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Preface 

The first and second volumes of t he H a n d b o o k of 
Soil Mechanics, publ ished in 1974 and 1979, were 
a great success in t he field of soil mechanics . This 
th i rd volume deals main ly wi th pract ical problems. 
This is a revised and enlarged version of t h e second 
volume of t h e H a n d b u c h der Bodenmechan ik , 
publ ished in German jo in t ly b y the Akadémia i 
K iado and V E B Verlag für Bauwesen (GDR) . 

Unfor tuna te ly , t he senior au thor , Ârpâd Kézdi 
was unable t o complete t he init ial ly p lanned four vol-
umes of this series due to his sickness and un t imely 
dea th . As a colleague a n d friend I have been most 
honoured to help in upda t i ng this th i rd volume 
which has been based on the l i te ra ture of t he pas t 
t w e n t y years and on m y own research having added 
several new sections. As to t h e reference list we ask 
t h e readers ' unde r s t and ing for i ts being incomplete 
due to t h e un t ime ly d e a t h of Professor Kézdi . 

My aim in this book has been concordant wi th 
Arpâd Kézdi ' s t o summar ize t he results of soil 
mechanics describing a t t he same t ime the t rends 
of deve lopment of th is field. 

The assistance a n d encouragement of the Aka-
démiai K iado and Elsevier Science Publishers are 
gratefully acknowledged. 

LÄSZLO R É T H A T 1 



Chapter 1. 

Soil mechanics of earthwork 

1.1 Introduction 

Construct ion of ea r thworks involving billions 
of cubic meters are carried ou t every year in con-
nect ion wi th civil engineering. They serve m a n y 
purposes : t h e y m a y be used as t he foundat ion or 
as a p a r t of a s t ruc tu re , or t h e y m a y be m a d e 
wi th t he sole purpose of provid ing t h e necessary 
space for const ruct ion, as in t h e case of founda t ion 
pi ts . The s tabi l i ty a n d durab i l i ty of t h e ea r thwork 
are prerequisi tes for t he s tabi l i ty a n d durab i l i ty 
of t he supers t ruc ture and for economy of con-
s t ruct ion. Shor ts ighted p lann ing or poor work-
mansh ip in carrying ou t ea r thworks m a y have 
de t r imenta l consequences: swelling or shr inkage 
of t he ea r t h mater ia l , excessive deformat ion or 
subsidence of t he fill, slips of slopes, g round failure, 
e tc . Once the damage has occurred, recons t ruc-
t ion or remedia l measures usual ly cost a mul t iple 
of w h a t would have been requi red for adequa t e 
pre l iminary soil explora t ion , design a n d con-
s t ruct ion. 

Dur ing const ruct ion as well as after complet ion, 
ea r thworks are cons tan t ly effected b y wea the r 
and exposed t o a tmospher ic agents . Cont inual ly 
changing t e m p e r a t u r e , prec ip i ta t ion , physical and 
chemical wea ther ing , s t a g n a n t or flowing surface 
water and g roundwate r , frost a n d ice are t h e mos t 
i m p o r t a n t factors t h a t endanger s tabi l i ty . A m o n g 
these the act ion of wa te r deserves par t icu la r 
a t t en t ion : e a r t h s tabi l i ty problems are , as a rule , 
closely l inked wi th those of dra inage . Because of 
t he ever-changing charac te r of t he influencing 
factors , s tabi l i ty problems should never be re-
garded as s ta t ic . The var ia t ion in soil condi t ions 
and env i ronment a n d the dynamic charac te r of 
the factors mus t a lways be t a k e n in to consider-
a t ion. 

Only this k ind of app roach will enable t h e civil 
engineer t o u n d e r s t a n d the manifold in terac t ions 
be tween n a t u r a l env i ronmen t and m a n - m a d e 
ear thworks and to tackle s tabi l i ty problems suc-
cessfully. I t should also be poin ted ou t t h a t even 
a most meticulous pre l iminary soil survey is no t 
l ikely to reveal all t h e hazards and influencing 
factors and i t is therefore impract icable t o a t -
t e m p t t o solve s tabi l i ty and drainage problems 
in advance in every detai l . There will a lways be 

contingencies t o be deal t wi th dur ing the course 
of cons t ruc t ion on the basis of careful observat ion 
of site condi t ions. E v e n a tho rough soil survey 
migh t no t de tec t some seemingly minor , b u t in 
fact i m p o r t a n t changes in soil condit ions which, 
if b rough t t o l ight dur ing const ruct ion, m a y 
necessi ta te a complete revision of t he original 
— and often only t e n t a t i v e — plans in order t o 
m a t c h t h e changed condi t ions. 

Site observat ions should be ex tended no t only 
t o soil condit ions b u t also to t he geology, hydrol-
ogy, meteorology and vege ta t ion of t he area in 
quest ion, and t h e combined effect of all these 
factors m u s t be t a k e n in to considerat ion in stabil-
i t y analyses . 

This chap te r deals wi th s tabi l i ty problems of 
var ious ea r thworks . The t r e a t m e n t is essentially 
theore t ica l and is based on mechanics . Never the-
less, we shall never omi t t o point ou t , where 
appropr i a t e , t h e impor tance of the influencing 
factors ment ioned in th is p a r a g r a p h . 

1.2 Stability of slopes 

1.2.1 General remarks 

W h e n an artifical ea r thwork , cu t t ing or em-
b a n k m e n t (Fig. 1) is t o be cons t ruc ted , t he incli-
na t ion of i ts l a te ra l b o u n d a r y surfaces, called the 
slopes, canno t be selected arbi t rar i ly , since this 
depends on the in te rna l resistance of t h e ea r th 
mater ia l . The incl inat ion of a slope is usual ly 
expressed as t he t a n g e n t of i ts angle t o t he hori-
zonta l . T a n β values are convenient ly wr i t t en in 
t h e form of a fraction whose n u m e r a t o r is always 1, 
t h u s : 1 in 1 (ρ = cot β = 4/4), 1 in 1.5 (ρ = 6/4), 
1 in 2 (ρ — 8/4) e t c Typica l uses of slopes are 
those of e m b a n k m e n t s a n d cuts for roads , rail-
ways , canals , wa te rways , excava t ions , foundat ion 
p i t s , spoil t ips , a n d the l ike. 

If a slope is made steeper t h a n would be per-
mi t t ed b y the available shear s t reng th of t he soil, 
or if t h e intr insic shear resistance of t he soil in 
an originally s table slope has been reduced, for 
example t h r o u g h softening of t he mater ia l , a slip 
or slide resul t s ; p a r t of t he sloping soil mass 
begins t o move downward and ou tward as shown 
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Fig. 1. Ear thworks confined wi th in slopes 

in Fig. 2. Similar movemen t s — commonly 
known as landslides — occur in n a t u r a l slopes and 
on hillsides. 

The causes of ins tabi l i ty of slopes are m a n y , and 
the resul t ing movemen t s are ve ry different in 
character . An exhaus t ive discussion of this topic 
is beyond t h e scope of th is book. W e shall the re -
fore be concerned pr imar i ly wi th t he basic problem 
of finding criteria for the s tabi l i ty of a given slope 
in a given soil, in order to ascer ta in w h a t is the 
safety factor against failure. I t should be empha -
sized, however , t h a t s tabi l i ty problems m u s t never 
be t r ea t ed mechanical ly wi thou t regard to environ-
men ta l effects. The geology of t h e area, t he s t ra t -
ification of the soil and var ious ex te rna l effects 
such as surcharge, incidenta l loads, infi l t rat ion, 
g roundwate r seepage, t he act ion of vege ta t ion , 
should all be considered in the i r dialectic inter-
action wi th due regard t o the i r var ia t ions wi th 
t ime . I n this chap te r we shall discuss the mechan-
ical principles and me thods necessary for stabil-
i t y analysis . 

Concern f requent ly arises in the pre l iminary 
design stage abou t t he s tabi l i ty of n a t u r a l or 
artifical slopes on hillsides or in moun ta inous 
areas. The efficiency of such engineering consid-
erat ions can be largely enhanced b y using the 
maps of recorded landslides or sliding areas . 

θ C 

Fig. 2. Slope failure 

These maps are being e labora ted in an ever-
widening range in mos t countr ies . Dur ing r ecen t 
years there has been a growing in teres t in haza rd 
and risk mapp ing , which is cer ta inly due to an 
increase of h u m a n ac t iv i ty in t he rea lm of critical 
areas. As geology surely plays an i m p o r t a n t role 
in landslide development , t he problem of mapp ing 
has also been included on the agenda of the In te r -
na t iona l Association of Engineer ing Geology (Sym-
posium a t Newcast le , 1979; Congress in Pa r i s , 
1980). 

1.2.2 Cohesionless granular soils 

I n dry , clean sands t he in te rna l resistance is 
ent i rely due t o in terpar t ic le friction. An e m b a n k -
m e n t made of such soil remains s table , i r respect ive 
of i ts height , as long as t he angle of i ts slope β is 
smaller t h a n the angle of in te rna l friction Φ 
measured in the loose s ta te of t h e soil. For this 
case t h e safety factor ν against slip can be denned 
as : 

t a n Φ 
ν = . 

t a n β 
W h e n β = Φ, t he slope is in a l imit ing s ta te of 
equi l ibr ium. I n an infinite slope two sets of failure 
planes are developed, one being paral lel to t h e 
slope and the o ther ver t ical (See Vol. 1, Chapter 9). 

The assumpt ion of t he Möhr failure t heo ry t h a t 
the in te rmedia te pr incipal stress (T2 is i r re levant 
t o the s ta te of failure is no t fully satisfied in d ry 
sands in t h a t t he l imit ing value of t he slope angle 
seems to depend also on the s ta te of stress, i.e., 
on whe ther we have to do wi th a two-dimensional 
or a three-dimensional problem. W h e n d ry sand 
is heaped u p t o form a conical fill, σλ > (σ 2 = σ 3) , 
t he safe angle of slope is smaller t h a n i t would be 
for an infinite slope (plane s t ra in , σ 3 > a2 > tf3). 
Final ly , t he slope will be s teepest when a conical 
hollow is m a d e in a semi-infinite hor izonta l s a n d 
mass , in which case (σ1 = cr 2) > σ 3 (Fig. 3). Here 
an arching effect also comes in to p lay and it is 
more p ronounced the smaller t h e t o p rad ius of 
the hollow. This explains , in p a r t , w h y ver t ical 
boreholes r ema in s table w i thou t casing to a con-
siderable d e p t h in moist sands hav ing only a 
slight cohesion. 

The s tabi l i ty of slopes in sand m a y be grea t ly 
endangered b y forces resul t ing from v ibra t ion a n d 
seepage. D y n a m i c effects caused, for example , b y 
an e a r t h q u a k e or b y pile dr iving m a y resul t , even 
in d ry sands , in a radical reduc t ion of t h e angle 
of in te rna l friction a n d as a consequence in t h e 
flat tening of t h e slope. I n s a tu ra t ed or quasi-
s a tu r a t ed sands , quick-sand condit ions m a y arise 
(see Vol. 1, Section 6.2). 

I n t h e l i t e ra ture we find repor ts of ca tas t rophic 
landslides t r iggered b y violent ea r thquakes . Fo r 
example , t he 1923 ea r thquake in J a p a n caused 
a huge mass of s a tu r a t ed and complete ly liquefied 
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soil t o rush downslope a t t he enormous speed of 
one ki lometre per minu te ( C A S A G R A N D E a n d 
S H A N O N , 1948). A similar phenomenon known as 
" m u r " occurs f requent ly in t h e Alps; in this case, 
however, t he seepage force of flowing ground-
water also comes in to p lay (see Vol. 1, Section 5.2). 

I t is in teres t ing t o note t h a t quick condi t ion 
m a y occur even in d ry cohesionless soils. We can 
easily produce th is phenomenon if we open a 
cement bag and e m p t y its con ten t onto a smooth 
plane surface so quickly t h a t there is no t enough 
t ime for t he air e n t r a p p e d in t he voids be tween 
the part icles t o escape. As a resul t a considerable 
por t ion of t he stresses has t o be borne t empora r i ly 
eby t h e por air and t h e shear s t r eng th of t he 

cement powder will be reduced to a ve ry small 
va lue . Such peculiar condi t ions , on a large scale, 
migh t account for t he devas ta t ing loess flow which 
occurred in t he K a n s u province of China in 1922, 
and which took a toll of well over 100 000 lives. 
Following an e a r t h q u a k e , vas t banks of loess over 
100 m in height complete ly lost the i r s tabi l i ty , 
collapsed and spread a t an incredible speed over 
several square ki lometres of t he valley floor. As a 
con t empora ry repor t described the case, . .vil-
lages became bur ied and rivers d a m m e d u p within 
seconds" . A probable explana t ion , ga thered from 
the s t u d y of pho tographs of the ca tas t rophe-
s t r icken area, was t h a t t he shear s t r eng th of the 
mater ia l h a d been reduced to a fraction of its 

Fig. 3 . Inc l inat ion of free s lopes as a funct ion of stress condi t ions 
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original value within a very shor t t ime . As violent 
shocks had dest royed the s t ruc tu re of the loess 
(see Vol. 1, Section 3.4.2) a large por t ion of the 
pore air became en t r apped in the debris wi th 
pract ical ly no t ime to escape. Thus a large por t ion 
of the stresses due to t he weight of t h e affected 
mass was t ransferred to the pore air and caused 
a radical decrease in shear s t r eng th and an in-
s tan taneous l iquefaction of the soil. 

Seepage of wa te r induces neu t r a l stresses in 
the slope. Since t he t o t a l stresses in a given slope 
are cons tan t , an increase in the neu t r a l stress 
will result in an equal decrease in the effective 
stress. As a consequence, the s tabi l i ty of the slope 
will also be reduced. An especially dangerous 
s i tuat ion arises when wa te r is suddenly removed 
from the face of a submerged slope (rapid draw-
down). 

The effect of s t agnan t and percolat ing wa te r 
on the s tabi l i ty of slopes will be discussed in 
Section 1.3. 

1.2.3 Slopes in h o m o g e n e o u s cohesive soils 

1.2.3.1 General remarks 

For cohesive soils the shear s t r eng th is given b y 
the general Coulomb equa t ion : 

χ = a t a n Φ + c . 

I n such soils, cuts wi th ver t ica l walls will s t and 
wi thou t bracing up to a cer ta in l imit ing height . 
For greater heights t he slope m u s t be flattened. 
The stable height of the slope can t h u s be expressed 
as a function of the slope angle: h = f(ß). The 
failure of a slope m a y occur in such a m a n n e r 
t h a t a body of soil breaks away from the adjacent 
soil mass a n d slips down on a single a n d well-
defined rup tu re surface. I n o ther cases no such 
definite slip surface exists . The first t ype of 
failure is character is t ic of a stiff homogeneous 

, X \ \ \ \ V s \ \ \ s f
l !
 ^ . | · ^ 

Fig. 4. Forces act ing on the sl iding mass 

soil whose compressive stress—strain d iag ram shows 
a sharp definite failure (see Vol. 1, Fig . 239). Only 
this case will be discussed in th is chap te r . 

Fai lure usual ly s ta r t s wi th the format ion of 
tension cracks some distance from the crest of 
t h e slope and th is is followed b y the sliding down 
of a large mass of soil on a ro ta t iona l slip surface, 
as was shown in Fig. 2. The slip surface resembles 
an elliptical arc , wi th t he sharpes t cu rva tu re nea r 
t h e uppe r end and wi th a relat ively flat cen t ra l 
section. 

The forces t h a t ac t on t he sliding soil mass are 
shown in Fig. 4. Sliding is caused b y t h e weight 
of t he moving soil mass itself, while in te rna l fric-
t ion and cohesion mobilized along the slip surface 
t e n d to res t ra in mot ion . 

I n a homogeneous soil, failure m a y ei ther t ake 
t he form of a slope failure along a slip surface 
t h a t passes t h r o u g h or somet imes above the toe A 
of t he slope (Fig. 5a) or i t m a y occur along a slip 
surface t h a t passes below the toe and intersects 
t he free surface a t a point some distance from it 
(base failure, Fig. 5b). The shape and posi t ion of 
t h e critical slip surface are governed b y two 
factors, t he incl inat ion of t he slope and the shear 
s t r eng th of t he soil. (This is val id for homogeneous 
soil only.) 

I n t he design of slopes we usual ly have to 
answer one of the following two ques t ions : first, 
given the height and gradien t of a slope and the 
shear s t r eng th of i ts mater ia l , w h a t safety factor 

(a) 

Fig. 5. a — Toe failure; b — base failure in h o m o g e n e o u s subsoil 
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against failure exists , a n d second, given t h e height 
of the slope and the physical proper t ies of t h e soil, 
wha t should the slope angle be to secure a required 
safety factor. A n u m b e r of me thods , b o t h ana-
lytical and graphical , are available for the solution 
of these problems. The mos t widely used is the 
procedure in which we work wi th arb i t ra r i ly 
selected slip surfaces, de te rmine t he condi t ions 
under which failure along such surfaces j u s t 
occurs and find, b y t r ia l , t he crit ical posi t ion of 
the slip surface along which t h e danger of failure 
is greatest . The exac t m a t h e m a t i c a l equa t ion of 
the slip surface is k n o w n only for cer ta in par t icu lar 
cases such as t he semi-infinite half space wi th 
horizontal or sloping surface (see Vol. 1, Chapte r 9). 
I n pract ical s tabi l i ty analysis , t he ac tua l slip 
surface is replaced b y some re la t ively simple sur-
face which is more amenable t o m a t h e m a t i c a l or 
graphical t r e a t m e n t . Such surfaces are , as is 
known from the t heo ry of e a r t h pressure , t he 
plane and the cylindrical surface wi th a circular 
or a logar i thmic spiral a rc . 

I n this chap te r we first discuss an early m e t h o d 
based on a plane surface of sliding, t h e n we deal 
wi th more advanced me thods which assume cir-
cular slip surfaces. 

1.2.3.2 Stability analysis using a plane slip surface 

The first a t t e m p t t o t r e a t t he problem of slope 
s tabi l i ty ma themat ica l ly was m a d e b y C U L M A N N 
(1866). He assumed a plane slip surface. As was 
shown in t he in t roduc t ion to th is chap te r , such 
an oversimplified assumpt ion b y no means reflects 
real i ty , since slope failures, par t icu lar ly in homo-
geneous cohesive soil masses , invar iab ly occur 
along curved ro ta t iona l surfaces. Cu lmann ' s p lane 
slip surface theo ry is therefore main ly of historical 
significance. 

Given a slope of height Λ, mak ing an angle β 
with the hor izontal (Fig, 6) let us find t he p lane 
of r up tu re AB along which t h e resistance to 
sliding is a m i n i m u m . The force t h a t causes t h e 
slope t o fail is t he weight of t h e wedge ABC, The 

Β Ç 

Fig. 6. S tabi l i ty analys is on a p lane 

res t ra in ing forces are , according to Coulomb's 
failure t heo ry , those due to in te rna l friction a n d 
cohesion. I n t he l imit ing s ta te of equi l ibr ium: 

T - C - Ν tan<Z> = 0 . 

I n order t o find the most dangerous posi t ion of 
the slip surface AC, we have to de termine t he angle 
a t which the force of cohesion requi red to ma in t a in 
equi l ibr ium is a m a x i m u m . The cohesive force 
can be wr i t t en as t h e length of t he slip surface 
mul t ip l ied b y t h e cohesion, per un i t area, of the 
soil: C = cl. The weight W of t he sliding wedge 
ABC, as well as i ts perpendicular components Ν 
and Γ, can be expressed, b y geometry , as functions 
of t h e incl inat ion angle of t h e r u p t u r e p lane . The 
weight can be wr i t t en as : 

h
2
y 

W = — - (cot β — cot κ) 
2 

a n d hence, b y using equi l ibr ium condi t ions , we 
ob ta in t h e cohesion requi red t o j u s t ma in t a in 
equi l ib r ium: 

hy sin (β — κ) sin (κ — Φ) ^ 

2 sin β cos Φ 

To find t h e m a x i m u m of c we differentiate the 
above expression wi th respect t o κ and t h e n solve 
t he equa t ion dc/άκ = 0, whence 

β + φ 
κ = . 

2 
I n words , the most dangerous failure plane bisects 
t he angle be tween the slope and the " n a t u r a l 
s lope" i.e. t he line wi th an incl inat ion of Φ. 

B y subs t i tu t ing this va lue of the angle κ in 
the expression for c and solving i t for Λ, we obta in 
the following re la t ionship which furnishes for any 
given slope angle β, t he m a x i m u m height h a t 
which t h e slope is j u s t in a l imit ing s ta te of 
equi l ibr ium: 

(2) 

Here c is t he cohesion a n d γ is t he un i t weight of 
t h e soil. 

F r o m E q . (2) i t can be shown t h a t for slopes in 
a l imit ing s ta te of equi l ibr ium, t h e locus of point .B, 
as t h e slope angle β changes, is a parabola , known 
as Culmann ' s cohesion parabola . I t s focus coincides 
wi th t h e toe A of t he slope and i ts axis makes an 
angle Φ w i th t h e hor izonta l . The dis tance from 
t h e focus t o t h e directrice is equal t o : 

4c _ 
q = — cos Φ . 

y 

4c sin β cos Φ 

γ 1 — cos (β — Φ) 
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Culmann's parabola y j £ \ \ \ \ V < 

ß2=90° 

h2=h5 = 4£tan(45°+<P/2) 

Fig. 7. Culmann's cohes ion parabola 

Using polar co-ordinates , t he equa t ion of the 
parabola becomes: 

1 - cos (β - Φ) 

(For no ta t ion see Fig. 7.) 
Wi th the aid of the Culmann parabola , t he 

l imit ing height can readi ly be de te rmined for any 
given slope angle ß. An i m p o r t a n t value is t h e 
l imit ing height a t which a ver t ical b a n k in cohe-
sive soil s tands wi thou t la tera l suppor t . Incor-
pora t ing β = 90° in E q . (2) gives 

4 C
 L r o .

 Φ 

h0 = t a n 45° -\ 
γ [ 2 

(3) 

If t he height of t he slope is smaller t h a n &0, even 
a sl ightly overhanging slope m a y remain s table . 

J Â K Y (1925) has shown on the basis of the cohe-
sion pa rabo la t h a t t he theoret ical profile of a slope 
in t h e l imi t ing s ta te of equi l ibr ium is curved. Le t 
h denote t h e l imit ing height of a slope inclined a t 
an angle β to the hor izonta l (Fig. 8). If we con-
sider an upper p a r t of height / i x separa te ly from 
the rest of t he slope, th is p a r t would s t and in a 
slope s teeper t h a n the overall slope corresponding 
to t he t o t a l height h. Let us now divide t h e height 
h i n to , say, four equal pa r t s . Using the Cu lmann 
parabola we can cons t ruc t the l imit ing slope angles 
corresponding to heights fc/4, ft/2,3/i/4, respect ively. 
Clearly, t he lower t he slope in quest ion, the 
s teeper i t can be. B y drawing the respect ive slope 
for each height in such a m a n n e r t h a t t h e t o t a l 
weight of the sliding wedge does no t change , we 
obta in a profile made u p of broken lines (Fig. 8). 
If we use sufficiently small divisions and cont inue 
the cons t ruc t ion in t he m a n n e r previously de-
scribed, eventua l ly a smooth curve resul ts . This is 
called t he theoret ica l slope. F r o m first principles, 
J A K Y also derived the ma thema t i ca l equa t ion of 
t he theoret ical slope and he developed a me thod 
for i ts const ruct ion. 

I n pract ice , i t would be r a t h e r awkward to form 
a slope exac t ly to such a profile. Nevertheless , 
bel l-shaped and bowl-shaped slopes, which ap-
p rox ima te t he theoret ica l profile fairly well, are 
often used for high e m b a n k m e n t s and deep cut-
t ings , respect ively, in order t o minimize t he l and 
area occupied. 

The idea of t he theoret ica l slope, a l though it 
was originally developed on the assumpt ion of 
a plane surface of failure, can readi ly be appl ied 
to o ther , more realist ic, curved slip surfaces. 
Provid ing a g raph re la t ing t h e l imit ing height t o 
the slope angle is avai lable , a theore t ica l profile 
can always be cons t ruc ted b y the procedure 
i l lus t ra ted in Fig. 8. This can t h e n be used t o 
design safe and economic curved slopes. 

q=^j-cos Φ 

Fig. 8. The theoret ical slope constructed us ing Culmann's parabola 
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1.2.3.3 Stability analysis based on the assumption 
that Φ = 0 

The assumpt ion t h a t t he slip surface is plane 
offers a simple solution to the problem of slope 
s tabi l i ty , b u t i t is cer ta inly no t a sat isfactory one 
since experience has shown t h a t ac tua l slip sur-
faces deviate considerably from the p lane . Ye t , 
considering the m a n y uncer ta in t ies in the values 
of the soil proper t ies on which t h e calculat ion is 
based, this discrepancy would seem to be of minor 
significance as long as t he results ob ta ined are on 
the safe side. However , th is is no t so: for given 
soil propert ies and geometry , t he analysis based 
on a curved slip surface a lways leads to smaller 
safety heights t h a n are obta inable b y the slip 
plane assumpt ion . Safety is t h u s t he ma in factor 
which justifies t he in t roduc t ion of curved slip 
surfaces in to t he following discussion. 

If t he soil of a slope is such t h a t i t has a con-
s t an t un drained shear s t r eng th , i.e. Φ = 0 and 
τ — c, the s tabi l i ty of the slope can be inves t iga ted 
b y using a circular slip surface. For th is pa r t i cu la r 
case the circular cylinder is t h e exac t solution, as 
has been shown b y the senior au tho r . The Φ = 0 
condit ion applies t o t he undra ined shear of homo-
geneous, s a tu ra t ed clays, when the i r shear s t r eng th 
is given as a function of t he t o t a l no rma l stress. 
The circular slip surface was assumed, on t he 
basis of previous observat ions , in some ear ly 
invest igat ions and was first used for t he Φ = 0 
analysis b y F E L L E N I U S (1927, 1936). The m e t h o d 
became known as t he Swedish me thod . 

According to this me thod , as a first s tep we 
have to find the posit ion and radius of t h a t circle 
which replaces t he ac tua l slip surface. This circle, 
known as t h e crit ical circle, m u s t satisfy t he 
condit ion t h a t t he ra t io of t he m o m e n t of res t ra in-
ing forces act ing along the slip surface to t h e 
m o m e n t of driving forces be a m i n i m u m . The 
ra t io ob ta ined is t h e n t a k e n as t he safety factor. 
If i t has a value equal to 1, t h e slope is on t h e 
verge of i m m i n e n t failure. For s table slopes the 
safety factor mus t be ν >> 1. 

Figure 9 shows a slope AB inclined a t angle β t o 
the horizontal . Let AC be t he arc of a t r ia l slip 
surface. I t s posit ion in re la t ion to t he slope is 
de termined b y two angles: t he cent ra l angle 2Θ, 
and the angle α which t h e chord AC makes wi th 
the hor izontal . 

Let W = weight of mass t end ing to slide, 
a = lever a r m of force W w i th respect t o 

centre of slip surface, 
r = rad ius of slip circle, 
la — l ength of slip surface, 
lc = l ength of chord of slip surface, 
c = cohesion on slip surface. 

Since there is no friction, t he only force t end ing 
to res t ra in sliding is t h e cohesive force C Wr i t ing 

Fig . 9. Circular s l iding surface b e n e a t h the slope 

t h e m o m e n t equa t ion of equi l ibr ium, 

Wa - Cz = 0 . (4) 

C is t he r e su l t an t of t he e l emen ta ry cohesive 
forces act ing along the arc AC. I t s magn i tude is 
p ropor t iona l t o t h e l eng th of t he chord AC : C = 
= cl and the dis tance of i ts act ion line from the 
centre of ro t a t ion 0 is ζ = rla/lc (see Vol. 1, Section 
10.5.2). 

F r o m E q . (4) t he cohesion per un i t area required 
to p reven t ro ta t iona l sliding along the surface AC 
is ob ta ined as 

Wa 
c = —- . (5) 

The quant i t ies a and la can be expressed 
b y geomet ry (Fig. 9). Subs t i tu t ing t h e resul t ing 
expressions in to E q . (5) gives 

c = hy 

where γ = un i t weight of soil, 

(6) 

h = s table height of slope, 
/ ( α , β, θ) = a dimensionsless n u m b e r . 

The mos t dangerous or critical circular ship surface 
is t h e one along which t h e cohesive resistance 
needed for s tab i l i ty is m a x i m u m . Fo r a given 
slope t h e angle β is cons t an t and t h e posi t ion of 
t h e crit ical circle is t h u s governed b y t h e equa t ions : 

= 0 , 

= 0 , 
(?) 

If we solve E q s (7) and subs t i tu te t he resul t ing 
values of α and θ in to E q . (6), we ob ta in : 

c = hy 
f{«,ß, β ) 

= hYNe (8) 

2 Â. Kézdi and L. Réthâti: Handbook 
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I n this formula Nc is a dimensionless n u m b e r 
called the s tabi l i ty n u m b e r . 

Supposing t h a t Nc is known for a n y given angle 
β, t h e cohesion required t o ma in t a in s tabi l i ty can 
be expressed from E q . (8). The available cohesion 
of t he mate r ia l of the slope can be de te rmined 
exper imenta l ly and , hence, t he safety factor can be 
ob ta ined : 

^ ~
 c

availableArequired · 

On the o ther ha nd , if t h e de te rmina t ion of t he 
m a x i m u m stable height for a slope wi th given 
angle β and cohesion c is required, E q . (8) should 
be solved for h: 

h = — . (9) 

The locat ion of t he crit ical circle was inves t iga ted 
by F E L L E N I U S (1927). His resul ts are shown in 
Fig. 10, where values of t h e angles α and θ are 
p lo t ted against t h e slope angle β. W i t h these 
angles k n o w n , the crit ical slip surface can be 
cons t ruc ted and , mak ing use of t he m o m e n t 
equa t ion of equi l ibr ium, t h e cohesion needed for 
s tabi l i ty can be calculated. B y repea t ing t he cal-
cula t ion for vary ing angles of β, we obta in a g raph 
giving the s tabi l i ty n u m b e r Nc as a function of β 
(Fig. 11). 

Le t , for example , β = 90°. F r o m the g raph we 
find Nc = 0.266, whence h = c/γ Nc = 3.76 c/γ. 
Similarly for β = 0, Nc = 0.1196 and h = 8.36 c/γ. 
W h e n β = 60°, t he angles θ and α have t h e same 
values and t h e critical circle has a hor izonta l 
t a n g e n t a t t he toe of the slope. If t he slope angle 
β is greater t h a n 60°, t he slip circle has a rising 
t angen t a t t h e toe , whereas in t h e case of β << 60°, 
the slip surface has a falling t a n g e n t a t t he toe , 
i.e. it pene t ra tes below the base of the slope. This 
por t ion of t he g raph in Fig. 11 is therefore val id 
only if t he mater ia l of t he slope and t h a t of i ts 
base are ident ical . 

The s t a t emen t s in the preceding p a r a g r a p h hold 
only for t he condit ion t h a t the soil is homogeneous 
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Fig. 10. Angles defining the locat ion of the critical circle 
( F E L L E N I U S , 1927) 
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F i g . 11 . S tab i l i ty coefficient Nc for s lope failure calculat ions 

a n d the slip surface passes t h r o u g h the toe A. The 
locat ion of t h e critical surface has been shown 
previously t o be governed b y E q . (7). The ques t ion 
arises, however , whe the r t he most dangerous slip 
surface is a lways a toe circle? 

Observa t ion of slides t h a t occurred in flat slopes 
has shown t h a t t h e critical slip surface does no t 
as a rule pass t h r o u g h the toe b u t pene t ra tes 
below it a n d cuts t h e free surface a t some dis tance 
from i t . The same s i tua t ion arises when a slope 
is m a d e on a ve ry soft base . 

I n order t o de te rmine t h e equi l ibr ium condit ion 
for such base failures, let us consider a slope in 
a homogeneous soft soil as shown in Fig. 12. As 
can be seen from t h e following reasoning, t he 
centre of t h e cri t ical circle m u s t be located on the 
ver t ical t h a t in tersects t h e slope a t t h e mid-point . 
I n Fig. 12 t he circular slip surface CD is such 
t h a t t h e above condi t ion is fulfilled. The cohesion 
requ i red t o ma in t a in s tabi l i ty is ob ta ined from 
E q . (5) as 

Wa 

rla 

where la is t he l eng th of arc CD. Since Φ = 0, t he 
only in te rna l resis tance avai lable is cohesion. If 
we fix t he posi t ion of t h e centre 0 and of t he arc 
DC and t h e n move the face of t he slope AB b y 
a dis tance of ΔΙ t o t h e left, the weight of t h e 
sliding mass will be increased b y AW and t h e 



momen t abou t t h e centre of ro t a t ion 0 will be 
decreased b y AWAl/2. If t h e p lane of t h e slope 
is shifted b y Al t o t he r ight , t h e weight is de-
creased b y ÂW, and t h e m o m e n t abou t Ο is again 
decreased by AWAl/2. I n e i ther case t he d is turbing 
momen t is reduced while the res t ra in ing m o m e n t 
remains unchanged . I t follows t h a t t he d is turb ing 
momen t is indeed a m a x i m u m when the centre 
of ro ta t ion is located on t h e ver t ical passing 
t h rough the mid-point of t he slope AB. 

To fix t he posi t ion of t h e slip surface wi th 
respect t o t h e slope, two addi t ion d a t a are needed. 
One is t he dep th factor, defined as 

h + t 
1 + · (10) 

which signifies t he d e p t h to which r u p t u r e can 
pene t ra te below t h e e levat ion of t h e toe (Fig. 13). 
The difference be tween t h e elevations of t he 
highest and lowest points of t h e slip surface is nh. 
The other d a t u m required is t h e rad ius of t he 
circle r. Tak ing the m o m e n t equa t ion of equilib-
r ium, t h e cohesion requi red for s tabi l i ty can be 
computed from E q . (5). Express ing ïP , α, r and 
I from the geomet ry of t h e slope and subs t i tu t ing 
in to E q . (5) leads to t he following general formula : 

hy ( H ) 

The most dangerous circular slip surface can again 
be found from the e x t r e m u m condi t ions : 

! î = 0 a n d ^ = 0 . 
dn dr 

(12) 

By solving E q . (12), i t can be shown t h a t , regard-
less of t he value of angle /?, 

when τι • oo 9 h 
γ 0.181 

5.54c/y. 

Fig . 12. For a base failure, the centre of the critical s l iding 
circle is a long the vert ical l ine d iv id ing the slope in t w o ha lves 
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(g) A 

Fig . 13. Characterist ic locat ions of the critical sl iding surface 

If we plot th is value of t he s tabi l i ty n u m b e r on 
t h e ver t ical axis in Fig. 11 , a n d d raw a hor izonta l 
project ion line a t Nc — 0.181, i t will intersect the 
curve represent ing t h e cri t ical toe circle a t β = 53°. 
This means t h a t if β << 53° and the ground surface 
a t t h e toe is hor izonta l w i th no surcharge act ing 
on i t , t h e n in a homogeneous soil a critical circle 
t h a t passes below t h e toe is l ikely to develop. If, 
however , t h e surface a t t h e toe is rising, as shown 
in Fig. 13g, a toe circle will be t he critical one. 

An under ly ing firm s t a t u m m a y p reven t the 
slip surface from ex tending to greater depths 
below t h e toe , a n d t h e crit ical slip surface, whe the r 
i t is a toe circle or passes below the toe , can only 

2* 

Β C 
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t ouch the surface of the h a r d s t r a t u m . There are 
three possible cases: (i) If t h e slope is no t too flat 
a n d a firm s t r a t u m is located a t a d e p t h re la t ively 
near the toe , t he critical circle will t ouch the 
surface of t he firm s t r a t u m a n d intersect t he 
slope above t h e toe A (case d, F ig . 13). (ii) If a 
firm s t r a t u m is encountered a t increasingly greater 
dep ths , a toe circle is likely to be t h e crit ical one 
(case e), whereas (Hi) for flat slopes wi th a firm 
s t r a t u m a t ve ry great dep ths , t h e crit ical slip 
surface always passes below the toe (case f). I n all 
such cases the ra t io η is known and the locat ion 
of the crit ical slip surface is governed only b y t h e 
second equa t ion given in E q . (12). Hence , t he 
radius of the critical circle can be de te rmined and 
the cohesion needed for s tabi l i ty and the safety 
factor can be computed . 

Numer ica l values of t h e s tabi l i ty factor Nc were 
de termined by T A Y L O R (1937, 1948) on the basis 
of t he analysis described above , for b o t h toe 
circles and circles passing below the toe a n d also 
t ak ing in to account t he dep th factor. The results 
of his invest igat ions are summar ized in t he cha r t 
shown in Fig. 14. According to this figure — a n d 
summing up the main conclusions of t he previous 
discussion — t h e following i m p o r t a n t s t a t e m e n t s 
can be m a d e concerning the s tabi l i ty of slopes in 
soft clays whose angle of in te rna l friction is ve ry 
near t o zero. 

Depth factor, n=^-~-

Fig. 14. Values of the s tabi l i ty coefficient Nc as a funct ion 
of the d e p t h coefficient in the case of Φ = 0 

1. Fo r slope angles grea ter t h a n 60°, the critical 
circle is a toe circle a n d is located ent i rely above 
t h e level of t h e toe . Re levan t s tabi l i ty factor 
values are conta ined in t he por t ion II-III-IVof 
t h e curve in Fig. 14. 

2. If β is be tween 53° and 60°, the slip surface 
is still a toe circle b u t one which pene t ra tes below 
t h e elevat ion of t he toe . Should, however , a firm 
base be located a t a small dep th below the toe , 
i.e. t h e d e p t h factor η is only slightly greater 
t h a n 1, t h e critical circle m a y be a slope circle 
t h a t is t angen t i a l to t h e firm base and intersects 
t h e slope above t h e toe . 

3. If β is smaller t h a n 53°, the value of t he 
s tabi l i ty factor depends great ly on the value of 
t he dep th factor n. Figure 14 gives t he re la t ionship 
be tween d e p t h factor a n d s tabi l i ty factor for 
different values of slope angle β. 

As can be seen from t h e figure, if η is greater 
t h a n 4, t h e s tabi l i ty factor is pract ical ly indepen-
den t of t h e value of t he slope angle β, and apa r t 
from very flat slopes (β < 15°) i t can be t a k e n as 
a cons tan t , Nc = 0 .181. 

Fo r all o ther values of β and n, t he s tabi l i ty 
factor can be ob ta ined from the curves in Fig. 14. 
If t h e t y p e of failure is similar to t h a t shown in 
Fig. 13g, a base failure is no t likely to occur. For 
such cases t h e dashed curves of Fig. 14 should be 
used; here , too , Nc depends on the dep th factor n. 

Figure 14 also shows values of the factor fe, b y 
means of which we can compu te , in t h e case of 
a base failure, t h e dis tance from the toe a t which 
t h e crit ical circle intersects t he lower, free surface. 
This dis tance is kh. The dash-dot curves in Fig. 14 
correspond to cons tan t values of k. 

Summing u p t h e Φ = 0 me thod , i t is based on 
t h e assumpt ion t h a t t he shear s t r eng th is con-
s t an t , a n d t h a t no volume change occurs dur ing 
failure. Such condit ions exist only in s a tu ra t ed 
soils wi th a permeabi l i ty low enough to p reven t 
a n y percept ible change in wa te r con ten t , i.e., a n y 
vo lume change dur ing shear. I n such cases t he 
shear s t r eng th is indeed independen t of t he t o t a l 
no rma l stress. 

1.2.3.4 Stability analysis when Φ ^ 0 and c 0 

We now examine the case where there is a 
l inear dependence of t he shear s t reng th upon the 
no rma l stress, i.e. t he failure condit ion is of t h e 
form 

% — ö t a n Φ + c, 

where a is t he effective normal stress act ing on 
the surface of sliding. Since t he m a n n e r in which 
the no rma l stress is d is t r ibuted along the slip 
surface is no t known , t he problem is s tat ical ly 
i nde t e rmina t e and can be solved only wi th cer ta in 
simplifying assumpt ions . 

I n pract ica l s tabi l i ty analysis , two methods are 
in general use. I n one, we consider a sliding mass 



separa ted b y a circular slip surface from the rest 
of the soil mass and examine t h e condit ions unde r 
which this rigid, free b o d y is in a l imit ing s ta te of 
equil ibr ium. I n t he other , we subdivide the sliding 
mass in to a n u m b e r of ver t ical slices, and perform 
the s tabi l i ty analysis b y t ak ing in to considerat ion 
all t he forces act ing on these slices (method of 
slices). The second m e t h o d is t he more accura te 
since i t permi t s equi l ibr ium condit ions and failure 
condit ions t o be satisfied r igorously. This m e t h o d 
will be discussed first. 

Only the two-dimensional case will be consid-
ered (plane s ta te of s t ra in) . The first s tep is t o 
make an assumpt ion for t he shape of t he slip 
surface. The circular cylinder is t he most commonly 
used assumpt ion . This , toge the r w i th o ther sug-
gested geometrical curves , is shown in Fig. 15. 
Type (a) is the usual circular slip surface. Type (b)is 
composed of two circular arcs of different radi i 
which form a smooth curve so as t o fit t he ac tua l 
surface of sliding be t t e r . Type (c) is a logar i thmic 
spiral for a weightless mate r ia l wi th in te rna l fric-
t ion. Type (d) shows an example of how a ro ta t iona l 
slip surface m a y be d is tor ted b y the presence of 
a dipping ledge or of a firm layer loca ted near t he 
dis turbed zone .Final ly, t y p e (e) represents the 
ex t reme case of t he circular slip surface, i.e. a 
plane parallel t o t h e ground surface. This is used 
in t he s tabi l i ty analysis of an infinite slope wi th 
no cohesion. 

If the re are no excess pore pressures in a soil 
mass bounded b y a slope, or when t h e s tabi l i ty 
analysis is performed on the basis of shear s t r eng th 
referred to t o t a l stress for par t ia l ly s a tu r a t ed soils 
this does no t necessarily imply t h a t t he angle Φ is 
equal t o zero, simplified me thods of analysis can 
be employed. One of these , known as t he friction 
circle me thod , was developed b y T A Y L O R (1938). 
He assumed t h a t t he r e su l t an t qds of the ele-
m e n t a r y normal force ads a n d t angen t i a l force 
tds ac t ing on an e lement of t he slip surface is 
inclined a t t he angle Φ to t h e no rma l to t h e slip 
surface so t h a t i t is t angen t i a l t o a circle of rad ius 
r sin Φ whose centre coincides wi th t h a t of t he 
slip circle. Consequent ly , t he r e su l t an t Q of ele-
m e n t a r y forces qds on all such elements m u s t also 
be t angen t i a l t o t h a t circle. (This assumpt ion was 
al ready discussed in connect ion wi th e a r t h pres-
sure problems in Vol. 1, Chap te r 10.) 

The procedure of t he friction circle m e t h o d is 
i l lus t ra ted b y Fig . 16. ^ 

Le t la be t he l eng th of t h e arc AC a n d lc be t h e 
length of t he chord AC. Assuming a uniform 
cohesion along the slip surface, t h e m o m e n t a r m 
of t he resu l tan t cohesion C is given b y 

I t s line of act ion is paral lel t o t he chord AC. The 
vert ical line of act ion of t he weight W of t he 
sliding mass ABC can be found b y a graphical 
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Fig . 15. P a t t e r n s of s l iding surfaces to be used in the case of 
the m e t h o d of sl ices: 

a — circle; b — compound curve; c — logarithmic spiral; d— composite elongated 
sliding surface; e — plane 
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Fig . 16. Stabi l i ty analys is for soils of frict ion and cohes ion , 
according to Taylor's m e t h o d (1938) 

const ruct ion. If ABC is a regular figure, we m a y 
divide i t in to a t r iangle and a circular segment , 
and find the i r common centre of g rav i ty . If t he 
sliding mass is bounded b y an irregular surface, 
we divide t he mass in to ver t ical slices and deter-
mine t he line of act ion of W b y means of a s t r ing 
polygon. The poin t of intersect ion of t he forces C 
and W can t h u s be found. For equi l ibr ium, the 
u n k n o w n resu l t an t Q of t he no rma l and frictional 
forces ac t ing on the slip surface mus t also pass 
t h r o u g h t h a t poin t . On the o ther h a n d , Q mus t be 
t angen t ia l t o t h e circle of radius r sin Φ and hence 
its line of act ion can be d rawn. Since t he mass 
ABC in Fig. 16 t ends to slide downwards from the 
r ight t o t he left, while the res t ra in ing forces act 
in t he opposite sense, t he line of act ion of Q should 
be t angen t ia l to the friction circle on t he r ight . 
Equi l ibr ium also requires t h a t the vector polygon 
of the forces IP, C and Q mus t close. Since t he 
magn i tude and direction of W are known, and 
the lines of act ion of the forces C and Q are fur-
nished b y the const ruct ion j u s t described, the 
force t r iangle can readi ly be completed . The 
resu l tan t cohesion C needed for equi l ibr ium can 
be scaled off from the figure and the cohesion per 
un i t area c computed from the expression c = C/lc, 

B y repeat ing the const ruct ion wi th a sufficient 
n u m b e r of tr ial slip surfaces, t he most dangerous 
circle, i.e., t he one giving the m a x i m u m cohesion 
necessary for equi l ibr ium, can be found. Hence 
the safety factor can be compu ted as the ra t io of 
the cohesion available along the slip surface t o 
the m a x i m u m cohesion obta ined form the con-
s t ruc t ion: 

^available 
V = . 

^required 

The assumpt ion on wThich the cons t ruc t ion is 
based can only be considered as an approx ima t ion 

since it can easily be seen t h a t t he resu l t an t force 
Q on t he slip surface is no t exac t ly t angen t ia l t o 
the circle of radius r sin Φ, missing t angency b y 
a small a m o u n t as shown in Fig. 17. This discrep-
ancy is due to t he fact t h a t t he e lementa ry forces 
act ing on the slip surface do no t intersect on t he 
per imeter of t he circle of radius r sin Φ b u t , 
depending on the mode of d is t r ibut ion of t he 
res t ra ining forces along t h e slip surface, some 
small dis tance away from i t . For example , two 
such e lementa ry forces Q± and Ç e in tersect a t 
poin t D in Fig. 17. B y mak ing simple assumpt ions 
for t he d is t r ibut ion of stresses along the slip sur-
face, t he error can be de te rmined mathemat ica l ly . 

The dis tance of the line of act ion of the t a n -
gential componen t Τ of force Q from the centre 
of ro ta t ion can be given b y the general expression 

where θ is half of the centra l angle sub tended by 

the arc AC. The function f(6) has been eva lua ted 
b y F R Ö H L I C H (1950) for th ree different modes of 
stress d is t r ibut ion shown in Fig. 18. The respective 
formulae, toge the r wi th numer ica l values of the 
q u a n t i t y (Z/r — 1) p lo t t ed against the angle 0, 
are shown in Fig. 19. P a t t e r n b in Fig. 18 bears , 
in most cases, t he closest resemblance to the ac tua l 
stress d is t r ibut ion. P a t t e r n a, which is tac i t ly 
assumed in t he friction circle me thod , is only an 
approx ima t ion . P a t t e r n c shows the probable 
d is t r ibut ion of stresses in cases where there is 
some res t ra in t a t point A p revent ing the free 
deve lopment of t he slip surface AC. 

The s tabi l i ty analysis based on the friction 
circle m e t h o d can also be t r ea t ed mathemat ica l ly . 

Fig . 17. Direct ion of react ive forces on a sliding surface 
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Fig. 18. Three a l ternat ives for the e s tab l i shment of t h e 
act ing point of react ive forces in the case of different 
normal stress d is tr ibut ions 

(a) 

I t can be shown t h a t t he expression furnishing the 
cohesion necessary for equi l ibr ium is similar t o 
E q . (8), except t h a t in th is case t he function F 
contains an addi t iona l va r iab le : t h e angle of 
in te rna l friction Φ. The locat ion of t h e cri t ical 
circle is again de te rmined b y the e x t r e m u m cri-
ter ia 

A = 0 a n d - * = 0 . 

By solving the equa t ions , t h e cohesion necessary 
for equil ibr ium can be expressed as 

c = 
hy 

= hyNc, 
F(a , j8 , Θ,Φ) 

whence the height of s table slope becomes 

h — 

(13) 

(14) 

Numerica l values of t h e s tabi l i ty n u m b e r Nc 

against t he slope angle β for var ious values of Φ 
are given in Fig. 20. The g raph is divided b y a 
dash-dot line in to two zones. I n zone I t h e cri-
t ical circle is a lways a toe circle, wi th i ts lowest 
point a t t h e toe . I n zone J J, which corresponds 
to modera te and flat slopes, t he re are th ree v a r i a n t 
cases t o be considered. Case 1 is l ikely t o occur 
in homogeneous soils. The mos t dangerous circle 
passes t h r o u g h t h e toe b u t i t m a y pene t r a t e 
slightly below t h e e levat ion of t h e toe , i.e. t h e 
dep th factor m a y be greater t h a n un i t y . Case 2 is 
valid for Φ values of less t h a n 5°. The crit ical circle 
passes below the toe a n d cu t s t h e free surface a t 
some dis tance from i t . I n case 3 the re is a ledge 
or firm s t r a t u m t h a t l imits t h e d e p t h t o which, 
the slip surface can pene t r a t e . F o r small Φ angles, 
a deep-seated failure canno t occur a n d t h e slip 
surface finishes on t h e slope above t h e toe A. 
The three cases are represented b y different t ypes 
of line in t h e cha r t , each being shown only where 
the occurrence of t h e respect ive case is possible 
or critical. 

As can be seen from the cha r t , a base failure is 
t o be expected only when the friction angle is less 
t h a n 5°. Conversely, from t h e occurrence of a base 
failure in a homogeneous soil, i t can be inferred 
t h a t a t t he t ime of failure t h e friction angle Φ was 
p robab ly very close to zero. I n t he range of small 
Φ values t he d e p t h factor has a m a r k e d influence 

on t h e s tabi l i ty of t he slope, b u t it becomes neg-
ligible as Φ increases. 

Taylor ' s friction circle m e t h o d was fur ther 
developed b y J A K Y (1944) in so far as he sug-
gested t h a t ins tead of laborious tr ials t he critical 
circle can be found in one s tep on the basis t h a t 
a t t h e lower end of t h e slip surface t he soil is in 
a s ta te of uniaxia l compression and a t t he upper 
end in uniaxia l tension, a n d t h u s the slopes of 
t a n g e n t s t o t he circle are de te rmined a t those 
poin ts (Fig. 21). I t follows from the geometry of 
t h e circle t h a t t h e chord AC of t h e critical circle 
makes an angle of (β -\- Φ)/2 wi th t he horizontal . 
These condit ions de te rmine t h e locat ion of the 
crit ical slip surface unequivocal ly . 

Al though the assumpt ions m a d e b y J a k y on 
t h e s ta te of stress of t h e slope hold t r ue , t he ac tua l 
slip surface is no t circular b u t is a curved surface 
hav ing t h e sharpes t cu rva tu r e near t h e upper end 
C a n d becoming gradua l ly flatter t owards poin t A. 
Therefore, t he slope angles of t he init ial and final 
t angen t s t o t he subs t i tu t ing circular surface can-
no t be assumed t o be known and , in fact, t he 
greates t deviat ions from the ac tua l slip surface 
occur a t points A a n d C. I n spite of th is , if we 
calculate the s tabi l i ty n u m b e r Nc from the fol-
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Fig . 19. F ind ing the locat ion where t h e force Q acts (FRÖH-
LICH, 1950) 
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lowing formula furnished b y J â k y ' s analy t ica l 
method ( J A K Y , 1 9 4 4 ) , 

sin 
β + Φ 

1 . . 2 
— = 4cos Φ 
Ν . β - Φ 

sin -

cos β 

(cos Φ — cos β) cot β + t a n 45° + ß •β—cos β 

( 1 5 ) 

and plot the Nc values ob ta ined on Taylor ' s 
s tabi l i ty cha r t (Fig. 2 0 ) , t h e difference be tween 
the two sets of values will be negligible. The good 
agreement is all t he more conspicuous since the 
differences be tween the locations and radi i of t he 
critical circles are indeed ve ry significant. Fo r 
pract ical purposes , t he Taylor curves can be 

replaced, especially in the range of higher Φ values , 
b y E q . ( 1 5 ) or b y t he equa t ion of a well fitting 
hyperbola , 

1 
= 4 

4 Φ 

β-Φ 
+ 1.6 - 0 . 0 4 Φ ( 1 6 ) 

(β and Φ in degrees), b o t h of which furnish reliable 
values of Nc. 

B I S H O P ( 1 9 5 5 ) developed an analyt ica l solution 
for t he m e t h o d of slices which takes in to account 
t he difference of the ea r th pressures act ing on the 
two ver t ical sides of a slice. This me thod also 
makes i t possible t o allow for pore pressure act ing 
in t h e slope. 

Consider a ro ta t iona l slide occurr ing along a toe 
circle, as shown in Fig. 2 2 . The pore-water pres-
sure u a t a n y poin t can be expressed in t e rms of 
the ra t io 

hy 

0.25 

0.20 

0° 10° 20° 30° 40° 50° 
Slope angle, (5 

Fig. 20. Stabi l i ty numbers as a funct ion of the slope angle 
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X 
X 

X 
r = 

sin(135°-ß-$/2)-sin(45°- Φ/2) 

Β \ C , 

Point C 

Fig. 21 . E s t a b l i s h m e n t of the critical circular sl iding surface 
after J a k y (1944) 

where h is t h e dep th of t h e poin t considered below 
the ground surface a n d γ is t h e un i t weight of 
t h e soil. I t is assumed t h a t t he ra t io ru is cons tan t 
t h roughou t t he cross-section, i.e. t h e pore-water 
pressure a t a n y poin t is p ropor t iona l t o t he t o t a l 
overburden pressure hy. The shear s t r eng th wi th 
respect t o effective no rma l stress is given b y the 
equat ion 

xs = (a — u) t a n Φ ' + c'. 

X/ /, 1 / A ' / / / X ^ \ 
Y " 

y- / / / / / / χ \ 
V / / / / / / / X \ 

/, / / / / / Χ \ ε 
ε 

X / / / / / / X \ " 

/ / / / / / / A V \ 

Fig 22. Slope s tabi l i ty analys is after BISHOP (1955) . Iden-
tif ication of s igns 

Fig . 23 . Slope s tabi l i ty analys is after BISHOP (1955) . Forces 
act ing on a slice 

The safety factor can be defined as t he ra t io of 
t h e u l t ima te shear s t r eng th r s t o t he mobilized 
shear resistance r : 

r
s Ι / x t a n Φ / , c' 

ν = — a n d χ = (a — u) 1 . (17) 
X V V 

This definition gives a safety factor wi th respect 
t o the shear s t r eng th . 

The forces ac t ing on a typ ica l slice are shown 
in Fig. 23 . En and Et denote t he no rma l and 
t angen t i a l componen ts , respect ively, of the ea r th 
pressure on the side of t he slice, W is t he to t a l 
weight of the slice, and Ν and Τ are the normal 
a n d t angen t i a l componen t s , respectively, of the 
reac t ion on the base of t he slice. The average to t a l 
no rma l stress on t he base of the slice is 

a = 
N_ 

I 

where / is t he length of the chord. The mobilized 
shear s t r eng th can t h u s be wr i t t en , using E q . 
(17), as 

JV ) ΙατιΦ' 
r = 

I + (18) 

Equi l ib r ium requires t h a t t he sum of the momen t s 
abou t t he centre 0 of t h e weight of the slices is 
equal t o t h e sum of t h e m o m e n t s of the to t a l 
shear forces ac t ing along the base of the slices; 
therefore 

EWx = ETr, (19) 
where Τ = xl. 

F r o m Eqs (17) a n d (19) we obta in 

ν = 
EWx 

Σ[οΊ+ (Ν- u l ) t a n 0 ' ] . (20) 

F r o m the condi t ion of ver t ical equi l ibr ium, 

Ν cos α + xl sin α = W + En— E n + 1. (21) 
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Hence 

N-ul=N'= 

W-{-En—Eri+1 — uZcosα Ζ sin α 
ν 

cos α + sin α 
t a n 0 ' 

(22) 
Subs t i tu t ing in to E q . (20) gives 

r 
ν = 

EWx 

c'Z+tanO>' 

W-{- En—En+1 — ul cos α Ζ sin α 

cos α -f sin α 
tan<Z>' 

(23) 

F r o m Fig. 23 i t can be readi ly seen t h a t 

and 

χ = r sm α, 

b = I cos α 

ub u 

W hy 

Subs t i tu t ing these expressions in to E q . (23), we 
obta in 

ν — 
Σ W sin α 

c'b + [W(l - ru) + 

+ {En - En+1)] t a n Φ' + ~ t ä n ä t ä n 0 ^ • (24) 

The values of ΔΕη = En — - Ε η +1 are de te rmined 
by successive approx ima t ion on the basis t h a t 

Σ(Εη- En+1) = ΣΔΕη = 0, 

E(Et — Et+1) = EAEt = 0 , 
(25) 

and t h a t t h e condit ion of m o m e n t equi l ibr ium 
mus t also be satisfied. 

The procedure is as follows. Resolving t he force 
act ing on a slice tangent ia l ly and using t h e con-
dit ion of equi l ibr ium, we ob ta in 

(W + ΔΕη) sin α + AEt cos α = Τ 

or AEt T s e c a - (W + AEn) t a n a. 

Now, if E q . (24) is wr i t t en in t he form 

1 

(26) 

ν = 

t h e n 
Σ W sin a 

Σ[τα] 

a n d hence 

Σ AEt 

v [ ~ m 

= Σ — sec α 
ν 

(W — AEn) t a n 4 (27) 

The En values mus t therefore also satisfy t he con-
dit ion t h a t 

-sec α — (W + AEn) t a n α = 0 

I n prac t ice , as a first approx imat ion , a va lue of 
ν is c o m p u t e d from E q . (24) on t h e a s s u m p t i o n 
t h a t AEn = 0. Several t r ia l values of ν are t h e n 
assumed a n d en te red in to t h e r igh t -hand side of 
E q . (24). Final ly , assumed and computed ν va lues 
are compared . The correct solution when 

^assumed
 =

 "^computed 

can be obta ined b y graphical in terpola t ion. The 
solution ob ta ined will t h u s satisfy E q . (24), b u t 
n o t E q . (27). Sui tably assumed AEn values are 
t h e n in t roduced in to E q . (27) and adjus ted by 
i te ra t ion , un t i l t h e correct va lue which satisfies E q . 
(27) is found. B I S H O P (1954) no ted t h a t there are a 
n u m b e r of different d is t r ibut ions of AEn which all 
satisfy E q . (27), b u t t h e corresponding var ia t ions 
in t h e value of ν are less t h a n 1 % . 

The Bishop m e t h o d is pr imar i ly adap tab le t o 
t h e s tabi l i ty analysis of e a r t h d a m s , normal ly 
bui l t wi th gentle slopes, in which high pore-water 
pressure is l ikely t o build u p a n d the critical slip 
surface pene t ra tes deep below the toe and has 
a great cent ra l angle. 

The simplified m e t h o d of J a n b u ( J A N B U et al., 
1956) t akes account of t h e shear forces be tween 
t h e slices b y using a corrective factor f0 which 
depends on Φ and c, and the shape of t he sliding 
surface. The no rma l force Ρ can be calculated 
from t h e equi l ibr ium of ver t ical forces, i.e., from 
E q s (28) a n d (29), as follows: 

W — (XR — XL — Ρ cos α — Sm sin α) = 0 , (28) 

c7 sin a u Z t a n i > ' s i n a 
W 1 (29) 

where u means t h e pore-water pressure, F t he 
safe ty factor and 

m a = cos α + ( s m α t a n Φ 0 :
 F. (30) 

(The o ther symbols are i l lus t ra ted in Fig. 24.) 
The formula 

Σ (EL — EP) + ΣΡ sin α — Σ Sm cos α -f 
+ Σ kW ± A - L cos ω = 0 (31) 

represent ing t he equi l ibr ium of the hor izontal 
forces can be used to calculate the safety factor 
in t h e following form 

Σ [c'l cos α + ( Ρ — ul) t a n Φ' cos α] . x 

b Q = . (oZ) 
Σ Ρ sin oc Σ kW ± A — L cos ω 
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Fig. 24. Act ing forces for the m e t h o d of slices 

( In this equa t ion A means t h e r e su l t an t wa te r 
forces, and ω t he angle of t h e line load from t h e 
horizontal .) 

The final (corrected) form of t h e safety factor 
is t h e n : 

F = /Ο*Ό· (33) 

J a n b u e labora ted a " r igorous m e t h o d " as well, 
in which it is supposed t h a t t h e po in t where t h e 
interslice forces ac t can be defined wi th t h e help 
of the " l ine of t h r u s t " . New t e r m s involved are 
t h e n defined as follows (see Fig . 25) : 

— tL, tR = ver t ical d is tance from t h e base of 
the slice t o t he line of t h r u s t (on t h e left and r igh t 
sides of t he slice, respect ive ly) ; 

— 0Lt = angle be tween t h e line of t h r u s t on 
t he r ight side of a slice a n d t h e hor izonta l . 

The no rma l force Ρ can be found from t h e 
equi l ibr ium of all ver t ica l forces: 

W - { X R - XL) 
cl sin α 

+ 

+ 
ul t a n Φ ' s i n α 

(34) 

and t h e safety factor from t h e equi l ibr ium of all 
hor izontal forces: 

_ Σ [c'b + t a n Φ'(Ψ- ub + Xn - Xn- J ] 

1 + 
t a n Φ ' t a n α 

(Ea - Eb + Σ IF t a n α)-
1 -f- t a n 2 α 

(35) 

J A N B U ' S rigorous analys is differs from the simplified ana-
lysis in t h a t the shear forces are re ta ined in the der ivat ion 
of the normal force. 

To solve E q . (35) t he shear forces be tween the 
slices should first be establ ished. An i tera t ion is 
appl ied after t h a t , in which t h e first s tep is t o 
assume t h e shear forces t o be equal t o zero. The 
n e x t s tep is t o calculate interslice forces from 
t h e s u m m a r y of m o m e n t s t h a t act on t he centre 
of each slice base : 

XL — + XR — 
L
 2 2 

+ ER \tL -| t a n α — b t a n a, 
2 

„ , , b t a n α \ , 
ι* h + —-— + 

Wh 
0. 

(36) 

b/2 tan a' 

W 

kW 

Fig . 25. Forces act ing on each slice in the case of Janbu's 
"r igorous" m e t h o d 
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After rear ranging E q . (36), several t e rms become 
as negligible as the wid th dx. These t e rms a re : 

(XR-XL) ( E R - E L ) ^ ^ ; (ER - EL) b t a n a , . 

After e l iminat ing these t e r m s , and dividing by 
the w id th of t he slice, t he shear force XR becomes: 

XR = ER t a n a, - (ER -EL)-f- + 
b 2 

(37) 

The horizontal interslice forces required t o 
solve E q . (37) are obta ined b y combining the sum-
mat ion of ver t ical and hor izonta l forces on each 
slice : 

(ER - EL) = [W — (XR - XL)] t a n α 

+ kW. 
(38) 

cos α 

The hor izontal interslice forces are ob ta ined b y 
in tegra t ion from left t o r ight across t h e slope. 
The magn i tude of t he interslice shear forces in 
E q . (38) lag b y one i te ra t ion . E a c h i te ra t ion gives 
a new set of shear forces. 

M O R G E N S T E R N a n d P R I C E (1965) assume an 
arbi t rar i ly t a k e n function t o describe t he direct ion 
of t he interslice forces: 

hi 
(39) 

I n th is expression λ represents a cons tan t t o be 
eva lua ted for solving t he safety factor, a n d f(x) 
is t he functional var iable wi th respect to x. The 
final solution is based on the s u m m a t i o n of all 
t angen t ia l and normal forces. The force equilib-
r ium equat ions were combined and t h e n t he 
N e w t o n - R a p h s o n numer ica l t echnique was used 
t o solve m o m e n t and force equat ions for t h e 
safety factor and λ. 

F R E D L U N D and K R A H N ( 1 9 7 7 ) p resented an 
al te rna t ive m e t h o d for t he same problem. The 
combined procedure consists essentially in t he 
following. The no rma l force is derived from 
E q . (34). Two safety factor equa t ions are com-
pu ted , one in respect to t he equi l ibr ium of mo-
ment s , and the o ther in respect to t he equi l ibr ium 
of forces. (The former is al located t o a common 
poin t ; even if t he sliding surface is a composi te 
one, a fictitious common centre can be used.) 
The equa t ion is the same as t h a t ob ta ined for 
the simplified Bishop me thod . The safety factor 
wi th respect t o force equi l ibr ium (Fj) is denned 
wi th the E q . (32). The interslice shear forces are 
computed in a m a n n e r similar t o t h a t p resented 
before as J a n b u ' s r igorous me thod . On the fisrt 
i te ra t ion, t he ver t ical shear forces are set t o zero. 
On subsequent i te ra t ions , t he hor izonta l interslice 
forces are first computed (Eq . [38]) and t h e n i t 

comes to the ver t ical shear forces using an assumed 
λ value and side force funct ion: 

XR = ERXf(x). (40) 

The side forces are r ecompu ted after each 
i te ra t ion . The m o m e n t and force equi l ibr ium 
safety factors are solved for a range of λ values 
and a specified side force function. These safety 
factors are p lo t t ed in a m a n n e r similar t o Fig. 26. 
The safety factors vs. λ are fit b y a second-order 
polynomial regression and the point of inter-
section satisfies b o t h force and m o m e n t equilib-
r ium. 

Spencer 's m e t h o d (1967) applies t he premises 
i l lus t ra ted in Fig. 27. Accordingly, t he equi l ibr ium 
of t h e following five forces should be ana lysed: 

(a) The weight (W); 
(b) The to t a l react ion (P) no rma l to t he base 

of t he slice. This force has two componen t s : 
(i) t h e force P' due to in te r -granular effective 
stresses, a n d (ii) t he force (ub sec a) due to t he 
pore pressure (w). T h u s : 

P=P' + ub sec a . (41) 

(c) The mobilized shear force (Sm — S / F ) , where 

S = c'b sec α + P' t a n Φ ' , (42) 

i.e.: c'b t a n Φ ' 
Sm = — sec α + Ρ — . (43) 

F F 
(d) The interslice forces ( Z n and Zn+1). For 

equi l ibr ium, t he r e su l t an t (Q) of these two forces 
has t o pass t h r o u g h t h e poin t of intersect ion of 
t he o ther th ree forces. 

B y dividing t he five forces shown in Fig. 27 
in to t he componen t s no rma l and parallel to the 
base of t he slice t he following expression is ob-
ta ined for t h e resu l t an t (Q) of t he two interslice 
forces: 

<? = 
c'b ΙαηΦ' 

sec α -\ ( W cos α — ub sec α) — Jrsin α 
F F 

cos ( α - θ) 1 Η t a n (α — θ) 
(44) 

As W = ybh a n d u = ruyh (where ru is a pore-
pressure coefficient proposed b y Bishop a n d 
Morgenstern) . E q u a t i o n (44) can now be t r an s -
formed and rewr i t t en in a dimensionless form as 
follows : 

Q = 
c' , htaii0' . _ rt x h . rt 

(1 —2r„+cos2a) sin 2a 
TTLFyH 2HF 2H 

= yHb 

cos a cos (a — Θ) 1 + t a n (α — Θ) 

where H represents t h e height of t h e slope. 
(45) 
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Fig. 26. Variat ion of F w i t h respect to m o m e n t and force 
equil ibrium versus λ for the M O R G E N S T E R N and P R I C E (1965) 
m e t h o d ; soil propert ies: c'jyh = 0 .02, Φ' = 40° , ru = 0.5, 
geometry: β = 26 .5° , he ight = 30 m 

If all ex te rna l forces on the slope are in equilib-
r ium, t he sum of interslice forces has t o be zero, 
i.e., t h e sum of b o t h t h e hor izonta l and ver t ical 
components of interslice forces has t o be zero: 

27«) cos 0 ) = 0 , ( 4 6 ) 
and 

27 (Q sin 0 ) = - 0 . ( 4 7 ) 

Fur the rmore , if t h e sum of t he m o m e n t s of 
ex te rna l forces abou t t h e centre of ro t a t ion is 
zero, t he sum of the m o m e n t s of interslice forces 
mus t also be zero: 

Σ [QR cos (α — 0 ) ] = 0 . ( 4 8 ) 

There are t h u s th ree equa t ions to be solved in 
a given p rob lem: two in respect of forces (Eqs ( 4 6 ) 
and ( 4 7 ) ) and one in respect of m o m e n t s (Eq . 
( 4 8 ) ) . P roper values should be found in respect of 
F and 0 t o satisfy all th ree equa t ions , a n d i t has 
to be no ted t h a t a l though , for a given slice, t h e 
value of 0 will be t h e same, t h e forces be tween 
the slices will no t necessari ly be paral lel t h rough -
out . 

As M O R G E N S T E R N and P R I C E ( 1 9 6 5 ) have p roved 
t h a t t he dispersion of F-va lues belonging t o dif-
ferent types of ©-distributions is small , S P E N C E R 
saw the mer i t of t h e allowable supposi t ion t h a t 
the interslice forces are paral le l t o each o the r 
(i.e., 0 = const . ) . I n th is manne r , E q s ( 4 6 ) and ( 4 7 ) 
would be ident ica l : 

Σζ) = 0 ( 4 9 ) 

and only two equat ions r ema in t o be solved 
(Eqs ( 4 8 ) and ( 4 9 ) ) . Following these considerat ions , 
t he procedure consists of t h e following s teps . 

(a) Several values of 0 are assumed, and for 
each, a value of F should be found t o satisfy b o t h 

E q s ( 4 8 ) a n d ( 4 9 ) . Using t h e force-equilibrium 
equa t ion ( 4 9 ) , t he value of F ob ta ined will be 
des ignated as Fj, t h e other as Fm. The value of 
t h e safety factor from t h e m o m e n t equat ion , 
while 0 was t a k e n as zero, will be marked as Fmü. 

(b) A curve should t h e n be p lo t ted to find the 
re la t ionship be tween Fj and 0 , and a second 
curve on the same g raph t o show the re la t ion 
be tween Fm and Q. The intersect ion of the two 
curves will represent t he value of the safety factor 
(Fi) which satisfies b o t h equa t ions and the cor-
responding incline (0 / ) of interslice forces (see 
Fig . 26). 

(c) These values of Ft and 0/ are t h e n substi-
t u t e d in E q . ( 4 5 ) t o ob ta in t h e values of resu l tan t 
interslice forces. Hence , proceeding from the first 
slice t o t h e last , t h e values of every interslice 
force can be establ ished. 

(d) Then , working again from the first slice to 
the las t , t he act ing points of t h e interslice forces 
can be found b y calculat ing t h e momen t s t o t he 
middle points on t he base of each slice. The posit ion 
of t he points of act ion should t h e n be m a r k e d on 
the sections of the slopes. 

E x a m i n a t i o n of pract ica l examples p r o m p t e d 
S P E N C E R ( 1 9 6 7 ) t o derive t he following conclu-
sions: 

(a) t he value of 0, was less t h a n t he slope of 
t h e e m b a n k m e n t (ß); 

(b) t he var ia t ion of 0 values influenced the Fj 
values t o a m u c h greater ex t en t t h a n those of Fm. 
I n fact, when 0 was less t h a n 0/, t he var ia t ion in 
Fm was ve ry small indeed. Consequent ly , there 
was no t m u c h difference be tween the values of 
F mo a n d Ft\ 

(c) the line passing t h r o u g h the points of act ion 
of t he interslice forces fit ve ry closely t o the lower 

Fig . 27. Forces on a slice for Spencer's m e t h o d (1967) 
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Fig . 2 8 . Comparison b e t w e e n Greenwood's so lut ion ( 1 9 8 3 ) 
and other so lut ions for a typ ica l s lope w i t h circles of v a r y i n g 
depths 

" t h i r d - p o i n t " on the interface of t he slices. This 
implies an app rox ima te ly t r i angu la r stress distr i-
bu t ion on these boundar ies , which is a qui te 
acceptable resul t . 

Using a numer ica l example , S P E N C E R also 
inves t iga ted , how t h e n u m b e r of slices (τι) influ-
enced t he value of t he safety factor (F) and 
found: 

8 1 6 3 2 6 4 1 2 8 

1 . 2 3 3 1 . 2 4 5 1 . 2 4 9 1 . 2 5 1 1 . 2 5 1 

The resul ts of this compar ison have shown t h a t 
though t he accuracy of Bishop 's simplified m e t h o d 
decreases slightly as t he slope of t he e m b a n k m e n t , 
ru and Φ' increase or t he p a r a m e t e r c'/γΗ decreases, 
t he error was less t h a n 1 % in most of t h e cases 
considered. The worst combina t ion of these factors 
resul ted in an error in t he safety factor of 4 % . 

G R E E N W O O D ( 1 9 8 3 ) e labora ted an approx ima-
t ive solut ion. Based on i t , t h e safety factor can 
be e s t ima ted from t h e following equa t ion : 

J? [c'b sec K + W(I - ru)(l + K t a n 2 a ) . 
27JFsin a 

. cos a t a n Φ'] , ( 5 0 ) 

in which — addi t ional ly t o t he previous ones — 
the symbol Κ means t he ra t io of hor izonta l t o 

ver t ica l effective stresses. Supposing t he s i tua t ion 
Κ = 0 , t he case of F E L L E N I U S will be re ins ta ted . 
F igure 2 8 compares th is procedure wi th o ther 
me thods . 

P A P A D O P O U L O S and A N A G N O S T O P O U L O S ( 1 9 8 1 ) argue 

t h a t , according to observat ions , the sl iding surface is n o t 
a lways a circle, the more so no t in over-conso l idated and 
anisotropic soils. T h e y sugges ted apply ing an a l ternat ive 
approach in such cases , for e x a m p l e , to describe t h e sl iding 
surface b y t h e fo l lowing funct ion: 

X = - -77-Ζ
2
 + λ i f . (51) 

T h e authors c o n d u c t e d a comparat ive analys is to d e m o n s t r a t e 
in w h i c h case t h e circle and w h e n the parable suppl ied lower 
sa fe ty factor v a l u e s . Three f u n d a m e n t a l s i tuat ions were 
e x a m i n e d : 

— t h e soil mass w a s i sotopic or 
— anisotropic (K = c m a x/ c m i n) ; 
— the cohes ion var ied according to depth . 

Cases h a v e been found in all three s i tuat ions w h e n the parable 
suppl ied the lower va lues for safety . I n the first s i tuat ion , for 
e x a m p l e , t h e circle w a s more peri lous for a s lope w i t h low 
incl ine and/or w h e n the shear res istance w a s small , in the 
oppos i te cases the parable w a s more peri lous. 

1 . 2 . 3 . 5 Criticism of theories and general considera-
tions 

The au thors who a t t e m p t e d criticism on 
theore t ica l works mos t ly examined t he following 
four p rob lems : 

— fulfilment of equi l ibr ium condi t ions; 
— dis t r ibut ion of no rma l stresses; 
— t h e safety factor along t he sliding surface; 
— t h e influence of t he " s t r e s s - p a t h " . 

I t can be s t a t ed unan imous ly on t he basis of 
facts described in Section 1 . 2 . 3 . 4 t h a t t he m e t h o d 
of Fellenius, t he simplified m e t h o d of Bishop, and 
all theories which app ly t h e "stiff m a s s " a s sump-

Fig . 2 9 . Ef fec t ive normal stresses (ση) in an e x c a v a t e d s lope: 
1 — in Bishop's stability analysis (1955) and 2 — from an elastic solution 

file:///Swedish


Stability of slopes 31 

Fig. 30. Effect ive normal stresses (ση) under an e m b a n k -
m e n t in Bishop's s tabi l i ty analys i s (1955) and from a non-
linear e lasto-plast ic so lut ion 

t ion, would no t satisfy t h e requ i rements for 
equi l ibr ium. 

W i t h respect t o no rma l stress d i s t r ibu t ion , t h e 
deficiencies in t he supposi t ion will be clearly 
visible in Fig. 29, where t h e stress d is t r ibu t ion 
in a cu t t ing calculated b y Bishop 's m e t h o d is 
compared wi th t h e ac tua l one which has been 
measured b y La Rochelle using t h e photo-e las t ic i ty 
me thod ( T A V E N A S et al., 1980). There are ve ry 
i m p o r t a n t differences be tween t h e two stress 
d is t r ibut ions . They reveal a s t rong overes t imat ion 
of an and t h u s of t he available clay s t r eng th along 
the upper pa r t of t h e failure surface, and an even 
more pronounced underes t ima t ion of a'n and r a t 
t he toe of t he slope. A similar ou tcome can be 
observed generally a t t he foundat ions of e m b a n k -
men t s . Figure 30 shows a typ ica l compar ison 
be tween t h e no rma l stresses ob ta ined from a 
finite-element m e t h o d (FEM) analysis — using 
a hyperbolic s t ress -s t ra in re la t ionship — and 
those compu ted according t o t h e modified Bishop 
method . 

Similar resul ts have been ob ta ined b y W R I G H T 
et al. (1973), when i t was s t a t ed t h a t t he differences 

be tween the no rma l stress dis t r ibut ions as assumed 
in s tabi l i ty analyses a n d t h a t ob ta ined from 
elast ic i ty theories decrease when t h e incline of 
t h e slope decreases. 

The safety factor as de te rmined b y means of 
s tab i l i ty theories is assumed to be t he same for 
every slice, and t h u s to be cons tan t for each point 
on t h e shear surface. The values calculated from 
t h e l inear elastic stress d is t r ibut ion ( W R I G H T et al., 
1973), however , are no t cons tan t , as can be seen 
in Fig. 3 1 . Fo r t h e cases s tudied , i t was found t h a t 
along a b o u t one- th i rd t o one-half of t he shear 
surface t he F values calcula ted b y using l inear 
elastic stresses were below t h e average on the 
slope. F r o m these resul ts i t is possible t o determine 
t h e m i n i m u m value of an overal l safety factor 
requ i red so t h a t F would no t be less t h a n un i ty 
a t a n y poin t on t h e shear surface, i.e., t he value 
of F requi red t o p reven t overstress according to 
l inear elastic theory . These values are shown in 
Table 1. (The definition of λ£φ will be explained 
later .) Conseuqent ly , for a wide range of condi-
t ions , a safety factor equa l t o 1.5 would be suffi-
ciently large to p reven t a n y local elastic overstress. 

σ„' (kPo) 
0 10 20 30 40 

Fig . 31 . Var ia t ion of the safe ty factor a long the shear 
surface as ca lculated b y the finite e l ement m e t h o d 
(simplified B i shop m e t h o d (1955) , F = 1.0) 



32 Soil mechanics of earthworks 

Table 1 . Values of F required to prevent local elastic overstress 
a long critical shear surface 

Κ.Φ 

Shape ratio 
Κ.Φ 

1.5 : 1 2.5 : 1 3.5 : 1 

0 1.46 1.44 1.49 
2 1.32 1.23 1.23 
5 1.34 1.18 1.14 

20 2.27 1.21 1.10 
50 4.36 1.37 1.12 

I n a d e q u a t e inference of t he stress p a t h is 
i l lustrated in Fig. 3 2 b y t h e example originally 
used b y T A V E N A S et al. ( 1 9 8 0 ) . At present , the re 
are no means ye t avai lable by which these facts 
could be eva lua ted . 

Theories can also be classified according t o t he 
n u m b e r of equat ions necessary t o achieve a proper 
solution ( W R I G H T et al., 1 9 7 3 ) . All me thods employ 
assumpt ions to reduce the n u m b e r of unknowns 
to be equal to the n u m b e r of equi l ibr ium equa-
t ions. However , no t all of t h e me thods satisfy t h e 
same condit ions of equi l ibr ium. J a n b u ' s generalized 
procedure of slices, and Morgenstern a n d Price 's 
procedure do satisfy all condi t ions. These provide 
two equat ions for force equi l ibr ium a n d one 
equa t ion for m o m e n t equi l ibr ium a t each slice, 
and t h u s 3 η equat ions are derived (n is t h e n u m b e r 
of slices). Bishop 's simplified me thod , and t h e 
ord inary m e t h o d of slices do no t satisfy all con-
ditions of equi l ibr ium. Bishop 's m e t h o d satisfies 
t he r equ i rement for ver t ica l equi l ibr ium a t each 
slice and t h a t for the overall m o m e n t equi l ibr ium, 
b u t does no t satisfy horizontal equi l ibr ium or 
m o m e n t equi l ibr ium requ i rements a t each slice; 
as a resul t , t he n u m b e r of equa t ions is η -\- 1 . 

The o rd ina ry m e t h o d satisfies only overall mo-
m e n t equi l ibr ium requ i rements , b u t does no t 
satisfy t he m o m e n t or force equi l ibr ium condi-
t ions a t t he indiv idual slices; as a resul t , there is 
j u s t one equa t ion a t h a n d . 

Several researchers a t t e m p t e d t o compare t h e 
indiv idual procedures . This would require the 
invent ion of a complex common p a r a m e t e r t o 
m a k e t h e compar ison unambiguous , as the ge-
ome t ry of t he slope and the character is t ics of t he 
soil provide a great va r i e ty of possible combina-
t ions . Accepted pa rame te r s for such purpose 
include for example t he cent ra l angle of t he 
sliding surface ( H U D E R , 1 9 7 7 ) , or t he d/L ra t io 
described in Fig . 2 8 . One of t h e best proposi t ions 
has been in t roduced b y J A N B U ( 1 9 5 7 ) where the 
dimensionless p a r a m e t e r 

yH t a n Φ 
( 5 2 ) 

was suggested. 
J a n b u ' s invest igat ions have p roved t h a t t he 

resul ts of a s tabi l i ty analysis migh t be expressed 
un ique ly in t e rms of λ£φ and two other dimension-
less coefficients, FyH/c and t a n β. Thus for any 
combina t ion of λ£φ a n d β, t he value of FyH/c 
calcula ted b y a n y m e t h o d is un ique , i.e., a n y 
combina t ion of y , if, c, a n d Φ which gives the 
same value of λ€φ will resul t in t he same value 
of FyH/c. I n addi t ion , t he dis t r ibut ion of no rma l 
stresses on t he shear surface as de te rmined b y 
a n y m e t h o d is precisely similar on a n y two slopes 
which have t h e same incline a n d λεφ va lues . 

F R E D L U N D and K R A H N ( 1 9 7 7 ) have suggested 
t h a t in perusing t he differences among the theories 
t h e equat ions for t he safety factor and t h e no rma l 

Fig. 32. Effect ive stress p a t h up to failure, as impl ied 
in all m e t h o d s of s tabi l i ty analys is (a); comparison be-
t w e e n actual and as sumed stress pa th u p to failure 
in a s lope or in the base of an e m b a n k m e n t (b) : 
J — effective stress path as implied in τ = (c' + σ' ΙΆΠΦ'): F; 2 — ty-
pical stress path in the soft clay base of an embankment; 3 — typical 
stress path for excavation in overconsolidated clay 
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forces should be compared separa te ly . T h e y 
s ta ted , among o ther th ings , t h a t Bishop 's equa t ion 
for the calculat ion of F is ident ical t o t h a t of 
the Swedish me thod , and difference exists only in 
the calculat ion of P . Spencer procla imed two equa-
t ions for t he safety factor : one for t h e m o m e n t s , 
and t he other for t he forces ac t ing paral lel t o 
those a t t he interfaces of slices. The former is 
identical wi th t h e equa t ion in Bishop 's and in 
the Swedish me thods . The present au thors have 
summar ized t he resul ts of the i r inves t igat ion as 
follows: 

(a) All methods of slices t h a t satisfy the overal l 
momen t equi l ibr ium requ i remen t can be wr i t t en 
in the s ame form: 

F = 
Σ c'IR + Σ (Ρ -ul)R t a n Φ' 

Σ Wx - ΣΡ/+ ΣΙιΨβ ±Aa + Ld 
(53) 

(see t he key in Fig. 24 for symbols) . 
(b) All me thods satisfying overall force equil ib-

r ium have t h e following form for t h e safety factor 
equa t ion : 

Σ c'l cos α + Σ (Ρ — ul) t a n Φ' cos α . 
r j = . ( 5 4 ) 

Σ Ρ sin α -|- Σ kW ± Α — L cos ω 
F r o m the theore t ica l s t andpo in t , t he derived 

safety factor equat ions differ in (i) t h e equa t ions 
of s tat ics satisfied explici t ly for t h e overall slope 
and (ii) in t he assumpt ion of mak ing t h e problem 
de te rmina te . The assumpt ion used causes al ter ing 
the de te rmina t ion of interslice forces in t he no rma l 
force equa t ion . The l a t t e r — wi th t h e except ion 
of the ord inary m e t h o d — has t h e same form: 

- j : m a . + 
ul t a n Φ' sin α (55) 

I t is possible to analyse t h e analy t ica l aspects 
of slope s tabi l i ty in t e r m s of one safety factor 
equat ion which satisfies overall m o m e n t equilib-

C; C2 

Failure 

Fig. 33 . S tabi l i ty analys is of a vert ica l earth wal l — deter-
minat ion of the sl iding surface 

r i um and ano the r satisfying overall force equilib-
r i um requ i rement s . I n th is w a y each me thod 
becomes a special case of t h e "best-f i t regression" 
solution to t he Morgens te rn-Pr ice me thod . 

1.2.3.6 Stability of vertical banks 

The s tabi l i ty of ver t ica l e a r t h banks requires 
special considerat ion, p a r t l y because it represents 
a l imit ing case of slope s tabi l i ty , and pa r t l y on 
account of i ts impor tance for t he s tabi l i ty of 
t r ench walls and excava t ions . 

Figure 33 shows a cross-section t h r o u g h a 
ver t ica l b a n k in a cohesive soil. Dur ing t he process 
of excava t ion , deformat ions occur in t h e soil 
mass , and t h e originally ver t ical face of the b a n k 
assumes a sl ightly curved shape as indica ted by 
a dashed line in t he figure. Wi th in t he shaded zone 
near the g round surface, t he soil is in a s ta te of 
tens ion which eventua l ly leads to t he format ion 
of tension cracks. Excessive shr inkage due to 
desiccation of t he soil m a y aggrava te t he s i tua t ion 
and cause the cracks to pene t r a t e even deeper. 
T e m p e r a t u r e changes and infil trating precipi ta t ion 
m a y also add to t he format ion and widening of 
such cracks. As a consequence, t he shear s t reng th 
is great ly reduced or even ceases to exist in the 
uppe rmos t p a r t of t he bank . The effective length 
of t he surface of r u p t u r e u p o n which resistance 
depends will be decreased un t i l finally t he b a n k 
fails along a curved surface normal ly passing 
t h r o u g h the toe . 

A base failure is also possible. This sort of failure 
is likely t o occur when the under ly ing soil is 
m u c h softer t h a n t he mate r ia l of t he b a n k itself, 
a n d yields unde r t h e weight of a b a n k of height h. 

I n t he simplest m e t h o d of s tabi l i ty analysis , 
we assume t h a t t he soil along t he ver t ical face 
is in t he act ive Rank ine s t a t e . I n this case the 
surface of r u p t u r e is p lane , rising a t an angle of 
45° -f- Φ/2 from the hor izonta l . I n a cohesive soil, 
t he ea r t h pressure act ing on a wall of height h is 
given b y the expression 

aR 

h
2

y 

t a n 2 I450 _ _ 2 c h t a n 
2 

45° 

EaR becomes zero, 

h 

when 

4 r /' 

— t a n 45° + 
y \ 

Φ 

Φ 
2 

(56) 

E q u a t i o n (56) would give t he theoret ical value of 
the critical height of an unsuppor t ed ver t ical bank . 
However , t he assumpt ions under ly ing t h e deriva-
t ion of E q . (56) are no t correct . The Rankine 
theo ry is s t r ic t ly applicable t o t he semi-infinite 
half-space in a s ta te of plast ic equi l ibr ium. I n t he 
Rank ine s t a t e , t h e uppe r p a r t of a ver t ical section 
is indeed ac ted upon b y tensile and the lower 
p a r t b y compressive no rma l stresses as suggested, 

3 Â. Kézdi and L. Réthâti: Handbook 
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Fig. 34. S tabi l i ty analys is of a vert ica l earth wal l — s tat ic 
des ign 

The d e p t h of tens ion cracks does no t normal ly 
exceed one half of t h e he ight of t h e ver t ical b a n k . 
T h u s , assuming ζ = Λό/2, we ob ta in 

K - Ä _ M T , „ ( « . + i . ) . (58, 

I t can be p roved t h a t in a homogeneous soil 
a slip surface pass ing t h r o u g h t h e foot of t he ver-
t ica l b a n k is a lways more dangerous t h a n one 
passing below i t , therefore , depending on whe the r 
or no t tens ion cracks are likely to develop, t he 
cri t ical he ight of a ver t ica l b a n k can be compu ted 
b y e i ther E q . (58), or E q . (56). 

b u t along the ver t ical face of a b a n k , t h e no rma l 
stresses m u s t be zero everywhere . I n addi t ion , 
t he sliding wedge above a po ten t ia l surface of 
sliding is no t in a s ta te of plast ic equi l ibr ium. 
Only a single slip surface exists , which, however , 
is no t plane b u t , as shown b y experience, sl ightly 
curved. Assuming a circular surface of sliding, 
Fellenius showed t h a t the critical height is given b y 

3.85 (57) 

The difference be tween the values ob ta ined b y 
E q s (56) and (57) is less t h a n 5 % , a n d t h u s , 
considering the m a n y uncer ta in t ies involved, for 
p rac t ica l s tabi l i ty analyses t h e assumpt ion of a 
p lane surface of r u p t u r e will be qui te sat isfactory. 

On t h e o ther h a n d , we m u s t t a k e in to consid-
e ra t ion t he effect of t he tensile cracks which m a y 
be formed in t h e upper p a r t of t he b a n k (Fig. 34). 
I f one such crack pene t ra t e s so deep t h a t i t 
reaches t he po ten t ia l surface of sliding, t h e n t h e 
b o d y of soil CfiD no longer par t ic ipa tes in t he 
failure. 

T h e condi t ion of equi l ibr ium m a y be expressed 
from the force polygon as 

W = —γ [h
2 

2 

= 2C cos 

s 2 ) t a n 45° 

Φ 

Φ_ 

2 

45° = 2c(h - ζ), 
2 

since 

C = 
c(h — ζ) 

Φ 
cos (45° 

2 
Considering E q . (56), t he crit ical height W0 can be 
wr i t t en as 

L 11 4c 
η = na = t a n 45° + 

Φ 
ζ = hQ — ζ. 

1 .2 .4 Slopes in n o n h o m o g e n e o u s and stratified soils 

As was previous ly s t a t ed , t h e slip surface 
a lways follows t h e line of least res is tance. There-
fore, in prac t ica l cases t h e mos t dangerous slip 
surface de te rmined b y t heo ry often canno t devel-
op. Should, for example , t h e shear s t r eng th 
increase wi th dep th , t h e n the ac tua l surface of 
r u p t u r e will devia te from the theore t ica l one as 
is shown in Fig . 35a. The presence of a layer wi th 
a low shear s t r eng th m a y also cause a d is tor t ion 
of t h e slip surface (Fig. 35b). Such cases can 
seldom be hand led b y exac t me thods of s tabi l i ty 
analysis and we should r a t h e r rely on experience 
in j udg ing t h e s tab i l i ty of a slope. I t is i m p o r t a n t 
t h a t t h e engineer should correct ly recognize t he 
factors t h a t m a y influence s tabi l i ty . 

W h e n deal ing wi th stratified soils, we m u s t 
a lways bear in mind t h a t t h e shear s t r eng th of 
highly cohesive soils m a y deter iora te subs tan t ia l ly 

(a) 

/ 

Theoretical 
sliding surface 

Real sliding surface 

Soft layer 

Fig . 35. Transformat ion of the theoret ical sl iding surface: 
a — soil strength increases with depth; b — interwoven soft layer at greater 
depth 
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because of las t ing exposure t o shear stresses. I t 
follows t h a t failure condi t ions will usual ly no t be 
reached a t one and t h e same t ime in every layer 
out across b y a po ten t i a l slip surface. Le t us 
consider, for example , t h e s i tua t ion shown in 
Fig. 35b. A stiff clay (I) which t ends t o fail w i th 
a relat ively small shear deformat ion is under la in 
by a layer of soft clay (II) which exhibi ts a large 
deformation before i t fails. Unde r such condi t ions , 
a relat ively small d isp lacement m a y be sufficient 
t o br ing layer J t o t h e verge of failure, while in 
layer II only a small por t ion of t he shear resis-
tance is mobilized. On t h e o ther h a n d , deformat ions 
large enough to mobilize t h e shear s t r eng th in 
layer II completely , will long before have caused 
failure in layer I. As a resul t , t h e resis tance to 
sliding in layer I becomes grea t ly reduced or 
ceases ent i rely. Should t he shear resis tance in 
ei ther layer alone be insufficient t o p reven t 
failure, t h e n we m u s t assume, for t he purpose of 
a s tabi l i ty analysis , a m a x i m u m resis tance in 
layer II combined wi th a s t r eng th great ly reduced 
due to remould ing of t h e soil in layer I. 

I n t he following, some examples are given of 
those cases of ins tabi l i ty for which a q u a n t i t a t i v e 
analysis is possible, p rov ided t h a t reliable infor-
mat ion on strat if icat ion a n d soil proper t ies is 
available. 

Figure 36 shows t h e cross-section of a typ ica l 
slide. A large mass of e a r t h moves ou twards along 
the approx imate ly p lane interface of two different 
soil s t r a t a . There is a l ikelihood of such a t y p e of 
failure if a permeable layer — usual ly sand, 
coarse silt, fissured clay, e tc . — is under la in b y 
an impermeable clay s t r a t u m which has a sidelong 
surface. The clay sucks in infi l t rat ing ra in wa te r 
and swells. As a resul t , i ts shear s t r eng th m a y be 
reduced to such a level t h a t t h e t o t a l frictional 
resistance along t h e p lane of sliding plus t h e tensile 
s t reng th in t h e uppe r l ayer are no longer sufficient 
to balance t he t angen t i a l componen t of t h e weight 
of the sliding mass . Then i n s t a n t sliding t akes 
place. Locally, where small deformat ions have 
a l ready t a k e n place, t h e shear s t r eng th m a y drop 
to i ts u l t ima te value which for cer ta in soils m a y 
be subs tant ia l ly smaller t h a n t h e peak s t r eng th 
value. The uppe r permeable layer usual ly consists 
of sand, coarse sû t or fissured clay. 

The s tabi l i ty of such n a t u r a l slopes canno t , as 
a rule, be inves t iga ted on t h e basis of some exac t 
ma thema t i ca l slip surface, since in th i s case t h e 
surface of r u p t u r e is de te rmined b y t h e geological 
condit ions. A rough es t imate of t h e degree of 
s tabi l i ty is possible using t h e following me thod . 
Figure 37 shows t h e cross-section of an uns tab le 
hillside. An a rb i t r a ry ver t ica l section 1-2 is ac ted 
upon b y an act ive e a r t h pressure . The r e su l t an t 
ea r th pressure Ea is a tensile force when the he ight 
h is smaller t h a n the l imit ing he ight of a ver t ica l 
slope hc and i t is a t h r u s t when h is grea ter t h e n hc. 
Because of tensile stresses ac t ing in t h e zone near 
the surface, cracks will develop t o a d e p t h of 

Fig . 36. Sl iding in the narrow sense of the word: m o t i o n a top 
the stiff layer 

h'Q= l ^ t a n (45° + Φ/2) . 
7 

The mos t dangerous s i tua t ion arises when , dur ing 
a r a in s to rm, such a crack becomes filled wi th 
wa te r , which exer ts an addi t iona l pressure U on 
t he sides of t h e crack. The forces which t e n d to 
cause sliding are t h e e a r t h pressure Ea, t he inci-
den ta l wa te r pressure U and t h e weight W of 
t h e block of soil A Β12. Their r e su l t an t R is 
ob ta ined b y a force polygon. R can be resolved 
in to componen t s n o r m a l and t angen t i a l t o t he 
surface of sliding. The no rma l componen t Ν makes 
an angle κ w i th t h e direct ion of t he resu l t an t . 
As for t h e res t ra in ing forces, t he re is a frictional 
resistance Ν t a n φ on t h e section A2 of t he surface 
of sliding, (φ denotes t h e angle of surface friction 
on t h e b o u n d a r y of t h e two layers.) Equi l ib r ium 
exists only if t he angle κ ob ta ined from t h e force 
polygon is smaller t h a n φ. The preceding construc-
t ion is r epea ted several t imes for var ious posit ions 
of t he ver t ica l section 1-2. B y p lo t t ing t he var ia-
t ion of t a n κ and compar ing i t w i th t a n φ, as is 
shown in Fig. 37, we can judge the degree of t he 
s tabi l i ty of t h e hillside. 

W h e n t h e uppe r b o u n d a r y of t he firm s t r a t u m 
does no t in tersec t t he free surface of t he slope, 

Fig . 37. S tabi l i ty analys is w h e n the sl iding surface inter-
sects the s lope 

3 * 
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Fig. 38. Stabi l i ty analys is w h e n the sl iding surface l ies a t 
some d e p t h be low the toe 

b u t passes below its foot, t he slide t akes the form 
shown in Fig. 38. The least resistance to sliding 
exists a t t he toe of t he slope, where failure occurs 
along a curved slip surface joining t he b o u n d a r y 
of t h e firm s t r a t u m tangen t ia l ly a t po in t 2. The 
passive ea r t h pressure mobilized a t t he toe m a y 
have an appreciable value and should be en tered 
in to t h e s tabi l i ty compu ta t i on . B y de termining 
the passive ea r t h pressure Ep on t h e ver t ical sec-
t ion 1-2 and the act ive e a r t h pressure Ea on an 
a rb i t r a ry section 3-4, we can compute t h e safety 
factor wi th respect to sliding b y the formula 

cl Ν t a n φ-\- Ep cos ε 

~ Τ + Ea cos ε 

If t he layers are approx ima te ly hor izonta l and 
the i r shear s t r eng th pa rame te r s do no t differ con-
siderably, a ro ta t iona l slip is likely t o occur and 
i t is possible to perform a s tabi l i ty analysis on t he 
basis of t he values of Φ and c de te rmined for t he 
indiv idual layers . F igure 39 shows t he cross-

Firm ίο y er 

Fig. 39. Inves t i ga t ion of slope s tabi l i ty in the case of ap 
prox imate ly horizontal stratif ication 

section of such a stratified soil. The slip surface 
cuts across several layers . Obviously, t he most 
dangerous slip surface is such t h a t t he section of 
i ts arc loca ted wi th in t he softest layer is as long 
as possible. The m a n n e r in which a slope fails 
depends on t h e re la t ive cohesions of t he indiv idual 
layers . Should, for example , a soft layer be located 
in t he uppe r or mid -pa r t of t h e slope, t he occur-
rence of a firm s t r a t u m a t some grea ter d e p t h is 
no t l ikely to influence s tabi l i ty . On the o ther 
h a n d , if there is a soft layer , for example , layer 3 
in Fig. 39, loca ted j u s t below the toe , a base failure 
will mos t p robab ly occur. The crit ical slip sur-
face will j u s t t o u c h t he surface of t he firm base . 
Such considerat ions will help us great ly in find-
ing t he locat ion of t he most dangerous slip sur-
face. 

The s tab i l i ty analysis m a y be performed on 
the a s sumpt ion t h a t Φ = 0. B y t rac ing a t r ia l 
circle, we compu te the average shear resistance 
τ t h a t would be requi red along t he slip surface t o 
p reven t sliding. F r o m Fig. 39, we have 

_ Wxax — W2a2 

^required — 1 

where a x and a2 are t he lever a rms wi th respect 
t o t h e centre 0 of t h e forces W1 and W\, respec-
t ively , and la is t he t o t a l l ength of the arc CD. The 
weighted average of t h e avai lable cohesions of 
t h e ind iv idual s t r a t a is compu ted b y the formula 

c — Jrl 
^average — t 

where ct is t h e cohesion of t he i t h layer a n d Alai 

is t he l eng th of t h e arc of t h e section of slip surface 
in t h e iih l ayer . The safety factor wi th respect 
t o sliding can be wr i t t en as 

^average 

^required 

The inves t iga t ion is r epea ted for different t r ia l 
slip surfaces in order t o find the least value of v. 
B y performing a sufficient n u m b e r of invest iga-
t ions a n d assigning to t h e centre of each one of 
t he t r ia l circles t h e corresponding value of v, we 
can t r ace a set of contours represent ing equa l ν 
values as shown in Fig . 39. The lowest po in t 
furnishes t he centre of t he crit ical circle and a t 
t he same t ime t he desired value of vm[n. 

For t h e case Φ φ 0, t h e invest igat ion can be 
carr ied ou t b y a n y of t he me thods discussed in 
Section 1.2.3.4. For t h e m e t h o d of slices, ver t ica l 
division lines can convenient ly be d rawn a t every 
po in t where t h e slip surface in tersects t he bound-
aries of t he layers so t h a t the re is only a single 
value of c for each slice. 
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1 . 3 Factors influencing the stability of slopes 

1.3.1 Introduction 

E a r t h w o r k s are cons tan t ly exposed to var ious 
physical and chemical effects. Ever -changing 
envi ronmenta l condit ions influence t he s tabi l i ty 
of slopes t h r o u g h a va r i e ty of processes causing 
deformations, erosion or o ther damage . The work 
of the var ious agencies a n d t h e e x t e n t of t h e 
damage m a y be ex t remely diverse. Some minor 
decays m a y ru in t he appearance of a slope w i thou t 
endanger ing its s tabi l i ty or p roper use. However , 
if t he s t a r t of damage is neglected or i ts cause 
remains unrevealed , t he s i tua t ion m a y rap id ly 
deter iorate and ini t ial ly small t roub le spots m a y 
ex tend over increasingly large masses of soil, so 
t h a t finally t he ea r thwork complete ly fails to 
serve i ts purpose . 

The harmful effects on t h e s tabi l i ty of slopes 
can be categorized wi th regard t o m a n y different 
character is t ics . Table 2 shows an example of 
such a categorizat ion. Three ma in groups can 
be dist inguished. The effects of wea the r — pre-
cipi tat ion, var ia t ion in t e m p e r a t u r e , m o v e m e n t of 
air — listed in group I are t h e mos t i m p o r t a n t . 
Other n a t u r a l forces form group I I , and effects 
due to act ivi t ies of m a n are l isted in group I I I . 

Among a tmospher ic effects, t h e work of wa te r 
is t he most significant. Surface wa te r causes 
erosion. In i t ia l ly na r row and shallow gullies cu t 
by run-off wa te r become widened and deepened 
in the course of t ime , while t h e debris of erosion 
is deposi ted a t some lower e levat ions . All these 
effects m a y considerably damage surface dra inage 
works . W a t e r percola t ing in t he soil exer ts seepage 
forces and in loess i t m a y cause collapse of t h e soil 
s t ruc tu re . Cohesive soils undergo seasonal swelling 
and shr inkage. Hydros t a t i c pressure induces neu-
t ra l stresses in the soil wi th a consequent reduct ion 

in t he shear s t r eng th . The slopes of dykes and 
canals are cont inual ly exposed to erosion b y wash 
and wave effects. 

A rise of t e m p e r a t u r e causes wa te r t o evapora te 
from t h e near surface zone of t he soil. This leads 
to the format ion of shr inkage cracks. W a t e r m a y 
fill t he cracks and pene t r a t e to great dep ths . 
F ros t causes t he format ion of ice lenses in fine-
grained soils. Dur ing subsequent t h a w periods 
large masses of frozen soil become softened result-
ing in a des t ruc t ion of s t ruc tu re and an almost 
t o t a l loss of s t r eng th . W i n d is l ikely to cause 
serious damage to slopes of fine sand. 

Chemical effects ra re ly cause slope failure. 
Decomposi t ion of t he solid p a r t of the soil, reduc-
t ion in shear s t r eng th because of cat ion exchange, 
e tc . , m a y be men t ioned in th is sub-group. The 
presence of carbon dioxide in t he a tmosphere can 
be ve ry injurious to calcareous s tone. 

Somet imes tec tonic effects come in to p lay . Slow 
m o v e m e n t s in t he ea r th ' s c rus t cause a s teepening 
of slopes, usual ly associated wi th soil-creep. 
E a r t h q u a k e s m a y have violent effects. Shear 
waves t h a t p ropaga te near t h e ground surface 
give rise to hor izonta l forces which change the 
magn i tude and direct ion of t h e resu l t an t body 
force ac t ing on t h e slope essentially and cause 
addi t iona l shear stresses in t he soil. 

Biological effects of p l an t s and an imal life can 
occasionally be ve ry significant. Holes bur rowed 
b y moles and o ther pests pipe wa te r t h r o u g h or 
b e n e a t h e m b a n k m e n t s a n d dykes and m a y have 
ca tas t roph ic consequences. 

I t is commonly recognized t h a t vege ta t ion pro-
vides an effective means of slope protect ion, b u t 
somet imes i t can be harmful . P l a n t roots growing 
in const ruct ion jo in t s exer t a wedging effect, and 
t h e y can also clog out le t of dra ins . Growth of 
weeds on roadsides and in ra i lway bal lasts can 
be ve ry harmful . 

Table 2 . Harmful effects on earthworks 

I. Physical influence of the atmosphere II. Further impact of nature III. Artificial impacts 

1. Act iv i ty of water 
(a) Erosion caused b y run-off water 
(b) Rainwater infiltrating in the under-

ground 
(c) Ac t iv i ty of the groundwater: 

Permanent groundwater table 
Gravitational f low 
Capillary rise 

2. Influence of temperature (plus water) 
(a) Drying, shrinkage 
(b) Penetrat ion of frost 
(c) W a r m springs 

3. Air m o v e m e n t 
(a) Wind erosion 
(b) Abrasion 

1. Act ions of water 
(a) Scour caused b y water , lakes and 

lakelets , river, w a v e act ion 
(b) I m p a c t of springs 

2. Influence of gravi tat ion; s low deforma-
t ions 

3. Chemical effects 
(a) E x c h a n g e of bases 
(b) Other chemical processes ( leakage, 

dissolution, e tc . ) 

4. Tectonic m o v e m e n t s 
(a) Slow creep of the crust 
(b) Earthquake 

5. Biological effects 
(a) Animal 
(b) Vegeta t ion 
(c) Bacteria 

1. Influence of water 
(a) D e v e l o p m e n t of water pressure, 

water head, pore-water pressure, 
seepage from ducts 

2. Loads 
(a) Own-weight 
(b) Externa l load 

3. D y n a m i c effect 
(a) Traffic 
(b) Miscellaneous act iv i t ies (pile driv-

ing, etc . ) 

4. Further act iv i t ies 
(a) Overcompact ion 
(b) Stabi l izat ion 
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Fig. 4 0 . S o m e harmful ins tances w h i c h m a y influence the s tab i l i ty of s lope: 

a — erosion caused by runoff water; b — wave action; c — increased seepage pressure due to infiltrating rain water; 
d — lowering the groundwater table; e — increased water pressure in thin embedded sand layers; f— excavation at the toe; 
g — surcharge load; h — trembling due to traffic; i — slide on the surface of a stiff inclined layer 

Except ional ly , bacter ia m a y cause" damage to 
slopes. 

I n group III — m a n ' s interference — over-
stressing of t he slope should be ment ioned first. 
I n th i s respect , t he t e r m 'overs t ress ing ' is used for 

all such changes in load which t e n d t o increase 
t h e shear stresses in t he danger zone of a slope. 
For example , a minor excava t ion or cu t t i ng down 
a t t he toe also increases the shear stresses on 
a po ten t ia l slip surface. Ini t ia l ly , soil-creep takes 

25 

20 

Ι-
Ο) 

ZD 

15 

10 

<7 ha 

>1 ha~ 

>10 ha 

_ L L I l I I 
1640 1700 1750 WOO 1850 

Decade 
1900 1950 2000 

Fig. 4 1 , Landsl ide frequency w i t h t i m e in S w e d e n ( V I B E R G , 1 9 8 1 ) 
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place, resul t ing in a fur ther reduc t ion of t h e shear 
resistance. I nadequa t e ly compac ted fills subside 
under thei r own weight a n d m a y become bad ly 
deformed. Addi t ional loading a t t h e t o p of t h e 
slope due to spoil t ipp ing , bui ldings, p l an t s , e tc . 
m a y be the cause of i m m i n e n t sliding. I t is w o r t h 
not ing t h a t no t only loading, b u t also unloading 
of a slope m a y have de t r imen ta l consequences. 

Dynamic effects caused b y traffic, opera t ing 
machines , pile driving, e tc . , can be dangerous , 
especially in cohesionless soils. 

Some of t he factors endanger ing the s tabi l i ty 
of slopes are i l lus t ra ted in Fig. 40. 

In te res t ing s ta t is t ical inventor ies have been 
compiled in Sweden re la t ing t he frequencies of 
ex tended landslides in t h e las t th ree a n d a half 
centuries ( V I B E R G , 1981). As can be seen from 
Fig. 4 1 , t he n u m b e r of landslides covering areas 
between one and t en hectares became marked ly 
significant after 1890 and 1940. The reasons for 
these increases are p robab ly main ly due to t he 
construct ion of t he ra i lway sys tem a t t h e end of 
the 19th cen tu ry and t h e rap id u r b a n develop-
men t after Wor ld W a r I I . Before 1850, t h e 
frequency of landslides was p robab ly only affected 
b y n a t u r a l causes. There were long periods wi thou t 
large landslides and th is implies t h a t such land-
slides are t r iggered b y t r ans i en t r ap id causes such 
as ex t remely wet years and e a r t h q u a k e s r a t h e r 
t h a n slow cont inous processes such as l and up -
heaval or annua l erosion. 

1.3.2 The effect of water and precipitation o n the 
stability of slopes 

I n Vol. 1, Chap te r 5, we discussed the body 
forces t h a t are induced b y t h e flow of wa te r in 
a mass of soil a n d t h e different ways of combining 
all b o d y forces t o ob ta in the i r r e su l t an t . F o r such 
co mp u ta t i o n s i t is requi red t h a t a flow ne t be 
cons t ruc ted on t h e basis of which t h e resu l t an t 
w a t e r pressure ac t ing on a po ten t i a l slip surface 
can be de te rmined a n d t h e s tabi l i ty of a slope 
inves t iga ted b y means of t he me thods discussed 
in Section 1.2. 

F igure 42 shows a slope which is ent i rely sub-
merged . The soil is s a t u r a t e d a n d t h e wa te r is a t 
res t . A b o d y of soil b o u n d e d b y a po ten t ia l slip 
surface AC is ac ted upon b y i ts own weight and 
b y wa te r pressure on t h e face of t h e slope and 
along t h e slip surface, respect ively. The to t a l 
weight of t he b o d y ABC m a y be wr i t t en as 

^rsat = ^(rsat + Vw) · 

Along t h e b o u n d a r y surfaces, neu t r a l pressures 
ac t . Since the re is no flow of wa te r , these can be 
de te rmined as hydros t a t i c pressures . The resul-
t a n t s of t h e b o u n d a r y wa te r pressures are t he 
forces U1 and l / 2 . These t w o , added vectorial ly 
t o t he t o t a l weight W, give t he resu l t an t body 
force R which, as can be seen from the force poly-
gon in Fig. 42, is equal t o t h e submerged weight 

Fig. 42 . S tab i l i ty analys is of a s lope b e l o w free water l eve l : 
a — distribution of the water pressure on the sliding wedge; b — forces acting on the sliding wedge; c - - diagram of forces 
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Fig . 4 3 . Forces ac t ing on a vo lumetr i c soil e l ement near 
the surface of the s lope, induced b y parallel flow 

(i.e. t o t a l weight minus t he force of b u o y a n c y ) : 

J^sat —
 V

7w = Vy'sat -

This r e su l t an t R should t h e n be en te red in t h e 
s tabi l i ty analysis . Using, for example , t h e friction 
circle m e t h o d , R is resolved in to t h e force of cohe-
sion C and t h e slip surface reac t ion (), and the 
cohesion necessary to ma in t a in equi l ibr ium is 
de te rmined as was discussed in Section 1.2. The 
Taylor s tabi l i ty char t s m a y also be used t o ob ta in 
the requi red cohesion. I n th is case, t h e submerged 
un i t weight m u s t be used in t he expression of t he 
s tabi l i ty n u m b e r , t h u s 

Nc = c/hy'sai. 

In t h e following we examine an infinite slope 
in which s t eady seepage is occurr ing. I n Vol. 1 
we a l ready discussed (as an example of t he com-
p u t a t i o n of body forces due to seepage) t h e case 
t h a t t he flow is l inear and parallel t o t he ground 
surface. We also de te rmined t h e resu l t an t body 
force (Vol. 1, Chapte r 5). Now we inves t iga te t h e 
complete s ta te of stress. As a first s tep , let us 
de termine t he t o t a l and neu t r a l stresses a t an 
a rb i t r a ry d e p t h ζ (Fig. 43). The t o t a l pressure on 
an e lementa ry surface parallel to t he ground 
surface is 

<*z = *y Sat
 c os ε 

and i ts n o r m a l and t angen t i a l componen t s are 

=
 z

7sat
 c o s2 ε

 » 

χ = zysai sin ε cos ε . 

The s t ra igh t lines perpendicular t o t he surface of 
t h e slope are equ ipo ten t ia l l ines. Thus , t he neu t r a l 
pressure u a t d e p t h ζ is equal t o hyw. 

Since h = ζ cos 2 ε, t he neu t r a l pressure 

u = zyw cos 2
 ε. 

Hence t h e effective n o r m a l stress is 

α = σ — u (rsat — 7w) z C O S2 ε
 =

 z
r'sat C O S

2
 8 . 

If t h e stresses are p lo t t ed on a scale such t h a t 
t h e t o t a l s tress α ac t ing on t h e p lane parallel to 
t h e g round surface is represented b y a ver t ical 
line of l eng th t h e n the resu l t an t effective stress 
can readi ly be cons t ruc ted as t h e vectorial sum 
of t he effective no rma l stress σ* and the shear 
stress r . The magn i tude and obl iqui ty of the 
r e su l t an t effective pressure m a y be expressed 
ma thema t i ca l l y as 

Ρ = ysat*
 c os ε 1 -f s in 1 ( 5 9 ) 

Fig. 44 . Stresses in a p lane parallel to the s lope 
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Fig. 45 . D e t e r m i n a t i o n of the critical flow direct ion 

and 

ß tan~ 7sat 

rsat 
t a n ε (60) 

A slope in a cohesionless soil r emains s table only 
if β < Φ- The l imit ing angle of t he slope ε can be 
ob ta ined b y set t ing β = Φ. Assuming t h a t ysat ^ 

^ y s at / 2 we ob ta in t a n £ M AX ^ 1 / 2 t a n Φ, as was 
derived b y B E R N A T Z I K ( 1 9 4 7 ) . 

If t h e seepage is no t paral lel t o t he surface of 
the slope, t h e crit ical flow direct ion can be deter-
mined as follows. 

Figure 4 4 shows the cross-section of an infinite 
cohesionless slope. Consider an e lement of un i t 
volume located immedia te ly b e n e a t h t he surface. 
The forces ac t ing on t he element are t h e sub-
merged un i t weight y ' s at a n d t h e seepage force p. 
The slope is in a l imi t ing s t a t e of equi l ibr ium when 
the quot ien t of t h e forces paral lel and no rma l t o 
the surface of t h e slope is equa l t o t h e friction 
coefficient t a n Φ. I n Fig. 4 5 t h e t r iangle of force 
is shown in a cross-section of t h e slope. The sub-
merged un i t weight is represen ted b y t h e vec tor 
00'. Prolonging th is ver t ica l l ine, we also plot 
yw on i t a n d using th is as d iameter , we cons t ruc t 
a circle. The r e su l t an t b o d y force pe r t a in ing t o 
an a rb i t r a ry seepage direction can be de te rmined 
b y drawing a line from the lower end of vec tor 
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Fig. 46. Critical s lope angle as a funct ion of f low direct ion 

O u i * 

Fig . 47. Seepage pressure in the b o d y of a d a m owing t o : 
a — long lasting rain; b — sudden depression of the water level; c — permanent 
seepage 

7sat paral lel t o t he direct ion of flow. I t s point of 
intersect ion wi th t h e circle furnishes t he vector 
of t h e seepage force p. The resu l t an t body force 
per un i t vo lume is represen ted b y t h e vector r. 
The m a g n i t u d e and direct ion of t he most dan-
gerous r e su l t an t can be de te rmined b y drawing 
a vec tor from 0 t angen t i a l t o t h e circle. The 
crit ical direct ion of seepage can be obta ined from 
the expression 

cos 2 a r r -
2
7 s a t + η 

Figure 46 shows, for Φ = 30°, t h e l imit ing angle 
β of an infinite slope as a funct ion of direct ion of 
seepage. 

Let us now consider t he seepage which arises 
when an e m b a n k m e n t is exposed t o a h e a v y 
r a in s to rm, or when t h e free wa te r level adjoining 
the slope is sudden ly lowered (rapid d rawdown) . 
The e m b a n k m e n t (Fig. 47) is m a d e of sand hav ing 
no or a negligibly small cohesion. The base of 
t h e fill is assumed t o be prac t ica l ly impermeab le . 

In d ry wea the r t he wa te r is held in the voids of 
the soil b y capil lary forces. The neu t ra l stresses 
have nega t ive va lues , a n d since t h e shear s t reng th 
of t he soil is governed b y t he general re la t ionship 
r = (σ — u) t a n Φ, a nega t ive va lue of u causes 
an increase in shear s t r eng th . As a resul t , t he 
e m b a n k m e n t is more s table t h a n i t would be if 
t h e soil were complete ly d ry . 

Dur ing a h e a v y r a ins to rm, wa te r enters t he fill 
t h r o u g h t h e crest a n d t h e slopes a n d drains out 
t h r o u g h t h e lower p a r t of t h e slopes (Fig. 47a). 
Unde r unfavourab le condi t ions , th is m a y lead to 
a p e r m a n e n t flow in t he fill. 
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Fig. 48 . F l o w ne t d iagram in a d a m over an impermeable 
subsoil in the case of s tormy rains or abrupt loss of water head 

The b o u n d a r y condit ions requi red for t he con-
s t ruc t ion of t h e flow ne t are as follows: t h e imper-
vious base and t h e axis of s y m m e t r y of t h e section 
are flow l ines; t he crest of t he e m b a n k m e n t is an 
equipo ten t ia l l ine; t he neu t r a l stress a t a n y poin t 
along the face of t he slope is zero. Figure 48 shows 
t h e complete flow ne t . I n order t o m a i n t a i n a per-
m a n e n t flow, a cer ta in in tens i ty of ra in is neces-
sary . The q u a n t i t y of wa te r which en ters t h e 
e m b a n k m e n t be tween two ad jacent flow lines 
mus t be t h e same in each one of t he channels . 
Therefore, t he r a t e of prec ip i ta t ion per un i t of 
area of t h e surface of e n t r y is greates t where t h e 
distance be tween two consecutive flow lines is 
smallest . This condi t ion exists a t t he edges of t h e 
crest . Le t t h e w i d t h of t h e channel formed here 
be a m i n. The t o t a l head lost as wa te r seeps t h r o u g h 
t h e channel is h, and since t h e n u m b e r of drops 
passed is n19 t h e po ten t i a l d rop as wa te r moves 
from one equ ipo ten t ia l line t o t h e n e x t is Ah = 
= h/nv Nea r t h e edge of t h e crest (point B) t h e 
hydrau l ic gradient is i = Ahjam[n. The in tens i ty 
of ra in (i.e., t h e q u a n t i t y of wa te r per un i t ο 
area and un i t of t ime) necessary t o ma in t a in 
a s t eady flow of wa te r t h r o u g h the e m b a n k m e n t is 

. Ah k h 
ν = ki = k = . 

a
m i n

 a
m i n

 n
i 

Dur ing h e a v y ra ins to rms th is condi t ion is nor-
mally satisfied for every e m b a n k m e n t m a d e of fine 
or sil ty sand . 

A similar seepage occurs in an e m b a n k m e n t 
which h a d been flooded on b o t h sides for a suffi-
ciently long period of t ime to become fully sa tu-
r a t ed and where t h e wa te r level is suddenly 
lowered (Fig. 47b) . The wa te r dra in ing out of t he 
e m b a n k m e n t exer ts a seepage pressure ac t ing 
ou twards on t h e mate r ia l of t he fill; since t he 
neu t ra l stresses have posit ive va lues , t h e shear 
s t r eng th of t he soil is grea t ly reduced, as is t h e 
s tabi l i ty of t h e e m b a n k m e n t . Exper ience shows 
t h a t in e m b a n k m e n t s made of ve ry fine sand mos t 
t roubles occur dur ing h e a v y ra ins to rms or imme-
diately after a sudden d rawdown. A different flow 
ne t is developed in an ea r t h d a m t h r o u g h which 

seepage of w a t e r occurs t o w a r d t h e downs t r eam 
slope (Fig. 47c). This case is all t he more involved 
since t h e locat ion of t h e t o p flow line is indeter -
m i n a t e . (For a detai led discussion of th is p roblem 
see Section 1.5). Whichever is t h e case, t h e flow 
of wa te r induces seepage forces inside t h e e m b a n k -
m e n t which m u s t be t a k e n in to account in t h e 
s tabi l i ty analysis . 

The s tabi l i ty analysis is i l lus t ra ted b y Fig. 49. 
We assume a circular slip surface which s t a r t s 
a t a po in t nea r t h e centre of t h e crest a n d is 
t angen t i a l t o t h e imperv ious base of t h e e m b a n k -
m e n t . The mos t dangerous slip surface can be 
found b y t r ia l a n d error . Drawing a t r ia l circle, 
we de te rmine t h e weight W1 of t h e sliding mass 
using t h e s a t u r a t e d un i t weight ysai of t h e soil. 
The weight acts a t t h e centre of g rav i ty of t he 
sliding body . I n a cohesionless soil t he only 
resis tance t o sliding is t h a t due t o in te rna l friction. 
I n t h e i n s t a n t of failure, t h e r e su l t an t of t h e 
e l emen ta ry frictional forces is t angen t i a l t o t h e 
friction circle d r a w n wi th rad ius r sin Φ from the 
centre of t h e slip surface. The neu t r a l stresses 
induced b y seepage are no rma l t o t he slip surface, 
and pass t h r o u g h t h e centre 0 . The neu t r a l stress 
a t an a r b i t r a r y po in t such as Ρ is given b y t h e 
expression u = h'yW9 where h' is t he difference in 
e levat ion be tween t h e po in t Ρ and t h e poin t 
where t h e equipoten t ia l line passing t h r o u g h Ρ 

Fig . 49. I n v e s t i g a t i o n of s lope s tabi l i ty in s a n d y soil after t h e 
sudden lowering of t h e water leve l : 
a — cross-section of the dam, flow net diagram and pressure distribution; b — de-
termination of resulting water pressures; c — diagram offerees 
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intersects t h e surface of t h e slope. Hence t h e 
dis t r ibut ion of neu t r a l stresses along t h e slip 
surface is known . The e l emen ta ry forces ac t ing 
on small sections of t h e slip surface can be com-
p u t e d a n d the i r r e su l t an t U1 de te rmined b y means 
of a polygon of force. 

I n t h e case of equi l ibr ium t h e th ree forces, 
W19 U1 and (), m u s t be concur ren t a n d the i r vec tor 
polygon m u s t close. Unless t h e force Q ob ta ined 
from the cons t ruc t ion in tersec ts or j u s t touches 
t he friction circle, t h e seepage induced b y a ra in-
s torm or b y a r ap id d r awdown causes failure of 
the slope. The safety factor w i th respect t o 
sliding is 

r sin Φ 
ν = . 

d 

If t he mate r ia l of an e m b a n k m e n t has an 
appreciable cohesion, i t can be t a k e n in to account 
in the same w a y as in t h e usua l me thods for 
s tabi l i ty analysis of slopes (Fig. 50). We d raw 
the act ion line of t he force of cohesion paral lel t o 
the chord of t h e slip surface, a t a dis tance ζ = rlajlc 

from the centre 0 , and de te rmine t h e cohesion c l 9 

required to ma in t a in s tabi l i ty . To th i s end we 
cons t ruc t t h e r e su l t an t Q1 of t h e forces W1 a n d 
U± and make i ts line of ac t ion in tersect t h e 
force Cv F r o m t h e po in t t h u s ob ta ined we d raw 
the act ion line of Q so t h a t i t is t angen t i a l t o t h e 
circle of friction. The polygon of forces furnishes 
t h e magn i tude of t h e requi red cohesion Cv B y 
compar ing th is force wi th t h e avai lable cohesion 
of t he soil, t h e degree of s tab i l i ty can be esti-
ma ted . I n order t o ob ta in a numer ica l va lue for 
the safety factor, we de te rmine , b y drawing a line 
parallel to 0XM in t h e force polygon, t h e cohesion 
t h a t would be requi red if t he re were no frictional 
resis tance. I t s magn i tude is equal t o Cx -\- S. 
Hence t h e safety factor is 

S + C a v a i I a b l e ν = . 
s + c v 

The m e t h o d j u s t described can be appl ied t o t h e 
invest igat ion of a n y s tabi l i ty p rob lem associated 
wi th seepage; for once t h e flow ne t is cons t ruc ted , 
the neu t r a l stresses induced b y seepage can readi ly 
be de te rmined a n d en te red in t h e s tab i l i ty anal -
ysis. 

The m e t h o d expla ined in t h e foregoing is r a t h e r 
tedious , since t h e whole procedure should be 
repea ted a n u m b e r of t imes in order t o find t h e 
lowest value of t h e safety factor . Besides, t h e flow 
ne t m a y , in real i ty , be grea t ly influenced b y local 
var ia t ions in t h e permeabi l i ty of t h e soil, a n d an 
approx ima te m e t h o d will often do j u s t as well. 
One such m e t h o d which is applicable t o flat 
slopes (ρ > 10/4), is i l lus t ra ted in F ig . 5 1 . I n t h e 
case t h e equipotent ia l lines shown, are approx i -
ma te ly ver t ical and t h e error we m a k e b y assum-
ing t h a t t h e y are t r u l y ver t ica l is negligible. The 
resu l tan t U of t he neu t r a l stresses can t h u s be 

Fig . 50. Slope s tab i l i ty analys is (c φ 0) after sudden lower-
ing of the water l eve l (appl icat ion of Frohl ich's m e t h o d 
(1950)) 

assumed t o pass t h r o u g h b o t h t he center of 
g rav i ty of t h e po ten t i a l sliding b o d y and the 
cent re 0 of t h e slip surface. Le t t h e angle i t makes 
wi th t h e ver t ica l be a. The ver t ica l componen t of 
t h e r e su l t an t w a t e r pressure U is approx imate ly 
equa l t o t he cross-sectional area A of t he sliding 
b o d y mult ipl ied b y t h e un i t weight of wa te r yw. 
Therefore t he r e su l t an t U need no t be de termined 
from t h e force polygon, b u t can s imply be wr i t t en 

cos α 

W i t h U known , t h e fur ther procedure is the same 
as t h a t used in t h e examples previously discussed. 

Fig. 51 . Simplified s tab i l i ty analys i s : a s sumpt ion of hori-
zonta l flow l ines 
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Fig . 52. Va lues of the s tabi l i ty coefficient N'c in the case of 
an abrupt decrease in water level 

Fig . 53. Inc l inat ion l imit of a sand slope in the case of an 
abrupt decrease in water level 
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Fig. 54. Vert ical s tream l ines resul t ing from a horizontal 
permeable layer constructed at the base of the d a m 
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Fig. 55. Construct ion of a d a m slope w i t h respect t o fluctua-
t ion of the water level 

For details see Fig. 51. The m i n i m u m of t he 
safety factor can again be ob ta ined b y i te ra t ion . 

Another shor t cu t in t h e s tabi l i ty analysis is 
provided b y t he use of design char t s based on 

s tabi l i ty n u m b e r s t ak ing in to account t he effect 
of seepage. An ana ly t ica l app roach would h a v e 
b e e n far too compl ica ted and therefore s tabi l i ty 
n u m b e r s , corrected for seepage, have been deter-
mined b y a great n u m b e r of graphic cons t ruc t ions . 
The resul ts are shown in Fig. 52. Reciprocals of 
Taylor ' s s tab i l i ty n u m b e r s are p lo t t ed on t h e 
hor izonta l axis and 1/iVJ values on t h e ver t ical 
axis , where is t h e s tabi l i ty n u m b e r corrected 
for t he seepage case shown in Fig. 48. Numer ica l 
values for var ious angles of in te rna l friction Φ can 
be r ead off from the set of curves . 

Le t , for example , Φ = 20° and Nc = 15. F r o m 
Fig. 52, t he s tab i l i ty factor corrected for seepage 
is N'c = 8.6. For a slope 15 m high wi th a un i t 
weight of soil y s at = 20 k N / m 3 , t he cohesion 
requi red for s tabi l i ty when no seepage is occur-
r ing is 

c = hysai/Nc = 15 X 20/15 = 20 k N / m 2 . 

After a sudden d rawdown t h e slope only remains 
s table if t he avai lable cohesion is no t less t h a n 

c = hysaijN'c = 15x20/8.6 = 35 k N / m 2 . 

For cohesionless soils an approx ima te relat ion-
ship for t h e safe angle of slopes subjected to see-
page effect is given in Fig. 53. According to th is , 
t h e slope of an e m b a n k m e n t in which a flow ne t 
similar t o t h a t shown in Fig. 48 is developed, does 
no t r emain s table unless i ts angle t o t he hor izonta l 
is less t h a n 0.55Φ. 

The preceding discussion has clearly shown how 
seriously t h e s tab i l i ty of a slope could be affected 
b y seepage of wate r . F o r t u n a t e l y , there are a 
n u m b e r of ways of p reven t ing failure. For example , 
if a coarse-grained filter is placed immedia te ly 
b e n e a t h t h e base of t he e m b a n k m e n t , all t he flow 
lines become approx ima te ly ver t ical and t h e 
equipo ten t ia l l ines hor izonta l (Fig. 54). I t follows 
t h a t t h e n e u t r a l stresses inside t h e fill become 
zero a n d t h u s will n o t affect t h e s tabi l i ty of t h e 
e m b a n k m e n t dur ing ra ins to rms . 

Ano the r p recau t iona ry measure consists of 
flattening t h e slope. Figure 55 shows a typ ica l 
profile r ecommended for slopes of canals a n d 
reservoirs in cohesionless soils when a wide 
va r i a t ion in w a t e r levels is expected . The surface 
of such slopes can be divided in to three p a r t s . 
The highest wa te r level plus t he wave height α 
gives t h e uppe r l imit a n d t h e lowest wa te r level 
minus t h e wave height α gives t he lower l imit of 
t h a t cent ra l zone which is l ikely t o be affected b y 
seepage. Above th is buffer zone t h e slope never 
becomes submerged a n d below i t t he slope is 
cons t an t ly u n d e r wate r . The t o p and b o t t o m 
sections of t h e slope can be m a d e wi th a safe 
angle β no rmal ly pe rmi t t ed for s ta t ic condi t ions , 
b u t t he cent ra l p a r t mus t be flattened wi th a 
reduced slope angle of β/2 t o 2/3/?. 

A m o n g t h e m a n y effects of wa te r on t h e s ta-
bi l i ty of slopes, ye t another , t h e pressure of wa te r 
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filling tens ion cracks nea r t h e surface, is wor th 
ment ioning. E m b a n k m e n t s m a d e of, and cu t t ings 
excava ted in cohesive soils are subject t o desic-
cat ion dur ing d ry spells, especially if the i r slopes 
are no t ye t p ro tec ted b y vege ta t ion . As a con-
sequence, deep, wide cracks m a y develop in t h e 
tension zone near t he surface. I f t h e y become filled 
wi th wa te r dur ing to r ren t ia l ra in , t h e s tabi l i ty of 
an otherwise safe slope m a y be seriously endan-
gered. The p r i m a r y cause of reduced s tabi l i ty is 
normal ly no t t h e decrease in cohesion of t h e soil 
due t o soaking b y wate r , since th i s is a re la t ive ly 
long process, b u t t h e in s t an t aneous effect t h a t t h e 
ou tward pressure of t h e wa te r filling a crack 
exer ts on i ts side. I n such case t h e s tabi l i ty 
analysis can be performed according t o Fig. 5 6 . 
The dep ths t o which t h e cracks pene t r a t e can be 
assumed t o be approx ima te ly equal t o 

2.67c 
t a n 

y 

4 5 ° + y | = 1 . 3 3 ? I I/ R 

The effect of wa te r pressure in t he cracks m a y 
occasionally be ve ry significant. Tak ing , for 
example , a cu t t ing 1 0 m deep wi th slopes ρ = 6 / 4 , 
the safety factor wi th respect t o sliding m a y drop 
from ν = 2 to ν = 1 .4 . 

The significance of prec ip i ta t ion can duly be 
proved by h is tograms which show, in a m o n t h l y 
a r r angemen t t h e frequences of t he prec ip i ta t ion 
and slides ( V I B E R G , 1 9 8 1 ) . I n Fig . 5 7 t h e n u m b e r 
of slides — t h a t occurred in Sweden — is p lo t t ed 
against t h e m o n t h in which a slide was observed. 
There are two peaks in t h e h i s togram for t he whole 
of Sweden, one in t h e spring a n d one in t h e 
a u t u m n . The geographical separa t ion of t he slides 
i l lustrates t h a t t h e slide f requency is greates t 
dur ing t h e a u t u m n m o n t h s in sou the rn Sweden 
and dur ing t he spring m o n t h s in n o r t h e r n Sweden. 
A similar p a t t e r n exists in N o r w a y (note t h a t a 
cont inenta l c l imate prevai ls in b o t h countr ies) . 
Most slides occur dur ing t h e wet seasons when 
pore pressures a n d t h e ac t iv i ty of erosion are a t 
the i r peak . Obviously, t h e fact t h a t evapora t ion 
is a t a low ra t e and évapo t ransp i r a t ion is com-
pletely absent in a u t u m n and winter m a y cont r ibu te 
to this ou tcome. 

I n sensitive clay deposits in Quebec, Canada , 
L E B U I S and R I S S M A N ( 1 9 7 9 ) have establ ished a 
his togram which gives a ve ry p r e d o m i n a n t peak 
dur ing t he m o n t h s of April and May when snow-
melt combined wi th ra in can produce t h e wors t 
possible condi t ions of infi l trat ion. The ground-
water recharge due to snowmel t is also a p redom-
inan t factor in Quebec ; in fact , near ly all t h e 
major landslides in Eas te rn Canada have occurred 
dur ing spr ingt ime. 

M A N F R E D I N I et al. ( 1 9 8 1 ) have observed in t h e 
Sinni-Valley in I t a ly t h a t t he ra t e of t r ans i en t 
landslides depends no t only on t he in tens i ty of 
the prec ip i ta t ion which occurs dur ing t h e obser-
va t ion period, b u t also on t h a t of t he direct ly 

Fig . 56. Stabi l i ty analys is w i t h respect t o the water pressure 
in t ens ion cracks 

previous per iod. The m a x i m u m sliding velocity 
ensues normal ly in one m o n t h after t he m a x i m u m 
rainfall . I n t h e first years of t he s tudy , t he speed 
of t h e slide approached 0 . 5 m per year , wi th 
m a r k e d absence in summer . The speed has gained 
i m p e t u s since 1 9 7 6 p robab ly due to t he beginning 
of a long-last ing wet epoch. Incl inometers t h a t 
have been embedded in t h e sliding mass have also 
p roved t h a t sliding was a lways in i t ia ted in winter . 
( I t has t o be no ted t h a t t he cl imate in t h a t region 
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Fig . 57. Month ly d is tr ibut ion of landsl ide frequencies 
( V I B E R G , 1 9 8 1 ) : 

a —in the whole of Sweden; b — the southern and c — northern Sweden 
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is Medi te r ranean — con t r a ry t o Sweden and 
Norway — and most of t he prec ip i ta t ion occurs 
in a u t u m n a n d winter) . 

1.3.3 Effect of excess pore-water pressure 

The s tabi l i ty of a n a t u r a l hillside or an ar t i -
ficial e a r t hwork can be seriously endangered if 
t h e subsoil contains water -bear ing seams or lenses 
of sand in which high pore-water pressures m a y 
develop. I t is character is t ic of th is t y p e of failure 
t h a t a re la t ively gentle slope or hillside, which has 
previously been s table , moves ou t suddenly or 
s lumps while the ground in front of t he toe bulges. 
An explana t ion of th is phenomenon was given b y 
Terzaghi . He showed t h a t if t h e pore pressure in 
t h e seam of sand is great enough t o reduce t h e 
shear s t r eng th to zero, t he critical height of t he 
overlying slope is equal to t he critical height of 
a ver t ical slope, regardless of t he ac tua l slope 
angle. This s t a t e m e n t can be verified as follows. 

Figure 58 shows a cu t t ing of dep th h which has 
been excava ted in a clay. The base of t h e slope, 
as well as every hor izonta l p lane loca ted fur ther 
below, is ac ted upon b y shear stresses, because 
the soil mass adjoining t h e slope t ends to set t le 
vert ical ly and , a t t he same t ime , to e x p a n d 
la tera l ly unde r i ts own weight . B e n e a t h t h e base , 
there is a wate r -bear ing seam of sand , 1-2, in 
which t h e pore w a t e r is unde r pressure . The 
shear s t r eng th of t he sand is de te rmined b y the 
equa t ion r s = (a — u) t a n Φ. A critical condi t ion 
arises when u = a and hence xs = 0. The equi-
l ibr ium of t he soil body , al2b, depends on the 
ra t io of t h e act ive a n d passive e a r t h pressures 
ac t ing on t h e ver t ical sections al and b2, respec-
t ively . I n t h e l imit ing s ta te of equi l ibr ium 

E
a = Ε ρ · 

Assuming zero friction, we get 

Ea =— rih + htf- 2c(h + 
2 

and 

Ep =^-7h\ + 2eh1. 

a 

////////p>^ 

E a •! C'ay 

1 

λ 2\ * 

Water pressure in the sand layer 

Fig. 58. Inves t iga t ion of equi l ibrium condi t ions of a s lope 
block: there is water pressure in the sand layer , effective 
stress is zero 

E q u a t i n g Ea a n d Ep gives 

ncr — n0 — , 
y 

which is t h e theore t ica l expression for t he critical 
he ight of a ver t ica l slope in t he case t h a t Φ = 0. 

Geological condi t ions favourable for the bui ld-up , from 
t i m e to t ime , of except iona l ly h igh pore-water pressures in 
th in layers of sand are responsible for recurring landsl ides on 
the h i g h w a y and ra i lway l ine along the N E shore of Lake 
B a l a t o n in H u n g a r y , w h i c h is flanked b y h igh banks in 
w h i c h all prerequis i tes for failure b y spreading occur. The soils 
of the bank are general ly w e t and soft w i t h an average water 
c o n t e n t of 35 to 4 5 % . Their shear s trength is v e r y low, e v e n 
if the effect of pore-water pressure is not t a k e n into consider-
at ion. R e l a t i v e l y th ick strata of silt and imperv ious c lay are 
interspersed w i t h water-bearing seams of sand and coarse 
silt, some of which apparent ly c o m m u n i c a t e w i t h a layer of 
gravel w h i c h covers large areas of the upper terrain. Dur ing 
w e t seasons , rain water infiltrates the soil and percolates 
through the seams towards the lake , thereby causing the 
p iezometr ic leve ls in the seams to rise considerably . Usua l 
remedial works ut i l iz ing buttress drains, shafts and headings , 
e tc . , h a v e not proven successful , at least on an economic scale, 
in arresting the m o v e m e n t of the sl iding masses . The affected 
sect ion of the h i g h w a y and ra i lway track therefore h a d to be 
a b a n d o n e d a l together . A n e w dual rockfill e m b a n k m e n t was 
bui l t in the lake bed at a safe d i s tance of 100 to 150 m from 
the shoreline. 

If t h e seam of sand is n o t hor izonta l , and the 
pore-water pressures ac t ing in i t are known , t h e 
s tab i l i ty of t h e slope can be inves t iga ted according 
to Fig . 59. A section t h r o u g h t h e slope is shown 
in Fig. 59a. The dashed line indicates t he piezo-
metr ic level for t h e pore wa te r in t he seam 1-2. 
We have to de te rmine t h e forces ac t ing on t h e 
block of soil al2b. The ver t ica l sections al and b2 
are ac ted u p o n b y act ive and passive ea r th pres-
sures, respect ively. The weight of t he block induces, 
no rma l and shear stresses on t h e plane 1-2. These 
are given b y t h e expressions a = hy cos 2

 ε a n d 
χ = hy sin ε cos ε . a is t h e t o t a l no rmal stress, 
whence t h e effective no rma l stress can be ob ta ined 
b y sub t r ac t ing t h e neu t r a l s t ress: a = a — u — 
= a — W yw. The shear s t r eng th expressed in 
t e r m s of effective stresses, is 

rs = a t a n Φ = (σ — W yw) t a n Φ. 

The d is t r ibu t ion along t h e p lane 1-2 of t he shear 
a n d no rma l stresses a n d of t h e frictional resis tance 
are shown b y t h e g raphs (b), (c) a n d (d) in t h e 
lower p a r t of Fig . 59. The safety factor against 
sliding can be co mp u ted as t he sum of t he forces 
which resist sliding divided b y the sum of t he 
forces which t e n d to produce it 

2 

Ep cos ε -\- § xs dx 

Ea cos ε § t dx 
ι 
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a 

Fig. 59. Inves t i ga t ion of equi l ibr ium condi t ions in a s lope 
block w i t h k n o w n p iezometr ic heads and an incl ined sand 
layer in i t : 
a — cross-section and piezometric head; b — shear stresses; c — normal stresses; 
d — shear resistance 

High pore-water pressures in seams of sand can 
be ve ry dangerous t o n a t u r a l slopes even if t he 
seams ou tc rop a t t h e surface. Such geological 
condi t ions are c o m m o n in flood-plain deposits 
which were formed dur ing a l t e rna t ing flood-water 
and low-water per iods , a n d also in del ta deposits . 
The subsequen t format ion of erosion valleys or 
r iver beds in such layered deposits m a y create 
ex t r eme ly t r eacherous condi t ions involving a per-
pe tua l danger t o t h e s tabi l i ty of b a n k s and hill-
sides. Flood-plain deposi ts are , as a rule , no t 
hor izonta l since t h e original t e r ra in itself h a d been 
ve ry uneven and undu la t i ng . I t is possible t h a t 
some of t h e t h i n wate r -bear ing layers ou tc rop on 
t h e surface a t some higher e levat ions. A t such 
spots prec ip i ta t ion m a y soak a w a y t h r o u g h a vein 
of sand . The piezometr ic level in t h e seam drops 
cons t an t ly t owards t h e lower end where wate r 
issues freely and i ts pressure diminishes t o zero, 
b u t locally ve ry high pore-water pressures m a y 
develop on in t e rmed ia t e sections of t he seam. 
Par t i cu la r ly high pore-water pressures are likely 
t o occur if t h e pe rmeab i l i ty of t h e sand gradual ly 
decreases a t lower e levat ions , or if t he seam is 
choked u p , for example , b y frost act ion. 

Figure 60 shows t h e s tabi l i ty analysis of a 
n a t u r a l slope in a soil conta in ing a water-bear ing 
seam. I n t h e first s tep we compute t he normal 
a n d shear stresses along t h e plane 1-2. Nex t we 
de te rmine t h e n e u t r a l stresses in t h e seam (Fig. 
60b). I t is only t h e effective no rma l stresses t h a t 

Fig . 60 . Es tab l i sh ing the loca t ion of t h e critical vert ica l sec t ion 
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produce frictional res is tance. The t o t a l of t he 
shear resis tance u p to a section a t some a r b i t r a r y 
dis tance from the out le t is given b y the in tegra l 

X 

fNx = t a n Φ f (<r — u) Ax. 
ô 

The two curves in Fig. 60c show t h e va r i a t ion 
wi th χ of t h e in tegrals of t h e shear resis tance fNx 

X 

and of t he shear stresses Tx = j" tax, respect ively. 
ô 

Fai lure s t a r t s over t h a t section where Tx exceeds 
the value of fNx. 

Among t h e manifold effects of wa te r on t h e 
s tabi l i ty of slopes we have no t ye t ment ioned i ts 
lubr ica t ing act ion. As we po in ted out in Vol. 1 
(Chapter 7) wate r , in i ts in te rac t ion wi th solid 
mineral part ic les , is an an t i lubr ican t . The common 
observat ion t h a t t he s t r eng th of a cohesive soil is 
rapid ly reduced wi th increasing wa te r con ten t is 
due to t he fact t h a t t he void ra t io increases wi th 
increasing w a t e r con ten t and t h e s t ruc tu re of t he 
soil becomes looser. A s a t u r a t e d clay canno t t a k e 
up more wa te r unless i t swells. I t is therefore no t 
t he lubr ica t ing effect of wate r , b u t the swelling 
of t he soil or t he act ion of neu t r a l stresses and 
seepage forces t h a t cause a reduc t ion in shear 
s t r eng th a n d u l t imate ly leads to slope failure. 

1.3.4 Stabilizing effect of a revetment 

H e a v y facings made of s tones or concrete blocks 
provide an ex t r a pro tec t ion for slopes in var ious 
ways . F i rs t ly t h e y p reven t erosion caused b y 
surface flow and b y wind or wave act ion. They 
also have an insula t ing effect, whereby volume 
changes are great ly reduced. I n addi t ion , t h e y 

Fig. 61 . Effect of l ining — stabi l i ty analys is 

increase t he s tabi l i ty of t h e slope in cases where 
t h e crit ical slip surface is a toe circle. This las t 
effect can be eva lua t ed quan t i t a t i ve ly as follows 
(Fig. 61). 

The weight of t he facing Wx represents a uni-
formly d i s t r ibu ted pressure on t h e surface of t he 
slope. Wx can be resolved in to t h e components N1 

a n d Tv The componen t Tx is coun te rac ted e i ther 
b y t h e frictional res is tance on t h e interface of t h e 
slope and t h e pro tec t ive l ining or b y t h e passive 
e a r t h pressure a t t he toe . If t he componen t Nx 

is added vector ia l ly t o t h e weight W of t he sliding 
body , t h e r e su l t an t R will decline from t h e hori-
zonta l t owards t h e inside of t he e a r t h mass . As a 
resul t , t h e shear resis tance necessary to ma in t a in 
equi l ibr ium is reduced . The cohesive force C 
requi red for s tab i l i ty is de te rmined b y the polygon 
of force shown in Fig. 6 1 . 

Example. A 1 in 1.25 slope, 8 m high, w a s prov ided w i t h a 
protec t ive concrete layer , 30 c m thick. The cohes ion of the 
soil w a s c = 20 k N / m

2
, the angle of internal friction Φ = 15° 

and the un i t we ight of the soil γ = 19 k N / m
3
. T h e safety 

factor for the unprotec ted slope was ν = 1.5. W i t h concrete 
facing it was increased to ν = 1.7. 

1.3.5 Slopes in s o m e peculiar soils 

Certain soils show a peculiar behaviour from 
t h e po in t of view of slope s tabi l i ty . Stiff fissured 
clays wi th a mosaic s t ruc tu re are a n example . 
The proper t ies of th is t y p e of soil were discussed 
in deta i l in Vol. 1, Chap te r 3. The s tabi l i ty of cut 
slopes on such soils m a y be great ly endangered 
b y t h e slow deter iora t ion of t h e shear s t r eng th of 
t h e soil caused b y relief from overburden pressure 
or b y wea ther ing . 

Example. A 6 m deep cut t ing was e x c a v a t e d in H u n g a r y in a 
brown fat c lay w i t h a mosa ic structure (w^ = 1 1 0 % , wp — 
= 2 5 % , w = 2 0 % , qu = 300 to 600 k N / m

2
) . Temporari ly the 

cut w a s m a d e w i t h nearly vert ica l s lopes w h i c h showed no 
s igns of deter iorat ion for several m o n t h s . Short ly after the 
f inal s lopes of 1 to 1 had been m a d e , g iv ing an increased 
he ight of 8 m (Fig . 62) , a sl iding took place. The usual m e t h o d s 
of s tab i l i ty analys i s , based on a prel iminary soil inves t iga-
t ion , showed the safe ty factor to h a v e varied b e t w e e n 3 and 4. 
T h e cause of ins tab i l i ty w a s , therefore, to be found in a 
reduct ion of the in s i tu shear s trengt of the c lay. Many factors 
m a y h a v e contr ibuted to this effect. Because of the mosa ic 
s tructure of th i s soil, the s trength measured on a small and 
in tac t laboratory sample is invar iably greater t h a n t h e 
average s trength of a large mass of soil, s ince in real i ty t h e 
surface of rupture t e n d s to fol low the l ines of least res is tance. 
Furthermore , the n e g a t i v e pore pressures w h i c h m a y deve lop 
in a laboratory sample also result in an increase in t h e c o m -
press ive s trength of the sample . I n addi t ion the c lay in ques t ion 
w a s h igh ly e x p a n s i v e , w i t h a l inear shrinkage of 18 to 2 0 % 
and this property led to the format ion of shrinkage cracks 
near the face of the slope. B las t ing operat ions carried out 
nearby added to the widening of f issures and cracks. The 
combined act ion of all these factors inev i tab ly led to failure. 
In order to e s t imate the actual va lue of cohes ion t h a t h a d 
ex i s ted at the t i m e of failure, the equi l ibrium of the slope w a s 
re -examined b y a m e t h o d proposed b y F R O N T A R D (1922) . This 
m e t h o d is especial ly sui table for the s tabi l i ty ana lys i s of 
s lopes in stiff fissured c lays t ending to loose a greater port ion 
of their s trength i m m e d i a t e l y after sliding has b e g u n ( F R O N -
T A R D , 1954). T h e analys is based on the observed shape and 
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locat ion of the slip surface and on the soil propert ies g iven 
in Fig . 62 showed the cohes ion at t h e t i m e of failure to h a v e 
been as l o w as 8 to 10 k N / m

2
. 

I n H u n g a r y , slopes in mosaic clays have been 
successfully stabil ized b y means of bu t t r e s s dra ins 
combined, where necessary, wi th r emova l of t h e 
dis turbed masses of soil and rep lacement b y b e t t e r 
mater ia l ( K É Z D I a n d M A R K O , 1 9 6 9 ) . 

Loess wi th a macroporous s t ruc tu re (see Vol. 1 , 
Chapter 3 ) is ex t raord inar i ly susceptible t o t h e 
effect of wate r . Very grea t heights of ver t ica l loess 
banks can s t and provided t h a t t h e g roundwa te r 
tab le is a t great dep ths and t h e ver t ical surfaces 
are no t exposed t o erosion. Unless p ro tec ted b y 
vegeta t ion , slopes of cu t t ings excava ted in loess 
readi ly deter iora te b y erosion. Run-off wa te r 
erodes deep channels and near-ver t ica l caverns in 
t h e loess a n d causes s loughing a n d s lumps of t h e 
slopes. For t h e reasons men t ioned it is recom-
mended t h a t cuts w i th nea r ly ver t ica l slopes in 
loess should be m a d e as shown in Fig. 6 3 . E v e n 
such a p recau t ion would no t p reven t t he falling 
down of large blocks of soil from t ime t o t ime , 
and for reasons of safety i t is advisable t o leave 
a sufficiently wide b e r m a t t h e toe of t h e b a n k . 
Deep cut t ings should be m a d e wi th t e r raced 
slopes. 

Quick clay slides f requent ly s t a r t w i thou t a n y 
warning and develop ve ry rap id ly embrac ing an 
area of several h u n d r e d t h o u s a n d of square met res 
wi th in a few minu tes or less. A A S ( 1 9 8 1 ) for 
example , r epor ted t h a t in N o r w a y a b o u t one mil-
lion cubic met res of ea r t h mass is moving in each 
four th year . A near ly hor izonta l sliding surface 
and a ve ry gent ly inclined average slope are char -

f[sin P-sin Φ cos(2ot^+ß)] 

7sinlß'i)cosß=Q5KN/M2 
6
 cos φ 

Fig. 62. Sliding of a s lope in fissured c lay: 
a —flattening the incline; b — assumed sliding surface after F r o n t a . r d (1954) 
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Fig . 63 . Proper shape of a cut in loess 

acter is t ic features of th is t y p e of mot ion . The 
e x t e n t of t h e slide area in t he direct ion of sliding 
is of t he order of 7 t o 1 5 t imes t he corresponding 
difference in t e r ra in level. The typ ica l quick clay 
slide is general ly described in t he l i te ra ture as 
a combina t ion of a minor init ial slide and a 
progressive failure process developing very rapidly 
a n d spreading in all direct ions. According to 
examples in A A S ( 1 9 8 1 ) ano the r common failure 
mechan i sm implies a clay mass sliding out as a 
huge flake. I t seems t h a t t h e failure in quick clay 
slides might be in i t ia ted b y : 

— t h e increase of shear stresses due to in ten-
sive erosion caused b y t h e r ivers ; 

— the increase of t he dens i ty in t h e upper 
layer due to infi l t rat ion; 

— agr icul tura l ea r thwork act ivi t ies ; 
— overloading of t h e slopes wi th dumping 

mater ia l s . 
Aas conceived t h a t t he difference be tween nor-

mal and quick clays consists in t he fact t h a t t he 
neu t r a l stress Auw increases a b r u p t l y in t he l a t t e r 
when t h e indica tor 

~, ύΛ (fa 
sin Φ' h = —

1
 2 -

<?1 

reaches a crit ical va lue . 
I n t h e case of slides in quick clays in Sweden, 

N o r w a y and Canada t he minimal angle of the 
t e r ra in was 7 degrees t o t h e hor izontal , and 
V I B E R G ( 1 9 8 1 ) concluded from this fact t h a t a 
s tabi l i ty analysis should always be conducted 
when t he slope has an incline over 6 degrees. 
According t o t h e au tho r ' s observat ions , t he char-

4 Ä. Kézdi and L. Réthâti: Handbook 
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acteris t ic shape of quick clay slides is of t h e 
" b o t t l e n e c k " p a t t e r n . 

I t often occurs t h a t a slide of an e a r t h mass 
ensues over a t h i n b u t weak clayey surface. Such 
has been t h e mechanism of t h e "Kimola - s l id ing" 
in F in land , described b y L E O N A R D S ( 1 9 8 2 ) . Here 
t he slide was t r iggered because t h e shear resis-
t ance of t he sensitive clay was a t a low grade . I t is 
probable t h a t tension cracks developed earlier in 
the ground surface which t h e n became filled wi th 
ra in wa te r from a sudden s to rm and t h e r e b y t h e 
layer became soaked. 

1.3.6 Effect of a l inear load o n the stability of slopes 

Should a l inear load (p°) ac t paral lel a t some 
distance (A) from t h e crest of a slope, t w o basic 
s i tuat ions should be dis t inguished. 

(a) The bear ing capac i ty of t he soil is p redom-
inan t in t he case when t h e shear surface does 
no t in tersect t he slope and , therefore, t h e problem 
will be l imited t o inves t iga t ing t h e ne ighbourhood 
of t he load (bearing capac i ty theories would app ly 
to such modes of failure). 

(b) Slope failure should be analysed where t h e 
critical shear surface ex tends beyond t h e crest 
a n d hence also a p a r t of t h e slope is involved in 
t h e problem. 

The l a t t e r case has been s tud ied a n d solved b y 
B A L I G H et al. ( 1 9 7 7 ) . The au thors appl ied t he 
generalized m e t h o d of Taylor (see Section 
1 . 2 . 3 . 4 ) . The critical curves belonging t o var ious 

normal ized edge dis tances {A/H) have been selected 
first, t h e n t h e rela t ive p£r values have been cal-
cu la ted . Resu l t s are given on Fig. 6 4 . Here also, 
t he par t i cu la r values of (yH/c)cr are given which 
correspond t o Taylor ' s solut ion for failure when 
t h e slope is exposed t o i ts own weight alone. 
The resul ts for s teep slopes (β > ; 4 5 ° ) show t h a t 

1 . for small values of γΗ/c compared to (yH/c)CY 

t h e p%tjcH va lue increases l inearly wi th A/H.This 
l inear i ty basical ly means t h a t for given values of 
β, y, c a n d A, t h e crit ical load is i ndependen t of 
Η if t h e slope has a high safety factor for i ts 
own-weight on ly ; 

2 . for large values of γΗ/c, t h e surcharge load 
is smal l ; a t t h e l imit , when γΗ/c = (y i f /c ) c r, 
pcr/cH equals zero; 

3 . t h e influence of β can be seen b y compar ing 
t h e resul ts ob ta ined for different values of β; for 
given values of γΗ/c and A/H. p\x/cH decreases 
as β increases, i.e., t h e s teeper t he slope, t he more 
i m p o r t a n t is t h e influence of g rav i ty , and hence , 
t h e smaller t h e surcharge load. (This decrease in 
p\x/cH w i t h β is also more p ronounced for large 
values of γΗ/c.) 

For a flat slope, p^/cH is significantly affected 
b y t h e locat ion of t he bedrock . For given values 
of γΗ/c a n d β, t h e slope becomes more s table as 
t h e d e p t h t o bedrock decreases; th is resul ts in 
larger values of p%TlcH. 

The au tho r s have also inves t iga ted t he th ree -
dimensional case (when t h e finite l eng th of t h e 
l inear load is Lp). I n th is case, t he critical load i s : 
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The resul ts of these calculat ions can be expressed 
as follows: 

— Sl decreases when Lp/H increases; 
— the end effect can be ve ry significant (fL m a y 

increase u p t o 20), t h e more so, when 
γΗ/c approaches t h e crit ical va lue ; 

— for a given /?, fL increases wi th γΗ/c and 
A/H; 

— fL shows ha rd ly a n y dependence on β w i th 
low values of γΗ/c. 

1.4 Time effect and stability of slopes 

If we considered merely t h e m o m e n t a r y s ta te 
of a slope, we would often fail t o explain satis-
factorily w h y and how a landsl ide occurred, for 
b o t h t he ex te rna l a n d t h e in te rna l forces t h a t 
de termine t h e s tabi l i ty are t ime-dependen t . I n s t a -
bi l i ty of a slope a lways resul ts from t h e mos t 
unfavourable combina t ion of d is turb ing forces 
and resistances. Unpred ic tab le even ts , such as 
accidental ra ins to rms or sudden t h a w , m a y all 
affect s tabi l i ty . Such events migh t of course have 
occurred f requent ly in t h e pas t w i thou t ever 
provoking a landsl ide, a n d if a n a t u r a l slope sud-
denly begins t o move , i t clearly m u s t be due t o 
some ex t r ao rd ina ry d is turbance or t o a slow 
gradual deter iora t ion of t h e shear s t r eng th of t h e 
soil. (The l a t t e r is t h e case in mosaic clays.) 

Figure 65 shows, after S K E M P T O N (1948), typ ica l 
examples of gradua l reduc t ion in t h e shear 
s t reng th of clays wi th t ime . S k e m p t o n m a d e a 
comprehensive s t u d y of slides occurr ing in t h e 
London clay, a stiff clay wi th p ronounced mosaic 
s t ruc tu re . He found t h a t b a n k s in th i s soil w i th 
vert ical faces 5 t o 6 m high s tood only for a few 
weeks, after which t h e y invar iab ly failed wi thou t 
any appa ren t d i s turbance from wea the r or o ther 
factors. Slopes of 2 hor izonta l t o 1 ver t ical are 
likely t o remain s table for 10 t o 20 years and those 
of 3 to 1 for as long as 50 years . The incl inat ion 
of pe rmanen t ly s table n a t u r a l slopes seldom ex-
ceeds a value of 10 degrees t o t h e hor izonta l . On 
the basis of th is observat ion , S k e m p t o n found 
the shear s t r eng th versus t ime relat ionships for 
various clays shown in Fig. 65 . Such empir ical 
curves pe rmi t a reliable assessment of t h e long-
t e r m s tabi l i ty of slopes which would prove ex-
t remely difficult merely on t h e basis of l abo ra to ry 
tes t ing of t he clays. Also m u c h va luable informa-
t ion can be ga thered from field observat ions a n d 
from t h e s t u d y of case histories. 

F u r t h e r examples of va r ia t ion in t h e safety 
factor wi th t ime are given after T E R Z A G H I in 
Fig. 66. The curve a represents t h e case when 
a n a t u r a l slope gradual ly becomes s teeper due to 
tectonic act ion, or t h e shear s t r eng th of t he soil 
of a slope is gradual ly reduced , for example , b y 
physical or chemical weather ing . Minor i rregular-
ities on t he curve indica te t e m p o r a r y decreases 
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Fig . 6 5 . D imin i sh ing shear s trength in L o n d o n clay as a 

func t ion of t i m e (as observed b y S K E M P T O N , 1 9 4 8 ) 
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Fig . 6 6 . Var ia t ion of t h e s tab i l i ty coefficient as a funct ion of 

t i m e , owing t o : 

a — chemical decomposition, creep, increasing inclination due to tectonic move-
ments; b — the same, with the addition of an excavation at the toe; c — liquefac-
tion due to dynamic effect; d — infiltration and increased water pressure due to 
construction of a canal above the shoulder of the slope; e — newly excavated 
cutting, swell, decreased stability coefficient, slide after a heavy rain; f — creep, 
swell, loss of shear strength due to dissolved capillary tension in the course of 
flooding over the slope ; g — abrupt sinking of the water level 

4* 
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in t he safety factor due to inc identa l ra ins , t h a w , 
e tc . Al though curve a has a not icable falling t r e n d 
and the safety factor would sooner or l a t e r drop 
to a crit ical va lue , i t is in all p robabi l i ty one of 
these incidenta l effects t h a t t r iggers sliding. 

The t endency of t he resist ing forces t o decrease 
wi th t ime becomes great ly accelerated when a 
slope is unde rcu t a t t he toe (curve b). Such a 
dras t ic interference wi th s tabi l i ty is reflected b y 
a sharp drop on the curve . 

In case c, ins tabi l i ty is due to qu icksand con-
di t ions; v ibra t ions , e a r t h q u a k e or explosions m a y 
produce such an effect. Curve d shows the effect 
of t he const ruct ion of a channel near t he t o p of 
a slope. The wa te r seeping away from the channel 
induces seepage forces in t he slope and causes 
swelling of t he soil leading to a g radua l reduct ion 
of i ts shear s t reng th . Curve e represents the case 
of an e m b a n k m e n t slope t h a t failed dur ing an 
unpre ce dente dly violent r a ins to rm. 

If capil lary pressures cease to exist in a soil 
because of sa tu ra t ion of t he voids , t h e relief from 
hydros ta t i c pressure causes t h e soil skeleton t o 
swell. Fine-grained soils t a k e u p a considerable 
a m o u n t of wa te r dur ing swelling and as a resul t 
the i r shear s t r eng th is great ly reduced. Under 
unfavourable condit ions th is effect m a y u l t ima te -
ly lead to failure ( c u r v e / ) . Curve g corresponds 
to a slope in which periodical rises and falls of 
t h e w a t e r t ab le t a k e place. Fai lure occurs when 
the w a t e r level sinks a t an except ional ly fast 
r a t e . 

1.5 Problems of embankments and earth dams 

1.5.1 Stresses in e m b a n k m e n t s 

I n Section 1.2 t he s tabi l i ty of slopes was t r e a t e d 
on the basis of failure t heo ry . A slip surface was 
assumed to develop in t he slope and the condit ions 
for l imit ing equi l ibr ium of t he sliding body were 
sought . S tabi l i ty was inves t iga ted in t e r m s of 
forces, and the stresses ac t ing wi th in t he sliding 
b o d y were of l i t t le concern a n d were no t deter-
mined. However , the re m a y be cases in which it 

Fig. 68. Equi l ibr ium of forces in one half of the e m b a n k m e n t 

Fig . 67. S imple a s sumpt ion of stress d is tr ibut ion inside t h e 
d a m 

Fig. 69. D e t e r m i n a t i o n of stresses at the base of an em-
b a n k m e n t : 
a — cross-section; b — forces acting on an element 

is requi red t h a t one has an idea abou t the distri-
bu t ion of stresses wi th in t he e m b a n k m e n t before 
i t is b r o u g h t t o a l imit ing s ta te of equi l ibr ium. 
I n t he following, we shall deal wi th this problem and 
inves t iga te t h e s ta te of stress of a dam. These 
considerat ions can, however , be readi ly ex tended 
t o semi-infinite slopes. 

