the same zero-mean periodic white noise process {&)}. To
evaluate the subspace angles in Monte Carlo experiments, we have to bring the
PVAR reference model represented by parameter tuple (AS, C *) and its estimated

representation (Af” C *) into the form of a linear dynamical system with additive
zero-mean white noise (see e.g. Gharahmani 2001; Puri 2010). This class of
systems will be introduced and extensively discussed in the next chapter. We
therefore concentrate on the essential preliminaries to calculate the squared cepstral
distance, and sketch only the main steps. To further simplify the analytical
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evaluation of the squared cepstral distance, we focus on estimated model represen-
tations whose autoregression order does not exceed an order of one for all iterations
v. Let

e
A®) = Aj e Ros

be the combined dynamical operators of the first-order autoregressive representa-
tions that are compared by the cepstral distance, and let

C(l) — C* c Rdsxds
C(Z) _ Cv * e Rdsxds

be the corresponding covariance matrices. Furthermore, let the output operators
(see Section 2.9) be the identity matrices

HY =1,
H®? — Ly

and the covariance matrices of the observation process (see Section 2.9) be the null
matrices

1%40) = 0y
V@ = 0y.

Based on these parametric representations of the “forward form” of a linear
dynamical system, we compute the associated forward innovation form. The
forward innovation form is an equivalent form in the sense that the first-order and
second-order statistics of the sequence of observations generated by the system in
steady state are the same, but only a single error process is used to model perfor-
mance fluctuations (see Section 2.9). In both forms the recursive state equations run
forward in time. The forward innovation form can be obtained by solving the
Lyapunov Eq. 27 and the algebraic Ricatti Eq. 296. Let

K(l) c Rdsxds
K(2) c Rdsxds

be the Kalman gain matrices of the forward innovation representations of (A",
cY HD, V(l)) and (A(z), C(2),H(2), VQ)) according to the definition from Eq. 163.
We assume that both parametric representations correspond to stable and minimum
phase models. The state space matrices of the combined VAR model as a function
of the state-space representations of the separate models is then given by (de Cock
2002):


http://dx.doi.org/10.1007/978-3-319-21717-8_4
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A02) — AW 0Ous
TANK® . c) 4@ _g@ . c®

By combined VAR model, we mean a model whose transfer function is equal to the
quotient of the individual transfer functions. The squared cepstral distance

d[(Ay,C™), (A;, C *)]2 between the models parameterized by (4,,C*) and
(Ag, C *) is then, according to de Cock (2002), defined as

d[(4 €*), (g, C*)]” i= logyDet | Logs — Q112 - P12, (135)

where the controllability Gramian P'? of the combined model is given by solving a
Lyapunov equation (cf. Eq. 27)

pU2) — 412) p(12) 4 (1T | p(12) | p(12)T

and the observability Gramian Q{!?) of the inverse combined model is given by
solving another Lyapunov equation

ol — (Auz) _x12 .C(12>>TQ§12> (A(m ) -c<12>)‘

The analytical considerations of de Cock (2002) show that a direct theoretical
connection exists between the squared cepstral distance and the effective measure
complexity. The effective measure complexity is an information-theoretic measure
from basic research that can be used to evaluate the “informational structure” of
stochastic processes and is therefore interesting as a way of evaluating self-
generated (emergent) complexity of open organizational systems. It will be intro-
duced and discussed in detail in Section 3.2.4, while in Chapter 4 it will be used to
find different strengths of closed-form complexity solutions for different classes of
models. The theoretical connection exists because the squared cepstral distance
between two VAR models can also be expressed by the mutual information
1 [X:LC;XSO] (Eq. 237) that is communicated from the infinite past to the infinite
future by the combined state process, and it holds that
d(A; €*), (A5, €*)])" = 2 [XThsX5).

The quantities X~!_and X{° denote the infinite past and future histories of the output
process {X,} of the combined model that are generated under the assumption that
both embedded models are driven by the same zero-mean periodic white noise
process {¢&; }. These and other quantities are defined and explained in Section 3.2.4.
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Fig. 2.12 List plot of root mean square deviation (RMSD) between reference transformation
matrix @;(1) and its least-squares estimate b, (1). The release period s of finished work that is put
in a hold state at each short iteration and released by the module design and integration testing
team at time step ns was varied systematically between s,,;, = 2 and $yqx = 5. The length T of the
time series that was used for least-squares estimation was also varied systematically within the
range of T,,;, = 100 and T,,,, = 1000 time steps. The plot shows the mean values as note points
and 95% confidence intervals as error bars. The note points have been slightly offset to make it
easier to see the error bars. The Monte Carlo simulation was based on state equation 89 and the
definition of the independent parameters from Eqs. 123 to 130. A total of 1000 separate and
independent runs were calculated

In the following, we use the shorthand notation d%epm to denote the squared cepstral
distance.

The aggregated results of the Monte Carlo experiments are shown in Figs. 2.12—
2.16. Figures 2.12, 2.13, 2.14 and 2.15 show the list plots of the root mean square
deviation between the reference model matrices and their corresponding least
squares estimates according to the definitions from Egs. 131 to 134. Each plot
shows the obtained mean values of the independent variables as note points, and
their 95% confidence intervals as error bars. The note points have been slightly
offset to make it is easier to see the error bars. The 95% confidence intervals were
calculated under the assumption of a normal distribution and therefore correspond
to +1.96 standard deviations.

The root mean square deviations between the transformation matrices ®(1) and

@, (1) related to the short iterations of the development teams, and the covariance
matrices C; and C; of the corresponding performance fluctuations show a very
similar pattern: as the number of data points T that are available in the time series
being used for least-squares estimation increases, so the root mean square deviation
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Fig. 2.13 List plot of root mean square deviation (RMSD) between reference transformation

matrix @,(s) and its corresponding least square estimate & (s). The conditions and parameters of
the Monte Carlo experiments are the same as in Fig. 2.12
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Fig. 2.14 List plot of root mean square deviation (RMSD) between reference covariance matrix
C, and its corresponding least square estimate C;. The conditions and parameters of the Monte
Carlo experiments are the same as in Fig. 2.12

shrinks, the release period s of finished work that was put in a hold state for a given
time-series length increases, and the average deviation becomes smaller. Further-
more, the 95% confidence interval shows that the more data points available for
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Fig. 2.15 List plot of root mean square deviation (RMSD) between reference covariance matrix

C, and its corresponding least square estimate C,. The conditions and parameters of the Monte
Carlo experiments are the same as in Fig. 2.12

estimation and the longer the release period, the smaller the confidence interval and
therefore the more certain we can be of the estimates. For more than T = 300 data
points, we can expect a RMSDg, (1) that is smaller than 0.1 and a RMSDc, that is
smaller than 0.0007 (see Figs. 2.12 and 2.14). The overall deviations are low and
the estimation results are consistent.

When we analyze the root mean square deviations between the transformation

matrices ®,(s) and &)l(s) related to the release of finished work by the module
design and integration testing team, and their corresponding covariance matrices Cy
and Cﬂ, we find a different but internally consistent pattern: the more data available
for least squares estimation, the smaller the mean deviations and the smaller the
95% confidence intervals. However, the means and 95% confidence intervals show
very little sensitivity to variations in the release period s of finished work that was
put in a hold state. The aggregated means of RMSDg, (5 are slightly lower than the
means of RMSDg, (1 (see Figs. 2.12 and 2.13), and for more T = 200 data points, we
can expect a RMSDg, (5 that is smaller than 0.1.

On the other hand, the means of RMSD, are significantly larger than the means
of RMSD¢, (compare Figs. 2.14 and 2.15) and can be as large as 0.030 for the
smallest sample size of T = 100 data points (Fig. 2.15). This result was unexpected
because the release of hidden information can be observed for the smallest release
period s,,;; = 2 at every second time step and therefore equally often as the task
processing on the short time scale. A detailed numerical analysis showed that under
all experimental conditions, the average finished work put in a hold state is quite
small in relation to the cumulative variance of the performance fluctuations of the
system integration and testing team, and that this low ‘“signal-to-noise ratio” leads
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Fig. 2.16 List plot of squared cepstral distance d? between the reference PVAR models

('P]TS[I' n n
parameterized by (Aj,C *) and their estimated representations (Aj, C *). The squared cepstral
distance goes back to the work of de Cock and Moor (2002) and is defined in Eq. 135. The
conditions and parameters of the Monte Carlo experiments are the same as in Fig. 2.12

to an disproportionate increase in the magnitude of the estimation error. However,
in view of an industrial application of the estimation methods, the overall deviations
between the reference covariance matrix Cy and its corresponding least square
estimate é ; are acceptable, and the estimation error converges to zero fast.

The results of the analyses of the root mean square deviations show that the least
squares estimation methods that were developed by Ursu and Duchesne (2009) and
adapted to our own model formulation can identify the parametric representation of
the reference model of cooperative work in a vehicle door module development
project with low uncertainty. The estimation results are also highly consistent in the
sample size and in the length of the release period of accumulated development
issues from the module-level to the component-level. It is also important to note
that the estimation methods showed a very good numerical stability in the Monte
Carlo experiments. Re-estimations of the model matrices due to badly conditioned
intermediate matrices were only necessary in one of 40,000 independent runs.
These findings mean that we can turn our attention to the question of whether or
not the estimated parameters only lead to small deviations between the
corresponding model matrices, as they implicitly ignore the geometry of the sub-
spaces but can also accurately capture the higher-order informational and statistical
properties of the true model in non-Euclidian space. The calculated squared cepstral
distances Jf,epm in Fig. 2.16 show that this seems to be the case for all investigated
settings of the independent parameters, as the mean distances and the 95% confi-
dence intervals smoothly and quickly converge to zero for a growing sample size 7.
The rate of convergence is not significantly influenced by the release period
s (Fig. 2.16). Additional Monte Carlo experiments showed that the linear
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Fig. 2.17 List plot of squared cepstral distance d? between the reference PVAR models

cepstr
parameterized by (Ag,C*) and their estimated representations (A*, ¢ *). The conditions and
parameters of the Monte Carlo experiments are the same as in Fig. 2.12, except that we reduced
the proportionally constant of the standard deviation of performance fluctuations from = 0.02 to
r = 0.001 to accelerate convergence to zero, and we considered larger sample sizes 7 > 1000 in
the least squares estimation

constraints on the entries of the dynamic operators ®(1) and ®(s) play a very
important role in ensuring small squared cepstral distances. For an unconstrained
model formulation, the obtained cepstral distances are usually 20 (for T = 100) to
50 (for T =1000) times larger. The distances are especially sensitive to the
constraint necessary for modeling the release mechanism of the hold-and-release
policy: if we do not subject entry [[1,4]] of the transformation matrix ®(s) to the
constraint that it must equal one, i.e. ®; (S)[[IA]] =1, and instead treat it as a free

parameter, the resulting squared cepstral distances are five times larger on average.
Therefore, it is necessary to incorporate the complete hold-and-release policy, and
not just the hold mechanism, in the formulation of the constrained estimation
problem. The overall squared cepstral distance in the Monte Carlo experiments is
low and shows that the basic estimation concept is valid and that the accuracy of the
investigated estimation methods is good.

To verify that the squared cepstral distance dfepm, between the reference PVAR
models and their estimated representations from Fig. 2.16 does indeed converge to
zero, and not to any other non-negative constant value for large sample sizes, we
reduced the proportionality constant of the standard deviation c; of performance
fluctuations (Eq. 10) from r = 0.02 to » = 0.001 and repeated the least squares
estimation. The results are shown in Fig. 2.17 for sample sizes ranging from
T =400 to T = 3000 under the same regime of the four release periods as before.
Note that the scale of the ordinate in Fig. 2.17 is reduced by a factor of three
compared to Fig. 2.16. As one would expect, Fig. 2.17 shows that reducing the
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proportionality constant significantly reduces the means and standard deviation of
the squared cepstral distance. It also shows that the means quickly converge to
values less than 0.01. Additional Monte Carlo runs showed that the squared
cepstral distance is negligible for sample sizes larger than 7 = 10,000. We
observed similar convergent behavior for the root mean square deviation between
the entries of the reference transformation and covariance matrices ®(1), ®(s),
C, and C; and the corresponding least squares estimates.

Finally, we investigated whether the heuristic model selection procedure, which
was developed by Ursu and Duchesne (2009) and introduced in the previous
chapter, leads to reliable decisions about the regression order of the reference
PVAR model from data. In the Monte Carlo experiments, it turned out that the
heuristic model selection procedure based on Schwarz’s BIC criterion is extremely
reliable: the first-order autoregression of the reference model was identified cor-
rectly for all parameter settings in all runs. This result was rather unexpected, as we
knew from the comprehensive Monte Carlo study of Liitkepohl (1985) and our own
studies (Schlick et al. 2013) that, for ordinary first and second-order VAR models, it
is rare to find levels of accuracy of model selection that exceed 99%. The typical
range is between 95% and 99%. We hypothesize that this maximum reliability is
the result of the additive formulation of the aggregate model selection criterion
from Eq. 117, the comparably low complexity of the four-dimensional reference
model, and the overall small prediction errors. In conclusion, we can say that, in
light of the standards of organizational modeling and simulation (see e.g. Rouse and
Boff 2005), the identifiability of the reference model of periodically correlated,
cooperative work in a vehicle door development project is high and that the
uncertainty in parameter estimation is low. The results are highly consistent and
replicable. The estimation and model selection methods are numerically efficient
and showed a very good numerical stability. To provide additional insights into
modeling and simulation of periodically correlated work processes, we present and
discuss a six-dimensional project model in a similar application scenario in Section
5.2. That chapter also shows that simulated traces of outstanding work can help
improve our understanding of the hold-and-release policy for selected components
in new or updated engineering design information. We also discuss values of key
performance indicators for optimizing problems with and without constraints on the
expected total amount of work x,,, according to Eq. 91. In addition, we investigated
the identifiability of this more complex reference model and the resulting parameter
uncertainty in Monte Carlo simulations using the same experimental design and the
same methods. The results show that even the six-dimensional reference model can
be accurately identified from data if constraints are imposed on the auxiliary
variable ¢. In this case, the squared cepstral distances are, on average, no larger
than 0.44 and follow a convergence pattern to zero that is similar to the pattern
shown in Fig. 2.17. Furthermore, model selection is extremely reliable. However, if
the auxiliary variable ¢ is also considered as a free parameter in least square
estimation, the model identifiability is not good. Therefore, we recommend
encoding all constraints of the developed PVAR model formulation in the descrip-
tion of the regression coefficient matrix R and the intercept vector b from linear
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relation 103 that are known in advance. If this is not possible, we recommend
reducing the number of independent parameters by setting selected entries in the
dynamical operators ®;(v),...,®,,(v) to zero, as Ursu and Duchesne (2009)
showed for the quarterly seasonally unadjusted West German income and con-
sumption data (Section 2.7). Otherwise, very large sample sizes will be needed to
accurately estimate the true representation from data.

2.9 Stochastic Formulation with Hidden State Variables

A theoretical extension of the previously introduced approaches to modeling
cooperative work in PD projects through autoregressive processes with periodically
correlated or non-correlated components is the formulation of a stochastic state-
space model with “hidden” (latent) variables (Gharahmani 2001). In statistics, an
independent variable is termed a latent variable (as opposed to an observable
variable) if it cannot be directly observed but is rather inferred through a causal
model from other variables that are directly measured. In our context, the hidden
state variable X, € RY represents the comprehensive internal state of the project at a
specific time instant ¢ in vector form. We assume the state vector x, not only
captures the essential dynamics of the work remaining from the ¢ predefined
component-level and system-level tasks (which can be measured, for instance, by
the time left to finalize a specific design or the definable labor units required to
complete a particular development activity or component of the work breakdown
structure; see Yassine et al. 2003 and Sections 2.1 and 2.5) but also the efforts that
must be made to communicate design decisions. The communication conveys the
design information from one person or team to another and contributes to the
common understanding of the design problem, product and processes. Communi-
cation is initiated more or less spontaneously and can also occur across the
organizational hierarchy (Gibson and Hodgetts 1991). If communication occurs
between hierarchically positioned persons, we speak of vertical communication.
Horizontal communication occurs on the same hierarchical level. Diagonal com-
munication refers to communication between managers and working persons
located in different functional divisions. Due to these multiple channels, the internal
state information is not completely known to the project manager but must be
estimated through the mental model of the possible state evolution in conjunction
with readings from dedicated performance measurement instruments (earned value
analysis, etc.). It is assumed that the estimates are obtained periodically in the form
of observation vectors Y, € R”. These vectors directly refer to the work remaining
of the predefined work breakdown structure and can be associated to the
corresponding internal state X, without sequencing errors. Furthermore, it is
assumed that the state process can be decomposed into ¢ interacting subtasks.
These subtasks either represent concurrent development activities on individual
or team levels or vertical, horizontal, or diagonal communication processes based
on speech acts. It is important to note that the dimensions of the state space can
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differ from the observation space. In most cases of practical interest, the internal
state vectors have significantly more components than the observation vectors
(Dim[X,] > Dim[Y,]). Because we are aiming at a predictive model of a complex
sociotechnical system, the inherent performance fluctuations must also be taken
into account for the representation of the hidden process. We represent the perfor-
mance fluctuations by the random variable ¢, and assume that they have no
systematic component, that is E[e] = 0,. Furthermore, we develop the model
under the assumption that the reliability of the measurement instruments is limited
and non-negligible fluctuations v, of the readings around the true means occur.
However, the instruments are not biased and there is E[v,] = 0,,.

Formally, we define the state process {X,} to be linear and influenced by
Gaussian noise ¢ (t =0, ...,T). It is assumed that the observation process {Y,}
directly depends on the state process in the sense that each vector Y, being acquired
through observation at time instant ¢ is linearly dependent on the state vector X, and
not on other instances of the state process. The observation process itself is
perturbed by another Gaussian variable v,. Hence, we have the simultaneous system
of equations

XH.] :AO 'X[+€[ (136)
Y[ =H~Xt+v,. (137)

The Gaussian vectors ¢, and v, have zero means and covariances C and V,
respectively:

51"'./\[(0(1, C)

ve~N(0,,V).

In contrast to the vector autoregression models, we assume a Gaussian initial state
density with location my and covariance I, in the above state-space model:

X()~./\/(7[Q,H0). (138)

Like the stochastic model formulation without hidden variables (Section 2.2), we
make the reasonable assumption that the performance fluctuations and measure-
ments errors are uncorrelated from time step to time step and it holds for all time
steps {u,v} € Z that:

T
&\ [ & _(C Sa.
E[<Vﬂ> (Vﬂ> ] (SET\ V) {3
O,y 1s the Kronecker delta which was defined in Eq. (14). To simplify the parameter

estimation and complexity analysis, we focus in the following on processes in
which the partial covariances S, and SbT,v are zero:
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€ e\ c 0
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In the literature, the state-space model formulation introduced above is termed the
“forward form” (e.g. van Overschee and de Moor 1996; de Cock 2002). Eq. 136 is
termed the state equation and Eq. 137 the output equation. Additional input
(predictor) variables are not considered in the following. The linear state and output
processes correspond to matrix operations, which are denoted by the operators Ag
and H, respectively. The dynamical operator Ag is a square matrix of size g X g. The
output operator H is a rectangular matrix of size p x g. The literature often calls A,
the state transition matrix, and H the measurement, observation or generative
matrix. Both matrices can be considered as the system matrices. We assume that
Ap is of rank ¢, H of rank p and that C, V and Il are always of full rank. The
complete parameter vectoris@ =[Ag H C V = Il

In the engineering literature, the complete state-space model of cooperative
work in PD projects is termed a linear dynamical system (LDS) with additive
Gaussian noise (de Cock 2002) or—using a more historical terminology—
discrete time Kalman Filter (Puri 2010). In this model, only the vector Y, can be
observed in equidistant time steps, whilst the true state vector X, and its past
history {Xt}tl_1 = (X1,...,X,—1) must be inferred through the stochastic linear
model from the observable variables. A graphical representation in the form of a
dynamic Bayesian network is shown in Fig. 2.18 (cf. Fig. 2.4, Gharahmani 2001).

An LDS model is one of the most prominent models in statistical signal
processing. The model has also proven very useful for sensor data fusion and target
tracking (see e.g. Bar-Shalom et al. 2001; Koch 2010, 2014). Ghahramani and
Hinton (1996), Yamaguchi et al. (2007) and others developed numerical methods to
estimate the independent parameters based on multivariate time series of the
observable variables.

In view of the theory of LDS it is important to point out that the generated
stochastic process {Y,} can have a large memory depth in the sense that the past

Fig. 2.18 Graphical representation of the linear dynamical system with additive Gaussian noise in
the form of a dynamic Bayesian network. The nodes in the graph represent the random state and
observation variables of the stochastic process. The directed arcs encode conditional dependencies
between the variables. The grey arrows indicate the forward and backward messages passed during
the re-estimation of the parameters using the expectation-maximization algorithm (see
Section 2.10 for a detailed explanation of the algorithm)
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must be observed across a long time interval in order to make good predictions of
the future. It is evident that the Markov property (cf. Eq. 18) holds for the hidden
state process {X,} and the conditional pdf can be expressed as

folxerilxe, ... x0] = folxrpilxd] Ve >0.

Therefore, the state evolution seems to be memorylessness in the sense that
properties of random variables related to the future depend only on information
about the present state and not on information from past instances of the process
(see Section 2.2). However, for the sequence of observations {Y,} the Markov
property does not necessarily need to be satisfied. This is due to the fact that the
information which is communicated from the past to the future by the hidden
process must not completely flow through the observation Y,. Part of the predictive
information can be “kept secret” from the external observer even over long time
intervals. The predictive information is formally defined in Section 3.2.4 (Eq. 226).
Due to the latent dependency structure, the stochastic process generated by an LDS
can have a certain “crypticity” (Ellison et al. 2009) in that it may not reveal all
internal correlations and structures during the observation time. The process’
crypticity can be analyzed systematically on the basis of “elusive information”
(Marzen and Crutchfield 2014), also defined in Section 3.2.4 (Eq. 231). Formally
speaking, for the conditional pdf of the output process it usually holds that

f&[yt+1|yt’ s ’)’0} 7& f9 [y,+1|y,]
or equivalently expressed based on Bayes theorem as

fe [y07 st 7yt+1} # f9 [ynyt+1]
folYos- -5yl Folvd

As a consequence, the LDS representation theoretically allows an infinite memory
depth of the stochastic process and therefore properly subsumes the vector
autoregression model of order n (VAR(n) model) from Section 2.4. As the VAR(n)
model’s memory only reaches back n time steps into the past because its state is the
weighted value of the last n observations, the fact that the observations can covary
with one another through the state process means that in an LDS an observation’s
distribution can be affected by an event occurring arbitrarily far in the past (Rudary
2009).

For the introduced state-space model we can factorize the joint pdf of the system
over time stepst =0tot =T as

T-1 T
folxo,- -1, Y0, -, y7] = fe[xO]Hfe[xr+1|xr]]___[fa[yf|xt] (139)
=0 =0

and calculate the marginal pdf by integrating out the hidden states of the process:
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Folyor--sy7] :/Xq... Folxos -, %1, Y9y -, ¥p] dxo...dxr

X"I
T—1 T
/.- / Folvol [T folseet eI [ folvil] dso..dxr. (140)
! g =0 =0

If all densities are Gaussian,

Folxo] = N (xo; 70, o)
Folxilxi1] = N (xi; Aoxi 1, C)
Folyilxd] = N (y; Hxi, V),

the integration with respect to the hidden state variables can be carried out analyt-
ically. Using the explicit form for Gaussian densities, we have for a number of At =
T + 1 time steps for the marginal pdf the expression

1 _
folyos---»yr] = Cy/ Exp [_§<x° — m0) ' Ty ' (xo — 7o)
T—1

1 _
_EZ(XHI _ont)TC I(XH-I —Aox;)
=0

t

1 T
—> (v = Hx)'V ! (y, — Hx,) | dxo- - dxr, (141)

with the normalization constant

_A
2

¢y = (22) ¥+ (Det T1y) /2 (Det €)™°F (Det V) (142)

It is quite easy to show that the joint pdf is normalized as
/fﬁ[x(% s XTS5 Yoy e - - 7yT]dx0' : 'dedyO' : dyT =1

First, we have to integrate over all y,. As f[y,|x;] is already a properly normalized
Gaussian, all integrals over y, equal one. We can then carry out the integrals over
Xo- - -x7 by starting with the one over x7 and integrating down to x,. Each integral is
also a normalized Gaussian and finally we obtain unity for all integrals together. A
proper normalization is essential to a correctly computing the effective measure
complexity in Section 4.2.

Based on the notation from Section 2.2, we write the vectors in a more conve-
nient form:
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v = (g v7)
xT = (xOTxTT)
b" = (yaV'H + moIly [y[V™'H|- - -|yfV'H)

and matrices V = I, @ V"' and C = C; + C, with C; = I, @ H'V'H and
I,'+A,C'Ay  —AjC! 0

—C Ay CT'4AJCT'A) —AJCT!
Ca g

~C Ay CT'+AlCT'A) —AlCT!
0 —C'Ap c!

The above joint pdf can then be written as
lp | — r T
Folyos-- - yr] = cyExp ¥ V.V_E”o I, 70| | Exp —5* Cx+b" x| dxy---dxr

and computed as:

fol ] = ¢,Ex Ly - L MEX Lyre1p (143)
ooy Yr] = CyEXpP Zy y 27[() o 7o \/m p ) .

As we can write
b=(IxH"V ")y,
it is convenient to introduce the matrix
B=(IeV'H)C'(IeHV").

With this definition, the joint pdf for the observations can be written as

foly) = 22 o Lty et + Ly (144)
=———— Exp|— — — .
olv] = ==L Bxp |y Vy — 5y Iy 'm0 + 5y By

The inverse C~' of the block tridiagonal matrix C is also a block matrix containing
At x At blocks of size ¢ x g. As C is symmetric, its inverse is also symmetric. To
illustrate this, Fig. 2.19 shows the inverse ¢! of the matrix C, and Fig. 2.20 shows
the original matrix C for a state process with dimension ¢ =4 and randomly
generated system matrices Ay and H.

We can observe the following three properties of the inverse, which will be
investigated analytically later on: (1) the matrix elements in the center of C~' tend to
a constant block-Toplitz matrix; (2) the magnitude of the off-diagonal elements
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80 100 120 140 160
i

Fig. 2.19 Matrix elements of the covariance matrix C;jl for a state process with dimension g = 4

and randomly generated system matrices Ao and H. The color coding is based on a logarithmic
scale
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i

Fig. 2.20 Matrix elements of the original covariance matrix C;; (cf. Fig. 2.19) for a state process

with dimension ¢ = 4 and randomly generated system matrices Ay and H. The color coding is
based on a logarithmic scale
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decays exponentially; (3) in the upper and lower left-hand corners the inverse ™!
shows a transient behaviour that is caused by boundary conditions and depends on
the particular covariance of the initial state IT;".

The ij-th block of C~' which we denote as Xj, j > i, can be computed explicitely
using the following recursions proven by Bowden (1989):

Xij = KKy N;.

The forward recursions for K; are:

K, =1,
K, = —A'B,
Ky =—-A'"(BK; +A'K;_),i=2,---, At — 1
Kat1 = —BaKa — ATKy, (145)

and the backward recursions for N; read:

NA[ :Iq
Nar1 = —BaA™! (146)
Nioi=—(NB+N; ANA T j=Ar—1,--.2 (147)

No = —N;B; — N,AT
with

B =H"V'H+1I,' +AJC'A,
B=H"V'H+C'+A,C A
By =H"V'H+C!
A=-AjC.

As we are interested in the likelihood of some infinitely long observations
(2l ¥, ¥ ), we have to study the limiting value of the recursions for K, .«
and Ny for At — oo. This is accomplished as follows: we transform the recursions
of second order in the following first-order recursions:

K\ _ 0 1, K,
Ki,i ) \—-A'AT A°'B K, /)

:ZMf

Then the matrices at iteration step i can be expressed explicitly in terms of the initial
matrices:
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K; i1 K\ npim1400)
(Ki+1> =My (Kz) =M, K,

The initial matrix K;()) depends explicitly on the covariance of the initial state and

the system matrices:

o _ (K
K7 = (k)

— Ifl
- (CAOT(HTVIH + ;' + A5 C'Ap) > '

Expanding the initial matrix K;-O ) in the eigenvectors v; s of the forward transition
matrix M,
M;V; = VA
V= ([ v2.4])
/11’]"
A= ,
g, s

where the eigenvalues are arranged in descending order
‘ll,f| > |12,f‘ >0 > ’ﬂzq,f , the coefficients T of the basis expansion

0) _
Ky = V,Ty
are easily obtained as
_y-lg©
T,=V, K"

Note that the rate for reaching the asymptotic behavior depends on the ratio of the
leading eigenvalue to the second largest one. Inserting the above expansion in the
recursions, we find

(5,) -
= (Mif_l"l,f‘ : 'M}_lvzq,f) Ty
= (ﬁlf}vl,f' ' 'iﬁg,lfvl,f) Ty
2 (g Ay v 0-0) T

Here, m is the multiplicity of the largest eigenvalue. Let T 7 be the m first rows of T,

and let V 7 be the m most left columns of V, then we have:
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Ki \imcojicig a4
(Ki+1 = AVt
It is easy to show that the eigenvectors can be partitioned as

Vi p = Vif
i, f /1i,f‘7i,f ,

because the invariance condition for the forward recursions can be transformed into
the quadratic eigenvalue problem

—2i AT BV — ATIATY =7 Vg

Finally, for large i the matrix K; tends to

Koo —ago) (T e Vg
i—00 1 (‘i ) /11’fv1’f /11,fvm,f /
= )fl_l (ﬁ],_f' : 'ﬁm,f)Tf

i.e. it is the product of a constant matrix V f'f ¢ and a pre-factor A1 A similar
equation can be derived for the backward recursions. Consequently, the matrix
block X;; in the middle of C also tends to a constant matrix.

We can derive another expression for X;; that avoids the numerical instability of
the above recursions for large index i — oo: The block on the diagonal is given by

N

1 in zin(N— —1
X; = lim — (B + A 4T ”AT) .
n=0

N—oo

Moreover, we derive the joint pdf for the observations if the system is in steady
state. Using the result for the joint pdf of the observed states, Eq. 144, we see
that the total covariance of all observations in steady state (u = 0, see Eq. 26) is
given by
¢, =(v-B"
Using the Woodbury matrix identity (Higham 2002)
A+UCy) =a" —ATU(CT VAT U) TvATY (148)

we can calculate
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V=B = ((x®V") — (Ia @V H)C Iy 0 HTV))

= (In @V ) = Iy @V ") Iy © VH)
—1
(—c+ (s @ V) (152 V) (I @ VIH))
(@ HV ) (I @ V)7L

Using the identities (A ® B) ' = A~' ® B~ and (A ® B) (C ® D) = AC ® BD, we
find

V=B =Iy&V+(Is®H) (C—In@HV'H) ' (In 0 H")
=In @V + (Ia @ H) (C) ™ (1ar @ HY). (149)

The matrix C, appeared in the explicit form for the joint pdf of the Markov process
(see Eq. 33 in Section 2.2). Its inverse could be computed explicitly in Eq. 34 and
was denoted as C,, which is the covariance of the hidden variables. Finally, the
covariance of the observations is given as

Cy=Ip®V~+ (Ia@H)C(Ia®H"). (150)

This shows that the covariance for the observations in steady state is also block
Toeplitz. The joint pdf for the observed states is given by

1
(27) " (Det C,)

e By (151)

It is evident that in the case of an LDS with an arbitrary structure of the system
matrices Ag and H, not only the evolution of observables between all consecutive
time steps must be considered in order to make good predictions but also all
possible transitions between hidden states of the process in the past that could
give rise to the sequence of observations (see Eq. 140). For two consecutive time
steps, we find the conditional density:

_ fo [}’IHJJ
lfa[)’t]

:m . If(i[)’r-rl’ynxwrl,x,} dxH»ldxt
[ t X X4

FolylJxs Jxa

Folyecaly]

Folx) folyilx folxesa ¥l fo [y |xim] dxidxigy.

For Gaussian noise vectors ¢, and v,, the joint pdf of the system can be written as
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-1 T
FolXos -+ 31, Yo, - v = N (x0; 70, Tlo) [ [V (43 Ao, O T [V (v Ho, V
=0 =0
(152)

where the Gaussian density A/(.) with location g, and covariance X, is defined as
(cf. Eq. 13)

1
(27)"* (Det[=.])"/*

N (5 2) = Bxp |- )= | (153

The density function fy[y,] of state Y, given the initial location 7z, and the system
and covariance matrices can be written explicitly as (cf. Eq. 19)

i) = <D;[zy,]>v2E""[‘§(”‘”A5”°) =}~ Hajm) | (154
where
Y, =HE H +V
and

t—1
T = A (A)) + ) AC(A])
v=0

The conditional density of observationY,; given observation Y, = y, is (cf. Eq. 20):

1
fo [Yt+1|)’z] = —/ N(xt?Aéﬂo’ Zx-;t)-/\/()’t;th’ V)
FolyiJaaJza
N (x5 A0%:, C)N(y,H;Hx,H, V) dx.dx;, 1.

We will derive the explicit form of this density for the steady-state process in
Section 4.2.

Following the procedure set out in Sections 2.1 and 2.2, a closed-form solution to
the total amount of work done in all tasks during the iteration process (modeled by
hidden initial state x, and operators Ay and H) until the stopping criterion J is
satisfied is given by
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E

Ts Ts
ZYI] = ZE[Yr]
=0 =0
Ts
= ZH. (Ay-x0)
t=0
Ts
—H- (ZA6> - Xo
t=0
—H- (I, —A) " (11, - (Ao)““) X0 .

If all subtasks of the state process are initially to be completed 100%, the initial
state is simply

X0 =

As with the vector autoregression models, the expected total amount of work y,,,
across the time interval t = 0, ..., T is estimated by:

y,,, = Total [H- (I, —A) " (1,, - (Ao)““) -xo] : (155)

In the limit Ts — oo we have for an asymptotically stable project phase the total
amount of work done during the iteration process:

lim F

Ts—o0

T5 1
ZYt =H-(I,—Ay)  -x.
=0

Following the concept from Section 2.3, we can also transform the LDS into the
spectral basis and therefore decompose the state process into a system with
uncoupled processes with correlated noise. To transform the state-space coordi-
nates, the state transitions matrix A is diagonalized through an eigendecomposition
as shown in Eq. 35. The eigenvectors 9;(Ag) = S(i = 1... ¢) of the state transition
matrix are the column vectors of the linear transformation represented by the
.} and {Y’[} transformed in
the spectral basis are generated by the system of equations

transformation matrix S. The stochastic processes {X,

X =As X +¢
Yi=H X +V

with the additional representation
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H=S5"H
1 !
&~ (04’ c )
/ w\ 1
¢ =st-c-([s7)
/ /
Vi~ (OP’ 4 )

V=5V ([ST]*)_I
Xo~ (6, I15)
my = S~

My =5 ([ST]*)_I.

The transformed covariance matrices C’ and V' are also positive-semidefinite. The
transformed LDS can be helpful in evaluating emergent complexity of the modeled
PD project, because the steady-state covariance matrix 2’ of the state process can be
expressed in a simple and expressive matrix form (see Eq. 258).

Moreover, in specific application contexts it can also be interesting to use the
inherent “degeneracy” in the LDS model (see e.g. Roweis and Gharahmani 1999).
Degeneracy means that the complete informational structure contained in the
covariance matrix C of the performance fluctuations can be shifted into the state
transition matrix Ag and the observation matrix H. The informational structure can
be shifted by decomposing C into independent covariance components through the
same eigendecomposition that was used to transform the state-space coordinates:

C=U-Ay-U"!
with
Ay = Diag[4(C)] 1<i<gq.

Because C is symmetric by definition, the eigenvectors 8;(C) = U,; are mutually
orthogonal and U~!' = UT holds. Therefore, for any LDS that is not driven by
performance fluctuations represented by a standard normal distribution with iden-
tity covariance matrix /,, we can build an equivalent model with rescaling based on

the transformation T = U - A}]/Z:

X =7"X (156)
Ay=T " Ag-T (157)
H=H-T. (158)

The rescaling can be interpreted as a “whitening” of the hidden random vectors
(DelSole and Tippett 2007, cf. Egs. 253 and 254). A random vector in a sample
space is said to be white if the vector components are statistically independent of
each other. If the independent vector components are also identically distributed, as
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in our case, then the random vector is said to be an i.i.d. random vector. In practice,
variables can be transformed to whitened space by projecting them onto their
principal components and then normalizing the principal components to unit
variance. It is evident that the informational structure of the covariance matrix
V cannot be changed in the same way since the realizations Y, are definitely
observed and we are not free to rescale them.

To support the time-dependent statistical analysis of the work processes and to
simplify the analytical complexity evaluation in Section 4.2, we introduce the
autocovariance function

CYY(ta S) = E[(Yt - //lr) (YS - ﬂx)T

E[Y.Y{] = ppf

of the observation process {Y,}, based on the assumption that the state process {X,}
is in steady state. If the modeled project is asymptotically stable and therefore the
modulus of the largest eigenvalue of the dynamical operator Ay is less than 1, the
mean of the state process in steady state is equal to the zero vector, indicating that
there is no remaining work and we have yy = 0. A detailed analysis of steady-state
process dynamics will be carried out in Section 4.1, and we only present some basic
results from system theory. If {X,} is a stationary process, the autocovariance of the
observation process becomes

Cry(k,1) = Cyy(l — k)
= Cyy(7),

where 7 =/ — k is the number of time steps by which the observation has been
shifted. As a result, the autocovariance function can be expressed as a function with
the lead time as the only argument:

(0= ) (Ve = 1)

[YZYEF‘J - ”Yﬂ;r

[YszTJrJ - (H'ﬂx) (H'ﬂX)T

Yyl (159)

Hence, in a signal processing sense, the autocovariance Cyy(z) and the
autocorrelation

Ryy(z) :==E[Y,YL ]

are equal in steady state for every lead time and we have
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ny(’l') ZRyy(T). (160)

According to the work of van Overschee and de Moor (1996) on subspace identi-
fication of purely stochastic systems the autocovariance function of the observation
process is given by

H-X-H' +V =0
CYY(T) :{ H.A‘rfl .G >0 (161>
0 b

where the coefficient G can be expressed as the expected value

G =E[X;11Y]]
=Ag-Z-HT.

In this sense G describes the cross-covariance between hidden state X,,; and
observed state Y,. The matrix X denotes the covariance of the states in steady-
state of the process {X,}. It satisfies the Lyapunov equation (see Eq. 27) and can be
expressed in closed-form in the original state-space coordinates according to
Eq. 245.

For the autocovariance function the following symmetry condition holds:

Cyy(—7) = Cyy(7)".

As can be seen in the autocovariance function, the correlations between observa-
tions overt > Otime steps can be significantly larger for an LDS in steady state than
for the previously formulated VAR and PVAR models.

Following a similar line of thought as in the forcing matrix concept from
Section 2.1 (see Eq. 23), the LDS model according to Eqgs. 136 and 137 can be
transformed into a more compact “forward innovation model” (e.g. van Overschee
and de Moor 1996; de Cock 2002). In this context, “more compact” means that only
a single noise source is used to model performance fluctuations. The forward
innovation model is an equivalent representation in the sense that the first-order
and second-order statistics of the sequence of observations generated by the model

in steady state are the same, i.e., the autocovariances FE [Y Y EH] and cross-

covariances E [X,HYIT } are identical. The same property holds for the “backward
form” and the corresponding “backward innovation form” that will be derived later
in this chapter.

The forward innovation representation results from applying a Kalman filter
(Kalman 1960; for a comprehensive consideration of theoretical and practical
aspects see e.g. Kailath 1981; Bar-Shalom et al. 2001; Honerkamp 2002 or Puri
2010) to the state-space model. In general, the Kalman filter operates recursively on
time series of noisy input data from a PD project (or other dynamical systems) to
calculate an estimate of the hidden system state that is statistically optimal. The
filter is named after Rudolf E. Kalman, who was one of the principal developers of
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its theoretical foundations. As will be shown in the analysis below, the algorithm
follows a two-step procedure. In the first step—the so-called prediction step—the
Kalman filter calculates an unbiased and linear estimate of the current state vector
in conjunction with the covariances. Once the result of the next observation is
obtained, the estimates are updated. The update of the state is done by weighting the
previous state estimate and the measurement prediction error. These weights are
determined in a way which assigns larger weights to state estimates with higher
certainty.

Following the textbook of Bar-Shalom et al. (2001), we start the derivation of the
forward innovation representation by defining the hidden-state variable as the
conditional mean of the state X, given all measurements up to time ¢, that is

Lo = E[Xi1|Y{]

= | X fo(Xeralyh)dxisr.
x4

Following the preferred notation, the term Y, represents the sequence of observa-
tions of task processing in the PD project that have been made across an interval of
t and are used to compute the conditional mean.

Using the state-space Eqgs. 136 and 137 and the fact that ¢, has zero-mean, the
state prediction is

Lo = E[(Ao - X, + &)|Y{]
= Ao - E[X/|Y{]
= A ')2[‘[.

and the state prediction error is given by

X1 = Xe _)Ez+l\t
:AO'{(z"‘gz_AO'ft\t
:AO'X1\1+51~

The standard Kalman filter calculates £ ,,, which is an unbiased and linear Minimum
Mean Square Error (MMSE, see e.g. Honerkamp 2002) estimate of the state vector
X,, given the current sequence of observations Yj,.

The state prediction covariance @, |, is computed as follows:

Dy = E[Xt+1|rf(,£1|;|yé
=Ag- @y - Aj +C.

The predicted measurements, defined as
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yt+1|t = E[YH-I |Y(t)}

follow from the observation (measurement) equation and the fact that v, has zero
mean:

yAz+1\r =H- )Etﬂ\z-
The measurement prediction error
I?rJrl\r =Y - )A)t+l|t7
also simply called “innovation,” is given by

Yz+1\t =H X1+ Ve _H'-)Zt+l|t
=H X1+ Ve

Moreover, the innovation covariance is given by

Sy =E {?ﬂrllt?grl\r‘y(t)}

—H. E[}?HH,X;MY@ HT+V

=H-®.,-H +V (162)
and the covariance between state and measurement is

Oy = E[Xt+1|szT+1\z|Y(t)}
= (I)hLl\t -H'.

Defining the filter gain,

- Lol
w ~—Qt+1\t t+1t

_ T —1
=@y H Sy,

the update of the state is the cited MMSE estimate, which is given for Gaussian
random variables in closed form as

Xoptper1 =Xt T WY oy

Now the forward innovation representation can be written down: From
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Xr+l|r :Ao‘xrh ~
:Ao(fzh—l +W'Yr\t—12
= Ao ')Zt|t—1 +Ap-W- Yt\z—l

with the definition of the Kalman gain

K = A() -W
=Ap - (I)z+1\t -H' S[+1\r (163)

and the more convenient notation

o
Xt+1 =X
M =Yy1,

we obtain the simultaneous system of equations:

X, =Ao-X/ +K -y, (164)
Y,=H X!+, (165)

In this alternative representation form, the time-independent Kalman gain matrix
K can be interpreted as forcing matrix of the state process noise 7, (cf. Eq. 23),
which is driven by the single-source fluctuations. The time-dependent Kalman gain
matrix will be calculated in the next chapter.

An explicit calculation of the state prediction covariance in steady-state, using
the fact that £,y = E[X,11]Y{] is already an expected value, leads to

D@y —E[ X S Y i < f}}
[ X1 —Xr+1|z) (Xr+1 —x,ﬂ‘,) Y, i< t}}

= E[Xt+1Xr+l|{Yl’ i<t})] - [(’%Hllrfwl\r)q

X is the covariance of the original state variable. In steady state it satisfies the
Lyapunov criterion

T=A¢-Z-Af +C

from Eq. 27. The Lyapunov equation is explained in great detail in Lancaster and
Tismenetsky (1985) and will also be discussed in Sections 4.1.1 and 4.2.2. ¥ is the
covariance of the state variable in the forward innovation representation, that is the
conditional mean of the state x| given all measurements from the infinite past up to
time 1. ¥ satisfies another Lyapunov equation (cf. Eq. 27):
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> =Ay-2 A +K-S-KT. (167)

The entries of ¥ can be determined by solving an algebraic Ricatti equation (see
Eq. 296), which will be introduced in the implicit formulation of a complexity
solution in Section 4.2.2.

In steady-state @, converges to @ and so S, approaches the constant
covariance matrix S, which was used in the above Lyapunov equation. With the
autocovariance of the observable variables in the innovation representation

Cyy(0) =E[Y, Y]]
=H-X-H' +§ (168)

we arrive at an expression for the Kalman gain that is equivalent to the solution in
the work of de Cock (2002):

1

K=(Ag-2-H —A-% -H") (Cyy(0) —H -/ -H") . (169)

It is evident that the single-source performance fluctuations that drive the state
process in the forward innovation form can be expressed as

n~N (047 S)
with covariance
S=Cyy(0)—H-Z/-H. (170)
Finally, let us show that both representations have the same autocovariances:

Cyy(0) = E[Y,Y]]
=H-X-H' +V
cl(0)=E Y.y (Y, generated based on X, )

=H - -HT+§
and same cross-covariance between hidden and observable states

G:E[X,Hya]
=Ag-Z-H

G/ =E [thjrl (th)T:|

=Ay-2 H"+K-S.

To show that Cyy(0) = C}',fy(O), we simply insert Eq. 162 into Eq. 166:
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S=H(E-)H"+V.

Rearranging the above equality proves the statement. Secondly, rearranging the
definition of the Kalman gain (Eq. 163)

K= (Ao-X-H"—Ay-Z/ -H")S™!
yields
K-S=Ay-Z-H'—Ay-Z/ - HT,

from which G = G/ follows immediately.

In conclusion, the covariance matrices of the hidden states differ among both
representations and it holds that X # X/, in general. Furthermore, the covariances
of the single-source performance fluctuations driving the state process in the
forward innovation form differ from the covariances of the measurement error in
the regular forward form and for arbitrary dynamics we have V # S. However, the
autocovariances and covariances of the observed processes remain unchanged and
the cross-covariance between hidden and observable states are the same. The
parameters of the state-space model are (Ag, H, C, V) whereas in the innovations
representation the parameters are (Ag, H, K, S). As we will show in Section 4.2.2,
the differences do not necessarily lead to a conflict in terms of a different com-
plexity evaluation according to de Cock (2002) and this work: The explicit com-
putation of the complexity measure EMC in Section 4.2.1 leads to a result which
depends only on the combined quantity Cyy(0) = Ryy(0) =H -X-H' +V and
G=Ao-X-H.

Concerning the analytical complexity evaluation that will be presented in Sec-
tion 4.2, it is also helpful to formulate a complementary ‘“backward model” in
which the autocovariances of the observed process and the cross-covariance
between hidden and observable states are also left unchanged in steady state (van
Overschee and de Moor 1996; de Cock 2002). In this model the recursive state
Eq. 136 runs not forward but backward in time. Due to the backward recursion the
backward model is formulated by considering the MMSE estimate of X, given X, ;:

)et\hLl = E[X[Xi11]

= BT (B[ X)X,

where the last equation holds true because all random variables are Gaussian. From
the state-space representation according to Eq. 136 we compute
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t+1
_ T
=x-AT,

Exx%,]= E[X;(Ao X, + &)T}

and due to the satisfied stationary condition for the state covariance E [X X ,L]
= X we can express the MMSE estimate of X, given Xy, as

fr\t-&-l =X 'A(;r -z X1
Now, we define the error
e =X — -)zt|t+l
and the backward state as
X, =3x'.%,. (171)
(note that the hat symbol denotes the hidden state variable of the backward model
and not the means). Transposing the second to last equation and inserting the above
one, we obtain the recursion for the hidden state in the backward model
Xt =27 (R g1 + 1)
=212 Ag 7 Xt + )
— ég 2( L+ E
=A)- X, +5 (172)
with the definition of the backward dynamical operator
Ay = Ay (173)
and the error term

& =" g (174)

The output equation in backward form is obtained by considering the MMSE
estimate of Y, given X, :
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yt|r+1 = E[Y/[X¢11]
-1
=E[Y XL (EXea XL ]) Xen

= E[(H X +v) (AT X+ &) |27 X
=H-X-A - X

=H-X-A X,

=H X Ay-X,.

Re-arranging the error equation
V= Yt - yAt‘H»l

we obtain

=
I

\<)
T

_|_
S

. E . KO X+,
=H- X, + v, (175)
where the backward output operator was defined as

H=H- XA,

The joint covariance matrix of the zero-mean Gaussian processes {£, } and {,} is
defined as . _
E E C Sw
E| (& Eu =1 =) {6.}
(7)- () ]-( )t

Let T denote the covariance of the states in steady-state of the backward process
{)_( ,}. According to the definition from Eq. 171, X can be expressed as the inverse of
the forward state covariance:

T=3x1

Since in the backward form the variables €; and v, and their past histories are also
independent of state X,, the backward state covariance matrix  also satisfies the
Lyapunov equation (cf. Eq. 101)

T=A] Z-A+CeX =4 -2 A +C

and can be expressed in closed-form similar to Eq. 245. Hence, we can express the
individual covariances of the zero-mean Gaussian processes as:
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=3 '-Af - A
=Cyy(0)-G"-27!.G.

<l

The autocovariance function is

Cop(e) = {HZH $V=G"2'.G+V =0
" H-A'-G=G"4, G 1>0,

where the cross-covariance between hidden and observed state is given by
G =E[X,Y]]
=A0-T-H + 5.

Due to the definition of the backward state from Eq. 171 the cross-covariance can
be simply written as

G=H".

We can also develop a corresponding backward innovation form. The derivation of
the backward innovation form follows exactly the same procedure that gave the
forward innovation representation and we therefore only present the essential steps.

The backward oriented hidden-state variable 7},,1|t is defined as the conditional
mean of the stateX,_; given all measurements from the last time step 7 down to time
step ¢, that is

)_Et—l|t ::EWI71|YIT:|
3:/Yr—1f§(fr—1|y,T) dx,_1.
Xq

The state retrodiction (backward oriented state prediction) is

)_Er—l|r = E[(XO _)_(t +Et)|YfT}
— o E[XIY]]
= Ao ')_Cz\r-

and the state retrodiction error is
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X,,l‘, =X - X1

:ZO')_(z‘FEt_ZO')_Em
:ZO ')_(t|t+§t-

The state retrodiction covariance 5,+1‘ ;18

(Dt—l\z = E{XI—I‘IX£1‘1|YIY-:|

The measurement retrodiction error 7;_1‘ t:=Yi1 =Y,y is given by

Yt—l\t :H')?t—l + Vi1 _H')_Et—l\t
:H'Y,q\,-l-qu.

The innovation covariance is given by

_ =~ =T
S,y = E[Y,_”,Y,_IHY,T}

:H.E{X,_1|,X,_1|f|YIT} H +V

—H-®,_,,-H +7V.

The covariance between state and measurement is

p— iy =T

Qi 1= E{Xt—l\tyzq\;‘yf}
— —T

= (thl\f “H .

Based on the filter gain

W= @Fl\t 'Et—l\t
:6171&'1{ S

the update of the state can be written as

129

(176)
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xf71|t71 = xr71|r +W- Yt—1|t-
From the state retrodiction
=Ap (j t|e+1 +W- Yt\tﬂ)

= A ')_Ez\z+l +Ag- WYy

using the Kalman gain

-1
t—1|t

T.g

|

Il
hN| g:»l
el 5

t—1|r ° H

we finally arrive at the simultaneous system of equations:

X, ,=A0-X, +K 7,
Yf:ﬁ'}_(tb_an

and the definitions Ay = AOT and H =G = (Gf )T as before.

(177)

(178)
(179)

Because X,_j, = E[X,_1|Y[] is an expected value, the state retrodiction covari-

ance in steady-state can be expressed as

6z—l\t:E[Xz l\t — 1‘,|{Y,,l>t}:|

_E[ X, l—x, 1t (Xt l_xz l\t ‘{th>t}}
[ 1Xf i >f})} {(x,_”,xl_”,)T}

In steady state T and g satisfy the Lyapunov equations:

(180)
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T=A-T-A +C
=434 +K-5-K".

™M

The entries of & can also be calculated by solving an algebraic Ricatti equation (see
Eq. 298 in Section 4.2.2.).

As before, in steady-state ®,_;|, converges to ® and S,_;|, to S. Based on the
autocovariance

Cyy(0) =E[Y,Y]]
—H-Y H +5

we can express the backward Kalman gain (cf. de Cock 2002) as:

K= (A2 H ~ -2 H) (Cr(0) ~H = .ﬁT)"

= (1" a7 2 -6) (Cnl0) - 6" -2 6) (181)

where we have used the previous definitions Ay = AOT and H = G'. We define

G? := H. 1t holds that G* =G = (G-"')T. The autocovariance function therefore
can be expressed as

H-A ' G=G"-(a7")" -H" >0

= < 75T | < T b <
H-X-H =G -X- =
CYY (T) _ { + S G G + S T 0
The performance fluctuations in the backward innovation model can therefore be
expressed as

7; :N<§; 0q7§)
with covariance
S=Cy(0)-G"- .G (182)

After comprehensively analyzing different forward and backward representations
of an LDS, we will direct our attention toward a robust technique for estimating the
independent parameters from data. An iterative maximum likelihood estimation
technique for minimizing the deviation of the data from the predictions of the
forward model will be presented in the next chapter. It is not difficult to transform
the parameter estimates into the alternative forms by using the above definitions.
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2.10 Maximum Likelihood Parameter Estimation
with Hidden State Variables

Minimizing the deviation of observations from the model’s predictions is equiva-
lent to maximizing the likelihood of the sequence of observations conditioned on
the model structure and independent parameters. Unfortunately, to date the only
known methods for carrying out a maximum likelihood estimation of the parame-
ters of an LDS have been iterative, and therefore computationally demanding. The
objective function to be maximized is the logarithmic probability In £ (.) of the
fixed sequence of observations {y,}q¢ = (¥, Y1, --,Yr) given an underlying LDS
model with parameter vector 6 = [Ag H C V =y I

In £L(0{y,}) =In fol¥os - - -»yr] — max. (183)

The objective function is also known as the log-likelihood function. The
log-likelihood function can be obtained from the joint pdf fy[xo, - - ., X7, Y0s - - -» V7]
of the LDS (Eq. 139) through marginalization. The marginal pdf fylyo . . . y7] can be
calculated by integrating out the hidden states of the process (Eq. 140) and can be
simplified by factorization:

In L(0/{y,}g) =In folyo, - - 1]

zln/ / Folxos - x5 Y05 -+ y7] dxo...dxr
¢« Jx

x ! T-1 T
~In /Xq.../qu(,[xo]gfe[x,ﬂ|x,]gf9[y,|x,] dader

While the gradient and Hessian of the log-likelihood function are usually difficult to
compute, it is relatively easy to calculate the logarithmic joint probability and its
expected value for a particular setting of the independent parameters. The observ-
ability, i.e. whether the independent parameters can be identified uniquely for a
particular sequence of observations, is discussed in more depth later on. In the
following we will use a specific algorithm developed by Ghahramani and Hinton
(1996) to indirectly optimize the log-likelihood of the observations by iteratively
maximizing expectations. The general principle behind the Ghahramani-Hinton
algorithm is the expectation-maximization (EM) principle. The principle behind
the EM algorithm was first proposed by Hartley (1958). Hartley’s iterative maxi-
mum likelihood procedure with latent variables was first termed “EM algorithm” in
the classic paper of Dempster et al. (1977) in which they generalized Hartely’s
approach and proved local convergence. The searching direction of the algorithm
has a positive projection on the gradient of the log-likelihood. Each iteration
alternates between two steps, the estimation (E) and the maximization (M). The
maximization step maximizes an expected log-likelihood function for a given
estimate of the parameters that is recalculated in each iteration by the expectation
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step. As Roweis and Gharahmani (1999) show, we can use any parameterized
probability distribution gg[xo, ..., Xr] —not necessarily multivariate normal—
over the hidden state variables to obtain a lower bound on the log-likelihood
function In £(|{y,}, ):

ln/ oo folxo, .- X1, Y05 - -+ Ypldxo - . dxr
X4 X4
zln/ .../gv[xo,...,xT]f‘g[xo’”"xT’yO"“’yT]dxo...de
X4 X? e gJ[X(),..‘,XT]
Z/ .../gv[X(),...,XT]lnfg[xow“7XT’y07“.’yT]dX()...dXT
x¢ Jxo 0 gev[xo,...,xﬂ

= /q.../qg;[xo,...,xT]lnfe[xo,...,xT,yO,...,yT}dxo...de
X X

—/ .../gv[xo,...,xr]lngu[xo,...,xT]de...de
o JxdC 0 0

The inequality in the middle of the above expression is known as Jensen’s inequal-

ity. For greater clarity, the parameter vector @ of the auxiliary distribution g,

[x0,...,xr] is not explicitly declared in the following. In the EM literature,
the auxiliary distribution 8, is referred to as the auxiliary function or simply the

Q-function (Dellaert 2002).
If the “energy” of the complete configuration (X, X1, -..,X7 Y0, Y1,..., Y1) is
defined as

—In fplxo, -, xT, Vo5 - - -5 Y75

then the lower bound F(g,6) < In L(QH yt}OT ) is the negative of a quantity that is
known in statistical physics as the “free energy” (Honerkamp 2002). The free
energy is the expected energy under the distribution g[xy, . . ., x7] minus the differ-
ential entropy of that distribution (Neal and Hinton 1998; Roweis and Ghahramani
1999). The definition of the differential entropy is given in Eq. 232 and will be used
in later chapters to evaluate emergent complexity of the modeled phase of the PD
project.

The EM algorithm alternates between maximizing the function F(g, ) by the
auxiliary distribution g and by the parameter vector 6, while holding the other fixed.

The iteration number is denoted by k. Starting from an initial parameter setting 6, it
holds that
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E —step: g, = arg max, F(g,6) (185)
M —step: 6y = arg maxg F (g, 6). (186)

It can be shown that the maximum of the E-step is obtained when g is exactly the
conditional pdf f, of (X, X, ...,Xr) given (Yo, Yy, ..., Yr) and it holds that:

Sis1lX0, -, x7] = fo [X05 - X7V, - -, V7

Hence, the maximum in the M-step results when the term

/ / glxo, - xr)ln folxo, ..., xr, Yos -« -, ¥r| dxo...dxr
Jxa X4

in the function F(g, #) is maximized, since the differential entropy does not depend
on the parameters 8. Therefore, we can also express the EM algorithm in a single
maximization step:

M —step: Gy

= arg maxe/ / foxos - x7]yg, -, yrlIn fylxo, ..., X1, Yo, ..., yr] dXo...dxr.
xv Jx
(187)

In this sense the EM principle can be interpreted as coordinate ascent in F(g, 8). At
the beginning of each M-step it holds that F (g, ,,6x) = In £(6; ‘ {yt}OT) Since the
E-step does not change 0, the likelihood is guaranteed not to decrease after each
combined EM-step (Neal and Hinton 1998; Roweis and Ghahramani 1998). There-
fore, in the EM algorithm the solutions to the filtering and smoothing problem that
are incorporated in the conditional distribution f, [xo, ..., X[y, ..., 7] are
applied to estimate the hidden states given the observations and the re-estimated
model parameters. These virtually complete data points are used to solve for new
model parameters. In Fig. 2.21 a graphical illustration of the first three iteration
steps of the EM procedure are shown. Each lower bound F(g,0) touches the
objective function In £ (0I{ y,}OT) at the current estimate 6, and is in this sense
optimal. However, it is clear from the figure that the approached maximum of the
objective function is only locally optimal and therefore a proper initial setting 6, of
the independent parameters is crucial for the effectiveness of the EM algorithm. We
will return later in this chapter to this issue.

According to Eq. 184 the joint probability fy[xo, - .., X7, Yo, . - ., y7] of hidden
states and observations is multivariate normal and therefore the conditional distri-
bution fy [xo, ...,x7|Yp, ..., yr] also follows a multivariate normal distribution.
There are reasonably efficient algorithms—the introduced Kalman filter and the
corresponding smoother algorithm (see e.g. Shumway and Stoffer 1982)—for
inferring this distribution for a given setting of the parameters. Using the estimated
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Fig. 2.21 Graphical illustration of the Expectation-Maximization (EM) algorithm (Dempster
et al. 1977). The illustration was adapted from Streit (2006) and Wienecke (2013). The EM
algorithm iterates between computing a lower bound F(x;x”’) and maximization. The figure

shows the first three iterations for parameter settings X, XM and x® in blue, red and green. In

the illustrated case the EM algorithm converges to the global maximum of the objective function
shown in the middle and not to the local maximum shown on the right. For greater clarity, the
sequences of hidden state variables {x,}g and observations {y,}g are denoted by the single vectors
xandy

states obtained from the filtering and smoothing algorithms, it is usually easy to
calculate solutions for new parameter values. For LDS, solving for new parameter
values typically involves minimizing quadratic expressions such as Eq. 188. This
process is repeated using the new model parameters to infer the hidden states again,
until the log-likelihood grows only very slowly.

The Ghahramani-Hinton algorithm makes the EM principle for LDS fully
operational and can accurately estimate the complete set 6 of independent param-
eters. The algorithm is guaranteed to converge to a local maximum of the
log-likelihood function (Dempster et al. 1977, cf. Fig. 2.21). For some applications
in project management, the local optima can be a significant problem because
sometimes many symmetries exist in the LDS parameter space. The convergence
rate is typically linear in T and polynomial in ¢ and it therefore can also take many
iterations to reach a satisfactory predictive accuracy (for simplicity, we assume that
q > p, Martens 2009). This can be a real challenge for long series of observations
and a large state space because each iteration involves recursive estimations for all
hidden states over T time steps. An alternative approach is the combined
deterministic-stochastic subspace identification algorithm of van Overschee and
de Moor (1996). The algorithm is called a subspace algorithm because it retrieves
the system related matrices as subspaces of projected data matrices. The combined
deterministic-stochastic subspace identification algorithm reduces the estimation
problem to that of solving a large singular value decomposition problem
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(cf. canonical correlation analysis in Section 4.1.3), subject to some heuristics in the
form of user-defined weighting matrices. The user-defined weighting matrices
define which part of the predictive information in the data is important to retain.
The algorithm allows for computing the non-steady-state Kalman filter sequence
(cf. Section 2.9) directly from the observation sequences, without knowledge of the
system matrices. Because subspace identification is not iterative, it tends to be more
efficient than EM when the state space is high dimensional. However, because it
implicitly optimizes an objective function representing a sum of squared prediction
errors instead of the log-likelihood function, and because implicitly uses a rather
simple inference procedure for the hidden states, subspace identification is not
statistically optimal. In particular, point estimates of hidden states lacking covari-
ance information are obtained by conditioning on only the past / data points, where
l is an independent parameter known as the “prediction horizon” (Martens 2009). In
contrast, the EM algorithm estimates hidden states with mean and covariance
information, conditioned on the entire observation sequence { y,}g and the current
estimate 6; of the independent parameters in the kth iteration. Subspace-
identification also tends to scale poorly to high-dimensional time series. When
initialized properly the EM algorithm will find parameter settings with larger values
of the log-likelihood function and lower prediction errors than those found by the
deterministic-stochastic subspace identification algorithm. However, because of the
speed of subspace identification, its ability to estimate the dimensionality of the
state space, and the fact that it optimizes an objective that is similar to that of EM,
subspace identification is often considered an excellent method for initializing
iterative learning algorithms such as EM (Martens 2009). Smith and Robinson
(2000) and Smith et al. (1999) have carried out comprehensive theoretical and
empirical analyses of subspace identification and EM. Another standard approach
for estimating LDS parameters are prediction error methods (Ljung 1999). In this
approach, a one-step prediction-error objective is minimized. This is usually done
via gradient-based optimization methods. In this sense these methods have a close
kinship with the maximum likelihood method. However, prediction error methods
are often based on a stationary predictor and for finite-length sequences of obser-
vation vectors therefore are not equivalent to the maximum likelihood principle,
even if Gaussian noise is incorporated in the system equations. Prediction error
methods are also embodied in a software package and therefore have become the
dominant algorithms for system identification (Ljung 2000). But these methods do
have some shortcomings. Typical implementations use either gradient descent and
therefore require many iterations to converge, or use second-order optimization
methods but then become impractical for large models (Martens 2010). Under
certain circumstances the search for the parameters can be very laborious, involving
search surfaces that may have many local minima. This parameter search is
typically carried out using the damped Gauss-Newton method and therefore having
good initial parameter values is of crucial importance for estimation accuracy.
Because of the cited drawbacks of alternative methods and the theoretically very
satisfactory formulation and solution of the objective function, we will direct our
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attention to the EM procedure in the following presentation. An additional approach
for estimating parameters of linear Gaussian models of stochastic dynamical
systems was introduced recently by Rudary (2009). He introduced a new version
of the predictive linear-Gaussian model (Rudary et al. 2005, 2006) that models
discrete-time dynamical systems with real-vector-valued states and observations
and not just continuous scalar observations. He shows that the new predictive
linear-Gaussian model subsumes LDSs of equal dimensions and introduces an
efficient algorithm to obtain consistent estimates of the parameters from data. The
only significant limitation on the systems that predictive linear-Gaussian models
can be applied to is that the observation vectors cannot have a larger dimension than
the model itself and therefore the observation vector space cannot be underranked
in expectation (Rudary 2009).

According to Eq. 187 the EM procedure requires the evaluation of the expected
log-likelihood function of observations and hidden states for the particular setting
6, of the independent parameters in the kth iteration:

$:(0) = Eq,[In folxo, . .xr, o, vrl|[ {3 }o - 04

{y,}¥ denotes the fixed sequence of observations made in the PD project across an
interval of T + 1 time steps that used to compute the expectations. Similarly, {x,}}
in the following equations denotes the sequence of state vectors that starts at time
instant 0 and ends at instant ¢ < T. We attached the index 6, to the expectation
operator to indicate that the expectation has to be calculated with respect to the pdf
corresponding to the actual parameter estimate fy, [xo, ..., xr|yg, ..., Y7

Considering the definition of the joint pdf of the dynamic system from Egs. 152
and 153, the log-likelihood function over all hidden states and observations can be
expressed as a sum of three simple quadratic terms:

lnfg[)((),. "axT7y07"'ayT}
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It can be shown that the expected log-likelihood function depends on three expected
values related to the hidden state variables given the observations, namely
Ey, [X,|Y0T], Ey, [X,XIT|Y0T] and Ey, [XtX ] |YO] Following the notation of the
creators of the algorithm, we will use the variables
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to encode these expectations. The variable X, denotes the (re-)estimated state of the
process {X;} at time instant ¢ given the complete series of observations Y7. Inter-
estingly, the state estimate X, is not only based on past observations (Yy, .. ., Y,) but
also on the future history (Y,, ..., Y7). This is in contrast to the classic Kalman filter
in which only the estimates Ey, [X ,‘Y{)] are considered (Puri 2010). The above first-
and second-order statistics over the hidden states allow one to easily evaluate and
optimize £(6) with respect to 6 in the M-step. These quantities can be considered as
the “full smoother” estimates of the Kalman smoother (Roweis and Ghahramani
1999, see below).

As explained in the M-step each of the independent parameters is re-estimated
(see intuitive graphical representation in Fig. 2.21). The new parameter estimate is
obtained by maximizing the expected log-likelihood. To find a closed form of the
maximum of the expected log-likelihood function the partial derivatives are calcu-
lated for each parameter from Eq. 188. The following equations summarize the
results (Ghahramani and Hinton 1996). The re-estimated quantities are indicated by
the prime symbol.

Initial state location 7zq:

G

aﬂo = ()20 — ﬂo)Hal =0

:>71'6:)20

Initial state covariance Ilj:

State fluctuations covariance C:
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Output fluctuations covariance V:
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Note that the covariances possess the correct symmetry property as each of the
corresponding right-hand sides of the resulting formulas are already symmetric.
This can be expressed simply as P ,T[_l =P —1,r- To simplify the detailed descrip-
tion of the E-step, we will use three intermediate variables:

xf = Eg [X,|Y{]

L7 = Varg, [X,|Y(]
£, = Eg [XXT Y] — a7 (7).
The E-step consists of two sub-steps. The first sub-step is a forward recursion that
uses the sequence of observations from y, to y, for state estimation. This forward
recursion is the well-known Kalman filter which was introduced in the previous
chapter. The second sub-step carries out a backward recursion that uses the obser-
vations from yr to y,.; (Rauch 1963). The combined forward and backward
recursions are known as the Kalman smoother (Shumway and Stoffer 1982). The
following Kalman-filter forward recursions hold for t = 0 to T:
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It holds that x; ' = 79 and Xz, ' = . K, is the time-dependent Kalman gain matrix
(cf. Section 2.9).
T

To compute £, = x, andP, = E,T +x] (x, )T the following backward recursions
have to be carried out from ¢t = T to t = 1 (Shumway and Stoffer 1982):

_ -1
Ji = Z01Ag (27
;2[_1 = xaii +Ji ();r *AOJIC;:Q
X = 25:1 +Jim (Zr - 2;7 )Jz—l‘
. . . 5 T
Moreover, if t < T the conditional covariance P,,_ | = Z,T,,l + x,T (x,{l) of the
hidden states across two time steps can be obtained through the backward recursion:

EZt—l = Ztt]zT—l +Jr(2£1,z

- AOE” )] tT—l .
The recursion is initialized with ZTT’ 1 = (Iq — KrH )AOZ;:{.

If not only a single sequence of empirically acquired observation vectors y, of
work remaining is given but multiple realizations of the work processes had also
been acquired in N independent measurement trials, then the above equations can
be easily generalized. The basic procedure involves calculating the expected values
in the E-step for each sequence separately and summing up the individual quantities
to accumulated expectations. The only difficulty here is estimating the initial state
covariance. According to Ghahramani and Hinton (1996) we can define X P] as the
state estimate of sequence [i] at time instant ¢ and Xy, as the mean estimate at the
same time instant:

N D
.XNJ—N;X,.

Based on these estimates, we can then calculate the initial covariance as follows:
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In the M-step, the accumulated expectations are used to re-estimate the independent
parameters.

An interesting way of significantly simplifying the EM algorithm is to replace
the time-dependent matrices in the E- and M-steps with their steady-state values.
There are efficient methods for finding these matrices (e.g. the doubling algorithm,
Anderson and Moore 1979). Martens (2009) improved the efficiency of the EM
algorithm of Ghahramani and Hinton (1996) by using a steady-state approximation,
which simplifies inference of the hidden state and by using the fact that the M-step
requires only a small set of expected second-order statistics that can be approxi-
mated without doing complete inference for each x, as shown above. Martens’
experiments show that the resulting approximate EM algorithm performs nearly as
well as the EM algorithm given the same number of iterations (Martens 2009).
Since the calculations required per iteration of the approximate EM do not depend
on T, it can be much more computationally efficient when T is large.

In application areas with no or only shallow prior knowledge about the dynamic
dependency structure, the (true or approximate) EM iterations are usually initial-
ized with a setting 6y of the independent parameters in which Gaussian random
numbers are assigned to the initial state, the dynamical operator and the output
operator. In a similar manner the diagonal and off-diagonal entries of the
corresponding covariance matrices are set to Gaussian random numbers at the
start of the iterations. Clearly, randomizing the initial covariance matrices has to
be done under the constraint of matrix symmetry. Let x denote the number of
iterations that were calculated using the EM algorithm in a specific modeling and
simulation environment. The re-estimated setting of the independent parameters in
the (last) xth iteration is denoted by 6 . We assume that the independent parameters
were re-estimated sufficiently often. Sufficiently often means that the
log-likelihood grew only very slowly in the final iterations and a stable local
optimum was found. In many practical cases 20 to 30 iterations are sufficient to
reach a stable optimum.

It is important to note that the LDS system identification based on the maximum
likelihood principle lacks identifiability: Owing to the fact that the likelihood
function is invariant under an arbitrary invertible transform ¥ € R?*Y with
Det[¥] = 1, which transforms the set of parameters as
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the parameters identified with any ML procedure are not uniquely determined. This
statement can easily be proved simply by computing the likelihood of the new
parameter set ﬁ({x’, }g,Ai),H’, c,v, ﬂ'lo, Hlol{y,}g) using the above expressions. The
result then equals £({x,}], Ao, H, C,V, mo, ol{y,}]).

Therefore, the estimated initial state, initial covariance, dynamical operator,
state covariance, output operator and output covariance are all dependent on the
particular initial setting 6§, of the independent parameters that is used in the first
iteration and there are many different groups of system matrices (Ao and H) which
can generate a given set of observations. To ensure that the method does not lack
identifiability, constraints are imposed on the parameters to make the transform ¥
unique. There are several different options for constraining the parameters, e.g., the
one option given in Yamaguchi et al. (2007) in cases where the dimension of the
observed states is not smaller than the dimension of the hidden states. Another
constraint, which also holds in the case p < g, corresponds to the invariants of the
dynamical operator A under the transform W, namely the eigenvalues A; = 4;(A¢) of
the dynamical operator (see eigendecomposition in Section 2.3). Furthermore, it is
assumed that the initial state x, is known (cf. Eq. 2). Hence, we have the constraints:

e The dynamical operator is a diagonal matrix with unknown distinct diagonal
elements:

A() :AA :Diag[/ll,...,/lq},l,- 75111

e The initial state is known, e.g.

Xo =

To prove that imposing the above constraints is sufficient to make the transform
Y unique, we start from the invariance condition for A, Given that
Ag= Ay =A)= A,,wemusthave Ay =¥ - A, - ¥ orequivalently Ay - ¥ = W
Ay as ¥ is invertible. Considering this equation in elements, it yields
{4} - ¥; ;= {4,;} - Wi, ;, which can only be solved with ¥; ; =0 for i # j as the
diagonal elements A; # A; are distinct. To fix the diagonal elements of ¥ we consider
the invariance condition for xy, x;, = xo = ¥ - xo, which leads to a unique solution
Y=,
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In general, the eigenvalues of the dynamical operator may be complex-valued.
This would, in turn, lead to complex-valued unobserved state vectors. Note, that, in
principle, the transform ¥ can be complex-valued. To circumvent unobserved
complex valued dynamics, it is preferable to use a constraint which diagonalizes
the covariance C of the unobserved process fluctuations. As C is real-valued and
symmetric the eigenvalues 4; = 1;(C) are real and an arbitrary covariance can be
transformed by an orthogonal matrix into a diagonal matrix. Similar to the proof
given above, it is easy to show that the following constraints lead to a unique
solution for the transform ¥:

» The covariance C is a diagonal matrix with unknown distinct diagonal elements:
C= AC = Diag[ll, ce ,ﬂq],ﬂ,,’ # A.j.
» The signs of the real-valued components of the initial state are known.

However, where emergent complexity of PD projects with hidden state variables
has to be evaluated on the basis of the effective measure complexity (EMC,
Grassberger 1986) the lack of identifiability is not a critical issue, because the measure
is invariant under the above transform of model parameters. This is proved in Section
4.2.1. The EMC is an information-theoretic quantity that measures the mutual infor-
mation between the infinite past and future histories of a stationary stochastic process.
Section 3.2.4 formally introduces the EMC and gives a detailed explanation of its
interrelationships to other key invariants of stochastic processes. In the sense of an
information-theoretic learning curve, EMC measures the amount of apparent random-
ness at small observation windows during the stochastic task processing that can be
resolved by considering correlations between blocks with increasing length. For a
completely randomized work process with independent and identically distributed
state variables, the apparent randomness cannot be reduced by any means, and it
therefore holds that EMC = 0. For all other processes that have a persistent internal
organization, EMC is strictly positive. PD projects with more states and larger
correlation length are assigned higher complexity values. If optimal predictions are
influenced by events in the arbitrarily distant past, EMC can also diverge. However,
this is not relevant for the complexity analysis of the investigated linear systems.

If not only the coefficients and covariance matrices of an LDS have to be
estimated from data but also the dimensionality of the hidden state process {X,},
a good trade-off between the predictive accuracy gained by increasing the dimen-
sion of independent parameters and the danger of overfitting the model to random
fluctuations and not to rules that generalize to other datasets has to be found. In an
analogous manner to the model selection procedure that was introduced in Sec-
tion 2.4, information-theoretic or Bayesian criteria can be used to evaluate approx-
imating LDS models. An alternative method is to use the previously cited combined
deterministic-stochastic subspace identification algorithm of van Overschee and de
Moor (1996) to estimate the dimensionality of the state space and to initialize the
EM algorithm accordingly. However, in the following we focus on the Schwarz-
Bayes information criterion (BIC, cf. Eq. 71) because of its close theoretical
connection to the minimum description length principle. This principle aims to
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select the model with the briefest recording of all relevant attribute information and
builds on the intuitive notion that model fitting is equivalent to finding an efficient
encoding of the data. However, in searching for an efficient code, it is important to
not only consider the number of bits required to describe the deviations of the data
from the model’s predictions, but also the number of bits required to specify the
independent parameters of the model (Bialek et al. 2001). The minimum descrip-
tion length principle will be elaborated in Section 3.2.2.

According to the work of Yamaguchi et al. (2007), the BIC can be defined for an
LDS with dimension ¢ of the hidden states as:

2 InT
BIC(q) = —Tln ff},([y07 e V1] "‘Tk

20 InT
= _?ln gfé,c[ytb)ff], ce. ,yo] +Tk
2y InT
= —— lnf» VelViztye- 5 Y +7k
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It holds that f; [voly_i] = f5_[¥o]- The term In fj [yy,...,y7| denotes the best
estimate of the local maximum of the log-likelihood function. For a converging
estimation process, the best estimate is obtained in the x-th iteration of the EM
algorithm, and the  particular  setting of the parameters is

0= [A Wopgw W oy gl gl } According to the analysis in Sec-

tion 2.4, the corresponding quantity

2 T ~
_TZ: In 4 [y,|¥i15---, Y] = In Det [zw)}
t=0

is used to evaluate the one-step prediction error f(% p) (cf. Eq. 66) of the parame-
terized LDS and therefore indicates the goodness-of-fit of data and model. The
second term (In7/T)k penalizes model complexity. Equivalent to the definition of
the BIC for a vector autoregression model of order n in Eq. 71, the factor

+1 +1
k=61+qp+q(q2 )+p(p2 ) (190)

denotes the effective number of parameters of the approximating model. To calcu-
late the effective number of parameters, we have only considered the eigenvalues
Ai(Ap) of the dynamical operator A, as they are invariant under the invertible
transform ¥ and therefore well-determined parameters. This is in contrast to Wang
et al. (2011), who count all ¢* entries of Ay and ignore that system identification
based on any ML procedure lacks identifiability. We prefer the reduced number of
effective parameters, because it is not only an estimation theoretical necessity but
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can also be traced back to our information-theoretic approach to complexity
evaluation (Chapter 3.2.4).

The log-likelihood f; [yy, ..., y7] can be written in a simple parametric form
(Martens 2009). To derive this form, we define the conditional covariance of the
observations at time step ¢ as

= {Wxi- 1(H<>)T+V<x>
N A (x _ ~ )T ~ T N
H<K>Ag>z;,;( &) )T 4V,

It holds that 5! = 11" for ¢ = 0.
It is evident that

Fo iyl =N (333, 50),

where
v, = E. [Y,]{Y, {;1} = [ !

It holds that x;!' = 7%(()'() fort = 0.
Hence, the log-likelihood of the sequence of observations can be expressed by
the equation:
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In the second summand in the last row of the above equation we have

1=y [l ] = AL and S, = Var, [1iyy 1] = A 9A S (A0 ()T

t —

+V® forr > 0.
The number of dimensions g,,,, of the hidden states of the LDS is considered as
the optimal one if it is assigned minimum scores, that is

qope = arg min,BIC(q). (191)
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2.11 Product Development Project Management Example
Revisited

To demonstrate the more complex concept of a state process with hidden variables
and validate the developed project model with field data, the above recursions were
implemented into the Mathematica® modeling and simulation environment. The
estimation routines were also verified through the Bayesian Net Toolbox for Matlab
(BNT), which was developed by Murphy (2001). The field data came from the
previous case study of product development in the small German industrial com-
pany (see Section 2.5, Schlick et al. 2012). For simplicity, we also focus in the
following on the first two overlapping development tasks of project A, “conceptual
sensor design” (task 1) and “design of circuit diagram” (task 2), and model only
their overlapping range. Due to the barcode-based labor time system in the com-
pany, only the series of the time-on-task could be used as an objective observation
to estimate the evolution of the hidden state process. According to Section 2.5, the
conceptual sensor design had reached a completion level of 39.84% when the
design of the circuit diagram began. The observed work remaining at the initial

time step is therefore y, = (0.6016 1.0000)".

Moreover, we assumed that each development task is accompanied by two latent
subtasks representing horizontal and lateral communication. Due to the small size
of the company, diagonal communication was not relevant. Under these conditions
a six dimensional state process seems to be adequate to capture the essential
dynamics of the development project and we have Dim[x,] = 6. We term the
corresponding LDS model an LDS(6, 2), because the hidden states are six dimen-
sional and the observations two dimensional. We used the implemented estimation
routines to re-estimate the independent parameters in 20 iterations of the EM
algorithm. We chose an initial setting 8, of the independent parameters, in which
Gaussian random numbers were assigned to the initial state, the dynamical operator
and the output operator. The covariance matrices were set to a multiple of the
identity matrix.

As shown in the previous chapter, the parameters can only be identified up to an
unknown transformation. As the eigenvalues of the covariance of the hidden state
process and the eigenvalues of the dynamical operator are invariant under the
unknown transform, they are the only quantities which are estimated unambigu-
ously. We found the following values:

Eig [A 5)2“)] — {0.9075 £ 0.0273i,0.8312 % 0.2945i, — 0.2638 + 0.2188} (192)

Eig [ﬁgz")] = 107*- {12.346,1.198,0.453,0.0194,0.0067,0.0021}  (193)

Eig [C <20>} — 1074 - {6.764,3.952,1.769,0.928, 0.137,0.085}. (194)
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Fig. 2.22 List plot of work remaining in the real and simulated product development projects. In
an analogous way to Figs. 2.9 and 2.10, only the overlapping range of the first two tasks is shown in
conjunction with the means of simulated traces of task processing as note points and 95%
confidence intervals as error bars. The Monte Carlo simulation was based on the system of
equations 136 and 137. A six dimensional state vector was used to represent the state of the
project (LDS(6,2) model). The recursion formula for maximum likelihood parameter estimation
based on Expectation-Maximization are given in the text. A total of 1000 separate and independent
runs were calculated. Note points have been offset to distinguish the error bars. The stopping
criterion of 2% is marked by a dashed line at the bottom of the plot

i
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The estimated covariance matrix V of the normally distributed random variable 7,
related to the observation process is given by

ooy (5 92), 5

Based on the parameterized LDS model, an additional Monte Carlo simulation was
carried out within the Mathematica® software environment. One thousand separate
and independent simulation runs were calculated.

In an analogous way to Figs. 2.9 and 2.10, Fig. 2.22 shows the list plots of the
empirically acquired work remaining for both tasks as well as the means and 95%
confidence intervals of simulated time series of task processing, which were
calculated for the overlapping range over 50 weeks. The stopping criterion of §
= 0.02 was left unchanged and is plotted as a dashed line at the bottom of the chart.
Interestingly, according to Fig. 2.22 all 95% confidence intervals of the simulated
work remaining of both tasks include the empirical data points from the real project
before the stopping criterion is met. Furthermore, the confidence intervals are small.
Therefore, the LDS model can be fitted much better to the data than the rather
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simple VAR(1) and VAR(2) models from Section 2.5 (compare Figs. 2.9 and 2.10
to Fig. 2.22). For instance, in the parameterized VAR(1) model only 49 out of
50 confidence intervals (95% level) for task 1 and 28 out of 31 intervals for task
2 covered the empirical data points before the stopping criterion is met. It is
important to point out that this high goodness-of-fit only holds under the assump-
tion of a six dimensional state space.

If the parameter space is collapsed into three dimensions, for instance, the
goodness-of-fit is usually not better than with the vector autoregression model of
first order. The six dimensional state process is also able to accurately predict the
quite abrupt completion of task 2 in week 18, because the mean work remaining at
this point in time is equal to the stopping criterion. The root-mean-square deviation
between the predicted work remaining in task 1 and the field data is RMSD 5k
= 0.037 and therefore 20% lower than the deviation for the VAR(1) model. For task
2, the deviation is RMSDy,s»> = 0.055. This value is 48% lower than the deviation
obtained for the autoregression model of first order (see Section 2.5, Schlick
et al. 2012).

If the dimension of the hidden states cannot be specified by the model developer
based on knowledge about the task and communication structure in the project as
shown before, the Schwarz-Bayes criterion (BIC, see Eq. 189) is a theoretically
convincing alternative, because it favors the approximating model which is a
posteriori most probable. The drawback is that the criterion is only valid in a setting
with large sample size and therefore must be carefully applied in our case. We
systematically varied the dimensions of the hidden states between two and six
(Dim[x,] = {2,3,4,5,6}) and calculated the corresponding BIC(g) values based on
Eq. 189. For each approximating model, 20 iterations of the EM algorithm were
computed to estimate the independent parameters. As before, we used an initial
setting 0, of the independent parameters for each model in which Gaussian random
numbers were assigned to the initial state, the dynamical operator and the output
operator. The covariance matrices were set to a multiple of the identity matrix.

The model selection procedure showed that BIC is minimal for an LDS with a
four dimensional state process and we have BIC (qOP, = 4) = —19.311. For this
model the invariant parameters are:

Eig [A 5)20)} — {0.9342,0.8956 + 0.1836i,0.0443} (196)
Eig {ﬁffo)] = 1074 - {6.9595,0.1380, 0.0609,0.0044} (197)
Eig [é <2°>} = 1074 - {9.2319,2.4869,0.8116, 0.2221} (198)

and the observation noise covariance is:
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ooy (417 012). »

We investigated the sensitivity of the optimal model order that is selected on the
basis of the Schwarz-Bayes criterion. 200 independent trials of repeated parameter
estimation and model order selection were carried out. As before, the dimension-
ality of the state process was varied between two and six. In each trial, the
independent parameters for the given model order were estimated through 20 iter-
ations of the EM algorithm. The estimates were based on an initial parameter
setting 6, in which Gaussian random numbers were assigned to the initial state,
the dynamical operator and the output operator. The covariance matrices were set to
a multiple of the identity matrix. The results show that on average a LDS with a four
dimensional state process is selected.

In addition, 1000 separate and independent simulation runs were calculated to
determine the root mean square deviation between the predicted work remaining in
task 1 and the field data for the parameterized LDS(4,2) model according to
Egs. 196 to 199. The result is RMSDy,s; = 0.034. This empirical deviation is
approximately 9% lower than the value that was computed for the LDS(6, 2) model
and more than 25% lower than the corresponding values for the VAR(1) and VAR
(2) models (Section 2.5). Interestingly, for task 1 the predictive accuracy of the LDS
(4,2) model is higher than the LDS(6,2) model, even though the state space was
reduced from six to four dimensions. For task 2, the empirical deviation is
RMSDyysk2 = 0.070 and therefore approximately 35% and 38% lower than the
values obtained for the first- and second-order regression models respectively
(Section 2.5). Compared with the previously analyzed LDS, the value is approxi-
mately 27% larger. We conclude that the predictive accuracy of an LDS with a four
dimensional state process whose independent parameters were estimated by the
introduced EM algorithm can be not Pareto-inferior to an LDS(6, 2) model, and the
predictions of the work remaining can be almost as accurate as for the more
complex model. For both tasks the total root mean square deviation is only 13%
higher. The predictive accuracy of the LDS(4, 2) model is significantly higher than
the accuracy of the VAR(1) and VAR(2) models for both tasks and shows the
Pareto-superiority of the approach with hidden state variables. It is important to
point out that these conclusions only hold if the independent parameters are
estimated using a favorable initial setting. We will return to this issue in the
sensitivity analyses.

Figure 2.23 shows the list plots of the time series from the real project as well as
the means and 95% confidence intervals of simulated task processing for the LDS
(4,2) model. As before, the stopping criterion of 6 = 0.02 is plotted as a dashed line
at the bottom of the chart. For both tasks, the means and 95% confidence intervals
follow a pattern that is very similar to the LDS(6,2) model (Fig. 2.22). Therefore,
all confidence intervals of the simulated work remaining include the data points
from the real project before the stopping criterion is met. The only important
difference between both models with hidden state variables is that for task 2 the



150 2 Mathematical Models of Cooperative Work in Product Development Projects

work
remaining

1.0

0.8 .

task 2: real project

task 2: 95% CI simulated project
0.6

task 1: real project
0.4r task 1: 95% CI simulated project
4—{ 2 percent stopping criterion
0.2
______ \.LH_L jEpnp UUI 1]
00 L A A i LTI .
0 10 20 30 40 5o timelwecks]

Fig. 2.23 List plot of work remaining in the real and simulated product development projects. In
an analogous way to Figs. 2.9, 2.10 and 2.22, only the overlapping range of the first two tasks is
shown in conjunction with the means of simulated traces of task processing as note points and 95%
confidence intervals as error bars. The Monte Carlo simulation was based on the simultaneous
system of equations 136 and 137. In contrast to Fig. 2.22, only a four dimensional state vector was
used to represent the work remaining of the project (known as the LDS(4, 2) model). The recursion
formula for maximum likelihood parameter estimation based on Expectation-Maximization are
given in the text. A total of 1000 separate and independent runs were calculated. Note points have
been offset to distinguish the error bars. The stopping criterion of 2% is marked by a dashed line at
the bottom of the plot

lower dimensional model shows an oscillatory behavior of the means of work
remaining after the real completion of the task in week 18. The means first
undershoot the abscissa from week 18 to 21, then overshoot it from week 22 to
week 32 and finally follow a smoothly decaying geometric series until week 50 (see
bottom of Fig. 2.23). Interestingly, these oscillations lead to an average system
behavior that makes it possible to predict almost perfectly without using a stopping
criterion the abrupt completion of task 2 in week 18.

Finally, we carried out different sensitivity analyses for the LDS models. The
importance of these analyses should not be underestimated, given that the previ-
ously introduced EM procedure lacks identifiability and therefore an infinite num-
ber of parameterizations 6. theoretically exist that yield the same maximum
log-likelihood. In the first sensitivity analysis, we investigated the sensitivity of
the predictive accuracy of the LDS models in terms of the root-mean-square
deviation between the predicted work remaining and the field data for both devel-
opment tasks. For each model, 200 independent trials of repeated project execution
were simulated and analyzed. In each trial, the independent parameters were
estimated through 20 iterations of the EM algorithm with an initial setting 6, of
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the independent parameters, in which Gaussian random numbers were assigned to
the initial state, the dynamical operator and the output operator. The covariance
matrices were set to a multiple of the identity matrix. Based on the estimated
independent parameters, 1000 separate and independent simulation runs of project
dynamics were computed and the root-mean-square deviations for each case were
calculated. The complete dataset was used to calculate the mean RMSD?;]skl and
RMSD:L , over all trials. These overall means were compared to the corresponding
RMSDy,s; and RMSD,,4» values that were obtained in the previous Monte Carlo
simulation. We were thus able to assess whether the parameterized LDS(6,2)
model according to Eqgs. 192-195 and the LDS(4,2) model according to
Eqgs. 196-199 have an above-average predictive accuracy compared to alternative
models of the same class. If badly conditioned covariance matrices occurred during
the simulation and therefore the EM results possibly contained significant numer-
ical errors, the complete trial was recalculated.

For the LDS(6, 2) model, an overall RMSD?, | = 0.0397 was computed for task
1 and RMSD,, = 0.0750 for task 2. Both overall deviations are larger than the
RMSD,,q; and RMSD,,» values from the previous simulation. Therefore, the
predictive accuracy of the LDS(6, 2) model shown is higher than the accuracy of an
average model. An additional analysis of the empirical cumulative distribution
function showed for task 1 that the RMSDy,; value is equivalent to the 40th
percentile of the distribution. In other words, the RMSDy,; value is exceeded by
60% of all 200 simulated trials. For task 2 the RMSD,,4» value is equivalent to the
30th percentile of the distribution. The relative accuracy deviation is approximately
7% for task 1 and 26% for task 2 and therefore seems to be negligible for almost
every application in project management. The LDS(4,2) model leads to an overall
RMSD | = 0.0455 for task 1 and an overall RMSD{, =0.1065 for task
2. Similar to the LDS(6,2) model, both values are larger than the previously
calculated RMSDy,q; and RMSD,,q» values. However, the predictive accuracy
of the LDS(4,2) model is much higher than the accuracy of average models and
demonstrates unexpected predictive power for such a low-dimensional model. The
empirical cumulative distribution function showed for task 1 that the RMSDy,q
value represents approximately a fourth percentile and for task 2 the RMSD x>
value a 13th percentile. For task 1 the relative accuracy deviation is approximately
28% and for task 2 approximately 36% for the benefit of the given model. These
values can be relevant for project controlling. For application in project manage-
ment, it therefore makes sense to estimate the independent parameters in indepen-
dent runs of the EM iterations with a randomized initial setting 6, of the
independent parameters and to select the model with the most favorable properties
for the given application. Desired properties can include the highest total predictive
accuracy, the highest predictive accuracy in certain tasks, etc.

The second sensitivity analysis evaluated the sensitivity of emergent complexity
associated with the parameterized LDS models as constructive representations of a
complex PD project. The dependent variable to evaluate emergent complexity was
the cited effective measure complexity (EMC) according to Grassberger (1986). As
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in the first sensitivity analysis, 200 independent trials of repeated project execution
were considered for each LDS model and the corresponding EMC values were
calculated. In each trial, the independent parameters were re-estimated in 20 itera-
tions of the EM algorithm. We used an initial setting 6, of the independent
parameters, in which Gaussian random numbers were assigned to the initial state,
the dynamical operator and the output operator. The covariance matrices were set to
a multiple of the identity matrix. The implicit solution of de Cock (2002) from
Eq. 299 was used to calculate the EMC values based on estimated independent
parameters 6 5. The infinitive sum was approximated by a partial sum of 100 terms.
Under this boundary condition the other closed-form solutions from Egs. 291 and
308 produce results that are correct to three decimal places and can therefore be
considered numerically equivalent. For the LDS(6,2) model the complexity value
is EMCyps(s,2) = 3.1363. The 200 independent trials lead to a mean complexity of

EMCEil)S(s,z) = 3.0946. The relative difference is less than 2% and therefore neg-

ligible for almost every application in project management. An analysis of the
empirical cumulative distribution function showed that the EMCy pg( 2, value is
equivalent to the 54th percentile of the empirical distribution and therefore close to
the median. Regarding the parameterized LDS(4,2) model a smaller complexity
value of EMCy ps(4,2) = 2.9312 was obtained as one would expect for a model with
lower dimensional (hidden) state space. The mean complexity over 200 trials was
EMCE%S (42) = 3.3041. The relative difference is approximately 13% and therefore

much larger than for LDS(6,2) model. This difference could be relevant for
practical complexity evaluations. The EMCy pg4 2 value is equivalent to the 14th
percentile of the empirical distribution. This means that 86% of the models in the
sample exceed the emergent complexity that is associated with the introduced
dynamical operators and covariance matrices. Interestingly, the mean complexity
related to the LDS(4, 2) models is slightly larger than the mean related to the higher-
dimensional LDS(6,2) models. This counterintuitive result of the sensitivity anal-
ysis shows that a stochastic process generated by an LDS with a comparatively low
dimensionality of the state space must not necessarily be less complex than higher
dimensional representations, because strong interactions between internal states
might exist that lead to strong correlations between observations of task processing
and therefore to increasing time-dependent complexity.

In the third and final sensitivity analysis, we carried out an additional evaluation
of the sensitivity of emergent complexity of cooperative task processing
represented by the LDS models. However, we did not use the introduced indepen-
dent parameter vector 6 5 to directly calculate the EMC values based on the closed-
form solution from Eq. 299. Instead, we used a parameterized LDS model to
simulate task processing, generate time series and (re-)estimate the independent
parameters purely from data. The data consisted of ten independent cases of the
work remaining for both development tasks over 7 = 100 time steps. In line with
the procedure used for the previous sensitivity analyses, 200 independent trials of
repeated data generation were considered for each LDS model. In each trial, the ten
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independent cases of work remaining were input into the EM algorithm, and
20 iterations were calculated based on an initial setting 6y, in which Gaussian
random numbers were assigned to the initial state, the dynamical operator and the
output operator. The covariance matrices were set to a multiple of the identity
matrix. After the 20th iteration, the re-estimated independent parameters 6y, were
used to calculate the EMC values based on Eq. 130. We hypothesized that although
the introduced EM procedure lacks identifiability, the emergent complexity can be
accurately estimated fusing data from the “true” LDS(6,2) and LDS(4, 2) models
by averaging over EMC values which were obtained in repeated Monte Carlo trials.
This is a pivotal hypothesis, because if it proved unverifiable, the introduced
maximum likelihood estimation procedure could lead to inaccurate and unreliable
complexity evaluations in the application domain. Concerning the parameterized
LDS(6,2) model, the mean complexity value that was estimated from the data is

EMC?}B‘;’E‘:Z) = 3.1254. The relative difference between this value and the reference

EMC, ps(6.2) value is less than 0.5%. This difference is significantly smaller than the
difference obtained in the purely analytical evaluation, which means it is also
negligible for almost every application in project management. An analysis of the

empirical cumulative distribution function showed that the EMCy ps 2, value is

equivalent to the 54th percentile of the empirical distribution of the EMC%‘;T?Z)

values and therefore also very close to the median. For the parameterized LDS(4, 2)

model the corresponding mean complexity is EMCi%g?fz) = 3.0466. The relative

difference is approximately 4%. This value is also significantly lower than the one
obtained in the purely analytical evaluation and seems to be negligible for most
applications. The EMCj psu 2, value is equivalent to the 15th percentile of the
empirical distribution. Interestingly, the indirect, data-driven sensitivity analysis
leads, for both LDS models, to mean complexity values that are significantly closer
to the true values than the direct analytical approach. For use in project manage-
ment, it can therefore be beneficial to evaluate emergent complexity using the
introduced indirect estimation methods rather than doing so directly by using the
closed-form solution from Section 4.2.1 or 4.2.2 after completed EM runs.
Finally—and most importantly—the results show that although the EM procedure
lacks identifiability, emergent complexity can be accurately estimated from data
simply by averaging over EMC values which were obtained in repeated Monte
Carlo trials. Additional methods of dealing with divergent and inconsistent findings
by introducing auxiliary concepts seem to be unnecessary.

In conclusion, in terms of emergent complexity the introduced LDS(6,2) model
seems to be a very good dynamical representation of all models within this class
that are parameterized based on the EM algorithm. The emergent complexity
associated with the alternative LDS(4,2) model shown is within the first quartile
and therefore too low to be representative. However, we preferred to present that
model with reduced state space dimensionality because the root-mean-square
deviation between the predicted work remaining and the field data is within the
first quantiles for both tasks, and for task 1 it is also lower than the deviation
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obtained of the LDS(6, 2) model. This finding holds even though lower complexity
values are assigned to the LDS(4,2) model. This is a good example of how
emergent complexity in the sense of Grassberger’s theory cannot simply be eval-
uated by classic predictability measures. A good model not only has to be able to
make accurate predictions; it must also employ an internal state representation that
is not unnecessarily complex to capture the set of essential regularities in a process.
We will return to this important issue in the next chapter.
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Chapter 3
Evaluation of Complexity in Product
Development

The term “complexity” stems from the Latin word “complexitas,” which means
comprehensive or inclusive. In current usage, it is the opposite of simplicity, though
this interpretation does not appear to be underpinned by any explicit concept that
could be directly used for the development of scientifically rigorous models or
metrics. Various disciplines have studied the concepts and principles of complexity
in basic and applied scientific research. Several frameworks, theories and measures
have been developed, reflecting the differing views of complexity between disci-
plines. An objective evaluation of structural and dynamic complexity in PD would
benefit project managers, developers and customers alike, because it would enable
them to compare and optimize different systems in analytical and experimental
studies. To obtain a comprehensive view of organizational, process and product
elements and their interactions in the product development environment, a thorough
review of the notion of complexity has to start from organizational theory (Section
3.1). The literature on organizational theory shows that the complexity of PD
projects results from different “sources” and the consideration of the underlying
organizational factors and their interrelationships is essential to successful project
management (Kim and Wilemon 2009). However, our analyses have shown that
static factor-based approaches are not sufficient to evaluate emergent complexity in
open organizational systems and therefore the complexity theories and measures of
basic scientific research must also be taken into account to capture the inherently
complex nature of the product development flow (cf. Amaral and Uzzi 2007). These
theories and measures can provide deeper insights into emergent phenomena of
complex sociotechnical systems and dynamic mechanisms of cooperation (Section
3.2). Selected measures can also be used to optimize the project organization
(Schlick et al. 2009, see Sections 5.2 and 5.3). The measures build upon our
intuitive assessment that a system is complex if it is difficult to describe. The
description can focus on structure, processes or both. In the description not only
the length and the format are relevant but also the expressive power of the
“description language.” Furthermore, in a process-centered view, for many
nontrivial systems the difficulty of prediction and retrodiction have to be
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simultaneously taken into account to obtain valid results. Comprehensive over-
views of this and related concepts including detailed mathematical analyses and
illustrations can be found in Shalizi (2006), Prokopenko et al. (2009) and Nicolis
and Nicolis (2007). We will describe the main concepts and methods of basic
scientific research in Section 3.2 based on the material from Shalizi (2006). For
effective complexity management in PD, the product-oriented measures from
theories of systematic engineering design are also relevant (Section 3.3). Seminal
work in this field has been done by Suh (2005) on the basis of information-theoretic
quantities. These quantities are also the foundation of statistical complexity mea-
sures from basic scientific research, which means that Suh’s complexity theory and
recent extensions of it (see Summers and Shah 2010) must be discussed in the light
of the latest theoretical developments. Moreover, the literature that has been
published concerning the design structure matrix (Steward 1981) as a universal
dependency modeling technique has to be considered (see e.g. Lindemann
et al. 2009; Eppinger and Browning 2012). This literature also provides a firm
foundation for quantitative modeling of cooperative work in PD projects by means
of either time- or task-based design structure matrices (see e.g. Gebala and
Eppinger 1991; Smith and Eppinger 1997; Schlick et al. 2007). In general, we
have sought to restrict our analyses to mature scientific theories because of their
universality, objectivity and validity.

3.1 Approaches from Organizational Theory

According to Murmann (1994) and Griffin (1997), complexity in the product
development environment is determined by the number of (different) parts in the
product and the number of embodied product functions. This basic approach can be
used to assess complexity in different types of PD projects, for instance the five
classic types defined by Wheelwright and Clark (1992): research and development,
breakthrough, platform, derivative, and alliances and partnership projects. To make
this approach fully operational, Kim and Wilemon (2003) developed a complexity
assessment template covering these and other important “sources.” The first source
in their assessment template is “technological complexity,” which can be divided
into “component integration” and “technological newness.” The second source is
the “market (environmental) complexity” that results from the sensitivity of the
project’s attributes to market changes. “Development complexity” is the third
source and is generated when different design decisions and components have to
be integrated, qualified suppliers have to be found and supply chain relationships
have to be managed. The fourth source is “marketing complexity,” which results
from the challenges of bringing the product to market. “Organizational complexity”
is the fifth source, because projects usually require intensive cooperation and
involve many areas of the firm. Their coordination leads to “intraorganizational
complexity,” the sixth source. When in large-scale engineering projects many other
companies such as highly specialized engineering service providers are involved
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and must be coordinated in a continuous integration rhythm, this source should be
extended and cover both inter- and intraorganizational complexity. In order to
validate and prioritize sources of complexity, Kim and Wilemon (2009) conducted
an extensive empirical investigation. An analysis of exploratory field interviews
with 32 project leaders and team members showed that technological challenges,
product concept/customer requirement ambiguities and organizational complexity
are major issues that generate complexity in PD. The perceived dominant source
was technological challenges, since roughly half of the respondents noted techno-
logical difficulties encountered in attempting to develop a product using an
unproven technique or process. With regard to complexity in the management of
projects of different types—not necessarily focusing on (new) product development
projects—Mulenburg (2008) distinguishes between the following six sources:
(1) Details: number of variables and interfaces, (2) Ambiguity: lack of awareness
of events and causality, (3) Uncertainty: inability to pre-evaluate actions,
(4) Unpredictability: inability to know what will happen, (5) Dynamics: rapid rate
of change, and (6) Social structure: number and types of interactions between
actors.

Holttad-Otto and Magee (2006) developed a project complexity framework based
on the seminal work of Summers and Shah (2003). They identified three dimen-
sions: the product itself (artifact), the project mission (design problem), and the
tasks required to develop the product (process). The key indicators for each of these
dimensions are size, interactions and stretch (solvability). Holttd-Otto and Magee
conducted interviews in five divisions of large corporations competing in different
industries on the North American market. Their findings show that the effort
estimation is primarily based on the scale and the stretch of the project. Surpris-
ingly, they found no utilization of the level of either component or task interactions
in estimating project complexity. Further, they found no empirical evidence for
interactions being a determinant of project difficulty (Holtt4d-Otto and Magee 20006).
Tatikonda and Rosenthal (2000) focus on the task dimension and relate project
complexity to the nature, quantity and magnitude of the organizational subtasks and
subtask interactions required by a project.

A recent work combining a literature review and their own empirical work on the
elements that contribute to complexity in large engineering projects was published
by Bosch-Rekveldt et al. (2011). The analysis of the literature sources and 18 semi-
structured interviews in which six completed projects were studied in depth led to
the development of the TOE framework. The framework covers 50 different ele-
ments, which are grouped into three main categories: “technical complexity” (T),
“organizational complexity” (O) and “environmental complexity” (E). Additional
subcategories of TOE are defined on a lower level: “goals,” “scope,” tasks,”
“experience,” “size,” “resources,” “project team,” “trust,” “stakeholders,” “loca-
tion,” “market conditions,” and “risks,” showing that organizational and environ-
mental complexity are more often linked with softer, qualitative aspects.
Interestingly, Bosch-Rekveldt et al. (2011) distinguish between project complexity
and project management (or managerial) complexity. Project management com-
plexity is seen as a subset of project complexity. Various normative organizing

9
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principles for coping with managerial complexity can be found in the standard
literature on project management (e.g. Shtub et al. 2004; Kerzner 2009). If, for
instance, the level of managerial complexity is low, project management within the
classic functional organizational units of the company is usually most efficient and
cross-functional types of project organization can create unnecessary overhead.
However, if coordination needs between functional, spatial and temporal bound-
aries are high, a matrix organization is often the better choice, as it allows devel-
opment projects to be staffed with specialists from across the organization (Shtub
et al. 2004). The preferred organizational structure for large-scale, long-term
engineering projects is pure project organization. The inherent advantage of this
type of structure is that responsibilities for the project lie with one team, which
works full-time on the project tasks throughout the entire project life cycle. Specific
sources of managerial complexity and their impact on performance were also
examined in the literature, e.g. communication across functional boundaries
(Carlile 2002), cross-boundary coordination (Kellogg et al. 2006), spatial and
temporal boundaries in globally distributed projects (Cummings et al. 2009), and
the effects of a misalignment in the geographic configuration of globally distributed
teams (O’Leary and Mortensen 2010). Maylor et al. (2008) developed an integra-
tive model of perceived managerial complexity in project-based operations. Based
on a multistage empirical study elements of complexity were identified and classi-
fied under the dimensions of “mission,” “organization,” “delivery,” “stakeholder,”
and “team.”

The literature review shows that there are a large variety of nomenclatures and
definitions for the sources of complexity in PD projects. However, the underlying
factors have not yet been integrated into a single objective and valid framework.
According to Lebcir (2011) there is an urgent need for a new, non-confusing, and
comprehensive framework that is derived from the extensive body of available
knowledge. He suggests a framework in which “project complexity” is decomposed
into “product complexity” and “innovation.” Product complexity refers to structural
complexity (see Section 3.3) and is determined by “product size” in terms of the
number of elements (components, parts, subsystems, functions) in the product and
by “product interconnectivity,” which represents the level of linkages between
elements. On the other hand, innovation refers to “product newness” and “project
uncertainty.” Product newness represents the degree of redesign of the product
compared to previous generations of the same or similar products. Project uncer-
tainty represents the fact that methods and capabilities are often not clearly defined
at the start of a project. The results of a dynamic simulation indicate that an increase
in uncertainty has a significant impact on the development time. The other factors
also tend to increase development time as they increase, but their impact is not
significantly different in projects involving medium or high levels of these factors.

In reviews of the more practice-oriented project management literature, two
complexity models have received considerable attention, especially at large-scale
development organizations: (1) the UCP (uncertainty, complexity and pace) model
and the (2) NTCP (novelty, technology, complexity and pace) model. Both models
were developed by Shenhar and colleagues (Shenhar and Dvir 1996, 2007; Shenhar
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1998). In principle, these models can be applied to all types of projects. The UCP
model is based on a conceptual two-dimensional taxonomy which classifies a
project according to four levels of technological uncertainty and three levels of
system scope. The four levels of technological uncertainty (low-tech, medium-tech,
high-tech and super-high-tech) mainly refer to the uncertainty as perceived by the
organization at the time of the project’s initiation and thereby indicate how soon the
product functions can be concretized. Moreover, they characterize the extent of new
and therefore possibly premature technologies that are needed to reach the project
goals. In the UCP model, the second dimension of system scope is based on the
complexity of the system as expressed by the different hierarchies inside the
product (assembly, system and array). Since systems are composed of subsystems
and subsystems of components, hierarchies usually involve many levels. Hierar-
chies apply to systems as well as to tasks, which together determine the overall
complexity of the project. The element of time in terms of “pace” was added to the
model to account for the urgency and criticality of reaching milestones, as mile-
stones with different time constraints call for different managerial strategies (Dvir
et al. 2006). When complexity, uncertainty or pace increase, project planning
becomes more difficult and the risk of project failure increases. Consequently, the
formality of project management must also increase. The UCP model is based on
quantitative and qualitative analyses of more than 250 projects within the US and
Israeli defense and industry sectors. However, since it is usually used in retrospect
rather than at the outset of new projects, the UCP model has a descriptive character.
In contrast, the NTCP model, also called the “Diamond Framework,” was devel-
oped as a prescriptive model in order to analyze projects and provide a better
understanding of what needs to be done in order to ensure their success. The
Diamond Framework is based on four pillars. The first pillar, “novelty,” refers to
the degree of newness (derivate vs. platform vs. breakthrough) of project results or
crucial aspects of the project. With varying degrees of novelty, different require-
ments must be satisfied and corresponding action plans have to be developed. The
second pillar represents the level of “technological uncertainty” in a project.
Technological uncertainty is primarily determined by the level of new and mature
technology required (low vs. medium vs. high vs. super-high technology). As the
level of technological uncertainty rises, the risk of failure and efficiency loss
increases. “Complexity,” the third pillar, describes the types of arrangement
between elements within the system, especially their hierarchical structure (assem-
bly vs. system vs. array). Higher degrees of complexity entail more interaction
between elements, which in turn demands higher project management formality.
The fourth and final pillar of the NTCP model is “pace.” As within the UCP model,
pace refers to the urgency of reaching time goals and milestones. It chiefly depends
on the available time for project completion and is divided into four types: regular,
fast/competitive, time-critical and blitz. By considering all four pillars of the NTCP
model at the beginning of the project and revisiting them as it progresses, project
managers are provided with a methodology for assessing the uniqueness of their
project and selecting appropriate management methods and techniques for coping
with complexity.
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Like the UCP and NCTP models, the Project Complexity Model developed by
Hass (2009) has received a great deal of attention in the practice-oriented project
management community. This model offers a broad framework for identifying and
diagnosing the aspects of complexity within a project so that the project team can
make appropriate management decisions. The model captures a number of sources
of project complexity, including project duration and value; team size and compo-
sition; urgency; schedule, cost, and scope flexibility; clarity of the problem and
solution; stability of requirements; strategic importance; stakeholder influence;
level of organizational and commercial change; external constraints and dependen-
cies; political sensitivity; and unproven technology (Hass 2009). The detailed
complexity dimensions are shown in Table 3.1. The Project Complexity Model
can also be used to evaluate the complexity of a particular project in an enterprise.
To carry out the evaluation, Hass (2009) developed a corresponding “Project
Complexity Formula,” which is summarized in Table 3.2.

The complexity templates and frameworks that have been developed in organi-
zation theory and neighboring disciplines are especially beneficial for the manage-
ment of product development projects because they help to focus managerial
intervention on empirically validated performance-shaping factors and key ele-
ments of complexity. It must be criticized, though, that without a quantitative
theory of emergent complexity it is almost impossible to identify the essential
variables and their interrelationships. Furthermore, it is very difficult to consolidate
them into one consistent complexity metric. In the literature very few authors, such
as Mihm et al. (2003, 2010), Rivkin and Siggelkow (2003, 2007), and Braha and
Bar-Yam (2007) build upon quantitative scientific concepts for the analysis of
complex sociotechnical systems. Mihm et al. (2003) present analytical results
from random matrix theory predicting that the larger the project, as measured by
components or interdependencies, the more likely are problem-solving oscillations
are and the more severe they become—failure rates grow exponentially. In the work
of Rivkin and Siggelkow (2003, 2007), Kaufman’s the famous biological evolution
theory and the NK model are used to study organizations as systems of interacting
decisions. Different interaction patterns such as block diagonal, hierarchical, scale-
free, and so on are integrated into a simulation model to identify local optima. The
results show that, by keeping the total number of interactions between decisions
fixed, a shift in the pattern can alter the number of local optima by more than one
order of magnitude. In a similar fashion Mihm et al. (2010) use a statistical model
and Monte Carlo experiments to explore the effect of an organizational hierarchy
on search solution stability, quality and speed. Their results show that assigning a
lead function to “anchor” a solution speeds up problem-solving, that the choice of
local solutions should be delegated to the lowest hierarchical level, and that
organizational structure is comparatively unimportant at the middle management
level, but does indeed matter at the “front line,” where groups should be kept small.
Braha and Bar-Yam (2007) examine the statistical properties of networks of people
engaged in distributed development and discuss their significance. The
autoregression models of cooperative work that were introduced in Chapter 2
(Eq. 8 and 39) are quite closely related to their dynamical model. However, there
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Table 3.1 Complexity dimensions and project complexity profiles of the Project Complexity
Model developed by Hass (2009)

Complexity Project complexity profile
dimensions Independent Moderately complex Highly complex
Time/Cost <3 months 3—6 months >6 months
< $250K $250K-$750K > $750K
Team Size 3—4 team members 5-10 team members >10 team members

Team Composi-

« Strong project leader-

» Competent project

« Project manager

tion and ship leadership inexperienced in
Performance » Team staffed inter- » Team staffed with leading complex pro-
nally, has worked internal and external jects
together in the past, and | resources; internal staff |« Complex team
has a track record of has worked together in | structure of varying
reliable estimates the past and has track competencies (e.g.,
 Formal, proven PM, record of reliable esti- contractor, virtual,
BA and SE methodol- | mates culturally diverse,
ogy with QA and QC * Contract for external outsourced)
processes defined and | resources is straightfor- | « Complex contracts;
operational ward; contractor perfor- | contractor perfor-
mance is known mance unknown
* Semi-formal method- |« Diverse
ology with QA/QC pro- | methodologies
cesses defined
Urgency and » Minimized scope * Schedule, budget and « Over-ambitious

Flexibility of
Cost, Time and
Scope

* Small milestones
 Flexible schedule,
budget and scope

scope can undergo
minor variations, but
deadlines are firm

« Achievable scope and
milestones

schedule and scope

« Deadline is aggres-
sive, fixed, and cannot
be changed

» Budget, scope and
quality leave no room
for flexibility

Clarity of Prob-
lem, Opportunity
and Solution

« Clear business objec-
tives

* Easily understood
problem, opportunity
or solution

* Defined business
objectives

* Problem or opportunity
is partially defined

* Solution is partially
defined

 Unclear business
objectives

* Problem or opportu-
nity is ambiguous and
undefined

« Solution is difficult
to define

Requirements
Volatility and
Risk

« Strong customer/user
support

« Basic requirements
are understood,
straightforward and
stable

» Adequate customer/
user support

« Basic requirements are
understood but are
expected to change

* Moderately complex
functionality

« Inadequate cus-
tomer/user support
« Requirements are
poorly understood,
volatile and largely
undefined

« Highly complex
functionality

Strategic Impor-
tance, Political
Implications,
Multiple
Stakeholders

« Strong executive sup-
port

* No political implica-
tions

« Straightforward
communications

» Adequate executive
support

* Some direct impact on
mission

* Minor political
implications

» Mixed/inadequate
executive support

« Impact on core mis-
sion

» Major political
implications

(continued)
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Table 3.1 (continued)

Complexity Project complexity profile
dimensions Independent Moderately complex Highly complex
« 2-3 stakeholder groups | ¢ Visible at highest
* Challenging communi- | levels of the organi-
cation and coordination | zation
effort » Multiple stakeholder
groups with
conflicting
expectations
Level of Organi- |+ Impacts a single busi- | Impacts 2-3 somewhat | Large-scale organi-

zational Change

ness unit, one familiar
business process and
one IT system

familiar business units,
processes and IT
systems

zational change that
impacts the enterprise
* Spans functional
groups or agencies

« Shifts or transforms
the organization

» Impacts many busi-
ness processes and IT
systems

Level of Com-
mercial Change

* Minor changes to
existing commercial
practices

* Enhancements to
existing commercial
practices

» Groundbreaking
commercial practices

Risks, Depen-
dencies, and

» Considered low risk
* Some external influ-

» Considered moderate
risk

« Considered high risk
* Overall project suc-

External ences » Some project objec- cess largely depends
Constraints » No challenging inte- | tives are dependent on on external factors
gration issues external factors « Significant integra-
* No new or unfamiliar |« Challenging integra- tion required
regulatory require- tion effort  Highly regulated or
ments » Some new regulatory | novel sector
» No punitive exposure | requirements « Significant exposure
* Acceptable exposure
Level of IT « Solution is readily * Solution is difficult to | » Solution requires
Complexity achievable using achieve or technology is | groundbreaking inno-

existing, well-
understood technolo-
gies

* IT complexity is low

proven but new to the
organization

« IT complexity and leg-
acy integration are
moderate

vation

« Solution is likely to
use immature,
unproven or complex
technologies provided
by outside vendors

« IT complexity and
legacy integration are
high
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Table 3.2 Decision table of the Project Complexity Formula developed by Hass (2009)

Highly Complex Moderately Complex Independent
Level of change = large-scale Two or more categories in the No more than one
enterprise impacts “moderately complex” column category in the

or or “moderately

Both the problem and the solution | One category in the “highly complex” column
are difficult to define or under- complex” column and three or and

stand, and the solution is difficult | more in the “moderately com- No categories in the
to achieve. The solution is likely | plex” column “highly complex”
to use unproven technologies. column

or

Four or more categories in the

“highly complex” column

To evaluate the complexity of a particular project, the boxes in the Project Complexity Model from
Table 3./ that best describe the project must be shaded out. Then, the complexity formula can be
applied by following the decision rules above

are important differences: the VAR(1) models are defined over a continuous range
of state values and can therefore represent different kinds of cooperative relation-
ships as well as precedence relations (e.g. overlapping); each task is unequally
influenced by other tasks; and finally, correlations p;; between performance fluctu-
ations among tasks 7 and j can be captured.

3.2 Approaches from Basic Scientific Research

3.2.1 Algorithmic Complexity

Historically, the most important measure from basic scientific research is algorith-
mic complexity, which dates back to the great mathematicians Kolmogorov,
Solomonoff and Chaitin. They independently developed a measure known today
as the “Kolmogorov—Chaitin complexity” (Chaitin 1987; Li and Vitanyi 1997). In
terms of information processing, the complexity of the intricate mechanisms of a
nontrivial system can be evaluated using output signals, signs and symbols that are
communicated to an intelligent observer. In this sense, complexity is manifested to
an observer through the complicated way in which events unfold in time and are
organized in state space. According to Nicolis and Nicolis (2007), the characteristic
hallmarks of such spatiotemporal complexity are nonrepetitiveness, a pronounced
variability extending over many scales of place and time, and sensitivity to initial
conditions and to the other parameters. Furthermore, a given system can generate a
variety of dependencies of this kind associated with the different states simulta-
neously available. If the transmitted output of a complex system is symbolic, it can
be concatenated in the form of a data string x and may be sequentially stored in a
computer file for post-hoc analysis. The symbols are typically chosen from a
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predefined alphabet X If the output is a time- or space-continuous signal, it can be
effectively encoded with methods of symbolic dynamics (Lind and Marcus 1995;
Nicolis and Nicolis 2007). The central idea put forward by Kolmogorov,
Solomonoff and Chaitin is that a generated string is “complex” if it is difficult for
the observer to describe. The observer can describe the string by writing a computer
program that reproduces it. The difficulty of description is measured by the length
of the computer program on a Universal Turing Machine U. If x is transformed into
binary form, the algorithmic complexity of x, termed K (x), is the length of the
shortest program with respect to U that will print x and then halt. According to
Chaitin (1987), an additional requirement is that the string x has to be encoded by a
prefix code d(x). A prefix code is a type of code system that has no valid code word
that is a prefix (start substring) of any other valid code word in the set. The
corresponding universal prefix computer U has the property that if it is defined
for a string s, then U(s?) is undefined for every string 7 that is not the empty string &
(Li and Vitanyi 1997). The complete definition of the Kolmogorov—Chaitin com-
plexity is:

Ky(x) = min{|d(p)| : U(p) = x}. (200)

In this sense, K;(x) is a measure of the computational resources needed to specify
the data string x in the language of U. We can directly apply this algorithmic
complexity concept to project management by breaking down the total amount of
work involved in the project into fine-grained activities a@; and labeling the activities
unambiguously by using discrete events e; from a predefined set ¥ (i = 1, ..., |X|).
During project execution it is recorded when activity «; is successfully completed
and this is indicated by scheduling the corresponding event e;. The sequence of
scheduled events x = (ej(,). €j1)---) (ej) € X.j(z) € {1,...,|X|},t=0,1,...)
encodes how the events unfold in time and are organized in a goal-directed
workflow. The index j(z) can be interpreted as a pointer to the event e that occurred
at position 7 in the data sequence x. It is evident that a simple periodic work process
whose activities are processed in strict cycles, like in an assembly line, is not
complex because we can store a sample of the period and write a program that
repeatedly outputs it. At the opposite end of the complexity range in the algorithmic
sense, a completely unpredictable work process without purposeful internal orga-
nization cannot be described in any meaningful way except by storing every feature
of task processing, because we cannot identify any persisting structure that could
offer a shorter description. This example quite clearly shows that the algorithmic
complexity is not a good measure for emergent complexity in PD projects, because
it is maximal in the case of purely random task processing. Intuitively, such a state
of “amnesia,” in which no piece of information from the project history is valuable
for improving the forecasts of the project manager and the team members, is not
truly complex. Nor can the algorithmic complexity reveal the important long-range
interactions between tasks or evaluate multilayer interactions in the hierarchy of an
organization either. An additional conceptual weakness of the algorithmic com-
plexity measure and its later refinements is that it aims for an exact description of
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patterns. Many of the details of any configuration are simply random fluctuations
from different sources such as human performance variability. Clearly, it is impos-
sible to identify regularities from random fluctuations that generalize to other
datasets from the same complex system; to assess complexity, the focus must be
on the underlying regularities and rules shaping system dynamics. These regular-
ities and rules must be distinguished from noise by employing specific selection
principles. Therefore, a statistical representation is necessary that refers not to
individual patterns but to a joint ensemble generated by a complex system in
terms of an information source. In complex systems, the deterministic and proba-
bilistic dimensions become two facets of the same reality: the limited predictability
of complex systems (in the sense of the traditional description of phenomena)
necessitates adopting an alternative view, and the probabilistic description allows
us to sort out regularities of a new kind. On the other hand, far from being applied in
a heuristic manner, in which observations have to fit certain preexisting laws
imported from classical statistics, the probabilistic description we are dealing
with here is “intrinsic” (Nicolis and Nicolis 2007), meaning that it is self-generated
by the underlying system dynamics. Depending on the scale of the phenomenon, a
complex system may have to develop mechanisms for controlling randomness to
sustain a global behavioral pattern or, in contrast, to thrive on randomness and to
acquire in a transient manner the variability and flexibility needed for its evolution
between two such configurations. In addition to these significant conceptual weak-
nesses, a fundamental computational problem is that K;(x) cannot be calculated
exactly. We can only approximate it “from above,” which is the subject of the
famous Chaitin theorem (Chaitin 1987). Later extensions of the classic concept of
algorithmic complexity focus on complementary computational resources. In
Bennett’s (1988) logical depth the number of computing steps is counted that the
minimum length program on a Universal Turing Machine U requires to generate the
data string x. In Koppel and Atlan’s (1991) theory of “sophistication” only the
length of the part of the program on U is evaluated that captures all regularities of
the data string. This means that, as with effective complexity (Gell-Mann 1995;
Gell-Mann and Lloyd 1996; Gell-Mann and Lloyd 2004, see Section 3.2.3), irre-
ducible random fluctuations that do not generalize to other datasets are sorted out.
As with the Kolmogorov—Chaitin complexity, logical depth and sophistication are
not computable, even with a generative model (Crutchfield and Marzen 2015).