The simplest a s sumpt ion used for the computa -
t ion of stresses inside an e m b a n k m e n t is i l lus t ra ted 
b y Fig. 67. I t can be useful in de termining the 
se t t l ement of an e m b a n k m e n t or the compression 
of t h e fill itself unde r i ts own weight . B u t this 
a s sumpt ion is i nadequa t e in the case of high dams 
or when a greater accuracy is required, in t h a t i t 
fails t o satisfy t h e condit ions of equi l ibr ium and 
does no t furnish stresses o ther t h a n vert ical . I n 
real i ty , the re are also hor izonta l stresses act ing 
along t h e base and on every hor izonta l section of 
t he e m b a n k m e n t , as can easily be seen from t h e 
ske tch in Fig. 68. Supposing t h a t one half of t h e 
e m b a n k m e n t is r emoved and the suppor t i t pro-
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v i d e s for t h e r e m a i n i n g h a l f is r e p l a c e d b y a cor-
r e s p o n d i n g e a r t h p r e s s u r e ; t h e n e q u i l i b r i u m is 
on ly m a i n t a i n e d i f a h o r i z o n t a l force e q u a l t o t h e 
e a r t h p r e s s u r e a c t s a l o n g t h e b a s e of t h e fill. 

T h e d i s t r i b u t i o n o f t h e f o r c e s Ν a n d Τ c a n b e 
d e t e r m i n e d b y t h e m e t h o d o f R E N D U L I C ( 1 9 3 6 ) . 

C o n s i d e r t h e e q u i l i b r i u m of a n e l e m e n t a r y s l ice 
of t h e fill, s h o w n in F i g . 6 9 . T h e l a t e r a l e a r t h 
p r e s s u r e s a c t i n g on t h e s e c t i o n α-a a n d b-b a r e 
r e s o l v e d i n t o h o r i z o n t a l a n d v e r t i c a l c o m p o n e n t s . 
T h e w e i g h t of t h e s l ice is 

dW = hydx. 

E q u i l i b r i u m r e q u i r e s t h a t 

T = - ^ L (62) 
ox 

a = h y + - ^ ~ . (63) 
dx 

I n o r d e r t o d e t e r m i n e t h e d i s t r i b u t i o n of t h e s h e a r 
s t r e s s e s o v e r t h e b a s e o f t h e e m b a n k m e n t , t h e 
c o m p o n e n t s Eh a n d Ev o f t h e e a r t h p r e s s u r e on 
e v e r y v e r t i c a l s e c t i o n m u s t a l s o b e k n o w n . R e n -
dul ic u s e d E n g e s s e r ' s g r a p h i c a l p r o d e c u r e (cf. 
Vol . 1 , C h a p t e r 9 ) , for t h i s p u r p o s e a n d a s s u m e d 
t h a t t h e c o n d i t i o n s for a n a c t i v e l i m i t i n g s t a t e a r e 
fulfi l led w i t h i n t h e e m b a n k m e n t . 

T h e c o n s t r u c t i o n is i l l u s t r a t e d b y F i g . 70 . W e 
d e t e r m i n e first t h e e a r t h p r e s s u r e a c t i n g f r o m t h e 
r i g h t - h a n d s ide on a v e r t i c a l s e c t i o n s u c h a s a-b. 
W e se lec t a n u m b e r of t r i a l p l a n e s o f r u p t u r e a n d 
d r a w t h e d i r e c t i o n of t h e r e a c t i o n a c t i n g on i t for 
e a c h p l a n e . T h e w e i g h t s o f t h e s l i d i n g w e d g e s a r e 
p l o t t e d in a force d i a g r a m . T h e e n v e l o p e t o t h e 
l ines of t h e s l ip s u r f a c e r e a c t i o n g i v e s t h e E n g e s s e r 
c u r v e e v I n a s i m i l a r m a n n e r , we d e t e r m i n e t h e 
e a r t h p r e s s u r e s a c t i n g f r o m t h e l e f t - h a n d s i d e 
a n d o b t a i n t h e c u r v e e 2. E q u i l i b r i u m r e q u i r e s 
t h a t t h e e a r t h p r e s s u r e s Ε a n d E

/
 a r e e q u a l a n d 

o p p o s i t e . T h e r e f o r e , we m u s t se l ec t s u c h a d i r e c -
t i on for t h e s e e a r t h p r e s s u r e s t h a t t h e c o n d i t i o n 
of e q u a l i t y i s fulf i l led. B y p r o j e c t i n g t h e c u r v e ex 

r a d i a l l y a b o u t p o i n t P , we o b t a i n t h e a u x i l i a r y 
c u r v e e[. T h e p o i n t A' w h e r e t h e c u r v e e[ i n t er -
s e c t s t h e c u r v e e 2 g i v e s one e n d of t h e v e c t o r E' 
s o u g h t . B y r e p e a t i n g t h e w h o l e c o n s t r u c t i o n for 
a n u m b e r o f a r b i t r a r i l y s e l e c t e d v e r t i c a l s e c t i o n s , 
we c a n d e t e r m i n e t h e v a r i a t i o n o f t h e c o m p o n e n t s 
Eh a n d Ev a l o n g t h e b a s e o f t h e fill. T h e r e s u l t i n g 
d i a g r a m s a r e s i m i l a r t o t h o s e s h o w n in F i g . 7 1 . 
T h e u n k n o w n v a l u e s of dEh/dx in E q s (62) a n d 
(63) c a n b e o b t a i n e d f r o m t h e s e c u r v e s g r a p h i -
ca l ly . 

F i g u r e 72 s h o w s t h e r e s u l t s o f t w o n u m e r i c a l 
e x a m p l e s . T h e s t r e s s e s a r e p l o t t e d in t e r m s o f t h e 
r a t i o s cfjhy a n d t/hy. I n t h e first e x a m p l e ( F i g . 
7 2 a ) , t h e v a l u e s o f t h e n o r m a l s t r e s s differ o n l y 
s l i ght ly f r o m hy. T h e m a x i m u m v a l u e of t h e s h e a r 
s t r e s s is O.U&hy. 

k/2 

F i g . 7 1 . V a r i a t i o n of e a r t h p r e s s u r e in the horizontal direc-
t ion 

F i g . 70. D e t e r m i n a t i o n of e a r t h p r e s s u r e in a vert ica l sect ion 
(a — b) acros s the s lope ( E n g e s s e r ' s m e t h o d ) 

a n d 
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k/2 

^^^^^^7777777777777, 

rmax=0.09hy Xmax=0.175hf 

Fig. 72 . Numerica l e x a m p l e for the de terminat ion of stresses 
at the base of a d a m 

The resu l t an t stress on t he base of t he embank-
m e n t makes an angle ô w i th t he ver t ical . This 
angle of obl iqui ty is a m a x i m u m a t t he toe of 
the fill, whereas in the centre i t diminishes t o 
zero. Figure 72a also shows t he var ia t ions in t h e 
angle ô over t he base . The hor izonta l stresses τ 
m a y cause failure of t he e m b a n k m e n t unde r 
unfavourable condit ions. 

The preceding m e t h o d is open to object ion on 
the grounds t h a t i t assumes t he ea r th pressures 
t o be act ive forces. The mode of d is t r ibut ion and , 
par t icu lar ly , t he magn i tude of t he deformations 
t h a t occur wi th in t h e fill are normal ly no t suffi-
cient t o produce an act ive l imit ing s ta te th rough-
out , unless t h e e m b a n k m e n t is ac tual ly b rough t t o 
the verge of failure. Otherwise t he e a r t h pressure 
is essentially higher t h a n t he value obta ined on 
the a s sumpt ion of an act ive s t a t e . I n cer ta in cases 
t he coefficient of e a r t h pressure m a y be as high 
as 0.6. If we can form a reasonable es t imate of 
t he degree t o which t he shear resistance is mobi-
lized in t he fill, we can compute a reduced angle 
of shear resistance and use i t for de te rmin ing t h e 
stresses along t he base . Supposing t h a t t h e em-
b a n k m e n t is in a s t a t e of res t and t h e e a r t h 
pressure coefficient a t res t , K0, is known , t h e 
reduced friction angle <Z>red can be ob ta ined from 
the equa t ion 

Kn = t a n 2 Î 4 5 ° -

S C H W A R Z (1963) e x t e n d e d the Rendul i c m e t h o d to the 
general case w h e n the e m b a n k m e n t is bui l t on a s loping 
base . (Fig . 73) . For th i s case, the normal and tangent ia l 
stresses on the base are g iven b y the fol lowing express ions: 

R = cos α ^hy -F-

= sin α ^hy + 

dEv} . dEh 1
 — SIN Α -

dx 

dEv -F cos α 

3x 

dEh 

dx ' 

Ev and E^ are de termined b y t h e Engesser m e t h o d . B y 
compar ing t h e avai lable shear s trength o n t h e base c o m p u t e d 
b y the formula τ — a t a n Φ 2 + c 2, w i t h the shear stresses 
act ing on the base , w e can j u d g e whether or no t a danger of 
failure ex i s t s . 

F o r an e m b a n k m e n t in which t h e deformat ion 
can be assumed to be main ly elastic, t he stresses 
can be c o m p u t e d b y means of t h e t heo ry of 
elast ic i ty . C H R I S T E N S E N ( 1 9 5 0 ) presented a m e t h o d 
for th i s . I t is based on t h e assumpt ion t h a t t h e 
stresses a t a po in t such as 0 inside t h e fill (Fig. 74) 
are due to t h e weight of a soil wedge hav ing i ts 
lower boundar ies inclined a t an angle ψ t o t h e 
ver t ica l . The stresses can be c o m p u t e d b y for-
mulae der ived b y S T R O H S C H N E I D E R ( 1 9 3 2 ) . The 
value of t he l imi t ing angle ψ depends on t he shape 
of t h e cross-section and on t h e freedom of la te ra l 
deformat ions . I n prac t ice , we usual ly t a k e ψ = 
= 9 0 ° — β. The stress componen t s a t point 0 are 
de te rmined b y the following expressions: 

= ycAû Er sin ê t a n ê (1 — cot 2
 ψ t a n 2 #) 

ay = ycA ê Er cos # (1 — cot 2
 ψ t a n 2 #) 

r x v = ycA & Er sin ΰ (1 — cot 2
 \p t a n 2 #) , 

(64) 

where 
s in 2

 ψ 

2ψ — s i n 2^ 

The g raphs in Fig. 75 give influence values c y, 
cx a n d c Xy , respect ively, for t he stresses cry, 
a n d xxy, for an e m b a n k m e n t wi th slopes 
cot β = 1.5. Values of 100c are p lo t ted as func-

of 

Fig . 73 . Stress d is tr ibut ion at the base of an e m b a n k m e n t on 
incl ined ground 
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0Î I 
Fig. 74 . E l e m e n t showing the stress condi t ions ins ide a d a m 

t ions of t he dimensionless n u m b e r s x/k and y/k 
where k denotes t h e crest w id th of t he e m b a n k -
m e n t . A value of ψ = 9 0 ° — β = 56.3° is assumed 
for t he l imi t ing angle t h r o u g h o u t . 

Values of 100 c, 

3.5 3.0 2.5 2.0 15 10 0.5 0* 
x/k 

Values of 100 c 

Numerical example. G iven k = 6.00 m and γ = 20 k N / m
3
, 

e v a l u a t e t h e stress c o m p o n e n t s at a d e p t h y = 7.00 m and at 
a d i s tance χ = 9.00 m from the centre l ine of the fill. W i t h 
y/k = 1.25 and x/k = 1.50, w e o b t a i n from t h e graphs the 
influence va lues cy = 0 .66, cx = 0.25 and cxy — 0 .146. Hence , 
the desired stress c o m p o n e n t s are 

ay = 0.66 · 6 .00 · 20 = 79 k N / m
2
, 

σχ = 0.25 · 6.00 · 20 = 3 0 k N / m
2
, 

τχγ = 0 .146 · 6.00 · 20 = 17.5 k N / m
2
. 

1 .5 .2 B a s e failure beneath e m b a n k m e n t s 

The s tabi l i ty of an e m b a n k m e n t m a y be endan-
gered b y base failure in cases where t h e subsoil is 
ve ry soft or where i t conta ins undesi rable layers . 
The qua l i ty of t h e fill itself can be control led b y 
selecting sui table fill mater ia ls a n d using appro-
pr ia te cons t ruc t ion me thods . B u t even a proper ly 
bui l t e m b a n k m e n t is subject t o damage if i t res ts 
on a t roublesome subsoil . The format ion of a slip 
surface is t o be expec ted in places where t he shear 
s t r eng th is originally v e r y low or where i t de-
creases wi th t i m e . A reduc t ion in shear s t r eng th 
is mos t ly due t o a bu i ld -up of excess pore-water 
pressures wi th a subsequen t decrease in effective 
stresses. 

I n t h e following we shall examine t h e different 
ways in which base failures m a y occur. The stresses 
b e n e a t h t h e base of an e m b a n k m e n t can be 
c o m p u t e d b y means of t h e t h e o r y of elast ici ty 
p rov ided t h a t t h e magn i tude of t h e stresses does 
no t exceed a cer ta in l imit . This problem, toge ther 
wi th t h e c o m p u t a t i o n of se t t l ements , will be 
s tudied in Chapte r 2. This section deals only wi th 
t h e problems of s tabi l i ty . 

Three character is t ic t ypes of base failure can be 
dis t inguished. I n t h e first case, t he fill rests upon 
a th ick , ve ry soft, s a t u r a t e d layer of clay. Because 
of t h e ve ry low permeabi l i ty of t h e clay i t can be 
assumed t h a t und ra ined condit ions prevai l in t he 
subsoil no t only dur ing cons t ruc t ion b u t also for 
some t ime thereaf ter . I t is therefore permissible 
t o ca r ry ou t t h e s tabi l i ty analysis in t e r m s of t o t a l 
stresses, on t h e a s sumpt ion t h a t Φ = 0 . The soft 
l ayer yields la tera l ly unde r t h e weight of the fill 
un t i l failure occurs along a deep-seated and 
app rox ima te ly circular slip surface (Fig. 76). The 
condi t ions for such a base failure were invest i-
ga ted b y J A K Y ( 1 9 4 8 ) . He showed, on t he basis 
of t h e theore t ica l analysis of t h e Φ = 0 case, t h a t 
t he shear p a t t e r n is similar t o t h a t shown in Fig. 
77. The slip surfaces consist of two plane sections 
connected b y a circular section. Fai lure t akes 
place when t h e ver t ica l pressure on t h e base of 
t h e fill reaches a crit ical va lue given b y the 
expression 

a = 2c 1 + -

Fig. 75. Influence d iagrams for t h e de terminat ion of stress 
condit ions inside a d a m 

According t o th is formula, t he m a x i m u m allow-
able he ight of an e m b a n k m e n t bui l t on a soft 
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Fig. 76. Base failure due to the soft subsoil be low the d a m 

subsoil is equal to 

Kax = — = — f1 + - ^ 1 · 

Lu νγ νγ 
(65) 

I n E q . (65), t he cohesion c can be assumed to 
have a value equal t o half of t he unconfined 
compression s t r eng th qu. 

If the re is a danger of this t y p e of base failure, 
t he e m b a n k m e n t can be stabilized b y means of 
a counterweight . The necessary weight of t he 
stabilizing mass can be de te rmined b y the follow-
ing formula (Fig. 78): 

w = v

 W
i

a
i -

 W
2

A
2 cL 

I n a cu t t ing , base failure can be aver ted b y the 
remova l of a sufficiently large mass of soil from 
the t o p of t he slope (Fig. 78b). If b o t h t he mater ia l 
of t he slope and the subsoil to a considerable 
dep th consist of a soft clay, longi tudinal sub-
surface drains should be cons t ruc ted a t t he toe 
of the slope assisted if necessary by stone-filled 
bu t t r e s s dra ins , as a p recau t iona ry or remedial 
measure . 

The second t y p e of base failure occurs if a rela-
t ively t h i n layer of soft clay is located a t some 
dep th below the base of t he e m b a n k m e n t . I n th is 
case t he surface of r u p t u r e assumes a composi te 
shape similar to t h a t shown in Fig. 79. Inside the 
e m b a n k m e n t a curved slip surface is formed (a&), 
which is jo ined b y a p lanar section (be) located 
on the surface of, or inside, t he soft layer . The 
centra l soil block bb1cc1 acts in a similar m a n n e r 
to a r e t a in ing wall which ro t a t e s abou t t h e uppe r 
edge or is displaced hor izonta l ly . This block is 
ac ted upon b y an act ive ea r t h pressure on the 

Fig . 78. Increas ing the s tabi l i ty of an e m b a n k m e n t b y : 
a — berms; b — displacement of loads 

Fig. 79. B a s e failure be low an e m b a n k m e n t ; rupture a long 
the top of the stiff layer 

ver t ica l face bb1 and , a t t h e same t ime , i t exer t s 
a l a t e ra l t h r u s t on t h e soil loca ted in t he vicini ty 
of t h e toe , t h e r e b y mobilizing a passive ea r th 
pressure . Accordingly, t h e slip surface has a curved 
final section c-d. 

The m e t h o d of s tabi l i ty analysis is i l lus t ra ted 
b y Fig. 80. We consider t he equi l ibr ium of the 
soil block bcc1b1. The ver t ica l section b-bx is ac ted 
upon b y an act ive ea r t h pressure J5a, which is 
coun te rac ted b y the shear resis tance T1 along the 
p lane be a n d t h e passive ea r t h pressure Ep on t h e 
ver t ica l section ccv There is no danger of failure if 

Ea<Ep + cl + Tx. 

The m a g n i t u d e of T1 is de te rmined b y t h e expres-
sion T1 = N-jjXj = W^f, where μ^ is t he coefficient 
of friction on the surface of con tac t be tween the 
two layers . I t is assumed t h a t t he line of act ion 
of t he passive ea r t h pressure Ep is hor izontal , and 
t h a t t he surface of r u p t u r e for Ep is a p lane . 
Hence 

£ ^ t a n2 
P 2 

45° + 
Φ 

+ 2 ch t a n 45° + 
Φ 

Fig. 77. D e v e l o p m e n t of sl iding surfaces be low an embank-
m e n t for the case Φ = 0 

I n order t o de te rmine t h e m a x i m u m value of t h e 
act ive e a r t h pressure , t he invest igat ion m u s t be 
repea ted for different posit ions of the section bbv 

I t is on t he safe side to assume t h a t t he ac t ion 
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Fig. 80. S ta t i c i n v e s t i g a t i o n of the base failure according 
to the block m e t h o d : 
a — cross-section; b — forces acting; c — force diagram 

line of Ea is also hor izonta l . The most dangerous 
posit ion of t he ver t ical section bb1 is found b y 
t r ia l and error. 

The invest igat ion can be grea t ly simplified if 
we assume plane surfaces of r u p t u r e for b o t h t he 
active and the passive ea r t h pressure . Ea and Ep 

can t h e n be calculated wi th t h e aid of char t s or 
t abu l a t ed values of t he e a r t h pressure coefficients 
Ka and Kp. Examples of t he s tabi l i ty analysis are 
shown in Fig. 8 1 . For t he purpose of such invest iga-
t ions, we should use t h e shear s t r eng th p a r a m -
eters 0 m and cm which represent t he mobilized 

por t ion of t h e u l t ima te shear s t r eng th , i.e., t he 
ac tua l va lue of Φ and c d ivided b y an arbi t rar i ly 
selected value of t h e safety factor. The analysis 
can be carr ied ou t b y t h e m e t h o d of slices. T h a t 
value of t h e safety factor a t which equi l ibr ium 
condit ions are satisfied can be found b y successive 
app rox ima t ion . 

The t h i r d t y p e of base failure is due t o excess 
pore-water pressures in t he soil b e n e a t h t he fill. 
Fig . 82 shows a d a m whose subsoil contains a 
t h in layer of homogeneous clay. The load due to 
t he weight of t h e fill induces excess pore-water 
pressures in t he soft layer which dissipate slowly 
dur ing t h e course of consolidat ion. At an init ial 
s tage these neu t r a l pressures mus t be t a k e n into 
considerat ion in t he s tabi l i ty analysis . The maxi-
m u m neu t r a l pressures exist along the mid-height 

Fig . 81 . E x a m p l e s of p lane failure surfaces: 
a — earth dam with impermeable core; b — soft layer at some depth below the dam 

Fig . 82 . B a s e failure due to increased neutral stresses in the c lay layer in some d e p t h be low 
the d a m 
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of t h e soft l ayer a n d hence t h e surface of sliding 
also follows th is line (α-α) . The piezometr ic level 
along α-a is ind ica ted b y a dashed line in F ig . 82. 

The l ikelihood of a base failure of th i s t y p e 
should be inves t iga ted wi th regard t o t h e process 
of consolidation. An example of a detai led analys is 
is given in Fig. 83 . Fi rs t , we compute t h e t o t a l 
no rmal stresses along t h e mid-height of t h e clay 
layer. These are due to t h e weight of t h e uppe r 
half of t he clay layer itself plus t h e weight of 
t he fill. The no rma l stresses caused b y the weight 
of t h e clay layer located above α-a are effective 
stresses, while t he excess no rma l stresses induced 
b y t h e fill are p a r t l y effective and p a r t l y neu t ra l , 
the i r ra t io being dependen t on t h e degree of con-
solidation. I n t he example i t is e s t ima ted t h a t t h e 
effective stresses a m o u n t t o 4 0 % of t he t o t a l 

Fig. 83 . Inves t iga t ion of a base failure tak ing account of 
effective and neutral s tresses; de terminat ion of the critical 
vert ical sec t ion: 
a — cross-section; b — normal stresses; c — shear strength; d — shear stress dis-
tribution; e — distribution of resistance forces; f— shear force; g — coefficient of 
stability 

excess no rma l stresses (Fig. 83b). W i t h t he effec-
t ive stresses known , we can compu te t he shear 
s t r eng th avai lable along t h e surface of sliding 
a1-cv F igure 83d shows t h e d is t r ibut ion of t h e 
shear stresses r . The d is t r ibut ion is approx imate ly 
parabol ic . The m a x i m u m ordinate T M AX can be 
de te rmined on t h e basis t h a t t h e shear stresses 
along a1-c1 m u s t be in equi l ibr ium wi th t he ea r th 
pressure a t rest E0 ac t ing on t h e ver t ical section 
a~ax in t he centre line of t h e d a m . Let us consider 
an a rb i t r a ry ver t ical section such as b-bv The 
safety factor for t h e block of soil aax bb1 wi th 
respect t o sliding can be de te rmined b y the fol-
lowing expression 

ν = 

j (σ* t a n Φ + c) dx + Ep 

Ci 

j* τ dx 

(66) 

The integrals t o be en te red in E q . (66) are shown 
d iagrammat ica l ly in Figs 83e and f. B y changing 
t h e posi t ion of t h e ver t ica l section 6 -6 t , we can 
compu te a safety factor for each ver t ical and plot 
t h e va r ia t ion of ν as shown in Fig. 83g. The lowest 
po in t of t h e curve furnishes t h e m i n i m u m safety 
factor . The described m e t h o d is ve ry useful in 
t h e s tabi l i ty analysis of e a r t h d a m s . For d a m s , t h e 
hydros t a t i c pressure ac t ing on t h e u p s t r e a m slope 
m u s t also be t a k e n in to account as a force t end ing 
t o cause sliding. 

The occurrence of lenses or seams of sand, 
w i thou t adequa t e dra inage , in a clay s t r a t u m also 
cons t i tu tes a serious risk of base failure (Fig. 84). 
The cause is again t h e bui ld-up of high excess 
pore-water pressures , so th is t y p e of failure can 
be considered as a va r i an t of t h e case discussed in 
connect ion wi th Fig . 82. The pore-water squeezed 
ou t of t h e clay s t r a t u m consol idat ing unde r t h e 
weight of t h e fill dra ins in to t h e pervious seam of 
sand a n d the re causes t h e hydros ta t i c pressures 
t o increase considerably. The dashed line in Fig. 
84 indicates t h e ap p ro x ima te piezometr ic levels in 
t h e sand seam. The shear s t r eng th of t he sand 
becomes drast ical ly reduced especially in places 
where t he difference be tween the excess pore-
wa te r pressure a n d the weight of t he overlying 
sou a n d fill is grea tes t . The worst s i tua t ion arises 
near t h e toe of t he e m b a n k m e n t , where t h e only 
resis tance t o sliding is t he passive ea r t h pressure 
in t h e layer loca ted above t h e surface of r u p t u r e . 
If t h e hor izonta l dr iving force exceeds t he available 
resistance near t h e toe , failure t akes places a lmost 
ins t an taneous ly . The cent ra l p a r t of t he crest 
subsides, leaving a depression as shown in Fig. 84. 

I n t h e case t h a t an e m b a n k m e n t is t o be con-
s t ruc ted on a clay subsoil, a t ho rough survey of 
t h e strat if icat ion of t h e soil is ve ry i m p o r t a n t . 
If t h e geological condit ions are such t h a t a base 
failure of t h e types described is t o be expected , 
t he risk of failure can be avoided b y one of t h e 
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Clay Fine sand - coarse sandy silt 

Fig . 84 . B a s e failure due to increase in neutral stresses in a t h i n sand layer 

following p recau t iona ry measures . The fill should 
be made wi th ve ry flat slopes, or t he cons t ruc t ion 
should proceed so slowly t h a t sufficient t ime is left 
for excess pore pressures t o dissipate a l ready 
during const ruct ion. The process of consolidat ion 
can be great ly accelerated b y means of ver t ica l 
sand drains , which serve addi t ional ly as a means 
of reducing se t t l ements . 

1.5.3 Construction of a f l o w net in an earth d a m 

Firs t we consider a homogeneous d a m on an 
impervious base a n d de te rmine t h e flow ne t 
(Fig. 85). I n Section 1.4 we deal t only wi th 
flow cases in which a mass of soil was assumed 
to be s a t u r a t e d t h r o u g h o u t , a n d which was jo ined 
on b o t h sides t o free w a t e r surfaces. I n an e a r t h 
d a m t h e condi t ions are different in t h a t t h e zone 
in which seepage occurs is b o u n d e d b y a t o p flow 
line t he locat ion of which is, however , no t exac t ly 
defined. We only know t h a t along th is line t h e 
hydros ta t i c pressure m u s t be zero. 

We k n o w var ious me thods for locat ing t h e t o p 
flow line. Solutions for t w o simple cases of d a m 
cross-section will be shown first, a l t hough typ ica l 
ea r th dams usual ly have composi te sections. The 
s t u d y of these simple cases will furnish a good 
pic ture of t h e condi t ions character is t ic of a n y t o p 
flow line. F u r t h e r m o r e , a t o p flow line de te rmined 
for a simple case can often be used as a first 
approx imat ion in cons t ruc t ing t h e flow ne t for 
a more compl ica ted case. 

Figure 86 shows one of t h e pr incipal condi t ions 
t h a t t he t o p flow line m u s t obey. Along th is line 
a tmospher ic pressure exis ts , therefore t h e piezo-
metr ic head above t h e e levat ion head m u s t be 
zero a t every poin t . I t follows t h a t t h e differences 
in elevat ion be tween t h e po in ts a t which succes-
sive equipoten t ia l l ines in tersec t t h e t o p flow line 
mus t be equal as shown in Fig. 86. 

W a t e r seeping along t h e t o p flow line enters 
t he d a m a t t h e e levat ion of t h e u p s t r e a m wa te r 
surface. A t i ts s t a r t ing poin t , t h e t o p flow line 
m u s t be n o r m a l t o t h e face of t h e u p s t r e a m slope 
since t he l a t t e r is an equ ipo ten t ia l line (Fig. 87a). 
Should, however , t h e angle γ be less t h a n 90°, 
t he rule j u s t ment ioned does n o t hold, and t h e 

t o p flow line is different. This is t h e case, for 
example , when a wedge-shaped p a r t of t h e cross-
section ad jacent t o t h e toe is m a d e of a coarse-
grained mate r ia l (Fig. 87b). The permeabi l i ty of 
th i s ma te r i a l can be so high t h a t i t offers a lmost 
no resis tance t o flow. I t follows t h a t t h e rear 
b o u n d a r y a-b of th i s wedge is an equipotent ia l 
l ine. B u t con t r a ry t o t h e case shown in Fig. 87a, 
t h e t o p flow line canno t be no rma l t o t h e surface 
a-b since t h e w a t e r canno t rise above t h e u p s t r e a m 
w a t e r level w i t h o u t v io la t ing t h e rule i l lus t ra ted 
in Fig. 86. Consequent ly , t h e t o p flow line has 
a hor izonta l t a n g e n t a t t h e po in t 6. This also 
means t h a t t h e ini t ia l g rad ien t , a n d hence the 
ini t ial veloci ty , are b o t h zero. The 'zero condi t ion ' 
explains w h y t h e flow lines do n o t in tersect t he 
ini t ial equ ipoten t ia l line a-b perpendicular ly . If 

Fig . 85. H o m o g e n e o u s earth d a m rest ing on an imperv ious 
underground 

Fig . 86. Condit ions for the upperm os t seepage l ine 
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Fig. 87. Init ia l condi t ions for t h e u p p e r m o s t seepage l ine: 
a — homogeneous earth dam; b — coarse internal material on the upwrater side; 
c — vertical boundary 

Fig. 88. S i tua t ion of the u p p e r m o s t seepage l ine at the ex i t 
po int for different angles of y 

t h e u p s t r e a m b o u n d a r y is ver t ical (Fig. 87c), t he 
condit ions i l lus t ra ted b y Figs 87a and b lead to 
t he same resul t . 

Be tween t h e exi t poin t of t he t o p flow line and 
the toe of t h e downs t r eam slope, the part icles of 
wa te r t e n d to follow the direction of g rav i ty . 
As a resul t , t he downs t r eam section of the t o p 
flow line will have t he forms shown in Fig. 88 for 
different values of t h e angle γ. F igure 88d shows 
the case when a hor izonta l filter is located a t t he 
downs t r eam toe of t he d a m . B y means of th is 
a r r a n g e m e n t t h e wa te r can be p reven ted from 
emerging on t h e face of t h e slope and from causing 
erosion the re . The filter mater ia l is m a n y t imes 
more permeable t h a n t h e mater ia l of the dam, 
so t h a t t h e pressure in t h e filter is a tmospher ic . 
The uppe r b o u n d a r y of t h e filter is an equipoten-
t ia l line a n d the flow lines in tersect i t a t r ight 
angles. I n addi t ion to t he cases a l ready ment ioned , 
Fig . 89 shows fur ther possibilities for the forma-
t ion of flow lines when wa te r flows across a 
b o u n d a r y be tween soils wi th different permeabil i -
t ies . I n cer ta in cases, a d iscont inui ty on the 
b o u n d a r y is also possible (Fig. 89d), if t he layer 
of lower permeabi l i ty canno t yield a sufficient 
a m o u n t of wa te r i n to t h e more permeable layer . 
The magn i tude of t h e drop depends on the angle 
ω and on the ra t io of t he two permeabi l i t ies , kjk2. 
The re la t ionships i l lus t ra ted b y Fig. 89 m u s t be 
t a k e n in to considera t ion in t h e s t udy of flow ne ts 
in dams hav ing composi te cross-sections. 

One of t he simplest solutions of t he Laplace 
equa t ion of po ten t i a l flow (Vol. 1, Chapter 6) 
consists of confocal pa rabo las (Fig. 90). For the 
hypo the t i ca l case, in which all t he boundar ies of 
a cross-section are e i ther flow lines or equipoten-
t ia l lines conforming in shape to t he curves in 
Fig . 90, th i s set of confocal parabolas furnishes 
t h e flow ne t . Such a flow ne t is shown in Fig. 9 1 . 
Here t h e lines BC a n d DF are flow lines, and BD 
a n d FC are equ ipo ten t i a l l ines. I n real i ty , a d a m 
has a cross-section similar to t h a t shown in Fig . 
91b, for which t h e flow ne t will devia te from 
t h a t given in Fig. 91a. Never theless , t he shape of 
t he zone in which seepage occurs will be similar 
for t h e t w o cases. Analysis has shown t h e t o p 
flow line t o deflect from a t r u e pa rabo la only in 
t h e v ic in i ty of po in t B. C A S A G R A N D E (1939) 
proposed s t a r t i ng t h e cons t ruc t ion of t he pa rabo la 
from a po in t Ε loca ted on the u p s t r e a m wa te r 
surface, where t h e d is tance EB is equal t o th ree -
t e n t h s of t h e hor izonta l project ion AD of t he 
submerged slope: EB = 0.3AD. The parabola can 
t h u s be cons t ruc ted . The correct ion near poin t 
Β can readi ly be ske tched in f reehand. 

The equa t ion of t he pa rabo la — the t op flow 
line — is der ived as follows (Fig. 92). By defini-
t ion , t h e dis tance of a n y poin t on the pa rabo la 
from the focus is equal t o i ts dis tance from t h e 
directr ix . Hence , from Fig. 92, we ob ta in 
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Fig . 89. D e v e l o p m e n t of the seepage l ine on the interface of mater ia ls of different 
permeabi l i t i e s 

whence 

At po in t A, ζ = h and χ = d. Therefore, 

ρ = Yd2 + h2 - d. (68) 

The dis tance p is ob ta ined from t h e cons t ruc t ion 
shown in Fig . 92. W i t h po in t Ε as centre we d raw 
a circle of rad ius EF, which in tersects t h e pro-
longat ion of t he u p s t r e a m wa te r level a t po in t J. 
The distance KJ is equal t o p. H a v i n g t h u s fixed 
the locations of t h e ve r t ex C (FC = p/2) and of 
point G (FG = p ) , we can easily complete t h e 
const ruct ion. 

The q u a n t i t y of seepage can be c o m p u t e d b y 
applying E q . (116) in Vol. 1 t o t h e por t ion GCFH 

of t h e flow ne t . The t o t a l head a t point G equals 
t o t h e e levat ion h e a d p , and the head loss be tween 
t h e equ ipo ten t ia l lines GH and FC is also p. 
B y s y m m e t r y , t h e n u m b e r s of t h e squares n1 and 
n2 are t h e same, a n d hence 

q = kp. (69) 

The cons t ruc t ion for ano the r case is shown in 
Fig. 93 . Since the re is no underfi l ter , t h e t op flow 
line emerges on t h e downs t r eam slope. 

W i t h t h e focus loca ted a t t h e toe of t he slope, 
A, t he pa rabo la can be cons t ruc ted b y the 
m e t h o d shown in Fig . 92. I t in tersects t he down-
s t r eam slope a t po in t C. The dis tance AC is deter-
mined b y t h e formula 

AC = VW+~4 = xc + P-



6 2 Soil mechanics of earthworks 

Fig. 90. Set of parabolas with common focus 

W i t h T h e a c t u a l b r e a k o u t p o i n t o f t h e t o p flow l ine 

xc = AC cos β ^
s
 I

t s
 d i s t a n c e f r o m t h e t o e c a n b e e x p r e s s e d a s 

we o b t a i n 

(70 ) 
A.s w a s s h o w n b y C a s a g r a n d e , t h e r a t i o ε is a 

Fig. 91. 
a — cross-section of a dam in which the flow net is composed from parabolas with common focus; b — application of the above 
condition for a common dam 

1c = — Ρ — . 
1 — cos β 
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Trend line 

Fig . 9 2 . D e t e r m i n a t i o n of the u p p e r m o s t seepage l ine w h e n a horizontal filter layer has been prov ided 

0.3 b 
2_ 2 

Parabola: x=^^-
2y0 

Fig . 9 3 . D e t e r m i n a t i o n of the u p p e r m o s t seepage l ine ( impermeable subsoi l ) after C A S A G R A N D E ( 1 9 3 7 ) 

function of t h e slope angle β. The re la t ionship is 
given in Fig . 94. 

On t h e basis of t h e D u p u i t formula, CASA-
G R A N D E (1937) developed t h e following approx-
ima te solution for t h e de te rmina t ion of t h e d is tance 
AC': 

d 
AC = a = 

cos β 

d2 h2 

cos 2
 β s in 2

 β 
(71) 

A more accura te solut ion was given b y G I L B O Y 
(1940). This m e t h o d is represen ted b y t h e cha r t 
shown in Fig. 95. 

The q u a n t i t y of seepage can again be e s t ima ted 
b y E q . (69). F o r t h e case where β < 30°, t h e 
app rox ima te formula 

q = k Yh* + d
2
 - Yd

2
 - h

2 co t 2
 β s in 2

 β (72) 

can be used. 
Fo r t h e purpose of t h e s tabi l i ty analysis of a 

cross-section, i t is necessary t o cons t ruc t t h e 
complete flow ne t . Once t h e t o p flow line has been 
obta ined on t h e basis of t h e preceding considera-
t ions , t h e b o u n d a r y condi t ions can be s t a t ed a n d 
the flow lines and equ ipo ten t i a l lines can be 
readily sketched in. An example of t he use of 

flow ne t in s tabi l i ty analysis is given in Fig. 96. 
Values of t h e safety factor are ind ica ted for b o t h 
t h e u p s t r e a m a n d downs t r eam slopes unde r dif-
ferent seepage condi t ions . Fo r comparison, t h e 
t o p figure shows t h e case when the re is no seepage 
t h r o u g h t h e d a m . I t can be seen t h a t as a resul t 

90° 120° 
ß 

Fig . 9 4 . D i a g r a m for t h e de terminat ion of the ex i t po int of 
t h e u p p e r m o s t seepage l ine 
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of seepage t h e safety factor is increased for t h e 
u p s t r e a m slope and decreased for t h e downs t r eam 
slope. 

I n the preceding discuss ion it was a s sumed t h a t t h e 
b o u n d a r y condi t ions are c o n s t a n t and do n o t change w i t h 
t ime . In real i ty , however , there are cases where we h a v e to 
deal w i t h t i m e - d e p e n d e n t condi t ions , for e x a m p l e , w h e n t h e 
water leve l on the u p s t r e a m face of an earth d a m rises or 
s inks. Similar condi t ions m a y arise in l evees . A rising or 
s inking water l eve l causes t h e zone of sa turat ion to change 
wi th in the d a m . A s a result , e i ther dry soil b e c o m e s w e t t e d 
and saturated , or air is forced into the prev ious ly sa turated 
soil and the degree of saturat ion drops be low u n i t y . W i t h i n t h e 
zone of sa turat ion the condi t ions of c o n t i n u i t y are fulfilled; 
hence a flow ne t can be constructed . S u c h flow ne t s differ 
from those obta ined in the s t e a d y seepage case in t h a t flow 
l ines m a y intersect the l ine of sa turat ion (phreat ic l ine) . If 
the l ine of sa turat ion is lowered, water is draining out of t h e 
soil above , so flow l ines m u s t s tart a t the l ine of sa turat ion 
(Fig . 97) . I n the case of a ris ing water leve l , flow l ines end at 
the advanc ing sa turat ion front. 

1.6 Calculation and assumption of safety 

1.6.1 Safety as a funct ion in the coordinate sys t em of 
tan Φ and c 

I n s tabi l i ty analyses , assuming a rigid sliding 
body an a l te rna t ive safety factor can be defined 
by t h e following considerat ion. Let us assume, for 

t h e sake of s implici ty, a regular slope in a homog-
eneous soil wi th p lane b o u n d a r y surfaces and 
wi th no surcharge and no o ther body force (see-
page force, pore pressure , etc.) b u t t h e weight of 
t h e soil. 

If t h e avai lable shear s t r eng th of t he soil be 
given b y t h e e q u a t i o n 

% = a t a n Φ -f- c 

and t h e grea tes t va lue of t h e ac tua l shear stress 
along t h e slip surface is r l 9 t h e n t h e ra t io 

could be regarded as t h e safety factor. B u t since 
b o t h τ a n d xx depend on t h e no rma l stress cr, t h e 
above ra t io canno t be eva lua ted . In s t ead , we m a y 
proceed as follows. We assume var ious fictitious 
values of t h e friction angle Φ' a n d for each one 
we de te rmine t h e va lue of t h e cohesion c' t h a t 
m u s t ac t on t h e cri t ical slip surface to secure 
s tab i l i ty . Using a n y pa i r of corresponding Φ' and 
c' va lues , i t is possible t o compu te two safety 
factors , one wi th respect t o friction 

t a n Φ 

t a n 0 ' 

a n d ano the r wi th respect t o cohesion 

c 

T7 

(73) 

(74) 

The two values are in te r re la ted , i.e. for a given 
cri t ical circle one can be compu ted from t h e other . 

Let us examine t h e in te rdependence of t he 
safety factors νφ and vc in a numer ica l example . 
Given a 1.5 to 1 slope (β = 33° 40 ' ) , 15 m high, 
in a homogeneous soil hav ing a friction angle of 
Φ = 15°, a cohesion of c = 30 k N / m 2 and a un i t 
weight of γ = 20 k N / m 3 . Assuming a set of Φ' 
values ranging from 0 t o /}, we de termine on t h e 
basis of a circular slip surface t h e corresponding 
set of c' values t h a t are necessary to ma in ta in 
equi l ibr ium. The locat ion of the critical circles 
will of course be different for different Φ' va lues . 
The resul ts of t he compu ta t i on are t a b u l a t e d 
below. 

Fig. 95. Gilboy's m e t h o d (1940) of finding the l eng th of the 
seepage surface 

tan Φ' 
c' 

[degrees] tan Φ' [kN/m
2
] 

0 0.000 48.0 
5 0.087 35.1 

10 0.176 25.2 
15 0.268 16.8 
20 0.364 10.2 
25 0.466 5.2 
30 0.577 2.1 
33° 40 ' 0.667 0 



B y p lo t t ing t h e resul ts in a ( t an Φ ' , c') coor-
d ina te sys tem, we ob ta in t h e g raph shown in 
Fig. 98. F r o m th is we m a y compu te a n y combina-
t ion of safety factors . Le t , for example , t h e 
assumed friction angle be Φ' = 10°. The cor-
responding cohesion is c' = 25.2 k N / m 2 The safety 
factor w i th respect t o friction becomes νφ = 
= t a n 15°/ tan 10° = 1.52, a n d wi th respect t o 
cohesion vc = 30/25.2 = 1.19. Of t h e infinite pos-
sible values of t h e safety factor, t w o are of pa r t i c -
u lar significance: vc when νφ = 1, a n d νφ w h e n 
vc = 1. The former represen ts t h e case where t h e 
frictional resis tance is fully mobilized a n d t h e 
l a t t e r where t h e avai lable cohesion is fully ex-
haus ted . These t w o ex t r eme cases are in te rp re ted 
in t e rms of Coulomb's shear envelope in Fig. 99. 
The friction circle m e t h o d , as will be recalled, 
used t he combina t ion νφ = 1 a n d vc = c'/c. As was 
previously shown, in a homogeneous soil t h e va lue 
of cohesion necessary t o ma in t a in t h e s tabi l i ty 
of a slope is direct ly p ropor t iona l t o t h e he ight 
of t h e slope, i.e. when νφ = 1, t h e safety factor vc 

a t t h e same t ime gives t h e safety factor wi th 
respect t o he ight . I f we plot corresponding values 

of νφ a n d vc in a coordina te sys tem as shown in 
Fig. 100, t h e resul t ing curve will be a hyperbola . 
I t s a sympto t e s can readi ly be de termined , since 

when Φ' — β, c ' = 0 and vc - > σ ο , a n d 

when Φ' = 0, c' — r equi red c a n d νφ —• o o . 

I t is obvious from the figure t h a t there exists 
such a combina t ion of t h e values νφ and vc t h a t 
t h e t w o are equa l : 

v
c =

 ν
Φ = v

s · 

I n th is pa r t i cu la r case, t he Φ' and c' values cor-
responding t o t h e l imit ing s ta te of equi l ibr ium 
define a s t ra igh t line t h a t passes t h r o u g h t h e 
same poin t a t which t h e ac tua l Coulomb envelope 
in tersec ts t h e a axis (Fig. 99). This value of vs 

can also be de te rmined from Fig. 98. If we plot 
t h e ac tua l t a n Φ and c values on t he graph , we 
ob ta in po in t A. A s t ra igh t line joining th i s poin t 
wi th t he origin of t h e coordinates 0 in tersects 
t h e curve represent ing t h e l imit ing s t a t e of equi-

5 Â. Kézdi and L. Réthâti: Handbook 
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Fig. 96 . S tabi l i ty of d a m s lopes: 
a — seepage excluded; b — permanent seepage exists, upwater slope; c — permanent seepage exists, downwater slope; d — sudden lowering of the water level in the 
reservoir 
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Fig. 97. E s t a b l i s h m e n t of t e n t a t i v e flow net d iagrams for various degrees of sa turat ion: 

a — cross-section with flow lines in the fully saturated case; b — the first step in the design of a totally transversing seepage line; 
c — and d — intermittent positions of the progressing saturation line; e — sequence of progress 

l ib r ium a t po in t A'. B y scaling off t h e dis tances 
OA and 0A\ we ob ta in t h e safety factor : 

0A_ 

OA' 

t a n Φ 

tzm0' 
c 

~7 
(75) 

I n t he numer ica l example vs = 1 .34. 
I n an ac tua l s tabi l i ty analysis , i t m u s t be t a k e n 

in to considerat ion t h a t t he available shear s t r eng th 
of t he soil can be de te rmined only wi th a l imi ted 
accuracy ; besides, i t is l ikely t o v a r y from poin t 
t o poin t and also wi th t ime . Very often, the re is 
a wide sca t te r of measured Φ and c va lues , and 
therefore t he s t r eng th behav iour of t h e soil can 
be character ized b y a region r a t h e r t h a n b y a 
single po in t in t he c' versus t a n Φ' plot (Fig. 1 0 1 ) . 

The degree of safety can t h e n be judged from t h e 
rela t ive posi t ion of such a region and the ν = 1 
curve . A closer examina t ion of t h e problem reveals 
t h a t in view of t h e m a n y uncer ta in t ies involved 
in t h e assumpt ions u p o n which our s tabi l i ty 
analyses are based , t h e ν = 1 case canno t be 
character ized b y a single curve . I t should p robab ly 
be replaced b y a s t r ip similar t o t h a t shaded in 
Fig. 1 0 1 , which allows for possible var ia t ions in 
t h e a s sumpt ions , e.g. in t h e mode of d is t r ibut ion 
of stresses along t h e slip surface. 

The possibil i ty of in te rp re t ing safety in t e rms 
of t a n Φ a n d c coordinates was originally in t ro -
duced b y L A Z A R D ( 1 9 6 1 ) . The improved version of 
th is approach , which has been presented above , 
a ims t o offer a be t t e r unde r s t and ing of t h e 
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c^OkN/rr? 
Φ =15° 
]=20kN/m

2 

0.124 
Friction coefficient tan Φ 

0.6 j 0.7 
tan β=0.67 

Fig. 98 . Re la t ionsh ip b e t w e e n frict ion coeff ic ient and cohe-
sion under equi l ibrium l imit condi t ions 

re la t ive t o t h e ν = F = 1 curve m a y in itself 
give an impression a b o u t t h e d is t r ibut ion of t he 
safety factor, b u t t rue informat ion abou t t h e 
ac tua l s i tua t ion can only be achieved when all 
curves of similar degrees of safety are duly es tab-
lished, as i t has been done b y S I N G H (1970). W i t h 
t h e help of such a set of curves , represented after 
Singh in Fig. 102, F-values can be de te rmined a t 
every pai r of t a n Φ and c poin ts , and t h e n the i r 
d i s t r ibu t ion a n d t h e p robab i l i ty pj of ν = 1 va lue 
can be establ ished (see Section 1.6.2). An advan-
tage of th is eva lua t ion sys tem is i ts independence 
from a n y s tabi l i ty m e t h o d appl ied. 

1.6.2 Applied probability theories for stability calculat ions 

F r o m the end of the n ineteen-s ix t i es , several researchers 
looked for poss ibi l i t ies as to w h i c h w a y probabi l i ty theories 
could be appl ied to so lve geotechnica l problems . Ear ly 

Fig . 99 . In terpre ta t ion of t h e sa fe ty factor us ing Coulomb's re l evant s tra ight l ines 

rel iabil i ty of determinis t ic me thods . The same 
procedure can also be used for s tochast ic analyses . 
The posi t ion of t h e spread of t a n Φ and c poin ts 

25 

2.0 

1.5 

1.0 

Φ = 15°, c=30 kN/m
2 

Φ' tan φ
1 

c' 

0 0 4.80 00 0.62 

5 0.067 3.51 3.08 0.85 

10 0.176 2.52 152 1.19 

15 0.266 1.68 1.00 1.78 

20 0.364 1.02 0.74 2.94 

25 0.466 0.52 0.58 5.77 

30 0.577 0.21 0.46 14.3 
ß 0.667 0 0.40 00 

f'=0, νφ = οο 

0 0.5 10 1.5 2.0 2.5 3.0 
_ tan Φ 

φ
^αηΦ' 

Fig. 100. Re la t ionship b e t w e e n the var ious sa fe ty factors 

s tudies deal t on ly w i t h problems re lated to the safety factor, 
and e v e n in t h a t field o n l y init ial s t eps were reached. Par-
allel to this began the s tat i s t ica l inves t iga t ion of the variabi l i ty 
of soil characterist ics w h i c h i n v o l v e d the problemat ics of 
numbers of samples t o o . A breakthrough in this respect in 
the field of geotechnics c a m e in 1971 w h e n an internat ional 
conference w a s organized in H o n g - K o n g ("Applications of 
Statistics and Probability in Soil and Structural Engineer-
ing") where also s lope s tab i l i ty prob lems appeared on t h e 
agenda. 

Laboratory values 
\ 

Fig. 101 . L imi t ing va lues of the safe ty factor in the case of 
scat tered tes t results 

5* 
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Fig. 102. T h e safety factor for var ious pairs of Φ and c/H 
va lues , after a numerical e x a m p l e g i v e n b y S I N G H (1971) 

Following cus tomary views, safety can be inter-
p re ted in two different ways . 

The cent ra l safety factor is t h e ra t io of t h e 
expected value of resis tance (R) t o t h e expec ted 
value of load (Q) 

Q 
(76) 

The convent ional safety factor differs from the 
above inasmuch as t h e resis tance is a ssumed t o 
be RN < Ä, and the load QN >> Ç, and so t he 
safety factor becomes : 

R
N 

QN 

<FC. (77) 

The safety factors defined in th is w a y have 
three d i sadvan tages : 

— t h e y do no t give informat ion abou t t he 
probabi l i ty of fai lure; 

— probabi l i ty levels assigned to t he nomina to r 
a n d denomina to r (either ident ical or not) 
are r a t h e r a rb i t r a ry ; 

— the i r common effect most ly leads to t he 
supposi t ion of an even t of irre alis t ic ally 
low probabi l i ty , and t h e r e b y to uneconom-
ical design. 

These d i sadvantages can be e l iminated b y 
in t roducing the t e r m "safe ty m a r g i n " (SM) which 
means t he difference be tween " r e s i s t ance" and 
" l o a d " , i .e.: 

SM=R-Q, (78) 

so i t is also a r a n d o m var iable . The value 

Pf=P[(R~Q)^0] 

is called t he probabi l i ty of failure. 

(79) 

The expec ted va lue of t h e safety marg in is 

SM = R — Q (80) 

a n d i ts s t a n d a r d devia t ion (if R and Q are inde-
p e n d e n t variables) is 

S
SM — M

 S
Q + S

R ? (81) 

where sR is t h e s t a n d a r d devia t ion of t he resis tance, 
a n d Sq is t h e s t a n d a r d devia t ion of t he load. 

If Q a n d R are no t i ndependen t var iables , t he 
s t a n d a r d devia t ion of t h e safety marg in becomes: 

S
SM — VSQ +

 S
R ~~ %

rs
R

 S
Q -> 

(82) 

where r denotes t h e correlat ion coefficient for t he 
re la t ionship i î , Q. 

W h e n t h e resis tance can be described b y a 
funct ion R(x^ x2<> · · · # n)? t he expec ted value of 
t h e R(x) funct ion can be calcula ted from the 
express ion: 

1 n
 f)

2
R 

R = R{x19 *a, . . . xn) + - £ ή— s
2
 + 

2 ι dx
2 

6 ^ dx?
 s 1 

and i ts s t a n d a r d devia t ion f rom: 

OR 
••+2 

" dR d
2
R 

ι dxt dx} 
Cs,s? (84) 

where Csi is t h e coefficient of skewness of the 
var iable 

According to E q . (83), t he value R will only be 
equal t o R(xv #2, . . . χ ) calculated wi th the sub-
s t i tu t ion of t he expec ted values , if every second 
grade calculus is zero ! I t can easily be envisaged 
t h a t E q . (84) will supply the t e r m " m e a n e r ro r " 
used in surveying , if Csi is zero for every var iab le , 
i.e. if t he d is t r ibut ion is symmet r i c . 

A s an e x a m p l e , the case of a vert ical earth wall should be 
s tudied. Neg lec t ing e v e n t u a l t ens ion cracks on the ground 
surface, the condi t ion for equi l ibrium can be wr i t ten as: 

ψ t u - (45» + ±)=U m0 t a n ( 45 ° - * . ) , 

(
4 5

° - Î ) =
 2 C

' <
8 5) 

where t h e left side of the equat ion represents the load (Q) 
and t h e r ight side the res is tance (R). 

Suppose a wal l of he ight m 0 = 4 m, and t h a t the c o m p o -
nent s of t h e shear res is tances as measured in the soil h a v e 
been found 

t h a t is 

m0y 
t a n 

φο 21.0 23.5 24.6 19.5 19.0 22.4 23.5 24.2 20.6 20.9 22.8 

c ( k N / m
2
) 28.0 23.5 19.4 33.7 35.2 35.2 28.0 29.2 27.8 18.5 26.4 

T h e n the e x p e c t e d va lues are 

Φ = 22.0° and c - 27 .72 k N / m
2
, 

and their s tandard dev ia t ions : 

s 0 = 1.91° and sc = 5.69 k N / m
2
. 
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The e x p e c t e d v a l u e and the s tandard d e v i a t i o n of t 

t a n t erms are: 

ι = 0 .6748 and st == 0 .02426 . 

Neg lec t ing the s tandard d e v i a t i o n of the bulk d e n s i t y 
(γ = 18.8 k N / m

3
) , the var iance of t h e load b e c o m e s , accord-

ing to E q . (84) — w h e n t h e d is tr ibut ion of t is a s sumed to be 
symmetr i c — 

and t h a t of the res is tance: 

s% = [ (2c ) ' ]
2
 · s\ = 4 · 5 . 69

2 
129.5 . 

As b o t h second grade calculi are zero, t h e e x p e c t e d v a l u e s 
for load and res is tance will be : 

and 
R = 2 · 27 .72 = 55.48 k N / m

2 

Q = 25.37 k N / m
2
. 

Subst i tut ing these in E q . (80) , i t results t h a t : 

~SM = 5 5 . 4 8 - 2 5 . 3 7 = 30.11 k N / m
2
. 

As the relat ion b e t w e e n R and Ç, i.e. b e t w e e n ^45° — - ^ - j 

and c, has an in termediate correlat ion coefficient (r = —0.46 ) , 
the s tandard dev ia t ion of the sa fe ty margin ( E q . (82)) be-
c o m e s : 

s S M = Vo.83 + 129.5 + 2 · 0 .46 /0^83/129^5 = 1 1 . 8 3 k N / m
2
. 

The probabi l i ty of failure is t h e n : 

p / = p [ 2 c - - ^ t a „ ( 4 5 ° - ^ ) < 0 ] . 

Suppos ing a normal d is tr ibut ion for S M , pj can be ca lcu la ted 
in the fol lowing manner . T h e s tandardized variable i s : 

λ = 
SM-0 30.11 

2.545 
ssM 11.83 

for wh ich the pert inent a t tr ibut ive is Φ (λ) = 0 .9946 and so 

pf = 1 - Φ(λ) = 0 .0054 = 0 . 5 4 % . 

I n accordance wi th t he s t a t e m e n t s above , t he 
possibili ty also exists of establ ishing pairs of i f 
and β values when pj is k n o w n (or presr ibed) . This 
t y p e of analysis has been performed b y G R I V A S 
( 1 9 8 1 ) . 

The probabi l i ty of failure can also be expressed 
by using the coefficient of va r ia t ion ( s t anda rd 
devia t ion divided b y mean) of R and Q. W h e n 
these two var iables are normal ly d i s t r ibu ted , t h e n 

P f = 1 - Φ 
F c - l 

[VFÏQ 
(86) 

or wi th lognormal d is t r ibut ion 

ρ, = 1 - Φ 

lnFr 

1 + C» R 

Lfln(l +QQ)(1 + QK)J 
(87) 

where Fc means t he cent ra l safety factor. 
I t will be advan tageous to examine here as an 

example , t he case when c = 0 . The safety factor 

for a soil mass of g ranu la r mate r ia l confined wi th 
a slope of β° t o t h e hor izonta l can be described as 

t a n Φ 

t a n / ? 
(88) 

This means t h a t pj can be de te rmined b y using 
t h e s t a n d a r d devia t ion or t h e coefficient of 
va r ia t ion of t a n Φ. As t h e s t a n d a r d deviat ion of β 
(uncer ta in t ies in cons t ruc t ion of t he slope) is 
negligible, t h e coefficient of va r ia t ion on the load 
side is CTQ = 0 . 

When , ea r thworks are designed, d a t a for t a n Φ 
and CVR are given ( the l a t t e r is ident ical wi th t he 
coefficient of va r i a t ion of t a n Φ). W a n t e d is the 
slope angle β which pe r t a ins t o t h e probabi l i ty of 
failure which is chosen. Transforming Eqs ( 8 6 ) 
a n d ( 8 7 ) new rela t ions can be der ived; wi th the 
a s sumpt ion of a n o r m a l d i s t r ibu t ion : 

β = arc t a n [ tan Φ + (1 - CvRlp)} (89) 

a n d wi th lognormal d i s t r ibu t ion : 

β = arc t a n [exp (In t a n Φ + In A — λρΒ)], 

where 

A = 
" 1 + cvR 

Β = f i n (1 + QR) 

(90) 

(91) 

(92) 

and λρ is t h e a r g u m e n t of t he no rma l d is t r ibut ion 
avai lable from t h e expression 

Ρ / = 1-Φ(λρ). (93) 

Example. T h e s tabi l i ty analys i s is performed on a s lope w i t h 
an incl ine of 1.5 to 1 (β = 33.7°) where tan Φ is 0.8185 and the 
coefficient of var ia t ion of t a n Φ is 0 .05. As the central safety 
factor is 

0 .8185 
Fr — = 1.228 , 

0 .6667 

according to E q . (86): 

Γ 0.228 1 
P f

 [ 1.228 0.05 J 2.25 · 1 0 -
5
. 

The s tabi l i ty of slopes can also be examined by 
using t h e Monte Carlo m e t h o d . An example for 
th is appl ica t ion originates from S I N G H ( 1 9 7 1 ) . The 
case of Φ 7^ 0, a n d c ^ 0 has been analysed on 
t h e basis of t he following a s sumpt ion : 

— t h e two pa rame te r s are independen t of 
each o the r ; 

— t h e y are normal ly d i s t r ibu ted . 

The in t e rna l friction Φ has been chosen as one 
of t h e var iables a n d t h e ra t io c/Ηγ as t h e other . 
Two h u n d r e d r a n d o m n u m b e r s have been ordered 
t o each of t h e m . W i t h reference t o a numer ica l 
example t h e resul ts are represented , in t e rms of 
Fc dens i ty and d is t r ibut ion funct ions, in Fig. 1 0 3 . 
Vary ing t h e s ta t i s t ica l character is t ics of t h e shear 
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pa rame te r s S I N G H ( 1 9 7 1 ) t es ted different con-
figurations. Concluding t h e calculat ions, he s t a t ed 
t h a t : 

— t h e d is t r ibut ion of Fc can be t a k e n as 
no rma l ; 

— t h e coefficient of va r ia t ion of Fc is in be tween 
those of Φ a n d c; 

— t h e va lue Fc as de te rmined b y the applica-
t ion of t he Monte Carlo m e t h o d is a lmost 
similar t o t h e one de te rmined b y the use 
of Φ and c. 

According to d a t a collected a n d repor ted b y 
Feld abou t 1 8 0 0 ea r th dams were cons t ruc ted in 
t h e USA before 1 9 5 9 , and th i r t y - th ree failures 
were registered therefrom. H a v i n g compiled these 
and Middlebrook's da t a , M E Y E R H O F ( 1 9 7 0 ) con-
cluded t h a t one per cent of all e a r t h dams which 
have been cons t ruc ted on t h e basis of proper soil 
invest igat ions in t he las t 3 0 years have failed, 
par t ia l ly or to ta l ly . This fact confirms t he s ta te -
m e n t — certified also b y several o ther au thors — 
t h a t t h e probabi l i ty of failure is a round 0 . 0 1 t o 
0 . 0 2 when t he cus tomary cent ra l safety factor 
(Fc = 1 .3 — 1 .6 ) is used. A devia t ion (upwards 
or downwards) from th is value of pj can reasonably 
be made dur ing t he design work depending on 
cer ta in character is t ics of t h e e a r t h w o r k : whe the r 
i t is t e m p o r a r y or p e r m a n e n t , w h a t would t he 
requ i rements be wi th respect t o enhancing t h e 
securi ty in i ts lifetime or wi th respect t o p r o p e r t y 
condi t ions, w h a t cost would be implied if a 
recons t ruc t ion were necessary, and so on. As t h e 
possibili ty exists of assigning t h e probabi l i ty of 
failure t o t he geomet ry of t he slope, there is also 
a possibil i ty of mak ing t he ass ignment on t h e 
basis of an economic o p t i m u m ( L A N G E J A N , 1 9 6 5 ) . 

The use of probabi l i ty t h e o r y is also amenable 
to invest igat ions as t o t he probabi l i ty of t he failure 
which migh t occur on a given l eng th 6 of a l inear 
const ruct ion. V A N M A R K E ( 1 9 7 7 ) has presented a 

sui table procedure b y which t he length b = bc 

hav ing t h e m a x i m a l va lue of t h e p robab l i ty of 
failure can be de te rmined . 

1.7 Drainage of earthworks 

1.7.1 Dewater ing by trench drains 

The s tabi l i ty of ea r thworks m a y be widely 
affected b y t h e manifold ac t ion of wa te r originat-
ing from inside or outs ide a site. Indeed , problems 
of t h e s tabi l i ty of ea r thworks are inseparable from 
those of dra inage . The pract ica l implicat ions of 
s tab i l i ty a n d dra inage are deal t wi th in detai l in 
a book b y K É Z D I a n d M A R K O ( 1 9 6 9 ) . I n th is 
section, some fundamen ta l considerat ions , ma in ly 
of a theore t ica l n a t u r e , will be discussed. 

Groundwa te r or wa te r seeping t h rough th in 
permeable layers m a y endanger t h e s tabi l i ty of 
e a r t h slopes in m a n y ways , a n d t h e pract is ing 
engineer often faces t h e t a s k of lowering t h e 
g roundwate r t ab le on a cons t ruc t ion site. This 
can be accomplished in m a n y ways . Compact 
sites such as founda t ion pi ts are usual ly dewatered 
by filter wells. I n t h e case where ea r thworks ex tend 
over a large area or great l ength , t r ench drains 
— deep a n d na r row slots filled wi th some free-
dra in ing mate r i a l — can be more expedient . Their 
funct ion is t o collect a n d remove wa te r from the 
adjacent soil b y grav i ty , so t h a t a p e r m a n e n t 
d r awdown of t h e w a t e r t ab le can be achieved. 
I n th i s w a y t h e mois ture con ten t of, t h e soil is 
reduced and i ts shear s t r eng th increased. Trench 
drains are often used in road and ra i lway cu t t ings , 
a long t h e edges of r u n w a y s , e tc . , or as a remedia l 
measure on uns tab le slopes a n d hillsides. I n t he 
l a t t e r case the i r bu t t ress ing effect also comes in to 
p lay . 

Trench dra ins consist of a b o t t o m channel , 
a coarse-grained core, and an impervious seal on 

Fig . 1 0 3 . D i s tr ibut ion of Fc as de termined b y the Monte Carlo m e t h o d , after 
a numerical e x a m p l e from S I N G H ( 1 9 7 1 ) 
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the top (Fig. 104). The most important part is the 
core, which should be protected by graded niters 
on both sides to prevent fine material from being 
washed into the drain. Design details and the 
construction of drains are dealt with by KÉZDI 
and MARKO (1969). Only the drawdown effect of 
drains will be discussed here. But we must be 
aware that the methods of computation described 
in the following furnish dependable results only if 
the soil is fairly homogeneous and its coefficient 
of permeability is known with sufficient accuracy 
from laboratory or field tests. 

Let us study first two typical cases of flow nets 
which may develop in the vicinity of drainage 
slots (Fig. 105). In case (a) there is a balance 
between the supply of water from the adjacent 
soil and the amount of water conveyed by the 
drain, so that a free water level will be formed in 
the trench, the elevation of which remains con-
stant once a steady state of flow has been reached. 
In practical cases, a drop usually occurs between 
the breakout point of the top flow line (point A) 
and the water level in the trench (point B). If the 
rate of inflow is too low or the water is suddenly 
removed from the trench, the situation shown in 
Fig. 105b is likely to develop. There will be no 
free water level in the trench, since the small 
amount of water that drips from the soil and runs 
vertically along the sides AC is constantly removed 
before it can collect at the bottom of the drain. 
The neutral stress is therefore zero everywhere 
along the section AC. For the construction of 
flow nets, the following boundary conditions 
should be considered: the slot penetrates to the 
impervious base; the line CD and the drawdown 
curve AE are both flow lines. In case (a) the sec-
tion BC of the vertical side is an equipotential 
line. 

Let us consider first the case shown in Fig. 106. 
A vertical trench of infinite length fully penetrates 
a homogeneous, isotropic pervious stratum which 
contains free groundwater with a horizontal sur-
face. It will be assumed that this stratum is 
supplied by a line source also of infinite length. 
Once a steady state of flow is reached, the quantity 
of flow through any vertical section such as ab 
is constant. We also assume that on this vertical 
section below the drawdown curve the hydraulic 
gradient is constant and equal to the slope of 
the drawdown curve at its point of intersection 
with the vertical line ab. This is known as the 
Dupuit-Thiem assumption. The quantity of flow 
through the shaded vertical element of unit width 
can be written as: 

q = kiz. 
Since i ^ dz/dx. 

q = kz . 
dx 

Integrating and making use of the boundary 
conditions that at χ — /, ζ — h and at χ = 0, 

Fig. 104. Trench drain for depressing the groundwater level 

ζ = he, gives 

y/ ////////c //-'///// / / // // // // / / ////'/ ο // / 

(b) 

Fig. 105. Flow diagram in the vicinity of a trench drain: 
a — open free water level in the drain; b — immediate discharge 

Î94Ï 

and 

(95) 

or 

Z* = j(h*-h*) + h*e, 

k I 
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Fig. 106. Effect of a trench drain 

Fig. 107. D i a g r a m for the de terminat ion of differences in the 
e l evat ion of water table level and ex i t po in t of the upper 
seepage l ine 

Fig 108. F l o w diagram for seepage under pressure 

Here , t h e expression he is t he height of w a t e r in 
t he t r ench (Fig. 1 0 6 ) , a n d is equal t o t h e height 
of t he ou tb r eak po in t of t he t o p flow line above 
the impervious s t r a t u m . As was previously men-
t ioned, th i s poin t is normal ly located on an eleva-

t ion higher t h a n t h e free wa te r level in t h e 
t r ench so t h a t wa te r discharges freely on a p a r t 
of t he ver t ica l surface (height hs in Fig. 1 0 7 ) . 
The he ight hs of th is surface can be es t imated 
wi th t h e aid of t h e g raph in Fig. 1 0 7 , developed 
b y C H A P M A N ( 1 9 5 8 ) . E x c e p t for small values of 
l/h or t he shape of t he d rawdown curve can 
be de te rmined from E q s ( 9 5 ) . I n t h e vicini ty of 
t he t r ench , more accura te resul ts can be obta ined 
from t h e following expression: 

h
2
 -

I — χ 

I 
[h

2
-(h + hs)

2
]. ( 9 6 ) 

As can be seen, t o ob ta in E q . ( 9 6 ) , t h e height 
of t h e o u t b r e a k poin t (h0 -\- hs) should be sub-
s t i t u t ed in to E q . ( 9 5 ) for t h e height of wa te r h0 

a t t he t r ench . 
The q u a n t i t y of flow q from one side of t he 

t r ench can be c o m p u t e d b y t h e expression 

regardless of t h e he ight of t h e free discharge sur-
face hs. 

I n prac t ice , i t is often necessary to dewate r 
a layer conta in ing g roundwa te r unde r pressure 
(ar tes ian wa te r ) . Figure 1 0 8 shows such a case; 
t h e wa te r -bea r ing layer is overlain b y an imper-
vious layer . There is a s t eady supply of wa te r b y 
a l ine source loca ted a t a d is tance L The t r e n c h 
fully pene t r a t e s t h e pervious layer . W a t e r is 
cont inuously r emoved from the t rench , b u t t he 
wa te r level in t h e t r ench s tays above the t o p of 
the pervious layer even after a s t eady s ta te of 
flow is reached , i.e. t h e flow occurs unde r pres-
sure . The r a t e of flow q (for un i t length) is given 
b y the expression 

T dz 
q = k t. 

dx 

In t eg ra t i ng , 

2 = J ^ + c . 
kt 

The cons t an t C can be de te rmined from t h e 
b o u n d a r y condi t ion t h a t h = he where χ = 0 . 
Hence C — he. 

Subs t i tu t ing , t he expression for ζ becomes 

qx 

kt 
( 9 7 ) 

The discharge from one side of t he t r ench can be 
ob ta ined b y inser t ing t he b o u n d a r y condi t ion, 
ζ = h a t χ = I i n to E q . ( 9 7 ) . Hence 

( 9 8 ) 



Drainage of earthworks 73 

The d rawdown a t a n y dis tance χ can be de ter -
mined from t h e following equa t i on : 

Influence radius for h-hv - 1 m depression 

kt 
(l-x) 

I - χ 

I 
(h - he). ( 9 9 ) 

The formulas der ived for flow r a t e and draw-
down all conta in t h e dis tance of t h e line source 
of seepage from t h e t r ench . This dis tance can be 
considered as t he rad ius of influence of t h e dra in . 
I t s va lue is of l i t t le significance in t h e c o m p u t a t i o n 
of seepage quan t i t i e s , b u t m a y become an impor-
t a n t factor in t h e design of dra ins where i t is often 
requi red to de te rmine , or t o predic t , t he posi t ion 
of t h e d r awdown surface. Fo r th i s reason, t h e 
rad ius of influence should be de te rmined as 
accura te ly as possible. If t h e d ra in is close t o 
a r iver , t h e rad ius of influence is essential ly deter-
mined b y t h e dis tance be tween t h e m . I n t h e 
general case, S ichard t ' s empir ical formula can be 
used: 

l = C(h-hv) ]fk. 

Here t h e expression in pa ren theses is t h e m a x i m u m 
d rawdown in met res a n d k is t h e coefficient of 
permeabi l i ty in cm/s . A va lue of 3 was proposed 
b y Sichardt for t h e cons t an t C for g rav i ty wells. 
This va lue was found t o be val id in a n u m b e r of 
field observat ions . Fo r t he case of a line source 
( two-dimensional flow) C va lues ranging from 1.5 
to 2 were measured . Since t h e coefficient of per-
meabi l i ty of coarse-grained soils is re la ted to the i r 
grain-size d is t r ibut ion , t h e rad ius of influence I 
mus t also depend on grain size. On t h e basis of 
field inves t igat ions (U. S. A r m y Corps of E n -
gineers), i t was possible t o develop an empir ical 
re la t ionship (Fig. 1 0 9 ) from which t h e value of / 
can readi ly be ob ta ined for soils ranging from 
fine sand t o sandy gravel . 

The preceding formulas app ly to t h e case where 
the t r ench fully pene t r a t e s t h e pervious layer . 
If t h e impervious base is loca ted a t a great dep th , 
i t m a y no t be economical t o lower t h e dra in to 
t h a t dep th . We m u s t therefore also inves t iga te 
t he case where a t r ench only par t i a l ly pene t r a t e s 
the pervious layer . The q u a n t i t y of g rav i ty flow 
(Fig. 1 1 0 ) can be c o m p u t e d from an empir ical 
formula derived from model tes t s b y C H A P M A N 
( 1 9 5 6 ) : 

q= 0 . 7 3 + 0 . 2 7 - _k_ 

21 
(h*-hi). (loo) 

If t h e t r e n c h is suppl ied on one side only as 
in t h e case of in te rcep tor d ra ins , t h e wa te r level 
on t h e opposi te side does no t rise above a maxi -
m u m height given b y 

1 . 4 8 

I 
(h - Κ) + ι ( 1 0 1 ) 

Equa t ions ( 1 0 0 ) and ( 1 0 1 ) are val id only for 
values of l/h > 3 . I n t he case of flow unde r pres-
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Fig . 109. E s t i m a t i o n of the radius of inf luence 

r 
Fig. 110. Imperfec t t rench drain 

sure (Fig. I l l ) t he q u a n t i t y of flow can be obta ined 
from t h e following express ion: 

kt(h — he) 

l + l' 
( 1 0 2 ) 

The dis tance V depends on t h e pene t ra t ion ί χ of 
t h e t r ench in to t h e pervious layer a n d on the 
th ickness t of t h e l a t t e r . Values of V can be deter-
mined from t h e g raph in Fig. I l l proposed b y 
B A R R O N ( 1 9 5 6 ) . The m a x i m u m piezometr ic head 
hd on t he side opposi te t o t he source is given b y 

i'(h~he) ( 1 0 3 ) 
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I n t h e following we shall deal wi th t h e case where 
a dra in is supplied b y line sources on b o t h sides 
(Fig. 112). For a g rav i ty flow, t he quant i t ies of 
seepage are s imply doubled, b u t for flow unde r 
pressure t he equa t ion will be different. The 
q u a n t i t y of flow can be compu ted b y t h e formula 

2kt (h — he) (104) 

where t h e factor λ is a funct ion of t h e ra t io tjt. 
I t s value is ob ta ined from Fig. 113. 

For dis tance χ greater t h a n 1.3i, t he piezo-
metr ic head ζ can be de te rmined from the fol-
lowing equa t ion 

ζ = he -f- (h — he) 
χ + Xt 

1+ It 
(105) 

Final ly , let us discuss t he case where dewater ing 
is carried ou t b y means of two parallel drains 
(Fig. 114). I n general , Chapman ' s empir ical for-
mula (Eq . (100)) can also be applied t o th is case. 
The t o p of t he d rawdown curve midway be tween 
the drains is located a t a height 

l
v
 2 

I 
(h -h0) + l 

above t h e impervious base , where cl and c 2 are 
obta ined from Fig. 115. For flow unde r pressure , 
E q s (101) a n d (102) are val id , in which case V can 
be de te rmined from Fig. 111. 

I t should be ment ioned t h a t a more accura te 
de te rmina t ion of neu t r a l pressures a n d quant i t i es 
of seepage is possible b y means of flow ne ts , as 
was i l lus t ra ted b y Fig. 105. Figure 116 shows 

Fig . 112 . F l o w d iagram for t h e seepage under pressure to an 
imperfect trench drain from b o t h sides 

a fur ther example — a flow unde r pressure towards 
a par t ia l ly pene t r a t i ng (imperfect) dra in from 
equ id i s t an t line sources of flow on b o t h sides. 

Making use of t h e c o m p u t a t i o n formulas given 
in th is section enables us t o solve a n u m b e r of 
p rac t i ca l p rob lems . Usual ly , we have to answer 
t h e following quest ions . 

1. W h a t is t h e q u a n t i t y of flow from a dra in 
necessary to produce t h e requi red d rawdown a t 
a given p o i n t ? 

2. A t w h a t d e p t h should t h e b o t t o m of a slot 
dra in be loca ted , if i t is requi red to keep t h e 
d rawdown surface below a given level? 

3. H o w far a p a r t m a y t w o drains be located , 
if t h e requi red d rawdown a t a poin t be tween t h e m 
is g iven? 

I n t h e following, numer ica l examples i l lus t ra te 
solutions t o these prob lems . 

' 0.005 0.01 

Fig. 111. F l o w d iagram for seepage under pressure to an imperfect t rench drain 
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Fig. 113. D i a g r a m for de terminat ion of coefficient λ 

Fig. 114. Depress ion of the water table b e t w e e n t w o parallel 
deep drains 

Example 1. W h a t is the required discharge from a ful ly 
penetrat ing drain (Fig . 105) if the he ight of water in the 
trench is no t to e x c e e d h0 == 10 c m ? Given: h = 400 c m , 
k = 2 · 1 0 "

4
 cm/s . 

In the first a p p r o x i m a t i o n t h e radius of influence is a s sumed 
to be I = 10 m. 

For flow from b o t h s ides , the discharge per l e n g t h of 1 c m 
k 9mx 2 · 1 0 -

4 

a m o u n t to q (h
2
 - K) = 1000 

( 4 0 0
2
 - 10

2
) 

= 0.032 c m
3
/ s . 

For a to ta l l eng th of 100 m 

In order to c o m p u t e t h e d r a w d o w n , t h e he ight of t h e free 
discharge surface hs m u s t first be de termined w i t h the aid of 
Fig . 107. For the rat ios l/h = 10/4 = 2.5 and h0/h = 0.1/4 = 
= 0.025 w e o b t a i n hs/h = 0 .13 . H e n c e hs = 0.13 · 400 = 
= 52 c m . T h e e l eva t ion of the breakout po in t of the draw-
d o w n curve from the b o t t o m of the drain is he = h0 -f hs = 
= 62 cm. T h e he ight of the water table at a d is tance χ = 
= 3.0 m as c o m p u t e d from t h e express ion 

[h*-(h0 + hsy] h
2
-

is ζ = 2 .24 m. 
To check th is va lue w e c o m p u t e the radius of influence 

/ = 2[h - (h0 + hs)] Yk = 2 ( 4 - 0 . 6 2 ) Ϋ2 = 9.60 m 

i .e . , the first e s t i m a t e w a s correct. 

Example 2. A n intercept ing drain arranged as s h o w n in Fig. 
110 is m a d e w i t h the purpose of keeping the d o w n s t r e a m 
sect ion of t h e d r a w d o w n curve be low the he ight hd = 5 m 
from the imperv ious base . H o w deep should the trench b e ? 
T h e original water tab le is l oca ted at an e l evat ion ofh = 8.0 m 
a b o v e the base . T h e coefficient of permeabi l i ty of the soil is 
k = 1 0 ~

3
 cm/s . 

T h e head of water in the trench should first be c o m p u t e d . 
T h e radius of influence is e s t i m a t e d to be / = 25 m. F r o m 
Fig. 107 it is apparent t h a t for t h e g i v e n ratios l/h = 25/8 = 
= 3.12 and hjh ^ 0.5 ( e s t imated va lue ) , hs/h ^ 0, i .e. 

Q = 10 000 · 0 .032/1000 = 0.32 l/s . 
Fig. 116. F l o w ne t d iagram; f low under pressure to an 
imperfect drain from b o t h s ides 

o/h0 

8 10 0.05 0.10 
b/h 

Fig . 115. D i a g r a m for t h e d e t e r m i n a t i o n of coefficients ct and c 2 
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Fig. 117. Arrangement of s tone ribs (draining trenches filled 
w i t h crushed s tones) in order to increase the s tabi l i ty of 
s lopes: 
a — cross-section; b — plan 

the he ight of the free discharge surface is small enough to be 
neglected . 

h0 is ob ta ined from E q . (101): 

*«F = *o P P - ( * - * . ) + ψ 

W i t h hd = 5 m, h = 8 m and I = 25 m, 

5 = fc. P̂ f- (8 - fc„) + l] 
and 

hi - 24.9 h0 + 84.4 = 0 . 

\ \ \ \ v 

dEo-Äo-f-dx 

Fig. 118. S tab i l i ty analys i s of s lopes reinforced b y s t o n e 
ribs, w i t h respect to frict ion on the sides of the ribs 

So lv ing the equat ion for h0 g ives h0 = 4.05 m. The rate of 
discharge is g iven b y E q . (100) . 

C = (O . 73 + 0 .27-
F C

^
K
J LJ^L(Ä*_fc{) , 

, = ( 0 . 7 S + 0.27 JLzb!« ) γ ^ (800* - 405* ) , 

q = 0 .082 c m
3
/ s . 

For a to ta l l eng th of 100 m, Q = 0.82 ï /s . Checking the radius 
of influence us ing Sichardt's formula 

I = 2 (h - hc) Yk = 2(8 - 4.05) fïÔ = 24.9 m ^ 25 m. 

1.7.2 Buttress drains 

Stone-filled dra inage t renches are often used as 
a r e m e d y in soft clays. T h e y have a double effect. 
F o r a while after complet ion, the i r main funct ion 
is t o stabilize t h e ad jacent soil masses b y the i r 
bu t t r e s s effect which is due t o t h e act ion of fric-
t iona l forces on t h e sides of t h e dra ins . Desic-
cat ion, t he o ther beneficial effect, comes in to p lay 
only la te r . W i t h regard to the i r res t ra in ing effect, 
t he spacing of bu t t r e s s dra ins should be chosen so 
as t o provide , immedia t e ly after cons t ruct ion , a 
sufficient degree of safety against sliding in cu t t ing 
slopes or uns tab le hillsides. 

The bu t t ress ing effect of drains can be assessed 
quan t i t a t i ve ly as follows. An e a r t h mass located 
be tween two paral lel bu t t r e s s drains (Fig. 117) 
exer ts a hor izonta l pressure on the ver t ical sides 
of t h e dra ins . This pressure can be compu ted as 
an e a r t h pressure a t res t , since wi th t he construc-
t ion of t h e dra ins , t he mass of soft soil be tween 
t h e m becomes la tera l ly confined. I t can be seen 
from Fig. 118 t h a t t h e r e su l t an t e a r t h pressure 
ac t ing on one side of a dra in is propor t iona l to 
t h e s ta t ic m o m e n t of t h e con tac t surface be tween 
dra in a n d soil w i th respect t o t h e baseline of t h e 
dra in . F o r clays, t h e coefficient of e a r t h pressure 
a t res t , Κ0, m a y have values ranging from 0.5 to 
0.8, depending on t h e consis tency of t he soft 
ma te r i a l . As t h e ea r t h mass t ends to slip down 
from be tween t h e dra ins , a frictional resistance is 
mobilized on t h e surface be tween the soft soil 
a n d t h e coarse filter mate r ia l of t h e dra in . I n t he 
s tabi l i ty analysis of a slope, these frictional 
resis tance ac t ing on b o t h sides m u s t also be t a k e n 
in to accoun t among the res t ra in ing forces. The 
m a g n i t u d e of t h e resu l t an t frictional force is 
μ/Ε0. The coefficient of friction μ^ be tween clay 
a n d sand filter m a y have a value of 0.2 t o 0.3. 
The s tabi l i ty analysis is i l lus t ra ted b y Fig. 119. 
The weight of t h e e a r t h mass W is t a k e n in to 
considerat ion, w i th t h e w id th a be tween drains 
(Fig. 117). The cons t ruc t ion shown in Fig. 119 is 
based on t h e a s sumpt ion t h a t Φ = 0. The cohesion 
requi red for equi l ibr ium can be de te rmined from 
t h e polygon of forces. 

W i t h t h e aid of t he analysis described, we can 
judge whe the r t he spacing of but t resses , usual ly 
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based on empir ical rules , is a d e q u a t e t o produce 
t he desired s tabi l i ty . 

After complet ion of t h e bu t t r e s s dra ins , a grad-
ual desiccation of t he ad jacent soil also begins 
t o t ake place. I n clays which canno t be dra ined 
successfully b y g rav i ty alone, desiccat ion is ma in ly 
due t o evapora t ion on t h e sides of t h e dra ins . 

The t o p of t h e dra ins , usual ly formed in to 
a gully, should be sealed to p r even t t he dra ins 
from feeding surface wa te r s t ra igh t in to t h e soft 
s t r a t a . The dra ins should possibly pene t r a t e t o 
some d e p t h in to t h e imperv ious base . This m a y 
no t a lways be feasible, y e t even a par t ia l ly 
pene t r a t ing dra in m a y be useful in t h a t i t allows 
the format ion of a slip surface only a t some greater 
dep th , so t h a t t h e l eng th of t h e slip surface and 
the resistance t o sliding are increased. This effect, 
however , is usual ly ve ry slight. 

travail 

Fig . 119. Calculat ion of earth pressure ac t ing on the sides 
of s tone ribs 

1.8 Prevention of damage due to groundwater 
flow 

1.8.1 Filter criteria 

Percolat ing g roundwate r can, b y t h e act ion of 
seepage forces, seriously endanger t h e s tabi l i ty of 
ea r thworks . B u t even if t he s tabi l i ty of a mass of 
soil is no t affected b y seepage, o the r de t r imen ta l 
c i rcumstances m a y arise. W a t e r emerging on t h e 
free surface of an e a r t h mass m a y give rise t o 
erosion or, a t wors t , t o l iquefact ion of t h e soil. 
Such, often only minor , defects should be a r res ted 
in t ime , since growing damage m a y lead to 
serious interference wi th t h e equi l ibr ium of t he 
soil mass (subsidence, s t ruc tu ra l collapse, etc.) . 

One of t h e s implest p recau t iona ry measures con-
sists of covering t h e free discharge surface wi th 
a coarse-grained pro tec t ive filter. The grading of 
the filter mate r ia l m u s t meet cer ta in r equ i remen t s . 
If t he voids of t he filter are ve ry m u c h larger 
t h a n t h e size of t h e finest grains in t h e soil t o be 
pro tec ted , these fine part ic les are likely to be 
washed in to t h e voids of t he filter, wi th t h e resul t 
t h a t t h e drains become clogged and t h e free 
passage of wa te r obs t ruc ted . On the o ther h a n d , 
if t h e voids of t h e filter are app rox ima te ly t h e 
same size as those in t h e p ro tec t ed mate r ia l , t h e n 
an in t e rna l erosion m a y t a k e place in t h e filter 
itself. To p reven t t h e occurrence of e i ther of these 
undesirable phenomena , t h e grain-size d is t r ibu t ion 
pf t h e filter m u s t obey a cri terion k n o w n as t h e 
filter ru le , which was developed b y T E R Z A G H I 
(1948). 

Le t t h e shaded zone A in Fig . 120 represen t 
the range of grading of t h e mate r ia l t o be pro-
tec ted , and let t he m a x i m u m grain size a t Ρ = 1 5 % 
be deno ted b y d15 a n d t h e m i n i m u m grain size a t 
Ρ = 8 5 % b y d 8 5. A mate r ia l is considered sui table 
for use in a pro tec t ive filter if i t s grain size a t 
Ρ — 1 5 % is a t least four t imes d15 and n o t more 

t h a n four t imes dS5. A n y soil wi th a grading curve 
t h a t lies wi th in t h e area Β in Fig. 120 meets th i s 
r equ i r emen t . 

The filter c i i ter ion can be wr i t t en in t he fol-
lowing general form: 

άΛ r- of filter . ^ ^ άΛ r of filter 
1 5 < 4 t o 5 < 15 

d 8 5 of soil d15 of soil 
(106) 

S o m e further e x p l a n a t i o n is needed as to w h y the grain sizes 
dlô and d 85 and a filter ratio of 4 to 5 are used in the above 
express ion . Theoret ica l analys i s has s h o w n t h a t the grain-size 
d i s tr ibut ion can be character ized b y a q u a n t i t y cal led the 
grading i n d e x w h i c h is expressed in t erms of the d iameters 
d15 and d 8 5. I t is defined b y 

f'P = d 8 4. i 3 —
 d

5o = d 5 0 — d 1 5 > 81 . 

This i n d e x has been found to be ind ica t ive of the degree of the 
un i formi ty of a grain as sembly . A s tat i s t ica l eva lua t ion has 
s h o w n 9 5 % of all cases e x a m i n e d to fall w i t h i n the l imi ts dm ± 
i 2p , where dm is the d iameter t h a t occurs m o s t frequent ly 
(cf. Vol . 1, F ig . 26) . 

T h e va lue of 4 to 5 for t h e filter rat io (d15 of filter/c?85 of 
soil) was found b y t h e fo l lowing cons iderat ion. In the loosest 
pack ing of equal spheres (F ig . 121) , where any sphere touches 
s ix ne ighbouring spheres w i t h centres arranged in a rectangu-
lar spaced grid, the d iameter of a smal l sphere t h a t can j u s t 
be a c c o m o d a t e d in the interst ices is g i v e n b y the d iameter 
rat io 

= £ - = 1 + ^ 2 . 
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Fig . 120. R u l e of f i l tering, after T E R Z A G H I (1948) 
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Fig . 121 . Regular arrangement of spheres in the pore space: 
a — loosest disposition; b — densest disposition 

In the denses t pack ing (Fig . 121b) , where t h e spheres form a 
tetrahedral array and each sphere touches t w e l v e ne igh-
bouring spheres , the corresponding ratio is 

«ι 

The m e a n va lue o f / , 3 .43 , is va l id for irregular packing . For 
natural grain assembl ies w i t h non-uni form grading, a va lue of 
4 to 5 can be a d o p t e d for the filter rat io . T h e v a l i d i t y of the 
relat ionship g i v e n b y E q . (106) w a s confirmed exper imenta l l y 
b y B E R T R A M (1940) . Further t e s t s were c o n d u c t e d b y t h e 
U . S. A r m y Corps of Engineers (1941) and the U . S. B u r e a u of 
R e c l a m a t i o n (1955) . T h e former s t ipulates t h a t , in add i t ion 
to t h e requirement 

d16 of filter 

d*~ of soil ^ 
< 5 

the fo l lowing criterion m u s t also be satisfied: 

d 50 of filter < 25 

I n prac t ice , p ro tec t ive filters are e i ther m a d e u p 
of several layers (graded filters) or consist of a 
mix tu re of var ious grain sizes w i th favourab le 
filtering proper t ies (mixed filters). I n cases where 
a grea ter th ickness is requi red , t h e filter is usual ly 
cons t ruc ted from several layers , each of which 
satisfy t h e filter rule wi th respect t o t he preceding 
layer . Such a mul t ip le filter is shown in Fig. 122. 
Le t t h e requi red filter ra t io be denoted b y / . 
Then , for successive layers t he following relat ion-
ships m u s t be satisfied: 

d1 = fd, 
d2=f*d, 

ac tua l va lue of / for a given n u m b e r of layers η 
and given represen ta t ive grain sizes d a n d D 
T h u s 

n+i 
' D_ 

Ύ ' 
f- (108) 

If t h e value of / c o m p u t e d b y E q . (108) is grea ter 
t h a n 4.5 , t h e n u m b e r of layers should be increased. 

I t is also possible t o cons t ruc t a filter of a single 
mate r i a l such t h a t i t conta ins a mix tu re of all 
t he grain sizes t h a t would be requi red for a g raded 
filter. The grading of a mixed filter should be such 
t h a t t h e voids in one componen t are j u s t filled 
b y t h e grains of t h e preceding componen t . F o r 
t he design of such mix tu res i t can be assumed t h a t 
t he average poros i ty for each layer is equa l to 
η = 3 5 % . A calcula ted example is given in 
Table 3 . 

Table 3 . Data for producing mixed filters 

Classifica-
tion 

Grain size 
(mm) 

Volumetric 
proportion 

(m») 

Percentage 
per mass 

I 0 1 0.04 8 
II 1 3 0.12 9 

I I I 3 15 0.35 21 
IV 15 50 1.0 62 

The requi red th ickness of a filter depends on 
t h e t y p e of mate r ia l t o be p ro tec ted , t he in tens i ty 
of seepage and t h e n u m b e r of layers . The thickness 
of a single layer is seldom less t h a n 50 cm, a l though 
in simple cases 30 cm m a y be prac t icable . Typica l 
cases where t he use of pro tec t ive filters m a y be 
necessary are i l lus t ra ted b y Fig. 123. 

The r equ i r emen t u p o n which the design of 
mixed filters was based can also be applied to 
n a t u r a l soils. If seepage is occurring in a soil, 
the re is a lways a danger of fine part ic les being 
washed ou t . B u t a n y soil can be conceived as 
being m a d e u p of two componen t s : one, being 
a re la t ively coarse componen t , serves as a filter 
for t h e res t of t h e soil. If t h e two componen t s 
satisfy t h e filter cr i ter ion wi th respect t o each 
o ther , t h e part icles in t he finer componen t are 
no t l ikely t o migra te t h r o u g h t h e void spaces in 
t h e coarser p a r t . Such a condi t ion is k n o w n as 
self-filtration. If a n y two componen t s in to which 

dn=f"d, 
D =f

n + l
d. 

For given values of eZ, D and / , t he requi red n u m -
ber of layers can be ob ta ined from the following 
equa t ion : 

η ^ 1 ° ^ — l o i i - 1 . (107) 

E q u a t i o n (107) can also be used to check the 

η lauers
 E a r th m a sS t0 be 

n l a y e rs
 supported 

Fig. 122. Fi l ter c o m p o s e d of several layers 



Prevention of damage due to groundwater flow 79 

Fig . 123. D o t t e d areas s h o w places where i t is adv i sed to 
incorporate fi lter layers : 
a — slope; b — dike; c — trench; d — foundation pit 

a given soil can be split satisfy t h e filter rule , t h e 
soil is said t o be self-filtering. 

W h e t h e r or no t a soil shows th i s p r o p e r t y can 
be ascer ta ined b y t h e following t es t . The grain-
size d is t r ibut ion of t h e soil is given in Fig. 124a. 
We choose an a rb i t r a ry d iamete r d 0 a n d divide 
the mater ia l in to t w o componen t s . F o r t h e sake 
of be t t e r unde r s t and ing , t h e grain-size distri-

ct dQ 02 dj logd 

bu t ion curves of these componen t s are also shown 
in Fig. 124a. I n an ac tua l inves t iga t ion only 
cer ta in significant po in t s of t h e curves need to be 
de te rmined , as will be seen from t h e following. 

The d iamete r d, respresen ta t ive of t h e compo-
n e n t which is t o serve as t h e filter, will be read 
off a t P ' = 0 . 8 5 P 0 + 0.15 from t h e original cu rve ; 
for t h e componen t t o be p ro tec ted , t h e d iameters 
d1 a n d d 2 are t a k e n a t P1 = 0.15 P 0 a n d P 2 = 
= 0.85 P 0 , respect ively . The values d, d1 and d2 

can be ob ta ined direct ly from t h e original curve , 
as d e m o n s t r a t e d b y Fig . 124b. 

Now we choose several o ther values for d0 and 
r epea t t h e calcula t ion for each. If we plot t h e set 
of d, 4d1 a n d 4d s va lues agains t d 0, we can s*<* 
a t a glance whe the r t h e cri terion 

4 d 2 > d > 4d x 

is satisfied or n o t . 
The use of t h e m e t h o d is shown in t h e following 

th ree examples . F igure 125 shows t h e grain-size 
d i s t r ibu t ion curves of th ree soils. Curve A repre-
sents a loess from H u n g a r y , k n o w n t o be very 
susceptible t o surface erosion, b u t when wate r 
percola tes t h r o u g h i t , usual ly no fines are washed 
ou t a n d t h e wa te r remains clear. The compu ta t i on 
of t h e values d, 4d 2 a n d 4 d 2 can convenient ly be 

100 10 1 0.1 0.01 0.001 
log d 

Fig . 125. Typica l grain-size d is tr ibut ion curves of investi-
g a t e d soils 

Fig . 124.
 d

° (
m m

) 
a — Investigation of the soil as to its own filtering capacity; division into compo- . . ·ι A 
nents; b — establishment of the effective grain size F ig . 126. I n v e s t i g a t i o n OI SOll A 
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Table 4 . Calculation of the critical grain-s ize diameter 

So s 2 S' SI d 4d a 

0.10 1.00 0.850 1.000 0.150 0.100 0.038 0.210 
0.08 0.97 0.825 0.975 0.145 0.082 0.0375 0.208 
0.06 0.89 0.756 0.901 0.134 0.060 0.034 0.184 

Λ 0.04 0.72 0.612 0.762 0.108 0.044 0.029 0.132 
J± 0.02 0.40 0.340 0.490 0.060 0.026 0.023 0.068 

0.01 0.18 0.153 0.333 0.027 0.017 0.009 0.038 
0.008 0.12 0.102 0.252 0.018 0.014 0.007 0.029 

1.0 0.95 0.81 0.96 0.15 1.05 0.66 2.60 
0.9 0.93 0.80 0.95 0.13 1.00 0.62 2.44 
0.8 0.89 0.76 0.91 0.13 0.86 0.62 2.32 
0.7 0.85 0.72 0.87 0.125 0.76 0.61 2.04 

J7 0.6 0.78 0.66 0.81 0.12 0.64 0.60 2.00 
13 0.5 0.70 0.60 0.75 0.10 0.56 0.56 1.60 

0.4 0.60 0.51 0.66 0.09 0.45 0.53 1.40 
0.3 0.40 0.34 0.49 0.06 0.34 0.44 1.06 
0.2 0.21 0.18 0.33 0.03 0.26 0.36 0.72 
0.1 0.04 0.03 0.18 0.01 0.18 0.26 0.36 

50 1.00 0.850 1.000 0.150 50 10.0 176 

Γ 15 0.38 0.323 0.473 0.057 21.5 2.4 44 
3 0.17 0.144 0.294 0.026 8.6 0.8 9.6 
1 0.08 0.068 0.218 0.012 4.7 — 3.1 

ar ranged in t a b u l a t e d form (Table 4). The resul ts 
are p lo t t ed in Fig. 126. I t can be seen t h a t t h e 
filter rule is fulfilled for t he whole range of grain 
sizes. 

Curve Β in Fig. 125 shows a sand from t h e 
Sahara , which has never been subjected t o wa te r 
flow; no n a t u r a l processes t h a t would have led 
to t h e format ion of a n a t u r a l filter have occurred 
in i t . I t can be seen from the graphical represen-
t a t i on of t he tes t (Fig. 127) t h a t for grain sizes 
smaller t h a n 0.5 m m t h e filter rule is no t fulfilled, 
so t h a t m o v e m e n t of t h e fine part icles m a y occur. 

The t h i rd example (curve C) is an artificial 
m ix tu re , m a d e wi th t he purpose of producing a 
good mixed filter, and according to experience it 
is indeed a good one. The tes t confirms th is 

2.0 

0 

Ad2 

0 0.5 1.0 
d0 (mm) 

Fig. 127. I n v e s t i g a t i o n of soil Β 

qua l i ty ; t h e filter rule is fulfilled for t he whole 
range (Fig. 128). The ra t ios of t h e respect ive grain 
sizes a t every value of d0 are approx ima te ly the 
same . 

1.8.2 Filter design 

Fil ters used on the discharge surface of t he core 
in e a r t h dams should be designed to meet cer ta in 
hydrau l ic r equ i rement s . They mus t quickly inter-
cept a n d remove seepage emerging from the core, 
w i thou t inducing high seepage forces or hydros ta t i c 
pressures . The permeabi l i ty of granular mater ia ls 
was found t o be app rox ima te ly propor t ional t o df5 

( T A Y L O R , 1948). So if t h e filter rule is fulfilled, 
a filter is 16 t o 25 t imes more permeable t h a n t h e 
core mate r ia l t o be p ro tec ted . Such a difference 
in pe rmeabi l i ty is usual ly sufficient t o ensure t h a t 
seepage is r emoved quickly, p rov ided t h a t ad-
equa t e dimensions and hydrau l i c gradients are 
avai lable in t h e dra in , as is t he case in t h e cross-
section shown in Fig. 129. If, however , t he hy-
draul ic g rad ien t is too small , i t is advisable t o m a k e 
a check on the discharge capac i ty of t he filter or, 
be t t e r still, t o design i t b y apply ing hydrau l ic 
principles. For example , if t he r a t e of infi l t rat ion 
q per un i t l eng th of dra in is known , t he requi red 
th ickness hr of t h e filter layer can be computed 
from Darcy ' s l aw as follows: 

q = kiA = kihr · 1 . 

Hence 

where Ί is t h e m a x i m u m allowable hydrau l ic gra-
dient , de te rmined b y t h e allowable hydros t a t i c 
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Fig. 128. Inves t i ga t ion of soil C 

Fig. 129. E x a m p l e s showing t h e arrangement of var ious 
filter layers: 
a — slanting filter layer inside the dam; b — sand layer and stone base at the outer 
toe of the dam 

pressures a n d seepage forces in t h e dra in . On the 
o ther h a n d , ί should n o t be too low lest s a tu ra t ion 
should spread in to ad jacent soil t o an undesirable 
e x t e n t . 

Example. I t is required t h a t a drain be des igned for the 
c o m p o s i t e d a m cross-sect ion s h o w n in Fig . 130. T h e drain is t o 
be m a d e up of a s t eep ly inc l ined sect ion , cal led a c h i m n e y 
drain, and a horizontal b lanke t drain. T h e k e y d i m e n s i o n for 
b o t h are g iven in F igs 130b and c. 

First , w e construct a flow ne t and, us ing the k n o w n coeffi-
c ient of permeab i l i t y of t h e core mater ia l , we c o m p u t e the 
rate of discharge t h r o u g h the core. In addi t ion , we should 
also e s t i m a t e the q u a n t i t y of seepage through the foundat ion 
in to the hor izonta l b lanket . Le t us a s sume t h a t seepage 
through the core per running meter of d a m l e n g t h is qt = 
= 0.2 m

3
/ d a y and seepage into the horizontal filter is q2 = 

= 1.0 m
3
/ d a y . On the basis of pract ical cons iderat ions , the 

c h i m n e y drain is t o h a v e a hor izontal w i d t h of b = 3.5 m. 
The required permeabi l i ty of the filter kp can be obta ined as 

kF = 
0.2 

4 » 90 

93 

0.059 m / d a y . 

3.50 

A clean sand w i t h no fines usua l ly m e e t s th i s requirement . 

The hor izonta l out le t por t ion of t he dra in should 
be so designed as t o be capable of discharging the 
t o t a l seepage q = q1 + q2 = 1.2 m 3 / d a y , w i thou t 
excess hydros t a t i c pressures being induced in t he 
dra in . I n o ther words , t h e m a x i m u m head in t he 
dra in should no t be grea ter t h a n t h e th ickness of 
t h e b l anke t d ra in : hd < d. Therefore, t h e pe rme-
abi l i ty of t h e filter ma te r i a l should no t be smaller 
t h a n 

Vi + ? 2 Un — 
id 

qid 

d
2 

(109) 

Subs t i t u t ing numer ica l values gives 

kD —· 
198 

id d 

Fig. 130. D i m e n s i o n s of the f i l tering s y s t e m : 
a — cross-section and flow net diagram; b — and c —- filter units 

6 Â. Kézdi and L Réthâti: Handbook 
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For example , if we select a pea gravel wi th a per-
meabi l i ty of kD = 1 0 0 m / d a y (approx imate ly 0 . 1 2 
cm/s) as t he filter mater ia l , t h e requi red th ickness 
becomes 

d= yîT98 = 1 . 4 0 m . 
The best w a y to design a filter sys tem is t o use 

a composi te flow ne t for d a m and filter. 
As is k n o w n from previous s tudies (see Vol. 1 , 

E q . ( 1 2 0 ) ) , when seepage occurs from an ea r th 
mass in to a filter of higher permeabi l i ty , t he 
leng th- to -wid th ra t io of t he rectangles formed in 
t h e flow ne t wi th in t he filter mus t conform to 
the following re la t ionship : 

c kp 

d kE 

where kF is t he permeabi l i ty of t he filter a n d kE 

is t he permeabi l i ty of t he ea r th mass . I n pract ice , 
e i ther t h e dimensions of t h e filter are given and 
its requi red permeabi l i ty should be de termined , 
or, conversely, for an assumed permeabi l i ty ra t io 
t he requi red dimensions should be found. 

The design procedure will be demons t r a t ed , 
after C E D E R G R E N ( 1 9 6 7 ) , b y two examples shown 
in Fig. 1 3 1 . The flow nets in ei ther case were con-
s t ruc ted on t he assumpt ion t h a t t h e permeabi l i ty 
of t he filter is great enough to convey all of t he 
seepage t h a t enters s t ra ight in to a gravel collector 
dra in loca ted a t t he toe . Firs t we d raw a flow ne t 
for t he d a m and determine t he posi t ion of t he 
point a t which t he t o p flow line emerges on t he 
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70 

60 

50 

40 

30 

20 

- / f i -
W 

- NC\ 3̂  

2° 

? 

V/2 2 21/2 3 4 
coton β 

5 i 

Filter loyer^ 
Pervious gravely 

layer sjf* 

of full 
saturation 

Fig. 132. D iagrams for d imens ion ing the filter layers in the 
case of differently incl ined s lopes 

discharge surface (point A). Nex t we connect 
poin t A a n d t h e t o p of t h e gravel toe dra in wi th 
a free-hand line and , in a similar manner , we 
draw t h e remain ing flow lines. B y cont inuing t h e 
equipoten t ia l lines a l ready d rawn wi th in the d a m , 
so t h a t t h e y deflect a t t h e b o u n d a r y , we can 
complete t h e flow ne t in t h e filter. The leng th- to -
wid th ra t io of t h e rectangles resul t ing from t h e 
cons t ruc t ion can readi ly be de te rmined and from 
this t he requi red permeabi l i ty ra t io co mpu ted 
(Vol. 1, E q . (120)). Fo r t h e case shown in Fig. 131a 
th is ra t io is 

c I kp ^ 

and for t he flow ne t in Fig. 131b 

7 . 

Fig . 131. F l o w ne t d iagrams for var ious fi lter layers of 
differently incl ined slopes 

As can be seen from t h e flow ne t s , t h e hydrau l ic 
gradients in t h e filters are fairly large. 
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For flow ne ts of t h e t y p e i l lus t ra ted b y Fig. 1 3 1 , 
C E D E R G R E N ( 1 9 6 7 ) developed a design cha r t 
which is given in Fig. 1 3 2 . I t furnishes t h e requ i red 
kF/kE ra t ios for var ious slopes and thicknesses of 
drain. I t can be used t o de te rmine t h e requi red 
permeabi l i ty ra t io kF/kE for assumed dimensions 
I and b and vice versa . 
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Chapter 2 

Load-bearing capacity and settlement of shallow foundations 

Founda t ions generally have to comply wi th th ree 
r equ i r emen t s : 

— to t ransfer loads to t he subsoil w i thou t 
causing failure the re in ; 

— to confine deformat ions to such an e x t e n t 
t h a t t he components of m o v e m e n t do no t sur-
pass t h e acceptable level in t h e overs t ruc-
t u r e ; 

— to ensure t h e s tabi l i ty of t he foundat ion 
sys tem and the overs t ruc ture against slid-
ing, t i l t ing or floating. 

I n t he early period of t h e deve lopment of soil 
mechanics , a n u m b e r of researchers devoted the i r 
efforts t o solve t h e problems re la ted to t h e first 
i t em. In te res t in t h e quest ion has faded, however , 
dur ing the las t one or two decades , p a r t l y because 
no failures have been exper ienced (with t he excep-
t ion of a few cases where t he cause could have 
been explained immedia t e ly b y referring t o t h e 
so-called " s u d d e n loading") a n d p a r t l y because 
t he possibil i ty of failure has been a lmost ent i re ly 
e l iminated b y keeping deformat ions below t h e 
acceptable level. Similar considerat ions app ly to 
the s tabi l i ty problems as well, mos t ly because 
few problems arise in th is respect which concern 
t h e field of soil mechanics . 

This book devotes separa te chap te r s to shallow 
and pile foundat ion (Chapters 2 a n d 3). Owing to 
the widely different theore t ica l approaches which 
are needed t o handle t h e p rob lemat ic of these t w o 
branches . This difference arises main ly from t h e 
fact t h a t in t he case of pile foundat ions one can-
no t neglect 

— the friction on t h e skin; 
— the super imposed effect of t h e ind iv idual 

footings; 
— t h e influence of t he cons t ruc t ion technology. 

The topics of " I n t e r a c t i o n be tween soil a n d 
supe r s t ruc tu r e " (Section 2.3.7) a n d " S e t t l e m e n t 
c r i te r ia" (Section 2.3.9) have been included in 
Chapter 2 because the re is ha rd ly a n y difference 
in pract ice be tween t h e two types of founda t ions . 
General va l id i ty should also be g ran ted to t h e 
principle t h a t t he influence of t h e g roundwa te r 

should a lways be weighted beyond i ts ins tan ta -
neous posi t ion, whichever of t h e th ree requi rements 
is t o complied wi th ( R É T H Â T I , 1983). 

2.1 Bear ing capacity of shallow foundations 

2 .1 .1 M e c h a n i s m of failure 

If a rigid p la te or a footing placed on or below 
t h e ground surface is ac ted u p o n b y cont inuously 
increasing loads , t h e soil b e n e a t h t h e loaded area 
set t les , and ver t ica l and la te ra l d isplacements 
occur. P rov ided t h a t t he load is re la t ively small, 
t h e se t t l emen t is app rox ima te ly propor t ional t o 
t h e appl ied load ; t h e soil is in a s ta te of elastic 
equi l ibr ium. The mass of soil loca ted benea th t he 
loaded area undergoes compression which results 
in an increase in t h e shear s t rength a n d hence in 
t h e bear ing capac i ty of t he soil. T S Y T O V I T C H (1951) 
t e r m e d th i s first s tage of t h e loading process the 
phase of compression. As long as t he applied load 
does no t exceed t h e u p p e r l imit of phase J, t he 
r a t e of deformat ion decreases wi th t ime and t ends , 
in general , t o zero (Fig. 133). I n phase I t he sett le-
m e n t of t h e footing is ma in ly due to ver t ica l com-
pression of t h e soil. The la te ra l d isplacements are 
negligibly small . 

I n phase I I , plast ic deformations become pre-
d o m i n a n t in t h e soil. P las t ic flow s t a r t s a t t he 
ou te r edge of t h e footing a n d t h e n , unde r increasing 
loads , t h e plas t ic zone grows larger and larger. 
If t h e load exceeds a th reshold va lue , t he set t le-
m e n t no longer comes to an end, b u t cont inues 
a t a s t eady r a t e w i thou t a n y fur ther increase in 
t h e load. A t th i s s tage , l a te ra l d isplacements also 
become significant. Wi th in t h e plast ic zones the 
shear s t r eng th of t h e soil is fully mobilized. 

Phase I I I is character ized b y a rap id ly increasing 
r a t e of deformat ion as t h e load is increased, lead-
ing t o excessive o u t w a r d displacements in t he soil 
un t i l t h e soil suppor t fails b y shear along a curved 
surface of r u p t u r e . 

Typica l l o a d - s e t t l e m e n t curves are shown in 
Fig. 134. Two modes of failure are t he most 
common . I n t h e first case (curve J) failure occurs 
a b r u p t l y . After a ve ry shor t t rans i t iona l period, 
t h e l o a d - s e t t l e m e n t curve merges in to a ver t ical 
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t a n g e n t . The surface of r u p t u r e is clearly defined, 
and well dis t inguishable. I n t he o ther case (curve 3), 
after an ini t ial l inear section, t h e se t t l ement curve 
has a cont inuously s teepening slope and finally 
passes in to a s lant ing t a n g e n t . Curve I is typ ica l 
of dense soil and curve 3 of loose soil. Curve 2 
applies t o di la t ing soils in which failure is accom-
panied b y a subs tan t i a l increase in vo lume. After 
failure is reached, t h e appl icat ion of a load some-
w h a t smaller t h a n t h e u l t ima te load is sufficient 
t o ma in t a in a s t e a d y plast ic flow, causing fur ther 
se t t l ement . 

V E S I C ( 1 9 6 3 ) made an a t t e m p t t o define t he 
basic modes of t h e mechan ism of foundat ion 
failure in sand and to de termine t he likely range 
of occurrence. On t h e basis of failure t es t s , he 
dist inguished th ree character is t ic t ypes of failure 
(Fig. 135). 

I n t he first case, k n o w n as a general shear 
failure (Fig. 135a), well-defined twin surfaces of 
r u p t u r e are formed, along which a p a r t of t he 
loaded mass moves ou twards and upwards . I t can 
be assumed, a t least for t h e init ial s tage of failure, 
t h a t th is p a r t of t he soil mass moves as a r igid 
b o d y in m u c h the same way as a slope in a stiff 
soil fails. The shear resistance of the soil is uniquely 
de te rmined b y the shear deformat ions, and as t he 
deformat ions unde r load cont inue , t h e shear 
s t r eng th becomes fully mobilized. This t y p e of 
failure is t he only one amenable t o ma thema t i ca l 
t r e a t m e n t . The failure of shallow foundat ions in 
dense sands usual ly follows th is p a t t e r n . 

I n t h e second case (Fig. 135b), cont inuous sur-
faces of r u p t u r e canno t develop. The foundat ion 
sinks unde r increasing loads , deeper and deeper 
in to t h e ground and causes compression in t h e 

Fig . 133. Three phases in t h e underground after loading: 
a — time-settlement curves; b — loading scheme; c — rates of settlement; d — generation of plastic zones 
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Fig . 134. Three different pa t terns of the loading d iagram: 
1 — total failure; 2 — failure accompanied by substantial loosening of the under-
ground; 3 — local failure 

adjacent soil mass . This compression, however , 
m a y not be sufficient t o p roduce a crit ical s t a te 
of failure in t h e sand mass . Se t t l ements are 
accompanied b y increasingly large la te ra l displace-
m e n t s and , as a resul t , ^ the l o a d - s e t t l e m e n t 

Fig . 135. Main t y p e s of fai lure: 
a — total shear failure; b — partial (local) shear failure; c — penetration failure 

curve t ends to an inclined a s y m p t o t e ins tead of 
a ver t ica l one ; t h e se t t lements increase steadily 
wi th increasing load. Rad ia l cracks are formed a t 
t h e edges of t h e footing as a sign of t he spreading 
of a zone of rad ia l shear . Such a p a t t e r n of failure, 
called a local shear failure, is character is t ic of 
shallow foundat ions on sand of med ium densi ty . 

I n t he t h i rd case (Fig. 135c), a shear failure in 
t h e s t r ic t sense of t h e word does no t t a k e place. 
In s t ead , t he footing pene t ra t e s s teadi ly in to t he 
g round under increasing load a n d pushes t h e soil 
aside, causing a local compression near t he footing. 
The se t t l ements increase a lmost l inearly wi th 
increasing load. The compression due to pene t ra -
t ion will ex tended only t o a l imi ted zone b e n e a t h 
and a round the footing since t he se t t lements , 
large as t h e y m a y be , are no t sufficient t o produce 
such la te ra l d isplacements as would compress t he 
sur rounding soil t o t h e s ta te of critical densi ty 
a n d t h u s mobilize t h e u l t ima te value of t h e shear 
s t r eng th . A wedge of compressed soil will be 
formed b e n e a t h t h e base of t he footing and , 
toge the r wi th t he footing, i t punches downward 
unde r increasing loads and cont inual ly forces t he 
soil aside. This phenomenon was described b y 
Vesic as a punch ing shear failure. Figure 136 after 
S C A R L E T T and F L E M I N G (1956), gives exper imenta l 
evidence for th is t y p e of failure, showing deflec-
t ions of dyed layers of sand unde r a loaded footing 
in a model tes t . A common feature of t he tes ts is 
t h a t a t o t a l shear failure is never reached a n d t h e 
l o a d - s e t t l e m e n t curve t ends to an inclined a symp-
to t e . I n t he case of foundat ions located a t greater 
dep ths , a general shear failure of t he t y p e shown 
in Fig. 135a is no t likely to occur, even in dense 
sands , owing to lack of t h e requi red shear displace-
men t s . Therefore, t he soil located near t he ground 
surface m a y still be in a s ta te of elastic equi l ibr ium, 
while a local shear failure has ac tual ly t a k e n place 

Fig. 136. De format ion be low a mode l foot ing 
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unde r t h e base of t he foundat ion . I n cohesive soils, 
failure is ind ica ted b y t h e appearance on the 
surface of a set of i r regular tens ion cracks ins tead 
of a clear shear p a t t e r n . Similar cracking m a y be 
observed in moist sands hav ing a slight cohesion. 
The t h i r d t y p e of failure can main ly be expected 
in cases where t he dep th to w id th ra t io of the 
foundat ion is high. 

The described phenomena of local shear canno t 
be t a k e n in to account adequa te ly b y exist ing 
failure theories . The ma in difficulty lies in the 
fact t h a t in the case of local failure, no exact 
definition can be given of t h e s ta te of failure. 
Therefore, ins tead of seeking some " l imi t v a l u e " 
of bear ing capac i ty , a m a t h e m a t i c a l analysis of 
t he whole process of failure u n d e r load seems to 
be a more promising future approach . 

V E S I C ( 1 9 7 3 ) has carried ou t a large n u m b e r of 
model tes ts in order to clarify t he influence of the 
densi ty of t he sand and of t h e d e p t h t o w id th 
ra t io of t he foundat ion on the mechan ism of 
failure. He found the app rox ima te l imits of t h e 

Relative density De 
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10 

| \ C/ra 

\ \ 
far footing | \ ο 

c 

Strip footing 

Fig . 1 3 7 . R e g i o n s of the three different m a i n t y p e s of failure 
after VESIO ( 1 9 7 3 ) 

th ree types of failure t o v a r y wi th t he relat ive 
dens i ty of sand, Dre and the relat ive dep th of 
foundat ion , f/6, as shown b y Fig. 1 3 7 . Type a 
occurs in t he case of re la t ively shallow foundat ion 
on dense sand. If t he relat ive d e p t h is large 
enough, as in t h e case of pile or pier foundat ions , 
t y p e c is a lways t o be expected . I n t he light of 
these findings, a n y such theo ry of the bear ing 
capac i ty of piles as would assume the format ion 
of definite failure surfaces a round t he pile t ip 
seems in general un tenab le . 

I n the following we shall use a different approach 
to t h e p rob lem of failure b y inves t iga t ing t h e 
changes due to a surface load in t he s t a t e of stress 
wi th in a semi-infinite mass of soil. Figure 1 3 8 
i l lus t ra tes , b y means of Mohr 's circles, t h e var ia-
t ion in t he s ta te of stress a t an a rb i t r a ry point 
Ρ located a t a dep th ζ unde r an infinite s t r ip load 
on t he surface. 

Before t he appl icat ion of load t h e ent i re mass 
of soil is in a s ta te of rest , and a t po in t Ρ t h e 
pr incipal stresses are σ1 = <fz = ζγ; ct2 = # 3 = 
= Κ0ζγ (circle a) . As t h e in tens i ty of t h e s t r ip 
load ρ is increased, so are t h e pr incipal stresses 
a t poin t Ρ and , a t t h e same t ime , the i r direct ions 
r o t a t e . The corresponding Möhr circles will be 
shifted t o t h e r ight a n d the i r d iameters will 
become larger . Successive phases of increase in 
s t r ip load are represented b y the Möhr circles β 
and y . All these circles have a c o m m o n envelope 
which is an approx ima te ly elliptical curve . At t he 
m o m e n t th is envelope touches t h e Coulomb line, 
t h e condi t ion of failure is j u s t reached a t po in t P . 

The changes in t h e s ta te of stress unde r in-
creasing load can be followed in Fig. 1 3 9 , which 
shows 0*3 values p lo t t ed agains t t h e major pr in-
cipal stress σ1 for several poin ts located on a 
hor izonta l p lane a t a dep th z. The failure condit ion 

σ 3 = a1 t a n 2 | 4 5 ° - — 2 c t a n 45° — 

Fig. 138. D i s p l a c e m e n t and ex tens ion of the Mohr's circles 
when the load is increased 

Φ 

is represented in th is plot b y a s t ra ight line which 
in tersects t h e σ3 axis a t (T3 = —2c t a n (45 — Φ/2) 
and has a grad ien t of t a n ρ = t a n 2 (45 — Φ/2). 
The curves a t o e show t h e changes in t h e s t a t e 
of stress a t t h e respect ive po in t s . They all h a v e 
a c o m m o n s t a r t ing poin t α which corresponds t o 
the ea r t h pressure a t rest a t a dep th ζ below t h e 
surface. Fai lure condi t ion a t a po in t is reached 
when t he corresponding curve intersects t he failure 
l ine. I t can be seen from t h e figure t h a t t he s t a t e 
of stress causing failure is different for each poin t . 
I t follows t h a t t he re m a y be a zone inside which 
t h e soil is a l ready in a plast ic s t a t e , whereas 
outs ide th is zone t he failure condi t ion has no t ye t 
been reached . W h e n a body of a br i t t le mate r ia l , 
such as rock or concrete , is subjected to increasing 
loads , as soon as failure condit ion has been 
reached a t a n y poin t wi th in t h e body , t he load 
canno t be fur ther increased and a complete failure 
follows ab rup t ly . For such mater ia ls , t he " l im i t 
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r o a d " is essentially t he same as t h e load requi red 
to produce failure condi t ion a t a single po in t 
anywhere in t h e loaded mass . 

Plast ic and semi-plastic mater ia ls exhibi t an 
entirely different behav iour unde r load. Plas t ic 
yield usual ly s t a r t s a t single po in t s ; for example , 
a t t he edges of a s t r ip founda t ion , w i thou t t h e 
risk, however , of a complete a n d i m m i n e n t failure 
of t he ent ire mass . The founda t ion m a y still be 
capable of sus ta in ing fur ther increase in load 
while t he plast ic zone spreads over increasingly 
large masses of soil unti l finally failure t akes 
place. 

The failure of a shallow foundat ion usual ly 
follows t h e general fashion described in t he 
foregoing pa rag raphs . Never theless , t he mode of 
failure can be great ly influenced b y var ious factors 
no t ment ioned so far. The d is t r ibu t ion of stresses 
unde r a foundat ion , as well as t h e bear ing capac i ty 
of the soil, depend no t only on t h e physical p rop -
erties of the soil, b u t also on t h e mate r i a l , shape , 
size, r igidi ty , dep th , e tc . , of t h e foundat ion . I t is 
therefore one of t h e pr incipal t a sks of appl ied 
soil mechanics t o define, b y considering all t h e 
influencing factors, cri teria for t h e failure of 
foundat ions and t o predic t t h e va lue of t h e allow-
able bear ing pressure b e n e a t h a base . 

2.1 .2 Ul t imate bearing capacity theories 

As a fundamen ta l case, we first discuss (Sec-
t ions 2.1.2.1-2.1.2.3) t he u l t ima te bear ing capac i ty 
of an infinitely long s t r ip founda t ion which is 
located a t a shallow d e p t h a n d is ac ted upon b y 
a centric ver t ical load. The p rob lem is t h u s two-
dimensional (plane s t a t e of deformat ions) . 

W h e n the base has a finite l eng th (solitaire 
foundat ion , slab) t he p rob lem is a th ree-d imen-
sional one (see Section 2.1.2.4). 

Dur ing foregoing years , t h e requ i rements which 
the bear ing capac i ty theories have to satisfy have 
been firmly es tabl ished. The most i m p o r t a n t ones 
among t h e m a re : 

(a) Stresses developing on t h e shear surface 
h a v e tocomply wi th Coulomb's failure condi t ions, 
a n d satisfy K o t t e r ' s equa t ion . 

(b) The shear surface should have a s ta t ical ly 
sui table shape (i.e. should, for example , fit t he 
calculat ion of t h e equi l ibr ium equa t ions derived 
for b o t h t he ver t ica l a n d hor izonta l components 
of forces ac t ing a n d the i r momen t s ) . 

(c) The shear surface should k inemat ica l ly 
accommoda te a cont inuous displacement of t he 
moving mass on t h e t ab le one, so t h a t t he two 
masses should m a i n t a i n an u n i n t e r r u p t e d m u t u a l 
con tac t , a n d t h e mass in mot ion should no t evoke 
an addi t ional res is tance. 

(d) The shear surface should resemble the sur-
faces experienced dur ing failure model- tes ts . 

(e) The t heo ry appl ied should t a k e account of 
t h e in te rna l friction, cohesion a n d dens i ty of t he 
e a r t h mass in ques t ion. 

(f) The bear ing capac i ty factors should always 
re la te t o t h e same shear surface. 

None of t h e theories k n o w n u p to t he present 
are able t o fulfil all these requ i rements completely, 
b u t t h e mos t up - to -da te theories have succeeded 
in reflecting mos t of the tes t resul ts experienced. 

2.1.2.1 Determination of ultimate load for weight-
less soil 

An exac t solut ion for a weightless med ium was 
given independen t ly b y P R A N D T L (1920) and b y 
C A Q U O T (1934). If t h e footing has a perfectly 
s m o o t h base , t h e shear p a t t e r n is similar t o t h a t 

Fig . 139. Changes in the failure process according to the principal stresses 
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shown in Fig. 1 4 0 . The cent ra l p a r t II of t h e 
plast ic zone is bounded b y a logar i thmic spiral . 
I n zones J and III t he soil is in t he act ive and 
passive Rank ine s ta tes , respect ively . 

The solution can be wr i t t en in t he following 
form: 

( 1 1 0 ) 

ρ = ty t a n 2 | 4 5 ° + - y j e r t a n0 + 

+ c cot Φ j t a n
2
 J 4 5 ° + - ^ | Β

Π Ί £ ΐ ΗΦ
 — 1 ] , 

where t — t he dis tance be tween foundat ion 
d e p t h and g round level, 

y = t he bu lk densi ty of t he soil mass 
above foundat ion level. 

The mul t ip ly ing factor referring t o t h e own 
weight ty is ma rked b y Nq and t h a t of t he cohe-
sion c b y Nc. These are t he so-called bear ing 
capac i ty factors . I n P r a n d t l ' s t heory , according 
to E q . ( 1 1 0 ) : 

Nc= cot0(Nq- 1 ) . ( I l l ) 

P r a n d t l ' s t heo ry was first appl ied to soils b y 
Caquot . I n th is appl ica t ion t he p rob lem has 
a l ready been t r ea t ed on the basis of t he l imit ing 
equi l ibr ium condi t ion which exists be tween t h e 
act ive ea r t h pressure in t h e soil b e n e a t h t h e 
foundat ion and the passive resistance of t he ea r t h 
mass on the sides. This demons t r a t ion has la ter 
been simplified b y R A E S ( 1 9 4 1 ) and M A N G E L , and 
the final form of t he equa t ion derived b y these 
three au thor s is t h a t shown as E q . ( 1 1 0 ) . 

2 . 1 . 2 . 2 Theories of Buisman-Raes and Terzaghi 

At the beginning insufficient emphasis was p u t 
on negligence of the soil's own weight , b u t i t soon 
became obvious t h a t th is componen t of t h e bear-

ing capac i ty — t h e more so in g ranula r soils — 
could no t be neglected. T h u s t h e P r a n d t l - C a q u o t -
Magne l -Raes formula m a y only be used for prac-
tical purposes when the bear ing capac i ty factor 
referring to the soil's own weight (designated as 
Nß or Νγ) is t r a n s p o r t e d from ano the r t heo ry t o 
the appl ica t ion on h a n d . 

The first researcher t o produce t he re la t ion for 
this case was B U I S M A N ( 1 9 4 0 ) ; his graphic solu-
t ion was l a te r condensed in an ana ly t ic form b y 
R A E S ( 1 9 4 1 ) . According t o th is procedure , t h e 
bear ing capac i ty factor Ny can be derived from 
t h e express ion: 

iVy = 2Kp exp ( 1 . 5 π t a n Φ) — 2 ][Kp + 

+ 
1 + Κ 

1 + 9 t a n 2
 Φ 
£ - [ ( 3 t a n < Z > f K p - l ) 

exp ( 1 . 5 π t a n Φ) + 3 t a n Φ - f f K p ] 

where 

( 1 1 2 ) 

Kp = t a n 2 
4 5 ° + 

Φ 

Prov ided t h a t t h e foundat ion d e p t h is no t 
grea ter t h a n t h e w id th of t he footing, t h e shear 
s t r eng th of t he soil s t r a t a loca ted above the 
foundat ion level can be neglected, since these 
s t r a t a normal ly consist of weak topsoil or loose 
backfill. Fo r th i s case, T E R Z A G H I ( 1 9 4 3 ) developed 
a general solut ion which, a l though no t r igorously 
exac t , furnishes dependable resul ts in most prac-
t ical cases. I n this t heo ry it is assumed t h a t failure 
b e n e a t h t h e footing t akes t he form of a general 
shear failure character ized b y the l oad - se t t l emen t 
curve of t y p e a in Fig. 1 3 5 . 

Le t us consider an infinite s t r ip footing of wid th 
2b a t a d e p t h t below surface level (Fig. 1 4 1 ) . The 
shear s t r eng th of t he layer located above the 
foundat ion level can, as was ment ioned previously , 

Fig. 140. N e t w o r k of failure p lanes in a we ight less mass 
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be neglected I t s weight is replaced b y a uniformly 
d is t r ibuted surcharge q = ty. The soil is assumed 
to be homogeneous . If t he footing has a rough 
base , as is t he case wi th real footings, t h e friction 
be tween t h e soil and t h e base p reven t s la te ra l 
d isplacement of t h e soil loca ted immedia t e ly 
benea th t he footing. A wedge of soil is formed 
b e n e a t h t h e base which remains in an elastic 
s t a t e a n d punches downward as if i t were a p a r t 
of t h e footing. Unde r such condi t ions , fur ther 
se t t l ement of t he footing is only conceivable if t h e 
soil below the edge D moves ver t ica l ly downward . 
I t follows t h a t when failure occurs, t h e surface 
of sliding should s t a r t from a ver t ica l t a n g e n t in 
the axis of t h e footing (point D). I n t h e l imi t ing 
s ta te of equi l ibr ium, failure of t h e soil suppor t 
t akes place in t he following m a n n e r . The cent ra l 
wedge A BD, t oge the r w i th t h e footing, moves 
vert ical ly downward . Along t h e lower side AD of 
t h e wedge, t he adjacent soil mass moves u p w a r d 
in t h e same m a n n e r as i t would on t h e rough 
back of a rigid wall. I n t he soil mass below, tw in 
curved slip surfaces are developed which have 
a common ver t ical t a n g e n t a t t he axis . The sur-
faces AD and DE are b o t h slip surfaces which 
meet a t point D. The t a n g e n t s t o t h e slip surfaces 
a t th is point m u s t in tersect each o the r a t an angle 
of 90° — Φ. Since one of t h e t a n g e n t s is ver t ica l , 
t he o ther mus t make an angle Φ wi th t h e horizon-
ta l , p rovided t h e friction on t h e base of t h e footing 
is sufficient t o p reven t t h e la te ra l d isp lacement of 
the wedge A BD. The surface of sliding has an 
init ial ly curved section which becomes gradual ly 
flatter far ther away from t h e axis of t h e footing. 
This curve represents t h e lower b o u n d a r y of t h e 
zone of radia l shear which adjoins a zone of 
passive Rank ine s t a t e . The b o u n d a r y be tween the 
two zones can be de te rmined b y drawing a line 
a t an angle of 45° — Φ/2 to t h e hor izonta l from 
t h e outer edge A of t he footing. This will in tersec t 
t h e curved por t ion of t h e slip surface a t poin t E. 
Beyond t h a t poin t t he friction on the surface AD 
has no influence on t h e shape of t he slip surface. 
Wi th in t he wedge AEF, t he shear p a t t e r n con-

sists of two sets of paral lel p lanes in conformity 
wi th t h e passive Rank ine s t a t e . A t point E, the 
curved slip surface DE merges smooth ly in to the 
final p lane section EF. 

Now, t h e p rob lem of de te rmining the u l t ima te 
bear ing capac i ty of t h e foundat ion is t a n t a m o u n t 
t o comput ing t h e m i n i m u m passive ea r th pres-
sure on t h e con tac t surface AD. This surface will 
be regarded as t h e rough back of a rigid wall. 
If t h e passive resis tance Ep on AD is known, the 
bear ing capac i ty sought Pb can be de termined 
from t h e equi l ibr ium of t h e cent ra l wedge A BD. 
Let t h e shear s t r eng th of t h e soil be de termined 
b y t h e equa t ion . 

χ = σ t a n Φ + c. 

Since t h e face AD is a ssumed to be a surface of 
sliding, no rma l a n d t angen t i a l stresses act ing on 
i t m u s t obey t h e above re la t ionship (here a 
denotes t h e no rma l componen t of t he passive 
e a r t h pressure per un i t area) . 

The t o t a l passive resis tance on AD is made u p 
of two componen t s . The first can be de termined 
from t h e assumpt ion t h a t t h e resistance to sliding 
on AD is ent i re ly due t o friction, while t he o ther 
s t ems from t h e adhesion be tween t h e contac t 
face AD a n d t h e soil. Note t h a t w h a t is assumed 
here t o be t he back of a rigid wall is, in fact, 
a p lane inside an e a r t h mass along which the 
shear resis tance is fully mobilized. Therefore, t he 
angle t h e first componen t of t h e passive ea r th 
pressure makes wi th t h e perpendicular t o AD is 
equiva len t t o t h e angle of in te rna l friction Φ; 
t h u s i t s direct ion is ver t ica l . The adhesion com-
ponen t Cs of t h e passive res is tance acts along the 
face AD. Again, t h e adhesion per un i t area is 
replaced b y t h e cohesion c of t he soil. Considering 
t h a t c is i ndependen t of t h e no rma l pressure 
ac t ing agains t AD, we get 

cos Φ 
Equi l ib r ium of t h e wedge A BD requires t h a t the 
sum of t h e ver t ica l forces should be equal t o zero. 

Fig . 141 . D e t e r m i n a t i o n of t h e failure load be low a strip foundat ion 
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Hence 

Pb + yb
2 t a n Φ — 2Ep — 2bc t a n Φ = 0. (113) 

I n this equa t ion t he first t e r m represents t he 
bear ing capac i ty sought , t he second is t he weight 
of t he wedge A BD, t h e t h i rd is t h e passive resis-
t ance , due to friction, on t he sloping faces of t he 
wedge, and t h e four th is t he vert ical componen t 
of t he cohesion force (C sin Φ). 

The passive ea r th pressure Ep can be deter-
mined b y a me thod which was described in detai l 
in Vol. 1, Section 9.6 (cf. Fig . 434). There we also 
discussed, using simplifying assumpt ions , t he com-
pu ta t i on of the dis t r ibut ion of stresses for t h e 
general case when c ^ 0, Φ =^ 0 and q ^ 0 (cf. 
Fig. 435). Now we shall app ly these me thods t o 
t he case of a cont inuous footing in order to deter-
mine t he passive resistance on the face BD (see 
Fig. 142). Hav ing selected a t r ia l slip surface, 
we perform the const ruct ion exac t ly in t he same 
way as was i l lus t ra ted b y Fig. 435 in Vol. 1, t he 
only difference being t h a t ins tead of an adhesion 
force, a force of cohesion should be t a k e n in to 
account on the face BD. A worked-out numer ica l 
example is given in Fig. 142. The cons t ruc t ion 
should be repea ted for several t r ia l surfaces in 
order t o find t he least value of t he passive ea r t h 
pressure, Ep. 

The norma l componen t of t he passive ea r th 
pressure is, in general , given b y the following 
expression (see Vol. 1, Section 9.6): 

EP = — a {cKpc + qKPq) + \ y h * ^ - . (114) 
sin ρ 2 sm ρ 

Fo r t he case shown in Fig. 142, h = b t a n Φ, 
β = δ = Φ, and a = c; t h u s the passive resis-
t ance can be wr i t t en 

a n d 

Hence 

E„ = 

- ± - (cKpc + qKpq) + ± yV * Î 5 | Κργ 

cos Φ 2 cos Φ 

Ε Ε 
η 

C O S ô C O S Φ 

b
 (cKpe + qK„)+±Y»±^K 

cos 2 Φ }
φ 

PV 

Subs t i t u t ing th is expression in E q . (113) leads t o 

Kn Pb = 26c ^pc 

C O S
2
 Φ 

+ t a n φ) +2bq-^-- + 
) C O S

2
 Φ 

\ COS C O S
2
 Φ 

(115) 

Fig. 143. Drawing the rupture p lanes for a strip foundat ion 

Fig . 142. E s t a b l i s h m e n t of soil res is tance on the sides of t h e 
elastic earth wedge 
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The problem is t h e r e b y essential ly solved. I n 
pract ice , however , a fur ther a n d r a t h e r tedious 
const ruct ion work is necessary t o de te rmine t h e 
coefficients Kpn Kpq and Κργ for a definite sliding 
surface in E q . ( 1 1 5 ) . Therefore, T E R Z A G H I in t ro -
duced ano the r i m p o r t a n t simplifying assumpt ion , 
namely t h a t t h e values Kpc a n d Kpq can be com-
pu ted wi th t h e aid of t h e cri t ical slip surface 
t h a t is val id for a weightless m e d i u m (γ = 0 ) . 
For th is theore t ica l case, a logar i thmic spiral 
whose centre is loca ted a t t h e ou te r edge of t h e 
footing (point JBin Figure 1 4 3 ) r ep resen t s a r igorous 
solution. Theory supplies exac t formulas for t he 
coefficients Kpc a n d Kpq ( P R A N D T L , 1 9 2 0 a n d 
R E I S S N E R , 1 9 2 4 ) and hence t h e following quan-
ti t ies can be der ived: 

Nr := COt Φ 
e( 3 / 2 π - Φ) t a n Φ 

I 2 cos 2 ( 4 5 ° + Φ / 2 ) 

- cot Φ (Nq - 1) 

- 1 
(116) 

and 

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 

e 
(3/2 π — Φ) t an Φ (117) 

2 cos 2 ( 4 5 ° + Φ / 2 ) 

I n t r o d u c i n g t he above expressions in to E q . (115), 
we ob ta in t h e bear ing capac i ty for a weightless 
m e d i u m γ = 0 : 

Pbc + Pbq = 2^C 
Κ 

pc 
5 Φ 

+ t a n Φ + 2bq 
Κ 

= 2bcNc -f 2bqNq 

20 

(118) 

I n a real cohesionless soil (γ > 0 , c = 0 ) wi th 
no surcharge on the surface (q = 0 ) , t he critical 
slip surface (curve D2E2F2, Fig . 143) is located 
well above t h a t for t h e γ = 0 case (curve DE1F1). 
The r igorous equa t ion for th is slip surface is no t 
ye t known . The crit ical load requi red to br ing 
a b o u t failure along th i s surface can be obta ined 
from E q . (115). 

Terzaghi ' s final formula for t he calculat ion of 
t h e u l t ima te bear ing capac i ty is : 

ρ = bYNv + tyNq + cNc (119) 

for which t h e bear ing capac i ty factors (N) are 
given in Fig . 144a. 

After h a v i n g ana lyzed Terzaghi 's bearing capac i ty factors , 
K R I Z E K ( 1 9 6 5 ) conc luded t h a t the u l t i m a t e bearing capac i ty 
could be de termined for Φ = 0 t o 3 5 ° , w i t h a m a x i m u m 
dev ia t ion of 1 5 % , w h e n t h e fo l lowing express ion is used: 

P = 
( 2 2 8 + 4 . 3 Φ ) c + ( 4 0 + 5 Φ ) ty + 

4 0 — Φ 
( 1 2 0 ) 

W h e n t h e sand is loose, t h e footing m a y undergo 
ve ry large se t t l ements and ye t no definite con-
t inuous surfaces of r u p t u r e are developed. The 
l o a d - s e t t l e m e n t curve passes in to a steeply sloping 
final t a n g e n t (curve 3 , F ig . 1 3 4 ) , ins tead of a 
ver t ica l one. Such a condi t ion has been referred 

Angle of friction φ 

~~ Λ ψ2 
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Fig. 1 4 4 . Bear ing capac i ty factors as funct ions of the internal fr ict ion ( T E R Z A G H I ) : 
a — total failure; b — partial (local) failure 
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t o as a local shear failure. T E R Z A G H I suggested 
t h a t for th is case t he values of cohesion c and 
coefficient of friction t a n Φ should be divided b y 
1.5 and these reduced values used for t he com-
p u t a t i o n of t he bear ing capac i ty . 

The corresponding bear ing capac i ty factors 
N'q a n d Ν'γ are given in Fig. 144b. For t h e case of 
local shear failure 

p'=— ciV; + tyN'q + byN; . (121) 

2 . 1 . 2 . 3 Other theories for computing bearing 
capacity 

As was po in ted ou t in t h e foregoing, Terzaghi ' s 
me thod for comput ing t he bear ing capac i ty was 
based on a n u m b e r of simplifying assumpt ions 
and , therefore, t he solution ob ta ined is no t m a t h e -
mat ica l ly r igorous. One essential object ion is t h a t 
t he exac t solution of t h e surface of sliding is 
unknown . To overcome this difficulty, t he curved 
por t ion of t h e ac tua l slip surface is replaced b y 
a circle or b y a logar i thmic spiral . F u r t h e r m o r e , 
t he bear ing capac i ty factors do no t belong to one 
and t h e same surface of sliding. The superposi t ion 
adop ted in t he der ivat ion of t he critical load is 
unjustified since t he under ly ing equat ions are non-
linear. The quest ion of superposi t ion of par t i cu la r 
solutions for t he l imit ing s ta te of equi l ibr ium was 
inves t igated b y S O K O L O V S K I I ( 1 9 6 0 ) . He found 
t h a t t he sum of the stresses requi red t o produce 
failure in t h e th ree pa r t i cu la r cases (q = ty =^ 0 , 
γ = 0 ; c = 0 ; q = 0 , γ =Φ 0 , c = 0 ; q = 0 , γ = 0 , 
c =7̂  0 satisfies t h e corresponding equa t ions of 
equi l ib r ium. 

However , because of non- l inear i ty , t he numer -
ical va lue of th i s sum does no t agree wi th t h e 
value t h a t would be furnished b y an exac t numer -
ical analysis for a single critical slip surface. 
Superposi t ion gives the lesser va lue . L U N D G R E N 
and M O R T E N S E N ( 1 9 5 3 ) carr ied ou t an exac t 
numer ica l analysis for the case Φ = 3 0 ° and found 
t h a t t h e bear ing capac i ty value ob ta ined b y super-
posit ion was lower b y 1 7 % . The error is, therefore, 
on t he safe side. 

Increasing emphas is has been laid in cur ren t 
research on the recognit ion t h a t t he critical slip 
surface m u s t be no t only s ta t ical ly and geometr i-
cally, b u t also k inemat ica l ly admissible. If we 
fur ther assume t h a t t he soil is incompressible , t he 
k inemat ic condit ions m u s t also be satisfied every-
where wi th in t h e zone of plast ic equi l ibr ium; this 
r equ i rement is an equiva lent of t he compat ib i l i ty 
condi t ion in t he t heo ry of elast ici ty. I n d i l a t an t 
soil, vo lume changes which m a y t a k e place dur ing 
failure m u s t also be t a k e n in to considerat ion — a 
fact often d i s regarded in theoret ica l approaches . 
So far, no such general solution as would simul-
taneous ly satisfy all t he aforement ioned require-
men t s has been developed. 

Most of the earlier theories as sumed plane surfaces of 
rupture. Obv ious ly , such an a s s u m p t i o n is b o t h geomet -
rical ly and k inemat i ca l l y inadmiss ib le . In addi t ion , the 
so lut ions are often incompat ib le w i t h the laws of s tat ics . 

M I Z U N O ' S t heo ry (1953) assumes t he effect of 
t he soil's own weight influencing no t only t he 
bear ing capac i ty , b u t also t he shape of t he slip 
surface. Similarly t o t h e theories which opera te 
on t h e basis of p lane slip surfaces, M I Z U N O also 
assumes a configuration of zones. Pure ly act ive 
e a r t h pressure prevai ls in t h e first zone and t h a t 
is connected t o t h e plane b o u n d e d Rank ine ' s 
passive zone b y a domain which is confined by 
a logar i thmic helix. After hav ing conduc ted a 
deta i led stress analysis a graphical solution has 
been p roduced for deriving t h e p/by va lue from 
q/by. T h o u g h t h e t h e o r y was originally e labora ted 
for g ranular soils only, t he cohesion can also be 
t a k e n in to account b y add ing t h e va lue c cot Φ to 
t h e ver t ica l stress g, or b y t ak ing q -f- c cot Φ as 
t h e abscissa on t he hor izonta l axis of t he graph 
ins tead of q alone. 

J A K Y has p r o v e d t h a t in the range of Φ = 2 0 - 4 0 ° the 
stress der ived from Mizuno's d iagram could also be described 
b y E q . (119) , and t h a t the bearing capac i ty ρ is approx imate ly 
a l inear funct ion of the s u m (i -\- b). This la t ter observat ion 
has found i ts place in the H u n g a r i a n Code of Pract ice for 
F o u n d a t i o n s i n a s m u c h as one of the mul t ip ly ing factors of the 
so-cal led l imit ing stress basic v a l u e is proport ional to the s u m 
(t + 6). 

L U N D G R E N and M O R T E N S E N (1953) also arr ived 
a t t h e same conclusion t h a t t h e shape of t he slip 
surface was a funct ion of t he load qv i.e. of the 
d e p t h of foundat ion . 

The failure theories discussed above were all 
based on the simplifying assumpt ion t h a t for a 
footing loca ted a t a shallow dep th , t he shear 
s t r eng th of t h e soil above t he foundat ion level can 
be neglected a n d t h a t t h e only cont r ibut ion of 
th is soil mass t o bear ing capac i ty is due to an 
ove rburden pressure ty a t t he dep th of the footing. 

A more realist ic solution t o t he problem was 
developed b y M E Y E R H O F (1951). He assumed t h a t 
t he slip surfaces ex t end to t he ground surface 
(Fig. 145a) a n d t h a t t h e y consist of p lanar (AC) 
a n d curved (CDE) sections. As a first approxima-
t ion , t h e base of t h e footing is assumed to be 
perfectly smooth . The area ACD represents a 
zone of radia l shear wi th a set of plane slip sur-
faces r ad ia t ing from the edge A of t he footing, 
and ADEF is a zone of composi te — radial and 
plane — shear . The condit ions for plast ic equi-
l ibr ium can be establ ished from the b o u n d a r y 
condit ions on t h e base and sides of the footing. 
To simplify t he analysis , t h e resu l t an t of the forces 
ac t ing on t h e side A F of t h e footing and the 
weight of t h e pr ism AEF are replaced b y normal 
and t angen t i a l stresses act ing on the plane AE. 
This plane can t h u s be regarded as an "equ iva len t 
g round sur face" which is ac ted upon b y t h e 
stresses σ 0 and r 0 . The slope angle β of t he equi-
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valen t ground surface increases wi th increasing 
dep th . 

The analysis leads to a general expression for 
bear ing capac i ty which is of similar form to t h a t 
derived b y T E R Z A G H I : 

P b = cNc + qNq + byNy . (122) 

Nc, Nq and Νγ are again bear ing capac i ty factors , 
b u t w i th a more generalized meaning , in t h a t t h e y 
depend no t only on t h e angle of in te rna l friction, 
b u t also on t h e shape a n d d e p t h of t h e footing and 
on the roughness of i ts base . The quant i t i es Nc and 
Nq can be derived from t h e analysis of a weightless 
medium. Νγ is de te rmined from t h e analysis of 
the case when c = 0 and q — 0. We find t h e 
critical slip surface, and , from t h e corresponding 
m i n i m u m passive ea r t h res is tance, we compu te 
the value of Ny. As can be seen, Meyerhof 's solu-
t ion conta ins t he same inconsis tency as Terzaghi ' s , 
name ly t h a t t h e bear ing capac i ty factors in E q . 
(122) do no t correspond t o one and t h e same 
critical slip surface. 

I n the zone ADE p l anar shear stress condit ions 
prevai l and l imit ing equi l ibr ium condi t ions require 

t he fulfilment of t he re la t ion 

r1 = a± t a n Φ + c 

be tween t 1 and σ χ which act on t he plane AD 
and DE, respect ively. 

Should η m e a n t h e incl inat ion of t h e failure 
plane to t h e hor izonta l , a n d 

0 = 45° - Φ/2 + 90° + β - η = 135° + 

+ β-η-Φ/2 

t h a t of t he p lane AD, m should m e a n the ra t io of 
t he shear stress t o t he shear resis tance on the 
subs t i tu t ive g round level. As there is a radial 
shear in t h e domain ACD here t h e slip surface is 
a logar i thmic helix (cf. P r a n d t l ' s theory) . I n this 
way i t can be d e m o n s t r a t e d t h a t 

ρ = c c o t 0 r ( 1 + S i n 0 )' e X P ( 2 ^ t a n ^ - l l + 
L (1 — sin Φ) · sin (2η + Φ) J 

(1 + sin Φ) · exp (2fl t a n Φ) (123) 
P ° (1 — sin Φ) - sin (2η + Φ) 

Fig . 145. D e v e l o p m e n t of s l iding surfaces according to Meyerhof ' s a s s u m p t i o n s (1951) 
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I n this expression the mult ipl ier of c is ident ica l 
wi th Nc and t h a t of p0 with. Νq. Their values can 
be read in Fig. 145b. 

The th i rd bear ing capac i ty factor, iV , can be 
derived from t h e par t i cu la r curved slip surface 
giving the least passive ea r t h pressure . The centre 
0 of a t r ia l slip surface can be chosen arb i t ra r i ly , 
and t h e n the m o m e n t of equi l ibr ium can be 
wr i t t en as 

_ Epllx + Wl2 

means t he passive 
on the plane BC, 

is t he passive ea r t h pressure origi-
na t i ng from t h e resis tance of t he 
pr ism DEC 

where En 

(124) 

e a r t h pressure 

B y repea t ing t h e procedure for a n u m b e r of 
centres 0 , we can find t he locat ion of t he critical 
slip surface and the m i n i m u m value of Fp. Final ly , 
t he u l t ima te bear ing capac i ty of t h e footing is 
compu ted from the equi l ibr ium of t he soil wedge 
ABC: 

' 4 E p sin (45° + Φ /2 ) 

b
2
y 

— t a n (45° + Φ/2) 
2 

by (125) 

Values of Ny are p lo t t ed in Fig. 145b as func-
t ions of β and Φ for t h e two l imit ing cases when 
m — 0 and m = 1. 

As a n e x t s tep , approx ima t ive values should be 
a t t r i b u t e d to subs t i tu t ive stresses t 0 a n d CR0. These 
can be calculated from the forces ac t ing on the 
sides of t he footing, and t h e weight of t he ea r th 
mass above the subs t i tu t ive ground surface. The 
forces on the sides of t he footing are combined 
from t h e adhesive force (A = at) and from t h e 
ea r th pressure in t he direct ion of (5, i .e.: 

Ε=ΚΛ 

ί
2
γ 

2 cos Ô 

(126) 

The weight of t he ea r t h mass i s : 

W = cot β. 
2 

Knowing t h e forces A, Ε and W, t h e componen t s 
Τ and Ν ac t ing in t he p lane of t h e subs t i tu t ive 
ground surface can be calculated. Knowing t h e m , 
we find: 

( . 2 7 , 

and 

t h e s i tua t ion is equiva len t t o unconfined compres-
sion. W h e n —90° < β < 0, t h e ground surface 
slopes symmetr ica l ly downwards . The case when 
β — 0 and m = 0 corresponds to surface loading. 
The condi t ion 0 < β <; 90° character izes shallow 
foundat ion below the ground surface and deep 
founda t ions . Final ly , t h e case when β = 90° and 
m = 0 is equ iva len t to t h a t of a ver t ica l slot for 
which a solut ion was also given b y J A K Y . 

Meyerhof 's t h e o r y suggests t h a t t h e critical 
load of a footing increases rap id ly wi th increasing 
dep ths . This is, however , con t r a ry to t h e resul ts 
of loading t e s t s . Therefore, M E Y E R H O F proposed 
in 1951 t h a t for foundat ions wi th a ra t io t/b > 5 
a reduced va lue of t h e angle Φ should be used in 
t h e analysis . 

M E Y E R H O F (1951, 1953, 1957) has subsequent ly 
ex t ended his t h e o r y t o circular and rec tangu la r 
foot ings, a n d compared his resul ts wi th those 
ob ta ined from l abo ra to ry and field loading tes t s . 
Fo r re la t ively shallow foundat ions he found a 
good agreement be tween compu ted and observed 
va lues . He also inves t iga ted t h e effect of t he 
g roundwa te r and of t h e roughness of t he base on 
the load-bear ing capac i ty and ex tended his anal -
ysis t o eccent i ic and inclined loads . Some of 
these problems will be discussed in t he following 
sections. Also, a general formula for t he load-
bear ing capac i ty will be given in Section 2.1.2.5. 

The problem of t h e load-bear ing capac i ty of 
a con t inuous footing was also inves t iga ted b y 
B ALLA (1962). His solution differs in m a n y respects 

Τ sin β 
(128) 

(d) 

0^90' 

To i l lus t ra te t he significance of t h e angle /?, 
Fig. 146 shows five typ ica l cases. W h e n β = —90°, Fig . 146. F i v e var ious cases for the va lue of angle β 
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Fig . 147. A s s u m p t i o n of t h e s l iding surface according to 
B A L L A (1962) 

from those previously discussed. The slip surface 
is assumed to be m a d e u p of circular and p lane 
sections (Fig. 147). An elastic wedge is formed 
benea th t he rough base of t h e footing. The t w i n 

slip surfaces b r a n c h off from t h e centre line of t h e 
footing wi th an angle 45° + Φβ t o t h e hor izonta l , 
which is t he s ta t ical ly correct va lue . B A L L A used 
t h e K ö t t e r equa t ions ( K Ö T T E R , 1882) t o de termine 
t he d i s t r ibu t ion of t h e no rma l and t angen t ia l 
stresses on t h e slip surface. The p a r a m e t e r s of t he 
slip surface can be ob ta ined from equi l ibr ium 
condi t ions . Once t h e surface of r u p t u r e is es tab-
lished, t h e cri t ical load on t h e footing can be 
de te rmined b y a l imit s t a t e analysis which leads 
t o a general formula similar in form t o E q . (119). 
I n th i s case, however , t h e bear ing capac i ty factors 
depend no t only on t h e angle of in te rna l friction 
of t h e soil, b u t also on i t s l imit weight and cohe-
sion; moreover , i t depends on t h e w id th and dep th 
of t h e footing. F o r t h e purpose of prac t ica l com-
p u t a t i o n s , B A L L A has worked out a set of cha r t s 

t/b=< 

/ 

É 
% 

20 30 40 20 30 40 20 30 40 20 30 40 
Angle of internal friction φ° 

500 

20 25 30 35 40 20 25 30 35 40 20 25 30 35 40 
Angle of internal friction φ° 

Fig . 148. D i a g r a m s for f inding the bearing capac i ty factors according to B A L L A (1962) 

7 Â. Kézdi and L. Réthâti: Handbook 
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giving values of bear ing capac i ty factors for 
var ious geometrical condit ions. These graphs are 
shown in Fig . 148. As a first s tep , t he radius r of 
t h e crit ical slip surface has t o be de te rmined as 
a function of t he quant i t ies Φ, cjby and t/b. Using 
the p a r a m e t e r ρ = r/b t h u s obta ined , we can find the 
factors Nn Nq and Νγ from ano the r set of graphs . 

Balla 's solution gives considerably greater values 
for Ν t h a n those obta inable b y o ther theor ies ; 
th i s implies a more significant influence of founda-
t ion wid th on t he load-bear ing capac i ty . On the 
o ther h a n d , t h e effect of d e p t h appears t o be less 
p ronounced t h a n suggested b y the Meyerhof 
t heo ry . These differences were found t o be in close 
agreement wi th the resul ts of loading tes ts and 
wi th full-scale observat ions . A detai led compar ison 
of theoret ical and measured d a t a will be given in 
the n e x t section. 

An advanced view of t h e field of bear ing capa-
ci ty theories is presented b y H u (1964). I t is 
s t a t ed there in t h a t t he angle ψ be tween the 
hor izonta l and the side planes of t he ea r th wedge 
below t h e footing depends on the dens i ty and t h e 
angle of in te rna l friction of t h e soil, a n d on t h e 
load ty a t t h e foundat ion level ; i ts value ranges 
be tween Φ and (45° + Φ/2). Consequent ly , t he 
bear ing capac i ty factors — in combina t ion wi th 
t he m i n i m u m principle re la t ing the re to — should 
be selected on t h e basis of va ry ing failure mecha-
nism. Values of iV y, Nq and Nc, as de te rmined b y 
th i s procedure , are i l lus t ra ted in Fig. 149. The 
curve ipm\n should be used in t he case of Φ ^ 0 
and c = 0, when Φ is large and vice versa, and in 
t h e case of g ranula r mater ia ls (when c = 0), as 
well as when t he load ty is zero or negligible. 

Some au thors suggested using some relat ions 
among the bear ing capac i ty factors (similar t o 
E q . ( I l l ) ) for the calculat ions. B R I N C H H A N S E N 
draws a t t e n t i o n t o t h e fact t h a t in t h e case of 
Φ = 0 

Νγ = Nq - 1 (129) 

and (with reference to t he P r a n d t l - C a q u o t theory) 
E q . ( I l l ) is val id, we can calculate wi th these 
theoret ical ly correct re la t ionships in the i r own 
rea lm. Subs t i tu t ing these relat ions in to E q . (119): 

ρ = [by + c cot Φ] (N0 - 1) + tyNr (130) 

C A Q U O T a n d K É R I S E L (1953) found t h e re la t ion 

JVy = 2(iV,+ l ) tan<P (131a) 

and B I A R E Z et ah (1961) t he rela t ion 

Νγ = l.S{Nq - 1) t a n Φ (131b) 

acceptable for use. 

2.1.2.4 Bearing capacity of finite size footings 

The bear ing capac i ty of limited-size footings can 
be es t ima ted a t present only from semi-empirical 
formulas . These have been derived as representa-
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Fig . 149. Bear ing capac i ty factors according to Hu' s theory 
(1964) 

t ions of model t es t resul ts conduc ted dur ing t he 
las t decades . 

The resul ts of tes t s have p roved t h a t t h e bear ing 
capac i ty below a footing becomes greater when 
t h e shape of t h e con tac t area becomes more 
closed, i.e. when t he ra t io of t he per iphery t o 
t h e con tac t loading surface decreases. This phenom-
enon can be expla ined b y the fact t h a t b y 
increasing t h e closeness of t he foundat ion area a 
rela t ive increase of t he slip surface areas will be 
achieved which t h e n adds to the resistance 
agains t failure, as in th is way the magn i tude of 
t h e ea r t h mass involved in t he bear ing capac i ty 
increases. While t h e load migh t originate two slip 
surfaces only on t he two sides of a s t r ip founda-
t ion , t h e failure surface has t o be developed on 
all four sides of a rec tangula r footing. I n the l a t t e r 
case i t obviously needs more effort t o mobilize t he 
shear resis tance of t he soil. As t he length of the 
slip surface depends on the wid th of t he footing, 
t he sum of slip surface areas is subs tant ia l ly 
grea ter below a square shaped footing as i t would 
be below a s t r ip foundat ion of equal wid th . The 
tes t ment ioned proved t h a t th is favourable effect 
can be an t ic ipa ted only when t he foundat ion sub-
merges below the ground surface ( i ^ 0). 

Mult iplying shape factors (f) are generally 
affixed t o t h e basic form of t he bear ing capac i ty 
formulas — which were originally derived from 
exper imenta l t r ia l tes ts for s t r ip foundat ions — 
to ex t end the i r sui tabi l i ty for the calculat ion of 
t he bear ing capac i ty b e n e a t h footings of l imited 
sizes. The basic formula t h e n t akes t he following 
form: 

ρ = fybyNy + fcyNq + fccNc. (132) 
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Table 5. Shape factors recommended by s o m e authors 

Author 
Shape factors 

Author 

fy I Λ Λ 

T E R Z A G H I circle 

square 
0 . 6 

0 . 8 

1 . 0 

1 . 0 

1 . 3 

1 . 3 

SCHULTZE circle 

rectangle 

0 . 6 6 7 1 . 0 1 . 0 

B R I N C H H A N S E N I 

I I 

1 - 0 . 4 ^ -
Li 

l - ( 0 . 2 + t a n
6
0 > ) - | L 

L 

1 + 0 . 2 * 

/ ,=/,; £«Φ = 0 / , = 1 1 + ( 0 . 2 + 1*η
6
Φ)-^-

D E B E E R 1 - 0 . 4 ^ -
Jß 

1 + — t a n Φ 

M U H S 1 - 0 . 1 8 - ? -
Li 

-

Hungarian Standard - « 4 · + ··»τ 1 + 0 . 2 - 1 -

Some au thors , as well as t he H u n g a r i a n Code 
of Pract ice for Founda t i ons , suggest t h e use of 
the shape factors l isted in Table 5 . The following 
conclusions can be deduced theref rom. 

Shape factors depend solely on t h e geomet ry 
of t he footing, wi th t h e except ion of D E B E E R ' S fq 

and fc factors ( 1 9 7 0 ) . Special a t t e n t i o n should be 
a t t r i b u t e d t o t h e shape factors suggested b y 
M U H S ( 1 9 6 9 ) because these have been establ ished 
on relat ively large ( 0 . 5 t o 2 . 0 m 2) footings in t h e 
course of model t e s t s . According t o these resul ts , 
t he reduc t ion in t h e first t e r m of t h e original 
bear ing capac i ty formula will be less t h a n t h a t 
inferred b y o ther sources, while t h e inc rement of 
the second t e r m becomes far more subs tan t i a l . 

I n respect t o t h e shape factors proposed b y 
Schultze i t can be proved t h a t t h e bear ing capa-
ci ty — independen t ly of t h e size of t h e footing, 
and of t he values Φ, t a n d γ — decrease succes-
sively when t he shape of t h e footing becomes 
more e longated. This can be p roved as follows 
( R É T H Â T I , 1 9 7 6 ) . 

Fai lure stress below square footing of t h e 
wid th Β i s : 

P=fy^-Y
N
y+ Ur^ + fc

cN
c · (

133
) 

Take β as t h e ra t io of t he w i d t h (Β') t o t h e 
length (L) of a quadrang le foot ing; i t t h e n fol-
lows from the equa l i ty of t h e loaded con tac t 
areas t h a t 

Β' = Β Υ β 

a n d so t he l imit ing stress becomes : 

P=f;^~Ny+f^Nq+f^Nc. (134) 

As fq ^>fq and fc > / c ' , a n d t h e o ther t e rms 
r ema in ident ical , t h e last two t e r m s in E q . ( 1 3 3 ) 
are grea te r t h a n in E q . ( 1 3 4 ) . 

I n respect t o t he first t e r m it has ye t t o be 
proved t h a t 

J R
 2

 H
 2 

which means t h a t 

fy>fyVß-

According t o S C H U L T Z E 

fy = γ a n d
 fy =

 1
 -

(135) 

l _ 

3 

Subs t i t u t ing these values in to E q . (135) we get 

2 
> ι 

which i s : 

2 > Yß(i - β), (136) 

β var ies be tween zero a n d one ; a t t h e two ex-
t remes t h e r ight side t e r m of t h e inequa l i ty m a y 
t a k e t h e va lue zero or t w o , respect ively. T h u s i t 
has y e t t o be p roved t h a t t h e t e r m on t h e r ight 
side of t h e inequa l i ty funct ion 

y = 1^(3 - β) 

is nowhere grea ter t h a n t w o , in t h e range of 
β = 0 a n d β = 1 . This r equ i remen t is ident ical 
t o hav ing a m o n o t o n y t r e n d of y funct ion in t h e 

7 
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i n t e rva l of β = 0 and β = 1, t h u s i ts calculus is 
posit ive in each poin t . This ac tua l calculus i s : 

1 

= 3(1 -β) 

2Vß 

ß 

2\'β 
(137) 

Owing to t h e p o s t u l a t u m t h a t 0 < β < 1, b o t h 
t he nomina to r and t h e denomina to r are posi t ive 
for t h e whole in te rva l , and so t h e mono tony , and 
consequent ly t he va l id i ty of t he inequa l i ty (135), 
is duly proved . 

The demons t ra t ion above therefore confirms 
t h a t b y using Schultze 's shape factors an elonga-
t ion of t he footing — b y keeping the con tac t 
area ident ical — causes a g radua l decrease in the 
bea r ing capac i ty . 

The same cannot be said w h e n the shape factors proposed 
b y B R I N C H H A N S E N (1955, 1961) are used. N a m e l y , the t e r m 
of the right side of the inequal i ty is 

( 1 - 0 . 4 0 ) / / ? , 

the calculus of which is 

1.2 β 

2Ϋβ 
(138) 

this g ives the zero result w h e n β = 0 .833 < 1. This m e a n s t h a t 
the bearing capac i ty wou ld no t reach i ts m a x i m u m w h e n the 
shape of the foot ing is square. 

W h e n t h e r equ i remen t is accepted t h a t t he 
bear ing capac i ty of footings of ident ical con tac t 
areas has t o decrease monotonous ly be tween 
B/L = 1 and B/L = 0, i t can be demons t r a t ed 
t h a t A has t o be equal to 1/3 in t he equa t ion 

fy 1 - A 
L 

because t h e m a x i m u m can be achieved a t t h e 
zero value of t h e expression 

(1 - Aß) • Yß, (139) 
i.e. where 

[(1 - Αβ) Υβγ = 
-2A + 1—Aß 

1 - 3Afß 
0 . 