3.2.2 Stochastic Complexity

The most prominent statistical complexity measure is Rissanen’s (1989, 2007)
stochastic complexity. It is rooted in the construction of complexity penalties for
model selection (see procedure for VAR(n) model in Section 2.4), where a good
trade-off between the prediction accuracy gained by increasing the number of free
parameters and the danger of overfitting the model to random fluctuations and not
regularities that generalize to other datasets has to be found. In an early paper,
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Wallace and Boulton (1968) hypothesized that this trade-off could best be achieved
by selecting the model with “the briefest recording of all attribute information.”
Akaike (1973, 1974) developed an important quantitative step along this line of
thought by formulating a simple relationship between the expected Kullback-
Leibler information and Fisher’s maximized log-likelihood function (see deLeeuw
1992). He created his model selection criterion—which is today known as the
Akaike Information Criterion (AIC, see Section 2.4)—without explicit links to
complexity theory. Yet even from a complexity-theoretical perspective the AIC is
not arbitrary, as it represents the asymptotic bias correction term of the maximized
log-likelihood from each approximating model to full reality and can therefore be
interpreted as a “complexity penalty” for increasing the number of free parameters
beyond a point that is justified by the data (Burnham and Anderson 2002).
Mathematically speaking, the AIC is defined as (Burnham and Anderson 2002)

AIC=—21n L(§|x) + 2k, (201)

where the expressionIn £ <§|x) denotes the numerical value of the log-likelihood at

its maximum point, and k denotes the effective number of parameters (see Section
2.4). The maximum point of the log-likelihood function corresponds to the values

of the maximum likelihood estimates @ of the free parameters of the approximating
model given data x. In terms of a heuristic complexity-theoretic interpretation, the

first term in AIC, —2In £ (g\x) can be considered as a measure of lack of model fit,

while the second term 2k represents the cited complexity penalty for increasing the
freely estimated parameters beyond a point that is compatible with the data-
generating mechanisms. In the above definition, the dependency of the criterion
on the number of data points is only implicit through the likelihood function.
According to Section 2.4, for VAR(n) models assuming normally distributed errors
with a constant covariance, the dependency can easily be made explicit from least
square regression statistics (Eq. 67) as

12
AIC(n) = In Det [2(,1)} + =k,

where

Sy = (202)

is the maximum likelihood estimate of the one-step prediction error of order n» and

1
k=np+ p(p+1)
2
denotes according to Eq. 68 the effective number of parameters related to the
coefficient matrices Ag, ...,A,_1 and the covariance matrix C of the inherent
one-step prediction error (sensu Akaike 1973).
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Akaike’s fundamental ideas were systematically developed by Rissanen in a
series of papers and books starting from 1978. Rissanen (1989, 2007) emphasizes
that fitting a statistical model to data is equivalent to finding an efficient encoding of
that data, and that in searching for an efficient code we need to measure not only the
number of bits required to describe the deviations of the data from the model’s
predictions, but also the number of bits required to specify the independent param-
eters of the model (Bialek et al. 2001). This specification has to be made with a level
of precision that is supported by the data.

To clarify this theoretically convincing concept, it is assumed that we carried out
a work sampling study in a complex PD project involving many and intensive
cooperative relationships between the development teams. Based on a large number
of observations the proportion of time spent by the developers in predefined
categories of activity X = {x,...,x,} (e.g. sketching, drawing, calculating,
communicating etc.) was estimated with high statistical accuracy. In addition to
the observations made at random times, a comprehensive longitudinal observation
of the workflows of different development teams was carried out in a specific
project phase at regular intervals. The observations were made in R independent
trials and encoded by the same categories of activity X'. We define the r-th workflow
in the specific project phase in formal terms as a data string er = (xjr«))7 . »Xj,.(T))
oflength (T + 1) (x; ;) € X, j(r) € {1,...,|X|}, z=0,1,....,T,r =1, ...,R).
In a similar manner as in the previous section the index j,(7) can be interpreted as a
pointer to activity x; ;) € X observed at time instant 7 in the r-th workflow encoded
by x,.T. All empirically acquired data strings are stored in a database of ordered
sequences DB = {xlT s XE } We aim at developing an integrative workflow
model that can be used for the prediction and evaluation of development activities
in the project phase based on the theory of discrete random processes. Therefore,
we start by defining a finite one-dimensional random process (Xo,...,X7) of
discrete state variables. In terms of information theory the process communicates
to an observer how the development activities unfold and are organized in time. In
formal terms, (Xo,...,X7) is a joint ensemble E, in which each outcome is an
ordered sequence (xj(), - . .,Xj7)) With Xj0) € X = {x1,...,xu}, Xj1) € X, ...,
Xjr) € X, ..., xj1) € X (see, e.g. MacKay 2003). Each component X of the joint
ensemble E =Xy, ...,X,, ..., X7 is an ensemble. An ensemble X, is a triple
(xjm,AX,, PX,), where the outcome x;,) is the value of a random variable that can
take on one of a set of possible values Ay = (a1, @z, . .., av|), having probabilities
Px = (p1, P2, ---»ax), with P(X; = a;) = p; (MacKay 2003). It holds that p; > 0
and X,ca, P(X = a;) = 1. We call the term

P(X() = Xj(0)> o XT :xj<7)) j(’[)G{l,,|X|}
the joint probability of (xjq), - . .,x7)). The joint probability describes the statis-

tical properties of the joint ensemble in the sense that, when evaluated at a given
data point ()9(0), . ,)9-(7)), we get the probability that the realization of the random
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sequence will be equal to that data point. A joint ensemble is therefore a probability
distribution on {xi, ... ,xm}T. Similar to the definition of the probability density
function of a continuous-type random variable from Section 2.2, we can make the
functional relationship between the values and their joint probability explicit and
use a joint probability mass function p(y, . x,):

Pxo..xp) (Xi0)s - > Xi1)) = P(Xo = Xj0)» ... X7 =x51))  j(z) €{1,...,|X[}.

The joint probability mass function completely characterizes the probability
distribution of a joint ensemble. Without limiting the generality of the approach,
the joint probability P(XO = Xj(0)s -+ - XT = xj(T)) of (xj(o), e ,xj(T)) as an inte-
grative workflow model of the specific phase of the PD project can be factorized
over all 7 time steps using, iteratively, the definition for the conditional probability
P(X|Y)=P(X,Y)/P(Y) as:

P (Xo = %j0)> - X1 = X))
T
= P(Xo = x10) [ [ P(Xe = 0 [Xem1 = Xjem1)s - +- X0 = X0)) -
=1

The above decomposition of the joint probability into conditional distributions
P(X, = Xj(2)|Xe—1 = Xje—1)> - - -, X0 = xj((») with correlations of increasing length
7 can theoretically capture interactions between activities of long range and
therefore holds true under any circumstances of cooperative relationships in the
given phase. It is assumed that there are persistent workflow patterns in the
project phase and we can express them by means of a reduced dependency
structure capturing only short correlations, e.g. by using a Markov chain of
order n < 7 or an equivalent dynamic Bayesian network (see Gharahmani
2001). As such, the reduced dependency structure reflects only the essential
signature of spatiotemporal coordination in the project phase on a specific time
scale. In the simplest case, only transitions between two consecutive development
activities must be taken into account and a Markov chain of first order is an
adequate candidate model for capturing these direct dynamic dependencies. In
this model the conditional probability distribution of development activities at the
next time step—and in fact all future steps—depends only on the current activity
and not on past instances of the process when the current activity is known.
Accordingly, the current activity shields the future from past histories, and the
joint probability can be expressed as:

T
P(Xo = x0). - X7 = xi7)) = P(Xo = xj0)) [ [ P(Xe = i [Xe1 = xje-)-

=1

After the model structure of the Markov chain of first order has been defined by the
above factorization of the joint probability, we have to specify the free parameters.
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Continuing the notation of the previous chapters we denote the parameter vector by
0 € R*. Due to the intrinsic “memorylessness” of the chain, only the initial
distribution

7= (PXo=x1) ... P(Xo=x)) € [0;1]"
of the probability mass over the state space X and the transition probabilities

P(XT :X1|X1——l :Xl) P(XT :x2’X7—1 Z)Cl) ‘XZ
P=(py) = | PXe=xiXe1 =) PXe=nalXeri=x) | €[0:]] |

between consecutive activities are relevant for making good predictions. Hence, we
have the ordered pair of parameters:

61:[77,'0 P]

Note that only (| X'| — 1) parameters of the initial distribution 7y and | X|(]X| — 1) of
the transition matrix P are freely estimated parameters, because a legitimate
probability distribution has to be formed and the constraints

] %]

Zﬂﬁ,” =1 and Vi: Zp,-j =1
i=1 Jj=1

have to be satisfied.

We can use Maximum Likelihood Estimation (MLE, see Section 2.4) to mini-
mize the deviations of the empirically acquired data sequences from the model’s
predictions (see e.g. Papoulis and Pillai 2002; Shalizi 2006). In other words, the
goodness of fit is maximized. The maximum likelihood estimate of the parameter
pair 6, is denoted by 51,7. MLE was pioneered by R. A. Fisher (cf. Edwards 1972)
under a repeated-sampling paradigm and is the most prominent estimation tech-
nique. As an estimation principle, maximum likelihood is supported by @1,7 ’S
asymptotic efficiency in a repeated sampling setting under mild regularity condi-
tions and its attainment of the Cramér-Rao lower bound in many exponential family
examples in the finite-sample case (Hansen and Yu 2001). For a first-order Markov

chain, the estimate 51,7 can be determined by solving the objective function:

R
0,1 = arg manlHP (Xo = X (0) \HI)HP (XT = Xj () ‘X,,l = Xj (r—1)» 91)
r=1

= =1
R

= arg max(z, p) | [P(Xo = x;,(0)70) [ [P X+ = %000 [Xe-1 = x5, (e1), P).-

r=1 7=1

Note that the objective function is only valid if all R data sequences had been
acquired in independent trials.
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Due to the inherent memorylessness of the first-order Markov chain, this model
is usually not expressive enough to capture the complicated dynamic dependencies
between activities in a project phase. Consequently, a second-order Markov chain is
considered as a second approximating model with extended memory capacity. For
this model, the joint probability can be expressed as:

P(Xo = xj0)s - - -» X1 = xi01)) = P (X0 = x0)) P (X1 = x| Xo = x0))

T
TP (X = X0 [Xet = Xiem1), Ko = Xje2y)-
=2

It is evident that the conditional distribution P(XT = Xj(r) |XT,1 = Xj(r—1)» Xr2 =
Xj(z—2)) cannot only be used to predict direct transitions between current and future
activities but can also model transitions between activities of the process that are
conditioned on two time steps in the past. To parameterize this extended chain,
three quantities are required: The initial distribution

X
7T0:<P(X0 :X]) P(XQ :X|X‘)) E[O,l]‘ I,
the transition probabilities between consecutive activities at the first two time steps

P(Xi=xi|Xo=x1) P(Xi=x|Xo=x1) ... »
Py = (pO,ij) = P(X] :X{’X() :Xz) P(Xl :xz‘XO :xz) ' S [O; l}l ‘

and the transition probabilities for the next activity given both preceding activities
at arbitrary time steps

P(Xl |X1,X1) P(Xl |X1,X2) P(Xl |X1,Xm)
P(Xl |)_(2,X1) P(Xl |1_62,X2) T P(Xl ’3{2,)6\;\%\)
plifxa.x)  pllr.x) p (i [x2.00) .
P = (pij) = p(xa|xr,xy) p(xa|xr,xz) P(Xzfxl,x\x\) S (U 1]‘ .
P(X2|{62,X1) P<X2|{62,X2) P(X2|){2,X\X\)
Pl xn) - p (o g x2) P} xi1 x120)

In the above matrix the shorthand notation p (xi ’xj, xk) =P (XT = X; ’X,,l =x;, X2
= x;) was used. Hence, we have the parameter triple

92: [7[0 PO P}.

In this triple (|X| — 1) parameters of the initial distribution 7o, |X|(|X] — 1),

parameters of the initial transition matrix Py and |X|*(|]X| — 1) of the general
transition matrix P are freely estimated parameters, because a legitimate probability
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distribution has to be formed. The ordered pair [zy Pgy] can be regarded as the
initial state of the chain. We denote the maximum likelihood estimate for the

parameterized model by 52,7. The corresponding objective function is:

R
0,7 = arg maxy, HP(XO = xjr(o)|02)P(X1 =Xj(1) ’Xo = Xj (0)» 02)
r=1

T
P = 501Xt = %) Ko = % c2), 02)
=2
R
= arg max(g, p, p) | [P (Xo = %;,(0)[m0) P (X1 = x;, 1) [Xo = x;,(0), Po)
. r=1
TP X = %0 [Xem1 = 501 Xe2 = 302, P).
=2

It is not difficult to prove that the solutions of the objective functions for Markov
chains of first and second order (as well as all higher orders) are equivalent to the
relative frequencies of observed subsequences of activity in the database DB
(Papoulis and Pillai 2002). In other words, the MLE results can be obtained by
simple frequency counting of data substrings of interest. Let the #-operator be a
unary counting operator that counts the number of times the data string (X,Xjc1) - - -)
in the argument occurred in DB = {xlT yee ,xRT } Then the MLE yields

7o = {1%} : (#(xl)fzo #(x\?(\)r:o)
R #(X]X]) #(X]Xz)
P = {I%T} . #(ngxl) #(XQXQ)

for the first-order Markov chain and

fo= {5} (W oo W), y)

R | #(X]X])T:() #(X1X2)1:0
P()_{ } #(xle1)T:o #(xx2), g

R
#(xlxlxl) #(xlexl) # xmxlxl
#(xl)-cle) #(xz)-cle) e # X\ X2X1
~ | #vip)  #(oxn) #(x 022021 )
P= {m} : #(x1x1x2) #(0x1x72) #(x 102
#(xl).sz) #(XZ).CQXZ) # X‘X"XZXQ

#oxwr)  #(oxy) # (212X x))
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for the second-order chain. To estimate the initial state probabilities 7y only the
observations (#(x1),_y ... #(xx),_,) in the first time step 7 =0 must be
counted. To calculate the initial transition matrix P, of the Markov chain of second
order, only the data points in the first two time steps have to be considered, and we
therefore use #(x.x ), _, to indicate the number of all leading substrings of length
two. The estimate of the initial state distribution can be refined by using the data
from the cited work sampling study that was carried out prior to the longitudinal
observation of workflows.

The above solutions show that in a complex PD project that already manifests its
intrinsic complexity in a single project phase by a rich body of data sequences with
higher-order correlations, the data can usually be predicted much better with a
second-order Markov chain than with a first-order model. This is due to the simple
fact that the second-order chain has additional |X|*(|X| — 1) free parameters for
encoding specific activity patterns and therefore a larger memory capacity. By
inductive reasoning we can proceed with nesting Markov models of increasing
order n

P(Xo = X7 =xm)) =
P(XO = Xj(o ) (Xl =X |X0 = x/(O))
P(Xa-1 = Xjt01) [Xn2 = Xjia—2)s -+, Xo —xj<o>)
T
H = Xj(0) [Xe-1 = Xje1)s -+ Xeon = Xjiem) (203)

and capture more and more details of the workflows. Formally speaking, the n-
th order Markov model is the set of all n-th order Markov chains, i.e. all
statistical representations that are equipped with a starting state and satisfy the
above factorization of the joint probability. Given the order n of the chain, the
probability distribution of X, depends only on the n observations preceding .
However, beyond an order that is supported by the data, we begin to encounter
the problem of “not seeing the forest for the trees” and incrementally fitting the
model to random fluctuations that do not generalize to other datasets from the
same project phase.

In order to avoid this kind of overfitting, the maximum likelihood paradigm has
to be extended, because for an approximating model of interest, the likelihood
function only reflects the conformity of the model to the data. As the complexity of
the model is increased and more freely estimated parameters are included, the
model usually becomes more capable of adapting to specific characteristics of the
data. Therefore, selecting the parameterized model that maximizes the likelihood
often leads to choosing the most complex model in the approximating set.
Rissanen’s minimum description length (MDL) principle (1989) provides a natural
safeguard against overfitting by using the briefest encoding of not only the attribute
information related to the data sequences but also to the parameters of the approx-
imating models. In general, let 8 be a parameter vector of model
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M = {P(Xo = Xj(0)> -+ XT = xj(T)|9) :0e€0C X”}
whose support is a set X of adequate dimensionality and consider the class
N
- (n)
M= Un:l M

consisting of all models represented by parametric probability distributions
P(Xo = Xj(0)s -+ > XT :xj(T)|9) from the first order up to order N (Rissanen
2012). Note that Rissanen (2012) also calls M a model class that is defined by
the independent parameters. For the sake of simplicity and to remain consistent
with the previously used notation, we simply speak of an approximating model. The
sequence of discrete state variables (XO, ...,Xﬂa) forms a one-dimensional
random process encoding a joint ensemble of histories that can be explained by
the structure and independent parameters of an approximating model within the
class M. By using a model with a specific structure and parameters, the joint
probability can usually be decomposed into predictive distributions whose condi-
tional part does not scale with the length of the sequence and therefore does not
need an exponentially growing number of freely estimated parameters. In the
following the number of parameters incorporated in the vector 6 is the only variable
of interest that is related to a specific model representation within class M.

As previously shown, a model from class M with parameter vector @ assigns a
certain probability

po(x7) = P(Xo = xj0) - ... X7 = x;01)|0) (204)

to a data sequence (xj(o), . ,xj(T)) of interest. If we take the definition of the
Shannon information content of an ensemble X

I]x] = logzﬁ, (205)

then the likelihood function p, (xT) can be transformed into an information-theory
loss function L

L0.47] = 1[py(s7)]

= log,

P(Xo = Xj(0)s - -, XT = xj(T)}‘g)

According to Eq. 203 we can interpret L[6,x” | in a predictive view as the loss
incurred when forecasting X, sequentially based on the conditional distributions
P(X, = Xj(r) | Xe=1 = Xj(z—1)» - - - s Xomn :xj(,,n>,9). The loss is measured using a
logarithmic scale. In the predictive view MLE aims at minimizing the accumulated
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logarithmic loss. We denote the maximum likelihood estimate by the member 57.
In the sense of information theory, minimizing the loss can also be thought of as
minimizing the encoded length of the data based on an adequate prefix code d(x).
Shannon’s famous source coding theorem (see e.g. Cover and Thomas 1991)
tells us that for an ensemble X there exists a prefix code d(x) with expected length
L[d(x), X] satisfying

=Y "P(X =x) logyP(X = x) < L[d(x),X]
xeX

< =Y P(X =x)log,P(X =x) + 1. (207)
xeX

The term on the left of the inequality is the “information entropy” (see Eq. 210). It
measures in [bits] the amount of freedom of choice in the coding process. This
fundamental quantity will be explained in detail in the next chapter. A beautifully
simple algorithm for finding a prefix code with minimal expected length is the
Huffman coding algorithm (see e.g. Cover and Thomas 1991). In this algorithm the
two least probable data points in X are taken and assigned the longest codewords.
The longest codewords are of equal length and differ only in the last digit. In the
next step, these two symbols are combined into a new single symbol and the
procedure is repeated. Since each recursion reduces the size of the alphabet by
one, the algorithm will have assigned strings to all symbols after |X| — 1 steps.
Following the predictive view, we can obtain an intuitive interpretation of the
logarithmic loss in terms of coding: the code length needed to encode the data
points (x;), - - ., Xj7)) with prefix code d(x) based on the joint distribution P(.) is
simply the accumulated logarithmic loss incurred when the corresponding condi-
tional distributions P(.l.) are used to sequentially predict the z-th outcome on the
basis of the previous (z — 1) observations (Griinwald 2007).

It is evident that this interpretation is incomplete; we have an encoded version of

the data, but we have still not said what the encoding scheme for the member 57
is. Thus, the total description length DL must be divided into two parts,

DL[x",0,8] = L[0,x"] + D[6. @),

where D[6, ®] denotes the code length in terms of the number of bits needed to
specify the member within class M. The two parts of description length are usually
obtained in a sequential two-stage encoding process (see Hansen and Yu 2001). In

the first stage, the description length D {577 @] for the best-fitting member 57 is

calculated. The §7’s maximizing the goodness-of-fit can be obtained both by MLE

and Bayesian estimation. In the second stage, the description length of data L

{57,)(7] is determined on the basis of the parameterized probability mass function
T
péT (.X )‘
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Clearly, the model related to D[, ®] represents the part of the description that
can be generalized, while L [49, XT] includes the noisy part that does not generalize to
other datasets. If D[6, ®] assigns short code words to simple models, we have the
desired tradeoff: we can reduce the part of the data that looks like noise only by
using a more elaborate approximating model. Such an assignment provides an
effective safeguard against overfitting. The minimum description length (MDL)
principle supplied by Rissanen (1989, 2007) allow us to select the model that
minimizes the total description length:

Oypr = arg mingDL [xT, 0, G)].

The only requirement for the code length of the optimizing parameters D [57, @} of

this general MDL principle is that they be decodable (Rissanen 2012). The defini-
tion of a prior probability as in Bayesian estimation is therefore not required.
Minimizing the total description length is apparently a consistent principle in
connection with maximum likelihood estimation, because if we want to maximize
the joint probability DL [xT,G, G)] we need to calculate the probability of the
coincidence of the observed data and the different approximating models and
choose the maximizing model. It is important to point out that in MDL, one
is never concerned with actual encodings but only with code length functions,
e.g. L[d(x), X] for an ensemble X encoded by a prefix code d(x) (Griinwald 2007).
The stochastic complexity Csc of the joint ensemble X7 with reference to the model
class M is simply the MDL:

Csc[x",©] := ming DL[x",0,0]. (208)

Under mild conditions for the underlying data-generating process in the model
class, as we provide more data, 8,,p; will converge to the model that minimizes the
generalization error.

Returning to our previous example of workflow modeling with Markov chains,
we can follow the considerations of Hansen and Yu (2001) and, for didactic
purposes, construct a simple but reasonable two-part code for the n-th order Markov
chain M within the class M of finite-order Markov chains up to order N. The
parameter vector of the n-th order Markov chain is denoted by 6, € ©,,. Firstly, the
order has to be described. We can start with a straightforward, explicit description
for n that is based on a binary prefix code with [log,n] zeros followed by a one. The
encoding of n can be done by using a simple uniform code for {17 ..., 2Mloeanl }
Therefore, we need approximately 2 [log,n| + 1bits to describe the model order. By
applying Huffman’s algorithm here, we can also obtain a more efficient uniform
code with a length function that is not greater than |log,n| for all values of
{1,2,...,n} butis equal to | logpn| for at least two values in this set. The function
|.] provides the integer part of the argument. Whereas we know from Shannon’s
source coding theorem (Eq. 207) that an expected length of such a code is optimal
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only for a true uniform distribution of the order of the model, this code is a
reasonable choice when little is known about how the data was generated. Sec-

ondly, the = )| X[ (|X| — 1) = |X|""" best-fitting free parameters 0,7 have to be

described. We start by discretizing the range [0; 1] of a single ensemble into equal
cells of size § and then apply Huffman’s algorithm. If we discretize the Cartesian

product ®, = [0; l]mm associated with the joint ensemble X7 in the same fashion,
the quantity —log, (p([O; 1]‘X|”H> ‘SWM) = —10g2p<[0; l]mM) — X" 1og,8

can be viewed as the code length of a prefix code for @n,q— (Hansen and Yu 2001).
Here, the probability density p can be regarded as an auxiliary density. It is used
instead of the unknown true parameter-generating density f. Assuming a continuous
uniform distribution with density p(x) =1 for x € [0; 1]mﬂ+] (and ¢(x) =0
otherwise), an additional |X |”+110g26 bits are needed to describe the free parame-
ters. In a compact parameter space, we can refine the description and choose for the
precision & = 1/1/(7 + 1) for each effective dimension. Rissanen (1989) showed
that this choice of precision is optimal in regular parametric families. The intuitive
explanation is that 1/1/(7 + 1) represents the magnitude of the estimation error in

~

0,7 and therefore there is no need to encode the estimator with greater precision
(Hansen and Yu 2001). When the uniform encoder is used, one needs a total of
<|X |"+l/2>10g2(T +1) bits to communicate an estimated parameter 0,7 of

dimension |X|"""!

. Putting both partial descriptions together leads to
| |n+1

DI[6,,0,] =log,n + 7

log,(7 +1).

Interestingly, the formalized total description length of the n-th order Markov chain
is similar to the Schwarz-Bayes Criterion (BIC) for the VAR(n) (Eq. 71) and LDS
(Eq. 189) models of cooperative work in the sense that model complexity is
penalized with a factor that increases linearly in the number of free parameters
and logarithmically in the number of observations in the joint ensemble. This is a
clear and unambiguous indication that there are deep theoretical connections
between different approaches to model selection. The predictive view of Markovian
models provides us with a refined interpretation of model selection based on the
MDL principle: given two approximating models M" and M@, we should prefer
the model that minimizes the accumulated prediction error resulting from a sequen-
tial prediction of future outcomes given all past histories (Griinwald 2007).
Regarded as a principle of model selection, MDL has proven very successful in
many areas of application (see e.g. Griinwald 2007; Rissanen 2007). Nevertheless, a
part of this success comes from carefully tuning the model-coding term D[6, ®] in
such a manner that those models that do not generalize well turn out to have long
encodings. Though not illegitimate, this approach relies on the intuition and
knowledge of the human model builder. Motivated in part by this kind of theoretical
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incompleteness, Rissanen (2012) refined the above general MDL principle in his
latest textbook on optimal estimation of parameters, formulating a “complete MDL
principle.” The complete MDL principle differs from the previously formulated
principle in the requirement that the code length for the parameters defining the
model M® is the negative logarithm of the probability defined by the joint
distribution

where C; is a normalizing coefficient. a(xT) represents the ML estimator and
k denotes the number of parameters incorporated in the parameter vector €
(Rissanen 2012). The requirement for the code length can also be generalized to
the case where even the number of parameters is estimated, see Rissanen (2012).
Since p, (xT) is determined by the model M®, its code length is common for all
data sequences. The code of p, (xT) for fixed k is complete. The logarithm of the
normalizing coefficient is given by the maximum capacity for the model M®
within class M:

logsC = logzjezxmw):apéuﬂ (x7)do > 0.

The range ® of the integration is selected to make the integral finite. Rissanen
(2012) also calls the term logZCA © representing the maximum capacity for model
M(k), the maximum estimation information, and interprets it as a measure of the
maximum amount of information an estimator can obtain about the corresponding
distribution. The estimator maximizing the estimation information agrees with the
standard ML estimator. The model related to p k(xT) was introduced earlier by
Shtarkov (1987) as a universal information-theoretic model for data compression.

In spite of these recent refinements, the complete MDL principle has limitations
in terms of selecting an adequate family of model classes. An additional shortcom-
ing is non-optimality if the model class cannot be well defined (Rissanen 2007,
2012). Whatever its merits as a model selection method, stochastic complexity is
not a good metric of emergent complexity in open organizational systems for three
reasons (sensu Shalizi 2006). (1) The dependence on the model-encoding scheme is
very difficult to formulate in a valid form for project-based organizations. (2) The
log-likelihood term, L[Q,xq, can be decomposed into additional parts, one of
which is related to the entropy rate of the information-generating work processes
(h,, Eq. 223) and which therefore reflects their intrinsic unpredictability, not their
complexity. Other parts indicate the degree to which even the most accurate model
in M is misspecified, for instance, through an improper choice of the coordinate
system. Thus, it largely reflects our unconscious incompetence as modelers, rather
than a fundamental characteristic of the process. (3) The stochastic complexity
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reflects the need to specify some particular organizational model and to formally
represent this specification. This is necessarily part of the process of model devel-
opment but seems to have no significance from a theoretical point of view. For
instance, a sociotechnical system being studied does not need to represent its
organization; it simply has it (Shalizi 2006).

3.2.3 Effective Complexity

Effective complexity (EC) was developed by Seth Lloyd and the Nobel laureate
Murray Gell-Mann. The fact that random strings without any purposeful informa-
tional structure display maximal Kolmogorov—Chaitin complexity (see Section
3.2.1) was one of the main reasons for Gell-Mann and Lloyd’s criticism of the
algorithmic complexity concept from Section 3.2.1 and for their attempt to define
effective complexity as a more intuitive measure for scientific discourse. The
concept of EC and its mathematical treatment were the subject of a series of papers
that gained a great deal of attention in the scientific community (Gell-Mann 1995;
Gell-Mann and Lloyd 1996, 2004). As with previous approaches for evaluating the
complexity of an entity with inherent regularities in terms of its structure and
behavior, it is assumed that its complexity is manifested to an observer in the
form of a data string x, typically encoded in binary form. However, Gell-Mann and
Lloyd do not consider the minimum description length of the string itself, which is
what Wallace and Boulton (1968) and Rissanen (1989, 2007) did to evaluate
stochastic complexity. Instead, they consider the joint ensemble E in which the
string is embedded as a typical member (Ladyman et al. 2013). “Typicality” is
defined using the theory of types (see e.g. Cover and Thomas 1991), which means
that the negative binary logarithm of the joint probability distribution of E[x] on
{x1,... ,xm}T is approximately equal to the information entropy H[E] (see below
and next chapter). To evaluate the minimum description length of the ensemble E,
the (prefix) Kolmogorov—Chaitin complexity from Eq. 200 is used. This approach
assumes that one can find a meaningful way to estimate what the ensemble is. The
resulting informal definition of the EC[x] of an entity is the Kolmogorov—Chaitin
complexity of the ensemble [E, in which the string x manifesting the object’s
complexity to an observer is embedded as a o-typical member. Instead of
Kolmogorov—Chaitin complexity, Gell-Mann and Lloyd use the equivalent term
“algorithmic information content” (Gell-Mann and Lloyd 1996, 2004). The main
idea of EC is therefore to split the algorithmic information content of the string
X into two parts, where the first contains all regularities and the second contains all
random features. The EC of x is defined as the algorithmic information content of
the regularities alone (Ay et al. 2010). In contrast to previous approaches, the EC is
therefore not a metric for evaluating the difficulty of describing all the attribute
information of an entity, but rather the degree of organization (Ladyman
et al. 2013). By degree of organization, we mean the internal structural and
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behavioral regularities that can be identified by using ensembles as models of the
string. Following this concept of ensemble-based complexity measurement, in
order to compute the ensemble E a computer program on a universal computer
U takes as input the target string x and a precision parameter n and simply outputs
E[x] to precision n. This approach can resolve the paradox from Section 3.2.1,
whereby random strings without any internal structure display high Kolmogor-
ov—Chaitin complexity because no underlying regularities or rules exist that could
allow a shorter description. The ideal ensemble for modeling a random string is a
joint ensemble with a uniform distribution of the probability mass that assigns equal
probability to every string x’ of length Ixl, and it holds that (Foley and Oliver 2011):

EY[W] =27M

The Kolmogorov—Chaitin complexity of this ensemble is apparently very low,
because the computer program used to calculate it on U simply calculates 2P to
precision n when confronted with input x’. The EC of a random string is thus low,
although it is incompressible and the Kolmogorov—Chaitin complexity is maximal
for its length |x| (Foley and Oliver 2011).

Ay et al. (2010) introduced a more formal approach to defining EC and proving
some of its basic properties. In the following, we summarize their main definitions
and interpretations. First, we have to define the Kolmogorov—Chaitin complexity
KylE] of a joint ensemble E. As previously stated, a program to compute the
ensemble [E on a universal prefix computer U expects two inputs: the target string
x and a precision parameter n¢N. It outputs the binary digits of the approximation JE)Z(]
of E[x] with an accuracy of at least2~". The Kolmogorov—Chaitin complexity K/ [E]
of Eis then the length of the shortest program for the universal prefix computer U that
computes E on the basis of the approximation IE? (Ay et al. 2010). Unfortunately, not
every ensemble is computable, as there is a continuum of string ensembles but only a
finite number of algorithms computing ensembles. Another subtlety is that the
information entropy H[E] = X,_,7E(x)log,E(x) (cf. Eq. 210) as a measure of the
“ignorance” of the probability distribution of a computable ensemble E(x) for string
x does not necessarily need to be computable. All that is known is that it can be
enumerated from “below.” Thus, it must be assumed in the following that all
ensembles are computable and have computable and finite entropy. Even when we
restrict the analysis to the set of ensembles that are computable and have computable
and finite entropy, the map E+> H[E] is not necessarily a computable function.
Hence, the approximate equality Ky[E, H[E]| £ Ky[E] is not necessarily uniformly
true in E (the operator £ denotes an equality to within a constant). Therefore, the
definition of Ky () has to be refined (Ay et al. 2010):

Ky[E] := Ky[E, H[E]].

We therefore assume that the programs on the universal prefix computer
U computing E when confronted with input x carry an additional subroutine
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to compute the information entropy H[E]. The Kolmogorov—Chaitin complexity
Ky[E] is integer-valued. Second, we have to define the “total information” Z[E] of
an ensemble E (Gell-Mann and Lloyd 1996, 2004). To explain the role of the total
information within the theory, Gell-Mann and Lloyd (2004) consider a typical
situation in which a theoretical scientist is trying to construct a theory to explain
a large body of data. The theory is represented by a probability distribution over a
set of bodies of data. One body consists of the real data, while the rest of the bodies
are imagined. In this setting, the Kolmogorov—Chaitin complexity Ky[E] corre-
sponds to the complexity of the theory, and the information entropy H[E] measures
the extent to which the predictions of the theory are distributed widely over
different possible bodies of data. Ideally, the theorist would like both quantities
to be small: the Kolmogorov—Chaitin complexity Ky[E] so as to make the theory
simple, and the information entropy H|[E] so as to make it focus narrowly on the real
data points. However, there can be a trade-off. By adding more details to the theory
and more arbitrary parameters, the theoretical scientist might be able to focus on the
real data, but only at the expense of complicating the theory. Similarly, by allowing
appreciable probabilities for many possible bodies of data, the scientist might be
able to develop a simple theory. In any case, it makes good sense to minimize the
sum of the two quantities that is defined as the total information X[E]:

S[E] := Ky[E] + H[E].

This allows the scientist to deal with the possible trade-off: a good estimate of
the ensemble that generated the string x should not only have a small
Kolmogorov—Chaitin complexity and therefore provide a simple explanation in
the language of U; it should also have a small information entropy, as the explana-
tion should have a low level of arbitrariness and prefer outcomes that include the
string x. The total information is a real number larger than or equal to one. Third, we
have to explain what is meant by an ensemble [£in which the string is embedded as a
typical member. As previously stated, typicality is defined according to the theory
of types (see, e.g. Cover and Thomas 1991). To briefly explain the concept of
typicality, suppose that we toss a biased coin with probability p that it lands on
heads and ¢ = 1 — p that it lands on tails n times. We call the resulting probability
distribution the ensemble E'. It is well known from theoretical and empirical
considerations that typical outcomes x have a probability E'[x] that is close to
27" (Cover and Thomas 1991). In this case the information entropy is defined as
H := —plog, p — q log,q. We can prove that the probability that E'[x] lies between
2-"H+e) and 27"H=¢) for ¢ > 0 tends to one as the number of tosses 7 grows. This
property is a simple consequence of the weak law of large numbers and is the
subject of the “asymptotic equipartition theorem” (Cover and Thomas 1991).
Generalizing this property, we consider a string x as typical for a joint ensemble
[E if its probability is not much smaller than 2~ El. wWe say x is 6-typical for [E for
some small constant § > O if
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E[x} > 27H[]E](1+6).

Fourth, we have to define how small the total information X[E] should be for an
ensemble [ that explains the string x well but is not unnecessarily complex in the
language of U. This lemma by Ay et al. (2010) shows that the total information
should not be too small: it uniformly holds for xeX™ and 6 > 0 that

Ky(x)
1+6

<*Inf{Z[E]: x is typical for E}<"Ky(x).

The symbol <* denotes an inequality to within a constant. Ky(x) is the (algorith-
mic) Kolmogorov—Chaitin complexity of x according to Eq. 200. The function
Inf{.} denotes the infimum of the generated set of total information values. Put
simply, the lemma tells us that the total information X[E] should not be much larger
than the Kolmogorov—Chaitin complexity of the string of interest. Fifth, the
ultimate question is, of all the “good” ensembles according to the previously
defined criteria, which ensemble E is the best for evaluating an entity’s degree of
organization? In their simple yet convincing answer, Gell-Mann and Lloyd (1996,
2004) claim it is the ensemble with minimum Kolmogorov—Chaitin complexity.
The exact definition (Ay et al. 2010) is that, given small constants d > Oand A > 0,
the effective complexity EC[x] of any string xeX” is defined as:

EC[y] := Inf{K[E]: x is typical for E and Z[E] < K(x) + A}, (209)

or as oo if this set is the empty set. The right-hand side of the above definition
defines the minimization domain of the string x for effective complexity. Ensem-
bles E of the minimization domain of xe X satisfy

If”T(xé) < X[E] <K(x) + A,

As Gell-Mann and Lloyd (2004) point out, it is often necessary to extend this
definition of effective complexity by imposing additional constraints on the ensem-
bles allowed in the minimization domain. These additional constraints can refer to
certain properties of the string x that are judged important from the standpoint of a
general scientific theory, or they can involve additional information about the
processes that generated x (Ay et al. 2010). Ay et al. (2010) prove several properties
of EC[x], such as its finiteness, and they show that incompressible strings are
effectively simple, which is desirable given the criticism of the algorithmic com-
plexity concept from Section 3.2.1. They also show that strings exist that have
effective complexity close to their length Ixl. Finally, one can show that EC[x] is
related to Bennett’s logical depth (1988, see Section 3.2.1). If the effective com-
plexity of a string x exceeds a certain threshold, then the string must have an
extremely large depth (Ay et al. 2010).
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Moreover, Duncan Foley recently presented an interesting re-phrased formalism
based on Bayesian inference. The Bayesian formulation allows us to interpret
effective complexity in terms of the minimum description length principle of
Wallace and Boulton (1968) and Rissanen (1989, 2007) as a two-part code (see
notes on facticity and effective complexity by Foley and Oliver, 2011). To apply the
method of Bayesian inference, Foley regards the problem of assigning probabilities
to joint ensembles E as hypotheses, and the target string x as data. In this case,
Bayes’ theorem can be written as

P(Elx) = P(E)

where P(EE) is the prior probability assigned to the joint ensemble E, P(x|E) is the
probability of the data given the ensemble (“likelihood”), and P(x) is a normalizing
constant. P(E|x) is the posterior probability of the joint ensemble given the data
string x. Given the prior probability distribution P(E) = 27Kv [l the posterior
distribution will be

P(E|x) x 2_K”[E}P(X|E)
o 27 KVEIE[y].

The term E[x] denotes the expected value of the corresponding discrete sequence.
When we take the logarithm to base 2 to express information content in bits, we
have

log,P (E|x) o< —Ky[E] + log,E[x].

From Shannon’s source coding theorem (Eq. 207), we know that the quantity
—log,E|x] is the prefix code d(x) with expected length L[d(x),X] assigned to the
data string x as a message to minimize average code length when the probabil-
ities of messages are given by the joint ensemble [E. The negative logarithm of
the posterior probability of a joint ensemble can therefore be regarded as the
sum of the number of bits required to encode the ensemble as a program on
U and as the length of code required to identify the string x given the
distribution corresponding to E. The logarithm of the posterior probability can
also be interpreted in terms of the minimum description length principle from
Sect 3.2.2 as the negative of the length of the two-part code transmitting the
string x given the joint ensemble E as a generative model. Hence, we have the
intuitive definition (Foley and Oliver 2011):

EC[y] := Ky |E, = arg ming {Ky[E] 1og2E[x]}]

It is important to note that this direct definition is a limited concept of effective
complexity, as the information entropy H[E] of the ensemble is not evaluated.
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In spite of its convincing concept and its conformity with the aforementioned
expectations for a consistent complexity measure, in the following we will not
consider the effective complexity in evaluating the emergent complexity of PD
projects, as it is not computable. As Gell-Mann says: “There can exist no procedure
for finding the set of all regularities of an entity” (Gell-Mann 1995, p. 2). This
severe practical limitation leaves us with information-theoretic quantities based on
dynamic entropies of joint ensembles that possess many (though not all) of the
theoretically desired properties and can be efficiently and robustly estimated from
data in a product development environment. These quantities will be discussed in
the next chapter.

3.2.4 Effective Measure Complexity and Forecasting
Complexity

Motivated in part by the theoretical weaknesses of the concept of stochastic
complexity that were cited in Section 3.2.2 and by the uncomputability of algorith-
mic measures, the German physicist Peter Grassberger (1986) developed a simple
but highly satisfactory complexity theory. He posits that complexity is the amount
of information required for optimal prediction. We will begin by analyzing why this
concept is plausible, and then go on to look at how to develop measuring concepts
and make them fully operational. In general, there is a limit to the accuracy of any
prediction of a given sociotechnical system set by the characteristics of the system
itself, e.g. the free will of the decision makers, spontaneous human error, limited
precision of measurement, sensitive dependence on initial conditions, etc. Suppose
we have a model that is maximally predictive, i.e. its predictions are at the
theoretical limit of accuracy. Prediction is always a matter of mapping inputs to
outputs. In our application context, the inputs are the encoded observations of single
instances of task processing (encoding, for instance, the labor units required to
finalize a specific component, open design issues that need to be addressed before
design release, etc.) and the outputs are the expectations about the work remaining,
as well as macroscopic key performance indicators such as the finishing time of the
project phase. However, usually not all aspects of the entire past are relevant for
making good predictions. In fact, if the task processing is strictly periodic with a
predefined cycle time, one only needs to know which of the ¢ phases the work
process is in. For a completely randomized work process with independent and
identically distributed (iid) state variables, the past is completely irrelevant for
predicting the future. Because of this “memorylessness,” the clever, evidence-based
estimates of an experienced project manager on average do not outperform naive
guesses of the outcome based on means. If we ask how much information about the
past is relevant in these two extreme cases, the correct answers are log,(¢) and
0, respectively. It is intuitive that these cases are of low complexity, and more
informative dynamics “somewhere in between” must be assigned high complexity
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values. In terms of Shannon’s famous information entropy H|.] the “randomness” of
the output either is simply a constant (low-period deterministic process with small
algorithmic complexity) or grows precisely linearly with the length (completely
randomized process with large algorithmic complexity). Hence, it can be concluded
that both cases share the feature that corrections to the asymptotic behavior do not
grow with the size of the dataset (Prokopenko et al. 2009). Grassberger considered
the slow approach of the entropy to its extensive limit as an indicator of complexity.
In other words, the subextensive components growing less rapidly with time than a
linear function are of special interest for complexity evaluation.

When dealing with a Markovian model, such as the VAR model of cooperative
task processing formulated in Section 2.2, only the present state of work remaining
is relevant for predicting the future (see Eq. 8), so the amount of information needed
for optimal prediction is simply equal to the amount of information needed to
specify the current state. More formally, any predictor g will translate the
one-dimensional infinite past X~! = (X_o0,X oot1,...,X_1) into an effective
state § = g[X:;O] and then make its prediction on the basis of S. This is true
whether or not g[-] is formally a state-space model as we have formulated. The
amount of information required to specify the effective state in the case of discrete-
type random variables (or discretized continuous-type random variables) can be
expressed by Shannon’s information entropy H[S] (Cover and Thomas 1991). We
will return to this point later in the chapter and take H[S] to be the statistical
complexity Cscey of g[-] under the assumption of a minimal maximally predictive
model of the stationary stochastic process {X,} (t € Z, see Eq. 228).

Shannon’s information entropy represents the average information content of an
outcome. Formally, it is defined for a discrete-type random variable X with values
in the alphabet X’ and probability distribution P(.) as

HIX] := => P(X = x)log,P(X = x). (210)
xeX

The information entropy H|.] is non-negative and measures in [bits] the amount of
freedom of choice in the associated decision process or, in other words, the degree
of randomness. If we focus on the set M of maximally predictive models, we can
define what Grassberger called “the true measure complexity C,, of the process” as
the minimal amount of information needed for optimal prediction:

Cui= ?EnMnH[g[x:;o]]. (211)

The true measure complexity is also termed “forecasting complexity” (Zambella
and Grassberger 1988), because it is defined on the basis of maximally predictive
models requiring the least average information content of the memory variable. We
will use the term “forecasting complexity” in the following, as it is well-established
and more intuitive. Unfortunately, Grassberger provided no procedure for finding
the maximally predictive models or for minimizing the information content. How-
ever, he did draw the following conclusion. A basic result of information theory,
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called “the data-processing inequality” (Cover and Thomas 1991), states that for
any pair of random variables X and Y (or pair of sequences of random variables) the
mutual information I[.;.] follows the rule

11X;Y] > I[g[X]; Y].

It is therefore impossible to extract more information from observations by
processing than was in the sample to begin with. Since the state S of the predictor
is a function of the past, it follows that

IX20X5°] > 1 [XL ] X5°]

where X° = (Xo, X1, . . ., X0 ) represents the infinite future of the stochastic process
including the “present” that is encoded in the observation X.

The mutual information /[.;.] is another key quantity of information theory
(Cover and Thomas 1991). It can be equivalently expressed on the basis of the
joint P(.,.) and marginal probability mass functions P(.) as

1x:¥] =3 P(X = x,Y = y)log, Pf}((x_:x;‘;(/yz_y )y) (212)
xeX ye)

or in terms of the information entropy H[.] as

In the above equations, with the conditional entropy (also called equivocation,
Cover and Thomas 1991) we have used another important information-theoretic
quantity which measures the amount of information for the random variable X given
the value of another random variable Y. It can be explicitly written as

H[X|Y] = H[X,Y] — H]Y]. (213)

The mutual information /[.;.] is non-negative and measures the amount of informa-
tion that can be obtained about one random variable by observing another. It is
symmetric in terms of these variables. System designers often maximize the amount
of information /[A; B] shared by transmitted and received signals by choosing the
best transmission technique. Channel coding guarantees that reliable communica-
tion is possible over noisy communication channels, if the rate of information
transmission is below a certain threshold that is termed “the channel capacity,”
defined as the maximum mutual information for the channel over all possible
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probability distributions of the signal (see Cover and Thomas 1991). According to
Polani et al. (2006) mutual information should not be regarded as something that is
transported from a transmitter to a receiver as a “bulk” quantity. Instead, the mutual
information makes it possible to evaluate the intrinsic dynamics that can provide
deeper insights into the inner structure of information; maximization of information
transfer through selected channels appears to be one of the main evolutionary
processes (Bialek et al. 2001; Polani et al. 2006).

In a similar manner, the conditional mutual information /[X; Y1Z] (Cover and
Thomas 1991) can be defined on the basis of the joint P(.,.), marginal P(.) and
conditional P(.l.) probability mass functions as

PX=x,Y=y|Z=2)
1X:Y|12):=Y P(z=2)" Y PX=xY=)Z=2)l .
2= K=xY =ylz=2)loes p = Py =yjz=2)
€2 xeX ye)

(214)

The conditional mutual information can be interpreted in its most basic form as the
expected value of the mutual information of two random variables given the value
of a third one. Alternatively, we can write

IX;Y|Z] =H[X|Z] + H[Y|Z] — H[X.Y|Z]. (215)

;X3°] and
I[g[X=L ];X5°] are equal and the predictor’s state is just as informative as the
original data. This is the case for so-called “e-machines,” which are analyzed
below. Otherwise, the model would be missing potential predictive power. Another
basic inequality is that H[X] > I[X;Y], i.e. no variable contains more information
about another than it does about itself (Cover and Thomas 1991) Even for the
maximally predictive models it therefore holds that H[X ] > I[X ! X°°]
Grassberger called the latter quantity I[X:&,X{ﬂ— the mutual information
between the infinite past and future histories of a stochastic process—the effective
measure complexity (EMC):

Presumably, for optimal predictors, the amounts of information / [X

—00?

EMC :=I[X~L ;X7 (216)

Recall that EMC is defined with reference to infinite sequences of random variables
and is therefore only valid for stationary stochastic processes. The same is true for

the forecasting complexity. For the sequence (...,X_;,X¢,X1,...) stationarity
implies that the joint probability distribution P(.,...,.) associated with any finite
block of n variables X" := X/ = (X,41,...,X,4,) is independent of ¢ and only

depends on the block length n. The independency of the joint probability distribu-
tion of ¢ can limit the evaluation of PD projects in industry, as the dynamical
dependencies between process and product can significantly change over time.
In this case an alternative complexity measure—known as the ‘“binding
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information”—developed by Abdallah and Plumbley (2012) should be taken into
consideration, as it can be used to evaluate non-stationary processes of different
kinds.

If optimal predictions of the stationary stochastic process are influenced by
events in the arbitrarily distant past, the mutual information diverges and the
measure EMC tends to infinity (see discussion of predictive information /..,
below).

Shalizi and Crutchfield (2001) proved that the forecasting complexity gives an
upper bound of the EMC:

EMC < C,. (217)

In terms of a communication channel, EMC is the effective information transmis-
sion rate of the process. The units are bits. C,, is the memory stored in that channel.
Hence, the inequality above means that the memory needed to carry out an optimal
prediction of the future cannot be less than the information that is transmitted from
the past X :éo to the future X3° (by storing it in the present). However, the
specification of how the memory has to be designed and managed cannot be derived
on the basis of information-theory considerations. Instead, a constructive and more
structural approach based on a theory of computation must be developed. A highly
satisfactory theory based on “causal states” was developed by Crutchfield and
Feldman (2003). These causal states lead to the cited e-machines, as well as the
Grassberger—Crutchfield—Young statistical complexity Cgcy, which will be
presented later in this chapter.

EMC can be estimated purely from historical data, without use of a generative
stochastic model of cooperative work. If the data is generated by a model in a
specific class but with unknown parameter values, we can derive closed-form
solutions for EMC, as will be shown in Sections 4.1.1, 4.1.2 and 4.1.3 for a VAR
(1) model (cf. Eq. 262). The mutual information between the infinite past and future
histories of a stochastic process has been considered in many contexts. It is termed,
for example, excess entropy E (Crutchfield and Feldman 2003; Ellison et al. 2009;
Crutchfield et al. 2010), predictive information I,,.q(n — co) (Bialek et al. 2001,
see below), stored information (Shaw 1984), past-future information /,_y (Li and
Xie 1996, see Section 5.1) or simply complexity (Arnold 1996; Li 1991). Rissanen
(1996, 2007) also refers to the part of stochastic complexity required for coding
model parameters as model complexity. Hence, there should be a close connection
between Rissanen’s ideas of encoding a data stream based on generative models
and Grassberger’s ideas of extracting the amount of information required for
optimal prediction. In fact, if the data allows a description by a model with a finite
number of independent parameters, then mutual information between the data and
the parameters is of interest, and this is also the predictive information about all of
the future (Bialek et al. 2001). Rissanen’s approach was further strengthened by a
result put forward by Vitanyi and Li (2000) showing that an estimation of param-
eters using the MDL principle is equivalent to Bayesian parameter estimations with


http://dx.doi.org/10.1007/978-3-319-21717-8_4
http://dx.doi.org/10.1007/978-3-319-21717-8_4
http://dx.doi.org/10.1007/978-3-319-21717-8_4
http://dx.doi.org/10.1007/978-3-319-21717-8_4
http://dx.doi.org/10.1007/978-3-319-21717-8_5

192 3 Evaluation of Complexity in Product Development

a “universal” prior (Li and Vitanyi 1997). Since the mutual information between the
infinite past and future histories can quantify the statistical dependency structures of
cooperative work processes, it will be used in the following to evaluate the
emergent complexity in PD projects.

In addition to C,, and EMC, another key invariant of stochastic processes that
was discovered much earlier is Shannon’s source entropy rate (Cover and Thomas
1991):

n=n
h, == lim HX ] (218)
n—o0o 1]

This limit exists for all stationary processes. The source entropy rate is the intrinsic
randomness that cannot be reduced, even after considering statistics over longer and
longer blocks of generating variables. The unit of 4, is bits/symbol. It is also known
as per-symbol entropy, thermodynamic entropy density, Kolmogorov—Sinai
entropy or metric entropy. The source entropy rate is zero for periodic processes.
Surprisingly, it is also zero for deterministic processes with infinite memory. The
source entropy rate is larger than zero for irreducibly unpredictable processes like
the cited iid process or Markov processes. The capacity of a communication
channel must be larger than 4, for error-free data transmission (Cover and Thomas
1991). Interestingly, the source entropy rate is related to the algorithmic complexity
(Section 3.1): h, is equal to the average length (per variable) of the minimal
program with respect to U that, when run, will cause the Universal Turing Machine
to produce a typical configuration and then halt (Cover and Thomas 1991). In the
above definition the variable H[X"] is the joint information entropy of length-n
blocks (X,i1,...,X.x). This entropy is not the entropy of a finite string x" with
length n; rather, it is the entropy of sequences with length n drawn from mainly
much longer or infinite output generated by the process in the steady state. The
variable n is the nonnegative order parameter and can be interpreted as an
expanding observation window of length n over the output. In the following, we
will use the shorthand notation H(n) to represent this kind of entropy, which is also
termed Shannon block entropy (Grassberger 1986; Bialek et al. 2001). For discrete-
type random variables the block entropy is defined as

H(n) := H[X"]
- H[Xt+la s 7XI+I1]
= —Z . ~ZP(Xz+1 = X1y -+ Xikn = X(r4m))
X X
-log, P (Xr+1 = Xj(t+1)> - - - Xipn = xj(t+n)) (219)

with

H(0) := 0. (220)

The sums in Eq. 219 run over all possible blocks of length n. The corresponding
definition for continuous-type variables will be given in Eq. 233. Interestingly, the
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length-n approximation 4,(n) of the entropy rate 4, can be defined as the two-point
slope of the block entropy H(n):

hy(n) :=H(n) —H(n—1), (221)
with
h,(0) := log,|X]|. (222)

Vice versa, h,(n) is the discrete derivative of the block entropy with respect to the
block length n. In this sense, the length-n approximation is a dynamic entropy
representing the entropy gain (Crutchfield and Feldman 2003). It can be seen that
the entropy gain can also be expressed as conditional entropy

hy(n) :== H[X,|x"'].
In the limit of infinitely long blocks, it is equal to the source entropy rate

h, = lim h,(n = 7). (223)

n—00

In general h,(n) differs from the estimate H(n)/n for any given n but converges
to the same limit, namely the source entropy rate h,. According to Crutchfield
and Feldman (2003), 4,,(n) typically overestimates #,, at finite n, and each difference
h, — h, represents the difference between the entropy rate conditioned on # measure-
ments and the entropy rate conditioned on an infinite number of measurements. As
such, it estimates the information-carrying capacity in blocks in which the difference
is not actually random but arises from correlations. The difference 4, — h, can
therefore be interpreted as the local predictability. These local “overestimates” can
be used to define a universal learning curve A(n) (Bialek et al. 2001) as

A(n) :==h,(n) —h,, n>1 (224)

EMC is simply the discrete integral of A(n) with respect to the block length n,
which controls the speed of convergence of the dynamic entropy to its limit
(Crutchfield et al. 2010):

EMC := i/\(n). (225)

In the sense of a learning curve, EMC measures the amount of apparent randomness
at small block length n that can be “explained away” by considering correlations
between blocks with increasing lengths n + 1,n + 2, . ... Grassberger (1986) ana-
lyzed the manner in which £,,(n) approaches its limit /4, noting that for certain classes
of stochastic processes with long-range correlations, the convergence can be very
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slow and that this is an indicator of complexity. He also found that the approach of the
limit can be so slow that £,(n) decays slower than 1/n and therefore EMC is infinite.
These processes are termed infinitary processes (Travers and Crutchfield 2014).
When EMC is infinite, then the manner of its divergence can provide additional
information of how a system’s internal state space is coarse grained (see e.g. Bialek
et al. 2001 and Crutchfield and Feldman 2003). This phenomenon has been analyzed
in greatest detail by Bialek et al. (2001). To carry out their analysis, they defined the
predictive information /)., (n) (n > 1) as the mutual information between a block of
length n and the infinite future following the block:

Ipred(n) = lim I[X:ilwxg]

n —o0

= lim H(n) +H(n) — H(n +n). (226)

n —oo

Bialek et al. (2001) showed that even if 1,,,.4(n) diverges as n tends to infinity, the
way in which it grows is an indicator of a process’s complexity in its own right.
They also emphasized that the predictive information is the subextensive compo-
nent of the entropy:

H(n) = nhy + Lyrea(n). (227)

From the above equation, it can be seen that the sum of the first n terms of the
discrete integral of the universal learning curve A(n), that is, H(n) — nh,, is equal to
I,cq(n) (Abdallah and Plumbley 2012):

Lprea(n) = A(i).
i=1

As expected, 1,,..q4(n) (as well as EMC) is zero for an iid process. According to
Bialek et al. (2001), it is positive in all other cases and grows less rapidly than a
linear function (subextensive). I,,,.,(n) may either stay finite or grow infinitely. If it
stays finite, no matter how long we observe the past of a process, we gain only a
finite amount of information about the future. This holds true, for instance, for the
cited periodic processes after the period ¢ has been identified. A longer period
results in larger complexity values and /,,.q(n — 00) = EMC = log,(¢). For some
irregular processes, the best predictions may depend only on the immediate past,
e.g. in our Markovian model of task processing or generally when evaluating a
system far away from phase transitions or symmetry breaking. In these cases, I,cq
(n — o) = EMC is also small and is bound by the logarithm of the number of
accessible states. Systems with more accessible states and larger memories are
assigned larger complexity values. On the other hand, if /,..4(n) diverges and
optimal predictions are influenced by events in the arbitrarily distant past, then
the rate of growth may be slow (logarithmic) or fast (sublinear power). If the
acquired data allows us to infer a model with a finite number of independent
parameters, or to identify a set of generative rules that can be described by a finite
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number of parameters, then /,,.,(n) grows logarithmically with the size of the
sample. The coefficient of this divergence counts the dimensionality of the model
space (i.e. the effective number of independent parameters). Sublinear power-law
growth can be associated with infinite parameter models or with nonparametric
models, such as continuous functions with smoothness constraints. Typically these
cases occur where predictability over long time scales is governed by a progres-
sively more detailed description as more data points are observed.

To make the previously introduced key invariant C,, (forecasting complexity,
Eq. 211) of a stochastic process operational in terms of a theory of computation and
to clarify its relationship to the other key invariant EMC (effective measure
complexity, Eq. 225) by using a structurally rich model and not simply a purely
mathematical representation of a communication channel, in the following we refer
to the seminal work of Crutchfield and Young (1989, 1990) on computational
mechanics. They provided a procedure for finding the minimal maximally predic-
tive model and its causal states by means of an e-machine (Ellison et al. 2009;
Crutchfield et al. 2010). The general goal of building an e-machine is to find a
constructive representation of a nontrivial process that not only allows good pre-
dictions on the basis of the stored predictive information, but also reveals the
essential mechanisms that produce a system’s behavior. To build a minimal max-
imally predictive model of a stationary stochastic process, we can formally define
an equivalence relationx~! ~ X~! that groups all process histories that give rise to
the same prediction:

- -1 _ 1) _ -1 _ 1
o~ aTl e {PIXTIXTL = xl) = PO XL =320) )

Hence, for the purpose of forecasting, two different sequences of past observations
are considered equivalent if they result in the same predictive distribution. The
above equivalence relation determines the process’s causal state, which partitions
the space X :io of pasts into sets that are predictively equivalent. The causal state

71 —1 . . .
e(x_oo ) of x_ 1is its equivalence class

~—1

e(x:,},c )= {fiéo o ~xl Y

and the causal state function &(.) defines a deterministic sufficient memory M, (see
Shalizi and Crutchfield 2001; Lohr 2012). The set of memory states of the e-
machine is simply the set of causal states
M, = {e(x=} ) a2l e AN}

The set X represents the finite alphabet on which the stationary stochastic process is
defined. The set of causal states M, does not need to be countable and can therefore
represent either discrete or continuous state spaces. Shalizi and Crutchfield (2001)
showed that the equivalence relation x”! ! is minimally sufficient and
unique. Hence, it allows the highest compression of the data, while containing all
the relevant information on local dynamics. For practical purposes, longer and

~ X
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longer histories are analyzed, from x~} up to a predefined maximum length

L = Liax, and the partition into classes for a fixed future horizon Xj is obtained.
In principle, we start at the most coarse-grained level, grouping together those
histories that have the same predictive distribution for the next observable X, and
then refine the partition. The refinement is recursively carried out by further
subdividing the classes using the predictive distributions of the next two observ-
ables X}, the next three observables X3, etc.

After all causal states have been identified, an e-machine can be constructed. To
simplify the definition of the forecasting complexity C,, we start by using an
informal representation in the form of a stochastic output automaton that is
expressed by the causal state function ¢, a set of transition matrices J for the states
defined by ¢, and the start state s,. The start state is unique. Given the current state
s € M, of the automaton, a transition to the next state s’ € M, is determined by the
output symbol (or measurement) x € X. State-to-state transitions are probabilistic
and must therefore be represented for each output symbol x by a separate transition
matrix T®) € 7. Each row and column of the transition matrices in the set 7 stands
for an individual causal state. A stochastic output automaton can also be
transformed into an equivalent edge-emitting hidden Markov model (Lohr 2012).
A hidden Markov model is a universal machine that is defined over a set of
non-observable internal states M.,. It therefore does not directly reveal its internal
mechanisms to external observers; it only expresses them indirectly through emitted
symbols. The emitted symbols are edge-labels of the hidden states. The model can be
formally represented by the tuple (M., X, 7, {T™}). The start state of the hidden
Markov model is not unique but determined by an initial probability distribution z.
Depending on the current internal state s,, at each time step ¢ a transition to the new
internal state s, is made and an output symbol x,;; from the alphabet X is emitted.
The corresponding entry ngx) of the transition matrix T gives the probability P
(Sr+1 = St11, X1 = X411 |S[ = s,) of transitioning from current state s, indexed by
i to the next s, indexed by j on “seeing” measurement x. This operation may also
be thought of as a weighted random walk on the associated graphical model
(Travers and Crutchfield 2011): from the current state s,, the next state s, ; is
determined by selecting an outgoing edge from current state s, according to their
probabilities. After a transition has been selected, the model moves to the new state
and outputs the symbol of the current state x labeling the edge. The transition
matrices are usually non-symmetric. From the theory of Markov processes (see
e.g. Puri 2010) it is well known that in a steady state the probability distribution
over the hidden states is independent of the initial-state distribution. Edge-emitting
hidden Markov models can also be expressed by an initial probability distribution 7,
by a state process {S,} and by an output process {X,}, which means that they are
theoretically similar to the continuous-type linear dynamical systems that were
analyzed in Section 2.9. However, continuous-type linear dynamical systems usu-
ally do not possess the property of “unifilarity” (see below) and therefore cannot be
used to directly calculate the entropy rate of the process.
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To obtain the transition matrices T, one can parse the data sequence of interest
in a sequential manner, identify all causal state transitions defined by e over
histories xf) and xf)“, and estimate the transition probabilities P(S’,X = X111 ‘S)
using frequency counting (MLE, see Section 2.4) or Bayesian methods. The
transition probabilities allow calculation of an invariant probability distribution P
(S) over the causal states. This probability is obtained as the normalized principal
eigenvector of the transition matrix 7 = X,¢ XT("') (Ellison et al. 2009). The matrix
T is stochastic and EjlgL‘TU = 1 holds for each i.

Interestingly, causal states have a Markovian property in that they render the past
and future statistically independent. In other words, they shield the future from the
past:

POCLXF]S) = PXLIS)P(X]S).

Moreover, they are optimally predictive in the sense that knowing what causal state
a process is in is as good as having the entire past: P(X{°[S) = P(Xg°[XL.). Causal
shielding is therefore equivalent to the fact that the causal states capture all of the
information shared between past and future. Hence, [/ [S,ch‘] = EMC. Out of all
maximally predictive models M for which [ [M,Xgo] = EMC, the e-machine
captures the minimal amount of information that a stationary stochastic process
must store in order to communicate all excess entropy from the past to the future.
Accordingly, the e-machine is as close to perfect determinism as any rival that has
the same predictive power (Janicke and Scheuermann 2009). The minimal amount
of information that must be stored on a stationary stochastic process
X*, =(...,X_1,X0,X1,...) for optimal prediction is the Shannon information
entropy over the stationary distribution of its e-machine’s causal states—the fore-
casting complexity—and it holds that

C.(X%,) =HIS].

Because of its significance in complex systems science, the forecasting complexity
is also termed Grassberger—Crutchfield—Young statistical complexity Cscy (Shalizi
2006). It should not be confused with Rissanen’s stochastic complexity Cgc from
Eq. 208, because the underlying concepts are based on a theory of computation. We
have (Ellison et al. 2009)

Coey = H[S] < HM]

Cooy — _S;Y P(S)log,P(S) < H[M)|. (228)

As we have argued, the causal states are an objective property of the stochastic
process under consideration and therefore the associated statistical complexity
Cicy cannot be influenced by our ineptness as modelers or our (possibly poor)
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means of description. It is equal to the length of the shortest description of the past
that is relevant to the actual dynamics of the system. As was shown above, for iid
sequences it is exactly 0, and for periodic sequences it is log(¢). A detailed
description of an algorithm providing an e-machine reconstruction and calculation
of Cgcy for one-dimensional and two-dimensional time series can be found in
Shalizi and Shalizi (2004, 2003).

Moreover, the entropy rate s, can be directly calculated on the basis of a
process’s e-machine (Ellison et al. 2009) because of unifilarity:

h, = H[X|S]
==Y "P©) > THog, > T
seM xs'eX M s'e M

X M denotes the set whose elements are generated by concatenating all elements

of the sets X and M. Unifilarity means that from the start state s, of the process,
each generated sequence of observations corresponds to exactly one sequence of
causal states. In a hidden Markov model representation of an e-machine this
property can easily be verified. For each hidden state, each emitted symbol appears
on at most one edge. In the above equation, we used the shorthand notation Tgf,) to

denote the matrix entry TS-") corresponding to causal state s in row i and causal state

s in column j of the transition matrix associated with output symbol x. The
probability P(S) denotes the asymptotic probability of the causal states.

In a recent paper, Gu et al. (2012) extended the framework of e-machines by
allowing the casual states to have quantum mechanical properties. This extension
also makes it possible to define the quantum complexity of a stochastic process.
Interestingly, the quantum complexity of a process is bounded below by EMC and
above by Cgcy (Wiesner 2015).

An especially interesting variant of Grassberger’s classic definition of the
effective measure complexity has recently been developed by Ball et al. (2010).
These authors also quantify strong emergence within an ensemble of histories of a
complex system in terms of mutual information between past and future history, but
focus on the part of the information that persists across an interval of time z > 0. As
such, we can specify the “persistent mutual information” as a complexity measure
in its own right that evaluates the deficit in the information entropy in the joint
history compared with that of past and future taken independently. Formally, the
persistent mutual information can be defined on the basis of the EMC (Eq. 216)
extended by the lead time 7 to evaluate the persistent part as

EMC(7) :=I[X"\;X], (229)

where X! designates the history of the stochastic process from an infinite past
to the present, and X°° is the corresponding future of the system from the later time
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7 onwards. The key distinguishing feature of the definition above is that it ignores
the information captured in block Xg’l, that is, the intervening interval of observa-
tions of length z. For continuous state variables, EMC(z) has the merit of being
independent of continuous changes of the variable, as long as they preserve time
labeling (Ball et al. 2010). EMC(z) is known to be a Lyapunov function for the
process, so that it decays with increasing lead time (Ay et al. 2012). For positive
lead times the persistent mutual information is nonzero if a process has a memory
mechanism to store the predictive information persistently and is therefore sensitive
to how a system’s state space is observed (Marzen and Crutchfield 2014). Li (2006)
defines an information-regular process as a process whose persistent mutual infor-
mation converges to zero as the lead time grows over all given limits and it
holds that EMC(z) — 0 as T — oc. Otherwise, the process is information-irregular.
The differences between the effective measure complexity and the persistent
mutual information for continuous-state processes are presented in more detail in
Section 4.1.6.

It is evident that the persistent mutual information enables the specification of an
intuitive lower bound on EMC:

EMC(7) < EMC. (230)
In fact, for zero lead time we have
EMC(0) = EMC.

The recent work of James et al. (2011), Marzen and Crutchfield (2014) and others
has shown that a fine decomposition of the persistent mutual information can be
carried out, essentially breaking it down into two pieces. With respect to emergent
complexity, the most interesting piece is the so-called “elusive information” ¢,(7),
which is the mutual information between the past X ::1)0 and the future X:3°
conditioned on the length-7 present Xg" (cf. Eq. 214):

ou(z) == 1[X L X [xg ). (231)
According to the analysis by James et al. (2011) the elusive information has an
especially interesting interpretation: it represents the Shannon information that is
communicated from the past to the future, but does not flow through the currently
observed length-7 sequence Xg’l. The key distinguishing feature of the persistent
mutual information is that it is nonzero for positive length 7 if a process necessarily
has hidden states. In this case, all the information from the past that is relevant for
generating future behavior has to be stored by an internal configuration to arrive at a
complete description of the process. The internal configuration is necessary to keep
track of the state information, because the present sequence of observations X(’)’1
can only capture features of shorter term correlation and therefore does not have
enough capacity to capture all the features that are relevant for forecasting. In the
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words of James et al. (2011): “This is why we build models and cannot rely on only
collecting observation sequences.” For instance, for the n-th order Markov chains
that were introduced in Section 3.2.2, we have o,(r) = 0 for lead times 7 that are
larger than or equal to the model order #n. In this case with only fully observable
state variables, the length-n memory of the chain model serves as the effective state,
rendering the process’s past and future independent (Marzen and Crutchfield 2014).
For infinite-order Markov chains EMC(z) only vanishes asymptotically. Therefore,
the elusive information is sensitive to which extent a system’s internal state space is
coarse grained (Marzen and Crutchfield 2014).

3.3 Complexity Measures from Theories of Systematic
Engineering Design

The most prominent complexity theory in the field of systematic engineering design
has been developed by Suh (2005). His theory aims at providing a systematic way
of designing products and large-scale systems, as well as of determining the best
designs from those proposed. Suh’s complexity theory is based on his famous
axiomatic design theory (Suh 2001). He defines complexity in the functional
domain rather than in the physical domain of the design world. In the functional
domain, uncertainty is measured through information-theoretic quantities like the
information content that was already introduced and defined in Section 3.2.2.
Alternative approaches to characterizing complexity in engineering design that
are not based on information-theory and statistical models (see e.g. Lindemann
et al. 2009; Kreimeyer and Lindemann 2011) are only very briefly addressed in the
following, as they tend to be valid only for evaluating structural and not time-
dependent complexity.

In Suh’s axiomatic design theory, the product to be developed and the problem
of solving the design issues are coupled through functional requirements (FRs) and
design parameters (DPs). He proposes two axioms for design: the independence
axiom and the information axiom. The independence axiom states that the FRs
should be maintained by the designer or design team independent of each other.
When there are two or more FRs, the design solution must be such that each of the
FRs can be satisfied without affecting any of the other FRs. This means that a
correct set of DPs is to be chosen so as to satisfy the FRs and maintain their
independence. If the independence can be maintained for all FRs, the design is
said to be “uncoupled.” An uncoupled design is an optimal solution in the sense of
the theory. Once the FRs are established, the next step in the design process is the
conceptualization process, which occurs during the mapping process from the
functional to the physical domain.

The conceptualization process may produce several designs, all of which may be
satisfactory in terms of the independence axiom. Even for the same task defined by
a given set of FRs, it is likely that different engineers will come up with different
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designs, because there are many solutions that satisfy a given set of m FRs
(FRy,...,FR,,). The information axiom provides a quantitative measure of the
merits of a given design, and is thus useful in selecting the best design from
among those that are acceptable. The information axiom is formulated within an
information-theory framework and states that the best design is that with the highest
probability of success. Following the definition of the Shannon information content
in Eq. 205 the information content I; for a given functional requirement
FR;(1 <i<m) is expressed as the logarithmic probability p,; of satisfying this
specific FR:
1
I; = log,—

1

= —log, p;-

In the general case of m specified FRs, the information content /gy, for the entire
system under study is

Iy = —log,P(X™),

where P(X™) denotes the joint probability that all m FRs are satisfied. When all FRs
are statistically independent, as in an uncoupled design, the information content 7y
can be decomposed into independent summands and expressed as

m
Isys = Zli
i=1
m
== log,p;.
i=1

When not all FRs are statistically independent (in the so called “decoupled
design”), there holds

Ly ==Y logypy  for{j} ={1,...,i—1}
i=1

In the above equation p;; is the conditional probability of satisfying FR; given that
all other correlated {FR; }j:l ;. are also satisfied. It is assumed that the FRs are

ordered according to their number of correlations. The information axiom states
that the best design is that with the smallest /g, because the least amount of
information in the sense of Shannon’s theory is required to achieve the design
goals. When all probabilities are one, the information content is zero and the design
is optimal in the sense of the axiom. Conversely, when one or more probabilities are
zero, the information required is infinite and the system has to be redesigned to
satisfy the information axiom.
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The probability of success p; can be determined by the intersection of the design
range defined by the designers to satisfy the FRs and the ability of the system to
produce the part within the specified range. This probability can be computed by
specifying the design range (r) for the FR and by determining the system range (sr)
that the proposed design can provide to satisfy the FR. The lower bound of the
specified design range for functional requirement FR; is denoted by r/[FR;], and the
upper bound by r“[FR;]. The system range can be modeled in statistical terms on the
basis of a probability density function (pdf, see Section 2.1). The pdf is specified
over the theoretically feasible state space. The system pdf is denoted by
fsys[FR;]. The overlap between the design and system ranges is called “the common
range” (cr), and this is the only range where the FR is satisfied. Consequently, the
area A, under the system pdf within the common range is the design’s probability
of achieving the specified goal. Hence, the information content /; can be expressed
as

I; = —log,A.

[FRi]
- _10g2J fo[FR] dFR;.

I‘/ [FR,]

Suh (2005) considers a design to be complex when its probability of success is low
and hence the information content I, required to satisfy the FRs is high. Complex
designs often arise when there are many components, because as their number
increases through functional decomposition, the probability that some of them do
not meet the specified requirements also increases, such as when the interfaces
between components introduce additional errors. In order to steer the design
process toward more effective, efficient and robust large-scale systems, a dedicated
complexity axiom is defined that simply states “reduce the complexity of a system”
(Suh 2005). The quantitative measure for complexity in the sense of this axiom is
the information content, which was defined in the above equations. The rationale
behind the axiom is that complex systems may require more information to make
the system function. Therefore, Suh (2005) ties the notion of complexity to the
design range for the FRs—the tighter the design range, the more difficult it becomes
to satisfy the FRs. An uncoupled design is likely to be least complex. However, the
complexity of a decoupled design can be high because of so-called “imaginary
complexity” if we do not understand the system. It is not truly complex, but it
appears to be so because of our lack of understanding of generalized or physical
functions.

According to Suh (2005) complexity can also be a function of time if the system
range changes as a function of time. In this case, we must differentiate between two
types of time-dependent complexity: time-dependent combinatorial complexity and
time-dependent periodic complexity. Time-dependent combinatorial complexity is
defined as the complexity that increases as a function of time because of a continued
expansion in the number of possible combinations of FRs and DPs in time, which
may lead to chaotic behavior or system failure. It occurs because future events
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occur randomly in time and only have a limited predictability, even though they
depend on the current state. Conversely, periodic complexity is defined as the
complexity that only exists in a finite time period, resulting in a finite and limited
number of probable configurations. Concerning a system subjected to combinato-
rial complexity, Suh (2005) concludes that the uncertainty of future outcomes
continues to grow over time, and as a result, the system cannot have long-term
stability and reliability. In the case of systems with periodic complexity, it is
assumed that the system is deterministic and can renew itself over each period.
Therefore, he concludes that a stable and reliable system must be periodic. It is
readily apparent that a system with time-dependent combinatorial complexity can
be changed to one with time-dependent periodic complexity by defining a set of
functions that repeat periodically. This can be achieved temporally, geometrically,
thermally, electrically and by other constructive means. In conclusion, engineered
systems in PD should have small time-independent real and imaginary complexities
and no time-dependent combinatorial complexity. If the system range must change
as a function of time, the developer should be able to introduce time-dependent
periodic complexity. These criteria need to be satisfied regardless of the size of the
system or the number of FRs and DPs specified for the system.

Although Suh’s complexity theory is grounded in axiomatic design theory and
has been successfully applied in different domains, our criticism is that product and
design problems are evaluated irrespective of the work processes, which are needed
to decompose the FRs and DPs. The decomposition is a highly cooperative process
that must be taken into account to satisfy all specified FRs on time and to avoid
cycles of continual revision. Furthermore, the fact that Suh uses the information
content Iy directly as a complexity measure can be a point of criticism. Iy is a
simple additive measure that only represents the encoded length of the design in
terms of binary design decisions; it does not take into account the encoding scheme.
However, both parts of the description of a design are important because the
description can always be simplified by formulating more complicated design
rules, more complex standard components or interfaces (cf. Section 3.2.2). Lastly,
Suh (2005) does not define specific measures for time-dependent complexity.

El-Haik and Yang (1999) have extended Suh’s theory by representing the
imaginary part of complexity through the differential entropy (Chapter 4) associ-
ated with the joint pdf of FRs with three components of variability, vulnerability
and correlation. These components evaluate the product design according to the
vector of DPs (see Summers and Shah 2010). Although this approach can be used to
assess the mapping from the FRs to the DPs through an analysis of the topological
structure of the design structure matrix (Browning 2001, see discussion below) and
the variability of the design parameters (measured by the differential entropy of the
joint pdf of DPs), the dynamics of the development processes in terms of a work
transformation matrix (WTM, Section 2.2) are not taken into account. An alterna-
tive view introduced by Braha and Maimon (1998) suggests that complexity is a
fundamental characteristic of the information content within either the product or
the process. They introduce two measures that quantify either the structural repre-
sentation of the information or the functional probability of achieving the specified


http://dx.doi.org/10.1007/978-3-319-21717-8_3
http://dx.doi.org/10.1007/978-3-319-21717-8_4
http://dx.doi.org/10.1007/978-3-319-21717-8_2

204 3 Evaluation of Complexity in Product Development

requirements. The measures can be applied to compare products and processes at
different levels of abstraction. The process is nominally defined as mapping
between the product and problem, where the coupling determines process com-
plexity. The size of the process is defined as the summation over the number of
instances of operators (relationships) and operands (entities). A process instance is
a sequence of the instances of operands and operators. The average information
content of sequences can be evaluated on the basis of the block entropy (Eq. 219).
As the design takes on different types of representations through the development
stages, the average information contained changes. Braha and Maimon (1998)
suggest that the ratio of the amount of average information content between the
initial and current states is a measure of the current abstraction level. The effort
required to move between abstraction levels is inversely proportional to this ratio.
The proportionality constant is the information content of the current state. Sum-
mers and Shah (2010) follow these lines of reasoning and propose a process size
complexity measure that includes the vocabulary of the specific representation for
the problem, the product, the development process and the four operators available
for sequencing the states of the design evolution. The measure is defined as

CXsize_process = (M” +C° + P,,p)ln (idv +ddv+dr +mg + ag, + eop + Sop + rop).

In the above definition the size of the vocabulary is represented by the total number
of possible primitive modules (M?), possible relations between these modules (C°)
and possible operators and operands (P,,). The additional parameters denote the
variables whose values are controlled by the designer (idv), are derived from the
independent design parameters, other dependent variables and design relations
(ddv), are constraints that dictate the association between the other design variables
(dr), or are used to determine how well the current design configuration meets the
goals (mg), plus the four operators available for sequencing the states. Although the
extended concepts based on information content within either the product or the
process are appealing, the fact that the development process is only analyzed on
stage-dependent hierarchical description levels, not on the basis of an explicit state-
space model of cooperative work, opens it to criticism. Moreover, dynamic entro-
pies in the sense of Grassberger’s theory are not taken into account to evaluate time-
dependent combinatorial complexity in an open organizational system. Last but not
least, in real design problems, it is difficult to identify all operators and operands in
advance and to specify valid sequences leading from one level of abstraction to
the next.

In addition to methods for measuring characteristics of the design based on
information-theoretic quantities, a large body of literature has been published on
the design structure matrix (Steward 1981) as a dependency modeling technique
supporting complexity management by focusing attention on the elements of a
system and the dependencies through which they are related. Recent surveys can be
found in the textbooks of Lindemann et al. (2009) or Eppinger and Browning
(2012). Browning (2001) distinguishes between two basic types of DSMs: static
and time-based. Static DSMs represent either product components or teams in an
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organization that exist simultaneously. Time-based DSMs either represent dynamic
activities indicating precedence relationships or design parameters that change as a
function of time. Generated static DSMs are usually analyzed for structural char-
acteristics or by clustering algorithms (e.g. Rogers et al. 2006), whereas time-based
DSMs are typically used to optimize workflows based on sequencing, tearing and
banding algorithms (e.g. Gebala and Eppinger 1991; Maurer 2007). Kreimeyer and
Lindemann (2011) review and discuss a comprehensive set of metrics that can be
applied to assess the structure of engineering design processes encoded by DSMs
(and other forms). According to Browning’s taxonomy, the WTM as dynamical
operator of state equation 8 is a static task-based DSM, because the development
tasks are processed concurrently and persistent feedback/feed forward loops are
modeled through the off-diagonal elements. The majority of work on complexity
management with static DSMs focuses on the concept of modularity in identifying
cluster structures (see Baldwin and Clark 2000). This work has been very influential
in academia and industry. An important limitation, however, is its purely static view
of the product structure and, consequently, of the task structure and the interactions
between them. A task processing on different time scales corresponding to different
autonomous task processing rates cannot be represented. Recent publications indi-
cate that technical dependencies in product families tend to be volatile and therefore
coordination needs among development tasks can evolve over time (e.g. Cataldo
et al. 2006, 2008; Sosa 2008). When these evolving coordination needs are not
adequately managed, significant misalignments of organizational structure and
product architecture can occur that have a negative effect on product quality
(Gokpinar et al. 2010). An effective method for dealing with volatility of depen-
dencies is to use different WTMs for different phases of the project in which no task
is theoretically processed independently of the others. Furthermore, additional task-
mapping matrices can be specified at the transition points between phases. By doing
so, the number of tasks as well as the kind and intensity of coordination needs can
be adapted. It is also possible to specify phase-dependent covariances of perfor-
mance fluctuations. In many PD projects the performance fluctuations tend to be
larger for late development stages that are close to the desired start of production.
Another limitation of the concept of product modularity is that the organizational
patterns of a development project (e.g. communication links, team co-membership)
do not necessarily mirror the technical dependency structures (Sosa et al. 2004).
The literature review by Colfer and Baldwin (2010) shows that the “mirroring
hypothesis” was supported in only 69% of the cases. Support for the hypothesis was
strongest in the within-firm sample, less strong in the across-firm sample, and
relatively weak in the open collaborative sample. As such, WTMs and covariance
matrices represent dynamic dependency structures in their own right. They must be
related to product components or organizational elements through additional mul-
tiple domain mapping matrices (Danilovic and Browning 2007) and cannot be
substituted by the traditional modeling elements.

An approach to measuring structural complexity based on static component-
based DSMs that is formally similar to our own analysis in the spectral basis
(see Sections 2.3 and 4.2) has recently been developed by Sinha and de Weck
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(2011; 2012). The three terms of their metric Cgy are related to the complexities of
each of the n components in the system (local effect, represented by the a;,’s), the
number and complexity of each pairwise interaction (local effect, represented by
the B;/’s and a;;’s) and the arrangement of the m interfaces (global, system level
effect, represented by E(A)). Moreover, a normalization factor y is introduced. The
definition is (Denman et al. 2011; Sinha and de Weck 2012; Sinha 2014):

Csw = Zai + (Z Zﬂijaii> YE(A).
i1

i=1 j=1

The normalization factor y is taken as 1/n and used to map the n different compo-
nents in the system onto a comparable scale. The matrix A is an adjacency matrix
that corresponds to the component-based DSM of the product as follows:

_ _ U VEH@#ENAGH)EY
A= (ay) = {O otherwise.

The exogenous variable Y represents the set of connected nodes in the system.
Accordingly, the adjacency matrix is simply a binary form of the component-based
DSM, in which ones are placed in the cells with marks and zeros elsewhere. The
diagonal elements of A are zero. The underlying concept of the metric Cgy, is that in
order to develop the individual components, a non-zero complexity is involved.
This complexity can vary across components and is represented by the «;’s, the
so-called component complexity estimate (Sinha and de Weck 2012; Sinha 2014).
Similar arguments hold true for the complexity f;; of each interface, the so-called
final interface complexity (Sinha and de Weck 2012; Sinha 2014). If there are
multiple types of interface between two components (energy flow, material flow,
control action flow etc.), large beta coefficients are assigned, since it would require
more effort to implement them compared to a simpler (univariate) connection. An
important aspect is that the correlation between the component complexity estimate
and the final interface complexity can vary depending on the kind of product. For
large-scale mechanical systems, the $;;’s are often much smaller than the ;s and
a;’s. However, in micro or nanoscale systems it can be the opposite, because it is
often much more difficult to develop the interfaces (Sinha 2014). The different
interface complexities can be captured using a multiplicative model

By = fjia,

where f;; stands for the interface complexity factor (Eppinger and Browning 2012;
Sinha and de Weck 2012; Sinha 2014). Finally, the term E(A) represents the graph
energy of the adjacency matrix A. The graph energy is defined as the sum of the
singular values o; of the orthogonal vectors:
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E(A) := ioi,

where the singular values are computed by the decomposition

A=U-Z,-VT
ZA = Dlag[a,]

The graph energy is invariant under isomorphic transformations (Weyuker 1988)
and therefore highly objective.

Ameri and Summers (Ameri et al. 2008; Summers and Ameri 2008) developed a
complementary connectedness measure and an algorithm for assessing design
connectivity complexity based on graphical models. In the graphical models, the
development tasks are nodes of a graph and connected through variable depen-
dency. The algorithm manipulates the graph in terms of connectivity. This manip-
ulation starts by eliminating all unary relations, as they do not contribute to the
connectivity complexity of the graph. Once the unary relations have been removed,
the score keeping variables are initialized. From this point forward, the graph
connectivity algorithm is a recursive algorithm that is applied against all subgraphs
that are generated in the process. A cumulative score is maintained to quantify the
connectedness of the whole structure (see Summers and Shah 2010). This approach
also seems to have certain limitations for assessing emergent complexity in PD
projects. The graph of development tasks is recursively decomposed into sub-
graphs, which tears apart potentially important indirect connections that can lead
to higher-order interactions between activities. Furthermore, due to the determin-
istic approach to modeling the work processes it is impossible to analyze or
evaluate the “problem-solving oscillations” (Mihm et al. 2003; Mihm and Loch
2006) emerging from cooperative task processing in conjunction with performance
variability. Consequently, we will not consider the design connectivity complexity
in the following.

The interested reader can find additional approaches to measuring and evaluat-
ing complexity in engineering design with a specific focus on structural character-
istics in the excellent textbook by Kreimeyer and Lindemann (2011). The authors
present a total of 52 complexity metrics from different disciplines and show in three
case studies from process management in the automotive industry how different
facets of complexity can materialize in real design processes. They also introduce
the Structural Goal Question Metric framework for selecting metrics in a goal-
oriented manner and guiding their application.

The information-theory and dependency-structure-based complexity metrics
from theories of systematic engineering design are undoubtedly beneficial in
facilitating studies that require the use of equivalent but different design problems
and in comparing computer-aided design automation tools. Nevertheless, in the
following analytical Chapter 4 we will shift our focus to the EMC metric first put
forward in Grassberger’s seminal theoretical work (1986), as it can both effectively
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measure self-generated complexity and provide a foundation for deriving closed-
form solutions of different strengths from first principles. Furthermore, EMC
stresses the dynamic nature of cooperative work in PD projects and can be calcu-
lated efficiently from generative models or from historical data.

Also very interesting for applications in project management is the later-
formulated persistent mutual information EMC(z) (Section 3.2.4). This is partly
because of its intimate relationship with the famous Lyapunov function (Nicolis
and Nicolis 2007) of a process, and partly because the generated complexity
“landscape” often becomes more and more informative as the lead time increases.
However, this phenomenon goes beyond the scope of this book and will be
analyzed in detail in future work. To lay the analytical foundations for future
studies of emergent complexity we will present closed-form solutions of the
persistent mutual information for the developed vector autoregression models in
the corresponding chapters. These solutions are generalized from the expressions
for EMC = EMC(z = 0), which will be presented in the beginning of Sections
4.1.1,4.1.2 and 4.1.3 (see Eqgs. 247, 253, 262 and 265). Due to the limited space in
this book, the closed-form solutions of the persistent mutual information that is
generated by a linear dynamical system (Section 2.9) will not be presented. The
interested reader can develop them by applying the solution principles that will be
introduced in Section 4.2.

The purely information-theoretic view on emergent complexity also opens EMC
and the corresponding persistent mutual information EMC(z) to criticism. In their
latest paper on effective complexity (see also Section 3.2.4) Gell-Mann and Lloyd
(2004) point out that, without modification, EMC assigns two identical and very
long bit strings consisting entirely of 1’s with high complexity values because the
mutual information between them is very large, yet each process representation is
obviously very simple. This is in stark contrast to the fundamental ideas of their EC
metric (Eq. 209), which evaluates the algorithmic information content of the
strings. The ideal ensemble for modeling an identical very long bit string x is the
Dirac measure §,, i.e. the ensemble with &,(x) = 1 and &,(x") = 0 for x # x’. This
ensemble has Kolmogorov—Chaitin complexity K [6,(x)] = Ky(x) and informa-
tion entropy H[E] = 0 (Ay et al. 2010). Its total information Z[E] is therefore
minimal. The algorithmic complexity K (x) is apparently very low because the
computer program used to calculate x on U simply outputs Ixl 1’s in a simple pre- or
post-test loop. Shiner et al. (2000) also criticize the fact that EMC is not uniquely
defined for higher dimensional systems, e.g. spins in two dimensions. In spite of
these apparent conceptual weaknesses, the ability of both measures to quantify the
degree of informational structure between past and future histories of cooperative
task processing and the value of that information in helping to make predictions
mean that they are especially interesting and valuable for analyzing, evaluating and
optimizing PD projects.

More details on complexity measures from statistical physics, information
theory and computer science are presented in Shalizi (2006), Prokopenko
et al. (2009), Nicolis and Nicolis (2007), Ellison et al. (2009) and Crutchfield
et al. (2010). A focused review of complexity measures for the evaluation of
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human—computer interaction including two empirical validation studies can be
found in Schlick et al. (2006, 2010).
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Chapter 4

Model-Driven Evaluation of the Emergent
Complexity of Cooperative Work Based
on Effective Measure Complexity

In this book, the main improvement on Grassberger’s original definition of the
effective measure complexity EMC, which is based on classic information-
theoretic quantities like Shannon’s information entropy that were developed to
evaluate stochastic processes with discrete states, is the generalization of the theory
and measures to continuous-state processes like that generated by the previously
introduced VAR(1) model of cooperative work according to state Eq. §. However,
Li and Xie (1996), Bialek et al. (2001), de Cock (2002), Bialek (2003), Ellison
et al. (2009) and others have already pioneered the generalization of Grassberger’s
concepts toward continuous systems in their works, and we can build upon their
results. Their analyses show that we must primarily consider the so-called “differ-
ential block entropy” (Eq. 233) and the corresponding continuous-type mutual
information (Eq. 234) as basic information-theoretic quantities.

In general, the differential entropy extends the basic idea of Shannon’s infor-
mation entropy as a universal measure of uncertainty about a discrete-type random
variable with known probability mass function over the finite alphabet X to a
p-dimensional continuous-type variable X with a probability density function f[x]
(pdf, see previous chapters) whose support is a set X”. The differential entropy is
defined as:

H[X] := —prf[x]long[x] dx. (232)

The differential block entropy (cf. Eq. 219) is defined in an analogous manner as:

H(n) :=H[X"] = —J . J Flxy - xallogy flxt, ..oy xy] dxy ... dx,. (233)
xr JIxe

In the above equation f[xy, .. .,x,] denotes the joint pdf of the vectors (X, .. .,X,)
with support X"7.

© Springer International Publishing Switzerland 2016 215
C. Schlick, B. Demissie, Product Development Projects, Understanding Complex
Systems, DOI 10.1007/978-3-319-21717-8_4


http://dx.doi.org/10.1007/978-3-319-21717-8_2
http://dx.doi.org/10.1007/978-3-319-21717-8_3

216 4 Model-Driven Evaluation of the Emergent Complexity of Cooperative Work. . .

The information entropy of a discrete-type random variable is non-negative and
can be used as a measure of average surprisal. This is slightly different for a
continuous-type random variable, whose differential entropy can take any value
from —oo to co and is only used to measure changes in uncertainty (Cover and
Thomas 1991; Papoulis and Pillai 2002). For instance, the differential entropy of a
continuous random variable X that is uniformly distributed from O to a (and whose
pdf is therefore f[x] = 1/a from 0 to a, and O elsewhere) is log,a. For a < 1 the
differential entropy is negative and can become arbitrarily small as a approaches
0. The differential entropy measures the entropy of a continuous distribution
relative to the uniformly distributed one. For a Gaussian distribution with a variance
of o° the differential entropy is H[X] = 1/2log,o> + const. Thus the differential
entropy can be regarded as a generalization of the familiar notion of variance. With
anormal distribution, the differential entropy is maximized for a given variance. An
additional subtlety is that the differential entropy can be negative or positive
depending on the coordinate system used for encoding the vectors. This also
holds true for the differential block entropy. However, it can be proven that the
complexity measure EMC calculated on the basis of dynamic entropies
(cf. Egs. 224 and 225) is always positive and may exist even in cases where the
block entropies diverge. Under the assumption of an underlying VAR model, for
instance, a closed-form solution for the EMC can be derived that is simply a
logarithmic ratio of determinants of covariance matrices (cf. Eqs. 246 and 258),
which in most industrial case studies is a real number that is much larger than zero.
In this case, the generalized complexity measure can be interpreted similarly to
discrete-state processes. Furthermore, it can be proven that for finite complexity
values EMC is independent of the basis in which the state vectors of work
remaining are represented, and is invariant under linear transformations of the
state-space coordinates for any regular transformation matrix (Schneider and
Griffies 1999). This invariance is due to the fact that the measure can be expressed
as the continuous-type mutual information / [X:})O,XSO] between the infinite past
and future histories of a stochastic process, where the base-independent mutual
information /[.;.] between the sequences X{' = (Xi,...,X,)andY]" = (Yy,...,Y,)
of random vectors with support X"? and Y7 is defined as

f[xla"'axnayb"'?ym]
: dxy...dx,dy,...dy,, .
Tl Xl s Yl ! (234)

For two random variables X and Y that are jointly normal with a correlation
coefficient of p there is I[X; Y] = 1/2log,(1 — p?). As such, the mutual information
can be viewed as a generalized covariance. Kraskov et al. (2004) published a simple
proof that the mutual information as defined in Eq. 234 is not only invariant under
linear transformations but also with respect to arbitrary reparameterizations based
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on smooth and uniquely invertible maps x] =x|(x1),....x, =x,(x,),y] =
YiO1)s s Yo = Yo (3)- Therefore, I[.;.] provides a measure of statistical depen-
dency structures between variables that is independent of the subjective choice of
the measurement instrument. The analyses of Bialek et al. (2001) and other
researchers show that this measure is a valid, expressive and consistent quantity
for evaluating emergent complexity in open systems.

In the following chapters the generalization of the EMC to project organizations
that are modeled by continuous state variables will be carried out step-by-step.
Though some of the calculations are quite involved, the interested reader will find
that they lay important groundwork for the complexity analysis of cooperative work
in various kinds of open organizational systems, not only product development
organizations. In Section 4.1, we start by calculating closed-form solutions with
different strength for the vector autoregression models that were introduced in
Sections 2.1, 2.2 and 2.4. These models do not have “hidden” state variables and
therefore are quite easy to analyze in information-theoretic terms. To simplify the
analysis a generalized solution for a VAR(1) process that does not refer to a specific
family of pdfs of the unpredictable performance fluctuations is calculated in
Section 4.1. We will use this generalized solution to derive closed-form solutions
for the original state space (Section 4.1.1) and the spectral basis (Section 4.1.2)
under the assumption of Gaussian behavior. Furthermore, a very compact closed-
form solution will be obtained through a canonical correlation analysis (Sec-
tion 4.1.3). For these three different approaches, we will also present the
corresponding closed-form solutions of the persistent mutual information EMC(7)
(Eq. 229) according to Ball et al. (2010). Moreover, to clarify the concept of
emergent complexity, polynomial-based solutions for simple processes with two
and three tasks are presented in Section 4.1.4. This chapter also includes a short
analytical study of minimizing emergent complexity subject to the constraint that
the expected total amount of work done over all tasks is constant. Moreover, lower
bounds are put on the EMC in Section 4.1.5. In Section 4.2.1, an additional explicit
closed-form solution for a Markov process with hidden variables (a linear dynam-
ical system, LDS, see Section 2.9) is calculated. This solution is, admittedly,
complicated and difficult to interpret because the state variables of cooperative
work that are not directly accessible can generate a significant number of long-
range correlations between observations, and a great deal of linear algebra is needed
to evaluate the associated infinite-dimensional integrals. Therefore, Section 4.2.2
will introduce two additional implicit formulations for the EMC. The first implicit
solution is based on the seminal work of de Cock (2002) and allows analogical
reasoning between the forward and backward innovation forms developed in
Section 2.9, and the generated past-future mutual information. The second implicit
solution is directly derived from the infinite-dimensional integrals and makes it
possible for the interested reader to gain additional insights into the information-
generating mechanisms by following the calculation step by step. Although the
closed-form solutions for LDS are significantly more complicated, their derivations
show that Grassberger’s theory can, in principle, be applied in a straightforward
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manner to a larger model class that, thanks to its informational richness and
predictive power, is especially attractive for applications in project management.

4.1 Closed-Form Solutions of Effective Measure
Complexity for Vector Autoregression Models
of Cooperative Work

To obtain analytical results, it is assumed that the parameterized VAR(1) process
{X,} is strict-sense stationary (Puri 2010) and therefore all its statistical properties
(especially the first and second moments) are invariant to a shift in the chosen time
origin. Let fy[x.1,...,%s] (t € Z,n € N) be the joint pdf of the block of vectors
(X¢+1, - - -, X11n) generating the stochastic process, and let £/, [xH_n |x,+1 Y ,x,+,,_1}
be the conditional density of vector X, , given vectors X, 1, ..., X, 1,—1. We use the
shorthand notation f[.] and f [ ] } in the following to denote these density functions.
Due to strict sense stationarity the joint distribution of any sequence of samples
does not depend on the sample’s placement:

f[xH,], e ,XH,,J = f[x,+1+r, e 7Xt+n+1] (t € Z,n € N,T Z 0) .

We can use the index v instead of ¢ to express the shift-invariance. Therefore,
FBvi1, - Xpin] denotes the joint pdf and f[Xyin|Xps1s ... Xpsn—1] denotes the
conditional density of the process in the steady state. The conditional density is
given by (cf. Billingsley 1995):

f[xv+17 cee 7xu+n]
f[qurl IR 7xu+n—l]

f[qurn{qurl, cee 9-xl)+1171:| =

Since the considered VAR(1) process is a Markov process (Eq. 18), the conditional
density simplifies to

_ S Posn-ts X0

f[xu+n|xu+|, ...,Xu+n—l} = f[Xu+n’Xu+n—1] f[Xu+n71] s (235)
and the strict stationarity condition implies (Brockwell and Davis 1991)
f[xu-&-n‘xu-&-n—l] = f[—xv‘xu—l] = f[xz‘xl] (236)

and f[qurnfl] = f[xu] = f[xl] Vo >2.

Furthermore, we assume that ergodicity holds, and the complexity measure can be
conveniently derived using stochastic calculus based on an ensemble average or an
infinite number of realizations of the unpredictable performance fluctuations (see
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Puri 2010). To compute the EMC for the introduced VAR(1) process in the steady
state, please recall from Eq. 216 that

EMC =1[X"1; X7 -

According to the definition of the mutual information /[.;.] from Eq. 234, we can
write the information that is communicated from the past to the future as

. 1 e Faclox]
I[X,iO,X ] = JXI)---JX[Jf[x7;7x0 }logzm dx~! s Axg°. (237)

00 0

In the above equation the shorthand notation f [ _w,xo ] S c0sX oot 1y « -3 X—1s

X0 X155 - aXoom 1 Xse)s  SIACN] = fIcse s Xcoorts Xty FIA] = flxouxa, -,

xm717xoo], dx:éo = dX_ooldX_ooq1...dx_1 and dxg® = dxodx;...dxs was used.
Due to the Markov property (Egs. 235 and 236) the joint pdfs can be factorized:

Pt = Sl sl T st fToa s b il o] el ]
f [xfoo] = fhlf [X—ooﬂ ‘x,w} oo f [x,l |x,2]

f [x(o)c] = f[x()]f [X] |X0] .- ~f[xoo‘xoofl} .
Hence, we can simplify the mutual information:

ol FRolea] [ v
tix] = [ b o B

[ o] At Yons bl s an-t an

xroJxe

*J J F e Tlogs flo] dxl di?
Xr Xxr

:J J long[xnyfl] dedqu‘ J f[x ,xo}dx, sdx_odxy ... dxs
XPJxr Xr X7

fj log, f[xo] dXoJ J f[x:io,x(ﬂ dx_oo...dx_1dxy ...dxs. (238)
x» xr o Jxe
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On the basis of the definitions of the marginal density functions
flxo] = J J f[x:ic,xgc] dx_oo ... dx_1dxy ... dxs
xr Jxe

flx-1, %] = J

- J pf[x:;o,x?]dx,oo codx_adxy .. dxs
X X

we can conclude that

[[X:LUXSO} = pr ‘[pr[x,hX()]lngf [XQ‘X,I]dX,]dX() - J f[X()]IOng[X()]dXO

Xr

= J J flxo|x=1] flx—i]log, f [xo|x—1]dx_idxo —J [ [xo]log, f [xo]dxo,
xrJxr

X7

(239)

or equivalently

IX_L:X3] = prjxpf[xl‘xo] flxollog, f [x1 |xo0] dxodxy — J [ [xo]log, fxo]dxo.

xr

It is evident that the second summand is the differential entropy of the random
variable X, with probability density function f[xy]. The first summand represents the
entropy of the random variable X conditioned on the variable X, taking a value in
the support X”. The first summand therefore represents a conditional entropy that is
obtained by averaging over all possible values for X,

Before we proceed with calculating the EMC on the basis of the generalized
solution from Eq. 239 in the coordinates of the original state space R”, we
summarize five essential properties that hold completely independent of the sto-
chastic model generating a strict-sense stationary Gaussian process {X,}. A Gauss-
ian process is a stochastic process whose realizations consist of random values
associated with every time step such that each random variable in the sequence has
a normal distribution. In addition, every finite ensemble of random variables
generating the process has a multivariate normal distribution (Puri 2010).

The five essential properties are as follows (cf. Boets et al. 2007):

1) The EMC of a strict-sense stationary Gaussian process equals zero if and only if
the process is temporally uncorrelated:

EMC =I[X_1;X{°] =0 < X, =v, with (240)
vi=N(p;p,V) and E[vy]] = V5, .

u denotes the mean of the process and s € Z an arbitrary time step. J,, is the
Kronecker delta according to Eq. 14. The implication EMC = 0 can be easily
deduced as Gaussian random variables being uncorrelated is equivalent to
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statistical independence, i.e. f(X:éO;Xgo) = f(X:éQ) -f(XSC). A proof of
the implication that the process is temporally uncorrelated involves
Jensen’s inequality and can be found in elementary textbooks like Cover and
Thomas (1991). Concerning the state and output equations of a LDS with
additive Gaussian noise (Eqgs. 136 and 137), this may be realized either by
setting H = 0 or with Ag = 0.

2) The range of values of the Effective Measure Complexity is

EMC € [0, +00). (241)

This property follows directly from the canonical correlation analysis of the past
(XZ1) and future (X7°) histories of the Gaussian process (see Eq. 265 in

[o.¢]

Section 4.1.3)
—1 00 1 1 2
IXZ0X5] = _Elogzn (1—=p7)
i=1

and the fact that the canonical correlations p; are confined to p; € [0,1) (see
e.g. de Cock 2002). The variable g > p denotes the effective dimensionality of
the process (see Section 4.2.1). The canonical correlation analysis was intro-
duced by Hotelling (1935) and is often used for state-space identification. The
goal is to find a suitable basis for cross-correlation between two random vari-
ables—in our case the infinite, one-dimensional sequences of random variables
representing the past and future histories of the process. Based on the material of
Creutzig (2008) we use a common variant of the canonical correlation analysis
to provide a so-called balanced state-space representation (cf. Section 4.2).
Given the ordered concatenation of the variables representing the past history

Xpast = (Xfoo xT, xT, )T
and the future history
Xpu= (X3 X7 oo xL)'
of the Gaussian process we seek an orthonormal base U = (U, ..., U™) for
X,as: and another orthonormal base V = (V(l), ceey V<">) for Xj, that have

maximal correlations but are internally uncorrelated. Therefore, it must hold
that E[U(i)V(j)} = p;6;j, for i, j < min(m, n). U™ and VY are two zero-mean
random variables of dimensions m and n, respectively. The resulting basis
variables (U", ..., U") and (V",..., V™) are called canonical variates, and
the correlation coefficients p; between the canonical variates are called canon-
ical correlations. The cardinalities of the bases must be chosen in a way that is
compatible with the persistent informational structure of the process. The p;’s
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are not to be confused with the introduced ordinary correlations p;; and pj; from
Chapter 2.

To find the orthonormal bases, we normalize with Cholesky factors. The
factors are given by

1
Lyast 'L[,Ttm = {N} “ Xpast 'XpTast

1
qut 'L}ut = {N} 'Xfm 'X_;‘rm'

N denotes the number of samples that are taken from the stochastic process. The
sample size must be sufficiently large to uncover all canonical correlations. The
normalized variables X past and X rur to determine the balanced state-space
representation are computed by

$% _7-1
X past — L Xpast

past

3% -1
Xpu = Ly - Xpur-

A singular value decomposition is carried out (see e.g. de Cock 2002, and
Section 4.1.3) to identify the orthonormal bases:

2, denotes the cross-covariance between X, and X,,.,. We compute the state
space by

~ ~ 1

X, =V Xy = VT L

‘past

X past

and balance

~

X ==

1=

X,

such that for the covariance matrix it holds that

1 v/ ’\/T S
5P ,-(Xt) -

The requirement that the p;’s be nonnegative and ordered in decreasing magni-
tude makes the choice of bases unique if all canonical correlations are distinct. It
is important to note that for a strict-sense stationary VAR(1) process {X,}, only
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—1 00
. ¢ ) of subprocesses

are non-zero and therefore the cardinality of the base is equal to p (de Cock
2002; Boets et al. 2007). This is due to the simple fact that the process is
Markovian and so the amount of information that the past provides about the
future can always be encoded in the probability distribution over the p-dimen-
sional present state (assuming an efficient coding mechanism is used). Further-
more, because of strict-sense stationarity, all p;’s are less than one.

3) EMC is a strictly increasing function of each of the canonical correlations. This
property also follows directly from relation 265:

the p leading canonical correlations p; of each pair (X

q
X2 X5] = —%Z logs (1 = 47). (242)
i=1

4) The EMC is invariant under a transformation of the observations X, by a
nonsingular constant matrix T € R”*”. When we denote the transformed obser-
vations Z, = T - X,, it holds that

I[ZZLC;ZSO] ZI[X:!)O;X(‘?]. (243)

From the explicit result in Eq. 291 for the EMC of a process that is generated by
a linear dynamical system with additive Gaussian noise, one can directly derive
this invariance property. Similar to the notation in Section 4.2, x* denotes the
vector obtained by stacking the observation sequence X;f in a long vector of size
p(t, —t; + 1) x 1. We define the long vector zﬁf in the same way. Then we
can relate the transformed observations to the original ones via Zp =
(It,-,+1 ® T) - X2. The covariance of the history of transformed observations
follows immediately and can be related to the covariance

(CoE=E [Xi? (Xifﬂ :

T
(€ = E[ZZ (z2) ]
t 15 T T
=E|(l-11 ®T)Xp: (th) Ut ®T)

= (1 @T)(CE (T 1 ®T)"

It is straightforward to compute EMC by using the general expression for LDS
(Eq. 291) with H =T and V = 0 as
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1z

5)

1. Det(C.)"! Det(C.)*
7280} :_10g2 e( A)foo e( —)0

—1
—00

2 Det(C.)™_
1 Det(C.); 'Det(C.){
== lim log, .
2 ty——00 Det(Cl)[i
t/>~>00

~ 1 im {logzDet((L,p @T)(C), (I, @ T)T)
ty——00

tr—00

+ logyDet( (1,1 @ T)(Cf (111 @ 7))
— 10g2Det<(1tf—fp+l ® T) (Cx);/p (I[f_fp+l ® T)T) }

1 Det(C.); 'Det(Cy)g
=— lim log, T
2 Det(Cx),;

tr—00

— 1 Laxg]

—00?

where we have used the fact that Det(A - B) = Det(A) - Det(B) and that for
matrices A € R"™" B € R™ we have Det(A ® B) = (Det(A))" (Det(B))".
If the p-component vector of all observations X, can be divided into two separate

sets comprised of the vectors X,“) € R”t and X,(2> € RP2 with p = p, + p,,
which are completely uncorrelated,
T
1
X,E {,
Xt+)f

xY

Cxx(r) =E[XX) ] =E|| Tl
X

t+7

_ CX(l)X(l)(T) 0
0 CX(z)X(z)(T) ’

then the EMC of the whole sequence of observations equals the sum of the EMC
of each set resulting from the partitioning:

ILxs] = () (KO |+ 1@ (k)] a49)

-0’ —o0’

Since uncorrelated Gaussian random variables are independent, i.e. their joint
pdf equals the product of the individual pdfs—in this case

= £|E0) L 6] A ) 625,



4.1 Closed-Form Solutions of Effective Measure Complexity for Vector. .. 225

the above property of additivity for uncorrelated observations can be easily
verified:

1[XZL X :Jf[x x| log,
f[< ) e %]
D)o

f[x:éo,xoo]log
J 0 2 e

Jrle );( )Z° ) 6]
fllx

log,

. . . ~1 .
In the first term, the integration with respect to (x(z))ioc, (x(z))go yields one, and
analogously in the second term the integration with respect to the first variable
set yields one. Ultimately, we obtain:

—1 . yoo [ ! D\ [ ( 0 D)~ D)™
i) = H(ﬂ ) (), ]long[(xml [ £ d(x") _a(x);

4.1.1 Closed-Form Solutions in Original State Space

To calculate the EMC on the basis of the generalized solution from Eq. 239 in the
coordinates of the original state space R”, we must find the pdf of the generated
stochastic process in the steady state. Let the p-dimensional random vector X ;1

be normally distributed with location p_ ., =A¢-X_x—; and covariance
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Y o er1 = 21 (Egs. 19 and 20), that is X .11 ~N(x;A¢ - X_0o_r , 21). Starting
with this random vector the project evolves according to state Eq. 8. As already
shown in Section 2.2, the strictly stationary behavior for t — co means that a joint
probability density is formed that is invariant under shifting the origin. Hence, for
the locus we must have p = Ag - u + E[e,] = Ao - u, and for the covariance matrix
the well-known Lyapunov criterion X = Aj-X 'A(T) + Varlg] = Ap - 2 ~Ag +C
must be satisfied (Eqs. 4 and 27). It follows that g must be an eigenvector
corresponding to the eigenvalue 1 of the WTM A. Clearly, if the modeled project
is asymptotically stable and the modulus of the largest eigenvalue of A is less than
1, no such eigenvector can exist. Hence, the only vector that satisfies this equation is
the zero vector 0, which indicates that there is no remaining work (Eq. 26).

Let 41(Ao), . . ., Ap(Ap) be the eigenvalues of WTM A, ordered by magnitude. If
|41(Ag)| < 1, the solution of the Lyapunov Eq. 27 can be written as an infinite
power series (Lancaster and Tismenetsky 1985):

o0

2=Yab-c- (A (245)
k=0

It can also be expressed using the Kronecker product ®:
vec[Z] = [1,, — Ao ®A0]_l vec[C] .

2 is also positive-semidefinite. In the above equation it is assumed that/,, — Ap ® A
is invertible, vec[C ] is the vector function which was already used for the
derivation of the least square estimators in Section 2.7, and I, is the identity matrix
of size p* x p>.

Under the assumption of Gaussian behavior, it is not difficult to find different
closed-form solutions. Recalling that the random vector X, in steady state is
normally distributed with location g =0, and covariance X, it follows from
textbooks (e.g. Cover and Thomas 1991) that the differential entropy as the second
summand in Eq. 239 can be expressed as

—L{ Flrollogs flxoldxy = —j N (xo; 1, 5) Togo N (30 1, E)dxy
P R?

1
= 510:‘:’»2 (2me)’ Det[Z].

For the calculation of the conditional entropy (first summand in Eq. 239), the
following insight is helpful. Given a value x,, the distribution of X; is a normal
distribution with location Ay - x¢ and covariance C. Hence, the conditional entropy
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is simply equal to minus the differential entropy of that distribution. For Gaussian
distributions, the differential entropy is independent of the locus. Therefore, for the
conditional entropy it holds that

Jxv Lgpf [x1 |x0] f [xollogy f [t [x0] dxodxy

- LprN(xl s Aoxo, C)N (xo; 4, Z)logyV (x1; Agxo, C)dxodx,
N JRPN(XUAO)CO’ C) logy N (x15 Agxo, C)dxy

= _%logz(Zﬂe)pDet[C],

It follows for the VAR(1) model of cooperative work that

1 /Detls]\ 1
EMC = - | S
2 o8 (Det[C]) 2

1
log,Det[X] — 3 log,Det[C]

1 -1
= 5 log;Det [z-c. (246)

According to the above equation, the EMC can be decomposed additively into
dynamic and pure-fluctuation parts. The dynamic part represents the variance of the
process in steady state. If the fluctuations are isotropic, the dynamic part completely
decouples from the fluctuations, as will be shown in Egs. 250 and 251
(Ay et al. 2012). If the solution of the Lyapunov equation (Eq. 245) is substituted
into the above equation, we can write the desired first closed-form solution as

Det [ZLA{; C . (A()T)k}

Det[C]

1
EMC = Slog, (247)

The determinant Det[X] of the covariance matrix ¥ = Z/io Af - C - (Ag)k in the

numerator of the solution above can be interpreted as a generalized variance of the
stationary process. In the same manner Det[C] represents the generalized variance
of the inherent fluctuations. The inverse C~' is the so-called “concentration matrix”
or “precision matrix” (Puri 2010). Det[C] can also be interpreted as the intrinsic
(mean squared) one-step prediction error that cannot be underrun, even if we
condition the observation on infinite past histories to build a maximally predictive
model. An analogous interpretation of Det[X] is to consider it as the (mean squared)
error for an infinite-step forecast of the VAR(1) model that is parameterized by the
optimizing parameters xg, Ap and C (Liitkepohl 1985). In this sense, EMC is the
logarithmic ratio related to the mean squared errors for infinite-step and one-step
forecasts of the process state. Another interesting interpretation of Det[X] is pro-
duced if we do not refer to the predictions of a parameterized VAR(1) model over
an infinite forecast horizon but instead to the one-step prediction error of a naive
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VAR(0) model whose predictions are based on the (zero) mean of the stationary
process. It is evident that this kind of model completely lacks the ability to
compress past project trajectories into a meaningful internal configuration to denote
the state of the project and therefore has zero complexity. Hence, EMC can also be
interpreted as the logarithmic ratio of the (mean squared) one-step prediction error
of a naive VAR(0) model with zero complexity and a standard VAR(1) model with
non-negligible complexity due to procedural memory that incorporates an effective
prediction mechanism. In this context “effective” means that the state should be
formed in a way that the mean squared prediction error is minimized at fixed
memory (sensu Still 2014). In terms of information theory, the generalized variance
ratio can be interpreted as the entropy lost and information gained when the
modeled project is in the steady state, and the state is observed by the project
manager with predefined “error bars”, which cannot be underrun because of the
intrinsic prediction error (Bialek 2003).

The covariance matrices X and C are positive-semidefinite. Under the assump-
tion that they are of full rank, the determinants are positive, and the range of the
EMC is [0, + oo). This was already mentioned in the discussion of the essential
properties of EMC (see Eq. 241).

Interestingly, we can reshape the above solution so that it can be interpreted in
terms of Shannon’s famous “Gaussian channel” (cf. Eq. 262 and the associated
discussion) as

1
EMC = ElogzDet

I+ (f:A’(‘]-C~ (Ag)k> -c—‘]. (248)

k=1

If the covariance C is decomposed into an orthogonal forcing matrix K and a
diagonal matrix Ag as shown in Eq. 22, the determinant in the denominator of
Eq. 247 can be replaced by Det[C] = Det[Ag].

We can also separate the noise component K - Ax - K7 in the sum and reshape the
determinant in the numerator as follows:

Det[ S ALK A KT (a8)']
Det[/\](]

1
EMC = Elogz

Det[ Y7 ALK MK (A]) K- Ak
Det[AK]

1
= Elogz

| (DetlK]-Det[KT (30 AbK Ak (A])) K+ x| Det[KT]

—
2% Det[A]

1 (PetKT (D07 AbK AR (AD)") K+ A

.
2 %8 Det[Ax]
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Moreover, because Ag is diagonal, taking Tr[logo(Ag)] is equivalent to
log,(Det[Ak]) and we have

1
EMC = E1og2Det o+ Ax] — Zlogzl (249)

where Ay = KT+ (3,4 - K - Ax - KT+ (49)") - K.
If the noise is isotropic, that is, the variances along the independent directions

are equal (C = {02} -I,,), and therefore correlations p;; (Eq. 43) between perfor-
mance fluctuations do not exist, we obtain a surprisingly simple solution:

o0

> A (a5)'

1
EMC = -log,Det
2 k=0

1 -1
= SlogyDet (I, — Ao A7) ']
= —%logzDet (I, —Ao-Ag]. (250)

The above solution is based on the von Neumann series that generalizes the
geometric series to matrices (cf. Section 2.2).

If the matrix Ay is diagonalizable, it can be decomposed into eigenvectors 9,(Ag)
in the columns S.; of S (Eq. 35) and written as Ag = S - As - S~ '. Ag is a diagonal
matrix with eigenvalues 4,(A() along the principal diagonal. Hence, if C = {0'2} -1,
and Ay is diagonalizable, the EMC from Eq. 250 can be fully simplified:

;
Tl — Zi(Ao)?

7121’:10 _
267 T (o)
1 & )
= log, (1 — Zi(Ao) ) (251)
i=1

EMC — & 10g2H

Both closed-form solutions that were obtained under the assumption of isotropic
fluctuations only depend on the dynamical operator A, and therefore the dynamic
part of the project can be seen to decouple completely from the unpredictable

performance fluctuations. Under these circumstances the argument (1 —Ai (AO)Z)

of the binary logarithmic function can be interpreted as the damping coefficient of
design mode ¢; = (4;(Ao),9i(Ao)) (see Section 2.1).

Similarly, for a project phase in which all p development tasks are processed
independently at the same autonomous processing rate a, the dynamic part
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completely decouples from the performance fluctuations under arbitrary correlation
coefficients. In this non-cooperative environment with minimum richness of tem-
poral and  structure-organizational  dependencies, we simply  have
Ao = Diagla, . .., a]. For EMC, it therefore holds that

Det {ZZ:) (Diagla, . ..,a)* -C - (Diag[a, . 7a]T)k}
Det[C]

EMC = Elog2

| (Det [c 3" (Diagla,...,d))" - (Diagla,... ,a])k]
=38 Det[C]

2
Z Dlag az] )k]
k=0

. 1 1
= ElogzDet [Dlag [1 sy R aZH

= —g log2(1 — az). (252)

= —logzDet

An additional closed-form solution in which the EMC can be expressed in terms
of the dynamical operator A, and a so-called prewhitened operator W was formu-
lated by DelSole and Tippett (2007) and Ay et al. (2012). Using Det[A]/Det[B] =

Det [A . B’l} and the Lyapunov Eq. 27 we can write

Det|C] T -1 T -1
=Det|(X—Ay-Z-A,) - = =Det|l, —Ap-Z-A, -2 .
Det[z] et[( 0 0) ] et[], — Ao 0 ]
Defining
W:i=37.-4,-X2
we obtain
Det[C] T
= Det|l, - W -W
Det[z] etlh I

where Det [1,, —A-N -A’l} = Det [1,, —N] and £ =2XT were used. Hence, we
obtain the EMC also as
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1
EMC = — log, Det 1, —w-wT]. (253)

According to DelSole and Tippett (2007) the application of the dynamical operator
W can be regarded as a whitening transformation of the state-space coordinates of
the dynamical operator Ay by means of the covariance matrix Z.