And th is condi t ion is really only fulfilled when 
A = 1/3. 

2.1.2.5 A general formula for the load-bearing 
capacity 

A formula in tended for general use was pro-
posed b y B R I N C H H A N S E N (1961). He re ta ined the 
basic composi t ion of t he Terzaghi formula, b u t 

b y in t roduc ing var ious coefficients, he arr ived a t 
t h e following, more generalized equa t ion : 

P b = byNvfYdviy + qNqfqdqiq + cNJcdcic, (140) 

where iVy, Nq and Nc = t he usual bear ing capac i ty 
factors , 

/ = shape factor, 
d = d e p t h factor, 
i = incl inat ion factor. 

B y means of E q . (140) we can determine the 
bear ing capac i ty of a foundat ion of any shape, 
subjected t o a n y load, centr ic or eccentric and 
ver t ical or inclined. The / factors, as proposed b y 
B R I N C H H A N S E N can be read from Table 5. Here , 
therefore, only t he suggestion made in respect of 
t h e d and i factors are deal t wi th . 

The d e p t h factors d can be ob ta ined from the 
following equa t ions proposed b y B R I N C H H A N S E N : 

ι +• 
0.35 

2b 0.6 
(141) 

t 1 + 7 t a n 4
 Φ 

dc -
 d

\
 1; (d„ dc when Φ > 25°) , (142) 
N„ 

dy=l (143) 

The use of these factors is only permissible if t he 
shear s t r eng th of t h e soil s t r a t a above foundat ion 
level is no t smaller t h a n t h a t of t he soil benea th 
the base of t h e footing. 

The equa t ions for obl iqui ty factors are 

1 -f sin Φ sin (2α — Φ) + Φ - 2d)tan Φ 

1 + sin Φ 

~ f i 5 T. 
[ V + Ac cot Φ J 

. I - l a 

N q - \ 

(144) 

(145) 

(146) 

Here Η is t h e hor izonta l componen t and V is t he 
ver t ica l componen t of t he r e su l t an t force R on 
t he base of t h e footing, and A is t he area of t he 
base . Table 6 gives numer ica l values of t he factor i. 

Table 6 . Coefficients of incl inat ion, after B R I N C H H A N S E N ( 1 9 6 1 ) 

0 10 20 30 40 

0 1.0 0.5 0.2 0 
b 1.0 0.6 0.4 0.25 0.15 

h 0 - 6 1.0 0.8 0.6 0.4 0.25 
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Fig. 150. N e t w o r k of fai lure surface in the case of a leaning 
load: 
a — in a weightless medium; b — in a heavy mass 

The equa t ion of iq resul ts from t h e theore t ica l 
analysis of a weightless m e d i u m (Fig. 150a). The 
slope angle α of t h e ini t ial p lane section of t h e 
slip surface can be c o m p u t e d from t h e following 
equa t ion 

/ Φ \ l/l — ( tan δ cot Φ ) 2 — t a n ô 
t a n α = 1 - . 

I 2 j t a n ä 
sin Φ 

(147) 

I n a real soil wi th y > 0, t h e failure p a t t e r n is 
similar to t h a t shown in Fig. 150b. 

I n t he case of a skew force, t he shape of t he 
act ive zone, and the set of slip surfaces in i t , will 
be asymmet r i c . For t he crit ical va lue of t he 
force Ρ wi th t he incline <5, D U B R O V A proposed 
the expression: 

P c r = &γΝ'ν + 2BqN'g. (148) 

Tak ing t he bear ing capac i ty factor, iVc', of a 
cohesive soil — according to E q . ( I l l ) — as 

(N'q - 1) cot Φ 

the failure stress can be wr i t t en a s : 

p ' = ΒγΝ'γ + 2qN'q + c(N'q - 1) cot Φ, (149) 

where 

Β = t h e wid th of t h e footing, 
q = t he overburden pressure on t he foun-

dat ion level (most ly q = ty). 

The bear ing capac i ty factors can be t a k e n from 
Fig. 151 as functions of δ and Φ. 

I n view of these considerat ions , t h e t r ia l 
tes ts carried ou t a t Degebo (Berlin) are real ly 
interes t ing, no t only because of t he impressive 
sizes of the t es t footings, b u t also because t he 
loading events have been a r ranged in correspon-
dence wi th t he long or t h e shor t sides of t h e 
foundat ions . 

The loaded con tac t area h a d a leng th of 2 m 
a n d a w id th of 0 . 5 m, and t h e foundat ion level 
was a t 0 . 5 m below the ground surface. F r o m the 
resul ts t he following conclusions can be drawn. 

1 . W h e n t he load was paral lel t o t he long side 
and h a d an incl inat ion of δ = 2 0 ° to t he vert ical , 
t h e bear ing capac i ty was 4 0 % less t h a n t h a t for 
t h e ver t ical load. As t a n 2 0 ° = 0 . 3 7 , M U H S ( 1 9 6 9 ) 
concluded t h a t t he reduc t ion in t he ver t ical 
project ion of t he force is in t h e range of ( 1 — t a n δ). 

2 . W h e n t h e load ac ted paral lel t o t h e short 
side, t he s i tua t ion became even less favourable 
because in th is case t h e force ac ted in t he same 
direct ion in which — similarly t o t he case of a 
ver t ica l loading — the slip surfaces would have 
developed anyhow. 

H a v i n g analyzed t h e resul ts of these tes ts (Fig. 
1 5 2 ) M U H S and W E I S S ( 1 9 7 3 ) concluded t h a t the 
ra t io of t h e ver t ical componen t of t he force t o 
failure wi th incline δ (Ρδ a n d Ρ , respectively) t o 
t h a t of δ = 0 can be wr i t t en a s : 

( 1 - t a n δ)
2
. ( 1 5 0 ) 

The problem of eccentrically loaded footings 
has been inves t iga ted b y several au thor s . A com-
mon d i sadvan tage of most theore t ica l solutions is 
t h a t t h e y lead t o ve ry complicated formulas . 
An app rox ima te me thod , which is pe rhaps no t 
ve ry accura te b u t which is simple and on the 
safe side, was proposed b y M E Y E R H O F ( 1 9 6 3 ) . He 
in t roduced t h e concept of effective base area — a 
por t ion of t h e ac tua l base area on which t h e load 
is centr ic . I t s in te rna l b o u n d a r y is cons t ruc ted on 
the basis of axial s y m m e t r y as shown for a rect-
angula r footing in Fig. 1 5 3 . W i t h th is reduced 
area cons t ruc ted , t h e c o m p u t a t i o n of t he load-
bear ing capac i ty proceeds as if t h e load on the 
base were centr ic . Note t h a t t he wid th and leng th 
of t he effective base area should be entered in to 
t h e re levant equa t ions . 

P R A K A S H and S A R A N ( 1 9 7 1 ) e labora ted a theo ry 
which is wor th for a t t en t i on on t h e ground t h a t 
t he pressure t o failure has been de te rmined accord-
ing to convent ional condit ions — a failure mecha-
nism in t he wake of an eccentric load. The bear ing 
capac i ty factors as suggested b y t he au thors are 
i l lus t ra ted in Fig. 1 5 4 . After inves t iga t ing t he 
shape factors t h e au thor s found t h a t for a dense 
sand 

f = i.o + [— - 0.6β) — + ίθ.43 - — · 
\ Β I L \ 2B, 

•(if 
and for loose sand f = 1. F a c t o r fq was uniquely 
u n i t y for b o t h loose a n d dense sands . H a r d l y a n y 
var ia t ion wi th δ has been found in respect t o t he 
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t h i rd bear ing capac i ty factor / c , so i t was sug-
gested t h a t a cons tan t va lue of fc= 1.2 should 
be used for square and circular footings. 

I n t he l ight of t he t r ia l t es t s a t Degebo the ρ 
value calculated wi th t h e m e t h o d of M E Y E R H O F 

is less t h a n in rea l i ty ( M U H S , 1969). The resul ts of 
t he model t es t s have been worked u p to provide 
a single factor (ε) to express t he reduc t ion in 
respect of b o t h t he shape factors and eccentr ic i ty . 

Pe r t i nen t proposals can be read from Fig. 155. 
I n t he formulas : 

k l = ± a n d k2 = ^ , 
a b 

where 
a' = a — 1.14e a 

and 
b' = b - l.Ueb. 

Fig . 1 5 2 . Model t e s t results ob ta ined under leaning loads 
( M U H S and W E I S S , 1 9 7 3 ) 

Fig . 1 5 3 . E s t a b l i s h m e n t of the effective 
load-bear ing area under a force act ing 
eccentr ica l ly 

Fig . 151 . Bear ing capac i ty factors for a 
central ly ac t ing leaning force ( D U B R O V A ) 
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2.1 .3 Bearing capacity of foot ings exposed to particular 
condit ions 

2.1.3.1 Foundations exposed to pulling forces 

A shallow foundat ion migh t , in except ional 
cases, be exposed t o pull ing forces which t h e n 
should be accomodated wi th sufficient rel iabil i ty. 
M O R S ( B a u g r u n d t a g u n g 1956, Köln) has con-
ducted model tes t s in t h e in teres t of enabl ing 
comparison among th ree different design approaches 
(Fig. 156). One of t h e m (insert in Fig. 156a) 
makes only use of t h e weight of t h e r ipped pr i sm 
to balance t h e pull ing force (here β is a funct ion 
of soil character is t ics and the shape of t he base) . 
The second calculates t h e friction on t h e side 
walls of t he pr ism of ver t ica l wall (insert Fig . 
156b). The th i rd (insert F ig . 156c) applies t h e 
ea r th pressure a t rest t o t h e ver t ical walls of t h e 
pr ism (here t h e force E0 t a n ô = E0 t a n Φ ac t 
against pulling). 

The react ion against pull ing migh t t h e n be 
calculated in these cases a s : 

(a) Z„ 

(b) Z n 

(c) Z n 

W„ + W1 + taiißyt
2 

= Wb + W1 + Uts, 

26 + — i t a n / 3 
3 

(152) 
(153) 

t 2y 
Wb+ W1+ [ / ^ Κ 0 Ι α η Φ , (154) 

2 

where Wb = t he weight of t he footing, 
W1 = t he weight of t h e e a r t h pr i sm above 

t h e footing, 
U = pe r imete r of t he footing, 
s = average shear res is tance , 
KQ = factor of ea r t h pressure a t res t . 
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Fig . 154. Bear ing capac i ty factors for eccentr ical ly act ing 
vert ica l forces ( P R A K A S H and S A R A N , 1971) 

M O R S ' S suggestion was to app ly t h e formulas 
in t he following s i tua t ions : 

(a) for greater d e p t h in loose soils; 
(b) for shallow founda t ion in cohesive soils; 
(c) for dense, cohesionless soils. 

Cose 
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Fig . 155. Compounded shape factors for eccentric loads 
according t o M U H S (1969) 

Fig . 156. Des ign
r
of foundat ions exposed 

to t ens ion according to the Mors m e t h o d 
(1956) 
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2 . 1 . 3 . 2 Anchorages 

W h e n t h e footing has an anchor ing funct ion 
(Fig. 1 5 7 ) i ts bear ing capac i ty can be es t ami ted 
b y using M A R I U P O L S K I I ' S ( 1 9 6 5 ) formula : 

pcr = 

1 - (RJR)
2
 · nhjR 

(155) 

where t h e symbols — other t h a n in Fig. 1 5 7 and 
the h a b i t u a l ones — m e a n : 

W1 = t h e weight of t h e anchor ing base , 
ξ — coefficient of t h e side pressure ( 0 . 4 - 0 . 6 ) , 
c — specific cohesion, 
η — coefficient which can be t a k e n from 

Fig. 1 5 7 as a funct ion of Φ. 

0.1 0.2 0.3 0.4 
b] = d/h] 

7 -K 7 

0 / 
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Fig . 1 5 9 . Coefficients Kp-^ and Kc for m a s t foundat ions 
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Fig . 1 5 7 . D e s i g n of anchorages b y us ing M A R I U P O L S K I I ' S 
m e t h o d ( 1 9 6 5 ) 
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For square-shaped footings, t he leng th of t he 
side (B) should be used ins tead of t he (2R). 

The formula is val id for re la t ively shallow 
pul led foundat ions only. 

2 . 1 . 3 . 3 Mast foundations 

The requ i remen t t h a t a foundat ion should 
rel iably accomodate hor izonta l forces from wind 
pressure migh t be achieved in t h e simplest way 
b y employing m a s t (column) foundat ion me thods . 
I n th is case, piers are placed in boreholes and 
su r rounded wi th concrete . 

The design procedure of mas t foundat ions is 
carried ou t in t he following m a n n e r (see Fig. 1 5 8 ) . 

The hor izonta l force ac t ing a t t he t o p of the 
pier, t h e n t h e so-called "des ign m o m e n t " of t h a t 
force a t — 0 . 7 0 m level a t t h e fairly accura te 
t u r n i n g poin t should be calculated. According to 
t h e t r ia l t es t performed t h e t u r n i n g point — which 
separa tes t he zones of act ive and passive ea r th 
pressures — is generally in t h e dep th of 0 . 7 m. The 
ba lanc ing m o m e n t or iginat ing from soil resistance 
can t h e n be wr i t t en a s : 

M s = ΚγΚρ„Α + h\tKc, (156) 

Fig. 158. D e s i g n of m a s t foundat ions 

where hx — effective height of t he base (which 
is in con tac t wi th firm soil), m 

Κ ρ - a — value t a k e n from the d iagram in 
Fig . 159, 

Kc — va lue t a k e n from Fig. 1 5 9 , 
y = bu lk dens i ty of t he soil, k N / m 3 , 
χ = shear resis tance of t h e soil. 

The following resistance of t h e soil can be used: 

in cohesionless soils: r = Oôh^ t a n Φ, 
in cohesive soils: as above , b u t w i th t h e addi t ion 

of c, k N / m 2 . 
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The l imit ing hor izonta l bear ing capac i ty of a 
mas t foundat ion is t h e n : 

1 M 
h ° = - t t V ' ( 1 5 7 ) 

where η = safety factor ( < 2 ) , 
h = t he height of t he pier, m. 

The ver t ical bear ing capac i ty should be de te rmined 
as in in the case of a convent iona l shallow founda-
t ion. 

2 . 1 . 3 . 4 Foundation in the vicinity of slopes 

M E Y E R H O F ( 1 9 5 1 ) suggested calculat ing t he 
bear ing capac i ty of footings nea r t o slopes of 
granula r soil from the formula 

p = 0.SyBN„, ( 1 5 8 ) 

where Β = t he wid th of t h e footing, 
Nyq = a factor depending on t he dep th , 

and on t h e dis tance of t h e neares t 
edge of t h e footing t o t h e slope. 

M E Y E R H O F ( 1 9 5 7 ) and G I R O U D and T R A N - V O -
N H I E M ( 1 9 7 1 ) publ ished numer ica l values for t h e 
factor Ν q. Those re la t ing t o Φ = 3 0 ° are illus-
t r a t e d in Fig. 1 6 0 . There is ha rd ly a n y difference 
be tween t h e suggestion of t h e two au thors for 
this case, b u t a t Φ = 4 0 ° t h e values proposed b y 
M E Y E R H O F great ly surpass those given b y G I R O U D 
and T R A N - V O - N H I E M . 

S C H I E L D S et al. ( 1 9 7 7 ) made t r ia l t es t s in a 1 5 m 
long and 2 m wide model-box. The densi ty of 
the d ry sand employed in the b o x was 1 4 . 8 5 k N / m 3 

( "compact s a n d " ) , and 1 5 . 7 5 k N / m 3 ("dense 
s and" ) , wi th re levant re la t ive dens i ty values of 
7 0 and 9 0 % , respect ively. The tes t resul ts are 
shown in Fig. 1 6 1 . On the basis of these t es t s , 
t he au tho r s concluded t h a t t he coefficients of 
G I R O U D and T R A N - V O - N H I E M overes t imate t he 
actua l bear ing capac i ty . The same can be said 
in respect of Meyerhof 's coefficients also, b u t in 
a more exaggera ted manne r . 

2.1 .4 Stability analys is of foundat ions 

2 . 1 . 4 . 1 Safety against sliding 

W h e n a subs tan t i a l hor izonta l force — due to 
the incline of t he re su l t an t force — is t ransferred 
onto t he footing, considerat ion should be given 
to checking t h e possibil i ty of sliding of t h e footing. 
According t o classical supposi t ions , th is would 
ensue when. 

H > F t a n < P , ( 1 5 9 ) 

where φ represents t h e angle of friction be tween 
the mater ia l of the foundat ion and t h e soil. (Wi th 

Meyerhof 

Distance from slope 

Fig . 1 6 0 . Contours of theoret ica l Nyq va lues for Φ = 3 0 ° 
( G I R O U D and T R A N - V O - N H I E M , 1 9 7 1 ; M E Y E R H O F , 1 9 5 7 ) 

Distance from s/op< 

Fig . 1 6 1 . Contours of exper imenta l Nyq va lues in compact -
ed sand ( S C H I E L D S et al., 1 9 7 7 ) 

cohesive soils, b o t h t he cohesion and the adhesion 
should be t a k e n in to account . ) 

Applied tes t s which were conduc ted in the 
nineteen-sixt ies V A R G A ( 1 9 6 2 ) ind ica ted t h a t it is 
no t sufficient t o inves t iga te th is phenomenon 
solely on t he basis of t h e above formula, as will 
be seen from t h e following. 

Concrete cubes wi th 2 5 cm long sides were 
instal led in t h e subsoil of t he t r ia l pi ts a t t he 
El i sabe th bridge in Budapes t (VARGA, 1 9 6 2 ) . I ron 
blocks were appl ied measur ing t he force which 
was necessary t o ma in t a in a cont inuous creep of 
these blocks. These tes t s gave t h e surprising resul t 
t h a t b y increasing t h e ver t ical force V, t he hori-
zonta l force if, requi red t o ma in t a in t he contin-
uous m o v e m e n t changed according to a concave 
curve — ins tead of a l inear increase — and so 
was below t h e value which could have been 
expec ted from E q . ( 1 5 9 ) (see Fig. 1 6 2 ) . 

The p h e n o m e n o n can be explained b y the fact 
t h a t t h e applied skew load provoked failure along 
a slip surface in t h e unde rg round . To prove th is 
con ten t ion , a wooden p l ank was instal led in the 
g round ; thereaf ter t h e tes t s really did show a 
l inear re la t ion be tween t h e V and H components , 
as t he deve lopment of a slip surface was obs t ruc ted 
(see t h e dashed s t ra igh t line in t he figure). The 
final conclusion has t h e n been d rawn beyond 



106 Load-bearing capacity and settlement of shallow foundations 

g 
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Vertical force, V(kN) 
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Fig. 162. T h e force H = f(V) necessary to m a i n t a i n cont inuous m o t i o n on 
the granular subsoil w i t h or w i t h o u t the appl icat ion of a grid p la te be low 
the concrete block (results of mode l t e s t s carried out b y K É Z D I and V A R G A ) : 
I — concrete cube on the soil without grid plate; 2 — as in J but with plate; 3 — gravelly sand -
smooth concrete φ ~ 35°; 4 — relationship corresponding to Φ = 37° 

a cer ta in l imit — in cont rad ic t ion t o t h e inequa l i ty 
in E q . ( 1 5 9 ) — t h e no rma l force does no t add t o , 
b u t lessens t he resistance against sliding. The 
val id i ty of th is concept can be felt ex t remely well 
in t h a t range where t h e ver t ical force approaches 
the bear ing capac i ty of t he footing. A slight 
addi t ional hor izonta l force would suffice in th i s 
case t o des t roy t he s tabi l i ty of t he footing. I t can 
be proved theoret ical ly t h a t t he t a n g e n t on t h e 
init ial p a r t of t h e curve is 

D I F 

dV 
t a n 0 , 

while in t he final section of t he curve i t is ver-
t ical , i.e. 

dH 

dV 

Insufficient safety against sliding can be reme-
died b y choosing one of several possible measures 
(greater dep th or widening of t h e footing, anchor-
age, piling, etc .) . I n the case of a shale roofed hall 
in Belgium, for example , t h e floor slab was used 
to par t ia l ly absorb hor izonta l forces from the 
s t ruc tu re , in t he m a n n e r of a longi tudina l jo in t 
inser ted along t he cent ra l axis of t h e bui lding, 
to ensure t he deve lopment of shear forces; in addi-
t ion t he floor slab was slightly reinforced and bars 
connected to t he footings ( H O M E S , 1 9 6 2 ) . 

2 . 1 . 4 . 2 Safety against tilt 

This problem migh t emerge when t he force is 
eccentric. 

I n t h e case of soils, t h e principle of mechanics 
is val id, i nasmuch as a stiff b o d y posi t ioned on 
t o p of an o ther stiff and rigid mass will t i l t off 
when t he resu l t an t of t he forces act ing intersects 
t he interface outside t he boundar ies of t h e sup-

por t ing mass . The soil will be uneven ly compressed 
and th is process fur ther accen tua tes the eccentric-
i t y ( this can be except ional ly dangerous in t h e 
case of buildings wi th the i r centres of g rav i ty 
located high) . 

Tension canno t bui ld u p be tween t he soil and 
the footing, so there is no tensile section in t he 
stress d is t r ibut ion d iagram. W h e n the line of t h e 
r e su l t an t force in tersects t h e interface beyond t h e 
in te rna l t h i rd core, t he edge pressure (σρ) s t a r t s 
t o increase gradual ly . I t s va lue can be de te rmined 
from the supposi t ion t h a t t he centre of g rav i ty on 
t h e stress d is t r ibu t ion d iag ram has to coincide 
wi th t h e line of ac t ion of the force, and t h e area 
of t he d iagram should equal t he magn i tude of the 
force (Fig. 1 6 3 ) . I n t h e case of a s t r ip foundat ion 
t h e edge pressure can be found: 

(a) when t h e act ing line is inside t h e in ternal 
t h i rd core 

<*p = 
Β 

1 + 
_6e 
Β 

( 1 6 0 ) 

° ·9 · 
ο 
ο «ο 

1 
I 

' .
 1

 ! 
1 

\ 

' .
 1

 ! 

\ 
Η 

j 
\ 
\ 

Η 

j 
\ 
Α . 

ι 

SS 

Si. 

.ο ο 

2 12° 3 6 
Fig . 163 . Var ia t ion of average- , and edge-pressures as func-
t i ons of eccentr ic i ty e 
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(b) when i t is outs ide t he in te rna l t h i r d core 

4 q 

3 B - 2 e 
(161) 

W h e n t h e edge pressure due t o an eccentr ic 
load has t o be de te rmined in a n y hor izonta l cross-
section of a rigid body , i t will be found t h a t i t 
increases l inearly wi th t h e dis tance of excent r ic i ty . 
The same configuration exists wi th t he pressure 
ac t ing a t t he edge of t h e founda t ion , in so far as 
t he force intersects in t h e in te rna l th i rd . As soon 
as i t exceeds th is b o u n d a r y , E q . (161) will be in 
force, and accordingly t h e edge pressure begins 
to increase hyperbol ical ly wi th excentr ic i ty . I n 
real i ty , t he con tac t pressure d is t r ibu t ion is no t 
uniform, even in t h e case of a cent ra l force (usual ly 
i t is no t ) , and t h e formulas given above for rigid 
bodies will also n o t be val id in the i r original form. 
The graph indica tes , however , how i m p o r t a n t i t is 
t o check t h e safety agains t t i l t ing when e is 
grea ter t h a n B/6. 

There is no exact definition ye t avai lable in t h e 
l i t e ra ture in respect of safety agains t t i l t . The 
general formula gives i t a s : 

t he m o m e n t of forces p reven t ing t i l t 

t he m o m e n t of forces evoking t i l t 

This concept is no t qui te universa l , however , 
because t h e grouping of forces migh t be ambig-
uous . Some au tho r s p u t all ver t ica l forces in t h e 
nomina to r , a n d hor izonta l forces in t h e denomi-
na to r of t h e formula. I n th i s way , for example , 
react ive soil resis tance as a force would be jo ined 
among t h e prevent ive forces, which is no t t h e case 
in rea l i ty . D o u b t arises similarly when the re are 
oppositely directed hor izonta l forces involved in 
t he problem. Suggestions can be found in t h e 
l i t e ra tu re t o form t h e groups of forces in such 
a way — and p u t t h e m in t h e n o m i n a t o r or 
denomina to r accordingly — t h a t the i r t u r n i n g 
m o m e n t should be clockwise or anti-clockwise. 
Also th is concept can be dubious because when 
the forces are divided in to the i r componen t s (or 
t he opposite) th is m a y change t h e va lue of cal-
cula ted safety. 

L E S K E and K U S U R E L I S ( 1 9 6 5 ) proposed using 
t he formula below for t h e calculat ion of safety 
agains t t i l t : 

F = — ^ — , (162) 
a — c 

where : a = dis tance be tween t h e cent re of gravi -
t y of t h e footing and t h e axis of 
t i l t , 

c = dis tance be tween t h e ac t ing po in t of 
t h e force a n d t h e axis of t i l t . 

According t o th is formula , for a cent ra l ly ac t ing 
force, F —• σ ο ; a n d when t h e force ac ts a t t h e 
contour line (i.e. on t h e axis of t i l t ) , F = 1. This 

i n t e rp re t a t i on complies wi th t h e commonly ac-
cepted principle t h a t a definite F = f(e) safety 
funct ion has t o be assigned t o a n y eccentrically 
ac t ing ver t ica l force. Following the definition 
given b y t h e au tho r s , t h e va lue F = 1.5 can be 
a t t a ined when t h e r e su l t an t force intersects the 
base a t l / 6 t h of t h e w id th . 

Ano the r quest ion is where t h e axis of t i l t has 
t o be ordered. Field exper iments have shown t h a t 
t h e axis lies be tween t h e contour lines of the 
footing when t h e soil is soft. Neglect ing this 
observat ion , d i sadvan tageous consequences m a y 
effect t he safety of t h e foundat ion . 

To avoid uncer ta in t ies in relat ion wi th safety 
agains t t i l t , t h e safety marg in S M can be deter-
mined (see Section 1.6.2). This procedure has t he 
a d v a n t a g e t h a t also t h e probabi l i ty of t i l t can be 
an t i c ipa ted . 

2.1 .5 Deformat ion theories 

The basic idea in these theories is t o find those 
poin ts in t h e unde rg round which — under the 
pressure of t he load — a t t a i n a plast ic condit ion. 
Fo r shallow s t r ip foundat ions , th is condit ion 
would first be m e t a t t he two lower corners of the 
s t r ip . At t he beginning of t h e research i t was said 
t h a t t h e par t icu la r load would be t he critical load 
which causes t h e plast ic zone to develop only a t 
these two poin ts ( P U Z I R J E V S K I I , 1 9 2 9 ; F R Ö H L I C H , 
1 9 3 4 ) . La t e r researchers found the development 
of larger plast ic zones also acceptable . 

The different deformat ion theories can be 
reduced to t he following common formula : 

n(tv + Β + c cot Φ) , 
g o - Τ . , ^ — ^ r - + ,y» 

cot Φ + Φ — π/2 

(163) 

where Β is no t t h e w id th of t h e footing b u t y-t imes 
t h e dis tance be tween the foundat ion level and the 
d e p t h t o which t h e plast ic zone ex tends . 

Y7777777777? 

z=0 (Pusirjevskii and 
Fröhlich) 

Plastic zones
1 

Ma slov 

l3/2=45°-<f/2 

Fig . 1 6 4 . D e v e l o p m e n t and d imens ions of the plast ic zones 
according to presumpt ions m a d e b y P U Z I R J E V S K I I ( 1 9 2 9 ) , 
F R Ö H L I C H ( 1 9 3 4 ) , M A S L O V ( 1 9 4 9 ) and J A R O P O L S K I I ( 1 9 2 9 ) 
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The formulas produced by individual au thors 
might be derived from E q . (163), wi th t he fol-
lowing subs t i tu t ions : 

J A K Y (1948a): Β = 0, ty = 0 (in the nomina to r 
only) ; 

P U Z I R J E V S K I I ( 1 9 2 9 ) - F R O H L I C H (1934): Β = 0; 
M A S L O V (1949): Β = 2by ί α η Φ ; 
J A R O P O L S K I I (1929): Β = by t a n (45° + Φ/2), 

were b — half t he wid th of the base . 
(The above set is listed according to an increasing 
q0 va lue when 6, Φ, c and y are kep t as constants . ) 

The condit ions pos tu la ted b y t h e above au thors 
in respect of the extension of t he plast ic zone are 
i l lus t ra ted in Fig. 164. 

The common expression of deformation theories 
(Eq . (163)) can be t ransformed in to a configuration 
similar to E q . (119). So, for example , t he Maslov-
formula can be wr i t t en as : 

q0 = byN^ + tyN™ + ciV c

M, (164) 

where iVf = 2N t a n Φ , (165) 

J V f = i V + l , (166) 

Ν»
1 = i V c o t i > , (167) 

cl ο ο 
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Fig. 1 6 5 . Bear ing-capac i ty factors according to M A S L O V 
( 1 9 4 9 ) 

respect of t he second t e r m becoming zero, t he 
proof can be given b y t h e FHospi ta l - ru le) , and so: 

q0 = nc + ty. ( 1 7 2 ) 

In the S o v i e t praxis de format ion theories are also used to 
find the a p p r o x i m a t e va lue of t h e proport ional i ty l imit of 
the de format ion curve (σ

1
, s) 

Ν 
cot Φ -f- Φ — π/2 

respec t ive ly . (168) 

F r o m E q . (165) to (167) t h e conclusion can also 
be d rawn t h a t 

and 

iV c

M = (iVf - 1) cot Φ (for any Φ ) (169) 

1 (for Φ = 0 and Φ = 2 6 . 3 ° ) . (170) Ν™ = Ν™ 

F r o m expressions ( 1 6 4 ) — which were t r ans -
formed to resemble the failure stress formulas 
— the desired allowable stress can be found b y 
help of similar d iagrams as have been used for 
failure stresses. Maslov's bear ing capac i ty factors 
are, for example , i l lus t ra ted in Fig. 1 6 5 ; Puzir-
jevski i ' s and Fröhl ich 's final values are gained 
from Maslov's formula when t he first t e r m is 
e l iminated (Ny = 0). 

When Φ = 0, q0 can be calculated in the fol-
lowing m a n n e r ( R E T H A T I , 1 9 6 6 ) . Dividing t h e 
nomina to r and the denomina to r in the first t e r m 
in E q . ( 1 6 3 ) , by cot Φ, it becomes: 

nty iB 

GO 
cot Φ cot Φ 

4- ™ 

1 + 
Φ 

+ ty. (171) 

cot Φ α cot Φ 

W h e n Φ = 0, the first two t e rms in the nomi-
n a t o r become zero (B should be subs t i tu t ed from 
whichever theory) , and the second and th i rd t e r m s 
in the denomina to r would be zero as well (in 

2.2 Distr ibut ion of stresses in soils 

2 .2 .1 Introduct ion 

One i m p o r t a n t t a sk of soil mechanics is | o pre-
dict t he movemen t s , especially se t t l ements , t h a t 
bui ldings founded on a soil are likely t o undergo . 
If t he founda t ion is proper ly designed, t he stresses 
induced in t h e soil b y t he load of t he s t ruc tu re 
are small enough no t t o give rise t o plast ic defor-
mat ions . Under such condi t ions, i t can reasonably 
be assumed t h a t t he soil is a perfectly elastic 
mate r ia l and so t he stresses in the soil can be 
es t ima ted b y t h e t h e o r y of elast ic i ty . As is well 
known , t h e equat ions of elastic t heo ry are rigor-
ously correct only for mater ia ls in which stresses 
a n d s t ra ins are propor t iona l . W h e n these equa-
t ions are used for de te rmining stresses in soils, 
inaccuracies of u n k n o w n magn i tude can occur. 
B u t if we consider t h a t the re is normal ly a two-
or threefold marg in of safety against t he occur-
rence of plast ic failure, it can well be assumed t h a t 
a cons t an t r a t io exists be tween stresses and t h e 
corresponding s t ra ins , and therefore the elastic 
theory based on Hooke ' s law is appl icable . If t he 
r equ i remen t of p ropor t iona l i ty is no t fulfilled, t h e 
equa t ion of t he t heo ry of plas t ic i ty mus t be used. 
This means t h a t we have t o satisfy ourselves wi th 
an analysis of t he failure s ta te in the place of an 
elastic s t ress - s t ra in analysis . 

If a soil specimen is subjected to unconfined 
compression or to t r iaxia l compression, t he s t r e s s -
s t ra in curve will be similar to t h a t shown in 
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Fig. 166. U p to a cer ta in stress va lue (marked b y 
point A on t he curve) , s t ra ins appea r t o be pro-
por t ional t o t he corresponding stresses even if 
t he tes t is performed wi th t he u t m o s t care. This 
appa ren t l inear i ty , however , is only due to imper-
fections in l abo ra to ry tes t ing techniques and 
a p p a r a t u s , since t h e deformat ions of disperse 
systems such as soils m u s t inheren t ly be governed 
b y a law different from Hooke ' s law. 

Nevertheless , wi th in t h e stress range previously 
ment ioned , t h e app rox ima t ion of l inear i ty is per-
missible provided the stresses are k e p t wi th in 
these l imits everywhere in a soil mass . This is 
the case, for example , when t h e stresses act ing 
oil a layer a t a great d e p t h are t o be e s t ima ted 
for t he compu ta t i on of se t t l ements . 

The s t ress - s t ra in d iagram in Fig. 166 can be 
divided in to th ree character is t ic sections. For 
section J (OA) i t can be assumed t h a t Hooke ' s 
law holds. The vas t arsenal of t he t heo ry of 
elast ici ty is t h e n a t our disposal to c o m p u t e 
stresses in soils. Fo r t he equa t ions of elastic 
t heo ry to be appl ied, only t he Young ' s modulus 
and the Poisson n u m b e r of t he soil need be deter-
mined. P a s t t he l imit of p ropor t iona l i ty (point A), 
very l i t t le if any th ing is k n o w n abou t t he law 
governing the s t ress - s t ra in re la t ionship (see Sec-
t ion ;J I , AC). E v e n a p p r o x i m a t e solutions for 
pract ical problems are lacking. This fact in itself 
would be of minor impor t ance if i t were possible 
to determine t h e uppe r l imit of p ropor t iona l i ty 
wi th a reasonable accuracy . A definite cr i ter ion 
for th is , however , r emains t o be found. 

As the stresses are fur ther increased, a l imit is 
reached a t which cont inuous deformat ions occur 
unde r cons tan t load (Section III). This condi t ion 
const i tu tes t h e fundamen ta l cr i ter ion of plast ic 
flow; the soil is said t o be in t he plast ic s t a t e . 
Unlike s ta te 77, t h e plast ic s t a t e should by no 

Fig. 166. Loading curve on the underground 

means be regarded as t e r r a incogni ta , and in fact 
i t has been the subject of extensive research. 
Rigorous theore t ica l solutions are available for 
special cases such as ideal ly plast ic and weightless 
soil masses and also for a semi-infinite mass , bo th 
cohesive and frictional, wi th or w i thou t a uniform 
surcharge on t h e surface. For more complicated 
pract ica l cases, a p p r o x i m a t e solutions or semi-
empir ical me thods are in use. 

Rigorous solutions for a va r i e ty of b o u n d a r y 
condit ions are avai lable only in the theo ry of 
elast ici ty. This fact has t o some ex t en t biased the 
theore t ica l app roach to problems encountered in 
soil mechanics . Theoret ica l solutions which were 
developed in t he 19th cen tu ry have been applied 
indiscr iminate ly to pract ica l problems in which 
the b o u n d a r y condit ions were any th ing b u t iden-
t ical wi th those upon which t h e original solution 
was based. A b l a t a n t example is t he a t t e m p t to 
derive t he stresses induced in a soil mass by fric-
t ional forces ac t ing on t h e shaft of a pile from 
Boussinesq 's fundamen ta l formula for stresses due 
to a point load on t h e surface of a semi-infinite 
mass . The appl icat ion of elastic t heo ry has also 
been encouraged b y the fact t h a t Boussinesq's 
formula (and all those derived from it) for vert ical 
stresses does no t conta in t he elastic cons tan ts . 
Young ' s modulus and Poisson's n u m b e r of the 
mate r ia l are difficult t o de termine exper imenta l ly 
for soils. 

I t should also be no ted t h a t in soil mechanics 
i t is t he equa t ions from elastic t heo ry t h a t are 
pr imar i ly used for es t imat ing stresses unde r loads, 
whereas deformat ions , especially se t t l ements , are 
generally de te rmined b y ent i re ly different me thods . 

Ye t ano the r aspect is w o r t h not ing . 
Since a s t u d y of t he ma thema t i ca l t heo ry of 

elast ici ty is beyond the scope of unde rg radua t e 
civil engineering courses, soil engineers often use 
t he equa t ions from elastic t heo ry wi thou t being 
fully aware of t he specific condit ions upon which 
the i r der ivat ions were based . F u r t h e r m o r e , the 
re la t ively compl icated formulas of elastic t heo ry 
produce t he illusion t h a t t h e y are capable of 
furnishing accura te resul ts . The applicabil i ty of 
a formula should no t , however , be judged on the 
ground of i ts complex i ty or on t he mul t i t ude of 
t h e factors involved, b u t b y t h e degree to which 
the assumpt ions upon which i ts der ivat ion was 
based are fulfilled in t he given case. 

The numerous pitfalls involved explain why, 
from the ve ry beginning of t he appl icat ion of 
elastic t h e o r y t o soils, the re has been a t endency 
to make use only of t he simplest formulas in 
pract ica l compu ta t i ons . B u t if one accepts , sub-
jec t to cer ta in condi t ions , t he applicabi l i ty of the 
t heo ry of elast ici ty to soils, one m u s t be consistent 
a n d find solutions t h a t satisfy all t he b o u n d a r y 
condi t ions of t h e p rob lem in quest ion. Unfor-
t u n a t e l y , even if some of t h e ac tua l b o u n d a r y 
condi t ions are fulfilled, t he resul t ing solution m a y 
be too compl ica ted for prac t ica l use. Nevertheless , 
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Fig. 167. Equi l ibr ium on a vo lumetr i c soil e l ement in t h e 
plane case 

i t is often impera t ive , from b o t h scientific and 
pract ical v iewpoints , to use exact formulas , no 
m a t t e r how complicated t h e y m a y b e ; for example , 
in order to assess the re la t ive significance of cer-
t a in factors influencing t h e d is t r ibut ion of stresses 
in soils or t o ascer ta in whe the r or no t cer ta in 
simplifications m a d e in t h e c o m p u t a t i o n of set t le-
ments lead to tolerable errors . W h e n such an 
analysis is performed, i t is possible t o develop 
approx ima te me thods of calculat ion which are 
easy to handle and a t t he same t ime accura te 
enough for most pract ica l purposes . 

After these pre l iminary r emarks on the ap-
plicabil i ty of elastic t heo ry to soils, we shall brief-
ly discuss t he fundamenta l re la t ionships of t h e 
t heo ry of elast ici ty. After t h a t we shall deal wi th 
some common problems of the d is t r ibut ion of 
stresses in soils. 

2.2 .2 Fundamenta l equations of the theory of elasticity 
in the plane state 

Many civil engineering problems associated 
wi th t h e d is t r ibut ion of stresses are two-d imen-
sional. These can be defined as e i ther a p lane 
s ta te of stress, when all t he stresses ac t ing on 
a s t ruc tu re or on a mass of soil are paral lel t o 
a given p lane , or a plane s t a t e of s t ra in , and th is 
is more common , when the body considered is of 
infinite ex t en t in one direction whereby the s t ra ins 
in t h a t direct ion are equal t o zero ( re ta ining walls, 
e m b a n k m e n t s , cont inuous footings, etc .) . The 
basic equa t ions for these two kinds of plane s ta te 
are closely re la ted and can be deal t wi th toge ther . 
I n ei ther case, t he de te rmina t ion of th ree stress 
componen t s σ χ, az and xxz is requi red for t h e 
s t a t e of stress t o be defined complete ly . The 
s t ra ins and deformations are ob ta ined in b o t h 
cases as l inear combinat ions of stresses. 

I n order t o describe t h e s t a t e of s tress, le t us 
consider t he equi l ibr ium of t h e e lementa ry pr ism 
shown in Fig. 167. The coordina ted stresses act ing 
on the sides of t h e pr ism are assumed to be con-
t inuous and differentiable functions of t he coor-
d inates χ and ζ of po in t P . Hence , t h e difference 
be tween the stresses on opposite faces in one 
direct ion is ob ta ined , as t he e lementa ry change in 
t h e coordinates mul t ip l ied b y t h e r a t e of change , 
is given b y t h e par t i a l der ivat ive wi th respect 
t o t h e var iable considered. P rov ided t h e dimen-
sions of t h e pr i sm are sufficiently small , t h e ele-
m e n t a r y force on one of i ts faces can be obta ined 
as t h e p roduc t of t he w id th of t he face and the 
average stress ( the stress ac t ing a t t he mid-point ) 
on t h e face. I n soils, a body force — t h e weight 
of t he pr i sm — m u s t also be t a k e n in to account 
since i t is of t he same order of magn i tude as the 
forces ac t ing on the boundar ies of t h e pr ism. B y 
m a k i n g use of t h e condi t ion for equi l ibr ium t h a t 
t h e sums of e lementa ry forces parallel t o direc-
t ions χ and s, respect ively, m u s t be equal to zero, 
we ob ta in t h e following equa t ions 

aydz 
dx 

— r 
drx 

azdx — az - j -

dz \dx = 0 , 

dz dx -f- txzdz 

(173) 

T
x 2 + 17 XZ <M dz + ydxdz = 0 . 

dx 

After simplifying and rear ranging t e r m s , we 
ob ta in 

d(?x #
τ
χ ζ 

dx dz 
0 , 

daz dxxz 

Η : — = Ύ ' 
dz dx 

(174) 

The above sys tem of equa t ions , also k n o w n as t h e 
Cauchyan equa t ions , represents t he condit ions for 
equi l ibr ium in a two-dimensional problem. These 
condit ions m u s t be satisfied a t every poin t wi th in 
t h e mass subjected to stresses. I n addi t ion , t he 
stresses m u s t satisfy t h e b o u n d a r y condi t ions . 

I t should be po in ted ou t t h a t E q s (174) are 
val id also for t he case where t he stresses on the 
sides of t he e l emen ta ry pr ism are no t uniform 
as assumed, b u t change l inear ly. I n th is case a 
t h i r d equa t ion , t h e m o m e n t equa t ion of equilib-
r i um should be involved to ob ta in Eqs (174). 

As was previously s t a ted , in a two-dimensional 
problem three stress componen t s , which are func-
t ions of t h e coordinates , are requi red t o define 
t he s t a t e of stress in t h e vicini ty of a poin t . The 
two equi l ibr ium condit ions expressed b y Eqs (174) 
are , however , insufficient t o find t he th ree un-
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k n o w n s . The prob lem is t h u s s ta t ica l ly indeter -
mina te and a t h i r d equa t ion is needed . I n a s ta-
bil i ty analysis , t h e missing equa t ion is p rov ided 
b y the r equ i r emen t t h a t in a l imi t ing s t a t e of 
equi l ibr ium the stresses m u s t satisfy t h e condi t ion 
of failure. As r ega rds s t ra ins and deformat ions , 
t he p rob lem remains i nde t e rmina t e . I n a p rob lem 
of deformat ion, t h e s t ra ins caused b y t h e stresses 
mus t be compat ib le w i th t h e laws of geome t ry ; 
th is r equ i r emen t , l inked wi th a physical relat ion-
ship be tween s t ra ins and stresses, will furnish t h e 
th i rd equa t ion requi red t o solve E q s (174). 

I n t he t h e o r y of e last ic i ty we are concerned 
wi th ve ry small deformat ions . We also assume t h a t 
t he suppor t s — t h e b o u n d a r y forces — are suffi-
cient t o p r even t t h e b o d y from being moved as 
a rigid body . This means t h a t an e lement wi th in 
the mass canno t undergo a n y d isp lacement 
w i thou t being deformed. 

Le t t he componen t s paral lel t o t h e axes χ and 
ζ of t he d isplacement of a po in t 0 be denoted 
b y u and v, respect ively (Fig. 168). The po in t A, 
located a t a dis tance dx from 0 on t h e axis xv 

will be shifted t o a new posi t ion A'. I t s displace-
men t parallel t o χ is given b y 

u -\ dx . 
3x 

The change in t h e hor izonta l componen t of t h e 
distance be tween poin ts 0 and A is equa l t o 
du 

dx and hence t he hor izonta l s t ra in is du/dx. 
dx 

I n a similar manne r , t h e s t ra in in t h e ver t ical 
direction is found to be equal t o dv/dz. 

As a resul t of the d isplacements , t he directions 
of t he s t ra igh t lines OA and OB will also change 
so t h a t t he lines O'A' and O'B' deflect b y angles 
dv/dx and du/dz, respect ively. The change in t h e 
angle AOB<Z£, which is originally a r ight angle, 
is de te rmined b y 

dv du^ 

~dx~ ~dz~ ' 
This q u a n t i t y is deno ted b y y a n d called t he shear 
s t ra in . 

The deformat ions in t h e two-dimens ional case 
are t h u s de te rmined b y t h e following express ions: 

dx 

du 

dz 

dv 

dz 

du dv 
r*z = — + — - (175) 

dz dx 
Since t he th ree componen t s of s t ra in were der ived 
of two componen t s of d isp lacement , u a n d v, t h e y 
canno t assume a n y a rb i t r a ry va lue , b u t are inter-
re la ted. Differentiating t h e first expression twice 
wi th respect t o 2, t h e second twice wi th respect 
t o χ and t h e th i rd once wi th respect t o χ a n d once 
wi th respect t o 2, leads t o t h e following expres-
sion: 

d
2
ex + d

2
ez = d

2
yxz ^ 

- A -

1 1 dx 

dz 

Fig. 168. Modify ing c o m p o n e n t s 

Thic is known as t h e equa t ion of compat ib i l i ty and 
implies t h e r equ i r emen t t h a t t he deformations 
m u s t be in h a r m o n y wi th t h e laws of geometry . 

The re la t ion be tween stresses and s trains can 
be establ ished exper imenta l ly . I n the t heo ry of 
e last ic i ty i t is pos tu la t ed t h a t t he s t ress -s t ra in 
re la t ion is l inear , as is s t a t ed b y Hooke ' s law, 
and t h a t t he principle of superposi t ion is val id. 
The l a t t e r s t a t e m e n t means t h a t t h e s t ra in , in one 
direct ion, p roduced b y a composi te s ta te of stress, 
is equa l t o t he sum of s t ra ins , in t he same direc-
t ion , p roduced b y each one of t he stresses in-
dividual ly . 

I n t h e three-d imensional case, t h e l inear s t ra in 
componen t s are given b y the following expressions: 

εχ = —[cfx - μ(ϋν + ( T 2) ] , 

εζ = — [az - μ{σχ + <ry)]. 
ht 

(177) 

I n t h e p lane s t a t e of stress tfy = 0, and therefore 
from E q . (177) we ob ta in 

ex =—-(σχ — μαζ), 

ε
ζ = — ψζ — μ<*χ) •> 

_ 2(1+μ)_ _ J _ 
7x2 — j - ,

 L
xz — n

 l
x 

(178) 

Here t h e cons t an t G is t h e shear modulus . 
Subs t i t u t ing these componen t s of s t ra in in to 

t h e equa t ion of compat ib i l i ty , E q . (176), leads to 

d
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 d
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dz
2
 dx
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dz
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dx
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d

2
rxz 

dxdz 

(179) 
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Differentiating the first of the Cauchyan equa t ions 
(174) wi th respect to x, and the second wi th respect 
to ζ and adding the two , we obta in 

d
2
xx d

2
ox + d

2
crz 

dxdz \ dx
2
 ' dz

2 

Subs t i tu t ing in to E q . (179) gives 

d* d
2 

dx
2
 dz

2 

Using Laplace 's opera tor 

d
2 

(<τχ + σ ζ) = 0 . (180) 

+ 
d

2 

dx
2
 dz

2 

E q u a t i o n (180) becomes 

v (<rx + <rz) = 0. (181) 

This is an equiva lent to t h e equa t ion of compat i -
bi l i ty, expressed in t e r m of stresses. 

I n the plane s ta te of s t ra in ey = 0. F r o m Eqs 
(177) we ob ta in 

ε
χ = — [ ( ! - Μ

2
) <*x - μ(

ι
 + μ) *2], 

εζ = ~ζ [(ί — μ
2
) <*ζ - Μ1 + μ) <*χ\ -> 

.. _ 2 ( 1 + / 0 

(182) 

dr 

Fig. 169. Volumetr ie soil e l ement in the cyl indrical coordi-
nate s y s t e m 

B y subs t i tu t ing E q s (182) in to E q . (176) and 
mak ing use of t h e Cauchyan equa t ions of equi-
l ibr ium, we can verify t h a t E q . (180) holds also 
for t he plane s ta te of s t ra in . 

To sum u p , t he solution of a two-dimensional 
p roblem of t he t heo ry of elast ici ty a m o u n t s to 
solving t h e following s imul taneous par t i a l differ-
ent ia l equa t ions : 

dax + dxxz 

dx dz 

daz + dtxz 

dz 
+ 

dx 

d
2 

_|_ d
2
 \ 

dx
2 dz

2
) 

O , 

( < r x + *,) = <>. 

(183) 

A workable m e t h o d of solution is t o in t roduce 
a stress funct ion, known as t h e Airy function. 
A I R Y (1862) showed t h a t t h e first two equat ions , 
signifying equi l ibr ium condi t ions , in E q s (183) 
are satisfied b y a function F (# , z) such t h a t the 
th ree componen t s of stress are defined as 

d
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dz
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d
2
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dx
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d
2
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dxdz 
and T V7

 1
 yz 

(184) 

The correct stress function will also satisfy the 
equa t ion of compat ib i l i ty . B y subs t i tu t ing the 
expressions of stresses from E q s (184) in to the 
t h i rd of E q s (183), we ob ta in t h e following par t ia l 
differential equa t ion for t h e Airy stress funct ion: 

d*F 
+ 2-

d*F 

+ 
d*F 

dx* dx
2
dz

2
 dz* 

wi th which t h e usua l no ta t ion becomes 

ν v F = 0 . 

0 , (185) 

(186) 

The solut ion of a p rob lem in two dimensions con-
sists in finding a b iharmonic function F which 
satisfies E q . (185) and whose par t ia l der ivat ives , 
represent ing componen t s of stresses (Eqs (184)) 
satisfy t he b o u n d a r y condit ions of t he problem. 
Once such a funct ion F(x, z) is found, t he com-
ponen t s of stresses can be obta ined b y differen-
t i a t ion . The componen t s of s t ra in are de te rmined 
b y the following expressions: 

μσχ; Εεχ = σχ — μσζ; Gyxz = τχζ. (187) 

I n soil mechanics , i t is often expedient to t r e a t 
problems of stress d is t r ibut ion in cylindrical coor-
d ina tes (Fig. 169). For such cases, neglecting the 
un i t weight of t h e soil, t he equa t ions of equilib-
r i um are 

dtn °v — σβ 
dr r 

1 daB 

dQ 
0 , 

dQ 
+ -—- + dr 

2τ„ 
0 . 

(188) 



Distribution of stresses 113 

The solution is again ob ta ined in t he form of a 
stress function / ( r , 0) whose pa r t i a l der ivat ives 
furnish t h e componen t s of s t ress : 

r 

dr
2
 ' 

r
2
 3Θ 

r
2 m2 

ι d
2
f 

r drdO dr 

(189) 

I t can be verified b y subs t i tu t ion t h a t E q s (189) 
satisfy E qs (188). I n order t h a t t he solution be 
geometrical ly admissible, t he stress function m u s t 
also satisfy t h e equa t ion of compat ib i l i ty . W i t h 

r 2 = χ
2 -f- z

2 a n d t a n - 1 θ = —. 
χ 

E q u a t i o n (180) can be t r ans fo rmed in to t h e fol-
lowing polar form 

d
2 

dr
2 

dr + 
ι d

2 

dQ
2
) 

(<r, + cre) = 0 . (190) 

B y subs t i tu t ing t h e stress componen t s der ived 
from t h e Airy stress funct ion / ( r , Θ), we ob ta in 

d
2 

dr
2 + r dr r

2
 dQ

2 J I dr
2
 r dr r

2
 dd

2 

or using Laplace 's opera to r 

v / = 0 . V 

= 0 

(191) 

(192) 

A special difficulty in solving problems of t h e 
theo ry of elast ici ty arises from the fact t h a t a p a r t 
from E q . (185) or (191) the re is no guidance 
whatsoever as t o how t o find t h e stress function. 
We only know t h a t th is funct ion m u s t be of t h e 
b iharmonic t y p e . A correct solut ion can normal ly 
only be found after laborious expe r imen ta t ion . 
Among t h e avai lable solutions we have poly-
nomials , t r igonometr ic funct ions , Four ie r series 
and Four ier in tegra ls . 

2.2 .3 Stresses in a semi- inf in i te m a s s ; plane strain 

2.2.3.1 Line load on the surface 

The prob lem is set ou t in Fig . 170. W e have 
to de termine t h e stresses in a semi-infinite soil 
mass wi th a hor izonta l surface α-a due to a uni-
form load of in tens i ty ρ ac t ing on a line of infinite 
l eng th which passes t h r o u g h po in t 0 a t r igh t 
angles to t he section considered. The stresses due 
to t he body force — t h e weight of t h e soil mass 
itself — will be neglected and only those caused 
b y the surface load will be compu ted . 

Let the stress funct ion be of t h e form 

/ = Ατθ sin θ . 

/////////////a 

Ρ (r, 4) 6 
z

1 

Fig . 170. Vert ical l ine load on the surface of the half-space 

B y subs t i tu t ing t h e corresponding par t i a l déri-
vâ tes of th i s funct ion in E q . (191), we can verify 
t h a t i t is indeed a b iha rmonic funct ion. The com-
ponen t s of stress can be ob ta ined from E q s (189): 

2A cos 0 

^β = ο, 
%rB = ο. 

The s t a t e of stress is found to be ve ry s imple; the 
d i s t r ibu t ion of stresses is rad ia l . A n y element of 
t h e soil mass is subjected only to a radia l compres-
sion. A t a n y poin t such as P , t h e direct ion of t he 
major pr incipal stress ar is coincident wi th t h a t 
of r ad ius vec tor O P , while t h e minor principal 
s tress is zero. 

The cons t an t A in E q . (193) still needs to be 
de te rmined . To th i s end we consider t h e equilib-
r i u m of a half-cylinder of rad ius r wi th i ts axis 
passing t h r o u g h 0 (Fig. 171). The sum of the 
ver t ica l componen t s of t h e e l ementa ry radia l 
forces arrdd on t h e cylindrical surface mus t be 
equa l t o t he line load per un i t of l eng th , i.e. 

π/2 π/2 

- ρ = 2 j σ> cos θ rd0 - 4>A j cos 20d0 = 

= 4 4 x · - 1 sin 20 Η 0 
[ 4 2 

Ο 
π/2 

= Απ, 

Sdp=crrrdO-

(193) Fig . 171 . Equi l ibr ium condi t ions 

8 Â. Kézdi and L. Réthâti: Handbook 



114 Load-bearing capacity and settlement of shallow foundations 

whence 

A = -
71 

After subs t i tu t ing in E q . (193), t h e stress funct ion 
becomes 

Ρ f= — ±-r6 sin θ 
π 

and t h e radia l stress is 

2p cos θ 

π r 

(194) 

(195) 

The b o u n d a r y condi t ion t h a t on t h e surface 
(Θ = ±ττ/2) t h e stress m u s t be zero is also satisfied 
a t every poin t except 0 which is a poin t of sin-
gular i ty . 

I n rec tangu la r coordinates t h e stress funct ion 
becomes 

F= -P-xtzn-
1
 — . 

Hence t h e componen t s of stress in polar and 
rec tangular coordinates , respect ively , are 

2p cos 3
 θ _ 2 P . ζ

3 

71 r π 

2p cos 0 s in 2 
θ 2ρ χ

2
ζ 

π R 71 

2p cos 2 0 sin θ _ 2ρ χζ
2 

π R π Γ
4 

(196) 

For t h e case of a hor izonta l line load on t h e sur-
face, t h e solut ion is similar t o t h a t for a ver t ica l 
load. The expressions of componen t s of stress are 
ident ical w i th those in E q s (196), except t h a t 
t h e angle 0 is m e a n t t o be measured from t h e 
direct ion of t h e line load as shown in Fig. 172. 

If t h e direct ion of the load is inclined a t an 
angle α t o t h e ver t ical (Fig. 173), t h e solution 
can be ob ta ined b y combining the equa t ions for 
ver t ical a n d hor izonta l loads . After resolving the 
load ρ i n to t h e ver t ica l and hor izonta l componen t s 
ρ cos α a n d ρ sin a, respect ively, t h e radia l stress 

p \ 

Ph \ 

p / . , 

Fig . 173. S lant ing l ine load 

a t a n y poin t Ρ can be ob ta ined b y superposi t ion. 
F r o m E q . (195) we ob ta in 

CS r = 
2p 

[cos α cos θ + sin α cos (90° + Θ)] = 

- ^ - cos (α + Θ). 
(197) 

nr 

T h u s we see t h a t E q . (195) is val id for a n y 
incl inat ion of load, only t h e angle θ should always 
be measu red from t h e direct ion of t h e line load. 

The ar i sobars , lines of equal rad ia l s tress, are 
defined b y t h e equa t ion 

2p cos θ 
ar = = c o n s t a n t . 

τι r 

I n t h e case of a ver t ica l load, these lines are found 
to be ellipses, w i th the i r centres on t he ver t ical 
axis 2?, h av ing t h e equa t ion 

Ζ 
c o n s t a n t . 

x
2
 + z

2 

The az i sobars for a ver t ica l line load are curves 
of t h e four th order , defined b y the following 
equa t ion 

c o n s t a n t . 

Fig . 172. Hor izonta l l ine load on the surface of the half-space 

(*
2
 + z

2
f 

2.2.3.2 Strip load on the surface of a semi-infinite 
mass 

The case of loading discussed in t h e preceding 
section is main ly of theore t ica l in teres t since, in 
rea l i ty , a line load is a lways d is t r ibu ted over 
a finite w id th . I n a s t a t e of p lane s t ra in , th is is 
called a s t r ip load . Supposing the slab t h r o u g h 
which t h e load is t r a n s m i t t e d onto t h e soil is 
perfectly flexible, t h e s t r ip load act ing on the 
surface of an elastic semi-infinite mass can be 
divided in to an infinite n u m b e r of e l ementa ry line 
loads , from which t h e equa t ions of stresses can be 
der ived b y in tegra t ion , mak ing use of the principle 
of superposi t ion. 
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Benea th t h e base of a real footing, t h e con tac t 
pressures m a y be d i s t r ibu ted in different fashions. 
The charac te r of t h e d is t r ibu t ion of stress is 
influenced b y a n u m b e r of factors . I n t he simplest 
case t h e load can be assumed t o be uniformly 
d is t r ibuted across t h e base of t h e footing. This 
case can be t r e a t ed , after T I M O S H E N K O (1957), as 
follows (Fig. 174). 

Let t h e Airy stress funct ion be of t h e form 

f=Ar
2
6. 

The componen t s of stress are ob ta ined b y succes-
sive der iva t ions : 

r Br 

d
2
f 

dr
2 

Λ dQ
2 

2ΑΘ, 

= 2ΑΘ, 

d 11 df 

dr \r 3Θ 
= -A. 

If we app ly th is s t a t e of stress t o a semi-infinite 
mass , t he s i tua t ion shown in Fig. 174a resul ts , 
wi th no rma l stresses of in tens i ty An a n d shear 
stresses of in tens i ty — A ac t ing on t h e surface. 
The no rma l stresses change sign a t t h e origin 0 
of t he polar coordinates . 

If we now move t h e poin t Ο in to a new posi-
t ion 0 X a n d change t h e sign of t h e stress funct ion, 
we obta in t he surface loading shown in Fig. 174b. 
B y super imposing loading 6 on loading a, we 

(a) 1
 ys> ν ; / ν / // ) ; / ν ; j η / •> ; / / / / / Λ ' / / ••, ~ 

(b) 

Ό] 
y///////////////// 

2 t>
 τ 

Fig. 174. Der ived regular d is tr ibut ion of a l ine load: 
a — and b — surface stresses; c — transformation of loads from a and b 

Fig . 175. Direc t ion of principal s tresses: isobar and trajec-
tory stress l ines 

ob ta in a uniform finite load ac t ing on a s t r ip 
of w i d t h 26 on t h e surface. If t h e in tens i ty pe r 
un i t of area of th is s t r ip load be g, t h e n 2An = q 
and , hence, A = q/2n. The stress function for t he 
combined case c can be wr i t t en as 

/ = 
2π 

(r 20 - l iOJ . (198) 

The componen t s of s t ress , w i th t h e no t a t i on of 
Fig. 175 are de t e rmined b y t h e following equa-
t i ons : 

ot=±- [sin ( 0 2 - cos (0 2 + flj) + 
π 

+ ( 0 2 - 0 1 ) ] = g i f ' ( 0 1 , 0 2 ) , 

π 
[-8ίη(θ2-θ1)οο&(θ2 + θ1) + 

+ {θ, - θ ι ) ] , 

-2- [sin 2
 θ 2 - s in 2 0j] 

π 

(199) 

I t is n o t e w o r t h y t h a t for a uniform st r ip load t he 
pr inc ipa l stresses can be compu ted from t h e fol-
lowing express ions: 

σ1 = - ϊ - ( 2 ε + sin 2 ε ) , 
η 

σ2 = - 5 - ( 2 e — sin 2ε) . 
η 

(200) 

The mean ing of angle ε is shown in Fig. 175. 
According t o E q s (200), t h e pr incipal stresses 
depend solely on angle ε. I t follows t h a t t he 
pr inc ipal s tress i sobar for a given angle ε is a 
circle which passes t h r o u g h t h e edges 1 and 2 of 
t h e footing and for which t h e circumferential 
angle sub ta ined b y t h e chord 26 is equa l t o 2ε. 
The major pr incipal stress makes an angle (θ χ + 

8* 
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Table 7. Inf luence factors of vertical stresses σζ/q be low 
a strip load of uni form distribution 

φ 

zjb 
0 0.5 1.0 1.5 2.0 

0 1 . 0 0 0 1 . 0 0 0 0 . 5 0 0 0 . 0 0 0 0 . 0 0 0 

0 . 5 0 . 9 5 9 0 . 9 0 2 0 . 4 9 7 0 . 0 8 9 0 . 0 1 9 

1 . 0 0 . 8 1 8 0 . 7 3 5 0 . 4 8 0 0 . 2 1 4 0 . 0 7 5 

1 . 5 0 . 6 6 8 0 . 6 0 7 0 . 4 4 8 0 . 2 7 0 0 . 1 4 6 

2 . 0 0 . 5 5 0 0 . 5 1 0 0 . 4 0 9 0 . 2 8 8 0 . 1 8 5 

2 . 5 0 . 4 6 2 0 . 4 3 7 0 . 3 7 0 0 . 2 8 5 0 . 2 0 5 

3 . 0 0 . 3 9 6 0 . 3 7 9 0 . 3 3 4 0 . 2 7 3 0 . 2 1 1 

3 . 5 0 . 3 4 5 0 . 3 3 4 0 . 3 0 2 0 . 2 5 8 0 . 2 1 6 

4 . 0 0 . 3 0 6 0 . 2 9 8 0 . 2 7 5 0 . 2 4 2 0 . 2 0 5 

4 . 5 0 . 2 7 4 0 . 2 6 8 0 . 2 5 1 0 . 2 2 6 0 . 1 9 7 

5 . 0 0 . 2 4 8 0 . 2 4 4 0 . 2 3 1 0 . 2 1 2 0 . 1 8 8 

6 . 0 0 . 2 0 9 0 . 2 0 6 0 . 1 9 8 0 . 1 8 6 0 . 1 7 1 

7 . 0 0 . 1 8 0 0 . 1 7 8 0 . 1 7 3 0 . 1 6 5 0 . 1 5 4 

8 . 0 0 . 1 5 8 0 . 1 5 6 0 . 1 5 3 0 . 1 4 7 0 . 1 4 0 

9 . 0 0 . 1 4 0 0 . 1 3 9 0 . 1 3 7 0 . 1 3 3 0 . 1 2 8 

1 0 . 0 0 . 1 2 7 0 . 1 2 6 0 1 2 4 0 . 1 2 2 0 . 1 1 7 

+ θ2)/2 w i th t he ver t ical . The pr incipal stress 
t rajector ies are confocal ellipses a n d hyperboles as 
shown on the r igh t -hand side of Fig. 175. 

To facili tate compu ta t i on of stresses, influence 
values for t h e ver t ical stresses due an infinite 
s t r ip load are given in Table 7. Fo r no ta t i on see 
Fig. 175. 

B R I N C H H A N S E N ( 1 9 5 5 ) approx imates the ca lculat ion of 
stresses be low the center l ine of a strip foundat ion , us ing the 
equat ions : 

Ρ Β 

( 2 0 1 ) 

and 
Β + z 

pB
2 

(Β + zf 
( 2 0 2 ) 

I t should be no ted t h a t E q s (199) can also be 
obta ined b y in tegra t ion from the expression of 
stresses for a ver t ica l line load (Eqs (196)). I n t h e 
same way , formulas can be derived for a n y other 
t y p e of d is t r ibu t ion of s t r ip load : l inearly in-
creasing, t r i angula r , t rapezoidal , e tc . Those cases 
for which solutions are avai lable in t he l i t e ra ture 
are compiled in Fig. 176. The corresponding 
equa t ions for t h e c o m p u t a t i o n of stresses are 
given in t h e following. All stress componen t s are 
referred t o rec tangu la r coordinates x, z. 

Case 1 

Uniform loading over one half of the surface of a 
semi-infinite mass 

Princ ipa l s t resses: 

* l i 2 = ^ - ( j 8 ± s i n β). 
71 

Fig . 1 7 6 . Different format ions of strip loads 

116 
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Stress componen t s : 

. • = * - | f - f | . * -
" Ä

2 

τ « = - s in 2 /? . 

Case 2 

Triangularly distributed finite load 

Vert ical s t ress : 

Ρ <r2 an 
XK 

(χ - a)2 + z< 
(x — a) 

Case 3 

Triangular load combined with semi-infinite uniform 
loading 

Principal s tresses: 

#1 9 = 

an 
(aß + xol + zln A_| ± 

R
i 

Stress componen t s : 

l N2 Α . + A2 

« 1 

β + χα + 2*1η-^-

αττ 

τ χ 2 = — sa. 
an 

Case 4 

Triangular load combined with finite uniform load 

Principal s t resses: 

' 1 , 2 
an 

[a β + xol + ζ 1η-^-± 
R> 

+ ζ 
RI 

{x-b) + 
RI) 

Stress c o m p o n e n t s : 

P ^ + *a+-^-(*-6) + 2 * l n ^ î - J , 

[ aß + xol — (x — b) L 
rîk

 Ί 

ρ Γ *21 
= —-— sa — α . 

ατζ L J 

an 

az = I aß + #a 
an 

Case 5 

Asymmetrically distributed triangular load 

Pr inc ipa l s t resses: 

Ρ 
°Ί,2 = 

χ a + b - χ ζ ^ 
— α Η β-\

 1 η
— + α 6 α xt2 

+ -ΙηΑ.1 
« 2 . 

± 

α An 6 « ç 

Stress c o m p o n e n t s : 

- _ Ρ ^ α + α + 6 - ^ + - ^ 1 η Α . + 

+ • 
2s I n A l . 

* « J ' 

ρ [ χ , α + 6 — #1 
_ —α+ , 
η la b J 

2!?[Α_ AI 
TT L α 6 J 

Case 6 

Symmetrically distributed triangular load 

Princ ipa l s t resses: 

0*1 ,2= I —α(αι + α2) + χ(^ — α2) — sin A 
L απ ί J ± 

/>2 
1η2 

απ 

Stress componen t s 

Ρ 

R
1

R
2 

RI 
+ («ι - «2)2· 

α(αχ + α2) + (̂ax - α 2) - 2s In-i—Μ, 

« ο J 
<yz = -2— [α(αχ + α2) + Λ:(αχ — α2)], 

Ρ
Ζ
 Γ Ί 

Κ - A
2 J αττ 

Case 7 

Symmetrical combination of triangular finite loads 
and semi-infinite uniform loads 

Pr inc ipa l s t resses: 

<*i,2 = — ί«(0 + β') - b{* + α') + * ( a - «') + 

ατζ 
+ * In ? ! * ί 1 ± £ 1 1 / I n 2 - M - + (« - a ' ) 2 · 

i î j .R^ an ι - ^ l^ i 
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Stress componen t s : 

<rx = —\α(β + β') + 6(α + α') + *(α - α') + 
απ L 

+ 2» 1 η ^ 2 - ^ - 1 
Λ, Ai J 

tfj. = — — [α(β + β') - 6(α + α') + *(α - α')] , 
απ 

τ/χζ = - ^ - ( α - α ) , 
απ 

Case 8 

Symmetrical trapezoidal load (embankment) 

Vert ical s t ress : 

<rz = — Hßi + βύ + (« + b) Κ + α2) + 
απ 

+ *(α 2 — a j ] . 

2 . 2 . 3 . 3 Some remarks on the computation of 
stresses due to line and strip loads 

1 . I n t h e l i t e ra ture one often encounters t h e 
view t h a t t he equa t ions of stresses for an infinite 
line load, (Eqs ( 1 9 6 ) ) , are s t r ic t ly val id only when 
Poisson's n u m b e r is m = 2 ( O H D E , 1 9 3 9 ; F R Ö H -
L I C H , 1 9 3 4 ) . For o ther values of m, F R Ö H L I C H 
( 1 9 3 4 ) developed an ent i re ly independen t stress 
d is t r ibut ion theory . He s t a r t ed from t h e principle 
t h a t t h e p ropaga t ion of stresses is radia l , b u t t h e 
in tens i ty of t he radia l stress is propor t iona l t o 
the (v — l ) t h negat ive power of t h e rad ius vector 
d rawn from the poin t of appl icat ion of t he load 
and no t t o i ts ( — l ) t h power as s t a t ed in t he 
theory of elast ici ty. However , in t he l ight of t h e 
fact t h a t in t h e theo ry of elast ici ty t h e equa t ions 
of stresses are derived from a stress function 
satisfying t h e equa t ion of compat ib i l i ty , vvF = 
= 0 — which implies t h a t t h e in te rna l forces are 
in equi l ibr ium while b o t h geometr ical compat ibi l -
i t y a n d b o u n d a r y condit ions are also satisfied — 
there is no reason t o suggest w h y t he va l id i ty of 
the solution ob ta ined should be confined t o cer ta in 
m values only. The simple rule of t h e d is t r ibut ion 
of stresses, being radia l , is found t o be val id u p 
t o a n y m va lue . Also, b y deducing expressions for 
the s t ra ins , we can easily verify t h e correctness 
of t h e solut ion based on t h e theo ry of elast ici ty 
( K É Z D I , 1 9 4 7 ) . The usual a r g u m e n t raised agains t 
the general va l id i ty of t h e elastic solution, name ly 
t h a t t h e equa t ions of stress componen t s do no t 
conta in t h e elastic cons tan t s , Ε and m, of t h e 
mater ia l , does no t hold ei ther , since so long as t he 
load acts on t h e surface of a semi-infinite mass 
a n d t h e b o u n d a r y condit ions refer only t o stresses, 
t he mater ia l cons tan t s should no t appea r in t he 

equa t ions . F R Ö H L I C H developed his equa t ions 
from an analogy wi th an isotropic semi-infinite 
mass , and he de te rmined t he u n k n o w n coefficients 
from equi l ibr ium condi t ions . I n th i s way , he 
ob ta ined a set of possible stress d is t r ibut ions 
which differ b y a p a r a m e t e r t e r m e d b y F R Ö H L I C H 
t h e stress concen t ra t ion factor , v. H e did no t , 
however , go in to analyzing w h a t t he implicat ions 
are of t h e a r b i t r a r y choice of a factor ν concerning 
t h e elastic proper t ies of t he mater ia l of t he semi-
infinite mass . I t can be shown t h a t each ν va lue 
corresponds t o a un ique funct ion t h a t describes 
t h e va r i a t ion of Young ' s modulus of t h e soil wi th 
t h e d e p t h from t h e surface, a function which, 
however , m a y no t a lways be realist ic. I t is only 
when ν = 0 t h a t Fröhl ich ' s generalized t heo ry 
furnishes a pract icable solution. This assumpt ion 
applies t o a semi-infinite m e d i u m whose modulus 
of elast ic i ty increases l inearly wi th dep th , which is 
often t h e case wi th real soils. 

2 . An exac t theore t ica l solut ion can only be 
developed for t h e infinite line load (Eqs ( 1 9 6 ) ) . B u t 
if, mak ing use of t h e principle of superposi t ion, 
we ex t end t h e solut ion from line load t o a s t r ip 
load b y in tegra t ion , t h e resul t conta ins a serious 
error , n o t a b l y t h a t the re is a d iscont inui ty in t he 
dis t r ibut ion of stresses a t t h e edges of t h e s t r ip . 

Fig . 177. 
a — Settlement analysis in the case of an assumed depth limit; b — rigid footing on 
the surface of the half-space 
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For t h e stress az j u s t b e n e a t h t h e surface, as 
c o m p u t e d from E q s (199), different va lues will be 
ob ta ined depending on w h e t h e r t h e po in ts 1 a n d 
2 are approached from wi th in or from outs ide t h e 
loaded area. The resul t is q in t h e first case and q/2 
in t h e second. The exp lana t ion for th is d iscrepancy 
lies in t h e n a t u r e of pa r t i a l differential equa t ions . 
Al though th is error has no prac t ica l significance, 
i t still points ou t t h e imperfect ion of stress distri-
bu t ion theory . 

3 . I n t he analysis of a s t r ip load we assumed 
a uniform dis t r ibu t ion of con tac t pressures on t h e 
base of t he footing. If we now de te rmine t h e set t le-
m e n t y of t h e surface a t a n y ver t ica l b y in tegra t -
ing elastic ver t ica l s t ra ins in t h a t sect ion, t a k i n g 
infinity as t h e uppe r l imit of in tegra t ion , we 
ob ta in t h e embar rass ing resul t t h a t t h e set t le-
m e n t is infinitely la rge . F o r example , in t h e cent re 
line of t he s t r ip load (Fig. 177a): 

o o o o 

y = j j *zà* = - ~ j («in 2ß + 2ß) dz = 

oo 

2q_ 

πΕ j ι o* + z* 
ο 

+ t a n 1 — dz = (203) 

= ^[|8cotj0-21og esinfl β = ° . >^ 
7lE

 ë Η}
β=*Ι2 °°· 

The result is obviously absurd . B u t if we assume, 
to be realist ic, t h a t compression of t h e soil is 
confined t o a cer ta in l imi t ing d e p t h or else we 
compute t h e differential se t t l ements of t he surface, 
which unlike t o t a l se t t l ements are found t o be 
finite quan t i t i e s , we ob ta in a charac ter is t ic bowl-
shaped depression of t h e surface. Assuming some 
value m0 for t h e l imi t ing d e p t h , we ob ta in t h e 

following equa t ion , w i th t h e no t a t i on shown in 
Fig . 177a, for t h e s e t t l emen t : 

y 

χ + b 

πΕ [ 
s in / ? 2 — 

In sin β±+^-{β 
(204) 

The se t t l ement profile co mp u ted b y E q . (204) is 
also shown in Fig . 177. I t follows from th is resul t 
t h a t t h e a s sumpt ion of a uniform s t r ip load is 
t enab le only if t h e surface, or r a t h e r t h e s t ruc tu re 
t r a n s m i t t i n g t h e load to t h e soil, is sufficiently 
flexible. Otherwise , if t h e footing is rigid, t h e 
d is t r ibu t ion of con tac t pressures m u s t have a n 
ent i re ly different charac te r . An advanced theo ry 
of elast ic i ty offers a r igorous solut ion for t h e 
c o m p u t a t i o n of stresses in a semi-infinite mass in 
t h e case where t h e footing is perfectly rigid 
( H R U B A N , 1944). The equa t ions of stress compo-
n e n t s , wi th t h e no t a t i on shown in Fig . 177b, are 

q 

4ΤΤΓ 

(« 2z,)η/r + s t 

(z - *j) (r 
- 1 + 2̂ )11/ r + z, 

"tvy 

(205) 
4πτ L r 

q x r 2 + { z _ Z i ) {r + 2Zl) 

4jrr 3
 ][z(r + z±) 

The charac te r of stress d is t r ibut ions obta inable 
from E q s (205) is visualized in Fig. 178. Like t he 
solut ion der ived for a flexible footing (Eqs (199)), 
th is solution also satisfies t h e equa t ion of b o t h 
equi l ibr ium a n d compat ib i l i ty , w i thou t conta in ing 
t h e absurdi t ies inheren t in t h e former. I t s use 
should, therefore , be preferred in t h e computa t ion 
of set t le m e n t sounder rigid footings. 

Fig . 178. Stresses in t h e half -space and dis tr ibut ion of c o n t a c t pressures be low a stiff 
foot ing 
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Contact pressure 
VLFlexible plate 
' Po 

Flexible plate 
Rigid plate 

Vertical stress 
in the load axle 

Rigid plate 

Flexible plat 

Vertical stress in any 
horizontal plane at depth ζ 

Fig. 179. Comparison of vert ical stress d is tr ibut ions in the 
case of f lex ible and rigid slabs 

E q u a t i o n s ( 2 0 5 ) also lead, however , t o discon-
t i nu i ty in t h a t t he magn i tude of t h e con tac t pres-
sure a t t h e edges of t he rigid footing t ends t o 
infinity (Fig. 1 7 8 ) . This is obviously in conflict 
wi th rea l i ty , since plast ic deformat ions t h a t occur 
in t he vic ini ty of t h e edges p r even t con tac t pres-
sures from exceeding a crit ical finite va lue . A realis-
t ic assumpt ion for the d is t r ibut ion of con tac t 
pressures is t h a t shown b y t h e dashed line in 
Fig. 1 7 8 . The pr incipal stresses for a rigid footing 

Ί . 2 2nr 

r + zt 

± 
R 

rz 
( 2 0 6 ) 

The stress componen t s in t h e centre line of t h e 
loaded area a re : 

q r
2
 + z

2 

T'Y? 

fhere 

q_b^ 

π 

O , 

b
2
 + z

2
. 

( 2 0 7 ) 

For compar ison, Fig. 1 7 9 shows the d is t r ibut ion 
of con tac t pressures and of az stresses for b o t h 
flexible and rigid footings. At t h e centre line of 
the loading, t he rigid footing produces smaller 
stresses ( S C H L E I C H E R , 1 9 2 6 ) . 

2 . 2 . 3 . 4 The effect of shear stresses in the contact 
plane on the stress pattern 

The shear stresses invar iab ly arising in t h e 
con tac t p lane be tween footings wi th a rough base 
and the subsoil will t o a cer ta in ex t en t , p r even t 
the l a t t e r from being displaced la tera l ly from 
under t he footing. These shear stresses are respon-
sible for t he fact t h a t a soil wedge will r e ta in i ts 

elastic s t a t e dur ing t h e process of failure. They 
are fur ther responsible for t h e concent ra t ion of 
stresses in t he center line of t he footing, p rovided 
t h a t t h e load is an axial one. I n o ther words , the 
stresses a b o u t t h e center line are higher t h a n the 
value which would resul t from uniformly distri-
b u t e d ver t ical bear ing pressures . This circum-
stance has been verified b y stress measuremen t s , 
inducing F R Ö H L I C H ( 1 9 3 4 ) t o modify t h e Bous-
sinesq formulae b y a concent ra t ion factor, in order 
t o ob ta in stress values corresponding to ac tua l 
condi t ions . Under axial loads , these shear stresses 
are di rected t owards t he center l ine. Concerning 
the i r d is t r ibut ion , a l inear var ia t ion m a y be 
assumed from zero in t he axis of s y m m e t r y towards 
t h e edges of t h e footing. There , t he t endency for 
t h e soil t o yield la tera l ly and t h u s t he magn i tude 
of d isplacements and , in t u r n , t he shear stresses 
mobilized, are higher. The resul t ing stresses act ing 
in t h e con tac t p lane are i l lus t ra ted in Fig. 1 8 0 . 
The ver t ica l stress due to shear can be wr i t t en in 
the form 

2p 

πζ 
sin ε cos 3

 ε. 

The surface shear stress a t t h e dis tance χ (see 
Fig. 1 8 1 ) is 

sx = c(xt -f b — x) [% <J χ <^ xx + 26] 

and the e l emen ta ry stress 

da 
2dSY 

sin ε cos ε, 

dx 

πζ 

dSx — sx dx, 

ζ 
cos 2

 ε 
dε, 

so t h a t 

az = [(*! + b) sin (ε2 + ε 2) sin (ε2 — ε±) + 
π 

+ s(sin ε2 cos ε2 — sin εχ cos ε±) — ζ(ε2 — ε χ) ] . 
( 2 0 8 ) 

tan ί 
I "

,UÄ
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Pt/p=n I \ 

2b 

\ 
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F ig . 180. Contact pressure be low a rough foot ing 
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Fig. 181 . Vert ica l s tresses generated b y tangent ia l stresses at the b o t t o m of the foot ing 

The ver t ica l stress in t h e center line of t he 
footing is 

26c 
OR20 = (ε0 cot ε0 — cos 2

 ε0). (209) 
71 

The poten t ia l ly highest va lue of these shear 
stresses a t t he edge of t h e footing r emains t o be 
determined. As t he ver t ical load ρ is increased 
up to t h e l imit of plast ic deformat ion, s m a x m a y 
a t t a i n t h e value ρ t a n φ (where φ is t he angle 
of friction be tween t h e soil and t h e footing). 
Though th is value is well below t h e plast ic yielding 
value — a n d th is has been ment ioned as t h e cri-
ter ion for t he appl ica t ion of t h e t heo ry of elastic-

i t y — it is necessari ly smaller t h a n the ρ t a n Φ 
va lue , b u t no posit ive s t a t e m e n t can be made 
concerning i ts mag n i t u d e . A fair approx imat ion 
of ac tua l condit ions is likely to resul t , however , 
from assuming the same marg in of safety relat ive 
to t he sliding value ρ t a n φ as t h a t available 
agains t failure in t h e magn i tude of t he ver t ical 
load p. 

The influence of t he shear stress on t h e stress 
d i s t r ibu t ion is subs tan t ia l ly greater in t he case of 
footings subjected t o over tu rn ing , and occasionally 
even t o hor izonta l forces. Concerning the distri-
bu t ion of t he shear stress along t h e con tac t p lane , 
t he cases shown in Fig. 182 m a y be assumed: 

(b) 

5χ =C(X-X]) 

x]̂ x^x1+2b 

Fig. 182. Di s tr ibut ion of tangent ia l s tresses at the b o t t o m of the foot ing: 
a — constant; b — linearly increasing 
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in case (a) t h e d is t r ibu t ion is uniform, while in 
case (b) a l inear var ia t ion of t h e shear stress is 
assumed, following t he a p p r o x i m a t e d is t r ibut ion 
of t h e ver t ical bear ing pressures . The corre-
sponding stress d is t r ibu t ion expressions are ob-
ta ined b y in tegra t ion as before. 

Case (a) 

Uniformly distributed shear stress: 

2s 
az = (cos ε2 — cos ελ) . (210) 

π 

Case (b) 

Linear stress distribution: 

V///A ?///////////////////////////. 

I 

r 
Ν 

mmmmm. 

1 

< 

Fig . 183. Line load inside the half-space 

(fz = — [z sin ε2 cos ε2 — sin εχ cos ελ) — 
π (211) 

— ζ(ε2 — εχ) + x^sin
2
 ε2 — sin 2 e x ) ] . 

2.2.3.5 Effect of embedment depth 

I n t he cases considered in t h e foregoing, t he 
ex te rna l load has been assumed to ac t on t he 
surface of t h e half space, a l though t h e foundat ions 
of bui ldings are ex tended a t least t o below the 
dep th of frost pene t ra t ion . Remember ing t h e 
aspects men t ioned in t he in t roduc t ion , i t is t h u s 
deemed necessary to consider t he case of embedded 
loads as well. For plane condit ions th is p roblem 
was solved b y M E L A N ( 1 9 1 8 ) b y in t roduc ing t h e 
following stress funct ion: 

F = £.\— 
71 [ 2 

1
 X

 1 

t a n - 1 t a n - 1 
χ 

ζ + 2t 

m 1 ζ 

4<m 
In 

χ
2
 + 

2 x
2
 + (z + 2tf 

m + 1 t(z + t) (z + 2t) 
O „9. ι / „ ι c\.\9. 

(212) 

2m χ
2
 + (z + 2t)

2 

I n th is expression m is Poisson 's n u m b e r , t h e 
o ther symbols being expla ined in F ig . 183. The 
magn i tude of t h e ver t ical stress is 

π [ 

1 

+ 

(1 + a 2 ) 2 

1 - a 2 

. (1 + « 2) 2 

m + 1 

+ 
(1 + 2ßf m 

[(1 + 2ßf + a 2 ] 2 4m 

(1 + 2/?)2 - a 2 

[(1 + 2/?)2 + a 2 ] 2 

(1 + 2ßf - 3a 2 

+ (213) 

4m [(1 + 2 / ? ) 2 + a 2 ] 3 

where a =-- x/z and β = t/z. 

I n t h e centerl ine of t he load, a t χ = 0 

Ρ 
πζ 

1 m 
1 + 2β 4m 

m + 1 β{1+β) 

l\i
 1—1 
L (l + 2i8)2J 

(214) 

4m (1 + 2ßf 

Since Melan's t h e o r y applies exclusively t o line 
loads and is t h u s unsu i ted t o direct appl icat ion, 
t h e expression for t h e ver t ica l stresses act ing in 
the centerl ine of a s t r ip load of w id th 26 and 
in tens i ty ρ has been de te rmined b y in tegra t ion . 
W i t h t h e no ta t ions in Fig. 184, t he vert ical stress 
is 

0V = 

π 

bzx 

z\ + 6 2 
+ t a n " 1

 h · 
*1 

bz9 

+ 6 2 + 
+ t a n - 1 
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2m 

m + 1 

+ 6 2 

Zjt 2b(z2 + 1 ) 

A + & + 

2m {z\ + b
2
)

2 

(215) 

The influence cha r t s compu ted wi th E q . (215) 
for different z/b ra t ios are shown in Fig. 185, from 
which t h e stresses will be seen to be apprec iably 
lower t h a n wi th t h e load act ing on t h e surface. 

I n connect ion wi th t he stress d is t r ibut ion for-
mulae for e m b e d d e d loads i t should be no ted 
t h a t according t o t h e theo ry , tensile stresses should 
act in t h e soil layer of th ickness t above t h e plane 
of load t ransfer . However , since only cohesive 
soils are capable of resist ing tensile stresses, i t 
would be logical t o conclude t h a t t h e applicabil i ty 
of t h e formulae is res t r ic ted t o such soils. I t should 
be r emembered in th is con tex t t h a t t h e stresses 
compu ted wi th these formulae are invar iab ly 
those due to t h e ex te rna l load alone, which are 
super imposed on those a l ready exist ing wi th in t h e 
soil, viz. t h e semi-infinite half space, due t o t he 
b o d y force, name ly t h e dead weight of t h e soil. 
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Fig. 184. Strip load act ing at some d e p t h 

The existence of tensile stresses is t h u s theore t -
ically conceivable in a n y k ind of soil as long as 
the values thereof r emain smaller t h a n t h e mag-
n i tude of compressive stresses due t o dead weight . 

I n t he appl ica t ion of E q s ( 2 1 3 ) , ( 2 1 4 ) and in 
par t i cu la r of E q . ( 2 1 5 ) , add i t iona l difficulties are 
encounte red on account of t h e fact t h a t in con-
s t ruc t ing t h e load - t r ansmi t t i ng footing t he found-
at ion p i t is usual ly excava ted wi th sloping sides, w i th 
a consequen t r educ t ion in loading. Moreover, t h e 
backfill over t he comple ted footing is in a d i s tu rbed 
condi t ion ; i t does no t i n t e r ac t w i th t h e original 
soil as a ssumed for t h e un loaded half space and 
i t usua l ly has a lower bu lk dens i ty t h a n t h e sur-
r o u n d i n g soil (Fig. 1 8 6 ) . An a p p r o x i m a t e solut ion 
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Fig . 185. Vert ical stresses be low a strip load act ing at some 
d e p t h 

for t h e case of line loads has been suggested by 
J E L I N E K ( 1 9 5 1 ) . 

The three-dimensional case is t r e a t e d briefly 
in Section 2 . 2 . 4 . 2 . 

2.2 .4 Three-dimensional stress distribution 

2 . 2 . 4 . 1 Concentrated load 

The general three-dimensional equat ions of the 
t heo ry of elast ici ty are too complicated and 
cumbersome t o handle t o be used in normal prac-
t ice . However , in mos t problems of pract ical 
in teres t t h e stress d is t r ibut ion is symmetr ica l 

"0 0.2 OA ÙM QÔ 10 

x/z 
Fig . 186. Vert ica l s tresses be low a l ine load a t some d e p t h 

a2ip 
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Fig. 187. Cylindrical coordinate s y s t e m for a singular force: 
a — stresses; b — deformations 

abou t an axis and t h e formulae apply ing to such 
cases are subs tan t ia l ly simplified. Such problems 
are expedient ly wr i t t en in a sys tem of cylindrical 
coordinates , as shown in Fig. 187. 

I n t h e axia l -symmetr ica l case, t h e stresses are 
independen t of the angle θ and t h u s the i r differ-
entials wi th respect t o θ are zero as also are TR FL 

and τθζ, because of s y m m e t r y . 
The equa t ion of equi l ibr ium are t h u s (Fig. 188) 

dor_ drrz 

dr dz 

dxzr d<rz t z r 

dr dz r 

+ = o, 

0 . 

The solution is again obta ined b y in t roducing 
a stress function. The foregoing equa t ions can be 
shown to be satisfied if t h e stresses are c o m p u t e d 
b y subs t i tu t ion from t h e stress funct ion F as 
follows : 
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I n t he foregoing expressions, V
2 is t h e opera to r 
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I t will be observed t h a t in t he axia l -symmetr ica l 
case the th i rd t e r m in t h e above expression van-
ishes. 

For t he d isplacements to develop in conformity 
wi th t h e geometr ical condi t ions, t h e s t ra in com-
ponen t s are required to be in ter re la ted . This 
r equ i rement is represented here again b y a com-
pat ib i l i ty equa t ion , which, conver ted to stresses 
according to Hooke ' s law and in combina t ion 
wi th E q s (216), gives t he differential equa t ion for 
t he stress funct ion F: 
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(217) 
v 2 v 2 F = 0 

from which the stress funct ion will again be seen 
to be b iha rmonic . 

The fundamen ta l p rob lem consists, as shown in 
Fig. 188, of finding the stresses induced in the 
infinite half-space b y a concen t ra ted force act ing 
on i ts surface. The formulae of stresses in the half 
space due to pressures d i s t r ibu ted over a finite 
area are t h e n derived therefrom b y apply ing t h e 
principle of superposi t ion. The problem was solved 
b y BOUSSINESQ (1885). According to BEREZANTSEV 
(1952) t h e stress function 

F = Cxz In r + C2R + G 3z ln 
R 

R + ζ 

{R = Yr
2
 + z

2
) 

(218) 

is appl icable , yielding t h e stress components 
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Fig . 188. Equi l ibr ium condi t ions for a vo lumetr i c e l ement 
in a x l e - s y m m e t r i c s i tuat ion 
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Fig. 189. Horizonta l s ingular force (H) on the surface 

I n the case of comparab le s t ress-dis t r ibut ion 
problems — e.g., concen t ra ted force and line load 
on t he surface — the corresponding / and F s tress 
functions of t he plane and axia l -symmetr ica l 
s ta tes of stress have been demons t r a t ed b y W E B E R 

( 1 $ 2 5 ) to be in te r re la ted and obta inable from each 
other b y differentiation, or in tegra t ion . I t should 
be no ted in th is con tex t t h a t t h e stress dis t r ibu-
t ion formulae of line load can also be found b y 
in tegra t ion from t h e expression of t h e Bous-
sinesq load, as de te rmined b y t h e senior a u t h o r 
( 1 9 4 6 ) , in cont ras t t o t h e findings of O H D E ( 1 9 3 9 ) . 

A similar solution has been developed for t he 
case of a hor izonta l , concen t ra t ed force ac t ing a t 

a po in t on t h e surface (Fig. 1 8 9 ) . The vert ical 
stress is 

2H 

2πζ
2 cos ψ sin ν cos 4 ( 2 2 0 ) 

An example for t he case of a ver t ical load is 
presented in Fig. 1 9 0 , in which t he curves of equal 
s t ress have also been p lo t t ed . I n t he major i ty 
of prac t ica l problems i t is t h e ver t ical stresses 
t h a t are of in te res t ; for t h e rap id es t imat ion of 
these t h e influence coefficient 
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2π 

i + l -
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15/2 
( 2 2 1 ) 

involved in t he expression 

3 P 
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2πζ
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cos 5 ψ — — Ν ρ 
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~2 
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is found from Table 8 . 
I n three-d imensibnal -s ta tes of stress, t he effect 

of e m b e d m e n t is even grea ter t h a n in the i r plane 
coun te rpa r t s , in that t h e con tac t planes of piles, 
shafts , sunk caissons, e tc . , are a t dep ths cor-
responding to several t imes the d iameter of the 
load-bear ing e lement (pile, shaft , etc.) so t h a t the 
use of formulae apply ing to surface loads is 
complete ly u n w a r r a n t e d in such cases. Using 
no ta t ions in Fig. 1 9 1 , t he senior au tho r ( 1 9 5 2 ) 
has developed formulae giving t he stress com-
ponen t s induced b y embedded loads . He has 

Fig . 190. Stresses in the hal f - space due to a vert ica l load 
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rjz r/s rjz NB Φ ^B Φ NB 

0.00 0.4775 0.50 0.2733 1.00 0.0844 1.50 0.0251 2.00 0.0085 2.50 0.0034 
0.02 0.4770 0.52 0.2625 1.02 0.0803 1.52 0.0240 2.02 0.0082 2.52 0.0033 
0.04 0.4756 0.54 0.2518 1.04 0.0764 1.54 0.0229 2.04 0.0079 2.54 0.0032 
0.06 0.4732 0.56 0.2414 1.06 0.0727 1.56 0.0219 2.06 0.0076 2.56 0.0031 
0.08 0.4699 0.58 0.2313 1.08 0.0691 1.58 0.0209 2.08 0.0073 2.58 0.0030 
0.10 0.4657 0.60 0.2214 1.10 0.0658 1.60 0.0200 2.10 0.0070 2.60 0.0029 
0.12 0.4507 0.62 0.2117 1.12 0.0626 1.62 0.0191 2.12 0.0068 2.62 0.0028 
0.14 0.4548 0.64 0.2024 1.14 0.0595 1.64 0.0183 2.14 0.0065 2.64 0.0027 
0.16 0.4482 0.66 0.1932 1.16 0.0567 1.66 0.0175 2.16 0.0063 2.66 0.0026 
0.18 0.4409 0.68 0.1846 1.18 0.0539 1.68 0.0167 2.18 0.0060 2.68 0.0025 
0.20 0.4329 0.70 0.1762 1.20 0.0513 1.70 0.0160 2.20 0.0058 2.70 0.0024 
0.22 0.4242 0.72 0.1681 1.22 0.0489 1.72 0.0153 2.22 0.0056 2.72 0.0023 
0.24 0.4151 0.74 0.1603 1.24 0.0466 1.74 0.0147 2.24 0.0054 2.74 0.0023 
0.26 0.4054 0.76 0.1527 1.26 0.0443 1.76 0.0141 2.26 0.0052 2.76 0.0022 
0.28 0.3954 0.78 0.1455 1.28 0.0422 1.78 0.0135 2.28 0.0050 2.78 0.0021 
0.30 0.3849 0.80 0.1386 1.30 0.0402 1.80 0.0129 2.30 0.0048 2.80 0.0021 
0.32 0.3742 0.82 0.1320 1.32 0.0384 1.82 0.0124 2.32 0.0047 2.84 0.0019 
0.34 0.3632 0.84 0.1257 1.34 0.0365 1.84 0.0119 2.34 0.0045 2.91 0.0017 
0.36 0.3521 0.86 0.1196 1.36 0.0348 1.86 0.0114 2.36 0.0043 2.99 0.0015 
0.38 0.3408 0.88 0.1138 1.38 0.0332 1.88 0.0109 2.38 0.0042 3.08 0.0013 
0.40 0.3294 0.90 0.1083 1.40 0.0317 1.90 0.0105 2.40 0.0040 3.19 0.0011 
0.42 0.3181 0.92 0.1031 1.42 0.0302 1.92 0.0101 2.42 0.0039 3.31 0.0009 
0.44 0.3068 0.94 0.0981 1.44 0.0288 1.94 0.0097 2.44 0.0038 3.50 0.0007 
0.46 0.3055 0.96 0.0933 1.46 0.0275 1.96 0.0093 2.46 0.0036 3.75 0.0005 

0.48 0.2843 0.98 0.0887 1.48 0.0263 1.98 0.0089 2.48 0.0035 4.13 0.0003 

adop ted the stress function 

Ρ m + l | ~ 2 ( r o - l ) 
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using which the ver t ica l stress of grea tes t prac-
t ical in teres t was ob ta ined in t h e form 
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(223) 
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Fig. 191. Singular force inside the half-space 

The first t e r m of t h e expression wi th in t he 
b racke t s yields t h e stresses induced b y the forces P , 
of equa l m a g n i t u d e , ac t ing a t t h e poin ts 0X and 
02 in t h e infinite space. Since t h e q u a n t i t y r 2 

figures in t h e denomina to r of th is t e r m a t t he 
t h i r d power a n d in t h e denomina tors of t h e o ther 
t e r m s a t t h e fifth and seven th powers , t h e effect 
of these t e r m s is considered negligible in all cases 
where ζλ > ί. T h u s for ins tance , t he stresses 
induced b y t h e force P , ac t ing a t d e p t h t below 
the surface in a clay layer s i tua ted a t greater dep th , 
can be c o m p u t e d wi th t h e foregoing simplification, 
as if t h e infinite space were ac ted upon b y two 
concen t ra ted forces of t h e same direction and 
m a g n i t u d e a t t he poin ts O x and 02. 

For es t ima t ing t h e stresses induced in t he 
infinite half-space b y embedded , concent ra ted 
ver t ical a n d hor izonta l forces, detai led tables 
have been compiled b y T A K E O M O G A M I ( 1 9 5 7 ) , 
who has also publ ished t h e formulae for all Car-
tes ian stress componen t s . 

2 . 2 . 4 . 2 Surface load distributed over a finite area 

The stresses a t a par t i cu la r poin t in t he half 
space, due to pressure t r a n s m i t t e d t o t he soil a t 
t h e surface of t he infinite half-space, are obta ined 
b y in teg ra t ing t he Boussinesq formulae. I n t he 
case shown in Fig. 1 9 2 t h e pressure d is t r ibuted 
according to t h e function px y = f(x,y) acts on 
t he area F. The e lementa ry force on the area 
e lement d F i s / ( # , y) dF and t h e resul t ing stress 
a t t h e po in t Ρ becomes 

2π J Β5 

F 
F 

dF. (224) 

Table 8 . Inf luence factors of stresses due to a vertical s ingular force, after B O U S S I N E S Q ( 1 8 8 5 ) 
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The expression in E q . ( 2 2 4 ) is r a t h e r difficult 
to in tegra te , even in re la t ive ly simple cases. T h u s 
for ins tance , no explicit expression is avai lable 
for t he stress a t a general po in t unde r a circular 
p la te subjected t o a uniformly d i s t r ibu ted load . 
For th is case a r a t h e r slowly converging series 
was publ ished b y B A B K O V a n d B U K O W S K I (1950). 
Fo r t h e stresses induced in t h e ver t ica l center line 
of t he circular p la te , on t h e o the r h a n d , ex t r eme ly 
simple formulae are ob ta ined ; t h u s t h e ver t ica l 
stress irnder t h e uniformly d i s t r ibu ted pressure 
(Fig. 193a) is 

<*z = î o i 1 - c o s3 Θ) , ( 2 2 5 ) 

Fig. 192. Effect of uni formly d i s tr ibuted pressure ac t ing on 
any l ikely contac t area 
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Fig . 194. Vert ica l stresses in the axis of a loaded circular 
p la t e 

F ig . 195. D e t e r m i n a t i o n of t h e vert ica l stress be low an 
internal po in t of a loaded rectangle 

under t he paraboloidic d is t r ibu t ion (Fig. 193b) 

oz = 2q0[l - 2 co t 2 0(1 - cos 0)] ( 2 2 6 ) 

a n d u n d e r t h e conical d i s t r ibu t ion (Fig. 193c) 

az = 3q0(l — cos θ), ( 2 2 7 ) 

Fig . 193. Three different forms of c o n t a c t pressure distri-
but ions on a circular p la te 

I n E q s ( 2 2 5 ) - ( 2 2 7 ) q0 = Q/F is t h e average un i t 
pressure t ransmi t ted 1 b y t h e circular p la t e . 

The curves in Fig. 1 9 4 can be used t o a d v a n t a g e 
in r ap id stress es t imat ions according t o Eqs 
( 2 2 5 ) - ( 2 2 7 ) . The influence coefficients az/q0 com-
piled in Table 9 will pe rmi t t h e stresses induced 
b y a uniformly d i s t r ibu ted load t o be computed 
more accura te ly in t h e cen te r line of t h e load, 
as well as in t h e ver t icals corresponding t o quar te r -
poin ts of t h e rad ius a n d fur ther t o poin ts a round 
t h e pe r ime te r ( L O R E N Z a n d N E U M E U E R , 1 9 5 3 ) . 

The stresses due t o a load d i s t r ibu ted uniformly 
over a r ec t angu la r area a t t h e surface of t he infinite 
half-space are c o m p u t e d b y t h e formula of S T E I N -

B R E N N E R ( 1 9 3 4 ) a n d N E W M A R K ( 1 9 3 5 ) . The case 
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Table 9. Stresses be low a uniformly loaded circular plate 

(a) Vertical stresses in the axle 

Φ J Φ Φ I Φ I Φ I 

0.00 0.00000 0.50 0.28446 1 00 0.64645 1.50 0.82932 2.00 0.91056 
1 0.00015 1 0.29304 1 0.65171 1 0.83167 2 0.91267 
2 0.00060 2 0.30162 2 0.65690 2 0.83397 4 0.91472 
3 0.00135 3 0.31019 3 0.66200 3 0.83624 6 0.91672 
4 0.00240 4 0.31875 4 0.66703 4 0.83847 8 0.91865 
4 0.00374 5 0.32728 5 0.67198 5 0.84067 10 0.92053 
6 0.00538 6 0.33579 6 0.67686 6 0.84283 15 0.92499 
7 0.00731 7 0.34474 7 0.68166 7 0.84495 20 0.92914 
8 0.00952 8 0.35272 8 0.68639 8 0.84670 25 0.93301 
9 0.01203 9 0.36112 9 0.69104 9 0.84910 30 0.93661 

35 0.93997 
0.10 0.01481 0.60 0.36949 1.10 0.69562 1.60 0.85112 40 0.94310 

1 0.01788 1 0.37781 1 0.70013 1 0.85312 45 0.94603 
2 0.02122 2 0.38609 2 0.70457 2 0.85507 50 0.94877 
3 0.02483 3 0.39431 3 0.70894 3 0.85700 55 0.95134 
4 0.02870 4 0.40247 4 0.71324 4 0.85890 60 0.95374 
5 0.03283 5 0.41058 5 0.71747 5 0.86077 65 0.95599 
6 0.03721 6 0.41863 6 0.72163 6 0.86260 70 0.95810 
7 0 04184 7 0.42662 7 0.72573 7 0.86441 75 0.96009 
8 0.04670 8 0.43454 8 0.72976 8 0.86619 80 0.96194 
9 0.05181 9 0.44240 9 0.73373 9 0.86794 90 0.96535 

95 0.96691 
0.20 0.05713 0.70 0.45018 1.&0 0.73763 1.70 0.89966 

1 0.06268 1 0.45789 1 0.74147 1 0.87136 3.00 0.96838 
2 0.06844 2 0.46553 2 0.74525 2 0.87302 10 0.97106 
3 0.07441 3 0.47310 3 0.74896 3 0.87467 20 0.87346 
4 0.08057 4 0.48059 4 0.75262 4 0.87628 30 0.97561 
5 0.08692 5 0.48800 5 0.75622 5 0.87787 40 0.87753 
6 0.09346 6 0.49533 6 0.75976 6 0.87944 50 0.97927 
7 0.10017 7 0.50259 7 0.76324 7 0.88098 60 0.98083 
8 0.10704 8 0.50976 8 0.76666 8 0.88250 70 0.98224 
9 0.11408 9 0.51685 9 0.77003 9 0.88399 80 0.98352 

90 0.98468 

0.30 0.12126 0.80 0.52386 1.30 0.77334 1.80 0.88546 
1 0.12859 1 0.53079 1 0.77660 1 0.88691 4.00 0.98573 

2 0.13605 2 0.53763 2 0.77981 2 0.88833 20 0.98757 

3 0.14363 3 0.54439 3 0.78296 3 0.88974 40 0.98911 

4 0.15133 4 0.55106 4 0.78606 4 0.89112 60 0.99041 

5 0.15915 5 0.55766 5 0.78911 5 0.89248 80 0.99152 

6 0.16706 6 0.56416 6 0.79211 6 0.89382 
7 0.17507 7 0.57058 7 0.79507 7 0.89514 5.00 0.99246 

8 0.18317 8 0.57692 8 0.79797 8 0.89643 20 0.99327 

9 0.19134 9 0.58317 9 0.80083 9 0.89771 40 0.99396 
60 0.99457 

0.40 0.19959 0.90 0.58934 1.40 0.80364 1.90 0.89897 80 0.99510 

1 0.20790 1 0.59542 1 0.80640 1 0.90021 
2 0.21627 2 0.60142 2 0.80912 2 0.90143 6.00 0.99556 

3 0.22469 3 0.60734 3 0.81179 3 0.90263 50 0.99648 

4 0.23315 4 0.61317 4 0.81442 4 0.90382 
5 0.24165 5 0.61892 5 0.81701 5 0.90498 7.00 0.99717 

6 0.25017 6 0.62459 6 0.81955 6 0.90613 50 0.99769 

7 0.25872 7 0.63018 7 0.82206 7 0.90726 
8 0.26729 8 0.63568 8 0.82448 8 0.90838 
9 0.27587 9 0.64110 9 0.82694 9 0.90948 

(b) Vertical stresses below a quarter point 

Φ I Φ I Φ I Φ I Φ I zjr 1 

0.00 1.000 0.40 0.894 0.80 0.664 1.20 0.480 1.60 0.351 2.00 0.262 

1 1.000 1 0.889 1 0.658 1 0.476 1 0.348 2 0.259 
2 0.999 2 0.883 2 0.653 2 0.472 2 0.345 4 0.255 
3 0.999 3 0.878 3 0.648 3 0.468 3 0.343 6 0.251 

4 0.998 4 0.873 4 0.642 4 0.465 4 0.340 8 0.248 
5 0.998 5 0.867 5 0.638 5 0.461 5 0.338 10 0.244 

6 0.997 6 0.861 6 0.632 6 0.457 6 0.335 15 0.236 

7 0.997 7 0.856 7 0.627 7 0.454 7 0.333 20 0.228 
8 0.996 8 0.850 8 0.622 8 0.450 8 0.331 25 0.221 

9 0.996 9 0.845 9 0.617 9 0.446 9 0.328 30 
35 

0.214 
0.208 
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Table 9 (cont . ) 

Φ I %\r j 1 z\r I Φ I Φ I z\r I 

0.10 0.995 0.50 0.840 0.90 0.612 1.30 0.443 1.70 0.326 40 0.201 
1 0.994 1 0.836 1 0.607 1 0.439 1 0.324 45 0.195 
2 0.992 2 0.828 2 0.602 2 0.435 2 0.321 50 0.189 
3 0.991 3 0.822 3 0.597 3 0.432 3 0.319 55 0.184 
4 0.989 4 0.816 4 0.593 4 0.428 4 0.317 60 0.178 
5 0.988 5 0.810 5 0.588 5 0.425 5 0.314 65 0.173 
6 0.986 6 0.806 6 0.583 6 0.421 6 0.312 70 0.168 
7 0.983 7 0.798 7 0.579 7 0.418 7 0.310 75 0.163 
8 0.981 8 0.792 8 0.574 8 0.414 8 0.308 80 0.158 
9 0.979 9 0.786 9 0.569 9 0.411 9 0.305 85 0.154 

90 0.149 
0.20 0.977 0.60 0.780 1.00 0.565 1.40 0.408 1.80 0.303 95 0.145 

1 0.974 1 0.774 1 0.560 1 0.405 1 0.301 
2 0.971 2 0.768 2 0.556 2 0.402 2 0.299 3.00 0.141 
3 0.966 3 0.762 3 0.551 3 0.399 3 0.297 10 0.133 
4 0.962 4 0.755 4 0.547 4 0.396 4 0.294 20 0.126 
5 0.960 5 0.749 5 0.543 5 0.393 5 0.292 30 0.119 
6 0.956 6 0.743 6 0.538 6 0.538 6 0.290 40 0.113 
7 0.952 7 0.737 7 0.534 7 0.387 7 0.288 50 0.107 
8 0.949 8 0.731 8 0.530 8 0.384 8 0.286 60 0.101 
9 0.945 9 0.724 9 0.525 9 0.381 9 0.284 70 0.096 

80 0.091 
0.30 0.941 0.70 0.718 1.10 0.521 1.50 0.378 1.90 0.282 90 0.086 

1 0.936 1 0.712 1 0.517 1 0.375 1 0.280 
2 0.932 2 0.706 2 0.512 2 0.372 2 0.278 4.00 0.082 
3 0.927 3 0.700 3 0.508 3 0.369 3 0.276 
4 0.923 4 0.695 4 0.504 4 0.367 4 0.274 
5 0.918 5 0.690 5 0.500 5 0.364 5 0.272 
6 0.913 6 0.684 6 0.496 6 0.361 6 0.270 
7 0.908 7 0.679 7 0.492 7 0.359 7 0.268 
8 0.903 8 0.674 8 0.488 8 0.356 8 0.266 
9 0.899 9 0.669 9 0.484 9 0.353 9 0.264 

(c) Vertical stresses below an edge point 

Φ I z\r I z[r I z\r I Φ I zfr I 

0.00 0.500 0.30 0.447 0.60 0.395 0.90 0.346 1.20 0.298 1.50 0.254 
1 0.498 1 0.445 1 0.393 1 0.344 1 0.296 1 0.252 
2 0.496 2 0.443 2 0.392 2 0.342 2 0.295 2 0.251 
3 0.494 3 0.441 3 0.390 3 0.340 3 0.293 3 0.250 
4 0.492 4 0.440 4 0.388 4 0.339 4 0.292 4 0.248 
5 0.490 5 0.438 5 0.386 5 0.337 5 0.290 5 0.247 
6 0.488 6 0.437 6 0.385 6 0.335 6 0.288 6 0.246 
7 0.486 7 0.435 7 0.383 7 0.334 7 0.287 7 0.245 
8 0.484 8 0.433 8 0.381 8 0.332 8 0.285 8 0.243 
9 0.482 9 0.431 9 0.380 9 0.330 9 0.284 9 0.242 

0.10 0.481 0.40 0.430 0.70 0.378 1.00 0.329 1.30 0.283 1.60 0.241 
1 0.480 1 0.428 1 0.377 1 0.327 1 0.282 1 0.240 
2 0.478 2 0.426 2 0.375 2 0.325 2 0.280 2 0.239 
3 0.476 3 0.424 3 0.373 3 0.324 3 0.278 3 0.237 
4 0.474 4 0.423 4 0.371 6 0.322 4 0.277 4 0.236 
5 0.472 5 0.421 5 0.370 5 0.321 5 0.275 5 0.235 
6 0.470 6 0.419 6 0.369 6 0.319 6 0.273 6 0.234 
7 0.469 7 0.417 7 0.367 7 0.317 7 0.272 7 0.233 
8 0.467 8 0.416 8 0.365 8 0.316 8 0.271 8 0.231 
9 0.465 9 0.414 9 0.363 9 0.315 9 0.269 9 0.230 

0.20 0.464 0.50 0.412 0.80 0.362 1.10 0.313 1.40 0.268 1.70 0.229 
1 0.462 1 0.410 1 0.360 1 0.311 1 0.267 1 0.228 
2 0.460 2 0.408 2 0.358 2 0.310 2 0.265 2 0.226 
3 0.458 3 0.407 3 0.357 3 0.308 3 0.264 3 0.225 
4 0.457 4 0.405 4 0.355 4 0.307 4 0.262 4 0.224 
5 0.455 5 0.403 5 0.353 5 0.305 5 0.261 5 0.223 
6 0.453 6 0.402 6 0.352 6 0.304 6 0.259 6 0.221 
7 0.452 7 0.400 7 0.350 7 0.302 7 0.258 7 0.220 
8 0.450 8 0.398 8 0.349 8 0.301 8 0.257 8 0.219 
9 0.449 9 0.397 9 0.347 9 0.299 9 0.255 9 0.218 

9 Â. Kézdi and L. Réthâti: Handbook 
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Table 9 (cont . ) 

Mir I Ψ I z[r I Ψ I z\r I z\r I 

1.80 0.217 1.90 0.206 2.00 0.195 40 0.158 95 0.123 90 0.080 
1 0.216 1 0.204 2 0.193 45 0.154 
2 0.214 2 0.203 4 0.191 50 0.150 3.00 0.119 4.00 0.077 
3 0.213 3 0.202 6 0.189 55 0.147 10 0.114 20 0.071 
4 0.212 4 0.201 8 0.187 60 0.143 20 0.109 40 0.065 
5 0.211 5 0.200 10 0.185 65 0.140 30 0.105 60 0.060 
6 0.210 6 0.199 15 0.180 70 0.137 40 0.100 80 0.056 
7 0.209 7 0.198 20 0.176 75 0.134 50 0.096 
8 0.208 8 0.197 25 0.171 80 0.131 60 0.092 5.00 0.052 
9 0.207 9 0.196 30 0.167 85 0.128 70 0.088 

35 0.163 90 0.125 80 0.084 

Table 1 0 . Influence factors of vertical stresses be low the corner of a uniformly loaded rectangle 

ajz 
Of ζ 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.2 

0.1 0.00470 0.009171 0.01323 0.01678 0.01978 0.02223 0.02420 0.02576 0.02698 0.02794 0.02926 

0.2 0.00917 0.01790 0.02585 0.03280 0.03866 0.04348 0.04735 0.05042 0.05283 0.05471 0.05733 
0.3 0.01323 0.02585 0.03735 0.04742 0.05593 0.06294 0.06858 0.07308 0.07661 0.07938 0.08323 
0.4 0.01678 0.03280 0.04742 0.06024 0.07111 0.08009 0.08734 0.09314 0.09770 0.10129 0.10631 
0.5 0.01978 0.03866 0.05593 0.07111 0.08403 0.09473 0.10340 0.11035 0.11584 0.12018 0.12626 

0.6 0.02223 0.04348 0.06294 0.08009 0.09473 0.10688 0.11679 0.12474 0.13105 0.13605 0.14309 
0.7 0.02420 0.04735 0.06858 0.08734 0.10340 0.11679 0.12772 0.13653 0.14356 0.14914 0.15703 

0.8 0.02576 0.05042 0.07308 0.09314 0.11035 0.12474 0.13653 0.14607 0.15371 0.15978 0.16843 

0.9 0.02698 0.05284 0.07661 0.09770 0.11584 0.13105 0.14356 0.15371 0.16185 0.16835 0.17766 

1.0 0.02794 0.05471 0.07938 0.10129 0.12018 0.13605 0.14914 0.15978 0.16835 0.17522 0.18508 

1.2 0.02926 0.05733 0.08323 0.10631 0.12626 0.14309 0.15703 0.16843 0.17766 0.18508 0.19584 

1.4 0.03007 0.05894 0.08561 0.10941 0.13003 0.14749 0.16199 0.17389 0.18357 0.19139 0.20278 

1.6 0.03058 0.05994 0.08709 0.11135 0.13241 0.15028 0.16515 0.17739 0.18737 0.19546 0.20731 

1.8 0.03090 0.06058 0.08804 0.11260 0.13395 0.15207 0.16720 0.17967 0.18976 0.19814 0.21032 

2.0 0.03111 0.06100 0.08867 0.11342 0.13496 0.15326 0.16856 0.18119 0.19152 0.19994 0.21335 

2.5 0.03138 0.06155 0.08948 0.11450 0.13628 0.15483 0.17036 0.18321 0.19375 0.20236 0.21512 

3.0 0.03150 0.06178 0.08982 0.11495 0.13684 0.15550 0.17113 0.18407 0.19470 0.20341 0.21633 

4.0 0.03158 0.06194 0.09007 0.11527 0.13724 0.15598 0.17168 0.18469 0.19540 0.20417 0.21722 

5.0 0.03160 0.06199 0.09014 0.11537 0.13737 0.15612 0.17185 0.18488 0.19561 0.20440 0.21749 

10.0 0.03162 0.06202 0.09019 0.11544 0.13745 0.15622 0.17196 0.18502 0.19576 0.20457 0.21769 

oo 0.03162 0.06202 0.09019 0.11544 0.13745 0.15623 0.17197 0.18502 0.19577 0.10458 0.21770 

1.4 1.6 1.8 2.0 2.5 3.0 4.0 5.0 6.0 10.0 

0.1 0.03007 0.03058 0.03091 0.03111 0.03138 0.03150 0.03158 0.03160 0.03161 0.03162 0.03162 

0.2 0.05894 0.05994 0.06058 0.06100 0.06155 0.06178 0.06194 0.06199 0.06201 0.06202 0.06202 

0.3 0.08561 0.08709 0.08804 0.08867 0.08948 0.08982 0.09007 0.09014 0.09017 0.09019 0.09019 
0.4 0.10941 0.11135 0.11250 0.11342 0.11450 0 11495 0.11527 0.11537 0.11541 0.11544 0.11544 

0.5 0.13003 0.13241 0.13395 0.13496 0.13628 0.13684 0.13724 0.13737 0.13741 0.13745 0.13745 

0.6 0.14749 0.15028 0.15207 0.15326 0.15483 0.15550 0.15598 0.15612 0.15617 0.15622 0.15623 

0.7 0.16199 0.16515 0.16720 0.16856 0.17036 0.17113 0.17168 0.17185 0.17191 017196 0.17197 
0.8 0.17389 0.17739 0.17967 0.18119 0.18321 0.18407 0.18469 0.18488 0.18496 0.18502 0.18502 
0.9 0.18357 0.18737 0.18986 0.19152 0.19375 0.19470 0.19540 0.19561 0.19569 0.19576 0.19577 
1.0 0.19139 0.19546 0.19814 0.19994 0.20236 0.20341 0.20417 0.20440 0.20449 0.20457 0.20458 

1.2 0.20278 0.20731 0.20132 0.21512 0.21633 0.21722 0.21749 0.21760 0.21760 0.21769 0.21770 
1.4 0.21020 0.21510 0.21836 0.22058 0.22364 0.22499 0.22600 0.22623 0.21644 0.22654 0.22656 
1.6 0.21510 0.22025 0.22372 0.22610 0.22940 0.23088 0.23200 0.23236 0.23249 0.23261 0.23263 
1.8 0.21836 0.22372 0.22736 0.22986 0.23334 0.23495 0.23617 0.23656 0.23671 0.23684 0.23686 
2.0 0.22058 0.22610 0.22986 0.23247 0.23614 0.23782 0.23912 0.23954 0.23970 0.23985 0.23987 

2.5 0 .22364 0.22940 0.23334 0.23614 0.24010 0.24196 0.24344 0.24392 0.24412 0.24429 0.24432 
3.0 0.22499 0.23088 0.23495 0.23782 0.24196 0.24394 0.24554 0.24608 0.24630 0.24650 0.24654 
4.0 0.22600 0.23200 0.23617 0.23912 0.24344 0.24554 0.24729 0.24791 0.24817 0.24842 0.24846 
5.0 0.22632 0.23236 0.23656 0.23954 0.24392 0.24608 0.24791 0.24857 0.24885 0.24914 0.24919 

10.0 0.22654 0.23261 0.23684 0.23985 0.24429 0.24650 0.24842 0.24914 0.24946 0.24981 0.24989 

oo 0.22656 0.23263 0.23686 0.23987 0.24432 0.24654 0.24846 0.24919 0.24952 0.24989 0.25000 



under considerat ion is i l lus t ra ted in Fig. 195. I t 
is desired to find t h e stress a t po in t Ρ on t h e ver-
t ical t h rough poin t P\ For th i s purpose t h e full 
rectangle is divided b y s t r a igh t lines t h r o u g h 
point P' and paral lel t o t h e sides in to four similar 
rec tangular areas . The full stress a t po in t Ρ is 
ob ta ined as t h e sum of t he stresses induced b y t h e 
par t - loads ac t ing on each of t h e four rec tangles 
t h u s formed. The formula men t ioned above yields 
the m a g n i t u d e of stress p roduced in t h e ver t ica l 
t h rough t h e corner po in t of a loaded r ec t angu la r 
a rea . The stress due to t h e load I is, e.g. 

q 
4 t t 

21n]AZ2 + n 2 + l l2 + n2+2 

\2 + n2 + ι + μη2 μ + n2 + ι 

-f arc sin 2 In Υ Ζ2 + η
2
 + 

I
2
 + η

2
 + 1 + F/i 2 

i l 
η 2 J' 

+ 
(228) 

where / = ajz and η = b/z are t h e ra t ios of t h e 
leng th of t h e sides of t h e rectangle t o t h e d e p t h of 
the poin t Ρ unde r considerat ion, while q is t h e in-
tens i ty of t h e uniformly d i s t r ibu ted load. The 
formula is too compl ica ted for direct compu ta t ions 
and , therefore, a n u m b e r of tables a n d cha r t s have 
been publ ished in t h e re levant l i t e ra ture for rap id 
stress es t imat ions . The tab le compiled b y N E W -
M A R K (1935) is reproduced here as Table 10 from 
which t he stress influence coefficients azjp are found 
in t e rms of t he ra t ios ajz a n d b/z. 

The stress in t he ver t ica l t h r o u g h a po in t outs ide 
the rectangle is found b y composing t he loaded 
area of rectangles , t h e corners of which are above 
t h e point examined . For example , if i t is desired 
to compute t h e stress u n d e r po in t A shown in 
Fig. 196, induced b y t h e r ec t angu la r load BCDE, 
the rectangles used for compu ta t i ons are 

AH B F — AHEG + AJDG - AJFC . 

The common corner poin t of t h e above rectangles 
is A and so t h e stresses can be ob ta ined from E q . 
(228), or from t h e corresponding tab les . The full 
stress is t h e n found b y s u m m i n g t h e values ob-
ta ined , wi th due regard t o the i r sign. 

According to B R I N C H H A N S E N (1955) , the vert ical stresses 
be low the centre of a rectangular foot ing are well approx imat -
ed b y us ing the equat ion: 

" = (A + .Üb + » · < 2 2 9> 

Fig. 196. D e t e r m i n a t i o n of stresses b e l o w an o u t s t a n d i n g 
point of the loaded area 
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Fig . 197. Uni formly d is tr ibuted pressure on a circular p la te 
founded a t d e p t h t 

Horizonta l stresses paral le l t o Β and A, respect ive ly , can 
be e s t i m a t e d from t h e fo l lowing formulas , in w h i c h Β and A 
m e a n t h e w i d t h and l e n g t h of the foot ing: 

and 
<7hB - ( Ϊ Γ - _ * ) 8 ( Λ - * ) 

PA
2 

a
hA = (A + zY(B + m) ' 

(230) 

(231) 

To t a k e t h e effect of e m b e d m e n t in to account 
in t h e case of loads ac t ing over a finite area , an 
expression is avai lable for t h e stress induced in t he 
center line of a uniformly loaded circular p la te 
only. This is ob ta ined b y in tegra t ing E q . (223). 
W i t h t h e no ta t ions of Fig . 197, 

whence , after in tegra t ion and simplification ( K É Z -

D I , 1958) 

m 3q f m — 2 
- 1 2 6m R 

ζΛ I ο 

ζ
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3z 2 31?o2 
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(232) 
F o r loads ac t ing on t h e surface of t h e infinite 

half-space t h e expression is grea t ly simplified, since 

0, Zl 
Z
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Fig . 1 9 8 . D i a g r a m for t h a ca lculat ion of vert ical stresses in 
the axis of a uni formly loaded circular p late founded at 
depth t 

and t h u s in agreement wi th E q . ( 2 2 5 ) t he stress 
becomes 

az = q ( 1 — cos 3 Θ). 

The char t s in Fig 1 9 8 have been p lo t t ed in order 
to facili tate prac t ica l compu ta t ions b y E q . ( 2 3 2 ) . 

Fig . 1 9 9 . Comparison of s e t t l e m e n t s ca lculated w i t h or 
w i t h o u t respect t o d e p t h of foundat ion ( E W E R T , 1 9 6 9 ) 

The influence coefficients have been computed by 
assuming a Poisson 's n u m b e r m = 3 . Detai led 
compu ta t ions have shown the magn i tude of stres-
ses t o change b y no more t h a n 8 % if m is var ied 
be tween 3 and 6 . The use of m = 3 is t h u s justified 
in t he major i ty of cases. 

I n Fig. 1 9 8 curves have also been p lo t ted for 
loads ac t ing on the surface of t h e infinite half 
space, as well as for t he case of t he infinite space 
( the curves t/b = 0 and t/b = o o ) . 

The ver t ica l stresses will be seen to diminish r ap -
idly as t he footing is embedded , and a t t he dep th 
corresponding t o a b o u t 2 . 5 t imes the d iameter of 
t he disc, t h e difference re la ted to the stresses in the 
infinite space is no more t h a n 2 % . 

E W E R T ( 1 9 6 9 ) proposed a solution for t h e cal-
cula t ion of stresses below the corners of a quad-
rangle flexible footing. The expression is composed 
of two p a r t s : t h e first t e r m refers t o t he values of 
t he S T E I N B R E N N E R ( 1 9 3 4 ) formula for surface load; 
t he second t e r m reckons wi th t he d e p t h of the 
footing. Poisson's ra t io is also included in t he sec-
ond t e r m , b u t i t has a slight influence on the value 
of tf2. E W E R T po in ted ou t t h a t , according to his 
calculat ions, t h e resul t devia ted b y m a x . 1 0 % 
be tween t h e assumpt ions of m = 2 and m = 5 . 
A significant difference resul ted , however , in set t le-
m e n t forecast, when the calculat ion took account 
of, or dismissed, t h e influence of foundat ion dep th , 
as i t can be seen from Fig. 1 9 9 . 

2.2 .5 Stresses be low the characteristic point 

W h e n the compression of a soil slice, bounded 
b y hor izonta l paral lel planes in the underg round , 
is calculated, i t will be found t h a t i ts value varies 
from poin t to poin t in compliance wi th the ver-
t ical stress which also varies from point t o point 
over t h e slice. I t is obvious t h a t t he m a x i m u m 
vert ical stress develops in t he centerl ine of t he 
load, b u t th is does no t evoke the same compres-
sion to which the base as a whole would be sub-
jec ted . For t h e calculat ion of se t t l ements , i t is 
no t t he max ima l , b u t t he average stress inside the 
proper lines of t he foundat ion t h a t should be t a k e n 
as effective. I t is r a t h e r compl ica ted to calculate i ts 
ac tua l va lue , especially below surfaces of l imited 
size. Making use of t he advan tageous s i tua t ion 
t h a t for a given load dis t r ibut ion t he par t icu lar 
po in t of t h e footing unde r which (at a n y depth) 
j u s t t h e desired average ver t ical stress can be 
k n o w n beforehand, t he e labora t ion of influence 
d iagrams is possible. The locat ion of the character-
istic po in t is a t a d is tance 0 . 7 6 from the cent ra l 
axis of a s t r ip foundat ion , a n d a t 0 . 7 b from the 
longi tudina l and 0 . 7 4 a from the perpendicular 
axis of a quadrang le footing (b is t he half-width, 
a is t he half- length of t h e footing). 

The stresses in t he ver t ical line of the charac ter -
istic poin t of a quadrang le footing are shown in 
Table 1 1 after K A N Y ( 1 9 5 9 ) . 
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Table 1 1 . Stresses be low the characteristic point of rectangular 
foot ings: a — half - length of the foot ing; 6 — half -width of the 
footing; ζ — depth 

zjb 
a/6 

zjb zjb 
1 1.5 2 3 5 10 oo 

0.1 0.98 0.98 0.99 0.99 0.99 0.99 0.99 
0.2 0.90 0.93 0.94 0.94 0.94 0.94 0.94 
0.3 0.79 0.84 0.86 0.88 0.88 0.88 0.88 
0.4 0.69 0.76 0.79 0.81 0.82 0.83 0.83 
0.6 0.56 0.62 0.66 0.71 0.73 0.74 0.74 
1.0 0.41 0.46 0.50 0.56 0.60 0.63 0.63 
1.4 0.32 0.37 0.40 0.45 0.51 0.55 0.56 
2.0 0.23 0.28 0.31 0.35 0.40 0.45 0.47 
3.0 0.14 0.18 0.21 0.24 0.28 0.30 0.36 
4.0 0.09 0.13 0.15 0.17 0.21 0.25 0.29 
6.0 0.05 0.07 0.08 0.10 0.13 0.16 0.20 

10.0 0.02 0.03 0.03 0.05 0.06 0.08 0.13 
14.0 0.01 0.01 0.02 0.03 0.04 0.05 0.09 
20.0 0 0.01 0.01 0.01 0.02 0.03 0.06 
40.0 0 0 0 0 0.01 0.01 0.03 

2 .2 .6 Locat ion of the depth l imit 

Stresses are principal ly calculated wi th t h e a im 
of enabl ing the forecasting of se t t l ements in t h e 
underground . As a consequence of t h e s t ruc tu re 
of t he formulas for t h e calculat ion of stresses a 
minu te addi t ional inc rement wi th d e p t h will in-
crease t he calculated se t t l ement even a t ve ry 
large dep ths . (Not to speak of t h e fact t h a t t he 
se t t lement , when calculated for a s t r ip foundat ion 
according to Section 2 . 2 . 3 . 3 would have an infi-
ni te ly huge value.) Surveys carr ied ou t on ac tua l 
buildings have shown, however , t h a t t h e yielding 
of a compressed ea r th mass is ver t ical ly res t r ic ted 
to a dep th , say, of 2 or 3 t imes t h e w id th of t h e 
footing. This can be easily unders tood because : 

— in s a tu ra t ed soils only a gradient above some 
threshold value i 0 would be able t o in i t ia te 
t h e m o v e m e n t of t h e pore wa te r ; 

- t he skeleton s t ruc tu re of t he soil (whether 
s a tu ra t ed or not ) m a y undergo a deforma-
t ion only when the applied stress exceeds a 
critical va lue of p0. 

T h e lat ter s t a t e m e n t has been interpreted b y F E D A et al. 
(1977) in the fo l lowing manner . T h e pos i t ion of contac t forces 
b e t w e e n the grains of an undi s turbed soil is qui te r a n d o m 
(Fig. 200). W i t h increasing load , these c o n t a c t forces grad-
ual ly reach their l imit pos i t ion A, inc l ined to the normal 
of the contac t p lane at the angle of the intergranular fric-
t ion 0U. (An addit ional increment of contac t s t rength m a y 
arise b e t w e e n the part ic les b y cementa t ion . ) The soil will be 
considerably fdeformed on ly if a s tat i s t ica l ly signif icant 
number of particles start t o sl ide (i .e. Κ A). B e n e a t h t h e 
foot ing, the vert ical stress decreases w i t h d e p t h , and so does 
the number of contac t forces t h a t h a v e reached their l imit 
posi t ion. This is mani fes ted b y the non-l inear behav iour of t h e 
mass . A t the same t i m e , owing to the increase of the geos ta t i c 
pressure, the number of contac t s in a vo lumetr i c soil un i t 
increases , and therefore t h e soil b e c o m e s more and more 
deformat ion res is tant w i t h depth . 

The aforesaid considerat ions find the i r solut ion 
in pract ice b y t ak ing t h e unde rg round as compres-

sible to a d e p t h l imit of m 0 only. Most countr ies 
h a v e decided t o allow a d e p t h l imit ζ in the i r Codes 
of Prac t ice where 

<fz = ßag, ( 2 3 4 ) 

i.e. t h a t pa r t i cu la r d e p t h where t h e stress from 
ex te rna l forces equals β t imes t h e overburden 
pressure , tf«, wi th an assigned value of 0 . 1 or 0 . 2 
for β. 

I n H u n g a r y , t h e formula proposed b y J A K Y is 
still in use for es t imat ing t h e se t t l ement . I t s ta tes 
t h a t 

ab 

a + b 
( 2 3 5 ) 

where a and b are t he hal f -width a n d - length of t h e 
footing, respect ively. 

There are two sui table ways to select t h e appro-
pr ia te va lue for t h e d e p t h l imi t : 

— measured se t t l ements of exist ing buildings 
are back-ana lyzed , a n d when sufficient d a t a 
have been ob ta ined a regression analysis is 
per formed; or 

— gauges are incorpora ted in t h e soil and t h e 
deformat ion of each slice is de te rmined . 

A L T E S ( 1 9 7 6 ) chosed t h e first m e t h o d for analyz-
ing the measured se t t l ements of 1 3 2 bui ldings. W i t h 
t h e d a t a a mul t ip le regression analysis was t h e n 
performed to find t h e re la t ionship m0/B = 
= f(p, F,E, B/L). 

These calculat ions p roduced t h e following for-
mu la : 

Β ~~ 

0 . 3 3 3 

where 

5 . 0 4 j B I O
5
 q

0 A1
 1 + 

-17.7 

1 + 5 F -0 .05 

1 + 0 . 0 7 5 Ε ; 

" - 4 0 . 8 Γ I "110.2 

0 1 J [ 1 + 0 . 0 2 B/L] ' 
( 2 3 6 ) 

Β = w i d t h of t h e base , m, 
L = l eng th of t h e base , m, 

Soil 
particles 

0*3 

Fig . 200. Contact forces b e t w e e n soil part ic les: 
Κ — initial randan position; A—limit position; ΛΓ—normal position ( F e d a . 
el al., 1977) 
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F = surface area of t h e base , m 2 , 
ρ — con tac t pressure , kp /cm 2, 
Es = modulus of compressibi l i ty , k p / c m 2 

(The correlat ion index was I = 0 . 8 2 for his cal-
culat ion.) 

Based on th is formula, Fig . 2 0 1 has been com-
posed for th ree diflerent F , and two different Es 

values each .The following conclusions can be d rawn 
theref rom: 

— t h e dep th l imit decreases when Es increases; 
— t h e ra t io m0/B decreases when Β increases; 
— the dep th l imit as calculated b y t h e supposi-

t ion az = 0 . 2 ty will devia te more a n d more 
from t h e resul t of t he above formula when 
the footing is e longated, and/or t h e surface 
area becomes larger . 

A s t u d y performed b y F E D A et al. ( 1 9 7 7 ) present-
ed ano the r possibil i ty. Fou r loading tes t s were 
carried ou t using a 1 3 8 cm d iameter p la te on th ree 
different soils (silty sand, loess, and dense clayey 
sand) . The re la t ionship be tween s and ζ for one of 
the t r ia l tes t s is shown in Fig. 2 0 2 . The following 
values were ob ta ined for t h e re la t ive d e p t h of t h e 
compressible zone mJD as a funct ion of t he load : 

Load 

«(%) 0.05 0.1 0.2 0.4 0.75 

5 0.7 0.9 1.1 1.3 1.7 
0 1.2 1.6 1.9 2.2 2.6 

0 100 200 300 400 500 600 

L/B=10 

F i g .
5
 201 . D e t e r m i n a t i o n of t h e d e p t h l imit ( m 0) after A L T E S 

(1976) 

s (mm) 
0 2 4 6 β 10 12 

3.5 l j 1 I I I 1 ι 
Fig . 202 . D e p t h l imi t as de termined b y mode l t e s t s ( F E D A 
et al, 1977) 

The au thor s proposed accept ing t h e d e p t h over 
which 9 5 % of t h e se t t l emen t occurs as m 0 . 

T h e observat ion of these authors t h a t m 0 does no t d e p e n d 
o n Es contrad ic t s t h e observat ions m a d e b y A L T E S (1976) , 
J E G O R O V and P O P O V A (1971) and others , and this m i g h t b e 
a t tr ibuted to the smal l n u m b e r of t e s t s . 

2 .2 .7 Stresses in layered sys tems 

Throughou t t he foregoing considerat ions, t he 
m e d i u m in which t h e stresses are induced has been 
assumed to be uniform and t o ex tend to infinity. 
However , cases are often encountered in pract ice 
where a layer — solid rock, dense sand, or gravel — 
is s i tua ted a t a cer ta in d e p t h below t h e footing 
which is v i r tua l ly incompressible and completely 
rigid for all prac t ica l purposes . A t t h e interface of 
the t w o layers shear stresses will ensue which will 
modify t h e whole stress p a t t e r n . A solution to th is 
p rob lem was presented b y M A R G U E R R E ( 1 9 3 1 ) , 
t h e resul ts being reproduced after J E L I N E K ( 1 9 5 1 ) 
in Fig . 2 0 3 . As will be no ted t h e eflect of t he rigid 
layer is t o concen t ra te t h e stresses a round the 
center l ine of t h e load . 

Ano the r case of prac t ica l in teres t is t h a t where 
t h e layer closer t o t he surface is re lat ively stiff and 
is under la in b y weaker layers of considerable 
th ickness . This s i tua t ion is often created artifically, 
when t h e poor subsoil is excava ted and replaced 
b y a desirable mater ia l , e.g. to suppor t the foot-
ing on a well compac ted base of sand or gravel . 
The compressibi l i ty of t he uppe r soil layer is t hen 
considerably lower t h a n t h a t of t he under ly ing 
layer , so t h a t owing t o t he higher resistance to de-
format ion , t he stresses are concen t ra ted in the up -
per layer , only a lower stress being t r a n s m i t t e d to 
t h e soft layer . 
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Fig . 203 . Vert ical stresses in the e last ic layer rest ing on a stiff subbase materia l 

For es t imat ing the stresses in two-layer sys tems, 
wi th special regard to p a v e m e n t design, a m e t h o d 
has been suggested b y B U R M I S T E R ( 1 9 4 5 ) . 

The stresses induced in a lower layer of re-
duced s t r eng th m a y be found b y using the m e t h o d 
developed b y the senior a u t h o r ( K É Z D I , 1 9 5 8 ) . 
I n essence, th is a pp rox ima te app roach consists of 
in t roducing an equiva len t layer th ickness . 

The principle under ly ing t h e de te rmina t ion of 
the equiva len t layer th ickness W is t h a t t he un i t 
load ρ ac t ing on t h e surface of th is layer should 
induce t he same ver t ica l s tress, a t t h e b o t t o m of 
the layer in the case of a homogeneous soil, as t he 
original load a t t h e same d e p t h (Fig. 2 0 4 ) . The 
value of h' is found wi th t he help of t h e curves in 
Fig. 2 0 5 . I t should be emphas ized t h a t t he appl i -
cabi l i ty of th is m e t h o d is res t r ic ted to cases where 
the upper layer is cohesive a n d t h u s has a cer ta in 
tensile s t r eng th , since according to t h e theo ry , t he 
radia l stresses developed a t t h e interface of t he 
two layers cause tension which granular soils are 
incapable of wi ths t and ing . 

Fig . 204. Concept of the equ iva lent layer th i ckness 

The m e t h o d is t h u s also unsu i t ed for es t imat ing 
the se t t l ement of foundat ions on impor t ed fill. 
Such problems will yield t o t h e t heo ry advanced 
b y P O K R O V S K I I (1937). The assumpt ion under ly ing 
th is t heo ry is t h a t t h e e x t e n t to which a mater ia l 
is capable of resist ing stresses is dependen t upon 
the value of i ts modulus of elast ici ty. The veloci ty 
a t which v ibra t ions are p ropaga t ed also depends 
on t h e modulus of elast ici ty. Le t us now denote 
t h e velocities in t he upper and lower layers b y v± 

and v 2 , respect ively. If E1 > 2£2, t h e n v1 > v 2 . 
A beam of energy e m a n a t i n g from a center of v ib-
ra t ion will r e t a in i ts direct ion in t h e uppe r layer , 
b u t will be refracted (Fig. 206) a t t h e b o u n d a r y 
be tween the two layers . The radia l dis tance which 
the wave has a t t a ined a t t he b o t t o m of t he lower 
layer is 

Τ = h t a n αχ + H t a n α 2 ^ h α χ + ϋ α 2 . (237) 

I 1 , 
η 

— — 
η* 

h/ 

ΓΌ-Ο 

0 1 5 10 15 
Ε,/Ε2 

Fig . 205 . D e t e r m i n a t i o n of the equ iva l en t layer th ickness 
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Fig. 206. P O K R O V S K I I ' S m e t h o d (1937) for the i n v e s t i g a t i o n 
of the t w o layer s y s t e m 

In t roduc ing t h e imag ina ry layer of th ickness W 
and pos tu la t ing t h a t in t he uniform layer of th ick-
ness (α ' + H) t he wave should a t t a i n t h e same 
point as in t h e original layer of th ickness (h -f- i f ) , 
we have 

Τ ^ (W + H) ol2 ( 2 3 8 ) 

or 

h' = h-±-. ( 2 3 9 ) 

Now according to t he t heo ry of v ib ra t ions 
V
l ι 

a 2 = a x — , so t h a t 

N E W T O N found the veloci ty of p ropaga t ion in 
uni form media to be 

y 
,
r
~Ê 

( 2 4 0 ) 

where Ε — Young ' s modulus of elast ici ty of t h e 
med ium, 
t he dens i ty of t he med ium, 
a cons t an t whose m a g n i t u d e de-
pends on t h e la te ra l elast ici ty of t he 
m e d i u m and on the direct ion of 
p ropaga t ion . 

ô 
A 

Combining E q s ( 2 3 8 ) a n d ( 2 3 9 ) : 

h' = h 
Ε

2
δ

1 

( 2 4 1 ) 

Consequent ly , t h e stresses induced in t h e lower 
layer of a two- layer sys tem b y a concen t ra ted force 
Ρ ac t ing on t h e surface of t h e upper layer m a y be 
c o m p u t e d b y t h e formulae of B O U S S I N E S Q , b u t the 
d e p t h is t o be measured from t h e surface of t h e 
equiva len t layer of th ickness h\ as if t he load ac ted 
a t po in t Ov r a t h e r t h a n a t point 0 (Fig. 2 0 6 ) . 

Accordingly, in t h e centerl ine of t h e load 

3 P 

2π ζ + h 
A ) 2 

^ 2 > 

( 2 4 2 ) 

Anothe r wel l-known solution is connected wi th 
t h e n a m e of O D E M A R K ( 1 9 4 9 ) . Making use of the 
slab t h e o r y i t is possible t o deduce t he subs t i tu t ive 
th ickness (He) of t h e uppe r layer which gives the 
same bending s t r eng th in b o t h t h e upper and the 
lower layer . I t can n a m e l y be wr i t t en t h a t 

E9 

μί \ - μ \ 
η

3
 HI, ( 2 4 3 ) 

where E1 and E2 = 

and μ2 = 

modulus of elast ic i ty in the 
u p p e r and the lower layer , 
respect ively, 
Poisson 's ra t io re la t ing to the 
uppe r and the lower layer , 
respect ively. 

Using Burmis t e r ' s t heory , we can t a k e t he η 
factor as 0 . 9 , and supposing t h a t μ1 is equal t o μ 2, 
t h e subs t i tu t ive layer th ickness will be found a s : 

He = 0 . 9 Hx 

E9 

( 2 4 4 ) 

Anothe r possibi l i ty of finding He is offered b y 
using opt ica l analogy ( B R A N D L , 1 9 7 0 ) . The veloc-
i t y ν of a l ight b e a m depends on Ε and γ. W h e n 
t h e b e a m reaches t h e interface wi th a mate r ia l of 
lower modulus of elast ici ty i t b reaks t oward the 
no rma l of t he plane (Fig. 2 0 7 ) , complying wi th 
t h e law 

sin a x v1 

sm a 2 v2 

2 

σ 

Fig . 207. Calculat ion of stresses in the t w o layer s y s t e m b y 
us ing opt ical ana logy ( B R A N D L , 1970) 
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where in reference to t he figure t a n α χ = sjH1 and 
t a n a 2 = sjHe, and so: 

t a n 04 

t a n oc9 

(245) 

As here the angles and angle diflerences are small , 
it can be said t h a t : 

sin ocx Hi— · 

Newton ' s law pos tu la tes t h a t 

v = A 

where δ is t he dens i ty of t he mate r i a l , A is a con-
s t an t depending on Poisson's r a t io , and so, b y 
changing ô to γ: 

Ε
1 ? 2 

Ε
2 Ϊ \ 

(246) 

which is congruent wi th t he formula proposed b y 
P O K R O V S K I I . 

Indica t ions can be found in t he l i t e ra tu re t h a t 
E q . (244) is closer t o rea l i ty . 

Problems re la ted t o t h e d is t r ibu t ion of stresses 
in two- layer and mul t i - layer sys tems will be deal t 
wi th in Chapte r 4. 

2.2 .8 Stresses in anisotropic media 

The stresses deal t wi th in t he foregoing sections 
were invar iab ly based on t h e assumpt ion of uni-
form, isotropic soils w i th ident ical elastic proper-
ties in all direct ions. I n t h e case of s ed imen ta ry 
soils, th is a ssumpt ion is, in general , no t val id . 
Thus in typ ica l mar ine clay deposits t h i n coarse-
grained layers are usual ly in te rbedded . On t h e 
surface thereof a higher shear m a y be developed 
and t h u s t h e resis tance to la te ra l d isp lacement 
m a y be apprec iably grea ter t h a n in uniform soils. 
Loess soils also display anisotropic proper t ies , in 
t h a t owing to t he minu te ver t ical , l ime-encrus ted 
canals , t he soil is of a co lumnar s t ruc tu re wi th 
widely differing compressibili t ies in t he ver t ica l 
and hor izonta l direct ions. On the o ther h a n d , the 
modulus of compressibi l i ty will usual ly be observ-
ed to increase wi th d e p t h in sands . The dis t r ibu-
t ion of stresses is necessarily influenced b y such 
aniso t ropy, p r o m p t i n g a n u m b e r of researchers t o 
find a solution to th is p rob lem. Some of t h e rele-
v a n t theories are described below. 

The me thod suggested b y B A B K O V and B u -
K O W S K I (1950) for anisotropic soils provides a fair 
degree of approx ima t ion and is suppor ted b y 
exper imenta l evidence. I n t h e case of a line load 
act ing on an anisotropic infinite half-space, t h e 
Young 's modul i of e last ic i ty will be denoted b y 
E± and E2 in t he hor izonta l and ver t ical direct ions, 

\ 

\ \cr2 

Tzx dx 

dz 

Fig . 208. Stresses in the anisotropic half-space generated b y 
a vert ica l l ine load on the surface 

respect ively , and t h e stresses are given approxi-
m a t e l y b y t h e following expressions: 

a? 
2p Kz^ 

π r 4 

2p x
2
z 

Κ 

Κ 
2p xz

2 

(247) 

The no ta t ions are expla ined in Fig. 208 while Κ 
denotes t h e ra t io 

Κ = A 
EI 

Under a concen t ra ted force t he stresses are 
given as 

ρ ζ* (ί + κ + κη 

π R
5
K (1 + Κ) 

(248) 

W i t h Κ = 1 t h e expressions reduce to the form 
given for uniform soils. Apply ing t h e foregoing 
expressions to frozen soils, T S Y T O V I C H has shown 
the stresses unde r concen t ra ted loads to exceed 
those after t hawing b y as m u c h as 7 0 % . 

The prob lem of stress d is t r ibut ion has been 
solved b y W E S T E R G A A R D (1938) for clay soils wi th 
inters trat i f ied t h i n hor izonta l layers . These have 
been assumed to be present in great number s , 
closely spaced and of negligible th ickness , b u t of 
infinite r igidi ty , t h e r e b y p reven t ing the soil mass 
from undergoing la te ra l s t ra in . Fo r a concent ra ted 
ver t ical load on the surface of t he half-space, t he 
ver t ical stresses are given as 

<r2 = 
2n 

[ m -- 2 

2n ' 2m - 2 

Γ m + 2 , 
- Γ 1 

3/2 

2m — 2 

(249) 
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Regard ing t he Poisson's n u m b e r to be infinitely 
large — in agreement wi th t he s ta r t ing assump-
t ion : 

„ 1 

13/2 
(250) 

The no ta t ions are t he same as those in Fig. 191, 
Under a rec tangu la r footing wi th sides a and b 

t he stresses are found by in tegra t ing E q . (249) 
t h u s 

a9 = 

= — arc cot 
71 

<or m = oo 

q 

2n 

2m —2 

arc cot 

Ρ n
2
) ( 2 m - 2 ) i 2n 2 

(251) 

2 / 2 2n 2 4 i 2n 2 
(252) 

The stresses obta ined by Wes te rgaa rd ' s equa-
tions and for t he isotropic half-space are compared 
in Fig. 191. 

In cases where the load is concen t ra ted and r/z <C 
< 0.8 and fur ther for surface loads wi th b o t h / and 
η smaller t h a n abou t un i ty , Wes te rgaard ' s formulae 
give lower values , viz. abou t two- th i rds of those 
computed wi th Boussinesq's equa t ion . 

There is no t enough evidence available to in-
dicate posit ively which of the two formulae gives 
the more reliable resul ts in general pract ice . In 
sed imenta ry soils t he assumpt ions under ly ing 
Westergaards ' s solution seem to be more realistic. 
This appears to be suppor ted b y the fact t h a t t he 
se t t lements es t imated using t he formulae apply-
ing t o isotropic soils were generally found to be 
smaller t h a n those ac tual ly observed, a l though 
th is m a y be due to a va r i e ty of o ther factors as 
well. 

I n t he case of anisot ropy considered b y Fröhl ich , 
the compressibil i ty, i.e. compression-, or elastic 
modulus of t he soil, varies according t o a cer ta in 
relat ionship wi th dep th . The reduc t ion of compres-
sibility wi th dep th is observable , par t icu lar ly in 
sands . 

The reason for th i s is t h a t t h e cri terion of su-
perposi t ion does no t hold t rue for soils, as can 
be readi ly demons t r a t ed b y t he t r iax ia l compres-
sion tes ts described in P a r t I . I n the case of per-
fectly elastic bodies ac ted upon b y an init ial hyd-
rosta t ic pressure, t he vert ical deformat ion would be 
found to be independen t of t he magn i tude of t he 
initial pressure. The same tes t performed wi th sand 
would yield deformations which are the smaller, 
t he greater t he init ial pressure m a y be. I n a na t -
ura l sand deposit subject to geostat ic pressure, t he 
vert ical and horizontal stresses increase wi th 
dep th , so t h a t the s t ra ins induced b y a given exter-
nal stress will decrease correspondingly. 

An exac t theore t ica l solut ion for the condit ions 
described above was given b y B O R O W I C Z K A (1943) 
in t he form of slowly converging infinite series, 
which is t h u s of b u t l i t t le pract ical in teres t . 

F o r t h e case of a Young ' s modulus of elast ici ty 
increasing in l inear p ropor t ion wi th dep th , t he 
following formulae have been derived b y F R Ö H -

L I C H (1934): 

— q j sin θ 2 — s inö 1 s i n 30 2 -\ s i n ^ 
I 3 3 

q [ s in 30 2 — s i n ^ ] , 

q [ cos 30 2 — c o s ^ ] . 
(253) 

(for t h e no ta t ions cf. F ig . 175). 
I n t h e example shown in Fig. 209, t h e stresses 

c o m p u t e d b y assuming Ε = cons tan t and Ε = 
— α ζ are compared . The l a t t e r will be seen t o be 
more concen t ra t ed in t h e centerl ine of t he load. 

Concerning t h e p ropaga t ion of stresses in an-
isotropic soils, t he n a m e of J E L I N E K (1948) should 
be men t ioned ; r igorously observing t he laws of the 
m a t h e m a t i c a l t h e o r y of elast ici ty, he has suc-
ceeded in developing rela t ionships for t he case of 
media hav ing different modul i of elast ici ty in the 
hor izonta l and ver t ical direct ions. The computa -
t ion formulae for concen t ra ted a n d line loads are 
r a t h e r s imple, especially for t h e case of m = o o . 
Since t he stresses ob ta ined in t he case t h a t k

2
 = 

= E2/E1 > 1 are concen t ra ted abou t t he center-
l ine, he has suggested mak ing allowance for the 
effect of shear stresses in t he contac t p lane , as well 
as of t he increase of t he compression modulus wi th 
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Fig . 209. Vert ical stresses in the elast ic half -space: 

a — constant modulus of elasticity (v = 3, Ε = constant); b — modulus of elastic-
ity increases linearly with depth {y = 4, Ε = a z) 
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dep th b y the appropr i a t e choice of t h e va lue fc2, 
t he effects of these factors on t he stress dis t r ibu-
t ion being of t he same sense. 

2.3 Settlement of foundations 

Tota l se t t l ement of a footing is, in general , 
composed of t h ree p a r t s . The first of these is t h e 
ins t an taneous , or ini t ial se t t l ement . This is no t 
accompanied by a vo lume change and is due prin-
cipally t o t he effect of shear stresses. This set t le-
men t f requent ly remains unobserved dur ing t h e 
const ruct ion of a bui lding as i t occurs wi th in a 
very shor t t ime and is small re la t ively t o t h e t w o 
other p a r t s . I t assumes significance in t he analysis 
of deformations p roduced b y t r ans ien t loads , or 
when processing and eva lua t ing t h e resul ts of 
loading tes ts of shor t dura t ion . This init ial set t le-
men t will be deal t wi th in Section 2.3 .2 .1 . 

The second p a r t comprises t he se t t l ement due to 
consolidation, caused b y t h e d isplacement of air, 
or wa te r from the soil u n d e r t h e load. Consequent-
ly, th is p a r t of se t t l ement is accompanied b y a 
change in vo lume . The process is delayed over a 
cer ta in period of t ime , t h e l eng th of which is con-
trolled b y the air- and w a t e r permeabi l i ty of t he 
soil, while i ts magn i tude m a y be e s t ima ted from 
the compression curve , or ano the r load-deforma-
t ion d iagram. 

The t h i rd p a r t is called t h e secondary set t le-
m e n t a n d is due t o secondary compression. The 
shear stresses cause plast ic flow in t h e soil skeleton, 
the part icles being slowly displaced re la t ive to 
each o ther . This p a r t of t h e se t t l ement becomes 
great enough t o be of impor t ance in specific soil 
types only, name ly fat c lays, p e a t a n d o the r orga-
nic soils. 

The se t t l ements unde r a pa r t i cu la r s t ruc tu re , 
and even more so t he differential se t t l ements unde r 
the diverse p a r t s thereof depend , however , no t 
on t he compressibi l i ty of t h e soil a lone, or of t h e 
individual soil layers , b u t also — to a considerable 
ex t en t — on t h e s t ruc tu re itself. The indiv idual 
suppor ts of s ta t ical ly de t e rmina te s t ruc tu res m a y 
sett le to a cer ta in ex t en t i ndependen t ly from each 
o ther w i thou t affecting t h e d is t r ibut ion of forces 
in t h e ent i re s t ruc tu re , whereas differential set t le-
m e n t will p roduce in te rna l forces in s ta t ica l ly in-
de te rmina te s t ruc tu res . These , in t u r n , will br ing 
abou t changes in t h e bear ing loads responsible for 
t he se t t l ements , t h e resul t ing in te rac t ion , as a rule , 
being very difficult t o inves t iga te analyt ica l ly . 
This is t h e reason for t h e common pract ice in 
se t t l ement computa t ions of regarding the footings 
— spread and cont inuous alike — as i ndependen t 
e lements a n d of es t imat ing , more or less in t h e 
l ight of pas t experience, t h e probable behav iour 
of t he s t ruc tu re from t h e differential s e t t l emen t 
t h u s computed . I n some cases, more accura te com-
pu ta t ions are also possible, as will be shown in 
Section 2.3.7. 

The appl ica t ion of t h e t heo ry of elast ici ty to 
se t t l ement c o m p u t a t i o n problems will first be dem-
ons t r a t ed a n d t h e n followed b y a descript ion of 
convent iona l se t t l ement compu ta t i on . These prob-
lems are commonly encountered wi th foundat ions 
on clay soils, while footings on sand are usual ly 
dimensioned for t h e load-bear ing capac i ty of t he 
soil. Once t h e marg in of safety wi th respect to soil 
failure is wide enough, t he se t t l ements — on sand 
soils — are usual ly small enough to be neglected. 
Never theless , se t t l ements m u s t be examined as 
well in such cases. 

2.3 .1 Sett lement computat ions by the theory of elasticity 

The theo ry of elast ic i ty is used in soil mechanics 
exclusively for t h e de te rmina t ion of stresses. I n 
general , th is is ac tua l ly t h e case and explicit for-
mulae for par t i cu la r problems are avai lable , which 
can be used to a d v a n t a g e . The l i t e ra ture in this 
field has grown in vo lume considerably over the 
pas t years . The fundamen ta l p roblem encountered 
when t ry ing to app ly t h e formulae derived in the 
t heo ry of elast ici ty is concerned wi th t he numer i -
cal va lue to be in t roduced for t he modulus of 
e last ic i ty . According to one approach , t he modulus 
value corresponding t o t h e t o t a l stress is used for 
compu t ing t h e ini t ial se t t l ement , whereas t h a t de-
t e rmined on the basis of effective stresses is adopt -
ed for es t imat ing t h e final va lue of consolidation 
se t t l emen t . 

Let us first consider two fundamen ta l cases, 
name ly those of t h e circular p la te and of t he rigid 
s t r ip footing, b o t h loaded a t the i r centerline 
( F I S C H E R , 1957). 

Unde r a concen t ra ted ver t ical load act ing in i ts 
center l ine, t he infinitely rigid circular p la te will 
set t le uniformly. I n such cases, t he bear ing pres-
sures in t h e con tac t p lane are no t d i s t r ibu ted even-
ly b u t according to t h e expression ( B O U S S I N E S Q , 

1885): 

qr 1 

2 If 2 y ι 
(254) 

(cf. Fig . 2 1 0 ) . 

The dis t r ibut ion of t h e ver t ical and horizontal 
pr incipal stresses in t h e centerl ine is found b y in-
t egra t ion , whence t he compression along ζ of a 
cylindrical e lement in t he centerl ine can be com-
p u t e d , t h u s 

Ε 
σζ — μ(ύχ + Öy) 

Ε 
\Ρζ - 2μ*χ\ (255) 

and t h e compression of a layer ex tending from 
ζ = 0 t o ζ = ζ becomes 

y 2μ<Τχ)Αζ. (256) 
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Fig. 210. Contact pressure dis tr ibut ion (a) be low a rigid 
circular p late loaded b y a vert ical s ingular force (Q) at the 
centre 
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Fig . 211 . D i a g r a m for the ca lculat ion of partial s e t t l e m e n t s 

( y ) : 
a — for a rigid circular plate loaded by a vertical singular force in the centre; b — 
for a rigid centrally loaded beam 
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(cf. Fig. 212), t h e resul t ing compression of t h e 
layer down to d e p t h ζ being 

y = (i - m2) 
πΕ 

2 In cot ß 
1 — μ 

cos β 

(261b) 

The values of f(ß) are p lo t t ed in Fig. 211 . The 
par t ia l se t t l ements resul t ing from compression of 
single layers are compu ted from E q . (259). I t 
should be no ted t h a t for ζ o o again γ - > o o , 
so t h a t t he anomaly described before is again en-
countered. 

2.3 .2 Calculation of the three phases of se t t lement 

The procedures for calculat ing t h e se t t l ement 
have been e labora ted for cohesive soils (Sections 
2.3.2.1-2.3.2.3) because present l abo ra to ry tes t ing 
technology can only cover t he deformat ion ana-
lysis of these types of soils. P rob lems re la t ing to 
granular soils will be deal t wi th , therefore, in 
Section 2.3.2.4. 

2.3.2.1 Initial settlement 

W h e n a load is appl ied rap id ly to a s a t u r a t e d 
clay, t he soil deforms a t cons t an t vo lume (v = 
= 0.5) to accomodate t he imposed shear stresses. 
The se t t l ement associated wi th these deformat ions , 
t h a t occurs w i thou t significant dissipation of 
excess pore pressures , is called t h e ini t ia l (or un-
drained, or shear) se t t l ement . 

Apprais ing t he init ial se t t l ement separa te ly is 
i m p o r t a n t for t he following reasons. 

1. In i t ia l se t t l ement m a y cons t i tu te a large por-
t ion of t he t o t a l se t t l ement , depending on the na-
tu re of t he soil, t he geomet ry of loading, and t h e 
thickness of the compressible layer . 

2. Analysis of t he ini t ial se t t l ement is an in tegra l 
p a r t of t h e analysis of t h e overall t ime vs . set t le-
men t behav iour of foundat ions (cf. Section 2.3.2.2). 

3. In i t ia l se t t l ement is closely re la ted to t he 
undra ined s tabi l i ty of foundat ions of b o t h build-
ings and dams (cf. Section 2.4). Excessive ini t ial 
se t t l ement m a y be a warn ing of impend ing 
failure. 

Commonly used me thods for comput ing the 
init ial se t t l ement employ var ious in tegra t ions of 
Boussinesq's solution for t he se t t l ement unde r a 
poin t load on the surface of a homogeneous , 
isotropic, l inearly-elastic half-space. Thus 

S i = pB 
1 

Ε 
(262) 

Fig . 212 . Contact pressure d is tr ibut ion (a) be low a rigid 
b e a m 

where st = init ial se t t l ement , 
ρ — average con tac t pressure , 
Β = character is t ic dimension of the 

loaded area , 
Ε = Young ' s modulus , 
I = influence factor t h a t is dependent 

upon the p rob lem geometry . 

If Poisson's ra t io is incorpora ted in the in-
fluence factor, expression (262) can be re-wri t ten as 

pB 
I, (263) 

where Eu means t h e undra ined modulus of elastic-
i ty . 

D ' A P P O L O N I A et al. (1971) proposed t ak ing the 
ini t ial in situ shear stress also in to account and 
to modifying the value gained from expression 
(263) as a funct ion thereof. Three character is t ic 
sections can be identified on the idealized q vs. sz 

curve (Fig. 213): 

1. a l inear segment OA where sz- is propor t ional 
to load (elastic s e t t l emen t ) ; 

Failure stress 

Range of contained 
plastic flow 

Initial settlement, s/ 

Fig . 213 . Ideal ized load- in i t ia l s e t t l e m e n t curve ( D ' A P P O -
L O N I A et al., 1971) 
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2. a non-l inear segment AB commencing when 
the shear stress becomes equal to the shear s t r eng th 
a t some point in the soil mass (local yield); 

3. a hor izontal segment BC, represent ing the 
failure of the foundat ion a t the u l t ima te bear ing 
stress, qu. 

The l inear por t ion of, t he curve can be ob ta ined 
from an elastic analysis , requir ing only t he Eu 

modulus and the problem; geomet ry to be known. 
The poin t A a t which the first yield occurs can be 
es t imated b y de termining the applied foundat ion 
stress required to induce failure a t some point 
wi thin the soil mass . To eva lua te t h e segment AB, 
an analyt ica l me thod is required t h a t considers t he 
plastic flow in the soil mass . Final ly , t he u l t ima te 
bear ing stress qu can be ob ta ined from a s tabi l i ty 
analysis using the average undra ined shear 
s t rength . For simple problem geometries and soil 
condit ions, an explicit expression is available for 
qv. The safety factor / beyond which local yield 
first occurs below a s tr ip footing is p lo t ted in 
Fig. 214 as a function of an init ial in situ shear 
stress before any ex te rna l load is applied and of 
the undra ined shear s t r eng th su. 

10 

f = 
2sn 2su 

(264) 

where ä„n = t h e ini t ial ver t ical effective stress, 
t he init ial hor izonta l effective stress, 
t he coefficient of la tera l e a r t h stress 
a t rest . 