Concerning the evaluation of the persistent mutual information—represented by
the variable EMC(7)—of a vector autoregressive process, Section 3.2.4 showed that
this can be expressed by the continuous-type mutual information /[.;.] as

EMC(zr) = I[X_L; X?°]
—1 00
—1 o0 f [xfoo’x‘r ] —1 00
= x__,xXlog, ———=——— dx___ dx>°.
o rbesoon g iy o

The independent parameter 7z > 0 denotes the lead time. The term f [X:éc]
designates the joint pdf of the infinite one-dimensional history of the stochastic
process. Likewise, f [x?o] designates the corresponding pdf of the infinite future
from time z onward. We used the shorthand notation f[xZ! , x| = flx_,

T
-x—00+l’ "'7x—]’x1’x‘[+17’ "'7-XOO—]’-XOOL f[x:}x::l :f[x—ooa-'-vx—l], f[x-?-o] -

Fley oo sXoo)y dx”l = dx_oo...dx_y and dx>® = dx,...dx. Informally, for

positive lead times the term [ [X:}DO;X;’O] can be interpreted as the information
that is communicated from the past to the future ignoring the current length-z
sequence of observations X§'. Assuming strict stationarity, the joint pdfs are
invariant under shifting the origin. Due to the Markov property of the VAR
(1) model they can be factorized as follows:

f[x:éc,x;’c] = wa' . ‘Jpr[x:lo,xgo}dxo coodx,_g
= flrooolf [oost [xooo] - F[xoa o] F e ] - f oo Yoot
XJ - J f[x0|x_1] .. .f[x,‘x,_l]dxo codx._g
xr Jxe

f[x:éo] = f[xfoo}f[xfooJrl |Xfoo] .. .f[x,l |x72]
] = f[xr]f[x,+1|x,] "'f[xoo}xoo—l]

Hence, we can simplify the mutual information as follows:
] = [ ]l
xX? xX?

J J f[x0|x,1]...f[x,|x,,1]dxo.--dxrfl
Xr_JXP dx~! dx™.

10g2 f[X } —00 T
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According to the famous Chapman-Kolmogorov equation (Papoulis and Pillai
2002) it holds that:

J J f[xo}x—l] ...f[x,|x,_1}dxo...dx,_l :f[xr\x_l}
xr Jxe
Hence, we have

i) = [ [ tomas e dvadn| | sl arjectae,
xrJxr X7 xXr

*J long[xf]dxfj J Il ]dxl dxs,
Xr XP

Xr

= flx—1,x.]log, f [x,|x,1] dx_idx, — J flxlog, flx:] dx,
xrJxr xr

= flx_i]dx_, Lgpf [xc|x_1]log, f [x: }x,l] dx, — JXPf[x,]long[x,] dx,.

Jxr

For a VAR(1) process the transition function is defined as
f[x,|x_1} = N(x,;Ag -x_l,C(r)),

with the lead-time dependent covariance

C(z) =A¢-C(z—1)-Aj +C

' k
=3 c (D)
k=0
We find the solution
1 1
EMC(r) = 3 log,Det[X] — 3 log,Det[C(7)]
1, ( Detlz]
=2 %82\ Detlc(7)]
1 y
~ 5 log,Det [2 - (C(2)) ]

The solution can also be expressed as the logarithm of the variance ratio
(Ay et al. 2012):

Det[Z]
Det[= - 45" -z (a)] )

1
EMC(7) = 3 log, (254)
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noting thatC =X — Ay - X - AOT . Asin Section 4.1 we can rewrite the above solution
on the basis of the dynamical operator Ay and lead-time dependent prewhitened
operator W(z) (Eq. 253; DelSole and Tippett 2007; Ay et al. 2012) as

1
EMC(r) = — log,Det [1,, W) - W(T)T} ,
with
W(r) =27 - AFt . 22, (255)

Following the same principles, a closed-form solution can be calculated for the
elusive information o, () = I[X_\; X°|X;'] from Eq. 231. As explained in
Section 3.2.4, the elusive information is one of two essential pieces of the persistent
mutual information and represents the Shannon information that is communicated
from the past to the future by the stochastic process, but does not flow through the
currently observed length-r sequence X(T)’1 (James et al. 2011). The key
distinguishing feature of the persistent mutual information is that it is nonzero for
7 > 1 if a process necessarily has hidden states (Marzen and Crutchfield 2014).
Conversely, due to the Markov property of the VAR(1) model, the elusive infor-
mation completely vanishes for positive length 7.

This statement is easy to prove by using the definitions for the conditional
mutual information from Eq. 214 and the conditional entropy from Eq. 213.
Based on these definitions, the following relationship can be expressed:

I[X;Y|Z] = H[X|Z] + H[Y|Z] — H[X,Y|Z]
=H[X,Z] — H[Z]| + HY,Z] — H[Z] — H[X,Y,Z] + H[Z]
=H[X,Z|+H[Y,Z] - H[Z] - H[X,Y,Z].

As it holds
we find

I[X;Y|Z] =H[X,Z] - H]Z) — HX] +I[X; Z,Y]
=I[X;Z,Y] - I[X;Z].

In particular, we have

ou(7)

][ Xoo’x‘r 1]
][ ,ooaXT 1 XOO] |: 700,)(1 l]
IXZLxe] —1[x2l xet.

—00?
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Using the Markov property (Eq. 235), we see from the calculations Eq. 237-238
that the emergent complexity does not depend on the future of the autoregressive
process beyond the lead time 7, i.e.

—00?

IX-Lxy] =1[x2l x5,
This proves that it holds for z > 1:
o,(7) =0.

This result is independent of the coordinate system in the vector autoregression
model of cooperative work.

4.1.2 Closed-Form Solutions in the Spectral Basis

In this chapter, we calculate additional solutions in which the dependence of the
EMC on the anisotropy of the performance fluctuations is made explicit. These
solutions are much easier to interpret, and to derive them we work in the spectral
basis (cf. Eq. 35). According to Neumaier and Schneider (2001), the steady-state
covariance matrix ¥’ in the spectral basis can be calculated on the basis of the
transformed  covariance  matrix of the  performance fluctuations

c=s'.cC ([ST}*>7I (Eq. 41) as

C’112_ /”125,116/2
1 — 44 1 -4k
Y = Phachicn chy? e (256)

1=l 1=k

In the above equation, the p;].’s are the transformed correlations, which were defined

in Eq. 43 for a WTM A, with arbitrary structure and in Eq. 47 for Ay’s that are
symmetric. The ¢/*’s (cf. Eq. 10) and piiciici’s (cf. Eq. 11) are the scalar-valued
variance and covariance components of C’ in the spectral basis:

i’ PiaC1ih

C'= | plhelich chy? . (257)

The transformation into the spectral basis is a linear transformation of the state-
space coordinates (see Eq. 41) and therefore does not change the mutual informa-
tion being communicated from the infinite past into the infinite future by the
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stochastic process. Hence, the functional form of the closed-form solution from
Eq. 246 holds, and the EMC can be calculated as the (logarithmic) variance ratio
(Schneider and Griffies 1999; de Cock 2002):

1 Det[Z]\ 1 PR
EMC = log, (F{c’]) — 5 log,Det {z C } (258)

The basis transformation does not change the positive-definiteness of the covari-
ance matrices. Under the assumption that the matrices are of full rank, the deter-
minants are positive. As already shown in Section 4.1.1., the determinant Det[X'] of
the covariance matrix X' can be interpreted as a generalized variance of the
stationary process in the spectral basis, whereas Det[C'] represents the generalized
variance of the inherent performance fluctuations after the basis transformation.
The variance ratio can also be interpreted in a geometrical framework (de Cock
2002). It is well known that the volume Vol[.] of the parallelepiped spanned by the
rows or columns of a covariance matrix, e.g. ¥/, is equal to the value of its
determinant:

Vol[parallelepiped[~]] = Det[X].

In this sense the inverse variance ratio Det[C']/Det[X'] represents the factor by
which the volume of the parallelepiped referring to the dynamical part of the
process can be collapsed due to the state observation by the project manager leading
to a certain information gain.

An important finding is that the scalar-valued variance and covariance compo-
nents of the fluctuation part are not relevant for the calculation of the EMC. This
follows from the definition of a determinant (see Eq. 267). The calculated deter-

P .
¢’ 2, which

minants of ¥’ and C’ just give rise to the occurrence of the factor H ,
n=1 "nn

cancels out:

o1 <o) dafe ] - B D)

. ‘ . . . /

Hence, we can also calculate with the “normalized” covariance matrices X, and
/.

Cy:

1 Pa
1= 11—k
= _rh 1 (259)

1—Jodi 1= |A)?
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L ph
Cy=|rn 1 | (260)

It can be proved that the normalized covariance matrices are also positive-
semidefinite. If they are furthermore not rank deficient, inconsistencies of the
complexity measure do not occur. According to Shannon’s classic information-
theory findings about the capacity of a Gaussian channel (Cover and Thomas 1991),
the normalized covariance matrix X), can be decomposed into summands as
follows:

1 i
-1 12__ /
1= M) —ak
E;\/:C;\/Jr ,0/12 ) 1 1
12

1 — bl

The second summand in the above equation is defined as X. This matrix can be
simplified:

|’11’2 / Alz
- Prioam
e [Ao? : (261)

PRy m 1-|hp

We obtain the most expressive closed-form solution based on the signal-to-noise

ratio SNR := X,.Chy '

1 " -
EMC =  log,Det| ], + Zy - Cy . (262)

The SNR can be interpreted as the ratio of the variance Z;, of the signal in the
spectral basis that is generated by cooperative task processing and the effective
variance C), of the performance fluctuations. The variance of the signal drives the
process to a certain extent and can be reinforced through the structural organization
of the project. The effective fluctuations are in the same units as the input x,. This is
called “referring the noise to the input” and is a standard method in physics for
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characterizing detectors, amplifiers and other devices (Bialek 2003). Clearly, if one
builds a photodetector it is not so useful to quote the noise level at the output in
volts; one wants to know how this noise limits the ability to detect dim lights.
Similarly, when we characterize a PD project that uses a stream of progress reports
to document a quasicontinuous workflow, we don’t want to know the variance in
the absolute labor units; we want to know how variability in the performance of the
developers limits precision in estimating the real work progress (signal), which
amounts to defining an effective “noise level” in the units of the signal itself. In the
present case, this is just a matter of “dividing” generalized variances, but in reality it
is a fairly complex task. According to Sylvester’s determinant theorem, we can
swap the factors in the second summand:

"

Det[1, + 2y, -y, '] = Detlt, + ¢ 2]

The obtained closed-form solution in the spectral basis has at most only (p?> — p)/
2+ p = p(p + 1)/2 independent parameters, namely the eigenvalues 4;(A) of the
WTM and the correlations pgj in the spectral basis, and not a maximum of

the approximately p* + (p* — p)/2+ p = p(3p + 1)/2 parameters encoded in
both the WTM A, and the covariance matrix C (Eq. 248). In other words, through
a transformation into the spectral basis we can identify the essential variables
influencing emergent complexity in the sense of Grassberger’s theory and
reduce the dimensionality of the problem in many cases by the factor
Bp+1)/(p+1).

Furthermore, these independent parameters are easy to interpret, and at this point
we can make a number of comments to stress the importance and usefulness of the
analytical results. It is evident that the eigenvalues 1,(Ag) represent the essential
temporal dependencies of the modeled project phase in terms of effective produc-
tivity rates on linearly independent scales determined by the eigenvectors 9,(Ag)
(i=1...p). The effective productivity rates depend only on the design modes ¢;
of the WTM A( and therefore reflect the project’s organizational design. The lower
the effective productivity rates because of slow task processing or strong task
couplings, the less the design modes are “damped,” and hence the larger the project
complexity. On the other hand, the correlations pfj model the essential dependencies
between the unpredictable performance fluctuations in open organizational systems
that can give rise to an excitation of the design modes and their interactions. This
excitation can compensate for the damping factors of the design mode. The pﬁj’s
scale linearly with the 4,(C) along each independent direction of the fluctuation
variable ¢]: the larger the 4,(C), the larger the correlations and the stronger the
excitation (Eq. 43). However, the scale factors are determined not only by a linear
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interference between design modes ¢; and ¢, caused by cooperative task processing
but also by the weighted interference with performance fluctuation modes ¥; and ¥;
caused by correlations between performance variability (cf. Egs. 43 and 47). In
other words, the emergent complexity of the modeled project phase does not simply
come from the least-damped design mode ¢, = (11 (Ay), 91 (Ap)) because this mode
may not be sufficiently excited, but rather is caused (at least theoretically) by a
complete interference between all design and performance fluctuation modes. Like
the analytical considerations of Crutchfield et al. (2013) concerning stationary and
ergodic stochastic processes whose measurement values cover a finite alphabet, the
obtained closed-form solutions show that in a development process complexity is
not just controlled by the “first spectral gap,” i.e. the difference between the
dominant eigenvalue and the eigenvalue with the second largest magnitude. Rather,
the entire spectrum of eigenvalues is relevant and therefore all subspaces of the
underlying causal-state process can contribute to emergent complexity (Crutchfield
et al. 2013). In most practical case studies, only a few subspaces will dominate
project dynamics. However, the closed-form solution from Eq. 262 in conjunction
with Eqgs. 260 and 261 shows that this is not generally the case. In Section 4.1.4, we
will present fairly simple polynomial-based solutions for projects with only two or
three tasks, and we will make the theoretical connections between the eigenvalues,
the spectral gaps and the correlations very clear. The solution for two tasks will also
allow us to identify simple scaling laws for real-valued eigenvalues. As a result, we
see that emergent complexity in the sense of Grassberger’s theory is a holistic
property of the structure and process organization, and that, in most real cases, it
cannot be reduced to singular properties of the project organizational design. This is
a truly nonreductionist approach to complexity assessment insisting on the specific
character of the organizational design as a whole.

Similarly to the previous chapter, we can obtain a closed-form solution for the
persistent mutual information EMC(7) in the spectral basis. The transformation into
the spectral basis is a linear transformation of the state-space coordinates and
therefore does not change the persistent mutual information communicated from
the past into the future by the stochastic process. Hence, in analogy to Eq. 256 the
variance ratio can also be calculated

Det[¥']
Det |:Z/ _ A§+l S ([ATQ] *)TH]

1
EMC(r) = 3 log,

in the spectral basis, where the diagonal matrix Ag is the dynamical operator
(Eq. 39) as

As = Diag[A;(Ag)] 1<i<p.
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Because Ay is diagonal, the solution in the spectral basis can be simplified to

[ s\ 7+1
7+1 T
o (Det|T gty (AT ]
EMC(7) = —> log, - Det[]
1 (DetE - agt Ay
= ——] =
2 %8 Det[Y]

1 .
:—ElogzDet[I AT ATy ‘}

1 / /=1
— — log,Det [1,, _Y(2)-T } (263)

with ¥'(z) = AL -2 - AL (2> 0).
As with the derivation of the expressive closed-form solution in Section 4.2, the
w\ 7+1 «
generalized variance term &' — A" - X' ([AST ] ) =3 - AT AT

the denominator of the variance ratio can be written in an explicit matrix form:

- AFT T AT

T 5\ 7+!1 7+l
ch’ A +1C/112(’11) PacliCh ML phaehich (%)
1 — A 1— A 1 —Aidy 1 —Aidy
— 7+1 P —\ 7+1
Pachichy  Af etk (41) 5’ ) +1C’zzz(’b)
1 — A 1 — At 1 — Ay 1— A
T 7+l
” )1—|/11| (r+1) / p12<1—/11+1(,1) )
) —— ¢},
11 = 1122 =ik
= +1 77\ 71
! pllz(l —h ' (A]) ) (C’ 2) 1- |’11|2(T+1)
1122 = oly 2 1 _T”z

It can be proved that the covariances cfj in the above matrix form are not relevant for
the calculation of EMC(z). This follows from the definition of a determinant (see
Eq. 267). When calculating the determinants of ¥/ and T AFT AT they
just give rise to the occurrence of a factor H _ Can » Which cancels out in the
variance ratio. Therefore, the persistent mutual information can also be calculated
using normalized covariance matrices. The normalized covariance matrix of ¥/,

termed X, was defined in Eq. 259. The normalized covariance matrix of ' — A§"!

D A;TH is simply
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! 7+1 / *r41
= AL LEL AL

|- e (=)
1— |4 Pr2 1 — My
= +1 7\ 7+l
” (1 — " (11) ) | ‘/12|2(r+1)
12 T, 2

1 — oy 1— |

Hence,

I ATHL AR
EMC (1):—1 log, Det[Z), — A7 -2} - AT
2 Det[Z) ]

1 ;
= —5 log;Det [, = AGT -2 AT E T

1
= — log,Det (1, —Zy(2) - 271, (264)

with 2 (7) = AL -2 - A (2> 0).

4.1.3 Closed-form Solution through Canonical Correlation
Analysis

If the matrix C}v representing the intrinsic prediction error in the spectral basis is
diagonal in the same coordinate system as the normalized covariance matrix X}
contributed by cooperative task processing, then the matrix product X}, - Cy~! =
(],, + X - C;\,’l) is diagonal, and simple reduction of emergent complexity to
singular properties of the design modes ¢; = (4;(Ao), 9:(Ap)) and performance
fluctuation modes ¥; = (4;(C), k;(C)) will work. In this case, the elements along
the principal diagonal are the signal-to-noise ratios along each independent direc-
tion. Hence, the EMC is proportional to the sum of the log-transformed ratios, and
these summands are the only independent parameters. However, in the general case
we have to diagonalize the above matrix product in a first step to obtain an additional
closed-form solution. This closed-form solution has the least number of independent
parameters. In spite of its algebraic simplicity, the solution is not very expressive,
because the spatiotemporal covariance structures of the open organizational system
are not revealed. We will return to this point after presenting the solution.

Unfortunately, the diagonalization of the matrix product X}, - Cﬁ\fl cannot be
carried out through an eigendecomposition, because the product of two symmetric
matrices is not necessarily symmetric itself. Therefore, the left and right eigenvec-
tors can differ and do not form a set of mutually orthogonal vectors, as they would if
the product was diagonal. Nevertheless, we can always rotate our coordinate system
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in the space of the output to make the matrix product diagonal (Schneider and
Griffies 1999). To do this, we decompose X}, - Cy,~! into singular values (singular
value decomposition, see e.g. de Cock 2002) as

VO =U-Agy -V
where
U-U"=1, and V-V =],
and
Ayy =Diagle}] 1<i<p.

The columns of U are the left singular vectors; those of V are the right singular
vectors. The columns of V can be regarded as a set of orthonormal “input” basis
vectors for Z;V . CZ'\,’I; the columns of U form a set of orthonormal “output” basis
vectors. The diagonal values ¢} in matrix Ayy are the singular values, which can be
thought of as scalar “gain controls” by which each corresponding input is multiplied
to give a corresponding output. The o}’s are the only independent parameters of the
following closed-form solution (see ). The relationship between the singular values
o) of £y -Cy~! and the canonical correlations p; (see summary of properties of
EMC at the end of Section 4.1) in our case is as follows (de Cock 2002):

a’.:# 1<i<p.

Under the assumption that Det[Z) - Cy,~'] >0, it is possible to prove that
Det[U] - Det[V] = 1. We can obtain the desired closed-form solution as follows:

1
EMC = 7 log,det =y -y
1
= %logzdet[U -Agy - VT}
=3 log, (Det[U] - Det[Ayy] - Det[V])
1
=3 log,det[Ayy]

= % Trllog, (Apv)]

1 P
:Ezlogﬂ’;

i=1

1& 1
=52 )

12 .
= _Ei:Z]lng(l —p[). (265)
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In spite of its algebraic simplicity, a main disadvantage of this closed-form solution
with only p parameters & or p? is that both the temporal dependencies of the
modeled work process in terms of essential productivity rates (represented by the
4;’s), and the essential cooperative relationships exciting fluctuations (represented
by the p:-j’s) are not explicit, but are compounded into correlation coefficients

between the canonical variates. Therefore, it is impossible for the project manager
to analyze and interpret the spatiotemporal covariance structures of the organiza-
tional system and to identify countermeasures for coping with emergent complexity.

A canonical correlation analysis over 7 time steps leads to the following solution
of the persistent mutual information:

EMC(z) = %logzDet (= (= - A A
- %logzDet V@) - Aov(2) - V()]
= 3 oz, (Det(U(+)] - Det{Auy (¢)] - Det[V (2))
et

= % Tr(log, (Ayy (7))]

1 P
= 5210&‘7;(7)
i—

1< 1
==Y log, [ ————
22 o (1 - <p-<r>>2>

1

- —;;mgz (1= (2. (266)

The term U(z) - Agy () - V(z)" represents the product of the matrices resulting from a

-
decomposition of Z), - (Zj\, —AST T (AS) H) as a function of the lead time 7

(U(x). Auv (1), V(1)) = SVD {z;v (z- Ay (AS*)TH)T

where the matrix-valued function SVDI.] represents the singular value decompo-
sition of the argument. The o/(7)’s and p;(r)’s represent, respectively, the singular
values and canonical correlations given the lead time.

4.1.4 Polynomial-Based Solutions for Processes with Two
and Three Tasks

We can also analyze the spatiotemporal covariance structure of X, (Eq. 259) in the
spectral basis explicitly by recalling the definition of a determinant. If B = (b,~ j) isa
matrix of size p, then
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Det(B) = > sgn(B)[ [ bi.s0 (267)
1

f<R, i=

holds. R, is the set of all permutations of {1,...,p}. Thus, because of the regular
structure of the matrix Xj, Det[Z}] is a sum of p! summands. Each of these
summands is a fraction, because it is a product of elements from X}, where exactly
one entry is chosen from each row and column. The denominator of those fractions

is a product consisting of p factors of 1 — 4;(Ag)4i4i(Ag). The numerator is a
product of 2,3, .. ., p factors p::,-, or simply 1 if the permutation is the identity. (The
case of one factor cannot occur, because the amount of factors equals the amount of
numbers changed by the permutation f, and there is no permutation that changes

just one number). The coefficients (i,j) of the factor 1 — 4;(Ag)Aj(Ao) in the
denominator correspond to the coefficients (k,/) of the factor pil in the numerator,
iie. i=1[1 and j=k, if i #k holds. Otherwise, in the case that i =k, no
corresponding factor is multiplied in the numerator, because the appropriate entry
of X, lies on the principal diagonal. Moreover, 1 — 2;(A¢)4j(40) =1 — 2:(A0)|?
holds in that case.

These circumstances are elucidated for project phases with only p =2 and

p = 3 fully interdependent tasks. For p = 2 we have

1 Py
|- M2 1=
A L

1= ki 1—|k)?

hence,

1 p/ 2
Det|Z | = — P12 .
et[ N] (1_|/11|2)(1_|12|2) (1_12/11)(1_/1122)

For p = 3 we have

1 /’/127 /’/137
L= 1=Md 1—Mls
s pl127 1 9/237
Nl 1=k 1= |2 12 |
Pl Pa 1

1=k 1=k 11— |As)?
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hence,
Det (2] = :
=P (A= [RP) (1 - [4P)
_ P/zzzi _ /’l1327 _
(=) (= 52) (1= 2k) (1= [RP) (1 - 252) (1 - %)
. ,0/122_ _ 4 _ P/12P/13/é3 _
(=P (1 =aZ) (1 =nd)  (1=24) (1 —ds) (1 —434))
ProP13P

PO (1 — i) (1 — k)

The results for C}, are much simpler. From Eqgs. 259 and 260 it follows that the
numerator is the same, whereas the denominator is simply 1.

For p =2 we have
1 p
I 12
v = <P/12 1 >7

hence,

Det[Cy] =1 —pi,%

) } P/12 P:13
Cy = P/lz } P3|
P13 Py 1

Det[Cy] = 1+ 2p),p30h3 — pla” — Pis” — phs™.

For p = 3 we have

hence,

These results readily yield the closed-form expression

1 1 1
EMC = ~log,

o | (e~ )|
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for p = 2 tasks and

1
EMC = - log, [

5 : —Det [zgv]] (269)

1+ 2000003055 — Pia? — Pls® — Phs

for p =3 tasks, where the simplified determinant Det[X)] of the normalized
covariance matrix X} is given by

(5] — 1 1 B P
o)~ T e )
1 1
L) (L —25) (1 —aohy) (1= 273) (1 — 2oy ) (1 — AsTa)

+P12P13P2 (

- P’ B P2
(=P (1 —2k) (= %a) (=P (- (i —as) &7

Now, we suppose that all eigenvalues 1A ) are real. Under this assumption EMC
can be expressed by the spectral gaps (/11‘ — /1_,<)l. " between eigenvalues as

1 1 P2 (A — X))
EMC = | +
2202 (1= 102 (1= 22)(1— ) (1 — )

1 1 Pt = )
= —log 1+
2 2[(1 -7 (1 —/122)< =912 (1 — 11 Ap)?
10/122 (A1 — /12)2
L—p2 (1= ah)*|
(271)

1 1
= — log [1-4%] - 7 log, [1—2°] +log, ll +

for p =2, and as

1 1 1
EMC = — log, [1 — 4% — 7 log, [1-2°] - 51ogz[1 —13°]
L og, |14 £5 A1= B Pt = B ph? (= B)
2= L=k P (=) P (1—lads)
+2p'122p'132p'232 (1=22) (1 =27 (1= 23%) = (1 = L) (1 — 2d3) (1 — Aads)
p/ (1 —ﬂlﬂz)(l — 1113)(1 — /12),3)

(272)

for p = 3 using analogous simplifications. The factor p’ equals the determinant of
the covariance matrix of a standard trivariate normal distribution taking variances
¢}, = c3, = c3; = 1 and is given by
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P =1+ 200,0130h5 — pla” — pls® — phs”

Hence, if the dynamical operator A, has only real eigenvalues 1;(A,), EMC can be
decomposed into simple additive complexity factors and the factor related to the
correlations between the covariance components of C' in the spectral basis is a
simple function of the spectral gap(s).

For a process with p = 2 tasks that is asymptotically stable in the sense of
Lyapunov (Eq. 4), it is evident that the first, second and third summand in the last
row of Eq. 271 can only take values in the range [0, +00), and for different
correlations  p}, €[—1;1] the sum of the first and second summand
—1/2log, [1 — 41*] = 1/21og,[1 — A2*] is a lower bound. To gain additional
insights into the scaling behavior of EMC in the spectral gap AA = (41 — 4,) and
the correlation coefficient p},, we define another variable ¢ = (4; + 42) that is
orthogonal to AA. The Taylor series expansion of EMC in the spectral gap A1 about
the point A1 = 0 to order AA* leads to:

1 ¢ 2

For the correlation coefficient p}, we obtain the series expansion

(1 (g W) (1 (gt Azf)]
4 4

N 2A12
(4 4+ A2* — ?)logo(2)

4((1+p°) +6 = 3ply°¢°
(/’llzz - 1)(€2 —4)log;o(2)

+ )MZ +o[ad]’.

1
EMC = ) log,

pia° + 0[ﬂl12]3

about the point p}, = 0 to order p/,.

For p = 3 tasks it can also be proved that the fourth summand in Eq. 272 can
only take values in the range [0, +00) in view of the definition of the covariance
matrix. The sum of the first, second and third summands is also a lower bound.

Interestingly, the coefficient pi,>/ (1 — p,?) in Eq. 271 is equivalent to Cohen’s
#2, which is an effect size measure that is frequently used in the context of an F-test
for ANOVA or multiple regression. By convention, in the behavioral sciences
effect sizes of 0.02, 0.15, and 0.35 are termed small, medium, and large, respec-
tively (Cohen 1988). The squared product-moment correlation p’122 can also be
easily interpreted within the class of linear regression models. If an intercept is
included in a linear regression model, then p),” is equivalent to the well known
coefficient of determination R”. The coefficient of determination provides a mea-
sure of how well future outcomes are likely to be predicted by the statistical model.

Moreover, interesting questions arise from the identification of these lower
bounds. The answers will improve the understanding of the unexpectedly rich
dynamics that even small open organizational systems can generate. The identified
lower bounds can be reached, if and only if either the performance fluctuations are


http://dx.doi.org/10.1007/978-3-319-21717-8_2

4.1 Closed-Form Solutions of Effective Measure Complexity for Vector. .. 247

isotropic, that is, for the corresponding covariance matrix in the original state-space
coordinates the expression C = {02} -1, holds (see Eq. 250), or the dynamical
operator Ay is symmetric and the column vectors of the forcing matrix K are
“aligned,” in the sense that Ag = {c} - K holds (¢ € R or ¢ = Diag[c;] in general).
More details about the interrelationship between A, and K were presented earlier in
Section 2.3. In the following, we focus on the question of how to identify the
“optimal” spectrum of eigenvalues 4;, in the sense that emergent complexity

according to the metric EMC = % log,Det {Z}, -C ;,1} is minimized subject to the

constraint that the expected total amount of work x,,, € R™ done over all tasks in the
modeled project phase is constant. This constrained optimization problem will be
solved under the assumptions that all eigenvalues 1A) are real, it holds that A;
(Ap) > 0and the performance fluctuations are isotropic, i.e. for a process consisting
only of relaxators (see Fig. 2.6) and in which the design modes are excited as little
as possible. We therefore need to find project organization designs that could, on
average, process the same amount of work while leading to minimum emergent
complexity. A closed-form solution of the mean vector X of the accumulated work
for distinct tasks in an asymptotically stable process given the initial state x, can be
calculated across an infinite time interval as X = (Ip - Ao)71 - Xo (see Section 2.2).
The expected total amount of work x,, = Total[x] is simply the sum of the vector
components (Eq. 16). For two tasks, the above question can be formulated as the
following constrained optimization problem:

-1
: 1 ai am)T Kan a21>:|2
min —log,Det 1-4 1-2
(an1.an.az,a2) 2 & <( : |:(a12 an ? ap  ax

~1
. 1—a —a X
subject to Total 1 12 (o = Xio1-
—ay  1—axp X02

For three tasks, the corresponding formulation would be:

-1
3 ayp apz a3

1
min ElogzDet H 11— 4 21 Az a3

. i=1 a a a
({a,,}(w(lmz) 31 32 ass

S

l—an —an —an3 Xo1
subject to Total —an 1—a»n —axn | xpo = Xior-
—asi —axn 1 —as X03

In these equations, 4,[.] represents the i-th eigenvalue of the argument matrix. To
solve the constrained optimization problems, the method of Lagrange multipliers is
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used. Unfortunately, this method leads to simple and expressive closed-form
solutions that this book can only present and discuss under additional constraints.
The first additional constraint is that only two development tasks are processed.
Furthermore, both tasks have to be “uncoupled” and the corresponding off-diagonal
elements a; = 0 and a;; = 0 indicate the absence of cooperative relationships.
Finally, the initial state is constrained to a setting in which both tasks are 100% to be
completed, that is xo = [1 I]T, and in this case the total amount of work must be
larger than 2(x,, > 2). Under these constraints, it follows that the eigenvalues
A1(Ap) and A,(Ap) are equal to the autonomous task processing rates:

an 0 _ al 0 _
/11|:< 0 022>:| = d and /12|:< 0 022>:| =da.

The closed-form solution of the constrained optimization problem is the piecewise-
defined complexity function:

2
logy [~ ) 2 2 <xp <2442
— (xtot - 1)

S10% (2o = 1) = 1 if 2+ V2 < X

The corresponding equations for the autonomous task processing rates (alias eigen-
values) are

-2
oot if 2 < xy <242
a{nlin — Afnin _ Xtot .
if 2 + \/i < Xjot
Xt — 1 — \/ 2+ (xtot - 4)xtat
-2
Yo 2 if 2 < xy <242
aénzin — A;m’n _ Xtot .
if 242 < Xtot-
Xeor — 1+ /2 + (sz - 4)xmt

When we analyze the above solutions, an interesting finding is that the value x!, =

2+ \/Q ~ 3.414 of the total amount of work indicates a kind of “bifurcation point”
in the complexity landscape. Below that point, minimum complexity values are
assigned for equal autonomous task processing rates (or eigenvalues); above it,
minimum complexity values are attained, if and only if the difference between
rates (the spectral gap AA™" = A" — )miny g

min __ 2 2 + (Xtat - 4)xtot
z 2o — 1 '

min min __ ymin
a)y" —ay" =AN" =4

This bifurcation behavior of an open organizational system in which only two
uncoupled tasks are concurrently processed was unexpected. Figure 4.1 shows the
bifurcation point in detail.
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Fig. 4.1 Plot of autonomous task processing rates a;; and a; leading to a minimum EMC subject
to the constraint that the expected total amount of work x,,, is constant. The underlying closed-
form solution was calculated based on Lagrange multipliers. Note that the solution only holds

under the assumption that the tasks are uncoupled and the initial state is xp = [1 l]T, in which case
X, must be larger than 2

We also found analytical results for the constrained optimization problem in the
more general case of two uncoupled overlapping tasks, i.e. a bundle of independent
tasks where, initially, only the second task has to be fully completed, while the first
task is already completed to a level of x % and we therefore have an initial state
xo = [(1 —x)/100 1]". However, the closed-form solutions are very complicated
and, due to space limitations, cannot be presented here. It is important to note that
the piecewise-defined complexity function and the corresponding bifurcation point
are completely independent of the degree of task overlapping and only depend on
the dynamics of task processing. This is a highly desirable property of the preferred
complexity metric.

When we relax the constraint that both tasks have to be uncoupled, and consider
all four matrix entries of the WTM A, as free parameters, we find another simple
analytical solution to the constrained optimization problem. The initial state is
constrained to be xp = [1 I}T as before. However, the obtained solution is not
very structurally informative, as all four elements of A, are supposed to be equal to
(Xtor — 2)/2x101, and we have the symmetric matrix representation

1 1 1 1

Amin _ 2 Xor 2 Xor
0 1
2 X 2 Xior

From a practical point of view, this kind of project organizational design seems to
be rather “pathological” because the relative couplings between tasks are extremely
strong and one must expect a large amount of additional work in the iterations. The
corresponding complexity solution is
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Xtot

1 2
EMC,,;, = =1 Y A—— if 2 or -

It is evident that the above minimum of emergent complexity scales for x,,, > 2.5
almost linearly in the expected total amount of work.

4.1.5 Bounds on Effective Measure Complexity

To calculate the lower bounds on EMC for an arbitrary number of tasks we can
make use of Oppenheim’s inequality (see Horn and Johnson 1985). Let M and N be
positive-semidefinite matrices and let MoN be the entry-wise product of these
matrices (so-called “Hadamard product”). The Hadamard product of two positive-
semidefinite matrices is again positive-semidefinite. Furthermore, if M and N are
positive-semidefinite, then the following equality based on Oppenheim holds:

Det[MoN] (H M,,)Det]

Let M = (My; ) = (1/(1 — Ai(A )l_i(AQ))) be a Cauchy matrix (1 < i, j < p).
The elements along the principal diagonal of this matrix represent the “damping
factor” 1 — |/1,-|2 of design mode ¢;, and the off-diagonal elements 1 — Aid; are the
damping factors between the interacting modes ¢; and ¢;. We follow the convention
that the eigenvalues are ordered in decreasing magnitude in rows. Let N = C}, be
the normalized covariance matrix of the noise, as defined in Eq. 260. Then the
normalized covariance matrix of the signal 3}, from Eq. 259 can be written as the
Hadamard product X}, = MoC},. According to Oppenheim’s inequality, the follow-
ing inequality holds:

/ o Ap Mj; i1 | Det|C,
EMC:%IOgZ (Det[Z,/d) :%logz (Det[M CN]> >210g2<( =1 M) (€]

Det[Cy] Det[C}] Det[C},]
1 o1
= E]O%Z (Hi_l 1— |j”_|2>
1<
= Zl:logQ(l — 4. (273)

The lower bound according to the above equation is equal to the closed-form
solution for EMC that was obtained under the assumptions of isotropic noise
(C = {62} -I,,) and A, being diagonalizable (see Eq. 251). In other words, emer-
gent complexity in PD projects can be kept to a minimum, if the variances of the
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unpredictable performance fluctuations are equalized by purposeful interventions
of the project manager and correlations between vector components are suppressed.
Next, because of the commutativity of the Hadamard product, it holds that

EMC = Log, (Det [zjv]) g, (Det [C/NOM]> > Liog, ((H Vi) )Det M])

2 Det[Cy] ) 2 Det[C},] Det[C},]
1 Det[M]
—3lom (Det [c;v]> '

The determinant of the Cauchy matrix M in the numerator can be written as
(Krattenthaler 2005)

1 1

(VA YV Ai—2;) (ki — 4
Det[M] = Det 1 1 = H’<’( )(_ /)
L—Jodi 1—|h)> Hi,j (1= 4;)
Hence,
EMC — 1 Det C’ OM
2 %2 Tpe Det[Cy]
l</ 25) (A —2;)
Det[C’}

)

:% (Z(logz (A — ;) +1logy (4 —2;) Zlogz (1—24;) logQDet[C;V]).
<J

(274)

The lower bound on the EMC in the above equation is only defined for a dynamical
operator A, with distinct eigenvalues. Under this assumption, a particularly inter-
esting property of the bound is that it includes not only the damping factors
(1 —/1,«/1_,~) inherent to the dynamical operator Aq (as does the bound in Eq. 273)
but also the spectral gap between eigenvalues (/1,- —A j) and their complex conju-

gates (/1_, ,,1_]) We can draw the conclusion that under certain circumstances,
differences among effective productivity rates (represented by the ,’s) stimulate
emergent complexity in PD (cf. Eqs. 271 and 272). Conversely, small complexity
scores are assigned if the effective productivity rates are similar.

Additional analyses have shown that the lower bound defined in Eq. 273 is
tighter when the eigenvalues of the dynamical operator A, are of similar
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magnitudes. Conversely, the lower bound defined in Eq. 274 comes closer to the
true complexity values if the magnitudes of the eigenvalues are unevenly
distributed.

Finally, it is also possible to put both upper and lower bounds on the EMC that
are explicit functions of the dynamical operator A, and its dimension p. To find
these bounds, we considered results for the determinant of the solution of the
Lyapunov equation (Eq. 27, cf. Mori et al. 1982). Let X be the covariance matrix
of the process in the steady state, and let the dominant eigenvalue p(A¢) = max|;| of
Ap be less than 1 in magnitude (see Section 2.1). Then we have

Det[C] .
(1 - (Det[Ao}ﬁ) !

Det[Z] >
Moreover, if Aq is diagonalizable and p(AOT -AO) -C—Ap-Z -AE is positive-
semidefinite, then

Det[C]
S )

where p(AB . Ao) denotes the dominant eigenvalue of AOT - Ap. Based on Eq. 246 we
can calculate the following bounds:

p
2

-2 log, (1~ (DetlAo))?) < EMC < ~Llog, (1 - (A} -40).  (279)

The upper bound only holds if A is diagonalizable and p(AOT . Ao) C—Ap-XZ- AB
is positive-semidefinite. If C is diagonal, then p(AE -Ao) C—Ap -2 -Ag is always
positive-semidefinite. Both bounds grow strictly monotonically with the dimension
of the dynamical operator Ay and it is evident that the EMC assigns larger com-
plexity values to projects with more tasks, if the task couplings are similar. One can
also divide the measure by the dimension p of the state space and compare the
complexity of project phases with different cardinalities.

4.1.6 Closed-Form Solutions for Higher-Order Models

It is also not difficult to calculate the EMC of stochastic processes in steady state
that are generated by higher-order autoregressive models of cooperative work in PD
projects. In Section 2.4, we said that a vector autoregression model of order n,
abbreviated as VAR(n) model, without an intercept term is defined by the state
equation (see Neumaier and Schneider 2001 or Liitkepohl 2005):
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n—1
X, = ZAi “Xii1t &
i=0

The probability density function of the vector &, of performance fluctuations is
given in Eq. 13. It is evident that due to the autoregressive behavior involving
n instances of the process in the past, the generated stochastic process {X,} does not
possess the Markov property (cf. Eq. 18) and therefore neither the generalized
complexity solution from Eq. 239 nor the closed-form solution for a VAR(1) pro-
cess from Eq. 247 can be used to evaluate emergent complexity. However, as we
showed in Section 2.5, we can make the stochastic process Markovian by
“augmenting” the state vector and rewriting the state equation as a first-order
recurrence relation (Eq. 59):

X =A-X_1+& t=1,...,T, (276)
where X, is the augmented state vector (Eq. 60)

Xi
% Xt.—l

thnJrl
£, is the augmented noise vector (Eq. 61)
&t
0
0

and A is the extended dynamical operator (Eq. 62)

Ag A - Ao A
I, 0 - 0 0
i_lo o o0 0
0 O - 0 0
0 0 ... I, 0

The covariance matrix C can be written as
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C =E[é"]
cC 0 0
1o o0 0| (277)
0 0 0

The partial covariance C = E[s,e,T } represents the intrinsic one-step prediction
error of the original autoregressive process.

In light of the mutual information that is communicated from the infinite past to
the infinite future (by storing it in the present) the problem with this kind of order
reduction by state-space augmentation is that the augmented state vector X, has
vector components that are also included in the previous state vector X, ; and
therefore the past and future are not completely shielded in information-theoretic
terms, given the present state. To be able to apply the closed-form complexity
solution from Eq. 247 directly to the higher-order model in the coordinates of the
original state space R”, we have to find a state representation with disjoint vector
components. This can be easily done by defining the combined future and present
project state X ,,,_; to be the block of random vectors

XtJrnfl
% Xf+n—2
Xt+n—l = :

X
and the past project state X ,_; to be the block of vectors
X
= X
X = : 2
Xin

The calculation of the n-th iterate of X,,,_; leads to the higher-order recurrence
relation

XH—n—l = A : XH—n—Z + gt+n—l
=A (A “Xipn—3 + é:tJrth) + gl‘+nfl
2

AN 'thLnfS +A : lé:Hrnf2 + §t+n71

>

n .
"X+ Y (A)T By t=2—n.. . T—n+1. (278)
i=1

I

Under the assumption of strictly stationary behavior of {)? ,} for t — oo, we can
utilize the complexity solution from eq. 247 and express the mutual information
that is communicated by the VAR(#) model from the infinite past to the infinite
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future through the present project state by the logarithmic generalized variance ratio
as follows:

Det {ZQO (Ant (Z; Ay .c. ((A)n,,)T) (@ ")Tﬂ

1
EMC = Elogz

1
= Elogz (279)

pat| 327, )¢ (@) )] )

where the steady-state covariance X in the denominator is given by the infinite sum

As an alternative to this solution, we can calculate the mutual information between
infinite past and future histories using the additive factors method of Li and Xie
(1996). In this method, the total mutual information is decomposed into additive
components which can be expressed as a ratio of conditional (auto)covariances of
the steady-state process. This method is very appealing as it allows us to interpret
the additive components in terms of the universal learning curve A(m) that was
formulated by Bialek et al. (2001, see Eq. 224) and is explained in detail in Section
3.2.4. EMC is simply the discrete integral of A(m) with respect to the block length
m, which controls the speed at which the mutual information converges to its limit
(Crutchfield et al. 2010). When we use the block length as a natural order parameter
of the additive components, we can also easily evaluate the speed of convergence. If
convergence is slow, it is an indicator of emergent complexity (see discussion in
Section 3.2.4).

Let
Cyx(0) Cyx (1) Cix (m—1)
C, — Cx (1) Cxx (0) Cxx (m —2) (280)
Cyx(m—1) Cygy(m—2) Cxx (0)

be amp x mp (m € N) Toeplitz matrix (Li and Xie 1996) storing the values of the
autocovariance functions (Eq. 159)
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Cix (1) = E[ (%, = g ) (Kise — 1g)']
= E[X,X:LJ o MX”;
= E[XIXL‘IT]

of the steady-state process generated by state Eq. 59 (and not Eq. 276) for lead times
t=0,1,...,m—1. We know from Section 2.9 that, in steady state, the
autocovariance Cy ¢ (7) and the autocorrelation Ry ; () (Eq. 160) are equal and that
we have Cy 3 (1) = Ry 3 (7). Note that the matrix elements Cy ; (z) are defined to be
p % pblock autocovariance matrices of the corresponding subspaces. Furthermore, let

£, =Det|[E[(X,  E[f X, 1, X o)) (K- B[R [L 0 X))

be the (mean squared) one-step prediction error with respect to the steady-state
process and

£ = Det[E[(X, — ER X 1, o K] (K = ER R 1 X))
(281)

be the one-step prediction error of order m (cf. Eq. 66 in Section 2.4). According to
these definitions = u can be interpreted as the inherent prediction error of the process
that cannot be underrun, even if we condition our observations on the infinite past to
build a maximally predictive model. ¥ (m) Tepresents the prediction error resulting
from conditioning the observations on only m past instances of the process to build
a maximally predictive model, and not on all instances that were theoretically
possible. In this sense a certain error component of X (m) does not result from the
inherent unpredictability because of limited knowledge or chaotic behavior, but
because of the unpredictability resulting from a limit of the length of the observa-
tion window on the state evolution. Under the assumption that C,, is invertible, the
one-step prediction error fl(m) of order m can be expressed as the generalized
variance ratio (Li and Xie 1996):

S Det[Cm+l]
X =——. 282

"~ "Det[C,] (282)
The zeroth-order prediction error can be derived from the autocovariance for zero
lead time, and it holds that:

< (o) = Det[Cyx (0)]. (283)

Following the information-theoretic considerations of a VAR(n) model that were
carried out in Section 4.1 (cf. Eq. 238) it is not difficult to show that, for any
autocovariance matrix representation C,, with m > n, it holds for the one-step
prediction errors that
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i(m) :i(n) :Eﬂ VmZn

In other words, due to the limited “memory depth” of the generative VAR(n) model,
conditioning the current observation on sequences larger than the regression order
does not, on average, lead to further reductions of the one-step prediction error in
steady state. Under these circumstances of severely limited procedural memory the
prediction error of order n equals the intrinsic prediction error. As a consequence of
this behavior, higher-dimensional matrix representations than C, must not be
considered when evaluating the past-future mutual information. An additional
theoretical analysis of the vector autoregression model in the original state-space
coordinates allows us to conclude that the inherent prediction error equals the
determinant of the expectation E[e&] ] and that it can be simply expressed as

%, = Det[E[ee]] = Det[C].

Furthermore, in steady state the np xnp matrix C, storing all relevant
autocovariances up to lead time 7 = n — 1 equals the steady-state covariance of
the process generated by state Eq. 59, and we have (Eq. 245, Lancaster and
Tismenetsky 1985):

C, =Y A*.¢ . (AM,
k=0

where A is the extended dynamical operator from Eq. 62, and C is the corresponding
covariance matrix from Eq. 277. If needed, the autocovariances for smaller lead
times can be easily extracted as block matrices from this large representation. Based
on these theoretic considerations and the material of Li and Xie (1996), the mutual
information between infinite past and future histories can be conveniently
expressed by n additive components as

1 n—1 B 5
EMC = 2(2(105;22 0 — 1og22,,)>

i=0

1 n—1 5 B
= E(Z:logzz () — nlog22ﬂ>
i=0
n—1

1 ~ 1
= EZ{;logzi‘. @0 — EnlogzDet[C]. (284)

Each summand 1/2(log,Z ;) — log,Z,) = 1/2(log,X ;) — log,Det[C]) can be used
to evaluate the local predictability of the process. The corresponding local “over-
estimates” of the intrinsic prediction error allow us to define a universal learning

curve A(i) in the sense of Bialek et al. (2001) with respect to block length i as
(cf. Eq. 224)
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A(i) = log,Z ;1) — log,Det[C], i=1,2,...,n,

where the maximum block length is determined by the autoregression order of the
generative model. As already explained in Section 3.1.4, in light of a learning
curve, EMC measures the amount of apparent randomness at small order i, which
can be “explained away” by considering correlations between sequences with
increasing length i + 1, i +2, .. ..

Returning to state Eq. 276 for informationally separated instances of past and
future histories, we can use the first-order recurrence relation to apply the solution
principles that were introduced at the end of Section 4.1.1 and find a simple
expression for the persistent mutual information EMC(z) (Eq. 229) as a function
of the lead time 7 > 0. Substituting the steady-state covariance and the dynamical
operator in Eq. 254, we can express EMC(7) as the logarithmic generalized variance
ratio (Ay et al. 2012):

Det [i ]

Det|s — (An>r+l 3. <(A”)T)T-H:|

1
EMC(7) = = log, , 285
2

As one would expect, the steady-state covariances in the numerators of the variance
ratios related to both measures of emergent complexity are equal (Egs. 279 and
285). We note that for the inherent one-step prediction error it holds that
E[&T]| =C =% —A".5 . (4")".

Applying the principles and techniques introduced in Section 4.1.2 and 4.1.3, it
is also not difficult to derive additional closed-form solutions in the spectral basis
and other coordinate systems. We leave this as an exercise for the interested reader.

With the previous complexity considerations of higher-order autoregressive
models of cooperative work in PD projects, it is possible to analyze in detail the
differences between the EMC as originally developed by Grassberger (1986) and
the persistent mutual information EMC(r) according to Eq. 229, proposed recently
by Ball et al. (2010) as a complexity measure. In order to clarify the differences
between both measures we refer to the seminal work of Li (2006) and evaluate both
the emergent complexity of a strict-sense stationary process {X,} generated by a
VAR(n) model, and the emergent complexity related to the model in conjunction
with a causal finite impulse response (FIR) filter (see e.g. Puri 2010) of order
m(m > 1). Each of the output sequences of such a filter is a weighted sum of the
most recent m filter input values:
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m
y= Zbi “Xpi

i=0

The b,’s denotes the filter coefficients. The transfer function of the FIR filter is
denoted by H(z) (cf. Section 4.2.1). It is assumed that the filter has all its roots on the
unit circle. We pass the VAR(n) model outputs x, through the filter to obtain the
output sequence y,. If m > 1, according to Li (2006) it holds that the EMC” related
to the stationary filter output y, is not finite:

EMC? — oo.

However, the corresponding persistent mutual information EMC”(m) is finite and
equal to the effective measure complexity EMC” of the steady-state process that is
filtered:

EMC’(m) = EMC".

Li (2006) proved these properties for arbitrary stationary Gaussian processes. His
theorems also show that zeros on the unit circle can easily cause EMC to be infinite.
For instance, even for a simple first-order moving average process {X,} (a so-called
MA(1) process, see Section 4.2.1) generated by state equation

X =& — &
the corresponding effective measure complexity

EMC — oo

grows over all given limits (Li 2006). Nevertheless, the persistent mutual
information

EMC(1) < o0

for lead time one is finite. Hence, in cases where we have a transfer function in the
form of a polynomial of degree m that has all its roots on the unit circle, the
persistent mutual information EMC(z) according to Eq. 229 should be used instead
of the original formulation of the EMC. However, these cases are extremely rare in
project management.
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4.2 Closed-Form Solutions of Effective Measure
Complexity for Linear Dynamical System Models
of Cooperative Work

4.2.1 Explicit Formulation

According to the analytical considerations set out at the beginning of Section 4.1, the
EMC of a linear dynamical system (LDS, see Section 2.9.) as an advanced model of
cooperative work in PD projects, which is defined by the system of equations

Xip1 =AX, + &
Y[ = HX[ + 17

with & = N'(£0,,C) and v, = N (1,0, V), can be expressed by the continuous-
type mutual information /[.;.] as

EMC=1[Y=L;Y{]
o]

— —1 00 1
Jf[yfooay() ] ngf[yi;o]f[yﬂ y,oo .

(286)

In contrast to the previous chapters we have not written the multiplication symbol
“” between a matrix and a vector explicitly in the above equations. We will use this
more compact notation here and in the following chapter to save space and simplify
the interpretation of longer terms. Their meaning should always be clear from the
context.

The function f [y:u designates the joint pdf of the observable infinite
one-dimensional history. Similarly, the function f [ygo] represents the corresponding
pdf of the observable infinite future.

It is important to point out that if, and only if, the joint pdf of the past f [y‘foo] and
future f [y(ﬂ histories of observations reach the same steady state, the evaluation of
the infinite-dimensional integral yields a finite value. Otherwise, the integral will
diverge, as will become clear below. This is possible if the covariance for the initial
state in the infinite past with pdf given by fx_.] = (x;; u, o) equals the one in the
steady state X, i.e. the one that satisfies the Lyapunov criterion

T =ApZA, +C

from Eq. 27. If the initial state is in steady state, then its expected value is the zero
vector u = 0.

In what follows we will therefore assume that the hidden Markov process {X,} is
strict-sense stationary and that in steady state a stable distribution f[x,] is formed.
From the state-space model, the following normal distributions can be deduced in
steady state:


http://dx.doi.org/10.1007/978-3-319-21717-8_2
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fla] =N(x;p,X)
f[xv‘xvfl] :N(XWAOxufl,C)
f[yV|xv] = N(y,; Hx,, V).

Before we proceed, note of the following: if only the observations y, are available, it
is always possible to introduce an arbitrary invertible transform T so that the model
for the observations Y, = HX, + v, remains unchanged if H' = HT, X; =T7'X,, as

Y, = HX| +v
=HTT'X, + v,
= HX, + v. (287)

For example, one could choose a whitening transform, cf. Eqs. 156, 157 and 158,
X! = A;'2U"X, for the hidden-state process which leads to a covariance of the
performance fluctuations equal to the identity matrix C = I,. However, in the
subsequent derivations, we will continue to use a general covariance C to clarify
the interrelationships between the random performance fluctuations and emergent
complexity. Following the notation introduced in Section 2.9, we will use the (long)
vector y>_ of the stacked variables y*_, ie. y*_ = (y7,---yL)" in what
follows. The vectors y~! and yg° are defined accordingly. We also add subscripts
and superscripts to the quantities V, C,At, b to mark the corresponding time step.
The three joint pdf’s in the general definition of the EMC are given for the Gaussian
density model (see Eq. 134 in Section 2.9):

f[ = ]Zc ~ Ex {_1( 00 )TVoo o0 }(2”)Atxx_q/2Ex [—(boO )T(Cm )ﬂboC
RS V2 p 2 V- BRSNS SIS \/m p AN —00 —00
(288)
Al q/2
Pl = Bxp |~ 072) Voot | T ) e )
2 DetC:;O 2
(289)

(27[)A18°q/2

1 1 _
F¥]=cyExp [—z(yg‘J‘)Tngng} WEXP [z(bgO)T(ch) ‘bgﬂ . (290)
0

Within a direct calculation of the EMC, given by the integral 286, here are two
possible paths: One involves splitting the integral into two parts:


http://dx.doi.org/10.1007/978-3-319-21717-8_2
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[[Y:ow YOC} = Jf[y:!,o7y8°]log2 [}Eyzo]w)fo }] dy‘iooc

Jf[y_wyo Jog, £ [y=10, v dy>,,

- [ £l or s oL Dl

The other involves leaving the integral as a whole, computing first the ratio
f [yic ] / ( f [y:éo] f [ygo]), and then carrying out the integration at the end. The
latter approach will lead to an implicit formulation of the EMC. We will pursue this
in Section 4.2.2.

For now, we will follow the first path, which will lead us to a result for the EMC
in an expressive form given by the (logarithmic) ratio of the product of the
determinants of the covariances of the joint pdfs of the past and future histories
and the determinant of the covariance for the whole history. These covariances are
infinite-dimensional in principle, but we will see, numerically, that low-dimensional
approximations come very close to the asymptotic result. The smallest possible
dimension, i.e. if only two time steps are involved, leads to a simple yet meaningful
approximation, which will be discussed in more detail below.

For the first term we can use the result for the differential entropy of a Gaussian
variable, see e.g. Cover and Thomas (1991),

Jf i v log, f [y=he v dy>,, = *%logz((Zﬂe)’M*) - %logz (Det (Cy)(io)-

The second term can be computed as follows:

[ bt og o) b=

Brp| 570 ((€)1) v 508 (@) v
V2" [Det (¢,) L Det (€,);

1 — 1 0 0 1 o
=3 [Ty () ey, ~ oy (2

= [7Dioe:

1 - 0
—Elogz (Det (Cy)ichet (Cy)o ) ,

with
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The integral in the first summand of the above equation yields

1 1 1 1 ~
11
iﬁ”“

= 5logze”mofm7

where we used the fact that (Cy) iooo can be partitioned in a 2 x 2 block matrix, in
which the upper left block equals (C y) :;C and the lower right block equals (C y)go, as
can be seen from the block Toeplitz structure of the covariance of the observations.
The matrix product C- (C y) icoo then has only ones on the diagonal and it is easy to

evaluate the trace. Finally, by combining the individual results, we obtain

_ 1 Det (CY):;Det (Cy)o
- Det (Cy ) iOoc

(291)

Note that this result has been obtained in a more general context by de Cock (2002),
see Eq. 295. The matrices are infinite dimensional, which makes this result imprac-
tical for direct use. However, we found in simulations that for a moderately small
number of time steps At =1, —t; + 1 of either the past or the future (the total
number of time steps involved is then 2A¢), the value for the EMC tends to its
asymptotic value (see Fig. 4.2).

As we have shown in Section 2.10, the likelihood of the observation sequence
{y,}; is invariant under an arbitrary invertible transform ¥ € R?*¢ with Det('¥)

= 1 transforming the set of parameters as x; = Wy, 776 =Y x, A{) =Y A, pl
C=YCY, I,=%T,¥", H =HWY ' and V' = V. Therefore, the system
matrices can not be identified uniquely.

However, the emergent complexity is invariant under this parameter transform,
as easily proved by using the expression for the EMC from Eq. 291:

C/y = IAt ® V+ (IAI ®HI)C, (IA ®H/T>
=I1p®V+ (Ia @HY ") (15 @ ¥)Cx (I @ ¥T) (I @ ¥ THT)
=In @V + (In - 1ar) @ (HY W) Ci(Iar - Ia) ® (P"YTHT)
=Ia®V + (In @H)Cy(Ia @ HY)
=C,.

This general result holds for the covariance of any observation interval, in particular

for (Cy):;, (Cy)y - (Cy)~_ . and, therefore, the EMC remains unchanged.

Surprisingly, the smallest possible value At = 1, i.e. if we consider that just


http://dx.doi.org/10.1007/978-3-319-21717-8_2
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1.5

05 ,

logyo(EMC)

Iy
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At

Fig. 4.2 Calculated values of log;o(EMC) for five different, randomly chosen system matrices A
and H and varying number of time steps At

-1 0
EMC() — llogz Det (Cy)qDeOt (€)o
2 Det (C,)"

1

leads to a result that is very close to the asymptotic value (see Fig. 4.2). In this case,
which we can call a first-order approximation, a very simple closed-form expres-
sion for the EMC can be derived. The covariances for a single time step are given by

) =C)e=heV+ I oHC(I ©H")
=V +HCH"
=V +HIH".

For two time steps we have

), =LeV+LoH)C(LoH")

_(v O>+(H 0)(2 EAOT)(HT 0 )
“\0 Vv 0 H)\AxZ V 0 HT
_(V+HZHT HZAJHT )
“ \HAZH" V+HZH")

The determinant of covariance of the two time steps can be simplified using a
formula for the determinant of block-matrices,
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Det (Cy)", =Det (V+ HEH" ) Det (V+ HEHT ~HEATHT (V+HEH") ™ HAEHT),

and we obtain the following first-order approximation for the EMC:

Det (V +HZH")
Det (V + HEHT — HEATHT(V + HEH™) " HA0ZHT )

1
EMC() = Slog,

1 - _
= —log;Det (1,, — HEATH" (V + HEH") ' HAGEH" (V + HEH") 1).
(292)
Interestingly, this approximate result can be derived if one starts from the assump-
tion that the Markov property holds in steady state for the observable process, and
we have
FARS Tl 4 P 1 Y L2 OO Y Y s R AR TR PR A N

FIyh ) = sol f [y —oost [Yose) - FIy_aly_al
T =Dl ilyol - F ool Yoot

Hence, the expression for the EMC reduces to

Flyoly_i]
F Dol

:J J Fly=hes ¥ oga fyoly_1ldy=Lodyy
ye \'ed

Mrtorg] =[] rbrtsslion B alayt ayg

—J = J FIv=ie y5 ) logs flyoldy L dyge

yr  Jyr

:J J long[yo\yflldyfldyO(J J f[yilc,y?]dyfwudyfzdyl-~-dyoo)
yrJyr yr o Jyr

—J 1082f[Y0]dY()(J J f[yilo,yﬁdy_mmdy_ldyl~-~dyoo>~
Y? yr  Jyr

Exploiting the relations for the marginal probability densities, we obtain:

Y= Y5 = L{pf -1 Yolloga flvoly-i]dy_1dyo — L{pf [vollogaf[yoldyo

:j f[y,l]dy,lj FDoly_1log f[y0|y,l1dyo—j Flyollogs Flyoldyo.
y? \'44 yr

The probability density for the observable variable Y, can then be expressed as:
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£l = | o,
- j £ Ly, fbald,
x?

= J N (y,;; Hx, VIN (x5, Z)dx;.
xP

In order to solve the above integral, it is useful to apply the following transforma-
tion formula for normal distributions:

N (y; Hx, VIN (x4, ) = N (y; Hu, )N (x; 5+ W(y — Hu), £ — WSWT)
with
S=HIH"+V and W = ZH'S.
Hence, we obtain:
f) =N (v Hu HEH + V).

For the calculation of f [yo|y_,] = f[y_y, yo]/f[y_i] we insert the hidden statesx_,
and x; and exploit the Markov property

: _ Sy 1 Yo, X1, %0]
flvolyoi] = L«L« Ay e
= [ || Al sl ol e
x¢Jx
Because of Bayes theorem
_ Sy bl
Fheaba ===
we find
f[)’o‘)’—l]
:;J J Fleaalfly_1 1] fxolx—1]f [yolxoldx_1dxo
Fly-il)xoJxo -
1

:mj J N, Z)N (y 3 Hx 1, V)N (xo;Aox—1,C)N (yo; Hxo, V) dx_1dxy.
—1JJRIIR

First, we transform the first two Gaussians as:
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N, DN (v_ysHx, V) = N (y_ s Hu, HEH' + V)
XN (x_i;0+W(y_ — Hu),Z — WSWT),
with
S=HZH" +VandW =XH'S".
The first Gaussian on the right hand side cancels f[y_,]. The second Gaussian on the
right hand side together with the third Gaussian A (xo; Apx_;, C) from the previous

expression for f [yo} yfl] yields:

N (x0; Agx 1, O)N (x 15 + W(y_y — Hu),Z — WSWT)
= N (x0; Ao(p + W(y_, — Hu)), Ao(E — WSWT)A + C)N (x_1;%_1,C")

with some inconsequential mean X_; and covariance C'. After integration with
respect to x_; we have:

Flyoly-i] :J N (xo;40 (u+W (y_ 1 —Hp)), Ao (E=WSWT)AT +C)N (yo:Hoxo,V)dxo.

R?

Again, by transforming the two Gaussians we can carry out easily the integration
with respect to x and obtain:

Fvoly_1] = N (vo; HAo (1 + W(y_, — Hu)), H (Ao (E — WSWT)AT + C)HT + V).

Using the fact that the differential entropy of a multivariate Gaussian distribution
N (x;pu,C) is given by

1
7,|\]R‘1N(x; H, C)logzN(X, Hs C)dx = EIOgZ (27[6) pDet[C]v
we arrive at the known first-order approximation from Eq. 292 for the EMC:
EMC!) = ElogzDet [HEH" +V] - E1og2Det[D],
with
D=V +HSH" — HEATH" (V + HEH") ' HAEH" |

It is evident that in the case of H = IandV = {0}],, we obtain the same result as we
did for the VAR(1) model (see Eq. 246).
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For small covariance V, i.e. if the eigenvalues of (H ZHT)AV lie inside the unit
circle, we can expand
- _ ol
(HEHT +v) " = (HzHT) " (1, + (HEHT) V)

~ (HH™) ™" (1, = (HzHT) 'V
and arrive at an approximate expression for D:
D=H(AoH 'H " '"H 'VHEA, + C)H" + V.
Assuming furthermore V = {62 }1,, we obtain:
=H({o} }AcH '"H "Ag + C)H" + {07 }1,.

Following the procedure from Section 4.1.2, we can also express the first-order
approximation for the EMC as the signal-to-noise ratio:

1 _ .
EMC") = —log,Det |1, — HASH" (HEH" + V) ' HE"AJH" (HEH" + V) 1}
1
~ Slog, (Det Iy — HAGEHT (HEH" + V)" HE"ATHT (HEH" + V) D

1 1
— 5log,Det (1,, HAEH" (HEH" + V) HETATHT (HEH" + V) ™") }

Mg

: 1\ k
Sowon[SSpnsitm gt )
2 | =0
: Y T T T, TyT T —1\k
= SlogyDet |1, + > (HAZH" (HEH" + V) "HETAH" (HEH" +v) '),
k=1

(293)

The above derivation is based on the von Neumann series generated by the operator
HAoEH" (HEH™ + V) "HETATH™ (HEH" + V). The von Neumann series gen-
eralizes the geometric series (cf. Section 2.1). The infinite sum represents the
signal-to-noise ratio.

The closed-form solution from Eq. 286 also allows us to develop homologous
vector autoregression models for linear dynamical systems. Fort — oo these models
generate stochastic processes with equivalent effective measure complexity, but the
state variables are completely observable. In this sense, the homologous models
reveal all correlations and dynamical dependency structures during the observation
time and do not possess any kind of crypticity (Ellison et al. 2009). To make this
possible we usually have to use a higher dimensionality p > g. We start by focusing
on homologous VAR(1) models with dynamical operator A’O’ and covariance matrix
C" that are defined over a p-dimensional space R” of observable states Xf :


http://dx.doi.org/10.1007/978-3-319-21717-8_2

4.2 Closed-Form Solutions of Effective Measure Complexity for Linear Dynamical. . . 269

Xh=AlX" +el o t=1,...,T,
with
e ~N(0,,C".

Assuming that the performance fluctuations represented by the homologous model
are isotropic and temporally uncorrelated, ie. &~ N(0,,{c?}],) and

E[e,” (85}')T:| = ("), we can construct a dynamical operator A} representing a
large variety of cooperative relationships. The preferred structure of relationships
must be determined in the specific application context of complexity evaluation.
According to the analysis in Section 4.1.1 only two constraints must be satisfied:
(1) AS must be diagonalizable and (2) for the weighted sum of eigenvalues l,»(Ag), it

must hold that (cf. Eq. 251):

1¢ m2) 1 Det (Cy):;Det (Cy)go
~ Zl:logz (1-2(48)") = 3o —2= T

1 - 00 0o
= E(logzDet (cy) _;Det (Cy), — log,Det (Cy)_oo)'
(294)

It is evident that the most simple homologous model can be constructed by setting
the autonomous task processing rates as diagonal elements of Ag to the same rate a,
ie. Ag = Diag[a,...,a]. For this structurally non-informative model, the
corresponding stationary stochastic process communicates the same amount of
information from the infinite past to the infinite future, if

a= \/1 _ 2—%(10g2Det (C),):;Det (Cy):—logzDet (C‘)(:c) )

The above equation also holds for homologous models with non-isotropic fluctua-
tions, because all tasks are processed at the same time scale.

Finally, we can develop a homologous model that is defined over a
one-dimensional state space. This model is termed an auto-regressive moving
average (ARMA) model and is characterized by the following linear difference
equation (see e.g. Puri 2010):

Y, = Zp:aiytfi + Eq:biUtfj-
i=1 =1

The input of the model is Gaussian white noise with variance 62 =1, ie.
U ~ N(0,1). This model is notated ARMA(p,q) in the literature (note that in
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this notation the variable g does not denote the dimensionality of the observation
vectors Y;; it denotes the number of inputs U,_; driving the process). It is evident
that an ARMA(p, ¢) model can be rewritten as either a VAR(p) model of order
p (Section 2.4) or an LDS(p, 1) model (Section 2.9) (see e.g. de Cock 2002). It is
not difficult to show that for a stable and strictly minimum phase ARMA(p, q)
model the effective measure complexity is given by

Hzp,qull_a’ﬁf‘
Hz; 1|1 ala/‘H , j=1 ﬁ’ﬁ/

Psq
(Zlogzu aif;| - Zlogzl—ala,|+210g2!1 ﬁﬁ,})

1
EMC = Elog2

where the variables ay, ..., , denote the roots of the polynomial a(z) =z +a;
P74+ ... +ap,and B, ..., B, the roots of the polynomial b(z) = 27 + byz4~' + ...
+by (see e.g. de Cock 2002). These polynomials are the results of the z-transform of
the difference equation of the ARMA( p, ¢) model. The well-known transfer func-
tion H(z) from control theory is the quotient of these polynomials. Since the poly-
nomials are real, the roots are all real or come in conjugate pairs. Hence, for the
poles ay, ..., a, and the zeros f, . . ., 8, of the transfer function H(z) of the homol-
ogous ARMA( p, g) model, it must hold that

<Zlog2|l aif;| — Zlog2|1 — o} +Zlog2|1 Bpi y)

iy, ] iy J iy J

1 - 00 00
= E(logzDet (cy) _;Det (Cy)o — log,Det (CJ‘)—oo)‘
4.2.2 Implicit Formulation

Interestingly, the sophisticated closed-form solution of EMC from Eq. 286 that was
obtained through the evaluation of the infinite-dimensional integral of the
continuous-type mutual information (Eq. 286) can also be written in a structurally
rich implicit form. This form is based on the seminal work of de Cock (2002). The
implicit form is especially easy to interpret because its independent parameters can
be derived from solutions of fundamental equations. In order to derive the implicit
form of de Cock (2002) we work with the “forward innovation model” from Section
2.9 (Egs. 164 and 165):

X/, onX +Kn,
Y, = HX/ 41,

According to de Cock (2002), the effective measure complexity can be expressed as
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EMC =1[Y_;Y{]
- —%logzDet 1 - 26 +20)7 (295)
The covariance matrix £ is the solution of the Lyapunov equation (cf. Eq. 167)
/= AgxfA] +KSK".
In the above Lyapunov equation
K = (G’ — A=/ H") (Cyy(0) — HE'H") ™
is the Kalman gain (Eq. 169) and
S = Cyy(0) — HZ'H™.

is the covariance S, 1, (Eq. 168) of the single-source performance fluctuations 7, for

t — co. Hence, we have the following algebraic Riccati equation for ¥ (van
Overschee and de Moor 1996):

2 = AT/ AL + (GT A= HT) (Cry(0) — = HT) ' ((67) —HE/HT). (29)
The additional covariance matrix G, from Eq. 295 satisfies the Lyapunov equation
G. = (Ao —KH)'G.(Ag —KH) + H'S"'H. (297)

An important finding of de Cock (2002) is that the inverse aggregated covariance

matrix (G, ' + /) ! is the solution of another Lyapunov equation

¥ =424, +KSK'
= ATS’A +KSK',

which is related to the backward innovation representation of the corresponding
backward model (Egs. 178 and 179):

—b — =b =
X,_, =AoX, +Kpn,

Y, = ﬁ)_(," +17,.

Substituting the Kalman gain K (Eq. 181) and the fluctuations covariance
S = E[ﬁ,ﬁ,T ] (Eq. 182) in the Lyapunov equation for the backward innovation
representation leads to the following algebraic Riccati equation for the back-
ward state covariance matrix:
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- - _ _ o n-I\T
£ = AT+ (HT - ATE'G) ((HT -~ ATE'G) (Cry(0) - GE'G) )
— _ _ =T _ T
= AT A0+ (HT = ATE'G) (Crr(0) - GTE'G) (T - ATE'G)

= AT Ao + (HT — AT E”G) (CYY(O) — GTE”G) - (H - GTE”AO).

(298)
Hence, the most intuitive solution is obtained (de Cock 2002):
Iy=L; vy = —%logzDet [[q -3 (G + Zf)fl}
- —%logzDet 1, - ='%). (299)

According to Sylvester’s determinant theorem, this solution can equivalently be

oy -1
expressed based on the signal-to-noise ratio SNR = G, ((Ef ) l) , and we have:

1y}

—00)

1 -
Y5] = —3logyDet|1, — '3
I
= 5log,Det 1, + G.x/]

= %logZDet [Iq + ZfGZ] .

The standard numerical approach to solve the forward Riccati Eq. 296 is to solve
the generalized eigenvalue problem

Ay —H'(Cy(0))'G" 0\ (w, I,  —H"(Cw(0)'H \ (W,
P LU T = p 1y A
-G (ny(O)) (G ) Iq W, 0 A() G (ny(O)) W,
and compute the covariance matrix ¥ as

> =wowil,

see, e.g. van Overschee and de Moor (1996). The complementary backward Riccati
Eq. 298 can be tackled by solving

Ao—G(Cry () 'H 0\ (W1 _ (1 —G(Cyy(0))'HT W,
( 0HT(CYY(O)) 'H Iq)<W;) - (o AJ—HT(CYY(O»I(Gf)T) <W2>A

and computing the covariance matrix X as
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Eb = WQW?I.

It is evident that the same numerical function can be used in the preferred
programming language to solve the above generalized eigenvalue problems.
This function must be called for the forward Riccati equation with the argument
(Ao, H, d,c yr(0)), whilst for the backward Riccati equation the argument must be
(A5, (G H", Cyy(0)).

Similar to the canonical correlation analysis of the basic VAR(1) process in
Section 4.1.3, we can diagonalize the forward and backward state covariance
matrices obtained by solving the algebraic Riccati Egs. 296 and 298 simultaneously
and bring them in a form called “stochastic balanced realization” (Desai and Pal
1984). A stochastic balanced representation is an innovations representation with
state covariance matrix equal to the canonical correlation coefficient matrix for the
sequence of observations. Let the eigendecomposition (cf. Eq. 22) of the product of

. . <b . .
the state covariance matrices /X be given by the representation

/T = MA,M!
A} = Diag[%(2T)] 1<i<q,

where the eigenvector matrix M is picked as
—12 ]/2
M = UEbAE,, UsrAy-

The matrices UE" and Afh can be specified by the eigendecomposition of ¥ as

—-1 _ b
UphgUg! =%,

and for Uy it holds that

b

ZI

Us/ AU} = ASUZ'S!

Furthermore, let the forward state that is subject to the simultaneous diagonaliza-
tion of the state covariance matrices be

x4 =r1x/
and the corresponding backward state be
X' =1%"

with the coefficient of the similarity transformation


http://dx.doi.org/10.1007/978-3-319-21717-8_2
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T=M"

)

then in steady state it holds for the expectations (Desai and Pal 1984) that:
d T vd (vd T
E[xt ()] = an = E[X (%) |

Hence, the stochastic balanced representation allows us to make the dependency of
the effective measure complexity on the eigenvalues of the product of the state

. . b .
covariance matrices /X explicit:
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In the last line of the above equation the p;’s represent the canonical correlations,
which were already introduced in Section 4.1.3 (cf. Eq. 265) to analyze emergent
complexity based on a reduced number of independent parameters. In other words,

the eigenvalues of /T are simply the squares of the canonical correlation
coefficients between the canonical variates. However, it is important to note
that in contrast to Section 4.1.3 the infinite random sequences representing the past
Xpaw = (X7 -+ X7, XT,)") and fuwre X, = (X7 X7 - xT)"
histories of the hidden state process are not the subject of the canonical
correlation analysis, but rather the canonical correlations between the pair

((YTOC TR AN 4 )T, (YOT yro.. YOTC )T) of past and future histories

of the observation process {Y,} are considered to evaluate complexity explicitly. Due
to the potentially higher dimensionality of the state space of the hidden state process
(¢ > p), all g complexity-shaping summands log,(1 — p,?) that can give rise to
correlations between observations of the project state must therefore be considered.
The reduced dimension of the observation process is usually not sufficient, because
apart from organizationally retarded cases not only the p but also the ¢ leading
canonical correlations are non-zero. The observation process is not necessarily Mar-
kovian and therefore the amount of information that the past provides about the future
usually cannot be “stored” in the p-dimensional present state. However, because of
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strict-sense stationarity of the state process, all p;’s are less than one. The canonical
correlations p;’s should not be confused with the ordinary correlations p;; and pﬁj,
which were introduced in Chapter 2.

As an alternative to the use of the stochastic balanced representation of Desai
and Pal (1984), a minimum phase balancing based on the scheme of McGinnie
(1994) could be carried out. The minimum phase balancing scheme allows us to
find a forward innovation form of the LDS model in which the state covariance
matrix 3 (Eq. 296) and the covariance matrix G, (Eq. 297) are equal and diagonal.
Let

Ap =Diagle;] 1<i<g

be this diagonal matrix and o; the minimum phase singular values of the dynamical
system. Under these circumstances, we simply have

q
1Yy=L;vy] = —%Z log, (1 — 6%). (301)
i=1

A structurally different implicit formulation for the EMC can be obained when we
compute the integral in formula 286 directly. Plugging the results for the joint pdfs
of the past, the future and the whole observation sequence into the general expres-
sion for the EMC from Eq. 286, the ratio of the whole pdfto the ones of the past and
the future histories is given by:

=] cye \/Det C-! \/Det Cy
FILFDE] e /Det C=_

1 00 oo\ TR0 1 - — -1 1 o] AT N
Bxp 50" (€%) b, 507" (C L) bk 08 (@) g
1
= -Exp[i(yfw)TByicw} (302)

The constant ¢ is defined accordingly. As we can write
b = (1o HTV )y,

we defined the covariance matrix

B=(I®V 'H) ((cocoo)l _ l(c—lc)l

0 )

)(1®HTV").

Inserting Eq. 302 into the general Eq. 286 leads to


http://dx.doi.org/10.1007/978-3-319-21717-8_2

276 4 Model-Driven Evaluation of the Emergent Complexity of Cooperative Work. . .

1
IYZL:Yy] = Jf [vZL, 5 ]log,c1Exp {E(y’“"’m)TBy‘”oo} dy>,

1
= Jf (Y2l ¥3 Jlogycrdy™, + Ejf v (v2) ' By, dy™...

Using the fact that the joint pdf is normalized to one and some well-known results
for Gaussian integrals, we obtain

1[Y=L; 7] = logyey +LTr[B(vi° -5 (303)

o0’ In2 o0~ P00

where
B =V 'H)(C*)  (1eHV").
Using the Woodbury matrix identity (Higham 2002, Eq. 148)
A+UCV) ' =A" —AU(CT +VAT'U) VAT,

we can calculate

(Ve -B%) " = ((1® v - (tev'H)(C=,) (1®HTV*‘))71
=(lov ) —(ev) eV 'H)
-(—c‘io +(IoHV ) (1ev ) (I V—IH))_l
(ToH V) (Iov ")

Using the identities (A @ B) ' = A~' @ B! and (A ® B)(C ® D) = AC ® BD, we
find

Ve, —B>) ' =1eV+(IoH)(C*, —TxHV'H) " (1eH)
=10V +(IoH)((C)*,) " (1oH).

oo

We note that the above expression equals the inverse of the covariance of the
observed states y>° .
The first part of the constant ¢; can be evaluated directly:

Dotz \/Det C~L \/Det C°
o= e o . (304)
Det C /Det C=_

whereas the second part containing the determinants can be solved as follows: first,
we observe that we have
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\/Det cL \/Det Cy = \/Bgt—C:EC;,

where the covariance C*_ is given by

0 0
clooo0 :
CNCE;O: A 0 0
0 ey
B, A
AT B
B A
_ AT BA[ A
- B, A
AT B
B A
AT By,
C ., differs from C>_ given by
B, A
AT B
B A
o AT B A
—0 AT B A
AT B
B A
AT By,

only in three blocks in the center. If we introduce a vector e, = (0---010---0)"
which has only a one at the position corresponding to time step ¢, then e,—ejT is a
matrix that has zeros everywhere except at postion 7, j. Accordingly, (e,»e}) RAisa

block-matrix where only the block i, j contains the matrix A. With these prerequi-
sites we can write
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A 00 00 Bix, — B 0
C—oo:C—oo+(eOe(;r)®<( A_tAT ) BI—B)’

where ¢ is chosen to select the central four blocks of C> - Using the identity for
Kronecker products

AC ® BD = (A ® B)(C ® D)

we get

-~ . By — B 0
exo=enr(wn (P L0 ,)) o).

Using Sylvester’s determinant theorem, which states that for matrices A € R™*",
B € R™™ X € R™™ it holds that

Det (X + AB) = Det (X)Det (I, + BX'A),

we obtain

Det (C*, ) =Det(C*, )Det (12q+ (ed @l (C=,) ™" <e0® <(BfA_TB ) BIO_ B) ) ) :

In the second term of the right determinant, only the central blocks of C*_
contribute. They are denoted as

o A L X() Xl
((Cfoo) )i:{—l,o},/’:{—lvo} - (XIT X0>.

Note that C*__ is symmetric and that the blocks along the diagonal are contant in the
asymptotic regime. Finally, we get

/et €L /Der G \/Det zzq Xy X1)<BA"B 0 )).<305)

/Det C°_ XF Xo -AT B, -B

Using the fact thatB; — B =X~' — C™',By, — B = —AJC7'Ag, and AT = —C'A,
an expression for the constant c; in terms of the system matrices then reads:
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. Det ot (X1 —XoAg)C'Ay X4 c)
B N )

Next, we turn to the second term in the expression for the EMC, Eq. 303. The matrix

B consists of the difference of (C*_)”" for the whole time axis and (C:io)_l

+ (Cg")_l for the past and the future of the observed process. Evidently, the matrix

. . -1 .. . -1
for the whole time history (C‘foo) coincides with the one for the past (Ciooo) at
least from the infinite past until a certain point of time in the past, where the later
matrix elements are still in the asymptotic regime. For later times until t = —1, the

. EEERNSS I . . . .
matrix (C lc) is characterized by the transition regime due to the transient phase
in the recursions for N;. This is illustrated in Fig. 4.3 where the transition regimes
are shown in yellow. Slmllarly, the matrix corresponding to the future observations

(Co ) deviates significantly from the one for the whole time history only in the
beginning and up to some finite point in time in the future (we assumed that the
whole process is in steady state and that the covariances of the initial states are
equal). Furthermore, the matrix elements decay exponentially in the direction
perpendicular to the diagonal. Therefore, the contributions to the sum in Eq. 303
only come from the finite area enclosed by the red lines in Fig. 4.3.

Altogether, in order to numerically compute the EMC given the system matrices,
one has to calculate the invers matrices of C and C; for some sufficiently large order
At, where the asymptotic regime has been reached in the center. The corresponding
matrix elements can then be plugged directly into the final result.

Fig. 4.3 Structure of —o -J -10 o
inverses of C>_ C:OC,
Cy’: only in the area

enclosed by the red lines do
the in.verses differ and €®,)"t = (c-L)t
contribute to the EMC \

Transition regime for C-&
-1
0
Transition regime for Cg°

(€& = (™
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Using some of the results obtained so far, we can now simplify the general result
Eq. 286: We use the results for the normalization of the joint pdf, which we obtained
by integrating over the hidden states. The ratio of the normalization constants of the

joint pdf’s was denoted as
e /Det C~! /Det CY
Cy:i((/}o A/ Det Ciooc .

Alternatively, the ratio can be expressed directly in terms of the determinants of the
corresponding covariances:

) V/Det (¢) L \/Det ()5 . (307)

Det (Cy)™

o]

1=

Therefore, we can finally write the closed-form solution as

1[YZL: Y] =logycy

/De ( —XoAg)C Ay X (Z7'=C")
\/Det 12" (XofX TAT)C™'Ag Xo(27!'—C7Y)

2 gzD CDet(] +Xo(Z' =C))
Det (I, + (X1 = XoAT)C A= X1 (Xo + (27 =€) ™ (Xo = XTAT)C 40 ).
(308)
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Chapter 5
Validity Analysis of Selected Closed-Form
Solutions for Effective Measure Complexity

Following our comprehensive and unified treatment of emergent complexity based
on information theory and the application of information-theoretic methods asso-
ciated with complexity measures, we will now analyze the validity of closed-form
solutions for the effective measure complexity (EMC) that were obtained for vector
autoregression models as the basic mathematical representation of cooperative
work in PD projects (see Sections 2.2, 2.3, 2.4 and 2.6 in conjunction with Section
4.1). In the validation studies we not only investigated “flat” project organization
forms but also analyzed work processes with periodically correlated components
due to a multi-level hierarchical coordination structure. It is well established that
validity is one of the most influential concepts in industrial engineering and
engineering management because questions concerning its nature and scope influ-
ence everything from the design of project organization for a PD project to the
application and evaluation of specific design criteria. In this context we follow
classic validity theory and distinguish between criterion-related, content-related,
and construct-related validity (Salkind and Rasmussen 2007). Criterion-related
validity refers to the extent to which a measure—EMC in our case—predicts the
values of another measure, for instance the total time taken to complete particular
development activities in a PD project (Eaves and Woods-Grooves 2007,
cf. Section 5.2). The first measure is usually called the predictor variable. We
have dubbed the second measure the criterion variable because our extensive
analysis in Section 3.2.4 has already shown that EMC is theoretically valid. The
literature distinguishes between two types of criterion-related validity (see
e.g. Eaves and Woods-Grooves 2007): (1) predictive validity and (2) concurrent
validity. The distinctive factor here is the time interval between obtaining the first
and the second set of measurements. For predictive validity, the data related to the
criterion variable is collected some time after the data for the predictor variable. For
concurrent validity, the data from both variables is collected at about the same time
in the same experiment.
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5.1 Selection of Predictive Models of Cooperative Work

First, we focus on concurrent validity. Before presenting the methods and results of
the studies of concurrent validity in Section 5.1.2, we must first lay additional
theoretical foundations on model selection. These foundations build primarily on
the work of Li and Xie (1996) on the principle of “minimal mutual information.”
Although this principle was developed independently from the complexity-
theoretic measures of Grassberger (1986) and other researchers in this area, it is
very closely related to EMC as the mutual information communicated from the
infinite past to the infinite future by the stochastic process (see Section 3.2.4) is
evaluated to select the class of parametric models under certain constraints. Fur-
thermore, the same principle can be used to formulate a model selection criterion
that is based on EMC estimates from data and can be directly applied to identify the
optimal model order within a preferred class (Section 5.1.1). The principle and its
instantiations have universal reach and its scope of application extends beyond
selecting an optimal model for project management activities. The validation
studies themselves are much narrower in their focus and based on Monte Carlo
experiments. As already demonstrated in the simulation study from Section 2.8,
Monte Carlo experiments are a special class of algorithms that are based on
repeated random sampling of the work processes to compute their outcomes. The
repeated random sampling was carried out in a Mathematica® modeling and
simulation environment. After presenting the methods used in the validation studies
(Section 5.1.2), we will present and discuss the results of two Monte Carlo studies
(Section 5.1.3). The studies had the same overall objective but used different
parametric model forms. The overall objective was to compare the accuracy of
the EMC-based model selection criterion with standard criteria like the (original
and bias corrected) Akaike information criterion (see Sections 2.4 and 3.2.2) and
the Schwarz-Bayes criterion (see Sections 2.3, 2.10 and 3.2.2). We hypothesized
that model selection based on EMC allows us to select the true model order with
high accuracy and that the histogram distributions of the selected model orders are
not significantly different from the distributions obtained under the alternative
criteria. To evaluate this hypothesis we focused on the class of VAR models,
which were analyzed and discussed in detail in Sections 2.2, 2.4 and 4.1. The
parametric model forms were not only derived from field data of a PD project in a
small industrial company, but were also synthetically generated so that we could
systematically compare the concurrent validity of the different model selection
criteria. In the first study, we used the specific VAR(1) and VAR(2) model repre-
sentations from Section 2.5 to simulate the cooperative task processing of the
developers in a sensor development project (Schlick et al. 2013). In the second
study, we partially replicated Liitkepohl’s experimental setup (Liitkepohl 1985) and
analyzed 1000 bivariate VAR(1) and 1000 bivariate VAR(2) models with complex
conjugate and distinct real characteristic roots. We also investigated 400 trivariate
(i.e. three-dimensional) VAR(1) models. By systematically evaluating a total of
2400 models we were able to consider a large variety of parameter sets
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corresponding to a wide range of characteristic roots in different regions of the unit
circle and thus generalize the model selection results (Schlick et al. 2013).

5.1.1 Principles for Model Selection

As already discussed in Sections 2.4 and 3.2.2 in relation to VAR models and
Markov chains, a central aspect in model selection tasks within a predefined class of
statistical models is to find a good trade-off between the predictive accuracy gained
by increasing the number of freely estimated parameters, and the danger of
overfitting the model to non-predictable fluctuations and not regularities in the
observed processes that generalize to other datasets. As mentioned earlier in the
literature review in Section 3.2.2, Akaike (1973, 1974) developed the first rigorous
approach along this line of thought based on the expected Kullback-Leibler infor-
mation. His famous AIC criterion (see Sections 2.4 and 3.2.2) represents the
asymptotic bias correction term of the maximized log-likelihood from each approx-
imating model to full reality. Akaike’s fundamental ideas were further developed
by Rissanen in a series of papers and books starting from 1978 (see Section 3.2.2).
He emphasizes that fitting a statistical model to data is equivalent to finding an
efficient encoding. We therefore need to measure both the code length required to
describe the deviations in the data from the model’s predictions, and the code length
required to specify the model’s structure and independent parameters (Bialek
et al. 2001). Without explicit links to complexity theory, Schwarz developed his
now famous criterion (Schwarz-Bayes criterion, or Bayesian information criterion,
BIC, see Sections 2.4, 2.10 and 3.2.2) as an asymptotic approximation to a trans-
formation of the Bayesian posterior probability of an approximating model. When
the sample size is large, this criterion favors a model that ideally corresponds to the
approximating model, which is most probable a posteriori.

To underline the specific properties of EMC, we have to leave the pragmatic
considerations from Sections 2.4, 2.7 and 2.10 behind and interpret model selection
from a theoretical perspective developed in the classic works of Jaynes (1957,
comprehensively described in his posthumous book edited by Bretthorst and
published in 2003), Li and Xie (1996) and others on universal information-theoretic
principles. Their works show that model selection has not one but two central
aspects: (1) selection of the model class based on the preferred principle, (2) selec-
tion of the optimal model order within that class using the same or at least similar
principles. Our previous considerations focused exclusively on the second aspect
and did not address model class selection as this is, in a sense, a more abstract
decision problem for finding a theoretically optimal representation of the regular-
ities of an entity that can be generalized without posing unjustified constraints on
the internal configuration. Jaynes’ famous principle of maximum entropy can be
applied in the first step to select the model class that maximizes the entropy subject
to given constraints on certain statistics on the observations from the process such
as the expectation values, autocovariances (see e.g. 309), or any other function for


http://dx.doi.org/10.1007/978-3-319-21717-8_2
http://dx.doi.org/10.1007/978-3-319-21717-8_3
http://dx.doi.org/10.1007/978-3-319-21717-8_3
http://dx.doi.org/10.1007/978-3-319-21717-8_2
http://dx.doi.org/10.1007/978-3-319-21717-8_3
http://dx.doi.org/10.1007/978-3-319-21717-8_3
http://dx.doi.org/10.1007/978-3-319-21717-8_2
http://dx.doi.org/10.1007/978-3-319-21717-8_2
http://dx.doi.org/10.1007/978-3-319-21717-8_3
http://dx.doi.org/10.1007/978-3-319-21717-8_2
http://dx.doi.org/10.1007/978-3-319-21717-8_2
http://dx.doi.org/10.1007/978-3-319-21717-8_2

286 5 Validity Analysis of Selected Closed-Form Solutions for Effective Measure. . .

which the samples provide a reliable estimate. The principle assumes that we base
our decision on exactly stated prior information and that the set of all trial proba-
bility distributions is considered that would adequately encode the prior informa-
tion. From all continuous prior distributions we seek a model probability density
which is normalized and will exactly reproduce the measured expectation values
(or autocovariances etc.), but will otherwise be as unstructured, or random, as
possible—hence maximum entropy (Tkacik and Bialek 2014). According to the
principle, of the densities considered, the one with the maximal entropy is the
proper density and therefore the differential entropy according to Eq. 232 is to be
maximized. As such, the principle selects a probability density function that makes
the “least claim” to being informative beyond the stated prior and therefore admits
the most ignorance about the dynamical dependency structure of the process
beyond the stated prior (sensu Jaynes 2003). In practice, this amounts to solving a
variational problem for the model probability density. The resulting maximum
entropy distribution has an exponential form (see e.g. Tkacik and Bialek, 2014).
The principle of maximum entropy does not correspond to a single model for the
process, but rather provides a systematic method for building a hierarchy of models
that provide increasingly good approximations to the true distribution. At each step
in the hierarchy, the models are parsimonious, having the minimal dynamical
dependency structure required to reproduce certain statistics on the data that one
is trying to match (Tkacik and Bialek, 2014).

An analogous principle is the principle of “minimum mutual information”
(MMI) which is based not on the differential entropy but on the mutual information
(see definition in Eq. 234) and was formulated later by Li and Xie (1996). For time
series of state vectors, the principle of MMI selects the model that minimizes EMC
as an indicator of mutual information between the infinite past-future histories of
the process subject to given constraints on autocovariances or other important
parameters. If, for example, the values Cxx(0),...,Cxx(n) of the first n+ 1
autocovariance functions

CX)(<I’1) Cxx<l1—]) Cxx(O)

of a p-dimensional stationary Gaussian process {X,} are given in the form of a
(n+1)px (n+1)p (n € N) Toeplitz matrix C,.; (Eq. 280), then under the
principle of MMI the state vector X, has to satisfy a VAR(n) model (Li and Xie
1996) such as

n—1
X, = ZAi X1+ &
i=0
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(cf. state equation 58). In other words, the VAR(n#) model minimizes EMC with
respect to given autocovariances. Note that the matrix elements Cxx(z) in the
Toeplitz matrix are defined as p x p block autocovariance matrices of the
corresponding subspaces for lead times 7 = 0,1, ...,n. Using Jaynes’ principle
of maximum entropy for model class selection under the same constraints on
autocovariances will also result in a VAR(n) model. The conceptual difference
between both principles is that the principle of MMI favors model classes that do
not impose more constraints on the canonical correlations between the infinite past-
future histories than are justified by the informational structure of the process
independently of the preferred coordinate system (see, e.g., the beginning of
Chapter 4 and Section 4.1.3), whilst the principle of maximum entropy lacks invari-
ance under change of variablesx; — y(x;). To do something similar to this principle, a
definite group of transformation must be specified, which requires additional knowl-
edge of the human model builder (Jaynes 2003). If, in another case, the / cepstrum
coefficients (see de Cock 2002) are given instead of the autocovariances, the MMI
principle selects the Bloomfield model BL(/) (see Li and Xie 1996).

In Section 3.2.4 we introduced two key invariants of stochastic processes—
Grassberger’s EMC (Eq. 216) and Shannon’s source entropy rate 4, (Eq. 218). We
also saw that Bialek et al.’s (2001) analysis of the predictive information /,,,.4(1)
(Eq. 226) uncovered interesting interrelationships between these two key invari-
ants. Let us recall that the predictive information /,,.4(n) (Eq. 226) indicates for a
strict-sense stationary process the distribution of EMC over the block length n and
can be interpreted as the subextensive component of the block entropy H(n)
(Eq. 227). The extensive component of the block entropy is driven by the source
entropy rate 4, and it holds that

H(n) = nhy + Iyea(n).

To analyze this relationship from a different perspective, we refer to a theorem of Li
(2006) and express the log-likelihood In fy[xy,...,x7] of T observations from an
arbitrary Gaussian stationary process {X,} with density function f, with the follow-
ing sum:

1
In fylxr,. .. xr] = —E(Tp(ln 21) + InDet[Cr] + (x1, . ..,x7)"C ' (xi, ... ,xr)).

Cr is a Tp xTp Toeplitz matrix (cf. Egs. 280 and 309) encoding the
autocovariances of the stationary process over T time steps. Li (2006) shows that
the entropy rate and the effective measure complexity are—apart from a constant—
simply the first and second term in the expansion of In Det[C7]:

InDet[Cy] 4 Tp(In2x) = 2Th, + 2EMC + o(1). (310)

The term o(1) denotes an arbitrary sequence that remains bounded. It is not difficult
to see that the entropy rate and the effective measure complexity denote the
extensive and subextensive components of the log-likelihood of the observation
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sequence in the same manner as the entropy rate and the predictive information
represent the extensive and subextensive parts of the block entropy. Hence, EMC
and &, can be regarded as complementary key invariants not only with respect to the
block length but also in the time domain. We will now illustrate their complemen-
tarity by applying them to model order selection.

In our information-theoretic considerations on stochastic complexity in Section
3.2.2 we pointed out that Akaike’s AIC was originally developed to identify the
candidate model that minimizes the expected Kullback-Leibler divergence between
the candidate model and the true model. From an engineering perspective, we can
interpret the AIC statistic as a penalty term of the entropy rate

H[X"™"
h, = lim [ ]

n—00 n

of the stationary process (Eq. 218) and rewrite the criterion informally as

AIC(n) = 2h,(n) + penalty, (311)

where izﬂ(n) denotes the estimate of the entropy rate under the fitted model of order
n (Li 2006). Using the closed-form solutions developed in Section 4.1.6, we can
now express the estimate of the entropy rate in the class of VAR models explicitly
as

1 3 p
hy(n) = ElogzDet ] + E(logz 2me),

where

= {(T —Tn,,)} <
1 T
T Ry - Ry

denotes, according to Eq. 66, the one-step prediction error matrix of a VAR(n)
model that was fitted to data based on least squares estimation for a time series of
state vectors X, indexed byt = 1 — n, ... T. Alternatively, the maximum likelihood
parameters could be used. The index n denotes the model order and p the dimen-
sionality of the state vectors. It holds that n, = np.

In the same manner, Li and Xie (1996) constructed penalized estimates of the
EMC. In their work they refer to the mutual information between the infinite past-
future histories of the stationary process as simply “past-future information” and
denote it with the symbol /,_ ¢ (cf. Eq. 216). For finite complexity values we have
the following identities (Eqgs. 216 and 226)
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1 .
EMC =1, s = [[X—D&Xgo] = ,}LTOIWM(” =1n).

A new complexity-based criterion for order selection can be derived by replacing
the entropy rate izﬂ(n) estimated under an n-th order VAR model by the estimated
effective measure complexity E{A/E'(n) and properly adjusting the penalty term. Li

and Xie’s (1996) development of the criterion leads to an alternative statistic,
termed the mutual information criterion, which can be informally written as:

MIC(n) = EMC(n) + penalty. (312)

Analogously to AIC(n) and BIC(n) (see Egs. 67 and 71 for VAR models), the
penalty term should take the sample size and the effective number of parameters
into account.

Li and Xie (1996) developed the mutual information criterion for
one-dimensional autoregressive processes. Their formulation can be easily gener-
alized to p-dimensional VAR(n) models. We arrive at

for n=0

for n > 1. (313)

0
MIC(n) {_2 EVC(n) + 02;2 np(n127+ )

In information-theoretic terms, the order n is considered to be the optimal one if it
satisfies:

Nopr = argmin,MIC(n). (314)

In Eq. 313 E/ZVE (n) denotes the complexity value that is assigned to the fitted
nth-order VAR model. T denotes the last time step of the state vectors indexed by
t =1 —n, ... T which are used to estimate the parameters. The second summand in
the definition of MIC(n) for n > 1 is the penalty for models that are unnecessarily
complex with respect to the finite sample size. This term serves the same purpose as
the penalties formulated for AIC(n) in Eq. 67 and for BIC(n) in Eq. 71. Similarly to
the alternative formulations of model selection criteria, the penalty only depends on
the sample size, the model order n and the effective number np(np +1)/2 of
parameters. The effective number of parameters corresponds to the number of
freely estimated parameters in the Toeplitz matrix C, (Eq. 309).

To make the model selection mechanism fully operational, we can apply the
closed-form solutions from Section 4.1.6 and express the complexity estimate in
matrix form (Eq. 279 in conjunction with Egs. 62 and 277) as


http://dx.doi.org/10.1007/978-3-319-21717-8_2
http://dx.doi.org/10.1007/978-3-319-21717-8_2
http://dx.doi.org/10.1007/978-3-319-21717-8_2
http://dx.doi.org/10.1007/978-3-319-21717-8_2
http://dx.doi.org/10.1007/978-3-319-21717-8_4
http://dx.doi.org/10.1007/978-3-319-21717-8_4
http://dx.doi.org/10.1007/978-3-319-21717-8_2
http://dx.doi.org/10.1007/978-3-319-21717-8_4

290 5 Validity Analysis of Selected Closed-Form Solutions for Effective Measure. . .

_— 1
EMC(n) = Elog2

where the estimated steady-state covariance matrix 3 in the numerator is given by
the infinite sum

- (Sarte (@) ).

An alternative, more intuitive expression can be obtained on the basis of the (mean
squared) one-step prediction errors Z y (Eq. 284):

nl

EMC = —Z log2 - —nlogZZ( )s

where the estimated one-step prediction errors for i > 0 are given by (Eq. 282)

= Det [aﬂ}
S = Tm.

The zeroth-order prediction error equals the determinant of the estimated
autocovariance for zero lead time (Eq. 283):

~

£(0) = Det[Cy 1 (0)].

As shown in Section 4.1.6, the alternative expression can also be interpreted using

an information-theoretic learning curve A(i) (i =1,2,...,n) in which each
summand 1/2 (10g2§<,-_1) — logzi(,,)) can be used to evaluate the amount of

apparent randomness at small model order i, which can be “explained away” by
considering parameterized models with increasing order i + 1, i+ 2, .. ..

At first glance, the objective function formulated in Eq. 314 in conjunction with
Eq. 313 to select the optimal order within the class of VAR models seems to
contradict the MMI principle, because it is designed to select the model that
maximizes emergent complexity in the meaning of EMC and not a representation
that corresponds to minimum mutual information. However, this is only seemingly
in contradiction, because each nth-order model defines a map from the process past
history (xo, x1, - . ., X;) to a Gaussian state variable S, summarizing the properties. We
are interested in a state representation that summarizes the properties in such a way
that it enables us to make good predictions (sensu Still 2014). As the VAR model’s
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memory only reaches back n time steps into the past because the state is the
weighted value of the last n observations, we need efficient mapping to capture as
much information about the past as possible to improve predictions of possible
future histories (X,+1,X;42,...,Xo). This mapping can be carried out by either
maximizing the predictive information ,..;(n — co0) (Eq. 226), or equivalently
EMC. However, our information-theoretic considerations in Section 4.1.6 have
shown that the captured predictive information for VAR(n) models cannot on
average be larger than the amount of information corresponding to the model
order and it holds that I,.q(n) = Iea(n+1) =.... In other words, a VAR(n)
model has a limited capacity to store the predictive information communicated over
an infinite time horizon. Maximizing the predictive information over all fitted
models up to order n thus corresponds to maximizing the predictive accuracy of
possible future histories within the range of model capacities which, in turn,
requires maximum effective measure complexity values as stated in the objective
function. With a finite sample size, the complexity values must be adjusted in the
same way as the penalty term.

Li and Xie (1996) also formulated an alternative criterion, called the “least-
information criterion,” abbreviated as LIC(n). In our own analysis we found that
this criterion is not only less rigorous in its derivation but also often leads to lower
accuracy in model selection tasks. It is therefore not considered below. For more
information, the corresponding proofs and additional background information on
both criteria are presented in Li and Xie (1996).

5.1.2 Methods

Two Monte Carlo studies were carried out to investigate the concurrent validity of
the mutual information criterion MIC according to Eq. 314 in conjunction with
Eq. 313 within the class of VAR models in different model selection tasks. We
speak of concurrent validity, because the data for the calculation of the criterion and
the estimates of the underlying effective measure complexity are collected simul-
taneously in the same Monte Carlo experiment. In the first validation study, we used
the field data that were acquired in the industrial case study as input for the
experiments and followed the procedure that was introduced in Section 2.5 to
model and simulate the task processing. Within the industrial multiproject environ-
ment, we focused on Project A, the largest project, with ten partially overlapping
development tasks spanning the project phases from conceptual design to product
documentation. Here, we concentrate on the first two overlapping tasks of this
project, and only modeled their overlapping range (see Section 2.5). We used the
least square method developed by Neumaier and Schneider (2001) to estimate the
parameters of the corresponding bivariate VAR(#n) models of different order n. The
model selection procedure based on the classic criteria showed that the Bayesian
information criterion BIC according to Eq. 71 is minimal for a VAR(1) model (see
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Section 2.5). For this model, we obtained the following optimizing parameters
(Egs. 73,74, 75):

A 0.6016
0= (1 0000)
0.9406 —0.0017
<0 0085  0.8720 >
6 — ( (0.0135)* 0.38~0.0135~0.0416)
—0.38-0.0135 - 0.0416 (0.0416) '

When using the corrected Akaike information criterion AIC,. according to Eq. 69
instead of the Bayesian information criterion, a VAR(2) model is assigned mini-
mum scores. We focused on AIC,. in the first Monte Carlo study, because it is
known to have superior bias properties for small samples. Burnham and Anderson
(2002) recommend applying the corrected criterion instead of the classic AIC when
it holds that T /k < 40 (Eq. 70), as in our case. The impact of the sample size on the
bias properties and on selection accuracy was investigated in the second Monte
Carlo study. The optimizing parameters for the VAR(2) model are given by the
representation (Eqs. 73, 76, 77, 78 and 79):

5= (0.6016)
1.0000

i = <0.6016>
0.7154

Ao = 1.1884 —0.1476)

0.0470  1.1496

i —0.2418  0.1344
P77\ —0.0554 —0.2622

o (0.0116)> —0.013-0.0116 - 0.0257
—0.013 - 0.0116 - 0.0257 (0.0257)° '

The VAR(1) and VAR(2) models were then used to simulate the processing of the
first two development tasks in repeated trials and to generate the data sets required
to investigate concurrent validity. To ensure robust parameter estimation, two
independent time series of 100 time steps were generated in each trial. These
time series were used to estimate the parameters of candidate VAR(n) models of
different order based on the cited least square method. The model orders considered
were in the range 7n,,,, = 1 and n,,,, = 6. The candidate VAR(#n) models were then
evaluated based on the mutual information criterion MIC(n) from Eq. 313 and the
alternative BIC(n) and AIC .(n) criteria. We hypothesized that the complexity-based
MIC(n) is highly accurate and can identify the true model order (eithern = 1 for the
VAR(1) model with parameters according to Egs. 73, 74, 75, or n = 2 for the VAR
(2) model represented by Eqs. 73, 76, 77, 78 and 79) from the generated data sets
with a level of accuracy that is not significantly different from the alternative
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criteria in statistical terms. 1000 independent trials were computed for each model
to obtain a good statistic for the pairwise comparison of the histogram distributions
of the model orders which were selected by the three different criteria. Pearson’s chi
squared test (see e.g. Field 2009) was used to investigate whether there were
significant differences in the histogram distribution. The level of significance in
all tests was set to a = 0.05.

In the second study of concurrent validity, we partially replicated Liitkepohl’s
(1985) experimental setup and analyzed a total of 1000 bivariate VAR(1) and 1000
bivariate VAR(2) models with both complex conjugate and distinct real character-
istic roots as well as 400 trivariate (i.e. three-dimensional) VAR(1) models with
distinct real characteristic roots. In contrast to Liitkepohl’s (1985) study, we only
allowed for zero means and therefore did not include intercept terms in the models.
Furthermore, with respect to the theoretical analysis of cooperative work in PD
projects in Chapter 2, we excluded moving average models and focused on purely
autoregressive recurrence relations. In general, bivariate VAR models can be used
to simulate the processing of two development tasks, whilst three-dimensional
models can simulate the processing of three tasks in a compact statistical represen-
tation form. The basic idea underlying Liitkepohl’s (1985) design of the Monte
Carlo experiments is to consider a large variety of parameter sets corresponding to a
wide range of characteristic roots in different regions of the unit circle in the data
generation. To simplify the interpretation of the results, the data can be regarded as
instantiations of different cooperative relationships between developers processing
either two or three tasks under varying regimes of cooperative problem solving
processes. The aggregated evaluation of the task processing indicates which crite-
rion has the highest accuracy of model selection where no prior information about
the location and covariance of the true parameters is available. Note that even if
only stable bivariate and trivariate autoregressive processes are considered, the
parameter space is theoretically unbounded and therefore only a very small area can
be investigated.

The investigated bivariate VAR(1) models were defined by the well-known state
equation (cf. Eq. 2):

Xt = AQ -X[_l + &.

Ignoring the error term ¢, and using a parametric representation of the dynamical
operator

aii an
A p—
0 <a21 ay + Aa)

according to Eq. 54, where {ai,Aa,ap,a2} € R*, we can express the eigen-
values (Egs. 56 and 57) as roots of the characteristic polynomial by
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Table 5.1 Parameters and
parameter values of the
bivariate VAR(1) and

Bivariate processes

(a) Processes with complex conjugate characteristic roots

VAR(2) processes Parameter | Parameter values
investigated in the Monte an —1 -0.5 0 05 |1
Carlo experiments (after as —-15 | -05 0.5 1.5
Liitkepohl 1985) 0 27k/10 | k=0,1,...,9

r 0.8 0.6 0.4 0.2

(b) Processes with distinct real characteristic roots

Parameter Parameter values

apy —1 —0.5 0 05 |1
as) —0.5 0.5

M -0.8 |04 0 04 |08
Az —-0.6 |—-0.2 0.2 0.6

Covariance matrices C = I,

1

A= 5(2011 4+ Aa — v/ Aa® + 4a12a21>
1

/12 = 5(2(111 + Aa + vV A(lz + 4(112(121) .

Theoretically, all parameter values {a;1, Aa, a1z,a2} € R for which it holds that
|41] < land |4;| < 1lead to asymptotically stable processes (see Section 2.1). In the
Monte Carlo study, we concentrated on Liitkepohl’s (1985) parameter values
corresponding to a wide range of characteristic roots in different regions of the
unit circle. These values are summarized in Table 5.1.

If the eigenvalues are complex, they can be written as complex conjugate pairs
(cf. Eq. 53) and interpreted as a stochastically driven oscillator with non-minimum
period (see Section 2.3). Based on the typical notation

A1 =r(cos () +i sin(0))
A =r(cos(0) —i sin(0)),

it is easy to see that the matrix entries Aa and a;, can be expressed as

Aa = 2rcos (0)

2apprcos (0) —a}, —r?
2 =

any

provided ay; # 0 (Liitkepohl 1985). If, on the other hand, both eigenvalues are real,
the matrix entries Aa and a;, are given by

Aa = A + Ay — 2ay;
22— (2ay + Aa) + ayy(ar; + Aa)
az

ags
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provided a,; # 0 (Liitkepohl 1985). In this case the eigenvalues represent either
relaxators or stochastically driven damped oscillator with minimum period (see
Section 2.3). Once the values of 4, 4,, a;; and a5 are given, the matrix entries Aa
and a,, can be calculated using the above equations.

The complete set of parameters and parameter values for all 1000 bivariate VAR
(1) processes is shown in Table 5.1. As shown in Table 5.1, 800 VAR(1) models
with complex conjugate characteristic roots and 200 VAR(1) models with real
distinct characteristic roots were investigated in the second Monte Carlo study.

The Monte Carlo experiments for the bivariate VAR(2) models were carried out
in a similar way. To ensure comparability, the bivariate VAR(2) models were
defined by a recurrence relation with the same dynamical operator Ay and a state
variable X, that is determined by the prior state of the process reaching back two
time steps into the past and ignoring the previous time step:

X, =Ay-X,_o+ €.

The same parameter values from Table 5.1 were applied to the VAR(2) model
representation, meaning that 800 VAR(2) models with complex conjugate charac-
teristic roots and 200 VAR(2) models with real distinct characteristic roots were
investigated.

In all Monte Carlo experiments the error process &, corresponded to a white noise
process. The covariance matrix of ¢, was equal to the identity matrix, so that the
variances and standard deviations equal 1 and the covariance equals zero:

1 0
!
The investigated three-dimensional VAR(1) models with distinct real characteristic
roots are based on the parametric representation

ayr app  ap
Ao= | a1 axp ax
asy dasy ass

of the dynamical operator, where {a;;} € R (1 < i, j < 3). The eigenvalues of A,
are the roots of the characteristic polynomial

3 2
X+ (—an — axn — azz) + A(—annaz +an1an — aizazs — apaxn +anass +andss)
+azaxaz —apaxaz —azdzasz +a 1 asasy +apdz1ass — a1 andss.,

All parameter values {a;;} € R for which it holds that [4;| <1, |A2| < 1 and |43| <1
correspond to asymptotically stable processes (see Section 2.1). As before, we used
Liitkepohl’s (1985) parametric representation and parameter values in the Monte
Carlo study to cover a wide range of characteristic roots in different regions of the
unit circle. The parameters and parameter values are summarized in Table 5.2.
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Table 5.2 Parameters and parameter values of the trivariate VAR(1) processes investigated in the
Monte Carlo experiments (after Liitkepohl 1985)

Three-dimensional processes (only real characteristic roots 1y, 45, 43)

Parameter Parameter values

an —0.5

dps 0.5

asy 0.5

dyn 0.5

as —-0.5 0.5

as -1 -0.5 0 0.5 1
A —0.6 —-0.2 0.2 0.6

A —0.8 -0.4 0 0.4 0.8
A3 —-0.5 0.5

Covariance matrix C = I3

In the parametric representation of Table 5.2, the matrix entries a;3, a»3 and as;
can be determined from given eigenvalues 1, A, and 13 on the basis of the following
three equations:

ai3=1/(—annd} +axn((an —axn)as +az az)) [}, ax a3 — a}y asa +az A 1 43
+at, (anasi +an (b ++43))
+ayr (—asn (s +41 (A2 +43))
+ap((anazi —2ax axp —az (A + A +23)))
+ap (a3, az1 +ax az (A + o +243) —az; (M +Ao+ (4 +42) 43)
—ay (ax axn +az (A +i2+143)))]

ayy = 1/(ay @3, — az ((an — axn) azi + az az)) [al, a2 az
—(ax a3 — ax axn)(an — h)(an — A)
+((a2 as1 — az az)(an — ) + (@21 axn + asi(—an + 41))A) s
+ay az (aa1 azxp +az (—2an +4 + 4 +43))
—ay ay (a2 as1 +an(—an + 4 + 4 +43))]
azp; = Al + A2 + A3 —ay — an.
Similarly to the investigation of the bivariate models, the Monte Carlo experiments
were carried out under the condition that the error process &, corresponded to a

white noise process, such that the variances and standard deviations equal 1 and the
covariance equals zero:

1 0
C={(0 1
0 0

e

A total of 400 three-dimensional VAR(1) models were investigated.
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A single time series was generated for each model. To investigate a broad range
of execution conditions, the length was varied systematically between T; = 40 and
T17 = 200 time steps. Starting with T = 40 time steps, the number of time steps
was increased by 10 after each simulation run, so that in total 19 different lengths
were analyzed in independent runs. A pre-sample warm-up interval with 100 time
steps was calculated to reduce the impact of starting-up values. From the time series
generated, the independent parameters were estimated based on the cited least
square method. As before, the order was varied systematically between first- and
sixth-order models, the corresponding likelihood and penalty terms were calculated
for each parameterized model, and the order was estimated based on the minimi-
zation principle introduced above. We carried out ten separate repeated and inde-
pendent trials so that we could make an inferential statistical comparison of model
order selection accuracy for all five investigated types of models from Tables 5.1
and 5.2. Regarding the penalty terms in the model selection procedure, we did not
only use the corrected Akaike information criterion AIC.(n) from Eq. 69, but also
included Akaike’s classic AIC(n) criterion according to Eq. 67 to investigate
whether the heuristic decision rule advocated by Burnham and Anderson (2002)
leads to good selection decisions. This decision rule recommends using AIC.
instead of AIC when it holds that T/k < 40 (Eq. 70). T denotes the sample size
and k is the number of freely estimated parameters in the dynamical operator. For
two-dimensional VAR(1) models there are k = 4 freely estimated parameters so for
a sample size of T3 = 160 time steps or larger switching from the corrected
criterion to the original formulation should be considered to obtain an optimal
selection accuracy. For two-dimensional VAR(2) and three-dimensional VAR
(1) models the number of freely estimated parameters is £ =8 and k=09,
respectively. With respect to the decision rule, in both cases even the maximum
sample size of T17 = 200 time steps can regarded as small and hence the superior
bias properties of AIC,. should produce a higher accuracy level in model selection.
If the sample size exceeds 500 time steps under the given experimental conditions,
AIC and AIC, will strongly tend to consistently select the same model order.

In a similar way to the first Monte Carlo study, Pearson’s chi squared test was
used for each time series of given length to investigate whether there are significant
differences in the histogram distribution of the empirically selected model orders
between the AIC(n), AIC . (n), BIC(n) and MIC(n) criteria for all types of models
listed in Tables 5.1 and 5.2 over all ten trials. Where significant differences were
found, the values in the histogram distribution corresponding to the true model
order were compared against each other to decide which criterion leads to highest
accuracy in the model selection task. The level of significance was set to & = 0.05
for all tests. To focus our presentation and discussion of the results of the second
Monte Carlo study on the essential effects, we have not included a report on the
individual chi squared tests in the following chapters. Instead, we will present the
relative frequencies f,.; of correct model order selection for the five types of models
investigated in the form of error list plots and only report characteristic parameter
settings in which significant differences in the histogram distribution of the empir-
ically selected model orders were found.
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5.1.3 Results and Discussion

The results of the first Monte Carlo study show that the complexity-based mutual
information criterion MIC(n) identifies the correct order of the VAR(1) model of
the first two overlapping tasks with optimizing parameters according to Eqgs. 73, 74,
75 in 933 of 1000 trials. In 64 trials a wrong estimate of n = 2 was obtained, and in
only 4 trials an estimate of n = 3. Higher model orders were never assigned
minimum scores and were therefore never selected. Comparing this histogram
distribution with the corresponding distributions of the alternative criteria, we can
see that the Bayesian information criterion BIC is the only one that leads to a higher
level of accuracy. For the VAR(1) model, BIC assigned the correct model order in
999 cases. Based on AIC,, the first model order was selected correctly in 928 trials.
For the VAR(2) model represented by Eqgs. 77, 78 and 79, the accuracy of selecting
the true model order based on MIC(n) led to similar results, with a correct selection
of the model order in 930 of 1000 trials. A third-order model was considered to be
the true model in only 15 trials, whilst the first order was wrongly selected in
55 trials. Other model orders never led to minimum scores and were therefore never
selected. The number of correct identifications of the VAR(2) model for BIC and
AIC. was much lower, at 813 and 892, respectively. Table 5.3 shows the relative
frequency of the selected model order for the VAR(1) model for all three criteria.
The corresponding frequency distribution for the VAR(2) model is shown in
Table 5.4.

The datasets in Tables 5.3 and 5.4 show that the complexity-based mutual
information criterion MIC enables the selection of the true model orders in approx-
imately 93% of all trials and therefore leads to the highest overall accuracy level.
However, we have to differentiate between first- and second-order models. In the
case of a first-order model, the null hypothesis that the datasets related MIC(n) and
BIC(n) have the same distribution is rejected at the a = 0.05 level (test statistic
xo = 11.61, p < 0.0404). This test result indicates that, in terms of the histogram
distribution, the novel criterion is inferior to the classic Bayesian approach. Com-
pared to AIC,, we did not find any significant differences in accuracy (xo = 0.84,
p < 0.9738). Regarding the second-order model, the chi squared tests show that the
corresponding null hypotheses related to the distributions of MIC(n) and BIC(n) as
well as MIC(n) and AIC~(n) are both rejected at the a = 0.05 level (MIC - BIC:
X0 = 55.54, p < 0.0001; MIC — AIC,: xy = 19.16, p < 0.0018). Due to a higher
frequency of correctly identified model orders (Table 5.4), we can conclude that

Table 5.3 Relative frequency of identified model order for VAR(1) model based on the corrected
Akaike information criterion (AIC,., Eq. 69), the Bayesian information criterion (BIC, Eq. 71), and
the mutual information criterion (MIC, Eq. 313)

Model order 1 2 3 4 5 6
AlC. 0.928 0.062 0.009 0.001 0 0
BIC 0.999 0.001 0 0 0 0
MIC 0.933 0.640 0.003 0 0 0
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Table 5.4 Relative frequency of identified model order for VAR(2) model based on the corrected
Akaike information criterion (AIC,, Eq. 69), the Bayesian information criterion (BIC, Eq. 71), and
the mutual information criterion (MIC, Eq. 313)

Model order 1 2 3 4 5 6
AlC. 0.015 0.892 0.070 0.015 0.008 0
BIC 0.185 0.813 0.002 0 0 0
MIC 0.055 0.930 0.015 0 0 0

under the given experimental conditions the novel criterion leads to superior
accuracy for processes with larger memory depth. The results of the second
Monte Carlo study will give us additional evidence to decide whether this conclu-
sion can be generalized to model selection tasks in much larger areas of the
parameters space, or whether it only applies to the two specific two-dimensional
model representations of PD environments investigated.

The relative frequencies f,.; of correct model order selection in the second Monte
Carlo study for bivariate VAR(1) processes based on AIC, AIC, BIC and MIC are
shown in the error list plots in Fig. 5.1. Each plot shows the means as note points,
and the 95% confidence intervals as error bars. The note points have been slightly
offset to make it is easier to see the error bars. The 95% confidence intervals were
calculated under the assumption of a normal distribution and therefore correspond
to +1.96 standard deviations. Part (a) of the figure shows the relative frequencies for
first-order processes with complex conjugate characteristic roots (see parameter and
parameter values in part (a) of Table 5.1), whilst part (b) presents the frequencies
for the case of distinct real characteristic roots (see parameters and parameter
values in part (b) of Table 5.1). By comparing both parts of the figure, we can see
that the means and 95% confidence intervals of the relative frequencies are very
similar. A detailed analysis of the data sets also revealed great similarity in the
results of the statistical tests. We will therefore interpret them in a single discussion.
According to the error list plots in both parts of Fig. 5.1, the Bayesian information
criterion BIC leads to the highest accuracy on average and the smallest 95 %
confidence intervals and is therefore the empirically optimal criterion for the
selection of bivariate first-order models under all investigated parameters and
parameter values. Both parts of Fig. 5.1 also show that for time series of length
equal or larger than T, = 50 time steps the novel mutual information criterion MIC
leads to second highest means and second smallest 95 % confidence intervals. The
corrected Akaike information criterion AIC¢ only revealed higher average accura-
cies than MIC and similarly large 95 % confidence intervals in the minimum sample
size of T = 40 time steps. The differences in accuracy here are also significant as
shown by the chi squared tests of the histogram distributions (xo=51.28, p <0.0342
for first-order processes with complex conjugate characteristic roots; xo=12.04,
p<0.0342 in the case of distinct real characteristic roots). For time series of
greater length, MIC produces significantly higher accuracies than AIC.. This is
due to the fact that AIC and AIC, strongly tend to consistently select the same
model order as the sample size increases, in this case on a consistently lower
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Fig. 5.1 Error list plots of relative frequencies f,; of correct model order selection for bivariate
VAR(1) processes based on Akaike’s classic information criterion (AI/C, Eq. 67), the corrected
Akaike information criterion (AIC,, Eq. 69), the Bayesian information criterion (BIC, Eq. 71), and
the mutual information criterion (MIC, Eq. 313). T denotes the length of the time series that was
used to estimate the model order and parameters. A pre-sample warm-up interval with 100 time
steps was calculated. A total of 10 separate and independent trials were computed to obtain the
statistic. The plots show mean frequencies as note points and 95 % confidence intervals as error
bars. Note points have been offset to distinguish the error bars. Part (a) of the figure (fop) shows the
relative frequencies for VAR(1) processes with complex conjugate characteristic roots. The
parameters and parameter values of these 800 processes are given in Table 5.1, part (a). Part (b)
of the figure (bottom) shows the corresponding frequencies for VAR(1) processes with distinct real
characteristic roots. The parameters and parameter values of these 200 processes are given in
Table 5.1, part (b)
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accuracy level (Fig. 5.1). An interesting finding when comparing BIC and MIC is
that there were no significant differences in the histogram distributions for time
series of length equal or larger than T3=60 time steps—neither for models with
complex conjugate characteristic roots nor for representations with distinct real
characteristic roots. In other words, the empirical optimality of BIC can only be
proved statistically for the smallest and second smallest sample size. For larger
sample sizes BIC and MIC must be regarded as equally accurate in the class of
bivariate first-order models under the predefined parameters and parameter
values. Both parts of Fig. 5.1 also show that Akaike’s classic criterion does not
lead to an accuracy level that is comparable to the other criteria. For all inves-
tigated lengths of the time series the means were much lower. The chi squared
tests demonstrate that even for the largest sample size of 717 =200 time steps the
differences in the histogram distributions are significant for the 800 models with
complex conjugate characteristic roots (xo=14.45,p<0.0115). In contrast, the
200 models with distinct real characteristic roots do not lead to significant
differences for the largest sample size considered (xo=5.14,p<0.3991). We
can conclude that the heuristic decision rule introduced by Burnham and Ander-
son (2002) to use AIC.. instead of AIC when it holds that T/k <40 (Eq. 70) is too
conservative for the investigated first-order models and leads to suboptimal
accuracy. We can still find superior bias properties of AIC,. for T/k<50.