Κ ο 

F u r t h e r on the au thors suggested to use an SR 

se t t l ement ra t io which has been va l ida ted for 
var ious q/qu aud H/B ra t ios (H being the th ickness 
of the layer) b y means of t he finite e lement me thod 
(Fig. 215). I n th is sense t h e calculat ion will pro-
ceed in the following s teps : 

1. E s t ima te the value Eu and / from l abo ra to ry 
or field tes t s . 

2. Perform an undra ined s tabi l i ty analysis to 
obta in t h e u l t ima te bear ing capac i ty and hence 
the applied stress ra t io q!qu a t t he working load. 

3. E s t ima te t he elastic init ial se t t l ement sz from 
convent ional elast ici ty theories . 

4. For the compu ted values of qlqu and / , use 
F ig . 215 to ob ta in the se t t l ement ra t io SR. 

The init ial se t t l ement is t hen compu ted as : 

Qi =
 S

il
S
F (265) 

The va l id i ty of E q s (262) and (263) has also been c o m m e n t -
ed b y other researchers. The influence of the safety factor on 
the initial s e t t l ement of an e m b a n k m e n t on c lay has been 
recognized b y P u s c h , w h o sugges ted the in troduct ion of a 
correcting factor equal to 

1 + 
1 

F 
(266) 

33 

5) 

•£ 6 

4 

qy=tt(l-f)su for 0<f^1 
qy:n(1-f

2
)su for -Hf*0 

Strip foundation on homo-
geneous isotropic clay 

-1.0 -0.5 0 0.5 1.0 
initiai shear stress ratio, f 

Fig . 214. Sa fe ty factors at w h i c h local y ie ld first occurs 
under strip foundat ions ( D ' A P P O L O N I A et ai . , 1971) 

and b y M É N A R D , w h o sugges ted a factor in the form of 

2 F 

3 F - 1 ' 
(267) 

which impl ies t h a t the c o m p u t e d elast ic s e t t l ement has to be 
increased w h e n the safe ty factor is less t h a n 3.0. 

S o m e authors po int i t o u t t h a t observed init ial s e t t l ement 
was b e y o n d t h a t ca lculated and infer t h a t the cause w a s 
probably t h e pore water which had already begun to diss ipate 
in th i s phase . 

0.2 0.4 0.6 0.8 
Applied stress ratio, q/q0 

1.0 

Fig . 215 . Re la t ionsh ip b e t w e e n s e t t l e m e n t ratio and appl ied 
stress rat io for strip foundat ions on h o m o g e n e o u s i sotropic 
e last ic layer ( D ' A P P O L O N I A et ah, 1971) 
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T A V E N A S and L E R O U E I L ( 1 9 8 0 ) call a t t e n t i o n to overcon-

sol idated c lays w h i c h — b e y o n d a certain load — beg in to 
behave l ike normal ly conso l idated c lays , whereby the process 
of consol idat ion is n o t " h o m o g e n e o u s " . 

D A V I S and P O U L O S ( 1 9 6 8 ) — similarly t o t h e 
calculation of t he p r i m a r y se t t l ement , cf. Section 
2 . 3 . 2 . 2 — suggest involving crx and ay stresses in 
the calculat ion. I n th is w a y t h e ini t ial se t t l ement 
might be calculated from t h e formula : 

= cr, + 0 . 5 Κ + ay) Δ ζ 

^ E„ 
( 2 6 8 ) 

Several au tho r s express t h e opinion t h a t s, is 
ident ical t o t h e se t t l ement which occurs dur ing 
construct ion. S I M O N S and S O M ( 1 9 7 0 ) ana lyzed 
1 2 case records of se t t l ement of major s t ruc tu res 
on over-consolidated clays and quote a range of 
values for t he ra t io of se t t l ements a t t h e end of 
const ruct ion t o t h e t o t a l se t t l ements as 0 . 3 2 to 
0 . 7 4 , wi th an average of 0 . 5 8 . M O R T O N and A u 
( 1 9 7 4 ) have s tudied eight case records of bui ldings 
on London clay and quo ted a range of 0 . 4 t o 0 . 8 2 
wi th an average of 0 . 6 3 . B R E T H and A M A N N ( 1 9 7 4 ) 
repor ted similar resul ts for F rankfu r t clays. Fig. 
2 1 6 shows t he resul ts of se t t l ement surveys on 
Hungar i an bui ldings; t he d iagram is p lo t t ed as a 
function of qjtn where tc means t he t ime period of 
the const ruct ion. 

A quick loading m a y in t roduce serious problems 
in the case of silos, as it has demons t r a t ed t he anal -
ysis of measured se t t l emen t s of 1 9 H u n g a r i a n 
silos ( R É T H Â T I , 1 9 7 7 ) . These objects were founded 
on slabs of 3 0 0 t o 6 7 0 m 2 surface area (four of t h e m 
on 1 2 0 0 t o 4 1 6 0 m 2) . The average con tac t pressure 
was 1 2 7 k N / m 2 for dead load rising t o 3 1 1 k N / m 2 

when t he silos were fully loaded ( the ra t io is 
1 : 2 . 4 5 ) . Registered average se t t l ement unde r t he 
dead load was 3 . 4 8 cm, a n d i t rose 2 1 . 1 4 cm when 
the live load was effective. Here t h e ra t io is 1 : 6 . 0 7 , 
indicat ing an ex t remely grea t devia t ion from t h e 
previous ra t io of con tac t pressures . This canno t be 
a t t r i b u t e d t o t he sole fact t h a t in higher ranges of 
pressures t he re la t ion be tween q and s ceases t o be 
linear. The cause of th i s p h e n o m e n o n should be 
clear when t h e ra t io of t o t a l load (st) t o dead load 
(sc) is grouped b y soil t y p e s : 

Soil type η (*</sC)av 

Granular (and m i x e d ) 6 1 . 3 2 4 . 5 3 3 . 8 8 
Transit ional 4 1 . 9 5 1 6 . 0 3 7 . 7 9 
Cohesive 9 5 . 6 1 3 4 . 3 0 6 . 9 7 

The different behav iour of granula r and cohesive 
soils can be recognized also from t h e curves s a n d 
t in Fig. 2 1 7 . I n every case when t he subsoil con-
sisted of cohesive layers t h e se t t l ement vs. t ime 
curve shows a character is t ic b r eak no t far beh ind 
the in s t an t when the t ransfer of loads begins. A sim-
ilar event appears in t h e case of t r ans i t iona l 
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Fig. 2 1 6 . Degree of conso l idat ion u p to the end of construc-
t ion (Kc), according to surveys m a d e in H u n g a r y 

soils as well , b u t none of these features is mani-
fested on granular soils. (These surveys call a t t en -
t ion t o the need of keeping the r a t e of loading a t an 
acceptable level, and of a r ranging a schedule of 
loading in advance and adher ing t o it .) 

2 . 3 . 2 . 2 Primary compression 

P r i m a r y compression (consolidation) is under -
s tood t o be a process in which t he pore -wate r 
diss ipates from the soil mass cont inuous ly unde r 
t h e effect of t h e loading pressure unt i l equi l ibr ium 
— governed b y hydrau l ic b o u n d a r y condit ions — 
is res tored . Dur ing t h e process t he effective stress 
(cr) increases u n i n t e r r u p t e d l y a t t he expense of 
t h e neu t r a l stress (u), so t h a t a t every minu te and 
a t every po in t of t he compressed mass the equa l i ty 
a = σ -f- u prevai ls . 

The prob lem of one-dimensional compres-
sion (consolidation) has been solved b y T E R -

Z A G H I ( 1 9 2 3 ) . The se t t l ement in th is case can be 
found from t h e e q u a t i o n : 

2 
s = J mvAu dz , 

ο 
where Au = t he excess pore-water pressure , iden-

t ical wi th t h e effective ver t ical pres-
sure , on t he layer . 

mv = t h e coefficient of volumetr ic com-
pressibil i ty ( the inver t of t h e modu-
lus of compressibi l i ty Es). I t can be 
de te rmined b y an oedometer , i.e. in 
a device in which s ideward displace-
m e n t of t he sample is res t r ic ted. 

The se t t l ement for a given s i tua t ion can be de-
t e rmined b y dividing t he stress d iagram (az) in to 
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η pa r t s , and comput ing the sum given b y : 

2<tzi · mvi · Δζι, (269) 
1 = 1 

where Azt= means t he thickness of t he ί-th slice, 
<jzi = t he ver t ical stress a t t he centerl ine 

of the ith. slice, 
mvi — t he coefficient of volume compres-

sibility in t h a t poin t . 

(As t he relat ion be tween ö and ε is no t l inear mv 

varies according to the stress applied — increasing 
wi th the stress — because the s ideward m o v e m e n t 

is obs t ruc ted . ) The vert ical stress — i.e. i ts 
influence — should be counted up to t he level of 
t he stiff layer , or to t he dep th l imit ment ioned in 
Section 2.2.6. 

Terzaghi ' s procedure gives acceptable results 
only when 

— the th ickness of t he compressible layer is 
small in re la t ion to t he size of the footing, 
and/or i t is a t a great d e p t h ; and 

— a reliable sample can be tes ted in t h e oedo-
meter , or t he tes t can be subs t i tu t ed b y some 
other sui table me thod . 

Fig. 217. T i m e - s e t t l e m e n t curves as measured at 
silos on var ious soils ( R É T H A T I , 1977) 
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Since t h e 1950's m a n y au thor s have r e m a r k e d 
t h a t t he use of one-dimensional me thods for th i ck 
beds of compressible soils is inaccura te since 
subs tan t ia l l a t e ra l d isp lacement can occur. S K E M -

P T O N , P E C K and M A C D O N A L D (1955) recognized 
t h a t t he undra ined se t t l ement s „ ( = si) can be 
significant and b y accept ing t h a t t h e t o t a l set t le-
men t S ; is equal t o sod t h e y suggested t h a t t h e con-
solidation se t t l ement was given b y 

Sc =
 s

od -
 s

u · (
27
°) 

S K E M P T O N a n d B J E R R U M (1957) proposed a new 
me thod for e s t ima t ing sc b y apply ing a correct ion 
factor μ t o sod t o t a k e account of t he magn i tude 
of t he pore pressure set u p b e n e a t h t h e founda-
t ion dur ing undra ined loading a n d which is dis-
s ipated dur ing consol idat ion. The t o t a l s e t t l emen t 
is therefore given b y 

st = su + ^ . (271) 

The au thor s suggested t o in t roduce 

μ = [A+ 1(1-A)], (272) 

where A is t he pore-water p a r a m e t e r as suggested 
b y S K E M P T O N , and J is a function of L/B in t h e 
following sequence: 

Time (h) 
12 16 

LJB 0 0.25 0.5 1 2 4 10 oo 

I 1 . 0 0 . 7 5 0 . 5 3 0 . 3 7 0 . 2 6 0 . 2 0 0 . 1 4 0 

S K E M P T O N ( 1 9 5 7 ) suggested t h a t in due course 
se t t l ement analysis would p robab ly be carried ou t 
b y means of t r iaxia l t e s t s in which appropr ia te 
pr incipal stresses are appl ied first unde r un-
dra ined condit ions a n d t h e n allowing for dra inage . 
This is t h e basis of t he stress p a t h m e t h o d of 
L A M B E (cf. Section 2 . 3 . 3 ) a n d a var ia t ion of th is 
me thod has been proposed b y D A V I S a n d P O U L O S 

( 1 9 6 8 ) w i th similar app roach t o t h a t b y K É R I S E L 

and Q U A T R E ( 1 9 6 8 ) . 
Following t h e procedure suggested b y t h e la t -

t e r au thors , t he first s tep t o be t a k e n is t o let t h e 
sample reconsol idate , th is means t h a t t he stresses 
a1 = <tg and ax = K0 · σ1 should be appl ied t o 
imi ta te t he original (in situ) condi t ion of t he 
sample . The n e x t s tep is t o app ly t h e de v ia to r 
stress αλ — tf3 t o t h e sample (which correlates w i th 
the ex te rna l load) and record t h e rela t ive defor-
mat ion , t h e volume of expelled wate r , a n d t h e 
pore-water pressure . W h e n these d a t a are known , 
the th ree phases of se t t l ement can be separa ted 
from each other . As can be observed in Fig. 2 1 8 
the r a t e of se t t l ement and t h a t of t h e squeezing 
wate r are no t congruent , which is a consequence of 
the init ial se t t l ement . I n t h e case of a rec tangu la r 
footing, two tes t s are needed (as tf2 Φ tf3), one 
wi th t he devia tor stress <sx — tf2,

 a n (^ t n e o t n er 

with αλ — <r3. The t rue re la t ive deformat ion migh t 
be expected be tween t h e two values . 

ο 
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^ 240 
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Fig . 2 1 8 . D i s t i n c t i o n b e t w e e n s e t t l e m e n t s relat ing to ini-
t ial and pr imary conso l idat ions during the eva luat ion of 
tr iaxial t e s t results ( K É R I S E L and Q U A T R E , 1 9 6 8 ) : 

I — settlement; 2 — dispelled water 

B y using t h e formula below t h e Poisson ra t io 
is also predic table from the Kér i se l -Qua t re t heo ry 

ε 3 Acf1 — ε1 A(f3 

2 ε3 Δα3 - ε^Α^ + Δα3) 
(273) 

where Acf1 a n d Aa3 

ε1 a n d ε3 

are t h e increments of prin-
cipal stresses, 
deformat ions as ac t iva ted 
b y t h e above ( the value of 
ε3 can be calculated from 
ε1 a n d the volume of wa te r 
expelled). 

T h e prob lem can on ly be so lved b y us ing sequent ia l i tera-
t ion . A n init ial v a l u e should be as sumed for ν — the authors 
sugges ted tak ing ν = 0 . 2 5 at the beg inning — to enable t h e 
ca lculat ion of σ 3 from av Should t h e ν a s s u m e d dev ia te sub-
s tant ia l ly from t h a t w h i c h can be ca lculated from E q . ( 2 7 3 ) , 
t h e t e s t should be repeated us ing the stress <73 ca lculated 
from lat ter v-value. 

D A V I S a n d P O U L U S ( 1 9 6 8 ) proposed for t he 
three-d imensional s i tua t ion , calculat ing t he to t a l 
s e t t l emen t s = sTF from the formula : 

s
tf = 2 ^ 7 [ ^ " ' f o + * y ) ]

 d z
 (

2 7 4
) 

where E' and v' re la te t o t h e soil skeleton. As t he 
calculat ion of t h e one-dimensional se t t l ement sod 

corresponds t o t h e case of ν = 0, a n d t h e re la t ion 
of Ε — t h e modulus of compressibi l i ty which was 
used for i ts calculat ion — to E' can be described as 

E = — = 
E' (1 - v') 

(1 + „ ' ) ( ! - 2 * ' ) ' 
(275) 

i t can be seen t h a t t he ra t io sod/sTF depends pri-
mar ly on t h e Poisson ra t io . This p ropor t iona l i ty is 
represen ted on Fig. 219 (insert a) for a uniformly 
loaded circular footing which res ts on an elastic 
unde rg round . T h u s , t h e one-dimensional approach 

10 Â. Kézdi and L. Réthâti: Handbook 
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is allowable when v
f <Ç 0.25 b u t begins t o diminish 

essentially thereaf ter , a n d t h e more so as t h e 
th ickness of t h e layer becomes grea ter in re la t ion 
t o t h e d iamete r of t h e circular footing. 

D A V I S and P O U L O S ( 1 9 6 8 ) ana lyzed the ini t ial 
se t t l ement as well (cf. Section 2 .3 .2 .1 ) . The value 
su will be defined b y using the elastic d i sp lacement 
theo ry b y p u t t i n g 

Ε = E„ 3 F 
2(1 + v') 

a n d ν = vu — 0.5 . 

The ra t io su/sTF is p lo t t ed in Fig. 219b for t h e 
same condi t ions as in Fig . 219a. Two expec ted 
t r ends are a p p a r e n t : t he ini t ial se t t l ement cont r ib-
utes to t h e t o t a l final se t t l ement to a m u c h higher 
p ropor t ion when v

f is high, a n d the ini t ial se t t le-
m e n t is re la t ively small for shallow layers . The 
a u t h o r s ' original article also describes a p rocedure 
for t h e de te rmina t ion of jB„. 

2.3.2.3 Secondary settlement 

Secondary compression (consolidation) due t o 
viscous deformat ions can be described according t o 
exper imenta l resul t b y t he logar i thmic funct ion: 

Η 

1 + e ( 

Ca log h + t (276) 

where C. coefficient of secondary consolida-
t ion, 

H = th ickness of t he layer , 
tf = t ime when t h e secondary consolida-

t ion begins . 

I t has n o t ye t been m a d e clear when the second-
ary consol idat ion begins : should i t be a t t h e 
i n s t a n t a t which t h e p r i m a r y compression set t le-
m e n t t e r m i n a t e d , or should i t be placed before 
t h a t t i m e ? 

Z E E V A E R T and V O G E L ( 1 9 5 3 ) combined E q . 
(276) wi th t he p r i m a r y se t t l ement in t he form: 

s
 =

 m
v a +

 m
t l o g — · HAp , (277) 

where mva · H · Ap = sa represents t h e p r imary 
compression se t t l ement which occured up to t ime 
ta. As t h e curves describing the two sections of 
consol idat ion have to share a common t a n g e n t a t 
the i r meet ing poin t , i.e. 

foi 

dt 

ds2 

3t 
(278) 

t h e process of secondary compression se t t l ement 
has t o begin before t h e p r i m a r y process has ended 
(i.e. while κ < 1 0 0 % ) . 

After hav ing scrut inized the d a t a from several 
se t t l ement surveys , J E G O R O V a n d B U D I N ( 1 9 8 1 ) 
suggested p ropaga t ing t h e use of t he re la t ionship : 

s = s0 + A I n (1 + Bt), (279) 

where s0 means t he se t t l ement measured a t the 
end of cons t ruc t ion . 

The rea l i ty implied in Eqs (276) and (279) is fur-
t he r suppor t ed b y two o ther c i rcumstances : 

(a) t h e one-dimensional consolidation c a n be 
described, in t he rea lm of κ = 0.526 to 1 b y the 
expression 

k = 1 - 1Ο- δ ' -0 ; ( 2 8 0 ) 

(b) according to exper imen ta l observat ions , t he 
measured se t t l emen t migh t be successfully e x t r a p -
ola ted b y using exponent ia l functions (cf. Sec-
t ion 2.3.4.3). 

The coefficient C a can be determined from long- term oedo-
metr ic laboratory t e s t s . I t is also c u s t o m a r y to accept C a as a 
g i v e n port ion of Cc. C o x (1981) , for e x a m p l e , m a d e the sug-
ges t ion to take C a = 0.045 Cc for virgin conso l idat ion a n d 
C a = 0.015 Cc in t h e overconso l idat ion range. 

F ig . 2 1 9 . Error incurred (a) b y e s t imat ing the s e t t l e m e n t from the one-d imens iona l approx imat ion (sod), (b) the ratio of 
the init ial (su) t o [the to ta l (sTF) s e t t l e m e n t as a funct ion of P O I S S O N ' S ratio ( D A V I S and P O U L O S , 1 9 6 8 ) 
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2.3.2.4 Settlement of bases on granular 
underground 

Deformat ion of g ranula r soils canno t be p rop-
erly de te rmined on t h e basis of l a b o r a t o r y t e s t s . 
Inves t iga t ion and tes t ing procedures m a d e in situ 
can provide some informat ion , first of all t h e P la t e 
Loading Test , t he S t a n d a r d Pene t r a t i on Tes t a n d 
the Sta t ic Cone Tes t , b u t useful in format ion can 
also be acquired from se t t l ement su rvey d a t a of 
nea rby buildings as well. Forecas t ing me thods are 
described in Section 2.3.4. b u t i t can be e m p h a -
sized a l ready a t th i s po in t t h a t real ly reliable 
methods have as ye t no t been developed. 

σ}+σ3 

2 .3 .3 Al lowance for the state of stress 

Vertical deformations of t h e soil a n d consequent 
se t t lements of t h e s t ruc tu res suppor t ed b y i t de-
pend no t only on t h e m a g n i t u d e of t h e stresses 
t r a n s m i t t e d , b u t also on t h e m e t h o d b y which these 
are imposed. As a means of visualizing th is m e t h o d , 
" s t r e s s - p a t h s " have been advanced b y L A M B E 

(1964) and the s t ress -pa th curves pe rmi t th is 
effect t o be s tudied (cf. Vol. 1, Section 7.6.3). The 
s t ress-path curve is unders tood as a sequence of 
Möhr circles describing t h e va r ia t ion of t he s t a t e 
of stress. A n y Mohr 's circle of stress is defined b y 
two coordinates (Fig. 220), name ly 

n _ σ± + σ3 < _ _ ΟΊ + 0*3 
P ~ 2 ' P ~ 2 

CT, — (TO 

9 = \
 3

; g = g-

(281) 

As can be seen, t o t a l and effective stresses m a y 
equal ly well be used. An example is given in Fig. 
220a. The soil sample was first unde r hydros t a t i c 
pressure (point I ) , t h e n t h e first pr incipal stress 
was increased (line 1-2-3) and finally t h e t h i r d 
principal stress was reduced (line 3-4). The stress-
p a t h 1-2-3-4 is a single-line subs t i t u t e for t h e 
n u m b e r of circles and presents a clear p ic ture of 
the changes . 

Let us now t race t he s t ress -pa th for an oedome-
ter tes t ( L A M B E , 1964). The stress circles are shown 
in Fig. 221a. The ini t ial condi t ion is represen ted b y 
point A, where t h e neu t r a l stresses are zero. 
Increasing t h e load, t he t o t a l stress will also increase 
and as long as there is no vo lume change , t h e shear 
stress will r emain unchanged . Fo r th i s reason, t h e 
line A Β is hor izonta l a n d t h e d iamete r of t h e circle 
remains t h e same. The t o t a l stress inc rement Δσχ is 
t h u s reflected in t h e n e u t r a l s tress . 

After t he load is applied (compression) consoli-
da t ion s t a r t s and the d iamete r of t h e Mohr ' s circles 
of t o t a l stress increases (points C a n d D). The t o t a l 
ver t ical stress remains cons tan t . The line A-B-C-D 
is t h u s t he s t ress -pa th t r aced on t h e basis of t o t a l 
stresses. The line AFD is t h e p a t h of effective 
stresses, as will be readi ly perceived. The line OD 

Fig . 220. 
a — Drawing the Mohr's circle of principal stresses for two values ρ and 5; 
b — stress-path of an experiment 

is t h a t of s ta t ic pressure . The angle β is given b y 
t h e expression 

t a n β =
 1

 -
 K

° 
l + K0 

(282) 

The deformat ions can be p lo t t ed on the same 
(o% r) d i ag ram. A series of t r i ax ia l t es t s of t he 
consol idated, und ra ined t y p e will yield compres-
sion curves resembl ing those shown in Fig. 222. If 
t h e coefficient of s ta t i c pressure is avai lable from 
o ther t e s t s , t h e lines pe r t a in ing t o ident ica l defor-
ma t ions can be t r a c e d from t h e curves a n d used 
in se t t l emen t calcula t ions . Before describing the 
process involved, a t t e n t i o n is called t o Fig. 223, 
in which t h e deformat ions p roduced b y different 
loads have been p lo t t ed , assuming t h a t t he in-
c remen t of t h e first pr inc ipal stress was t h e same 
in each case. I n t he case where t h e hydros t a t i c 
pressure was t h e ini t ial condi t ion (point E ) , t he 

Fig . 221 . S t r e s s - p a t h from an oedometer tes t 

10* 
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Fig . 222. 

a — Deformations; b — representation of equal deformations in the coordinate 
system p, q 

Ρ 

Fig . 223. Deformat ion pat terns for var ious compress ive 
tes t ing m e t h o d s 

Fig . 224. Procedure for s e t t l ement ca lculat ions: 

a — assumption of one-dimensional consolidation; b — calculation using triaxial 
test results following the stress-path ( L a m b e , 1964; 1967) 

increase in hydros t a t i c pressure will cause uniform 
compression (E-F). A soil sample consolidated in 
t h e oedometer (or an e lement of a normal ly consol-
i da t ed clay layer) is in t he s t a t e of s ta t ic pressure 
(point A). A s t ress-pa th following the line of s ta t ic 
pressure produces compression (line A-C) in the 
ver t ical direct ion. I n t he case of the s t ress-path 
Α-D, t h e la te ra l d isplacement is compression, 
while in t h a t of AB i t is expansion. 

The ques t ion arises as t o how these graphs can 
be used in se t t l ement calculat ions. Two methods 
will be demons t r a t ed (Fig. 224), t he first of which 
is subs tan t ia l ly a l ready known. Se t t l ement is as-
sumed here to resul t from one-dimensional con-
solidat ion and the init ial value of excess pore-wa-
te r pressure t o equal t he increment vert ical stress. 
The ini t ial se t t l ement is t h e n zero, whereas the 
consolidat ion se t t l ement is found from the defor-
ma t ion curves (see Fig. 222b) along t he line K 0 , 
from the section IF (Fig. 224a). The init ial value 
of excess pore-water pressure is given b y the sec-
t ion IG. This is t h u s t he simple, familiar approxi-
m a t e me thod . 

Before t h e second m e t h o d can be applied (Fig. 
224b), a t r iax ia l t es t is performed in t he labora-
to ry , according t o t he s t ress-pa th IBF, where B F 
represents t h e excess pore-water pressure . The ini-
t ia l s e t t l emen t depends on IB, while i ts consolida-
t ion coun te rpa r t depends on BF. 

The t o t a l se t t l ement is found b y mul t ip ly ing t he 
corresponding to t a l s t ra in obta ined on the sample 
b y t he th ickness of t he clay layer . 

Allowance for the ac tua l spat ia l stress distri-
bu t ion a round a foundat ion can also be made in a 
se t t l ement c o m p u t a t i o n using t he me thod sug-
gested b y S K E M P T O N and B J E R R U M (1957), in which 
t h e pore-water pressure coefficients of S K E M P T O N 

are involved (cf. Vol. 1, Section 5.3, E q . (5.3)). 
A load placed on t he surface of a soil layer will 

p roduce excess pore-water pressure a t var ious 
po in t s wi th in t he soil. The to t a l pr incipal stresses 
will be increased b y Δσ1ν Δύ2 and Δσ3. Assume t he 
soil t o be s a t u r a t e d , i.e. Β equals un i ty . The s ta te 
of plain s t ra in will be considered first, followed by 
the ax ia l - symmetr ica l s t ra in , i.e. t he se t t l ement of 
the centerl ine of a s t r ip footing and of t he center of 
a circular p la te will be de te rmined . 

The effective ver t ical stress is increased due to 
the load b y 

Δσ± = Δσ^ — u. 

The effective stress ac t ing in t he ver t ical plane of 
s y m m e t r y is 

^ 2 , 3 = ^ 2 , 3 —
 U

 · 

At t h e center , t he consolidat ion se t t l ement due 
to t he g radua l decrease of pore-water pressure is 
given as 

ζ 

y k = = Γ u
 a&

 dz. (283) 
J 1 + e 0 ο 



Settlement of foundations 149 

The pore-water pressure is found wi th t h e help 
of the pore-water pressure coefficients. The soil 
being sa tu ra t ed , Β = 1 and t h u s for t h e case of a 
circular p la te , where zJcr2 = A r 3 , we have 

u = Δα3 + Α(Δσ1 — Δσ3) = ΑΔσ1 + (I — Α) Δσ3. 
(284) 

I n the case of a s t r ip of infinite l eng th , in plain 

s t rain, tf2 = — (o^ + tf3), so t h a t 
2 

u = Δα3 + f V 3 

_ 2 3 , + T < « , 

ΝΔσ1 + (1 - N)Aa3, (285) 

where 

N = 1 1 1 A - — I + — = 0.866 Λ + 0 . 2 1 1 . (286) 
2 \ 3 J 2 

If t he se t t l ement is calculated from t h e resul ts 
of a compression tes t (from the compression curve) , 
t h e n assuming one-dimensional consolidat ion, t h e 
se t t lement becomes 

y'k = J M 
1 + e 0 

(287) 

The value of u is i n t roduced from E q s (284) or 
(285) in to E q . (283) t o ob ta in yk. The ra t io of yk 

t o y'k is μ, so t h a t 
yk = W'k. (288) 

μ is a dimensionless n u m b e r , a function of A and 
of t h e basic dimension re la ted to t he thickness of 
t h e compressible layer . For a circular p la te 

/^circle 

l \ΑΔοχ + (1 - ^)Ζΐ<τ3]Κ,/(1 + e 0 ) ] d z 

0 

fzl̂ K/a + eo)] dz 
(289) 

The va lue of ^strip is found from t h e above 
expression if A is replaced in E q . (289) b y iV, cf. 
E q . (286). 

I n t he cases where t h e compressibi l i ty of t he soil 
a n d the coefficient A are cons tan t , from E q . (289) 

or 

where 

/^circ = A + QC(1 — A) 

/%rip = i V + a ( l - i V ) , 

2 

f Δα3Αζ 

(290) 

(291) 

j Δαλάζ 
ο 

The magn i tude of α is t h u s seen to be dependen t 
on t he geometr ical dimensions alone. Once the 
stresses have been calcula ted wi th t he help of the 
t heo ry of elast ici ty, α can be de te rmined and the 
correction factor can be p lo t t ed agains t A. The 
resul t ing d iagram is shown in Fig . 225. The sett le-

0.2 OA 0.6 0.8 
Coefficient of pore-water pressure A 

Fig . 225 . Correction factor for conso l idat ion s e t t l e m e n t as a funct ion of the pore-water 
pressure coeff icient 
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ment s of s t r ip- and circular footings t r a n s m i t t i n g a 
uniformly d i s t r ibu ted pressure t o t h e soil, which 
t h u s cause two- and three-dimensional ly stressed 
s ta tes , can t h u s also be found on t h e basis of t he 
compression curve of an oedometer t es t . To do th i s , 
t h e values ob ta ined b y assuming unconfined con-
dit ions m u s t merely be mul t ip l ied b y t h e correct ion 
factor μ found from Fig. 225. Of course, μ c anno t 
be found unless t he va lue of A is known . 

This correct ion should, however , be appl ied wi th 
care, since A is difficult to de te rmine and the esti-
m a t e of preconsol idat ion m a y be ve ry inaccura te . 
I n u n s a t u r a t e d soils t h e significance of t he correc-
t ion is b u t imperfect ly unders tood . 

The principle and t h e a d v a n t a g e connected 
wi th t h e use of t he " s t r e s s - p a t h " m e t h o d are well 
demons t r a t ed on an example given b y L A M B E 

(1967). 
Figures 226 and 227 show the stresses and s t ra ins 

associated first wi th t he lowering and t h e n t h e 
raising of t h e wa te r t ab le in t h e profile shown. 
Ini t ia l ly , t h e phrea t i c surface is a t —9.5 ft. I t is 
t h e n lowered over a large la te ra l area to —19.5 ft 
and k e p t a t t h a t dep th unt i l vertical s teady-
s ta te flow exists . P u m p i n g is t h e n s topped and 
g roundwate r condit ions gradual ly r e tu rned to 
s ta t ic . The dis t r ibut ions of pore pressures for these 
two equi l ibr ium condit ions are shown in Fig. 226. 

Mid-depth of t h e clay has been t a k e n as t he 
" a v e r a g e " poin t . Actua l ly th is is slightly above 
mid -dep th since t h e stress versus s t ra in curve of 
t he clay is no t a s t ra ight l ine. I n o ther words , 
slightly larger s t ra ins occur in t h e uppe r p a r t of 
the clay for a given stress inc rement t h a n would 

occur in t he lower p a r t , because the init ial effective 
s t ress in t h e u p p e r p a r t is less. 

The d is t r ibu t ion of pore pressures shown in 
F ig . 226 is based on t h e following condi t ions: 

1. no t o t a l head is lost in t he silt above t h e clay 
or t h e sand below the clay, 

2. t h e permeabi l i ty of t h e clay is cons tan t wi th 
dep th , t h e r e b y giving a cons tan t gradient and 
s t ra ight line d is t r ibut ion of pore pressure a t t he 
equi l ibr ium condi t ion. 

The dewater ing causes a reduc t ion in pore pres-
sure and , therefore , an equal increase in effective 
stress, because t h e t o t a l ver t ical stress remains 
cons tan t . Since t h e dewater ing occurs over a large 
la te ra l area , t he hor izonta l s t ra ins mus t be equal 
t o zero, i.e. a K0 condi t ion exists . As shown in 
Fig. 227, t he effective s t ress-pa th lies along the 
loading K0 line going from A to Β for t he dewater-
ing, and along the unloading K0 line from Β to F 
when g roundwa te r condit ions again become s ta t ic . 
The t o t a l stress p a t h lies along a line of cons tan t 
ver t ical s tress, going from C t o D w i th the dewater-
ing and from D t o Ε when g roundwate r condit ions 
r e t u r n to s ta t ic . As can be seen from Fig. 227 the 
ver t ical t o t a l stress remains cons tan t and the later-
al t o t a l stress drops dur ing t h e dewater ing. The 
hor izonta l d is tance AC equals FJ5, which equals 
the s ta t ic pore pressure a t t h e centre of t he clay, 
a n d BD is equal t o t he pore pressure unde r s teady-
s ta te ver t ica l flow. 

At t he r igh t in Fig. 227, t he resul ts are shown of 
a s t r e ss - s t ra in t e s t along the s t ress-pa th for t he 
field condi t ions . Since t h e loading and unloading 

Fig . 2 2 7 . Effect ive s tress-path and strain for low-
ering t h e n raising the water table ( L A M B E , 1 9 6 7 ) 

F ig . 2 2 6 . Stresses assoc iated w i t h lowering and raising 
t h e water tab le ( L A M B E , 1 9 6 7 ) 
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is K 0 , t he oedometer t e s t is appropr i a t e for th i s 
problem. The ver t ica l s t ra in dur ing g roundwa te r 
lowering is from G t o U , i.e. 3 . 5 % , a n d HJ for t h e 
r e tu rn t o s ta t ic condi t ions , i.e. — 1 % . Mul t ip lying 
the compressive s t ra in of 3 . 5 % b y t h e th ickness 
of the clay of 1 4 ft gives a componen t of se t t l emen t 
from compression in t h e clay equa l t o 0 . 4 9 ft. The 
clay expands 1 4 X 1 % equal t o 0 . 1 4 ft. 

2.3 .4 Prediction of se t t lement o n the basis of field 
observations and surveys 

2 . 3 . 4 . 1 Settlement analysis on the basis of loading 
tests 

Some version of model rule or t h e modu lus of 
compressibi l i ty as calculated from t h e deformat ion 
curve can be used t o de te rmine an t i c ipa ted set t le-
men t from the resul ts of loading tes t s . 

U.S. S t a n d a r d Load Bear ing Tests are performed 
on a square p la te of 3 0 cm sides. T E R Z A G H I 

and P E C K p resented t h e following empir ical rela-
t ionship for use in t he case of s ands : 

2B 

Β + . 0 . 3 j 
( 2 9 2 ) 

where Β 
s 

sn == 

l ength of t h e footing, m, 
expected se t t l ement of t he footing, 
cm, 
regis tered se t t l emen t dur ing the load-
ing t e s t u n d e r t h e design pressure , 
cm. 

I n recent years t he va l id i ty of th i s formula has 
been criticized b y scient is ts . B J E R R U M a n d E G G E -

S T A D ( 1 9 6 3 ) after t h e deta i led examina t ion of t e s t 
resul ts of 4 6 loading tes t s described in t h e l i tera-
tu re — which were suppor t ed b y se t t l ement sur-
veys — reduced each loading surface t o 0 . 1 m 2 , 
and concluded t h a t t h e po in t s represen t ing dense 
sands fell well below the b o u n d a r y line in t he 
d iagram wi th t he coordinates s/sp a n d B/B0 (as 
defined in E q . ( 2 9 2 ) ) , b u t t h a t t h e plots of loose 
sands were above t h a t l ine. 

According t o B A R A T A ( 1 9 7 3 ) E q . ( 2 9 2 ) gives 
unce r t a in resul ts because t he va r i a t ion wi th EX is 

5 10 15 20 25 
Width of the footing Β (ft) 

Fig. 228. S e t t l e m e n t of foot ings in sand as a func t ion of 
width (B) and d e p t h of the f o u n d a t i o n ( D ' A P P O L O N I A and 
B R I S E T T E , 1968) (1 ft = 0.3048 m, 1 in = 25.4 · 10 "

3
 m ) 

neglected. To give w a y to th is concept , namely 
t h a t generally ES var ies according t o dep th , t h e 
use of t h e H O U S E L ( 1 9 2 9 ) a n d B U R M I S T E R ( 1 9 4 7 ) 
formula would be amenable 

Β 

Bn 
EQQ + CB0 ( 2 9 3 ) 

where JB 0 0 = modulus of compressibi l i ty a t t he 
foundat ion level, 

C = d e p t h inc rement of t he above mod-
ulus per cm. 

Should t he soil be homogeneous , i.e. C 
formula becomes : 

Β s 

0 , t h e 

( 2 9 4 ) 

and so t h e se t t l ement will increase l inearly accord-
ing t o t h e side l eng th of t h e footing which is n a t u -
ra l ly in full coincidence wi th t h e expression de-
duc ted on t h e basis of t h e t h e o r y of elast ici ty 
which s t a t e s : 

7t(l - v
2
) aD 

4 Ε 
( 2 9 5 ) 

where D is t he d iamete r of t h e circular footing. 
D ' A P P O L O N I A a n d B R I S E T T E ( 1 9 6 8 ) p resented 

t he re la t ion i l lus t ra ted in Fig . 2 2 8 , which has been 
conceived on t h e basis of se t t l ement surveys on 
a b o u t 3 0 0 bui ldings . The ma in conclusions t o be 
d r a w n theref rom, a r e : 

(a) if Β > 4 . 5 m, an increase of t he wid th of 
t h e footing will n o t increase t h e se t t l emen t ; 

(b) increasing t h e d e p t h of t he foundat ion (i.e. 
t he ra t io DJB) a slight decrease in s would resul t ; 
for example , when Β = 4 . 5 m, t h e ra t io of t he 
se t t l ement re la t ing t o D = 0 and D = Β a t t a ins 
1 : 0 . 7 5 ; 

(c) t h e increase of soil compressibi l i ty wi th Β 
is g rea te r be tween Β = 3 t o 6 m, as was supposed 
by T E R Z A G H I and P E C K ( 1 9 4 8 ) . 

R U D N I C K I I ( 1 9 6 8 ) measured t h e se t t l ements of 
s t r ip foundat ions of 2 0 a n d 3 0 cm wid th ly ing on 
sand and deduced t h e following correla t ion: 

for D = Ο s = 0 . 0 1 3 Β 

for D = B s = 0 . 0 0 8 Β 

By 

Ρ 
By 

1.62 

1.44 

( 2 9 6 ) 

( 2 9 7 ) 

2 . 3 . 4 . 2 Settlement analysis on the basis of penetra-
tion tests 

B o t h s ta t ic a n d dynamic probing (penetra t ion) 
procedures are sui table for t he predict ion of 
expectable se t t l ements . 
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Using s ta t ic probes , t he se t t l ement can be esti-
m a t e d from the expression: 

^ C
 B

 aa 

(298) 

The coefficient of compressibi l i ty C can be t a k e n 
from the exper imenta l formula : 

C = 1.5 (299) 

where C^d represents the cone-resistance (in k p / c m 2 

= 100 k N / m 2) . 
F r o m among t h e dynamic pene t r a t ion me thods , 

empirical formulas have been deduced for t he 
calculat ion of t he expectable se t t l ement when t h e 
S t a n d a r d Pene t r a t i on Method is used. T h a t given 
by T E R Z A G H I and P E C K (1948) is wr i t t en as : 

s — CwCd 

Ν \B + 1 
(300) 

where Ν 
Β 

n u m b e r of blows, 
w id th of t he footing 
depends on t h e d e p t h of t he ground-
wate r below the footing (Dw) a n d i ts 
va lue is 
Cw = 1 when Dw > 2jB, or 
Cw = 2 when Dw < B , 
coefficient of d e p t h , ob ta ined from 
the formula : 

Cd=l 
D 

4 B 
(301) 

Field observat ions have revealed t h a t E q . (300) 
gives overes t imated values for s. Therefore, 
M E Y E R H O F suggested t h a t 2 should be wr i t t en in 
the nomina to r , ins tead of 3, and Cw = 1 should be 
applied un ique ly , because , as t he a u t h o r empha-
sizes, t he resul t of the pene t ra t ion tes t ( the n u m b e r 
of blows) includes in itself t h e influence of the 
g roundwate r . 

P E C K and B A Z A R A A fur ther refined the proce-
dure , main ly b y suggesting affixing modifying 
factors to t he n u m b e r of blows (N) and to p u t 
these modified values in the formula. 

S C H U L T Z E and S H E R I F (1973) compared t h e 
measured se t t l ement of 48 buildings (all founded 
on sand) wi th those pred ic ted on t h e basis of 
S t a n d a r d Pene t r a t i on Test resul ts . Multiple regres-
sion analysis (where t h e mul t ip le correlat ion coef-
ficient of 0.938 was achieved !) resul ted in t h e fol-
lowing expression for t h e predic t ion of t he set t le-
m e n t s: 

Pf 1 

1.71 iV 0- 87 · VB/B1 (l + OAt/B) 
E , (302) 

where ρ = con tac t pressure , k p / c m 2 (bu t do no t 
deduc t iy), 

/ = influence factor of t h e se t t l ement , 
Bx = 1 cm, 
t — d e p t h of foundat ion level. 

T h e interes t ing feature in th i s express ion is the l inear 
re lat ion b e t w e e n s and ρ wh ich m e a n s t h a t g iven ident ical 
underground condi t ions and foot ing g e o m e t r y the modulus of 
subgrade react ion (k) does n o t v a r y w i t h the load. 

Measured se t t l ements compared to those calculat-
ed b y using E q . (302) have shown a 4 0 % s t anda rd 
devia t ion , which is a fair agreement . The au thors 
po in ted ou t t h a t according t o the i r calculat ion t he 
se t t l ement as calculated b y the Te rzagh i -Peck for-
mula is overes t imated . 

2.3.4.3 Settlement analysis using the pressiometer 
method 

B y using Menard ' s pressiometer , t he t o t a l set t le-
m e n t is ca lcula ted as t he sum of two par t ia l defor-
mat ions : 

, 1 + v 
+ • —rn 4.5 E x 3 Ε 

λ» (303) 

where ρ 
r 
r
o 
Ε, 

E2 

λ} and λ2 

ν 

con tac t pressure , 
r ad ius of t h e footing, 
reference radius (30 cm) 
modulus of deformat ion to the 
d e p t h r, 
modu lus of deformat ion in t he rea lm 
of dev ia tor stresses, 
shape factors , 
Poisson 's ra t io . 

This eva lua t ion m e t h o d is based on the suppos i t ion t h a t 
the s e t t l e m e n t is composed of t w o c o m p o n e n t s : (a) vo lumetr i c 
change in the half sphere corresponding to the d iameter of 
the foot ing; (b) shear d i sp lacement w i t h o u t vo lumetr ic change 
outs ide t h e half sphere. 

The coefficient α is the indicator represent ing the influence 
of the w i d t h of the foot ing on the s e t t l ement : 

(304) 

For sands α = 0.25, and for clays α = 0.67 (accord-
ing to t he t h e o r y of elast ici ty i t would be α = 1.0). 

M Ü L L E R (1972) eva lua ted t h e se t t l ement of 
11 bui ldings a n d experienced + 2 0 % deviat ion 
be tween measured and press iometer-predicted 
se t t l ements . 

2.3.4.4 Back-analysis of Esfrom measured 
settlements 

The m e t h o d of calculat ion should be selected b y 
t a k i n g t h e soil condi t ions and the me thod of 
measu remen t of t h e se t t l ement in to account . This 
l a t t e r m a y be realized b y : (a) cont inuous ins t ru-
men ta l measu remen t s , or (b) a single levelling of 
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an originally hor izonta l s t ruc tu ra l pa r t . I n t h e 
following a few examples are shown to demons t r a t e 
the methodology of t h e calculat ions ( R É T H Â T I , 

1981). 

(a) Homogeneous strat if icat ion. 
I n the case when the load and the surface area 

of t he foundat ions are ident ical , t he procedure is 
the following, as described in th is example . The 
mean se t t l ement measured on 21 pillars of a hall 
was s = 27.0 m m and the s t a n d a r d devia t ion 
σ = 4.22 m m . Therefore, t he confidence l imits for 
the se t t l ement were (at a probabi l i ty level of 
α = 0.05) 

s = 27 ± 2.086 
4.22 

= 27 ± 1.92 (mm) 

and for the modulus of compressibi l i ty : 

F . „ . F 

27 + 1.92 27 - 1.92 

wherein F is t he area of t he stress d iagram. B y 
replacing F , t he probabi l i ty b y which the value of 
Es falls be tween 10.3 a n d 11.9 M N / m 2 is 9 5 % . 

I n t h e case of footings of different loadings 
and/or surfaces, one m a y proceed according to one 
of the following two me thods . 

1. The values of Es should be calculated for each 
footing, and the i r m e a n value character ized b y t h e 
s t anda rd deviat ion. 

2. A correlat ion should be establ ished be tween 
F and s (see la te r ) . 

(b) Presence of one highly compressible layer . 

I n th i s case, t he se t t l ement should be b rough t 
in to relat ion wi th t he stresses aroused in t he layer 
in quest ion, and the deformat ion of t he o ther 
layers should be neglected. The calculat ion will 
depend on how m a n y equa t ions to exhibi t Es 

can be wr i t t en . 
The str ip founda t ion of t he damaged bui ld ing 

represented in Fig. 229 is 0.45 m wide and t rans fe rs 
a load of 146 kN/m. The s t r ips rest on sand in t h e 
section along the cellars, and on a p e a t y clay 
(w = 5 3 % , wp — 38%) in t h e o ther sections. 
Levelling has shown As = 2.7 cm, and so: 

Ε -
 F

 -
 F

 -
 Q

'
Q 8 48 

s
~ s ^~As~ 0.027 

3.14 MN/m 2. 

230 t h e schemat ic borehole profiles 
a bui lding which suffered a significant 

I n Fig 
a round 
se t t l ement (As = 15 cm) are i l lus t ra ted . The loca-
t ion was on an a b a n d o n e d bed section of t he Da-
nube which has been filled u p wi th fine grained 
sand b u t veins of pea t were merged wi th i t . B y 
having levelled t h e footings a re la t ive se t t l ement 
of As has been de te rmined for each bore profile, 
and to t h e m an F-va lue is assigned ob ta ined from 

mm 
-Turfa ry _cia y_-

Fill 
±0.0 

777, 

• : Sand-
• -ds-3.15 m 

Fig. 229. E x a m p l e on back analyz ing the JSs-value from 
measured re lat ive s e t t l e m e n t s ; one of the layers is of h igh 
compress ib i l i ty ( R É T H Â T I , 1981) 

t he s u m m a t i o n of t he areas in t he stress d iagram 
which were associated wi th t he organic l ayers : 

Borehole 
No. F(kN/mm) Δ$(νανα) 

Es = 

1 135.4 60 2.26 
2 184.1 150 1.23 
5 109.7 120 0.91 
6 105.6 60 1.76 

The equa t ion of t he regression line obta ined for 
the two var iables w a s : 

As = 0.792 F - 8.4 (r = 0 .64) . 

1 7 1 2 1 5 1 6 \BoreholeNo. σζ (kN/m?) 
0 50 100 150 

I I inorganic 

organic 

2.26 1.23 0.91 1.76 MN/m' 

Fig . 230. E x a m p l e on back analyz ing the J5 s-value from meas-
ured re lat ive s e t t l e m e n t s ; one of the layers is of h igh com-
press ibi l i ty; four boreholes ( R É T H Â T I , 1981) 

file:///BoreholeNo


154 Load-bearing capacity and settlement of shallow foundation 

Fig. 2 3 1 . E x a m p l e on back analys ing the E s- v a l u e 
from measured re lat ive s e t t l e m e n t s ; t w o compress ible 
layers ( R É T H Â T I , 1 9 8 1 ) 

Nos of the pillar 1 2 3 4 5 6 7 8 9 10 

Δ s ^ s ( m m ) 1 0 7 9 8 1 0 3 8 2 4 2 4 1 4 9 5 6 4 1 3 0 

v1(m) 1 . 3 1 . 3 5 1 . 3 5 1 . 3 5 1 . 4 1 . 4 1 . 4 5 1 . 5 1 . 5 5 1 . 6 

v2 (m) 3 . 1 2 . 8 5 2 . 6 2 . 4 1 . 9 5 1 . 7 1 . 4 5 1 . 1 5 0 . 9 0 . 8 

Fx ( k N / m m ) 5 8 . 7 5 9 . 7 5 9 . 7 5 9 . 7 6 0 . 7 6 0 . 7 6 1 . 7 6 2 . 7 6 3 . 7 6 4 . 7 

F2 ( k N / m m ) 3 7 . 2 3 4 . 7 3 2 . 8 3 1 . 1 2 6 . 6 2 3 . 6 2 0 . 6 1 6 . 7 1 3 . 4 1 1 . 9 

F r o m t h e in tercept ( — 8.4) i t can be s t a t ed wi th 
a probabi l i ty of 9 0 % , t h a t i t does no t differ signif-
icant ly from zero, wherefore As ~ s, i.e. t h e ra t ios 
F/As m a y be considered t o represent t he Es values 
of the organic layers . The average value and s tan-
dard deviat ion for the four boreholes were ob-
ta ined as : 

Es = 1.54 M N / m 2 and <tE = 0.59 MN/m 2. 

The reciprocal of t h e slope of t h e regression line 
is 1.26, which is ident ica l wi th t h e Es denned wi th 
the aid of t he leas t -square me thod , 

(c) Two or more compressible layers 
I n this case there are two quest ions to be an-

swered: 

— which layer produces t h e decisive effect on 
t h e se t t l ement (damage) ? 

— w h a t is t h e character is t ic modulus of com-
pressibil i ty of these layers ? 

Two examples will be shown to demons t r a t e 
how t h e model of t h e calculat ion can be selected. 

The s t r ip foundat ion suppor t ing 12 pillars and 
the floor beams of a hal l failed in a b o u t a year after 
const ruct ion , and r a t h e r wide cracks appeared in 
t he pa r t i t ion walls. The foundat ion (B = 0.50 m, 
q = 100 kN/m 2) h a d been connected a t one end to 
an old pile head , b u t t h e fur ther sections of t h e 
foundat ion res ted on a sandy br ick back-fill of 
1.2 t o 1.8 m th ickness which was under la in b y an 
organic clay 0.8 to 3.8 m th ick (Fig. 231 explains) . 
The proper t ies of the l a t t e r layer have shown: w = 
= 7 6 % , wp = 4 2 % , Iom = 1 1 % . _ 

The rela t ive se t t l ements of the pillars, t he thick-
ness of t h e fill and the organic layer , as well as the 

areas of t he corresponding pa r t s on t he stress 
d iag ram are represen ted in t he following tab le . 
(The equa l i ty As ^ s is i n t ended to express t h a t 
t h e pile head suppor t ing pillar No. 1 is assumed to 
be motionless.) 

The behav iour of t he two compressible layers 
migh t be inves t iga ted b y util izing regression anal-
ysis where s (or As) is t h e dependen t and F t he 
i ndependen t var iab le . The following equa t ipn has 
been ob ta ined for t he regression line of the fill 

As = - 1 2 . 1 F1 + 806 (r = - 0 . 8 0 ) . 

The nega t ive sign of t h e correlat ion coefficient 
(r) shows t h a t t h e differential se t t l ement was no t 
genera ted b y deformat ion of t he fill. (Note t h a t 
As and F change the i r values in an opposite sense.) 

The equa t ion of the regression line for the organ-
ic mate r ia l was found to be 

As = 2.85 F 2 - 5.9 (r = 0.88) 

which indicates a r a t h e r close agreement . (Re-
m e m b e r t h a t t he he terogenei ty of t he layer , t he 
res t r ic ted accuracy of t he measuremen t , and the 
mark ing of t he boundar ies of the layers all consti-
t u t e d a source of error) . For t he in te rcept (b = 
= —5.9) i t can be proved t h a t th is does no t differ 
significantly from zero, t h u s , t he assumpt ion 
As s was real . 

The relat ion b e t w e e n v2 and s has also been found to be as 
close as the a b o v e one (r = 0 .90); here v2 means the th ickness 
of the organic layer. 

The modulus of compressibi l i ty of t he organic 
layer migh t be calcula ted b y using th ree different 
me thods . 
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1. As t he inverse of t he slope: 

1 
E
&2 = 

2.85 
= 0.35 M N / m 2 

2. As t he average of t h e quo t ien t s Es2 = F2/As 
calculated separa te ly for each pil lar: 

Es2 
0.40 ± 0.112 M N / m 2 

3. B y analysing the s t a n d a r d devia t ion in t he 
following way . B y definitely assuming t h e quo t i en t 
of the modul i of compressibi l i ty in t he two layers 
α = Esl/Es2, a t each measur ing poin t a va lue of 
ΕΛ2 m a y be calculated. The m e a n of t h e 10 values 
(Es2) a n d the i r s t a n d a r d devia t ion (cxE) should 
t hen be de te rmined a n d t h e coefficient of va r ia t ion 

V 
J
s2 

to t he given α should be coordina ted . B y va ry ing 
the value of α t h e pa r ame te r s inves t iga ted ob-
t a in t he following va lues : 

α c, 

2 0 . 9 8 0 . 3 0 0 . 3 0 9 1 . 9 7 

3 0 . 7 9 0 . 2 3 0 . 2 9 4 2 . 3 7 

4 0 . 6 9 0 . 1 9 0 . 2 8 0 2 . 7 7 

5 0 . 6 3 0 . 1 7 0 . 2 7 3 3 . 1 7 

1 0 0 . 5 2 0 . 1 3 0 . 2 5 8 5 . 2 0 
σο 0 . 4 1 0 . 1 1 0 . 2 6 5 σο 

I t is a justifiable a s sumpt ion t h a t the real va lue 
of Es2 will be a p p r o x i m a t e d mos t closely b y Es2 

where Cv is m i n i m u m . According to t he t ab le th i s 
ex t reme value exis ts , and i t falls be tween α — 10 
a n d α —* o o . This means t h a t 

0.41 < Es < 0.52 (MN/m 2) . 

The second example deals wi th a case where t h e 
bui lding t i l ted as a stiff body . 

I n the second m o n t h after finishing t h e panel-
moun t ing of a 10-storey bui lding, i t was discov-
ered t h a t t he e levator shaft has t i l t ed 12 cm to t h e 
lead line. Borings m a d e a t t h e four corners of t h e 
bui lding revealed t h a t u n d e r t h e raft foundat ion 
there was a fill, 0.15 t o 1.35 m th ick which was 
under la in b y a layer of s andy silt 2.5 t o 3.0 m 
th ick (Fig. 232). The fill consisted of fine sand , 
slack and rubble of a ve ry loose s t ruc tu re . The 
void ra t io of t h e silt was e = 0.80 to 0.92 which 
is also an indicat ion of loose layers . 

F r o m t h e angles of incl inat ion de te rmined a t 
t he edges of t h e bui lding, t he re la t ive se t t l ements 
(As, m m ) have been calculated. F r o m t h e borehole 
profiles, t he thicknesses vx and v2 of t h e fill a n d t h e 
sandy silt, respect ively, as well as t h e par t i a l 
areas F1 and F2 (in k N / m m ) on t h e ver t ical 

Borehole « 
No. 3 

Borehole
 1 

No. 4 

•Borehole 
No. 2 

•Borehole 
No.l 

Fig . 2 3 2 . E x a m p l e of back analyz ing t h e Es-value from t i l t ; 
t w o compress ib le layers ( R É T H Â T I , 1 9 8 1 ) 

stress d iagram were es tabl ished. The values ac-
quired are summar ized in t h e tab le below: 

Bore-
hole As 

V
l »2 Fx F2 

3 0 1 . 3 5 0 . 0 0 2 2 4 . 1 0 

4 2 4 . 3 0 . 1 5 1 . 7 5 2 4 . 9 2 9 0 . 5 

2 8 7 . 9 0 . 3 0 2 . 8 5 4 9 . 8 4 7 3 . 1 

1 1 2 4 . 8 0 . 9 0 3 . 2 0 1 4 9 . 4 5 3 1 . 2 

The influence of t h e two loose layers on the de-
ve lopment of t he t i l t m a y be de te rmined b y a 
regression analysis . The equa t ion of t he regression 
line ob ta ined for t h e fill w a s : 

As 0.115 F1 + 72.2 

and the correlat ion coefficient r = —0.19. The neg-
at ive sign canno t be defined from a physical point 
of v iew; consequent ly , t he fill did no t p lay a n y p a r t 
in t h e deve lopment of t h e t i l t . 

The equa t ion of t h e regression line for the silt 
was 

As = 0.233 F 2 - 13.0 

and t h e correlat ion coefficient r = 0.93.This extraor-
dinar i ly high value unequivocal ly proves t h a t 
t h e grade of damage caused b y the t i l t was the 
consequence of t h e u n e v e n thickness of t he silt. 

Thereaf ter t h e ques t ion arises as t o wi th w h a t 
accuracy the ma in direct ion of t he t i l t can be 
pred ic ted on t h e basis of t h e var ia t ion in t he 
th ickness of t he silt. This inves t igat ion can be 
carr ied ou t wi th t he aid of a te rvar iab le correla-
t ion. I n p lo t t ing t h e coordinates χ and y according 
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to Fig. 232, the following equa t ion will be ob ta ined 
for the regression p lane : 

v2 = 0.1169 χ + 0.0611 y + 0 .348. 

If v2 - 0, 

t hen y =-. - 1 . 9 1 5 χ - 5.704 

which is the equa t ion of t he intersect ing line be-
tween t h e plane fitted to t he values v2 and the 
plane y. The negat ive inverse of t he slope of t h e 
s t ra ight line is m' = 0.5223, therefore, t he angle of 
incl inat ion of t he plane v2 i s : 

α = arc t a n 0.5223 = 27.6°. 

Since according to surveys t h e pr incipal direc-
t ion of t he incl inat ion sub tends an angle 23.3° 
wi th t he #-axis, it can be s t a t ed t h a t t he change in 
the thickness of t he layer defines t he angle of 
incl inat ion of the bui lding very accura te ly . 

This example shows t h a t t he direct ion and 
degree of the t i l t to be expected m a y be calculated 
wi th a good approx imat ion even in the design 
phase . Mathemat ica l s tat is t ics no t only give t he 
expected value of these pa rame te r s , b u t also t he 
s t anda rd deviat ion, i.e. t he accuracy of the pre-
diction. 

2.3.4.5 Extrapolation of measured settlements 

The gradual reduc t ion of safety makes i t neces-
sary to know, in m a n y cases, t he final values of 
the components of t he mot ion in order to t ake t he 
appropr ia te measure in due t ime . 

The two me thods to be described hereafter , and 
especially t he first one ( R É T H Â T I , 1 9 8 1 ) , might be 
used, s t r ic t ly speaking, only in a case when one-
dimensional consolidation p redomina tes . 

B y proceeding according to t he first me thod , 
the final va lue of the se t t l ement sa should be esti-
ma ted on the basis of the survey, t h e n the quo-

t ien ts associated wi th the different momen t s i, are 
ca lcula ted: 

κ = — 

The Τ/ t ime factors corresponding to t he bound-
ary condi t ions should be read from Fig. 233 and 
t h e n the quot ien t s es tabl ished: 

The rel iabil i ty of t he se t t l ement su m a y be charac-
terized by the coefficient of va r ia t ion of αζ·, i.e. b y 
t he ra t io Cv = 0a/x. I n va ry ing su those va lues will 
be considered as t h e most probable a t which Cv 

is m i n i m u m . 

A s s u m e t h a t t h e d is tr ibut ion of the vert ical stresses cor-
responds to case N o . 5 in Fig . 233 and ξ = Pf/pa = 2, t h a t is 

κ
ϊ —

 κ
ι ξ + l ^

ι
 ~~

 κ
^ ~~ 3

 Κγ
 3

 Κ
"

ι
' 

Let us as sume further t h a t the t i m e series S[ measured at 
m o m e n t s t; (in m o n t h s ) since the beg inning of the construc-
t ion is as s h o w n in Table 12. In the l ines 3 to 7 of the table 
t h e αζ· va lues are related to su = 6.6 to 7.2 cm; their s tandard 
dev ia t ions and coefficients of var ia t ion are also readable in 
the table . According ly , su = 6.8 c m might be considered as 
the m o s t probable va lue . 

The second m e t h o d is based on the fact t h a t in 
one-dimensional case t he second s t re tch of the 
curve m a y be a p p r o x i m a t e d b y an exponent ia l 
function. Thus , i t migh t be r ight ly expected t h a t 
the se t t l ements are well described b y the expres-
sion: 

s = su (1 - e
At
). (305) 

Since th is funct ion canno t be l inearized, the pro-
cedure is again to es t imate the value of su and 
calculate the At values belonging to the pairs of 
valves tt and st wi th the help of the formula: 

A = - MLzlM . (306) 
t 

Fig . 233. Correlation b e t w e e n κ and T t for one-di-
mens ional conso l idat ion 

0 0.2 OA 0.6 0.8 10 12 14 
Time factor Τ 
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Table 1 2 . Determinat ion of the final se t t lements (numer ica l example ) 

s
u 

(cm) 
ti (month): 

sf(cm): 1.8 
4.7 
2.7 

7.5 
4.0 

9.5 
4.4 

12 
4.8 

6.0 α = 24.0 21.4 17.6 18.6 19.0 2.58 0.128 

6.6 27.3 25.4 22.1 22.4 23.5 2.20 0.091 

6.8 27.3 26.1 22.1 23.8 25.5 2.05 0.082 

7.0 30.0 27.6 24.2 24.7 26.7 2.34 0.088 

7.2 31.6 27.7 25.0 26.8 28.2 2.42 0.087 

6.0 
6.8 
7.0 
7.2 

A 0.1189 
0.1025 
0.0991 
0.0959 

0.1272 
0.1076 
0.1037 
0.1000 

0.1465 
0.1183 
0.1130 
0.1081 

0.1391 
0.1096 
0.1043 
0.0994 

0.1341 
0.1020 
0.0965 
0.0916 

0.0106 
0.0066 
0.0063 
0.0061 

0.0799 
0.0614 
0.0611 
0.0618 

Then, on the basis of t he corresponding coefficients 
of var ia t ion associated wi th t he different s u ' s , t h a t 
se t t l ement should be accepted a t which Cv is mini-
m u m . 

According to the da ta entered in l ines 8 to 11 of Table 12 
the mos t probable va lue is su = 7.0 c m in fair agreement w i t h 
the va lue obta ined b y the first m e t h o d . 

Knowing su and A, t he se t t l ement a t a n y op-
t ional t ime i t, or t h a t t ime a t which a cer ta in 
degree of consolidat ion (κ) ensues migh t be deter-
mined. Using these , t he rel iabi l i ty of the calcula-
t ion might also be charac ter ized; t h u s , for example , 
in the case of t he second m e t h o d the measured 
se t t lements (sm) and those calculated (sc) can be 
a r ranged in t he following order : 

sm I 1 . 8 0 2 . 7 0 4 . 0 0 4 . 4 0 4 . 8 0 

sc I 1 . 8 6 2 . 6 8 3 . 7 6 4 . 3 6 4 . 9 6 

Accordingly, the correlat ion coefficient is r = 
= 0 . 9 9 3 , and the residual s t a n d a r d devia t ion only 
ar = 0 . 1 5 cm. 

S H E R I F ( 1 9 7 0 ) app rox ima ted the consolidation 
curve w i t h a hyperbola and a t t e m p t e d also to 
t race the var ia t ion of loading p a t t e r n s (contact 
pressure) . The procedure can be seen in Fig. 2 3 4 . 
Choosing the t ime (i) as t h e abscissa, and the 
p roduc t 

—.EL ( 3 0 7 ) 

* Ρ 

as ord ina ta , t he final se t t l ement t o be expected is : 

su = cot β . 

An advan tage of th is procedure is t h a t a p rob-
lem can be solved b y using the l inear regression. 

A compara t ive s t u d y be tween the exponent ia l 
and the hyperbol ic app rox ima t ion of t he consolida-
t ion curve showed t h a t t he correlat ion indices 
of t he two methods are similar (near to 1 . 0 ) , t he 
to ta l se t t l ement differs, however , b y 1 5 to 2 0 % . 
( In most cases the hyperbol ic approach gives the 
higher value.) 

2.3 .5 Sett lement due to water absorption 

I t often occurs t h a t t h e mois ture con ten t of the 
soil below the foundat ion increases compared to 
t h e condit ions exper ienced dur ing the investiga-
t ion period. The cause migh t be a t t r i b u t e d to an 
increasing g roundwa te r tab le or to the infiltra-
t ion of surface wa te r , eventua l ly t o the seepage 
from a b roken condui t . W h a t e v e r t he reason, it 
migh t be seriously peri lous for t h e bui lding. The 
va r i a t ion of t he g roundwate r level and i ts con-
sequences can well be forecasted ( R É T H Â T I , 1 9 8 3 ) , 
b u t i t is r a t h e r difficult t o exclude t h e impac t of 
seepage and it requires ins ta l la t ion of a n u m b e r of 
p reven t ive measures (prevent ion of run-off wate r , 
a r r a n g e m e n t for i n t e r m i t t e n t inspect ion and over-
hau l of facilities, e tc .) . Recollection of s ta t is t ical 
d a t a will reveal t h e m a g n i t u d e of t h e danger , 
because 6 4 . 2 % of damage on buildings was caused 

Fig . 234. E x t r a p o l a t i o n of measured se t t l ement s b y us ing 
S H E R I F ' S m e t h o d ( 1 9 7 0 ) 
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by wa te r seeping below the foundat ion , while only 
1 4 . 2 % was caused b y s ta t ic compression (by dif-
ferential se t t lement ) ( R É T H Â T I , 1977). 

How severely t he bui lding is exposed to h a r m 
b y wate r infi l trat ing below the foundat ion depends 
on the physical and chemical proper t ies of b o t h 
t he wate r and t h e soil. The charac te r of t h e im-
pac t is main ly de te rmined b y flow veloci ty; some 
phenom e na m a y only appea r where t he velocity is 
relat ively high while o thers do no t have th is req-
uisite. 

Effects in t h e first group might be charac ter ized 
as to whe the r compact ion or loosening in t he soil 
has been involved therefore in b o t h cases, t he 
rea r rangemen t of soil part ic les , is essential . Com-
pac t ion m a y be caused, for example , b y the seepage 
pressure, by subsidence (due to the effect of sur -
face tension, or b y silting due to g rav i t a t iona l 
flow). Loosening, on t he o ther h a n d , m a y be caused 
by leaching of fine grains and subsequen t in t e rna l 
erosion or deve lopment of cavit ies in t he soil. 

Effects in t he second group m a y include reduced 
consistency and swelling due to wa te r u p t a k e , 
harmful influence of chemical subs tance e i ther on 
the soil or on t he foundat ion mater ia l . 

I n respect of t he s tabi l i ty of t he bui lding i t is 
i m p o r t a n t to know which of t h e phenomen a 
(physical or chemical) was caused b y wa te r in 
ini t ia t ing t h e damage because t h e y no t only differ 
in t he charac te r and magn i tude of deformat ion 
b u t also in t h e m a t h e m a t i c a l sign (heave or 
shrinkage) and i ts r a t e . I m m e d i a t e or sudden dis-
p lacements are most ly perilous for t he s t ruc tu re 
itself (cf. Section 2.3.8) while t he m a t h e m a t i c a l 
sign of the deformat ion plays a role in a g radua l 
r ea r r angemen t of in te rna l stresses or m o m e n t s . 

B y all means t he most perilous events include t he 
subsidence of t h e soil or t h e leaching of fine par-
t icles; these can be except ional ly devas ta t ing 
when t h e y occur suddenly , say as a consequence 
of a breakage of a wa te r main . 

Subsidence m a y occur pr incipal ly in two types 
of soils: macroporus loess, and loose granular soils. 
As t he subsidence of loess has been deal t wi th in 
detai l in Vol. 1, only t he deformat ion of granular 
soil mater ia ls — unde r t he influence of wa te r — 
will be t r e a t e d here . 

E R L E N B A C H and la te r J A K Y (1948b) were t he 
first scientists to po in t ou t how serious subsidence 
might be in loose granular mater ia ls unde r the 
influence of g rav i ta t iona l wa te r flow. Soaking 
tes t s , carr ied ou t on sands , have p roved ( R É T H Â T I , 

1963,1965) t h a t subsidence migh t also be provoked 
by absorp t ion of capi l lary wa te r . Pe r t i nen t 
t es t resul ts are briefly summar ized below (Fig. 235). 

1. Disp lacement — due to wa te r u p t a k e — en-
sues immedia t e ly ; th is indicates t h a t subsidence 
is t he " i n statu nascendi" resul t of surface stresses 
(capil lary pressure) con t r a ry t o shr inkage which is 
caused b y t h e las t ing effect of surface stresses. 

2. So called "specific subs idence" (ρ) — the s t ra in 
expressed in percentage of t h e he ight of t he sample 
— increases rap id ly wi th t h e poros i ty of the soil. 

3 . Fine grained soils show swelling beyond a 
crit ical dens i ty when t h e access of capi l lary wa te r 
is al lowed. 

4. Keeping t he poros i ty cons tan t , t h e subsidence 
varies sensibly according t o t h e degree of sa tu ra -
t ion in t h e course of wa te r u p t a k e . 

5. Specific subsidence increases gradual ly when 
d decreases. A measured p m ax = 2 . 6 5 % was for a 

Fig . 235. 

Specific subsidence (ρ) resulting from absorption of capillary water 
as a function of the void ratio (a); the degree of saturation (b); the 
grain size (c); and load (d); (RÉTHÂTJ, 1 9 6 3 ; 1 9 6 5 ) 
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soil of grain size d = 0 . 4 m m , a n d qmax = 5 . 7 % 
for d = 0 . 1 m m . 

6 . Specific subsidence has a m a x i m u m value 
when there is no surcharge on t h e soil mass , a n d it 
diminishes r ap id ly when t h e smallest ove rbu rden 
is applied. 

There is a substant ia l difference b e t w e e n character is t ic 
subsidence curves of granular soils and loess . T h e ρ} ρ curve 
of the latter has a pronounced m a x i m u m at ~ 300 k N / m

2
 and 

the subsidence is pract ica l ly zero w h e n p = 0, i .e. where the 
subsidence of a granular soil is m a x i m u m . T h e reason for 
this feature probably l ies in the special phys ica l and chemica l 
properties of loess (macroporos i ty , i n h o m o g e n e o u s s tructure , 
c ementa t ion caused b y calcareous films around t h e grains) , 
while the behav iour of granular soils is governed b y t h e 
mechanical propert ies of t h e m a s s . T h e load imposed on 
granular soils s i m u l t a n e o u s l y increases the m a g n i t u d e of 
inter-granular forces w h i c h press the part ic les toge ther and 
obstructs their free m o v e m e n t ( the reason for this p h e n o m -
enon can be a t tr ibuted to the h o m o g e n e o u s s tructure of the 
material) . Thus b y increasing the load b e y o n d a critical l imi t , 
the water can — in a s tat is t ical sense — only produce a ran-
d o m di sp lacement a m o n g t h e part ic les , w h i c h is pract ica l ly 
independent from dens i ty of the soil. 

The findings of these tes t s can mos t ly be uti l ized 
when foundat ions on fill or indoor e a r t h fill are 
made or designed. Selecting t h e sui table mate r ia l 
and compac t ing i t p roper ly br ings t h e risk of 
subsidence t o a m i n i m u m or even to zero (Fig. 
235b). I n t he figure, a t t e n t i o n is called t o t h e 
slightly loaded floor slabs a n d pa r t i t ion walls 
which are t he most exposed e lements because 
their s ta t ica l r igidi ty is b y itself of a low grade . 

2.3.6 Sett lement in regional extens ion 

There are cer ta in h u m a n act ivi t ies which m a y 
cause subs tan t ia l d isplacement over huge areas 
(up to 1 0 or even 1 0 0 k m 2 ) . Such act ivi t ies mos t 
f requent ly include a m o n g o the r s : mining opera-
t ions, landscaping, and p e r m a n e n t p u m p i n g of t he 
g roundwate r . 

Two branches of mining act ivi t ies are mos t ly 
susceptible t o cause d isp lacement on t h e g round 
surface: s tope facing a n d subsequen t caving, or 
p e r m a n e n t p u m p i n g of g roundwate r . (Tunnell ing 
of u r b a n subways migh t also be classified in th is 
range.) 

Large, hor izontal ly ex tended and high e m b a n k -
men t s or dumping areas m a y be perilous if (a) there 
are shallow or pile foundat ions in or on t h e m , (b) 
the under ly ing subsoil consists of th ick soft layers . 
I n respect of b o t h a l te rna t ives i t makes an im-
p o r t a n t difference whe the r t he works are 1 or 2 
years old, or older. 

P e r m a n e n t p u m p i n g of t he g roundwa te r m a y have 
two consequences : (a) i t increases t he effective 
stress over t he soft layer , (b) i t increases t h e 
6 ' l a y e r p re s su re" in t h e aquifer. 

Though the magn i tude of mot ion on t h e t e r ra in 
due to mining largely depends also on the physical 
propert ies of the ove rburden ; soil mechanics and 
its methodology are main ly appl ied to inves t iga t -

ing t h e influence of large e m b a n k m e n t s and of per-
m a n e n t p u m p i n g . 

An e m b a n k m e n t , even if i t is no t high b u t is 
extens ive , m a y cause considerable displacement in 
i ts sur rounding . L A C Y ( 1 9 8 1 ) gives an account , for 
example , of a fill 1.5 t o 4 . 5 m deep in the vicini ty 
of t he Omondoga Lake which caused 1 m of con-
solidation se t t l ement in t he soft underground . 
I N O U E et al. ( 1 9 7 7 ) inves t iga ted t he impac t of an 
e m b a n k m e n t cons t ruc t ion of 2 . 5 m height over a 
loose sand ; here t he case was worsened due to the 
wa te r u p t a k e b y the regional wa te r works which 
resul ted in a year ly 1 0 cm displacement on the ter-
ra in . 

P e r m a n e n t p u m p i n g of aquifers and ground-
wate r reservoirs f requent ly causes unevi table 
problems in t own areas . The St. Pau l ' s ca thedra l 
is said to have set t led 1 cm be tween 1 9 2 0 and 1 9 7 0 
due to the gradua l loss of t he wa te r level. The 
ca thedra l in Milan has set t led 1.5 cm between 
1 9 6 1 and 1 9 6 9 because t he g roundwate r level had 
sunk from 1 6 m to 4 0 m below ground surface 
( K É R I S E L , 1 9 7 5 ) . 

At Long Beach a bowl shaped depression wi th a 
2 0 mile d iamete r a n d 7 . 8 m m a x i m a l dep th has de-
veloped u p to t he end of 1 9 5 9 ( F E L D , 1 9 6 8 ) . This 
m o v e m e n t was caused p a r t l y b y dredging and 
landscaping opera t ions in t he region, b u t a major 
role can be a t t r i b u t e d to t h e u p t a k e of indus t r ia l 
a n d dr inking wa te r and the lowering of the wate r 
t ab le for cons t ruc t ion sites, and pa r t l y to oil 
p u m p i n g . 

A t present , t he case of Mexico City is reckoned 
among t h e classical examples in th is field. I n the 
ex t remely porous clay which developed from the 
volcanic tuff (void ra t ios u p to e = 7 . 0 have been 
measured in t h e uppe r s t r a t a ) t he deep p u m p i n g 
of t he g roundwa te r has caused se t t l ements in the 
range of 7 t o 8 m a t some locat ions . Downtown 
Tokyo also suffers a considerable ( 6 t o 1 2 cm) 
se t t l ement per year . 

Regional se t t l ements m a y evoke the following 
damage to cons t ruc t ions : 

(a) Absolute and rela t ive (differential) sett le-
m e n t of bui ldings. For example , according to 
Lacy ' s article a large n u m b e r of edifices suffered 
damage a round Lake Onondoga , no t t o speak 
abou t t h a t exper ienced in Mexico City. 

(b) Se t t l ement of road a n d ra i lway embank-
men t s . C o x ( 1 9 8 1 ) repor t s on t he 1 5 0 cm sett le-
m e n t of t he roads in t h e ne ighbourhood of Bang-
kok in t he las t 1 2 years (par t ly unde r t he dead 
load of e m b a n k m e n t s b u t most ly because of the 
year ly 1 0 to 1 5 cm general se t t l ement of t he ter-
ra in caused b y t h e p u m p i n g of the g roundwate r ) . 
As a consequence of t he m o v e m e n t , rice i rr igat ion 
ponds flood the set t led p a v e m e n t s , locally and 
t empora r i ly . 

(c) Negat ive skin friction on pile foundat ions 
(cf. Chap te r 3). I n Tokyo , for example , due to the 
general se t t l ement of t he ground surface, piles were 
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(a) 

(b) ! ! I I ΓΓΤ 

1/8P 
3/4 Ρ 

veloped be tween t he ground level and pile head 
which ve ry often caused t he failure of u t i l i ty con-
dui t s ( K I S H I D A a n d T A K A N O , 1 9 7 6 ) . 

(d) Decay and ro t t ing of wooden piles. Such dam-
ages have been exper ienced, for example , in the 
Grand Palais in Par is and in t he m u s e u m a t Gre-
noble ( L O G E A I S , 1 9 7 1 ) . Similarly t he same t y p e of 
damage has been found on an 1 1 s torey bui lding 
in New York City and in t h e t own of K e a r n y 
( M C K I N L E Y , 1 9 6 4 ) . 

1/8P 

(c) 

(d) 

(c) 

3/16 Ρ 

1/4 Ρ 

5/8P 

2.3 .7 Soil - structure interact ion 

V2P 

t 
3/16P 

1/4 Ρ 

1/2 Ρ 

Fig. 236. Variat ion of support ing forces in the case of differ-
ential s e t t l e m e n t s 

dragged downwards t h r o u g h the grip of the subsoil 
on t h e m (negative skin friction). Because of the 
difference be tween t he two movemen t s , gaps de-

i n se t t l ement c o m p u t a t i o n s the individual 
footings are assumed to set t le as if t h e others did 
no t exist . I n some cases, where t he footings are 
close t o each other , al lowance is m a d e also for the 
superposi t ion of stresses. T h e same a t t i t u d e is 
adop ted in es t imat ing t he load-bear ing capac i ty 
of foundat ions . However , ac tua l s t ruc tures are as 
a rule r e d u n d a n t , name ly cont inuous beams , fixed 
arches, frame s t ruc tu res , e tc . Fo r th is reason, any 
differential se t t l ement wi th in t he s t ruc tu re will 
affect t he overall stress p a t t e r n . S t ruc tures made 
of t imber , br ick, or s tone m a y often suffer differ-
ential se t t l ement of considerable magn i tude 
w i thou t a n y major change in the suppor t react ions , 
whereas in s t ruc tu res of steel, or reinforced con-
crete designed for monoli thic behaviour , differential 
se t t l ement resul ts in a r e a r r a n g e m e n t of forces. 
The change in suppor t r eac t ions is i l lus t ra ted by 
the example in Fig. 2 3 6 showing the case of a 
b e a m cont inuous over two spans . I n case (c) the 
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a — dimensions of the structure; b — changes in the supporting forces when differential settlement occurs 



th ree suppor t s are in t he same p lane . Unde r t h e 
load t he cent ra l suppor t suffers a greater set t le-
m e n t as a consequence of which t h e reac t ion unde r 
t he cent ra l suppor t decreases, whereas t h a t u n d e r 
the la tera l suppor t s increases. The suppor t reac-
t ions are found from the differences in se t t l emen t , 
b y Clapeyron 's t heo rem as 

^ 0 — ^ 2 
S P l + 3 E l A s 

1 6 Ρ 

and 

5 pi 6 EI 

~ 8 ~ Ρ 

The change in suppor t react ions for a specific 
case is shown in Fig. 2 3 7 . 

I n rea l i ty , however , t he process t akes a m u c h 
more compl icated course. Once t h e th ree columns 
are completed and loaded, t he soil s t a r t s t o con-
solidate. The centra l co lumn will again set t le a t a 
faster r a t e and t he process is repea ted . The bear ing 
pressures will cont inue t o change as long as an 
u l t ima te s ta te is no t reached. 

An analyt ica l solution is also available for t he 
case of a frame on three suppor t s ( R É T H Â T I , 1 9 5 5 ) . 
Using t he symbols in Fig . 2 3 8 , i t has been dem-
ons t r a t ed t h a t t he differential se t t l ement a t t he 
end of the consolidat ion can be calcula ted 
from the expression 

V), 

where 

AG pi ( 1 0 - 3 F^0) 

1 . 2 3 4 F C 8F, • F 0 

R = 
hG EI ( 6 % T + 3 FJ0) 

17 = 

1 . 2 3 4 Es 

2 . 4 6 8 — , 
H

2 

R 
exp | — e 

-Oth 

( 3 0 8 ) 

( 3 0 9 ) 

( 3 1 0 ) 

( 3 1 1 ) 

( 3 1 2 ) 

The key for t he symbols above is t he following: 

F0 = con tac t area of t h e footings on t he sides, 
F1 = con tac t a rea of t he cent ra l footing, 
ξ0 = t he ra t io Gz\cf§, where ύζ is t h e ver t ica l 

pressure a t d e p t h ζ (ζ1 is t h e same in 
respect t o cr,), 

c = coefficient of consolidat ion, 
th = t ime re la t ing to κ = 0 . 5 2 6 . 

The var ia t ion of react ion forces A0 and i.e. 
the relat ive difference be tween t he ini t ial s tage 
(AQ and AJ referring t o η = 0 , and the final s tage 

0 
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Fig . 238 . Calculat ion of differential s e t t l e m e n t s for a frame 
structure on three supports — in brackets the numerical 
va lues from the e x a m p l e ( R É T H Â T I , 1955) 

(A0 and AJ referring t o η = 7 ? m , can be de te rmined 
from t h e following express ions: 

- Α = Α φ ( ι 

= α - U) 

3 

1 0 % 

U) 

3 % 
( 3 1 3 ) 

a n d 
6 F 0 | X + 9 FJ0 

A - Ä1 
= _ ψ ( ι _ [/) = 

= α - U) 
1 0 % T - 3 FJ0 

( 3 1 4 ) 

T h e t e r m s L7, φ, α 0 a n d α χ refer t o t h e case when 
the compressible layer of h = cons t an t is equal ly 
present below t h e th ree suppor t s . Othe r cases can 
be solved b y using t h e expression given in Fig . 2 3 9 . 
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Fig. 240. Effect of parameters i, h/Es and ax on ηη and r)m\As ( R É T H Â T I , 1955) 

U s i n g t h e numerical va lues in Fig . 238 , and loading all 
supports w i t h a pressure of 220 k N / m

2
, t h e differential 

s e t t l ement As — 13.3 c m will be found if t h e ca lculat ion is 
re lated to i n d e p e n d e n t foundat ions (w i thout be ing coupled 
into a frame) . W h e n E q . (308) is used , a va lue on ly of ηη = 
= 2.8 c m will be obta ined ( a 0 = + 4 2 % and a x = — 2 5 . 2 % ) . 
Interes t ing results would be obta ined if the influence of each 
term were inves t iga ted separate ly on ηηι and a 0. 

F r o m Fig . 240 t h e fo l lowing conclus ions can b e drawn. 

(a) ητη wil l progress ive ly decrease w h e n t is increased; i t is 
therefore ques t ionable whe ther i t is economica l t o p lace t h e 
foundat ion leve l at a h igh e l eva t ion , r e m o t e from t h e c o m -
pressible layer . 

(b) T h e re lat ive s e t t l e m e n t increases w i t h the ratio h/Es 

and approaches t h e l imi t a t ηηι = P/R = 2.9 c m . A n in-
teres t ing consequence of th i s s t a t e m e n t is t h a t e.g. in the 
case h = 200 c m the differential s e t t l e m e n t of a g iven girder 
will o n l y b y 0.7 m m be greater w h e n t h e a s s u m p t i o n Es = 
1 M N / m

2
 is changed to 0.3 M N / m

2
. 

(c) Vary ing the contac t pressure of the central support 
(äi = 80 N / m

2
) t]m = Θ can be ach ieved; b u t th i s wou ld — as a 

consequence — increase the size of the foot ing enormous ly 
(Ft = 15.64 m

2
) . This fact impl ies therfore t h a t there neces-

sari ly ex i s t s a re lat ion w i t h an economic o p t i m u m b e t w e e n t h e 
des igned differential s e t t l ement and the materia l requirement 
of the structure. 

An i m p o r t a n t conclusion m a y be arr ived a t from 
the foregoing. F r o m Clapeyron 's theorem i t fol-
lows t h a t t he r ea r r angemen t of stresses and the 
equal iza t ion of se t t l ements are t h e more pro-
nounced , t h e grea ter t he r igidi ty of t he s t ruc tu re ; 
i.e. t he greater t he p roduc t EL If t he compres-
sibili ty of t h e soil is grea ter unde r some suppor t s 
of a convent iona l s t ruc tu re t h a n unde r the o thers , 
differential se t t l ements will occur. If, however , t he 
s t ruc tu re is a ve ry rigid one, t he react ions are mod-
ified in magn i tude and rea r ranged a l ready in the 
early stages of t h e consolidat ion process and , as a 
consequence of th is , t he differential se t t l ements are 
reduced. F o r th is reason, on highly compressible 
soils, e i ther a rigid s t ruc tu re should be bui l t for 
reduced differential se t t l ement , or a flexible 
s t ruc tu re should be envisaged, which is capable of 
wi ths tand ing even major differences in se t t l ement 
w i thou t suffering d a m a g e . 

A visual demons t ra t ion of t he foregoing is pre-
sented, after Terzaghi , in Fig . 241 , showing the 
foundat ion of a s t ruc tu re involving a tower and 

Unloading by excavation 

Fig . 2 4 1 . Methods to avo id harmful effects of differential s e t t l e m e n t : 
a — rigid raft; b —flexible raft; c — different foundation depths in relation to the height of the building 
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two wings. Three po ten t ia l a l t e rna t ive designs to 
avoid differential se t t l ement from occurr ing are 
i l lus t ra ted. Since t he g roundwa te r t ab le is below 
the base of t he foundat ion , no hydros t a t i c uplift 
force will act and the t o t a l load is t r a n s m i t t e d to 
the soil. Se t t l ement will, however , be caused only 
b y the load remain ing after t he weight of t h e soil 
excava ted for t he basemen t is deduc ted . I n case (a), 
t he s t ruc ture is founded on a complete ly rigid raf t 
which, being incapable of deformat ion, will pre-
ven t differential se t t l ements from developing. The 
loads a re concen t ra ted unde r t h e tower a n d t o 
make the slab t r u l y rigid i t m u s t be m a d e s t rong 
enough to w i t h s t a n d t h e ve ry severe bend ing mo-
ment s developed. Consequent ly , th is design would 
be r a t h e r expensive . I n case (b), on t h e o ther h a n d , 
the s t ruc ture is complete ly flexible and t h e soil 
react ion act ing on every p a r t of t h e founda t ion 
base is roughly equal t o t he load act ing on i t . 
Owing to t he high load a t t h e center , t h e tower will 
suffer greater se t t l ement t h a n t h e two wings a n d 
the s t ruc ture will deflect. To accomodate th i s 
deflection w i thou t in jury to t h e bui lding const ruc-
t ion jo in ts m u s t be provided to resolve t h e s t ruc-
tu re in to several p a r t s . The design a n d execut ion 
thereof all along the foundat ion is again r a t h e r 
expensive. I n case (c), finally, a lmost uniform set t le-
m e n t has been a t t a ined b y founding the compo-
nen t pa r t s of t he bui lding a t different levels, i.e. 
b y removing soil masses of different weights from 
the sub grade. This m e t h o d should, however , be 
applied wi th caut ion . I t should be ascer ta ined t h a t 
t he excava t ion is no t ex tended to t he vic ini ty of an 
under ly ing soft layer , since th is would induce 
greater se t t l ements . 

The effect of r igidi ty has been i l lus t ra ted clearly 
b y W I N D G A T E ( 1 9 3 8 ) , who de te rmined the column 
loads and the se t t l ements for t h e columns of t he 
bui lding shown in Fig. 242 for th ree cases, n a m e l y : 
1 . a reinforced concrete frame designed in t he con-
vent ional manne r , 2. a complete ly rigid s t ruc tu re 
(a grid of heavy beams encasing t h e co lumn heads) , 
and 3 . a complete ly flexible s t ruc tu re . The resul ts 
obta ined are shown in Table 1 3 . The great change 
in t he load carried b y the columns Nos 1 and 3 is 
especially conspicuous. 

The magn i tude of t h e t o t a l se t t l ement is of in-
terest insofar as i t affects t he design of connect ions 
and t h e des t ina t ion of t h e bui lding only, b u t i t is 

Table 1 3 . React ive forces and set t lements for a reinforced 
concrete structure ( W I N D G A T E , 1 9 3 8 ) 

No. of 
columns 

1 
2 
3 
4 

Means 

Designed Very stiff Flexible 
structure structure structure 

P(Mp) s (cm) P(Mp) 8 (cm) P(Mp) s (cm) 

133 4.8 237 5.3 85 4.5 
125 6.9 77 5.3 161 6.6 
261 7.4 127 5.3 296 8.1 
144 6.1 131 5.3 154 6.3 
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Fig . 242 . Structure and underground condi t ions for the 
case in the e x a m p l e to interpret the interact ion b e t w e e n t h e m 

no t influenced b y t h e r ig idi ty of t h e s t ruc tu re . 
T h u s , i t is b u t ra re ly involved in dimensioning 
design prob lems . The magn i tude of differential 
se t t l ements depends no t only on t h e factors influ-
encing t o t a l se t t l ement , b u t also on the ar range-
m e n t a n d r ig idi ty of t h e s t ruc tu re , as well as on 
differences in t h e compressibi l i ty of t h e soil unde r 
t he bui ld ing. The va lue thereof is, therefore, m u c h 
more difficult a n d ye t a t t h e same t ime m u c h more 
i m p o r t a n t t o e s t ima te ; t he differential se t t l ements 
affect even t h e behav iour of t h e s t ruc tu re unde r 
no rma l opera t ing condi t ions . 

The load intensi t ies commonly adop ted for t h e 
differential se t t l ement unde r f ramed s t ruc tures 
bui l t on clay roughly equals one-half of t h e t o t a l 
m o v e m e n t , b u t t h e c u r v a t u r e of t h e deflection line 
is ve ry mild, so t h a t t h e re la t ive se t t l ement be-
tween two adjacent columns is only a fraction of 
t he t o t a l differential se t t l ement wi th in t h e whole 

11* 
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Fig . 243. Factors influencing s e t t l e m e n t and differential 
s e t t l ement for a rectangular raft on an elast ic half-space 
( F R A S E R and W A R D L E , 1976) 
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Fig. 244. Def lect ion l ines on a mul t i s torey frame bui ld ing 

s t ruc tu re . The differential se t t l ement unde r uni-
formly loaded s t r ip footings and column footings 
of largely ident ical size and carrying the same load 
rarely exceeds th ree -quar te r s of the greates t set t le-
men t . I n t he case of frames bui l t on sand t h e rela-
t ive se t t l ement be tween two adjacent columns 
m a y a t t a i n as m u c h as t he ent i re difference over 
the frame, i.e. a b o u t 4 0 % of t he to t a l m o v e m e n t . 

Once the to t a l probable se t t l ement has been 
es t imated , the pract ica l experience ment ioned be-
fore m a y be relied upon in es t imat ing the differen-
t ial se t t l ement unde r s t ruc tures on raft founda-
t ions . No such rule of general va l id i ty is believed 
to be acceptable concerning the allowable re la t ive 
d isplacements . I n cases of major impor t ance , t he 
magn i tude thereof should be de te rmined by s t ruc-

t u r a l analysis , in t he course of which the super-
and subs t ruc tu re , toge the r wi th the suppor t ing 
soil, should be t r e a t e d as an in tegral sys tem, as a 
s ta t ical ly inde te rmina te s t ruc tu re , allowing for the 
stiffness of each componen t . 

An i m p o r t a n t factor is the stiffness of the raft 
(or str ip) in re la t ion to t h e stiffness of the ground 
(this ra t io is generally denoted as Kr). I t can be 
shown t h a t for a simple rec tangu la r raft wi th t h e 
length L and the w id th B, s t and ing on a homog-
eneous elastic half space, 

Kr = α 
ErIr(l-vl) 

Ë J 3 
(315) 

Es \ Β j 
is val id. Here t he subscr ipts r and s refer to the 
raft and the soil, respect ively, Ir is t he iner t ia of 
t he raft per un i t length , and t is t he thickness of 
t he raft . The two expressions for Kr differ in the 
choice of t he p ropor t iona l i ty cons tan t . I n general , 
Β migh t be t h o u g h t of as a character is t ic dimen-
sion. 

F R A S E R and W A R D L E ( 1 9 7 6 ) examined the be-
hav iour of smoo th uniformily loaded rafts res t ing 
on a homogeneous elastic layer under la in by a 
rough rigid base . Graphical solutions were present -
ed for the ver t ical d isplacement in the centre , 
mid-edge and corner points of the raft and for the 
m a x i m u m bend ing m o m e n t in t he raft . Some typ i -
cal resul ts on t h e re la t ive deflections are repro-
duced in Fig. 243 for a raft of L/B = 2. The stiff-
ness factor is defined b y : 

Kr 

Er(l - Vi) 

(1 - vf) E 3 
(317) 

The se t t l ement is given by 

Es 

where I is an influence factor (Fig. 243). A, B , C 
and D are associated wi th s of the point , AB, AC, 
etc . , wi th t h e differential se t t l ement be tween the 
re la ted two poin ts . 

I t can be seen from Fig. 243 t h a t the most rapid 
change in performance is in the range of 0.05 << 
< Kr < 1 for IAB9 and 0.1 < Kr < 10 for IAC 

and I AD- Char ts were also included in t he article 
b y these au thor s t o allow for the dep th of the 
elastic layer . 

The stiffness of t h e supers t ruc ture can also be 
included in th is t y p e of simple analysis using the 
approx ima t ive me thod out l ined by M E Y E R H O F 

(1953) t o es t imate the equiva lent flexural r igidi ty 
of a frame conta in ing panels and shear walls. (This 
m e t h o d was la te r endorsed b y the American Con-
crete I n s t i t u t e in the repor t "Sugges ted procedures 
for combined footings and m a t s " . ) The Meyerhof-
m e t h o d is t he following. 
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Consider an open, mul t i s to rey frame s t ruc tu re 
wi th approx ima te ly uniform spans , in which t h e 
greatest relat ive ver t ical d isplacement be tween 
adjacent legs is uniformly Ay over each s torey (Fig. 
244). Since t he beams and slabs m a y be considered 
stiff relat ive t o the columns, t he points of counter-
flexure in t he l a t t e r m a y be assumed, as a first 
approx imat ion , t o be s i tua ted a t mid-height be-
tween the indiv idual stories. The first s tep consists 
of de termining t he magn i tude of t he p roduc t EI 
which is represen ta t ive for t he r igidi ty of t he over-
all s t ruc tu re . Let us sever from the s t ruc tu re the 
pa r t shown in Fig. 245 and denote t he m o m e n t of 
inert ia of t h e hor izonta l b e a m b y Ig t h a t of t he 
upper column b y Ij a n d t h a t of t he lower one b y Ia. 
The corresponding stiffnesses are 

K„ 

Fig. 245. Deta i l s on a frame structure bui ld ing w h e n differ-
ent ial s e t t l e m e n t occurs 

The differential se t t l ement be tween adjacent 
frame legs will produce — as will be recalled from 
s t ruc tu ra l analysis — the fixed-end m o m e n t a t 
the end of t he b e a m 

6 EKn 

Ka + Kf Al 

K2+Ka + Kf I 

where Ε is t he ac tua l Young ' s modulus of elas-
t ic i ty . 

A b e a m of leng th I and stiffness EIg, subject to 
the pair of m o m e n t s + M 0 and — M 0 , suffers t he 
deflection a t mid-span 

where 

A0 = 

4 > - 4 

MJP 

S ΕΙσ 

is t he deflection caused b y the m o m e n t M 0 , 

4 = M / / 1 2 EIglg 

is t he deflection caused b y t h e m o m e n t 2 M g a t 
all jo in t s . 

In t roduc ing these values and Mg in to t he expres-
sion for Aymax, we have 

y max 
M 0Z

2/8 EIS 

1 + 
Ka + Kf 

Ka + K„ + Kf 

I
2 

M0P 
8EI„ 

where I'g is t h e a c t u a l bend ing stiffness of the b e a m : 

EI> EIn 1 + 
Ka + Kf 

Kn + Ka + K] 

I2 

η 

This is t h u s t he cont r ibu t ion of t he frame s t ruc tu re 
t o t he r igidi ty of t he foundat ion . The ra t io Kr 

should now be in t roduced to character ize t he rel-
at ive stiffnesses of t he soil and the s t ruc tu re as 
Kr = EIgjEtbH, where Et is t he Young ' s modulus 
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0.4 

0.3 
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η 0.1 

< w 'idth 
*ngth 

f=0(S trip foo ting) 

S>xb/i = 0.1 

b/l=1 

0.2 0.3 OA 

Relative stiffness Kr

: 

0.5 
Elb 

Evb
3
l 

0.6 0.7 

Fig. 2 1 6 . Re la t ion of m a x . differential s e t t l ement to m a x . 
s e t t l e m e n t as a funct ion of r ig idi ty in the structure (after 
Meyerhof) 

of elast ici ty of t he soil, while h and / are t he wid th 
and leng th of t he foundat ion , respect ively. The ra-
tio of the greates t differential se t t l ement — de-
flection — along the full l eng th of t he cont inuous 
or s t r ip footing t o t he grea tes t s e t t l emen t can here-
after be de te rmined in t e r m s of Kr. The resul ts of 
such compu ta t ions have been p lo t t ed in Fig. 246. 
The greates t deflection has been shown to decrease 
rap id ly a t t he increasing value of Kr and to increase 
sl ightly a t a cons tan t Kr va lue as t h e ra t ion l/b is 
increased. 

Once the resul t ing differential se t t l ements have 
been de te rmined , t he forces induced the reby in the 
s t ruc tu re can be compu ted . I n t h e case of a uni-
form load in tens i ty t he bending momen t s in the 
base slab can be re la ted direct ly t o t he relat ive 
stiffness Kn by t he analysis described before. This 
re la t ionship is i l lus t ra ted in Fig. 247, demons t ra t -
ing t he grea tes t bend ing m o m e n t s to increase r ap -
idly from the va lue , Kr = 0, corresponding to a 
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Fig . 2 4 7 B e n d i n g m o m e n t s as funct ions of re lat ive rigid-
i t y ( M E Y E R H O F , 1 9 5 3 ) 

perfectly flexible s t ruc tu re , as Kr is increased, and 
t o increase toge ther wi th t he ra t io Z/6, i.e. i t t ends 
to be greater for long and na r row footings. 

Compar ing the bend ing s t r eng th of t he foun-
da t ion sys tem and the overs t ruc tu re , K R S M A N O -

V I C ( 1 9 5 5 ) dist inguishes four basic s i tua t ion (Fig. 
2 4 8 ) , a n d proposes t h e following me thods for the i r 
calculat ion. 

I n t h e first case, t h e iner t ia can be t a k e n as 
J — It -\- and the m o m e n t should be divided in 
propor t ion Jf /JÄ. F i rs t t h e reac t ive forces of t h e 
supers t ruc ture should be de te rmined — assuming 

I h-lf, and \ h < /s 'Λ EkIk 

both are 
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2.Ik»I, 
'///////// V

7
^' 

/ , / / / 
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Fig . 2 4 8 . B e n d i n g s trength of the foundat ion s y s t e m related 
to t h a t of t h e overstructure (four f u n d a m e n t a l cases m e n -
t ioned b y K R S M A N O V I C , 1 9 5 5 ) 

motionless condit ions — t h e n solving this condi-
t ion , t he differential se t t l ements are found. The 
modification of the react ive forces follows wi th the 
calculated se t t l ement differences; earlier and new 
react ive forces are d i s t r ibu ted in the ra t io of It/Ik 

be tween t h e foundat ion and t h e supers t ruc ture and 
genera te addi t ive m o m e n t s . ( K A N Y , 1 9 5 9 , p u b -
lished a more accura te m e t h o d for th is case.) The 
s i tua t ion is sl ightly more compl ica ted when It is so 
small t h a t secondary effects due to t he pressure 
d i s t r ibu t ion have to be t a k e n in to account . 

I n t h e second case, t he init ial assumpt ion is to 
t a k e t h e ove r s t ruc tu re as flexible and to calculate 
t he reac t ive forces as for motionless suppor t s . 
After hav ing found the deflection line of the base 
s lab, t h e reac t ive forces should be newly deter-
mined from the differential se t t l ements . Rela t ing 
t he new forces to t he previous ones, calculated dif-
ferences should be split be tween t he two sys tems, 
and the addi t ive m om e n t s calculated accordingly. 
I n t h e second s tep , t h e overs t ruc ture is really 
considered as stiff, and t h e con tac t pressure distri-
bu t i on should be calcula ted as such; t h e difference 
be tween th is a n d the calculated con tac t pressure 
resul ts an addi t ion to the m o m e n t , so t he load of 
t h e difference be tween t h e original and t h e l a t t e r 
react ive forces has t o be charged to t he over-
s t ruc tu re . 

I n t he t h i r d case — if It is r a t h e r large — the 
footing is conceived as a stiff slab and the influence 
of t h e overs t ruc tu re can be neglected. 

I n t he four th case, t he react ive forces are cal-
cu la ted b o t h downwards , a n d — on the basis of 
Boussinesq 's con tac t pressure d is t r ibut ion — up-
wards . The difference should be split u p in propor-
t ion of t h e t w o iner t iae , and m o m e n t s calculated 
accordingly. 

I t is easy to conceive t h a t a unan imous rela t ion 
has t o exis t among t h e compression of t he soil, 
t h e d i s t r ibu t ion of t h e con tac t pressures , and the 
stiffness of t h e founda t ion a n d the overs t ruc tu re . 
Several me thods have been e labora ted which t ake 
account of these in terac t ions a n d solve the prob-
lem wi th all these pa rame te r s in a single r u n of 
calculat ions, w i thou t using i te ra t ions . These pro-
cedures can be divided in to two main groups : 

(a) t he so-called " C - m e t h o d s " which make use 
of t h e modulus of subgrade react ion, and 

(b) t he so-called " E - m e t h o d s " which calculate 
on t he basis of t h e elastic half-space theory . 

The wel l -known procedures which app ly t he 
" C - m e t h o d " are , among others , connected wi th 
t h e n a m e s K Ö G L E R and S C H E I D I G ( 1 9 3 8 ) , H E T É N Y I 

( 1 9 4 6 ) . The " Ε - m e t h o d " has been used b y : O H D E 

( 1 9 4 2 ) , G R A S S H O P ( 1 9 5 1 , 1 9 5 5 ) , K A N Y ( 1 9 5 9 ) 
D E N I N G E R ( 1 9 6 5 ) , G O R B U N O V - P O S A D O V ( 1 9 5 3 ) , 
a n d more recent ly b y S H E R I F and K Ö N I G ( 1 9 7 5 ) . 
The combina t ion of t he two theories has been 
a t t e m p t e d b y R E P N I K O V ( 1 9 6 7 ) and b y S C H U L T Z E 

( 1 9 6 9 ) . 



2.3 .8 S e u l e m e n t criteria 

Procedures have been e labora ted dur ing t h e 
pas t decades which are sui ted t o t a k e account of t h e 
in teract ions among t h e unde rg round , t h e founda-
t ion sys tem and t h e overs t ruc tu re (cf. Section 
2 . 3 . 7 ) . These are alike in the i r charac ter i s t ic of t h e 
t i resome calculat ions requi red , even in the s implest 
case, no t t o men t ion t h e complex i ty of t h e m a t h e -
mat ica l a p p a r a t u s which a prac t ica l engineer has 
to face when a n y of t he ini t ia l condi t ions have t o 
be changed. 

I t is also quest ionable how close t he calcula ted 
stresses and deformations will app roach t he ac tua l 
ones. Measured stresses a n d s t ra ins indica te t h a t 
t he react ion of t he overs t ruc tures is a lmost a lways 
more favourable t h a n could have been supposed. 
M E Y E R H O F , for example , po in ted out , after in-
vest igat ion of a five-storey reinforced concrete 
frame bui lding, t h a t t he 7 5 m-long girders which 
suffered a differential se t t l ement of As = 8 cm, 
and therefore were exposed t o an addi t ional 7 5 % 
moment - inc remen t , were able t o car ry th is ex t r a 
load wi thou t showing a n y sign of deformat ion 
( S K E M P T O N and M A C D O N A L D ( 1 9 5 6 ) ) . Only 5 0 t o 
7 5 % of the an t ic ipa ted (calculated) stresses in t he 
steel frame of two warehouse bui l t in America , and 
only 3 0 % in t he e lements of an o ther steel s t ruc-
tu re was detec ted . S K E M P T O N a n d M A C D O N A L D 

( 1 9 5 6 ) disclosed th is d iscrepancy wi th t he com-
ments t h a t : (a) t he designer is ex t remely caut ious 
in t h e assumpt ion of live loads , (b) calculat ion 
methods are no t sui table for t a k i n g in to considera-
t ion t h e s ta t ical cooperat ion of t he skeleton (of t h e 
load-bear ing elements) a n d t h e o ther e lements 
(par t i t ion walls, floors, e tc . ) . 

Essent ia l ly , t h e pressing condi t ions l isted mot i -
v a t e d t h e researchers t o find t h e l imit ing values of 
allowable movemen t s in t he overs t ruc tu re , mos t ly 
on a s ta t is t ical basis , acquired b y surveys and ob-
servat ions on ac tua l ly exis t ing bui ldings. The d a t a 
referring t o t he allowable deformat ion l imits in 
different s t ruc tures have been condensed in t h e 
form of se t t l ement cri ter ia . The purpose was t o 
character ize clearly in a re la t ively simple manne r , 
t he line of deformat ion causing addi t iona l stresses 
in t he s t ruc tu re . The procedure is similar t o t h a t 
which was followed in t he case of t h e consis tency 
l imi ts : t he condit ion (proper ty) is first defined, 
t h e n a numer ica l va lue is ordered to i t ( these are 
the l imit ing values) . 

2 . 3 . 8 . 1 Settlement criteria for buildings 

After B U R L A N D and W R O T H ( 1 9 7 4 ) , t he cri teria 
usual ly applied for buildings can be summar ized 
as follows (Fig. 2 4 9 ) . 

1 . Se t t l ement (s) and differential (or relat ive) 
se t t l ement (As). 

2 . Ro ta t i on (Θ) as t h e change in gradien t of a 
line joining two reference po in t s . 
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Fig. 2 4 9 . S e t t l e m e n t criteria ( B U R L A N D and W R O T H , 1 9 7 4 ) 

3 . Angula r s t ra in , deno ted b y a, and given 
(a t B) b y 

AsBA AsBC 
( 3 1 8 ) 

J
AB 

I t is posi t ive if i t produces " s a g " or u p w a r d con-
cav i ty , and nega t ive if i t produces " h o g " or 
d o w n w a r d concavi ty . Angula r s t ra in is par t icu-
lar ly useful for predic t ing crack wid ths in buildings 
in which m o v e m e n t occurs a t exis t ing cracks or a t 
lines of weakness . 

4 . Rela t ive deflection (relative sag or hog) A is 
t h e d isplacement re la t ive t o t h e line connect ing 
two reference poin ts a dis tance L a p a r t . The sign 
convent ion is t h e same as in case 3 . 

5 . Deflection ra t io (sagging ra t io or hogging ra-
tio) is denoted b y A/L. W h e n a smooth profile is 
d r a w n be tween a n u m b e r of reference poin ts , 
considerable j u d g e m e n t is often needed in es t imat -
ing t h e m a x i m u m value of A/L. 

6 . W h e n t h e deformed profile is approx ima te ly 
circular, t he c u r v a t u r e rad ius is given b y 

R 
L

2 

( 3 1 9 ) 

7 . Til t is denoted b y ω a n d describes t he rigid 
b o d y ro t a t i on of t h e s t ruc tu re or a well-defined 
p a r t of i t . F igure 2 4 9 shows how t h e t i l t migh t be 
es t ima ted if t h e poin ts were located on a raft 

A B C D 
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foundat ion. (This might be qui te inappropr ia t e for 
a frame bui lding on separa te footings.) 

8 . Angular dis tor t ion (relative ro ta t ion) β is t h e 
ro ta t ion of t h e line joining two reference poin ts 
re la t ive t o t h e t i l t . The t e r m was defined b y 
S K E M P T O N and M A C D O N A L D ( 1 9 5 6 ) and is now 

widely used. 
9 . Hor izon ta l d isplacement u can be of impor-

t ance . A change of leng th A L over a l eng th L gives 
rise t o an average s t ra in ε = Δ L/L. 

The las t i t em in Fig. 2 4 9 defines t he average 
se t t l ement in t he case of separa te footings, for 
str ip or slab foundat ions . 

There are basically three criteria concerning lim-
i t ing movemen t s which have to be satisfied: 
(a) visual appearance , (b) serviceabil i ty or func-
t ion, (c) s tabi l i ty . 

Several au tho r s have m a d e proposi t ions in re-
spect of l imit ing values . T E R Z A G H I ( 1 9 3 8 ) observed 
t h a t convent ional ly bui l t bui ldings 2 0 to 5 0 m long 
always suffered h a r m when t he differential set t le-
m e n t exceeded 2 . 5 cm, b u t houses 1 2 t o 3 0 m long 
did no t show the sign of deformat ion when As was 
less t h a n 1 .9 cm. 

T S H E B O T A R I O F F ( 1 9 5 1 ) r emarked t h a t most 
buildings preserve the i r i n t ac t condi t ion when 
s <C 5 . 0 t o 7 . 5 cm and As is below 2 . 5 cm. Βοζοζυκ 
( 1 9 6 2 ) surveyed 5 7 4 two and a half-storey houses 
and experienced t h a t a relat ive ro ta t ion of 1 : 1 8 0 
did no t cause damage , 1 : 1 2 0 caused slight, 1 : 8 0 
medium, and 1 : 5 0 serious damages . M E Y E R H O F 

( 1 9 5 3 ) r ecommended l imit ing relat ive ro ta t ions of 
1 : 3 0 0 for open frames, 1 : 1 0 0 0 for infilled frames 
and A/L = 1 : 2 0 0 0 for load-bear ing walls or con-
t inuous br ick cladding. 

Following T E R Z A G H I and P E C K ( 1 9 4 8 ) , founda-
t ions on sand should be t r ea t ed differently from 
those on clayey soils because of t he following: 

(a) I n sands , se t t l ement develops rap id ly unde r 
the load. Hence , for frame bui ldings , where often 
a significant p ropor t ion of t he load is applied prior 
to t he appl ica t ion of t he cladding a n d finishes, 
some guides m a y be conservat ive . 

(b) Construct ions can bear greater differential 
se t t l ement (or a n y other t y p e of movemen t ) when 
i t occurs over an ex tended t ime period. 

According t o t he l i t e ra tu re , ha rd ly a n y problem 
arises in respect of buildings founded on sand. 
T E R Z A G H I ( 1 9 5 6 ) s t a t ed t h a t he did no t know of a 
building which set t led more t h a n 7 5 m m . Of t he 
se t t l ement survey of 3 7 buildings repor ted on b y 
B J E R R U M ( 1 9 6 3 ) only one exceeded 7 5 m m and t h e 
major i ty were below 4 0 m m . None of t he cases 
repor ted b y M E Y E R H O F ( 1 9 6 5 ) , or S C H U L T Z E and 
S H E R I F ( 1 9 7 3 ) exceeded 3 5 m m . Difficulties occur 
only when v ib ra t ion t akes place due t o machinery , 
traffic or n e a r b y cons t ruc t ion work. 

One of t h e best k n o w n selection of cri teria is 
connected wi th t he names of S K E M P T O N and 

M A C D O N A L D ( 1 9 5 6 ) . These l imit ing values are re-
pr in ted in Table 1 4 . The au thors appended the 
following r emarks to t h e t a b l e : 

Table 1 4 . Sett lement criteria of S K E M P T O N and M A C D O N A L D 

( 1 9 5 6 ) 

Solitaire Raft 

foundation 

Angular distortion (β) 
Max. differential 

se t t lement ( ^ 5 m a x) 
c lay 
sand 

1/300 
4.5 c m 
3.2 cm 

Max. se t t l ement 

(
s
max) 

clay 
sand 

7.6 c m 
5.1 cm 

7.6-12 .7 c m 
5 . 1 - 7.6 cm 

— t h e cri ter ia refer t o cus tomary s t ruc tures 
(like houses wi th load-bear ing s t ruc tu ra l 
walls , or buildings wi th hab i tua l steel or 
reinforced concrete frames); 

— damage t o s t ruc tu ra l pa r t s migh t be antici-
p a t e d when t h e angular dis tor t ion exceeds 
t h e r a t io 1 : 1 5 0 ; 

— t h e second and the th i rd cri teria have been 
deduced from t h e first one, and are less reli-
able . 

Combining t h e a b o v e criteria w i t h the stat is t ical d a t a 
publ i shed b y L E U S S I N K (cf. Sec t ion 2.4.2) , also critical va lues 
for the average s e t t l e m e n t (s) can be defined ( R É T H Â T I , 1969). 
If the dis tr ibut ion of s e t t l e m e n t s is supposed to be s y m m e t r i c , 
and the v a l u e s sugges ted b y S K E M P T O N and M A C D O N A L D are 

used (for c lays : s m ax = 7.6 c m and Δ «max^ 4.5 c m ) ; 

5 = s m ax - -Afîuax. = 7 . 6 _ 4.5/2 = 5.35 c m 

and 

AlE*x_ = 4 .50/5.35 = 0.84 . 
s 

In the case of sands of quick consol idat ion — on the ground 
of similar cons iderat ions — the result is 0 .92. As all bui ldings 
surveyed b y S K E M P T O N and M A C D O N A L D (1956) rested 

i m m e d i a t e l y on a compress ible layer , and L E U S S I N K (1955) , 
de termined a ratio 0.9 for th is case , t h e agreement is rather 
favourable . 

On t h e bas is of t h e t w o sets of s tat is t ical data the critical 
v a l u e of s can be determined . In the case , for e x a m p l e , of 
s ingular foot ings on c lay: 

L E U S S I N K g ives t h e v a l u e : Δ s m ax = 0.9 s; 
S K E M P T O N and M A C D O N A L D g ive the va lue Δ s m ax = 

= 4.5 c m and therefore the desired criterion can be found as: 

s = 5.2 c m . 

E x t e n d i n g these considerat ions to the case of sand, it can 
be said t h a t a foundat ion s y s t e m emplaced i m m e d i a t e l y on a 
compress ible layer — on which the calculat ions predict-
ed a uni form s e t t l e m e n t — should no t be trusted to accept 
more t h a n 5.0 to 5.2 c m s e t t l e m e n t w h e n t h e consol idat ion 
process is s low, or no t more t h a n 3.5 to 3.6 c m w h e n the con-
so l idat ion is rapid. W h e n t h e compress ible layer is ly ing at a 
greater d e p t h , these va lues can be increased. 

P O L S C H I N a n d T O K A R ( 1 9 5 7 ) t a k e account also 
of t h e ra t io of l eng th t o he ight L/H. Depending on 
i t , t he allowable A/L deflection ra t io — as expe-
rience has p roved — is : 

A/L = 0 . 0 0 0 3 when L/H < 2 and 

A/L = 0 . 0 0 1 0 when L/H = 8 . 
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The Soviet Code of Prac t ice allows t h e following 
va lues : 

for sand for c lay 

(a) for mul t i -s torey 
buildings and civil 
dwellings 
when L/H < 3 0.0003 0.0004; 

L/H>5 0.0005 0.0007; 

(b) for one s torey mills 0.0010 0.0010. 

Stat is t ical d a t a reveal t h a t t he crit ical l imi t ing 
values depend also on t h e stiffness of t he bui ld ing, 
which in first app rox ima t ion can be charac ter ized 
by the n u m b e r of s toreys . Figure 250 shows ( R É T -

H Â T I , 1969) t h a t for convent iona l bui ldings t h e 
critical angular s t ra in is 1 : 350 for one-storey, 
1 : 285 for th ree- , a n d 1 : 180 for s ix-storey build-
ings. 

2,3.8.2 Limiting tensile strain 

W i t h these l imi ta t ions in mind , B U R L A N D and 
W R O T H (1974) suggested t h a t a more fundamen ta l 
cri terion for damage was requi red and t h e y p u t 
forward t he idea t h a t a cr i ter ion re la ted t o visible 
cracking would be useful since tensile cracking is 
often associated wi th se t t l ement damage . Fol-
lowing t h e work of P O L S H I N a n d T O K A R (1957), 
t h e y assumed t h e onset of visible cracking a t a l im-
i t ing tensile s t ra in of e l i m( = e c r i i) . 

B U R L A N D and W R O T H (1974) pursued t h e fol-
lowing idea. If t h e b o t t o m plane of a girder of 
r ec tangu la r cross-section becomes b e n t unde r t h e 
influence of a m o m e n t t he rad ius can be calcula ted 
from E q . (319). The m a x i m a l specific deflection 
will be £ = H/2R a t a d is tance of H/2 from t h e 
neu t r a l line ( i f i s t he he ight of t h e girder) . Making 
the two expressions equa l : 

L 4ff 
(320) 

Reckoning wi th t h e ac tua l deformat ion line of 
the girder t he following expressions can be ob-
ta ined (Fig. 251 , inser t a ) : 

for uniformly d i s t r ibu ted load : 

L 4.8if 
(321) 

and for a singular force ac t ing in t h e cen te r : 

Δ _ L 

L ~ 6H
 8 

I n a case of pure shear , t he diagonal deflection 
is ε = CLA/L, where α can be t a k e n , wi th good ap-
prox imat ion , as u n i t y ( independent ly from the 
t y p e of load) , (see Fig. 251 inser t b) . 

For the case of combined shear and bending , t h e 
relat ions can be deduced from the T I M O S H E N K O 

500 

400 

300 

"> 200 

1 2 3 4 5 6 
Number of storeys 

Fig. 250. Re la t ionship b e t w e e n n u m b e r of stories in a bui ld-
ing and the critical angular strain ( R É T H Â T I , 1969) 

formulas (1957). These are i l lus t ra ted graphical ly 
in Fig. 251 inser t c, a n d the following conclusions 
can be d r a w n theref rom: 

— t h e value A/L ε is a lmost i ndependen t of the 
t y p e of load ing; 

— deformat ion due to bend ing in comparison 
to shear , is a lways de t e rminan t when L/H 
exceeds 6. 

W h e n a reinforced concrete s t ruc tu re is designed 
the neu t r a l line m u s t no t be t a k e n in t he symmet -
rical axis b u t nea r t o t h e b o t t o m . Thus , t he fol-
lowing expressions should be appl ied: (see insert if, 
Fig. 251). 
for deformat ion from m o m e n t 

A = f 0 . 0 8 3 - ^ + 1 . 3 ^ 
L H L 

and for diagonal e longat ion due to shear 

— = 0.064 
L 

L 2 

H 2 
+ 1 ε . 

(322) 

(323) 

E q u a t i o n (322) is only val id for t he case of hogging 
( the curve of deformat ion is convex when seen 
from above) , because in the case of sagging ε = 0. 

U p to th is po in t , i t was supposed t h a t t he ra t io 
of t h e elastic t o t h e shear modulus — in line wi th 
t h e isotropic case in t h e t h e o r y of elast ici ty — is 
2 (1 + v). This a s sumpt ion is rare ly val id in real i ty . 
There are cons t ruc t ions which are rigid in longi-
t ud ina l direct ion b u t t h e y are m u c h less rigid 
agains t shear forces (walls wi th several doors or 
windows, for example) , or t h e reverse. The in-
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la) 

lb) 

<3 

(C) 

(d) 

L/H 

6 L/H 

(f) 

6 L/H 
Fig. 251 . The quot i ent A/Le as a funct ion of L/H for the case of uni form loading pressure ρ and a s ingular force P: 

a — moment; b — shear; c — strain caused by moment and shear; d — as in c, but the neutral line is "close to the bottom of the beam; e —effect of EjG on £ l i m; 
f — 1 — d i a g o n a l strain is determinant; 2— bending strain is determinant (neutral line in the middle, sagging); 3 — same as 2, but neutral line is at the bottom, hog-
ging; 4 — the P o l s h i n — T o k a r criterion (1957); 5 — the S k e m p t o n - M a c D o n a l d criterion (1956) ( B u r l a n d and W r o t h , 1974) 

fluence of E/G can be found in Fig. 251c, and from 
this it appears t h a t : 

— to keep the specific s t ra in a t a m i n i m u m , a 
const ruct ion is advan tageous in which the 
ra t io E/G is large (curve 3); 

— if t he cons t ruc t ion is rigid against shear 
(curve 1) t he s t ra in due to bending will pre-
domina te , therefore the re la t ion can be 
app rox ima ted b y t he s t ra igh t line in Fig. 
251a. 

The critical value of t h e specific s t ra in (namely, 
t h a t which will be visible b y t h e naked eye in t he 
form of fissures) is in t he range of 0.05 t o 0.10. I f 
£iim — 0.075 is accepted as t h e average , t he rela-
t ions I t o 3 i l lus t ra ted in Fig. 251f can be derived 
as allowable values for A/L. Curve 1 (compare wi th 
inser t d) re lates t o t h e case when diagonal s t ra in 
p redomina tes , i.e. when t h e r igidi ty agains t shear 
is small in rela t ion t o t he longi tudinal r ig idi ty , or 
when t he resistance agains t tens ion stress is fairly 
large (frame, reinforced concrete load-bear ing 
walls). Curve 2 refers to t he case when — due to 
small resistance against tension — bending defor-
ma t ion is preva len t (cus tomary br ick walls), 
assuming t h a t t he neu t ra l line coincides wi th t h e 
centra l axis . Curve 3 applies t o similar s t ruc tu res 
to those above , wi th t he restr ic t ion t h a t hogging is 

p resumed (according t o t he assumpt ions fi/G is 
small , and the neu t r a l line lies close t o t he lower 
p a r t of t h e s t ruc tu re ) . Curve 4 corresponds t o t he 
cri terion described b y P O L S H I N and T O K A R ( 1 9 5 7 ) , 

and Curve 5 to t h a t of S K E M P T O N and M A C D O -

N A L D ( 1 9 5 6 ) , when β = I : 1 5 0 is pos tu la ted . (The 
l a t t e r had to be t ransformed to fit t he coordinates 
chosen.) 

H a v i n g analysed the relat ionships in Fig. 2 5 1 , 
and t he observat ions publ ished in t he l i te ra ture 
B U R L A N D and W R O T H ( 1 9 7 4 ) announced the i r 
findings as follows. 

(a) The S k e m p t o n - M a c D o n a l d cri terion (β = 
— 1 : 5 0 0 ) is convenient for convent ional and mod-
ern frame s t ruc tu res , b u t a s t r ic ter r equ i rement 
is needed in respect of buildings wi th load-bear ing 
walls . 

(b) The Po l sh in -Toka r cri terion gives values 
which are fairly close t o real i ty in t he case of 
buildings wi th load-bear ing walls and of reinforced 
concrete pane l bui ld ings , wi th t he except ion of 
when hogging ensues, because in th is case t he 
au tho r s r ecommend using t h e half of t he critical 
ra t io A/L1 suggested b y P O L S H I N and T O K A R ( 1 9 5 7 ) . 

The au thor s lay stress on the fact t h a t in the case 
of ident ical A/L ra t ios t he hogging causes subs tan-
t ia l ly greater h a r m t h a n does sagging, because no th -
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Table 15 . Classification of visible d a m a g e to wal ls wi th particular reference to case of repair of plaster and brickwork 
or masonry 

Degree of damage Description of typical damage
1
" 

Approximate 
crack width 

(mm) 

1. Very slight 
Hairline cracks of less then about 0.1 m m are classed as negligible. 
F ine cracks which can easily be treated during normal decoration. Perhaps isolated 

slight fracture in building. Cracks in external brickwork visible on close inspect ion. m a x . 1* 

2. Slight Cracks easily filled, re-decoration probably required. Several sl ight fractures showing 
inside of building. Cracks are visible external ly and some re-pointing m a y be required 
external ly to ensure weathert ightness . Doors and windows m a y stick sl ightly. m a x . 5* 

3. Moderate The cracks require some opening up and can be patched b y a mason. Recurrent cracks 
can be mashed b y suitable l inings. Repoint ing of external brickwork and poss ibly a 
small amount of brickwork to be replaced. Doors and windows sticking. Service pipes 
m a y fracture. Weathert ightness often impaired. 

5 to 15* 
or a number of 

cracks > 3 

4. Severe Extens ive repair work involv ing breaking-out and replacing sect ions of walls , especial ly 
over doors and windows . W i n d o w s and door frames distorted, floor sloping not iceably . 
Walls leaning or bulging not iceably , some loss of bearing in beams . Service pipes 
disrupted. 

15 to 25* 
b u t also depends on the 

number of cracks 

5. Very severe This requires a major repair job involv ing partial or complete re-building. B e a m s lose 
bearing, walls lean badly and require shoring. W i n d o w s broken wi th distortion. 
Danger of instabi l i ty . 

usual ly 25* 
but depends on the 
number of cracks 

+
 In assessing the degree of damage account m u s t be taken of i ts locat ion in the building or structure. 

* Crack wid th is only one aspect of damage and should not be used on i ts own as a direct measure of it . 

ing can resist cracking of t h e wall down to t h e foun-
da t ion . Hogging has t o be assumed in a n y of t he fol-
lowing cases: swelling or shr inking of t h e soil, min-
ing b e n e a t h t h e foundat ion , se t t l ement of t h e 
t e r ra in due to tunne l ing , d isp lacement of t h e sup-
por t due t o unde rcu t t i ng , deep founda t ion n e x t t o 
the exist ing one, p e r m a n e n t p u m p i n g of t he ground-
wate r in t h e ne ighbourhood . 

I n apprec ia t ing t he damage an i m p o r t a n t role 
should be a t t r i b u t e d t o t h e w id th of t he crack. 
M A C L E O D and L I T T L E J O H N ( 1 9 7 4 ) proposed a 
classification which is based on t h e U . K . Na t iona l 
Coal Board ' s r ecommenda t ions repr in ted in Table 
1 5 . Approx ima te crack wid ths are l is ted a n d are 
in tended merely as an addi t iona l ind ica tor r a t h e r 
t h a n as a direct measure of t h e degree of damage . 

2 . 3 . 8 . 3 Critical movement components at oil tanks 

An ever-increasing n u m b e r of reservoir t a n k s has 
been cons t ruc ted dur ing the pas t decades for fluids, 
most ly for t he s torage of oil. I n respect t o t he s ta-
bi l i ty of these s t ruc tu res the re are some charac te r -
istic features t o be t a k e n in to account such a s : 

— subs tan t i a l dead load and large dimensions 
( 4 0 t o 5 0 m d iameters are no t r a re ) ; 

— a l t e rna t ing fill a n d discharge which gives a 
cyclic charac te r t o t he live load ; 

— great flexibility (which can lead to errors 
when deformat ions are considered) ; 

— eventua l ly considerable opera t ing t empe ra -
tu re ( 7 0 to 8 0 °C); 

— preloading tes t s b y using wa te r . 

T a n k s are expensive projects and a n y failure m a y 
cause enormous h a r m . A t a n k which was bui l t in 
1 9 7 4 in t h e vic ini ty of Mizushima, J a p a n , failed 7 
m o n t h s after i ts ins ta l la t ion and discharged 5 0 
t h o u s a n d m 3 of ho t oil in to t he nea rby fishing 
lake , causing a loss of 1 5 0 million dollars in p rope r ty 
( B E L L and I W A K I R I , 1 9 8 0 ) . 

A storage t a n k consists of four main s t ruc tu ra l 
e l ement s : shell, b o t t o m p la te , connect ion of shell 
t o b o t t o m pla te and roof. E a c h se t t l ement p a t t e r n 
m a y influence a n y of these componen t s . Figure 2 5 2 
describes de t r imen ta l se t t l ement p a t t e r n s t h a t m a y 
develop a t t h e founda t ion of a t a n k . E a c h of these 
p a t t e r n s m a y produce one or more modes of failure. 
Fai lures of mos t concern inc lude : 1 . d is tor t ion of 
t he shell t o such e x t e n t t h a t t he floating roof mal-
funct ions , 2 . r u p t u r e of t h e shell or t h e b o t t o m 
p la t e or s h e l l - b o t t o m p la te connect ion. 

F igure 2 5 2 summar izes t h e pr incipal cri teria for 
unequa l s e t t l emen t s . After M A R R et al. ( 1 9 8 2 ) the 
cri ter ia in respect of s torage t a n k s can be sum-
mar ized as follows. 

(a) Criteria for shell 
Uniform se t t l emen t would no t cause h a r m in 

t h e t a n k b u t m a y d a m a g e adjoining duc t s . 
Using s ta t is t ics and geometr ical considera t ions , 

t h e m a x i m u m t i l t which a t a n k can susta in wi thou t 
overstressing t h e shell equals 

<W<
 4

! f
m a x

 - 2 ( g - Ahd), ( 3 2 4 ) 
F S · yw · GSD 

where H = t a n k he ight , 
Ahd = design freeboard, 
ôj — r u p t u r e stress of t he steel i n t he shell, 
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Settlement criteria and recommendations 
Lambe et a I. 

(1961) 
Langeveld 

(1974) 
Hayashi(1973) 
Gruber (1974) 

Greenwood 
(1974) 

Others 
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5±D/100 

IS) 
Non-planar ι 
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SAGZD/267 
excess stress 

SAGi0.25fiARt 
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(0.2L
2
/HD)ARt 
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S max-6 cm 
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ASï(r/HD)ARtol 

Penman 
SAGZ(D/4H)ARt 

AqïD/100 

ο 
ο QQ 

Dish-type 
settlement 
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o f 
W5D/W0 D/90 to D/50 

Little prob-
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Rinne 
W^D/90 

WsD/100 

W 

Localized 
settlement 

(S/d)^1/30 

Visual inspec-
tion of tank 
bottom after 
water test 

S< 
d/90 to d/50 

Little prob-
lem 

Not considered 

SsD/100 

Non-planar 
settlement 

Original 

Use prepared 
foundation pad 
to prevent 

S 5 
d/50 to d/30 

Not con-
sidered 

Not considered Use prepared 
foundation pad 
to prevent 

SïD/100 

Deformed 

Fig . 2 5 2 . Differential s e t t l e m e n t criteria for tanks ( M A R K et al, 1 9 8 2 ) 

"max 

CA 

FS 

D 

th ickness of t he shell, 
corrosion allowance on shell th ick-
ness, 
safety factor against r u p t u r e of 
shell, 
d iameter of t a n k . 

where η = t he n u m b e r of reference points , 
. S m ax = t he m a x . devia t ion beyond the 

average . 

I n respect of overstresses M A R R et al. (1982) 
suggested using t h e following cri terion 

Non-p lanar se t t l ement m a y radial ly dis tor t or 
overstress the shell. Radia l d is tor t ion, called oval-
i ty , m a y cause malfunct ion of t he floating roof. 
Overstresses m a y produce r u p t u r e and conse-
quen t ly the spillage of t he con ten t of t he t a n k . I n 
respect t o oval i ty the cri terion proposed b y M A -
L I K et al. (1977) can be accepted, i t s ta tes t h a t 

AS* 
Η - D 

AR toi ? (325) 

where AS = St — 0.5 (Si+l -f S z _ t ) , and / is t h e 
dis tance be tween two reference poin ts . This 
expression has been modified by M A R R et al. (1982) 
as : 

D 
for η = 8 S m ax < 0.154 

Η 
AR toi ·> 

and 

for η = 16 S m a x < 0.132 ~ ARtol, 
Η 

(326) 

Kl
2 

ASi< oy, 
- HE

 J 

(327) 

where AS( — t h e differential se t t l ement be tween 
two poin ts , 

Of — t he r u p t u r e stress of t he shell, 
Κ = a cons tan t t h a t covers t he non-

elastic behav iour of the shell ma-
ter ia l , secondary effects of t he t a n k 
geomet ry , and o ther factors (eval-
ua t ion of failed t a n k s has shown 
the m a x . va lue of Κ t o be of 12). 

(b) Criteria for t he b o t t o m pla te 

Uniform se t t l ement and t i l t would no t cause a 
problem, b u t a non-p lanar se t t l ement does. Two 
i m p o r t a n t modes of deformat ion m a y occur: disk-
shaped se t t l ement , and local depressions. For the 
former M A R R et al. (1977) suggested the following 
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criterion 

w < w2+ 
0 . 3 7 

FS Ε 
D

2 
0.5 

( 3 2 8 ) 

where W = the m a x . deflection, 
W0 = t he init ial m a x i m u m camber of t he 

b o t t o m pla te , 
Oj = t he u l t ima te stress of t he par t i cu la r 

weld used to cons t ruc t t he b o t t o m 
p la te . 

The camber which has t o be ma in t a ined is de-
fined in U .K. regula t ions as a grade of 0 . 8 3 % 
toward the cen t re . A t a n k is able t o sus ta in a sub-
s tan t ia l deflection when s m a x develops a t i ts mid-
point , b u t major deflections most ly ensue a round 
the r im, so damage a n d i m p a i r m e n t occur qui te 
f requent ly ( P E N M A N , 1 9 7 8 ) . 

(c) Criteria for she l l -bo t tom pla te connect ions . 
Uniform se t t l ement would no t cause a problem, 

and the cri terion to l imit p l ana r t i l t of the shell 
seems sufficient to ensure t h a t addi t ional stresses 
in the connect ion are kep t wi th in allowable l imit . 
Concerning non-p lanar se t t l ement , no cri terion 
is ye t available t o eva lua te t he condi t ion of t he 
connect ion. 

usual in H u n g a r i a n pract ice t o calculate t h e radius 
of t he depression bowl (R, k m ) , and the relat ive 
differential se t t l ement (zJs/Z, m m / m ) which are t h e n 
t a k e n as design values in re la t ion to t he sensi t ivi ty 
of t he bui ldings. F o u r categories were chosen: 

I II III IV 

20 12 6 2 
As/l 3 7 10 20 
ε 1 2 3 6 

Dur ing cons t ruc t ion of unde rg round (metro) 
tunnels , i t has been observed t h a t var ious buildings 
are differently sensit ive for given m o v e m e n t com-
p o n e n t s , and so i t can be s t a t e d t h a t qui te unlike 
m o v e m e n t componen t s are de t e rminan t for var ious 
types of cons t ruc t ions . Fo r example , single build-
ings are more sensit ive to deflection; roads , rail-
ways a n d u t i l i ty duc ts are sensitive to deflection 
and rela t ive e longat ion, b u t block buildings react 
severely when the rad ius of t h e depression is small 
or t h e e longat ion on t h e t e r ra in is great . 

2.4 Reliability of calculations and the safety 
factor 

2 . 3 . 8 . 4 Settlement criteria for miscellaneous 
engineering structures 

The composi t ion of t he previous pa rag raphs in-
dicates t h a t b o t h cri teria and assigned l imit ing 
values are dependen t on t he t y p e of t he s t ruc tu re 
and on the charac te r of t he even t which evoked the 
damage . 

Crane t r acks are exposed to a perilous effect, no t 
so m u c h when the t r a ck sett les unequa l ly b u t when 
it t i l t s ; t h e H u n g a r i a n Code of Pract ice allows a 
grade of m a x . 0 . 0 0 4 for longi tudina l d isp lacement 
of the rails , and m a x . 0 . 0 3 for t i l t . 

Agricul tura l buildings res t ing on column piles 
are discussed b y Z H U K O V et al. ( 1 9 7 9 ) . Allowed t i l t 
is (x) 

χ = s hp/2 LQ ( 3 2 9 ) 

where s = se t t l ement a t t he suppor t s , 
hp = height of t he panel , 
L 0 = l eng th of t h e panel . 

Unequa l se t t l ement is t he more dangerous when 
the l ink be tween the panels is stiff, and the gap 
(d) be tween t h e m is na r row. Usual ly d is 2 0 to 
5 0 m m , and so, for t he case of hp = 1.2 m and 
L 0 = 6 m the allowable differential se t t l ement 
would be As = 6 cm. Exper ience on model tes t s 
suggests t ak ing As/L = 0 . 0 1 , and for t he gap be-
tween the panels d = 4 0 to 5 0 m m . 

I n mining areas relat ive expansion or cont rac-
t ion (ε, mm/m) of t he ground surface is also moni-
tored (as the depression bowl exhibi ts tension in 
some regions, and compression in others) . I t is also 

2 .4 .1 Bearing capacity of foundat ions 

Similarly t o t he case of t h e s tabi l i ty analysis of 
slopes, t h e rel iabi l i ty of calculat ions can also be 
t r e a t e d on the basis of determinis t ic or s tochast ic 
me thods . 

2 . 4 . 1 . 1 Deterministic methods 

We m u s t face t he fact t h a t our invest igat ions , 
the d a t a used, t he conslusions d rawn, e tc . , m a y be 
incorrect . For example , when comput ing the ulti-
m a t e bear ing capac i ty of a footing we are aware 
t h a t b o t h t he design loads and the shear -s t rength 
pa rame te r s can be inaccura te . I n order to rectify 
t he s i tua t ion , we have to in t roduce safety factors. 
This can be done in th ree different ways . 

I n t he first m e t h o d t h e u l t ima te bear ing capaci ty 
is d ivided b y an assumed or prescribed safety fac-

Fig . 253 . E s t a b l i s h m e n t of failure safety factors for a strip 
foundat ion 
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tor and t h u s an "a l lowable bear ing p re s su re" is 
ob ta ined . A footing is t h e n said to be designed cor-
rect ly if t h e " a c t u a l " pressure on its base , which 
itself is compu ted from more or less unce r t a in de-
sign loads does no t exceed the " a l l o w a b l e " va lue . 
Former ly , th is concept was in general use. Using 
E q . (119), t h e allowable bear ing pressure of a 
footing can be wr i t ten in t h e following from 

^allowable = ~ = \ {^c + tyNq + bYNy). 

(330) 

Hence the requi red area A of t h e base of t h e foot-
ing is 

Λ = £ , (331) 
JPallowable 

where ρ is t he t o t a l load on the footing. To ob ta in 
t he required wid th of a cont inuous or a r ec tangu la r 
footing calls for t h e solution of an equa t ion of sec-
ond or t h i rd order, respect ively. A value of ν = 
= 2 to 3 for t he safety factor is usual ly chosen. 

This m e t h o d is now regarded as obsolete since it 
makes no allowance for uncer ta in t ies o ther t h a n 
those resul t ing from the soil condi t ions no t hav ing 
been adequa te ly inves t iga ted . 

Nevertheless , in a modified form this me thod 
can still be ve ry useful since i t pe rmi t s var ia t ions 
in b o t h shear s t r eng th and design loads and thei r 

effect on bear ing capac i ty to be assessed b y means 
of a graphical represen ta t ion . 

The basic idea of t h e m e t h o d is t h e same as t h a t 
used in t h e s tabi l i ty analysis of slopes (see Section 
1.6.1). Since the fundamen ta l factor in a l imit s ta te 
analysis is shear s t r eng th , i t is appropr ia te to 
express t h e safety factor in t e rms of th i s . To this 
end, for a given load we de termine a set of those 
s imul taneous values of Φ and c for which the safety 
factor agains t failure is ν — 1. We t h e n plot these 
c va lues agains t t a n Φ as shown in Fig. 253, and 
compu te t h e safety factor in t h e same way as in the 
case of slopes 

? = (332) 
OA

 V ; 

I t is of in te res t t o compare t h e safety factor de-
fined b y E q . (332) wi th t h a t used in E q . (330), 
V
P — iV.Pallowable' 

Numer ica l examples to show the difference be-
tween t h e two sets of values , are given in Fig. 254. 
The safety factors referred to bear ing pressures 
are v

a

p = 4, v
b

p = 8.2 and v
c

p = 11.8. 
If we perform t h e c o m p u t a t i o n for t he smallest 

a n d grea tes t p robable values of c, t h e condi t ion 
ν = 1 will be represen ted b y a s t r ip ins tead of a 
single curve in t h e c versus t a n Φ plot (Fig. 255). 
If we aga in plot t h e measured shear s t r eng th pa-
r ame te r s in this g raph , t he marg in of safety against 
failure can be j u d g e d b y simple visual inspect ion. 

(C) 0 0.1 0.2 0.3 0.4 0.5 0.6 
tan φ 

Fig. 254. E x a m p l e s of h o w to e s t imate safe ty factors 
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Fig . 255. E x p l o r a t i o n of the spreading zone of safe ty 

factors 

The ν = 1 curves can be de te rmined b y var ious 
theories and t h u s t he differences in t h e resul ts can 
be s tudied . 

I n t he second m e t h o d , t h e dead and live loads 
on the s t ruc tu re are mul t ip l ied b y a f a c t o r / w h i c h 
is greater t h a n 1. I n th is w a y we can allow for t h e 
uncer ta in t ies in t he es t imat ion of design loads . The 
footing is t h e n said to be correct ly designed if t he 
u l t ima te bear ing pressure is grea ter t h a n or j u s t 
equal t o , t he bear ing pressure c o m p u t e d from the 
increased loads on t he base : 

Pb > <* = 
Pdfd + Pifi (333) 

The subscr ipts d and / refer to dead loads and live 
loads, respect ively. 

The shor tcoming of th is m e t h o d is t h a t i t makes 
no allowance for possible var ia t ions in soil charac-
terist ics (especially in Φ and c). 

The th i rd m e t h o d consists in using pa r t i a l coeffi-
cients . The m e t h o d was proposed b y B R I N C H 

H A N S E N and L U N D G R E N (1960). According t o th is 
m e t h o d we reckon wi th a nomina l s t a t e of failure. 
The loads ac t ing on a footing are mul t ip l ied b y a 
set of par t i a l coefficients grea ter t h a n 1, while 
the s t r eng th pa r ame te r s of b o t h t h e mate r ia l of t h e 
footing and the soil are divided b y ano the r set of 
par t i a l coefficients. The s t ruc tu re is said t o be cor-
rect ly designed if t h e condi t ions of equi l ibr ium are 
ju s t satisfied in t h e nomina l s t a t e of failure. More-
over, t he crit ical nomina l stress in t h e s t ruc tu re it-
self m u s t no t exceed t h e nomina l compressive 
s t r eng th of t h e mater ia l . I n m a t h e m a t i c a l t e r m s : 

f1P1+f2P2+ ....+fnPn t a n Φ c 

Τ 

A choice of t he pa r t i a l coefficients is based on the 
following pr inciples: 

— the greater t he u n c e r t a i n t y in t he de te rmina-
t ion of t he q u a n t i t y considered, t he greater 
should be t h e numer ica l va lue of t he re levant 
pa r t i a l coefficients; 

— the coefficients should be so chosen t h a t t he 
resul t ing dimensions of t he footing do no t 
differ too m u c h from those ob ta ined b y for-
mer ly used convent iona l me thods . 

The numer ica l values proposed b y B R I N C H 

H A N S E N and L U N D G R E N are t he following 

Dead weight 
W a t e r pressure 
W a t e r pressure if wa te r 

level changes unpredic t -
ably 

Live load 
Live load, special cases 

(silos, etc.) 
W i n d t h r u s t 
E a r t h pressure a t rest 

S 

s , 

s . 
Si 

s 

1.00 t o 1.05, 
1.0, 

1.2, 
1.5, 

1.2, 
1.5, 
1.3. 

The c o m p u t e d , or assumed loads m u s t be mul t i -
pl ied b y t h e re levan t coefficients. On t h e o the r h a n d , 
t h e shear s t r eng th p a r a m e t e r s Φ and c m u s t be di-
v ided b y t h e following n u m b e r s : 

Coefficient 
Bearing capacity Earth pressure and 

Coefficient of footings stability computations 

Cohesion fc 2,0 1.5 

Frict ion / φ 1.2 1.2 

(334) 

These values are val id for t h e case where t he shear 
s t r eng th p a r a m e t e r s are de te rmined b y the best 
possible m e t h o d . 
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2 . 4 . 1 . 2 Stochastic methods wr i t t en as 

An up- to -da te design procedure views every 
t e r m in E q . ( 1 1 9 ) , so also t h e u l t ima te bear ing 
capac i ty itself, as a r a n d o m var iable . Basic pr in-
ciples are t h e same as in Section 1 .6 .2 and the i r 
methodics similar t o t h a t appl ied in t h e case of 
slope s tabi l i ty analyses . 

The t e r m s b and t on t he r ight h a n d side in E q . 
( 1 1 9 ) can be t a k e n as cons tan t s , and the s t a n d a r d 
devia t ion of γ1 and γ2 can be neglected. J u s t t he 
opposite has to be said abou t t h e cohesion and the 
a rgumen t of the bear ing capac i ty factors , t he in-
te rna l friction of the soil. 

As the s ta t is t ical pa rame te r s of cohesion are 
given, we have to deal pr incipal ly wi th the var i -
abi l i ty of t he Ni factors . The s t a n d a r d devia t ion of 
t he bear ing capac i ty factors can be de te rmined b y 
using one of two m e t h o d s : the Monte Carlo simu-
lation or by t he help of E q . ( 1 6 3 ) which expresses 
the law of p ropaga t ion of errors . 

Choosing the first a l t e rna t ive , S I N G H ( 1 9 7 1 ) 
examined the var iab i l i ty of the factors 

Nq = t a n
2
( 4 5 ° + Φ / 2 ) exp (π t a n Φ) ( 3 3 5 ) 

and 

Nc = {Nq - 1 ) cot Φ . ( 3 3 6 ) 

The results of th is considerat ion are condensed in 
Table 1 6 from which the following can be deduced : 

(a) the var iance of Nq exceeds t h a t of Nc; 
(b) wi th increased in te rna l friction, also t he 

coefficient of var ia t ion of t h e bear ing capac i ty fac-
tors increases g radua l ly ; 

(c) the re la t ionship be tween the coefficients of 
var ia t ion for the bear ing capac i ty factors and t h a t 
of the angle of in te rna l friction is no t l inear ; the 
ra t io of t he two t e rms decreases when the coeffi-
cient of var ia t ion of Φ (Cv0) increases. 

Singh's d a t a revealed t h a t t he var iabi l i ty of q 
is r a the r significant. Similar observat ions originate 
from other researchers as well, for example , L U M B 

( 1 9 6 6 ) and S C H U L T Z E ( 1 9 7 5 , 1 9 7 7 ) . 
Using the law of error p ropaga t ion , and assum-

ing t h a t the var iance of 6, t and γ is negligible in 
re la t ion to t h a t of Φ and c, t he var iance of q can be 

hi — 
ί)Φ 

dNt 

2
 , I dNq 

d0 

3Φ 

*Φ + (Ncscf 

2 

5φ + 

( 3 3 7 ) 

when Φ and c are assumed to be independen t vari-
ables. 

The calculi of t he bear ing capac i ty factors de-
fined b y the expressions E q . ( 3 3 5 ) and ( 3 3 6 ) , and 
of t h a t given b y C A Q U O T and K É R I S E L ( 1 9 5 3 ) as 

Nr = 2(Nq 

are ( H A R R , 1 9 7 7 ) : 

1 ) t a n Φ, 

Nqn 

cos 2 Φ 
ΐ 3η ( 4 5 ° + Φ/2) c, w 

cos 2 ( 4 5 ° + Φ/2) 

ON, 

3Φ 3Φ 

2(ΛΓ, + 1) 
οοβ2Φ 

^-ΟΟίΦ — 
Ν„ 

sin 2 Φ 

+ 2 t a n Φ 
d0 

( 3 3 8 ) 

( 3 3 9 ) 

( 3 4 0 ) 

( 3 4 1 ) 

Example. The al lowable load ( k N / m
2
) should be found for a 

bui lding on which an addit ional s torey is desired. The exist -
ing strip foundat ion is 2b = 1.2 m wide , m a d e at —1.3 m 
(= t) d e p t h be low ground level . T h e desired probabi l i ty of 
failure is pj = 0 .005. A s s u m e γ1 = γ2 = 19 k N / m

3
, c = 25 

k N / m
2
 cohes ion w i t h sc == 5.2 k N / m

2
 and Φ = 20° w i t h 

s 0 = 2.2° ( = 0 .0384) . 
Us ing E q s (335) , (336) and (338) , the e x p e c t e d va lue of the 

failure stress w o u l d be : 

q = 0 . 6 - 1 9 - 5 . 3 9 + 1 .3-19 · 6.40 + 25 14.93 = 590 k N / m
2
. 

Subs t i tu t ing the va lues ca lculated from E q s (339) to (341) 
in E q . (337) , the var iance of q i s : 

sf = (0.6 · 19 · 43 .3 · 0 . 0384)
2
 + (1.3 · 19 · 36 .4 · 0 .0384)

2
 + 

+ (25 · 53.8 · 0 .0384)
2
 + (14.83 · 5 .2 )

2
 = 10 166, 

and so sq = 100.8 k N / m
2
. 

F r o m t h e table of normal d is tr ibut ion funct ion we can find 
λ = 2.57 to pf = 1—Φ(λ) = 0 .005, and so the desired va lue 
of the a l lowable stress i s : 

q-Xsq = 590.3 - 2.57 · 100.8 = 331.2 k N / m
2 

and the a l lowed load on the strip: 

Qh = 1.2 · 331.2 = 397 k N / m . 

The convent iona l safe ty factor is 

FS = 590 .3 /331 .2 = 1.78. 

Table 16 . Coefficients of variation for the bearing capacity factors defined 
in Eqs ( 3 3 5 ) and ( 3 3 6 ) as the functions of Φ and σνφ ( S I N G H , 1 9 7 1 ) 

CV(p 
Φ = 15° Φ = 25° Φ = 35° 

CV(p 
Ni 

0.10 3.983 0.143 11.081 0.268 37.242 0.474 
0.20 4.037 0.216 11.645 0.419 43.439 0.820 
0.30 4.115 0.291 12.515 0.590 55.763 1.380 

0.10 11.029 0.086 21.147 0.180 49.357 0.342 
Nc 0.20 11.096 0.130 21.712 0.278 54.197 0.575 

0.30 11.192 0.175 22.563 0.388 63.123 0.940 
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2.4 .2 Reliability of predicted set t lement 

I t is no t hab i tua l t o require a safety factor for t h e 
calculated se t t l ement , despite t h e fact t h a t sever-
al errors m a y aggrava te t h e calculat ions. 

Concluding the t r e a t m e n t on se t t l ement calcula-
t ions , analyt ica l - a n d observa t iona l d a t a for some 
s t ruc tures will be compared . Unfor tuna te ly , these 
d a t a are of b u t l imi ted value for a n u m b e r of 
reasons. One of t h e m is t h a t such repor t s are , as a 
rule, publ ished after an ex tended period of obser-
va t ion only, and in some ins tance even t h e " a n a -
ly t i ca l " resul ts are only subsequen t ly ob ta ined , 
using the " b e s t " m e t h o d avai lable . The resul ts of 
soil explora t ions and l abo ra to ry tes t s are a lmost 
invar iab ly incomple te . Moreover, often different 
me thods of c o m p u t a t i o n are appl ied; for th is rea-
son only a few repor t s will be ment ioned . 

The resul ts of se t t l emen t observat ions publ ished 
in t h e re levant l i t e ra ture a n d observed b y himself 
for 103 s t ruc tures have been compiled a n d eval-
u a t e d b y L E U S S I N K (1953). The observat ions are 
summar ized in Fig. 256 where t h e values of " r e -
s t r ic ted v a l i d i t y " are shown in d i ag ram (a), while 
those considered "pe r f ec t " are given in d i ag ram (b). 
I n t he first case, t h e se t t l ement values processed 

c: 
Cb 
Cr 
Cb 

i t 

30 

20 

10 

5 

3 

1 

0 

c 

40 

30 

20 

=» 10 
Cb 
Cr 
Cb 

fc 

κ 

c 
• p x ^ • 

yly" CM 

CO 

$ 

M m 

\ cp 
\ a 
\ Ί3 

c il 
\ ^ 

0 20 40 60 80 100 120 
Measured settlement U_ 
Calculated settlement y' 

140 160 

Fig. 256. 
a — Relation between measured and calculated settlements plotted in Beckers 
frequency system; all 103 values with restricted validity; b — the same, of which 
40 data are unanimously valid 

are n o t t h e u l t ima te - , b u t in te rmedia te sett le-
m e n t s , or were such where t he magn i tude of sett le-
m e n t was influenced b y la te ra l yielding as well. The 
n u m b e r of "pe r f ec t " values was 40. 

The a r i thmet ic m e a n of t he ra t io of t he sett le-
men t s observed (y) t o those compu ted (y ') was 
y/y' = 8 5 . 2 % wi th all d a t a included, whereas i t 
was 9 3 . 3 % using t h e perfect d a t a only. The fre-
quency curve in Fig. 256 does no t reveal a normal 
d is t r ibut ion , b u t r a t h e r one of a complex t y p e . 
The presumable pa r t i a l no rma l dis t r ibut ions have 
also been p lo t t ed on t h e d iagram. This dist inct ion 
has been a t t r i b u t e d b y L E U S S I N K t o differences 
be tween the soil t y p e s , in t h a t for silt soils, where 
sampl ing is more liable t o cause d is turbances , t he 
c o m p u t e d se t t l ements are excessive, whereas in 
clay soils t h e agreement is, in general , closer. 

The d is t r ibut ion curves of t he "pe r f ec t " values 
are s teep , t h e se t t l ements observed ranging from 
75 to 1 2 5 % of t h e theore t ica l va lues . I n t h e case 
of sl ightly cohesive a n d granu la r soils, t h e distri-
bu t i on curve is m u c h flatter, indicat ive of reduced 
accuracies. 

Various se t t l ement calculat ion models have been 
compared in a s t u d y m a d e b y S C H U L T Z E and 
S I E V E R I N G (1977), eva lua t ing t he se t t l ement of 
148 bui ldings. There were 112 buildings on slab, 
29 on single footings and 7 on s t r ip foundat ions on 
t h e l ist . The size of t h e foundat ions ranged be-
tween 1 · 1 m a n d 60 · 100 m, a n d the i r con tac t 
pressure be tween 20 a n d 1263 k N / m 2 . The Es was 
based on t h e S t a n d a r d Pene t r a t i on Tes t and 
Sta t ic Pene t r a t i on Tes t resul ts , or on t h e basis of 
oedometr ic t es t s , depending on which of these was 
ment ioned in t h e l i t e ra ture as t he pe r t inen t case. 
The d e p t h l imit of t he compressible zone was t a k e n 
as t h e w id th of t h e slab or as double t h e wid th 
of a rec tangula r footing. Se t t l ements were calcu-
l a t ed using t en different me thods . I n t he first th ree 
cases £ s w a s assumed to be cons tan t and the sett le-
m e n t influence factor was t a k e n in t h e following 
combina t ions of Frohl ich 's concent ra t ion factor 
(v) and t h e Poisson ra t io (μ) : μ = 0, ν = 3 ; μ = 0, 
ν = 5 ; μ = 0.3, ν = 3 . I n t h e n e x t th ree cases t he 
procedure was t h e same, b u t Es was assumed to 
increase wi th dep th . The las t four cases (Nos 7 
t o 10) were calculated b y t h e following expres-
sions : 

s = 3.5 pRH 

EQ 

LBp 

ES(L + B) 

= 2.3 
Ν 

log 2B + ζ 
2E(SL-B)

 σ
 2Es + z Β 

s = 
0.6 pB 

(342) 

(343) 

, (344) 

(345) 

1 2 À . Kézdi and L. Réthâti: Handboot 
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Table 1 7 . Rat io of calculated ( w i t h methods 1 to 10 ) and measured set t lements ( S C H U L T Z E and S I E V E R I N G , 1 9 7 7 ) 

All values (148) Raft foundation (112) Single footing (29) Strip footing (7) 
Calcu-
lation 

mean 
standard coefficient standard coefficient standard coefficient standard coefficient 

mean deviation of variation mean deviation of variation mean deviation of variation mean deviation of variation 

1 1.82 1.43 0.79 1.99 1.54 0.78 1.51 0.79 0.52 0.52 0.35 0.67 
2 2.16 1.66 0.77 2.28 1.78 0.78 2.07 1.05 0.51 0.57 0.38 0.67 
3 1.49 1.15 0.77 1.60 1.24 0.78 1.31 0.69 0.52 0.40 0.27 0.67 
4 1.41 1.12 0.79 1.56 1.21 0.77 1.05 0.52 0.50 0.40 0.27 0.67 
5 1.63 1.27 0.78 1.78 1.37 0.77 1.36 0.66 0.49 0.44 0.29 0.67 
6 1.13 0.89 0.78 1.24 0.96 0.77 0.89 0.44 0.50 0.31 0.20 0.67 
7 3.71 3.37 0.91 4.30 3.64 0.85 2.05 1.05 0.51 1.26 0.82 0.66 
8 1.70 1.45 0.85 1.52 1.58 0.82 1.06 0.49 0.46 0.72 0.47 0.66 
9 0.55 0.49 0.90 0.64 0.53 0.82 0.35 0.16 0.46 0.005 0.006 1.19 

10 2.02 1.75 0.87 2.31 1.90 0.82 1.27 0.59 0.46 0.47 0.31 0.67 

The means of t h e ra t ios be tween differently 
calculated and measured se t t l ements r anged be-
tween μ = 0.55 and μ = 3.71. The coefficient of 
var ia t ion of these //-values decreased when t he 
foundat ions were classed b y t y p e (Table 17). For 
the l inear relat ionships establ ished be tween cal-
cula ted and measured se t t l ements t he correlat ion 
coefficients were 0.81 t o 0.87. As t he in te rcep t of 
t h e regression lines was close t o zero, i t was pos-
sible t o order a corrective factor t o a n y one of t he 
methods used (Table 17). 

Exper ience has confirmed t h a t differential set t le-
m e n t m a y also develop among footings which 
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Fig . 257. M o v e m e n t c o m p o n e n t s of a si lo, synopt i c drawing 

rest on an unde rg round qualified as homogeneous . 
L E U S S I N K (1955) s tudied t h e se t t l ements of found-
a t ions res ted on soils which were classified as ho-
mogeneous in t he l abo ra to ry and were equally 
loaded . He found t h a t t he measured m a x . differ-
ent ia l se t t l ement of t he footings unde r t he same 
bui ld ing a t t a ined 30 or 9 0 % of t hç average sett le-
men t , depending on t he posit ion of t he compres-
sible layer . 3 0 % refers t o t h e case when the com-
pressible layer was a t a dep th of more t h a n half 
t h e w id th of t he s t r ip , or in t h e case of singular 
footings, a t a d e p t h B/2 or L/4, whichever was less. 

The s t u d y allows t o d raw t h e following con-
clusions. 

(a) I t is wise to confine also t he average sett le-
m e n t , t o avoid u n w a n t e d differential se t t lement 
a m o n g t he footings (see Section 2.3.8). 

(b) The as sumpt ion — made on the basis of 
probabi l i ty theories — t h a t a r a n d o m differential 
se t t l ement or t i l t m a y ensue due to the var iabi l i ty 
of Es and other pa rame te r s seems to be really ac-
ceptable ( R E S E N D I Z and H E R R E R A , 1969). 

(c) There exists definite re la t ionship among t he 
componen t s of m o v e m e n t . Let give an example 
here t o prove t h e va l id i ty of th is s t a t e m e n t . Figure 
257 reflects t h e var ia t ion of some components of 
m o v e m e n t in a reinforced concrete silo as a func-
t ion of t ime (loading). Shown a re : 

— t h e angle of t he chu te to the axle a; 
— the m e a n s of t he se t t lements (s,) measured 

a t t he va lves ; 
— the t i l t , δ. 

The figure reveals t he ve ry close relat ion between s 
and <5, namely , wi th increasing load, no t only the 
average se t t l ement b u t also t he t i l t increases grad-
ual ly . After eva lua t ing t h e case of 14 silos t he 
average correlat ion coeffcient for t he relat ionship 
s, ô has been found as r = 0.73 (four values were 
above 0.90). The figure indicates also t he phenom-
enon t h a t the dead load generally causes the silos 
t o t i l t t o w a r d t he elevator (machine shop), which 
is t he resul t of an init ial excentr ic i ty . 
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Time (months) 

Fig . 258. M a x i m u m s e t t l e m e n t s deduced from t h e conso l idat ion process w h e n 
t h e w i d t h of one foot ing is var ied ( R É T H Â T I , 1955) 

The case of t he frame ment ioned in Section 2.3.7 
indicates t h a t i t is convenient t o examine t he de-
ve lopment of m o v e m e n t componen t s as a funct ion 
of t ime . E v e n if t h e strat i f icat ion is no t uniform, 
the soil is inhomogeneous and/or t h e loads on t h e 
footings are different, i t can be achieved t h a t t h e 
calculated se t t l ement a t t a i n t h e same va lue a t each 
footing, b u t th is will be val id a t one single i n s t a n t 
only. Le t us examine , for example , t h e differ-
ent ia l se t t l ement of t h e two footings in Fig . 258 as 
a function of t ime ( R É T H Â T I , 1955). E v e n if t h e 
final se t t lements a t t ime t —• oo are ident ical , the re 
are appreciable differences dur ing t h e consolida-
t ion period. The t i m e - s e t t l e m e n t curve for footing 
1 is d rawn using numer ica l va lues (see figure). If 
the w id th of footing 2 is widened, var ious final 
se t t lements and different t i m e - c u r v e s are pro-
duced. Take for example a2 = 140 k N / m 2 a n d 
Β = 1/^700/140 = 2.23 m, t h e n t h e pressure in t h e 
center of t he compressible layer will be 103 k N / m 2 , 
and t he se t t l ement (a t t —• oo) is s2 = 4.10 cm 
[the t i m e - s e t t l e m e n t curve has been derived from 
the consolidation curve s± b y reducing it a t t h e 
ra te of (1.2/0.8) 2 = 2.25] . Tak ing t h e largest differ-
ences be tween t h e o rd ina tae of t ime-curves s1 a n d 
s2 t he re la t ionship be tween stress σ 2 and m a x i m a l 
differential se t t l ements Asm = s2 — s1 is ob ta ined 
( the As changes i ts sign, so mos t of t h e o*2-s have 
b o t h a posit ive a n d a nega t ive m a x i m a l value) . The 
calculat ion shows (see t h e r igh t u p p e r corner of 
t h e figure): 

As„ 1.4 cm when σ 9 = ov 
Asm = 1.1 cm when s2oo = s l 0 0, 
Asm = 0.64 cm when a2 = 127 k N / m 2 . 

I n a pract ica l case, t h a t pa r t i cu la r con tac t pres-
sure has t o be found b y which Asm is min ima l ; b u t 
no combina t ion exists which could reduce t h e dif-
ferential se t t l ement t o absolute zero. 

The reliabil i ty of predic ted se t t l ements can be 
calculated on t h e basis of t h e probabi l i ty t heo ry , 
similarly t o t h e case of slope s tabi l i ty analysis 

(Section 1.6.2) or for t h e u l t ima te bear ing capaci ty 
(Section 2.4.1.2). 

Should we suppose for example t h a t t h e follow-
ing set of Es values has been establ ished — a t dis-
t ance d from each o ther — in t h e axis of a loaded 
s t r ip founda t ion : 

14.2 - 13.8 - 16.3 - 14.9 - 9.5 - 11.3 - 12.4 -
— 8.1 . Then t h e regression line defined for t he 
va lue will have t h e following equa t ion 

s = 0.346 d + 3.01 

a n d t h e value of t he correlat ion coefficient is r = 
= 0.73. 

According to t h e equa t ion above , t h e se t t lement 
t o be expec ted a t po in t 1 is sx = 3.36 cm, and a t 
poin t 8, s8 = 5.78 cm; t h u s t h e expec ted value of 
t h e differential se t t l ement will be As = 2.42 cm. 

The s t a n d a r d devia t ion of t he regression coeffi-
cient i s : 

(n - l)al 

0.792 2 

(8 - 1 ) 2 . 4 5 2 
= 0.122 

considering t h a t t h e residual s t a n d a r d deviat ion 
ar i s : 

ar = rys y r ^ r 2 = 1.159 ][1 - 0 .73 2 = 0.792 . 