In an analogous manner to Fig. 5.1, Fig. 5.2 shows the means and 95 %
confidence intervals of relative frequencies f,., of correct model order selection
for the investigated bivariate VAR(2) processes. Part (a) of the figure shows the
note points and error bars of the frequencies corresponding to the 800 models with
complex conjugate characteristic roots. Part (b) presents the results for the 200 gen-
erated processes with distinct real characteristic roots. As to be expected after the
investigation of the first-order models, the means and 95 % confidence intervals of
relative frequencies evolve very similarly over the time series length T under both
conditions and we can discuss the data sets independently from of whether they
have complex conjugate or distinct real characteristic roots. As can be seen in the
error list plots in both parts of Fig. 5.2, for time series of length equal to or larger
than T, = 50 time steps the Bayesian information criterion BIC leads to the highest
mean accuracy and the smallest 95 % confidence intervals. This makes it the
optimal criterion for the selection of bivariate second-order model under the
given experimental conditions. Parts (a) and (b) of Fig. 5.2 also show that for
sample sizes equal to or larger than 73 = 60 time steps the mutual information
criterion MIC results in the second highest means of selection accuracy and second
smallest 95 % confidence intervals. The corrected Akaike information criterion
AIC, only leads to highest average accuracy and the smallest 95 % confidence
interval in the smallest sample sizes of T} = 40 time steps. In this case there were
significant differences in the histogram distributions for AIC, and MIC and for
AIC,. and BIC (AIC, — MIC: xo = 88.16, p < 0.0001 for complex conjugate
characteristic roots and xyp = 25.82, p < 0.0001 for distinct real characteristic
roots; BIC — MIC: xo = 5483.16, p < 0.0001 for complex conjugate characteristic
roots and xp = 60.68, p < 0.0001 for distinct real characteristic roots). For a sample
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Fig. 5.2 Error list plots of relative frequencies f,.; of correct model order selection for bivariate
VAR(2) processes based on Akaike’s classic information criterion (AIC, Eq. 67), the corrected
Akaike information criterion (AIC,, Eq. 69), the Bayesian information criterion (BI/C, Eq. 71), and
the mutual information criterion (MIC, Eq. 313). T denotes the length of the time series that was
used to estimate the model order and parameters. The experimental conditions were the same as in
Fig. 5.1. Part (a) of the figure (fop) shows the relative frequencies for VAR(2) processes with
complex conjugate characteristic roots. The parameters and parameter values of these 800 pro-
cesses are given in Table 5.1, part (a). Part (b) of the figure (bottom) shows the corresponding
frequencies for VAR(1) processes with distinct real characteristic roots. The parameters and
parameter values of these 200 processes are given in Table 5.1, part (b)
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size of T, = 50 time steps the corrected Akaike information criterion AIC. also
leads to higher average accuracies than MIC and to slightly smaller 95 %
confidence intervals. This difference in accuracy is again significant (xo = 38.00,
p < 0.0001 for complex conjugate characteristic roots and xy = 12.48, p < 0.0287
for distinct real characteristic roots). Similar to the investigation of the first-order
models, the more data points we have at hand to estimate the parameters, the higher
the accuracy of MIC becomes in comparison to AIC. (and the lower the
corresponding p-values in the chi squared tests) as AIC and AIC, strongly tend to
consistently select the same model order (Fig. 5.2). When we compare BIC and
MIC, the statistical tests show that for the 800 second-order models with complex
conjugate characteristic roots a sample size of equal to or larger than 7T's = 80 time
steps is needed to render the differences in histogram distributions insignificant. In
contrast, for the 200 model representations with distinct real characteristic roots a
sample size equal to or larger than T3 = 60 time steps is already sufficient to lead to
insignificant differences in accuracy. Weighting this evidence conservatively, we
can demonstrate empirical optimality of BIC only under the constraint that we have
a sample size of equal to or smaller than T4 = 70 time steps. For larger sample sizes
BIC and MIC have proven to be equally accurate under the parametric representa-
tion that were defined in parts (a) and (b) of Table 5.1. Similar to the first-order
processes, parts (a) and (b) of Fig. 5.2 show that when AIC is used for model
selection, it is impossible to reach an accuracy level that is comparable to that of the
other criteria. For all investigated lengths of the time series the means are much
lower. The chi squared tests show that even for the largest sample size of 717 = 200
time steps there are significant differences in the histogram distributions for models
with complex conjugate characteristic roots (xo = 28.11, p < 0.0001). For models
with distinct real characteristic roots, however, there were no significant differences
(xo = 4.93, p < 0.4241). Due to the fact that we have eight and not only four freely
estimated parameters in the bivariate VAR(2) model representation, the cited
decision rule of Burnham and Anderson (2002) leads to the highest possible
accuracy level over all VAR(2) models under evaluation and therefore seems to
be adequate. Comparing Figs. 5.1 and 5.2, we find that the selection accuracy of the
four criteria is quite similar for bivariate VAR(1) and for VAR(2) processes.
However, the larger the model order and hence the memory depth of the process,
the more data points are needed for the estimation of parameters to reach compa-
rable accuracy levels. From a more qualitative perspective, we consistently find that
the larger the sample size, the larger the differences in accuracy between BIC and
MIC on the one hand, and AIC, and AIC on the other. Another consistent finding is
that the classic BIC criterion outperforms the other criteria on average accuracy. In
spite of this fact, even for small sample sizes, the novel MIC criterion leads to
histogram distributions of selected model orders that are not significantly different
from the distributions produced by BIC on the a = 0.05 level.

Finally, Fig. 5.3 shows the means and 95 % confidence intervals of relative
frequencies f, of correct model order selection for the evaluated three-dimensional
VAR(1) processes. Compared to the two bivariate model representations the results
are unexpected. With the smallest sample size of 7| = 40 time steps, the corrected
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Fig. 5.3 Error list plots of relative frequencies f,; of correct model order selection for three-
dimensional VAR(1) processes based on Akaike’s classic information criterion (AIC, Eq. 67), the
corrected Akaike information criterion (A/C., Eq. 69), the Bayesian information criterion (BIC,
Eq. 71), and the mutual information criterion (MIC, Eq. 313). The experimental conditions were
the same as in Fig. 5.1. Only processes with real characteristic roots were investigated. The
parameters and parameter values of these 400 processes are given in Table 5.2

Akaike information criterion AIC,. already leads to a relative frequency of more than
0.99 and is therefore extremely accurate. This level can only be matched by using the
Bayesian information criterion BIC in the same manner (Fig. 5.3). Differences in the
corresponding histogram distributions were not found (xo = 1.05, p < 0.9588).
The accuracy of the novel mutual information criterion MIC is significantly lower
(AIC, — MIC: x9 =95.15, p < 0.0001; MIC — BIC: xo =98.12, p < 0.0001).
However, when the time series data is extended to 73 = 60 or more time steps, the
accuracy of MIC becomes significantly higher than AIC. as we would expect for
consistency reasons (Fig. 5.3). Similar to the bivariate first-order processes, the chi
squared tests of the histogram distributions related to BIC and MIC show that a
sample size of equal or larger than T3 = 60 time steps is sufficient to render the
differences in distributions insignificant. For equal or more 73 = 60 data points MIC
also leads to significantly higher selection accuracies than AIC.. Finally, the chi
squared tests show that for the largest sample size of T1; = 200 time steps there
are no significant differences in the histogram distributions of AIC- and AIC
(xo = 4.89, p < 0.43). Hence, the heuristic decision rule of Burnham and Anderson
(2002) can be safely applied.

The results of both Monte Carlo studies show that the novel complexity-based
mutual information criterion MIC is not only very effective for making model
selection decisions in specific PD environments but that it appears to be a highly
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accurate universal quantity for model selection in the class of vector autoregression
models. Although the results of the more comprehensive second Monte Carlo study
do not confirm the preliminary conclusion from the first study that MIC has a
significantly higher accuracy for second-order processes than AIC,. and BIC, we
can conclude that MIC is, on average, only outperformed by the Bayesian infor-
mation criterion BIC and leads to the second highest overall accuracy. The 95 %
confidence intervals are also second smallest. Furthermore, the statistical tests of
the histogram distributions show that a sample size of only 75 = 60 time steps is
sufficient in four out of five types of models investigated (see Tables 5.1 and 5.2) to
render the differences between MIC and BIC in distributions insignificant. The only
exception are second-order processes with complex conjugate characteristic roots.
In this case a sample size of Ts = 80 time steps is sufficiently large. Additional
Monte Carlo studies replicating the setups of Mantalos et al. (2010) and Pereira
et al. (2012) have shown that the mutual information criterion MIC is also highly
accurate in selecting the true model order for larger memory depths. Furthermore, it
is important to mention that the formulation of the criterion according to Eq. 314 in
conjunction with Eq. 313 can be generalized to the broader class of linear dynam-
ical systems (see Section 2.9). To do so, we only have to count the free parameters
in the equations generating the state and the observation processes (Eqs. 136 and
137) and (re-)estimate the effective number of parameters by using the introduced
MMI principle.

5.2 Optimization of Project Organization

Following this analysis of concurrent validity of the preferred operationalization of
emergent complexity in model selection tasks based on Monte Carlo experiments,
we will now move our focus on to predictive validity and focus on more
application-oriented problems in project management. In this context, predictive
validity means the degree to which the information-theoretic metric EMC can
predict (or correlate with) standard key performance indicators of PD projects,
such as the total time to complete the process (duration) and total amount of work
done in the process (effort), which are measured at some point in the future during
the (simulated) execution of a project. In order to analyze the predictive validity, we
systematically manipulate different independent variables (such as differences in
productivity between developers and development teams, and the release period of
information about geometrical/topological entities between teams on different
levels of the hierarchy) to see what effect it has on emergent complexity and on
the other cited indicators of the same construct. The analysis is based on simple
parameter studies and additional Monte Carlo experiments. The repeated random
sampling was carried out within a self-developed simulation environment. We will
present and discuss the results of two validation studies with different objectives
and different mathematical models of cooperative work. In the first study we used
the least complex first-order vector autoregression model (VAR(1) model, see
Sections 2.2 and 2.3) to represent the direct cooperative relationships between the
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developers and the corresponding development teams (Schlick et al. 2009). In the
second study we also allowed the occurrence of periodically correlated work
processes (PVAR model, see Section 2.6) that are caused by a two-level hierarchi-
cal coordination structure in which subsystem-level and component-level design
teams cooperate directly and indirectly (Schlick et al. 2011).

The objective of the first study is to design the project organization of an PD
project subjected to concurrent engineering for minimal emergent complexity. To
evaluate emergent complexity the information-theoretic metric EMC is used in the
spectral basis (see Section 2.3) and different settings of cooperative task processing
that can be represented by the basic VAR(1) model are considered. To simplify the
calculations we developed efficient numerical functions based on the most expres-
sive closed-form solution from Eq. 262. Organizational optimization based on a
formal complexity metric in conjunction with vector autoregression models of
cooperative work is an application area that is particularly interesting, because
complex sociotechnical systems can be purposefully designed, and established
management principles and heuristics can be objectively evaluated. Especially in
PD projects requiring intensive cooperation, the classical principles and heuristics
(e.g. constructing self-contained systems, Peters 1991; striving for decoupled
design with minimum information content, Suh 2005; etc.) can fall short because
they focus on the formalized design problem and product and tend to underestimate
the effects of the cooperative problem solving process. As shown in the previous
chapters, the iterative and closely interacting work processes can induce unex-
pected variability and generate effects that cannot be trivially reduced to singular
properties of the constituent tasks. These effects emerge as a result of higher-order
interactions and can lead to critical phenomena of emergent complexity such as the
cited “design churns” (Yassine et al. 2003) or “problem-solving oscillations”
(Mihm et al. 2003; Mihm and Loch 2006). Moreover, from a theoretical point of
view, it is interesting to analyze whether EMC is not only valid for stochastic
processes in the steady state but can also assess the “preasymptotic” behavior of
project dynamics. It is evident that different projects can have different
preasymptotics, according to the speed and kind of convergence to that asymptote.
Some properties that hold in the preasymptote of a complex project can be signif-
icantly different from those that take place in the long run, and we want to
investigate in the following chapters whether the relevant features, in terms of
duration and effort, are captured by the complexity metric. Moreover, a
nonnegligible percentage of PD projects in industry show divergent work
remaining that does not have any asymptote at all. Maintaining the terminology of
Section 2.1 we refer to these projects as unstable, because the work remaining then
exceeds all given limits. If a project is unstable, a complete redesign of tasks and their
interactions is necessary. Although divergent behavior of projects is critical from a
practical point of view, it can be predicted easily within the framework of the
developed theory of cooperative work and need not be analyzed further. This is
because EMC simply assigns infinite complexity values to a divergent process as one
would expect. For instance, for first-order models defined in Eq. 8 it is not difficult to
see that the infinite sum in Eq. 247 diverges if the dominant eigenvalue 4,(Ag) of
WTM A, has a magnitude larger than 1. The equation |4;(Ag)| = 1 determines the
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boundary between stable and asymptotically stable regimes. Recall from Section 2.2
that the first-order model is asymptotically stable in the sense of Lyapunov (Eq. 4) if
and only if the spectral radius of WTM Ay is strictly less than one and the matrix in
Eq. 4 is positive definite. A first-order model without diffusion and unit spectral
radius p(Ag) =1 would steadily move away from the equilibrium state x, and
therefore only be marginally stable (Halanay and Rasvan 2000).

5.2.1 Unconstrained Optimization

We start the studies on optimizing project organization by formulating an
unconstrained optimization problem and solving it through a complete enumeration
of organization designs satisfying certain boundary conditions. In a second step, a
constrained optimization problem is formulated and solved by applying the same
principle. The constraint is that the expected total amount of work x,,, according to
Eq. 17 is constant among the experimental conditions.

5.2.1.1 Methods

The developed objective function in our first study quantifies the complexity of a
given organization design under the dynamic regime of the introduced state equa-
tions (Eq. 8 for original state space coordinates and Eq. 39 for spectral basis). We
seek to minimize emergent complexity by systematically choosing the optimal
project organization from within an allowed set. The elements of the set are distinct
project organization designs that satisfy boundary conditions on productivity,
cooperative relationships and performance variability. The set is complete in the
sense that valid alternative organization designs with different asymptotic behavior
do not exist. To simplify the problem formulation, the elements of the set are
represented by WTMs and the corresponding covariance matrices. The covariance
matrices are linear functions of the WTMs.

In the first optimization study, we consider a small but complete PD project that
is organized according to the management concept of concurrent engineering (CE,
see definition of Winner et al., 1988, in Chapter 1) and involves different teams. We
decided to model and simulate a complete project and not only a distinct phase in
order to demonstrate the introduced modeling concepts in a holistic manner. This
also simplifies the interpretation of the results, because, in this case, the time to
complete the process corresponds to the known project duration and the amount of
work done in the process corresponds to the project effort involved in completing
all tasks. The project duration is also termed the finishing time in the following. We
focus on three CE teams in the project whose work is coordinated by a system-
integration engineer. Each CE team has three members, with each team member
i processing one development task i with an autonomous task processing rate a;;.
Tasks 1, 2 and 3 are processed by the members in team 1, tasks 4, 5 and 6 are
processed by team 2 and tasks 7, 8 and 9 by team 3. The teams work on a component
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design level (see the V-model of the systems engineering process from Fig. 2.11). A
work transformation from one time step to the next represents 1 week of develop-
ment. Due to the complexity of the system to be developed, the finishing time of the
complete project is on average more than 4 years of continuous development even
under the most favorable organizational conditions (cf. Section 5.2.1.2). Similar to
the modeling example in Section 2.8, the vector components of the state variable X,
represent the relative number of labor units required to complete the tasks. The
tasks in each team are “fully coupled” with respect to the components to be
designed (fully interdependent tasks, see Section 5.2), and the corresponding
off-diagonal elements a;;(i # j) of the WTM indicate a symmetric intensity of
cooperative relationships that is encoded by the independent parameter f; > 0. To
avoid additional reinforcement loops, it is assumed that the three CE teams are not
directly cooperating. The average task processing rate of the developers is
represented by the independent parametera € (0; 1]. The individual task processing
rates must not be equal but can vary around the mean by an offset Aa > 0. There are
three distinct productivity levels: (1) the most productive developers were able to

process their tasks at rate a; = a — Aa; (2) the least productive developers
processed their tasks atratea;; = a + Aa; and (3) averagely productive developers
processed their tasks at rate a; = a. Because the three CE teams are not directly

cooperating, boundary-spanning activities have to be coordinated by a 10th system-
integration engineer (i = 10) who exchanged information directly with all nine
developers. The productivity of this engineer is average, and it holds thatag, 1o = a
for task 10. The additional independent parameters 0 < f, < @ and 0 < f3 < a
represent the strength of the forward and backward informational couplings
between the nine developers and the system-integration engineer. In real projects,
for instance in the German automotive industry, the system-integration engineer is
usually a member of a superordinate subsystem-level or module-level team coor-
dinating the development work on large scale (e.g. powertrain, door module).
However, for the sake of simplicity, in what follows we ignore this additional
hierarchical coordination structure (see systems engineering considerations in
Section 2.6). We also do not consider other technical or organizational interfaces
between teams. In addition to the cited boundary conditions holding on individual
and team levels, we assumed that the mean task processing rate g of all individuals
in the entire project is a. We also assume that the project is asymptotically stable
and that the means converge to the fix point of no remaining work for all tasks. In
order to guarantee asymptotic stability, the values of the independent parameters a,
Aa, fi, f> and f; must be carefully chosen, so that for all feasible project organization
designs the dominant eigenvalue 4,[.] of the corresponding WTM has a magnitude
smaller than 1. By doing so, only finite complexity values are assigned.

The optimization of project organization aims to assign team members with
different productivity levels (¢ — Aa, a + Aa or a)to the three CE teams such that
the emergent complexity in the sense of the EMC metric can be kept to a minimum.
Under the given boundary conditions a total of 40,320 assignments of team
members can be distinguished. However, due the symmetry of cooperative relation-
ships within teams, these assignments can be reduced to eight essential assignments
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and therefore the allowed set consists of only eight distinct work transformation
matrices (WTMs). The additional assignments are simply permutations of the eight
basic WTMs and therefore lead to identical complexity values. The eight distinct
WTMs can be ordered according to the total variance of the productivity rates over
all three teams. In the following we also term the total variance the “diversity” of
the organization design, because it represents the accumulated deviation of the
individual productivity rates from the mean rate a. Equation 315 shows the first
WTM Ag, from the allowed set, where the total variance of productivity rates is
maximal and therefore represents a organization design with maximum diversity.
This is due to the fact that the mean task-processing rate a holds not only for the
entire project but also on the level of the three CE teams. For each team the variance
of productivity rates is Aa”. Hence, the total variance is 3Aa”.

a—Aa f, i 0 0 0 0 0 0 I
71 a fi 0 0 0 0 0 0 f
fi f1 a+Aa 0 0 0 0 0 0 f
0 0 0 a—Aa f, i 0 0 0 /3
Anr — 0 0 0 fi a fi 0 0 0 3
o= 0 0 0 fi fi atAa 0 0 0 f,
0 0 0 0 0 0 a—Aa f, i I
0 0 0 0 0 0 i a i I
0 0 0 0 0 0 fi f1 a+Aa f;
I I I I I f2 I I I a
(315)
Equation 316 shows the WTM Ag as the last element of the allowed set.
a— Aa i i 0 0 O 0 0 0 s
71 a—Aa 71 0 0 O 0 0 0 s
i fi a—Aa 0 0 O 0 0 0 f
0 0 0 a fi fi 0 0 0 f
A 0 0 0 fi a f 0 0 0 I3
08— 0 0 0 f, f, a 0 0 0 f3
0 0 0 0 0 0 a+Aa i fi s
0 0 0 0 0 O fi a+ Aa fi I
0 0 0 0 0 O fi fi a+Aa f,
I fa I fr fo S I /2 I a

(316)

WTM Agg represents an organization design with zero productivity variance on
team level and therefore also zero total variance. It is evident that this design has
minimum diversity. In terms of human-centered organization design and manage-
ment we have an extreme kind of “selective” team organization because CE team
1 only includes team members with maximum productivity, whilst team 3 consist
only of persons with low productivity. To conserve space we do not show all eight
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Table 5.5 Overview of the eight distinct assignments of team members with different produc-
tivity levels (¢ — Aa, a + Aa or a) to the three CE teams

mean productivity variance productivity

WTM team 1 team 2 team 3 team 1 team 2 team 3
Aot a a a Ad® Ad? Ad®
Ago a a—1/3Aa a+1/3Aa Ad® 4/3Ad? 1/3Ad®
Ao a—1/3Aa a a+1/3Aa 4/3Ad° 0 4/3Ad*
Aos a a—1/3Aa a+1/3Aa Ad” 1/3Ad% 4/3Aa°
Aos a+1/3Aa a+1/3Aa a—2/3Aa 4/3Ad* 1/3Ad* 1/3Ad°
Aoe a—2/3Aa a a+2/3Aa 1/3Ad* Ad* 1/3Ad?
Ao a—2/3Aa a—1/3Aa a+ Aa 1/3Ad° 1/3Ad* 0

Aog a— Aa a a+ Aa 0 0 0

The WTMs A, and Agg representing project organization designs with maximum total variance
3Ad” and zero total variance of autonomous productivity rates are shown explicitly in Egs. 315 and
316. The mean productivity rate over all three CE teams is always a

distinct WTMs explicitly but present the essential properties of the team organiza-
tion in parametric form in Table 5.5.

For all eight organization designs in Table 5.5, we assumed that the standard
deviation c¢;; of performance fluctuations (Eq. 10) influencing task i in the project is
proportional to the task processing rate a;(i =1, ...,10): the faster a task is
processed, the less it is perturbed, and the smaller the standard deviation
(cii ~ aj;). The ¢2’s are the elements along the principal diagonal of covariance
matrix Cjeq,...gy (see Eq. 10). The proportionality constant is r = 0.02. We also
assumed that correlations between the performance variability of tasks do not exist
and that the covariance matrices are diagonal. We therefore have the following
covariance matrices related to the WTMs A, and Apg that represent organization
designs with maximum and minimum diversity:

Ci
(a—Aa)*> 0 0 0 0 0 0 0 0 0
0 & 0 0 0 0 0 0 0 0
0 0 (a+Aa)> 0 0 0 0O 0 0 0
0 0 0 (a—Aa)*0 0 0 0 0 0
N 0 0 0 0 & 0 0 0 0 0
0 0 0 0 0 f(a+Aa)> 0 0 0 0
0 0 0 0 0 0 (a—Aa)*0 0 0
0 0 0 0 0 0 0 & 0 0
0 0 0 0 0 0 0 0 (a+Aa)’ 0
0 0 0 0 0 0 0 0 0 &

(317)
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Cg
(a—Aa)* 0 0 000 0 0 0 0
0 (a—Aa)> 0 000 O 0 0 0
0 0 (a—=Aa)> 000 0 0 0 0
0 0 0 400 0 0 0 0
12y, 0 0 0 0420 0 0 0 0
0 0 0 004 0 0 0 0
0 0 0 000 (atAa)® 0O 0 0
0 0 0 000 0 (a+Aa)> O 0O
0 0 0 000 0 0 (a+Aa) 0
0 0 0 000 0 0 0 &
(318)

We assumed that all ten parallel tasks were initially 100 % incomplete and the
initial state is

Xo = (319)

— e e e e e e e e

In conformity with the basic principle of diversity management, namely to manage
teams in organizations so that the potential advantages of diversity are maximized
while its potential disadvantages are minimized (Cox 1994), it is hypothesized that
for significant individual differences between developers attributable to their skills,
abilities or access to information (Lazear 1998, 1999), “productivity balancing” at
the team level minimizes emergent complexity. Productivity balancing at the team
level means that in each of the three CE teams, members with high productivity
(a — Aa), low productivity (@ + Aa) and average productivity (a) directly cooper-
ate and that the average task processing rate a does not only hold for the whole
project but also on the team level. Such an assignment was shown in WTM A,
(Eq. 315). Productivity balancing is a self-developed concept that borrows some
highly effective elements of the popular concept of production leveling (see
e.g. Liker 2004) and transfers them from the domain of manufacturing systems to
PD projects and knowledge-intensive service processes in such a way that cooper-
ative work is also designed on human terms. Production leveling, also known as
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production smoothing, is a rather pragmatic concept for improving efficiency and
not the working conditions. It was vital to developing production efficiency in the
Toyota Production System and lean production (Liker 2004). The goal is to produce
parts, components and modules at a constant rate so that further processing and
assembly can also be carried out at a constant rate with small variance. If a later
process step varies its output in terms of timing and quality, the variability of these
variables increases in a demand-driven system as we move up the line towards the
earlier processes and therefore tends to excite demand fluctuations. In textbooks,
this phenomenon is termed demand amplification (see e.g. Liker 2004). It can also
spill over into the complete supply chain, leading to the well-known bullwhip effect
(see e.g. Sterman 2000). For this reason, demand amplification induced variability
of internal or external ordering patterns must be reduced as far as possible to
improve overall productivity in manufacturing systems. The concept of productiv-
ity balancing also aims to increase the productivity of an organization and the
performance of work teams and individuals. The general idea, however, is not to
standardize the work and process the work tasks at a constant rate, which would
severely limit the possible scope of action and stifle creative expression in product
development, but rather to make the cited basic principle of diversity management
(Cox 1994) operational and find optimal (or near optimal) assignments of team
members with different productivity levels due to individual differences. This
allows the project work to be carried out effectively and efficiently without the
cited “design churns” (Yassine et al. 2003) or similar critical emergent phenomena
of complex sociotechnical systems that lead to unacceptably high levels of stress
and create an unbearable workload. Productivity balancing also makes it possible to
keep developing human knowledge, skills and abilities through cooperation and
communication. Productivity balancing is not a demand-driven concept in the way
that production leveling is. Rather, it is a holistic approach to systematically
designing interactions between humans, tasks and products/services that considers
performance fluctuations as an opportunity to innovate and learn. The objective is
to increase awareness of emergent phenomena that are characteristic to open
organizational systems and to leverage from them the greatest advantage for the
individuals and the work teams. In large-scale development organizations, produc-
tivity balancing is most effective if the incentive systems support the coherence of
the work teams and if the individual differences in skills and abilities are not too
large. Furthermore, the productivity goals that are set by the management must be
attainable and realistic and the corresponding action plans must be compatible. In
the light of the concept of productivity balancing, we can reinterpret the above
“productivity balancing” hypothesis and formulate a complementary “team diver-
sity” hypothesis positing that maximum productivity diversity in teams leads to
working conditions with minimum self-generated complexity and therefore reduces
the potential risks of stress caused by an excessive workload and a narrow scope of
action. In the framework of the developed theory and models of cooperative work,
both aspects are just two sides of the same coin.

To verify these complementary hypotheses, all distinct eight assignments of team
members to the three CE teams were analyzed. For each assignment the value of the
complexity measure EMC was calculated on the basis of Eq. 262. The base set
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of independent parameters was 6, =[a=0.9 f,=0.01 f,=0.01 f;=0.005]. The
productivity offset Aa was varied systematically on levels Aa;=0.001 (small
difference) and Aa,=0.01 (large difference). The small productivity difference
was primarily of theoretical interest and served as the baseline condition. As men-
tioned earlier in Section 5.2, in addition to EMC as an innovative information-theory
key performance indicator (KPI) the project duration 75 and the total amount of work
X;r involved in completing all tasks were considered to be conventional KPIs based
on a sample of 10,000 independent Monte Carlo runs for all valid assignments. The
means and standard deviations were calculated and evaluated for both KPIs.
According to the model formulation from Chapter 2, the project duration Tj; in
each run / (also termed replication / in what follows) is determined on the basis of
the decision rule that the work remaining is at most 1006 percent for all p tasks and
therefore that the one-dimensional stopping criterion ¢ is met (see Section 2.1). In the
Monte Carlo experiments, we worked with a stopping criterion of § =0.05. Similarly,
the total effort x,,,; involved in completing the tasks in each run / is determined by
accumulating the work remaining over all time steps and all ten tasks until the cited
stopping criterion is satisfied. The time units are [weeks], the effort units are [work
measurement units], abbreviated as [wmu]. The [wmu] refer to the units of the vector
components of the state variable X, and therefore represent the relative number of
labor units required to complete the tasks. To simplify the discussion in the following
chapter, we refer to the mean total amount of work X,,; done over all tasks as the mean
total amount of work. Clearly, the larger the mean project duration 7 or mean total
amount of work X, and the corresponding standard deviations, the lower the
performance under the given organizational boundary conditions. We also calculated
the expected total amount of work x,,, done over all tasks analytically according to
Eq. 17. We accumulated the work over an infinite past history and therefore did not
take the stopping criterion of the Monte Carlo experiments into account. Furthermore,
the expected duration T,—, of the project was considered under the assumption that
the processing of the development tasks is unperturbed and therefore the variances
and covariances incorporated in the covariance matrix of unpredictable performance
fluctuations are all zero. The expected duration was determined by inspecting the
unperturbed state vectors for increasing time intervals T (Eq. 15), until all vector
components are smaller than the stopping criterion of 6=0.05.

In addition, we analyzed the data sets with the conventional KPIs which were
calculated in the Monte Carlo experiments with respect to the assumption that they
come from a log-normal distribution function. The log-normal distribution is a
reasonable tool for modeling stochastic execution times of work processes because
it possesses the following properties (Baker and Trietsch 2009; Trietsch et al.,
2012): (1) it is strictly positive, (2) its coefficient of variation is not restricted, (3) it
can approximate sums of positive random variables, (4) it can represent the
relationship between (limited) work capacity and execution time and (5) it can
also represent the ratio between actual and estimated execution time. The last
property greatly facilitates parameter estimation by regression in applied studies.
Similar arguments hold true when we want to model the cumulative effort
expended. The stochastic model developed by Huberman and Wilkinson (2005)
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leads to log-normally distributed finishing times for the modeled design project.
The most important effect represented by a log-normal distribution function,
regardless of whether we are modeling execution times or cumulative effort, is to
shift the average dynamics away from the unperturbed course leading to skewed
data sets. This effect was not only observed by Huberman and Wilkinson (2005) in
Monte Carlo experiments but was also investigated in detail through analytical
considerations. However, the Huberman-Wilkinson model incorporates multiplica-
tive “noise” instead of non-predictable performance fluctuations having an additive
effect (cf. Eq. 8). The main question in our context is therefore whether the
developed basic model of cooperative work in conjunction with the predefined
stopping criterion can simulate the special kind of dynamics that leads to
log-normally distributed data sets. To evaluate whether the data sets on time and
effort were coming from the log-normal distribution, quantile-quantile (Q-Q) plots
(see e.g. Field 2009) were computed for all experimental conditions. In order to
simplify interpretation of the scales, the natural logarithm of the data points was
calculated and plotted against the quantiles of a normal distribution. For each
condition, we estimated the parameters using a maximum likelihood estimator
(see e.g. Kundu and Ragab 2007). If the Q-Q plots showed that the quantiles of
the theoretical and data distributions agree and therefore the plotted points fall on or
are near the line y = x, the log-likelihood functions of the simulated time and effort
values were calculated on the basis of the formula given in Kundu and Raqab
(2007). Note that in this formula the natural logarithm is used as in the definition of
the log-likelihood function for a LDS from Eq. 183 and not the binary logarithm.
The computed log-likelihood values are denoted by LL in the following. Further-
more, as the log-normal distribution shares many properties with the generalized
Rayleigh distribution and both can be used effectively to analyze skewed data sets,
we used the likelihood ratio test developed by Kundu and Raqab (2007) to discrim-
inate between the two distribution functions. The test statistic of this test is based on
the difference between the log-likelihood values for the maximizing parameters.
The generalized Rayleigh distribution was introduced recently by Surles and
Padgett (2001). It does not only have a scale parameter A, like the conventional
Rayleigh distribution, but also a shape parameter a. The shape of the density
function only depends on a. It is known that for a« < 1/2, the density function is
strictly decreasing and for a > 1/2, it is unimodal (Kundu and Raqgab 2007). The
density functions of a generalized Rayleigh distribution are always right skewed.
For a =1 the generalized Rayleigh distribution corresponds to the conventional
Rayleigh distribution which is quite popular in project management to estimate cost
and effort. The conventional Rayleigh distribution was initially proposed by
Norden (1970) as a statistical model of the manpower utilizations during a project.
Putnam (1978) was the first to apply this model to software development projects.
Lee, Hogue and Hoffmann (1993) evaluated the agreement of the model with
observed outlays in a wide variety of defense acquisition programs which were in
the development phase. Additional studies by Lee and others (see e.g. Lee
et al. 2002) using data from Earned Value Management systems on research and
development projects have shown that the cost can be accurately estimated using
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the Rayleigh distribution. Because of similar teamwork mechanisms in engineering
projects, Bennett and Ho (2014) and others advocate modeling the cumulative
effort to complete a phase of work by a Rayleigh distribution. Following the
procedure of Kundu and Raqab (2007), we calculated the probability of correct
selection of the log-normal and generalized Rayleigh distribution functions in each
case through additional Monte Carlo simulations. We replicated the selection
process 100 times to obtain an estimate of the probability of correct selection.

The Mathematica software package from Wolfram Research was used to carry
out the Monte Carlo experiments and to compute the dependent variables.

5.2.1.2 Results and Discussion

To get an impression of the dynamics of concurrent task processing and performance
variability, Fig. 5.4 shows the results of a typical run of the Monte Carlo simulation
for WTM Ay, (Eq. 315) representing the project organization design with maximum
productivity diversity in teams. The initial state x is given in Eq. 319. A large
productivity offset was simulated and therefore the complete parameter vector is

work
remaining

task 1

task 2

task 3

task 4

task 5

task 6

task 7

task 8

task 9

task 10

= === stopcrit.

time [weeks]
300 400

Fig. 5.4 List plot of work remaining in a simulated product development project, in which the
mean task-processing rate a holds not only for the entire project but also on the level of the three
CE teams. This project organizational design leads to maximum diversity of autonomous task
processing rates within teams (see WTM Ag; in Eq. 315). The concurrent processing of all ten
development tasks is shown. The data are based on a single run of the Monte Carlo experiment
with initial state xo (Eq. 319). The plot also shows the expected work remaining as dashed curves.
The Monte Carlo experiment was based on state equation 8. A large productivity offset was
simulated and therefore the parameters were a = 0.9, f; =0.04, f, =0.01, f; = 0.005 and
Aa = 0.01. The stopping criterion of 5 % is marked by a dashed line at the bottom of the plot
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Fig. 5.5 List plot of work remaining in a simulated product development project with minimum
diversity of autonomous task processing rates within teams (see WTM Agg in Eq. 316). The
concurrent processing of all ten development tasks is shown. The data are based on a single run of
the Monte Carlo experiment. The plot also shows the expected work remaining as dashed curves.
The other simulation conditions and parameters were the same as in Fig. 5.4. The stopping
criterion of 5 % is marked by a dashed line at the bottom of the plot

0,=[a=0.9 f,=0.04 f,=0.01 f;=0.005 Aa=Aa,=0.01].Note that in the run
shown, the task processing was simulated in a way that meant negative values of
work remaining could not occur. If the unpredictable performance fluctuations
for a certain task had led to a negative value of work remaining in the next time
step, the corresponding vector component was set to zero for the next and all
following time steps. In this sense, the zero state was “absorbing” for all state
vector components. The same procedure was also used to calculate the other
typical runs given in Figs. 5.5, 5.17, 5.18 and 5.19.

Even though the chosen productivity offset Aa, = 0.01 is large in the run shown
in Fig. 5.4 and the intensity of cooperative relationships (f; = 0.04) is high, the
time series of work remaining decay quite smoothly to the fixpoint of zero work
remaining and do not show heavy performance fluctuations around mean values. In
contrast to this, Fig. 5.5 shows a typical simulation run for WTM A g according to
Eq. 316 representing the organization design with minimum diversity. The same
initial state and parameter vector were used. As can be seen in Fig. 5.5, this kind of
“unbalanced” organization design with minimum diversity within development
teams leads to larger performance fluctuations, especially in tasks 7, 8 and
9, which were processed slowly.

Knowing that it is not very meaningful to discuss individual traces of work
remaining and their deviation from the means for different organization designs
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Fig. 5.6 Error list plot of work remaining in simulated PD projects with maximum diversity of
autonomous task processing rates within teams (see WTM Ay, in Eq. 315). The other simulation
conditions and parameters are the same as in Fig. 5.4. A total of 100 separate and independent runs
were calculated. The plot shows means of work remaining as note points and 95 % confidence
intervals as error bars. Note points have been offset to distinguish the error bars

under the given initial and boundary conditions, we also calculated a statistic for
both WTMs Ag; and Agg based on 100 simulated projects and visualized them in the
form of error list plots. These plots are given in Figs. 5.6 and 5.7. They show the
mean values as note points for each time step, and the 95% confidence intervals as
error bars. To simplify the visual analysis, the 95% confidence intervals were
calculated under the assumption of a normal distribution and therefore correspond
to +1.96 standard deviations as in the previous figures.

A comparison of the error list plots from Figs. 5.6 and 5.7 shows that the
organization design with minimum diversity (encoded by WTM Agg) leads to
significantly slower processing of development tasks 7, 8 and 9, which is to be
expected as the least productive developers are all in team 3. It also leads to much
stronger growth in the performance variability of that team over the first 300 time
steps. Furthermore, this increased performance variability spills over into the other
design teams and leads to slightly enhanced correlations between all work
processes.

The analytical analyses show that for a small productivity offset (Aa; = 0.001)
but high intensity of cooperative relationships (f; = 0.04), the organization design
has little influence on complexity. The lowest complexity value under these con-
ditions is EMC(A¢;) = 14.205 and the largest value is EMC(Aq;) = 14.2068. The
corresponding expected total amount of work is x,(Ag;) = 680.851 and
Xior(Agg) = 682.092. The maximum difference in the complexity variable EMC
among the valid assignments is only 0.00163. Surprisingly, this holds, although the
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Fig. 5.7 Error list plot of work remaining in simulated PD projects with minimum diversity of
autonomous task processing rates within teams (see WTM Agg in Eq. 316). The other simulation
conditions and parameters are the same as in Fig. 5.4. A total of 100 separate and independent runs
were calculated. The plot shows means of work remaining as note points and 95 % confidence
intervals as error bars. Note points have been offset to distinguish the error bars

intensity of cooperative relationships is close to the bound of project divergence.
Interestingly, in case of such a small productivity offset the Monte Carlo experi-
ments show that the mean project duration differs by only 0.65 % among the eight
valid assignments. The shortest mean project duration T(AO 1)is 213.019 [weeks]. It
is obtained for WTM Ay, which was assigned the minimum complexity value. The
standard deviation is 36.50 [weeks]. The largest mean project duration is T(Aog)
= 213.73 [weeks]. As expected, it is obtained for WTM Ag representing a process
with maximum complexity. The standard deviation is 37.05 [weeks]. In the case of
unperturbed task processing with zero performance fluctuations the differences in
the project duration are a little larger and differ by 0.98% among the eight valid
assignments. As expected, the shortest project duration of T,—o(Ag;) = 206 [weeks]
is obtained for WTM Ay, while the longest finishing time of T,—o(A¢g) = 211
[weeks] occurs in the organization design represented by WTM Agpg. We can
conclude that if the project manager is able to “balance” the productivity of all
team members through a good design of the work processes and the fair sharing of
resources with such a small offset, the organization design has little effect. This
finding holds for all considered KPIs and all mean task processing rates a that
guarantee the asymptotic stability of the process (see Section 2.1), because all tasks
are processed on very similar time scales.

However, when the productivity offset is increased to Aa, = 0.01 —ceteris
paribus—the complexity differences among the eight distinct assignments of
team members grow significantly. The corresponding EMC values are shown in
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Fig. 5.8 Effective measure complexity for the eight organization designs that are encoded by the
WTMs Ay to Apg from Table 5.5. The complexity values were calculated under the assumption

that the productivity offset between team members is large and it holds that Aa = Aa, = 0.01. The
additional parameters were a = 0.9, | = 0.04, f, = 0.01 and f; = 0.005

Table 5.6 Means and Project duration | Total amount of work

standard deviations (SD) of Nt T pnvie [Mean  |SD | Mean SD

the project duration and total

amount of work that were Ao; 14266 |220.435 |38.45 |675.999 55.99

calculated in the Monte Carlo  Ao> 14.283 230.344 |43.80 |689.649 59.33

experiments for the eight Aoz 14286 |232.692 |45.00 |692.033 60.30

distinct assignments of team 4, 14288 234233 [45.18 [694.933  |60.71

members with different Ags | 14319 [246.673 4797 [716.940 | 64.41

productivity levels to the

three CE teams Ape 14.347 |268.479 |59.11 |742.150 71.87
Aoy 14446 |341.481 |87.21 |840.662 99.10
Aos 14.468 |344.091 |86.34 |855.171 99.93
These assignments are encoded by the WTMs Ay to Apg
according to Table 5.5. The experiments are based on state
equation 8. The sample consisted of 10,000 independent runs.
In these runs all tasks were initially 100 % incomplete. Simula-
tion conditions and parameters are the same as in Fig. 5.9. In
addition, the EMC values that were obtained on the basis of the
closed form solution from Eq. 262 are shown in the second
column

Fig. 5.8 and are given in numeric form in the second column of Table 5.6.
Interestingly, the EMC values increase monotonically with the total variance of
autonomous productivity rates over all three teams (see Table 5.5). Hence, the
complexity metric partially acts as a scale parameter of the autonomous task
processing rates.

The most important finding from the analysis of the eight organization designs
that are encoded by the WTMs Ag,; to Agg from Table 5.5 is that an assignment with
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Fig. 5.9 Histogram of the project duration calculated for the organization design with maximum
diversity of autonomous task processing rates within teams. This design is encoded by WTM Ay,
in Eq. 315. The total variance of autonomous productivity rates is 3Ad? (Table 5.5). The sample
consisted of 10,000 independent runs. In these runs all tasks were initially 100 % incomplete. The
Monte Carlo experiment was based on state equation 8. The parameters were a = 0.9, f| = 0.04,
f> =0.01, f; = 0.005 and Aa = 0.01. The effective measure complexity is EMC(Ag;) = 14.266.
We overlaid the probability density function of a log-normal distribution for comparison

balanced productivity at the team level and therefore maximum diversity of pro-
ductivity within teams leads to minimal complexity and it holds that
EMC(Ay;) = 14.266. This supports the cited “productivity balancing” hypothesis
and the complementary “team diversity” hypothesis. The expected total amount of
work is X, (Ag1) = 701.939. In the case of unperturbed task processing with zero
performance fluctuations, a finishing time of T,,:O(AOI) = 215 [weeks] was calcu-
lated. The corresponding histogram of the durations that were computed on the
basis of a sample of 10,000 simulated projects is shown in Fig. 5.9. In this and the
following histograms we overlay the probability density function of a log-normal
distribution for comparison. The sample mean is T(Am) = 220.435 [weeks]. The
standard deviation is 38.45 [weeks]. The corresponding histogram of the total
amount of work x,,, in the simulated projects is shown in Fig. 5.10. The sample
mean is X, (Ag1) = 675.888 [weeks] and the standard deviation is 55.988 [weeks].

Conversely, CE team building toward low diversity (above- or below-average
productivity) at the team level significantly increases emergent complexity. An
extreme example of organization design with zero total variance of autonomous
task processing rates and therefore minimum diversity within teams was shown in
WTM Apg (Eq. 316 and Table 5.5). In this case, the calculated complexity value is
at a maximum, with EMC(Aos) = 14.468. The corresponding expected total
amount of work is x,(Agg) = 886.207. Under the assumption of unperturbed
task processing, a project duration of T,—q(Agg) = 404 [weeks] is obtained. The
histogram of the project duration that was calculated in the Monte Carlo
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Fig. 5.10 Histogram of the total amount of work calculated for the organization design with
maximum diversity of autonomous task processing rates within teams. This design is encoded by
WTM Ay, in Eq. 315. The sample consisted of 10,000 independent runs. In these runs all tasks
were initially 100 % incomplete. The Monte Carlo experiment was based on state equation 8.
Simulation conditions and parameters are the same as in Fig. 5.9. The effective measure com-
plexity is EMC(Ao;) = 14.266. The expected total amount of work is x;,(A¢1) = 680.851. We
overlaid the probability density function of a log-normal distribution for comparison

experiments is shown in Fig. 5.11. The mean grows from T (Ag;) = 220.467 [weeks]
in the case of maximum diversity (Fig. 5.9) to T(Agg) = 344.091 [weeks] in the
extremely nondiverse case shown. Furthermore, the standard deviation increases
from 38.449 to 86.34 [weeks], and therefore the risk of schedule overruns grows
significantly. The growth of means and standard deviation of the project duration in
the Monte Carlo experiments is not unexpected because teams 1 and 2 and the
system-integration engineer have to wait for the members of team 3 to finish their
work. Therefore, in spite of performance fluctuations the project duration is largely
determined by the least productive team. The corresponding histogram of the total
amount of work x,,, is shown in Fig. 5.11. The sample mean is X;,,(Aog) = 855.171
[weeks] and the standard deviation is 99.93 [weeks]. For the other six WTMs
representing cases of team diversity in between the extremes, the means and
standard deviations of the project duration, as well as the total amount of work
grow monotonically with EMC. The detailed values are shown in Table 5.6. Hence,
the complexity metric is a good predictor for both KPIs.

Detailed analyses have shown that the larger the emergent complexity, the more
the evolution toward an equilibrium state of work remaining can differ from the
unperturbed process. As a result, projects that in the absence of unpredictable
performance fluctuations would converge smoothly to the desired goal state of
zero remaining work can deviate significantly from this path. When emergent
complexity is low, convergence to zero remaining work is smooth, and the project
duration as well as the total amount of work can be statistically accurately modeled
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Fig. 5.11 Histogram of the project duration calculated for the organization design with minimum
diversity of autonomous task processing rates within teams. This design is encoded by WTM Agg
in Eq. 316. The total variance of autonomous task processing rates within teams is zero (Table 5.5).
Simulation conditions and parameters were the same as in Fig. 5.9. The effective measure
complexity is EMC(Agg) = 14.468. We overlaid the probability density function of a
log-normal distribution for comparison

absolute
frequency
1500 -
— Fror = 855.171
L SD =99.93
1000 -
500 -
) ) ) ) total work
0 250 500 750 1000 1250 1500 ~ [wmu]

Fig. 5.12 Histogram of the total amount of work calculated for the organization design with
minimum diversity of autonomous task processing rates within teams. This design is encoded by
WTM Ags in Eq. 316. Simulation conditions and parameters were the same as in Fig. 5.9. The
effective measure complexity is EMC(Agg) = 14.468. We overlaid the probability density func-
tion of a log-normal distribution for comparison

by log-normal distributions with small variance and therefore “short tails” (see
Figs. 5.9 and 5.10). Above certain complexity thresholds, however, the distributions
undergo a visible transition to a long-tailed log-normal form (see Figs. 5.11 and 5.12)
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and the correlations between tasks processed imply a possible execution time and
cumulative effort that can significantly deviate from the average unperturbed course.
Concerning the statistical data analysis, in all cases the Q-Q plots of the data sets
showed the fit of the log-normal to be very good. Only for the tails on the far left and
the far right sides of the theoretical distributions did the plotted quantile points deviate
a little bit from the corresponding straight line. However, the maximum deviation
from the straight line is in all cases smaller than 0.2. This corresponds to an estimated
p-value for a two-tailed test of less than 0.05. The log-likelihood functions were thus
calculated to allow for a comparison of the different organizational conditions. The
evaluation of the log-likelihood functions of the simulated time and effort data under
the assumption that they come from a log-normal distribution consistently produced
high values. For a small productivity offset (Aa; = 0.001), the log-likelihood of the
simulated project durations is between LL,;, = —49.716 and LL,,. = —49.520.
For the total amount of work, log-likelihood values between LL,,;,, = —53.969 and
LL,,,c = —53.814 were obtained. If the productivity offset is large (Aa, = 0.01),
the log-likelihood of the simulated project durations decreases to values between
Lyin = —57.819 and LL,,,, = —50.149. Similarly, the log-likelihood values of the
generated total amount of work decrease to the range between LL,,;,, = —59.983 and
LL,. = —54.340. For a large productivity offset, the log-likelihood values decrease
monotonically with the total variance of autonomous productivity rates of all three
teams (see variances in Table 5.5). The high goodness of fit of the log-normal
distribution as represented by high log-likelihood values is somehow counterintuitive
as the model of the work processes is based on a linear stochastic difference equation
and does not incorporate multiplicative noise as the one developed by Huberman and
Wilkinson (2005), which by design leads to log-normally distributed time behavior.
However, because of the necessary stopping criterion that must be assigned by the
project manager, significant deviations from normality can occur, and lead times as
well as amounts of work far from the average unperturbed process are quite likely.
The careful reader may have noticed that under certain circumstances large deviations
from normality can also contribute to an “accelerated” processing of the tasks.
Accelerated processing means that the mean project duration 7 in the Monte Carlo
experiments is shorter than the expected duration T,_o. Recall that the expected
duration was determined under the assumption that the processing of the development
tasks is unperturbed. This “acceleration effect” can be found for WTM Agg: for the
whole process an expected duration of Tg:o(Aog) = 404 [weeks] is calculated, whilst
the sample mean is only T(Agg) = 344.091 [weeks] (see Fig. 5.11 and Table 5.6).
However, it is very difficult to make use of this effect in applied cases, because the
95 % confidence intervals also grow monotonically with the expected duration, which
significantly increases the risk of not meeting the schedule. Due to the limited space in
this book, we can only report this interesting tradeoff and cannot carry out additional
computational analyses. This has to be subject of future work. Finally, the results of
the likelihood ratio tests according to Kundu and Raqgab (2007) indicate that, inde-
pendently of the productivity offset, for the majority of the investigated project
organization designs the project duration can be modeled more accurately by
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generalized Rayleigh distribution functions. The estimated probability of correct
selection is in all cases larger than 0.95. In contrast, the test results show that the
log-normal distribution should be preferred in the majority of organizational settings
to model the total amount of work under uncertainty. For this KPI, the probability of
correct selection in all Monte Carlo simulations is also larger than 0.95. However, the
values of the test statistic are only in an interval of [—171;69] and are therefore very
small.

5.2.2 Constrained Optimization

After the presentation and discussion of the results of the basic unconstrained
optimization problem in project organization, we move on to formulating
and solving an associated constrained optimization problem. The constraint is
that the expected total amount of work x,,, remains on a constant level among the
different assignments of individuals to the three CE teams. The constraint is
satisfied by systematic intervention in the strength f; of the backward informational
couplings between the nine developers and the system-integration engineer.
We only considered a setting in which the productivity offset Aa was large
(Aa = Aa; = 0.01). The base set of independent parameters therefore was
0,=[a=09 f,=004 f,=001 Aa=0.01]. The WIMs Ay to Agg
were arranged in order of emergent complexity as before (see Table 5.6). Hence,
WTM Ay, represents the organization design that leads to minimum emergent
complexity in the sense of the EMC metric and WTM A g to maximum complexity.
This order corresponds to an ordering by the total variance of autonomous task
processing rates over all three design teams (see Table 5.5). We start by presenting
analytical complexity results and go on to present the results of the Monte Carlo
experiments.

5.2.2.1 Methods

As in the previous study, the developed objective function in the constraint
optimization represents the emergent complexity of a given project organization
under the dynamic regime of the state equations 8 and 39. We seek to minimize
complexity by systematically choosing the organization design from the introduced
eight assignments under the constraint that the expected total amount of work x,,,
according Eq. 17 equals 701.939 [wmu]. This expected total amount of work
corresponds to the minimum value that was identified in the previous study for
the organization design with minimum emergent complexity. This design is
encoded by WTM A (Eq. 315) and is characterized by a maximum diversity of
autonomous productivity rates in the three teams. Starting with the base level f;
= 0.005 of the strength of the backward informational couplings between the nine
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developers and the system-integration engineer, the feedback strength was reduced
incrementally for organization designs with less diversity of autonomous produc-
tivity rates until the required total amount of work x,,; = 701.939 was reached. In
other words, the independent parameter was adjusted by systematic algorithmic
intervention of the experimenter so that the total expected effort in the project did
not change under the eight distinct organization designs. To keep the total amount
of work constant the independent parameter f3 was adjusted by a self-developed
iterative method so that it did not deviate more than 10~¢[wmu] from the correct
value X, = X10:(Agr) = 701.939. The time scale was not modified.

Following the procedure in Section 5.2.1.1, we assumed that the standard
deviation c;; of performance fluctuations (Eq. 10), which influence task i in the
project is proportional to the task processing rate a; with proportionality constant
r = 0.02. Hence, the covariance matrices must not be modified (see Eq. 317 for
organization design encoded by WTM Aj; and Eq. 318 for organization design
encoded by WTM Agg). Other correlations between vector components were not
considered. The initial state was not changed and is given by Eq. 319.

The Mathematica software package from Wolfram Research was used to carry
out the analytical calculations and the Monte Carlo experiments. The stopping
criterion was that if a maximum of 5 % of work remained for all tasks the simulated
project was terminated. In addition to EMC as an innovative information-theory
KPI, the project duration and total amount of work were used to evaluate perfor-
mance in the same way as in the unconstrained optimization problem from the
previous chapter. To calculate these KPIs, 10,000 independent runs were consid-
ered for each organization design. Furthermore, the expected duration T,—o was
calculated under the assumption that the processing of the development tasks is
unperturbed.

The results of the Monte Carlo experiments were analyzed in detail by descrip-
tive and inferential statistical methods. To evaluate whether the data sets of both
KPIs conform to the log-normal distribution, we followed the same procedure as in
Section 5.2.1.1 and computed Q-Q plots for all cases using a maximum likelihood
estimator. If the Q-Q plots showed that the quantiles of the theoretical and data
distributions agree, the log-likelihood functions of the simulated time and effort
values were calculated. Furthermore, likelihood ratio tests according to Kundu and
Ragab (2007) were carried out to discriminate between log-normal and generalized
Rayleigh distribution functions. The probability of correct selection was deter-
mined by the same procedure as in Section 5.2.1.1. To carry out an additional
inferential statistical analysis of the organization designs, additional samples based
on 100 independent Monte Carlo runs were drawn and the corresponding test
statistics for the project duration and total amount of work were calculated. To
simplify the analysis, only the organization designs with maximum diversity of
autonomous task processing rates within teams (see WTM Ag, in Eq. 299) and zero
diversity (see WTM Agg in Eq. 316) were considered as before. We hypothesized
that lower values of the complexity metric EMC lead to a significantly lower project
duration. To evaluate this hypothesis the Kruskal-Wallis (see e.g. Field 2009)
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location equivalence test was used. The level of significance in the test was set to
a = 0.05. The Kruskal-Wallis test performs a hypothesis test on the project dura-
tion data with null hypothesis H r that the true location parameters of the samples
are equal, i.e. yy (A1) = pr(Aos), and alternative hypothesis H,, 7 that at least one is
different. The test is a non-parametric method and is based on ranks. We decided to
use a non-parametric test as the previous Monte Carlo study has shown that
depending on the specific project organization design, either a log-normal or a
generalized Rayleigh distribution function is more accurate to obtain statistical
models for both KPIs. Under the specified execution conditions it is therefore not
possible to specify a consistent parametric null distribution. In addition to the cited
hypothesis on the project duration, we hypothesized that different values of the
complexity metric do not lead to significantly different means of the total amount of
work in the Monte Carlo experiments. The rationale behind this (possibly slightly
counterintuitive) hypothesis is that we have formulated a constrained optimization
problem, in which the analytically obtained expected total amount of work x,,, is
deliberately kept constant under the different organizational conditions and this
systematic intervention should not lead to significant differences of the total effort
in the simulated projects. Hence, we formulate the null hypothesis Hy y,, that the
true location parameters of the samples are equal, i.e. u, (Ao1) = ,,, (Acg)-

We also carried out goodness-of-fit hypothesis tests to evaluate the differences
between the distributions of performance data for both organization designs. The
null hypothesis Hg 4, was that performance data drawn from a sample with
maximum diversity in autonomous task processing rates do not come from a
different distribution than the data that was obtained for zero diversity. The
alternative hypothesis H, . is that the data comes from a different distribution.
The well-known Kolmogorov-Smirnov test was used to evaluate the hypothesis
(see e.g. Field 2009). The level of significance was also set to a = 0.05.

5.2.2.2 Results and Discussion

In order to satisfy the constraint x,,, = 701.939 that was imposed on the total effort
involved in completing the deliverables, the strength f5 of the backward informa-
tional couplings between the nine developers and the system-integration engineer
had to be reduced by a minimum value of 0.00027 for an organization design in
which the mean productivity of team 1 is average, the mean autonomous task
processing rates of team 2 are 1/3Aa below average and the mean autonomous
task processing rates of team 3 are 1/3Aa above average. The means and variance in
productivity of the associated WTM A, are shown in Table 5.5. Due to limited
space, the complete matrix representation is not given but readers can easily
construct it themselves. Interestingly, the maximum reduction of the backward
coupling strength was necessary for the organization design with zero diversity
(see WTM Agg in Eq. 316). In this case the reduction was 0.00303. A list plot of the
reductions of the backward coupling strength is shown in Fig. 5.13. The results
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Fig. 5.13 Adjustments of original coupling parameter f; = 0.005 (see for instance the WTMs in
Eqgs. 315 and 316) that were necessary to satisfy the constraint on the expected total amount of
work Xy (Ag1) = ... = X0(Aog) = 701.939 for the eight distinct project organization designs
represented by the WTMs A (i = 1, ..., 8). An organizational setting was considered in which
the productivity offset was large and it holds that Aa = 0.01. The additional parameters were
a=0.9, f; =0.04 and f, = 0.01

show that the lower the productivity diversity within teams (following the order of
the WTMs Ag; to Agg from left to right in the figure), the more the backward
coupling strength must be reduced to satisfy the constraint.

The values of the complexity metric EMC that correspond to the reduction of the
backward coupling strength f5 are visualized in Fig. 5.14. The numerical values can
be found in the second column of Table 5.7. Interestingly, a comparison of Figs. 5.8
and 5.14 shows that although the backward informational couplings between the
nine developers and the system-integration engineer are reduced in strength step-
by-step (Fig. 5.13) and therefore tend to decrease the emergent complexity of the
process, the increase in total variance of autonomous task processing rates of the
ordered WTMs (Table 5.5) overcompensates this effect. The net effect is that the
constrained optimization still leads to complexity values that grow monotonically
with the total variance of autonomous task processing rates and do not shrink with
decreasing backward coupling strength f5. Hence, the consistent ordering of the
organization designs by total variance of autonomous task processing rates as well
as emergent complexity that was found in the previous chapter does not change
after imposing the constraint on the total effort (cf. Fig. 5.8). However, the
adjustments of the original coupling parameter f; = 0.005 that were necessary to
satisfy the constraint lead to considerably lower complexity values for WTMs Aq,
to Agg and therefore the complexity metric acts less intensively as a scale parameter
of the autonomous task processing rates (see Figs. 5.8 and 5.14).
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Fig. 5.14 Effective measure complexity for the investigated eight project organization
designs under the constraint that the expected total amount of work is kept on constant level, i.e.
Xiot(Ao1) = ... = X (Ags) = 701.939. To keep the expected total amount of work constant, the
original coupling parameter f3; = 0.005 was adjusted according to Fig. 5.13. The additional
independent parameters are the same as in Fig. 5.13

Table 5.7 Means and standard deviations (SD) of the project duration and total amount of work
obtained in the Monte Carlo experiments for the eight distinct assignments of team members with
different productivity levels to the three CE teams under the constraint that the expected total
amount of work remains on the level x,,, = 701.939

Project duration Total amount of work

WTM EMC Mean SD Mean SD

Aoy 14.266 220.170 34.45 676.506 56.42
Aoz 14.272 226.444 42.93 676.272 58.12
Aoz 14.274 228.767 43.63 677.338 58.22
Aos 14.274 229.371 4431 677.707 58.83
Aos 14.287 235.878 46.59 678.210 60.56
Aope 14.296 249.771 54.75 679.208 62.99
Aoz 14.326 289.127 75.05 680.362 74.90
Aos 14.337 286.438 72.37 679.318 73.48

These assignments are encoded by the WTMs A to Agg according to Table 5.5. The experiments
are based on state equation 8. The sample consisted of 10,000 independent runs. In these runs all
tasks were initially 100 % incomplete. The coupling strength f; = 0.005 was adjusted according
to Fig. 5.13 to satisfy the constraint on the total amount of work. The additional independent
parameters are the same as in Fig. 5.13. In addition, the EMC values that were obtained on the basis
of the closed form solution from Eq. 262 are shown in the second column

For unperturbed task processing with zero performance fluctuations the shortest
finishing time of Tg:o(Am) = 215 [weeks] is obtained, as expected, for WTM Ay,.
Interestingly, under these conditions the longest project duration of T,—o(Ag7) =
336 [weeks] occurs in the case of the organization design represented by WTM Ay,
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Fig. 5.15 Histograms of the project duration obtained for organization designs with maximum
diversity (encoded by WTM Ag;) and minimum diversity (encoded by WTM A(g) of autonomous
task processing rates within teams. We computed 10,000 independent runs. In these runs all tasks
were initially 100 % incomplete. The stopping criterion for the simulated projects was that a
maximum of 5 % of work remained for all tasks. The Monte Carlo experiments were based on state
equation 8. The coupling strength f; = 0.005 was adjusted according to Fig. 5.13 to satisfy the
constraint on the total amount of work. The additional parameters are the same as in Fig. 5.13. We
overlaid the probability density function of a log-normal distribution for comparison
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Fig. 5.16 Histograms of the total amount of work obtained for organization designs with
maximum diversity (encoded by WTM Ag;) and minimum diversity (encoded by WTM Agg)
of autonomous task processing rates within teams. We computed 10,000 independent runs. In
these runs all tasks were initially 100 % incomplete. The stopping criterion for the simulated
projects was that a maximum of 5 % of work remained for all tasks. The Monte Carlo experiments
were based on state equation 8. The coupling strength f; = 0.005 was adjusted according to
Fig. 5.13 to satisfy the constraint on the total amount of work. The additional parameters are the
same as in Fig. 5.13. We overlaid the probability density function of a log-normal distribution for
comparison

and not WTM Agg as before. However, for WTM Agg the project duration is
To—0(Aog) = 333 [weeks] and thus only slightly shorter.