Accordingly, i t m a y be s t a t ed wi th 9 0 % prob-
abi l i ty t h a t t h e regression coefficient canno t be 
grea ter t h a n 

0.346 + 1.28 · 0.122 = 0.502 

a n d As is no t more t h a n 

(8 - 1) 0.502 = 3.52 c m . 
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Chapter 3 . 

Bearing capacity and settlement of pile foundations 

3.1 General remarks 

Founda t i on types out l ined in Chapte r 2 are no t 
necessarily and unde r all condit ions appropr ia te 
to t ransfer t he loads from supers t ruc tu res t o t h e 
soil. If t he shear resis tance is small and/or t h e 
compressibil i ty is large in t h e uppe r s t r a t a , t he 
load has to be t r a n s m i t t e d to more radiable s t r a t a 
a t greater dep ths . A compound word for founda-
t ions complying wi th th is a im is deep foundat ion . 
Their widespread appl icat ion m a y have several 
reasons: 

— increasingly heavi ly loaded s t ruc tures (high 
buildings, silos, e tc . ) ; 

— s t ruc tures sensitive t o se t t l ements are re-
quired n o w a d a y s ; 

— deep foundat ion me thods are fairly simple 
to mechanize (to economize in t ime and 
l abour ) ; 

— t i resome work is e l iminated (for example 
dewater ing and suppor t ing of foundat ion 
pits) when deep foundat ion is appl ied. 

I n respect t o soil mechanics , the re are two major 
features which cons t i tu te t h e difference be tween 
the two foundat ion m e t h o d s : 

(a) The side walls of a deep foundat ion do pro-
vide a considerable friction to t h e bear ing capac i ty 
(which in some cases m a y prac t ica l ly a t t a i n i ts 
to t a l i ty ) . 

(b) There is a profound difference in t h e failure 
mechanism wi th t h e two types of foundat ion 
me thods . 

Several deep foundat ion me thods are k n o w n 
(well foundat ions , caisson, d i aph ragm walls, etc.) 
b u t piling has always been t h e most widely applied 
version. This m a y p a r t l y expla in w h y t h e l i tera-
tu re deals p r edominan t ly w i th th i s t y p e of deep 
foundat ion me thod , b u t a cont r ibu t ive factor 
might also be t h a t t h e o the r t ypes do no t raise 
so serious problems. 

The ma in differences be tween pile and shallow 
foundat ion can be condensed in t he poin ts below. 

(a) I n a different form — and generally more 
intensively — the difference be tween granula r 
and cohesive soils appears . 

(b) Bear ing capac i ty and se t t l ement are affected 
no t only b y t h e soil below b u t also b y t h e soil 
a round t h e foundat ion , wi th t h e l a t t e r sometimes 
being t h e de t e rminan t . 

(c) Construct ion technology (driving, boring, 
pressing, préfabr icat ion, cast ing, etc.) and also 
t h e shape of t h e pile (ex tended foot, t ape r , t u b e , 
etc.) have an i m p o r t a n t weight in considerat ions. 

(d) Group act ion (superposit ion) has a signif-
icant influence on b o t h t h e bear ing capac i ty and 
t h e se t t l ement of t h e foundat ion . 

(e) The cons t ruc t ion technology m a y cause dif-
ficulties no t only in t h e exist ing buildings b u t also 
in t he neighbour ing piles. 

(f ) B o t h in respect t o s ta t ics and to soil mechan-
ics there are sha rp differences be tween axially 
and la tera l ly loaded piles. 

(g) I n searching for t h e bes t technical a n d 
economical solut ion ve ry often a loading tes t is 
performed which differs basically from t h a t made 
for shallow foundat ions , including i ts eva lua t ion . 

(h) Piles are usual ly no t designed for l imit ing 
s tabi l i ty condit ions (slide, t i l t , buoyancy) and ve ry 
seldom for buckl ing . 

3.2 Performance of single piles 

Two major problems arise dur ing t h e design of 
indiv idual (single) piles: w h a t will be t h e bear ing 
capac i ty of a pile (Section 3.2.3) and w h a t will be 
t h e se t t l ement of t h e pile (Section 3.2.4)? These 
two quest ions are closely in te r re la ted , pa r t l y 
because in res t r ic t ing t h e se t t l ement a means is 
s imul taneous ly in t roduced agains t failure, and 
p a r t l y because t h e bear ing capac i ty of a pile is 
ve ry often decided upon i ts se t t l ement . 

A s t rong influence is exercised on the perfor-
mance of a pile b y t h e processes which develop 
in t h e sur rounding soil (Section 3.2.1) and b y the 
t y p e of t h e pile which will be defined — among 
others — b y i ts stiffness (Section 3.2.2). 

I n respect t o t h e sur rounding soil t h e main 
factor is t he dens i ty when i t is a case of sand, 
or t h e degree of overconsol idat ion when i t is 
a clay, b u t homogene i ty has an influence in b o t h 
cases. 
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3 .2 .1 The properties of the soil around a pile 

The changes in t he s t r eng th and deformat ion 
proper t ies t h a t occur dur ing the excava t ion for 
bored piles a n d the dr iving of prefabr ica ted piles 
can have a p ronounced effect on b o t h t h e u l t ima te 
bear ing capac i ty a n d t h e se t t l emen t of piles. 

For bored piles i t is main ly t h e soil in a na r row 
zone j u s t a round t h e shaft t h a t is affected. M E Y E R -

H O F (1976) es t imates t h e d i s turbed zone a round 
a pile as no t more t h a n 25 m m . The d i s tu rbance 
can be large if a casing wi th oversized shoe is 
used. 

The process of instal l ing a d isp lacement pile 
in to clay is no t easily modelled analyt ica l ly . 
Figure 259 shows schemat ica l ly t h e ma in move-
men t s which occur in t he soil. Their mos t c o m m o n 
idealisat ion has been a t t e m p t e d b y assuming the 
expansion of a cylindrical cav i ty (e.g. S Ö D E B E R G , 

1962). This idea neglects , however , such local effects 
as heave of t he ground surface a round the pile 
and does no t a t t e m p t t o model t he precise detai l 
of t h e soil m o v e m e n t near t he advanc ing pile 
t i p . I t has been shown, however ( R A N D O L P H et αΖ., 
1979a) t h a t over most of t he pile length , t he 
radia l soil d isplacement due to t he ins ta l la t ion of 
a d isplacement pile is well described when t h e 
ins ta l la t ion is considered as t h e expans ion of a 
cylindrical cav i ty unde r t h e condi t ions of p lane 
s t ra in . 

I n inves t iga t ing t h e i m p a c t of a dr iven pile on 
t he sur rounding soil mass , two quest ions require 
an answer : 

— to w h a t ex t en t wi th t h e stress condi t ion and 
t h e s t r eng th of t h e sur rounding soil be 
affected, and 

— how large displacement has t o be p resumed , 
and a t w h a t dis tance from the pile will th is 
deformat ion diminish to zero? 

Pile 

Zone of ιn ten sely·_ 
remoulded soil 

Surface heave 

Radiai move-
ment of soil 

pressure bulb 

Fig. 2 5 9 . Soil m o v e m e n t s due to ins ta l la t ion of pile ( R A N -
D O L P H , 1 9 8 3 ) 

The first ques t ion depends on the excess pore 
pressure (Au) t o be an t ic ipa ted . S T E E N F E L T et al. 
(1981) s t a t ed , on t h e basis of model tes ts on 
j acked piles, t h a t t he re la t ion be tween Au and the 
dis tance from t h e axis of t h e pile (r) is well de-
scribed b y t h e formula : 

d{Au) 

d(ln r) 
= - 2c„ (346) 

where cu is t h e undra ined shear s t r eng th of the 
soil. 

Discussing the same problem in general , R A N -

D O L P H a n d W R O T H (1982) came to the fol-
lowing conclusion. The excess pore pressure arises 
p a r t l y from t h e increase in t he mean to t a l 
stress t h a t accompanies cav i ty expansion, and 
pa r t l y as a resul t of changes in t he mean effective 
stress as t h e soil is sheared a n d remoulded . For 
normal ly or l ight ly overconsol idated clay the mean 
effective stress will decrease dur ing undra ined 
shear ing t o failure, while for heavi ly overconsoli-
d a t e d clay there will be an increase in t he mean 
effective stress (as t he soil a t t e m p t s to di late) . 
I t m a y therefore be expec ted t h a t higher excess 
pore pressure will be genera ted in a l ight ly over-
consol idated clay t h a n in a heavi ly overconsoli-
da t ed clay. R A N D O L P H et al. (1979b) suggest an 
app rox ima te expression for es t imat ing the excess 
pore pressure genera ted adjacent t o a dr iven pile: 

Au = 4c,, ( 3 4 7 ) 

where Ap' is t he change in mean effective stress 
due to shear ing t h e soil t o a crit ical s t a te condi-
t ion . For normal ly consol idated soil Ap' will be 
negat ive a n d will typica l ly be in t h e range of one 
t o one a n d half cuo. At increasing values of t he 
overconsol idat ion ra t io (OCR) Ap' will increase, 
becoming posi t ive for values of OCR greater 
t h a n 2 - 3 . 

This t r e n d of decreasing excess pore pressure 
wi th increasing OCR has been found in model pile 
tes ts r epor ted on b y F R A N C E S C O N ( 1 9 8 2 ) . Figure 
2 6 0 shows some of his exper imenta l results where 
t h e excess pore pressure genera ted a t t he pile 
shaft dur ing ins ta l la t ion has been p lo t ted against 
OCR. (The value Au has been normalised b y the 
ini t ial undra ined shear s t reng th , c u o, and also b y 
the effective overburden pressure , σ'νο.) 

The excess pore-water pressure can locally be 
so high t h a t t he soil fractures radia l ly a round the 
pile (hydraul ic f ractur ing) . These radial cracks 
impede t h e subsequen t reconsolidat ion of the soil 
( B R O M S , 1 9 8 1 ) . 

S T E E N F E L T et al. ( 1 9 8 1 ) after hav ing analysed 
the displacement of t he soil a round a dr iven pile, 
p roduced t h e formula 

+ Q
2 ( 3 4 8 ) 
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c 

3 
<3 

1 OCR 

Fig . 260. E x c e s s pore pressures generated close to a mode l 
jacked pile during insta l la t ion ( F R A N C E S C O N , 1982) 

for t he calculat ion of t he radia l d isp lacement ξ of 
an e lementa ry soil par t ic le , on t he basis of t h e 
model of undra ined cylindrical cav i ty expans ion . 
Here 

. ... \ 2 

e = i 

is t he so-called d isplacement r a t io , r is t he dis tance 
from the cent ra l axis of t h e pile, r, is t h e in te rna l 
and r 0 t he ex te rna l rad ius of t h e pile. 

In eva luat ing their mode l t e s t s , carried o u t on j a c k e d 
piles, the authors found t h a t an a s s u m p t i o n of ρ = 0.8 w o u l d 
h a v e g iven a bet ter fit of the t e s t results t o the curve cal-
culated b y us ing E q . (348) , despi te the fact t h a t the ac tua l ly 
applied closed ended pile required the subs t i tu t ion of ρ = 1. 
In the w a k e of th is d iscrepancy the authors inferred t h a t about 
2 0 % of soil part ic les did no t m o v e lateral ly b u t t o o k a ver-
tical direct ion. 

R A N D O L P H (1977) proposed finding t h e influence 
radius ( r m) a round a dr iven pile from the formula 

in which 
rm = 2.5ρί(1 

G 

ν). (349) 

1/2 

Gl 

G 1 /2 and G/ are t h e values of t he shear modulus 
a t pile mid a n d pile base dep ths , respect ively . 

A group of piles is going to have a more ex ten-
sive zone of influence t h a n a single pile of t h e 
same leng th . I t has been found ( R A N D O L P H , 1977) 
t h a t rm should be increased b y an a m o u n t of rg 

re la ted to t h e dimension of t h e pile g roup . Thus 

rm = 2.5Ιρ(1 -v) + rg (350) 

For rec tangula r groups of pile r§ m a y be t a k e n as 
t he rad ius of t h e circle of area equ iva len t t o t h a t 
covered b y t h e pile g roup . 

3 .2 .2 Definit ion of pile stiffness 

Similarly t o shallow founda t ions , the re exists 
a measure for piles also which character izes t he 
in ter re la t ion be tween t h e pile and t h e su r round ing 
soil (eventual ly determinis t ic for t h e performance 

of t h e pile). T h u s , t h e flexibility of t h e pile 
be described b y t h e expression 

can 

E
ptp 
EX* 

(351) 

which is t he so-called " re la t ive pile flexibility 
r a t i o " . Ep denotes the modulus of elast ici ty of t h e 
pile, Ip is t h e m o m e n t of iner t ia , and L is t h e 
l eng th of t h e pile. 

B A N E R J E E and D A V I E S (1978) define a pile as 
ve ry stiff (rigid) when KR < 0 .1 , a n d KR = 10 ~ 4 

corresponds to piles commonly encountered in 
pract ice (flexible piles). P O U L O S (1971a) considers 
a pile as perfectly stiff when KR > 1.0, and abso-
lu te ly flexible when KR < 10 5. (The case KR = 0 
corresponds t o an infinitely long pile.) 

The stiffness of piles has a significant effect on 
t h e soil-pile s t ruc tu re in te rac t ion . La tera l ly loaded 
piles are classified according to the i r stiffness in to 
t h e following groups ( B R O M S , 1972): 

1. rigid or shor t piles; 
2. semi-rigid or in te rmedia te piles; 
3. flexible or long piles. 

The long pile is defined as one whose la tera l 
deflection a t t h e ground surface is independen t 
of t h e pile l eng th when a l a te ra l load is applied 
t o t he pile head . I n o ther words , a s t ruc ture 
suppor t ed on long piles has na tu ra l periods of 
t rans la t iona l modes t h a t are no t affected b y the 
pile l eng th , L . F r o m the same poin t of view 
F L O R E S - B E R R O N E S (1977) has classified t he long 
pile b y λ > 0.5 where 

a n d 
(ßLY 

ß 
KB 

*EpIP) 

\ 0.25 

(352) 

(353) 

where kh is t h e subgrade reac t ion . 
The performance of a pile can also be re la ted 

to t he so-called " re la t ive pile compressibi l i ty 
r a t i o " (see for example B A N E R J E E and D A V I E S , 

1978): 

K A = ^ . (354) 

W h e n KA > 10 4 t h e pile is stiff b u t when KA < 10 2 

t he pile is exposed to s t ra in (compressible). 

3 .2 .3 Load-bearing capacity of s ingle piles 

The u l t ima te bear ing capac i ty a t failure Qu is 
composed of t he po in t r e s i s t a n c e ^ (Section 3.2.3.2) 
a n d the side resis tance Qs (Section 3.2.3.1), i.e. 
i t i s : 

Qu = Qp + Qs. (355) 

This does no t mean , however , t h a t the two com-
ponen t s can be summar ized w i thou t a n y condi-



186 Bearing capacity and settlement of pile foundations 

t ion, because b o t h Qp and Qs reach the i r max ima l 
value only after hav ing a t t a ined a critical set t le-
m e n t (displacement) which is n o t t h e same for 
t he two t e r m s . Thus , the ra t io QpjQs depends on 
several factors : t he t y p e of the pile and of the soil, 
t he magn i tude of t he load, and also on t ime 
(Section 3 . 2 . 3 . 3 ) . T ime is p r e d o m i n a n t in cohesive 
soils (Section 3 . 2 . 3 . 4 ) and m a y have a de termin-
istic influence no t only on t h e ra t io ment ioned 
b u t on t h e u l t ima te bear ing capac i ty as well. 

3 . 2 . 3 . 1 Load-bearing capacity due to skin friction 

The ver t ica l d isp lacement of an axial ly loaded 
pile gradual ly mobilizes t he friction be tween the 
side of t he pile and the sur rounding soil. I t s 
specific un i t is usual ly denoted b y fs (or ca) and 
is given in k N / m 2 . The bear ing capac i ty from side 
friction on a pile is defined, therefore, b y t he for-
mula 

Q^Utjg&az,, (356) 
1 = 1 

where Us is t he per imeter of t h e pile and Δζι is 
the height of t h a t section. If we use fs as t he mean 
of specific side frictions, t h e n 

Qs=fsAs, (357) 

in which As means the surface area of the pile. 
Two main models are available for the est ima-

t ion of t he specific skin friction for design pur-
poses: one reckons wi th t he t o t a l stresses and the 
o ther calculates effective stresses. 

The t o t a l stress me thod defines ca as a function 
of t he undra ined shear s t r eng th (cu). Exper ience 
has shown t h a t 

ca = (xcu , ( 3 5 8 ) 

where α is the so-called adhesion factor, which 
depends on 

— the n a t u r e (e.g. t he plas t ic i ty index) and 
s t r eng th of t h e soil; 

— the dimensions and the me thod of instal-
la t ion of t he pile and 

— on t ime . 

The values of α v a r y wi th in wide l imits ( 0 . 3 - 1 . 0 ) 
and decrease rapid ly as shear s t r eng th increases. 
For dr iven piles, t h e values of α range from u n i t y 
for soft clay t o one and half or less for stiff clay, 
while for bored piles α is a round 0 . 5 in stiff clay 
( T O M L I N S O N , 1 9 5 7 and 1 9 7 1 ; W O O D W A R D and Bo i -

T A N O 1 9 6 1 ) . 

Some source claim t h a t for piles of var ious 
types or shapes t he formula 

/ s = S « c u (359) 

t akes hold, where S is t he shape factor. 

B A L A S U B R A M A N I A M et al. (1981) assume, for 
example , S = 1 for ver t ica l p la in shafts a n d S = 
= 1.2 for t ape red shafts . 

V E S I C (1967) suggested calculat ing ca from the 
following formula ( instead of E q . (358)): 

ca = 50(1 - 1 7 - - 0 . 0 1 c u ) . (360) 

The effective stress me thod , proposed b y B U R -

L A N D (1973), relates t h e shaft resistance to t h e 
effective stress p roduced b y the overburden pres-
sure av t h r o u g h t h e equa t ion 

fs= Κ,ανΧϋηΦ'α, (361) 

where t h e coefficient 

Ks t a n Φ'α = β (362) 

t akes care of the coefficient of t he shaft pressure 
K s , and the roughness of t he pile surface (Φ^ is 
t he angle of friction along t h e pile shaft) . 

The coefficient Ks is affected b y the coefficient 
of la tera l e a r t h pressure a t rest 

K0 = 1 - sin Φ ' , (363) 

the t y p e (displacement or non-displacement pile) 
and shape of t h e pile (s t ra ight sides or t ape red) . 
For bored piles and for piles dr iven in to s a tu ra t ed 
soft clay t h e coefficient Ks m a y be expected to 
be close t o t h a t of t h e ea r t h pressure a t res t K0 

( B U R L A N D , 1973 a n d others) , as has been found in 
loose sand too . Analysis of piles dr iven in to soft 
and m e d i u m clays shows t h a t t h e factor β de-
creases wi th t he l eng th of t he pile in a range of 
a b o u t 0.25 to 0.50 for shor t piles t o abou t 0.1 to 
0.25 for ve ry long (25-30 m) piles. This m a y be 
expla ined b y t h e progressive mobil izat ion of the 
m a x i m u m skin friction due t o t he compression of 
long piles ( M E Y E R H O F , 1976). 

The specific skin friction varies subs tant ia l ly 
wi th the dens i ty in sands . M E Y E R H O F (1976) has 
found, for example , Ks ^ K0 for bored piles or 
piles j acked in to loose sand, and Ks ^ > 4 1 £ 0 for 
piles dr iven in to dense sand — due to d i la tancy 
effects a n d o ther factors . K É R I S E L et al. (1965) 
conduc ted t r ia l t es t s and disclosed the following 
rela t ion be tween fs and the d ry bu lk densi ty of 
t h e s and : 

y d ( k N / m 3 ) 1 1.58 1.685 1.75 
/ s (kN/m 2) j 5-10 30 70 

Suggestions in respect to β have been made b y 
several o ther au tho r s as well. 

V I J A V E R G I Y A and F O C H T (1972) included the 
undra ined shear s t r eng th in the i r expression: 

fs = λ{ρ'ν + 2su), (364) 

where λ is a funct ion of l ength . 
J A N B U (1976) proposed t o use 

fs = SV(P'V+a), (365) 

where a = c · cot Φ is t h e a t t r ac t ion , and Sv is 
a funct ion of the friction angle a n d length . 
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Fig. 2 6 1 . Changes in frict ional res is tance w i t h s e t t l e m e n t 
(JELINEK et ah, 1 9 7 7 ) 

Z E E V A E R T ( 1 9 7 3 ) p resented t h e formula : 

1 — sin 2 Φ 
fs = °z t a n Φ. ( 3 6 6 ) 

1 + s in 2
 Φ 

B J E R R U M ' S ( 1 9 7 3 ) suggestion was : 

/. = μι. [ ( 0 - 3 - 0 . 0 0 1 IP) YROP'V + 0 . 0 0 8 Ipcu], ( 3 6 7 ) 

where μ1ί is a funct ion of t h e pile l eng th , R0 is 
t he overconsol idat ion ra t io (OCR). 

M E Y E R H O F ( 1 9 7 6 ) would prefer t o involve t h e 
OCR in the factor X S , a n d so, ins tead of E q . ( 3 6 2 ) , 
he wr i tes : 

Ks=(l - sin Φ) Y~R0 t a n Φα . ( 3 6 8 ) 

Surveys made in situ revealed t h a t Ks depends 
also on t h e dep th . Tria l t es t s conduc ted in sand 
p r o m p t e d M E Y E R H O F ( 1 9 7 6 ) t o propose t h a t t h e 
local coefficient Kz decreases wi th d e p t h along t h e 
pile from a m a x i m u m nea r t h e t o p , where Ks m a y 
approach the passive ea r t h pressure coefficient, 
t o a m i n i m u m nea r t h e pile po in t where Kz m a y 
be less t h a n K 0 , t h e average u l t i m a t e va lue of Kz 

being denoted b y Ks. 
A great prac t ica l impor t ance can be a t t r i b u t e d 

to the ques t ion: w h a t is t h e d isp lacement (sett le-

men t ) of t h e pile which produces t h e max ima l skin 
friction ? Figure 2 6 1 i l lus t ra tes (after J E L I N E K et al., 
1 9 7 7 ) measured fs values as a function of s for 
five large d iamete r piles in clay. T h u s , for piles 
w i t h o u t enlarged bases (Nos 1 , 3 , 5 ) , full mobili-
za t ion of frictional resis tance is reached a t a 
se t t l ement of app rox ima te ly 2 0 m m and for piles 
w i th enlarged bases (Nos 2 , 4 ) a t 5 0 m m or more. 
As t h e se t t l ement increases beyond the point of 
full mobil izat ion, t h e friction resis tance ei ther 
r emains cons tan t or decreases. Similar resul ts have 
also been repor t ed b y o ther a u t h o r s ; for small 
d iamete r piles t h e crit ical d isplacement was found 
a r o u n d 8 t o 1 0 m m . 

The so-called t ransfer curve jfs, s (or r , 5 ) can 
be a p p r o x i m a t e d wi th an exponent ia l expression 
or wi th a hyperbo la . 

I n t h e t h e o r y of elast ic i ty t he re la t ionship 
be tween stress and s t ra in is assumed to be l inear. 
This a s sumpt ion is inval id here , t h e a im being to 
inves t iga te t h e u l t ima te condi t ion as well. For 
th is reason, allowing also for t h e resul ts of experi-
men t s performed for de te rmin ing the angle of 
surface friction, t h e following formula has been 
developed ( K É Z D I , 1 9 5 7 ) : 

% — a t a n Φ 

I n t he formula 

1 — exp — k 
S* — S j 

( 3 6 9 ) 

k = 
S o = 

a t a n Φ, t h e equa t ion describing Cou-
lomb ' s line in t h e u l t ima te condit ion 
(shear failure a t t h e pile surface), 
t h e re la t ive d isp lacement be tween the pile 
a n d t h e soil, 
a cons t an t , 
shear deformat ion a t which the full shear 
resis tance is mobil ized. 

The m a g n i t u d e of s 0 was found dur ing the experi-
m e n t s t o depend only l i t t le on t he no rma l s tress . 

The resul t of surface friction tes t (shear of sand 
on a concrete surface) is shown in Fig. 2 6 2 . 

0 0,1 0.2 0.3 0.4 
cm 

Fig . 2 6 2 . D e t e r m i n a t i o n of fr ict ion coefficients b e t w e e n concrete and sand 
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All b o u n d a r y condit ions are satisfied b y E q . 
(369) in t h a t 

1. χ = 0 a t σ = 0 ; 
2. χ = 0 for s = 0 ; 
3. % = a t a n i > for s = s0 (Coulombs ' l ine); 
4 . dr/ds = 0 for s ~- s 0 . 

The cons tan t s involved in t h e equa t ion are 
simple to de te rmine . The magn i tude of φ is ob ta ined 
as t he slope of Coulomb's line a t failure, s 0 is found 
reliably from the d iagram of t he l o a d - p e n e t r a t i o n 
curves, while k is compu ted from t h e slope of 
the t a n g e n t t o t h e curve xja — t a n Φ f(s) a t t he 
origin. I n fact (see Fig. 263): 

t a n a 0 = {dx/ds)s = 0 , 

dx 

ds 
= a t a n 0 ke~

k 

( « o - » ) 8 

so t h a t 

whence 
t a n a 0 

k 

k/s0 

An approx ima t ion wi th hyperbola has been 
presented b y S A B I N I and S A P I O (1981) in t h e 
form; 

* = — Γ - Γ · ( 3 7 0 ) 

a + bs 
Plo t t ing t he exper imenta l points in t he plane s, 
s/r, a s t ra ight line can be fitted to t h e m : 

— = a -f bs 
X 

t hus allowing the de te rmina t ion of t he pa rame te r s 
a and b of t he hyperbola as t h e in te rcep t and 
slope of t he s t ra ight l ine. The a sympto t i c va lue of 
χ is given b y 

χ = Km = — . (371) 
s-+°° b 

During t h e last 10-15 years , some au thors have 
called t he a t t en t i on to t h e finding t h a t t he skin 
friction increases only to a critical dep th (Dcr) and 
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Fig. 263 . S h e a r - p a t h curve 

Fig . 264 . Re la t ionsh ip b e t w e e n taper (ω) and iC ô (LIND-
QUIST and PETAJA, 1981) 

remains cons t an t below this dep th . M E Y E R H O F 

( 1 9 7 6 ) s ta tes t h a t t h e dep th can be t a k e n as 
ident ical w i th t h e crit ical dep th given for the 
poin t resis tance (Section 3 . 2 . 3 . 2 ) . 

I t was men t ioned before t h a t fs depends also 
on t h e shape of t h e pile. Figure 2 6 4 (after N O R -
L U N D , 1 9 6 3 ) represents t h e factor Ks = Kd re lat-
ing to conical piles as a function of the angle ω. 
Trial tes ts and exper imen ta t ion conducted by 
L I N D Q U I S T a n d P E T A J A ( 1 9 8 1 ) on such piles 
revealed how i m p o r t a n t i t was to find and apply 
t h e proper va lue of Φ. 

3.2.3.2 Load-bearing capacity due to point 
resistance 

The poin t resis tance of piles implies the same 
concept as t h e u l t ima te load-bear ing capaci ty 
wi th shallow foundat ions . The so-called s ta t ic 
formulas assume t h a t below the pile t ip and 
a round t h e shaft sliding surfaces develop, and the 
po in t res is tance is p rov ided b y t h e shear s t reng th 
in ac t ing agains t failure. T h u s t h e formula pre-
sented for i ts calculat ion resembles t he one used 
to design a shallow founda t ion : 

Qp = qpAp = Ap(PoNQ + cNc), (372) 

where p0 is t h e overburden pressure a t t he eleva-
t ion of t he pi le-point , and Ap is t h e cross-section 
area of t h e pile. 

Several au thors m a d e proposals for t he cal-
cula t ion of t h e poin t resis tance. As an example , 
t h e following one is re-called here . 

B E R E Z A N T S E V (1952, 1960) assumed failure t o 
occur unde r t h e pile t ip only and a compacted 
zone to develop a round t h e pile ( B E R E Z A N T S E V 

et ο/., 1961). This zone settles toge ther wi th the 
pile as t he l a t t e r is loaded (Fig. 265). The develop-
m e n t of failure surfaces unde r t h e pile t ip is pre-
ven ted b y the soil mass b c d a — b1c1d1 a l 9 t he 
weight of which is reduced, however , b y fric-
t ional forces induced along t h e cylindrical surface. 
These frictional forces are found in t e rms of t h e 



Performance of single piles 189 

Table 18 . Values of a, 

2 α- ι -aj 
Fig. 265. Failure m e c h a n i s m in the B e r e z a n t s e v theory 

norma l stresses ac t ing on t h e cyl indrical surface 
b c, or b1 cv The normal stresses, in t u r n , are 
found b y solving t h e ax ia l - symmetr ica l p rob lem of 
l imit equi l ibr ium wi th t h e help of Berezan tsev ' s 
e a r t h pressure t h e o r y (1952). The m a g n i t u d e of 
t he hor izonta l pressure in t ens i ty a t dep th ζ is 
accordingly 

_ t a n (45° - 0J2) 
g — . 

λ - 1 

1 1 

1 H tan(45° - Φ χ/2) 
Ιο 

, λ - 1 

y Jo ·> 

where Φ1 and γ1 are character is t ics of t he soil 
layer a r o u n d t h e pile t i p a n d 

λ = 2 t a n Φ± t a n |45° + -^J . 

The failure surface u n d e r t h e pile t i p is, accord-
ing to t he t heo ry of P r a n d t l - C a q u o t 

1 + 
f 2 e x p ( 4 5° - * ) t a n* / 2 

sin 45 

l/2r 
26° 30° 34° 37° 

5 0.75 0.77 0.81 0.83 
10 0.62 0.67 0.73 0.76 
15 0.55 0.61 0.68 0.73 
20 0.49 0.57 0.65 0.71 
25 0.44 0.53 0.63 0.70 

0.85 
0.79 
0.77 
0.75 
Q.74 

where Φ 2 is t h e angle of in te rna l friction in the 
soil unde r t h e pile t i p . 

The ver t ica l stress qt ac t ing in t he plane of the 
pile t i p is compu ted hereafter . The sum of fric-
t ional resis tance ob ta ined from the expression 
ez t a n Φ1 is deduced from t h e weight of t he soil 
mass cb — b1c1 and t h e residual is divided b y the 
base area of t h e cyl inder . The resul t is wr i t t en 
in to t he form 

qt = Kt7lt. 

The coefficient cct is a funct ion of t he ra t io 
i/2r a n d of t h e friction angle Φ. For numerica l 
values see Table 18. 

22 24 2d 30 32 
Φ(°) 

34 36 38 40 

Fig . 266. Fac tors for ca lculat ing the bearing capac i ty 
of a pi le , after Berezant sev 
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The vert ical stress qj br inging abou t the failure 
condit ion depicted in Fig. 2 6 5 is found on the 
basis of t he l imit equi l ibr ium theo ry of the axisym-
metr ical s t a t e of stress from t h e expression 

qf= 2Ay2r + B o c ^ f . 

The cons tan t s A and Β are obta ined from 
Fig. 2 6 6 . The end-bear ing resistance of t he pile is 
t h u s 

P s = r
2
nqf. 

No side friction is commonly assumed to act 
in combina t ion wi th th is mechanism of failure. 

S ta r t ing from different failure mechanisms, 
o ther au tho r s have suggested different load-
bear ing coefficients. A review thereof is presented 
in Fig. 2 6 7 ( V E S I C , 1 9 6 7 ) , indica t ing also the 
essential features of t h e failure p a t t e r n assumed. 
The theore t ica l formulae have t he general form 

qp = cNc£c + qtNq£q, 

Fig. 267. Bear ing capac i ty factors Nq for a deep ly founded circular p late (Nq* = Nq£q) 
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where Nc a n d Nq are t h e bear ing capac i ty factors , 
while | c and ξς are t h e shape coefficients. The 
following expressions are der ived: 

Nc = (Nq - 1) c o t 0 , 

ïqN - 1 

J V - 1 ' 

The values of N*q = Nq£q are shown in Fig. 267. 
Recently carr ied ou t research has p roved t h a t 

E q . (372) can only be used wi th some res t r ic t ions . 
One of t h e mos t i m p o r t a n t resul ts of pe r t inen t 

invest igat ions disclosed, name ly , t h a t t h e u l t ima te 
un i t po in t pressure remains cons t an t beyond a 
cer ta in d e p t h (and so does no t depend on t h e 
overburden pressure) . One of t h e first such obser-
va t ions will be presen ted here after K É R I S E L et al. 
(1965), in Fig. 268. The au thor s concluded there -
from t h a t 

(a) the qp — independen t ly from the dens i ty of 
the sand — remains cons t an t b e n e a t h a cer ta in 
d e p t h ; 

(b) in loose sand , qp is significantly smaller t h a n 
had been calcula ted from t h e P r a n d t l - t h e o r y 
(for 2 M N / m 2 t h e real va lue of Nq = 18 has been 
found as correct ins tead of t h e va lue of formula 
33.3). 

The au thor s also deduced t h a t in loose sand qp 

does no t depend on the d iamete r of t h e pile. I n 
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Fig. 2 6 9 . Bear ing capac i ty factors and critical d e p t h ratios 
for dr iven piles (MEYERHOF, 1 9 7 6 ) 

m e d i u m dense and dense sand the critical dep th 
does depend on th i s d iameter , and so, in th is case 
the re exists a definitive ra t io of 

(373) 

due t o effects of soil compressibi l i ty , crushing, 
arching, and o ther factors . 

Making use of t h e previously ment ioned find-
ings, M E Y E R H O F (1976) proposed calculat ing Qp in 
the following manne r . 

I n sand the p re sumpt ion has t o be t rue t h a t 
a
P = Po

N
q < qi > (374) 

Fig. 2 6 8 . Changes of t h e uni t po in t pressure w i t h d e p t h 
(KÉRISEL et al., 1 9 6 5 ) 

where ql is t h e l imit ing value of un i t po in t resis-
t ance for D/B ^ (D/B)cr. The semi-empirical rela-
t ionship be tween Nq, for dr iven circular or square 
piles wi th var ious d e p t h ra t ios Db/B in t he bear ing 
s t r a t u m and t h e angle of in te rna l friction Φ of the 
soil before pile dr iving is shown in Fig. 269. I t 
has been found ( C A Q U O T and K É R I S E L , 1966; 
M E Y E R H O F , 1963) t h a t t he factor Nq increases 
roughly l inearly wi th Db/B and reaches i ts maxi-
m u m value a t a d e p t h ra t io of roughly one-half 
of t h e crit ical d e p t h ra t io (D/B)cr beyond which 
convent ional bear ing capac i ty t heo ry no longer 
applies . The a p p r o x i m a t e d e p t h ra t io (D/B)cr after 
D E B E E R (1971) is also shown in Fig . 269, and a t 
full sized piles i t depends main ly on the friction 
angle, t he compressibi l i ty of t he soil, and ground-
wa te r condi t ions . The re la t ion of qt t o Φ can be 
a p p r o x i m a t e d b y using t h e formula : 

qt [100 k N / m 2] = 0.5Nq t a n Φ . (375a) 

So, i ts range is be tween 25 and 50 k N / m 2 , in loose 
sand a n d dense sand , respect ively. 

The values of Nq and q{ are also influenced by 
t h e compressibi l i ty of t h e soil, t h e m e t h o d of pile 
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Fig. 270. Bear ing capac i ty factors for dr iven piles in sand 
(MEYERHOF, 1976) 

ins ta l la t ion, and o ther factors . Thus , for a given 
initial Φ, bored piles have a un i t poin t resis tance 
of only abou t one- thi rd to one-half of t h a t of 
dr iven piles ( D E B E E R , 1 9 6 4 ; K É R I S E L , 1 9 6 1 ; 
V E S I C , 1 9 6 7 ) , and bulbous piles dr iven wi th great 
impac t energy have u p to abou t twice t h e un i t 
point resistance of dr iven piles of cons tan t Ap 

( M E Y E R H O F , 1 9 5 9 ) . 
If piles are dr iven in to homogeneous soil t o 

more t h a n the crit ical dep th , or if t h e y pene t r a t e 
t h rough compressible mater ia l in to a th ick bear ing 
s t r a t u m which is located below the critical dep th 
of the s t r a t u m , the un i t point resistance canno t be 
es t imated b y convent ional bear ing capac i ty t heo ry 
in t e rms of Nq. The corresponding value of qp 

becomes pract ical ly independen t of p0 a t t he pile 
point and i t depends on the value of qt. This is 
shown b y an analysis of t h e resul ts of pile load 
tes ts ( M E Y E R H O F , 1 9 7 6 ) which roughly suppor t the 
semi-empirical bear ing capac i ty factors, Nq9 for 
short piles in sand above the critical dep th b u t 
no t for piles longer t h a n abou t 1 5 t o 2 0 pile d iam-
eters (Fig. 2 7 0 ) . 

I n clay E q . ( 3 7 4 ) can be wr i t t en in the following 
form: 

a
P = Po

N
q +

 c N
c < qn 

(375b) 

where qm is t he l imit ing value of the point resis-
tance below the critical dep th . The semi-empirical 
factor Nc can be read from Fig. 269. 

I n s a tu ra t ed homogeneous clay unde r undra ined 
condit ions b o t h t heo ry and observat ion show t h a t 
the value of Nc below the critical dep th varies 

Base resistance (MN/m J 
0 0.5 1.0 1.5 2.0 25 3.0 

Fig . 271 . B a s e res is tance of s traight piles and piles w i th 
enlarged base (JELINEK et al., 1977) 

with t he sensi t ivi ty and deformat ion character-
istics of t h e clay, from a b o u t 5 for ve ry sensitive 
br i t t le normal ly consol idated clay ( L A D I N Y I , 1973; 
R O Y et α/., 1974) t o a b o u t 10 for insensit ive stiff 
overconsol idated clay ( M E Y E R H O F , 1951; S K E M P -

T O N , 1951), a l though a value of 9 is f requent ly 
used for dr iven a n d bored piles. A n y dis turbance 
of t h e clay b y pile ins ta l la t ion main ly affects t h e 
ini t ial po in t resis tance a n d subsequent consolida-
t ion will no rmal ly lead to a bear ing capac i ty 
exceeding t h e und ra ined va lue a t t h e end of t h e 
cons t ruc t ion of t he foundat ion . 

Large d iamete r bored piles have shown dur ing 
t e s t s ( J E L I N E K et α/., 1977) t h a t t h e qp of piles 
w i thou t enlarged base (1 , 3, 5) is considerably 
grea ter t h a n for these wi th enlarged base (2, 4), 
pa r t i cu la r ly when t h e se t t l ement exceeds 20 m m 
(see Fig. 271). 

The d isp lacement needed to produce t he maxi-
mal po in t resis tance depends on the t y p e of t h e 
soil and t h e pile. The l i t e ra tu re gives th is dis-

1 3 

Sha ft load 

0 10 20 30 
Butt settlement (mm) 

Fig . 272 . D e v e l o p m e n t of shaft and po int res istance wi th 
s e t t l e m e n t (PROMBOON and BRENNER, 1981) 



placement as 0 . 1 D to 0 . 3 D , b u t in loose sand i t m a y 
reach over I D . All au tho r s agree in assuming t h a t 
s c r has t o be grea ter for po in t resis tance t h a n for 
skin friction. Figure 2 7 2 tr ies to in t e rp re t th is 
feature for t he case of a 1.2 m d iam. pile, bored 
in clay ( P R O M B O O N a n d B R E N N E R , 1 9 8 1 ) . 

3 . 2 . 3 . 3 The ratio of point resistance to skin friction 

Figure 2 7 2 indicates t h a t t he ra t io QPIQS changes 
i ts va lue cont inuous ly dur ing se t t l emen t . This is 
a generally val id phenomenon and is t h e resul t of 
two causes: 

(a) var ious displacements are needed to mobi-
lize ei ther Qp or Qs. 

(b) Qs a t t a ins a cons t an t value (or even de-
creases slightly) well before i t reaches t he Qu (see 
Fig. 2 6 1 ) . 

Thus , because s is a funct ion of (), for t he same 
pile t he ra t io Qp/Qs is also a funct ion of load Q. 

For large d iameter (D = 0 . 8 8 m) bored pile in 
clay J E L I N E K et al. ( 1 9 7 7 ) ob ta ined t h e following 
re la t ionship : 

s (mm) 10 30 50 100 150 

Qp (kN) 
<? s(kN) 

QslQ 

220 
590 

0.73 

630 
630 

0.50 

990 
550 

0.36 

1625 
365 

0.18 

1925 
375 

0.16 

B A L A S U B R A M A N I A M et al. ( 1 9 8 1 ) examined t h e 
ra t io Qp/Qu for dr iven piles and summar ized the i r 
finding a s : 

— the end bear ing capac i ty con t r ibu ted approx-
ima te ly 1 5 % t o t he t o t a l bear ing capac i ty 
in the case of concrete piles in stiff clay, wi th 
t he except ion of one pile of large cross-
section area ( 0 . 4 5 X 0 . 4 5 m 2) where t h e 
con t r ibu t ion was near ly 3 0 % ; 

— for dr iven steel piles e m b e d d e d in stiff c lay 
t h e con t r ibu t ion from end bear ing was 
near ly 2 5 % ; 

— the end bear ing con t r ibu ted app rox ima te ly 
4 5 % to t h e t o t a l bear ing capac i ty when t h e 
concrete piles were bear ing in t h e sand layer . 

Also from these exper iments i t appears t h a t t h e 
ra t io Qp/Qs depends on b o t h t h e mate r ia l and t h e 
sizes of t h e pile ( including i ts shape) , a n d on t h e 
character is t ics of t h e soil. 

There is a wide difference whe the r t h e pile is 
of a d isplacement or a non-d isp lacement t y p e : t h e 
ra t io Qs/Qp is m u c h larger for t h e former t y p e 
t h a n for t he l a t t e r . 

The ra t io varies also wi th t ime as t h e two 
components (most ly t he Qs) also change in t i m e . 
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Time (months) 

Fig . 2 7 3 . Var ia t ion of bearing c a p a c i t y of piles in c lay w i t h 
t i m e after dr iv ing (FLAATE and SELNES, 1 9 7 7 ) 

13 Â. Kézdi and L. Réthâti: Handbook 

3.2.3.4 Changes of the bearing capacity with time 

The bear ing capac i ty of piles passing t h rough 
clay changes t o a considerable ex t en t after instal-
la t ion . The ra t io of t h e ini t ia l t o t h e u l t ima te 
bear ing capac i ty is largely influenced b y t h e 
w id th of t h e d i s tu rbed zone. I t follows therefore 
t h a t th i s p h e n o m e n o n is marked ly experienced 
in t h e case of dr iven piles (see Section 3.2.1). 

F igure 273 reflects an example (after F L A A T E 

and S E L N E S , 1977) showing t h e va r ia t ion of t h e 
bear ing capac i ty of friction piles in clay. I t appears 
t h a t 1 t o 3 m o n t h s (at pile even 3 more) are needed 
t o achieve t h e final va lue . Similar findings were 
r epor t ed b y B U R L A N D et al. (1977) wi th t he addi-
t ion t h a t (a) reconsol idat ion is faster in an over-
consol idated clay t h a n in no rma l clays and (b) 
t he t ime is a round one m o n t h for t imber piles. 

B A R T O L O M E Y et al. (1981) men t ion 40 to 50 days 
as being sufficient for t he deve lopment of t h e final 
bear ing capac i ty . According to t h e Τ versus Ρ 
curves in Fig. 274 the re is no difference in th is 
respect be tween single piles a n d pile groups , b u t 
o ther researchers (e.g. F L A A T E and S E L N E S , 1977) 
claim t h a t pile groups need a longer t ime for 
reconsol idat ion. The figure reveals t h a t a r a the r sub-
s tan t i a l ra t io (2.5 t o 2.6) develops be tween init ial 
a n d final bear ing capaci t ies . 

The und ra ined shear s t r eng th of t he clay 
a r o u n d dr iven piles increases gradual ly wi th t ime 
as t h e wa te r con ten t gradual ly decreases. Piles 
in soft, normal ly consol idated clay will wi th t ime 
be su r rounded b y a shell of m e d i u m to stiff clay. 
This s t r eng th increase can be t r aced in t h e cal-
cula t ion b y the appl ica t ion of t h e effective stresses 
when t h e final skin friction is de te rmined . 

E q u a t i o n (361) also i l lus t ra tes t h a t t he ear th-
pressure p a r a m e t e r Ks is higher t h a n the ea r th 
pressure a t res t , K 0 , b y a b o u t 5 0 % (see Section 
3.2.3.1). 

The phenomenon of reconsol idat ion draws a t t en -
t ion to t he fact t h a t i t is wise t o no te t h a t a n y 
loading tes t — which is i n t ended to acquire infor-
ma t ion on the bear ing capac i ty of piles as found-
at ions of a bui lding — m a y only provide reason-
able resul ts if t h e t e s t is carr ied ou t abou t two-
three m o n t h s la te r t h a n t h e ins ta l la t ion of t h e 
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Fig. 274. Increase in the bearing capac i ty of piles (J) and 
pile group (II— V) w i t h t i m e (BARTOLOMEY et al., 1981): 
1,2,3 — groups of 4 piles (L = 5, 7 and 9 m); 2 ', 2% 3' — groups of 9 piles (L = 5, 7, 
and 9 m) 

piles. The influence of reconsol idat ion should also 
be accounted for when the design uses o ther pa r am-
eters for t he de te rmina t ion of t h e bear ing capac-
i t y of piles (for example , skin resis tance or cone 
resis tance of pene t ra t ion or probing tes ts ) . 

3.2.3.5 Bearing capacity of piles in the case of 
cyclic loading 

This problem is rare ly t r ea t ed in t he l i t e ra ture , 
despite t h e fact of how i m p o r t a n t i t is t o detect 
the influence of cyclic loading from b o t h theore t -
ical and pract ica l view poin ts . 

S T E E N F E L T et al. (1981) carried ou t model tes ts 
on piles j acked in to clay. The overconsol idat ion 
ra t io in t h e clay was OCR = 1 in t e s t runs Nos 01 
and 02, b u t OCR = 8 has been used in run No. 03 . 
I n t e s t No . 0 1 , two-way cycling of t he pile was 
a r ranged t o a t t a i n failure. This led to a d r ama t i c 
reduc t ion in shaft adhesion, over 18 cycles, b y 
a factor of ~ 1 0 cm compression a n d ^ 6 . 3 cm 
in tension, giving a final shaft adhesion of xs ^ 10 
k N / m 2 . 

Calculated values of α = 0.24 according to E q . 
(358), and β = 0.05 according to E q . (362) have 
been a t t a ined in these t es t s . A compar ison wi th 
Fig. 275 would reveal — this figure represents 
the values of α and β for s ta t ic load— how small 
indeed t h e va lue of β was . 

The drop in shaft adhesion was accompanied 
b y a g radua l rise in excess pore-water pressure 
a t t he pile shaft of be tween 30 and 35 k N / m 2 . 

I n t e s t runs Nos 02 a n d 03 the pile was two-way 
cycled be tween l imits of 1/2 to 1/3 of t he failure 
loads in compression a n d tension, respect ively. 
I n over 50 cycles no significant pore-water pressure 
change was no ted , a n d load tes t s performed 
di rec t ly after t h e cyclic loading showed no evi-
dence of a r educ t ion in shaft capac i ty . 

10 15 20 25 30 35 40 45 50 55 3 .2 .4 

Time (days) 
Sett lement of s ingle piles 

3.2.4.1 Prediction of settlement 

Three me thods are avai lable t o predic t t h e 
expec ted se t t l ement of piles: 

1. loading t e s t s ; 
2. in situ inves t igat ions (pene t ra t ion tes t s , 

p robing , press iometer t e s t , e tc . ) ; 
3. analy t ica l calculat ion. 

I t e m 1 is discussed in Sections 3.6.1 to 3.6.3 and 
i t em 2 is t r e a t e d in Section 3.6.4. 

I n respect t o i t em 3, presented analyt ical 
me thods are all based on the principles of elast ici ty 
theor ies . A pile is considered as a po in t load in t h e 
infinite half-space which generates stresses in i ts 
sur rounding . There is a difference, however , in 
compar ison to t h e classical case, i nasmuch as load 
t ransfer occurs in t he soil mass a t b o t h t he peak 
a n d t h e shaft , ins tead of a t t h e ground surface. 
This is w h y t h e se t t l ement calculated from the 
Boussinesq formula 

s = pB~-—J„ ( 3 7 6 ) 

general ly gives larger values t h a n would occur in 
rea l i ty (e.g. K O E R N E R and P A R T O S , 1 9 7 4 ) . (Iw is 
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an influence factor reflecting t h e shape and stiff-
ness of t he pile.) 

G E D D E S ( 1 9 6 6 ) eva lua te in detai l t h e difference 
be tween t h e two types of load t ransfer . Three 
basic s i tuat ions were assumed: 

— a poin t load P , a t d e p t h D; 

— a to t a l load of P , appl ied along a ver t ica l 
axis in uniform increments from t h e surface 
to d e p t h D ( the case of uniform skin fric-
t ion) ; 

— a to t a l load of P , appl ied along a ver t ica l 
axis in uniform inc rements va ry ing l inear ly 
wi th dep th , from zero a t t h e surface t o a 
m a x i m u m a t d e p t h D ( the case of l inear 
var ia t ion of t he skin friction). 

The first s i tua t ion was inves t iga ted b y M I N D L I N 

( 1 9 3 6 ) who produced a set of equa t ions giving t he 
stresses due to a ver t ical po in t load. The second 
and th i rd i tems were solved b y G E D D E S ( 1 9 6 6 ) 
who gave the influence factors in a t a b u l a r form 
in functions of 1>, r/D and z/D. I n respect t o i tems 
2 and 3 , t he pile load is assumed to be delivered 
as a shear, b u t according t o St . Venan t ' s principle 
a small error will occur in t h e es t ima ted stresses 
a t some dis tance from t h e pile shaft as a con-
sequence of the assumpt ion of a series of incre-
men ta l point loads . According t o t he calculat ions 
completed by G E D D E S t h e Boussinesq equa t ion 
leads to an overes t imat ion of t h e ver t ica l stresses 
in the vicini ty of t he line of act ion of t he load and 
an underes t imat ion of t he stresses a t grea ter 
radial dis tances. 

The me thods based on t he t h e o r y of elast ic i ty 
can be categorized in to t he following four groups . 

1 . I n t he elastic me thods based on Mindlin 's 
equat ions i t is assumed t h a t t he soil behaves as 
an ideal elastic mate r ia l wi th cons t an t Es and a 
high tensile s t r eng th . This app roach has been used 
by D ' A P P O L O N I A a n d R O M U A L D I ( 1 9 6 3 ) , P O U L O S 

and D A V I S ( 1 9 6 8 ) , M A T T E S and P O U L O S ( 1 9 6 9 ) . 

These me thods normal ly do no t t a k e in to accoun t 
the slip t h a t can ensue along t h e shaft even a t 
relat ively low load levels, or t h e low tensile 
s t r eng th of t he soil. 

2 . The s tep in tegra t ion m e t h o d (or " b o u n d a r y 
e lement m e t h o d " ) in t roduced b y S E E D a n d R E E S E 

( 1 9 5 7 ) and b y C O Y L E a n d R E E S E ( 1 9 6 6 ) is based 
on t he assumpt ion t h a t t h e m o v e m e n t of a po in t 
a t t he surface of t h e pile depends only on t h e 
shear stress a t t h a t pa r t i cu la r po in t , a n d t h a t t h e 
stresses elsewhere do no t affect t h e m o v e m e n t . 

3 . In t h e finite e lement m e t h o d (FEM), non-
l inear and t ime-dependen t s t ress - s t ra in relat ion-
ships are considered. 

4. Analyt ica l me thods considering t h e load-
deformation character is t ics of t h e pile shaft sepa-
ra te ly from those of t h e pile base ( R A N D O L P H , 

1 9 7 7 ; R A N D O L P H and W R O T H , 1 9 7 8 , 1 9 7 9 ) . 

The P O U L O S a n d D A V I S ( 1 9 6 8 ) m e t h o d in t h e 
first ca tegory gives t h e se t t l emen t of t h e pile 
head for an incompressible pile L < 50d long, a s : 

s = 
Pli 
Esd 

( 3 7 7 ) 

in which Ρ is t h e t o t a l appl ied load on t h e pile, 
Es is Young ' s modu lus of t h e soil, a n d d is t he 
d i ame te r of t h e pile. The influence factor Ix can 
be r e a d from Fig . 2 7 6 . 

The influence of pile compressibi l i ty on t he 
behav iou r of a floating pile has been inves t iga ted 
b y M A T T E S a n d P O U L O S ( 1 9 6 9 ) . The compressibil-
i t y of t h e pile re la t ive t o t h e soil (see Section 
3 . 2 . 2 ) is convenien t ly expressed in t e r m s of a pile 
stiffness factor , K: 

K = ^ - R A , 
EK 

( 3 7 8 ) 

in which RA is t h e area ra t io , i.e. t h e area of a 
pile sect ion per gross a rea of t h e pile (RA = 1 . 0 for 
solid piles). The lower t h e va lue of 1C, t h e more 
compressible is t h e pile re la t ive t o t h e soil. The 
influence factor of Κ on pile head displacement 
is p lo t t ed in Fig. 2 7 7 in t e r m s of a correct ion factor 
RK, where 

RK = 
se t t l ement of t h e compressible pile 

se t t l emen t of an incompressible pile 

( I t has been found t h a t RK does no t v a r y great ly 
wi th db/d and migh t therefore be used for b o t h 
uniform piles and for piles wi th an enlarged base.) 

T h e 
3 .2 .4 .2 . 

' s tep in tegrat ion m e t h o d " is discussed in Sect ion 

To in t roduce t h e F E M method , an applied 
example is presen ted here as t h e solution given 
by R A N D O L P H and W O R T H ( 1 9 7 9 ) . The p rog ram 
used b y t he au tho r s was based on six-noded iso-
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Fig . 276. D i s p l a c e m e n t influence factor II for incompres-
sible pi les (POULOS and DAVIS , 1968) 
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10000 

Fig. 277. Compress ibi l i ty correction factor for s e t t l e m e n t 
(MATTES and POULOS, 1 9 6 9 ) 

pa rame t r i c t r i angu la r e lements in an axi-sym-
metr ic mode , which allows a l inear va r i a t ion of 
s t ra in across each e lement . The m e t h o d of solut ion 
was t h e Gauss ian e l iminat ion of a bonded m a t r i x , 
t he b a n d w i d t h being res t r ic ted to 100. The pile 
and sur rounding soil were divided in to 267 ele-
ments (580 nodes) wi th a rigid hor izonta l b o u n d a r y 
imposed a t a dep th Λ, where h = 2.5/. (This is 
close enough to affect t h e solution for a pile in an 
elastic half-space, b u t only b y less t h a n 5 % ; see 
B A N E R J E E , 1970.) The outer ver t ica l b o u n d a r y 
was a t a rad ius of 5 0 r 0 ( = d/2) a n d care h a d t o 
be t a k e n t o ensure t h a t th i s did no t effect t he 
solut ion. Fo r piles longer t h a n / = 4 0 r 0 , i t was 
found t h a t t he m e t h o d of fixing these b o u n d a r y 
nodes affected t h e pile se t t l ement . F ix ing the 
nodes in t he radia l direct ion only , p roduced a 
good compromise , b u t for ve ry long piles (/ > 80r 0) 
t he m e a n of t he se t t l ements for to ta l ly fixed and 
to ta l ly free ver t ical b o u n d a r y nodes gave t h e best 
agreement wi th equiva lent analyses supplied b y 
in tegra l equa t ions . Ideal ly , t h e outer ver t ical 
b o u n d a r y should be a t a rad ius of a least twice 
t he l eng th of t he pile. 

The subs tance of t he solution of ca tegory 4 was 
presented b y R A N D O L P H and W R O T H (1978, 1979). 
The analysis is based on an elastic soil character -
ized b y t h e shear modulus G, which m a y v a r y 
wi th dep th , and the Poisson's r a t io , v. (Using the 
shear modulus is preferred to Young ' s modulus E, 
since soil deformat ion is p roduced p r imar ly b y 
shear , and because t he shear modulus is usual ly 
assumed to be unaffected whe the r the loading is 
dra ined or undra ined . ) The soil su r rounding the 
pile is divided in to two layers b y a line AB 
drawn a t t h e level of t he pile base (Fig. 278). 
In i t ia l ly i t is assumed t h a t t h e soil above AB 
will be deformed solely b y t h e stresses a t t he pile 
base . Some modification of th is a s sumpt ion is 
necessary in order to t a k e account of t he inter-
act ion be tween t h e uppe r and lower layers of 
soil; t he in te rac t ion will serve to l imit the defor-

ma t ion of t h e u p p e r layer , reducing t h e defor-
mat ions t o a negligible size a t some radius r m . 

F r o m considerat ions of ver t ica l equi l ibr ium, 
it m a y be shown (e.g. C O O K E , 1 9 7 4 ) t h a t t he shear 
stress in t h e soil a round t h e pile shaft decreases 
inversely wi th t h e radia l dis tance from the pile. 
This leads to a logar i thmic var ia t ion of t he defor-
ma t ion w wi th rad ius r. The deformat ion m a y 
t h e n b e : 

w(r) = *0 <
 r

 <>
 r

n (379) 

w(r) = 0 r>r„ 

tr 0 here means t h e shear stress a t t h e pile shaft ; 
r 0 is t h e rad ius of t h e pile, and rm is t he l imit ing 
rad ius of influence of t h e pile, in correspondence 
wi th E q . (350). 

The deformat ion of t h e pile shaft can be wr i t t en : 

(380) 

where 

Ξ = ln -

The pile base acts as a rigid p u n c h on the 
surface of t he lower layer . The deformat ion of t he 
pile base (Boussinesq) i s : 

wb = 
4r 0G 

(381) 

At some dis tance from t h e pile base , t he load 
will appea r as a po in t load. The se t t l ement a round 

(a) 

^Pile 

Y\ Upper loyer 
of soil 

Pt 
r
77777777777777/ 

(b) 

Lower layer 
of soil 

^77777777777777; 

A 2 

B, 

Β2 

Fig . 278. D e c o u p l i n g of effects due to pi le shaft and b a s e : 
a — upper and lower soil layers; b — separate deformation patterns of upper and 
lower layers (RANDOLPH and WROTH, 1 9 7 9 ) 
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a point load decreases inversely wi th t he rad ia l 
dis tance and is given b y : 

w(r) = 
2nrG 

( 3 8 2 ) 

The ra t io of se t t l ements in E q s ( 3 8 1 ) and ( 3 8 2 ) 
for a given load i s : 

w
(

r
) 

wb 

( 3 8 3 ) 

τι r 

Following St. Venan t ' s principle, t h e se t t l ement 
caused b y the pile base should, a t large dis tances , 
equal t h a t of a point load. T h u s t h e se t t l ement 
profile a t t h e t o p of t h e lower layer of soil in 
Fig. 2 7 8 m a y be a p p r o x i m a t e d b y 

w
(

r
) =

 w
b 

71 

( 3 8 4 ) 

For a rigid pile, t h e shaft se t t l ement is cons t an t 
down the pile and equals t h e se t t l ement of t h e 
pile base . Assuming t h a t t h e shear s t ra in in t he 
soil n e x t t o t he pile shaft is cons t an t wi th dep th , 
the shear stress r 0 will be propor t iona l t o G a t 
t h a t dep th . The t o t a l load t ransferred to t h e 
soil from the pile shaft m a y be wr i t t en using 
E q . ( 3 8 0 ) 

Ps=2nr0l(t0)ixV=2nl-fG1/2 = 

lwsqGl, 
( 3 8 5 ) 

where ρ is t he homogene i ty index (see E q . ( 3 4 9 ) ) . 
Thus , t h e overall load vs. s e t t l emen t ra t io for 

a rigid pile migh t be w r i t t e n in a dimensionless 
form 

p, 

+ G,r0wt G,r0wb G,r0w 

4 2πρ I ( 3 8 6 ) 

1 

The au thors emphas ized t h a t t he se t t l ement as 
calculated from the i r m e t h o d was in good agree-
m e n t wi th t h a t of m e t h o d 1 and 3 . The au tho r s 
provided a solution also for t h e case when the 
compressibil i ty of t he pile was no t negligible 
( R A N D O L P H and W R O T H , 1 9 7 8 ) . 

The rel iabil i ty of a n y solut ion based on the 
t heo ry of elast ici ty depends pr imar i ly on the 
accura te es t imat ion of Es (me thod 4 p a r t l y avoids 
t he difficulties arising from this fact) . 

The d i sadvan tage of these me thods is t h a t 
i t is, in general , no t possible t o t a k e in to account 
the difference in t h e elastic modulus on loading 
and unloading, t h e effect of t h e loading r a t e and 
the creep a t different load levels, t he d is turbance 
of the soil caused b y t h e pile dr iving, or t he 
reconsolidation of t he soil after t h e dr iving and 

ins ta l la t ion of t h e piles ( B R O M S , 1 9 8 1 ) . These con-
sequences are also implied in t he findings of 
P O U L O S ( 1 9 7 2 ) who concluded t h a t 

— for soft t o m e d i u m clays (cu <C 1 1 7 k N / m 2) 
t he Es for dr iven piles is grea ter t h a n t h a t 
for bored piles, b u t for stiff clays t he Es 

becomes greater wi th bored piles; 
— for stiff clays i t seemed t h a t Es reached a 

l imi t ing va lue which was a b o u t 4 0 M N / m 2 

for dr iven piles, a n d a b o u t 8 0 M N / m 2 for 
bored piles. 

The shape of a pile affects i ts se t t l ement . 
A bored pile wi th an enlarged base will set t le more , 
u n d e r t h e same re la t ive load (QIQuu) t h a n a pile 
w i t h o u t enlarged base ( W I T H A K E R a n d C O O K E , 

1 9 6 6 ) . The se t t l emen t for bored piles wi th enlarged 
bases can be e s t ima ted from t h e following semi-
empir ical re la t ionship : 

0.02qbDb 

iult 
( 3 8 7 ) 

where qb is t he con tac t pressure a t t he base , and 
Db is t he base d iamete r ( B U R L A N D and C O O K E , 

1 9 7 4 ) . 
Some observat ions indicate t h a t — similarly t o 

shallow foundat ions — a secondary consolidation 
(creep) also t akes place wi th pile foundat ions . 
Surveys made b y B A R T O L O M E Y et al. ( 1 9 8 1 ) have 
disclosed, for example , t h a t a b o u t 1 5 % of the 
t o t a l se t t l ement occurred l a te r t h a n one year 
after t h e complet ion of t h e cons t ruc t ion . 

3 . 2 . 4 . 2 The load-settlement curve 

A m e t h o d to establ ish t he re la t ionship be tween 
load and se t t l ement has been provided b y R E E S E 

based on the following considerat ions ( C O Y L E and 
R E E S E , 1 9 6 6 ) . 

Figure 2 7 9 shows an axial ly loaded pile divided 
in to four segments wi th t he forces act ing on each 
segment . I t is desired to compu te t he load, Ç 0 , 
a t t h e t o p of t h e pile and the se t t l ement , (5, a t 
t he t o p of t he pile. The procedure has t o begin 
a t t he b o t t o m b y assuming a small t ip movemen t , 
compu t ing the forces and m o v e m e n t a t each 
segment u p w a r d s on the pile. For differently 
assumed t ip m o v e m e n t s , different values will be 
ob ta ined a t t he t o p for QQ a n d (5, and a load-se t t l e -
m e n t curve can be p lo t t ed . The s teps involved, 
in th is procedure proceed in t h e following manne r 

1 . Assume a small t ip m o v e m e n t , yT. 
2. Compute t he t ip load, T, corresponding to 

t h e m o v e m e n t yT. This can be done b y making 
use of a m e t h o d such as t h a t proposed by S K E M P -

T O N ( 1 9 5 1 ) . 
3 . Divide t he pile in to several segments (e.g. 

in to four segments , as can be seen in Fig. 2 7 9 ) . 



Bearing capacity and settlement of pile foundations 

So; 

û ; 
t 

S,2 

4 
02 

S23 

il 

Ty-. yi2 

Ty. U23 

y3T 

Fig. 2 7 9 . A x i a l l y loaded pile showing forces act ing on seg-
m e n t s (COYLE and REESE, 1 9 6 6 ) 

4 . E s t i m a t e a midpo in t m o v e m e n t of t he seg-
m e n t a t t h e b o t t o m . Fo r t h e first t r ia l , t h e mid-
poin t m o v e m e n t is assumed equal t h e m o v e m e n t 
a t t h e t i p . 

5 . Using t h e e s t ima ted midpo in t m o v e m e n t , 
refer t o a curve showing t h e ra t io of load t ransfer 
t o soil shear s t r eng th versus pile m o v e m e n t . 
F igure 2 8 0 is a curve developed b y S E E D a n d 
R E E S E ( 1 9 5 7 ) based on measured load t ransfer in 
an i n s t r u m e n t e d pile and v a n e shear tes t . (For 
example , wi th a s imula ted pile m o v e m e n t of 7 . 5 m m , 
t he ra t io is 1 . 0 ; therefore, t he full shear ing 
res is tance is assumed t o be developed.) 

6 . Using t h e ra t io de te rmined in s tep 5 , refer 
t o a curve of soil shear s t r eng th versus d e p t h . 
A load t ransfer is t h e p roduc t of t h e value r ead 
from th is curve and the ra t io ob ta ined in s tep 5 . 

0.5 10 
Pile movement (in) 

1.5 

Fig . 2 8 0 . R a t i o of load transfer to soil shear s trength vs. pi le 
m o v e m e n t ( 1 in = 2 5 . 4 · 1 0 ~

3
 m ) 

7 . Using t h e va lue of load t ransfer compu ted 
in s tep 6 , c o m p u t e t h e load Q3 a t t he t o p of the 
b o t t o m segment as 

Q3 = qT+S3T, ( 3 8 8 ) 
in which 

SST = s3TCL3T ( 3 8 9 ) 

a n d Q3 is t h e load a t t h e t o p of t he segment , Τ is 
t h e load a t t h e t i p from s tep 2 , s3T is t h e load 
t ransfer in t h e b o t t o m segment from steps 4 , 5 
a n d 6 , C is t he circumferent ial area of t he segment , 

a n d L3T is t he l eng th of t he b o t t o m segment 
( = L / 4 ) . 

8. Compute t h e elastic deformat ion in t h e lower 
half of t h e b o t t o m segment b y 

fmid + Τ L ST 

AE 
( 3 9 0 ) 

Assuming a l inear va r ia t ion on t h e load distri-
bu t i on for small segments 

< ? 3 + Τ 
fmid ( 3 9 1 ) 

9 . Compute t h e new midpoin t m o v e m e n t of the 
b o t t o m segment b y 

Y ST = 4 ν 3 Γ + J r - ( 3 9 2 ) 

1 0 . Compare t h e co mp u ted midpoin t movemen t 
from s tep 9 w i th t h e e s t ima ted midpo in t move-
m e n t from step 4 . 

1 1 . If t h e co mp u ted m o v e m e n t does no t agree 
wi th t h e assumed m o v e m e n t wi th in a specified 
to lerance , r epea t s teps 2 t h r o u g h 1 0 a n d compute 
a new midpo in t m o v e m e n t . 

1 2 . W h e n convergence is achieved, go to t he 
n e x t segment above t h e b o t t o m segment and 
work u p t h e pile t o compu te a value of Q0 and δ 
a t t h e t o p . 

The procedure is t h e n repea ted using a different 
a ssumed t ip m o v e m e n t , un t i l a series of Q0 and 
ô values is ob ta ined . These values can t h e n be 
used t o p lo t a c o m p u t e d l o a d - s e t t l e m e n t curve . 
F o r t h e calculat ions used in the i r paper , t he 
au tho r s assumed t h a t t h e t ip load was equal t o 
zero, b u t a n y t ip load can be included in t he cal-
cula t ion, if desired. Fo r car ry ing out the s t u d y in 
th i s m a n n e r , an assumed t i p m o v e m e n t is required, 
b u t t h e n s tep 2 can be omi t t ed . 

3.3 Pe r formance of pile groups 

3 .3 .1 Load-bearing capacity of pile groups 

Due t o superposi t ion of stresses t ransferred i n to 
t h e soil, t he re is a subs t an t i t a l difference be tween 
t h e performance of a single pile a n d a pile group. 
This difference appears also in respect of bear ing 
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capaci ty , name ly t he in te rac t ion influences the 
u l t ima te shaft load a n d t h e u l t ima te po in t resis-
t ance to a different ex t en t and in var ious manne r s . 
The in te rac t ion of piles depends main ly on 

— t h e dis tance be tween the piles; 
— t h e proper t ies of t h e soil; 
— the t y p e of the piles a n d t h e technology. 

Problems arising can be usual ly condensed to 
t he ques t ion: w h a t will be t h e re la t ionship be-
tween the bear ing capac i ty of a pile group (Qu§) t o 
t he summar ized bear ing capaci t ies Qui of t h e single 
piles in t he group or — since each pile in t h e group 
is assumed to have t he same load-bear ing capac-
i ty — t o t he sum nQai? 

Since several difficulties h a d t o be faced in 
using t h e theore t ica l approach , a t p resen t we h a v e 
most ly t o rely on experience acqui red b y in situ 
surveys or inves t iga t ions . An i m p o r t a n t role is 
also a t t r i b u t e d in th is field t o model t e s t s , since 
loading tes ts of pile groups would be ex t remely 
t i resome and expensive due to t h e enormous load 
involved. 

M E Y E R H O F ( 1 9 7 6 ) s t a t ed , on t h e basis of exper-
imen ta l resul ts , t h a t for piles dr iven in to sand , 

if t h e dis tance be tween t h e piles is no t more t h a n 
4dL The greater group capac i ty is due t o t h e over-
lap of t he indiv idual soil compac t ion zones nea r 
the piles, increasing main ly t he skin resis tance, 
which m a y produce equiva len t pier shear failure 
a t small pile spacings, while t h e po in t resis tance 
is pract ical ly unaffected b y t h e group act ion, even 
a t small pile spacings ( V E S I C , 1 9 6 7 ) . 

The senior a u t h o r conduc ted a series of t r ia l 
tes t s wi th 2 m long A = 1 0 · 1 0 c m 2 piles ( K É Z D I , 

1 9 5 7 ) . F o u r piles were dr iven in a row a n d a t 
t he corners of a square , and loading d iagrams 
were m a d e a t different pile spacings. The re la t ion 
be tween u l t ima te load of t h e group a n d t h e pile 
centres is shown in Fig . 2 8 1 ; t h e hor izonta l line 
denotes t h e fourfold bear ing capac i ty of a single 
pile. B o t h in t h e case of piles dr iven in a row and 
a t t h e corners of a square , t h e group capac i ty is 
subs tan t ia l ly higher t h a n t h a t ; only a t d = 6D 
does t h e group capac i ty diminish to t he value of 
t h e single piles. A t d = 2D t h e increase is more 
t h a n 1 0 0 % . 

According to V E S I C ( 1 9 8 1 ) in t h e case of piles 
dr iven in to soft c lay t h e u l t ima te shaft load of 
t h e group is less t h a n nQit 

The u l t ima te load of a pile group wi th t h e 
piles being bored in sand is smaller t h a n the sum 
of t h e single bored pile capaci t ies , due to t he 
overlap of t h e indiv idual shear zones in t he soil 
near t he piles w i thou t soil compac t ion ( M E Y E R H O F , 

1 9 7 6 ) . Interference of t h e ind iv idual pile-point 
shear zones would theoret ical ly lead to a reduct ion 
of the individual u l t ima te poin t loads b y roughly 
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Fig. 2 8 1 . U l t i m a t e load of pile groups (KÉZDI , 1957) 

one-half for a pile spacing of a b o u t 3 pile d iameters , 
a n d some reduc t ion of t h e skin resis tance m u s t also 
be expected . I t m a y , therefore, be suggested t h a t 
t he u l t ima te group capac i ty of bored pile groups 
in sand , no t under la in b y a weak deposit , should 
be t a k e n as a b o u t two- th i rd of t h e sum of t h e 
single pile capacit ies a t cus tomary pile spacings. 

The u l t ima te load of pile groups in clay can be 
e s t ima ted from t h e smaller value from ei ther a 
block failure of an equiva len t pier consist ing of 
t h e piles and enclosed soil mass , or from the 
u l t ima te bear ing capacit ies of t h e individual piles 
( M E Y E R H O F , 1 9 7 6 ) . 

The u l t ima te group load for block failure of an 
equiva lent pier of dr iven or bored piles in s a t u r a t e d 
clay should be based on t h e ini t ial undra ined shear 
s t r eng th of t h e clay for b o t h side and base resis-
t ance . If t he pile caps are no t res t ing on t h e ground, 
t h e group capac i ty will usual ly be governed by 
the sum of t h e u l t ima te loads of t h e single piles, 
w i th some reduc t ion due t o t h e over lapping zones 
of shear deformat ion in t h e sur rounding soil 
( M E Y E R H O F , 1 9 7 6 ) . This has been confirmed b y 
full-scale load tes ts of friction piles dr iven in to 
soft and m e d i u m clays (e.g. S C H L I T T , 1 9 5 1 ) and 
b y similar model t es t s ( W I T H A K E R , 1 9 5 7 ) which 
have shown t h a t a t cu s tomary pile spacings of 3 
t o 4 pile d iameters t h e u l t ima te group capac i ty 
m a y be only abou t two- th i rds of the sum of t he 
single pile capaci t ies , using t h e dra ined remolded 
shear s t r eng th of t h e clay for t h e skin friction. 
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I n mak ing a compar ison be tween the effective 
load Q to be carried b y the piles and the u l t ima te 
load capac i ty , Qm i t should be also considered 
t h a t t he stiff raft on t he pile heads m a y t ransfer 
var ious loads on to the indiv idual piles (see 
Section 3 . 2 . 2 ) . 

The process of reconsolidat ion goes on more 
slowly in t he case of pile groups t h a n wi th single 
piles ( V E S I C , 1 9 8 1 ) . This m a y be pa r t l y t he resul t 
of t he differences in t he influence zone, as can 
also be seen from Eqs ( 3 4 9 ) and ( 3 5 0 ) (Section 
3 . 2 . 1 ) . 

3.3 .2 Sett lement of pile groups 

3 . 3 . 2 . 1 Rules derived from surveys and observations 

Figure 2 7 4 indicates t h a t pile groups sett le 
subs tant ia l ly more t h a n individual piles do unde r 
t h e same load. The figure refers to piles dr iven 
into cohesive soil b u t the resul ts migh t be general -
ized for wha teve r t y p e of soil or pile ( V E S I C , 1 9 8 1 ) . 

B E R E Z A N T S E V et al. ( 1 9 6 1 ) explained t h a t pile 
foundat ions wi th an equal load t r a n s m i t t i n g area 
a t t he level of the pile ends , b u t wi th a different 
n u m b e r of piles, have pract ical ly equal se t t l ements 
under equal loads (Fig. 2 8 2 ) . 

If t he dis tance be tween piles dr iven in to sand 
is reduced, the influence of compac t ion gains 
more and more space, as has been proved b y the 
model tes ts carried ou t b y t he senior a u t h o r 
( K É Z D I , 1 9 5 7 ) . Figure 2 8 3 shows the magn i tude 
of loads causing given pile se t t l ements . The less 
the dis tance be tween pile centres , t he smaller will 
be the se t t l ement unde r a given load : a t d — 6 D 
t h e loading d iagram approaches t h e line giving 
the four-fold loading capac i ty of an indiv idual 
pile as a function of i ts se t t l ement . The groups 
t h u s behaved very favourably from the poin t of 
view of se t t l ement , most p robab ly due to soil 
compact ion caused by driving. 

Load (kN) 

4.06 m 

Fig. 2 8 2 . The relat ionship b e t w e e n loading and se t t l ement 
of piles and the role of t h e n u m b e r of pi les (BEREZANTSEV 
et al., 1 9 6 1 ) 
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Fig . 2 8 3 . S e t t l e m e n t of pi le groups (KÉZDI, 1 9 5 7 ) 

The pe r t inen t soil s t ra in pa rame te r s being 
known , t h e se t t l ement of a pile group is usual ly 
calcula ted after T E R Z A G H I a n d P E C K as if it were 
a shallow foundat ion of t he area A = B. L. 
(B is t he w id th and L is t h e l eng th of the ex te rna l 
contour line of piles, respectively.) The level of 
load t ransfer can be t a k e n to t he t ips of t he piles 
for end-bear ing piles, or to two- th i rds of t he 
l eng th of friction piles. T O N G et al. ( 1 9 8 1 ) sug-
gested assuming t h e level of load t ransfer to be 
a t t he t ips of t he piles when the sur rounding soil 
is a soft clay and t h e load act ing on t h e pile 
group is grea ter t h a n the load-bear ing capac i ty 
of t he mul t ip le indiv idual piles. I n this case the 
difference Q — nQul will be carried b y the soil 
t h r o u g h to ta l ly mobilizing b o t h the peak resis-
t ance and the skin friction. B U R L A N D et al. ( 1 9 7 7 ) 
also considered th is solution as an appropr ia te 
means of lessening se t t l ement . 

There are several semi-empirical me thods avail-
able to calculate t he se t t l ement of a pile group. 

B E R E Z A N T S E V et al. ( 1 9 6 1 ) suggest t h a t t he 
se t t l ement of t he group increases in propor t ion 
to t he square root of the area enclosed b y the piles. 

V E S I C ( 1 9 6 8 ) holds t h a t t he se t t l ement is in 
propor t ion t o V-B/D, where Β is t he wid th of the 
pile group and D is t he d iamete r of t he pile. 

S K E M P T O N ( 1 9 5 3 ) offered a formula for the 
calculat ion of t h e se t t l ement of a pile group in 
sand (relative to t h a t of an individual pile, ssi): 

V = | ^ ± l ] 2 , ( 3 9 3 ) 

where Β is t he w id th of t h e pile group in met res . 
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M E Y E R H O F (1959) p roduced t h e formula : 

V _ 
1 + 

(394) 

where s is t he ra t io of spacing to d iamete r ; r is 
the n u m b e r of rows for a square group . 

3.3.2.2 Settlement analysis on the basis of elastic 
theories for piles of unrestricted settlement 

Similarly t o single piles t h e se t t l emen t of pile 
groups can also be de te rmined b y using t h e pr in-
ciples of t he theo ry of elast ici ty. A t present the re 
are th ree such solutions k n o w n : one was e labora ted 
by P O U L O S , D A V I S and M A T T E S , t h e second b y 
R A N D O L P H a n d W R O T H , a n d t h e t h i r d b y C O O K E . 

P O U L O S et al. ( P O U L O S and D A V I S , 1968; P O U L O S , 

1968) based t he solut ion on t h e Mindlin t heo ry , 
as was done in t h e case of single piles. The behav-
iour of each pile m a y be examined b y dividing i t 
in to a n u m b e r of cylindrical e lements , each loaded 
b y a uniform load ac t ing a round t he per iphery 
of t he e lement and a circular uniformly loaded 
base . Referring to Fig . 284, t h e displacement ρ, 
of t he soil adjacent to t he centre of the per iphery 
of an element i on pile 1 due to pile 1 itself and 
the adjacent pile 2, is 

Qi = 2 PÂi
L
U + 2

T
u ) + PbiJit + 2Iib) , (395) 

7 = 1 

where 1/ z ; = is t he displacement influence factor 
a t e lement i due to a uniform r ing 
load on e lement j on pile i , 

2J/y = is t h e d isp lacement influence factor 
a t e lement i due to a uniform r ing 
load on e lement j on pile 2, 

xIib = is t he d isp lacement influence factor 
a t e lement i due to a uniform load 
on t h e base of pile i , 

2/ /ô — similarly as above , for pile 2. 

A similar expression m a y be ob ta ined for t he 
displacement qb of t h e soil direct ly b e n e a t h t h e 
base of t he pile 

Qb 2 P'WOJ + 2^) + Pbdhb + 2hb), (396) 
1 = 1 

where = is t h e d isp lacement factor for t h e 
pile base due to a uniform r ing 
load on e lement j on pile I , and 
similarly for 2Jôy, 

1 J ô ft = is t h e d isp lacement factor for t h e 
pile base due to a uniform load on 
t h e base of pile I , and similarly 
for 2Ibb. 

u t Pj 

Pile 7 Pile 2 

Fig . 2 8 4 . Ana lys i s of a group of t w o piles (POULOS and DAVIS, 
1 9 6 8 ) 

T h e d isp lacement factors λΙη and m a y be 
ob ta ined b y in tegra t ion of t h e Mindlin equa t ion 
for ver t ica l d i sp lacement , over t he cylindrical ring 
e lements j on piles 1 a n d 2, respect ively, for the 
approp r i a t e po in ts i on pile J. The factors 
a n d 2Iib m a y similarly be ob ta ined b y in tegra t ions 
of t h e Mindlin equa t ion over t h e circular base of 
pile 1 a n d 2 ( P O U L O S and D A V I S , 1968). For all 
t h e e lements on pile I , t h e ver t ica l d isplacement 
of t he soil ad jacen t t o t h e pile m a y be expressed 
in a m a t r i x as 

ie] = ([J] + hi]) [P)+Pb([ih] + [,/»])· (397) 

(Since t h e two piles are ident ical , th is equa t ion 
applies t o pile 2 as well.) 

The soil d isp lacement a t each e lement m a y now 
be e q u a t e d t o t he displacement of each element 
of t he pile. If th is d isp lacement is assumed to be 
u n i t y , t h e n for t he pile e lements 

[ ß ] = M - (398) 

E q u a t i n g E q s (397) and (398) t he new equa t ion 
m a y be solved t o ob ta in t he dis t r ibut ion of shear 
stresses along each pile and t h e stress on the base 
for un i t d isp lacement of t he pile, whence the 
disp lacement of each pile for a un i t load m a y be 
ca lcula ted . I n th is m a n n e r t he influence of an 
adjacent pile on t h e disp lacement of a pile m a y 
be de te rmined for var ious spacings be tween the 
piles. The addi t iona l d isp lacement of a pile in 
a semi-infinite mass due to an equal ly loaded 
ident ica l ad jacent pile is expressed in te rms of 
an in te rac t ion factor α where : 

addi t iona l se t t l ement due to adjacent pile 
se t t l ement of pile u n d e r i ts own load 

For t w o piles α ranges be tween 1 for a zero spacing 
be tween t he piles, and zero for an infinite spacing. 
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I n Fig. 285a α is p lo t t ed against t h e centre t o 
centre spacing be tween the piles for var ious values 
of Ljd for t h e case ν — 0.5. We can see t h a t 

— the values of α a t large spacings are sur-
prisingly la rge; 

— the relat ive l eng th Ljd has an i m p o r t a n t 
influence wi th a n y given spacing (this effect 
becomes more p ronounced as t h e spacing 
be tween the piles increases) ; 

— the role of ν is negligible. 

The effect of an under ly ing rigid base is shown 
in Fig. 285b. The effect of t he rigid base is to 
" d a m p " the in te rac t ion , par t icu la r ly a t large 
spacings where t h e value of α for a finite layer is 
considerably less t h a n t h a t for a semi-infinite 
mass . 

The analysis applied for two piles can be ex tend-
ed to a n y symmet r i c pile groups and a m a t r i x 
similar t o E q . (397) can be wr i t t en . 

F o r t he case Ljd = 25 and ν = 0.5, solut ions 
have been establ ished for groups of th ree and four 
piles. I n Fig. 286 t h e in te rac t ion factor α is 
p lo t ted against t he spacing s/d for t he above 
groups a n d also for a group of two piles. This 
figure shows t h a t t h e addi t ional se t t l ement of 
each pile in t h e group due to t he adjacent piles is 
a lmost exac t ly equal t o t h e sum of t h e displace-
men t increases due to each of t he adjacent piles 
in t u r n . T h u s , for a group of th ree piles t h e value 
of α is twice t he va lue for a group of t w o piles 
wi th the same spacing, while for a group of four 

piles t he value of α is 

α = 2α χ + α , , (399) 

where α χ is t he value of α of two piles a t à spacing 
of s d iamete rs , oc2 is t h e value of α for two piles 

s/d 

Fig . 286. S e t t l e m e n t in t erac t ion—symmetr i ca l pile groups 
( P O U L O S , 1968) 

Fig . 285. 
a — Settlement interaction between two piles in a semi-infinite mass; and 
b — in a finite layer (POULOS, 1968) 
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a t a spacing of s Y 2 d iamete rs . The corresponding 
displacement of each pile in t h e group due t o 
equal loads Q1 in each pile is t h u s 

Q = QiQii
1
 +

 2 α
ι +

 a
2 h ( 4 0 0 ) 

where ρ χ is t he d isplacement of a single pile unde r 
un i t load. 

R A N D O L P H a n d W R O T H ( 1 9 7 9 ) ex t ended the i r 
me thod presen ted in Section 3 . 2 . 4 . 1 t o cover t h e 
case of pile groups as well. 

The au thors assumed t h a t E q . ( 3 7 9 ) gives t h e 
se t t l ement profile a t t h e pile mid -dep th and E q . 
( 3 8 3 ) t h a t a t t h e pile base . Considering two rigid 
piles, t he overall s e t t l emen t of one pile m a y be 
wr i t t en as t h e sum of t h e se t t l emen t due t o i ts 
own load plus t h a t due t o t h e d isp lacement field 
of ne ighbour ing piles. T h u s 

w 

At the mid -dep th of t he pi le: 

10. 
G r s 

( 4 0 1 ) 

( 4 0 2 ) 

where s is t h e pile spacing. Thus s is t h e average 
radius of one pile as seen from t h e o ther pile. The 
load - se t t l emen t ra t io for each pile shaft is n o w : 

2πρ I 

Gtr0ws I + In (rm/s) r0 

Similarly, t he se t t l ement of the pile base is 

Pb(i - v) 
wb = w± -{- w2 = 

whence 

4 r 0G 
1 + 

crn 

( 4 0 3 ) 

( 4 0 4 ) 

ν cr0 + s 
( 4 0 5 ) 

(c is equal t o 2/π). 
Thus , t h e overall l o a d - s e t t l e m e n t ra t io for each 

of two similarly loaded piles is 

p, 

0
W

/ 
+ 

2πρ 

cr0 + s ξ + In (rjs) 
I ( 4 0 6 ) 

The expression for piles in a group of th ree 
(at t h e corners of an equi la tera l t r iangle of side s) 
and a group of four piles (a t t h e corners of a 
square of side s) are respec t ive ly : 

pt 

Gr0wt I ν 2r0c + s + 
2πρ 

£ + 2 In 

(407) 

and 
p, 

+ 
1 — ν 2 .707r oc + s 

2πρ I 

+ 
(408) 

•y 2 

I t is possible t o use E q . ( 4 0 6 ) to ob ta in the 
in te rac t ion factors be tween two piles, in t he 
m a n n e r of P O U L O S ( 1 9 6 8 ) . T h u s t he increased 
se t t l ement for a given load m a y be wr i t t en as 

Gir0

w
t ) = ( χ + α ) ί G

i
r
o

w
t 

Pt pt 

( 4 0 9 ) 

where <xv is t he in te rac t ion factor. 

Inc luded in their presenta t ion RANDOLPH and WROTH 
also t reated the case w h e n the compress ib i l i ty of the pile was 
n o t negl igible , i .e. ws φ wb. 

I n one of the i r art icles, P O U L O S and R A N D O L P H 

( 1 9 8 3 ) compared t h e resul ts of the i r me thods and 
concluded t h a t t h e ag reement was ve ry close, 
t h e m a x i m a l devia t ion being no t more t h a n 1 5 
t o 1 8 % . 

C O O K E et al. ( 1 9 8 0 ) per formed t r ia l tes t s using 
1 7 cm d iam. piles j a cked in clay, and proved 
t h a t t h e interference be tween t h e piles can be 
ca lcula ted on t h e basis of superposi t ion principles. 
Beside t h e factor α from t h e Poulos theo ry , t h e y 
in t roduced t h e r a t i o : 

Ω 

t he induced se t t l emen t of a pile 1 due 
to t h e loading of an o th e r pile 2 

t h e se t t l emen t of t he loaded pile 

Beside th i s , ano the r useful t e r m was presented 
b y t h e au tho r s , n a m e l y t he se t t l ement ra t io (Rs) 
which is defined as t h e ra t io of t he mean sett le-
m e n t of t h e pile group to t he se t t l ement of a 
single pile car ry ing a load equal t o t h e mean load 

Ό 

0.2 0.3 0.4 0.5 
Settlement, (mm) 

Fig. 2 8 7 . T h e l o a d - s e t t l e m e n t curve for piles A and Β 
l oaded toge ther compared w i t h the l o a d - s e t t l e m e n t curve 
for pile A before Β w a s insta l led (COOKE et α/., 1 9 8 0 ) 



204 Bearing capacity and settlement of pile foundations 

Fig . 288. Comparison of the l o a d - s e t t l e m e n t curve 
for pi le A w h e n pi les A and Β were loaded together 
w i t h the s u m of the c o m p o n e n t s of m o v e m e n t of pile 
A w h e n the piles were loaded separate ly (COOKE et α/., 
1980) 

0.2 0.3 
Settlement (mm) 

carried b y the piles in t he group . I n the case of 
two similar, equal ly loaded piles in t he same soil, 
t he d isplacement or addi t ional se t t l ement of b o t h 
piles due to in te rac t ion are equal . Thus , Rs = 
= 1 - | - Qs-> where Ω8 is t he value of the in te rac t ion 
factor a t a given spacing s. 

The results of differently performed tes t runs 
were as follow. 

Test J. A load - se t t l emen t curve for piles A 
and Β loaded toge ther is p resented in Fig. 287 
and compared wi th t he curve ob ta ined in t h e 
final tes t of pile A before pile Β was instal led. 

W h e n t h e t w o piles were loaded toge ther , the i r 
se t t l ements were app rox ima te ly equal a t all loads 
and b o t h were 2 5 % grea ter t h a n the se t t l ement 
of pile A loaded alone. The value Ω3 for a spacing 
of th ree pile d iameters was therefore 0.25 and Rs 

was 1.25. 
Test 2. Here t he two piles were loaded separa te ly . 

A t i n y se t t l ement was experienced only on the 
un loaded pile. F igure 288 i l lus t ra tes four var ious 
p a t t e r n s of m o v e m e n t on piles A a n d B. The 
figure shows how t h e se t t l ement of pile A — when 
b o t h piles were loaded toge the r (curve 4) — could 

Fig. 289. 
a — Comparison of the load-settlement curve for pile A when equal-
ly loaded with piles Β and C with a curve given by the sum of the com-
ponents of movement of pile A when the three piles were loaded sep-
arately; b — corresponding comparison for pile C (COOKE etal., 1980) 

0.2 0,3 OA 
Settlement (mm) 
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be predic ted wi th considerable accuracy from t h e 
sum of t he m o v e m e n t s observed when i t was 
loaded alone (curve 3), a n d when only pile Β was 
loaded. The factor Ω3 is 0,24, a lmos t t h e same 
as t h a t observed for b o t h piles in Tes t 1. 

This survey confirmed also t h a t t h e idea of 
superposi t ion prevai ls also in respect of b o t h t h e 
skin friction and of t h e se t t l ement of t h e ground 
surface a round t h e piles. 

Tçst 4 and 5 (piles in th ree rows) . F igure 289a 
presents t he l o a d - s e t t l e m e n t curve for pile A 
loaded alone toge the r wi th curves showing t h e 
m o v e m e n t of th is pile when pile Β a n d C were 
loaded alone unde r similar load inc rement s . The 
figure shows t h a t t h e sum of t h e th ree componen t s 
of m o v e m e n t of pile A, due to loading t h e piles 
separa te ly is in good agreement wi th t h e move-
men t of th is pile when all t he piles were loaded. 
The m o v e m e n t of t h e centre pile, due to t he 
separa te loading of piles Β a n d C, t h e th ree pile 
d iameters are shown to be ve ry similar. As expec ted , 
t h e separa te loadings of piles A and Β did no t 
have equal effects on t h e m o v e m e n t of pile C 
s i tua ted a t one end of t he row. Figure 289b 
shows how t h e sum of t he componen t s of t he 
m o v e m e n t of pile C compares wi th i ts m o v e m e n t 
when the th ree piles were loaded toge ther . 

3.3.2.3 Settlement analysis on the basis of elastic 
theories for pile groups with a rigid cap 

W h e n the piles are c lamped toge the r wi th a 
perfect ly rigid cap , two quest ions ar ise: 

— w h a t will be t h e se t t l emen t of t h e founda t ion ; 
— w h a t load will be carr ied b y each of t h e 

piles ? 

To render t he solution more easy, P O U L O S 

(1968) in t roduced t w o factors . The se t t l emen t 

r a t io , .Rs, is defined as t he ra t io of the se t t lement 
of t he pile group to t he se t t l ement of a single pile 
car ry ing the same average load as a pile in the 
g roup . The reduc t ion factor, RG, is t he ra t io of 
t h e se t t l ement of t h e group to t h e se t t lement of 
a single pile car ry ing the same to t a l load as the 
g roup . For a group of m piles t h e se t t l ement ra t io , 
J î s, is re la ted t o t he reduc t ion factor, 1?G, as 

Ra = RJm. (410) 

The va lue of RG represents t h e reduct ion in 
se t t l ement which resul ts from using a pile group 
ins tead of a single pile t o ca r ry a given load. 

The ac tua l se t t l ement of t he group is given b y 

àa = RsS1 = RamSl, (411) 

where S1 is t he se t t l ement of a single pile carrying 
the same average load as a pile in t he group. F r o m 
the analysis of a single pile carr ied ou t by P O U L O S 

and D A V I S (1968) S1 m a y be expressed by applying 
E q . (377). Since t h e t o t a l load on the group 
PG = mP, t he se t t l ement of t h e group is : 

S a = ^ - R 0 I 1 . (412) 
hid 

Values of t h e single pile influence factor I1 ob-
t a ined b y P O U L O S and D A V I S (1968) are shown 
in Fig. 276 and in Table 19 for a range of values 

Table 1 9 . Sett lement influence factors I1 for s ingle pile 
(POULOS and DAVIS, 1 9 6 8 ) 

hjL 

Ljd v= 0.5 v= 0 

hjL 

Ljd 

10 25 100 10 25 100 

oo 1.41 1.86 2.54 1.16 1.47 1.95 
5 1.91 1.76 2.44 1.07 1.37 1.86 
2.5 1.20 1.64 2.31 0.96 1.27 1.75 
1.5 0.98 1.42 2.11 0.80 1.11 1.58 
1.2 0.72 1.18 1.89 0.62 0.94 1.44 

Table 2 0 . Values of i ? G, pile group wi th rigid cap; Ljd 25 , ν = 0 .5 (POULOS, 1 9 6 8 ) 

22 3
2 

sjd L_ oo 5 2.5 1.5 1.2 5 2.5 1.2 1.2 

1 0.839 0.819 0.815 0.745 0.621 0.715 0.677 0.670 0.593 0.464 

2.5 0.672 0.638 0.629 0.550 0.443 0.541 0.495 0.479 0.387 0.283 

5 0.547 0.519 0.501 0.422 0.348 0.415 0.363 0.339 0.256 0.195 

10 0.425 0.408 0.385 0.323 0.291 0.303 0.245 0.220 0.165 0.141 

20 0.366 0.317 0.297 0.267 0.258 0.214 0.157 0.142 0.122 0.116 

40 0.307 0.260 0.254 0.250 0.250 0.159 0.117 0.114 0.111 0.111 

42 5
2 

sjd ~~ —-— 
h\L oo 5 2.5 1.5 1.2 00 5 2.5 1.5 1.2 

1 0.643 0.599 0.590 0.500 0.371 0.584 0.538 0.525 0.432 0.309 

2.5 0.460 0.409 0.388 0.296 0.206 0.403 0.349 0.325 0.235 0.160 

5 0.334 0.277 0.250 0.176 0.128 0.281 0.220 0.194 0.129 0.091 

10 0.227 0.166 0.143 0.100 0.083 0.180 0.119 0.100 0.067 0.055 

20 0.148 0.093 0.083 0.069 0.066 0.112 0.062 0.054 0.045 0.042 

40 0.105 0.066 0.064 0.063 0.063 0.070 0.041 0.041 0.040 0.040 
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Fig. 290. Effect of L/d on s e t t l e m e n t — 3
2
 group w i t h rigid 

cap (POULOS, 1968) 

of h/L and L/d. For 2 2, 3 2 , 4 2 and 5 2 groups, values 
of t he group reduc t ion factor RG are t a b u l a t e d in 
Table 20 for t h e case L/d = 25 and ν = 0.5. 

F r o m Table 20 i t can be seen t h a t as h/L 
decreases, t h e value of RG decreases a t a n y given 
spacing because of t h e damping effect of t he rigid 
base. The smaller t he value of h/L, t h e closer t h e 
spacing a t which the l imit ing value of RG for no 
in terac t ion of 1/m (corresponding t o a se t t l ement 
ra t io Rs of 1) is reached. 

The effect of t he value of L/d is shown in Fig. 
290, where JRG is p lo t t ed against s/d for a 3 2 group 
in a semi-infinite mass . As L/d increases, t he set t le-
m e n t for a n y given spacing increases. The effect 
of the n u m b e r of piles in t h e group on the value 
of RG is shown in Fig. 291 . The reduc t ion in set t le-
m e n t wi th an increasing n u m b e r of piles in t h e 
group, for a given spacing, is clearly shown in th is 
figure. However , a t re la t ively close spacings 
(s/d <C 5) t h e use of an increased n u m b e r of piles 
to reduce se t t l ement becomes increasingly in-
effective if t h e same spacing is ma in ta ined . For 
example , t h e se t t l ement of a 5 2 group of piles a t 
a spacing of Sd is only abou t 2 0 % less t h a n t h a t 
of a 4 2 g roup of piles a t t h e same spacing. I t is 
in teres t ing to no te t h a t for t h e group of 5 piles, 
S is ident ical wi th t h a t of a 2 2 g roup for spacings 
up to abou t 10d, i.e. t he addi t ional centre pile 
has no effect in reducing the se t t l ement . 

For a given size of pile cap t h e pile spacing 
will v a r y wi th m. The var ia t ion of RG wi th founda-
t ion b r e a d t h (centre- to-centre spacing be tween the 
ou te rmos t piles) is shown in Fig. 292. For t he 
groups 3 2 , 4 2 . . . t h e value of RG for all groups is 
ident ical u p t o a b r e a d t h of abou t 16d. Beyond 
this b r e a d t h , RG t ends to decrease as t h e n u m b e r 
of piles increases. Figure 292 therefore suggests 

t h a t over a considerable range of b r ead th s SG is 
p r imar i ly dependen t on t h e b r e a d t h r a the r t h a n 
t h e n u m b e r of piles. The resul ts of full-scale field 
tes t s carr ied ou t b y B E R E Z A N T S E V et al. ( 1 9 6 1 ) , 
a n d d a t a collected b y S K E M P T O N ( 1 9 5 3 ) confirm 
th is conclusion. Thus in t h e design, t h e use of 
a small m a t a re la t ively large spacing is generally 
t o be preferred t o a larger n u m b e r of piles a t 
a closer spacing on t h e grounds of economy. 
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Table 2 1 . Values of P / P a v; group wi th rigid cap; Ljd = 2 5 , ν = 0 . 5 , h\L = oo (POULOS, 1 9 6 8 ) 

Group 
Pile 

s/a 

1 
2 . 5 
5 

1 0 
2 0 
4 0 

2 . 3 1 
1 . 5 2 
1 . 3 2 
1 . 2 2 
1 . 1 3 
1 . 0 6 

0 . 3 3 
0 . 7 4 
0 . 8 4 
0 . 8 9 
0 . 9 4 
0 . 9 8 

- 1 . 5 7 
- 0 . 0 5 

0 . 3 4 
0 . 5 5 
0 . 7 2 
0 . 8 8 

2 . 9 9 
2 . 0 2 
1 . 7 1 
1 . 4 9 
1 . 2 6 
1 . 0 3 

0 . 7 5 
0 . 9 6 
0 . 9 9 
1 . 0 0 
1 . 0 0 
0 . 9 9 

- 0 . 4 9 
0 . 0 5 
0 . 3 1 
0 . 5 0 
0 . 4 3 
0 . 9 8 

4 . 1 2 
2 . 5 8 
2 . 1 1 
1 . 7 4 
1 . 4 0 
1 . 2 7 

0 . 7 5 
1 . 1 8 
1 . 2 0 
1 . 1 6 
1 . 0 9 
1 . 0 7 

1 . 8 7 
1 . 1 6 
1 . 0 8 
1 . 0 7 
1 . 0 5 
1 . 0 2 

- 1 . 5 6 
0 . 0 1 
0 . 3 5 
0 . 5 6 
0 . 7 5 
0 . 8 4 

0 . 0 3 
0 . 1 0 
0 . 2 7 
0 . 4 7 
0 . 7 1 
0 . 8 0 

1 . 1 6 
0 . 1 9 
0 . 2 2 
0 . 3 7 
0 . 6 7 
0 . 7 5 
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Fig. 2 9 3 . Ident i f icat ion of pi les in square groups ( K e y t o 
Table 2 1 ) 

As t h e se t t l ement of each pile in t h e group is 
ident ical — due t o t h e rigid cap — t h e influence 
of superposi t ion will be t ransfer red t o ano th e r 
aspect , name ly hav ing different por t ions of t h e 
to t a l load carried b y each of t h e piles. The ra t io 
P/Pav °f t n e load t o t h e average pile load in t h e 
group for 3 2 , 4 2 and 5 2 groups is t a b u l a t e d in 
Table 21 for t h e cases Ljd = 2 5 a n d h/L —• o o . 
(The k e y for t h e identif icat ion of t h e piles is given 
in Fig. 293.) Fo r close spacings, t h e load in t h e 
outer piles of each group is considerably more 
t h a n P a v , while t h e load in t h e cent re piles is less 
t h a n P a v , and m a y even theore t ica l ly be nega t ive . 
As t h e pile spacing increases t h e load d is t r ibu t ion 
becomes more uniform. F r o m Table 21 i t will be 
seen t h a t t he load d is t r ibu t ion is considerably 
influenced b y the n u m b e r of piles in t h e group , 
t he major influence being t h a t t he load on the 
ou te r piles increases as t he n u m b e r of piles in-
creases. 

3.0 
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% 1.5 

Fig . 2 9 5 . T h e var ia t ion of s e t t l e m e n t ratio w i t h 
the number of piles in s ingle , double and treble 
rows at pile spacing of: 
a — 3 pile diameters; b — 2 pile diameters (COOKE et αϊ., 1 9 8 0 ) 
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Fig . 2 9 4 . T h e var ia t ion of s e t t l e m e n t ratio w i t h the n u m b e r 
of pi les in square groups for a range of c o m m o n pile spac ings 
(COOKE et al, 1 9 8 0 ) 

Confirming t h e va l id i ty a n d mak ing use of t he 
pr inciple of superposi t ion (Section 3.3.2.2), C O O K E 

et al. (1980) p resen ted a m e t h o d also for t he case 
when t h e piles are c l amped wi th a rigid cap or 
raf t . T h e resul ts ob ta ined for some cases are shown 
in Figs 294 a n d 295. 

1 
- 4 - -

1 
treble row 

I 

Jou ble row Jou 

ι ι 
ι 

row — 

6 12 16 20 24 28 32 
Number of piles 

4.0 

3.5 

3.0 

2.5 

20 

1.5 

1.0 

• r ~ τ ~ —ι— -

J 

\ r o w 

J 

— Ci 
rov\ 

— Ci — Ci 

(b) 

6 12 16 20 24 26 32 
Number of piles 



208 Bearing capacity and settlement of pile foundations 

3 .3 .3 Pile groups in heterogeneous soil 

The most intensive s t u d y in this respect has 
been made b y B A N E R J E E and D A V I E S ( 1 9 7 7 ) . The 
au thors appl ied the " b o u n d a r y e l e m e n t " m e t h o d 
in the i r calculat ions. They inves t iga ted t h e so-
called Gibson- type soils. The pa r t i cu la r i ty of th i s 
soil is t h a t i ts Young ' s modulus varies wi th d e p t h 
according to the formula 

E(z) = JS (0 ) + mz. ( 4 1 3 ) 

Inves t iga t ing cases wi th single piles t he au tho r s 
found t h a t t he ra t io QJQU is ha rd ly grea te r t h a n 
in homogeneous soils. This condi t ion changes , 
however , in t he case of pile groups . Figure 2 9 6 
shows the in te rac t ion factors (a) for var ious 
spacing to d iamete r ra t ios and pile compressibi l i ty 
ra t ios (Ep/mL). I t can be seen t h a t 

— for pile groups wi th spacing to d iamete r 
ra t ios greater t h a n 3 , the in te rac t ion factors 
are m u c h smaller t h a n those repor ted b y 
P O U L O S ( 1 9 6 8 ) ; 

— for shor t piles (L/D << 2 0 ) t he presence of 
ano the r pile beyond spacing t o d iamete r 
ra t ios of a b o u t 8 t o 1 0 m a y help t o reduce 
t he se t t l ement of t h e pile unde r considera-
t ion . 

Figure 2 9 7 shows the plots of t he se t t l ement 
ra t ios (defined as t he ra t io of t h e se t t l ement of 
a group u n d e r a load of nP to t h a t of a single pile 
unde r a load P) for var ious pile groups wi th rigid 
caps . I t can be seen t h a t these rat ios are con-
s iderably smaller for groups wi th S/D > 3 t h a n 
those predic ted b y P O U L O S ( 1 9 6 8 ) . 

The au tho r s have also de te rmined the loads to 
be carr ied b y each pile in the group unde r a rigid 
cap and t h e d is t r ibut ion of these loads . They 
found t h a t wi th spacing of 6D t o 8 D the distri-
bu t ion becomes uniform. (Note t h a t th is condi t ion 
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Fig . 296. Interact ion factors for pile groups in Gibson soil 
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arises only wi th grea ter dis tances in the case of 
homogeneous soils, as was d e m o n s t r a t e d in Section 
3 . 3 . 2 . 3 . ) 

3.4 Piles under horizontal load 

3 .4 .1 Horizontal ly loaded s ingle piles 

V E S I C ( 1 9 7 5 ) considered t h a t a dis t inct ion has 
to be made be tween the following two b ranches : 

— piles which are expec ted t o t r a n s m i t la tera l 
loads to t h e soil ("act ive pi les") , and 

— piles which are subjected to la te ra l loading 
along the i r shafts b y hor izonta l movemen t s 
of t he su r rounding soil ("passive pi les") . 

The designer is most ly in te res ted in finding ou t 
the la te ra l d isp lacement of t he pi le , and the 
m a x i m a l m o m e n t developing in the pile. Compar-
ison is t h e n m a d e versus t h e allowed l imit ing 
m o v e m e n t of t h e super s t ruc tu re , and the allowable 
bend ing m o m e n t in t he pile, respect ively, and 
finally t he design has to comply wi th b o t h con-
di t ions . 

3 . 4 . 1 . 1 Conclusions derived from observations 

I n respect t o t he design pa rame te r s ment ioned 
above t h e following general izat ion can be accepted 
( B R O M S , 1 9 8 1 ) . The la te ra l d isplacement and the 
u l t ima te resis tance of a la tera l ly loaded pile is 
p r imar i ly governed b y t h e proper t ies of t he soil 
close to t h e g round surface down to a dep th of 
th ree to four pile d iamete rs . The ins ta l la t ion pro-
cedure (driving or drilling) t h u s has a large effect 
as well as t he loading condi t ions (cyclic and 
sus ta ined) . General ly , t h e la te ra l d isplacement of 
a pile is m u c h more affected t h a n the m a x i m u m 
bend ing m o m e n t or t he u l t ima te la tera l res is tance . 
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Time also plays an i m p o r t a n t role, i na smuch as 
t he t o t a l u l t ima te hor izonta l d isp lacement does 
no t — especially no t in clays — t a k e place ins tan-
taneous ly . 

Several lessons can be learned from experience 
gained dur ing in situ inves t iga t ions and model 
t es t s , b u t only th ree cases will be men t ioned here . 

L u (1981) moni tored t he performance of bored , 
1.04 m d iameter reinforced concrete piles. Six 
piles, including two ver t ica l (Nos 1 and 6) two 
inward b a t t e r e d (Nos 2 and 4) , and two o u t w a r d 
ba t t e r ed (Nos 3 and 5) piles were tes ted . The soil 
consisted of s andy clay. The following findings 
were recorded. 

(a) Measured ear th-pressure d is t r ibu t ion along 
the three different piles is i l lus t ra ted in Fig. 298. 

(b) I t can be conceived from t h e figure t h a t i t 
is most probable t h a t t he m a x i m u m bending 
m o m e n t would be less in inward b a t t e r e d piles 
t h a n in t h e ou tward b a t t e r e d ones unde r t he same 
loading condi t ion. 

(c) Fai lure occurred after 40 to 50 m m of 
la tera l d isplacement , t h e end of t h e p ropor t iona l -
i ty l imit was a t 3 m m . (Note t h a t u p to th i s 
point only 3 to 7 % of t he u l t ima te failure load, 
or 0.16 to 0 . 2 8 % of the d iamete r per ta in . ) 

(d) The m a x i m u m stress (and so t h e bending 
moment ) in t he steel ba r s fixed along t h e circum-
ference of t he piles developed a t a d e p t h of 
ζ = 2.0 m. 

Summariz ing his findings, t he a u t h o r concluded 
t h a t a la teral ly loaded pile migh t be designed only 
to a force H which can be read a t t h e b reak ing 
point on t he g raph p lo t t ed wi th log H a n d log γ 
coordinates . 

R E E S E and W E L C H (1975) inves t iga ted piles 
s tanding in stiff clay. Their findings are summar ized 
below. 

(a) Displacement is no t a l inear funct ion of t he 
la tera l force. 

ρ (kN/m ) 
20 40 60 80 100 

100 

200 

300 

500 

600 

Appli 
initia 

ed loac 
I loadir 

/Sr 1Ό0, 300, 5C )0 kN 

\ I 
t 
I 

j 

i ι 
i ' i • , ' ; Moment (in -lb-10=113m-kN) 

Fig . 2 9 9 . Effects of increasing loads on m o m e n t (REESE and 
WELCH, 1 9 7 5 ) ( 1 in = 2 5 . 4 · 1 0 "

3
 m ) 

1.0 

0.8 

i2 

δ 0.6 

>— 

£ OA 

0.2 

—— Recommended relationship 
——— Theoretical relationship 

0 1 2 3 4 5 6 7 
l/Le (free length/elastic length) 

β 

Fig . 3 0 0 . R e d u c t i o n factor of t h e m a x i m u m bending m o -
m e n t (OTEO and VALERIO, 1 9 8 1 ) 

(b) The d e p t h to t h e po in t of m a x i m u m m o m e n t 
increases wi th load. 

(c) The m a g n i t u d e of t h e m a x i m u m m o m e n t 
is a non-l inear funct ion of t h e load (Fig. 299). 

The m a x i m u m bend ing m o m e n t can be found 
from the semi-empirical formula : 

Mmax = mHL'T, (414) 

where m 
H 

correct ion factor, 
l a te ra l force, 
I -f- L ' , in which I means t h e free 
l eng th of t h e pile (not confined in 
t h e soil), and L' can be e s t ima ted 
in t h e case of a homogeneous soil 
from t h e formula : 

U = 1.2L, 1.2 (415) 

FIG. 2 9 8 . E a r t h pressure vs. d i s tance ( L u , 1 9 8 1 ) 

where G is t he " t r ansve r sa l m o d u l u s " . 
The reduc t ion factor m can be found in Fig. 300, 

where t h e " r e c o m m e n d e d re l a t ionsh ip" complies 

1 4 Â. Kézdi and L. Réthâti: Handbook 



210 Bearing capacity and settlement of pile foundations 
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Fig. 3 0 1 . Variat ion of m a x i m u m bending m o m e n t w i t h pile 
l e n g t h (OTEO and VALERIO, 1 9 8 1 ) 

with t he suggestion of O T E O and V A L E R I O ( 1 9 8 1 ) . 
W h e n the whole length L of t he pile is su r rounded 
wi th ea r t h (i.e. / = 0 ) , the m a x i m u m bending mo-
men t is given in Fig. 3 0 1 . 

3.4.1.2 Design of laterally loaded piles on the basis 
of elasticity theories 

The differential equa t ion for the problem of 
the la tera l ly loaded deep foundat ion is : 

(416) E J - ^ + P x - ^ - - p = 0 , 
d* 4 d* 2 

Ρ = -Esy, 

where Px = t h e axial load, 

y = t h e deflection, 
χ = t h e l eng th along t h e foundat ion , 
EI = t h e flexural stiffness of t h e founda-

t ion and 
ρ — t h e soil reac t ion . 

For t h e p rob lem solution of a la tera l ly loaded 
pile, i t is necessary t o predic t a set of p-y curves . 
The procedure to ob ta in exper imenta l p-y curves 
involves field t es t s . F r o m sets of exper imenta l 
bend ing-moment curves (Section 3.6.3) t h e values 
of ρ and y a t poin ts along the pile can be ob ta ined 
b y solving 

and 

Ρ = 

EI 

ά
2
Μ(χ) 

άχ
2 

(418) 

W h e n i t is no t possible t o acquire local da t a , 
we h a v e to t u r n to o ther — no t so reliable — 
sources. 

P O U L O S (1971a) suggested calculat ing the dis-
p lacement of t he pile b y using the Mindlin equa-
t ion . The pile is divided in to η -f- 1 segments of 

t he l eng th (5, except a t t he t o p and b o t t o m seg-
men t s where t h e l eng th is δ/2. Disp lacement is 
re la ted t o t h e midpoin t s of t he segments , except 
a t t he t o p and b o t t o m , where t he reference points 
are t he two ends of t h e pile. 

Two types are differentiated dur ing the dis-
cussion: (1) a pile, t h e head of which is free to 
t u r n , a n d (2) a pile wi th fixed head . 

For pile (1) t he hor izonta l d isplacement a t 
gound level is given b y : 

where Η and M are t h e hor izonta l force act ing 
on t h e pile, a n d t h e m o m e n t , respect ively, L is 
t h e l eng th of t h e pile. 

Influence factors IQH and IQM can be read from 
Figs 302 and 303, as functions of KR and L/d, 
respect ively. KR is t h e flexibility ra t io defined in 
E q . (351) and d is t h e d iameter of t h e pile. 

For pile (2): 

Q = I * F l k ; (420) 

t h e influence factor IQF can be found in Fig. 304. 
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The ro ta t ion of pile (1) a t t he g round level is 
given b y : 

9 = Ι θ η - ^ + Ι θ μ - ^ ' (421) 
ESL

2 EX
2 

F r o m the reciprocal t h e o r e m ΙΘΗ should be iden-
t ical wi th t he values of Ι ρ Μ in Fig . 303. The 
influence factor is given in Fig . 305. 

For a free-head pile subjec ted t o load i f a t 
dis tance e above t h e surface, t h e d isp lacement a t 
t he po in t of appl ica t ion of t he load, is given b y : 

H
 I + 2 Η β

 I 
He

2 Jtfe3 

EQL
2 SEpIp 

(422) 

The m a x i m u m m o m e n t in a free-head pile 
subjected to a hor izonta l load is shown in Fig. 306 
as a function of Kr and L/d. This m o m e n t typica l ly 
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occurs a t a d e p t h of be tween 0.1L and 0.4L below 
t h e surface, t h e lower d e p t h being associated 
wi th stiffer piles. 

3.4.1.3 Performance of laterally loaded piles in 
heterogeneous soils 

B A N E R J E E and D A V I E S (1978) discuss t he con-
dit ions in t he so-called Gibson- type soil for 
which the formula E q . (413) applies. The au thors 
in t roduce t h e t e r m "non-homogene i ty i n d e x " a s : 

κ = E(0)/E(L). (423) 

The mos t in te res t ing finding among the i r t es t 
resul ts re la tes t o m a x i m u m bending momen t s . 
F igure 307 i l lus t ra tes t h e p ronounced influence of 
t h e pile stiffness on t h e d is t r ibu t ion of t he dimen-
sionless bend ing m o m e n t p a r a m e t e r M(z)/HL 
referring to la te ra l loads and , most i m p o r t a n t l y , 
t h e considerable increase of t h e m o m e n t in non-

1 4 * 
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homogeneous cases in compar ison to homogeneous 
unde rg round condi t ions . The m a x i m u m bending 
m o m e n t develops be tween 0.1L to 0.3L, where 
the higher value refers to piles of e levated stiff-
ness. If t h e pile is submi t t ed to a m o m e n t load 
ins tead of a hor izonta l force, t he two condit ions 
κ = 1 and κ = 0 will only differ from each o ther 
sl ightly. 

O T E O and V A L E R I O (1981) po in ted ou t t h a t t he 
calculat ion can also follow the m e t h o d shown in 
Section 3.4.1.1. The lenght 1 / ind ica ted in E q . 
(415) has to be wr i t t en in th is case as : 

0.5 

7 IpEp 
1
 Eim 

in which for 

U = 1. 2 / 
" w 

x = 0, / = 1.70, 
« = 0.5, / = 1.25, 
κ = 1.0, / = 1.00. 

(424) 

3.4 .2 Horizontal ly loaded pile groups 

S C H M I D T (1981) indica ted t h a t dis t inct ion should 
be made be tween two s i tua t ions in respect of t he 
pile—soil in te rac t ion in the case of la tera l ly loaded 
pile groups. 

(1) Long piles pene t ra t ing t h r o u g h a ve ry soft 
layer and keying in to a very ha rd rock. The pile 
t ips are t h e n rigidly fixed in the rock a n d the 
con tac t pressure is far below the s t r eng th of t he 
ma te r i a l ; load t ransfer in t h e uppe r layer is neg-
ligible. I n this case any indiv idual pile in the group 
will behave as a single pile. 

(2) Shor t piles t h a t ro t a t e r a t h e r t h a n deflect 
unde r hor izonta l loads , embedded in a uniform 
soil. Interference will be the greates t in th is case 
and it is likely to depend on the pile length , on 
the pile spacing, on t he t y p e and s t r eng th of t he 
subsoil, and on the a m o u n t of t he la tera l load. 

Appraisa l of a n y indiv idual pile in t he group 
should s t a r t wi th calculat ing the hor izonta l dis-
p lacement of a single pile a t t he ground level and 
assuming t h e same for a pile in t h e g roup . The 
group efficiency, Egn is t h e n defined as t he allow-
able load of the pile group divided b y the n u m b e r 
of piles, and re la ted to the corresponding load of 
the single pile. 

Figure 308 shows the resul ts of a t r ia l tes t which 
has been carried ou t on two pairs of bored piles 
( S C H M I D T , 1981). As is seen, in spite of small 
in terspaces be tween the piles, t he group efficiency 
is abou t 0.8 and appa ren t ly near ly independen t of 
the a m o u n t of load in ei ther case. Never theless , 
S C H M I D T r emarked t h a t t he group act ion was no t 
so drast ic as i t is usual ly supposed to be . 

O T E O and V A L E R I O (1981) applied t he semi-
empirical approach for th is case again (refer t o 
Sections 3.4.1.1 and 3.4.1.3) a n d conceived t h a t 
t h e pile behaved as if t he equiva len t fictitious 
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fixed poin t were a t a greater dep th t h a n the esti-
m a t e d for a single pile, t h a t i s : 

L' = A L / , (425) 

where L'g denotes t he dep th of the equiva lent fixed 
poin t for a pile g roup , a n d α is t he factor of the 
group effect. Considering average character is t ics 
for a p rob lem [L/Le of 2.5 t o 5, and D/Le 0.3] 
t h e p a r a m e t e r (S/Le) has been de te rmined accord-
ing to t he t y p e of group a n d t h e relat ive spacing 
be tween pile cent res . This p a r a m e t e r is represented 
in Fig. 309. This w a y it will be easy to determine 
t h e d isplacement , YHg, of a pile g roup : 

Y
HG =

 Η { ί ί ? ' - (hmged h e a d ) , (426) 
SEpIp 

where / is t h e free l eng th of t h e pile. The m a x . 
bend ing m o m e n t for a pile group can be t a k e n 
as 1 0 % more t h a n t h a t of a single pile, wi th equal 
loads a t t he head ( O T E O a n d V A L E R I O , 1981). 
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P O U L O S (1971b) t r ea t s t h e case of a pile group 
as t he general izat ion of a single pile (see Section 
3.4.1.2). Beside t h e influence factor, α ρ, in t roduced 
b y t h e au thor , ano the r such factor is defined for 
th is case as : 

addi t ional ro t a t ion due to t h e ad jacent pile 
Oîq = . 

ro ta t ion of t he pile due to i ts own loading 
Bo th factors are dependen t also on the mode of 
loading, be i t e i ther a hor izonta l force ff, or a 
m o m e n t M. 

The in te rac t ion factors for free-head piles, olqH 

and α β Λ 1, are given as funct ions of s/d and L/d 
for two different Kr-s in Fig . 310 and Fig. 311 
( the same relat ions can be found in t h e article 
ci ted for t he case of fixed-head piles as well). 

P O U L O S (1971b) emphasizes t h e following as-
pects from among his t es t resul ts . 

1. All α values decreases wi th increasing spacing 
and are greater for β = 0 t h a n for β — 90° (β is 
t h e depa r tu re angle be tween t h e piles). 

2. All α values increase wi th increasing L/d. 
3. All α values increase wi th increasing pile 

stiffness (i.e. increasing Kr). 
4. Fo r a free-head pile, t he in te rac t ion factors 

for m o m e n t loading, α ρ Μ, are less t h a n the cor-
responding values for hor izonta l loading, olqH. 

5. The d isp lacement in te rac t ion factors for 
fixed head piles are grea ter t h a n those for a free-
head pile. 

6. The in te rac t ion factors for deflection, <XQH 

and α ρ Λ 1, are greater t h a n those for ro ta t ion LSH 

and α Θ Λ 1. 

P O U L O S (1971b) es tabl ished t h a t for pract ical 
purposes the d is t r ibut ions of pressure and m o m e n t 
ob ta ined for a single pile can be used for the case 
of two in te rac t ing piles. The article cited deals 
also wi th cases of generally a r ranged and unlim-
i ted n u m b e r of piles. 

3 .4 .3 Pi les submitted to horizontal cyclic loading 

Section 3.2.3.5 has demons t r a t ed to w h a t 
e x t e n t t he axially loaded piles are sensitive to 
cyclic loading. The same can be s t a t ed in respect 
t o hor izonta l loading as well. 

R E E S E and W E L C H (1975), after invest igat ing 
t h e influence of repea ted loading on piles embedded 
in stiff clay, p roduced the following conclusions. 

(a) 
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F i g . 311 . Interact ion factors olqM and a e/ y for free-head piles subjec ted to m o m e n t , for = 10 ~
5
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(POULOS, 1971b) 
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1 . The ro t a t i on of a pile will be increasingly 
greater unde r r epea ted loading; 2 0 repet i t ions 
produce a 2 0 to 2 5 % increase. 

2 . The m a x i m u m m o m e n t increases wi th each 
appl icat ion of t he load ( 1 0 - 2 0 % increase over 2 0 
cycles) b u t t h e d e p t h t o t h e po in t of m a x i m u m 
m o m e n t increases ve ry l i t t le . 

W h e n a soil is j udged sensitive to l iquefaction, 
a great reduc t ion of la te ra l resistance m u s t be 
considered in t he design of piles. Al though l ique-
fied soil is often considered as air, or a h e a v y 
l iquid, such an assumpt ion would resul t in pro-
hibi t ively expensive design. However , once l ique-
fied, t he soil canno t t ransfer shear waves and 
consequent ly shows qui te reduced mot ions . Hence , 
i t is p robable t h a t t he soil and pile migh t reach 
thei r m a x i m u m ampl i tude of mot ion prior t o 
l iquefaction r a t h e r t h a n after i ts onset ( T A J I M I , 

1 9 7 7 ) . 
Many repor ts have been presented on model 

t es t s , full-scale field tes ts and seismic observat ions 
of pile foundat ions , a l though t h e y are res t r ic ted 
to small v ibra t ions . Some a l ready confirmed 
findings m a y be summar ized as follows ( T A J I M I , 

1 9 7 7 ) . 

1 . I t is difficult t o get a significant increase in 
horizontal stiffness of foundat ions b y apply ing 
vert ical piles. 

2 . For small size piles, t h e increase of damping 
is p roduced more effectively b y mak ing backfill 
a round the pile cap , because t h e soil-pile in ter-
act ion m a y produce only a slight damping effect 
dur ing hor izonta l v ibra t ion . 

3 . W h e n the b o t t o m surface of a pile cap (or 
raft) is only in loose con tac t wi th t he soil, as in 
t he case of end-bear ing piles, t he hor izonta l stiff-
ness and t h e damping of a pile foundat ion decrease 
considerably wi th increased la te ra l loads , because 
the cont r ibu t ion of t he pile cap in t h e t o t a l 
resistance is reduced. This condi t ion al ters also 
the dynamic behav iour of a bui ld ing on end-
bear ing piles, depending on t h e in tens i ty of t h e 
e a r t h q u a k e . 

4 . Piles con t r ibu te to increasing the rocking 
stiffness character is t ics of foundat ions . They resul t 
in reducing t h e e a r t h q u a k e response in the upper 
stories of bui ldings. 

5 . Usual ly , hor izonta l mot ions of piles are 
controlled b y the sur rounding soil. However , large 
d iameter piles filter out t he high-frequency com-
ponen ts of e a r t h q u a k e mot ions . 

3.5 Negative skin friction 

The friction along a pile shaft t h a t acts down-
ward , i.e. increasing the load and t h e se t t l ement 
of t h e pile, is called nega t ive skin friction. 

This phenomenon is a lways p rovoked b y some 
ver t ical deformat ion in t he sur rounding soil. The 
reason for such compression m a y inc lude: 

— t h e consolidat ion of a recent ly made loose 
fill a round the pi le; 

— t h e compressive act ion of a subs tan t ia l fill 
being b rough t on t h e g round ; 

— regional wa te r u p t a k e from the underg round 
on which t h e piles are s t and ing . 

Though t h e load m a y approach or even reach 
t h e u l t ima te bear ing capac i ty of t he pile ( O K A B E , 

1 9 7 7 ) , t he harmful effect of negat ive skin friction 
most ly appears in t h e following forms: 

— se t t l ements and/or differential s e t t l emen t s 
beyond t h e acceptable level; 

— overstresses beyond t h e allowable level in 
t h e mate r ia l of t h e pile ( H O R V A T and V A N 

D E R V E E N , 1 9 7 7 ) . 

I N O U E et al. ( 1 9 7 7 ) gave an account abou t a 
bui lding founded on steel piles which failed 
complete ly four years after const ruct ion due to 
differential se t t l ement evoked b y negat ive skin 
friction. (The sur rounding area h a d been filled up 
wi th an e m b a n k m e n t 2 . 5 m high, and beside t h a t 
t h e regional w a t e r u p t a k e caused a deflection of 
t h e ground surface a t t h e r a t e of 1 0 cm/year.) 
Reproduc ing th is case schemat ical ly in Fig. 3 1 2 
an example can be seen of how dangerous an 
uneven strat i f icat ion can b e : t h e line of t he 
differential se t t l ement is in good agreement wi th 
t he t o p line of t he load-bear ing layer . 

3 .5 .1 Deve lopment and a m o u n t of negat ive skin friction 

To enable observat ion of t he phenomenon , 
m a n y researchers conduc ted full-scale exper iments 
which m a y shed l ight on t h e n a t u r e of this occur-
rence . 

O K A B E ( 1 9 7 7 ) inves t iga ted t he performance of 
th ree dr iven steel piles of 6 0 cm d iamete r in t he 
vic ini ty of Tokyo . The subsoil consisted of very 
loose sands and silts down to 4 0 m dep th below 
ground surface. The region was submi t t ed to deep 
p u m p i n g for w a t e r u p t a k e and suffered a year ly 
1 0 cm subsidence. This u n w a n t e d s i tua t ion was 
fur ther agg rava ted b y the const ruct ion of an 
e m b a n k m e n t in t he ne ighbourhood of t he piles. 
(This ac t ion las ted for 1 5 0 days after t he instal-
la t ion of t h e piles.) Dur ing t h e t es t s , t he axial 
forces in t h e piles, t h e ea r th - and pore-water 
pressure in t h e subsoil, and the elevat ion of t he 
ground level were measured (refer t o Section 3 . 7 ) . 

The t ime-dependen t p a t t e r n of axial force and 
friction d is t r ibu t ion is shown in Fig. 3 1 3 . M a x i m u m 
axial forces a t each stage were 4 . 4 MN a t the end 
of e m b a n k m e n t work, 5 . 3 MN 4 6 0 days after pile 
dr iving, a n d 1 6 6 0 days after driving the force 
a t t a i n e d 7 . 0 MN. The negat ive skin friction a t 
dep ths of 2 9 to 3 5 m was derived from the measure-
men t s as 2 0 0 k N / m 2 . The pile head set t led 7 cm, 
of which compression of t he pile itself accounted 
for 1 cm. 
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Fig. 312 . Soil profile and differential s e t t l e m e n t from nega-
t ive skin frict ion (INOUE ei a/., 1977) 

A neu t ra l poin t , defined as t h e t rans i t ion poin t 
be tween negat ive and posi t ive friction zones, is 
supposed here t o exist a t t h e d e p t h where t he 
se t t l ement of t h e pile equals t h a t of t he sur round-
ing soil, a t a b o u t 8 m d i s t an t from t h e pile. The 
neu t ra l poin t of pile I developed near i ts lower 
end, or a t t h e po in t 0.9 t imes t h e pile l eng th . 

Pile 2 was loaded somewha t la ter . I t was ob-
served t h a t t he neu t r a l po in t developed a t d e p t h 
0.8L when the load was 0.7 MN; when t h e 
load was increased to 1.7 MN, th is po in t was 
e levated in t h e beginning b u t la te r sunk again 
t o a greater dep th . 

(b) 

(c) 

Specific nega t ive skin friction (Ft) has been 
calcula ted b y using th ree different m e t h o d s : 

Fi = ï«/2,. 
F2 = in situ v a n e shear res is tance, 
F 3 — Κ0σ t a n Φ (Φ was t a k e n from a CU tes t ) . 

Comparison of ca lcula ted to measured values 
showed a fair ag reement for all th ree a l te rna t ives 
when ve ry loose condi t ion exis ted in the soil 
(z = 0—15 m, Ν << 5), b u t a t greater dep ths 
qu/2 supplied a m u c h lower value t h a n would 
have been reasonably es t ima ted on t h e basis of 
t he measu remen t s . 

A U V I N E T and H A N E L L (1981) moni tored the 
performance of 30.5 a n d 32.0 m long piles driven 
in t h e subsoil in t he Mexico Valley dur ing four 
yea rs . Due to deep-water u p t a k e , t h e ex t remely 
porous (e = 6 to 10) clay suffered a sompression 
of 21 cm dur ing the first two years . Two mon ths 
la te r , when p u m p i n g was s topped in all b u t four 
wells (out of 140), t h e process of consolidation 
ceased and , moreover , a small expans ion ensued. 

F igure 314 shows t h e va r i a t ion of axial load 
in a po in t -bear ing pile as a function of t ime . 
The ver t ical load genera ted b y the negat ive skin 
friction achieved 0.32 MN a t t h e m a x i m u m . 
A periodic behav iour was observed as t he down-
drag loads increased dur ing the d ry seasons and 
decreased dur ing the ra iny seasons. After p u m p i n g 
s topped , t h e downdrag loads d isappeared progres-
sively or t u r n e d to tens ion as t h e clay layer 
e x p a n d e d . (The behav iour of a friction pile was 
r a the r similar; t he measured m a x . ver t ical load 
a t t a i n e d 0.21 MN.) 

Defining as t h e neu t r a l poin t t he elevat ion a t 
which there is no re la t ive m o v e m e n t be tween soil 

Fig. 3 1 3 . Ax ia l force and frict ion of Pi le N o . 1 (OKABE, 
1 9 7 7 ) 
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and pile, i t m a y be concluded t h a t for the point-
bear ing pile th is po in t was located a t 23 m (for 
the friction pile i t was slightly higher) . I t was 
observed t h a t dur ing t h e ra iny season t he soil 
moved u p w a r d in re la t ion t o t he uppe r p a r t of 
the piles. A second neu t r a l poin t m a y t h e n develop 
and affect t he negat ive skin friction d is t r ibut ion. 
Two different friction d is t r ibut ions , such as those 
shown in Fig. 315 m a y t h e n be expec ted — depend-
ing on t he period of t he year . 

A U V I N E T and H A N E L L (1981) concluded after 
the eva lua t ion of measured and calculated d a t a 
from these tes t s t h a t t h e formula presented b y 
K E R I S E L (1976) 

s(z) = 1.5cu t a n Φ 

is t he most reliable one for t he calculat ion of t he 
specific skin friction, b u t a good approach is also 
achieved b y using the value 0.8cu. 

H O R V A T and V A N D E R V E E N (1977) observed 
t h a t a l ready a few m m of se t t l ement is able to 
provoke a subs tan t ia l skin friction. The au thor s 
observed also t h a t t he ver t ical force produced on 
the pile grows a t a higher r a t e a t t h e beginning 
t h a n l a te r ; t h e y re la ted th is fact t o t he reconsoli-
da t ion process . 

3.5 .2 El iminat ion of negat ive skin friction 

B i t u m e n is used in Scandinavia a n d Canada t o 
reduce t h e negat ive skin friction on piles in clay. 
The b i t u m e n is e i ther b rushed on, or t h e piles are 
dipped in to i t . C L É M E N T E (1981) described a case 
in Hawai i where b i t u m e n coat ing reduced t he 
negat ive skin friction b y 60 to 8 0 % ; the effect 
increased wi th t h e th ickness and wi th decreasing 
softness of t h e b i t u m e n layer . V E L L O S O et al. (1981) 
r epor ted t h a t a b i tuminous coat ing of 3 m m 
thickness decreased t h e skin friction b y 7 5 % . 

H O R V A T a n d V A N D E R V E E N (1977) inves t iga ted 
th ree piles n e x t t o each o ther . One was surface 
t r e a t e d wi th b i t u m e n , t h e o ther wi th ben ton i t e , 

a n d t h e th i rd was t he control . Measured reduct ion 
in ver t ica l forces was be tween 30 to 6 0 % for t he 
t r e a t e d piles, respect ively. 

O K A B E (1977) proposed pro tec t ing the load-
bear ing pile b y p u t t i n g i t in a steel t u b e . The outer 
p ipe can t h e n easily slide on t h e inner pile owing 
t o t h e steel spacers instal led. An elastic epoxy 
resin is addi t iona l ly poured in to t he circular space 
be tween t h e pile a n d t h e t u b e on t h e upper 5 m 
section of t h e pile t o p reven t soil from enter ing 
in to t h e gap . 

3.6 Pile heave due to driving of neighbouring 
piles 

Pile dr iving generates subs tan t i a l stresses in 
t h e su r round ing soil mass which m a y t h e n give 
rise t o var ious ver t ica l and hor izonta l forces on 
neighbour ing objects unde r t h e ground level. I n a 
given case i t m a y t h e n h a p p e n t h a t t he u p w a r d 
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Fig. 315 . Skin frict ion distribution I) in dry season a n d (2) 
in ra iny season ( A U V I N E T and H A N E L L , 1981) 

Fig . 3 1 4 . D o w n d r a g load of po int -bear ing pi les ( A U V I N E T and H A N E L L , 1 9 8 1 ) 
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vert ical componen t of t h e force a t t a i n s a cri t ical 
value t h a t is sufficient t o lift u p a mass in t h e 
vicini ty of dr iving, inc luding a previously embed-
ded pile. This p h e n o m e n o n m a y be especially dan -
gerous — according t o observed s i tua t ions — in 
cases of: 

— poin t -bear ing piles which are no t sufficiently 
keyed in to t h e load-bear ing s t r a t u m ( Κ ο υ τ -
S O F T A S , 1982), or 

— piles wi th enlarged footings ( C L A R K , 1981). 

I t migh t be in te res t ing t o no t e , in respect of 
t h e e x t e n t of heave , t h a t T O N G et al. (1981) 
measured 12 cm of heave a n d 5 cm of l a t e ra l 
d isp lacement on 30.7 m long piles which were 
dr iven in a t 1.9 m dis tances from each other . 

A ve ry in tensive inves t iga t ion has been com-
pleted in th is respect b y K O U T S O F T A S (1982). 
Η-profile piles were dr iven in a cluster of 5 x 8 , 
wi th 1.07 m centre- to-centre d is tance . The piles 
in t he cluster were dr iven row b y row, s t a r t ing 
a t t he sou th end of each row and proceeding no r th -
ward unt i l all t h e piles in each row were dr iven 
(see Fig. 316). 

29 piles (out of 40) heaved 10.2 t o 17.8 m m , 
3 piles heaved more t h a n 20 m m , a n d one pile 
suffered 25.4 m m u p w a r d m o v e m e n t . E a c h pile 
u n d e r w e n t a small b u t d is t inct heave when an 
addi t iona l pile was dr iven. Levell ing dur ing t h e 
9 days after comple t ion of dr iving showed t h a t 
the heave remained cons t an t after t he dr iving 
opera t ion s topped . (The la te ra l d is t r ibut ion of t h e 
ver t ical displacements can be seen in Fig. 316.) 

Figure 317 shows t h e heave of piles keyed wi th 
lengths of 1.5 t o 6.1 m in to t h e load-bear ing layer 
as a funct ion of dis tances from la te r dr iven piles. 
The incrementa l heave appears t o decrease expo-
nent ia l ly wi th increasing dis tance from t h e dr iven 
piles. The d a t a indica te a rad ius of influence 
be tween 4.6 and 9.1 m. Similar behav iour for o the r 
t ypes of piles was repor ted b y C O L E (1972). O L K O 

(1963) found an influence rad ius of 12.2 m when 
he inves t iga ted friction piles; he exper ienced t h a t 
the i m p a c t of dr iving one row of piles ex t ended 
t o a dis tance of 10.7 m. 
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Fig . 317. Incrementa l pile h e a v e vs. d i s tance from last driven 
pile w i t h different pene tra t ion in to bearing s tra tum (KOUT-
SOFTAS, 1982) (1 ft = 0 .3048 c m - 1 in = 25.4 · 1 0 ~

3
 m ) 

The range of heave depends also on t h e n u m b e r 
of piles being dr iven la te r . I n t h e example referred 
above ( K O U T S O F T A S , 1 9 8 2 ) , t h e heave a t t he end 
of dr iving was a b o u t twice t h a t recorded after 
t h e first four rows of piles were dr iven. This 
effect is d e m o n s t r a t e d in Fig. 3 1 8 which is a plot 
of m a x . a n d average recorded heave wi th in t he 
cluster versus t h e n u m b e r of dr iven piles. (A fur ther 
extens ion of t h e cluster would cause t he s t ra ight 
line t o t r ans form in to a curve wi th hor izonta l 
a sympto te . ) 

,49 

.59 

las
 6 

Ρ 
.59 

12 77 

.70 .70 £1 

• m • /; 16 20 

£0 f .70 
m • V 19 

.56 SI £7 

• • • 9 14 :β 
.54 .49 .84 

• • '^δ^' 13 \ ί 

35 

26 

'^.62 . 
• 

25 

SI • 
24 
.70 
• 

23 

.58 

22 

.34 

30 V 
35κ 

.00 

52 53
x 

•\ 
34 
/ 

/ .44 

I · 

22 
/A3 

31 

29 

.58 
m 

26 
.104 

• 
t. 

.59 

27 

Legend: 
B5 

Pile No. 12 with 085 in. heave 

39 

.10 I 
I 
I · 
I

 38 

\ .15 \ . 
\37 
\.24 
•\ 

Last driven 
pile 

Fig . 316 . D i s t r ibut ion of h e a v e w i t h i n t e s t c luster , 
inches (KOUTSOFTAS, 1982) (1 in = 25 .4 · 10 "

3
 m) 



218 Bearing capacity and settlement of pile foundations 

0.2 

Notes: l Dota were recorded immediately 
after driving the last pile 
within each su be luster 

2. Da ta do not include | 
heave of piles 
No. 1 and 2 

0 US 2x5 3x5 4x5 5x5 6x5 7x5 8x5 
Cluster size 

Fig. 318. Effects of c luster size (number of dr iven piles) on 
average and m a x i m u m pile h e a v e wi th in cluster ( Κ ο υ τ -
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Fig . 319. Load tes t results for piles w i t h different h e a v e s 
(CLARK et al, 1981) 

O L K O (1963) r epor ted the heave of some 2 4 4 H P 
piles dr iven wi th in an area of app rox ima te ly 
1 5 . 2 x 1 7 . 3 m a t a spacing of 1.02 m. Heave as 
large as 280 m m was recorded, while t he ar i th-
met ic average of all recorded heaves was 116 m m . 
This fur ther demons t ra t e s t h a t unde r cer ta in cir-
cumstances , Η-piles m a y experience large heaves . 

Pile dr iving m a y cause a heave t h a t t ea r s off 
the enlarged base from the pile, or m a y harmful ly 
influence t he qua l i ty of t he newly cast concrete . 

Percent of design load 
50 100 150 

100 mm ^ \ Λ/ο h e n w 

200 

No heave 
recorded * 

Design load: 1330 kN 

Fig. 320. Load tes t results of piles w i t h h e a v e s of 0 and 
100 m m , respect ive ly (CLARK et al., 1981) 

This re la tes mos t ly t o piles cast in situ w i thou t 
casing, as can be shown from the three case-
s tudies of C L A R K et al. ( 1 9 8 1 ) . 

I n t he middle of a cluster of 1 3 2 piles (at t he 
centre of a bui lding being buil t) 8 1 0 m m of heave 
has been measured (as t he m a x i m u m ) , while the 
eight piles a t t he contours heaved by 2 5 0 m m . 
I n this case the inves t igat ion proved t h a t 2 0 0 piles 
ou t of t he 2 9 2 dr iven, t u r n e d out t o be useless, 
on t h e ground of two types of de ter iora t ions : 

— if t he ne ighbour ing pile was dr iven on the 
same day , t h e shaft declined in qual i ty , 
because — as ul t rasonic tes t ing proved — the 
bond h a d not ye t m a t u r e d in t he concrete , or 

— if dr iving occurred some days la ter , the 
enlarged foot separe ted from the t r u n k of 
t h e pile. 

No harmful effect has been experienced — even 
if t he piles were dr iven on the same day — when 
the dis tance be tween the piles exceeded 9 D . 

I n t h e second case measured heave was 2 5 to 
7 5 m m , 9 0 m m as t he m a x i m u m , the dis tance 
be tween t h e piles was 3 D . Figure 3 1 9 shows the 
resul ts of loading tes t s comple ted of th ree dif-
ferent ly heaved piles. According to the figure the 
piles wi th less t h a n 2 5 m m of heave behaved as 
no rma l piles, while t he o thers showed the features 
of friction piles. 

The t h i rd example deals wi th two cement con-
ta iner silos. Here , i t was previously agreed t h a t 
piles wi th dis tances less t h a n t = 9D should no t 
be dr iven on t h e same day . Heave measurements 
s t a r t ed only after t he ins ta l la t ion of 3 0 piles and, 
surprisingly, heaves of 7 0 to 2 5 0 m m were expe-
r ienced. A load t e s t was carried ou t on one of the 
last piles dr iven (with no recorded uplift) and on a 
pile which heaved b y a t least 1 0 0 m m . The results 
are shown in Fig. 3 2 0 . I t can be seen t h a t t he pile 
which heaved 1 0 0 m m failed in friction before 
being j acked to where t he shaft r e tu rned to 
con tac t wi th t he base . These heaved piles were 
la te r excava t ed down to base level and clearly 
showed the signs of r u p t u r e be tween the base and 
the shaft , w i th separa t ions of 2 5 0 and 1 2 5 m m , 
corresponding ve ry closely to t he heave recorded. 

B o t h d a t a and t heo ry indicate t h a t the effect 
of uplift decreases when the dep th of driving 
increases. For t h e 5 0 0 to 6 0 0 m m shaft d iameters 
commonly used in Canada , t he crit ical dep th has 
been de te rmined b y observat ion , and has been 
found in t he range of 8 t o 1 2 pile d iameters . This 
corresponds to t h e crit ical dep th as described b y 
M E Y E R H O F ( 1 9 7 6 ) for m a x i m u m pile shaft resis-
t ance . I t can be said, as a first approx imat ion , t h a t 
if t he critical d e p t h is less t h a n twice t he length 
of t he shaft the re will be no significant separa t ion 
of t h e pile shaft from t h e base . 

C L A R K et al. ( 1 9 8 1 ) also poin ted ou t t h a t t h e 
rehabi l i ta t ion costs in the first example ment ioned 
before equal led the cost of cons t ruct ion . This is 



why great respect should be a t t r i b u t e d t o t he 
methodology of inves t iga t ion a n d rehab i l i t a t ion as 
it was s t ipu la ted earlier b y C L A R K ( 1 9 7 8 ) . 

3.7 Prediction of pile performance on the basis 
of in situ measurements 

3.7 .1 Loading tests under axial loads 

Loading tes t s are p r imar ly carr ied ou t t o find 
ou t t he following charac ter i s t ics : 

— the Q-s ( load-se t t l ement ) cu rve ; 
— the u l t ima te bear ing capac i ty , Qu; 
— the value of t he skin friction; 
— the displacement necessary t o mobilize skin 

friction and poin t res is tance; 
— the ra t io of skin friction capac i ty t o point -

resistance capac i ty ; 
— the a m o u n t of negat ive skin friction and 

the dep th t o t h e neu t r a l po in t . 

I n some cases even t h e simplest measu remen t s , 
the de te rmina t ion of t he l oad - se t t l emen t curve 
m a y provide valuable informat ion . So, for example , 
hav ing made tes ts wi th micro-piles, i t has been 
found t h a t t h e Q-s curves of friction and of po in t 
bear ing piles, acquired a t t he same working site, 
were ident ical . F r o m th is resul t i t was easy to 
deduce t h a t t he bear ing capac i ty of t he point-
bear ing piles or iginated also from the skin friction 
alone ( S A B I N I and S A P I O , 1 9 8 1 ) . 

An inves t igat ion can be ei ther a s ta t ic or a 
dynamic loading t e s t , depending on t h e charac te r 
of loading and t y p e of measu remen t . 

W i t h respect t o s ta t ic loading tes t s , two dif-
ferent loading procedures are used ( B R O M S , 1 9 8 1 ) : 
main ta ined loading (ML) a n d cons tan t r a t e of 
pene t ra t ion (CRP). I n ma in ta ined loading t h e 
load is appl ied in inc rements . U p to t he es t ima ted 
allowable load, t he inc rements are normal ly 2 5 % 
of th is load. Thereaf ter t he inc rements are reduced . 
At t he allowable load, t h e load is normal ly main-
ta ined for 2 4 hours . The t ime can be reduced b y 
keeping t he t ime for each load inc rement cons t an t 
( 2 0 t o 3 0 minutes ) . I n t h e C R P - m e t h o d , t h e 
pene t ra t ion r a t e of t h e pile is k e p t cons t an t , 
normal ly 0 . 5 m m / m i n , and t h e appl ied load is 
measured . A re la t ively large t o t a l pene t r a t ion is 
normal ly requi red t o reach failure wi th a friction 
pile. A load t e s t on a po in t -bear ing pile is normal ly 
s topped when t h e u l t ima te bear ing capac i ty has 
been reached, or when t he appl ied load is two t o 
th ree t imes t h e design load. 

In the case of pile groups or large-d iameter single pi les i t 
of ten occurs t h a t the size of the loading frame restr icts t h e 
appl icat ion of sufficient load to a t ta in the u l t i m a t e bear ing 
capac i ty of the pile . T h e hyperbol ic approach can be used in 
such cases to f ind the e s t imate of t h e Qu v a l u e (CHIN, 1 9 7 0 ) . 
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Fig . 3 2 1 . D e t e r m i n a t i o n of s e t t l e m e n t from pile load tes t 
— eva luat ion of final s e t t l e m e n t in a load increment (PROM-
BOON and BRENNER, 1 9 8 1 ) 

The l o a d - s e t t l e m e n t re lat ionship is approx imated here b y a 
hyperbol ic curve. In a p lo t of the s e t t l e m e n t rat io , s/Ç, versus 
s e t t l em ent , s, the inverse s lope, 1 / 6 , of the fitted straight l ine 
would t h e n correspond to the u l t i m a t e load of the pi le , i .e.: 

~ = a + b s and Q = i-. (427) 
V 6 

The se t t l ement , sm which corresponds t o a load 
s tep , Qm can be eva lua ted b y a procedure proposed 
b y R O L L B E R G ( 1 9 7 7 ) . This is i l lus t ra ted in Fig. 3 2 1 . 
The end se t t l ement , sœ.n̂  is ob ta ined from the 
inverse slope of t he fitted s t ra igh t line in a tjs 
versus t plot . 

The methodology of loading tes ts has been per-
cept ib ly improved in t h e last 2 0 to 2 5 years . 
I n s t r u m e n t a t i o n incorpora ted in t he piles m a y 
shed l ight on several ques t ions : 

— w h a t is t h e elastic compression of t he pile 
ma te r i a l ; 

— w h a t t y p e of axial forces appea r in t he pile 
mater ia l , and w h a t is the i r d i s t r ibu t ion ; 

— w h a t is t he va lue of t h e skin friction a t dif-
ferent sections of t h e pile (vert ical distr ibu-
t ion o f / s ) ; 

— w h a t is t h e ea r th pressure on t he pile shaft 
(vert ical d is t r ibut ion of t h e ear th-pressure) ; 

— w h a t k ind of pore-water d is t r ibut ion devel-
ops in t h e vic ini ty of t h e pile owing to the 
ins ta l la t ion of t h e pi le? 

The i n s t r u m e n t s being instal led in respect of 
t h e above quest ions inc lude : electric s t ra in gages, 
s t r a in rods (tell-tales), load cells, e a r t h pressure 
cells and pore-water pressure cells. 

The elastic compression of t he pile mater ia l 
will be establ ished from t h e ver t ica l displacements 
measured a t t h e head and a t t h e poin t of t he pile. 
(Note t h a t th i s d isp lacement causes some skin 
friction even if t h e displacement is zero a t t he 
poin t of t h e pile.) 
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Fig. 322 . 

a — Axially loaded pile divided into three segments; b — typical curves showing load distribution vs. depth; 
c — typical curves showing load transfer vs. pile movement (COYLE and R E E S E , 1 9 6 6 ) 

B y measur ing the axial forces in t he pile i t 
will be possible to establ ish 

— the var ia t ion of forces wi th dep th (for 
example , t he load produced b y negat ive skin 
friction, as has been ment ioned in Section 
3.5.1); 

— the dis t r ibut ion of t h e skin friction along 
the shaft . 

For t he calculat ion of t h e l a t t e r i t em, we can 
use t he procedure proposed b y C O Y L E and R E E S E 

(1966). 
I n the i r example t he au thors divide the pile 

in to three segments (Fig. 322a). E a c h segment is 
t h e n divided in to two equal pa r t s and the value 
of load t ransfer and pile m o v e m e n t can be ob ta ined 
a t t he midpoin t of each segment . The se t t l ement , 
ό, a t t h e t o p is ob ta ined from a l oad - se t t l emen t 
curve . The Q values for different dep ths are ob-
ta ined from a load d is t r ibut ion curve (Fig. 322b). 
The procedure for comput ing the load t ransfer is 
to sub t r ac t t he load a t t he b o t t o m of the segment 
from the load a t t he t o p and divide b y the circum-
ferential area . This gives t he load t ransfer in 
k N / m 2 . For t he t o p segment in Fig. 322a t he load 
t ransfer is 

Si = 
Q0-Q2 

nDxLI?> ' 
(428) 

The load t ransfer s 3 and s 5 can be compu ted in 
a similar manner . 

The procedure for comput ing t he pile m o v e m e n t 
a t t h e midpoin t of a segment is t o sub t r ac t t h e 
elastic deformat ion in t h e pile, first from the 
se t t l ement a t t he t o p , and t h e n from midpo in t 
to midpoin t a t each segment . The pile m o v e m e n t 
y ι

 i s
: 

Q0 + Q1L L 

y\ =
 0

 -
3 2 

AE0 + AE, 
(429) 

and t h e pile m o v e m e n t y 3 i s : 

Qi + Qs L 

2 3 
y 3 = J i 

AE, + AES 

(430) 

I n a similar m a n n e r y5 can also be established. 
After t he load t ransfer and pile m o v e m e n t have 
been c o m p u t e d a t different dep ths along the pile 
for different loads a t t h e t o p , the resul ts can be 
p lo t t ed as a family of curves . A typ ica l family of 
curves of load t ransfer versus pile m o v e m e n t is 
shown in Fig. 322c. 

As loading tes ts are r a t h e r expensive manoeuvres 
i t is highly desirable t o m a k e use of earlier per-
formed loading tes t resul ts . One such me thod 
comprises t h e appl ica t ion of the Bayes- theorem 
( K A Y , 1976,1977) . Using th is m e t h o d a n y pa ram-
eter can be de te rmined which is in correlat ion 
wi th t he bear ing capac i ty of t he pile (()„, / s , etc.) . 
The idea is t h a t (by preferably using d a t a from 
earlier n e a r b y loading t e s t results) t h e a priori 
dis t r ibu t ion is first de te rmined . H a v i n g completed 
t h e load ing t e s t , t h e pa r ame te r s of t h e a posteriori 
dis t r ibu t ion are de te rmined b y help of t h e Bayes-
theo rem. The same procedure is t h e n followed after 
t h e 2nd, 3rd, . . ., loading tes t . Even tua l ly t he 
expec ted va lue a n d s t a n d a r d deviat ion of t h e 
desired p a r a m e t e r can be produced , and so, the i r 
va lue t o a n y desired p robab i l i ty level can also be 
establ ished. This procedure is also useful when 
a decision is needed a b o u t t h e op t imal n u m b e r of 
necessary loading tes t s ( K A Y , 1976, 1977). 

D y n a m i c me thods might also be applied to 
de termine t h e allowable bear ing capac i ty of piles. 
The simplest m e t h o d is " t r i a l r a m m i n g " where 
t he pene t r a t ion is measured as a function of the 
n u m b e r of blows (n). Though dur ing t h e pas t 40 
to 50 years several researchers a t t e m p t e d to make 
th is procedure more reliable, i ts accuracy is still 
r a t h e r l imi ted . 

Ano the r dynamic tes t ing m e t h o d is the "case 
m e t h o d " which measures t h e acceleration of t h e 
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pile ( S A N T O Y O a n d G O B L E , 1981). The m e t h o d 
uses electronic measu remen t s m a d e dur ing pile 
dr iving to predic t pile bear ing capac i ty . Pile t o p 
accelerat ion, a, a n d pile t o p force, F , are measured . 
The pile is originally assumed to be a rigid b o d y 
of mass , m. The resis tance force of t h e soil, using 
Newton ' s law, is ca lcula ted as 

R = F(t) - ma{t), (431) 

where F and a are functions of t ime . 
Studies including longer piles (L > 18 m) 

showed t h a t the i r e last ic i ty could no t , in general , 
be neglected. Assuming a uniform pile and ideal 
soil behav iour t he following equa t ion was derived 
( G O B L E et α/., 1970). 

R = 0.5 φ 2 ) ] , ( 4 3 2 ) 

where ί 2 = ί χ -f- 2L/c a n d t1 is a selected t ime 
dur ing blow; L is t he pile l eng th , ν is t h e veloci ty 
of t h e pile t o p , and c is t h e wave p ropaga t ion 
velocity t h rough t h e pile. The soil res is tance, 1?, 
can be considered to be t he sum of t h e s ta t ic , S, 
and a dynamic componen t , D; so, 

R = Rs + D. (433) 

The " d a m p i n g force" , D , is ob ta ined approx i -
ma te ly : 

D = J»toe (434) 

where J is a damping cons tan t dependen t on soil 
t y p e . I t can be shown from wave t h e o r y ( G O B L E 

et al., 1975) t h a t t he pile toe veloci ty can be cal-
cula ted as 

Vi0 
= 2v. top 

mc 
(435) 

where v t o p is t h e veloci ty a t t ime t v 

E q u a t i o n 435 is a p p r o x i m a t e l y correct for t h e 
first 2L/c seconds, after t h e ini t ial a r r iva l of t h e 
stress wave a t t h e toe . The s ta t ic soil res is tance , 
Rs is t h e n ob ta ined b y sub t r ac t i ng t h e ca lcula ted 
damping force, D , from t h e t o t a l dr iv ing resis-
t ance . Thus , t he final expression becomes : 

RS = R j c [2F(h)-R], (436) 

where j c is t h e dimensionless form of J (after 
dividing it b y mc/L). I n E q . (436) all quan t i t i e s 
except j c can be derived from m e a s u r e m e n t s . 

3.7 .2 Loading tests under horizontal loads 

The simplest m e t h o d consists of measur ing t h e 
la tera l d isplacement of t h e pile unde r t he influence 
of gradual ly increased hor izonta l force inc rements . 
Correlat ing coherent Ph a n d y va lues , t h e resul t ing 
graph m a y reveal one of t h e desired design va lues . 
(The crushing force (Ρ^ν) can also be de t e rmined if 
t he load really reaches t h e a m o u n t requi red t o 

777Λ Y7777, W^A 
H-

(a) 

Y7777. 

χ Strain gage 
• Steel bar 

α Displacement 
transducer 

ί Pressure cell 

(b) 

Fig . 323 . L a y - o u t of measur ing dev ices for a bored pile 
lateral ly loaded ( L u , 1981): 
a — strain gages; b — displacement transducers and pressure cells 

cause failure.) The o ther i m p o r t a n t design infor-
ma t ion , n a m e l y t h e d is t r ibu t ion of soil resistance 
(/>), will no t be provided b y th is t es t , and so the 
m a x i m u m bend ing m o m e n t in t he pile cannot 
be de te rmined in th is way . This tes t ing me thod 
can therefore only be accepted as sat isfactory 
when it proves t h a t a given pile does no t b reak 
u n d e r t h e influence of t h e design load and/or t he 
hor izonta l d isplacement remains wi th in t he allow-
able range . 

Subs tan t ia l ly more informat ion on the presumed 
performance of piles can be gained when var ious 
i n s t r u m e n t s are instal led in t h e set u p . Such a 
s i tua t ion is i l lus t ra ted in Fig. 323 after L u (1981). 
These devices were m o u n t e d manua l ly after the 
complet ion of boreholes m a d e for bored piles. 
Dur ing t h e t es t , carr ied ou t b y R E E S E and W E L C H 

(1975) t h e quan t i t i es measured were : applied load, 
t o p deflection, t o p slope, and bending strains 
along t h e l eng th of t h e shaft . The load applied to 
t h e shaft was measured wi th a s t ra in gage load 
cell in t he loading sys tem, and b y a pressure 
t r ansduce r connected to t h e hydrau l ic j ack . A dial 
ind ica tor a n d a l inear po ten t iome te r were used 
to measure t h e deflection of t he t o p of t he shaft. 
The slope of t h e t o p was measured b y a specially 
cons t ruc ted slope measur ing device (pivot , micro-
me te r screw on a rigid hor izonta l beam) . For 
measur ing t h e bending s t ra in (and hence the 
bending m o m e n t ) , an i n s t r u m e n t column was 
used. 

E v a l u a t i o n of loading tes ts carried out wi th 
appl ied i n s t r u m e n t a t i o n can be m a d e b y using 
E q s (417) a n d (428); when t h e var ia t ion of the 
bend ing m o m e n t according to d e p t h is known , 
y a n d p, i.e. t h e ρ versus y curve can be p lo t ted . 
This calculat ion can make use of a graphic integra-
t ion and differentiation, b u t can also be solved b y 
ana ly t ica l me thods . A K Ö Z et al. (1981) proposed 
the following procedure . 

Figure 324 shows a section t h r o u g h a pile which 
has been dr iven in to t he soil and loaded wi th 
a hor izonta l load P , wi th excentr ic i ty e above the 
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Fig. 3 2 4 . General ized p i le - so i l s y s t e m (AKÖZ et al., 1 9 8 1 ) 

soil surface, producing a soil react ion d is t r ibut ion 
ρ = ρ(χ) along the embedded leng th of t he pile, L. 
At a d e p t h χ below t h e g round surface, t h e fol-
lowing equa t ion can be wr i t t en be tween measured 
bending m o m e n t and soil r eac t ions : 

M(x) = P(e + x)- - ξ)άξ. (437) 

Wr i t ing th is in t h e form 

F(x) = P(e + x) - M(x) (437a) 

t he value of F(x) will be k n o w n from measured 
pile m o m e n t s ; ρ(ξ) is t h e soil reac t ion t o be deter-
mined. F(x) is a Vol te r ra - type in tegra l equa t ion ; 
the soil reac t ion function p(x) can be expressed 
in a series f o r m ; 

ρ = anx
n
 = a + αλχ + a2x

2
 + . . . (438) 

n=0 

which it is wise to t ransform to a non-dimensional 
form (p = pL/P, χ = x/L). The solut ion can be 
found b y using Galerkin 's m e t h o d ( A K Ö Z et al., 
1981). 

3.7 .3 Forecast of pile behaviour from results of explora-
tory probings 

The s ta t ic cone pene t romete r is a model pile 
and , when pushed in to t he soil, i ts pene t r a t ion 
res is tance can be correlated wi th a similarly 
instal led full-size pile. W h e n the pile point is 
above the critical dep th in t h e bear ing s t r a t u m 
(see Section 3.2.3.2), t he un i t point resis tance has 
to be reduced from the l imi t ing s ta t ic cone resis-
t ance , qc, in p ropor t ion to t h e e m b e d m e n t ra t io , 
Db/B, in th i s s t r a t u m . For sands i t was suggested 
( M E Y E R H O F , 1956) t h a t t he app rox ima te equa t ion 

9P 
10 Β 

(439) 

Using s t a n d a r d pene t ra t ion t es t s , t h e u l t ima te 
un i t po in t res is tance, in t / f t 2 ( = 108 k N / m 2) , 
migh t be t a k e n approx ima te ly as 

9P 
0ANDb 

Β 
< , 4iV. (440) 

The average u l t ima te skin friction of dr iven 
displacement piles in sand , in t / f t 2, is roughly : 

fs 
Ν 

50 
(441) 

should be used. 

in which Ν is t he average s t a n d a r d pene t ra t ion 
resis tance in blows per 0.3 m ; one-half of this 
va lue m a y conservat ively be used for piles wi th 
small soil d isplacement , such as fl-piles. F r o m the 
analysis of pile load tes ts i t is found t h a t the 
observed un i t po in t resis tance is generally in fair 
agreement wi th E q . (440), except wi th greater 
ove rburden pressure a t t he po in t when the ra t io 
of qp/N decreases (Fig. 325). 

There is no universal ly accepted formula in 
respect of clays. Some progress might be achieved 
b y compil ing re la t ionships be tween loading tes t 
resul ts and character is t ic soil proper t ies on ex tend-
ed regions. This app roach has been used e.g. b y 
T O N G et al. (1981) who provided fs(qc) functions 
for t h e clays encounte red in t h e E a s t e r n Provinces 
of China. Accordingly, for normal ly consolidated 
or l ight ly overconsol idated clays a t dep ths of no t 
less t h a n 6-8 m below ground level, a n d for 
overconsol idated soils of med ium t o stiff con-
sis tency no t less t h a n 20 m below ground level, 
t he au thor s establ ished the following expressions: 

fs = 0.05g c (for qc < 1000 k N / m 2 ) , 
fs = 25 + 0.025g c(for 1000 <qc < 3 0 0 0 k N / m 2) , 
fs = 100 k N / m 2 (for qc > 3000 k N / m 2 ) . 

F r o m empirical correlat ions be tween s t a n d a r d 
pene t r a t ion resis tance and se t t l ement observat ions 
on s t ruc tures on spread foundat ions , M E Y E R H O F 

(1974) derived the following conservat ive expres-
sion, in inches ( = 2 5 m m ) , for t he t o t a l se t t lement , 
s, of shallow foundat ion on s a tu r a t ed sand and 
gravel : 

in which Β is t he wid th of t h e pile g roup , in feet 
(0.3 m) , ρ is t he ne t foundat ion pressure , in t / f t 2 

( = 1 0 8 k N / m 2) . Fo r sil ty sand a factor of 2 should 
be used a t t he r igh t -hand side of E q . (442). 

I t has also been proposed to use E q . (442) wi th 
a 5 0 % reduc t ion for es t imat ing the se t t lement of 
deep spread foundat ions , which m a y be t a k e n 
a t an effective d e p t h in a bear ing s t r a t u m of 
more t h a n abou t four t imes t h e wid th of t h e pile 
group. I n o ther cases, s can be in te rpo la ted roughly 
in direct p ropor t ion to t he ra t io of t he effective 
d e p t h to D jB of t h e pile group . Accordingly, 
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Fig . 3 2 5 . Empir ical re lat ion b e t w e e n u l t i m a t e po in t 
res istance of pi les and S P T res is tance in cohes ionless 
soil (MEYERHOF, 1 9 7 6 ) 
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E q . ( 4 4 2 ) can be rewr i t t en , in inches ( = 2 5 m m ) , 
as : 

2p]fB · J 

Ν 
( 4 4 3 ) 

in which I is an influence factor re la t ing t o t h e 
effective group e m b e d m e n t , app rox ima te ly given 
b y 

1 = 1 
D' 

8B 
^ 0 . 5 . 

Using s ta t ic cone pene t r a t i on t es t s , 

pBI 
s = 

2qc 

( 4 4 4 ) 

( 4 4 5 ) 

in which qc is t h e average s ta t ic cone resis tance 
wi th in t he seat of se t t l ement ( M E Y E R H O F , 1 9 7 4 ) . 

3.7 .4 Quality control of piles 

For checking t h e in tegr i ty of locally m a d e 
concrete deep foundat ions , a f requent ly used pos-
sibility is t o incorpora te t ubes in the i r in ter ior 
t h r o u g h which t h e whole d e p t h can la te r be 
moni tored b y the use of isotopic probing devices. 

R A U S C H E a n d G O B L E ( 1 9 7 9 ) e labora ted a d y n a m -
ic tes t ing m e t h o d for t he inves t iga t ion of t h e 
soundness of piles. This procedure has been applied 
by L A C Y ( 1 9 8 1 ) t o t he inves t igat ion of piles 
driven to dep th of 6 2 t o 7 0 m. Tests were performed 
several weeks after t he piles were ini t ial ly dr iven 

using a pile h a m m e r for redr iving. The tes t ing 
procedure consisted of a t t ach ing two accelero-
meters a n d t w o s t ra in t r ansducers a t opposite 
sides near t he t o p of t h e pile. These gauges were 
connected to a pile-driving analyzer for immedia te 
eva lua t ion , wi th signals recorded on an analog 
magne t ic t a p e for fur ther processing. This equip-
m e n t records s t ra in a n d accelerat ion waves as 
t h e y pass t h r o u g h t h e pile following the impac t 
of a pile h a m m e r , plus r e tu rn ing waves t h a t 
r ebound from t h e pile t i p . The s t ra in and accel-
era t ion waves are usual ly in teg ra ted and presented 
as force a n d veloci ty waves . These waves pass 
t h r o u g h t h e concrete a t a k n o w n cons tan t speed. 
Completely b roken piles reflect downward velocity 
waves in a m u c h shor te r t ime t h a n longer unb roken 
piles. A b roken pile wi th in a clay layer reflects 
a m a r k e d l y reduced r e t u r n force wave or even 
a tens ion wave , as the re is l i t t le t i p resis tance to 
pile pene t r a t ion a n d a high reflected posit ive or 
downward veloci ty. Figure 3 2 6 shows a pile b roken 
a t 2 2 m d e p t h ; th is d e p t h has been establ ished 
on t h e basis of measur ing t h e dis tance be tween 
posi t ive peaks and a force wave t h a t drops to 
zero. 

4.45 MN 
3.05 m/s 

Time 

Fig . 3 2 6 . Record from comple te ly broken pile (LACY, 1 9 8 1 ) 
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3.8 Economy and safety 

I n the course of design decisions are needed 
abou t the t y p e of t he piles t o be used, the i r l ength 
and d iameter , and the reasonable spacing be tween 
t h e m . Several aspects have t o be weighed in th is 
process: strat if ication of t he subsoil, proper t ies of 
the layers encountered , locat ion and aggres-
siveness of t h e g roundwate r , t h e sensi t iv i ty t o 
movemen t s of t he bui lding t o be cons t ruc ted , t he 
condit ion and distance of n e a r b y s t ruc tu res , e tc . 
Any m a t u r e decision na tu ra l l y has to comply wi th 
economic and safety r equ i rement s . 

In te res t ing conclusions have been d r a w n b y 
R A N D O L P H (1983) in respect of t h e length L, and 
the slenderness ra t io L / r 0 ( r 0 being t h e rad ius of 
the pile). Ideal ly , t h e cost of instal l ing t h e pile 
(inclusive of mater ia l cfosts) should be minimized 
for a given requi red capac i ty . As an a p p r o x i m a t e 
guide, t he embedded volume of a pile will be t a k e n 
as an indicat ion of cost. The problem is t h e n t o 
optimize t he ra t io L / r 0 in order t o maximize the 
pile capac i ty for a given vo lume of pile. The ult i-
ma te capac i ty of t he pile m a y be wr i t t en as 

( 4 4 6 ) 

where qb and rs represent t he bear ing pressure a t 
t he pile base and the average skin friction, respec-
t ively . For a gross vo lume of V = Ttr̂ L, the 
capac i ty per vo lume is t h e n : 

Q_ 
ν 

71 - 0 . 5 " 

+ 2 - Ϊ , (447) 

For a re la t ively homogeneous soil deposi t , where 
qb and Ts are no t significantly affected b y L, t he 
above expression has a m i n i m u m a t 

and m a x i m a as L / r 0 approaches ei ther zero or 
infinity. This indicates t h a t the longer a n d th inne r 
t he pile is, t he more efficient i t will be in t e r m s of 
capac i ty per embedded vo lume. I n cases where 
t he s t r eng th of t he soil increases wi th dep th , t he 
a d v a n t a g e to be gained from a long slender pile 
is pe rhaps more obvious, since b o t h T s and qb will 
increase wi th i ts l eng th . 

In prac t ice , of course, the re are physical l imi ta-
t ions in respect of l eng th or s lenderness. 

Fo r bored piles, t h e l eng th m a y be l imi ted b y 
the drilling rig, while for dr iven piles, t h e direc-
t ional s tab i l i ty of t he advanc ing pile t ip becomes 
a p rob lem. A n o t h e r factor t o be considered is t he 
effect of pile compressibi l i ty on shaft capac i ty : 

— long piles have a propor t ional ly smaller shaft 
capac i ty ; 

— t h e skin friction is reduced to a res idual 
va lue in t h e uppe r p a r t of t h e pile, before 
t h e lower p a r t has reached i ts l imi t ing 
resis tance ( M E Y E R H O F , 1 9 7 6 ) . 

I n respect of pile spacing, aspects of techniques 
and economy are more t h a n often congruent . For 
example , assessing horizontal ly loaded piles P O U -

L O S (1971b) ment ioned t h a t in regard to displace-
m e n t s , considerable economy can be achieved by 
using a re la t ively small n u m b e r of piles a t rela-
t ive ly la rge spacings . 

Ano the r p rob lem to be considered is t he n u m b e r 
of loading tes t s which ought t o be performed. 
These are ve ry expensive manoeuvres , t h u s 
a t t e m p t should be made to depress t he n u m b e r of 
tes ts as far as possible. The following guidelines 
migh t be useful in th is c o n t e x t : 

— earlier loading tes t resul ts should be uti l ized; 
— rela t ionships should be establ ished be tween 

pene t r a t i on t e s t resul ts and an t ic ipa ted pile 
performance (see Section 3.7.3); 

— it is reasonable t o calculate t h e bear ing 
capac i ty on t h e basis of t he Bayes- theorem 
using earlier d a t a (see Section 3.7.1); 

— i t will be useful t o de te rmine t he bear ing 
capac i ty of large d iamete r piles from results 
of loading t e s t conduc ted on small d iameter 
piles ( F R A N K E , 1981); 

— t h e economic ra t io of imp lemen ta t ion costs 
should be weighed agains t t h e n u m b e r of 
desired loading t e s t resul ts ( J A E G E R and 
B A K H T , 1983). 

( R e m a r k : t o provide an economic design, i t is 
a prerequis i te t o perform t h e t r ia l tes t s after the 
deve lopment of reconsol idat ion processes.) 
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I n re la t ion t o safety t h e same principles app ly 
as in t h e case of shallow foundat ions . Some " u n -
c e r t a i n t y " m a y , however , arise in the complex i ty 
of several con t r ibu t ive factors . Among t h e m : 

— differences peculiar t o t h e appl ied tech-
nologies; 

— inhomogene i ty of t he soil; 
— even tua l s lant ing posi t ion or excent r ic i ty of 

t h e pile ( V E S I C , 1 9 8 1 ) ; 
— gap be tween t h e pi le-head a n d t h e soil, 

most ly in cases of v ib r a t ed piles in stiff 
clays ( C O Y L E a n d R E E S E , 1 9 6 6 ) . 

Such and similar factors m a y cause t h e bear ing 
capac i ty no t t o be t h e same for indiv idual piles, 
even in t h e same sur round ing . The l i t e ra tu re does 
no t a t present provide conf i rmatory d a t a t o 
de termine how wide t h e sca t t e r m a y be . K A Y 
( 1 9 7 7 ) concluded, p a r t l y from loading t e s t resul ts 
eva lua ted b y h im, and p a r t l y from t h e var iance 
of shear s t r eng th va lues , t h a t an acceptable 
coefficient of va r ia t ion for Qu m igh t be assumed 
to be 0 . 2 , or even higher . 

The reliabil i ty of predic t ions is fur ther sub-
s tant ia l ly influenced b y t h e uncer ta in t ies inheren t 
in var ious theories ( "sca t te r ing of t h e mode l " ) . 
An in teres t ing exper iment has been repor ted b y 
VESI (5 ( 1 9 8 1 ) in th is respect . E leven indiv idual 
exper ts were inv i ted t o calculate a n d forecast 
the performance of a single pile a n d of a pile 
group. All pe r t inen t d a t a were duly provided . 
The s u m m a r y of predic ted single pile capacit ies 
is shown in Fig. 3 2 7 , where t h e measured capaci-
ties are also given. I t can be seen t h a t , in spite of 
great sca t te r of predic t ions , t h e average of t h e 
predict ions, i.e. t h e average of all p red ic ted capac-
ities agrees qui te well wi th t h e measured va lues . 
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Chapter 4 . 

Soil mechanics in road construction 

4.1 In t roduct ion 

The t r emendous growth in road t r a n s p o r t a t i o n 
a n d especially t he a d v e n t a n d widespread use of 
motor vehicles in t h e present c e n t u r y has led to 
requi rements regarding t h e l ay-ou t and especially 
the surfacing of roads ; r equ i rements which the e a r t h 
and stone p a v e m e n t s which h a d slowly developed 
over t he centuries could no longer satisfy. Smooth , 
durable p a v e m e n t s of high load-bear ing capac i ty 
and insensit ive to a tmospher ic influences became 
necessary t o make full use of t h e va s t possibilities 
offered b y t h e mo to r vehicle a n d t o pe rmi t t h e 
safe m o v e m e n t of h e a v y vehicles a t speeds which 
were previously un imaginab le . A t t h e same t ime , 
allowance also h a d t o be m a d e for new require-
men t s in road p lanning . The ancient t races closely 
following t h e slopes and grad ien ts of t h e t e r ra in and 
f requent ly adher ing to historical t r ad i t ions h a d t o 
be abandoned ; principles of p lann ing developed b y 
scientific research became necessary and roads h a d 
to be designed and cons t ruc ted according t o t h e 
same engineering principles as were earlier appl ied 
only to t he ra i lways . The resul ts of th is work have , 
in t u r n , given added impe tus t o t h e develop-
m e n t of vehicles, a n d t h e successive stages of th is 
m u t u a l in ter re la t ionship are reflected in t h e r ap id 
evolut ion of road t r a n s p o r t , as well as in increasing 
s t anda rds of l iving. 

I n ear ly road bui lding, which was an a r t r a t h e r 
t h a n a science, l i t t le care was devo ted t o t h e soil 
forming t h e foundat ion of t h e roads . 

I n cons t ruc t ing t h e new types of p a v e m e n t t o 
meet t h e aforement ioned r equ i r emen t s , t h e im-
por tance of t h e subsoil was soon realized, in t h a t 
t he durabi l i ty and soundness of t h e road depended 
fundamenta l ly on t h e qua l i ty of t h e subsoil of t he 
foundat ion , as well as on t h e e x t e n t t o which t h e 
soil proper t ies h a d been allowed for in t h e course of 
design. The ear ly a t t e m p t s t o solve these problems 
followed a pure ly empir ical approach , b u t th is was 
soon replaced b y research giving b i r t h as a lmost 
t he first special b r a n c h thereof, t o t he science of 
t he soil mechanics of road cons t ruc t ion . 

I n more recent t imes , fur ther evolut ion has been 
p r o m p t e d b y the r equ i rement s of air t r anspor -
t a t i on . High-capac i ty t r a n s p o r t places have in-
creased the need for long r u n w a y s wi th p a v e m e n t s 

capable of resist ing severe s ta t ic and dynamic 
effects equal ly . A special b r a n c h of soil mechanics 
devoted t o a i rpor t r u n w a y s has evolved; extensive 
theore t ica l , research a n d observat ional work was 
s t a r t ed a n d th is has a l ready resul ted in consider-
able ach ievements . 

The need for dis t inguishing a special b r a n c h of 
soil mechanics for road cons t ruc t ion m a y be ques-
t ioned , since t h e physical proper t ies , load-bear ing 
capac i ty , e tc . , of t h e soil are here j u s t as i m p o r t a n t 
as in o ther doma ins ; th is quest ion can, however , be 
answered mos t pe r t inen t ly b y reference t o Fig. 
328 (cf. Vol. 1, Fig. 3). The foundat ions of build-
ings a n d o ther civil engineering s t ruc tures are al-
mos t invar iab ly ex t ended to dep ths unaffected b y 
frost, desiccat ion in s u m m e r and pene t ra t ion b y the 
roots of p l an t s . The foundat ions are suppor ted b y a 
soil t he proper t ies of which change b u t ve ry slight-
ly wi th t e m p e r a t u r e . On t h e o ther h a n d , there is no 
o ther s t ruc tu re which is exposed as s t rongly, a n d a t 
t h e same t ime a l t e rna te ly , t o such a wide va r i e ty 
of mechanica l a n d cl imatic influences as t h e nar-
row, t h i n a n d expensive b a n d of road p a v e m e n t s and 

Fig . 328. Re la t ionsh ip b e t w e e n foundat ion and superstruc-
ture in bui ld ings and roads 
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in combina t ion the rewi th , t he foundat ion , t he ea r th -
works and the subsoil which are exposed to t h e 
same effects. 

Among the mechanical effects, t he ver t ica l s ta t ic 
loads, hor izonta l forces and the impac t s and vibra-
t ions caused b y vehicles m u s t be t a k e n in to con-
s iderat ion. The cl imatic effects are often closely 
associated wi th changes in stress condi t ions ; t h e y 
cause t he wa te r con ten t and t h u s t h e s t ruc tu re of 
the soil t o change. Most i m p o r t a n t in th is respect 
is drying accompanied b y shr inkage and cracking 
sa tu ra t ion resul t ing in a loss of s t r eng th , swelling 
and reduc t ion in load bear ing , frost giving rise t o 
heaving b y ice and loosening of t he soil s t ruc tu re , 
and finally mel t ing b y which the soil is softened 
and rendered plast ic . 

I n examining the re la t ionship be tween the sub-
soil and t h e road p a v e m e n t , th ree pr incipal groups 
of problems can be d is t inguished: 

1. The combined load-bear ing capac i ty of the 
p a v e m e n t a n d the subsoil, t he de te rmina t ion of the 
u l t ima te load causing failure, and fur ther dimen-
sioning of t he p a v e m e n t and foundat ion wi th regard 
to t he proper t ies of t h e subsoil. 

2. Volume changes of t he subsoil and me thods 
to control t he de t r imen ta l effects thereof. 

3. The effect of frost and o ther a tmospher ic 
condit ions on the p a v e m e n t and the subsoil. 

The subsequent discussions will be centered 
a round these three groups of problems. 

4.2 Soil investigations for line structures 

4 .2 .1 Objectives 

The m e t h o d and e x t e n t of soil inves t igat ions are 
governed b y the objectives thereof. In our case, t he 
objective is t o de tec t t he po ten t ia l ly de t r imen ta l 
and des t ruc t ive effects of t h e subsoil and to furnish 
the designer wi th all t h e d a t a on soil and ground-
wate r condit ions which he m a y find necessary for 
ar r iv ing a t a ra t iona l and economic design. I n soil 
explora t ion, this objective is realized if t he d a t a 
ob ta ined are sufficient for resolving the require-
men t s l isted below correct ly. 

1. Assessing the correctness of t he t r a c k en-
visaged in t h e hor izonta l and ver t ical sense alike. 

2. The choice of soils sui ted to e m b a n k m e n t 
const ruct ion. 

3. Designing t h e cross-sections — slopes — of 
e m b a n k m e n t s and cu t s . 

4. Provid ing d a t a for calculat ion and dis tr ibu-
t ion of mass , t he de te rmina t ion of loosening or 
densification, es t imat ion of rockwork volumes . 

5. The solution of surface and unde rg round drain-
age problems. 

6. De te rmina t ion of t he p a v e m e n t th ickness . 
7. Decision on the advisabi l i ty of soil stabil iza-

t ion me thod . 

8. Tes t ing t h e local mater ia ls for the i r sui tabi l i ty 
for s tabi l izat ion and p a v e m e n t const ruct ion. 

The domain of soil explora t ion for road and rail-
w a y cons t ruc t ion purposes includes t he excavat ion 
of p i t s , t h e sinking of boreholes and the collection of 
samples . Paral le l t he rewi th , t he samples mus t be 
classified, qualified, a n d identified visually and b y 
h a n d . F o r these reasons , such invest igat ions mus t 
a lways be performed unde r t h e supervision of an 
engineer t r a ined in soil mechanics who is perfectly 
aware of t h e object ives, who can apprecia te the 
impor t ance of slight indicat ions which m a y appear 
insignificant t o t h e u n t r a i n e d eye, and who can 
form a p ic ture of t he subsoil condi t ions. Develop-
m e n t in th is domain t e n d t o w a r d the es tabl i shment 
of small field labora tor ies for performing the basic 
soil-physical t es t s on major cons t ruc t ion jobs , only 
t he samples on which special tes ts are considered 
necessary being forwarded to a p e r m a n e n t labo-
r a to ry . 

4.2.2 The locat ion and depth of soil exploration 

Soil explora t ions re la ted to road and rai lway 
building in H u n g a r y are subject to s t a n d a r d specifi-
cat ions . The ma in provisions thereof are as follows. 

" I n locat ing t he explora t ion sites, a t t e m p t s 
should be m a d e to ob ta in a clear p ic ture of the 
strat if icat ion of soils a n d of the posi t ion of occasion-
al rock layers along the t r a c k and in t he borrow 
areas t o be inves t iga ted . A t t he sites of major 
e m b a n k m e n t s or cu t s , where se t t l ement or heave , 
base failure or sliding are liable to occur in the 
subsoil, explora t ions m u s t be ex tended la teral ly to 
ob ta in in format ion on t h e posi t ion of a n y soil layer 
a t a t least th ree poin ts . I n t he case of roads to be 
cons t ruc ted over rolling te r ra in , soil explorat ions 
are essential in major fills and cuts a t t he inter-
sections of t h e grade a n d t h e t e r ra in . 

Where ea r thwork of major ex t en t and signif-
icance is con templa t ed and the individual layers 
are difficult t o t r ace , t he n u m b e r of explorat ions 
m u s t be increased along t h e profile a n d in t h e cross-
sections alike. 

For roads and ra i lways involving fills and cuts 
of modera te height , t he explora t ion sites should be 
spaced a t 200 t o 250 m on t h e average . Along sec-
t ions where t he strat if ication of t he subsoil is 
found to change , or t he g roundwate r tab le to 
fluctuate over a wide range , addi t ional explorat ions 
should be envisaged a t 50 t o 100 m dis tances wi th in 
t h e spacings specified above . This applies in par t ic-
ular t o cases where t he difference be tween two 
adjacent explora t ions is great enough to w a r r a n t 
changes in p a v e m e n t th ickness , filter drains , sub-
grade , e tc . I n t he case of major differences, an even 
closer spacing of 30 to 35 m m a y also be just i f ied." 

,,. . . t h e d e p t h of explora t ion is control led by 
the soil s trat if icat ion observed and jby the dimen-
sions and t y p e of t h e s t ruc tu re . The explora t ion 
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should be ex tended t o a d e p t h yielding reliable 
informat ion on t h e soil layers below t h e grade 
which m a y effect t h e s tabi l i ty of t h e s t ruc tu re . 
Under e m b a n k m e n t s represent ing a load less t h a n 
60 k N / m 2 and in cuts no t deeper t h a n 3.0 m, explo-
ra t ions should be ex t ended t o 3 m d e p t h below the 
t e r ra in or t he grade l ine, b u t in a n y case a t least t o 
t he g roundwate r t ab le . Under e m b a n k m e n t s t r an s -
mi t t ing loads greater t h a n 60 k N / m 2 — where con-
solidation of t he subsoil m u s t be an t i c ipa ted — t h e 
explora t ion should be deep enough to pe rmi t a re-
liable es t imate of t he ensuing stress p a t t e r n and the 
magn i tude of se t t l ements resul t ing therefrom. Al-
te rna t ive ly , t h e explora t ion d e p t h should equal t he 
base wid th of t he cu t . Deeper soil layers need no t be 
explored, unless t h e load-bear ing capac i ty of those 
perforated is poor. I n such cases, t h e s t r a t a should 
be explored down t o t he load-bear ing layer . 

Special care should be exercised in exploring 
soil layers including pea t , m a r s h and o ther soils 
of high organic con ten t . I n such cases, explora t ion 
mus t be ex tended beyond t h e pea t , mar sh and 
organic layers t o de te rmine t h e qua l i ty , posi t ion 

and d e p t h of t h e load-bear ing layers under ly ing 
t h e m . 

The sites of major cuts should be explored to a 
d e p t h considered necessary for ob ta in ing informa-
t ion on t h e haza rd of heave , soil failure or sliding, 
and on the d e p t h and direct ion of g roundwate r 
seepage, as well as on t he strat if icat ion of t h e sub-
soil, for de te rmin ing rel iably t h e boundar ies and 
incl inat ion of t h e ind iv idual soil l aye r s . " 

As a prac t ica l rule , i t should be no ted t h a t for 
examin ing t h e problem of volume changes, ex-
plora t ions ex tend ing to abou t 1.5-2.0 m below the 
crest of t he ea r thwork are a d e q u a t e , while as 
regards frost heave the explora t ion should be 
ex tended a t least down to t h e g roundwate r tab le . 
However , ins tead of adher ing to str ict rules, t he 
sites and dep ths of explora t ion should be deter-
mined individual ly in each par t icu la r case, keep-
ing in mind the objectives ment ioned before, t he 
soil condit ions encounte red and t h e t y p e of soil. 

Pr ior t o field work, all informat ion on local 
geology a n d soil condit ions should be obta ined, 
geological, pedological and topographic maps of 
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t he area should be s tudied , toge ther wi th t he resul ts 
of earlier soil explora t ions along t h e first t e n t a t i v e 
t race ind ica ted on a 1 : 25 000 scale m a p . The ap-
p rox ima te p a t t e r n of boreholes should emerge 
from these s tudies . I n t he field, a general inspec-
t ion t r ip should first be m a d e . The general topog-
r a p h y of t h e t e r ra in will a l ready convey indica-
t ions as t o whe the r t h e soil condi t ions are highly 
var iable or no t . I n t h e l ight of observat ions made 
dur ing t h e inspect ion t r i p , t h e explora t ion p a t t e r n 
should be revised and t h e boreholes definitely 
located. The explora t ion itself is performed b y t h e 
excava t ion of pi ts or b y sinking boreholes, as a rule 
using an auger. 

Detai led records of t h e explora t ion work m u s t 
be kep t , indicat ing also t h e l and uses in t h e area 
(crops, forest, meadow, etc .) . 

The explora t ion records should be compiled in to 
a soil profile in t h e field. Following t h e pract ice 
evolved in t he Soviet Union, th is should preferably 
indica te , besides t h e road profile, t h e general l ayou t 
of t h e t r ace as well, a n d i t should be accompanied 
b y a compila t ion of all t h e d a t a observed in t he 
course of explora t ion . The qua l i ty of surface soils, 
t he outcropping layers , t he t y p e of vege ta t ion , t h e 
land uses, occasional springs, gorges, t h e resul ts of 
geological observat ions , e tc . , m a y also be en tered 
in to t h e l ayou t sketch, along wi th t h e technical 
par t iculars , such as slopes, s t a n d a r d cross-sections, 
etc . , of t h e t r a c k con templa ted . Following such a 
procedure , th is sheet m a y become v i r tua l ly a 
reconnaissance repor t a n d m a y be found highly 
valuable in de te rmining t h e l abo ra to ry tes ts need-
ed, in composing t h e soil mechanica l r epor t and in 
p lanning . An example of such a reconnaissance 
repor t sheet is shown in Fig. 329. 

4.3 St ructura l analysis of pavements 

4 .3 .1 Principles. Structural classification of pavements 

Analyses in to the load-bear ing capac i ty of pave-
men t s differ appreciably from those re la ted to t he 
foundat ion of bui ldings. I n t h e l a t t e r case, r a t h e r 
large foundat ions carry ing main ly s ta t ic loads are 
placed direct ly on t h e subsoil, t h e load is t r an s -
mi t t ed below t h e t e r ra in surface along a p lane a t 
greater d e p t h a n d even large foundat ions display 
only a slight flexibility. Road p a v e m e n t s , on t h e 
o ther ha nd , are t h i n crusts on t h e surface of the soil, 
loaded b y t h e ver t ica l a n d hor izonta l forces t r a n s -
mi t t ed b y t h e vehicles and in te rac t ing wi th t h e 
subsoil in t he course of deformat ions . Their be-
haviour depends on t h e re la t ive abilities of t he sub-
soil a n d t h e p a v e m e n t t o w i t h s t a n d deformat ion. 
This l as t -ment ioned p r o p e r t y is used as t he cri te-
r ion for classifying the different t ypes of p a v e m e n t . 

Consider for t he t ime being a p a v e m e n t of in-
finite extension (Fig. 330) subject to t he concen-
t r a t ed wheel load P . Grea ter loads are accompanied 
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Fig . 330. D e f o r m a t i o n of a flexible e last ical ly supported slab 
of infinite d imens ions 

b y grea ter deflection of t h e p a v e m e n t , as a conse-
quence of which t h e founda t ion soil is compressed, 
evoking a soil reac t ion which p reven t s the deflection 
from increasing fur ther . The u l t ima te load, i.e. 
failure, is conceivable in two different ways . 

(a) The deflection of t he p a v e m e n t a t t a ins a 
crit ical va lue , and t h e resul t ing stress in t he ma te -
rial of t h e lower tens ioned zone exceeds the tensile 
s t r eng th thereof. 

(b) The great deflections cause t he foundat ion to 
fail, a l though t h e p a v e m e n t itself could still 
w i th s t and t h e deflections. 

The two factors governing the load-bear ing capac-
i t y are t h u s t h e tensile s t r eng th of t he pavemen t 
mate r ia l and t h e abi l i ty of t he subsoil t o deform 
u n d e r ver t ical loads . The t y p e of p a v e m e n t depends 
hereafter on which of t he two factors is of critical 
influence on s t r eng th . I n case (a), t he p a v e m e n t is 
t e r m e d rigid, and in case (b) flexible. The first group 
includes t h e p a v e m e n t s of concrete and similar 
mater ia ls while t he second includes m a c a d a m , the 
diverse b lack p a v e m e n t s , e tc . I n addi t ion to these 
two groups considerat ion mus t also be given to the 
case where t h e surface consists of ea r th or gravel 
and where t h e wheels m a y cu t in to t he pavemen t , 
giving rise t o wheel t r acks . 

The p a v e m e n t s , however , usual ly consist of sev-
eral courses each hav ing a specific function. The 
p rob lem in s t ruc tu ra l analysis is t o de termine the 
th ickness and occasionally t he s t r eng th required 
for t h e ind iv idua l courses. A n u m b e r of dimen-
sioning me thods has been developed for this pur-
pose. The principles under ly ing these are manifold 
and involve a wide va r i e ty of factors . I n t he course 
of evolut ion t h e n u m b e r of factors included has 
increased gradual ly and the cons tan t s represent ing 
t he mate r ia l proper t ies of t he subsoil and the pave -
m e n t have been perfected as observat ional d a t a and 
experience became avai lable . The rel iabil i ty of a 
par t i cu la r m e t h o d depends on the measu remen t 

Pavement I 
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and empirical d a t a on which i t is based and on 
whe ther t h e basic a s sumpt ion is verified b y ex-
per imenta l evidence. No m e t h o d m u s t be appl ied 
wi thout sound j u d g e m e n t a n d t h e m e t h o d sui ted 
to a par t i cu la r case should be selected only after 
careful considerat ion. 

The behav iour and sevice life of road p a v e m e n t 
s t ruc tu re depend on t h e following factors . 

1. The t y p e and dens i ty of traffic a n d t h e changes 
thereof dur ing the service life of t h e road . 

2. The design a n d t h e proper t ies of t he m a t e -
rials used in t h e p a v e m e n t . 

3. The physical proper t ies of t h e subsoil, t h e 
sca t te r of numer ica l values in space a n d the i r var ia-
t ions in t ime , g roundwate r condi t ions . 

4. Atmospher ic influence, t h e c l imate and t h e 
env i ronment of t he road . 

I n t he p a v e m e n t s t ruc tu re stresses and defor-
mat ions are genera ted b y 

(a) s ta t ic and dynamic loads ; 
(b) t h e movemen t s inheren t t o t h e p a v e m e n t ; 
(c) t h e movemen t s a n d deformations of t h e 

subsoil. 

ious dimensioning me thods were a l ready available 
in t h e n ineteen- th i r t ies a n d as far as t h e essential 
features are concerned, t h e me thods developed 
t h e n are still in general use, a l though revolu t ionary 
changes have occurred meanwhile in road-bui lding 
mater ia l s . I n response to t h e more exact ing require-
m e n t s , p a v e m e n t sys tems consisting of several 
courses have been devised in which t h e deforma-
t ion of t h e subsoil is no t t h e exclusive factor, t he 
subsoil being only an e lement of t h e p a v e m e n t 
s t ruc tu re . 

Once t h e impor t ance of deformations was rec-
ognized, research was s t a r t ed to develop analyt ica l 
me thods for de te rmin ing t h e stresses induced in t he 
p a v e m e n t and in t h e subsoil . Fo rmulae have been 
developed for two- layer a n d mul t i - layer sys tems, 
while t h e a d v e n t of compute r s has made the de-
ve lopmen t of detai led tab les possible. The results 
of these efforts are , however , of l imi ted pract ical 
in te res t only, since t h e basic cri ter ia under ly ing the 
compu ta t ions , t h e Young ' s modul i of elast ici ty, t h e 
Poisson n u m b e r s , t h e fat igue behaviour , e tc . , of t he 
diverse mater ia ls are no t k n o w n wi th t h e accuracy 
needed. As a consequence thereof, t h e role of ex-
perience is still ve ry i m p o r t a n t in t h e design of 
p a v e m e n t s . 

The stresses a n d deformat ions m u s t no t exceed a 
cer ta in l imit . I t will t h u s be perceived t h a t here 
again two main problems need t o be solved, 
namely t h e p a v e m e n t m u s t be designed to resist 
failure and harmful deformat ion wi th an ample 
margin of safety. 

The problems of dimensioning will be t r e a t e d 
subsequent ly , adop t ing an approach differing from 
t h a t followed in t he earlier H u n g a r i a n edit ions of 
t h e present book. R a t h e r t h a n classifying t h e 
me thods in to groups , t h e aforement ioned four fac-
tors will first be analysed, followed b y an examina-
t ion of t he stresses a n d deformat ions . 

I n reviewing t h e historical deve lopment of pa-
vemen t design me thods , some in teres t ing features 
can be de tec ted . We are v i r tua l ly witnesses of t h e 
evolut ion of a b r a n c h of science which, s t a r t ing 
from pure ly empir ical foundat ions , has become 
increasingly ra t iona l . The conven t iona l p a v e m e n t 
60 to 70 years ago was t h e w a t e r b o u n d m a c a d a m , 
for which a rock base was placed first b y h a n d , 
using crushed s tone for t h e surface course. A t t h a t 
t ime no dimensioning was a t t e m p t e d , t h e th ick-
ness of t h e p a v e m e n t was control led b y t rad i t ions 
and the level of technology (Fig. 331). Higher traffic 
loads have subsequent ly demons t r a t ed t h a t defor-
mat ions of t h e subsoil affect b o t h t h e load-bear ing 
capac i ty and the durabi l i ty of t h e p a v e m e n t great-
ly. I n order t o allow for t h e deformat ions , empir ical 
methods have been developed, of which the C B R 
me thod is unques t ionab ly mos t advanced (cf. 
Section 4.5.2). Inves t iga t ions have s imul taneous ly 
been s t a r t ed wi th t he objective of de te rmin ing t h e 
stresses genera ted in rigid p a v e m e n t s made of 
concrete numerical ly . The basic principles of var -
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Wearing course 

• ' • '. - Bituminous concrete ο · 
• . ο 0 \ · ο.'.··\ .ο··· · . o . ' . Q . . : 
9 • 0· . ο

 l n t w o
. layers . .'0.· ' • 

• -.ο·".· : ' Ρ · ' . ^ j o ^ . o - ' -Η 
' 0 0 0 ° 
OCX'S Stone base^Q 

^ . Γ . . ~ " 
Subgrade sod 

Fig . 331 . P a v e m e n t t y p e s : 
a — macadam; b — surface treatment; c — concrete slab on granular subbase 
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4.3 .2 Traffic data 

Before a n y s t ruc tu ra l analysis of a p a v e m e n t is 
a t t e m p t e d , informat ion mus t be acquired on the 
following traffic d a t a : 

(a) wheel load; 
(b) t h e a r r angemen t of axles and wheels; 
(c) t y r e pressure ; 
(d) t he frequency of load repe t i t ion ; 
(e) vehicle speed; 
(f) t h e p a t t e r n of traffic over t h e w id th of t he 

road . 

The highest permissible wheel loads are specified 
in t he regulat ions of t he var ious countr ies . I n H u n -
gary t h e d a t a given in Table 22 apply . 

Ment ion should be made here of t h e recommen-
dat ions of t he U. N . Economic Commission con-
cerning the heaviest vehicles par t ic ipa t ing in road 
traffic (Table 23). Other specifications app ly to 
a i rpor t r u n w a y s ; an example from the U.S . is given 
in Table 24. 

Owing t o t he mul t i t ude of wheel a n d axle ar-
r angemen t s , i t is difficult t o select t he critical one. 

Table 2 2 . Permissible load for various vehic les — 
Hungar ian Standard 

Two axles 
Load per axle 

Max. total load 

80 kN 

160 kN 

Three axles Load per double axle 
Max. total load 

145 k N 
200 k N 

Table 2 3 . M a x i m u m al lowable load on vehic les as proposed 
by the U. N. E c o n o m i c Commiss ion 

For the first For future 
stage construc- performance 

tion (kN) (kN) 

Maximally loaded axle 100 130 
Vehicles on t w o axles 150 190 
Vehicles on three axles 200 260 
Vehicles on four or more axles 220 ,260 
Semi-trailer 200 350 
Truck-train 320 400 

Table 24 . Des ign parameters for airports (Civil Aeronaut ics 
Administrat ion, Technical Standard order, N6b, 1 9 5 8 ) 

Classification 

Runway 
Runway for 
sight land-

ing 

Equivalent 
wheel load 

Classification 

Length 
(m) 

Width 
(m) Length 

(m) (kN) 

Local connect ions 1300 30 120 136 
Regional connect ions 1800 45 150 272 
Continental 

connections 2300 45 150 340 
Intercontinental 

connect ions 3200 45 150 454 

(a) A = 120 cm' 
P= 450 kN/m

2 

9=50 kN 

(b) A=180 cm
2 

Ρ =150 kN/m
2 

Fig . 332. Contact area be low a tyre on the road surface 

For th i s reason the concept of t he Equ iva len t Single 
Whee l Load ( E S W L ) has been in t roduced in t he 
U.S . This is unde r s tood as t h e load act ing on a 
single wheel which gives rise t o t h e same deflection 
as t h e ent i re wheel sys tem considered. 

Vehicle loads are t r a n s m i t t e d to t he p a v e m e n t 
t h r o u g h t h e con tac t area of t h e wheel . The contac t 
surface of p n e u m a t i c ty re s in new condi t ion, at t h e 
correct opera t ing pressure and highest allowable 
load specified b y t h e manufac tu re r , is an ellipse 
w i th 1 : 1.5 axis r a t io . I n th i s case t h e con tac t sur-
face equals t h e r a t io of t he load to t he t y r e pres-
sure . According t o t h e measuremen t s b y T E L L E R 

(1954), t h e ac tua l surface m a y range from 0.99 t o 
1.15 t imes th is va lue . W o r n or overloaded ty res 
p roduce greater con tac t areas t h a n new or nor-
mal ly loaded ones. Some exper imenta l resul ts on 
rigid p a v e m e n t s are given in Table 25 . 

The resul ts of tes t s performed wi th normal au to -
mobile ty re s of 6 .0 ' ' (15 cm) wid th a n d 2 2 ' ' (56 cm) 
d iamete r on a smooth soi l -cement p a v e m e n t are 
shown in Fig. 332. The wheel mass was 500 kg. At 
higher t y r e pressures t h e p r in t was a regular ellipse 
wi th 1 : 1.5 axis ra t io . At lower t y r e pressures the 
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Fig. 333. Re la t ionsh ip b e t w e e n tyre pressure and c o n t a c t 
area 
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Table 2 5 . Characteristics for pneumat ic tyres 

Case 1: worn tyre 

Identification Wheel road 
(kN) 

Tyre 
pressure 
(kN/m

2
) P m max ρ 

Contact 
area 

Half-diameters of the 
ellipse 

(kN/m
2
) (kN/m

2
) (cm

2
) a 

(cm) 
b 

(cm) 

7 - 2 4 A S 3 0 8 4 1 4 0 1 4 0 2 1 4 1 1 . 6 5 . 9 

9 - 2 4 A S 5 0 8 4 1 4 0 1 4 0 3 5 7 1 4 . 9 7 . 6 

1 1 - 2 8 A S 7 5 8 4 1 4 0 1 4 0 5 3 6 1 8 . 3 9 . 3 

1 3 - 3 0 A S 1 0 0 8 4 1 4 0 1 4 0 7 1 4 2 1 . 1 1 0 . 8 

1 7 0 - 2 0 A W 7 5 3 0 0 3 3 0 3 3 0 2 2 7 1 1 . 9 6 . 1 

1 0 - 2 0 A W 1 5 0 4 0 0 4 4 0 4 4 0 3 4 1 1 4 . 6 7 . 4 

Case 2: overloaded tyre 

Identification Wheel road 
(kN) 

Tyre 
pressure 

(kN/m
2
) Prn max ρ 

Contact 
area 

Half-diameters of the 
ellipse 

(kN/m
2
) (kN/m

2
) (cm

2
) a 

(cm) 
b 

(cm) 

7 - 2 4 A S 3 0 8 4 7 5 1 1 3 4 0 0 1 5 . 8 8 . 1 

9 - 2 4 A S 5 0 8 4 7 5 1 1 3 6 6 7 2 0 . 4 1 0 . 4 

1 1 - 2 8 A S 7 5 8 4 7 5 1 1 3 1 0 0 0 2 5 . 0 1 2 . 7 

1 3 - 3 0 A S 1 0 0 8 4 7 5 1 1 3 1 3 3 3 2 8 . 8 1 4 . 7 

1 7 0 - 2 0 A W 7 5 3 0 0 1 6 0 2 4 0 4 6 9 1 7 . 1 8 . 7 

1 0 - 2 0 A W 1 5 0 4 0 0 2 3 0 3 4 5 6 5 3 2 0 . 2 1 0 . 3 

Identification Wheel road 
(kN) 

Tyre 
pressure 
(kN/m

2
) 

Case 3 : new tyre 

Identification Wheel road 
(kN) 

Tyre 
pressure 
(kN/m

2
) Pm 

(kN/m
2
) 

max ρ 
(kN/m

2
) 

F 
(cm

2
) 

a 
(cm) 

b 
(cm) 

7 - 2 4 A S 3 0 8 4 6 5 1 3 0 4 6 2 1 7 . 9 8 . 7 

9 - 2 4 A S 5 0 8 4 6 5 1 3 0 7 6 9 2 1 . 9 1 1 . 2 

1 1 - 2 8 A S 7 5 8 4 6 5 1 3 0 1 1 5 5 2 6 . 3 1 3 . 7 

1 3 - 3 0 A S 1 0 0 8 4 6 5 1 3 0 1 5 3 9 3 1 . 0 1 5 . 8 

1 7 0 - 2 0 A W 7 5 3 0 0 1 3 5 2 7 0 5 5 6 1 8 . 6 9 . 5 

1 0 - 2 0 A W 1 5 0 4 0 0 1 9 0 3 8 0 7 8 9 2 2 . 2 1 1 . 3 

ellipse was elongated, w i th a section bounded b y 
s t ra ight lines a t t h e middle . The area was deter-
mined unde r different axle loads and p lo t t ed agains t 
t he pressure (Fig. 3 3 3 ) . F r o m t h e d iagram i t will 
readi ly be seen t h a t t h e pressure t r a n s m i t t e d t o t h e 
p a v e m e n t is no t ident ica l w i th t h e t y r e pressure . 
Comput ing and p lo t t ing t h e average con tac t pres-
sure, an a lmost l inear re la t ionship has been ob-
ta ined . 

M O N I S M I T H ( 1 9 6 5 ) has suggested t h a t th is rela-
t ionship p robab ly follows t h e d iagram in Fig . 3 3 4 . 
The dis t r ibut ion of wheel load over t h e con tac t 
surface was s tudied b y T E L L E R a n d B U C H A N A N 

( 1 9 3 7 ) . Unde r bal loon t i res t h e d is t r ibut ion was 
vi r tua l ly uniform (Fig. 3 3 5 ) a n d can t h u s be adop t -
ed as t h e basis of compu ta t i on . Under me ta l car t -
wheels and solid-rubber ty res (b, c) t h e differences 
are greater . 

The first loads were usual ly observed t o cause no 
damage t o t h e p a v e m e n t s , t h e damage being t h e 
result of repea ted loadings only. Under r epea ted 
loads, t h e p a v e m e n t m a y fail e i ther b y fat igue, or 
by the gradual ly increasing se t t l ement of t h e sub-

soil. This obse rva t ion has lead t o t he more recent 
conclusion t h a t in dimensioning p a v e m e n t s , al-
lowance m u s t be m a d e n o t only for t he heavies t 

9001 , , , , , , , 

0 100 200 300 400 500 600 700 600 
Tyre pressure, ρ (HPa) 

Fig . 3 3 4 . Re la t ionsh ip b e t w e e n tyre pressure and contac t 

pressure, after MONISMITH ( 1 9 6 5 ) 
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(a) 

Fig. 3 3 5 . Contact pressure d is tr ibut ion on the p a v e m e n t 
surface : 
a — pneumatic tyre; b — full rubber wheel; c — steel rim 

wheel load, b u t also for t h e dens i ty a n d volume of 
traffic, b y increasing the design wheel load for 
roads carry ing large traffic volumes . The inc rement 
wheel load will be control led b y t h e n u m b e r of load 
repe t i t ions , the i r d is t r ibut ion on the road surface, 
as well as wheels carry ing different loads . 

Efforts t o t a k e r epea ted loads in to account have 
resul ted in t h e in t roduc t ion of t h e equiva len t 
wheel load. Fo r example , in California t he expres-
sion 

P
5
n 

3125 
(448) 

is commonly used. The traffic index is also appl ied 
widely according to t he formula 

Tt = 1.3 
227 

, 0 . 1 2 (449) 

Here Ρ is t h e wheel load in Mp ( = 10 kN) un i t s , 
while η is t h e n u m b e r of repet i t ions an t ic ipa ted . 
I n some empirical dimensioning me thods t he nec-
essary p a v e m e n t th ickness is de te rmined on t h e 
basis of t he T/ va lue . According to S H E R M A N , t he 
equivalent wheel load is re la ted to t he magn i tude 
of T/ b y t h e expression 

T, = 1 . 3 5 ( P e q) » - " . (450) 

The influence of vehicle speed is reflected pri-
mar i ly in t h e magn i tude of t h e deflections pro-
duced. At h igher speeds t h e deflections will be 
smaller, b u t th is m u s t no t be unders tood to m e a n 
t h a t t he stresses will also become lower. This effect 
is, in general , t a k e n in to account b y in t roduc ing a 
higher modulus of elast ici ty in to t he compu ta t i on . 
Thus , e.g. for an asphal t ic concrete p a v e m e n t t he 
values ob ta ined for Ε were 8.0 and 60.0 k N / c m 2 

under s ta t ic and rap id , t r ans i en t loads, respec-
t ively . These l imits are especially wide in b i tumi -
nous p a v e m e n t s . 

A t t en t i on has recent ly been concen t ra t ed on the 
d i s t r ibu t ion of traffic on t h e p a v e m e n t surface. 
This is i l lus t ra ted visual ly b y t h e runways a t air-
po r t s , where each landing leaves black marks on the 
concrete s lab. These have been used for construct-
ing d is t r ibu t ion curves . I t was concluded, however , 
t h a t for ar r iv ing a t a safe design, t he possibili ty 
of t h e full load ac t ing on each 0.1 m 2 area of t he 
surface canno t be excluded. 

4 . 3 . 3 Stresses produced by traffic loads in the pavement 
and in the subsoil 

4.3.3.1 Introductory remarks 

Stress compu ta t i ons can be based on a va r i e ty 
of a ssumpt ions , e.g. b y considering the p a v e m e n t to 
be elastically bedded on the subgrade (Fig. 336) the 
compressibi l i ty of which is character ized b y a single 
numer ica l va lue , name ly t he bedding coefficient. I n 
o ther me thods t h e subsoil a n d t h e diverse courses of 
t h e p a v e m e n t , as well as t he base , are t r e a t e d as a 
mul t i - layer sys tem, t he ind iv idual layers of which 
have different modul i of elast ici ty , b u t suffer t h e 
same deformat ion. These me thods will be dealt 
w i th separa te ly . 

4.3.3.2 Stresses in pavements on an elastic subgrade 

The inves t iga t ion is based on t h e p la te theo ry of 
classical mechanics , in which p la tes are unders tood 
t o be load-bear ing s t ruc tures , where t he surface 
in undeformed s t a t e , ha lv ing the th ickness a t 
all po in ts , is p l ane ; t h e th ickness is negligible re la-
t ive t o t h e o ther dimensions a n d no componen t of 
t he load acts paral lel t o t h e middle surface men-
t ioned before. An e lement of a p la te t h u s defined is 
shown — in car tes ian coordinates — in Fig . 337.The 
stresses σ χ , r x y, ay a n d xxy ac t ing on the side sur-
faces of t h e area hdx a n d hdy m a y be combined 
wi th t h e bending m o m e n t s re la ted to un i t l ength 

+ Λ/2 +Λ/2 

Mx = — j* σχ zdz ; M = j* ay zdz. 
- f c /2 - Λ / 2 

xy · M. xy 

+Λ/2 

J Txyzdz. 
- Λ / 2 

(451) 

The ver t ica l shear stresses m a y similarly be 
combined in to shear forces: 

+ Λ/2 

Qx = - ς -
—Λ/2 

dz; Q = 
+ Λ/2 

- ί 
- h / 2 

t y zdz, (452) 

The forces a n d bending m o m e n t s wr i t t en above 
are requi red t o mee t t h e condi t ions of equi l ibr ium. 
Thus for t h e project ion of t h e ver t ical forces 

d<?x , W 

dx + dy 
+ p = 0. 
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Here ρ = t he uniformly d i s t r ibu ted load act ing 
on t he e l emen ta ry surface, dx · dy of t h e p la te . Fo r 
the m o m e n t s in t he x-z p lane 

+ dMxy _ 
0 , 

dx dy 

while for t h e m o m e n t s in t h e y-z p lane 
dMy dMxy 

dx dy 
0 . 

Express ing Qx and Qy from t h e two m o m e n t 
equat ions and in t roduc ing t h e resul t ing expres-
sions in to t h e first, we have 

x
 dx dMXu 

Mxy+-^M.dy 

Fig . 337. Forces ac t ing on t h e e l ements of a p late 

d*Mx 

dx
2 

d
2
Mv 

dxdy dy
2 

(453) 

For de te rmining t he th ree bending m o m e n t s and 
the two shear forces, t h e equi l ibr ium condit ions (3 
equat ions) are i n a d e q u a t e a n d t h e deformat ions 
mus t also be in t roduced . J u s t as in t h e bend ing 
theory of beams , simplifying assumpt ions are in-
evi table . Thus t h e following assumpt ions are m a d e : 

1. The compression of t h e p la te in t h e direc-
t ion of t he ζ axis is small enough to be neglected. 

Fig. 336. Models for the m a t h e m a t i c a l t r e a t m e n t of the 
s y s t e m composed of the p a v e m e n t s tructure and the sub-
soil: 
a — elastically supported plate within own-strength; b — as before, but having 
own-strength; c — multi-layered elastic system with substantial friction at the 
interfaces 

2. The perpendiculars t o t he middle surface of 
t h e p la te r ema in s t ra igh t after deformation and 
n o r m a l t o t h e deformed middle surface. 

3. The no rma l stress in t h e direct ion of the pla te 
th ickness is negligible. 

W i t h these assumpt ions , t h e deformations ac-
cording t o Fig . 338 become 

u — — z-
dw 

dx 
ν = — ζ -

dw 

dy 

a n d t h e u n i t s t ra ins are 

_ du d
2
w 

£ χ
~ dx ~

 Z
 dx

2 

dv _ d
2
w 

dy~
 2

 dy
2 

du dv 

dy dy 
2z 

d
2
w 

dxdy 

In t roduc ing Hooke ' s law 

Ε, I d*w d
2
w 

l-μ
2
\dx

2 μ
 dy

2
) 

Ez id
2
w , d

2
w) 

h ß 
l - ^ l f l y * ^ dx2) 

Ez d
2
w 

l+μ dxdy 

(454) 

If t h e stresses expressed b y E q s (454) are in-
t r o d u c e d in to E q s (451), in tegra t ion wi th respect t o 

LA 

Fig . 338 . Calculat ion of deformat ions 
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ζ becomes possible: 

My = 

M. 
xy 

dxdy 

(455) 

The expression Κ = Ε Λ3/12 (1—μ
2
) is called the 

stiffness n u m b e r of the p la te and is the two-d imen-
sional coun te rpa r t of t h e q u a n t i t y EI involved 
in t h e bending t h e o r y of beams . 

Combining the m o m e n t s in E q s (455) wi th E q 
(453), t h e fundamen ta l differential equa t ion of 
p la te t h e o r y is ob t a ined : 

+ 2 
dx

2
dy

2 + 
a4» ρ 

Ύ 
(456) 

I n t h e case of circular p la tes , or such pla tes of 
infinite extension, t h e use of polar coordinates is 
found more expedien t . Fo r an axial symmet r ica l 
load, t h e differential equa t ion t akes t h e form 

where 

VV 
d 2 

Κ 
(457) 

dr
2
 r dr 

Changing from the general t heo ry of p la tes t o 
t h a t applying to pla tes on an elastic, cont inuous 
suppor t , an addi t ional a s sumpt ion m u s t be in t ro -
duced. As in t he theo ry of cont inuously suppor ted 
beams , W I N K L E R ' S a s sumpt ion is again resor ted t o , 
considering t h e soil react ion on t h e base of t h e p la te 
t o be p ropor t iona te a t any poin t to t he deflection 
a t the same point . Thus 

Cw, (458) 

where C is called t he modulus of subgrade react ion. 
This assumpt ion is r igorously val id in t he case of 

Sect ion 

Fig . 339. Stress d is tr ibut ion in t h e underground be low a 
p late loaded w i t h a singular force 

pla tes suppor t ed b y a fluid, e.g. ice floes floating 
on wa te r . I n t h e case of p la tes res t ing on soil, t h e 
app rox ima t ion is r a t h e r a crude one and some crit-
ical r emarks will be devoted the re to below. 

B y in t roduc ing the hypothes is expressed b y E q . 
(458) in to E q . (457), t he obstacle t o in tegra t ion 
is r emoved . The solut ion is ob ta ined in t e rms of the 
Bessel funct ion involving, for t h e case of an infi-
ni te p la te loaded b y a concen t ra ted force, the fol-
lowing b o u n d a r y condi t ions : t he stress is zero a t 
infinity and assumes a finite va lue unde r t he load, 
t h e force Ρ is ba lanced b y the sum of ver t ical 
stresses. The corresponding solution given b y 
S C H L E I C H E R ( 1 9 2 6 ) is 

4CZ2
 \l 

(459) 

where C is t h e modulus of subgrade react ion, 

I = 
C 1 ] 

Eh
3 

(460) 

12 C( l - μ
2
) 

is t h e represen ta t ive l eng th (radius of relat ive 

p la te stiffness) and the t e r m Z 3 yj is t he real p a r t 

of t h e va lue per ta in ing t o t he a r g u m e n t |y V*J 

of t h e zero-order, cylindrical H a n k e l function-
Under load Z 3 = 1/2 a n d t h e grea tes t deflection is 

8 C Z 2 

wi th t h e p e a k subgrade stress 

^ m a x — ^ ^ m a x 
8 / 2 

(461) 

The stress d is t r ibut ion is depicted in Fig. 339. 
The reac t ion ρ becomes zero a t t h e dis tance R = 
= 3.92 I from t h e load . 

Replacing t h e p a r t of t h e stress d is t r ibu t ion 
d iagram ex tend ing to th is d is tance b y a t r iangle of 
ident ical area , t h e stress in t h e p la te can be es t imat -
ed approx imate ly /Cons ide r ing a s t r ip of w id th s t he 
resul t ing m o m e n t becomes 

M = — PoR's — R' = 0.213 P s , 
2 3 

whence t h e stress induced in t h e p la te hav ing a sec-
t ion modulus — sh

2 is 
6 

σ = 1 . 2 8 — . (462) 
h

2 

T h e in t roduc t ion of mul t iple approx ima t ions 
a n d simplifying assumpt ions has lead to t he el imina-
t ion of b o t h p la te and subgrade stiffnesses from 
t h e formula of stresses ac t ing in t h e p l a t e . Fo r this 
reason b o t h E q . (462) a n d t h e formally similar 
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expressions modified on prac t ica l , empir ical bases 
yield only crudely app rox ima t ive resul ts . F o r more 
detai led compu ta t i ons t h e formulae of W E S T E R -

G A A R D (1947) are considered appl icable , because of 
the smaller n u m b e r of factors neglected in t h e m , 
a l though the difficulties re la ted to t h e subgrade 
modulus exist here as well. 

The critical s i tua t ion in a p la te of finite ex ten-
sion arises if one of t h e corners is loaded (Fig. 340). 
I n t h e simplest m e t h o d of analysis , t h e p la te is 
assumed to be perfectly rigid a n d u n s u p p o r t e d in 
the region a round t h e corner . If t h e l eng th of t h e 
cant i levered p a r t is x, a bend ing m o m e n t M = Px 
is p roduced and since t h e section modulus of t he 

cross-section subjected to bending is Κ = — 2xh
2
, 

t he resul t ing flexural stress is 

σ = — = 3 — 
K h

2 
(463) 

The expression is formally ident ica l t o t he fore-
going, t h e difference be tween t h e factors of t h e 
t e r m P/h

2 involved in t h e aforement ioned semi-
empirical stress formulae rang ing , in fact, from 
1.28 to 3.0. 

S ta r t ing from the theore t ica l considerat ions ex-
pounded before, W E S T E R G A A R D (1947) has devel-
oped a me thod of slab dimensioning, in which t h e 
p a v e m e n t th ickness requi red is de te rmined on t h e 
basis of the stresses occurring in rigid p la tes . 

The as sumpt ion under ly ing t h e t h e o r y are as 
follows : 

1. The p a v e m e n t is elast ic, t he mate r ia l hav ing 
a cons tan t Young ' s modulus of e las t ic i ty Ε a n d 
Poisson's n u m b e r μ. 

2. The p a v e m e n t is of uniform th ickness . 

(c) 1. 2. 

Fig . 341 . Load pat terns 

3. Winkler ' s a s sumpt ion , commonly used in t he 
t h e o r y of beams suppor t ed on an elastic subgrade , 
applies, i.e. t h e react ions are direct ly p ropor t iona te 
to t he deflections as expressed b y E q . (458), ρ = Cz. 

The loading surface is fur ther assumed to be wider 
a n d longer t h a n t h e th ickness of the p a v e m e n t , 
imply ing t h e va l id i ty of t h e p la te -bending theory . 

Corresponding to t he case of large aircraft , t he 
t y r e con tac t area is assumed to be elliptical in 
shape , and the load is d i s t r ibu ted uniformly over i t . 
The formulae of stresses in t h e p a v e m e n t and of the 
deflections corresponding the re to app ly to the 
loading condi t ions shown in Fig . 341 . Allowance is 
fur ther m a d e for t h e abi l i ty of cer ta in types of 
jo in t t o t ransfer loads . I n accordance wi th t h e theo ry 
of p la tes on an elastic subgrade (cf. E q . (460)) t h e 
rad ius of re la t ive p la te stiffness is i n t roduced as 

l* = 
Eh

3 

12 C(l - μ
2
) 

A compi la t ion of t h e formulae for t he most 
i m p o r t a n t load p a t t e r n s is p resen ted below. 

(A) Load act ing r emote from a n y corner or edge 

The load ac t ing on t h e slab is d i s t r ibu ted uni-
formly over t h e elliptic area described b y the 
e q u a t i o n 

(464) *L+yL= ι 
α

2
 6

2 

The pr incipal tensile stresses ax andffy in t h e b o t t o m 
fibre of t h e slab u n d e r t h e center of t h e ty re con tac t 
a rea a r e : 

3" Γ,ι + , , ι . . E - -
Snh

2 

2(1-μ) 
b 1 

a + b 

Fig. 340. Load at the corner of a sla~ 

(465) 
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2m 

z(x = 0) 

Ρ=300 k Ν 
a = 50 cm 
b=25cm 
h = 30 cm 

\12c(1-y
2
) 

E= 21000 MN/m
2 

μ=0.15 
c = 600 kN/m

2 z(y=0) 

Fig. 342. Contour l ines on the deformed surface of a loaded 
slab 

The deflection a t a n y point wi th in , or outside of, 
t he con tac t area is : 

8c/ 2 

\ a
2
 + b

2
 + 4>x

2
 + 4y 2 . 

1 — In 
16 nl

2 

ΕΛ 3 

a + b 

a2 +_4o6_+ b2 (a- b)(x2-y2)~l ( 4 6 6 ) 
16 nl

2 
2π1

2
(α + b) 

I n order to visualize t he deformat ion of an 
infinitely large s lab, t h e con tour lines of t h e de-
formed surface for an ac tua l case are shown in Fig. 
342. 

(B) Load a t t h e edge of t he p a v e m e n t , or in t h e 
vic ini ty of a jo in t 

The load is n e x t to an edge, or to a jo in t . The full 
load is d i s t r ibu ted uniformly over an elliptical area , 
t he equa t ion of which is 

*
2
 , (y-bf 

+ 6 2 
1 (467) 

The tensile stress in t h e b o t t o m fibre of t h e pave -
m e n t along t h e edge, a t t h e t angen t i a l point of t h e 
ellipse, is 

3(1 + μ)Ρ 

π(3 + μ)Α2 
In 

Eft 3 

100 C 

- b 

(a + b) |« 
+ 1.84 

± , . + ( 1 4 - , . ) ^ — -
Λ a + b 

-V 1.18 (1 + 2μ) 

+ 2(1 - μ) 

b 

ab 
+ 

I 

(a + bf 

(468) 

The deflection a t a n y point on t h e axis of sym-
m e t r y perpendicu la r t o t h e edge, a t a small dis-
t ance y from, or on t h e edge itself, is found from the 
app rox ima te formula 

(0.76 + ΟΛμ) — 
P f 2 + 1.2μ Γ _ 

Yewc [ 

1 - ( 0 . 7 6 + 0 . 4 
(469) 

(C) The axis of t h e con tac t ellipse is over t h e 
edge 

Ρ is one-half of t h e wheel load. 

The stress in t h e b o t t o m fibre unde r the center 
of t h e ellipse is 

3 (1 + μ)Ρ , Eft 3 

+ 

π(3 + μ) A2 

3(1 + μ)Ρ 

In 

100 C 
a + b] + 

π(3 + μ) Λ2 
3.84 

4 a - b μ-.(Ι-μ) 
3 α + ο + 

+ 0.5 (1+μ) 
(470) 

The deflection unde r t h e center of t h e ellipse is 
app rox ima te ly 

P f 2 + 1.2 μ 

]AÊft3C 
1 - (0.323 + Ο.Πμ) 

(0.76 + 0.4 μ) 
(471) 

For circular t y r e con tac t areas — a case a p -
p r o x i m a t e d r a t h e r b y road vehicles — over which 
the load is uniformly d is t r ibu ted , t he stresses due to 
loads in t h e inter ior , on t h e edge and on the corner 
of a concrete slab are found from t h e following 
formulae. 

(a) Load in t he inter ior of t he slab, t he great-
est tensile stress on t h e b o t t o m face of t h e s lab : 

0-275 Ρ Eft 3 

a
b = — — (! + μ)

 l og 
ft2 Cb* 

(472) 

(b) Load on t h e edge of t h e s lab, t h e stress on 
the b o t t o m face of t h e s lab : 

0.529 Ρ , Λ _ . , ί, Eft 3

 Α„ \ 
σ, = (1 + 0.54 μ) log 0.711 

Α2 
Cb* 

(473) 

(c) Load on t h e corner of t he slab (case D , Fig. 
341), t he grea tes t tensile stress in t he t o p p lane : 
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I n t h e above expressions 

a = radius of t h e con tac t area (circle), 
b = V 1.6a2 + h

2 - 0.675 fc, for a < 1.724 Λ, 
6 == a, for a > 1.724 h. 

T E L L E R and S U T H E R L A N D (1943) have arr ived a t 
t he conslusion t h a t unde r edge a n d corner loads , 
t he ac tua l stress in t h e p a v e m e n t is greater t h a n 
t h a t compu ted from E q s (473) a n d (474). F o r t h i s 
reason, t h e y have suggested t h e following formulae , 
which incorpora te empir ical modificat ions: 

1000 

0 . 5 2 9 Ρ n . J , Eh* 
ar = (1 + 0.54 μ) log h 

h
2 œ 

+ log 

3 P 

h
2 

1.079 
(475) 

. (476) 

The stresses due t o loads in t h e in ter ior of t h e 
slab surface are , in con t ras t t o t h e foregoing, smaller 
t h a n those compu ted wi th Wes te rgaa rd ' s theo-
ry . S ta r t ing from t h e considera t ion t h a t t h e sub-
grade react ion is more concen t ra t ed unde r t h e load 
t h a n t h e deflections ( implying t h a t t h e m a g n i t u d e 
of t h e subgrade reac t ion decreases wi th dis tance 
fom the load center) , i t was W E S T E R G A A R D himself 
who suggested modif icat ions. The modified for-
mula is 

0.275 Ρ n Γ [ 
a = — (1 + μ) log 

(477) 

Here L is t h e rad ius of t h e range in which t h e reac-
t ions are rea r ranged , re la ted to t h e centerl ine of t h e 
t y r e con tac t a rea (L ~ 5/) a n d Ζ is t h e r educ t ion 
coefficient (Ζ ^ 0.2). 

S ta r t ing from t h e same theore t ica l founda t ions , 
a n u m b e r of o the r semi-empir ical s tress formulae 
have been suggested. F o r ins tance , for a wheel load 
nex t t o a jo in t , t h e stress in t h e b o t t o m fibre of a 
concrete slab is, according to t h e formula of t h e 
P o r t l a n d Cement Associat ion, 

CP 

h
2 

Y aß 

0.925 + 0.22α// 
(478) 

I n t h e absence of load t ransfer , t h e coefficient 
C is 4.2, whereas in cases where t h e jo in t is capable 
of t ransferr ing load C = 3.36. 

A m e t h o d will be d e m o n s t r a t e d subsequen t ly for 
os t imat ing stresses if load is t ransfer red b y t h e 
jo in ts be tween adjacent s labs. Jo in t s of th is t y p e 
are applied main ly in a i rpor t r u n w a y s , examples 
for such jo in t designs being shown in Fig . 343. The 
efficiency of load t ransfer will be t a k e n in to con-
siderat ion b y t h e coefficient j , w i th 0 <^ j <[ 1. F o r 
j = 1 9 t h e deflections of two adjacent slabs are 

Φ16mm Gap 15 cm 

Fig . 343 . D e v i c e s to p r o m o t e load transfer at jo in t s 

ident ical along t h e jo in t , while for y = 0 there is 
no load t ransfer a n d E q s (465) t o (476) apply . The 
deflections of ad jacent slabs should be denoted by 
zj and zj for t he case of load t ransfer a n d b y ζ and z' 
in t h e absence thereof. The app rox ima te formula 

( l - j ) ) * - * ' ) (479) 

will yield a fair e s t ima te . 
The tensile stress in t h e b o t t o m fibre along the 

jo in t is 

o + —jo' 
2 

(480) 

(481) 

The deflections of t h e two slabs along the jo in t 
are given as 

Zj=\l 

1
 . , ( i

 1 

(482) 

(483) 

E q u a t i o n s (482) a n d (483) sa t i s ty E q . (479). 
Concerning t h e dimensioning of rigid pavemen t s 

t h e following conclusions m a y be ar r ived a t from 
Wes te rgaa rd ' s t heo ry . 

1. The highes t tensile stress in t h e p a v e m e n t is 
direct ly p ropor t iona te t o t he full load act ing, 

2. The stresses decrease subs tan t ia l ly as t he 
t y r e con tac t area is increased. 

3 . Edge loads are crit ical in t h e major i ty of 
prac t ica l cases. 

4. The stresses depend great ly on p a v e m e n t 
thickness . 

5. The magn i tude of stresses is only modera te ly 
influenced b y changes in t h e modulus of subgrade 
reac t ion . 
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Fig. 344. D i a g r a m to es tabl i sh the stresses in a slab e x p o s e d 
to circular load 

I n connect ion wi th the theo ry i t should be no ted 
fur ther t h a t t he warp ing stresses due to t empera -
tu re differentials are neglected, a l though these m a y 
subs tant ia l ly exceed those induced by wheel loads , 
especially in th ick p a v e m e n t s . Nei ther is a n y 
allowance made for t he stresses resul t ing in t h e 
subgrade . 

A simple d iagram is presented in Fig . 3 4 4 for 
es t imat ing the stresses in t he p a v e m e n t unde r a 
circular wheel con tac t area . The influence coefficient 
c of stresses is ob ta ined therefrom for t h e th ree load 
a r rangements indica ted , in t e rms of t h e ra t io l/b. 
For comput ing the influence coefficients apply ing 

to t he general load p a t t e r n , a me thod was devel-
oped b y P I C K E T T and R A Y ( 1 9 5 1 ) (cf. Y O D E R , 1 9 5 9 ) . 

Once the stress formulae are avai lable , t he prob-
lem of p a v e m e n t dimensioning is great ly simpli-
fied. If informat ion is avai lable on the magn i tude 
of t h e allowable stress in t h e p a v e m e n t mater ia l , 
on t h e elastic cons tan t s thereof, as well as on the 
modulus of subgrade react ion, the th ickness of the 
p a v e m e n t is readi ly computed . I n t he major i ty 
of cases, t he p rob lem consists of checking the pave-
m e n t th ickness assumed empirical ly for t he result-
ing stresses. 

For direct p a v e m e n t dimensioning, char t s are 
available indica t ing t h e p a v e m e n t thickness in 
t e rms of t he wheel load, the ty re inflation pressure, 
t he modulus of subgrade react ion and of the al-
lowable stresses. The char t s of major significance 
have been compiled in Fig. 3 4 5 ( J E L I N E K , 1 9 5 9 ) . 
These are simple to use, as is demons t r a t ed b y the 
two examples i l lus t ra ted in Fig. 3 4 6 . 

The modulus of subgrade react ion C is involved 
in all formulae. This has been defined as the bear-
ing pressure causing un i t deflection and it is ex-
pressed in k p / c m 3 un i t s . This concept is widely used 
in t h e t heo ry of load-bear ing s t ruc tures on an 
elastic suppor t , a l though research has provided 
ample evidence (e.g. T E R Z A G H I , 1 9 5 5 ) indicat ing 
t h a t i ts magn i tude m u s t no t be regarded as con-
s t an t , however small t he act ing load, and besides the 
load i t also depends on the dimensions. According 
t o t he t heo ry of elast ici ty, t he deflection under the 
center of a circular disc loaded b y a uniformly dis-
t r i b u t e d force is : 

Single wheel Twin wheels Twin wheels on carriage 

E=2d 100 MN/m
2
 μ=0.15 

Fig. 345. Des ign diagrams for concrete slabs (JELINEK, 1959): 
Ε — 28 000 MN/m

2
; μ — 0.15; C — modulus of subgrade reaction; ρ — tyre pressure; Ρ— load transmitted by the carriage (half side); R -

tyres (1 kp/cm
2
 = 100 kN/m

2
; 1 Mp = 10 kN; 1 kp/cm

3
 = 10 MN/m

3
J 

- distance between twin 
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while t h e se t t l ement of t h e rigid p la te is 

nrq 

vhence , r emember ing t h a t q = Cy, a n d assuming 
a value μ = 1/2 

C = 
Ε 

1.5 r 
C = 

Ε 

1.18 r 
(484) 

The discs used in p la te bear ing tes t s m a y be regard-
ed as rigid r a t h e r t h a n flexible. 

I n t h e elastic r ange , t h e m a g n i t u d e of t h e mod-
ulus of subgrade reac t ion will t h u s be seen t o be 
inversely p ropor t iona te t o t h e d iamete r of t h e 
p la te . This conclusion is suppor ted b y ample ex-
per imenta l evidence. I n m a n y cases, however , t h e 
elastic range m a y a l ready be surpassed a t deflection 
as low as 1 m m , which m a y be offered as an ex-
p lana t ion for t he fact t h a t beyond a p la te d iamete r 
of 60 to 80 cm, t h e modulus of subrade reac t ion var -
ies only l i t t le wi th t h e size of t h e p la t e . This is 
the reason w h y steel p la tes of 75 cm d iamete r are 
used in field t e s t s . The se t t l ement curve of t h e load-
ed p la te is observed a n d p lo t t ed against t h e stress, 
whereafter t he modulus of subgrade react ion C is 
found from the angle of t he secant pe r ta in ing to 
y = 1.3 m m ( = 0 .05") , as shown in Fig. 347. 

Single wheel Twin wheels on carriage 

Fig. 346. Scheme to i l lustrate the use of the d iagrams 
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Fig . 348. Modulus of subgrade react ion as a funct ion of the 
d iameter of t h e p la te 

The use of p la tes hav ing a d iamete r of 75 cm 
is justified also b y Fig . 348, in which the experi-
m e n t a l d a t a of several ins t i tu t ions have been com-
piled. The values of C have been expressed as per-
centages of t he va lue ob ta ined wi th 75 cm diameter 
p la tes a n d t h e theore t ica l curve has also been en-
t e red . Fo r d iameters smaller t h a n 75 cm, t he depar-
t u r e from t h e theore t ica l curve is slight, whereas for 
larger p la tes an app rox ima te ly hor izonta l s t ra ight 
line is ob ta ined ins tead of t h e gradual ly decreasing 
theore t ica l curve .This is because of t he development 
of plast ic deformat ions , which p reven t t he value 
of C from decreasing fur ther . The C values deter-
mined from field tes t s wi th pla tes smaller t h a n 
75 cm d iamete r should be corrected according to 
Fig. 348. 

4.3.3.3 Stresses and strains in two-layer systems 

The three-d imens ional p roblem of stress distri-
b u t i o n in a two- layered sys tem (Fig. 349) is ac-
cessible t o a solut ion on t h e basis of t he t heo ry of 
e las t ic i ty , if t h e surface layer — t h e p a v e m e n t — 
a n d t h e lower layer of infinite d e p t h — t h e sub-
grade — are assumed to be elastic and to have 
cons t an t modul i of e last ic i ty and Poisson's n u m -
bers . U p t o cer ta in wheel loads th is a ssumpt ion is 
likely to hold t r u e , all t h e more so, since unde r t he 
r ap id t r ans i en t and f requent ly r epea ted loads due 
t o vehicles, t h e subgrade and the p a v e m e n t ac-

y ^//////^γ-±'/ /////, 
Ι OT2 

\σζ Ε2,μ2 

Fig. 347. D e t e r m i n a t i o n of the m o d u l u s of subgrade react ion Fig . 349 . T h e t w o - l a y e r s y s t e m 

1 6 Â. Kézdi and L. Réthâti: Handbook 
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Table 26 . In f luence factors for stresses in the two- layer s y s t e m — r o u g h interface 

EJEX = 0.05 EtjEx = 0.1 EJEl = 0.3 

hja 
*ζ 

1.0 + 0 . 2 0 4 5 + 0 . 0 8 5 7 - 2 . 1 7 3 + 0 . 2 9 1 6 + 0 . 1 0 5 - 1 . 5 9 7 + 0 . 4 6 2 9 + 0 . 1 2 2 7 - 0 . 6 7 1 0 
1.111 0.1744 0.0695 - 1 . 9 2 4 0.2523 0.0847 — 1.424 0.4108 0.0985 - 0 . 6 3 0 0 
1.2D 0.1451 0.0544 - 1 . 6 6 4 0.2129 0.0667 - 1 . 2 4 9 0.3554 0.0764 - 0 . 5 7 4 3 
1.429 0.1170 0.0414 - 1 . 3 9 4 0.1741 0.0506 - 1 . 0 6 1 0.2976 0.0567 - 0 . 5 0 5 3 
1.667 0.0904 0.0303 - 1 . 1 1 7 0.1364 0.0366 - 0 . 8 6 2 0.2384 0.0398 - 0 . 4 2 4 0 
2.0 0.0659 0.0206 - 0 . 8 4 2 4 0.1006 0.0148 - 0 . 6 5 7 0.1796 0.0258 - 0 . 3 3 2 7 
2.5 0.0441 0.0128 - 0 . 5 8 0 9 0.0681 0.0155 - 0 . 4 5 8 0.1236 0.0154 - 0 . 2 3 7 0 
3.333 0.0258 0.0071 - 0 . 3 4 8 1 0.0401 0.0085 - 0 . 2 7 6 0.0739 0.0081 - 0 . 1 4 5 3 
5.0 0.0188 0.0031 - 0 . 1 6 2 3 0.0185 0.0037 - 0 . 1 3 0 0.0344 0.0033 - 0 . 0 6 9 3 

10.0 0.0031 0.0008 - 0 . 0 4 1 8 0.0047 0.0009 - 0 . 0 3 0 0.0088 0.0008 - 0 . 0 1 8 0 

hja 
EJE1 = 0.5 E2jEt = I E2fEx = 0.0005 

σ
ζ 

σ
ζ σ·Γΐ 

0.5 + 0 . 0 4 3 7 + 0 . 0 3 5 5 - 1 6 . 4 0 
1.0 + 0 . 5 4 6 9 + 0.1230 - 0 . 3 0 1 0 - 0 . 6 4 6 + 0.116 0.0121 0.0092 - 5.718 
1.111 0.4905 0.1979 - 0 . 2 9 4 9 0.589 0.097 0.0099 0.0075 - 4.834 
1.25 0.4298 0.0747 - 0 . 2 8 0 2 0.524 0.067 0.0079 0.0059 - 3.991 
1.429 0.3638 0.0642 - 0 . 2 5 5 4 0.450 0.046 0.0610 0.0045 - 3.195 
1.667 0.2948 0.0368 - 0 . 2 2 1 2 0.369 0.028 0.0046 0.0034 - 2.456 
2.0 0.2240 0.0230 - 0 . 1 7 8 0 0.284 0.016 0.0032 0.0023 - 1.782 
2.5 0.1557 0.0129 - 0 . 1 2 9 8 0.200 0.008 0.0021 0.0015 - 1.188 
3.333 0.0936 0.0062 - 0 . 0 8 1 2 0.121 0.003 0.0012 0.0009 - 0.6928 
5.0 0.0439 0.0024 - 0 . 0 3 9 2 0.057 0.001 0.0005 0.0003 - 0.3164 

10.0 0.0112 0.0006 - 0 . 0 1 0 0 0.015 0.000 0.0001 0.0001 - 0.0805 

hja 
Ej/JB?! = 0.0025 EtfEx = 0.005 EJE1 = 0.01 

hja 
σ>2 σ>2 

0.5 + 0.1147 + 0 . 0 8 3 3 - 1 2 . 4 5 + 0 . 1 6 9 6 + 0 . 1 1 8 4 - 1 0 . 0 8 + 0 . 0 8 0 9 + 0 . 0 4 4 9 - 3 . 5 2 
1.0 0.0341 0.0222 - 4.706 0.0529 0.0323 - 4 .069 0.0676 0.0365 - 3 . 0 4 
1.111 0.0282 0.0181 - 4 .010 0.0438 0.0261 - 3.493 0.0552 0.0289 - 2 . 5 7 
1.25 0.0227 0.0143 - 3.337 0.0355 0.0208 - 2.929 0.0436 0.0222 - 2 . 1 0 
1.429 0.0178 0.0110 - 2.694 0.0278 0.0158 - 2.380 0.0330 0.0163 - 1 . 6 4 
1.667 0.0133 0.0080 - 2.087 0.0213 0.0116 - 1.850 0.0237 0.0113 - 1 . 2 2 
2.0 0.0094 0.0056 - 1.526 0.0150 0.0080 - 1.358 0.0156 0.0072 - 0 . 8 2 
2.5 0.0062 0.0036 - 1.023 0.0098 0.0054 - 0.9133 0.0090 0.0040 - 0 . 4 9 
3.333 0.0035 0.0020 - 0.6000 0.0056 0.0028 - 0.5343 0.0041 0.0018 - 0 . 2 3 
5.0 0.0016 0.0009 - 0.2754 0.0023 0.0011 - 0.2459 0.0010 0.0004 - 0 . 0 6 

10.0 0.0004 0.0002 - 0.0703 0.0006 0.00002 - 0.0627 — 

Table 27 . Inf luence factors for stresses in the two- layer system—frict ionless interface 

hja 
E 2 / £ 1 =0 . 1 EJE^ = 0.3 EJE1 = 0.5 

hja 
σζ = σΓ2 O-rl 0"z = °Y2 °z = σ>2 

1.0 0.3050 - 1 . 8 6 2 5 0.5030 - 1 . 1 0 6 8 0.5979 - 0 . 8 1 2 2 
1.111 0.2633 - 1 . 6 6 8 9 0.4444 - 1 . 0 2 2 2 0.5345 - 0 . 7 6 3 0 
1.25 0.2221 - 1 . 4 5 9 8 0.3833 - 0 . 9 2 0 2 0.4662 - 0 . 6 9 8 0 
1.429 0.1813 - 1 . 2 3 5 2 0.3198 - 0 . 7 9 9 3 0.3933 - 0 . 6 1 5 9 
1.667 0.1420 - 1 . 0 0 0 6 0.2554 - 0 . 6 6 4 0 0.3172 - 0 . 5 1 8 1 
2.0 0.1046 - 0 . 7 6 1 0 0.1916 - 0 . 5 1 5 6 0.2403 - 0 . 4 0 7 4 
2.5 0.0710 - 0 . 5 2 9 0 0.1314 - 0 . 3 6 5 0 0.1663 - 0 . 2 9 1 3 
3.333 0.0416 - 0 . 3 1 8 4 0.0782 - 0 . 2 2 2 8 0.0998 - 0 . 1 7 9 3 
5.0 0.0149 - 0 . 0 5 6 3 0.0363 - 0 . 1 0 5 6 0.0467 - 0 . 0 8 7 3 

10.0 0.0049 - 0 . 0 3 8 1 0.0092 - 0 . 0 2 7 1 0.0119 - 0 . 0 2 2 0 
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tua l ly display an elastic behav iour . The t h e o r y of 
elast ici ty will t h u s yield t h e stresses induced in 
t he componen t layers for which the p a v e m e n t is 
t h e n designed. 

The two-layer sys tem is shown schemat ica l ly in 
Fig. 349. A surface layer of th ickness A, Young ' s 
modulus of elast ici ty E1 and Poisson 's n u m b e r μν 

is suppor ted on a subgrade of infinite dep th , Young ' s 
modulus of elast ic i ty E2 and Poisson 's n u m b e r μ2. 
A uniformly d i s t r ibu ted load ρ is t r a n s m i t t e d t o t h e 
sys tem b y a circular disc of d iamete r 2 a. T h e p rob-
lem consists of de te rmin ing t h e stresses in t h e 
surface layer and in t h e sub grade . No more is 
usual ly requi red t h a n t o find t h e stresses in t h e 
center line of t he load , since these will yield t h e 
design va lue . 

Two cases are d is t inguished: 

1. The stresses are perfectly cont inuous a t t h e 
interface of t h e two layers . 

2. There is no friction developed a t t h e interface. 

The s t a r t ing basis of t h e theore t ica l solut ion is 
here again the equa t ion of compat ib i l i ty . F o u r stress 
components o ther t h a n zero are involved which can 
be found wi th t h e help of t h e stress funct ion. 
B U R M I S T E R (1943, 1945, 1956), who was t h e first 
t o app ly t he t h e o r y of elast ic i ty t o t h e t r e a t m e n t 
of t he two-layer problem, has adop t ed t h e following 
stress funct ion: 

Φ = Jmr [Ae
mz
 + Be™ + Cze

mz
 + Dze~

mz
]. 

(485) 

W i t h due regard to t he b o u n d a r y condi t ions , t h e 
following stress formulae are ob ta ined theref rom. 

For the case of perfect con t inu i ty : 

oVo = — 
pR(l - N) 

(2 - m)e
m
 - N(2 - 5m)e~

m 

. e
2m
 - 2N(l + 2m

2
) + N

2
e~

2m 

0 

jdn 
PR(1 - N) j (J^mR) 

(1 + m)e
m - JV(1 - m)e-

m 1 

e2m _ 2JV(1 + 2 m 2 ) + 2V2e-
2m] ™ ' 

«Τη = 
2 . 

1± 
E1 

(486) 

Fo r t h e case of a friction-free interface : 

σ = p R f Ji(mR)il(l
 +

 F ) m
 + ( 1 - 2 F ) K -

J F e ^ + [ 2 ( 2 F - l ) m - ( l + 2m 2) ] + 

[(2 - F)m + (1 - 2F)e]} d m , 

+ (l-F)e-
2m m, 

(487) 
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Fig . 350 . Vert ica l and radial stresses at the interface of 
t w o layers in the central ax is of a uni formly loaded circular 
p la te 

σΓ2=σζ 
-PR(2F-l)j J1(mR)[(l^rm)e

m
-

Fe
2m + [2 ( 2 F - 1) m-

(1 — m)e~ 
dm. 

(488) 

- ( 1 + 2m
2
)] + {l-F)e-

2m 

These stresses are induced in t h e ver t ica l center 
line of t h e symmetr ica l ly loaded circular p la te and 
are t h u s s imul taneous ly pr incipal stresses. 

The symbols a n d t e r m s involved in t h e foregoing 
expressions are as follows: 

E, = 

E2 = 

Ν = 

F = 

R = 
m = 

Young ' s modu lus of elast ici ty of the sur-
face layer , 
Young ' s modu lus of elast ici ty of t h e sub-
grade , 

E1 — E2 

2 I E1 

a/h, 
a p a r a m e t e r , 

J1 mr = first-order Bessel-function. 

I n t eg ra t i on is possible numerical ly , b y succes-
sive app rox ima t ion . 

The stresses induced in two- layer sys tems are 
found from Tables 26 a n d 27, or approx imate ly 

1 6 * 

0.7 
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Fig. 351 . Stresses in the two- layer s y s t e m : 
a — vertical stresses in the line of the load; b — vertical stresses at the interface 
of the two layers 

from t h e cha r t in Fig . 3 5 0 . The considerable in-
fluence of t h e firmer, surface layer is clearly visible 
from t h e char t s in Fig . 3 5 1 . The differences rela-
t ive t o the uniform half-space are considerable, 
especially in t he vic ini ty of t he p a v e m e n t . 

I t should be no ted t h a t in his original pape r 
Burmis t e r deal t wi th deflections, r a the r t h a n 
stresses. He compu ted the deflection of t he surface 

in t he cen te r l ine of t he load for t h e case of a rough 
interface. The resul ts of these computa t ions are 
reproduced graphical ly in Fig 3 5 2 , indicat ing the 
values of t h e se t t l ement coefficient $ involved in 
the expression 

1.5 pa 

E9 

( 4 8 9 ) 

for different values of t h e ra t ios hja and EJE2. 

4 . 3 . 3 . 4 Stresses in three-layer systems 

The widespread use of electronic computers has 
opened new vis tas t o t he solution of engineering 
prob lems . Numer ica l computa t ions have become 
feasible which were formerly too cumbersome to be 
prac t icable . Computers have also been used for the 
c o m p u t a t i o n of stresses and deflections in layered 
sys tems , pe rmi t t i ng t he compila t ion of tables and 
cha r t s . S ta r t ing from the foundat ions laid by 
A C U M and F o x ( 1 9 5 1 ) , W H I F F I N and L I S T E R ( 1 9 6 3 ) 

have succeded in arr iving a t pe r t inen t conclusions 
and t h u s in subs tan t ia l ly simplifying t he computa -
t ion of stresses. The resul ts thereof will be described 
in brief below. 

The three- layer sys tem is i l lus t ra ted in Fig 3 5 3 . 
The conclusions are as follows. 

1 . The ra t io of subgrade stresses unde r two differ-
en t p a v e m e n t s t ruc tu res placed on a subgrade wi th 
a given Young ' s modulus of elast ici ty remains 
unchanged if t h e same p a v e m e n t s are const ructed 
on ano the r subgrade wi th a different modulus of 
elast ici ty. The va l id i ty of this s t a t e m e n t holds t rue 
even if t he courses of which t he two pavemen t s are 
composed differ in thickness and JE-modulus. 

2 . If a p a v e m e n t of given th ickness , design and 
modulus of elast ic i ty is placed on different sub-
grades , t h e following re la t ionship will be found to 

0 1 2 3 4 5 
b/a 

Fig. 352 . Influence factors for determining the deflections in the two- layer s y s t e m 
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Table 28 . Stresses in the three- layer sys t em 

a x = a/h2 

fc, = EJE, 

ß = hjh2 

k2 = EJE3 

K e y for use of the Table: 

^ 1 0*Z2 

<*Ζ2 —
 Σ

Γ2 

β = 2, 0LX = \ 

Κ 
5 10 20 50 100 500 

5 
9.51 

72.70 
14.50 

3.64 
15.30 

3.06 

6.00 
93.90 

9.38 

2.59 
10.20 

2.04 

3.66 
113.00 

5.66 

1.79 
6.44 
1.29 

1.87 
136.00 

2.73 

1.05 
3.30 
0.66 

1.11 
151.00 

1.51 

0.690 
1.90 
0.380 

0.349 
187.00 

0.374 

0.261 
0.513 
0.101 

10 
8.24 

79.30 
15.80 

2.38 
18.70 

1.86 

5.06 
103.00 

10.30 

1.69 
12.30 

1.23 

3.01 
124.00 

6.21 

1.16 
7.68 
0.77 

1.47 
148.00 

2.96 

0.684 
3.85 
0.385 

0.852 
164.00 

1.64 

0.451 
2.21 
0.221 

0.252 
203.00 

0.405 

0.169 
0.586 
0.059 

50 
6.74 

95.20 
19.00 

0.860 
26.00 

0.519 

3.97 
124.00 

12.40 

0.612 
16.90 

0.339 

2.23 
149.00 

7.44 

0.424 
10.40 

0.208 

1.01 
178.00 

3.55 

0.252 
5.12 
0.103 

0.554 
198.00 

1.98 

0.166 
2.94 
0.059 

100 
6.43 

102.00 
20.40 

0.552 
29.00 

0.290 

3.75 
133.00 

13.30 

0.397 
18.90 

0.189 

2.08 
161.00 

8.04 

0.277 
11.60 

0.118 

0.921 
193.00 

3.85 

0.163 
5.75 
0.058 

β=1, α 1 = 1 

Κ 
Κ 

5 10 20 50 100 500 

5 
30.30 

162.00 
32.30 

9.22 
37.80 

7.56 

20.80 
229.00 

22.90 

7.14 
28.10 

5.63 

13.50 
300.00 

15.00 

5.33 
19.70 

3.96 

7.26 
390.00 

7.84 

3.44 
11.40 

2.29 

4.43 
457.00 

4.57 

2.36 
7.10 
1.42 

1.38 
594.00 

1.19 

0.921 
2.11 
0.420 

10 
27.90 

173.00 
34.70 

6.11 
47.10 

4.70 

18.70 
250.00 

25.00 

4.73 
35.00 

3.50 

11.80 
330.00 

16.50 

3.53 
24.40 

2.44 

6.13 
431.00 

8.66 

2.26 
13.90 

1.39 

3.60 
502.00 

5.02 

1.55 
8.55 
0.86 

1.04 
645.00 

1.29 

0.599 
2.46 
0.245 

50 
25.00 

201.00 
40.40 

2.23 
68.20 

1.37 

16.10 
298.00 

29.80 

1.74 
50.90 

1.02 

9.76 
399.00 

20.00 

1.30 
35.30 

0.70 

4.68 
523.00 

10.50 

0.833 
19.50 

0.392 

2.60 
606.00 

6.05 

0.572 
11.80 

0.236 

100 
24.30 

213.00 
42.60 

1.42 
75.10 

0.76 

15.60 
319.00 

31.80 

1.11 
57.80 

0.57 

9.35 
428.00 

21.40 

0.839 
39.80 

0.400 

4.40 
563.00 

11.30 

0.540 
22.00 

0.22 

β = 1 /2 , α χ = 1 

Κ 
5 10 20 50 100 500 

5 
66.40 

215.00 
43.00 

18,10 
72.80 
14.60 

53.40 
366.00 

36.70 

15.60 
62.00 
12.40 

39.90 
561.00 

28.10 

12.90 
49.80 
10.00 

24.70 
868.00 

17.40 

9.42 
34.00 

6.81 

16.20 
116.00 

11.20 

7.06 
23.80 

4.77 

5.48 
1687.00 

3.37 

3.13 
8.60 
1.72 

10 
63.40 

223.00 
44.60 

12.10 
91.70 

9.20 

50.40 
396.00 

39.40 

10.40 
78.00 

7.81 

37.00 
615.00 

30.70 

8.59 
62.80 

6.28 

22.20 
963.00 

19.30 

6.29 
42.90 

4.29 

14.20 
1244.00 

12.40 

4.72 
29.80 

2.98 

4.43 
1866.00 

3.73 

2.09 
10.50 

1.05 

50 
59.80 

239.00 
47.80 

4.36 
134.00 

2.69 

46.70 
449.00 

44.90 

3.74 
115.00 

2.30 

33.50 
730.00 

36.50 

3 .14 
93.30 

1.87 

10.10 
1180.00 

23.60 

2.34 
63.90 

1.28 

11.60 
1541.00 

15.40 

17.70 
44.20 

0.88 

100 
59.10 

244.00 
48.80 

2.77 
152.00 

1.52 

46.00 
469.00 

46.90 

2.37 
130.00 

1.30 

32.80 
776.00 

38.70 

2.00 
106.00 

1.06 

18.50 
1270.00 

25.40 

1.51 
73.10 

0.73 
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Table 28 (cont . ) 

β = 1/4, OLX = \ 

Κ 
*1 

5 10 20 50 100 500 

5 
94.70 

127.00 
25.40 

26.50 
104.00 

20.90 

90.70 
301.00 

30.20 

24.90 
99.00 
19.80 

82.10 
614.00 

30.70 

22.80 
90.70 
18.20 

64.20 
1273.00 

25.50 

19.40 
75.20 
15.00 

49.00 
1966.00 

19.70 

16.30 
61.20 
12.20 

20.80 
3991.00 

8.00 

9.19 
30.10 

6.03 

10 
92.80 

112.00 
22.60 

18.00 
134.00 

13.40 

88.30 
308.00 

30.60 

16.60 
125.00 

12.50 

79.60 
657.00 

33.00 

15.20 
115.00 

11.50 

61.20 
1404.00 

28.10 

12.90 
95.60 

9.56 

45.90 
2195.00 

21.90 

10.90 
77.90 

7.77 

18.30 
4500.00 

9.00 

6.19 
38.00 

3.82 

50 
90.20 
70.80 
14.20 

6.52 
197.00 

3.94 

85.50 
303.00 

30.20 

5.91 
185.00 

3.69 

76.40 
725.00 
36.40 

5.38 
169.00 

3.40 

57.60 
1657.00 

33.10 

4.63 
142.00 

2.85 

42.20 
2668.00 

26.60 

3.97 
117.00 

2.33 

100 
89.70 
50.80 
10.20 

4.13 
223.00 

2.23 

84.90 
295.00 

29.40 

3.71 
208.00 

2.08 

75.80 
745.00 

37.40 

β = 

3.37 
191.00 

1.91 

2, α χ = 

57.00 
1745.00 

34.90 

1/2 

2.92 
161.00 

1.61 

Κ 
5 10 20 50 100 500 

5 
2.85 

21.50 
4.30 

0.950 
4.09 
0.817 

1.76 
27.20 

2.72 

0.670 
2.70 
0.540 

1.06 
32.40 

1.62 

0.459 
1.69 
0.338 

0.522 
38.20 

0.765 

0.268 
0.853 
0.170 

0.307 
42.10 

0.421 

0.175 
0.482 
0.088 

0.093 
50.80 

0.101 

0.066 
0.131 
0.026 

10 
2.51 

23.10 
4.62 

0.621 
4.96 
0.495 

1.52 
29.40 

2.94 

0.435 
3.24 
0.323 

0.884 
35.00 

1.75 

0.297 
2.01 
0.201 

0.422 
41.20 

0.825 

0.174 
0.999 
0.100 

0.241 
45.20 

0.454 

0.114 
0.570 
0.057 

0.068 
54.90 

0.110 

0.042 
0.149 
0.015 

50 
2.12 

27.10 
5.42 

0.220 
6.80 
0.136 

1.23 
34.60 

3.47 

0.155 
4.40 
0.088 

0.692 
41.20 

2.06 

0.108 
2.69 
0.054 

0.305 
48.50 

0.971 

0.064 
1.32 
0.026 

0.165 
53.70 

0.537 

0.042 
0.753 
0.015 

10,) 
2.02 

28.70 
5.64 

0.140 
7.56 
0.076 

1.17 
37.00 

3.70 

0.101 
4.90 
0.049 

0.644 
44.10 

2.21 

β = 

0.070 
2.99 
0.030 

- 1, α χ = 

0.281 
52.30 

1.05 

1/2 

0.041 
1.47 
0.015 

Κ 
Κ 

5 10 20 50 100 500 

5 
12.00 
66.10 
13.20 

2.55 
10.90 

2.18 

7.72 
87.10 

8.69 

1.93 
7.89 
1.58 

4.74 
107.00 

5.36 

1.42 
5.43 
1.09 

2.39 
132.00 

2.64 

0.899 
3.07 
0.616 

1.40 
149.00 

1.49 

0.610 
1.89 
0.376 

0.404 
184.00 

0.368 

0.235 
0.550 
0.111 

10 
11.30 
69.10 
13.80 

1.66 
13.30 

1.33 

7.13 
92.30 

9.22 

1.26 
9.68 
0.969 

4.29 
115.00 

5.74 

0.929 
6.64 
0.664 

2.08 
142.00 

2.84 

0.586 
3.71 
0.371 

1.18 
160.00 

1.60 

0.400 
2.26 
0.227 

0.318 
197.00 

0.394 

1.52 
0.637 
0.064 

50 
10.50 
76.10 
15.20 

0.586 
18.70 

0.374 

6.46 
104.00 

10.40 

0.453 
13.70 

0.275 

3.74 
132.00 

6.61 

.0336 
9.39 
0.189 

1.71 
165.00 

3.30 

0.213 
5.14 
0.103 

0.927 
186.00 

1.86 

0.145 
3.08 
0.062 

100 
10.30 
79.00 
15.80 

0.370 
21.10 

0.210 

6.32 
109.00 

10.90 

0.287 
15.40 

0.154 

3.64 
140.00 

6.99 

β = 

0.215 
10.60 

0.106 

1/2, αι = 

1.64 
175.00 

3.50 

= 1/2 

0.137 
5.75 
0.057 

Κ 
Κ 

5 10 20 50 100 500 

5 
36.20 

144.00 
28.80 

5.41 
23.20 

4.64 

25.60 
204.00 

20.40 

4.52 
19.00 

3.81 

17.10 
270.00 

13.50 

3.64 
14.70 

2.94 

9.41 
363.00 

7.26 

2.58 
9.69 
1.94 

5.76 
433.00 

4.32 

1.89 
6.63 
1.32 

1.73 
583.00 

1.16 

0.815 
2.31 
0.462 

10 
35.40 

147.00 
29.40 

3.52 
28.40 

2.84 

24.70 
211.00 

21.10 

2.94 
23.30 

2.34 

16.30 
284.00 

14.20 

2.39 
18.20 

1.83 

8.71 
388.00 

7.76 

1.69 
12.00 

1.20 

5.20 
465.00 

4.65 

1.25 
8.18 
0.818 

1.46 
627.00 

1.26 

0.538 
2.79 
0.279 
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Table 28 (cont . ) 

β = 1/2, α 1 == 1/2 

Κ 
Κ 

5 10 20 50 100 500 

50 
34.20 

151.00 
30.10 

1.20 
39.60 

0.794 

23.60 
226.00 

22.50 

1.01 
33.00 

0.659 

15.30 
314.00 

15.70 

0.835 
26.10 

0.522 

7.88 
443.00 

8.87 

0.612 
17.40 

0.348 

4.51 
540.00 

5.40 

0.457 
11.80 
0.237 

100 
33.90 

152.00 
30.30 

0.748 
44.10 

0.441 

23.40 
230.00 

23.00 

0.633 
36.80 

0.369 

15.10 
325.00 

16.30 

0.526 
29.40 

0.294 

7.72 
466.00 

9.32 

0.390 
19.70 

0.197 

0 = 1 / 4 , α 1 = 1/2 

5 10 20 50 100 500 

5 
74.10 

189.00 
37.90 

8.79 
38.00 

7.61 

61.40 
312.00 

31.30 

8.03 
34.70 

6.95 

47.50 
476.00 

23.80 

7.15 
30.50 

6.10 

30 80 
747.00 

15.00 

5.80 
23.80 

4.77 

20.90 
984.00 

9.87 

4.72 
18.60 

3.72 

7.30 
1582.00 

3.17 

2.50 
8.52 
1.71 

10 
73.40 

186.00 
37.10 

5.70 
46.50 

4.65 

60.60 
315.00 

31.50 

5.17 
42.50 

4.25 

46.60 
489.00 

24.50 

4.60 
37.40 

3.74 

29.80 
783.00 

15.60 

3.76 
29.50 

2.95 

10.90 
1045.00 

10.50 

3.08 
23.10 

2.31 

6.61 
1713.00 

3.43 

1.65 
10.60 

1.06 

50 
72.40 

175.00 
34.80 

1.90 
63.90 

1.28 

59.60 
314.00 

31.30 

1.71 
58.40 

1.17 

45.60 
508.00 

25.40 

1.52 
51.90 

1.04 

28.70 
850.00 

17.00 

1.28 
41.70 

0.836 

18.80 
1167.00 

11.67 

1.07 
33.30 

0.665 

100 
72.40 

170.00 
34.00 

1.17 
70.70 

0.707 

59.40 
311.00 

31.20 

1.04 
64.50 

0.645 

45.40 
513.00 

25.70 

0.934 
57.50 

0.575 

28.50 
872.00 

17.40 

0.791 
46.60 

0.466 

exist be tween t h e ver t ica l stress a22 in t h e pave-
ment - subgrade interface a n d t h e modulus j B 3 : 

az2 = const . Ej>-64. (490) 

3. The absolute va lue of t he stresses induced 
in t h e subgrade decreases if 

(a) t h e th ickness of t h e surface course; 
(b) t h e dynamic modu lus of e las t ic i ty of t h e 

surface course; 
(c) t h e th ickness of t h e second course ; 
(d) t h e dynamic modulus of elast ic i ty of t h e 

second course are increased. 

4 . T h e ra t io of stresses induced in t h e subgrade 
unde r two different p a v e m e n t s b y a pa r t i cu la r 
wheel load d i s t r ibu ted over a given con tac t a rea 
remains unchanged u n d e r a different wheel load 
a n d ano the r con tac t a rea ac t ing on t h e p a v e m e n t s . 

5. The absolute m a g n i t u d e of sub grade stresses 
is a simple funct ion of t h e rad ius of t h e wheel con-
t a c t a rea . I t is p ropor t iona te t o a 1 ,9 if t h e un i t load 
ρ is ident ical . 

6. Unde r t h e same wheel con tac t a rea , t h e stress 
induced in t h e subgrade will be p ropor t iona te t o p. 

7. The absolute magn i tude of t h e stresses induced 
in t h e subgrade is app rox ima te ly p ropor t iona te 
t o t h e wheel load . 

8. F o r fixed values of hv E1 a n d E3 (cf. F ig . 353) 
t he thickness h2 a t which a given cons tan t stress is 
induced in t he subgrade-base course interface is 
re la ted to t h e modulus of elast ici ty of t h e base as 

follows: 

h2 = const E 2 - ° 4 2. (491) 

F r o m conclusions 5 t o 7 i t follows t h a t 

= CP,lna\a\
9

 = _Λ_ fa.]01

 { m ) 
CPzJTiala

1
-

9
 P2 [aj 

F o r n o r m a l vehicles t h e va lue (aja-^
0
-

1 ha rd ly 
differs from u n i t y , so t h a t 
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The influence factors of stress ( the values of 100 

σ/ρ) have been compiled for a n u m b e r of cases of 
prac t ica l in te res t in Table 28 . A visual represen-
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kJ=E1/E2; k2=E2/E3 

Fig . 353 . T h e three- layer s y s t e m 
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t a t i o n is given in Figs 354 to 356, t he char t s provid-
ing assistance in es t imat ing t h e influence of differ-
en t a l t e rna t ive designs. The char t s app ly to a par-
t icular load and con tac t surface, b u t observing the 
foregoing r emarks , t h e y can be ex tended to o the r 
cases as well. 

Numerical example. T h e stresses under the p a v e m e n t 
s h o w n in Fig . 357, are to be determined . On the chart in F ig . 
356 va lues are g iven for the p a v e m e n t th ickness hx = 10 cm. 

0.16 

0.12 

! 0.08 

0.04 

p=700kN/m' 

Ε1=4200 MN/m 

E2=8400-42000MN/m
2
\ 
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E3 (MN/m ) 

10 
CBR (°/o) 

20 

Fig. 354. Influence factors for vert ical stresses in the subsoil 
as funct ions of soil deformat ion modul i and subbase 
qual i ty 

300 

10 15 
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Fig. 355. Influence factors for vert ical stresses in the subsoil 
as funct ions of the deformat ion m o d u l u s of the slab and the 
th ickness of the subbase 
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Fig. 356. Influence factors for vert ical stresses in the subsoil 
as funct ions of deformat ion m o d u l u s and th ickness of the 
subbase 

30cm — 

h τ=19 cm 

h2=325cm 

0 1 2 10 @ 15 
k2=E2/E3 

Fig . 357. D a t a for the numerical e x a m p l e 

In this part icular case the ratio β = hx\h2 — 19/32.5 = 0.58. 
The va lue corresponding to hx = 10 c m is h2 = 10/0.58 = 
= 17.2 cm. For this va lue of Ä 2 a series of az va lues are 
de termined b y vary ing t h e va lue of K2. The a va lues obta ined 
are p l o t t e d in a d iagram (Fig . 357) and the correct σζ is found 
at Κ = 13. T h e actual stress is c o m p u t e d from E q . (492) , 
t h u s 

2.1 
( 0.48 y 
I 0.59 J 1.5 N / c m

2
. 

F r o m Figs 354 to 356 az2 will be seen to increase 
rap id ly wi th E 2 , pa r t i cu la r ly for small values of E 2 . 
On the o ther h an d , i t decreases s t rongly a t in-
creasing h2 values (Fig. 355). As ment ioned before, 
t he values here ob ta ined can be conver ted to o the r 
E3 va lues b y mul t ip l ica t ion wi th ( E 3 / 4 2 0 ) ° G 4. I n 
Fig. 356 t h e va lue of az2 has been p lo t t ed agains t 
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ο 

Fig . 358. Vary ing stress condi t ions at the top of t h e sub-
grade as funct ions of subbase th ickness and the ratio EJE2 

t h e th ickness of t h e base course in t e r m s of t h e 
p a r a m e t e r E2. The influence of a s t ronger base (a 
greater va lue of h2) on t h e stress σζ2 is t h e more 
pronounced, t h e lower t h e value of E2. 

The hor izonta l stresses are also of in teres t t o t he 
p a v e m e n t designer for ob ta in ing a p ic ture of t he 
complete s ta te of stress and t h u s for performing 
t r iaxia l compression t e s t w i th t he a im of repro-
ducing the condit ions of t h e p a v e m e n t . I n Fig. 358 
the or3jaz2 ra t io has been p lo t t ed agains t t he ra t io 
EJEfr while t h e hor izonta l stresses induced a t t h e 
b o t t o m plane of t he base are shown for two differ-
ent E1 values of t h e surface course in Fig. 359 ( the 
de te rmina t ion of t h e Ε va lue will be discussed 
la ter ) . As is clearly t o be seen from the d iagrams, 
the load d is t r ibu t ing effect of t he base course in-

creases toge the r wi th t he E2 modulus thereof, b u t 
th is is accompanied b y t h e deve lopment of higher 
hor izonta l stresses. These tensile stresses m a y be-
come especially de t r imen ta l in base courses made 
of a weak concrete ( m a c a d a m bonded wi th cement 
grout , lean concrete) . The resul ts of tes ts performed 
on beams of lean concrete are shown in Fig. 360, in-
dicat ing t he flexural stress as a funct ion of the 
modulus of elast ici ty. I n th is case, t he Ε value was 
de te rmined b y a dynamic me thod , b y the measure-
m e n t of r e sonan t frequencies. The hor izonta l stress-
es induced in t h e base course a n d the flexural 
s t r eng th are compared in Fig. 360. Up to t he value 
E2 = 14 000 MN/m 2, t h e s t r eng th will be seen to be 
lower t h a n t h e stress compu ted , so t h a t cracks are 
liable t o develop in t he lower side of the base . 

The stresses a t t h e interface of t he surface and 
base courses are shown in Fig . 361 . I n d iagram (a) 
t h e stress has been p lo t t ed agains t the ra t io EJE2 

with Ex/E3 held cons tan t . The d iagram indicates 
t h u s t he increase of t he stress σζ1 if t he E2 of t he 
base is increased. The curves in Fig. 361b have also 
been p lo t t ed against t h e ra t io EJE^ b u t here t he 
ra t io E2/E3 is cons tan t . Consequent ly , these char ts 
offer guidance on how to v a r y t h e Ε values in order 
t o control t he ver t ica l stresses a t t he first interface. 

Final ly , t h e hor izonta l stresses a t t he interface 
of t h e first and second layers are p lo t ted in Fig. 362 
agains t t h e modulus of elast ici ty of t h e second 
layer , for t h e p a v e m e n t th ickness h == 10 cm. I n 
th is par t i cu la r case, compressive stresses will be 
induced if t he modulus of elast ici ty of t he second 
layer is of t he order of a round 1000 kN/cm 2. The 
stresses decrease hereafter toge ther wi th E2 and 
become zero a t Ex ^ E2. A t low E2 values ve ry high 
tensile stresses are induced . The effect of t he base 
th ickness h2 is m u c h inferior t o t h a t of t he surface 
course hv 

Deformat ions presen t hazards for t he s tabi l i ty 
a n d durabi l i ty , especially of flexible pavemen t s . 

600 

500. 

400 

% 300 

200 

100 

Ε,=42 ΟΟΜΝ/ι 

\ J 

IfΝ 2 

(7-rO 
νΖ2 

300 600 

250 20 cm 50 0 

ι
 r

~ 7 
Ej = 17000MN/m 

JUU 

El 
E2 Vf2 \i Pz2 

E3=42MN/m
2 

CBR~(3-5%) 

hp 
20cm 

200 400 600 Θ00 
E2̂  JO'

4
 (kN/m

2
) 

150 00 300 

100 ί 200 
b b 

50 100 

0 0 
200 400 600 Θ00 

E2*10~
4
(kN/m

2
) 

Fig. 359. Re la t ionship b e t w e e n t ens ion stress and m o d u l u s of e las t ic i ty at the b o t t o m of the subbase 
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,20 cm, 

E,/E3 =k,k2=400 \ ^ ^ p - 7 0 0 kN/m
2
 E2/E3=k2=20 

(a) h2 (cm)
 ( b)

 h2 (cm) 

Fig. 361 . Values of stresses at t h e interface of p a v e m e n t and base as a funct ion of subbase th ickness 

F ig . 360 . Comparison of s trength and stress in the 
subbase 
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Fig . 362 . Hor izonta l stresses at t h e interface of p a v e m e n t and base course 

The deformat ions of two- layer sys tems are given 
b y t h e char t s of B U R M I S T E R (Fig. 3 5 2 ) , whereas 
ne i ther tables nor d iagrams are avai lable for mul t i -
layer sys tems . According t o t h e example shown in 
Fig . 3 6 3 , subs tan t i a l ly smaller deflection resul ts 
from increasing t h e th ickness of t h e surface layer , 
whereas increasing h2 has re la t ively l i t t le effect. If, 
for example , hx is increased from po in t A t o po in t B , 
t he deflection of t h e subgrade is reduced b y 2 5 % . 
A reduc t ion of t h e same magn i tude can be achieved 
b y a m u c h greater increase of fc2 only (A—C). 

F u r t h e r d a t a of great in te res t t o t h e examina-
t ion of three- layer sys tems have been con t r ibu ted 
b y J E U F F R O Y and B A C H E L E Z ( 1 9 6 3 ) , who have devel-
oped detai led char t s for t h e stresses a n d deflections. 
An example is shown in Fig. 3 6 4 . A tab le for t h e 

E2 I 
N=0.8; E]/E2=9 

N=(Ej-E2)/(Ei+E2)\ 

wo = l5qa/E2 

0.06 
0.05, 

0.10 0.15 0.2 0.3 OA 0.5 0.6 08 1.0 1.5 2 

Fig. 363. Influence of layer th ickness on deformat ion 

Fig . 364 . Def lect ion (w) a t the surface of a p a v e m e n t struc-
ture as a funct ion of mater ia l propert ies and surface load 

c o m p u t a t i o n of deflections has been compiled b y 
K I R K ( 1 9 6 1 ) . This is r eproduced in Table 2 9 . 

Concluding t h e discussion of stresses and deflec-
t ions in three- layer sys tems , i t m a y be of in teres t to 
quo te a few sentences from t h e book ment ioned 
above . According t o J E U F F R O Y ( 1 9 6 7 ) . . These 
inves t iga t ions are still in a n ini t ial s tage. Any 
reliance on a pure ly theore t ica l m e t h o d of pave-
m e n t design would be a grave mis take . The a t ten-
t ion of t h e reader should be directed m u c h r a the r 
t o t h e "wide g a p " still exis t ing be tween the t heo ry 
a n d t h e ac tua l facts . This gap will t ake a long t ime 
to close. Never theless , t h e theoret ica l resul ts have 
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Table 2 9 . Def lect ions in the three- layer sys tem after KIRK 

( 1 9 6 1 ) ; va lues of GFQ for the equation y = 1.5 4=r~ &3 
£ 3 

H k H 
κ2 5 1 0 2 0 50 

1 0.4160 0.3050 0.2298 0.1613 
5 1097 1515 1204 0885 

2 1 10 1431 1160 0934 0694 
20 1092 0898 0730 0546 
50 0778 0648 0531 0399 

1 5940 4832 3909 2937 
5 2597 2531 2129 1651 

1 1 10 2256 1957 1664 1301 
20 1738 1523 1306 1028 
50 1245 1102 0952 0755 

1 8301 7405 6429 5139 
5 4176 3823 3423 2860 

0.5 1 10 3166 2925 2651 2241 
20 2430 2253 2058 1759 
50 1727 1607 1479 1280 

1 9478 9518 9009 8008 
5 5105 4943 4716 4277 

0.25 1 10 3909 3759 3577 3267 
20 2975 2845 2710 2506 
50 2099 1995 1906 1782 

1 3109 2049 1413 9014 
5 1163 0864 0656 0465 

2 0.5 10 0821 0634 0494 0358 
20 0600 0477 0379 0279 
50 0410 0335 0271 0203 

1 4160 3057 2298 1613 
5 1730 1403 1140 0858 

1 0.5 10 1258 1050 0871 0668 
20 0936 0799 0673 0524 
50 0650 0567 0485 0381 

1 5940 4832 3909 2927 
5 2492 2179 1884 1519 

0.5 0.5 10 1802 1606 1417 1169 
20 1330 1203 1078 0906 
50 0912 0836 0761 0652 

1 8301 7405 6429 5139 
5 3296 3052 2778 2420 

0.25 0.5 10 2339 2191 2030 1800 
20 1683 1581 1480 1336 
50 1162 1091 1025 0937 

H - ^ L - α - — · L - A . k -El. 
U ' l L ' 1 17· » 2 IT* 

con t r ibu ted to t he be t t e r unde r s t and ing of some 
of t he processes and phenomena involved. Any 
approach t o t h e complex p h e n o m e n a t ak ing place 
in the ind iv idual courses of a p a v e m e n t based on 
the theo ry of elast ici ty would be as futile as an 
exp lana t ion thereof on t he basis of experience 
a lone ." 

The foregoing s t a t emen t s are suppor ted also b y 
the invest igat ions of V E S I C (1964), who arr ived a t 
the conclusion t h a t a l imited tensile s t r eng th is 
only available in t h e ind iv idual courses of a compos-
ite sys tem. Consequent ly , t he behav iour of t he 
sys tem will resemble t h a t of a p la te m u c h less t h a n 
would follow from theore t ica l considerat ions . An-
other fact t o be b o r n in mind is t h a t t h e modulus of 
elast ici ty in tension is usual ly lower. 

4.4 Bearing capacity and deformation of pave-
ments and subsoil 

4 . 4 . 1 Properties of the subsoil 

The bear ing value is unders tood as t he load 
causing a 30.5 m m diameter disc t o deflect 5 m m . 
On t h e basis of t h e resul ts of diverse s tat is t ical 
analyses , t h e measu remen t d a t a will yield informa-
t ion on the load-bear ing capac i ty t o be expected 
in a u t u m n and spring. This , in t u r n , will indicate 
t he road sections where t he capac i ty specified is 
no t a t t a i n e d and where , e.g. traffic restr ict ions 
m u s t be in t roduced . 

The compression modulus is found, in accordance 
wi th Swiss s t a n d a r d specifications (SVN 40.315), 
from t h e formula 

M E =
P l

~
P l <f, (493) 

s2 — s± 

where p1 and p2 are two pressure values , s1 and s2 

t he deflections corresponding the re to , while d is t he 
d iamete r of t he loading p la te . F r o m tes ts performed 
on the surface of t h e subgrade , t he base and the 
p a v e m e n t , t h e d iameters and pressures t o be used 
are given in Table 30, which also shows t h e lowest 
requi red values of ME. 

The equiva len t deformat ion modulus of the 
p a v e m e n t s t ruc tu re is 

Ee = — P. (494) 

wi th λ = yjd denot ing the re la t ive deformation 
coefficient. 

The modulus of elast ici ty is found from the ex-
pressions 

E = -^—(l - μ
2
)οτΕ= - ^ - ( \ - μ η . (495) 

2 ay nay 

The va lue of 0.5 is usual ly adop ted for μ. 
To ob ta in informat ion on t h e re la t ive bear ing 

capac i ty of t h e subgrade and the indiv idual courses 
of p a v e m e n t , t h e California Bear ing Ra t io CBR 
was developed b y P O R T E R (1949) a n d was used as 
t h e basis of a general design m e t h o d for flexible 
p a v e m e n t s . T h e C B R m e t h o d has since been replaced 
b y more sophis t ica ted procedures , b u t the CBR 
value is still found convenient for character iz ing 
t h e re la t ive s t r eng th of t h e subgrade and the 

Table 3 0 . D a t a for the determinat ion of the modulus of 
compressibil ity 

2Α Pi P2 
(cm) (kN/m

2
) (kN/m

2
) (kN/m

2
) 

Subgrade 16 50 150 15 000 
Subbase 16 150 250 40 000 
P a v e m e n t 30 250 350 100 000 
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diverse p a v e m e n t courses b y a single figure, ob-
ta ined from a simple t e s t . 

A compac t ion t e s t is first performed on the soil 
sample to furnish t h e o p t i m u m mois ture on compac-
t ion, as well as t he dens i ty a t t a inab le on the site 
b y t he me thod a n d equ ipmen t used for compac t ion 
work. A sample of th i s dens i ty is t h e n p repa red in a 
mould a n d loaded — t h r o u g h a perfora ted disc — 
wi th a surcharge roughly corresponding to t h e 
weight of t he ac tua l p a v e m e n t . The sample is 
subsequent ly soaked unde r w a t e r in t h e mould for 
4 days , t h e expans ion dur ing th is period being 
measured cont inuously . A pene t ra t ion tes t is 
t hen m a d e , in which a circular p i s ton is forced in to 
the sample a t a r a t e of a b o u t 1.3 m m / m i n and t h e 
loads requi red for 0.6, 1.27, 1.90, 2.54, 5.08, 7.62, 
10.16 a n d 12.7 m m of pene t r a t ion are recorded. 
To obta in a clear p ic ture of t h e pene t r a t ion process 
and of t h e forces requi red to produce t h e pene t ra -
t ion dep ths specified, t h e l o a d - p e n e t r a t i o n curve is 
p lo t ted . The resul t ing pene t ra t ion resistance is 
compared wi th a s t a n d a r d va lue for crushed s tone 
and expressed as a percen tage of t he l a t t e r . This 
percentage is t e r m e d t h e C B R va lue . Thus 

CBR = 100 
tes t load 

s t a n d a r d load 
(496) 

The CBR tes t can be performed on und i s tu rbed 
samples t a k e n in t h e field, on samples compac ted 
in t h e l abora to ry , a n d on samples soaked as de-
scribed above . 

For compu t ing t h e C B R values , t he following 
s t a n d a r d loads (CBR = 100%) are needed: 

Penetration Load 
(mm) (kN/cm

2
) 

2.54 0.70 
5.08 1.06 
7.62 1.34 

10.16 1.62 
12.70 1.83 

100,0 

10 0N 
a (%) 

Fig . 366. C B R va lues depending on phase -condi t ions : 
s — solids; a — air; w — water 

Fig. 365. Curves showing re lat ionship b e t w e e n load and p e n e t r a t i o n for different soils 
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Coefficient of subgrade reaction, C (MN/m ) 
275 415 555 69.5 138 
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Fig. 367. Re la t ionsh ip b e t w e e n m o d u l u s of subgrade reac-
t ion and C B R va lue 

Typica l t e s t resul ts are shown in Fig. 3 6 5 , in 
which t h e C B R values for 2 . 5 4 m m of pene t ra t ion 
have also been p lo t ted . 

Ev iden t ly , t he C B R value ob ta ined depends on 
the condi t ion of t h e sample t es ted . I n t h e t r i angu-
lar cha r t (Fig. 3 6 6 ) , t he influence of phase compo-
sition is i l lus t ra ted for a silt soil hav ing a plas t ic i ty 
index Ip = 8 % ( L A Z Ä N Y I , 1 9 5 8 ) . The C B R va lue 
was found to display a peak in a cer ta in crit ical 
condi t ion a n d to decrease again as t h e dens i ty was 
fur ther increased. The peak is ob ta ined a t sa tu ra -
t ions Sr — 0 . 7 5 to 0 . 8 0 , owing to t h e fact t h a t a t 
low mois ture con ten ts t he pores in t h e soil com-
munica te wi th each other , so t h a t no neu t r a l stresses 
are induced b y the pene t ra t ing pis ton. However , 
once t h e critical condi t ion is a t t a i ned only closed 
air voids remain in t he soil, from which the air 
canno t escape immedia te ly as t h e load is appl ied; 
neu t r a l stresses are developed, as a consequence of 
which the shear s t r eng th and , in t u r n , t he resistance 
to p rene t r a t ion are reduced. 

Pavement 

Cb 

Fig . 369 . Resu l t s of moni tored deformat ions 

W i t h t h e a im of minimizing the sca t te r of ex-
pe r imen ta l resul ts , i t is preferable no t to soak the 
samples before tes t ing . In s t ead , t h e y should be 
t e s t ed a t different mois tures and densities, per-
mi t t i ng t h e phase composi t ion vs . CBR value re-
la t ionship t o be s tudied . 

R o a d subgrades are requi red to conform to 
cer ta in specifications concerned mos t ly wi th the 
dens i ty t o be a t t a i n e d on a par t icu la r j o b . The den-
si ty requi red can be a t t a ined , however , only wi th in 
a cer ta in range of mois ture con ten t s , so t h a t t he 
phase composi t ion of a subgrade in t he condit ion 
meet ing t h e specifications can be allowed to v a r y 
wi th in a r a t h e r na r row range . I t will be realized 
theref rom t h a t t he s t r eng th of such soils depends 
subs tan t ia l ly on t h e t y p e of t he soil. Thus , consid-
ering, exclusively t h e soil condi t ion meet ing the 
specifications re la ted t o p lacement , an empiric 
re la t ionship can be establ ished be tween the soil 
t y p e a n d t h e s t r eng th p roper t i es , such as t he CBR 
va lue , modulus of subgrade react ion, e tc . One of 
these re la t ionships is i l lus t ra ted in Fig. 3 6 7 which 
can be used to a d v a n t a g e in pre l iminary est ima-
t ions . 

T h e te s t s described in the foregoing, n a m e l y the p late 
bearing and the C B R tes t , are rather t i m e consuming and 
c u m b e r s o m e and t h u s expens ive . This is the reason for the 
great d e m a n d for m e t h o d s permi t t ing the bearing capac i ty 
of a road, or of indiv idual p a v e m e n t courses to be checked and 
occas ional w e a k sect ions rapidly de tec ted . For such purposes , 
a modif ied vers ion of the B e n k e l m a n rod t e s t w a s introduced 
in H u n g a r y (BOROMISSZA and GASPÀR, 1956; 1968). F r o m the 
results of deta i led inves t iga t ions , t h e y arrived at the con-
clusion t h a t under normal traffic loads , the p e r m a n e n t defor-
m a t i o n s suffered b y a p a v e m e n t remain small enough to be 
neg lec ted; the behav iour of the p a v e m e n t is perfect ly e last ic 
and the deflections are proport ionate to the load in the greater 
part of the year . Once these a s sumpt ions are accepted as 
va l id , no more t h a n the e last ic rebound of the p a v e m e n t u p o n 
rel ieving the load b e c o m e s necessary. 

T h e m e a s u r e m e n t procedure invo lves the s ta t ioning of a 
loaded truck, w i t h dual whee l s , on the p a v e m e n t to be t e s ted 

Adjusting screw 

25 mm normal 
\ section beam 

Dial-gauge 
25 mm T-section 

/ beam 

Supporting wedge 
with load equalizer 

600 

\ , Twin tyres 

Wedge 

1200 Indicator hand 

Fig. 368. Modified Benke lmann-rod (BOROMISSZA and GÀSPAR, 1956; 1968) 
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and pos i t ion ing the cant i lever arm of t h e dev ice b e t w e e n the 
dual whee l s (F ig . 368) . A reading is t a k e n o n t h e dial gage , 
whereafter the truck is dr iven forward. A second reading is 
t a k e n and the e last ic deflect ion of the p a v e m e n t is c o m p u t e d 
from the difference b e t w e e n t h e t w o readings . T h e results of 
measurement s performed at success ive po in t s a long the 
p a v e m e n t are p l o t t e d in a profile (F ig . 369) w h i c h prov ides 
a clear picture about i t s load-bear ing capac i ty . 

4 .4 .2 Properties of road-bui lding materials 

Unfor tuna te ly , t he informat ion avai lable a t 
present on t h e s t r eng th a n d deformat ion proper-
ties of t h e mater ia l s used for t h e diverse courses of 
p a v e m e n t s is r a t h e r incomple te . The de te rmina t ion 

Table 3 1 J Modulus of elasticity for diflerent road 
construct ing materials ( M N / m

2
) 

Material Ε 

Asphalt ic concrete 280- -300 
Concrete slab, pav ing stone 250- -280 
Sand asphalt 220- -240 
Macadam 200- -220 
Coated m a c a d a m 150- -200 
Crushed s tone course 140- -180 
Stone sett , monol i th ic pav ing 150- -170 
Surface treated m a c a d a m 120- -140 
Water bounded aggregate 80- 120 
S tony bedding course 8 0 - 1 1 5 
Gravelly subbase 80- 100 
Cement stabil ized well graded earth 

material 60- - 90 
B i t u m e n stabil ized well graded soil 55- - 80 
Wel l graded soil-aggregate 4 0 - - 65 
Gravelly sand 40- - 60 
Cement stabi l izat ion 40- - 60 
B i t u m e n stabi l izat ion 35- - 50 
S i l ty coarse sand 35- - 40 
Coarse sand 30- - 40 

of t h e convent iona l s t r eng th proper t ies , n a m e l y 
compessive, or tensile s t r eng th , is insufficient, 
since in these t es t s t h e s t a t e of stress of t h e sample 
differs from t h a t in an ac tua l p a v e m e n t . Moreover, 
t he ac tua l loads are dynamic in charac te r , so 
t h a t t h e behav iour unde r t r ans i en t load will be 
decisive. For general informat ion , t h e no rma l 
ranges of deformat ion character is t ics are compiled 
in Table 3 1 , while for s t r eng th proper t ies reference 
is m a d e to appropr i a t e manua l s . The behav iour of 
road p a v e m e n t s u n d e r dynamic loads will be deal t 
wi th in Chap te r 6. 

4.5 Pavemen t design 

4 .5 .1 P a v e m e n t design o n the basis of deflection 

The mos t i m p o r t a n t character is t ic of a flexible 
p a v e m e n t is i t s deflection which de termines i ts 
performance. A simple p a v e m e n t design procedure , 
based on deflections, has been proposed b y B U R -
M I S T E R (1943). I n i t , t h e surface course, base 
course, and subbase (AASHO H i g h w a y Definitions) 

0.7 1 2 3 5 10 20 30 50 70 
Stiffness modulus of the subgrade, E2 (MN/m

2
) 

The least thickness 
. 13cm 15cm Idem 20cm 

Stiffness modulus of the subgrade, E3 (MN/m
2
) 

Fig . 370 . D e s i g n d iagrams from BURMISTER (1943) 

are compiled in to a n d t r e a t e d as one layer , and the 
sub grade is t h e o ther layer . Design th ickness will 
be de te rmined on t h e basis of an allowed m a x i m u m 
5 m m of deflection. Design char t s have been pro-
duced using influence factors referring to expected 
deformat ions . These graphs are reproduced in Fig. 
370a a n d b . 

For t h e design of rigid p a v e m e n t s , t he procedure 
above has been i m p r o v e d to t a k e t h e performance 
of th ree layers in to account — p a v e m e n t , subbase 
a n d sub grade . The necessary th ickness of t h e con-
crete slab is de te rmined b y using pa r t l y empirical 
me thods based on allowable stresses caused b y the 
wheel load a n d addi t iona l influences. The thick-
ness of t h e subbase is de te rmined in order t o re-
s t r ic t t he deflection of t h e slab t o a m a x i m u m of 
1 m m . Design curves can be seen in Figs 370 a - d . 
The set of curves a a n d c refer t o subbases made of 
gravels , a n d b a n d d t o crushed aggregates . Indica-
t ions -B-l , -B-2, e tc . refer t o qua l i ty , B-l being 
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t he best , ex t remely wel l -compacted aggregate of 
E2 = 700 k N / m 2 ; B-2 a wel l -compacted good ma-
ter ial of E2 = 350 k N / m 2 ; B-3 a well-graded gravel 
after careful compac t ion of E2 = 200 k N / m 2 ; and 
curves B-4< represent a wel l -compacted in te rme-
diate mate r ia l of E2 = 100 k N / m 2 . The modulus of 
elast ici ty has been calculated wi th E1 = 21 MN/m 2. 

The above described procedure is oversimplified, 
however , because : 

(a) ne i ther the p a v e m e n t nor the subbase is 
fully elast ic; 

(b) a rb i t r a ry deflection l imits were assigned and 
the ac tua l stresses ensuing remain u n k n o w n ; 

(c) no represen ta t ion is given for t he repet i t ion 
and dynamic charac te r of t he load. 

Ano the r design procedure — which is in use in 
t he U.S.A. and is called the " N a v y " procedure — 
applies also t he stress and deflection principles 
establ ished b y B U R M I S T E R . 

We have seen earlier t h a t t he se t t l ement of a 
circular rigid p la te on homogeneous , isotropic 
ground surfaces is given as : y = 1.18 p r / E 2 , and 
t h a t of a flexible p la te as : y = 1.5 p r / E 2 . To render 
these formulas applicable in a two- layer sys tem, a 
coefficient has t o be in t roduced (called t he set t le-
m e n t ra t io ) : 

1.18 p r 

Eo 
3f-

This coefficient, as we have seen, is a function of 
EJE2 and r/h. E2 will a lways be de te rmined on the 
field b y using t h e p la te bear ing t e s t (plate d iam-
eter d = 75 c m ) . The p la te should be made 
absolute ly rigid b y using inser t p la tes . A similar 
p la te loading tes t has t o be performed on the sur-
face of a previously made p a v e m e n t of known 
thickness t h a t has been cons t ruc ted from the same 
(or identical) mater ia ls as the designed one. E1 can be 
calculated from the above formula. W h e n b o t h E1 

and E2 are known , t he way is open to calculat ing 
stresses and deformat ions . 

A n e x a m p l e wil l be inserted here to m a k e t h e procedure 
more familiar. A p a v e m e n t is to be des igned for a c c o m m o d a t -
ing a whee l load ρ = 23 Mp ( = 230 k N ) . A s s u m e d tire pres-
sure is 10 k p / c m

2
 ( = 1 M N / m

2
) , and so the imprint area is 

F = 2300 c m
2
 w i t h the radius of the subs t i tu t ive circle of 

r = 27 cm. 
H a v i n g carried out the p late tes t on the format ion level , 

we obta in say , y = 0.5 c m depression at ρ = 1.6 k p / c m
2
 pres-

sure. The m o d u l u s of e las t ic i ty of the soil will t h e n be: 

3 1.6 · 37.5 · 
E9 

ρτπ 
8 0.5 

= 142 k p / c m
2
, 

= 14.2 M N / m
2
. 

A similar e x p e r i m e n t should be m a d e on the surface of a 
p a v e m e n t of k n o w n th ickness and of similar material to t h e 
des igned one and rest ing on a subgrade w i t h similar at tr ibutes 
(see Fig . 371) . F r o m these results we can f ind the coeffi-
c ient ft : 

E2y 142 · 0.5 
S
 ~~ 1.18 pr ~~ "1.18 · 3.2 · 37.5 * 

To proceed further w e n o w h a v e to p lot t h e Burmis ter -
d iagram in the funct ion of r/h as it is in Fig . 372 . In our case 
r/h = 37.5/15 = 2.5, and at ft = 0.5 we can find the corre-
sponding v a l u e E2/E1 ~ 100, i .e . : 

El = 100 E2 14 200 k p / c m
2
 = 1420 M N / m

2
. 

N o w w e k n o w E1 and E2, and go on to calculate the 
s e t t l e m e n t ratio for the g i v e n loading area: 

y = 1.5 P
r 

E„ 
ft; ft = 

Ε 
2 y 

1.5 

142.0 · 0.5 

1.5 · 10 · 27 
0.175 . 

W i t h ft = 0.175 and E2/E1 = 1/100, from Fig. 372 we can 
read r/hx = 0.7. T h e desired p a v e m e n t th ickness is therefore: 
hx r/0.7 = 27/0.7 38.5 cm. 

I n ex t remely i m p o r t a n t cases nine t r ia l sections 
should be cons t ruc ted , each 5 m long, wi th pave-
m e n t th icknesses of 0.66 ft19 and 1.5 hv Three 
sections should be s i tua ted in cu ts , th ree on em-
b a n k m e n t s and th ree on sections where t he longi-
t ud ina l a l ignment is close to t he ground surface 
and where only g rubbing and scraping are envisaged. 
The p la te for t h e loading tes t should have a diam-
eter as close to t h a t of t h e impr in t area of the 
loaded wheel as possible. A load is t h e n applied 
on t h e p la te corresponding to t he effective t i re 
pressure , which was ρ = 1 MN/m 2 in our example 
above , a n d deflections measured . Such resul ts are 
summar ized in t h e t ab le below: 

Thickness 
Κ 

(cm) 

Deflection 
y 

(cm) 

Reduction 
factor 

Reduced 
deflection 

ym 
(cm) 

Fill 1 
2 
3 

25.6 
38.5 
57.6 

0.59 
0.42 
0.30 

1.43 
0.84 
0.60 
0.43 

Cut 1 
2 
3 

25.6 
38.5 
57.6 

0.685 
0.482 
0.325 

1.16 
0.80 
0.56 
0.38 

Ground 1 
surface 2 

3 

25.6 
38.5 
57.6 

0.507 
0.338 
0.210 

1.48 
0.75 
0.50 
0.31 

75 cm 

75 cm 

p=ISO kN/m
1 y=05 cm 

! E2 

I μ2-05 

E2 

\y-0.5 cm//μ j -0.5 

μ2--0.5 

Fig. 371 . P la te loading tes t s for p a v e m e n t des ign 

The last co lumn in t h e tab le shows reduced deflec-
t ions . This modification is t o allow for t h e possibili-
t y of mois ture u p t a k e in t h e subsoil and i t will be 
es tabl ished in t h e following manne r . Compact ion 
tes t s are carr ied ou t a n d o p t i m u m wa te r con ten t 
a n d m a x i m u m dry bu lk dens i ty de te rmined for 
t h e soils t o be t es ted . Samples 5 cm in d iameter 
a n d 10 cm high t h e n be p repared from t h e compac t -
ed soil a t wopt and a t wopt p lus 2 % wate r con ten t s , 

file:///y-0.5
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Fig. 372 . Influence factors for deformat ions (after BUR-
MISTER, 1943) as funct ions of r/h 

all compac ted to densit ies of Try = 0.95. The ra t io 
of re levant compressive s t r eng ths will r epresen t t h e 
reduct ion factor. The reduced deflection values are 
t h e n p lo t ted according to Fig. 373; pe r t inen t pa-
vemen t thicknesses can be r ead as functions of 
allowed deformat ions . I n our case hx = 36 cm, 
and Ai e d = 45 cm. 

A comprehensive descr ipt ion of McLeod 's m e t h o d 
m u s t be given t o i l lus t ra te t h e progress m a d e in 
ideas concerning p a v e m e n t design. This procedure 
is also based on t h e pla te- loading tes t , a n d makes 
use of t he following exper ience. If a p a v e m e n t 
is repea ted ly loaded b y var ious weights t h e n a sep-
a ra te deflection curve can be d r a w n t h r o u g h each 
load repet i t ion (Fig. 374a). Exper ience has shown 
t h a t for a n y arb i t ra r i ly chosen deflection, w i th 
var ious load repet i t ion n u m b e r s t h e ra t io of per t i -
nen t loads will be a cons t an t va lue . The ra t ios given 
in t he figure relate t o a cer ta in range of loads only . 

The g raph in Fig. 374b represents ano the r ex-
perience, namely t h a t t h e ra t io of t he loads causing 
y = 0.88 cm and y — 1.25 cm deflection wi th 
Ν = 10 repet i t ions , is cons tan t . 

Harmoniz ing these two experiences, t he d iag ram 
in Fig . 374c has been der ived. Using th i s d iagram, 

P7/P2--4/5 

(c) 

Fig . 374 . 
a — Deflection as a function of load repetition; b 
diagram; c — design diagram 

log 
perimeter 

area 

experimental loading 

a q u a n t i t y can be de te rmined which will charac-
terize t h e bear ing capac i ty of t h e ground. Tota l 
s t ruc tu re th ickness is t h e n found from the expres-
sion: 

Κ log (497) 

Κ depends on t h e d iamete r of t h e p la te used for 
t he t e s t (if d = 75 cm, Κ = 65 ; if d = 30 cm, 
Κ = 35). Ρ is t he equ iva len t wheel load (in kp = 
= 10 N) , a n d S is t h e load which causes a specified 
deflection wi th a n u m b e r of repet i t ions of Ν = 10 
(its va lue can be read from Fig. 374). 

4 .5 .2 P a y e m e n t design o n the basis of the C B R - v a l u e 

I n t h e p a s t the re were different sets of curves in 
use t o design p a v e m e n t s on t h e basis of t he CBre-
va lue . The exper imen ta l formula t o describe the 
curves was wr i t t en a s : 

h == 1.33 
C B R % 5.52 Ρ 

(498) 

Fig. 373. Definit ion of final p a v e m e n t th ickness w i t h the help 
of exper imental sect ions 

where h is in t he necessary th ickness of t he load 
bear ing layer (cm); Ρ is t h e wheel load (in Mp = 
= 10 k N ) ; and ρ is t he t i re pressure (in kp / cm 2 = 
= 100 k N / m 2) . The formula is val id u p to CBR = 

maximum 12° / 

1 7 Â. Kézdi and L. Réthâti: Handbook 



258 Soil mechanics in road construction 

Log. total thickness 

Log. CBR 

Table 3 2 . Constants for the calculat ion of the CBR-curves 
( 1 psi = 6 .89 k P a , 1 lb = 0 .45 k g ) 

1. log h = k00 + k01 log Ρ + kx log C B R 

ρ = 100 (psi); Ρ ( lb) ρ = 200 (psi); Ρ (lb) 

Taxiway Runway Runway 

h (cm) h (in) h (cm) Λ (in) h (cm) j h (in) 

*i 

+ 0 . 0 8 5 
+ 0 . 4 7 7 
- 0 . 5 6 6 

- 0 . 3 2 0 
+ 0 . 4 7 7 
- 0 . 5 6 6 

+ 0 . 0 3 9 
+ 0 . 4 7 7 
- 0 . 5 6 6 

- 0 . 3 6 6 
+ 0 . 4 7 7 
- 0 . 5 6 6 

- 0 . 0 4 6 - 0 . 4 5 1 
+ 0 . 5 0 0 + 0 . 5 0 0 
- 0 . 5 3 8 - 0 . 5 3 8 

2. log A = (k00 + fe01logp) + (k10 + kn l o g p ) l o g (CBR + 1) + 0.5 log Ρ 

Fig. 375. E laborat ion of des ign curves 

The following relat ions are now avai lable : for 
identical t i re pressures 

h2 = Κ 

and when t h e wheel load a n d t h e C B R are ident ical 

_ 1 l_ 

Pi P2 

Pi 

hi-hi. 

Ρ (lb) Ρ (P
s i
) 

h (cm) Λ (in) h (cm) f Λ (in) 

1̂0 

+ 0 . 4 0 3 
- 1 . 2 0 2 

- 0 . 0 0 2 
- 1 . 2 0 2 kn 

- 0 . 1 3 8 
+ 0.244 

- 0 . 1 3 8 
+ 0 . 2 4 4 

A newer expression has been proposed by N O V A I S 

F E R R E I R A and C A M P I N O S ( 1 9 6 1 ) : 

log h = k00 + k01 log Ρ + fei log CBR 

and 

log h = (fe 00 + k01 log p) + ( f c 1 0 + & i i l o g p ) . 
. log (CBR + 1 ) + 0.5 log P . 

( 4 9 9 ) 

T h e values of t h e cons tan t s k are given in Table 32. 
F igure 375 offers an insight in to t he w a y in 

which t h e design curves ment ioned have been 
e labora ted . The re la t ion be tween t h e wheel load 

100 
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•sc 
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10' 10 10° 
Equivalent traffic volume [Number of load repetitions, 9=81 kN] 

Fig. 376. Des ign d iagram for de terminat ion of equ iva lent th ickness 
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and t h e th ickness of t h e base plus t h e subbase are 
p lo t t ed t o different CBR-va lues ; t h e plot shows 
s t ra ight lines when double- logar i thmic pape r is 
used. Methods have also been e labora ted which 
enabled drawing t h e design curves for a rb i t ra r i ly 
a r ranged wheel sys tems . 

La te r progressive design me thods also took 
account of traffic d i s t r ibu t ion p a t t e r n s along t h e 
road wi th , and t h e vo lume of traffic. P E L T I E R ( 1 9 5 5 ) , 
for example , proposed t h e following express ion: 

1 0 0 + 1 5 0 Υ Ρ 2L 

C B R + 5 
( 5 0 0 ) 

I n th is expression, T 0 is a base va lue 1 0 0 0 0 0 
Mp/year ( = 1 0 0 0 MN/year) for a 1 m-wide s t r ip on 
the p a v e m e n t surface, a n d Τ is t h e ac tua l va lue . 

S H O C K a n d F I N N ( 1 9 6 3 ) e l abora ted ano the r ex-
pression for asphal t ic p a v e m e n t s . F i r s t an equiv-
a lent th ickness is defined a s : 

he = 2 hx + hj + 0 . 7 5 A 3 , 

where hx represents t h e th ickness of t h e asphal t ic 
concrete , h2 t h a t of t h e load-bear ing layer , and h3 

t h a t of t he subbase . This va lue can be ob ta ined for 
C B R = 2 . 5 % from t h e following equa t i on : 

he = - 2 0 . 5 + 5 . 3 5 log η + 0 . 6 6 9 Ρ + 0 . 0 9 3 2 P p , 

( 5 0 1 ) 

where η is t h e n u m b e r of load repe t i t ions , Ρ is t h e 
load (in 1 0 0 0 pounds = 4 . 5 k N ) , ρ — 1 for single 
wheels and ρ = 0 for tw in wheels . 

For t h e same p a v e m e n t s t ruc tu re unde r t w o 
different single loads (one of Ρ = 1 8 k ip = 8 1 k N , 
and the o ther of wheel load P ) an equa t ion can 
be wr i t t en , using E q . ( 5 0 1 ) : 

5 . 5 3 log n18 + 0 . 6 6 9 · 1 8 = 5 . 5 3 n p + 0 . 6 6 9 Ρ 

and so 

5 . 5 3 log- «18 0 . 6 6 9 ( P - 1 8 ) 

and 

The following section aims to shed some infor-
m a t i o n (after Y O D E R , 1 9 5 9 ) on t h e performance of 
some cons t i tuen t pa r t s of t h e p a v e m e n t s t ruc tu re . 

Concrete definitely has t h e p r o p e r t y of showing 
fat igue. General ly , i t is supposed t h a t only half 
of t h e failure s t r eng th migh t be considered as a long 
las t ing s t r eng th of t h e concrete . U p to th is value t he 
concrete can , however , be exposed t o load repe-
t i t ions t o an un l imi ted n u m b e r . T h e failure s t reng th 
of t h e concrete is no rmal ly propor t iona l t o t he 
loga r i thm of t h e n u m b e r of repe t i t ions . 

Of fat igue in concrete finds, however , i ts real 
impor t ance when i t is corre la ted wi th t h e fat igue 
of t h e subsoil . If t h e subsoil is a plast ic one, i ts 
g radua l ly increas ing deformat ion m a y br ing the 
r epea ted ly loaded concret ic p a v e m e n t t o failure 
even before t h e normal ly assumed fatigue l imit 
ensues . The fat igue of concrete m a y gain impor tance 
in t h e case of an elastic subsoil where residual de-
format ions are negligible. 

The subbase is also exposed to harmful effects 
u n d e r t h e influence of r epea ted loading. Some par-
ticles of lesser s t r eng th m a y crumble and depreciate 
th i s w a y t h e grain d i s t r ibu t ion curve , a n d conse-
q u e n t l y also t h e bear ing capac i ty of t h e layer . The 
increasingly grea ter compression m a y also evoke 
t h e p u m p i n g effect. 

R e p e a t e d l y loaded soils undergo an increased 
compression, t h e m a g n i t u d e of which is propor t ion-
al t o t h e loga r i thm of t h e repe t i t ion n u m b e r 
(Fig. 3 7 7 ) . Flexible p a v e m e n t s mos t ly fail in 
spr ing ( tawing !), a n d ha rd ly in summer , when t h e y 
are exposed to r epea ted loads . One in teres t ing 

ne 100.121 (ρ _ 1 8) m 
( 5 0 2 ) 

10 100 1000 10000 100000 1000000 
Number of load repetitions 

Fig . 377 . Compress ion of c lay under repeated loading 

This expression can t h e n be used for design pur-
poses. F igure 3 7 6 i l lus t ra tes t h e re levan t d iag ram. 
The second uppe r line refers t o C B R = 2 . 5 ; for 
o ther CBR-values t h e pe r t i nen t p a v e m e n t th ick-
ness can be found f rom: 

h = [ - 2 0 . 5 + 5 . 5 3 log η + 0 . 6 9 1 Ρ + 

2 . 5 r 4
 ( 5 0 3 ) 

+ 0 . 0 9 3 2 P p ] 
C B R 

As can be seen, t h e influence of load repet i t ions 
plays a considerable role in these — fairly compli-
ca ted — exper imenta l expressions. 
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Fig . 378. Deter iorat ion of flexible p a v e m e n t s under the in-
fluence of repeated loadings 
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Fig. 379. D e v e l o p m e n t of fissures in rigid p a v e m e n t s as the 
result of repeated loading 

resul t of t he Washo-exper imen ta l t es t is shown 
in Fig. 378. 

Rigid p a v e m e n t s suppor ted immedia te ly b y 
plast ic subsoils show almost a lways t h e p u m p i n g 
effect when t h e y are submi t t ed to heavy traffic. 
Granular subsoil or subbase shows a similar effect 
when the compac t ion was no t made satisfactori ly. 
Fissures a n d cracks s t a r t t o develop and advance in 
n u m b e r (Fig. 379). Obviously, d ra inage , t empera -
t u r e , and t h e condi t ion of t h e p a v e m e n t surface 
have also an i m p o r t a n t role in th is respect . 

4.6 Drainage, swelling and shrinkage of the 
subsoil 

The soil layer suppor t ing t h e p a v e m e n t is often 
directly exposed to a tmospher ic influences. Owing 
to a va r i e ty of effects, t he wa te r con ten t m a y v a r y 
be tween r a t h e r wide l imits , giving rise t o swelling 
and shr inkage in soils susceptible t o volume changes . 
Moreover, since th is change in vo lume is non-
uniform, owing to t he he terogenei ty of t h e soil and 
t o o ther reasons , t he bedding of t he p a v e m e n t will 
also become non-uniform and t h e ex te rna l forces 
act ing, e.g. on unsuppor t ed pa r t s of t he p a v e m e n t 
will cause failure and damage . The s i tua t ion is ag-
gravated b y the fact t h a t even slight changes in mois-
tu re m a y cause subs tan t i a l changes in t he bear ing 
capac i ty of some soils and t h u s local changes in 
soil mois ture condit ions unde r road p a v e m e n t s 
m a y be of considerable influence on road traffic. 

The stabi l izat ion and control of t he condi t ion of 
road foundat ions should be considered t ak ing 
account of all factors affecting mois ture m o v e m e n t 
in t he soil. Fo r th is reason, t h e ways m u s t be con-
sidered t h r o u g h which wa te r can find access t o the 
soil layer u n d e r t he p a v e m e n t . W a t e r m a y en te r 
from t h e sides and from below. The possibilities are 
i l lus t ra ted in Fig. 380. 

Al though the pene t ra t ion of wa te r from above 
m a y well be regarded as t h e most i m p o r t a n t of 
these possibilities, i t can t he most readi ly be con-
trolled and p reven ted . 

A l t h o u g h the importance of drainage is clearly appreciated 
b y road bui ld ing engineers — it is proverbial t h a t the three 
secrets of sound road cons truct ion are 1. drainage, 2. drainage, 
and 3. drainage — it m a y be well to recall the experience of 
MCADAM: ". . . The roads can never be rendered thus per-
fect ly secure, unt i l the fol lowing principles be ful ly under-
s tood , a d m i t t e d u p o n : n a m e l y , t h a t it is the n a t i v e soil 
which real ly supports the we ight of the traffic; t h a t whi l s t i t 
is preserved in dry s ta te i t will carry a n y we ight w i t h o u t 
s i n k i n g . . . t h a t if water pass through a road and fill the na t ive 
soil, the road, w h a t e v e r m a y be i ts th ickness , looses support 
and goes to p i eces ." (MCADAM , I : " R e m a r k s on the present 
s y s t e m of road m a k i n g " London , 1820, 3rd edit ion, p . 51.) 

The pene t r a t i on of wate r from t h e sides presents 
a more difficult p rob lem. The side di tches t h a t are 
called u p o n to collect and remove the surface 
runoff w i thou t damage , m a y themselves become 
damag ing when blocked or silted u p whereby stag-
n a n t wa te r can infil trate in to t he subsoil, and cause 
t he p a v e m e n t to de ter iora te . I t should be realized, 
however , t h a t a significant por t ion of the runoff 
wa te r will a n y w a y find access t o the subsoil, before 
reaching t h e culver t , even if t he di tehes are main-
t a ined in perfect condi t ion. 

F r o m t h e foregoing the conclusion m a y be ar-
r ived a t t h a t p r even ta t i ve measures against the 
de t r imen ta l effects of volume changes are needed 
even when t h e wa te r t ab le is located a t greater 
dep th . 

I n t he case of roads dur ing r a iny wea ther the 
t o p layer of t h e subsoil becomes s a tu ra t ed and 
unless control led, a soft c layey layer of a few cm 
th ick m a y cause serious damage to t he pavemen t . 
Ra in wa te r seeping across pervious pavemen t s may , 
logically, have similar consequences. 

Careless or poor ma in tenance m a y often be 
responsible for t h e complete sa tu ra t ion of t he 
subsoil. 

A special phenomenon par t icu la r t o concrete 
p a v e m e n t s has only recent ly come to t he a t t en t ion 
of road-bui ld ing engineers. The passing vehicles 
cause t he concrete slabs t o suffer elastic deforma-
t ions resul t ing in a deflection unde r the load and a 
slight u p w a r p i n g a t some dis tance therefrom. The 
suct ion exer ted b y th is ver t ical reciprocat ing move-
m e n t t ends to lift wa te r from the deeper soil 
layers as if p u m p e d , towards t h e p a v e m e n t . This 
wa te r t h e n accumula tes in the t o p layer of the 
subsoil, t h e soil is remoulded wi th wa te r b y the 
p u m p i n g and the l iquid soil is forced to t he surface 
t h r o u g h jo in t s and cracks . The load-bear ing capac-
i t y is t h e r e b y rap id ly reduced. I n some instances 
th is p h e n o m e n o n has been observed a few years 

Fig . 380 . W a t e r infi ltrating in the subgrade: 
1 — at joints; 2 — from the inner slope; 3 — via capillarity; 4 -
increased head pressure 

- rising flow due to 
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after a road was comple ted , especially if, dur ing a 
cer ta in period, i t was called u p o n to car ry traffic of 
greater weight and vo lume t h a n no rma l . P a v e m e n t s 
cons t ruc ted on readi ly s a t u r a t i n g soils are espe-
cially susceptible t o th is effect. The plas t ic i ty index 
(Ip) of such soils ranges from 5 to 1 0 % , t h e y con-
ta in low percentages of silt a n d clay fractions and 
t h e influence of the i r minera l composi t ion is also 
conceivable as a con t r i bu to ry factor . Ano the r 
i m p o r t a n t cause of p u m p i n g is insufficient pave -
m e n t th ickness , resul t ing in grea t deflections. The 
provision of a perfect, wel l -compacted subbase and 
careful dimensioning are suggested as prevent ive 
measures . 

Once entered in to t h e soil, t h e wa te r will cont in-
ue t o move owing to a va r i e ty of factors , un t i l a 
s ta te of equi l ibr ium is reached . Reference is m a d e 
here no t only t o t h e seepage of wa te r proper , b u t 
also t o t h e m o v e m e n t of vapou r , due t o evapora-
t ion wi th in t he soil which condenses and precipi-
t a t e s unde r some pa r t s of t h e p a v e m e n t . Regular 
mois ture observat ions in t h e subsoil of cohesive 
soils have invar iab ly revealed m u c h higher mois-
tu re conten ts a t t h e centerl ine unde r t h e crown 
t h a n towards t he sides where dry ing is m u c h more 
effective. Under p a v e m e n t s cons t ruc ted on sand 
where t he effect of capi l lar i ty is insignificant, th is 
phenomenon was m u c h less p ronounced (Fig. 381). 
This m a y be offered as an exp lana t ion for cracks 
parallel t o t h e centerl ine in concrete p a v e m e n t s 
cons t ruc ted w i thou t soil t r e a t m e n t . 

Concerning t he m o v e m e n t of wa te r unde r pave-
ments , ment ion m u s t be made of t he inves t iga t ions 
by C R O N E Y (1952), who has succeeded in clarifying 
some fundamenta l problems associated wi th the 
migra t ion of " b o n d e d " wate r . The exper imenta l 
results were processed in t e r m s of t he capil lary 
force p F in t roduced b y S C H O F I E L D which is t he 
logar i thm of t h e suct ion force — t h a t is t o say , 
negat ive hydrau l ic pressure — expressed in cm of 
wate r column. This va lue is t h u s a measure of t h e 
force a t which wa te r is absorbed b y a par t i cu la r 
soil. At t he sa tu ra t ion l imit th is va lue is zero, while 
in t h e perfectly d ry s t a t e i t is ve ry high. 

I n t he case of mois ture differences in a uniform 
soil, a suct ion grad ien t is c rea ted , which t ends t o 
re-establish equi l ibr ium condi t ions . E v e n a t equi-
l ibr ium mois ture con ten t s t h e ac tua l wa te r con ten t 
of different soils m a y differ apprec iab ly . Differences 
in v a p o u r pressure give rise t o similar effects, b u t 
these are functions of t e m p e r a t u r e differences. The 
p F value is also dependen t on t e m p e r a t u r e a n d as a 
resu l t an t effect of these factors , t h e migra t ion of 
mois ture in t he soil will even tua l ly lead t o t he 
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Fig. 381 . Moisture dis tr ibut ion be low the p a v e m e n t 
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dis t r ibu t ion shown in Fig. 381 . Dai ly and annua l 
changes in t e m p e r a t u r e induce a v a p o u r pressure 
gradient causing t h e u p w a r d m o v e m e n t of wa-
te r , usual ly in t h e form of vapour . Cases have 
been observed where t h e p a v e m e n t has failed as a 
consequence of t he high mois ture con ten t in t he 
subgrade , a l though t h e cl imate was ve ry d ry wi th 
ve ry l i t t le annua l rainfall . This phenomenon can 
be a t t r i b u t e d t o t h e sole fact t h a t t h e wa te r was 
raised in t h e form of v a p o u r and b y condensing 
unde r t h e p a v e m e n t i t has s a t u r a t e d the soil. 

Ano the r factor is t h e h e a t of h y d r a t i o n genera ted 
in t he soil u p o n wet t ing . W a t e r migra t ion in the 
soil m a y be influenced finally b y consolidation due 
to t he stresses induced b y the traffic. 

I n cohesive soils t h e suct ion effect m a y be large 
enough to m a k e t h e r emova l of wa te r from t h e 
subgrade b y g rav i ty alone impossible, since the 
grav i ta t iona l d r awdown which can be created b y 
means of dra in pipes loca ted a t small dep ths [barely 
a t t a in s 10 to 20 k N / m 2 . Therefore, t he p r imary 
object ive should be t o p reven t wa te r from enter ing 
in to t h e soil, since t h e r emova l of wa te r which has 
a l ready entered m a y often be found impossible. 

I n cohesive soils a n y change in mois ture is nec-
essarily accompanied b y a change in vo lume. Let 
us consider t h e mechan i sm involved in th is pro-
cess. The s t a r t ing a s sumpt ion is t h a t a n y volume 
change mus t be p roduced b y a change in t he effec-
t ive stresses. 

A ver t ica l section t h r o u g h t he p a v e m e n t and the 
sub grade is shown in Fig. 382. Assume t h e ground-
wa te r t ab le t o coincide wi th t h e b o t t o m of t h e clay 
layer . I n t he original condi t ion prior t o t he con-
s t ruc t ion of t h e p a v e m e n t — Fig. 382a — wate r is 
evapora t ed a t t he surface a t t he r a t e of ν ( cm 3/day / 
c m 2 = cm/s). W a t e r is supplied t o t h e clay layer 
from below a n d in t he case of ν — const . — s teady 
evapora t ion — u p w a r d seepage will be induced 
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Effective stress, cr (Logarithmic scale) 

Fig . 383 . D e t e r m i n a t i o n of swell w i t h t h e help of t h e t e s t 
curve 

t h e r e b y a t t h e r a t e v. A n y wa te r m o v e m e n t is 
accompanied b y seepage pressures (cf. Vol. 1, Section 
5.2). F r o m Darcy ' s law, t h e veloci ty of flow is 

ν = ki; ί = Δ h/h ; 

Δ h = h — . 
k 

The effective stress due to seepage is -f~ Δ hyw. 
W i t h t h e d a t u m plane a t t h e g roundwa te r t ab le , t h e 
po ten t i a l energy is given as hyw. The pressure con-
dit ions are indica ted in Fig. 382a. 

The u p w a r d seepage is i n t e r rup t ed b y the place-
m e n t of t h e p a v e m e n t . The differential head in t h e 
ent ire layer t h e n necessarily becomes zero (Fig. 
382b). If t he neu t r a l stresses are known, t he effec-
t ive stresses can be compu ted , in t h a t t h e neu t r a l 
stresses are sub t rac t ed from t h e t o t a l stress wi th 
due allowance for the i r sign. The t o t a l stress is due 
to t he dead weight . The s ta te of stress has t h u s been 
clarified, and i t will be realized therefrom t h a t t h e 

effective stress has decreased b y ζΐσ, so t h a t swel-
ling is b o u n d to occur. The ex t en t thereof can be 
de te rmined from t h e expans ion curve (Fig. 383). 
The effective stress is reduced b y preven t ing evap-
ora t ion , i.e. b y t h e cons t ruc t ion of t h e p a v e m e n t , 
a n d th i s will lead t o swelling w i thou t a n y fur ther 
ex te rna l effect. The t ime h is tory of t h e process 
resembles t h a t of consolidat ion. 

Ac tua l condit ions are m u c h more complicated. 
Never theless , we have succeded in demons t ra t ing 
t h a t swelling m a y be induced b y covering a clayey 
layer . The ac tua l condit ions are represented in 
Fig. 384, where t h e stress d iagrams have been 
cons t ruc ted for d ry wea ther , for condit ions fol-
lowing a s to rm, dur ing t h e process of swelling, in 
s a t u r a t e d condi t ions , and finally in t he s ta te pre-
vai l ing wi th swelling has t e rmina t ed . 

Owing to t h e n u m b e r of factors involved, the 
l iabil i ty of vo lume changes is usual ly assessed by 
empir ical me thods . The cri terion for t he need of 
control measures is t h e l inear shr inkage of t he soil; 
once th i s exceeds 5 % , t h e soil is considered ex-
pansive a n d control measures m u s t be envisaged. 
This empirical rule of t h u m b has been found appli-
cable t o t h e major i ty of cases. 

The ma in principle in control l ing t he undesirable 
effects of vo lume changes is to avoid the presence 
of expans ive soils direct ly unde r t he p a v e m e n t and 
fur ther t o design the road cross-section in such a 
w a y as t o confine mois ture changes in t he subgrade 
to a na r row range . 

As regards fills, care should be t a k e n to avoid the 
p lacement of expansive soils a round the t op of the 
e m b a n k m e n t . Where no appropr ia te soils are 
avai lable from cuts or bor row pi t s , t he expansive 
soil m u s t be mixed wi th a sui table , g ranu la r ma te -
rial . The mixing ra t io should be de te rmined by 
l abo ra to ry t e s t s . Where no mixing is prac t icable , 

Fig. 384. Stresses in a c lay layer under actual condi t ions 



Drainage, swelling and shrinkage of the subsoil 263 

which cont ingency is liable t o occur main ly in cu t s , 
a subbase will become necessary u n d e r t h e pave -
men t . The function thereof is t o m a i n t a i n t h e 
mois ture con ten t of t h e under ly ing expans ive soil 
a t a cons tan t va lue . F o r th i s reason, t h e subbase 
m u s t consist of pervious soil, expedien t ly of sand , 
wi th a silt con ten t no t exceeding 3 % . The subbase 
is called u p o n t o provide r ap id dra inage of t h e 
wa te r infi l trat ing from above , t h e r e b y p reven t ing 
non-uniform sa tu ra t ion of t h e subgrade ; l ikewise, 
in t h e case of mois ture migra t ion from below, i t 
should provide uniform suppor t t o t h e p a v e m e n t b y 
el iminat ing or d i s t r ibu t ing minor vo lume changes . 
The surface of an expans ive subgrade should be 
finished wi th slopes of 2 t o 4 % in b o t h direct ions, 
compac ted carefully b y means of a smooth roller, 
to facili tate the rap id dra inage of infi l t rat ing wate r . 
The correct design of shoulders is also of i m p o r t a n c e . 
These should be m a d e of imperv ious , b u t non-ex-
pansive , lean silt. The b o t t o m d e p t h of t h e side 
ditches is also an essential factor . Grea t care should 
be devoted t o p reven t ing t h e en t rance of w a t e r 
under t he p a v e m e n t from a side d i tch even if some 
silt is deposi ted in t h e d i tch . 

The a r r angemen t of t h e filter layer appl ied t o 
control vo lume changes in t h e cross-section is 
exemplified in Fig. 385a. Concerning t h e design of 
the cross-section, i t should be no t ed fur ther t h a t 
t he edges of t h e filter l ayer should be suppor ted b y 
a gravel s t r ip t o p reven t i t from scouring. Ano the r 
a r r angement , suggested b y J A R A Y , is shown in 
Fig. 385b. 

For t he filter layers t o be effective, t h e pe rme-
abi l i ty of t he filter m e d i u m m u s t be higher t h a n 
the r a t e of infi l trat ion, otherwise t h e filter layer 
will become sa tu r a t ed , dras t ical ly reducing t h e 
bear ing capac i ty of t h e p a v e m e n t s t ruc tu re u n d e r 
high i m p a c t loads . I n a s a t u r a t e d condi t ion t h e 
filter layer , which a t t h e same t ime serves as t h e 
subbase , will fail t o d i s t r ibu te t h e load, neu t r a l 
stresses will be induced a n d wheel loads will be 
t r a n s m i t t e d direct ly t o t h e subgrade (Fig. 386). 

The w a t e r which has en te red t h e filter l ayer is 
dra ined la tera l ly a n d a d r a w d o w n curve is devel-
oped . The d ra inage vo lume is c o m p u t e d as follows: 
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Fig . 386. Saturat ion of a granular subbase causes a l terat ion 
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Fig . 388. F l o w ne t d iagram in the filter layer; finding the 
shape factor 

The sect ion t h r o u g h t h e filter layer is shown in 
Fig . 387. W a t e r en ters from above a t t h e r a t e g, t he 
subgrade is imperv ious . Unde r s t e ady condi t ions , 
t h e vo lume Q = qb m u s t be dra ined in un i t t ime . 
According t o D A R C Y , Q = kiF. Here i is assumed 
t o be p ropor t iona te t o t h e ra t io ft/6, while t h e ac tua l 
cross-sectional area is 1 · ft. Consequent ly 

b b 

The r a t e of inf i l t rat ion being q = Qjb, 
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b 
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2 

6, 
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Fig . 385. Construct ion of filter layers 

The above qua l i t a t ive s t a t e m e n t can be specified 
in q u a n t i t a t i v e t e r m s as well, b y cons t ruc t ing flow 
p a t t e r n s for different A/6 values a n d p lo t t ing t h e 
shape factors ob ta ined agains t ft/6. Two such flow 
p a t t e r n s are i l lus t ra ted in Fig. 388. The uppe r curve 
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is no t a s t reamline , b u t the l imit of sa tu ra t ion , where 
u = 0. 