Selected results of the Monte Carlo experiments are shown in Figs. 5.15 and
5.16. Figure 5.15 shows the histogram of the simulated project duration for orga-

nization designs with maximum and minimum diversity of autonomous
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Fig. 5.17 List plot of work remaining in a simulated product development project with correlated
work processes. It shows the simultaneous processing of all four development tasks. The release
period is s = 2 [weeks]. The data is based on a single run of the Monte Carlo experiment with
initial state x; (Eq. 327). The plot also shows the means as dashed curves. The Monte Carlo
experiment was based on state equation 89. The parameters are given by Eqs. 321-326. The
stopping criterion of 5 % is marked by a dashed line at the bottom of the plot
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Fig. 5.18 List plot of work remaining in a simulated product development project with correlated

work processes. The release period is s = 10 [weeks]. The other simulation conditions and
parameters are the same as in Fig. 5.17

productivity rates within teams. In Fig. 5.16, the histograms for the total amount of
work are given. To simplify the interpretation of the results, the figures also show
the means and standard deviations.
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Fig. 5.19 List plot of work remaining in a simulated product development project with correlated
work processes. The release period iss = 20 [weeks]. The data are based on a single run of the Monte
Carlo experiment. The other simulation conditions and parameters are the same as in Fig. 5.17

According to Fig. 5.15, the organization design with maximum diversity of
autonomous task processing rates within teams that is encoded by WTM A,
leads to an average project duration of T(AOI) = 220.17 [weeks]. If the team
members are assigned so that diversity is minimum within teams, the average
project duration is extended to T(Am) = 286.439 [weeks]. Furthermore, the
standard deviation is more than twice as large. In contrast to these findings, the
difference in the mean total amount of work for both organizational conditions is
less than 1 % (Fig. 5.16). The constraint optimization based on the analytically
obtained expected total amount of work therefore leads to very similar mean efforts
in the Monte Carlo experiments.

Similarly to the unconstrained optimization of project organization, the means
and standard deviations of the project duration monotonically grow with EMC. The
values are summarized in Table 5.7. Hence, the complexity metric is also a good
predictor for the project duration under the constraint that the expected total amount
of work x,,, remains on an (almost) constant level. To verify the adjustments of the
original coupling parameter f; = 0.005 that were necessary to satisfy this con-
straint, the means and standard deviations of the total amount of work are also given
in Table 5.7, which shows that the adjustments are effective and lead to mean values
with an average deviation of less than 0.5%. Note that the amounts of work shown in
Table 5.7 are approximately 4% lower than the value of the constraint
Xior = 701.939, because we worked with a stopping criterion of § = 0.05 on the
project duration.

Regarding the comparison of the quantiles of the theoretical distribution with the
data distributions of both KPIs, in all cases the Q-Q plots showed the fit of the
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log-normal to be very good. Similar to the unconstrained optimization, the plotted
quantile points only deviated a little from the corresponding straight line for the
parts of the theoretical distributions that are on the far left and right sides of the
mean. The maximum deviation from the straight line is in all cases smaller than 0.2.
The evaluation of the log-likelihood functions of the simulated time and effort data
consistently led to high values. The log-likelihood of the simulated project dura-
tions is between LL,,;, = —56.075 and LL,,,, = —50.139. For the total amount of
work, values between LL,,;, = —56.937 and LL,,,, = —54.408 were obtained. The
likelihood ratio tests according to Kundu and Raqab (2007) lead to very similar
results as in the unconstrained optimization and show that for the majority of the
investigated organization designs the project duration can be modeled more accu-
rately by a generalized Raleigh distribution function. In contrast, the tests indicated
that the log-normal distribution should be preferred by the modeler in the majority
of organizational settings to represent the total amount of work. For both KPIs the
probability of correct selection is also larger than 0.95. However, similar to the
unconstrained optimization the values of the test statistic are very small (in the
range of [—185;55]).

For 100 additional independent runs, the Kruskal-Wallis test on the project
duration data shows that the location differences between both organization designs
are significant (K7 = 68.25, p = 8.35- 107?"). Hence, the null hypothesis H r that
the true location parameters of the samples are equal can be rejected on the signif-
icance level of @ = 0.05. The Kruskal-Wallis test on the total amount of work data
comes to a different result. It shows that the locations between both organization
designs are not significantly different (K,,, = 1.96, p = 0.16). The null hypothesis
Hy,.,, that the true location parameters of the samples are equal cannot be rejected on
a significance level of a = 0.05. Hence, the constraint imposed on the objective
function is effective in the Monte Carlo experiments and leads to very small and
insignificant differences in total effort. The goodness-of-fit hypothesis test between
both organization designs also indicates that the differences in the distributions from
which the total amount of work data were drawn are not significant. The
Kolmogorov-Smirnov test statistic is D7 = 0.0688. The associated p-value is
p = 0.705. The slight differences in the complexity metric according to Fig. 5.14
therefore do not lead to significant differences in probability distributions of the total
amount of work if the work processes are systematically reorganized by the project
manager to satisfy the constraint. As expected, the additional distribution fit test of the
project duration data shows significant differences among the organizational condi-
tions. The corresponding test statistic is D,,, = 0.374 (p = 7.25-107").

The combined theoretical and computational analyses provide some evidence
that the information-theory complexity metric EMC is not only a theoretically
highly satisfactory quantity for the evaluation of emergent complexity of vector
autoregressive processes as statistical models of cooperative work in PD, but under
the investigated initial and boundary conditions it is also a good predictor of the
mean and standard deviation of classic KPIs such as the project duration and total
effort involved in completing the deliverables. Moreover, the results show that the
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self-developed concept of productivity balancing and designing organizations on
the team level for diversity are promising for optimizing cooperative work in PD
projects subjected to concurrent engineering.

5.3 Optimization of Release Period of Finished Work
Between Design Teams at the Subsystem-
and Component-Levels

The second study aims to optimize the release period using EMC as optimization
objective function in projects where information about design, integration and tests
of geometric/topological entities is deliberately withheld by systems engineering
teams and not released to design teams working at the component level (Schlick
et al. 2011; cf. Yassine et al. 2003). Based on the systems engineering consider-
ations from Section 2.6, we focus on the subsystem and component levels of
product design (levels 3 and 4 in V-model of the systems engineering process,
see Fig. 2.11). According to Section 2.6, the outcome of finished work on subsystem
level is “hidden” between the releases, and work in the subordinate component-
level teams is based on product and process knowledge from the previous release
period. This kind of noncooperative behavior is justified by the aim to improve the
implementation of the product architecture through better subsystem-level design
and validation and thus release only those designs that have a sufficient level of
maturity. This can significantly reduce the overall amount of coordination. Opti-
mizing the release period by using a formal complexity metric in conjunction with a
mathematical model of periodically correlated work processes is an especially
interesting application area because cross-hierarchical teamwork in large-scale
PD projects can be designed systematically and unnecessary coordination efforts
can be avoided. As in the previous chapter, it is also theoretically interesting to
analyze whether, in addition to being valid for steady-state processes, EMC can be
used to evaluate the preasymptotic range of the modeled project (phase). We start
by formulating the unconstrained optimization problem and the presentation of its
solution based on a complete enumeration of the release period. We then formulate
a constrained optimization problem and solve it by applying the same principle. The
constraint is that the expected total amount of work x,,, done over all tasks in the
limit n — oo (Eq. 91) is constant across the different release periods.

5.3.1 Unconstrained Optimization
5.3.1.1 Methods

The objective function developed in the second study quantifies the complexity of
periodically correlated work processes in PD as a function of the release period
under the dynamic regime of the state equation (Eq. 89). We seek to minimize
emergent complexity. The release period was varied systematically in the range
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[2;20] by increments of 1 week. The analytical calculations and Monte Carlo
experiments consider different correlation lengths and simulate the work processes
accordingly. The time scale is [weeks]. Using state equation 89 in conjunction with
the closed-form solution from Eq. 247, we can express the EMC of the generated
process in the original state space coordinates as

et 377 (@) 01 (@) "¢ (@) ) (@) (@)

Det (@) ¢+ (@) "]

EMCpyar = 51082

(320)

The transformed matrix ®; is defined in Eq. 85. Its inverse is given by the
representation in Eq. 90. The autoregressive coefficient matrix @] was defined in
Eq. 86. The above definition of the complexity metric is an implicit function of the
release period s as the dimension of both matrices @ and ®] scales linearly with
the period (cf. Eq. 86).

To ensure comparability between the first and second validation study, we also
modeled a complete PD project that involves different teams. As before, the total
time to complete the process corresponds to the project duration and the total
amount of work done in the process to the project effort. For the Monte Carlo
experiments, we developed an example project that includes two component-level
and two subsystem-level tasks. The example project is based on the work of
McDaniel et al. (1996). This work was developed into a complete PD project
with periodically correlated work processes (Schlick et al. 2011). In the project,
different teams process the tasks simultaneously. Every team is assigned a specific
complex design task. Individual task processing is not considered. The component-
level tasks aim to design and develop components of a high-end instrument panel
for a completely new vehicle, including a drive-by-wire steering wheel, completely
digital instrument panel cluster, navigation infotainment systems, gesture control
for intuitive interaction etc. The subsystem-level tasks deal with panel design as a
whole and integration testing of components. Due to the many components of the
panel that must be newly developed, their multiple interfaces and the complex
software functions, the finishing time of the complete project, even under the most
favorable organizational conditions, is on average more than three and a half years
of continuous development (cf. Sections 5.2.1.2 and 5.2.2.2). As in the previous
validation study, the vector components of the state variable X,;;., that are related to
processing the subsystem-level and component-level tasks represent the relative
number of labor units required to complete the tasks. We assume that both
component-level design teams work at the same autonomous task processing rate
af; = a% = 0.90. The tasks are coupled with symmetric strength and we have
a5 = a§ = 0.05. Similarly, the teams responsible for subsystems design, validation
and integration testing both work at the same (but slightly lower) autonomous task
processing rate a%ls = agg = 0.85. The tasks are coupled at the same (but slightly
higher) strengtha$s = a3; = 0.07. Both subsystem level tasks generate 3% of finished
work at each short iteration that is put in hold state until it is released at time step
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ns (n € N). Hence, a}}! = a55" = 0.03. Furthermore, the first component-level
task generates 6% of finished work at each iteration for the first system-level task
and vice versa. Hence, we have a$35 = a$5¢ = 0.06. The accumulated development
issues of the subsystem-level teams are released to component-level teams in the
form of a reworked subsystem design at the end of the period (afiC = b = 1).
Additional dynamical dependencies were not considered and therefore all other
matrix entries were defined to be zero.
The complete representation for state equation 89 is as follows:

* *

Combined dynamical operator Aj = (@) - @}

®y(s)(®1(1)" 0 0 -~ 0
. (@ (1))*! 00 - 0
(@) @ = (@(1))? 0 0 - 0
: 0 :
®,(1) 0O 0 - 0
Work transformation sub-matrices:
c_ (090 0.05
Ao = (0.05 0.90 (321)
ss__ {085 0.07
Ag” = <0.07 0.85) (322)
css _ (006 0
Ay _< 0 0> (323)
ssc _ (0.06 0
Ay _< 0 0> (324)
ssu__ (003 O
Ag ( 0 0.03) (325)
e (1 0
Ay = (0 1) (326)
Transformation matrices:
A§ AP 0
(1) = | ASSS  ASS 0

0 ASH {1-¢}-I
Ag ASSC AI(;IC
@i (s) = | A AP 0
0 0 {8} . 12

As explained in Section 2.7, the variable ¢ is necessary for an explicit complexity
evaluation. EMCpyag then contains an correction term that scales linearly with ¢,
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Le. it holds that EMCpyar = EMCpyar (e = 0) + & - h(®,, @},C") (cf. Eq. 320).
We calculated with ¢ = 107*. By doing so, the finished work after release is set
back to a nonzero but negligible amount in terms of productivity.

The initial state x;; was defined based on the assumption that all parallel tasks are
initially to be fully completed and that no work is in hold state. Hence, for the
minimum release period s,,;, = 2, we have:

(327)

eNoloBoNoBole el il

For larger release periods, additional zeros were appended to the initial state.
Following the procedure of the first study (Section 5.1.1), we assumed that the
standard deviation c¢;; of performance fluctuations (Eq. 10) influencing task i in the
project is proportional to the task processing rate. The proportionality constant is
r = 0.02. Other correlations among vector components were not considered. Further-
more, we assumed that the variance of the fluctuations related to the finished work put
in a hold state by system-level design teams is reduced by the factor € = 10™* and is
therefore numerically negligible in the Monte Carlo experiments. Hence, we have the

. . * o xT
covariance matrix C = F [,s: £, }

c, 0 0 0

« o ¢ o o

“=lo o - o]
0 0 0 C

where the submatrices are given by
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(a8)? 0 0 0 0 0
0 (a$) 0 0 0 0
2

Cl _ {rZ} . 0 0 (a?ls) 2 0 0

0 0 0 (a55) 0 0

0 0 0 0 £€(1—¢) 0

0 0 0 0 0 £(1—¢)
092 0 0 0 0 0
0 0.9° 0 0 0 0
, 0 0 085 0 0 0
={0.02°}- 0 0 0 0.852 0 0
0 0 0 0 10%1—-10"%7 0
0o 0 0 0 0 107*4(1—107%)
(328)

and
(a5)’ 0 0 0
0 (a§)? 0 0 0 0
2

c,=1{r}. 0 0 (atf) 0 0 0

0 0 0 (a%$) 0 0

0 0 0 0 €& 0

0 0 0 0 0 £¢

0.92 0 0 0 0 0

0 0.9° 0 0 0 0

_ N 0 0 085 0 0 0

= {0.02%} 0 0 0 0.85° 0 0

—12
0 0 0 0 10 73 (329)
0 0 0 0 0 10

The covariance matrix of the transformed error vector e, is given by

s\ —1 *

= (o) c

The Mathematica software package from Wolfram Research was used to carry
out the analytical calculations and the Monte Carlo experiments. The stopping
criterion for the simulated projects was that a maximum of 5% of work remained
for all tasks. The classic KPIs “project duration” and “total effort” were used in

-T . . .
. (@3) . Due to space limitations, we do not show this matrix.
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addition to EMC. To calculate these KPIs, we generated samples of 10,000 inde-
pendent runs for each release period. We calculated the expected total amount of
work x,,, analytically according to Eq. 91. Furthermore, the expected duration T ,_
was calculated under the assumption that the processing of the development tasks is
unperturbed.

We analyzed the data sets generated in the Monte Carlo experiments in the same
manner as in the previous studies and used Q-Q plots to evaluate whether they come
from a log-normal distribution (see Section 5.2.1.1). If the Q-Q plots showed that
the quantiles of the theoretical and data distributions agree, the log-likelihood
functions of the simulated time and effort values were calculated. As before, the
log-likelihood values are denoted by LL. Following the procedure from Sec-
tions 5.2.1.1 and 5.2.2.1, we used the likelihood ratio test developed by Kundu
and Raqab (2007) to discriminate between log-normal and generalized Rayleigh
distribution functions.

5.3.1.2 Results and Discussion

Figure 5.17 shows the results of a typical run of the Monte Carlo simulation for the
parameterized project model with initial state xj; assuming a minimal release period
of s =s,;, =2 [weeks]. The finished work that was put in hold state when
processing both subsystem-level tasks at each short iteration is also shown in the
list plot around the abscissa. Additional typical time series for extended release
periods with s = 10 and s = s, = 20 [weeks] are shown in Figs. 5.18 and 5.19,
respectively.

As in Section 5.1, we calculated a separate statistic for the three release periods
s € {2,10,20} [weeks] based on 100 simulated projects and visualized them in the
form of error list plots. These plots are shown in Figs. 5.20, 5.21 and 5.22 to give a
comprehensive overview of how the release period length affects the means and
95% confidence intervals of work remaining. The comparison of Figs. 5.20, 5.21
and 5.22 shows that an extension of the release period from 2 weeks to 10 or
20 weeks increases the average work remaining before the stopping criterion of 5%
is met. Furthermore, it is not difficult to see that, for the development task on the
component level, the magnitude of the performance fluctuations is inversely pro-
portional to the period length: the longer the release period, the more single
instances of task processing deviate from the mean (unperturbed) work remaining
and the larger the average performance variability. For all three release periods
significant deviations from the means occur as early as in week 20 and proceed until
the project is finished. Figures 5.21 and 5.22 also clearly show that the “sawtooth”
behavior of finished work that is put in hold state by the teams processing the
subsystem-level tasks spills over to the component-level tasks and is exacerbated
by the unpredictable performance fluctuations. Conversely, under the given bound-
ary conditions, the processing of the subsystem-level tasks is relatively fast and
smooth.
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Fig. 5.20 Error list plot of work remaining in simulated product development projects with
correlated work processes. The release period is s =2 [weeks]. A total of 100 separate and
independent runs were calculated. The plot shows means of work remaining as note points and
95 % confidence intervals as error bars. Note points have been offset to distinguish the error bars.
The other simulation conditions and parameters are the same as in Fig. 5.17
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Fig. 5.21 Error list plot of work remaining in simulated product development projects with
correlated work processes. The release period is s = 10 [weeks]. The other simulation conditions
and parameters are the same as in Fig. 5.17

When the development tasks are processed deterministically without perfor-
mance fluctuations, the shortest project duration of T,,:o(s = 2) = 182 [weeks] is
obtained, as one must expect, for the minimum release period of 2 weeks. The
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Fig. 5.22 Error list plot of work remaining in simulated product development projects with
correlated work processes. The release period is s = 20 [weeks]. The other simulation conditions
and parameters are the same as in Fig. 5.17

longest finishing time of T(,:o(s =2) =259 [weeks] occurs in the case of the
maximum release period of 20 weeks.

The 10,000 runs that were computed for each release period show that the minimum
release period of 2 weeks leads to a mean project duration of T(s = 2) = 158.553
[weeks]. The standard deviation is SD(s = 2) = 34.234 [weeks]. Both the mean
project duration and the standard deviation are minimal within the sample. If the
release period of finished work is extended to 10 weeks, the mean project duration
increases to T(s = 10) = 212.828 [weeks] and the standard deviation to SD(s = 10)
= 51.181 [weeks]. An additional extension of the release period to the maximum of
20 weeks further increases the mean project duration and standard deviation, and we
have T(s = 20) = 226.333 [weeks] and SD(s = 20) = 54.000 [weeks]. Figure 5.23
shows the histograms of the calculated project duration for the three considered release
periods. For the longest release period of 20 weeks the histogram shows quite heavy
oscillations of the distribution of the probability mass for project durations of longer
than 175 weeks. This effect is due to the long time span between average release
points. The oscillation period follows the release period.

The means and standard deviations of the total amount of work x,,, (see Section
2.7) in the simulated projects follows a similar pattern of growth (Fig. 5.24).
However, the accumulation of work reduces the intrinsic periodic correlations,
and an oscillation of the distribution of the probability mass does not occur for
the release period of 20 weeks.

We also calculated analytically the expected total amount of work x,,, in the
modeled project for different release periods. The expected total amount of work is
by definition accumulated over an infinite past history and therefore does not take
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Fig. 5.23 Histograms of the project duration obtained for three different release periods s = 2, 10
and 20 [weeks]. We computed 10,000 independent runs. In these runs all tasks were initially 100 %
incomplete. The stopping criterion for the simulated projects was that a maximum of 5 % of work
remained for all tasks. The Monte Carlo experiments were based on state equation 89. The
parameters are given by Eqgs. 321-326. We overlaid the probability density function of a
log-normal distribution for comparison
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Fig. 5.24 Histograms of the total amount of work obtained for three different release periods s
=2, 10 and 20 [weeks]. We computed 10,000 independent runs. In these runs all tasks were
initially 100 % incomplete. The stopping criterion for the simulated projects was that a maximum
of 5 % of work remained for all tasks. The Monte Carlo experiments were based on state equation

89. The parameters are given by Eqs. 321-326. We overlaid the probability density function of a
log-normal distribution for comparison

the stopping criterion of the Monte Carlo experiments into account. The results are
presented in Fig. 5.25, which shows that the total amount of work is smallest for the
shortest period length s,,,, = 2 and grows sublinearly with the release period.

The complexity values EMCpyar (Eq. 320) that were obtained for different
period lengths are shown in Fig. 5.26.

The comparison of Figs. 5.25 and 5.26 shows that the complexity metric
EMChpvyar closely resembles the functional behavior of the expected total amount
of work x,,, in the modeled project over different periods. Moreover—and most
importantly in view of the objective of the study—the smallest complexity
values are assigned to periodically correlated work processes with minimum period
Sopr = 2 [weeks]. In other words, for the given initial and boundary conditions it
makes sense to minimize the period in which information about system design and
integration testing of geometric/topological entities is deliberately withheld by
subsystem-level teams and not released to component-level teams. By minimizing
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Fig. 5.25 Expected total amount of work x;,, in the modeled project according to Eq. 91. The units
are work measurement units [wmu] that refer to the definition of the state of work remaining in the
project. The parameters are given by Egs. 321-326
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Fig. 5.26 Effective measure complexity EMCpyag in the modeled project according to Eq. 320.
The parameters are given by Egs. 321-326

the period length, the emergent complexity can be kept to a minimum and the total
effort involved in the project can be reduced as far as possible. This recommenda-
tion is also fully supported by the results of the Monte Carlo experiments because
they show that, as the period length increases, the means and standard deviation of
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the project duration and the total amount of work also increase (see Figs. 5.23 and
5.24).

Similar to the optimization of project organization in Sections 5.2.1.1 and
5.2.2.1, the descriptive statistical analysis based on the Q-Q plots showed for all
periods that the fit of the log-normal distribution is very good and noticeable
deviations from the corresponding straight line occurred only for the tails on the
far left and the far right sides. The maximum deviation from the straight line is in all
cases smaller than 0.2. This corresponds to an estimated p-value for a two-tailed test
of less than 0.05. Interestingly, although for the longest release period of 20 weeks
the histogram in Fig. 5.23 shows significant oscillations of the distribution of the
probability mass for project durations of longer than 175 weeks, these oscillations
only have a very small effect on the displacement of data points in the Q-Q plots.
Hence, even for periodically correlated work processes with large periods,
the choice of this type of distribution seems to be appropriate. The evaluation
of the log-likelihood functions of the time and effort variables also consistently
led to high values. The log-likelihood of the simulated project duration
decreases monotonically with the period and is between LL,,, = —48.767
(s=2) and LL,,;,, = —53.201 (s=20). For the total amount of work the values
are much larger, but follow the same pattern. We have LL,,,, = —45.138 for s = 2
and LL,,;, = —51.177 for s = 20. Therefore, as one must expect from the results of
the previous Monte Carlo studies, significant deviations from normality can also
occur for periodically correlated work processes, and lead times as well as amounts
of work far from the average unperturbed process are quite likely. In contrast to
the optimization of project organization, the results of the likelihood ratio tests
according to Kundu and Ragab (2007) show that for all periods the project duration
can be modeled more accurately by a log-normal than by a generalized Raleigh
distribution function. On the other hand, the tests indicate that the generalized
Rayleigh distribution should be preferred to represent the total amount of work:
for both KPIs the probability of correct selection is larger than 0.95. However,
compared with the previous Monte Carlo studies the values of the test statistic are in
an even narrower range of [—137;33] and therefore indicate a low discriminative
power.

5.3.2 Constrained Optimization

After presenting and discussing the results of the basic unconstrained optimization
problem, we move on to formulating and solving a corresponding constrained
optimization problem. This is done in a similar manner as in Section 5.1.2. The
constraint is that the expected total amount of work x,,, remains on a constant level
among the different release periods and does not vary with the period as in the
previous chapter. To satisfy this constraint, systematic interventions were carried
out on the subsystem-level of cooperative development. We start by presenting
analytical complexity results and go on to present results of the Monte Carlo
experiments.
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5.3.2.1 Methods

The objective function for the constrained optimization quantifies the emergent
complexity of periodically correlated work processes in PD in the same manner as
in the previous chapter, and is given by Eq. 320. We seek to minimize complexity
under the constraint that the expected total amount of work x,,, according to Eq. 91
is equal to 204.897 [wmu] for different release periods. This expected total effort
corresponds to the minimum value that was identified in the previous study. Recall
that this minimum expected total amount of work is obtained for the minimum
release period s,,;, = 2 [weeks] and for a parameter vector according to Eqs. 321-
329. Starting with the minimum period, the release period was extended by
increments of 1 week until the maximum release period s, = 20 [weeks] was
reached. The analytical considerations and Monte Carlo experiments must therefore
not only consider the different correlation lengths, they must also adjust the
independent parameters by systematic algorithmic intervention of the experimenter
so that the total expected effort in the project does not change under the different
release conditions. To keep x,,, constant, the independent parameters a3} and a55"
were adjusted (see Eq. 325). These parameters represent the fraction of work that
is put in hold state by the subsystem design teams at each short iteration before
it is released at the end of period s. The parameter adjustment was done by
a self-developed iterative method in which the reference values a3} = 0.03 and
a55™ = 0.03 were reduced incrementally until the expected value x,,(3 < s < 20)
did not deviate more than 10~®[wmu] from the correct value x,,(s = 2) = 204.897.
Both reference values were reduced by the same amount and it always held
a? = @531, The time scale was not modified.

Following the previous procedures, we assumed that the standard deviation c;; of
performance fluctuations (Eq. 10) influencing task i in the project is proportional to
the task processing rate with proportionality constant r = 0.02. Other correlations
between vector components were not considered. The variance of the fluctuations
related to the finished work that is put in hold state is again reduced by the factor
1072,

The Mathematica software package from Wolfram Research was used to carry
out the analytical calculations and the Monte Carlo experiments. The stopping
criterion for the Monte Carlo experiments was that a maximum of 5 % of work
remained for all tasks in the simulated projects. It was assumed that all development
tasks on component- and subsystem-levels were initially fully incomplete. In
addition to EMC, we used the KPIs “project duration” and “total effort” to evaluate
performance as before. To calculate these KPIs, 10,000 independent runs were
considered for each release period. To allow a systematic comparison of the data,
the expected duration T,—o was calculated under the assumption that the processing
of the development tasks is unperturbed.

The data sets were analyzed by the same descriptive and inferential statistical
methods that were described in Sections 5.2.2.1 and 5.3.1.1, respectively. If the
Q-Q plots in the descriptive analysis showed that the quantiles of the theoretical and
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data distributions agreed, the log-likelihood functions of the simulated time and
effort values were calculated. As before, the log-likelihood values are denoted by
LL. The likelihood ratio test developed by Kundu and Raqab (2007) and the
corresponding simulation techniques were used to discriminate between
log-normal and generalized Rayleigh distribution functions. For a better compara-
bility of results, we applied the same non-parametric location equivalence test as in
Section 5.2.2.1 in the inferential statistical analysis. To carry out this test, we drew
additional samples based on 100 independent runs. To simplify the interpretation
and discussion of the data, we only considered three release periods, namely
Smin = 25 Smea = 10 and s,,,, = 20, in order to guarantee a sufficient coverage of
the complete interval. We hypothesized that lower values of the complexity metric
EMChpvyar lead to a significantly lower expected project duration. We also hypoth-
esized that different levels of the complexity metric EMCpy g do not correspond to
significantly different means of the total amount of work in the Monte Carlo
experiments. The null hypotheses Hyp 7 and H ,, were formulated accordingly.
To evaluate these hypotheses the Kruskal-Wallis location equivalence test was
used. The level of significance was set to a = 0.05.

Following the procedure from Section 5.1.2, additional goodness-of-fit hypoth-
esis tests were carried out to evaluate the differences between the distributions of
performance data for the three release periods. The focus was on paired compari-
sons between the minimum release period s,,;, = 2 and the other periods. The null
hypothesis Hy 4, was always that performance data drawn from a sample with
release period sy,eq = 10 or 5,4 = 20 do not come from a different distribution than
the data obtained for the minimum release period s,,;, = 2. The alternative hypoth-
esis H, 4o is that the data come from a different distribution. The Kolmogorov-
Smirnov test was used to evaluate the hypotheses. The level of significance was also
set to a = 0.05.

5.3.2.2 Results and Discussion

In order to satisfy the constraint imposed for the total amount of work, the fractions
a?ISH = 0.03and aggﬂ = 0.03 of work that are put in hold state by the teams working
on subsystems-level at each short iteration had to be reduced by a minimum value
of 0.00769 for release period s = 3 and a maximum value of 0.01646 for release
period s,qc = 20. A list plot of the necessary reductions of @}y and 55" is shown
in Fig. 5.27. Tt shows that the longer the release period, the more the fraction of
work put in hold state at each short iteration must be reduced in order to satisfy the
constraint. The reduction scales sublinearly with the length of the release period.
The corresponding values of the complexity metric EMCpyar are shown in
Fig. 5.28. Interestingly, the constrained optimization of the release period leads to
complexity values that strictly decrease as the period increases. Hence, the release
period minimizing emergent complexity in the sense of the complexity
metric under the constraint x,,(2) = ... = x,,(20) = 204.897 is the maximum
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Fig. 5.27 Adjustments of original parameters a3 = 0.03 and a35" = 0.03 (Eq. 325) that were
made to satisfy the constraint on the expected total amount of work x;,(2) = ... = x,,/(20) =
204.897 in the modeled projects with periodically correlated work processes. The additional
parameters were not changed and are given by Eqs. 321-326
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Fig. 5.28 Effective measure complexity EMCpyag in the modeled project according to Eq. 320
under the constraint that the expected total amount of work is kept on a constant level, i.e.
Xor(2) = ... = x1(20) = 204.897. To keep the expected total amount of work constant, the
original parameters a3 = 0.03 and a3 = 0.03 (Eq. 325) were adjusted by the same value
(see Fig. 5.27). The additional parameters were not changed and are given by Eqs. 321-326
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Fig. 5.29 Histograms of the project duration obtained for the three release periods s = 2, 10 and
20 [weeks] under the constraint X (2) = Xr(10) = x;0,(20) = 204.897. We computed 10,000
independent runs. In these runs all tasks were initially 100 % incomplete. The stopping criterion
for the simulated projects was that a maximum of 5 % of work remained for all tasks. The Monte

Carlo experiments are based on state equation 89. The parameters are given by Eqgs. 321-326. The

adjustments of parameters a}3/ and a3 follows the list plot from Fig. 5.27. We overlaid the

probability density function of a log-normal distribution for comparison
opt = 20 [weeks]. This result is in stark contrast to the solution of the
unconstrained optimization problem, in which minimum complexity values were
assigned to periodically correlated work processes with minimum period and we
had s,,; = 2 [weeks]. Thus, for the given constraint on the total effort, the theory
recommends to maximizing the period in which information about system design
and integration testing of geometric/topological entities is deliberately withheld by
subsystem-level teams and not released to component-level teams. When extending
the period length to the largest possible value, the emergent complexity in the sense
of Grassberger’s measure can be kept to a minimum. Note that this recommenda-
tion, in principle, is only valid if the work processes can be organized in a way that
for large release periods it is possible to significantly reduce the fractions of work
that are put in hold state by the teams working on subsystems-level at each short
iteration. Significant means in this context reducing the fractions of work by at least
25 %. In applied project management this is extremely difficult to achieve.

Interestingly, through the simulated reduction of the fractions of work that
are put in hold state, the deterministic processing of the development tasks
leads to finishing times that only slightly fluctuate between To—o(s = 16) = 175
and Ty—o(s = 3) = 181 [weeks].

The corresponding results of the Monte Carlo experiments for minimum and
maximum release periods are shown in Fig. 5.29. The results for a release period of
10 weeks are also included (cf. Fig. 5.23). The associated histograms of the total
amount of work are shown in Fig. 5.30.

The analysis of project duration and total amount of work from Figs. 5.29 and
5.30 shows that, once again, the values of the complexity metric EMCpyar that
were given in Fig. 5.28 are predictive for the means and standard deviations of these
classic KPIs. The smaller the complexity values assigned to a given release period,
the shorter the resulting mean project duration and mean total amount of work, and

period s
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Fig. 5.30 Histograms of the total amount of work obtained for the three release periods s = 2, 10
and 20 [weeks] under the constraint x,,(2) = x.,(10) = x,,,(20) = 204.897. We computed 10,000
independent runs. In these runs all tasks were initially 100 % incomplete. The stopping criterion
for the simulated projects was that a maximum of 5 % of work remained for all tasks. The Monte
Carlo experiments are based on state equation 89. The parameters are given by Eqs. 321-326. The
adjustments of parameters a3’ and @33 follows the list plot from Fig. 5.27. We overlaid the
probability density function of a log-normal distribution for comparison

the smaller the corresponding standard deviations. However, the performance
differences are rather small compared to the previous analysis. The question is
therefore whether these small differences are significant or not.

As in Sections 5.2.1.2, 5.2.2.2 and 5.3.1.2, the descriptive statistical analysis
revealed a very good fit of the log-normal distribution for all release periods.
Noticeable deviations from the corresponding straight line occurred in the Q-Q
plots only for the tails on the far left and the far right sides of the theoretical
distributions. However, the maximum deviation from the straight line is in all cases
smaller than 0.2. Similar to the unconstrained optimization, although for the longest
period of 20 weeks the histogram in Fig. 5.29 shows significant oscillations of the
distribution of the probability mass for project durations of longer than 175 weeks,
the deviation of the data points in the Q-Q plots from the straight line is very small
and therefore the choice of a log-normal distribution seems to be appropriate. The
evaluation of the log-likelihood functions consistently leads to satisfactorily
high values. However, the log-likelihood of the simulated project durations
grows monotonically with the period and is between LL,;, = —48.924 (s =2)
and LL,,, = —44.416 (s =20). This result is in contrast to the solution of
the unconstrained optimization problem, in which minimum likelihood values
were assigned to work processes with maximum period. The evaluation of the
total amount of work leads to the same monotonic growth of the log-
likelihood with the release period and values between LL,,;, = —45.226 (s =2)
and LL,, = —44.985 (s =20) are obtained. Due to the constraint on the total
amount of work the range of the log-likelihood values is much smaller. We can
conclude that under this execution condition, too, significant deviations from
normality can occur, and lead times as well as amounts of work far from the
average unperturbed process are quite likely. The likelihood ratio tests according
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to Kundu and Raqab (2007) lead to very similar results as in the unconstrained
optimization problem: for all periods the project duration can be modeled more
accurately by a log-normal than by a generalized Raleigh distribution function,
while the generalized Rayleigh distribution should be preferred to model the total
amount of work under uncertainty. For both KPIs the Monte Carlo simulations
reveal estimated probabilities of correct selection that are larger than 0.95. The
values of the test statistic are in the range of [—75;4] and therefore, as before,
indicate only a low discriminative power.

The final question in this chapter is whether the comparably small differences in
performance as shown in the histograms of Figs. 5.29 and 5.30 are significant or
not. For 100 additional independent runs, the Kruskal-Wallis test on the project
duration data shows that the location differences between the three release periods
are not significant (K7 = 2.5157, p = 0.2852). Hence, the null hypothesis H,  that
the true location parameters of the samples are equal cannot be rejected on the
significance level of @ = 0.05. The Kruskal-Wallis test on the total amount of work
data comes to a similar conclusion and shows that the location differences between
the three release periods are not significant (K,,, = 1.2870, p = 0.5270). The null
hypothesis Hy ., that the true location parameters of the samples are equal also
cannot be rejected on the significance level of a = 0.05.

In spite of these insignificant differences in mean performance, the goodness-of-
fit hypothesis test between minimum release period s,,;,, = 2 and maximum period
Smax = 201ndicates significant differences in the distributions of the project duration
from which data were drawn. In this case, the Kolmogorov-Smirnov test statistic is
Dr >0 = 0.138. The associated p-value is p = 0.0401. Hence, the differences in
the complexity metric EMCpy g according to the interval bounds shown in Fig. 5.28
also lead to significant differences in probability distributions. The additional dis-
tribution fit tests of the project duration and total effort data do not show significant
differences among the experimental conditions. The test statistic related to the
project duration data for release periods s,; =2 and Sy = 10 is
Dr.2-10 = 0.096 (p =0.2961). For the simulated total amount of work the test
statistic for release periods sSp,;, =2 and sy, =10 is Dy, 2-10 = 0.0945
(p =0.3135) and for periods $p;; =2 and Sy = 20 it is Dy, 220 = 0.1038
(p =0.2159).

The combined theoretical and computational analyses also provide, for the
periodically correlated work processes, some evidence that the information-theory
complexity metric EMC is a theoretically very satisfactory quantity and that, under
the investigated organizational conditions, it is also a good predictor of the mean
and standard deviation of the project duration for different release periods and
different formulations of the optimization problem—either unconstrained in the
total amount of work (see Fig. 5.26 in conjunction with Figs. 5.23 and 5.24) or
constrained (see Fig. 5.28 in conjunction with Figs. 5.29 and 5.30). The predictive
power is much larger for the unconstrained optimization of the release period. In
summary, inconsistencies in performance predictions or disordinal interactions
between the independent parameters did not occur and prove the predictive validity
of the closed-form solutions for the investigated class of models of cooperative work.

Xtot
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Chapter 6
Conclusions and Outlook

In this book, we have presented theoretical and empirical analyses of the dynamics
and emergent complexity of cooperative work in product development projects. To
do so, we have mainly focused on projects that are organized according to the
management concept of concurrent engineering. Concurrent engineering offers a
systematic approach to the integrated, concurrent design of products and their
related processes, including manufacture and support (Winner et al. 1988).
Designed to encourage developers to consider all elements of the product life
cycle from the outset, it requires intensive cooperation between and within teams.
We opted for a model-driven approach and formulated various mathematical
models to analyze cooperative work in these kinds of open organizational systems.
These models are based on the fundamental work of Smith and Eppinger (1997,
1998) and Yassine et al. (2003) on a deterministic product development flow and
also take account of the important developments by Huberman and Wilkinson
(2005) on the theory of stochastic processes. We preferred statistical models,
because they can account for unpredictable performance fluctuations in the iteration
process due to limited information-processing capacities and the intrinsic mecha-
nisms of error correction in product development. Further, from an ergonomics
perspective, unpredictable performance fluctuations can be seen as essential com-
ponents of creative activities in design work and are therefore basic ingredients of
success that should not be limited in their reach and capacity to benefit the whole
process. These fluctuations are inherent to open organizational systems and are
especially prevalent in concurrent engineering because of the multitude of inter-
faces between mechanical, electrical and electronic modules and the high level of
integration of technical knowledge and methodological approaches to problem-
solving, all of which are aspects crucial to the success of a parallel and highly
iterative execution of the work processes.

To gain a deeper understanding of the dynamics of cooperative work, we did not
simply consider a basic model class in which the project state under uncertainty is
represented by a linear combination of observable random vectors, but also a
broader class with latent variables which cannot be directly observed but must be
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inferred through a causal model from the estimated project state. As in the works of
Smith and Eppinger (1997, 1998) and Yassine et al. (2003), the project state was
expressed as the amount of work remaining for all tasks at time step 7. The work
remaining can be measured by the time left to finalize a specific design, by the
definable labor units required to complete a particular development activity or
component of the work breakdown structure, by the number of engineering draw-
ings requiring completion before design release, by the number of engineering
design studies required before design release, or by the number of issues that still
need to be addressed/resolved before design release (Yassine et al. 2003). The basic
model class comprises vector autoregression models of finite order which can
capture the apparent cooperative processing of the development tasks with short
iteration length in a given project phase. Despite their simple structure and low
logical depth, these models can simulate a surprisingly diverse set of patterns of
cooperative task processing in product development projects. Furthermore, they can
be used to explain the “problem-solving oscillations” (Mihm et al. 2003) specified
in the introductory chapter by making only a few, very reasonable assumptions
about the problem-solving processes in the iteration process. According to the
deterministic and stochastic parts of the state equations, the irregular oscillations
between being on, ahead of, and behind schedule can be interpreted as excited
performance fluctuations (Schlick et al. 2008; Schlick et al. 2013). For first-order
models the excitation can occur because of the interrelationship between the
dependency structure encoded in the work transformation matrix A, and the forcing
matrix K. These mechanisms were explicitly revealed in the spectral basis (see
e.g. Egs. 43 and 47 in conjunction with Eqs. 258 and 262). An augmented state-
space formulation also makes it possible to model and simulate more complex
autoregressive processes with periodically correlated components. These so-called
periodic vector autoregressive stochastic processes can be used to model hierarchi-
cal coordination structures in large-scale product development projects and to
simulate the long-term effect of intentionally withholding the release of design
information for a certain period of time and not immediately disseminating it to
lower hierarchical levels. To go beyond vector autoregressive processes, we also
considered the theoretically interesting class of linear dynamical systems with
additive Gaussian noise. As mentioned above, the state of the project cannot be
directly observed in these system models with latent variables but is inferred
through a causal model. This makes it possible to distinguish between a “hidden”
state process of cooperative development and the observation process in the product
development flow. The internal configuration is not entirely accessible to the
project manager but must be estimated on the basis of repeated readings from
dedicated performance measurement instruments. This fundamental degree of
uncertainty in the project state and its evolution can lead to a non-negligible
fraction of long-term correlations between development activities and therefore
significantly increase emergent complexity. In addition to the statistical models of
cooperative work, the corresponding least squares and maximum likelihood esti-
mation methods were introduced to demonstrate how the parameters can be effi-
ciently estimated from time series of task processing in industrial product
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development environments. To validate the basic vector autoregression and linear
dynamical system models with field data, a case study was carried out at a German
industrial company that develops sensor technologies for the automotive industry.
The validation results show that in terms of the standards of organizational model-
ing and simulation, the overall predictive accuracy of the parameterized models is
high. As is to be expected, the more complex linear dynamical system model leads
to slightly better predictions. Moreover, for periodic vector autoregressive stochas-
tic processes the accuracy of the introduced least squares estimation technique was
investigated in a simulation study in order to completely control the confounding
factors. We formulated a periodic vector autoregression model that connects the
dynamics of module design and integration in a vehicle door development project
with component development. This served as a reference model to simulate task
processing and generate time series for different lengths of work remaining. We
then “reconstructed” the reference model representation purely from data. To
simplify the analysis, we focused on the door module of the vehicle door subsystem.
Here too, we were able to show that in terms of the standards of organizational
modeling and simulation, the identifiability of the reference model of cooperative
work was high and the uncertainty in parameter estimation was low. The results
were highly consistent and replicable.

Furthermore, and most importantly from a scientific point of view, the complex-
ity framework, consisting of theories and measures developed in organizational
theory, systematic engineering design and basic scientific research on complex
systems, was reviewed in great detail and applied to project management as far as
possible. To evaluate emergent complexity of cooperative work in product devel-
opment projects, an information-theory measure from basic scientific research—
termed “effective measure complexity”—was chosen because it can be derived
from first principles and therefore offers high construct validity. Effective measure
complexity quantifies the mutual information between the infinite past and future
histories of a stochastic process. According to this principle, this measure is of
particular interest for evaluating the time-dependent complexity of cooperative
development processes and identifying the essential interactions between activities.
Effective measure complexity and the underlying complexity theory can be traced
back to the theoretical physicist Grassberger (1986), whose seminal work has been
completely overlooked in organization theory and engineering management litera-
ture. It is important to point out that effective measure complexity is not limited to a
specific class of statistical models of cooperative work: if the data is generated by a
process in a specific class but with unknown parameter values, we can calculate the
effective measure complexity explicitly, as we did. It is also possible, however, to
quantify the complexity of processes that fall outside the conventional models. The
formulated vector autoregression models provided the mathematical foundation for
the calculation of several closed-form solutions of effective measure complexity in
the original state space, solutions that allow an explicit complexity evaluation based
on the model’s parameters. For first-order models we also carried out a transfor-
mation into the spectral basis to obtain additional, more expressive solutions in
matrix form. In the spectral basis, the essential parameters driving emergent
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complexity, which are surprisingly few in number, were identified and the effects of
cooperative relationships were directly interpreted. The essential parameters
include the eigenvalues of the work transformation matrix as a dynamical operator
of the vector autoregression model and the correlation coefficients between com-
ponents of unpredictable performance fluctuations. In this context, the closed-form
solution from Eq. 262 is especially interesting for a complexity analysis with
respect to first-order processes, as it significantly reduces the effective number of
parameters without blurring the essential spatiotemporal structures that shape
emergent complexity in the product development projects modeled. Through a
simple rewriting of the state equation as a first-order recurrence relation it was
also possible to calculate the effective measure complexity of processes that are
generated by higher-order autoregressive models. Furthermore, different types of
closed-form solutions of effective measure complexity in the original state-space
coordinates were calculated for linear dynamical systems with additive Gaussian
noise. Because linear dynamical systems with additive Gaussian noise are very
common in mechanical, electrical and control engineering, these solutions are not
only interesting for evaluating emergent complexity in open organizational sys-
tems; they can also be used to analyze, design and control purely technical systems.
Due to the comparatively complicated structure of linear dynamical systems the
derivation of the closed-form solutions was much more involved mathematically
speaking. The most sophisticated solution is based on infinite dimensional matrices
and was presented in Eq. 291 in explicit form. A similar result has been obtained in
a more general context by de Cock (2002), whose seminal work also made it
possible to express effective measure complexity in a structurally rich but much
simpler implicit form. The implicit form is significantly easier to interpret because
its parameters can be derived from the solutions of fundamental equations. This
most intuitive solution is provided in Eq. 299. Both the explicit and implicit
formulations of the solutions lead to consistent and robust numerical complexity
results, as we have shown in the sensitivity analysis of Section 2.11. Hence, both
approaches can be very helpful for evaluating strong emergence in terms of mutual
information communicated from the infinite past to the infinite future by the
stochastic process as a model of cooperative work in product development projects.

The closed-form solutions obtained show that effective measure complexity is
non-negative. The detailed discussions in Section 4.1 made it clear that this
measure has four especially favorable properties in the application domain of
project management:

1. It is small for project phases in which tasks can be processed independently and
it assigns larger complexity values to intuitively more complex work processes
with the same dominant eigenvalue of the corresponding dynamical operator but
stronger task coupling due to intense cooperation. The effective measure com-
plexity equals zero if the process observed is completely temporally
uncorrelated and therefore no meaningful informational dependency structure
exists between the processed tasks, which can be used to make good predictions
(see Section 4.1). Moreover, if the vector of work remaining over all tasks can be


http://dx.doi.org/10.1007/978-3-319-21717-8_4
http://dx.doi.org/10.1007/978-3-319-21717-8_4
http://dx.doi.org/10.1007/978-3-319-21717-8_4
http://dx.doi.org/10.1007/978-3-319-21717-8_2
http://dx.doi.org/10.1007/978-3-319-21717-8_4
http://dx.doi.org/10.1007/978-3-319-21717-8_4

6 Conclusions and Outlook 357

divided into two subsets which are completely uncorrelated and therefore rep-
resent completely independent work streams in the product development flow,
the effective measure complexity of the whole process equals the sum of the
complexities of each subprocess resulting from the division (see Section 4.1).
The importance of the nature, quantity and magnitude of organizational subtasks
and subtask interactions is also pointed out in the theoretical and empirical
analyses of Tatikonda and Rosenthal (2000). Interestingly, the empirical studies
of Holttd-Otto and Magee (2006) show that estimation of effort in product
development projects is primarily based on the scale and stretch of the project
and not on interactions. This is due to the fact that the balancing or reinforcing
effects of concurrent interactions in open organizational systems are very diffi-
cult for project managers to anticipate. Accordingly, the measure can contribute
to achieving more reliable estimates of time and effort. The dependencies
between tasks were also mentioned as complexity-contributing elements in
four out of six cases in the empirical analysis put forward by Bosch-Rekveldt
et al. (2011). Mulenburg (2008) considers the number and types of task-based
interactions between actors in projects of different types as one of six main
sources of complexity, while Summers and Shah (2010) consider “complexity as
coupling” to be one of three main aspects of design complexity. Both the number
of activities in a project and their interconnectedness are complexity-shaping
factors in the UCP and NTCP models developed by Shenhar and colleagues
(Shenhar and Dvir 2007; Shenhar 1998; Shenhar and Dvir 1996).

2. The effective measure complexity tends to assign larger complexity values to
project phases with more tasks if the intensity of cooperative relationships is
similar, and is thus sensitive to the dimensionality of the state space of the
process. The measure is also a strictly increasing function of each of the
canonical correlations (see Section 4.1 in conjunction with Section 4.1.3). The
complexity-reinforcing effects of the “size” of a project are also stressed in
Mihm et al. (2003), Huberman and Wilkinson (2005), Suh (2005), Holttd-Otto
and Magee (2006), Mihm and Loch (2006), Shenhar and Dvir (2007),
Mulenburg (2008), Hass (2009), Summers and Shah (2010), and Bosch-
Rekveldt et al. (2011). Alternatively, one can divide the effective measure
complexity by the dimension of the state space and compare processes with
different dimensionalities.

3. The measure can evaluate both weak and strong emergence in an uncertain
product development environment. According to Chalmers (2002), weak emer-
gence means that there is in principle no choice of outcome. As such, the
outcome can be anticipated without a detailed inspection of particular instances
of task processing. Given the state equation, there are entirely reproducible
features of its subsequent evolution that inevitably emerge over time, such as
reaching a steady state. In light of our approach, a simple technique for evalu-
ating weak emergence in the class of vector autoregression models is the
eigenvalue analysis of the dynamical operator (assuming that for higher-order
models the state equation was rewritten as a first-order recurrence relation and
the combined dynamical operator can be evaluated, see Section 4.1.6). It is
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evident that effective measure complexity indicates the same bound of asymp-
totic stability as does a classic eigenvalue analysis by assigning infinite com-
plexity values: if the dominant eigenvalue has modulus less than one, the infinite
sum in Eq. 247 converges, and the project will converge toward the asymptote of
“no remaining work;” on the other hand, if the dominant eigenvalue has modulus
greater than one, the sum diverges, and the work remaining grows over all given
limits. The emergence of complexity is termed strong if the patterns of cooper-
ative task processing can only be reliably forecasted by observing the distant
past of each particular development task instance and with relevant knowledge
of the prior history of the interacting processes (Chalmers 2002). In management
literature this phenomenon is also known as “path dependence” (Maylor
et al. 2008). Relevant information on the prior history is extracted through
Bialek’s predictive information (cf. Eq. 226) and utilized in the different
closed-form solutions in the limit of an infinite block length. The importance
of the factor “uncertainty” in the scope and methods of a project in conjunction
with “stability of project environment” is also pointed out in the TOE framework
of Bosch-Rekveldt et al. (2011). Mulenburg (2008) identifies uncertainty in the
sense of the inability to pre-evaluate actions as one of the six main sources of
complexity in projects, listing the unpredictability of the project state and events
as another main source. It is readily apparent that for a first-order vector
autoregression model of cooperative work, for instance, these sources are clearly
separated through the definition of the effective measure complexity from
Eq. 246: the inherent inability to pre-evaluate the consequence of actions
concerning the amount of work is expressed by the determinant of the covari-
ance matrix C of the intrinsic prediction error. The unpredictability of the
iteration process, which can only be “explained away” through an increasingly
detailed inspection of the particular instances of task processing is represented
by the ratio of generalized variances Det[X] and Det[C]. Suh’s information
axiom (2005) addresses both size and uncertainty, while Hass (2009) focuses
on the stability of the requirements, as well as the clarity of the problem and its
solution. The simulation study contributed by Lebcir (2011) shows that devel-
opment time significantly increases when project uncertainty is changed from
low to reference level.

4. The measure is independent of the basis in which the state vectors are
represented. It is invariant under arbitrary reparameterizations based on smooth
and uniquely invertible maps (Kraskov et al. 2004) and is therefore independent
of the project manager’s subjective choice of measurement instrument. As such,
it can contribute to reducing ambiguity in projects by promoting awareness of
causality and persistent dynamical dependency structures (sensu Mulenburg
2008). To the best of our knowledge, this fundamental objectivity is a unique
property that other metrics do not possess. Moreover, this invariance property is
mandatory, given that the likelihood function £(61{y,}]) of a sequence of fixed
observations {y,}{ of a linear dynamical system possesses the same invariance
property, as outlined in Section 2.10.
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Finally, the theoretical complexity analyses were elucidated in practical terms
using three validation studies. We investigated the validity of closed-form solutions
for effective measure complexity that were obtained for vector autoregression
models as the basic mathematical representations of cooperative work in product
development projects. With respect to classic validity theory, the focus was on the
criterion-based conception of validity. We evaluated two types of criterion-related
validity: concurrent validity and predictive validity. In the first study, we concen-
trated on concurrent validity. To do so, we expanded the theoretical foundations on
model selection, primarily building upon the work of Li and Xie (1996) on the
principle of minimal mutual information. Although this principle was developed
independently from the work of Grassberger (1986) and others, it is very closely
related, as the mutual information communicated from the infinite past to the
infinite future by the stochastic process is evaluated to select the class of models
under certain constraints. Furthermore, this principle allowed us to formulate a
complexity-based model selection criterion (termed the mutual information crite-
rion) that could be directly applied to identify an optimal model order within the
class of vector autoregression models. The studies of concurrent validity were
based on two Monte Carlo experiments, which shared the same overall objective
but used different parametric model forms. The overall objective was to compare
the accuracy of the mutual information criterion with standard criteria like the
(original and bias corrected) Akaike information criterion and the Schwarz-Bayes
criterion. It was hypothesized that model selection based on effective measure
complexity makes it possible to select the true model order with high accuracy
and that the histogram distributions of the selected model orders are not signifi-
cantly different from the distributions obtained under the alternative criteria. The
parametric model forms were not only derived on the basis of field data from the
previously mentioned PD project at the small industrial company, but were also
synthetically generated to allow a systematic comparison of concurrent validity of
the different model selection criteria (cf. Liitkepohl 1985). The results of the Monte
Carlo experiments unambiguously show that the mutual information criterion is not
only very effective for making model selection decisions in specific PD environ-
ments, but also appears to offer a highly accurate universal quantity for model
selection in the class of vector autoregression models. Further, additional analytical
and numerical considerations have shown that the formulation of the criterion can
easily be generalized to the class of linear dynamical systems, and that using the
criterion for model selection within this broader class also allows us to select the
true model order with a high degree of accuracy. The significance of the criterion’s
effectiveness at universally penalizing unnecessarily complex models should not be
underestimated. It not only shows that vector autoregression and linear dynamical
system models as specific instances of homogeneous recurrence relations can be
used to validate a quantitative theory of emergent complexity in open organiza-
tional systems, but also demonstrates that theoretical knowledge can be transferred
and a systematic method provided to find optimal parametric representations for
different classes of systems that are completely independent of the systems’ repre-
sentation of its organization. The second and third validation studies focused on
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predictive validity. In the second study our goal was to optimize organization
design, and concretely to minimize emergent complexity by selecting the optimal
staffing of three concurrent engineering teams with developers who have different
levels of productivity (attributable to their skills, abilities or access to information)
in a simulated product development project. We hypothesized that for significant
individual differences “productivity balancing” at the team level leads to minimal
emergent complexity. The aim of the third study was to optimize the period for
minimal emergent complexity in which information about integration and tests of
geometric/topological entities is deliberately withheld by subsystem-level teams
and not released to component-level teams. This type of non-cooperative behavior
is justified by the aim to improve the implementation of the product architecture and
reduce coordination efforts. In both the second and third studies we formulated
unconstrained as well as constrained optimization problems and solved them on the
basis of the analytically obtained complexity solutions. We consistently modeled
and analyzed small but complete product development projects in both studies
where all tasks have to be processed completely in parallel and are fully
interdependent, as this approach allowed us to demonstrate the introduced concepts
in a holistic manner and simplified the interpretation of the results. Furthermore, we
carried out Monte Carlo experiments to investigate the influence of emergent
complexity in the sense of effective measure complexity on means and standard
deviations of the project duration and the effort. In our cases the term effort referred
to the total amount of work done in the iteration process to complete the project as a
whole. In the constrained optimization problems we considered the mean total
amount of work as the externally set constraint and concentrated on the interrela-
tionship between emergent complexity and project duration. In practical terms, the
most important finding of the second validation study was that an assignment of
team members with “balanced” productivity at the team level and therefore max-
imum diversity within teams produces minimal emergent complexity. Moreover,
this organization design led to the lowest means and standard deviations of the
project duration in the Monte Carlo experiments. These results are independent of
whether a constraint was put on the mean total amount of work or not. When the
mean total amount of work was considered as a constraint in the Monte Carlo
experiments, the standard deviation of the total amount of work that was calculated
for the optimal project organizational design was also smallest. Hence, the results
consistently supported the formulated “productivity balancing” and the comple-
mentary “team diversity” hypothesis. From a theoretical perspective another inter-
esting finding of the second validation study was that the larger the emergent
complexity, the more the evolution toward a stable solution of the project duration
at any particular instance can differ from the average unperturbed process. Hence,
projects that in the absence of unpredictable performance fluctuations would
converge smoothly to the desired goal of zero work remaining for all tasks can
deviate significantly from this path. When emergent complexity is low, conver-
gence is smooth, and both the project duration and the total amount of work are
distributed approximately log-normally with small variance. Above certain com-
plexity thresholds, we observed that the distributions undergo a transition to a long-
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tailed log-normal form. The appearance of a long-tailed log-normal form implies
that while there may be work processes where time to completion seems to be
compatible with the expected duration of the project, on other occasions it will be
significantly longer, with the concomitant aggravation that the project manager is
unable to predict when such long delays will arise (Huberman and Wilkinson 2005).
One of the most important findings of the third validation study was that in
unconstrained optimization, the smallest complexity values are assigned to period-
ically correlated work processes with minimum correlation length. For the organi-
zational conditions investigated we must therefore recommend minimizing the
period in which information about the system design and integration testing is
deliberately withheld by subsystem-level teams. By minimizing the length of this
period, the emergent complexity can be kept as low as possible. This recommen-
dation is also fully supported by the results of the Monte Carlo experiments because
they show that, as the release period increases, the means and standard deviations of
the project duration and the total amount of work also increase significantly. In the
case of constrained optimization, specifying a constraint on the mean total amount
of work leads to complexity values that strictly decrease as the release period
increases and are therefore in contrast to the solution of the unconstrained optimi-
zation problem. However, the results of the Monte Carlo experiments again support
the predictive validity of the complexity measure, as the means and standard
deviations of the project duration and the total effort expended strictly decrease
as well. The differences in project duration are much smaller but still statistically
significant. Maximizing the period in which information is deliberately withheld by
subsystem-level teams can only be recommended if the work processes can be
organized in such a way that the fractions of work that are put on hold at each short
iteration can be reduced by at least 25%. In real product development environments
this can usually only be achieved through substantially intensified communication
between developers or with an exorbitant number of standards on how a work
process is to be executed. Not only do these organization-level interventions often
result in excessive work stress; they can also have adverse effects on creative
solutions and innovative approaches and are therefore not desirable. The combined
computational analyses in the second and third validation study show that the
effective measure complexity is not only a highly satisfactory quantity in theory,
but also a good predictor of the mean and standard deviation of the project duration
for different staffings of concurrent engineering teams, for different release periods
of design information and for different formulations of the optimization problem —
regardless of whether the mean total amount of work is unconstrained or
constrained. The predictive accuracy is higher for the unconstrained optimization
of the release period. In summary, inconsistencies in performance predictions or
disordinal interactions between the independent variables did not occur, proving the
predictive validity of the closed-form solutions for the investigated class of vector
autoregression models. The studies also showed that the developed statistical
models of cooperative work in conjunction with the application of the complexity
theory can lead to interesting and useful results in applied organizational simulation
and optimization.
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The information-theory approach to evaluating emergent complexity in product
development projects in conjunction with the state-space representations of coop-
erative work still needs to be worked out in more detail in the future. A first step in
this direction would be to compute the effective measure complexity of processes
that are generated by the statistical project model developed by Huberman and
Wilkinson (2005), which incorporates multiplicative instead of additive noise to
model non-predictable performance fluctuations (cf. Eq. 8). The multiplicative
approach to modeling performance variability is interesting not only because it