Using the familiar formula, the discharge con-
veyed is ob ta ined as 

ηλ b b n1 

or 
q n2 h 

k nx b 

I n t he case of th in filter layers n2\nx̂ h\b (Fig. 
388), so t h a t 

which means to say t h a t E q . (504) is sui ted to 
quan t i t i ve es t imates as well. For par t i cu la r values 
of h/b and k i t is t h u s possible t o de te rmine t he 
critical in tens i ty ç, or, if q is known , t h e filter layer 
can be dimensioned t o provide t h e necessary 
dra inage . 

Consider for example t h e p rob lem of dra in ing 
a 1200 m long a i rpor t r u n w a y . Down to a d e p t h of 
2 m t h e subsoil consists of clean sand , under la in 
b y impervious soil. The permeabi l i ty of t he sand is 
k = 2 · 10 ~ 2 cm/s . No drainage will be provided , 
unless q < k(h/b)

2 = 2 - Ι Ο " 2 (2/600) 2 = 1.3 · 1 0 ~ 6 

cm/s. 
For t he pract ica l detai ls and design a l te rna t ives 

of dra inage , reference is made to t he book b y K É Z D I 

and M A R K O (1969). 

4.7 Frost susceptibility of the subsoil 

4.7 .1 Introduct ion 

Owing to t he critical role of frost damage in 
road cons t ruc t ion , i t is deemed necessary t o deal 
with t he general p roblem of frost suscept ibi l i ty 
in t he subsoil in t he con tex t of h ighway soil mechan-
ics, including also a brief descr ipt ion of t he frost 
phenom e na encountered wi th o ther s t ruc tu res as 
well. 

I n t h e case of roads , frost act ion is control led 
b y four factors , name ly 

1. meteorological condi t ions , c l imate ; 
2. soil and g roundwate r condi t ions ; 
3. traffic condi t ions ; 
4. qua l i ty of t he p a v e m e n t . 

In general , significance is a t t r i b u t e d to t he first 
two factors only, a l though essential ly frost damage 
becomes observable a lmost w i thou t except ion as a 
consequence of traffic, i ts magn i tude a n d ex t en t 
depending on the t y p e and qua l i ty of t he p a v e m e n t . 
This is t he reason w h y the inclusion of such factors 
is also justified. 

I n t he l i t e ra ture on soil mechanics two approaches 
have t h u s far been adop ted for t r e a t i ng the 

p rob lem of frost damage . One avenue of approach 
is a pure ly empir ical one, involving invest igat ions 
in to t h e frost damage observed. F r o m the s ta t is-
t ical processing and regular observat ions of frost 
d a m a g e , cer ta in rules are evolved which serve as 
cr i ter ia for frost suscept ibi l i ty . I n t h e o ther 
approach , theore t ica l research a n d advanced ma the -
mat ica l m e t h o d s are appl ied to explore t he laws 
governing frost pene t r a t ion in soils and the control 
measures are adjus ted to t he theore t ica l results 
ob ta ined . I n view of t he semi-empirical approach 
par t i cu la r t o soil mechanics , each of t he above 
me thods is b o u n d to r emain ineffective if applied 
separa te ly . 

4.7 .2 Meteorology 

The meteorological character is t ics of frost are 
du ra t ion of t h e freezing season and frost in tens i ty . 
The former is unde r s tood to be t he period of t ime 
be tween t h e first a n d las t days w i th freezing t em-
pera tu res wi th in a season, dur ing which periods 
of t h a w m a y also occur. On freezing days t he lowest 
dai ly t e m p e r a t u r e is below the freezing point , 
whereas on frost days t he soil is frozen for t he whole 
day , i.e. t h e highest dai ly t e m p e r a t u r e remains 
below freezing po in t . A freezing season m a y con-
sist of several freezing per iods, t h e l a t t e r being 
unders tood as an u n i n t e r r u p t e d sequence of freezing 
days . D a y wi th an average t e m p e r a t u r e below freez-
ing poin t are t e r m e d cold and an un in t e r rup ted 
sequence of cold days is referred to as a cold 
per iod. F ros t in tens i ty means t he lowest t empera -
t u r e a t t a ined , while t h e average t e m p e r a t u r e in a 
cold period is t h e average in tens i ty thereof. 

These character is t ics are influenced b y t h e geo-
graphical s i tua t ion and elevat ion above sea level of 
t he locat ion considered, fur ther b y t he t opography 
and the vege ta t ion of t he t e r ra in . 

For compar ing freezing periods and freezing 
seasons, t h e t o t a l hea t deficiency has been in t ro-
duced as t h e p roduc t of t he n u m b e r of days wi thin 
a freezing period and of t h e m e a n t e m p e r a t u r e and 
expressed in hours , or °C-days. 

The var ia t ions in air and soil t empe ra tu r e s dur-
ing t h e win te r of 1939-40 in Budapes t are shown in 
Fig . 389. The daily average t e m p e r a t u r e has been 
p lo t t ed in t h e u p p e r p a r t of t he d iagram, while the 
i so therms p lo t t ed agains t dep th and t ime are 
shown in t he lower p a r t . The soil t e m p e r a t u r e is 
seen to follow t h e var ia t ions in air t e m p e r a t u r e 
wi th a cer ta in t ime lag. At t h e end of t he lower 
d iagram t h a w i n g from above and from below is 
observable . 

The average and ex t reme values of soil t empera -
t u r e have been p lo t ted , on t h e basis of d a t a for 20 
years in Fig . 390. 

Concerning frost suscept ibi l i ty t he t o t a l hea t 
deficiency is of p a r a m o u n t significance. This is 
de te rmined for a freezing period b y p lo t t ing the 
days on the hor izonta l axis of a coordinate sys tem, 
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Fig. 389 . A m b i e n t air and soil t empera ture in B u d a p e s t during t h e w in ter 1 9 3 9 - 4 0 

while t h e daily average t e m p e r a t u r e s are p lo t t ed 
on t h e ver t ical axis . 

The average value thereof a t B u d a p e s t is 1 5 0 ° C -
days , b u t t he fluctuation a b o u t th is average m a y 
a t t a i n considerable ampl i tudes in b o t h direct ions. 

Other i m p o r t a n t factors involved in soil frost 
s tudied are t h e vo lumet r ic hea t c of t h e soil, def-
ined as t h e a m o u n t of h e a t needed for ra is ing t h e 
t e m p e r a t u r e of a 1 kg soil mass b y 1 °C. The magni -
t u d e thereof depends , in general , on t e m p e r a t u r e . 
The t h e r m a l conduc t iv i ty λ is unde r s tood t o be 
t h e a m o u n t of hea t t ransfer red across a soil l ayer 
1 cm th ick a t a differential t e m p e r a t u r e of 1 °C 
during one hour . The p roduc t cX is called t h e volu-
metr ic hea t capac i ty of t h e soil a n d is t he a m o u n t 
of hea t b y which t h e t e m p e r a t u r e of one vo lume 
un i t is raised b y 1 °C. 

I t is also usual ly found expedien t t o t race t h e 
in tegral curve of t e m p e r a t u r e s . F r o m this d iagram 
t h e freezing and t h a w i n g indices can be de te rmined 
according to Fig. 3 9 1 . Thei r m a g n i t u d e is cal-
cula ted ei ther on t h e basis of t h e a i r - t empera tu re 
(measured a t a height of 1 . 3 5 m above the surface) 
or on t h a t of t h e soil surface. 

A problem of p a r a m o u n t impor t ance in road-
bui lding is associated wi th t h e r a t e of frost pene-
t r a t ion . Theoret ical s tudies (e.g. J U M I K I S , 1 9 5 5 ; 
S C H A I B L E , 1 9 5 7 ; K L E N G E L , 1 9 6 8 ) have shown the 
soil t e m p e r a t u r e t o v a r y according to t he curves in 
Fig. 3 9 2 if t h e var ia t ion of t he surface t e m p e r a t u r e 
follows a sine curve . 

The resul ts of prac t ica l in teres t der ived from the 
theore t ica l s tudies is t h a t t he t o t a l hea t deficiency 
and the dep th of frost pene t r a t ion are re la ted b y a 
power function, which plots as a s t ra igh t line in a 
log-log sys tem of coordinates . This conclusion has 
been verified b y t h e s ta t i s t ica l processing of mea-

(°C) 

— Average for 20 years 
— Absolute values 

Fig . 390 . F l u c t u a t i o n of soil t emperature w i t h d e p t h 

Fig . 391 . Def ini t ion of frost and t h a w indices 



266 Soil mechanics in road construction 

Time (hours) 

Fig. 392 . Theoret ical i so therms of soil t emperature var ia t ion 

sûrement d a t a . The d e p t h of frost pene t r a t ion has 
fur ther been found to depend on t h e freezing index , 
on t h e mois ture con ten t a n d t h e d r y un i t weight of 
the soil. F r o m the observa t ion d a t a detai led char t s 
have been cons t ruc ted (cf. Fig . 393, U.S . A r m y , 
E n g . Div. ) . 

Measurement d a t a from H u n g a r y a n d o ther 
countr ies were collected and processed b y G A S P A R 

(1959) a n d p lo t t ed in t h e d iag ram shown in Fig. 
394, w i thou t t ak ing t h e proper t ies of t he subgrade 
in to considerat ion. The d iagram represents t h e 
relat ionship be tween t h e d e p t h of t h e 0 and — 2 °C 
i so therms a n d t h e t o t a l h e a t deficiency. 

4.7 .3 F o r m s of ice segregat ion in the soil 

Depending on the hydrological and meteorolo-
gical condit ions prevai l ing, as well as on the t y p e of 
soil, t he wa te r on t h e surface or wi th in t h e soil 
m a y freeze in a va r i e ty of forms. 

The case of mass freezing is t h e most simple of 
these . I n th is case t h e ent i re mass of t he s a tu ra t ed 
soil freezes, t h e ind iv idua l par t ic les being surround-
ed b y ice crys ta ls . This form of freezing is observ-
able in sands and gravels whereas in cohesive soil 
i t occurs only unde r c i rcumstances when the cool-
ing r a t e is high enough to provide no oppor tun i ty 
for wa te r migra t ion in t h e soil. Vir tual ly t h e entire 
wa te r vo lume presen t in t h e pores of such soils is 
freely dra in ing, t h e freezing thereof controlled by 
t h e laws apply ing t o no rma l , Newton ian water . 
Freezing is t h u s no t accompanied b y changes in 
t he soil s t ruc tu re a n d t h e original bear ing capac-
i t y is r e ta ined , even in t h e case of t hawing , con-
sequent ly no haza rds are caused t o t h e p a v e m e n t 
or t o o ther s t ruc tu res . 

I n so far as t h e volume changes associated with 
mass freezing are concerned, a dist inct ion mus t be 
m a d e , according to B E S K O W , be tween sa tu ra t ed 
a n d three-phase soils. No volume change occurs in 

Fig. 393 . Fros t pene tra t ion as a funct ion of a c c u m u l a t e d cold hours (heat def ic iency) for var ious soil condi t ions 
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the first ease if t h e soil affected b y frost pene t ra -
t ion communica tes wi th t h e unconfined ground-
water , since t h e wa te r vo lume which has become 
excessive in t he soil on account of expans ion due to 
freezing is displaced towards t h e g roundwate r . I n 
three-phase soils t h e in teres t i t ia l w a t e r is s i tua ted 
a round the con tac t poin ts of t h e soil par t ic les . 
As long as t h e pressure ac t ing on t h e soil is low, th i s 
wa te r will freeze in t h e form of ice crys ta ls , ac-
companied b y a slight expans ion . 

I n t h e course of mass freezing t h e w a t e r con ten t 
in t he soil remains unchanged . 

The frost ac t ion mos t crit ical t o road bui lding 
is t he format ion of ice lenses. Explor ing and inves-
t iga t ing t he soil a t t he site of ac tua l frost damage , t h e 
soil will be found to be p e n e t r a t e d b y more or 
less hor izontal ice sheets wi th thicknesses rang ing 
from 1-2 m m to several cm a n d spaced closely t o 
each other . I n fine s andy and silt soils t he sheets 
are , as a rule , t h in b u t closely spaced, whereas in 
clayey soils ice lenses of grea ter th ickness will be 
observable a t greater d is tances . The soil be tween 
the ice lenses is loose, appear ing a lmost d ry . A reg-
u la r i ty of considerable in teres t a n d of crit ical 
impor tance to the frost p rob lem will be recognized 
if t h e mois ture con ten t of such soils is de te rmined 
before freezing and after t h e format ion of ice lenses. 
The resul t will resemble t h a t shown in Fig. 395. The 
mois ture con ten t in t h e vic ini ty of t h e ice lenses 
will be observed t o have increased subs tan t ia l ly 
over t he original condi t ion. Consequent ly , some 
soils have t h e abi l i ty of absorbing wa te r from t h e 
sur rounding , still unfrozen zone, which is t h e n ac-
cumula t ed in t he form of ice lenses. 

The wa te r accumula ted in t h e ice lenses m a y be 
a t t r i b u t e d to two sources. I n mois t soils which are , 
however , p reven ted from communica t ing wi th t h e 
unconfined g roundwate r , and t h u s from receiving 
addi t ional supplies, no more wa te r t h a n t h a t al-
r eady present in t h e soil is concen t ra t ed in lent ic-
ular form. The vo lume of th is wa te r being insig-
nificant only a few t h i n lenses will be formed and 
the process is t e r m i n a t e d wi th in a shor t t ime . Sys-
t ems of th is t y p e are called closed and no more 
wa te r t h a n t h e mois ture con ten t of t h e soil is dis-
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Fig . 3 9 5 . Moisture dispersion before and after frost 

t r i b u t e d in a different p a t t e r n b y freezing. No heave 
of t h e surface is experienced, p robab ly on account 
of t h e fact t h a t t h e expans ion corresponding to the 
th ickness of t h e lenses is compensa ted b y the shrink-
age of t h e p a r t s of t h e soil from which wa te r is 
w i t h d r a w n . 

The s i tua t ion will be different where t he zone of 
frost pene t r a t ion is cont inual ly supplied from the 
g roundwa te r b y capil lary rise. I n t h e g roundwate r 
below t h e freezing d e p t h t h e wa te r is free t o move . 
I n such cases t h e w a t e r vo lume used for the for-
m a t i o n of ice lenses is cont inual ly supplied b y 
capi l lar i ty . Sys tems of th is t y p e are referred to as 
open. I n pa r t i cu la r cases supply m a y be secured 
b y surface wa te r s which have infi l trated in to the 
soil a n d accumula ted a t cer ta in locat ions. 

The ice lenses are in general s i tua ted parallel to 
t h e soil surface, in a direct ion perpendicular t o t he 
t e m p e r a t u r e grad ien t . Since t h e lenses invar iab ly 
grow in t h e direct ion of t h e least resis tance, t he 
t e r r a in surface is raised in t he process, t he to t a l 
heave being equa l t o t h e aggregate th ickness of the 
ice lenses. 

Open a n d closed sys tems are i l lus t ra ted diag-
r ammat i ca l l y in Fig. 396, w i th Fig. 397 showing 
t h e progress of frost pene t r a t ion and t h e develop-
m e n t of frost heave . The d a t a in Fig. 398 are also 
of in te res t . Here t h e e x t e n t of frost heave is shown 
according to t h e invest igat ions b y D Ü C K E R (1956, 
1964) for media composed of uniform grains, and 
p lo t t ed agains t t h e character is t ic part icle diam-
eter . 

This va lue will be seen t o increase rap id ly in t he 
finer fract ions. The r a t e of frost pene t ra t ion is 
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Fig. 396. Idea of open or closed s y s t e m s for ice- lense forma-
t ion: 
a — closed system when water supply is excluded; b — open system with water 
supply allowed 

plo t ted in t he same d iagram. The two da t a , namely 
the ex t en t of frost heave and the r a t e of frost 
pene t ra t ion are used b y D Ü C K E R as t he cri terion of 
frost susceptibi l i ty of a par t i cu la r soil. The degree 
of frost dep th is accordingly 

frost heave (_E, mm) 

th ickness of frozen layer (if, m m ) 
•100 

The magn i tude of this factor is also p lo t ted for 
the indiv idual part icle fractions in Fig. 398. Ac-
cording to D Ü C K E R , assuming an average poros-
ity] of η = 2 0 % , a degree of frost suscept ibi l i ty 

Fig . 397. Frost penetrat ion and frost h e a v e w i t h the pas-
sage of t i m e 

greater t h a n / = 3 % is indica t ive of ice lens for-
mat ion , of lent icular ice segregation. 

H a z a r d s to bui ldings and s t ruc tures suppor ted 
b y t h e soil are p resen ted only b y lent icular freez-
ing and , as will be perceived from t h e foregoing, 
this l iabi l i ty prevai ls in fine-grained soils only, 
Fros t act ion in coarse-grained media t akes thé 
form of mass freezing. The r a t e of cooling is ano the r 
factor in frost act ion. As indica ted b y b o t h labora-
t o r y freezing tes t s and observat ions in t h e field slow 
cooling ra t e s are more conducive t o ice lens for-
ma t ion t h a n r ap id r a t e s . At ve ry high cooling 
ra tes , mass freezing will occur even in fine-grained 
soils. 

F inal ly , t he deve lopment of frost heave is in-
fluenced also b y t h e load act ing on the soil. F r o m 
the t h e o r y of consol idat ion i t will be recalled t h a t 
an increase of stress a t a poin t wi th in t he soil will 
displace some of t he w a t e r from t h e soil. The 
th ickness of t h e wa te r films is reduced the reby , 
affording less o p p o r t u n i t y of wa te r supply towards 
t he frozen areas . I n o ther words th i s implies t h a t 
t he e x t e n t of frost heave is reduced b y the pres-
sure due to an ex te rna l load act ing on the surface 
of a freezing soil mass . 
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The following physical exp lana t ion m a y be of-
fered for t h e format ion of ice lenses. The freezing 
poin t of t he adsorbed wa te r in t h e vic ini ty of t he 
part icle surface is below 0 °C. Adsorp t ion forces, 
chemical effects and free ions are responsible for 
this effect. This reduc t ion is t h e more p ronounced , 
the smaller t he pores wi th in t he soil. Consequent ly , 
in a cohesive soil, in t h e und i s t u rbed s t a t e , t h e 
freezing poin t of w a t e r t e n d s t o v a r y from poin t t o 
point . I n t h e vicini ty of par t ic le surfaces, t h e w a t e r 
molecules are subjected t o high electric forces and 
the freezing poin t is t h u s well below 0 °C. On t h e 
o ther ha nd , in t he pore w a t e r filling t h e part ic le 
interst ices, no rma l proper t ies prevai l , and the 
freezing poin t is a t 0 °C. Once t h e t e m p e r a t u r e 
decreases to below 0 °C indiv idual ice crys ta l nuclei 
are formed in these larger pores . Freezing is ac-
companied b y t h e expans ion of t h e wa te r vo lume , 
t he ice exer t ing a wedging pressure on the sur-
rounding soil. 

The crystal l isat ion force of t h e growing ice crys-
ta l a t t r ac t s t he wa te r molecules from the sur round-
ing soil and wa te r is t h e r e b y removed from t h e 
adsorpt ion films as well. The ba lance of t h e wa te r 
film is t h u s upse t , t he free po ten t i a l t ends to com-

ple te t h e film a n d as a consequence wa te r is raised 
from t h e deeper layers . The process of freezing is 
t h u s accompanied b y t w o types of wa te r migra-
t ion , n a m e l y (a) suct ion of w a t e r from the lower 
layers in a m a n n e r resembl ing capi l lary movemen t , 
a n d (b) d isp lacement of local in ters t i t ia l wate r 
t owards t h e freezing soil masses . The wa te r suct ion 
unde r (a) m u s t no t be mis t aken for capil lary act ion, 
since in th i s case no meniscus-effect is present . 
Capil lary tens ion will be recalled as developing 
exclusively a t interfaces be tween solid, l iquid and 
gaseous media , as a consequence of surface ten-
sion. E x p e r i m e n t s have shown, however , t he afore-
ment ioned suct ion force a n d t h e capi l lary rise t o 
represen t forces of ident ica l orders of magn i tude . 
The wa te r vo lume which is po ten t ia l ly t r anspo r t ed 
b y capi l lar i ty in a pa r t i cu la r soil, unde r par t icu la r 
condi t ions u p w a r d , is t e r m e d for b rev i ty t h e "capi l -
l a ry capac i t y " . This capi l lary capac i ty m a y be 
assumed to represent t h e u p p e r l imit of the wate r 
vo lume which can be raised b y t h e suct ion exer ted 
b y t h e growing ice crys ta ls . The a tmosphere in t he 
soil in ters t ices is s a t u r a t e d wi th w a t e r v a p o u r and 
if t h e pressure prevai l ing in t h e vicini ty of the 
growing ice c rys ta l is lower t h a n in t h e deeper 

Fig . 399 . Frost and t h a w processes in the underground 
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layers , t h e v a p o u r will migra te u p w a r d , to precipi-
t a t e and freeze subsequent ly as a consequence of 
t he t e m p e r a t u r e difference. 

F r o m t h e foregoing i t can be conc luded t h a t ice 
lenses will no t form unless t h e following th ree 
condit ions are satisfied s imul taneous ly : 

— t h e t e m p e r a t u r e decreases t o below 0 °C; 
— t h e subsoil is susceptible to frost; 
— the supply of wa te r is secured. 

4.7 .4 Frost and t h a w d a m a g e 

Fros t damage t akes , on t h e one h a n d , t h e form 
of unequa l p a v e m e n t heave , and on t h e o ther , a n d 
th is is t h e grea ter l iabil i ty, of increasing t h e mois-
tu re con ten t in t h e subgrade unde r t h e p a v e m e n t , 
t he r eby sa tu ra t ing t h e sur rounding soil and reduc-
ing its bear ing capac i ty u p o n thawing . Repea ted 
cycles of freezing and t hawing will completely 
change the s t ruc tu re of t h e soil, v i r tua l ly el iminat-
ing i ts bear ing capac i ty , so t h a t t h e p a v e m e n t is 
de te r io ra ted b y t h e traffic i t is b o u n d t o car ry in 
such periods. The typ ica l damages observable in 
t h e diverse p a v e m e n t s t ruc tu res will be described 
as follows. 

W a t e r - b o u n d m a c a d a m p a v e m e n t s a l ready suf-
fer deter iorat ion dur ing t h e freezing period. Ice 
lenses t e n d to raise t he stones and longi tudina l 
cracks develop wi th frost heave in an i r regular pa t -
t e rn . If t h e snow is removed , t he o p p o r t u n i t y for 
frost pene t ra t ion is increased, resul t ing in more 
extensive heave . A sudden rise in t e m p e r a t u r e will 
cause t he p a v e m e n t and a re la t ively t h i n l ayer of 
the subgrade to t h a w , leaving some of t h e subgrade 
in a frozen condi t ion. The frozen l aye r is imper-
vious, leading to t he deve lopment of a s a tu r a t ed , 
loosened layer wi th no bear ing capac i ty . Traffic 
loads ac t ing on a p a v e m e n t in th is condi t ion resul t 
in t he r ap id deter iora t ion thereof. The process de-
scribed is i l lus t ra ted in Fig. 3 9 9 . 

A hand-p laced rock base on frost-susceptible 
soil will suffer frost de ter iora t ion b y t h e mechan i sm 
shown in Fig. 4 0 0 ( S C H A I B L E , 1 9 5 7 ) . The rocks of 
t he base pene t r a t e increasingly deeper in to t h e 
softening sub grade . 

Flexible, asphal t ic p a v e m e n t s assume an undu la t -
ing surface unde r frost ac t ion, subsequen t ly de-
veloping a ne twork of cracks . The cracks provide 

(a) (b) (c) 

Fig. 400 . Harmful effect of frost in a porous p a v e m e n t 
s tructure : 
a — original structure; b — softened earth rises high; c — crushed stone base 
merges into the soil 

access for infi l t rat ing wa te r in to t he subgrade , the 
soil is r emou lded b y t h e p u m p i n g act ion of traffic, 
t he bear ing capac i ty is minimized and deter iorat ion 
proceeds a t a h igh r a t e . 

The slabs of concrete p a v e m e n t s are raised b y 
frost heave , t h e jo in t sealing is damaged , opening 
a p a t h for wa te r infi l t rat ion from above . The sup-
po r t of t h e concrete slab becomes non-uniform, so 
t h a t t h e edges, or corners thereof will b reak unde r 
load. P rope r ly d imensioned rigid p a v e m e n t s be-
have b e t t e r t h a n flexible s t ruc tu res in wi ths tand-
ing frost heave , non-uni form deflection and sett le-
m e n t u p o n t h a w i n g , since t h e wheel load is distri-
b u t e d over a la rger surface. 

4 .7 .5 Frost criteria 

I n assessing t h e po ten t i a l damages b y frost act ion 
a n d t h a w i n g t h e following ques t ions m u s t be an-
swered: 

1 . W h a t is t h e d e p t h of frost pene t ra t ion dur ing 
t h e freezing season? 

2. W h a t form of ice segregat ion is l iable t o occur, 
and is t h e format ion of ice lenses t o be an t ic ipa ted ? 

3 . I s t he supply of wa te r ensu red? 

1 . The d e p t h of frost pene t r a t ion is a lways as-
sociated wi th t h e d e p t h of t he 0 °C i so therm. This 
d e p t h can be found from Figs 3 9 3 and 3 9 4 . The 
t o t a l h e a t deficiency is de te rmined most expedient-
ly b y consul t ing a meteorologis t . The var ia t ions in 
t e m p e r a t u r e for t h e p a s t t h i r t y yea r s should be 
s tud ied , t h e t o t a l h e a t deficiency compu ted and, 
omi t t i ng a few ex t reme va lues , t h e design value 
adop t ed . As far as appl icable , al lowance should be 
m a d e for t h e microcl imate of t he t r a c k envisaged, 
compar ing t h e env i ronmen t s and soil condit ions a t 
t he observing s ta t ion and a t t he proposed construc-
t ion si te . According to cur ren t H u n g a r i a n pract ice , 
in locat ions where t h e t o t a l hea t deficiency remains 
below 5 0 0 °C-days, a d e p t h of 8 0 cm is commonly 
a d o p t e d as t h e design va lue for frost pene t ra t ion 
a n d when th is va lue is higher , a dep th of 1 0 0 cm 
m a y be used. These figures are to a cer ta in ex ten t 
on t h e conserva t ive side. A marg in of safety m u s t 
be inc luded, since frost damage is ex t remely ex-
pensive to repai r (in H u n g a r y a t t a in ing an order of 
m a g n i t u d e of a a h u n d r e d million forints annual ly) , 
whereas apprec iab ly smaller expendi tu res are 
needed for p reven t ive measures . The experience 
gained in t h e recent pas t dur ing several long and 
severe winters wi th subsequen t sudden thawing , 
h a v e fur ther revealed t h a t t h e " a g e i n g " of a road 
is accompanied b y a higher frost susceptibi l i ty 
which can p robab ly be a t t r i b u t e d to changes in the 
wa te r regime of t he subgrade and t h e env i ronmen t 
b rough t a b o u t b y t h e cons t ruc t ion of t h e road . 
Owing t o t h e foregoing considerat ions , t he d e p t h of 
frost pene t r a t ion to be used as design cri terion 
should be adop ted carefully, preferably using a 
pessimistic approach . 
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2. A t t e m p t s t o find an answer t o th i s ques t ion 
have resul ted in t h e deve lopmen t of several frost-
suscept ibi l i ty cr i ter ia , of which t h e one or ig inated 
b y C A S A G R A N D E (1934) has been commonly used. 
According t o th is cr i ter ion, in a uniformly g raded 
soil ( 17 = 5) ice lenses will develop if t h e t o t a l silt 
fraction (d = 0.02 m m ) is grea ter t h a n 1 0 % . Soils 
hav ing a mixed g ranu lome t ry (U = 15) and con-
ta in ing 3 % or more of silt should a l ready be regard-
ed as frost susceptible . The corresponding granulo-
metr ic ranges are shown in Fig . 401 a n d t h e appli-
cat ion of t h e cri ter ion is faci l i tated b y t h e d iag ram 
in Fig. 402. C A S A G R A N D E ' S cr i ter ion is r a t h e r con-
servat ive and no t suppor t ed in all respects b y 
more recent research. A fur ther object ion is t h a t 
the granulomet r ic curve is t a k e n as t h e only cri-
terion of frost suscept ibi l i ty . This has since been 

0.1 0.02 
Grain-size diameter, d (mm) 

0.002 

Fig. 4 0 1 . Frost criterion after CASAGRANDE ( 1 9 3 4 ) : grain-
size dis tr ibut ion curves 

a 
ν 
TD 

t3 
c; 
D 

5 10 
Uniformity coefficient, U 

Fig. 4 0 2 . D i a g r a m for speedy decis ion as to frost risk 

Grain-size diameter, d (mm) 

Fig . 4 0 3 . Fros t criterion after SCHAIBLE ( 1 9 5 7 ) 

0.5 0.1 0.02 0.002 
Grain-size diameter, d (mm) 

Fig . 4 0 4 . Fros t criterion after G Ä S P Ä R ( 1 9 5 8 ) 

recognized as one of t he mos t i m p o r t a n t factors, 
b u t one which alone is no t decisive. 

On t h e basis of detai led inves t igat ions , th ree 
degrees of frost suscept ibi l i ty have been suggested 
b y S C H A I B L E (1957). Adop t ing several part icle 
d iamete rs , he has dis t inguished non-suscept ible , 
frost sensit ive a n d frost susceptible soils. The cri-
te r ia have been compiled in Table 33 and represent-
ed graphical ly in Fig. 403 . 

Special care should be exercised wi th soils con-
ta in ing wea the red rock debris . Phys ica l and chem-
ical wea ther ing due t o traffic loads a n d a tmos-
pher ic influences t e n d t o increase t h e a m o u n t of 
fine grains , as a consequence of which t he frost 
suscept ibi l i ty of t h e soil is increased. 

I n H u n g a r y a cr i ter ion was suggested b y G Ä S P A R 

(1958) and th is is ind ica ted in Table 34, wi th t he 
corresponding granulomet r ic curves in Fig 404. 

Table 3 3 . Determinat ion of frost-susceptibil ity after SCHAIBLE ( 1 9 5 7 ) 

Proportion of fines (%) Judgement of risk about frost or thaw damage 

Grade 
Clay 

(d < 0.002) 
Clay and silt 

(s < 0.02) 
Clay and silt + Mo 

(d< 0.1) Theoretically In practice 

I 

I I 

I I I 

I V 

V 

0 

1 

2 

4 

6 

0 5 

5 1 0 

1 0 1 5 

1 5 2 0 

2 0 

5 1 0 

1 0 2 0 

2 0 3 0 

3 0 4 0 

4 0 

N o harm 
Slight damage 
Moderate singular 

damage 
Serious damage 

Frost safe 

Frost-susceptible 

E x p o s e d to damage 



272 Soil mechanics in road construction 

Table 3 4 . Determinat ion of frost-susceptibil ity after GÄSPÄR ( 1 9 5 8 ) 

Grade Soil type 
Particle size distribution (%) Judgement of risk about 

Grade Soil type 
S(d = 0.02 mm) S(d = 0.1 mm) 

frost-susceptibility 

a Gravel 6 < 15 
Coarse sand 5 < 20 Frost-safe 
Fine sand 4 < 25 

b Gravel 6 . . . 15 15 . . . 20 
Coarse sand S . . . 10 20 . . . 30 Frost-susceptible 
F ine sand 4 . . . 8 25 . . . 35 

Frost-susceptible 

c Gravel 15 > 25 
Coarse sand 10 > 30 Susceptible in 
Fine sand 8 > 35 greater degree 
Cohesive soils 

h 
> 0.12 

d Mo h 
< 0.12 High ly frost-

Silt susceptible 

The aforement ioned frost-susceptibi l i ty cri teria 
are compared in Fig. 405. I n t h e cr i ter ia of C A S A -

G R A N D E , G A S P A R a n d S C H A I B L E , one, t w o and th ree 
part icle d iameters are involved, respect ively, and 
the corresponding percentages b y weight are spec-
ified for t h e ind iv idual ranges . The above sequence 
a t t he same t ime implies t h e sever i ty of t h e 
cri teria. For pract ica l purposes t h e observa t ion 
of G A S P A R ' S cri terion is generally r ecommended in 
Central Eu rope . For assessing t h e sub grades of 
h ighways of p r i m a r y impor t ance , as well as of 
a i rpor t r u n w a y s , t he cri ter ion of C A S A G R A N D E 

should be appl ied, whereas for roads of lesser signif-
icance t h a t of S C H A I B L E should suffice. 

The informat ion compiled inTab le 35 will provide 
assistance in rap id ly assessing t h e degree of frost 
susceptibi l i ty in t he field. 

Schaible 

c; 

0.02 

0.002 
10 20 30 40 50 
Mass percentage, s (%) 

Some au tho r s find i t appropr ia t e t o classify the 
frost act ion on t h e basis of frost heave . The fol-
lowing re la t ion exists be tween the suct ion force (Pp) 
a t t a c h e d to a given suct ion pressure ( P ) , t he per-
meabi l i ty of t h e soil and frost heave : 

1.09 AT 
(505) 

where I = dis tance be tween the lowest ice 
lens and the wa te r t ab le , 
veloci ty of wa te r seepage, 
pass ing t ime , 
t h e coefficient of expansion by 
freezing. 

ν 
AT 
1.09 

Several researches a t t a c h e d great impor tance to 
crysta l l izat ion forces in t h e process of ice lens 
bui ld ing, b u t , according to the i r invest igat ions , 
these were in t h e range a n d magn i tude of t h e cap-
i l lary forces. A similar opinion has been expressed 
b y K Ö G L E R et al. (1936) who found i t appropr ia te 
t o p u t t h e capi l lary force in E q . (505), which t h e y 
calculate from t h e capi l lary uplift (H) reduced by 
the res is tance suffered in t h e course of r is ing: 

= k 
H - I 

I 
(506) 

Fig. 405 . Comparison of different frost eritcria 

where k is t he coefficient of permeabi l i ty a t 10 ° C . 
The au tho r s classify frost susceptibi l i ty on t he 
basis of E q . (506), b u t regard frost heaves of u p to 
2 cm as general ly acceptable . The principles of this 
so-called Freiberg-cr i ter ion can be seen in Fig. 406. 
The th ree zones in t h e figure are character ized as : 

a = harmless , 
b = frost susceptible for long dura t ion of frost, 

or non-homogeneous soils, 
c = ve ry dangerous . 

I t is claimed t h a t t h e va l id i ty of these criteria has 
been confirmed b y field t es t s . 
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Table 35 . In situ determinat ion of frost-susceptibil ity 

Identifi-
cation Description of soil 

Grade of 
frost-suscep-

tibility 

A Organic soils I 

Β Soils abundant in s tone and gravel 
1 . N o bounding agent present , crumbles easily 
2. Bound ing agents present , forms clods 

I 
I I 

Γ The water saturated soil becomes g leaming w h e n shaken in 
the hand: water recedes into the pores w h e n pressed 
b e t w e e n the fingers I I I 

D The soil consists of a fine-grained mass 
1 . forms sandy c lumps; fine grains are 

n o t v is ible b y the naked eye ; 2. forms hard clods 
(a) can be rolled 
(b) can no t be rolled; pulverized 

I 

I I 
I I I 

E q u a t i o n ( 5 0 6 ) a n d some conclusions d r a w n 
therefrom need some correct ion however ( R É T H Â T I , 

1 9 6 0 ) because 

(a) t h e equa t ion is val id only in t h e lower capil-
la ry zone where t h e soil is s a t u r a t e d (here: H = hc); 

(b) above th is zone no t only t h e p a t h - t i m e curve 
b u t also t he degree of s a tu ra t i on changes (diminishes 
as i t becomes fa r ther a w a y from the wa te r tab le ) . 

Depar t ing from J â k y ' s exper iments which de-
scribe t he capi l lary rise (h) in t ime (t) — wi th t h e 
except ion of t h e ini t ial rising phase — b y t h e ex-
pression 

h=at
b
, ( 5 0 7 ) 

the q u a n t i t y of wa te r delivered b y capi l lar i ty can 
be wr i t t en as 

jS-noA^ ( 5 0 8) 

t 

where Sr is t h e degree of s a tu ra t i on a t t h e desired 
elevat ion, and η is t h e poros i ty of t h e soil. The 
function Sr(h) can be de te rmined in t h e l abo ra to ry 
( R É T H Â T I , 1 9 6 0 ) . 

3. A detai led hydrogeological s t u d y m u s t be 
performed before an answer t o th i s ques t ion can be 
given. The height t o which g roundwa te r t ab le rises 
in t h e winter season should be found in order t o 
de te rmine whe the r t h e suct ion force ac t ing is 
sufficient or n o t t o provide t h e supp ly of w a t e r 
unde r t h e pa r t i cu la r geometr ical condi t ions . 

4.7 .6 Frost control methods 

As ment ioned in t h e in t roduc t ion t o t h e p resen t 
chap te r , p a v e m e n t damage due t o frost ac t ion is 
liable t o occcur where th ree condi t ions are satisfied 
s imul taneously , name ly a frost-susceptible soil, a 
source of wa te r supply a n d freezing t e m p e r a t u r e of 
sufficient dura t ion . The t h i r d of these factors is 
par t icu la r t o a given site a n d t h u s beyond control . 
Fo r th i s reason, a n y control measure m u s t be 
directed towards t he e l iminat ion of one of t he first 
two factors . 

The first factor can be e l iminated b y modifying 
t h e proper t ies of t h e soil. This m a y be accomplished 
b y mixing an i m p o r t e d soil w i th t h e original so 
t h a t t h e resul t ing soil mix should no longer satisfy 
t h e cr i ter ion of frost suscept ibi l i ty . On occasion 
cer ta in chemicals m a y be used for th is purpose . 

These m e t h o d s are cumbersome a n d expensive t o 
realize in pract ice a n d therefore , also because of the 
he te rogene i ty of t h e soils encounte red in H u n g a r y , 
t h e y have never been generally adop ted in t h a t 
coun t ry . 

F o r p reven t ing w a t e r from being supplied, one of 
t h e following me thods m a y be adop ted . 

A granula r l aye r of sufficient d e p t h to in te rcept 
t h e capi l lary rise m a y be placed u n d e r t h e pave -
m e n t . Gravel , c rushed s tone or even slag m a y be 
used as t h e mate r i a l for th is subbase . I t is essential 
t o envisage a sand layer of modera te thickness 
be tween t h e coarse-grained subbase a n d t h e frost-
susceptible subgrade , otherwise t h e pores be tween 
t h e coarse part ic les would be plugged. 

The mos t widely used m e t h o d consists of re-
moving t h e frost-susceptible soil a n d of const ruct -
ing a base course of sufficient th ickness . An example 
for t h e design thereof is i l lus t ra ted in Fig. 4 0 7 . 

15 

Q> 

ίο μ 

t 5 

£ ι 

^ / 

q=10'
5 

Β 

cm I min 

A 

0 1 - 2 3 
Duration of frost in the subsoil (months) 

Fig . 406 . T h e Freiberg-criterion 

1 8 /_. Kézdi and L. Réthâti: Handbook 
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Fig. 407. S i tes of the p r e v e n t i v e layer in the cross-sect ion 

The base course serves a t t h e same t ime to in-
crease t h e load-bear ing capac i ty , somet imes per-
mi t t ing reduced p a v e m e n t thicknesses . I n H u n -
gar ian prac t ice , t h e th ickness of th is layer is 
commonly de te rmined according t o t h e cri teria 
compiled in Table 36. Similar cr i ter ia , suggested 

Table 3 6 . Required th ickness of frost-preventive layers 
( H u n g a r i a n Standard) 

Subsoil 
according 

to Table 34 

Depth of the water table 
below formation level in 

December 

Depth between the bottom 
of the preventive layer and 
that of the load-bearing 

course 

a down to F (—2) According to bear-
ing capaci ty 

b 2 F ( - 2 ) According to bear-
ing capaci ty 

F ( - 2 ) . . . 2 F ( - 2 ) 0.8 F ( - 2 ) 

c 2 F ( - 2 ) . . . 3 F ( - 2 ) 0.8 F ( - 2 ) 
F ( - 2 ) . . . 2 F ( - 2 ) 0.9 F ( ( - 2 ) 

d 3 F ( - 2 ) . . . 4 F ( - 2 ) 0.9 F ( - 2 ) 
F ( - 2 ) . . . 3 F ( - 2 ) F ( - 2 ) 

F (—2) = frost penetrat ion depth of the i sotherm — 2 °C 

b y t h e h ighway research ins t i tu te in t h e Federa l 
Republ ic of G e r m a n y ( S I E D E K and Voss , 1956), 
are given in Table 37. 

Other po ten t i a l me thods include drainage of t he 
subgrade unde r t h e p a v e m e n t , or lowering t h e 
g roundwate r tab le b y longi tudina l dra ins . These 

m e t h o d s only prove successful, however , in excep-
t iona l cases, since i t is precisely t h e frost-suscep-
tible soils which can only be slightly dra ined by 
g rav i ty . 

Fi l ter dra ins of th is t y p e are ent i rely ineffective 
where t h e capi l lary rise is greater ( A > 1.50 m) . No 
i m p r o v e m e n t can be expec ted from the provision 
of deep side di tches a n d on occasion th is m a y even 
resul t in increased frost act ion. 

Ano the r a l t e rna t ive consists of raising the grade, 
t h u s increasing t h e dis tance be tween t h e ground-
w a t e r t ab le and t h e d e p t h of frost pene t ra t ion . 
According t o ano t he r solut ion an isolat ing layer 
of dried pea t , s t r aw, b rushwood , e tc . , is applied. I n 
recent t imes plast ic foils have been used experi-
men ta l ly b u t these a t t e m p t s appea r to have re-
ma ined unsuccessful, ma in ly due to t h e fact t h a t 
t h e foil p reven t s evapora t ion and t h e mois ture con-
t e n t is l ikely to increase b e n e a t h i t . 

The detai led descript ion of t he design pa ramete r s 
of t h e foregoing me thods belongs t o t h e domain of 
h ighway engineering and will therefore be omi t ted 
here . 
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Percent by weight 
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formation level (cm) 

below pavement surface 

total sample 
for particles 

d < 2 mm dry wet dry wet 

d < 0.02 mm d < 0.02 mm d < 0.10 mm 
earth-
work subsoil 

earth 
work 

sub-
soil 

0 . . . 3 
3 . . . 6 
6 . . . 10 

> 10 

down to 10 
down to 15 

> 15 

d o w n to 20 
d o w n to 30 

> 30 
20 
30 

30 
40 

30 
30 
40 

50 
60 

60 
70 

60 
60 
70 
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Chapter 5. 

Improvement of the physical properties of soils 

5 .1 In t roduct ion 

The physical proper t ies of n a t u r a l soils a n d of 
man-made ea r th s t ruc tu res are often poorer t h a n 
m a y be requi red for a pa r t i cu la r project , in t h a t 
their shear s t r eng th m a y be too low, the i r compres-
sibility, wa te r con ten t or pe rmeabi l i ty t o o high, 
e tc . The solut ion to a pa r t i cu la r engineering 
problem m a y basically be app roached from th ree 
different direct ions: 

(a) The soil layers of inferior qua l i ty are rel ieved 
from bear ing loads , or from wi th s t and ing wa te r 
pressure, e tc . This m e t h o d is a d o p t e d for ins tance 
when the load of a bui lding is t ransfer red t o a 
sound layer s i tua ted a t grea ter dep ths b y means 
of piles or caissons, or when a highly pervious soil 
is confined b y a sheet pile cutoff ex tended in to 
a lower impermeable layer . 

(b) The poor soil layer is r emoved from u n d e r 
the s t ruc tu re a n d replaced b y a soil hav ing t h e 
requi red proper t ies . This m e t h o d is applicable in 
t he case of ta l l bui ldings, b u t even more so in 
ea r thwork foundat ions , where e.g. a highly com-
pressible pea t mass is r emoved b y excava t ion or 
blas t ing. Remova l m a y be complete or pa r t i a l , 
in the l a t t e r case t he poor soil being excava ted 
to a cer ta in dep th only, or in t he form of ver t ica l 
columns, i.e. a d i s t r ibu t ing layer , or a l te rna t ive ly 
sand or gravel columns are adop ted . 

(c) The t h i rd m e t h o d consists essential ly of 
changing and improving t h e proper t ies of a par t ic -
u la r n a t u r a l soil b y some k ind of t r e a t m e n t t o 
make i t be t t e r sui ted for t h e purpose envisaged. 

5.2 Compaction of soils 

The most ancient soil improv ing m e t h o d is 
compact ion . W i t h t h e advance of technology two 
main branches have developed in th i s field: 
compact ion a t t h e surface and deep compac t ion . 
W h e n compac t ing effort is exercised a t t h e sur-
face, i ts impac t embraces t h e u p p e r t o p 20 to 
50 cm layer below t h e surface. ( " H e a v y t a m p i n g " 
does no t belong to th is ca tegory despite t he fact 
t h a t the energy is t r a n s m i t t e d a t t h e g round 
surface.) Due to significant differences be tween 

t h e m , t h e two branches have to be deal t wi th 
separa te ly , t h o u g h some regulari t ies are re levant 
t o each procedure . 

5 .2 .1 Compact ion at the surface 

5.2.1.1 The significance of compacting 

Depend ing on the i r purpose , e a r t h s t ruc tures 
are requi red t o conform to desired character is t ics . 
These are mos t often associated wi th s tabi l i ty , 
durab i l i ty , low permeabi l i ty a n d resistance to 
deformat ion. 

I n p lann ing compac t ion opera t ions , t he engineer 
is usual ly faced wi th th ree prob lems . 

1. De te rmina t ion of t h e requi red soil densi ty . 
Any decision in th is respect should t a k e in to con-
s iderat ion t h e purpose for which the ea r t h s t ruc-
t u r e is t o be cons t ruc ted . I n some ea r th s t ruc tures 
adequa t e s t r eng th , in o thers a specified degree of 
permeabi l i ty , m a y be t h e d o m i n a n t r equ i rement . 
Once t h e desired values of t h e coefficient of per-
meabi l i ty , shear s t r eng th , or modulus of compress-
ibi l i ty are es tabl ished, t h e dens i ty t o be a t t a ined 
dur ing cons t ruc t ion can be found from labora to ry 
and/or field t es t s . 

2. The second prob lem is re la ted to t h e selec-
t ion of compac t ion e q u i p m e n t and me thods b y 
which t h e requi red dens i ty can mos t economically 
be a t t a ined . 

3. Compact ion opera t ions a t t h e site mus t be 
supervised and the resul ts thereof checked con-
t inuous ly b y a m e t h o d yielding d a t a in t h e shor tes t 
possible t ime , t o see whe the r t h e values specified 
have ac tua l ly been a t t a ined or no t . 

The impor t ance of p roper compac t ion has only 
been recognized in t h e las t few decades. I n t he 
pas t , e.g. in car ry ing ou t the, large ra i lway pro-
jec ts of t h e 19th cen tu ry , i t was generally believed 
t h a t a d e q u a t e compac t ion of t h e loosely spread 
soil could be a t t a i n e d solely unde r t he influence 
of t h e traffic of t h e ea r th -hau l ing vehicles. The 
impor t ance of consol idat ion t h a t is believed to 
occur dur ing a win te r period dur ing which con-
s t ruc t ion work is suspended, has generally been 

• overes t imated . 
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Fig . 408. E q u i p m e n t used for normal and modified Proctor c o m p a c t i o n tes t s 

101.6 

50.8 

5.2.1.2 Factors affecting the compaction effort 

I n t h e first vo lume of t he presen t book, a tes t 
is described b y which t h e o p t i m u m wa te r con ten t 
and t h e m a x i m u m dry dens i ty a t t a inab le wi th 
a given compact ion effort can be de te imined . I n 
th is t e s t a soil sample is placed in to a cylinder 
in loose layers and each layer is compac ted b y 
a prescribed n u m b e r of blows wi th a s t a n d a r d 
weight . The device is shown in Fig . 408. The major 
d a t a of tes t s used for de te rmin ing t h e " n o r m a l " 
and the "modi f ied" P roc to r densities are compiled 
in Table 38. The t e s t is r epea ted a t several different 
wa te r con ten ts a n d t h e wa te r con ten t and d ry 
bulk* dens i ty are de te rmined for each. The rela-
t ionship thereof is t h e n p lo t t ed in a d iagram. 

The curves ob ta ined (cf. Vol. 1, Section 2.3.6, 
Figs 63-64) — called P roc to r curves after the i r 
or iginator — display a typ ica l shape , from which 
the op t imal w a t e r con ten t of compac t ion and 

Table 38 . Test ing methods to find Proctor densities 

Description 
Volume of 
the sample 

(cm
3
) 

Number 
of 

layers 

Mass of 
the tamper 

(kg) 

Drop 
(mm) 

Number 
of 

drops 

Standard 
Modified 

2080 
2080 

3 
5 

2.5 
4.5 

305 
460 

25 
55 

Water content, w (%) 

Fig . 409 . Characterist ic shape of a c o m p a c t i o n curve 
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fur ther t he " n o r m a l " or "modi f ied" P roc to r den-
sities are ob ta ined (Fig. 409). The w — γ0 re la t ion-
ship for s a tu ra t ed condi t ions or for a given sa tu ra -
t ion Sr m a y also be p lo t t ed in t h e d iagram, accord-
ing to t h e expression 

7o 
1 + 

w
7s 

The Proc tor curve will a lways r ema in below t h e 
sa tu ra t ion line Sr = 1, since t he air can never be 
completely r emoved b y t a m p i n g . The shape of 
t he Proc to r curve is in ag reement w i th prac t ica l 
experience, according t o which ne i ther complete ly 
s a tu r a t ed nor desiccated soils can be effectively 
compac ted . I n t h e first case, t h e soil will yield 
la tera l ly unde r t h e weight , or t r ans i en t neu t r a l 
stresses will be genera ted , whereas in t h e second 
case most of the compac t ion effort will be con-
sumed in b reak ing u p h a r d l u m p s . 

There are cases where t h e P roc to r curve assumes 
a shape differring from those shown before. Fo r 
some clays, in addi t ion t o t h e peak , i t m a y also 
display a m i n i m u m , in t h e range of smaller wa te r 
con ten t s , implying t h a t d ry soil is again more 
readi ly compac ted . A Proc to r curve of th is t y p e 
is i l lus t ra ted in Fig. 410. 

This shape m a y also be encounte red in s a n d y 
gravels. The probable reason thereof is t h a t owing 
to t h e menisci a cer ta in cohesion is in t roduced b y 
surface tension, increasing t h e resis tance to t he 
compact ion effort. 

The peak of t h e P roc to r curve is usual ly asso-
ciated wi th a cer ta in degree of s a tu ra t ion . This 
value remains unchanged if t h e tes t is r epea ted 
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Water content, w (%) 

Fig. 410. Compact ion curve w i t h t w o prominent peaks 

30 

(o) 
10 20 

Water content, w (%) 
30 

Fig . 4 1 1 . 
a — Relationship between water content and dry density for different compacting 
efforts and degrees of saturation; b — compaction curves as plotted in a triangular 
diagram 

wi th a different, e.g. higher , compac t ing effort. 
This implies, on t h e o the r h a n d , t h a t t h e peak , 
t h e o p t i m u m mois ture , will necessarily be shifted 
t o t h e left. P r o c t o r curves for successively in-
creasing compac t ion efforts are shown in Fig. 411 . 

I n a lec ture delivered in 1964, t h e senior au tho r 
a t t e m p t e d a physical exp lana t ion for t h e shape 
of t h e P roc to r curve . F o r th i s purpose t h e curve 
has been p lo t t ed as i l lus t ra ted in Fig. 412, indi-
ca t ing t h e change in t h e whole vo lume as a func-
t ion of s a tu ra t ion . The re la t ionship t h u s obta ined 
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0 0.25 0.50 0.75 0.10 
Degree of saturation, 5r 

Fig. 412 . Representa t ion of the c o m p a c t i o n curve as a 
funct ion of sa turat ion 

consisted of two different sections. The section 
Sr = 0 t o 0.85 was found to be l inear in t he great 
major i ty of t h e cases examined so far; moreover , 
hav ing repea ted t he tes t on t h e same soil sample 
wi th different compac t ion efforts, t h e resul ts 
p lo t t ed t o paral lel s t ra igh t lines in t he first sec-
t ion . The second section assumed t h e shape of 
a rap id ly rising curve more or less asympto t ica l ly 
approaching t h e Sr = 1 axis . 

A reasonable physical exp lana t ion can be 
offered for th is shape of t h e curve . At t he sa tu ra -
t ion values corresponding t o t h e lef t -hand b ranch , 
wa te r is present in t h e soil — most ly in t h e form 
of a film adsorbed on the par t ic le surfaces. The 
" m o b i l i t y " of t h e part icles and , in t u r n , t he 
effectiveness of compac t ion will increase toge the r 
wi th t he th ickness of t h e w a t e r film, since t he 
viscosity thereof decreases rap id ly wi th t he 
dis tance from t h e solid surface (Fig. 413). Below 
cer ta in values of Sr re la t ive m o v e m e n t of t h e 
part icles is made possible b y t h e air present in 
t he soil. If t he specific surface of t h e soil is / 

(cm 2/g) and t h e part icles are assumed to be spher-
ical in shape , t h e n t h e average part ic le diam-
eter is 

d = ±-
fys 

and a t t h e wa te r con ten t w t h e th ickness of the 
w a t e r film a round t h e par t ic le becomes 

Â _ wyQd w 

07u 

Assuming e.g. a par t ic le d iamete r of d = 0.001 cm 
t h e specific surface is 

0.001 · 2.6 
= 2310 cm 2/g 

Fig. 413 . Effect of molecular forces in the g r a i n - w a t e r s y s t e m : 
oos ing t o u g h n e s s w i t h increased d is tance 

a n d t h e wa te r con ten t corresponding t o a wa te r 
film of Ô = 0.5 μτη is w = 100 ôfyw = 1 5 % . 

T h u s i t will be readi ly unde r s t andab le t h a t a t 
similar and smaller mois ture con ten t s , t h e viscos-
i t y of t h e wa te r film will present an obstacle to 
compac t ion . Considering t h e law of viscosity, it 
can be d e m o n s t r a t e d t h a t e = 6 S r , so t h a t the 
reduc t ion in t h e void ra t io is direct ly propor t ional 
t o s a tu ra t ion . This l inear re la t ionship can hold 
t r ue u p t o cer ta in degrees of s a tu ra t ion only, since 
i t is impossible t o squeeze w a t e r from the soil 
even b y s ta t ic compac t ion . Assuming, however , 
t h a t air can be r emoved dur ing the shor t t ime 
avai lable — compac t ion being t h e consequence 
thereof — t h e dens i ty a t t a inab le should, in prin-
ciple, be inversely propor t iona l t o sa tu ra t ion . 

I n o ther words , a t Sr = 0 i t should be possible 
t o compac t t h e soil u p t o t he dens i ty e = 0 (or t o 
t he e — e m l n va lue) . A t Sr = 1, on t h e o ther hand , 
no compac t ion occurs a t t h e given wa te r conten t . 
Consequent ly 

e =
 6 m in

 . 
l - S r 

I t should be ev iden t t h a t of t he two equat ions , 
n a m e l y e — e0 — bSr a n d e — e m i n/ ( l — S r) , t he 
one yielding t h e higher e va lue , i.e. t he lower 
dens i ty , will be appl icable . The poin t of inter-
section of t h e two curves (Fig. 412) will represent 
t h e op t imal wa te r of compact ion . 

5.2.1.3 Pores in soil mixtures 

I n soil mechanics , b u t main ly in connection 
wi th concrete technology, considerable efforts 
have been devoted t o t h e de te rmina t ion of t he 
g ranu lome t ry conducive to t h e smallest pore 
vo lume . I n t h e domain of concrete technology 
these inves t iga t ions have failed t o produce explicit 
resul ts . I t was found t h a t t he s t r eng th of a concrete 
m a d e wi th t h e " b e s t " aggregate m a y even be 
smaller t h a n t h a t of a concrete mixed wi th 
ano the r aggregate , since o ther factors, e.g. con-
sis tency, were often p r edominan t . Concerning soil 

2.0 r 
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mechanics i t m a y be concluded in general t h a t 
soils graded uniformly, i.e. .having a higher uni -
formi ty coefficient 17, are compac ted more readi ly , 
wi th a smaller compac t ion effort, since t h e n t h e 
voids be tween t h e coarse par t ic les are filled b y t h e 
finer fract ions. The theore t ica l a r r a n g e m e n t shown 
in Fig. 414a will, however , never occur in prac t ice , 
t he corresponding grain-size d i s t r ibu t ion curve 
(Fig. 414b) represent ing a pure ly theore t ica l , 
unrealist ic case. 

The grea tes t dens i ty of a soil consist ing of t w o 
or th ree componen t s , i.e. size fract ions, will be 
obta ined a t a specific mixing r a t io . A n exp lana t ion 
for th is phenomenon has a l ready been presen ted 
in Vol. 1, Section 3 . 2 , where several examples 
have also been quo ted . The size d i s t r ibu t ion of 
pores in granular media has also been discussed 
the re , toge ther w i th t h e changes in th i s distr i-
bu t ion as a consequence of compac t ion . Studies 
of th is t y p e will p lay an i m p o r t a n t role in compac-
t ion problems. 

I n t he in t e rp re t a t ion of exper imen ta l resul ts 
t he analogy t o be demons t r a t ed subsequen t ly will 
present a highly visual p ic tu re . 

If a subs tance is dissolved in t h e mol ten p roduc t 
of ano ther , t h e in te rac t ion be tween t h e molecular 

100 o/o 0 

Fig . 415 . Melt ing p o i n t of m i x t u r e s in the funct ion of their 

percentages 

BO 

60 

20 

0.5d 0.2d 
Grain-size diameter 

0.1 d 

(b) 

Fig . 414 . 

a —The densest arrangement of spheres of different diameters; b — the grain-size 
distribution for the above arrangement 

componen t s will p roduce a uniform solution. I n 
the course of th is process t h e m u t u a l a t t r ac t ive 
forces be tween molecules of t h e same k ind , as well 
as t h e dispersive forces — which depend on t em-
pe ra tu r e — t e n d t o decrease, so t h a t t he melt ing 
po in t , which is a function of t e m p e r a t u r e , is 
lowered (Fig. 4 1 5 ) . The lowest va lue is n a m e d the 
eutect ic po in t (point a in Fig. 4 1 5 ) . Considering 
t h a t soils consist of discrete components , which 
occur in var iable propor t ions b y weight in the 
granula r med ium, and fur ther t h a t t e m p e r a t u r e 
is a measure of t h e free energy of a sys tem com-
prising several componen t s a n d a q u a n t i t y posi-
t ive ly re la ted t o t h e vo lume of t h e sys tem a t 
cons tan t pressure , t h e ana logy be tween molecular 
a n d macromer i t ic fluids will become appa ren t . 
The free energy of t h e sys tem is t h e greater , t he 
higher i t s poros i ty ; t h e l a t t e r also controls t h e 
volume of t h e sys tem. Poros i ty in macromer i t ic 
sys tems t h u s assumes t h e role of t e m p e r a t u r e and 
conversely, t h e t e m p e r a t u r e of fluids m a y be 
regarded a measure of the i r " p o r o s i t y " . 

Numerous inves t iga t ions a imed a t t he deter-
mina t ion of t h e dens i ty of two-componen t systems 
have been r epor t ed on in t h e l i t e ra tu re (e.g. 
R O D E , 1 9 5 2 ) . A mix tu re of spheres hav ing two 
different d iamete rs , dx a n d d2, was found t o 
display, in t h e loosest a r r angemen t , a porosi ty 
invar iab ly lower t h a n t h a t of a mass conta in ing 
uniform spheres only. The phenomenon observed 
here is t h e same as in t h e phase d iagram of 
Fig. 4 1 5 . E x p e r i m e n t a l resul ts suppor t ing this 
conclusion are compiled in Fig. 4 1 6 ( F U R N A S , 

1 9 3 1 ) . The no rma l poros i ty was η = 5 0 % , the 

diverse curves app ly t o two-componen t granular 
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Fig. 4 1 6 . Dens i t i e s of t w o - c o m p o n e n t m i x t u r e s (FURNAS, 
1 9 3 1 ) 
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Fig . 4 1 7 . D r y densi t ies of t w o - c o m p o n e n t mix tures (LEUS-
SINK and KUTZNER, 1 9 6 2 ) 

media wi th different d1/d2 va lues . The greates t 
densi ty was invar iab ly ob ta ined a t a par t i cu la r 
mixing ra t io . The ra t io d/d2 applies to t he case 
where t h e voids of a coarse componen t (sand, 
gravel) are filled wi th fine clay. Similar resul ts 
have been a t t a ined b y L E U S S I N K and K U T Z N E R 

( 1 9 6 2 ) and fur ther , a t t h e l abo ra to ry of the 
Technical Univers i ty of Budapes t (Kézdi) . Some 
of t he resul ts are reproduced in Fig. 4 1 7 . 

A sys tem of th ree components has two degrees 
of freedom ( F I N D L A Y , 1 9 5 1 ) . The condi t ion of t he 
sys tem depends on t h e rela t ive concent ra t ion of 

the th ree componen t s and on porosi ty . Mixtures 
of three-size fractions compac ted wi th t he same 
effort will display porosities similar to those shown 
in Fig. 4 1 8 , in a d iagram of the th ree components . 
The charac te r of t h e d iagram is again ident ical 
wi th t he phase d iagram of different fluid mix tu res . 
Po in t Κ ( the eutect ic point) is s i tua ted on one 
side of t h e t r iangle , since t h e th ree components 
can be mixed in a n y propor t ion . 

A resul t of considerable in teres t is shown in 
Fig. 4 1 9 . The loosest and densest porosities of 
different sand mix tures are p lo t ted in a t r i angula r 
d iagram. Figure 4 1 9 shows t h e difference be tween 
the two values . 

An exper imenta l approach is suggested for 
de te rmin ing t h e composi t ion of a soil mix ture 
which is readi ly and economically compac ted for 
a specific purpose . 

The behav iour of granula r media is governed, 
besides the i r poros i ty , also b y t he size of the 
pores . These pores have been s tudied b y the 
senior a u t h o r ( K É Z D I , 1 9 7 9 ) . The pores of a par t ic-
u lar sample were filled wi th gelat ine, after t he 
solidifaction of which t h e pore un i t s could be 
measured and the i r vo lume computed . The volu-
metr ic d is t r ibu t ion curves have been determined 
from a sufficiently large n u m b e r of measuremen t 
d a t a and p lo t t ed for b o t h t he solid part icles and 
the pores . Two examples are shown in Fig. 4 2 0 
where t h e d is t r ibu t ion of pore sizes was deter-
mined for dense and loose condi t ions . B y plo t t ing 
t he difference be tween t h e two curves , i t will be 
observed t h a t t h e reduc t ion is most pronounced 
a t a cer ta in pore size. 

Tendencies experienced in t he capil lary rise of 
wa te r le t us conclude t h a t t he mois ture distri-
bu t ion in t he uppe r capi l lary zone is in conformity 
wi th t he d is t r ibut ion of t h e pores ( R É T H A T I , 1 9 6 0 ) . 
Thus in most cases we will be close to real i ty 
when we describe t he pore-dis t r ibut ion curve by 
t h e lognormal d is t r ibut ion function. 

100 λ 0 d (mm) 

A 4.74-2.27 

Β 1.24-0.58 

C 0.29-0.23 

Fig. 4 1 8 . Poros i ty in a t h r e e - c o m p o n e n t mix ture as the 
funct ion of the loosest arrangement 
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(a) (b) (c) 

F i g . 419 . P o r o s i t y va lues of t h r e e - c o m p o n e n t m i x t u r e s in their looses t and denses t arrangements showing the ranges of 
t h e three c o m p o n e n t s : A = 0 .58. . . 0 .29 m m ; Β = 0.29. . . 0.22 m m ; C = 1.24. . .0 .58 m m ; 
a — porosity in the loosest stage; b — porosity in the densest stage; c — porosity ranges as functions of composition 

5 . 2 . 1 . 4 The effect of compaction on the physical 
properties of soils 

The ma in factors affecting t h e behav iour of a 
compac ted soil mass are t h e dens i ty ( Τ Γ Ύ, or e), 
degree of s a tu ra t i on (S r ) , a n d t h e mic ros t ruc tu re . 
E a c h of these factors is in t u r n de t e rmined b y 
t h e compac t ion wa te r con ten t , compac t ion energy 
and compac t ion m e t h o d . 

Microst ructure can be defined in t h e first 
approx ima t ion as t h e degree of preferred orien-
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Fig. 420. Volumetr ic d is tr ibut ion of sol id gra ins and pores : 
a — sandy gravel from the Danube ; b — crushed limestone 

t a t i o n of clay par t ic les ( R E S E N D I Z , 1 9 7 7 ) . Two 
main factors de te rmine t h e mic ros t ruc tu re : 1 . t he 
magn i tude of in terpar t ic le repulsive forces, and 
2 . t h e angular deformat ions induced b y compact ion 
(kneading effect). 

A general r epresen ta t ion of t h e s t ruc ture of 
compac ted soils is shown in Fig. 4 2 1 ( M C R A E , 

1 9 5 9 ) : t h e drawings on the lef t -hand side i l lus t ra te 
t h e s t ruc tu re of soils compac ted on t h e " d r y s ide" , 
i.e. a t mois ture con ten t s lower t h a n t h e o p t i m u m 
de te rmined b y t h e P roc to r t e s t . The r igh t -hand 
side shows t h e resul ts of compac t ion on the wet 
side. The s t ruc tu re of sand and gravel is unaffected, 
only t h e void ra t io is reduced b y compact ion . 
W i t h cohesive soils t h e s i tua t ion is different, since 
compac t ion on t h e we t side t ends , in general , 
t o produce a m u c h more or iented s t ruc tu re . At 
higher mois ture con ten t s t h e individual part icles 
are su r rounded b y a wa te r film of greater thickness 
and th is lends increased mobi l i ty t o t h e flat flaky 
par t ic les , t h u s enabl ing t h e m to assume posit ions 
perpendicular t o t h e compac t ing force. I n d ry 
condi t ion, on t h e o the r h a n d , an i r regular , un-
or iented s t ruc tu re resul ts . These differences have 
i m p o r t a n t consequences for t h e behav iour of t he 
compac ted soil. 

The effects of changes in t h e clay s t ruc ture 
are i l lus t ra ted in Fig . 4 2 2 for a greater and a 
smaller compac t ion effort ( L A M B E , 1 9 6 0 ) . 

I n t h e condi t ion corresponding t o po in t A, t he 
w a t e r con ten t is so low t h a t t h e repulsive forces 
be tween t h e part icles are smaller t h a n the a t t r ac -
t ive forces, t h e r e su l t an t force being a t t r ac t ion . 
The par t ic les are consequent ly coagula ted wi thou t 
a n y regular p a t t e r n . The repulsive forces increase 
toge the r w i th t h e mois ture con ten t and the 
part ic les are dispersed. I n th is condi t ion t h e y 
t e n d more readi ly t o assume a regular p a t t e r n . 
The higher degree of o r ien ta t ion is accompanied 
b y higher densi t ies , so t h a t t h e d ry densi ty 
increases u p t o po in t B. Al though t h e degree of 
o r ien ta t ion cont inues to increase a t even higher 
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Fig . 421 . Structure of different soils after c o m p a c t i o n : 
I — initial stage on the dry side from optimum; JJ — initial stage on the wet side 
from optimum; a — sand and gravel; b — silty and clayey sand and gravel; c — 
silt and clay of low plasticity; d — silt and clay of high plasticity 
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Fig. 422 . Variat ion of t h e soil s tructure during c o m p a c t i o n 

mois ture con ten t s , t he un i t weight will decrease 
owing to wa te r occupying a growing volume. 
Grea te r compac t ion efforts will a lways resul t in 
a higher degree of or ien ta t ion and t h u s in a higher 
dens i ty (Fig. 4 2 2 ) . 

The degree of par t ic le or ien ta t ion can be mea-
sured quan t i t a t i ve ly b y t h e opt ical me thods 
developed b y M I T C H E L L ( 1 9 5 6 ) . The resul ts shown 
in Fig. 4 2 3 have been publ ished, among others , 
b y P A C E Y ( 1 9 5 6 ) . These correspond to t h e draw-
ings shown in Fig. 4 2 2 a n d provide t he corre-
sponding numer ica l va lues . The influence of s t ruc-
t u r e on some of t he i m p o r t a n t soil proper t ies has 
been s tudied b y S E E D and C H A N ( 1 9 5 9 ) . 

The influence on shr inkage is i l lus t ra ted in 
Fig. 4 2 4 . The shr inkage of samples compac ted on 
t h e d ry side is seen to be considerably smaller. 
The influence of s t ruc tu re is demons t r a t ed even 
more clearly if soil samples are p repa red wi th 
t h e same mois ture con ten t a n d compac ted t o t he 
same dens i ty , b u t wi th different s t ruc tu res . This 
is realized b y allowing the samples compac ted on 
the d ry side to absorb wa te r . Compar ing the 
l inear shr inkage of t he samples compac ted on the 
wet side, i.e. of dispersed s t ruc tu re wi th t h a t of 
samples compac ted on the d ry side b u t sub-
sequen t ly mois tened , t h e resul ts shown in Fig. 4 2 5 
will be ob ta ined , ind ica t ing a m u c h smaller 
shr inkage for t h e samples compac ted on the d ry 
side. On t h e o the r h a n d , when absorbing wate r , 
these samples will display a m u c h greater shrink-
age, since t h e soil is m u c h fa r ther from the equilib-
r i um mois ture a n d t h e par t ic les are m u c h less 
or iented. 
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W h e n two samples of t h e same wa te r con ten t 
are compac ted unde r different compac t ion ener-
gies, t h e expans iv i ty will be higher in t he sample 
compac ted wi th t h e higher compac t ion energy 
(Fig. 4 2 6 ) ( M A R S A L and R E S E N D I Z , 1 9 7 5 ) . 

As will be demons t r a t ed subsequent ly , t h e 
s t reng th and deformat ion character is t ics of soils 
are also influenced b y t h e s t ruc tu re . However , 
before embark ing u p o n th is i m p o r t a n t p roblem, 
the influence of s t ruc tu re will be examined in t h e 
case of g ranular soils. Ev iden t ly , these have no 
s t ruc tu re proper , only t h e solid a n d fluid phases 
are a r ranged in different p a t t e r n s (cf. Vol. 1 , 
p . 1 1 9 , Fig. 8 8 ) . A t t h e o p t i m u m mois ture level, 
t he s t ruc tu re b changes to c. Here t h e air-filled 
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pores are still communica t ing , so t h a t i t is mainly 
air t h a t is expelled b y compac t ion . On t h e o ther 
h a n d , t h e major i ty of t h e solid part icles is enve-
loped b y a wa te r layer , enabl ing t h e m to become 
rea r ranged more readi ly in to a denser packing. 

E x t e n d i n g t h e concept of s t ruc tu re also to the 
a r r a n g e m e n t of coarse and fine part icles raises 
t h e ques t ion , in which w a y is t h e dens i ty a t t a in -
able influenced b y t h e un i formi ty of grain-size 
d is t r ibut ion . This ques t ion has been examined in 
de ta i l in exper iments a t t h e l abo ra to ry of t he Geo-
technica l D e p a r t m e n t of t h e Technical Univers i ty of 
B u d a p e s t ( K A B A I , 1 9 6 8 ) . The granulometr ic curves 
of soils p roduced artifically b y mixing are shown 
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in Fig. 427. The curve of each soil belonging 
to Group 1 passes t h r o u g h the po in t d1Q = 0.145 
m m , S = 1 0 % , t h e uni formi ty coefficient ranges 
from U = 1 t o 30. I n Group 2 t h e greates t size is 
ident ical ( d m ax = 4.74 m m ) , b u t t he grading is 
different w i th [ 7 = 1 to 8. The o p t i m u m wa te r 
con ten t was found to depend on the uni formi ty 
coefficient, in t h a t wopi decreased as U was 
increased. The re la t ionship is ind ica ted in Fig. 428 
for two different compact ive efforts, name ly 
Ax = 20 and A2 = 3500 k N m / m 3 , t h e first repre-
sent ing manua l , t he second mechanical compact ion . 
As is t o be seen, t h e decrease of wopt a t higher U 
values is considerable. This is p robab ly due to t he 
fact t h a t soils hav ing higher 17 values produce 
higher densit ies, so t h a t less wa te r is needed for 
developing t h e wa te r films ensur ing t h e o p t i m u m 
mois ture . 

The effect of compac t ion on t h e d ry dens i ty of 
soils belonging t o Group 1 is displayed in Fig. 429, 

where t h e va r ia t ion in d ry densi ty is p lo t ted 
agains t t he compac t ive effort per un i t vo lume. 
The curves originate a t t he A = 0 value from γ0 

values t h e m a g n i t u d e of which increases wi th t he 
uni formi ty coefficient. I n o ther words , t h e void 
ra t io in t h e loosest condi t ion is t he lower, t he 
higher t h e value of Ϊ7. I t is in teres t ing to note 
t h a t t he shape of t he curves is v i r tua l ly identical , 
t h u s t he inc rement d ry densi ty γ0 p roduced b y 
a pa r t i cu la r compac t ive effort A shows b u t slight 
differences a t different 17 values , as will be per-
ceived from Fig. 430, where t h e γ0 values are 
p lo t t ed agains t A. The higher densi ty a t t a ined b y 
compac t ion is t h u s pr imar i ly t h e consequence of 
t h e lower void ra t io a l ready per ta in ing in t he less 
uniformly graded soil u n d e r uncompac t ed con-
di t ions, t h e compac t ive effort p roducing a largely 
ident ical reduc t ion of t h e pore vo lume. 

The influence of uni formi ty in response t o 
compac t ion , viz. on t he γ0 va lue a t t a inab le for 
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a given compact ive effort, is i l lus t ra ted in Fig. 431 . 
The d iagram definitely reflects t he fact t h a t uni-
form grain-size d is t r ibut ion is an i m p o r t a n t factor 
in compact ib i l i ty ; t h e effect of grain size itself 
being slight in t he case of sands . 

The resul ts of t h e foregoing s t u d y m a y be sum-
marized as follows: 

— the dens i ty of a loosely d u m p e d granula r 
mate r ia l is t h e greater , t he higher t h e uni-
formi ty coefficient; 

— the o p t i m u m mois ture of compac t ion is t he 
smaller, t h e wider t h e range of grain sizes 
in t h e soil; 

— a given compac t ive effort appl ied to t he 
sands used in t h e exper iments has largely 
produced t h e same increase in dens i ty , t he 
influence of t h e void ra t io in t h e loosest 
s t a te being negligible; 

— the densi ty γ0 a t t a i ned depends pr imar i ly on 
t h e g ranu lome t ry of t h e soil and increases 
toge ther wi th t he uni formi ty coefficient. 

The las t of these s t a t e m e n t s has long been 
known, t h e resul ts p resented have provided addi-
t ional numer ica l evidence. 

F r o m the resul ts of these exper iments t h e fol-
lowing conclusion of major in te res t has been 
arr ived a t . The numer ica l va lue of t h e degree of 
compact ion Try is ha rd ly affected b y t h e unifor-
mi ty of t he granular m e d i u m , i.e. sand . This fact 
is posi t ively demons t r a t ed b y t h e curves in Fig. 
432, in which t h e compac t ion curve , viz. t he 
increase in densi ty y 0 , is p lo t t ed agains t t he 
compac t ion energy for two mix tu res hav ing dif-
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ferent U va lues . F r o m these curves t he value of 
Tr can be compu ted (Fig. 432b). Once the desired 
value of Try has been specified for a par t i cu la r 
ea r th s t ruc tu re (e.g. Try = 9 0 % in t h e figure) 
t he specific compact ive effort needed for a t t a in ing 
t h a t value can be found from the curves compu ted . 
Al though t h e effort needed for compac t ing t h e 
soil wi th t h e higher U va lue is unden iab ly smaller , 
t he difference is pract ica l ly insignificant ( 1 6 % ) . 

This , however , should no t be misunders tood to 
imply t h a t t he un i formi ty of g rada t ion is un im-
p o r t a n t in g ranula r soils. I n t h e final coun t , 
w h a t we are in te res ted in is t h e s t r eng th , durabi l -
i t y and low compressibi l i ty of t h e soil a n d these 
are gua ran teed b y a high angle of in t e rna l fric-
t ion and a high compression modulus , r a t h e r t h a n 
b y a high ΤΓγ va lue . These factors , in t u r n , depend 
on the absolute magn i tude of t h e dens i ty a t t a ined , 
a n d no t on Try. A pa r t i cu la r va lue is a t t a i n e d 
in the more uniformly graded soil wi th a smaller 
effort, t h u s a t lower cost. 

I t should be po in ted ou t also t h a t besides t he 
posit ion, t he shape of t h e P roc to r curve is also 
de te rmined by the t y p e and t e x t u r e of t h e soil. 
The coarser t he grains, t h e closer t o each o ther 
the two l imbs of t h e curve are s i tua ted . The same 
t r e n d will be observed for t h e U va lue as well. 
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Consequent ly , t h e soils which are coarser, or have 
a higher U va lue , are t h u s more susceptible t o 
changes in mois ture . A change as small as 2 to 3 % 
m a y a l ready cause an appreciable reduc t ion in 
d ry dens i ty . This suscept ibi l i ty will become even 
more conspicuous, if t h e compac t ion curves are 
p lo t t ed in t h e m a n n e r shown in F ig . 433, i.e. by 
p lo t t ing t h e wopi values on t h e ver t ical axis. The 
coarser t he soil, t h e higher t h e d ry dens i ty a t t a in -
able a n d t h e more readi ly i t responds to changes 
in mois ture . 

The compac t ive effort requi red also depends on 
t e m p e r a t u r e . I n w a r m wea the r higher densities 
are a t t a inab le a t lower wopi va lues . The logical 
exp lana t ion of th is phenomenon is t h a t t he viscos-
i t y of t h e pore wa te r decreases as t h e t e m p e r a t u r e 
increases, lending grea ter mobi l i ty to the par-
ticles. 

5.2.1.5 Density, moisture and strength 

I n cohesionless granular soils t he problem is a 
fairly simple one, in t h a t a v i r tua l ly posit ive rela-
t ion exists be tween t h e void ra t io and t h e shear 
s t r eng th . 

I n cohesive soils t h e s i tua t ion is much more 
compl ica ted , since t h e shear s t r eng th depends on 
t h e condi t ion of t h e soil and on the me thod of 
compac t ion . Compac ted soils are a lmost in-
va r iab ly u n s a t u r a t e d and s t ruc tu red , t h e aniso-
t r o p y being caused b y compac t ion itself. 

Fo r th is reason the familiar fundamenta l equa-
t ion becomes 

rs = (a — u) t a n Φ' + c' 

a n d t h e concept of effective stress is inapplicable 
t o compac ted cohesive soils. 

I n u n s a t u r a t e d soils t he pores are filled wi th 
wa te r and air, t h e pressures in t h e two are no t 
necessari ly equal . The air is dissolved in t h e pore 
wa te r t o an ex t en t depending on pressure , i t m a y 
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Fig. 434 . A c t i v e surface stresses b e t w e e n t w o soil part ic les 

1.0 

Oß 

X 0.6 

0.2 

2η 

Ύ 

V 
11 δ/ 

0.2 0.4 0.6 
Degree of saturation, 5r 

0.6 1.0 

Fig. 435. Variat ion of the parameter χ w i t h the degree of 
saturat ion for different cohes ive soils I to 5 

form closed bubbles in t h e wa te r , or i t m a y com-
mun ica t e wi th t h e a tmosphe re . The compress-
ibi l i ty of such soils will consequent ly differ from 
t h a t of s a t u r a t e d ones. The s t a t e of stress is 
fur ther influenced b y addi t iona l stresses prevai l ing 
be tween t h e part icles due t o t h e surface tension 
of w a t e r (Fig. 434). 

W i t h t h e foregoing considerat ions in mind , t he 
effective stresses in u n s a t u r a t e d soils are described 
according t o B I S H O P (1955) b y t h e expression 

— Ρι + Χ(Ρι -
 w

)' (509) 

where a is t h e effective stress direct ly re la ted to 
s t r eng th and vo lume changes , σ is t h e t o t a l stress, 
pl is t h e pressure in t h e pore wa te r and u is t he 
neu t r a l stress prevai l ing in t h e wa te r , while χ is 
an empirical factor whose magn i tude varies 
be tween 0 a n d 1, depending on t h e degree of 
s a tu ra t ion . The χ = f(Sr) re la t ionship has been 
reproduced (after B I S H O P and D O N A L D ) in Fig . 435. 

The t e r m (pt — u) is t h u s a posi t ive addi t ive t o 
t h e effective stress enabl ing t h e soil to absorb 
wa te r . A t t h e same t ime i t is indica t ive of t h e 
ac tua l condi t ion re la t ive t o t h e equi l ibr ium 
mois ture con ten t . 

The condi t ion immedia t e ly after compact ion is 
i l lus t ra ted b y an example after S E E D and C H A N 

(1959). Three compac t ion curves are shown in 
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Qd 

0 

sion values ( 5 % ) is seen to decrease beyond a cer-
t a i n γ0 va lue . Grea ter densities are t h u s , para -
doxically, accompanied b y lower s t r eng th . Con-
sidering the compac t curves , th is phenomenon 
will be observed to appea r a t a high degree of 
s a tu ra t i on , i.e., in t he case of compac t ion on the 
wet side, where t he t e x t u r e is composed of dis-
persed par t ic les a n d compac t ion gives rise t o the 
deve lopmen t of pore-water pressure . I t seems t h u s 
safe t o conclude t h a t s t r eng th increases wi th 
dens i ty as long as t he t e x t u r e remains unchanged . 

If t w o samples are compac ted to the same dry 
dens i ty a t wa te r con ten t s below and above the 
o p t i m u m , the i r re la t ive compressibi l i ty will be 
like t h a t shown in Fig. 4 3 7 . As is seen, u n d e r 
increasing load, t h e void ra t io versus load curve for 
t he sample compac ted on the wet side of o p t i m u m 
shows a s teadi ly decreasing slope (curve 2). T h a t 
of t h e sample compac ted on the d ry side of 
o p t i m u m has two por t ions , each similar to a 
curve , l inked b y a t r ans i t ion wi th a rap id ly 
increasing slope (curve I ) . 

Compac ted clays m a y exhib i t appreciable th ixo-
t ropic effects, i.e. t h e abi l i ty t o gain s t r eng th wi th 
t ime a t res t after compact ion a t cons tan t wate r 
con ten t and dens i ty ( S E E D and C H A N , 1 9 5 9 ; 
M I T C H E L L , 1 9 6 1 ) . M I T C H E L L has suggested t h a t 
compac t ing a th ixo t rop ic clay creates a somewhat 
dispersed s t ruc tu re t h a t is compat ib le wi th the 
compac t ing energy. The n a t u r a l t endency m a y be 
for t h e clay to flocculate, however , so t h a t on 
complet ion of compac t ion , t he clay s t ruc tu re m a y 

Fig. 4 3 8 . S trength of c o m p a c t e d sampls of the same den-
s i ty b u t of different structures 

Fig. 4 3 6 . The clay has been compac ted b y knead-
ing a t th ree different stresses. 

Compression tes t s have been performed on the 
compac ted specimens, t he deformat ion curves 
yielding the stresses causing 5 and 2 0 % deforma-
t ion. These have been p lo t t ed for each Proc to r 
curve in Fig. 4 3 6 and c as a funct ion of wa te r 
con ten t . The stress per ta in ing to small compres-
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undergo a smal l b u t significant, t ime-dependen t 
t r ans i t ion to a more flocculated s t a t e . A t t h e same 
t ime , changes in adsorbed w a t e r s t ruc tu re p r o b -
ably t ake place, because t h e m e a s u r e m e n t has shown 
wa te r pressure t o decrease w i th t ime after com-
pac t ion ( B I S H O P et αί., 1960). B o t h of these effects 
t e n d t o create a s t ronger ma te r i a l . 

The soil p laced in an e m b a n k m e n t , a d a m , or 
in t h e subgrade of a p a v e m e n t m a y absorb w a t e r 
dur ing t h e service life of t h e s t ruc tu re . This will 
cause loss of s t r eng th , w i th adverse consequence 
on s tabi l i ty or load-bear ing capac i ty . This is t h e 
reason p r o m p t i n g a s t u d y in to t h e effect of mois-
t u r e u p t a k e on compac ted soils. Two samples of 
t h e same soil are compac t ed t o t h e same d r y 
densi ty , one on t h e d ry side (J ) , t h e second on 
t h e wet (2) a n d t h e first is t h e n s a t u r a t e d w i t h o u t 
allowing i t t o swell (Fig. 438). The first sample 
will, in general , d isplay grea te r s t r eng th . This dif-
ference is also due t o s t ruc tu re . Compact ion has 
i m p a r t e d a coagula ted s t ruc tu re t o sample i , 
which i t has re ta ined even after s a tu ra t ion . This 
is t h e reason for t h e grea te r s t r eng th . 

The effect of some compac t ion m e t h o d s on 
s t r eng th is d e m o n s t r a t e d in F ig . 439. The re la t ive 
s t reng th , versus t h e ra t io of t h e s t r eng th observed 
to t h a t displayed b y a sample compac ted t o 
abou t t h e same dens i ty b y knead ing , is p lo t t ed 
on t h e ver t ical axis . Two d iagrams have been 
p lo t ted , t he first showing t h e s t r eng th pe r ta in ing 
to 5, t h e second t h a t t o 2 5 % deformat ion . The 
me thod of compac t ion will be clearly observed to 
have ha rd ly a n y effect on s t r eng th , as long as 
compact ion is performed on t h e d ry side, whereas 
on t h e wet side t h e differences are wide. S t r eng th 
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is seen t o increase in t h e sequence kneading , 
t a m p i n g , v ib ra t ion , s ta t ic pressure . The unifor-
m i t y of or ien ta t ion a n d pore-water pressure appead 
t o decrease in th i s order a n d t h e mos t coagula ter 

19* 
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Fig. 443 . Effect of aging on the permeabi l i ty of a c o m p a c t -
ed s i l ty c lay: 
1 — samples tested 2 1 days after compaction; 2 — samples tested immediately 
after compaction (MITCHELL et al., 1 9 6 5 ) 

s t ruc tu re t o yield t he greates t s t r eng th . The plot 
of s t rengths per ta in ing to 2 5 % compression will, 
however , reveal no differences those be tween 
s t ruc tur ing , and t h u s s t reng th , being obl i te ra ted 
b y t h e great deformat ions . 

The aforement ioned differences are shown for 
several soil t ypes in Fig. 4 4 0 , where t he effects 
of s ta t ic pressure and knead ing are compared . 

5 . 2 . 1 . 6 The effect of compaction on permeability 

I n cohesive soils, pe rmeabi l i ty also depends on 
s t ruc tu re , as exemplified b y Fig. 4 4 1 . The com-
pac ted samples have been t es ted a t cons t an t 
volume and permeabi l i ty de te rmined a t equilib-
r ium. On t h e dry side, k was found to decrease 
rap id ly wi th increasing mois ture and to reach 
a lowest value a t w = wopi, increasing again 
slightly beyond th is poin t . 

I n F ig . 4 4 2 t h e effects of b o t h compac t ion 
m e t h o d a n d compac t ion wa te r con ten t are included 
( M I T C H E L L et al., 1 9 6 5 ) . 

If a t r ans i t ion to a more flocculent s t ruc tu re 
t akes place to cause th ixo t rop ic harden ing , i t 
would be expec ted t h a t t h e permeabi l i ty should 
increase as well, because t h e more flocculent 
s t ruc tu re should have a larger effective pore size. 
I n order t o inves t iga te t h e effect of aging, two sets 
of specimens were compac ted b y M I T C H E L L et al. 
( 1 9 6 5 ) . One set was tes ted immedia te ly after 
compact ion , a n d t h e o ther was aged a t cons tan t 
wa te r con ten t and dens i ty for 2 1 days and t h e n 
t e s t ed . The resul ts are shown in Fig. 4 4 3 . This is 
one of t h e risks involved in ex t rapo la t ion of labo-
r a t o r y measu remen t s t o field condi t ions. 

The response of compac ted soils to wa te r is 
of pa r t i cu la r in te res t in t h e case of dams and 
flood levees. The effect of repea ted cycles of wet t ing 
a n d dry ing has been s tudied b y P O R T E R ( 1 9 5 5 ) , 
who found t h a t compac ted clays will n o t dis-
in t eg ra te , only swell a n d shr ink, if t he u p t a k e 
a n d loss of wa te r occurs a t a slow r a t e . Densi ty 
has suffered no change even after several cycles of 
we t t ing a n d dry ing . Fas t ra tes of changes in 
mois ture will, on t h e o ther h a n d , cause t h e soil 
t o crack and dis in tegrate . 

5 . 2 . 1 . 7 Relationship between the index properties 
and compaction characteristics of soils 

Table 3 9 has been compiled b y G A S P A R ( 1 9 6 4 ) 
a n d i t indica tes t he modified Proc to r densi ty for 
different t ypes of soil. Exper ience in H u n g a r y has 
d e m o n s t r a t e d t h e va l id i ty of these da t a . Empir ica l 
formulae have also been given b y G A S P A R for 
finding the o p t i m u m wa te r con ten t . The diagrams 
p lo t t ed from these are shown in Fig. 4 4 4 . The 
value of γ™* is from tab les . The rela t ionship 
be tween t h e At t e rbe rg l imits a n d wopt has also 
been p lo t t ed in Fig. 4 4 4 . 

Resul ts from t h e U. S. A. are shown as i l lustrat ive 
examples of t h e great n u m b e r of tables and diag-
r a m s . The cha r t of Fig . 4 4 5 (AASHO Τ 9 9 - 4 9 ) , 
compi led on the basis of 9 7 2 exper iments , is mos t 

Table 3 9 . Characteristic compact ion parameters for typical Hungar ian soils , 
after GÄSPÄR ( 1 9 6 4 ) 

Soil type ^opt yomax (kN/m
3
) 

Sil ty gravel , s i l ty broken stone 5. . .10 20.0 . .22.5 
Sandy gravel, gravel ly coarse sand 4. . . 7 19.5. .21.0 
Si l ty sand U > 5 8. . .12 19.0. .20.5 Si l ty sand 

17 = 2.5. . .5.0 6. . .11 18.2. .19.5 
Fine sand U = 1.3. . .2.5 5. . . 9 17.0. .18.2 
Sand from the shore of 

Lake Ba la ton U = 1.3. . .1.7 4. . . 8 15.8. . .16.6 
Si l ty Mo I

P = 5. . 1 0 % 9. . .13 19.0. . .19.8 
Silt Ip = 10. . 1 5 % 10. . .14 18.5. .19.5 
Clay !P = 15. • 25% 11. . .17 17.5. .19.2 
H e a v y c lay 4 = 25. . 4 5 % 14. . .20 16.5. .18.0 
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simple to use. F u r t h e r s tudies were conduc ted in 
1961 from the resul ts of which t h e following for-
mulae were derived ( R I N G and S A L L B E R G , 1962): 

In wopt = 0.784 In wL + 1.378(/ a + 100) - 6.586 
(510) 

and 

W o max =
 3

·
1 27

 - ° ·
5 6 7 1Η

 (WP + 20) - 0 . 1 1 0 1 η / α. 
(511) 

The formulae are represen ted graphical ly in 
Fig . 446, indica t ing a t t h e same t ime t he range 
used for compiling t he formula . I n these expres-
sions f a is t he m e a n of t he ord ina tes pe r ta in ing t o 
the values d = 2.0, 0.42, 0.047, 0.02, 0.005 and 
0.001 m m on the grain-size d is t r ibut ion curve . 

5.2 .2 Deep compact ion 

5.2.2.1 Blasting 

Deep compact ion b y de tona t ion of bur ied 
explosives can provide a rap id , low cost means 
for soil improvemen t . The general procedure con-
sists of ( M I T C H E L L , 1981): 

1. ins ta l la t ion of a pipe b y j e t t i ng , v ib ra t ion , 
or o ther means t o t he desired d e p t h of charge 
p lacement ; 

2. p lacement of t he charge in t he p ipe ; 
3. backfilling t he hole; 
4. de tona t ion of charges according t o a pre-

establ ished p a t t e r n . 

25 30 35 40 45 50 55 60 65 70 
wL (%) 

• Ιρ=7"Ί2% ο 12-15% *15~25% + >25% 

Fig. 444 . Observed o p t i m u m water c o n t e n t va lues 
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Fig . 445 . Diagram to find c o m p a c t i o n parameters 
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Fig. 446 . E x p e r i m e n t a l re lat ionships to find wopt va lue 

The explosives used include d y n a m i t , T N T , and 
a m m o n i t e . Detai led descript ions of biasing are 
given b y I V A N O V ( 1 9 6 7 ) ; M I T C H E L L ( 1 9 7 0 ) ; L I T -

V I N O V ( 1 9 7 3 , 1 9 7 6 ) ; D O N C H E V ( 1 9 8 0 ) a n d others . 
S a t u r a t e d clean sands are well sui ted for den-

sification b y blas t ing . Success in a n y case depends 
on t h e abi l i ty of t h e shock wave genera ted b y 
t h e b las t t o b r e a k down t h e ini t ial s t ruc tu re , and 
crea te a l iquefact ion (see Chap te r 6 ) for a suf-
ficient period t o enable part icles to rear range 
themselves in a denser packing . 

There are no generally accepted theoret ical 
design procedures for densification b y blas t ing, 
field t r ia ls are therefore usual ly used prior t o 
execut ion. 
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Table 4 0 . Parameters for est imat ing blast pressures and 
impulse values (IVANOV, 1 9 6 7 ) 

Soil type 
Gas 

content 
(%) 

1̂ μ 2 

Sand below water 
table 0 600 1.05 0.080 1.05 

0.05 450 1.5 0.075 1.10 
1 250 2.0 0.045 1.25 
4 45 2.5 0.040 1.40 

Moist sand 
( 8 - 1 0 % water) — 7.5 3.0 0.035 1.50 
( 2 - 4 % water) — 3.5 3.3 0.032 1.50 

The requi red disrupt ive stress will increase 
wi th dep th , and the effective rad ius of influence 
will decrease. The magni tudes of t h e shock wave 
pressure, P m a x (in k p / c m 2 = 1 0 0 k N / m 2) , and the 
impulse per un i t area, J (in k p — s/cm 2 = 1 0 0 
k N — s/m 2) , are given by I V A N O V ( 1 9 6 7 ) as follows: 

Ρ Je 
1
 max — «Ί 

R j 

( 5 1 2 ) 

( 5 1 3 ) 

in which C is t h e size of charge (kg of T N T ) , jR is 
the dis tance from centre of charge (m), μ1 and μ 2 

are empir ical coefficients t o be t a k e n from Table 4 0 . 
A hydro-b las t ing technique has been used very 

successfully and economically for compact ion of 
collapsible loess deposits ( L I T V I N O V 1 9 7 3 , 1 9 7 6 ; 
D O N C H E V , 1 9 8 0 ) . Al though collapse of t h e loess 
can often be accomplished by flooding alone, i t has 
been found t h a t more uniform resul ts can be 
achieved more quickly and economically b y th is 
me thod . 

5 . 2 . 2 . 2 Vibrocompaction 

The process of v ibrocompac t ion is tho rough ly 
reviewed in t he presen ta t ion b y M I T C H E L L ( 1 9 8 1 ) . 
The procedures are character ized b y the inser t ion 
of a cylindrical or to rpedo-shaped probe in to t h e 
ground, followed b y v ib ra t ion dur ing wi thdrawa l . 
I n a n u m b e r of these me thods a granula r backfill 
is added , so t h a t a compac ted sand or gravel 
column is left beh ind wi th in t h e mass of sand 
compac ted . Sinking of t he probe t o t he desired 
t r e a t m e n t d e p t h is usual ly accomplished using 
v ib ra to ry me thods , often supp lemented b y w a t e r 
je ts a t t h e t i p . Inject ion of air a t t h e same t ime 
has been found to facili tate pene t ra t ion t o large 
dep ths . U p w a r d directed wa te r j e t s along t h e 
sides have also been found helpful in some cases. 
Soil gradat ions sui table for densification b y vibro-
compact ion are indica ted in Fig. 4 4 7 . Such 
methods used a t present inc lude: 

(a) Ter raprobe me thod . This m e t h o d ( A N D E R -

S O N , 1 9 7 4 ) uses a Fos te r Vibrodr iver pile h a m m e r 
on t o p of a 0 . 7 6 m d iamete r open t u b u l a r probe 
(pipe pile) t h a t is 3 t o 5 m longer t h a n t he desired 
pene t r a t ion dep th . The un i t operates a t a fre-
quency of 1 5 Hz and a ver t ical ampl i tude of 
1 0 - 2 5 m m . I t exercises marg ina l effectiveness in 
the u p p e r 3 t o 4 m of t h e zone t o be densified. 

(b) Vibroflotat ion. The equ ipmen t consists of 
th ree ma in p a r t s : t h e v ib ra to r , extension tubes , 
and a suppor t ing crane . The v ib ra to r is a hollow 
steel t u b e conta in ing an eccentric mass moun ted 
on a ver t ica l axis in t h e lower p a r t , so as to 
t r a n s m i t hor izonta l v ib ra t ion . Vibroflot sinking 
ra tes of 1 t o 2 m/min and wi thdrawal /compac t ion 
ra tes of a b o u t 0 . 3 m/min are typ ica l . W a t e r pres-
sures of u p to 0 . 8 M P a and flow ra tes u p to 3 0 0 0 
1/min m a y be used t o facil i tate pene t ra t ion . Sand 
backfill is consumed a t a r a t e of u p to 1.5 m 3 / m 
dur ing t h e compac t ion process. 

(c) Vibrocomposer m e t h o d ( M U R A Y A M A , 1 9 5 8 ) . 
The a p p a r a t u s and procedure used in th is sys tem 
are shown in Fig . 4 4 8 . A casing pipe is dr iven t o 
t h e desired d e p t h b y a v ib ra to r a t t h e t o p . A sand 
charge is t h e n in t roduced in to t h e pipe, t h e pipe 
is w i t h d r a w n p a r t w a y while compressed air is 
b lown down inside t h e casing t o hold t h e sand in 
place. The pipe is v ib r a t ed down to compac t t he 
sand pile a n d enlarge i ts d iameter . The process 
is r epea ted un t i l t h e pipe reaches t he ground 
surface. 

(d) Soil v i b r a t o r y stabil izing m e t h o d (SVS or 
T o y o m e n k a me thod ) . This t y p e of compact ion 
combines t h e ver t ica l v ib ra t ion of a v ib ra to ry 
dr iving h a m m e r and t h e hor izonta l v ibra t ion of 
a Vilot d e p t h compac tor . The Vilot is a special 
p robe of a b o u t t h e same size as t h e Vibroflot un i t s . 
Sand backfill is used, b u t wa te r is no t j e t t e d for 
e i ther t h e sinking or t he compac t ing process. 

B R O W N ( 1 9 7 7 ) has defined a sui tabi l i ty n u m b e r 
for vibroflotat ion backfills t h a t is given b y : 

SN = 1 .7 + + • 
(<*5θ)

2
 ( < * 2 0 )

2
 (d10) 

( 5 1 4 ) 

in which dt are t h e 5 0 , 2 0 and 1 0 % grain-size 
d iameters in m m . Corresponding sui tabi l i ty n u m -
bers a n d backfill ra t ings are 

0 - 1 0 excellent, 
1 0 - 2 0 good, 
2 0 - 3 0 fair, 
3 0 - 5 0 poor, 

> 5 0 unsu i tab le . 

The lower t he su i t ab i l i ty number , t he faster 
the vibroflot can be w i t h d r a w n while still achieving 
acceptable compact ion . 

(e) The V i b r o - W i n g m e t h o d ( B R O M S and H A N S -

S O N , 1 9 8 4 ) . I t consists in principle of a 1 5 m-long 
steel rod wi th a n u m b e r of wings welded to i t . 
The un i t is dr iven down in to t he fill using a high 
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capac i ty v ib r a to ry h a m m e r and t h e n slowly pulled 
out dur ing cont inued v ib ra t ion . The t ime needed 
for dr iving and wi thd rawa l of t he un i t is a b o u t 
one and five minu tes , respect ively, t he sand being 
compac ted b o t h dur ing t he dr iving and when t he 
un i t is being re t r ieved. W h e n t h e pore-water pres-
sure corresponds t o t he to t a l overburden pressure 
the effective stress is reduced t o zero and t h e soil 
becomes liquified. Liquefact ion occurs first locally 
a round t h e v ib ra t ing wings a n d i t spreads grad-
ual ly as t he pore-water pressure increases a round 
the v ib ra t ing un i t . If t he soil conta ins layers wi th 
low permeabi l i ty , which is often t h e case in 
hydraul ic fills, t he effectiveness of t h e m e t h o d is 
increased if t h e sand is re la t ively coarse, since 
a longer t ime will be required for t h e dissipat ion 
of t he excess pore-water pressure . The efficiency 
of t he V ib ro -Wing m e t h o d is affected b y t h e size 
and locat ion of t he wings (e.g. in coarse sand t he 
wings should be relat ively shor t and be placed 
relat ively far apa r t ) . 

5 . 2 . 2 . 3 Heavy tamping 

Soil compact ion b y h e a v y t a m p i n g involves 
repea ted dropping of h e a v y masses onto t he ground 
surface. The me thod is also t e r m e d dynamic 
compact ion (consolidation), or pounding . W h e n 
applied t o p a r t l y s a t u r a t e d soils, t h e densification 
process is essential ly t h e same as t h a t for i m p a c t 
compact ion (Proctor) in t h e l abo ra to ry ( M I T C H E L L , 

1 9 8 1 ) . I n t he case of s a t u r a t e d cohesionless soils 
l iquefaction can be induced , and t h e densification 
process is similar t o t h a t accompany ing b las t ing 
and v ibro-compact ion . The effectiveness of t he 
me thod in sa tu r a t ed , fine-grained soils is uncer-
t a in ; b o t h success and failure have been repor ted . 

The pounders used for h e a v y t a m p i n g m a y be 
concrete blocks, steel p la tes , or th i ck steel shells 
filled wi th concrete or sand, and m a y range from 
one or two u p to 2 0 0 tons in mass . Drop heights 
of up to 4 0 m have been used. 

Motor 
fi) vibrator 

Casing 
pipe 

I f i t 

Fig . 4 4 8 . Construct ion of c o m p a c t i o n pi les b y the Composer 
s y s t e m ( M U R A Y A M A , 1 9 5 8 ) 

Two or th ree coverages of an area m a y be 
requi red , separa ted b y t ime in te rva ls dependen t 
on t h e r a t e of dissipat ion of excess pore wa te r 
pressure and regain of s t r eng th . The general 
response of t h e ground as a function of t ime after 
coverage is shown in Fig. 4 4 9 . 

The degree of soil i m p r o v e m e n t depends on soil 
t y p e , wa te r condi t ions , and i n p u t energy per un i t 
a rea . F iner grained soils canno t be s t rengthened 
t o t h e same level as can coarser mater ia l s . Soft 
layers of clay and pea t inhib i t high degrees of 
compac t ion of adjacent cohesionless mater ia l 
because of the i r flexibility ( M I T C H E L L , 1 9 8 1 ) . 

Of par t i cu la r in te res t is t h e d e p t h of influence. 
M E N A R D a n d B R O I S E ( 1 9 7 5 ) proposed using 

D = YW - if, ( 5 1 5 ) 

where D is t h e m a x i m u m d e p t h t o be influenced 
(m), W is t h e falling weight (in metr ic tons) and 
Η is t h e height of drop (m) . 

L E O N A R D S et al. ( 1 9 8 0 ) analysed seven cases and 
concluded t h a t 

D = 0.5 Y W · H ( 5 1 6 ) 

was more app rop r i a t e , a n d L U K A S ( 1 9 8 0 ) sug-
gested t h a t 

D = (0.65 t o 0.80) f l F · H (517) 

Fig . 4 4 7 . R a n g e of particle-s ize d is tr ibut ions sui table for densif icat ion b y v i b r o c o m p a c t i o n ( M I T C H E L L , 1 9 8 1 ) 
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Fig . 449 . Ground response w i t h t i m e after success ive cov-
erages of d y n a m i c conso l idat ion (MENARD and BROISE, 
1975): 
1 — applied energy (tm/m

2
); 2 — volume change with time; 3 — ratio of pore 

pressure to initial effective stress; 4 — variation of bearing capacity 

was t h e bes t sui ted formula for t h e eight cases 
t h a t he s tudied . 

The d e p t h of influence depends on o ther factors 
as well in addi t ion t o t he i m p a c t energy. Soil t y p e 
m a y be expec ted t o be t h e mos t i m p o r t a n t . 
A crane drop is less efficient t h a n a free d rop . 
The presence of soft layers induces a damping 
effect on dynamic forces ( M I T C H E L L , 1 9 8 1 ) . 

J E S S B E R G E R and B E I N E ( 1 9 8 1 ) explain t he 
principle of t he compac t ion b y h e a v y t a m p i n g 
wi thin t he f ramework of fundamen ta l laws of soil 
mechanics . F o r th is purpose l abo ra to ry tes ts were 
carried out — wi th DYNO-class equ ipmen t , and 
wi th a fine sand and a silt — to measure t h e 
basic pa r ame te r s a n d t o find a correlat ion be tween 
stress condit ions and compact ion effects. The 
exper iments carried out on d ry sand proved t h a t 

^ d y n
 =

 ^ s t a t · 

W h e n wa te r - s a tu ra t ed silt was t es ted , t h e t o t a l 
ver t ical stress r emained cons tan t , whereas t he 
t o t a l hor izonta l stress increased to a l imit ing 

n(kPa) 

Before 
treatment 

(r(kPa) 

Fig. 450 . Effect ive stresses in water sa turated silt under 
i m p a c t loading (JESSBERGER and BEINE , 1981) 

va lue . The effective ver t ical and hor izonta l stresses 
can be calcula ted from t h e measurement s . The 
resul ts of a typ ica l t r ia l r u n are shown in Fig. 4 5 0 . 
The s t a t e of stress before t r e a t m e n t a n d after 
var ious n u m b e r of drops are d rawn in t he form 
of Möhr 's circle using effective stresses. Before 
t r e a t m e n t t h e effective ver t ica l stress has a value 
of az = 2 . 0 k P a , t h e effective hor izonta l stress 
ah — 0 . 4 8 k P a . (The s t a t e before t r e a t m e n t is 
charac ter ized as a s t a t e of failure.) 

Dur ing t r e a t m e n t t h e stress σζ decreases imme-
dia te ly after t h e first single drop because of 
increase in pore -wate r pressure . After t he first 
two drops ~dh increases wi th increase of σ 2, b u t 
wi th fur ther drops it decreases too . After t he eight 
drops ~dh has a larger va lue t h a n σζ. After t he last 
drop t h e Möhr circle again touches t h e failure 
envelope. A t th i s s t a t e t h e pore-water pressure 
has reached i ts m a x i m u m , given b y the specific 
weight of t h e soil. F u r t h e r drops would damage 
the soil s t ruc tu re , so t h a t t h e n u m b e r of drops 
un t i l th is s t a t e is reached is a l imi t ing value for 
t r e a t m e n t . Dur ing t h e following consolidation the 
effective stresses increase, ah reaching a larger 
value t h a n before t r e a t m e n t . The increase of 
effective stresses is accompanied b y se t t lements 
a t t h e soil surface. 

A m o u n t and t y p e of t h e dynamic loading can 
be e s t ima ted b y measur ing the r e t a rda t ion a of 
t he falling weight . B y use of Newton ' s law the 
stress a t t h e soil surface (σ 0 d yn in kN/m 2) is cal-
cu la ted from the equa t ion : 

°O.dyn 
m (518) 

in which m is t he mass of t h e pounde r (kg), A is 
t he base area of t h e pounde r (m 2) . 

According to t he t r ials of J E S S B E R G E R and 
B E I N E ( 1 9 8 1 ) : 

a = a f 2 p ^ , ( 5 1 9 ) 

where a (1/s) is a cons tan t of propor t iona l i ty . 
The fact t h a t t he m a x i m u m re t a rda t ion is 

i n d e p e n d e n t of m/A means t h a t h e a v y t a m p i n g 
in t h e field can be s imula ted b y l abora to ry tes t s . 
The stress a t t h e soil surface, necessary for com-
pac t ion down to t h e requi red dep th £ 0, is depen-
den t on th i s dep th . Fo r es t imat ing t h e stress 
d is t r ibut ion unde r dynamic loading t h e methods 
of F R Ö H L I C H ( 1 9 3 4 ) a n d K Ö G L E R and S C H E I D I G 

( 1 9 4 8 ) are used. The equa t ions a re : 

and 

σ
ζ, dyn _ 

Σ
0 , dyn 

dyn 

σ
0, dyn 

1 -\ t a n 0 o 

r 

(520) 

(521) 

respect ively. I n t h e equa t ions ζ is t he d e p t h , r is 
t he rad ius of t he loaded area , θ 0 is t h e angle of 
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Base area of 
the weight 

Ά2 

"A3 

-Maximum possible 
impact energy given 
by the capacity of 

the lifting unit 

Mass of the weight, m 

Fig. 4 5 1 . Des ign chart for h e a v y t a m p i n g for ζ 
(JESSBERGER and BEINE , 1981) 

const . 

load d is t r ibu t ion , ν is t h e factor of concent ra t ion , 
and cr 0 d yn can be ca lcula ted from Eqs ( 5 1 8 ) a n d 
(519). ' 

The required stress < 7 2 > d yn and t h e pa r ame te r s α 
and 0 O (or v) have t o be de te rmined before t h e 
design char t s are d rawn . As t h e equa t ions conta in 
four var iables (m, H, A, 2 0 ) , i t is necessary t o set 
one p a r a m e t e r cons t an t t o get t h e dependencies 
of t h e th ree o thers . The d e p t h z0 is given b y 
ground condi t ions , a n d t h e working pa r ame te r s 
have t o be chosen in t h e design procedure . The 
l abora to ry tes t resul ts are used to p repare a design 
char t similar t o t h a t in Fig. 4 5 1 . For a cons t an t A 
var ious combina t ions of mass and height can be 

used. The possible values are given b y t h e capac i ty 
of t h e lifting un i t used, ind ica ted b y t h e ha t ched 
zone in Fig. 4 5 1 . 

5,3 Mechanical stabilization 

The pure ly mechanica l process of a t t a in ing and 
conserving higher s t r eng th of a n y e a r t h s t ruc tu re 
b y mix ing cer ta in soils a n d compac t ing the mix 
carefully, is referred to as mechanica l s tabi l izat ion. 
This implies t h a t no o ther addi t ives are used. 

P rac t i ca l experience has shown t h a t for effective 
mechanica l s tabi l izat ion, t he grain-size dis tr ibu-
t ion of a soil should r emain be tween cer ta in 
l imi ts . These l imits are shown in Fig. 4 5 2 for a 
va r i e ty of purposes . A t t e m p t s have been made to 
develop formulae for ideal g rada t ion . One of these 
formulae , suggested b y T A L B O T , is 

( 5 2 2 ) 

Another , according to R O T H F U C H S ( 1 9 3 5 ) is 

oV 
S = 

Am w
0 

dm" — dm 

"max
 u

o 
( 5 2 3 ) 

I n th is formula, m is an empir ical coefficient 
usual ly en te red wi th values of 0 . 4 t o 0 . 5 . The 
specifications of t he A A S H O ( 1 9 5 8 ) are reproduced 
in Table 4 1 , while those on t h e At te rbe rg l imits 
are given in Table 4 2 . 

Table 4 1 . Grading for mechanica l ly stabilized soi l -aggregate roads (AASHO*, 1 9 5 8 ) 

Sieve designation 
Percentage by mass passing sieves 

Sieve designation 
A Β c D 

Classification I 
(coarsely grained) 76.2 m m 100 

50.8 m m — 100 
37.6 m m — — 100 
25.4 m m 35 . . . 6 5 50 . . . 8 0 100 

4 4.76 m m 10 . . . 3 0 15 . . . 3 5 20 . . . 40 25 . . . 4 5 
200 0.076 m m — — 10 10 

Classification I I 
(mediate ly grained) 76.2 m m 100 

50.8 m m — 100 
37.6 m m — — 100 
25.4 m m 45 . . . 7 5 50 . . . 8 0 — 100 

4 4.26 m m 15 . . . 4 5 20 . . . 5 0 25 . . . 5 5 30 . . . 6 0 
10 2.00 m m — — 20 . . . 5 0 

200 0.076 m m 10 12 12 12 

Classification I I I 
(stabil ized) 76.2 m m 100 

50.8 m m 65 . . . 1 0 0 100 
37.6 m m — 70 . . . 100 100 
25.4 m m 45 . . . 7 5 55 . . . 8 5 70 . . . 1 0 0 100 
18.8 m m — 50 . . . 8 0 60 . . . 9 0 70 . . . 100 

9.4 m m 30 . . . 6 0 40 . . 70 45 . . . 7 5 50 . . . 8 0 
4 4.76 m m 25 . . . 5 0 40 . . 60 30 . . . 6 0 35 . . . 6 5 

10 2.00 m m 20 . . . 40 20 . . 50 20 . . . 5 0 25 . . . 5 0 
40 0.42 m m 10 . . 25 10 . . 30 10 . . . 3 0 15 . . . 3 0 

200 0.076 m m 3 . . 10 5 . . 10 5 . . . 15 5 . . . 1 5 

* A A S H O — American Assoc iat ion of S ta te H i g h w a y Officials 
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Table 4 2 . Requirements in respect of cons is tency l imits 

Classificatiion Layer wL 

II Load-bearing course < 6 < 25 
Wearing course < 6 < 25 

I I I Load-bearing course < 6 < 25 
Wearing course 4 . . . 9 < 35 

Soils meet ing the above requ i rements are b u t 
rare ly encountered in t he field. The mater ia l 
hav ing t h e desired proper t ies m u s t usual ly be 
produced b y b lending; t h e corresponding me thods 
have been described in Vol. 1, Section 2,1.7. I t 
should be fur ther no ted t h a t b lending ra t ios 
giving the highest possible uni formi ty coefficient 
will prove t he most sat isfactory. 

The s t r eng th of t he stabil ized soil depends on t h e 
s t reng th of adhesion and — disregarding t h e p rop-
erties of t he b inding agent — on the dens i ty and 
moisture of t he b lend. An increasing degree of 
mois ture will cause a p ronounced loss in s t reng th . 
The effect of sa tu ra t ion b y capil lary rise was found 
to be t he greater , t he lower t h e dens i ty of t he soil 
in t h e original condi t ion. 

5.3 .1 Cement stabil ization 

I n cement s tabi l izat ion, a mix consist ing of 
pulverized soil, po r t l and cement a n d wa te r is 
produced, resul t ing in a new mater ia l k n o w n as 
soil cement . Owing to i ts superior s t r eng th and 
durabi l i ty , low compressibi l i ty, and i ts resis tance 
to wate r , ho t wea the r a n d frost, th is mate r ia l is 
sui ted for p a v e m e n t s , base courses, canal l inings, 
foundat ions , e tc . 

The mechanism b y which the stabilizing act ion 
of cement is realized differs in fine- and coarse-
grained soils ( the l a t t e r t e r m apply ing to fine- and 
medium-gra ined sands) . I n fine-grained silts and 

clays t he h y d r a t i n g cement develops s t rong bonds 
be tween t h e minera l par t ic les , resul t ing in a 
cemented m a t r i x which encases t he unbonded soil 
grains . The honeycomb s t ruc tu re of t he m a t r i x is 
responsible for t h e s t r eng th of t h e final p roduc t , 
t h e s t r eng th of t he clay part icles wi th in t he ma t r i x 
he ing r a t h e r low. The bonds p reven t t he part icles 
from moving re la t ive t o each o ther , t h e r e b y mini-
mizing plas t ic i ty and increasing shear resis tance. 
T h e clay part ic les are coagula ted b y the lime 
l ibera ted in t he course of hyd ra t i on , reducing 
the i r affinity t o wa te r and t h u s t h e swelling and 
shr inking proper t ies of t h e soil. 

The cement ing act ion in t h e more granular 
soils is due to a mechan i sm resembling t h a t in 
concrete , wi th t h e difference, however , t h a t the 
voids in t he aggregate are no t complete ly filled b y 
the cemen t pas t e . F i r m bonds are developed only 
a t t h e poin ts of con tac t of t h e aggregate grains 
("poin t we ld" ) . No cont inuous m a t r i x is created. 
The s t r eng th of t he cement ing act ion will increase 
direct ly wi th t h e dens i ty of grading and wi th t he 
n u m b e r of con tac t areas and inversely wi th the 
size of t h e pores . 

Fo r a detai led t r e a t m e n t of t h e chemical pro-
cesses in soil cement , reference is made t o t he 
book "Soi l S tab i l i za t ion" b y t h e senior au tho r 
(1967). 

A wea l th of d a t a has been publ ished in t he 
l i t e ra ture concerning t h e s t r eng th of soil cement . 
The d iagram in Fig. 453 has been p lo t t ed on the 
basis of exper imen ta l resul ts . The compressive 
s t r eng th of compac ted cylindrical samples con-
t a in ing 8 % b y weight of Class 500 cement and 
cured for 7 days has been p lo t t ed in to t h e t r ian-
gular d iagram. The sides of t h e t r iangle indicate 
t h e sand con ten t (d > 0.1 m m ) , t he silt + clay 
con ten t (d << 0.1 m m ) , as well as t he air- and 
wa te r con ten t in % b y vo lume. This manne r of 
p resen ta t ion is convenient , on t he one h an d , for 
demarca t ing t he range in which a cement t r ea t -
m e n t of a soil is a t all feasible and in which 

Fig . 452 . Grading b a n d s of m i x t u r e s sui table for s tabi l izat ion: 
A — optimal for base and surfacing courses; Β — still useful mixtures; C — band range for wearing courses 
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s t reng th can be tes ted . Also, a clear p ic tu re is 
obta ined of t h e influence of dens i ty a n d mois ture 
con ten t . F u r t h e r in fo rma t ion of in te res t m a y be 
found in Fig. 454, showing, again for a pa r t i cu la r 
cement con ten t of t h e mix , t h e s t r eng th thereof 
as a funct ion of t h e percentages b y vo lume of t h e 
solids, wa te r and air. This d iag ram also indicates 
t he range of op t ima l mix composi t ion. The 
influence of dens i ty will be seen t o be especially 
pronounced, in t h a t an increase in t h e un i t weight 
of 1 0 % resul ts in a gain in s t r eng th of 30 u p 
to 4 0 % . 

A resul t of pa r t i cu la r in te res t is ind ica ted in 
Fig. 455, where t h e compressive s t r eng th of a 
s i l t - sand mix tu re has been p lo t t ed agains t t h e mix 
ra t io while t h e cement con ten t being ma in t a ined 
cons tan t . The d ry un i t weights and un i formi ty 
coefficients have also been en te red . All th ree curves 
a t t a i n a peak value a t t h e same mix ra t io . The 
greatest s t r eng th and dens i ty are found where U 
assumes i ts highest va lue . A posi t ive re la t ionship 
was found to exist be tween U a n d t h e compressive 
s t reng th (Fig. 455b). Fo r different mix ra t ios of 
the same U va lue , ident ical s t r eng ths were 
obta ined . 

Most soils t o be stabil ized b y cement t r e a t m e n t 
m u s t be pulverized before add ing t h e cement and 
mixing wi th wate r . The m i x m u s t be subsequen t ly 
compac ted . S t r eng th is also influenced b y these 
processes. 

Fig . 454 . S trength of field road cons truct ion materia ls 
represented in the phase -d iagram 

I n a n u m b e r of appl icat ions , t h e tensile, or 
flexural s t r eng th of t h e cement - t r ea ted soil is 
also of in te res t . The corresponding invest igat ions 
h a v e revealed t h a t t h e i m p r o v e m e n t of these 
proper t ies , a t t a inab le pr imar i ly b y increasing the 
cement con ten t , is in general slight. Increased 
cement con ten t s of t h e mix have , on t he o ther 

d^O.Imm (%) 
Fig. 453. S trength of soi l -aggregate road cons truct ion mater ia l s w i t h 8 % (by v o l u m e ) c e m e n t added 
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hand , a marked influence on the At te rbe rg l imits 
and on volume changes, as shown b y the example 
in Fig. 4 5 6 . The granulometr ic curves of soils 
sui ted for cement t r e a t m e n t are shown in Fig. 4 5 7 . 

5.3 .2 L i m e stabil ization 

Cohesive soils mixed w i th l ime, in t h e form of 
pulverized quickl ime, slaked (hydra ted) l ime, or 
l ime s lurry , and subsequent ly compac ted will pro-
duce a stabil ized soil. The react ion between the 
lime and t h e clay minerals present in t he soil 
invar iab ly resul ts in changing the plast ic proper-
ties and s t ruc tu re of t he soil and t he r eby in a higher 
bear ing capac i ty . The physical and chemical pro-
cesses involved have largely been clarified (cf. eg. 
J E S S B E R G E R , 1 9 6 7 ; K E Z D I , 1 9 6 7 ) . The most impor-
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t a n t changes in soil proper t ies include ( J E S S -

B E R G E R , 1967): 

— coagulat ion, aggregat ion; 
— reduced affinity t o w a t e r ; 
— improved compac t ib i l i ty ; 
— higher s t r eng th . 

These changes are re la ted pr imar i ly t o t he 
change t a k i n g place in t h e soil s t ruc tu re . The 
change in t he P roc to r curve is i l lus t ra ted in Fig . 
458, showing the increase in wopt and t h e decrease 
in m a x i m u m dry densi ty . A major a d v a n t a g e of 
lime t r e a t m e n t is t h a t t h e compac t ion proper t ies 
of a wet soil can be mater ia l ly improved t h e r e b y . 
Changes in s t ruc tu re are offered as an exp lana t ion 
for t he lowering of t h e d ry dens i ty ob ta inable 
wi th a given compac t ive effort, in t h a t wa te r is 
needed for hyd ra t i on res t r ic t ing t h e mobi l i ty of 
the coagulated par t ic les . 

Another i m p o r t a n t effect is t h a t cohesive soils 
t r ea t ed wi th lime display v i r tua l ly no swelling and 
shr inkage is also great ly diminished. 

The most i m p o r t a n t effect of l ime t r e a t m e n t is 
the gain in s t r eng th , t h e ex t en t of which depends 
on several factors . According to Fig. 459 the 
influence of aging t ime is insignificant, as long as 
the l ime conten t is small , b u t i t increases toge the r 
wi th t he lime percentage . The cemen ta t ion process 
takes place a t a r a t h e r slow r a t e and even tes ts 
performed after 28 days do no t yield t h e even tua l 
s t r eng th values . 

mo 

18.0 

16.0 

15.0 

Silt 
wL =37 % 
Ip=13°/o 

f \ '// \ 
0 10 20 30 

w (%) 

Fig . 458. Effect of l ime addi t ion on c o m p a c t i o n curves 
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Fig . 459 . Effect of aging on the s trength of l ime stabil ized 
soil 

As regards response to l ime t r e a t m e n t , soils are 
classified according t o t h e grain-size dis t r ibut ion 
curves in to t he groups shown in Fig. 460. Soils 
belonging to Group A are too coarse t o be pro-
cessed and are t h u s unsu i t ed to l ime stabil izat ion. 
I n Group Β — sands — lime t r e a t m e n t remains 
similarly ineffective, t he soils still being too coarse. 
The addi t ion of l ime resul ts in no gain in s t reng th , 
since t h e carbon dioxide of t h e air finds no access to 
t h e stabil ized layer . The group in which lime 
t r e a t m e n t can be appl ied effectively has been 
denoted b y C. R a t h e r t h a n t h e grain-size distri-
bu t ion , i t is t h e minera logical -chemical effect of 
t he fine componen t s which is decisive in such 
soils. The soils belonging to Group D are again 
unsu i ted to l ime t r e a t m e n t , since these are too 
h e a v y a n d t h u s uneconomical to process. 

The i m p r o v e m e n t s in t h e engineering charac te r 
of lime-soil mix tu res are a t t r i b u t e d to four basic 
reac t ions . These , based on cur ren t ly available 
l i t e ra tu re , and on T H O M P S O N ' S (1966) reference, 
include t h e folio wings. 

1. Cat ion exchange . The general order of replace-
abi l i ty of t h e c o m m o n cat ions associated wi th 
soils is given b y t h e lyot ropic series, N a + << 
< K + < Ca + + < M g + + . A n y cat ion will t e n d to 
replace t h e cat ions to t h e left of i t , and mono-
va len t cat ions are usual ly replaceable b y mul t i -
va l en t ca t ions . I n some cases, t h e exchange 
complex is pract ica l ly Ca + + s a t u r a t e d before t he 
l ime addi t ion a n d cat ion exchange does no t occur, 
or is minimized. 

2. F loccula t ion a n d agglomerat ion. These reac-
t ions resul t in a p p a r e n t change of t he t e x t u r e and 
— toge the r w i th t h e ca t ion exchange — are pri-
mar i ly responsible for t h e changes in plast ic i ty , 
shr inkage , and workabi l i ty character is t ics , b u t no t 
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for s t r eng th increase of lime-soil mix tu res ( T H O M P -

S O N 1966). 
3. Lime carbonat ion . Lime reac ts wi th carbon-

dioxide t o form t h e rela t ively weak cement ing 
agents Ca and Mg ca rbona te . 

4. Puzzolanic react ion. This is a reac t ion be-
tween soil silica and/or a lumina a n d lime to form 
var ious types of cement ing agents . These l a t t e r s 
are generally regarded as t h e major source of 
s t reng th increases. 

According to T H O M P S O N ' S exper iments (1966), 
op t imal l ime addi t ion is in t he range of 3 t o 7 % 
b y weight . The s t r eng th increase can be charac ter -
ized b y the so-called " l ime r e a c t i v i t y " which is 
t he resul t of a sub t rac t ion : 

LR = q u k - q n , (524) 

where qn means t he unconfined compression 
s t r eng th of t h e n a t u r a l soil, and qû  t he max ima l 
unconfined compression s t r eng th of the l ime-
t r e a t e d soil ( independent ly of t h e q u a n t i t y of l ime 
added) . The values for E q . (524) were establ ished 
b y the a u t h o r on samples compac ted a t the i r 
o p t i m u m wate r con ten t and cured for 28 days . 
I t was found t h a t t he " l ime r e a c t i v i t y " increased 
wi th t h e p H of t he mix tu re , b u t decreased con-
siderably when the mass conta ined organic ca rbon; 
wi th over 1 % organic con ten t , l ime addi t ion was 
pract ical ly ineffective. The a u t h o r expressed his 
opinion t h a t l ime t r e a t m e n t would have t he bes t 
efficiency wi th soils of subs tan t i a l Si or Al con-
t en t . 

Q U E I R O Z (1981) demons t r a t ed , on t he basis of 
his exper iments , t h a t t he correlat ion be tween L R 
and the S i 0 2 or A 1 2 0 3 con ten t of t he soil was no t 
too close (r = 0.46 and r = 0.43 for t he soils 
tes ted) . When , on t he o ther hand , t he regression 
analysis was based on t h e amorphous cons t i tuen ts 
of these compounds , t h e correlat ion coefficient 
improved subs tan t ia l ly (r = 0.79 and r = 0.69). 
The less crystal l ine t he clay mineral , t he more 
easily t he Si/Al will be avai lable for reac t ion; if 

the re are amorphous cons t i tuents present , t he 
l ime will immedia te ly reac t wi th t h e m . These 
exper iments have fur ther confirmed t h a t all o ther 
geotechnical proper t ies of t he clay (w L, κ ; Ρ, Dn 

e t c ) were a lmost i r re levant in respect to t he LR-
va lue . 

5 .3 .3 B i t u m e n o u s soil stabil ization 

The combina t ion of soils wi th wa te r and b i t umen 
is accompanied b y compl ica ted physical and chem-
ical processes. The objective of such t r e a t m e n t 
is t o coat t he ind iv idua l part icles wi th a b i tuminous 
film, which is, on t h e one h a n d , t h i n enough not to 
reduce radical ly t h e frictional resis tance to the 
re la t ive m o v e m e n t of t h e part icles and , on t he 
o ther h a n d , th ick enough to cement t he discrete 
solids. To produce th is condi t ion, t he s t eady load 
m u s t be high enough to squeeze t he b i t u m e n from 
t h e area sur rounding t h e poin t of contac t . The 
b i t u m e n film will t h e n coat several part icles (Fig. 
461), which are more or less in direct con tac t wi th 
each o ther . Shear stresses in a similar sys tem will 
cause t h e coat ing film to r u p t u r e a t several points 

Fig. 461 . B i t u m e n - b o u n d e d sand: 
I — solid soil particle; 2 — air bubble; 3 — pore water; 4 — bitumen film; a — 
contact points between soil particles 

Fig . 460 . Grain-size dis tr ibut ion curves of materia ls suitable for l ime s tabi l izat ion 



Mechanical stabilization 303 

a n d induce frictional resis tances of considerable 
magn i tude . The coat is reformed as soon as the re 
is no movemen t . The sur roundings of t h e con tac t 
po in ts are p ro tec ted from wa te r b y t he b i t u m e n , 
p reven t ing the wa te r from enter ing re-establ ishing 
the bonding effect. 

Prac t ica l experience has shown a i r -dry and ve ry 
wet soils no t t o mix readi ly wi th b i t u m e n , while 
soils wi th mois tures from w = 4 t o 1 2 % present 
no difficulty. Surface tens ion be tween the indi-
vidual components and t h e m a g n i t u d e of t h e 
energy of we t t ing have been suggested as explana-
t ions for th is phenomenon . No mate r ia l can be 
coated wi th ano the r , unless t h e adhesion be tween 
t h e two mater ia ls is superior t o t h e b o n d s t r eng th 
of one of t h e m . Adhesion condi t ions a t 20 °C are 
shown in Fig. 462, from which i t will be perceived 
t h a t t h e grains in a d r y mass are su r rounded pri-
mari ly b y air, t he l i t t le wa te r p resen t being con-
fined to t he corners be tween t h e par t ic les . The 
b i t u m e n added will t h u s displace t h e bonded air 

Fig. 4 6 2 . Specific adhes ion b e t w e e n c o m p o n e n t s of b i t u m e n -
b o u n d e d mater ia l s 

1200 
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Fig . 463 . S trength in a b i t u m e n - b o u n d e d soil mass 

0 2 4 6 β 10 12 
Content in volatile material (%) 

Fig . 464 . Influence o n s trength of aging be low water 

l ayer a n d no coat ing film will be formed. Converse-
ly , too m u c h w a t e r will be presen t no t only in 
t h e corners b u t also in t h e large pores , forming 
a t h i n envelop a r o u n d t h e par t ic les . A b i tumen-
to-solid b o n d could only be realized b y displacing 
t h e pore w a t e r a n d b y removing t h e wa te r film. 
This , however , is impossible because of differences 
in adhesive forces. There is consequent ly an op-
t i m a l wa te r con ten t a t which the bonding force and 
t h u s s t r eng th are grea tes t . 

As is seen in Fig . 463 , t h e s t r eng th of t h e com-
pac t ed mix depends on t h e a m o u n t of b i t umen 
added , t h e op t ima l va lue being ob ta ined a t a round 
4 % . This is due to t h e s t ruc tu re of soils stabilized 
b y b i t u m e n , as well as t o t h e fact t h a t t h e d ry 
dens i ty a t t a inab le wi th a par t i cu la r compact ive 
effort decreases as t h e b i t u m e n con ten t is increased. 
Low b i t u m e n con ten t s m a y lead to swelling, 
loosening a n d de ter iora t ion of the s t ruc tu re , espe-
cially in cohesive soils which t h e small a m o u n t of 
b i t u m e n fails t o render imperv ious . The samples 
are , therefore, cured for four days in a humid 
a tmosphere a n d are t h e n submerged in wa te r for 
ano the r four days . The s t r eng th loss caused b y 
such curing provides t h e clues needed for deter-
mining t h e o p t i m u m b i t u m e n con ten t . The results 
of similar t es t s are shown in Fig. 464. 

According t o pract ica l exper iments , t he soil 
t y p e s sui ted t o successful b i tuminous stabi l izat ion 
should have t h e following proper t ies . 

1. The d iamete r of t he coarsest part icle should 
no t exceed one- th i rd of t h e th ickness of the 
t r e a t e d soil layer . 
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Fig. 465 . Grain-size dis tr ibut ion curve of mater ia ls sui table 
for b i t u m e n stabi l izat ion 

2. The grain-size d is t r ibut ion curve should lie 
in t he shaded area in Fig. 465. 

3. The l iquid and plast ic l imits should be lower 
t h a n 40 and 1 8 % , respect ively. 

The compact ion character is t ics {wopi, 7ο, max) °f 
t he soil v a r y wi th t he b i t u m e n con ten t most ly 
as ind ica ted b y Fig. 466, viz. t h e o p t i m u m mois-
tu re increases as t he m a x i m u m dry dens i ty is 
reduced. 

The a m o u n t of b i t u m e n needed is found s imply, 
in t e rms of t h e g ranu lomet ry , from t h e formula 
( J O H N S O N , 1957): 

ρ = 0.015α + 0.02fr + 0.03c + 0.09α1. (525 

Here ρ is t h e percentage of b i t u m e n wi thou t 
solvent , based on d ry weight of t he soil, while 
the quant i t i es a, 6, c and d are found from Fig. 467. 

0 5 10 15 20 25 30 
Water content, w (%) 

Fig. 466. Influence of b i t u m e n addi t ion on c o m p a c t i o n param-
eters 

d (mm) 

Fig. 467. D e t e r m i n a t i o n of des ign parameters for E q . (525) 

The m a g n i t u d e of t h e fine fraction ( < 0.076 mm) 
is considered decisive. The resul ts ob ta ined by 
E q . (525) p lo t t ed as ρ = /(α*), fit a s t ra ight line 
which is described b y the expression 

p[%] = 2.75 + 0.064a 7. 

5.3 .4 Miscel laneous soil improvement methods 

Promis ing stabil izing resul ts have been achieved 
in J a p a n b y using mul t iva len t cat ions . M A T S U O 

and K A M O N ( 1 9 8 1 ) used po ly-a luminium chlorite 
(PAC) and pulver ized i ron (Fe + + +) for this pur-
pose. The former disperses t he clay part icles b y 
its cat ion exchange capac i ty , while t he l a t t e r 
enhances a cemen ta t ion effect t h r o u g h oxidat ion 
a n d provides a s t ronger b o u n d t h r o u g h adsorpt ion 
in t h e in ter-c lay part icles and in t ra-aggregates . 

W A G E N E R et al. (1981) appl ied chemical s tabi-
l izat ion for a recons t ruc t ion job a t a reservoir 
a n d i ts su r rounding d a m . The soil was a dispersive 
clay of h igh N a con ten t a n d of high Ε SP-value 
( E S P — exchangeable sodium percentage) . Gypsum 
was used as t he stabil izing agent . 3.8 k g / m 3 

gypsum was needed to lower t he original E S P = 
= 2 5 % t o 5 % , which was sufficient t o restore 
s table condi t ions to t h e site. 

5.3 .5 Deep mix ing methods 

The in situ mixing of admix tu res wi th soft, fine 
grained soils t o form columns, piers, and walls 
has been s tudied a n d applied extensively in prac-
tice dur ing t h e las t several years ( B R O M S and 
B O W M A N , 1976, 1979; P I L O T , 1977; T E R A S H I et α/., 
1979). Columns are p roduced b y feeding a metered 
q u a n t i t y of stabilizing agent in to a soft clay mass 
t h r o u g h a r o t a r y drill equipped wi th a special 
auger b i t b o t h to advance to t he desired dep th 
and to mix t h e soil and the admix tu r e dur ing 
wi thdrawal . F igure 468 is a schemat ic d iagram 
of t h e process as used for t he const ruct ion of a 
l ime co lumn in Sweden. W h e n quicklime (CaO) is 
used t h e hea t of h y d r a t i o n can be subs tan t ia l , 
a n d t h e dry ing of t h e sur rounding soil due to th is 
a n d t o t he consumpt ion of wa te r b y h y d r a t a t i o n 
can be significant, B R O M S and B O W M A N (1979) 
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^ZZ Unslaked lime 

^ Kelly 

Fig. 468. Manufacture of a l ime c o l u m n us ing the S w e d i s h 
s y s t e m (MITCHELL, 1981) 

n o t e t h a t typica l ly t h e clay in l ime columns is 1 0 0 
t o 1 0 0 0 t imes more permeable t h a n in t h e u n t r e a t e d 
s t a t e . As a consequence t h e columns can ac t as 
ver t ical dra ins , t h u s accelerat ing se t t l ements . 

5.4 Soil improvement by precompression 

A n y subs tan t ia l load placed on t h e ground 
before cons t ruc t ion begins decreases t h e poros i ty 
and the wa te r con ten t of t h e subsoil , and so cont r ib-
u tes t o improv ing t h e shear s t r eng th a n d t o 
lessening t h e compressibi l i ty . T h u s , precompres-
sion is par t i cu la r ly well sui ted t o use wi th soils 
t h a t undergo large vo lume decrease and s t r eng th 
increase unde r sus ta ined s ta t ic loads and when 
there is sufficient t ime avai lable for t h e requi red 
compression t o develop. The soil t ypes bes t sui ted 
to th is m e t h o d are s a t u r a t e d soft clays, compress-
ible silts, organic clays and pea t s . 

If t h e avai lable t ime is shor t t h e consol idat ion 
can be enhanced b y t h e ins ta l la t ion of dra ins 
(Section 5 . 4 . 2 ) . Also electro-osmotic procedures 
m a y be advan tageous in such cases (Section 5 . 4 . 3 ) . 

The following t y p e s of surcharge loads m a y be 
considered ( M I T C H E L L , 1 9 8 1 ) : 

(a) e a r t h fill as t h e mos t commonly used t y p e ; 
(b) wa te r in t a n k s used for small a reas , a n d 

wate r in l ined ponds for larger a reas ; 
(c) v a c u u m preloading b y p u m p i n g from be-

n e a t h an impervious m e m b r a n e placed over t h e 
ground surface; th is can produce surcharge loads 
of u p to 6 0 t o 8 0 k P a ( H O L T Z a n d W A G E R , 1 9 7 5 ) ; 

(d) anchor and j a c k sys tems can be devised for 
special cases; 

(e) g roundwate r lowering provides an increase 
in consolidation pressure equa l t o t h e un i t weight 
of wa te r t imes t h e d rawdown dis tance . 

Pre loading b y v a c u u m , wa te r t ab le lowering, 
a n d electro-osmosis offer t h e advan t age t h a t no 
s tab i l i ty problems will arise. 

Precompress ion has been used successfully t o 
improve t h e soils for bui ldings , e m b a n k m e n t s , 
h ighways , r u n w a y s , t a n k s a n d br idges . 

5 .4 .1 Precompress ion wi thout drains 

Precompress ion is normal ly accomplished b y 
provid ing a pre loading procedure which involves 
t h e p lacement (and la te r removal ) of an ea r t h fill 
(or some o ther equ iva len t dead load) , t o compress 
t h e soil below t h e proposed founda t ion prior t o 
cons t ruc t ion . If t h e in tens i ty of t h e load from t h e 
dead weight is grea ter t h a n t h e pressure unde r t he 
final load, th is is called over loading or surcharging. 
The excess load in t ens i ty above t h e final load (_py) 
will be called t h e surcharge ( p s ) , a n d ps/pf will be 
defined as t h e surcharge ra t io ( A L D R I C H , 1 9 6 5 ) . 

Design m a y have two ma in goals: 

— to de te rmine t h a t surcharge (ps) t h a t will 
p roduce t h e desired se t t l ement (compres-
sion) in t h e t ime avai lable , or 

— t o de te rmine t h e consolidat ion t ime belong-
ing t o ps. 

As ex tended areas are usual ly involved, t h e 
re levan t calculat ions m a y follow t h e one-dimen-
sional consolidat ion t h e o r y proposed b y T E R Z A G H I . 

Real i ty is no t so simple, however , because t h e 
following problems m a y arise in t h e course of t he 
design: 

— t h e r a t e of consol idat ion m a y v a r y among 
t h e s t r a t a ; 

— the re m a y be some considerable secondary 
consol idat ion in some soils; 

— modifications migh t be requi red when the 
soil reveals non-homogeneous proper t ies , or 

— t h e subsoil con ta in var ious layers . 

If the re is no expec ted secondary consolidation, 
t h e t ime-dependen t - se t t l emen t will develop accord-

Fig . 469 . Compensa t ion for pr imary compress ion us ing sur-
charge loading (MITCHELL, 1981) 

20 Â. Kézdi and L. Réthâti: Handbook 
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ing t o t he scheme given in Fig. 469 ( A L D R I C H , 

1965, in M I T C H E L L , 1981). If t h e surcharge were 
left in place unt i l t ime i s^, t h e n t h e layer would 
have set t led as m u c h as unde r t h e p e r m a n e n t 
load alone, i.e. stR = Sj. At th is t ime t he layer 
would have reached an average degree of consol-
ida t ion UsR g iven b y 

(526) 

B y t h e t ime t he average percentage consolida-
t ion has reached t h e requi red va lue , t he centre 
of t h e compressible layer migh t ye t be far from 
having been consol idated t o t h e requi red stress 
corresponding t o t he final load (Fig. 470). To 
el iminate any p r i m a r y consolidat ion after t he 
const ruct ion , a l l segments of t h e s t r a t u m mus t be 
consolidated t o an in te rg ranu la r pressure equal t o 
or greater t h a n t he stress experienced unde r t h e 
final load ( A L D R I C H , 1965). Al though t he process 
of unloading t he overconsol idated zones near t he 
drainage boundar ies will generally no t lead to 
significant heave ( J O H N S O N , 1970), t he addi t ional 
consolidation in the cent ra l por t ion m a y be impor-
t a n t . T h u s , t h e surcharge should be left in place 
un t i l t he pore pressure a t t he most crit ical poin t 
(i.e. where t h e consolidat ion will occur a t t he 
la tes t , generally a t t he midplane) a t t a ins t he con-
solidation ra t io Uz given b y 

(uz)f. +s -
Pf 

Pf + Ps 
(527) 

Time periods t requi red t o reach UsR and Uz can 
be found b y using t h e Terzaghi t heo ry and the 
consolidat ion coefficient cv according t o 

t = 
TH

2 

(528) 

A solut ion for t he secondary consolidat ion has 
been presen ted b y M I T C H E L L (1970). This problem 
emerges mos t ly where organic clays or pea ts are 
present . The idea is to es t imate t h e to t a l sett le-
m e n t u n d e r p j as t h e sum of t h a t due to p r imary 
and secondary (ss) compressions an t ic ipa ted to 
occur in t h e life span of t h e s t ruc tu re . The second-
a r y compression, s s, can be de te rmined from 

s s = CaHp log — where t > tp, (529) 
t
p 

in which C a is t h e ver t ica l s t ra in per log cycle 
increase in t ime subsequent t o t h e end of the 
p r i m a r y consol idat ion a t i p , and Hp is t he layer 
th ickness a t t ime tp. The analogous equa t ion to 
(527) for t h e crit ical po in t i s : 

sf + C%Hp log 

(Uz) 7 + s (530) 

The n a t u r e of secondary compression is such t h a t 
some t ime after t h e remova l of t he surcharge p s , 
t h e secondary compression will r eappear under p j . 
This effect is, however , small and can be neglected 
( J O H N S O N , 1970a). 

If pre loading is carried out in a manne r such 
t h a t all, or p a r t of t h e surcharge mater ia l is pre-
sumab ly displaced before t he cons t ruc t ion begins 
(e.g. in t h e case of reservoire t anks ) a recompres-
sion process in t h e unde rg round has t o be reckoned 
wi th ( A L D R I C H , 1965; J O H N S O N , 1970a). 

Column footings m a y cause ha rd ly a n y stress 
increase a t t h e cent re of t h e compressible s t r a t u m 
b u t t h e increase nea r t h e t o p of t h e s t r a t u m m a y 
be considerable . I t is desirable therefore t o use low 
con tac t pressures , t h e r e b y minimizing t h e a m o u n t 
of t h e surcharge load requi red ( J O H N S O N , 1970a). 

Fig . 4 7 0 . Pore-pressure d is tr ibut ion after r e m o v a l of the surcharge load at t i m e ts% ( M I T C H E L L , 1 9 8 1 ) : 
1 — pore-pressure distribution at t corresponding to USR> 2 — pore-pressure distribution required to prevent further settlement if ps is removed 
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A B C 

Tv=t cv/H (log scale) 

Fig . 4 7 1 . The U vs. Tv curve can t a k e var ious shapes , d e p e n d i n g o n g e o m e t r y and cv (STAMATOPOULOS and KOTZIAS, 1 9 8 3 ) 

S T A M A T O P O U L O S and K O T Z I A S (1983) observed 
t h a t t h e shape of s vs Tv curves m a y differ widely. 
Mostly t he th ree types i l lus t ra ted in Fig. 471 are 
p reva len t . The shapes in cases A t o C can be repro-
duced theoret ical ly b y assuming t h e strat if icat ion 
shown in t h e figure. The overall clay layer , sur-
rounded b y a free dra in ing mate r ia l , is divided 
in to hor izonta l sublayers sepa ra ted b y seams of 
free dra ining sand or silt. I t is fur ther assumed 
t h a t these sublayers have equal compressibi l i ty 
and m a y have equa l or different cv va lues . The 
au thor s provided calculat ion m e t h o d s t o cope 
wi th all these problems. 

The t ime ra t e and t h e m a g n i t u d e of se t t l ement 
of large scale preloading can be rel iably predic ted 
from a t e s t fill ( S T A M A T O P O U L O S a n d K O T Z I A S , 

1983). The se t t l ement vs. t ime curves in Fig . 472 
afford a compar ison be tween t h e behav iour of t he 
large scale pre loading and t h a t of t h e t e s t fill. 
The two curves in t he figure are similar in shape 
and the one corresponding t o t h e full scale loading 
gives a b o u t 3.5 t imes t h e se t t l ement due to t he 
tes t fill, i.e. t he se t t l ements are nea r ly p ropor t iona l 
t o t he heights of fill, 11 m : 3.4 m. 

Q> 

E 0.5 

1 / 

2 , 

°10 100 1000 
Days since application of full load 

Fig . 4 7 2 . The R a t i o of s e t t l e m e n t during pre loading to 
s e t t l ement of t e s t fill is about the same as the ratio of 
he ights of fill (STAMATOPOULOS and KOTZIAS, 1 9 8 3 ) 

I — fill crest 100 m · 43 m, height I l m ; 2— fill crest 60 m -40 m, height 3.4 m 

5.4 .2 Precompress ion wi th vertical drains 

Ini t ia l ly , engineering pract ice appl ied only sand 
drains generally using 200 t o 500 m m diameter 
holes wi th 1.5 t o 6.0 m spacing dis tances . Pre-
fabr ica ted drains were in t roduced in 1937, soon 
after t h e appl ica t ion of sand dra ins . F i r s t on t h e 
m a r k e t was t h e K J E L M A N N c a rdboard dra in which 
is a 3.5 m m b y 100 m m b a n d made u p of two 
ca rdboard str ips wi th t e n longi tudina l grooves. 
Fea tu re s (width , th ickness , grooves) of t he newly 
p roduced prefabr ica ted dra ins imi t a t e ve ry closely 
t h a t of t h e p r o t o t y p e , t h e ca rdboa rd wick (such 
a s : Geodrain, Castle Board , Bidim, Alidrain, 
e tc . ) . The drains usual ly have a core of plast ic 
mate r ia l wi th a filter sleeve of pape r or some other 
fibrous mater ia l , usual ly of plast ic . 

K J E L M A N N (1948) s t a t ed t h a t " t h e draining 
effect of a dra in depends to a great ex t en t upon 
t h e circumference of i ts cross-section, b u t ve ry 
l i t t le u p o n i ts cross-sectional a r e a " and t h a t 
" c e r t a i n considerat ions show t h a t t he ca rdboard 
which is as effective as a circular dra in wi th a 1 in 
r a d i u s " . This s t a t e m e n t has since been p roved b y 
several observa t ions , for example , b y t he tes t r u n 
represen ted in F ig . 473 ( H A N S B O a n d T O R S T E N S S O N , 

1977). 
Since t h e first use of ver t ica l sand dra ins , t h e 

drains have been instal led b y t h e following me th -
ods ( J O H N S O N , 1970b): J — closed mandre l — driv-
en, 2 — closed mandre l — j e t t e d , 3 — open man-
drel — dr iven, 4 — open mandre l — j e t t e d , 5 — rot -
a ry drill, 6 — r o t a r y j e t , 7 — cont inuous auger — 
solid s t em, 8 — cont inuous auger -hol low s tem, 
9 — bucke t auger , a n d 10 — v i b r a t o r y dr iving, 

A n o t h e r aspect is t o classify d isplacement a n d 
non-d isp lacement dra ins . The influence of t he 
technology used is pr incipal ly weighted according 
t o t h e degree of soil d i s tu rbance caused; th i s m a y 
have t h e consequence of decreasing t h e cv va lue 
or a r ranging a na r rowed spacing. Displacement 
dra ins addi t ional ly — a t least t rans i t ional ly — 
lessen t h e shear s t r eng th of t he soil, which m a y 
cause s tabi l i ty p rob lems . This fact, as well as t h e 
shor t ins ta l la t ion period would in m a n y cases 
give preference t o t h e use of prefabr icated drains 
( H A N S B O and T O R T E N S S O N , 1977). 

2 0 * 
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Fig. 4 7 3 . Measured s e t t l e m e n t s in t e s t areas w i t h Geodrains 
and j e t t e d sand drains of 0 . 2 8 m d iameter (HANSBO and 
TORSTENSSON, 1 9 7 7 ) 

The theo ry of consolidat ion for t h e design of 
ver t ical sand drains considers combined radia l and 
ver t ica l pore-water flow to t h e d ra ins ; i t has been 
e labora ted b y C A R I L L O ( 1 9 4 2 ) , a n d in detai l b y 
B A R R O N ( 1 9 4 8 ) , as an extension of T E R Z A G H I ' S 

work. Combined ver t ical a n d radia l flow can be 
t r ea t ed anali t ical ly as separa te ver t ical and radia l 
flow problems. The excess pore-water pressure 
ra t ios a t a n y t ime for these separa te t ypes can 
be mult ipl ied toge ther t o de te rmine the i r combined 
effect, i .e.: 

U = 1 - = 1 -
0 ' v—h 

— . ( 5 3 1 ) 

The t ime of consolidat ion is 

Τ Η
2 

t = - ^ - = T v H
2 

c
v-h ^ « ( 1

 eo) 

for ver t ica l consol idat ion, and 

t = 
Τ Η

2 

v—h hO- — e 0) 

( 5 3 2 ) 

( 5 3 3 ) 

for radia l (horizontal) consolidat ion. 
Re la t ions , T^, Uv a n d Th9 Uh are i l lus t ra ted in 

Fig. 4 7 4 . These include also t h e dis tance be tween 
t h e dra ins (s) because de means t h e d iameter of 
t h e influence zone a round t h e dra in . I n case of 
a r ec tangu la r dra in a r r a n g e m e n t de = 1 . 1 3 s, for 
t r i angu l a r locat ions de = 1 . 0 5 s are appropr ia te . 
T h u s E q s ( 5 3 1 ) t o ( 5 3 3 ) a n d Fig. 4 7 4 supply all 
necessary design d a t a . As can be seen, t he process 
is far more influenced b y t h e spacing of t he drains 
t h a n b y t h e d iamete r of t he dra in . 

Assuming t h a t 

— t h e permeabi l i ty of t he dra in is infinite in 
compar ison wi th t h a t of t he c lay; 

— Darcy ' s l aw is va l id ; 
— consolidat ion due to ver t ical flow is negligible 

compared to t h a t due to rad ia l flow, the 
t ime of consol idat ion t can be de termined 
according t o : 

8c, Uh 

( 5 3 4 ) 

where 

μ = — — In η - 0 . 7 5 + — (l — 
η

2
 — 1 L η 2

 \ 4 n 2 4 n 2 

[In η - 0 . 7 5 - n~
2
] ( 5 3 5 ) 

a n d 
η = de/dw 

(where dw is t h e d iamete r of t he dra in) . 

Fig . 4 7 4 . Consol idat ion so lut ion for radial flow 
and equal vert ica l s train at the ground surface 
(BARRON, 1 9 4 8 ) 
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The equiva len t d i ame te r of a b a n d - s h a p e d dra in 
of w i d t h b and th ickness t can be expressed as 

2 ( 6 + t) 
( 5 3 6 ) 

I n prac t ice , dra in spacing is seldom below 
0 . 8 m. For prefab dra ins we t h u s find η > 1 2 
(or η > 8 for t h e Colbond dra in) . This justifies 
a fur ther simplification of μ in E q . ( 5 3 5 ) , which 
might be t a k e n a s : 

μ = In η - 0 . 7 5 ( H A N S B O , 1 9 7 9 ) . ( 5 3 7 ) 

Some modifications have been proposed recent ly 
in respect of these design formulas . A dra in w i th 
infinite permeabi l i ty in t he longi tudina l direct ion 
does no t exist ( among o the r th ings t h e dra in ha s 
a cer ta in well resis tance) . If i t is assumed t h a t 
t h e discharge capac i ty of t he dra in is qw, and t h a t 
t he permeabi l i ty of t h e soil is kc (Darcy ' s law is 
assumed to be val id) , t h e n μ in E q . ( 5 3 5 ) should 
be replaced after H A N S B O ( 1 9 7 9 ) b y 

μ ^ Ι η η - 0 . 7 5 + πζ(21 - *) — , ( 5 3 8 ) 

where I is t he l eng th of t h e d ra in when i t is open 
a t one end only (half l eng th of t h e dra in when 
open a t b o t h ends) , ζ is t h e dis tance from t h e open 
end of t he dra in ( 0 < ζ < 21) . 

Darcy ' s law is no t val id , however , for slow flow 
velocities. I t is generally accepted in such cases 
to use t h e expression: 

ν = Ki
n 

( 5 3 9 ) 

A new solut ion t o t h e " e q u a l s t r a i n " consol idat ion 
t heo ry based on th is exponent ia l law was pre-
sented b y H A N S B O ( 1 9 6 0 ) . Fo r example , when 
η = 1 . 5 , t he new t h e o r y gives: 

1 
- 1 , ( 5 4 0 ) 

where Aü0 is t h e average excess pore pressure a t 
t = 0 , α is a funct ion of de/dw (= n) (Fig. 4 7 5 ) , 
λ is t he coefficient of consolidat ion in hor izonta l 

10 20 30 40 50 60 70 
de/dw 

Fig . 475 . Parameter α v s . de/dw (HANSBO , 1979) 
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Fig . 4 7 6 . Measured s e t t l e m e n t s in undrained and drained 
areas (HANSBO and TORSTENSSON, 1 9 7 7 ) 

non-Darc ian pore -wate r flow: 

. KE* 
( 5 4 1 ) 

Exper ience a n d observa t ion confirm t h a t a pre-
loading procedure combined wi th subsoil drainage 
is a lmos t inefficient if t h e pressure on t h e layer 
is less t h a n t h e preconsol idat ion pressure (Fig. 
4 7 6 ) . 

5.4 .3 Precompress ion by e lectro-osmosis 

Elect ro-osmot ic t r e a t m e n t migh t be efficient 
a n d economical w i th cer ta in soils and in a res t r ic ted 
vo lume . I t s mechan i sm has been explored recent ly 
b y G R A Y and M I T C H E L L ( 1 9 6 7 ) , and the re levant 
consol idat ion t h e o r y has been e labora ted by 
E S R I G ( 1 9 6 8 ) , W A N a n d M I T C H E L L ( 1 9 7 6 ) and b y 
M I T C H E L L a n d W A N ( 1 9 7 7 ) . 

The wa te r flow r a t e , qh9 in t h e one-dimensional 
direct cur ren t field is ini t ial ly 

% = = k(I (m 3/s) ( 5 4 2 ) 

where ke is t h e electro-osmotic coeffiecint of per-
meabi l i ty ( 1 · 1 0 " 9 t o 7 · 1 0 - 9 m/s per V/m), ie is 
t h e electrical po ten t i a l g rad ien t (V/m), A is t he 
cross-sectional a rea (m 2) , fez is t h e wa te r flow per 
un i t t ime per ampere (m 3/ s /A) , a n d I is t he cur-
r e n t (A). 

The t ime t for a given degree of consolidat ion is : 

t = 
TU 

( 5 4 3 ) 

where Τ is a t ime factor , L is t h e electrode spacing, 
a n d cv is t h e coefficient of consolidat ion. Values 
of Τ for different degrees of consolidat ion for t he 
case of paral lel p la te electrodes wi th a l inear 
va r i a t ion in vol tage be tween t h e m are given in 
Table 4 3 ( M I T C H E L L , 1 9 8 1 ) . Measurements of 
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Table 4 3 . T ime factor for various degrees of consol idation 
(MITCHELL, 1 9 8 1 ) 

Degree of 
consolidation 

ü(%) 

Time factor, Τ 
Degree of 

consolidation 
ü(%) Linear 

V variation 
Infinite initial 

gradient 

0 0 0 
10 0.05 0.001 
20 0.10 0.007 
30 0.16 0.017 
40 0.22 0.02 
50 0.29 0.05 
60 0.38 0.07 
70 0.50 0.10 
80 0.66 0.14 
90 0.95 0.20 

J O H N S T O N and B U T T E R F I E L D ( 1 9 7 7 ) indica te t h a t 
r a t h e r t h a n a l inear va r ia t ion in vol tage be tween 
electrodes, an ins tan taneous ly infinite electrical 
gradient develops ini t ial ly a t t h e anode , which 
decreases in a consis tent m a n n e r t o a uniform 
gradient a t t h e complet ion of consolidat ion. Values 
of Τ for these condit ions are also l is ted in Table 4 3 . 
( I t can be seen t h a t consol idat ion occurs more 
rap id ly for t h e l a t t e r case.) 

Electro-osmosis m a y be effective and econom-
ical unde r t he following condit ions ( M I T C H E L L , 

1 9 8 1 ) : 

1 . s a t u r a t e d silts or sil ty clay soils; 
2 . normal ly consol idated condi t ions ; 
3 . low pore-water electrolyte concent ra t ion . 

B A L L Y ( 1 9 8 4 ) in t roduced a p a r a m e t e r c, which 
when used, t h e p roduc t ρ · ke · c, gives a d imen-
sionless q u a n t i t y , where ρ ( ß / cm) is t h e electrical 
res is t ivi ty , ke (cm 2/s V) t h e electro-osmotic coef-
ficient of permeabi l i ty , c (mA—h/cm 3) t he "specific 
consumpt ion of e lect r ic i ty" . 
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Fig. 477. R a n g e s sui table for e lectro-osmot ic and electro-
kinet ic soil t r e a t m e n t (BALLY, 1984) 

P u t t i n g these th ree pa rame te r s in a single 
d iagram (as in Fig. 4 7 7 ) , two character is t ic regions 
can be d is t inguished: 

— t h e area on t h e left which is favourable for 
electro-osmotic t r e a t m e n t due to t he great 
permeabi l i ty and low specific consumpt ion 
of e lectr ic i ty; 

— t h e area on t h e r igh t w i th high c and low 
ke va lues , t h u s reflecting a small sui tabi l i ty 
of t h e soil t o electro-osmotic filtration, b u t 
a favourable behav iour concerning electro-
chemical processes. 

5.5 Grouting of soils 

Though the technology of t h e grout ing was 
well developed b y a n u m b e r of researchers ( J o o s -
T E N , J O R G E N S E N a n d others) more t h a n half 
a cen tu ry ago, i ts e levated cost has p reven ted 
a f requent appl ica t ion thereof. General ly, i t might 
be economical in cases where t h e mass or volume 
to be stabil ized is small , or when th is me thod is 
s impler t h a n a n y o the r m e t h o d would be (for 
example , in t h e case of a damaged duc t ) . 

F o u r a l te rna t ives t o th is soil i m p r o v e m e n t 
m e t h o d are d is t inguished: 

(a) Pe rme a t i on grout ing in which t h e grout 
fills u p t h e voids a n d pores in t he soil w i thou t 
p rovoking changes in t h e vo lume or s t ruc tu re of 
t he original ground. This has two a l te rna t ives : 
( 1 ) t he pa r t i cu la te grouts or inject ions, and ( 2 ) the 
chemical g rou ts . 

(b) Elect ro-chemical grout ing as a special case 
of electro-osmotic t r e a t m e n t ( 3 ) . 

(c) Disp lacement (compact ion) grout ing in which 
a stiff m ix tu re fills t h e voids and compresses the 
su r round ing soil. 

A shor t s u m m a r y of t h e four ment ioned me thods 
is given in t h e following sections, b u t a detai led 
discussion of t h e p rob lem will be omi t t ed here . 

5 . 5 . 1 Part iculate grouts ( in jec t ions) 

Par t i cu l a t e grouts are generally made of ce-
men t , soil, or c lay and mix tu res of these . Chemical 
addi t ives are somet imes used to facili tate pene t ra -
t ion , t o p r even t cement flocculation and to control 
se t t ing t imes . A p a r t of t h e cement might be 
subs t i t u t ed b y appropr i a t e indus t r ia l waste ma te -
rials e.g. furnace slag. 

Clay or ben ton i t e suspensions are non-harden ing 
mater ia l s , so, in themselves — wi thou t t h e addi-
t ion of cement — these are only good for sealing 
or waterproofing. 

Accelerat ion of se t t ing (when it is necessary, 
for ins tance due to speedy g roundwa te r movement ) 
can be enhanced b y add ing CaCl 2, water-glass, 
or NaCl. 
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Par t i cu la t e grouts canno t be injected as per-
mea t ion grouts in to soils finer t h a n m e d i u m to 
coarse sands . Two groutab i l i ty ra t ios t h a t have 
proved useful, a r e : 

( a) JV =
 ( d l 5 ) s o il

 , 
(^8δ) grout 

JV > 24: grout ing consis tent ly possible, 
JV < 1 1 : grout ing n o t possible; 

(b) iVc=-g^iL, 
("95/grout 

Nc > 1 1 : grout ing consis tent ly possible, 
Nc < 6: g rout ing no t possible. 

5.5 .2 Chemical grouts 

Two methods are dis t inguished in th is ca tegory : 
one-shot and two-shot procedures . The l a t t e r 
might be subdivided as t o whe the r t h e second 
shot is also a fluid or a gas. 

Commonly used agents and a t t a ined s t reng ths 
are l isted in Fig. 478. The figure reveals t h a t 
chemical grout ing would be successful for fine 
grained soils as well ( con t ra ry to pa r t i cu la t e 
grouts) due t o t h e low viscosi ty of t h e fluid. 

Water-glass ( N a 2 0 · n S i 0 2 · m H 2 0 ) was t h e 
first agent t o be used in prac t ice , and i t is fre-
quen t ly used. Coming in con tac t w i th reagen ts 
the a m o u n t of N a 0 2 decreases a n d flint-molecules 
form aggregates . The higher t h e concen t ra t ion of 
the water-glass a n d t h e shor te r t h e se t t ing t ime 
the higher t h e gel -s t rength will be . The gel under -
goes fur ther a l te ra t ions as t ime passes (synere-
sis = aging) which adds to i ts s t r eng th , b u t in t h e 
mean t ime t h e permeabi l i ty of t h e p r o d u c t will 
also increase. The grade of t h e syneresis depends 
on grain size (see Fig . 479) and on t h e b o u n d i n g 
force be tween t h e grains a n d t h e gel. 
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Fig . 4 7 9 . Var ia t ion of syneres is w i t h grain s ize: 
1 — pure gel; 2 — gravel (d == 1.6 to 8 mm); 3 — pebbles (d = 1.0 to 3.2 mm); 
4 — sand (d = 0.06 to 1.25 mm) 

The reagen t of t h e water-glass is usual ly CaCl 2 

or MgCl 2, b u t gases were also appl ied in recent 
years ( C 0 2 , fluoride-gas, ammonium-gas ) . For t h e 
reagent C 0 2 ( J O O S T E N , 1931; J O R G E N S E N , 1935), 
t he reac t ion is 

N a 2 0 · n S i 0 2 + m H 2 0 + C 0 2 -> 

— n S i 0 2 · m H 2 0 + N a 2 C 0 3 . 

More recent ly organic reagents are also being used 
(Nobel-Bozel, Peeler , Solé tanche-procedure) . 

5 .5 .3 Electro-chemical grout ing 

Electro-osmosis is mos t efficient in soils t h a t 
con ta in p r e d o m i n a n t l y b o u n d wate r , compared to 
free wa te r . This feature is , however , character is t ic 
j u s t for those soils t h a t are no t prone t o receive 
fluid using classic grout ing me thods . Because t h e 
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coefficient of electro-osmotic permeabi l i ty , ke, is 
insensit ive to part icle size and generally falls 
wi th in a na r row range of a b o u t 1 t o 7 t imes 1 0 ~ 9 

cm/s per V/cm, a un i t electrical gradient (one 
V/cm) can be more effective t h a n a un i t hydrau l ic 
gradient for moving fluids t h r o u g h finer grained 
soils. 

Chemical stabilizers are in t roduced a t t he anode 
and carr ied t o w a r d t h e ca thode b y means of 
electrical gradients of t he order of 5 0 to 1 0 0 V/m. 

Two a l te rna t ives are k n o w n for th i s m e t h o d . 
One is t o convey appropr ia te compounds (CaCl 2, 
A1C13) t o t h e soil which a l ter t h e composi t ion of 
the adsorpt ive complex, decrease t h e affinity 
t oward mois ture and t h u s t h e capabi l i ty for 
volume change as well, and improve compres-
sibility proper t ies . The o ther procedure aims t o 
achieve a considerable s t r eng th increase in t h e 
soil normal ly b y using two fluids, mos t ly wate r -
glass and one k ind of reagent . 

The stabi l izat ion of a po ten t ia l ly liquéfiable 
sand has been inves t iga ted b y Y A M A N O U C H I a n d 
M A T S U D A ( 1 9 7 5 ) . The concept was t o fill t h e voids 
wi th a gel or colloidal mate r ia l . Silicate solut ions, 
ben ton i t e , and a lumin ium hydrox ide were invest i -
ga ted as injection mater ia l s . The resul ts demon-
s t r a t ed a m a r k e d increase in resis tance to l ique-
faction after t r e a t m e n t . 

K A T T I et al. ( 1 9 8 1 ) p roduced ve ry convincing 
results in sa l ty soft mar ine clays. L a b o r a t o r y 
exper iments ind ica ted t h a t 

(a) unconfined compression s t r eng th changed 
considerably, b o t h according to d e p t h and t h e 
dis tance from t h e anode ; 

(b) efficiency could be enhanced b y changing 
the polar i ty . 

5.5 .4 Displacement grout ing 

A highly viscous soil, cement , and wa te r displace-
men t g rou t acts as a radical hydrau l ic j a c k t h a t 
compresses t h e sur rounding soil. This t y p e of soil 

V / /J Υ//Λ V///A Ϋ///Λ Υ///Λ V//M V///A γ//Λ \///Δ 

èèèèè^ 

i m p r o v e m e n t can be used in p a r t l y s a tu ra t ed 
soils a n d loose mater ia l s conta in ing void spaces 
( G R A F , 1 9 6 9 ; W A R N E R , 1 9 7 8 ) . An in teres t ing 
ac tua l appl ica t ion is i l lus t ra ted in Fig. 4 8 0 : set t le-
m e n t of t h e g round surface was e l iminated by 
producing " g r o u t b u l b s " a t t h e cons t ruc t ion site 
of t he unde rg round ra i lway in Bal t imore ( H a y ward 
Bake r Co., 1 9 8 0 ) . P u m p i n g pressures averaged 
abou t 2 M P a , inject ion dep ths were abou t 1 2 m, 
and work was carr ied ou t a t a d is tance of abou t 
2 m beh ind t h e shield. 

5.6 T h e r m a l stabil ization 

Grout bulbs 

5 .6 .1 Stabi l izat ion by h e a t i n g 

The basic concept ion of th is procedure can be 
r e t r aced t o ve ry anc ient t imes (brick baking) , 
b u t i ts appl ica t ion as a soil improv ing m e t h o d 
goes only back t o t h e n ine teen- th i r t ies . 

The effect of hea t appears in t w o forms: mois ture 
is evapora t ed a n d minerals or compounds are sub-
m i t t e d t o an irreversible chemical t rans format ion . 
I n t he range of 130 t o 250 °C, free and adsorpt ive 
wa te r is dispelled from the soil; be tween 500 and 
600 °C t h e in tercrys ta l l ic wa te r also is dissipated 
from t h e clay minera ls . Be tween 700 and 800°C 
t h e ca rbona tes s t a r t t o decompose, a n d above 
1200 °C the h e a t mel ts t h e silicates, b u t colloidal 
part icles begin t o bake toge the r sooner. 

U n d e r t h e influence of h e a t : 

(a) compressive a n d shear s t reng ths increase; 
(b) compressibi l i ty diminishes; 
(c) t e n d e n c y t o w a r d subsidence; 
(d) vo lume change ceases. 

To produce t h e effects unde r c a n d d, 500 °C and 
700 to 800 °C are needed, respect ively. 

Most successful appl icat ions have been expe-
rienced in p a r t l y s a t u r a t e d fine grained soils such 
as collapsible loess. A significant gas permeabi l i ty 
is desirable t o pe rmi t b o t h t h e r emova l of wa te r 
vapo r and t h e exhaus t ion of stabil izing compounds 
which are somet imes used. Solutions are also 
k n o w n where special ch imneys have been provided 
70 to 90 cm d i s t an t from t h e bu rn ing hole to car ry 
off t h e exhaus t ion gases ( B E L E S and S T A N C U -

L E S C U , 1958). 
Resul t s from several sites, summar ized b y 

L i T V i N O V (1960), ind ica ted an app rox ima te doubl-
ing of t h e friction angle, an order of magn i tude 
increase in cohesion in te rcep t , and a five-fold 
decrease in compressibi l i ty . 

7 Tunnel and 
advancing shield 

Fig . 480 . Compact ion grout ing during tunnel l ing to p r e v e n t 
s e t t l ement 

5 .6 .2 S tab i l i za t ion by freezing 

Artificial freezing increases t he soil s t rength 
i n t e r m i t t e n t l y and provides pro tec t ion against 
g roundwa te r flow. I t can be ex t remely well 
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Fig . 4 8 1 . D e t e r m i n a t i o n of required freezing t i m e (SCHUS-
TER, 1 9 7 2 ) 

appl ied in loose soils when cu t t ings 6 t o 8 m deep 
or founda t ion pi ts are excava ted , or tunne l s are 
cons t ruc ted . Due t o t h e high cost a n d consump-
t ion of t ime i ts use was for a long t ime neglected; 
a recent revival of th i s m e t h o d is p r o b a b l y ex-
plained b y t h e deve lopment technologies using 
l iquid n i t rogen for th is purpose . This gain in 
prest ige can be apprec ia ted from t h e fact t h a t 
even symposia have been organized recent ly on 
t h e topic of " G r o u n d Freez ing" , held a t t h e R u h r 
Univ . , Bochum. 

The t h e r m a l energy a n d t ime requi red t o 
complete freezing m a y be app rox ima te ly cal-
cula ted using two-dimensional hea t conduct ion 
theo ry for heterogeneous profiles finite e lement or 
finite difference procedures . The most i m p o r t a n t 
factors governing cost are t h e size and spacing of 
t he freezing pipes ( S C H U S T E R , 1 9 7 2 ) . F igure 4 8 1 
can be used for es t imat ion of t h e t ime requi red to 
freeze to a rad ius R us ing freeze pipes of rad ius r 0 . 

The vo lumet r ic expans ion of frozen w a t e r 
a t t a ins 9 % , a n d t h e bui ld ing of ice lenses is a 
common p h e n o m e n o n ; th i s m a y be harmful in t h e 
presence of silts and clays ( T A K A G I , 1 9 7 8 ; J O N E S 

and B R O W N , 1 9 7 8 ) . 

5.7 Soil re inforcement 

The t e r m "soil r e in forcement" is no t y e t used 
uniformly in t h e l i t e ra tu re . All au tho r s agree t h a t 
reinforced ea r th (terre armée) a n d soil nail ing 
belong to th is g roup ; b u t the re are au thor s (e.g. 
B A R T O S , 1 9 7 9 ; M I T C H E L L , 1 9 8 1 ) who also include 
micro-piles (root piles) in th is ca tegory . I t is 
therefore p robab ly convenient t o coun t a n y p ro -
cedure as re inforcement which 

5.7 .1 

favourab ly influences t h e compressive-, ten-
sile-, and shear s t r eng th a n d compressibili ty 
in t he soil; 
is no t l is ted in Sections 5 . 2 t o 5 . 6 . 

Reinforced earth 

This is a cons t ruc t ion developed a n d p a t e n t e d 
b y F rench engineer, V I D A L ( 1 9 6 6 ) . I t consists of 
a facing wall a n d compac ted soil backfill rein-
forced wi th t h i n metal l ic s t r ips . The s t r ips , usual ly 
galvanized steel, absorb tensile stresses wi th in t he 
backfill b y strip/soil skin friction. This holds the 
soil t oge the r as an in tegra l mass , known as the 
"reinforced e a r t h v o l u m e " . The reinforcing str ip 
lengths are usual ly a b o u t 0 . 7 t o 0 . 8 t imes t he 
he ight of t he wall . 

The facing e lements , normal ly inter locking 
concrete panels , are no t s t ruc tu ra l member s ; these 
serve only to re ta in t h e soil be tween str ips near 
t he outer edge of t h e backfill and to make the 
s t ruc tu re more appeal ing t o t h e eye. The panels 
are bol ted to t h e reinforcing str ips t o keep the 
facing in place, and t h e ent i re s t ruc tu re (facing, 
backfill, re inforcement) behaves as a single un i t . 
Reinforced e a r t h s t ruc tu res possess flexibility too 
and can to lera te some deformat ion wi thou t 
distress. 

The steel s t r ips convey some a p p a r e n t cohesion 
to t he soil. Linear tensile reinforcements exer t 
the i r grea tes t s t r eng then ing effort when t h e y are 
or iented in t h e direct ion of t h e pr incipal s t ra in 
extens ion ( B A S S E T T a n d L A S T , 1 9 7 8 ; J E W E L L , 

1 9 8 0 ) . 
The measu remen t of t he a p p a r e n t friction coef-

ficient, / * , be tween soil a n d reinforcements has 
been m a d e using several t es t t ypes as shown in 

:\\'/: Soil — • 7 

Reinforcing 
material 

f=J/N f*=T/N 

M 

f* 
o

J

v - area 

Fig . 4 8 2 . T y p e s of t e s t for m e a s u r e m e n t of soi l-reinforce-
m e n t frict ion (MITCHELL, 1 9 8 1 ) : 
J — direct shear test; 2 — pull out test in shear box ; 3 — pull out test on wall; 
4 — pull out test by rotation 
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1 2 
Height of fill above strip, H (m) 

Fig. 4 8 3 . Effect of overburden pressure on the apparent 
frict ion c o e f f i c i e n t / * (ALIMI et al., 1977) 

Fig. 482 ( M I T C H E L L , 1981). The values off* have 
been shown (e.g. M C K I T T R I C K , 1979) t o va ry wi th 
t ype of re inforcement , t y p e and dens i ty of back-
fill (compact ion) , and confining pressure . The 
influence of overburden pressure of / * for smoo th 
and r ibbed s t r ip re inforcement is shown in Fig. 483 
( A L I M I et α/., 1977). I t has also been observed t h a t 
the heavier t he overburden , t he more displace-
m e n t is needed to fully mobilize t he m a x i m u m 
friction. These tes t s have shown t h a t f* increases 
wi th l eng th and decreases wi th w i d t h of the rein-
forcement . 

One cur ren t specification requires t h a t t he Ip of 
backfill be less t h a n 6 % , Φ be greater t h a n 34°, 
and t h a t there be less t h a n 1 5 % b y weight of 
part icles finer t h a n 15 μπι ( M I T C H E L L , 1981). 

A safety factor of a t least 1.5 agains t s t r ip pul l-out 
is usual ly requi red , and the m a x i m u m tensile 
stress in t he re inforcement m u s t be less t h a n t h a t 
allowable for t h e mater ia l . The r equ i remen t for 
s t r ip pul l -out condit ions i s : 

2bf*lea'v 

ahSV 
> 1.5, (544) 

L - L J - L ^ - L L - L 

ι ^Direction of shear stress 
along fabric 

r-Fabric reinforcement 

2Z&S ^ 
Rupture surface 

in which b is t h e s t r ip wid th , av — yft, S is t he 
hor izonta l spacing of re inforcements , and V is 
the i r ver t ica l spacing. The m a x i m u m tensile 
s t r e s s , ^ , in t h e re inforcement can be found from: 

S - V 
(545) 

where As is t he cross-sectional area of t he rein-
forcement . 

Geotexti les are going to be used more frequent ly 
for t h e re inforcement of soil masses. W i t h the 
a d v e n t of second a n d even th i rd generat ion tex-
tiles for use in ground engineering t h e t e r m 
" f a b r i c s " has largely been replaced b y "geo-
t e x t i l e s " (after G I R O U D ) and "geogr ids" (after 
I N G O L D , 1 9 8 4 ) . 

Geotexti les can serve several functions, includ-
ing repair , re inforcement , dra inage , erosion con-
t ro l , forms a n d impermeab le membranes , and can 
be used for re ta in ing walls t o lessen the ea r th 
pressure (Fig. 4 8 4 ) . An i m p o r t a n t field for using 
geotexti les has been found in t he const ruct ion of 
t e m p o r a r y roads over marshes , pea t soils, and 
compressible clays. The text i le sheet be tween the 
surface of t he soft soil and the gravel base serves 
b o t h t o separa te t h e mater ia ls and p reven t the i r 
mixing, and t o spread ver t ica l vehicle loads over 
t he founda t ion base , t h u s reducing the induced 
shear stresses ( K O E R N E R and W E L S H , 1 9 8 0 ) . 

5.7 .2 Soil na i l ing 

The nails used for th is purpose are usual ly steel 
rods , 20 to 30 m m in d iameter , t h a t are grouted 
in to predri l led holes or dr iven using a percussion 
drilling device. The a im of soil nai l ing is most ly 
t o stabilize hill sides and outer cu t slopes. (Their 
effect is similar t o t h a t of root piles.) Their l ength 
m a y be of t h e order 5 0 % of t h e height of t he 
excava t ion t o be suppor ted . 

Design principles are t he same as in reinforced 
ea r ths , i n a smu ch t h e nails are provided t o absorb 
tens ion stresses and also here t he b a r yield s t rength 
and the pul l -out resis tance are t he two de t e rminan t 
design p a r a m e t e r s . 

There are also solutions t h a t combine t he char-
acterist ic features of nai l ing and reinforced ea r th 
( B A N G et al, 1980). 

5.7 .3 Soil and s tone c o l u m n s 

Fig . 484 . Decreas ing the earth pressure b y means of syn the -
tic fabrics (after B r o m s : BARTOS, 1979) 

Compac ted s tone (gravel, sand) columns provide 
ver t ical suppor t for overlying s t ruc tures or em-
b a n k m e n t s a n d function as drains for soft soil. 
T h e y can be used also t o resist shear in hor izonta l 
and inclined direct ions. T h e y can also be used to 
p reven t l iquefact ion ( S E E D and B O O K E R , 1 9 7 7 ) . 
Column d iamete r are generally 0 . 6 t o 1 .0 m, and 
l eng th m a y a t t a i n u p to 2 0 m. 
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Fig. 4 8 5 . Effect of s tone c o l u m n s on ant ic ipated 
foundat ion s e t t l e m e n t (GREENWOOD, 1 9 7 0 ) 

7.75 2.00 225 2.50 2.75 3.00 3.25 3.50 
Stone column spacing (m) 

" V i b r o c o m p a c t i o n " produces s imilar soil co lumns , there-
fore some of t h e m e t h o d s described in Sec t ion 5 . 2 . 2 . 2 could 
h a v e been categorized under th i s group. 

Square or t r i angu la r grid p a t t e r n s are used wi th 
centre t o centre co lumn spacings of 1.5 t o 3 . 5 m. 
The ent i re foundat ion area m a y be covered wi th 
an addi t ional coverage a round t h e per imete r t o 
include stresses spread wi th d e p t h ( M I T C H E L L , 

1 9 8 1 ) . 
The load capac i ty of t h e co lumn is control led 

b y t h e passive resis tance of t h e soft soil t h a t can 
be mobilized to w i t h s t a n d radia l bulging and b y 
t h e friction angle of t h e compac ted mate r i a l of 
t he column. Design values of 2 0 t o 3 0 tons ( = 2 0 0 — 
3 0 0 kN) per column are typ ica l for columns in 
soft t o m e d i u m stiff clays. B o t h l imit analyses 
( H U G H E S a n d W I T H E R S , 1 9 7 4 ) and experience 
( T H O R N B U R N , 1 9 7 5 ) ind ica te t h a t t h e allowable 
ver t ical s tress, σ ν, on a single co lumn can be 
expressed b y 

η 5 

_ 25rf 

FS 
( 5 4 6 ) 

Vs = 
45" 
/ or 3 

' 42.0 
/ 40° 
/ 37.5 

0 

μ--ι /3 

7 2 3 4 5 6 7 
F/Fs 

Fig . 4 8 6 . E s t i m a t i o n of h o w s tone co lumns reduce se t t l ement 
(PRIEBE, 1 9 7 6 ) 

where tf is t h e undra ined shear s t r eng th of the 
soft ground, and FS is t he factor of safety (ab t . 
~ 3 ) . 

The se t t l ement of a s tone co lumn foundat ion 
depends on t h e co lumn spacing. The se t t l ement of 
a single co lumn is in t h e range of 5 t o 1 0 m m under 

Particulate grout \ 

Sand Silt 

Vibro-compaction 

Blasting 

Chemical grout 

Clay 

Displacement grout 

Precompress/on 

Heavy tamping (dynamic consolidations) 

Electro-osmosis 

Reinforcement (tension, compression, shear) 
. 1 

$ Thermal treatment 
1 1 1 Admixtures 

Fig . 4 8 7 . Appl icable grain-size ranges for dif-
ferent s tabi l izat ion m e t h o d s (MITCHELL, 1 9 8 1 ) 

10 0.1 0.01 

Particle size (mm) 

0.001 0.0001 
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t h e design load, b u t t h e se t t l ement of a large 
loaded area suppor ted b y s tone columns , will be 
a b o u t 5 t o 1 0 t imes greater t h a n th i s . E s t i m a t e d 
se t t l ement of t r e a t e d ground as a function of soil 
s t reng th , and column spacing is shown in Fig. 4 8 5 . 
The ra t io η of original se t t l ement t o t h a t lessened 
b y the soil co lumn is considered b y P R I E B E ( 1 9 7 6 ) . 
He suggests calculat ing i t according to Fig. 4 8 6 . 

5.8 Choosing the appropriate method for soil 
improvement 

The decision to select t he most appropr ia te 
me thod among those described in Sections 5 . 2 t o 
5 . 7 m u s t depend on weighing u p several aspects , 
such a s : t he proper t ies of t h e soil t o be t r e a t e d ; 
available t i m e ; improvemen t costs in re la t ion t o 
overall i nves tmen t costs ; avai lable equ ipmen t and 
mater ia l s ; env i ronmenta l issues; local experience, 
a n d so on. 

Figure 4 8 7 i l lus t ra tes i m p r o v e m e n t me thods 
re la t ing each one to t h e range of soil grain sizes 
for which i t is most applicable ( M I T C H E L L , 1 9 8 1 ) . 
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Chapter 6. 

Soil dynamics 

6.1 In t roduct ion 

If an elastic, or elastically suppor t ed s t ruc tu re 
is d is turbed b y t h e sudden appl ica t ion or release 
of a force, t h e s ta t ic equi l ibr ium of t he react ions 
a t t he suppor t s and of t h e forces ac t ing wi th in 
the indiv idual e lements is also d i s tu rbed a n d the 
sys tem will s t a r t v ib ra t ing . The response of a 
s t ruc ture t o a t r ans i en t d i s tu rbance , viz. t he 
magn i tude , mode and va r i a t ion wi th t ime of t h e 
resul t ing v ibra t ions , will depend on t h e mate r ia l , 
dimensions, suppor t , e tc . , of t h e s t ruc tu re itself, 
as well as on t h e ac tua l d i s tu rbance . The free 
response of a s t ruc tu re t o an ini t ial d isp lacement 
or velocity will t a k e t h e form of free v ib ra t ions . 
The complexi ty of a dynamic sys tem is ind ica ted 
b y t h e n u m b e r of degree of freedom t h e sys tem 
possesses. This equals t h e n u m b e r of i ndependen t 
coordinates in t e rms of which t h e d isplacement of 
t he sys tem can be complete ly described. A th ree -
dimensional rigid b o d y subject t o no res t r ic t ion 
requires six coordinates t o specify i ts posi t ion 
completely, n a m e l y th ree l inear d isplacements and 
three angular ro ta t ions , t h u s i t has six degrees 
of freedom. 

A body subject t o a rap id ly va ry ing , r epea ted 
dis turbing force will also s t a r t v ib ra t ing . The mode 
of v ib ra t ion will depend on t h e m a g n i t u d e , direc-
t ion and poin t of appl ica t ion of t h e d is turb ing 
forces, b u t also on t h e proper t ies of t he b o d y a n d 
on t h e suppor t condi t ions . The d i s turb ing force 
is ha rmonic in t h e major i ty of cases and t h e 
response of t he s t ruc tu re t akes t h e form of forced 
v ibra t ions . 

I n s t ruc tures suppor ted on soil, b o t h types of 
v ibra t ion are liable t o occur. A b las t , a single-
act ing pile driver , e tc . , will genera te free v ibra t ions 
in t he s t ruc tu re a n d t h u s in t h e subsoil as well. 
The soil part icles are displaced from the i r original 
posit ion and will s t a r t v ib ra t ing owing t o the i r 
iner t ia . The ampl i tude and p ropaga t ion veloci ty 
of t h e waves induced in t h e soil will v a r y wi th 
t he k ind and magn i tude of t h e d is turb ing force, 
and will depend also on t h e t y p e a n d condi t ion 
of the soil. Conversely, a n y periodical ly ac t ing 
machine , such as cont inuous ly opera t ing pile 

dr ivers , rai l or road traffic, will induce forced 
v ib ra t ions . The foundat ion and , in t u r n , t h e subsoil 
will suffer cont inuous impac t s generat ing vibra-
t ions . 

If t he source of t h e periodic d is turbance is 
loca ted outside t h e s t ruc tu re considered, the pulses 
will be t r a n s m i t t e d t o i t b y t he soil. The v ibra t ions 
in t he l a t t e r p ropaga t e in a m a n n e r similar to 
sound. The veloci ty of p ropaga t ion is controlled 
b y t h e soil character is t ics , th is offers t he possi-
bi l i ty of non-des t ruc t ive soil explora t ion . 

The convent ional s ta t ic me thods and soil phys-
ical character is t ics discussed in t he foregoing 
sections are insufficient t o describe the dynamic 
behav iou r of soils. Special me thods of invest i -
ga t ion are therefore needed ; t he response of soil 
masses t o v ibra t ions a n d t h e p ropaga t ion of waves 
have h a d t o be s tudied , along wi th t he effect of 
d y n a m i c forces on t h e soil physical proper t ies . 
Advances in indus t r ia l i sa t ion have raised problems 
re la ted to machine foundat ions , and t h e growing 
d y n a m i c loads on road and r u n w a y pavemen t s 
presen t problems of growing impor tance and 
complex i ty ; t h u s t h e soil engineer is compelled 
to devote greater a t t e n t i o n to t he problems of soil 
dynamics . 

E v e n more formidable problems have recent ly 
been encounte red . For example , space research 
calls for ve ry special foundat ions for launching 
pads a n d t h e size of hydroelect r ic genera tors and 
o ther machines cont inues t o grow. The devas ta t ing 
ea r thquakes t h a t have occurred dur ing the pas t 
few decades (e.g. Valdivia , Skopje, Tashken t , 
Anchorage, Ni igata , etc.) have also con t r ibu ted to 
direct ing a t t en t i on to t h e dynamic behaviour of 
soils. The influence of v ibra t ions in changing soil 
physical proper t ies has indeed been util ised in 
t he cons t ruc t ion i n d u s t r y in solving a n u m b e r of 
technological problems encounte red in pract ice , 
e.g. v i b r a t o r y compac t ion or t he v ib r a to ry dr iving 
of piles a n d sheet piles, t o men t ion only a few. 
Blas t ing is also likely to find even more widespread 
appl ica t ion in t he fu ture . 

I n view of t h e foregoing considerat ions, t he 
presen t chap te r will be devoted to some problems 
in soil dynamics . 
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6.2 Theory of vibrat ions 

Consider a rigid footing suppor t ed on a uniform 
soil. The footing should be assumed to be ac ted 
upon b y concentr ic , ver t ical forces alone and to 
perform ver t ical m o v e m e n t only (Fig. 488). The 
forces ac t ing on the footing are t h e ex te rna l 
periodic d is turbing force Ρ = P(t) and the force 
due to t he dead weight (mass) of t h e footing, t h e 
l a t t e r being exci ted to move . This force is con-
sequent ly an iner t ia l force and i ts magn i tude is 
ob ta ined as t h e p roduc t of mass and accelerat ion, 
name ly md

2
z/dt

2
. The t h i rd force is t he similarly 

ver t ica l , periodic res tor ing force, n a m e l y react ion 
and one of t h e major a ims of dynamic analysis 
is i ts de te rmina t ion . The forces are in d y n a m i c 
equi l ibr ium at a n y i n s t a n t 

m + p W = <?(f) · ( 5 4 7 ) 
at

1 

The dis turbing force P(t) is, in t h e major i ty of 
cases, a periodic function of t ime , viz. ha rmonic . 
According t o t h e genera t ing effect, t h e peak mag-
n i tude thereof m a y or m a y no t depend on fre-
quency. I n pract ice , two kinds of d i s turbance are 
encountered , name ly cons tan t , where Ρ = P0 and 
quadra t i c , where Ρ = m0rœ

2
. 

The magn i tude of t h e force Q depends on t h e 
d isplacement 2, viz. on t h e d e p t h a n d r a t e of 
pene t ra t ion of t he footing in to t h e soil. I n general 

ρ ( ί ) = ρ ( ζ ' 1 7 ) · ( 5 4 8 ) 

Solutions of t he differential equa t ion (547) are 
available for a few simple Q(t) functions only. 
This function of two var iables is commonly 
assumed to be composed of two t e rms 

e = <>i(*) + 02(d*/di). (549) 

The first t e r m represents t he dynamic load -
se t t l ement d iagram of t he soil, viz. t h e load-se t t l e -
m e n t re la t ionship . This d iagram is usual ly called 
t h e response curve of v ib ra t ion a n d m a y be sub-
l inear, l inear or supral inear , i.e. i t m a y devia te from 
the s t ra ight line u p w a r d or downward (Fig. 489). 
I n t h e case a (sublinear) , t he sys tem becomes softer 
wi th increasing displacement , whereas in case c 
(supralinear) i t becomes stiffer. 

The second t e r m in E q . (549) represents d a m p -
ing, which is t e r m e d l inear if t he force causing the 
v ibra t ion to diminish is p ropor t iona te t o t h e 

Fig. 489. Guide l ines of v ibrat ion 

Fig . 490 . Pract ica l ly exper ienced a t t e n u a t i o n s : 
ο — viscous damping; b — friction in dry stage; c — air-, or water resistance 

veloci ty of m o v e m e n t . The expression "viscous 
d a m p i n g " is also common . 

Othe r k inds of damping , due to d ry friction 
(Coulomb), or air or hydrau l ic resis tance are also 
f requent ly encounte red in prac t ice . The former is 
un re la t ed to veloci ty and a lways acts in a direction 
opposi te t h e r e t o , whereas t he l a t t e r are propor-
t i ona t e t o t he square of veloci ty (Fig. 490). 

E q u a t i o n (547) should be wr i t t en for the simplest 
conceivable case, where t h e function Q(t) is of the 
form in E q . (549) wi th Q1 and Q2 being l inear 
funct ions of t he corresponding var iables . Thus 
Q1 = Kz and Q2 = cdz/dt. I n th is w a y the simplest 
basic equa t ion in v ib ra t ion t heo ry is ob ta ined 

m — + C — + Kz= P(t). (550) 
d i 2 di 

The cons tan t s involved in the equa t ion are 

m = t h e mass of t h e v ib ra t ing body , 
c = t h e d a m p i n g factor, 
Κ = t he spring cons tan t . 

6.3 Solutions of the basic equat ion 

6 .3 .1 General case 

Assume a ha rmon ic , sinusoidal d is turbing force 
ac t ing on t h e footing. T h e n 

Fig. 488 . Forces act ing on the foot ing P(t) P0 sin œt (551) 
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+a 

Fig. 4 9 1 . T i m e - p a t h curve of swing ing 

Fig . 492 . I l lustrat ion of the e q u a t i o n describing enforced 
a t t enuated swinging 

and a par t i cu la r solut ion ζ = f { t ) of E q . (550) is 
wr i t t en s imply as* 

ζ = a cos (ωί — φ). (552) 

The t ime-d i sp l acemen t curve is t h u s a cosine 
function wi th m a x i m u m ampl i t ude a a n d phase 
angle φ (cf. F ig . 491). 

Upon subs t i tu t ion in to E q . (550), 
ρ 

(Κ — m ω
2
) cos φ cœ sin φ = —— . (553) 

a 

The re la t ionship is represen ted according to 
F ig . 492, b y a r ight -angled t r iangle (Runge) . 
A change in f requency will cause po in t A on t h e 
hypo tenuse t o describe a pa rabo la , t h e angle a t 
t he origin 0 denot ing t h e phase angle . F r o m th is 
d iagram t h e expressions for amp l i t ude a and phase 
angle φ are wr i t t en direct ly as 

Y(K - π ιω 2) 2 + c
2
œ

2
 ' 

t a n φ = 
CO) 

Κ — πιω
2 

(554a) 

(554b) 

* For the deta i l ed m a t h e m a t i c a l t r e a t m e n t of the p r o b l e m , 
reference is m a d e to the l i terature a t t h e end of th i s chapter . 

The phys ica l i n t e rp re t a t i on of t h e no t a t i on 
2 YmK = ck i n t roduced here will be expla ined 
subsequen t ly . The solut ion ζ = / ( ί ) , name ly t he 
t i m e - d i s p l a c e m e n t curve of v ib ra t ion , is given 
t h e r e w i t h as 

κ 

1 -
„2 12 

col + 
ω 

• sin 

ck ω0 

^ ceo η 

Cut arc t a n ckœ0 

1 -

(555) 

The widest amp l i t ude is 

a
m a x — - ^ ΐ

α
ΐ

 = 

Γ, ω
2
1 2 

+ 
' c ω \ 

1 — τ 

2 

+ 2 
L < \ 

r, (556) 

where ax — P 0/fe, viz. t h e compression of t h e 
sys tem unde r t h e s ta t ic load P 0 , and ω 0 = Y K/m. 

6 .3 .2 Special cases 

Before e m b a r k i n g u p o n analysis of t h e general 
solut ion, t h e special cases will first be considered. 
Se t t ing b o t h P(t) a n d c in E q . (550) equal t o zero, 
viz. in t h e absence of an ex te rna l d i s turb ing force 
a n d of damping , t h e expression reduces to 

d
2
z 

m — + Kz= Q 
dt

2 

t h e familiar solut ion of which is 

~K ζ = C1 sin t + C2 cos t 
m m 

(557) 

(558) 

C x a n d C 2 are cons tan t s of in tegra t ion . Assume 
t h e mass t o be displaced from i ts original posi t ion 
b y t h e d is tance z0 a n d subsequen t ly t o be released. 
Count ing t ime from th is i n s t a n t , t h e ini t ial con-
di t ions become 

for t = 0, ζ = z0 a n d dzjdt 

U p o n subs t i t u t ion we have 

1c 

0 

ZQ C O S t 
m 

(559) 

E q u a t i o n (559) is t h e expression of u n d a m p e d 
v ib ra t i on , t h e per iod Τ of which is t he t ime 
requ i red for one complete cycle, dur ing which the 
q u a n t i t y t ]/ K/m var ies from 0 t o 2π (Fig. 493). 
T h u s 

— =2π or Γ = 2 7 τ ] / — . (560) 
m ι Κ 

2 1 Â. Kézdi and L. Réthâti: Handbook 
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where 

m _2n 1 

Fig . 493 . Graphical i l lustrat ion of u n d a m p e d free swing 

The q u a n t i t y ][K/m is t h e circular n a t u r a l 
f requency of v ib ra t ion wi th t h e dimension s _ 1 

(measured in rad ians per second) and is subs tan-
t ial ly t h e angular veloci ty 

' m 
(561) 

of t he ro t a t i ng vec tor character iz ing v ibra t ion . 
The inverse of t h e per iod Τ is called t h e n a t u r a l 

f requency in cycles ( the n u m b e r of revolut ions b y 
the vector) per second 

f — 
m 

1 

2 π 
J ^ . = ^ ( 5 6 2 ) 

G 2π 

deno ted as cps or Hz (Her tz ) . 
Ths spr ing is compressed u n d e r t h e s ta t ic load 

G b y t h e dis tance 
a0 = G/K 

or 
Κ g and ω0 = g (563) 

W i t h δ0 specified in cm un i t s , t h e f requency 
becomes ι r 

fo = 
1 

2 π 

300 

Wo 
(564) 

Subs t i tu t ion of ω0 from E q . (562) in to E q . (559) 
yields 

Z = 2 0 C O S ( C 0 0t ) . 

The posi t ion of t h e revolving vec tor of l eng th z0 

(Fig. 494) is described b y t h e funct ion 

β = ß(t) = ω0ΐ, 

Fig . 494. Pos i t i on of v e c t o r z0 

dß_ 

dt 

is t h e angula r veloci ty . The veloci ty and accelera-
t ion of mot ion are 

d# 

~dt 

d
2
x 

—ζ0ω0 sin (ω 0ί ) ; ——- = —ζ0ωΙ cos ( ω 0 ί ) . d i
2 

(565) 

The only physical p a r a m e t e r involved in these 
expression is t h e spring cons tan t (stiffness) K, 
wi th t he physical i n t e rp re t a t i on given in E q . (563) 
a n d defined in t h e foregoing for a single spring, 
or for a single set of springs. The behav iour of 
t h e composi te sys tem will depend on whe the r t h e 

'//////////////, V////////////A WW/////////////////, '//////////< 

m 

«2 I 
(b) 

(c) 

i«2 

m 

Cd) 

Fig . 495 . Spring assembl ies coupled in parallel (a, b , c) and 
in series (d) 

springs are connected in paral lel or in series. For 
ins tance , in cases (a) and (b) in Fig. 495, un i t 
ver t ica l d isp lacement of t he mass will induce the 
spr ing force (s t rain energy) Κλ + K2. The n a t u r a l 
f requency of t h e sys tem is t h u s 

Kx + K2 

I n t h e case c t h e t o t a l e longat ion due to un i t 
force is t h e sum of t h e elongations of t h e two 
springs loaded b y t h e same force: \jKx + 1 / ^ 2 · 
T h u s t h e spr ing cons tan t of t he sys tem is 

Κ 
1 

For several paral le l -connected springs 

K = j?Ki> K?™ 

for springs connected in series 

1 n 1 

Κ & Kt'
 1 

Actual ly , all free v ibra t ions are a t t e n u a t e d 
because of t h e frictional (etc.) , forces induced ; 
t h e ampl i tude diminishes gradual ly and all v ibra-

(566a) 

(566b) 
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t ions are eventua l ly d a m p e d out . W i t h regard t o 
th is fact , t h e equa t ion apply ing t o t h e second 
special case is der ived from E q . (550) 

d
2
2 dz 

m h e \-Kz = 0. (567) 
dt

2
 at

 K
 ' 

The differential equa t ion is solved b y subs t i tu t -

iv 
ing ζ = e

si 

s 2 + — s + 
m m 

0 (568) 

and if ζ — e
st is ac tua l ly a solut ion, t h e t e r m in 

bracke ts m u s t become zero, i.e. 

Si ο ± 
2m 

Κ 

m 
(569) 

and t h e general solut ion is 

ζ = C^' + C 2e
s*' . (570) 

Where t h e square root in E q . (569) is a real 
number , two nega t ive roots are ob ta ined a n d t h e 
solution is t he algebraic s u m of two exponen t ia l 
curves . The dashed line in Fig. 496 shows t h e 
solution for t h e case C1 = 1 a n d C 2 = — 2 . I t will 
be observed therefrom t h a t no " v i b r a t i o n " occurs 
in th is case, t h e mass displaced r e tu rn ing t o t h e 
equi l ibr ium posi t ion wi th gradua l ly diminishing 
velocity (creeping mot ion) . I n th i s case, viz. for 
[(c/2m 2 > K / m ) ] , d a m p i n g is too h e a v y a n d no 
v ibra t ion will occur as long as 

ck = 2 YmK = 2τηω0 (571) 

reaches t he value of crit ical damping . Conversely, 
for c «< ck9 E q . (569) yields complex roo t s . W i t h 
the subs t i tu t ions 

Κ _ c 
== ι ω a n d 

4 m 2
 m 

t he general solut ion becomes 

ζ = e-
Qt
(Ae

i(oi
 + Be-

ia)t
), 

Fig . 497. D a m p e d swing ing w h e n d a m p i n g effect is be low 
t h e critical va lue 

I n t r o d u c i n g Eule r ' s re la t ion 

e
± i y

 = cos γ -f- ί sin y ; 

so t h a t 

ζ = e~
et
 {(A + JB) C O S œt + i(A — B) sin ω t). 

T h e a r b i t r a r y cons tan t s are wr i t t en as 

i(A - B) = Q 
and 

A + Β = C 2, 
t h u s 

ζ = e - 6 ^ cos œt + c2 sin œt) 

wi th t h e solut ion 

ζ = e 
2m 

where 
[C± cos œt + C 2 sin œt], (572) 

ω = 
m 4 m 2 (573) 

E q u a t i o n (572) will p lo t as a sine curve wi th 
successively diminishing ampl i tudes be tween the 
exponen t ia l curve a n d t h e reflected image thereof 
(Fig. 497). 

F o r c 2/4m 2 = K/m, viz. c = ck, t h e character -
istic equa t ion (568) has t w o ident ica l real roots 
a n d t h e t w o cons t an t s give no solution. Sub-
s t i t u t ing in to E q . (550) will show t h e solut ion to 
be ob ta ined b y t h e funct ion 

si ^ " ^ T — 

/ 7 2 

I 
l 
1 
1 
1 

3 

-

ζ = Bti 
2m 

4 t 

Fig. 496. Mot ion of a s y s t e m character ized b y one degree of 
freedom w h e n d a m p i n g e x c e e d s t h e critical v a l u e 

A t greater t va lue , ζ t ends t o zero, i.e. t h e mot ion 
is again aperiodic . 

The e x t e n t of d a m p i n g is found b y considering 
two successive m a x i m a of t h e curve . Dur ing the 
t ime 2njq t h e ampl i tude decreases from 

C±e
 2m t o C±e

 2 mV q )
. 

The ra t io of t h e t w o is t h e logar i thmic decre-
m e n t 

In δ = ——— = const . 
mq 

i.e. t h e ampl i tude decreases according t o a geo-
met r ic series. 

21* 
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Fig . 498 . N a t u r a l f requency of a s y s t e m w i t h one degree of 
f reedom as a funct ion of d a m p i n g 

The ra t io of t h e f requency of free d a m p e d v ibra-
t ion to t h a t of free u n d a m p e d v ib ra t ion is from 
E q . (572) w i th regard t o E q . (571), 

Ck 

This re la t ionship is p lo t t ed in Fig . 498. The 
resul t ing curve is a circle; for c = ck we h a v e 
5 = 0 . Since t h e t a n g e n t t o t h e curve a t t h e po in t 
c = 0 is hor izonta l , u n d e r t h e d a m p i n g condi t ions 
commonly encounte red in pract ice (c/ck < 0.2) t he 
n a t u r a l frequencies ha rd ly differ from t h e n a t u r a l 
frequencies of t h e u n d a m p e d sys tem (]f K/m) and 
m a y for all p rac t ica l purposes be considered 
cons tan t . 

The las t special case, name ly t h a t of forced, 
u n d a m p e d v ibra t ions will be considered in connec-
t ion wi th t he general solut ion. 

φ is t h e phase angle. The v ib ra t ion is a harmonic 
one, a n d has a f requency equal t o t h a t of t he 
d i s turb ing force, b u t lags beh ind t h e l a t t e r b y the 
phase angle φ. 

The magnif icat ion factor N1 and t h e phase angle 
φ are p lo t t ed agains t t h e f requency of t he d is turb-
ing force a n d t h e n a t u r a l f requency in Figs 499 
a n d 500. The p a r a m e t e r of t h e curves is c/c^. The 
curve pe r t a in ing t o t h e p a r a m e t e r va lue c/c^ = 0 
in Fig . 499 applies t o u n d a m p e d v ibra t ions . 
D a m p i n g will be seen to reduce t he ampl i tude of 

ω/ω0 

Fig . 499 . Magnif icat ion factors for enforced d a m p e d swing-
ing m o t i o n s 

6 .3 .3 Determinat ion of the relevant dynamic quantit ies 

R e t u r n i n g t o t h e solution of E q . (550), given 
b y E q s (554) a n d (555), t h e resul ts are clearly 
i l lus t ra ted b y t h e graphical represen ta t ion . F r o m 
t h e t r e a t m e n t of t h e special cases i t will be seen 
direct ly t h a t co0 in E q . (561) is t h e n a t u r a l fre-
quency of t h e free v ibra t ions of t he sys tem, c is 
t h e d a m p i n g coefficient a n d ck t h e crit ical va lue 
thereof. N1 is t h e ra t io of t h e widest ampl i tude to 
t h e d isp lacement unde r a s ta t ic force a n d is the re -
fore called t h e (dynamic) magnification factor, 
or gain. 

The solut ion is wr i t t en in t h e form 

ζ = a1N1 sin (cot — φ), 

where 

t a n φ 

c ω 

ck co0 ceo 

1 - K — πιω
2 

(574) 

(575) 
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Fig . 500. Phase -ang les b e t w e e n force and d i sp lacement as 
funct ions of f requency and d a m p i n g 
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ω 0=2 ω 

Fig . 501 . T i m e - p a t h curve of an enforced u n d a m p e d swing ing s y s t e m for ω / ω 0 = 0.5 

forced v ibra t ions . The solut ion for t h e case 
cjck = 0 is 

ζ — — sin œt. (576) 

1 -

This is t he par t i cu la r solut ion of t h e inhomog-
eneous differential equa t ion . The general solut ion 
is found b y add ing t h e general solut ion E q . (558) 
of t h e homogeneous equa t ion . T h u s 

ζ = C x sin œ0t -\- C2 cos œ0t + sm œt, 

For C 2 = 0, t r ans fo rma t ion yields 
(577) 

1 -
sin œt ω sin œt . (578) 

Vibra t ion accordingly consists of two p a r t s , 
name ly t h e first p a r t where 

sm œt (578a) 

1 -

is t h e forced v ib ra t ion wi th t h e circular f requency 
œ a n d t h e ampl i tude 

. = JV i e i . 
1 - œ* 

col 

Nt = ω 2/ ( ω 2 — ω 2) is t h e magnification factor in 
t h e case c = 0 (cf. F ig . 499). 

The second p a r t of t h e solut ion 

œ 
1 — ω 2 / ω 2

 œ0 

œ 

- sin œt = 

(578b) 
sm œt 

is a free v ib ra t ion wi th t h e circular f requency ω 0 

a n d t h e ampl i tude 

a" = α±Ν± 

œ 

T h e r e su l t an t v ib ra t ion is t h u s t h e sum of two 
v ibra t ions a n d is no longer ha rmonic . F o r t h e case 
œ/œ0 = 0.5, t h e t i m e - d i s p l a c e m e n t curve of v ibra-
t ion is shown in Fig. 501 . The va r i a t ion of t he 
d i s tu rb ing force wi th t ime is ind ica ted b y t h e 
dashed l ine. The force is seen t o have increased due 
to t h e dynamic effect. The magnification factor 
Nx = 1/(1 — 1/4) = 1.33, so t h a t t h e ampl i tude 
of t h e forced v ib ra t ion is a r = 1.33a x, and t h a t 
of t h e free v ib ra t ion is a " = 1.33 · 1 /2^ = 0 . 6 7 a r 

T h e r e su l t an t t ime -d i sp l acemen t curve of free 
a n d forced v ib ra t ions assumes an in teres t ing shape 
if t h e v ib ra t ions differ from each o ther b u t l i t t le . 
The widest amp l i t ude will v a r y periodically, t he 
p h e n o m e n o n being k n o w n as bea t ing . The fre-
quency thereof is œ0 — œ a n d t h e circular fre-
quency 2ττ/(ω 0 — ω). The t ime -d i sp l acemen t curve 
of bea t ing is shown in Fig. 502. 

Fo r co — COQ a n d c — 0 t h e magnificat ion factor 
Ν t ends t o infinity. This is t h e case of resonance 

+Na, 
τ.2π 

. - ι ^ r t ^ n — η 
^ Compound swing 

Μ ω0=11ω ^ 

i l Μ /ΙΤΧν*^ ' 
Il I 

^ Compound swing 

Μ ω0=11ω ^ 

i l Μ /ΙΤΧν*^ ' 
A / \ / ι / \ ( υ 

2Λ 
ωο-< 

ι I / I / 

jO 

Ay \ / f 

F i g . 502. T i m e - p a t h curve for c o m p o u n d swing ing 
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ω0=ω 

Fig. 503. T i m e - p a t h curve for resonance 

a t u n d a m p e d v ib ra t ion . The d is turb ing force 
a lways ac ts on t h e v ib ra t ing b o d y a t a t ime and 
in a direct ion such as t o increase t h e ampl i t ude 
thereof, so t h a t t h e m a x i m a of t h e force increase 
to infinity as a l inear funct ion of t ime (Fig. 503). 

D a m p e d v ibra t ions invar iab ly have smaller 
ampl i tudes t h a n u n d a m p e d ones. Moreover, t h e 
grea tes t va lue of N1 is a finite one and resonance 
occurs a t a f requency sl ightly lower t h a n t h a t 
corresponding to ω / ω 0 = 1, a t 

ωΛ = ω. 1 -
2c ^

2 

ω 0 

(579) 

I n pract ica l sys tems, however , t h e ra t io ω χ / ω 0 

differs b u t sl ightly from un i ty a n d t h u s t he ap-
prox imat ion ω χ ~ ω 0 is acceptable . At resonance 
the ampl i tude is 

(580) 
2k 

6.4 Rocking vibrations 

The v ibra t ions considered in t h e foregoing were 
caused b y a ver t ica l d is turb ing force, t h e line of 
act ion a n d poin t of a t t a c k of which remained 
unchanged dur ing v ibra t ion , t he magn i tude being 
the only var iable . The v ib ra t ion of a b o d y acted 
upon b y a m o m e n t va ry ing periodically wi th 
t ime will be examined subsequent ly after B A R K A N 

(1962). Assume the m o m e n t t o v a r y according t o 
t h e funct ion M = M 0 sin cot a n d t o ac t in one of 
t h e pr incipal planes of iner t ia of t he b o d y (Fig. 
(504). 

I n cases where t h e resis tance t o sliding on t h e 
base is large enough, t h e m o m e n t will cause t h e 
b o d y t o r o t a t e t h r o u g h t h e angle a. The equa t ion 
of mot ion is t h e n 

d 2a 

at* 
(581) 

where J0 is t he m o m e n t of iner t ia of t he mass 
a b o u t t h e axis of ro t a t i on and ΣΜι is t he m o m e n t 
of all ex te rna l forces a b o u t t h e same axis. Moments 
are due to t h e dead weight of t h e b o d y and to 
soil reac t ion . The magn i tude of t he former is haQ, 
while for compu t ing t h e l a t t e r t he soil react ion 
m u s t first be found. The soil resistance act ing on 
the e l emen ta ry area d F s i tua ted a t t he distance 
I from t h e axis of ro t a t ion is 

dR = CJOL d F , 

whence t h e e l emen ta ry m o m e n t 

dMr = —£dR= - C a | 2 a c d F , 

a n d t h e t o t a l reac t ing m o m e n t becomes 

Mr= - C a a j | 2 d F = - C a a J , 

w i th J denot ing t h e m o m e n t of iner t ia of the base 
a b o u t t h e axis of ro t a t ion . 

Toge ther w i th t h e d is turb ing m o m e n t , t he 
equa t ion of mot ion is 

J 0 ^ + { C J - Q h ) x 
dt

l 
M0 sin ω ί . (582) 

The case M0 = 0 yields t h e equa t ion of free 
rocking v ib ra t ions 

dt* 
Qh) α = 0 

t h e solut ion of which is 

α = C sin (ω αί + α 0 ) , 

wherein 

CJ - Qh 

Jo 

(583) 

(584) 

(585) 

is t h e n a t u r a l f requency of rocking v ibra t ions , 
while C a n d <x0 are cons tan t s , whose magn i tude 
depends on t h e ini t ial condi t ions . The solution of 
E q . (582) is formally ident ical wi th t h e expression 
of ver t ica l forced v ib ra t ions , w i th P, m and co0 

M=M0 sin ojt 

v////////>////^fy»7/r,^MM//. 
Turning axle 

-M 
Fig . 504. E las t i ca l ly supported mass under the influence of 
periodic m o v e m e n t 
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being replaced b y M , J 0 a n d ω α . The ampl i tude of 
forced v ibra t ions is t h u s 

M 
a* = 

J 0( co 2 — ω 2) 
(586) 

The problem of rocking v ibra t ions arises main ly 
in the case of ta l l machine foundat ions , which are 
ac ted upon b y a d is turb ing m o m e n t or a d i s turb ing 
hor izontal force. I n such cases t h e n a t u r a l fre-
quency is found from E q . (585). 

Before a n y prac t ica l appl ica t ion of t he theore t -
ical results in Sections 6.3 a n d 6.4 can be a t t e m p t -
ed, numer ica l values m u s t be assigned to t h e 
cons tan t s involved in E q . (550). The ques t ion 
arises, how far are we justified in regard ing these 
quant i t ies as cons tan t wi th in t h e sys tem consist ing 
of t he s t ruc tu re a n d t h e subsoi l? The quant i t i es 
in quest ion a r e : 

— the spr ing cons tan t (stiffness) K; 
— t h e mass of t he sys tem m; 
— the damping coefficient c; 
— t h e d is turb ing force P(t). 

Before embark ing u p o n th i s subject , t h e effect 
of v ibra t ions on t h e soils a n d on t h e physical p rop-
erties thereof m u s t be examined . 

6.5 Non-linear vibrations 

I n deriving t h e basic equa t ion in Section 6.2, 
i t was poin ted ou t t h a t t h e t e r m s involved there in 
are in general non-l inear , in con t r a s t w i th t h e 
assumpt ion m a d e the re . The response curve has 
also been defined as represent ing t h e re la t ionship 
be tween displacement a n d t h e res tor ing force. 
A non-l inear response curve implies t h a t t h e 
n a t u r a l f requency of t h e sys tem is n o t cons tan t . 
Thus a subl inear response curve means t h a t t h e 
n a t u r a l f requency decreases wi th increasing ampl i -
t u d e , since t h e res tor ing force diminishes (Fig. 
505). 

Consider now t h e case of non- l inear v ib ra t ions 
s t a r t ing wi th t h e condit ions of free v ib ra t ions . 
The differential equa t ion of mot ion is 

m — 
d

2
z 

dt
2 

(587) 

where Q = Q^z) is t h e non-l inear res tor ing force 
[cf. E q s (547) and (549)]. E q u a t i o n (587) can also 
be wr i t t en in t h e form 

d
2
z dv dv dz dv „ x 

m — m = m = m ν = — j (z) , 
d i 2 di dz dt dz 

whence, upon in tegra t ion wi th respect t o 2 , 

ζ 

m y = J - / ( z ) d z . (588) 
Zmax 

Linear 

Displacement ζ 

Fig . 505. Natura l f requency as a funct ion of d i sp lacement 

The l imits of in tegra t ion are t h e m a x i m u m 
ampl i tude z m a x, where ν = 0, and an a rb i t r a ry 
i n t e rmed ia t e va lue z. F r o m E q . (588) 

_2_ 

m 

a n d t h e t ime dur ing which t h e mass po in t moves 
from zmax t o ζ is 

t = 
m 

2 

A. 

ί dz 

dz 

The second in teg ra t ion be tween ζ = z m a x and 
ζ = z 0 = 0 yields t h e n a t u r a l f requency as 

J - = ^ = T = f8m" f -
fo ω 0 J 1/ 

2max 1/ 

dz 
(589) 

J - / ( * ) d z 

Theoret ica l ly , E q . (589) can be used to find 
t h e n a t u r a l f requency for a n y response curve . 
E x a c t in tegra t ion is, however , possible only in 
a few cases of prac t ica l in te res t , b u t a solution 
can a lways be found b y adop t ing a numer ica l , 
or graphical approach . 

I n t h e case of non- l inear damping , t he n a t u r a l 
f requency re ta ins t h e va lue ^K/m. The a t t enu-
a t ion of ampl i tudes can be de te rmined b y i tera-
t ive , numer ica l or graphical in tegra t ion , b u t 
t h e s tep-by-s tep procedure is somewha t l eng thy . 
A fair app rox ima t ion is ob ta ined b y equa t ing the 
energy consumed b y friction t o t he decrement 
kinet ic energy of t h e sys tem. The loss in energy 
is c o m p u t e d knowing t h e charac te r of movemen t . 
Assume t h e m o v e m e n t t o be ha rmonic , ζ — 
= z0 sin cot. The d a m p i n g force is Q2 = f(dz/dt) 
a n d t h e work performed dur ing one cycle is 

—M 
dz 

d7 
cos ωί d(cof), 
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^.Velocity friction resistance y / | 

\ \. / ! 
F 

1 f ι ^ 
η / 

F / 
2 π: 

Fig . 506. Frict ion as a d a m p i n g force 

The decrement kinet ic energy is 

— ητω
2
ζΙ ί πιω

2
(ζ0 — Δζ)

2
 = 

2 2 

= πιω
2
ζ0Δζ — τηω

2
(Αζ)

2
 ^ τηω

2
ζ0Αζ. 

2 

E q u a t i n g t h e two expressions, t h e change in 
ampl i tude dur ing one cycle is 

2π 

Δζ — [A-
πιω

1
 J [dt 

cos œtd(œt). (590) 

As an example , t h e case of friction is first 
examined where f(dz/dt) = ± F . The veloci ty is 
shown as a funct ion of t h e damping force in 
Fig. 506. The in tegra l in E q . (590) consists of four 
ident ical p a r t s : 

π/2 

4 J F cos œt d(û)t) = 4 T 
ο 

and t h e ampl i tude decreases in a single cycle b y 

Δζ = 
4 F 

πιω" 

F Κ 1 

Κ m ω
2 

: 4 -
Κ 

(591) 

and t h u s four t imes as m u c h as t h e compression 
of t h e spring unde r t he s ta t ic force F . The ampl i -
t udes t h u s decrease ar i thmet ica l ly , whereas in t h e 
case of viscous friction t h e y decrease according 
to a geometr ic sequence. 

The n e x t case considered is t h a t of forced vi-
b ra t ion in combina t ion wi th a non-l inear res tor ing 
force. The re levan t differential equa t ion of mo-
t ion is 

d
2
z 

m - - + f(z)=P0cosœt. (592) 
dt

1 

Assume t h e solut ion to consist of an expression 
of t h e form ζ — z0 cos œt. The mass force is 
md

2
z/dt

2
 = πιζ0ω

2 cos i, t he m a x i m u m of which is 
— mœ

2
z0 and th is occurs s imul taneously wi th t he 

m a x i m a of t h e d is turbing force P 0 a n d t h e restor-
ing force f(z0). E q u a t i o n (592) applies t o a n y 

i n s t a n t of mot ion , t h u s also t o t h e posit ion 

— τηω
2
ζ0 +f(z0) = P 0 , 

f(z0) = P0+mco
2
z0. (593) 

ζ = z0. Here 

so t h a t 

A t ζ = 0 t h e th ree forces s imul taneously become 
zero a n d are t h u s in equi l ibr ium. I n t h e case of 
f(z) = Kz each of t h e th ree t e r m s in E q . (592) is 
p ropor t iona te t o sin œt a n d division t he r eby yields 
E q . (593); f(z0) = kz0 a n d t h e condi t ion of equi-
l ib r ium is satisfied for all i n t e rmedia te values 
be tween ζ = 0 a n d ζ = z 0, b u t no t for f(z) Kz. 
An a p p r o x i m a t e solut ion is therefore sought , in 
which equi l ibr ium is es tabl ished a t least in t he 
po in t s ζ = θ a n d ζ = z0. The ampl i tude of forced 
v ib ra t ions is t h u s ob ta ined from E q . (593). 

Preferably , a graphical app roach is adop ted , in 
which t h e forces are p lo t t ed on t h e ver t ical and the 
d isplacement z0 on t h e hor izonta l axis . The lef t-hand 
side of E q . (593) is t h e equa t ion of t h e non-l inear 
spr ing character is t ic curve , while t h e q u a n t i t y on 
t h e r i gh t -hand side — t h e sum of t h e d is turbing 
force a n d t h e m a x i m u m value of t he iner t ia 
force — can be represen ted b y a s t ra ight line 
in tersec t ing t h e ver t ica l axis a t t h e po in t P 0 , and 
inclined a t arc t a n (moo

2
) (cf. Fig . 507). 

The ZQ va lue per ta in ing t o an assumed ω value 
can t h u s be de te rmined in th is manne r . I n o ther 
words , one po in t on t h e resonance curve of non-
l inear v ib ra t ion is ob ta ined . 

I n t h e case of low frequencies, only a single 
po in t of in tersect ion (e.g. Ax) is ob ta ined whereas 

Fig . 507. A p p r o x i m a t i v e de terminat ion of the resonance 
curve for non-l inear swinging 
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a t higher frequencies t h ree poin ts (A2, B2 a n d C 2) 
will resul t a n d t h u s th ree solutions exist . The p lo t 
of t h e z0 values agains t ω t h u s cons t ruc ted defines 
a non-l inear resonance curve as i l lus t ra ted in 
Fig. 5 0 8 , which corresponds t o t h e curve in F ig . 
4 9 9 . 

Resonance curves for t h e th ree t ypes can be 
seen in Fig . 5 0 9 a n d for these , t h e a lways p resen t 
a t t e n u a t i o n should be reckoned wi th . Own-fre-
quencies are n o t s table va lues . Increas ing t h e 
f requency in t h e supra- l inear i ty s tage causes t h e 
ampl i tude — after reaching poin t Β — t o fall 
suddenly to po in t C, from where i t decreases 
gradual ly as ω is fur ther increased. W h e n t h e 
invest igat ion begins a t a h igh ω-value, t h e sect ion 

Ao 

A 2 

V / 

^ > !/ 

/ 
'c2 

^ — / 
\ 
l \ 
1 
1 

I ι 

& 

• . 

Fig. 508. Resonance curve de termined graphical ly 

(a) Frequency oo 

tan a =moo 

Fig . 509 . R e s o n a n c e curves for: 
a — super linear; b — linear; and c — sub-linear vibratious 

Fig . 510 . D r a w i n g t h e d y n a m i c characterist ic curve from 
k n o w n resonance curves 

DCE develops , a n d a t po in t Ε t h e ampl i tude will 
sudden ly reach t h e va lue m a r k e d as po in t F. 

L O R E N Z ( 1 9 5 0 ) concluded t h a t t h e charac te r -
ist ic can be de te rmined b y means of exper imen-
ta l ly es tabl ished resonance curves b y using the 
m e t h o d proposed b y D E N H A R T O G ( 1 9 4 7 ) . Assume 
t h a t t h e y are k n o w n for t h r ee eccentr ic i ty levels 
of t h e ro tor . These curves can be seen in Fig. 5 1 0 ; 
the i r p a t t e r n is typ ica l ly subl inear . I n order t o 
d r a w t h e charac ter i s t ic curve a pa i r of po in t s ω 
a n d ζ h a v e t o be chosen on t h e ampl i tude curve . 
T h e n a coordina te sys tem should be selected and 
t h e ampl i tudes p lo t t ed on t h e abscissa and the 
d y n a m i c stresses induced in t h e soil as t h e ordi-
n a t e s . The coefficient of eccentr ic i ty ε = m0r/m 
(in which m 0 is t h e mass of t h e ro tor , r is t h e 
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diameter , m is t he v ib ra t ing mass and p roduc t 
mQr is t he genera t ing m o m e n t u m ) should be p lo t t ed 
on t h e nega t ive side of t h e ampl i tude curve 
(Fig. 510b). A s t ra igh t line should be d rawn from 
this po in t wi th t he incl inat ion mco

2
/F; t he inter-

section of th i s line w i th t h e ampl i tude ζ will supp ly 
one poin t of t h e character is t ic curve . Repea t ing 
th is procedure , t he whole curve can be produced . 

The following expression has been suggested 
b y L O R E N Z (1950) t o describe t h e character is t ic 
curve : 

a = az+
 bz , (594) 

d + ζ 

where t h e soil stress a is composed of a dynamic 
and a s ta t ic componen t 

where 
β = ast(l + 0 . 0 4 ^ 2 ) , 

— is t h e s ta t ic soil s t ress ; 
F 

(595) 

t he eccentr ic i ty fac tor ; 

η = t h e frequency. 

The th ree cons tan t s involved in E q . ( 5 9 4 ) are 
found from t h e resonance values ob ta ined b y 
dynamic soil t es t s performed a t th ree different 
eccentrici t ies. These being known , t h e ampl i tudes 
are compu ted from E q . ( 5 9 4 ) as 

ζ = 
- b d 

2a 2 2a 

ad 
( 5 9 6 ) 

and t h e bedding coefficient is t h e slope of t h e 
t a n g e n t 

/ \ d# bd /Γ-Λ«\ c - c(a) = = a Η . ( 5 9 7 ) 
W
 dz (* + df 

The bedding coefficient de te rmined in th is man-
ner is t h e n used in dimensioning machine founda-
t ions . 

Fo r fur ther detai led t r e a t m e n t of t h e problem 
reference is made to t he books b y L O R E N Z and 
K L E I N ( 1 9 6 6 ) , K A U D E R E R ( 1 9 5 8 ) , N O V A K ( 1 9 5 7 ) 

and D E N H A R T O G ( 1 9 4 7 ) . 

The stress deformat ion re la t ionship in soils has 
been found to be non-l inear in prac t ice , regard-
less of whe the r t h e load is s ta t ic or dynamic . The 
deformat ion curves ob ta ined b y apply ing and 

Time 

r emov ing different loads produc ing the same stress 
will d isplay a hysteresis loop. The greater t he 
absorbing capac i ty of a pa r t i cu la r mater ia l , t he 
grea ter t h e area of t h e hysteresis loop will be ; in 
o ther words , t h e less elastic i ts behaviour , t he 
greater i ts capac i ty for absorbing mechanical 
work which is i r reversibly conver ted in to hea t . 
This p a r t ΔΑ of t h e work performed equals the 
area of t h e hysteresis loop. Denot ing t h e t o t a l 
work performed b y loading u p to t he greates t 
deformat ion b y t h e ra t io 

ΔΑ 
(598) 

m a y be t e r m e d the absorb t ion coefficient, which 
represents t h e energy re la ted t o t h e t o t a l work A 
absorbed b y t h e mate r ia l dur ing a single loading 
cycle. 

A block suppor t ed on a soil and ac ted upon b y 
a single t r ans i en t force will perform free v ibra-
t ions , t h e t ime-d i sp l acemen t curve of which is 
shown in Fig. 511 . I n a l inear sys tem t h e res tor ing 
force ( the soil react ion) a t t h e m a x i m u m ampl i tude 
is Q = Ka^ t h e energy of v ib ra t ion being 

A Ka,^-
2 

Κ 
al. 

At t h e second peak 

A2 = 
Κ 

a n d t h e energy absorbed 

Δ Α - * * L

 U
2 

so t h a t t h e absorb t ion coefficient becomes 

ψ = 1 — 

I t can be demons t r a t ed t h a t in v ib ra t ing sys tems 
hav ing a single degree of freedom, t he m a x i m a of 
two successive ampl i tudes are 

a1 = a exp (— cT/4); a n d a 2 = a exp (5 cT/4) . 

Here c is t h e d a m p i n g coefficient, Τ is t h e period 
of v ib ra t ion and a t h e ampl i tude of u n d a m p e d 
v ibra t ion . 

U p o n subs t i t u t i on 

1 - e x p ( - 2 c T ) . (599) 

Fig. 511 . T i m e - p a t h curve of a d a m p e d swing 

Exper ience has shown ψ t o depend on t h e r a t e 
of load appl ica t ion , on f requency a n d on t h e soil 
stress t o a l imi ted e x t e n t only ; t h e influence of 
soil condi t ions and g ranu lomet ry being more pro-
nounced . F o r ins tance a t d = 0.1 to 0.25 m m we 
have ψ = 0.04, while a t d = 1 t o 2 m m it is 0.79. 

The m a g n i t u d e of ψ a n d of t h e damping coeffi-
cient can be c o m p u t e d from t ime-d i sp l acemen t 
curves de te rmined b y measu remen t . 
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6.6 Dynamic soil characteristics 

6 .6 .1 Shear strength 

I t should be m a d e clear a t t h e outse t t h a t t he 
changes caused b y dynamic effects in t he physical 
pa rame te r s of soils are u p t o now b u t imperfect ly 
unders tood . There is ample empir ical evidence 
available t o indicate t h a t shear s t r eng th ( the 
values of Φ and c), permeabi l i ty , pore-water pres-
sure and t h e Young ' s modulus of elast ici ty are 
among the proper t ies subs tan t ia l ly affected b y 
v ibra t ions . 

The effect on t h e angle of in t e rna l friction in 
sand was s tudied b y B A R K A N (1962) b y means of 
a special direct shear a p p a r a t u s which enabled 
h im to subject soil samples t o t h e effect of different 
frequencies. Coulomb's friction law was found also 
to app ly t o sands ac ted u p o n b y dynamic forces: 
t s = a t a n Φ (Fig. 512); b u t i t was also found t h a t 
t he angle of friction depends also on frequency 
and ampl i tude . I n t h e ini t ial per iod of v ib ra t ion , 
first slight consolidation and t h e n loosening were 
observed. 

The var ia t ion of t he friction coefficient wi th t h e 
ampl i tude and frequency of v ib ra t ion is shown in 
Fig. 513. The influence of ampl i t ude is unmis t ak -
able in t h a t Φ decrease as a is increased. The 
influence of f requency is more complex, in t h a t 
a sudden drop in t he value of t a n Φ occurs as t h e 
frequency is increased beyond a cer ta in crit ical 
va lue . An in teres t ing and r a t h e r unambiguous 
relat ionship is ob ta ined b y p lo t t ing t h e coefficient 
of friction against t he ra t io η = bjg (Fig. 514), 
where 6 and g are t h e accelerat ions of v ib ra t ion 
and of g rav i ty , respect ively. To describe th is 
re la t ionship B A R K A N has suggested t h e empir ical 
formula 

t a n Φάγγι — t a n Φν 

t a n 0 s t at — t a n Φν 

exp ( - 0 7 ? ) , (600) 

where t a n 3> st at i s t n e coefficient of friction deter-
mined b y a s ta t ic t es t , t a n Φν is t h e a s y m p t o t e of 
t h e curve in Fig. 514, while β is a cons t an t whose 
va lue for dry , m e d i u m sand is β = 0.23. 
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Fig. 512. Coulomb's frict ion law for d y n a m i c a l l y opera ted 
probes 

"0 40 80 120 160 200 240 280 
ω (s'

1
) 

Fig . 513. Angle of internal frict ion in sand depending on 
the frequency and the ampl i tude of v ibrat ion 

Fig . 514. Ang le of internal frict ion in sand depending on 
re lat ive accelerat ion 

Vibra t ion affects t h e coefficient of friction b y 
t empora r i l y reducing the n u m b e r of contac t 
po in t s be tween v ib ra t ing par t ic les . The resul t of 
t h e shear t e s t is expressed as 

t a n Φ x 

a 

To de te rmine t h e quan t i t i es % a n d σ, t he Τ and 
Ν forces are divided b y t h e t o t a l cross-sectional 
a rea resist ing shear . I n con t ras t t o th i s simplified 
s i tua t ion , ac tua l con tac t be tween part icles is con-
fined to m i n u t e , discrete areas a n d i t is in these 
l a t t e r where t h e frictional resistances are devel-
oped. The formula should t h u s be rewr i t t en in to 
t h e form 

Τ TIOLA 
t a n œ = — = —- , 

Ν Τ/βΑ 
where α a n d β a re t h e ra t ios of t h e sums of t he 
e l emen ta ry areas perpendicular t o t h e direction 
of shear ing a n d t h e n o r m a l force, respect ively, t o 
t h e t o t a l a rea . The effect of ver t ica l v ibra t ions 
p robab ly consists in reducing α to a smaller ex ten t 
t h a n /?, as a consequence of which t a n Φ is reduced. 
The effect of v ib ra t ion is t h u s t o decrease, a t a 
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100 K0 

Fig . 515. Coefficient of fr ict ion as a funct ion of phase c o m -
pos i t ion 

given i n s t an t , t he size of t h e con tac t areas in t h e 
cross-section, t h e probabi l i ty of reduc t ion increas-
ing wi th ampl i t ude a n d frequency. 

U n d e r s t a n d i n g t h e influence of dens i ty a n d 
mois ture on t h e dynamic behav iour of soils would 
be of considerable in te res t . Owing t o exper imenta l 
difficulties, t h e problem has n o t been satisfactori ly 
clarified t h u s far, b u t th i s influence is n o t expec ted 
t o be a simple one. 

Consider first t h e role of mois ture . The invest iga-
t ions b y B A R K A N (1962) have revealed a wa te r 
con ten t a t which t h e reduc t ion of t h e angle of 
in te rna l friction is minimal . This effect is re la ted 
t o t h e s t ruc tu re of g ranular soils. I n such soils 
two crit ical wa te r con ten t s have been shown to 
exist (cf. Vol. 1, Fig . 170) concerning resis tance t o 
forces a n d fur ther air- a n d w a t e r permeabi l i ty 
(cf. Vol. 1, Section 6.2.5). A t s a tu ra t i on values 
below t h e lower l imit , wa te r is only present in t h e 
corners be tween t h e par t ic les , t h e communica t ing 
passages being filled wi th air. The air permeabi l i ty 
of t he soil is t h u s great , while t h e re la t ive wa te r 
permeabi l i ty is zero. Above t h e uppe r crit ical 
va lue , on t h e o ther h a n d , air is p resen t in t h e soil, 
in t h e form of bubbles , which are displaced to -
gether w i th t h e wa te r . Consequent ly , t h e air per-
meabi l i ty is zero a t th is mois ture . Below t h e cri-
t ical lower a n d above t h e crit ical uppe r mois ture 
con ten t s , t h e effect of v ib ra t ion is necessarily 
grea ter t h a n in t h e range enclosed, since t h e con-
t inuous air a n d w a t e r m a t r i x , respect ively, guaran-
tees a grea ter mobi l i ty t o t h e par t ic les . Owing to 
this increased mobi l i ty , t h e e x t e n t of reduc t ion is 
more p ronounced in t h e lower a n d u p p e r ranges . 

B A R K A N ' S exper imenta l resul ts p lo t t ed in a 
t r i angu la r d iagram, are shown in Fig. 515, indi-
ca t ing t h e values of t a n Φ a t t w o different fre-
quencies in t e r m s of t h e phase composi t ion. I n t h e 

ranges I a n d I I I , friction be tween t h e par t ic les 
m a y even d isappear complete ly , t h e mater ia l 
behav ing like a dense, viscous fluid. Objects placed 
on t h e surface of such sands will sink if the i r 
specific g rav i ty is grea ter t h a n t h e u n i t weight 
of t h e water—solid par t ic le mix tu re and will float 
on t h e surface in t h e opposi te case. 

I M A I (1977) proposed de te rmin ing t h e dynamic 
shear modu lus from s t a n d a r d pene t r a t i on t e s t 
resul ts . H a v i n g eva lua t ed 950 tes t s he has found 
w i t h good a p p r o x i m a t i o n t h e formula 

Gâ = 120iV 0- 7 37 (601) 

(with t h e correlat ion coeffcient r = 0.888). 
Inves t iga t ing t h e re la t ionship be tween dynamic 

and s ta t ic shear modul i , I M A I (1977) establ ished 
(from 218 pairs of values) t he formula 

Gd = 510 G<>-781. (602) 

S E E D a n d S I L V E R (1972) p roduced the formula 

Gd = 1000 Κ · a
m (603) 

in which av is t h e appl ied ver t ica l confining pres-
sure , m is t h e exponen t , Km is a coefficient whose 
va lue var ies w i th t h e shear s t ra in . Figure 516 
presen ts t h e re la t ionship be tween shear modulus 
a n d shear s t ra in , a n d d a m p i n g factor a n d shear 
s t ra in a t low confining pressures . These relat ions 
h a v e been ob ta ined from simple shear t e s t s ; t h e 
simple shear a p p a r a t u s was su i tab ly modified for 
cyclic s t ra in appl ica t ions . The ma te r i a l t e s ted was 
t h e Crys ta l Silica No . 20 sand (d10 = 0 . 5 m m ; 
U = 1.5). 

6 .6 .2 Compressibility 

The dens i ty of g ranu la r soils subject t o dynamic 
effects is control led main ly b y t h e accelerat ion 
ra t io η = bjg. I n add i t ion t h e r e t o , t h e hydros ta t i c 
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Fig . 516. Shear modul i and d a m p i n g characterist ics of silica 
sand at v e r y l o w confining pressures (SEED and SILVER, 1972) 
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compression stresses ac t ing s imul taneous ly are 
also of in te res t , in t h a t consol idat ion increases as 
th i s stress is r educed . E x p e r i m e n t s pe r fo rmed a t 
several ampl i tudes a n d frequencies have y ie lded 
t h e average d y n a m i c compress ion curve shown in 
F ig . 517. The curves for o ther t y p e s of soil are 
ident ica l in shape a n d yield t o t h e equa t ion 

4 -̂ = — α (e — emin) , 
άη 

(604) 

whence 
β = 0 M I N + C e x p ( — α η ) . 

For η = 0, e = e0 and t h u s C = e 0 — e m i n, so t h a t 

β = e m in + e 0 — e m in exp ( — arç). (605) 

The magn i tude of t h e coefficient α depends on 
the wa te r con ten t , as ind ica ted in Fig. 518. The 
role of sand s t ruc tu re , reflected b y a lower a n d 
an upper crit ical condi t ion will again be observed. 
Dynamic compac t ion of sands is t h u s effective 
e i ther in t he d ry or in t h e s a t u r a t e d condi t ion. 

Since t he void ra t io is reduced b y v ib ra t ion , i t 
would be logical t o conclude t h a t t h e pe rmeabi l i ty 
coefficient is also reduced. This , however , is no t 
t h e case, in t h a t k increases toge the r w i th η = b/g. 
This effect is more p ronounced in fine sands (Fig. 
519). This phenomenon can again be expla ined 
b y t h e fact t h a t t h e n u m b e r of con tac t po in ts a t 
a n y i n s t an t is reduced b y v ib ra t ion , enabl ing a 
greater n u m b e r of passages t o develop. 
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Fig . 517. D y n a m i c a l l y compressed sand — compress ive curve 
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Fig. 518. L imi t ing va lues of α b y d y n a m i c compress ion 
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T h o u g h t h e fully s a t u r a t e d s t a t e migh t be t h e 
mos t peri lous one for cohesionless soils (see Sec-
t ion 6.6.5) even d ry a n d p a r t l y wet sands are 
exposed t o subs t an t i a l deformat ions . Dur ing t h e 
San F e r n a n d o e a r t h q u a k e of 1971, for example , 
compac t ion of a 12 m deep sand fill resul ted in 
se t t l emen t s of 10 t o 15 cm a t a bui ld ing cons t ruc ted 
on spread footings nea r t h e surface. I n t h e Skopje 
e a r t h q u a k e of 1963, severe damage to major 
s t ruc tu res was a t t r i b u t e d t o differential set t le-
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Fig. 522. Effect of surcharge pressure on s e t t l e m e n t of sand 
layer in shaking table t e s t ( S E E D and S I L V E R , 1972) 

ments resul t ing from t h e compac t ion of pockets of 
loose sand under ly ing t h e founda t ions . 

Recen t ly i t has been discovered and observed 
t h a t a f u n d a m e n t a l differentiation is needed 
be tween ver t ica l d i sp lacements induced b y the 
ver t ical and the hor izonta l componen t s of g round 
shaking . 

D ' A P P O L O N I A ( 1 9 6 8 ) describes tes ts in which 
samples of fine sand were placed in conta iners a t 
very low densi ty and t h e n subjected to ver t ical 

v ib ra t ions . I t was found t h a t even unde r no sur-
charge ve ry l i t t le densification occured unt i l the 
accelerat ion reached abou t 1 g. W H I T M A N and 
O R T I G O S A ( 1 9 6 9 ) concluded t h a t : (a) when the 
dynamic stresses are small , no noticeable densi-
fication occurs for a <C 1 g; (b) when t h e dynamic 
stresses are small compared to t he init ial over-
b u r d e n stresses, the re is no not iceable densifica-
t ion, (c) ver t ica l accelerat ion dur ing ea r thquakes 
can cause ve ry l i t t le densification. 

I t m a y be concluded from these studies t h a t the 
se t t l ement of sand dur ing ea r thquakes is p roduced 
main ly b y t h e hor izonta l componen t s of ground 
shaking . Impress ive exper iments have been con-
duc ted in th i s respect ( S E E D a n d S I L V E R , 1 9 7 2 ) 
with t h e help of a shaking t ab le . Accordingly, t he 
ver t ical d isp lacement is influenced b y : 

— rela t ive dens i ty of t h e soil (Dr); 
— base accelerat ion (ab); 
— n u m b e r of cycles; 
— surcharge . 

The exper imen ta l resul ts described in Section 
6 . 6 . 1 are r ep roduced in Figs 5 2 0 t o 5 2 2 . B y the i r 
use, d iagrams can be cons t ruc ted which give t he 

Fig. 523 . Vert ica l s e t t l e m e n t - s h e a r strain re-
lat ionship for silica sand: 
a, b — Dr = 45%; c, d — Dr = 60% (SEED and SILVER, 1972) 
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F i g . 524. S e t t l e m e n t of dry sand under unidirect ional and 
mult idirect ional shaking (SEED et al., 1978) 

vert ical s t ra in , ec, as a funct ion of Dn av, yxy, a n d 
η (Fig. 523). 

Though the ver t ica l componen t would normal ly 
no t induce , in itself, a considerable d isplacement , 
exper iments have confirmed t h a t i t can be a 
con t r ibu t ive factor in enhanc ing t h e effect of t h e 
hor izonta l componen t . P Y K E et al. (1975) have 
shown t h a t t he se t t l ement of dx y sands is re la t ively 
greater unde r mul t id i rec t ional shak ing t h a n unde r 
unidirect ional shaking of similar m a g n i t u d e . This 
is i l lus t ra ted in Fig. 524, where t h e se t t l ement in 
10 cycles of loading is shown as a funct ion of t h e 
cyclic stress r a t io , thfav, in which xh is t h e hori-
zonta l shear s t ress , a n d av is t h e appl ied ver t ica l 
stress ( S E E D et aJ., 1978). For a given value of t h e 
stress ra t io i t m a y be seen t h a t t h e se t t l emen t 
caused b y the combined mot ion is a p p r o x i m a t e l y 
equa l t o t h e sum of t he se t t l emen t caused b y the 
X a n d Y c o m p o n e n t s separa te ly . However , 
because t h e s t r e s s - se t t l emen t re la t ionship is non-
l inear, t he s tress-rat io causing a given se t t l ement 
for t h e combined mot ions is typ ica l ly only a b o u t 
2 0 % less t h a n t h e stress ra t io t h a t causes t h e same 
se t t l ement unde r a single componen t . 

so t h a t t h e spr ing cons t an t is found from measured 
values of t h e n a t u r a l f requency. The ra t io 

F 

4 π 2 

g 
— /oPstat 

is called t h e d y n a m i c bedd ing coefficient and is 
defined as t h e dynamic load causing a se t t l ement 
of 1 cm, while pstat *

s t ne s ta t ic bear ing pres-
sure G/F. 

The n a t u r a l f requency is found from a model 
t e s t performed on si te, using a v ib ra to r (Fig. 525) 
as t h e source of t h e d i s turb ing force of controlled 
f requency and ampl i tude ( S C H U L T Z E a n d M U H S , 

1967). A v ib ra t ion t r a n s d u c e r is m o u n t e d on t h e 
v ib ra to r , t h e r a t e of which is t h e n accelerated to 
a prese t va lue . The phase a n d ampl i tude of t h e 
v ibra t ions performed b y t h e v ib ra to r are measured 
a t cons t an t f requency. The t e s t is r epea ted a t 
several frequencies a n d b y p lo t t ing t h e ampl i tudes 
measured aga ins t t h e d i s tu rb ing force, a resonance 
curve (Fig. 526) is ob ta ined . The resonan t fre-
quency is found b y d rawing a t a n g e n t t o th is 
curve t h r o u g h the origin of t h e coordinate sys tem, 
t h e po in t of t a n g e n c y indica t ing t he n a t u r a l 
f requency. 

The m e t h o d is appl icable t o cases where t h e 
d is turb ing force increases as t h e square of fre-
quency , th is being t h e s i tua t ion wi th t h e v ibra to r . 

Fig . 525. S c h e m e of a swing ing m a c h i n e 

6 .6 .3 Natural frequency and spring constant 

As ment ioned above , t h e behav iou r of a v ib ra t -
ing sys tem compris ing a mass po in t a n d t h e soil 
is governed b y t h e cons tan t s involved in t h e basic 
equa t ion . 

I n t h e presen t p a r a g r a p h these cons tan t s will 
be examined in grea ter detai l . 

F r o m the ve ry beginning, research has been 
concerned wi th t h e de t e rmina t ion of t h e n a t u r a l 
f requency, r a t h e r t h a n wi th t h e spr ing cons t an t K. 
F r o m E q . (564) 

Κ=*πψ0 —, (606) 
g 

0 

il 

f % / \ X 

// 
a -

m
°

r 

ω = ω0 ω 

Fig . 526. D e s i g n of the resonance curve in the case of a force 
w h i c h acts at t h e square of t h e f requency 
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r 
O m ax 

CO; 

Fig . 527. R e s o n a n c e curve or ig inated b y a c o n s t a n t l y ac t ing 
force 

A t ω = 0 t h e ampl i t ude is 

a n = ai 

a n d t h u s , o 0 be ing k n o w n , t h e spr ing cons tan t 
becomes 

ρ 

«o 
T h e d a m p i n g coefficient canno t be de termined 

unless t h e va lues of a m ax a n d ω± are known . The 
t e r m u n d e r t h e square root sign in E q . (554) is 
differentiated w i th respec t t o ω: 

[-2m(K - maß) + c 2] ω 

The t w o solut ions are 

0 . (609) 

The d is turb ing force is t h e centrifugal force of t h e 
r o t a t i n g masses , so t h a t 

where m 0 is t h e ro t a t i ng mass and r is t h e excentr ic-
i t y thereof. F r o m E q . (554) 

a = 
Υ (Κ - τηω 2) 2 + c2co2 

Reduc ing t h e fract ion b y ω 2, t h e t r ans i t ion 
ω - > oo will reveal t h e a s y m p t o t e of t h e curve 

m 
(607) 

Since m 0 a n d r are k n o w n , t h e m a g n i t u d e of t h e 
v ib ra t ing mass can be compu ted . Resonance 
occurs, if ω = ω 0 ( / = / 0 ) . The equa t ion of t h e 
t a n g e n t t o th i s po in t is 

ω , 

showing t h a t t h e t a n g e n t ac tua l ly passes t h r o u g h 
t h e origin. The spr ing cons tan t is found from ω 0 

as 

Κ = mœl ; 

t he slope of t h e foregoing t a n g e n t yields t h e 
damping coefficient 

m 0 r 
c = ω 0 , (608) 

where a 0 is t h e ampl i t ude measured a t resonance . 
The cons tan t s involved in t h e basic equa t ion 

can t h u s be de te rmined wi th t h e help of t h e 
resonance curve ob ta ined b y direct measu remen t . 

Tes ts performed wi th a cons t an t d i s turb ing 
force, t h e m a g n i t u d e of which is unaffected b y 
frequency, commonly yield a curve resembling 
t h a t shown in Fig. 527. The ana ly t ica l expression 
of t h e curve is given b y E q . (574), reveal ing t h e 
case of forced, d a m p e d v ib ra t ions . 

(a) ω = 0; 
(b) ω 2 = (2Km - c 2) /2m 2. 

F o r c 2 > 2Km t h e m a x i m u m occurs a t ω = 0 
(c is g rea ter t h a n cÄ), for c 2 < 2 X m , a t t h e fre-
q u e n c y 

2 Km - c 2 

a n d has t h e m a g n i t u d e 

2 m 2 

2Km/c 2 

(610) 

The pa i r of values co^ and o m a x yields t he d a m p -
ing coefficient 

m 2^.-2œl=mY2Y(œl-œl). (611) 
m 

Where t h e mass is u n k n o w n , t he following 
ap p ro x ima te formulae can be used 

— ^ — a n d m ^ — . (612) 

The accuracy of app rox ima t ion will be t he 
b e t t e r , t h e smaller t h e r a t io cjck. 

I n analys ing t h e model exper iments described 
above , a difficulty has been encountered on account 
of t h e fact t h a t t h e subsoil is involved in t he 
d y n a m i c process n o t only as an elastic suppor t , 
a n d as a d a m p i n g med ium, b u t also as a mass 
affected. The magn i tude of t h e resonan t mass 
depends on t h e d a t a concerning t h e v ibra tor . 
E q u a t i o n (562) m u s t therefore be wr i t t en in t h e 
following form: 

Κ 

M 

1 

2 π 

kFg 1 

In 

kFg 

Ge + Gt 

(613a) 

where t h e spr ing cons t an t is wr i t t en in t h e form 
Κ = kF, F is t h e a rea in p lan , Gg is t h e weight 
of t h e v ib r a to r a n d Gt t h a t of t h e resonant soil 
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mass . For de termining t h e n a t u r a l f requency, t h e 
" r educed n a t u r a l f r equency" was suggested b y 
T C H E B O T A R I O F F and W A R D ( 1 9 4 8 ) . This is found 
b y rear ranging E q . ( 5 6 2 ) as follows: 

1000 

Ιο-
ί 

2π 

F 

g7 
^ - = - L / o r . (613b) 

1 + 

The exper imenta l d a t a publ ished have been com-
piled b y these au thor s a n d t h e n a t u r a l f requency 
entered in a log-log plot agains t t h e con tac t area . 
Depending on whe the r t h e subsoil was cohesive clay 
or granular sand , t h e poin ts fi t ted two paral lel 
s t ra igh t lines as i l lus t ra ted in Fig . 5 2 8 . This can 
be used for finding t h e reduced n a t u r a l f requency 
and , in t u r n , t h e n a t u r a l f requency itself. Accord-
ing to N O V A K ( 1 9 5 7 ) t h e weight of t h e r e sonan t 
soil mass is found from t h e expression 

Gt=fF«*, 

where / is an empir ica l coefficient. 
For es t imat ing t h e m a g n i t u d e of t h e spring 

cons tan t , B A R K A N ( 1 9 6 2 ) has p u t forward the 
formula 

( 6 1 4 ) 

where and k2 are t he bedding coefficients per-
ta in ing to t h e areas F± a n d F2 respect ively. 

The corresponding pai r of values being known , 
t he bedding coefficient can t h u s be found for a n y 
area. 

I t should be no ted t h a t t h e foregoing two empir-
ical re lat ionships are in complete agreement , 
since t h e reduced n a t u r a l f requency can also be 
wr i t t en in t h e form 

fer = ïk 
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Fig . 528. Re la t ionsh ip b e t w e e n c o n t a c t area and reduced 
natural f requency 

On the o ther h a n d , according to B A R K A N 

* 1 ' in 
cYk cYk 

hence 
J on 

for 2 Fi 

a n d 
FJin = FJirt = const . 

Table 4 4 . D y n a m i c bedding coefficient of subgrade react ion for a 1 0 m
2
 contact 

area, after BARKAN ( 1 9 6 2 ) 

Class Soil type 

Allowable bear-
ing capacity 
under static 

load 

o"ZM(kN/m
2
) 

Coefficient of 
subgrade reaction 

k (MN/m
3
) 

I Moderate bearing capac i ty (plastic cohesive 
soils) mediate ly loose s i l ty fine sand; soils 
from class II and III w i t h interlaced m u d 
or peat 15 30 

II Mediately hard cohesive soils (plast ic i ty 
l imit) mediate ly dense sand 15 35 30 50 

I I I Hard cohesive soils: dense sand or gravel 35 50 50 100 

IV Rock > 50 > 100 

22 Â. Kézdi and L. Réthâti: Handbook 
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Frequency of rotation uj
2
[VS

2
] 

Fig. 529. D e p e n d e n c e of the funct ion m 0rco
2
 cos φ/α on ω

2 

(after HEUKELOM, 1957) 

so t h a t 

t h u s 
log F = log (const) - 4 logfor, 

t he equa t ion describing the paral lel s t r a igh t lines 
of T C H E B O T A R I O F F . 

Numer ica l values of t he dynamic bedding 
coefficient are compiled for informat ion in Table 44, 
in which t h e values of k a re given after B A R K A N 

for a block of 10 m 2 p lan area . Fo r o ther areas 
these values can be t ransformed using E q . (614). 

Ano the r m e t h o d for finding t h e d y n a m i c con-
s t an t s , suggested b y H E U K E L O M (1957), consists 
of p lo t t ing t he quant i t i es 

m0rar 
cos φ Κ 

/ η 0Γ ω 
sm φ = c 

(615) 

against ω 2. These resul t direct ly from Eqs (554). 
At low frequencies a s t ra igh t line is ob ta ined , t he 
spring cons tan t Κ is r ead a t ω 2 = 0 and t h e slope 
is found as m c, t h e r e sonan t soil mass (Fig. 529). 
According t o H E U K E L O M , if ω <C ω 0 , t h e n mb = 
— const . = mc and if ω > ω 0 , t h e n mb = mc 

( ω 0/ ω ) 3 , so t h a t a radical ly different line is ob ta ined 
for h igher frequencies. The two lines in tersect a t 
t he f requency co 0. 

The v ib ra to r is designed to t r a n s m i t periodic 
pulses also as hor izonta l force to the soil. W i t h 
th is a r r angemen t t h e dynamic shear modulus can 
be de te rmined . The n a t u r a l f requency is found 
from E q . (585), neglect ing t he t e r m Qh 

whence 

(616) 

6 .6 .4 Propagat ion of waves in the soil 

The in tens i ty of a n y pulse t r a n s m i t t e d to t he 
soil will diminish in t h e course of spreading wi th 
the dis tance from t h e po in t of d i s turbance . For 
prac t ica l considerat ions informat ion is needed as 
t o whe the r t h e v ibra t ions a t a par t i cu la r point are 
de t r imen ta l or no t t o t he h u m a n organism, to the 
source of v ib ra t ion itself or t o a n y o ther s t ruc tu re . 

The t y p e of v ib ra t ion induced b y a t rans ien t 
force, a n d fur ther t h e veloci ty of p ropaga t ion , 
depend on t h e elastic proper t ies of t he soil and 
on t h e configuration of t h e surface. A part icle 
will s t a r t v ib ra t ing dur ing the passage of the 
wave front . Dur ing a cycle of period T 0 , t he wave 
front t rave ls t he dis tance I = T 0v , where / is t he 
wave l eng th . 

The waves m a y be classified in to several t ypes . 
I n seismology dis t inct ion is m a d e be tween mass 
waves p r o p a g a t e d wi th in t he inter ior of the mass 
and surface waves . The mass waves m a y be 
compression or longi tudina l waves also referred 
to as P -waves or u n d a e p r imae , and t ransverse 
or shear waves , also k n o w n as S-waves or undae 
secundae . The concepts of wavelength , frequency 
and period are assumed to be familiar to the 
reader . The two different wave types are illus-
t r a t e d in Fig. 530. Assuming t h e med ium to be 
uniform and isotropic, t he p ropaga t ion velocity 
of t h e compression wave is 

' m - μ ) 
( 1 - μ - 2μ*) 

(617) 

where Ε == t he Young ' s modulus of elast ici ty, 
μ = Poisson 's n u m b e r , 
γ = t h e bu lk dens i ty , 
g = g rav i ta t iona l accelerat ion. 

Shear waves are subs tan t ia l ly t ransverse waves, 
where t h e part ic les are displaced in a direction 

^777777777 

Movement 

(a) 
Source 

Source 

, 77777777777 
Expansion 
Movement 

(b) 

Fig . 530. W a v e t y p e s in t h e subground: 
a — P-waves (longitudinal waves); b — S-waves (transversal waves) 
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perpendicular t o t h a t of wave p ropaga t ion , t h e 
veloci ty of t he l a t t e r being 

Eg 

2y( l + μ) 

(618) 

The va lue of v2 is a lways lower t h a n v19 t h e var ia-
t ion thereof w i th t h e Poisson 's n u m b e r of t h e 
med ium being i l lus t ra ted in Fig . 531 . A t a Pois-
son's n u m b e r μ = 0.5, t h e veloci ty v1 o o , while 
v2 has t h e finite va lue ]/ Eg/3y . 

Velocities ac tua l ly measured in different t y p e s 
of soil are compiled in Table 45 . 

Table 45 . Propagat ion of transversal 
during dynamic soil invest igat ion 

w a v e velocit ies 

Soil type (m/s) 

Sand, according to condit ions 100 ... 250 
Sand and gravel 180 ... 550 
Silt 150 ... 200 
Clay, according to water content 120 ... 700 
Weathered l imestone 250 
Sound sandstone 1100 

Surface waves hav ing the i r origin in t h e semi-
infinite uniform or stratified m e d i u m a n d p ropa-
gat ing along the surface, or along t h e interface 

Longitudinal Ι Τ 
wave* J

 1 

^ 
Transverse 
wave 

0.25 0.50 

Fig . 531 . Re la t ionsh ip b e t w e e n Poisson's n u m b e r and w a v e 
ve loc i ty 

Fig . 532. D e v e l o p m e n t of the R a y l e i g h - t y p e w a v e 

22* 

k
r
=tan oc 

Distance χ (m) 

Fig . 533 . D e t e r m i n a t i o n of t h e absorpt ion coefficient 

be tween t w o layers , are t e r m e d Rayleigh waves 
and have t h e p ropaga t ion veloci ty 

vr = ßv2, (619) 
where 

0.919 ^ β < 0.955 for 0.25 ^ μ < 0 . 5 . 

Rayle igh waves resemble wa te r waves b u t t he 
di rect ion of m o v e m e n t is different. The indiv idual 
par t ic les describe ell iptical p a t h s as shown in 
Fig . 532. Love waves are also surface waves 
resembl ing t h e S-waves, w i th t h e surface part icles 
moving perpendicu la r t o t h e direct ion of wave 
p ropaga t ion . The influence of these waves is 
l imi ted t o a r a t h e r t h i n layer below the surface. 

The ampl i tude of these waves diminishes expo-
nent ia l ly wi th t h e d is tance χ from the po in t of 
d i s tu rbance according t o t h e formula 

X 

exp [ - k\x - χ0)/λ], (620) 

where a and a 0 are t h e ampl i tude a t t he distances 
χ a n d # 0 , respect ively , W is t h e wave absorp t ion 

ν 
coefficient a n d λ = — is t h e wave leng th . 

η 
F o r d i s turbances o ther t h a n sinusoidal , t h e fol-

lowing expression has been suggested 

a = a 0 - ^ - e x p [ - k\x - x0) λ]. (621) 
χ 

According to F Ö R T S C H (1954, 1956) t h e energy 
is absorbed owing t o Coulomb friction wi th in t he 
soil s t ruc tu re , whereas in s a t u r a t e d soils th is is 
due t o t h e viscosi ty of pore wa te r . 

I n order t o de te rmine t h e m a g n i t u d e of the 
absorp t ion coefficient, t h e ampl i tudes are measured 
a t different dis tances from t h e d i s turbance and 
t h e quant i t i es In (a/aQ ]/ xjx) are t h e n p lo t ted 
aga ins t χ (Fig. 533). I n uniform soils, since 

In (α 0/α YxQ/x) = k'(x — x0), 

a s t ra igh t line is ob ta ined , t he slope thereof 
yielding t h e magn i tude of k'. This va lue is un-
re la ted to f requency a n d m a y , therefore, be 
regarded a physical p r o p e r t y of t he soil and a 
measure of t h e difference be tween t h e behaviour 
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Table 4 6 . Coefficient of absorption for 
different soi ls , after FORTSCH ( 1 9 4 0 ) 

Trans-
ducer 

(0 

Body wave 
/ ι 

Impulse 
rod 

Fig. 5 3 4 . Fie ld t e s t procedures to eva lua te vs: 
a — uphole; b — down-hole; c — cross-hole method (YOSHIMI, 1977) 

of t h e soil and of an elastic med ium.The expression 
a = a0 YXQ/X applies t o t h e elastic half-space 
r a t h e r t h a n E q . (620). 

Numer ica l values of fc' are given in Table 46 
after F Ö R T S C H (1940). Once fc' is known , t he 
ampl i tude a t a n y dis tance from t h e d is turbance 
can be computed , p rovided t h a t t h e ampl i tude 
and the frequency of t he d is turbance are known. 
F r o m the ampl i tude a n d f requency, t h e accelera-
t ion is found as 

b = 4 π 2 / 2 α . (622) 

Seismic measurements can establ ish values of 
the shear wave veloci ty, v s, wi th in a rock or soil 

Soil type k' 

Loess , s i l ty loess 0 . 2 1 5 

Di luv ian c lay 0 . 1 4 6 

Lias clay 0 . 3 5 0 

Sil ty sand 0 . 4 2 5 

Si l ty gravel 0 . 1 0 5 

Medium sand 0 . 6 2 0 

Fine sand 0 . 5 . . . 0 . 6 

mass . T h e n t h e low ampl i tude shear modulus can 
be calculated from 

(623) 

in which ρ is t h e mass densi ty . 
For detai led informat ion on the wave velocity 

and on t h e va r ia t ion of vs wi th dep th , surface 
refract ion, s t eady-s ta te v ibra t ion and borehole 
techniques can be used. Up-hole and down-hole 
tes t s can be performed wi th one borehole, while 
cross-hole tes t s require two or more boreholes. 

I n t h e up-hole me thod , t h e exci ta t ion is pro-
vided a t var ious dep ths wi th in t he borehole and 
the sensor is placed a t t he surface (Fig. 534), while 
for t h e down-hole m e t h o d the exci ta t ion is 
appl ied a t t h e surface and one or more sensors 
are placed a t different dep ths wi th in t he hole 
(Fig. 534b). 

I n t h e cross-hole m e t h o d ( S T O K O E a n d W O O D S , 

1 9 7 2 ; W O O D S , 1 9 7 8 ; H O A R and S T O K O E , 1 9 8 1 , etc.) 

a t least t w o boreholes are needed, one for the 
impulse a n d the o ther for t he sensors. As shown 
in Fig. 534c t h e impulse rod is s t ruck a t the top 
end a n d an impulse t ravels down the rod and is 
t r a n s m i t t e d to t he soil a t t he b o t t o m . This shear 
impulse creates shear waves which t rave l horizon-
ta l ly t h r o u g h t h e soil t o t h e ver t ical mot ion sensor 
loca ted in t h e second hole, and the t ime required 
for t h e shear wave to t raverse this known distance 
is recorded. 

vs (m/s) vs (m/s) 
0 200400 600 800 0 200 400 600800 

Fig. 5 3 5 . Typ ica l shear w a v e ve loc i t ies from cross-hole t e s t (RODRIGUES, 1 9 8 1 ) 
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Trave l v e l o c i t y can be measured in the fo l lowing manner . 
(HOAR and STOKOE, 1 9 8 1 ) . Typ ica l s e i smic -wave trave l t i m e 
records are ana lyzed b y ident i fy ing init ial w a v e arrivals . 
T h e n either the direct trave l t i m e from the source to t h e 
receiver, or the interval trave l t i m e b e t w e e n t w o receivers for 
the same impulse are de termined . In terva l trave l t i m e s m a y 
also be determined b y us ing po in t s o n t h e w a v e f o r m other 
t h a n the init ial w a v e arrival, such as t h e first through , first 
cross-over po int , or first peak after t h e init ial arrival. Us ing 
po ints on the w a v e - f o r m other t h a n t h e init ial arrival t e n d s 
to produce longer interval trave l t i m e s and therefore s lower 
ve loc i t ies , due to w a v e spreading. In terva l travel t imes gen-
erally produce more cons i s tent and reliable v e l o c i t y pro-
files. 

Figure 535 is inser ted here t o provide two 
examples on the va r ia t ion of vs according to d e p t h 
(stratif ication). These profiles have been deter-
mined b y R O D R I G U E S ( 1 9 8 1 ) b y using t h e cross-
hole me thod . 

I n t he case of t h e P -wave veloci ty (vp) a clear 
con t ras t is often found be tween above a n d below 
groundwate r level. On t h e o ther h a n d , in t h e case 
of S-wave velocity (vs) t he re is a good correlat ion 
wi th t h e mechanical proper t ies of t h e soil l ayers . 
These facts suppor t t h e general exp lana t ion t h a t 
— t h o u g h vp depends on t h e bu lk modulus of 
the soil skeleton and t h e pore wa te r — vs depends 
on the s t ruc tu ra l e last ic i ty of t h e soil skeleton 
( I M A I , 1 9 7 7 ) . This is a good in t e rp re t a t ion of 
J apanese s tat is t ics which proves t h a t t he distri-
bu t ion of vs is more regular t h a n t h a t of vp, if t h e 
inves t iga ted soils are grouped according to the i r 
geological age and origin. This is also t h e reason 
for i;s hav ing a closer correlat ion wi th S P T resul ts 
and g ü-s , t h a n vp has . 

I M A I ( 1 9 7 7 ) proposed two formulas as being 
val id for the en t i r e ty of J a p a n e s e soils inves t iga ted : 

vs = 91iV 0 3 37 (r = 0.889) (624) 
a n d 

vs = 1 3 4 g r « (625) 
where vs is in m/s , a n d qu has t o be subs t i t u t ed 
in kp / cm 2 ( = 1 0 0 k N / m 2) . Closer correlat ions can 
be found, however , if t h e classification of d a t a 
follows the geological subdivision. 

Knowing vs a n d vp also Poisson 's ra t io can be 
establ ished from t h e formula : 

ν = (626) 

6.6 .5 Liquefact ion of soils 

A qual i ta t ive unde r s t and ing of l iquefaction and 
its effects was first p resen ted b y C A S A G R A N D E in 
1936. Since t h e n i t has been recognized t h a t when 
a l te rna t ing loads are applied to s a t u r a t e d cohesion-
less soils from which dra inage is res t r ic ted , t h e 
pore-water pressure m a y even rise t o a va lue 

equal t o t h e t o t a l confining pressure . I n t he l a t t e r 
case, t he effective confining pressure on the soil 
becomes zero, and t h e soil loses i ts abi l i ty t o resist 
shear deformat ion. The soil is t h e n said to have 
liquefied. 

6.6.5.1 Mechanism and definition of liquefaction 

I n a na r row sense of t h e word, l iquefaction 
means a complete loss of shear s t r eng th which can 
occur when a loose cohesionless soil is subjected 
t o shear s tress, e i ther monoton ie or cyclic. I n a 
b roade r sense, th is t e r m has also been used to 
denote a pa r t i a l loss of shear s t r eng th due to 
bui ld-up of pore-water pressure , e.g. " p a r t i a l 
l iquefact ion" , b y T A Y L O R (1948), " in i t ia l l ique-
faction wi th l imi ted shear s t ra in po t en t i a l " , b y 
S E E D et al. (1975), or "cycl ic l iquefac t ion" b y 
C A S A G R A N D E (1976). The " inc ip ien t failure s t a t e " 
or " l imi t equ i l ib r ium" of a s a t u r a t e d sand under 
cyclic loading defined b y W A N G (1981) is t h e s ta te 
a t which t h e shear stress is j u s t ba lanced b y the 
shear res is tance. 

The sudden collapse of a soil s t ruc tu re is pre-
ceded b y a g radua l bu i ldup of pore-water pressure 
wi th negligible shear s t ra in (Fig. 536). The ten-
dency of t h e soil t o con t rac t due to cyclic shear is 
coun te rac ted b y a r ebound due to t he reduct ion 
in t h e effective stress t o satisfy t h e condit ions of 
cons t an t vo lume a n d cons t an t t o t a l stress ( Y A G I , 

1972; M A R T I N et al., 1975). 
The resul ts shown in Fig. 536 can be summar ized 

as in Fig. 537. The solid curve in inser t (a) shows 
the shear stress ampl i tude t d p lo t t ed against the 
n u m b e r of cycles t o ini t ial l iquefaction Nh which 
denotes " a condi t ion where . . . t he residual pore-
wa te r pressure on complet i t ion of a n y full stress 
cycle becomes equal t o t he appl ied confining pres-
s u r e " ( S E E D et al., 1975). The dashed line in Fig. 
537a can be ob ta ined b y p lo t t ing t he n u m b e r of 
cycles t o failure, iVy, corresponding to a failure 
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Fig . 536. A n e x a m p l e of undrained cycl ic s imple shear 
t e s t on loose sa turated sand (YOSHIMI, 1 9 7 7 ) 
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Fig . 5 3 7 . Typica l result of undrained cycl ic shear t e s t on 
loose saturated sand (YOSHIMI, 1 9 7 7 ) 

s t ra in , yj. The difference be tween Nt a n d Nf is 
small because t h e s t ra in increases rap id ly after 
t he pore pressure becomes equal t o t h e applied 
confining pressure , tf0. I t is ev iden t from Fig. 5 3 7 
t h a t the re is a th reshold shear stress ampl i tude , 
rcn below which t h e pore pressure does no t bui ld 
u p a t all ( Y O S H I M I , 1 9 7 7 ) . 

Pore-wate r pressure increases in dense sand as 
well, because th is is cont rac t ive dur ing shear a t 
small s t ra ins , b u t t he condi t ion of zero effective 
stress occurs only momenta r i ly when the shear 
stress is zero, and the soil re ta ins considerable 
shear modulus even after t he ini t ial l iquefact ion. 
I n fact, a dense soil canno t be s t ra ined beyond 
a cer ta in l imit regardless of t h e level of shear 
stress ampl i tude , p rovided i t s tays below t h e s ta t ic 
shear s t r eng th . This phenomenon has been called 
"cyclic mob i l i t y " b y C A S T R O ( 1 9 7 5 ) , " in i t ia l l ique-
faction wi th l imi ted shear s t ra in p o t e n t i a l " b y 
D E A L B A et al. ( 1 9 7 6 ) , or "cycl ic l iquefac t ion" 
b y C A S A G R A N D E ( 1 9 7 6 ) . 

The coarser g ranula r soils exhib i t grea t s tabi l i ty 
because the i r h igh permeabi l i ty would ei ther pre-
clude a full deve lopment of pore-water pressure, 
or reduce t h e dura t ion of t he fully liquified con-
di t ion ( W O N G et al., 1975; S E E D and B O O K E R , 

1976). 
L a b o r a t o r y tes ts b y numerous invest igators 

(e.g., F L O R I N and I V A N O V , 1961; L E E and S E E D , 

1967; P E A C O C K and S E E D , 1968) have shown t h a t 
for a given ini t ia l dens i ty , t h e stress required to 
in i t ia te l iquefaction increases wi th t he initial 
confining pressure . The effect was also shown in 
the field dur ing t h e Ni igata e a r t h q u a k e where the 
soil u n d e r a 2.7 m deep fill r emained s table , b u t 
similar soils sur rounding t h e fill liquefied exten-
sively ( S E E D a n d I D R I S S , 1967). This phenomenon 
can be in te rp re ted in t he following w a y ( S E E D and 
I D R I S S , 1971). 

If t h e soil co lumn above a soil e lement a t dep th 
h behaved as a rigid b o d y and t h e m a x i m u m 
ground surface accelerat ion were a m ax (Fig. 538), 
t h e m a x i m u m shear stress on t h e soil e lement 
would b e : 

ι \ — y '
h 

V^max/r —
 a

n 
(627) 

Because t h e soil co lumn behaves as a deformable 
body , t h e ac tua l shear stress a t dep th A, ( T m a x) d 

will be less t h a n ( t m a x) r , and migh t be expressed by 

(^max)d
 r

d (
T
m a x ) r · (628) 

Computa t ions of t h e value rd for a wide var ie ty 
of e a r t h q u a k e mot ions and soil condit ions hav ing 
sand in t he uppe r 15 m have shown t h a t rd falls 
wi th in t h e range of values shown in Fig. 539. 
Referring to these facts and o ther observat ions 
F E R R I T T O and F O R R E S T (1977) concluded t h a t 
l iquefact ion is pract ical ly excluded from depths 
below 15 m. 

The vulnerabi l i ty t o l iquefaction dur ing an 
e a r t h q u a k e depends on the magn i tude of the 
stresses or s t ra ins induced in i t . S E E D and I D R I S S 

(1971) men t ion as an example t he ea r thquakes 
exper ienced a t Ni igata in J a p a n dur ing the last 
370 years . Based on con t empora ry records the 
au tho r s discovered t h a t severe damages (owing to 

Fig . 5 3 8 . D e t e r m i n a t i o n of m a x i m u m shear stress 
(SEED and IDRISS, 1 9 7 1 ) 
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Fig. 5 3 9 . R a n g e of va lues of rd for different soil profiles 
( S E E D and IDRISS, 1 9 7 1 ) ( 1 ft = 0 . 3 0 4 8 m ) 

l iquefact ion) were only caused in th ree ins tances 
when t h e g round accelerat ion exceeded 0.13g. 
A con t r ibu t ive factor is na tu ra l l y , also t he dura-
t ion of shak ing (see Section 6.6.5.2). 

Fo r a given m a g n i t u d e of e a r t h q u a k e , M , the re 
appears t o be a l imi t ing epicent ra l d is tance , R, 
beyond which l iquefact ion is unl ikely to occur. 
The l imi t ing d is tance , R in k m , for M > 6 m a y 
be expressed as ( K U R I B A Y A S H I and T A T S U O K A , 

1975): 
l o g # = 0 . 7 7 M - 3 .6 . (629) 

6.6.5.2 Laboratory testing of liquefaction 

Appropr ia t e l a b o r a t o r y tes t ing me thods in-
clude : 

— t h e shaking t ab le t e s t ; 
— t r iax ia l compress ion; 
— t h e simple shear t e s t . 

Because for und ra ined tes t ing condi t ions t h e 
sample m u s t be enclosed in a cons t an t vo lume 
sys tem, t he simple shear device developed b y 

Time Time 
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Time 

(c) 

Condition 1 

θα- 2 

a
 2 
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O'dc 
:
 2 

Vdc ora + 
&dc 

Fig. 5 4 0 . A l ternat ive w a v e forms of shear loading (F INN et 
al, 1 9 7 1 ) 

Fig . 5 4 1 . Cyclic loading tr iaxial t e s t (SEED and PEACOCK, 
1 9 7 1 ) 

R O S C O E ( 1 9 5 3 ) or a tors ional shear device wi th 
la te ra l confinement appea r t o be t he only equip-
m e n t avai lable t o produce these tes t condit ions 
( S E E D and P E A C O C K , 1 9 7 1 ) . The device developed 
b y Roscoe a n d fellow inves t iga tors is a purpose-
or iented sui table i n s t r u m e n t ( "UBC machine") 
which has t h e addi t iona l capac i ty of applying 
a l t e rna t ing shear loads (Atxy) so soil samples . 
Tests are normal ly carr ied ou t unde r frequencies 
of 1 - 2 Hz . The wave forms of shear loading (de-
v ia to r stresses) are shown in Fig. 5 4 0 . Var ian t (c) 
is justified b y t h e fact t h a t a more meaningful 
insight in to t h e l iquefact ion process might be 
ob ta ined if t h e loading cycle conta ins a short 
period of zero load which migh t allow full equali-
za t ion of t h e pore pressure and allow t h e shear 
load being measured in t h e absence of iner t ia 
effects ( S E E D a n d P E A C O C K , 1 9 7 1 ) . 

Most researchers prefer, however , t h e t r iaxia l 
t e s t ing m e t h o d , due t o i ts s implici ty. I n th is t ype 
of tes t , a sample is ini t ial ly consol idated unde r an 
amb ien t pressure σ α, p roduc ing a stress condit ion 
as shown b y Condit ion 1 in Fig. 5 4 1 . The sample 
is t h e n subjected to an increase in axial stress of 
a n adcj2 and a s imul taneous reduc t ion in la tera l 
stress of equal a m o u n t . The no rma l stress on a 4 5 ° 
plane remains unchanged , b u t a shear stress of 
adc/2 develops on t h e p lane . The stress changes 
are t h e n reversed so t h a t t h e direct ion of applica-
t ion of shear stress on t h e 4 5 ° plane is reversed; 
t h u s , on th is p lane t he no rma l stress remains 
cons tan t . The condi t ions on the 4 5 ° p lane are t h u s 
similar t o those on t h e hor izonta l p lane for the 
field loading condi t ion ( S E E D a n d L E E , 1 9 6 6 ) . 
I n dealing w i th s a t u r a t e d samples , t he same 
effective stress condi t ions can be produced more 
convenient ly b y keeping the la te ra l stress cons tan t 
and cycling t he axial stress b y ±adn b u t t he general 
principles are more correct ly i l lus t ra ted b y the 
changes shown in Fig. 5 4 1 ( S E E D and P E A C O C K , 

1 9 7 1 ) . 
P E A C O C K and S E E D ( 1 9 6 8 ) summar ized the 

d i sadvan tageous aspects of t h e t r iax ia l tes t ing 
m e t h o d in four po in ts . 
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Fig. 5 4 2 . Comparison of l iquefact ion res istance of a sand 
in s imple shear and triaxial compress ion (F INN et al., 1971) 

1 . I n the field there is a reor ien ta t ion of t he 
pr incipal stress direct ions: t h e major one is 
init ial ly ver t ical and ro t a t e s t h r o u g h some angle 
θ = 0 — 4 0 ° , to t h e r igh t and left of i ts ini t ial 
posi t ion. ( In t he t r iax ia l t es t th is angle is 9 0 ° . ) 

2 . I n t he field t he soil e lement is ini t ial ly con-
sol idated unde r K0 condi t ions (σχ = K0az); t he 
t r iaxia l t es t requires t he a d a p t a t i o n of a value of 
K0 equal t o un i ty . 

3 . I n t he field, deformations are p resumed to 
occur u n d e r p lane-s t ra in condi t ions , whereas t h e y 
occur in all th ree pr incipal stress directions in t he 
t r iaxia l compression tes t . 

4 . Under t he idealized field loading condi t ion 
(or in the simple shear tes t ) t he in te rmedia te pr in-
cipal stress has a value corresponding to p lane-
s t ra in condi t ions ; in t he t r iaxia l compression tes t , 
however , t he in te rmedia te pr incipal stress has a 
value equal t o t h e major pr incipal stress dur ing 
one half of t h e loading cycle and equal t o t he 
minor pr incipal stress dur ing the o ther half of 
t he cycle. 

As t h e shear t es t wi th a s a tu r a t ed sand is far 
more compl icated t h a n a t r iax ia l t e s t , some 
researcher a t t e m p t e d to compare t he resul ts of 
the two tes t ing me thods , or to produce a formula 
b y which i t would be possible t o recalculate one 
from the other . F I N N et al. ( 1 9 7 1 ) proposed t ak ing 
the " in i t ia l effective stress r a t i o " for t he t r iax ia l 
t e s t as 

Α Σ
" ( 6 3 0 ) R 

2 « ) o 

and for t he simple shear t e s t as 

2 z k . 
xy 

(a'y + K0a'y)0 

( 6 3 1 ) 

I n these : (oy)0 is t he ini t ial ver t ical effective stress, 
(crc)0 is t he init ial hyd ros t a t i c effective stress. If 
these ra t ios are used as pa rame te r s , t he results of 
t he two tes t ing me thods are well comparable as 
Fig. 5 4 2 demons t r a t e s . 

S E E D and P E A C O C K ( 1 9 7 1 ) suggested t h a t the 
stress ra t io %h\a'vc causing ini t ial l iquefaction under 
cyclic simple shear condi t ion might be re la ted to 
t he stress ra t io odßa'a causing init ial l iquefaction 
in a cyclic t r iax ia l t es t b y a correction factor, cn 

in which 

2σ' 
( 6 3 2 ) 

I t has been ment ioned previously t h a t there is 
a difference in respect of l iquefaction be tween 
isotropic and anisotropic consolidation. The in-
fluence of K0 can well be observed in Fig. 5 4 3 in 
which is p lo t t ed t h e re la t ionship be tween the cyclic 
shear stress and the n u m b e r of stress cycles 
requi red t o cause l iquefaction for samples hav ing 
t h e same void ra t io and t h e same ver t ical stress, 
b u t different ini t ial va lue of K0 ( S E E D and P E A C O C K , 

1 9 7 1 ) . The values of K0 were ob ta ined b y over-
consol idat ing t h e samples , a n d t h e values of K0 

shown were de te rmined from the tes t da t a relat ing 
K0 t o O C R ob ta ined b y H E N D R O N ( 1 9 6 3 ) . I t is 
a p p a r e n t t h a t t h e stress requi red t o cause failure 
increases wi th increasing values of K0. 

This p h e n o m e n o n has been described b y I S H I -

H A R A et al. ( 1 9 7 7 ) in t he following manner . Ini -
t ia l ly a soil e lement is subjected to a vert ical 
effective stress av and a hor izonta l stress Κ0σ'ν. 
If t h e deposit becomes liquified, t he soil e lement 
will be subjected to a hydros ta t i c pressure equal 
t o σ̂ „ b o t h ver t ica l ly and hor izontal ly . Thus , there 
is an increase or decrease in t o t a l stress b y an 
a m o u n t of ( 1 — Κ0) σ'ν in t he hor izonta l direction. 
Since t he change in t o t a l stress occurs unde r an 
undra ined condi t ion, an accompany ing change in 
pore pressure b y an a m o u n t of 

( l - K 0 ) Ba'b ( 6 3 3 ) 

m u s t occur where Β is t he pore-pressure coeffi-
cient . I t is possible t o define the stress ra t io 
causing l iquefact ion in isotropically consolidated 
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— ι — ι — ι — I 
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0CR=t 

OCR=4, Ko~0.75~ 
I I I 

0CR=1, K0*0.4 

Ί 3 10 30 100 300 1000 300010000 
Number of cycles causing initial liquefaction 

Fig . 5 4 3 . Inf luence of init ial principal stress ratio on stresses 
caus ing l iquefact ion in s imple shear tes t s (SEED and 
PEACOCK, 1971) 
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specimens wi th a cer ta in n u m b e r of cycles b y the 
the t e r m (τ^/σί)/. I n th is case t he t o t a l pressure 
a'v will be t rans formed in to pore pressure . How-
ever, when K0 ^ 1 , and t h e sample is subjec ted 
to t h e same n u m b e r of cycles t h e por t ion of t h e 
init ial stress t h a t is t r ans formed in to pore pressure 
should be equal t o 

σ'ν — Aus. 

This concept is based on t h e a s sumpt ion t h a t t h e 
pore pressure, Aus, is no t induced b y t h e cyclic 
stress b u t is p roduced t h r o u g h a g radua l shift in 
the geostat ic stress sys tem from an ini t ia l lC 0-s ta te 
t o a liquified s t a t e u n d e r isotropic compress ion. 
Therefore, if t he stress ra t io inducing l iquefact ion 
in an anisotropical ly consol idated sample is deno ted 
as (Tft/tffl)^, t h e following re la t ionship resu l t s : 

= . ( 6 3 4 ) 
Α \

σ
ν . I 

1.00 

U ; - 2 ( l - Κ0) Βσ'ν/3 

Rear rang ing E q . ( 6 3 4 ) gives: 

_ 1 + 2K0 *L\ , ( 6 3 5 ) 
a, 

which compares cyclic s t r eng th unde r isotropic a n d 
anisotropic s t a tes . 

If we really w a n t t o s imula te rea l i ty , i t should 
be based on t h e assumpt ion of selecting Δχ a n d Nc 

( the n u m b e r of cycles). S E E D and I D R I S S ( 1 9 7 1 ) 
proposed t a k i n g At as t h e 6 5 % of t h e value cal-
cula ted from E q . ( 6 2 7 ) . As for Nn the i r suggest ion 
was to t ake it in funct ion of t h e m a g n i t u d e : 

Nc = 1 0 , for M = 7 

M = 7 . 5 

M = 8 Nc = 3 0 . 

Nc = 2 0 , 

As several s tudies have shown t h a t for a n y t e s t 
condit ion t he cyclic shear stress causing liquefac-
t ion is app rox ima te ly direct ly p ropor t iona l t o t h e 
init ial effective no rma l stress {O'Q

 o r
 v'v)i

 t ne t e st 

resul ts can usual ly be expressed in t e r m s of t h e 
ra t io %h\ow which will lead to l iquefact ion or a n y 
given soil and t e s t condi t ion ( S E E D and P E A C O C K , 

1 9 7 1 ) (See Fig. 5 2 4 ) . 

There is a still wider difference b e t w e e n unidirect ional and 
mult idirect ional shaking in t h e case of a sa turated sand t h a n 
in the case of a dry sand; th i s is i l lustrated in Fig . 5 4 4 
(SEED et al, 1 9 7 8 ) . 

6 . 6 * 5 . 3 Local measurements and observations 

For t he de te rmina t ion of t h e possibil i ty of peril-
ous l iquefaction probes are a t p resen t preferred in 
pract ice . The a im of these inves t iga t ions is t o pro-
duce reliable re lat ionships be tween probing p a r a m -
eters and the p robab i l i ty of l iquefact ion. 

The mos t p a r t of t h e observa t ions recorded are 
re la ted to ac tua l e a r t h q u a k e s . B y compar ing t h e 
s t anda rd pene t ra t ion blow counts (N) before a n d 
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a — Typical rates of pore pressure; b — cyclic strain development for sand 
( S E E D et al., 1 9 7 8 ) 
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Fig . 5 4 5 . Empir ica l criteria of l iquefact ion for t h e N i iga ta 
ear thquake of 1 9 6 4 (KOIZUMI, 1 9 6 6 ; KISHIDA, 1 9 6 6 ) 

after t h e Ni iga ta e a r t h q u a k e of 1 9 6 4 (M = 7 . 5 ) , 
K O I Z U M I ( 1 9 6 6 ) p roposed a "cr i t ica l blow count , 
iVcr", as shown in t h e solid line in Fig. 5 4 5 , on t he 
basis of t h e hypothes is t h a t t h e soil t h a t h a d liq-
uefied should h a v e exper ienced an increase in i ts 
b low count . T h u s , t h e blow count before t he ear th-
quake , t h a t h a d fallen on t h e left side on t h e iVc r-
curve , increased as a resul t of t h e e a r t h q u a k e , and 
those on t h e r igh t side decreased. K I S H I D A ( 1 9 6 6 ) 
p lo t t ed t h e blow count a n d showed t h a t t he da t a 
poin ts could be separa ted in to two groups b y the 
dashed lines as shown in Fig. 5 4 5 , i.e. those on 
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t he left side suffered h e a v y damage , a n d those 
on t he r ight , l ighter damage . 

S E E D and I D R I S S ( 1 9 7 1 ) conceived the following 
categories for cases where t he g roundwa te r tab le 
was a t 1.5 m dep th below the surface, b y using d a t a 
from t h e l i t e r a tu re : 

Maximum ground 
surface 

acceleration 

Liquefaction 
very likely 

Liquefaction poten-
tial depends on soil 
type and earthquake 

magnitude 

Liquefaction 
very 

unlikely 

O.lOg 

0.15 g 

0.20 g 

0.30 g 

D r < 33 

D r < 48 

Dr < 60 

D r < 7 0 

33 < Dr < 54 

48 < Dr < 73 

60 < Dr < 85 

70 < Dr < 92 

Dr > 54 

Dr > 73 

Dr > 85 

Dr > 92 

These values can also be correla ted wi th the 
SPT-values if t he relat ionships developed b y 

G I B B S a n d H O L T Z ( 1 9 5 7 ) be tween iV, Dr and the 
effective ove rburden pressure are used. The results 
of such recalculat ions are shown in Fig. 5 4 6 ( S E E D 

a n d I D R I S S , 1 9 7 1 ) . 

Anothe r d a t a processing m e t h o d is t o re la te the 
n u m b e r of blows to t h e ra t io of t/<y'0. F igure 5 4 7 is 
a reproduc t ion of such calculat ions made b y S E E D 

et al. ( 1 9 8 3 ) . The corrected value N1 of Ν is: 

NX = CNN, 

where CN can be ex t r ac t ed from t h e IV c-eurves in 
t h e inser t (b). Note t h a t S E E D et al. ( 1 9 8 3 ) have 
used a previous re la t ionship , b u t M A R C U S O N and 
B I E G A N O U S K Y ( 1 9 7 6 ) made ano the r proposi t ion 
and in recent t imes t he curves shown in t h e figure 
are appl ied. 

S E E D et al. ( 1 9 8 3 ) fur ther presented an approxi-
m a t e re la t ionship for t he case of Sta t ic Cone 
Pene t r a t i on Tes t explora t ions . Fo r a n y sand, the 
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J — liquefaction very likely; 2 — liquefaction potential depends on soil type and earthquake magnitude; 3 — liquefaction very unlikely (SEED and IDRISS, 1 9 7 1 ) 
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a — Correlation between stress ratio causing liquefaction in field and Νλ; b relationship between Cjyr and effective overburden pressure 

value of qci can be de te rmined from the value of 
qc measured a t a n y d e p t h : 

4ci — <lfiN ·> 

for which C N-va lue s are read-off from t h e curve 
shown in Fig. 547. The probabi l i ty of l iquefaction 
can t h e n be de te rmined from Fig. 548. 

After t h e Chinese Bui lding Code (valid from 
1974), t he crit ical va lue of t he s t a n d a r d pene t ra -
t ion resis tance, iV c r, separa t ing liquéfiable from 
non-liquefiable condit ions to a d e p t h of approx ima-
te ly 15 m, can be de te rmined b y 

Ncr = Ν [1 + 0.125(d s - 3) - 0.05 (dw - 2 ) ] , 
(636) 

in which ds is t h e d e p t h t o t h e sand layer under 
considera t ion (in m) , dw is t h e d e p t h of wa te r be-
low ground surface (in m) , a n d Ν is a funct ion of 
t h e shaking in tens i ty as follows: 

Modified Mer- Ν in blows 
calli intensity per 0.3 m 

V I I 6 

V I I I 1 0 

I X 1 6 

E q u a t i o n (636) reflects a m o n g o ther th ings , also 
the fact t h a t t h e r isk of l iquefact ion decreases when 
t h e wa te r t ab le is deeper. 

Fig . 5 4 8 . Proposed correlat ion b e t w e e n l iquefact ion 
res istance of sands for l eve l ground condi t ions and 
cone penetrat ion res is tance (SEED et al., 1 9 8 3 ) 
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6 . 6 . 5 . 4 Damage caused by liquefaction and 
appropriate preventive measures 

Since t he phenomenon of l iquefaction has be-
come recognized, damages caused b y several an-
cient and recent e a r t hquakes could have been 
a t t r i b u t e d to t he presence of s a t u r a t e d sand layers . 

Ex tens ive l iquefaction occurred, for example , 
in t he level s andy ground in Ni igata , J a p a n , dur-
ing t h e e a r t h q u a k e of 1 9 6 4 (M = 7 . 5 ; epicentra l 
dis tance 5 5 k m ) . I n t h e most heavi ly damaged 
area , 4 0 out of 6 3 bui ldings on shallow foundat ions 
and 4 9 ou t of 7 5 buildings on shor t piles se t t led 
more t h a n 5 0 cm and/or t i l ted more t h a n 1.0 degree 
( Y O S H I M I , 1 9 7 7 ) . Similar damages were recorded 
dur ing the e a r t h q u a k e in Alaska in 1 9 6 4 . 

Major landsl ides, la te ra l m o v e m e n t s of br idge 
suppor t s and failure of water f ront re ta in ing s t ruc-
tu res have all been observed in recen t years as a 
resul t of l iquefact ion. 

S E E D ( 1 9 6 8 ) p resented a comprehensive review 
of landslides due to soil l iquefact ion dur ing 3 7 
ea r thquakes . The slope failures observed dur ing 
these and more recent e a r t h q u a k e s have been 
classified in to t he following types ( Y O S H I M I , 1 9 7 7 ) : 

— flow slides due to l iquefact ion of cohesion-
less soils comprising t h e slopes; 

— slope failures due t o l iquefact ion of t h i n 
layers of sand ; 

— slope failures of p r e d o m i n a n t l y cohesive 
soils due to l iquefact ion of sand lenses; 

— s lumping of e m b a n k m e n t s on firm founda-
t ion due to cyclic deformat ion. 

I n addi t ion , m a n y failures of e a r t h re ta in ing 
s t ruc tures have been repor ted as due to l iquefac-
t ion of t h e backfill. 

R e c e n t research (e.g. NATARAJA and GILL, 1 9 8 3 ) reveals 
t h a t h igh ocean w a v e s are also prone to produce considerable 
l iquefact ion o n t h e shores. 

W h e n a proposed site is j u d g e d susceptible to 
l iquefaction, i t is wise to reconsider t h e relocat ion 
of t h e site, t o app ly some k ind of s tabi l izat ion, or 
t o use pile foundat ions . Densification of soils b y 
vibroflotat ion and a va r i e ty of deep compact ion 
techniques (see Chapter 5 ) have been employed in 
places t o p reven t damage . The beneficial effects of 
coarse backfill in p reven t ing pore pressure bui ld-up 
or in reducing the dura t ion of l iquefact ion were 
poin ted ou t b y Y O S H I M I a n d K U W A B A R A ( 1 9 7 3 ) , 
and confirmed b y Y A M A N O U C H I et al. ( 1 9 7 6 ) . 
Lowering t h e g roundwate r tab le t ends to reduce 
the po ten t ia l damage due t o l iquefact ion for t he 
following two reasons ( Y O S H I M I , 1 9 7 7 ) : 

— it increases t he l iquefaction resistance of t he 
s a tu r a t ed p a r t of the soil b y increasing the 
effective s t ress ; 

— it increases the th ickness of t he u n s a t u r a t e d 
p a r t of t he soil. 

W h e n piles are r ecommended , t he loss of la tera l 
resis tance and frictional resis tance should be t a k e n 
in account in assessing the i r bear ing capac i ty and 
deformat ion. 

6.7 D y n a m i c problems of s t ruc tures 

6.7 .1 Machine foundat ions 

6 . 7 . 1 . 1 Theoretical aspects 

F o u n d a t i o n engineering for machines causing 
v ib ra t ion has gradual ly developed in to a special 
discipline. There is an ample l i t e ra ture available 
on t h e p rob lem in which all aspects are t r ea t ed in 

# detai l (e.g. R A U S C H , 1 9 5 9 ; B A R K A N , 1 9 6 2 ; K L O T -

T E R , 1 9 5 1 ) . Fo r th is reason, t he present considera-
t ion will be confined to t h e essential features of 
t h e p rob lem in order t o i l lus t ra te t h e pract ica l 
appl ica t ion of t h e theore t ica l considerat ions deal t 
wi th in t he foregoing sect ions. The ex t en t t o which 
such appl icat ions to problems in soil dynamics are 
justified will be examined first in the l ight of the 
resul ts of recent large-scale exper iments . I n the 
Uni ted S ta tes , detai led exper iments were carried out 
be tween 1 9 6 0 and 1 9 6 3 b y the U.S . A r m y Wate r -
ways E x p e r i m e n t a l S ta t ion on foundat ions sub-
jec t t o dynamic loads . The foundat ions suppor ted 
on loess and s andy soils h a d d iameters from 1.5 to 
5 . 0 m. The resul ts of major in teres t are reproduced 
in Fig. 5 4 9 , in which the ra t io of ampl i tudes com-
p u t e d on the basis of t he elastic half space to those 
ac tua l ly observed are p lo t t ed agains t t he ra t io of 
t h e grea tes t accelerat ion b y g rav i ty . The first con-
clusion of general in teres t was t h a t t h e results 
ob ta ined b y assuming t h e elastic half-space are 
sat isfactory for prac t ica l purposes , a difference of 
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° ° o ο ο 
,o ftp flo<? °o ο ο ο ο ο 

' 5 θ" 0 ο 
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α ω

2
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Fig . 5 4 9 . R e s u l t s of large-scale t e s t s : comparison of mea-
sured and ca lculated va lues 

Fig . 5 5 0 . Measured forces and t i m e - p a t h curves 



Dynamic problems of structures 349 

1 0 0 % being considered acceptable a t t he presen t 
s t a t e of knowledge. Moreover , t h e influence of soil 
t y p e was found to be insignificant. 

The agreement be tween theore t ica l and experi-
m e n t a l resul ts was likewise found sat is factory in 
exper iments made a t t he Univers i ty of Michigan 
wi th O t t a w a sand. One of t h e resul ts is shown in 
Fig. 550. The var ia t ion of accelerat ion wi th t ime 
was derived from t h e l a t t e r , while t he var ia t ions 
of the force were used to compu te t h e same curve 
in a compute r b y t h e theore t ica l re la t ionships 
apply ing to t h e elastic half space. The agreement 
be tween the two curves was sat isfactory. 

I n designing machine foundat ions , t he following 
dynamic problems are encoun te red : 

— check for resonance ; 
— de te rmina t ion of t h e dynamic reac t ions ; 
— es t imat ion of t he soil stresses. 

The first p roblem is solved b y compu t ing the 
n a t u r a l f requency. The formulae involved have 
been given in t he earlier sections u n d e r Eqs (562a) 
and (562b). The ex t en t t o which the sys tem is ou t 
of t u n e wi th respect t o resonance , is clearly indi-
ca ted b y t h e expression 

ω 2 

N = 
OJ>1 — ω 2 

The allowable values of t he ra t io ω / ω 0 , or of Ν are 
ment ioned in t he s t a n d a r d specifications of t h e 
var ious countr ies . 

The d is turbing force is de te rmined as a funct ion 
of machine t y p e . Fo r example , in t he case of p i s ton 
engines t he over tu rn ing m o m e n t M depends on t h e 
t o r q u e on t h e cross h e a d : M = Pr. The forces are 
induced b y the gas pressure ac t ing on the p is ton , 
fur ther b y t he iner t ia of t h e reciprocat ing pa r t s of 
the c rank mechanism. The var ia t ions in pressure 
are obta ined from t h e indica tor d iag ram of t h e 
engine and t h e magn i tude thereof is un re la t ed t o 
t he machine speed. (Dis turbance unre la t ed to 
frequency.) The iner t ia forces are p ropor t iona te t o 
t h e square of t h e angu la r veloci ty . (Quadra t i c 
dis turbance.) The forces p roper are found from t h e 
indicator d iagram (cf. K L O T T E R , 1 9 5 1 ) . T h e centrif-
ugal forces in ro t a t i ng machines cause q u a d r a t i c 
d i s turbance , t he d is turb ing force being 

P 0 - τη 0Γω 2, 

where m0 is t he revolving mass , r t h e excent r ic i ty 
which occasionally resul ts from deflection of t h e 
shaft . 

Le t us now es t imate t he force t r a n s m i t t e d b y 
the v ib ra t ing sys tem to t he foundat ion a n d t o t h e 
soil. The magnification factor has been defined as 
t h e ra t io of t he widest ampl i tude of forced v ibra-
t ion to the s ta t ic compression. The m a g n i t u d e 
thereof is p lo t t ed agains t t h e ra t io ω / ω 0 . This 
factor has been shown to app ly also to t h e case of 

d a m p e d v ibra t ions . The s ta t ic compression is 
zst = PJK, so t h a t t h e magnificat ion factor is 

N: 
* 8 t Po/K 

m a x . res tor ing force t r a n s m i t t e d force 

m a x . d i s turb ing force d is turb ing force 

= t r a n s m i t t a n c e . 

The grea tes t reac t ion is ob ta ined as 

ρ / V P 
1
 dyn —

 1
 *

x
 max * 

(637) 

F o u n d a t i o n s of v ib ra t ing sys tems are designed 
t o minimize t h e force t r a n s m i t t e d t o t h e soil, when 
t h e founda t ion is perfect ly rigid. I n th is case t h e 
n a t u r a l f requency is infinitely large and ω/ω0 -> 0, 
corresponding t o po in t A in Fig . 499. The force 
t r a n s m i t t e d in th i s case equals t h e d is turb ing 
force. The magnificat ion factor increases wi th t he 
ra t io ω / ω 0 a n d becomes infinitely large as th is ra t io 
a t t a in s u n i t y (resonance) . Beyond th is va lue , i t 
decreases again and to a t t a i n a n a t u r a l f requency 
m u c h lower t h a n t h e d i s tu rb ing frequency, t he 
suppor t should be soft enough to have ω/ω0 > Y 2 , 
otherwise Ν > 1. 

Vibra t ing sys tems on foundat ions suppor ted b y 
means of steel springs should be regarded as un-
d a m p e d . On t h e o ther h a n d , t h e damping effect of 
foundat ions res t ing d i rec t ly on the soil, or on a 
layer of cork or r u b b e r is no longer negligible. 
Resonance will occur according to one of t he 
curves in Fig. 499. The force t r a n s m i t t e d t o t he 
foundat ion consists of two p a r t s , name ly t he restor-
ing force Kz0 and t h e d a m p i n g force, t he phase 
angle be tween t h e t w o being 90°. The resu l tan t , 
or t h e t o t a l t r a n s m i t t e d force is 

dyn = z0YK*+(ccof. (638) 

The magn i tude of t he ord ina te z0 is given b y E q . 
(555), so t h a t t he force t r a n s m i t t e d becomes 

-f*dyn — -Pq 

i + 
CCD 

ι -
„ 2 \ 2 

+ 2 

. (639) 

ck ω 0 

P 0 being t h e grea tes t d i s turb ing force, t he magni-
fication is 

1 + 
2c ω 

ck ω0 ) 

ωΐ 
+ 2 

ck ω 0 

(640) 

This re la t ionship is p lo t t ed in Fig. 551 for some 
values of c/ck. D a m p i n g will be seen t o be effective 
only for ω/ω0 < Y2. 
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c: 

ex. 

c/ck=0.25j 

\c/ck=0.5 

Ι 

Ι 
1 
1 

c/ck=0.5 

^c/ck=0.25 

- c/ck =0 

0 1 {2 2 3 
ω/ω0 

Fig. 551 . Values of transferred d y n a m i c forces 

Concerning the foundat ion of v ib ra t ing sys tems , 
an examina t ion of th is d iagram will lead to t h e 
following i m p o r t a n t conclusions. 

— The appl icat ion of a stiff suppor t is advisable 
in cases where t he ra t io ω / ω 0 is close to zero. 
I n such cases the load is v i r tua l ly s ta t ic . 

— I n t he case of a soft suppor t (high values of 
ω/ω 0) , only a fraction of t he d is turb ing force 
is t r a n s m i t t e d t o t he foundat ion . Thus for 
effective el iminat ion of v ibra t ion , such 
foundat ions should be adop ted . 

— I n cases where ω/ω0 << ]/2, t he force t r ans -
mi t t ed is effectively reduced b y damping . 
Consequent ly , absorbing devices are appl ied 
to a d v a n t a g e in th is range only. 

— I n cases where ω/ω0 > ][2, no d a m p i n g is 
advisable , as th is would impa i r t ransmiss ion . 
I n th is range the provision of d a m p i n g is 
justified where t he machine is liable t o pass 
t he resonance b a n d dur ing accelerat ion or 
slowing down, since damping is highly effec-
t ive in th is b a n d . 

6.7.1.2 Numerical examples 

1. The weight of a machine is G = 25.00 k N , 
t h a t of t he ro tor 1.50 k N and t h e excent r ic i ty of 
t he l a t t e r is r = 2 cm. The machine is suppor t ed 
on springs t he stiffness of which is Κ = 18.00 
kN/cm. The frequency of the d is turb ing force is 
f = 600 cycles/min = 10 cycles/s. F ind the force 
t r a n s m i t t e d b y the machine to t he foundat ion . 

The d i s tu rbance force is due to t h e centrifugal 
force of t he revolving mass and has t h e m a g n i t u d e 

m = — = 

Ρ = mr ώ' 

1500IV 

981 c m s - 2 
= 1.55 N s 2 c m - 1 , 

ω = 2 nf= 6.28 · 10 = 62.8 s - 1 , 

1.55 · 2 · 62 .8 2 = 12090 Ν = 12.09 kN . 

The n a t u r a l f requency is 

Kg_ 

G 

fo 
u
>0 

2n 

18.00 fciVcm-1 · 981 c m s - 2 

25.00 k N 

= 26.6 s - 1 

= 4.24 s " 1 = 254 c /min . 

The suppor t is t h u s soft, since ω/ω0 = f/f0 = 
= 600/254 = 2.36. 

Since forced v ibra t ions w i thou t damping are 
considered, t he magnification factor equals t he 
t ransmiss ion factor 

Ν 
1 - 2 .36 2 

0.223 

The force t r a n s m i t t e d is t h u s Ρ = 12.09 · 
• 0.223 = 2.69 k N . 

2. E x a m i n e for t h e same foundat ion the change 
in t h e t ransmiss ion factor in t he presence of d a m p -
ing. The d a m p i n g coefficient is c = 73.5 N s/cm. 
The crit ical damping is 

ck = 2|Am/c = 2 V 1.55 N/cm/s 2 · 18000 N/cm 

= 334 N s/cm 
and 

c/ck = 73.5/334 = 0 .22 . 

The t ransmiss ion factor is t h u s 
1 + (2 · 0.22 · 2.36) 2 

(1 - 2 .36 2) 2 + (2 · 0.22 · 2.36) 2 
0.307 

and the force t r a n s m i t t e d Ρ = 3.71 k N and is t hus 
greater t h a n in t h e first example . 

The force t r a n s m i t t e d depends on frequency and 
since t h e machine opera ted beyond the resonance 
range ω/ω0 1, dur ing accelerat ion it is bound 
to pass t h e resonan t frequency. For this reason, 
t he va r i a t ion of t h e force t r a n s m i t t e d during 
accelerat ion should be examined . The resul t ob-
t a ined is shown in Fig. 552, indicat ing (a) t he var i -
a t ion of t he t ransmiss ion factor and (b) t he vari-
a t ion of t h e m a g n i t u d e of the force t r a n s m i t t e d 
on t h e base of t he bedding . Ev iden t ly , allow-
ance h a d to be made in t he c o m p u t a t i o n for t he 
va r i a t ion of t h e d is turb ing force wi th frequency, 
t he par t i cu la r case being t h a t of quadra t i c excita-
t ion . The curves represent ing t h e case wi thou t 
d a m p i n g have also been p lo t t ed and are valuable 
for es t imat ing the forces induced . If t he ra te of 
accelerat ion is known , t h e va r ia t ion of the forces 
wi th t ime can also be p lo t ted . 

3. A machine suppor ted on a concrete block of 
dimensions 2 b y 4 b y 1.60 m t r a n s m i t s only a 
ver t ica l periodic d is turb ing force t o t h e soil, which 
is wet , si l ty fine sand. 
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The weight of t h e machine is 180.00 k N , t h a t 
of t h e revolving p a r t 1.10 k N . The eccentr ic i ty is 
r = 12 cm. The frequency of t h e d is turb ing force 
is η = 700 cpm = 11.67 cps. The t o t a l weight is 

G = (2 · 4 · 1.6) 2.2 + 180 = 462 k N . 

The s ta t ic bear ing pressure is t h u s 

462000 
a = 

200 · 400 
5.8 N /cm 2 . 

F i rs t find t he n a t u r a l f requency. Using the 
" c l a y " line of t he d iag ram of T S H E B O T A R I O F F , t h e 
reduced n a t u r a l f requency is ob ta ined in t e r m s of 
t h e base area F = 8 m 2 as 

nor — 445 c p m k p c m - 1 . 

The n a t u r a l f requency is t h u s 

nnr 445 

Yp f 0 . 5 8 
= 584 cpm = 9.73 cps. 

Then compute t h e dynamic bedd ing coefficient 
using the n a t u r a l f requency. 

F r o m the expression ω 0 = \f Kjm t h e stiffness is 

Κ τηωΐ 4 π 2 — ni 

and the dynamic bedd ing coefficient 

~~ F ~~ 

4 -9 .89 -462000 Ν · 9 . 7 3 2 s - 2 

400 -200 c m 2 - 9 8 1 c m s " 2 
= 22 N/cm 2. 

Assume damping to be slight, t h e d a m p i n g 
coefficient c = 0.18 · 10 2 k N c m - 1 s a n d t h e criti-
cal damping coefficient, from t h e formula , i s : 

cfc = Y2mK= 1.8 · 1 0 2 k N c m " 1 s, 

so t h a t c/ck = 0 . 0 1 . 

The magnification factor is t h e n 

ΛΓ= 1 

1 - ω 

1 — 
7 0 0 2 ! 2 ' 

Ι + 12 -0 .1 

ck ω0 

= 2.13 . 
700 

5 8 4 2/ [ 584 

The peak value of the d is turb ing force (ω = 2π η) 

1.1 k N · 12 cm 
P 0 = m0roy 

981 c m s " 2 

= 72.4 k N . 

( 6 . 2 8 . 1 1 . 6 7 ) 2s - 2 = 

3.0 
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Fig . 552. Numer ica l e x a m p l e 

The m a x i m u m ampl i tude (K = kF) is 

_ Z o _ N _ 72400 Ν 
a
°~~K

 1 ~~ 22 N / c m 3 · 200 · 400 c m 2 

= 0.0875 c m . 

2.13 

This is t h u s t he ampl i t ude wi th which t h e whole 
founda t ion v ib ra tes , i ts magn i tude being in gener-
al beyond the allowable va lue . 

4. F i n d t h e v ibra t ions a t 10 m dis tance from the 
center of t h e founda t ion block if t he p ropaga t ion 
veloci ty of t h e waves is ν = 1200 m/s and the 
absorb t ion coefficient W = 0.215. 

The wave l eng th is t h u s 

, ν 1200 m s - 1

 e 

λ = — = = 94.5 m . 
/ 11.67 s -

1 
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Fig. 553. Force pat tern and def lect ion in t h e case of a pave" 
m e n t 

At dis tance x0 = 2 m the ampl i tude from the 
foregoing example is a 0 == 0.0875 cm so t h a t a t 10 m 
dis tance t he ampl i tude from E q . ( 6 2 1 ) is 

a = 0.0875 cm 2 .0 

10.0 m 

= 0.0875 · 0.447 · 0.98 : 

-0 .2 l5 ( l0 -2 )m 
94.5 m 

0.0384 cm. 

These ampl i tudes are too wide, t h e founda t ion is 
unacceptab le and the design m u s t be modified. 

6.7 .2 The dynamic behaviour of road p a v e m e n t s 

The dimensioning of road p a v e m e n t s has been 
deal t wi th in detai l in Chapte r 4 . The p a v e m e n t was 
assumed to be ac ted u p o n b y a single wheel load, 
or b y some equiva len t traffic, emphasiz ing, bow-
ever, t h a t the load is ac tua l ly a dynamic one and 
t h a t v ibra t ions are induced in t h e p a v e m e n t and 
in t he subgrade which resul t in dynamic effects. 
I n t he major i ty of dimensioning procedures th is 
c i rcumstance has been allowed for b y in t roduc ing 
a safety factor. I n recent years t h e dynamic be-
hav iour of road pavemen t s has been s tudied in-
tensively ( N I J B O E R , 1 9 5 6 , 1 9 5 7 , V A N D E R P O E L , 

1 9 5 3 , H E U K E L O M and F O S T E R ) . Research in to 
these problems has been p r o m p t e d b y t h e con-
t inuous increase in the weight and veloci ty of ve-
hicles whence an increasing m a g n i t u d e of t h e dy-
namic effects. Much i m p o r t a n t knowledge has been 
gained from these s tudies , b u t i t would still be 
p r e m a t u r e t o consider t he in t roduc t ion of new 
" d y n a m i c " me thods of dimensioning. On the o ther 
hand , t h e dynamic studies made in t h e field have 
con t r ibu ted to our unde r s t and ing of ac tua l pave-
m e n t behav iour . The tes t s are non-des t ruc t ive a n d 
no sampling is involved. They can be appl ied to t h e 
checking of longer road sections as well. 

H E U K E L O M has demons t r a t ed ( 1 9 6 1 ) t h a t , a t 
cons tan t frequency, the road p a v e m e n t can be 
t r ea t ed as a l inear sys tem. For these tes t s in Grea t 
Br i ta in , l ight v ibra tors were ini t ial ly used ( J O N E S , 

1 9 6 2 ) , b u t heavier equ ipmen t was subsequent ly 
found to produce more re levant resul ts . The meth-
od adop ted for tes t ing depended on whe the r a 

re la t ive compar ison of different p a v e m e n t s t ruc-
tu re s , or t h e behav iour of a par t i cu la r p a v e m e n t 
unde r traffic was t h e objective of the s t udy . I n the 
first case, s t e ady v ibra t ions are induced b y a 
v ib ra to r and t h e convent ional dynamic quant i t ies 
are measured , whereas in t he second the impac t s 
i m p a r t e d t o t h e p a v e m e n t b y t h e traffic m u s t be 
s imula ted . 

The concept of " d y n a m i c stiffness" has been 
in t roduced b y V A N D E R P O E L (1951). If Ρ = Ρ 0 · 
sin œt is t h e d is turb ing force and ζ = z0 sin (ωί — 
— φ) is t h e ampl i tude , t h e n t h e dynamic stiffness is 

ρ 
S = —^-

or in combina t ion wi th E q . ( 5 5 4 ) 

S = Y(k — πιω
2
) + c W . 

( 6 4 1 ) 

( 6 4 2 ) 

E x p e r i m e n t s have shown S t o depend on fre-
quency . 

A wheel rolling along the p a v e m e n t will induce a 
different k ind of d i s tu rbance . P lo t t ing the force 
t r a n s m i t t e d a n d t h e deflection in a pa r t i cu la r cros-
section agains t t ime , t h e curves shown in Fig. 5 5 3 
will be ob ta ined . The m a x i m u m deflection will be 
seen therefrom t o occur somewha t l a te r t h a n Pmax. 
The stiffness u n d e r traffic is t h u s 

Τ = — . ( 6 4 3 ) 
^ m a x 

S a n d Τ are usual ly of unequa l magn i tude and 
the t ime- lag be tween the m a x i m a is t he phase 
difference according to E q . ( 5 7 9 ) . 

A simplified model of a sys tem consisting of 
subgrade and p a v e m e n t is i l lus t ra ted in Fig. 5 5 4 . 

Fig . 554 . Model for i n v e s t i g a t i n g the d y n a m i c performance 
of p a v e m e n t s tructures 
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The dynamic cons tan t s 

S cos φ = Κ — m ω 2, 

S sin φ = ceo, 
(644) 

measured a t different frequencies, are p lo t t ed 
aga ins t ω 2 or ω. F r o m t h e second plot t h e value of 
c is ob ta ined direct ly a t ω = 0. S cos φ is p lo t t ed 
aga ins t ω 2 a n d the va lue of Κ is ob ta ined a t ω = 0. 
At low frequencies t h e poin ts p lot on s t ra igh t l ines, 
t he slope of t h e first yielding t h e va lue of m (Fig. 
555). The value of Κ m a y be rega rded a measure 
of t h e dynamic behav iour of t h e p a v e m e n t s t ruc-
t u r e . 

As ment ioned before, Κ is a funct ion of frequen-
cy. A t low frequencies t h e l inear extens ion accord-
ing t o Fig. 555 is acceptab le , b u t a t high frequen-
cies t h e following empir ical expression applies 

S cos φ = Κ— 
const . 

ω 
(645) 

I n th i s range , Κ is found from t h e re la t ionship 
S cos φ = F (Ι /ω) (Fig. 555). The t w o d iagrams are 
preferably combined in a single figure as shown in 
Fig. 555. 

The dynamic character is t ics su i ted t o assessing 
p a v e m e n t behav iour a n d t o compar ing different 
designs are ob ta ined in t h e m a n n e r described 
above . However , t h e displacements u n d e r traffic dif-
fer from these (see Fig. 553), so t h a t t h e dynamic 
stiffness of t h e p a v e m e n t u n d e r traffic m u s t also 
be examined . Fo r small phase angles one solut ion 
of t h e basic equa t ion is 

sm œt 
Κ 

• e~
et
l
2m
 sin 

' m j 
(646) 

Values c ompu ted b y t h e above equa t ion for 
some loads are shown in Fig. 556, where t h e full 
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Fig. 555. D e t e r m i n a t i o n of d y n a m i c a l l y d e t e r m i n a n t va lues 

F ig . 556. Swing ing of p a v e m e n t s tructures 

line applies t o t h e whole v ib ra t ing mass , while t he 
dashed lines indica te t h e " e l a s t i c " stiffness for the 
elastic m e d i u m a t t h e same Κ va lues . The t i m e -
displacement curve JF applies t o s t eady v ibra t ions . 
The a m p l i t u d e increase successively, t h e sys tem 
a t t a in ing t h e peak value after several cycles. The 
curves II-IV indica te t h e deflections unde r pass-
ing vehicles for impac t s represen ted b y the half-
period of a sinusoidal curve a t different frequencies. 
The frequency is assumed to correspond t o normal 
traffic condi t ion. The theore t ica l curves were found 
t o be in fair agreement wi th t h e exper imenta l 
resul ts . 

I t will be seen from t h e curve t h a t t h e greates t 
deflection of t h e s t ruc tu re agrees closely wi th the 
theore t ica l deformat ion of t h e elastic med ium. 
Consequent ly , t h e va lue of Τ v i r tua l ly equals t h a t 
of K. F u r t h e r s tudies have shown t h e traffic 
stiffness t o be 

Τ = Κ ( ± 2 0 % ) . 

The f requency of v ib ra t ions is of t h e same order 
of m a g n i t u d e as t h e vehicle speed in k m / h un i t s . 

2 3 Â . Kézdi and L. Réthâti: Handbook 
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6 .7 .3 The effect of vibrations on slope stability 

The s tabi l i ty a n d s t ruc tu ra l in tegr i ty of s t ruc-
tu res is endangered in a va r i e ty of ways b y t he 
v ibra t ions , e i ther artifically induced or due to 
e a r t h q u a k e s . Of th is wide spec t rum of problems, 
only a small deta i l , t h e s tab i l i ty of slopes, will be 
t r e a t e d here . The examina t ion of o ther s t ruc tu res 
is associated wi th problems which would exceed 
the scope of t h e p resen t book b y far a n d ex t end t o 
t h e doma in of seismology a n d t h e y will, therefore , 
no t be considered here . 

The s tabi l i ty of a slope bound ing a v ib ra t ing 
e a r t h mass will now be examined ( S E E D and 
G O O D M A N , 1 9 6 3 ; S E E D , 1 9 6 6 ) . I t is desired t o 
find t h e crit ical accelerat ion a t which t h e slope 
becomes uns tab le . Consider for th is purpose t he 
equi l ibr ium of a block — an e lemen ta ry soil mass 
— s i tua ted in t h e slope surface (Fig. 5 5 7 ) . A given 
accelerat ion will p roduce a force of magn i tude 
bGjg = 97G, sliding being caused b y the componen t s 
paral lel t o t h e slope of th is force a n d of t h a t due to 
grav i ty . Sliding is resisted b y t h e shear T = <rtan<2> 
mobilised on t h e base area of t he block. Sliding 
will occur if t h e r e su l t an t of G and ηG and 
t h e force Q includes t h e angle Φ wi th t h e perpendic-
ular t o t h e sliding surface, as ind ica ted in t h e 
vec to r d iag ram. The accelerat ion p roduc ing th is 
condi t ion will be t h e crit ical , t h e " fa i lu re" accel-
era t ion. The m a g n i t u d e thereof is bk, t h e dynamic 
force being ?7KG, where r]k = bkjg. 

F r o m the vec tor t r iangle 

and 
s i n ( 0 - ß ) sin [90° 

sin ( Φ 

(Φ — β — ê)] 

ß) 

cos ( Φ - β - ϋ) 

For ΰ = θ (horizontal accelerat ion) 

V k h = t a n ( Φ - β) . 

(647) 

(648) 

The var ia t ion of Y\k for different values οΐ Φ—β 
is shown in Fig . 558. Denot ing t h e s ta t ic safety fac-
to r of t h e slope b y i>, t h e accelerat ion ra t io a t 
failure will become 

Vk 
sin Φ(ν— 1) 

1 + 
t a n 2 Φ 

( 6 4 9 ) 

90°+tf+ß-$ 

Fig . 557. Effect of ear thquake acce lerat ion: 
a — forces acting on the soil element; b — vector triangle in the limiting stage 
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Fig . 558. D i a g r a m for calculat ing t h e critical accelerat ion 

A slope inclined a t β = 25° wi th Φ = 36° re-
sists sliding wi th a safety factor ν = t a n 35°/ 
t a n 25° 1.5. The condi t ion of l imit equi l ibr ium 
occurs a t t he accelerat ion ra t io r\k — bk\g = 0 .1 . 

Pseudos ta t i c me thods are often employed for 
t h e inves t iga t ion of dams and e m b a n k m e n t s . In 
th i s approach , t h e s tabi l i ty of a po ten t i a l sliding 
mass is de te rmined as for s ta t ic loading condit ions 
a n d t h e effects of an e a r t h q u a k e are t a k e n in to 
account b y inc lud ing^an equiva len t hor izonta l 
force, ac t ing on t h e po ten t i a l sliding mass , in the 
compu ta t i ons ( S E E D et α/., 1975). The hor izonta l 
force represent ing e a r t h q u a k e effects is expressed 
as t h e p roduc t of t h e weight of t h e sliding mass 
unde r considerat ion and a seismic coefficient, fc. 
The value of th is coefficient is normal ly selected 
on t h e basis of t he seismicity of the region (e.g. 
values in California range from a lower l imi t of 
0.05 t o an u p p e r l imit of abou t 0.15). 

6.7 .4 Behav iour of retaining wal ls 

The design of re ta in ing walls for dynamic (seis-
mic) effects has first been deal t b y M O N O N O B E 

(1929), M O N O N O B E a n d M A T S U O (1929) and O K A B E 

(1926); Coulomb's sliding wedge t h e o r y has been 
ex t r apo l a t ed for th is case. According t o t he au thors 

where 
ΕΑΕ = 0.5γΗ>(1-Κ)ΚΑΕ, (650) 

Κ AE 
c o s

2
 (Φ — θ — β) 

1 + 

COS θ COS
2
 β c o s {δ + β + θ) 

s in ( Φ + ô) s in (Φ + θ — 

c o s (δ + β + θ) c o s (i 

3 - i)V 

i-ß) _ 

(651) 

I n t h e equa t ions θ = t a n - 1
 khj{\ — kv)v ô = angle 

of friction be tween t h e wall and soil, β = slope of 
the wall t o t h e ver t ical , ί = slope of t h e ground 
surface, kh = hor izonta l accelerat ion per g. 

R I C H A R D S a n d E L M S ( 1 9 7 9 ) p roved after t he 
eva lua t ion of th is equa t ion t h a t th is t heo ry m a y 
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in m a n y cases lead t o absu rd conclusions. The 
au thors poin ted ou t t h a t i t was complete ly inac-
cura te t o neglect t h e iner t ia of t h e wall a n d t h a t 
th is a ssumpt ion was unconse rva t ive , since i t was 
ac tual ly t h e weight of t h e wall which p rov ided 
most if no t all of t h e res is tance agains t m o v e m e n t . 
They deduced t h e following re la t ion from t h e 
equi l ibr ium of ac t ing forces: 

O.5yff2[cos(<3 + ß) - sin (δ + ß)tSLn0b] 

t a n 0h — t a n 0 
Κ AE 

(652) 

where Ww is t h e weight of t h e wall , 0b is t h e angle 
of t h e react ive force a t t h e base w i th t h e ver t ica l . 
The same expression can be t r ans fo rmed in to 

w = [cos (δ + β)- sin (δ + β) t a n Φ0] £ 

(1 — kv) ( t an 0b — t a n 0) 
(653) 

Equa t ions (652) a n d (653) can be eva lua ted in a 
s t ra ight forward m a n n e r t o provide t h e weight of 
t he wall requi red . Essent ia l ly , th i s weight is t h e 
dynamic t h r u s t , as c o m p u t e d b y t h e M O N O N O B E -

O K A B E analysis , mul t ip l ied b y a wall iner t ia factor 
C / E , t h a t is 

WW = CIBEAE = CIB 0.5 γΗ*{1 

in which 

kv)KAE. (654) 

c ^ = cos (δ + β) — sin (δ + β) t a n Φύ ^ 

(1 — kv) ( t an 0b — t a n 0) 

The rela t ive impor t ance of t h e t w o d y n a m i c 
effects (i.e. t h e increased t h r u s t on t h e wall due t o 
iner t ia forces on t h e sliding wedge a n d t h e increase 
in dr iving force due t o t h e iner t ia of t h e wall itself) 
can be seen b y normal iz ing t h e m wi th regard t o 
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Fig . 5 5 9 . Variat ion of soil thrus t factor FT, wal l inert ia factor 
Fj and combined d y n a m i c factor Fw w i t h hor izonta l accelera-
t i o n (RICHARDS and ELMS, 1 9 7 9 ) 
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t h e s ta t ic va lues . T h u s we m a y define a soil t h r u s t 
factor 

„ _ KAE(1 - kv) 

a n d a wall iner t ia factor 

ClE 

Cr 

(656) 

in which 

KA = 
C O S

2
 (0 — β) 

cos2j$cos(<5 +β) 1 + 
sin((5+0)sin(3> — 

cos(o + /8)cos(/î- I I 
(657) 

a n d 

^ _ cos (δ + β)- sin (δ + β) t a n Φ 
t a n 0b 

The p r o d u c t Fw of t h e t h r u s t a n d iner t ia factors 
is a safety factor appl ied t o t h e weight of t h e wall 
t o allow for t h e effects of soil pressure a n d wall 
ine r t i a : 

Fw=FTFj = - ^ , (659) 

in which W is t h e weight of t h e wall requi red for 
equi l ibr ium in t h e s ta t ic case. 

F o r a s ta t ic design safety factor of some value 
Fw on t he weight of t h e wall , t h e crit ical hor izonta l 
accelerat ion can be r ead direct ly from Fig. 559. If, 
for example , a wall were designed for Fw = 1.5, 
t h e n for t h e pa rame t r i c values specified in Fig. 559, 
mot ion would occur a t kh — 0.105. Neglecting 
wall iner t ia , th i s va lue would be kh = 0.18. 

2 3 * 

file:///0j05u
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6.7 .5 Effect of vibrations on buildings 

Z E L L E R suggested using t h e following formula 
to discern t h e harmfulness of v ibra t ions 

χ = —=16 · π 4 · τι3 · α 2 (in c m 2 / s 3 ) , (660) 
η 

where η is t h e f requency, a n d a is t h e ampl i t ude . 
H u m a n sensi t ivi ty t o v ibra t ions — on t h e basis 

of observat ions — is represen ted in Fig . 560. 
Buildings m a y suffer damage from v ib ra t ions w h e n 
t h e va lue of χ a t t a ins 25 to 100 c m 2/ s 3 . 

Distance, r (m) 

Fig . 561 . A-r re lat ionship from a case s t u d y ( L o , 1977) 
(1 in = 25.4 · Ι Ο -

3
 m ) 

W i s s (1968) r ecommended t h e " p e a k part icle 
ve loc i t y " as t h e bes t p a r a m e t e r t o assess t h e dam-
age po ten t i a l of g round v ib ra t ion . The a u t h o r 
concluded t h a t 5 cm/s was a good cri terion for 
resident ial s t ruc tures and 10 cm/s for commercial 
and engineered s t ruc tures t o avoid damage due t o 
v ibra t ions . 

The effect of pile dr iving can be c o m p u t e d on t h e 
basis of t h e formula suggested b y L o (1977). The 
resul ts of a survey m a d e on site are represen ted in 
Fig. 561 . 

I n Switzer land a Code has been cons t ruc ted on 
the basis of over 200 v ib ra t ion measu remen t s to 
de tec t those l imit ing values which m a y cause l ight 
damage in buildings (appearance of fissures, peel-
ing, etc.) ( S T U D E R and S U E S S T R U N K 1981). The 
knowledge of four character is t ics is needed t o 
assess t h e degree of peril 

— t h e pa rame te r s of t he v ib ra t ing source; 
— t h e proper t ies of t h e s t r u c t u r e ; 
— t h e condi t ion of t h e bui ld ing; 
— geological s i tua t ion . 

The decisive design t e r m will be t h e peak par t ic le 
veloci ty. 
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